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Abstract

Schedulingthe executionof parallel algorithmson parallel computersis a
mainissuein currentresearch.Parallelcomputerscanbeusedto solvesched-
uling problemsvery fast and we might be able to tackle new applications,
whereschedulesmustbeobtainedvery quickly. Althoughtheimportanceof
parallelschedulingalgorithmshasbeenwidely recognized,only few results
have beenobtainedsofar. In this thesis,wepresentnew andefficientparallel
schedulingalgorithms.

A classicalproblemin schedulingtheoryis to computea minimal length
schedulefor executingn unit lengthtaskson m identicalparallelprocessors
constrainedby a precedencerelation. This problemis

� �
-completein gen-

eral,but thereexist a numberof restrictedvariantsof it thathave polynomial
solutionsandarestill of majorinterest.

First, we show that if theprecedenceconstraintsarerestrictedto betrees,
thenanoptimalschedulecanbecomputedin timeO(lognlogm) usingn/ logn
processorsof an EREW PRAM. Hence,for thosecaseswherem is not part
of the input but a constant,our algorithmis work andtime optimal. Second,
we presenta parallelalgorithmthatoptimally schedulesarbitraryprecedence
constraintson two processors.It runs in time O(log2n) and usesn3 / logn
processors.In addition,weshow thatoptimaltwo processorschedulescanbe
computedmuchmoreefficiently, if theprecedenceconstraintsarerestrictedto
beseriesparallelgraphs.In thiscase,anoptimalschedulecanbecomputedin
logarithmictimeanda linearnumberof operationssuffice.

Finally, we investigatetheparallelcomplexity of schedulingwith unit in-
terprocessorcommunicationdelays.In this extendedsettingtheschedulead-
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ditionally takesinto accountthe time requiredto communicatedatabetween
processors.After finishing a task,oneunit of time mustpassbeforeany of
its successorscan be startedon a differentprocessor, in order to allow for
transportationof resultsfrom onetaskto theother. Theproblemof computing
minimal lengthschedulesin this settingis

� �
-complete,evenif precedence

constraintsarerestrictedto be trees.Theonly nontrivial classof precedence
constraintsfor which polynomialsolutionsareknown, is theclassof interval
orders. We presenta parallelalgorithmthat solvesthe problemfor interval
ordersin time O(log2n) usingn3 / logn processors.This is thefirst

� �
algo-

rithm for thisproblem.
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CHAPTER 1

Intr oduction

A traditionalfield of applicationfor schedulingtheoryare industrialmanu-
facturingprocesses.Over the pastdecade,increasedinterestin scheduling
problemsoriginatedfrom adifferentarea.Theavailability of parallelcomput-
ersandhighperformancecommunicationnetworksgaveriseto new directions
in schedulingresearch.For onething,new typesof schedulingproblemsneed
to be solved in order to efficiently utilize parallel computers,e.g., schedul-
ing parallelcomputationswith interprocessorcommunicationdelays.Second,
parallel computersthemselvescan be usedto obtainschedulesmuch faster
thanpreviously possibleon sequentialmachines.Using parallelscheduling
algorithmswemightbeableto tacklenew applicationswhereschedulesmust
beobtainedvery quickly. Althoughtheimportanceof parallelschedulingal-
gorithmshasbeenwidely recognized,only few resultshave beenobtainedso
far. This is mainly due to the fact that many of the techniquesusedin se-
quentialschedulingalgorithmsare

�
-complete,i.e., they presumablycannot

be parallelized. In order to obtain fastparallel schedulingalgorithms,new
techniqueshave to bedeveloped.

In this thesis,wepresentparallelalgorithmsthatsolve fundamentalsched-
uling problemsrelevantto parallelandnetworkedcomputing.Thealgorithms
areexponentiallyfasterthantheirsequentialcounterparts.However, ourmain
focusis on work efficiency, i.e., we areinterestedin parallelalgorithmsthat
performasfew operationsaspossiblein orderto achieveexponentialspeedup.

In thefollowing sectionwe introducethemultiprocessorschedulingprob-
lem andvariantsthereof.Theintroductionis accompaniedby anoverview of
known resultson thesubject.Thereafter, anoutlineof this thesisis given.
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1.1 SchedulingParallel Computations

A parallel computationconsistsof a numberof taskst1, ����� , tn that have to
be executedby a numberof parallelprocessorsP1, ����� ,Pm. We assumethat
all processorsare identicalandall tasksareknown in advance. Let us first
considerthe casewhereall taskscanbe executedindependentlyfrom each
other. Taskt j requiresprocessingtime p j andis to beprocessedsequentially
by exactly oneprocessor. A scheduleis anassignmentof tasksto processors.
Theloadof aprocessoris thesumof theprocessingtimesof thetasksassigned
to it, andthe lengthof a scheduleis themaximumloadof any processor. We
wish to find a scheduleof minimal length. This problemcanalsobephrased
asadecisionproblem,whereweaskwhetherthereexistsascheduleof length
atmostk. Unfortunately, evenwhenm � 2, thedecisionproblemis

� �
-hard,

aswasshown by Karp [Kar72]. It is thereforehighly unlikely thatwecanfind
a polynomialalgorithmthatcomputesschedulesof minimal length.

Grahamwasoneof thefirst whostudiedapproximationalgorithmsfor the
multiprocessorschedulingproblem.He provedthat if tasksareput into a list
sortedin nonincreasingorder of processingtimes, and whenever a proces-
sor becomesidle, it executesthe next taskin the list, thenthe lengthof the
scheduleproducedis at most 4

3 � 1
3m timestheoptimum[Gra69]. Later, sev-

eralresearchersimprovedon this result,andfinally, it wasdiscoveredthatthe
problempossessesa polynomialapproximationscheme,i.e., for every ε � 0,
thereexistsan (1 	 ε)-approximationalgorithmthat runsin polynomialtime
[HS85, May85]. The runningtime of thesealgorithmsgrows exponentially
in 1

ε2 , andasa result by Garey andJohnson[GJ78] shows, this cannot be
improvedsignificantly, sincetheproblemis

� �
-hardin thestrongsense.

1.1.1 Schedulingwith PrecedenceConstraints

Let usnow extendourmodelby precedenceconstraints.A partialorder 
 on
thesetof tasksis givenandtaskti mustbefinishedbeforet j startsif ti 
 t j .
Now, a scheduleassignstasksto processorsand time intervals. Again, we
wish to find a scheduleof minimal length. This problemis

� �
-hard,even

if all taskshave identicalexecutiontimes[Ull75]. Grahamhasshown that if
we put the tasksinto a list in arbitraryorder, andwhenever a processorbe-
comesidle, it executesthe leftmostunscheduledtaskin the list that is ready
for execution,thenthelengthof theproducedscheduleis atmost2 � 1

m times
the optimum[Gra69]. Unfortunately, thereis no hopefor a polynomialap-
proximationscheme.For thecaseof unit processingtime, to decidewhether
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a scheduleof lengthat most3 exists is
� �

-complete[LRK78]. As a con-
sequence,no polynomialapproximationalgorithmwith performancebound
betterthan4

3 canexist unless
� � � �

. It is interestingto notethatnoapprox-
imation algorithmis known that significantly improveson Graham’s 2 � 1

m
performancebound,evenwhenall processingtimesareequal.

In thefollowing we focuson thecasewhereall taskshave equalprocess-
ing times. As alreadymentioned,the problemis still

� �
-hardin this case,

but if we put further restrictionson the problem,several interestingresults
canbeobtained.An early resultby Hu [Hu61] shows that if theprecedence
constraintsarerestrictedto be trees,thena scheduleof minimal lengthcan
becomputedin polynomialtime. Later, Brucker, Garey, andJohnsongavean
implementationof Hu’salgorithmthatrunsin lineartime [BGJ77]. Thealgo-
rithm is basedon a simplestrategy: put the tasksinto a list in nonincreasing
orderof theheighteachtaskhasin thetree. Whenever a processorbecomes
idle, it executesthe leftmostunscheduledtaskin the list that is readyfor ex-
ecution. Several researchershave alsoaddressedthe parallelcomplexity of
schedulingtrees. Fastparallelalgorithmshave beenproposedby Helmbold
andMayr [HM87a], andDolev, Upfal, andWarmuth[DUW86]. The most
efficientof themrunsin timeO(log2n) if n / logn processorsareused.

Anothertypeof precedenceconstraintsthathave beenanalyzedin thelit-
eratureareinterval orders.Interval ordersarethosepartialordersthatcanbe
definedusingintervalson therealline. With eachtaskaclosedinterval on the
real line is givenandtaskti mustbefinishedbeforet j startsif the interval of
ti is completelyto the left of theinterval of t j . Again,a quitesimplestrategy
yieldsoptimalschedules.Let thesuccessorsetof a taskti bethesetof tasks
thatcannot startbeforeti is finished.PapadimitriouandYannakakis[PY79]
showedthatif tasksareputinto alist sortedby nonincreasingsizeof successor
sets,andwheneveraprocessorbecomesidle, it executestheleftmostunsched-
uledtaskin thelist that is readyfor execution,thenoneobtainsa scheduleof
minimal length.If theprecedenceconstraintsaregivenasaprecedencegraph,
thenthe schedulecanbe computedin time O(n 	 e), wheree is the number
of edgesin thegraph.SunderandHe developeda parallelalgorithmfor this
problem[SH93] thatrunsin polylogarithmictimeandrequiresn4 processors.
Subsequently, Mayr gaveanimprovedparallelalgorithmthatrequiresonly n3

processors[May96].
Insteadof restrictingtheprecedenceconstraintsto beof acertaintype,one

mighthopeto obtainpolynomialsolutionsfor thecasewhenthenumbermof
processorsis fixedandnot partof theprobleminstance.For any fixedm � 2,
thecomplexity of theproblemis still unknown, but for thecasem � 2 poly-
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nomialsolutionshavebeenfound.Fujii, Kasami,andNinomiyaproposedthe
first polynomialalgorithmbasedon theideato constructanoptimaltwo pro-
cessorschedulefromamaximummatchingin theincomparabilitygraphof the
givenpartial order[FKN69]. Subsequently, fasteralgorithmsweregivenby
CoffmanandGraham,andby Sethi[CG72, Set76].Finally, Gabow [Gab82]
proposedanalgorithmthat requirestime linear in thesizeof theprecedence
graphwhencombinedwith a resultonstaticunion-findgivenin [GT85].

Theparallelcomplexity of thetwo processorschedulingproblemwasfirst
investigatedby VaziraniandVazirani[VV85]. They gaveanalgorithmbased
on a randomizedalgorithmfor maximummatchingswith an expectedrun-
ningtimethatis polylogarithmic.Thefirst efficientdeterministicparallel(i.e.,� �

) algorithmwasdevelopedby HelmboldandMayr [HM87b]. Their algo-
rithm runsin time O(log2n) andrequiresn10 processors.Sincethen,a num-
berof attemptshave beenmadeto developmoreefficient parallelalgorithms
[MJ89, JSS91,Jun92]. The only known provably correctalgorithmthat is
moreefficient thanthealgorithmof HelmboldandMayr still requiresn5 pro-
cessorsandis acombinationof resultsgivenin [HM87b] and[Jun92].

Anotherclassof precedenceconstraintsthat hasbeenconsideredin the
pastareseriesparallelorders.Seriesparallelordersaredefinedrecursively as
follows. A tasksystemis seriesparallelif it eitherconsistsof only onetask
or canbesplit into two seriesparalleltasksystemsT1 andT2 suchthateither
all tasksof T1 mustbefinishedbeforeany taskin T2 canstartor eachtaskof
T1 canbeexecutedindependentlyof eachtaskin T2. Thisclassof precedence
constraintsis quite rich, in particular, all parallel programsthat follow the
divide andconquerparadigmhave seriesparallel tasksystems. In general,
seriesparallelordersarenot“easier”to schedulethanunrestrictedprecedence
constraints:The problemof computingminimal lengthschedulesfor tasks
with unit processingtimesis still

� �
-complete[May81, War81]. Moreover,

it is unknown whetherpolynomialalgorithmsexist thatcomputeoptimalm-
processorschedulesfor seriesparallelordersif m is a constantgreaterthan
two, which is thesamesituationaswith unrestrictedprecedenceconstraints.

1.1.2 Schedulingwith Communication Delays

In the past few years,schedulingwith communicationdelayshasreceived
considerableattention.In thisextendedsettingthescheduleadditionallytakes
into accountthetimerequiredto communicatedatabetweenprocessors.More
precisely, for eachpair of taskswith ti 
 t j , a delay ci j is given and after
finishing a task ti , time ci j mustpassbeforet j canbe startedon a different
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processor, in orderto allow for transportationof resultsfrom onetaskto the
other. If thesuccessortaskis executedon thesameprocessor, thenno delay
is neededunlessit is necessaryto wait for resultsfrom someotherprocessor.
Rayward-Smithwasoneof the first who consideredcommunicationdelays.
For the casewhereall taskprocessingtimesandall communicationdelays
areequal,heprovedthat theproblemof computinga minimal lengthsched-
ule is

� �
-hard,andheshowedthat any greedyschedulehaslengthat most

3 � 2
m timestheoptimum[RS87]. A moreinvolvedalgorithmwaspresented

by HanenandMunier [HM95]. It is basedon anLP relaxationandachieves
a performanceboundof 7

3 � 4
3m. This boundis achieved even for the case

whereprocessingtimesandcommunicationdelaysarenot equal,aslong as
the largestcommunicationtime is shorterthanthe shortestprocessingtime
of a task. Anotherinterestingresulthasrecentlybeenobtainedby Möhring,
Scḧaffter, andSchulz.For thecaseof unit processingtimesandunit commu-
nicationtimes,they gavea (2 � 1

m)-approximationalgorithmfor seriesparallel
orders[MSS96].

Thereis alsoa resultknown concerningnonapproximability. For unit pro-
cessingtimesandunit communicationtimes,Hoogeveen,Lenstra,andVelt-
manhave shown that it is

� �
-hardto decidewhethera scheduleof length

at most4 exists [HLV92]. This implies that,unless
� � � �

, no polynomial
approximationalgorithmcanachievea performanceboundbetterthan 5

4.
Let usnow focuson thecasewhereall processingtimesandall communi-

cationdelaysareequal.Surprisingly, if we restricttheprecedenceconstraints
to be trees,the problemremains

� �
-hard,aswasshown by Lenstra,Veld-

horst,andVeltman[LVV93]. Ontheotherhand,if thenumbermof processors
is fixedandnot partof theprobleminstance,thenoptimalschedulesfor trees
canbecomputedin polynomialtime [VRKL96]. For thecasem � 2, linear
time algorithmsfor schedulingtreesareknown [LVV93, GT93, VRKL96].
Recently, anO(n2) timealgorithmhasbeenproposedthatoptimallyschedules
seriesparallelordersontwo processors[FLMB96]. Thecomplexity of sched-
uling arbitraryprecedenceconstraintson two processorsis still unknown.

Anotherclassof precedenceconstraintsthat hasbeenconsideredin the
context of unit processingtime andunit communicationdelaysare interval
orders.Picouleau[Pic92] hasshown that thesamestrategy thatwasusedby
PapadimitriouandYannakakisfor schedulinginterval orderswithoutcommu-
nicationdelayscanalsobe appliedhere,i.e., a list schedulecomputedfrom
a list of all taskssortedby nonincreasingsizeof successorsetshasminimal
length.A similaralgorithmhasbeenproposedby Ali andEl-Rewini [AER95].
Therunningtimeof theiralgorithmis O(nm 	 e), whereedenotesthenumber
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of edgesin thegivenprecedencegraph.It is interestingto notethat,otherthan
interval orders,no nontrivial classof precedenceconstraintsis known thatal-
lowscomputationof optimalschedulesin polynomialtimeif thenumbermof
processorsis partof theinput.

A variantof the schedulingproblemwith communicationdelaysis to al-
low task duplication. It might be profitableto executethe sametask more
thanonce. Insteadof waiting for sometaskti to befinishedandto transport
the resultsfrom the processorP that executesti to anotherprocessorP� , it
might be betterto schedulea duplicateof ti on processorP� . Unfortunately,
the resultobtainedin [HLV92] implies that even with taskduplication(and
unit processingtimes and unit communicationtimes) the problemremains� �

-hard. In thecaseof outtreeprecedenceconstraints,taskduplicationcan
decreasethelengthof a schedule.In thecaseof intrees,it doesn’t helpat all.
A resultregardingapproximabilityhasbeenobtainedby HanenandMunier.
In [HM97], a (2 � 1

m)-approximationalgorithmis given for schedulingtasks
with unit processingtimeandunit communicationdelays.Oneshouldkeepin
mind that taskduplicationis only applicableif tasksdo not interactwith the
environment.It mightbeimpossibleto executea taskmorethanonce.

1.2 Preview

Our work on parallelschedulingalgorithmsbegins in the next chapterwith
somenotationandconceptsrelatedto asymptoticcomplexity, graphs,partial
orders,andparallelalgorithms.We continuein Chapter3 with an introduc-
tion into basicparalleltechniquesandalgorithms.With oneexception,these
algorithmscaneitherbefoundin theliteratureor resultfrom straightforward
applicationsof known algorithms. Someof themhave beenadaptedto our
specificneeds.

In Chapter4 weturnto theproblemof schedulingunit executiontimetasks
with treeprecedenceconstraints.Weproposeastrategy wherethegiventreeis
partitionedinto m 	 1 tasksets,andto eachof them availableprocessorsone
of thesetasksetsis assignedasa basicload.Theremainingsubsetof tasksis
usedto balancetheloadbetweenprocessors.We show thatif thetreeis care-
fully partitionedandthe balancingis properlydone,thenoptimal schedules
areobtained.An efficient parallel implementationis given that outperforms
existing parallel algorithms. In particular, if m is fixed andnot part of the
probleminstance,thenouralgorithmis work andtimeoptimalon theEREW
PRAM, i.e., it runsin O(logn) timeandperformsO(n) operations.
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Chapter5 is devotedto the two processorschedulingproblem.Helmbold
andMayr proposedaninterestingstrategy for thisproblem[HM87b]. In order
to learnaboutthestructureof anoptimalschedule(without actuallycomput-
ing one) the algorithmdeterminesfor eachpair of taskst and t � the length
of an optimal two processorschedulefor the tasksthat areat thesametime
successorsof t andpredecessorsof t � . These“schedulingdistances”arethen
usedto constructtheactualschedule.Theschedulingdistancealgorithmre-
quiredn5 processors,andto computethefinal schedule,n10 processorswere
necessary. Sincethensomeimprovementshave beenachieved. In [Jun92],
it wasshown how thefinal schedulecanbeconstructedusingonly n3 proces-
sors,but theresourceboundsfor theschedulingdistancecomputationhavenot
beenimproved.In Chapter5, wepresentanalgorithmthatcomputesschedul-
ing distancesin O(log2n) time on n3 / logn processors.We furthermoreshow
that anoptimalschedulecanbeobtainedwithin the samebounds.We close
thechapterby applyingthis resultto themaximummatchingproblemin co-
comparabilitygraphs.We show that,usingour two processorschedulingal-
gorithmasa subroutine,maximummatchingsin co-comparabilitygraphscan
becomputedin O(log2n) timeonn3 processors.

We staywith thetwo processorschedulingproblemfor onemorechapter.
In Chapter6, we show that if the precedenceconstraintsarerestrictedto be
seriesparallelorders,thenanoptimaltwo processorschedulecanbeobtained
muchmoreefficiently thanin thegeneralcase.In fact,our algorithmfor this
problemrunsin logarithmictimeandperformsa linearnumberof operations.

In contrastto thepreviouschapters,Chapter7 dealswith communication
delays. We presenttwo resultsrelatedto interval orders. First, we improve
on the result given by Ali and El-Rewini [AER95] and show that optimal
schedulesfor interval orderscan be computedby a sequentialalgorithmin
time O(n 	 e), wheree is thenumberof edgesin thegivenprecedencegraph.
Second,wepresentaparallelalgorithmthatrunsin logarithmictimeif n3 pro-
cessorsareemployed.Theparallelalgorithmproceedsin two stages.In stage
one,wedeterminefor everytaskthenumberof timestepsrequiredto schedule
all of its predecessorsin the interval order. In stagetwo, we usethesenum-
bersto constructaninstanceof adifferentschedulingproblemwheretasksare
notconstrainedby aprecedencerelationbut haveindividual releasetimesand
deadlines.We computeanoptimalschedulefor this instance,andthusobtain
an optimalschedulefor theoriginal problem. Our algorithmis thefirst

� �
algorithmfor schedulingwith communicationdelays.

In Chapter8, weclosewith concludingremarksandsomeopenproblems.





CHAPTER 2

Preliminaries

Thepurposeof this chapteris to introducebasicdefinitionsandnotation.We
startwith somemathematicalpreliminariesconcerningasymptoticcomplex-
ity, Landausymbols,andlogarithms. Thereafter, we review graphtheoretic
concepts.We continuewith sectionson partial ordersandprecedencecon-
straints.In the lastsectionof this chapterwe introducethemodelof compu-
tationthatourparallelschedulingalgorithmsarebasedupon.

2.1 Asymptotic Complexity

We measurethe boundson the resources(for example,time andwork) re-
quiredby our programsasa function of the input size. Hereby, we are in-
terestedin theworst-casecomplexity: A resourceboundstatesthemaximum
amountof that resourceour programrequireson any input of sizen. These
boundsareexpressedasymptoticallyusingthe following notation. For func-
tions f andg, wesay f is O(g) (or f � O(g)) if thereexist positiveconstantsc
andn0 suchthat f (n) � c  g(n), for all n � n0. Wesay f is Ω(g) (or f � Ω(g))
if thereexist positiveconstantsc andn0 suchthat f (n) � c  g(n), for all n � n0.
If f is O(g) and f is Ω(g), thenwesay f is Θ(g).

Insteadof ( f (n))k we write f k(n), while f (k)(n) is usedto denotethevalue
of f appliedk timesto n, i.e., f (1)(n) � f (n) and f (k � 1)(n) � f (k)( f (n)). For
instance,log2(n) � (log(n))2 but log(2)(n) � log(log(n)). Usually, we write
logn insteadof log(n) andunlessstatedotherwise,weassumelogn to bebase
2. By log� n we denotethesmallestintegerk suchthatlog(k) n � 1. For a real
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numberx, let � x� denotethesmallestintegergreateror equalto x andlet � x�
denotethegreatestintegerlessthanor equalto x.

A function f is saidto bepolynomialif f (n) � nO(1), it is linear if f (n) �
O(n), it is polylog or polylogarithmic if f (n) � logO(1) n, andit is logarithmic
if f (n) � O(logn).

2.2 Graphs

In this sectionwe review somegraphtheoreticconcepts.A multigraphG �
(V,E) consistsof a finite setof verticesV anda finite multisetof edgesE.
Eachedgeis a pair (v,w) of distinctvertices(i.e., v �� w). If E is a set,then
G is a graph. If theedgesof G areunorderedpairs,thenG is anundirected
multigraph(undirectedgraph). Otherwisetheedgesareorderedpairs,andG
is a directedmultigraph (directedgraph). Directedmultigraphs(graphs)are
alsocalledmultidigraphs(digraphs). To emphasizethatanedgeis undirected,
wesometimeswrite {v,w} insteadof (v,w). Thetermsdefinedin thefollowing
for graphscanalsobeappliedto multigraphs.

If (v,w) is anedge,thenv andw areadjacentto eachotherandtheedge
(v,w) is incidentto v andw. We alsosaythat (v,w) connectsv andw, andv
andw aretheendpointsof (v,w). A directededge(v,w) leavesv, enters w, is
anoutgoingedgeof v, andan incomingedgeof w.

Theoutdegreeof a vertex v in a digraphis thenumberof outgoingedges
of v. The indegreeof v is thenumberof incomingedgesof v. Thedegreeof a
vertex v in anundirectedgraphis thenumberof edgesincidentto v. A vertex
whoseindegreeequalszerois calleda source, anda vertex whoseoutdegree
equalszerois calleda sink. A vertex thathasnoadjacentverticesis isolated.

A pathof lengthk is a sequenceof verticesv0, ����� ,vk suchthat(vi ,vi � 1) is
anedgefor 0 � i � k. Verticesv0 andvk aretheendpointsof thepathandall
otherverticesareinternalvertices. A pathvisitsor containsverticesv0, ����� ,vk
andedges(v0,v1), (v1,v2), ����� , (vk � 1,vk), andit avoidsall otherverticesand
edges.A pathis simpleif no internalvertex is visited twice. Unlessstated
otherwise,weassumethatpathsaresimple.If v0 � vk andk � 2, thenthepath
is acycle. A graphis acyclic if it containsnocycles.

A graphG� � (V � ,E � ) is a subgraphof G � (V,E), if V ��� V andE � � E.
G� is a propersubgraphof G, if G� is a subgraphof G andV ��� V or E ��� E.
GraphG� is aninducedsubgraphof G if, in addition,all edgesof G with both
endpointsin V � arecontainedin E � . In thiscase,wesayG� is thesubgraphof
G inducedby V � .
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A graphḠ � (V, Ē) is thecomplementof thegraphG � (V,E) if for every
pairof distinctverticesv andw, theedge(v,w) is in Ē if f (v,w) /� E.

Let G beanundirectedgraph.A subgraphG� of G is acliqueif eachpairof
verticesin G� is adjacent.A cliqueG� is amaximumcliqueif noothercliqueof
G containsmorevertices.A subsetV � � V of verticesis calledanindependent
set, if notwo verticesin V � areconnected.A k-coloring for agraphG � (V,E)
is a partitionof thevertex setV � X1 � X2 �  � � !� Xk suchthateachsubsetXi

is an independentset. Theelementsof Xi aresaidto be“colored” with color
i. As a consequence,every vertex is coloredwith exactly onecolor andtwo
connectedverticesarecoloreddifferently. If thereexistsa k-coloring for G,
thenG is saidto bek-colorable. Thechromaticnumberof G is thesmallest
possiblek for whichG is k-colorable.

A cycle of length3 is calleda triangle. An edgee is a chord of a cycle
c, if theendpointsof e arecontainedin c but e is not. A chorde of a cycle c
is a triangular chord of c, if thereexistsa trianglesuchthat two of the three
edgesof the trianglebelongto c andthe otheredgeof the triangleis e. An
undirectedgraphis calledchordal if every cycle of lengthfour or greaterhas
a chord. Equivalently, anundirectedgraphis chordalif f every cycle eitheris
a triangleor containsa triangularchord.

A graphis connectedif for everypair of verticesv "� w, thereexistsa path
from v to w or a pathfrom w to v. A connectedcomponentof a graphG is a
connectedsubgraphof G that is not a propersubgraphof anotherconnected
subgraphof G.

A subsetM of edgesof anundirectedgraphG is calleda matching in G if
no two edgesof M sharethesameendpoint.M is calledamaximummatching
if noothermatchingin G containsmoreedgesthanM.

A directedacyclic graph(dag) G � (V,E) is calledtransitiveor transitively
closedif for everypairof distinctverticesv andw suchthatthereis apathfrom
v to w, theedge(v,w) exists. The transitiveclosure G# � (V,E # ) of G is the
dagsuchthat(v,w) is anedgein G# if f v "� w andthereis a pathfrom v to w
in G. An edge(v,w) is redundantif thereexistsa pathfrom v to w thatavoids
(v,w). A dagwith no redundantedgesis transitivelyreduced. The transitive
reductionG$ � (V,E $ ) of G is the uniquetransitively reduceddagthat has
thesametransitiveclosureasG.

Let v beavertex in adag.Thedepthof v, denotedby depth(v), is thelength
of a longestpathfrom any sourceto v plus1. In particular, all sourceshave
depth1. Theheightof v, denotedby height(v), is thelengthof a longestpath
from v to any sink plus1. In particular, all sinkshaveheight1. Theheightof
a dagG, denotedby height(G), is themaximumheightof any vertex in G.
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Theverticesof a dagcanbepartitionedinto levels. We sayvertex v is on
level % , andwrite level(v) � % , if theheightof v is % . We adopttheconvention
to draw directedacyclic graphswith edgespointingdownwardssuchthatall
verticeson thesamelevel have thesameverticalcoordinate.Consequently, if%'& % � wesaythatlevel % is higherthan % � and % � is lower than % .

Let v andw beverticesof adag.Wesaythatv is apredecessorof w (andw
is asuccessorof v) if thereis apathfrom v to w. Wesaythatv is animmediate
predecessorof w (andw is an immediatesuccessorof v) if (v,w) is anedge
andv,w is theonly pathfrom v to w.

2.2.1 Bipartite Graphs

An undirectedgraphG � (V,E) is calledbipartite if its vertex setcanbeparti-
tionedinto two disjoint independentsetsA andB. Equivalently, G is bipartite
if f it is 2-colorable.If thepartitionof thevertex setis clearfrom thecontext,
thenwedenotethebipartitegraphG by thetriple (A,B,E). A bipartitegraphis
convex onA if theverticesof A canbeordered,sayA � {a1, (�(�( ,am}, suchthat
for everyvertex b

�
B, thesubsetof verticesin A connectedto b formsanin-

terval in theorderof A, i.e., if {ai ,b} �
E and{ai # k,b} �

E, then{ai # r ,b} �
E

for all r between0 andk. For every b
�

B, let begin(b) denotethenumberof
thefirst vertex in A connectedto b andlet end(b) denotethenumberof thelast
vertex in A connectedto b. A convex bipartitegraphcanconciselyberepre-
sentedby a list of tuples(begin(b1),end(b1)), . . . , (begin(bn),end(bn)), where
B � {b1, (�(�( ,bn}. For instance,thetuplerepresentationof theconvex bipartite
graphdepictedin Figure2.1 is (1,2), (2,5), (1,6), (5,6).

a1 a2 a3 a4 a5 a6

b1 b2 b3 b4

Figure2.1: A convex bipartitegraph.
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2.2.2 Trees

An undirectedgraphG is a tree if it is connectedandacyclic. A graphG
is a forest of treesif every connectedcomponentof G is a tree. A rooted
tree is a treeT � (V,E) with onedesignatedvertex root(T), calledthe root.
In the sequel,we only considerrootedtreesandevery treeis understoodto
be a rootedtree. Verticesof degree1, otherthanthe root, arecalled leaves.
All verticesthat arenot leavesare internal vertices. Note that betweentwo
verticesv andw of a treethereexistsexactlyonepath.

Let {u,w} beanedgein a treeT. Thenu is theparentof w andw is achild
of u if thepathfrom the root of T to u doesnot containw. If v andw have
thesameparent,thenv is a sibling of w. In drawingsof undirectedtrees,the
verticesareplacedsuchthat eachvertex is above its children. In particular,
the root is at the top. Vertex u is an ancestorof v andv is a descendantof
u if thepathfrom theroot to v containsu. Notethatevery vertex is ancestor
anddescendantof itself. Thesubtreeof T rootedat vertex u is thesubgraph
of T inducedby theverticesthataredescendantsof u. A vertex u is common
ancestorof verticesv andw if u is ancestorof v andancestorof w. Thelowest
commonancestorof two verticesv andw is the root of the smallestsubtree
thatcontainsv andw.

Thedepthof a treevertex v, denotedby depth(v), is thelengthof thepath
from theroot to v plus1. In particular, thedepthof theroot is 1. Thedepthof
a treeT, denotedby depth(T), is themaximumdepthof any vertex in T. The
heightof a vertex v, denotedby height(v), is thelengthof a longestpathfrom
v to any leafplus1. In particular, theheightof a leaf is 1. Theheightof a tree
T, denotedby height(T), is theheightof its root.

A treeis ordered if thechildrenof eachvertex areordered.Theorderon
siblings is given by specifyingthe left sibling and the right sibling of each
vertex. Thefirst child of a vertex hasno left sibling,andthelastchild hasno
right sibling.

A traversalof a treeis a list of its verticesthatcontainseachvertex exactly
once.Thedepth-first traversal of anorderedtreeT consistsof theroot of T
followed by the depth-firsttraversalsof its subtreesfrom left to right. The
preorder numberof vertex v, denotedby pre(v), is i if v is the i-th vertex in
thedepth-firsttraversalof T. Thebreadth-first traversal of anorderedtreeT
consistsof taskssortedby depthsuchthat theverticesthathave equaldepth
aresortedby theirpreordernumber. An examplefor adepth-firsttraversaland
a breadth-firsttraversalis givenin Figure2.2.

A treeis calledbinary if every vertex hasat mosttwo children. A binary
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1

4 3 2

5 6

7

9 8

Figure2.2: Anorderedtree. Its depth-firsttraversal is 1,4,3,5,7,6,2,9,8. For
instance, the preorder numberof vertex 4 is 2, and the preorder numberof
vertex 9 is 8. Thebreadth-first traversalof this treeis 1,4,3,2,5,6,9,8,7.

treeis proper if every internalvertex hasexactly two children. A binarytree
is completeif it is properandall leaveshavethesamedepth.

2.2.3 Inforestsand Outforests

A dagis calledan inforestif theoutdegreeof every vertex equalseitherzero
or one.In aninforest,avertex with anoutdegreeequalto zerois calleda root.
An inforestis an intreeif only oneroot is present(cf. Figure2.3b).Similarly,
a dagis calledanoutforest if the indegreeof every vertex equalseitherzero
or one. Here,all verticeswith anindegreeequalto zeroarecalledroots. An
outforestwith only oneroot is anouttree(cf. Figure2.3a).

(a) (b)

Figure2.3: (a) Anouttreeand(b) an intree.

Notethat intreesandouttreesbecometreesif thedirectionof edgesis ig-
nored. We make this distinctionbetweenundirectedtreesanddirectedtrees
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becauseweusethemin two differentcontexts. Directedtreesoccurasprece-
dencegraphsin schedulingproblems,while treesareusedascomputational
structuresin ouralgorithms.In theformercasethedirectionof edgesis vital,
while in thelattercasethedirectionis unimportant.

2.2.4 Vertex SeriesParallel Digraphs

A digraphis a vertex seriesparallel digraph (VSPdigraph)if it canbecon-
structedby applyingrecursively thefollowing rules:

1. A digraphconsistingof a singlevertex is a VSPdigraph.

2. If G1 � (V1,E1) andG2 � (V2,E2) areVSPdigraphs,then

(a) theseriescompositionG1 ) G2 : � (V1 * V2,E1 * E2 * (O1 + I2)) is
a VSPdigraph,whereO1 is thesetof sinksof G1 andI2 is theset
of sourcesof G2, and

(b) the parallel compositionG1 * G2 : � (V1 * V2,E1 * E2) is a VSP
digraph.

Note that every VSPdigraphis acylic. A VSPdagG canbe represented
by a decompositiontreethatreflectstherecursive structureof G. An ordered
properbinarytreeT is adecompositiontreefor G if eachleafof T corresponds
to a vertex of G, andvice versa.Eachinternalvertex v of T is eithermarked
with “P” or “S”, representingaseriesor parallelcompositionof theVSPdags
thatcorrespondto thesubtreesof T rootedat theleft child andtheright child
of v. Weadopttheconventionthatan“S” vertex joinsthesinksof theVSPdag
of its left subtreewith sourcesof theVSPdagof its right subtree.Figure2.4
showsaVSPdagtogetherwith a decompositiontreefor it.

Let v bea vertex in thedecompositiontreeT for a VSPdagG. ThenG(v)
denotesthe VSP dagdefinedby the subtreeof T rootedat v. In particular,
G(root(T)) � G. For eachvertex v, G(v) is calleda definingsubgraphof G
with regard to T. For instance,let v denotethe lowestcommonancestorof
vertex 1 andvertex 5 in Figure2.4b. ThenG(v) is the subgraphof the VSP
dagin Figure2.4ainducedby thevertices1,2,3,5.

Let G bea VSPdagandlet T bea decompositiontreefor it. Thebreadth-
first traversal of G with regard to T is the list of all verticesof G sortedby
depthsuchthat the verticesthat have equaldepthin G are sortedby their
preordernumberin T. For instance,the breadth-firsttraversalof the VSP
dag in Figure 2.4awith regard to the decompositiontree in Figure 2.4b is
1,2,4,3,5,7,6.
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Figure2.4: (a) A vertex seriesparallel dag, (b) a decompositiontreefor it,
and(c) its line digraphinverse(seeSubsection2.2.5).

2.2.5 EdgeSeriesParallel Multidigraphs

A classof graphsthat is closelyrelatedto VSPdagsis theclassof edgese-
ries parallelmultidigraphs.A multidigraphis an edge seriesparallel (ESP)
multidigraph if it can be constructedby recursively applying the following
rules:

1. A digraphconsistingof two verticesconnectedby a singleedgeis an
ESPmultidigraph.

2. If G1 andG2 areESPmultidigraphs,thenthemultidigraphsconstructed
by eachof thefollowing operationsareESP:

(a) two terminalseriescomposition: identify thesink of G1 with the
sourceof G2.

(b) two terminalparallel composition: identify thesourceof G1 with
thesourceof G2 andidentify thesinkof G1 with thesinkof G2.

NotethatESPmultidigraphsareacyclic. ESPmultidagsarealsocalledtwo
terminalseriesparallel multidagsbecauseeveryESPmultidaghasexactlyone
sourceandonesink.

An ESPmultidagG canbe representedby a decompositiontree. An or-
deredproperbinary treeT is a decompositiontree for G, if eachleaf of T
correspondsto an edgeof G, andvice versa. Eachinternalvertex v of T is
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eithermarkedwith “P” or “S”, representingaseriesor parallelcompositionof
theESPmultidagsthatcorrespondto thesubtreesof T rootedat theleft child
andtheright child of v. We adopttheconventionthatan“S” vertex identifies
the sink of the ESPmultidagof its left subtreewith the sourceof the ESP
multidagof its right subtree.

Obviously, ESPmultidagsandVSPdagsarerelated.To capturethis rela-
tionshipformally, we requirethenotionof line digraphs.The line digraphof
a multidigraphG � (V,E) is thedigraphL(G) � (V � ,E � ) suchthatthereexists
a bijective mapping f from E to V � and( f (e1), f (e2)) is an edgein E � if f e1
ande2 areedgesin E with e1 � (u,v) ande2 � (v,w).

Lemma 2.1([VTL82 ]) A multidigraphwith onesourceandonesinkis ESP
iff its line digraphis a VSPdag.

Clearly, every multidigraphhasa uniqueline digraph. Hence,the VSP
dagthat is the line digraphof anESPmultidagis uniquelydetermined.The
“inverse”multidigraphof aline digraphis notuniquelydeterminedin general,
but onecanshow the following [HN60]: For every line digraphthereexists
aninversemultidigraphthathasatmostonesourceandatmostonesink(take
anarbitraryinversemultidigraphandidentify its sourceswith eachotherand
identify its sinkswith eachother). If we only considermultidigraphswith
at most one sink and at most one sourceas inversesof line digraphs,then
every line digraphG hasa uniqueinversegraph,whichwedenoteby L $ 1(G).
L $ 1(G) is calledthe line digraphinverseof G.

This factcaneasilybeseenin thecaseof ESPmultidags:For every VSP
dagG thereexistsexactlyoneESPmultidagL $ 1(G) suchthatL(L $ 1(G)) � G.
For instance,the ESPmultidagin Figure2.4c is the line digraphinverseof
the VSP dagin Figure2.4a. Note that the treein Figure2.4b is not only a
decompositiontreefor the VSP dag,but it is alsoa decompositiontreefor
its line digraphinverse.Eachleaf of the treerepresentsa vertex of theVSP
dagandan edgeof its line digraphinverse. This fact holdsin general,and
the converseis alsotrue, i.e., a decompositiontreefor an ESPmultidagis a
decompositiontreefor its line digraph.

2.3 Partial Orders

Let X besomeset. A binary relationR on X is a subsetof X + X. We write
xRyif (x,y) � R, while x "Rymeans(x,y) /� R. A binaryrelationis saidto be, irreflexive if x "Rx for all x

�
X,
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X, and, transitiveif xRyandyRzimpliesxRzfor all x,y,z �

X.

A binary relationon X is a partial order if it is irreflexive andtransitive.
Note that every partial order is asymmetric.Let R be a partial orderon X.
Thecomparability graphof R is theundirectedgraphG � (X,E) with {x,y} �
E if f xRyor yRx. The incomparability graph of R is the complementof its
comparabilitygraph.

Thereis a one-to-onecorrespondencebetweenpartial ordersand transi-
tively closeddags. The dagthat correspondsto the partial orderR on X is
GR � (X,E) with (x,y) � E if f xRy, for all x,y �

X. A partialorderR is a tree
order if the transitive reductionof GR is eitheran inforestor anoutforest.R
is a seriesparallel order if the transitive reductionof GR is a vertex series
paralleldag.

2.3.1 Inter val Orders

A partial orderR on X is an interval order if, for all x,y,v,w �
X, xRyand

vRwimpliesthatxRwor vRy. Interval orderscanalsobecharacterizedusing
intervalson thereal line. A partialorderR on X is an interval orderif f there
existsa mappingI from X to closedintervalson thereal line suchthat I (x) is
completelyto theleft of I (y) if f xRy. ThemappingI is calledan interval rep-
resentationof the interval orderR. A graphthat is the incomparabilitygraph
of an interval orderis calledan interval graph. As is well known, a partial
orderis aninterval orderif f its incomparabilitygraphis chordal[GH64].

2.4 PrecedenceConstraints

Tasksystemswith precedenceconstraints consistof a setof tasksT anda
partial order - on T. If x - y then we say that y is a successorof x or y
succeedsx andx is a predecessorof y or x precedesy. If x is a predecessor
of y andthereexistsno taskthat is bothsuccessorof x andpredecessorof y
thenx is an immediatepredecessorof y andy is an immediatesuccessorof x.
In every schedulefor (T, - ), a taskx mustbefinishedbeforey startsif y is a
successorof x.

It is convenientto representthepartialorder - by adirectedacyclic graph.
A precedencegraphfor (T, - ) is a directedacyclic graphG with vertex setT
suchthat for all x,y �

T thereis a directedpathfrom x to y if f x - y. Since
tasksarealsoverticesof the given precedencegraph,the termsfor vertices
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of a graphcanequallywell beappliedto tasks.For instance,eachtaskhasa
depth,a height,anda level.

2.5 Parallel Algorithms

We describeour parallelalgorithmson a high level andmostly in termsof
basicparallel functionsthat aregenerallyacceptedasbasicbuilding blocks
for parallel algorithms(seeChapter3). This enablesus to concentrateon
the algorithmic idearequiredto solve a schedulingproblemandto abstract
from featuresspecificto certainparallelmachinearchitectures.Efficient im-
plementationsof thesebasicfunctionsareavailableon a numberof parallel
architectures(cf. [JáJ92, Lei92]).

2.5.1 Computational Model

Nevertheless,in orderto analyzeresourcerequirementsandto beableto com-
pareour resultswith existing work, we assumeas a modelof computation
theparallel randomaccessmachine(PRAM) [FW78], a modelthatis widely
usedas a platform for describingparallel algorithms. The PRAM consists
of a numberof processors,eachhaving its own local memory, andsharinga
commonglobal memory. Processorsarecontrolledby a commonclock and
in every timestepeachof the processorsexecutesoneinstructionhandlinga
constantnumberof O(logn)-bit words. Communicationbetweenprocessors
is carriedoutby exchangingdatathroughthesharedmemory.

Differentvariantsof thePRAM modelhave beenconsideredwith respect
to theconstraintsonsimultaneousaccessto thesamememorylocation.In the
exclusivereadexclusivewrite (EREW)PRAM, eachmemorylocationcanbe
accessedby at mostoneprocessorat a time. In theconcurrentreadexclusive
write (CREW) PRAM, eachmemorycell canbe written to by at mostone
processorat a time. If no limitationsareposedon memoryaccesses,thenthe
PRAM is of theconcurrentreadconcurrentwrite (CRCW)type.TheCRCW
PRAM modelcanbedifferentiatedfurtherby how concurrentwritesarehan-
dled.ThecommonCRCWPRAM allowsconcurrentwritesonly whenall pro-
cessorsareattemptingto write thesamevalue.Thearbitrary CRCWPRAM
allows anarbitraryprocessorto succeed,andthepriority CRCWPRAM as-
sumesthat the indicesof the processorsarelinearly ordered,andallows the
onewith minimum index to succeed.All variantsof the PRAM have been
shown to beequallypowerful exceptfor logarithmicfactorsin runningtime
or processorrequirements.
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The advantageof PRAMs over parallelmachinemodelswith distributed
memoryis that in the PRAM setting,algorithmsareeasierto describeand
easierto analyze. The drawbackof PRAMs is the somewhat “unrealistic”
assumptionof a globally sharedmemory. It hasbeenshown, however, that
PRAMscanbesimulatedon distributedmemorymachineswith only a small
increasein runningtime [AHMP87, KLM92].

2.5.2 Performanceof Parallel Algorithms

Theworst-casecostof a parallelalgorithmis givenby threefunctionsT(n),
P(n), andW(n). FunctionT(n) is themaximumnumberof timestepsthealgo-
rithm requiresto processaninput of sizen, P(n) is thenumberof processors
thatmustbeemployedin orderto achieve the time boundT(n), andW(n) is
themaximumnumberof operationsthatareperformedon aninput of sizen.
TheworkW(n) doesnotnecessarilyequalT(n) . P(n), sincenotall processors
maybeactive in eachtimestep.

A parallelalgorithmis saidto bework optimal if it is provedthatno other
parallelalgorithmcanexist thatsolvesthesameproblemusingasymptotically
lessoperations.A parallelalgorithmis time optimal if it is proved that no
other parallel algorithm can be asymptoticallyfaster. Both termsare used
with regardto aspecificmachinearchitecture.For instance,analgorithmmay
betimeoptimalwith regardto theEREWPRAM, despitethefactthata faster
algorithmexistsfor theCRCWPRAM.

2.5.3 Complexity Classes

Obviously somecomputationalproblemsareeasierto solve thanothers. A
main issuein computerscienceis to provide a mathematicalframework in
which problemscanbe classifiedwith regardto their complexity. It is gen-
erally acceptedto say that a problemcan be solved efficiently if it can be
solvedin polynomialtime. For parallelalgorithms,a similar notionhasbeen
introduced. A problemis saidto be efficiently solvablein parallel if it can
besolvedin polylogarithmictime usinga polynomialnumberof processors.
Thisclassof problemsis commonlyreferredto astheclass/ 0 . In thesequel
we assumethat the readeris familiar with basictermsof complexity theory
suchas / 1 -completenessand 1 -completeness.For an introductionto / 1 -
completenesstheorywe refer to the book by Garey andJohnson[GJ79]. A
detailedtreatmentof the limitationsof parallelcomputationcanbe found in
thebookby Greenlaw, Hoover, andRuzzo[GHR95].



CHAPTER 3

BasicParallel Techniques

In this chapterwe presentbasicparallel techniquesandalgorithmsthat we
usein ourparallelschedulingalgorithms.Mostof thesealgorithmshavebeen
taken from the literature. Someof themhave beenadaptedto meetspecific
requirementsof ourschedulingalgorithms,andothersarestraightforwardap-
plicationsof known algorithms. The only “basic” algorithmthat cannot be
foundelsewhereis the onethat computesa breadth-firsttraversalof a series
parallelgraph(Section3.11).

3.1 Reschedulingand Brent’s SchedulingPrinciple

Supposewe aregivena PRAM algorithmwith time boundT(n) thatrequires
P(n) processors.If only p 2 P(n) processorsareavailableon a specificma-
chine,we have to reschedulethealgorithm.We partitiontheP(n) processors
into p groupsof sizeat most 3 P(n) / p4 andlet eachof the p availablepro-
cessorssimulatetheprocessorsof a distinctgroup. Hence,eachparallelstep
of thealgorithmcanbesimulatedby the p processorsin time 3 P(n) / p4 . As
a consequence,the time requiredto executethealgorithmon p processorsis
T(n) .53 P(n) / p4 . In thesequel,wewill usereschedulingquiteoftenandusually
without furthernotice.

Theconceptof reschedulingcanbe extendedin the following way. Sup-
posewe aregivenanalgorithmthat runsin T(n) parallelstepsandperforms
Wi(n) operationsin stepi, 1 2 i 2 T(n). We simulateeachsetof Wi(n) op-
erationsby p processorsin 3 Wi(n) / p4 parallel steps. Then the time spent
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is ∑i 3 Wi(n) / p462 ∑i(Wi(n) / p 7 1) 8 W(n) / p 7 T(n), whereW(n) is thetotal
numberof operationsperformedby thegivenalgorithm.Thisschedulingprin-
ciple is alsoknown asBrent’sschedulingprinciple. Brentusedthis technique
to evaluatearithmeticexpressionsefficiently in parallel[Bre74].

Brent’s schedulingprinciplehasto beappliedcarefully. We have to make
surethattheassignmentof work to processorsthat is necessaryto simulatea
stepcanbedone.Moreprecisely, for eachparallelstep,eachof the p proces-
sorsmustknow whetherit is activeor not,andif it is active, it mustknow the
instructionit hasto performandthelocationof theoperands.In general,this
assignmentis non-trivial.

3.2 Prefix Operations

The prefixoperation takesa binaryassociative operator9 andanarrayof n
elementsx1, :�:�: ,xn andcomputesthe arrayx1,x1 9 x2, :�:�: ,x1 9 x2 9 :�:�:;9 xn.
For instance,if 9 is addition,thentheprefixoperationappliedto thenumbers
7,4,3,0,-1,4,2would return 7,11,14,14,13,17,19. The prefix operationwith
addition is called prefix-sumsoperation. As for anotherexample,let 9 be
thebinaryminimumoperation.Then,theprefix-minimaoperationappliedto
7,4,3,0,-1,4,2returns7,4,3,0,-1,-1,-1.

In whatfollows,we describea recursiveparallelfunctionthat implements
theprefix operation[LF80]. Let x1, :�:�: ,xn bethe input. Without lossof gen-
erality, we assumethat n is a power of 2, i.e., n 8 2k, for somenonnegative
integer k. If n 8 1 we return the input. Otherwise,we computethe array
x1 9 x2,x3 9 x4, :�:�: ,xn < 1 9 xn andapplyrecursively ourprefixoperationto this
array. Let y1, :�:�: ,yn/2 denotetheresult.Finally, we returnthearrayz1, :�:�: ,zn,
wherezi is computedasfollows: For i 8 1, wesetz1 : 8 x1. For eveni, weset
zi : 8 yi/2, andfor odd i = 1, we setzi : 8 y(i < 1)/2 9 xi . It is not difficult to see
thatzi 8 9 i

j > 1x j .
We assumethat 9 can be evaluatedby one processorin constanttime.

Sincein everyrecursivecall to our functionthesizeof theargumentis halved,
the numberof recursive calls is logn. Furthermore,eachincarnationof our
functioncanbeperformedwithoutconcurrentmemoryaccessin constantpar-
allel time on n processors(not countingtherecursivecalls). Hence,thealgo-
rithm runsin timeO(logn) on n processors.To reducethenumberof proces-
sors,we apply Brent’s schedulingprinciple. Insteadof n processorswe use
only n/ logn processors.ConsidertheworkWj (n) performedby thealgorithm
in incarnation j, not countingthe recursive call. For somesuitablepositive
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constantc, thework performedin thefirst incarnationis cn, in thesecondin-
carnationthis work is reducedto cn/ 2, andsoon. In general,in incarnation
j ( j 8 1, :�:�: , logn), Wj(n) 8 c2k < j ? 1. It follows thatthetotalwork performed
by thealgorithmisW(n) 8 ∑logn

j > 1 Wj (n) 8 O(n). Onn/ logn processorswecan
simulateincarnationj in time 3 Wj (n) logn / n4 . Sincetherearelogn incarna-
tions,thetotal runningtime is

logn

∑
i > 1

@
Wj (n) logn

n A 2 logn

∑
i > 1 B Wj(n) logn

n
7 1C 8 O(logn).

Dueto theregularstructureof theprefixalgorithmBrent’sschedulingprin-
ciple canbeapplied. It is not difficult to allocatework to processorsin each
incarnation,but sincethe detailsdo not provide new insight,we omit them.
We haveshown thefollowing:

Theorem3.1([LF80]) A prefixoperationonn elementscanbeperformedon
theEREWPRAMin timeO(logn) usingn / logn processors.

Prefixoperationsarequiteuseful.Somebasicapplicationsof prefix oper-
ationsaregivenin thefollowing.

On the EREW PRAM, prefix operationsareoften usedto distribute data
from onememorylocationto others,e.g., to simulateconcurrentreadaccesses
to memory. Supposewe want to broadcasta valuex from cell 1 to thecells
2, D�D�D ,n. First, we write a zerointo cells2, D�D�D ,n. Thenwe executea prefix-
sumsoperationon thearrayfrom cell 1 to n. After that,eachof then memory
locationshasvaluex. Clearly, on PRAMscapableof concurrentread,we do
not requireprefixoperationsto distributedata.

Another applicationis the extraction of subsequences.Supposewe are
givenanarrayX E x1, D�D�D ,xn of arbitraryelementsandanarrayA E a1, D�D�D ,an

with ai F {0,1}. To extractthesubsequenceY of X thatconsistsof all elements
xi with ai E 1, we computetheprefix-sumsof A andstorexi into a new array
Y atposition∑i

j G 1a j if ai E 1.

3.2.1 SegmentedPrefix Operations

Supposewe aregiven an arrayX E x1, D�D�D ,xn of elementsdrawn from a set
W anda BooleanarrayB E b1, D�D�D ,bn thatsplitsX into a numberof blocksin
thefollowing sense.Fromleft to right, eachentryof B that is truemarksthe
beginningof a new block of X. Hence,if bi is thek-th true entryof B andb j

is the (k H 1)-th true entryof B, thenthek-th block of X is ai , D�D�D ,a j I 1. The
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lastblock of X startswith the index of the last true entryof B andendswith
xn. Our goal is to applya prefix operationindependentlyandsimultaneously
to eachblock of X (asdefinedby B). As it turnsout, this segmentedprefix
operation problemcanbesolvedby a singleprefix operationon X, provided
thatwecarefullychoosethebinaryprefixoperator.

Let J bethebinaryassociative operatorthatwe want to apply to theele-
mentsof X. Wedefineanew binaryoperatorK onW L {true, false} asfollows:

(x,b) K (y,c) : E M (x J y,b) if c E false,
(y,c) otherwise.

It is notdifficult to seethat K is associative,providedthat J is associative. As
before,let the k-th block of X spanthe indicesi to j N 1, andlet q be some
index betweeni and j N 1. Thenthe first componentof K q

pG 1(xp,bp) equalsJ q
pG ixp. Hence,a singleprefix-K operationon the tuples(x1,b1), D�D�D , (xn,bn)

computesa prefix-J operationin eachblockof X.

Theorem3.2 A segmentedprefixoperationon an input of sizen canbeper-
formedon theEREWPRAMin O(logn) timeusingn / logn processors.

3.3 Computing the Maximum in ConstantTime

Considertheproblemof computingthemaximumof n numbers.If weapplya
prefix-maximaoperationto thearrayof numbers,thentheprefixmaximumfor
the lastnumberis themaximumof all numbers.Hence,we requireO(logn)
time andusen / logn processors.Clearly, this is a work optimal algorithm,
sincewe have to performat leastO(n) operationsto look at all numbers.On
the CREW PRAM (andEREW PRAM) this algorithmis also time optimal
[CDR86],but on theCRCWPRAM wecandobetter. In thefollowing weas-
sumetheweakestvariantof theCRCWPRAM, namely, thecommonCRCW
PRAM, whereall processorsthatwrite to thesamememorycell at thesame
timehaveto write thesamevalue.

It hasbeenshown by ShiloachandVishkin [SV81] that for any ε O 0, the
maximum(or minimum)of n elementscanbefoundontheCRCWPRAM in
constanttime usingn1P ε processors.We will show in thefollowing that if all
numbersareintegersin therange0, D�D�D ,O(n), thenumberof processorscanbe
reducedto n, while still runningin constanttime. Thealgorithmexploits the
fact that theOR of n Booleanvaluescanbecomputedon theCRCWPRAM
with n processorsin constanttime.
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We first considera problemrelatedto the maximumproblem. Given a
Booleanarray X E x1, D�D�D ,xn that containsat leastone true, determinethe
largestindex i suchthat xi E true. Assumethat Q n2 R E O(n2) processorsare
available. We createa BooleanarrayY E y1, D�D�D ,yn, with all entriesinitially
setto false. Eachof the Q n2 R processorsselectsa distinctpair of indicesi and
j, with 1 S i T j S n, andwrites true into yi if f x j E true or xi E false. After
that, exactly oneentry yk containsfalse, andthis k is the largestindex with
xk E true. All of theseoperationscanbeperformedin constanttime.

Now, we assumethatonly n processorsareavailable. We split X into ap-
proximately U n blocksX1, D�D�D ,XV n, eachof sizeroughly U n. For eachblock
Xi , we computetheBooleanOR of thebits in Xi andthenusethealgorithm
of thepreviousparagraphto determinethelastblock Xk thatcontainsa true.
Sincethereare U n blocks,this canbedoneon n processorsin constanttime.
Finally, we determinethe largestindex j in block Xk with x j E true, again
usingthealgorithmgivenin thepreviousparagraph.Only U n elementshave
to behandled,henceconstanttimeandn processorssuffice.

Let usreturnto our original problem.Let a1, D�D�D ,an denotetheinput with
numbersin therange0, D�D�D , f (n), with f (n) E O(n). WecreateaBooleanarray
b0, D�D�D ,bf (n) andsetb j to true if f thereexistsanindex i with ai E j. Thisarray
canbe createdin constanttime on n processors,since f (n) E O(n). All we
have to do now is to find thelargestindex i with bi E true. As we have seen
above,thiscanbedonein constanttimeon f (n) processors.

Theorem3.3([FRW88]) Themaximumof n integers in therange0, W�W�W ,O(n)
can be computedon the (common)CRCWPRAMin constanttime using n
processors.

3.4 Merging

Given two sortedsequencesX andY, theproblemof merging X andY is to
computea new sortedsequencethatconsistsof theelementsof X andY. We
first describeanon-optimalalgorithmfor mergingbasedonbitonicsequences.
Thena work optimal algorithmis derived that usesthe bitonic merger asa
subroutine.

3.4.1 Bitonic Merge

A sequenceof elementsdrawn from a linearly orderedsetis calledbitonic if
it is a concatenationof two monotonicsequences,onenondecreasingandthe
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othernonincreasing.We say that the sequenceremainsbitonic if it is split
somewhereand the two partsare interchanged.For example,the sequence
7,4,9,20,33,10 is bitonic since9,20,33 is nondecreasingand10,7,4 is non-
increasing.An interestingpropertyof bitonic sequencesis the following: If
x1, W�W�W ,x2n is bitonic, thenthesequences

min(x1,xnX 1),min(x2,xnX 2), W�W�W ,min(xn,x2n) (3.1)

and

max(x1,xnX 1),max(x2,xnX 2), W�W�W ,max(xn,x2n) (3.2)

arebitonicaswell, andnoelementof (3.1)is greaterthanany elementof (3.2).
To seethis, considerthefollowing. If x1, W�W�W ,x2n is split andthetwo parts

areinterchanged,thenthesequences(3.1)and(3.2)aresplit andinterchanged
thesameway. Hence,it sufficesto look at thecasewhere

x1 Y Z�Z�Z[Y x j \ 1 Y x j ] x j X 1 ] Z�Z�Z ] x2n,

for some j, 1 Y j Y 2n. We canfurthermoreassumethat j ^ n, sincethere-
versalof sequencesdoesnot changetheir bitonic property. If xn Y x2n then
xi Y xnX i, for all 1 Y i Y n. Hence,sequence(3.1) equalsx1, W�W�W ,xn andse-
quence(3.2)equalsxnX 1, W�W�W ,x2n, whicharebothbitonicsequences.Otherwise
xn ^ x2n. Thenthereexistsanindex i, 1 Y i Y n suchthatxi ^ xnX i andxi \ 1 Y
xnX i \ 1. It follows that thesequence(3.1) equalsx1, W�W�W ,xi \ 1,xnX i , W�W�W ,x2n and
thesequence(3.2) equalsxnX 1, W�W�W ,xnX i \ 1,xi , W�W�W ,xn (cf. Figure3.1). It is not
difficult to seethatnoelementof (3.1)is greaterthanany elementof (3.2)and
thatbothsequencesarebitonic.

x1 x1

xi \ 1
xi

xn
xnX 1

x j

xi \ 1

xi

xn

xnX i \ 1

xnX i

x2n

Figure3.1: Bitonicsequences(seetext).
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Usingthispropertyof bitonicsequences,wecandesignasimplerecursive
functionthatsortsa bitonic sequence[Bat68]: Without lossof generality, we
assumethat n _ 2k, for somepositive integer k. Let x1, W�W�W ,xn be the input
sequence.If n _ 1 we returnthe input. Otherwise,we recursively sort the
sequencemin(x1,xn/2X 1), W�W�W , min(xn/2,xn) andthe sequencemax(x1,xn/2X 1),W�W�W , max(xn/2,xn). In the end,we returnthe concatenatedresultsof the two
recursivesorts.

With input sizen, an incarnationof this function(not countingthe recur-
sive calls) canbe performedin a constantnumberof parallelstepson an n
processorEREW PRAM. The two recursive calls areprocessedin parallel:
Onehalf of the processorssortsthe sequenceof minima andthe otherhalf
sortstheothersequence.Hence,therunningtime T(n) of our functionsatis-
fies the following recurrence:T(n) _ T(n / 2) ` c, for somepositive constant
c. Thesolutionof this recurrenceis T(n) _ O(logn).

Now, let x1, W�W�W , xn and y1, W�W�W , ym be two sortedsequences.Then the
sequencex1, W�W�W , xn, ym, W�W�W , y1 is bitonic, andwe canuseour function that
sortsa bitonicsequenceto mergethesequencesx1, W�W�W , xn andy1, W�W�W , ym. We
obtain:

Theorem3.4([Bat68]) Twosortedsequencesof total lengthn canbemerged
onann processorEREWPRAMin timeO(logn).

3.4.2 A Work Optimal Merging Algorithm

The bitonic merger just describedis not work optimal, sinceoneprocessor
canmergetwo sortedsequencesin O(n) time but thebitonic mergerrequires
O(nlogn) operations.In the following we describea work optimalmerging
algorithm.Ourdescriptionmainly follows[AMW89]. Similaralgorithmscan
befoundin [BN89, HR89].

Let X _ x1, a�a�a ,xr andY _ y1, a�a�a ,ys betwo sortedsequences,andlet n _
r ` s. We assumethatall elementsin X andY aredistinct. If this is not the
case,distinctnesscanbeachievedasfollows. We replaceeachelementxi in
thefirst sequenceby atriple (xi ,1, i) andreplaceeachelementyi in thesecond
sequenceby a triple (yi ,2, i). Then,we merge the two sequencesof triples
usinglexicographicorder.

Letvbeanelement.Wesaytherankof v in X is k if exactlyk elementsof X
arelessthanv. Let X _ X1RX2 andY _ Y1SY2, i.e., R is a(possiblyempty)sub-
sequenceof X andS is a (possiblyempty)subsequenceof Y andX1,X2,Y1,Y2
aretherespective prefixesandsuffixesof X andY. We sayR andSarecom-
patibleif all elementsof RandSaregreaterthanall elementsof X1 andY1 and
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lessthanall elementsof X2 andY2. For instance,let X _ 2,5,7,8,10,14,22,30
andY _ 1,3,6,12,15,34,35. Thenthe subsequences8,10,14 and12,15 are
compatible.Furthermore,7,8,10 and12,15 arecompatible,and7,8 is com-
patiblewith theemptysequencein Y between6 and12. Givena subsequence
R of X, a subsequenceof Y compatiblewith R canbedeterminedasfollows.
Take thefirst andthelastelementof R andcomputetheir rankin Y. Let a be
the rank of the first elementandlet b be the rank of the last element.Then
thesubsequenceof Y consistingof the (a ` 1)-th up to theb-th elementof Y
is compatiblewith R.

Assumefor the time being that we have partitionedX andY into O(n /
logn) pairsof compatiblesubsequencesRj andSj suchthat for all j, Rj is a
subsequenceof X, Sj is a subsequenceof Y, andRj , Sj consistof O(logn)
elementseach.Obviously, we canmergeX andY by first merging eachpair
Rj , Sj andthenconcatenatingthe resultsfor all j. Using oneprocessorfor
eachpairRj andSj , wecanperformall mergesin timeO(logn) usingn/ logn
processors.

Whatremainsis to computetheRj ’sandSj ’s. FromX andY, weselectev-
ery b lognc -th elementandmergethetwo selectedsubsequencesusingbitonic
merge.By Theorem3.4,thiscanbeperformedin timeO(logn) usingn / logn
EREW PRAM processors.Let u(1), u(2), a�a�a be the selectedelementsof X,
andlet v(1), v(2), a�a�a be the selectedelementsof Y. Furthermore,let U (i) be
thesubsequenceof X startingwith u(i) andendingright beforeu(i X 1), i.e., U (i)

containsu(i) but not u(i X 1). Similarly, let V(i) bethesubsequenceof Y starting
with v(i) andendingright beforev(i X 1).

If weknow therankof eachv( j) in X andtherankof eachu(i) in Y, thenit is
easyto computepairsof compatibleRj ’s andSj ’s with thedesiredproperties
(Figure3.2). In the following we describehow to computethe rankof each
v( j) in X. Thesamealgorithmcanbeusedto computetheranksof theu(i)’s in
Y.

LetW bethemergedsequenceof v( j)’sandu(i)’s. Usingaprefixoperation
onW segmentedby theu(i)’s,we candeterminefor eachv( j) theindex i such
that v( j) falls into U (i). Then, using binary search,we determinethe exact
position in U (i) wherev( j) belongs. One processorcan perform the binary
searchin timeO(loglogn). If morethanoneelementv( j) fallswithin thesame
U (i), thenconcurrentreadaccessesto the samememorycell may occur. To
avoid this, we make a sufficient numberof copiesof U (i) beforehand,andlet
eachbinary searchusea distinct copy. Let v( j), a�a�a ,v(k) be the elementsthat
fall into the samesubsequenceU (i). We requirek d j ` 1 copiesof U (i) and
we createthesecopiesperforming|U (i)| prefix-maximaoperationseachon a
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X

Y v(1) v(2) v(3) v(4)

u(1) u(2) u(3) u(4)
U (1) U (2) U (3) U (4)

V(1) V(2) V(3) V(4)

X

Y S2 S3 S4 S5 S6 S7 S8

R1 R2 R3 R4 R5 R6 R7 R8

Figure3.2: To merge X andY wedeterminetherankof each u(i) in Y andthe
rankof each v( j) in X. We obtainpairs of “small” compatiblesubsequences
Rj andSj .

sequenceof sizek d j ` 1. We usek d j ` 1 processorsandrequireO(logn)
timebecausethesizeof U (i) is O(logn). Sincethenumberof selectedelements
v( j) is O(n / logn), thenumberof binarysearchesthathave to beperformedis
O(n / logn) too. Hence,we candeterminethe ranksof all v( j) in X in time
O(logn) usingn / logn EREWPRAM processors.

We have justshown:

Theorem3.5([AMW89 , BN89,HR89]) Twosortedsequencesof total sizen
canbemergedontheEREWPRAMin timeO(logn) usingn/ logn processors.

3.4.3 SegmentedMerging

Assumewearegivenk pairsof sortedsequencesXi andYi , i e 1, a�a�a ,k, andwe
aresupposedto mergeXi with Yi , for every i. Insteadof performingk merge
operations,we performonly one. In eachXi we replaceevery elementx by
a tuple (i,x). Thenwe concatenateX1, a�a�a ,Xk to form the sequenceA. We
carryout thesameoperationson theYi ’s to form thesequenceB. We mergeA



30 3. BASIC PARALLEL TECHNIQUES

andB usinglexicographicorderon thetuples,andthusobtainasequencethat
consistsof X1 mergedwith Y1, followedby X2 mergedwith Y2, andsoon.

Theorem3.6 We can merge any numberof pairs of sortedsequenceswith
total lengthn in O(logn) timeusingn / logn EREWPRAMprocessors.

3.5 Sorting

Let X beasequenceof n elementsdrawn from a linearlyorderedset.Without
lossof generality, weassumen e 2k, for somepositiveintegerk. To sortX we
canusemerge-sort, whichworksasfollows.First,wesplit X into n sequences
of length1. Now, we iteratelogn times. In eachiterationwe groupthe set
of sortedsequencesobtainedsofar into pairsandmergeeachpair into a new
sortedsequence.In doingso,thenumberof sequencesis halved,while their
lengthdoubles.Consequently, logn iterationssuffice to obtaina singlesorted
sequenceY that consistsof all elementsof X. All merge operationsof one
iterationarecarriedoutsimultaneouslyusingsegmentedmerging. Hence,we
canprove:

Theorem3.7 A sequenceof n elementsdrawnfroma linearly orderedsetcan
besortedon theEREWPRAMin timeO(log2n) usingn / logn processors.

If weareonly interestedin asortedsequencethatconsistsof thessmallest
elementsof X, thenwe canperformbetter. We assumethatn ands areboth
powersof 2. We divide merge-sortinto two phases.Phaseoneconsistsof
logs iterationsresultingin n / s sortedsequencesof sizes each. We require
O(lognlogs) time on n / logn processorsto performphaseone. In phasetwo,
everytimewemergetwo sequencesof sizesweonly keepthefirst selements
of the result. This way the numberof elementswe have to handleis halved
in eachiteration. Sinceall sequencesareof sizes, eachmergerequiresO(s)
operationsandtakesO(logs) time, providedthatwe useat leasts/ logs pro-
cessors.In iteration i, we have to merge n / (s2i f 1) sequencesandthe work
performedis O(n / 2i f 1). If we usen / logn processorswe canperformitera-
tion i in timeO(max(logs, (logn) / 2i f 1)). Thetotal timespentin phasetwo is
O(lognlogs) sinceatmostlogn iterationshaveto beperformed.We obtain:

Theorem3.8 Let X be a sequenceof n elementsdrawn from a linearly or-
dered set, and let s be an integer with 1 g s g n. A sortedsequencethat
consistsof thessmallestelementsof X canbecomputedin timeO(lognlogs)
usingn / logn EREWPRAMprocessors.
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The merge-sortalgorithmgiven at the beginning of this sectionis work
optimalbut nottimeoptimal.A work optimalsortingalgorithmfor theEREW
PRAM thatis alsotimeoptimalis Cole’spipelinedmerge-sort:

Theorem3.9([Col88]) A sequenceof n elementscan be sortedin O(logn)
timeusingn EREWPRAMprocessors.

3.6 List Ranking

Supposewe aregivena linked list L of n nodeswhoseorderis specifiedby
anarrayof pointerss(1), h�h�h ,s(n): in L, thenodefollowing nodei hasnumber
s(i), for 1 g i g n. We assumethatthefirst nodeof L is node1 andif nodei is
thelastnode,thens(i) e 0. Thelist rankingproblemis to determinetherank
of eachnode,i.e., its distanceto theendof thelist.

On a sequentialcomputer, list rankingis a trivial problem.All we have to
dois to traversethelist. In theparallelsetting,list rankingis moreinvolved.A
simplelist rankingalgorithmis thefollowing,whichusesthepointerjumping
technique.To eachnodewe dedicateoneprocessoranda variabled(i) that
will containthedistanceof nodei to theendof the list. Initially, d(i) is zero
if nodei is the lastnodeof the list andotherwised(i) e 1. Then,we iterate
thefollowing: In eachiteration,processori executesd(i) : e d(i) i d(s(i)) and
s(i) : e s(s(i)) if s(i) is not yet zero. After O(logn) iterationsall pointersare
zeroandd(i) is thedistanceof nodei to theendof thelist (Figure3.3). Each
iteration requiresa constantnumberof parallelstepson the EREW PRAM
sincenoconcurrentmemoryaccessesoccur. Hence,weobtain:

Theorem3.10([Wyl79]) Givena linkedlist L with n nodes,therankof each
nodein L can be determinedon the EREWPRAMin O(logn) time usingn
processors.

Clearly, this algorithmis not work optimal. Work optimal list rankingal-
gorithmsfor theEREWPRAM areknown but arequiteinvolved.

Theorem3.11([AM88, CV88a]) Thelist rankingproblemfor a list of sizen
canbesolvedin O(logn) timeonn / logn EREWPRAMprocessors.

Thebasicideabehindthesealgorithmsis thefollowing strategy:

1. Shrinkthelist until only O(n / logn) nodesremain.

2. Apply pointerjumpingto thelist of remainingnodes.
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1 1 1 1 1 1 1 0
s(i) :
d(i) :

2 2 2 2 2 2 1 0

4 4 4 4 3 2 1 0

7 6 5 4 3 2 1 0

Figure3.3: List rankingusingpointerjumping. After j lognk iterations(here:
3), all nodesknowtheir distanceto theendof thelist.

3. Restoretheoriginal list andrankthenodesthathavebeenremoved.

Thedifficult partis step1. Step2 hasjust beendescribedandstep3 is essen-
tially step1 reversed.For details,we referto [AM88] and[CV88a].

3.6.1 Prefix Operationson Link edLists

List rankingcanbe usedto performa prefix operationon the elementsin a
linkedlist. To thisend,wedeterminetherankd(i) of eachlist nodei andstore
theelementof nodei in anarrayX at positionn l d(i), wheren is the length
of thegivenlist. Next, we performthedesiredprefixoperationon X. Finally,
we move theprefix valuecomputedin X at positionn l d(i) backto nodei.
UsingTheorem3.11andTheorem3.1weobtain:

Theorem3.12 A prefixoperationon theelementsof a linkedlist canbecom-
putedin timeO(logn) usingn / logn EREWPRAMprocessors.

3.7 The Euler-Tour Technique

A numberof importantproblemson treescanbesolvedusingtheEuler-tour
technique,which hasbeenintroducedby TarjanandVishkin [TV85]. In the
following we restrictour attentionto rootedtrees.We assumethat thegiven
treeis ordered,thatis, for eachvertex anexplicit orderof its childrenis given.
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For example,thetreemayberepresentedby a sequenceof vertices,eachver-
tex beingassociatedwith apointerto its rightsiblingandapointerto itsparent.
This is a necessaryprerequisitefor theEuler-tour technique.If thetreeis not
ordered,wehave to orderthechildrenof eachvertex usingsorting.

Every edge(x,y) of the given tree is replacedby two anti-parallelarcs
d(x,y) andu(x,y), onepointing downwardsfrom x to y andthe otherpoint-
ing upwardsfrom y to x. We build a list of thesearcssuchthat the resulting
pathrunscounterclockwisealongthe contourof the tree, i.e., the pathis an
Euleriantour of the tree. If the numberof verticesin the tree is n, this can
be performedin constanttime on n processorssincethe treeis ordered.We
breakthis tour at theroot taskandobtaina paththatcorrespondsto theorder
of advancingandretreatingalongedgesduringanordereddepth-firsttraversal
of thetree.We call this paththeEuler-tour of thegiventree. In Figure3.4,a
treeandits Euler-touraredepicted.
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Figure3.4: A treeand its Euler-tour d(1,4), u(1,4), d(1,3), d(3,5), d(5,7),
u(5,7), u(3,5), d(3,6), u(3,6), ����� , u(2,8), u(1,2). (a) To computethepreorder
numbersof thetreevertices,weassign1 to downgoingarcsof theEuler-tour
and0 to upgoingarcs.(b) Theprefixsumsof thearc valueson theEuler-tour.
Theprefixsumfor arc d(x,y) is thepreordernumberof y minus1.

In the following we show how theEuler-tour canbeusedto computethe
preordernumberandthedepthof eachvertex in thegiventree.We startwith
thedepth.Weassignavalueof -1 with eachupgoingarcin theEuler-tourand



34 3. BASIC PARALLEL TECHNIQUES

a valueof 1 with eachdowngoingarc. Then,we computetheprefix sumsof
thearcvalueson theEuler-tour. Theprefix sumobtainedthis way for d(x,y)
is thedepthof y minus1. To computepreordernumbers,weproceedthesame
way asjust described,with theexceptionthata valueof 0 is assignedto each
upgoingarcof theEuler-tour(insteadof -1). Now theprefixsumobtainedfor
d(x,y) is thepreordernumberof y minus1 (Figure3.4b).

Theorem3.13 Given an ordered tree with n vertices,we can computethe
depthandthepreorder numberof each vertex in timeO(logn) usingn / logn
processorsof anEREWPRAM.

Proof. The Euler-tour canbe constructedin constanttime on n processors,
andhencein O(logn) time on n / logn processors.A prefix-sumsoperation
on the elementsof a linked list canbe carriedout within the samebounds
(Theorem3.12). �
3.8 TreeContraction

Supposewearegivenabinarytreewhereto eachleafsomevalueis assigned,
eachinternalvertex of the treerepresentsa binary function, andeachedge
representsa unaryfunction. Thevalueof anedgeis determinedby applying
its functionto thevalueof thechild it pointsto. Thevalueof avertex is deter-
minedby applyingits functionto thevaluesof theedgesthatpoint to its two
children. We call sucha binary treeanexpressiontree. Thegoal is to com-
putethevaluesof all verticesin thegivenexpressiontree. An efficient way
of solving this expressionevaluationproblemin parallel is treecontraction.
This techniquehasbeenintroducedby Miller andReif in [MR85]. Sincethen
a numberof authorscontributedto it [KD88, CV88b, ADKP89, GR89]. Our
descriptionfollows[KD88] and[ADKP89].

The basicideaof treecontractionis to contractthe given binary treeby
iteratively removing verticesuntil only threeverticesremain:its rootandtwo
of its leaves. During contraction,the valuesof the removed leavesandthe
functionsof theremovedverticesandedgesarecombinedinto new functions,
andthesefunctionsareassociatedwith theremainingedges.After eachcon-
tractionstep,the valueof eachof the remainingvertices,asdefinedby the
new expressiontree,is identicalto its valuedefinedby theoriginalexpression
tree.Hence,at theendof contractionthevalueof theroot caneasilybecom-
puted.To computethevaluesof theremovedvertices,thefinal expressiontree
is expandedto its original sizeby undoingthesequenceof contractionsteps
in reverseorder.
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In the following we first show how verticesandedgesareremovedfrom
the treeduring contraction.We will later show how to handlethe functions
they represent.Thebasicoperationusedto contractthetreeis raking. A rake
operationtakesaleafs, its parentv, its siblingw, andtheparentu of its parent.
It removessandv from thetreeandtheedgesincidentto themandputsanew
edgefrom u to w:

s

v

w

u

rake(s)��� u

w

In order to be fast,we want to rake in eachparallelstepa large numberof
leavessimultaneously. In thefollowing threesituationsthetwo leavess andt
cannotberakedsimultaneously:

s t s

t

s

t

These(andtheir symmetriccounterparts)are the only situationswheretwo
rakeoperationsinterferewith eachother.

Our strategy for schedulingthe rake operationsis the following. First,
we numberthe leavescounterclockwisealongthecontourof thebinary tree.
This caneasilybedoneusingtheEuler-tour technique.Thenwe iterateuntil
only two leavesremain.In eachiteration,wefirst simultaneouslyrakeall odd
numberedleft leavesandthenwesimultaneouslyrakeall oddnumberedright
leaves.(Theonlyexceptionis thefirst andthelastleaf: if oneof themisachild
of theroot,wecannotrakeit. Instead,wedonottouchthisleafanymore,since
it will beoneof thetwo leavesthatremaintill theend.)Finally, wedivide the
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numberof eachof the remaining(evennumbered)leavesby 2, andstartthe
next iteration.

It is not difficult to seethat the simultaneousrakesdo not interferewith
eachother. Moreover, in eachiterationthenumberof leavesthatremainto be
rakedis at leasthalved.Hence,afterO(logn) iterationsthetreeis reducedto a
treethatconsistsof theroot andtwo leaves.Eachiterationcanbeperformed
on n processorsin a constantnumberof parallelsteps. In the first iteration
O(n) work is performed,andin eachfurtheriteration,only half of thework of
thepreviousiterationneedsto bedone.Hence,thetotalnumberof operations
requiredto contractthetreeis O(n). To reducethenumberof processorsfrom
n to n/ logn, weapplyBrent’sschedulingprinciple:Onn/ logn processorsthe
time requiredto contractthetreeis still O(logn).

Lemma 3.14 A binary treeof sizen canbecontractedon theEREWPRAM
in timeO(logn) usingn / logn processors.

We now returnto the problemof computingthe valuesof the verticesin
thegivenexpressiontree. We first focuson how thevalueof the root of the
treecanbecomputed.Weassumethatthefunctionsassociatedwith edgesare
taken from an indexedsetof unaryfunctions. In particular, eachfunction is
uniquelydeterminedby anindex. Supposewewantto rakea leafswith value
val(s). As before,let v betheparentof s, let u betheparentof v, andlet w be
thesiblingof s. Furthermore,let f bethefunctionassociatedwith v andlet gi,
g j , andgk be the functionsassociatedwith theedges(v,s), (u,v), and(v,w).
We rake s asdescribedbeforeandadditionally, we assigna new functiongm

to thenew edge(u,w):

s

v

w

u

f
gi gk

g j

rake(s)���
u

w

gm

Thenew functiongm is definedas

gm(x) � g j( f (gi(val(s)),gk(x))). (3.3)
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Hence,by rakings, thevaluesof all remainingverticesremainunchanged.In
particular, thevalueof therootin thecontractedexpressiontreeis still itsvalue
asdefinedin theoriginalexpressiontree.Weobtainthefollowingresult:If the
index m canbedeterminedfrom f , i, j, andk in constantsequentialtimeand
if all edgefunctionscanbeevaluatedin constantsequentialtime, giventheir
index andargument,thenthe valueof the root canbe computedin O(logn)
timeusingn / logn processors.

What remainsis to computethe valuesof all othernon-leafvertices. To
this end,we undoall rake operationsin reverseorder. We startwith thecon-
tractedtreethatconsistsof theroot andtwo leavesandendup with theorigi-
nal expressiontree.Assumethat leaf s hasto beunrakedin thenext iteration
of unraking. Furthermore,assumethat all valuesof verticesin the current
expressiontreearecomputed.To unrake s, we remove the edge(u,w) and
reinsertv ands togetherwith their incidentedges(u,v), (v,s), and(v,w). Since
the valueof w is known by now, we can computethe valueof v, which is
f (gi(val(s)),gk(val(w))). Clearly, “uncontracting”the treeandcomputingall
valuescanbeperformedwithin thesametime andprocessorboundsascon-
tractingthetree.

Treecontractioncanbe appliedto a wide rangeof expressionevaluation
problems.In eachindividualcasewehaveto provideasuitablesetof indexed
edgefunctions. In many cases,tree contractioncan also be usedto solve
expressionevaluationproblemson arbitrary(non-binary)trees.Theideais to
convertthearbitraryinputtreeinto abinarytreewith anexpressionevaluation
problemthatis equivalentto theoriginalproblem.

3.8.1 Computing the Vertex Height in Trees

In the following we show how treecontractioncanbeusedto determinethe
heightof eachvertex in an arbitraryorderedtree. To eachleaf we assigna
valueof 1 andto eachinternalvertex u weaddauxiliaryverticesasfollows:

u

v w s t
��� u

v

w

s t

1 � max

max

max
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Each“old” vertex is associatedwith thefunction f : (x,y) �� 1 � max(x,y) that
adds1 to themaximumof thevaluesof its left andright child. Eachauxiliary
vertex is associatedwith thefunction f � : (x,y) �� max(x,y). All edgesobtain
theidentity function. It is not difficult to seethatthevalueof an“old” vertex
in the resultingbinary expressiontreeequalsits height in the original tree.
Sincethe input treeis ordered,all auxiliary verticescanbe insertedinto the
treein constanttime on n processors,andhencein O(logn) time on n / logn
processors.

Suitableedgefunctionsfor treecontractionarethefollowing. For integers
a andb, let ga,b betheunaryfunction

ga,b : x �� a � max(b,x).

Initially, we let all edgescarry the functiong0,0, sincefor positive x, g0,0
is the identity function. Supposethatduringtreecontractionwe have to rake
a leaf s with parentv. As before,let u be the parentof v and let w be the
sibling of s. Furthermore,let ga,b bethefunctionof edge(v,s), let gc,d bethe
functionof edge(u,v), andlet ge,h bethefunctionof (v,w). If thefunctionof v
is 1 � max, then,accordingto (3.3),theedgefunctionfor thenew edge(u,w)
is supposedto be

gc,d(1 � max(ga,b(val(s))� ��� �
def 

k

,ge,h(x)))

� c � max(d,1 � max(k,e � max(h,x)))� c � 1 � e � max(max(d ¡ 1 ¡ e,k ¡ e,h),x)� gc¢ 1¢ e,max(d £ 1 £ e,k £ e,h)(x),

andif thefunctionof v is max, thentheedgefunctionof (u,w) is

gc¢ e,max(d £ e,k £ e,h)(x).

In eithercase,theindex of thenew edgefunctioncanbecomputedin constant
sequentialtime. It is furthermoreclearthatga,b canbeevaluatedin constant
sequentialtime,givenits index (a,b) andits argument.We concludethat the
functionsga,b aresuitablefunctionsfor theedgesduringtreecontraction.We
haveshown:

Theorem3.15 Using tree contraction, we can computethe height of each
vertex in an orderedtreeof sizen in timeO(logn) with n / logn EREWPRAM
processors.
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3.8.2 Path Extraction

A problemthatcanbesolvedby treecontractionusingthesameedgefunctions
asusedin theprevioussubsectionis pathextraction. We aregivenanordered
tree with one designatedleaf x and want to extract the path from x to the
root. Moreprecisely, theoutputis supposedto beanarraythatconsistsof the
verticesof thepathfrom x to theroot, in thesameorderastheverticesappear
on that path. To solve this problem,we usethe sameconstructionasin the
previoussubsection,with thefollowing exceptions.To all leaves,exceptx, we
assignvalue0. To x we assign1. We let all otherverticescarry the function
f : (x,y) �� max(x,y). In theexpressiontreeobtainedthis way, thevalueof a
vertex is positive iff the vertex belongsto the pathfrom x to the root of the
tree. Now we candeterminethe rank of eachvertex on that path(usinglist
ranking)andstoretheverticesinto anarray.

Theorem3.16 Givenan ordered treeandonedesignatedleaf x, wecan ex-
tract thepathfromx to therootof thetreein O(logn) timewith n/ logn EREW
PRAMprocessors.

In the following we show how this techniquecan be extendedin order
to handlea numberof treessimultaneously. Supposewe are given trees
T1, ¤�¤�¤ ,Tk, andk designatedleavesx1, ¤�¤�¤ ,xk, wherexi is a leaf in Ti . To com-
putethek pathsthatgo from eachxi to theroot of Ti , we proceedasfollows.
We join the treesT1, ¤�¤�¤ ,Tk into a new treeT by addinga new vertex r and
addingedgesfrom therootsof T1, ¤�¤�¤ ,Tk to r. To leaf xi we assignthevalue
i, while to all otherleaveswe assign0. Thenwe follow theconstructionde-
scribedabove. In the resultingexpressiontree, the valueof a vertex (other
thanr) is i if f thevertex is onthepathfrom xi to therootof Ti . Weconcatenate
thesepathsinto asinglelist andstoretheresultinglist into anarray. Theselast
operationscanbecarriedout by prefix operationsandlist ranking. We have
shown:

Theorem3.17 Let T1, ¤�¤�¤ ,Tk be ordered treeswith a total numberof n ver-
tices,andlet xi bea designatedleaf in Ti , for i � 1, ¤�¤�¤ ,k. We canextract for
all xi simultaneously, thepath fromxi to theroot of Ti in timeO(logn) using
n / logn EREWPRAMprocessors.
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3.9 ParenthesisMatching

A stringsof openingandclosingparenthesesis calledwell formedif scanbe
derivedby thegrammar

S ¥ ε ¦¦ (S) ¦¦ SS

A matchingpair of parenthesesin s is a pair that is generatedin a singlestep
in thederivationof s. For instance,thestring(()(()())) is a well formedword
of parentheses,while the string (()(()) is not well formed. In a well formed
word of parentheses,everyparenthesisis onehalf of a distinctmatchingpair.
In (()()), the secondand the third parenthesis,the fourth and the fifth, and
thefirst andthelastarematchingpairs.Theparenthesismatchingproblemis
to determineall matchingpairsin a givenwell formedword of parentheses.
Early work on parallelalgorithmsfor parenthesismatchingwasdonein the
context of parsingarithmeticexpressions[DS83, BOV85]. Work optimalal-
gorithmsfor parenthesismatchingon theEREWPRAM have beenproposed
in [AMW89, CD91, TLC89]. Ourdescriptionmainly follows[AMW89].

Thekey ideafor efficientparallelparenthesismatchingis to pipelineoper-
ationsalonga balancedbinarycomputationtree. We take n / logn processors
and let eachof thembe responsiblefor computationsat a distinct vertex in
a balancedbinary treewith n / logn vertices.The numberof leaf processors
is thenapproximatelyn / (2logn). We split the input string(of lengthn) into
piecesof length2logn andlet eachof the leaf processorsbe responsiblefor
onepieceof the input. Later, a processorat vertex v in thecomputationtree
will be responsiblefor a certaininterval of the input, namely, the piecesas-
signedto leavesin thesubtreerootedatv. Our computationproceedsin three
phases.

In phaseone,eachof theleafprocessorsdeterminessequentiallyall match-
ing pairsin thepieceof theinputit is responsiblefor. Usingastack,thiscanbe
donein timelinearin thenumberof parenthesesin eachpiece,i.e., in O(logn)
time. Then all parenthesesmatchedso far are removed. What remainsat
eachleaf, is a (possiblyempty)sequenceof unmatchedclosingparentheses
followedby a (possiblyempty)sequenceof unmatchedopeningparentheses.

In phasetwo, weperforma bottom-upcomputationin thebalancedbinary
tree. For eachvertex v, we computea triple (c,m,o), wherec is the number
of closingparenthesesnot matchedin thesubtreerootedat v, o is thenumber
of openingparenthesesnot matched,andm is thenumberof matchingpairs
that have their openingparenthesisin the left subtreeof v andtheir closing
parenthesisin theright subtreeof v. Giventhetriples(cl ,ml ,ol ) and(cr ,mr ,or )
of the left and right child of v, we can computethe triple (c,m,o) of v as
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follows:

m § min(ol ,cr ),
c § cl ¨ cr © m,
o § ol ¨ or © m.

We start this computationat the leavesandproceedlevel by level up to the
root. After O(logn) parallel steps,all triples are computed. Note that the
triple of the root equals(0,x,0), for someinteger x, if f the input string is a
well formedwordof parentheses.Figure3.5 illustratesthefirst two phasesof
parenthesismatchinggivenaninputstringof length64.

(0,6,0)

(0,0,6) (6,1,0)

(0,1,4) (0,1,2) (3,1,1) (4,1,0)

(0,0,4) (1,0,1) (0,0,2) (1,0,1) (1,0,1) (3,0,1) (3,0,1) (2,0,0)

(((( )( (( )( )( )))( )))( ))

(()(()(( )()((()) ()(()(() (()))()( ()())(() )())())( ()())))( )())(())

ª¬«« phaseone

ª¬«««« phasetwo

Figure3.5: Thefirst twophasesof parenthesismatching(seetext).

We now proceedto phasethree. For eachmatchingpair of parentheses,
thereexistsa uniquelydeterminedvertex v in thecomputationtreethat is re-
sponsiblefor “matching” it, in the sensethat the openingparenthesisof the
pair belongsto theleft subtreeof v andtheclosingparenthesisof thepair be-
longsto theright subtreeof v. If thetriple of v is (c,m,o), thenv is responsible
for msuchmatchingpairs.Theideais to let v assignauniqueidentifierto each
of thesem matchingpairs.Then,v sendstheseidentifiersto its left andright
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child. Thechildrenpropagatethesenumbersto their childrenandsoon,until
the identifiersreachthe leaves. If the propagationanddistribution of iden-
tifiers is donecarefully, theneachidentifierendsup at the right parenthesis.
In particular, an identifier is deliveredonly to theclosingandto theopening
parenthesisof the matchingpair that the identifier wasassignedto at vertex
v. In theend,theparenthesesof a matchingpair canfind eachotherusingthe
uniqueidentifier.

In thesequel,weassumethattheverticesin thecomputationtreearenum-
beredandwereferto eachvertex by its number. To obtainuniqueidentifiers,
wecomputefor eachvertex v thevaluebv § ∑w  v mw usingaprefix-sumsop-
erationon them-valuesof vertices.Vertex v usesthenumbersin the interval
[bv,bv ¨ mv © 1] to identify themv pairsmatchedatv. Thus,eachnumberused
to identify a matchingpair is unique. Let us considerhow the identifiersof
onevertex v arepropagateddown to the leaves. The propagationof identi-
fiersof theotherverticestakesplaceat thesametime in a pipelinedfashion.
Vertex v sendsthemessage(O, [bv,bv ¨ mv © 1]) to its left child andthemes-
sage(C, [bv,bv ¨ mv © 1]) to its right child,whereO andC indicatethetypeof
parenthesestheidentifiersbelongto.

Let w bea descendentof v that receivesthemessage(O, [a,b]). If w is a
leaf,thentheidentifiersin theinterval [a,b] areassignedsequentiallyto open-
ing parenthesesfrom right to left, e.g., a is assignedto therightmostopening
parenthesesat leaf w thathasno identifieryet. Otherwisew hasa left anda
right child. Let (c,m,o) be the triple of w, andlet (cl ,ml ,ol ) and(cr ,mr ,or )
bethe triplesof the left andright child of w. Thefirst x § min(or ,b © a ¨ 1)
identifiersof theinterval [a,b] belongto openingparenthesesin theright sub-
treeof w andthe remainingy § b © a ¨ 1 © x identifiersbelongto opening
parenthesesin the left subtreeof w. Hence,if x ® 0 thenw sendsthe mes-
sage(O, [a,a ¨ x © 1]) to its right child and if y ® 0 it sendsthe message
(O, [a ¨ x,b]) to its left child. Finally, weupdatethetriplesof theleft andright
child of w:

or : § or © x, ol : § ol © y.
The othercase,wherew receivesa messagewith identifiersfor closing

parenthesesis handledsymmetrically. If w is a leaf,thenthenumbersin [a,b]
areassignedsequentiallyto closingparenthesesfrom left to right, e.g., a is
assignedto theleftmostclosingparenthesesat leafw thathasnoidentifieryet.
If w is not a leaf, thenthefirst x § min(cl ,b © a ¨ 1) identifiersof theinterval
[a,b] belongto closingparenthesesin theleft subtreeof w andtheremaining
y § b © a ¨ 1 © x identifiersbelongto closingparenthesesin theright subtree
of w. Therefore,if x ® 0 thenw sendsthemessage(C, [a,a ¨ x © 1]) to its left



3.10. BREADTH-FIRST TRAVERSAL OF TREES 43

child andif y ® 0 it sendsthemessage(C, [a ¨ x,b]) to its right child. Then,
asbefore,weupdatethetriplesof theleft andright child of w:

cl : § cl © x, cr : § cr © y.

Thepropagationof identifiersis donefor all verticesv simultaneouslyin a
pipelinedfashion.In particular, all verticesv in thecomputationtreestartto
sendout(O, [bv,bv ¨ mv © 1]) and(C, [bv,bv ¨ mv © 1]) atthesametime. Since
theheightof the treeis O(logn) andeachleaf containsO(logn) parentheses,
all computationsin the treearefinishedafter O(logn) parallelsteps. In the
end,eachparenthesis(not matchedin phaseone)hasa numberthatuniquely
identifiesthematchingpair it belongsto. We haveshown:

Theorem3.18([AMW89 , TLC89]) Theparenthesismatching problemcan
besolvedonn / logn EREWPRAMprocessors in timeO(logn).

3.10 Breadth-First Traversalof Trees

The straightforward solution to the problemof computingthe breadth-first
traversalof anorderedtreeis to computethedepthandthepreordernumber
of eachvertex, and to sort the verticeslexicographicallyby depthandpre-
ordernumber. SortingrequiresO(nlogn) operations,andhence,weobtainan
algorithmthatis notwork optimalbecauseasequentialalgorithmcanperform
anorderedbreadth-firstsearchin lineartime. ChenandDashave shown that
a breadth-firsttraversalcanactuallybe computedby a work and time opti-
malEREWPRAM algorithm[CD92]. ThealgorithmcombinestheEuler-tour
techniquewith parenthesismatchingandworksasfollows.

We constructtheEuler-tourof thegiventreeT anddeterminethedepthof
T. Weassigntoeachdowngoingarcin theEuler-touraclosingparenthesis.To
eachupgoingarcweassignanopeningparenthesis.Thestringof parentheses
thatnow runsalongtheEuler-tour is storedinto anarray, afterwedetermined
thepositionof eachparenthesisusinglist ranking. This word of parentheses
is not well formed,but by appendingdepth(T) ¯ 1 closingparenthesesand
prependingdepth(T) ¯ 1 openingparentheses,we obtaina well formedword
α of parentheses(Figure3.6a).We computethematchingpairsin α andbuild
a linkedlist of theparenthesesof α asfollows. We let anopeningparenthesis
point to its matchingclosingparenthesis.For i ° 1, ±�±�± ,depth(T) ¯ 2, the i-
th appendedclosingparenthesispointsto the(depth(T) ¯ 1 ¯ i)-th prepended
openingparenthesis.Thelastappendedclosingparenthesiswill betheendof
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the list. Every otherclosingparenthesisbelongsto a distinctedgeof thetree
andwe let sucha parenthesispoint to theopeningparenthesisthatbelongsto
thesametreeedge.As aresult,weobtaina linkedlist of theparenthesesof α
thatstartswith the(depth(T) ¯ 1)-th prependedopeningparenthesisandends
with thelastappendedclosingparenthesis(Figure3.6b).

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

(a)

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

(b)

Figure3.6: Breadth-first traversal of a treeT. (a) Thegray path indicates
a well formedword α of parentheses,consistingof theparenthesesassigned
to arcs of the Euler-tour, depth(T) ¯ 1 prependedopeningparentheses,and
depth(T) ¯ 1 appendedclosingparentheses.(b) Aftercomputingthematching
pairsin α, theparenthesesarelinkedinto a list thatvisitstheedgesin breadth-
first order.

From this list, we remove all but the closing parenthesesthat belongto
edges.Finally, eachof theseclosingparenthesesis replacedby a vertex: The
parenthesisthat belongsto the downgoingarcd(u,v) of theEuler-tour is re-
placedby v. We prependtheroot of T andobtaina list of verticesthat is the
orderedbreadth-firsttraversalof T.

Theorem3.19([CD92]) Thebreadth-first traversalof anorderedtreewith n
verticescanbecomputedon theEREWPRAMin timeO(logn) usingn / logn
processors.

3.11 Algorithms for Vertex SeriesParallel Digraphs

Vertex seriesparalleldagsaretheprecedencegraphsof seriesparallelorders.
In thefollowing wepresentelementaryalgorithmsonVSPdagsthatareused
in Chapter6 to computeoptimal two processorschedulesfor seriesparallel
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orders.We first show how a decompositiontreefor a VSPdagcanbecom-
putedusingan algorithmthat computesdecompositiontreesfor ESPmulti-
dags.Then,weshow how theheightsof thedefiningsubgraphsof a VSPdag
with regardto a givendecompositiontreecanbedetermined.And finally, an
algorithmis presentedthatcomputesthebreadth-firsttraversalof aVSPdag.

3.11.1 DecompositionTrees

Parallelalgorithmsthatrecognizeedgeseriesparallelmultidagsandcompute
decompositiontreesfor themcanbefoundin [HY87, Epp92, HH94, BdF96].
To computea decompositiontreefor a vertex seriesparalleldagG, we first
have to computeits line digraphinverseL ² 1(G). L ² 1(G) is anESPmultidag
andany decompositiontreefor L ² 1(G) is alsoa decompositiontreefor G (cf.
Subsection2.2.5).

Theline digraphinverseof G canbecomputedasfollows. Recallthateach
vertex v of G correspondsto a distinctedgeof L ² 1(G). Denotethis edgeby
e(v). Notethat two edgese(v) ande(w) enterthesamevertex of L ² 1(G) if f v
andw have thesamesuccessorsetin G. Conversely, two edgese(v) ande(w)
leave thesamevertex of L ² 1(G) if f v andw have thesamepredecessorsetin
G. This propertyleadsto the following construction.Let thevertex setof G
be {v1, ±�±�± ,vn}. For eachvertex vi , find the vertex with the smallestnumber
j suchthat (vi ,v j) is an edgein G. Let t(vi) : ° j. If thereis no edgethat
leavesvi , thenlet t(vi) ben ³ 1. Weobservethatfor all edges(vi ,v j) thatenter
v j , thenumbert(vi) is identical. This is becauseall immediatepredecessors
of a vertex in a VSP daghave the samesetof successors.Let s(v j ) denote
this numbert(vi). If thereis no edgethat entersv j , then let s(v j ) be zero.
Constructa new graphǴ from G asfollows. Thevertex setof Ǵ consistsof
n ³ 2 vertices,numberedfrom 0 to n ³ 1. To avoid confusionwith vertices
of G, eachvertex of Ǵ is denotedby a number. For every vertex v in G, let
(s(v), t(v)) beanedgein Ǵ . Then,remove all verticesof Ǵ thatareisolated.
Notethattheremaybemultipleedgesin Ǵ (Ǵ is amultidigraph),andvertex
0 is theonly sourceof Ǵ , while vertex n ³ 1 is theonly sink of Ǵ . It is not
difficult to seethatǴ is theinverseline digraphof G, with e(v) ° (s(v), t(v)).

We assumethatG andǴ arerepresentedby incidencelists, i.e., for each
vertex a list of theedgesincidentto it is given(with outgoingand incoming
edges).For eachvertex vi , t(vi) canbecomputedby aprefix-minimaoperation
on thenumbersj in theoutgoingedges(vi ,v j ) of vi . For eachvertex v j , we
determines(v j) by looking at t(vi) for oneof its incomingedges(vi ,v j ). We
observethefollowing. Let (vi1,v j ), (vi2,v j ), ±�±�± , (vik,v j ) betheincomingedges
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of v j . Thene(vi1),e(vi2), ±�±�± ,e(vik) aretheincomingedgesof vertex s(v j ) in Ǵ .
Conversely, let (vi ,v j1), (vi ,v j2), ±�±�± , (vi ,v jr ) betheoutgoingedgesof vi . Then
e(v j1),e(v j2), ±�±�± ,e(v jr ) are the outgoingedgesof vertex t(vi) in Ǵ . Hence,
to constructthe list of incomingedgesfor vertex i in Ǵ , we take the list of
incomingedgesof a vertex w in G with s(w) ° i andreplaceeachedge(v,w)
in this list by e(v). To constructthe list of outgoingedgesfor vertex i in Ǵ ,
we take thelist of outgoingedgesof a vertex v in G with t(v) ° i andreplace
eachedge(v,w) in this list by e(w). All of theabove canbeperformedusing
prefixoperationsandlist ranking.We obtain:

Lemma 3.20 Theline digraphinverseof a vertex seriesparallel dag, consist-
ing of e edgesandn vertices,canbecomputedon theEREWPRAMin time
O(log(n ³ e)) using(n ³ e) / log(n ³ e) processors.

Recently, Bodlaenderandde Fluiter gave a work optimal algorithmthat
computesdecompositiontreesfor ESPmultidags[BdF96]. Their algorithm
runson theEREWPRAM in time O(lognlogµ n) andon theCRCWPRAM
in time O(logn), wheren denotesthenumberof edgesin themultigraph. If
the given VSP daghasn vertices,then its line digraphinversehasn edges
andat mostn ¶ 1 vertices. Hence,by combiningthe resultof [BdF96] and
Lemma3.20,wecanshow:

Theorem3.21 A decompositiontreefor a vertex seriesparallel dag with e
edgesandn verticescanbecomputedon theEREWPRAMin timeO(log(n ¶
e) ¶ lognlogµ n) and on the CRCWPRAMin time O(log(n ¶ e)). In either
case, thenumberof requiredoperationsis O(n ¶ e).

3.11.2 Computing the Heightsof Defining Subgraphs

Let G beaVSPdag,andlet T beadecompositiontreefor G. To determinethe
heightof thedefiningsubgraphG(v) for all verticesv of T, weapplytreecon-
tractionto T. Let each“S” vertex in T representthefunction fS : (x,y) ·¸ x ¶ y,
andlet each“P” vertex representthefunction fP : (x,y) ·¸ max(x,y). To each
leaf of T a valueof 1 is assigned,andall edgefunctionsareinitially theiden-
tity. It is not difficult to seethatthevalueof a vertex v, asdefinedby this ex-
pressiontree,equalsheight(G(v)). Edgefunctionssuitablefor contractionare
thefunctionsga,b : x ·¸ a ¶ max(b,x) (cf. Subsection3.8.1).By Lemma3.14,
it takesO(logn) timeandn/ logn processorson theEREWPRAM to contract
thetree.Hence,theheightof G(v) canbecomputedwithin thesamebounds,
for all verticesv simultaneously.
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Theorem3.22 Let G bea vertex seriesparallel dag, and let T bea decom-
positiontree for G. Theheightsof all definingsubgraphsof G with regard
to T can be computedon the EREWPRAMin time O(logn) using n / logn
processors.

3.11.3 Breadth-First Traversal

In thissubsectionwereducetheproblemof computingabreadth-firsttraversal
of a vertex seriesparalleldagto the problemof computingthe breadth-first
traversalof a tree. To this end,we show that for every VSPdagG andevery
decompositiontreeT for G, we canconstructa treethat essentiallyhasthe
samebreadth-firsttraversalasG with regardto T.

Definition 3.23 Let G ¹ (V,E) bea vertex seriesparallel dag, and let T be
a decompositiontreefor G. An ordered treeB ¹ (W,F) is calleda breadth-
first treefor G with regardto T if V º W andthebreadth-first traversal of B
restrictedto V is thebreadth-first traversalof G with regard to T.

In Figure3.7a,a VSPdagG is given,andFigure3.7bshows a decompo-
sition treeT for G. The breadth-firsttraversalof G with regardto T is 15,
16, 5, 14, 2, 12, 13, 9, 10, 11, 7, 8, 6, 3, 4, 1. ThetreeR in Figure3.7dis a
breadth-firsttreefor G with regardto T becauseits breadth-firsttraversalis r,
15,16,5, 14,2, 12,13,9, 10,11,7, 8, 6, 3, 4, 1.

A breadth-firsttreefor G with regardto T canbedeterminedasfollows.
Startwith R : ¹ G. Add a new vertex r to R, andaddanedgefrom r to each
sourceof G. For eachvertex w, selectanedge(v,w) thatentersw suchthatv
hasdepthdepth(w) » 1 in G andminimal preordernumberin T. Remove all
otheredgesthatenterw. Now, R is a treewith root r. Then,for eachvertex v
in R, orderthechildrenof v accordingto theirpreordernumberin T.

To seethatR is abreadth-firsttreefor G with regardto T, let usfirst takea
look at thefollowing situation.Let (v,w) and(x,y) beedgesin G thatarealso
edgesin Rsuchthatv ¼¹ x, w andy havethesamedepthin G, andthepreorder
numberof w in T is smallerthanthatof y. (Notethatv andx haveequaldepth
in G, too.) We claimthatthepreordernumberof v in T is smallerthanthatof
x. Assumethecontrary. Sincev andx haveequaldepth,their lowestcommon
ancestorin T is a “P” vertex. Thesameholdsfor w andy. Clearly, thelowest
commonancestorof v andw in T is an“S” vertex, andthepreordernumber
of v in T is smallerthanthatof w. Thesameholdsfor x andy. We obtainthe
following situationin T (dashedlinesindicatepaths):



48 3. BASIC PARALLEL TECHNIQUES

S

x v w y

P P

But in thiscase,(x,w) is anedgein G. Sincex hasa smallerpreordernumber
in T thanv, theedge(x,w) shouldbe in R insteadof (v,w). A contradiction.
Hence,ourassumptionis wrongandthepreordernumberof v in T is smaller
thanthatof x.

Our observationcanalsobe extendedto paths.Let p ¹ v, ½�½�½ ,w andq ¹
x, ½�½�½ ,y bepathsin G thatarealsopathsin R suchthatv ¼¹ x, p andq have the
samelength,w andy have thesamedepthin G, andw hasa smallerpreorder
numberin T thany. Thenv hasa smallerpreordernumberin T thanx.

Lemma 3.24 R is a breadth-first treefor G with regard to T.

Proof. It shouldbeclearthatthebreadth-firsttraversalof R visits all vertices
of G in theorderof nondecreasingdepth.Let w andy beverticeswith equal
depthin G suchthat thepreordernumberof w in T is smallerthanthatof y.
We have to show that thesameholdsfor thepreordernumbersof w andy in
R.

Let u bethelowestcommonancestorof w andy in R, let v betheancestor
of w that is a child of u, andlet x betheancestorof y that is a child of u. As
wehaveobservedabove,thepreordernumberof v in T is smallerthanthatof
x becausethepreordernumberof w in T is smallerthanthatof y. Recallthat
v andx aresiblingsin R andthat thechildrenof eachvertex in R areordered
by theirpreordernumberin T. As aconsequence,thepreordernumberof v in
R is smallerthanthatof x. We concludethatthepreordernumberof w in R is
smallerthanthatof y.

As aconsequence,thebreadth-firsttraversalof Rvisits theverticesof G in
theorderof nondecreasingdepthandthoseverticesthathaveequaldepthin G
arevisitedin theorderof their preordernumberin T. Hence,R is a breadth-
first treefor G with regardto T. ¾

In thefollowing weshow how Rcanbecomputedefficiently in parallelby
constructingpathsin the decompositiontreeT. To computeR, it sufficesto
determinetheright siblingandtheparentof eachvertex.

Let usfirst determinethe right sibling of a vertex v of R. We constructa
pathin thedecompositiontreethatstartsat the leaf v andmovesup the tree.
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If thepathreachestherootor anancestorof v thatis theright child of an“S”
vertex, thenthepathendsandthe endof the pathis markedwith a zero. In
this case,v hasno right child in R, i.e., v is therightmostchild of its parentin
R. If thepathreachesanancestorof v that is the left child of a “P” vertex w,
thenthepathturnsround,enterstheright subtreeof w, andgoesdown thetree
until it reachesa leaf. At every internalvertex u, thepathcontinuesinto the
left subtreeof u. In theend,thepathreachesa leaf x. It is not difficult to see
thatx andv have thesamepredecessorsin G andhencehave thesameparent
in R. Furthermore,amongthe tasksthat have the samepredecessorsasv, x
hasthesmallestpreordernumberin T thatis greaterthanthatof v. It follows
thatx is theright siblingof v in R.

We claim thatno two pathsstartingat differentverticesusethesametree
edgein thesamedirection. To seethis, considerhow pathsrun alongan“S”
vertex anda“P” vertex:

0
S

l r

P

l r

It follows that all pathscanbe constructedsimultaneouslyin constanttime
usingn processors.Then,for eachleafv in T, weonly haveto find theendof
thepaththatstartsat v to determinetheright sibling of v or to find out thatv
is therightmostchild of its parentin R. To this end,we concatenateall paths
into a singlelist andapplya prefix operationto eachpathusinglist ranking
anda segmentedprefixoperation.

For thenext steptowork, it is necessarytoknow theheightof eachdefining
subgraphof Gwith regardtoT (cf. previoussubsection).Letvbeavertex in G
thathasnoright sibling in R. Again,weconstructapathin thedecomposition
treethatstartsat theleaf v andmovesup thetree.If thepathreachestheroot,
thenthe pathendsandthe endof the path is marked with vertex r. In this
case,theparentof v is theroot of R. If thepathreachesanancestorof v that
is theright child of an“S” vertex w, thenthepathturnsround,entersthe left
subtreeof w, andgoesdown until it reachesa leaf. At every “S” vertex u the
pathcontinuesinto theright subtreeof u, while atevery “P” vertex u thepath
continuesinto thesubtreeof u whoseVSPdagis higher. If bothareequally
high, thentheleft subtreeis chosen.In theend,thepathreachesa leaf x. It is
notdifficult to seethat(x,v) is anedgein G suchthatx hasdepthdepth(v) » 1
in G andminimal preordernumberin T. It follows that x is the parentof v



50 3. BASIC PARALLEL TECHNIQUES

in R.
We claim thatno two pathsstartingat leavesof T thatarerightmostchil-

drenin R visit any oneof thetreeedgesin thesamedirection.Considerhow
pathsrunalongtheinternalverticesof thedecompositiontree:

S

l r

P

l r

P

l r

In the middle it is shown how pathsrun alonga “P” vertex if height(G(l ))¿
height(G(r)). The right figureshows thepathswhenthe right VSPdagis

higher. It is importantto notethatno pathemergesfrom theleft subtreeof a
“P” vertex w. Assumethecontrary, andlet v be the leaf of T at which such
a path p starts. Considerthe pathq that we have constructedto determine
theright sibling of v. This pathq movesup thetreethesameway asp does,
until both p andq reachthe“P” vertex w. Thenq turnsround,enterstheright
subtreeof w, andfinally endsat a leaf. It follows thatv hasa right sibling in
R. But thiscontradictsthefactthatwedetermineparentsonly for leavesof T
thatarerightmostchildrenin R.

Hence,all pathscanbeconstructedsimultaneouslyin constanttime on n
processors.For eachvertex v thathasno right sibling in R, we determinethe
endof thepaththatstartsat v andfind theparentof v in R. As before,this is
doneusinglist rankinganda segmentedprefix operation.Onceeachvertex
knows its right sibling,andeachrightmostsibling knows its parent,it is easy
to determinetheparentsof all vertices.

By Theorem3.22,theheightsof all definingsubgraphsof G with regardto
T canbecomputedin O(logn) timeusingn/ logn processors.SinceRconsists
of n ¶ 1 vertices,thebreadth-firsttraversalof R canbedeterminedwithin the
samebounds(Theorem3.19).We haveshown:

Theorem3.25 Givena decompositiontreeT for a vertex seriesparallel dag
G with n vertices,wecancomputethebreadth-first traversalof G with regard
to T in timeO(logn) usingn / logn EREWPRAMprocessors.

Figure3.7givesanexamplefor theconstructionof a breadth-firsttree. In
Figure3.7a,a vertex seriesparalleldagG is depicted,while Figure3.7b(and
Figure3.7c)showsadecompositiontreeT for it. Thegrey pathsin Figure3.7b
areusedto find theright siblings,while Figure3.7cshows thepathsthatare
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Figure3.7: Constructionof a breadth-first tree(d) for a vertex seriesparallel
dag (a) with regard to a decompositiontree(b,c)(seetext).
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usedto determinetheparentsfor thoseverticesthatarerightmostchildrenin
R. Finally, Figure3.7dshows theorderedtreeR definedby the right sibling
andparentpointersthatwe have determinedin Figure3.7bandFigure3.7c.
This treeR is abreadth-firsttreefor G with regardto T.

3.12 LongestPaths in Dir ectedAcyclic Graphs

Givenaweighteddirectedacyclic graphG À (V,E), theall-pairs longestpath
problemis to determinefor all pairsof verticesv andw thelengthof a longest
pathfrom v to w in G, wherethe lengthof a pathis the sumof the weights
of theedgescontainedin thepath.This problemis relatedto thewell known
problemof computingall shortestpathsin G. In fact, thereis a parallelal-
gorithm for the all-pairsshortestpathproblemthat computeslongestpaths
insteadof shortestonesafteronly minor modifications[DNS81, PK85]. We
describethisalgorithm(alreadyadaptedto longestpaths)in thefollowing.

3.12.1 Computing the Lengths

In thesequel,let xi j denotetheentryof matrixX in row i andcolumn j. Let the
graphG begivenasann Á n weightmatrixA whereai j is thepositiveweight
of theedge(i, j) if (i, j) is anedgein G andotherwiseai j hasthespecialvalueÂ ∞. Furthermore,aii À 0 for all i. (We referto eachof then verticesof G by
anumberin therange1, Ã�Ã�Ã ,n.) Weassumethat Â ∞ obeysthefollowing rules:Â ∞ Ä k À Â ∞, max( Â ∞,k) À k.

Themax-plusmatrixproductC À A Å B is definedby

ci j À max
1 Æ k Æ n

{aik Ä bkj}.

For k Ç 1, we definematricesD(k) asfollows. If thereis a pathfrom i to j,
thenlet d(k)

i j denotethelengthof thelongestpathfrom i to j thatconsistsof at

mostk edges.If no pathexists,let d(k)
i j À Â ∞. Furthermore,d(k)

ii À 0 for all i.

Then,D(1) À A and
d(2k)

i j À max
1 Æ l Æ n

{d(k)
il Ä d(k)

l j }.

In otherwords,D(2k) À D(k) Å D(k). Sinceno pathin G consistsof morethan
n Â 1 edges,everymatrixD(r) with r Ç n Â 1 containsthelengthsof all longest
pathsin G. Notethatall matricesD(r) areidenticalfor r Ç n Â 1. We call this
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matrix the all-pairs longestpath matrix of G. Hence,to solve the all-pairs
longestpath problemwe have to squareA at most È lognÉ times (using the
max-plusmatrixproduct).

Let usconsidertheparallelcomplexity of thisalgorithm.Clearly, if amax-
plus matrix productcanbe computedin T(n) time on P(n) processors,then
theall-pairslongestpathproblemcanbesolvedin O(T(n) logn) timeon P(n)
processors.A max-plusmatrix productA Å B consistsof n2 vectorproducts
max1 Æ k Æ n{aik Ä bkj}. On the EREW PRAM eachof theseis computedby
a prefix operation. To avoid concurrentreadaccessesto memory, we make
n Â 1 copiesof A andB beforehand.To make n Â 1 copiesof oneelementof
a matrixwe requireoneprefixoperationonanarrayof sizen. Hence,it takes
n2 prefixoperationsto computen Â 1 copiesof a matrix. As aconsequence,a
max-plusmatrixproducton theEREWPRAM runsin timeO(logn) anduses
n3 / logn processors.We obtain:

Theorem3.26 Theall-pairs longestpathproblemfor graphswith n vertices
canbesolvedontheEREWPRAMin timeO(log2n) usingn3 / logn processors.

On theCRCWPRAM thetime boundcanbe improvedif all pathsin the
givengraphhave lengthat mostO(n). Underthis assumption,the max-plus
matrixproductcanbecomputedon the(common)CRCWPRAM in constant
timeusingn3 processors,sinceeachvectorproductmax1 Æ k Æ n{aik Ä bkj} takes
only constanttimeonn processors(Theorem3.3).

Theorem3.27 Theall-pairs longestpathproblemfor graphswith n vertices
canbesolvedon theCRCWPRAMin timeO(logn) usingn3 processors,pro-
videdthatall pathshavelengthO(n).

3.12.2 Computing the TransitiveClosure

A problemrelatedto theall-pairslongestpathproblemis thetransitiveclosure
problemondirectedacyclic graphs.Thetransitiveclosureof adirectedgraph
G À (V,E) is the graphGÊ À (V,E Ê ), whereE Ê containsan edge(v,w) if f
v ËÀ w andthereexistsa pathfrom v to w in G. If G is acyclic, thenwe can
view G asa weightedgraphwith unit edgeweightsandapply thealgorithm
for theall-pairslongestpathproblem.

Corollary 3.28 Thetransitiveclosure of a directedacyclicgraphwith n ver-
ticescanbecomputedon theEREWPRAMin timeO(log2n) usingn3 / logn
processorsandontheCRCWPRAMin timeO(logn) onn3 processors.
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3.12.3 Extracting LongestPaths

In thebeginningof this section,we have shown how to computeanall-pairs
longestpathmatrixD, wheredi j is thelengthof a longestpathbetweenvertex
i andvertex j or Â ∞ if nopathbetweenthetwo verticesexists. In thissubsec-
tion, wewill show how to selectandextractfor eachpairof verticesa longest
pathbetweenthem.

For eachi and j with di j Ì 0, weselectanimmediatesuccessork of i such
thatdkj is maximal.Let pi j denotek. To selectk, we requireaprefix-maxima
operationandhenceO(logn) time on n / logn processors.Sincetherearen2

pairsof vertices,wecanperformall of theseprefixoperationsin parallelusing
n3 / logn processors.To avoid concurrentreadaccessesto memory, we make
n Â 1 copiesof D beforehand.In the end, i, pi j , ppi j j , Ã�Ã�Ã , j is a longestpath
from vertex i to vertex j if di j Ì 0.

Let Ĝ be the directedgraphwith vertex setV Á V suchthat thereis an
edgein Ĝ from vertex (i, j) to vertex (k, j) if f di j Ì 0 andk À pi j . Note that
Ĝ is a forestof exactly n trees,whereeachvertex ( j , j), for 1 Í j Í n, is a
root in Ĝ. A treewith root ( j , j) consistsof all selectedlongestpathsof G
endingat vertex j. To extract the longestpathsfrom Ĝ efficiently in parallel
we requirethetreesto beordered,i.e., for eachvertex anexplicit orderon its
childrenmustbegiven.To obtainanorderedrepresentationof Ĝ, weproceed
asfollows.

Let A be the arraythat consistsof the elementsof the set{( j , pi j , i) |1 Í
i, j Í n} sortedin lexicographicorder. SinceA consistsof n2 elements,sorting
canbe performedin O(logn) time usingn2 processors(Theorem3.9). For
everytwo successiveelements( j ,k, i) and( j ,k, l ) in A, wewrite l into amatrix
B at position(i, j), i.e., we setbi j : À l . We assumethat all entriesof B not
written to arezero. We take (bi j , j) as the right sibling of vertex (i, j), and
we take (pi j , j) asthe parentof (i, j). If bi j is zero, thenvertex (i, j) is the
rightmostchild of (pi j , j) in theorderimpliedby A.

What remainsis to extract for eachleaf (i, j) in Ĝ the pathfrom (i, j) to
theroot of thetreethat(i, j) belongsto. To avoid concurrentreadaccessesto
memory, wecreaten Â 1 copiesof Ĝ, resultingin n2 treeswith atotalof O(n3)
vertices.For every leaf (i, j) of Ĝ, wechooseonedistincttreeT(i, j) amongthe
copiesof the treethatcontains(i, j). This is possible,sinceevery treehasat
mostn leaves. Then,for all leaves(i, j) in parallel,we extract from T(i, j) the
paththat startsat (i, j) andendsat the root of T(i, j). By Theorem3.17, this
takesO(logn) timeonn3 / logn EREWPRAM processors.We obtain:
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Theorem3.29 LetGbea directedweightedacyclicgraphwith n vertices.Se-
lectingandextractinga longestpathbetweenverticesv andw, for all pairsof
verticesv,wsimultaneously, canbedoneontheEREWPRAMin timeO(logn)
usingn3 / logn processors.

3.13 Maximum Matchings in ConvexBipartite Graphs

In thissectionweconsidertheproblemof computinga maximumcardinality
matchingin aconvex bipartitegraph.Thisproblemis relatedto thefollowing
schedulingproblem.Let (T, r,d) beatasksystemconsistingof asetof tasksT
with unit executiontime andtwo mappingsr andd thatmaptasksto positive
integertimesteps.We call r(x) thereleasetimeof taskx andd(x) thedeadline
of x. A singleprocessorschedulefor thistasksystemis amappingSfrom T to
positive integertimestepssuchthatr(x) Î S(x), for all tasksx. If, in addition,
S(x) Î d(x) for all x Ï T, thenwe say that S meetsthe deadlines. Clearly,
thereexist tasksystems(T, r,d) whereno schedulecan meetall deadlines.
Thereforeweareinterestedin findingalargestpossiblesubsetU of T suchthat
thereexistsa singleprocessorschedulefor (U , r,d) thatmeetsthedeadlines.
Sucha subsetof tasksis calleda maximumfeasiblesubset. Theproblemof
finding sucha subsetU andcomputinga schedulefor (U , r,d) thatmeetsthe
deadlinesis equivalentto theproblemof computinga maximummatchingin
a convex bipartitegraph.

To seethis, constructthefollowing convex bipartitegraphG from a given
tasksystem(T, r,d). Let the tasksT beonevertex setof thebipartitegraph
G, andlet thetimestepsbetheothervertex setof G. Thenconnecteachtask
x with all timestepsin the interval [r(x),d(x)]. Theresultinggraphis convex
on the setof timesteps.Now let M be a maximummatchingin this graph.
Every edge(x, τ) in M pairsa taskwith a timestep. Let U be the subsetof
tasksmatchedin M, andlet Sbetheschedulethatmapseachtaskof U to the
timestepit is matchedwith in M. It is not difficult to seethatS is a schedule
for (U , r,d) that meetsthe deadlines.Moreover, no larger subsetof T can
have a schedulethat meetsthe deadlines,sinceotherwisetherewould exist
a matchingin G thatcontainsmoreedgesthanM. On theotherhand,every
convex bipartitegraphcanbeconvertedinto a tasksystem(T, r,d) suchthat
any schedulefor (U , r,d) thatmeetsthedeadlinescorrespondsto a maximum
matchingin thegraph,providedthatU is amaximumfeasiblesubsetof T.

In [Glo67], Glover presenteda simplealgorithmfor computinga maxi-
mummatchingin a convex bipartitegraphG Ð (A,B,E). It is assumedthatG
is givenasa list of tuples(begin(b1),end(b1)), . . . , (begin(bn),end(bn)), where
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B Ð {b1, Ñ�Ñ�Ñ ,bn} andbegin(bi) is thenumberof the thefirst vertex in A con-
nectedto bi andend(bi) is thenumberof the lastvertex in A connectedto bi

(i.e., thegivengraphis convex on A). Let L be a list of all verticesin B or-
deredby nondecreasingend( Ò ) values.We startwith anemptymatchingand
consideronevertex of A after theother, startingwith a1. To find a matchfor
thenext vertex ai of A, scanthe list from left andpick thefirst vertex b with
begin(b) Î i Î end(b). Put the edge{ai ,b} into the matchingandremove b
from thelist. If the list is emptyby now or end(bÓ ) Ô i Õ 1, for all verticesbÓ
in the list, thenwe arefinished. Otherwise,we repeatthe above processfor
vertex ai Ö 1. In theend,ourmatchingis amaximumcardinalitymatching.

A parallelalgorithmthatcomputesmaximummatchingsin convex bipar-
tite graphswasgivenby Dekel andSahni[DS84]. Their algorithmcomputes
matchingsthat are identical to the matchingsobtainedby Glover’s strategy.
In theanalysisof their algorithm,Dekel andSahniemploy n processorsand
obtaina timeboundof O(log2n). They usedalgorithmsfor sortingandmerg-
ing thatarenot work optimal. However, work optimalalgorithmsfor sorting
andmergingareknown by now (cf. Theorems3.5and3.7)andthenumberof
processorscanbereducedto n / logn.

Theorem3.30([DS84]) LetG Ð (A,B,E) bea bipartitegraphthat is convex
on A. Let G be givenas a list of tuples(begin(b1), end(b1)), Ñ�Ñ�Ñ , (begin(bn),
end(bn)), where B Ð {b1, Ñ�Ñ�Ñ ,bn}. Thena maximummatching in G can be
computedon theEREWPRAMin timeO(log2n) usingn / logn processors.

For theschedulingcontext, Jacksongaveastrategy verysimilarto Glover’s
strategy [Jac55]. Let L bealist of all tasksorderedby nondecreasingdeadline.
Consideronetimestepaftertheother, startingwith timestep1. To find a task
for timestepτ, scanthe list from left andpick the first taskx with r(x) Î τ.
Map this taskto timestepτ andremoveit from thelist. If thelist is notempty
by now, repeatthe above processfor timestepτ Õ 1. The scheduleobtained
by this algorithmis calledearliestdeadlinescheduleor ED schedule. This
strategy doesnot find a maximumfeasiblesubsetbut it findsa schedulethat
minimizesthemaximumtardiness,i.e., it minimizesthemaximumnumberof
timestepsa taskis scheduledbehindits deadline.Clearly, if the setT itself
is a maximumfeasiblesubset,thenJackson’s rule computesa schedulefor
(T, r,d) thatmeetsthedeadlines.In thefollowing we describea fastparallel
algorithmthatimplementsJackson’s rule.

Let L bea list of all tasksorderedby nondecreasingdeadline.Let usfirst
considera simplerproblem:Insteadof computinganED scheduleS from the
list L, we only computethe partial timestepsof S. Given an algorithmthat
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computesthepartialtimesteps,it is notdifficult to comeupwith analgorithm
thatcomputestheactualschedule,aswewill show later.

Let r1, Ñ�Ñ�Ñ , rk be the different releasetimes of the tasks,and let ni, i Ð
1, Ñ�Ñ�Ñ ,k, be thenumberof taskswith releasetime r i . TheED schedulemaps
min(r2 × r1,n1) taskswith releasetime r1 to timestepsr1, Ñ�Ñ�Ñ , r1 Õ min(r2 ×
r1,n1) × 1. At timestepr2, n2 new tasksarereleasedandn1 × min(r2 × r1,n1)
taskswith releasetime r1 arestill unscheduled.In general,let ci denotethe
numberof taskswith releasetime Ô r i thatarenot scheduledbeforetimestep
r i . Then

c1 Ð 0

ci Ö 1 Ð ni Õ ci × min(r i Ö 1 × r i ,ni Õ ci), for i Ð 1, Ñ�Ñ�Ñ ,k × 1. (3.4)

Giventheci ’s,wecaneasilydetermineall partialtimestepsin Sandthelength
of S: Timesteps1, Ñ�Ñ�Ñ , r1 × 1 arepartial,andfor i Ð 1, Ñ�Ñ�Ñ ,k × 1, thetimesteps
r i Õ min(r i Ö 1 × r i ,ni Õ ci), Ñ�Ñ�Ñ , r i Ö 1 × 1 arepartial. Thelast timestepoccupied
by a taskis rk Õ nk Õ ck × 1. Hence,it sufficesto determinetheci ’s. We first
notethatanequivalentformulationof (3.4) is

ci Ö 1 Ð max(0,ci Õ ni × (r i Ö 1 × r i)).

We definethefollowing binaryoperatorØ on tuplesof integers:

(a,x) Ø (b,y) : Ð (max(a Õ y,b),x Õ y).

It is not difficult to seethat Ø is associative. Let s1 Ð 0, andlet si Ð ni Ù 1 ×
(r i × r i Ù 1), for 2 Î i Î k. By a simpleinductionon i, we canshow that the
following equationholdsfor i Ð 1, Ñ�Ñ�Ñ ,k andsuitableyi :

(ci ,yi) Ð Ø i
j Ú 1(0,si).

As a consequence,all ci ’s canbecomputedusingasingleprefix-Ø operation.
WeconcludethatO(logn) timeandn/ logn processorssufficeto determinethe
partialtimestepsof S, providedthatther i ’sandni ’s aregiven.

Let us now return to our original problem. Let L be a list of all tasks
orderedby nondecreasingdeadline,and let Lx be the prefix of L up to (but
not including) taskx. Let S be the ED schedulefor L, andlet Sx be the ED
schedulefor Lx. We observethatS(x) is theearliestpartialtimestepin Sx later
thanor equalto thereleasetime of x. This is becauseS restrictedto thetasks
of Lx is identicalto Sx. We obtainthe following algorithm. For eachtaskx,
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we determinethepartial timestepsin the scheduleSx. Then,x is mappedto
theearliestpartialtimestepin Sx atwhichx is available.

In orderto beableto efficiently determinethereleasetimesthatoccurin
Lx andthe numberof taskswith a particularreleasetime, it is necessaryto
chooseL carefully. First, we sort tasksby releasetime suchthat taskswith
equalreleasetimearesortedby deadline.Let B denotetheresult.Let L bethe
list of all tasksorderedby deadlinesuchthattaskswith equaldeadlineappear
in L in thesameorderasthey appearin B. With regardto this list L, the list
Lx consistsof thetasksthathave anearlierdeadlinethanx plusthetasksthat
appearbeforex in B with the samedeadlineasx. Let Bx be the tasksof Lx

orderedasin B. We make n × 1 copiesof B andthenextractBx from B for
eachx usingprefix operations.SinceBx is orderedby releasetime, we can
easilydeterminethedifferentreleasetimesthatoccurin Bx andthenumberof
tasksthathave a certainreleasetime. Then,for eachtaskx, we computethe
partialtimestepsin thescheduleSx, usingthealgorithmdescribedabove.The
earliestpartial timestepτx in Sx with r(x) Î τx canbecomputedusingprefix
operations.Finally, we mapx to timestepτx. Thecomputationof τx is done
for all taskssimultaneouslyusingn2 / logn processors.The runningtime is
O(logn).

Notethat this algorithmcaneasilybeextendedto m-processorschedules.
We multiply all releasetimesby mandcomputeasingleprocessorED sched-
ule SÓ . ThenthescheduleS: x ÛÜ Ý SÓ (x) / mÞ is anm-processorED schedule.

Theorem3.31([DUW86]) Let (T, r,d) bea tasksystemconsistingof n unit
executiontime taskswith individual integer releasetimesanddeadlines.An
m-processorED schedulefor (T, r,d) canbecomputedon theEREWPRAM
in timeO(logn) usingn2 / logn processors.

In theoriginal analysisof thealgorithmgivenin [DUW86], n2 processors
were employed to achieve the time boundO(logn) but it is not difficult to
reducethenumberof processorsto n2 / logn (aswehaveseen).



CHAPTER 4

SchedulingTreeOrders

In this chapterwe considertheproblemof computinganm-processorsched-
ule of minimal lengthfor n unit lengthtaskswith precedenceconstraintsthat
canberepresentedby trees.Schedulingwith treeprecedenceconstraintshas
attractedspecialinterestsincethe1960s,originatingin expressionevaluation
andassemblyline productionproblems.An earlyresultby Hu [Hu61] shows
thatunit executiontime tasksconstrainedby atreeprecedencerelationcanbe
optimally scheduledfor an arbitrarynumberof identicalprocessorsin poly-
nomial time. Brucker, Garey, andJohnsonlatershowedthat theproblemcan
evenbesolvedby alineartimealgorithm[BGJ77].It is interestingto notethat
slight generalizationsof the treeprecedencestructure,for example,oneout-
treecombinedwith oneintree,resultin intractableproblems[May81, War81].

We are interestedin the parallel complexity of schedulingequal length
tasksconstrainedby a treeprecedencerelation. Several researchershave ad-
dressedthis problemin the past. Helmboldand Mayr [HM87a] developed
two EREWPRAM algorithmsthatcomputegreedyschedulesfor intreesand
outtrees.Both run in O(logn) time usingn3 processors.Dolev, Upfal, and
Warmuthreducedtheproblemof schedulingouttreeprecedenceconstraintsto
theproblemof computinganearliestdeadlineschedulefor atasksystemwith-
outprecedenceconstraintsbut with individualtaskreleasetimesanddeadlines
[DUW86]. They gaveanalgorithmfor thisproblemthatrunsin O(logn) time
usingn2 / logn processors.Alternatively, the problemof computingan ear-
liest deadlineschedulecanbereducedto theproblemof finding a maximum
matchingin aconvex bipartitegraph.Dekel andSahnihaveshown thatthelat-
terproblemcanbesolvedontheEREWPRAMin O(log2n) timeusingn/ logn
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processors[DS84]. SeeSection3.13for therelationshipbetweenmaximum
matchingsin convex bipartitegraphsandearliestdeadlineschedules.

All of theseparallelalgorithmshave in commonthat they requirea su-
perlinearnumberof operations,which standsin contrastwith the linear time
sequentialalgorithmgivenin [BGJ77]. In this chapterwe presenta new par-
allel algorithmthatrunsontheEREWPRAM in timeO(lognlogm) if n/ logn
processorsareused.Hence,thetotalnumberof operationsis only O(nlogm),
andif m is not partof theprobleminstancebut a constant,thenouralgorithm
is work andtimeoptimal.

This chapteris organizedasfollows. In thenext sectionwe introduceba-
sic conceptsrelatedto schedulingwith unit lengthtasks,and in the section
thereafterwe review a sequentialstrategy for schedulingtrees.In Section4.3
we give basicdefinitionsusedin our algorithm. In Sections4.4 and4.5 we
presenta new classof schedulesfor intreesbasedon a particularstrategy for
partitioning intrees. That theseschedulesareactuallyoptimal is proved in
Section4.6. In the remainingsectionsof this chapterwe describea parallel
algorithmthatcomputesschedulesfrom thisclass.

4.1 UET Scheduling

An instanceof theunit executiontime (UET) schedulingproblemconsistsof
a tasksystem(T, ß ) anda numberm of identicalparallel target processors,
whereT is a setof n tasksand ß is a partial orderon this setof tasks. An
m-processor(UET)schedulefor (T, ß ) is amappingSof T to positiveinteger
timestepssuchthat

1. wheneverx ß y thenS(x) Ô S(y) and

2. nomorethanm tasksaremappedto thesametimestep.

Thelengthor makespanof ascheduleis thelatesttimestepataskis mapped
to, anda scheduleof minimal lengthis calledoptimal. Sinceschedulesmap
tasksto positive integer timesteps,every optimal schedulestartsat timestep
1. In termsof continuoustime, timestepτ correspondsto the time interval
[τ × 1, τ).

Weassumethatthepartialorder ß is representedby aprecedencegraph.In
Figure4.1,sucha precedencegraphis depicted.Thegraphis anintreesince
all taskshaveoutdegree1, exceptfor t25, whichhasoutdegree0. To theleft of
thegraphthelevelsareshown andtasksarearrangedin levels. For example,
t12 is on a higherlevel thant16 but on thesamelevel ast9. Sincetaskshave



4.1. UET SCHEDULING 61

unit length,thedepthof a taskin theprecedencegraphis theearliestpossible
timestepit canbescheduled.Therefore,thedepthof a taskx is alsoreferred
to asits eptvalue,denotedby ept(x). In ourexample,theeptvalue(depth)of
t15 is 2 andept(t16) Ð 6.

t1 t2 t3 t4 t5

t6 t7
t8

t9 t10 t11 t12 t13

t14 t15

t16 t17

t18 t19 t20 t21 t22

t23 t24

t25

level

9

8

7

6

5

4

3

2

1

D3

D2

D1

Figure4.1: An intreeprecedencegraphwith 25 tasks.Tasksare arrangedin
levelsasdepictedon theleft. ThebackbonesD1, D2, andD3 of a possible3-
partition of the intreeare shadedin threedifferentgreyscales.All remaining
tasksbelongto D0. (SeeSection4.4.)

With regardto agivenUET schedule,wesaythatx is availableat timestep
τ if all predecessorsof x aremappedto timestepsearlierthanτ. A timestep
is partial if lessthanm tasksaremappedto it, otherwiseit is calledfull. A
scheduleis greedyif at any partial timestepτ no taskscheduledat a timestep
laterthanτ is available.
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A greedy3-processorschedulefor the tasksystemgiven in Figure4.1 is
depictedin Figure4.2. Thelengthof this scheduleis 10, andtimesteps8, 9,
and10arepartial.

4.2 HLF Schedules

Thereexistsa quitesimplesequentialstrategy for schedulingtreesoptimally.
Scheduletaskslevel by level, startingwith thehighestlevel. Whena level is
finishedandthecurrenttimestepis still partial,schedulethehighestavailable
tasksuntil eitherthecurrenttimestepis full or nomoreunscheduledtasksare
available.Theschedulesobtainedby thisstrategy arecalledhighestlevelfirst.

Definition 4.1 A scheduleSis HLF (highestlevelfirst) if it is greedyandthere
do not exist tasksx and y such that level(x) à level(y), S(x) à S(y), and y is
availableat timestepS(x).

Theorem4.2([Hu61, Bru82]) Highestlevel first schedulesare optimal for
intreesandouttrees.

A methodoften usedin sequentialschedulingalgorithmsis list schedul-
ing. In thecontext of unit executiontimesit worksasfollows. We aregiven
a list of tasksthatdeterminesfor eachtaskits priority. Assumethat thefirst
τ á 1 timestepshave alreadybeenprocessed,that is, taskshave beenmapped
to themandthesetaskshave beenremovedfrom the list. Scanthe list from
left to right andpick asmany of the tasksavailableat timestepτ aspossi-
ble, up to a maximumof m. Then,remove thesetasksfrom the list andmap
themto timestepτ. If therearestill tasksin thelist, repeattheabove process
for timestepτ â 1. Otherwisewe arefinished,having obtaineda scheduleof
lengthτ.

If thelist consistsof tasksorderedby nonincreasinglevel, thenlist sched-
uling producesan HLF schedule.Theparallelcomplexity of list scheduling
hasbeenanalyzedin varioussettingsandmostof theresultsarediscouraging.
For example,in [DUW86] it wasshown that list schedulingis ã -complete
if theprecedencegraphis anouttree. It is thereforeunlikely thatan ä å al-
gorithm for schedulingouttreesbasedon list schedulingcanbe found. On
theotherhand,fastparallelalgorithmsexist thatcomputeHLF schedulesfor
trees,albeit by ratherdifferentmethods(cf. [HM87a, DUW86]). Our algo-
rithmic approachis evenmoredifferentto thesequentialsolutionfor it results
in schedulesthatarenotnecessarilyHLF.
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In this chapterwe considerintreeprecedenceconstraintsonly, but results
applyto outtrees,outforests,andinforestsaswell. To scheduleouttreeprece-
dences,schedulethereversedouttreewith our intreealgorithmandreversethe
resultingschedule.To handlea forestof intrees,addonetaskthat succeeds
all roots,computetheschedulefor thegeneratedtree,andfinally remove the
addedtaskfrom theschedule.Forestsof outtreesarehandledaccordingly.

4.3 Ranks,SchedulingSequences,and Rank Sequences

Let A æ {a1, ç�ç�ç ,ak} beanorderedsetandlet B beanarbitraryunorderedset.
An orderedsubsetof A is anorderedset{ai1, ç�ç�ç ,ai j } suchthat1 è i1 à i2 àé�é�é à i j è k. By A〈B〉 we denotetheorderedsubsetof A thatconsistsof the
elementsin theintersectionof A andB.

Definition 4.3 LetA beanorderedset,let B ê A, andlet x ë A. Thentherank
of x in B with respectto A, denotedby rankA(x : B), is thenumberof elements
of B thatare in frontof x in A, plus1 if x ë B.

Whenexecutingaschedule,thenateverypartialtimestepsomeprocessors
have to stay idle. In order to allow formal reasoningaboutidle time, it is
helpful to assumethatevery time a processorstaysidle it executesanempty
task. To give eachempty taskan identity, we assumethat empty tasksare
drawn from anorderedset ì æ {e1,e2, ç�ç�ç } of sufficientcardinality.

Definition 4.4 Let (T, í ) bea tasksystem.A schedulingsequenceof T is an
orderedsetA æ {a1, ç�ç�ç ,ak} that consistsof all tasksT andall emptytasksì
(i.e., k æ |T | â | ì |) such that thei-th emptytaskin A is thei-th elementof ì .

Definition 4.5 Let(T, í ) bea tasksystemandlet A æ {a1, ç�ç�ç ,ak} bea sched-
uling sequenceof T. Them-processormappingof A is themappingS: ai îïð
i / mñ .

To illustratetheseconcepts,let usturn to Figure4.2. Let ì æ {e1, ç�ç�ç ,e4},
andlet A betheschedulingsequence{t1, t2, t3, t4, t5, t9, t6, t7, t11, t12, t8, t13,
t19, t10, t15, t20, t14, t17, t22, t16, t21, e1, t18, t24, e2, t23, e3, e4, t25}. Theschedule
depictedin Figure4.2is the3-processormappingof A andit is aschedulefor
theintreegivenin Figure4.1.Let B æ {t1, t5, t7, t10, t11, t20}. Then,rankA(t10 :ì ò T) æ rankA(t10 : T) æ 14, rankA(t10 : B) æ 5, rankA(t23 : ì ò T) æ 26,
rankA(t23 : ì ò B) æ 8, and rankA(t23 : B) æ 6. Now, let C æ B ò ì ò {t23}.
ThenA〈C〉 æ {t1, t5, t7, t11, t10, t20, e1, e2, t23, e3, e4}.
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Figure4.2: A 3-processorschedule. Thecurveindicatesthe schedulingse-
quenceA æ {t1, ç�ç�ç ,e1, t18, t24,e2, t23,e3,e4, t25} fromwhich thescheduleis de-
rived. Theemptytaskse1, ç�ç�ç ,e4 are depictedasemptyboxes.

In ouralgorithmweoperateonranksof tasksin subsetsof somescheduling
sequenceA. In orderto keeptrackof which ranksbelongto which taskswe
storetherankof a tasktogetherwith thetaskitself asapair (rankA(x : B),x).

Definition 4.6 LetA beanorderedset,andlet B andC besubsetsof A. More-
over, let A〈C〉 æ {c1, ç�ç�ç ,cr}. ThenrankA(C : B) denotestheorderedsetofpairs
{(rankA(c1 : B),c1), ç�ç�ç , (rankA(cr : B),cr)}. We call this orderedsetrankse-
quenceof C in B with respectto A.

Note that if {(u1,x1), ç�ç�ç , (ur ,xr )} is a rank sequence,then u1, ç�ç�ç ,ur is a
nondecreasingsequenceof nonnegativeintegers.Thereareanumberof useful
operationson ranksequences,whichareintroducedin thefollowing.

Definition 4.7 LetU æ {(u1,x1), ç�ç�ç , (ur ,xr )} andW æ {(w1,y1), ç�ç�ç , (ws,ys)}
be rank sequences.ThenU óõô W denotesthe ordered set that is obtained
by sorting thepairs of U ò W ascendinglyaccording to the following order:
(ui ,xi) à (u j ,x j ) iff i à j , (wi ,yi) à (wj ,y j ) iff i à j , and (ui ,xi) à (wj ,y j ) iff
ui è wj .

It is easyto seethatU óõô W canbecomputedby mergingU andW, since
the pairsof U (respectively W) appearin U óöô W in the sameorderasthey
appearin U (respectivelyW). Notethat óõô is not symmetric.For example,let
U æ {(1,x1), (4,x2), (5,x3)} andW æ {(2,y1), (4,y2), (6,y3)}. Then,U óõô W æ
{(1,x1), (2,y1), (4,x2), (4,y2), (5,x3), (6,y3)} but W óõô U æ {(1,x1), (2,y1),
(4,y2), (4,x2), (5,x3), (6,y3)}. As for an applicationof óõô , assumewe are
givenrankA(X : X ò Y) andrankA(Z : X ò Y) for somedisjointsetsX,Y,Z ê A.
ThenrankA(X ò Z : X ò Y) æ rankA(X : X ò Y) óõô rankA(Z : X ò Y). Here,the
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asymmetryof óõô is necessarybecauseif somex ë X hasthesamerankin X ò Y
assomeelementz /ë X ò Y, thenx is in front of z in A.

Definition 4.8 LetU æ {(u1,x1), ç�ç�ç , (ur ,xr )} bea ranksequencewith respect
to A, let B ê A, andletC denotetheorderedset{x1, ç�ç�ç ,xr}. Also,let {xi1, ç�ç�ç ,
xik} æ C〈C á B〉. ThenU ÷ B is theorderedset{(w1,xi1), ç�ç�ç , (wk,xik)}, where
wj is thenumberof pairs in front of (ui j ,xi j ) in U with a secondcomponent
that is containedin B, for j æ 1, ç�ç�ç ,k.

For example,let B æ {x1,x2,x3} andletU andW beasin thelastexample.
Then (W óöô U) ÷ B æ {(1,y1), (1,y2), (3,y3)}. As for an application,assume
that rankA(X ò Z : Y) is given,with X andZ beingdisjoint. Then,rankA(Z :
X) æ rankA(X ò Z : Y) ÷ X andrankA(X : Z) æ rankA(X ò Z : Y) ÷ Z.

Thenext operationtakesanarbitraryranksequenceandreplacesthefirst
componentof eachpairby thepositionof thispair in theranksequence.

Definition 4.9 Let U æ {(u1,x1), ç�ç�ç , (ur ,xr )} be a rank sequence. Thenthe
orderedset{(1,x1), ç�ç�ç , (r,xr )} is denotedbypos(U).

Thisoperationis usedtoconstructtheranksequenceof somesetX in itself.
For arbitrarysubsetsX andY of A, it holdsthatpos(rankA(X : Y)) æ rankA(X :
X). Finally, we introduceoperationsthataddor subtractthefirst components
of thepairsof two ranksequences.

Definition 4.10 LetU æ {(u1,x1), ç�ç�ç , (ur ,xr )} andW æ {(w1,x1), ç�ç�ç , (wr ,xr )}
beranksequences.Then

1. U ø W : æ {(u1 â w1,x1), ç�ç�ç , (ur â wr ,xr )} and

2. U ù W : æ {(u1 á w1,x1), ç�ç�ç , (ur á wr ,xr )}.

Assumewe aregiven rankA(X : Y) andrankA(X : Z), with Y andZ being
disjoint. Then,rankA(X : Y ò Z) æ rankA(X : Y) ø rankA(X : Z). Conversely,
rankA(X : Z) æ rankA(X : Y ò Z) ù rankA(X : Y).

We closethis sectionby observingthateachof óöô , ÷ , pos, ø , and ù can
beperformedefficiently in parallelon theEREWPRAM usingmerging and
prefix operations.Hence,whenappliedto an input of sizen eachof óõô , ÷ ,
pos, ø , and ù takesO(logn) timeusingn / logn processors.



66 4. SCHEDULING TREE ORDERS

4.4 Partitioning an Intr ee

In the sequel,let (T, ú ) be a UET tasksystemwith a precedencegraphthat
is an intree. We seekto characterizea classof schedulingsequencesof T
with m-processormappingsthat areoptimal schedulesfor (T, ú ). Our char-
acterizationconsistsof threesteps. First, we definea classof partitionsof
T, called m-partitions,that decomposethe precedencetree into paths(this
section). Second,we show that in a certainway every m-partition uniquely
determinesoneschedulingsequenceof T (Section4.5).Finally, weprovethat
them-processormappingof aschedulingsequenceimpliedby any m-partition
of T is anoptimalschedulefor (T, ú ) (Section4.6).

Although our characterizationof schedulingsequencesis fairly closeto
beingconstructive, it doesnot provide uswith anefficient parallelalgorithm
directly. Thedescriptionof an û ü algorithmthat implementsourcharacteri-
zationis deferredto Sections4.7,4.8,and4.9.

The first step in our algorithm is to partition the task set T into m ý 1
subsetswith respectto theprecedenceconstraints.Sucha partition is called
m-partitionandconsistsof m backbonesetsandonesetof free tasks. Each
of the m backbonesconsistsof one or more pathsof the given intreesuch
that the pathsof onebackbonehave no level in common. In particular, one
of the backbonesis a longestpathin the given intree. All tasksthat arenot
part of any backbonearefree. The ideais to let eachprocessorexecutethe
tasksof onebackbonesequentially, i.e., eachbackboneis “assigned”to one
particularprocessor. Freetasksareexecutedby any of the m processors.It
is helpful to view m-partitionsasa loadbalancingscheme.Thebasicloadof
eachprocessoris thebackbonethatis assignedto it, while freetasksareused
to balancetheloadbetweenprocessors.A formaldefinitionof m-partitionsis
givennext.

Definition 4.11 An m-partition of (T, ú ) consistsof m ý 1 ordered setsD0,þ�þ�þ , Dm (someof thempossiblyempty)such that

1. ÿ 0 � i � mDi � T,

2. Di
�

D j � ∅ or i � j for all 0 � i, j � m,

3. each Di with i � 0 containsat mostonetaskfromeach level,

4. x � Di impliesthatfor all j, m � j � i, thereexistsy � D j with level(x) �
level(y),
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5. x � Di , y � D j , andx ú y impliesi � j , and

6. in everyDi tasksare orderedbynonincreasinglevel.

EachorderedsetDi with i � 1 is calledbackboneand the taskstherein
arebackbonetaskswhile the tasksin D0 arecalledfree. Let δ(x) denotethe
index of thesubsetthatcontainsx, i.e., δ(x) � j if f x � D j . Let γ(x) denotethe
positionof x in Dδ(x).

Definition 4.12 Let D0, þ�þ�þ ,Dm be an m-partitionof (T, ú ), let x be a back-
bonetask,andlet Γ(x) denotetheset{y| δ(y) � δ(x) � 1, level(y) � level(x)}.
If Γ(x) is not empty, thenlet x�	� Γ(x) bethetaskwith γ(x� ) � max{γ(y) |y �
Γ(x)}. We call x� the leaderof x.

Not every taskin anm-partitionhasa leader. In particular, no taskof D0
hasaleader. Furthermore,|Γ(x)| � 1 impliesx � D1 sinceonly D0 maycontain
morethanonetaskfrom acertainlevel.

Definition 4.13 Let D0, þ�þ�þ ,Dm be an m-partitionof (T, ú ), let x be a back-
bonetask,and let Λ( 
 ) denotethe setof taskson level 
 that are leaders of
sometask. Thenthe setof leadersof x, denotedby C(x), is the set {y|y �
Λ(level(x)),δ(y) � δ(x)}.

Notethat if C(x) is not emptythenx�	� C(x), andif y � C(x) andy� exists
theny��� C(x).

Definition 4.14 Let D0, þ�þ�þ ,Dm bean m-partitionof (T, ú ), let x bean arbi-
trary task,and let ∆(x) denotethe set{y| δ(y) � δ(x), level(y) � level(x)}. If
∆(x) is not empty, thenlet x  � ∆(x) be the taskwith γ(x ) � max{γ(y) |y �
∆(x)}. We call x theparentof x.

Notethatx hasnoparentif f x is on thehighestlevel containedin Dδ(x). In
particular, thefirst taskof everyDi hasnoparent.

In Figure4.1anintreeandthebackbonesof a possible3-partitionof it are
given,with D3 � {t5, t7, t8, t10, t14, t16, t18, t23, t25}, D2 � {t4, t6, t13, t15, t17,
t21, t24}, andD1 � {t3, t12, t22}. In D0, tasksthatareon thesamelevel canbe
orderedarbitrarily andwe fix D0 � {t1, t2, t9, t11, t19, t20}. This 3-partitionis
depictedin Figure4.3 to illustratetheconceptof leadersandparents.What
follows aresomeobservationson m-partitions.By x�  we denotetheparent
of theleaderof x.
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Figure4.3: Leadersandparents.A singlelinearrowpointsto theparentwhile
thedoubleline arrow pointsto theleaderof each task.For example, t 12 � t3
andt �22 � t20, whileC(t13) � {t12, t11} andC(t16) � {t17}.

Lemma 4.15 LetD0, þ�þ�þ ,Dm beanm-partitionof (T, ú ) andlet x � T. Then

1. if x hasnoparentthenno taskin C(x) hasa parent,

2. if x  andx�  exist thenlevel(x�  ) � level(x ), and

3. Dm is a longestpathin (T, ú ).

Proof. 1. Assumethe contrary, sayy � C(x) hasa parent. By definition of
C(x), it holdsthaty is onthesamelevel asx andδ(y) � δ(x). Definition4.11.4
implies that thereexistsa taskz � Dδ(x) that is on the samelevel asy  . By
definition,y  is ona higherlevel thany. Therefore,z is onahigherlevel than
x. It follows thatx is not on thehighestlevel containedin Dδ(x) andtherefore
x hasaparent,acontradiction.Consequently, ourassumptionis wrongandno
taskin C(x) hasa parent.

2. Assumelevel(x�  ) � level(x  ). Clearly, it holdsthatlevel(x� ) � level(x)
andlevel(x�  ) � level(x� ). Therefore,level(x�  ) � level(x). Definition4.11.4
impliesthatthereexistsa taskz � Dδ(x) thatis on thesamelevel asx�  . Con-
sequently, level(x ) � level(z) � level(x). By Definition 4.11.6,tasksin Dδ(x)
areorderedby nonincreasinglevel, henceγ(x  ) � γ(z) � γ(x). But this con-
tradictsDefinition 4.14sinceboth z andx arecontainedin ∆(x) andx  is
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supposedto bethetaskin ∆(x) with maximumγ value.We concludethatour
assumptionis wrongandlevel(x�  ) � level(x ).

3. By Definition 4.11.5,thesuccessorof a taskof Dm is containedin Dm

aswell. Furthermore,atmostonetaskfrom eachlevel is containedin Dm, by
Definition 4.11.3. Hence,the tasksof Dm form a pathin (T, ú ). ThatDm is
in fact a longestpathfollows from Definition 4.11.1and4.11.4. Thereit is
impliedthateverytaskappearsin someD j andfor everytaskx thatappearsin
D j with j � m, thereexistsa taskin Dm thatis on thesamelevel asx. Hence,
Dm containsexactlyonetaskfrom every level in (T, ú ). �
4.5 Partitions Imply SchedulingSequences

In thissectionweshow thateverym-partitionof (T, ú ) impliesoneparticular
schedulingsequenceAof T in anaturalway. Theimpliedschedulingsequence
A hasthefollowing properties.If a taskx � T hasa parent,thenthenumber
of tasksbetweenx andx in A is at leastm � 1. Second,if x hasa leader, then
x is behindx� in A. Finally, A is ascompactaspossible,i.e., the numberof
emptytasksin front of thelastnonemptytaskis minimal. In thefollowing we
givearecursivecharacterizationof this impliedschedulingsequence.Wefirst
require

Definition 4.16 Let D0, ����� ,Dm bean m-partitionof (T, � ). For � 1 � j � m
and0 � i � m defineDi, j : � � i � k � j Dk andL j : � D0, j � � .

NotethatDi, j � ∅ if i � j, in particular, D0, � 1 � ∅. Therefore,L � 1 con-
sistsof emptytasksonly. On theotherhand,Lm consistsof all tasks,includ-
ing emptytasks. For the sake of convenience,let an expressionof the form
rankA(x� : B) or rankA(x � : B) equalzeroif x� , respectively x � , doesnotexist.

Definition 4.17 Let D0, ����� ,Dm be an m-partition of (T, � ) and let A be a
schedulingsequenceof T. ThenA is implied by D0, ����� ,Dm iff for all x � D j

with j � {0, ����� ,m}

1. rankA(x : D j ) � γ(x) and

2. rankA(x : L j � 1) � max � rankA(x� : L j � 1) � j � 1, rankA(x� : L j � 1)  .
Part1 of theabovedefinitionensuresthattasksof everysetD j appearin A

in thesameorderasthey appearin D j . Part2 impliesthateachtaskx is behind
its leaderin A andat leastδ(x) � 1 tasksfrom Lδ(x) � 1 (someof thempossibly
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empty)arebetweentheparentof x andx in A. In particular, rankA(x : L � 1) � 0
for all x � D0 sinceno taskof D0 hasa leader. Consequently, no emptytasks
arein front of any taskof D0 in A.

FromDefinition4.17wecanderiveanalgorithmfor constructinga sched-
uling sequencethat is implied by D0, ����� ,Dm. Let us first note that for any
disjointsubsetsX,Y of A thefollowing holds:

rankA(X � Y : X � Y)� (rankA(X : Y) ! rankA(X : X)) "$#
(rankA(Y : Y) ! ((rankA(Y : Y) "$# rankA(X : Y)) % X)). (4.1)

For j � 0, ����� ,m, the rank sequencerankA(D j : D j ) is given by Defini-
tion 4.17.1. If D j � {x1, ����� ,xk} then rankA(D j : D j ) � {(1,x1), ����� , (k,xk)}.
Also, rankA(L � 1 : L � 1) is known: rankA(L � 1 : L � 1) � {(1,e1), (2,e2), ����� } since
empty tasksoccur in A in the sameorderas in � , by Definition 4.4. Fur-
thermore,if rankA(L j � 1 : L j � 1) is known for some j & 0, then eachleader
of sometask in D j knows its rank (position) in L j � 1 and we can compute
rankA(D j : L j � 1) by applyingDefinition 4.17.2to thefirst taskof D j , thento
thesecond,andsoon.

To constructan implied schedulingsequence,we performthe following
for each j from 0 to m. First, we computerankA(D j : L j � 1) using Defini-
tion 4.17.2. (For j � 0 andD0 � {x1, ����� ,xk} we obtain rankA(D0 : L � 1) �
{(0,x1), ����� , (0,xk)}, aswehaveobservedabove.)Then,wechooseX � D j and
Y � L j � 1 andapplyequation(4.1)to computerankA(L j : L j ) from rankA(D j :
L j � 1), rankA(D j : D j ), andrankA(L j � 1 : L j � 1). In theendweobtainrankA(Lm :
Lm), whichgivesusfor eachtaskof A its positionin A. Notethatfor everym-
partitionof (T, � ) thereexistsexactlyoneschedulingsequencethatis implied
by it.

For an illustration we turn to the 3-partitiondepictedin Figure4.3. Let
us determinethe schedulingsequenceA implied by D0, ����� ,D3. Recall that� � {e1, ����� ,e4} in ourexample.It is easyto seethatA〈L0〉 alwaysconsistsof
D0 followedby � , hence,A〈L0〉 � {t1, t2, t9, t11, t19, t20, e1, e2, e3, e4}. Let us
determineA〈L1〉. The leaderof t3 is t2, the leaderof t12 is t11, andtheleader
of t22 is t20. HencerankA(D1 : L0) � {(2, t3), (4, t12), (6, t22)}. It follows that
A〈L1〉 � {t1, t2, t3, t9, t11, t12, t19, t20, t22, e1, e2, e3, e4}. Next, we determine
A〈L2〉. Theleaderof t4 is t3, theleaderof t13 is t12, andtheleaderof t21 is t22.
All othertasksof D2 have no leader. Consequently, rankA(D2 : L1) � {(3, t4),
(4, t6), (6, t13), (7, t15), (8, t17), (9, t21), (10, t24)}. Then,A〈L2〉 � {t1, t2, t3, t4, t9,
t6, t11, t12, t13, t19, t15, t20, t17, t22, t21, e1, t24, e2, e3, e4}. Notethatthereis an
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emptytaskin A〈L2〉 right in front of t24 sincethe rankof t24 in L1 is 10, but
D0 andD1 consistof only 9 tasks.Finally, we determineA〈L3〉. We compute
rankA(D3 : L2) � {(4, t5), (6, t7), (8, t8), (10, t10), (12, t14), (14, t16), (16, t18),
(18, t23), (20, t25)}. It follows thatA〈L3〉 � {t1, t2, t3, t4, t5, t9, t6, t7, t11, t12, t8,
t13, t19, t10, t15, t20, t14, t17, t22, t16, t21, e1, t18, t24, e2, t23, e3, e4, t25}, which is
A. The3-processormappingof A is shown in Figure4.2.

4.6 Implied SchedulingSequencesare Optimal

Throughoutthis sectionlet D0, ����� ,Dm be an m-partition of (T, � ) andlet A
be the schedulingsequenceof T implied by D0, ����� ,Dm. We prove in the
following thatthem-processormappingof A is anoptimalschedulefor (T, � ).
First,weestablishsomeauxiliarypropositions.

Lemma 4.18 Let x,y � T be such that δ(x) ' δ(y) and level(x) & level(y).
Theny is behindx in A.

Proof. Let level(x) � level(y). Theneitherx � C(y) or x � D0 andx is not
leaderof a taskof D1. By Definition 4.17.2,all leadersof y arein front of y.
Hence,if x � C(y) the lemmaholds. Otherwisex � D0 but x is not leaderof
a taskof D1. By Definition 4.11.4,thereexistsa taskin D1 on thelevel of x.
Therefore,thereexistsa taskz in D0 on thelevel of x thatis theleaderof that
taskin D1 andz is behindx in D0, by definitionof leaders.It follows thatz
is behindx in A, sincein A tasksof D0 appearin thesameorderasthey have
in D0, by Definition 4.17.1.Furthermore,z is in front of y, becausez � C(y).
Consequently, x is in front of y andthelemmaholdsin caselevel(x) � level(y).

Now, let level(x) � level(y). Let z be the taskin Dδ(y) that is on thesame
level asx. Sucha taskexistsaccordingto Definition 4.11.4.Clearly, x � C(z)
or x � D0 andx is not leaderof a taskof D1. Hence,by thesameargumentsas
before,z is behindx in A. Thetasksin Dδ(y) areorderedby nonincreasinglevel
(Definition4.11.6)andthey appearin thesameorderin A (Definition4.17.1).
It followsthaty is behindzsincez is onthesamelevel asx andx is onahigher
level thany. Consequently, y is behindx in A. (

In thefollowing,weanalyzethesituationthatarisesif in Definition4.17.2
therankof somebackbonetaskx � D j in L j � 1 with respectto A is determined
by its leaderandnotby its parent.

Lemma 4.19 Let x � D j with j � 0 such that rankA(x : L j � 1) � rankA(x� :
L j � 1) � j � 1. ThenthesizeofC(x) is j andall tasksC(x) are directlyin front
of x in A〈L j 〉.
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Proof. By inductionon j. SincerankA(x : L j � 1) � rankA(x� : L j � 1) � j � 1we
obtainfrom Definition 4.17.2thatx� existsandrankA(x : L j � 1) � rankA(x� :
L j � 1), i.e., x� is directly in front of x in A〈L j 〉. If j � 1 thenC(x) � {x� };
hence,thelemmaholdsfor j � 1. Let it hold for j � 1 with j � 1 � 0, i.e., our
inductive hypothesisis that if rankA(y : L j � 2) � rankA(y� : L j � 2) � j � 2 for
sometasky � D j � 1, thenthesizeof C(y) is j � 1 andall tasksC(y) aredirectly
in front of y in A〈L j � 1〉. SincerankA(x : L j � 1) � rankA(x � : L j � 1) � j � 1
therearemorethan j � 1 tasksfrom L j � 1 directly in front of x in A〈L j 〉 (and
behindx� if x � exists). Therearethreecaseswe have to considerdepending
onwhetherx� and/orx� � exist.

case1: x� andx� � exist. Clearly, δ(x� � ) ' δ(x� ) and,by Lemma4.15,
level(x� � ) & level(x � ). We apply Lemma4.18andobtainthat x� is behind
x� � in A andhencein A〈L j 〉. It follows that therearemorethan j � 2 tasks
from L j � 2 betweenx� � andx� in A〈L j � 1〉, i.e., rankA(x� : L j � 2) � rankA(x� � :
L j � 2) � j � 2(Figure4.4).By inductivehypothesis,thetasksC(x� ) aredirectly
in front of x� in A〈L j � 1〉 and|C(x� )| � j � 1. It holdsthatx � is in front of all
tasksC(x� ) in A〈L j 〉 sincetherearemorethan j � 1 tasksfrom L j � 1 between
x � andx in A〈L j 〉, x is directly behindx� in A〈L j 〉, andthenumberof tasksin
C(x� ) is j � 1. It followsthatall tasksof C(x) aredirectly in front of x in A〈L j 〉
and|C(x)| � j.

x� � x�
x� x

A〈L j � 1〉 C(x� )� j � 1) *,+ -
+ -,) *� j � 2

Figure4.4: We obtain A〈L j 〉 by insertingtasksof D j into A〈L j � 1〉 at appro-
priate positions.Here weassumethat therankof x . D j is determinedby its
leaderandnotby its parent(thearrowsindicatetherankof x andx / in L j / 1).
Consequently, tasksC(x), consistingof x0 andC(x0 ), are directlyin front of x
in A〈L j 〉. (Seeproofof Lemma4.19.)

case2: x/ existsbut x0 / doesnot exist. Thenx0 is thefirst taskin D j / 1.
Sincetherearemorethan j 1 1 tasksfrom L j / 1 in front of x andx is directly
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behindx0 in A〈L j 〉, therearemorethan j 1 2 tasksfrom L j / 2 in front of x0
in A〈L j / 1〉, or in otherwords, rankA(x0 : L j / 2) 2 j 1 2. SincerankA(x0 / :
L j / 2) 3 0, we canapply the inductive hypothesisandobtainthat tasksC(x0 )
are directly in front of x0 in A〈L j / 1〉 and |C(x0 )| 3 j 1 1. As notedin the
previouscase,x/ is in front of all tasksC(x0 ) in A〈L j 〉 andhenceall tasksof
C(x) aredirectly in front of x in A〈L j 〉. Furthermore,|C(x)| 3 j.

case3: x/ doesnot exist. Thenx is thefirst taskof D j andx0 / doesnot
exist either(Lemma4.15). Furthermore,rankA(x / : L j / 1) 3 0 andrankA(x :
L j / 1) 2 j 1 1. Sincex0 is directly in front of x in A〈L j 〉, therearemorethan
j 1 2 tasksfrom L j / 2 in front of x0 in A〈L j / 1〉, i.e., rankA(x0 : L j / 2) 2 j 1 2.
By inductive hypothesis,all tasksC(x0 ) aredirectly in front of x0 in A〈L j / 1〉
and |C(x0 )| 3 j 1 1. Therefore,all tasksof C(x) aredirectly in front of x in
A〈L j 〉 and|C(x)| 3 j. 4
Lemma 4.20 Let x . D j with j 2 0 such that rankA(x : L j / 1) 2 rankA(x/ :
L j / 1) 5 j 1 1. Thenthere arenoemptytasksin frontof x in A.

Proof. All tasksC(x) are directly in front of x in A〈L j 〉 and |C(x)| 3 j, by
Lemma4.19.Hence,C(x) containsexactlyonetaskof everyDk, k 3 0, 6�6�6 , j 1
1. Consequently, thereis a tasky 7 D0 8 C(x) in front of x suchthatthereis no
emptytaskbetweeny andx. We have alreadyobservedthatDefinition 4.17.2
implies rankA(x : L / 1) 3 0 for all x 7 D0. Hence,emptytaskscanonly exist
behindthe last taskof D0 andtherefore,no emptytaskis in front of y. We
concludethatthereis noemptytaskin front of x. 4
Lemma 4.21 Let x 7 D j with j 2 0 such that rankA(x : L j / 1) 2 rankA(x/ :
L j / 1) 5 j 1 1. If x/ existsthenall tasksbetweenx / andx in A〈L j 〉 are on the
samelevel asx. If x/ is undefinedthenall tasksin front of x in A〈L j 〉 are on
thesamelevelasx.

Proof. Let us first note that (i) thereare no empty tasksin front of x, by
Lemma4.20,(ii) all tasksC(x) areon thesamelevel asx, (iii) C(x) contains
exactly onetaskof every Dk, k 3 0, 6�6�6 , j 1 1, sincethesizeof C(x) is j, (iv)
thetasksof C(x) aredirectly in front of x in A〈L j 〉 (Lemma4.19),and(v) ev-
ery Dk with k 3 0, 6�6�6 , j is orderedby nonincreasinglevel andthetasksof Dk

appearin thisorderin A〈L j 〉, by Definition4.11.6andDefinition4.17.1.
It followsthatall tasksin front of x in A〈L j 〉 areonalevel at leastashighas

x. Furthermore,if x/ existsthenall tasksin front of x in A〈L j 〉 thatarehigher
thanx areat leastashigh asx/ , becausefor every taskin D0, 6�6�6 ,D j / 1 there
existsa taskin D j that is on thesamelevel (Definition 4.11.4)andno taskin
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D j is on a level betweenthe level of x/ andx. We apply Lemma4.18and
obtainthateverytaskof D0, 6�6�6 ,D j / 1 thatis at leastashighasx/ is in front of
x / , whichprovesthatno taskbetweenx/ andx in A〈L j 〉 is ona level different
to thatof x. On theotherhand,if x/ doesnot exist thenno taskin C(x) hasa
parenteither(Lemma4.15)andhencenotaskin front of x is ona level higher
thanx. We concludethatall tasksin front of x in A〈L j 〉 areon thesamelevel
asx in thiscase. 4
Lemma 4.22 Let x 7 T. Thenthere are at least j 1 1 tasksbetweenx/ andx
in A〈L j 〉, for j 9 δ(x).

Proof. By inductionon j. Accordingto Definition 4.17.2thereareat least
j 1 1 tasksfrom L j / 1 betweenx/ andx in A〈L j 〉. Hence,thelemmaholdsfor
j 3 δ(x). Let it holdfor j 1 1 with j 1 1 9 δ(x), i.e., ourinductivehypothesisis
thatthereareatleastj 1 2 tasksbetweenx / andx in A〈L j / 1〉. Wehavetoshow
thatat leastonetaskof D j is betweenx / andx in A〈L j 〉. Let y bethetaskwith
smallestpositionin D j that is behindx in A〈L j 〉. Sucha taskexistsbecause
thereis a taskz 7 D j that is on thesamelevel asx, by Definition 4.11.4,and
taskz is behindx in A〈L j 〉, by Lemma4.18,sinceδ(x) : δ(z).

Assumethaty/ doesnot exist. Therankof y in L j / 1 is at least j sincex
andx / arein front of y andthereareat least j 1 2 tasksbetweenx/ andx in
A〈L j / 1〉, by inductive hypothesis.SincerankA(y/ : L j / 1) 3 0 we derive that
rankA(y : L j / 1) 2 rankA(y/ : L j / 1) 5 j 1 1. By Lemma4.21,all tasksin front
of y in A〈L j 〉 areon thesamelevel asy. But thiscontradictsthefactthatx and
x / areondifferentlevelsandarebothin front of y. Hence,ourassumptionis
wrongandy/ exists.

Notethat,by thechoiceof y, weknow thaty/ is in front of x in A〈L j 〉. Let
rankA(y : L j / 1) 3 rankA(y / : L j / 1) 5 j 1 1, i.e., thereareexactly j 1 1 tasks
of L j / 1 betweeny/ andy in A〈L j 〉. By inductivehypothesis,thereareat least
j 1 2 tasksbetweenx / andx in A〈L j / 1〉. It follows thaty/ is betweenx / and
x in A〈L j 〉 (Figure4.5). OtherwiserankA(y : L j / 1) 2 rankA(y/ : L j / 1) 5 j 1 1
(Definition 4.17.2). By Lemma4.21, all tasksbetweeny/ and y in A〈L j 〉
areon thesamelevel asy. Becausex / andx areon differentlevels,we can
derive thaty/ is not in front of x / . Furthermore,recall thaty/ is not behind
x. Consequently, y/ is betweenx / andx in A〈L j 〉.

By inductivehypothesis,thereareat least j 1 2 tasksbetweenx / andx in
A〈L j / 1〉. Wehavejustshown thatin A〈L j 〉 atleastonetaskfrom D j is between
x / andx. It follows that at least j 1 1 tasksarebetweenx/ andx in A〈L j 〉,
whichprovesthelemma. 4
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x/ x

y/ y

A〈L j / 1〉

9 j 1 2; <,= >
= >,; <

j 1 1

Figure4.5: If there are at least j 1 2 tasksbetweenx/ andx in A〈L j / 1〉 and
exactly j 1 1 tasksof L j / 1 are betweeny/ andy in A〈L j 〉, theny / is between
x / andx in A〈L j 〉. (Seeproofof Lemma4.22.)

To prove optimality of the m-processormappingof A, we will show that
thereexistsa list of all tasksorderedby nonincreasinglevel suchthat the list
schedulefor this list hasthesamelengthasthem-processormappingof A. To
thisend,werequirethefollowing:

Lemma 4.23 Let x be a taskon a longestpath in (T, ? ) and let (T @ , ?A@ ) be
theforestof intreesconsistingof all subtreesof (T, ? ) rootedat a taskon the
level of x. Thenthere existsa list L of all tasksT @ orderedby nonincreasing
level such that thelist scheduleSfor L mapsx to timesteplength(S).

Proof. Let Tx denotethesetof all predecessorsof x plusx. Also, let L bea
list of all tasksT @ orderedby nonincreasinglevel suchthat for eachlevel B ,
thetasksof Tx on level B areto theright of all othertasksof T @ on level B in L,
i.e., thetasksof Tx onlevel B havelowerpriority thanall othertasksonlevel B .
Let Sbethelist schedulefor L. Weproveby inductionon levels(startingwith
thehighestlevel) thatif y /7 Tx, z 7 Tx, andlevel(y) 3 level(z), thenS(y) C S(z).
Notethaton every level in (T @ , ?A@ ) thereis a taskof Tx sincex is on a longest
pathin (T, ? ).

The claim holdsfor the highestlevel sincethe tasksof Tx on the highest
level have lower priority in L thanall othertaskson thehighestlevel. Let the
claim hold for somelevel B andlet y /7 Tx, z 7 Tx, and level(y) 3 level(z) 3BD1 1. If y hasno predecessor, thenthe list schedulingalgorithmwill mapy
to sometimestepbeforeit considersz, sincez haslower priority thany in L.
Otherwise,let y@ bea predecessorof y suchthatno otherpredecessorof y is
scheduledlaterthany@ . Similarly, let z@ bethelatestpredecessorof z. Clearly,
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level(y@ ) 3 level(z@ ) 3 B . By inductivehypothesis,S(y@ ) C S(z@ ). Hence,thelist
schedulingalgorithmwill mapy to sometimestepbeforeit considersz, since
z is availablenot earlierthany andy hashigherpriority thanz, which proves
theclaim.

Sincex is theonly taskin Tx on level(x) we obtainthatS(x) 9 S(y) for all
tasksy thatareon thesamelevel asx. Consequently, x is mappedto the last
timestepof S. 4

Now everythingis in placeto provethatthem-processormappingSof the
schedulingsequenceimplied by them-partitionis anoptimalschedule.First,
we show that if x ? y then at leastm 1 1 tasksare betweenx and y in A.
Consequently, y is scheduledlater thanx. Second,we prove that thereexists
a list of all tasksorderedby nonincreasinglevel suchthatthelist schedulefor
this list hasthesamelengthasS. Sincethelist scheduleis HLF andtherefore
optimal,weobtainthatS is optimaltoo.

Theorem4.24 Let D0, 6�6�6 ,Dm be an m-partition of (T, ? ) and let A be the
schedulingsequenceimpliedbyD0, 6�6�6 ,Dm. Thenthemapping

S: x EF G rankA(x : Lm) / mH
is anoptimalm-processorschedulefor (T, ? ).

Proof. Let x precedey. Clearly, level(x) 2 level(y). By Definition 4.11.5,it
holdsthat δ(x) C δ(y). If δ(x) : δ(y) then,by Definition 4.11.4,thereexists
a taskz 7 Dδ(y) that is on thesamelevel asx. Otherwiseδ(x) 3 δ(y) andwe
choosez 3 x. Thereexistsa taskt 7 Dδ(y) thateitherequalsy or is betweenz
andy with level(z) 2 level(t) 9 level(y). Notethat t / existsandeitherequals
z or is betweenz and t, hencelevel(z) 9 level(t / ) 2 level(t) 9 level(y). By
Lemma4.22, thereare at leastm 1 1 tasksbetweent / and t in A〈Lm〉. If
δ(x) : δ(y) thenδ(x) : δ(z) and,by Lemma4.18,z is behindx. Otherwise
z 3 x. In any case,thereareat leastm 1 1 tasksbetweenx andy in A〈Lm〉.
We concludethat S(x) : S(y). It follows that S doesnot violate precedence
constraintsandsinceS doesnot mapmorethanm tasksto any timestepwe
obtainthatS is a schedulefor (T, ? ).

It remainsto show that S is optimal. The last taskof Dm is the last non-
empty task of A〈Lm〉 and henceis mappedto timesteplength(S). Let r be
the latesttimestep 2 1 suchthat thereis a taskx 7 Dm mappedto r but no
task of Dm is mappedto r 1 1. If no suchr exists, then to every timestep
1, 6�6�6 , length(S) a taskof Dm is mapped.SinceDm is a longestpathin (T, ? )
(Lemma4.15)it follows thatS is optimalin thiscase.
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Otherwisethereareat leastm tasksdirectly in front of x in A〈Lm〉 thatdo
not belongto Dm, i.e., rankA(x : Lm/ 1) 2 rankA(x/ : Lm/ 1) 5 m 1 1. We now
observethefollowing. By Lemma4.20,thereis noemptytaskin frontof x and
hence,no timestep: r is partial. By Lemma4.19,all tasksC(x) aredirectly
in front of x andthesizeof C(x) is m, i.e., C(x) containsonetaskon thelevel
of x from eachof D0, 6�6�6 ,Dm/ 1. Furthermore,tasksfrom eachD j , 0 C j C m,
areorderedby level in A〈Lm〉 (Definition 4.11.6and4.17.1).Eachbackbone
containsat mostonetaskof every level (Definition 4.11.3)andin D0 every
tasky that is leaderof sometaskin D1 hasmaximalpositionin D0 amongall
tasksof D0 on thelevel of y (Definition4.12).Hence,for all y 7 C(x) it holds
thatall tasksbehindy in Dδ(y) areon levels lower thanthatof y. Fromthese
observationswe concludethat in A〈Lm〉 all tasksbehindx areeitheremptyor
ona level below x andall tasksin front of x arenonemptyandat leastashigh
asx.

Let (T @ , ?A@ ) betheforestof intreesconsistingof all subtreesrootedatatask
on the level of x, i.e., T @ consistsof all taskson the level of x andon higher
levels. Accordingto Lemma4.23,thereexistsa list L @ of all tasksT @ ordered
by nonincreasinglevel suchthatthelist scheduleS@ for L @ mapsx to timestep
length(S@ ). Let L @I@ be the list obtainedfrom L @ by appendingall remaining
tasksof T in nonincreasinglevel orderandlet S@I@ bethe list schedulefor L @I@ .
Sincea list schedulefor a list of tasksorderedby nonincreasinglevel is HLF,
we obtainfrom Theorem4.2 that S@ is an optimal schedulefor (T @ , ? @ ) and
S@I@ is an optimal schedulefor (T, ? ). Next, we observe that S schedulesall
tasksof T @ in theshortestpossibletime, sinceall tasksmappedto timesteps: r belongto T @ , no taskof T @ is mappedto a timestep2 r, andno timestep
earlierthanr is partial. SinceS@ is anoptimalschedulefor (T @ , ?A@ ) we obtain
length(S@ ) 3 S(x). BecauseS@ (x) 3 length(S@ ) it follows that S@ (x) 3 S(x). A
moment’s reflectionrevealsthat S@I@ restrictedto T @ is identicalto S@ because
the list from which S@ is constructedis a prefix of the list for S@I@ . Hence,
S@I@ (x) 3 S(x). Thechoiceof r impliesthat to every timestepr, 6�6�6 , length(S) a
taskof Dm is mappedby S. SinceDm is a pathin (T, ? ) andboth S andS@I@
mapx to timestepr we obtainthat S@J@ cannot have a shorterlengththanS.
Therefore,S is optimal. 4
4.7 Computing an m-Partition

Our algorithmconsistsof threestages.In the first stage,an m-partition D0,6�6�6 , Dm of thegivenintreeis computed,in particular, theparentandtheleader
of eachtaskis determined.In stagetwo, we rank tasksaccordingto Defini-
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tion 4.17,thatis, wedeterminefor j 3 0, 6�6�6 ,m theranksequencesrankA(D j :
L j K 1) with respectto the schedulingsequenceA implied by D0, 6�6�6 ,Dm. In
the last stage,we merge theserank sequencesto obtain the rank sequence
rankA(D0,m : Lm), whichgivesusfor eachtaskx 7 T its positionin A. Finally,
weoutputthem-processormappingof A.

We assumethat thegivenintreeis ordered,that is, for eachvertex anex-
plicit orderof its immediatepredecessors(children) is given. For example,
the intreemay be representedby a sequenceof vertices,eachvertex being
associatedwith apointerto its left siblingandapointerto its successor.

We have shown in Sections3.7 and 3.8 how to usethe Euler-tour tech-
niqueandtreecontractionto computethedepth,thepreordernumber, andthe
heightof eachvertex of anundirectedtree.Whenweconsiderthegivenintree
precedencegraphasanundirectedtree(drawn with its root at the top), then
it becomesclear that the depthof a task in the undirectedtreecorresponds
to its level in theprecedencegraphandtheheightof a taskin theundirected
treecorrespondsto its ept valuein the precedencegraph. We concludethat
the level, the ept value,andthe preordernumberof eachtask in the prece-
dencegraphcanbecomputedin time O(logn) usingn / logn EREWPRAM
processors(Theorems3.13and3.15). We assumein thefollowing that these
numbersarealreadycomputed.

Lemma 4.25 Let (T, ? ) bea UET tasksystemwith a precedencegraphthat
is an intree. Let theprecedencegraphbegivenas an ordered intreeand let
|T | L n. Wecancomputeanm-partitionof (T, ? ) anddeterminefor each task
its parentandits leaderin timeO(lognlogm) usingn / logn processors of an
EREWPRAM.

Proof. Let M beanorderon tasksdefinedasfollows. We write x M y or sayx
is greaterthany if level(x) L level(y) andept(x) M ept(y) or level(x) L level(y)
andept(x) L ept(y) andthepreordernumberof x in thegivenintreeis greater
than that of y. In the following we show how to determinefor eachtaska
parentanda leadersuchthattheresultingstructureis anm-partitionof (T, N ).

First,wesorttasksin level orderusingthealgorithmgivenin Section3.10.
Thisalgorithmcomputesabreadth-firsttraversalof theprecedencetreein time
O(logn) andusesn/ logn EREWPRAMprocessors(Theorem3.19).Then,for
eachlevel in parallel,wedeterminethem O 1 greatesttaskswith respectto M
andsort them.Let r P denotethenumberof taskson level Q . By Theorem3.8,
we requireO(logr P logm) time to sortthem O 1 greatesttaskson level Q if we
user P / logr P processors.Weuser P / logn processorsandconsequentlyrequire
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O(lognlogm) time. To handleall levelssimultaneouslywithin thesametime
bound,werequiren / logn processors.

Let x bethe (m R i)-th greatesttaskof level Q , with 0 S i T m. We define
the(m R i O 1)-th greatesttaskon level Q to betheleaderof x. If no suchtask
exists(becausethereareonly m R i taskson level Q ), thenx hasno leader. We
definetheparentof x to bethe(m R i)-th greatesttaskon thenext level higher
than Q thatconsistsof at leastm R i tasks.If nosuchlevel exists,thenx hasno
parent.At this point D1, U�U�U ,Dm aredefinedandfor 0 S i T m the (m R i)-th
greatesttaskof eachlevel belongsto Di V 1, while all othertasksbelongto D0.

Clearly, the leaderof eachtaskcanbe determinedin constantsequential
time, oncethem O 1 greatesttasksof eachlevel aresorted.It is furthermore
not difficult to constructDm, sincea taskin Dm canfind its parentby looking
at the greatesttask on the next higher level. Computingthe parentsof all
otherbackbonetasksefficiently in parallelis moreinvolved. To this end,we
constructthe following orderedtreeR, calledthe backbonetree. Thevertex
setof R consistsof a root vertex v andonevertex for eachtaskin D1, U�U�U ,Dm.
Theedgesetof Rconsistsof anedge(v,x) for all x W Dm andanedge(y,yX ) for
everytasky thathasaleader. To orderR, weonlyhavetogiveanexplicit order
on thechildrenof v, sinceall otherverticesof R have at mostonechild. We
orderthe |Dm| childrenof v by decreasinglevel of their correspondingtasks,
i.e., thefirst child of v correspondsto thehighesttaskof Dm andthelastchild
of v correspondsto the lowest taskof Dm. (Figure4.6 shows the backbone
treeR for the3-partitiongivenin Figure4.3.)
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Figure4.6: Thebackbonetree(seeproofof Lemma4.25).

Considerthe breadth-firsttraversalL of R. It is not difficult to seethat
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L consistsof v, followed by Dm, followed by DmY 1, and so on. Sincethe
childrenof v areorderedby decreasinglevel of their correspondingtasks,the
breadth-firsttraversalvisits thetasksof eachbackbonein thisorder, i.e., each
backboneDi canbefoundin L asa sequenceof contiguoustasksorderedby
decreasinglevel (the level of a taskin theprecedencegraph).Consequently,
to computethe backbonesD1, U�U�U ,Dm it sufficesto computethebreadth-first
traversalL of R. By Theorem3.19, this canbe donein O(logn) time using
n / logn processors.Theconstructionof R canbeperformedwithin thesame
bounds.

Let Q denotethesequenceof taskssortedin nonincreasinglevel order. To
determineD0 from Q, we executethe following steps.First, we remove all
tasksfrom Q that belongto D1, U�U�U ,Dm, i.e., we remove the m greatesttasks
of eachlevel, andobtainQZ . Second,we have to make surethatevery leader
y of sometaskin D1 hashighestpositionin D0 amongtaskson the level of
y (cf. definitionof leader).To this end,we performthefollowing in parallel
for eachlevel Q . Let q1, U�U�U ,qk bethepartof QZ thatconsistsof taskson levelQ . Exactlyoneof thesetasks,sayqi , is theleaderof sometaskin D1, andwe
exchangeqi with qk in QZ . Finally, weassignQZ to D0.

It remainsto show that thesetsD0, U�U�U ,Dm form anm-partitionof (T, N ).
Clearly, D0, U�U�U ,Dm area partitionof T. Hence,properties1 and2 of Defini-
tion 4.11hold. It is furthermoreclearthateachof D1, U�U�U ,Dm containsatmost
onetaskfrom every level andeachof D0, U�U�U ,Dm is orderedby nonincreasing
level. Therefore,properties3 and6 hold. As for property4, we notethefol-
lowing. Let x be a task in Di V 1 on level Q . If i [ 0 thenx is the (m R i)-th
greatesttaskonlevel Q . It followsthatthereexist at leastm R i tasksonlevel Q .
Consequently, thereis a taskfrom level Q in eachof Di V 2, U�U�U ,Dm. Otherwise
x W D0. We removedthem greatesttasksof level Q to obtainthetasksfor D0.
Hence,thereareat leastm O 1 tasksonlevel Q andeachof D1, U�U�U ,Dm contains
oneof them.

Now let x W Di andy W D j with x N y. Thenthereexist m R j taskson the
level of y that aregreaterthany (theremay exist even moreif y W D0). By
definition of M , every taskon the level of y that is greaterthany haseither
greaterept valueor the sameept valueandgreaterpreordernumberthany.
We claim that for every taskz on the level of y that is greaterthany, there
exists a distinct taskzZ on the level of x that is greaterthanx. To prove the
claim, let z bea taskon the level of y with z M y andconsiderthe following
two cases.

case1: ept(z) M ept(y). Thenthelongestpathof tasksin (T, N ) preceding
z is longerthanthelongestpathof tasksthatprecedey. Hence,thereexistsa
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predecessorzZ of z thatis onthesamelevel asx andept(zZ ) M ept(x). Therefore
zZ\M x.

case2: ept(z) L ept(y), butzhasagreaterpreordernumberthany. Thenthe
longestpathof tasksin (T, N ) precedingz hasthesamelengthasthelongest
pathof tasksthatprecedey. It followsthatthereexistsapredecessorzZ of zon
thelevel of x with ept(zZ ) [ ept(x). Weobservethateverypredecessorof zhas
a greaterpreordernumberthanany predecessorof y, becausez hasa greater
preordernumberthany. Consequently, the preordernumberof zZ is greater
thanthatof x. HencezZ\M x.

Because(T, N ) formsanintree,weautomaticallychoosein theabovecases
for everyzadistinctzZ , whichprovestheclaim. As notedbefore,thereexist at
leastm R j taskson thelevel of y thataregreaterthany. By theaboveclaim,
thereexist at leastm R j taskson the level of x thataregreaterthanx. Since
x W Di weobtainthat i S j, whichprovesproperty5 of Definition4.11.

We concludethatD0, U�U�U ,Dm obtainedby wayof theabovealgorithmcon-
formsto Definition4.11andhenceis anm-partitionof (T, N ). ]
4.8 Ranking Tasks

Thecharacterizationof impliedschedulingsequencesgivenin Definition4.17
is recursive in thenumberof processorsm. As we have seen,this definition
is usefulfor proving that them-processormappingof theimplied scheduling
sequenceis anoptimalschedule.On theotherhand,it is not clearhow a fast
parallelalgorithmcanbe derived from it directly. In this sectionwe give a
versionof Definition4.17.2thatis moreopento parallelization.In thesequel
let α(x) denote∑y ^ C(x) γ(y).

Lemma 4.26 Let D0, U�U�U ,Dm be an m-partition of (T, N ) and let A be the
schedulingsequenceimpliedbyD0, U�U�U ,Dm. Thenfor anyx W D j with j [ 1

rankA(x : L j Y 1) [ α(x).

Proof. For every task y it holds that if y hasa leader, then y is behindits
leaderin A (Definition4.17.2).Consequently, x is behindall tasksof C(x). By
Definition 4.17.1,thetasksof every Di appearin thesameorderin A asthey
appearin Di . Hence,every y W C(x) is behindγ(y) R 1 tasksfrom Dδ(y) in A.
We concludethatat leastα(x) tasksof L j Y 1 arein front of x in A. ]
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Lemma 4.27 Let D0, U�U�U ,Dm be an m-partition of (T, N ) and let A be the
schedulingsequenceimpliedby D0, U�U�U ,Dm. Let x W D j with j [ 1 such that
rankA(x : L j Y 1) _ rankA(xY : L j Y 1) O j R 1. Then

rankA(x : L j Y 1) ` α(x).

Proof. We canusethesameargumentsasin theproof of Lemma4.26. Ad-
ditionally, we observe that thetasksof C(x) aredirectly in front of x in A〈L j 〉
andthesizeof C(x) is j (Lemma4.19),hence,C(x) containsexactly onetask
of eachsetD0, U�U�U ,D j Y 1. Furthermore,no emptytasksarein front of x in A,
by Lemma4.20.Consequently, thereareexactlyα(x) tasksof L j Y 1 in front of
x in A. ]

Theabove two lemmasleadto a nonrecursiveexpressionfor therankof a
backbonetaskx W D j in L j Y 1, which is givennext.

Lemma 4.28 Let D0, U�U�U ,Dm be an m-partition of (T, a ) and let A be the
schedulingsequenceimpliedbyD0, U�U�U ,Dm. Also,let x W D j with j [ 1. Then

rankA(x : L j Y 1)` max b γ(x)( j R 1), max
y ^ D j ,γ(y) c γ(x)

{α(y) d (γ(x) R γ(y))( j R 1)} e .

Proof. Let usfirst statethat

rankA(x : L j f 1) ` max g rankA(x f : L j f 1) d j h 1,α(x) i . (4.2)

To prove this, let α(x) _ rankA(xf : L j f 1) d j h 1. By Lemma4.26,it holds
thatrankA(x : L j f 1) j α(x) andthereforerankA(x : L j f 1) _ rankA(x f : L j f 1) d
j h 1. Consequently, rankA(x : L j f 1) ` α(x), by Lemma4.27. Otherwise
rankA(xf : L j f 1) d j h 1 j α(x). Assumethat rankA(x : L j f 1) _ rankA(xf :
L j f 1) d j h 1. By Lemma4.27,we obtainrankA(x : L j f 1) ` α(x) andhence
α(x) _ rankA(xf : L j f 1) d j h 1,acontradiction.It followsthatourassumption
is wrongandrankA(x : L j f 1) k rankA(x f : L j f 1) d j h 1. On theotherhand,
rankA(x : L j f 1) is at leastrankA(x f : L j f 1) d j h 1,byDefinition4.17.2.There-
fore,rankA(x : L j f 1) ` rankA(x f : L j f 1) d j h 1, whichprovesequation(4.2).

We prove the lemmaby inductionon γ(x). If γ(x) ` 1 then rankA(xf :
L j f 1) ` 0 sincex f is undefined,andweobtain

max b γ(x)( j h 1), max
y l D j ,γ(y) c γ(x)

{α(y) d (γ(x) h γ(y))( j h 1)} e
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(4.2)m rankA(x : L j f 1).

It followsthatthelemmaholdsfor γ(x) m 1. Let thelemmaholdfor theparent
of x. Usingthe fact thatγ(x) m γ(x f ) d 1 andusingtheinductive hypothesis,
wederive

max n γ(x)( j h 1), max
y l D j ,γ(y) o γ(x)

{α(y) d (γ(x) h γ(y))( j h 1)} e
m max p γ(x)( j h 1), max

y l D j ,γ(y) o γ(xq )
{α(y) d (γ(x) h γ(y))( j h 1)},α(x) r

m max sttu ttv
γ(x f )( j h 1) w j h 1,

max
y l D j ,γ(y) o γ(xq )

g α(y) w (γ(xf ) h γ(y))( j h 1) ixw j h 1,

α(x)

y ttztt{
i.h.m max g rankA(xf : L j f 1) w j h 1,α(x) i
(4.2)m rankA(x : L j f 1). |
UsingLemma4.28,it is now easyto rankall tasksefficiently in parallel.

Lemma 4.29 Givenfor each taskits leaderand its parent in an m-partition
D0, }�}�} ,Dm of (T, ~ ), we can computethe rank sequencesrankA(D0 : L f 1),}�}�} , rankA(Dm : Lmf 1) in timeO(logn) usingn / logn processors of an EREW
PRAM,whereA is theschedulingsequenceimpliedbyD0, }�}�} ,Dm and|T | m n.

Proof. For eachtaskx in parallel,wedetermineγ(x), δ(x), andα(x) usinglist
rankingandsegmentedprefix-sumsoperationson thelistsof leadersandpar-
ents.Next, we computerankA(x : Lδ(x) f 1), asproposedin Lemma4.28,using
a prefix-maximaoperationon eachof D1, }�}�} ,Dm. It is now easyto construct
theorderedsetsrankA(D j : L j f 1) for j m 1, }�}�} ,m. For j m 0, observe that if
D0

m {x1, }�}�} ,xk} thenrankA(D0 : L � 1) m {(0,x1), }�}�} , (0,xk)} sinceL � 1
m �

and in A no empty tasksare in front of any taskof D0 (Definition 4.17.2).
Clearly, all of theabovecanbeperformedin timeO(logn) on n / logn EREW
PRAM processors(Theorems3.2and3.11).

|
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4.9 Constructing the Implied SchedulingSequence

Weaimto determinerankA(D0,m : Lm), whichcontainsfor eachnonemptytask
its positionin theschedulingsequenceimpliedby D0, }�}�} ,Dm. In thefollowing
we show how to computerankA(D0,m : Lm) usinga binary treecomputation,
anoutlineof which is givennext.

We assumewithout lossof generalitythatm w 1 is apowerof 2. Ourcom-
putationtreeis a completebinarytreewith m w 1 leavesnumberedfrom 0 to
m. Leaf number j carriesthe rank sequencerankA(D j : L j ). Eachinternal
vertex of the binary treerepresentsan operationthat takesthe two rank se-
quencesof its two childrenasinput andoutputsa new rank sequence.The
rank sequencethat is outputby the root vertex of the computationtreewill
berankA(D0,m : Lm). Theoperationassociatedwith eachinternalvertex of the
computationtreeconsistsof anumberof applicationsof �$� , � , pos, � , and �
andis presentedin thenext lemma.

Lemma 4.30 Let A bean orderedsetandlet X, Y, andZ bedisjoint subsets
of A. GiventheranksequencesrankA(Y : X � Y) andrankA(Z : X � Y � Z), we
cancomputerankA(Y � Z : X � Y � Z) in timeO(log(|Y| � |Z|)) using(|Y| � |Z|) /
log(|Y| � |Z|) processorsof anEREWPRAM.

Proof. Clearly, pos(rankA(Z : X � Y � Z)) � rankA(Z : Z). Hence,

rankA(Z : X � Y) � rankA(Z : X � Y � Z) � pos(rankA(Z : X � Y � Z)).

Then,wedeterminerankA(Y � Z : X � Y) usingarelationshipobservedin sec-
tion 4.3,namely

rankA(Y � Z : X � Y) � rankA(Y : X � Y) ��� rankA(Z : X � Y).

Finally, wecompute

rankA(Y � Z : X � Y � Z) �
(rankA(Y : X � Y) � (rankA(Y � Z : X � Y) � Z)) �$� rankA(Z : X � Y � Z).

As notedin section4.3, we requireO(logn) time on n / logn EREW PRAM
processorsto performany of �$� , � , pos, � , and � on inputsof sizen. Hence,
rankA(Y � Z : X � Y � Z) canbecomputedwithin thedesiredresourcebounds.�
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The heightof our binary computationtree is logarithmic in m sincethe
treeis completeandtherearem � 1 leaves. We divide the executionof the
computationtreein phases.In eachphaseweprocessall verticesof onelevel
in parallel.After O(logm) suchphasestheoutputof therootvertex is known.
As we will seein the next lemma,we requireO(logn) time using n / logn
processorsto performonephase.Therefore,wecancomputerankA(D0,m : Lm)
in timeO(lognlogm) if n/ logn processorsareavailable.Detailsonthisbinary
treecomputationaregivennext.

Lemma 4.31 LetD0, ����� ,Dm beanm-partitionof (T, � ) andlet |T | � n. Given
the ranksequencesrankA(Di : Li), for i � 0, ����� ,m, wecancomputetherank
sequencerankA(D0,m : Lm) in timeO(lognlogm) usingn / logn processors of
anEREWPRAM.

Proof. Without loss of generality, we can assumethat m � 1 is a power of
two. For j � 1, ����� , log(m � 1), let I ( j) be the set of integer intervals that
partition the interval [0,m] into closedinteger intervalseachof size2 j , e.g.,
I (1) � {[0,1], [2,3], ����� , [m � 1,m]}, I (2) � {[0,3], [4,7], ����� , [m � 3,m]}, and
I (log(m � 1)) � {[0,m]}.

We startwith thegivenm � 1 ranksequencesrankA(Di,i : Li) asinput. For
j � 1, ����� , log(m � 1) weperformthefollowing for eachinterval [a,c] � I ( j) in
parallel.Letb � a � (c � a � 1)/2. Weapplythealgorithmgivenin theproofof
Lemma4.30to theranksequencesrankA(Da,b � 1 : Lb � 1) andrankA(Db,c : Lc)
to obtaintheranksequencerankA(Da,c : Lc). (In orderto applyLemma4.30,
let La � 1 correspondto X, let Da,b � 1 correspondto Y, andlet Db,c correspond
to Z. ThenLb � 1 � X � Y, Lc � X � Y � Z, andDa,c � Y � Z.) Using|Da,c| / logn
processors,werequireO(logn) time. Since∑[a,c] � I( j) |Da,c| � n, wecanhandle
all intervalsI ( j) simultaneouslyusingn/ logn processorswithin thesametime
bound.

After log(m � 1) iterations,weobtaintheranksequencerankA(D0,m : Lm),
which is the desiredresult. The time requiredto perform all iterationsis
O(lognlogm) andn / logn processorsareused.

�
We arenow readyto statethemainresultof thischapter.

Theorem4.32 Let (T, � ) bea UETtasksystemwith a precedencegraphthat
is an intree. Let theprecedencegraphbegivenasan orderedintree, and let
|T | � n. We cancomputean optimalm-processorschedulefor (T, � ) on the
EREWPRAMin O(lognlogm) timeusingn / logn processors.
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Proof. In the first step,we determinean m-partition D0, ����� ,Dm of (T, � ).
By Lemma4.25, this canbe performedin time O(lognlogm) usingn / logn
processors.Next, we computethe rank sequencesrankA(D j : L j � 1) for all
j � {0, ����� ,m}, whereA is theschedulingsequenceof T impliedbyD0, ����� ,Dm.
Accordingto Lemma4.29,we requireO(logn) time on n / logn processors.
Then,wecomputetheranksequencesrankA(D j : L j ), for j � 0, ����� ,m. This is
easy, becauseweobtainrankA(x : Lδ(x)) from rankA(x : Lδ(x) � 1) by addingγ(x).
We processtheserank sequencesusingthe algorithmgiven in Lemma4.31
andobtain rankA(D0,m : Lm). Finally, we mapeachtaskx of T to timestep�
rankA(x : Lm) / m� . By Theorem4.24, this mappingis an optimal schedule

for (T, � ).
�



CHAPTER 5

The Two ProcessorScheduling
Problem

Thetwo processorschedulingproblemis interestingfor variousreasons.First,
it lies closeto theborderbetweenintractableschedulingproblemsandthose
for which efficient algorithmsareknown. This borderis a challengingarea
for investigations. If the numberof processorsfor which we computethe
scheduleis not limited to two but is part of the probleminstance,then the
problembecomes� � -hard,aswasshown by Ullman [Ull75]. On theother
hand,it is unknown whetherpolynomialalgorithmsexist that computeopti-
mal k-processorschedulesfor any fixedk greaterthantwo. Second,optimal
two processorschedulescanbeusedto computemaximummatchingsin com-
plementsof comparabilitygraphs.Resultson thecomplexity of it might shed
new light on the complexity of the maximummatchingproblemin general
graphs.

It is thereforenotsurprisingthatthetwo processorschedulingproblemhas
a long history, startingin 1969whenFujii, Kasami,andNinomiyaproposed
the first polynomialalgorithm. It is basedon the idea to constructan opti-
mal two processorschedulefrom amaximummatchingin theincomparability
graphof thegivenpartialorder[FKN69]. Later, CoffmanandGrahamfound
an O(n2) algorithmbasedon list scheduling,wherethe sequenceof tasksin
the list is determinedby a lexicographicnumberingscheme[CG72]. Their
algorithmrequiresthegivenprecedencegraphto beeithertransitively closed
or transitively reduced.SethishowedthatCoffmanandGraham’s algorithm
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canbeimplementedto run in time O(nα(n) � e) [Set76], wheree is thenum-
berof edgesin theprecedencegraphandα(n) is an inverseof Ackermann’s
function. Finally, Gabow developedan algorithmthat runswithin the same
timeboundbut doesnotrequiretheprecedencegraphto betransitively closed
or reduced[Gab82]. The resultsof SethiandGabow canbe combinedwith
a resulton staticunion-findgivenin [GT85] to obtainalgorithmsthat run in
timeO(n � e).

Theparallelcomplexity of thetwo processorschedulingproblemwasfirst
investigatedby VaziraniandVazirani[VV85]. They gaveanalgorithmbased
onarandomizedalgorithmfor maximummatchingswith anexpectedrunning
time that is a polynomial in the logarithmof the numberof tasks. The first� � algorithmwasdevelopedby HelmboldandMayr [HM87b]. It consists,
roughlyspeaking,of two components.Thedistancealgorithmcomputesthe
lengthof anoptimal two processorschedulefor sometasksystem,while the
remainingalgorithmusesthedistancealgorithmto constructtheactualsched-
ule. Thedistancealgorithmrunsin timeO(log2n) usingn5 processorsandthe
total requirementsareO(log2n) timeandn10 processors.

Sincethen,a numberof attemptshave beenmadeto develop moreeffi-
cientparallelalgorithms.Moitra andJohnson[MJ89] andH. Jung,Serna,and
Spirakis[JSS91] proposeda new distancealgorithmbut unfortunatelytheir
algorithmis wrong,asacounterexamplegivenin [Jun92] shows. N. Jungpro-
poseda differentdistancealgorithmthat requiresn4 processorsbut its proof
of correctnessis notbeyonddoubt.However, combiningtheoriginaldistance
algorithmof HelmboldandMayr with thesecondcomponentof N. Jung’sal-
gorithm[Jun92], oneobtainsa two processorschedulingalgorithmthat runs
in timeO(log2n) usingn5 processors.

In this chapterwe presenta new parallel algorithm for the two proces-
sorschedulingproblem. It requiresO(log2n) time andonly n3 / logn CREW
PRAM processors.Our main contribution is a novel andefficient distance
algorithm. To computethe actualscheduleusinginformationobtainedfrom
the distancealgorithm,we mainly follow N. Jung. Our contributionsto this
partof thealgorithmaresimplificationsandaproofof correctnessthatis more
rigorousthanthatgivenin [Jun92].

Therestof thischapteris organizedasfollows. In Sections5.1and5.2we
introducenotationandbasicconceptsrelatedto thetwo processorscheduling
problem.In thesectionthereafterweshow how knowledgeof thelengthof an
optimaltwo processorschedulefor a tasksystemcanbeusedto gaininforma-
tion on thestructureof anoptimalschedule.Thefollowing threesectionsare
dedicatedto thedistancealgorithmandits proofof correctness.In Section5.7
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weusemaximummatchingsin convex bipartitegraphsto determinethestruc-
ture of an optimal schedule,while in Section5.8 the final scheduleis com-
puted.Weclosethischapterin Section5.9,whereweapplyour two processor
schedulingalgorithmto the problemof computingmaximummatchingsin
co-comparabilitygraphs.

5.1 LMJ Schedules

Let (T, � ) beanarbitrarytasksystem.We assumethat � is givenasa prece-
dencegraph. We wish to find a two processorUET schedulefor (T, � ) of
minimal length(cf. Section4.1). Figure5.1 shows a precedencegraphof a
tasksystemwith 15 tasks.An optimal two processorUET schedulefor it is
depictedin Figure5.1. A well known schedulingstrategy is to scheduletasks
on higherlevelsearlierthanotherswheneverpossible.If theprecedencecon-
straintsaretrees,thenthissimplestrategy is sufficient(cf. Section4.2). In the
two processorcasewith arbitraryprecedenceconstraints,thisstrategy mustbe
refined.

t15

t14t13

t12
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t10t9t8t7t6
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Figure5.1: A precedencegraphwith 15 tasks.On the left are the levelsand
on theright is thejumpsequenceof anLMJ schedule(3,0,3,2,1).
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Figure5.2: AnLMJ schedulefor theaboveprecedencegraph.Theblocksof a
possibleblock decompositionχ3,χ2,χ1 are framedin grey (seeSection5.5).

Assumethattaskson levelsL, ����� , � � 1 havealreadybeenmappedto time-
stepsand therearek unmappedtasksremainingon level � . We mapthose
tasksto thenext ¡ k

2 ¢ timesteps.If k is odd, thenonly onetaskt of level � is
mappedto thelastof the ¡ k

2 ¢ timestepsandwetry to pair t with a taskt £ from
a lower level �¤£ . In this casewe saythat level � jumpsto level �¤£ andwe call
t £ a fill-in task. If thereis no taskavailablethat t canbe pairedwith, thent
is pairedwith an emptytaskandwe saythat � jumpsto level 0. If a level �
jumpsto level �¦¥ 1 or 0, thenwe saythatthis jump is trivial . Schedulesthat
canbe constructedby iteratingthe above processarecalled level schedules
andthe sequenceof levels jumpedto, in decreasingorderof levels jumped
from, is calledthe jumpsequenceof a level schedule.A jump sequencethat
is lexicographicallygreaterthanany otherjump sequenceof a level schedule
for (T, � ) is calleda lexicographicallymaximumjump(LMJ) sequenceanda
level schedulewith anLMJ sequenceis calledanLMJ schedule.

Theorem5.1([Gab82]) EveryLMJ scheduleis optimal.

In thefollowing weoutlinehow LMJ schedulescanbecomputedin paral-
lel. First, we determinewhich levels jump. To accomplishthis, we augment
theprecedencegraphby someadditionaltasksandcomputefor eachpair of
taskst andt £ in parallelthe lengthof anoptimal two processorschedulefor
the tasksthat areboth successorsof t andpredecessorsof t £ . By comparing
these“schedulingdistances”for suitablepairsof tasks,we areableto deter-
minewhich levels jump. Then,we determinetheLMJ sequence.We usethe
precedencegraphandthelevelsthat jump to constructa bipartitegraph.One
setof verticesin thisgraphrepresentslevelsthatjumpandtheothersetrepre-
sentstasksthatarepossiblecandidatesfor fill-ins. Sincetheresultinggraphis
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convex wecancomputea specialkind of maximummatchingfrom whichwe
obtaintheLMJ sequence.Finally, we determinethe tasksusedin the jumps
of anLMJ schedule.To this end,an “implication graph” is constructedthat
reflectsthe dependenciesbetweenfill-in tasksandtasksthat canbe usedto
jump from levels. This is to ensurethat no task is usedas a fill-in if it is
requiredto jump from a level. It sufficesto determinethe transitive closure
of the implicationgraphto obtainthe pairsof tasksthat canbe usedfor the
jumps.Oncethetasksusedin jumpsaredeterminedit is easyto computethe
actualschedule.

5.2 Notation

In the following we introducesomenotationusedthroughouttherestof this
chapter. For this purpose,let t, t £ , andx betasksof sometasksystem(T, � )
andlet A beasubsetof T. With regardto agivenschedule,apairof tasks(t, t £ )
from differentlevelsis calledanactualjumpif t andt £ aremappedto thesame
timestep.Notethatt £ maybeanemptytaskhere.By I (t, t £ ) wedenotetheset
of tasksthataresimultaneouslysuccessorsof t andpredecessorsof t £ , while
Ix(t, t £ ) denotesI (t, t £ ) ¥ {x}. For instance,in the tasksystemof Figure5.1,
I (t13, t4) consistsof the taskst12, t11, t6, t7, and t8, while I t9(t12, t5) § {t11,
t8}. Note that if t and t £ are incompatiblewith respectto ¨ , then I (t, t £ ) §
∅. TheschedulingdistanceD(t, t © ) is the lengthof anoptimal two processor
schedulefor (I (t, t © ), ¨ ). Likewise,Dx(t, t © ) denotesthe lengthof anoptimal
two processorschedulefor (Ix(t, t © ), ¨ ). Clearly, if t andt © areincompatible
with respectto ¨ , thenD(t, t © ) § 0. Let D(t,A) denotemin{D(t, t © ) | t ©«ª A},
andlet D(A, t © ) denotemin{D(t, t © ) | t ª A}. Let Dx(t,A) andDx(A, t) bedefined
equivalently.

The level of x relativeto t © , denotedby levelt ¬ (x), is thelengthof a longest
pathfrom x to t © . Let U(t, t © ,  ) bethesetof tasksin I (t, t © ) thatareon a level
higher than  relative to t © . Note that for any taskx ª I (t, t © ), the level of x
(relative to t © ) is between1 andlevelt ¬ (t) ® 1, andthelevel of t © (relative to t © )
is 0. It furthermoreholdsthatU(t, t © ,0) § I (t, t © ) andU(t, t © , levelt ¬ (t) ® 1) § ∅.
Whenever t © is clearfrom thecontext, wesay“level of x” andmeanlevelt ¬ (x).
A taskis calledcritical in I (t, t © ) if it is containedin alongestpathin (I (t, t © ), ¨
). The setof all critical tasksin I (t, t © ) on level  is denotedby Crit(t, t © ,  ).
For instance,in Figure5.1, taskst12, t11, andt8 arethe only critical tasksin
I (t13, t4), andthey arealsotheonly critical tasksin I (t14, t5). The level of t11
relative to t4 is 2, whileU(t12, t1,1) § {t6, t7, t8, t11} andCrit(t14, t5,1) § {t8}.
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We saythatx is maximalin A if x ª A andx hasno successorin A. Con-
versely, x is minimal in A if x ª A andx hasno predecessorin A. The set
of minimal tasksin A is denotedby min(A) andthe setof maximaltasksby
max(A). Let B bea setof integers.If B containsmorethanoneelement,then
min2B denotesthesecondsmallestelementin B. Otherwise,min2B denotes
theoneelementof B.

5.3 Which LevelsJump?

Let (T, ¨ ) bea tasksystemconsistingof L levels.Thefirst stepin computing
anLMJ scheduleis to determinewhich levelsjump. Clearly, thelexicograph-
ically maximumjumpsequencefor (T, ¨ ) is unique.Givena jumpsequence,
we candeterminewhich levels jump, sincea level  jumpsiff thenumberof
taskson level  minusthenumberof occurrencesof  in thejumpsequenceis
odd.Hence,if level  jumpsto level  © in someLMJ schedulefor (T, ¨ ), then jumpsto ¤© in all LMJ schedulesfor (T, ¨ ).

Let (T, ¨ ) ¯±° denotethetasksystemthatconsistsof taskson level  andall
tasksonlevelsabove  in (T, ¨ ). In thefollowing weconsidertherelationship
betweenschedulesfor (T, ¨ ) andschedulesfor (T, ¨ ) ¯±° . A level ¤© with ¤©³² 
in (T, ¨ ) correspondsto level ¤©¤® µ´ 1 in (T, ¨ ) ¯±° . For thesakeof notational
convenience,we write “level ¤© ” andrefereitherto level ¤© in (T, ¨ ) or to its
correspondinglevel ¤©¶® ·´ 1 if we areconsideringtherestrictedtasksystem
at thatmoment.

Lemma 5.2 Let Sbean LMJ schedulefor (T, ¨ ) andlet S© betherestriction
of Sto taskson levelsL, ¸�¸�¸ ,  . ThenS© is anLMJ schedulefor (T, ¨ ) ¯±° .
Proof. Thoselevelsin L, ¸�¸�¸ , x´ 1 that jump to a taskabove ¦® 1 in theLMJ
schedulefor (T, ¨ ) canjump to the sametaskin anLMJ schedulefor (T, ¨
) ¯±° , andvice versa. Consequently, the samelevels above ¹® 1 jump in an
LMJ schedulefor (T, ¨ ) andin an LMJ schedulefor (T, ¨ ) ¯±° . Every level
in L, ¸�¸�¸ ,  that jumps to a taskon a level below  in the LMJ schedulefor
(T, ¨ ) will jumpto level 0 in anLMJ schedulefor (T, ¨ ) ¯±° . It followsthatthe
restrictionof anLMJ schedulefor (T, ¨ ) to taskson levelsL, ¸�¸�¸ ,  is anLMJ
schedulefor thosetasks. º

Levelsthatjump in LMJ schedulesarecloselyrelatedto solitary tasks.

Definition 5.3 A taskt on level  is solitary if there is an LMJ schedulefor
(T, » ) ¯±° such that t is theonly taskmappedto thelast timestep.
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For instance,in the tasksystemdepictedin Figure5.1, the solitary tasks
aret15, t12, t11, t9, t8, t7, t6, t5, andt4. Taskt10 is notsolitarysinceit is theonly
taskthatcanbepairedwith taskt15, andasaconsequence,it is usedasafill-in
taskfor thejumpfrom level 7 in everyLMJ schedule.Taskst14, t13, t3, t2, and
t1 arenotsolitarysincelevel 6 andlevel 1 donot jump.

We show in the following thata level jumpsin anLMJ scheduleiff there
existsat leastonesolitarytaskon thatlevel.

Lemma 5.4 Let x be the task that is usedto jump from level  in an LMJ
scheduleSfor (T, » ). Thenx is solitary.

Proof. Let S¼ betherestrictionof S to taskson levelsL, ¸�¸�¸ ,  . By Lemma5.2,
S¼ is anLMJ schedulefor (T, » ) ¯±° . Since½ jumpsto a level below ½ in S, level½ jumpsto level 0 in S¼ . Hence,x is theonly taskmappedto thelast timestep
of S¼ . As a consequence,x is solitary. º
Lemma 5.5 Let x be a solitary task on level ½ . Then ½ jumpsin an LMJ
scheduleSfor (T, » ).

Proof. Assumethat ½ doesnot jumpin S. Let S¼ betherestrictionof Sto tasks
on levelsL, ¾�¾�¾ , ½ . Clearly, S¼ is anLMJ schedulefor (T, » ) ¿ÁÀ (Lemma5.2).
Sincelevel ½ doesnot jump in S, it doesnot jump in S¼ . It follows that ½ does
not jump in any LMJ schedulefor (T, » ) ¿±À . Hence,no solitarytaskexistson
level ½ . A contradiction. We concludethat our assumptionis wrong and ½
jumpsin anLMJ schedulefor (T, Â ). Ã

To decidewhich tasksaresolitary, we usethefollowing construction.Let
G beaprecedencegraphfor (T, Â ). WeaugmentG asfollows(cf. Figure5.3).
Let α bea new taskthatprecedesall othertasks.For ½ÅÄ 2, ¾�¾�¾ ,L, let γ À and
γ̂ À betwo new tasksthataresuccessorsof all tasksin T on level ½ andabove.
Let γL Æ 1 andγ̂L Æ 1 betwo new tasksthataresuccessorsof α. Let γ1 bea new
taskthat is successorof all tasksin T. For every taskx Ç T, let βx bea new
taskthatis successorof γlevel(x) Æ 1 andγ̂level(x) Æ 1 andsuccessorof all tasksin T
on thelevel of x but excludingx. Let (T È , ÂAÈ ) denotethetasksystemobtained
by this construction.Thesolitarytasksof theoriginal tasksystem(T, Â ) can
now becharacterizedasfollows.

Lemma 5.6 A taskx on level ½ in (T, Â ) is solitary iff D(α,βx) Ä D(α,γ À ).
Proof. Let x bea solitarytaskon level É . ThenthereexistsanLMJ schedule
S for (I (α,γ À ), ÂAÈ ) suchthat x is the only task mappedto the last timestep.
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Figure5.3: To decidewhich levelsjump,weaugmentG by 2L Ê n Ê 2 tasks:
γ1 succeedsall tasksof T, γ À and γ̂ À succeedall taskson levels Ë É (for ÉÌÄ
2, ¾�¾�¾ ,L Ê 1), βx succeedsγlevel(x) Æ 1 and γ̂level(x) Æ 1 andall taskson thelevel of
x with theexceptionof x (for everyx Ç T), andα precedesall tasks.

Insteadof x wescheduleγ À Æ 1 andγ̂ À Æ 1 at timestepS(x) to obtainascheduleSÈ
for (I (α,βx), ÂAÈ ). Sinceγ À Æ 1 andγ̂ À Æ 1 cannot beusedasfill-ins, SÈ is anLMJ
scheduleandhenceoptimal. Clearly, S andSÈ have equallength, therefore
D(α,βx) Ä D(α,γ À ). To prove thereverseimplication,let D(α,βx) Ä D(α,γ À )
andassumethatx is notsolitary. We haveto considertwo cases.

case1: ThereexistsanLMJ scheduleS for (I (α,γ À ), ÂAÈ ) suchthatx is not
usedasa fill-in. Thenlevel É doesnot jump,sinceotherwisewe couldeasily
modify Ssuchthatx is theonly taskmappedto thelasttimestep,in whichcase
x would besolitary. We replacetaskx by γ À Æ 1 andmaptaskγ̂ À Æ 1 to timestep
length(S) Ê 1 to obtainascheduleSÈ for (I (α,βx), ÂAÈ ). Sinceγ À Æ 1 andγ̂ À Æ 1 can
notbeusedasfill-ins, SÈ is anLMJ scheduleandhenceoptimal.BecauseSÈ is
onetimesteplongerthanS, weobtainD(α,βx) Ä D(α,γ À ) Ê 1,acontradiction.
Hence,ourassumptionis wrongandx is solitaryin thiscase.

case2: x is usedasa fill-in in every LMJ schedulefor (I (α,γ À ), ÂAÈ ). In
otherwords,amongthelevels É 1, ¾�¾�¾ , É k thatjump to level É in anLMJ sched-
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ule for (I (α,γ À ), ÂAÈ ), only k Í 1 will find a suitablefill-in on level É if we
remove x. Furthermorenotethatnoneof the levels É 1, ¾�¾�¾ , É k canuseγ À Æ 1 or
γ̂ À Æ 1 asfill-in. Hence,in anLMJ schedulefor (I (α,βx), ÂAÈ ), oneof É 1, ¾�¾�¾ , É k
will jump to level 0 and only k Í 1 tasksfrom level É will be usedas fill-
ins. As a consequence,the numberof taskson level É not usedas fill-ins
increasesby two if weremovex andaddγ À Æ 1 andγ̂ À Æ 1. Clearly, aschedulefor
(I (α,γ À ), ÂAÈ ) consistsof D(α,γ À Æ 1) timestepsrequiredto scheduletasksonlev-
elsL, ¾�¾�¾ , ÉÎÊ 1 plus Ï i

2 Ð timestepsfor the i taskson level É notusedasfill-ins.
In anLMJ schedulefor (I (α,βx), ÂAÈ ) thenumberof tasksfrom level É notused
asfill-ins is i Ê 2, aswehave justobserved,while thenumberof timestepsre-
quiredto schedulethetaskson levelsL, ¾�¾�¾ , ÉÎÊ 1 is still D(α,γ À Æ 1). We obtain
D(α,βx) Ä D(α,γ À ) Ê 1. A contradiction.We concludethatour assumptionis
wrongandx is solitary. Ã

In the following threesectionswe areconcernedwith theproblemof de-
terminingtheschedulingdistancesD(t, t È ) for every pair of tasks.In thenext
sectionandthesectionthereafterwe establishpropertiesof tasksystemsthat
ourdistancealgorithmdependson.

5.4 The SchedulingDistance

Westartwith abasicobservationonthelengthof optimaltwo processorsched-
ules. Throughoutthis sectionand the next two sectionslet t and t È be two
arbitrarytasksof sometasksystem(T, Â ).

Lemma 5.7 LetA Ñ I (t, t È ). Then

D(t, t È ) Ë D(t,A) Ê D(A, t È ) Ê Ò |A|
2 Ó .

Proof. In everyschedulefor (I (t, t È ), Â ), at leastD(t,A) timestepsarebetween
t andany taskof A. Moreover, at leastD(A, t È ) timestepsarebetweenany task
of A andt È . Sincewerequireat least Ô |A| / 2Õ timestepsto scheduleall tasksof
A, any schedulefor (I (t, t È ), Â ) haslengthat leastD(t,A) Ê D(A, t È ) Ê Ô |A| / 2Õ .Ã

Notethatthis lemmastill holdsif wereplaceI by Ix andD by Dx, for some
taskx. An importantpropertyof level schedulesconcernscritical tasks:they
areneverusedasfill-ins for nontrivial jumps.
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Lemma 5.8 No critical taskin I (t, t È ) is a fill-in for a nontrivial jumpin any
level schedulefor (I (t, t È ), Â ).

Proof. Assumethereexist critical tasksthatareusedasfill-ins for nontrivial
jumps. Let x be oneof the highestsuchtasks,sayx is on level É andlevelÉ¤È×Ö ÉØÊ 1 jumpsto É usingx asa fill-in. Sincex is critical theremustbe a
predecessory of x on level ÉÙÊ 1 that is critical too. Tasky is not a fill-in for
a nontrivial jump becausewe selectedx to beoneof thehighestcritical tasks
thatarefill-ins for nontrivial jumps.It followsthaty eitheris thefill-in for the
jump from level ÉxÊ 2 or is scheduledlaterthanall taskson level ÉxÊ 2. Since
x is a fill-in for level É¤È×Ö É¦Ê 1 we obtainthat x is scheduledearlierthany,
which violatesthe precedenceconstraints.We concludethat no suchtaskx
exists. Ã

In ourschedulingdistancecomputation,schedulingdistancesarecomputed
iteratively from smallerschedulingdistancesthatarealreadyknown. An im-
portantquestionin this context is, whetherwe canfind two tasksx andy in
I (t, t È ) suchthat thesumof D(t,y) andD(x, t È ) equalsD(t, t È ). Unfortunately,
this is notalwayspossible.Clearly, if wechoosex andy arbitrarily, wecando
arbitrarilybad.A goodchoicefor x andy seemsto beonewhereweknow that
x andy mustbescheduledcloseto eachother, for instance,two critical tasks
on successive levels. As it turnsout, thereactuallyexist critical tasksx andy
suchthatx is onelevel higherthany andD(t,y) Ê D(x, t È ) equalseitherD(t, t È )
or D(t, t È ) Ê 1. The existenceof thesetwo particularcritical tasksis proved
in the next section. In this section,we areconcernedaboutwhathappensif
we choosethe wrong two critical taskson successive levels. The following
lemmashows that in this casetheabove sumexceedsD(t, t È ) by at mostone.
Moreover, wegiveaconditionnecessaryfor D(t,y) Ê D(x, t È ) to exceedD(t, t È ).
Lemma 5.9 Let x and y be critical tasksin I (t, t È ) such that x is one level
higherthany. Then

1. D(t,y) Ê D(x, t È ) Ú D(t, t È ) Ê 1, and

2. if D(t,y) Ê D(x, t È ) Û D(t, t È ) Ê 1, thenthere existsan immediatesucces-
sorzof x in I (x, t È ) such thatDz(x, t È ) Ü D(x, t È ) andD(t,z) Ü D(t,y).

Proof. Consideran optimal level scheduleS, andlet É denotethe level of y
(relative to t Ý ). Let τ be the last timestepa task on level ÉDÊ 1 is mapped
to. (1.) According to Lemma5.8, eachof x and y either is not usedin a
jump or is usedas a fill-in for a trivial jump from level ÉDÊ 2 respectively
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1. Therefore,we only have to considerfour cases:(a) If level

ÞÙß
1 does

not jump, then D(t,y) Ú τ and D(x, t Ý ) Ú D(t, t Ý ) à τ (Figure 5.4a). Hence,
D(t,y)

ß
D(x, t Ý ) Ú D(t, t Ý ). (b) The sameholdsif

Þ¦ß
1 jumpsandusesx to

jump from
ÞÙß

1 (Figure5.4b). (c) If
ÞÙß

1 jumpsandusesy asa fill-in, then
D(t,y) Ú τ à 1 and D(x, t Ý ) Ú D(t, t Ý ) à τ

ß
1 (Figure 5.4c). Again it holds

that D(t,y)
ß

D(x, t Ý ) Ú D(t, t Ý ). (d) Otherwise,
ÞØß

1 jumpsandusesa task
different from x to jump from

ÞDß
1 and a task z different from y as fill-in

(Figure5.4d). In thiscaseD(t,y) Ú τ andD(x, t Ý ) Ú D(t, t Ý ) à τ
ß

1. It follows
thatD(t,y)

ß
D(x, t Ý ) Ú D(t, t Ý ) ß 1.

(2.) Let D(t,y)
ß

D(x, t Ý ) Û D(t, t Ý ) ß 1. Thenlevel
ÞÙß

1 jumpsanda task
differentfrom x is usedto jump from level

Þxß
1 anda taskz differentfrom y

is usedasfill-in (Figure5.4d). Clearly, z is a successorof x, D(t,y) Û τ, and
D(x, t Ý ) Û D(t, t Ý ) à τ

ß
1. Only tasksfrom level

Þµß
1 arescheduledbetweenx

andz. Hence,z is animmediatesuccessorof x andD(t,z)
ß

D(x, t Ý ) Ú D(t, t Ý ).
It follows that D(t,z) Ü D(t,y). The task pairedwith z is from level

Þáß
1

andthereforeindependentof x. Hence,if we remove z, thenthe scheduling
distancebetweenx andt Ý decreasesby one,i.e., Dz(x, t Ý ) Û D(x, t Ý ) à 1. â

Considertaskst6 and t7 in the precedencegraphdepictedin Figure5.5.
Both tasksare critical in I (t12, t1) and are on successive levels. If we add
D(t12, t6) andD(t7, t1), thenweobtain6,whichexceedstheschedulingdistance
betweentask t12 and task t1 by 1. Lemma5.9.1guaranteesthat this is the
worstthatcanhappen.To finishtheexample,observethattaskt5 is a taskthat
canbeusedto detectthis overflow accordingto Lemma5.9.2,sincet5 is an
immediatesuccessorof t7, D(t12, t5) Ü D(t12, t6), andDt5(t7, t1) Ü D(t7, t1).

To recognizethat thesumof D(t,y) andD(x, t Ý ) exceedsD(t, t Ý ), we have
to checkfor eachimmediatesuccessorz of x in I (x, t Ý ) whetherremoving z
decreasesD(x, t Ý ) andwhetherthe distancebetweent andz is smallerthan
the distancebetweent and y. As it turns out, checkingwhetherremoving
z decreasesD(x, t Ý ) for eachimmediatesuccessorz of x is expensive. For
practicalpurposes,we needa conditionthatcanbecheckedmoreeasily. The
conceptthatprovidessucha conditionis an“overflow indicator”.

Definition 5.10 LetF ã I (t, t Ý ). ThenF is anoverflow indicatorfor (t, t Ý ) if

D(t, t Ý ) ä å |F |
2 æ ß D(F, t Ý ).

Notethatin everyoptimalschedulefor (I (t, t ç ), è ) thetasksof anoverflow
indicatorF arescheduledin thefirst é |F | / 2ê timesteps.Moreover, if thesize
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Figure5.4: If x andy are critical taskson successivelevels ðÙñ 1 and ð , then
in anyoptimallevel schedulethesumof D(t,y) andD(x, t ç ) exceedsD(t, t ç ) by
at mostone. There are four cases:(a) level ðxñ 1 doesnot jump,(b) x is used
to jumpfromlevel ð ñ 1, (c) y is usedasfill-in for thejumpfromlevel ð ñ 1, or
(d) someothertaskz is usedasfill-in.
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Figure5.5: A tasksystemandan optimallevel schedulefor it. Taskst6 andt7
are critical taskson successivelevelsbut thesumof D(t12, t6) andD(t7, t1) is
greaterthanD(t12, t1).

of F is even,thentwo tasksfrom F aremappedto timestep|F | / 2 andbothof
themhave thesameschedulingdistanceto t ç , which is theminimumdistance
to t ç amongtasksin F. In thefollowing we show how overflow indicatorsfor
(x, t ç ) canbeusedto detectthatD(t,y) ñ D(x, t ç ) exceedsD(t, t ç ).
Lemma 5.11 Let x and y be critical tasksin I (t, t ç ) such that x is one level
higher than y. Let F be an overflow indicator for (x, t ç ), and let D(t,y) ñ
D(x, t ç ) ä D(t, t ç ) ñ 1. Thenthesizeof F is oddand there existsa taskz ò F
such thatD(t,z) ó D(t,y).

Proof. AccordingtoLemma5.9.2thereexistsanimmediatesuccessorzof x in
I (x, t ç ) suchthatDz(x, t ç ) ó D(x, t ç ) andD(t,z) ó D(t,y). Applying Lemma5.7
to F à {z} and Iz(x, t ç ), we obtainDz(x, t ç ) ï é |F à {z}| / 2êÙñ Dz(F à {z}, t ç ).
Sincez is an immediatesuccessorof x, z is not containedin I (u, t ç ) for any
u ò F . Therefore,Dz(u, t ç ) ä D(u, t ç ). We obtain

Dz(x, t ç ) ï å |F à {z}|
2 æ ñ D(F à {z}, t ç ). (5.1)

Assumethat z is not containedin F . Thenthe right sideof (5.1) becomesé |F | / 2êDñ D(F , t ç ), and that equalsD(x, t ç ) sinceF is an overflow indicator
for (x, t ç ). As a consequence,Dz(x, t ç ) ï D(x, t ç ), which contradictsDz(x, t ç ) ó
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D(x, t ç ). Hence,our assumptionis wrongandwe concludethatz is contained
in F.

Assumenext that the size of F is even. SinceF is an overflow indica-
tor for (x, t ç ) weknow thatD(x, t ç ) ä é |F | / 2êµñ D(F, t ç ). As notedbefore,in an
optimalschedulefor I (x, t ç ), thetasksof F arescheduledin thefirst |F | /2 time-
steps.Since|F | is eventhereareat leasttwo tasksin F with minimumsched-
uling distanceto t ç . Hence,removing onetaskfrom F doesnot changethe
minimumdistanceto t ç . It is furthermoreclearthat é |F | / 2êÌä é |F à {z}| / 2ê .
Applying thesefactsto (5.1),weobtainDz(x, t ç ) ï é |F | / 2ê ñ D(F , t ç ), andthat
equalsD(x, t ç ). Again we deriveDz(x, t ç ) ï D(x, t ç ), contradictingthefactthat
Dz(x, t ç ) ó D(x, t ç ). Hence,our assumptionis wrong,showing that thesizeof
F is odd. â

What remainsto consideris whetheroverflow indicatorscanmisleadus.
If the size of someoverflow indicatorF for (x, t ç ) is odd and F containsa
taskz suchthatD(t,z) ó D(t,y), doesthatimply thatD(t,y) ñ D(x, t ç ) exceeds
D(t, t ç )? Theansweris no, but onecanshow thatthereexist critical tasksx and
y onsuccessivelevelssuchthatD(t,y) ñ D(x, t ç ) equalsD(t, t ç ) andthereexists
at leastoneoverflow indicatorF for (x, t ç ) suchthateitherthesizeof F is even
or no taskin F hasa shorterdistanceto t thany. Moreover, suchanoverflow
indicatorcanbefoundefficiently. We will dealwith this issuein section5.6.

5.5 Block Decompositions

In thissectionwetakeacloserlook atthesequentialtwo processorscheduling
algorithmof Coffman andGraham[CG72]. The analysisof this algorithm
providesuswith necessarymeansto computeschedulingdistancesin parallel.
In their algorithm,tasksarelabeledaccordingto a lexicographicnumbering
scheme.Then,tasksareput into a list in decreasingorderof thesenumbers,
andfinally a list schedulefor this list is computed.In thefollowing wegivea
shortreview of thealgorithmandits correctnessproof.

Eachtaskx will begivena distinctnumberlabel(x) in the range1, ô�ô�ô ,n.
If all immediatesuccessorsof x alreadyhave a label, thendefinell (x) to be
the list of thesenumbersin decreasingorder. We call ll (x) the label list of
x. If x hasno successors,then ll (x) is the empty list. In what follows, the
label lists of tasksarecomparedlexicographically, e.g., (7,6,4,1) ó (7,6,5)
and(3,1) ó (4,3,1). In particular, theemptylist is smallerthanall nonempty
lists. To labeltasks,repeatthefollowing:
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Considerall tasksx that alreadyhave a label list but no label
(initially, this is only thecasefor tasksthathave no successors).
Amongthesetaskschoosea taskx with a lexicographicallymin-
imal label list andassignthesmallestpositive integerto label(x)
that hasnot beenassignedto someother task label (hence,the
first taskobtainsnumber1).

For instance,apossiblelabelingfor thetasksin Figure5.1is: label(t1) õ 1,
label(t2) õ 2, label(t3) õ 3, label(t4) õ 4, label(t5) õ 5, label(t6) õ 6, label(t9)õ 7, label(t10) õ 8, label(t7) õ 9, label(t8) õ 10, label(t11) õ 11, label(t12) õ
12, label(t13) õ 13, label(t14) õ 14,andlabel(t15) õ 15.

Let L bea list of all taskssortedin decreasingorderof labels,andlet Sbe
thelist schedulefor L. NotethatSis a level schedulebecausetasksarelabeled
in level order, i.e., if x is ona higherlevel thany, thenlabel(x) ö label(y). To
provethatS is optimal,weshow thatScanbesplit into blocksthathave to be
processedsequentiallyin any schedule.We assumethatall emptytasksthat
occur in S have label 0. Let τ1 be the latesttimestepof S, andlet v1 be an
arbitrarynonemptytaskmappedto τ1. Let w1 be theother(possiblyempty)
taskmappedto τ1. We defineinductively, aslongasτi ÷ 1 ö 0:

τi : õ thelatesttimestepτ beforeτi ÷ 1 suchthatthereis a taskx mappedto
τ with label(x) ø label(vi ÷ 1) (if no suchtimestepexists, thenτi : õ
0).

wi : õ the(possiblyempty)taskmappedto τi with thesmallerlabel.
vi : õ theother(nonempty)taskmappedto τi .

χi ÷ 1 : õ thesetof tasksmappedto timestepsstrictly betweenτi andτi ÷ 1 plus
vi ÷ 1.

Let χk, ô�ô�ô ,χ1 betheblocksdefinedby thisprocedure,i.e., τkù 1 õ 0. Notethat
no timestepstrictly betweenτi andτi ÷ 1 is partial. Hence,thesizeof eachχi

is odd.Moreover,

length(S) õ k

∑
i ú 1 û |χi |

2 ü .

In Figure5.6,ascheduleandtheblocksconstructedby theaboveprocedure
aresketched.Tasksaredepictedasdottedsquaresandeachblock is framed
grey.

To prove thatS is of minimal length,the following auxiliary propositions
arerequired.
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Figure5.6: Blocks are constructedfrom right to left by inductivelydefining
appropriatetimestepsτi andtasksvi . Taskswi arenotcontainedin blocksand
maybeempty.

Lemma 5.12 Thelabelsof tasksin χi are greaterthanthe labelsof tasksin
χi ÷ 1, ý�ý�ý ,χ1, andgreaterthanthelabelsof wi ù 1, ý�ý�ý ,w1.

Proof. We first prove thatall labelsof tasksin χi aregreaterthanthe labels
of tasksin χi ÷ 1. Let x þ χi and let y þ χi ÷ 1. By construction,label(y) ÿ
label(vi ÷ 1), label(x) ÿ label(vi), and label(wi) ø label(vi ÷ 1). SinceL con-
tains taskssortedby decreasinglabel andvi is scheduledearlier thany and
label(y) ö label(wi), we derive that label(vi) ö label(y). (If this would not be
thecase,thentherewould exist a taskwith greaterlabelthanvi andwi that is
availableat timestepτi . Hence,the list schedulingalgorithmwould mapthis
taskto τi beforeit considersvi andwi .) As aconsequence,label(x) ö label(y),
which provestheclaim. Sincetheclaim holdsfor every2 � i � k, we imme-
diatelyobtainthatthelabelsof tasksin χi arealsogreaterthanthelabelsof all
tasksin χi ÷ 2, ý�ý�ý ,χ1. Sincelabel(wj ) ø label(v j ÷ 1), for 2 � j � k, we further-
moreobtainthatthelabelsin χi aregreaterthanthelabelsof wi ù 1, ý�ý�ý ,w1. �
Lemma 5.13 Every taskof χi is a predecessorof all tasksin χi ÷ 1, for i õ
2, ý�ý�ý ,k.

Proof. Let y þ χi ÷ 1. As alreadyobserved, label(y) ö label(wi). It follows
thatvi is a predecessorof y, sinceotherwisevi wouldhavebeenpairedwith y
insteadof wi . As aconsequence,vi is predecessorof all tasksin χi ÷ 1. Let x be
a maximaltaskin χi . By Lemma5.12,the labelsof tasksin χi ÷ 1 aregreater
thanthelabelsof tasksin χi ÷ 2, ý�ý�ý ,χ1 andgreaterthanthelabelsof wi , ý�ý�ý ,w1.
Therefore,no successorof x hasa label that is greaterthanany label in χi ÷ 1.
By construction,label(x) ÿ label(vi). Hence,ll (x) is lexicographicallynot
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smallerthanll (vi). Sincevi is predecessorof all tasksin χi ÷ 1, x mustalsobe
predecessorof all tasksin χi ÷ 1. We have shown that the lemmaholdsfor all
maximaltasksof χi . All othertasksof χi have a successorin χi, andhence,
by transitivity of � , thelemmaholdsfor themaswell. �

Clearly, this lemmaimplies thatS is of minimal length: any schedulere-
quiresat least∑k

i ú 1 � |χi | / 2� timestepsto schedulethesetsχk, ý�ý�ý ,χ1. What is
importantto ourwork is theexistenceof thesetsχk, ý�ý�ý ,χ1.

Definition 5.14 Let (T, � ) be a tasksystem,let S be a schedulefor (T, � ),
andlet χk, ý�ý�ý ,χ1 bepairwisedisjointsubsetsof T (calledblocks) such that

1. everytaskof χi is a predecessorof all tasksin χi ÷ 1,

2. thelengthof Sequals∑k
i ú 1

�
|χi |
2 � ,

3. thesizeof each block is odd,and

4. thelatesttaskof χi in Sis notpairedwith a taskof χi .

Thenχk, ý�ý�ý ,χ1 is called a block decompositionfor (T, � ) with scheduleS.
Moreover, vi denotesthe latest taskof χi in S and wi denotesthe (possibly
empty)taskthat is pairedwith vi in S.

Fromthediscussionabove,we immediatelyobtain

Theorem5.15([CG72]) For everytasksystem(T, � ) thereexistsa block de-
compositionχk, ý�ý�ý , χ1 with scheduleSsuch that

1. Sis a level scheduleand

2. thelevelof wi is nothigherthanthelevelof vi ÷ 1, for 2 � i � k.

A block decompositionwith a schedulefor the precedencegraphin Fig-
ure5.1 is givenin Figure5.1. In this example,thedecompositionconsistsof
threeblocksχ3,χ2,χ1 wherev1 � t3, w1 � t2, v2 � t12, v3 � t15, w3 � t10, and
w2 is anemptytask.Sincethescheduleis a level schedule,thedecomposition
conformsto Theorem5.15. Note,however, that thescheduleis not obtained
by thealgorithmof CoffmanandGraham.

Let uscontinuewith ourconsiderationsof critical taskson successive lev-
elsthatwestartedin thelastsection.It is apparentnow, how thecritical tasks
x andy shouldbechosensuchthatD(t,y) � D(x, t 	 ) ÿ D(t, t 	 ): they shouldbe
containedin successiveblocksof someblockdecompositionfor I (t, t 	 ).
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Lemma 5.16 Let χk, ý�ý�ý ,χ1 bea block decompositionfor (I (t, t 	 ), � ). Let x þ
χ j 
 1 andy þ χ j . Then

D(t,y) � D(x, t 	 ) ÿ D(t, t 	 ).
Proof. Sincey is containedin χ j , it is successorof all tasksin χk, ý�ý�ý ,χ j 
 1.
Hence,we requireat least∑k

i � j 
 1 � |χi | / 2 timestepsto scheduleI (t,y). Con-
versely, x is predecessorof all tasksin χ j , ����� ,χ1, and we requireat least

∑ j
i � 1 � |χi | / 2 timestepsto scheduleI (x, t 	 ). Therefore

D(t,y) � D(x, t 	 ) � k

∑
i � j 
 1

�
|χi |
2 � � j

∑
i � 1

�
|χi |
2 � � k

∑
i � 1

�
|χi |
2 � � D(t, t 	 ). �

We combinethis result with Lemma5.9.1 and obtain that the value of
D(t,y) � D(x, t � ) is eitherD(t, t � ) or D(t, t � ) � 1 if x andy arecritical taskson
successive levelsandcontainedin successiveblocksof someblockdecompo-
sition.

This leavesus with the problemof finding suchtasks. Clearly, we have
to make surethat thetwo critical taskswe want to useareactuallycontained
in blocksof someblock decomposition.Sincewe do not want to construct
a block decompositionexplicitly, we usethe following approach.We claim
that if a critical taskx is not containedin blocks,thentheblock thatcontains
tasksfrom thelevel of x containsonly tasksfrom thelevel of x. A block that
containsonly tasksfrom onelevel is calledcritical. Wewill seein Section5.6
that critical blockstoo canbe usedto determineschedulingdistances.As a
consequence,wedonotdependsolelyoncritical tasks.Eitherthecritical tasks
onsuccessive levelsarecontainedin blocksor wecanfind a critical block. In
eitherway, weareableto determinetheschedulingdistance.

Lemma 5.17 Letχk, ����� ,χ1 bea block decompositionfor (T, � ) with schedule
Ssuch that Sis a level scheduleandwj is noton a higherlevel thanv j � 1, for
2 � j � k. Moreover, let wi bea critical task,for somei � 1. Thenχi � 1 is a
critical block with tasksfromthelevelof wi .

Proof. All tasksoutsideblocks(exceptw1) arefill-ins for jumps,sinceS is
a level schedule,every wj is not an a higher level thanv j � 1, andv j � 1 is a
successorof v j . The only exceptionis w1 that is eitheranemptytaskor on
thesamelevel asv1. Hence,if a critical taskis wi , for somei � 1, thenthis
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critical taskis a fill-in. SinceS is a level scheduleandcritical taskscanonly
beusedasfill-ins for trivial jumpsin level schedules(Lemma5.8),thehighest
tasksin χi � 1 areon thesamelevel aswi . Sincewi is notonahigherlevel than
vi � 1, which is on the lowest level in χi � 1, we canderive that χi � 1 contains
only tasksfrom thelevel of wi . As aconsequence,χi � 1 is acritical block.

�
Anotherquestionthatturnsout to beimportantin our schedulingdistance

computationis the following. Let χk, ����� ,χ1 be a block decompositionfor
(I (t, t � ), � ), andlet x beamaximaltaskin χi . Wewishto determinethenumber
of blocksin a block decompositionfor (I (x, t � ), � ). It is not difficult to verify
that if wi /� I (x, t � ), thenχi � 1, ����� ,χ1 is a block decompositionfor (I (x, t � ), � ).
But whathappensif wi

�
I (x, t � )? Notethatin thesymmetriccasenoproblems

occur: if y is a minimal taskin χi , thenχk, ����� ,χi � 1 is a block decomposition
for (I (t,y), � ).

To handlethis problemand to simplify forthcomingproofs in other re-
spects,we modify the schedulesandblock decompositionsof Coffman and
Graham.This modificationconsistsof two steps.First, we show that there
existsablockdecompositionsuchthatw1 or w2 is anemptytask.Second,we
move thetaskswk, ����� ,w3 (wk, ����� ,w2) oneblock to theright. This is possible
sincew2 (w1) is anemptytaskandwi hasnosuccessorsin χi � 1, for 2 � i � k.
Thedecompositionobtainedis calleda“canonicalblockdecomposition”.

Definition 5.18 Letχk, ����� ,χ1 bea blockdecompositionfor (T, � ) with sched-
ule S. Thenχk, ����� ,χ1 is a canonicalblock decompositionfor (T, � ) with
scheduleSif

1. wi hasnopredecessorin χi , for 2 � i � k,

2. if wi is a critical task,thenχi is a critical block andall tasksin χi are
on thesamelevelaswi , for 2 � i � k, and

3. wi is notona higherlevel thanvi , for 1 � i � k.

Lemma 5.19 For everytasksystem(T, � ) thereexistsa block decomposition
χk, ����� ,χ1 anda scheduleSsuch thatχk, ����� ,χ1 is a canonicalblock decompo-
sitionwith scheduleS.

Proof. Wefirst show thatwecanalwaysfind ablockdecompositionsuchthat
w1 or w2 is an emptytask. Let t bea new taskthat is successorof all tasks
in T, and let χ �k, ����� ,χ �1 be a block decompositionfor T � {t} that conforms
to Theorem5.15. In particular, the level of w�i is lessthan or equalto the
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level of v�i � 1, for 2 � i � k. Sincev�1 � t andt is theonly taskon level one,
w�2 is an emptytask(provided that k � 1). If χ �1 consistsof t only, thenlet
χk � 1, ����� ,χ1 : � χ �k, ����� ,χ �2. Clearly, χk � 1, ����� ,χ1 is a block decompositionfor
(T, � ) thatconformsto Theorem5.15andw1 is anemptytask.Otherwise,let
χk, ����� ,χ1 : � χ �k, ����� ,χ �2,χ �1 � {t}. Now, χk, ����� ,χ1 is ablockdecompositionfor
(T, � ) thatconformsto Theorem5.15andw2 is anemptytask.

Let χk, ����� ,χ1 be a block decompositionfor (T, � ) with scheduleS that
conformsto Theorem5.15suchthat w1 or w2 is an emptytask. Sucha de-
compositionexists,aswe have just shown. We usethe fact thatw1 or w2 is
anemptytaskandshift thewi ’s oneblock to theright. More precisely, if w2
is anemptytask,thenlet S� bethemappingthatequalsSwith theexception
that S� mapsthe taskswk, wk � 1, ����� , w3 to timestepsS(wk � 1), S(wk � 2), ����� ,
S(w2). Otherwisew1 is anemptytaskandwedefineS� to bethemappingthat
equalsS with theexceptionthatS� mapsthe taskswk, wk � 1, ����� , w2 to time-
stepsS(wk � 1), S(wk � 2), ����� , S(w1). In eithercase,S� is a valid schedulesince
wi is notonahigherlevel thanvi � 1 andthereforewi hasnosuccessorin χi � 1,
for 2 � i � k. Note,however, thatS� maynotbea level scheduleanymore.

Let w�k, ����� ,w�1 bethe taskspairedwith vk, ����� ,v1 in S� . Note thatw�k is an
emptytaskandw�i � wi � 1, for 1 � i  k if w1 is anemptytask,respectively
2 � i  k if w2 is anemptytask. Sincewi � 1 hasno predecessorin χi , w�i has
nopredecessorin χi , for 2 � i  k. If wi � 1 is critical, thenχi is acritical block
that containsonly tasksfrom the level of wi � 1, accordingto Lemma5.17.
Hence,if w�i is critical, thenχi is a critical block thatcontainsonly tasksfrom
thelevel of w�i , for 2 � i  k. Moreover, w�i is notona higherlevel thanvi , for
1 � i � k, becausew�k is emptyandwi � 1 is not on a higherlevel thanvi , for
2 � i � k. We concludethatχk, ����� ,χ1 is a canonicalblockdecompositionfor
(T, � ) with scheduleS� . �

In therestof this section,we introducesomepropositionsthat turn out to
behelpful in theschedulingdistancecomputation.

Lemma 5.20 Let χk, ����� ,χ1 be a canonicalblock decompositionfor (T, � )
with scheduleS, and let χi containa taskon level ! . Moreover, let x be a
critical taskon level ! that is notcontainedin χi . Thenx � wi .

Proof. Let y be a task in χi on level ! . Task x can not be containedin a
block otherthanχi becausethenx would be eitherpredecessoror successor
of y. Hence,x � wj for someindex j

� {1, ����� ,k}. Let j � 1. By Defini-
tion 5.18.2,χ j is a critical blockwith tasksfrom level ! . It follows that i � j,
sinceotherwisethetasksin χ j would beeitherpredecessorsor successorsof
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y, contradictingthefactthaty is on level ! too. Now, let j � 1. In thiscase,x
is on level 1. Hence,! � 1. Clearly, χ1 containsat leastonetaskz from level
1. It follows that i � j, sinceotherwisey would bea predecessorof z, which
contradictsthefactthaty is on level 1. "

Thereasonwhy blockswith tasksfrom only onelevel arecalledcritical is
thatall tasksin acritical blockarecritical.

Lemma 5.21 Let χk, #�#�# ,χ1 be a canonicalblock decompositionfor (T, � )
with scheduleS, andlet χi bea critical block. Thenall tasksin χi arecritical.

Proof. By inductionon theblock index i. All taskson thehighestlevel in χk

arecritical. Hence,the lemmaholdsfor i � k. Let the lemmahold for all χ j

with j � i.
Assumethereis ataskx in χi onlevel ! thatis notcritical. Let y beacritical

taskon level !$� 1. Clearly, x hasno predecessoron level !$� 1 thatis critical
sinceotherwisex would becritical too. Taskx is successorof all tasksin the
blocksχk, #�#�# ,χi � 1 and thereforenoneof the critical taskson level !%� 1 is
containedin χk, #�#�# ,χi � 1. It is furthermoreclearthatnoneof thetasksonlevel!&� 1 is containedin χi , #�#�# ,χ1. Hence,y � wj for someindex j

� {2, #�#�# ,k}
(thecasej � 1 is ruledout sincew1 is on level 1 andy is on a level � 1). By
Definition 5.18.2,all tasksin χ j areon the samelevel aswj , which is level!'� 1. It follows that j � i, sinceχi , #�#�# ,χ1 only containtasksfrom levels 1
to ! . By inductive hypothesis,all tasksin χ j arecritical. Since j � i andx
is successorof tasksin χk, #�#�# ,χi � 1, all tasksin χ j arepredecessorsof x. As
a consequence,x hasa critical predecessoron level !(� 1 andthereforex is
critical. A contradiction.Weconcludethatourassumptionis wrongandevery
taskin χi is a critical task. "

An importantpropertyof canonicalblock decompositionsis that they can
be“split” in thefollowing sense.

Lemma 5.22 Let χk, #�#�# ,χ1 bea canonicalblock decompositionfor the task
system(I (t, t � ), � ) with scheduleS. Let x be a maximaltaskin χi � 1, and let
y bea minimaltaskin χi . Thenthere existsa canonicalblock decomposition
for (I (t,y), � ) consistingof k � i blocksandonefor (I (x, t � ), � ) consistingof i
blocks.

Proof. Clearly, χk, #�#�# ,χi � 1 is a canonicalblock decompositionfor (I (t,y), � )
with scheduleSrestrictedto I (t,y), consistingof k � i blocks.Definethemap-
pingS� : z )* S(z) � S(vi � 1). Onecaneasilyverify thatχi , #�#�# ,χ1 is acanonical
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blockdecompositionfor (I (x, t � ), � ) with scheduleS� , consistingof i blocks."
Notethatthis lemmadoesnotholdfor generalblockdecompositions,since

x maybea predecessorof wi � 1, in which caseχi , #�#�# ,χ1 maynot bea block
decompositionfor (I (x, t � ), � ).

5.6 The DistanceAlgorithm

In Figure5.7, an algorithmis given that computesthe schedulingdistances
D(t, t + ) for all pairsof tasksof a giventasksystem.Recallthatif A is a subset
of I (t, t + ), thenmax(A) denotesthesetof maximaltasksin A, while min(A) is
the setof minimal tasksin A. Let dr (t,A) denotemin{dr (t, t + ) | t +-, min(A)},
andlet dr (A, t + ) denotemin{dr(t, t + ) | t , max(A)}. An outlineof thealgorithm
is givennext.

Thealgorithmstartsby assigning. |I (t, t + )| / 2/ to d0(t, t + ), which is a “tri v-
ial” lowerboundfor D(t, t + ). Thenthealgorithmiterates. logn/ timesto com-
puted1(t, t + ), d2(t, t + ), 0�0�0 which is a nondecreasingsequenceof lower bounds
for D(t, t + ). In theend,d 1 logn2 (t, t + ) equalsD(t, t + ).

Themainloopconsistsof two parts.In thefirst part,for everypairof tasks
t and t + with t 3 t + , a setH(t, t + ) is determined.It is computedas follows.
For eachlevel 4 between0 andlevelt 5 (t) 6 2, we takeU(t, t + , 4 ), i.e., thetasks
of I (t, t + ) that areon a level higher than 4 (relative to t + ), anddeterminethe
maximaltasksin U(t, t + , 4 ) thathaveminimalapproximateddistanceto t + . Let
M bethesetof thesetasks.If thesizeof U(t, t + , 4 ) is evenandM consistsof
only onetask,thenlet F( 4 ) bethesetU(t, t + , 4 ) 6 M, otherwiselet F( 4 ) equal
U(t, t + , 4 ). Let H(t, t + ) bethesetF( 4 + ) for thehighestlevel 4 + suchthat

dr 7 1(t, t + ) 8 9 |F( 4 + )|
2 : ; dr 7 1(F( 4 + ), t + ).

If no level 4 + between0 andlevelt 5 (t) 6 2 existssuchthat this equationholds,
thenlet H(t, t + ) betheemptyset.

Thissethastwo importantproperties.When,atsomestageof theiteration,
theapproximateddistancedr 7 1(t, t + ) equalsD(t, t + ), thenH(t, t + ) iseitherempty
(in casedr 7 1(F( 4 + ), t + ) hasstill the wrong value for all levels 4 + ) or it is an
overflow indicator for (t, t + ). In addition, if dr 7 1(x,y) hasthe correctvalue
for all pairs(x,y) where(I (x,y), 3 ) hasa block decompositionwith at mostk
blocksandthereexistsa block decompositionfor (I (t, t + ), 3 ) consistingof at



5.6. THE DISTANCE ALGORITHM 109

mostk blocks,thenH(t, t + ) is notonly anoverflow indicatorfor (t, t + ) but it also
hasa very specialform. Namely, eitherits sizeis evenor its minimal tasks
area subsetof theminimal tasksof thefirst block of a block decomposition
for (I (t, t + ), 3 ). The importanceof thesepropertieswill becomeclearerin a
moment.

Let us turn to thesecondpartof themain loop. In this part, thenew dis-
tanceapproximationsdr (t, t + ) arecomputedfor all pairsof taskswith t 3 t + .
This secondpartconsistsof threestages.In thefirst stage,for eachlevel be-
tween1 and levelt 5 (t) 6 1, anapproximationa( 4 ) basedon a critical block is
determined.In thesecondstage,for eachlevel between1 andlevelt 5 (t) 6 2,an
approximationb( 4 ) basedontwo critical tasksis determined.In thelaststage,
themaximumof all approximationsis assignedto dr (t, t + ).

Theapproximationa( 4 ) basedon a critical block is computedasfollows.
Let p be the secondsmallestapproximateddistancebetweent anda critical
taskonlevel 4 , andletq bethesecondsmallestapproximateddistancebetween
a critical taskon level 4 andt + . Let C be the setof all critical taskson level4 with a distanceto t of at leastp anda distanceto t + of at leastq. Thenwe
compute

a( 4 ) : 8 dr 7 1(t,C) ; dr 7 1(C, t + ) ; 9 |C|
2 : .

As wewill show, a( 4 ) neverexceedsD(t, t + ). On theotherhand,if thereexists
a block decompositionfor (I (t, t + ), 3 ) with a critical block thatcontainstasks
from level 4 , then,at somestageduringtheiteration,a( 4 ) becomesD(t, t + ).

Theapproximationb( 4 ) basedontwo critical tasksis computedasfollows.
Let t1, 0�0�0 , tlevelt 5 (t) 7 1 bea longestpathin (I (t, t + ), 3 ) suchthat t < is on level 4
relativeto t + . Notethatall tasksonthispatharecritical tasks.Wecomputeb( 4 )
from dr 7 1(t, t < ) anddr 7 1(t <>= 1, t + ) asfollows. If thesetH(t <>= 1, t + ) is empty, or its
sizeis oddandoneof its minimal taskshasa shorterapproximateddistance
to t thant < , thenwe assigndr 7 1(t, t < ) ; dr 7 1(t <?= 1, t + ) 6 1 to b( 4 ). Otherwise,
b( 4 ) is dr 7 1(t, t < ) ; dr 7 1(t <>= 1, t + ). We will show thatb( 4 ) neverexceedsD(t, t + ).
On theotherhand,if thereexistsa block decompositionfor (I (t, t + ), 3 ) such
that t <>= 1 andt < arecontainedin differentblocks,then,at somestageduring
theiteration,b( 4 ) equalsD(t, t + ).

In whatfollowswesketchthebasicideasthatleadto thecorrectnessproof.
For everypairof tasksin thegiventasksystem,thereexistsa canonicalblock
decomposition,accordingto Lemma5.19. We do not computedecomposi-
tions explicitly but we usetheir existenceto determineD(t, t + ). Assumethat
at thebeginningof iterationr thevaluesdr 7 1(t, t + ) arealreadythecorrectdis-
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ALGORITHM DISTANCE

Input: A tasksystem(T, 3 ) with n tasks.
Output: TheschedulingdistancesD(t, t + ) for all pairsof tasks.
begin

d0( @ , @ ) : 8 A |I( B , B )|
2 C ;

for r : 8 1 to . logn/ do
for all t, t + with t 3 t + do in parallel

for 4 : 8 0 to levelt 5 (t) 6 2 do in parallel
M : 8 {x , max(U(t, t + , 4 )) |dr 7 1(x, t + ) 8 dr 7 1(U(t, t + , 4 ), t + )};
if |U(t, t + , 4 )| is evenand |M| 8 1 then

F( 4 ) : 8 U(t, t + , 4 ) 6 M;
else

F( 4 ) : 8 U(t, t + , 4 );
H(t, t + ) : 8 F( 4 + ) for thehighestlevel 4 + suchthat

dr 7 1(t, t + ) 8 A |F( < 5 )|
2 C ; dr 7 1(F( 4 + ), t + )

or ∅ if nosuchlevel exists;
for all t, t + with t 3 t + do in parallel

for 4 : 8 1 to levelt 5 (t) 6 1 do in parallel
p : 8 min2{dr 7 1(t,x) |x , Crit(t, t + , 4 )};
q : 8 min2{dr 7 1(x, t + ) |x , Crit(t, t + , 4 )};
C : 8 {x , Crit(t, t + , 4 ) |dr 7 1(t,x) D p,dr 7 1(x, t + ) D q};

a( 4 ) : 8 dr 7 1(t,C) ; dr 7 1(C, t + ) ; A |C|
2 C ;

t1, 0�0�0 , tlevelt 5 (t) 7 1 : 8 a longestpathin (I (t, t + ), 3 ) with levelt 5 (t < ) 8 4 ;
for 4 : 8 1 to levelt 5 (t) 6 2 do in parallel

if H(t <?= 1, t + ) 8 ∅ or
(dr 7 1(t,H(t <>= 1, t + )) E dr 7 1(t, t < ) and |H(t <?= 1, t + )| is odd)

then
b( 4 ) : 8 dr 7 1(t, t < ) ; dr 7 1(t <>= 1, t + ) 6 1;

else
b( 4 ) : 8 dr 7 1(t, t < ) ; dr 7 1(t <>= 1, t + );

dr (t, t + ) : 8 max{dr 7 1(t, t + ),
max1 F < F levelt 5 (t) 7 1{a( 4 )},max1 F < F levelt 5 (t) 7 2{b( 4 )}};

return d 1 logn2 ( @ , @ )
end

Figure5.7: Thedistancealgorithm.
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tancesD(t, t + ) for eachset I (t, t + ) with a canonicalblock decompositionthat
consistsof at most2r 7 1 blocks. In iterationr, the following is performedin
parallelfor eachpair of taskst andt + . Let χk, 0�0�0 ,χ1 bea canonicalblock de-
compositionfor I (t, t + ) suchthatk G 2r . We“guess”alevel 4 in I (t, t + ) suchthat4 is thehighestlevel of χ 1 k/22 . Therearetwo casesthathave to beconsidered.

If both t <>= 1 and t < arecontainedin blocks, then t < is containedin χ 1 k/22
and t <?= 1 is containedin χ 1 k/22 = 1. In this case,dr 7 1(t, t < ) equalsD(t, t < ) and
dr 7 1(t <?= 1, t + ) equalsD(t <?= 1, t + ), sincethereexist canonicalblock decomposi-
tions for I (t, t < ) and I (t <?= 1, t + ) that consistof at most H k

2 I blocks each,andH k
2 I G 2r 7 1. Sincet < is minimal in χ 1 k/22 andt <?= 1 is maximalin χ 1 k/22 = 1 and

w 1 k/22 = 1 is not a successorof t <>= 1, we obtain that di 7 1(t, t < ) ; dr 7 1(t <>= 1, t + )
equalsD(t, t + ). To distinguishthis casefrom othercaseswherewe “guessed
wrong” and 4 is not thehighestlevel of someblock andthesumdi 7 1(t, t < ) ;dr 7 1(t <?= 1, t + ) mayexceedD(t, t + ), we usethesetH(t <>= 1, t + ). This overflow in-
dicator hasthe propertythat its size is even or no minimal task in it hasa
shorterapproximateddistanceto t than t < if 4 is the highestlevel of χ 1 k/22 .
On theotherhand,if 4 is not thehighestlevel of χ 1 k/22 andfor somereason
di 7 1(t, t < ) ; dr 7 1(t <?= 1, t + ) exceedsD(t, t + ), thenthesizeof H(t <>= 1, t + ) is oddand
at leastoneminimal taskin it hasa shorterapproximateddistanceto t thant < .

If t < or t <>= 1 is not containedin a block, thenχ 1 k/22 or χ 1 k/22 = 1 is a critical
block. Let χ be eitherχ 1 k/22 or χ 1 k/22 = 1, whichever of themis critical. For
every taskx in χ it holds that dr 7 1(t,x) equalsD(t,x) anddr 7 1(x, t + ) equals
D(x, t + ) sincethereexist canonicalblock decompositionsfor I (t,x) andI (x, t + )
thatconsistof at most H k

2 I blockseach.We computetheminimumdistance
betweent andany taskin χ plus theminimumdistanceof any taskin χ to t +
plus . |χ| / 2/ , andthusobtainD(t, t + ).

Sincewe areunableto guessthe“right” level 4 andto decidewhetherthe
chosencritical taskst < andt <?= 1 arecontainedin blocks,weperformtheabove
operationsfor all levelsandall supposedcritical blocksin parallel.In theend
of iterationr, themaximumof all distanceapproximationsobtainedthis way
equalsD(t, t + ), sinceat leastoneof the consideredlevels is the highestlevel
in block χ 1 k/22 andat leastoneof the consideredcritical blocks is χ 1 k/22 or
χ 1 k/22 = 1 if oneof themis critical.

In theendof iterationr, all valuesdr (t, t + ) equalthecorrectdistancesD(t, t + )
for eachset I (t, t + ) with a block decompositionthat consistsof at most 2r

blocks. Hence,thenumberof blocksin block decompositionsfor which the
schedulingdistanceis known doubleswith every iteration. Clearly, d0(t, t + )
equalsD(t, t + ) for all setsI (t, t + ) with a block decompositionconsistingof a
singleblock. It follows that after . logn/ iterations,all schedulingdistances
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areknown,sincenoblockdecompositionconsistsof morethann blocks.
In the following we prove that thedistancealgorithmis correct. We first

show that theapproximateddistancesnever exceedtheschedulingdistances.
Second,we have to show that after . logn/ iterations,the approximateddis-
tancesequaltheschedulingdistances.

Lemma 5.23 For all r D 0 andall taskst andt + it holdsthatdr (t, t + ) G D(t, t + ).
Proof. By inductionon r. Clearly, thelemmaholdsfor r 8 0. Let it hold for
somer 6 1,andlet 4 bealevel in I (t, t + ). Wefirst considerthevalueof a( 4 ). We
applyLemma5.7to thesetC andobtainD(t,C) ; D(C, t J ) ; K |C| / 2LMG D(t, t J ).
Since,by inductive hypothesis,dr N 1(t, t J ) G D(t, t J ) for all pairsof tasks,we
obtainthata( O ) G D(t, t J ).

We now considerthevalueof b( O ). Let t1, P�P�P , tlevelt Q (t) N 1 denotethelongest
pathin I (t, t J ) chosenby thedistancealgorithm.Wecanassumethatdr N 1(t, t R )S

dr N 1(t R>T 1, t J ) U D(t, t J ), sinceotherwiseb( O ) is clearly a lower boundfor
D(t, t J ). By inductive hypothesis,dr N 1(t, t R ) is a lower boundfor D(t, t R ) and
dr N 1(t R?T 1, t J ) is onefor D(t R>T 1, t J ). Accordingto Lemma5.9.1it holdsthatthe
sumD(t, t R ) S D(t R>T 1, t J ) exceedsD(t, t J ) by at mostone,hencedr N 1(t, t R ) S
dr N 1(t R?T 1, t J ) exceedsD(t, t J ) by exactly one. It follows thatdr N 1(t, t R ) equals
D(t, t R ) and dr N 1(t R>T 1, t J ) equalsD(t R>T 1, t J ). If H(t R>T 1, t J ) is empty, then the
algorithmassignsdr N 1(t, t R ) S dr N 1(t R?T 1, t J ) V 1 to b( O ). In this case,b( O ) is
not greaterthanD(t, t J ). OtherwiseH(t R>T 1, t J ) equalsF( OWJ ) for somelevel OWJ
wheredr N 1(t R>T 1, t J ) X K |F( OWJ )| / 2L S dr N 1(F( OWJ ), t J ). It holdsthatdr N 1(F( OWJ ), t J )Y

D(F( O J ), t J ) becauseeachdr N 1(y, t J ) isalowerboundfor D(y, t J ), by inductive
hypothesis.Hence,

D(t R?T 1, t J ) X dr N 1(t R>T 1, t J ) Y Z |F( OWJ )|
2 [ S D(F( O J ), t J ).

On theotherhand,by applyingLemma5.7to F( OWJ ) weobtain

D(t R?T 1, t J ) \ Z |F( OWJ )|
2 [ S D(F( O J ), t J ).

By combiningthelasttwo inequalities,wederivethatD(t R>T 1, t J ) X K |F( O J )| / 2LS
D(F( OWJ ), t J ). Hence,H(t R>T 1, t J ) is anoverflow indicatorfor (t R>T 1, t ] ) because

H(t R>T 1, t ] ) X F( OW] ). By applyingLemma5.11, we obtain that |H(t R?T 1, t ] )| is
odd and D(t,H(t R>T 1, t ] )) ^ D(t, t R ), a condition recognizedby the algorithm
becausedr N 1(t,H(t R>T 1, t ] )) is a lower boundfor D(t,H(t R?T 1, t ] )), by inductive
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hypothesis,andD(t, t R ) X dr N 1(t, t R ), asobservedabove.As aconsequence,the
algorithmassignsD(t, t R ) S D(t R?T 1, t ] ) V 1 to b( O ), which is a lower boundfor
D(t, t ] ) by Lemma5.9.1.

Thelemmafollows from thefact thatdr (t, t ] ) is assignedthemaximumof
dr N 1(t, t ] ), a( O ), andb( O ) for all levels O , andall of theseapproximationsare
boundedaboveby D(t, t ] ). _

To prove that theapproximateddistanceseventuallyconverge,we require
someauxiliary lemmas.In thefirst of themwe show that thesetH(x, t ] ) can
beusedto decidewhetherdr N 1(t,y) S dr N 1(x, t ] ) exceedsD(t, t ] ) if x andy are
onsuccessive levelsandcontainedin successiveblocks.

Lemma 5.24 Let χk, P�P�P ,χ1 bea canonicalblock decompositionfor the task
system(I (t, t ] ), ` ) withscheduleS. For all tasksu andv, let dr N 1(u,v) X D(u,v)
if there existsa canonicalblock decompositionfor (I (u,v), ` ) consistingofY a k

2 b blocks.Letx bea maximaltaskin χ c k/2d T 1, andlet y bea minimaltask
in χ c k/2d . Then

1. H(x, t ] ) eX ∅ and

2. thesizeof H(x, t ] ) is evenor dr N 1(t,H(x, t ] )) \ dr N 1(t,y).

Proof. Let usfirst notethatdr N 1(t,y) X D(t,y) anddr N 1(x, t ] ) X D(x, t ] ) since,
accordingto Lemma5.22, thereexists a canonicalblock decompositionfor
I (t,y) with at most

a k
2 b blocksandonefor I (x, t ] ) with at most

a k
2 b blocks.

Let z be a maximaltaskin χ c k/2d . By Lemma5.22, thereexists a canonical

block decompositionfor I (z, t ] ) consistingof at most
a k
2 b V 1 blocks. Hence,

dr N 1(z, t ] ) X D(z, t ] ). As a consequence,

dr N 1(χ c k/2d , t ] ) X D(χ c k/2d , t ] ). (5.2)

Thesameargumentcanbeappliedto a minimal taskz in χ c k/2d . Accordingto
Lemma5.22thereexistsacanonicalblockdecompositionfor I (t,z) consisting
of atmost

a k
2 b blocks.Thereforedr N 1(t,z) X D(t,z). We obtain

dr N 1(t,χ c k/2d ) X D(t,χ c k/2d ). (5.3)

Notethatχ c k/2d is anoverflow indicatorfor (x, t ] ), i.e., D(x, t ] ) X a |χ c k/2d | / 2b S
D(χ c k/2d , t ] ), sinceχ c k/2d is thefirst block of a block decompositionfor I (x, t ] )
(cf. Lemma5.22).Using(5.2)andthefactthatdr N 1(x, t ] ) X D(x, t ] ), weobtain

dr N 1(x, t ] ) X Z |χ c k/2d |
2 [ S dr N 1(χ c k/2d , t ] ). (5.4)
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Let O bethehighestlevel in χ c k/2dfN 1 if
a k
2 b U 1,or let O be0 otherwise.Clearly,O Y levelt Q (x) V 2 sinceχ c k/2d consistsof tasksfrom at leastonelevel. Recall

thatU(x, t ] , O ) denotesthesetof tasksin I (x, t ] ) thatareon a level higherthanO relative to t ] . The setU(x, t ] , O ) eitherequalsχ c k/2d or χ c k/2dhg {w c k/2d }, be-
causex is maximalin χ c k/2d T 1 and O is thehighestlevel below thelowestlevel
containedin χ c k/2d . Theonly othertaskthatmight becontainedin U(x, t ] , O )
(at first glance)is w c k/2d T 1. But sincex is not a predecessorof w c k/2d T 1, by
Definition5.18.1,this is not thecase.We claimthat

dr N 1(x, t ] ) X Z |F( O )|
2 [ S dr N 1(F( O ), t ] ) (5.5)

and either the size of F( O ) is even or F( O ) equalsχ c k/2d . In the following
we denoteby M the valueof the local variableM computedby the distance
algorithm in iteration r for the tasksx and t ] and level O , i.e., M is the set
of maximaltasksin U(x, t ] , O ) thathave minimumapproximateddistanceto t ]
amongthemaximaltasksof U(x, t ] , O ) afteriterationr V 1. Wehavetoconsider
threecases.

case1: U(x, t ] , O ) X χ c k/2d . Thenthesizeof U(x, t ] , O ) is oddandtherefore
F( O ) X χ c k/2d . We replaceχ c k/2d by F( O ) in (5.4)andobtainthat(5.5)holds.

case2: U(x, t ] , O ) X χ c k/2dig {w c k/2d } and |M| U 1. Then F( O ) X χ c k/2djg
{w c k/2d } andits sizeis even.Clearly, k |F( O )| / 2lmX a

|χ c k/2d | / 2b . If M doesnot
containw c k/2d , thendr N 1(w c k/2d , t ] ) U dr N 1(χ c k/2d , t ] ) sincew c k/2d is maximalin
U(x, t ] , O ). If M containsw c k/2d , thenit containsatleastonetasku n max(χ c k/2d )
suchthat dr N 1(w c k/2d , t ] ) X dr N 1(u, t ] ) sinceM containsat leasttwo tasks. In
eithercase,it holdsthatdr N 1(F( O ), t ] ) X dr N 1(χ c k/2d , t ] ). Hence,wecanreplace
χ c k/2d by F( O ) in (5.4)andobtainthat(5.5)holds.

case3: U(x, t ] , O ) X χ c k/2d g {w c k/2d } and|M| X 1. Thenthesizeof U(x, t ] , O )
is evenandthereforeF( O ) X U(x, t ] , O ) V M. Clearly, D(w c k/2d , t ] ) Y D(t, t ] ) V
S(w c k/2d ). On theotherhand,

D(v c k/2d , t ] ) X c k/2dfN 1

∑
i o 1

Z |χi |
2 [ X D(t, t ] ) V S(v c k/2d ).

Sincew c k/2d and v c k/2d are scheduledin the sametimestep,we obtain that
D(w c k/2d , t ] ) Y D(v c k/2d , t ] ). It follows thatdr N 1(w c k/2d , t ] ) Y D(χ c k/2d , t ] ), since
v c k/2d hasminimumdistanceto t ] amongtasksin χ c k/2d anddr N 1(w c k/2d , t ] ) Y
D(w c k/2d , t ] ), accordingto Lemma5.23. Using(5.2) we obtaindr N 1(w c k/2d , t ] )Y

dr N 1(χ c k/2d , t ] ). Sincew c k/2d is maximalin U(x, t ] , O ) it follows thatM con-
tainsw c k/2d . SinceweassumedthatM consistsof onetaskonly weobtainthat
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M X {w c k/2d }. As a consequence,F( O ) X χ c k/2d . Again we replaceχ c k/2d by
F( O ) in (5.4) to provethat(5.5)holds.

Sincey is minimal in χ c k/2d , it hasminimum distanceto t amongtasks
in χ c k/2d , i.e., D(t,χ c k/2d ) X D(t,y). Using (5.3) andthe fact that dr N 1(t,y) X
D(t,y), weobtaindr N 1(t,χ c k/2d ) X dr N 1(t,y). Hence,

dr N 1(t,A) \ dr N 1(t,y), p A eX ∅ with min(A) q min(χ c k/2d ). (5.6)

Sinceequation(5.5)holds,wehaveH(x, t ] ) X F( OW] ) for somelevel OW]r\ O where
dr s 1(x, t ] ) equals k |F( OW] )| / 2l S dr s 1(F( OW] ), t ] ). Becauseχ c k/2d eX ∅ it holdsthat
dr s 1(x, t ] ) X D(x, t ] ) U 0. It followsthatH(x, t ] ) eX ∅, whichprovespartoneof
thelemma.

If H(x, t ] ) X F( O ), theneitherthesizeof H(x, t ] ) is evenor H(x, t ] ) equals
χ c k/2d , aswehaveshown above. If thesizeof H(x, t ] ) is noteven,thenwecan
replaceA by H(x, t ] ) in (5.6),andthusobtainthatdr s 1(t,H(x, t ] )) \ dr s 1(t,y).

OtherwiseH(x, t ] ) X F( OW] ) for OW]tU O . Thelevel of w c k/2d is nothigherthanO S 1 sincew c k/2d is not on a higherlevel thanv c k/2d (Definition 5.18.3),and
that taskis on level O S 1. It follows thatw c k/2d is not containedin U(x, t ] , OW] ).
As a consequence,U(x, t ] , OW] ) containsonly tasksfrom χ c k/2d , in particular, it
containsall minimal tasksof χ c k/2d that areon a level U OW] . SinceU(x, t ] , OW] )
containsno other minimal tasksit holds that min(U(x, t ] , OW] )) q min(χ c k/2d ).
The latter holdsfor F( OW] ) too, sincethe only task that we have possiblyre-
movedfrom U(x, t ] , OW] ) to obtainF( OW] ) is a maximaltaskof U(x, t ] , OW] ). Hence,
min(H(x, t ] )) q min(χ c k/2d ). Again we replaceA by H(x, t ] ) in (5.6) to obtain
thatdr s 1(t,H(x, t ] )) \ dr s 1(t,y), whichprovesparttwo of thelemma. _

In thelastauxiliary lemmaweshow thatthealgorithmis ableto determine
anupperboundfor theschedulingdistanceusinga critical block in theblock
decomposition,provided that the distancesbetweenany task in the critical
blockandt, respectively t ] , arealreadyknown.

Lemma 5.25 Let χk, P�P�P ,χ1 bea canonicalblock decompositionfor the task
system(I (t, t ] ), ` ). Let χ j be a critical block with tasksfrom level O . For all
x n χ j , let dr s 1(t,x) X D(t,x), andlet dr s 1(x, t ] ) X D(x, t ] ). Thena( O ) \ D(t, t ] ).
Proof. As in Figure5.7, let p denotemin2{dr s 1(t,y) |y n Crit(t, t ] , u )} andlet
q denotemin2{dr s 1(y, t ] ) |y n Crit(t, t ] , u )}. All tasksof χ j have thesamedis-
tancee to t. By Definition5.18.1,wj hasnopredecessorin χ j , for j U 1. The
sameholdsfor j X 1 too,sinceall tasksin χ j areon level 1 in this case.As a
consequence,all tasksof χ j have thesamedistancef to t ] . By Lemma5.20,
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if a critical taskfrom level u is not containedin χ j , thenthis taskis wj . In
particular, atmostonecritical taskfrom level u is notcontainedin χ j . Hence,
therearetwo casesto consider.

case1: All critical tasksz from level u are containedin χ j . Then for
all of themit holdsthat dr s 1(t,z) X D(t,z) X e anddr s 1(z, t ] ) X D(z, t ] ) X f .
Sincethereis at leastonecritical taskon level u weobtainthat{dr s 1(t,y) |y n
Crit(t, t ] , u )} X {e} and{dr s 1(y, t ] ) |y n Crit(t, t ] , u )} X { f }. Hence,p X e and
q X f .

case2: wj is a critical task on level u but all other critical tasksfrom
level u are containedin χ j . It holds that D(wj , t ] ) Y

f and D(t,wj)
Y

e.
By Lemma5.23, dr s 1(t,wj) is a lower boundfor D(t,wj ) and dr s 1(wj , t ] )
is onefor D(wj , t ] ). As a consequence,dr s 1(t,wj)

Y
e anddr s 1(wj , t ] ) Y f .

For all critical tasksz otherthanwj it holdsthat dr s 1(t,z) X D(t,z) X e and
dr s 1(z, t ] ) X D(z, t ] ) X f . By Lemma5.21,all tasksin χ j arecritical. Sinceχ j

is notempty, thereis at leastonecritical taskin χ j . We derive that

{dr s 1(t,y) |y n Crit(t, t ] , u )} X {dr s 1(t,wj ),e}

and
{dr s 1(y, t ] ) |y n Crit(t, t ] , u )} X {dr s 1(wj , t ] ), f }.

Sincedr s 1(t,wj )
Y

eanddr s 1(wj , t ] ) Y f it followsthat p X eandq X f .
It follows thateitherC X χ j or C X χ j g {wj }. In eithercase,theapproxi-

mateddistanceof t to any taskin C is e andtheapproximateddistanceof any
taskin C to t ] is f . Moreover,

a |χ j | / 2b X k |C| / 2l sincethesizeof χ j is odd.
We obtain

a( u ) X dr s 1(t,C) S dr s 1(C, t ] ) S Z |C|
2 [ X e

S
f
S Z |χ j |

2 [ .

Sinceevery x n χ j is successorof all tasksin χk, P�P�P ,χ j T 1 andpredecessor
of all tasksin χ j s 1, P�P�P ,χ1, we requireat least∑k

i o j T 1 k |χi | / 2l timestepsto

scheduleI (t,x) andat least∑ j s 1
i o 1 k |χi | / 2l timestepsto scheduleI (x, t ] ). Hence,

e
S

f
S Z |χ j |

2 [ \ k

∑
i o j T 1

Z |χi |
2 [ S j s 1

∑
i o 1

Z |χi |
2 [ S Z |χ j |

2 [ X D(t, t ] ).
We concludethata( u ) \ D(t, t ] ). _

We havenow everythingin placeto provethattheapproximateddistances
eventuallyconvergeto thecorrectvalues.
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Lemma 5.26 Let χk, P�P�P ,χ1 bea canonicalblock decompositionfor the task
system(I (t, t ] ), ` ) such thatk

Y
2r . Thendr (t, t ] ) X D(t, t ] ).

Proof. By inductionon r. Thelemmaholdsfor r X 0 becauseif thereis only
one block, then D(t, t ] ) X k |I (t, t ] )| / 2l X d0(t, t ] ). Let it hold for r V 1 \ 0.
Since

a k
2 b Y

2r s 1 we canassumethat the lemmaholdsfor all pairsof tasks
with acanonicalblockdecompositionconsistingof atmost

a k
2 b blocks.Let t1,P�P�P , tlevelt Q (t) s 1 bea longestpathin (I (t, t ] ), ` ) suchthatti is on level i (relative

to t ] ) andlet u bethehighestlevel in χ c k/2d .
We first considerthecasewheret R n χ c k/2d andt R?T 1 n χ c k/2d T 1. Clearly, t R

is minimal in χ c k/2d andt R?T 1 is maximalin χ c k/2d T 1. By applyingLemma5.24
weobtainthatH(t R>T 1, t ] ) eX ∅ andfurthermorethesizeof H(t R>T 1, t ] ) is evenor
dr s 1(t,H(t R>T 1, t ] )) \ dr s 1(t, t R ). As a consequence,thedistancealgorithmas-
signsdr s 1(t, t R ) S dr s 1(t R?T 1, t ] ) to b( u ). Accordingto Lemma5.22,thereexist
canonicalblockdecompositionsfor (I (t R>T 1, t ] ), ` ) and(I (t, t R ), ` ) consistingof
atmost

a k
2 b blockseach.By inductivehypothesis,b( u ) X D(t, t R ) S D(t R>T 1, t ] ),

andthatis at leastD(t, t ] ) accordingto Lemma5.16.
Next, we considerthecaseswhereeithert R?T 1 /n χ c k/2d T 1 or t R /n χ c k/2d . We

shallseethat in theformercaseχ c k/2d T 1 is a critical block,while in the latter
caseχ c k/2d is a critical block.

case1: t R>T 1 /n χ c k/2d T 1. Clearly, χ c k/2d T 1 containsat leastonetaskfrom
level u S 1, since u is the highestlevel in χ c k/2d . By Lemma5.20, t R>T 1 X
w c k/2d T 1. This impliesthatχ c k/2d T 1 is a critical block (Definition5.18.2).

case2: t R /n χ c k/2d . Block χ c k/2d containsat leastonetaskon level u . We

obtain from Lemma5.20 that t R X w c k/2d . If
a k
2 b X 1 then t R is on level 1.

Hence uvX 1. It follows that χ c k/2d is critical since u is the highestlevel in

χ c k/2d andin this casethe only level. Otherwise
a k
2 b U 1 andwe canapply

Definition5.18.2,from whichweobtainthatχ c k/2d is a critical block.
Now, let χ beeitherχ c k/2d T 1 or χ c k/2d , whicheverof themis critical, andletu ] bethelevel of tasksin χ. Let x n χ. By Lemma5.22,thereexist canonical

blockdecompositionsfor (I (x, t ] ), ` ) and(I (t,x), ` ) consistingof atmost
a k
2 b

blocks each. By inductive hypothesis,dr s 1(t,x) X D(t,x) and dr s 1(x, t ] ) X
D(x, t ] ). By applyingLemma5.25weobtainthata( uW] ) \ D(t, t ] ).

We concludethatb( u ) or a( u S 1) or a( u ) is at leastD(t, t ] ). Sincethemax-
imum of all b( w )’s anda( w )’s is assignedto dr (t, t ] ), we obtainthatdr (t, t ] ) \
D(t, t ] ). On theotherhand,Lemma5.23shows that dr(t, t ] ) doesnot exceed
D(t, t ] ). Hencedr (t, t ] ) X D(t, t ] ). _
Theorem5.27 Thedistancealgorithm in Figure 5.7 correctly computesthe
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schedulingdistancesD(t, t ] ) for all taskst andt ] .
Proof. Let χk, P�P�P ,χ1 beacanonicalblockdecompositionfor (I (t, t ] ), ` ). Such
a decompositionexists accordingto Lemma5.19. Sincek

Y
n it holdsthat

k
Y

2
c lognd . We applyLemma5.26andobtainthatd c lognd (t, t ] ) X D(t, t ] ). _

Theorem5.28 Thedistancealgorithmcanbeimplementedto run in O(log2n)
timeusingn3 / logn processorsof a CREWPRAM.

Proof. We assumethat theprecedencegraphis givenasanadjacency matrix
andeachtaskis representedby a naturalnumber, i.e., T X {1, x�x�x ,n}. In the
preprocessingphaseweperformthefollowing steps.

(1) Selectlongestpaths: For eachpair of taskst and t ] , we have to ex-
tract from the precedencegrapha longestpath from t to t ] . According to
Theorem3.29, this canbedonefor all pairsof taskssimultaneouslyin time
O(log2n) usingn3 / logn EREW PRAM processors.At the sametime, this
algorithmcomputesan all-pairs longestpathmatrix B. The matrix B is an
n y n matrixsuchthatB(t, t ] ) is thelengthof a longestpathbetweent andt ] orV ∞ if no pathexists. Notethat thesetI (t, t ] ) consistsof all tasksx suchthat
B(t,x) U 0 andB(x, t ] ) U 0.

(2) Determinecritical tasks:A taskx n I (t, t ] ) is critical in I (t, t ] ) if f B(t,x)S
B(x, t ] ) X B(t, t ] ). Hence,wecandecidein constantsequentialtimewhether

a taskis critical.
(3) Initialize approximateddistances:To computed0(t, t ] ) we requirethe

sizeof I (t, t ] ). This informationcaneasilybeobtainedusingprefixoperations.
After preprocessing,the main loop is entered. Beforewe startwith the

computationslisted in Figure5.7,we sort the tasksof eachsetI (t, t ] ) lexico-
graphicallyby level andby thecurrentapproximateddistancesto t ] :

(4) Sort I (t, t ] ) in level order: Let X(t, t ] ) be the sequencethat consists
of I (t, t z ) sortedby nondecreasinglevel suchthat taskson thesamelevel are
sortedby their approximateddistancesto t z . To computeX(t, t z ) for all pairs
of taskst and t z , we proceedas follows. For eacht z , we sort all tasksin
nondecreasingorderof theirlevel relativeto t z suchthattasksonthesamelevel
aresortedby their currentapproximateddistanceto t z (the level of x relative
to t z is B(x, t z )). For eachtaskt, thesequenceobtainedcontainsasubsequence
that equalsX(t, t z ). This subsequencecaneasilybe extractedusinga prefix
operation. To performtheseoperationsfor all pairsof tasksin parallel,we
requireO(logn) timeonn3 / logn processors,sincewefirst sortn sequencesof
sizen andthenweextractn subsequencesfrom eachof then sortedsequences.
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(5) Computethe setsH(t, t z ): Let { be a level in {0, |�|�| , levelt } (t) ~ 2}.
Clearly, themaximaltasksof U(t, t z , { ) areon level {$� 1 relative to t z . Hence,
to determinewhether|M| � 1, it sufficesto checktheapproximateddistances
betweenthe taskson level {%� 1 and t z . Let x1, |�|�| ,xm denotethe sequence
X(t, t z ). Thelast |U(t, t z , { )| tasksin X(t, t z ) arepreciselythetasksof U(t, t z , { ).
Let x j bethefirst taskin X(t, t z ) thatis on level {$� 1. It holdsthat |M| � 1 iff
thenumberof taskson level {�� 1 in U(t, t z , { ) is 1 or their numberis greater
than1 but dr � 1(x j � 1, t z ) � dr � 1(x j , t z ). Moreover, if |M| � 1 thenM � {x j}.
Hence,wecandecidein constantsequentialtimewhether|M| � 1, andif that
is the case,we can easily determineM. If |M| � 1 and |U(t, t z , { )| is even,
thenthelast |U(t, t z , { )| ~ 1 tasksin X(t, t z ) form thesetF( { ). Otherwise,F( { )
consistsof thelast |U(t, t z , { )| tasksin X(t, t z ). Therefore,

dr � 1(F( { ), t z ) � � dr � 1(x j , t z ) if F( { ) � U(t, t z , { ),
dr � 1(x j � 1, t z ) otherwise.

We usea prefixoperationto determinethehighestlevel {Wz suchthatdr � 1(t, t z )� � |F( { z )| / 2��� dr � 1(F( { z ), t z ). In theend,we assignF( { z ) to H(t, t z ). In fact,
weonly haveto keeptheminimaltasksof H(t, t z ) andits size.All of theabove
operationscanbeperformedin timeO(logn) usingn / logn processors.Since
thereareO(n2) pairsof tasks,wecandetermineall setsH(t, t z ) simultaneously
usingn3 / logn processors.

(6) Determineapproximationsbasedon critical blocks: To determinea( { )
for a level { in I (t, t z ), we only have to considertaskson level { . Therefore,to
computetheapproximationsfor all levels in I (t, t z ), we canuseprefix opera-
tionssegmentedby thelevelsin I (t, t z ). Sincethenumberof tasksin I (t, t z ) is
O(n), suchasegmentedprefixoperationtakesO(logn) timeonn/ logn proces-
sors.SincethereareO(n2) pairsof tasks,we cancomputeall approximations
basedoncritical blocksin timeO(logn) usingn3 / logn processors.

(7) Determineapproximationsbasedoncritical tasks:Let { denotea level
between1 and levelt } (t) ~ 2, andlet t1, |�|�| , tlevelt } (t) � 1 be the longestpath in
(I (t, t z ), � ) chosenby thealgorithm,whereti is on level i relative to t z . To de-
terminedr � 1(t,H(t � � 1, t z )), wehave to look at theminimal tasksin H(t � � 1, t z ).
Moreprecisely, wehaveto performa prefix-minimaoperationon theapprox-
imateddistancesbetweent andtheminimal tasksof H(t � � 1, t z ). Notethatfor
any two tasksti andt j , theminimal tasksof H(ti , t z ) andtheminimal tasksof
H(t j , t z ) aredisjoint. Thisis becauset1, |�|�| , tlevelt } (t) � 1 is alongestpathin I (t, t z ).
Therefore,thetotalnumberof tasksthatwehaveto considerin orderto deter-
minedr � 1(t,H(t � � 1, t z )) for all levels { in I (t, t z ), is at mostthesizeof I (t, t z ),
which is O(n). Hence,we canperformall levelt } (t) ~ 2 prefix-minimaopera-
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tionsin timeO(logn) on n / logn processors.Clearly, whendr � 1(t,H(t � � 1, t � ))
is determined,thecomputationof b( { ) takesonly constanttime. Sincethere
areO(n2) pairsof tasks(t, t � ) thatwe have to consider, thecomputationof all
approximationsb( { ) requiresn3 / logn processors.Duringthesecomputations,
simultaneousreadaccessesto thesetsH(t, t � ) mayoccur. Hence,we require
theCREWPRAM.

(8) Computenew distanceapproximations: For eachpair of tasks(t, t � ),
a constantnumberof prefix-maximaoperations,eachon at mostn elements,
sufficeto computedr (t, t � ). Hence,thetimerequiredto determinethenew dis-
tanceapproximationsfor all pairsof tasksis O(logn) andn3 / logn processors
areused.

Themain loop of the distancealgorithmis iterated � logn� times. As we
have seenabove, eachiterationtakesO(logn) time. As a consequence,the
total time spentin themain loop is O(log2n) if n3 / logn processorsareused.
Sincepreprocessingcanbe performedwithin the samebounds,the theorem
follows. �
5.7 Computing the Jump Sequence

In the sequelwe assumethat T containsa sufficient numberof emptytasks
e1,e2, |�|�| on level 0 that canbe usedfor jumps to level 0 if necessary. For
instance,if thenumberof levelsthatjump is k, thenweaddk emptytasks.

Recall that in LMJ schedulesonly solitary tasksare usedto jump from
levels(cf. Lemma5.4).Usingtheconstructionof Section5.3andthedistance
algorithm,we areableto determinewhich levels jump andwhich tasksare
possiblyusedto jump from theselevels. We arenow interestedin the tasks
that areusedasfill-ins. A necessaryconditionfor a taskx to bea fill-in for
the jump from level { is that thereexists a solitary tasky on level { that is
independentof x. In thefollowing we introduceanothernecessarycondition.
Let high(x) be the highestlevel { suchthat on every jumping level { � with
level(x) � {W��� { thereexistsasolitarytaskthatis independentof x. If nosuch
level exists, then let high(x) � 0. If x is an empty task, thenhigh(x) is the
highestjumpinglevel sinceanemptytaskcanbepairedwith all solitarytasks.

Lemma 5.29 Let { bea level higher thanhigh(x). Thenthere existsno LMJ
schedulewhere { jumpsto x.

Proof. If high(x) � 0 thenthe lemmaclearly holds. Otherwise,assumethe
contraryandlet { jumpto x in someLMJ schedule.Let y bethetaskonlevel {
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thatis pairedwith x. Clearly, y is asolitarytask(Lemma5.4).Accordingto the
definitionof high(x), theremustexist a jumpinglevel �W� with high(x) � �W�t� �
suchthat no solitary taskon level �W� is independentof x. In particular, the
solitary taskz that is usedto jump from level �W� mustbea predecessorof x.
But sincex is pairedwith y andy is scheduledearlierthanz, this violatesthe
precedenceconstraints,acontradiction.Weconcludethatin noLMJ schedule
level � jumpsto x. �

Let � 1 � � 2 � ������� � k belevelsthatjump. A landingsetfor { � 1, ����� , � k} is
anorderedsetof (possiblyempty)tasks{t1, ����� , tk} suchthat level(ti) � � i �
high(ti), for i � 1, ����� ,k. A landingset{t1, ����� , tk} impliesthe jump sequence
level(t1), ����� , level(tk). Landingsetsprovide uswith candidatesfor thefill-ins
usedin anLMJ schedule.Not every landingsetis a setof fill-ins for anLMJ
schedulebut theconverseis true.Let t1, ����� , tk betasksthatareusedasfill-ins
in anLMJ schedule.Then,accordingto Lemma5.29,it holdsfor everyfill-in
ti that � i � high(ti). It is furthermoreclearthat level(ti) � � i. It follows that
{t1, ����� , tk} is a landingsetfor { � 1, ����� , � k}.

In therestof thissection,weareconcernedwith determininga landingset
that doesnot containany of a setof reserved solitary tasksbut nevertheless
impliestheLMJ sequence.We startwith someobservationson landingsets.

Lemma 5.30 Let � 1 � � 2 � ������� � k belevelsthat jumpto somelevel � in an
LMJ schedulefor (T, � ) andlet t beanarbitrary solitarytaskonlevel � . Then
there existsa landingsetfor { � 1, ����� , � k} on level � thatdoesnotcontaint.

Proof. Assumethecontrary, i.e., everypossiblelandingsetfor { � 1, ����� , � k} on
level � containst. If we restrictanLMJ scheduleS for (T, � ) to the taskson
levelsL, ����� , � , thentheresultis anLMJ schedulefor thosetasks(Lemma5.2).
Since � 1, ����� , � k jump to level � in S, it holdsthat � 1, ����� , � k jump to level � in
anLMJ schedulefor thetaskson levelsL, ����� , � . Sincethefill-in tasksusedin
an LMJ scheduleform a landingset,aswe have observedbefore,andevery
landingsetfor { � 1, ����� , � k} on level � containst, thereis no LMJ schedulefor
taskson levels L, ����� , � wheret is the only taskmappedto the last timestep.
Hence,t is notsolitary. A contradiction.Weconcludethatat leastonelanding
setfor { � 1, ����� , � k} existson level � thatdoesnotcontaint. �
Lemma 5.31 Let � 1 � � 2 � ������� � k bethelevelsthatjumpin anLMJschedule
for (T, � ). LetRbea setof solitarytasks,onefromeach levelthatjumps.Then
thereexistsa landingsetfor { � 1, ����� , � k} thatdoesnotcontaintasksfromRbut
impliestheLMJ sequence.
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Proof. Let {t1, ����� , tk} bethelandingsetusedin anLMJ schedulefor (T, � ).
Let W bethesetof levelsjumpedto, andlet J� bethelevelsthatjumpto level��� W. Thelandingset{t1, ����� , tk} consistsof disjointsubsetsT� , onefor each�v� W, suchthatT� is a landingsetfor J� . Let t � R be thereservedsolitary
taskon level � . Accordingto Lemma5.30,thereexistsanalternative landing
setT �� for J� on level � thatdoesnot containt. For each��� W, replaceeach
taskti � T� in {t1, ����� , tk} with its equivalentt �i from T �� . We obtaina landing
set{t �1, ����� , t �k} ( �   �¢¡ W T �� ) for { � 1, ����� , � k} thatdoesnotcontainany taskof R
but level(ti) � level(t �i ), for i � 1, ����� ,k. �

It remainsto show how suchalandingsetcanbecomputed.Thefollowing
lemmasuggestsa greedyapproach. Any landingset that is constructedin
a greedy“highestlevel first” fashion,amongthe tasksthat arenot reserved,
impliesa jump sequencethat is lexicographicallygreaterthanor equalto the
LMJ sequence.As it turnsout in thenext section,theimplied jumpsequence
actuallyis theLMJ sequence.Theproof of thelatter is deferredfor technical
reasons.

Lemma 5.32 Let � 1 � � 2 � �����£� � k bethelevelsthat jumpin anLMJ sched-
ule for (T, � ). LetR bea setof solitary tasks,onefromeach level that jumps.
Moreover, let {t1, ����� , tk} bea landingsetfor { � 1, ����� , � k} such that ti is a high-
esttaskin T ¤ R ¤ {t1, ����� , ti ¥ 1} with level(ti) � � i � high(ti), for i � 1, ����� ,k.
Thenthe jump sequenceimplied by {t1, ����� , tk} is lexicographically greater
thanor equalto theLMJ sequenceof (T, � ).

Proof. Let {t �1, ����� , t �k} bealandingsetthatcontainsnotaskof Rbut impliesthe
LMJ sequence.Sucha landingsetexistsaccordingto Lemma5.31. Assume
thatthejumpsequenceimpliedby {t1, ����� , tk} is lexicographicallylessthanthe
LMJ sequence.Thenthereexistsanindex j suchthat level(t j) � level(t �j) and
level(ti) � level(t �i ) for i � j. Let � denotethelevel of t �j , andlet X bethesubset
of {t �1, ����� , t �j} that is on level � . Thetasksin X form a landingsetfor someof
thelevelsin { � 1, ����� , � j}, all of which areat leastashigh as � j . Therefore,the
highvaluesof tasksin X areat leastashighas � j . Hence,for all x � X it holds
that level(x) � � j � high(x). Thenumberof tasksin {t1, ����� , t j ¥ 1} on level �
equals|X| ¤ 1 sincet �j � X and level(ti) � level(t �i ) for i � j. BecauseX is
containedin T ¤ R theremustbeat leastonetaskx � X thatis alsocontained
in T ¤ R ¤ {t1, ����� , t j ¥ 1}. Therefore,x is a taskin T ¤ R ¤ {t1, ����� , t j ¥ 1} with
level(x) � � j � high(x) andx is higherthant j . A contradictionto thechoice
of t j . Hence,our assumptionis wrong and the jump sequenceimplied by
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{t1, ����� , tk} is lexicographicallygreaterthanor equalto theLMJ sequenceof
(T, � ). �

In the following we show how sucha landingsetcanbeobtainedfrom a
maximummatchingin a convex bipartitegraphconstructedfrom the prece-
dencegraph(cf. Section3.13).

Lemma 5.33 Let � 1 � � 2 � ������� � k bethelevelsthatjumpin anLMJschedule
for (T, � ). Let R be a setof solitary tasks,onefrom each level that jumps.
Thenwecancomputea landingsetX for { � 1, ����� , � k} in timeO(log2n) using
n2 / logn processors of a CREWPRAMsuch that X andR are disjoint andX
impliesa jumpsequencethat is lexicographicallygreaterthanor equalto the
LMJ sequenceof (T, � ).

Proof. Let (A,B,E) be the bipartitegraphdefinedasfollows. Let �W�1 � �W�2 �������� �W�L ¥ k bethelevelsin {L, ����� ,1} thatdo not jump. ThesetA � {L, ����� ,1}
consistsof all levels,orderedby decreasinglevel. Weassumethattheelements
of A arenumberedin this orderfrom 1 to n, e.g., level L hasnumber1. The
setB � {t1, ����� , tn} consistsof all taskst � T ¤ R suchthathigh(t) � level(t)
(recall that T containsk empty tasks)plus L ¤ k dummytasksc1, ����� ,cL ¥ k.
For each�¦� A andeachnondummytaskt � B, we addanedge( � , t) to E if f
level(t) � � � high(t). For eachdummytaskci , we addanedge( �W�i ,ci) to E.
The resultingbipartitegraphis convex on A sinceif ( � , t) � E and( �W� , t) � E
then ( �W�§� , t) � E for all levels �W�§� between� and �W� , due to the definition of
high(t). Thefirstvertex in Aconnectedtoanondummytaskt � B ishigh(t) and
thelastvertex is level(t) ¨ 1. Theonly vertex in A connectedto a dummytask
ci is �W�i . For everytaskt � B, let begin(t) denotethenumberof thefirst element
of A connectedto t, andlet end(t) denotethe numberof the last elementof
A connectedto t. Note that for every two nondummytasksx andy in B it
holds that level(x) � level(y) if f end(x) � end(y). Oncethe high-valuesare
determined,it is easyto construct(A,B,E) in parallel, representingit as a
sequenceof tuples(begin(t1),end(t1)), . . . , (begin(tn),end(tn)).

To determinethehigh-valueof a taskt, we proceedasfollows. First, for
eachjumpinglevel higherthanlevel(t), wecountthenumberof solitarytasks
that are independentof t. This is performedusinga prefix-sumsoperation
segmentedby levels. Next, for eachjumpinglevel � , we countthenumberof
jumping levels �W� with level(t) � �W� � � thatcontainat leastonesolitary task
independentof t. Let x� denotethis number. Similarly, we count for each
jumping level � the numberof jumping levels �W� with level(t) � �W� � � . Let
y� denotethis number. Clearly, high(t) is the highestjumping level � such
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thatx� � y� . We candeterminethehighestsuchlevel usinga prefix-maxima
operation.For eachtask,we requireO(logn) time andn / logn processorsto
performall necessaryprefixoperations.Sincethehigh-valuesof all taskscan
becomputedin parallel,thetotal resourcerequirementsareO(logn) timeand
n2 / logn processors.

Next, we computea maximummatchingM in (A,B,E) using the algo-
rithm of Dekel andSahni[DS84] which requiresO(log2n) time on n / logn
processors(Theorem3.30). Recall that this algorithmcomputesmatchings
accordingto Glover’s strategy. Hence,levels arematchedin decreasingor-
der. Eachlevel is matchedwith an unmatchedtaskt � B suchthat end(t) is
assmall aspossible.We claim that every level that doesnot jump is either
matchedwith its correspondingdummytaskor with a nondummytask that
wouldbeunmatchedotherwise.To provetheclaim,let � bethelevel currently
underconsideration,andlet � be the i-th level in A. Assumethat � doesnot
jump but is matchedwith a nondummytaskt. Sincethedummytaskc corre-
spondingto � is still unmatchedandend(c) � i, it follows thatend(t) � i too.
Consequently, no unmatchedlevel otherthan � canbematchedwith t. Since
t hasnot beenmatchedwith a level higherthan � , we canderive thatt would
be unmatchedif not matchedto � , which proves the claim. It follows that
thealgorithmmatchesjumping levelsasif only jumping levelswerepresent
in A. As we have observedabove, level(x) � level(y) if f end(x) � end(y), for
every two nondummytasksx andy in B. Hence,if the level � currentlyun-
der considerationis jumping, it will be matchedwith a highestnondummy
taskt not matchedto higherjumping levelssuchthat level(t) � � � high(t).
Sincetherearek empty tasksin B that can be matchedwith any level that
jumps, it holds that all levels that jump arematchedin M. We remove all
edgesfrom M thatmatchlevelsthatdo not jump,andthusobtaina matching
{( � 1, t �1), ����� , ( � k, t �k)} wheret �i is ahighesttaskin T ¤ R ¤ {t �1, ����� , t �i ¥ 1} suchthat
level(t �i ) � � i � high(t �i ), for i � 1, ����� ,k. By Lemma5.32,the jump sequence
implied by {t �1, ����� , t �k} is lexicographicallygreaterthanor equalto the LMJ
sequenceof (T, � ). �

In Figure5.8, a convex bipartitegraphfor the tasksystemin Figure5.1
is given. As reserved solitary tasks,we have chosen{t15, t12, t11, t9, t4}, one
from eachlevel that jumps. Theedgesshadedgrey form a maximummatch-
ing obtainedfrom the algorithmof Dekel andSahni. We remove the edges
(6,c1) and (1,c2), sincelevels 6 and1 do not jump, andobtain the match-
ing {(7, t10), (5,e1), (4, t6), (3, t5), (2, t1)}, which correspondsto the landingset
{t10,e1, t6, t5, t1}. Thejumpsequenceimpliedby this landingsetis 3,0,3,2,1,
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which is theLMJ sequenceof thetasksystem.

1

2
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4

5

6

7

...

e1

c2

t1

t2

t3

t5

t10

t7

t6

c1

levels(A) tasks(B)

Figure5.8: Levelsthat jumpare matchedwith tasksthat canbeusedasfill-
ins, where tasks{t15, t12, t11, t9, t4} havebeenchosenas reservedtasks. The
landingsetobtainedfromthemaximummatching is {t10,e1, t6, t5, t1}.

5.8 Selectingthe Actual Jumps

The remainingstep in our schedulingalgorithm is to determinethe actual
jumps of an LMJ schedule. Oncethe actual jumps are selected,it is easy
to constructtheschedule.As we have shown in the lastsection,we areable
to determinea landingset for the levels that jump in an LMJ schedulethat
impliesa jump sequencethat is lexicographicallygreaterthanor equalto the
LMJ sequence.Although the jump sequenceimplied by this landingsetac-
tually is theLMJ sequence,aswe will prove in thesequel,it is possiblethat
this landingset is not usedby any LMJ schedule.This is becauseit might
containa solitary taskthatcannotbeusedasfill-in but ratherhasto beused
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to jump from somelevel. In thissection,weareconcernedwith transforming
thelandingsetfrom theprevioussectioninto a landingsetthatcanbeusedin
anLMJ schedule.To this end,we introducethenotionof candidatepairs. A
candidatepair is simply a pair of tasksthatfulfill all necessaryconditionsfor
beinganactualjump in anLMJ schedule.

Definition 5.34 A pair of tasks(x,y) is calleda candidatepair if x is solitary,
x ©ª y, andlevel(y) « level(x) ¬ high(y).

We will show that any set of disjoint candidatepairs, onepair for each
level that jumps,forms the actualjumpsof an LMJ schedule,provided that
the implied jump sequenceis lexicographicallygreaterthanor equalto the
LMJ sequence.Suchasetof candidatepairsis calleda candidateset.

Definition 5.35 Let  1 ®  2 ® ¯�¯�¯°®  k bethelevelsthatjumpin anLMJsched-
ule for (T, ª ). A setof disjoint candidatepairs {(t1, t ±1), ²�²�² , (tk, t ±k)} is calleda
candidatesetfor (T, ª ) if

1. thelevelof ti is  i , for i ³ 1, ²�²�² ,k, and

2. the jump sequenceimplied by {t ±1, ²�²�² , t ±k} is lexicographically greater
thanor equalto theLMJ sequenceof (T, ª ).

Lemma 5.36 Anycandidatesetfor (T, ª ) formstheactual jumpsof an LMJ
schedule.

Proof. Let  1 ®  2 ® ¯�¯�¯´®  k be the levels that jump, andlet {t1, ²�²�² , tk} be
thelandingsetusedin a candidatesetP. Moreover, let W±1, ²�²�² , W±k betheLMJ
sequence.By definition, the jump sequenceimplied by {t1, ²�²�² , tk} is lexico-
graphicallygreaterthanor equalto theLMJ sequence.Let i bethefirst posi-
tion wherelevel(ti) ® W±i or let i ³ k if thejumpsequenceimpliedby {t1, ²�²�² , tk}
is theLMJ sequence.

ConsiderthemappingSconstructedasfollows. We maptasksin theorder
of nonincreasinglevel to timesteps,andfor thejumpsfrom levels  1, ²�²�² ,  i we
usethecandidatepairsof P asactualjumps.This is possiblesincethecandi-
datepairsin P areall disjoint andthejump sequenceimplied by {t1, ²�²�² , ti µ 1}
is a prefix of the LMJ sequence.The remainingtasksarescheduledusing
arbitraryavailabletasksasfill-ins for jumps.

AssumethatSviolatesprecedenceconstraints,andlet sbethefirst timestep
with sucha violation. This first violationoccursnot laterthanthejump from
level  i , sincebehindthejump from level  i all remainingtasksarescheduled
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in properlevel orderfashion.Sinceprecedenceconstraintscanonly bevio-
latedby jumps,s containsa candidatepair (t, t j) ¶ P for a jump (  j ,  ) with
j ¬ i, andt j is not availableat timesteps. Becauset andt j areindependent,
theremustexist a predecessorof t j that is mappedto a timestepbehinds.
Let x betheearliestsuchtask,i.e., x ª t j , S(x) ® s, andall predecessorsof x
aremappedto timestepsbefores. Taskst andx areindependent,sinceoth-
erwiset andt j would not be independentand(t, t j ) couldnot bea candidate
pair. Hence,t andx canboth be mappedto timesteps. Sinceno violation
of precedenceconstraintsoccursbeforetimesteps in S, we canconstructa
level scheduleS± suchthat level(t1), ²�²�² , level(t j µ 1), level(x) is a prefix of the
jump sequenceof S± . Sincex is higherthant j , it follows that level  j jumps
higherin S± thanproposedin thecandidatepair (t, t j). It followsthatthejump
sequenceof S± is lexicographicallygreaterthanthejumpsequenceimpliedby
{t1, ²�²�² , tk} andhencelexicographicallygreaterthantheLMJ sequence,con-
tradictingthefactthattheLMJ sequenceis thelexicographicallygreatestjump
sequenceof any level schedule.Hence,our assumptionis wrong andS is a
valid level schedule.

Clearly, level(t1), ²�²�² , level(ti) is aprefixof thejumpsequenceof S. Assume
that level(ti) ® W±i. Thenthe jump sequenceof S is lexicographicallygreater
thantheLMJ sequence,againacontradiction.Hence,ourassumptioniswrong
andwe concludethat level(t1), ²�²�² , level(tk) is the LMJ sequenceandS is an
LMJ schedulewith thecandidatepairsP asactualjumps. ·

Let  1 ®  2 ® ¯�¯�¯h®  k be the levels that jump in an LMJ schedule.To
computea candidatesetweproceedasfollows.

For i ³ 1, ²�²�² ,k, choosea solitary tasksi on level  i with maximumhigh-
value. Let R denotethe set{s1, ²�²�² ,sk}, and let {t1, ²�²�² , tk} be a landingset
for {  1, ²�²�² ,  k} suchthatR and{t1, ²�²�² , tk} aredisjoint andthejump sequence
implied by {t1, ²�²�² , tk} is lexicographicallygreaterthanor equalto the LMJ
sequence.Sucha landingsetcanbe computedefficiently in parallel,aswe
haveshown in Lemma5.33.For i ³ 1, ²�²�² ,k, choosea solitarytasks±i on level i thatis independentof ti . Thepair (s±i , ti) is calledtheprimarycandidatepair
for thejump from level  i andwedenoteit by ¸ (  i).

Thesecondarycandidatepair for thejumpfrom level  i, denotedby ¹ (  i),
is definedasfollows. If ti is notsolitary, thentheprimarycandidatepair for  i

is usedassecondarycandidatepair. Otherwiseti is solitaryandlevel(ti) itself
jumps.Clearly, level(ti) ³  j for somej ® i. Let s±§±i bea solitarytaskon level i thatis independentof sj . Suchataskexistsbecausehigh(sj ) º high(ti) º  i.
Thenthepair(s±§±i ,sj ) is thesecondarycandidatepair for thejumpfrom level  i.
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For a candidatepair (t, t ± ), let (t, t ± )1 denotet andlet (t, t ± )2 denotet ± . For
i ³ 1, ²�²�² ,k, definethe impliedcandidatepair for thejumpfrom level  i as» (  i) : ³ ¼½¿¾ ¸ (  i) if level(ti) doesnot jumpor¸ (  i)2 ©³ » (level(ti))1,¹ (  i) otherwise.

(5.7)

Lemma 5.37 Thesetof impliedcandidatepairs{ » (  i) |1 ¬ i ¬ k} is a candi-
datesetfor (T, ª ).

Proof. For eachjumpinglevel  i , thereis animpliedcandidatepair (t, t ± ) such
that t is on level  i and t ± is on level(ti), where  i and ti aredefinedasbe-
fore. Hence,the landingsetin thesetof implied candidatepairsimplies the
samejump sequenceas{t1, ²�²�² , tk}, a jump sequencewhich is lexicographi-
cally greaterthanor equalto theLMJ sequence.It follows thatproperties1
and2 of Definition 5.35hold. It remainsto show that all implied candidate
pairsaredisjoint. Assumethecontraryandlet  ®  ± belevelssuchthat

» (  )
and

» ( W± ) arenot disjoint. Clearly,
» (  )1 ©³ » ( W± )1 sincethereis only oneim-

pliedcandidatepair for every level thatjumps.Moreover,
» (  )1 ©³ » ( W± )2 since» (  )1 is on level  but

» (  ± )2 is on a level below  ± which is below  . Hence,
thereremaintwo caseswehave to consider:

case1:
» (  )2 ³ » ( W± )2. In thiscase, and W± jumpto thesamelevel W±À± . The

secondcomponentsof theprimarycandidatepairsarebuilt from thelanding
set{t1, ²�²�² , tk} andeachtaskfrom this landingset is usedexactly onceasa
secondcomponentin a primary candidatepair. Hence, ¸ (  )2 ©³ ¸ ( W± )2. It
follows that one of the implied candidatepairs for  and W± is a secondary
candidatepair. We will considerthecase

» (  ) ³ ¹ (  ). Theothercase,
» ( W± ) ³¹ (  ± ), is equivalentfor reasonsof symmetry.

Assumethat
» (  ) ³ ¹ (  ). Then ¸ (  )2 ³ » ( W±§± )1, sinceotherwisewe would

have chosentheprimarycandidatepair astheimplied candidatepair for  . It
follows that ¸ ( W± )2 ©³ » ( W±§± )1 becauseall primarycandidatepairshave differ-
ent tasksin their secondcomponent,asnotedbefore.As a consequence,the
impliedcandidatepair for W± mustbeits primarycandidatepair. Since¹ (  )2 is
thereservedsolitarytaskon level W±§± and ¸ ( W± )2 is differentfrom this reserved
solitarytaskdueto thewaythesetof primarycandidatepairsis constructed,it
holdsthat

» (  )2 ³ ¹ (  )2 ©³ ¸ (  ± )2 ³ » (  ± )2. A contradictionto theassumption
that

» (  )2 ³ » ( W± )2. Hence,thecaseassumptionis wrongand
» (  )2 ©³ » ( W± )2.

case2:
» (  )2 ³ » ( W± )1. In this case,level  jumpsto W± . Clearly, the im-

plied candidatepair for  is not its primary candidatepair, sinceotherwise¸ (  )2 ©³ » ( W± )1 andtherefore
» (  )2 ³ ¸ (  )2 ©³ » ( W± )1, whichcontradictsthecase
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assumption.Hence,wecansavely assumethattheimpliedcandidatepairfor 
is its secondarycandidatepair and ¸ (  )2 ³ » ( W± )1. Since¹ (  )2 is thereserved
solitary taskon level W± and ¸ (  )2 is differentfrom this reservedsolitarytask
due to the way the setof primary candidatepairs is constructed,it follows
that

» (  )2 ³ ¹ (  )2 ©³ ¸ (  )2 ³ » ( W± )1. A contradictionto thecaseassumption.
Hence,thecaseassumptionis wrongand

» (  )2 ©³ » (  ± )1.
It follows that

» (  ) and
» ( W± ) are disjoint and henceall pairs in the set

{ » (  i) |1 ¬ i ¬ k} aredisjoint. We concludethat{ » (  i) |1 ¬ i ¬ k} is a candi-
datesetfor (T, ª ). ·

To computethesetof implied candidatepairsin parallel,we constructan
implication graph that reflectsthe dependenciesbetweenprimary and sec-
ondarycandidatepairs. The implication graph is a directedacyclic graph
H ³ (V,E) with vertex setV andedgesetE. Thevertex setconsistsof one
vertex for eachprimarycandidatepairandonevertex for eachsecondarycan-
didatepair. For thesake of convenience,we use ¸ (  ) and ¹ (  ) to denotethe
verticesin V. An edgefrom vertex Á (  ) to vertex Â (  ± ), with Á , Â ¶ { ¸ , ¹ },
expressesthat Á (  ) is the implied candidatepair for level  if f Â ( W± ) is the
implied candidatepair for level W± . If thechoiceof theimplied candidatepair
for somelevel  doesnot dependon thechoicemadefor thelevel that level 
jumpsto, thenwe markeither ¸ (  ) or ¹ (  ), whicheverof themis theimplied
candidatepair. In otherwords,for eachlevel  i that jumps,we markvertices
andaddedgesto E accordingto thefollowing rulesderivedfrom (5.7):

case1: level(ti) doesnot jump. Then the primary candidatepair for  i

becomestheimpliedcandidatepair. We addnoedgesto E but mark ¸ (  i).
case2: ¸ (  i)2 ©³ ¸ (level(ti))1 and ¸ (  i)2 ©³ ¹ (level(ti))1. Thentheprimary

candidatepair for  i is chosenasits impliedcandidatepair independentof the
choicemadefor theimpliedcandidatepair for level(ti). We addnoedgesto E
but mark ¸ (  i).

case3: ¸ (  i)2 ³ ¸ (level(ti))1 and ¸ (  i)2 ³ ¹ (level(ti))1. Then the sec-
ondarycandidatepairfor  i is chosenasits impliedcandidatepairindependent
of thechoicemadefor theimpliedcandidatepair for level(ti). In thiscase,we
mark ¹ (  i).

case4: ¸ (  i)2 ©³ ¸ (level(ti))1 and ¸ (  i)2 ³ ¹ (level(ti))1. Thentheimplied
candidatepair for  i will be its primarycandidatepair if level(ti) choosesits
primarycandidatepair, but will otherwisebeits secondarycandidatepair. In
thiscase,weadd( ¸ (  i), ¸ (level(ti))) and(¹ (  i), ¹ (level(ti))) to E.

case5: ¸ (  i)2 ³ ¸ (level(ti))1 and ¸ (  i)2 ©³ ¹ (level(ti))1. Thentheimplied
candidatepair for  i will be its primarycandidatepair if level(ti) choosesits
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secondarycandidatepair, andit will beits secondarycandidatepair if level(ti)
choosesits primary candidatepair. Hence,we add ( ¸ (  i), ¹ (level(ti))) and
(¹ (  i), ¸ (level(ti))) to E.

Notethattheimplicationgraphis aforestof intreesandeveryroot is either
marked or not. After a pointer jumping operation,eachvertex in H knows
its root vertex and can thereforedeterminewhetherits root is marked. A
candidatepair is animpliedcandidatepair if f its rootvertex is marked.Hence,
a prefixoperationsufficesto obtainthesetof impliedcandidatepairs.

An implicationgraphfor thetasksystemin Figure5.1 is depictedin Fig-
ure5.9. As before,we have chosen{t15, t12, t11, t9, t4} asreservedtasksand
obtainedthe landingset{t10, e1, t6, t5, t1} from the matchingin Figure5.8.
We selectthesolitarytaskst15, t12, t11, t6, t5 to jump from therespective lev-
els. Hence,(t15, t10), (t12,e1), (t11, t6), (t6, t5), (t5, t1) aretheprimarycandidate
pairs.For levels7, 5, and2, theprimarycandidatepairsareusedassecondary
candidatepairs,sincethefill-ins for theselevels,asproposedby the landing
set,arenotsolitary. For thejumpsfrom level 4 and3, thesecondarycandidate
pairsdiffer from the primary candidatepairs. For theselevels, the reserved
solitarytaskson level 3, respectively 2, i.e., taskst9 andt4, arethealternative
fill-ins. Theonly solitarytaskon level 4 thatcanbepairedwith taskt9 is task
t11, andfor thejumpfrom level 3 wechoosetaskt9. Hence,(t11, t9) and(t9, t4)
arethesecondarycandidatepairsfor thejumpsfrom level 4 respectively level
3. The set of implied candidatepairs obtainedfrom the implication graph
is {(t15, t10), (t12,e1), (t11, t6), (t9, t4), (t5, t1)}, which happensto be the setof
actualjumpsusedin theschedulein Figure5.1.

We closethissectionby statingthemainresultof thischapter.

Theorem5.38 There exists a parallel algorithm that computesan optimal
two processorschedulefor any tasksystemin time O(log2n) usingn3 / logn
processorsof a CREWPRAM,wheren is thenumberof tasks.

Proof. Let us recall the variousstepsof our schedulingalgorithmandtheir
resourcerequirements.We first have to determinethe level of eachtaskand
the total numberof levels. As notedbefore,we assumethat the precedence
graphis givenasanadjacency matrix. We computeanall-pairslongestpath
matrix B in O(log2n) time on n3 / logn processors(Theorem3.26). Thelevel
of a task t relative to t ± is B(t, t ± ). To determinethe numberof levels L, a
prefix-maximaoperationon B suffices,which canbe performedin O(logn)
timeusingn3 / logn processors.

To decidewhich levels jump, we have to augmentthe precedencegraph
by 2L Ã n Ã 2 tasks.Then,we applythedistancealgorithmto theaugmented
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t5, t1 t5, t1

t6, t5 t9, t4

t11, t6 t11, t9

t12,e1 t12,e1

t15, t10 t15, t10

jump primary secondary

2 to 1

3 to 2

4 to 3

5 to 0

7 to 3

Figure5.9: Animplicationgraphwith primaryandsecondarycandidatepairs
andtheir dependencies.A candidatepair is impliediff theroot of theintreeit
belongsto is marked(thick linedoval).

precedencegraph,which takesO(log2n) time on n3 / logn processors(The-
orem5.28). It is now easyto determinethesolitary tasksandthe levels that
jump(Lemma5.4,Lemma5.5,andLemma5.6).Oneachlevel thatjumps,we
reserveasolitarytaskwith maximumhigh-valueusingaprefix-maximaopera-
tion segmentedby levels.ThenweconstructalandingsetthatimpliestheLMJ
sequencebut doesnot containany of the reservedsolitary tasks. According
to Lemma5.33,this requiresO(log2n) time usingn2 / logn processors.Next,
we determinethesetof implied candidatepairsasdescribedabove. Clearly,
we canconstructthe primary candidatepairs,the secondarycandidatepairs
andthentheimplicationgraphusingthegivenresources.Thesameholdsfor
pointerjumpingthatweuseto determinetherootsof theimplicationgraph.

Accordingto Lemma5.36andLemma5.37,thesetof implied candidate
pairsobtainedin thepreviousstepformstheactualjumpsof anLMJ schedule.
Thetasksnot usedin the implied candidatepairsarepairedup within levels.
Sincetherearenoprecedenceconstraintsbetweentasksonthesamelevel, this
pairing canbedonearbitrarily. An LMJ scheduleis obtainedby sortingthe
resultingsetof taskpairs,bothfor jumpsandwithin levels. Clearly, this last
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stepcanbedonewithin thedesiredresourcebounds. ·
5.9 Maximum Matchings in Co-Comparability Graphs

In this sectionwe considera problemclosely relatedto the two processor
schedulingproblem: Maximum matchingsin co-comparabilitygraphs.The
problemof computingmaximummatchingsin graphsis a fundamentalprob-
lem in computerscience.Thefirst sequentialalgorithmfor computingmaxi-
mummatchingsis dueto EdmondsandrequirestimeO(|V|4) [Edm65]. Since
thenanumberof algorithmshavebeenproposed.Thefastestof themrequires
O( Ä |V ||E|) time [MV80, Vaz94].

The parallel complexity of the generalmaximum matchingproblem is
still open. Thereis no Å Æ algorithmknown, andno Ç -completenessproof
hasbeenfound. The only known fast parallel algorithmsare randomized,
i.e., they belongto the class È Å Æ [KUW86, Kar86, MVV87, GP88]. Al-
thoughtheir expectedrunningtime is polylogarithmic,they may take an ar-
bitrarily long time to halt. For somerestrictedclassesof graphs,Å Æ algo-
rithms are known. This includesregular bipartitegraphs[LPV81], convex
bipartitegraphs[DS84], interval graphs[MJ89], cographs[LO94], andco-
comparabilitygraphs[KVV85, HM86].

The classof co-comparabilitygraphsis quite rich. It containsinterval
graphsandpermutationgraphs,andthe latter classcontainscographs.Co-
comparabilitygraphsbelongto theclassof perfectgraphs[Gol80]. A graph
G is calledperfectif themaximumcliquesizeandthechromaticnumberof
every inducedsubgraphof G coincide. A graphG is calleda comparability
graph if theedgesof G canbeorientedsuchthattheresultingdirectedgraph
is a transitively closedacyclic graph.More formally:

Definition 5.39 Let G É (V,E) bean undirectedgraph. ThenG is a compa-
rability graphif there existsa directedgraph ÊG É (V, ÊE), called a transitive
orientationfor G, such that

1. for every{x,y} Ë E, either(x,y) Ë ÊE or (y,x) Ë ÊE,

2. if (x,y) Ë ÊE then{x,y} Ë E, and

3. if (x,y) Ë ÊE and(y,z) Ë ÊE then(x,z) Ë ÊE.

Clearly, not every graphhasa transitive orientation. A co-comparability
graph is the complementof a comparabilitygraph. The following theorem
providesanalternativecharacterizationof comparabilitygraphs.
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Theorem5.40([GH64]) A graph is a comparability graph iff each cycleof
oddlengthhasa triangular chord.

Therelationshipbetweentheproblemof computingamaximummatching
in aco-comparabilitygraphandthetwo processorschedulingproblemhasfirst
beenrecognizedby Fujii, Kasami,andNinomiya[FKN69]. They proposedan
algorithmthatconstructsanoptimaltwo processorschedulefrom amaximum
matchingin the incomparabilitygraphof thegivenpartialorder. Theproofs
givenin [FKN69] imply thatthereverseis alsopossible:

Theorem5.41([FKN69]) Let G be a transitivelyclosedprecedencegraph.
Thenthepairedtasksin anoptimaltwoprocessorschedulefor G forma max-
imummatching in theundirectedcomplementof G.

Sincea transitive orientationis a transitively closedprecedencegraph,all
we needto computemaximummatchingsin co-comparabilitygraphs,is an
algorithmfor transitive orientationsandan algorithmfor the two processor
schedulingproblem. Given a co-comparabilitygraphG, onecancomputea
maximummatchingin G by first computinga transitive orientationfor the
complementof G andthencomputingan optimal two processorscheduleS
for the resultingprecedencegraph. By Theorem5.41, the pairedtasksin S
form a maximummatchingin G. Thealgorithmsgiven in [KVV85, HM86]
follow this line.

Recently, a new andefficient Å Æ algorithmfor computingtransitive ori-
entationshasbeenproposedby MorvanandViennot[MV96]. We combine
this algorithmwith the two processorschedulingalgorithmpresentedin this
chapterandobtainthefollowing result.

Theorem5.42 Maximummatchingsin co-comparability graphscanbecom-
putedontheCREWPRAMin timeO(log2n) usingn3 processors.

Proof. The transitive orientationalgorithm in [MV96] runs on the CRCW
PRAM andrequiresO(logn) timeusingn3 processors.Hence,on theCREW
PRAM, a transitive orientationcanbecomputedin time O(log2n), becausea
CRCW PRAM canbesimulatedon anEREWPRAM with thehelpof sort-
ing anda slowdown factorof O(logn). By Theorem5.38,our two processor
schedulingalgorithmrunswithin thesameresourcebounds. Ì

Two well known subclassesof co-comparabilitygraphsareinterval graphs
andpermutationgraphs.We obtain:
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Corollary 5.43 A maximummatching in an interval graphor a permutation
graphcanbecomputedon theCREWPRAMin timeO(log2n) usingn3 pro-
cessors.



CHAPTER 6

Two ProcessorSchedulesfor
SeriesParallel Orders

In the last chapterwe have proposedan algorithm that schedulesarbitrary
precedenceconstraintsontwo processors.Althoughthisalgorithmis moreef-
ficient thanany previouslyknown algorithmfor thetwo processorscheduling
problem,it is still notwork optimal.Onemightaskwhethera morerestricted
classof precedenceconstraintsallows a moreefficient algorithm. If prece-
denceconstraintsaretrees,thenthetwo processorschedulingproblemcanbe
solved on the EREW PRAM by a time andwork optimal algorithm,aswe
haveshown in Chapter4. A classof precedenceconstraintsthatincludestrees
is theclassof seriesparallelorders.Seriesparallelordersoccurquiteoften,in
particular, they occurin parallelprogramsthatfollow thedivide-and-conquer
paradigm.In general,they arenot“easier”toschedulethanunrestrictedprece-
denceconstraints. The m-processorUET schedulingproblemis still Í Î -
completeif restrictedto seriesparallelorders[May81, War81]. Moreover, no
polynomialalgorithmis known thatcomputesoptimalk-processorschedules
for seriesparallelordersfor any fixedk greaterthantwo.

In this chapterwe show that in the two processorcase,seriesparallelor-
derscanbescheduledmuchmoreefficiently thanunrestrictedprecedencecon-
straints.We presentanalgorithmthatoptimally schedulesseriesparallelor-
derson two processorsin time O(logn) usingn / logn EREWPRAM proces-
sors,providedthata decompositiontreefor theseriesparallelorderis given.
If thedecompositiontreeis not given,we combineour schedulingalgorithm
with anexistingalgorithmthatdecideswhetheragivengraphis seriesparallel
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and,if that is thecase,computesa binarydecompositiontree. We obtainan
algorithmthat runson theEREWPRAM in time O(log(n Ï e) Ï lognlogÐ n)
andon the CRCW PRAM in time O(log(n Ï e)), wheree is the numberof
edgesandn is thenumberof verticesin thegivenseriesparallelprecedence
graph. In eithercase,the numberof requiredoperationsis O(n Ï e). Note
thatthisresultimpliesa lineartimesequentialalgorithmfor thetwo processor
schedulingproblemwith seriesparallelorders.

This chapteris organizedasfollows. In the next section,we recall some
definitionsrelatedto seriesparallelordersandtheir decompositiontrees. In
Section6.2, we give anoverview of thestrategy thatwe useto computeop-
timal two processorschedulesfor seriesparallelorders.In thesectionthere-
after, we introduce“backbonetasks”andpresentsomeof their properties.In
Section6.4, a well formedword of parenthesesis constructedfrom the de-
compositiontreethat is usedin the following sectionto modify the levelsof
tasks.In Section6.6,we show thatschedulingthetasksin nonincreasingor-
der of modifiedlevelsyields an optimal two processorschedule.In the last
section,we summarizethealgorithmandshow that it canbeimplementedto
runefficiently in parallel.

6.1 SeriesParallel Orders and DecompositionTrees

Let (T, Ñ ) bea seriesparallelorder, andlet G bea seriesparallelprecedence
graphfor (T, Ñ ) (i.e., G is aVSPdag,cf. Subsection2.2.4).We assumein the
sequelthatG is givenasadecompositiontreeB Ò (V,E). Recallthateachleaf
of B correspondsto avertex in G andviceversa.Eachinternalvertex v of B is
eithermarkedwith “P” or “S”, representingaseriesor parallelcompositionof
theVSPdagsthatcorrespondto thesubtreesof B rootedat theleft child and
theright child of v. We adopttheconventionthat thetasksin the left subtree
of an“S” vertex in B precedethetasksin theright subtree.

Figure6.1ashows a seriesparallelprecedencegraphconsistingof sixteen
tasks. In Figure 6.1b, a decompositiontree for it is depicted. An optimal
two processorschedulefor the tasksystemgiven in Figure6.1ais shown in
Figure6.2.

Recallthatroot(B) denotestheroot vertex of B, andG(v) denotestheVSP
dagthat is definedby the subtreeof B rootedat vertex v. Let l (v) and r(v)
denotethe left child, respectively right child, of vertex v, andlet type(v) be
either“P” or “S”, indicatingthekind of compositionvertex v represents.Let
|v| denotethenumberof leavesin thesubtreeof B rootedat vertex v, i.e., |v|
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Figure6.1: (a) A seriesparallel precedencegraph and (b) a decomposition
treefor it.
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is the numberof tasksin G(v). For the sake of notationalconvenience,we
identify theleavesin B with thetasksin G.

6.2 A SchedulingStrategy

In Section4.2 we have introducedthehighestlevel first schedulingstrategy.
In thisstrategy, tasksarescheduledgreedilylevel by level, startingwith tasks
on thehighestlevel. Whenever thereis a choice,choosethehighestavailable
task.Thisstrategy is optimalfor precedencegraphsthatareeitherinforestsor
outforests(Theorem4.2). In the two processorcase,HLF schedulesarealso
optimal for seriesparallelorders.In fact,every two processorHLF schedule
for (T, Ñ ) is an LMJ schedule(cf. Section5.1). To seethis, considerthe
following. Assumethata certainsubsetof taskshasalreadybeenmappedto
timesteps.Let H be the setof unscheduledtaskson level Ó . Since(T, Ñ ) is
a seriesparallel order, we can derive that if a task in H can jump to some
level ÓWÔ , thenall tasksin H canjump to level ÓWÔ . This hastwo consequences.
First, whenever a level Ó jumps, then we canusean arbitrary task to jump
from Ó , sinceall unscheduledtaskson level Ó canjumpequallyhigh. Second,
wheneverthehighestlevel Ó Ô wecanjumpto containsmorethanonetaskthat
canbeusedasa fill-in, thenwecanchooseany of thesetasksasa fill-in task,
sincethetasksthatremainunscheduledon level Ó Ô canjumpequallyhigh. As
a consequence,the jump sequenceof anHLF scheduleis anLMJ sequence.
Hence,everytwo processorHLF schedulefor aseriesparallelorderis anLMJ
scheduleandthereforeoptimal(Theorem5.1).

Our parallelalgorithm,however, doesnot computeHLF schedules.In-
stead,we usea schedulingstrategy thatenablesus to exploit thestructureof
thegivendecompositiontree. In thefollowing we give a roughsketchof our
strategy. For an illustration,we refer to Figure6.3. In a first step,we select
anarbitrarylongestpathin theprecedencegraph. The taskson this pathare
calledbackbonetasks. All othertasksarecalledfree. In Figure6.3a,thetasks
on the leftmostpathfrom thesourceto thesink arethebackbonetasks.Our
goalis to find for eachof thesebackbonetasksa freetaskthatit canbepaired
with in a schedule.We concatenatefree tasksandthreadthemon a number
of stringslike pearls. The order in which free tasksarethreadedis not im-
portantaslong aspredecessorscomebeforetheir successors.For reasonsof
efficiency, wecloselyfollow thestructureof thegivendecompositiontreefor
threadingfreetasks.In Figure6.3a,thestringsof tasksareindicatedby grey
curves. Then,we pull thesestringsoneafter the other (in a specificorder)
towardshigherlevels.We try to “move” asmany freetasksaspossiblebut to
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eachlevel at mostonefree taskis “moved”. The level a free taskis moved
to is calledits modifiedlevel. All tasksnot movedretaintheir old level. In
Figure6.3b, the stringshave alreadybeenpulled andsomeof the free tasks
have beenmovedto higherlevels. In theend,we scheduletasksin theorder
of nonincreasingmodifiedlevels.

This strategy doesnot result in HLF schedules. However, if tasksare
threadedcarefully, it producesoptimaltwo processorschedulesfor seriespar-
allel orders.As alreadymentioned,taskthreadingcloselyfollows thestruc-
tureof thedecompositiontree. Pulling thestringsis doneby computingthe
matchingpairs in a well formedword of parentheses.Eachbackbonetask
correspondsto anopeningparenthesisin this word, andeachfreetaskcorre-
spondsto a closingparenthesis.Detailsaregiven in the following sections.
We startby introducingbackbonetasks.

6.3 BackboneTasks

We assumein thesequelthat for all “P” verticesv of thedecompositiontree,
G(l (v)) is at leastashigh asG(r(v)). If this is not thecase,we swap the left
andright child of v. Let β(B) denotethesetof all verticesof B thathavenoan-
cestorthatis theright child of a “P” vertex. Theleavesin β(B) form a longest
pathin G. We call this longestpathbackbone, andthe taskson it arecalled
backbonetasks. In Figure6.1b, the verticesthat belongto β(B) areshaded.
Thebackbonetasksaret1, t3, t6, t7, t9, t12, t14, andt15. In the following, we
exploretherelationshipbetweenbackbonetasksandthepreordernumbersof
tasksin thedecompositiontree.

Lemma 6.1 Letx bethetaskwith smallestpreordernumberin B amongtasks
on thelevelof x. Thenx is a backbonetask.

Proof. Assumethatx is notonthebackbone.Sinceoneverylevel thereexists
exactly onebackbonetask, theremustbe a backbonetasky on the level of
x. The preordernumberof y in B is greaterthanthat of x. It follows that x
andy have a commonancestorv suchthatx is in theleft subtreeof v andy is
in theright subtreeof v. If v representsa parallelcomposition,theny hasan
ancestorthatis theright child of a“P” vertex. Hence,y is notabackbonetask.
A contradiction.Otherwise,v representsaseriescomposition.But then,x is a
predecessorof y. Again,acontradiction.Hence,ourassumptionis wrongand
x is on thebackbone. Õ
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Figure6.3: A seriesparallel precedencegraph.(a) Freetasksarethreadedon
stringslike pearls. (b) We “pull” thestringsandmovesomeof thefreetasks
to higherlevels.(Seetext.)
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Lemma 6.2 Let y bea backbonetask,andlet x bea predecessorof y. Then
everytaskwith a preordernumberin B smallerthanthatof x is alsoa prede-
cessorof y.

Proof. Let py bethepathfrom y to theroot of B. Sincex is a predecessorof
y, thereexistsan“S” vertex v in py suchthatx is in the left subtreeof v and
y is in the right subtreeof v. Considerthe path px from x to the root of B,
andlet z bea taskwith a preordernumberin B smallerthanthatof x. Then
thereexists a vertex w on the path px suchthat z is in the left subtreeof w
andx is in the right subtreeof w. If w representsa seriescomposition,then
z is a predecessorof x, andhencea predecessorof y (Figure6.4aand6.4b).
Otherwise,w representsa parallelcomposition.Assumethat w is partof py

(Figure6.4d). Theny would have anancestorthat is the right child of a “P”
vertex. But this contradictsthefact thaty is on thebackbone.Hence,w is in
theleft subtreeof v (Figure6.4c),andtherefore,z is a predecessorof y. Ö
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Figure6.4: Taskx is a predecessorof y and thepreorder numberof z in the
decompositiontreeis smallerthanthat of x. Hence, oneof thecases(a)–(d)
appliesin thedecompositiontree. In case(d), y is not a backbonetask. (See
proofof Lemma6.2.)

6.4 Matching Parenthesesin the DecompositionTree

To constructanoptimalschedule,it is helpful to know, for every vertex v of
thedecompositiontree,thelengthof anoptimaltwo processorschedulefor the
tasksystemthatcorrespondsto theprecedencegraphG(v). In the following
definition,wegivean“obvious” lowerboundonthisschedulinglength.
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Definition 6.3 Letv bea vertex in a decompositiontree. Wedefinerecursively
on thestructure of thedecompositiontree

ω(v) : × ØÙ¿Ú 1 if v is a leaf,
ω(l (v)) Û ω(r(v)) if type(v) × “S” ,
max(ω(l (v)), Ü |v| / 2Ý ) if type(v) × “P” .

Clearly, any two processorschedulefor the tasksof G(v) haslengthat least
ω(v). As it will turnout later, ω(v) is actuallytheoptimallength.

The main ideain our parallelalgorithmis to usethe matchingpairsin a
well formedwordof parenthesestofind tasksthatcanbepairedwith backbone
tasks.We wish to matcheachbackbonetaskx with a tasky from somelower
level suchthatx andy canbemappedto thesametimestep.To this end,we
first assignparenthesesto theverticesin thedecompositiontree.

Definition 6.4 Let v be a vertex in a decompositiontree B × (V,E). The
parenthesislabelof v, denotedbyλ(v), is definedasfollows:

λ(v) : × ØÞÞÞÞÙ ÞÞÞÞÚ
“(” if v is a leaf in β(B),
“)” if v is a leaf in V ß β(B),

“

kà áãâ ä
(( å�å�å ( ” if type(v) × “P” andv æ β(B),

ε otherwise,

where k × max(0,2 Ü |v| / 2Ýçß 2ω(l (v))).

Theparenthesislabelsin thedecompositiontreeareconcatenatedto form
a parenthesisword.

Definition 6.5 Let v be a vertex in a decompositiontreeB. Theparenthesis
wordof v, denotedbyπ(v), is recursivelydefinedasfollows:

π(v) : × ØÞÞÙ ÞÞÚ
λ(v) if v is a leaf,
λ(v)π(l (v))π(r(v)) if type(v) × “P” andv æ β(B),
π(r(v))π(l (v)) if type(v) × “S” andv æ β(B),
π(l (v))π(r(v)) otherwise.

Theparenthesiswordof v is notawell formedwordof parentheses.If v is
partof β(B), thenall closingparenthesesin π(v) arematched,but anumberof
openingparenthesesareunmatched.This numbercorrespondsto thenumber
of partialtimestepsin anoptimalschedulefor thetasksin G(v).
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Lemma 6.6 Let B bea decompositiontree, and let v æ β(B). Thenπ(v) fol-
lowedby2ω(v) ß |v| closingparenthesesis a well formedword of parentheses.

Proof. By inductionon thestructureof thedecompositiontree. If v is a leaf,
thenπ(v) × “(” andthenumberof appendedclosingparenthesesis 1.

Let v representa seriescomposition.Both theleft andright child of v are
containedin β(B), sincev æ β(B). By inductive hypothesis,π(l (v)) followed
by 2ω(l (v)) ß |l (v)| closingparenthesesis a well formedword of parentheses,
andthesameholdsfor π(r(v)) followedby 2ω(r(v)) ß |r(v)| closingparenthe-
ses.Hence,π(v) × π(r(v))π(l (v)) followedby 2ω(v) ß |v| × 2ω(r(v)) ß |r(v)| Û
2ω(l (v)) ß |l (v)| closingparenthesesis well formed,too.

Now, let v representaparallelcomposition.Sincev is in β(B), its left child
is in β(B), too, but its right child is not. By inductive hypothesis,π(l (v))
followed by 2ω(l (v)) ß |l (v)| closing parenthesesis a well formed word of
parentheses.The word π(v) consistsof max(0,2 Ü |v| / 2Ýèß 2ω(l (v))) opening
parentheses,followedby π(l (v)), followedby |r(v)| closingparentheses.We
have to considertwo cases.

case1: ω(v) × ω(l (v)). Then |v| é 2ω(l (v)). Thereforemax(0,2 Ü |v| / 2Ýêß
2ω(l (v))) is zero. Thereare2ω(l (v)) ß |l (v)| unmatchedopeningparentheses
in π(l (v)). In π(v), we append|r(v)| closingparentheses.Hence,2ω(l (v)) ß
|l (v)| ß |r(v)| × 2ω(v) ß |v| openingparenthesesremainunmatchedin π(v).

case2: Otherwiseω(v) × Ü |v| / 2Ý and |v| ë 2ω(l (v)), accordingto Defini-
tion 6.3. Thenumberof unmatchedopeningparenthesesin π(v) is 2 Ü |v| / 2Ýçß
2ω(l (v)) Û 2ω(l (v)) ß |l (v)| ß |r(v)| × 2 Ü |v| / 2Ýìß |v| × 2ω(v) ß |v|.

Weconcludethatif weappend2ω(v) ß |v| closingparenthesesto π(v), then
weobtaina well formedwordof parentheses. Ö
Lemma 6.7 Letv bea “P” vertex in β(B) such thatλ(v) í× ε. Thenat mostone
openingparenthesisin π(v) is not matchedby a closingparenthesisin π(v),
andif thereis such anunmatchedopeningparenthesis,thenit belongsto λ(v).

Proof. Sinceλ(v) í× ε, it holdsthatmax(0,2 Ü |v| /2Ý(ß 2ω(l (v))) ë 0. It follows
thatω(v) × Ü |v| / 2Ý , by Definition6.3. By Lemma6.6,all closingparentheses
of π(v) arematchedwithin π(v) andthenumberof unmatchedopeningparen-
thesesin π(v) is 2ω(v) ß |v|. Sinceω(v) × Ü |v| /2Ý , thisnumberis eitherzeroor
one,dependingonwhether|v| is evenor odd.

We observe that λ(v) consistsof openingparenthesesonly andin π(l (v))
all closingparenthesesarematchedwithin π(l (v)) (Lemma6.6).Furthermore,
π(r(v)) consistsof closingparenthesesonly, becausetheright subtreeof v does
notbelongto β(B). Sinceπ(v) × λ(v)π(l (v))π(r(v)), wecanderivethatif there
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is anunmatchedopeningparenthesisin π(v), thenthis parenthesisis thefirst
parenthesisof λ(v). î

As it turns out, it is helpful to introduceempty tasks. For eachpartial
timestep,we imagineanemptytaskbeingmappedto it, indicatingthatoneof
thetwo processorshasto stayidle duringthis timestep.Weadd2ω(root(B)) ß
|root(B)| emptytaskse1,e2, å�å�å to the given tasksystem.Sinceω(root(B)) is
the lengthof anoptimalschedulefor (T, ï ) (for technicalreasons,theproof
of this fact is deferred),every optimalschedulefor theextendedtasksystem
hasno partial timestepsanymore. Moreover, every optimal schedulefor the
extendedtasksystemis alsoanoptimalschedulefor theoriginal tasksystem.
A decompositiontree for the extendedtasksystemcanbe obtainedfrom B
as follows. We build a properbinary tree with 2ω(root(B)) ß |root(B)| Û 1
leaves,whereall internalverticesrepresentparallelcompositions.We replace
the leftmostleaf by B andlet all otherleavescorrespondto emptytasks.We
call theresultingdecompositiontreeextended, anddenoteit by B̂. Note that
the parenthesisword of root(B̂) is a well formedword of parentheses,since
2ω(root(B̂)) ß |root(B̂)| is zero.

In Figure6.5,anextendeddecompositiontreeB̂ for thetasksystemgiven
in Figure6.1ais shown. At eachvertex we have drawn its parenthesislabel.
This extendeddecompositiontreeB̂ hasbeenobtainedfrom the decomposi-
tion tree in Figure6.1bby addingtwo emptytaskse1 ande2 usingparallel
compositions.Theverticesthatbelongto β(B̂) areshaded.Notethatonly one
nonleafvertex of the treehasa nonemptyparenthesislabel,namely, the “P”
vertex thatis thelowestcommonancestorof t12 andt13.

Definition 6.8 Let B̂ ð (V̂, Ê) bean extendeddecompositiontree, andlet v ñ
V̂ ò β(B̂). Thenthematchof v, denotedbym(v), is thevertex in B̂ thatbelongs
to theopeningparenthesismatchingtheclosingparenthesisin π(root(B̂)) that
v belongsto.

Note that m(v) is well defined,sinceπ(root(B̂)) is a well formedword of
parentheses.If w ð m(v), thenwealsosaythatv andw area matchingpair or
v matchesw andw matchesv in B̂.

6.5 Modified Levels

Guidedby thematchedpairsin theparenthesisword of theextendeddecom-
positiontree,weadjustthelevelsof tasks.Thenew levelsarecalledmodified
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Figure6.5: TheextendeddecompositiontreeB̂ for thegiventasksystemand
its parenthesislabels.

levels. Modified levelsareassignedto eachvertex in thedecompositiontree
with anonemptyparenthesislabel.Hence,notonly taskshavemodifiedlevels
but also “P” verticesin β(B̂). We first assignmodifiedlevels to verticesin
β(B̂). Themodifiedlevel of abackbonetaskis its original level. Themodified
level of a “P” vertex v in β(B̂) is the lowest level of a taskcontainedin the
subtreerootedat v. Then,modifiedlevelsareassignedto all remainingtasks.
Themodifiedlevel of a taskx not in β(B̂) is themaximumof its original level
andthemodifiedlevel of thevertex/taskthatmatchesx in B̂. All othervertices
of thedecompositiontree,i.e., all “S” vertices,havenomodifiedlevel.

Definition 6.9 Let B̂ ð (V̂, Ê) betheextendeddecompositiontree, andlet v ñ
V̂ with λ(v) óð ε. Themodifiedlevel of v, denotedby mlevel(v), is definedas
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follows:

mlevel(v) : ô õö¿÷ level(v) if v is a leaf in β(B̂),
max(mlevel(m(v)), level(v)) if v is a leaf in V̂ ò β(B̂),
minu ø G(v){level(u)} if type(v) ô “P” andv ñ β(B̂).

We sayx is a moved task in B̂, or x is moved in B̂, if its modified level
differsfrom its original level. Clearly, if x is moved,thenmlevel(x) ù level(x)
andx is nota backbonetask.

In Figure6.6, theparenthesisword of the root vertex of theextendedde-
compositiontreefor our exampleis given (cf. Figure6.5). For eachvertex
with a nonemptyparenthesislabel, its label, its level, andits modifiedlevel
is depicted.Furthermore,thematchingpairsareindicated.Themovedtasks
aret5, t2, e1, ande2, becausethetasksthey arematchedwith areon modified
levelsthatarehigherthantheirown levels.

matchingpairs
π(root(B̂)) ( ( ) ( ( ) ( ( ( ( ) ) ) ( ( ) ) ) ) )

vertex t1 t3 t4 t6 t7 t8 P t9 t12 t13 t10 t11 t14 t15 t16 t5 t2 e1 e2
level 1 2 2 3 4 4 – 5 6 6 5 5 7 8 8 3 2 1 1

mlevel 1 2 2 3 4 4 5 5 6 6 5 5 7 8 8 7 5 3 1

Figure6.6: Theparenthesisword of the root of the extendeddecomposition
treeB̂ with matchingpairs, tasklevels,andmodifiedlevels.

In thefollowing we investigatesomepropertiesof modifiedlevels.

Lemma 6.10 Let x andy bemovedtasksin theextendeddecompositiontree
B̂. Thenmlevel(x) óô mlevel(y).

Proof. The parenthesislabel of both x andy is a closingparenthesis.Let v
bethevertex thatmatchesx, andlet w bethevertex thatmatchesy. Clearly,
v ñ β(B̂) andw ñ β(B̂). If v andw arebothleavesin B (i.e., tasks),thentheir
modifiedlevel is still their original level. Their levelsarenot identical,since
they belongto thesamelongestpath. As a consequence,themodifiedlevels
of x andy aredifferent,too. Otherwise,at leastoneof v andw is nota leafbut
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a“P” vertex. Without lossof generality, let v bea“P” vertex. Thenw is either
a leafor a “P” vertex aswell. We haveto considertwo cases.

case1: v andw arenotonthesamepathin B̂. Let u bethelowestcommon
ancestorof v andw. Clearly, u representsaseriescomposition,becauseother-
wiseoneof v andw wouldnotbepartof β(B̂). Assumefirst thatv is in theleft
subtreeof u andw is in theright subtreeof u. It follows thatall tasksin G(v)
arepredecessorsof all tasksin G(w). Hence,thelowestlevel of a taskin G(v)
is higher thanthe lowest level of a task in G(w), i.e., minx ø G(v){level(x)} ù
minx ø G(w){level(x)}. Conversely, if w is in theleft subtreeof u andv is in the
right subtree,thenminx ø G(w){level(x)} ù minx ø G(v){level(x)}. If w is a leaf,
thenreplaceG(w) by w andreplaceminx ø G(w){level(x)} by level(w). In any
case,themodifiedlevelsof v andw arenot identical,andasa consequence,
themodifiedlevelsof x andy aredifferent,too.

case2: v andw areon thesamepathin B̂. Without lossof generality, we
canassumethat v is an ancestorof w. (If w is a leaf, thenit is clear that v
is anancestorof w. Otherwise,bothv andw are“P” verticesandit doesnot
matterwhich of themis theancestor.) Sincetheparenthesislabelof v is not
empty, theonly openingparenthesisin π(v) not matchedwithin π(v) belongs
to λ(v), by Lemma6.7. It follows that the openingparenthesisof w that is
matchedwith theclosingparenthesisof y is matchedwithin π(v). Hence,y is
a descendantof v. Assumethemodifiedlevel of v andthatof w areidentical.
Thentheir modifiedlevel is the lowestlevel of a taskin G(v). The level of y
is at leastashighasthelowestlevel in G(v). Hence,y is not a movedtask.A
contradiction.Otherwise,themodifiedlevelsof v andw arenot identical.But
thenthesametrivially holdsfor x andy. ú
Lemma 6.11 Let v and w be verticesin the extendeddecompositiontreeB̂.
Let λ(v) andλ(w) consistof openingparentheses,and let λ(v) appearbefore
λ(w) in π(root(B̂)). Thenmlevel(v) û mlevel(w) or v is anancestorof w.

Proof. Verticesv andw areeitherbackbonetasksor “P” verticesin β(B̂). Let
usfirst recallthatthemodifiedlevel of abackbonetaskis its original level and
the modifiedlevel of a “P” vertex in β(B̂) is the lowestlevel of a taskin the
subtreerootedat thatvertex. Let u bethelowestcommonancestorof v andw
in B̂. Clearly, u ñ β(B̂). We haveto considertwo cases.

case1: type(u) ô “S”. Thenπ(u) ô π(r(u))π(l (u)). It follows thatv is part
of theright subtreeof u andw is partof the left subtree.All tasksin G(r(u))
aresuccessorsof all tasksin G(l (u)). Hence,all levelsof tasksin G(r(u)) are
lower thanthelevelsin G(l (u)). Therefore,mlevel(v) û mlevel(w).
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case2: type(u) ü “P”. Thenπ(u) ü λ(u)π(l (u))π(r(u)). We observe that
neitherv norw belongsto theright subtreeof u, sincebotharepartof β(B̂). It
follows thatv ü u andw belongsto theleft subtreeof u. In otherwords,v is
anancestorof w. ú
Lemma 6.12 Let B̂ betheextendeddecompositiontree, andlet x bea prede-
cessorof y. Thenmlevel(x) ý mlevel(y).

Proof. Clearly, level(x) ý level(y). If themodifiedlevel of y is still its original
level, thenthe lemmatrivially holds,becausethe modifiedlevel of a taskis
not lower thanits original level. Otherwise,y is a movedtaskandhencenot
on thebackbone.Therearetwo caseswehave to consider.

case1: x andy have a commonancestorthat is the right child of a “P”
vertex v in β(B̂). Sincex þ y, thelowestcommonancestorof x andy is an“S”
vertex. Let u denotethis lowestcommonancestorof x andy. Clearly, u is not
part of β(B̂). Hence,π(u) ü π(l (u))π(r(u)) andx belongsto the left subtree
of u andy belongsto theright subtree.It follows that in π(root(B̂)), theclos-
ing parenthesisof x appearsbeforetheclosingparenthesisof y. Furthermore,
sincex andy have a commonancestorthat is theright child of a “P” vertex,
thereis no openingparenthesisin π(root(B̂)) betweenthe closingparenthe-
sis of x andthat of y. It follows that in π(root(B̂)), the openingparenthesis
that matchesthe closing parenthesisof x is behindthe openingparenthesis
that matchesy. By Lemma6.11,mlevel(m(x)) ý mlevel(m(y)) or m(y) is an
ancestorof m(x). In theformercase,mlevel(x) ý mlevel(y), andwearedone.

Hence,assumethat the lattercaseholds,i.e., m(y) is anancestorof m(x).
It follows that m(y) is a “P” vertex. By Lemma6.6, all closing parenthe-
sesin π(v) arematchedwithin π(v). Hencem(y) belongsto thesubtreeof B̂
rootedat v. Assumem(y) ü v. The modified level of v is the lowest level
of a task in G(v). Hence,mlevel(v) ÿ level(y). As a consequence,y is not
a movedtask,a contradiction.Otherwise,m(y) is part of the left subtreeof
v. By Lemma6.7, theonly openingparenthesisunmatchedin π(m(y)) is part
of λ(m(y)). As a consequence,theopeningparenthesesin theparenthesisla-
bel of m(x) arematchedwithin π(m(y)), sincem(x) is a descendantof m(y).
We obtaina contradiction,becauseoneof theopeningparenthesisof λ(m(x))
andtheclosingparenthesisof x aresupposedto bea matchedpair. We con-
cludethatourassumptionthatm(y) is anancestorof m(x) is wrong.Therefore
mlevel(m(x)) ý mlevel(m(y)) andhencemlevel(x) ý mlevel(y).

case2: x andy do not have a commonancestorthat is the right child of
a “P” vertex in β(B̂). Let w be the “P” vertex in β(B̂) suchthat y is part of
theright subtreeof w. Sucha vertex exists,becausey is not on thebackbone.
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Sincex þ y, thelowestcommonancestoru of x andy is an“S” vertex. Vertex
u is not partof theright subtreeof w, sinceotherwisecase1 applies.Hence,
u is also the lowest commonancestorof x andw andx belongsto the left
subtreeof u andw belongsto theright subtreeof u. It follows that the level
of x is higherthanthelevelsof tasksin G(w). Themodifiedlevel of x is not
lower thanits original level andthemodifiedlevel of any vertex in G(w) with
a parenthesislabel consistingof openingparenthesesis not higher than the
highestlevel of a taskin G(w). By Lemma6.6,all closingparenthesesin π(w)
arematchedwithin π(w). Hence,mlevel(x) ý mlevel(m(y)). It follows that
mlevel(x) ý mlevel(y). ú
Lemma 6.13 Let x bea backbonetaskin theextendeddecompositiontreeB̂
such that for everytasky with mlevel(y) ý mlevel(x) it holdsthat eithery þ x
or y is a movedtask.Thenthenumberof taskson modifiedlevelshigherthan
thatof x is even.

Proof. Let F denotethesetof all taskson modifiedlevelshigherthanthatof
x. ThesetF consistsof all predecessorsof x plusall movedtasks.Notethat
mlevel(x) ü level(x) sincex is a backbonetask.Let y � F . Thenthereexistsa
distinctvertex v in B̂ thatis matchedwith y. Therearesomecaseswe have to
consider.

case1: y is abackbonetask.Thenits parenthesislabelis anopeningparen-
thesis,andv is a taskwith a closingparenthesis.It follows thatmlevel(v) �
mlevel(y). Sincemlevel(y) ý mlevel(x), we obtainthatmlevel(v) ý mlevel(x).
It follows thatv � F .

case2: y is not a backbonetask. Thenits parenthesislabel is a closing
parenthesisandv is eithera backbonetaskor a “P” vertex in β(B̂).

case2.1: v is abackbonetask.Therearetwo subcases.
case2.1.1:y is amovedtask.Thenmlevel(y) ü mlevel(v). Sincemlevel(y)ý mlevel(x), weobtainthatmlevel(v) ý mlevel(x). It follows thatv � F .
case2.1.2: y þ x. Thenthelowestcommonancesteru of y andx is an“S”

vertex, andx is in theright subtreeof u while y is in theleft subtreeof u. Since
x is on thebackbone,u is partof β(B̂). Sincey is not on thebackbone,there
mustexist a “P” vertex w � β(B̂) in the left subtreeof u suchthaty is in the
right subtreeof w. By Lemma6.6,all closingparenthesesof π(w) arematched
within π(w). Hence,thematchof y, namelyv, is containedin thesubtreeof B̂
rootedat w. As a consequence,v þ x. Sinceboth tasksareon thebackbone,
weobtainmlevel(v) ý mlevel(x). Hence,v � F .

case2.2: v is a “P” vertex in β(B̂). By definition,theparenthesislabelof
v consistsof anevennumberof openingparentheses.We claim thatall tasks
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matchedwith theseparenthesesarecontainedin F. Clearly, oneof thesetasks
is y. Again,therearetwo subcaseswehave to consider.

case2.2.1:y is amovedtask.Thenmlevel(y) ü mlevel(v). For everytaskz
that is matchedwith anopeningparenthesisin λ(v), it holdsthatmlevel(z) �
mlevel(v). Sincemlevel(y) ý mlevel(x), we obtainthatmlevel(z) ý mlevel(x).
It follows thatz � F .

case2.2.2: y þ x. We canapply similar argumentsasin case2.1.2. Let
u andw be as in case2.1.2. Thenv is part of the subtreeof B̂ rootedat w
(possiblyw ü v). All tasksin G(w) arepredecessorsof x andhencethey are
on higherlevels thanx. As a consequence,the modifiedlevel of v is higher
than the level of x. For every task z matchedwith an openingparenthesis
in λ(v), it holdsthat mlevel(z) � mlevel(v). Sincemlevel(v) ý mlevel(x), we
obtainthatmlevel(z) ý mlevel(x). It follows thatz � F.

We haveshown thatevery tasky � F eitheris matchedwith a distincttask
in F or it belongsto a setof tasksmatchedwith openingparenthesesof a “P”
vertex andthissetis partof F andhasanevensize.Consequently, thenumber
of tasksin F is even. �
6.6 Schedulingin the Order of Modified Levelsis Optimal

Oncethe modified levels of tasksaredetermined,it is easyto computean
optimalschedule,aswe will show next. First, we sortall tasksthathave not
beenmovedin nonincreasingorderof their (modified)level. On eachlevel,
tasksareorderedby their preordernumberin thedecompositiontree. Then,
themovedtasksareinsertedinto theresultingsequencesuchthateachmoved
task is the last taskon its modifiedlevel. This is possible,sinceeachlevel
receivesatmostonemovedtask,by Lemma6.10.Let σ denotethissequence,
andlet pos(x) bethepositionof taskx in σ.

Theorem6.14 ThemappingS that mapseach taskx to timestep� pos(x) / 2�
is anoptimaltwoprocessorschedulefor (T, � ).

Proof. Assumefor the time being that S is a valid schedule.Let B be the
original decompositiontree. We have added2ω(root(B)) � |root(B)| empty
tasksto theoriginal tasksystem.Hence,

length(S) � �
|T | 	 2ω(root(B)) � |root(B)|

2 
 � ω(root(B)).

Sinceω(root(B)) is a lower boundfor the lengthof anoptimaltwo processor
schedule,weobtainthatnoschedulefor (T, � ) canbeshorterthanS. Hence,S
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is optimal.(As abyproduct,thisprovesourclaimthatω(root(B)) is thelength
of anoptimalschedule.)

Whatremainsto show is thatS is a valid schedule,i.e., Sobeys theprece-
denceconstraints.Let x bea predecessorof y. By Lemma6.12,mlevel(x) �
mlevel(y). Sincetasksarescheduledin nonincreasingorderof modifiedlev-
els,it holdsthatS(x) � S(y). Clearly, noprecedenceconstraintsareviolatedif
S(x)  S(y). Therefore,assumethatS(x) � S(y).

On each(modified)level thereis exactlyonebackbonetask.Sinceσ con-
sistsof tasksorderedby nonincreasingmodifiedlevel andx andy areadjacent
in σ, theirmodifiedlevel differsby exactlyone.

Assumey hasbeenmoved. Theny is theonly taskon its modifiedlevel,
becausein σ, for eachmodifiedlevel, themovedtaskis behindtheothertasks.
A contradiction,sinceat leastoneothertask,namelya backbonetask,is on
thesamemodifiedlevel asy.

Assumex hasbeenmoved.Sincey hasnotbeenmoved,its modifiedlevel
is its original level. But theoriginal level of x is lower thanits modifiedlevel.
Furthermore,mlevel(x) � mlevel(y) 	 1. Consequently, level(x)  level(y) 	 1
andhence,x cannotbea predecessorof y. A contradiction.

Sincey is the first task in σ on its modifiedlevel, all other taskson this
level thatarenot movedhave a largerpreordernumberin thedecomposition
treethany. By Lemma6.1,y mustbea backbonetask.

Sincex is not a movedtaskbut x is the last in σ on its modifiedlevel, we
obtain that thereareno moved taskson the modifiedlevel of x. Hence,all
taskson themodifiedlevel of x have a smallerpreordernumberthanx in the
decompositiontree. Sincey is successorof x, we obtainthat y is successor
of all taskson the modified level of x, by Lemma6.2. As a consequence,
all tasksto the left of y in σ that arenot movedtasksarepredecessorsof y,
becauseeverysuchtaskhasasuccessoron themodifiedlevel of x. Hence,all
taskson a modifiedlevel higherthanthatof y areeitherpredecessorsof y or
movedtasks.WeapplyLemma6.13andobtainthatthenumberof tasksto the
left of y in σ is even.Sincex is to theleft of y in σ, x andy cannotbemapped
to thesametimestep.A contradiction.Hence,no precedenceconstraintsare
violatedin S. We concludethat S is an optimal two processorschedulefor
(T, � ). �
6.7 An Efficient Parallel Implementation

In thissectionwedescribehow thealgorithmgivenin thelastsectionscanbe
implementedonaparallelmachine.Let usfirst summarizethealgorithm.We
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assumethata decompositiontreeB � (V,E) for G is given.

1. We computethe height of G(v), for all v � V. For each“P” vertex
v in B, we exchangethe left and right child of v if height(G(l (v))) 
height(G(r(v))).

2. Wedetermineall verticeswith anancestorthatis theright child of a“P”
vertex in B. Thoseverticesbelongto thesetβ(B).

3. We compute|v| andω(v), for all verticesin B.

4. We constructthe extendeddecompositiontree B̂ � (V̂, Ê) by adding
2ω(root(B)) � |root(B)| emptytasksto B, usingparallelcompositions.
Furthermore,wedetermine|v| andω(v), for all new verticesv in B̂, and
wedetermineβ(B̂).

5. Wegiveeachvertex in B̂aparenthesislabelandcomputetheparenthesis
word of the root of B̂. Thenwe determinethe matchingpairs in this
word.

6. Wecomputethelevelsof tasksandassignamodifiedlevel toeachvertex
in β(B̂). Thenwe computethemodifiedlevelsof the tasksnot in β(B̂)
usingthematchingpairsin π(root(B̂)).

7. We sortall unmovedtasksby nonincreasinglevel suchthattaskson the
samelevel aresortedby their preordernumberin B̂. Theneachmoved
taskx is insertedinto theresultingsequencesuchthatx is the last task
on its (modified)level. Let σ denotethesequencethatweobtain.

8. Finally, we outputtheschedulethatmapsthe i-th taskof σ to timestep� i / 2� .
In thefollowing weshow thateachstepof thealgorithmcanbeperformed

efficiently in parallel.
Step(1). Accordingto Theorem3.22,theheightof all definingsubgraphs

of G with regardto B canbedeterminedontheEREWPRAM in timeO(logn)
usingn/ logn processors.CheckingwhetherG(r(v)) is higherthanG(l (v)) and
exchangingtheleft andright child if necessarycanbedonefor all verticesin
constanttimewith n processorsor in O(logn) timewith n / logn processors.

Step(2). To determinethe verticesof β(B), we usethe Euler-Tour tech-
nique. We split the decompositiontreeinto a numberof treesandapply the
Euler-tour techniqueto eachof thesetreesseparately(but simultaneously).
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Thetreesarefoundasfollows. Eachvertex v in B that is theright child of a
“P” vertex becomestherootof atree,namely, its subtree.If thereis avertex w
in thesubtreerootedat v that itself becomesa root of a tree(becauseit is the
right child of a “P” vertex), thenw andits subtreeis excludedfrom v’s tree.
We endup with a numberof disjoint treeseachhaving a root that is theright
child of a “P” vertex in the decompositiontree. Then,we mark the vertices
containedin thesetrees,usingthe Euler-tour technique.In the end, the set
β(B) consistsof theunmarkedvertices.

Steps(3)+(4). We compute|v| and then ω(v) using tree contractionon
the decompositiontree. We requiresimilar vertex functionsasusedin the
computationof the heightsof the definingsubgraphsof G with regardto B
(cf. Subsection3.11.2). Given |root(B)| andω(root(B)), it is not difficult to
constructanextendeddecompositiontreeB̂ from B, andto determine|v| and
ω(v) for all new verticesv in B̂.

Step(5). Considera path p that startsat the root vertex of B̂ andvisits
eachvertex in the following way. Let v denotethecurrentvertex. If v is an
“S” vertex in β(B̂), thenthepathvisits theverticesin theright subtree,returns
from there,thenvisits theverticesin the left subtree,andthenreturnsto the
parentof v. If v is a leaf, thenthepathimmediatelyreturnsto theparentof v.
In all othercases,thepathvisitstheverticesin theleft subtreeof v first, returns
from there,thenvisits theverticesof the right subtree,andfinally returnsto
the parentof v. Note that this path is very similar to the Euler-tour of the
extendeddecompositiontree,exceptat “S” verticesin β(B̂), wherethe path
visits theright subtreefirst. SinceB̂ is binary, thepath p canbeconstructed
on n processorsin constanttime. Using p, we link the parenthesislabelsof
the verticesin B̂ into a list that containsthe labelsin the sameorderas the
parenthesisword of the root of B̂. From this list, the parenthesisword of
root(B̂) caneasilybe computedusinglist rankingandprefix operations.To
computethe matchingpairs in π(root(B̂)), we usethe parenthesismatching
algorithmgivenin Section3.9.

Step(6). To computethe level of eachtaskin the precedencegraph,we
usethe Euler-tour techniqueon B̂. In Section3.7, the Euler-tour of a tree
followedthecontourof thetreecounterclockwise.Here,we let theEuler-tour
run clockwisealongthecontourof thedecompositiontree. In particular, the
Euler-tour startswith a downgoingarc from the root of B̂ to its right child.
For every leaf w, we associatewith the downgoingarc d(v,w) a valueof 1.
For every “P” vertex v with right child w, we associatewith theupgoingarc
u(v,w) avalueof � height(G(w)). All otherarcsin theEuler-tourobtainvalue
0. Thenfor eachleaf w, theprefix sumof thearcvalueson theEuler-tour up
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to the downgoingarc d(v,w) is the level of taskw in the precedencegraph.
(RecallthatG(l (v)) is at leastashighasG(r(v)).) Giventhelevelsof all tasks
andthematchingpairsin π(root(B̂)), it is notdifficult to computethemodified
levels. In particular, the modifiedlevels of “P” verticesin β(B̂) arealready
computed.Considertheprefixsumsof arcvaluesobtainedin thecomputation
of thetasklevels,andlet d(v,w) bethedowngoingarcfrom a “P” vertex v in
β(B̂) to its right child w. If theoriginal valueassociatedwith d(v,w) is zero,
thentheprefixsumobtainedfor d(v,w) plus1 correspondsto thelowestlevel
of a taskin thesubtreerootedatv. If theoriginalvalueassociatedwith d(v,w)
is 1 (in this casew is a leaf), thenthe prefix sumobtainedfor d(v,w) is the
desiredvalue.

Steps(7)+(8). Let Ĝ denotethetasksystemthatB̂ represents.Let ĜR de-
notethegraphthatwe obtainfrom Ĝ by reversingthedirectionof all edges.
Let v be a vertex of Ĝ (andĜR). We observe that the level of v in Ĝ is the
depthof v in ĜR. Hence,if we sort tasksby nondecreasingdepthin ĜR, we
sort tasksby nondecreasinglevel in Ĝ at thesametime. To obtaina decom-
positiontreefor ĜR, weexchangetheleft andright child of eachvertex in the
decompositiontreefor Ĝ. Let B̂R denotetheresultingtree.In Section3.11,we
describehow the breadth-firsttraversalof a VSP dagwith regardto a given
decompositiontreecanbe computedon the EREW PRAM in time O(logn)
usingn/ logn processors.Weapplythisalgorithmto B̂R andobtaina list of all
tasksorderedby nondecreasinglevel (in Ĝ) suchthattaskson thesamelevel
areorderedby their preordernumberin B̂R. We reversethis list andobtaina
list σ of all tasksorderedby nonincreasinglevel suchthat taskson thesame
level areorderedby their preordernumberin B̂. (Note that the breadth-first
traversalof B̂R restrictedto leavesis the reversedbreadth-firsttraversalof B̂
restrictedto leaves.)Then,eachmovedtaskis droppedfrom σ andreinserted
suchthatit becomesthelasttaskin σ onits modifiedlevel. Clearly, thiscanbe
doneusingprefixoperations.Finally, tasksaremappedto timestepsaccording
to theirpositionin σ. By Theorem6.14,thisscheduleis optimal.

We concludethatall operationsnecessaryto computeanoptimaltwo pro-
cessorschedulecanbeperformedonn/ logn EREWPRAMprocessorsin time
O(logn), providedthata decompositiontreeis given.We cansummarize:

Theorem6.15 Let (T, � ) bea seriesparallel orderconsistingof n tasks,and
let G bea seriesparallel precedencegraphfor (T, � ). Givena decomposition
treefor G, an optimaltwo processorschedulefor (T, � ) canbecomputedon
theEREWPRAMin timeO(logn) usingn / logn processors.



6.7. AN EFFICIENT PARALLEL IMPLEMENTATION 155

By Theorem3.21,thedecompositiontreeof a VSPdagcanbecomputed
on theEREW PRAM in time O(log(n � e) � lognlog� n) andon the CRCW
PRAM in timeO(log(n � e)), wherein bothcasesthenumberof operationsis
O(n � e). We obtain:

Corollary 6.16 Let(T, � ) bea seriesparallel order, givenasa seriesparallel
precedencegraphwith eedgesandn vertices.Thenanoptimaltwoprocessor
schedulefor (T, � ) canbecomputedon theEREWPRAMin timeO(log(n �
e) � lognlog� n) and on the CRCWPRAMin time O(log(n � e)). Thework
performedis O(n � e).





CHAPTER 7

SchedulingInter val Orders
with Communication Delays

In the last threechapters,we have proposedefficient parallelalgorithmsthat
optimally scheduleunit length tasks. Thesealgorithmswork well if either
no dataneedsto be exchangedbetweentasksor the time necessaryto com-
municatethe resultof a taskto its successortasksis negligible. In the past
few years,schedulingwith communicationdelayshasreceivedconsiderable
attention.In thisextendedsetting,thescheduleadditionallytakesinto account
the time requiredto communicatedatabetweenprocessors.More precisely,
afterfinishinga task,sometimemustpassbeforeany of its successorscanbe
startedon a differentprocessor, in orderto allow for transportationof results
from onetaskto theother. If thesuccessortaskis executedon thesamepro-
cessor, thenno delayis neededunlessit is necessaryto wait for resultsfrom
someotherprocessor.

We are interestedin computingschedulesof minimal lengthfor unit ex-
ecutiontime taskssubjectto unit communicationdelays,i.e., all taskshave
equallengthandthesameamountof time is requiredfor interprocessorcom-
munication.Furthermore,we assumethat no taskduplicationis allowed. If
precedenceconstraintscanbearbitraryandthenumberof processorsis partof
theprobleminstance,thenthisproblemis � � -complete[RS87]. Surprisingly,
theproblemremains� � -hardevenif precedenceconstraintsarerestrictedto
be trees[LVV93]. For someotherspecialcases,polynomialsolutionshave
beenfound. This includesschedulinginterval orderedtasks[Pic92, AER95],
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schedulingtreeson two processors[Pic92, LVV93, GT93, VRKL96], sched-
uling treeson any constantnumberof processors[VRKL96], andscheduling
seriesparallelgraphson two processors[FLMB96].

In this chapter, we focuson precedenceconstraintsgiven by interval or-
ders.Interval orderedtasksoccurin a varietyof manufacturingproblemsand
the literatureon interval ordersis quite rich [FG65, Gav72, Fis85,Kle93].
A sequentialalgorithmfor schedulinginterval orderswasgiven in [PY79].
Algorithmsfor schedulinginterval orderswith communicationdelayscanbe
foundin [Pic92] and[AER95]. All thesealgorithmsarebasedon list sched-
uling andappearto beinherentlysequential.In fact,list schedulinghasbeen
shown to be � -completein similarcontexts[DUW86, HM87b] andonemight
be temptedto conjecturethat � � algorithmsfor schedulinginterval orders
basedon list schedulingdo not exist aswell. On the otherhand,fastparal-
lel algorithmshave beenfound that computeoptimal schedulesfor interval
orders,albeitby ratherdifferentmethods[SH93, May96]. Actually, the � �
algorithmsin [SH93, May96] computeascheduleidenticalto thelist schedule
in [PY79].

In the sequel,we first show that thereexists a linear time sequentialal-
gorithmthatoptimally schedulesinterval orderswith communicationdelays,
improving on resultsgiven in [AER95]. Our secondandmain contribution
in this chapteris an � � algorithmfor the problem. If implementedon an
EREWPRAM thisalgorithmrunsin timeO(log2n) usingn3 / logn processors.
If implementedonaCRCWPRAM it requiresonly O(logn) timeandusesn3

processors.Our parallelalgorithmproceedsin two stages.In stageone,we
determinefor every taskthenumberof timestepsrequiredto scheduleall of
its predecessorsin the interval order. These“schedulingdistances”provide
uswith informationon thestructureof thedesiredoptimalschedule.In stage
two, weusethis informationto constructaninstanceof adifferentscheduling
problemwheretasksarenotconstrainedby aprecedencerelationbut have in-
dividualreleasetimesanddeadlines.Wecomputeanoptimalschedulefor this
instanceusinga parallelalgorithmknown from theliterature,andthusobtain
anoptimalschedulefor theoriginalproblem.

Theremainderof this chapteris organizedasfollows. In thenext section,
weintroduceconceptsrelatedto schedulingwith unit executiontimetasksand
unit communicationtimes.In thesectionthereafter, we review interval orders
anddefinebasictermsusedin our algorithm. In Section7.3, we presenta
linear time sequentialalgorithmfor schedulinginterval orderswith commu-
nicationdelays. In the sectionthereafterwe outline the parallel algorithm.
Then,wederivealowerboundonthelengthof optimalschedules,andin Sec-
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tion 7.6,weanalyzethestructureof optimalschedules.Theseresultsareused
in Section7.7to show thattheschedulingdistanceof eachtask,i.e., thelength
of anoptimalschedulefor all of its predecessors,correspondsto alongestpath
in a “distancegraph”,andthat it canbecomputedefficiently in parallel. We
thendescribetheremainingpartof thealgorithmwhereweconstructthetask
systemwith releasetimesanddeadlinesandoutputan optimal schedulefor
this tasksystem.

7.1 UECT Scheduling

An instanceof theunit executiontime andunit communicationtime (UECT)
schedulingproblemconsistsof a tasksystem(T, � ) anda numberm of iden-
tical targetprocessors,whereT is a setof n tasksand � is a partialorderon
thissetof tasks.An m-processorUECTschedulefor (T, � ) is a mappingSof
T to positive integertimestepssuchthat

1. x � y impliesS(x) � S(y),

2. nomorethanm tasksaremappedto thesametimestep,

3. atmostonesuccessorof every taskx is mappedto S(x) � 1,and

4. atmostonepredecessorof every taskx is mappedto S(x) � 1.

Given a UECT scheduleS, it is not difficult (neithersequentiallynor in
parallel)to determineanassignmentof tasksto processorssuchthattwo tasks
x andy areassignedto thesameprocessorif S(y) � S(x) � 1 andx � y. At the
endof thischapter, wewill show how suchanassignmentcanbecomputedin
parallelfor thecaseof interval orders.

With regardto a given UECT schedule,we say that a taskx is readyat
timestepτ if all predecessorsof x aremappedto timestepsearlierthanτ andat
mostonepredecessorof x is mappedto τ � 1. Taskx is availableat timestepτ
if x is readyandthereis no tasky mappedto timestepτ suchthatx andy have
a commonpredecessorin timestepτ � 1.

7.2 Inter val Orders and Inter val Representations

We assumethatthepartialorder � is givenasaprecedencegraph.Recallthat� is an interval order on T if f, for all t, t � ,x,y � T, t � t � andx � y implies
that t � y or x � t � . We obtaina moreintuitive characterizationof interval
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ordersby usingintervalson therealline. A partialorder � onT is aninterval
orderif f thereexists a mappingI from T to closedintervalson the real line
suchthat I (x) is completelyto the left of I (y) if f x � y. The mappingI is
calledan interval representationof the interval order � . Figure7.1 shows a
precedencegraphof an interval ordercontainingfourteentasks.To theright
of the precedencegraph,an interval representationof the interval order is
depicted.

t1 t2

t4 t5 t3

t6

t7
t10 t8 t9

t12 t14 t13 t11

t1

t4

t5 t6

t3

t10

t12

t8 t13

t2 t9 t14

t7

t11

Figure7.1: A precedencegraphof an intervalorderandan interval represen-
tationof it.

Figure7.2showsa3-processorUECTschedulefor theinterval ordergiven
in Figure7.1. In this schedule,timesteps2, 4, and5 arepartial. Taskt9 is not
readyat timestep2 becausetwo predecessorsof t9 arescheduledin timestep
1. On theotherhand,t12 is readyat timestep5 but it is not available.This is
becauset10 is mappedto timestep5, andt6, which is a commonpredecessor
of t10 andt12, is mappedto timestep4.

Let (T, � ) be someinterval order, andlet x � T. ThenN(x) denotesthe
setof propersuccessorsof x, i.e., N(x) � {y|x � y}. Similarly, P(x) is the
set{y|y � x} of (proper)predecessorsof x. Notethatx /� N(x) andx /� P(x).
Sincesuccessorsetsof taskscan be definedin termsof right endpointsof
intervalsin interval representationsof � , wecaneasilyseethatfor everypair
x, y of tasksthesuccessorsetsof x andy arecomparablewith respectto set
inclusion, i.e., eitherN(x) � N(y), or N(x) � N(y), or N(y) � N(x). Hence,
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t3

t2

t1

t7

t4

t9

t8

t5

t11

t6 t10

t12

t13

t14

χ1χ2χ3χ4

P3

P2

P1

timestep 1 2 3 4 5 6

Figure7.2: A 3-processorUECTschedulefor thegivenintervalorder.

thereexist total orderson T thatarecompatiblewith the orderon successor
sets.For instance,the tasksin Figure7.1couldbeorderedast1, t2, t3, t5, t4,
t6, t8, t7, t9, t10, t14, t13, t12, t11 since

N(t1) � N(t2) � N(t3) � N(t5) � N(t4) � N(t6) � N(t8) �
N(t7) � N(t9) � N(t10) � N(t14) � N(t13) � N(t12) � N(t11).

Notethatfor everytaskx andeverylist L of all tasksorderedby nonincreasing
(sizeof) successorset,thesetP(x) is a prefixof L. For example,in theabove
list, P(t10) is theprefixup to t6.

By Q(x) we denotetheset{y|N(x)  N(y)} consistingof all taskswhose
successorsetcontainsN(x). For example,Q(t5) � {t1, t2, t3, t4, t5}. Notethatif
x is a predecessorof y with minimalsuccessorset,thenQ(x) � P(y). Further-
more,everytaskin Q(x) is a predecessorof all tasksin N(x).

7.3 A SequentialAlgorithm

In the context of unit executiontimes and unit communicationdelayslist
schedulingworksasfollows. We aregivena list of all tasksthatdetermines
for eachtaskits priority. Assumethat the first τ ! 1 timestepshave already
beenprocessed,that is, taskshave beenmappedto themandthesetaskshave
beenremovedfrom thelist. To find thetasksfor timestepτ, performthefol-
lowing. Scanthe list from left to right andpick a taskavailableat timestep
τ, remove it from thelist, andmapit to timestepτ. Repeatthis until no more
unscheduledtasksareavailableat timestepτ or m taskshave beenmappedto
τ. If therearestill tasksin thelist, repeattheaboveprocessfor timestepτ " 1.
Otherwise,wearefinished,having obtaineda UECTscheduleof lengthτ.
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Theorem7.1([Pic92]) Let (T, # ) bean interval order, and let L bea list of
all tasks,sortedby nonincreasingsuccessorset.ThentheUECTlist schedule
for L is anoptimalUECTschedulefor (T, # ).

For example,thescheduledepictedin Figure7.2is theUECTlist schedule
constructedfrom the list t1, t2, t3, t5, t4, t6, t8, t7, t9, t10, t14, t13, t12, t11. By
Theorem7.1,thisscheduleis optimalsincethetasksin thelist areorderedby
nonincreasingsuccessorset.

In thefollowing we briefly discusshow to constructa UECT list schedule
for alist L in timelinearin thesizeof thegivenprecedencegraph(for asimilar
problem,see[Set76]). We assumethatin L all predecessorsof a taskx appear
beforex. We scanthe list oncefrom left to right andmapeachtaskto the
earliestpossibletimestep.We claim thattheresultingscheduleis identicalto
thelist scheduleobtainedby thenäıve implementationof thealgorithmgiven
at the beginning of this section. To seethis, considersomeprefix L $ of L.
Let S be theUECT list schedulefor L, andlet S$ be the UECT list schedule
for L $ . We observe thatS restrictedto thetasksin L $ is identicalto S$ . This is
becausenotaskin L ! L $ thatis scheduledby Sin a timestep% length(S$ ) does
influencehow thelist schedulingalgorithmschedulestheprefixL $ . Hence,in
orderto determinethetimestepto whichx getsmappedin thelist schedule,it
sufficesto computethelist scheduleS$ for theprefixof L thatendsright before
x andto determinetheearliestpartialtimestepatwhichx is availablein S$ .

To find theearliesttimestepat which x is available,we have to checkthe
immediatepredecessorsof x (recall that all predecessorsof x appearbefore
x in L). More precisely, we have to determinethe latesttimestepτ with a
predecessorof x, and we have to determinethe numberof predecessorsof
x mappedto τ. If morethanonepredecessorof x is mappedto τ, thenx is
availableat timestepτ " 2. If thereis only onepredecessory of x mappedto τ,
thenwehaveto checkwhethera successorof y is alreadymappedto timestep
τ " 1. If this is the case,thenx is availableat timestepτ " 2. Otherwise,x
is availableat timestepτ " 1. In order to be able to checkwhethery hasa
successorin timestepτ " 1, somebookkeepingis required.For eachtasky,
wemaintainabooleanvariablethatis initially falseandis setto truewhenan
immediatesuccessorof y getsmappedto timestepS(y) " 1.

To determinetheearliestpartial timestepat which x is available,we usea
union-finddatastructure.A UECT list schedulehaslengthat mostn. Hence,
theonly relevanttimestepsarethosebetween1, &'&'& ,n. Initially, all of themare
marked“partial”, andwe let eachof themform adistinctsetin theunion-find
structure.Whensometimestepτ becomesfull duringscheduling,we join the
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setin theunion-findstructuretowhichτ belongswith thesettowhichtimestep
τ " 1 belongs.We call the latesttimestepin a setthecanonicalelement. As
a consequence,thecanonicalelementof eachsetis alwaysa partialtimestep.
To find the earliestpartial timestepat which x is available,we simply have
to find the canonicalelementof the setthat containsthe earliesttimestepat
whichx is available.

Theorem7.2 Let (T, # ) beanintervalordergivenasa (notnecessarilytran-
sitively closed)precedencegraph G, consistingof n tasksand e edges. An
optimalm-processorUECTschedulefor (T, # ) canbecomputedin O(n " e)
time.

Proof. In [Gab81], an algorithm is presentedthat checksin time O(n " e)
whethera given(not necessarilytransitively closed)precedencegraphis the
precedencegraphof an interval order. If this is the case,thenthealgorithm
determinesthesizesof all successorsets.Given thesenumbers,we cansort
tasksby nonincreasingsuccessorsetin time O(n), usingbucket sort. Finally,
we applyour secondlist schedulingalgorithmto theresultinglist, andobtain
anoptimalUECTschedulefor (T, # ).

For eachtaskx, ouralgorithmrequirestimelinearin theindegreeof x in G
to determinetheearliesttimestepat which x is available. As a consequence,
we needO(n " e) time to determineall earliesttimesteps.In orderto find the
earliestpartial timesteps,at mostoneunion operationandat mostonefind
operationis performedfor eachtask. We usethealgorithmfor staticunion-
find givenin [GT85] andrequireO(n) time to performall unionsandfinds. (
7.4 Outline of the Parallel Algorithm

Let (T, # ) be an interval order, and let L be a list of all tasks,orderedby
nonincreasingsuccessorset.Our parallelalgorithmcomputesa schedulethat
is identicalto the UECT list scheduleS for L. If m ) 1, thenS mapsthe i-
th taskof L to timestepi. Clearly, this schedulecaneasilybe computedin
parallel.In therestof thischapter, weassumem * 1. Thealgorithmproceeds
asfollows:

1. For eachtaskx, wedeterminethelatesttimestepin Swith apredecessor
of x. Let τ(x) denotethis timestep.Furthermore,we determinewhether
onepredecessorormorethanonepredecessorof x ismappedtoτ(x). We
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call x favoredtaskcandidateof timestepτ(x), if exactlyonepredecessor
of x is mappedto τ(x).

2. For eachtimestepτ, we determinethe leftmostfavoredtaskcandidate
of τ in L. This taskis calledfavoredtaskof timestepτ in L.

3. We give eachtask x a releasetime r(x) as follows: we set r(x) to 1
if x hasno predecessors,we setr(x) to τ(x) + 1 if x is favoredtaskof
timestepτ(x) in L, andotherwise,wesetr(x) to τ(x) + 2.

4. We give eachtaskx a deadlined(x), whered(x) is set to |T | plus the
positionof x in L.

5. We drop all precedenceconstraintsand computean earliestdeadline
schedulefor the tasksystem(T, r,d). Finally, we outputthe resulting
schedule.

In the next threesectionswe areconcernedaboutstep1. We startin the
following sectionby giving a lowerboundon thelengthof a UECTschedule.

7.5 UECT Packings

Let Ur , ,',', ,U1 bepairwisedisjoint nonemptysubsetsof taskssuchthatevery
task in Ui is predecessorof all tasksin Ui - 1, for i ) 2, ,.,', , r. We want to
determinethe lengthof a shortestpossibleschedulefor Ur , ,',', ,U1, ignoring
all precedenceconstraintsbetweentasksinside a setUi . We scheduleone
set after the other in a greedyfashion,startingwith Ur . Let τi denotethe
latesttimestepthat containsa taskof Ui / 1, andlet ki denotethe numberof
tasksof Ui / 1 mappedto τi . Thetasksof Ur aremappedto thefirst 0 |Ur | / m1
timestepssuchthatnoneof thesetimesteps,exceptpossiblythelast,is partial.
It follows that |Ur | modm tasksaremappedto timestepτr - 1, if |Ur | modm 2
0. If |Ur | modm is zero,thenm tasksaremappedto τr - 1.

Definition 7.3 Letsbea positiveinteger. Then

smod1m : ) ((s 3 1) modm) + 1.

Hence,|Ur | mod1m is thenumberof tasksof Ur mappedto thelatesttimestep
thatcontainsa taskof Ur , i.e., kr - 1 ) |Ur | mod1m. Now assumethatwe have
alreadyscheduledUr , ,',', ,Ui / 1 in a greedyfashion. Thenthe next setUi is
scheduledasfollows. If ki ) 1, thenwe mapexactly onetaskof Ui to τi + 1,
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andwemapall othertasksof Ui to timestepsτi + 2, ,.,', , τi + 1 + 0 (|Ui | 3 1) /m1
suchthatnoneof thesetimesteps,exceptpossiblythelast,is partial. It follows
that the latesttimestepwith a taskof Ui is τi - 1 ) τi + 1 + 0 (|Ui | 3 1) / m1 . If
|Ui | 2 1, then(|Ui | 3 1) mod1m tasksaremappedto τi - 1, i.e., ki - 1 ) (|Ui | 3
1) mod1m. If |Ui | ) 1, thenone task is mappedto τi - 1, i.e., ki - 1 ) 1. On
the otherhand,if ki 2 1, thenno taskof Ui canbemappedto τi + 1, dueto
communicationdelays.In this case,we mapall tasksof Ui to timestepsτi +
2, ,.,', , τi + 1 + 0 |Ui | / m1 suchthatnoneof thesetimesteps,exceptpossiblythe
last,is partial.Hence,ki - 1 ) |Ui | mod1m tasksaremappedto timestepτi - 1 )
τi + 1 + 0 |Ui | /m1 . Werepeattheaboveprocessuntil all setsarescheduled.We
call thiskind of scheduleanm-processorUECTpackingof Ur , ,',., ,U1.

U8 U7 U6 U5 U4 U3 U2 U1

τ7 τ6 τ5 τ4 τ3 τ2 τ1 τ0

P6

...

P1

Figure7.3: A 6-processorUECTpacking.

For example,considereightsetsU8, ,',', ,U1 of sizes13, 9, 3, 19, 3, 13, 1,
and17. The6-processorUECT packingof thesesetsis shown in Figure7.3,
wheretasksaredepictedasdottedsquaresandeachsetis framedin grey. The
lengthof thisUECTpackingis 24.

Definition 7.4 LetUr , ,',., ,U1 benonemptysubsetsof T such thateverytaskin
Ui precedesall tasksin Ui - 1, for i ) 2, ,',., , r. Letk denotethenumberof tasks
mappedto the last timestepin an m-processorUECT packing of Ur , ,',', ,U1.
The packinginterfaceof Ur , ,',', ,U1, denotedby φ(Ur , ,',', ,U1), is definedas
follows:

φ(Ur , ,',., ,U1) : ) 4 1 if k ) 1,
0 otherwise.

Giventhepackinginterfaceof Ur , ,',', ,Ui / 1, thepackinginterfaceof Ur , ,',', ,Ui

canbecomputedusingthefollowing function:
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Definition 7.5 Leta 5 {0,1}, andletU bea nonemptysubsetof T. Wedefine

append(a,U) : 6 4 1 if |U | 6 1 or (|U | 3 a) mod1m 6 1,
0 otherwise.

Then,φ(Ur , 7.7'7 ,Ui) 6 append(φ(Ur , 7'7'7 ,Ui 8 1),Ui), for i 6 1, 7'7'7 , r 9 1, and

φ(Ur ) 6 4 1 if |Ur | mod1 m 6 1,
0 otherwise.

For i : 0, φ(Ur , 7.7'7 ,Ui 8 1) is the numberof tasksof Ui mappedto τi ;
1. As a consequence,τi < 1 equalsτi ; 1 ; = (|Ui | 9 φ(Ur , 7.7'7 ,Ui 8 1)) / m> . Let
length(Ur , 7'7'7 ,U1) denotethe lengthτ0 of an m-processorUECT packingof
thesetsUr , 7'7'7 ,U1. This lengthcannow bewrittenas

length(Ur , 7'7'7 ,U1) 6 ? |Ur |
m @ ; r < 1

∑
i A 1 B 1 ; ? |Ui | 9 φ(Ur , 7.7'7 ,Ui 8 1)

m @DC (7.1)

andwecaneasilyderivethefollowing lowerboundonthelengthof anoptimal
UECTschedule:

Lemma 7.6 Let(T, E ) besometasksystem,andlet optbetheminimallength
of an m-processorUECTschedulefor (T, E ). LetUr , 7'7'7 ,U1 bepairwisedis-
joint nonemptysubsetsof T such that every task in Ui precedesall tasksin
Ui < 1, for i F 2, 7'7'7 , r. Thenopt G length(Ur , 7'7'7 ,U1).

Proof. Any UECT schedulefor (T, E ) is at leastaslong asa UECT packing
of Ur , 7'7'7 ,U1. Thelengthof sucha packingis givenby (7.1). H
7.6 Block Decompositions

Thelowerboundgivenin thelastsectionholdsfor tasksystemswith arbitrary
precedenceconstraints.In this sectionwe prove that in the caseof interval
orderswe canalwaysfind disjoint subsetsof taskssuchthat the lengthof a
UECT packingof thesesetsequalsthe lengthof anoptimalUECT schedule
for theinterval order.

Definition 7.7 Let (T, E ) be an interval order, and let opt be the minimal
lengthof anm-processorUECTschedulefor (T, E ). Letχr , I'I'I ,χ1 bepairwise
disjointnonemptysubsetsof T such that
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1. there exist taskst0, I'I'I , tr J 1, with χr F Q(tr J 1), χi F N(ti) K Q(ti J 1) for
i F 1, I'I'I , r L 1, andQ(t0) F T,

2. opt F length(χr , I'I'I ,χ1).

Thenχr , I'I.I ,χ1 is an m-processorUECT block decompositionfor (T, E ) and
each setχi is calleda block.

Notethat in a UECT block decompositionχr , I.I'I ,χ1, every taskin χi pre-
cedesall tasksin χi J 1, for i F 2, I.I'I , r. Block decompositionswith similar
propertieshave beenstudiedby CoffmanandGraham[CG72], by Helmbold
andMayr [HM87b, May96], andin Chapter5.

A 3-processorUECT block decompositionfor the interval order in Fig-
ure7.1, consistingof four blocksχ4, I'I.I ,χ1, is depictedin Figure7.2. In the
proofof thefollowing theorem,weshow how to constructsucha decomposi-
tion.

Theorem7.8 For every interval order, there exists an m-processorUECT
block decomposition.

Proof. Let (T, E ) be an interval order, let L be a list of all taskssortedby
nonincreasingsuccessorset,andlet S be the UECT list schedulefor L. The
first timestepoccupiedby a taskin S is timestep1. For easeof presentation,
we introducea new task ttop that precedesall tasksin T and is mappedto
timestepL 1. Let τ0 bethelasttimestepof S, andlet T0 denotethesetof tasks
scheduledin timestepτ0. Furthermore,let t0 be an arbitrarytaskin T0. We
defineinductively, aslongasτi J 1 M 0:

τi : F eitherτi J 1 L 1, if sometaskis scheduledin τi J 1 L 1 that precedes
all tasksin Ti J 1, or otherwisethe latesttimestepτ beforeτi J 1 L 1
suchthat τ N 1 is partial or a tasku is scheduledin timestepτ N 1
with N(u) O N(ti J 1).

t̃i : F sometaskscheduledin timestepτi with maximalsuccessorset.
χi : F N(t̃i) K Q(ti J 1).
Ti : F thesetof tasksscheduledin timestepτi thatprecedeall tasksin χi .
ti : F sometaskin Ti with minimalsuccessorset.

Let χr , I'I.I ,χ1 be the setsdefinedby this algorithm. Then τr F L 1 and
t̃r F tr F ttop. We claim that χr , I'I.I ,χ1 is a UECT block decompositionfor
(T, P ). We first provethatχr , I'I'I ,χ1 arewell defined.To thisend,wehave to
show that t̃i andti J 1 arewell defined,for i F 1, I'I'I , r. If t̃i exists,thenti exists
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χ8 χ7 χ6 χ5 χ4 χ3 χ2 χ1
T0T1T2T3

P6

...

P1

τ7 τ6 τ5 τ4 τ3 τ2 τ1 τ0

t0
t1t2t2

t3
t4

t5

t6t7

Figure7.4: We constructblocks fromright to left by inductivelydefiningap-
propriate timestepsτi , setsTi , and tasksti (seeproof of Theorem7.8). Tasks
are depictedas dottedsquares,each set Ti is filled grey, and each block is
framedin grey.

aswell, becauseTi contains̃ti . Assumei is thefirst index for which t̃i cannot
be defined.This implies that no taskis mappedto timestepτi . In this case,
τi Q τi R 1 S 2, by construction.We have to considertwo cases.

case1: τi T τi R 1 S 2. Timestepτi U 1 is partial or a tasku is mappedto
τi U 1 with N(u) V N(ti R 1). ThesetTi R 1 is notempty, sinceit containsti R 1. By
construction,N(ti R 1) W N(x), for all x X Ti R 1, sinceti R 1 hasminimalsuccessor
setamongtasksin Ti R 1. Hence,if u exists,thenN(u) V N(x), for all x X Ti R 1,
i.e., all tasksin Ti R 1 havehigherpriority in L thanu. Sinceno taskis mapped
to τi , theonly possiblereasonwhy thelist schedulingalgorithmdid notmapa
taskof Ti R 1 to τi U 1 is thateveryx X Ti R 1 hasapredecessorin timestepτi U 1.
By definitionof interval orders,theremustexist a taskin τi U 1 ( T τi R 1 S 1)
thatprecedesall tasksin Ti R 1. Weobtainacontradiction,sinceτi shouldequal
τi R 1 S 1, by construction.

case2: τi Y τi R 1 S 2. Let A denotethesetof tasksmappedto τi U 2. By
construction,|A| T m andfor all x X A, N(ti R 1) W N(x). On the otherhand,
τi U 1 is partialor a tasku is mappedto τi U 1 with N(u) V N(ti R 1). Therefore,
all tasksin A have higherpriority in L thanu, if u exists. The reasonwhy
the list schedulerdid not mapa taskof A to τi U 1 is that every x X A hasa
predecessorin timestepτi U 1. By definitionof intervalorders,theremustexist
a taskin τi U 1 thatprecedesall tasksin A. But this violatescommunication
delays,sincethereareat leasttwo tasksin A (recall thatm Z 1), andno task
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canprecedemorethanonetaskin thenext timestep.Again,a contradiction.
As aconsequence,ourassumptionthat t̃i cannotbedefined,is wrong.We

concludethat t̃i andti R 1 arewell defined,for all i. Hence,thesetsχr , ['['[ ,χ1
arewell defined,too. Wewill show laterthateachsetχi is actuallynonempty.

Next, weturnto property1 of Definition7.7.WeobservethatN(ti) W N(t̃i)
and χi W N(ti). Consequently, χi T N(ti) \ Q(ti R 1), for i T 1, [.['[ , r. Since
N(ttop) T T andtr T ttop, we obtainχr T Q(tr R 1). It is furthermoreclearthat
Q(t0) T T. Weconcludethatt0, ['['[ , tr R 1 fulfill property1 of Definition7.7.As
a consequence,every taskin χi precedesall tasksin χi R 1. To seeproperty2,
considerthefollowing claims.

Claim 1: all tasksin Ti R 1 andall tasksscheduledin timestepsstrictly
betweenτi U 1 andτi R 1 belongto χi .

Claim 2: every task in χi either belongsto Ti R 1 or is scheduledin a
timestepstrictly betweenτi andτi R 1.

Claim 3: if |Ti | T 1 and i Y r, thenexactly onetaskof χi is mappedto
τi U 1.

For the time being, assumethat all threeclaims hold. Claim 1 implies
that eachset χi is nonempty, sinceTi R 1 containsti R 1. In order to respect
communicationdelays,notaskof χi is mappedto τi U 1 if |Ti | Z 1, sinceevery
taskof Ti precedesall tasksof χi. By construction,no taskof χr is mappedto
τr U 1, andnotimestepstrictly betweenτi U 1 andτi R 1 is partial.Hence,

τi R 1 T
]^^^^^^^_ ^^^^^^^`

a
|χi |
m b if i T r,

τi U 1 U a
|χi | S 1

m b if i Y r and|Ti | T 1,

τi U 1 U a
|χi |
m b if i Y r and|Ti | Z 1.

Observe thatχr , ['[.[ ,χ1 arescheduledby S thesameway asthesesetswould
be scheduledin a UECT packing. Therefore,|Ti | T 1 iff φ(χr , ['['[ ,χi c 1) T 1,
for i T 0, ['['[ , r S 1. We obtain

τ0 T a
|χr |
m b U r R 1

∑
i d 1 e 1 U a

|χi | S φ(χr , ['[.[ ,χi c 1)
m bgf T length(χr , ['['[ ,χ1).
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Sinceτ0 T length(S) andnoschedulefor (T, h ) canhavea lengthshorterthan
length(χr , ['['[ ,χ1), by Lemma7.6, we obtainopt T length(χr , ['['[ ,χ1). (As a
byproduct,this impliescorrectnessof Theorem7.1.)Whatremainsis to prove
theclaims.

Proof of claim 1: Considerthecaseτi T τi R 1 S 1. Thereis a tasksched-
uledin timestepτi R 1 S 1 thatprecedesall tasksin Ti R 1. Sincet̃i hasmaximal
successorsetamongtasksmappedto timestepτi , it holdsthat t̃i precedesall
tasksin Ti R 1. Furthermore,Ti R 1 W Q(ti R 1), becauseti R 1 hasminimalsuccessor
setamongtasksin Ti R 1. Therefore,Ti R 1 W χi .

Otherwise,τi Q τi R 1 S 2. Let x be a taskthat is eithercontainedin Ti R 1
or mappedto a timestepstrictly betweenτi U 1 andτi R 1, suchthat x hasno
predecessormappedto a timestepstrictly betweenτi U 1 andτi R 1. In either
case,N(ti R 1) W N(x): if x is scheduledin atimestepstrictly betweenτi U 1 and
τi R 1, this follows from thechoiceof τi ; if x X Ti R 1, this follows becauseti R 1
hasminimalsuccessorsetamongtasksof Ti R 1.

We prove thatx hasa predecessorin timestepτi . Assumethecontrary(i).
By construction,eitherτi U 1 is partial or a tasku is scheduledin timestep
τi U 1 with N(u) V N(ti R 1). Hence,if u exists,thenx hashigherpriority than
u in L, becauseL is sortedby nonincreasingsuccessorsetandN(ti R 1) W N(x).
Sincex hasno predecessorin timestepτi and no predecessorin timesteps
strictly betweenτi U 1 andτi R 1, theonly possiblereasonwhy thelist schedul-
ing algorithmleft τi U 1 partialor mappedu to τi U 1 is thatapredecessory of
x is mappedto τi U 1. Sincewe assumedthatno predecessorof x is mapped
to τi , it alsoholds that no predecessorof y is mappedto τi . We show next
thatthereexistsa taskzmappedto τi U 2 thathasnopredecessorin τi U 1 and
N(ti R 1) W N(z). We have to considertwo cases:

case1: τi T τi R 1 S 2. Thenx X Ti R 1, sincethereareno timestepsstrictly
betweenτi U 1 andτi i 1. Assume|Ti i 1| T 1. ThenTi i 1 T {x}, andthereexists
a taskscheduledin timestepτi i 1 j 1 that precedesall tasksin Ti i 1, namely
y. We obtaina contradiction,sincein this case,τi shouldhave beenset to
τi i 1 j 1. Hence,|Ti i 1| Z 1. If morethanonetaskin Ti i 1 hasa predecessor
in timestepτi i 1 j 1, then,by definitionof interval orders,therewould exist
a taskin timestepτi i 1 j 1 thathasmorethanonesuccessormappedto τi i 1,
whichcannothappendueto communicationdelays.Hence,thereexistsatask
z X Ti i 1 thathasnopredecessorin timestepτi i 1 j 1. NotethatN(ti i 1) W N(z),
sinceti i 1 is a taskin Ti i 1 with minimalsuccessorset.

case2: τi Y τi i 1 j 2. Thenτi U 2 is notpartial,by thechoiceof τi . We ob-
servethatatmostonetaskin τi U 2 hasapredecessorin τi U 1, sinceotherwise
therewouldexist a taskin timestepτi U 1 thatprecedestwo tasksin τi U 2, by
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definitionof interval orders,andsucha situationwould violatecommunica-
tion delays.Sincem Z 1, thereexistsa taskzscheduledin timestepτi U 2 that
hasno predecessorin timestepτi U 1. NotethatN(ti i 1) W N(z), by thechoice
of τi .

Assumethereexists a taskt in timestepτi that is a predecessorof z (ii).
Thent h z andy h x. By definitionof interval orders,this impliesthat t h x
or y h z. In either case,we obtain a contradiction: if t h x, then x hasa
predecessorin timestepτi , andif y h z, thenz hasa predecessorin timestep
τi U 1. Hence,assumption(ii) is wrongandz hasno predecessorin timestep
τi . As notedabove,z hasno predecessorin timestepτi U 1 either. It follows
thatz is availableat timestepτi U 1. If τi U 1 is partial,thenthelist scheduling
algorithmshouldschedulez in timestepτi U 1. If u exists andτi U 1 is not
partial,thenthelist schedulingalgorithmshouldschedulez in timestepτi U 1
insteadof u, sincezhashigherpriority thanu in L, becauseN(u) V N(ti i 1) W
N(z). A contradiction.Hence,assumption(i) is wrongandx hasapredecessor
mappedto timestepτi .

Let B denotethe setof taskseithermappedto sometimestepstrictly be-
tweenτi U 1 andτi i 1 or containedin Ti i 1. As wehave just shown, every task
of B hasa predecessoreitherin B or in timestepτi . By transitivity of h , ev-
ery taskof B hasa predecessorin timestepτi . Let A denotethe setof those
predecessors.By definitionof interval orders,every taskin A with maximal
successorsetprecedesall tasksin B. It follows that t̃i precedesall tasksin B,
becausẽti hasmaximalsuccessorsetamongtasksmappedto τi . Moreover,
for every x X B, N(ti i 1) W N(x). We obtainB W χi , which provesclaim 1. To
proveclaim2 and3 werequire

Claim 4: no taskmappedto τi k 1 is predecessorof all tasksin χi .

Proof of claim 4: Let us first considerthe caseτi l τi i 1 j 1. The tasks
of Ti i 1 are mappedto τi i 1 and they belongto χi , by claim 1. Hence,no
taskmappedto τi k 1 ( l τi i 1) is predecessorof all tasksin χi. Otherwise,
τi m τi i 1 j 2. Assumex is a task in timestepτi k 1 that precedesall tasks
of χi . Let τi l τi i 1 j 2. By claim 1, x is predecessorof all tasksin Ti i 1.
Sincex is mappedto timestepτi i 1 j 1, τi shouldhave beensetto τi i 1 j 1, a
contradiction.Otherwise,τi Y τi i 1 j 2. Sincex precedesthe tasksin χi , at
mostonetaskof χi is mappedto τi k 2, in order to respectcommunication
delays.By claim 1, all tasksscheduledin timestepτi k 2 belongto χi . Again
a contradiction,sinceτi k 2 is not partialandm Z 1. Hence,our assumption
is wrongandno taskin τi k 1 precedesall tasksin χi .
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Proof of claim 2: Assumethereexistsa taskx X χi mappedto a timestep
τ Z τi i 1. Sincex precedesall tasksin χi i 1, it is scheduledbeforeany taskof
χi i 1. Thetasksof Ti i 2 aremappedto τi i 2 and,by claim1, all of thembelong
to χi i 1. Hence,τ is strictly betweenτi i 1 andτi i 2. Therefore,τi i 1 m τi i 2 j 2.
If τi i 1 Y τi i 2 j 2, thenall tasksmappedto τi i 1 k 2 aretasksfrom χi i 1 (claim
1), andτi i 1 k 2 is not partial, by construction. If τi i 1 l τi i 2 j 2, thenthe
tasksof Ti i 2 aremappedto τi i 1 k 2. In eithercase,at leastonetaskof χi i 1 is
scheduledin timestepτi i 1 k 2. Hence,x mustbemappedto τi i 1 k 1. By claim
4,x is notpredecessorof all tasksin χi i 1, acontradictionto thefactthatx n χi.
Our assumptionis thereforewrong,andno taskof χi is mappedto a timestepo τi i 1. By construction,all tasksmappedto τi i 1 thatarepredecessorsof all
tasksin χi i 1 arepartof Ti i 1. Hence,if a taskx n χi is mappedto τi i 1, then
x n Ti i 1. Sinceno taskof χi is scheduledin a timestepearlierthanτi k 1, we
concludethatevery taskx n χi is eithercontainedin Ti i 1 or is scheduledin a
timestepstrictly betweenτi andτi i 1.

Proof of claim 3: Let usfirst observethatatmostonetaskof χi is mapped
to τi k 1, becausethereis a task in τi , namely t̃i , that precedesall tasksof
χi . Theclaim trivially holdsin caseτi l τi i 1 j 1, becausethe tasksof Ti i 1
aremappedto τi i 1 ( l τi k 1), andthey belongto χi , by claim 1. Otherwise,
τi m τi i 1 j 2. Let |Ti | l 1, i.e., Ti l {ti} and t̃i l ti . Assumeno taskof χi is
mappedto τi k 1. Let x beataskin χi with minimalpredecessorset.Notethat
everypredecessorof x is predecessorof all tasksin χi. As a consequence,the
only predecessorof x mappedto τi is ti , sinceotherwise|Ti |

o 1. Furthermore,
nopredecessorof x is mappedto τi k 1,sinceotherwisethispredecessorwould
precedeall tasksin χi, contradictingclaim 4. It follows that x is readyat
timestepτi k 1.

By construction,timestepτi k 1 is partialoratasku ismappedtoτi k 1with
N(u) p N(ti i 1). In the latter case,x hashigherpriority in L thanu, because
x n χi andhence,N(ti i 1) q N(x). In eithercase,thelist schedulingalgorithm
consideredx when it looked for tasksto schedulein timestepτi k 1. The
only possiblereasonwhy the list schedulerdid not mapx to timestepτi k 1
is thatthereexistsa taskz mappedto τi k 1 suchthatz andx have a common
predecessorin timestepτi . Thiscommonpredecessormustbeti , sinceti is the
only predecessorof x in timestepτi . The list schedulingalgorithmpreferred
to schedulez in timestepτi k 1 rather than x, hence,z hashigher priority
thanx in L. In otherwords,N(x) q N(z). Clearly, N(ti i 1) q N(x), becausex
belongsto χi . As a consequence,N(ti i 1) q N(z) andthereforez n χi (recall
that t̃i l ti h z). But this contradictsour assumptionthat no task of χi is
mappedto τi k 1. Hence,our assumptionis wrong andsometaskof χi is
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scheduledin timestepτi k 1. r
7.7 Distancesand Interfaces

In thissectionwedescribehow to efficiently extractinformationon thestruc-
ture of an optimal UECT schedulefrom the interval order, without actually
computingtheschedule.

LetU besomesubsetof T. Thetasksystem(U , h ) is still aninterval order.
Furthermore,N(x) q N(y) implies (N(x) s U) q (N(y) s U), for all x,y t U .
As a consequence,any list of all tasksU , orderedby nonincreasingsizeof
their successorsetsin (T, h ), is alsoorderedby nonincreasingsizeof their
successorsetsin (U , h ). Let L be sucha list, and let S be the UECT list
schedulefor L. We are interestedin the length of S, and whetherthe last
timestepof Scontainsonetaskor morethanonetask.

Definition 7.9 LetU q T. TheschedulingdistanceofU, denotedbyD(U), is
thelengthof anoptimalm-processorUECTschedulefor (U , h ).

Clearly, thelengthof S is D(U), sinceS is anoptimalschedulefor (U , h ),
by Theorem7.1. It turns out that the numberof tasksmappedto the last
timestepof Sdoesnotdependonaspecificlist L, but only onthesetU , aslong
astasksin L areorderedby nonincreasingsuccessorset.In fact,thenumberof
tasksin the last timesteponly dependson thepossibleblock decompositions
for (U , h ).

Definition 7.10 LetU q T. Theschedulinginterfaceof U, denotedby F(U),
is 0 if there existsan m-processorUECT block decompositionχr , u'u'u ,χ1 for
(U , h ) with φ(χr , u'u'u ,χ1) v 0, andit is 1 otherwise.

In the following we show that the schedulinginterfaceof U is 1 iff the
numberof tasksin thelasttimestepof S is 1.

Lemma 7.11 LetU q T, andlet L bea list of all tasksU, orderedby nonin-
creasingsuccessorset.LetSbetheUECTlist schedulefor L, andlet k denote
thenumberof tasksmappedto thelast timestepof S. ThenF(U) v 1 iff k v 1.

Proof. Let χr , u'u'u ,χ1 beaUECTblockdecompositionfor S, asconstructedin
the proof of Theorem7.8. Recall that in this constructionT0 consistsof all
tasksmappedto the last timestepof S, and|T0| v 1 iff φ(χr , u'u'u ,χ1) v 1. Let
F(U) v 1. It follows thatφ(χr , u.u'u ,χ1) v 1, andhence,k v |T0| v 1.
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Now let k v 1. We prove by contradictionthat no block decomposition
χr , u'u.u ,χ1 for (U , h ) existswith φ(χr , u'u'u ,χ1) v 0. Without lossof generality,
wecanassumethatthereexistsataskx thatis successorof all tasksinU . Since
only onetaskof U is scheduledin thelasttimestepof S, wecanappendx to S,
andobtaina scheduleSw for (U x {x}, y ). SinceS is anoptimalschedulefor
(U , y ), by Theorem7.1,it holdsthatSw is anoptimalschedulefor (U x {x}, y ).
Hence,D(U x {x}) v D(U) z 1. Let χr , u'u'u ,χ1 beaUECTblockdecomposition
for (U , y ) with φ(χr , u.u'u ,χ1) v 0. Accordingto (7.1),a UECT packingof the
setsχr , u'u'u ,χ1, {x} haslength

length(χr , u'u'u ,χ1, {x}) v length(χr , u'u'u ,χ1) z 1 z { |{x}| | φ(χr , u'u.u ,χ1)
m } ,

which equalsD(U) z 2 becauselength(χr , u.u'u ,χ1) v D(U), accordingto Defi-
nition 7.7. No UECTschedulefor (U x {x}, y ) canhavea lengthshorterthan
length(χr , u'u'u ,χ1, {x}), by Lemma7.6,andweobtainD(U x {x}) ~ D(U) z 2.
A contradiction.It followsthatourassumptionis wrong,andnoblockdecom-
positionχr , u'u'u ,χ1 for (U , y ) existswith φ(χr , u'u'u ,χ1) v 0. Hence,F(U) v 1.�

Our aim is to determineD(U) andF(U) for certainsubsetsU of T. More
precisely, wewantto computeD(P(x)) andF(P(x)) for everyx t T. For tech-
nical reasons,we computeD(Q(x)) andF(Q(x)) instead.It is not difficult to
computetheformergiventhelatter: For eachx, we take a predecessory of x
with minimalsuccessorset.ThenP(x) v Q(y).

Thedatastructureusedto determineschedulingdistancesandscheduling
interfacesis theUECTdistancegraph. In this graph,therearetwo edgesfor
everypossibleblockχi of someblockdecompositionfor (Q(x), y ). Oneedge
representstheblock in ablockdecompositionχr , u'u'u ,χ1 whereφ(χr , u'u'u ,χi � 1)v 1, andtheotheredgerepresentsthesameblock in a block decomposition
with φ(χr , u'u.u ,χi � 1) v 0. Theweightof anedgeequalsthenumberof timesteps
requiredto schedulethe block in the respective context. As a consequence,
for everytaskx, andfor everyUECTblockdecompositionfor thetasksystem
(Q(x), y ), thereis a correspondingpathin thedistancegraphandits lengthis
D(Q(x)).

Definition 7.12 Let the m-processorUECT distancegraphfor (T, y ) be the
weighteddirectedgraph definedas follows: Its vertex setconsistsof a root
vertex v, andfor everyx t T, twoverticesx(0) andx(1). Its edgesetconsistsof

1. anedge (v,x(b)), for everyx t T, with b v φ(Q(x)) and
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2. anedge (x(a),y(b)), for a t {0,1} andeveryx,y t T with |N(x) s Q(y)| �
0, andb v append(a,N(x) s Q(y)).

Theweightof an edge (v,x(b)) equals � |Q(x)| / m� , and theweightof an edge
(x(a),y(b)) is 1 z � (|N(x) s Q(y)| | a) / m� .

In the restof this section,let H denotethe m-processorUECT distance
graphfor the interval order(T, y ). Note thatH is acyclic. In orderto show
that H canbe usedto determineD(Q(x)) andF(Q(x)), we needa seriesof
auxiliary propositions.In thefirst of them,we prove that thelengthof a path
q, startingat the root of H, is the lengthof the UECT packingof the task
setsthat correspondto theedgesof q. Next, we show that the lengthof any
pathendingat x(0) or x(1) doesnot exceedD(Q(x)). Then,we prove that for
every taskx andeveryblock decompositionof (Q(x), y ), thereexistsa pathq
in H from its root to x(a) suchthatq haslengthD(Q(x)) anda is thepacking
interfaceof the block decomposition.Finally, we show that thereis a path
from therootof H to x(0) of lengthD(Q(x)) if f F(Q(x)) � 0.

Lemma 7.13 Letq � v,x(ar � 1)
r � 1 , �'�'� ,x(a0)

0 beapathin H, startingat theroot. Let
Ur denotethesetQ(xr � 1), andletUi denoteN(xi) � Q(xi � 1), for i � 1, �.�'� , r � 1.
Thena0 � φ(Ur , �'�'� ,U1) andthelengthof q is length(Ur , �'�'� ,U1).

Proof. We claim ai � φ(Ur , �'�'� ,Ui � 1), for i � 0, �'�'� , r � 1. Clearly, theclaim
holds for i � r � 1. Let the claim hold for somei � r � 1. Then, ai � 1 �
append(ai ,Ui), by definitionof H, andai � φ(Ur , �'�'� ,Ui � 1), by inductive hy-
pothesis.Sinceappend(φ(Ur , �'�'� ,Ui � 1),Ui) � φ(Ur , �'�'� ,Ui), it holdsthatai � 1 �
φ(Ur , �'�.� ,Ui), whichprovestheclaimby inductionon i. By constructionof H,
thelengthof q is �

|Ur |
m � � r � 1

∑
i � 1 � 1 � �

|Ui | � ai

m �g� .

We replaceai with φ(Ur , �'�'� ,Ui � 1) andobtainthedesiredresult. �
Lemma 7.14 Let x � T, andlet w bethelengthof a pathfromtheroot of H
to x(0) or x(1). ThenD(Q(x)) � w.

Proof. Let v,x(ar � 1)
r � 1 , �.�'� ,x(a0)

0 be a pathin H of lengthw, startingat the root,
with x0 � x. Furthermore,let Ur � Q(xr � 1) andlet Ui � N(xi) � Q(xi � 1), for
i � 1, �'�.� , r � 1. By Lemma7.13,w � length(Ur , �'�'� ,U1). It is not difficult to
seethatUr , �'�'� ,U1 arepairwisedisjoint nonemptysubsetsof Q(x), andevery
task in Ui precedesall tasksin Ui � 1, for i � 2, �.�'� , r. Hence,we canapply
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Lemma7.6andobtainD(Q(x)) � length(Ur , �'�'� ,U1). It followsthatD(Q(x)) �
w. �
Lemma 7.15 Let x � T, and let χr , �.�'� ,χ1 be an m-processorUECT block
decompositionfor (Q(x), � ). Thenthereexistsa pathin H fromits root to x(a)

of lengthD(Q(x)) with a � φ(χr , �'�.� ,χ1).

Proof. By Definition 7.7, thereexist taskst0, �'�.� , tr � 1 suchthatχr � Q(tr � 1),
χi � N(ti) � Q(ti � 1), for i � 1, �'�.� , r � 1, andQ(t0) � Q(x). Hence,χ1 � N(t1) �
Q(x), andthereexistsapathv, t(ar � 1)

r � 1 , �'�'� , t(a1)
1 ,x(a) in H, startingat theroot. By

Lemma7.13,a � φ(χr , �'�.� ,χ1) andthelengthof thispathis length(χr , �'�.� ,χ1),
whichequalsD(Q(x)), accordingto Definition7.7. �
Lemma 7.16 Letx � T. Thereexistsa pathin H fromits root to x(0) of length
D(Q(x)) iff F(Q(x)) � 0.

Proof. Let F(Q(x)) � 0. Thenthereexistsa UECT block decompositionχr ,�'�.� , χ1 for (Q(x), � ) with φ(χr , �'�'� ,χ1) � 0. By Lemma7.15,thereexistsapath
of lengthD(Q(x)) from therootof H to x(0).

Conversely, let q � v,x(ar � 1)
r � 1 , �'�.� ,x(a1)

1 ,x(0) beapathof lengthD(Q(x)) from
theroot of H to x(0). Let Ur denotethesetQ(xr � 1), let Ui � N(xi) � Q(xi � 1),
for i � 2, �'�'� , r � 1, andlet U1 denotethesetN(x1) � Q(x). By Lemma7.13,it
holdsthatφ(Ur , �'�.� ,U1) � 0 andthelengthof q equalslength(Ur , �'�'� ,U1). As
a consequence,Ur , �'�.� ,U1 is a UECT block decompositionfor (Q(x), � ). We
concludethatF(Q(x)) � 0 sincethepackinginterfaceof Ur , �'�'� ,U1 is 0. �

We have now everything in handfor an efficient parallel algorithm that
computesschedulingdistancesandschedulinginterfaces.As wewill show, it
sufficesto computelongestpathsin thedistancegraph.

Lemma 7.17 Let |T | � n. We cancomputeD(P(x)) andF(P(x)) for all tasks
x � T, with P(x) �� ∅, in timeO(log2n) usingn3 / logn EREWPRAMproces-
sors or in timeO(logn) usingn3 CRCWPRAMprocessors.

Proof. We assumethat (T, � ) is given by a precedencegraphG. Let G be
representedby anadjacency matrixA suchthatai j

� 1 if thereis anedgefrom
taski to task j, andai j

� 0 otherwise.If not transitively closed,we compute
thetransitiveclosureof G usingstandardtechniques(cf. Subsection3.12.2).

In thefirst step,wedetermine|Q(x)| and|N(x) � Q(y)|, for all x,y � T. The
setsN(x) candirectlybeobtainedfrom theadjacency matrixof thetransitively
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closedG. ThesetQ(y) consistsof all tasksx with |N(x)| � |N(y)|. Therefore,
Q(y) canbecomputedusingprefix operations.GivenN(x) andQ(y), we can
determineN(x) � Q(y) in constanttime usingn processors.In order to run
without concurrentread,we make a sufficient numberof copiesof N(x) and
Q(y) beforehandusingprefix operations.We concludethat |Q(x)| and|N(x) �
Q(y)| canbe computedfor all pairsof tasksin time O(logn) usingn3 / logn
EREWPRAM processors.

Next, weconstructthem-processorUECTdistancegraphH of (T, � ). For
every x � T, we fix sometask z that is predecessorof x and hasminimal
successorset. Clearly, Q(z) � P(x). By Lemma7.14,any pathfrom theroot
of H to z(0) or z(1) haslengthatmostD(Q(z)). By Lemma7.16,thereis apath
of lengthD(Q(z)) from therootof H to z(0) if f F(Q(z)) � 0. By Theorem7.8,
thereexists at leastone m-processorUECT block decompositionχr , �'�'� ,χ1
for (Q(z), � ). If F(Q(z)) � 1, thenφ(χr , �'�'� ,χ1) � 1, andthereexists a path
of length D(Q(z)) from the root of H to z(1), by Lemma7.15. Hence,the
schedulingdistanceandtheschedulinginterfaceof P(x) canbedeterminedas
follows. Let q0 be a longestpathfrom the root of H to z(0) andlet q1 be a
longestpathfrom the root to z(1). At leastoneof themexistsandthe length
of the longerof themequalsD(Q(z)). Furthermore,F(Q(z)) � 1 iff eitherq0
doesnotexist or its lengthis shorterthanthatof q1.

Therefore,it sufficesto determinelongestpathsin H. By Theorem3.26,
this takesO(log2n) time andn3 / logn processorson the EREW PRAM. As
for theCRCWPRAM implementation,weobservethefollowing. An optimal
UECT schedulefor a tasksystemwith n taskshaslengthat mostn. Hence,
nopathin H is longerthann (cf. Lemma7.14).In thiscase,thelengthsof all
longestpathscanbeobtainedon theCRCWPRAM in timeO(logn) usingn3

processors,by Theorem3.27. �
7.8 Constructing an Optimal Schedule

Usingtheschedulingdistancesandtheschedulinginterfacesof thesetsP(x),
weconstructaninstanceof adifferentschedulingproblemwheretasksarenot
constrainedby precedencebut have individual releasetimes and deadlines.
An instanceof this problemconsistsof a tasksystem(T, r,d) anda number
m of targetprocessors,wherer andd aremappingsfrom T to positive integer
timesteps.An m-processorschedulefor (T, r,d) is a mappingS from T to
positive integertimestepssuchthat

1. r(x) � S(x), for all x � T, and
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2. nomorethanm tasksaremappedto thesametimestep.

If thereexists a schedulefor (T, r,d) that meetsthe deadlines(i.e., S(x) �
d(x) for all x � T), thenthe following list schedulingalgorithmfinds sucha
schedule[Jac55]. Take a list of all tasksorderedby nondecreasingdeadline.
Consideronetimestepafter the other, startingwith timestep1. To find the
tasksfor timestepτ, scanthelist from left andpick, of thetaskswith release
time � τ, asmany aspossible,up to a maximumof m. Map thesetasksto
timestepτ andremove themfrom the list. If the list is not emptyby now,
repeattheaboveprocessfor timestepτ � 1.

Thescheduleobtainedby thisalgorithmis calledearliestdeadlineschedule
or EDschedule(cf. Section3.13).In thissectionweshow thatwecanfind, for
eachtaskx, areleasetimer(x) andadeadlined(x) suchthateverym-processor
ED schedulefor (T, r,d) is anoptimalm-processorUECTschedulefor (T, � ).

Lemma 7.18 Let L bea list of all tasks,orderedby nonincreasingsuccessor
set,andlet SbetheUECTlist schedulefor L. Let τ bethelatesttimestepin S
with a predecessorof x, andlet k denotethenumberof predecessorsof x that
Sschedulesin timestepτ. Thenτ � D(P(x)) andfurthermore, F(P(x)) � 1 iff
k � 1.

Proof. LetL � betheprefixof L thatconsistsof P(x), andletS� betheUECTlist
schedulefor L � . By Theorem7.1,S� is anoptimalUECTschedulefor (P(x), �
), sincethetasksin L � areorderedby nonincreasingsizeof theirsuccessorsets
in (P(x), � ). Thelengthof S� is thereforeD(P(x)). If we restrictS to thetasks
in P(x), thenSequalsS� , becauseL � is a prefix of L. Hence,thelast timestep
in S with a predecessorof x is timestepD(P(x)). By Lemma7.11, the last
timestepof S� containsonetaskiff F(P(x)) � 1. Therefore,Sschedulesonly
onepredecessorof x in timestepτ if f F(P(x)) � 1. �

S schedulestaskx in no timestepearlier thanD(P(x)) � 1, sinceat least
D(P(x)) timestepsarerequiredto scheduleall predecessorsof x. If F(P(x)) �
0, then at least two predecessorsof x are mappedto timestepD(P(x)), by
Lemma7.18. In this case,x cannot be scheduledin a timestepearlierthan
D(P(x)) � 2, in orderto allow for communication.

Definition 7.19 Let τ be a timestep,let L be a list of all tasks,ordered by
nonincreasingsuccessorset, and let x be a taskwith P(x)  � ∅. Thenx is
favoredtaskcandidateof τ if D(P(x)) � τ andF(P(x)) � 1. Let ft(τ) denotethe
leftmostfavoredtaskcandidateof τ in L. Wecall ft(τ) favoredtaskof timestep
τ in L.
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By Lemma7.18,exactly onepredecessorof every favoredtaskcandidate
of τ is scheduledby S in timestepτ. It follows that all favored taskcandi-
datesof timestepτ arereadyat timestepτ � 1. Furthermore,by definitionof
interval orders,thereexists a taskmappedto timestepτ that is predecessor
of all favoredtaskcandidatesof timestepτ. As a consequence,at mostone
favoredtaskcandidatecanbe mappedto timestepτ � 1, in orderto respect
communicationdelays. If the list schedulingalgorithmschedulesa favored
taskcandidateof τ in timestepτ � 1 atall, thenit will chooseonewith highest
priority in L, i.e., it will choosethefavoredtaskof timestepτ.

Lemma 7.20 Let L bea list of all tasks,orderedby nonincreasingsuccessor
set,let Sbe theUECTlist schedulefor L, and let x,y � T. If S(y) � S(x) � 1
andx � y, theny is thefavoredtaskof timestepS(x) in L.

Proof. By Lemma7.18,S(x) � D(P(y)). Assumethaty is not a favoredtask
candidateof timestepS(x). ThenF(P(y)) � 0. By Lemma7.18,at leasttwo
predecessorsof y aremappedto S(x). Hence,y can not be scheduledin a
timestepearlierthanS(x) � 2, in orderto allow for communication.A contra-
diction. Therefore,y is favoredtaskcandidateof S(x). As alreadynoted,only
onefavoredtaskcandidateof S(x) canbemappedto S(x) � 1, andall favored
taskcandidatesof S(x) arereadyattimestepS(x) � 1. Becausethefavoredtask
of S(x) hashigherpriority in L thanall otherfavoredtaskcandidatesof S(x),
it follows thaty mustbethefavoredtaskof S(x) in L. �

In the new tasksystem(T, r,d), the releasetime of taskx will be 1 if x
hasno predecessors,it will beD(P(x)) � 1 if x is thefavoredtaskof timestep
D(P(x)), andit will otherwisebeD(P(x)) � 2. We definedeadlinesin sucha
way that the ED schedulingalgorithmconsidersthe tasksin the sameorder
astheUECT list schedulingalgorithmdoes.For thispurpose,thedeadlineof
taskx is setto |T | plusthepositionof x in L. Thesedeadlinesarelargeenough
thatthereexistsa schedulefor (T, r,d) thatmeetsthedeadlines.

Lemma 7.21 Let L bea list of all tasks,orderedby nonincreasingsuccessor
set,andlet (T, r,d) bethetasksystemwith releasetimesanddeadlinesdefined
asfollows.For everyx � T, let

r(x) : � ¡¢¤£ 1 if P(x) � ∅,
D(P(x)) � 1 if x � ft(D(P(x))),
D(P(x)) � 2 otherwise,

d(x) : � |T | � thepositionof x in L.
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Theneverym-processorED schedulefor (T, r,d) is an optimalm-processor
UECTschedulefor (T, � ).

Proof. Let S� beanED schedulefor (T, r,d), andlet SbetheUECTlist sched-
ule for L. We claim thatSandS� areidentical.Assumethecontraryandlet τ
betheearliesttimestepwhereSandS� differ. Let S�τ denotethesetof tasksthat
S� schedulesin timestepτ, andlet Sτ denotethesetof tasksthatSschedules
in timestepτ. Finally, let x betheleftmosttaskin L thatis containedeitherin
Sτ ¥ S�τ or in S�τ ¥ Sτ.

Sinceboth schedulingalgorithmsconsidertasksin the ordergiven by L,
andx is theleftmosttaskin L that is handleddifferentlyby theED scheduler
andby theUECT list scheduler, we canderive thatbothalgorithmsconsider
x whenthey look for tasksto bescheduledin timestepτ. As a consequence,
if x � Sτ ¥ S�τ, then the only possiblereasonwhy the ED schedulerdid not
mapx to timestepτ is that thereleasetime of x is later thanτ. Conversely, if
x � S�τ ¥ Sτ, thentheonly two possiblereasonswhy theUECT list scheduler
did not map x to timestepτ are that either x is not readyat timestepτ or
S alreadymappeda tasky to timestepτ suchthat x andy have a common
predecessorin timestepτ ¥ 1.

We first analyzethecasex � S�τ ¥ Sτ, i.e., theUECT list schedulingalgo-
rithm did not schedulex in timestepτ, but the ED schedulerdid. It follows
thatr(x) � τ. If P(x) � ∅, thenr(x) � 1. If x is favoredtaskof D(P(x)), thenits
releasetime is D(P(x)) � 1 andonly onepredecessorof x is mappedto time-
stepD(P(x)), by Lemma7.18.Otherwise,thereleasetimeof x is D(P(x)) � 2.
By Lemma7.18,thelatesttimestepin Swith apredecessorof x is D(P(x)). In
any case,x is readyin Sat timestepτ, sincer(x) � τ. As a consequence,the
only possiblereasonwhy theUECTlist schedulerdid notmapx to timestepτ
is thatSalreadymappeda tasky to τ suchthatx andy havea commonprede-
cessorin timestepτ ¥ 1. By Lemma7.20,y is favoredtaskof timestepτ ¥ 1 in
L, hence,x is not favoredtaskof timestepτ ¥ 1. Sincex hasa predecessorin
τ ¥ 1 andis readyat timestepτ, weobtainD(P(x)) � τ ¥ 1. Hence,x is not fa-
voredtaskof timestepD(P(x)). Its releasetimeis thereforeD(P(x)) � 2,which
equalsτ � 1. Obviously, theED schedulercannotschedulex in timestepτ. A
contradiction.

Now let x � Sτ ¥ S�τ. It follows that thereleasetime of x is greaterthanτ.
TheUECT list schedulerdoesnot mapx to a timestepearlierthanD(P(x)) �
1. Hence,τ ¦ D(P(x)) � 1. On the otherhand,the releasetime of x is �
D(P(x)) � 2,by definition.It followsthatr(x) � D(P(x)) � 2andτ � D(P(x)) �
1. Accordingto Lemma7.18, timestepD(P(x)) containsa predecessorof x.
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Hence,x is favoredtaskof timestepD(P(x)) in L, by Lemma7.20.Therefore,
its releasetimemustbeD(P(x)) � 1,by definition.A contradiction.

We concludethat no suchtaskx exists andthereforeSτ � S�τ. It follows
thatSandS� areidentical.Accordingto Theorem7.1,S is anoptimalUECT
schedulefor (T, � ). Hence,thesameholdsfor S� . �

We arenow ableto statethemainresultof thischapter.

Theorem7.22 Let (T, � ) be an interval order, with |T | � n. An optimal m-
processorUECTschedulefor (T, � ) canbecomputedin timeO(log2n) using
n3 / logn EREWPRAMprocessors or in timeO(logn) usingn3 CRCWPRAM
processors.

Proof. Accordingto Lemma7.17, we cancomputethe schedulingdistance
and the schedulinginterfaceof P(x), for all tasksx simultaneously, within
thedesiredresourcebounds.Giventhesenumbers,it is easyto constructthe
tasksystemwith releasetimesanddeadlinesdefinedin Lemma7.21,using
sortingandprefixoperations(Theorems3.1and3.9). Parallelalgorithmsthat
computeED scheduleshave beendiscussedin Section3.13. The algorithm
of Dekel and Sahniruns in time O(log2n) using n / logn processors,while
the algorithmof Dolev, Upfal, andWarmuthrequiresonly O(logn) time but
n2 / logn processors.Bothalgorithmsrunon theEREWPRAM. �

What remainsis to assigntasksto processors.Let x1 � x2 � §.§'§¨� xs,
s © 1, betasksscheduledin successive timesteps,i.e., S(xi) � S(xi ª 1) � 1, for
i � 2, «'«'« ,s, suchthat no predecessorof x1 is scheduledin timestepS(x1) ¥
1 andno successorof xs is scheduledin timestepS(xs) � 1. Call any such
set of tasksa chain in S. Clearly, all tasksin a chain mustbe assignedto
thesameprocessor. In UECT schedulesfor interval orders,at mostonetask
scheduledin timestepτ hasa predecessorin τ ¥ 1, andat mostonetask in
timestepτ hasa successorin τ � 1. As a consequence,chainsdo not overlap
in S by more than one timestep. For instance,no task of any chain other
thanx1, «'«'« ,xs is scheduledin timestepsS(x2), «'«'« ,S(xsª 1). Weorderthechains
of S by the timestepthey startandnumberthem. All tasksin a chainwith
an odd numberareassignedto processor1 andall tasksin a chainwith an
evennumberareassignedto processor2. Next, for eachtimestep,wenumber
the tasksthat arenot part of a chain, startingwith number1 and skipping
number1 and/ornumber2, dependingon which processorsarealreadyused
by chainsin therespectivetimestep.Finally, weassignall taskswith numberi
to processori. All of theseoperationscanbedoneusingpointerjumpingand
prefixoperationswithin theresourceboundsgivenin Theorem7.22.





CHAPTER 8

ClosingRemarks

In thelastfew chapters,wehavedealtwith fundamentalschedulingproblems
relevant to parallelandnetworkedcomputing.Theseproblemshave in com-
monthattheirsequentialsolutionsarebasedonrelatively “simple” strategies.
However, obtainingfastandworkefficientparallelalgorithmsfor them,turned
out to bemuchmoredifficult.

Thefirst problemthatwe have analyzedis themultiprocessorscheduling
problemwith unit processingtimesandtreeprecedenceconstraints.Hereby,
one focus is on the influenceof the numberm of target processorson the
complexity of theschedulingproblem.We have presentedanEREWPRAM
algorithmthat runsin time O(lognlogm) if n / logn processorsareavailable.
This shows that if m is fixedandnot partof theinput, thenO(logn) time and
O(n) operationssufficeto determineanoptimalschedule.But evenif m is part
of theprobleminstance,ouralgorithmstill representsanimprovementonpre-
viouswork. Comparedwith thefastO(logn) timealgorithmin [DUW86], the
numberof operationsis considerablyreducedwith only a moderateincrease
in runningtime. Comparedwith the O(log2n) time algorithmin [DUW86],
bothtimeandwork arereduced.

Somequestionsremainopenin this context. As far asthenumberof op-
erationsis concerned,our algorithmis fairly closeto optimality, but thereis
still a gapwhencomparedwith the linear time sequentialalgorithmgivenin
[BGJ77].Whetherthisgapcanbeclosed,is anintriguingopenproblem.Sec-
ond, it is worth noting that the schedulescomputedby our algorithmdo not
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conformto thehighestlevel first strategy. It remainsanopenproblemwhether
HLF schedulescanbecomputedusingthesameamountof resources.

Thenext problemthat attractedour attentionis the two processorsched-
uling problem.Givena setof n taskswith unit processingtimes,constrained
by an arbitraryprecedencerelation, the problemis to find a two processor
schedulefor thesetasksof minimal length. We have presentedanalgorithm
thatsolvesthisproblemontheCREWPRAM in timeO(log2n) usingn3 / logn
processors.Comparedto thebestpreviousalgorithm,which requiresn5 pro-
cessors,ouralgorithmrepresentsa majorimprovement.

An interestingapplicationof our two processorschedulingalgorithm is
themaximummatchingproblemin co-comparabilitygraphs(suchasinterval
graphsandpermutationgraphs).By combiningour resultwith the transitive
orientationalgorithmof Morvan andViennot [MV96], we have shown that
maximummatchingsin complementsof comparabilitygraphscan be com-
putedin O(log2n) time if n3 CREWPRAM processorsareused.This repre-
sentsa significantimprovementon previously known bounds,sincethe pre-
vious algorithmsfor this problemare also basedon a solution for the two
processorschedulingproblem,andthereforerequiren5 processors.

The next problemthat we have consideredis closely relatedto the two
processorschedulingproblem. We have shown that if the precedencerela-
tion is restrictedto be a seriesparallelorder, thenan optimal two processor
schedulecanbecomputedmuchmoreefficiently thanin thegeneralcase.We
have presentedan algorithmthat computesoptimal two processorschedules
for seriesparallelordersin O(logn) timeonn/ logn EREWPRAMprocessors,
providedthatadecompositiontreefor theprecedencegraphis given.In those
caseswherethedecompositiontreeis not given,our algorithmrequirestime
O(log(n ¬ e) ¬ lognlog n) ontheEREWPRAM andtimeO(log(n ¬ e)) onthe
CRCW PRAM, wheree is thenumberof edgesin theprecedencegraph. In
eithercase,thenumberof operationsperformedis O(n ¬ e), which is asymp-
totically optimal.

Finally, we have turnedto the problemof schedulingwith communica-
tion delays. First, we have shown that the problemof computingoptimal
m-processorschedulesfor interval orderedtasksof unit length,subjectto unit
delaysfor interprocessorcommunication,canbesolvedby a sequentialalgo-
rithm in linear time. This improveson resultsgiven in [AER95]. Our main
contribution, however, is a fast parallel algorithmfor this problem. If im-
plementedon an EREW PRAM, our algorithmrunsin time O(log2n) using
n3 / logn processors.If implementedon a CRCW PRAM, it requiresonly
O(logn) timeandusesn3 processors.Ouralgorithmis thefirst ® ¯ algorithm
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for thisproblem.
As far asthenumberof operationsis concerned,our parallelalgorithmis

of coursenot optimal. It is an interestingquestionwhetherone can find a
moreefficient ® ¯ algorithm,assumingeventhattheinput precedencegraph
is alreadytransitively closedor the interval orderis givenby aninterval rep-
resentation.

8.1 Future Work

Ourresearchonparallelschedulingalgorithmscanbeextendedandcontinued
in severaldirections.We illustratesomeof thesedirectionsin thefollowing.

A promisingareafor investigationsis schedulingwith releasetimesand
deadlines.It is oftenthecasethatexecutionof tasksis notonly constrainedby
precedencebut alsoby timing constraintsimposedby the environment. For
instance,a taskmayrequiredatafrom anoutsideagentor a resourcerequired
to completea taskbecomesunavailableaftera certainpoint in time. In these
cases,executionof a taskcannot startbeforea given releasetime r i and/or
mustbefinishedbeforea givendeadlinedi .

We first considerthecasewhereno precedenceconstraintsarepresent.If
taskshaveunit lengthandindividual integerreleasetimesanddeadlines,then,
aswe have seenin Section3.13,it is not difficult to computea schedulethat
meetsthedeadlinesif suchascheduleexistsatall. Thedifficulty of thisprob-
lem radicallychangesif taskshave individual processingtimesor therelease
timesanddeadlinesarenonintegral. If theprocessingtimesof tasksarenot
equal,thentheproblemof determiningwhethera scheduleexists thatmeets
all deadlines,is ® ° -complete,even for thesingleprocessorcase[GJ77]. If
thereleasetimesanddeadlinesarenonintegralandtaskshaveunit length,then
polynomialsolutionsexist, but they aremuchmoreinvolvedthanin thecase
with integer times. The main difficulty that onehasto copewith is the ex-
istenceof “forbiddenregions” in optimal schedules.At somegivenpoint in
time it might be inappropriateto startthe executionof an availabletask,in-
steadit is necessaryto leave a processoridle andto wait until anothertask’s
releasetime is reached.Moreover, thedecisionsto leave processorsidle for
certainperiodsof timehavegreatimpacton theglobalstructureof thesched-
ule,makingit difficult to basethesedecisionson a local strategy. Early work
on thissubjectwasdoneby Simons[Sim78, Sim80]. Subsequently, improved
algorithmshavebeengivenin [GJST81, SW89].Thefastestalgorithmfor the
singleprocessorcase(multiprocessorcase)runsin time O(nlogn) (O(mn2)).
An ® ¯ algorithmfor thesingleprocessorcasehasrecentlybeendevelopedby
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FredericksonandRodger[FR94]. It runsin time O(log2n) andusesn4 / logn
CREW PRAM processors.An interestingopenproblemis to determinethe
parallelcomplexity of themultiprocessorcase.

Let us now turn to the casewhereprecedenceconstraintsarepresent.It
is assumedthat all taskshave unit processingtime andall releasetimesand
deadlinesareintegers.Thebasicideathat leadsto algorithmsfor scheduling
with precedenceconstraintsanddeadlinesis “deadlinemodification”[GJ76].
If ti is a taskandT is the setof successorsof ti with deadlines± d, thenti
mustbe finishedby time d ² ³ |T | / ḿ in any schedulethat meetsthe dead-
lines. Hence,we cansavely setthedeadlineof ti to the minimum of its old
deadlineandd ² ³ |T | / ḿ . By repeatingthesedeadlinemodificationsfor all
tasksandall possibledeadlinesuntil nomorechangesoccur, oneobtainsdead-
linesthatare“consistent”with theprecedenceconstraints.If we put all tasks
into a list sortedby nondecreasingdeadline,then,undercertainassumptions
concerningtheprecedenceconstraintsor thenumberof processorsm, thelist
scheduleobtainedfrom this list meetsthedeadlines.If, in addition,taskshave
individualreleasetimes,thedeadlinemodificationbecomesmoreinvolvedbut
thebasicidearemainsthesame[GJ77].

Brucker, Garey, andJohnsonhave obtainedinterestingresultsconcerning
thecomplexity of schedulingtreeswith deadlines.For thecaseof intreeswith-
out releasetimes,they have givenanO(nlogn) algorithmthatminimizesthe
maximumnumberof timestepsany taskis scheduledbehindits deadline.In
the caseof outtrees,the problemof decidingwhethera scheduleexists that
meetsthe deadlines,is ® ° -hard[BGJ77]. Also remarkableis that the two
processorschedulingproblemis still solvablein polynomialtimeif taskshave
individual releasetimesanddeadlines.A sequentialalgorithmthat runs in
timeO(n3) hasbeengivenby Garey andJohnson[GJ77]. For thecase,where
all releasetimesareequal(i.e., only deadlinesarepresent),Helmboldhasde-
velopedan ® ¯ algorithm[Hel86]. Thenumberof requiredprocessorsis quite
largeandit is a challengingproblemto find a moreefficient ® ¯ algorithm,
possiblyby utilizing someof thetechniquesintroducedin Chapter5. It turns
out that the ideasof Garey andJohnsonusedin the two processoralgorithm
canalsobeappliedto theproblemof schedulinginterval orderedtaskson a
variablenumberof processors.Kraußhasgivenan ® ¯ algorithmthatcom-
putesm-processorschedulesfor interval orderswith releasetimesanddead-
lines[Kra93]. Thealgorithmrequiresn8 processorsandwe conjecturethata
moreefficientparallelalgorithmcanbefound.

Recently, Verriethasgeneralizedtheideasof Garey andJohnsonto sched-
uling with communicationdelays. In order to accountfor communication,
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his algorithmcomputesmodifieddeadlinesfor pairs of tasks.In [Ver96], he
hasgiven an algorithmthat optimally schedulesinterval orderedtaskswith
releasetimesanddeadlines,subjectto unit communicationdelays. It would
beinterestingto find a fastparallelsolutionto thisproblem.

Anotherchallengingareafor researchis the developmentof parallel al-
gorithmsthatcomputenear-optimalschedules.Mostschedulingproblemsare® ° -completeif wewishto find optimalsolutions.In someapplications,how-
ever, it is sufficient to find schedulesthatare(provably)quitecloseto theop-
timum. Sequentialapproximationalgorithmsfor ® ° -hardschedulingprob-
lemshave receivedconsiderableattentionin thepast([Gra69, CGJ78, HS85,
RS87,HM95, MSS96, VRKL96], to nameonly a few). As far as parallel
approximationalgorithmsfor schedulingareconcerned,not muchis known.
Earlywork onthissubjectcanbefoundin [DUW86] and[May88]. In bothpa-
pers,parallel(2 ² 1

m)-approximationalgorithmsfor schedulingunit processing
time taskswith arbitraryprecedenceconstraintscanbefound.In [May85], an® ¯ approximationschemefor schedulingindependenttaskshasbeengiven
(cf. [May88]). It isessentiallyaparallelversionof thealgorithmof Hochbaum
andShmoys [HS85], andis basedon discretization.Theideaunderlyingthis
approachis to roundoff thetasklengthsto multiplesof averysmallvaluethat
dependson the desiredquality of the schedule.After rounding,only a few
differenttasklengthsremain,andanoptimalsolutionfor thesemodifiedtasks
canbedeterminedusingdynamicprogramming.In theend,theoriginal task
lengthsarerestored,thusobtaininga schedulethat exceedsthe optimumby
a smallε-fractiononly. Theactualalgorithmis somewhatmorecomplicated,
e.g., onehasto takecareof tasksthataretoosmallfor rounding.

A key role in many sequentialapproximationalgorithmsplayslinearpro-
gramming. In general,solving linear programsis ° -complete[DLR79]. It
is also ° -completeto find approximatesolutionsfor linearprograms[Ser91].
Hence,it is highlyunlikely thatafastparallelalgorithmfor generalLPscanbe
found. Oneway to work aroundthis deficiency is to find subclassesof linear
programsthatcanbesolvedin ® ¯ but arestill usefulto approximatesched-
uling. In [LN93], Luby andNisanhave givenan ® ¯ approximationscheme
for LPswhereall coefficientsarenonnegative. SuchLPs arecalledpositive
linear programs(PLP).Although positive linear programsseemto be quite
restricted,thealgorithmof Luby andNisanhasbeensuccessfullyappliedto
combinatorialoptimizationproblems,e.g., MAX SAT andMAX DIRECTED

CUT [Tre96]. Recently, SernaandXhafa have appliedthealgorithmof Luby
and Nisan to the problemof schedulingwith unrelatedprocessors.In this
problem,tasksareindependentandfor eachtaskti andeachprocessorPj , a
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processingtime pi j is given, expressingthat ti requirestime pi j if executed
by processorPj . The goal is to find a scheduleof minimal length. For the
casewherethe numberof processorsm is fixed andnot part of the input, a
parallel (2 ¬ ε)-approximationalgorithmis given in [SX97]. The approach
takenin [SX97] lookspromisingandit is a challengingopenproblemto find
otherparallelapproximationalgorithmsfor schedulingproblemsusing ® ¯
approximationalgorithmsfor restrictedlinearprograms.
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[MSS96] R. H. Möhring,M. W. Scḧaffter, andA. S.Schulz.Schedulingjobswith
communicationdelays:Using infeasiblesolutionsfor approximation.In
J. Diaz andM. Serna,editors,Proceedingsof the 4th AnnualEuropean
Symposiumon Algorithms,ESA’96 (Barcelona,Spain,September1996),
LNCS1136,pages76–90,Berlin, 1996.Springer-Verlag.

[MV80] S.Micali andV. V. Vazirani. An O( º |V | » |E|) algorithmfor finding max-
imum matchingin generalgraphs.In Proceedingsof the21stAnn.IEEE
Symposiumon Foundationsof ComputerScience(Syracuse, NY), pages
17–27.IEEE,1980.

[MV96] M. MorvanandL. Viennot.Parallelcomparabilitygraphrecognitionand
modulardecomposition.In C. PuechandR. Reischuk,editors,Proceed-
ingsof the13thAnnualSymposiumon Theoretical Aspectsof Computer
Science, STACS 96 (Grenoble, France, February 1996), LNCS 1046,
pages169–180,Berlin, 1996.Springer-Verlag.

[MVV87] K. Mulmuley, U. V. Vazirani,andV. V. Vazirani. Matchingis aseasyas
matrix inversion.Combinatorica, 7(1):105–120,1987.
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schedule

greedy, 61
HLF, 62,138

level, 90
LMJ, 90,138
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schedulinginterface,173
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segmentedprefixoperation,23
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sorting,30
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task

available,61,159
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