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Design and Control Aspects of Humanoid Walking Robots

The research presented in this dissertation discusses the development of a humanoid
biped robot from the planning stage to biped walking focusing on low level control. Con-
cepts in hardware design, posture manipulation, and hybrid joint control, that are novel in
humanoid robotics, are presented and entirely verified in hardware experiments. Decisive
for the future performance of the robot is a careful selection of an appropriate motor-gear-
combination during hardware design, as oversized actuators increase the total weight of the
robot, thus deteriorating the walking performance. A systematic procedure for actuator
selection based on optimal control is discussed. When replaying precalculated trajectories
with a humanoid robot, it is often desirable to modify the posture of the robot thus com-
pensating for control errors or adapting the trajectory for new situations. This task can
be accomplished by a method termed Jacobi Compensation. A walking controller based on
the inverted pendulum method is implemented on the humanoid UT-Theta. This robot is
equipped with an innovative knee joint allowing to switch between actuated motion and
free swinging. To ensure smooth and reliable operation with this joint, a hybrid, nonlinear,
time optimal knee controller has been implemented.

Betrachtungen über Design und Regelung humanoider Laufroboter

Die Dissertation beschreibt die Entwicklung eines humanoiden Laufroboters von der
Planungsphase bis zum zweibeinigen Gehen, wobei der Schwerpunkt bei elementaren
Regelungsaufgaben liegt. Es werden Konzepte der Hardwaregestaltung, der Anpassung
der Körperhaltung und der Regelung hybrider Gelenke vorgestellt, deren Einsatz auf
dem Gebiet humanoider Laufroboter neu ist. Während der Entwicklung der Hardware
ist eine sorgfältige Auswahl einer geeigneten Motor-Getriebe-Kombination entscheidend
für die zukünftige Leistungsfähigkeit des Roboters, da überdimensionierte Antriebe das
Gesamtgewicht des Roboters erhöhen und somit die Laufeigenschaften verschlechtern. Ein
systematischer Ansatz, Antriebe auszuwählen, wird vorgestellt, bei dem eine geeignete
Motor-Getriebe-Kombination durch Lösen eines Optimalsteuerungsproblems ermittelt
wird. Wenn im Voraus berechnete Trajektorien auf einen Humanoiden angewendet werden,
ist es nützlich, wenn seine Haltung modifiziert werden kann, um Regelfehler zu kompen-
sieren oder die Trajektorien neuen Gegebenheiten anzupassen. Hierzu wird ein Verfahren
mit dem Namen Jacobi Compensation vorgestellt. Ein Gangregler, der auf der Methode des
invertierten Pendels beruht, wird an dem Humanoiden UT-Theta implementiert. Dieser
Roboter verfügt über eine innovative Kniekonstruktion, die ein Umschalten zwischen ak-
tivem Antrieb und passivem Schwingen des Unterschenkels ermöglicht. Gleichmäßiger und
zuverlässiger Betrieb dieses Gelenks wird durch einen speziellen hybriden, nichtlinearen
und zeitoptimalen Regler sichergestellt. Die Konzepte, die in dieser Dissertation vorgestellt
werden, wurden sämtlich in Hardwareexperimenten validiert.
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Abbreviations

CoM Center of Mass
CoP Center of Pressure
DoF Degrees of Freedom
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Scalars are denoted by upper and lower case letters in italic type. Vectors are denoted by
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f(·) vector function
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1 Introduction

All through the written history of mankind testimony of the human desire for an artificial
helper assuming the burden of unpleasant or hard labor can be found. Already Greek
mythology gives account of Talos, a bronze automaton forged by Hephaestus and the
Cyclopes. Confided to Europa by Zeus, the goddess sent Talos to Crete where he guards
the island throwing stones at any approaching ship.

In the early modern times, people started to make significant effort to construct mechan-
ical automata that could apply their skills to a specific design example. Representatives
are the figure of a girl playing a lute (1540, Gianello della Tore, Kunsthistorisches Museum,
Vienna) or the steam man (1893, George Moore) shown in Fig. 1.1, a walker powered by
a gas-fired boiler.

Figure 1.1: Steam man by George Moore, 1893.

During the emerging industrialization in the beginning of the 20th century, people were
taken by the technological advances that had revolutionized the society within a couple of
years and believed in an almighty power of technology without limits. In this spirit the
Czech Karel Čapek (1890–1938) wrote the play “R.U.R. – Rossum’s Universal Robots”
(Prague 1921, New York 1922, [115]) thus creating the basis for modern Science Fiction
literature. He coined the term “robot”, which is derived from the Czech words “robota”,
meaning compulsory labor, and “robotnik”, a term for a peasant owing such work. Fur-
thermore, R.U.R. ties the term robot to the vision of an intelligent artificial being with a
mind of its own.

This vision is entailed by the fear of men being suppressed by machines with superior
physical and intellectual powers. Danger is suspected either from a rebellion of the robots
striving to free themselves from human slavery as in R.U.R. or from evil meaning men

1



1 Introduction

availing themselves of the robots superior powers as in the movie “Metropolis” by Fritz
Lang.

In 1950 Isaac Asimov (1920–1992) published the book “I, Robot” [4] telling the story of
a fictive evolution of robotics starting with the first robot built in 1996 until 2057. Asimov
establishes the “Three Laws of Robotics”, that ensure robots to be no danger for humans,
and arrange coexistence of humans and robots within the limits of society:

Law 1: A robot may not injure a human being, or, through inaction, allow a human being
to come to harm.

Law 2: A robot must obey the orders given it by human beings except where such orders
would conflict with the first law.

Law 3: A robot must protect its own existence as long as such protection does not conflict
with the first or second law.

The book of Asimov gives a detailed discussion of these laws and a comprehensive debate
on the dangers for mankind arising from intelligent robots and how to treat these potential
threats or even integrate robots into society.

Contrary to Western literature, the subject of robots being a threat to people is replaced
in Japan by the notion of a robot hero protecting mankind: Osamu Tezuka created in 1951
the character “Tetsuwan Atom”, who soon became famous world wide by the name “Astro
Boy” [106] and can be considered the first robot pop star.

In a retrospective analysis it is interesting that most Science Fiction authors assessed
the development to be quicker than it turned out to be. It is commonly assumed that first
intelligent humanoid robots exist by the turn of the century. Descriptions of robot evolution
focus on the development of the brain, motion issues such as walking are neglected and
taken for granted.

In recent publications, the term “robot” has generally been replaced by “biped hu-
manoid”, as “robot” today usually describes a wide range of actuated mechanical ma-
chines. Often, the terms “biped” and “humanoid” are used synonymously, although they
are not necessarily interchangeable: the term “biped” only refers to the fact that the robot
has two legs, while “humanoid” expresses the similarity to a human with some respect.
An example for a non-humanoid biped is the animal-type biped presented in [136], the
counter example of a humanoid without legs is Waseda Eye WE-4 [73], a human-like head
which emulates the human senses and even is capable to express emotions.

Still guided by the idea of creating an universal helper and partner in any situation, a
worldwide competition is intended to push development of biped humanoids today: the
RoboCup Federation [16] organizes the annual Robot Soccer World Championship. The
goal of this federation is to boost robotics research and, – according to their website – “by
the year 2050, develop a team of fully autonomous humanoid robots that can win against
the human world soccer champion team.”

Apart from this sporting challenge, question comes up of the usefulness of humanoid
robots. Areas of application for humanoid robots are plentiful and humanoids are likely to
influence many domains of human daily life [39]. In Japan, efforts are made to establish
humanoid robots as helpers in the household or in hospitals. Due to the inverted age
pyramid, sorrows arise how to care for elderly and needy people, if by the year 2035 in
Japan more than 30% of the population are older than 65 years and 18% passed their 75th

2



1.1 Spade- and Groundwork in Autonomous Walking

anniversary [7]. This is a significant increase compared to the year 2000, where only 19%
of the Japanese were aged 65 or older, backed by 67% of the population being in their
working age (15–64). These figures document that elderly care by humans alone cannot
be guaranteed. Support by robots can help to relieve nurses from monotonous obligations
providing more time to see to the social needs of the patients. Hence, efficient, safe, and
reliable machines must be developed fulfilling the high requirements on skillfulness and
universality necessary for such job. The envisioned humanoid shape and locomotion is
supposed to facilitate acting in environments designed for humans. Existing commercial
service robots for performing simple tasks like lawn mowing or vacuuming so far are only
applicable to single, very specialized tasks. A humanoid robot on the other hand should
be able to utilize devices developed for humans like conventional lawn mowers or vacuum
cleaners. Such robots could even be capable of performing complex tasks like fetching and
bringing, dusting, cleaning dishes or assisting.

Unacceptable or dangerous tasks in environments not accessible to humans due to lack of
space, extreme climatic conditions or contamination could be assumed by walking robots.
Thus it could be imagined in case of a hazardous incident in a nuclear power plant to
have leakages sealed by robots. Due to the high motility, a walking robot could move
through obstructed terrain. For this scenario, the robot needs not necessarily be controled
autonomously: using single autonomous subsystems, e. g. balanced gait and quick reactions
on external events can be assured while the manipulation systems are tele operated by a
human. Decisions on the order of executing different tasks hence remain at the discretion
of the operator thus deploying the expert’s invaluable experience base without putting him
or her at risk.

Another economically very important field of application for humanoid robots is the
entertainment sector. An increasing number of enterprises – inspired by the great success
of the Sony AIBO, a dog-like toy with four legs and some cognitive abilities – develop
humanoid robots targeted as playfellows able to communicated similar to humans. Recent
toys already show emotion based conduct and resemble small children. Such robots are
considered to evolve towards a standard entertainment platform.

In the following, previous research at the Institute of Automatic Control Engineering
(LSR), Technische Universität München, is discussed, being the fundament for results
presented in this thesis.

1.1 Spade- and Groundwork in Autonomous Walking

In the scope of the German Research Foundation (DFG) Priority Program “Autonomous
Walking”, considerable research for the coordination of image processing and motion plan-
ning has been conducted.

A system capable of recognizing obstacles in its environment from images of a stereo
camera has been developed [59]. Those obstacles are classified into the three groups “sur-
mountable”, “unsurmountable” and “step” and registered in a self maintained map. This
system has been evaluated using the ViGWaM (Vision Guided Walking Machine) em-
ulation environment. Based on those visual information, the robot is capable to plan a
suitable path from his current position to a desired destination with respect to the obsta-
cles. From a precalculated database with many step trajectories, an appropriate sequence
of step primitives is selected such that the robot does not collide with obstacles. En-
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hancements for an improved scene reconstruction and extraction of precise obstacle data
is presented in [11].

This autonomous navigation of a vision-guided robot requires close coordination of per-
ception and locomotion. Consequently, perception must be controlled to assure that the
humanoid is always provided the highest possible amount of task-relevant information
about the walking scenario. Therefore a task-specific and situation-dependent intelligent
gaze control scheme that selects the optimal view direction has been developed, that allows
the acquisition of information required for collision-free and goal-oriented locomotion [89].

Originating from this research on vision guided walking, a new project has been launched
evaluating enhancements for the orientation capabilities of the robot. Key idea is to
mimic the human field of sight consisting of a foveal and a peripheral area by installing
cameras with different zooms on one camera head. Precise classification of objects can be
achieved by focusing the object with zoom cameras while the wide angle cameras observe
the environment e. g. for approaching humans. This technique can also be combined with
high speed cameras for quick interaction e. g. in robot soccer.

The reference trajectories are obtained by a situation dependent online selection and
concatenation of single walking primitives, which are stored in an offline computed database
[13]. Optimal control techniques are employed for the systematic synthesis of walking
primitives. Unilaterality conditions between the feet and the ground, friction conditions,
restrictions of the joint drives as well as further restrictions of the task space are taken
into account by constraints to the optimization problem. The gait generation method
developed at the LSR optimizes the whole body posture resulting in very smooth motions.

As an experimental platform, the humanoid robot Johnnie has been developed at the
partner Institute for Applied Mechanics [21]. This highly sophisticated 1.8m tall robot
weighing 40 kg marks state-of-the-art technology. With its 17 Degrees of Freedom (DoF)
it shows an impressive walking performance with a top speed of 2.0 km/h and a maximum
step length of 45 cm.

However, due to its mechanical complexity and high cost, Johnnie – like most current
sophisticated robots – is not easily available for research experiments. As operation of the
robot requires the attendance of qualified experts, researchers cannot implement and test
new algorithms by themselves. Furthermore, the size and weight the robot even demands
for a team of operators, as emergency measures in case of instable behavior cannot be
handled by a single person.

High expenses for the mechanical construction prohibit building of a larger number of
robots, which complicates research, especially if experiments require modifications in the
hardware.

Motivated by those experiences a request was formulated for a cheap, modular and
small-size humanoid platform to evaluate novel control methods and approaches in artificial
intelligence. The development of such a plaform is discussed in this work.

1.2 Main Contributions and Outline of Dissertation

A legged robot has to fulfill many tasks that are not directly linked to its primary purpose,
to provide some kind of service. These tasks can be categorized into low-level tasks – such
as joint, balance, and walking control – and high-level tasks comprising e. g. orientation,
navigation, path planning or cooperation. While low-level tasks are very time critical
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resulting in immediate visible malfunction upon failure, these tasks only ensure elementary
functioning and by themselves cannot cause any useful action of the robot. Useful activity,
however, i. e. motions suitable to solve a given task, are commanded by high-level processes.

The work presented here focuses on the design and the low-level control aspect of hu-
manoid robots. In the course of the thesis the development cycle of a prototype humanoid
robot from the design phase to the implementation of a walking control algorithm is dis-
cussed. At each step – design, posture adaptation, and control – new ideas and concepts are
introduced and validated in hardware experiments. Supplementary information, especially
videos and publications, can be found on the author’s web page1.

Robot Design

An autonomous walking robot for fast, dynamic walking is designed that allows testing
and evaluation of new ideas and concepts in hard and software. Contrary to many cur-
rent – highly developed and technically very advanced – humanoid robots such as Honda
ASIMO [32], Johnnie [58] or HRP-2 [48], the new robot is conceived as a comparatively
cheap platform. A modular design from off-the-shelf components is stipulated to ensures
easy maintenance and quick reproducibility. These characteristics target at providing a
convenient platform for IT research. The robot designed and built in the scope of this
thesis is considered a proof-of-concept prototype towards this research platform, details on
the construction are given in App. A.

As the weight-to-power ratio of a humanoid is decisive for its performance, joint actu-
ators must be selected to closely match the requirements thus avoiding oversized motor-
gear-combinations incorporating extra weight to the robot. In order to provide a methodic
approach to this problem, a systematic design process – described in Chapter 3 – based
on optimal control has been developed in close cooperation with the “Simulation and Sys-
tems Optimization Group”, Technische Universität Darmstadt. Using a detailed dynamic
model of the robot, gait trajectories are computed by solving an optimal control problem,
minimizing e. g. the energy consumption during the step. From these gait trajectories, the
requirements on the actuators for maximum torque and velocity are obtained and used for
further actuator selection. Formulating the actuator selection task as an optimal control
problem is considered novel; although in this dissertation described for humanoid walking
robots, the method can be equally applied to any type of robot.

Walking Control

A core task for humanoid walking robots is the actual walking controller, generally con-
sisting of a gait pattern generator and the balance control. For this problem, there exist
two fundamental approaches: one possibility to set about this matter is to rely on a very
accurate model of the walker and to compute gait trajectories trusting in sufficient ac-
cordance of the model with reality. The other direction relies an on approximating the
robot dynamics by a simple model with reduced system states, e. g. an inverted pendulum.
Accordance of the simplified model with the real dynamics is ensured by feedback control.

In the first approach, the trajectories are generally computed offline incorporating many
constraints like balanced or energy efficient walking. As the trajectories are inherently
balanced, only little control is required to compensate disturbances.

Besides the accurate model of the robot dynamics, this method also assumes that com-
manded gait trajectories are closely matched by the real motion. Robots equipped with

1http://www.lsr.ei.tum.de/~dw
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planetary gears however often exhibit a significant divergence between the commanded
and the real posture due to gear backlash.

Another difficulty arising from the approach with precalculated walking patterns is the
size of the necessary database with gait trajectories, as variations in step length, walking
direction, speed or ground inclination generally require recalculated dedicated walking
patterns.

Therefore it is useful to have a means of correcting the posture of the robot by super-
posing the precalculated pattern with a correction term thus correcting posture errors or
adapting trajectories to new situations, e. g. adjusting flat ground trajectories to walking
on slopes. A method allowing such modifications termed Jacobi Compensation is presented
in Chapter 4. The method uses Jacobian matrices to translate desired Cartesian motions
of selected parts of the body into corresponding joint space motions. The use of Jacobi
matrices to generally adapt the posture of humanoids to new situations has not been re-
ported yet. Stability properties of Jacobi Compensation are discussed and applicability is
documented in hardware experiments.

The inverted pendulum method is a walking control strategy that classes as a simplified
model approach. The robot dynamics are described by an inverted pendulum where the
pendulum base coincides with the robot support foot and the pendulum mass represents
robot center of mass. Chapter 5 describes the implementation of this control method on
the humanoid UT-Theta developed at the Nakamura & Yamane Lab. of the University of
Tokyo. This robot features some mechanical innovations like a special knee joint with a
backlash clutch allowing to switch between actuated and free swinging mode; the goal is
to bridge between actuated humanoid robots and passive walkers to achieve more natural
looking walking patterns. Handling the hybrid character and the nonlinear dynamics of
the joint imposes strong demands on the knee joint controller to ensure quick reaction
on commanded trajectories and smooth operation not disturbing the delicate dynamics of
the humanoid. Hence, a hybrid, nonlinear, time optimal controller for the knee joint is
proposed and implemented.
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This chapter introduces the fundamentals of humanoid walking by defining
common terms and concepts. As a basis for understanding humanoid gait its
properties are analyzed and physical criteria for balanced locomotion are de-
rived. In order to give a brief overview of the state of the art in biped control,
the most successful control strategies and some humanoid biped projects are
presented.

2.1 Introduction

The basis for current humanoid walking research has been laid by Vukobratović in 1969
[119] who was one of the first to analyze biped walking [121] and establish criteria for bal-
anced gait [120]. Since then, most research on biped walking is rooted in these fundamental
investigations.

Trying to implement human-like locomotion capabilities for robots, researchers have al-
ways been torn between a technological approach and a biological approach. The former
relies on concepts and techniques known from robotics, where abilities are realized depart-
ing deliberately from the solution chosen by the natural archetype. This approach can
either be motivated by the attempt to find a better solution or a lack of comprehension of
nature.

The biological approach on the other hand starts by thoroughly analyzing the func-
tioning of animals or humans. These mechanisms are then adapted and translated into
algorithms understandable to machines. Information processing in animal and human
brains is rather complex and an analysis is often not possible with current technology;
therefore assumptions on the functioning of natural signal processing can be validated by
implementing the concept in a robot and observing its effect. Hence, there is a mutual
benefit of a collaboration for engineering, biology and neuroscience.

This chapter gives a condensed summary of the state of the art in humanoid biped
walking after more than three decades of research. Starting with an analysis of human
gait, Sec. 2.2 introduces some notions commonly used in humanoid walking and criteria for
balanced gait. An overview of the most important control strategies is given in Sec. 2.3. A
major issue for feedback controllers is to determine reliably the system state. The problem
of state measurement is discussed in Sec. 2.4, including an overview of sensor systems. A
number of the most successful biped robots is presented in Sec. 2.5.
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2.2 Fundamentals

2.2.1 Biped Gait

From the technical point of view, humanoid gait is often divided into different phases. This
discrimination is made, as bipeds show very different dynamical properties depending on
the number of ground contact points and the contact type.

As shown in Fig. 2.1, humanoid walking can generally be split into the double support
phase, where both feet have ground contact, and the single support phase with one foot
being flat on the ground, while the other swings through the air. Especially for fast
walking, the swing phase is further classified into a pre-swing and a post-swing phase, see
[13]. During the pre-swing phase the swing foot rolls about the toes, and the post-swing
phase is characterized by the swing foot landing on its heel and rolling about it.

double support pre−swing swing post−swing

Figure 2.1: Phases of dynamic biped gait.

Depending on the type of gait, not all phases can be observed. When robots are walking
very slowly, the pre- and post-swing phase are generally omitted, thus always keeping the
sole of the feet parallel to the ground. In very fast and dynamic motion on the other hand,
the double support phase, with both feet flat on the ground, often is not distinguishable;
running is even characterized by a complete lack of a double support phase, the single
support phases are separated by a flight phase.

The ground contact being the supporting basis has a substantial influence on the ability
to balance the robot in an upright position. The great variety of ground contact situa-
tions however constitutes the necessity for a more generic description of the foot contact
situation. Therefore the term supporting area has been introduced:

Definition 2.1: Supporting area.
The supporting area is formed by the convex hull about the ground support
points.

Fig. 2.2 illustrates this definition in the case of single and double support.
During the single support phase with only one foot having ground contact, the supporting

area is the convex hull about the foot contact area. The supporting area in double support
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Figure 2.2: Supporting area during
single and double support phase.
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Figure 2.3: Ground Projection of Center of
Mass (GCoM).

phase, however, comprises the contact area of both feet as well as the domain between
them.

The feet of walking robots are not attached to the ground and can slip or lift off. Hence,
forces can only be tranmitted in one direction and friction forces and the gravitational force
alone ensure, that the support foot remains at a fixed position on the ground. Therefore,
the weight of the robot limits the applicable force and the lever arm becomes decisive for
the achievable torque. The lever arm being essentially determined by the contact area,
the supporting area becomes specially important for balanced walking. Therefore the
supporting area is a central part of all commonly used equilibrium criteria.

2.2.2 Equilibrium Criteria

To implement biped walking controllers it is essential to determine whether the robot is in
danger of tilting. Therefore, mathematical criteria for this property are discussed in the
following.

Ground Projection of Center of Mass

A motionless robot only experiences gravitational forces, which are exerted on all parts
of the robot. These forces can be replaced by a virtual force acting at the center of mass
(CoM)

pCoM =

∑

i mipi
∑

i mi

, (2.1)

of the robot, where mi denotes the mass of the ith link of the robot and pi the position of
its center of mass.

The location of the center of mass is decisive for the equilibrium of the robot. Its
orthogonal projection to the ground is commonly referred to as the Ground Projection of
Center of Mass (GCoM) [24] or the Normal Projection of the Center of Mass (NPCM)
[53], see Fig. 2.3.
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The location pGCoM of the GCoM is the point that fulfills the relation
∑

i

((pGCoM − pi) × mig) = 0, (2.2)

i. e. the GCoM is the point on the ground, where the sum of all moments exerted on the
motionless robot is zero. If the GCoM resides within the supporting area, the gravitation
force does not generate a tilting moment and the robot remains standing.

However, during fast locomotion, dynamic forces dominate static forces. As the GCoM
does not take these dynamic forces into account, it becomes meaningless and bipeds may
fall over although the GCoM resides within the supporting area. Hence other criteria must
be applied.

Zero Moment Point and Foot Rotation Index

Rotation of an object about a given axis requires the presence of a torsional moment.
Therefore, if the robot does not encounter a moment about the horizontal axes x and y,
i. e.

Mx = 0 and M y = 0, (2.3)

the robot is balanced.
From (2.3) follows the Definition of the Zero Moment Point:

Definition 2.2: Zero Moment Point (ZMP).

The Zero Moment Point xZMP is the point, where the ground reaction force
F R has to act to compensate all horizontal moments M x, M y, see Fig. 2.4
[118, 119].

Hence, the robot is equilibrated, if the ZMP is within the supporting area.
During locomotion the robot experiences – besides the gravitation force F G,i acting

at the center of mass pi of the ith link – dynamic forces: Accelerating masses entails an
inertial force F I,i and the corresponding moment M I,i, which also acts at pi. Furthermore
there is a resultant ground reaction force F R, which can be decomposed into a vertical
component F R,v and a horizontal component F R,h, i. e. F R = F R,v + F R,h. Accordingly
the moment can be broken up into M = Mh+Mv. Thus, the dynamic equilibrium during
motion is expressed by the equilibrium of forces and moments:

F R,v + F R,h +
∑

i

(F I,i + F G,i) = 0 (2.4)

pZMP × F R +
∑

i

pi × (F I,i + F G,i) +
∑

i

M I,i + MZMP,h + MZMP,v = 0. (2.5)

According to (2.3), the horizontal component of the moment is zero, MZMP,h = 0.
Substituting pi = pZMP + (pi − pZMP ) in (2.5), solving (2.4) for F R and inserting into
(2.5) yields

∑

i

(pi − pZMP ) × (F I,i + F G,i) +
∑

i

M I,i = 0. (2.6)

Equation (2.6) allows another interpretation of the ZMP according to [12]:
The Zero Moment Point (ZMP) is the point on the walking ground surface at which the

horizontal components of the resultant moment generated by active forces and moments
acting on human/humanoid links are equal to zero. [118]
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comotion”)(right).

In 1999, Goswami [23, 24] introduced the notion of foot rotation indicator (FRI), also
known as imaginary ZMP (iZMP) [118]. The FRI is physically identical to the ZMP and
both points coincide as long as ZMP/FRI remain inside the supporting area. But unlike
the ZMP, the FRI is allowed to leave the supporting area, see Fig. 2.5. Although the gait
is not balanced anymore (unbalanced gait), the FRI still has a useful interpretation: the
distance of the FRI to the supporting area is a measure for the “degree” of instability
of the gait and hence can give some invaluable information when controlling a stumbling
biped. Technical feasibility of such motion is not clear and has not been proven yet.

The concept of the ZMP being a physical approach, is very useful in numerical sim-
ulations, as it can easily be calculated from the system state. In hardware experiments
however, this information is not necessarily known and measurement often is subject to
considerable noise. Hence, another another criterion, that can be evaluated more easily, is
desirable.

Center of Pressure

Most humanoid robots are equipped with force-torque-sensors at the feet of the robot.
Therefore the Center of Pressure criterion results directly from evaluating those sensors.

Definition 2.3: Center of Pressure.

The Center of Pressure (CoP) is defined as the point on the ground where
the resultant of the ground reaction forces acts [24].

There are two types of interaction of the foot with the ground: the normal forces F N,i

and the frictional tangential forces F T,i. The CoP is the point

pCoP =

∑

i piFN,i
∑

i FN,i

, (2.7)

where the resultant F R =
∑

i F N,i acts; pi is the vector from the origin to the point of
action of force F N,i and FN,i = |F N,i|. As the interaction between foot and ground is
always unilateral, FN,i ≥ 0 holds. Hence, pCoP always lies within the supporting area.

In [24], Goswami proved that ZMP and CoP are identical during single support phase
for balanced walking. This identity implies that definitions referring to the ZMP can be
applied accordingly using the CoP. The ZMP is easy to compute and therefore well suited
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for gait generation, while the CoP can easily be measured and hence is more suitable for
control of a walking robot. Due to their identity, these criteria can be used interchangeably
thus facilitating computation.

Besides criteria for a balanced robot, there are restrictions on the ground reaction forces
to avoid slipping or lifting off.

Ground Reaction Forces

As already mentioned, the ground reaction forces determine fixed contact of the support
foot with the ground. Therefore, to maintain ground contact, the vertical component

FR,v > 0

of the ground reaction force F R as defined in Fig. 2.4, must always be positive. Otherwise
the foot lifts off the ground and the robot cannot be controlled anymore.

Slipping of the support foot is avoided by restricting the horizontal component FR,h to
remain within the so-called friction cone

√

F 2
R,x + F 2

R,y = FR,h ≤ µRFR,z,

where µR is the friction coefficient.
The equilibrium criteria introduced in this chapter are evaluated in most walking control

algorithms. Furthermore, they help to determine the difference between slow, static motion
and fast, dynamic walking.

2.2.3 Statically and Dynamically Balanced Gait

As already mentioned, dynamic forces like Coriolis, centrifugal and inertial forces, dominate
the static gravity forces with increasing walking velocity. The dynamic forces can usually
be neglected in slow motion, hence a common classification of walking gait distinguishes
between statically and dynamically balanced gait.

Definition 2.4: Statically balanced motion.
The movement of a robot is called statically balanced, if the GCoM and the
ZMP always remain within the supporting area during the entire motion
[17, 91].

Accordingly, fast motion taking into account dynamic forces is referred to as dynamically
balanced motion.

Definition 2.5: Dynamically balanced motion.
If the ZMP resides within the supporting area during the motion of a hu-
man/humanoid while the GCoM leaves the supporting area, then this motion
is called dynamically stable.

Note that Def. 2.4 is a special case of Def. 2.5, as GCoM and ZMP are identical for a
motionless robot. Obviously, the maximum achievable step length for statically balanced
gait is limited compared to dynamically balanced gait [91].

The terms and criteria explained in Sec. 2.2 are the fundament for humanoid walk-
ing control. The following section gives an overview of the most commonly used control
strategies.
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2.3 Overview of Control Strategies

For humanoid biped robots, the problem of equilibrated robust walking is most fundamen-
tal and current solutions yet remain unsatisfactory for real world application.

There are three fundamentally different approaches to humanoid walking control: One
strategy assumes very accurate models of the real robot and its environment. Using this
model for physically consistent motion generation, the approach relies on close accordance
of the calculated dynamics with the real hardware behavior. Another starting point is to
use a rather simple and abstract model of the dynamic behavior and achieve accordance
with reality by feedback control. The third research direction can be subsumed as nature
inspired control techniques. These include methods based on neural networks, fuzzy logic
or genetic algorithms and are generally inspired by the idea to enable robots to act in
unknown environments and to react on unforeseen events.

One of the most popular approaches based on a simplified model is the inverted pendulum
method belonging to the category of strategies relying on feedback control.

2.3.1 Inverted Pendulum Method

Miura and Shimoyama [72] studied the inverse pendulum

mass
(=CoM)

Pendulum

Rod

support footswing foot

Figure 2.6: Inverted Pendu-
lum Method.

approximation for the control of the Biper-3 robot. Later
on, Kajita et al. [43–46] extended the inverse pendulum ap-
proach and tested its validity on various robots.

In this approach, the dynamics of the robot are approx-
imated by those of an inverted pendulum linearized about
the upper equilibrium point. The mass is concentrated at
the center of mass (CoM) of the robot, and the base of the
pendulum coincides with the support foot of the robot, as
illustrated in Fig. 2.6. Based on this dynamic model, an ap-
propriate location for the foot placement can be computed
in order to counterbalance the tilting motion.

Errors between the computed motion of the inverted pen-
dulum and the real motion of the robot must be compen-
sated by feedback control. One solution is to use the actu-
ated ankle joint and apply a small correction torque. However, the single mass inverted
pendulum is a non-minimum phase system, which imposes problems for controlling the
ZMP. Therefore Napoleon et al. [77] proposed an extension towards a two mass inverted
pendulum to overcome this deficiency.

Sugihara [100] proposed a method to manipulate the location of the center of mass using
the whole body motion, and to control the evolution of the inverted pendulum through
ZMP manipulation [102].

As the Inverted Pendulum Method is very flexible and gait patterns can be computed
online, it is used in many humanoids. A more detailed description of this approach can be
found in Sec. 5.4.

Used in robots: Honda Asimo [34], Johnnie [105], HRP-2 [1], UT-Theta [111].
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2.3.2 Dynamics Filter

A very interesting and promising approach referred to as “Dynamics Filter” has been
formulated by Yamane and Nakamura [133], who presented a nonlinear filter-like method
that transforms a given motion trajectory – motion captured, hand drawn, numerically
generated, etc. – into a motion that is physically consistent for the target platform.

The approach requires the availability of accurate equations of motion of the robot
with environmental constraint forces. Applying any given motion trajectory, that has
not specifically been designed for the robot, to this model generally results in a violation
of physical constraints. The basic concept is to only specify joint trajectories for some
joints and compute Cartesian trajectories for single, arbitrarily selected, fixed points of
the robot from the given trajectory. These Cartesian motions are then mapped back to a
joint motion.

As humanoid robots are redundant systems, this inverse mapping generally allows an
infinite number of solutions. Candidate solutions for a robot motion are those that satisfy
the robot equations of motion, thus a set of physically consistent motions is obtained.
Among these physically valid motions the one matching the desired motion most closely
is chosen.

This method can be implemented in a computationally efficient way thus allowing online
trajectory generation. As the optimization is local, knowledge of the total trajectory during
the filtering process is not necessary, hence the trajectory can even be modified while it is
being executed. Another advantage is its generality allowing to apply this strategy to any
motion without restrictions.

Used in robots: Sony QRio [95].

2.3.3 Passive-Dynamic Walkers

Contrary to the previous active control methods, where joint angles and ground reac-
tion forces are measured and precisely controlled, passive dynamic walkers achieve biped
walking without electronic support.

Passive dynamic walkers [9] are mechanical devices designed specifically for walking
down shallow slopes. They have no motors or controllers, yet they can exhibit humanlike
motions. This is achieved by exploiting their natural dynamics, i. e. passive walkers have
been mechanically designed such that a machine of this class will settle into a steady,
periodic gait without active control or energy input. Energy loss due to friction or impact
is compensated by utilizing the potential energy of the slope converting it into kinetic
energy. This idea was first introduced and examined by McGeer [67–70] in 1989.

One very interesting observation with passive walking are very smooth trajectories giving
the impression of human-like gait. This reinforces the observation of high energy efficiency
of human gait.

In 2001, Ruina et al. [10] succeeded in building the first three-dimensional, kneed,
two-legged, passive-dynamic walking machine, the Cornell Passive Walker, see Fig. 2.7.
Thus they proved the theoretic considerations to be valid. In this experiment, the two-
dimensional model by McGeer is extended by adding specially curved feet, a compliant
heel and mechanically constrained arms thus achieving a harmonious and stable gait.

However, passive walkers are very sensitive to initial conditions and can only walk at
a dedicated speed imposed by the mechanical construction. Thus transferring the idea of

14



2.3 Overview of Control Strategies

Figure 2.7: The Cornell Passive Walker with arms (left) and the Cornell Biped (right).
c©Cornell University

passivity to actuated humanoids is an interesting challenge addressed by many researchers
[123]. An intermediate mixture between passive walkers and actuated humanoids has been
introduced by Spong [96–98], who showed that by adding a single actuator to a passive
walker, energy loss can be compensated. It is even possible to add energy to the system
such that the robot can climb up slopes.

Various energy efficient biped walkers have been built [9], e. g. the Cornell Biped shown
in Fig. 2.7, the Delft biped, or the MIT learning biped. An established measure to compare
efficiency between humans and bipeds of different size is the cost of transportation

ct = (energy used)/(weight × distance traveled). (2.8)

It is useful to distinguish between the specific energetic cost cet of transportation and the
specific mechanical cost cmt of transport, where cet reflects the total energy consumed by
the system and cmt only considers the mechanical work of the actuators.

The 13-kg Cornell Biped, for example, walking at 0.4m/s has cet ≈ 0.2 and cmt ≈ 0.055.
Humans are similarly energy effective, walking with cet ≈ 0.2, as estimated by the volume
of oxygen they consume, and cmt ≈ 0.05. By contrast, the Honda humanoid Asimo is
estimated to have cet ≈ 3.2 and cmt ≈ 1.6. Thus Asimo uses at least 10 times the energy
(scaled) of a typical human.

These data confirm that adopting concepts from passive walkers to humanoid robots
constitutes an important aspect towards autonomous and energy efficient walking.

2.3.4 Other Control Strategies

There are various other methods to achieve balanced humanoid walking. Yamaguchi et al.
[131, 132] solved the problem to obtain trajectories inversely from a desired ZMP move-
ment; the upper body motion is used to compensate the moment about the desired ZMP.
This strategy has been implemented in the Waseda Leg and Wabian series.
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Miura and Shimoyama [72], who developed the Biper robots, as well as Raibert et al.
[82, 83] controlled their robots by foot placement feedforward control. This method yields
an asymptotically stable periodic gait.

A method to manipulate the ZMP has been presented by Sugihara [99–101]. Based on
an inverted pendulum model, the CoM is controlled through a Jacobian such that the ZMP
shows the desired behavior.

Apart from these classical control approaches, there are approaches to mimic the human
neuro-system by employing neural networks [15] or to emulate the central pattern generator
[65, 103] as it can be found in human beings.

Another direction employs genetic algorithms or neural networks to acquire and improve
gait trajectories on an evolutionary basis [3, 8].

A thorough survey of these methods can be found in [49].

2.3.5 Lowlevel Joint Control

A very crucial part of humanoid robot control is the accuracy of the low level joint con-
trollers following commanded trajectories.

In many robotics applications the joint position is controlled by a simple PID controller.
However, their performance is unsatisfactory in dynamic environments with fast changing
reference positions and varying reaction forces, since nonlinear and coupling terms of the
joint dynamics are subsumed into a disturbance term. If these dynamic forces become
larger, the controller cannot compensate.

Significant improvement [57] – especially for high joint velocities – can be achieved
by adopting computed torque controllers [88]. This controller compensates the effect of
nonlinearities by a feedback system, hence the remaining dynamics ideally correspond to
a pure double integrating system.

Raibert [84] compared PID, computed torque and sliding mode controllers with respect
to their performance. His experiments show the sliding mode controller superior to the
other systems, especially for large parametric uncertainty. However, realizing high sam-
pling rates as required by sliding mode controllers usually comes at the cost of heavy
hardware solutions that deteriorate the overall system performance and thus are not suit-
able for biped walking machines at present state of technology.

When implementing feedback controllers mentioned in Sec. 2.3, special importance comes
to installed sensing system, as they close the feedback loop.

2.4 Sensors for Humanoid Robots

One important difficulty in humanoid robotics lies in the development of a powerful sensing
system. Apart from measuring the state of each joint, the overall body posture must be
determined, as humanoids are not fixed to the ground and hence lack a fixed reference
frame.

In general for all sensor systems it must be distinguished between analog and digital
sensors. Analog sensors represent the measured quantity as a voltage, which has to be
digitized by an AD converter for further processing. Digital sensors directly produce a
digital representation thus superseding the AD converter.
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Besides sensor noise and and electromagnetic disturbances, the AD conversion process
itself add extra noise to the signal, as AD converters rely on an accurate reference voltage.
Such accurate sources however are difficult to realize on autonomous platforms. Hence,
as a rule of thumb, the accuracy of digitized analog signals ranges around 0.5%; further
reduction of the noise requires high efforts.

Digital sensors on the other hand generally are much more robust and require less eval-
uation electronics; therefore such sensors generally are preferable for mobile, autonomous
application.

2.4.1 Joint Position and Velocity Measurement

Pulse encoders [66] allow a very accurate measurement of the relative joint position. These
digital sensors work on an optical basis counting the number of slots in a disk passing a light
barrier. Using two channels with an offset of a quarter of the slot distance, it is possible to
determine the direction of rotation. In robotics application, a resolution of approx. 216 bit,
including the reduction gear is feasible; with higher resolutions the detection of slots often
becomes too slow to register fast motions, i. e. fast joint motion is not detected. High
resolutions are on the other hand necessary for computing a low noise velocity signal by
difference quotient at high sampling rates.

However, if pulse encoders with two tracks, i. e. relative encoders, are installed on the
motor side before a reduction gear, the absolute joint position cannot be initialized as
the initial joint position is unknown. This can be bypassed by installing microswitches
that can be detected by automatic initialization routines. Pulse encoders with Gray-code
encoded tracks deliver absolute position information. However, these absolute encoders
require n tracks to produce a resolution of 1/2n per circle - thus they are substantially
more expensive, larger and heavier than relative encoders [88].

A possibility to directly measure the joint velocity, rather than computing it from po-
sition signals, is available through dc tachometers. These are small dc generators whose
magnetic field is provided by a permanent magnet.

The output voltage is proportional to the angular velocity and shows a residual ripple
due to the presence of a commutator. This ripple cannot be eliminated by filtering, as its
frequency depends on the rotation velocity. The general disadvantages of analog sensors
apply.

A method to digitally measure rotatory velocity is to measure the time between two
consecutive rising edges in the pulse encoder signal. This yields less quantization noise
than differentiating the position signal, yet it requires additional evaluation electronics.

2.4.2 Force and Torque Measurement

It is particularly important to know the interaction forces of the robot with its environment.
Therefore most humanoids dispose of a force-torque-sensor between the foot and the ankle
joint in order to measure the ground reaction forces.

Force-torque-sensors are usually based on strain gauges measuring the deformation of
dedicated beams in the sensor construction [71]. Hence, these sensors show a very high
bandwidth and are well suited for measuring ground contact forces. However, they can be
mechanically destroyed by overload.
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Another approach is to measure the motor currents and compare the measured current
with the required force computed from a system model. The advantage of this method
is that any environmental contact can be detected, dedicated sensors are not required.
Unfortunately the dynamics of the electronic circuit are very fast, hence very high sampling
rates are required. The necessary processing capabilities are generally not available on
autonomous robots.

2.4.3 Body Orientation Measurement

A major and yet unsolved problem is to measure the absolute orientation of the humanoid
body with respect to a fixed world coordinate system. This is necessary as bipeds are
not fixed to the ground and hence lack a known reference. Balance control requires high
bandwidth signals to allow fast reaction to slight deviations from the desired orientation.
The maximum achievable walking speed currently is limited by the bandwidth of available
orientation sensors [57].

Although magnetic field sensors generally meet the requirements, they are very sensitive
to EMF disturbances from mobile phones or brush fire in the motors. Furthermore metal
housings can deflect or even shield the magnetic earth field.

Accelerometers produce a voltage output proportional to the acceleration of the sensor
with a high bandwidth. Unfortunately, the signal of inexpensive sensors developed for
automobile applications are very noisy and not suitable to detect slight accelerations.
Integration of the signal is not possible due to a temperature dependent bias.

Another candidate type of sensors are Gyroscopes producing a rotational velocity signal.
Their bandwidth of approximately 85Hz is rather low for humanoid balance control and
the signal shows a significant drift.

Efforts have been made to fuse signals from different types of sensors and construct an
accurate, fast, and reliable signal [57]. Although interesting solutions have been presented,
the problem of determining the body orientation still remains an open issue.

In spite of all difficulties and unsolved problems, many quite successful humanoid biped
projects have succeeded in building robots.

2.5 Humanoid Biped Projects

This chapter sketches a brief overview of the most important research projects in humanoid
biped robots, see Tab. 2.1, a more detailed overview can be found in [21]. As the group
of humanoid robots is rather large and covers a huge variety of very different disciplines
– ranging from walking control to emotional mimicking and human-machine-interaction –
this chapter focuses on humanoid walking robots.

2.5.1 Waseda

The Humanoid Robotics Institute of the Waseda University is the first group to build
hardware humanoid robots. Their current Wabian series, see Fig. 2.8 stands in the long
tradition of the Wabot Project that started in 1968 and produced the first humanoid in
1970. A multitude of different versions of the Wabot- and Wabian series have been released
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since then examining different kinds of actuators, especially various types of artificial mus-
cles, and novel control methods. The humanoid research has since the beginning been
accompanied by research in intelligent prothesis. By joining these related research fields,
synergies have been exploited by exchanging biological and robotics know-how.

The latest model Wabian-RV with 43 actuated and 8 passive joints is currently amongst
the most complex humanoids. It disposes of advanced visual and auditory senses to mimic
the capabilities of the human sensory systems. Based on the sensing information, the whole
body motion of Wabian-RV is generated online. For this purpose the dynamics of the robot
are reduced by just describing the knee trajectory. This method allows robot gait with
stretched knees which is not possible with most other methods due to the configuration
singularity. Stable walking is realized by a stiffness/compliance control.

For memorizing and performing complex walking patterns systematically and effectively,
a method for online teach-in of low-level and high-level has been developed using a speech
recognition system. The robot can emotionally interact with humans by showing feelings
like happiness, sadness and anger.

2.5.2 Honda Asimo

Started in 1986, the success of the Honda humanoid series P2, P3 and Asimo, see Fig. 2.9,
aroused a widespread interest both in public and in the research community. Conceived as a
human size universal helper, the latest model Asimo shows one of the most advanced walk-
ing technologies; unfortunately little information on the technology is published. Asimo
disposes of a set of precalculated trajectories. If these trajectories do not match the require-
ments, new motions are generated online by interpolating between two closely matching
patterns. The resulting motion is further refined adapting the dynamic properties based on
estimating future behavior. The walking controller shows very fast and dynamic walking
performance.

Asimo also sets standards in human-robot-interaction. It can recognize individual people
by their faces and thus react specifically to the person. Hence, the Honda robot has
successfully performed reception or guiding tasks on trade fairs or presentations.

2.5.3 Sony QRio

Another robot developed by industry is the Sony QRio [40, 95], see Fig. 2.10. As opposed
to Asimo, the concept of this small size robot does not follow the idea of a universal helper,
but is rather designed as an entertainment platform. With this perspective, development
focuses on one side on creating an inexpensive platform suitable for the mass market and on
the other side on implementing entertaining performances like gymnastics shows, dancing
synchronized between several robots or singing. QRio has a highly advanced equilibrium
system allowing it to balance on a moving surf board or skating on roller skates.

A special tool [54] has been created that allows people with little technical background
knowledge to graphically teach-in new motion patterns. Based on the Dynamics Filter [133]
method, balanced motion patterns are generated from the teach in specifications that can
be transfered to the robot. This system even accounts for external reaction forces, thus
QRio can be tought to grab a ball and throw it away.
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2.5.4 HRP-2

The humanoid HRP-2 [48], see Fig. 2.11 is a joint development of several Japanese research
institutes and Kawada Industries Inc., financed by the Japanese Ministry of Economy,
Trade and Industry (METI). The project goal is to provide a high quality research platform
which can be turned into an industrial product towards the end of the project.

Due to the large number of researchers working on this robot, it has shown remarkable
performances in a multitude of research problems, e. g. stepping over obstacles [26], running
[74] or safe falling over [19]. Other directions of research include walking on uneven surfaces,
tipping-over control or getting up if the robot has fallen down. Furthermore research in
human-machine interaction are envisioned.

2.5.5 Johnnie

In the scope of a project supporting by the German Research Foundation (DFG), the
humanoid Johnnie [22, 57, 58] shown in Fig. 2.12 has been developed with the goal to
enhance abilities in autonomous walking. Johnnie possesses a highly developed visual
guidance system [61, 90] based on a stereo camera system. Obstacles are classified into
e. g. “possible to step on”, “possible to step over” or “not negotiatable”. According to the
distribution and type of obstacles Johnnie plans a suitable trajectory towards the target
and selects an appropriate gait pattern allowing smooth locomotion. Thus, the robot is
able to show a very smooth walking performance; once a suitable walking path is found,
obstacles can be handled without stopping and adjusting position in front of it. Gait
patterns are already adapted several steps in advance in order to reach the obstacle at a
distance apt for negotiating it.

2.5.6 UT-Theta

The humanoid UT-Theta [76, 79] shown in Fig. 2.13 developed at the University of Tokyo
excels by some innovative design ideas: in order to maximize the motility of the robot,
a double spherical hip joint has been developed where all 6 rotation axes of the two hip
joints intersect in a single point thus allowing motion of the upper body without effect on
the leg motion.

Another innovation is the knee joint with backlash clutch that can be switched between
a passive and an actuated mode. The key idea was to transfer the concept of passive
walkers to actuated humanoids thus mimicking human walking properties and obtaining a
more natural looking gait.
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Figure 2.8: Wabian RIII.
c©Waseda University

Figure 2.9: Honda Asimo.
c©Honda Motor Co.

Figure 2.10: Sony QRio.
c©Sony Corp.

Figure 2.11: HRP-2.
c©Kawada Industries

Figure 2.12: Johnnie.
c©TU München

Figure 2.13: UT-Theta.
c©University of Tokyo
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Height Weight DoF Speed Devel. Effort
Robot Developer

[cm] [kg] act./pass. [m/s] time [Prs-yrs]
Specialties

Wabian Waseda University [122] 166 107 43/8 0.21
1992-
2000

�
one of the first
humanoid
projects

HRP-2 AIST [1] 154 58 30/0 0.7
1998–
2002

�
Asimo Honda Corp. [34] 120 52 24/0 0.4 1986– �
SDR-4X/QRIO Sony Corp. [95] 58 7 38/0 � 2000– � running,

gymnastics

Partner Robots
Toyota Motor Corp.
[113]

120 35 � � � �

H6 University of Tokyo [109] 137 55 35/0 � 2000– � 25 cm step
height

Hoap Fujitsu Automation [18] 50 7 25/0 � � �
Pino

Kitano Symbiotic
Systems Project [51]

70 4.5 26/0 0.05 1999– 4.5

UT-θ University of Tokyo [111] 150 45 21/2 � 2001–
2004

12
innovative
mechanical
design

UT-µ:mighty University of Tokyo [110] 58 7 20/0 � 2002– 3 high motility

Guroo
University of
Queensland [108]

120 38 12/0 � 2001– �

BARt-UH
University of Hanover
[114]

100 25 6/0 0.3 1999 2 stair climbing

Johnnie
Technische Universität
München [105]

180 40 17/4 0.55
1998–
2004

12
perception
based walking

�: data not published or not found by the author.

Table 2.1: Overview of humanoid robot projects.
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2.6 Summary

In spite of more than three decades of research in humanoid robotics, there still remain
many challenges. Although there exist a variety of approaches for controlling balanced gait,
the walking performance of todays humanoids is still at the level of a toddler. However,
even if motions from current humanoids still look somewhat “robotish” and little natural,
their performances are quite impressive and exert a fascination on the spectator.

Improvements are required on both, the hardware side by employing advanced sensing
systems and the control side. From the current point of view, joint strategies combining
the advantages of different control methods seem to be most promising.

Another important issue is generalization and abstraction of sensor data. Information
of a variety of sensing devices must be fused by assessing the reliability of each signal in a
given situation and extracting accurate information on the current system state.

23



2 State of the Art

24
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Control

The first step towards humanoid biped walk-
ing is a thorough hardware design with re-
spect to the specific requirements of the
robot. Special attention must be turned to
the selection of appropriate actuators as
oversized motors increase the total weight
of the robot, thus deteriorating the walking
performance. Here, a procedure for actua-
tor selection based on optimal control is dis-
cussed.

3.1 Problem Description

The design of a humanoid walking robot is very important for the achievable performance
of the robot, especially the weight of the system imposes physical limits. Additional weight
deteriorates the walking performance, as a higher mass has to be accelerated; the maximum
achievable joint acceleration decreases with rising weight. Hence motor-gear-combinations
should be chosen as light as possible, thus just about fulfilling the requirements on possible
torque, acceleration and velocity.

Besides the increased weight of more powerful motors, they usually also consume more
power and therefore require larger and more batteries. Furthermore, the electronics to
handle higher currents become heavier and bulkier. Oversized motors not only increase
the total weight of the robot by their own excess weight, but also entail further gains.

This chapter presents a systematic way to accurately determine the actuation require-
ments of a robot during planning phase and select an appropriate motor-gear-combination
from the manufacturers offerings [129]; the method has been developed in a joined effort
with the Simulation and Systems Optimization Group, Technische Universität Darmstadt.

Many research groups investigate biped walking machines and put a lot of effort into
hardware design [3, 37, 56]. The actual development and production can be so expensive
and time consuming that university research labs have difficulty competing with larger
companies [32, 33, 40], where even dedicated actuators are developed exclusively for use
in humanoids [20].

In contrast to the just mentioned projects, the method presented here is used exemplarily
to design a small-size and fast, autonomous humanoid walking machine using off-the-shelf
components wherever possible, especially commercially available high performance DC
motors.
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The biped is intended for fast, dynamic walking; thus, its dynamic behavior is extremely
important. Numerical simulation and optimization of full nonlinear dynamic models are
used throughout the entire design process. Efficient recursive multibody dynamic algo-
rithms [31] are particularly well-suited for modeling legged systems. These are combined
with powerful nonlinear optimization programs [117] to generate gait trajectories [28, 29]
or to optimize kinematic and dynamic model parameters. Using this data, a choice for the
motors and gears is made, which delivers the desired performance. The robot design, i. e.
trade-off between motor weight and power, are further optimized with respect to a target
walking speed of approximately 0.5 m/s.

The organization of this chapter is as follows: Sec. 3.2 describes the preliminary kine-
matic structure of the humanoid based on the desired size and rough estimations of body
masses. Using this model, the actuator requirements for walking at a desired velocity are
computed in Sec. 3.3. The torque and velocity ratings are evaluated in the motor selection
process discussed in Sec. 3.4.

3.2 Initial Assumptions for the Kinematic Structure

The first step when designing humanoid robots is to decide on some fundamental param-
eters of the humanoid such as size and kinematic structure.

Current human-sized walking machines have a typical weight of 40–60 kg at a height of
160–180 cm. This size and weight makes them difficult to operate, as elaborate safeguard
systems have to be installed to prevent the robot from damage in case of a system failure.
These safeguard systems usually require additional operators, hence handling the robot
demands a team to deal with the complex system. Small size robots on the other hand
usually lack a significant payload, thus only limited sensory extensions can be installed.
Otherwise few high quality sensors exist in a miniaturized, lightweight version.

Hence, opting for the dimensions means pondering between a size and weight manageable
by a single operator and an over-miniaturization resulting in expensive micro-components
and a cramped – thus hard to maintain – design. As a compromise, a target height of
70 cm is chosen. Assuming human-like proportions [116] yields the dimensions given in
Tab. 3.1.

Table 3.1: Link dimensions in local coordinates and mass distribution.
Torso Thigh Shank

Dimensions dx [m] 0.1 0.14 0.15
dy [m] 0.25 0.1 0.1
dz [m] 0.385 0.1 0.1

Masses 12 kg-Model [kg] 7.355 1.161 1.161
18 kg-Model [kg] 11.03 1.742 1.742

With the human structure in mind, each leg is chosen to dispose of 6 degrees of freedom
(DoF), where 2DoF are located in the ankle allowing for forward and lateral motion, 1DoF
is placed in the knee and the hips dispose of a full range of motility with 3DoF. The robot
furthermore possesses arms with 2DoF in each shoulder intended for compensating leg
momenta by swinging, thus providing lateral stability. The preliminary kinematic model
thus has 16DoF as shown in Fig. 3.1, the head is considered immobile for simplicity reasons.
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Figure 3.1: Preliminary model.

Two different weight classes are considered for the robot: a heavier 18 kg version and a
lightweight 12 kg one. From rough approximations taking into account the location and
weight of motors, link masses are assigned as listed in Tab. 3.1; the mass within each link
is assumed to be uniformly distributed.

With these assumptions on the kinematic structure and parameters, a dynamical model
is computed approximating the system dynamics of the designated humanoid prototype.
This model is used for computing the actuator requirements.

3.3 Determining of Joint Torque Requirements

The demands on the joint torques when performing a target task are calculated by solving
an optimal control problem. This process is similar to generating gait trajectories as
described in App. B.

An optimal control problem is formulated, where a cost function assessing the “perfor-
mance” of the gait is minimized subject to various constraints. These constraints ensure
the physical feasibility of the step and contain information on initial and final positions
and velocities.

For the motor selection process, the biped motion is optimized over one step, where
the movement is constrained to the sagittal plane. Each leg instantaneously lifts off from
the ground when the other collides with the ground representing the most efficient form
of walking without feet [27]. The leg collision with the ground is modeled as perfectly
inelastic, i. e. the leg tip velocity is instantaneously zero after collision.

With the goal of an autonomous, fast-moving biped, a performance measure is chosen
that minimizes energy loss. It is known that the principal form of energy loss for these
systems is Joule thermal loss [50]. As identical motors are sought for all joints for ease
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Table 3.2: Numerical investigative modeling frameworks.
Experimental Model Weight Average Forward Speed

Model 1 12 kg 0.417m/s (1.5 km/h)
Model 2 12 kg 0.555m/s (2.0 km/h)
Model 3 18 kg 0.417m/s (1.5 km/h)
Model 4 18 kg 0.555m/s (2.0 km/h)

of maintenance and repair, this measure can be expressed as the integral of the squared
applied generalized forces. An additional constraint is imposed on the maximum power
consumption PW for each motor. The optimal control problem

min
u(t)

{
∫ tf

0

u(t)T u(t) dt

}

subject to max
t∈[0,tf ],i∈{1,...,n}

|q̇i(t)ui(t)| ≤ PW (3.1)

is formulated, where q̇i is the joint i angle velocity and n the total number of links. The
optimization (3.1) is also subject to the robot dynamics

q̈ = M(q)−1
(

B u − C(q, q̇) − G(q) + J c(q)T f c

)

0 = gc(q)
(3.2)

where M is the positive-definite mass-inertia matrix, C is the Coriolis and centrifugal force
vector, G the gravitational force vector, q the generalized coordinates, and u(t) are the
control inputs mapped with the constant matrix B to the actively controlled joints. The
constraint Jacobian J c = ∂gc

∂q
is obtained from the holonomic ground contact constraints

gc, and f c is the ground contact force.
The optimal control problem (3.1) is solved numerically using the method of direct

collocation based on a parameterization of state and control variables using piecewise
polynomials and its solution with sparse, large-scale sequential quadratic programming
[29, 117].

Four different models, as shown in Table 3.2, are used to investigate the torque and power
requirements for dynamic walking. In spite of the wide range of power, torque, and speed
output characteristics present in commercial high performance motors, a significant void
generally exists between motors with a 20–25W maximum power output and those with a
70W maximum power output, the latter having a much increased weight. For this reason,
Models 1 and 2 are both optimized with a joint maximum power output of PW = 20 W as
in (3.1). The problem is not solvable in this form for Models 3 and 4 most likely due to
the fact that the forward velocity constraints could not be met with the increased weight
and limited power availability. Thus, PW is set higher for the heavier models: PW = 25 W
for Model 3, PW = 40 W for Model 4.

An optimal control problem for one walking step is solved numerically for each model
resulting in solution trajectories of joint velocities, accelerations, applied torques, and
required power. The results for Models 2 and 4 are displayed in Tables 3.3 and 3.4. The
power maxima indicated in these tables may be slightly above the upper bound due to
polynomial approximations between calculated grid points. The most important conclusion
that the data provides is that required power increases at a rate faster than linear with
respect to the overall system weight. The larger motors with greater power outputs in turn
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3.3 Determining of Joint Torque Requirements

Table 3.3: Simulation results for Model 2 (0.555m/s, 12 kg): Maximum torque = 187Nm
due to vertical contact force.
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Velocities Aver. (rpm) 19.7 14.4 53.8 62.0
Max. (rpm) 81.7 102 99.8 127

Accelerations Max. (rad/s2) 409 515 318 323

Torques Aver. (Nm) 1.54 1.95 0.947 0.299

Max. (Nm) 5.67 4.21 1.71 0.993

Power Aver. (W) 3.50 3.51 5.80 2.13

Max. (W) 15.4 23.1 13.9 6.02

Table 3.4: Simulation results for Model 4 (0.555m/s, 18 kg): Max. torque = 269Nm due to
vertical contact force.
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Velocities Aver. (rpm) 19.8 14.4 54.6 62.8
Max. (rpm) 83.8 105 101 126

Accelerations Max. (rad/s2) 731 815 485 538

Torques Aver. (Nm) 2.29 2.95 1.36 0.42

Max. (Nm) 8.05 6.16 2.38 1.40

Power Aver. (W) 5.32 5.60 8.47 3.07

Max. (W) 27.3 41.9 20.2 9.05
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Figure 3.2: Simulation results for four models. The upper left plot shows the contact force
between the support foot and the ground. The other characteristics have been taken from
the knee joint, as it shows highest actuation requirements of all joints.

Table 3.5: Motor characteristics for the 12 and 18 kg models.
12 kg model 18 kg model

Operational torque 1.5–2.5Nm 2.5–3.5Nm
Maximum torque 3.0Nm 4.0Nm
Operational RPM 50–75 rpm 65–90 rpm
Maximum RPM 90 rpm 100 rpm
Maximum Power 15W 20W

weigh much more so that system weight quickly spirals upward making the construction
of a system capable of fast movements increasingly difficult. Thus, a strong effort is made
to keep the total biped weight small.

Figures 3.2 and 3.3 display various trajectories for the four models. Spikes in the torque
and speed trajectories are a consequence of the model and the high average forward velocity.
These occur near the time of collision of the leg with the ground. A well-designed foot
construction including damping elements should avoid these peaks; therefore, they are
neglected in the motor selection process. A foot will permit the biped to make larger and
fewer steps thus reducing the predicted high values for the joint velocities. The relationship
between the maximum required motor torque and its turning speed is also shown in Fig. 3.3.
The data of interest is summarized in Table 3.5 to be used for motor selection.
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Figure 3.3: Torque-RPM-workspace of the knee joint from simulation data for four models.
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3 Humanoid Robot Design Based on Optimal Control

3.4 Motor Selection

The actuator selection task is to find a drive train satisfying the desired characteristics in
Table 3.5. This is done by selecting a number of candidate motor-gear-combinations and
determining their torque-RPM-workspaces. These achievable workspaces are then mapped
on the required workspaces shown in Fig. 3.3. If the required workspace is a subset of the
achievable workspace, the motor-gear-combination is suitable for the examined task. From
all suitable drive trains, the lightest is chosen to minimize the total weight of the robot.

The workspace of a motor-gear-combination is largely determined by its no-load speed
and the stall torque. The stall torque

τstall =
τmotor

N η
(3.3)

of a motor-gear-combination is calculated from the chosen gear ratio N , the efficiency η of
the gearbox and the motor stall torque τmotor, while the no-load speed

nr = no N (3.4)

is obtained from the gear output speed no and gear ratio N .
Figures 3.4 and 3.5 show some motor workspaces mapped on the workspace of Models 2

and 4 respectively. The robot workspaces have been scaled by the gear ratio, i. e. the
plotted robot workspaces show the requirements on the motor for a given gear ratio.
This allows to investigate the applicability of motors with different voltage ratings Vm ∈
{30 V, 42 V, 48 V}, as a lower system voltage reduces the number of required batteries.

In Fig. 3.5, the desired workspace is not covered as well by the motor characteristic lines
as with the 12 kg robot. The heavier robot will not be able to be driven nearly as fast as
the lighter one; a traveling speed of 0.417m/s though is still achievable.
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Figure 3.4: Model 2: Motor workspaces for three voltage ratings mapped onto robot workspace
for different gear ratios.
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Figure 3.5: Model 4: Motor workspaces for three voltage ratings mapped onto robot workspace
for different gear ratios.
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3 Humanoid Robot Design Based on Optimal Control

3.5 Summary

As the weight-to-power ratio of a humanoid is decisive for its performance, joint actuators
must be selected to closely match the requirements. On the one hand, the joint actuator
must be capable to deliver the torque required to achieve a commanded acceleration and
the desired maximum velocity. On the other hand, the actuator should be as lightweight
as possible to keep the total weight of the robot low.

The strategy presented in this chapter, which has been developed in close cooperation
with the “Simulation and Systems Optimization Group”, Technische Universität Darm-
stadt, provides a methodic approach to this problem.

By solving an optimal control problem, motion trajectories for a given task are calcu-
lated, that minimize e. g. the energy consumption during the step. Contrary to most other
gait generation methods, the optimization considers the entire step cycle rather than opti-
mizing single snap shots. From these gait trajectories, the requirements on the actuators
for maximum torque and velocity, i. e. the required workspace, are obtained. The reach-
able workspace of a motor-gear-combination is mapped onto the required workspace. The
drive train is apt, if the required workspace is a subset of the reachable workspace. Thus
a graphical criterion to decide on the suitability of the drive train for the desired task.

Formulating the actuator selection task as an optimal control problem is considered
novel; although in this dissertation described for humanoid walking robots, the method
can be equally applied to any type of robot. Application of this method in a practical
design process of the humanoid prototype described in App. A proved the method useful
and capable to harmonize with common engineering development methods.
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4 Online Posture Correction

One way to achieve humanoid biped locomo-
tion is to offline generate gait trajectories
and to replay them on the robot. However,
it is sometimes desirable to modify these tra-
jectories in order to correct postural errors
or to slightly adapt the motion if environ-
mental constraints do not match the antici-
pated conditions.

4.1 Problem Description

Current research to achieve biped locomotion can largely be classified into two different
approaches: Gait trajectories are either computed online according to the actual intention
and perception data of the robot [38, 47, 104, 134], or a large set of trajectories is computed
offline [5, 14, 30, 128] and the robot selects the trajectory best fitting for the situation on
hand [60].

While in situ generation of trajectories – at least potentially – enables the robot to react
to any encountered situation, it is currently not possible to consider special “aesthetic”
criteria [35] like smoothness and energy efficiency with this approach. Incorporating such
constraints requires optimization of the complete gait cycle. However, such problems are
not apt to realtime implementation, as convergence of the problem is sensitive to initial
values which generally have to be tuned manually, solutions cannot be found within guar-
anteed time limits. Many research groups, hence, focus on offline generation of trajectories.

In recent work [14, 30, 128] it has been shown that such optimal control problems consid-
ering a variety of constraints such as dynamic stability, joint actuator torque limitations,
contact force constraints at the feet and others can be solved to generate step and stride
trajectories offline using advanced numerical optimal control algorithm.

One disadvantage of precalculated trajectories is that the robot is unable to accomplish
motions for which trajectories are not available, thus a huge database of step primitives
generally is necessary. In an effort to reduce the size of the required database and to
increase the possible field of application of the robot it is therefore desirable to modify
trajectories online such that they can be applied to slightly different situations than they
have originally been computed for. One of the key challenges – which is the main focus
in this chapter – is sensor-based online modification of computed trajectories to improve
walking stability and performance.

Here, a novel Jacobi Compensation method is proposed that permits to move parts of
the body in selected task coordinate directions and thus alters the posture of the robot.
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Figure 4.2: Jacobi Compensation. The precalculated trajectory qt is modified by addition of
an online and task-dependent calculated correction term qc. The necessary correction ẋc

is determined in Cartesian space and transformed into joint space via the Jacobian.

Efforts to modify precalculated trajectories online followed by other research groups focus
on ensuring gait stability by controlling the Zero Moment Point (ZMP) [36] or adapting
existing trajectories for walking in the plane to ones that are suitable to walking on slopes
[137]. The online use of Jacobians for posture control of biped robots is considered novel.

The chapter is structured as follows: The Jacobi Compensation method presented in
Sec. 4.2 is illustrated more descriptively in simulations in Sec. 4.3. Sec. 4.4 gives an analysis
of the stability properties, followed by Sec. 4.5 suggesting a more robust implementation.
In Sec. 4.6, the method is applied to a hardware walking experiment with the humanoid
robot, that is presented in App. A.

4.2 Online Compensation

When precalculated optimal control trajectories are replayed in practice by humanoid
robots, the joint angles often differ from the intended ones. These deviations in the posture
can result in violation of stability criteria or motion constraints and are caused by modeling
errors, link flexibilities, gear loss, backlash, joint control errors and external disturbances
inflicted on the robot by the environment. The result is a degraded walking performance.
Commonly, a sensor-based control strategy is applied to cope with such errors.

In this section a novel method termed Jacobi Compensa-

Figure 4.1: Moving se-
lected points on the
robot by Jacobi Com-
pensation.

tion is proposed, which modifies precalculated trajectories by
shifting dedicated point on the robot in task coordinate di-
rections. Task coordinates are selected Cartesian directions of
fixed points on the robot, e. g. the hip coordinate, the CoM
and others, see Fig. 4.1. Appropriately applied, stability cri-
teria deviation can be reduced thereby improving the walking
performance.

The a priori selected task coordinates shall be moved by
ẋc ∈ R

m in Cartesian space. The vector ẋc has one entry
for each direction of each point that can be modified, hence the
dimension m is the influenceable degree of freedom. The com-
manded joint angles qt, obtained from a precalculated trajec-
tory, are modified by adding qc = f(ẋc), where f(·) transforms
the Cartesian motion ẋc into a joint space motion qc ∈ R

n, n
is the number of joints of the robot. As shown in Fig. 4.2, this

correction qc is linearly superimposed with the joint configuration qt resulting in a new
desired posture qd = qt + qc of the robot.

36



4.3 Simulation Results

The relation f(·) between Cartesian task coordinate motion and joint space motion is
described by the Jacobian

J(qa) =
[

∂xc

∂q1
· · · ∂xc

∂qn

]
∣

∣

∣

q=qa

∈ R
m×n, (4.1)

a function of the actual joint angles qa ∈ R
n, which maps the velocity q̇c in joint space

to the velocity ẋc in Cartesian space according to

ẋc = J(qa) q̇c. (4.2)

The inverse mapping of (4.2) is not unique as the system generally is redundant. There-
fore the pseudoinverse

J#(qa) := JT (JJT )−1 (4.3)

is used, which solves the ambiguity by minimizing the Euclidean norm ||q̇c||2; here, m ≤ n
and rk (J(qa)) = m is assumed for existence of a solution, i. e. the motion is modified along
less or equal task coordinates xc than degrees-of-freedom n of the system. The correction
velocity thus computes to

q̇c = J#(qa) ẋc , (4.4)

which is integrated to obtain the position modification qc in joint space. Superimposing
it with the precalculated trajectory qt as shown in Fig. 4.2 adapts the trajectory to the
actual requirements.

Applications of this method are plentiful: In the hardware experiments in Sec. 4.6 the Ja-
cobi Compensation is used to alter the posture of the robot and thus modify precalculated
trajectories to improve walking stability and performance. Other applications include the
possibility to adapt precalculated gait trajectories to fit for walking on slopes by shifting
the center of mass uphill, i. e. in the direction of the negative gradient of the slope; this
involves not only walking straight uphill, but also across the slope.

In the following, the Jacobi Compensation is illustrated more descriptively with the help
of simulation results.

4.3 Simulation Results

The Jacobi Compensation described in Sec. 4.2 is now demonstrated in a simulation ex-
periment using a mechanically simple, but illustrative example of a planar 4 DoF Scara
robot depicted in Fig. 4.3. Stressing its kinematic similarity with a planar walker and with
the desired target platform in mind, the ends of the Scara will be referred to as the “feet”
and the middle joint is termed “hip”.

The properties of the Jacobi Compensation are illustrated by simulating the tasks “move
swing foot outwards” and “move hip over the supporting area”. These tasks are also
relevant in hardware experiments, as they correspond to avoiding collision of the feet and
keeping the robot balanced to elude tilting.

The dynamics of the Scara robot are described by a differential equation

M(q)q̈ + B(q, q̇)q̇ + k(q) = τ , (4.5)
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Figure 4.3: Scara with 4 DoF – Initial Configuration for Simulation.

where M is the mass matrix, B the matrix for Coriolis and centrifugal forces and k the
vector of gravitational forces. The motor torques τ are obtained from a PD position control
loop

τ = KP (qd − q) + KD(q̇d − q̇), (4.6)

where the proportional gain KP and the derivative gain KD are matrices in diagonal form,
and each element is positive. This choice of gains represents independant PD controllers for
each joint. The joint angle qd(t) is the desired trajectory in joint space. For the simulation
all link masses and the link lengths are equally set to “1”. Friction is neglected.

Jacobi Compensation is now used to move the swing foot outwards, to a new desired
foot position xd,foot, while a constant reference trajectory qt is assumed.

The input velocity ẋc of the Jacobi Compensation shown in Fig. 4.2 is computed from
the actual Cartesian foot position xa,foot and the desired position xd,foot as

ẋc = ΓP (xa,foot − xd,foot) + ΓD

d

dt
(xa,foot − xd,foot), (4.7)

where ΓP and ΓD again are constant diagonal matices with positive entries.
In this example the Jacobian evaluates to

J foot =
[

∂xc,foot

∂q1
. . .

∂xc,foot

∂q4

]

∈ R
2×4. (4.8)

Applying the method described in Sec. 4.2 yields the simulation result – concerning initial
and calculated final posture – presented in Fig. 4.4(a). The performance of the method
for “outward movement of the foot” is satisfying, i. e. settling is fast and stable and the
desired position is reached as can be seen in Fig. 4.4(b).

The next task to be investigated is moving the hip over the supporting area. In analogy
to the previous simulation a Jacobian

Jhip =
[

∂xc,hip

∂q1
· · · ∂xc,hip

∂q4

]

∈ R
2×4 (4.9)

is set up and the hip is commanded to move to the right; the result is shown in Fig. 4.4(a)
as a dash-dotted plot.

Although the hip joint performs the desired motion, the entailed displacement of the left
foot is unintended in practical biped application. One possible solution for fixing the foot
in Cartesian position is using the concatenated Jacobian

J foot,hip =

[

∂xc,foot

∂q1
· · · ∂xc,foot

∂q4
∂xc,hip

∂q1
· · · ∂xc,hip

∂q4

]

∈ R
4×4, (4.10)
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Figure 4.4: Jacobi Compensation simulations. (a) Initial and final configuration for “move foot
outwards” and for “move hip rightwards”. (b) Associated hip/foot trajectories over time.
(c) Initial and final configuration for “move hip but keep in rest foot”. (d) Associated
hip/foot trajectories over time.
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hence both points of the robot can be moved independently within kinematic limits. Using
J foot,hip and commanding a hip motion while the foot velocity is commanded zero yields
the desired behavior. Note, that J foot,hip being are square matrix is uniquely invertible,

and the pseudoinverse J
#
foot,hip can be replaced by an ordinary inverse J−1

foot,hip.
However, there is a geometrical conflict between the two goals hip movement over sup-

porting area and foot in rest, i. e. it is never possible to reach both goals at the same time.
This geometric conflict is reflected in a loss of rank of the Jacobian. To avoid singularity
of J foot,hip care has to be taken in choosing the desired Cartesian positions of hip and foot,
involving kinematic considerations. The result of simulation is depicted in Fig. 4.4(c) and
(d): the desired motion of the hip in Cartesian x-direction has to be reduced with respect
to the experiment using Jhip, allowing the left foot to remain at a constant position.

With this understanding of Jacobi Compensation its stability properties are now inves-
tigated.

4.4 Stability Analysis

In this section, the stability of a Jacobi-compensated system is investigated [126]. For a first
analysis, Sec. 4.4.1 gives a qualitative examination of the system dynamics to understand
their properties. The stability of the system is then proved based on Lyapunov’s theorem
in Sec. 4.4.2.

4.4.1 Qualitative Analysis of System Dynamics

The analysis discussed in this section is based on the data of the humanoid robot presented
in App. A and [30, 128]. The considered cascaded control architecture shown in Fig. 4.5
consists of a joint-level PD position control and the overlaid Jacobi Compensation.

As can be seen, the Jacobi Compensation closes a feedback loop with the pseudoinverse
Jacobian J#(qa(t)) being a nonlinear function of the actual joint configuration qa(t). In
the following, perfect trajectory following will be assumed and qa(t) is replaced by qt(t);
thus, J#(qt(t)) will be evaluated along a given trajectory qt(t).

The trajectory qt(t) consists of a single step that lasts 6 s. During the initial double
support phase, taking 3 s, the robot shifts its center of mass over the supporting foot. In
the following single support phase, the robot moves the swing foot forward and ends in a
configuration symmetric to the original one.

Various measures are introduced that help to understand the evolution of the Jacobian
properties. Without loss of generality J#(qt(t)) ∈ R

n×m, n > m, is assumed to have full
rank m – otherwise the robot is in a singular configuration which has to be avoided.

Singular Value Decomposition

For understanding the system dynamics, the Singular Value Decomposition (SVD)

J#(qt(t)) = U(t)Σ(t)V T (t) (4.11)

of the pseudoinverse Jacobian J# is investigated. As J# ∈ R
n×m, is a non-square matrix,

and Σ is required to have the same size as J#, the matrix Σ =
[

diag(σi) 0
]T

contains the
singular values σi sorted in diagonal form (Rm×m) in decreasing order and is supplemented
by a zero-matrix 0 ∈ R

(n−m)×m. The matrices U ∈ R
n×n and V ∈ R

m×m are composed of
orthonormal bases.
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Writing (4.11) elementwise as

J#vi = σiui, (4.12)

where vi and ui represent the i-th column vector of V and U respectively, suggests that the
singular value σi can be interpreted as the gain of the Jacobian in coordinate direction ui

[75]. As the σi vary with the actual working point, the Jacobian can be badly conditioned
for certain joint configurations, i. e. have rather different gains in different directions of
motion. That means that small changes on the correction term ẋc in some directions lead
to large motions in joint space while other directions have little effect.

Apart from the singular values Σ also the principal transformation axes U rotate de-
pending on qt. Therefore the Jacobi output q̇c can vary even with a constant correction
term ẋc as the joint configuration follows a trajectory.
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Figure 4.6: Minimum and maximum singular value and the corresponding condition number
along the trajectory.

This is illustrated in Fig. 4.6, where the minimum singular value σm and maximum
singular value σ1 of J#(qt(t)) along a given walking trajectory qt(t) are shown.
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Condition number

Furthermore the condition number (see [86])

κ =
maxi(σi)

mini(σi)
=

σ1

σm

(4.13)

of J# at each time step is shown. This condition number κ is commonly used to rate the
dexterity in a workspace and should be κ = 1 for a workspace with equal manipulability
in all directions.

1 2 3 4 5 6
0

10

20

30

40

50

60

70

80

90

100

time [s]

co
nd

iti
on

 n
um

be
r

CoM + right foot
CoM

Figure 4.7: Condition numbers for Jacobians modifying the CoM and both, CoM and position
of the right foot.

With growing size of the Jacobian, more degrees of freedom of the robot are bound
by the correction motion and the imposed constraints. Therefore the conditioning of the
Jacobian generally becomes worse for larger matrices. Fig. 4.7 shows the condition number
for the Jacobian JCoM ∈ R

12×3 adjusting the attitude of the center of mass (CoM) (dashed
line) and that of another Jacobian JCoM,foot ∈ R

12×6 manipulating both, the CoM and the
position of the swing foot (solid line).

Time Evolution of Jacobian

In order to obtain a measure for the changes in the Jacobians at two consecutive sample
times, J# has been computed along the trajectory qt(t) at the constant sample time
T = 4 ms. The changes of the Jacobians at time t = t∗ with respect to the previous sample
t = t∗ − T are expressed in the difference matrix

∆J(t∗) = J#(qt(t
∗)) − J#(qt(t

∗ − T )).

Hence, difference measure

∆(t∗) =
m
∑

i=1

n
∑

j=1

|∆Ji,j(t
∗)| (4.14)
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4.4 Stability Analysis

being the sum of the absolute value of all elements of the difference matrix between two
sample times quantifies the difference between two consecutive Jacobians. Fig. 4.8 shows
the evolution of ∆ along the trajectory qt(t). Comparing this plot with the condition num-
ber of the CoM-Jacobian in Fig. 4.7 confirms the fact, that a badly conditioned Jacobian
J# yields high velocities in joint space.
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Figure 4.8: Evolution of the difference measure ∆ defined in (4.14).

Therefore investigations on the stability of Jacobi compensation are of interest.

4.4.2 Lyapunov Stability of Jacobi Compensation

The dynamic behavior of the humanoid robot follows the differential equation

M(q)q̈ + B(q, q̇)q̇ + k(q) = τ , (4.15)

where τ is the torque applied to the robot.

This stability analysis is based on Lyapunov’s theorem:

Definition 4.6: Lyapunov stability [87].

A system is (locally) stable, if a (locally) positive definite function (Lyapunov
function) V (x, t) can be found with the following properties:

• V (0, t) = 0 and V (x, t) > 0 ∀t > 0

• V̇ (x, t) < 0, ∀t > 0

As suggested in [93], a candidate Lyapunov function

V =
1

2
q̇T

e Mq̇e +
1

2
qT

e Kpqe (4.16)
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4 Online Posture Correction

is chosen, with the control error

qe = qt − qa +

∫

J#ẋc dt

= qt − qa + qc.

As the matrix M and the proportional gain Kp of the control law shown in Fig. 4.5
are positive definite, (4.16) is a valid candidate Lyapunov function where the first term
represents the kinetic energy and the second term is a generalized potential energy stored
in the system.

The time derivative

V̇ =
1

2

d

dt
q̇T

e Mq̇e + q̇T
e Kpqe (4.17)

of the Lyapunov function contains in its first term the rate of change of kinetic energy
which – according to mechanics – is equal to the power provided by external forces. Hence
(4.17) can be written as

V̇ = q̇T
e (τ − g) + q̇T

e KP qe, (4.18)

g is the acceleration of gravity. The torque τ is obtained from the control law

τ = −Kpqe + Kdq̇a + g. (4.19)

Inserting (4.19) into (4.18) yields

V̇ = q̇T
e Kdq̇a

= (q̇t − q̇a + q̇c)
T Kdq̇a, (4.20)

which can can be interpreted as the energy dissipated by the damping gain Kd in the
control law.

As Lyapunov’s theorem requires the time derivative V̇ of the Lyapunov function to be
negative, the Jacobi Compensation is stable, if the dissipated energy is larger than the
energy generated by the motion, thus

(q̇t + q̇c)
T Kdq̇a < q̇T

a Kdq̇a (4.21)

must hold.

A rough approximation is obtained by writing (4.21) element wise and requiring the
inequality to hold for each element.

As Kp and Kd are the parameters of a PD control loop these matrices are often chosen in
diagonal form thus describing separate PD controllers for each robot joint without coupling.
With this assumption it is possible to write (4.21) element wise, where qti, qci, qai signify
the i-th element of the vector qt, qc, qa and kpi and kdi represent the i-th diagonal element
of Kp or Kd resp., i. e. the element in the i-th row and the i-th column. Hence, asking
the inequality (4.21) to hold for each element separately

{

q̇ci < q̇ai − q̇ti ∀q̇ai > 0

q̇ci > q̇ai − q̇ti ∀q̇ai < 0.
(4.22)
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4.5 Singularity-Robust Inverse

gives a rough approximation representing a boundary for the velocity q̇c of the Jacobi
compensation. Thus the control loop remains stable, if the posture of the robot is altered
sufficiently slowly1.

This result is in accordance with experimental experiences [94], where Jacobi Control
generally showed stable behavior for smooth posture modifications with few constraints.
For large Jacobians incorporating many constraints, the pseudoinverse may become badly
conditioned, resulting in high joint velocities q̇c. Hence large Jacobians often destabilize
the system in certain joint configurations.

A solution to handle this problem of singularities is suggested in the following.

4.5 Singularity-Robust Inverse

When computing (4.4), the Moore-Penrose pseudoinverse

J# = JT (JJT )−1 (4.23)

offers a least-squares solution for q̇c that fulfills

min
q̇c

‖ẋc − Jq̇c‖2. (4.24)

As this solution generally is not unique, q̇c is chosen such that

min
q̇c

‖q̇c‖2 (4.25)

is satisfied, see [75]. The pseudoinverse hence solves a cascaded optimization problem
minimizing the error rather than considering the feasibility of the motion. This results in
badly conditioned pseudoinverses and thus high velocities as observed in Figs. 4.7 and 4.8.

To overcome this deficiency, Nakamura [75] proposed to minimize both properties simul-
taneously by solving

min

∥

∥

∥

∥

(

ẋc − Jq̇c

q̇c

)
∥

∥

∥

∥

W

, (4.26)

where W is a weighting matrix of the norm ‖x‖W =
√

xT Wx. Minimizing the error and
the velocity simultaneously avoids velocity peeks as found by the hierarchical optimization
structure of the pseudoinverse solution. Choosing W as the identity matrix I, the solution
for (4.26) is found by the Singularity Robust (SR-) Inverse

J∗(qa) = JT (JJT + kI)−1, (4.27)

see [75] for a detailed derivation. The scalar k is a weighting factor that influences the trade-
off between exactness and feasibility of a motion. For k → 0 the SR-Inverse J ∗ becomes
identical to the pseudoinverse J#, while larger k increase the weight of the velocity in the
optimization (4.26) and hence produce inverses that are less sensitive to singularities at
the cost of a larger error ||ẋc − Jq̇c||.

Fig. 4.9 shows the influence of the weighting factor k on the condition number of the SR-
Inverse along the same trajectory as in the previous experiments: for larger k the negative
influence of singularities on the conditioning of the matrix is efficiently reduced.

1Unfortunately it is not possible to conclude from this result about general stability of Jacobi Com-
pensation if condition (4.20) is not met, as Lyapunov’s theorem cannot make negative statements on
stability.
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Figure 4.9: Condition numbers of SR-Inverses for different weighting factors k.

On the other hand increasing k also leads to a larger deviation of the actual motion
ˆ̇qc = J∗(qa) ẋc of the endeffector from the desired motion q̇c = J#(qa) ẋc. To ensure
small deviation of ˆ̇qc from the desired path q̇c, JJ∗ ≈ I should hold. This property is
evaluated in the error measure

Γ =

m
∑

i=1

m
∑

j=1

|(JJ∗ − I)i,j|, (4.28)

which is the sum of all absolute values of the matrix JJ ∗−I ∈ R
m×m. This error measure

Γ should be small to ensure low divergence from the desired motion. The evolution of Γ
for various k along the trajectory is shown in Fig. 4.10. Comparing Fig. 4.9 and Fig. 4.10
shows that by selecting the weighting factor k a tradeoff between accuracy and stability of
the control loop is being made; these experiments suggest k = 0.0001 to be a reasonable
tradeoff. Furthermore, the weighting factor k can be dynamically adapted as shown in
[75].

The method of Jacobi Compensation is now investigated in hardware experiments.

4.6 Experimental Results

In the following, results of two experiments are described: In the first experiment, the
trajectories generated according to [6] and App. A as solutions of optimal control problems
are applied to the humanoid without modification as reference trajectories to local joint
PD position controllers. The resulting walking performance is sometimes not stable due to
modeling errors, gear backlash and other effects. To improve gait stability precalculated
trajectories were modified manually by teaching in of Jacobi Compensation coordinates in
a second experiment.
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Figure 4.10: Error measure Γ defined in (4.28) along the gait trajectory.

4.6.1 Trajectory Following Using Precalculated Trajectories

Precalculated trajectories are applied to the humanoid as reference trajectories to joint
level PD position controllers. Fig. 4.11 shows the measured data of the left knee. Since
the knee joint supports a significant part of the robot total weight, the load in the other
joints are similar or less than the knee load.

From Fig. 4.11(a) one can see, that the error of the commanded joint trajectory (dashed)
and the measured position (solid) is quite small and does not exceed 0.025 rad for a com-
plete stride. This validates the performance of the PD joint position control with a sam-
pling rate of 250 Hz. The corresponding motor current (solid) and pulse-width-modulation
(PWM) ratio (dashed) are shown in Fig. 4.11(b). This plot similarly displays that the knee
joint of the robot operates well below its limits with currents of 3A (below the maximum
H-bridge amplifier current of 4A) and the PWM ratio always less than 50%.

Despite small errors in trajectory following in joint space, the robot gait is slightly
tottering, i. e. the center of mass is not shifted sufficiently far over the supporting foot.
Hence, the robot tilts towards the swing foot which draggles on the ground. One cause may
be attributed to unmodeled backlash in the gears and other effects such as link flexibilities.
In an attempt to alleviate the errors in the torso posture, a teach-in Jacobi Compensation
(cf. Sec. 4.2) phase is introduced as follows.

4.6.2 Teach-in Compensation

In experiments with precalculated trajectories it turned out that the CoM is not shifted
sufficiently far over the supporting leg due to modeling errors. Together with consequences
of the unmodeled dynamics, this results in tilting of the robot towards the swing leg as
soon as the swing leg lifts off the ground. To improve stability, a teach-in phase has been
set up where the robot reproduces the precalculated trajectories and stops every 2 seconds
for manual trajectory adaption. The operator modifies ∆xc and Jacobi Compensation is
applied for calculation of the appropriate joint space variation ∆q or a joint level offset
∆q is set by keyboard commands to achieve a statically stable trajectory point. These
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Figure 4.11: Humanoid. Experiments with trajectory following control using precalculated
trajectories. a) Control error for knee joint of left leg for one step sequence. b) Motor
current and PWM ratio.

trained modifications of the precalculated trajectory are then linearly interpolated and
superimposed with qt during normal operation. The improvement of walking behavior
in particular stability was significant as a result from this manual teach-in compensation
method.

As the robot now has to support its complete weight by the knee, the control error is
higher than before, the maximum error is 0.042 rad. Furthermore, the joint now reaches its
maximum load capabilities with the motor current saturating and the PWM ratio being
close to 100%. This is not surprising, as the robot has been designed for fast locomo-
tion where the required motor torque is smaller than the torque necessary for statically
balancing on one leg.

The effect of the compensation is shown in Fig. 4.12 where the target trajectory and the
modified trajectories of the left ankle joint are presented. Note that the joint positions
could only be measured at the actuator, therefore the real joint configuration differs from
the measured one by the backlash and link elasticities. Hence the measured trajectory in
Fig. 4.12 diverges from the target trajectory, although the real configuration is closer to
the desired one.

The compensation mainly affects the support phase, where the robot has to be balanced
on the left leg and hence small errors in the joint angle degrade static stability. Fig. 4.13
shows snapshots of some stages in a walking sequence.
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Figure 4.12: Humanoid. Comparison of target trajectory, controlled trajectory without com-
pensation and controlled trajectory with manual compensation of knee joint of left leg.

Figure 4.13: Humanoid. Step sequence with manual compensation, snapshots taken every
0.86 s.
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4.7 Summary

When using precalculated trajectories for humanoid walking, it is often desirable to inter-
fere with with the planned motion. One reason is to adapt the trajectories to situation
slightly differing from the assumptions during motion generation, e. g. shallow slopes or
external distrubances such as wind. Another possible modification is to compensate errors
in trajectory following due to control errors, joint backlash, or link flexibilities.

A novel method termed Jacobi Compensation has been presented which allows modifi-
cation of precalculated trajectories online during the robot gait. It is possible to shift parts
of the robot in given Cartesian directions of selected task coordinates thereby altering the
posture of the humanoid to improve e. g. stability.

Using Jacobians to alter humanoids trajectories by moving dedicated parts of the robot
has not been reported yet and is considered novel. The possibility of adapting existing
trajectories to slightly different situations is also new.

Dynamics properties of the closed feedback loop containing the pseudoinverse Jacobian
have been investigated. Using Lyapunov’s theorem it has been shown that the system with
Jacobi Compensation feedback is stable for moderate posture modifications. To prevent
the Jacobi Compensation feedback loop from generating high velocities in the vicinity of
singularities, the Singularity-Robust Inverse has been suggested as replacement for the
Moore-Penrose pseudoinverse.

Implementations of this method have been demonstrated in simulations with a simple
but illustrative setup. Furthermore applicability has been proven in hardware experiments
with a humanoid walking robot with promising results.
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5 Walking Control of Humanoid Theta

The humanoid robot Theta, developed at
the University of Tokyo, features – amongst
other innovative design ideas – a special
knee joint construction allowing to switch
between an actuated and a free swinging
mode. Smooth walking motion however can
only be achieved based on a carefully de-
signed controller ensuring fast switching be-
tween the modes while avoiding jerky mo-
tions. Therefore, a nonlinear, time optimal,
hybrid controller for the knee joint is devel-
oped and a walking controller based on the
inverted pendulum approach is implemented.

5.1 Problem Description

Although current humanoid robots [32, 48, 52, 78, 132] are mechanically and from the
control point of view very sophisticated, their gait often lacks the appealing charm of
smooth and dynamic human motion. However, natural behavior seems to be crucial for
achieving general acceptance of robots in public environments [112].

Humanoid motion is different from that of humans in mainly two accounts: On the one
hand, the human body is highly complex and thus disposes of a large motility significantly
exceeding the 12 degrees of freedom commonly found in the legs of humanoid robots. On
the other hand, humans exploit the natural dynamics of their extremities, hence walking
motion requires little force input from the muscles.

McGeer [68, 69] presented very impressive experiments with passive walking machines
showing stable walking behavior. Even more surprisingly, he demonstrated that – by
shaping natural dynamics of a passive walking machine – smooth and human-like walking
is obtained.

One main focus of the humanoid robot UT-Theta, developed at the Nakamura & Yamane
Lab. of the University of Tokyo [79, 80], see Fig. 5.1, is to achieve human-like motion. Two
innovative design ideas mechanically support these efforts: due to a double spherical hip
joint, the motility of the robot is significantly increased without employing additional
joints. A knee mechanism with backlash clutch for switching between active and passive
mode of operation allows free swinging motions for the lower legs.

As the knee joint in each contact situation only allows unilateral transmission of forces,
conventional control techniques cannot be applied because of its highly nonlinear charac-
teristics. A special knee controller is required that has to fulfill strong requirements: If the

51



5 Walking Control of Humanoid Theta

direction of actuation is reversed, the clutch has to traverse the backlash gap; switching
times between the directions of actuation must be minimized to keep the nonactuated
phase of the knee short. Nevertheless, high control accuracy is required, as the contact
necessary for transmitting forces from the knee to the shank must be established smoothly
to avoid impact that might result in a position overshoot.

A hybrid, nonlinear, time optimal knee con-

Figure 5.1: Humanoid robot UT-Theta.

troller [130] meeting these requirements is pre-
sented. This knee controller is crucial for suc-
cessfully implementing the walking controller, as
it relies on precise control of the foot landing po-
sition.

Regarding the walking control theory a great
variety of approaches has been proposed as dis-
cussed in Sec. 2.3. One of the main difficulties lies
in the great dynamical complexity of a humanoid
robot. Many works on biped locomotion follow
the general idea of reducing the complexity of the
problem by adopting a simplified system, which
approximates the dynamics of the real robot.

The approach presented here follows the in-
verted pendulum concept with a non instanta-
neous double support phase, following the ideas
illustrated in [138], in order to improve stabil-
ity. An equilibrium controller using force sensors
in the feet is also implemented, together with a
posture estimator based only on kinematic and
force data, without the need for costly and noisy
gyroscopes and accelerometers [139].

This chapter starts with a detailed description
in Sec. 5.2 of the particularities in the mechanical
design of the humanoid UT-Theta. While Sec. 5.3 deals with the low level control of the
knee joints, a description of the high level walking generator and control is presented in
Sec. 5.4, together with some experimental results.

5.2 Mechanical Design of Humanoid Theta

Towards the goal of enhancing the walking abilities of humanoid robots, not only the
control must be improved but also the mechanical properties of the system need to be
refined. The humanoid walking robot UT-Theta [76, 79], see Fig. 5.1, which has been
designed and built at the Department of Mechano-Informatics at the University of Tokyo,
implements several new design concepts. Theta, made of magnesium alloy, is 160 cm tall
with a total weight of 47 kg and has 6 Degrees of Freedom (DoF) in each leg, the arms
dispose of 4 DoF each. The head being equipped with 3 cameras can be turned about
3 axes. The robot is completely autonomous with on board batteries and computation
power.
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5.2 Mechanical Design of Humanoid Theta

Main focus for the design were a joint allocation maximizing the whole body mobility –
which is achieved by double spherical hip joints – and a joint transmission design for the
knee allowing to switch between drive and free mode, called the backlash clutch.

5.2.1 Double Spherical Hip Joints

Conventional hip joints as shown in Fig. 5.2 impose an important restriction on the whole
body motility of robot: if the upper body is inclined in the lateral plane, one of the knees
must be bent. This is an important restriction towards the goal of achieving elegant,
human-like motion for a humanoid robot, as hip and trunk motion are strongly coupled.
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Figure 5.2: Conventional hip joints: lateral and rotatory upper body motion requires knee
joint activity.
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Figure 5.3: Double spherical hip joints: full manipulability of the upper body not depending
on leg motion.

To overcome this deficiency, double spherical hip joints have been developed, where all 6
rotational axes of both hip joints intersect in one point, see Fig. 5.3. Due to the hip joints,
the upper body can be inclined independently of the leg motion in any direction.

Another particularity of UT-Theta is the special knee construction.

53



5 Walking Control of Humanoid Theta

5.2.2 Backlash Clutch

Experiments by McGeer [68, 69] have shown that the

θgap

θshank

motor
thigh

driven part

shank

passive part

Figure 5.4: Principle of the
backlash clutch.

natural dynamics of passive walking machines can pro-
duce stable walking patterns. Furthermore the walking
motion looked very natural and human-like. Inspired by
these results a special knee joint has been developed al-
lowing to switch between passive swinging and an actu-
ated mode. Thus UT-Theta can be seen as a first at-
tempt to bridge between passive walking machines and
humanoid robots.

The knee joint shown in Fig. 5.4 basically consists of
two parts: The “passive part” is ring-shaped with two
notches at opposite sides. These notches can host the
tappets of the disk-shaped driven part. The tappets of the driven part being smaller than
the notches allow it to rotate by some degrees within this backlash gap. While the passive
part is attached to the shank, the driven part is not fixed to any other component of the
robot and actuated by a motor. If the driven part is in the middle of the backlash gap, its
rotation angle θdrive is defined to be identical to the rotation angle θshank of the shank and
thus of the passive part. With the backlash gap having an angle 2 θgap ≈ 10◦, the tappets
of the driven part are in contact with the passive part, if θdrive = θshank ± θgap holds.

With this knee joint construction the shank can be actuated by getting the driven
part in contact situation and transmitting the torque of the motor to the shank. On the
other hand, if the driven part is placed in the middle of the backlash gap, the shank is
not actuated and can move freely according to its natural dynamics. However, switching
between active and passive mode imposes a delicate control problem.

5.3 Control of the Knee Backlash Clutch

Due to the mechanical design of the backlash clutch discussed in Sec. 5.2.2, it is impossible
to quickly invert the direction of actuation, as the contact between the driven and the
passive part only allows force transmission in one direction. To invert the direction of
shank acceleration, the driven part of the clutch must traverse the backlash gap and get
into the corresponding contact situation.

Due to this unilateral interaction at the knee joint, the motion planning algorithm must
select the appropriate direction of force propagation for a given walking situation, i. e.
flexion or extension of the knee. From practical considerations for motion planning, the
following qualitative behavior of the knee controller seems desirable:

• If a new knee mode (flexion or extension) is selected, the driven part must establish
the corresponding contact situation as quickly as possible (transition mode) while
avoiding hard collision of the driven and the passive part, as an impact might result
in an immediate loss of contact again and accelerate the shank unintendedly.

• When the desired contact situation is established, the position of the shank must
be adjusted to the commanded angle (contact mode). It is important that this
adjustment motion is very smooth as abrupt velocity changes can lead to a loss of
contact due to the inertia of the shank.
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5.3 Control of the Knee Backlash Clutch

• If the shank in extension mode is extended – or in flexion mode is inclined – further
than commanded, the driven part should not interact any further with the shank,
thus allowing free motion of the shank (free mode).

In the following, the control strategy for each of these modes is discussed.

5.3.1 Transition Mode

The purpose of the transition mode is to establish contact between the driven and the
passive part of the knee in minimum time. Furthermore, contact impact must be avoided
to prevent further acceleration of the shank.

The qualitative description leads to the following mathematical constraints: When the
transition mode is initiated at t = t0, the initial position and velocity of the shank
(θshank(t0), θ̇shank(t0)) and of the driven part (θdrive(t0), θ̇drive(t0)) are arbitrary. Contact
between the driven and the passive part at the final time tf of the switching period is
achieved, if θdrive(tf ) = θshank(tf ) ± θgap holds. In order to achieve a smooth contact with-
out impact, both parts must have the same velocity θ̇drive(tf) = θ̇shank(tf).

These constraints can be simplified by introducing the coordinate transformation q(t) =
θshank − θdrive(t) ± θgap. Hence the initial condition becomes q(t0) 6= 0, with an arbitrary
velocity q̇(t0) and the final condition is formulated as q(tf ) = 0, q̇(tf) = 0, i. e. the goal of

the transition mode controller is to transfer an arbitrary initial state
[

q(t0) q̇(t0)
]T

to the
origin of the q-q̇-plane in minimum time tf .

Time optimal control generally is achieved by bang-bang-controllers [81]. This means
that the driven part must be accelerated with the maximum possible acceleration and then
decelerated as hard as possible. This must be achieved with only one switch and without
overshoot of the target position.

To find the appropriate switching point, a simplified version of the principle of Invariance
Control [62–64] is used. The key idea is to define a region in state space where the control
goal is achieved. The system is allowed to evolve freely within this region. If the region
has its maximum size, leaving it implies that the control goal is violated. Hence, if the
system state hits the boundary of the region, a control input must be set such that the
system state does not leave the region, thus controlling the region invariant, constituting
the name Invariance Region.

Applying this principle to the knee control problem, the control goal is reaching the origin
of the q-q̇-plane without position overshoot and the boundary of the Invariance Region is
characterized by all points in q-q̇-space, where braking with maximum deceleration moves
the system state directly to the origin of state space. Inside the Invariance Region, the
clutch is accelerated. When hitting the boundary, hard braking will keep the system state
on the boundary.

The boundaries of this region are determined from physics. The motion of the driven
part of the clutch is described by

q(t) = q(t0) +
q̇(t0) − q̇(t)

2
t. (5.1)

Solving the relation q̇(t) = q̇(t0) + at for the time t and inserting this into (5.1) yields

q(t) = q(t0) +
q̇(t0) − q̇(t)

2

q̇(t) − q̇(t0)

a
. (5.2)
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Substituting the control goal q(tf) = 0, q̇(tf ) = 0 in (5.2) and assuming the maximum
deceleration −a = amax,brake, the equation

q(t0) =
1

2amax,brake

q̇(t0)
2 (5.3)

is obtained, describing the boundary of the invariance region as shown in Fig. 5.5. The
system state

[

q(t0) q̇(t0)
]

are points in state space, where the system state can reach the
origin by applying amax,break without position overshoot, i. e. without change of sign of q.

In order to ensure contact to be established in optimal
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Figure 5.5: Switching sur-
face in q-q̇-space.

time, maximum positive acceleration amax,accel is applied un-
til the boundary is reached.

The maximum acceleration and deceleration result from
applying the maximum permissible positive or negative cur-
rent to the motor. Note that the maximum deceleration is
significantly higher than the maximum acceleration due to
the effects of friction and back-EMF, i. e. additional voltage
induced by the braking process.

As q is a relative coordinate depending on the angle θdrive

and θshank of the driven part and of the shank, the maximum
deceleration amax,brake = θ̈drive,max,brake − θ̈shank(t) also depends on the current acceleration
θ̈shank(t) of the shank.

The driven part not being in contact with the passive part and assuming free swinging,
the only acceleration acting on the shank is the earth acceleration. The earth acceleration
being much lower than the maximum deceleration θ̈drive,max,brake of the driven part, this
effect can be neglected in practical implementation and amax,brake = θ̈drive,max,brake = const
can be assumed.

A problem arises from late detection of the boundary due to discrete sampling. In time
discrete implementations of the controller, the invariance condition (5.3) is only checked
with the sampling time T , therefore the exact instant of crossing the boundary generally
cannot be detected. Hence, even if the invariance condition at time t = tk is met, it might
be violated at the next sample t = tk + T = tk+1. Thus, the controller starts braking too
late and the control goal cannot be made without position overshoot.

To cope with this problem, an upper bound
[

qk+1 q̇k+1

]T
for the joint state is predicted

at time t = tk by assuming acceleration of the joint with amax,accel. With this assumption,
the joint position

qk+1 = qk + q̇kT +
amax,accelT

2

2
(5.4)

is obtained. Using time discrete computation for the acceleration

q̇k =
qk − qk−1

T
,

Equation (5.4) becomes

qk+1 = 2qk − qk−1 +
1

2
amax,accelT

2.

Furthermore the corresponding upper bound

q̇k+1 =
qk − qk−1

T
+ amax,accelT
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5.3 Control of the Knee Backlash Clutch

for the velocity is calculated.

Using this upper bound to verify the invariance condition (5.3), it will not be violated
and contact is established without impact.

Once contact situation is established, the shank angle must be adjusted to the com-
manded position.

5.3.2 Contact Mode

In contact situation, a PD position controller is used to adjust the reference position θref

at the driven part of the backlash clutch. To account for the backlash gap θgap, the
commanded angle θcmd must be modified according to

θref = θcmd ± θgap,

where the choice of sign for the modification depends on the desired contact situation, i. e.
extension or flexion.

One difficulty arises from the fact that at the instant when contact is established, the
real position usually does not exactly match the position calculated by the motion plan-
ner; a reason for that is the motion of the shank while the knee is in transition mode.
Therefore instantaneously adjusting θcmd results in a jump of the shank position. This
high acceleration mostly leads to a loss of contact at the clutch and a position overshoot.
The unintended reaction force on the robot can even disbalance the biped.

To overcome this problem, the controller determines at the instant t = tc of contact the
difference ∆θ0 = θdrive(tc)−θcmd ±θgap between the current position of the driven part and
the commanded angle. Further on a correction term ∆θ(t− tc) = ∆θ0 s(t− tc) is added to
the commanded angle θcmd, thus compensating the initial error and avoiding steps in the
commanded trajectory. The function s(t) is a cubic spline with the properties s(0) = ∆θ0,
ṡ(0) = 0, s(tf ) = 0 and ṡ(tf ) = 0, see Fig. 5.6. Depending on the walking situation, the
desired duration tf − tc for reducing the position error compensation varies; therefore the
final time tf is set by the motion planner.

The advantage of this approach compared to lowpass filtering is that the bandwidth of
the controller is not affected thus still allowing to follow fast commanded trajectories.

t
tc tf

∆θ0

∆θ

∆θ0 s(t − tc)

0

Figure 5.6: Position error compensation by spline function.

Walking experiments with the robot showed, that – due to the intricate mechanical knee
construction and thereby resulting flexibilities – the control error between commanded
angle θcmd and the adjusted angle θshank is larger than the average control error in the other
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5 Walking Control of Humanoid Theta

joints. To reduce the stationary control error, a compensation controller with integrative
behavior has been implemented. This controller computes a compensation angle

θcomp =

∫

sat
(

k(θcmd − θshank), δmax

)

dt,

with the gain k and the saturation function

sat(x, δmax) =











δmax if x > δmax

x if − δmax ≤ x ≤ δmax

−δmax if x < −δmax

.

The saturation function is used to limit the integration rate and hence the velocity of the
correction motion.

The complete control loop in contact mode is shown in Fig. 5.7

1

s

HUMANOID

θshank

θgap

θcomp

θrefθcmd

∆θ(t)

±

−

Figure 5.7: Control loop in contact mode.

5.3.3 Free Mode

If the shank is either bent more than commanded in flexion mode or in extension mode is
stretched further than desired, the knee drive should not interact with the shank. Hence
the driven part remains at the commanded position, or – if θshank > θcmd ± θgap – in the
middle of the backlash gap.

The performance of the knee controller is experimentally investigated in the following
section.

5.3.4 Experimental Evaluation of the Knee Control

A first experiment looks into the performance of the the switching controller as described
in Sec. 5.3.1.
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5.3 Control of the Knee Backlash Clutch

The driven part of the backlash clutch travels from one contact situation to the opposite
as shown in Fig. 5.8. The highlighted area marks the time, where the Invariance Controller
is active. In repeated experiments the switching time never exceeded 50ms. Plotting the
system state during switching in the q-q̇-plane (Fig. 5.9) clearly shows that the maximum
deceleration amax,brake of the driven part is much higher than the maximum acceleration
amax,accel. The spike with positive velocity during braking occurs because the value for
the maximum deceleration amax,brake in (5.3) is chosen slightly lower than the real physical
value. This is necessary as a safety margin to allow for disturbances such as changes in
friction due to warming of the gear.
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ing contact situations in state domain.

The behavior of the controller in contact mode described in Sec. 5.3.2 can be seen
in Fig. 5.10. Initially the knee is in free mode and the driven part follows the shank
motion. At approx. t = 0.3 s the knee is switched into extension mode, hence the driven
part of the backlash clutch gets into contact. At this instant, there is a large difference
between the actual position of the shank and the commanded angle. This difference is
reduced slowly using the spline function s(t), in this case the reduction time has been set
to 0.4 s. In the following the controller adjusts the shank position to the commanded angle
using the integrating compensation controller. At approx. t = 1.2 s the shank is manually
extended further than the commanded angle and the driven part of the backlash clutch
now follows the shank angle thus allowing free motion. If the shank position is reduced to
the commanded angle, the position controller becomes active again.

In order to evaluate the performance of the controller, an experiment has been imple-
mented using the extension and flexion mode of the controller as a position controller. In
this experiment, rather than switching into free mode if the shank is extended or bent
further than commanded, the controller switches to the opposite mode, i. e. if the shank
is bent more than commanded, the controller switches to extension mode and vice versa.
Using this position controller, the shank is commanded a sine trajectory with increasing
frequency about its free hanging position, thus gravity has little dampening effect. In this
experiment, smooth switching with low impact is very important, as a large impact would
result in an overshoot and thus cause the controller mode to switch back. From the result
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presented in Fig. 5.11 it can be seen that the controller works stable over a very large
frequency domain.

5.4 Walking Control Exploiting Zero Dynamics

The walking controller employed here is based on the Inverted Pendulum approach first
presented by Kajita et al. [43–46]. In this method, the complex tilting dynamics of the
humanoid are approximated by the simple dynamics of an inverted pendulum.

In this method, the robot is not controlled during the single support phase, i. e. as soon
as the swing foot lifts off the ground, the robot moves as imposed by the system state
during lift off. Hence, to control the walking motion, the system state at lift off must be
chosen such that the body motion during single support evolves in the desired way; the
appropriate lift off state is established during double support phase. The lateral velocity
must be chosen high enough to allow a sufficiently long single support pahse, but must not
exceed the threshold where the robot starts tilting to the oposite side. The walking speed
is reflected by the sagital velocity. The required lift off state is computed from a simplified
model, assuming the robot dynamics similar to those of an inverted pendulum.

Hence, in a first step, the equations of motion of the linear inverted pendulum consti-
tuting the robot model are derived.

5.4.1 Inverted Pendulum Dynamics

The dynamics of the inverted pendulum describe the robot in the single support phase;
consequently the base of the pendulum is located in the support foot as shown in Fig. 5.12.
In this work the passive approach [43] is adopted, hence there is no torque at the base of
the pendulum. The acting force F is exerted on the mass m and directed parallel to the
rod of the pendulum as illustrated in Fig. 5.12.
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mPendulum mass

y

z

x

p = [px py pz]
T

pSF

l

Rod

support footswing foot

Figure 5.12: Inverted pendulum approximation.

Applying D’Alembert’s principle the system dynamics are

mp̈x = F
px

l
, (5.5)

mp̈y = F
py

l
, (5.6)

mp̈z = F
pz

l
− mg, (5.7)

where F = |F | is the magnitude of the force, p is the position vector of mass m and l is
the length of the pendulum rod.

This model is simplified by an additional assumption: during the human walking process,
the height of the hip slightly oscillates around a constant value, therefore the z-coordinate
pz of mass m is assumed constant [43], i. e. p̈z = 0. This is achieved according to (5.7) by
setting

F =
mgl

pz

, (5.8)

which corresponds to an input-output linearization [41]. Substituting (5.8) back into (5.5)
and (5.6), the dynamics become

p̈x = γ2px (5.9)

p̈y = γ2py (5.10)

where γ =
√

g

pz
is constant. Equations (5.9)–(5.10) represent the zero dynamics of the

system if (5.8) is applied and are solved analytically to

px(t) = C1e
−γt + C2e

γt + pSF,x (5.11)

py(t) = C3e
−γt + C4e

γt + pSF,y (5.12)

where pSF is the position of the support foot, and the constants

C1 =
γ(px(0)−pSF,x)−ṗx(0)

2γ
C2 =

γ(px(0)−pSF,x)+ṗx(0)

2γ

C3 =
γ(py(0)−pSF,y)−ṗy(0)

2γ
C4 =

γ(py(0)−pSF,y)+ṗy(0)

2γ

(5.13)
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Figure 5.13: Scheme of the double and single support phases.

only depend on the initial conditions of the pendulum.

When the robot is in the double support phase two forces can be applied to the mass of
the pendulum. This fact allows to influence the horizontal force Fh within certain limits,
which is exploited to control the motion of the robot.

5.4.2 Walking Pattern Generator

The walking pattern generator and control is now described, referring to Fig. 5.13. In
this approach the walking reference trajectory is a set of successive reference positions for
the support feet. For a straight forward walking the feet travel on two parallel lines, line
a and d. Here the support feet are indicated by pi

SFL and pi
SFR for the left and right

foot respectively, the superscript i denotes the consecutive number of the single support
phase. The bold line marks the trajectory of the pendulum mass projected to the ground
(GCoM).

While the GCoM is between lines b and c, the robot is in double support phase. The
aim of this phase is to accelerate the system – using the horizontal force Fh – such that the
desired initial system for the single support phase is reached. If the GCoM reaches lines b
or c, the swing foot lifts off the ground and the single support phase is initiated. During
the single support phase, the system is not actuated and evolves according to its passive
dynamics. The swing foot is controlled such that it touches the ground when the GCoM
reaches lines b or c again and the next double support phase is initiated.
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5.4 Walking Control Exploiting Zero Dynamics

Double Support

The duration of the single support phase is determined by the initial velocity of the pen-
dulum. The initial velocity must be chosen such that the GCoM py(t) does not cross the
traveling lines a or d of the support foot, which would make the robot tilt.

The higher the initial velocity, the closer the pendulum will get to lines a or d, and the
longer it will take to go back to line c. The limit condition is when the pendulum reaches
line d, in an infinite time, i. e.

lim
t→∞

py(t) = pSF,y, thus lim
t→∞

ṗy(t) = 0. (5.14)

According to (5.12), this can only be true if C4 = 0 holds, which yields an upper limit

ṗy(0) = −γ (py(0) − pSF,y). (5.15)

for the initial lateral velocity. Any value smaller than ṗy(0) will produce a finite time for
the single support duration, that can be calculated with the formula

Tf =
1

γ
ln

(

pland,y − pSF,y ±
√

(pSF,y − pland,y)2 − 4 C3C4

2 C4

)

, (5.16)

where pland,y is the y-coordinate of the desired foot landing point. Here, the desired velocity

ṗy = kγpy k ∈]0, 1[ (5.17)

is chosen as a constant fraction k of the critical one.

With this data it is now possible to plan the double support phase so that it brings
the pendulum to the boundary b or c of the double support region with the desired final
velocity.

Single Support

The trajectory of the pendulum mass during the single support phase SSP k depends only
on the initial system state in pk

− and the location pk
SF of the pendulum base, i. e. the support

foot. These parameters are fixed for the current SSP k, hence the trajectory cannot be
altered. However, the landing position pk+1

SF of the swing foot – being the support foot
during the following SSP k+1 – represents an important design parameter to be chosen
during the current SSP k.

Note that the y-coordinates pSF,y of the support feet are restricted by the premise that

the feet travel along lines a and d. Therefore, only the x-coordinate pk+1
SF,x remains to be

determined. This is done by imposing an additional constraint on the system state at the
end pk+1

+ of the following single support phase SSP k+1. In order to ensure smooth motion,
the pendulum in pk+1

+ must be tangential to the line connecting pk+1
+ and the desired

location pk+2
SF for the next support foot. This condition can be analytically expressed by

ṗk+1
+,x

ṗk+1
+,y

=
pk+2

SF,x − pk+1
+,x

pk+2
SF,y − pk+1

+,y

(5.18)
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In (5.18) pk+1
+,y and pk+2

SF,y are known since these variables are restricted to lines a/d and

b/c respectively. Hence, the duration Tf of SSP k+1 is calculated according to (5.16) and
the corresponding final velocity ṗk+1

+,y follows (5.17).
The sagittal position and velocity

pk+1
+,x = Ck+1

1 e−γTf + Ck+1
2 eγTf + pk+1

SF,x

ṗk+1
+,x = −γCk+1

1 e−γTf + γCk+1
2 eγTf

(5.19)

at the instant of foot landing are computed following (5.11), with C1 and C2 being a
function of pk+1

− , ṗk+1
− and pk+1

SF . By substituting (5.19) in equation (5.18) and solving for

pk+1
SF,x =

2 γ α1 pk+2
SF,x + ṗk+1

−,x (α2 − α3) − pk+1
−,x γ(α2 + α3)

γ(2α1 − α2 − α3)
, (5.20)

with

α1 =
ṗk+1

+,y

pk+2
SF,y − pk+1

+,y

α2 = (α1 − γ)e−γTf

α3 = (α1 + γ)eγTf ,

an equation fot the sagittal foot landing position is obtained.
This gives the solution for the final point of the swing foot trajectory. The single support

phase is now completely defined, and can be executed.

5.4.3 Implementation on UT-Theta

In the 3D-Linear Inverted Pendulum Method, the mass of the robot is assumed to be
concentrated in one point, the CoM. In practice, the position of the CoM depends on the
joint angles of the robot links. Calculating the exact CoM each sampling interval takes a
relevant portion of the available computing resources, and complicates the implementation
of the walking controller. Therefore the CoM is considered to remain in a fixed position
relative to the main body of the robot, an assumption justified by the fact that the main
body, the head and the arms amount to more than 70% of the total robot mass. The arms
are not actuated during the experiment and the upper body is controlled to remain in
an upright position. Furthermore the motion range of the legs is limited, hence the error
caused by this assumption can be treated as a disturbance, which the walking control
is able to correct. As a consequence the walking controller algorithm is computationally
lighter, and can be executed in real time.

In order to estimate the posture of the robot and therefrom derive the state of the
inverted pendulum, the absolute orientation of the body of the robot is needed. As data
from the robot gyroscopes and accelerometers proved not to be sufficiently reliable, a
technique based on joint kinematics was adopted: if flat contact of the support foot sole
with the ground is verified, the orientation of the foot sole with respect to the world is
known, assuming a horizontal floor. Using direct kinematics, it is thus possible to obtain
the posture of the robot relative to the world. Since the robot is equipped with 6-axis force
sensors in each foot it is possible to ensure flat foot contact by limiting admissible ranges
for foot torques.
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Figure 5.14: Scheme of the single support control including the equilibrium control using the
ZMP data

The initial assumption of zero torques at the base, i. e. the ideal position pideal
ZMP of the

ZMP is always in the center of the foot, permits to use the position error

perr
ZMP = preal

ZMP − pideal
ZMP = preal

ZMP (5.21)

between the real preal
ZMP and the ideal position as an indicator if the robot is disbalanced.

The objective is to correct the motion of the robot so that the ZMP goes back to the
center of the foot and the perr

ZMP to zero. In agreement with the approach followed so far
the swing foot trajectory is modified to restore the equilibrium when the robot switches
to the double support phase. This is achieved by the control heuristic

pSwingFoot,x = pdes
SwingFoot,x + perr

ZMP,x, (5.22)

that performed well in experiments.
The complete control scheme of the implementation is shown in Fig. 5.14.
Due to the particular type of knee joint mounted on UT-Theta the walking control had

to be carefully aligned with the knee control. When the robot is in the double support
phase both knees are in extension mode, since the weight of the robot is sustained by both
legs. The knee is switched to the flexion mode when the corresponding foot must be lifted
from the ground, the knee torque in this situation has to change sign. The knee is kept
in the flexion mode throughout the whole swing phase, and then put back to extension
mode when an impact force is detected by the swing foot force sensor. Different impact
experiments have indicated that the passive mechanism contributes to reduce the impact
forces, because at the touchdown the knee mechanism is in free mode for approximately
50ms, the time necessary for the control to switch the knee state. In this passive mode
the natural motion of the knee tends to absorb part of the impact energy.

Regarding the swing phase it must be noted that the contact condition in the knee during
our experiments is maintained because the inertial accelerations in the leg are smaller than
the gravitational forces. For higher walking speeds this condition might not be verified, so
a more complex swing phase controller should be adopted, and different knee modes, such
as the free swing mode, should be used.

5.4.4 Experimental Results

The proposed walking pattern generator and control presented so far was implemented
on the humanoid robot UT-Theta. Some problems were encountered during the impact
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Figure 5.15: Stroboscopic sequence of a complete step, snapshots are taken every 0.2 s.

phase, because of the performance of the low level joint controllers and the presence of
some mechanical backlash on certain joints. Relatively high joint oscillations, that needed
some time to be absorbed, were also observed. This fact lead to the introduction of an
absorption phase between the end of a single support and the beginning of the double
support. This phase has a fixed time duration of 3 seconds, but current on-going work
is aimed at reducing the time duration of this phase and eventually eliminate it. After
this additional phase was introduced the robot could walk without falling for an arbitrary
number of steps. The robot was commanded to execute 12 steps, with dStep = 0.12 m,
dFeet = 0.1 m, dDouble = 0.06 m. A picture sequence of one complete cycle, made up of the
double support, single support and impact phase can be observed in Fig. 5.15, where each
picture was taken at a t = 0.12 s interval.

In the upper row of images the robot is in double support phase and transfers the weight
from the left to the right foot. In the lower row the robot executes the single support phase,
bringing forward the swing foot (left foot) and then switch again to the double support
phase.
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5.5 Summary

A walking control strategy based on the inverted pendulum approach has been implemented
on the humanoid robot UT-Theta, which has been developed at the University of Tokyo.
The inverted pendulum approach avoids many problems arrising from the high dynamical
complexity of humanoid robots by approximating the dynamics of the robot by those of
an inverted pendulum. During the single support phase, the robot is not controlled and
moves ballistically, similar to an inverted pendulum; the motion is only determined by the
system state during lift-off of the swing foot. The control task is to reach the desired lift-off
state by performing appropriate motions during the double support phase.

In the experimental section, a method for estimating the body posture is illustrated,
based on kinematic information coming from the joint encoders. This information is used
for an equilibrium control based solely on foot force sensor data is proposed, hence gyro-
scopes or accelerometers are not needed.

A major mechanical speciality of UT-Theta is knee joint construction allowing to switch
between an actuated and a free swinging mode. This is achieved by actuating a disk
with tappets rotating inside a ring with notches, which is connected to the shank. As the
notches are larger than the tappets, the actuated disk can move freely within this backlash
gap and drive the shank in either direction or allow free swinging.

However, discontinuities due to collision impact between the notches and tappets leads to
jerky motion and can even destabilize the robot. Thus impacts must be avoided. Another
difficulty is inversing the direction of actuation, at the clutch has to traverse the backlash
gap. In this case, switching times must be minimized to keep the unactuated phase of the
knee short.

As the knee joint shows highly nonlinear characteristics due to its hybrid character,
conventional control techniques exhibit a poor control performance. To fulfill the require-
ments, a nonlinear, time optimal, hybrid controller for the knee joint has been developed,
which is based on the principle of Invariance Control. Walking experiments with UT-
Theta proved the knee controller crucial for successfull walking: impactless transitions in
extremely short time are essential to handle quick load inversion in the knee joint at the
instant of foot landing. Furthermore the controller proved very robust with respect to
parameter distrubances. The successfull application of a hybrid joint offers new chances
to exploit passive dynamics in humanoid robots thus increasing their efficiency.
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6.1 Concluding Remarks

The thesis led through the development process of humanoid robots from the initial hard-
ware design to humanoid walking control. At each step – design, posture adaptation,
and control – new ideas and concepts have been introduced and validated in hardware
experiments.

The first step towards humanoid biped walking is a thorough hardware design with
respect to the specific requirements of the robot. Special consideration must be given
to the selection of an appropriate motor-gear-combination, as oversized motors increase
the weight of the robot and generally have a higher power consumption. Due to the
excess weight, the walking performance is deteriorated, as only lower accelerations can be
achieved.

In an attempt to generalize the design process, a systematic method has been proposed
that allows to determine the actuation requirements of a robot and select an appropriate –
i. e. in the case of a humanoid biped minimum weight – motor-gear-combination from the
manufacturers offerings. Using a detailed dynamic model of the robot, gait trajectories for
a target velocity are computed by solving an optimal control problem, minimizing e. g. the
energy consumption during the step. From these gait trajectories, the requirements on the
actuators for maximum torque and velocity are obtained. Although the actuator selection
process has been exemplarily introduced for humanoid robots, this method is generic and
can be applied to any type of robot.

Based on the motor selection process, a humanoid biped prototype has been built. In
contrast to most humanoid robot projects, this small-size autonomous humanoid walking
machine uses off-the-shelf components wherever possible, especially commercially available
high performance DC motors. The biped is intended for fast, dynamic walking at a speed
of 0.5m/s corresponding to approx. 3 steps per second for 70 cm tall robots. Thus, the
dynamic behavior is extremely important. The actuator selection method proved very
useful and efficient during the design of the robot. The humanoid is a prototype and
feasibility study towards a future small size walking robot, which is easily maintainable
and conceived as a general platform to implement and test intelligent control systems and
novel concepts in applied artificial intelligence.

These high target velocities impose significant demands on the walking controller. Two
basic types of biped walking controllers – offline and online trajectory generation – have
been implemented in the scope of this thesis.

The first approach is to generate gait trajectories offline and replay them on the robot.
This method allows to consider special “aesthetic” criteria like smoothness and energy
efficiency during the planning process. Similar to the actuator selection process, gait
trajectories have been computed by solving an optimal control problem incorporating the
side conditions as constraints to an optimal control problem. Thus, the step is optimized
over an entire walking cycle rather than static optimizations for posture snapshots as in
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most existing approaches. Convergence of this type of problems being very sensitive to
initial values, which generally have to be tuned manually, they currently cannot be solved
online. Hence, trajectories must be calculated offline and stored in a database.

One disadvantage of precalculated trajectories is that the robot is unable to accomplish
motions for which trajectories are not available. Therefore a huge database of step prim-
itives generally is necessary. In an effort to reduce the size of the required database and
to increase the possible field of application of the robot it is therefore desirable to modify
trajectories online such that they can be applied to slightly different situations than they
have originally been computed for. One of the key challenges is sensor-based online mod-
ification of computed trajectories to improve walking stability and performance. A novel
Jacobi Compensation method has been proposed that allows to move parts of the body in
selected task coordinate directions using Jacobian matrices and thus alter the posture of
the robot. The use of Jacobians for arbitrary posture manipulation and trajectory adapta-
tion has not been reported yet. Experiments showed that the method increases the motion
diversity and thus the versatility of the robot significantly.

Another walking control strategy has been implemented on the humanoid robot UT-
Theta, developed at the University of Tokyo. One of the main difficulties lies in the great
dynamical complexity of a humanoid robot. Many works on biped locomotion follow the
general idea of reducing the complexity of the problem by adopting a simplified system,
which could approximate the dynamics of the real robot.

The approach presented here follows the inverted pendulum concept, with the charac-
teristic of a non instantaneous double support phase, in order to improve stability. In this
approach the complex dynamics of a humanoid robot are approximated by the much sim-
pler dynamics of a linear inverted pendulum. During the single support phase, the robot
is not controlled and moves ballistically, similar to an inverted pendulum; the motion is
only determined by the system state during lift-off of the swing foot. The control task
is to reach the desired lift-off state by performing appropriate motions during the double
support phase.

UT-Theta is equipped with a special knee joint construction allowing to switch between
an actuated and a free swinging mode. This is achieved by actuating a disk with tappets
rotating inside a ring with notches, which is connected to the shank. As the notches are
larger than the tappets, the actuated disk can move freely within this backlash gap and
drive the shank in either direction or allow free swinging.

Smooth walking motion however can only be achieved if discontinuities due to collision
impact between the notches and tappets are avoided while guaranteeing short switching
times. As the knee joint in contact situation only allows unilateral transmission of forces,
conventional control techniques cannot be applied because of its highly nonlinear char-
acteristics. If directions of actuation are reversed, the clutch has to traverse a backlash
gap; switching times between the directions of actuation must be minimized to keep the
not actuated phase of the knee short. Nevertheless, high control accuracy is required, as
the contact necessary for transmitting forces from the knee to the shank must be estab-
lished smoothly to avoid impact that might result in a position overshoot. To fulfill the
requirements, a nonlinear, time optimal, hybrid controller for the knee joint has been de-
veloped, which is based on the principle of Invariance Control. Walking experiments with
UT-Theta proved the knee controller crucial for successfull walking: impactless transitions
in extremely short time are essential to handle quick load inversion in the knee joint at
the instant of foot landing. Furthermore the controller proved very robust with respect to

70



6.2 Outlook

parameter disturbances. The successfull application of a hybrid joint offers new chances
to exploit passive dynamics in humanoid robots thus increasing their efficiency.

6.2 Outlook

The research presented in this dissertation is the basis for future developments in humanoid
robotics. The first step directly emerging from the presented work is to construct a small
size humanoid biped robot. This robot is dedicated to serve as an open platform to
implement new control methods, where the robot is perceived as a hybrid system and thus
is capable of incorporating different ground contact situations in the motion pattern, like
rolling about the toes during pre-swing phase or landing on the heel. It is expected that
the hybrid approach significantly increases walking performance and is essential for robot
jogging and running; experimental results and case studies corroborate these assumptions.

With respect to future acting of the robot in a human environment, special care has to be
taken of the human-robot-interaction. Currently however, humanoids are only able to act
in dedicated environments that have been explicitly designed with respect to their abilities.
Hence, it is important to realize a dynamic perception system allowing the robot to act in
dynamically changing environments without endangering humans. This requires on the one
hand high speed stereo camera systems to keep track of the changes in the environment and
on the other hand sophisticated algorithms to extract and predict motions of a multitude of
objects simultaneously. Furthermore, an improved object classification is needed together
with an information abstraction layer and a context dependent filter, selecting relevant
information and discarding obsolete data.

This information abstraction and selection process is closely linked with task oriented
action and autonomous behavior selection. In order to provide a real helper and partner
to a human, the robot must be capable to accept general orders and perform the assigned
task autonomously without supervision or repeated instructions for single motions. Hence
the capability is required to split the global task situation dependent into several necessary
subtasks and decide on a suitable action sequence to accomplish the task.

Such problem formulations also rise very interesting questions about prerequisites for
these abilities. It is conceivable that implementation of this kind of abilities requires
qualities that so far are not attributed to machines, like emotions, arousal or elementary
drives, as these traits significantly influence the importance of perceptions and constitute
an order for executing tasks. Such links between worlds that seem irreconcilable on first
sight, like technically inspired robotics and life sciences, medicine and psychology are a
major future challenge and account for the fascination of robotics.

71



6 Conclusions and Future Directions

72



A Mechanical Construction of the Humanoid

Prototype

This appendix discusses the design concept
and system development of a small and rel-
atively fast walking, autonomous humanoid
robot with 17 degrees of freedom (DoF).
The selection of motor size and gear ratios
is based on numerical optimization as de-
scribed in Chapter 3. Here, the mechanical
realization of the robot is presented includ-
ing investigations on the achievable perfor-
mance of a decentralized, microcontroller-
based control architecture.

A.1 Problem Description

In this chapter, the design and mechanical realization of a new, small size and fast, au-
tonomous humanoid walking machine are presented. The design concept is kinematically
similar to PINO [135] and the Sony dream robot 3DR [55] but uses off-the-shelf, high
performance DC motors. The key focus is to create an autonomous humanoid robot for
fast, dynamic walking.

One self-imposed demand for the design is to keep the mechanical construction as simple,
cheap, and lightweight as possible. Therefore, the robot should consist only of a small
number of identical mechatronic modules linked together. Considering cost, the hardware
design is based on commercially available components whenever possible. With no small,
lightweight, and inexpensive motion control board commercially available at the time of
conception, a microcontroller based board integrating a complete control loop has been
developed. Reference and measured signals are exchanged with the central PC via the
USB bus.

The selection of motors and gears as a first step of robot design has been presented in
Chapter 3. It is based on fitting the most appropriate motors and gears to the generated
minimal energy trajectories subject to power constraints balancing between system weight
and motor power. The optimizations are performed for a walking speed of > 0.5 m/s.
As the total height of the robot is 70–80 cm, this velocity requires roughly 3–4 steps per
second.

The chapter discusses the hardware design and the software environment in Sec. A.2 and
gives in Sec. A.3 a brief description of the performance of a self developed motion control
board.
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A.2 Hardware Design and Software Environment

The humanoid geometry is largely imposed by the RoboCup rules [107] and the propor-
tions of its natural model [116]. Therefore the main parameters to decide for during the
conceiving phase are the height – and thus weight – and the number of joints.

The decision on the height and weight are based on the criterion of keeping the humanoid
manageable by a single operator. Otherwise, the robot should be easy to service, which
contradicts an extensive miniaturization, as the machine easily gets cramped and parts
become increasingly difficult to reach. As a compromise, a size of 70–80 cm has been
chosen resulting in a weight of approx. 15 kg.

The robot is conceived as a three dimensional walker. Therefore, 12 DoF are required in
the legs to allow the robot to walk around curves [92]. In fast biped walking, the swinging
of the legs generates a significant moment about the vertical axis of the robot thus resulting
in a twisting motion. As a means of counterbalancing this moment, the arms – having
significant weight at their disposal, as two batteries are attached to them – each dispose
of two degrees of freedom. Together with a further joint about the vertical axis in the
navel area, also intended for vertical moment absorption, the humanoid features a total of
17 DoF, as can be seen in Fig. A.1.
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Figure A.1: Kinematic structure of the prototype robot.

For simplicity of design, one important aim is to assemble the robot from as many
identical modules as possible. Therefore all joints are variations of the elementary joint
shown in Fig. A.2: The shaft of the motor-gear-unit is fixed to an L-shaped base plate.
Attached to the axis of the motor is a lever arm whose far end is connected to the base
plate of the next joint. Though this lightweight construction spares additional bearings
the motor axis is still sufficiently stable to support the exerted load. For the links between
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Figure A.2: Schematic of a joint.

the motors ordinary steel with a rectangular profile of 3 × 15 mm2 is used. This slightly
flexible construction is chosen to incorporate an additional mechanical shock absorption
mechanism damping the impact of the feet hitting the ground. Joints requiring more than
one DoF, like the ankle or the hip, are realized by two or more sequential motors with
orthogonally oriented axes of rotation, see Fig. A.3.

The mechanical robot construction arising from linking these elementary modules is
shown in Figs. A.4 and A.5. The robot carries three batteries as power supply, two of
them visible on the picture at the height of the hips and below the navel joint. The third
battery is located symmetrically behind the hips together with an ATX power supply for
the main PC which covers the upper body. The chosen Sony BP-L90A batteries provide a
capacity of 90Wh each, thus allowing for approximately 45min autonomous walking.

The motors are accessed using the microcontroller board shown in Figs. A.3 and A.5.
The core of the board is a Motorola MC68HC908BD48 8 bit microcontroller including
3 USB endpoints, a 6 channel A/D converter and a 16 channel pulse-width modulator
(PWM). The PWM signals are amplified by a National LMD18200 mosfet H-bridge, hence
a motor load of up to 3A at 55V is admissible. The actual position of a motor is deter-
mined by evaluating the signals of pulse encoders attached to each motor using US Digital
LS7266 quadrature decoders. Each board – weighing 170 g – can control 4 motors, hence
representing a lightweight motion control solution.

With these components position PD control loops are implemented on the microcon-
troller. The A/D converters on the microcontroller are wired to sense the motor current
which also allows to drive the motors with current control. The motion control boards
are linked with the main PC on the robot via an USB connection. Through this link,
new control inputs are delivered to the board retrieving the measured values at the same
transfer stage.

For a main computer carried along by the robot a full size ATX mainboard is used.
Being similar in weight compared to most full sized single board computers with equivalent
computational power, a full size computer can be tolerated. The PC is equipped with an
Athlon 1300MHz CPU providing enough computational power for motion control and
additional tasks such as object recognition using a camera system.

This controller board significantly decreases the size and weight of the necessary electron-
ics. Furthermore the cabling is much easier to handle due to the decentralized architecture
as only USB connections and power supply have to be wired throughout the robot.

To obtain a graphical interface to the robot and the motion control boards, a Matlab

S-function has been implemented allowing to drive the robot from within the Simulink
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Figure A.3: Left leg rear view.

simulation environment. Experiments showed, that this rapid prototyping environment
handles well the soft realtime constraints for the outer control loop without the need for
a hard realtime environment as presented in [124, 125]. This may be attributable to the
efficient task scheduling capabilities of the Linux kernel.

Based on this rapid control prototyping framework, future experiments can easily be
implemented. Performance achievable with the decentralized solution using the microcon-
troller with USB connection to the PC is discussed in the following.

A.3 Performance of the Motion Control Board

In a first step, the performance of the microcontroller is investigated. One important
aspect is the maximally achievable sampling rate for the control loop.

In order to obtain a sufficient minimal angle resolution, a 16 bit representation is used to
index a 360◦ workspace, making computation time consuming on an 8 bit microcontroller.
With the implemented PD position control loop for four motors, the time required for
reading the actual position of the motors from the external pulse decoders, computing and
applying a new control signal is 1300µs. The USB communication requires another 240µs
computation time on the microcontroller. However, due to restrictions in the USB protocol
in control transfer mode, packets may only be sent every 4ms, hence an overall sampling
rate for the position control loop of 250Hz is achieved.
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Figure A.4: CAD drawing of the robot.

The reference signal which is provided through the USB bus also can be delivered at the
same rate. The PC has to send a set of four reference signals to the board and receives
the latest four measured signals in return. Measurements of communication timing with
two microcontroller boards attached have shown a mean communication time of 4.00ms
per board with a variance of 0.0084 (ms)2. This low jitter can be attributed to the efficient
task scheduling mechanism of the Linux kernel, hence offering acceptable soft realtime
capabilities on a machine with low system load. Implementing the data exchange with each
board in separate threads, all boards can be provided with reference signals simultaneously,
i. e. the communication times are not cumulative.

To test the trajectory tracking capabilities of the PD controller running at 250Hz, one
step has been executed with the robot and the performance of the ankle and the knee joint
of the support leg are monitored, as shown in Fig. A.7. These joints have been chosen,
as they have to support a particularly high weight, and hence show the highest control
errors. However, during the experiments, the control error never exceeded 0.019 rad; this
is considered sufficiently accurate for humanoid walking.

Furthermore, the PWM ratios during the step, shown in Fig. A.7 never exceed 0.4,
hence the motion control boards are not working at their limit yet and have the potential
to accommodate for disturbances.

Summarizing the results for the microcontroller board, a local control loop at 250Hz
can be implemented including the exchange of reference signal and measured values with
a PC via USB. These rates are sufficient for motion control and prove the choice of USB
for data exchange suitable for the desired purpose.
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Figure A.5: Mechanical realization of the robot.
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Figure A.6: Microcontroller board used to drive up to four motors.
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Figure A.7: Trajectory following (top) during a step for the support foot ankle (left) and knee
(right). The lower plots show the corresponding PWM ratios.
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A.4 Summary

In this chapter the hardware design of a new, autonomous walking robot with 17 DoF
has been presented. The design is optimized for high speed walking with up to 3 steps
per second, or equivalently about 0.5m/s. Another constraint for the design was easy
manufacturability, hence the robot is composed of as many identical mechatronic modules
as possible.

The hardware realization of the afore discussed biped robot has been described in detail
including a newly developed USB motion control board. First experiments validating this
motion control board show accurate trajectory tracking capabilities proving the concept of
a microcontroller communicating with a PC through USB suitable for control applications.
This is regarded as crucial for the success of the biped walking project, as the motion
control board solution represents a lightweight interface between the PC and the robot
hardware. Due to this microcontroller solution a dedicated realtime environment on the
PC proved not to be necessary. Performance of the motors so far are in line with theoretical
considerations on the choice of a motor-gear-combination.
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One way of achieving humanoid biped walk-
ing is to offline calculate suitable gait tra-
jectories and replay them on the robot. This
chapter presents a method to generate such
trajectories by solving an optimal control
problem. Many constraints, such as en-
ergy efficiency or smoothness can be in-
corporated, thus allowing for dynamic and
human-like motions.

B.1 Problem Description

Currently two different strategies are being followed in research to achieve biped locomo-
tion: Gait trajectories are either computed online according to the actual intention and
perception data of the robot [38, 42, 45, 47, 104, 104, 134], or a large set of trajectories
is computed offline [5, 14, 30, 127, 128] and the robot selects one of these precalculated
trajectories according to the situation [60].

As suitable gait trajectories for a biped robot are subject to many constraints and the
gait is required to fulfill some “aesthetic” criteria [35], like smoothness, energy efficiency
and effectiveness, online generation of gait trajectories requires recursive optimization of
the trajectory and cannot be computed by evaluating distinct equations. Therefore such
computations generally are far from possible to be executed online with current computer
power. Hence, many research groups focus on offline generation of trajectories which are
modified only to achieve balance control [36].

Gait generation is divided into several tasks: One needs to set up the biped dynamics
to be able to simulate the gait of the biped, and the inverse kinematics are needed to
compute the location of parts of the robot given a certain link configuration. With these
information, the motion of the robot is simulated with the joint torque as control input.
From the walking data an objective function, the “cost” of the trajectory is computed
which then is subject to further optimization.
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B.2 Modeling

The dynamical model is that of a rigid, multibody system experiencing contact forces:

q̈ = M(q)−1
(

B u − C(q, q̇) − G(q) + J c(q)T f c

)

0 = gc(q)
(B.1)

where M is the positive-definite mass-inertia matrix, C is the Coriolis and centrifugal
force vector, G the gravitational force vector, q the generalized coordinates, and u(t)
are the control inputs mapped with the constant matrix B to the actively controlled
joints. The constraint Jacobian J c = ∂gc

∂q
is obtained from the holonomic ground contact

constraints gc, and f c is the ground contact force. These equations are evaluated using
recursive, multibody algorithms which are arguably the most efficient numeric approach
for calculating such high-dimensional dynamics [29].

Based on this kinematic model, gait trajectories are computed by solving an optimal
control problem.

B.3 Optimized Walk of a Biped

Gait trajectories for the biped are found by solving an optimal control problem. This is
done by minimizing a cost function J , e. g. J =

∫

qT q dt subject to the system dynamics
(B.1) and a number of constraints.

Constraints

The optimization constraints for gait generation [2] ensure the physical feasibility of the
resulting motion. These constraints consider a complete gait cycle in [0, tf ].

• Periodic gait constraints

To ensure repeatability of a step, the system must be in the same state at the end
t = tf of the gait cycle as it was in the beginning t = 0. The left side approach
limε>0,ε→0 tf − ε of the end tf of the gait cycle is expressed by t−f .

1. Periodicity of continuous state x =
[

q q̇
]T

x(t−f ) = x(0) (B.2)

2. Periodicity of ground contact forces f c:

f c(t
+
f ) = f c(0) (B.3)

• Exterior environmental constraints

These constraints avoid violation of physical laws when the robot is interacting with
its environment.

1. Kinematic constraints on the height (z-coordinate) of the swing leg tips.

The foot tip must be above the ground during swing phase. The foot height
hfoot,z is calculated from a forward kinematics function ffkin(·) of the joint an-
gles q:

hfoot,z = ffkin(q(t)) ≥ 0. (B.4)
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2. Ground contact forces lie within the friction cone and unilateral contact con-
straints are not violated. In the case of point contact, ground linear forces
F R = [FR,xFR,yFR,z]

T must satisfy

√

F 2
R,x + F 2

R,y ≤ µRFR,z, FR,z ≥ 0 (B.5)

with friction coefficient µR. In the case of multiple contact, such as a foot lying
flat on the ground, the rotational contact force vector F T = [FT,xFT,yFT,z]

T is
additionally constrained

|FT,x| ≤ 0.5 Fzly,foot, |FT,y| ≤ 0.5 FT,zlx,foot, |FT,z| ≤ µT Fz (B.6)

where µT is a friction coefficient, and lx,foot and ly,foot are the length and width
of the foot.

• Interior modeling constraints

These constraints guarantee the validity of the dynamical model at discontinous
points. Discontinuities occur especially when the swing foot collides with the ground
and the optimization has to switch between different dynamical models to account
for changes in the dynamical properties due to a new contact situation.

1. Jump conditions in the system velocities due to inelastic collisions of the legs
with the ground. If the exterior constraint (B.4) is violated, a collision occurs.
The resulting instantaneous jump in the state velocities at the k-th such collision
event is

q̇(t+S,k) = σ(q(t−S,k), q̇(t−S,k)) (B.7)

where q(t−S,k) and q(t+S,k) indicate the values of q just before and after the
collision event respectively. The function σ(·) calculates the jump in the state
velocities resulting from the point of collision instantaneously reaching a zero
velocity.

2. Magnitude bounds on states, controls and control rates:

Lq ≤ q ≤ Uq Lq̇ ≤ q̇ ≤ Uq̇

Lu ≤ u ≤ Uu Lu̇ ≤ u̇ ≤ Uu̇
(B.8)

L(·) and U(·) are constant vectors of length equal to their arguments.

3. Actuator torque-speed limitations. The applied torque at the actuated joint i
is constrained by the characteristic line of the motor-gear train:

|ui| ≤ (q̇max,i − |q̇i|)
G2

i ηi

si

, (B.9)

where ui is the applied torque at joint i, q̇i and q̇max,i are the joint i velocity
and maximum absolute joint velocity respectively, Gi is the gear ration, ηi is
the gear efficiency and si is the slope of the motor characteristic line.
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Based on these constraints and the dynamical model, the biped gait can be optimized
using different performance criteria.

Gait optimization

The question of optimality is subject to the demands the gait is supposed to fulfill. Hence
in the following, three criteria are presented reflecting different aspects of gait quality.

Balance Performance 1: Average distance in the ground plane between the FRI and the
ground projected center of mass GCoM normalized by the distance traveled d.

J s1(q, q̇, u) =
1

d

∫ tf

0

‖GCoM − FRI‖2 dt (B.10)

This value alone is not sufficient to verify or design a dynamically balanced gait, yet it
may be combined with additional dynamic measures of the system such as the angular
momentum which can provide a stability assessment during gait optimization, simulation,
and on-line control.

Efficiency is secondary in importance to balanced gait in legged systems, but it can also
have a strong influence in the successful design of an autonomous biped. A challenge for
systems with limited power supply is to combine energy conserving motion with a balanced
gait. It has been witnessed in humans that steady-state forward walking approximates a
minimum energy motion according to a dynamical model for the human body [85]. An
attempt to reproduce smooth, natural motion should also take these factors into account.

Energy Performance 1: In legged systems where a high torque is generated by a large
current in the motor, the primary form of energy loss is called the Joule thermal loss [50].
One may minimize the integral of this value over the gait:

J e1(u) =
1

s

∫ tf

0

N
∑

i=1

Ri

(

ui

GiKi

)2

dt (B.11)

where Ri, Gi, Ki, and ui are the armature resistance, gear ratio, torque factor, and applied
torque for link i respectively, while s is the step length or total distance traveled over one
stride.

Energy Performance 2: Another efficiency cost criterion is the specific resistance ε as
used in [25]. This measures the output power in relation to the mass moved and the velocity
attained and is a dimensionless quantity. Its integral over the gait cycle is a normalized
form of the kinetic energy

J e2[q̇, u] =

∫ tf

0

∑N

i=1 |uiq̇i|
mgv

dt , (B.12)

where m is the mass of the system, q̇i is the joint i angle velocity and v is the average
forward velocity.

Working with those criteria, the Energy Performance J e1 turned out to produce smooth
trajectories and show best convergence during the optimization process. However, combi-
nations of these performance measures are generally needed to obtain the desired results.
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B.4 Summary

Optimal control problems offer a possibility to consider “aesthetic” criteria like smoothness
and energy efficiency during the planning process of humanoid gait trajectories. Side
conditions can be described by constraints to the problem, where a cost function – assessing
e. g. the energy consumption – is minimized. Thus, the step is optimized over an entire
walking cycle rather than static optimizations for posture snapshots as in most existing
approaches.

This type of problems currently cannot be solved online, as convergence of the opti-
mization is very sensitive to initial values. Good starting values generally cannot be found
automatically and thus have to be tuned manually. A solution is to calculate the trajec-
tories offline and store them in a huge database; the robot selects the appropriate gait
pattern online.

The gait trajectories generated with the method described in this chapter proved in hard-
ware experiments very smooth. Although convergence of the problem is rather delicate,
many constraints could be incorporated rendering the method very useful for obtaining
suitable walking patterns.
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