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Abstract— The availability of the Channel State Information
(CSI) at the transmitter is crucial for the precoder design in
Multi-user Multiple Input Single Output (MU-MISO) systems. In
Frequency Division Duplex (FDD) systems, CSI can be just avail-
able at the transmitter through a limited feedback channel [1],
where we assume that each user estimates, normalizes, and finally
quantizes its channel direction with a finite number of quan-
tization bits relayed back error-free and quasi-instantaneous.
In this paper, we consider a simple sequential uniform scalar
quantization (SQ) scheme of the individual components (real
and imaginary parts) of the Channel Direction Information
(CDI). Although vector quantization (VQ) schemes [2], [3] still
outperform this scalar scheme in terms of quantization error
and Bit Error Rate (BER), the former scheme suffers from an
exponential search complexity and high storage requirements at
the receiver for high number of feedback bits.

I. INTRODUCTION

The improved performance of multiple antenna systems
can be realized by the availability of perfect channel state
information at the transmitter. In FDD systems, however, this
assumption is highly unrealistic due to the independent chan-
nels between the downlink (DL) and the uplink (UL). For such
systems, a limited feedback channel is dedicated to make the
CSI available at the transmitter for instance, as follows: each
receiver first estimates its DL channel, normalizes its estimated
channel and finally quantizes its normalized estimated channel
with a finite number of quantization bits. In that case, the CSI
available at the transmitter for precoding is the quantized CDI.

For the quantization of CDI, vector quantization schemes
have been investigated where the transmitter and the receiver
share a codebook of possible beamforming vectors indexed by
a number of bits. An example of which is the Random Vector
Quantization (RVQ) suggested in [2] such that the codebook
consists of unit-norm random vectors distributed uniformly
on the unit complex sphere. Unfortunately, the codebook size
must increase exponentially with the number of feedback bits.
Moreover, since the codebook has no structure, an exhaustive
search is usually required. This applies as well to the Lloyd-
type VQ scheme suggested in [3].

To avoid the exponential search complexity and the process-
ing delay of VQ schemes, which are two limiting factors for
simple receivers, we propose in this paper a simple method for
quantizing the CDI by employing a uniform scalar quantizer.
It is a simple scalar quantization approach that is applied to the
individual real and imaginary parts of each user’s normalized
channel vector, which are first corrected by the phase of one of
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its components and then transformed to become independent
and bounded. In [4] and [5] a uniform scalar quantizer for
MU-MISO systems was also used. The difference with our ap-
proach is that on one hand the components (real and imaginary
parts) to be quantized are unbounded, and on the other hand,
more elements are needed to be fed back to the transmitter.
Although VQ techniques result in smaller quantization error
values as compared to our SQ scheme, SQ still does not
require exponential storage requirements and accordingly has
no complexity increase with the increase of feedback bits.
Moreover, there is a constant quantization error gap between
both schemes for high number of feedback bits. Additionally,
we will show that SQ can perform as well as VQ up to a
certain constant gap, which is small for moderate number of
transmit antennas.

Having quantized its CDI, each receiver relays back on a
dedicated feedback channel its quantized CDI with a finite
number of feedback bits received erroneously and quasi-
instantaneous. The quantized CDI available at the transmitter
is needed for transmit processing. In this paper, the linear
Minimum Mean Squared Error (MMSE) precoder is adopted
as transmit processing whereas a simple scalar is applied at
each receiver. General expressions for the MMSE precoder
and receiver are given, which become specific depending on
the quantization method.

The rest of the paper is organized as follows. In Section
III, we explain our system model. In Section IV, the channel
model is presented and the different quantization schemes are
proposed. In Section V, the design of the MMSE precoder
based on the quantized CDI is presented. Section VI includes
the simulation results and finally conclusions and future work
are drawn in Section VIL

Throughout the paper, E[-] represents the expectation of
the argument. The operators {-}T, {-}* and {-}! stand for
the transpose, conjugate, and Hermitian of a complex number
respectively. 1 is a column vector of identity elements of
size N and Iy is the identity matrix of size N x N. tr(+)
is the trace of a matrix. |-| denotes the floor operator which
gives the largest integer smaller than or equal to the argument.

II. SYSTEM MODEL

We consider, in a single isolated cell, the DL of MU-MISO
system, i.e. a Broadcast channel (BC), where the transmitter
(e.g. Base Station (BS) in wireless cellular systems) equipped
with M transmit antennas and K decentralized receivers (e.g.
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Mobile Stations (MSs)) each having a single antenna where
we assume that K < M. The flat fading DL channel matrix is
given by H = [hy, ho, ..., hg|T € CE*XM where h), € CM
is the channel from the BS to user k£ whose elements are i.i.d.
zero-mean complex Gaussian random variables with variance
Vi

Given the input symbols s € CX, which are drawn from
a QAM modulation scheme alphabet with zero mean and
covariance matrix Ry = E[ssfl] = 02I, the estimated
received symbols 3 € CX are expressed as:

$=G(HPs+n),

where P = [p,...,pg] € CM*K is the linear transmit
precoder such that p, is the precoder for the k-th user,
G ¢ CHXK s the receive matrix which is restricted to
be a diagonal matrix since the receivers are decentralized
with diagonal elements denoted as gx, and n € C¥ is the
additive white Gaussian noise (AWGN) that has zero mean
and covariance matrix R, = E[nn"| = 071 k.

III. CHANNEL QUANTIZATION

In this section, we discuss the application of SQ and the VQ
of the DL channel H. To this end, we introduce our channel
model which is similar to that presented in [6].

A. Channel Model

We adopt the same channel model as given in [6], where
the entries of hy, are i.i.d complex Gaussian with variance 7.
No detailed explanation is included in this section since in [6],
the model is explained extensively.

As given in (48) from [6], the DL channel of user k is:

hy, (2

b
© birhn i + ey

ﬁk+ek

© bi(ckhgr + eqr) + ex
= brcrhgr + bregr + ep. (1)

Briefly, (a) is the estimation step such that hy, is the estimated
channel obtained using a common pilot of length Tp, > M
emitted from the BS. The variance of the estimation error is
E [ekeg] = azk Ik, where [7]

2
7
o2 = k

e 2 B ’
1+ 3707 ToL

Ppy, represents the total transmit power available at the BS. (b)
is the normalization step where h,, j is the normalized channel
and by, = ||hg||2 that has the following statistics available at
the BS [8]:

v
(M-1)(1-02)

(c) is the quantization step where h,, ;, is the quantized channel
and ¢, = hI; xPn, i € C is the quantization coefficient.

Vector and scalar quantization methods to obtain h ) are
explained in details in the following subsections. Moreover, the

E[b,"] = @

characteristics of both the quantization coefficient ¢ and the
quantization error e, depend on the employed quantization
scheme.

We notice here that each receiver k knows its own estimated
channel hj, while the transmitter knows all quantized chan-
nel vectors h,j which don’t include information about the
channel norms. In other words, the quantization coefficient ¢y,
and the amplitude by, are not known at the transmitter. To get
rid of these unknown variables at the transmitter, it has been
proposed in [6] to take the receivers g; as follows:

gk = c; b g, 3)

where a common scalar g for all users is introduced as an
additional degree of freedom for the precoder optimization.

B. Vector Quantization

Each user k£ quantizes its normalized channel h, j; with
B quantization bits. We consider random vector quantization
(RVQ) scheme [2] where each user k has a different codebook
Ck, which is also available at the BS, consisting of 2B unit-
norm random vectors t; 5 € Cj uniformly distributed on the
complex unit sphere. For the quantization, the vector with
the minimum chordal distance to h,, ; is chosen from Cj as
follows:

hyr = argmax|t§l7khn,k|. 4)
t;LECK
In this case, |cx| = cosfy, ) being the angle between h j
and h,, ;. We have also that:
1 ] 1

E 2 0.] ~ = ’ .
[cos™ O] E[cos?0;] 1 —2BBeta(28, 1) ©

where the approximation becomes tight for high number of
feedback bits (B > 6). Moreover, arg(ci) # 0 [6] which has
to be considered in the design of the receiver. It is also worth
mentioning that the quantization error e,y is orthogonal to
hgr, ie., h};’ke%;C = 0. The covariance matrix of e, as
given in [6] Eq. (62) is:

E[sin? 6]

ﬁ(lM - h;,kh’g,k)a

E[e?,kemkmq,k] =

where
E[sin? 0] = 1 — E[cos® 0] (6)

Once user k has quantized its channel vector, it feeds back
its quantized channel with B feedback bits on a dedicated
feedback channel to the transmitter [1].

C. Scalar Quantization

The SQ scheme that we adopt is a simple uniform scalar
quantizer. The operator ((.) represents the quantization pro-
cess as follows:

a0 =sent) (mn{ [5101] S} -05). @)

where sgn represents the sign operator, 4 and b are the step
size and the number of quantization bits per real dimension,
respectively.
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A straightforward method for quantizing the channel vector
is as follows. Each receiver k feeds back the non-normalized
channel vector ﬁk, i.e. the available full-CSI. The real and
the imaginary parts of hy, are separately quantized with the
uniform quantizer given in (7). Since there are 20 real
dimensions, the per-element number of feedback bits per user
denoted as bgycsy that is needed given a total budget of B bits

per user is:
B

e )
This method was introduced for performance comparison
presented later in section V.

Now, we introduce another method that leads to significant
performance improvement. Before quantization, the elements
of h,, ; are first divided by the phase of one of its elements
(say its last element) setting thus its imaginary part to zero.
Then, each user k quantizes separately the real and the
imaginary parts of its phase-rotated normalized channel with
the uniform scalar quantizer in (7), i.e., each user aims to

’

quantize the following real-valued vector denoted as h,, ;:

brunicst =

hy =y hy by R har_q) € R2M L

where the odd and the even indexes represent the phase-rotated
real and imaginary elements of h,, j, respectively. This vector
is of length (2M — 1) since the imaginary part of the last
element after phase rotation is zero. The elements 2., m € N,
are bounded in the interval [—1, +1] but they are still mutually
dependent since the vector h;L & has always unit norm.

To solve this issue, we propose that each user k quantizes its
channel coefficients in the following sequential way:

) Mo _ P
Ym = \/ZQJ\/[—l B2 N \/1_2 B2
m m n<m n 9)
(

where the second equality follows from the fact that
anl\ifl h;nQ = 1. Due to this fact, each receiver k£ feeds
back only the first 2(M — 1) elements which are computed
back at the transmitter as:

ym = Q{up} [1= > yn2, m<2M -2, (10)
nm

whereas the (20 — 1)-th element, i.e. the last element, is
automatically recovered as:

,m<2M — 2,

1- (11)

Yem-1) =

>

n<(2M-2)

The quantized channel vector of user k that is available at the
transmitter is thus:

how = [y1 +iy2 ys+iya - Yem-1)] -

The per-element number of feedback bits denoted as bsequential
per user that are needed using this sequential quantization
given a total budget of B bits per user is:

B

bSequenlial = m (12)

Comparing (12) and (8), we deduce that an increase in the
quantization resolution by a factor of M /(M — 1) is attained.
This will be the main reason for performance improvement in
terms of BER.

IV. MMSE FILTER FOR QUANTIZED CDI

Based on the quantized CDI and the CMI statistics avail-
able at the BS, the optimum MMSE receive and precoding
filters are provided in this section for the different employed
quantization schemes. For the quantized full-CSI case, please
refer to [5].

For the quantized CDI case, these filters were derived in [6]
and read as:

B \/tr (1 —w)HYH, + (L) " HYR,H,
9= PoL
1 -1
P = 5((1 —Kk)HLH, +€Ly)  HY

q’

13)
(14)

H, = [hg1,hg2,...,hgx|T € CE*M is the quantized

channel matrix available at the transmitter.

x and ¢ depend on the employed quantization scheme. These

in general have the following expressions:
d/(1—d)

KR = ﬁ, and

(1—dh” 2 %
Kﬁ—i_; (M-1)1-02) Pe F PoL )’ (16

€k

15)

where d is the quantization error given by

d=Ei0] =1 - [ k'], A7)

depending on the quantization scheme. For RVQ, this quantity
is given in (5) and (6) in a closed form, while for the SQ case
it has to be evaluated numerically by Monte-Carlo simulations.

V. SIMULATION RESULTS

For a MU-MISO system with M = 3 and K = 3, we
plot the uncoded BER achieved with linear MMSE precoder
based on SQ schemes and the RVQ scheme versus different
SNR values in dB. The results are the average of 10000 i.i.d.
complex Gaussian channel realizations ('y,% = 1,Vk) where
100 QPSK symbols are sent per channel realization. Other
system parameters include the DL pilots Tp;, = 100 and
the assumption of uncorrelated input signals and white noise
with 07 = 1 and o} = 1 respectively. The total budget of
feedback bits is B = 12. In other words, we have bgycs = 2
and bsequential = 3 for the SQs. Obviously, the RVQ scheme
outperforms the suggested SQ schemes. However, there is
a constant BER gap between the RVQ and the sequential
SQ for fixed feedback bits at high SNR values. The large
BER gap between the full CSI based SQ and the CDI based
sequential SQ suggests that amplitude information needs not
to be fed back but its statistics are sufficient for good precoder
performance as already mentioned in subsection A of Section
III. This was already concluded in [8]. Each receiver thus
needs only to feed back 2(M — 1) elements saving a pair
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of real dimensions. Evidently, the BER floor at high SNR
values is due to the limited feedback. In Fig. 2, we compare

10 . ‘ .

—&— SQ-Full CSI
—)— SQ- Sequential
-— RVQ

uncoded per user average BER

10 I I I I I
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Fig. 1. QPSK: uncoded BER vrs. 10log;q lr{’% for Quantized CDI with
different Quantization schemes. "

the performance of our SQ-sequential method and the SQ
method proposed in [10], which needs the same number of
bits to quantize separately the phase and the amplitude of the
normalized channel. This method also saves a pair of real
dimensions by using an appropriate normalization. The results
are in terms of BERs for M = K = 4 and b = 8 for both
methods. Other system parameters are the same as before.
Results show that our scheme outperforms the aforementioned
method in the high SNR regime. The quantization error values

10 T T T T
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uncoded per user average BER
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Fig. 2. QPSK: uncoded BER vrs. 10log;o Lr(PTPZ) for Quantized CDI with
different SQ schemes.

in (17) for the RVQ scheme, the SQ-Sequential method and
the SQ suggested in [10] vrs. different numbers of bits per
dimension are plotted in Fig. 3 for M = 4. As expected from
the above results of the BER, the quantization error associated
with the RVQ scheme is the least whereas that associated with
the SQ of [10] is the worst. One can also notice the constant
gap between our suggested SQ-sequential method and that for
RVQ for different values of bsequentiai, Which means that the
performance loss as compared to VQ remains constant even
in the high resolution regime.
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Fig. 3. Quantization Error for the different Quantization schemes.

VI. CONCLUSIONS AND FUTURE WORK

For the quantization of the CDI in MU-MISO systems, we
proposed a simple uniform scalar quantizer that has reduced
complexity and memory requirements as compared to the
RVQ scheme commonly used for these systems. These two
advantages are specially essential for simple receivers such as
mobile stations in cellular wireless systems. The sequential
method for SQ, where only a total of 2(M — 1) elements are
needed to be fed back by each user performs quite close to
VQ. Future work includes the application of scalar quantizers
for the limited feedback of MU-MIMO systems.
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