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Abstract

Motion planningis oneof the principal tasksof autonomousobotsystems As a conse-
guencerobotmotionplanningis oneof the mostactive researclareasn roboticsandin
the pastdecadegreateffort hasbeenput into the developmentof flexible motion plan-
ning algorithms.The problemsthatneededo betackledturnedoutto bedemandingand
mostof thesolutionsfoundsofararerestrictedn the sensehatthey eitherfind a collision
free geometricpathignoring robot dynamicsor they computea time or enegy optimal
trajectorybut they ignore collisions. The obvious goal, however, is to find a planning
approactthatrespectdoth obstaclesandrobot dynamics. By including the time in the
planningprocesst becomegossibleto handletrajectorieghatarecollision freeandthat
alsorespecthedynamiclimits of therobot. In addition,sucha planningapproactwill be
capableof dealingwith time-varying obstacles.The positionof suchobstaclexhanges
over time (but is known in adwvancefor eachpoint in time). Examplescanbe foundin
industrialmanugcturingprocessesConsidera robotin front of a productionline with
moving workpieces.

In this thesiswe presentsucha planningapproach.Our motion planningalgorithm
considersrobot dynamics(i.e. force andtorquelimits) andis ableto dealwith time-
varying obstacles. Another characteristioof our approachis that the planningprocess
andthe processof generatingrajectoriesare decoupled.This bearsthe advantagethat
our plannercan handledifferenttypesof trajectorieswithout modification. For exam-
ple, point-to-pointmotions, pathmotions, or even specialtypesof trajectoriesfor non-
holonomicrobots. The planningprocesstself only handlesbasepoints, which define
allowedareador theactualtrajectory

By modifying the positionandthe numberof basepoints,the allowedtrajectoryarea
and consequentlythe trajectoryitself is modified. To guide the planningprocesswe
introduceseveral criteria uponwhich the evaluationof generatedrajectoriesis based.
Our main focusis on freedomfrom collision and robot dynamics,sincethesecriteria
have precedencever all othercriteria, suchastime or enegy consumption.

Oneof themainingredientsof motionplanningin time-varyingervironmentss are-
liable algorithmfor collision detection.We presentin extensionof anexisting algorithm
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for staticervironmentghatenablesisnotonly to detectcollisionswith moving obstacles
but alsogivesusa preciserating of the depthof a collision.

To demonstrateéhe usefulnesof our approachwe have implementedour motion
planningalgorithmwithin the scopeof arobotsimulationsystemandwe have testedt in
variousscenarios.



Kurzfassung

Die Planungvon Bewegungernist einederwichtigstenAufgabeneinesautonomerRobot-
ersystemsIn der Robotik-Forschungst daherdie Bewegungsplanunginesder Haupt-
themenundeswurdenin denvergangenedahrzehntegrol3eAnstrengungeminternom-
men,flexible Planungserfahrenzuentwickeln. Die dabeizuldsenderfProblemesrwiesen
sichals anspruchswll, und die meistender existierendenAnsatzebeschéanken sich en-
twederaufdasFindenvonkollisionsfreiengeometrischeBahnermohneBeriicksichtigung
der Roboterdynamikpderdie BerechnungeinerZeit- oderEnegie optimalenTrajekto-
rie ohneBerlicksichtigungvon Hindernissen.Der Vorteil einesBewegungsplanersger
sawohl die Hindernissem Raumals auchdie Einhaltungder dynamischerGrenzerdes
Roboterdeachtetliegt aufderHand.DurchdenEinbezugderZeit wird esmoglich, Tra-
jektorienzu berechnendie sowohl kollisionsfreisind, alsauchdie Dynamik desRobot-
ersbericksichtigen Hinzu kommt,dassesmit einemsolchenBewegungsplanemaoglich

wird, zeitvarianteHindernissein den Planungsergang miteinzubeziehen.Diese Hin-

dernissénabendie Eigenschaftdasshr Aufenthaltsorsichmit derZeit andert(zujedem
Zeitpunktaberbekanntist). Dies trifft zum Beispielauf Szenariereu, wie sie ausder
Automobilindustriebekanntsind. Man denle dabeian einenRoboteram FlieRBband auf
demsichWerksticke bevegen.

In der vorliegendenArbeit wird ein solchesVerfahrenzur Planungvon Roboterbe-
wegungenvorgestellt. Der zugrundeligendeBewegungsplanebeziehtRoboterdynamik
und zeitvarianteHindernissein den Planungsprozessiit ein. Eine weitere Besonder
heit desvorgestelltenVerfahrensist, dassdie Trajektorienerzeugungom eigentlichen
Planungsergangentkoppeltist. DieshatdenVorteil, dassderPlanungsergangiiberver
schiedendrajektorientyperablaufenkann. Seiendasnun Punkt-zu-PunkBewegungen
oderuberschlifeneBahnenpderauchspezielleTrajektorienfir nichtholonomeRoboter
Die Planungselbstfindetnur UberStitzpunktestatt,die erlaubteBereichefur die Trajek-
torie definieren.

DurchdasModifizierenderPositionundderAnzahlder Stitzpunktewird dererlaubte

Trajektorienbereicinddamitauchdie Trajektorieselbstverandert.Um denFortgangder
Planungzu beurteilen werdenverschieden&riterien eingefihrt, nachdenendie gener
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ierte Trajektoriebewertetwird. Besondereugenmerkegenwir hierbeiaufKollisions-
freiheit und die dynamischerRandbedingungermla eine EinhaltungdieserKriterien als
vorrangiganzuseherst.

Bei einer Beawegungsplanungnit zeitvariantenHindernissenist ein wichtiger Be-
standteildie Erkennungvon KollisionendesRoboters.Wir erweiterndazuein bestehen-
desVerfahrenumdie MoglichkeitderKollisionserlennungn zeitvariantenldmgelungen,
undstelleneinenAlgorithmusvor, dernebendereigentlicherErkennungvon Kollisionen
auchnochunmittelbareineBewertungderKollisionstiefeerlaubt.

Um die Praxistauglichkit unsered/erfahrensunterBeweis zu stellen,wurdederPla-
nungsalgorithmusm RahmeneinesRobotersimulationssystenisiplementiertund an-
handverschiedenezenariergetestet.
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CHAPTER 1

Intr oduction and Overview

A shortintroductioninto the significanceof robot motionplanningis provided. We mo-
tivate our work by giving evidencethat planningin time-varyingernvironmentss useful
and important. At the end of this chapter a preview on the remainingchaptess of this
thesisis given.

1.1 Intr oduction

Thereis nodoubtthatrobotsareof greatbenefitto mankind.Robotsassistdoctorsduring
medicalsuigeries,they repeattediousmovementsin manufcturingplants, they trans-
port heavy loads,or they obsene andcontrol eventsin hazardougrvironments. Much
progresshasbeenachieved in roboticsin the pastdecadedut therearestill mary open
problemsthat needto be solvedin orderto reachthe ultimate goal of robotics: to cre-
ate autonomousobots Traditionally, robotsare usedto perform programmedyepeti-
tioustasks,or taskswherea humanoperatorhasto constantlyspecifythe motions. Au-
tonomousobots,however, will acceptdescriptionf taskson anabstractevel andthey
will carryoutthosetaskswithout humaninterventionor explicit teaching.

Many differenttechnologiesieedto be developedin orderto reachthatgoal. Among
thosearetechnologiedor perceptionautomatedeasoningplanning,manipulationand
learning.Oneof the mainplanningproblemss motionplanning Clearly, anautonomous
robotmustbeableto planits own motions,becauséy moving in therealworld therobot
will accomplishts tasks.The classicmotionplanningproblemcanbe describedoughly
asfollows: givenaninitial configuratioranda final configurationof therobot,find a path
connectingboth configurationghat avoids collisions with obstacles.It is assumedhat
geometryandpositionof obstacless known in advanceandit is assumedhatobstacles
donotmove.

In this thesiswe considermotion planningin an extendedsetting. First, we allow
obstacleso move andsecondwe arenotonly interestedn finding ageometriccollision-
free path but we are interestedin finding a path that can be executedby a real-world
robot, andto thatendwe have to take into accountrobot dynamicssuchastorqueand
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forcelimits.

Considerthe following moving obstacleproblem. A heatingcell is giventhathasto
beloadedandunloadedoy arobot. Thedoorto thecell is closedwhenheatingandopen
otherwise.Therobotmustplanits motionfor loadingandunloadingrespectinghe fact
thatthe dooris closedfrom time to time. It would be easyfor the robotto wait until the
dooris fully openedout it might be necessaryo startmoving the manipulatorbeforethe
doorhasevenstartedio openin orderto unloadandloadthecell in time beforethe door
closesagain.

To seethenecessityor takingrobotdynamicanto accountconsideranathletelifting
aheary dumb-bell. Theathletedoesnot move the dumb-bellon a straightline. He hasto
respecthelimits of hismusclesandhetriesto useaslittle enegy aspossibleto fulfil this
task. He will utilise the masse®f his forearmandupperarmto getdrive. Furthermore,
hewill sparehis backby bendingthe knees.For a manipulatorthe samelaws of nature
arevalid andshouldthereforebe takeninto accountduringmotionplanning.

The trajectoryof a manipulatorcan fulfil variousconstraints. Someof thosecon-
straintsmustbefulfilled if wewantto planmotionsfor realworld, for example theremust
be no collisionswith obstaclesandwe mustalwaysbe within thejoint, torqueandforce
limits or we have to ensurghata mobilerobotdoesnot overturn(mandatoryconstrints).
Otherconstraintsareoptional for example keepingthe manipulatorsomedistanceaway
from obstacledor safetyreasonsor keepingthe tool of the robot orientedin a certain
way (e.g. to hold a cupfilled with liquid). Trajectoriescanalsobe evaluatedaccording
to certainoptimisationcriteria. Reasonabl®ptimisationsare, for example,to find the
time minimal trajectory the enegy minimal trajectory or a trajectorythatminimisesthe
maximumtorqueandforce (in orderto sparethe robot’s mechanics) Our mainfocusin
this thesiswill be ontechniquedor computingtrajectorieshatfulfil all mandatorycon-
straints.In addition,wewill give hintsonhow theseechniquesanbeextendedo handle
optionalconstraintandoptimisationcriteria.

The above mentionedervironmentscanbe describedastime-varyingsincethey are
characterisely the presencef bodiesthatmove overtime. We assumehatthetrajecto-
ries of all obstacless known in advance.Typical exampleswherethis assumptiorholds
aremanufcturingtasksin which robot manipulatorgrack andretrieve partsfrom mov-
ing band-coreyorsor wheremanipulatordave to move betweerothermanipulatorsin
theseervironments the partson the corveyors andthe machinepartsof existing robots
have aknown trajectory Othertime-varyingscenarioganbefoundin aviationandspace
travel. Consideithe problemof navigatinga spaceshiphroughafield of asteroidsIn this
casethetrajectorieof the asteroidsareknown in advance.Or think of anobjectpassing
aspaceshuttlewherethe objecthasto be caughtat a specifiectime.

The motion planningproblemfor robotsin a known time-varying ervironmentcan
be describedasfollows: We aregivenaninitial configurationof the robotandaninitial
pointin time aswell asafinal configurationof therobotandafinal pointin time. We are
alsogiventhe geometrieandtrajectoriesof all obstaclesThegoalis to find a trajectory
that movesthe robot from oneto the othertimed configurationavoiding collision with
obstaclesandrespectingll limits of therobot, includingtorqueandforcelimits.

Planningin time-varying ervironmentsis substantiallyharderthanplanningin static
ervironments. In a staticervironmentwhereall obstaclesarefixed, if a safepathfrom
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initial to final configurationhasbeendeterminedthena suitablevelocity profile canal-
waysbe foundfor the robotalongthatpath,providedthatthe availableforce andtorque
enablegherobotto at leastcompensatéor gravity in all of its possiblepositions. In a
time-varying ervironment,however, path planningandvelocity planningcannotbe per
formedindependentlyf eachother, sincethe avoidanceof moving obstacleslepend®n
therobot’s dynamics.

1.2 Overview

This thesisis structuredasfollows. We startin chaptertwo by reviewing relatedwork.
A classificationof path and trajectory planning problemsis given accompaniedy an
overview on known resultson the subject.Onefocusis onresultsregardingthe computa-
tional compleity of motionplanningin differentsettings.

In chapterthree,we describeour approachto motion planningin time-varying en-
vironments. We proposea plannerthatis able to searchin a high dimensionaltimed
searchspacebasedon flexible functionsfor ratingthe quality of a giventrajectoryanda
setof heuristicsfor improving trajectoryquality, includingrandomisationo escapdocal
minima.

In the chapterthereafter we give preliminariesnecessaryor a formal treatmentof
motion planningin atime-varying ervironment. We introducemathematicatefinitions
relatedto robots,configurationof robots,trajectoriespbstaclesandcollisions.

Oneof thenoveltiesin our approacho planningis thedistinctionbetweerbasepoint
trajectoriesand exact trajectories A basepoint trajectoryis definedby a finite setof
pointsandit representsll exacttrajectorieghatrun alongthosepointswithin a certain
distance. This distinction enablesus to changefocusduring planning. Sometimest is
necessaryo concentrat@n overall characteristicef atrajectoryandto abstracfrom de-
tails. For example,our heuristicsfor improving trajectoriesoperateon basepoint trajec-
torieswhile theactualrating of quality is doneon exacttrajectorieggeneratedrom those
basepoints. In chapterfive, the notion of basepoint trajectoriesis formalised. More-
over, we analysedifferentwayshow to genemateexacttrajectoriefrom agivenbasepoint
trajectory resultingin differentwell-known typesof exacttrajectoriedor manipulators.

Thefollowing two chapterschapterssix andseven,arededicatedo therating of the
quality of a giventrajectory Beingableto ratethe quality of a trajectoryin a consistent
andreliableway is animportantprerequisitéor our motion planner We split ratinginto
two parts. In chaptersix, we considerthe rating of a trajectoryregardingthe dynamic
limits of therobot. A betterrating meandessviolation of the torqueandforce limits of
therobot. Chaptersevencoverstheratingof atrajectoryregardingcollisionsof therobot
with staticobstaclesmoving obstaclesaandits own links. To this end,a novel collision
rating is appliedthat not only detectsthe absenceof collisionsbut alsoratescollisions
accordingto their depth.Here,a betterrating meandessdeepcollisionsor no collisions
atall.

In chaptereight, we give a detaileddescriptionof our main algorithm for motion
planningin time-varyingernvironments.Besidegquality ratings,theimportantpartof our
motionplanningapproachs to modify giventrajectoriesn orderto find trajectorieswith
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improvedratings. In this chaptey heuristicsaregiventhatfind alternatve trajectoriesy
moving, adding,anddeletingbasepointsof a giventrajectory

To demonstrateéhe usefulnesof our approachwe have implementedour motion
planningalgorithmandwe have integratedit into a robotsimulationsystem.In chapter
nine, we shav resultsof our algorithmin variousplanningsituations. We analysethe
resultsregardingexecutiontime andtrajectoryquality for the differentparametersf the
algorithm. A shortdescriptionof the robot simulationsystemwhich we have developed
to testmotionplanningin time-varyingernvironmentscanbefoundthereaswell.

We concluden chaptettenby giving abrief summaryof thisthesisandsomeremarks
on futurework.



CHAPTER 2
RelatedWork

In this chapterwe presentvarious motion planning problemsand the state of reseach
for algorithmssolvingtheseproblemsfor robots.We first classifymotionplanningusing
the survey of [Hwang and Ahuja, 1992]. We thenmove to techniquesfor modellingthe
environmentand discusddifferent approadesto testingfor collisions. In the third part
we take a look at knownpath planning algorithms,and finally, we focuson trajectory
planningapproadesin staticandtime-varyingervironments.

2.1 Classificationof Motion Planning Problems

Motion planningcomesin a variety of forms andthe simplestversioncanbe described
asfollows. We aregiven a robotsystemwhich consistsof severalrigid objects(links),
attachedo eachotherthroughjoints or moving independentlyanda threedimensional
ernvironmentwith obstacles.The numberof real parametershat determinethe robot’s
links placementrethe degreesof freedomof therobot. Eachplacements calleda con-
figurationof therobot. If thereis morethanonerobotpresentthenthe planningproblem
is calleda multi-movers problem. Oftenit is possibleto combinemultiple robotsto one
robot, asthis is equalto a singlerobotwith a forked kinematicstructure.As for an ex-
ample,considertwo manipulatorsor atwo fingergrippet Furthermoremotionplanning
is eitherconstainedor unconstained It is called constrainedf we have to copewith
restrictionsdueto reason®therthancollisionswith obstaclesTypical constraintmotion
planningproblemsareto keepa cup of teauprightwithout spilling any liquid duringthe
robot’s movementor to staywithin the velocity andacceleratiorimits of therobot. An-
otherclassof constraintplanningproblemsis planningfor non-holonomicrobots,such
ascarlik e robots.Herethe curvatureof the pathof amobilerobotis restricteddueto the
actualvelocity of therobotandthe steeringcapabilityimplied by its wheels.
Dependingon the propertiesof the obstaclesn the environment,we canclassifythe
motion planningervironmentasbeingeither static, time-varying or dynamic In a dy-
namic ervironment,only partial or no information on obstacless available at the be-
ginning of the planningprocess.For example,considera robot finding its way through
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peoplewalking aroundin a building. In a staticervironment,obstaclesio not move and
thelocationof all obstacless known in advance.A staticenvironmentcanoftenbefound
in industrialmanugcturingwhereeachrobothasits own workspaceWe speakof atime-

varying motion planningproblemif the locationsor the configurationsof obstaclesare
changingover time but are known beforethe planningprocesshagins. Imaginealready
plannedmovementf anotherrobotor obstaclesaying onacorveyerbelt. If objectscan
changeheir shapethenwe saythatit is a conformableplanningproblemotherwiseit is

callednonconformableFor example,considerarobotthatneed€o move flexible cables
in acarto reachsomeconfigurationbehindthe cables.If robotscanmove objects thenit

is amovable-objecproblem,e.g.arobothasto openadooror it hasto move boxesaway
to reachthegoal.

In this work, we mainly considermanipulatorsn a time-varying ervironmentwhere
thenumberof degreesof freedomis equalto thenumberof joints. Theplanningproblems
thatwe focuson areconstrainedsincewe wantto staywithin the dynamiclimits of the
robot. Furthermorewe assumeéhatthe obstaclesarenonconformablendnot movable.

It is advantageous robotmotionplanningto distinguishbetweerphysicalspaceand
configuation space Thetermphysicalspace(or world or Cartesiarspaceyefersto the
threedimensionalspacein which robotsand obstaclesxist in, at a particularpoint in
time. On the otherhand,a time configurationof the world andthe robot is the set of
independenparametergompletelyspecifyingthe positionsof every point of the obsta-
clesandtherobotin the physicalspaceat somepointin time. The spaceof all possible
time configurationss calledconfigurationspace.If thereareno time-varyingobstacles,
thena configurationis definedwithout the time, asthe time is only usedto determine
the positionof the obstacles.Correspondindo the obstaclesn physicalspacewe have
C-obstacleregionsin the configurationspaceindicating the configurationsresultingin
collision (not reachablgositions)in the physicalspace.Eachmotion planningproblem
may have its own configurationspaceandthe numberof dimensionsf the configuration
spacds usuallymuchhigherthanthree.

In kinodynamianotionplanning(alsocalledtrajectoryplanning we try to find robot
trajectorieghatsimultaneoushgatisfykinematicanddynamicconstraints Exampledor
kinematicconstraintsare stayingwithin givenjoint limits or avoiding obstacles Exam-
plesfor dynamicconstraint@restayingwithin givenbounddor velocityandacceleration,
or forceandtorque.This approachs differentto the classicalarchitecturgcf. [Latombe,
1996])which breaksthe planningprocessnto threeseparatgarts(seeFigure2.1). First,
a continuouscollision-freepathis generated.In a secondstep,calledtrajectorygener
ation, a velocity profile along the pathis determined. In a final step,the trajectoryis
executed. Here, the trajectoryis tracked by continuouslymeasuringthe robot’s actual
motionandby computingthe forcesthatneedto be exertedby the actuatorsat eachtime
stepin orderto performthe desiredmotion. As obsered by Latombe,this processcan
resultin ratherinefficienttrajectories.

Considerable=ffort hasbeenput into researcton computingtrajectoriesfrom given
collision free and often shortestgeometricpaths. But apparently minimal Euclidean
lengthmay not bethe mostsuitablecriterionfor trajectories A betterapproachmightbe
to take into accountthe dynamicequationof therobotin conjunctionwith the actuators’
saturationlimits during the planningprocesqLatombe,1996]. Moreover, if a problem
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PathPlanner

TrajectoryGenerator

TrajectoryTracking Robot
t |

Figure2.1: Classicalarchitecture of trajectoryplanning

in atime-varyingenvironmentneeddo be solved, it is essentiato considerthe dynamic
equationgduringthe planningprocessandnot in a separatestepafter path planning(al-
thoughthereexistsanapproactwherefirst a collision free pathin the staticenvironment
is computedandthen, while trackingthe path, the velocity is adaptedo avoid moving
obstaclesWe will discusghelimitationsof this approacHaterin this chapter)

2.2 Geometric Representationand Computation

Becausephysicalobjectsdefinespatialdistributionsin 3D-spacegeometricrepresenta-
tionsandcomputationplay animportantrolein robotics.Unlikeresearcher& computa-
tional geometryroboticsresearchersftenpaylittle attentionto theunderlyingcombina-
torial andcompleity issues.On the otherhand,it is sometimedlifficult to apply results
from computationalyjeometryto robot motion planning,sincepracticalaspectselevant
to roboticsareoftenignoredin computationagjeometrye.g.only staticervironmentsare
consideredisually Sincetestingfor collisionsbetweertherobotandthe ervironmentis
essentiato motion planning,therepresentationf geometryis animportantissue.

Thereare four major representatiorschematdor modelling solids in the physical
space[Hoffmann, 1997]. In constructivesolid geometry(CSG) the objectsare repre-
sentedby unions,intersectionspr differencesof primitive solids. The boundaryrepre-
sentation(BRep) definesobjectsby quilts of vertices,edges,andfaces.If the objectis
decomposethto a setof nonintersectingrimitiveswe speakof spatial subdivision Fi-
nally, themedialsurfacetransformatioris a closureof thelocusof thecentresof maximal
inscribedspheresanda functiongiving the minimal distanceo the solid boundary Most
solidmodellingsystemsiseBRepandtherearemary methodsornvertingotherschemata
into BRep[Hoffmann,1997]. Researclinasfocusedon algorithmsfor computingcorvex
hulls, intersectingcorvex polygonsandpolyhedrajntersectinghalf-spacesjecomposing
polygons andthe closest-poinproblem.

Therearetwo differenttypesof collision testsin connectionwith robotmotionplan-
ning: the static andthe dynamiccollision test[Stifter, 1991]. The static collision test
checksf therobotcollidesataspecifiedconfiguratiorandpointin timewith theerviron-
ment.To make surethatawhole pathis collision free,a dynamiccollision testis needed.
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The dynamiccollision testdecidesfor a pathor a trajectoryif pathsectionsor a time
interval is collision free. This meandor agiventrajectoryin atime-varyingervironment
thatonehasto determindf thereis ary intersectiorbetweerthe robotandthe obstacles
duringa giventime internval in which the robotmovesalonga giventrajectorywhile the
obstacleshangeheir positionovertime.

Many algorithmsfor collision detectiorarebasedntheuseof boundingvolumesand
techniquedor hierarchicalspatialdecompositionThe goalis to divide the environment
in hierarchicalsub-groups.Hierarchicalspatialdatastructuresare describedn [Samet,
1989]. The maindifferencebetweenvariouscollision teststhatuseboundingvolumesis
the shapeof theboundingvolumesaroundsub-groupsesultingin differentwaysof find-
ing thesub-groupsTheshapeof theboundingvolumeshasto be chosersuchthattesting
for collision betweenwo boundingvolumescanbe performedefficiently. Accordingto
a costfunction given by [Weghorstet al., 1984]the choiceof the boundingvolumesis
governedby two conflicting constraints First, the boundingvolume shouldfit the origi-
nalmodelastightly aspossible andsecondtestingtwo suchvolumesfor overlapshould
beasfastaspossiblgGottschalketal., 1996].

Threedifferentmainshapesrecommonlyused.In [Beckmanretal., 1990]boxesare
introducedasboundingvolumeswith sidesparallelto the x-, y-, andz-plane. However,
this kind of boxesis not suitedfor robot motion planningsincecollision testshave to be
donewith differentorientationf thelinks of therobot. Recalculatiorof the hierarchical
representatiowouldbenecessargachtimetherobotor anobstaclechangeso adifferent
orientationin the world. Another possibility is to usesphereqgHopcroft et al., 1983,
Quinlan, 1994, Martinez-Saador et al., 1998]. The third methodusesorientedboxes
asboundingvolumes[Gottschalket al., 1996]. Here,eachbox canhave an individual
orientationin orderto make eachbox fit its enclosedmodel astightly aspossible. In
[Gottschalket al., 1996], spheresand orientedboxes are comparedwith respectto the
tightnessthe volumesbound given objectsand the numberof performedvolume tests
during mary collision tests. The experimentalresultsindicate that one should prefer
orientedboxesover spheres.

In [Glavina, 1991]adynamiccollisiontestis suggestedyhich enlagesthesizeof the
obstacledy a safetydistanceandthenusesthe staticcollision testto checkthe pathfor
freedomfrom collision atdiscretesteps.Theenlagemenof theobstacledhasto belarger
thanthe maximalpossiblemovementof the robot betweentwo consecutie tests. Later
in [Baginski, 1997]this dynamiccollision testis improvedin threeaspectsFirst, notthe
obstaclesut the robotis expanded.Secondthe stepsizeandthe expansionsize canbe
modified. This hasthe advantagethatin free areasfewer testsarenecessaryThird, the
sizesarechoserdependingon thepositionof thelink in thekinematicchain,whichagain
reduceghe numberof tests.

2.3 BasicPath Planning

In this section,we considerthe basicpath planningproblem (also known asthe piano
mover’s problem[Schwartz and Sharir, 1983a]). The problemis to find a geometric
collision-freepathfor arobotin a known staticervironment. The resultingpathis rep-
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resentedy curve sgmentseachconnectinga pair of pointsin the robot’s configuration
spacdlLozano-Ferez,1983]. This curve mustnot intersectthe C-obstacleregion, which

is theimageof the obstaclesrom physicalspaceprojectedinto the configurationspace.
Therehasbeenconsiderableesearchon finding collision free shortestpaths. [Hwang

and Ahuja, 1992, Halperinet al., 1997, Sharir, 1989] give a good surwey. In addition

we will mentionsomeresultson kinodynamicplanningin time-varyingernvironmentsbut

only for the purposeof comparisonFor adetailedpresentatiomf resultson kinodynamic
planning,we referto the next section.

Somesolutionsto the basicpathplanningproblemin staticenvironmentscanbe ex-
tendedto the problemwherewe are given a time-varying ernvironmentand an uncon-
strainedrobot. To this end, the configurationspacehasto be extendedby an additional
dimensiorrepresentinghetime [ErdmannandLozano-FRrez,1987]. Thenordinaryplan-
nersfor thebasicpathplanningproblemcanbeusedo planin time-varyingervironments,
providedthatwe canmake surethatthe plannemever decreasethetime dimensioralong
a path(becausehe robotis not allowedto move backin time). However, this approach
to planin time-varyingenvironmentsfails assoonasdynamicconstraintof arobothave
to betakeninto accountbecausat is likely thatin the resultingpaths,at somepointsin
time, theforceandtorquelimits of any realrobotareexceeded.

Let usnow returnto staticenvironments.We first focuson completealgorithmsand
their compleity. A completealgorithmis guaranteedo find a collision-freepathif one
exists,otherwiset returnsfailure. In [Gupta,1998]two moresubclasseareadded First,
the resolutioncompletealgorithms,which guarantedo find a collision-freepathif one
existsat a givenresolution.Secondthe probabilistically completealgorithmsthatfind a
collision-freepathif oneexistswith a probabilityapproachingne.

Thehigh compleity of completepathplanningmethodsn high-dimensionatonfig-
urationspacesnakesit necessaryo look for heuristicmethodshat usewealer notions
of completenesandthatcanbe partially adaptedo specificproblemdomainsn orderto
boostperformancen thosedomains.

2.3.1 Theoretical Results

Thefirst lower-boundresulton the compleity of the pianomover’s problemappearsn
[Reif, 1979]. Reif shaws thatthe mover’s problemin a 3D-spacds PSPACE-hardeven
if themover’s problemis generalisedo a three-dimensiondinkage madeof polyhedral
links. (The classPSPACE representshe problemssolvable by analgorithmin polyno-
mial spacewith respecto theinputsize;aproblemis saidto be PSPACE-hard,if all other
problemsn PSPACE canbereducedo thegivenproblemby a polynomialtime transfor
mation[Hopcroft andUllman, 1979].) It is reasonabléo believe thatall PSPACE-hard
problemsare intractable. The resultremainstrue in more specificcasesfor example,
whenthe robotis a planararmin which all joints are revolute [Halperin et al., 1997].
However, it nolongerholdsin somevery simplesettingsfor instance planningthe path
of aplanararmwithin anemptycircleis in P [Hopcroftetal., 1985]. (Theclass? repre-
sentsthe problemssolvableby analgorithmin polynomialtime with respecto theinput
size.) In the paperof Reif, a polynomial-spacelgorithmis presentedproving thatthe
generalisedanover’s problemis PSPACE-completeReif, 1979].
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In 1983,SchwartzandSharirgave anotherupperboundon pathplanningcompleity
[Schwartz and Sharir,1983b]. They shavedthat planninga free pathin a configuration
spacewvith ndimensionandafreespacelefinedoy m polynomialconstraintof maximal
degreed hasatime compleity thatis exponentialin n andpolynomialin bothn andd. In
[SchwartzandSharir,1983b]aplanningalgorithmbasedn the exactcell decomposition
methodwasgivenwith a doubleexponentialtime compleity. Laterin [Canry, 1988]a
planningalgorithm basedon a roadmapmethodwith exponentialtime compleity was
proposedBut, asLatombenoted thereexist noimplementation®f thesealgorithmsthat
arefastenoughto constitutepracticalsolutions[Latombe,1996].

Thefirst resultonthe computationatompleity of planningwith dynamicconstraints
in time-varyingervironmentshasbeengivenby [Reif andSharir,1985]. Reif andSharir
analysedhe problemwherethe dynamiclimitation of the robot is consideredandthe
obstaclesireallowedto move with fixed,known velocity. They shavedthatplanningthe
movementof a singledisk (with velocity constraints)n threedimensionss PSPACE-
hard. For the specialcaseof translationabbstaclemovement(known asasteroidavoid-
anceproblem), Reif and Sharir gave an algorithm for the 2-dimensionalcase(with a
3-dimensionatonfigurationspacehatis polynomialif the numberof obstacless con-
stant. Moreover, they gave an exponentialtime algorithmfor 3 dimensiongwith a 4-
dimensionalonfigurationspace). Thesealgorithmsrun in time O(n?*+2k) (2-D) and

O(2 ot )) (3-D) respectiely, wheren is the sizeof theinput (total numberof verticesand
edgesf theobstaclespndk is thenumberof obstacles.

2.3.2 CompleteAlgorithms

Two kindsof completeplannershave beendeveloped:generalbnesfor anarbitrarynum-
berof degreesof freedomandspecificoneswhich applyto restrictedfamiliesof robots,
e.g.robotswith a fixed numberof degreesof freedomor planarrobots. All thoseplan-
nershave in commonthatthey try to divide the configurationspaceinto smallerpieces
(allowedandforbiddenareas)or to reducethe numberof dimensionof the searchspace
(roadmapmethods).

We first wantto take a closerlook at the roadmapmethod. Herethe generalideais
to representhe robot’s free spacein the form of a network of one-dimensionaturves
(roadmap)lying in the free configurationspace. To completethe planningprocessaf-
ter the roadmapsare calculated the start and goal configurationsare connectedo the
roadmapandthena simple graphsearchin the roadmapis donethat finds a pathfrom
startto goal.

The roadmapmethodslike the visibility graphof Nilsson [Nilsson, 1969], the re-
tractionapproactof o} DunlalngandYap[O DunlaingandYap,1982]basedn Voronoi
graphsthe freevay methodsof Brooks[Brooks, 1983],andthe generalroadmapor sil-
houettemethodof Canry [Canry, 1988] are landmarks. However, thesemethodsare
eithernot applicableor very inefficientin higherdimensionaproblemsasthey all try to
mapthe higherdimensionakearchspaceo a oneor two dimensionakpace.

The simplevisibility graphmethod[Nilsson, 1969] appliesto two-dimensionaton-
figurationspacesvith polygonalC-obstaclesTheroadmapwhichis calledthe“visibility
graph”is built in the configurationspaceby connectingevery pair of the C-obstacles’
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verticesby a straightseggmentif the segmenthasno intersectionwith the interior of a
C-obstacleThe methodhasbeenmainly usedfor pathplanningfor mobilerobots.

The mainideaof the retractionapproack{(')’DUnlaing andYap, 1982]is to definea
continuousnappingirom theconfiguratiorspaceontoaroadmapIn thetwo-dimensional
casewith polygonal C-obstacleghe simplestchoiceis to usethe Voronoi-diagram.In
principle, this methodis general but at the momentmappingsexist only for low-dimen-
sionalconfiguratiorspacesThefreavay method(notcomplete)n [Brooks,1983]resem-
blestheretractionapproachandwasmainly developedfor mobile robots,asthe method
appliesto a polygonalrobottranslatingandrotatingamongpolygonalobstaclesTheidea
is to definea graph(similar to the Voronoidiagram)lying betweerthe obstaclesbut in
additiongiving possiblerotationangleson the graphsections.

Finally, the silhouettemethod[Canry, 1988] solvesthe basicmotion planningprob-
lemwith atime compleity thatis exponentiain thedimensiorof theconfiguratiorspace.
This methodpresumeshatthe free configurationspaces a compactsemi-algebraicet.
Theideais to recursvely decreaséhe dimension®f hyperplanesvhich aresweptacross
the configurationspace.Now the roadmags built by connectingocally extremalpoints
of the free configurationspacewith piecavise algebraiccurves. The recursionthenis
calledin the hyperplanesvherethe connecwity of the curveschangesand hencenew
extremaappear

Another extensvely studiedapproachis to decomposehe searchor configuration
spaceinto finite collectionsof exact cells (cf. [Schwartz and Sharir, 1983a,b,Lozano-
Pérez,1981,BrooksandLozano-Rrez,1985]). For this exactcell decompositionpoly-
gonsandtrapezoidsvereusedin the 2-dimensionatase. In the generalcaseof higher
dimensionsthedecompositions donein afinite collectionof semi-algebraicells,where
the free configurationspaceagainhasto be describecasa semi-algebraiset. After the
partitionof the searctspacanto allowedandforbiddencells,a searchgraphis generated
representinghe connecwity betweerthe free collectionof cells. This graphcanbe ob-
tainedby selectingan arbitrary pointin eachcell andjoining it by a pathto the sample
point of every cell adjacento this cell.

All thesemethodshave in common thatthey needto calculatetheconfiguratiorspace
or the roadmapor the exact cell decompositiorexplicitly, beforeany path planningis
possible. Many of thesemethodsare limited to configurationspacesf dimension2 or
3 or requiretoo mucheffort for pre-calculationwhich is often not suitablefor planning
in changingenvironments. Neverthelesssomeof thesemethodsmay be applicableto
time-varyingervironmentsusingthetime asanadditionaldimensionof the configuration
space.But thenthe problemis that the trajectoriesgivenvia the roadmapsnay not be
traceableby the robot, becausef its dynamiclimitations. The sameproblemoccursif
onetakesthe connectvity graphrepresentinghefreecellsof the configurationspace.

2.3.3 ResolutionComplete Algorithms

The algorithmsof the last subsectiorwork with a mathematicallyexact representation
of configurationspaceand physicalspace. Sometimeshis is not feasibleor an exact
representatiors notgivenatall. In contrasto this, resolutioncompletealgorithmswork
on adiscretisatiorof the configurationspaceor the physicalspace Resultson resolution
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completeplannersanbedividedinto thosethatsolve generalproblemswith anarbitrary
numberof degreesof freedomand specificoneswhich apply to restrictedfamilies of
robots,e.g.,robotswith afixednumberof degreesof freedomor planarrobots.

Theroadmapplannersandtheexactcell decompositioomethodsrom thelastsubsec-
tion would alsofit here,becausehey usethe configurationspacefor their planningand
normallythe C-obstaclesrenot givenaspolygonalor assemi-algebraisetsin the con-
figurationspace put insteadhave to be calculatedrom a givenscenen physicalspace.
Oftenan exact calculationis quite complicatedandhasto be approximated Hence,the
calculationof the C-obstacle®r thefree configurationdepend®n theresolutionusedfor
theconfiguratiorspacecalculation.Consequentljtheseplannergurnoutto beresolution
completealgorithmsin practice.

The approximatecell decompositiordiffers from the exact approachn the fact that
the cellsarenow requiredto have a simplepre-specifiedshapeg.g.arectangulashape.
Normally suchcells only allow a conserative approximationof the free space.The ap-
proximatecell decompositioragainsplits the configurationspacen allowedandforbid-
dencells. But now the allowed cells are equialentto free configurationspaceandthe
forbiddencells mayrepresenfree and/oroccupiedregions. Hereagainthe searchgraph
is generatedepresentinghe connectvity betweerthefree collectionof cells.

The approximatecell decompositiorapproachwas first introducedin [Brooks and
Lozano-Rrez,1985]. It wassubsequentlylevelopedby otherresearchers.g[Laugier
andGermain,1985,Zhang,1995]. Most cell decompositiomethodsallow the sizeof the
cellsto be locally adaptedo the geometryof the C-obstacleregion. This is betterthan
keepingthe sizeof the cellsfixed, sinceif thefixed cell sizeis chosertoo large we may
not find a pathandif the cell sizeis chosentoo small, computationmay take too much
time.

However, the numberof cellsto be generateds a polynomialfunction of the number
of semi-algebraiconstraintsisedto modeltherobotandthe obstaclesandof thedegree
of theseconstraint§Barraquancet al., 1990]. The numberof cells alsotendsto grow
exponentiallywith the numberof degreesof freedom. In [Barraquancet al., 1990] it is
proposecdhot to pre-computeghe whole connectity of thefree spacebut to constructit
incrementally while it is searched.Thereexist threedifferentmethodsthat follow this
approach.In thefirst two, the resolutionof the cell representatioins changechierarchi-
cally during the planningprocesgDuelenand Willnow, 1991,Zhu andLatombe, 1991,
ChenandHwang,1992,1996]. In the third method,the calculationof the allowed and
forbiddencellsis doneduringthemovementrom startto goalconfiguratiofWaornetal.,
1998]. Let ustake a closerlook at eachof thesemethods.

In [DuelenandWillnow, 1991,Zhu andLatombe,1991] a heuristicfor hierarchical
pathplanningis given. Hierarchicalpathplanningis donerecursvely. Theexisting cells
are labelledas empty full, or mixed In eachrecursion,the actualcell decomposition
searchefor afreepaththroughfreecells. If suchapathdoesnotexist, anothempathgoing
throughfreeandmixedcellsis searchedThe mixedcellsaredecomposeth smallercells
andthenthe above is repeated.The heuristicgivenin [Zhu andLatombe,1991]triesto
maximisethe volumeof emptyandfull cellsduringthedecomposition.

The secondmethodthatconstructellson thefly [ChenandHwang,1992,1996]is
calledSANDROS (Selectve And Non-uniformly DelayedRefinemenOf Subgoalspand
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hasa globalandlocal component.The globalcomponenproducesa plausiblesequence
of subgoalgqcells) to guidethe robot, anda local plannerthenteststhe reachabilityof
eachsubgoalin the sequencelf thelocal planneris not successfuthe globalplannerhas
to generatea new sequencef subgoals.For this processt could be necessaryo divide
cells. Thisdivisionis only donein onedimensionof the configurationspacestartingwith
thejoint nearesto the base.Now a new subgoalgraphis searchedpreferringsubgoals
with large distancedo the obstaclesThelocal planners quitesimple,asit connectgwo
subgoalsstepby steppreferringthosestepshaving a larger distanceo the obstacles.

Finally, in [Worn etal., 1998,Henrichet al., 1998] a parallelonline approactwith a
parallelisedA*-searchalgorithmis proposed.Theideais to mapthe nodes(voxels)that
have to be consideredn the next stepof the searchto the processorsThe collision test
itself is doneby distancecalculation.The authorsclaimthattheir approachs suitablefor
time-varyingenvironmentsput they do notgive adescriptiorof thedynamicassumptions
andall experimentshave beendonein staticervironments.We will compareheirresults
with our own resultsin Section9.2.3(pagel38).

2.3.4 Probabilistically Complete Algorithms

The high compleity of pathplanningfor robotswith mary degreesof freedomhasmo-
tivatedthe developmenif computationakchemeshatattemptto tradeoff completeness
againsttime. Onesuchschemeprobabilistic planning[Barraquancet al., 1997], avoids
computinganexplicit geometriaepresentationf thefree space.

It samplegheconfiguratiorspaceéyy selectingalargenumberof configurationsatran-
domandretainingonly the free configurationsasnodesfor a connectvity graph(global
plannel). For eachpair of nodesa connectionis madeif thereis a collision-freepath
from onenodeto the otherin the configurationspacglocal plannel). Theseplannersare
probabilisticallycompletethatis, if apathexiststhey will find onewith high probability
if we letthemrunlong enough.

Variousstratgjiescanbe appliedto samplethe configurationspace.The stratgy in
[Kavraki et al., 1996b,Kavraki and Latombe,1994a,blproceedsassketchedabore. An
in-depthanalysiscanbefoundin [Kavraki etal., 1996a].In thefirst phaseaprobabilistic
roadmaps generatedby samplingthe configurationrspaceandconnectinghe sampledy
alocal planner They testedvariouslocal plannersbut finally preferredthe fastestand
simplestone, which only tries the connectionvia a straightline. Oncea roadmaphas
beenprecomputedi is usedto procesanarbitrarynumberof pathplanningqueries.The
numberof sampleggeneratinghe roadmapincreaseshe precomputatiortime. On the
otherhand,fewer sampleswill solve lessproblems.In [EldracherandBaumann,1995,
Eldracher,1996]aneuralnetmethodhasbeenproposedhatadaptshe graphto changes
in theernvironment.

The ZZ plannerof Glavina [Glavina, 1991] canbe seenasa probabilisticplanneras
well. Theideaof this planners to move on a straightline towardsthe goal configuration
in theconfigurationspacglocal planner).This straightline is testedstepby stepfor free-
domfrom collision. Eachof thesestepscanbe seenasa new samplein the configuration
space As soonassuchatestfails, thestratey of thesamplegeneratiorchangedy taking
sampledocatedorthogonato the moving direction. If thesesamplesanbe successfully
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reachedthe first stratggy moving straighttowardsthe goal is usedagain. A third strat-
egy (global planner)is takenif the samplegeneratioris no longersuccessful.This may
happenif the sampleconfigurationreachedoeforeusing stratgy two is not the nearest
configurationof all successfullyisited configurationgduringlocal planningsofar. The
third stratgy generatesandomsubgoalsomaeavherein the configurationrspaceandagain
thesesubgoalsareconnectedy usingthefirst two samplestratgies(local planner).As
soonasa connectiorvia subgoalss foundthe plannerstops.The advantageof this plan-
neris thatthereis no precomputatiomecessaryasthe "roadmap”is constructedn the
fly duringthe planningprocess.However, this roadmaps not storedfor future planning
steps.Sincethereis no explorationof thefull configurationspacethis planneris suitable
for planningin high-dimensionatonfigurationspaces.

Thereexist approacheshattry to extendthe above probabilisticplannersto planin
time-varyingervironments.We discusgheseapproaches Section2.4.3on pagel?.

2.3.5 Heuristic Algorithms

Becauseof the high compleity of completeplanningseveral heuristictechniqueshave
beenproposedo speedup pathplanning.Heuristicalgorithmsoftensearcharegulargrid
definedovertheconfiguratiorspaceor they usediscretestepsizesandgenerate pathasa
sequencef adjacengrid pointsandstepsrespectrely. Themostimpressveresultswere
obtainedusingpotentialfield methodswherethe heuristicfunctionguidesthe searchor
apath.Furthermorethe potentialfield caneasilybe adaptedo the specificproblemto be
solved,in particularthe problemof avoiding obstacles.

For example,Barraguandand Latombepresenta potential-guidedath plannerwith
randomtechniquedo escapdrom local minima (RPP- RandomizedPath Planner)Bar-
raquandandLatombe 1990,Barraquancttal., 1992]. Thealgorithmstartswith theinitial
configuratiorexecutingsteepestiescenmotionsin thepotentiaffield. If alocalminimum
is reachedt triesto escapewvith randommotions. Eachof thesemotionsis immediately
followed by a steepestiescentmotion. For the potentialfield generatiorthe workspace
is discretisednto voxels. The potentialfield is thengeneratedby first computingthe dis-
tanceof all voxelsto the obstaclesn the workspaceusinga wavefront algorithm. The
robotitself hascontrol points (normally a small numberin the order of the numberof
links) assignedo its links. For eachcontrol point of the robot,the distanceof the voxels
to thecontrolpointsin goalconfigurationarecomputed Now anarbitraryconfiguration
of therobotcanbe rated,by usingthe actualpositionof the control pointsin connection
with the distanceto the obstaclesand their individual goal configurationdistance. The
resultingpathis normally quitejerky, andfor thisreasorit is transformednto asmoother
pathin anextra stepattheend.

The BB-methodof Baginskicanalsobe seenasa heuristicplannerfBaginski,1996a,
1999]. To our knowledge,it is currentlythe fastesplannerfor high-dimensionatonfig-
urationspaces.This plannerhasa local heuristicand a global probabilisticcomponent.
The global planneris identicalto the global plannerof Glavina (describedabove). The
local plannerworks quite differently, asit doesnot constructa collision free path step
by stepfrom startto goal configuration ratherit modifiesa whole pathusinga heuristic
controlledby thedepthof any occurringcollision. This depthratingis doneby shrinking
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thelinks of therobot. This is donesequentiallyuntil the shrunkrobot doesnot collide
ary more (if necessarylinks get shrunkuntil they vanish). The amountof shrinkingis
thentaken asthe rating of the particularconfigurationof the robot. By changinga path
locally at the sectionwith the worst collision (rating), the rating or potentialof the path
is changedThenew pathis acceptedf theratinggetsbetter The potentialitself is given
by the portion of the robotwhich collides. This principle of completepathmodification
in combinationwith arating of collision hasbeenusedbefore,e.g.in [Buckley, 1989].

The adwantageof the BB-methodandthe previously mentionedZZ planneris, that
they areapplicableto high dimensionaproblemsasthey do not try to explorethe com-
pleteconfigurationspacebut rathertry to modify a givenpathin the configurationspace.
The main disadantageof mary heuristicalplannersusing potentialsis the presenceof
local minimain the potentialfield. Potentialfield functionsthatarefree of local minima
have beenproposedfor examplein [Rimon and Koditschek,1992]. However, it is as-
sumedhatthe computatiorof thesefunctionsis atleastasexpensve asdeterministicand
completepathplanningitself.

2.4 Trajectory Planning Algorithms

In the next three subsectionsyve take a closerlook at trajectory planningalgorithms,
thatis, algorithmsthat considerboth kinematicanddynamicconstraints.Therearetwo
mainfields of researchn the areaof kinodynamicmotion planning. Oneapproachs to
computeatrajectorystartingwith agivencollisionfreepathwhichis thenmodifiedto ad-
ditionally fulfil dynamicconstraints.In this case pathplanningis a kinematicproblem,
involving the computationof a collision-free pathfrom startto goal, whereasvelocity
planningis inherentlya dynamicproblem,requiringthe consideratiorof robotdynamic
and actuatorconstraints. The other approachis to computetrajectoriesdirectly from
scratchrespectinginematicanddynamicconstraintsimultaneouslyrom the beginning.
We focusour attentionon motion plannerswhich areableto find collision free trajecto-
riesin ervironmentswith obstaclegin somework on motion planningan obstacle-free
ervironmentis assumed).

First, we want to take a look at two relatedproblems,wherethe time playsanim-
portantrole during the planningprocess.On the onehand,thereis optimal-timecontrol
planningwhich searche$or atime parameterisationf a givenpath. On the otherhand,
thereis minimaltime trajectoryplanning searchindgor thefastestrajectoryfrom a start
to a goal configuration.Originally neitherof theseplanningproblemsconsideredbsta-
cles.

2.4.1 Optimal-time Control Planning

The optimal-timecontrol planningproblemis asfollows. Theinputis a geometriccol-
lision-free continuouspath andthe outputis supposedo be a velocity profile that lets
the robot executethe pathasfastaspossible. All obstaclesarefixed. In this problem
it is assumedhat the basicpath planningproblemis alreadysolved. Let Y(x) be the
descriptionof the givenpathwith 0 < x < 1. x is the normaliseddistancefrom the start
configuration(= Y(0)). At the goalconfiguration(= (1)) this distancds one.
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The problemis to find the time parameterisatio® < t(t) < 1 of x = 1(t) thatmin-
imisesthe time to travel along Y(x), while satisfyingactuatorlimits. The equationof
motion of a manipulatorwith m degreesof freedomcanbe written asM(c)c+V (¢,c) +
G(c) =T, wherec,¢, and¢ respectiely, denotethe manipulators configurationyelocity,
andacceleratiorjCraig, 1986]. M is the m x m inertia matrix of the manipulatoyV the
mrvector(quadratian €) of the centrifugalandCoriolis forces,andG the m-vectorof the
gravity forces.I” is them-vectorof thetorquesappliedby thejoint actuators.

Researclontime-optimalcontrolof roboticmanipulatordatesackto theearly1970s.
Efficient methodsfor optimisingthe motion along specifiedpathshave beendeveloped
for arigid manipulatormodel. Onetechniquedevelopedby [Luh andWalker, 1977,Luh
andLin, 1981]wasto minimisethetime requiredto move alonga specifiedpathconsist-
ing of straightlinesandcirculararcs. In this work, piecavise constantacceleratiorand
maximumvelocity constraintasvereassumed Although theseassumptionsire common
in manipulatorcontrol,the maximumachiezableacceleratiorandvelocitiescanactually
vary substantiallywith manipulatorconfigurationrandangularvelocities.

Minimum-time control planningbecomes two-pointboundaryalueproblem:Find
1(t) thatminimisests, subjectto 'yin < T < Mmax T(0) =0, and1(tf) = 1. Numerical
techniquesolve this problemby doing a discretisatiorof the pathy(x) [Bobrow et al.,
1985]. Their approachis using the actuators’'torquesand forcesas the control input
[Bobrow etal., 1985,ShinandMcKay, 1984]. It is assumedhatthe pathof the manip-
ulator’s tip is given eitherwith or without orientationand the inversearm solutioncan
be determinedat eachpoint on the path. The basicideaof their solutionis to selectan
acceleratiomprofile that producegshe largestvelocity profile suchthat, at eachpoint on
the path,the velocity is no greaterthanthe maximumvelocity at which the actuatorsan
hold the manipulatoron the path. This is doneby usingso-calledswitchingcurvesand
points. In [OzakiandLin, 1996]notthetip of the manipulatorbut the joint pathis taken
andoptimisedby usingB-splinecurvesfor eachjoint.

It wasshawn thatthe time-optimalcontrol saturatesit leastoneactuatorat all times,
andthe actuatortorque might be discontinuousat the switching points. If the actuator
limits representhe true actuatorcapabilities,the motionsthat are fasterthanthe time-
optimal would obviously resultin trackingerrors,or deviationsfrom the specifiedpath
[Shiller etal., 1996].

This researchareais quite importantfor high productvity in industrial scenarios.
Thereit is desirablethat the specifiedspeedse time-optimal so as to reducemotion
time andthusto minimisecycle times. In the classicaloptimal-timecontrol planning,no
constraintsotherthanthe dynamiconesare considered.In particular obstaclesare not
allowedto move.

2.4.2 Minimal-time Trajectory Planning

Optimal-timecontrol planningfinds the fastestirajectoryalonga given path. However,
theremightexist pathsthatallow a shortertravel time.

In theminimal-timetrajectoryplanningproblem thetrajectorywith theshortestravel
time is soughtafter (againobstaclesare assumedo be fixed). Finding a minimal-time
trajectoryis A’ P-hardfor a pointrobotunderNewtonianmechanicsn threedimensional
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spacgDonaldandXavier, 1995b].

One approachto solve this problemapproximatelyis to find first a geometricfree
pathin the physicalspaceandthento iteratively deformthis pathto reducetravel time
[ShillerandDubowsky, 1991]. Eachiterationrequirescheckingthenew pathfor collision
andrecomputinghe optimal-timecontrol. Thealgorithmstartsby selectingnearoptimal
pathsfrom thework spacegrid usinga branchandboundsearch.To allow the searchor
pathsin the physicalspacepbstacleshadovs aredefinedasregionsformedby grid points
thatarenot accessibleThesepathsarefurther optimisedwith local pathoptimisationto
obtainthe globaloptimalsolution.

The approximationalgorithmin [Donald et al., 1993] and an improved versionin
[Donald and Xavier, 1995b,a],computea trajectorye-closeto optimal in time polyno-
mial in both (%) andthe geometrycompleity avoiding static obstacles.The dynamic
boundsare given by the maximalvelocity and accelerationin eachdimension. The al-
gorithmitself plansin the statespace.In additionto the dimensionf the configuration
space the statespacealso containsthe velocitiesin the joints. The searchis donein a
graph(breadth-firsor A*) discretisingthe statespace.Theverticesof thegraphsarethe
states(configurationplus velocity vector) and the edgescorrespondo a trajectorysec-
tion (computedoy the algorithm)that eachtakesthe sametime. Thetimestepis chosen
suchthatthe velocity boundis a multiple of the maximalacceleratiormultiplied by this
timestep.In [Jacobsetal., 1989,Heinzingeret al., 1990]a similar algorithmis presented
without consideratiorof obstacles.

Theresultin [Yamamotcet al., 1994]and[Mohri etal., 1995]is quite similar to that
one given by Shiller and Dubowsky. The collision free minimum time trajectoriesare
generatedh two levels. Firstacollision free pathis searchedisingexactcell decomposi-
tions, geneticalgorithmsor potentialfields. Thesepathsarethensmoothedy B-splines
andfinally evolvedby a gradientmethod. The presentedxperimentsnvereonly donein
two andthreedimensionakearchspacesvith staticcircularobstacles.

2.4.3 Planningin Time-varying Environments

Only few resultson planningin time-varyingervironmentswherethe dynamicof arobot
is consideredluringthe planningprocesscanbefoundin theliteratureat thetime being.
Thereexist someresultsfor non-holonomianobilerobotmotionplanningin time-varying
ervironments,but thoseresultsare not applicableto higherdimensionalconfiguration
spacesResultancludebasiccompleity proofsandsolutionsfor restrictedcasesin [Lee
andChien,1987],anoverview ontime-varyingobstacleavoidancefor robotmanipulators
canbe found. They classify the approachesto heuristicor analytic approachesand
onlineor offline approachesFurthermorethe constraintavhich have to be satisfiedare
introduced e.g.atime constraint(completethe desiredmotionin the specifiedperiodof
time), collision constraintsandtorqueconstraints.

In [Kant andZucker, 1986,1988],the planningin time-varyingernvironmentsis split
into two sub-problemsthe path planningandthe velocity planningproblem. The path
problemconsistof computinga pathavoiding all staticobstaclesThevelocity planning
problemdetermineghe velocity along that path suchthat the robot avoids all moving
obstaclesThis laststepis carriedout on a space-timeglanein which the abscissas the
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arclengthof the pathandthe ordinateis time. Undersomecircumstancesjo trajectory
will befoundevenif oneexists. Furthermorethis approachs not suitablefor vehicles.

In [Reif and Sharir,1994], Reif and Sharirinvestigatethe computationatompleity
of planningthe motion of a body in 2-D and 3-D space,so asto avoid collisionswith
moving obstacleof known, easilycomputablerajectories.They gave an algorithmfor
the asteroidavoidanceproblemwhereneitherthe obstaclegwith velocity bound)nor the
robot (no velocity bounds)may rotate. Their ideais to get from startto goal by two
differenttypesof movementsa directmovementthatis, moving therobotwith constant
velocity until an obstacleis touched,or a contactmovement,thatis, moving the robot
alongtheboundaryof anobstacle.

An extensionof the ZZ plannerfor time-varying ervironmentshasbeensuggested
in [Baginski, 1996b]. The Z° methodappliesthe ZZ methodin the time configuration
space.Theplannerhasto ensurenotto move backin time during samplegenerationNo
detailsaregivenontheusedcollision testandthe usedtrajectorytype,sinceit is assumed
thatit canbe decidedwhetherthe trajectoryplannedso far is executableby the robot
(in the simple caseof a robot without dynamicboundsthis is always possible). If the
trajectoryis not traceablethenit is suggestedo changethe time parameterisatiosuch
thatthe dynamiclimits arefulfilled again,but now this ’'new’ trajectoryhasto be tested
for collisions. The practicalresultsaregivenfor staticervironments.

In [Fiorini, 1995,Fiorini andShiller,1998]anapproachs describedhatusesvelocity
obstaclesvhich defineat every pointin time the setof colliding velocitiesbetweerrobot
andobstaclesTherobotandtheobstaclesrerepresentedscirclesandtheobstaclesre
moving translational This setis computedusingtherelative velocitiesbetweertherobot
andeachobstacle Fromthis set,thevelocitiesfor therobotavoiding theobstaclesanbe
calculated Within this setthe bestavoidancemanoeuvrés chosereuristicallysuchthat
thetrajectoryresultingfrom the sequencef manoeuvreseacheshe goalandminimises
motion time. A simple exampleis given (2 degreesof freedom),but no computation
timesare mentioned. In [Shiller et al., 2001], this approachwas extendedto obstacles
with arbitrarytrajectories.

In [Kindel et al., 2000], a randomisedmnotion plannerfor a kinodynamicasteroid
avoidanceproblemis proposed.Here, the obstaclesare moving translationalwith con-
stantvelocity. Theideais basedon the probabilisticroadmapiramewnork. A sampleof
the configurationspacerepresentshe configurationandthe velocity of the robotandin
additionthetime. A collision freetrajectoryis generatedby expandinga treeconsisting
of reachablesubgoals.The subgoalqor milestonesyre generateadandomly preferring
regionswith few milestonesThesemilestonesarethenconnectedia trajectorysections.
Thenewn samples addedio theroadmapf it is admissible.The goal configurationitself
hasto berandomlychosernwithin someregion, thereforat is necessarythatthesampling
algorithmattainsthe goal region with high probability. Their plannerwasmainly tested
with mobilerobots(non-holonomicandair-cushioned).

We would lik e to closethis chapterby remarkingthat at the time being,andto our
knowledge,no kinodynamicmotion plannerdor planningin time-varyingervironments
existin literaturethatareableto planin higherdimensionakearchspaces.



CHAPTER 3

An Approachto Planning in
Time-varying Environments

W\e give a roughovervien on our approad to motionplanning We sketch our algorithm
anddiscussdts properties.

3.1 Objectives

Our goalis to develop an algorithmthat is able to plan motionsof robotswith mary
degreesof freedomand forked kinematicstructures.Usually the numberof degreesof
freedomequalthenumberof joints of arobot. Specialcaseswherethis equalitydoesnot
hold, include manipulatorswith grippersor fingersand certaincasesof mobile robots.
Althoughwe focusour attentionon the casewheredegreesof freedomequalsnumberof
joints, our considerationarealsovalid for thegenerakase.

We attachgreatimportanceto the algorithm’s ability to handlerobotswith a large
numberof degreesof freedom. For example,a standardndustryrobot usedin car pro-
ductionprocessebasat leastsix degreesof freedom,andthis numbereasilyexceed20
in robotsspecialisedor operatingn spacdHirzinger etal., 2000]. Hence our algorithm
shouldbe ableto searchin a high dimensionakearchspacewithin areasonablemount
of time. Sinceexactsolutionsin high dimensionakearchspacesarevery inefficient, we
needto find suitableheuristics.

The term forked kinematicstructure reflectsthe fact that the kinematicchain of a
robot can have branchesthatis, the graphof robot link dependeng is a tree. Exam-
plesof forked kinematicstructuresarerobotswith grippersandrobotsthatconsistof an
arrangemendf spatiallyseparatedub-robots.

Our planningalgorithm hasto find a motion over time for eachdegreeof freedom
(i.e. for eachdimensionin configurationspace)startingwith a given configurationat a
given point in time and endingat a given configurationat anothergiven point in time.
This motion mustnot collide with arny obstacleandall dynamiclimits of the robotmust
bekept.
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In the following, we first give a rough sketch of our planningalgorithm. Then,we
take a closerlook at eachcomponent.

3.2 Outline

Thebasicoutline of ouralgorithmis notnew. Ourwork hasbeeninspiredby recentwork
on path planning,in particular the ZZ plannerof Glavina andthe more powerful BB-
methodof Baginski[Glavina, 1991, Baginski,1999]. Both the ZZ andthe BB planner
canbeusedo planin highdimensionakearclspacesHowever, theseplannersareunable
to handletime andhencethey cannotbe usedto planin time-varyingervironments.
Ouralgorithmfor planningmotionsin time-varyingervironmentsgproceedssfollows
(seeFigure3.1). We startwith thetrivial basepointtrajectoryconsistingof theinitial time
configurationandthe final time configuration.We generatean exacttrajectoryfrom this
basepoint trajectoryandcomputea rating for its quality. Thenthe following is repeated
until avalid trajectoryis found(i.e. a collision-freetrajectorythatrespectsll kinematic

anddynamicconstraintof therobot):

! | |

Generate Modify Generate Generate
Exact Base Random Exact
Trajectory Points Trajectory Trajectory

Yes

RateExact local mini- RateExact
Trajectory mum? Trajectory
No
_ Yes )
No
Reject
A Yes
Modification
End

Figure3.1: High-level flow chart of the planningprocess.

We find and selecta piece of the currenttrajectorywith the worst rating. This is
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possiblesincetheratingof thetrajectoryis donepieceavise. A pieceis a pair of successie
basepoints. We then modify this piecelocally until we find a modificationthat lets us
generatea trajectorywith a quality rating that is betterthan the last rating. Possible
modificationsare moving the basepoints,insertinga new basepoint or deletingone of
thetwo basepointsof the selectedcpiece.If we areunableto improve therating (because
we arestuckin alocal minimum),we userandomisationTo this end,we randomlymove
the piecein configurationspaceandadjustall neighbouringoasepointsin orderto reach
abasepointtrajectorythatis likely to fulfil kinematicanddynamicconstraintsHowever,
we do not insistary morethat the new trajectoryhasa betterrating thanthe old one.
Finally, we startall over by againselectingapieceof thecurrenttrajectorywith theworst
ratingandby repeatingheabove.

A detaileddescriptionof this algorithm canbe found in Chapter8. Let us discuss
someof its generalproperties.As we arenot ableto fully explore configurationspace,
we try to reachour goal by iteratively improving a given trajectory that is, by doing
a local search. With eachstep,we try to actually improve exceptfor thoseoccasions
wherewe apply randomisation.Whentrying to improve, we focuson a single pieceof
the currenttrajectoryandwe alwaysfocuson a piecewith the worstrating sincesucha
pieceis a good candidatefor a modificationthatlik ely yields a trajectorywith a better
rating. However, the crucialingredientsof this algorithmare, first, an efficient algorithm
thatgeneratesxacttrajectoriedrom basepoints,seconda consistenandreliablerating
functionthatreflectscollision depthandviolation of robot constraintsandfinally, a set
of fastheuristicsto modify a “bad piece” of the currentbasepoint trajectory

Beforewe take a closerlook atthosecomponentén therestof this chapteylet usnote
thatour planneris notcompletesincewe allow arbitraryrealvaluedpositionsof thebase
points.Hence |f theplannercannotfind asuitabletrajectory thenthis doesnotimply that
noneexists. This shortcomings inherentto mary local plannersge.g. the RPPplanner
[Barraquancktal., 1992],the ZZ planner[Glavina, 1991], or the BB planner[Baginski,
1999].

3.3 Testingfor Collision

To rate trajectorieswe needa reliable way of testingwhethera given exact trajectory
collideswith the ervironment. The collision testshouldhave the following properties.
First, if therearecollisions,we would like to know how “bad” thesecollisionsare. This
gualitative ratingwill enableour plannerto betterjudgeits changeslf our collision test
would only return“yes, we have a collision” or “no, we arecollision-free”,thenin mary
casessmallchangeso thetrajectorywould notchangeourrating. As aconsequenceur
plannerwould be“blind” mostof thetime. Secondthecollision testmustbefastsinceit
will be performedmary timesfor eachplanningtask.

A commonapproachin pathplanningto obtaina fastcollision test, is to checkfor
collision only at certainpointsof the path. In our case thatmeanghatwe checkfor col-
lisionsat certainpointsin time, for example,we canusethe basepointsfrom which the
giventrajectoryis generated.To make surethatthe robot doesnot collide betweentwo
successie testedpoints,we needto calculateandrespectafetydistances Thesesafety
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distancesmustbe chosensuchthatit is guaranteedhat the trajectorydoesnot collide

betweentwo testedoointsin time. This procedures commonto pathplanningalgorithms
andvariantsthereofcanbe found,for example,in [Glavina, 1991]and[Baginski, 1999].

The critical part of this procedurds that the safetydistancesnustbe chosenvery care-
fully. If they aretoolarge,theplannemwill have difficultiesfinding its way throughareas
wherethe free configurationspaceis narrov. If they aretoo small, we might overlook

collisions.

In researclon path planning,considerablesffort hasbeenmadeto find appropriate
safety distancefunctions. In our caseof a time-varying ernvironment, the situationis
even moreintricate. Our safetydistancecomputationmustalsotake moving obstacles
into account. Moreover, while two successie points of a path are always connected
by a straightline, two successie points of a trajectoryare connectedoy an arbitrary
curve sincetrajectoriescontainavelocity profile for therobot. Hence our safetydistance
functionmustcopewith curvesinsteadof straightlines. In thefollowing, we give a short
overview on our collision testandthe safetydistancgunctionthatwe apply. Detailscan
befoundin Chapter7.

Let usfirst focuson the safetydistance As alreadymentionedwe testthe trajectory
for collisionatdiscretetime steps.For eachtime step,asafetydistancebetweerrobotand
ervironmentis determinedThesafetydistancewill bechosersuchthat,if nocollisionis
detectedat a certaintime step,thenwe know thatneithertherobotreaches pointoutside
nor any moving obstaclereachesa pointinsidethis safetydistancebeforethe next point
of timeis reachedAs aconsequencdf, no collisionis detectedatthediscretetime steps,
we canbesurethatthewholetrajectoryis collision-free.

In orderto reducehesafetydistanceandto increasgrecisionwe applytwo methods.
First,atthosetime stepswvherea collisionhasbeendetectecandwherethe safetydistance
thatwe have usedexceedsacertainlimit, we usebisectiornto increasgrecision.Weinsert
anew pointin time into the affectedtime stepandrepeatthe collision test. Secondwe
usetwo differentkinds of safetydistancegunctions.Oneis mathematicallycorrectwhile
the otheris approximateand is basedon heuristics. The approximatefunction yields
smallersafetydistancesandis correctmostof thetime. We startplanningusingonly the
approximatesafetydistancesWhenwe have found an“approximatelyvalid” trajectory
we do a collision testusingthe correctsafetydistances.If this testfails, we continue
planningusingthe correctsafetydistancedrom thenon. However, in mostcasesthe
trajectorythat our plannerfinds using the approximatesafetydistanceswill alreadybe
valid. This approaclspeedsp the planningprocessonsiderably

Let usnow focusonthecollision testitself. A well-known ideato obtaina fastcolli-
siontestis to pre-computenformationon the shapeof therobotandthe obstacledefore
the planningis started.This informationis thenreusedn every collision testthroughout
the planningprocess.The robot andthe ervironmentis decomposedhierarchicallyand
for eachcomponenbn eachlevel simpleboundingvolumesaredetermined The bound-
ing volumesarelater usedto quickly decidewhethercomponentgollide or not. A fast
methodfor detectingstaticcollision of arbitrarygeometricobjectshasbeendevelopedby
GottschalkLin andManochgGottschalketal., 1996]. Their methodusesa hierarchical
structurefor rapidinterferencedetectionwherethetrianglesdescribingheworld andthe
robot’s links areplacedin orientedboundingboxes.
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Our collisiontestis basedntheideasfoundin [Gottschalketal., 1996]. In addition,
we usea novel approacho accountfor safetydistancesandto ratea collision regarding
its “depth”. This ratingis performedasfollows. Let s be the sumof all extensionsof
therobot’s links. We testeachof therobot’s links in the orderthey appeaiin therobot’s
shapestartingat the robot’s baseandendingat the robot’s tool(s). Our initial ratingis s,
andfor eachlink thatis freewe subtracits extensionfrom our rating. If we find alink in
collision, we determinenow muchof thelink isin collision. If p percentof thelink isin
collision,we subtractl — p/100multiplied by its extensionfrom ourratingandwe ignore
all links thatfollow thislink in therobot's topology As a consequencéheratingranges
from 0 to s, whereO indicatesa freerobotands indicatesafull collision. We believe that
thisratingalgorithmadequatelyeflectscollision depthevenin the caseof arobotwith a
forkedtopology

3.4 BasePoint Trajectories

As alreadymentioned we distinguishbetweenbasepoint trajectoriesand exact trajec-
tories. This distinctionis one of our keys to planningin time-varying ervironments. It

allows usto switch our focusbetweermodificationandevaluationof trajectories.When
modifying a trajectory we operateon basepoints,thatis, we move, add,anddeletebase
points. To ratethe quality of a trajectory however, the basepoint representatiofis not
sufficient. We needto know the exact position, velocity, andacceleratiorprofile of the
robotbetweereachpair of basepoints.

After eachmodificationof atrajectory we generatenexacttrajectoryfrom thegiven
basepointsandwe do theratingon this generatedrajectory Generatiorof exacttrajec-
toriescanbedonein variouswaysresultingin differentwell-known typesof trajectories.
In fact, any kind of trajectorygeneratiorwill do aslong asit is guaranteedhat when
increasinghe numberof basepointsalongsomeimaginarypathof time configurations,
the deviation of the generatedrajectoryfrom the imaginarypathapproachegero. The
ideato provethisfor agiventrajectorytypeis to defineallowedareasn the configuration
spacevia thebasepoints. Every pair of successie basepointsdefinesntervalsof allowed
valuesfor eachdegreeof freedomandfor thetime. We have to prove thatary generated
trajectorylies within theselimits. As thenumberof basepointsalongthe imaginarytra-
jectoryincreasegheallowedintervalsgetmorepreciseandthe plannergetsmorecontrol
overtheshapeof the exacttrajectorythatis generatedrom the basepoints.

It is alsoimportantthatexacttrajectorygenerations fast. In particular we would pre-
fer trajectorytypeswherea modificationof onebasepointrequiresonly alocal modifica-
tion of anexisting exacttrajectory Sucha behaiour would suit our planningapproach,
sinceour plannerperformsalocal searchmostof thetime.

We have lookedat four differenttypesof exacttrajectories Polynomialpoint-to-point
motion,polynomialpathmotion,a modifiedbang-bangpoint-to-pointmotion,andamod-
ified bang-bangathmotion. In thefirst two motion typeswe usecubic polynomialsto
constructhe curvesbetweerbasepoints,thelasttwo motiontypesdo alinearmovement
with parabolicblendsat the basepoints. In the point-to-pointmotion typesthe robot
comedto afull stopateachbasepoint, while in the pathmotiontypestherobotcanhave
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anarbitraryvelocity at the basepoints. Eachtype of motionhascertainadvantagesPath
motionstendto needlesstorqueandforce andcertainlylook smoother A point-to-point
motion canbe constructediecavise for eachpair of basepointsseparatelywhile for a
path motion betweentwo basepointsthe neighbouringbasepoints mustbe considered
too. In the modified bang-bangpath motion fewer neighbouramustbe consideredhan
in the polynomial pathmotion. The modified bang-bangrath motion hasturnedout to
be a good compromisebetweenlocality and smoothness SeeChapter5 for a detailed
treatmenof thisissue.

3.5 Trajectory Ratings

To guidetheplanningprocessye needawayto ratethecurrentexacttrajectory Different
criteriacanbe usedto basethe rating upon. Two of thoseare mandatory:the trajectory
hasto be analysedwith regardto collisionsandthe dynamiclimits of the robot. Other
aspectghat may alsobe consideredare overall motion time andenegy. All the differ-
entratingsareput togetherto form a singlerating for the trajectoryandheretheratings
canbe combinedandweightedin variouswaysto accountfor differencesn magnitude,
importance andcharacteristicFor example,it is reasonabléo ignoretherating of opti-
misationconstraintauntil theratingsfor mandatoryconstraintsndicatethatall mandatory
constraintarefulfilled. A discussiorof thisissuecanbefoundin Chapter8.

Theratingitself is a vectorof real numberswhosedimensionis the numberof sec-
tionsin thetrajectory thatis, eachrealnumberin the vectorratesa singlesection. This
“piecewise” ratingis necessarginceour plannemeeddo know which sectionsareworse
thanothers.

To ratea trajectorysectionwith respecto collisions,we take the maximumcollision
depththatwe canfind for ary collision alongthat section. To ratefor robot dynamics,
we determineanapproximatiorfor the maximumtransgressioof torqueandforcelimits
along the section,accumulatecbver all joints. A detailedtreatmentof ratingscan be
foundin Chapter6 andChapter7.

3.6 Improving Trajectory Quality

As alreadydescribedn anearliersectionof this chapteyrafterrating,theplanningprocess
selectsa sectionof the currenttrajectorywith the worstrating. We thentry to improve
the trajectoryby modifying the basepointsthat definethis section. If this modification
shouldfail to deliveranimprovedtrajectory we switchto the next measurewe addanev
basepointto thesectionandtry to improvetheratingby modifying thetwo new sections.
If thatfails too, we deleteoneof thetwo basepointsandagaintry to improve therating.
If thatshouldfail, we doarandommovementof the affectedsection.

In the following, we focus on the stratg)y usedto modify the two basepointsof a
sectionin orderto getanimprovedrating.

A reasonablestratay in staticernvironmentsfor modifying joints in somecolliding
configurationis to move the colliding joint orthonormalto someaxis of the real world
or orthonormalto the direction of robot movement. Sucha movementlikely resultsin
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a bettersituationsinceit directly changescollision depth(cf. [Baginski, 1999]). In our
casewhereobstaclesaremoving andcollisionsarenot the only constrainthatneedso
be obsered, thingsare more complicated.As our rating considerdifferentproperties,
we cannotassumehatan orthonormalmovementof the colliding link in physicalspace
improvestherating.

We proposea different,moregeneraimethodfor improving trajectories.Clearly, our
ultimategoalis to find the bestpossiblemodificationin the dimensionsf the configura-
tion space.Unfortunately it is difficult to find an optimal modificationsincethe number
of dimensionscanbe quite large. We thereforeuseheuristicsto find goodmodifications.
Oneof the heuristicsthat we have testedworks asfollows. We try to modify the base
pointsin the robot’s configurationspaceusinga certainorderon thejoints. Initially this
orderis eithertop-dovn or bottom-upalongtherobot’s topologytree. During processing
this orderwill be changedmoving coordinate®f the configurationspacevhosemaodifi-
cationresultedn improvementdo the beginning of theorder This way, coordinateshat
have provento beusefultargetsfor modificationswill bethefirst to bemodifiedin subse-
guentplanningsteps.For eachdegreeof freedomin thecurrentorder we look for abetter
positioningof thetwo basepointsin the configurationspaceby moving orthonormallyin
the dimensionf the configurationspace.After eachmodification,the trajectoryis lo-
cally adjustecandratedanav. We repeathisuntil thetwo basepointscannoteimproved
further.

As our rating of the collision andthe dynamicsof the robotis very sensitve, even
smallchange®f a basepoint getreflectedin therating. Thisis oneof thekey properties
that enableghe above stratgy. Experimentakesultsshav thatthis stratgyy canhandle
high dimensionalrobot configurationspacesvery well, even with complex movements
in the ervironmentanda narrav free configurationspace.A detaileddescriptionof the
planningprocesscan be found in Chapter8, while experimentalresultsare coveredin
Chapten.






CHAPTER 4
Modelling the World

In this chapter we introducetermsthat we useto describerobots,trajectories,ernviron-

ments,and collisions. A completelisting of symbolscan be found on page 171. For

further readingon termsand notionsusedin roboticswe referto [Siegert and Bocionek,
1996] or [Latombe,1996]. First, we describethe topolagy of a robot usinga directed
rootedtree Thenext two subsectionpresentdefinitionsregarding the robot’s joints and

links. Then,definitionsfor theervironmentare givenandfinally trajectoriesare formally

introduced.

4.1 Robots

A robot R, consistsof links £ = {L; || =0,...,n}, joints 7 = {J; | j = 1,...,n}, and
a quadraticbooleanmatrix B describingthe topology of the robot (bjj is true iff link j
follows link i). Onejoint connectdwo links. We saythatalink L; is connectedo the
previouslink Ly jy by thejoint J;. p(]j) is afunctionreturningtheindex of the previous
link (see4.3). The numberof joints is greaterthan or equalto the degreesof freedom
of the robot. The joints candependon eachotherandhave no spatialdistribution (see
Section4.1.1). The spatialdistribution of a link canbe zeroaswell, sowe candescribe
specialjoints or mobilerobots(seeSection4.1.2).

Figure4.1 shavs an exampleof a robotwith six joints. The yellow robot consistsof
two fingers,which canslidealongarail. Eachfingerhastwo revolutionjoints (Jo, J3 and
Js, Jg respectrely) andthe sliding movementof thefingeris via a prismaticjoint (J; and
J4 respectiely). In this case therobothas6 degreesof freedomor alternatvely we say
thatit is a 6-dofrobot.

The topology of a robotcanbe describedby a rooteddirectedtree structure,where
thenodesarelinks andthe edgesarejoints (Figure4.2).

Definition 4.1 RootedDirectedTree
Arooteddirectedtreeis an acyclicgraph. Onenodeis markedastheroot. Each edge is
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Figure4.1: A robotconsistingof six joints and sevenlinks (6-dofrobot).

directed.Eadh nodecanbereadedfromtherootnode Thedepthof a nodei is equalto
thenumberof edgeson the pathfromtherootnodeto nodei.

Theroot of thetreeis the baselink Ly of therobot. The baselink L is staticin the
world andhasno previousjoint or link. Eachedge(joint) connectdwo nodeqlinks). The
positionof alink L;j in the world dependon the previous joints, which are on the path
from the baselink Lo to thelink Lj. The movementof a joint J; changeshe positionof
all following joints andlinks, which have alargerdepthandcanbereachedrom thejoint
Jj. Theedgesarelabelledwith acube,if the connectioris via a prismaticjoint. Theedge
of arevolutionjoint is labelledwith acircle.

The directedrootedtreecanalsoberepresentedsa Booleanmatrix B. The dimen-
sionsof the matrix areequalto the numberof links. If thereis anedgefrom the nodeL,;
to thenodel j, thenthevalueb;j in thei-th row andthe j-th columnof thematrix B is 1
(true)otherwiseit is O (false).Our exampleof the six degreesof freedomrobotresultsin
thefollowing Booleanmatrix B.

(

(4.2)

OO OO0OO0o
cNoNoNoNaoly
cNoNoNol o)
oNoNel el
oNolNolNolNoll
ol NeloNelNe)

OO OO0OO0o

o

Lo )

Now we wantto look at the transitve closureof a Booleanmatrix. To this end,we

o
o
o
o
o
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Figure4.2: Therooteddirectedtreeof the six degreeof freedonrobotin Figure 4.1

needdefinitionsfor aBooleanproduct,aBooleanpower, andaBooleanunionfor Boolean
matrices.

Definition 4.2 Product of BooleanMatrices
LetA andB beBooleanmatricesof dimensiom x n. ThentheBooleanproductC = AAB
is definedas

n
cij =\ akAb
k=1
Hence,a connectiorbetween andj via k exists(in C), if thereis a connectiorfromi to
k (in A) andaconnectiorfromk to j (in B).

Definition 4.3 Power of a BooleanMatrix .
Let A bea Booleanmatrix of dimensiom x n. Thenthe BooleanpowerA' is definedas

i
i f— — R
A= /\A= AN NA
k=1 i times
Sincethe Booleanmatrix of a directedrobot tree representghe reachabilityfrom

onelink via exactly onejoint to anotherlink, thei-th power of a matrix representshe
reachabilityfrom onelink via i joints to anothedink.

Definition 4.4 Union of BooleanMatrices
Let A and B be Booleanmatricesof dimensiom x n. Thenthe BooleanunionC = AV B
is definedas

Gij = aij V bij

Thismeanghata connectiorbetween and | existsin C, if thereis aconnectiorfrom
i to j in Aoraconnectiorfromi to j in B.
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Definition 4.5 Transitive Closure of a BooleanMatrix
Let| bethe Booleann x n identity matrix and let A be a Booleanmatrix of dimension
n x n. Thenthetransitiveclosue A* of A is givenby

A*=|vAlyAZ Al

Thetransitive closuregivesusthereachabilitybetweerlinks via anarbitrarynumber
of joints.

In our six degreesof freedomrobotexample(seeFigure4.1) thetransitve closureof
Bis

B* (4.2)

Il
[oNoNoNoNolNol
OO O0OO0OOkFr Pk
OO OOkrR kP
OCOO0ORRRER
OO PFPrPLP OO0
OFrRPrPFPOOOLPR
PRPPFPOOOR

\ /

We will usethe transitive closurein the next two subsectionso definesetsfor previous
andnext joints andlinks.

4.1.1 Joints

A joint J; is theconnectiorof thelink L to thelink L, wherep(j) =i. Thefunctionp(j)
returnstheindex of the previousjoint of J;. Let bjj betheelementof the Booleanmatrix
B, whichrepresentshetopologyof a givenrobot. Then

N J =1 : ifVib;ij=0
p(J)_{i L ifby=1 (4.3)

The spatialdistribution of eachjoint is zero. The connectionbetweentwo links is
eithervia arevolute or a prismaticjoint. In Figure4.3,arevolution joint (markedwith a
circle) anda prismaticjoint (markedwith a box) aredepicted.

Figure4.3: Exampleof a revolutionjoint (left) anda prismaticjoint (right).
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Eachjoint J; hasits own coordinatesystem.The locationof this coordinatesystem
is givenby a homogeneoud x 4 matrix OD,- . This matrix givesthe orientationoRj and
positionopj of thejoint’s origin relative to theworld’s coordinatesystem.

op  Opn. .
Op; = R Pi | = (ipg)-Y (4.4)
00O 1

If ahomogeneoupoint!p is givenin thejoint’s coordinatesystem thenthe point's
positionin the world is °D; I'p. The movementof a joint is eitheraroundor alongthe
z-axisof thejoint’s coordinatesystem Thereforethe transformatiormatrice’D j change
their valuesdependingon the joint’s values. To simplify our formulae,we introducean
indicatorA; thatdetermineshetype of the j-th joint.

A — 1 : if thej-thjointis arevolutejoint (4.5)
71 0 : if thej-thjoint is a prismaticjoint '

Thecoordinatesystenmof thejoint Jj in zeropositionis in arelatve position’ Djtothe
coordinatesystemof the previousjoint J;, wherei = p(j) (seeFigure4.4). Furthermore,
therelative positiondependsn the positionu; of thejoint J; itself. Thevaluevj of the
joint J; givesthe rotation of a revolution joint aroundthe z-axis or the translationof a
prismaticjoint alongthe z-axis of the joint’s coordinatesystem. U?‘i” andv"® arethe

minimal andmaximalpossiblevaluesfor vj;, u?‘i” <uj < uﬁ”ax.

World’s Origin

Figure4.4: Relativepositionof two joints.

Thetransformatiormatrix°D; from the coordinatesystenof link L in theworld can
becalculatedasfollows, providedthatthe transformatiormatrix'D; of the previouslink
L; andtheactualposition®D; of thelink L; is known.

°Dj = °Di'Dj 'E(v)) = Dy;) PVD; JE(v))
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The matrix iDj is equalto the Denavit-Hartenbeg notation[Denavit and Hartenbeg,
1955, SiegertandBocionek,1996]of ajoint in zeroposition,which meansthatiDj isthe
transformatiormatrix if v; = 0. Thevalueof the currentjoint v; is not considerediur-
ing calculationof the following joint positions(°Dy, p(l) = j), but in the transformation
matrix °D; of joint J;. This meanshatthe coordinatesystemsf joint J; andlink L; are
identical.

For a revolution joint, |E(v;) is givenby a matrix describinga movementaroundthe
z-axis,

coquj) —sin(uj) 0 O
IE(u) = sin(()ui) cos(()ui) (1)8
0 0 01

andfor a prismaticjoint, E (v;) describes movementalongthe z-axis.

00O
00
1 v
0 1

IE(uj) =

oNoNol
O O

If all joints areindependentthenthen independent; valuesgive the exact position
andorientationof eachjoint andthereforea uniqueposition of the whole robot, which
is calledthe n-dimensionakonfigurationof the robot. If therearedependenjoints (see
Figure4.5) like a gripper a soft gripperjoint [Hirose, 1993], or a helicoidaljoint [Husty
etal., 1997],thenthe dimensionof the configurationis givenby the numberof indepen-
dentjoints. This numberis equalto the degreesof freedomof therobot.

L
|
|
|

J1 o b

[ L A L By B —S—

Figure4.5: Exampleof dependenjoints: gripper (left), softgripper (middle),helicoidal
joint (right)

Thegripperontheleft sidemovesits shellssynchronouslyn the oppositedirections
of the samedistance.The joints of a soft gripperare moved synchronouslyat the same
angle.Thehelicoidaljoint is similar to abolt andnut. Screving thebolt andnot scraving
the nut resultsin an up anddown movementof the nut. Thereforethis joint consistsof
two rotationaljoints (J; and J2), which have the oppositeanglevalue. The translation
value(J3) depend®ntheanglevalue.
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Definition 4.6 DependencyFunctions of a Robot

Letarobot®, consistof njoints J; andlet m be the numberof dimensionof therobot’s
configuation space Thefunctiond : N — N is called the index dependencyunctionof
therobotif d mapsthe index of a joint to the dimensionof the configuation spacethat
thejoint depend®n. It holdsthat

d(j)=i,forl<j<nandvi,1<i<m:dj:d(j)=i

In addition, there are n value dependencyunctionsf; : R — R, onefor ead joint Jj,
that mapthe value wy(j) of the configuiation spacedimensiond(j) to the value of the
dependingoint j:

fj(og(jy) =vj, forl <j<n

For a robot without dependingoints the index dependeng function and the value
dependenyg functionsare usually definedasd(j) = j andVj : fj(x) = x. Butin the
helicoidal joint casein Figure 4.5, the index dependeng functionis d(j) = 1 andthe
value dependeng functionsarefor example f1(x) = x, fo(x) = —x, and f3(x) = x. The
configurationof arobotclearlyindicateshe positionof all joints in the world.

Furthermorewe assumethat, for all joints J; with the sameindex d(j), the range
of the dependingunction that definesthe valid positionsfor the joint J; is continuous.
Moreover, for eachdimensioni of the configurationspacethereexistsalower bound(.o!
andanupperboundw suchthat

U™ < fj () < O i) < o < @)
(5 (o)) < LTV (fj(aygjy) > LT If<wdm< i)V (@) > @)

Definition 4.7 Configuration of a Robot
LetrobotR consistof n joints andlet d and f; be the dependencjunctionsof the robot.
Moreover, let theimage of d betheset{1,...,m}. Thena configuation of therobotis an
m-dimensionaVector®. Thesetof all valid configuationsform the configuation space
CS of therobot. A configuationis valid if

Vi 0P < ey ) < o

Thevectort = (f1(wg(1)),-- -, fn(wy(n))) is thejoint configuation of thereal robotin the
world.

Apartfrom thejoint limits v™n, L', the dynamiclimits of thejoints aregiven. Let
6" denotethe maximaltorqueof joint Jj if Aj = 1 or themaximalforceif Aj = 0.

In the following, we give definitionsfor setsconcerninga joint. The setof previous
joints]j'oJ of ajoint J; consistof all joints, which canmodify the positionof J; including
Jj. Theseareexactlytheedgesonthepathfrom theroottolink Lj. Hence thecardinality

of j-pj is thesameasthe depthof nodeL ; in therobot’'s topologytree.
J j
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Definition 4.8 Setof Previous Joints of a Joint _
Let B betherootedtreematrix of a robot. Thenthe setof previousjoints jjp‘ of ajoint J;
IS

9P = {31 (B)ij =1Ai #£0}

All positionsof the joints in the setof next joints jj”j of J; canbe modified by J;
includingJ;. In thetopologytreethesearethe edgedo all successorsf J;.

Definition 4.9 Setof Next Joints of a Joint _
Let B bethetopology treematrix of a robot. Thenthe setof ne<tjointsjjnj ofajoint Jj is

IV = {3 (B =1}

Finally, we areinterestedn all next links of a joint J,. Theseareall links, which
changetheir positionin the world, if joint J; is moved. Theseareall links belongingto

thejoints in the next joint set7;"”.

Definition 4.10 Setof Next Links of a Joint
Let B betherootedtreematrix of a robot. Thenthe setof next Iinksjj”' ofajoint Jj is

I ={L| (B")ji =1}

After giving definitionsfor previous andnext joint sets,we have to look at the tran-
sitive closureB* in connectionwith dependingoints. If dependingoints exist, thenthe
interpretationghata joint changests positionif a previousjoint movesandthatall next
joints changetheir positionsif the joint movesitself do not hold. For example,take the
softgripperin Figure4.5andlet theindex dependengfunctionbe

o1 =13
d(J)—{z L ifj=2

Thenthetransitve closurefor the soft gripperis

*

0100 1111
g_|0010]| _fo0o111
0001 0011
0000 0001

This meandor the definition of the setof previousjoints thatthejoint coordinatesystem
of joint J> moves,if J; or J» moves, but this is not correct,as J, movesaswell if J3
changests position.

We would like to modify the transitve closurein the sensethat it shouldnot only
representhe robot’s topology but alsothe dependenciesf joint movement,thatis, we
would like to know which joint movesif someotherjoint is changed.As all dependent
joints J; of onejoint J; changethe joint J; itself, the dependenjoints J; have to change
atleastthe samgjoints asjoint Jj. We cangive a modifiedtransitve closuredefinitionas
follows.
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Definition 4.11 Modified Transitive Closure
Let B* be the transitiveclosure of the robot’s topology matrix B andlet d be the index
dependencfunction. Thenthe modifiedtransitiveclosure B* is

Bi= V &)
d(i)=d(l)
Consideringagainthe previous soft gripperexample,the modifiedtransitive closure
is

0100\ /1111

8% _ 0010 | 0111

10001 0011

00O00O 0111

Let 7P M andﬁj”' betherespectie setshelongingto the modifiedtransitive closure
B*. Using the modifiedtransitive closurewe cansay the coordinatesystemof joint Jj

changests positionin the world, if any joint J; € 3ij is moved. On the otherhand,all
elementsn 7" U 7" changetheir positionif joint J; is modified.

The completedefinition of ajoint J; is givenby atuple consistingof the transforma-
tion matricesDj, theminimalandmaximalpositionvaluesandthe maximaltorquevalue
(umin, Ufj“ax, eﬁ“ax), theindex of the configurationdimensiond( j) thatJ; dependsn, and

J
thedependengfunctionsfj(oy(j)).

4.1.2 Links

A link L; is arigid physicalbody modelledasa compactmanifold with boundary The
boundaryof the links are given via facets. The facetsof the links are relative to the
coordinatesystemof joint J,. Thelinks Lj,1 <i < n areconnectedvia the joints J; to
Lp(iy andthereforethelink L is moving with thejoint Ji. Eachrobothasonebaselink Lo,
which is the root of the robottree. The baselink hasno previousjoint andno previous
link andis staticin the world. The positionof link Lj dependson the positionsof the
previousjoints. For Lo the setof previousjoints Lg' is empty If thejoints of the robot
areindependentthenthesetof previousjoints containsall edgesof therootedtreeonthe
pathfrom theroot to nodeL; andthe cardinality of Llpj is the sameasthe depthof the
nodein thetree.

Definition 4.12 Setof Previous Joints of a Link
Thesetof previousjoints £ of alink L; is
L ={3; | (B)ji=1A] #0}

‘Thereforewe cansaythatthe positionof link L; in theworld depend®n joints J; €
L,p’. Let Z,,p' bethe setof previousjoints accordingto the_modifiedtransit'ueclosureé*.
Hencethelink L; changests positionif ary joint J; € £ is modified.
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Themasam of thelink is in thecentreof gravity of thelink. Thepositionof thecentre
of gravity relative to the coordinatesystemof L; andJ; is g;. |; is the 3 x 3 inertiatensor
matrix of link L;j with respectto its centreof gravity. The inertiatensoris a symmetric
matrix, containingthe momentsaandproductsof inertia.

Sinceit is possiblethata link hasno spatialdistribution, we canmodelspecialjoints
androbots. For example,in Figure4.5 the secondink Ly of the helicoidaljoint hasno
spatialdistribution. Anotherexampleis a mobilerobot(seeFigure4.6).

Figure4.6: A mobilerobotmodelledwith threejoints.

The possiblepositionof the mobile robotin x andy directionon a planecanbe re-
alizedwith two prismaticjoints. Furthermorea revolute joint canbe usedto definethe
orientationof therobot. Sothe helicoidaljoint andthe mobile robot have the samejoint
combination put the differences thatthejoints of themobilerobotareindependent.

The completedefinitionof alink is givenby the boundary(a setof facets) the mass
m;, thecentreof gravity gj, andtheinertiatensod;. For reason®f simplicity, if atriangle
or facett is elementf thelink Lj thenwe sayt € L.

4.2 Environment

Theervironmentconsistof obstacle® = {O; | i =0, ...,0}, whichcanmove overtime.
If anobstacledoesnotmove, thenwe saythatit is a staticobstacleotherwiseit is atime-
varyingobstacle Theboundarie®f the obstaclesaremodelledwith facetselative to the
coordinatesystemof the obstacle For the obstaclesve write t € O; if atriangleor facett
is elementof the obstacleO;.

For eachobstacleQ;, thereis a function o; : R — R®, returningthe orientationand
positiono;(t) of the obstacles coordinatesystemat timet. Let o;(t) be (0; 1(t), 0; 2(t),
0i.3(t), Gi.a(t), 0i 5(t), 0, 6(t)) T in theworld attimet. Thefirst threevaluesof the vector
returnthe positionin x, y andz directionandthe lastthreevaluesrepresenthe rotation
amountaroundthe x, y, andz axis of the world (yaw-pitch-roll system[SiegertandBo-
cionek,1996]). If the obstaclés static,thenthetranslationmatrix Do, (t) is constanover
time. Otherwisethe obstaclecoordinatesystemDg, (t) attimet is positionedasfollows
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(for simplicity of writing we dropthe parametet).

M1 M2 M3 Gi1
Mp1 Mp2 NMp3 Oi2

Do (t) = v> |, with
M31 M2 M33 Gj3
0O 0 0 1
M1 = c0g0j4)C00;s5)
M2 = €050 4)Sin(0; 5)Sin(0; 6) — SiN(0j.4) COY0; 6)
Mz = €090 4)SiN(0; 5) cOS0; ) + SIN(0; 4) SiN(0; 6)
Mp1 = Sin(0; 4) coY0;5)
Mpo = sin(0; 4) SiN(0; 5) SiN(0; ) + COY 0 4) COY0j 6)
Mp3 = Sin(0j 4)Sin(0; 5) 00 g) — €O 0; 4) SIN(O; 6)
My = —sin(ois)
Mo = €050 ;5)Sin(06)

Mpz = c0g0;j5)Ccoq0;¢)

In Figure4.7, alilac time-varyingobstacles moving overtime. The obstacles posi-
tion is changingover time accordingto the function

oi(t) = (4t,30sin(0.1t),0,0,0,0)"

Figure4.7: Movemenbf a time-varyingobstacleshownin intervalsof five seconds.

In additionto thefunctionoj(t), themaximalspeedvaluesof eachobstaclearegiven.
The speedvaluesof the time-varying obstaclesareneededpecausave canonly look at
the ervironmentat discretetime steps.Betweenthesetime stepswe have to estimatehe
positionof the obstacle Thisis againa six dimensionalvectoréo, = (00, 1, 00,2, 00,3,
00,4, 00, 5, croi,a)T. Thefirst threevaluesgive theabsolutevalueof themaximalspeedn
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thetranslationablirectionsof theaxisandthelastthreein therotationaldirectionsaround
the axis. The maximal speedvector 8o, specifiesthe maximal speedin the obstacle
coordinatesystemcentre which is equalto O, .

In theexamplein Figure4.7,themaximalspeedvaluedo, is

0o, = (4,3,0,0,0,0)"

Sincea configurationdetermineshe exactpositionof all joints of arobot,we needto
addthetime to a configurationto fix the positionsof the obstacleaswell.

Definition 4.13 Time Configuration of the World

Let® bea valid configuation (seeDefinition4.7) of arobotR andlett bea specificpoint
in time. Thend = (@',t)T is calleda time configuation. Theconfiguation spaceat time
t containsall time configuationsat timet andis denotedoy CS;.

A time configurationdetermineghe positionof links (andjoints) of the robotandof
all staticandtime-varyingobstaclesta certainpointin time.

4.3 Collisions

In Section4.1.1we have introducedthe configurationandthe configurationspaceof a
robot. In Section4.2 we have extendedthis to a time configuration.In this section,we
introducecollisionsanddefinecolliding andfree configurations.

Definition 4.14 Colliding and FreeConfiguration

A time configuation § is called a free configuation, if there is no intersectionof the
boundaryof the obstacleswith thelinks’ facetsof therobotandif thereis nointersection
of theboundaryof link L; with theboundaryoflink Lj, for i # j. If a configuationis not
freg thenit is a colliding configuation.

Hence eachtime configurationis eithercolliding or free. In therestof this thesiswe
alwaysmeanatime configurationevenif we speakof a configuration.All free configu-
rationsconstitutethe setof free configurations”S s andall colliding configurationgorm
thesetof colliding configurationCSe.

Definition 4.15 Colliding and FreeConfiguration Space
Thesetof all freeconfiguationsis calledfreeconfiguation spaceCs ; andthe setof all
colliding configumationsis called colliding configuation spaceCSc. It holdsthat

CStUCSe = CSt
CStNCSe = 0

In Figure4.8 andFigure4.9, a cut throughthe configurationspaceof the six degrees
of freedomrobotexamplefrom Figure4.1 canbeseen.

Figure4.8 shaws the configurationspacen the middle andeightexampleconfigura-
tionsaroundit. The dependengfunctionsfor all joints ared(j) = j and fj(x) = x. The
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Figure4.8: Two dimension®f the configuation spaceof a 6-dofrobot. Here the dimen-
sionsfor thejoint Js andthejoint Jg are shown.

blackareain the configurationspacandicatescolliding configurationsandthewhite area
representfree configurationsThe valuesof thejoints J1, Jo, J3, andJ,s areconstant.The
value of joint Js is placedon the horizontalaxis while the value of Jg is placedon the
verticalaxis. The valuesfor bothjoints rangebetween—160and160degrees.Thetime

is kept constantso the lilac obstacledoesnot move. Thered arrons are pointing from

thetime configurationin the realworld towardsthe respectre pointin the configuration
space.

The next Figure4.9 shavs a differentcut throughthe sameconfigurationspace.This
time, the valuesof the joints Ji, J, J3,J4, and Js arekept constantand Ji, J», J3, and Js
have the samevaluesasbefore. Timeis dravn alongthe horizontalaxisandthe valueof
Js is placedon theverticalaxis. Thetime rangedetweerD and50 secondsndtherange
of joint Jg is againbetween-160and160degrees.

4.4 Trajectories

In this section,we formally introducetrajectories. Trajectoriesare usedto describethe
movementof arobotin theworld. Our trajectorydoesnot directly describea movement
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Figure4.9: Two dimension®f the configuation spaceof a 6-dofrobot. Here the dimen-
sionsfor thetimeandjoint Jg are shown.

in thereal 3-D world, but ratherin the configurationspaceaswe do our planningin the
configurationspace.

Thetrajectoryis afunctionof time thatreturnsa valuein the dimensionm of thecon-
figurationspaceor the degreesof freedomof therobot (without thetime). The function
(4.6) returnsa valid configurationa of therobotata giventimet. Thefunction (4.7)is
thetrajectoryfor a singledimension in theconfigurationspace.

T : R—-R" (4.6)
T =

T : R—-R 4.7)
Ti(t) = o

Ti(t) hasto becontinuouslydifferentiable(see[K erneetal., 1988]for definitionof differ-
entiable)for 1 <i < m(4.9),sincethederivationgivesthevelocity in the configurations.
Thereforethefirst derivation (4.8) returnsa vectord! representinghe speedattimet for
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all dimensionsf the configurationspace.

T : R>R" (4.8)
T
T(t)= (Tg(tt),...,Tg(tt)> 3
T : R>R (4.9)
i) =" =

For arealrobot,it isimportantthatthevelocityis continuousn eachjoint. Thevalues
wi, 1 <i < mof the configurationspaceare not necessarilyequalto the realjoint values
Vi, 1 <i < noftherobotsincethejoint valuesarecalculatedria thedependengfunctions
fj(wq(j)) (see_Definiti_on 4.6). Th_ereforethe _depender_w_functions fj(wd(j))_must be
continuoushdifferentiableaswell, if thevelocity in eachjoint needgo be continuous.

T (t) itself hasto bederivablein eachdimensioraswell (4.10). Thesecondderivation
Ti(t) representshe acceleratiorat time t for eachconfigurationdimensioni (4.11).

T : R—>R" (4.10)
. . -
f(t):(Tg(tt),...,TTj(tt)) —
T o R—R (4.11)
fi) =1 =

It is sufficient to have differentiability sinceit is not necessaryo geta continuouspath
for theacceleratiorof ajoint.

Givenarobotandatrajectory it is possibleto calculatethe position,the velocity, and
theaccelerationn eachmodelledjoint of therobotataspecifictime. Themodelledjoints
arenot necessarilyequalto the realjoints, aswe have demonstrateth the examplesof
thehelicoidaljoint (Figure4.5, page32) or themobilerobot(Figure4.6,page36).

Definition 4.16 Dynamic Configuration

Let a robot, the dependencyunctions(seeDefinition 4.6), and a trajectory T be given.
Thendy, the dynamicconfiguation at timet (alsodenotedoy TP(t)), consistsof the po-
sitionvectordy, = U, thespeedvectoriy, andtheacceleation vectoriy of themodelled

joints:

b = ((00)7,(0),(Ba)7)" =TO(1)

Voj = fi(Tuj(®) = fj(wy;)

Vo,j = fj(Taej)®)) Tagj) (1)

Vo = f(Tag)®) Taep) (0)%+ £ (Taepy (£) T )

If limitations for the modelledjoints in speedor acceleratioraregivenaswell, then
it is possibleto determineif the trajectoryis traceable. The dynamicconfigurationGqy
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hasto satisfy the limitations of the joints at ary time t. But as alreadymentionedin
Sectiond.1.1,only the maximaltorqueof eachjoint is known.

The next stepis to take the dynamicconfigurationiy anda dynamicmodel of the
robotto calculatethe torquesin the real joints. For a manipulatorconsistingof simple
revolution joints andprismaticjoints andall joints modelledseparatelyith exactly one
joint, a very simplemodelis givenby M(U,)U0q +V (U5, U¢) + G(Uew) (cf. Section2.4.1
on pagel5). M is the n x n inertia matrix of the manipulatoyV is the n-vectorof the
centrifugaland Coriolis forces,and G is the n-vectorof the gravity forces. We give an
exactcalculationof the forcesandtorquesfor forked manipulatorsn Chapter6. We say
thatatrajectoryT is valid if thedynamiclimits arefulfilled ateachpointin time.

It is moreinvolvedto gettheresultingtorquefor a helicoidaljoint or a mobile robot.

In the helicoidaljoint case the threevaluesof the joints modellingthis specialjoint are
combinedto calculatethe resultingtorquein the joint’s drive. For a mobile robotit is

differentasthe valuesare not connectedo a joint, but may leadto an overturnof the
mobile robot or cannotbe satisfiedat all. For example,a mobile robot cannotmove

againstthe direction of its wheels. However a definition of the modelledjoint’s torque
limits hasto begiven. An appropriatanodelis neededthatgivesustheresultingtorques
accordingto the robot’s situation. Hence we needa functionM : R®" — R" witch takes
the dynamicconfigurationiy at time t andreturnsthe force or torquevaluest for each
joint.

4.5 The Motion Planning Problem

In this section,we usethe definitionsof the previous sectionsto formalisethe trajec-
tory planningproblemin time-varying ervironments,which is to find a valid trajectory
betweerntwo time configurationghatis collision freeatary timet.

Thegivenproblemconsistof onerobot R . Therobot R itselfis composewf n+ 1
links L,I = 0,...,nandn joints Jj, j = 1,...,n. Theboundaryof thelinks is givenvia
facetsFurthermorghemasam, thecentreof gravity g;, relatveto thecoordinatesystem
of joint J;, andthe inertia tensormatrix I, are given for eachlink L;. The joints are
definedwith their relative position p(j)Dj to the coordinatesystemof the previousjoint,
and the maximal joint values(urj“i“,urj“aﬁ and torquevalue (6]). The topology and
dependenciesf therobotis givenby amatrix B andthedependengfunctions(namelythe
index dependengfunctiond( j) andthevaluedependengfunctionsf;(x)). Furthermore,
we needa dynamicmodelM : R®" — R" of therobot.

Theenvironmentis givenin the form of obstacle<);,i = 0,...,0. Theboundarieof
obstaclesiredescribedisingfacets.For eachobstaclethepositionDo, of theobstaclds
given,dependingntimet. In addition,a maximalspeedvectordg, is providedfor each
obstacle.

For agiventime configuration§S = (! ,t5)T (start)anda secondime configuration
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9q= (G, tg)" (goal)atrajectoryT hasto befoundsuchthat

Tt) = & fort<ts

T(t) = @ fort>ty
Vtwithts <t <ty : (T(t),t)isafreeconfigurationi.e.(T(t),t) € CS¢
Vtwithts<t<ty : thedynamicconfigurationiy = TD(t) satisfieghe

dynamiclimits i.e. Vj = 1,...,n:| M(TP(t)); |< 8"

Obvious conditionsare that the starttime hasto be smallerthenthe goaltime ts < tg.
The first two equationgndicate,that the robot standsstill in the startconfigurationand
comesto a completestopin the goal configuration.Moreover, we presumehatthe start
configurationandthe goal configurationarecollision-free.






CHAPTER 5

Generating Trajectories from Base
Points

We first give requirementdor describingexact trajectoriesusing basepoints. We then
showhow exact trajectoriescan be generted usingtwo well knowtrajectorytypesfor
point-to-pointandpathmotions.We provethatthesaypedulfil our requirementsFinally,
wegive an outlookon othertrajectorytypes.

5.1 Intr oduction

A trajectoryis a functionof time in the dimensionsof the configurationspaceg(seeSec-
tion 4.4). As therearedifferenttypesof trajectoriesJik e point-to-pointmotionsor path
motions,we decidedto usetwo levels of trajectorydescriptions.The upperlevel (base
pointtrajectory)givesanapproximateun of thetrajectoryvia basepointsandis thesub-
ject of planning. The lower level (exacttrajectory)givesthe exactrun of the trajectory
Dependingon the given basepointsandthe kind of trajectory the exacttrajectoryover
time canbegeneratedseeFigure5.1). Theadvantageof this strateyy is thatthe planning
canbe donewith differentkinds of trajectorieswithout modifying the planningprocess.
As therearetwo levels, we needrequirementdgor the connectionbetweenthe two lev-
els and propertiesof the exacttrajectorythat enableus to successfullyplanthe robot’s
motion.

The planningalgorithmitself needsoperationghat enableit to changethe approxi-
matetrajectoryandconsequentlyhe exacttrajectory Therearetwo basicoperations.

¢ Addinga basepointattimet. This operationfirst looks for a positioni suchthat
the (i — 1)-th basepoint hasa smallertime andthei-th basepointhasa largertime.
Thenthe basepoint is insertedbetweenthesetwo basepoints. If thetimesof all
basepointsarelargeror no basepoint exists,thenthe new basepointis insertedas
thefirst basepoint. On the otherhand,if all timesaresmaller thenthe basepoint
is appendedttheend.
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BasePointTrajectory TrajectoryType

Generatdrajectory

ExactTrajectory]

Figure5.1: Chartof thetrajectorygenemtion process.

e Deleting the basepoint numberi. When a basepoint is deleted,nothing else
changes.

With thesetwo operationspasepoints canalsobe moved, sincethis is the sameas
deletingthe basepoint which hasto be moved andinsertingit with a new time anda
differentposition. For bothbasicoperationghe exacttrajectoryhasto berecalculatedn
thevicinity of thechange.Thesizeof thevicinity thatrequiresrecalculatiordepend®on
the type of the exacttrajectorythatwe areusing. We will discussthisissuein the next
sectionswherewe introduceexamplesof trajectorytypes.

To ensureprogressin the planningprocessandto get reasonableesults,we give
requirementsvhich have to beconsideredor thedefinitionof atrajectoryvia basepoints
andthegeneratiorof anexacttrajectory

e Trajectory Geneation - The trajectorygeneratedrom the basepoints hasto be
derivabletwice in all dimensionf the configurationspace(seeSection4.4, page
39). Hence,the trajectoryitself is a continuousfunction over time in the config-
uration space. Furthermore the derivationshave to be continuousaswell. This
resultsin continuougpositionandspeedvaluesovertime for eachdimensionin the
configurationspace.Anotherimportantpoint for fastmotion planningis thelocal
stability of the generation.This meansthata small changeto a basepoint should
notresultin alarge changeof the exacttrajectory

e TrajectoryType- The planningalgorithmshouldhandledifferenttypesof trajecto-
ries,lik e point-to-pointor pathmotions.Eventrajectoriesor mobilerobotsshould
be possible.The planningalgorithmusesthe upperlevel of the trajectorydescrip-
tion (the basepoint description)andis thereforeindependenof the type of the
trajectory

e TrajectoryExactitude- As morebasepointsareusedto describethetrajectory the
exacttrajectoryhasto corvergetowardstheimaginarytrajectorylying onthe base
points. This meanghatthe allowed areafor the exacttrajectoryhasto decreas@as
morebasepointsareinsertedon thatimaginarytrajectory In addition,the impact
of moving abasepointincreasesvhenmorebasepointsareadded.
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e RobotLimits - The allowed areafor the exact trajectoryshouldrespectthe joint
limits of therobot. However, it doesnot needto respectherobot’s dynamiclimits,
like speedbr accelerationThis is thetaskof thetrajectoryplanner

In the next section,we give a definitionfor basepoint trajectoriesthat fulfils there-
quirementsegardingtrajectoryexactitudeandrobotlimits. Thisis followedby examples
of well-known trajectorytypeswherewe show thattherequirementsegardingtrajectory
genea@tion andtrajectorytypearefulfilled.

5.2 BasePoint Trajectories

In the following, we give a definition for describingthe trajectoryT(t) via basepoints,
which ensuredrajectory exactitudeand robot limits of the above list. A trajectoryis

definedvia m+ 1 basepoints Bo,...,Bm. A basepoint is a time configurationin the

configuratiorspaceBi =9 = (Gx,t) = T(t;), wherethen dimension®f ¢y arethedegrees
of freedomof therobotrepresentinghe positionvalues(seeSubsectiort.1.1,page30)

(_bi = (m,lr'wo)i,n)-

For a pair of basepointsBi,B| it holdsthatt; <t if i <1, for alli,| =0,...,m. The
trajectorysectionS, 0 < i < mis thetrajectoryT (t) betweerthe basepointsBi_l andBi
coveringthetime Jti_1,tj]. ThesectionS consistf thetrajectoryattimety (whichis a
singlepoint). Sincewe will usebasepointsto definean allowed areafor the trajectory
run, we needtwo distancevaluesfor eachtrajectorysection.

First, we allow thatthe exacttrajectorymisseseachbasepoint by a certainamount.
Assumethatfor eachbasepoint, thereexist 2n epsilonvalues

= (s{:}i”, L ET e L s{:’na") LM g% > 0

that give the maximal allowed distanceby which an exact trajectorymay missthe

valuesw; j attimetj. A suitablechoicefor theseepsilonvalueswill be givenlater For

eachbasepointBi with configurationt at time t; andthe trajectoryT;(t) in dimensionj
thefollowing holds

wi,j—sm'”gTj(ti) S(A)i,j-l-smax. (5.1)

To solve the planningproblemandto reachthe startfrom the goal configurationjt is
necessaryhatthe epsilonvaluese{f‘ji”, smax arezerofor thefirst basepoint (i = 0) andthe
lastbasepoint (i = m).

Secondlywe defineallowedareasetweereachpair of successie basepointsthatan
exacttrajectorymuststaywithin. A basepointBi definesan allowed areafor the run of
atrajectoryin sectionS. To this end,we assumehatfor eachbasepoint thereexist 2n
deltavalues

= min min xmax max min xmax
6i :< i,1 a--~a6i,n ’6i,l a-~-a6i,n ),6“ ’6i,j 20
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thatgiveamaximalalloweddistanceébetweerthevaluesof theexacttrajectorysection
S,0 < i <mandthevalues® in the time interval Jti_1,t[. For all configurationsT (t)
betweenwo successie basepointsb;_; andb; thefollowing musthold

W — MM < Tj(t) < i+t <t <t (5.2)

Clearly, the deItavaIuesE')”"n 6”‘;”‘ mustbe zerofor the first basepoint (actuallythey
arenotusedatall, S|ncethetrajectorysectlorbeforetheflrst basepointis notconsidered).
To enablea successfulrajectorygenerationjt is necessaryhat the epsilonand delta
valuesare chosensuchthat thereare no gapsbetweenallowed trajectory areas. This
implies thattherehasto be at leastone configurationlying in the deltaareaof bj, in the
epsilonareaof bj, andin the deltaareaof by 1.

We caninclude the epsilonand delta valuesinto the basepoints and we speakof
@(tendecbasepointst,O <i < mthatdefineallowedareador anexacttrajectory:

] - = 2 T . .
bi:(ooi,si,éi,ti> ,withi=0,....m.

Let usnow turn to the choiceof the epsilonanddeltavalues.If the epsilonanddelta
valuescanbe arbitrarythey would have to be consideredn the planningprocess.This
wouldincreaseéhecompleity of planning.To simplify planningandfurthermoreto fulfil
the requiremenbf trajectory exactitude we choosethe epsilonand deltavaluesof the
basepoint bj accordingto its previousandnext section sincethe basepointb; describes
the sectionconnectingS_; andS.1. In thefollowing, we definesuitableepsilonand
deltavalues.Let oy j = oy j if i <Oandlet w j = wnjif i >m.

MM = o j—min (w2, 01j,0,],041,j) (5.3)
6max = max(mfzaj7m71a17ma]’('q+1a]) _ma]
0 ;. ifi=0m
Elmm = min mi ; ;
: (*)i,i_max<wi,j—5i,j yWi41,j — 5H_1]> : ifO<i<m
0 . ifi=0m
smax — . ]
] mln(oomLESJ ,(q+1,+6,+11>—wi,j . if0<i<m

This choice ensureghat the allowed areagets smallerwhen more basepoints are
addedonanimaginarytrajectory Ontheotherhand,we getnogapsbetweerconsecutie
sections.

In Figure 5.2 the basepoint trajectoryis definedvia six basepoints by = (2,2)7,
by =(6,6)T, by = (10,11)T, b3 = (4,14, by = (12,18), andbs = (14,20)T. Thegrey
areais the allowed areafor an exacttrajectoryaccordingto the deltaandepsilonvalues
thathave beencomputedrom the givenbasepoints.

In theexample,the six extendecbasepoints(consideringanly dimensionj) areb), =
(2,0,0,0,2,2)7, b, = (6,4,4,4,4,6)T, b, = (10,6,0,8,0,11)", b, = (4,0,8,0,8,14)",
b, = (12,8,2,8,2,18)", andbj, = (14,0, O, 10,0,20)T. Thenext flgure(Flgure5.3) adds
five basepointsbetweerthe existing six pointsof the previousfigure.
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Figure5.2: Trajectorydefinedvia six basepoints.

151

10 +

5 10 5
to t1 o t3 14 t5 tg t7 tgtglio

Figure5.3: Trajectorydefinedvia elevenbasepoints.

Here,theallowedregionis smallerandthe generatedrajectoryis forcedcloserto the
basepoints. Note that the old trajectory(dottedline) is now outsidethe allowed area.
Sincewe alwayscalculatethe deltaandepsilonvaluesfrom givenbasepoints,we drop
themin theextendedbasepointrepresentatioandplanusingthebasepointsh; = (Gx,ti)T
only.

In the next two sectionswe presenivell-known trajectorytypesthatfulfil theepsilon



50 5. GENERATING TRAJECTORIES FROM BASE POINTS

anddeltalimits. Firstly, we presenthe point-to-pointandthe pathmotionfor a polyno-
mial movementin eachjoint. Thereafterwe shov the samefor a modified bang-bang
trajectory

5.3 Polynomial Trajectories

In this sectionwe focusonthetrajectorygeneratiorwith apolynomialof degreethree.In
this setting,the movementof eachdimensionin the configurationspaces a polynomial
movement. Firstly, the casewherethe robot stopsat eachbasepoint is analysedand
afternardswe look atthe pathmotion,wheretherobotdoesnot stopat every basepoint.
Polynomialswith a higherdegreecould be usedaswell, but aswe only needto geta
continuoudunctionfor the valuesandthe velocity, a cubic polynomialsuffices.

5.3.1 Point-to-Point Motion

Let abasepointtrajectorybe givenconsistingof m+ 1 basepointsandlet the numberof
degreesof freedomof therobotben. If the cubic polynomial(seeFigure5.4)is chosen,
thenthestartconflguratlorb. 1 andthegoalconflguratlorb. of asectionandthevelocity
canbe specified. For a point-to-pointmotion, the velocity in eachbasepoint andeach
dimensionis zero. This holdsin particularfor the startandendconfigurationsAll of the
following calculationshave to bedonefor eachdimensionin the configurationrspace Let
i bethesectionnumber(i € {1,...,m}) andlet j bethedimension(j € {1,...,n}). Recall
thatthefirst sectionS consistsonly of the basepointBo.

0i,j(ta)

a,j(t) t

0.j(0) @i ?

Figure5.4: Theprofilesfor location ; j(t), velocitys j(t), andacceleation & j(t) of a
cubicpolynomial.

For a cubicpolynomialthefunctionsof thelocationo; j(t), thevelocity s j(t) andthe



5.3. POLYNOMIAL TRAJECTORIES 51

acceleratiora; j(t) in thedimensionj are
o,i(t) = & jt3+bijt2+8& t+di
s,j(t) = 3éi’jt2+25i,jt—l—(v:i,j (5.4)
aij(t) = 6&t+2b
Now the coeficients & j, bi j, & j, andd; ; of the polynomialhave to be calculated.
For this calculation, let the startingtime be zero (tj_1 = 0). For the given deltatime

At =tj —tj_1, the startconfigurationw;_1,j, andthe goal configurationw; j, the values
canbeputin theequationsf (5.4)

0,0 = d = Wy
0 = v 3.0 At2 =0 (5.5)
0 j(At) = &jAat+bjatP+wg; = W
s,j(At) = 3&; AP +2b; At -0
Solvingthe equationsgesultsin thefollowing coeficientsfor the cubicpolynomial
dij = o]
Gj = 0
& W) — -1,
bi,j = 3 o) 5 L
At
x Wi—1,j — O,
- — 2 ) ’

|

We would like to know whetherthe conditionsfor deltaandepsilonvalues(5.3) are
fulfilled. The valuesof the exacttrajectoryare betweenw_1 j andw j, sincewe usea
cubicpolynomialwith afirst derivationthatequalszeroatt; 1 andt;.

At timet;_1, thetrajectoryvalueis w1 j andat time t;, the trajectoryvalueis w j.
Hencethe polynomialpoint-to-pointmotionfulfils theepsilonconditionsincetheepsilon
valuesarealwaysequalto or greaterthanzero. In the cubic polynomialcase thesedis-
tancesarezerosincethe exacttrajectoryis onthe basepoints.Looking atequationg5.3)
and(5.2), we notethatfor the deltavaluesthe following holds (becauseadditionalbase
pointsin themin andmaxexpressionsanonly increaséhedeltavalues):

" > wj—min(woyj, )
ST > max(wi g, W) — o
Transformingthe inequationandtaking into accountthatthe exacttrajectorylies be-
tweenwi_1 j andwy j, we obtain
w, =&M< min(wigjw,j) <o)
0,j(t) < max(er-1j,w,j) <+

From the inequationswve can concludethat the polynomial point-to-pointtrajectory
generatiorfulfils all requirementsThe wholetrajectoryfor the dimensionj of the con-
figurationspacds thendefinedpiecaviseas

T (t)= Oi,j(t —ti—1), ti_1<t<t
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5.3.2 Path Motion

Thedisadwantageof the point-to-pointmotionis thattherobothasto cometo afull stopat
every basepoint (seeFigure5.5). As aconsequencehe maximalnecessargcceleration
or torqueis higherthanin anon-stoppingnovement.Clearly, it seemgo bemoreenegy
efficient not to stop during a movementbut only to reducespeed,unlessthe direction
needdo bechanged.

If we allow non-zerovelocity in the basepointswe have to choosethe amountof
velocity at eachbasepoint. Unfortunately a cubic polynomialis likely to swing (seethe
secondsectionof thetrajectoryin Figure5.6)if thevelocity is notzeroatthe basepoints.
In this example, the velocity at the basepoint is setto zeroif it is a local maximum
or minimum regardingthe next and previous basepoint. Otherwisethe velocity is the
averageof thegradientsof the previousandnext sectionsof abasepoint. Here,however,
it canhappen(asin this example)that partsof the generatedrajectoryare outsidethe
allowedarea.

In thefollowing we only consideronedimensiorwhenspeakingof the propertiesof a
basepoint. We suggestalculatingthe pathmotionin adifferentway to avoid the problem
of choosingtheright velocity to geta non-swingingtrajectoryrun. This is doneby first
calculatinga cubic polynomialbetweertwo local maximaandthento stretchor shorten
thetime. The local maxima/minimaare called main basepoints of dimensionj of the
trajectory

Definition 5.1 Main BasePoints
A basepointb; = (@, t;) is a mainbasepoint of dimension; if
i=0
vV i=m
V(01 = @ jAGL > @)
A main basepointB of dimensionj is responsibldor the sectionstartingat the previ-
ousmainbasepointfor this dimensionj andendingatb.

Definition 5.2 Previous Main BasePoint
A basepoint by is the previousmain basepoint of a basepoint b; in the dimension; if
by, k < i is amainbasepointand

VB| withk< | <i: 5| is no mainbasepointfor dimension;.

In the setof “previous basepoints” of a mainbasepoint for dimensionj we save the
basepointswhich arebetweerthe previous mainbasepoint andthis basepoint. This set
is only definedfor main basepointsof dimensionj. For all otherbasepoints,this setis
empty

Definition 5.3 Setof Previous BasePoints
B j is the setof indicesof the basepointsb, in dimensionj belongingto the mainbase

(B}

pointb;. Letby bethe previousmainbasepointof b in dimension;j, then
B ={l|k<I<i}
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I

Figure 5.5: Polynomial point-to-pointmotion stoppingat ead basepoint. The dotted
rectangleshowtheallowedareasfor thetrajectory

i

Figure5.6: Polynomialpath motionwhenthe velocityis an average of the gradientsin
ead basepoint.
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For example,in Figure5.6, we have for the givendimensionj the main basepoints
bo, b1, andbs. Thereis no previous mainbasepoint for bg. The previousmainbasepoint
of by is by andthe previousmainbasepoint of b is by. Thesetof previousbasepointsis
definedfor by andbs ast; | = = {1} and %, = = {2,3} respectiely.

For the main basepomts of eachdlmensmnj we cancalculatethe functionsof the
time for thelocationof ajoint §; j(t), thevelocity § j(t) andtheacceleratiord; j(t) asin
the caseof a point-to-pointmotion (the hat-functionsonly exist for main basepointsin
eachdimensiomandwill notbe calculatedor otherbasepoints).

In Figure5.7,thetrajectoryis correct. Furthermorethe maximalvelocity andaccel-
erationvaluesaresmalleror the sameasin the point-to-pointmotion. Howeverit maybe
thatthetrajectoryis toofaraway from thebasepointsbetweertwo consecutie mainbase
pointsanddoesnotlie insidetheallowedarea(seeFigure5.8). In theexample two more
basepointsareaddedto thetrajectorydescription.Now the new mainbasepointsof this
dimensionareby, by, andbs. The setsof the previousbasepointsarenow % ={12}
andfPBS’ = {3,4,5} (all othersetsareempty).

Thefilled circlesarethebasepointsandthehollow circlesarethenearespointsto the
basepointslying insidethe allowed areaat the samepoint of time. In this invalid case,
we have to stretchor shorternthetime to make thetrajectorybein theallowedareaagain
(seeFigure5.9). This stretchings doneby a cubicpolynomial.

First, we look for a point o ; for eachvalue w j of the basepoint b = (&, t.) at
time t; thatis insidethe allowed areaandthatis ascloseaspossibleto 6, (ti),i € B
(seehollow circlesin Figure5.8). Now the polynomial g, j(t) is changedsuchthatthe
polynomialtoucheghesepoints. Lett; bethetime whenthevaluew j hasto bereached.
Thetimet; j is the time, whenthe original polynomial g, j(t) reacheghe configuration
of ; in dimensionj, thatis

(*ﬁl,j =0 j(tij) withi € fpb],j

The next stepis to modify the original time run, suchthatthe time pointt; j matches
with tj. Sincethereare four boundaryconditions,a cubic polynomialis needed. Two
conditionsarethe starttime andendtime andtwo moreconditionshave to ensurehatthe
derivationsequaloneatthe beginningandatthe end. We alsohave to make surethatthe
positionandvelocity function arestill derivable. Hence,eachsectioni needsa function
ctj j for eachjoint j which changeshetime, suchthatthefollowing conditionsarevalid.

Let by bethe previous mainbasepoint of bi in dimensionj.

ctij(t) = &340 t2+& jt+d
ctij(ti-1) = ti-yj—t
Cti7j(ti,1) =1
C'[i(ti) = ti’j — 1t
Cti’j(ti) =1

Furthermorewe needa monotoneacceleratingunction to ensurethat we do not go
backin time. In otherwords,éti,j(x) > 0. Thereforethe changingtime function hasto
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Ti(t)

Figure5.7: Polynomialpathtrajectorywithoutconsideation of all basepoints,but only
thelocal maximaand minima. Thewholetrajectoryis insidethe allowedarea.

i

Ti(t)

Figure5.8: Polynomialpathtrajectorywithoutconsideation of all basepoints,but only
thelocal maximaand minima. Parts of thetrajectoryare outsidethe allowedarea.
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fulfil thefollowing condition
1
tj—ti-1j > 5 (ti—tia) (5.6)

This can be seenwhen the coeficients & b, ¢, and d are calculatedand the speed
functionis analysedbpy looking at the derivationandthe maximum. For simplicity, take
ty =0, ti_y = 0, andti_1j = 0. Thenthe first and secondderivation of ct; ;(t) areas
follows

. t—tij, bt

Gijt) = 6= gt -6+ 1
t t

. t—tij, it

Cti,j(t) — 121 t.?’I,Jt_el t.zl,l

Equatingthesecondderivationct; j(t) with zeroandsolvingtheequationgor t results
int= %ti. Sinceit holdsthatthe quadraticpolynomialct; ; equalsoneat the starttime

andtheendtime, it is sufficientto examinethefirst derivationatt = %ti.

G

1 1
Sti) >0 —§ZO

ctii(5

Hence the maximalcompressiorof thetime is onethird of the original time. If ary
of thesectionsS doesnotfulfil condition(5.6)in dimensionj, thenby is takenasamain
basepoint of dimensionj aswell andthe calculationfor the configurationdimensionj
startsagain. If all sectiondulfil the condition,thenthe new functionsbetweenwo base
points,with i € TBI,J" are

0,j(t) = QJ( i)
s,jt) = (duﬁDd j(t)
aj(t) = ZQKJHGDGH(%+QKGMUDdMU)

Figure5.9 shavs the modifiedtrajectorywith stretchedimesfor theexample.

Thenext figure (Figure5.10)shows the point-to-pointmotionfor the sameexample.

Notethatin the example,the maximalvelocity andacceleratiorvaluesof the modi-
fied trajectorytendto be smallerthanthe valuesin a point-to-pointmotion for a section
betweerntwo mainbasepoints.

Sincethe first derivation of ctj j at the intersectiondo the previous andnext section
equalone,thespeedunctionis still continuousn basegpointsbelongingo thesamemain
basepointsi —1,i € By - Let by bethe previousmainbasepointof by in dimension;.

s—1j(tic1) = §j(cti—gj(ti—1))cti—,j(ti—1)
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Figure5.9: Polynomial path trajectoryconsideringall points. Thewholetrajectorylies
insidetheallowedarea.

i

Figure 5.10: Polynomial point-to-pointtrajectory consideringall points, for the same
givenbasepointsasin thelastfigure.



58 5. GENERATING TRAJECTORIES FROM BASE POINTS

It is obviousthattheresultingtrajectoryliesinsidetheallowedareaandconsequently
fulfils theepsilonanddeltalimits sincewe have choserthe pointsw; j insidetheallowed
area. Secondwe madesurethatthe deriation of the stretchingfunctionct; j is greater
thenzero.

5.3.3 Inserting and Deleting BasePoints

Sincethe planningalgorithmneedsto insertand deletebasepoints, we have to analyse
theseoperationgegardingtheirimpacton a polynomialmovement.In the following we

againlook at a singledimensionif we speakof a basepointb;. Hence thefollowing has
to beappliedseparatelyo eachdimensionof the degreesof freedomof therobot.

We first analysethe simple caseof a polynomial point-to-pointtrajectory If a new
basepointBi is addedn a point-to-pointmotion,thenthe old sectioni hasto bereplaced
by two new sections Thetwo new sections andi + 1 have to bemodified.If thei-th base
pointis deletedthenonly the new sectioni hasto berecalculatedseeFigure5.11). Two
main pointsconnectedsia a dottedline represena variablenumberof basepointsbut at
leastone. The solid line connectdwo basepointswithout any otherbasepoint between
themandthedashedine representsherecalculatiorarea.

InsertBasePoint

by
bo : B ‘o
o i+1
- /I.A.
bi_]_ // .
bo \\\bi e —I;
o A 2

bit1
bi_1 .
bo .-~ bi )
- .
bi—1 -7 A
. N _ A...bn
bo ‘®

Figure5.11: Insertionand deletionof basepointsin a polynomialpoint-to-pointtrajec-
tory.

If the trajectorymovementis a polynomial pathmotion, thenthingsare more com-
plicatedand often morethantwo sectionshave to be recalculatedsincetwo main base
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pointsspecifythe trajectoryrun. It is obviousthatif the old sectioni of joint j belongs
to ?th, thenat leastall of thosesectionshave to be recalculatedor joint j. But if the
new basepointitself is a new mainbasepoint, thentwo or threeold mainsectiongmight
changeheir values.We now wantto take a closerlook atthe possiblesituations.

InsertBasePoint

bk .
,"m.,bi—l b|
' K .
° i ®
Casel o
by .
o b b1
’ % b e
= Sa i a ’ B
= n+1
% Tel by .
~ o
Case2 o .
e~ b1 _o bi41
. e AN B
. N . L
o b
bo K Vit1 . n—:
' ‘e
Case3 "
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,'\Jﬁ—l b1
' AN ..
b N P . Py
b%‘, N b bit1 e
te---—-o
Cased o
by .
.4"‘~\q—1 b1
o o =
— . N 7 B
. \ / ..
bo N bi-|—1/’ nt
.4 N ¥ 4

—-

“eo---—

Figure5.12: Insertionanddeletionof a basepointin a polynomialpathtrajectory

In Figure5.12,wetake alook atthecase,vvhereBi itselfis amainbasepoint andBifl
is nota main basepoint (in dimensionj). Furthermorelet by be the previous mainbase
pointof bj andlet b; bethe previous mainbasepoint of by.

In thefirst case the new basepoint b; is not a mainbasepoint itself in dimension;j,
so only the modifying functionsof the time for the previous and next sectionhasto be
recalculatedn this dimension.

If the new basepointb; is a mainbasepoint, thentherearethreedifferentcasesThe
secondandthird casdeavesthe othermainbasepointsunchange@ndthereforeonly the
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sectionsbetweerby andb;1 changeIn theseconctaseb;_1 andb; will becomeamain
basepointaswell. In thethird caseonly bi becomes main basepoint. Now notonly the
modifying functionsof the time have to be recalculatedut the hat-functionsof the new
main basepointsand5i+1 needrecalculatiortoo.

Thefourth casechange$; to anormalbasepoint andthetrajectoryrun changegrom
Bk to B|+1.

If bi_1 isamain basepoint andb; is notamain basepoint, thenwe have themirrored
cases.If neitherBi,l norBi aremain basepoints,thenonly caseone,casetwo, andthe
mirrored casetwo would occur If bothb, _; andb; aremain basepoints,thenit could
happenthat threemain sectionschangetheir values,if you think of insertinga pointin
sectioni + 1 in casethreethatis lower thanpointsb; andbi. 1.

If a basepoint getsdeletedwe againhave to distinguishwhethera basepoint or a
main basepointis deleted.In thefirst case,a normalbasepoint leadsto a recalculation
of modifying functionsof thetime of the previousandnext section(revertingcaseoneof
Figure5.12).In thesecondcasethedeletionof amainbasepoint, it is morecomplicated.
Justthink of revertingtheinsertionin Figure5.12.

To summarisewe can say that the path motion may lead to a trajectoryrun with
lessvelocity and accelerationput the addingand deletingis quite costly Especially
asthe numberof affectedsectionsis not constant(asin the point-to-pointmotion) and
consideringthe fact thatthe above operationshave to be performedfor eachdimension
separately Neverthelessthe methodpresentechereensuresa non-swingingtrajectory
hencethe motionstaysin theallowedareadefinedby the givenbasepoints.

5.4 Modified Bang-BangTrajectories

In a bang-bangrajectory the third derivation of the trajectoryof one configurationdi-
mensions alwayszero. This meanghattheaccelerations piecavise constanandjumps
from onevalueto another In atraditionalbang-bandrajectory the acceleratiorvalueis
eitherzero,minimal, or maximal.In our casetheacceleratiortanbeof ary value.In the
next two subsectionsye analysehe point-to-pointmotion andthe pathmotion.

5.4.1 Point-to-Point Motion

If the path motion stopsat every control point of the path (seeFig. 5.13), we have a

trapezoidalelocity profile. A point-to-pointmotionis split into an acceleratiorphase
[ti_1,ti_1+1ta], aconstanspeedphasdti_1 +ta, ti — ta], andanegative acceleratiorphase
[ti — ta, ti]. We assumehat the acceleratiordurationt, is given. For example,t; could

be chosenhalf the distancebetweentwo consecutie basepoints (t; = (ti—1+t)/2) or

smaller

Wi1,j+ 38 j(t—ti_1)? ?f ti_g <t<ti_1+ta
0i,j(t) = ¢ 0ij(ti—1+ta) +5(t _1(vti_1+ta)) : !f ti_1+ta<t<t—ty (5.7)
w3 ti—t)? 1 ift—ta<t<t
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Figure5.13: Theprofilesfor valug speedandacceleation of a bang-bangrajectory

We now have to calculated; j ands . § ; is the speedat the endof the acceleration
phasewhichis equalto thefirst derivationof o j(t) attimeti_1 +ta.

§,j=0j(ti_1+ta) =& jta

Fromthe following equationwe cancalculateg; j. On theleft sidethe differenceof
the valuesare taken and on the right side the sum of the absolutemotion of the three
motionfunctions(5.7)is built. Let At; bethe deltadistancebetweerthe two basepoints
(At =t —t_1).

:I.v 2 . lv 2
wj -0z = &GRS -la-t1—ta) + 58t
& jta+ & jta At — 28 jt7
< 0 Wi
a,j ta(Al —to)

The velocity and acceleratiorfunctionsfollow from the derivationsof the function
0i,j(t).

g jt—t_y) it <t<ti_1+ty

s,it) = Sj=djta @ ftiatta<t<ti—ta (5.8)
—&j(t—t) @ ifti—ta<t<g
g - Mt <t<ti_1+ty

aj(t) = 0 @ iftig+ta<t<ti—ty (5.9)

—éi,j i —tg <t <t
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Sincethe trajectoryof a sectionlies betweenthe previous andthe next basepoint,
we canusethe sameargumentsasfor the point-to-pointmotionwith a polynomial(Sec-
tion 5.3.1)to shaw thattherequirementsarefulfilled.

5.4.2 Path Motion

If the pathconsistsof only two basepoints,thenthetrajectoryrunis lik e a point-to-point
motion, exceptthatwe take t; = @ Otherwisewe do not wantto stopat every point.
Thereforewe getfrom oneto the next sectionby a cubic polynomial(seeFigure5.14).

Tj(t)

Figure5.14: The path motionwithout stoppingat ead basepoint for a bang-bangra-
jectory.

We needat leasta cubic polynomialsincewe have to satisfyfour conditions. These
arethe configurationsvhentheblendingstartsandendsandthevelocitiesatthesepoints.
Let gi,; bethe gradientof sectioni in dimensionj andletty; bethe maximaldeltatime
ajoint mayleave thedirectconnection.This meanghattheblendingstartsatt; —t,j and
finishesatt; +t,;.

( 0 : ifi=0,m+1
g = { 3O . jfi=1m (5.10)
| A if 1<i<m
( bl s ifi=0
tai = ¢ It ifi=m (5.11)
\ min{i=t 2t jfo<i<m
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As thereis no sectionbeforethe first andafterthe lastsection,we have to treatthem
separatelyWe cannow calculatethe coeficientsof the cubic polynomial fj j(t) for the
durationfrom [tj —ta,t +tai] with thefollowing equations:

fijt) = & t3+bit?+ t+di;
fij(ti—tai) = ij—0iijtai
fij(ti+tai) = W j+0itjtai (5.12)
fi,j(t. —tai) = 0Oij
fijtti+tai) = Gi4wj

Solvingtheseequationgesultsin & j = 0, sothe polynomialis quadratic.Therefore,
the first derivation is a straightline for speedand the secondderivation is a constant
valuefor acceleration.This meanghatthetrajectoryis still a bang-bangdrajectory The
blendingfunctionsare definedfor 0 < i < m. For the first and the last basepoint the
blendingfunctionsaredifferentsincewe do nothave a previousor next sectionandhence
we have to touchthesebasepoints. For i = 0 andi = m, thefollowing equationseedto
besolved:

foj(to) = o
2000 + Wy
foj(to+tao) = 7’13 L
fo,j (to) 0
foj(to+1ta0) = 0u
20m,j + Wm-1,j
fm,j(tm—ta,m) = 2 3 2
o fmjltm) = o
fnj(tm—tam) = Omj
fm,j(tm) 0

Again, solvingthe equationgesultsin & j = 0 andthereforea constantacceleration.
Thesection|ti_1 +tai—1,t — tai[ betweerthe parabolicblendmovements alinearmove-
ment.

In Figure5.15andFigure5.14thedifferencebetweerstoppingat the basepointsand
notstoppingcanbeseen.Theabsoluteaccelerationaregettingsmallerfor apathmotion.
Thattherequirementsarestill fulfilled is obvious,asthe linearconnectiondetweertwo
basepointsaretangentdo the blendfunctions.

5.4.3 Inserting and Deleting BasePoint

If the trajectorymovementis a point-to-pointmotion and a newv basepoint is inserted
in sectioni, thenonly this sectionhasto be replacedby two new sections. Deletinga
basepointi leadsto recalculatiorof onenew section.This is the samesituationasin the
polynomialpoint-to-pointmotion (Figure5.11,page58).
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Figure5.15: Thecorrespondingpoint-to-pointmotionstoppingat ead basepoint.

Ontheotherhand,if it is a pathmotion, thenthe sectioni hasto be replacedoy two
new sectionsaandthepreviousi — 1 andnext sections + 1 have to berecalculatecswell
(Figure5.16). As before thedashedine indicatesheregionthatneedgo berecalculated.

Thisis becauseheblendingfunctionneeddwo consecutie sectiongo becalculated.
Deletingabasepointleadsto anew sectioni. Sothe previousandnext sectionof this new
sectionchangeherun of thetrajectoryaswell. Thisis muchbetterthanin thepolynomial
pathmotion. In the polynomialpathmotionup to four sectionseedto be modifiedwhen
addinga basepoint.

5.5 Summary and Outlook

In this chaptey the definition of a basepoint trajectoryhasbeenintroduced,which de-
scribesallowed areasfor an exacttrajectoryin the configurationspace. The adwantage
of thisapproachs thatour planningprocesss decoupledrom the actualtrajectorytype.
With eachnew basepoint the planningprocesggetsmorecontrolon the actualrun of the
exacttrajectory We have shovn usingtwo well-known typesof trajectorieshow anexact
trajectorycanbegenerateduchthatthetrajectoryrunis insidetheallowedarea.We have
analysedhe operationof deletionandinsertionof basepointsinto anexisting basepoint
trajectory Hereour focuswason thelocality of the changeghatarenecessaryo update
an existing exact trajectoryafter theseoperations.Our conclusionis that recalculations
after changingbasepointsin the polynomial point-to-pointmovementandin the modi-
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Figure5.16: Insertionanddeletionof a basepointin a bang-bangoathtrajectory

fied bang-bangnotionsaremucheasierthanin a polynomialpathmotion. The modified
bang-bangathmotionseemgo bethe bestcompromisébetweensmoothnessf motion
andthelocality of necessarynodifications.

Let us now look at other trajectorytypes. Another promisingcandidatefor robot
motion are B-Splines. Their behaiour is very similar to our modified bang-bangpath
motion. It shouldbepossibleto usethis motiontypein ourtrajectorygenerationalthough
someconsideratiomightbenecessaryegardinghow the B-splinesaredefinedn thestart
andgoal configurations.

A moreinterestingexamplearetrajectoriesfor mobile robots. In the following, we
give hintson how our basepoint trajectoryapproachmay be usedfor planningmotions
of mobilerobots. Let the mobility of a carlike robotbe modelledwith threejoints asin
Figure4.6 on page36. Thenatrajectorymight be generatedin physicalspace)py using
the orientationof the robot astangentsf a cubic polynomial (Figure5.17). Thecircles
indicatethe moving directionof therobot. The mobile robottriesto move from the start
configuration(depictedasrobot with filled circle) to the goal configuration(robot with
hollow circle). For theleft andthe middleimage,sucha motionwith a cubicpolynomial
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canbegiven.

Figure5.17: Mobile robots’trajectories.

In [Buttelmannet al., 1999], trajectory generationfor non-holonomicautonomous
carlike robotswith straightlines, circles,andcubicpolynomialsis analysed.

Let us now considera basepoint trajectorythat definesallowed areasfor the exact
trajectory asin Figure5.18. If a motion betweenbasepoints leavesthe allowed area
(middle)or cannotbe given(right), thenwe suggesto take the edgef theallowedarea
astangentdo getanexacttrajectoryin the allowedarea.Hence for therobotin the start
configuration(robotwith blackcircle) we considerthearrow in the moving directionand
thetwo edgesof theallowedareathattherobottoucheslIf thearrow in themoving direc-
tion pointsoutsidethe allowed areathenwe dropit, otherwisethe edgeis droppedwith
the smalleranglebetweenhe edgeandthearrown. For the goal configuration(robotwith
hollow circle) the sameis done,but the arrow is oppositeto the moving direction. Now
two possibletrajectoriedor eachsituationcanbe generatedsolid anddashedturves),by
takingtheremaininglinesastangentdor thecurves.

Figure5.18: Mobile robots’trajectoriesinsidethe allowedareas.

Theideais, thatalthoughthesetrajectorieamay not betraceablewe canusethemin
our motion planner We do not saythat thesetrajectoriescannotbe tracked becausef
kinematicconstraints put becauseof dynamicconstraints.In otherwords, we pretend
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thata motionagainsthewheels’directionexceedgherobot’s force or torquelimits, and
we let ourratingfunctiondiscardthosetrajectorieghatcannotbetracked by giving them
abadrating. To useour techniquewe needaratingfunctionthatratesthe “severity” of a
movementagainstthe wheels.We conjecturethat sucha rating would not be difficult to
design.

In the above thoughts,we did not considerthe violation of the interval for the ori-
entationangleof the mobile robot. This meanseitherthe robothasto move clockwise
or in oppositedirectionviewed from the top. This canbe solved by choosingthe right
curwe in the allowed areain Figure5.18. The solid lines areusedwhenthe angleof the
following orientationis greaterthanthe angleof the currentorientation(clockwise)and
the dashedines areusedif the angleof the next orientationis smallerthanthe old one
(counterclockwise).

Thisis certainlynotthebestpossibleprocedurdor planningmotionsof mobilerobots,
but it shavs the generalityof our planningapproach.






CHAPTER 6

Forceand Torque Rating

In this section,we presenta trajectoryrating that reflectsviolation of robot dynamics.
We assumehat gravity is presentand that the maximalforcesand torquesof the robot’s
joints are known.We first explain the Newton-Euleralgorithmwhich is usedto determine
thetorque We thendiscusdifferentaspectf a goodtrajectory

6.1 Intr oduction

The basepoint trajectorydefinition guaranteeghatin the exacttrajectorythe configura-
tion spacdimits (andhencethejoint limits) arekept. Whatremainss to ratethe quality
of thetrajectoryregardingthedynamiclimits of therobot. To thisend,we needadynamic
modelof therobot.

An algorithmfor modellingrobotdynamicshatis well-suitedfor forked manipulator
chainshasbeendevelopedby Murray and Neuman[Murray and Neumann,1986]. We
give ashortreview of theirapproachn thefollowing section.The next stepis to definea
rating thatreflectsthe actualforce andtorqueandthe givendynamiclimits of the robot.
We give sucharatingfunctionin the sectionthereafter

6.2 Forceand Torque Calculation

For the differenttypesof trajectorieswe have to calculatethe torquein eachjoint of
therobot. The Newton-Euleralgorithmof Murray andNeuman[Murray andNeumann,
1986] can calculatethe actualtorque of eachjoint in linear time, doing a forward and
backward calculationalongthe robot’s topology Specialjoints or mobile robotsarenot
considered.

The Newton-Euleralgorithmneedshe massm, andthe inertiatensorl; of eachlink
L; with respecto its centreof gravity g; (givenin the coordinatesystemof joint J; andL;
respectrely). In [Mirtich, 1996]analgorithmfor computingpolyhedralmassproperties
canbe found. This algorithm calculateshe mass,the centreof gravity andthe inertia
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tensorif thedensityof abodyis known andtheshapeof thebodyis givenvia polyhedrals.
Thisis mucheasieithanto give aninertiatensor Theresultingdynamicmodelis only an
approximatiorof thedynamicmodelof arealrobot,which may have aninhomogeneous
masgdistribution. Neverthelessthe approximations sufficientfor our purposes.

The forward recursionof the Newton-Euleralgorithm hasto calculatethe angular
velocity 6;, the angularacceleratiorti; andlinear acceleratiorti; relative to the world
for eachjoint J; of therobot. We will giveashortoverview of thealgorithm,for adetailed
descriptionwe referto [Pu, 1998].

We assumehatthegravity gis in negative zdirectionof theworld coordinatesystem.
The function p(j) returnsthe index of the previous joint of J;. Let for eachjoint the
currentpositionuj = vy, j, thecurrentspeedsj = Ug,j, andthecurrentaccelerationj =
Ugq,j begiven. Thetypeof joint J is determinedy Aj, with Aj = 1if it isarevolutionjoint
andAj = Oif it is aprismaticjoint. Rj(v;) is therotation3 x 3 matrix corvertingvectors
from the coordinatesystemof the previousjoint in the coordinatesystemof the current
joint. Hence this is the upperleft 3 x 3 matrix of ( PU)D; IE(uj)) ! (seeSection4.1.1,
page30). The rotation matrix is constantfor prismaticjoints. The translationvector
pj(uj) is the vector directedfrom the coordinatesystemfrom Jj) to Jj. This is the

translationalpart of ( PU)D; JE(u;)). This translationvectoris constantfor revolute
joints.
Theinitial valuesfor theforwardrecursve equationsare

z = (0,0,1)7
3o (0,0,0)"
o (0,0,0)"
Go = (0,0,—g)'

This meansthat thereis no angularvelocity or accelerationput a linear acceleration
becaus®f gravitation. Theforwardrecursve equationdor j =1,...,nare

8 = Rj(U))Tp(j)+Aj20; (6.1)
a4 = Rj(Uj)ap(j)—f—)\j((Rj(Uj)%mn) x(‘z‘cj)+2’a,—) (6.2)
& = Ri(u)) (G +8& x pi(v)) +8; x (8 x py(v))))

+ (1)) (205 +2(Ry(0))8y))  (207) ) (6.3)

In Equation(6.1)theangulavelocity of joint Jj is dervedfrom theangularvelocity of
the previousjoint andthe angularvelocity of the currentjoint if it is arevolutejoint. The
angularacceleratior(6.2) combineghe angularacceleratiorof the previousjoint and,if
thecurrentjoint is arevolutionjoint, theacceleratiorof thejoint andtheacceleratiomate
resultingfrom the combinationof the previous speedandthe speedf the currentaxis.

Thelinearvelocity (6.3)is derivedfrom the previouslinearacceleratiorandthe parts
from the angularvelocity andacceleration.If the currentjoint is a prismaticjoint, then
we have to addthe speedandacceleratiorpartsof the currentjoint.
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Thelocal equationdor eachlink j = 1,...,n calculatethe translationaforce Fj and
the rotationaltorqueN; in the centreof gravity of eachlink, without consideringother
links.

Fi = mj(aj—i—ajxgj—i—%jx(%jxgj)) (6.4)
N, = Ij&j+8jx(|,~8,~) (6.5)

Theforce calculation(6.4) multipliesthe masswith theacceleratioramountin thecentre
of gravity. Thetorque(6.5) needgheinertiatensorof thelink Lj, andtheangularvelocity
andacceleration.

The backwardrecursve equationdor j = n,...,1 calculatethe translationaforce f;
andthe rotationaltorquen; in eachjoint. 1; storesthe force andthetorquerespectiely
of eachjoint.

fi = F+ Y RYu)f (6.6)
vi: P =]
nj = Nj+gixF+ (Ri_l(Ui)ni+pi(Ui)X(Ri_l(Ui)fi>> (6.7)
vi:p)=]
T o= An[z+(1-Xj) f2 (6.8)

Theforce (6.6) in joint Jj needgto be the sumof all following forcesandits own force.
Thisis almostthe samefor thetorque(6.7)in joint Jj, but considerghetorquesaswell.
Finally, (6.8) givesthe force andthe torquerespectiely in joint Jj. This completeshe
torqueandforce calculationat discretetime steps provided thatthe positions,velocities
andaccelerationg eachjoint aregiven.

6.3 Trajectory Forceand Torque Rating

Let M : R3 — R" bethe functionwhich representshe dynamicmodelof the robotand
let Ug be a dynamicconfiguration. ThenM(Ug) returnsthe forcesandtorquest in the
joints of therobot.

Sincewe areinterestedn thejoints violating the maximalforce or torquelimit efj“ax
duringthetrajectoryrun, all thesegoints areconsideredn therating.Letd: R — R bea
functionwhich clips the negative values

0 : ifx<o0
6(X):{ X : ifx>0

Theratingof adynamicconfigurationdq is thengivenby

0 3(| Ty | -6
gmax
J

, with T = M(Tg) (6.9)

This rating hastwo importantproperties.First, the amountof capacityoverloadis setin
relationto themaximumcapacityof thejoint. Secondfakingthesumgivesthepossibility
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of a subtlegraduationin the rating, becausesven an improvementin a single joint is
detected.This hassomeadwantagesomparedo taking the maximumof all overloads,
wherethe worstjoint hasto improve the situation.If theratingis zero,thenthe dynamic
configurations valid andthereforetraceable.

Finally, we areinterestedn therating of awholetrajectoryT (t) betweera starttime
ts andagoaltimety. Let TP(t) bethedynamicconfigurationiy attimet of thetrajectory
T(t) (Ug = TP(t), seeChapterd.4). Therating of atrajectorysectionT; is thengivenby
themaximumof all ratings

B ( n 3(| M(TP (1)) | -8
e = max
j

gmax
J

cwitht_1 <t< ti> (6.10)
=1

Sincethe calculationis only possibleat a discretepoint in time, we have to choose
thesepoints carefully Testingat equaldistributed time points resultsin a inaccurate
approximatiorof therealvalueif thenumberof testsis small. Thisis becauséastmove-
mentswould betestedatfewer pointsin time thanslow movementssincetherobotmoves
larger distancesf it movesfast. Quite the oppositeshouldbe the case. We shouldtest
more often during fast movements,becausehe changesn the forcesand torquesare
higherduring a fastmovement,for example,think of the influenceof the gravity on the
forcesin joints duringmovement.

We suggesta test that dependsonly on the link movements. We test compliance
of dynamiclimits at time configurationssuch that the maximal distanceof any point
in the robot’s joints doesnot exceeda distancep betweentwo consecutie testedtime
configurationsin this case we saythe calculationof theratingis donewith precisionp.

For eachlink L, we choosehreereferencepointsx, y;, andz relatve to the origin of
Ji, which approximatethe sizeandthe positionof thelink. In otherwords,the triangle
given by the threepointsis a placeholderfor the link. Onepointis in the origin x =
(0,0,0)T, the secondyivesthe expansion

),max(|vi,l))"

with t € L, andthethird is for keepingtheorientationz = (—y; 1, —y|,2,y|,3)T (All values
shouldbe unequalzeroif thelink hasa distribution). Theideais to analysethe motion
of thesepointsduring a time interval for eachlink in the realworld. If we look at the
configurationatts andtg, noreferencepointof ary link is allowedto move furtherthenp,

otherwisethetime interval is bisected.

Let doubleget MaxMovenent (trajectoryT, doublets, doublety) bethe functionthat
returnsthe maximaldistancebetweenwo consecutre referencepointsif therobotis in
position T (ts) and T (tg). If 9.0yS, and %z, with | = 1,...,n arethe positionsof the
referencepointsrelative to theworld whenthe robotis attime ts and®x’,y?, and®z’ are
their positionsat goaltime tg, thenget MaxMovenent returns

max(|°x) 0% [, Py 0% [, ° 7 -°Z[:1=1,....n).

We would like to note that the positionsof the referencepoints belongingto link L,
dependon the set of previous joints L,pJ of link L;. Consequentlyfor eachcall of

yi = (max(|w,1]), max(|w,2
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get MaxMovenent the valuesof the exacttrajectoryandfrom themthe positionsof the
referencepointshave to be calculatedat time ts andty.

Thefunctiondoubler at eTor queAndFor ce (trajectoryT, doublets, doubletg) returns
theratingr; of thetrajectorysectionlying betweerts andtg for aglobalgivenprecisionp
accordingo Equation6.10. Thecalculationis donerecursvely by anembeddediunction.

doubler at eTor queAndFor ce (trajectoryT, doublets, doublety)
pre-condition:ts < tg

[* calculateforceandtorqueat timets (Newton-Euleralgorithm)*/
doublg] T = M(TP(ts))

[* calculateforceandtorquerating rs accoding to Equation6.9*/
for(inti=1,i<n,i++)

if (| T [> 6"

= (17| -6 /o
else

=0

I* calculateforceandtorquebetweerts, tg] */
rat eTor queAndFor ceEnmbedded (T ts,tg,T)

[* summaximunforcesandtorquesof all joints*/

doubler =0

for(inti=1,i<n,i++)
r+=r

returnr

Theabovefunctionr at eTor queAndFor ce first calculategsheforceandtorqueattime
ts and usesthe embeddedunction void r at eTor queAndFor ceEnbedded (trajectoryT,
doublets, doublety, doubld] 1) to calculatethe torqueandforce rating for the rest of
trajectoryT recursvely. T storeshe maximalforcesandtorquesin eachjoint.

voidr at eTor queAndFor ceEnbedded (trajectoryT, doublets, doublety, doubld] T)
pre-conditions < tq
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[* ched if the maximalmovemenbf eat refelencepointis too large */
if (getMaxMovement( ts,tg) > p) {
[* split theinterval */
rat eTor queAndFor ceEnbedded (T ts,(ts+tg) /2,T)
rat eTor queAndFor ceEnbedded (T, (ts+tg) /2,tg,T)
¥
else{
[* calculateforceandtorqueat timety (Newton-Euleralgorithm)*/
doubld] ™" = M(TP(tg))

[* getthe new maximunforce andtorquefor ead joint */
for(inti=1,i<n,i++)
it (|0 > 67" A (| T | —61) /M > 1))
U= (T [ -7 /gr

The referencepoint techniguethat we have introducedherewill be usedagainin
Section7.3 (DynamicCollision Tes) on page87. The approximatiorworks quite well
if the movementof eachjoint insidethe interval is monotonein onedirection(which is
the casemostof thetime). We wantto remark,thatthe calculationof the above function
canonly terminateif the following conditionholds. The maximaldistancedetweerthe
referencepointsmustapproacleeroif thetime distanceapproachegero. Thisis trueif
thegeneratedrajectoryis derivablein eachjoint.

6.4 Summary and Outlook

In this chapter we have shavn how the actualforce andtorqueviolation in eachjoint
givesarating for a trajectory Laterin Chapter8, we will calculatethe rating for each
trajectorysection. Thentheforce andtorquerating for the wholetrajectoryis the sorted
sequencef the sectionratings. We call the rating r; that representshe constraintthat
forcesandtorquesof the robotsare lower thanthe dynamiclimits of the robot torque
limit rating. In mostapplicationghis is amandatoryconstraint.

Let usnow turnto otheraspectof torqueandforce. For optimisationreasonsit can
beinterestingto considerthe overall enegy usedin atrajectory A ratingre thatreflects
thisis calledenegy rating. Here,thegoalis to useaslittle forceandtorquein eachjoint
aspossible.Theratingfor a singleconfigurationdy canbegivenby

As before theratingof awholetrajectorysectionT; is the maximumratingappearing
during the respectie time interval [ti_1,t]. This rating normally never becomeszero,
sinceevenif the robot doesnot move, the joints have to hold the links againstgravity.
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For this reason,the planningalgorithm would never terminateif no other termination
conditionis giventhanto reachzeroin all ratingsof eachsection(seeSection8 for a
detaileddiscussion).

Anotherdesiredoptimisationcould be to keeptorquesandforcesevenly distributed
overtime, thatis, the usedforce andtorqueshouldbeidenticalin all trajectorysections.
This meanghe deviation from the meanaverageshouldbe zero. Let the numberof base
pointsbe m. Thenthe meanaverage ratingcouldbe givenasfollows.

m 2
Fi— Zi:lrl
|

m

with

AN O .
f, = max( > ‘ija"(’ with T = M(TP(t)),ti_1 <t < ti)
46

This rating considersall trajectorysectionsandtriesto decreas¢éhedistanceto themean
averageof all sections.

Another quite differentratingis thetimerating which triesto minimisethetime that
it takesthe robotto move from startto goal. This usuallyfully exploits the dynamic
limits of atleastonejoint of therobot. However, a rating maximisingthe usedforceand
torqueis nothelpful, astherobotwouldtry to move asmuchaspossiblebetweerthestart
andgoaltime point, but not straighttowardsthe goal configuration.A betterstratgy is
to force therobotto useall the capacityit hasquite early, in orderto reachthe goal as
quickly aspossible.In orderto force the exacttrajectoryto reachthe goal configuration
atanearlypointin time, we needatrajectoryof atleastfour basepointsandthelastthree
basepointsneedto have thesamepositionasthegoal configuration.This forcesthe exact
trajectoryto reachthe goal configurationas early asthe basepoint beforethe last base
point andto standstill in the lasttrajectorysection. To this end,we suggestwo ratings
for thelastthreebasepointsby_z, bm-1, andbm asfollows

n n
=1 =1

1

tn—tm-1

)

Minimising theratingrm, 1 meansminimisingthedistanceof thebasepointsattime points
tm = tg, tm—1, andty_». Theratingrn, > is maximisingthe time elapsedetweerthe last
two configurations As a consequenceherobottriesto reachthelastbut onebasepoint
asearly aspossible. Simultaneouslythe robot’s configurationat this basepoint will be
quite closeto the goal configuration.The combination(e.g. sum)of bothratingsshould
resultin thedesiredbehaiour. Notethatthisratingis the samefor all trajectorysections.
Finally, we would like to mentionthat besidescriteria relatedto torque and force,
mary otherquality criteria of trajectoriesexist, thatcanbe ratedandoptimised. For ex-
ample,one might be interestedn finding a shorttrajectory The length of a trajectory
may be reducedn configurationspaceor in therealworld. A shortpathin the configu-
ration spacedoesnot necessarilymply a shorttrajectoryof the links in physicalspace.
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The easiestvay is to approximatghe movementin the configurationspaceor the move-
mentof alink’ s coordinatesystemby linearmovements.Thentheoverall distancecanbe
calculatedcandminimised.



CHAPTER 7/

Collision Rating

A static collision testis giventhat not only detectscollisionsbut also computes rating
reflectingcollision depth.Thetestis extendedo a dynamiccollision testwhich is ableto
ched for collisionsalonga giventimeinterval. We thenshowhowthe dynamiccollision
testcan be usedto rate a completetrajectory Finally, we summariseour resultsand
discussxtensions.

7.1 Intr oduction

Oneof themainingredientdor our motionplanningalgorithmis areliableandconsistent
function that ratesa given trajectorywith regardto collisions. Input to this function

is a trajectory while the outputis supposedo be a numberindicating its quality. A

highernumberindicatedessquality, thatis, deepercollisions,while zeromeanghatthe

trajectoryis free. It is importantthat our rating function appropriatelyreflectscollision

depthin orderto guideour planner Ideally, the function shouldreflecteventhe smallest
improvements.Efficiengy is alsocrucial, sincemary intermediatdrajectorieswill need
to berateduntil our planneris successful.

To speedup collision detection,we testfor collisionsonly at certainpointsin time.
In eachcollision testa safetydistanceis incorporatedthat ensureghatif two collision
testsat successie pointsin time reportno collision thenit is guaranteedhatno collision
will occurin theinterval betweerthosetwo pointsin time. The safetydistancesandthe
testpointsmustbe chosercarefully If thedistancesretoo large our plannerencounters
problemswhenfree spaces narraw. If they aretoo smallwe have to performmary tests
or we might overlookcollisions.

We solwe this problemusing an adaptve algorithm. We startwith only a few test
pointsandconsequentlyarge safetydistances At intervalswith no collision everything
is fine. At thosepointswherecollisionshave beendetectecandwherethesafetydistances
exceeda certainlimit, we do additionaltestingatintermediatgointsin time with smaller
safetydistances.We continuebisectingaffectedintervals until the safetydistancesare
sufficiently small.
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To further speedup computationwe usetwo differentsafetydistancefunctions,an
approximatefunction basedon heuristicsand a mathematicallycorrectfunction. The
approximatefunction is usedin the beginning andit givesus safetydistanceghat are
usuallysmallerthanthecorrectfunctionbut still appropriaten mostcasesAfter we have
foundan*“approximatelyfree” trajectoryusingthe approximatesafetydistancefunction,
we checkfor collisionsusingthe correctsafetydistances.If we find thatthereare still
collisions,we continueour searchusingonly the exactsafetydistancgunctionfrom then
on. However, our experimentakesultsshav thatin mostcaseghetrajectoryfoundusing
theapproximatesafetydistanceunctionis alreadyfree.

We have split our discussionof collision testingand rating into three sections. In
the next sectiona static collision testis described. The static collision test evaluates
the ernvironmentat a given time t and configurationt of the robot. We say that the
configurationd of therobotattimet is freewith distanced if thereis no intersectionof
therobot’s triangleswith therobot’s or the obstaclestriangles.Furthermorehedistance
of all trianglesof onelink have at leastdistanced to all obstacles’andrelevantlinks’
triangles.If the configurationof therobotatthattime is notfreewith distanced thenit is
colliding with aratingc(0,t,d). If ¢(U,t,d) = 0 thenthe configurationis free.

In the sectionthereafterwe discusshe dynamiccollision test We usethe dynamic
collisiontestto evaluatewhetherthereis ary collisionduringatimeintenval [ty, to],t1 < to.
During this time the robot may move on a given trajectory section. This is done by
performingcollision testsat discretetime pointsover the section. Besidesthe collision
information,the depthor rating of the collisionis given,if the configurationor trajectory
sectioncollides.

In Section7.4,we focuson the overall collision rating of a completetrajectoryusing
thedynamiccollisiontest.

7.2 Static Collision Test

A well-known approacho collision testingis to pre-computggeometricalnformationon
the participatingobjectsandto reusethatinformationin orderto speedup eachcollision
test. Geometricainformationis gatheredoy decomposinghe objectshierarchicallyand
by finding simpleboundingvolumesfor the objects’component®n eachdecomposition
level. Theideais to testfor collision using the simple boundingvolumesfirst before
testingthemorecomplex shape®f theobjects.Sincethedecompositioris hierarchic the
collisiontestcanbeperformedn a hierarchicmanneraswell, startingwith thebounding
volume on the highestlevel and descendingnto deeperlevelsif a collision hasbeen
detected.

Our staticcollision testis basedon the orientedboundingbox methodof [Gottschalk
etal., 1996]. For this collision testit is necessarjor the surfacesof the obstacleandthe
robotto bemodelledusingtriangles.For informationon corvertingsurfacesor modelrep-
resentationsto atrianglesurfacerepresentationf theernvironmentwe referto [Fortune,
1992 Barequettal., 1998]. We give a detaileddescriptionof the methodof [Gottschalk
etal., 1996]in thefollowing. In addition,we describeour extensiongthat enableus to
take safetydistancesnto accouniandto ratethe quality of acollision (thatis, its depth).
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Thefacetsof therobotandthe ernvironmentarestoredin a pre-computedhierarchical
representationf the objects’surfacesusingtight-fitting orientedboundingboxes. There
is onehierarchicalrepresentatiory;; for eachlink L; of the robot, one Zs for the static
ernvironment,andone’o; for eachtime-varyingobstacleO;. Thehierarchicarepresenta-
tion of the object’s surfaceis abinarytree,with eachnoderepresentingboxin thethree
dimensionaphysicalspace.

In Figure 7.1, a two dimensionalexample for hierarchicalplacementof oriented
boundingboxesaroundtrianglesis given. Fromleft to right andtop to bottom,thegroup
of trianglesis divided hierarchicallyandnew boxesarefound. Thechildren(e.g. Boo and
Bo1) aretwo boxesdividing thetrianglesin thefathers box By into two groups.

4A -

Boo

Bo10 Bo10

Bo100

Figure7.1: Two dimensionakxamplefor hierarchical box placementvith six triangles.

In Figure 7.2 the correspondindreeis shaovn. The root containsall trianglesof the
object. A leaf containsonly onetriangle. The approachof the orientedboundingbox
methodis to find tight-fitting boundingboxes aroundgroupsof trianglesandto divide
thetrianglesinto two groupssuchthatthe volumesof the boxesaregettingsmallervery
quickly [Gottschalketal., 1996].

The main part of the collision testis now to testtwo orientedboundingboxes (of
differenttrees)againsteachother andto decidewhetherthey collide. A box 3B is given
by its centredz, threeorthonormalunit vectorsvg ; andthreeextensionsesj, i = 1,2,3.
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Figure7.2: Hierarchical tree of the exampleabove Eac noderepresentsoneoriented
boundingbox.

Theeightverticesof thebox B are

3
Op+ S +ep,Vs,
I; | |

We add a safetydistanced by either enlaging eachextensionof onebox by d or
enlaging theextensionof bothboxestakingpartin thecollisiontestby % For simplicity,
we look at an examplewherethe whole safetydistanceis addedto one box. For the
collision test, the centresandthe radii of the boxeshave to be projectedonto a vectorL
(seeFigure7.3). Thechoiceof L will beexplainedlater.

,
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Figure7.3: Projectionof orientedboundingboxontoa vector
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In thethreedimensionakasethe lengthof the radii of a box B projectedon a vector
L is calculatedasfollows.

S

r

E ¢} (eﬁ,ivﬁ,i) ‘

Mo

If thereis a safetydistanced arounda box, asdemonstratedor box 3, the lengthof the
radii of abox B is

r%+d = ii‘to ((d‘i‘%’i) VQ;’i) ‘

Let 4 be an orientedboundingbox somavherein the hierarchicalrepresentatioof
arobotslink 7, andlet B be an orientedboundingbox somevherein the hierarchical
representationf anobstacleTp, . Thetwo boxesA andB donotintersectandhave safety

distanced (seeFigure7.3)if we find a projectionvectorL suchthat
EO (6@ — 6;4) > r%+r%+d.

This meanghatif we find a projectiondirectionwherethe centreshave a farerdistance
thanthe sumof the radii (andthe safetydistance)of the boxes, thenthe boxesdo not
intersectandhave at leastthe given safetydistance.

The vectorL is chosensuchthatall relative positionsof the two boxesare covered.
Thereforethe projectiontesthasto be donefifteentimeswith differentprojectionvectors
L, trying to find onewhich satisfiesthe above condition. It hasto be repeatedsix times
with the box axes and nine timeswith the crossproductof the box axes. The first six
projections(three possibilitiesper box) catchthe caseswherethe boxes are lying on
differentsidesof a planeparallelto onesideof abox. In the othercasesheboxeshave to
lie ondifferentsidesof a planewhichis parallelto two edgef theboxes.If thereis ary
projectionwhich satisfiegheinequationthenthe boxesdo notinterseciandhave atleast
safetydistanced. Besidethe boxes,the trianglesinsidethe boxeshave the samesafety
distancelf no projectionis foundthatsatisfiegheinequationthenthetwo boxescollide
or do not have the safetydistanced. In this case,eachchild of the larger box is tested
againsthesmallerbox. If thereareno childrenleft in thelargerbox,thenthe childrenof
the smallerbox aretestedagainstthe larger box. Both testshave to fulfil the inequation
or the splitting is repeated.

At the bottom of the hierarchyif thereareno childrenleft in eitherbox, thenboth
boxescontainasingletriangle.Letabeatrianglein aleafof 7 ; andletb beatrianglein a
leafof 7,. FurthermoreletV, 1,Va 2, Va 3 betheverticesof trianglea andlet v, 1, Vi, 2, Vi 3
betheverticesof triangleb. Thesetriangleshave to betestedagainsteachothetr

Thetriangletestis donealmostthesameway astheboxtest. Thereareseventeerpro-
jectionsnecessaryo securefreedomfrom collision andsafetydistance.The projections
aretwice on the normalsof the triangles,ninetimeson the crossproductof thetriangle
sides,and six timeson the crossproductof the normalandthe edgesof the triangles.
Thefirst two testscover thecasewhereonetrianglelies outsidea planethroughthe other
triangle. The next nine projectionstestwhetherthereis a planeparallelto the edgesof
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thetrianglesseparatinghem. Thelastsix testsareimportantfor the caseof two triangles
in thesameplane.They checkwhethera planein oneedgeof thetriangleandverticalto
thetriangleis separatinghe othertriangle. In Figure7.4,anexamplefor a projectionon

the crossproductof the normalof trianglea andthe edgevy 1 — V4 3 is depicted(oneof
thelastsix cases).

Vb,3
b
a Vb, 1
Va,z vb 5
L Va1
L
3
pVa 1 p|_
i > oL Va,2
pvas -
L
: = pvb,l - p-[
- - L = Mo
< > Di, s

Figure7.4: Projectionof two trianglesontoa vector

Eachvertex of eachtriangleis projectedon the projectionvectorL.

7 Low
L _ L
pvt,i o | 'L‘ !

To securea distancelarger thand, the prOJectlonvaIuesp\7 j have to be compared.

All projectionvaluesof onetriangle have to be morethand lessthe valuesof the other
triangle.

=a,bandi=1,2,3

max(p\-,t li=12 3) +d< mm(pv |i:1,2,3)

If the above equationholdsfor eithert; = a,t; = b ort; = b,to = a, thenthetrianglesa
andb have at leastdistanced. It is obvious, thatthe greatestistanceof all projections
give alower boundfor therealdistanced, (a, b) of thetrianglesa andb,

dr(a,b) = max(min (p\%j i= 1,2,3> max(pv li=1,2 3))
2,

with ty,to = a,bandfj,j =1,...,15
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If two trianglesaretoo closeto eachother we wantto give a rating for the collision
depthdependingon a collision centred of the link (seeFigure7.5). The choiceof the
link’ s collision centred will bedescribedater.

Vb,3

Va1

Figure7.5: Ratingtheamountof collision of two triangles.

The vectord givesthe centreof the collision rating of onetriangle, this meansthat
closercollisions are worse. We have to distinguishbetweenintersectingtrianglesand
trianglesthat are just too closeto eachother If thereis an intersection thenfirst the
intersectiorsegment[sayb’o, Sa,b,ﬂ of thetwo trianglesa andb is calculated. Thedistance
of the verticesV, 1, Va2, andVy 3 of trianglea andthe vectorss; o ands,p 1 from the
centred arecalculatedIf thetrianglecannotsatisfythe safetydistancethenthecollision
distancec(a, b)s of the triangle a with the triangle b basedon the collision centred is
definedasfollows.

min(\§a7b7i — 6‘ ‘ = 0, l) o f Elga.,b,Oaga,b,l
cs(a,b) =< max(|Vai—0||i=1,2,3)+d(ab) : ifd*<d
% . if di(ab) > d

If thereis no intersectionbetweenthe two triangles,then the closestdistanced; (a, b)
betweenthe two trianglesis usedto calculatethe collision value of the triangle. The
nearestistanced; (a,b) is the maximumdistancewhich canbe determinedduring the
projections. If this distanceis larger thanthe safetydistance thenthereis no collision
andthe collision distancas infinite. We cannow give the collision distanceof atriangle
a in thewholeervironmentbasedon the centred.

c§ = min(cs(a,b) | b # a,b trianglein environmeny
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The next stepis to give a rating for eachlink L; of the robot. For this we choose
the centred basedon the connectingoint J; andthe previouslink Ly, soeachlink of
the robot hasits own collision centred;. The centredy of the baselink canbe chosen
arbitrarily, sincewe ignorethe rating of the baselink becauseat cannotbe moved. In
additionwe assumehat the baseis collision free for the whole planningprocess.The
position of the collision centred, of the otherlinks shouldbe closeto the important
trianglesandfar from the lessimportanttrianglesof thelink L;. For arotationaljoint the
trianglesnearesto rotationaxis are moreimportant,sinceit takesmore effort to move
a triangle nearerto the motion axis. If the connectionis via a translationajjoint, then
no triangleshave to be preferredbecausef the joint’s type. If we look at the kinematic
structureof the robotandthereforeat the previouslink of link L;, we canmake another
obsenation. Thetriangleswhich arecloserto the previouslink aremoreimportant. The
problemis thatthe previouslink Ly changests positionin relationto thelink L;. For
thiswetakethepointof contactwith thepreviousjoint in therealworld ascollisioncentre.
This point hasto be givenwith thedescriptionof therobot. Similar considerationsanbe
foundin [Baginski,1999]in connectiorwith the “shrink centre”.

Theoverallratingof alink L, is basedon thecentred, andreturnsthe absolutedepth
of thecollision. Let abeatriangleof thelink L; andletb beatriangleof theervironment
minusthelink itself andits following links. Moreover, let r; bethe maximalextensionof
thelink rj = max(|Va; — G| |a€ Ly,i =1,2,3)

rn+d-—min(cg(a,b) [acl,be L\ LMUO) : if 330,561
G =4 d-min(|d(a,b)||acL;,be L\ L"UO) . if3b:di(a,b) <d
0 . ifVb:di(a,b)>d

This meanghatif ary trianglein thelink collideswith the considerecernvironment,then
the collision valueis the radial distancebetweenthe intersectionwhich is closestto the
centreandthemaximalextensionof thelink plusthesafetydistancelf thesafetydistance
is notlarge enough thenthe violation part of the safetydistances taken. Otherwisethe
collisionvalueis zero.

During the calculationof C; it is importantto considerthe trianglesof the otherlinks
apartfrom thetrianglesof L, too, in orderto detecta self collision of therobot. All links
exceptthe next links in £ have to be considered. This representshe stateof a link.
A link nearerto the baseis lessresponsibldor a collision thanits children. In practice,
onewould even exclude the neighbouringlinks from the calculation,firstly becauseof
inaccuraciesntroducedduringmodellingandsecondlybecaus®f the safetydistancewve
needduringthe dynamiccollisiontest. (It is usefulto addthe decisionwhethertwo links
shouldbetestedagainsteachotherto the giveninformationof themodel.)

Theratingof alink L; thatalsoconsiderghe topologyof the robotis definedrecur
sively asfollows.

0 : ifl=0
G = G : ifCyy=0
n+d : ifép(|)750
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Thismeanghatalink collidescompletelyif apreviouslink collides. Thereforethewhole
ratingof therobotin positiont andall obstaclesttimet with safetydistanced is

C(0,t,d) =
ord=3 ¢
Thisresultsin acollisionteststartingwith thelinks nearetto therobot’'sbaseasthevalue
Cp(1y of the previouslink hasto be known. As we cansave the minimal and maximal
collision value of all trianglesin eachboundingbox hierarchicallyfor the links of the
robot, it is possibleto selectthe box with the worst possiblecollision valuefirst, sowe
canmake surethatwe getthe maximalcollision valuequite quickly. On the otherhand,
the determinatiorof the collision value canbe stoppedif the trianglesin a box cannot
worsentherating. Figure7.6 shonvsthetimet (in milliseconds)necessaryor a collision
testwith rating (blackplot) andwithoutrating (grey plot) usingdifferentsafetydistances
d (in millimetres)ontheleft side.Ontheright sidethepercentagef collisionsc s printed
over the safetydistanced. Clearlythe curveswith ratingandwithout rating have to be
equal.For safetydistancesargerthanapproximatelyl 30all testsresultin collisions. The
timesof thecollisiontestwithoutratingandsafetydistancezeroaresimilarto theoriginal
ones. The only differenceis thattherearea few moreadditionsin the box andtriangle

test.
c
1.0 1

0.8 A1

d
0 I I I I
0 50 100 150 200

Figure 7.6: Comparingcollision test: 500 testsper safetydistance 6504 obstacletri-
angles,2494robottriangles,approximately30% of the testsresultin collisionsif safety
distanceis ze.

We note that the times do not vary very muchfor smallersafetydistancesgven if
theratingis calculated.The otherimportantobsenationis that the time for a collision
testwithout a rating doesnot grow as quickly asthe collision testwith a rating. We
will exploit this fact by computingthe rating only for small safetydistances.As long
as safetydistancesare large, we do not rate. Furthermorethe time for a collision test
without a rating stopsgrowing whenthe safetydistances reachedywhereall testsresult
in collision.

The static collision testwith a rating detectson one handif the robot hasa certain
distanced to theobstaclesattimet. Ontheotherhandaratingof thetime configurations
given. Thetestcannotdetectf anobjectliestotally insidetherobot'ssurfacesincewetest
surfacesagainsieachother But sincewe assumehatthe startandthegoalconfigurations
arefreeandin particulararenotwithin anobstacleijt is obviousthatif afreetrajectoryis
found,no crossingwith anobstaclds possible.
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Figure7.7: Four examplesof the rated configuation spaceof a 6-dofrobot. Theupper
imagesshowthe configuation spacewithouta safetydistance while in thelowerimages
thereis a safetydistanceof 50. Theconfigurtion spaceon theleft sideis the sameasin
Figure 4.8andthatontheright sideis thesameasin Figure 4.9.

In Figure7.7theconfiguratiorspacedor thewell-known six degreesof freedomrobot
is depicted(seeFigure4.1 on page28 for a descriptionof therobot). Only the joints Js
andJs aremovedin theleft picturesandJg andthetime is changedn theright pictures.
Thetwo configuratiorspacesrethesameasin Figure4.8on page39andin Figure4.9on
page40, but now weratethecollisions. Thedarkeraregionis, theworsetheconfiguration
of therobotis. Theratingis donewithout ary safetydistancen the upperconfiguration
spacesandwith asafetydistanceof 50in the lower pictures.
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7.3 Dynamic Collision Test

We aregivenatime interval andatrajectory Our goalis to detecta collision duringthe
time interval by performingonly onestaticcollision test. During thatinterval, the robot
is moving accordingto the giventrajectoryandthetime-varyingobstaclearemoving as
well. We have to determinea pointin time within the interval and safetydistanceghat
are large enoughsuchthat when our static collision testdetectsno collision, thenit is
guaranteedhatno collisionis presenalongthewholetime interval.

On the otherhand,we have to acceptthatit might be a falsealarmif a collision is
detectedy our statictest. Thisis simply becaus®ur safetydistancesresolarge. After
all, theremustbe provision for movementsof therobotandthe obstaclesvithin thegiven
time intenal. In the casethat the static test reportsa collision and the currentsafety
distancesxceeda certainlimit (in otherwords,the precisionof our collision testis too
low) we will bisecttheinterval andrepeathetestontheresultingintervals. We deferthe
descriptiorof thisadaptionprocesgso thenext section.In thissectionwe will concentrate
onasingleinterval andwe will shav how a suitablepointin time andappropriatesafety
distancesanbefoundfor the staticcollision test.

Work on safetydistancecomputatiorin staticervironmentscanbefoundin [Glavina,
1991]and[Baginski, 1999]. In [Glavina, 1991], a safetydistances appliedto the static
obstacleswhile no safetydistanceis appliedto the robot. In [Baginski, 1999], safety
distanceds achieved by blowing up the robot’s geometry In time-varying ervironments,
however, it turnsoutto beadvantageou$o have distinctsafetydistancegor therobotand
for the time varying obstacles.This way the safetydistancesanbe keptlower thanin
the casewhereonly therobotor the obstacledhave a safetydistance.In particular static
obstacleslo not have safetydistancestall.

Thetime interval which hasto betestedstartsatts andendsattg. Firstly, we haveto
calculatean interval [0p, U;] which boundsthe positionsof the robotjoints in the given
trajectorysection. Let up| anduy | be the minimal andmaximallimits of joint J;. This
informationcaneitherbe provided by the trajectorygeneratioralgorithmor the allowed
areadescribedia the basepointscanbetaken. However, if we arestill atthe beginning
of the planningprocesswith only a smallnumberof basepointsandthe boundcannotbe
given by thetrajectorygenerationthis is only a roughestimateandwill leadto a large
safetydistance.Consequentlyit is likely thatthe algorithmreportscollisionsthatdo not
actuallyexist. At theendof this sectionwe describeanapproximatiormethodthatavoids
this problem.

In addition,a speedvectordo, = (O'Oi,l,O'ohz,O'ohg,O'Oi’4,0'oi75,0'oi,6)T for eachob-
stacleQ; is givenwhich specifiegsheminimalandmaximalpositionandorientationspeed
for thetime-varyingobjects(seeSection4.2). Let ep, bethe maximaldistanceary point
of the obstaclehasto the origin o (t) of the obstacle.

First, we calculatethe safetydistancefor thetime-varying objects. The maximaldis-
tancea pointof atime-varyingobjectcanreach(seeFigure7.8) depend®n the maximal
translatiomandrotationthe objectcanperformduringatime interval.

We look atthetime-varyingobjectattimets+ tg;ts =ts+ At. If theorigin o;(t) moves
with maximalor minimal speedn y-direction(seeFigure7.8), the maximaldistancethe
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Figure7.8: Safetydistancefor a time-varyingobject.

pointcanmoveis
Ay = 0g; 2 At

The samedistancescan be givenfor the x andz direction. The overall distancea point
cancoverif thereis norotationis

AX 00,1
Ap=|| Ay || =|| Ooz2 || at= \/O%i,1+0(2)ia2+020i’3 At
AZ 00,3

Let usnext take alook attherotationalcase.In thefollowing, let cogx) be —1 if the
valueof x is greaterthantt or smallerthan—1t. For therotation(seeFigure7.8) we geta
maximaldistanceazif thereis arotationaroundthe z axis, of

AZ= \/sin(0o, 6 ALY+ (1— 0000, 6 At))%0, = 1/2(1— 0400, 6 At) o

whereeg, is thefurthestpoint of the objectfrom the origin. The overall distancea point
cancoverif thereis notranslations

20 = /201~ cos\ /0B 4+ B o+ 0B s )0

So we canbe surethat thereis no collision with a time-varying object betweents
andtg andthe robotdoesnot move if the collision rating C(0p, ts+ At,max Api+ A0;))
with safetydistancemax A pi+ A0Q;) is zerowith thetime-varyingobstacleplacedattime
(ts+1tg)/2. Thismeanghatthefollowing inequatiorhasto hold for eachobstacleO;

d > Api+ AQ
d > opAt+ \/2(1—005(00i At))eg;

- _ 2 2 2 _ 2 2 2
with o, = \/OOi,1+GOi,2+GOi,3 andog = \/ooi,4+00i75+00i76
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Thenext stepis to give asafetydistanceor eachlink of therobot. The safetydistance
of the link hasto ensurethat no point on the link movesfurther thanthis distancefrom
a given configurationwhile the joint valuesarein a deltainterval. We canusethe same
obse[\ationsasfor thetime-varyingobject. Therobotis in the obsenationconfiguration
Up+ 2572 = Up+ AU andthe maximaldeltathe robotjoints move are AU. In Figure7.9
therevolution casecanbeseerontheleft sideandtheprismaticcaseontherightside. The
dashedinesindicatethe maximalpositionsthejoint mayhave. Thesymbold, represents
the maximaldistanceary point of the link hasfrom the middle positionif thejoint is a
revolutionjoint andd representthisdistancdor aprismaticoint. Lete , bethemaximal
extensionof thelink L,. Sincewe assumehatall thelinks areconnectedthis shouldbe
theworstdistancegwo joints connectedo thesameink canhave.

i

d

o

Figure7.9: Safetydistancefor a revolutejoint (left) and a prismaticjoint (right). Black
line indicatesmiddleposition,dashedines extremepositions.

If thelink L, is connectedria a prismaticjoint to the previouslink, thenthe maximal
distancea point canmove from the positionuy, |+ Av; relative to the coordinatesystem
of this connectingoint J is

Ut,| — Up|

d]=|AU||= 5

Themaximaldistanceany pointinsidethelink canmovefor therevolutionconnection

IS
d = /2(1—cos(av)))e, = \/2 (1—005<L2Ub">>ql

Both distancesarerelative to the coordinatesystemof the connectingoint. Taking
bothtogetherthe maximaldistanced, a pointinsidethelink L; canmove relative to the
origin of thejoint J; is

d=MNd +(1-\)d

Now this distancerelative to the world coordinatesystemis neededTo getthe safety
distanceelativeto theorigin of therobotall previousrevolutionandprismaticmovements
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have to be considered.The effect of rotationalmovementincreaseshe further the links
are away from the rotation centre. The overall safetydistancerelative to the origin of
the whole robot canthen be calculatedas follows, with the maximal position distance

Avj = 2 of ajoint J; andthe maximalextensioney, of alink.

Di= Y |AN|v2(@-cos(av)) Y ey |+(1-A)av
Viye s Vjdije P ng"

Thereis no safetydistancefor the base.If the previouslink is the basethenonly the
connectingoint to the baseis considered Otherwisethe sumof eachrotationalparthas
to be put togetherand multiplied by the overall distancefrom the joint to the link. This
overall distances the sumof the extensionsof all links from the currentlyobsenredlink
andjoint respectrely to thelink for which the safetydistanceis calculated.Finally the
translationakafetydistancds added.

Let us take the examplein Figure 7.10. Let the link’s extensionbe 1 (e, = 1).
For the left imagethe lower andupperpositionboundsof the joints (both revolute) are
[(=30,—-30), (30,30)] (dashedines). Thesetof previousandnext joints of ajoint arefor
jointJy, 7Y = {1} andy” = {1,2} and7}’ = {1,2} and s = {2} for joint J,. Therefore
the safetydistance®f link L1 andL, are

D1 = +2(1 s(au1))eL, = v/2(1— cos(30))
D, = 2(1 AUl))<eL1+eL2 )+1/2(1—cos(auvz))e,
= /2(1-c0s(30))2+ /2(1— cos(30))

The solid lines indicatethe testpositionsof the link. We bisectedhe problemtwice
at the secondink andthe resultingsafetydistancesare depictedin the middle andthe
right pictureof Figure7.10. For this worst case wherethe distanceof thejoint is equal
to the extensionandtherobot’s top movesin analmostcircular motion aroundthe base,
this distancds quitegood.
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Figure7.10: Exactsafetydistancefor a robot (firstexample).

In generalthe resultingsafetydistancesare a very poor upperlimit, especiallyfor
robotswith lots of joints anddifferentorientedmotion axis. In Figure7.11anotherstart



7.3. DYNAMIC COLLISION TEST 91

andgoal positionis taken. Thereit canbe seenthatthe resultingsafetydistances much
largerthannecessaryT his alsoresultsfrom thefactthatthe actualpositionis not consid-
ered.

Figure7.11: Exactsafetydistancefor a robot(secondexample).

Neverthelessusingtheseexact safetydistancespnefor eachtime-varying obstacle
andonefor eachlink of therobot, a trajectorycanbe testedfor collision anda collision
value canbe calculatedfor a time interval andgivenjoint intervals, by usingthe static
collisiontestdescribedn Section7.2. Thealgorithmfor testinga trajectoryfor collision
will bedescribedn thefollowing section.

As we have alreadynoted the exactsafetydistancesanbecomeqyuitelargefor larger
internvals. Hence,often a lot of time pointsin a given trajectory have to be testedto
ensurefreedomfrom collision for a given safetydistanced, sincethe time interval has
to be bisectedf the maximalsafetydistancefor arny link is too large. For the trajectory
planner we suggest two level collision test,onefor the roughplanningandonefor the
final collision test.

We usethe sameapproximationaswe did for the torqueandforce rating (seeChap-
ter6). Theretheapproximationrvasdoneby choosingthreereferenceointsx, y;, andz
relative to theorigin of J, for eachlink L;, which approximatehe sizeandthe positionof
thelink. Onepointis in theorigin a, = (0,0,0)T, the secondgivesthe expansion

by = (max(|w,1]),max(|w 2|), max|w,3))"

with t € L;, andthe third point¢ = (—b|,1,—b|,2,b|,3)T is for keepingthe orientation.
If we look at the configurationat ts and ty, no point is allowed to move further then

2d, otherwisethe time intenval is bisected(seeFigure 7.12). The movementitself is

determinedusingthefunctionget MaxMovenent (seepage72). In theexampleweassume
thatthe robot moveswith constantvelocity from the dashedstartto goal configuration.
Theboundsof theinterval arethengivenby the configuratiorof therobotatts andty. The

advantageof this methodis thatthe actualpositionof the robotis takeninto accountand

revoking motionsare considered.The approximationworks quite well if the movement
of eachjoint insidetheinterval is monotonen onedirection(which is the casemostof

thetime).
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Figure7.12: Approximatedsafetydistancefor therobotin thefirstexample

In ourfirst example thedifferencebetweertheapproximate@ndtheexactdistances
notvery large (compareFigure7.12with Figure7.10). In the secondexample,however,
the differenceis striking (compareFigure7.13with Figure7.11). Herethe advantageof
usingthe currentpositionof the links of the robot canbe seen. Especiallythe approxi-
matedsafetydistanceof the secondink, which movesin the oppositedirectionto thefirst
link, is muchbetterthanthe exactsafetydistance.
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Figure7.13: Approximatedsafetydistancefor therobotin the secondexample

7.4 Trajectory Collision Rating

In this sectionwe describethe calculationof the collision valueof atrajectoryT (t) based
onthedynamiccollisiontestof thepra/ioussection.Let'f(t) returntherobot’sconfigura-
tion in physicalspace Thatis, if TP(t) = (0, Ug, U ), thenT (t) = (T,). Eachtrajectory
sectionbetweertwo consecuire basepointsis ratedindependentlyvith aprecisiorvalue
p representinghe safetydistance

re=maxC(0,t,p): 0=T(t),t 1 <t<t)

The overall rating of a trajectorysectionis the sortedsequenc®f all sectionratings
(seeChapter8).

Now we wantto give an algorithmfor computingthe collision rating with a given
precision.To thisend,let doubleget Saf et yDi st (trajectoryT, doublets, doubletg) be
the safetydistancewhich hasto be usedto securesafetydistancefor the time interval
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[ts,tg]. For theexactcasethisis themaximumof thesafetydistancedor thetime-varying
obstacleplusthe maximumof the safetydistance®f therobot’s links (dependingon the
lowerandupperboundstherobot’sjoint mayreach)

d = max(Api+ A0;,i =0,...,0)+max(Dy,l =1,...,n).

In the approximatedcasethe calculationof the safetydistanceis quite simple, as
get Saf et yDi st (T ts,tg) = get MaxMovenent (T ,tstg) /2. As describedn page72, dou-
ble get MaxMovenent (trajectory T, doublets, doublety) returnsthe maximal distance
betweertwo consecutie referencepointsif therobotis in positionT (ts) and T (tg).

Furthermorethe test configurationof the robot hasto be calculatedto be usedfor
the collision test. Let double[] get Test Posi ti on (trajectory T, doublets, doublety)
be the function which returnsthis robot configuration. For the approximation this test
configurationis simply the medianaveragebetweerthe startandthe goal configuration
3Tt +T(t).

As describedn theprevioussection|t is necessaryor theexactcollisionto becalcu-
lated,firstly to getthe upperandlower boundof therobotjoint values.Thetestconfigu-
rationis thenthemedianaveragebetweerthelowerandupperbound.Thesafetydistance
canbe calculatedaswe have shavn with thedynamiccollision test.

The algorithm doubler at eCol |'i si on (trajectory T, doublets, doublety) for cal-
culating the trajectorycollision value for sectioni of a basepoint trajectoryT (t) with
precisionp (whichis equalto the maximalsafetydistance)s asfollows.

doubler at eCol | i si on (trajectoryT, doublets, doubletg)
pre-conditions < tq

[* calculatethe safetydistance*/
doubled = get Saf et yDi st (T ts,tg)

[* if safetydistancesmallerthanprecision,thenreturntheratedcollision value*/
if (d<p)
return C(get Test Posi ti on (T,ts,tg),%(ts-i—tg),p)

[* if thereis nocollision, thenreturn*/
if (C(get Test Posi ti on (T tstg), 5 (ts+tg),d) == 0)
return 0

[* calculatethecollision valuerecursively*/
doublel,r = 0;

| =rateCol | ision (Tts3(ts+1g))
r=rateCol | ision (T,5(ts+1g).ty)

if (1 >7)
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return |
else
returnr

Theideaof thealgorithmis to testthewholeinterval. If thereis no collision, then0
is returned. Otherwisewe reducethe time interval, aslong asthe safetydistanceis too
large. If the actualsafetydistances smallerthenthe givenprecisionp, thenthe position
is rated.

The above algorithmis simple, but thereare a numberof optimisationsthat canbe
employed. First, therating of the collision shouldonly be doneif the safetydistances
below the precision. As we have shavn in Figure 7.6, the collision testwith rating is
time consuming,particularly for larger safetydistances.Second,t is hot necessaryo
considerall links in all collisiontests.As assoonasal link is collision freein acollision
test,the link doesnot have to be testedagainin the recursve calls. This happengjuite
often sincethe safetydistancefor links nearerto the baseis smaller This factalsoleads
to the third optimisation. The safetydistancescan be differentfor eachlink andeach
time-varyingobstacle Hence,n practicetheget Saf et yDi st functionshouldreturnone
safetydistanceor eachlink andonefor eachtime varyingobstacle.

7.5 Summary and Outlook

We have demonstratetiow the orientedboundingbox collision testof [Gottschalketal.,
1996] can be modifiedin orderto rate a configurationof the robot regardingcollision
depth. We then extendedthe static collision testto a dynamiccollision testfor time-
varying ervironments. Therewe suggestedising differentmethodsto computesafety
distancesAn approximatenethodfor thecoarseplanningphaseandanexactmethodfor
thefinal validation. Finally, we shovedhow anoverallratingof a completetrajectorycan
be calculated.

Our collisionratingalgorithmhasmajoradvantagesomparedo existingapproaches.
Firstof all, we areableto ratethe configurationof arobotindependenof theshapeof the
robotandtheobstaclesFor example,sincewe do notchangeheshapeor positionsof the
triangleswe do not requirethe participatingobjectsto be cornvex (acommonprerequisite
in existing approaches)Apart from this, the distancecollision test(without rating) only
costsslightly morethenthe normalcollision testwith the orientedboundingbox method
[Gottschalket al., 1996]. This is quite important,aswe needthe distancecollision test
for our dynamiccollisiontest.

Let usdiscusssomeextensions.It may be of interestto introduceweightedcollision
ratingsums with weightsdependentnthetype of the objectsparticipatingin acollision.
For example, it is reasonabléo assumehat a collision with a time-varying obstacleis
not as bad as a collision with a static obstacle. Let C3(U,t, p) be the collision value
with the static environmentandC!(G,t, p) be the collision value with the time-varying
environment.To reflectthis, theratingcouldbe givenas

rs = maxC%(0,t, p) + cC'(U,t,p) : U=T(t),; 1 <t <t;,0<c<1)
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This collision typerating canbe usedinsteadof a simplecollision rating. As before,to
have afreetrajectorythis ratinghasto be zero.

Anotherideais to ratethecollision dependingn thetime whenthecollision happens
(collisiontimerating). Herewe assumehatan early sectionin collision is worsethena
collisionthatoccurredaterin time. A suitableratingwould be

1 . L -

ry= c max(C(0,t,p): 0 =T(t),ti_1 <t <t)
|

Sucha ratingwould be usefulif the robotmuststartto move beforethewholetrajectory

is planned. However in addition, if the robot startsits movementbeforethe planning

processhasfinished,the partof the trajectorythatis alreadyexecutedby the robot must

not be furtherchangedy the planningprocess.






CHAPTER 8

Trajectory Planning

We discusdifferentaspectof a goodtrajectory Thereaftertherating of a wholetrajec-
tory by combiningthesedifferentaspectss given. In the secondsection,we presentand
analysetedhniquesfor improving trajectory quality by changingthe trajectorylocally.

Thee a threemaintedniques,namelymoving, adding and deletingbasepoints. These
tedhniquesare thencombinednto a planningalgorithmthatis ableto plan trajectories
in time-varyingenvironments.In the last section,we analysethe algorithm and discuss
its properties.

8.1 Global Trajectory Rating

Let us first focus on somegeneralpropertiesof trajectories. First of all, we have to
distinguishbetweerfreeandunfreetrajectories.

Definition 8.1 FreeTrajectory —UnfreeTrajectory

We saya trajectoryis freeif there is no collision at any point of the trajectoryand all
kino-dynamidimits of the robotare fulfilled. If oneof thoseconditionsis violated,then
we speakof an unfreetrajectory

Basedon this notion, trajectoriescanbe evaluatedasfollows.

e FreeTrajectory — If thetrajectoryis freethenit is interestingto know moreabout
thequality of thetrajectory For example how fartheobjectsin theervironmentare
away from thetrajectory Furthermoreit is interestingto know how neartherobot
getsto thedynamiclimits of its joints. Anotherinterestingissueis the comparison
of thetrajectoryto atime or enegy optimaltrajectory Moreover, we mightwantto
have anevenloadontherobot’sjoints, to sparethe hardwareof therobot.

e UnfreeTrajectory — If atrajectoryis unfree,thenthe depthof the collision with
obstacless interesting.If the collision valueis higher thenthe collision is deeper
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andnotasgoodasalowercollisionvalue.Furthermoreywe wantto know if thecol-

lision is with a staticor a time-varying obstacle pecause collision with amoving

objectdoesnot seemasbadasa collision with a staticobject. An earliercollision
is worsethana laterone,if we think of areal-timeplanner wheretherobotcould
startmoving as soonas earlier sectionsof the trajectoryare free. Moreover, we
mightwantto rateatrajectorywith regardto theamountof thetrajectorythatis in

collision asit might take moretime to find a solutionwhenstartingwith a trajec-
tory whichis unfreeat mary pointsin time. Thesecondyrouparethekinodynamic
limits of therobot. It is importantto know how far the limits areviolated. If the
violationis small,it might bereasonabléo presumdhatthetrajectoryis nearerto

afreetrajectory

In Chapter6 (TorqueRating)andChapter7 (Collision Rating),we have presentedl-
gorithmsthatcalculatetheratingsfor two of theabove aspectsFirst, aratingof collision
depth(rc) andseconda rating of the violation of dynamiclimits of therobot(r;). Since
ourmaingoalis to find a freetrajectoryfor a givenstartandgoaltime configuration not
all of the above aspectsare equallyimportant. Our main concernis to get a trajectory
without a collision andno violation of dynamiclimits. If both constraintsarefulfilled,
thenthetrajectoryis afreetrajectory Thereforewe concentrat®n thesetwo constraints
in the following, but all otherconstraintsor aspectsanbe addedto the plannerby ex-
tendingthe overallratingfunction.

The simplestcombinationof ratings,without distinguishingbetweena free and an
unfreetrajectory is addingall ratingsr; poweredby e; and multiplied by a weight f;.
Both valueshave to be given asthey are part of the rating. The weightis necessaryo
puteachratingin theright proportionwith all otherratings.The power g; is for bringing
differentgradientsof the ratingsin a usefulproportion. The selectionof the two values
fj ande;j couldbe up to the designerof the ratingsaswell, but sometimest is usefulto
changethesevaluesaccordingto the problem. For example,if a scenehasno obstacles
it could be usefulto lower the influenceof this rating, becausenly self-collisiontakes
place.Alternatively considerarobotwithoutlimited dynamicsamoving in anervironment
withouttime-varyingobstaclesin suchasetting,it couldbeusefulto lowertheinfluence
of the torquerating. In the following, let rj j be therating rj of the trajectorysection
betweert;_; andt;.

A rating function for somecriteria shouldhave the following properties. First, the
valueof theratinghasto representheactualconditionof the constraintin atrajectoryas
well aspossible.Theratingshouldhave asfew local minimaaspossible We assumeéhat
the constrainthatwe rateis betterfulfilled if theratingfor the trajectorydeliverslower
values.Eachrating hasto be equalor greaterthanzero.

Definition 8.2 Simple Rating

LetT bea trajectorywith m+ 1 basepoints. For all ratingsrj,0< j <nlet f; > 0and
ej > 0. Thesimplerating of sectioni is givenby

n
3 i
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Theoverall simplerating R for thewholetrajectoryis a sortedsequencef all trajec-
tory sectionratingsR; which are notzeo (R, # 0). Lets(i) bea bijectivefunctionwith a
rangeandimageof 1 <i < m.

RP= <R5(1),,Rs(|)> , Wwith Rs(l) > Rs(]) ifi<]

andVi <|:Ryj #0andVi > 1:Ry; =0

(If all ratingsR; = 0, thenR® hasno elementgR® = ()) andl = 0.)

The differentaspectsf a free and unfreetrajectoryleadto the partitioning of con-
straintsinto mandatoryconstraintsand optimisationconstraintsand thereforeto a two
level rating. Thefirstis calledmandatoryrating andthe seconds calledoptimisationrat-
ing. Normally the mandatoryratingcontainsall aspectsiecessaryo getafreetrajectory
while theoptimisationratingratesatrajectoryaccordingto someoptimisationcriteria,as
soonasthetrajectoryfulfils all mandatoryconstraintsin this distinctionwe do notexpect
thatthe mandatoryconstraintonly considergettinga freetrajectory It is up to theuser
to definewhich constraintaremandatoryandwhich arenot.

The above definedrating is simplein the sensethat we do not distinguishbetween
mandatoryratingsandoptimisationratings In practice thesetwo typesof ratingsneed
to be handleddifferently, namely an optimisationrating shouldonly be consideredafter
all mandatoryratingsarefulfilled. To this end,theratingswill be combinedasfollows.
As long asthereis at leastone sectionwith a mandatoryrating thatis not fulfilled, the
rating consistsonly of mandatoryratingsandall optimisationratingsare ignored. On
the otherhand,if all mandatoryratingsat all sectionsarefulfilled thenwe only consider
optimisationratings (with a negative sign). For this case,a lower boundc, givesthe
minimal rating thatwe wantto reach. After ¢, hasbeenreachedpur plannerstopsand
reportssuccess.

We changethe propertiesof the rating function for somecriteriaasfollows. Again,
thevalueof theratinghasto representheactualconditionof theconstrainin atrajectory
aswell aspossibleandtherating shouldhave asfew local minimaaspossible.But now
we assumethat the constraintof a mandatoryrating is betterfulfilled if the rating for
the trajectorydeliverslower values,whereasan optimisationrating mustdeliver higher
valuesfor the constraintto be betterfulfilled. Eachrating hasto be equalor greaterthan
zero. For the mandatoryratingswe assumehat the value zerorepresentshe condition
whenthe constraints fulfilled.

TheoverallratingR; of atrajectorysectioni is acombinationof all mandatoryratings
ri,j>0 < j <l andoptimisationratingsr; j,| < j < nfor thistrajectorysection.Usingthe
simpleratingwe would not distinguishbetweemmandatoryratingsandoptimisationrat-
ingsapartfrom thesign. But aswe have mentionedefore thesawo typesof ratingshave
to behandleddifferently, thatis, anoptimisationratingshouldonly beconsideredfterall
mandatoryratingsarefulfilled. For this we considerall mandatoryratingsr; j,0 < j <|
if for any sectionthe mandatoryconstraintsarenot fulfilled. If all mandatoryratingsare
equalto zero,thenonly the optimisationratingsr; j,| < j < mareconsidered.Further
more,alower boundc, givesthe minimal consideredating.



100 8. TRAJECTORY PLANNING

Definition 8.3 ExtendedRating

LetT beatrajectorywith m+ 1 basepoints. For all mandatoryratingsr,0 < j <l and
optimisationratingsr;,| < j <nlet f; > 0 andej > 0. Furthermoe, let a boundc, be
given.Theextendedating R® of a sectioni is givenby

ej . . e
e; . . e
Co » IFREP <G

Theoverall rating R® for thewholetrajectoryis the sortedsequencef all trajectory
sectionratingsRF # ¢o. Lets(i) bea bijectivefunctionwith arange andimage of 1 <i <
m.

RE= (R, REy) . withRe, >RE ifi< ]

andVi < | :Rg;) # coandVi > 1 Rgj) = Co
(If all ratingsR® = c,, thenR® hasno elementgR® = ()) andl = 0.)

As a consequencehe optimisationratingis only consideredf all mandatoryratings
havereachedero.If ¢, is choserto begreateithanor equatlto zero,thentheoptimisation
ratingswill notbeconsideredtall in theplanningprocessincethe plannerstopsassoon
asall mandatoryratingssignalfulfilment.

Let us next focuson how to comparetwo trajectorieswith their ratingsandhow to
definean order on trajectoryratings. Thereare two requirementdor sucha relation.
Firstly, we would preferit if onesectionof onetrajectoryT; is worsethanall sectionsof
the othertrajectoryT,, thenT; shouldbe consideredvorsethenT, independentiyof the
remainingsectionratingsof T1. In otherwords,if thereis aparticularlybadsectionin one
trajectorythenwe do not carehow goodor badthe othersectionsare. Secondjn order
to measuramprovementwe would like to introducesomekind of € valueby which the
badsectionf thetwo trajectoriesn questiormustdiffer beforewe putthemin relation.
Thefollowing “epsilonsmaller’relationfulfils both conditions.

Definition 8.4 Epsilon Smaller Relation
Let T, and T, be two trajectories. Thetrajectory Ty consistsof n’ + 1 basepointsand
hasthe extendedrating R = (Ry1,...,Ryn) (n < 1), andthe trajectory T, consistsof
m + 1 basepointsandhastheextendedating RS = (Ro1,...,Rom) (M< nY). (Letn=0
if Rf = () andletm=0if RS = ().)

Letk, with 1 < k < m, betheindex sud thatthefollowing conditionholds

(Vi,1<i<Kk:Rp1=Rpj)A(Vi,k<i<m:Ry1>Ryj)
Letl, with 1 <1 < min(n,m), betheindex sud thatthefollowing conditionholds
(Vi,1<i<I:Rgi <Rpi) A(Vi,l <i<min(n,m):Ryi> Ryj)
We saytherating RS is epsilonsmallerthantherating RS (R <® RS or Ty <® Ty) if
(Vi,1<i<min(k,n): Ry <Roj)A(N<kVIi,1<i<k:Ryi <Ry) (8.1)
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and

(n:l/\n<m)v<3j,1§jgl :il(Rz,i—Rl,i)>sj> (8.2)

This relation ensuresthe following. First, one of the largestratings needsto get
smaller(seeEquation8.1) and second,the sumof the otherratingsneedsto decrease
atleastby anepsilonvalue(seeEquation8.2). If epsilonis equalto zero,thenonly one
of the highestratingshasto decreaself epsilonis largerthanzero,thenit is notonly up
to onehighestratingto decreaséut it is alsonecessaryo reduceotherbadratingsby ep-
silonwith respecto their positionin the sortedsequencelNote thatthe valueby which a
sectionratinghasto improveis weightedby theindex of its ratingin theratingsequence.
Hence,f theimprovementof theratingdoesnot take placeat the worstsectionthenthe
improvementmustbe higher

With this relationwe hopeto selecttrajectorieghatimprove the situationin a certain
way. Onthe onehand,we would lik e to stayfocusedon a sectionwith the worstrating.
Ontheotherhand,we would alsolik e to supporimprovementdhataffect badsectionsn
thevicinity of theselectedvorstsection(whichis the casef we do only localchanges).

We would like to mention,thatin practice,the epsilonsmallerrelationneednot be
testedon awholetrajectorybut only on selectedsetsof neighbouringsectionsIf we only
selectoneworst sectionfor manipulation,it is sufficient to setthe focusfor the epsilon
smallerrelationon all neighbouringsectionghatmight getchangedy alocal changeof
theselectedvorstsection.Thenumberof affectedsectionsdlepend®nthetrajectorytype
but is usuallymuchsmallerthanthe overall numberof sections.

After we have definedarelationon the sortedsequencef sectionratings,we needto
defineunderwhich conditionthe sortedsequenceés “zero” dependingon a given lower
boundc,.

Definition 8.5 Zero Relation

LetT beatrajectoryconsistingof n’ + 1 basepointswith extendedrating R® = (Ry, ...,
Rn) (n < n'). We saytherating R® is zemo for ¢, (RE =% 0 or T =% 0) if R® is theempty
sequencghatis, R = () (n=0).

For a given startrating RS, an epsilonvalue greaterzero, and a finite sequencef
ratingsRS >® R§ >% ... >& R] zerois eventuallyreachedf we assumehat a trajectory
canonly have alimited numberof basepoints.

In thedescriptionof our algorithmwe assumeéhate andc, areglobalparameterand
we do notneedto addthemto the parametelist of eachfunction. Theconditionfor value
€ isthatit is greaterthanO.

Thefunctionratingr at e (trajectoryT) returnsthe extendedratingof thetrajectoryT
(seeDefinition 8.3). We have giventwo exampleshow singleratingsmay be calculated.
First,thetorqueandforceratingonpage73(r at eTor queAndFor ce), secondhecollision
ratingon page93 (r at eCol | i si on). The optimisationratingis consideredf the sumof
the mandatoryratingsis equalto 0. Note thatrecalculatiorof a ratingis only necessary
for partsof thetrajectorywhich have changedn a planningstep. This certainlydepends
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onthetrajectorytype. (In theworstcase the whole trajectorychangesif onebasepoint
is changed.)

Furthermorelet bool zer o (trajectoryT) determinaf theratingof T is smallerthan
alower boundc,. Sinceanoptimisationratingcanbeunboundedt is necessaryo have
alower bound,wherewe canstopthe planningprocess.

The function bool smal | er (trajectory Ty, trajectory T,) compareswo trajectories
anddecidesjf trajectoryT; is epsilonsmallerthanT, (seeDefinition 8.4). As we have
mentionedabore, we only wantto apply the epsilonsmallerrelationto thosetrajectory
sectionsthat changewhen the selectedworst sectionis modified by our planner For
example,if abasepoint changests positionin a polynomialpoint-to-pointmotion, then
only the previoussectionandthenext sectionneedto beconsideredn theepsilonsmaller
relation. In a bang-bangoath motion, the two previous sectionsandthe two following
sectionshave to be takeninto account.In the following descriptiorwe assumehe worst
casethatis, all sectionsof the currenttrajectorychange.

boolsmal | er (trajectoryTy, trajectoryT))

[* calculateratings*/
ratingRy =rate (Ty)
ratingR; =rate (Ty)

[* if rating T, is alreadyzeo, than T; cannotbe smaller*/
if (zero (Ty))
return f al se

[* if rating Ty is epsilonsmallerthanT, or Ty is zeio */
if (R1 <®*Ry Vv zero (Ty))

returntrue
returnfal se

Theepsilonsmallerrelationis vital to our planningprocessit letsour plannerdecide
whento acceptthangedo atrajectoryandwhento discardthem. The epsilonvalueitself
is atuning parameteto our algorithm. If € is too large thenour plannerwill only accept
changeshatare“big steps”. If € is too smalltheneventhe slightestimprovementmay
distractour plannerfrom moresuccessfudlirections.

8.2 Finding Alter native Trajectories

We wantto analysedifferentoperationdor manipulatinga giventrajectory We change
the trajectoryby moving, adding,or deletingbasepointsandsectionsrespectrely. The
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aim is to improve therating for the resultingtrajectorysuchthat the new trajectorycan
be usedfor further modification. If noneof the singleoperationgesultin a betterrated
trajectory thenour plannermperformsarandommovement.

We usethe descriptionof a trajectoryfrom Chapters (TrajectoryGeneration)where
thetrajectoryis givenby its basepointsby, . . ., bm. ThesectionS is thetrajectorybetween
ti_1 andt;. In thefollowing, let Bi be a time configurationof dimensionn consistingof
theconfigurationay andthetimet;, without consideratiorof the epsilonanddeltavalues.

8.2.1 Moving Sections

The section§ is moved by moving the basepoints bi_, andb. We move both base
points sincethe rating is given via sections. If only one basepoint were moved then

it would not be possibleto determinewhetherthe previous or the following basepoint

shouldbe preferred. Apart from that, by moving both basepointsthe plannerhasmore

controlon therun of theresultingtrajectory A basepointcanbe movedin all directions
within the configurationspaceand alsoin time. The movementin the dimensionsof

the configurationspaces usuallylimited by thejoint limits, but it could be unlimited as

well. The movementin the dimensionof time is limited by the time of the previousand

the following basepoint. The problemof moving basepointsis, thatwith anincreased
numberof dimensionsn the configurationspacethe numberof directionsin which the

basepoint can be moved increasesxponentially Therefore,it is necessaryo have a

reasonablatratey for moving the basepoints.

Note thatthefirst andthe lastbasepoint cannotbe moved, neitherin positionnorin
time sincethey representhe startandgoal configurations The positionGy andtimet; of
the otherbasepointsBi may be moved by vectorsy; j, j =0,...,n—1in apositve or a
negative direction. It is not necessaryo move both basepointsof the selectionsection.
Thevectorsy; j aretheunit vectorsof the configurationspacedimensionsThemovement
is only possibleif the resultingpositionis inside the configurationspacelimits andthe
new time of b hasa deltadistanced > 0 to the previous andthe following basepoint
ti—1+0<t<tiy1—-0.

Let usturn to the movementof the robotin the physicalworld. Whena dimension
of the configurationspaceis changedthenthe resultingmovementof the real robotis
dependenbn the depthof the affectedjoints in the robot’s topology (seeFigure 4.2)
andthe dependeng functionsof the robot (seeDefinition 4.6). If, for example,a joint
nearertowardsthe robot’s baseis moved, a lot more joints changetheir positionthan
duringa movementin ajoint further away from the base. Apart from that, the distance
thetopjointstravel normallyincreasesf ajoint nearerto therobot's baseis moved. The
dependengfunctionof thejoint influenceghe amountof changingaswell, for example,
the real movementcould be a scaledversionof the configurationspacemovement. If
thereare no dependeng functions(i.e. thereis a one-to-onemappingbetweenrobot
joints andconfigurationspacedimensions}henthe spectrunof possiblemovementscan
be quitelarge. The sameamountof changein someconfigurationspacedimensionmay
beresponsibldor rotatingtheoutermostink by 90 degreeqafinger, for example)or may
beresponsibldor rotatingthewholerobotby 90 degrees.

A parametethe usermay chooseis the orderin which the joints of the basepoints
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aretested. Onereasonabl®rderwould be to testjoints in the orderthey appeatin the
robot’s topologytree,eitherbottomup (“upwards”) or top down (“downwards”). (If we
have dependanjoints, thenthefirst joint of the dependanjoints givesthe positionin the
bottom-upor top-dovn sequence.)

If asectionS is moved,thenin the worst casethereare (3")2 — 1 = O(2"°() pos-
sibilities to readjustthe basepointsb'ifl andby, if we take all pairsof possiblechanges.
Thefirst basepoint could be changedarbitrarily in all joints (3"), the sameholdsfor the
secondasepoint (3"), andat leastsomethinghasto changg—1). If only onedimension
is allowedto changefor eachbasepoint, thenthe numberof possibilitiesis reducedto
(2n?) 4+ 4n = O(n?). This numberresultsfrom the numberof possibilitiesto changea
dimensionof the first basepoint (2n) combinedwith the possibilitiesof onedimension
of the secondbasepoint (2n), plusthe number if only thefirst or the lastbasepointis
changed2(2n)). The compleity canfurther be reducedf we alwayschangethe same
dimensionin both basepoints of the currentsection. This resultsin (3% — 1)n = O(n)
possibilitiespersectionmove. In our algorithmwe usethelattermethod.

Let bool move (trajectory Ty, trajectoryTo, int i, int j, doubled,, doubled,) be a
functionthat movessectioni. The dimensionof the time configurationthatis movedis
j andthetrajectoryT, hasm basepoints. The parametersl, andd, give theamountby
which the previous basepoint andthe next basepoint shouldbe moved. Here, previous
andnext referto the currentselectedsectioni, thatis, the previous basepoint of section
iis Bi_l andthe next basepoint of sectioni is Bi. The minimal deltatime 6 betweentwo
consecutire basepointsis a global parameterlf the sectioncanbe moved,thent r ue is
returnedptherwisef al se. Themodifiedtrajectoryis writtento Ty,.

boolnmove (trajectoryT, trajectoryTo, inti, int j, doubledp, doubled,)
pre-condition0< j < n0<i<md>0

Th= To

[* che if thefirstor lastbasepointis moved*/

if (i—1==0Vdp#0) A(i==m Vvdq#0))
return f al se

[* getandchange thebasepoints*/
basepoinbp = To(ti—1)
basepoinby, = To(t;)

bp,j = Dp,j +dp

bn,j = bnyj +dn

/* distinguishbetweenoint andtime configuation and ched limits */
if(j<n-1){ _
|f ((bp,] < (A)rj:nln \% bp,] > ernaX) V (bn,j < (A)rj:nln vV bn,j > (A)r]-nax))
return fal se
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}

else{
if (bp,j > bnj—9)
returnfal se
if (dp#0 Abpj<ti_2+9)
returnfal se
if (dn7#0 Abnj>tiz1—9)
return f al se

}

[* male new trajectory*/
Tn(ti_l) = bp

Tn(t|) = bn

returntrue

In contrastto this, Glavina [Glavina, 1991] suggestsnovementsorthogonalto the
actualmoving directionin configurationspaceto improve the situation. This resultsin
2n — 2 possibilitiesif the dimensionof the configurationspaces n. Using an orthonor
mal movementconcerninghe movementdirectionin configurationspacewould resultin
calculatingfirst thebasevectorof theorthonormabasevi o = (b1 —bi_1)/[Bi 1 —bi_1.
From this vector an orthonormalbaseusing Vi o asfirst basevector can be generated.
The disadwantageof this methodis, thatfor differentmoving directions,the amountof
the movementsof the real robot could be very different. Two differently generatedor-
thonormalbasedrom differentmoving directionsmay leadto a wide spectrumof real
robotmovementdan onecaseor, in the othercasethey may containa lot of very similar
positionsin physicalspace.

In Figure8.1, anexampleof a basepoint movementis depicted.In this example,no
obstacleis moving andwe are only interestedn the left finger of the robot, thatis, we
allow only joint J, and J; to move. The two upperpicturesrepresenthe configuration
spaceif only wp andwgz are moved. On the left side, one canseethe movementfor a
polynomial point-to-pointmotion and on the right side the movementfor a bang-bang
pathmotionis shovn. Theredlinesrepresenthe startsituationconsistingof atrajectory
with threebasepoints. The yellow path demonstrateshe moving of the middle base
point alongthe dimensionsf the configurationspace.Every stepleadsto a betterexact
trajectory Finally, thismovementresultsin thenew greentrajectory In theright casethe
trajectoryis alreadyfree. It canbe seenthatin the pathmotionthe exacttrajectorydoes
nottouchthe middle basepoint.

The exampleshaws thatthe stepsizeA of the movementsn the configurationspace
is animportantparameter If the stepsizeA is too short, thenthe changein the rating
may not be significantenough sincethe new rating hasto be epsilonbetterthanthe old
one. Onthe otherhand,stepsthat aretoo big may not follow the gradientof the rating
correctly This parametehasto be chosenby the user In the upcomingchapterwith
experimentalresults,we will demonstratéhe effect of variousstepsizeson the planned
trajectoriesandthe planningtime. If astepin onedirectionwassuccessfulthenthestep
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Figure8.1: Movemenbfabasepoint. Lefthalf showsa polynomialpoint-to-pointmotion.
Righthalf showsa modifiedbang-bangpathmotion

sizeis doubledandthe samedirectionis testedagain,until no moreimprovementcanbe
achieved.

In contrastto this, Baginski[Baginski, 1999] movesa basepoint suchthat the col-
liding joint of the robot doesan orthogonalmovementin the 3D objectspace.Thisis a
very goodstrateyy for gettinga robotout of anobstacleput it hasits limitationsif other
constraintsaapartfrom collision needto be consideredoo. For example,if the trajectory
is unfreebecauseahe dynamiclimit of onejoint is exceededthenit is quite difficult to
decidewhichjoint hasto be moved. Sincewe wantto give analgorithmfor arbitraryrat-
ingswe cannotusesucha stratgy. Anotherreasorwhy we needa moregeneraktratgy
is thatour basepointsmaynot be pointson the exacttrajectory

Thenew rating of the trajectoryhasto be betterthanthe old one. More precisely the
rating R, of the new trajectoryT, hasto be epsilonsmallerthantherating R, of the old
trajectoryT,, for someepsilonthatis given. Not all sectionsof the new trajectoryhave
to berecalculatedpnly the sectionswhich changein the vicinity of sectionS, andthat
depend®n thetype of the exacttrajectory The epsilonsmallerrelationis only checled
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for the changedrajectorysectionsaroundS. We have discussedheinfluenceof adding
or deletingbasepointson exacttrajectoriesn Chapters.

Let bool noveSecti on (trajectory Ty, trajectory T, int i) be the function thattries
to changethe sectioni of trajectoryT,. The globalparameteA determineghe distance
a basepoint is movedin onedimensionof the configurationspace.If a new trajectory
canbefoundthatis epsilonsmallerthantheold one,thenthetrajectoryT, is written and
t rue is returnedptherwisef al se is returned We have implementedwo variantsof this
function. The first one alwaystakesthe first improving modificationthat canbe found
while thesecondnetakesthebestmodification. Theeffect of eachvariantwill beshavn
in thechaptemwith experimentakesults.If theglobalparametefi r st issettotrue then
thefirst modificationis taken, otherwisewe take the bestmodification.

For functionmoveSect i on weneedagloballist | thatholdsastuplesall possiblemov-
ing directionsfor eachdimensionof the configurationspacan someorder Eachelement
of | is atuple (j,dp,dn), where j determineshe dimensionof the configurationspace
(j € {0..n}), dp is the movementdirectionfor the previous basepoint (d, € {—1,0,1}),
anddy givesthe moving directionfor the next basepoint (d, € {—1,0,1}). It holdsthat
eitherdp # 0 or d, # 0. Thislist will begeneratedeforehandndcontains8 (= 3-3—-1)
tuplesfor eachdimensionandhence8n tuplesin total. During movementsthe list will
keepits lengthbut theorderof theelementsn thelist will bechangedThelist defineghe
orderin which we checkthe dimensionf the configurationspace Oneof our heuristics
is to placethetuplesof a dimensionthathasbeensuccessfullysedto thefront of thelist
sinceit is likely thatthe samedimensionwill besuccessfuin subsequeninovements.

Thelist operationlistElement i st Fi r st (list I) returnsthe first elementof the list.
If thelist is emptythennul | is returned.OperationlistElement i st Next (listElement
e) returnsthe elementafter e in a list. If thereis no elementfollowing e thennul | is
returned. Operationlist | i st Renove (list I, int i) removesall elementsfor dimension
i from the list andreturnsthe new list. list Iistlnsert (listl, int i) addsall moving
possibilitiesof dimensioni to the front of list . Hence,l i st Renove removes8 tuples
fromthelist whilel i st I nsert inserts8 tuples.Thecontentof alist elementcanberead
withint| i st ReadTupel (listElement, inti), wherei € {0, 1,2} sinceeachtupleconsists
of threeelements.

boolmoveSect i on (trajectoryTy, trajectory Ty, int i)
pre-condition:0 < i <m, !zero (Tp)

listElemente = nul |

boolmovedAny =f al se, movedOne =f al se, noved =f al se
trajectoryTy =To, Ts=To, Ta=To

Th=To

[* aslong astherating getsbettertry to movethesection*/
movedOne =true
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while (movedOne A lzero (Tp)) {
e=IlistFirst (I)
novedOne =f al se

[* for all elementsn thelist */

while (e#nul | Alzero (Ty)) {
int j =11i st ReadTupel (e 0)
doubled, = Ax | i st ReadTupel (e, 1)
doubled, = A« | i st ReadTupel (e 2)

[* if movemenis possible doubledistanceandtry again */
moved =true
while (moved A !zero (Tg)) {
moved =fal se
if (Move (T;, Ta, j, dp, dhn)) {
if (smaller (T;,Ts) V zero (Ty)) {
moved = movedOne = novedAny =true

Ts=T
dn = Zo*dn

}
}
}

/* take next elementn list */
e=1istNext (e

[* if modeis “movefirst”, reomaniselist and startfromthe beginning*/
if (first Anoved) {

Th=Ta=Ts

| =1istRenove (I,])

[ =listlnsert (I,])

e=nul |
}
/* if modeis “movebest”, store best*/
if (Mfirst){
if (smaller (Ts,Tn))
Tn = Ts
if (e==null)
Ta = Tn
}

}

return movedAny
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If first istrue, this algorithmtakesthe first successfumodificationaccordingto
the orderof the list andthenmodifiesthe list. Hence,movementsn a dimensionwhich
have beensuccessfuremovedto the headof thelist. If first isfal se, thenthe best
modificationis taken. In the experimentalresultchapterwe discussthesetwo different
stratgjiesin moredetail. We would expectthe first stratgy to be fasterandthe second
stratgy to find moresolutionsbut probablyto take moretime.

The function noveSect i on only modifiesone sectionof the list. For the planning
processt is usefulto modify acompleteneighbourhoof a badsectionafterthe section
hasbeenmoved. Functionbool novel nt er val (trajectoryT,, trajectory T, int i, int j)
triesto move the sections§ to §; startingwith the worst sectionandthen modifiesthe
neighbourhoof the worst section. In this function, the list of possiblemovementss
generate@ndkeptglobalfor eachsinglemovement.Hence successfutlimensionsnove
to theheadof thelist duringmodificationof thewholeinterval (this appliesonlyif fi r st
istrue).

Aswehave mentionedefore,anotheichoicewe haveto makeis, whetherthepossible
movementsstartwith the joints nearto the baseor with a joint at the otherend of the
robot’s topology To improve a collision it seemsto be a good stratgy to startat the
bottom of the robot, as upperjoints, which arein full collision, would not be ableto
improve the rating. But if we considerother ratingsas well, this rationaleno longer
applies.In our experimentswe have testedboth variants.Let the global parametedown
determinghe searchdirectionandthe generatiorof the global definedlist | respectrely.
If down ist rue thesearchstartswith thetop joints, otherwiseif down isf al se thejoints
nearerto the basearetestedfirst. Furthermoreye alsohave tried to usea randomisation
during this list generation.If randomis t r ue we startat a randompositionin the joint
hierarchy but thenwe againmove bottom-upor top-dovn throughthe robot’s hierarchy
Let list gener at eLi st () be the function generatingthis list dependingon the global
parametergdown andr andom

The functionint naxRat i ng (T) returnsthe sectionindex with the worstrating. If
therearemoresectionswvith the samemaximalrating,thenthe smallerindex is returned.
If all ratingsarezero,then—1 is returned.

boolnovel nt erval (trajectoryT,, trajectoryT,, inti, intj)
pre-condition0<i,j <m, i< j,!zero (Tp)

int s= nmaxRat i ng (To)
boolnmoved =t rue
boolnmovedOne =t rue
boolmovedAny =fal se

[* genemtethegloballist | for the movementslependingon down andr andom*/
list | = generat eLi st ()
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[* moveaslong asthe sectioncanbeimproved*/
while (novedOne As>i As<j){
movedOne=f al se

/* movetheworst section*/
moved = novedOne = nmoveSect i on(Tp, To,S)

/* movethe previoussections/
for(s=i—1;s>i A moved;s——)
moved = noveSect i on(T,,To,S)

/* movethe next sections®/

noved = movedOne

for(s=i+1;s<j Amoved;s++)
moved = noveSect i on(T,,To,S)

[* setmovedanyandget new maxrating */
if (movedOne)
movedAny =true
s=maxRat i ng (T,)
}

return movedAny
|

Finally, we wantto summarisehe parameter®f the moving process. First of all,
thereis the minimaltime distanced two consecutie basepointsmay have, which could
influencethe possibility of amove in thetime dimension.The stepsizeA determineshe
amounta basepoint is moved while searchingor betterratedtrajectories. Thenthere
are four possibilitiesthe dimensionsof the configurationspaceare usedto modify the
trajectory Bottom-up(down = f al se) indicatesthatsearchdirectionsis bottom-upin the
hierarchyof therobot’s joints, otherwiseit is top-down Thethird typeis to take the best
choice(fi rst =fal se), whichsearchesll dimensionsandtakesthebesttrajectory The
lastparametein this cateyoryis, if thestartingdimensionin the bottom-upandtop-dovn
searchis chosenrandom(r andom= true). Finally, ¢ determineghe epsilonsmaller
relationandc, the zerorelation, which indicateif a trajectoryis betterthananotheror
evenhas’zerorating'.

8.2.2 Adding Sections

A new basepointis addedn asection§ by choosinganew basepointBj withti_1+6<
t; <t — o andinsertingit into the old trajectory If a sectionis too short(in termsof
time), thatis, thedeltadistancecannotbe satisfiedthenwe cannotadda basepointto the
selectedsection.(Recallthatthe minimal time distancedelta is aglobalparameteof our
algorithm.) If the deltaconditioncanbe satisfied thenthe time of the new basepointis
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chosenin the middle of theold sectionS: tj =t + % Thevaluesof the new base
point aretaken from the currenttrajectoryattime tj, aswe hopeto minimisethe change
to thetrajectoryrating.

w3

Figure8.2: Addinga basepoint canworsena trajectory Left half showsa polynomial
point-to-pointmotion. Righthalf showsa modifiedbang-bangpathmotion

If the trajectoryconsistsonly of two basepoints(startandgoal configuration) then
two basepointsareadded.This is reasonabléecauseafterthatthe planningprocessan
immediatelycontinueby moving awhole section.

Sometimegherating of the new trajectorymay be worsethanthe old one,sincethe
trajectorymay changadts run simply dueto the existenceof a new basepoint (evenif the
new basepointis on theold trajectory). Clearly, this dependn the trajectorytypethat
we use.Thiseffectis particularlyapparentor point-to-pointmotiontypessincetherobot
comedto afull stopatthenew basepoint, but it alsohappensvith pathmotions.

In Figure8.2,two examplescanbeseerthatillustratethisbehaiour. Theleft example
usesa polynomialpoint-to-pointmotion,while theright exampleshovs a modifiedbang-
bangpathmotion. In both casesthe insertionof a new basepointinto an existing free
trajectoryleadsto anunfreetrajectory On theleft side,all joints otherthanJs; arekept
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still andthe time varying obstacleis moving. The red line shows the polynomial point-

to-pointtrajectoryover the time whenthereare only threebasepoints. The greenline,

which is in collision, hasone additionalbasepoint. The geometricpathis identicalin

bothtrajectoriegseeFigure8.2,lower left image)but sincetherobotcomeso afull stop
atthe new basepoint, it collideswith the moving obstacleshortly afterthe new stop(see
configurationspacen Figure8.2, upperleft image).On theright sidewe have the same
situationasin the examplefor moving a basepoint. Only joints J, andJs canmove and
the time varying obstacledoesnot changeits position. Insertinga basepoint on thered

trajectorychangeghe run from the red to the greentrajectory The resultingtrajectory
lies partly insidethe obstacleregion. In this example,a changein the geometricpathis

thereasorfor thecollision.

To compensatéor thisbehaiour, everytime abasepointis insertedwe subsequently
move thetwo new sectionsandthe surroundingsectiongidenticalto the move operation
in the previous section)to find a trajectorythatis betterthanthe old one. Dependingon
thetype of exacttrajectory the neighboursave to be considerediswell, sincetherun of
thetrajectorymaychangdn thesesectiongdoo (seeChapters). For theadditionof a new
basepointin combinationwith a subsequentovementof the surroundingsectionsthe
sameconditionsapply asfor the movementof sectionsalone. The new trajectorymust
have an epsilonsmallerrating thanthe old one, otherwisethe insertionis rejectedand
undone.For easeof presentationywe assumen thefollowing thatthewholetrajectoryis
affectedby aninsertion.

With the delta condition we make sure, that for a given startand endtime of the
planningproblem,we getan upperboundon the numberof basepoints containedin a
trajectory Let booladdSecti on (trajectoryT,, trajectoryT,, int i) bethe functionthat
tries to adda new basepoint in the trajectoryat sectioni. If the trajectoryconsistsof
two elementonly, thentwo basepointsareadded.If the additionis successfuandthe
new trajectoryis epsilonsmaller thenthe trajectoryis modifiedandt r ue is returned,
otherwisethefunctionreturnsf al se.

LetbooladdBasePoi nt (trajectoryT,, trajectoryT,, base®intb) beafunctionwhich
insertsthe basepoint b in T,. The new trajectoryis written to T,. If the basepoint has
beeninserted thent r ue is returned.If the basepoint cannotbe insertedbecausef the
time limits, thenf al se is returned.Let noSect i on (trajectoryT) returnthe numberof
sectionan T (whichis the numberof basepointsminusone).

booladdSect i on (trajectoryT,, trajectoryT,, int i)
pre-condition:0 <i <m, !zero (Ty)

trajectoryTi =To, Ts=To
Tn = To

[* genematenew basepointdependingon the actualnumberof basepoints*/
if (noSection (To) > 1) {
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basePintb = To((ti +ti_1)/2)

if (addBasePoi nt (T, To,b))
return f al se

}
else{
base®int by = To((ti +2ti_1)/3)
base®int by = To((2tj +1ti_1)/3)
if ('addBasePoi nt (Ts,To,b1))
returnfal se
if (laddBasePoi nt (T;,Ts,b2))
return f al se
}

[* try to move changed surrounding*/
movel nterval (Ts,T;,1,h0Section(Ty))

[* che if thenew trajectoryis betterthanthe old one*/
if (smaller (Ts, To)) V zero (Ts)) {

Th=Ts

return true

}

return fal se

For this function,the sameparameterssfor the moving in the previous sectionhave
to be consideredsincenovel nt erval is part of the function. The only parametethat
we would like to point out is the minimal time distanced betweenwo consecutre base
points. Theaddingof abasepointfailsimmediatelyif thereis not“enoughtime” to insert
anew basepoint.

8.2.3 Deleting Sections

The section§ is deletedby droppingthe basepoint bi. It is obvious thatthe resulting
trajectorymaybeworsethantheold one.Hereagainthe operations followedby moving
the new sectionandthe surroundingsections asthesesectionscould changedepending
on the chosentrajectorytype. For easeof presentatiorwe againassumethatthe worst
casehappenandthewholetrajectoryneedso be changed.

This operationcannotbe usedif thetrajectoryconsistsof only onesection.Let bool
del et eSecti on (trajectory Ty, trajectoryT,, int i) bethe function, which triesto delete
the basepointBi in the basepoint trajectory If deletionis successfuandthe new trajec-
tory is epsilonsmaller thenthetrajectoryis modifiedandt r ue is returned ptherwisethe
functionreturnsf al se. This functiononly fails if only the startandgoal configurations
areleft.
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Let booldel et eBasePoi nt (trajectoryTy, trajectoryT,, int i) bethefunctionwhich
deleteghei-th basepointin To. If i is thelastbasepoint, thenthelastbut onebasepoint
is deleted. The new trajectoryis written to T,. If the basepoint hasbeendeletedthen
t rue is returned.If the basepoint cannotbe deletedbecausdt is thefirst or thelastbase
point, thenf al se is returned.

booldel et eSecti on (trajectoryTy, trajectoryTy, int i)
pre-condition:0 < i <m,!zero (To)

[* deletebasepoint*/
trajectoryT; =To, Ts=To
Tn = To
if (del et eBasePoi nt (T;,To,i))
if ('del et eBasePoi nt (T;,To,i —1))
returnfal se

/* try to move changed surrounding*/
movel nterval (Ts Ti,1hoSection(Ty))

[* ched if thenew trajectoryis betterthantheold one*/
if (smaller (Ts, To)) V zero (Ts)) {

Th=Ts

return true

}

return fal se

No other parametersare necessarypartfrom thosealreadypresentedn preceding
sectionsDeletingabasepointis, aslongasthereareenoughbasepoints,alwayspossible.
Thecritical partis to reachanimprovedtrajectoryafterwardsby moving the basepoints
in thevicinity of thedeletedbasepoint.

8.2.4 RandomisedSectionMovement

All of the above operationsareonly executedif the resultingtrajectoryis gettinganep-
silon betterrating. However, it is possiblethat the trajectoryis in alocal minimumand
noneof the above operationsachiezesary improvement. We needa stratgy to escape
suchlocal minima.

One possibility is to definesubgoalsandthentry to find a connectionbetweenthe
startand goal configurationsvia thesesubgoalgGlavina, 1991]. In sucha settingour
plannerwould be usedas a local plannersearchingconnectionsvia subgoalswhereas
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the global plannergeneratesandomsubgoalsandtries to find a connectionvia solved
subgoakonnections.

The disadwantageof this methodis that the trajectoryplannedso far is lost after a
new subgoalhasbeenchosen. We suggesia stratgy that still usesrandomisatiorbut
is more conserative asfar asthe alreadyplannedtrajectoryis concerned.We make a
local randommovementwith onesectionof the trajectoryandafterthatwe readjusthe
neighbouringsections.

If thetrajectoryconsistof only onesectionthenno randomiseanovementwould be
possible sincewe cannotmove the startandgoal configurationsin this casewe have to
addabasepoint beforemakingtherandommovement.We suggesimakingarandomised
movementof a selectedvorstsectionS. This randomisednovementworks asfollows.
A randomconfigurationfor time (ti_1 +tj)/2 is generatedsatisfyingjoint limits) and
then“applied” to eachbasepoint. All basepointsof the currenttrajectoryarereadjusted
dependingon their time relative to the time (t_1 +t;) /2 andthe starttime andthe end
time respectiely. As a consequenceye will not losethe relative time positionsof the
basepoints.

Let by be the randomlygeneratedasepoint. Thenthe dimensiongepresentinghe
jointsin the configurationrspaceake a valuesomeavherein thelimits of the configuration
space For thedimensiorrepresentinghetime we do no randomisedanovementsincewe
do notwantto changehedistribution of the basepointsalongthetime axis.

In orderto adjustneighbouringoasepointswe needa functionthatchangeghe base
pointsnearerto sectioni morethanthosewhich arefurtheraway. Let Atj bethetime

distancefrom time (ti_1 +t;) /2 to thetime of basepointBj .

ti—1+t
2

Atj = ‘ —tj

The simplestway is to readjustall basepointsof thetrajectorylinearly dependingonthe
amountof Atj. Let @; betheconfigurationof bj withoutthetime. Thenew configuration

& of thebasepointb; is calculatedasfollows:
At A
AW+ ( - A_t(])) W oj<i

W =
U A (1A e

A randomisednovementnormally makesthe rating of the trajectoryworse,but de-
liversa new startingpoint for the planningprocess. To eliminatethe risk of taking a
trajectorythatis too bad,we suggesgeneratinga setof randomtrajectoriesandselecting
the onewith the bestrating. Moreover, it is reasonabléo generatenew trajectoriesas
long asthe new oneis betterthanthelastone.

In Figure8.3,fiverandomlygeneratedrajectoriescanbeseen.Theredtrajectory(the
oneon thefarleft) is the original trajectorywhile all othersaregeneratedandomly The
highestratedsectionof theredtrajectoryis nearthe startingpositionof theleft finger of
therobot. For eachof thefive generatedrajectoriesthebestoutof tenrandomtrajectories
wastaken. Note thatthe basepointsfurther away from the first sectionaremuchcloser
to their original positionthanthe earlierbasepoints.
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Figure8.3: Setof fiverandomtrajectories.Theredtrajectoryonthefar leftis theoriginal
one Ead randomtrajectoryhasbeentakenout of tenrandomlygeneatedtrajectories.

In therestof this chaptey let void r andonBect i on (trajectoryT,, trajectory Ty, int
i) be the function that createsa new trajectory T, basedon the given T, by randomly
modifying sectionS. A global parameterof this function is the numberof maximal
randomtestsbeforechoosinghe bestone.

8.3 Trajectory Planning Algorithm

After we have describedinglebasepointoperationsn thelastsectionwe cannow present
the overall planningalgorithm. We first wantto describethe algorithmandthenanalyse
it with respecto termination.

All single basepoint operationsare always appliedto the worst section,sincethis
is the locationwherean improvementcan mostlikely be achievzed. Let nax denotethe
maximal numberof randomsectionmovementsthat we allow andlet noSecti on (T)
returnthenumberof sectionan T.

boolpl anTr aj ectory (T)

/* randomisednovementounter*/
intr=0
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/* dountil theratingis zeio, or no more randomisednovementallowed*/
while ((r <max) Alzero(T)){
moved=fal se

[* movetheworst sectionaslongasit getsbetter*/
if (movel nterval (T;,T,1,n0Section (T)))
T=T

/* if ratingis notzeio adda basepoint*/
if (1zero(T)) {
int s= maxRati ng (T)
if (laddSecti on (T;,T,9)) {
[* if noaddwaspossibledeletea basepoint*/
if (\del et eSection (T;,T,9)) {
[* if nodeletewaspossiblemoverandomised/
if (r ++ < max)
randonSecti on(T;,T,s))

T=T,
}
1

return zero(T)

We first try to improve the rating of the trajectoryby moving the whole trajectory
with novel nt erval . The function always movesthe worst sectionfirst andthenthose
sectiongmmediatelyto theleft andto theright of theworstsection readjustingall of its
neighbours.Theindex of the sectionmay changeduring this processIf novel nt er val
returnsandthe ratingis not zerothena new basepointis addedat the worstsectionand
the moving startsagain. If neithermoving nor addingis possiblethe worst sectionis
deleted.If thisis alsonot successfulthenarandomisednove is executed providedthat
r is smallerthanmax.

An importantissuethatwe have not paid attentionyetis the choiceof the stepsizeA.
The closerthe currenttrajectoryis to the optimalrating the harderit getsfor the planner
to actuallyfind atrajectorywith theoptimalrating. Consideramultidimensionafunction
thatwe wantto minimise. As long aswe arefar away from the minimumary movement
towardstheminimumis acceptableOncewe arecloseto theminimumwe needto reduce
the size of our stepsin orderto make surethatwe do not overshoot.In our plannerwe
wouldlik eto have asimilar behaiour. To this end,we adjustthe stepsize accordingto
thedistanceof thecurrentratingfrom theoptimum.If theratingis above somethreshold,
theuserdefinedstepsizeis taken. Oncethe ratingdropsbelov athresholdthe stepsize
is reduced We suggesh logarithmicrelationshipbetweerrating andstepsizebelow the
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threshold.In our experimentswve usethe following function.

)\, - )\ Iog)\+1(rmax— Co+ 1)

where)’ is the actualstepsize that we usein the algorithm, A is the userdefinedstep
size, rmax IS the maximalrating of ary section,and ¢, is the optimisationbound. The
importantpropertyof thisfunctionis thatits valueis closeto theuserdefinedstepsizefor
larger ratingsandonly decreasesignificantlyfor ratingsvery closeto the optimum. In
our experimentswve take the userdefinedstepsizeasthethresholdvalue,thatis, aslong
astheratingis above A we set\’ = A.

Let usturnto a planningexample.In Figure8.4,the 6 degreesof freedomrobotcan
be seen.The scenecontainsstaticobstaclesandoneobstacleghatmovesin a curve from
right to left. Thefigureshowvstheprogresf theplannerin four statesvhich arereached
duringthe planning.For eachof the statesthetrajectoryreachedat thatstateis indicated
by asequencef images.

Eachcolumnshows oneplanningstate(onetrajectory)at differenttime steps.From
top to bottomthe time increasedy five secondwith eachimage. Fromleft to right the
rows depictthe scenefor four differentplanningstatesat the samepointin time. The
columnon the far left shavs the initial trajectoryto which two basepoints have been
added.Themoving obstaclecollideswith bothfingersof therobotandonefingercollides
with the staticobstaclein the top of the box. In the secondcolumn,the two basepoints
have beenmovedin the configurationdimensiongesponsibldor the right robotfinger.
In the third column,morebasepoint dimensionshave beenmoved andthis time the left
fingeris alreadyfree while the right finger is still strugglingfor a suitableside stepto
avoid the moving obstacle Finally, the columnon thefar right shovs the freetrajectory
To solve this problem,our plannerhadto addtwo basepointsandto move themslightly.

8.4 Summary and Analysis

In this chaptey we have presentecour main algorithm for planning motionsin time-
varying ervironments.The algorithmis basedon varioussubroutinedor ratingandtra-
jectorygeneratiorthatwe have describedn the previouschapters.

In thefollowing, we wouldlik e to give anovervien ontheglobalparametersf theal-
gorithm. Thereareparametersvhichinfluencethechoiceof thenext improvedtrajectory
Theseparametersleterminethe stratgyy for testingthe dimensionsof the configuration
space.Two parametergxist thatdeterminehow the moving is donefor a singledimen-
sion. Two more parametersieterminef onetrajectoryis betterthananothertrajectory
In addition,thereare parameterdor summingthe ratings,influencingthe weighting of
thedifferentratings,andone parametepgiving the exactitudeof the ratings. Finally, two
parametergleterminghe proces®f randommovementsLastbut notleast thetrajectory
typeis animportantparameter

In Figure8.5,thehigh-level flow chartthatwe haveintroducedn Chapte3is depicted
again. We have addedthe parameter®f the algorithmto the relevant steps. The flow
chartdoesnotgive theexactrun of thealgorithm,but givesagoodovervien onwherethe
parametersireimportantandwherethey influencethe algorithm. Thered partsindicate
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Figure8.4: A four stepplanningsequencéor the 6 degreesof freedonrobot.

commentgdashedvals)or partsof thechartthathave changedTherearesomelocations
wherethe flow chartis an abstractionfrom the real algorithm. First, modifying a base
pointdoesnot only consistof a move, addor deleteoperation.Immediatelyafteranadd
or deleteoperationwe move affectedsectiondo improve thetrajectory In theflow chart,
thesemove operationsareimplicitly containedn the“modify basepoints”task.Second,
whenwe generata randomtrajectorythenawhole setof trajectoriess generatedpefore
we selectthe bestone. We have addeda new decisionstepto the flow chartwherewe
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Figure8.5: Thehigh-levelflow chart with parametesthatinfluencetheplanningprocess.

checkif the maximalnumberof randomstepshasbeenexceeded.If that happenghe
algorithmreturnsfailure.

We now describeeachparametem turn. Thereareparameterthatinfluencetheorder
in which configurationdimensionsaretestedandmodifiedrespectiely. Thesebelongto
the group of search strategy parametersThe Booleanparametedown givesthe search
sequencen the configurationspacedependingon the hierarchicalstructureof the robot.
This canbe eitherupwardsaway from the baseor downwardsaway from the top joints.
Second,the Booleanparameterf i rst determinesf the besttrajectoryof all possible
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movesis takenor thefirst betterratedtrajectoryis takenasthenext trajectory For thecase
wherethe first joint which improvesthe trajectoryis taken, the joint wherethe sequence
startsto testfor animprovedratingis choserrandomlyif the Booleanparameter andom
IS setto true.

For the modificationof a singledimensionin the configurationspacethe stepsizeA
givesthe initial amountby which the basepointsare movedin the configurationspace
whensearchingor animprovedtrajectory Thetimedistanced is importantfor themove
andaddoperations.This parametedetermineghe minimal time distancebetweenwo
basepointsin atrajectory

The next parametegroupinfluencesthe rating of the trajectory The first and most
importantparameters the trajectorytype sinceit influenceshe generatiorof the exact
trajectoryandthereforetherating. We would lik e to mentionthatthe algorithmbehaes
quite differently for eachtrajectorytype. For example,planningtasksexist that canbe
solvedwith onetrajectorytype but areunsohablewith anothertype. The next parameter
is theprecisionp, whichisimportantaswell. Oftenratingsaredefinedvia afinite number
of configurationsalonga trajectory The precisionvaluedetermineshow mary discrete
time stepson the trajectoryaretakeninto accountfor this rating. This is doneby giving
alimit for the maximaldistanceof ary point on the robotbetweenwo consecutre time
stepsand the maximal movementof a time-varying obstaclebetweentime steps. The
precisionvalueis givenin theunit of the modelledscene.Someratingsmay ignorethis
value,for example aratingmaximisingthetime distancebetweerthelasttwo basepoints
will not needthis parameter Other parameterselevant to rating are the multiplication
coeficients f; andexponentse; of theratings.

Theepsilonvaluee andthe optimisationboundc, definethe epsilonsmallerandthe
zeo relation betweentrajectoryratings. Theseparametersleterminef atrajectoryhas
improvedor is alreadyvalid.

In thecase whenthebasicoperation®f adding,moving, anddeletingbasepointsare
not successfulthe parametenax givesthe total numberof randommovementghatwe
allow during the planningprocess.The plannerstopsif more thanthis numberof ran-
dommovementss needed Anotherparametercalledrandomsetdeterminesow mary
trajectoriesare randomly generateeforethe bestis taken. After that, more random
trajectoriesaregeneratecslong asthe new randomtrajectoryis betterthanthelastone.

In Table8.1,all parametersr groupsof parameterarecollectedanda shortdescrip-
tion is givenfor eachof them.

Let us now look at the terminationof the algorithm. The operationsmodifying a
trajectoryareeithermoving, adding,or deletingbasepoints.All theseoperationslecrease
the rating of the trajectoryby a given epsilonvalue. The only operationwhich hasnot
to generatea bettertrajectoryis the randomisednovement.But the maximalnumberof
randomisednovementss limited.

The algorithmstopsas soonasthe rating hasdroppedbelon parameter,. Further
more, the deltavalue gives the minimal distancebetweentwo basepointsin the time
dimension As aconsequencehenumberof basepointspertrajectoryis limited. Hence,
the algorithmstopsafter a finite amountof time, eitherbecauset hasfound a valid tra-
jectory or becauseno moreoperationsare possibledueto the givenlimits regardingthe
numberof basepoints,the maximalnumberof randomisednovementsandtherating.
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| Parameter | Description |

Trajectorytype | Determineghetype of the exacttrajectorygeneratedrom
basepoints.

Precision Givesthe exactitudep of therating. A lower value gives
moreexactratings.

Rating Coeficientsandexponentf theratings,aswell astherat-
ing types.

Epsilon Usedin the epsilonsmallerrelation;determinesf atrajec-
tory is betterthananother

Zero Optimisationboundc, that determinesvhen optimisation
is sufficient.

Stepsize Givestheinitial distance\ thatabasepointis movedin the

configurationspace.

Time distance

Two consecutie basepoints must have at leastthis time
distanced. Givesanimplicit boundon the numberof base
pointsin atrajectory

Searchstratgy

The order in which the dimensionsof the configuration
spaceaaresearcheddependingnthetopologyof therobot.
This canbebottom-upor top-dowvn. In additionthe starting
dimensioncanbe choserrandomly Alternatively, the best
dimensionis taken.

Numberrandom

Maximal numberof randommovesbeforeplannersignals
failure.

Randomset

Numberof randomtrajectoriesrom whichthenext random
trajectoryis selected.

Table8.1: Parametersf thealgorithm.



CHAPTER 9

Experimental Results

In thischapter we presentariousexperimentshatwehaveconductedvith animplemen-
tation of our planningalgorithm. We first give a shortintroductioninto theimplementa-
tion andthe usedparametes. Therafterwe presentresultsof the algorithm obtainedin
differentplanningscenarios.

9.1 TestEnvironmentand Parameters

To demonstratéhe usefulnes®f our planningapproachye have implementedur plan-
ning algorithm. The implementationis part of a robot simulationsystem(calledRob$
thathasbeenspecificallydesignedor this purpose Usingsoftware,we areableto simu-
laterealworld robotscenariosvithout the needfor expensve robothardware. Our robot
simulationsystemcanhandlearbitraryrobotmodels,environmentswith staticandmov-
ing obstaclesplanningtasksandtrajectories. It allows visualisationand animationof
models,configurationspacesandtrajectoriegall imagesshown in this thesishave been
createdusingRobS).

Themainimplementatiorof our algorithmhasbeendonein C++ while for visualisa-
tion we have usedTcl/Tk andOpenGLMesa. All testswererun on a standardoersonal
computerwith anIntel Pentiumlll with 500 MHz clock speedand 128 MByte of main
memory Theoperatingsystemis S.u.S.ELinux with a2.2.13kernel. Theversionof the
C++ compilerthatwe have usedis egcs-1.1.2.

A shortoverview on the robot simulationsystemis givenin the next section. There-
after, we focuson the parametersf our planningalgorithmandtheir possibleimpacton
its performance.

9.1.1 RobS:aRobot Simulation System

Thearchitectureof RobSis basedn the Model-View-Control(MVC) paradigmBusch-
mannetal., 1996]. The MVC architecturapatterndividesaninteractve applicationinto
threecomponents.The model containsthe core functionality and data. Views display
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informationto the userandcontrollershandleuserinput. Views andcontrollerstogether
comprisethe userinterface. A change-propagatiomechanisnmensuresonsistenyg be-
tweenthe userinterfaceandthe model.

Control View
Tcl/Tk | ——— manipulateview Tcl/Tk andOpenGL
C++ C++
Y | /
call services getdata
A -
Model
C++

Figure9.1: Architecture of RobS.

The integrationof C++, OpenGL,and Tcl/Tk in the MVC architecturas illustrated
in Figure9.1. The userinterface(view andcontrol) of RobSis implementedn Tcl/Tk
[Ousterhout1995],0penGL[Wooetal.,1997],andC++. Thefree MesaOpenGLdistri-
bution is usedto generatea threedimensionaliew of therobotandthe ervironment. To
enablethe userto inputrequestgor the controller a Tcl/Tk interfaceis used.The model
partis writtenin C++. The modelsmay force the updateof the view andthe controlif it
iS necessary

The scenedor our simulationsystem(the robot, the ernvironment,andthe planning
task)canbe loadedfrom externalfiles. Their formatis basedon the ExtensibleMarkup
LanguaggXML). We have definedan XML documentypedefinition(DTD) thatspeci-
fiesthe structureof theinputfiles. Usingthis DTD, it is possibleto definethe shapeand
the kinodynamicpropertiesof the robot, the shapeandtrajectoriesof the obstaclesand
the planningtaskitself in a structuredvay.

In our prototypeimplementationye only supportthe descriptionof robotswith inde-
pendenjoints anda one-to-onaepresentatiom the configurationspace.Moreover, we
only handlethetorqueandforceratingfor forked manipulators.

9.1.2 Parameters

In the following, we turn to eachparameteiof our planningalgorithm and discussits
possibleimpacton the performance.

First of all, we would like to know how the performancechangeswith the chosen
trajectorytype To thisend,we have implementedwo representatie trajectorytypes,the
polynomial point-to-pointmotion and the bang-bangpath motion. Therearetwo main
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differenceghatwe expectfor thesetwo trajectorytypes.Oneconcernghe calculationof

theexacttrajectoryandthetime necessaryo calculatearating. Onepropertyof the poly-

nomial point-to-pointmovements thatif abasepointis changedthenonly the previous
sectionandthefollowing sectionwill changets rating (seeChapter5, Section5.3.3).1n

contrastto this, in the modifiedbang-bangathmotion, two sectiondbeforeandtwo sec-
tionsafterthe modifiedbasepoint maychangeheirrating (seeChapters, Section5.4.3).
As aconsequencaye canexpectthe updateof a givenexacttrajectoryandthe updateof

its rating afterthemodificationof a sectionto be performedasterfor a polynomialpoint-
to-pointmotionthanfor abang-bangathmotion. Ontheotherhand,we expectthatwith

thebang-bangpathmotionour plannershouldbe ableto solve more problemsthanwith

the point-to-pointmotion. This holdsin particularfor time critical problemssincethe
pathmotiondoesnotstopateachbasepoint. We expectthatthemodifiedbang-bangpath
motionenabledastermovementausinglesstorqueandforce.

Let usnow turn to the precisionparameteip of theratings. Recallthatlower values
for p give higherrating precision.We expectthe planningtime to bereducedf a higher
precisionvalueis taken, but atthe sametime solutionsarefoundlessfrequently The pre-
cisiongivesthe minimal securitydistanceor which staticcollision testsaredoneduring
planning.We have to take into accounthatif the startor goalconfigurations closeto an
obstaclethenthe chosernprecisionvaluemustnot be too large sinceotherwisethe plan-
ning processmay encountedifficultiesin leaving the startconfigurationor approaching
thegoal configuration.The precisionvalueis givenin the unit of the physicalspace For
example,if the modelis givenin millimetre, thenthe unit for the precisionvalueis in
millimetrestoo.

Another parameteis the stepsizeA. This parametedetermineshow mucha base
pointis moved initially in onedimensionwhenwe look for a betterrating. We expect
thatchangingthis valuewill result(dependingn therobotandthe ervironment)in very
differentcomputationtimes. This is becausdoo small a stepsize may resultin mary
movementsuntil the solutionis found, but too large a stepsize may missthe situations
with thebestrating. Theunit of stepsizedepend®ntheunit representetly therespectie
configuratiorspacedimension.For example,in ourimplementatiorthedimensiorrepre-
sentingrotationaljoints is givenin degreesandthe dimensionrepresentindgranslational
jointsis givenin theunit of the scengfor our examplesmillimetresor centimetres)The
time dimensionis givenin secondsWe do not useary stratgy to normalisethe move-
mentsof therobot’s joints, asis suggestedor examplein [Qin andHenrich,1996]. Here
theideais thatthejoints nearerto the basearemovedlessthanthejoints furtheraway to
getanequalamountof movementn the physicalspaceor eachjoint. In our conceptwe
leave this to the specificatiorof themodel. Thatis, we assumehatin the modeldescrip-
tion, the dependeng function of eachjoint is specifiedwhich is responsibldor scaling
aconfigurationspacenovementto anappropriateanovementin physicalspace .Theonly
dimensionthatcannotbeinfluencedn thisway is thetime dimension.In futureit would
be preferableto calculatethe units of the configurationspacedimensionsautomatically
andto adjustthetime scaleto the planningtask.

Anotherimportantparameteis the epsilonvaluewhich determinesf aratingis ep-
silon smallerthananotherrating. Smallerepsilonvaluestendto find solutionsevenif the
ratingdecreasesgery slowly, but canleadto avery slow decreasen ratingevenif another
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dimensionin the configurationspacewould resultin a larger changeof rating. In other
words, the epsilonvalue shouldreflectthe steepnessf the rating function. If epsilonis
too small, our plannerwill make mary small stepswherea few bigger stepswould be
appropriate.lf epsilonis too large, thenthe plannermay overlook promisingsearchdi-
rections.It would beidealif we couldadjusttheepsilonvalueon-the-flyduringplanning.
For example,we could gatherlocal and/orglobal informationon the rating function in
someintelligentway or we couldanalysethe history of ratingsfor this purpose.

Let usnow turnto the parametershatdeterminghe searchstratey. Theinitial order
in which joints aremovedcaneitherbe from the baseto the top joints (bottom-up) or the
otherway round(top-dowr). Additionally, we have a choiceof eithertakingthefirst joint
in the currentorderthatimprovesthe rating or we cantake the joint thatmakesthe best
rating (bes). If we have chosenthe latter stratey, the orderin which joints aretested
is irrelevant. For the bottom-upandtop-dovn searchdirection, the startingjoint may be
choserrandomly(randomjoint). It is quitedifficult to make a predictionof the behaviour
of thesedifferentselectionmethods. However, thereshouldbe a significantdifference
betweenakingthe bestjoint or thefirst joint in the currentorder Takingthe bestrating
resultsin longercomputatiortimeswith afasterdecreasingating,sinceall configuration
dimensionshave to betestedin eachmove. In contrastto this, taking the first joint that
improvestheratingwill resultin lesscomputatiortime for onemovementbut mayresult
in smalleroverallchange®f therating. In our experimentsthebottom-upsearctstratgy
(taking the first successfujoint) turnedout to be a goodchoicein mostscenarios.The
reasorfor this maybethatit is helpful to try thosejoints first thathave a greateimpact
on the overall situation. Clearly, changingthe robot’s basejoint is likely to have more
impactthanmoving ajoint in therobot’stool, e.g.afinger.

Anothergroupof parametergontrolrandomisednovement. This group consistsof
a parametethat determineghe maximumnumberof allowed randommoves (Random
Numbej andthe size of the setof randomtrajectoriesthat we generatebeforewe pick
the bestof themasthe next randomtrajectory(RandomSe). Most of our experiments
have beensolved without randommoves. Our plannerhasusedrandommaovesonly in
the “trap-task” benchmarkwith a staticervironment. There,we have allowed up to 10
randommovesandthe setsizewas?25.

Finally, thereis the groupof rating parametersln our experimentswe have usedthe
rating of the collision andthetorqueandforceratingaswe have presentedn Chapters?
and6. All factorsand exponentsfor the rating combinationhave beensetto 1 in all
experiments.

In Table 9.1, an overview on parameterss giventogetherwith valuesthat we have
usedin the experiments.

9.2 Experiments

In thefollowing, we presentvariousplanningscenariogandtestresultsthatshowv theuse-
fulnessof our planningapproach.We have divided our experimentsinto six parts. In
thefirst part, we presenta simplerobotin a not-so-simpldime-varyingernvironment. In
the secondpart, we showv atypical industrialtime-varying ervironmentwith arobotthat
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Parameter \ Possiblevaluesandunits
Trajectorytype | polynomialpoint-to-point,
modifiedbang-bandrajectory

Precision 1,5, 10,20,50 (millimetre, centimetre)
unit depend®n unit usedto modelthescene
Rating re+r¢ (notchanged)
1« rateCol | i si on 1+ 1« rateTor queAndFor ce 1
Epsilon 10°8,1073,1,5,10
Zero 0 (notchanged)
StepSize 1,5, 10,20,50 (degree millimetre, centimetre seconds)

unit depend®n unit of the configurationspacedimensions
Timedistance | 0.032sec(notchanged)

Searchstratgy | bottom-uptop-davn, best

random fixed (only with bottom-upandtop-dawn)
Numberrandom| 0, 10

Randomset 25 (notchanged)

Table9.1: Valuesusedfor parametersf thealgorithm.

need4o move workpiecedrom atableto a moving band-coreyor. Thenwe take alook

at benchmarkgor staticenvironmentswhich were developedat the University of Karl-

sruhe. (Unfortunately no benchmarksexist for planningin time-varying ervironments
yet.) Thenwe shov an examplewith a focuson robot dynamics. In this examplewe

have fitted a well-known type of industrialrobot,an RX90, with a very heary handthat
it mustlift from the ground. In the next example,a long, slender6-dof robotin a small
roommustgraspinto a smallsliding door. Finally, we take alook ata spacerobotwith a
high-dimensionatonfigurationspacehathasto copewith asteroids.

In Table9.2, we have collectedsomemeasurementateyoriesin which we areinter-
ested. Our main interestduring the experimentsis whethera taskwas solved and how
longit took eitherto solveit or to signalfailure. In someexperimentsye have conducted
a seriesof testsusingrandomstartandgoal configurationsin thesecasesaninteresting
characteristigs the percentagef solvedtasks.Anotherfocusis on the percentagef the
runningtime usedfor the collision test, the collision rating, andthe torquerating. The
numberof basepointsin thefinal trajectoryis anothereasonableneasuremertategory.
We will not analyseall parameterandresultsfor eachscenario ratherwe selectthose
parametershatarein someway significantor representatie for a givenscenario.

In therestof this chapteywe will usethefollowing abbreviations: m for metresmm
for millimetres,cmfor centimetresmin for minutes secfor secondskg for kilogrammes,
g for grammesN for Newton. In addition,we useboldfacedandnormalprintednumbers
in tables. If bothkinds areusedin a table,thenthe bold numbersndicatenumbersfor
solvedtaskswhile the normalprintednumbersepresentumberdor unsohedtasks. If
we do not distinguish,thenthe taskswere solved for all given parameters Redvalues
indicatethe bestvaluefor eachtrajectorytypein atestseries.
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| Result | Unit |
Runningtime seconds
Numberof solvedtasks| percent
Torgueratingtime percent
Collisionratingtime percent
Collisiontesttime percent
Numberof basepoints | integer

Table9.2: Measurementateyories.

9.2.1 Two Degreeof FreedomRobot

Figure 9.3 on pagel29 shows an ervironmentwith a simplerobot. The robotis a two
degreeof freedomrobot which hasto move in a rotating cube. The figure showvs an
exampleof aplanninginstancewith theinitial trivial pathfrom startto goalconfiguration.
Fromleft to right andtop to bottom,the time stepsfrom the starttime O to the goaltime
25 seconddater can be seen. The robot hasto move clockwisewhile the cubemoves
counterclockwise.

To geta betterimpressiorof the scenethedimensionf thetaskaregivenin Figure
9.2. Therotatingcubehaswalls with outsidelength 1.5 m andinsidelength1.4m. It
rotateswith a velocity of 0.1 radiansper secondsaroundthe centreof the cube. The
robotbaseandthe centreof thefirst joint respectirely is 0.335m away from the centre,
asdepictedn theupperrightimageof Figure9.2.

y 0575“ e ZZZZ'ZZZZ SR
y
1.5m

Figure9.2: Dimensionsf the 2 degreesof freedomexample

As for therobotdimensionsve alsoreferto Figure9.2. Thelengthof thefirst armis
approximately0.7 m andof thesecondarm0.6 m meters.The centreof gravity is located
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Figure 9.3: Initial taskfor the two deggreesof freedomrobotin a rotating cube The
duration of themovemenis 25 seconds.
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atgi1,2 = (0.3,0, 0)T m from the joint coordinatesystem. The weight of eacharm is
m1,2) = 1 kg andtheinertiatensorocatedatthecentreof gravity is I,;= 30.867 103 kg

m? for eachlink. Thegravity is in the negative z directionof thelinks. In theupperright
cornerthescenattime 0 andtherobotwith jointsin zeropositioncanbeseen.Thevalues

of thejoints rangefrom U'(“Tg) = —160degreesto U'(“qazx) = 160 degreesandthe maximal
torqueis 6[‘1""2’3 = 0.1 Nm. Thestartvaluesfor the planningtaskarevs = (63.61,13301)

degreesandthegoalvaluesareuvg = (—52.05,-13880) degrees.

Onpagesl31and132two solutionsareshown. Figure9.4 showns a solutionwith the
polynomial point-to-pointmovementand Figure 9.5 shaws a solutionwith a bang-bang
path motion. The solutionsshav that the main problemfor the robotis changingthe
orientationof its joints. This canonly be doneif the cornerof the cubehasthe right
position. The challengegor the planneris to find thetime window andthe positionof the
cubewhereit cansafelyperformthis operation.

For this problem,we have analysedherunningtime andwhethera solutionhasbeen
founddependingnthechosemrecisionandstepsize.In thefollowing tables thevalues
in boldfaceimplicatea solvedsolutionandthevalueitself is therunningtime in seconds.
Numberswritten in normalfont denotethe runningtime for an unsohed solution. All
testshave beenperformedwithout randommaovements.

In Table 9.3 resultsfor the modified bang-bangpath motion arelisted. The search
directionis bottom-upandthe first joint thatimprovesthe rating is taken. From left to
right, we have increasedhe stepsizefor searchinga betterbasepointin the configuration
space.Theprecisionis increasedrom top to bottomresultingin lessexactratingsfor the
trajectory

stepsize(mm)
1 5 10 20 50
1 | 15105 | 5152 | 3824 | 1742 | 20.64
5| 3884 | 1338| 1103| 4.25| 455
10| 18.07 7.03| 4.46| 224 250
20| 15.00 581| 4.80| 1.67| 205
50| 3822 | 1351| 9.74| 6.02| 5.09

precision

Table 9.3: Time usedto solve the problemfor a modified bang-bangrath motion with
searctdirectionbottom-up(epsilon= 10~8).

With the modified bang-bangoath motion, a solution could be found for all tested
values. We note that as the planningtime increasesthe precisiondecreases.This is
becausemoreratingshave to be calculated. For the stepsize, the time increasesf the
stepsaretoo small or too large. This is becausef the stepis too small, thena lot of
moves have to be donebeforethe goal is reached.On the otherhand,if stepsaretoo
big, thentrajectorieswith goodratingsmay be missedout. The optimal stepsizein this
exampleis around20 mm. The percentagef therunningtime usedfor thetorquerating
is approximately4 percent,for the collision ratingit is 13 per cent,andfor the collision
testit is 73 percent.We would lik e to notethatit is difficult to split thetime necessarjor
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Figure9.4: Solvedaskfor thetwo degreesof freedonrobotwith a polynomialpoint-to-
pointmovement.
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Figure9.5: Solvedaskfor thetwo degreesof freedonrobotwith a modifiedbang-bang
pathmotion.
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a collision testanda collision rating sincecollision rating dependson the collision tests
in orderto find the pointsin time wherea collision ratingshouldtake place.

In anotherexperiment, we increasedthe maximal torque of the joints to 6?1""2’3 =
1.0 Nm. It is not surprisingthat the taskis still solvablefor all testedparametewal-
ues. Theaveragerunningtime, however, dropsfrom 19.49 secondgo 18.46 secondslin
contrasto this, if themaximaltorqueis decreasetb 6?16‘2’() = 0.05Nm, thenthe problem
is not solvableany morefor all testedvaluesof precisionandstepsize. It could not be
solvedfor a precisionof 50 and a stepsize of 50. Herethe averagecomputingtime is
20.21seconds.

Let usnow turnto the polynomialpoint-to-pointmotion. In Table9.4,theresultsfor
the polynomialpoint-to-pointmotion arelisted. We testedthe sameparameteraluesas
in thebang-bangathmotion. Again, the searchdirectionis bottom-upandthefirst joint

thatimprovestheratingis taken.

stepsize(mm)
1 5 10 20 50
1 |16340 | 8562 | 3544 | 2544 | 17.03
5| 3798 | 1748 | 9.71| 7.17| 434
10| 2711 | 144 6.84 4.54 2.69
20| 1351 | 1004 4.67 5.48 2.45
50| 3623 | 1471 | 1089 | 534| 6.23

precision

Table9.4: Time usedto solve the problemfor a polynomial point-to-pointmotion with
searchdirectionbottom-up(epsilon= 10~8).

The resultsfor the polynomialpoint-to-pointmovementare not asgoodasthosefor
the bang-bangmnotion. In particulay for somecombinationsof precisionand stepsize,
no solutionhasbeenfound. It turnsout thatdynamiclimits of therobotaremorecritical
in point-to-pointmovementsthanin path motions. It is thereforemore difficult to find
a solution. If we increasethe maximaltorqueto Gﬂa;) = 1.0 Nm andrepeatthe tests,
thenwith all testedparametewaluessolutionscanbe found. The averagerunningtime
falls from 22.76 secondgo 17.51 secondslf we decreas¢he maximaltorqueto Ggazx) =
0.05 Nm thenno solutionscanbe found any moreandthe averagerunningtime risesto
26.52 seconds.

In thenext roundof experimentsyve evaluatehow thesearchstratgy (bottom-up top-
down, or best)influenceghe numberof solutionsandtherunningtime. We do thesetests
for both trajectorytypesandwe have generatedl00 probleminstanceswith randomly
choserstartandgoalconfigurationsTherequirement$or therandomlychoserexamples
have beenthat the startand goal configurationare free andthat the starttime is in the
intenval [0, 20] andthe goaltime is in theintenal [40,60]. The precisionvalueandthe
stepsizeare10 andthe epsilonvalueis again10-2.

In thefollowing tables theinnertablesrepresenthefollowing values.

The exampleswhich needto be solvedarethoseproblemswheretheinitial starttra-
jectoryis notfree. We wantto distinguishthesevalues sincewhentestingwith randomly
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valuefor all examples valuefor all exampleswhich
neededo besolved

valuefor all solvedexamples | valuefor all solved examples
which neededo besolved
valuefor all unsohedexamples

generatednstancesthereis alwaysa percentagef trivial instancesvheretheinitial tra-
jectoryis alreadya solution(around10 percent).

In Table 9.5, the columnsrepresentthe numberof randomlygenerategroblemin-
stancesthe percentagef solved instancesthe averageplanningtime andthe average
numberof basepointsin the solution.

T 2
£138|2 |5
S |9 &
Sl lolo|O]|,.
AEEIEF
. ola|R|m Count Solved(%) Time(sec) BasePoints
100| 68| 92 | 88 || 3.57|5.23|| 3.89| 4.78
X X 92 | 60| 100|100|| 2.54| 3.87 || 3.68| 4.58
8 0 15.42 6.25
100 69 (| 93 | 90 || 4.07| 5.88|| 3.86| 4.70
X | X 93 | 62|/ 100| 100 || 2.50| 3.72|| 3.65| 4.47
7 0 24.96 6.71
100 68 (| 90 | 85 || 4.21| 6.17|| 3.83| 4.69
X X 90 | 58|/ 100| 100 || 2.94| 453 || 3.64| 4.55
10 0 15.71 5.50
100 69| 91 | 87 || 4.74|6.87|| 3.97| 4.86
X X 91 | 60|/ 100| 100 || 2.85| 4.33|| 3.69| 4.56
9 0 23.78 6.78
100 68| 89 | 84 || 6.70| 9.86|| 3.55| 4.28
X X || 89 | 57| 100|100 ||5.00( 7.80|| 3.40| 4.19
11 0 20.53 4.72
100 69| 93 | 90 || 7.46| 10.80|| 3.60| 4.32
X X || 93 | 62| 100| 100 || 4.54| 6.81 || 3.45| 4.18
7 0 46.16 5.57

Table9.5: Resultsfor the 2-dofrobotin arotatingcube.

We note that planningwith the polynomial point-to-pointmotion is slightly faster
than planningwith the bang-bangpath motion. This is becausedhe calculationof the
exacttrajectoryis morecomplicatedn the pathmotion andthe numberof sectionsthat
may changef onesectionis movedis higher However, with the bang-bangathmotion
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moreprobleminstancegetsolved. Thisis dueto the dynamiclimitations of thejoints of
therobot. Sincethe pathmotion doesnot stopat eachbasepoint the motionis smoother
andhenceneeddesstorqueandforce.

If thesearchdirectionis changedrom top-down to bottom-up we notethatthe com-
putationtime decreaseandthatmoresolutionsarefound. Both effectscanbe explained
by the factthat at the beginning of the planningprocessthe extentof changeis greater
if ajoint nearerto the baseis movedthanif oneatthetop is moved. We alsonotethat
takingthebestjoint in eachmovementdoesnotincreaseéhe numberof solvedexamples.
Again, the polynomial point-to-pointmotion solvesfewer instanceghanthe bang-bang
pathmotion. The computatiortime is higherthanin the bottom-upor top-dowvn strateyy,
sincealot of alternatve movementshave to betestedbeforea move cantake place.

To summariseit is apparenthatthebottom-upsearchdirectionis thebestchoicehere.
Themodifiedbang-bangathmotion solvesmoreinstancesbut needsalongercomputa-
tion time thanthe polynomialpoint-to-pointmotion. Sincethe differencein computation
timeis only maginal, we cansaythatabottom-upsearchwith thebang-bangathmotion
is therecommendedombinationfor this scenario.

9.2.2 An Industrial Environment

In this section,we wantto take a look at a typical industrialernvironment. In Figure9.6
andFigure9.7 arobotmoving betweeriwo tablesanda machinecanbe seen.Therobot
is a six degreesof freedomrobot. On the machine,a plate moveson a corveyor belt
from the workplacefor the machineandthe transportplacewherethe robot hasto put
workpieces.Thetwo figuresshav thefollowing scenariotherobotpicksup aworkpiece
from tableoneandmovesit to the transporiplaceof the machine(shown in Figure9.6).
Then(afteralittle while), therobot picks up a workpiecefrom the transporiplaceof the
machineand movesit to tabletwo (showvn in Figure 9.7). This scenariois typical for
automatednanufcturingwheremachinesareloadedandunloadedy robots.

To geta betterimpressionof the dimensionswe give a few sizesfor therobot. The
X, Y, andz extensionsof the links givenin centimetregelative to their own coordinate
systemare from baseto top: Lo : (20,20,30), L1 : (16,28,16), L, : (325,15,31), L3 :
(12,34,12), L4 : (6,6,26), L5 : (6,3,6), L : (24,6,17). For eachlink the densityof the
link is 4.5g/cn?. The mass,locationof gravity, andthe inertia tensorwere calculated
fromthemodel. Themaximaltorquein thejointsare:J; : 0.5Nm, J, : 50Nm, J3: 50Nm,
Jsz :5NmM, J5:5Nm, Jg : 0.5 Nm.

Figure 9.6 shows a solution for the loading part with a bang-bangpath trajectory
consistingof four basepoints. The startingpoint is at time 0 and the goal hasto be
reachedi5 seconddater. For aprecisionvalueof 5 anda stepsizeof 10, thetrajectoryis
foundafter 1.75secondsisingthe bottom-upsearchdirection. In Figure9.7, a solution
for thetransportfrom the machineto the secondablecanbe seen.Herethe computation
timewas1.86seconds.

For therestof this experiment,we focuson therobot’s motionfor the loadingpart of
this scenariothatis, wherethe robot movesa workpiecefrom tableoneto thetransport
placeof the machine(Figure9.6). In this exampleit is not possibleto take a large pre-
cisionvaluebecausestartandgoal configurationsare quite nearthe obstacles We have
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Figure9.6: Loadingthe madine: a workpieceis movedfromtable oneto the corveyor
belt

runtheexperimentwith aprecisionof 5 atdifferentstepsizes differentsearctdirections,
with andwithout randomjoint selection,andtwo differenttrajectorytypes(polynomial
point-to-pointmotion and bang-bangpath motion). Table 9.6 shavs the computation
timesin eachcase.

g |22

EI8|2 S |g .

255 |a S stepsize(mm)

2151528

A |mn|o|- | 1 5 10 20 50

X X 198 212 156| 141| 171

X X x| 1310| 872| 1879| 7.80| 4.08

X X 5829 | 2790 | 2342 | 2954 | 2586

X X | x| 2437 | 1097 | 1241 | 14.02| 14.68
X | X 432| 2097| 175| 1.33| 159
X | X X | 2373| 1714 | 1252 | 10.73| 5.16
X X 56.83 | 50.26 | 46.05| 21.11| 8.18
X X | x| 6348 | 2422 | 1578 | 1520| 5.97

Table9.6: Time usedto solve the machindoadingtaskfor differentparametechoices.

Theexampleswith therandomjoint stratey have beendone50timesandtheaverage
valuesaretaken. Again we notethatthe bestjoint searchdirection,asfar ascomputation
time is concernedis bottom-upin the hierarchyof thejoints (thereis only oneexception
for thebang-bangnotionwith stepsize5). Moreover, we canobsene thatthe bottom-up
searchdirectionis thebestchoicefor boththe polynomialpoint-to-pointandthe modified
bang-bangpathtrajectoryfor thistask. Thisis becausehereis alot of free configuration
spaceandtherobotcaneasilyfind a free trajectoryby moving the joints nearertowards
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thebase.On average,it doesnot decreas&€omputingtime if we chosethe startingjoint

randomly but we would lik e to mentionthatfor the polynomial,bottom-up randomcase
the besttime was0.51 andthe worsttime was51.12 seconds.If the searchdirectionis

changedo top-down, thenthe lower boundstaysthe same but the upperboundrisesto

81.6 seconds.For the bang-bangrajectorywe geta lower boundof 0.53 secondsand
anupperboundof 15115 seconddor the bottom-upstratgy and15219 seconddgor the

top-down stratgy respectrely.

Figure9.7: Unloadingthe madiine: a workpieceis movedfromthe corveyor beltto the
secondable

Another parametethat we wantto analyseis the epsilonvalue. For the bottom-up
searchdirectionandthepolynomialandbang-bangnotionwe changedheepsilonvalues
andthe stepsizes,leaving the precisionunchangedt 5. In Table9.7 the valuesfor the
polynomialpoint-to-pointmotionandin Table9.8theresultsfor the modifiedbang-bang
trajectoryarelisted.

stepsize
1 5 10 20 50
108| 197 211 156| 1.41| 170
103| 198 211| 156| 1.41| 169
1 827| 201| 156| 1.41| 1.69
5 829| 200| 155| 141| 170
10 829| 826| 155| 1.41| 181

epsilon

Table9.7: Time usedto solve the machineloadingexamplefor a polynomial point-to-
pointmotionwith searchdirectionbottom-up.

Apparently larger epsilonvaluesshouldonly be usedwith larger stepsizes. Thisis
becausa smallerstepsizenormallyresultsin smallchangesn therating. Largerepsilon
valuestendto resultin shortercomputatiortimes.
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stepsize
1 5 10 20 50
10°8 431 | 20.82 174 1.32 1.60
1073 4.33| 14.95 172 1.31 161
1 13.65 1.94 1.64 1.32 1.62
5 805| 193| 165| 132| 160
10 8.05 7.66 1.64 1.31 1.95

epsilon

Table 9.8: Time usedto solve the machineloading examplefor a modified bang-bang
pathmotionwith searchdirectionbottom-up.

9.2.3 Benchmarksfor Static Environments

In this section,we compareour algorithmwith existing planningalgorithms. Sinceno
otherimplementationdor plannersexist that are ableto planin time-varying environ-
mentswe restrictour experimentgo the staticcase.It is difficult to comparealgorithms
sincethereexist no commonlyacceptedoenchmarkgor robot motion planning, espe-
cially notfor motionplanningin time-varyingervironmentsor planningwith constraints
onrobotdynamics We pickedasetof statichenchmarkandtwo existing planningalgo-
rithmsfor which planningtimesfor thebenchmarkfiave beenpublished.

At thelnstitutefor Proces€ontrolandRobotics(IPR) of the Universityof Karlsruhe,
a parallelmotion planningalgorithmfor industrialrobot armswith six degreesof free-
domin anon-line3D ervironmenthasbeendevelopedWornetal., 1998]. Themethodis
basedntheA*-searchalgorithmandworksin animplicitly discreteconfiguratiorspace.
Theideais to mapeachconsidereatonfigurationduringthe A*-searchexpansionprocess
to oneprocessar The collisionstestitself is doneby fast, hierarchicaldistancecompu-
tations[Henrichand Cheng,1992]. In principle, this approachshouldalsobe usefulin
time-varying ervironments. However, the resultspublishedin [Worn et al., 1998] only
coverthestaticcase.

For the experimentalresults,the benchmarkgoundin [Worn et al., 1998] aretaken.
Thesebenchmarksirebasedn benchmarksor atwo degreesof freedomplanningprob-
lem originally presentedn [Hwang,1996]. The benchmarkgonsistof five problemsto
solve with a Puma26Qobotwhich is fixed to the ceiling. The Puma26Qobotitself has
six joints. Thereareno moving obstaclesincethe benchmark$iave beendevelopedfor
staticenvironments.

The otherplanningalgorithmthatwe would like to includein our comparisoris the
BB-method[Baginski,1999],whichwasdevelopedattheInstitutefor Real-timeSystems
and Roboticsat the University of Munich. In [Baginski, 1999], resultsfor the above
mentionedoenchmarksan be found aswell. Again, the BB-methodneitherconsiders
dynamiclimits of therobotnortime-varyingobstacles.

In Figure 9.8 four benchmarkspnein eachrow, aredepicted.Eachrow shaws four
positionsof theroboton theinitial trajectoryfrom startto goalconfiguration.

Thefirst exampleis a simpleproblemwheretherobothasto passonesmallobstacle
(simple-task). In the secondexample,the robot movesfrom one box to another(star
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Figure9.8: Bendhimarktaskswith initial trajectories. Fromtop to bottom: simple-task,
star-task,detourtask,bottlene&-task,andtrap-task.
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Figure9.9: Bentmarktaskswith solutions. Fromtop to bottom: simple-taskstartask,
detourtask,bottlene&-task,andtrap-task.
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task). In the third row, the robot hasto find its way over the obstaclesand not through
the obstaclegdetourtask).In thefourth example therobothasto passa smallgapin the
wall (bottleneck-task)Thefinal exampleis quitedifficult astherobotnearlygetstrapped
in the horseshoshapedbstaclgtrap-task).Thetravel time for eachtaskis 60 seconds.

Figure 9.9 shaws possiblesolutionsto the problems. Again eachrow shows four
positionsof therobotfor oneproblem.

For thetwo typesof trajectoriesthe polynomialpoint-to-pointmotionandthe modi-
fiedbang-bangathmotion,we areinterestedn thecomputingtime. All of thefollowing
testshave beendonefor bottomup andbestsearch{without randomstartjoint).

Let usnow turn to resultsfor the simple-task.In Table9.9, the left columnlists the
resultsfor thepolynomialtrajectorytypeandtheright shavstheresultsfor thebang-bang
motion.

Polynomial Bang-Bang

S- stepsize stepsize

= 5 10 20 50 5 10 20 50

S |c| 5| 382 293 223 138] || 5 442| 332 208| 1.29

2 |2[10] 174] 214] 163| 102| |2[/10| 311| 238] 155| 0.88
9120 135| 165| 128| 078| |§|20| 176| 196| 131| 0.77
&[50] 1.22] 1.00| 1.37] 0.79| |&|50| 1.30| 1.68| 1.46| 0.78

2 stepsize stepsize

o 5 10 20 50 5 10 20 50
c| 5 942 934| 725| 6.12| || 5| 1210| 10.75| 8.23| 6.43
-8 10| 7.43| 6.53| 511| 468 -% 10| 7.76| 7.23| 5.34| 4.06
©S120] 691] 596| 456| 398| [§|20] 652| 625| 455 342
&|[50| 6.96| 6.06| 512 213| |a|50| 878| 476| 3.68| 274

Table 9.9: Time usedto solve the simple-task benchmarkfor a polynomial point-to-
point motion (left) andthe modifiedbang-bangathmotion (right) with searchdirection
bottom-up(top) andbest(bottom).

The planningalgorithm solved the problemfor all parametersvith an averagetime
of 1.80for the bottomup searchand6.26 for takingthe bestjoint. In comparisorto our
results the BB-methodneeded.06 secondgIntel Pentiumll, 266MHz)andthe parallel
A*-searchrequiredapproximately2 secondn oneprocessofIntel Pentium,133MHz,
64 MByte Main Memory).

The next exampleis the startask wherethe robot hasto graspfrom one box into
anotherIn Table9.10theleft tablesshonvstheresultsfor thepolynomialmotion,whereas
theright tablespresenthe bang-bandrajectoryresults.

The startask hasbeensolved by our plannerfor all testedparametewalues. The
averageplanningtime for the bottom-upsearchwas5.70 secondsandfor takingthe best
joint 11.98. The computatiortime for the BB-methodwas0.59 secondsandthe parallel
A*-searchalgorithm took approximately25 secondson one processorand lessthan 5
second®neightPC's.
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Polynomial Bang-Bang
s stepsize stepsize
< |c 5 10 20 50 - 5 10 20 50
= -% 5 235| 240| 352 211 -% 5 282| 278| 180| 184
2 |8/10] 2.63] 226| 1.98| 148| [§|10| 136| 347 211| 262
&[20| 5.23| 421| 426| 236| |5|20| 4.49| 9.33| 5380| 1523
‘g stepsize stepsize
aa 5 10 20 50 c 5 10 20 50
2[5 1944| 1162| 1116| 870| |2[ 5| 1634| 818| 820| 956
'8 10| 1318| 916| 7.82| 7.06 '8 10| 1541| 1295| 1013| 7.81
&[20] 1255] 855| 6.53| 7.69| |a|20| 31L16| 1310]| 2424 6.87

Table 9.10: Time usedto solve the star-task benchmarkfor a polynomial point-to-
point motion (left) andthe modifiedbang-banghathmotion (right) with searchdirection
bottom-up(top) andbest(bottom).

Thethird exampleis the detourtask. Herethe problemfor the planneris to find the
pathover the obstaclesinsteadof moving right throughthe obstacles.Table9.11 gives
thecomputingtimesfor thetestedparameters.

Polynomial Bang-Bang

s stepsize stepsize

< 5 10 20 50 5 10 20 50

S |c[ 5] 3334[ 1144] 2968| 1279| |-[ 5| 587| 554] 4492] 2097

32 12[10]| 2364| 2391] 2065| 1284| |2[10| 7.85| 3.92| 2327| 4.56
S|20| 18.44] 3300] 68.10| 9.84| [9[20| 56.91| 64.25| 35.12| 14.58
S[50| 1883| 36.68| 1523 2.16| |5[50| 3.78] 3.38| 2.84| 4.49

2 stepsize stepsize

o 5 10 20 50 5 10 20 50
| 5] 46.24| 4056 | 35.87| 30.78| || 5 [11513 | 3461 29.93| 29.75
2[10] 3461| 2867 | 3374| 1977| |2|10| 60.31 | 24.88| 2155| 19.84
S 120] 26.30| 37.27 | 39.73] 17.16| [g]20| 5225 | 20.97| 1801 14.38
S[50| 66.93|10268 | 39.85| 10.18| |a[50| 9861 | 1423 1162 1112

Table 9.11: Time usedto solve the detour-task benchmarkfor a polynomial point-to-
point motion (left) andthe modifiedbang-banghathmotion (right) with searchdirection
bottom-up(top) andbest(bottom).

Unfortunatelynotall testecparametevaluesresultedn a solution. Therobotmayget
stuckin thelabyrinthif thestepsizeis too smallor theprecisionvalueis toolarge. (Please
notethatif randommovesareallowedthenthesituationimprovesandmoresolutionsare
found.) The BB-methodrequires).70 secondsindtheparallelA*-searchalgorithmtakes
aboutl110second®n oneprocessoandstill 20 second®n eightprocessors.
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Table 9.12 shaws the resultsfor the bottleneck-taskusing the polynomial point-to-
point trajectoryon the left side. On theright side,thetimesfor the modifiedbang-bang
pathmotioncanbeseen.

Polynomial Bang-Bang
S— stepsize stepsize
= 5 10 20 50 c 5 10 20 50
= 2514884 |147.04 [47904 |14072 | |2[ 5| 59.76] 10988 | 3596 | 6269
@ |8]10[427.77 | 82.84 2194222074 | |3|10| 8204| 5216 | 36.37 | 10229
&[20| 8259 | 7564 | 97.29| 8457 | |5]20| 77.65/38894 |48207 | 8336

% stepsize stepsize

o |- 5 10 20 | 50 c 5 10 | 20 | 50
2[5 7820| 4845] 40.67| 57.55 2512747 6223| 4813] 36.25
S110] 5178| 3299 | 36.98| 46.07 S|10] 8476 | 46.10| 36.59| 25.67
S[20] 96.33]10534 | 48.29] 29.16 5[20|17481 | 84.69| 60.45| 34.68

Table9.12: Time usedto solve thebottleneck-taskbenchmarkor a polynomialpoint-to-
point motion (left) andthe modifiedbang-bangathmotion (right) with searchdirection
bottom-up(top) andbest(bottom).

We obsenre that the problemdoesnot get solvedif the precisionvalueis too large.
Thisis becauseherobothasto find its way throughthe smallgapin thewall. Thesame
obsenationcanbe madefor the stepsize.If thestepsizeis large,therobotwill missthe
gapin thewall.

The calculationtime is relatively high comparedwith the resultof the BB-method.
In [Baginski, 1999], the computatiorntime for this problemis givenas0.65 seconds.To
explain this discrepanyg, we would like to mentionthat the BB-methodis, at the time
being,presumablyhebestplannerfor staticervironments.However, it doesnottake into
accountdynamiclimitationsof therobotor moving obstaclesFor the sameproblem,the
parallelA*-searchin [Worn etal., 1998]needsabout23 second®n oneprocessofintel
Pentium,133MHz,64 MByte Main Memory)andabout5 second®n eightPC’s.

To demonstrateéhe advantagesof our method,we try to comparethe dynamicbe-
haviour of the solutionsfound with the BB-methodandwith our method. To this end,
we distribute basepoints alongthe pathfound with the BB-method. The overall travel
time is the sameasin our solutions.In Figure9.100n theleft sidethe solutionwith the
BB-methodandon right sideoneof our solutionscanbe seen(precisionis 10, stepsize
is 20, searchdirectionis bottomup).

Thegreenline representsur solutionandtheredline the optimisedpathfound with
theBB-method.The pathlengthis optimisedin the configurationspacelt shovsthatthe
greenlines arecloserto the robot’s base. Thereforethe robot needdesstorqueto hold
its upperandlower arm. In Figure9.11,thetorqueneedecdverthetime is depicted.We
only shav thevaluesfor the secondandthethird joint countingfrom thebase. Theseare
thejoints thatneedthe mostforcein orderto hold therestof therobot.

Ontheleft side,thevaluesfor thedetourtaskcanbeseen.Theblackcurvesrepresent
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Figure9.10: Comparisorof trajectoriesfoundwith the BB-methodand our method.The
red outer path representghe path computedvith the BB-methodthe greeninner trajec-
tory is genematedusingour algorithm.
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Figure 9.11: Torque of the secondand third joint. Theleft side showsthe torquesfor

the detourtask and the right sidethe torquesof the bottlene& task. The bladk curves
representhevaluesfor our solutionandthegrey curvesthe solutionof the BB-method.

the valuesfor our solution andthe grey curvesthe solutionsof the BB-method. The
uppercurvesgive the valuesof joint two. This is the joint which hasto carry the most
weight. Ontheright side,the curvesaregivenfor the bottleneck-tasklt is obviousthat
our solutionneeddesstorque.Thisis becaus®ur trajectoriesdring the centreof gravity
of thelinks nearerto therobot’s base.

For the lastbenchmarlexample,computingtimesare not givenin either[Baginski,
1999]or in [Worn et al., 1998]. We include our resultsfor this benchmarkherefor the
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sale of completenesslf we allow no randommaovementsthis problemis hardto solve
for our planner(its only solvableif the stepsizeis large enoughsuchthat the robotis
not caughtin thetrap). For this lastexamplewe allow 10 randommovementsduringthe
planning.Thetimesfor thelastexamplearepresentedh Table9.13. We have only tested
thebottom-upsearchdirection.

Polynomial

s stepsize

£ |c 5 10 20 50

S 125115231 [207864 |47904 105495

@ |8]20] 22969 |214514 [17247| 29.60
5|50 39967 |515069 |18146 | 11412
Bang-Bang

=) stepsize

& e 5 10 20 50

S 12/ 5[73902 125481 | 7205| 30.99

@ |$]10] 10448 | 64039 | 3857 8.58
&/20(53540 | 25143 [10402 [ 149520

Table 9.13: Time usedto solve the trap-task benchmarkfor a polynomial point-to-
point motion (left) andthe modifiedbang-bangathmotion (right) with searchdirection
bottom-up.

Thesebenchmarkesultsreveal that our plannerhasdifficulties to competewith the
fastBB-methodasfar asrunningtime is concernedBut assoonasaspect®f realworld
robotsget important,namelytorque and force, the solutionsfound by our plannerare
better And in situationswhereforce andtorqueare critical, the solutionsfound by a
plannerthatonly considersollisionsmaynotevenbetraceable.

Comparedo theparallelA*-searchmethod,our planneris quite good. The computa-
tion timesof our plannerandthetimesgivenfor the A*-searchmethodaresimilar, taking
into accounthedifferencesn clockrateandnumberof concurrenprocessorsMoreover,
the A*-searchplanningapproachs not applicableto higherdimensionabproblems asit
needdo distribute possibleneighboursn the configurationspaceto the availableproces-
sors.In theexperimentgescribedn [Wornetal., 1998],theconfiguratiorspacenasbeen
normalisedsuchthatthe actualnumberof dimensionss in factreducedby one. Thisis
possiblebecausén theabove benchmarksheimpactof the outermosjoint is negligible.

9.2.4 RX90 with aHeavy Hand

In this section,we wantto shav anexamplewhereit is not the collision but the dynamic
limitation of the robot that playsthe importantrole. To this end, we took a geometry
modelof the RX90robotof Staubli(seeFigure9.12)andwe setthemasse®f therobot’s
links in a very specialway. We madethe handso heary that thereexist unstablerobot
configurationsthatis, configurationghattherobotcannotmaintainbecausét is notable
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to compensatéor gravity. In otherwords,in someconfigurationsthe maximalpossible
torquesin thesecondandthethird joint aretoo smallto carrytherestof therobot.

Figure9.12: Initial taskfor the RX90robotwith a heavytop.

Let us take a closerlook at Figure9.12. The robot hasto move its handfrom the
bottomto thetop. Theinitial trivial trajectoryis collision free andwould be valid if we
would only considercollisions. However, whentracingthis trivial trajectory a positionis
reachedvheretherobotholdsits armstretcheauthorizontally Dueto thegivendynamic
joint limits andthe heary hand,this positioncannotbe hold by the robot’s joints. As a
consequenceheinitial trajectoryis unfree.

Let ustake a look at the next two figures. In Figure 9.13, a solution computedby
our planneris shovn thatusesthe modifiedbang-bangpathmotion. Now the robotuses
its own massto accelerataets handandit keepsthe tool closeto its centreof massin
orderto reducethetorquesthatit needgo holdits own links. We would expecta similar
movementfrom anathletelifting aheary dumb-bell.

The sameproblemsolved with the polynomial point-to-pointmotionis depictedin
Figure9.14. Againtheupperarmis keptnearto the centreof massof therobot.

We have runthistaskfor differentstepsizes(l, 5, 10, 20, 50) andprecisionvalues(1,
5, 10,20,50). With thebang-bangathmotiontheaveragecomputatiortime is 3 seconds
andwith the polynomial point-to-pointmotion this time is 2.16 seconds.The taskwas
solvedfor all testedparametewalues.
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Figure9.13: RX90tasksolvedwith a bang-bangpath motion.

Figure9.14: RX90tasksolvedwith a polynomialpoint-to-pointmotion.
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9.2.5 Sliding Door

Thefollowing examplewasintroducedin [Baginski, 1999] asa staticexamplewith nar
row passageandit wasusedfor comparisonsith the randomisedath planner(RPP)
of ChallouandGini [Challouetal., 1998]. We have extendedthis exampleto a problem
with atime-varyingernvironment(seeFigure9.15)

Figure9.15: Movemenbf thetime-varyingobstaclesn the sliding door environment.

In theoriginalexample theupperbaris fixedin themiddle,asin theuppereft picture.
Thelower baris fixed quite nearto therobot’s base asin the secondoicturefrom theleft
in thetop row. Therobotitself is a six degreesof freedomrobot. In the figure,theimage
sequencdrom left to right andfrom top to bottomshaws onecycle of movementof the
time-varyingobstaclesThecycle repeatsvery 80 seconds\We let theupperbarbecome
a sliding door creatinga gapto its left andright in an alternatefashion,wherethe robot
may reachthrough. The cycle of the secondbaris twice asfastasthe cycle of theupper
barandit movesvertically away from the robot’s basetowardsthe sliding doorandback
again.

Before we presentour testresults,we would like to give the exact dimensionsof
this example. We believe that this is a good benchmarkor other plannersbecausdhe
underlyingproblemis nottrivial andit is simpleto rekuild. We will notgive the heightof
the obstaclesincetheir heightis notimportantaslong they arehigh enoughin orderto
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be anobstacleor therobot. In Figure9.16the scenecanbe seenfrom above.
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Figure9.16: Dimension®f thesliding door ervironment All valuesare givenin millime-
tresor degrees.

The sceneis mirroredvertically. The inner boundsof the box are1980mm x 1980
mm. All robotslinks andjoints areidentical. The overalldimensionof onelink is 20 mm
x 350mm x 20 mm. Thedensityis givenby 0.001g/mn?. Thisresultsin amassof 140g
if we assumean equaldistribution of the mass.The centreof gravity is in the middle of
thelink, andtheinertiatensoris |, = 140/12(20° + 350?) gmn? ~ 1433833ymn?. The
robotin thefigureis in zeroposition. The minimal and maximalvaluesthe joints may
have are-180and180degrees.(As aconsequencd, is essentiato testfor self-collisions
of therobot.) Themaximaltorquein eachjoint is 0.07 Nm.

Finally, we have to specify the movementsof the two time-varying obstacles.The
larger bar changests positionfrom left to right with thefollowing function definedover
time 250.0sin(1/40t) mm and the smallerbar changests position up and down with
—200.0sin(1/20t) mm.

In Figure 9.17, the solution for a task can be seen,wherethe robot hasto move
out of the left gapinto the right gap. The start configurationfor the robot’s joints is
Us = (13,73,—65,11, —30,30) (bottom-top)andthe goal configurationis mirroredig =
(—13,—-73,65,—11,30,—30). The durationtime is 40 seconds.For this ervironment,
we only testedthe modified bang-bangrajectoryandthe searchdirectionbottom-upin
therobot’s joints, becausehis combinationturnedout to be the mostsuccessfubne. To
solve this task, our plannerneededapproximately20 secondswith a precisionvalue of
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Figure9.17: Solvedtaskwith modifiedbang-bangoathmotion.

10, a stepsizeequalto 50, andanepsilonof 10 8.

First, the robotwaits until the lower barhasmoved out of its way, beforegettingon
theright side. At the end,the robot hasto hurry to reachits goal position. Thisis only
possiblef therobothasenoughorqueto reachthe goalafterit haswaiteduntil thelower
baris out of its way.

For the next test,we keptthe precisionat 10 sincethis appeardo be a goodchoice.
With larger valuesthe plannerwill not find its way thoughthe gapsand smallervalues
resultin alongercomputingtime. If the stepsizeis decreasedhenthe computingtime
is increaseda stepsizeof 20 resultsin acomputatiortime of 115seconds).

To reducethe capabilitiesof therobot, we changedhe maximaltorqueto only 10 per
centof the original one (0.007Nm). Underthis circumstanceno resultis foundif the
stepsizeis too large. For a stepsizeof 20, the computingtime is 235 secondsNow the
robot’s stratgy changeslittle sinceit cannotwait until thebaris out of its way. Instead,
the robot tries to fold itself in sucha way thatit is small enoughto passthe lower bar
beforethe barhasstartedon its way upwards.

Finally, we wantto analysahescenausingrandomlychoserstartandgoal configura-
tions. We let thetorquebetheoriginal valueagain.For 1000randomlychosertaskswith
astartingtime betweerD and30 secondsnda goaltime betweerb0 and80 secondswe
obtainedthefollowing valuesfor a stepsizeof 20 and50 (seeTable9.14).
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|stepsize] Count Solved(%) Time(sec) BasePointg

1000/ 984|| 90 | 90 ||44.40/45.12||4.69|4.73
20 904 | 888 100|100|| 36.64| 37.30|| 4.61| 4.66
96 0 117.47 5.36

1000/ 984|| 89 | 89 ||31.71)32.22||4.77|4.81
50 887 |871||100|100|| 25.54| 26.01||4.69|4.74
113 0 80.13 5.38

Table9.14: Resultsfor sliding doorenvironmentwith randomtasks.

We notethat a smallerstepsize solves more tasks,but also needsmore computing
time. Apparentlyit takes quite sometime to reachthe decisionthatthe task cannotbe
solved. It would beinterestingto know how mary of therandomtasksareactuallysolv-
able.

9.2.6 DLR Robotwith Hand in Asteroid Field

In this lastsectionwe wantto showv thatour planneris ableto planin high-dimensional
searchspacewith a complex ervironmentconsistingof a large numberof time-varying
obstacles.

Therobotis aspaceobotdevelopedfor spacetravel atthe DLR (GermanAerospace
Center)with a high-dimensionatonfigurationspace(Figure9.18). Thefirst threejoints
of therobotareprismaticjoints suchthatthe robotmay move alongthe x, y, andz-axis.
Fromthereto the handof therobot,sevenrotationaljoints follow to give therobotliberty
of action. The handitself consistsof four fingers. Eachfinger hasfour rotationaljoints,
wheretwo of themarelocatedat the baseof the finger. With this joint combinationthe
fingermaymove sidevaysor canbe bent. The othertwo joints arefor bendingthefinger
suchthatanitem canbegraspedvith thehand.In total, therobothas26 joints.

In additionto therobot, thereareseventeersmall asteroidsn this scenewith various
trajectories.The taskfor the spacerobotis to graspthe white objectat a giventime. In
Figure9.19,theinitial trajectoryof thetaskcanbeseen.

Therobothasto avoid all the obstaclesvhile graspingthe white ball. In Figure9.19,
we have marked all collisions of the initial trajectorywith white arravs. Figure 9.20
showvs a possiblesolutionfor this task.

The taskwas solved in 30 minutesusing a precisionvalue of 10 anda stepsize of
20. Theepsilonvaluewassetto 0.001.The planningtime is quite long, becausehefinal
positionis very closeto the obstaclethat hasto be grasped.Moreover, mary collision
testsarenecessargincethetime-varyingobstaclearequitefast. The percentagef time
usedfor the torqueandforcerating is about6 per cent,for the collision testit is 39 per
cent,andfor thecollisionrating41 percentwasused.

The startandgoal configurationghat we usedin the above exampleare particularly
challenging.To demonstratehis, we generated 00 randomtasksfor the sameenviron-
ment(with identicalobstaclerajectories)In eachof the new tasks the startingtime was
setto 0 andthe goaltime was60, while therestof the startandgoal configurationsvere
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Figure9.18: Thespacerobotwith a high-dimensionatonfigu@ation space
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Figure9.19:Initial trajectoryfor the high-dimensionaspacerobot.
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Figure9.20: Solvedaskfor the high-dimensionaspacerobot.
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choserat random. The averagerunningtime of our planneron thesetaskswas5.3 min-
utes(epsilon0.001,stepsizeandprecision20). Noneof the randomtaskshadaninitial
freetrajectory FromtheselO0tasks,63 percentweresolved. Notethatwe do not know
how mary of thetasksareactuallysolvable.If we considersolvedtasksonly, thentheav-
eragecomputingtime was4.98min with 5.25basepointson average.For eachunsohed
task,theplannemeedeb.85min to signalfailureand5.19basepointswerecontainedn
thefinal trajectoryon average.

9.3 Summary

We have showvn in variousexperimentshat our planningapproachs successfuin most
planningscenariosOur plannerfindstrajectoriedor robotswith high-dimensionasearch
space®venin comple environmentswith narrav free spaceandtime-varyingobstacles.
Currently to the bestof our knowledge,no otherplanningapproachexists, which is ca-
pableof deliveringreasonabl@lanningresultsin suchsettings.A comparisorwith other
plannerdgs quitedifficult sincemostplannersdo not considettime-varyingenvironments
or dynamicconstraintof therobot. As far asbenchmark# staticernvironmentsarecon-
cerned,we have comparedour plannerwith the BB-methodandthe parallel A*-search
algorithm. If the focusis on collisionsonly, thereis no way to improve uponthe BB-
method. In comparisonto the A*-search,our planneris not too bad, if we take into
accountthatwe do our calculationsonly on a singleprocessar






CHAPTER 10

Conclusion

In this chapterwe summariseour resultsand we take a look at promisingdirectionsfor
future reseach on motionplanningin time-varyingervironments.

10.1 Summary

In this thesis,we have presented motion planningalgorithmfor robotsin time-varying
ervironments. The algorithm finds collision-free trajectoriesthat respectthe dynamic
constraintof the robot. Moreover, the algorithmis ableto handleobstacleghat move.
To our knowledge this algorithmis thefirst thatplansmotionsin sucha generaketting.

The main concernof our researchwasto find a general,robust approachto motion
planningthatis capableof dealingwith a high dimensionakearchspaceanda comple
ervironment. The approachshouldbe robust enoughto be adaptableo specificneeds
andextendableio handleadditionalconstraintsIn our approachthreebasicalgorithmic
componentgonstantlyinteractto improve aninitial trajectoryuntil a trajectoryis found
that satisfiessomegiven criteria. The threecomponentsare: a rating componenthat
evaluatesigivenexacttrajectoryaccordingo somegivenconstraintsasearckcomponent
that modifiesa basepoint trajectory andthirdly, a trajectorygeneratiorcomponenthat
constructsan exact trajectoryfrom a basepoint trajectory Sincethe high dimensional
searchspaceprohibitsits full exploration,our plannerusesheuristicsfor a local search
including randomisatiorto escapdocal minima. In contrastto the classicapproacho
motion planning,wherepath planningandtrajectorygeneratiorare separatesuccessie
tasks,our approactconsiderdothasa unit. At any time during the planningprocessa
geometricpathtogetherwith a velocity profile for the robot’s joints is manipulatedand
rated.

Eachof the threecomponentsn our approach(rating, searchrajectorygeneration)
is adaptableand extendable. Sincethe searchcomponentoesnot handleexact trajec-
toriesdirectly but only basepoints,the planningprocessandealwith differenttypesof
trajectoriesby simply adaptingthe trajectorygeneratiorcomponent.lt is even possible
to usea differenttrajectorytype for eachjoint of the robot. This might be necessary
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in non-holonomicrobotsor robotswith specialtypesof joints. As trajectorytypes,we
have analysedpoint-to-pointmotionsand path motions. For eachtype we have tested
polynomialconnectiorbetweerbasepointsanda modifiedbang-bangonnectiorwith a
trapezoidvelocity profile. Two importantcriteriafor selectinga motiontype aresmooth-
nessandthe locality of changesiecessaryf a singlebasepointis moved. It turnedout
thatin generathe modifiedbang-bangpathmotionis agoodcompromisen thatrespect.

Theratingcomponents responsibldor determiningthe quality of a givenexacttra-
jectory. The interface betweenrating and searchings openenoughto handlevarious
kindsof ratingcriteria. Our focusin this thesiswasonthemandatoryconstraintspnamely
freedomfrom collision andkeepingthe dynamiclimits of therobot.

For collision ratingwe have adaptedandextendedan existing collision test. The col-
lision testitself is basedon the well-known orientedboundingbox method.We have ex-
tendedhis methodsuchthatatrajectorycannotonly betestedor freedomfrom collision
with staticobstaclesut alsowith time-varying obstaclesMoreover, we have integrated
a rating of the collision depthinto the collision test. Sucha ratingis crucialin orderto
guidetheplannerout of a collision. The secondating functionconsidergheviolation of
dynamicconstraintsof the robot. Herethe quality of a trajectoryis determinedoy how
muchtherobot’s forceandtorquelimits areexceeded.

Othertypesof ratingsthat might be of interestreflect optimisationcriteria suchas
total trajectorytime or enegy. We have shavn how ratingsof mandatoryconstraintsand
ratingsof optimisationcriteriacanbeintegrated takinginto accounthattherequirements
of thetwo ratingtypesarequitedifferent. For example,it doesnot make senseo optimise
atrajectoryfor enegy aslongasit is still colliding.

To show theusefulnessf ourapproachwe haveimplementedur planningalgorithm
within thescopeof arobotsimulationsystemandwe have testedt in differentscenarios.
Theresultsthatwe have obtainedarequite promising.Our plannerbehaeswell in most
situationsevenin quitecomple set-upswvherethefreeconfigurationspaces particularly
narrov. A comparisonof our resultswith otheralgorithmsturnedout to be difficult,
sinceat the time being no otherimplementationdor motion planningin time-varying
ervironmentgor arbitrarymanipulatorsexist (to our knowledge).

10.2 Future Reseach

We considerour work on motion planningin time-varying ervironmentsasa first step.
Therearestill mary openproblemsandthereareseveral promisingdirectionsfor future
researclonthistopic. Examplesare: planningfor mobilerobots,minimaltime planning,
andreal-timemotionplanning.

A reasonabl@ext stepwould be to addoptimisationratingsto the overall trajectory
rating. Minimal time and minimal enegy would be particularly interesting. We have
shavn how theseratingscould be includedin our planningprocess.But theremight be
otherways of handlingoptimisationcriteria. One might be temptedto find a minimal
time trajectoryby doing a bisectionof the goal time, startingwith a randomgoal time.
However, this methodis likely to fail in time-varying ervironmentssinceincreasinghe
goaltime doesnot necessarilynake it easierto find atrajectory The goal configuration
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might notevenbefreeatthedesiredime.

Anotherinterestingextensionwould be to integratemore mandatoryconstraintgbe-
sidesfreedomfrom collision anddynamiclimits). Considerarobotthatholdsa cupfilled
with liquid. Herethe constraintvould bethattherobot'stool is keptwithin a certainori-
entationinterval relative to theworld coordinatesystem.Or considerarobotthatneedgo
keepits tool at anexactdistancerom someobstaclefor example,to weld or paintsome
object.

A quiteinterestingdirectionfor furtherresearchs to develop moreinvolved heuris-
tics for moving a basepoint. One could switch betweendifferentstratgjies depending
on which of the constraintgs responsibldor a badrating. This way we might be able
to decreaselanningtime, sincewe canusemore specialisecheuristics. For example,
if a collision ratingis badwe could do orthonormalmovementsof the links in the phys-
ical world while if torqueandforce rating is bad we move the basepointsin the time
coordinate.

At the end of Chapter5, we gave hints on how our approachcan be usedto plan
trajectoriesfor mobile robots. It would be interestingto explore this further, andto find
suitabletrajectorytypes,ratings,anddynamicmodelsfor non-holonomiaobottypes.

Anotherextensionwould be to analyseothermore complex typesof joint combina-
tions,e.g. grippet softgripper or helicoidaljoints (aspresentedn Chapterd). For these
joint combinationsappropriatedynamicmodelsneedto be found but we conjecturethat
our algorithmstill workssincethe planningitself is donein the configurationspace.

Let usnow take alook at moreinvolved problemsettings.In our work we have dealt
with the basicmotion planningproblemwherea startanda goal configurationandtwo
pointsin time are given. This settingcould be variedin differentways. First, assume
we aregiven a startconfigurationand a fixed startingtime but the goal configurationis
time-varying, thatis, our plannercandecidewhenthe goal configurationis reachecdbut
dependingon the time, the goal configurationchanges.As for an example,considera
cornveyor belt with moving workpieces.The robot’s taskis to graspthe next workpiece
but therobotcandecideby itself whento graspit.

Anothervariantwould be to have a goal configurationthatis only partially specified
in the probleminstance.For example,to graspa workpieceon a corveyer belt, it would
suffice to specifythatthe robot’s tool musthave a certainpositionin thefinal configura-
tion. The plannercandecideitself how thefinal configurationooksaslong asthetool is
in theright position.

Anotherinterestingproblemextensionis to adda numberof intermediateaobotcon-
figurationsto the probleminstance.Therobotstill needgo reacha goal configurationat
a certaintime but it alsomustreacheachof the givenintermediateconfigurationsn the
givenorder Theinterestingpart hereis thatthe plannercandecideat which pointsin
time theintermediateconfigurationsarereached.

In this work, we have considerednotion planningin known ernvironments,that is,
all obstaclesaandtheir trajectoriesareknown in advance.Sometimeshowever, only par
tial informationon the ervironmentis availablein the beginning andinformationabout
obstacless gatheredoy sensorswvhile the robotis moving. It might be worthwhile to
evaluatehow our algorithmcanbe adaptedo planningin dynamicervironments. One
possibleapproactwould beto startplanningwith theinitial information,thento startthe
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robot movementandwheneer the ervironmentchangesn sucha way thatthe current
trajectoryis jeopardiseda new trajectoryis plannedandthen executed. The above is
iterateduntil the goalis reached.It would be necessaryn eachroundto extrapolatethe
trajectorieof the obstaclepasedon the sensoinformationgatheredsofar.

Finally, we would lik e to point outthatour approachs well suitedfor parallelisation.
First, sinceour rating is donepiecavise for eachpair of basepoints, the rating for the
piecesmay be donein parallel. And secondjf atrajectorytypeis usedwherea modifi-
cationof onebasepoint only resultsin local changego the exacttrajectory thenalocal
searchto improve thetrajectorycanbe performedat severalbasepointssimultaneously
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List of Algorithms

In the following we first give a listing of the global parametersisedin the planningpro-
cess.Thereaftethefunctionsof the planningalgorithmaredescribed.The pagenumber
after a function givesthe first appearancef the functionin the text. A moredetailed
descriptioncanbe foundthere.

Parameter
Co
o)

down

p

random

Description

the planningprocessstopsaftertheratinghasreached,.

0 determineghe minimal time distancebetweentwo consecutie

basepoints.

If down is true, thenthe modificationsof basepointsis performed
top-dowvn alongthe robots’ link topology (startingat the top joint).

Otherwisethe oppositeorderis used.

€ is greaterthan0 anddeterminesvhethera trajectoryhasa better
ratingthananothettrajectory

If first istrue, thenthefirst modificationis choserthatimproves
arating. Otherwisethe bestof all basepoint movementds taken.

A determineghe minimal stepsizethata basepointis movedin one
direction.

max is thetotal numberof randommovementdhatis allowedduring
the planningprocess.

p is the precisionwhich is usedto calculatethe ratingsof the exact
trajectory Highervaluesresultin alessexactrating.

If randomist r ue, thenthebottom-upor top-davn searchn thebase
pointdimensionsstartsat arandomlyselecteddimension.
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Algorithm

addBasePoi nt

addSection

del et eBasePoi nt

del et eSection

gener at eLi st

get MaxMovenent

get Saf et yDi st

get Test Posi ti on

l'istFirst
l'istlnsert

|'i st Next

l'i st ReadTupel

[i st Remove

LI1ST OF ALGORITHMS

Description

ThefunctionbooladdBasePoi nt (trajectory7y,, trajectory‘y,
base®intb) insertsthebasepointb into thetrajectoryZ,. The
resultingtrajectoryis writtento 7. (seepagell?)

The function bool addSect i on (trajectory ‘I, trajectory 7o,
int i) addsa new basepoint to 7, if the new trajectory‘Z, is
betterthanthe original oneaftermoving. (seepagell?)
Thefunctionbooldel et eBasePoi nt (trajectoryZy, trajectory
T, int i) deleteghei-th basepoint. Theresultingtrajectoryis
writtento 7. (seepagells)

The function bool del et eSect i on (trajectory ‘7, trajectory
To, int i) deleteghei-th basepointin 7, if the new trajectory
T, is betterthanthe original oneaftermoving. (seepagel13)
Thefunctionlist gener at eLi st () generates list depending
on the searchstratgy (bottom-up,top-dovn, random). The
elementsn thelist arethepossiblenovementgor abasepoint.
(seepagel09)

The function doubleget MaxMovenent (trajectoryZ, double
ts, doublety) returnsthe maximaldistancebetweenary refer
encepoint on the robot (threefor eachlink) attime ts andty.
(seepage7’?2)

Thefunctiondoubleget Saf et yDi st (trajectoryT, doublets,
doubletg) returnsthe maximalsafetydistancesheededo en-
surefreedomfrom collision in the time interval [ts,tg]. (see
page9?2)

Thefunctiondoubleget Test Posi ti on (trajectoryT, double
ts, doubletg) returnsthe positionof the robot suitablefor the
collisiontest.(seepage93)

The function listElementl i st Fi rst (list |) returnsthe first
elemenibf thelist |. (seepagel07)

Thefunctionlist | i st nsert (list1, int j) insertsthe moving
possibilitiesfor dimensionj atthefrontof list|. (seepagel07)
ThefunctionlistElement i st Next (listElemente) returnsthe
elemeniafterelement. (seepagel07)

The functionint | i st ReadTupel (listElemente, int i) reads
thei-th elementf tuplee. (seepagel07)

The function list | i st Renove (list |, int j) removesall ele-
mentsof dimensionj from the list and returnsthe new list.
(seepagel07)
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maxRat i ng

nmve

nmovel nt er val

noveSection

rate

rateCol | ision

rat eTor queAndFor ce
rat eTor queAnd-

- For ceEnbedded

smal | er

Z€ero
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Description

Thefunctionint naxRat i ng (7) returnsthe index of the sec-
tion with theworstratingin 7. (seepagel09)
Thefunctionbool nove (trajectory 7y, trajectory ‘g, int i, int
j, doubledp, doubled,) movessection of thetrajectoryZ,, by
changingthe j-th dimensionof the configurationspace.(see
pagel04)

Thefunctionboolmovel nt erval (trajectory7,, trajectoryZo,
inti, intj) triesto reachabetterratingby modifyingall sections
fromi to j. (seepagel09)

Thefunctionbool noveSect i on (trajectory 7y, trajectory o,
inti) triesto improvethetrajectoryZ, by moving thesectioni.
(seepagel07)

Thefunctionratingr at e (trajectory7, inti, int j) returnsthe
ratingof trajectoryZ . (seepagel01)

Thefunctiondoubler at eCol | i si on (trajectoryT, doublets,
doublety) calculateghe collision ratingfor thetrajectorysec-
tion betweerts andtg. (seepage93)

The function double r at eTor queAndFor ce (trajectory 7,
doublets, doublety) calculateshe force andtorquerating for
thetrajectorysectionbetweerts andty. (seepage?’3)
Thefunctionvoidr at eTor queAndFor ceEnbedded (trajectory
T, doublets, doublety, doubld] 1) is usedby the function
rat eTor queAndFor ce. (seepage73)

Thefunctionboolsmal | er (trajectory‘Zy, trajectory‘Zz) com-
parestwo trajectoriesandreturnstrue if ‘73 is epsilonsmaller
(<%) than'Tz. (seepagel02)

Thefunctionbool zer o (trajectory‘7) checkswvhetherall sec-
tion ratings of the trajectory 7 are smaller or equalto the
globalparametec,. (seepagel02)






List of Symbols

Whatfollows s alist of symbolstogethemwith shortdescriptionsIf thereis a definition
or a detaileddescriptionfor the symbolin this work, thenthe pagenumberis givenas
well. By corvention,A, B, andC arebooleanmatrices.Vectorsaredenotedoy Greekor
smallletterswith anarrav ontop (). Thei-th valueof somevector® is denotedoy .

Symbol  Description

o Thescalamproductbetweertwo vectorsis Vow = |V| |W| cosg, where@
is theanglebetweerthetwo vectors.

V] Thelengthof avectorV is the squareoot of thesumover all square®f
the componentsv| = \/vf +VE 4 V2,

ANB The Booleanproductof the BooleanmatricesA and B. (seeDefini-
tion 4.2 on Page29)

B The Booleanpower of the Booleanmatrix B. (seeDefinition 4.3 on
page29)

AVB TheBooleanunionof theBooleanmatricesA andB. (seeDefinition4.4
on page29)

B* Thetransitve closureof the Booleanmatrix B. (seeDefinition 4.5 on
page30)

B* The modified transitve closureof the Booleanmatrix B representing

the topology of the robot andthe dependeng functions. (seeDefini-
tion 4.11on page35)
Aj Thetypeof joint J; is determineddy Aj. (seeEquation4.5onpage31)
0 Thejoint vectorof therobot,representinghe joint positions.(seeDef-
inition 4.7 on page33)
U Thevalueof the j-th joint of therobot. (seeDefinition 4.7 on page33)
urj“i“, u{"® Theminimal or maximalvaluethe j-th joint of therobotmayhave. (see
Definition 4.7 on page33)



LIST OF SYMBOLS

Description

The dynamicjoint configurationdy = (U, Ug,Uq) Of the robot. (see
Definition4.160n page41)

Thepositionpartof therobot’s dynamicconfigurationd; oftenwe drop
the w andwrite only U. (seeDefinition4.160n page41)

The velocity part of the robot’s dynamicconfigurationd. (seeDefini-
tion 4.16onpage41)

Theacceleratiorpartof therobot’s dynamicconfigurationd. (seeDef-
inition 4.16on page41)

The currentforcesandtorquesin the joints of the robot. (seeChap-
ter4.4onpage39)

Theconfigurationvectorof therobotextendedoy thetime. (seeDefini-
tion 4.13onpage38)

Themaximalspeedvectorof obstacle;. (seeChapterd.2 on page36)
Themaximaltorqueor forcethe j-th joint of therobothas.(seeChap-
ter4.1.1onpage30)

The configurationvectorof therobot. (seeDefinition 4.7 on page33)
The value of dimensioni of the configuration. (seeDefinition 4.7 on
page33)

The configurationvector of the i-th basepoint. (seeChapter5 on
page4b)

The boolean(n+ 1) x (n+ 1) matrix describingthe topology of the
robot. (page27)

Thei-th basepointb; = (G, t;) of abasepointtrajectory (seeChaptels
on page45)

The collision valuefor the trianglea in the ervironmentbasedon the
orientationvectord (page83).

Thecollision valuefor thelink L; in the ervironmentbasedon the ori-
entationvectord of thelink (page84).

Thecollision valuefor therobotin positiont attimet with safetydis-
tanced. (page84).

Configurationspacecontainingall valid configurations. (seeDefini-
tion 4.7 on page33)

Configurationspacecontainingall colliding time configurations.(see
Chapter4.30n page38)

Configurationspacecontainingall freetime configurations(seeChap-
ter4.3on page38)

Configurationspacecontainingall valid configurationsextendedby the
dimensionof thetime. (seeDefinition4.13on page38)

Index dependenyg function returningthe dimensionof joint Jj in the
configurationspace (seeDefinition 4.6 on page33)



LIST OF SYMBOLS

Symbol Description

The homogeneousransformationmatrix representinghe location of
joint Jj in theworld. (seeChapter4.1.1on page30)
Thehomogeneousansformatiormatrix from the coordinatesystenmof
joint J; to joint J. (seeChapter4.1.1on page30)

The homogeneousansformatiormatrix describingthe locationof the
coordinatesystemof obstacleD;. (seeChapter4.2 on page36)
Thehomogeneousansformatiommatrix of joint J; from thejoint’s co-
ordinatesystemin zeropositionto the actualposition. (page30)
Valuedependengfunctionreturningthevalueof joint J; if thevaluein
the configurationspaced( j) is x. (seeDefinition 4.6 on page33)
Positionof centreof gravity of link L; relative to the coordinatesystem
of joint J;. (seeChapter4.1.2on page35)

The3 x 3inertiatensomatrix of link L; relative to the centreof gravity
of link L;. (seeChapterd.1.2on page35)

Setof all joints J4, ..., J, of therobot. (seeChapterd4.1on page27 and
Chapter4.1.10on page30)

Setof previousjoints of joint J;. (seeDefinition 4.8 on page34)

Setof next joints of joint Jj. (seeDefinition 4.9 on page34)

Setof next links of joint J;. (seeDefinition 4.100n page34)

Thei-th joint in thejoint sety. (seeChapter4.1onpage27 andChap-
ter4.1.1onpage30)

Setof all links Lg,...,L, of therobot. (seeChapter4.1on page27 and
Chapterd.1.20n page35)

Setof previousjoints of link L;. (seeDefinition4.12on page35)
Thei-th link in thelink set L. (seeChapterd4.1 on page27 andChap-
ter4.1.2onpage35)

M is afunctionR3" — R" witch takesa dynamicconfigurationdy and
returnsthe force or torquevaluest for eachjoint. (seeChapter4.4on
page39)

Themassof link L;. (seeChapterd.1.2on page35)

Setof all obstacle®;,..., 0O, of theervironment. (seeChapter4.2 on
page36)

Thei-th obstaclen theervironment.(seeChapter4.2 on page36)
Thetime-varyinglocationof obstacld. (seeChapter4.2 on page36)
Functionreturningthe index of the previouslink or the previous joint
of thelink L;j or thejoint J; respectiely. (seeEquation4.3on page30)
The position of the coordinatesystemof joint Jj in the world. (see
Chapter4.1.10on page30)

Thepositionof the coordinatesystemof joint J; relativeto joint J. (see
Chapter4.1.10on page30)
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LIST OF SYMBOLS

Symbol Description

Op.
R
IRJ

R

The3 x 3 rotationmatrix partrepresentingherotationof joint Jj in the
world. (seeChapterd.1.10on page30)

The 3 x 3 rotationmatrix from the coordinatesystemof joint Jj to joint
Ji. (seeChapterd.1.1onpage30)

Is atuple of threeelementq 7, £, B). Thefirst is the setof joint 7, the
seconds thesetof links £, andthethird is theboolean(n+1) x (n+
1) matrix B describingthe topology of the robot. (seeChapter4.1 on
page27)

Trajectorysectionbetweerb;_1 andb;. (page45)
Thehierarchicakepresentationf all trianglesof anobjectO in anori-
entedboundingboxtree(page79).)

Functionof thetime describinghetrajectoryin the configurationspace
dimension.(seeChapter4.4 on page39)

Functionof the time describingthe trajectoryin the real robot joints
returningthe position,velocity, andaccelerationn thejoints. (seeDef-
inition 4.16onpage41)

Functionof the time describingthe trajectoryin thei-th dimensionof
the configurationspacedimension.(seeChapter4.4 on page39)
Functionof thetime describingthefirst derivationsof the trajectoryin
the configurationspacedimension.(seeChapter4.4 on page39)
Functionof the time describingthe first derivation of the trajectoryin
the i-th dimensionof the configurationspacedimension. (seeChap-
ter4.4onpage39)

Functionof thetime describingthe secondderivationsof thetrajectory
in the configurationspacedimension.(seeChapter4.4 on page39)
Functionof the time describingthe secondderiation of the trajectory
in thei-th dimensionof the configurationspacedimension.(seeChap-
ter4.4onpage39)
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