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Abstract— The performance of MIMO systems and the use-
fulness of dedicated signal processing and channel coding tech-
niques is strongly affected by presence of fading correlation. For
instance, space-time block coding is favored by low fading corre-
lation, while beam-forming techniques are advantageous at high
amounts of correlation. In this paper we define an easy to com-
pute guantitative description of fading correlation and diversity
present in a MIMO channel. This definition offers the possibil-
ity to build equivalence classes of channels which offer the same
amount of diversity or correlation. It turns out, that channels
from such an equivalénce class perform essentially equivalently
with respect to channel capacity or throughput.

1. INTRODUCTION

MIMOG communication systems recently have drawn consid-

erable attention in the area of wireless communications as they
promise huge capacity increase [1] in a fading wireless envi-
ronment. It is known, that fading correlation has significant
impact on the performance of MIMO systems. Depending on
how much the transmitter is aware of the fading correlation,
the effect can be capacity decreasing [2], [3] or even capacity
increasing [9].

Fading correlation is directly connected to the diversity gain
of a MIMO system. It is also strongly related to MIMO an-
tenna gain [10] and multiplexing gain. The close relation of
fading correlation with these three elementary gains provided
by a MIMO system, suggests to search for a quantitative de-
scription of fading correlation. Such an attempt has already

been made in [8] for the SIMO case, which provides a gen- -

eralized definition of receive diversity order. This definition
computes the ratio of variance of SNR after maximum ratio
combining of all received signals and the variance of SNR of
a single received signal. In this paper we define a measure of
diversity and correlation which
o does not assume maximum ratio combining
« isusable for the MIMO case
o is able to separate receive and transmit diversity
« is also applicable in some non-Gaussian fading cases.
Interestingly, for the case of receive diversity, this results in the
same definition as the one given in [8] for the SIMO case. With
our definition we can
« quantify the amount of correlation and diversity present in
the channel. This allows for instance to decide which of
two MIMO channels has stronger correlation or provides
more diversity. In [6] and [7] the principle of majorization

[4] of eigenvalue profiles is used to order MIMO channels
by their amount of correlation. It is interesting to note,
that the ordering obtained by the principle of majorization
is always the same as the ordering obtained by the corre-
lation measure. The reverse is however not true, since
the principle of majorization sometimes does not yield a
result.

« build equivalence classes of channels which offer the
same amount of diversity or correlation. It turns out, that
channels having the same correlation measure perform es-
sentially equivalently with respect to channel capacity or
throughput. This result may have impact on simulation
aspects, as the simulation results obtained for one channel
can essentially be used for the whole equivalence class.

II. SYSTEM MODEL

In the following we will assume a frequency flat fading
MIMO channel, with N transmit and M receive antennas, de-
scribed by its channel matrix H € CM*¥ which is composed
of complex, circularly symmetric random variables, which ex-
hibit certain correlations. In the absence of receiver noise, the
received signal y € CM can be written as

y=Hs, ey

where s € C¥ contins the data from N independent dala
streams. For the derivation of the diversity and correlation
measures, we assume uncorrelated and unity power data sig-
nals, ie. E [ssH] = Iy, where Ty is the N x N identity
matrix and E [ is the expectation operation, while (.)¥ repre-
senis complex conjugate transpose. Let us stack all columns
of the channel matrix H into one K = M - N dimensional
channel vector

h = vec[H| € cK*!, )
where we have used vec[.] as the column stacking operation.
We can describe the correlations between the random entries
of H by the correlation matrix

R = E[hhY). 3
The channel vector h can then be written as

h = vec[H| = Rig. 4
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The vectorg € C¥*! is populated by i.i.d. complex random
variables g = () + jn, which meet for k = 1,... K the
following condition:

Cr and 1y : i.id. real random variables
Elgs] = 0
Eflg:l’] = 1 €
E [|9k14] = 2

This condition covers the important special case, where the
{gr) are complex, circularly symmetric, zero-mean, Gaussian
random variables, which leads to correlated Rayleigh fading.
Even though other distributions exist which fulfill (5), we will
concentrate on Rayleigh fading in the following,

[I. DIVERSITY MEASURE

A. Motivation

Let us think about the sum v of K i.i.d. random variables -y,

K
Y=

k=1

with Y = Iak|2

and ap € Nc(0,1) being iid. zero mean, unity variance
Gaussian distributed random variables. This describes a K-
th order diversity in uncorrelated and equal average power
Rayleigh fading, The probability density function of ¥ be-
comes a Nakagami distribution of the order K. Let us compute
the ratio of the squared expected value of «y and its variance:

ERD _ g
VE!.I'{"{]

El

where varl.] denotes the variance of a random variable. This
tells us, how much the random variable - varies relative to its
average value. The larger this number is, the smaller is the rel-
ative variance in 7, i.e., the more diversity is available. Further-
more, the numerical value of this ratio is equal to the diversity
order, i.e., K in this case. This motivates the following generic
definition of a measure of diversity for MIMO systems.

B. Definition of Diversity Measure

Definition 1: The Diversity Measure ¥ (R) of a Rayleigh
fading MIMO system described by the channel matnix H with
correlation matrix R = E [vec[H|vec[H|"] is given by

tr B\’
U(R) = (m) : (6)

Here the symbol tr is used for the trace operator, while ||.||p
declares the Frobenius norm.

C. Properties of the Diversity Measure

The connection between the definition of diversity measure
given in section III-B and the motivation provided in section
II-A is made by the following

Theorem 1: The Diversity Measure U{R) of a correlated
fading MIMO system from Definition 1 has the property

U(R) = M, where Q)]
var [v]
v=B[lul; | H] =HI} ®

is the receive signal power for a given MIMO channel matrix
H from (4) which meets condition (5). O The proof can be
found in [11]. The diversity measure has several further prop-
erties, including

e 1< ¥(R) < K,where R € CH*K,

o If the first L eigenvalues of the correlation matrix R are
positive and identical and the remaining eigenvalues van-
iSh, e A= .«\1 = ... = AL > AL+1 = ... = 0, the
diversity measure becomes ¥ = L.

D. Independent Receive and Transmit Correlation

If the matrix R can be decomposed into the tensor product
of two matrices Ry € CY*¥ and Rp, € CM*M

1 T
= X3 9
R trRTxRI-x@RR 9)

the channel matrix H from (4) becomes

1 1 1

H=——R. GR} . (10

/—tr RTx Rx R’Tx- )
where vec[G] = g. Here Rp, = E[HH"] is the receive
correlation matrix, while Ry, = E[HTH] is the transmit
correlation matrix. We can write the diversity measure as
which decomposes into the product of a rransmit diversity
measure F( R, ) and a receive diversity measure W({Rgy).
In case only the transmit correlation matrix is different from
a scaled identity matrix, the channel defined in (10} is said to
be semi-correlated [10].

IV. CORRELATION MEASURE

The measure for diversity in Rayleigh fading MIMO sys-
tems, that has been defined in Chapier III is based on correla-
tion matrices, and therefore directly related to the correlation
properties of a MIMO channel. In this section, based on the de-
fined diversity measure, we provide a definition of correlation
measure.
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A. Definition of MIMQ Correlation Measure
We state the generic definition of our measure of correlation.

Definition 2: The Correlation Measure ®({R) of a L x L
correlation matrix R is given by

B(R) = \/1—_114_/‘1'%%1.

This generic definition of the correlation measure (R} can
be applied to measure receive, transmit or the total correlation
depending on the choice of R. The motivation stems from the
following observation. Let us have a look at a specific correla-
tion matrix R € %L,

(12)

1 p p I

pm 1 p P
R= .

A A 1

Since in this case, the correlation properties are essentially cap-
tured by the single parameter p, we want our proposed corre-
lation measure to yield the same result. Since the diversity
measure in this situation is

L
MRS T R

by substituting into t12), we obtain ¢(R) = |p| , as desired.

B. Special cases
There are two special cases, we want to bring to the reader’s at-
tention. They are characterized by their eigenvalue profile.
1) Rank one situation: the correlation matrix has only one
non-zero eigenvalue. This represents the strongest possi-
ble correlation. The correlation measure from (12) yields

&1,

2) Uncorrelated and equal power situation: all eigenval-
ues of the L x L correlation matrix are identical and pos-
itive, The correlation measure this time yields

®=10.

Note, that we always have 0 < & < 1. Therefore, by
virtue of Definition 2, we have a way to quantify the amount
of correlation, from € = 0 representing the uncorrelated case,
up to & = 1 for maximum correlation.

C. Basic properties

The correlation measure has some interesting properties.
o For a correlation matrix

1 P12 3 P1,K

Pla 1 P23 P2.K
R=| . . )

Plr Plrx-1r Plrg_2 - 1

the correlation measure computes to

1 K K s
®= \xE=T & mg sl
m#Zn

Hence, the correlation measure is the root mean square of
the magnitudes of all correlation coefficients.
o The larger the correlation measure, the stronger the corre-
lation and the less diversity is available.
« For large numbers of both receive and transmit antennas
there is the asymptotic property lim ¥ - P2 = 1.
N M=o

V. APPLICATIONS

There are several applications of the diversity and corre-
lation measures defined in Chapters HI and IV, respectively.
They include the following:

« Establishment of equivalence classes:

By grouping together different correlation matrices which
have the same diversity or correlation measure, a so catled
equivalence class is obtained. It turns out that MIMO
channels from one such equivalence class offer similar
performance in terms of ergodic capacity and through-
put. One element out of the equivalence class can then
be used as a representative for the whole class. This has
impact for physical layer simulation of mobile communi-
cation systems, as only a small number of representative
channel types have to be simulated.

» Build an order relation of MIMO channels:

The diversity and correlation measures define an order
relation according to which comrelation matrices can be
sorted by their amount of correlation.

« Statistical analysis of correlation matrices:

Sometimes the correlation matrices are modeled as ran-
dom variables themselves. The diversity and correlation
measures can be used to analyze the statistical properties
of diversity and correlation associated with these random
correlation matrices, This is especially useful for analysis
of data obtained through field measurement.

« Classification of channel types:

The amount of diversity or correlation can be used to
classify a MIMO channel. For instance one could define
three classes, which collect channels of tow, medium and
high correlation, respectively. Since different transmit
and receive signal processing may be used for different
amount of correlation, the classification may decide upen
the proper signal processing or its parameters. This may
include selection of number of transmitted data streams,
associated modulation schemes and distribution of trans-
mit power, as well as selection between transmit process-
ing algorithms which are built on diversity (like space-
time block ceding) or beam-forming oriented schemes,
which profit from higher correlation. Since the diversity
and the correlation measures can be computed with both
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Left: Ergodic channel capacity vs. transmit power for transmit correlation matrices from the sets Sp 25, So.5 and Sp.75. Right: Same

for throughput. For each of the sets two lines are shown, which represent the range of =1 standard deviation around the average. MIMO-
Eigenbeamforming is applied at the transmitter. The number of receive and transimit antennas equals 8 each.

very low and constant complexity, a decision based on
this criterion is attractive for real-time applications.

For sake of brevity we will discuss only the first application
in a little bit more detail. The correlation {or diversity ) mea-
sure allows the definition of equivalence classes S of correla-
tion matrices, which all have the same correlation measure P,
that is

Sy = {R| P(R)=D}. (13)

These equivalence classes have one important feature: the per-
formance of MIMO systems with respect to channel capacity
and throughput is essentially equivalent for all correlation ma-
trices out of the equivalence class. In order 10 demonstrate this
property in a random channel we provide a sample numerical
result in Figure 1. The ergodic capacity and the throughput are
shown as a function of transmit power for correlation matri-
ces from the equivalence classes. We have a semi-correlated
channel from (10), where the transmitier is aware of the trans-
mit correlation matrix, which enables the application of Eigen-
beamforming [9]. In order to obtain the results shown in Figure
1, we select randomly 250 transmit correlation matrices from
each of the equivalence classes S 25. So.5 and Sg.75 and com-
pute throughput and ergodic capacity as functions of transmit
power, Further, we compute the mean and standard deviation
of the ergodic capacity and throughput over the 25¢} matrices
for each equivalence class. As can be seen from Figure 1 trans-
mit correlation matrices out of the same equivalence class lead
to highly similar performance with respect to both ergodic ca-
pacity and throughput.

VI. CONCLUSION

In this paper a measure for diversity and correlation present
in a wireless MIMO communication system is defined. With
this definition it is not only possible to quantify the amount
of correlation and diversity present in the chaanel, but also
to classify channel types by their amount of diversity or cor-
relation. Thereupon equivalence classes of channels can be
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defined, which offer the same amount of diversity or correla-
tion. It is demonstrated, that channels with the same cormre-
lation measure, i.e. from the same equivalence class perform
essentially equivalent with respect to both ergodic capacity and
throughput. The correlation measure may also be used for
other applications, like ranking the suitability of different sig-
nal processing and coding techniques, for instance space-time
block-coding or beam-forming in correlated fading.
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