GENERATING LONG MEMORY MODELS BASED ON CARMA
PROCESSES
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Abstract. Starting from short memory (Gaussian) processes we present various approaches to construct
long memory processes and generalize these concepts to the Lévy setting. Moreover, Ornstein-Uhlenbeck
processes are replaced by more general moving average (MA) processes, e.g. CARMA processes, thus allowing
to model a broader class of autocorrelation functions, for instance oscillating autocorrelations. We obtain
superposititions of MA processes, in particular supCARMA processes, as well as, by randomizing the time
scale of short memory processes, a rather large class of long memory MA processes. Finally, Lévy-driven
Gamma-mixed moving average processes exhibiting long memory are introduced. The latter model has the
nice property that its integrated process can be calculated explicitly and converges to a fractional Lévy

process.

1. Introduction. In modern mathematical finance continuous time models play a cru-
cial role because they allow handling unequally spaced data and even high frequency data,
which are realistic for liquid markets. In this context Lévy-driven processes of Ornstein-
Uhlenbeck (OU) type have been extensively studied over the last recent years and widely
used in applications. Several examples of univariate non-Gaussian OU processes can be found
in Barndorff-Nielsen & Shephard (2001a), where OU processes are used to model stochas-
tic volatility. In this paper we replace OU processes by the more general CARMA(p, q)
processes driven by a two-sided Lévy process L = {L(t) }+cr, defined as

Ly (), t>0

L) = —Ly(—t—), t<0

(1.1)

where Ly = {L1(t)}+>0 is a Lévy process and Lo = {L2(t)}+>0 is an independent copy of
L;. The virtue of CARMA(p, q) processes is that a much larger class of autocorrelations
can be modeled. In particular, the autocorrelation functions of CARMA processes are not
necessarily monotone decreasing as that of OU processes. Moreover, it has been shown
in an econometric analysis by Todorov & Tauchen (2004) that CARMA and in particular
CARMA(2, 1) processes are reasonable processes to model stochastic volatility. Lévy-driven
CARMA processes, have been studied and applied during the last years (see e.g. Brockwell
(2001a), Brockwell (2001b), Todorov & Tauchen (2004) and the references therein), but
like OU processes belong to the class of short memory processes, due to the fact that their
autocorrelation functions show an exponential rate of decay.

Recently, Brockwell (2004) (see also Brockwell & Marquardt (2005)) defined fractionally
integrated CARMA (FICARMA) processes by a fractional integration of the kernel function
of the short memory CARMA process. These FICARMA processes exhibit long memory

properties in the sense that their autocorrelations are hyperbolically decreasing. However,
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due to the slow decay of the fractionally integrated kernel function, simulation algorithms for
FICARMA processes have been very slow and expensive and so far no stimulating estimation
techniques are available.

An alternative approach to generate long memory processes, namely infinite superpo-
sition of Ornstein-Uhlenbeck (supOU) processes, was studied in Barndorff-Nielsen (2001).
SupOU processes provide a flexible class of models which incorporate long-range dependence
as well as self-similarity-like properties. Furthermore, supOU processes have the potential
to describe some of the other key distributional features of typical data in finance, tur-
bulence and other fields of application. In particular, empirical volatility has tails heavier
than normal, long-range dependence in the sense that the empirical autocorrelation function
decreases slower than exponential and exhibits volatility clusters on high levels. Barndorff-
Nielsen & Shephard (2001b) investigate supOU processes as volatility models and show that
supOU processes are capable to model these so-called stylized facts. Moreover Fasen &
Klippelberg (2007) study the extremal behaviour of supOU processes. However, supOU
processes are defined in terms of integrals with respect to an independently scattered ran-
dom measure - often referred to as Lévy basis - and thus the supOU framework adds another
non-trivial layer of complexity to the problem of simulation and parameter estimation.

This is our motivation to propose in this paper several alternative approaches to gen-
erate long memory processes leading to models which are easy to simulate and estimate.
After having introduced the necessary preliminaries in Section 2, we consider in Section 3
superpositions of general moving average (MA) processes. To the best of our knowledge,
this is the first approach to construct an infinite superposition of CARMA (supCARMA)
processes. By randomizing the time scale of a (short memory) MA process we construct in
Section 4 a MA model which allows for modeling long memory situations and which has
the same autocovariance functions as the supOU (or supCARMA) processes when its kernel
function equals that of an OU (CARMA) process. In Section 5 we discuss mixing models
by transfer functions. In particular, we come up with a Lévy-driven Gamma-mixed OU
process which on the one hand is the limiting process of centered m-factor models, as well
as closely related to the fractional Lévy processes considered in Marquardt (2006b). In fact,
the latter aggregation model has the nice property that its integrated process can be calcu-
lated explicitly and converges to a fractional Lévy process. Finally, we calculate integrated
volatility and show how the aggregation idea can be generalized.

2. Preliminaries. In this section we recall some basic defintions and notions which
we will need in the following sections.

2.1. CARMA and OU Processes. Asthe name already suggests, CARMA processes
belong the class of continuous-time moving average (MA) processes.

DEFINITION 2.1 (Stationary MA Process). A stationary continuous time moving aver-
age (MA) process is a process of the form

V() = / ot —u) Ldu), tER, (2.1)
—0o0
where g : R — R, called kernel function, is measurable and the driving process L = {L(t) }1er
is a two-sided Lévy process on R having generating triplet (v,0%,v). We call L the back-
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ground driving Lévy process (BDLP) of the MA process Y = {Y (t) }+er.

DEFINITION 2.2 (CARMA((p, q) Process). A Lévy-driven continuous time autoregressive
moving average CARMA (p,q) process {Y (t)}i>0 of order (p,q) with p,q € No,p > q is
defined to be the stationary solution of the formal p-th order linear differential equation,

p(D)Y (1) = ¢(D)DL(t), t=0, (2.2)

where D denotes differentiation with respect to t, {L(t)}+>0 is a Lévy process with Lévy

measure v satisfying fl log |z|v(dz) < oo,

z|>1
p(2) = 2P +a12P "+ . +a, and q(2) :=boz? 4+ b127 4 .+ by, (2.3)

where a, # 0, by # 0. The polynomials p(-) and q(-) are referred to as the autoregressive
and moving average polynomial, respectively.
Since in general the derivative of a Lévy process does not exist, (2.2) is interpreted as

being equivalent to the observation and state equations

Y(#)=b"Z(t)  and (2.4)
dZ(t) = AZ(t)dt + e L(dt), t >0, (2.5)
0 | I,
here A — P ,eT:0,...,0,1,bT:[b,b_,...,b_

A —ap ‘ —G,p,1 —ai [ ] © Pl ¢—pHl

withb_1 =b_g=...=by_pt1 =0,if ¢ <p—1and I,_1 € M,_1(R) denotes the identity
matrix.

REMARK 2.3. It is easy to check that the eigenvalues ¥;,...,9, of the matrix A are

the zeros of the autoregressive polynomial p(z).
PROPOSITION 2.4 (Brockwell (2004, Section 2)). If all eigenvalues 91,...,9, of A, i.e.
the roots of p(z), have negative real parts, the process {Z(t)}ier defined by
¢
Z(t) = [ eAtWeL(du), t € R, is the strictly stationary solution of (2.5) for t € R with

— 00

corresponding CARMA process
t
Y (t) = / bleAt—We L(du), teR, (2.6)

where L is a two-sided Lévy process as defined in (1.1).
As it drives the CARMA process, we refer to L as the BDLP (see Definition 2.1).
From (2.6) it is obvious that Y = {Y(¢) }+cr is a moving average process, since it has

the form

with kernel

g(t) = bTeAtel[Om)(t) (2.7)



satisfying g € L'(R) N L(R).
Replacing e by its spectral representation, the kernel g given by (2.7) can be expressed
as (Brockwell (2004))

g(t)z% /e’w]%dﬂ, teR. (2.8)

— 0o
From now on we assume that the condition on the eigenvalues of A in Proposition 2.4

is always satisfied.
Obviously, the CARMA(1,0) process is an Ornstein-Uhlenbeck (OU) process

Y (t) = / e M9 [(ds), teR, (2.9)

where A > 0. In the literature the OU process is often written in the form of an It6 stochastic
differential equation (SDE) dY (t) = —AY (¢)dt + L(dt), where it is understood that Y has
to be the stationary solution of the SDE.

As long as E[L(1)?] < oo, the autocorrelation functions of CARMA processes exist
and show an exponential rate of decay, i.e. CARMA processes belong to the class of short
memory models. In particular, for the OU process we have ry (h) = corr(Y (¢t + h), Y (t)) =
e *  h € R. This and the Markov property of CARMA processes are often too restrictive
and recently various approaches have been made to generalize the Lévy-driven OU and
CARMA model, respectively.

In order to expand the class of OU processes one can for instance construct a process as
the sum, or superposition, of independent OU processes, each indexed by different parameter
values, i.e.

m
V) =35 00), (2.10)

j=1
where Y is an OU process as defined in (2.9). In econometrics this finite superposition of
OU processes is often called an m-factor model. This model can be extended to the infinite
dimensional case by allowing m, the number of components of Y, to go off to infinity and

by replacing summation with integration (see Section 2.2 below).

2.2. Lévy Basis and SupOU Processes. This section contains a brief review of
the definition and the main properties of supOU processes. Throughout this section we
write 7(x) = lyz<13 and work with an infinitely divisible independently scattered ran-
dom measure, which we will refer to as Lévy basis, A = {A(A); A € T}, on some prob-
ability space (2, F, P), as defined in Rajput & Rosinski (1989), where 7 is a o-ring on
B(R; x R). This means that for every sequence {A, }nen C 7 of disjoint sets the random
variables A(4,,), n =1,2,..., are independent and A < Ej An> = § A(A,) a.s., when-

1 n=1

n=

ever U2, A, € T. Furthermore, for every A € 7, A(A) is an infinitely divisible random
variable whose characteristic function can be written in the form (see Rajput & Rosinski
(1989, Proposition 2.4)),

Elexp{iuA(A)}] = exp{T(u)}, wueR, (2.11)
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where

U(u) = iumo(A) — —m1 —|—/ w1 —jur(z)) Q(A, dx). (2.12)
R

Here my is a signed measure, m; is a positive measure and @) is a generalized Lévy measure,
which means by definition that for every fixed A € 7 with points w = (s, A), Q(4,-) is a
Lévy measure on B(R), i.e. Q(A,{0}) =0 and [p(1 A |z|?) Q(A, dx) < oco. In this paper,
like in Barndorff-Nielsen (2001), our discussion is restricted to the case where

Q(dw,dz) = ds7(d\) v(dx) (2.13)

factorizes as the product of some probability measure 7 on R, the Lebesgue measure (Leb)

and some Lévy measure v on R. Moreover, we assume
mo(dw) = ydsw(d\) and my(dw) = o dsm(d)),

for v € R and 02 > 0. We shall refer to (v,02,v,7) as the Lévy characteristics of A, as the
distribution of A is completely determined by (7,02, v, 7). Writing

2 .
P(u) = juy — %02 + /(e“”” —1—iur(x))v(dz), ueR, (2.14)
R
we can rewrite (2.11) as
Elexp{iul(A)}] = exp //w ula(A, 8))dsm(dN) p, ueR. (2.15)

Notice that for A = R4 x [0,¢], t > 0, we obtain the corresponding Lévy process
A(Ry x [0,t]) = L(t) with characteristic triplet (v, 02, v).

Integrals with respect to a Lévy basis A are defined as limits in probability of integrals
over simple functions. In what follows we will work with the following proposition and refer
to Rajput & Rosinski (1989, Theorem 2.7) for details and proofs.

PROPOSITION 2.5. A measurable function f : Ry xR — R is A-integrable if and only if

(i / / FO )+ / (r(2f (A ) = F( 9)7(2)) w(de)| dsm(dA) < oo
(ii) o //|fAs|2dsw<dA>

(i) /// LA |zf(N 8)]?) v(dz) dsm(d)) < oo
Ry R R
If (i)-(iii) hold, [ fdA is infinitely divisible with characteristic function

E |exp iu}R{R/f()\,s)dA()\,s) = exp R[R/w(uf()\,s))dsw(d)\) . (2.16)



Now we recall the definition of supOU processes (Barndorff-Nielsen (2001)) which can
serve as long memory models.
We say that a stationary process X = {X (¢)}+cr exhibits long-range dependence (long

memory) if the autocovariance (or autocorrelation) function vx of X behaves as
v () ~ L(h)h=2 (2.17)

for h — oo, where L is a slowly varying function and d € (0,0.5).

Suppose that the above assumptions are satisfied, i.e. 2 = R4 xR with points w = (s, \)
and let B be the o-algebra of Borel subsets of Ry x R. Furthermore let A be a Lévy basis on
(Q, B) with characteristics (y,0, v, ), where 7 is a probability measure on R;. Moreover,

we assume

= — x| v(dz). 2.18
Y /{M}H() (2.18)

DEFINITION 2.6 (supOU Process). Let A be a Lévy basis which satisfies the above
conditions. We call a stochastic process X = {X (t) }1er of the form

At
X(t):/e_”\t/esA(ds,d/\), teR, (2.19)
R+ -0

a supOU process.
REMARK 2.7. The process X defined in (2.19) is well-defined, stationary and infinitely
divisible, where the finite-dimensional distributions of the stationary process X have the

cumulant generating function

log Elexp{i(u1 Xs, + ... + umXe,, )}

:/ / VD e T ) (t — 5) | Adsa(dN), (2.20)
Ry R J=1

where m € N, —oo <t < ... <ty <00, U,..., U, € R and ¢ is given as in (2.14).
Observe that we can conclude from (2.18) that E[X (¢)] = 0 for all ¢ € R. Furthermore,
we have the following proposition.
PROPOSITION 2.8. Assuming the supOU process X is square integrable the autocorre-

lation function rx of X is given by

rx(h) = /e*Ahw(dA), h > 0. (2.21)
0

EXAMPLE 2.9. Suppose that w is the T'(1 — 2d, 1) law, where 0 < d < 0.5, i.e.

m(d\) = T !

—2d ,—\
(1—2d)>\ e " d.

Then

rx(h) = (1+h)*7,
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i.e. X exhibits long-range dependence.
Now, if we interprete A as a random variable with distribution 7 we can rewrite (2.21)

rx(h) = E[e*)‘h],

i.e. we can model the memory of a linear, nonnegative process through the moment gener-
ating function of the memory parameter and the choice of this moment generating function
has no impact on the marginal distribution of .

Some choices of the moment generating function will deliver short memory models,
others will deliver long memory. However, all of these models will have correlations which
are nonnegative at all values of h. This fact is an unfortunate limitation of the class of
supOU processes.

Based on this observation our motivation is to define superpositions of CARMA (sup-
CARMA) processes, since CARMA processes allow for a much more general class of au-
tocorrelation functions. In particular we will not only derive supCARMA processes but a

superposition of general moving average processes.

3. Superposition of Moving Average Processes. This section is devoted to the
construction of supCARMA processes and superposititions of moving average (supMA) pro-
cesses, in general. In order to construct superpositions of MA processes we work with Lévy
bases as introduced in Section 2.2. Moreover, we need the following “generalization” of MA
processes.

DEFINITION 3.1. For A > 0 define a moving average process Yy = {Yx(t) }+er by

t

Ya(t) = Y(\t) = /g(A(t—s))L(Ads), teR, (3.1)

—00

where L is a Lévy processes and g : R — R is a kernel function satisfying g(t) =0 fort < 0.
For simplicity from now on we assume that E[L(1)] = 0 and E[L(1)?] < cco. In particu-
lar, then (3.1) exists whenever g € L%(R).

PROPOSITION 3.2. The process Yy defined in (3.1) is stationary. Moreover, we have
for allt € R and A > 0 fixed

d

Ya(t) £ Y3(0) £ Y(0).

Proof. Stationarity can be easily seen from

log E |exp iZquA( /w Zu]g 8))1j0,00)(t; — 8) | Ads
j=1

e
Z/ Zu]g (t; —s)) | Ads,
k=1
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where m € N, —co < g <t1 <...<ty and u,...,u, € R and 9 is given as in (2.14). In

particular,

log B [eiqu(t)} - ¥ (ug(A(t — 5)) Ads
= /w (ug(As)) Ads = /w (ug(s)) ds = log E {eiuY(O)} .
0 0

We are now in the position to define superpositions of MA processes.
DEFINITION 3.3. Let A be a Lévy basis satisfying the conditions of Section 2.2. We call
stochastic processes X = {X (t)}+er of the form

oot
X(t) = / / gt —s) A(Nds,d\), teER, (3.2)
0 —oo
superpositions of moving average processes or supMA processes, for short.
The following proposition is straightforward, we therefore omit its proof.
PROPOSITION 3.4. The process X defined in (3.2) is well-defined, stationary and in-
finitely divisible, where the finite-dimensional distributions of the stationary process X have
the cumulant generating function

log E |exp iZqu(tj) z//w Zujg()\(tj—s))l[o’oo)(tj—s) Adsm(dN),
Jj=1 R, R j=1

where m €N, —00 <t < ... <ty <00, Ul,...,Un € R and ¢ is given as in (2.14).
REMARK 3.5.
(i) Substituting the OU kernel g(t) = e~*! into (3.2) we obtain the supOU processes
discussed in Section 2.2.
(ii) Substituting the CARMA kernel (2.8) into (3.2), we thus obtain a superposition
of CARMA processes, which we will refer to as supCARMA processes. The sup-
CARMA process is then given by

t At
X(t):/ / b eAt=9)e A(Nds, dN) = b /e“”e / e e A(ds,d))

R4 —o0 +
Moreover, a formal calculation shows that the supCARMA process is the stationary

solution of
X(t)=bv"Z(t),
4z (t) = / (=AZ(t, dN) dt + A(dt, dN)}

R
where
At
Z(t,B):/eA)‘te / e~ A(ds, dN).
B —00

8



(iii) Obviously, E[X (t)] =0 for all t € R.

(iv) Let us denote by vy, (h) := E[YA(t + h)Ya(t)], h > 0, the autocovariance function
of the MA process (3.1) and by ry, (k) the corresponding autocorrelation function.
Then, assuming that the supMA process X is square integrable, we obtain that the

autocorrelation function rx of the supMA process X is given by
[ee]
rx(h) = /7“yA (h)7(d\), h>0.
0

We have already mentioned in the introduction that supOU processes and thus in par-
ticular supMA processes are often too complex models for simulations and parameter esti-
mation. Therefore, in the following section we will discuss a simple and effective method
of constructing long memory models which leads to a class of more tractable long memory

models. For Gaussian processes a similar idea has been considered in Chunsheng (2003).

4. Long Memory Generation via Randomization of Moving Average Pro-
cesses. We consider again the stationary MA process Y), introduced in (3.1). We have seen

that the process Y, is stationary and that in distribution holds
d
Ya(t) = Ya(0) = Y/(0),
which is (pathwise) independent of .
Now, assume that A is a non-negative random variable with distribution 7 independent
of the BDLP L. By this randomization we then define a process X = {X(t)}scr such that

X(t) [ AL va(), (4.1)

i.e.

X(t,w) = Yo (tw) = / gA@)(t - 5) L(Mw)ds, w), tER.

PROPOSITION 4.1. The process X defined in (4.1) is well-defined (provided that Yy
is well-defined) and stationary. Furthermore, the finite-dimensional distributions of the

stationary process X have the characteristic functions

m o0 m Uk m
E |exp iZqu(tj) = /exp Z / P Zujg()\(tj —35)) | Ads p w(dN).
j=1 o k=1, j=k
where m € N, —00 < t1 < ... <ty <00, Ul,...,Un € R and ¥ is given in (2.14).
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Proof. We have

E |exp zZujf((t]) =F |E |exp zZujf((tj) ‘)\
j=1 j=1
= [ E |exp iZu]YA(t]) 7 (dA)
0 J=1
_/@m{/¢(E:WMM@—@NWMQ,—@)A@}WMM
0 R j=1
[e%e) m Tk
:/exp Z Zujg Ads p w(d)N),
2 k=1,

from which follows stationarity. O

Note that the preceding theorem shows that the process X given by (3.2) and the process
X defined by (4.1) are not identical. In particular, the marginal distributions of X are in
general no longer infinitely divisible. However, we have the following result.

PROPOSITION 4.2. The process X defined by (4.1) has the same autocorrelation function
rg as the supMA process, i.e.

reh) = [ W@y, hzo (42)
0

where 1y, (h) = ry(Ah) denotes the autocorrelation function of the process Yy defined in
(3.1) and ry denotes the autocorrelation function of the MA process (2.1).
Proof. We have

cov(X(t+h), X(t)) = E[X(t+h)X(t)] — E[X(t + h)|E[X (t)]

oo

:/E[X'(Hh) (t) N w(dX) — E[E[X (¢ + h) | Al] E[E[X(t) | X]

/Ent+hn /Emt+h E[YA(t)] 7(d))
0 0

i (R) 7(dA)

Il
oy

O
In order to randomize CARMA processes we define for A > 0 a stationary CARMA
process by

nw=/ww—wuma (4.3)



with kernel function given by

g(At) = % /ei’\w}% dy.
R

Note that g(At) = 0 whenever ¢ < 0.
PROPOSITION 4.3. If the eigenvalues V1, ...,Y, of A have negative real parts, the auto-
covariance function of (4.3) is given by

1 ihAY lq(i9) ]
= 4 > 0. .
Yy, () 27T/e (i) h>0 (4.4)
R

Proof. Let §(h) be the Dirac function with density concentrated on 0. Thus

) 1 .
/ S(h)e"™dh =1 and > / e dw = §(h).
i
R

R

Now let h > 0, then

s () = / Gt —1w)g(A(E + h — w) A du = / g(N)g(A(u + h) Adu

- R
_ 1 suro 4(10) / L ix(uth)w q(iw)
_/27r/e p(iﬁ)dﬂ 5 ¢ p(iw)dw/\du
R R R
_ i//ei)\hw q(l’l?)q(ZW) i /eik(ﬂ-i-w)udu dd \dw
21 p(i9)p(iw) | 27
R R R
_ 1 ixhw 4(10)q(iw) | 4
=5 //e pi(iﬁ)p(iw))\ 0(9 + w) dd Xdw
R R
_ i/emhw q(—iw)q(iw) dow.
2 p(—iw)p(iw)
R

O
REMARK 4.4. If we additionally assume that the eigenvalues ¥4, ...,9, of A are distinct

it can be shown (using results of Brockwell (2004)) that the autocovariance function simplifies
to

i) =30 B o, (1.5)

r=1

COROLLARY 4.5. From Proposition 4.2 follows that the randomized CARMA process X
defined by (4.1) with Yy given by (4.3) has autocorrelation function

e (h) = / i (W) 7(d), B> 0,
0

where vy, (h) is given by (4.4) or (4.5), respectively.
11



EXAMPLE 4.6 (Long Memory). Assume that A is T'(1 — 2d,1) distributed, i.e.

_ 1 —Ay—2d
w(dA)fr(l_Zd)e ATdN, A > 0.

Then

oo [ee]

/ e"Mor(d)) = / ePMemANT2 g\ = (1 — 9h)?4- L,

r1- 2d

0 0

Consequently, if we assume that the eigenvalues V1,...,9, of A are distinct with negative

real parts, we have
oo P oo
_ _ v\ 40r)a(=9r) / 9, 7h
—/m =3 g [ ¢
0 0
- U;)
= Z >(1 — 9ph)2,

i.e. we have long memory if 0 < d < 0.5.

This example shows that randomization as in (4.1) can be used to derive long memory
processes from a given (short memory) process Yy by selecting the distribution 7 of A
appropriately. The memory behaviour of the resulting process X in (4.1) depends highly on
the behaviour of 7 near the origin. In particular, the role of 7 is to slow down the process by
randomizing its time scale. As the following result (see Chunsheng (2003, p. 1137)) shows,
the resulting process X then exhibits long memory.

PROPOSITION 4.7. Assume that the distribution m of A has a density fr with respect to
the Lebesque measure, i.e. w(d)\) = fr(\)dA. Furthermore, suppose that this density fr is

monotone on the interval (0,1], vanishes outside [0, 1] and that
fr(A) ~eL(AHA2L X =0, (4.6)

where 0 < d < 0.5, ¢ > 0 and E() is a slowly varying function. Then the autocorrelation
function of X takes the form

1
= [rOnLMa, hex
0

and as h — oo,

rg(h) ~ (:I~/(iz)iz_2"l/7“y(u)u2d_1 du,
0

provided that fOOO ry (w)u?¢=1 du is convergent.

Note that for an OU process Yy, (4.6) is a necessary and sufficient condition for the
corresponding process X to exhibit long memory in the sense of (2.17) (see Chunsheng
(2003)).

Though the previous randomization technique leads to a class of statistically tractable
long memory processes, it might in some practical applications be a disadvantage that
processes X generated by this approach do not have infinite divisible finite dimensional
distributions, in general.

12



5. Long Memory by Aggregation. Our starting point in this section is the Lévy-
driven OU process defined by (2.9).

It has been shown in Marquardt & Stelzer (2007) that for every (two-sided) square
integrable Lévy process L = {L(t)}ser with E[L(1)] = 0 and E[L(1)?] = X1, there exists a
random orthogonal measure ®;, with spectral measure Fy, such that E[®1(A)] = 0 for any
bounded Borel set A,

Fu(dt) = %dt (5.1)
and
L0 = [t asaw, (5.2)
R

Moreover, the random measure @, is uniquely determined by

e ima _ e—zub

b(la0) = [ L(dp) (5.3)

R

2mip

for all —co < a < b < 0co. An obvious consequence of these results is that the OU process

(2.9) has spectral representation

. 1
Y(t) = / G By (de), tER (5.4)

Now, assume again that \ is a non-negative random variable. In particular, suppose A has
a I'(l —d,0) law for some 0 < d < 0.5, 8 > 0. The next proposition follows by easy
calculations. We omit the proof.

PROPOSITION 5.1. The time domain transfer function is given by

o0

—A(t—s)| _ —z(t—s) ﬁlid —d_ —pBzx _ ﬁ e
E [e t } = /e t Ta—d d)a: e PPdr = (754—15 — s) ; (5.5)
0

the frequency domain transfer function takes the form

1 T 1—d
E [ } =/ Lx_de_ﬁx dx
W+ A
0

iw~+2xT(1—d)
oo
_ eiﬁwﬁlfd/udflefiuw du
B8
= "B (iw) T (ifw, d),

where T, B) denotes the incomplete Gamma function with complez-valued argument.
DEFINITION 5.2. We call a process Y = {f/f(t)}te]g defined by

V() = V(1) = /tE[e—W—ﬂ L(ds) = /t (%)H L(ds) (5.6)

—00
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a Lévy-driven Gamma-mized OU process with parameters d € (0,0.5) and 8 > 0, LTOU(d, 5)i
process for short.

In the Gaussian case (i.e. when the Lévy process is a Brownian motion) such processes
have been studied in Igléi & Terdik (1999). They are of particular interest for us, since they
can be seen as limiting processes of centered m-factor models having representation (2.10),
as the following theorem shows.

THEOREM 5.3. Define

Then

as m — oo.
Proof. We have a.s.

m

t
- 1
Y™M(t) = il —Aj(t—s) )
(t) / —~ Z e L(ds)
e j=1
By the law of large numbers

1 m B 1-d
li — —Xj(t—s) — FE A1 (t—s) — = i e.
mgnoomze le ] B+t—s e

j=1

1 m Y ﬁ 1—d
Eze)\_<5+s) — 0 a.s.

By an argument given in Igléi & Terdik (1999, Appendix), it follows that the series of

functions

is uniformly integrable. Therefore,
(o)

E[Y’”(t)—f/(t)]Q:/ iéem—< b )H ds — 0 a.s.

m 4 0+ s
0

as m — o00. The left-hand side does not depend on ¢, hence the assertion follows. O
14



REMARK 5.4. Obviously, the process Y isa moving average process with kernel

Therefore Y is stationary, infinitely divisible, where the finite dimensional distributions have

the cumulant generating function

tr

m m d 5\
logE |exp ZUjY(tj) =Z/¢ Zuj (m) o

j=1 k=1y" j=k

Provided the driving Lévy process L has zero mean and is square integrable, we obtain
the following second-order properties.
PROPOSITION 5.5. The process Y defined in (5.6) has zero mean and autocorrelation

function
h
ry(h) =2 F1 1—d,1—2d;2—2d,—5 , (5.7)

where oI denotes the Gaussian hypergeometric function.
Proof. E[Y (t)] = 0 is a direct consequene of E[L(1)] = 0. Therefore,

vy (h) = EIY (t + h)Y (1))

- l ﬂ272d
R e e e

7 2-2d
~ BLLOY) [ e
0

= E[L(1)2]ﬁ/152d (1 + %)d_l ds

_ BELO)? | )
- ﬁzﬂ (1—d,1—2d,2—2d,_5) )

ds

Hence, for all t € R, E[Y (t)?] = %&;2} and the assertion follows from

7y (h)
ry(h) = —T—=
E[Y(t)?]
d
In particular, the preceding proposition shows that the process Y exhibits long memory,
since

re(h) ~ 8*72B(d,1 — 2d) h**!, ash — oo,

where B(a, §) denotes the Beta function.
15



5.1. Convergence to a Fractional Lévy Process. A remarkable result is the re-
lation between the process Y and fractional Lévy processes. The name “fractional Lévy
process” already suggests that it can be regarded as a generalization of fractional Brown-
ian motion (FBM). Fractional Lévy processes have been studied in Marquardt (2006a) and
Marquardt (2006b) and we refer to the latter works for details.

DEFINITION 5.6 (Fractional Lévy Process (FLP)). Let L = {L(t) }+er be a Lévy process
on R with E[L(1)] = 0, E[L(1)?] < oo and without Brownian component. For fractional

integration parameter 0 < d < 0.5 a stochastic process

oo

My(t) = 1‘(%4—1) / [(t— )% — (—s)1] L(ds), teR, (5.8)

—0o0
is called o fractional Lévy process (FLP).
Note that the kernel (5.8) given by

1 d

fis) = m[(t —5)1 —(=s){], seR, (5.9)

is square integrable. Thus, fractional Lévy processes are well-defined and belong to L?(€2)
for fixed t¢.

In general, fractional Lévy processes are not differentiable. However, let us consider a

process, which can be interpreted as the formal derivative of M, (as 8 — 0), namely

t—p
(t —s)4" 1 L(ds), teR, (5.10)

3
RN
=

I

S
& —
|
g~

where we assume that 8 > 0 is small. Whereas for 3 = 0 the process m$ does not exist in

L?, the process mg is well-defined in an L2-sense for 3 # 0. Furthermore, mg exhibits long

memory. This is a consequence of the fact that we cut off only the recent past and present,

but not the long past, from which the long memory arises.

REMARK 5.7. Since,
1 t
ir—/Hﬁ )91 L(ds), teR,

we have the relation




Now, applying Fubini’s theorem for stochastic integrals we obtain

t t s
1
B8 . d1
/md —F(d//s—i—ﬂ w)*™ " L(du) ds
0 0 —oo

:ﬁ/0/(s+6—u)d—1dsL(du)+ﬁ//(wﬁ—u)d‘ldsudu)
oo 0

- 0 u
y ¢
— ﬂd
- F(d+1/[(t+ﬂ—u)d—(5_u) ] L(du) + O/t—i—ﬂ—u L(du) — (d+1)L(t)
o s g
— d
rary J o - )+ 0/“—8 - T M

In particular, the integral process of the properly scaled process f/dﬁ converges (in L?) to the
FLP, i.e.

t
/}f )ds — My(t)
0

as 0 — 0 for all t € R.

5.2. Applications to Modelling Integrated Volatility. A key meaure in finance
is integrated volatility. For the integrated OU process it takes the simple structure

t

IVA(t) = / Ya(u) du = A=Y [LOW) — Ya(t) + YA (0)],
0

whereas for the integrated supOU process I.X (¢ f X (u) du we do not have an explicit

representation. However, we can calculate its Cumulants generating function

Yrx (u) = log Elexp{iul X (t)}] = //wx (1- e*“)) dsm(d)),

where ¢ denotes the derivative of the cumulants generating function ¥x of the supOU
process X (provided that ¢ x (u) is differentiable for w # 0 and provided that uy’y(u) — 0
for 0 # u — 0). Note that it follows by (2.20) that

- / Ble u) du = Py, (w), $(u) = uty(u),
0

where 1) is given by (2.14).

Now, we consider the process Y = {Ydﬁ (t)}ter and wish to describe it integrated version.

That is,
V) (t) /Yﬁ ds_// ( )_dde(ds) (5.11)



In order to evaluate quantities such as

t—s ﬁ 1-d
/0 (6 n v) -

it is better to use a double expectation argument. That is go back to the time transfer
function in Proposition 5.1. Note this will work quite well for more general kernels based

on the aggregation idea. Recall

i 1-d 1-d
=A(t—s)| — —x(t—s) 6 —d _—Bzx _ 6
E[e } /e F(l—d)x e Prdx (ﬁ—l—t—s) . (5.12)
0
Hence, we have that
[ e [
0 ﬁ +v

0/
t—s oo
//e Ta—d )[31 dp=de=B% d dv
0 0

oo t—s

B 617d/ / e " dvixid e P dy

/ ] T(1—d)
_ 617d /oo(l _ efz(tfs)) 1 xfdflefﬁz dr.
0 I(1—d)

But

1 —d—1_—pBz
ra-a°

is the Lévy density of a generalized Gamma subordinator otherwise known as a tempered

stable process. It follows that for —oco < s <t

t—s B 1-d
/0 <m> dv =Bt = s+ 8)" - 5.

Hence,

i) = ﬁl‘d/_t [(t s+ 8 - ﬁd} L(ds). (5.13)

Thus, we can extend the aggregation idea by defining an arbitrary transfer function
E [e—)\(t—s)} )
where —®(z) is logarithm of the Laplace transform of a positive random variable A with

density (or probability mass function) denoted as 7(\). Note here we, at this point, do not

necessarily require infinite divisibility of 7. Now provided that

p(N) = A~'x(N)
18



is a Lévy density of some subordinator, say S, it follows that

o) = —log E [e*5] = /0 T = (0

Thus, we have that a general aggregated process is of the form

Vi(t) = /_ "t L)

and its integrated form is given by
R t
IV () = / Un(t — $)L(ds).
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