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Abstract— Multicarrier systems, used in many of today’s communica-
tions standards like 802.11b, are very prominent candidates for future
mobile communication systems. Complex modulated transmultiplexer
filter banks [1] providing improved frequency responses in comparison to
Orthogonal Frequency Division Multiplex (OFDM) are proposed without
a cyclic prefix.

For the sake of increased bandwidth efficiency, they require an equal-
izer which mitigates the distortion of the frequency selective transmission
channel. An efficient implementation of these transmultiplexer filter
banks leads to Discrete Fourier Transformation (DFT) transmultiplexer
filter banks.

The advantages of such modifications with respect to OFDM are
discussed and the results for the design of the required channel equalizer
are presented.

I. INTRODUCTION

Multicarrier systems, especially OFDM, are subject to intensive
research in the last years [2]. These systems promise a high bandwidth
efficiency, very distinguished schemes like bit loading (respectively
power loading), and good properties for coping with multipath
transmission channels [3]. Moreover, the computational complexity
for OFDM is considered very beneficial because of the possibility
of using Fast Fourier Transforms (FFT). The problem of channel
equalization is solved by using a kind of redundancy, the cyclic prefix.
This prefix together with the IFFT at the transmitter and FFT at the
receiver, containing the last Mcp symbols of an OFDM block and
being put at the beginning of the block, transforms the time-invariant
channel impulse response of a multipath channel into a periodically
time-variant complex AWGN channel.

The cyclic prefix has to be longer than the channel impulse
response as a necessary condition. Therefore, a considerable amount
of the available bandwidth has to be sacrificed for alleviating the task
of equalizing the channel [4], [5].

II. COMPLEX MODULATED TRANSMULTIPLEXER FILTER BANKS

Complex modulated transmultiplexer filter banks are a special class
of filter banks where all filters Hk(z) of Figure 1 are deduced from
a single prototype filter H0(z) by complex modulation, i. e.

Hk(z) = H0(W
k
Mz), k = 0, . . . , M − 1, (1)

with WM = exp(−j 2π/M). The properties of the prototype filters
are, therefore, crucial for the filter bank.

A. OFDM as Special Case

OFDM can also be interpreted as complex modulated filter bank
if H0(z) is chosen as

H0(z) = 1 + z−1 + . . . + z−(M−1). (2)

The magnitude responses of the subcarrier filters are depicted in
Figure 2(a).
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Fig. 1. Synthesis Part of a Transmultiplexer Filter Bank

The IFFT and FFT representation of OFDM is a very efficient
implementation of this transmultiplexer filter bank which can be
derived by a polyphase decomposition of the prototype filter [6].

B. Modified DFT-TMUX

The polyphase decomposition leads, even in the case of generalized
prototype transfer function H0(z), to very efficient implementations
which are called DFT-transmultiplexer filter banks.

The magnitude responses of the subcarrier filters for a DFT-
transmultiplexer with root raised cosine transfer functions is shown
in Figure 2(b).

Due to the overlapping magnitude response, the transmultiplexer
suffers from intercarrier interference even in flat fading channel
conditions. The modified transmultiplexer filter bank, depicted in
Figure 3, removes the intercarrier interference [6], [7].

III. MMSE EQUALIZER

The modified DFT-transmultiplexer described in Section II-B is
affected by intersymbol interference (ISI) within a subcarrier and
intercarrier interference (ICI) between different subcarriers, if the
channel is a multipath channel. In the following subsections MMSE-
based equalizers are derived which mitigate the interference. For this
purpose the transmultiplexer structure is divided into independent
parts.

A. Without Consideration of Adjacent Subcarriers

The most basic approach is to consider each real or imaginary
output independent of the adjacent outputs. Actually, each output
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Fig. 2. Magnitude Responses (M = 16 subcarriers)
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Fig. 3. Modified DFT-Transmultiplexer (even k)

depends on all input signals. But the transmultiplexer filter bank
makes use of the high stopband attenuation of the subcarrier filters.
The subcarrier filters are designed such that only directly adjacent
subcarrier filters overlap significantly. The other subbands are sup-
pressed by the attenuation of the filters. This advantage can be used
in order to reduce the complexity of the equalization in contrast to
the OFDM case, where all subcarrier frequency responses overlap
significantly (c.f. Figure 2).

Each output is, therefore, approximately influenced merely by three
input subcarriers. The following equations describe the transmulti-
plexer output at subcarrier k, for even k, which is split into real

y
(r)
k [n] = w

(r)T
k D′

M�{GkHchs
(e)
k [m] + Gkη[m]} (3)

and imaginary part

y
(i)
k [n] = w

(i)T
k DM�{GkHchs

(e)
k [m] + Gkη[m]}, (4)

where

s
(e)
k [m] = Hk−1

`
U ′

M j�{xk−1[n]} + UM�{xk−1[n]}´
+

Hk

`
U ′

M�{xk[n]} + UM j�{xk[n]}´
+

Hk+1

`
U ′

M j�{xk+1[n]} + UM�{xk+1[n]}´
.

(5)

UM and U ′
M are the upsampling matrices without and with the

delay depicted in Figure 3. DM and D′
M are the downsampling

matrices without and with the delay. Gk, Hk are the Toeplitz
matrices of the k-th filter of the synthesis and the analysis part of the
transmultiplexer, respectively, and Hch is the Toeplitz matrix of the
multipath channel. The toeplitz structure of the matrices results from
the convolution operations. η[m] is additive white Gaussian noise
(AWGN) at the receiver input.

For odd k, similar equations result, the difference being that UM

and U ′
M are interchanged and DM and D′

M are interchanged. This
can also be observed in Equation (11).

The equalizers w
(r)
k and w

(i)
k are designed to minimize the mean

square error (MMSE) between y
(r)
k [n] or y

(i)
k [n] and the corre-

sponding part of the input symbol �{xk[n − d]} or �{xk[n − d]},
respectively, taking a delay d into account. This delay results from the
group delays of the filters and latency from the transmission channel.
The following objective functions arise for the MMSE solution of the
real and the imaginary part of the k-th subcarrier

w̃
(r)
k = arg min

w
(r)
k

E
h
|y(r)

k [n] −�{xk[n − d]}|2
i

(6)

w̃
(i)
k = arg min

w
(i)
k

E
h
|y(i)

k [n] − �{xk[n − d]}|2
i
. (7)
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The solution w̃
(r)
k or w̃

(i)
k is yielded by inserting Equations (3)

and (5) into Equation (6), or Equations (4) and (5) into Equation (7),
respectively, then using the correlation properties of the input symbols
xk[n] and the noise term η[m], and finally differentiating the
evolving equation with respect to w

(r)
k and w

(i)
k , respectively. The

input symbols are assumed to be uncorrelated with zero mean and
variance one and also uncorrelated with the additive white Gaussian
noise.

The solution is the well-known Wiener filter with the respective
matrices.

An extension of this basic and rather limited solution for equal-
ization of the interference in the DFT-transmultiplexer introduced by
the multipath propagation is obtained by taking both the real and
imaginary part of each subcarrier output into account. This approach
is denoted as ��-equalizer in Section IV. Equation (3) and (4) have
to be extended to

y
(r)
k [n] = w

(r)T
k1 D′

M�{GkH chs
(e)
k [m] + Gkη[m]}+

w
(r)T
k2 DM�{GkHchs

(e)
k [m] + Gkη[m]}

(8)

y
(i)
k [n] = w

(i)T
k1 DM�{GkHchs

(e)
k [m] + Gkη[m]}+

w
(i)T
k2 D′

M�{GkHchs
(e)
k [m] + Gkη[m]}.

(9)

It is easily seen that Equations (8) and (9) are now identical. The
difference is evolved by inserting these equations into Equation (6)
and Equation (7) both of which are still the applied objective

functions. However, w̃
(r)
k is now the stacked vector

h
w

(r)T
k1 , w

(r)T
k2

iT

and is calculated as above.

B. With Consideration of Adjacent Subcarriers

A further improvement can be achieved by taking other subcarriers
into account for the equalization of one subcarrier. The analysis
filters Hk(z) in Figure 3 are chosen to approximately suppress
signal portions from subcarriers j /∈ {k, k − 1, k + 1}. Therefore, a
complexity reduction can be achieved by restricting the incorporation
of other subcarriers to subcarriers k − 1 and k + 1.

The objective function is again the MMSE-criterion in Equa-
tions (6) and (7).

The equation for the real part of subcarrier k, k even, results in

y
(r)
k [n] = w

(r)T
k1,0D′

M�{GkHchs
(e)
k [m] + Gkη[m]}+

w
(r)T
k2,0DM�{GkHchs

(e)
k [m] + Gkη[m]}+

w
(r)T
k1,−1DM�{Gk−1Hchs

(o)
k−1[m] + Gk−1η[m]}+

w
(r)T
k2,−1D

′
M�{Gk−1Hchs

(o)
k−1[m] + Gk−1η[m]}+

w
(r)T
k1,+1DM�{Gk+1Hchs

(o)
k+1[m] + Gk+1η[m]}+

w
(r)T
k2,+1D

′
M�{Gk+1Hchs

(o)
k+1[m] + Gk+1η[m]}.

(10)

The equation for the imaginary part is identical to Equation (10) as
is already observed in Equations (8) and (9). s

(e)
k [m] is determined

by Equation (5). s
(o)
k [m] reads as

s
(o)
k [m] = Hk−1

`
U ′

M�{xk−1[n]} + UM j�{xk−1[n]}´
+

Hk

`
U ′

M j�{xk[n]} + UM�{xk[n]}´
+

Hk+1

`
U ′

M j�{xk+1[n]} + UM�{xk+1[n]}´
.

(11)

Inserting Equations (10), (5) and (11) into Equation (6), using the
correlation properties of the input symbols xk[n] and the noise vector
η[m], and differentiating the emerging equation yields the optimum

vector in the MMSE sense w̃
(r)
k which is the stacked version of the

single vectors
h
w

(r)T
k1,0, w

(r)T
k2,0 , w

(r)T
k1,−1, w

(r)T
k2,−1, w

(r)T
k1,+1, w

(r)T
k2,+1

iT

.

The stacked vector w̃
(i)
k for the imaginary part is derived in the

same way. Again, the solution for odd k can be obtained from the
solution for even k by simply interchanging UM and U ′

M , and DM

and D′
M in the above equations.

IV. SIMULATION RESULTS

A DFT-transmultiplexer based multicarrier system with M = 16
subcarriers is investigated in channel environments based on the
standardized COST259 power delay profiles from the 3rd Generation
Partnership Project (3GPP) [8]. The channel models “typical urban”
TUx and “rural area” RAx are simplified with a specific time
resolution of ∆T = 0.25 µs.

This corresponds to a system bandwidth of 5MHz, assuming that
a root raised cosine filter with a rolloff factor of ρ = 0.25 is used for
the digital pulse shaping before the D/A conversion at the transmitter.
Taps in between the ∆T grid are shared proportionately by the
surrounding sample bins dependent on their distance from the bins.

The simplified power delay profile for the “typical urban” or
“rural area” results in 10 or 3 taps, respectively. The channel taps
are realizations of complex Gaussian distributed random variables
with zero mean and a variance according to the power delay profile.
The channel is assumed to be constant for a period of 1000 input
symbols per subcarrier. Perfect channel knowledge is assumed for
the equalizer design.

The prototype filter for the synthesis and analysis part of the
transmultiplexer is a root raised cosine filter with a rolloff factor
of ρ = 0.5 and 161 coefficients.

The input symbols xk[n] are QPSK modulated.
Figure 4 and Figure 5 show the performance of the different

equalizer implementations from Section III for the “typical urban”
and the “rural area” channel model. The same number of equalizer
coefficients is considered for the different equalizers in order to get
an unbiased comparison. The extended equalizer which uses adjacent
subcarriers outperforms both the ��-equalizer and the basic equalizer
with respect to the bit error rate. Without any equalization, the bit
error rate reaches even in the high SNR region up to 0.5, which shows
the interference caused by the propagation channel.
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Fig. 4. Comparison of Equalization with TUx(∆T = 0.25µs)
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Fig. 5. Comparison of Equalization with RAx(∆T = 0.25µs)

The simulation results depicted in Figure 6 show the influence of
the equalizer length on the bit error rate for the ��- and the extended
equalizer in the “typical urban” environment. There is only little
improvement gained by increasing the filter lengths in both cases.
The reason is the power delay profile of the TUx channel with its 10
taps for the proposed scenario. The time period spanned by 10 taps
is less than 1 symbol duration which is the time unit at which the
equalizer operates.
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Fig. 6. Variation of Equalizer Length

The difference between the “typical urban” (TUx) and the “rural
area” (RAx) power delay profile for the bit error rate is depicted
in Figure 7 for the basic, the �� and the extended equalizer. All
of these cases show a lower bit error rate for the RAx power delay
profile. This is also expected because the delay spread of the RAx
profile is substantially shorter.

V. CONCLUSION

The simulation results show that the MMSE equalizers presented
in this work cope with the intersymbol and intercarrier interference
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Fig. 7. Comparison of TUx and RAx Profile

caused by multipath channels in complex modulated transmultiplexer
filter banks.

On the one hand, these equalizers obviously increase the com-
putational complexity in comparison with OFDM based multicarrier
systems with cyclic prefix.

On the other hand, the cyclic prefix decreases the bandwidth
efficiency of the multicarrier system. In order to achieve the same data
rate in both systems with equal system bandwidth limitations, a higher
order modulation alphabet is necessary for the OFDM system. This
means that more transmit power is needed from the transmit power
amplifier for the same bit error rate at the receiver and generates
higher interference levels in cellular systems.

Moreover, OFDM multicarrier systems with cyclic prefix necessi-
tate a cyclic prefix length longer than the channel impulse response.
If the channel violates this condition, additional computational com-
plexity, e.g. a time-domain equalizer for shortening the channel
impulse response below the cyclic prefix length, is required.

The complexity for the channel equalization in the modified DFT-
transmultiplexer case is significantly reduced by the fact that the high
attenuation properties of the filters limit the intercarrier interference
to adjacent subcarriers.
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