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ABSTRACT 
In the past, there have been several attempts to relate 
HumiEtonian eqmtions, which describe conservative sys- 
tems, to electrical networks. In control theory the ideas 
of Hamiltonian systems were expanded to ufine Humilto- 
nian systems with feedbuckthat are input/output systems 
with Hamiltonian vectorfields. 

In this paper the principles of affine Hamiltonian sys- 
tems to a class of electrical networks are applied. It 
is shown that voltage and current coordinates admit a 
Poisson structure and how input/output Poisson systems 
with feedback are related to electrical networks. 

1. INTRODUCTION 

In the past, there has been a great interest in a gen- 
eral description of electrical networks. Every now and 
then, there were attempts to apply the theory of Humil- 
tonian systems to electrical networks for several reasons 
[6], [2], [9], to mention just a few. Another approach was 
the formulation of Bmyton-Moser's equations [4], which 
is a formulation of network equations as a gradient sys- 
tem. However, the development in linear network theory 
exploited concepts of energy conservation of subsystems 
rather than the gradient nature of the whole system, 
though, each linear lossless multiport terminated with 
resistors is in fact a gradient system. Hence, it seems 
worthwhile to tackle nonlinear networks from the same 
point of view or more specifically, to separate the lossless 
part of the system from the terminal resistors. 

In recent years, mathematical control theorists inves- 
tigated a f ine  Hamiltonian systems as a natural extension 
of Hamiltonian systems. Brockett was the first to dis- 
cuss this point [5]. See Ill] for a recent summary. Non- 
canonical Hamiltonian systems are associated with Pois- 
son manifolds, where the trajectories evolve on [l]. Only 
recently, there has been a revision of Hamiltonian formu- 
lations for electrical networks from the point of view of 
Poisson manifolds [9], [lo]. So far, the networks under 
consideration do not admit sources and resistive elements 
in general. 
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Figure 1: The network model 

In this contribution, i t  is proved that a quite general 
class of nonlinear LC-networks is equivalent to dynami- 
cal systems on Poisson manifolds. The issue of the proper 
choice of the state variables is touched upon in this con- 
text. Furthermore, a relation between affine Hamiltonian 
systems and RLC-networks is established. 

2. NETWORK MODEL 

A suitable network model for our purpose is depicted in 
Fig. 1.  The model consists of three circuit blocks de- 
noted by C M ,  R M ,  V M .  They contain the connecting 
multiport, resistive elements and reactive elements. The 
subcircuit V M  consists of uncoupled nonlinear/linear re- 
active elements. These elements have to admit an alge- 
braic description by a function 6 : R + R. Take, for 
example, the inductors which are either flux or current 
controlled. The resistive multiport contains nonlinear re- 
sistors in series or in parallel with an ideal source. We 
assume minimal state space realization. This is equiva- 
lent to the existence of a tree containing all capacitors 
and no inductors. The current-controlled resistors with 
voltage source are located in the tree (index T)  and the 
co-tree contains the voltage-controlled resistors with cur- 
rent sources (index C). For more general resistors see [8]. 

The connecting n-port (CM) is governed by Kirch- 
hoff 's equations: 

L A L  J 

The matrices A and B describe the connection of the cir- 
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cuit elements. Because each port is specified by voltage 
and current we have 2n variables for CM. Moreover, (1) 
gives rise. to a n-dimensional linear subspace of the 2n 
dimensional signal space ( [uT iTIT). A parametriza- 
tion of this linear subspace is given in terms of n port 
variables Sk (voltages and currents) [3], i.e., 

i k  = i k  (31 1 327 . . . 7 (2) 
uk = uk(sl,S2,.. . ,Sn) k = l ( 1 ) n .  (3) 

This parametrization is not unique but in any case global 
(linear subspace). We apply symmetric sign convention 
for the ports of CM. 

To specify A and B further suppose that V M  con- 
tains nc capacitors and n L  inductors as well as R M  con- 
tains nm + nm resistors. It holds n = nm + nm + 
n L  + nc. The capacitor voltages (charge) and the in- 
ductor currents (flux) determine the state of dynamical 
system. The capacitor voltage and the inductor current 
are taken as parameters. Finally, the ports of the re- 
sistors are parametrized either by the port voltage for 
the tree elements and current for the co-tree elements. 
In this way the above parametrization becomes unique. 
This defines the matrices A and B as (I identity matrix) 

so that the connecting multiport is governed by 

Proposition 1 ([lo]) Equation (6) describes a linear 
manifold M endowed with a Poisson structure and the 
structure matrix r. 
I t  is, roughly speaking, a smooth manifold with a bilin- 
ear map which is skew-symmetric and suffices the Jacobi 
identity and the Leibniz rule. For a definition of Poisson 
manifolds see, for example, [l]. The matrix r is skew- 
symmetric and the Jacobi identity is fulfilled because the 
structure matrix is constant. It is the Poisson structure 
we are focussing on in this paper. 

3. DYNAMICAL SYSTEMS DESCRIPTION 

Nonlinear dynamical systems are usually separated into 
two classes, namely gradient systems and Hamiltonian 
systems with characteristic types of differential equations. 
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3.1. HAMILTONIAN EQUATIONS 

With the class of Hamiltonian systems one usually asso- 
ciates equations of the form 

Here q, p denote the state of the system and H the 
Hamiltonian function. Those systems are called canoni- 
cal Hamiltonian systems due to J .  They can be general- 
ized to  non-canonical Hamiltonian systems by replacing 
the structure matrix J by a matrix K such that all prop- 
erties of a Poisson manifold still hold. K can also depend 
on the states. 

This class of systems is related to Fig. 1, if there are 
no resistors and sources in the circuit. The energy stored 
in the reactive elements is given by the Hamiltonian func- 
tion. Two essentially different choices for the state space 
coordinates exist. 

3.1.1. CHARGEFLUX COORDINATES 

A possible coordinate choice for the state would be flux 
and charge as used in [2] and [9]. Hence, the nonlinear 
reactive elements are required to be either charge or flux 
controlled. This choice leads straightforward to an ex- 
plicit state space differential equation. This is due to the 
following relations for V M  

EL and EC denote the total stored energy in a inductive 
and capacitive elements respectively. With this choice 
one obtains a dynamical system on a Poisson manifold 
given by the connecting multiport. 

Proposition 2 ([lo]) The dynamical system N H , ~ , ~  : 
{CM,VM)  

. .  

with H = EL+Ec and r = const. is called a Hamiltonian 
system on a Poisson manifold or Poisson system. 

The Poisson tensor K = r is constant and skew-symmetric 
so that it is easy to verify the Jacobi identity. Rank defi- 
ciency of r is excluded by the equality of the state space 
dimension and the number of reactive elements. 

3.1.2. VO LTAGECURRENT C 0 0 RDINATES 

In case of voltage or current controlled elements, the de- 
scription as a dynamical system on Poisson manifolds 
becomes much more involved. In this specific case the 
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differential equations are not explicit. One can introduce 
a lossless transformation mapping nonlinear reactive ele- 
ments onto linear reactive elements. The idea is to define 

Proof: Skew-symmetry and bilinearity are not altered 
by the transformation (14). To show the Jacobi identity 
one has to check 

For a given L ( i ~ )  can computes L, ( i ~ ) .  The introduc- 
tion of new coordinates by a mapping 

for all tupel i, j ,  k, 1 5 i ,j,  k 5 ( n ~  + nc). One obtains 
as nonvanishing terms 

denote a nonlinear transformer with "turns ratio" n ( i ~ )  = 
d m .  Note that ;, ii still have the physical meaning 
of currents and voltages. The linear rcactive element in 
the new coordinates is governed by & i ~  = i i ~ .  If Lm is 
negative, then we use a linear inductor with element value 
-1 ($iL = - i iL)  to obtain a reasonable transformation 
(11). A similar derivation holds for the capacitors. The 
turns ratio of the whole multiport transformer 7 M  reads 

M = [ -  d-1. (12) 

The matrix is diagonal as a consequence of the assump- 
tion of uncoupled reactive elements (see above). The 
transformation (11) depends on the old coordinates. It 
is favourable to find a form such that the turns ratio of 
the transformer depends on the new coordinates. Need- 
less to say, L, ( i ~ )  and L,,, ( i ~ )  are different in general. 
These details are omitted in the sequel. On the one hand, 
the Hamiltonian function for the now linear energy stor- 
ing elements is given by the positive definite quadratic 
form (pos. elements) H = i L i ~  +ii:iic). On the 
other hand, the energy H ( i ~ , u c )  in the old coordinates 
is given by 

- rT- 

The energy content in the circuit is not changed by the 
coordinate transformation H ( i ~ ,  UC) = E"r (", e,) . The 
interconnection matrix I' turns to 

K = M-IrM-'  (14) 

with entries Kij = M;'I';jMJ;'. The matrix K substi- 
tutes the description of the connecting multiport r. 
Proposition 3 The LC-network NB,~ , ;  : {CM, V M }  

d 
-2 dt = K(?)VB(2)  = K(5)ii (15) 

defines a dynamical system o n  a Poisson manifold with 
Poisson tensor K (Kij  = M,;'I',jM,;'). 

aMkk/a5k - KkiKkj  aMkk/ %k 

Mkk Mkk ' 
- Kkj Kik 

Due to the skew-symmetry of K, (16) follows. 0 
A combination of coordinates (q, cp), (6,;) admits to 

cope with different kinds of dependencies in the reactive 
elements. Either way, the system is Poisson. 

Note that Hamiltonian systems are governed by hc- 
mogeneous differential equations. This seems sufficient 
for classical mechanics but not for applications in engi- 
neering. Therefore, in mathematical control theory the 
concept of Hamiltonian systems was extended to .fine 
Hamiltonian systems. 

3.2. AFFINE HAMILTONIAN EQUATIONS 

The dynamical system (7) becomes an input/output sys- 
tem with m inputs vi and m outputs yi by the following 
extensions [5], [ll]: 

Y [ H I ,  ~ 2 ,  . . ., ~ m ] ~ .  (18) 

The functions Hi denote the interaction Hamiltonian and 
HO the internal energy. The number of inputs and out- 
puts is always equal in this definition. This is justified 
by the natural pairing between input and output coor- 
dinates for energy balance. The change of the internal 
energy HO is given by &Ho = 
Example: An example of an affine Hamiltonian system 
is shown in Fig. 2. It is governed by the equations 

vi&Hi. 

with Hamiltonian HO = & + &, H I  = cp and V H 1  = 
[I 0lT. As the natural output of this circuit one obtains 
y = H I  = cp = s uLdt = J Wdt. The source power is 
given by 1 Ho = ~ ~ 2 0 .  0 
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Figure 2: Affine Hamiltonian system 

Definition 1 Let M be a manifold with Poisson tensors 
K O ,  K1 , .  . . , K ,  and Ho,  H I , .  . . , H ,  E Cm(M) .  Then 
we call 

m 

2 [ ] = K ~ v H ~ ( ~ , ~ )  - E K , V H , ( ~ , + ,  
dt U s=1 

= ~ V H , T K , V H ~ +  
i=l 

[ H m + l ( v ) ,  Hm+2(v), . . . , H d ~ ) ] ~ . ( 1 9 )  
an afine Poisson system. For each of these tensors K ,  
hold the properties of a Poisson brackets. 

The definition varies from (18) by multiple tensors K ,  
and a direct functional dependence between input and 
output. The latter is often omitted in control. 

Proposition 4 The LC network Np,,+,,,, : {CM,DM} 
with resistor-free sources is an afine Poisson system (19). 

Proof: The Poisson tensors K ,  are obtained from I‘ 
and the Ki are constructed 

from the columns of N2 and rows of N: by embedding 
a column i of N2(:,  i) into a n L  + nc square zero matrix 
in row and column i 

N 1  I as = [ -NT 

r 0 N2(: , i )  0 1 
K i =  

-N:(: ,  i) 
l o  

The construction for NT goes along the same line. The 
functions Hi are taken such that VH, is a canonical vec- 
tor with f l  in position i and zeros otherwise. The first 
term for y follows from comparison with ( 6 )  and the last 

0 
Fo; voltage-current state coordinates, one is able to 

incorporate the resistors as a feedback between output yi 
and input zci [ll]. For example a linear feedback that is 
a linear resistor with source V,  yields the additional re- 
lation vi = -k,Eiy, + V,. It is easy to identify the feedback 
parameter IC, as the element value of the resistor. The 
negative sign is due to the symmetric sign convention of 
CM. Such systems can be called affine Hamiltonian sys- 
tem with feedback. Taking feedback into account one runs 
into serious trouble with charge and flux as state coordi- 
nates because the output equations have to  be expressed 
in these coordinates. 

4. CONCLUSION 

Electrical networks of reactive and resistive elements be- 
long to the class of gradient systems. However, a more 
refined network model by extraction of resistors reveals a 
Poisson structure of the connecting multiport. The ter- 
minal resistors provide a feedback between some output 
and some input ports. Such a geometrical structure could 
be exploited for network synthesis or numerical simula- 
tion. 
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