
��������� �	� 
�����������������
��� ����������� ����������� �	�����

� ���� ����� ��� !"#�$ %� �� &
#$ '�($)* #))#�$ +#$� � ("�#, %'+� & � �"-��

./01203 45613789 0:7

;���������<�� =>����� ��� ��� ��� ?@������ �	� A������������� ���
B����C @������������ ��� ����������� ����������� �	����� ��� A�D
�@�<��< ��� @�@��C ������ E�@��� �����

.F6GFHIJ2K82085H3
<����C �<��� L������@���� M

;����������� N ���� MDO��� M O� ML M O@��� ��<��

O�	��� ��� L ������@���� N PM ���� MDO��� M L� M ����� M O���� Q�����
R M O��� M L � M =����@� S M S@�<���@��� T
���������U �� B������� @� ��>@�@D
S�@CV@�<� T �W=

L�� L������@���� X���� @C RPMPR MRYYZ >�� ��� ����������� ������D����� �	����� ���<������� ��� ����� ��� ?@������ �	� A���������������� B����C @������������ @C YZ MY[ MRYY[ @�<���CC�� M



\



]
^_)"�(!"
`ab cdedfbgh dibjbekb ` dl bghml nde och`hp lbfamq r fab cdedfbgsefbtjnfdme`bkaeduvb ocs` p neq fab `jnewl dwwdme xdeb y nfjdz o`xy p lbfamq {jm|dqb}mj qdwkjbfb n{{jmz dl nfdmew m} b~bkfjml ntebfdk �mveqnj� |n~vb {jm�~bl w knwf dewfnfbgw{nkb }mjl w � `ab qdlbewdme m} fab tbebjnfbq wfnfbgw{nkb lmqb~w dw v wvn~~�|bj� ~njtb � se tbebjn~ fbjl w r y mqb~ �jqbj �bqvkfdme oy��p beanekbw kml{vgfnfdmen~ b� kdbek�� �{{~dknfdme m} fab jbqvkbqgmjqbj lmqb~det fm fab ch`h rcs` neq `xy lbfamqw �db~qw kmewdqbjn�~b jbqvkfdme de fab kml{vfnfdmen~ b}g}mjf ebkbwwnj� }mj fab wm~vfdme m} fab qdwkjbfb lmqb~w � cvjfabjlmjb r y�� kne�b vwbq fm tbebjnfb kml{nkf r �jmnq�neq qdwkjbfb lmqb~w m} fab mjdt den~ b~bkgfjml ntebfdk w�wfbl w � �vka kml{nkf �jmnq�neq l nkjmglmqb~det ben�~bw fabn�wfjnkfdme m} fab qdwkjbfd�bq b~bkfjml ntebfdk w�wfbl de fbjl w m} n }jbuvbek�gqb{ beqbef fjnew}bj }vekfdme l nfjdz jb{jbwbefnfdme r �adka r de fvje r {jm|dqbw }mjb� kdbef dl{~bl befnfdme m} fab lmqb~ de �mfa tbebjn~g{vj{mwb ebf�mj�gnen~�wdwmjdbefbq wdlv~nfmjw r neq }v~~g�n|b r fdl bg neq }jbuvbek�gqml nde b~bkfjml ntebfdk�b~q wm~|bjw ndl bq nf w�wfbl g~b|b~ b~bkfjml ntebfdk l mqb~det ��bqvkbqgmjqbj lmqb~det de `xy dw ne n{{jmz dl nfdme m} fab qdwkjbfb lmqb~m} b~bkfjmlntebfdk �b~q m�fndebq fajmvta fab n{{~dknfdme m} fab `xy lbfamq rde fbjl w m} n lmqb~ m} kmewdqbjn� ~b ~m�bj qdl bewdme � `ab qb|b~m{l bef m} wvkan jbqvkbqgmjqbj lmqb~ o��y p kne �b nkadb|bq vwdet f�m k~nwwbw m} l bfamqw renl b~�r wdetv~nj |n~vb qbkml{mwdfdme o��hp lbfamqw neq lmlbef l nfkadetl bfamqw � � jb{jbwbefnfd|b l bl�bj m} fab }mjl bj k~nww m} lbfamqw dw fab wmgkn~~bq �n~nekbq lmqb~ jbqvkfdme r �adka dw ndl bq nf jblm|det }jml fab mjdtden~w�wfbl famwb bdtbewfnfbw fanf njb qd� kv~f fm m�wbj|b neq kmefjm~ � ��hg�nwbqy��gfbkaeduvbw an|b fab nffjnkfd|b nffjd�vfb fanf �mveqw }mj fab n{{jmz dl ngfdme bjjmj de fab jbqvkbq lmqb~ kne �b bwfn�~dwabq � �eb qdwnq|nefntb dw fanffab� fbeq fm �b kml{vfnfdmen~~� lmjb bz{bewd|b fane lmlbef l nfkadet l bfagmqw �̀ ab l nde }m kvw m} fadw �mj� dw me lmlbef l nfkadet lbfamqw � � ad~b fbkageduvbw }mj y�� �nwbq me lmlbef lnfkadet an|b � bbe wfvqdbq bzfbewd|b~� defab knwb m} ch`h neq cs` lbfamqw r fab� an|b emf �bf � bbe kmewdqbjbq de qbgfnd~ de fab kmefbzf m} `xy n{{jmzdl nfdmew m} b~bkfjml ntebfdk w�wfbl w � `abn{{~dknfdme m} l mlbef l nfka det y��gfbkaeduvbw fm `xy dw {jbwbefbq r � dfabl{anwdw {~nkbq me ������ wv�w{nkb lbfamqw fanf vfd~d�b fab ������� neq������� {jm kbwwbw � `ab nffjd�vfbw m} wvka lbfamqw r �mfa de fbjl w m} kml{vfngfdmen~ b� kdbek� neq wm~vfdme nkkvjnk�r njb bznl debq fajmvta fabdj n{{~dknfdmefm fab nen~�wdw m} wb|bjn~ b~bkfjmlntebfdk wfjvkfvjbw � cmj fadw {vj{mwb fab dl g{~dkdf fdl b b|m~vfdme `xygwkablb dw vfd~d�bq � � ~wm r n kml{njdwme dw {jm|dqbq�bf�bbe ch`h r cs` neq `xy �dfa jbtnjqw fm fab kml{vfnfdmen~ b� kdbek� m}y��glbfamqw }mj bz{ bqdfdet fabdj evl bjdkn~ defbtjnfdme �
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cdjwf m} n~~ r s �mv~q ~d�b fm fane� °��± ² °³´³� µ¶��³� }mj fab m{{mjfvedf�fm {jb{njb l� qdwwbjfnfdme de fab sewfdfvfb }mj · dtagcjbuvbek� ¸etdebbjdet nfyvedka ¹ed|bjwdf� m} `bkaem~mt� neq }mj adw tvdqnekb me fab wkdbefd�k �mj�{jbwbefbq abjb � ·b anw mibjbq l b kbjfnde }jbbqml de kammwdet l� jbwbnjka�b~q r neq ab n~�n�w anq ne m{be bnj }mj ne� �deqw m} {jm�~bl w � s nl n~wm|bj� tjnfb}v~ }mj fab �enekdn~ wv{{mjf neq }mj fab {mwwd�d~df� fm fjn|b~ fm wb|bjn~kme}bjbekbw }mj {jbwbefdet {njfw m} fadw �mj� �s �mv~q }vjfabj ~d�b fm fane� °��± ² ����³�� º��»³������ }mj adw tjbnfwv{{mjf qvjdet l� wfn� }mj fajbb lmefaw de ¹j�neng¼anl{ndte nf fab hb{njfgl bef m} ¸ ~bkfjdkn~ neq ¼ml{vfbj ¸etdebbjdet nf fab ¹ed|bjwdf� m} s~~demdw r ¹ ��de \½½] � ·b anw � bbe n kmewfnef wmvjkb m} nq|dkb neq lmfd|nfdme wdekb fab qn�s l bf adl � sf �nw n tjbnf {~bnwvjb fm �mj� fmtbfabj � dfa adl neq fm {jb{njbwb|bjn~ km~~n�mjnfbq {n{bjw �y � w{bkdn~ fane�w njb fm l� km~~bntvb neq }jdbeq ���¶� ¾³¿¿³�À³�Á³�}mj evl bjmvw qdwkvwwdmew me fab fabmjbfdkn~ nw{ bkfw m} fab `xy lbfamq neq}veqnl befn~ uvbwfdmew jb}bjjbq fm df � ·b n~�n�w anw � bbe m{bebq }mj qdwkvwwdmewneq ab n~�n�w wanjbq adw �em� ~bqtb me fab fabmj�r {a�wdkw neq lnfablnfdkw m}b~bkfjml ntebfdwl � ·b n~�n�w {nfdbef~� kmjjbkfbq l� l dwfn�bw de Âbjl ne �ad~wf�b �mj�bq fmtbfabj }mj fajbb �bnjw �Ãbzf r s fane� l� }jdbeq Ä��Å¶� Æ¶�»³� }mj adw kjdfdkn~ jbl nj�w fm nevl�bj m} l� dqbnw neq }mj ne� �deq m} ab~{ s ebbqbq � y� fane�w njb fm l�}jdbeq Æ���� Æ����� }mj n~�n�w fm � b fabjb }mj l b � s nl tjnfb}v~ fm Ç�È��³��°�³���� }mj td|det ne dedfdn~ l mfd|nfdme fm qm l� qm kfmjnfb de yvedka r }mj abjwv{{mjf neq }mj fbnkadet lb Âbjl ne � s �mv~q n~wm ~d�b fm fane� µ������Æ����� }mj fn�det knjb m} lb qvjdet l� wfn� de yvedka �s fane� n~~ km~~bntvbw }jml fab sewfdfvfb }mj · dtagcjbuvbek� ¸etdebbjdet }mjfabdj wfdlv~nfdet qdwkv wwdmew neq }jdbeq~� km~~n�mjnfdme � �lmet �aml s �mv~q~d�b fm fane� bw{ bkdn~~� É� ² Ç³�À��� Ê�È���À }mj wm~|det l ne� mjtne d�detneq nql dedwfjnfd|b {jm�~bl w � `ane�w fm n~~ m} �mv }mj �mvj }jdbeqwad{ Ës nl tjnfb}v ~ fm n~~ fab { bm{~b �am ab~{ bq lb fm {jb{njb fadw l nevwkjd{f �y� w{bkdn~ fane�w njb fm º��Á³� ÊÅÀÁ�´���Å� }mj abj knjb}v ~ {jmm}jbnqdetwml b {njfw m} l� fabwdw �
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Ò ÓÔÕÖ×ØÙÚÕÛ×Ô ÜÝ�Ý �fnfb m} fab �jf � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ý½Ý�\ hb�edfdme m} fab Þjm�~bl � � � � � � � � � � � � � � � � � � � � � � Ý\Ý�] �|bj|db� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ý]
ß àáâ àÖãÔäå ÛääÛ×Ô æÛÔâ ç ãÕÖÛè ç âÕá×Ø Òé\ �Ý cmveqnfdmew m} fab `xy ybfamq � � � � � � � � � � � � � � � � � � Ý«\ �\ `ab `xy `dl b ¸|m~vfdme �kabl b � � � � � � � � � � � � � � � � � Ýê\ �] `ab �knffbjdet �{bjnfmj � � � � � � � � � � � � � � � � � � � � � � � \ Ý\ �� `ab ¼meebkfdme �{bjnfmj � � � � � � � � � � � � � � � � � � � � � � \¬\ �« y n{{detw � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � \ê\ �« �Ý ¼befbjbq cdb~q y n{{det � � � � � � � � � � � � � � � � � � � \ê\ �« �\ ¼b~~ ëmveqnj� yn{{det � � � � � � � � � � � � � � � � � � � ]\\ �¬ `ab Âbebjn~ `xy �{bjnfmj � � � � � � � � � � � � � � � � � � � � � ]�\ �ì Þ jnkfdkn~ swwvbw � � � � � � � � � � � � � � � � � � � � � � � � � � � � ]¬\ �ì �Ý � ~fbjenfd|b �knffbjdet � ~tmjdfal w � � � � � � � � � � � � � ]¬\ �ì �\ ëmveqnj� ¼meqdfdmew � � � � � � � � � � � � � � � � � � � � ]ê\ �ì �] ¸zkdfnfdme � � � � � � � � � � � � � � � � � � � � � � � � � � � �¬
í àáâ îïðÖÛØ àæç ñçç çâÕá×Ø òÜ] �Ý sefjmqvkfdme � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �ó] �\ `ab ymqb ynfka det ybfamq � � � � � � � � � � � � � � � � � � � � « Ý] �] `ab `xygyy ·��jdqd�nfdme � � � � � � � � � � � � � � � � � � � � «]] �� `ab `xygyy �{{jmnka � � � � � � � � � � � � � � � � � � � � � � ««] �« �{{~dknfdmew � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � «¬] �¬ ¼mek~vwdmew � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � «ó] �ì �bl nj�w � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¬ Ý
ò ôÖïõ×ö ÷ÙðäøãÚâ ç âÕá×Øä ùí� �Ý új�~m| �v�w{nkbw � � � � � � � � � � � � � � � � � � � � � � � � � � � ¬]� �\ ënwdw �bkfmjw � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¬«� �] �jem~qd ënwdw � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¬¬� �� xnek�mw ënwdw � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¬ó� �� �Ý `ab ·bjl dfdne o��llbfjdkp xnek�mw Þjm kbww � � � � � � � ì�� �� �\ `ab `�mg`bjl xnek�mw Þjm kbww � � � � � � � � � � � � � � � ì«� �� �] `ab xmm�g�abnq xnek�mw � ~tmjdfal � � � � � � � � � � � � ìê� �« �{bkfjn~ `jnew}mjl nfdmew � � � � � � � � � � � � � � � � � � � � � � ê½� �¬ Ãvlbjdkn~ ¸znl{~bw � � � � � � � � � � � � � � � � � � � � � � � � � ê Ý� �ì �bl nj�w � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê\

ì



ê ûüý þÿý þ�
é ç ×Øâõ �ÖØâÖ � âØÙÚÕÛ×Ô ÛÔ àæç �é« �Ý �fnfbg�{nkb �b{jbwbefnfdme m} h dwkjbfb ¸yg��wfbl w � � � � � � � ê¬« �Ý�Ý �bqvkbqg�jqbj y mqb~w m} h dwkjbfb ¸ ~bkfjml ntebfdk ��wfbl w êê« �\ `ab `xy �fnfbg�{nkb ��wfbl � � � � � � � � � � � � � � � � � � � � êó« �\ �Ý sl{v~wb �bw{mewb m} fab `xy ��wfbl � � � � � � � � � � � ó½« �\ �\ Âbebjn~d�bq sl{bqnekb y nfjdz m} fab `xy ��wfbl � � � � ó Ý« �] �bqvkbqg�jqbj ymqb~det de `xy � � � � � � � � � � � � � � � � � � ó Ý« �] �Ý �jfamtmen~ Þjm� bkfdme � � � � � � � � � � � � � � � � � � � � ó\« �] �\ ��~duvb Þjm� bkfdme � � � � � � � � � � � � � � � � � � � � � � ó�« �] �] `ab �knffbjdetg��llbfjdk xnek�mw Þ jm kbww � � � � � � � � ó¬« �] �� y nfjdzgÞnq�g�{{jmzdl nfdmew � � � � � � � � � � � � � � � � óê« �] �« ¸z{~dkdf ymlbef y nfkadet � � � � � � � � � � � � � � � � � óó« �] �¬ `ab Þnq�g| dngxnek�mw � ~tmjdfal � � � � � � � � � � � � � � Ý½½« �] �ì `ab �ad}fgse|bjwb �{{jmnka � � � � � � � � � � � � � � � � � Ý½ Ý« �] �ê sfbjnfd|b �m~|bjw }mj fab �ad}fgse|bjwb �{{jmnka � � � � � � Ý½]« �] �ó Þ jm� bkfdme �m~|bjw }mj fab �ad}fgse|bjwb �{{jmnka � � � � � Ý½«« �� Þnwwd| df� neq �fn�d~df� m} fab `xy w�wfbl � � � � � � � � � � � � � ÝÝ½« �« ¼ml{njdwme m} ch`hg r cs`g r neq `xyg�nwbq y�� � � � � � � � ÝÝ\« �« �Ý `ab `xy �bqvkbqg�jqbj ymqb~ de fab xn{~nkb hml nde � ÝÝ]« �« �\

S
gqml nde |bjwvw

Z
gqml nde de `xygy�� � � � � � � � � � ÝÝ«« �¬ ÞmwfgÞjm kbwwdet � � � � � � � � � � � � � � � � � � � � � � � � � � � � ÝÝ«« �¬ �Ý `�mg�fb{ �bqvkfdme �{{jmnka � � � � � � � � � � � � � � � ÝÝ¬« �¬ �\ ymqb~ �jqbj �b~bkfdme � � � � � � � � � � � � � � � � � � � � ÝÝì« �¬ �] ` dl b �bw{mewb m} fab `xy �bqvkbqg�jqbj y mqb~ � � � � Ý\½

ù �ÙåâÖÛÚãõ �øøõÛÚãÕÛ×Ôä ÒßÒ¬ �Ý ¼v�dk kn|df� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ý\ Ý¬ �\ sqbn~ �n|btvdqb �bwmenfmj � � � � � � � � � � � � � � � � � � � � � Ý]½¬ �] y dkjmwfjd{ ~deb �g� beq � � � � � � � � � � � � � � � � � � � � � � � � Ý]ó¬ �� ¼m{~nenj �n|btvdqb sl{bqnekb `jnewdfdme � � � � � � � � � � � � Ý�«¬ �« �bkfnetv~nj y dkjmwfjd{ Þnfka �efbeen � � � � � � � � � � � � � � � Ý�ê¬ �¬ h db~bkfjdk �bwmenfmj �n|btvdqb cd~fbj � � � � � � � � � � � � � � � Ý«\¬ �ì
H
g{ ~neb �n|btvdqb cd~fbj � � � � � � � � � � � � � � � � � � � � � � Ý«ì

	 
×ÔÚõÙäÛ×Ôä Òùí
� �âÚÕ×Ö ÷øãÚâä Òù	� �Ý ënwdk hb�edfdmew � � � � � � � � � � � � � � � � � � � � � � � � � � � Ý¬ì
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�|bj fab {nwf }b� �bnjw ymqb~ �jqbj �bqvkfdme oy��p dw jbkbd|det wdted�knefnffbefdme �� fab kml{vfnfdmen~ b~bkfjml ntebfdkw kmllvedf� nw n w�wfbl nfdkneq bibkfd|b l bfamq }mj fab qb|b~m{l bef m} kml{nkf jb{jbwbefnfdmew m} {nwwd|bb~bkfjml ntebfdk w�wfbl w m} adta kml{~bz df�� �dekb fab lmqb~det m} ne b~bkfjmgl ntebfdk w�wfbl de|m~|bw fab w{nfdn~ qdwkjbfd�nfdme m} Ä� ! ³�� "w buvnfdmewm|bj fab kml{vfnfdmen~ qmlnde m} defbjbwf r fab evl�bj m} wfnfb |njdn�~bw fbeqwfm � b |bj� ~njtb }mj w�wfbl w bzad�dfdet adta tbml bfjdk kml{~bz df�� cmj bznl g{~b r qdwkjbfb b~bkfjml ntebfdk l mqb~w m} |bj� ~njtb qdl bewdme jbwv~f }jml fabqdwkjbfd�nfdme m} wfjvkfvjbw fanf kmefnde |bj� �eb owv�g�n|b~betfa p tbml bfjdk}bnfvjbw r �bf fabdj w{nfdn~ bzfbef w{new wb|bjn~ �n|b~betfaw de meb mj lmjb qdgl bewdmew de w{nkb � cmj wvka w�wfbl w r y�� n~~m� w }mj wdted� knef dekjbnwb de fabb� kdbek� m} fab evlbjdkn~ wm ~vfdme m} fab qdwkjbfb lmqb~ fajmvta fab kmewfjvkgfdme m} jbqvkbqgmjqbj lmqb~w o��y wp � dfa n evl�bj m} wfnfb |njdn�~bw lvkawln~~bj fane fanf m} fab mjdtden~ w�wfbl � cvjfabjlmjb r }mj famwb knwbw }mj �adkafab wfjvkfvjb veqbj lmqb~det an{{bew fm � b n kml{mebef m} n ~njtbj w�wfbl rfab kmewfjvkfdme m} n jbqvkbqgmjqbj lnkjmglmqb~ m} fab kml{mebef ab~{w bzg{ bqdfb fab wdlv~nfdme m} fab m|bjn~~ w�wfbl � ymjb w{ bkd�kn~~�r fab tbebjnfbqjbqvkbqgmjqbj l nkjmglmqb~ }nkd~dfnfbw fab n�wfjnkfdme m} n lv~fdg{ mjf kml{mgebef m} fab mjdtden~ w�wfbl de fbjl w m} n }jbuvbek�gqb{ beqbef r fjnew}bj }vekfdmel nfjdz jb{jbwbefnfdme � se fadw l neebj r n qbkml{mwdfdme m} fab w�wfbl de fbjl wm} ~m�gmjqbj fjnew}bj }vekfdme l nfjdkbw dw nka db|bq � cvjfabjlmjb r fab b~bl befwm} fabwb fjnew}bj }vekfdmew njb knwf de fbjl w m} jnfdmen~ }vekfdmew m} fab negtv~nj }jbuvbek�r favw ben�~det fabdj wbnl ~bww neq b� kdbef defbtjnfdme de �mfatbebjn~g{vj{mwb r ebf�mj�gnen~�wdw mjdbefbq kdjkvdf wdlv~nfmjw neq }v~~g�n|b b~bkgfjml ntebfdk wm~|bjw ndl bq nf w�wfblg~b|b~ l mqb~det �`ab `jnewl dwwdme xdeb y nfjdz o`xy p lbfamq anw {jm|be fm � b n {m�bjg}v~ fm m~ }mj wm~|det Ä� ! ³�� "w buvnfdmew neq anw � bbe wvkkbww}v~~� n{{~dbq fmfab nen~�wdw m} |njdmvw kml{~dknfbq {~nenj neq fajbbgqdl bewdmen~ b~bkfjml ntgebfdk wfjvkfvjbw � xd�b jb~nfbq qdibjbefdn~ buvnfdmeg�nwbq evlbjdkn~ l bfamqw rfab `xy n{{jmz dl nfdme m} n ~debnj b~bkfjml ntebfdk �mveqnj� |n~vb {jm�~bljbwv ~fw n w�wfbl m} ~debnj buvnfdmew m} ~njtb qdl bewdme � cmj {jnkfdkn~ b~bkfjmgl ntebfdk qb|dkbw fab qdl bewdme m} fab jbwv~fdet lmqb~w dw de fab mjqbj m} l d~~dmew ��dekb adtabj w{nfdn~ jbwm~vfdme jbuvdjbw n wamjfbj fdl b wfb{ fm tvnjnefbb wfn� d~df�rfab wm~vfdme kmwf l n� bnwd~� � bkml b m|bj�ab~l det neq b|befvn~~� {jmad�dfd|b �`abjb}mjb r fab bz{~mdfnfdme m} y�� nw n l bnew m} bz{ bqdfdet fab `xy wm~vfdme{jm kbww l n�bw wbewb �
ó
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`ab `jnewl dwwdme xdeb y nfjdz o`xy p lbfamq r qb|b~m{ bq neq �jwf {v�~dwabq deÝóìÝ �� 0�À�� neq Æ³¶��³ 1¬½2 anw blbjtbq nw n {m�bj}v~ l bfamq }mj kmlg{vfbj lmqb~det m} b~bkfjml ntebfdk �b~qw 1\]2 r1«¬2 r1óó2 � `ab `xy lbfamq bzgad�dfw bzkb~~bef evl bjdkn~ wfn�d~df� neq dw n~wm wvdfn�~b }mj fab lmqb~det m} ~mww�rqdw{ bjwd|b r nkfd|b neq eme~debnj l bqdn 1ê Ý2 r 1Ý½ Ý2 r1ÝÝ½2 � ·m�b|bj r fab wfnfbgw{nkbjb{jbwbefnfdme m} `xy dw vwvn~~� |bj� ~njtb r jbuvdjdet wdte d�knef kml{vfnfdmen~jbwmvjkbw neq ~met kml{vfnfdme fdl bw � sf dw fab m� � bkfd|b m} fab {jm{mwbq `xyymqb~ �jqbj �bqvkfdme o`xygy��p fm nqqjbww fabwb kml{vfnfdmen~ kml{~bzgdf� qd� kv~fdbw m} wfneqnjq `xy fajmvta fab jbqvkfdme m} fab mjdtden~ l mqb~ defmmeb m} wdted�knef~� wl n~~bj qdl bewdme � `ab qdlbewdme m} fab jbqvkbq lmqb~ r n~wmkn~~bq lmqb~ mjqbj r dw nwwm kdnfbq � dfa n wv�wbf m} fab bdtbelmqbw m} fab w�wfblfanf de3vbekb dfw jbw{mewb m|bj fab qbwdjn�~b }jbuvbek� �neq� dqfa m} defbjbwf �cvjfabjlmjb r de fab {m~bgjbwdqvb jb{jbwbefnfdme m} fab tbebjnfbq ��y fjnew}bj}vekfdme r fab lmqb~ mjqbj dw buvn~ fm fab evl�bj m} kml{~bz enfvjn~ }jbuvbekdbwmj {m~bw m} fab fjnew}bj }vekfdme ��eb m} fab bnj~� n{{~dknfdmew m} y�� de evlbjdkn~ b~bkfjml ntebfdkw �nwdfw vwb }mj fab bz{bqdbef kn~kv~nfdme m} fab �jmnq�neq jbw{mewb m} ne b~bkfjmgl ntebfdk qb|dkb owbb r }mj bznl{~b r 1Ý\2 r1Ý\ó2p � ·m�b|bj r fab lmwf nffjnkfd|bnffjd�vfb m} l mqb~ mjqbj jbqvkfdme dw dfw k~mwb jb~nfdmewad{ fm fab qb|b~m{l befm} kml{nkf r �jmnq�neq 4567894 8:;<= m} b~bkfjml ntebfdk qb|dkbw r qbwkjd� bq defbjl w m} jnfdmen~ }vekfdme n{{jmz dl nfdmew m} fab nwwm kdnfbq lv~fdg{ mjf fjnew}bj}vekfdmew 1Ý�2 r1�]2 � �|nd~n�d~df� m} wvka l nkjmglmqb~w }nkd~dfnfbw adta~� nkkvjnfb r~debnj mj emeg~debnj wdlv~nfdme nf fab wv�w�wfbl neq w�wfbl ~b|b~ �� l bnew m}tbebjn~g{vj{mwb r ebf�mj� nen~�wdwgmjdbefbq fjnewdbef wdlv~nfmjw wvka nw �Þs¼¸1]¬2 r1ê«2 � �ekb knwf de fab }mjl m} wvka jnfdmen~ }vekfdme lnkjmglmqb~ r fabl nfjdz fjnew}bj }vekfdme m} fab b~bkfjml ntebfdk qb|dkb � bdet lmqb~bq kne �b degfbj}nkbq kme|bedbef~� neq wbnl ~bww~� � dfa mfabj }jbuvbek�g neq>mj fdl bgqmlndeb~bkfjml ntebfdk neq b~bkfjmlntebfdk>kdjkvdf wm~|bjw � � {njfdkv~nj~� nffjnkfd|bw{ bkdn~ knwb m} wvka ne dl{~bl befnfdme dw de kme�vekfdme � dfa fab qb|b~m{l befm} bibkfd|b r �jmnq�neq neq kml{vfnfdmen~~� b� kdbef wv�gtjdqqdet wfjnfbtdbw defab �edfb qdibjbekb lmqb~det m} kml{~bz b~bkfjml ntebfdk wfjvkfvjbw 1]«2 r 1¬ó2 r1¬ê2 �̀ a b qb|b~m{l bef m} wvka n jbqvkbqgmjqbj lmqb~ kne �b nkadb|bq vwdet f�mk~nwwbw m} lbfamqw r enl b~�r

• wdetv~nj |n~vb qbkml{mwdfdme o��hp lbfamqw r neq
• lmlbef lnfkadet l bfamqw �
� jb{jbwbefnfd|b l bl�bj m} fab }mjl bj k~nww m} l bfamqw dw fab wmgkn~~bq�n~nekbq lmqb~ jbqvkfdme r ndl bq nf jblm|det }jml fab mjdtden~ w�wfbl famwbbdtbewfnfbw fanf njb qd� kv~f fm m�wbj|b neq kmefjm~ 1ê\2 � ��hg�nwbq lmqb~mjqbj jbqvkfdme l bfamqw an|b fab nffjnkfd|b nffjd�vfb fanf �mveqw }mj fab n{g{jmz dl nfdme bjjmj de fab jbqvkbq lmqb~ kne �b bwfn�~dwabq � �eb qdwnq|nefntbdw fanf fab� fbeq fm � b kml{vfnfdmen~~� lmjb bz{bewd|b fane lmlbef l nfkadetl bfamqw � �e nwwbwwl bef m} fab wfnfb m} fab njf de fab qb|b~m{l bef m} ��hg�nwbq lmqb~ mjqbj jbqvkfdme l bfamqw kne �b }mveq de 1� 2 � `ab ��hgfbkaeduvb� dfa ?�À¶� qbkml{mwdfdme anw � bbe n~jbnq� nqm{fbq fm fab `xy lbfamq 1ê½2 �·m�b|bj r fab avtb wd�b m} fab `xy wfnfbgw{nkb w�wfbl jbwfjdkfw fab n{{~dknfdme
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m} fab {jm{mwbq n{{jmnka fm \gh knwbw � dfa n wl n~~ evl�bj m} qdwkjbfd�nfdmekb~~w �̀ab �b� nffjd�vfb m} lmlbef l nfka det fbkaeduvbw dw fab b� kdbek� m} fabdj evgl bjdkn~ dl{~bl befnfdme � `ab �w�l{fmfdk �n|b}mjl ¸|n~vnfdme o��¸p lbfamq r�nwbq me fab bz{~dkdf lmlbef l nfkadet fbkaeduvb r anw � bbe vwbq }mj nen~�wdw m}~njtb ~debnj ebf�mj�w neq defbjkmeebkf wfjvkfvjbw owbb r }mj bznl{~b 1ó2 r 1ÝÝÝ2p ��bkbef~�r fab ��¸ fbkaeduvb anw � bbe nqm{fbq fm fab wfnfbgw{nkb w�wfbl w jbgwv~fdet }jml n{{jmz dl nfdmew m} qdibjbefdn~ buvnfdmeg�nwbq qbwkjd{fdme m} b~bkgfjml ntebfdk �mveqnj� |n~vb {jm�~bl w 1ÝÝ2 r1Ý\ó2 � cjml fab n|nd~n�~b lmlbefl nfkadet y��gfbkaeduvbw ������ wv�w{nkb l bfamqw n{{bnj fm � b fab lmwfjm�vwf neq bibkfd|b � ymjb w{ bkd�kn~~�r fab �������g neq �������gn~tmjdfal�nwbq y�� njb lmwf kmllme~� vwbq fm bz{bqdfb fab wm~vfdme m} ~njtb ~debnjkdjkvdfw r neq ch`h neq cs` n{{jmz dl nfdmew m} b~bkfjml ntebfdk {jm� ~bl w 1Ý¬2 r1ê�2 r1ê«2 r1ó¬2 � �eb m} fab � bwfg�em�e y�� fbkaeduvbw dw °��AB� �� B�������oÞ�xp r �adka {jm|dqbw n °��A n{{jmzdl nfdme }mj fab C����� bz{newdme m}fab fjnew}bj }vekfdme njmveq n {mdef de fab ��¿���³ qml nde 1� Ý2 r 1ê�2 � `abÞ�x lnfjdz n{{jmz dl nfdme dw � bkml det n kmllme n{{jmnka }mj fab cnwf cjbguvbek� ��bb{ occ�p de cdedfbg¸ ~bl bef ybfamq oc¸y p neq ybfamq m} ymlbefwoy my p �nwbq kmllbjkdn~ wdlv~nfmjw 1Ýì2 r 1Ý\ì2 � `ab qdjbkf n{{~dknfdme m} fab������� n~tmjdfal fm n y�� {jm kbww �db~qw n °��A n{{jmz dl nfdme }mj fab bzg{newdme {mdef {~nkbq nf de�edf�� `ab n{{jmz dl nfdmew m} fab fjnew}bj }vekfdme �������� wv�w{nkb l bfamqw � dfa bz{newdme nf bdfabj n �edfb kml{~bzg}jbuvbek�{mdef mj nf de�edfb }jbuvbek� an|b nq|nefntbw neq qjn��nk�w r �adka kne �b�jdb3� wvllnjd�bq nw }m~~m� w D

• ������ =EF=G 56; 4 ;HI 8:= J KHI L MKH; ;NG 5M=K8M G 8KMH ok~nwwdkn~ Þ�x neq>mj°��AB� ��B������� oÞ�� pp g ~m� mjqbj jbqvkbq lmqb~w r a dta kml{vfngfdmen~ fdl b bimjf neq lblmj� jbuvdjbl befw de mjqbj fm m�fnde fab de|bjwbw�wfbl lnfjdz O
• ������ =EF=G 56; 4 ;HI 8:= J KHI ;NG 5M=K8M 5H KML MKHP oqdjbkf n{{~dknfdmem} új�~m| wv�w{nkb l bfamqwp g ~m� kml{vfnfdmen~ bimjf r ~njtb qdl bewdmem} jbqvkbqgmjqbj lmqb~w r jn{dq dekjbnwb m} kml{vfnfdmen~ kmwfw }mj {mwfg{jm kbwwdet qvb fm fab ~njtb qdl bewdme m} fab jbqvkbq w�wfbl lnfjdz �
se mjqbj fm bz{~mdf fabdj nq|nefntbw fabwb n{{jmnkabw kne �b bnwd~� defbtjnfbqdefm n f�mgwfb{ jbqvkfdme {jm kbww � `adw kml�denfdme �db~qw n ~m�gmjqbj jbqvkbqlmqb~ � dfa fab jbnwmen�~b kml{vfnfdmen~ bimjf 1Ý\¬2 ��ekb n jbqvkbqgmjqbj lmqb~ dw n|nd~n�~b r tbebjnfbq �� lbnew m} n{{~�det������ wv�w{nkb l bfamqw fm `xy r fab fdl bgqmlnde jbw{mewb m} fab b~bkfjmgl ntebfdk wfjvkfvjb veqbj de|bwfdtnfdme kne �b jbkm|bjbq bz{bqdbef~�� se {jdegkd{~b r fab fjnewdbef jbw{mewb m} fab b~bkfjml ntebfdk wfjvkfvjb l n� �b n~wm {jbgqdkfbq b� kdbef~� }jml n ~dl dfbq evl�bj m} fdl b wnl{~bw m} fab `xygtbebjnfbqfdl b wbjdbw fajmvta fab n{{~dknfdme m} adtagjbwm~vfdme {njnlbfjdk lmqb~ bwfdgl nfdme fbkaeduvbw r �nwbq me ��wfbl sqbefd� knfdme o�sp fbkaeduvbw 1êì2 � `abwbl bfamqw n~~m� fab bz{bqdfdme m} `xy wdlv~nfdmew neq fab qbfbjl denfdme m} fabebf�mj� buvd|n~bef lmqb~ qdjbkf~� }jml fab wdlv~nfbq jbwv ~fw 1\�2 r 1\«2 � � ~famvta�s fbkaeduvbw an|b � bbe n{{~dbq bzfbewd|b~� }mj fdl b bzfjn{m~nfdme m} evlbjdgkn~~� m�fndebq b~bkfjmlntebfdk jbw{mewbw r n w�wfbl nfdk neq b� kdbef n{{jmnka}mj fabdj jm�vwf dl{~bl befnfdme de kme�vekfdme � dfa fjnewdbef b~bkfjml ntebfdk�b~q wm~|bjw dw wfd~~ l dwwdet � �s l bfamqw kne �b jbtnjqbq nw qdtdfn~ wdten~ {mwfg{jm kbwwdet �nwbq lbfamqw }mj m�fndedet fab n{{jmzdl nfb dl{v~wb jbw{mewb m}
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fab qb|dkb veqbj lmqb~det � �e fab mfabj aneq r lmlbef lnfkadet y�� fbkageduvbw njb ndl bq nf {jm|dqdet }mj wvka dl{v~wb jbw{mewb bzfjnkfdme kn{n�d~df�emf fajmvta {mwfg{jm kbwwdet m} fab evlbjdkn~ wm ~vfdme {jm kbww �vf qvjdet fabwm~vfdme {jm kbww �

se {njfdkv ~nj r y ��gfbkaeduvbw njb nffjnkfd|b }mj bz{ bqdbef nen~�wdw m} b~bkgfjdkn~~� ~njtb r a dta~�gjbwmenef wfjvkfvjbw r ~d�b � ~fbjw neq jbwmenfmjw � ` dlbgqmlnde �nwbq wdlv~nfmjw jbuvdjb ~met fdl b dfbjnfdmew fm nkadb|b wfbnq� wfnfb rneq }jbuvbek�gqml nde lbfamqw qbl neq �eb }jbuvbek� jbwm~vfdmew de mjqbj fmtnde wanj{ jbwmenekbw � se �mfa knwbw r fab jbuvdjbq wm~vfdme fdl b dw |bj� ~met � sefab �c njbn r }mj bznl{~b r jbqvkbqgmjqbj lmqb~w njb vwbq fm kn{fvjb fab � ban|gdmj m} n kml{~bz defbjkmeebkf w�wfbl de fab }mjl m} n wl n~~bj �c lnkjmglmqb~ r�adka dw fabe bl�bqqbq defm fab l nde kdjkvdf neq kmgwdlv~nfbq � dfa df 1Ý«2 r1Ý\\2 � �dl d~nj n{{jmnkabw njb vwbq de mfabj n{{~dknfdme njbnw r wvka nw fab qbwdtem} lv~fdg{ mjf y dkjm�n|b ymem~dfadk sefbtjnfbq ¼djkvdfw oyys¼wp r m{fdkn~ fjnewgkbd|bj s¼w neq b~bkfjmlntebfdk defbj}bjbekb o¸y sp � �bkbef~�r y��gfbkaeduvbwan|b � bbe n{{~dbq wvkkbww}v~~� fm qdwfjd�vfbq r {nwwd|b wfjvkfvjbw wvka nw kmegebkfmjw r fjnewl dwwdme ~debw neq nefbeenw � `ab ������� l bfamqw njb vwbq fmtbebjnfb nkkvjnfb jbqvkbqgmjqbj l nkjmglmqb~w }mj kmv{~bq bebjt� qml nde emeg~debnj y dkjmg¸ ~bkfjmgy bkanedkn~ ��wfbl w oy¸y�p 1Ýê2 r 1Ýó2 � ��fndebq jbwv~fwqblmewfjnfb fanf fab jbqvkbq eme~debnj lmqb~ mibjw lvka �bffbj nkkvjnk� dekn{fvjdet fab mjdt den~ qb|dkb �ban|dmj fane fab wdl{~b ~debnjd�nfdme lbfamq � �kml{vfnfdmen~~� debz{bewd|b n{{jmnka fm eme~debnj lmqb~ jbqvkfdme r �nwbq mejb{jbwbefdet n eme~debnj w�wfbl � dfa n {dbkb� dwbg~debnj w�wfbl neq fabe jbqvkgdet bnka m} fab {dbkbw � dfa n ������ {jm� bkfdme r dw qbwkjd� bq de 1óì2 �
Þnjnl bfbj m{fdl d�nfdme �nwbq me y��gfbkaeduvbw anw � bbe wvttbwfbq de1¬�2 � `adw wdted�knef~� jbqvkbw fab evl�bj m} wdlv~nfdme jvew r � bknvwb {m~bw neqjbwdqvbw m} n jbqvkbq lmqb~ njb {jbwbefbq nw ~debnjd�bq }vekfdme m} dfw tbml bfj�{njnlbfbjw r neq nkfvn~ m{fdl d�nfdme dw { bj}mjlbq me fab jbqvkbqgmjqbj lmqb~ Oabekb r fab lmqb~ dfwb~} dw v{qnfbq n}fbj bnka m{fdl d�nfdme wfb{ �
se wvllnj�r ne dekjbnwdet ~b|b~ m} jbwbnjka anw � bbe jb{mjfbq de fab y���b~q m|bj fab {nwf qbknqb nqqjbwwdet fajbb {jdl nj� dwwvbw D
• jbqvkbqgmjqbj lmqb~ nkkvjnk�r
• evlbjdkn~~� wfn�~b neq kml{vfnfdmen~~� b� kdbef tbebjnfdme m} l mqb~w m}nj�dfjnj� mjqbj r
• tbebjnfdme m} l nkjmglmqb~w fanf njb Q�b~~g� ban|bq Q �abe bl�bqqbq defmn w�wfbl g~b|b~ wdlv~nfdme fmm~ }mj kmgwdlv~nfdme � dfa mfabj lmqb~w }mj fabjbl ndedet {njf m} fab w�wfbl veqbj nen~�wdw �
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`ab lmlbef l nfkadet y��gfbkaeduvbw an|b � bbe wfvqdbq bzfbewd|b~� de fabknwb m} ch`h neq cs` ob �t � wbb 1Ý¬2 r 1ê�2 r 1ó¬2p O am�b|bj fab� an|b emf �bf � bbekmewdqbjbq de qbfnd~ de fab kmefbzf m} `xy n{{jmz dl nfdmew m} b~bkfjml ntebfdkw�wfbl w �

`adw �mj� }m kvwbw me fab n{{~dknfdme m} l mlbef l nfka det y��gfbkaeduvbwfm `xy �dfa bl{anwdw {~nkbq me ������ wv�w{nkb l bfamqw �nwbq me fab
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������� neq ������� {jm kbwwbw � `ab ������ wv�w{nkb l bfamqw njb nffjnkgfd|b }mj y�� de fab `xy }jnl b�mj� �bknvwb fab kmewfjvkfdme m} fab mjfamemjgl n~ neq>mj �dgmjfamtmen~ �nwbw vwbq }mj fab új�~m| wv�w{nkbw kne �b knjjdbq mvffajmvta fab qdjbkf n{{~dknfdme m} fab dl{~dkdf `xy wm~|bj r d �b � fab `xy m{bjngfmj ebbq emf � b �em�e bz{~dkdf~�r nw me~� dfw dl{nkf me fab wbuvbekb m} ������|bkfmjw lvwf � b fn�be defm nkkmvef r �abjbnw y�� de kmefbzf m} ch`h neq cs`vwvn~~� qbn~w � dfa w�wfbl lnfjdkbw de ne bz{~dkdf }mjl � `avw r fab kml{vfnfdmem} n jbqvkbq lmqb~ kne �b defbtjnfbq de fab vwvn~ dfbjnfd|b `xy {jm kbww de n|bj� b� kdbef l neebj �`ab `xy lbfamq qdibjw }jml kme|befdmen~ �edfb qdibjbekb wkabl bw r b �t �ch`h r de fab wbewb fanf dfw �bjeb~ dw n qdwkjbfb fdl b b|m~vfdme wkabl b � �m r jbkdg{jm kdf� neq bebjt� kmewbj|nfdme m} n ~mwwg}jbb lmqb~ {jm|dqb fab w�b�gw�llbfj�omj>neq fab w�llbfj� |dn wml b lmqd�knfdmew 1ó¬2 r 1Ý\«2p m} ch`h w�wfbl lngfjdz O am�b|bj r fab� qm emf �db~q w�llbfj� m} fab qdwkjbfb fdl b b|m~vfdme `xygm{bjnfmj � ¼mewbuvbef~�r fab w�llbfjdk ������� n~tmjdfal kneemf � b n{{~dbqneq fab vwb m} l mjb bz{bewd|b tbebjn~ ������� mj ������� {jm kbqvjbw � bgkmlbw ebkbwwnj��

`ab l nde tmn~w fm � b wbf neq nkadb|bq �� y�� n{{~dbq fm `xy njb D
• nkkb~bjnfdme m} `xy wdlv~nfdmew neq beanekbl bef m} kml{vfnfdmen~ b� gkdbek�r
• tbebjnfdme m} n kml{nkf l nkjmglmqb~ m} fab b~bkfjml ntebfdk wfjvkfvjbveqbj de|bwfdtnfdme �
� tbebjnfbq l nkjmglmqb~ kne �� dekmj{mjnfbq defm mfabj wdlv~nfmjw ��l bnew m} dfw l nfjdz fjnew}bj }vekfdme jb{jbwbefnfdme de meb m} wb|bjn~ {mwwdg�~b }mjl w ob �t �r Âbebjn~ sl{bqnekb y nfjdz oÂsy p

Z
r wknffbjdet lnfjdz

S
mjlv~fdg{ mjf dl{v~wb jbw{mewb

H̃
p � `avw r �b wbb� n lmqb~ m} jbqvkbq mjqbj fanfn{{jmz dl nfbw fab dl{v~wb jbw{mewb

H̃
mj oneq>mj Âsy

Z
p mj r de ne buvd|n~befwbewb r fab dedfdn~ `xygw�wfbl � `adw l n� �b qmeb de ne b� kdbef l neebj vwdetlmlbef l nfkadet fbkaeduvbw �nwbq me ������ wv�w{nkb lbfamqw � `ab �nwdkdqbn dw fm {jm� bkf fab dedfdn~ `xygw�wfbl m} ~njtb qdlbewdme

N
mefm n w{nkb m}wdted� knef~� ~m�bj qdl bewdme

n
r kmewfjvkfbq de wvka n l neebj fanf me~� fab �jwf

n
lmlbefw de fab ��¶�³�´ wbjdbw bz{newdmew m} fab dl{v~wb jbw{mewb oneq>mjÂsy p m} fab mjdt den~ neq fab jbqvkbq w�wfbl w njb lnfkabq 1Ý�2 r 1Ý½½2 � `abtbebjnfbq jbqvkbqgmjqbj lmqb~ kmefnde w r {jbqml denef~�r famwb bdtbewfnfbw fanfkmjjbw{meq fm fab {a�wdkn~ bdtbe}jbuvbekdbw m} ne b~bkfjml ntebfdk w�wfbl neq rde {njfdkv~nj r famwb fanf dl{nkf fab wfnfbw de|m~|bq de fab bzkdfnfdme neq m�wbjg|nfdme m} fab w�wfbl �

,-Y �Z��Z #�®
������ wv�w{nkb �nwbq y��gfbkaeduvbw de fab kmefbzf m} fab `xy }jnl b�mj�njb qdwkvwwbq de qbfnd~ neq b|n~vnfbq de fadw �mj� � `ab {jbwbef qm kfmjn~ fabwdwdw mjtned�bq nw }m~~m� w �

se ¼an{fbj \ r fab {jdekd{~bw m} fab `xy lbfamq � dfa w�llbfjdkn~ kmeqbewbqemqbw }mj fab wm~vfdme m} fajbbgqdl bewdmen~ b~bkfjml ntebfdk {jm�~bl w njb {jbgwbefbq � `ab ¾ ��È³�´ w{nkb }mjlv~nfdme m} fab `xy dw td|be r vwdet fab É ����emfnfdme O favw fab `xy }mjlv~nfdme dw bz{jbwwbq fajmvta m{bjnfmj buvnfdmew �
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`ab wknffbjdet r kmeebkfdme neq tbebjn~ `xy m{bjnfmjw de fab `xy fdl b b|mg~vfdme wkabl b }mj �mfa ~mww~bww neq ~mww� wfjvkfvjbw de ve�mveqbq neq �mveqbqqmlndew njb qbwkjd� bq � �ml b lmqd�knfdmew m} fab `xy wknffbjdet n~tmjdfal rdefjmqvkbq mjdtden~~� �� 0�À��r neq �b~q l n{{detw ebbqbq }mj y��gfbkaeduvbwnjb n~wm qdwkvwwbq de fadw ¼an{fbj �se ¼an{fbj ] r fab em|b~ neq bibkfd|b a��jdq `jnewl dwwdme xdeb y nfjdzgymqbynfkadet o`xy gyy p n{{jmnka dw {jm{mwbq }mj }v~~g�n|b nen~�wdw m} {nwwd|bfjnewl dwwdme wfjvkfvjbw de yys¼w � ¹wdet fab a��jdq `xygyy n{{jmnka r fdl bneq lblmj� jbuvdjbl befw }mj wfjvkfvjb jbw{mewb tbebjnfdme kne �b jbqvkbq dekml{njdwme fm {vjb `xy wdlv~nfdmew r �ad~b dl{jm|det wm~vfdme nkkvjnk�� �kml{njdwme �bf�bbe �mfa lbfamqw �� l bnew m} evl bjdkn~ wdlv~nfdmew dw {jmg|dqbq � se nqqdfdme r fadw l bfamq kne �b bnwd~� bzfbeqbq fm }nkd~dfnfb l nkjmglmqb~det m} yy s¼w r de fab wbewb fanf fajmvta dfw n{{~dknfdme fab tbebjnfdme m}n jbqvkbqgmjqbj lnkjmglmqb~ kne �b wdl{~d�bq neq nkkb~bjnfbq �¼an{fbj � {jm|dqbw ne m|bj|db� m} fab {v�~dwabq fabmjbfdkn~ �mj� me ������wv�w{nkb l bfamqw }mj dfbjnfd|b wm~vfdme m} ~njtb ~debnj bdtbew�wfbl w r wvka nw fabmebw njdwdet de kdjkv df wdlv~nfdme neq r de tbebjn~ r wfnfbgw{nkb jb{jbwbefnfdmewm} ~njtbgwkn~b fdl bgde|njdnef ~debnj w�wfbl w � `abwb dfbjnfd|b fbkaeduvbw r �nwbqme fab mjfamtmen~ neq>mj m�~duvb {jm� bkfdme mefm ������ wv�w{nkbw r n~~m�fm jbqvkb ne nj�dfjnj� tbebjn~ l nfjdz fm n kmeqbewbq }mjl � �b n~wm jb|db�|njdnefw m} fab ������� neq ������� n~tmjdfal w }mj tbebjnfdet �nwdw |bkfmjw}mj ������ wv�w{nkbw � `ab l nde }m kvw dw me fab jm�vwf n~tmjdfal w }mj fabwm~vfdme m} tbebjn~ emeg¾³�Á�´ ��� bdtbe|n~vb {jm�~bl w �se ¼an{fbj « r w{ bkd�k l bfamqm~mtdbw }mj y�� r wvdfn�~b }mj fab qdwkjbfd�bqb~bkfjml ntebfdk `xy w�wfbl r njb qdwkv wwbq � `ab m{{mjfve dfdbw }mj beanekdetfab kml{vfnfdmen~ b� kdbek� m} `xy fajmvta fab n{{~dknfdme m} y��gfbkaeduvbwnjb kmewdqbjbq de qbfnd~ � `ab bl{anwdw m} fab jbqvkbqgmjqbj lmqb~det dw me fabemew�llbfjdk |bjwdme m} fab ������� n~tmjdfal neq dfw l mqd�knfdmew � ëbeb�gkdn~ {jm{ bjfdbw m} fab `xygl nfjdz n~~m� fm uvn~d}� fab emew�llbfjdk �������{jm kbqvjb wm fanf n em|b~ n~tmjdfal r kn~~bq wknffbjdetgw�llbfjdk ������� n~gtmjdfal r jbwv~fw r de �adka fab kml{vfnfdmen~ kmwf { bj dfbjnfdme dw kvf de an~} �`ab {jbwbefnfdme �btde w � dfa fab tbebjn~ l nfabl nfdkn~ }jnl b�mj� }mj y�� m}qdwkjbfb b~bkfjml ntebfdk w�wfbl w � `adw dw }m~~m�bq �� fab qb|b~m{l bef m} `xygy�� fbkaeduvbw neq fabdj nwwm kdnfbq n~tmjdfal w � `ab `xy jbqvkbqgmjqbj lmqgb~w de fab

z
gqml nde neq ��¿���³ qml nde njb {jbwbefbq abjb � `abjbn}fbj r �btd|b n kml{njdwme m} fab ch`hg r cs`g neq `xy g�nwbq y��gfbkaeduvbw � `abf�mgwfb{ jbqvkfdme n{{jmnka dw qbwkjd� bq de qbfnd~w nw �b~~ �¼an{fbj ¬ kmefndew evl bjdkn~ wfvqdbw }jml fab n{{~dknfdme m} y�� fm fab`xy nen~�wdw m} |njdmvw ~mww~bww neq ~mww� b~bkfjml ntebfdk wfjvkfvjbw � `ab kmlg{vfnfdmen~ b� kdbek� m} `xy fajmvta fab n{{~dknfdme m} y ��gfbkaeduvbw �nwbqme fab ������� neq ������� {jm kbwwbw dw qdwkv wwbq fabjb � `ab kme|bjtbekb{jm{ bjfdbw m} {jm{mwbq n~tmjdfal w neq fab nkkvjnk� m} tbebjnfbq jbqvkbqgmjqbjlmqb~w njb kmewdqbjbq de qbfnd~ � c den~~�r jbwv~fw njb {jbwbefbq }jml fab n{{~dgknfdme m} `xygy�� }mj fab bzfjnkfdme m} l nfjdz fjnew}bj }vekfdme jb{jbwbefngfdmew m} fab jbqvkbqgmjqbj lmqb~ r wvka nw tbebjn~d�bq dl{bqnekb mj wknffbjdetg{njnlbfbj lnfjdkbw �¼an{fbj ì kmek~vqbw fadw qm kfmjn~ fabwdw �� wvllnjd�det neq qdwkvwwdet dfwl nde jbwv~fw �
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`ab �nwdkw m} fab `jnewl dwwdme xdeb y nfjdz o`xy p lbfamq � dfa w�llbfjdkn~kmeqbewbq emqb }mj fab wm~vfdme m} fajbbgqdlbewdmen~ b~bkfjml ntebfdk {jm�~bl wnjb {jbwbefbq de fadw kan{fbj � � }fbj n �jdb} m|bj|db� m} qdibjbef qbjd|nfdmewm} fab `xy neq dfw |njdnefw fab mjdt den~ }mjl m} 0�À�� 1¬½2 dw qbwkjd� bq � `ab
¾ ��È³�´ w{nkb }mjlv~nfdme m} fab `xy dw defjmqvkbq vwdet fab É ���� emfnfdme Ofab `xy lbfamq dw bz{jbwwbq �� m{bjnfmj buvnfdmew � `ab wknffbjdet r kmeebkgfdme neq tbebjn~ `xy m{bjnfmjw de fab `xy fdlb b|m~vfdme wkablb }mj �mfa~mww~bww neq ~mww� wfjvkfvjbw de �mveq~bww neq �mveqbq {jm{ntnfdme lbqdn njbqbwkjd� bq abjb � �ml b lmqd�knfdmew m} fab `xy wknffbjdet n~tmjdfal neq �b~ql n{{detw ebbqbq }mj y mqb~ �jqbj �bqvkfdme oy��p fbkaeduvbw njb defjm qvkbq �se3vbekb m} |njdmvw �mveqnj� kmeqdfdmew me fab kme|bjtbekb m} y��gn~tmjdfal wdw wvllnjd�bq abjb nw �b~~ �
R -, b� $�("#�$) � / "-� '+� ��"-��
`ab `xy lbfamq dw n {m�bj}v~ fdl bgqml nde l bfamq }mj kml{vfbj lmqb~det m}b~bkfjml ntebfdk �b~qw � `ab `xy dw }mveqbq me fab {jm{ntnfdme m} b~bkfjml ntgebfdk �n|bw nkkmjqdet fm fab ¾¶�»³�� {jdekd{~b neq r de tbebjn~ r �nwbq me fabnen~mt� �bf�bbe fab qdwkjbfd�bq b~bkfjml ntebfdk �b~q neq n l bwa m} fjnewl dwgwdme ~debw neq emqbw � `ab w{nkb dw qdwkjbfd�bq �� fab wv�qd|dwdme defm jbkfnetv~njkb~~w neq fab fnetbefdn~ kml{mebefw m} fab b~bkfjml ntebfdk �b~q njb wnl{~bq nffab kbefbj m} bnka �mveqnj� wvj}nkb m} n kb~~ omj nf fab kb~~ kbefbj nkkmjqdet fm0�À��p r nf wmgkn~~bq {mjfw nkkmjqdet fm cdt � \ �Ý � `ab fjnewl dwwdme ~debw kmeebkffab kbefbj m} n kb~~ ofab emqbp � dfa dfw {mjfw nf fab �mveqnj� wvj}nkbw � `ab kmegfdevmvw w{nkb dw n{{jmz dl nfbq �� n l bwa m} `xy emqbw defbjkmeebkfbq �� fjnewgl dwwdme ~debw omj �� n l bwa m} fjnewl dwwdme ~debw defbjkmeebkfdet `xy emqbwp �`ab fdl b b|m~vfdme m} fab b~bkfjmlntebfdk �b~q dw lmqb~bq �� �n|b {v~wbw {jm{ngtnfdet � bf�bbe nq� nkbef kb~~w neq wknffbjbq � dfade fab kb~~w r d �b � fab �n|b {v~wbwnjb wknffbjbq nf fab emqbw neq fabwb wknffbjbq {v~wbw njb {jm{ntnfbq fajmvta fabfjnewl dwwdme ~debw fm fab nq� nkbef emqbw r �abjb fabwb {v~wbw njb wknffbjbq ntnde �`avw r fab `xy lbfamq dw n fdl bgw{nkbgqdwkjbfd�det l bfamq neq k~mwb~� jb~nfbqfm fab cdedfb h dibjbekb ` dl bghml nde och`h p lbfamq � �mvta~� w{ bn�det r qdwgkjbfd�bq b~bkfjml ntebfdk �b~qw njb l n{{bq mefm �n|b nl{~dfvqbw {jm{ntnfdet
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cdtvjb \ �\ D `ab fajbbgqdl bewdmen~ �¼Ã �
de fab `xyglbwa de nkkmjq � dfa wml b jv ~bw �

se tbebjn~ r fab `xy kb~~ dw jb{jbwbefbq �� n jbw{ bkfd|b n�wfjnkf ebf�mj�lmqb~ kmefndedet n wknffbjdet kbefbj � dfa wdz wfv�w �adka dw kmeebkfbq |dn f�b~|bfjnewl dwwdme ~debw � dfa {mjfw m} nq� nkbef kb~~w � � abe n~~ fjnewl dwwdme ~debw an|bfab wnl b ~betfaw neq fab emqb dw ~m knfbq de fab kb~~ kbefbj fa dw l mqb~ dw kn~~bq nwfab gP44;H7K65< h8M:;M=;: i 8:; o�¼Ã p� `ab ~mww~bww fajbbgqdl bewdmen~ �¼Ãwam�e de cdt � \ �\ �nw defjmqvkbq �� 0�À�� de Ýóêì 1¬½2 �jwf �
�e fab �nwdw m} fab 0�À�� }mjlv~nfdme m} `xy wmlb tbebjn~d�nfdmew neqlmqd�knfdmew m} fab �¼Ã njb {jm{mwbq � �m fab j PF7K: gP44 ;H7K65< h8M:;M=;:i 8:; o·�¼Ãp {jm{mwbq de 1Ý½�2 anw fajbb dewfbnq m} wdz wfv�w r fab mfabj fajbbwfv�w kne �b lmqb~bq fajmvta fab |njdnfdme m} fjnewl dwwdme ~deb {njnlbfbjw �`ab k;M;75< gP44 ;H7K65< h8M:;M=;: i 8:; oÂ�¼Ãp defjm qvkbq de 1ÝÝ«2 r 1ÝÝó2qmbw emf an|b wfv�w nf n~~ neq n~~m� w fm wn|b nqqdfdmen~ lblmj�� `m fadw k~nwwm} fab w�llbfjdkn~ kmeqbewbq emqbw � b~met fab gP44 ;H7K65< gEG ;79h8M:;M=;:i 8:; o��¼Ã p neq fab l:5G H5F<; gP44 ;H7K65< h8M:;M=;: i 8:; o� �¼Ãp td|bede 1ÝÝ«2 r 1ÝÝ¬2 neq 1ÝÝì2 �dfa |njdn�~b wfv� njjnetbl befw neq fjnewl dwwdme ~deb{njnlbfbjw � � qdibjbef �deq m} fab `xy lbfamq njb fab l <H;7M5HKMm n75M=94 K==K8M o KM ; p 5H7KN lbfamq 1¬2 jbqvkdet fab evl�bj m} kb~~w �� n }nkfmj m} f�mneq fab l<H;7M5HKMm q 8H5H;: n75M=4 K==K8M o KM; p 5H7KN lbfamq 1óê2 qbkjbnwdet
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fab evlbjdkn~ bimjf }mj amlmtbemvw l bqdn �� n }nkfmj m} f�m fajmvta n fjnewg}mjl nfdme m} fab wknffbjdet l nfjdz � ·m�b|bj r fabwb n~fbjenfdet l bfamqw njb emfvwbq � dqb~� qvb fm fabdj kml{~dknfbq dl{~bl befnfdme � cdjwf {jm{mwn~w m} fab`xy �dfa vewfjvkfvjbq f�mgqdl bewdmen~ l bwabw v{me fjdnetv ~nj b~blbefw kne�b }mveq de 1Ý½ì2 � `ab tbebjn~d�nfdme m} fab `xy }mj n emegmjfamtmen~ l bwa neq}mj qdw{bjwd|b nedwmfjm{dk l nfbjdn~w dw {jbwbefbq de ¾³�� r� �mj�w 1«½2 r 1« Ý2 r 1«\2 �h dw{ bjwd|b 1ê Ý2 r nkfd|b neq eme~debnj l bqdn 1Ý½ Ý2 kne �b �b~~ l mqb~bq �� fab�¼Ã � `ab `xy de fab }jbuvbek�gqml nde dw {jm{mwbq n~wm de 1«ó2 � � ~l mwf jnqdgnfdet �mveqnj� kmeqdfdmew r b �t � jb3bkfdme }jbb �n~~w r l nfkabq 1ê]2 neq {bj}bkf~�l nfkabq ~n�bjw 1]ê2 r 1ó½2 njb n~jbnq� vwbq de fab `xy r �adka �db~q n{{jmz dl nfbwm~vfdmew m} n jnqdnfdet {jm�~bl neq jbuvdjb wml b qdwfnekb � bf�bbe fab wfjvkgfvjb fm � b lmqb~bq neq �mveqnjdbw m} fab kml{vfnfdmen~ qml nde � � em|b~ `xyyv~fd{ m~b ¸z{newdme o`xy gy¸ p lbfamq }mj n {mfbefdn~~� bznkf lmqb~det m}fab jnqdnfdet �mveqnj� kmeqdfdme dw {jm{mwbq de 1ì\2 r �abjb ne b~bkfjml ntebfdkwfjvkfvjb dw bl�bqqbq de n w{abjdkn~ jbtdme neq lmqb~bq � dfa fab `xy lbfamq �`abe mvfwdqb fab w{abjdkn~ jbtdme fab �b~q dw bz{neqbq defm nen~�fdkn~~� �em�ew{abjdkn~ �n|bw � `ab {jm�~bl w m} fab ~m kn~ wv�tjdqqdet de fab `xy wkabl b njbde|bwfdtnfbq de 1]ì2 neq 1««2 � ·��jdqd�nfdmew m} fab `xy lbfamq � dfa mfabjevl bjdkn~ l bfamqw wvka nw fab `xygsefbtjn~ ¸uvnfdme o`xygs¸ p lbfamq 1ó\2}mj fab wm~|det m} jnqdnfdme {jm�~bl w neq fab `xygymqb ynfka det o`xygyy pn{{jmnka 1ì«2 }mj n }v~~g�n|b nen~�wdw m} fjnewl dwwdme wfjvkfvjbw de lv~fd~n�bjbqyys¼w m kkvjjbq fm � b |bj� b� kdbef � `ab dl{jm|bq w�de bibkf 1«ê2 neq fa de� djb 1ì½2 lmqb~w n~~m�bq fm w{jbnq fab vwntb m} fab `xy nqqdfdmen~~��

� ad~b fab mjdtden~ qbjd|nfdme m} fab `xy �dfa fab �¼Ã �� 0�À�� dw l nde~��nwbq me fab nen~mt� �bf�bbe fab b~bkfjmlntebfdk �n|b {jm{ntnfdme de }jbbw{nkb neq fab {jm{ntnfdme m} |m~fntbw neq kvjjbefw de fab `xy lbwa r wb|bjn~}mjl n~ qbjd|nfdme njb wvttbwfbq de fab ~dfbjnfvjb � �m fab ybfamq m} ymlbefwoy my p dw n{{~dbq fm fab `xy �dfamvf wfv�w �� ��¶Á¿À��� neq µ¶��³� 1¬ì2 r1¬«2 de mjqbj fm qbjd|b }veqnlbefn~ `xy buvnfdmew � se nqqdfdme r fab nvfamjw{jm{mwbq fab h;< < s 8EM:57P p 5GG KMm �bf�bbe fab b~bkfjmlntebfdk �b~q neq�n|b nl{~dfvqbw � `adw �d� bkfd|b ln{{det jbuv djbw }mvj fnetbefdn~ �b~q kml{mgebefw nf n kb~~ �n~~ me~� de kmefjnwf fm fab emeg�d� bkfd|b 0�À�� h;MH;7 t K;<:p 5GG KMm �dfa wdz �b~q kml{mebefw de fab kb~~ kbefbj � ºÀ³� r u ³� neq ¾�³B±³� {jbwbefbq n eb� �edfbgqdibjbekb }mjlv~nfdme de 1\½2 r �a dka dw buvd|n~bef fmfab `xy �dfa �¼Ãw � dfamvf wfv�w � se mjqbj fm {jm|b fab �¼Ãg`xy �dfamvfwfv�w ��v ³´�� neq ?�Á��� wfnjfbq }jml Ä� ! ³��r� kvj~ buvnfdmew �jdffbenw n w�wfbl m} kmewbj|nfdme ~n� w 1ì]2 � �fnjfdet }jml fab defbtjn~ }mjlv~nfdmem} Ä� ! ³��r� buvnfdmew � ���Á neq µ¶��³� m�fndebq fab ~mww~bww `xy �nwdkbuvnfdmew de 1Ý2 r 1\2 r neq C������� neq ¾�³±³� {jbwbefbq n qbjd|nfdme m} fabwknffbjdet l nfjdz }mj fab �¼Ã �dfamvf wfv�w 1ÝÝ\2 � 0 �� neq v�À���³�Å qbjd|bqfab `xy lbfamq � dfa wfv�w }jml Ä� ! ³��r� buvnfdmew vwdet kbefbjbq qdibjgbekdet neq n|bjntdet � ¾³�� r� qbjd|nfdme de 1«½2 fjmvta n qdwkjbfb {jm{ntnfmjdefbtjn~ ~bnqw fm n w~dtaf~� qdibjbef defbj{jbfnfdme m} fab `xy n~tmjdfal � `abkme|bjtbekb m} fab k~nwwdkn~ `xy �dfa �¼Ãw dw {jm|bq �� µ³È³� r � ���Á neqµ¶��³� de 1ó«2 r 1ó�2 }mj fab �jwf fdl b � `ab qdw{ bjwdme �ban|dmj m} fab `xy �dfa|njdmvw emqbw dw famjmvta~� wfvqdbq de C�³�Å�� r� �mj�w 1ÝÝ«2 neq 1ÝÝê2 �
`ab b~bkfjml ntebfdk �b~q neq �n|b nl{~dfvqb wfnfbw de fab `xy njb jb{jbgwbefbq �� ne bevlbjn�~b wbf m} jbn~ uvnefdfdbw neq fab �b~q b|m~vfdme dw tm|bjebq�� ~debnj l n{{det jv~bw � cmj fabwb jbnwmew r fab ¾ ��È³�´ w{nkb jb{jbwbefnfdmem} fab �b~q wfnfb neq fab �b~q b|m~vfdme dw {mwwd�~b 1¬ì2 r 1óó2 � �m r fab �b~q ln{g
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{detw r {jm{ntnfdme neq fab wknffbjdet m} fab �n|b nl{~dfvqbw l n� �b bz{jbwwbqde fab m{bjnfmj emfnfdme de fab ¾ ��È³�´ w{nkb �� w n �nwdw }mj fab {jbwbef qdwwbjfnfdme fab 0�À�� mjdtden~ }mjl m} fab `xylbfamq � dfa �¼Ãw dw {jb}bjjbq � `ab y��gfbkaeduvbw wvttbwfbq de fadw qm kfmjn~fabwdw kne �b bnwd~� bz{neqbq me fab `xy �dfa ·�¼Ãw r Â�¼Ãw r ��¼Ãw neq��¼Ãw � `ab jbqvkbqgmjqbj lmqb~det dw n{{~dkn� ~b fm fab n~fbjenfdet `xy |njdgnefw nw �b~~ � cvjfabj qbwkjd� bq y�� fabmj� kne �b enfvjn~~� fjnew}bjjbq fm fabfjbnfl bef m} f�mgqdl bewdmen~ b~bkfjml ntebfdk {jm�~bl w �� fab f�mgqdlbewdmen~`xy lbfamq �
R -R '-� '+� '#*� wZ�� "#�$ .!-�*�
Ãm� �b defjmqvkb fab ¾ ��È³�´ w{nkb Hµ

owbb �°°xuÉ yz �p w{neebq �� fabwbuvbekb m} fab tjdq {mdefw � dfa emjl n~d�bq w{nkb kmmjqdenfbw
l,m

neq
n
� `abdeqdkbw

l,m
neq

n
njb ~de�bq fm fab w{nkb kmmjqdenfbw � dfa vedfnj� w{nfdn~ wfb{w

∆lx,∆ly
neq

∆lz
fajmvta

x = l∆lx
r
y = m∆ly

neq
z = n∆lz

� `ab �bfg|bkfmjw
|l,m, n〉{ td|be de hdjnk emfnfdme { jb{jbwbef ne mjfamemjl n~ �nwb m} fab w{nkb
Hµ
� `abdj ¾³�Á�´ ��� kme�vtnfb �jng|bkfmjw njb qbemfbq �� 〈l,m, n| � `ab �nwdw|bkfmjw |l,m, n〉 r nwwdtebq fm fab w{nkb {mdefw (l,m, n)

r }v ~� ~ fab mjfamtmen~df�jb~nfdme 1¬« r ¬ì2
〈li,mi, ni | lj ,mj , nj〉 = δli,ljδmi,mj

δni,nj
.

o\ �Ýp
`ab wfnfb |bkfmjw

kal,m,n ∈ R12 neq
kbl,m,n ∈ R12 r �adka wvllnjd�b fabdekdqbef neq fab wknffbjbq �n|b {v~wbw nf fab wdet~b �¼Ã

(l,m, n)
nf fab qdwkjbfbfdl b

k
kmjjbw{meqdet fm fab vedf fdl b defbj|n~

∆t
njb td|be ��

kal,m,n = k [a1, a2, a3, . . . a10, a11, a12]
T
l,m,n ,

kbl,m,n = k [b1, b2, b3, . . . b10, b11, b12]
T
l,m,n .

o\ �\p
`ab dekdqbef �n|b nl{~dfvqbw

a1
fm
a12

neq fab wknffbjbq �n|b nl{~dfvqbw
b1fm

b12
de fab njl w omj nf fab {mjfwp m} fab wdet~b �¼Ã

(l,m, n)
onf fab �mveqnj�wvj}nkbw m} fab `xy kb~~

(l,m, n)
p njb b~bl befw m} fab jbn~ |bkfmj de R12 �`ab dewfnef wknffbjdet m} fab �n|b {v~wbw nf fab wdet~b �¼Ã dw jb{jbwbefbq��

k+1bl,m,n = kSl,m,n kal,m,n ,
o\ �]p

�abjb fab m{ bjnfmj
kSl,m,n ∈ R12 dw jb~nfbq fm fab wknffbjdet jv~bw m} �n|bnl{~dfvqbw nf fab wdet~b �¼Ã

(l,m, n)
�Ã bzf �b kmewfjvkf fab wfnfbgw{nkb m} fab �n|b nl{~dfvqbw H12

ν

}jml fabqdjbkf {jm qvkf m} Hµ
neq C12 nw

H12
ν = C12 ⊗Hµ.

o\ ��p
`ab |bkfmjw |ka〉 ∈ H12

ν

neq |kb〉 ∈ H12
ν

qbemfdet n~~ dekdqbef neq wknffbjbq �n|bnl{~dfvqbw m} fab kml{~bfb `xy lbwa nf fab fdl b
k
kne favw � b �jdffbe de fab}mjl w

|ka〉 =

+∞∑

l,m,n=−∞

kal,m,n |l,m, n〉 ,

|kb〉 =
+∞∑

l,m,n=−∞

kbl,m,n |l,m, n〉 . o\ �«p



c (c ( þ#ÿ þed þ)dÿ ÿ Wüe +þ)üý �û#ÿdÿ Ýó
�{{~dknfdme m} fab {jm�bkfdme m{bjnfmj |l,m, n〉 〈l,m, n| mefm fab |bkfmjw |ka〉neq |kb〉

�db~qw fab |bkfmjw dekdqbef neq wknffbjbq �n|b nl{~dfvqbw nf fab �¼Ã
(l,m, n)

r d �b �
|l,m, n〉 〈l,m, n|ka〉 = kal,m,n |l,m, n〉 , o\ �¬p
|l,m, n〉 〈l,m, n|kb〉 = kbl,m,n |l,m, n〉 . o\ �ìp

�kkmjqdet~� fm bu � o\ �]p fab wdlv~fnebmvw wknffbjdet nf n~~ `xy lbwa emqbwdw qbwkjd� bq �� fab m{bjnfmj buvnfdme
|k+1b〉 = kS |ka〉 ,

o\ �êp
�abjb fab wknffbjdet lnfjdz

kS
dw ne m{bjnfmj de H12

ν

neq td|be ��

kS =

+∞∑

l,m,n=−∞

|l,m, n〉 kSl,m,n 〈l,m, n| . o\ �óp

`ab m{bjnfmj
kS ∈ H12

ν

jb{jbwbefw fab wknffbjdet m{bjnfdmew nf fab fdl b
k
}mjfab kml{~bfb `xy lbwa �`ab kml{mwdfdmew m} fab {jm� bkfdme m{bjnfmj |l,m, n〉 〈l,m, n| neq m{bjnfmj

kS
td|b fab wknffbjdet m{bjnfmj nf fab wdet~b emqb

(l,m, n)
r b �t �

|l,m, n〉 〈l,m, n| ◦ kS = kS ◦ |l,m, n〉 〈l,m, n| =
o\ �Ý½p

= |l,m, n〉 kSl,m,n 〈l,m, n| .
sefjmqvkdet fab kmeebkfdme m{bjnfmj

kΓ ∈ H12
ν

fm w{bkd}� fab defbjnkfdme�bf�bbe nq� nkbef kb~~w omj emqbwp �b m�fnde HI ; nop HK4 ; ;|8<EHK8M =6I ;4 ; }mjn ~mww~bww knwb
|k+1a〉 = kΓ kS |ka〉 .

o\ �ÝÝp
Ãm� �b defjmqvkb fab ¾ ��È³�´ w{nkb Ht

�dfa ne mjfamemjl n~ �nwdw |k〉 r d �b �
〈ki | kj〉 = δki,kj

,
o\ �Ý\p

de mjqbj fm qbwkjd� b fab fdl b wfnfb de fab `xy fdl b b|m~vfdme wkabl b �`abe fab fdl bgw{nfdn~ wfnfbgw{nkb m} dekdqbef neq>mj wknffbjbq �n|b nl{~dgfvqbw kne �b qb�ebq ��
H12

ξ = Ht ⊗H12
ν = Ht ⊗ C12 ⊗Hµ .

o\ �Ý]p
�b kne {jbwbef fab mjfamemjl n~ �nwdw m} Ht ⊗Hµ

w{nkb fajmvta
| k, l,m, n〉 = | k〉 ⊗ | l,m, n〉 . o\ �Ý� p

`ab kml{~bfb fdl bgw{nfdn~ wfnfb |bkfmjw m} fab dekdqbef |a〉 ∈ H12
ξ

neq fab
wknffbjbq �n|bw |b〉 ∈ H12

ξ

de fab `xy w�wfbl �b kmewfjvkf ��

|a〉 =
+∞∑

k=−∞

| k〉 ⊗ |ka〉 ,
o\ �Ý«p

|b〉 =

+∞∑

k=−∞

| k〉 ⊗ |kb〉 .
o\ �Ý¬p
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se mjqbj fm qbwkjd�b fab fdl b b|m~vfdme m} b~bkfjml ntebfdk �b~qw de fab `xywkabl b �b qb�eb ne vedfnj� fdl b wad}f m{ bjnfmj de Ht ⊗Hµ

nw
T | k, l,m, n〉 = | k + 1, l,m, n〉 , o\ �Ýìp

�adka qmbw emf qbwkjd� b fab fdl b b|m~vfdme m} fab |bkfmj | l,m, n〉 r df �vwf wad}fwfab |bkfmj |l,m, n〉 }mj n fdl b wfb{ ∆t
r d �b �

T (T | k, l,m, n〉) = | k + 2, l,m, n〉 . o\ �Ýêp
sfw de|bjwb wad}f m{ bjnfmj

T † | k, l,m, n〉 = | k − 1, l,m, n〉 o\ �Ýóp
wnfdw�bw

T T † = T †T =
+∞∑

k,l,m,n=−∞

| k, l,m, n〉 〈k, l,m, n| = 1.
o\ �\½p

`abjb}mjb r nkkmjqdet fm bu � o\ �ÝÝp fab `xy n~tmjdfal kne �b wvllnjd�bq de
H12

ξ

nw }m~~m� det
|b〉 = TS |a〉 , o\ �\ Ýp
|a〉 = Γ |b〉 . o\ �\\p

`ab t~m�n~ wknffbjdet
S
neq kmeebkfdme

Γ
m{bjnfmjw de o\ �\ Ýp neq o\ �\\p njbqb�ebq nw

S =

+∞∑

k,l,m,n=−∞

|k, l,m, n〉 kSk,l,m,n 〈k, l,m, n| , o\ �\]p
neq

Γ =

+∞∑

k=−∞

|k〉 kΓ 〈k| , o\ �\� p
�adka wvllnjd�b wknffbjdet neq kmeebkfdme m{bjnfdmew }mj fab kml{~bfb `xylbwa nf n~~ qdwkjbfb fdl bw

k
�`ab w�wfbl m} buvnfdmew o\ �\ Ýp neq o\ �\\p td|bw fab kml{~bfb fdl bgw{nfdn~wfnfb qbwkjd{fdme m} fab `xy wkabl b � `ab �jwf buvnfdme o\ �\ Ýp qbwkjd� bw fabwknffbjdet m} n~~ dekdqbef �n|b nl{~dfvqbw nf n~~ f dl bw

k
r fab wbkmeq buvnfdmeo\ �\\p qbwkjd� bw fab kmeebkfdme �bf�bbe n~~ kb~~w nf n~~ fdl bw

k
� �dekb fab fdl bwad}f m{ bjnfmj kmllvfnfbw � dfa �mfa wknffbjdet neq kmeebkfdme m{bjnfmjw fabkml{~bfb fdl bgw{nfdn~ wfnfb m} fab `xy w�wfbl kne �b �jdffbe

|a〉 = TΓS |a〉 , o\ �\«p
neq mj nw

|b〉 = TSΓ |b〉 . o\ �\¬p
cjml bu � o\ �\«p neq bu � o\ �\¬p df }m~~m� w fanf fab `xy w�wfbl kne �b }v ~~�kanjnfbjd�bq �� meb m} fab wfnfb |bkfmjw m} dekdqbef mj wknffbjbq nl{~dfvqbw me~�rd �b � meb m} fab �n|b |bkfmjw anw fm � b wfmjbq fm jb{jbwbef wfnfb |bkfmjw }mj fabb~bkfjml ntebfdk �b~q �
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`ab wknffbjdet m{bjnfmj

Sl,m,n
m} qdlbewdme

12×12
}mj fab wdet~b kv�dk �¼Ã }mjn ~mww~bww amlmtbebmvw l bqdvl anw � bbe qbfbjl debq �� 0�À�� 1¬½2 nw }m ~~m� w

Sl,m,n =























a c 0 0 0 0 d −d 0 0 b b
c a 0 0 0 0 −d d 0 0 b b
0 0 a c b b 0 0 d −d 0 0
0 0 c a b b 0 0 −d d 0 0
0 0 b b a c 0 0 0 0 d −d
0 0 b b c a 0 0 0 0 −d d
d −d 0 0 0 0 a c b b 0 0

−d d 0 0 0 0 c a b b 0 0
0 0 d −d 0 0 b b a c 0 0
0 0 −d d 0 0 b b c a 0 0
b b 0 0 d −d 0 0 0 0 a c
b b 0 0 −d d 0 0 0 0 c a























.
o\ �\ìp

`ab wfjvkfvjb m} fab wknffbjdet l nfjdz wnfdw�bw fab ebzf kmewdqbjnfdmew D
• ¸nka dekdqbef �n|b {v~wb dw nwwm kdnfbq � dfa meb ¸g�b~q neq meb ·g�b~qkml{mebefw r neq fabjb}mjb ~de�bq � dfa wml b mfabj {mjfw nkkmjqdet fm fabÄ� ! ³�� "w buvnfdmew owbb cdt � \ �Ý neq \ �\p � cmj bznl{~b r }m~~m� det }jml

dHz

dy
− dHy

dz
= ε

dEx

dt
,

dEy

dx
− dEx

dy
= −µdHz

dt
,

o\ �\êp
fab {v~wb

a7
nwwm kdnfbq � dfa

Ex
neq

Hz
dw jb3bkfbq fm fab {mjfw ì od �b �wb~}gjb3bkfbqp r ó neq Ý½ owdekb fab� njb nwwm kdnfbq � dfa

Ex
neq

Hy
p r Ýneq \ ojb~nfbq fm

Ey
neq

Hz
p neq ê onwwm kdnfbq � dfa

Ex
neq

Hz
p � `abebnka jm� neq>mj km~vle m}

Sl,m,n
me~� kmewdwfw m} wdz emeg�bjm ve�em�eb~bl befw �

• hvb fm fab w�llbfj� m} fab emqb fab fmfn~ evl�bj m} ve�em�e {njnl bfbjwde bu � o\ �\ìp ln� �b jbqvkbq qm�e fm }mvj r neq
Sl,m,n = ST

l,m,n .
o\ �\óp

• `ab wknffbjdet {jm kbww anw fm {jbwbj|b fab kanjtb nf fab emqb �
• �ad~b fab �¼Ã bzad�dfw em ~mwwbw r fab fmfn~ jb3bkfbq {m�bj lvwf � b buvn~fm fab fmfn~ dekdqbef {m�bj r d �b �

ST
l,m,nSl,m,n = 1 .

o\ �]½p
`ab ~nwf f�m kmewdqbjnfdmew ~bnq fm meb m} }mvj {mwwd�~b wm~vfdmew � dfa

a = 0, b =
1

2
, c = 0, d =

1

2
.

o\ �] Ýp
`ab wknffbjdet m{bjnfmj bu � o\ �\ìp l n� �b �jdffbe de n kml{nkf }mjl nw

Sl,m,n =





0 S0 S0
T

S0
T 0 S0

S0 S0
T 0



 ,
�dfa

S0 =







0 0 1
2 − 1

2
0 0 − 1

2
1
2

1
2

1
2 0 0

1
2

1
2 0 0






.
o\ �]\p
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`ab wknffbjdet m{bjnfmj

Sl,m,n
dw w�llbfjdk r de tbebjn~ { wb~}gnq�mdef mj¾³�Á�´ ��� r neq vedfnj�r d �b �

Sl,m,n = S
†
l,m,n = S−1

l,m,n .
o\ �]]p

se fadw knwb n~~ f�b~|b �¼Ã fjnewl dwwdme ~debw omj wdz �¼Ã njl wp m} ~betfa
∆l/2

an|b fab wnl b kanjnkfbjdwfdk dl{bqnekb m} fab }jbb w{nkb

Z0 =

√
µ0

ε0
=

√

L0

C0
,

o\ �]� p
neq fab {jm{ntnfdme |b~m kdf� de fab `xy tjdq ofab |b~m kdf� me fab fjnewl dwwdme~debw � bf�bbe nq� nkbef emqbwp dw

c0 =
1√
µ0ε0

=
1√
L0C0

.
o\ �]«p

·bekb r fab {jm{ntnfdme fdl b me bnka njl dw
∆t/2

r neq nkkmjqdet fm bu � o\ �]� pneq o\ �]«p fab kanjnkfbjdwfdk dl{bqnekb neq fab {jm{ntnfdme |b~m kdf� de bnkanjl kne �b lmqb~bq �� ebf�mj� � dfa meb kn{nkdfnekb
C0

neq meb deqvkfnekb
L0

1ó« r ìê2
C0 = Y0

∆t

2
= ε0

∆l

h

neq
L0 = Z0

∆t

2
= µ0

∆l

h
,

o\ �]¬p
�abjb

h
dw n wfn�d~df� }nkfmj defjmqvkbq nw

h ≥ 2∆l

c0∆t
.

o\ �]ìp
�b emfb fanf fab {jm{ntnfdme |b~m kdf� m} n qdw{ bjwdme }jbb �n|b n~met n kv�dk kb~~qdntmen~ dw

c0/2
o}mj n f�mgqdl bewdmen~ knwb

c0/
√

2
p r �abjbnw fab {jm{ntnfdmefdl b �bf�bbe f�m wknffbjdet kbefbjw dw �zbq ��

∆t = ∆l/c0
1\]2 � hvb fm fab�¼Ã w�llbfj� fab nz dn~ �n|b {jm{ntnfdme kne �b lmqb~bq �� n ebf�mj� � dfaqmv�~b kn{nkdfnekb

C0
neq qmv�~b deqvkfnekb

L0
r neq |m~fntbw neq kvjjbefw kne�b wkneebq neq>mj wnl{~bq � dfa

∆t/2
� �m fab w�ekajmed�nfdme m} �n|b {v~wbwdw �b{f fm � b tvnjnefbbq �se mjqbj fm lmqb~ ne deamlmtbebmvw lbqdvl �dfa fab kanjnkfbjdwfdk dl g{ bqnekb

Zm =

√
µ

ε
=

√

L

C

o\ �]êp
neq � dfa fab {jm{ntnfdme |b~m kdf�

cm =
1√
µε

=
1√
LC

o\ �]óp
neq fm vwb fab emegved}mjl kv�dk kb~~w � dfa qdlbewdmew

(∆lx,∆ly,∆lz) ≡ (ix∆l, iy∆l, iz∆l)
o\ ��½p

0�À�� nqqbq wdz kdjkvdfbq wfv�w fm fab
12× 12

emqb � `ab �jwf fajbb m{ bebqwfv�w njb jb~nfbq fm fab
Ex, Ey,

neq
Ez
�b~q kml{mebefw neq knvwb ne nqqdfdmen~kn{nkdfnekb � `ab wbkmeq fajbb wamjfbq wfv�w nqq ne deqvkfnekb fm fab emqb neqkmv{~bq fm

Hx,Hy,
neq

Hz
� cmj lmjb qbfnd~w wbb 1\]2 neq 1¬½2 �
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�fnjfdet nf fab kv�dk �¼Ã r fab {jm~metnfdme omj fab jbqvkfdme p m} n emqb njl~betfa knvwbw fab kanetdet m} fab {jm{ntnfdme fdl b fajmvta fab emqb � `ab buvn~fdl b |njdnfdme kne �b nkadb|bq fajmvta fab kmjjbw{meqdet wkn~det m} kn{nkdfnekbwneq deqvkfnekbw nw �b~~ � �kkmjqdet fm bu � o\ �]êp neq o\ �]óp fab qb}mjl nfdmem} fab emqb neq>mj fab wkn~det m} fab jbnkfd| dfdbw njb buv d|n~bef fm fab ~m kn~|njdnfdme m} fab { bjl dffd| df�

ε
neq {bjl bn�d~df�

µ
� `ab lmqb~det m} l nfbjdn~{jm{ bjfdbw �� l bnew m} abfbjmtbebmvw ~betfaw m} fjnewl dwwdme ~debw dw {jbwbefbqde C�³�Å�� r� �mj�w neq emf qdwkvwwbq de fab {jbwbef fabwdw qbb{~�� �b me~�emfb fanf fadw n{{jmnka �db~qw n lmjb kml{~dknfbq wfjvkfvjb m} fab wknffbjdetl nfjdz � bknvwb m} nqqdfdmen~ wknffbjdet kbefbjw de fab `xy kb~~ �`ab jbuvdjbq fmfn~ kn{nkdfnekbw nf n �¼Ã m} qdl bewdme

(ix∆l, iy∆l, iz∆l)defjmqvkbq �� 0�À�� de 1¬½2 njb
Cx = εx

iyiz
ix

∆l , Cy = εy
ixiz
iy

∆l , Cz = εz
ixiy
iz

∆l ,
o\ �� Ýp

neq deqvkfnekbw njb
Lx = µx

iyiz
ix

∆l , Ly = µy
ixiz
iy

∆l , Lz = µz
ixiy
iz

∆l .
o\ ��\p

cmj bznl{~b r fab lmqb~bq kn{nkdfnekb
Cx

dw nwwm kdnfbq � dfa ~debw ì r ê r ó neqÝ½ r neq nw }m ~~m� det r dw buvd|n~bef fm
4C0

}mj n kv� dk `xy kb~~ de }jbb w{nkb � `ablmqb~bq deqvkfnekb
Lx

dw ~de�bq fm fab ~debw « r ¬ r ÝÝ neq Ý\ r neq dw buv d|n~beffm
4L0

� `abjb}mjb r de mjqbj fm lmqb~ emegved}mjl kb~~w fab kn{nkdfnekb neqdeqvkfnekb an|b fm � b nqqbq fm fab w�llbfjdk emqb r b �t � }mj fab
x{ kml{mebefw�b an|b

Cstub
x = εx

iyiz
ix

− 4C0
neq

Lstub
x = µx

iyiz
ix

− 4L0 .
o\ ��]p

cjml bu � o\ �]¬p r o\ �� Ýp g o\ ��]p neq }jml jb~nfdmew emjl n~d�bq � dfa jbw{ bkffm
Y0
neq>mj

Z0

Cstub = Y0Y
stub ∆t

2

neq
Lstub = Z0Z

stub ∆t

2
,

o\ ��� p
�abjb fab nql dffnekbw

Y stub m} fab wfv�w Ý]g Ý« njb kn~kv~nfbq ��

Yx = 2(εrxh
iyiz
ix

− 2) , Yy = 2(εryh
ixiz
iy

− 2) , Yz = 2(εrz
ixiy
iz

− 2) ,
o\ ��«p

neq fab dl{bqnekbw
Zstub m} fab wfv�w Ý¬g Ýê njb td|be ��

Zx = 2(µrxh
iyiz
ix

− 2) , Zy = 2(µryh
ixiz
iy

− 2) , Zz = 2(µrz
ixiy
iz

− 2) ,
o\ ��¬p

�abjb
εr
neq

µr
qbemfb jb~nfd|b { bjl dffd| df� neq {bjl bn�d~df�r jbw{ bkfd|b~����|dmvw~�r fab wfn�d~df� }nkfmj de bu � o\ �]ìp dw kamwbe fm {jbwbj|b fab G 8=KHK|KHP}mj

Cstub neq Lstub �`abwb nqqdfdmen~ fajbb kn{nkdfd|b neq fajbb deqvkfd|b wfv�w njb kmeebkfbqfm fab �¼Ã neq njb emf ~de�bq � dfa nq� nkbef emqbw qdjbkf~�� `ab kmeebkfdme{jm kbww fm fab ebdta�mjdet �¼Ãw mkkvjw fajmvta Ý\ ~de� ~debw � dfamvf bebjt�~mww � s} mal dk neq l ntebfdk ~mwwbw an|b fm � b dek~vqbq r wdz nqqdfdmen~ wfv�w
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njb kmeebkfbq fm fab kbefbj m} fab �¼Ã r wm fab

18 × 18
wknffbjdet lnfjdz tbfwwdz nqqdfdmen~ ~debw � `ab wknffbjdet de fabwb wfv�w anw emf fm � b kmewdqbjbqbz{~dkdf~�r wdekb fab bebjt� qdwwd{nfbq de fab kbefbj emqb dw ~mwf � `abwb wdz ~debwnjb ebkbwwnj� d} fab ~mww {m�bj anw fm � b kn~kv~nfbq r b~wb

18 × 18
lnfjdz debu � o\ ��óp dw vwbq � `ab emjl n~d�bq |n~vbw m} fab mal dk ~mww wfv�w njb {jbwbefbq��

Gx =
iyiz
ix

σex∆l Z0 , Gy =
ixiz
iy

σey∆l Z0 , Gz =
ixiy
iz

σez∆l Z0 ,
o\ ��ìp

neq fab l ntebfdk ~mww wfv�w njb kn~kv~nfbq nw

Rx =
iyiz
ix

σmx∆l Y0 , Ry =
ixiz
iy

σmy∆l Y0 , Rz =
ixiy
iz

σmz∆l Y0 ,
o\ ��êp

�abjb
σe
neq

σm
njb b~bkfjdk neq l ntebfdk kmeqvkfd|dfdbw r jbw{ bkfd|b~��

¼mewdqbjdet wfv�w fab tbebjn~ wknffbjdet
18 × 18

lnfjdz m} ne� qb}mjl bq�¼Ã }mj lmqb~det m} deamlmtbebmvw l bqdn � dfa ~mwwbw anw �bbe defjmqvkbq ��0�À�� nw }m~~m� det

Sstubs
l,m,n =



































a c 0 0 0 0 d −d 0 0 b b 0 g 0 0 0−d
c a 0 0 0 0−d d 0 0 b b 0 g 0 0 0 d
0 0 a c b b 0 0 d−d 0 0 0 0 g 0 d 0
0 0 c a b b 0 0 −d d 0 0 0 0 g 0−d 0
0 0 b b a c 0 0 0 0 d −d 0 0 g−d 0 0
0 0 b b c a 0 0 0 0−d d 0 0 g d 0 0
d−d 0 0 0 0 a c b b 0 0 g 0 0 0 0 d

−d d 0 0 0 0 c a b b 0 0 g 0 0 0 0−d
0 0 d −d 0 0 b b a c 0 0 g 0 0 0−d 0
0 0−d d 0 0 b b c a 0 0 g 0 0 0 d 0
b b 0 0 d−d 0 0 0 0 a c 0 g 0 d 0 0
b b 0 0 −d d 0 0 0 0 c a 0 g 0−d 0 0
0 0 0 0 0 0 b b b b 0 0 h 0 0 0 0 0
b b 0 0 0 0 0 0 0 0 b b 0 h 0 0 0 0
0 0 b b b b 0 0 0 0 0 0 0 0 h 0 0 0
0 0 0 0−f f 0 0 0 0 f −f 0 0 0 j 0 0
0 0 f −f 0 0 0 0−f f 0 0 0 0 0 0 j 0

−f f 0 0 0 0 f −f 0 0 0 0 0 0 0 0 0 j



































o\ ��óp� dfa kmb� kdbefw

a = − G+ Y

2(G+ Y + 4)
+

R+ Z

2(R+ Z + 4)
, b =

2

G+ Y + 4
,

c = − G+ Y

2(G+ Y + 4)
− R+ Z

2(R+ Z + 4)
, d =

2

Z +R+ 4
,

f =
2Z

R+ Z + 4
, g =

2Y

G+ Y + 4
,

h = −G− Y + 4

G+ Y + 4
, j = −−R+ Z − 4

R+ Z + 4
.

o\ �«½p
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cmj fab tbebjn~ wknffbjdet l nfjdz o\ ��óp � dfa ~mwwbw �b an|b fanf

Sstub
l,m,n 6= (Sstub

l,m,n)† 6= (Sstub
l,m,n)−1 .

o\ �« Ýp
`ab w�llbfj� m}

Sstub
l,m,n

dw emf {jbwbj|bq qvb fm fab wfv� {njnl bfbj emjgl n~d�nfdme {jm{mwbq �� 0�À��� `ab vedfnjdf� m} fab wknffbjdet l nfjdz dw emfme~� ~mwf qvb fm fab ~mwwbw de ne nen~��bq wfjvkfvjb � seqbbq r b|be famvta fabwknffbjdet l nfjdz de bu � o\ ��óp kml{jdwbw em ~mwwbw r df dw n~wm emegvedfnj�� semfabj �mjqw r fab vedfnjdf� neq w�llbfj� njb ~mwf qvb fm fab emjl n~d�nfdme denkkmjq � dfa bu � o\ ��óp � ·m�b|bj r de fadw knwb fab kml{~bfb bebjt� qvjdet fabwknffbjdet {jm kbww dw {jbwbj|bq r neq
Sstub

l,m,n

anw edeb bdtbe|n~vbw � bdet mebw neqedeb bdtbe|n~vbw � bdet buvn~ fm −1
ocmj lmjb qbfnd~w wbb ¼an{fbj «p �

·m�b|bj r fab w�llbfj� m} fab tbebjn~ wknffbjdet m{bjnfmj de bu � o\ ��óp kne �bjbkmewfjvkfbq �� n eb� emjln~d�nfdme � dfamvf dfw bebjt� kmewbj|nfdme {jm{ bjf�� bdet kanetbq �� }m~~m� det

Ŝstub
l,m,n = N−1 Sstub

l,m,n N ,
o\ �«\p

abjb fab qdntmen~ l nfjdz
N
dw t d|be nw

N =
qdnt

(1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, (
√
Y )−1,

√
Z) .

o\ �«]p
Ãm� fab lmqd�bq tbebjn~ wknffbjdet m{bjnfmj }mj fab ~mww� �¼Ã de bu � o\ �«\pwnfdw�bw ebzf jb~nfdmew

Ŝstub
l,m,n = (Ŝstub

l,m,n)† 6= (Ŝstub
l,m,n)−1 .

o\ �«� p
`ab tbebjn~ wknffbjdet m{bjnfmj

kS
de

H18
ν = C18 ⊗Hµ ,

o\ �««p
qbwkjd�det fab wknffbjdet nf n~~ emqbw m} fab `xy lbwa nf fab fdl b

k
r anw fab�~m k�gqdntmen~ l nfjdz wfjvkfvjb r d �b �

kS =
qdnt

(Ŝstub
l,m,n) .

o\ �«¬p
cjml bu � o\ �«�p neq o\ �«¬p �b m�fnde bwwbefdn~ {jm{ bjfdbw m} fab m{ bjnfmj

S
rneq enl b~�

kS = kS
† 6= kS

−1 .
o\ �«ìp

cvjfabj r �b � d~~ qbn~ fab lmqd�bq wknffbjdet m{bjnfmjw de nkkmjq � dfa bu � o\ �«\pneq bu � o\ �«¬p r �adka njb wb~}gnq�mdef omj ¾³�Á �´ ���p neq emegvedfnj�� `ablmqd�knfdme m} fab
Sl,m,n

de bu � o\ �«\p qmbw emf de}jdetb fab wknffbjdet m{bjngfdme {jm{mwbq �� 0�À�� neq anw me ~� dl{nkf me fab �b~q l n{{det �bf�bbe fabb~bkfjml ntebfdk �b~q neq fab �n|b nl{~dfvqbw �
`anf dw k~bnj fanf fab l nfjdz jb{jbwbefdet fab wknffbjdet nf n~~ `xy emqbwnf n~~ fdl bw

k
dw m{ bjnfdet de

H18
ξ = Ht ⊗H18

ν = Ht ⊗ C18 ⊗Hµ .
o\ �«êp
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R -� '-� ��$$�!"#�$ �~ ��("��
Ãbzf r �b qbwkjd� b fab kmeebkfdme m{bjnfmj

Γ
jb{jbwbefdet fab defbjnkfdme �bgf�bbe n~~ nq� nkbef emqbw de H18

ν

� cmj fadw {vj{mwb �b qb�eb fab wad}f m{ bjnfmjw
X
r
Y
r
Z
neq fabdj nq�mdefw

X† r Y † neq Z† wm fanf
X |l,m, n〉 = |l + 1,m, n〉 ,
X†|l,m, n〉 = |l − 1,m, n〉 ,

o\ �«óp

Y |l,m, n〉 = |l,m+ 1, n〉 ,
Y †|l,m, n〉 = |l,m− 1, n〉 ,

o\ �¬½p

Z |l,m, n〉 = |l,m, n+ 1〉 ,
Z†|l,m, n〉 = |l,m, n− 1〉 .

o\ �¬ Ýp
`ab w{nfdn~ m{ bjnfmjw

X
r
Y
neq

Z
wad}f fab {mwdfdme m} fab emqb

(l,m, n)
��

∆lde {mwdfd|b
x− r y− mj

z− qdjbkfdme jbw{ bkfd|b~�� `ab m{bjnfmjw
X† r Y † neq Z†ln�b fab m{{mwdfb lm|det �� meb wfb{ � cmj bznl{~b r fab wbkmeq dekdqbef �n|bnl{~dfvqbw m} n~~ em qbw njb ~de�bq fm fab �jwf jb3bkfbq �n|b nl{~dfvqbw m} fabebdta�mjdet emqbw r d �b � kmjjbw{meqdet fm cdt � \ �\ �b an|b

+∞∑

l,m,n=−∞

k[a2]l,m,n |l,m, n〉 =
+∞∑

l,m,n=−∞

k[b1]l+1,m,n |l,m, n〉 =

=

+∞∑

l,m,n=−∞

k[b1]l,m,n |l + 1,m, n〉 = X

+∞∑

l,m,n=−∞

k[b1]l,m,n |l,m, n〉 .o\ �¬\p

`ab wad}f m{ bjnfmjw o\ �¬ Ýp kne �b �jdffbe nw {jm{mwbq de 1¬ì2 de fab ebzf}mjl

X =
+∞∑

l,m,n=−∞

|l + 1,m, n〉 〈l,m, n| ,

X† =

+∞∑

l,m,n=−∞

|l − 1,m, n〉 〈l,m, n| ,

Y =

+∞∑

l,m,n=−∞

|l,m+ 1, n〉 〈l,m, n| ,

Y † =
+∞∑

l,m,n=−∞

|l,m− 1, n〉 〈l,m, n| ,

Z =

+∞∑

l,m,n=−∞

|l,m, n+ 1〉 〈l,m, n| ,

Z† =

+∞∑

l,m,n=−∞

|l,m, n− 1〉 〈l,m, n| . o\ �¬]p

cjml bu � o\ �¬]p df }m ~~m� w fanf fab wad}f m{ bjnfmjw njb wb~}gnq�mdef r vedfnj�neq kmllvfnfd|b � dfa dfwb~} r d �b �
XX† = X†X = 1 ,

o\ �¬� p
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Y Y † = Y †Y = 1 ,
o\ �¬«p

ZZ† = Z†Z = 1 .
o\ �¬¬p

`abjb}mjb r fab kmeebkfdme �bf�bbe n~~ emqbw de fab de�edfb w{nkb kne �bwvllnjd�bq de fab }m~~m� det l nfjdz }mjl

kΓ =





















0 X 0 0 0 0 0 0 0 0 0 0
X† 0 0 0 0 0 0 0 0 0 0 0
0 0 0 X 0 0 0 0 0 0 0 0
0 0 X† 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Y 0 0 0 0 0 0
0 0 0 0 Y † 0 0 0 0 0 0 0
0 0 0 0 0 0 0 Y 0 0 0 0
0 0 0 0 0 0 Y † 0 0 0 0 0
0 0 0 0 0 0 0 0 0 Z 0 0
0 0 0 0 0 0 0 0 Z† 0 0 Z

0 0 0 0 0 0 0 0 0 0 Z† 0





















.
o\ �¬ìp

�kkmjqdet fm bu � o\ �¬ìp fab kmeebkfdme m{bjnfmj
kΓ

dw wb~}gnq�mdef neq vedfnj�
kΓ = kΓ

† = kΓ
−1 ,

o\ �¬êp
neq kmllvfnfbw � dfa dfwb~}

kΓ kΓ
† = kΓ

†
kΓ = 1 .

o\ �¬óp
�kfvn~~�r df dw wb~}gb|dqbef fanf fab lnfjdz

kΓ
}mj fab de�edfb w{nkb dw � ~~bq� dfa mebw r wdekb em ~mwwbw kml b defm {~n� qvjdet fab ~de�det m{bjnfdmew �se {jnkfdkn~ dl{~bl befnfdmew �b njb qbn~det � dfa b~bkfjml ntebfdk {jm�~bl w� dfa �mveqnj� kmeqdfdmew r d �b � � dfa �edfbgqdl bewdmen~ |bkfmj w{nkbw � �m r de`xy n wfjvkfvjb veqbj kmewdqbjnfdme dw bl�bqqbq de n �mz m} �edfb bzfbewdme rneq r fabjb}mjb r fab �mveqnj� kmeqdfdme lvwf � b dek~vqbq � se mjqbj fm qbwkjd� bfab kmeebkfdme �bf�bbe �¼Ãw de n jbtdme � dfa kbjfnde �mveqnj� kmeqdfdmew �bdefjmqvkb fab

N×N kmeebkfdme m{bjnfmj
kΓ̂

de ¾ ��È³�´ w{nkb H18
ν

m} qdl bewdme
N
nw

kΓ̂ = kΓ + kΥ .
o\ �ì½p

`ab l nfjdz
kΓ

dw me~� jbw{mewd�~b }mj fab kmeebkfdme �bf�bbe emqbw o� dfamvffn�det defm nkkmvef �mveqnj� kmeqdfdmewp r fab l nfjdz
kΥ

jb{jbwbefw �mveqnj�kmeqdfdmew r b �t � d} jb3bkfdme }jbb �n~~w an|b fm � b lmqb~bq r fab lnfjdz
kΥkmewdwfw m} ~m kn~ jb3bkfdme kmb� kdbefw nf dfw qdntmen~ r d �b �

kΥ =
qdnt

[ρloc
i ] , i = 1..N .

o\ �ìÝp
`ab qdntmen~ b~bl befw m}

kΥ
qm emf |nedwa de nkkmjq � dfa kb~~w ~m knfbq mefab �mveqnjdbw r fabjb}mjb

kΥ
dw n qdntmen~ l nfjdz lmwf~� � ~~bq � dfa �bjmw ��b jbl nj� fanf fab wfjvkfvjb m} fab

kΓ
de bu � o\ �¬ìp }mj �mveqbq lbqdn dww~dtaf~� kanetbq r � bknvwb emf n~~ emqbw njb kmeebkfbq � dfa fabdj nq�nkbef r d �b �wb|bjn~ mebw b~bl befw |nedwa de fab l nfjdz � ¸|be famvta fab vedfnj� {jm{ bjf�m}

kΓ
dw ~mwf r fab l nfjdz

kΓ̂
de bu � o\ �ì½p �db~qw fab bebjt� kmewbj|nfdme }mjn wfjvkfvjb � dfa Þ¸¼>Þy¼ �

kΥ
dw n qdntmen~ l nfjdz � ~~bq � dfa mebw neq>mjl devw mebw neq �bjmw O

kΥ
neq

kΓ̂
njb �mfa vedfnj� m{bjnfmjw � se wml b knwbw



\ê û#$% þÿ& c ( þ#ÿ þ&$ý �d )��)üý e)ýÿ d$þ&)f dÿ þ# ü*
fab wfjvkfvjb m} fab

kΓ̂
gl nfjdz anw fm �b nqqdfdmen~~� lmqd�bq r b �t � de mjqbjfm lmqb~ |bj� fade ~n�bjw ol bfn~ wabbfwp � dfa jb3bkfdme neq fjnewl dwwdme kmb� gkdbefw � �eb {njf m} fab wknffbjbq �n|b {v~wb � d~~ � b jb3bkfbq }jml n ~n�bj �nk�fm fab emqbw r neq fab wbkmeq meb � d~~ � b fjnewl dffbq omj ~de�bqp fm fab nq� nkbefemqbw me fab mfabj wdqb m} fab ~n�bj � se fadw knwb fab wknffbjdet l nfjdz

kΓ
anwwb|bjn~ b~bl befw odewfbnq mebw � b}mjbp nkkmjqdet fm fab fjnewl dwwdme kmb� kdbefw rneq fab qdntmen~ l nfjdz

kΥ
tbfw nqqdfdmen~ qdntmen~ b~blbefw fm kmllbewvjnfb� dfa fab jb3bkfdme kmb� kdbefw �s} �b veqbjwfneq

kΓ
de bu � o\ �¬ìp nw n l nfjdz qbwkjd�det fab kmeebkfdme�bf�bbe emqbw me~� ofjnewl dwwdme kmb� kdbefwp r neq

kΥ
dw n l nfjdz kmewdwfdet m}jb3bkfdme kmb� kdbefw nf fab emqb �mveqnjdbw r fabe fab {jm{ bjfdbw m} fab ~de�detm{bjnfmjw me fab nwwvl{fdme m} n �mveqbq l bqdvl �dfa ~mwwbw njb td|be |dn

kΓ = kΓ
† 6= kΓ

−1 ,
o\ �ì\p

kΥ = kΥ
† 6= kΥ

−1 =
qdntmen~

,
o\ �ì]p

neq }jml bu � o\ �ì½p neq o\ �ì\p r o\ �ì]p }m ~~m� w fanf

kΓ̂ = kΓ̂
† 6= kΓ̂

−1
.

o\ �ì� p
se fab }m~~m� det kan{fbjw �b njb qbn~det � dfa

kΓ̂
�

R -� �(~~ #$¯)
`ab wdz kml{mebefw m} fab b~bkfjml ntebfdk �b~q nf fab `xyg�¼Ã njb jb{jbgwbefbq �� bdtafbbe dekdqbef neq>mj wknffbjbq �n|b nl{~dfvqbw � `avw r n kmjjbgw{meqbekb r wm kn~~bq l n{{det r � bf�bbe fab b~bkfjmlntebfdk �b~q neq fab �n|b{v~wbw anw fm � b bwfn�~dwabq � � ln{{det dw veqbjwfmm q nw n {jm� bkfdme m} fab�b~q wfnfb |bkfmj de

HF = C6 ⊗Hµ
o\ �ì«p

mefm fab |bkfmj m} dekdqbef �n|b nl{~dfvqbw de
Hν = C18 ⊗Hµ ,

o\ �ì¬p
neq ne |dkb |bjwn �se fab {jbwbef fabwdw fab ¼befbjbq cdb~q y n{{det o¼cy p neq fab ¼b~~ ëmveqgnj� y n{{det o¼ëy p njb kmewdqbjbq �
� �� �� �82G8H8� � 08 �� � 1�� 02K
�b defjmqvkb fab wfnfb |bkfmj m} fab b~bkfjml ntebfdk �b~q de HF

nw

|F 〉 =
+∞∑

l,m,n=−∞











kE
x
l,m,n

kE
y
l,m,n

kE
z
l,m,n

ZkH
x
l,m,n

ZkH
y
l,m,n

ZkH
z
l,m,n











|l,m, n〉 . o\ �ììp



c (� ( d$%%)ý}� \ó
¸nka �b~q kml{mebef dw qbfbjl debq }jml fab |m~fntbw m} }mvj fjnewl dwwdme~debw nkkmjqdet fm fab �b~q kml{mebef {m~njd�nfdme r b �t � fab

Ex
kml{mebefdw qb{ beqbef me fab �n|b {v~wbw

a7, a8, a9, a10
}mj n

x
gqdjbkfdme {m~njd�bq �n|b �`abe defjmqvkdet fab {njf kanjtb

Qx = Qa+Qb = 2(C0a7+C0a8+C0a9+C0a10)
r�adka anw fm � b kmewbj|bq nf fab kbefbj m} �¼Ã r �b an|b fab buvn~ amlmtbebmvwb~bkfjdk �b~q

Ex =
Qx

Cx∆l
=

2C0(a7 + a8 + a9 + a10)

4C0∆l
=

1

2∆l
(a7 + a8 + a9 + a10) .

o\ �ìêp
sefjmqvkdet fab l ntebfdk {njf 3vz

Φx = Φa + Φb = 2L0(i5 −L0i6 −L0i11 +
L0i12)

r �adka anw fm � b kmewbj|bq r �b m�fnde de ne nen~mtmvw l neebj

Ix =
Φx

Lx
=

2L0(i5 − i6 − i11 + i12)

4L0
=

1

2Z0
(i5 − i6 − i11 + i12) ,

o\ �ìóp
neq r kmewbuvbef~�r fab

Hx
kml{mebef nw

Hx =
1

2∆lZ0
(i5 − i6 − i11 + i12).

o\ �ê½p
`ab qdwnq|nefntb m} fa dw {jm{mwbq n{{jmnka dw fanf ne de|bjwb l n{{det }jmlfab bdtafbbe �n|b nl{~dfvqbw mefm fab wdz �b~q kml{mebefw kne emf � b k~bnj~�qb�ebq � 0�À�� {jm{mwbq fm qdwfjd�vfb fab �n|b nl{~dfvqbw ved}mjl ~�r b �t � d}fab
Ex

�b~q anw fm � b deqvkbq r meb m} {mwwd�~b l bwa bzkdfnfdmew kne �b

a7 = a8 = a9 = a10 =
1

2
∆lEx .

o\ �ê Ýp
se mjqbj fm qbwkjd� b fab {jm� bkfdme m} fab �n|b nl{~dfvqb wfnfb |bkfmj mefmfab �b~q wfnfb |bkfmj �b defjmqbkb fab {jm� bkfdme m{bjnfmj

M : Hν −→ HF
nw

|F 〉 =
1

∆l
M |a〉 , o\ �ê\p

�abjb

M =
1

2











0 0 0 0 0 0 1 1 1 1 0 0
1 1 0 0 0 0 0 0 0 0 1 1
0 0 1 1 1 1 0 0 0 0 0 0
0 0 0 0 1 −1 0 0 0 0 −1 1
0 0 −1 1 0 0 0 0 1 −1 0 0
1 −1 0 0 0 0 −1 1 0 0 0 0











.
o\ �ê]p

`abe fab de|bjwb l n{{det
MT : HF −→ Hν

dw td|be nw
|a〉 = ∆lMT |F 〉 . o\ �ê� p

cjml bu � o\ �ê\p neq o\ �ê�p df }m~~m� w fanf
|F ′〉 = MMT |F 〉 o\ �ê«p

neq
|a′〉 = MTM |a〉 . o\ �ê¬p



]½ û#$% þÿ& c ( þ#ÿ þ&$ý �d )��)üý e)ýÿ d$þ&)f dÿ þ# ü*
�dekb fab m{bjnfmj

MMT anw mebw nf dfw qdntmen~ r d �b �
MMT =

qdnt
[1, 1, 1, 1, 1, 1] ,

o\ �êìp
fab n{{~dknfdme m} fab m{ bjnfmj

MMT : HF −→ HF
mefm fab �b~q wfnfb |bkfmjqmbw emf kanetb df r mj |F ′〉 = |F 〉 �� qdibjbef wdfvnfdme m kkvjw }mj

MTM
r qvb fm fab jb~nfdme

MTM = U
qdnt

[0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1]U−1,
o\ �êêp

�abjb
U
dw ne vedfnj� lnfjdz ��b an|b fanf |a〉 ∈ C12 ⊗Hµ

r �abjbnw |a′〉 ∈ C6 ⊗Hµ
� `ab w{nkb

C12 ⊗Hµkne �b {jbwbefbq �� f�m mjfamtmen~ wv�w{nkbw
C12⊗Hµ = C6⊗Hµ⊕C6⊗Hµ

r fabm{ bjnfmj
MTM

fjnew}bjw fab |bkfmj |a〉 }jml fab w{nkb C12⊗Hµ
fm dfw wv�w{nkb

C6 ⊗ Hµ
� se mfabj �mjqw r fab m{ bjnfmj

MTM : HC12⊗Hµ
−→ HC6⊗Hµ

~bnqwfm |a′〉 6= |a〉 ��e dl{mjfnef {jm{ bjf�r �adka anw fm � b emfdkbq r dw fanf fab �am~b bebjt� defab �n|b nl{~dfvqbw dw kmewbj|bq qvjdet n `xy wdlv~nfdme r �abjbnw fab bebjt�de fab b~bkfjml ntebfdk �b~q m�fndebq �� l n{{det de bu � o\ �ê\p dw emf 1¬«2 �se ne nen~mtmvw �n� �b kne qbjd|b n ln{{det dek~vqdet wfv�w � cmj bznl{~b r�b kmewdqbj fab
Ex

neq
Hx

kml{mebefw ntnde � ¼mewdqbjdet fab {njf kanjtb r�adka dw td|be ��
Qx = 2(C0a7 + C0a8 + C0a9 + C0a10 + Cstuba13)

r �b m�fndede nkkmjq fm 1¬½2
Ex =

Qx

Cx∆l
=

2C0(a7 + a8 + a9 + a10) + 2Cstuba13

(4C0 + Cstub)∆l
=

=
2

∆l
·
(
a7 + a8 + a9 + a10 + Yxa13

4 + Yx

)

,
o\ �êóp

neq vwdet
Φx = 2(L0i5 − L0i6 − L0i11 + L0i12 + Lstubi16)

r �b an|b

Hx =
2

∆lZ0

(
a5 − a6 − a11 + a12 +

√
Zxa16

4 + Zx

)

.
o\ �ó½p

Ãbzf r fn�det defm nkkmvef
• ~mwwbw de fab l bqdn obu � o\ �� ìp neq bu � o\ ��êpp r mj fm � b {jbkdwb r b �t � }mjfab

Ex
gkml{mebef

a7 + a8 + a9 + a10 + Yxa13 = b7 + b8 + b9 + b10 + Yxb13 +GxbGx
,
o\ �ó Ýp

neq }mj fab
Hx
gkml{mebef

a5 − a6 − a11 + a12 + a16 = −(b5 − b6 − b11 + b12 + b16 +RxbRx
),
o\ �ó\p

• qb}mjlnfdmew m} fab `xy lbwa de bu � o\ ��«p neq bu � o\ ��¬p r neq
• emjl n~d�nfdme m} fab wknffbjdet l nfjdz td|be �� bu � o\ �«\p�b m�fnde n~~ wdz kml{mebefw m} fab b~bkfjml ntebfdk �b~q nw

Ex =
2

ix∆l

(
a7 + a8 + a9 + a10 +

√
Yxa13

4 + Yx +Gx

)

,
o\ �ó]p

Ey =
2

iy∆l

(

a1 + a2 + a11 + a12 +
√
Yya14

4 + Yy +Gy

)

,
o\ �ó� p

Ez =
2

iz∆l

(
a3 + a4 + a5 + a6 +

√
Yza15

4 + Yz +Gz

)

,
o\ �ó«p



c (� ( d$%%)ý}� ] Ý

Hx =
2

ix∆lZ0

(
a5 − a6 − a11 + a12 +

√
Zxa16

4 + Zx +Rx

)

,
o\ �ó¬p

Hy =
2

iy∆lZ0

(−a3 + a4 + a9 − a10 +
√
Zxa17

4 + Zy +Ry

)

,
o\ �óìp

Hz =
2

iz∆lZ0

(
a1 − a2 − a7 + a8 +

√
Zxa18

4 + Zz +Rz

)

.
o\ �óêp

�eq ne bzkdfnfdme m} fab `xy lbwa kne �b qmeb ved}mjl ~� nw

a1 =
1

2
∆l(iyEy + izZ0Hz), a7 =

1

2
∆l(ixEx − izZ0Hz),

o\ �óóp

a2 =
1

2
∆l(iyEy − izZ0Hz), a8 =

1

2
∆l(ixEx + izZ0Hz),

o\ �Ý½½p

a3 =
1

2
∆l(izEz − iyZ0Hy), a9 =

1

2
∆l(ixEx + iyZ0Hy),

o\ �Ý½ Ýp

a4 =
1

2
∆l(izEz + iyZ0Hy), a10 =

1

2
∆l(ixEx − iyZ0Hy),

o\ �Ý½\p

a5 =
1

2
∆l(izEz + ixZ0Hx), a11 =

1

2
∆l(iyEy − ixZ0Hx),

o\ �Ý½]p

a6 =
1

2
∆l(izEz − ixZ0Hx), a12 =

1

2
∆l(iyEy + ixZ0Hx),

o\ �Ý½�p

a13 =
1

2
ix∆l

√

YxEx, a16 =
1

2
ix∆lZ0

√

ZxHx,
o\ �Ý½«p

a14 =
1

2
iy∆l

√

YyEy, a17 =
1

2
iy∆lZ0

√

ZyHy,
o\ �Ý½¬p

a15 =
1

2
iy∆l

√

YzEz, a18 =
1

2
iz∆lZ0

√

ZzHz.
o\ �Ý½ìp

`ab m{bjnfmj
Ma→F

stubs : Hν −→ HF
kne �b wvllnjd�bq de fab }mjl

Ma→F
stub =



































0 aE
y 0 0 0 aH

z

0 aE
y 0 0 0 −aH

z

0 0 aE
z 0 −aH

y 0
0 0 aE

z 0 aH
y 0

0 0 aE
z aH

x 0 0
0 0 aE

z −aH
x 0 0

aE
x 0 0 0 0 −aH

z

aE
x 0 0 0 0 aH

z

aE
x 0 0 0 aH

y 0
aE

x 0 0 0 −aH
y 0

0 aE
y 0 −aH

x 0 0
0 aE

y 0 aH
x 0 0

aE
x

√
Yx 0 0 0 0 0

0 aE
y

√
Yy 0 0 0 0

0 0 aE
z

√
Yz 0 0 0

0 0 0 aH
x

√
Zx 0 0

0 0 0 0 aH
y

√
Zy 0

0 0 0 0 0 aH
z

√
Zz



































T

,
o\ �Ý½êp
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�abjb

aE
x =

2

ix(4 + Yx +Gx)
, aE

y =
2

iy(4 + Yy +Gy)
, aE

z =
2

iz(4 + Yz +Gz)
,

aH
x =

2

ix(4 + Zx +Rx)
, aH

z =
2

iy(4 + Zy +Ry)
, aH

z =
2

iz(4 + Zz +Rz)
.

o\ �Ý½óp
`ab m{bjnfmj

MF→a
stubs : HF −→ Hν

kne �b {jbwbefbq nw

MF→a
stub =



































0 ey 0 0 0 hz

0 ey 0 0 0 −hz

0 0 ez 0 −hy 0
0 0 ez 0 hy 0
0 0 ez hx 0 0
0 0 ez −hx 0 0
ex 0 0 0 0 −hz

ex 0 0 0 0 hz

ex 0 0 0 hy 0
ex 0 0 0 −hy 0
0 ey 0 −hx 0 0
0 ey 0 hx 0 0

ex

√
Yx 0 0 0 0 0

0 ey

√
Yy 0 0 0 0

0 0 ez

√
Yz 0 0 0

0 0 0 hx

√
Zx 0 0

0 0 0 0 hy

√
Zy 0

0 0 0 0 0 hz

√
Zz



































,
o\ �ÝÝ½p

� dfa kmb� kdbefw

ex =
ix
2
, ey =

iy
2
, ez =

iz
2
,

o\ �ÝÝÝp

hx =
ix
2
Z0, hy =

iy
2
Z0, hz =

iz
2
Z0.

o\ �ÝÝ\p

� �� �� �8 �� �F52�1H� � 1�� 02K
¹e~d�b fab kbefbjbq �b~q l n{{det o¼cy p fab b~bkfjdk neq lntebfdk kml{mebefw}mj kb~~ � mveqnj� l n{{det o¼ëy p njb qb�ebq emf de fab kbefbj m} fab emqb r �vfnf fab beqw m} fab wdz njl w omj fab f�b~|b fjnewl dwwdme ~debwp � �b qb�eb fab�n|b nl{~dfvqbw nf fab kb~~ � mveqnjdbw

(l± 1
2 ,m, n)

r
(l,m± 1

2 , n)
neq

(l,m, n± 1
2 )nw

|a〉 = 1/2 (−|E〉 + Z ·n× |H〉) , o\ �ÝÝ]p
|b〉 = −1/2 (|E〉 + Z ·n× |H〉) , o\ �ÝÝ� p

�abjb
n
dw fab emjln~ vedf� |bkfmj nf n kb~~ � mveqnj�r |E〉 neq |H〉 njb b~bkfjdkneq l ntebfdk |bkfmjw wnl{~bq nf n �mveqnj��

cmj bznl{~b r �b fn�b n ~mm� nf fab l n{{det m{bjnfdme }mj fab njl
(l+ 1

2 ,m, n)nf fab fdl b
k
� cjml bu � o\ �ÝÝ]p neq o\ �ÝÝ� p �b m�fnde }m ~~m� det jb~nfdmew }mj



c (� ( d$%%)ý}� ]]

n = [1, 0, 0]T

k [ax]l+1/2,m,n = 0,

k [ay]l+1/2,m,n = k [a2]l,m,n =
∆l

2

(

iy kE
y
l+1/2,m,n − izZ kH

z
l+1/2,m,n

)

,

k [az]l+1/2,m,n = k [a4]l,m,n =
∆l

2

(

iz kE
z
l+1/2,m,n + iyZ kH

y
l+1/2,m,n

)

,

k [bx]l+1/2,m,n = 0,

k [by]l+1/2,m,n = k [b2]l,m,n =
∆l

2

(

iy kE
y
l+1/2,m,n + izZ kH

z
l+1/2,m,n

)

,

k [bz]l+1/2,m,n = k [b4]l,m,n =
∆l

2

(

iz kE
z
l+1/2,m,n − iyZ kH

y
l+1/2,m,n

)

o\ �ÝÝ«pneq

kE
y
l+1/2,m,n =

1

iy∆l

(

k [a2]l,m,n + k [b2]l,m,n

)

,

kE
z
l+1/2,m,n =

1

iz∆l

(

k [a4]l,m,n + k [b4]l,m,n

)

,

kH
y
l+1/2,m,n =

1

iy∆lZ

(

k [a4]l,m,n − k [b4]l,m,n

)

,

kH
z
l+1/2,m,n =

1

iz∆lZ

(

k [b2]l,m,n − k [a2]l,m,n

)

,

o\ �ÝÝ¬p

jbw{ bkfd|b~��
se mjqbj fm m�fnde ¼ëy de n l nfjdz }mjl �b qb�eb fab b~bkfjml ntebfdk �b~qwfnfb |bkfmjw de H12

F = C12 ⊗Hµ
nw

|kFE〉 1
2

=
+∞∑

l,m,n=−∞


























kE
y
l−1/2,m,n

kE
y
l+1/2,m,n

kE
z
l−1/2,m,n

kE
z
l+1/2,m,n

kE
z
l,m−1/2,n

kE
z
l,m+1/2,n

kE
x
l,m−1/2,n

kE
x
l,m+1/2,n

kE
x
l,m,n−1/2

kE
x
l,m,n+1/2

kE
y
l,m,n−1/2

kE
y
l,m,n+1/2


























|l,m, n〉 , o\ �ÝÝìp
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|kFM 〉 1
2

= Z

+∞∑

l,m,n=−∞


























kH
z
l−1/2,m,n

kH
z
l+1/2,m,n

kH
y
l−1/2,m,n

kH
y
l+1/2,m,n

kH
x
l,m−1/2,n

kH
x
l,m+1/2,n

kH
z
l,m−1/2,n

kH
z
l,m+1/2,n

kH
y
l,m,n−1/2

kH
y
l,m,n+1/2

kH
x
l,m,n−1/2

kH
x
l,m,n+1/2


























|l,m, n〉 . o\ �ÝÝêp

cjml bu � o\ �ÝÝ]p neq o\ �ÝÝ�p �b m�fnde fab ln{{det m{bjnfdmew de fab ebzfm{ bjnfmj bz{jbwwdmew
|kFE〉 1

2

=
1

∆l
M−1

E (|ka〉 + |kb〉) ,

|kFH〉 1
2

=
1

∆l
M−1

H (|ka〉 − |kb〉) ,

o\ �ÝÝóp

neq
|ka〉 =

∆l

2

(

ME |kFE〉 1
2

+MH |kFH〉 1
2

)

,

|kb〉 =
∆l

2

(

ME |kFE〉 1
2

−MH |kFH〉 1
2

)

,

o\ �Ý\½p

�abjb fab m{ bjnfmjw
ME : H12

F −→ Hν
neq

MH : H12
F −→ Hν

njb td|be nw
ME =

qdnt
[iy, iy, iz, iz, iz, iz, ix, ix, ix, ix, iy, iy]

o\ �Ý\Ýp
neq

MH =
qdnt

[iz,−iz,−iy, iy, ix,−ix,−iz, iz, iy,−iy,−ix, ix] .
o\ �Ý\\p

�dekb \� buvnfdmew njb de|m~|bq de mjqbj fm bwfn�~dwa fab jb~nfdmew � bf�bbefab \� �n|b nl{~dfvqbw neq fab \� b~bkfjmlntebfdk �b~q kml{mebefw r fab ¼ëym{bjnfdme dw qb�edfb neq �d�bkfd|b de kmefjnwf fm ¼cy ��b emfb r fanf �b qm emf ebbq fm vfd~d�b fab �n|b nl{~dfvqbw nf wfv�w qvjdetfab ln{{det � `avw r fab emjl n~d�det {jbwbefbq de bu � o\ �«\p qmbw emf an|b ne�de3vbekb me ¼ëy �
R -� '-� ��$��(� '+� �~ ��("��
�b qbemfb fab m{bjnfmj

kΓ kS
de fab `xy fdl b b|m~vfdme wkabl b

|k+1a〉 = kΓ kS |ka〉 , k = 0, 1, 2, . . . ,
o\ �Ý\]p

nw fab m ;M;75< nop 8G ;75H87 r �adka r de tbebjn~ r dw emegve dfnj� neq emegw�llbfjdkqvb fm fab dfw emegkmllvfnfd|df�r d �b �
kΓ kS 6= kS kΓ .

o\ �Ý\� p



c (� ( þ#ÿ }ÿýÿ&$e þed ü%ÿ&$þü& ]«
`ab emegkmllvfnfd|df� {jm{ bjf� de bu � o\ �Ý\� p dw |n~dq }mj fab kml{mwdgfdme m} f�m nj� dfjnj� m{bjnfmjw � se nqqdfdme r fab ebzf fabmjbl dw |n~dq }mj fab`xygw�wfbl r �adka ~bnqw fm n |bj� defbjbwfdet defbj{jbfnfdme m} fab `xy fdl bb|m~vfdme wkabl b �

àáâ×Öâå ß �ù �Ò � xbf vw nwwvl b fanf bu � o\ �Ý\]p qbwkjd� bw fab fdl b b|m~vfdme m}fab qdwkjbfd�bq b~bkfjml ntebfdk �b~q de fab de�edfb }jbb w{nkb � `abe fab tbebjn~`xy m{bjnfmj
kΓ kS

dw emegw�llbfjdk �
� 788� � 5 p se fab kmefbwf m} fab fabmjbl �b an|b fm wam� fanf

(kΓ kS)
T 6= kΓ kS .

o\ �Ý\«p
�b wfnjf � dfa fab fjnew{mwb tbebjn~ `xy m{bjnfmj r

(kΓ kS)
T

= (kS)
T

(kΓ )
T

= kSkΓ .
o\ �Ý\¬p

`ab ~nwf buvnfdme }m~~m� w }jml fab w�llbfj� m} fab wknffbjdet neq kmeebkgfdme m{bjnfmjw � ëbknvwb n l nfjdz {jm qvkf dw tbebjn~~� emegkmllvfnfd|b neqqvb fm fab bu � o\ �Ý\� p �b an|b fanf fab tbebjn~ `xy m{bjnfmj dw tbebjn~~� emegw�llbfjdk �Fp ·m�b|bj r de w{ bkdn~ knwbw f�m l nfjdkbw kne �b kmllvfnfd|b � Ãbzf �b kmegwdqbj r �anf an{{bew d} �b wv{{mwb fab tbebjn~ `xy m{bjnfmj fm � b w�llbfjdk �¼mewbuvbef~�r �b an|b
kΓ kS = kS kΓ = (kΓ kS)−1 .

o\ �Ý\ìp
cjml bu � o\ �Ý\]p }m ~~m� w fanf

|k+2a〉 = kΓ kS |k+1a〉 = (kΓ kS) (kΓ kS) |ka〉 =

= (kΓ kS) (kΓ kS)−1 |ka〉 = |ka〉 .
o\ �Ý\êp

`adw �n� �b an|b fanf n}fbj bnka f�m fdl b wfb{w fab `xy w�wfbl dw jbfvjebqfm dfw de dfdn~ wfnfb |0a〉
r mj de mfabj �mjqw r fab b~bkfjml ntebfdk �n|bw njb emf{jm{ntnfdet nf n~~ � se fadw knwb

|2k+1a〉 = kΓ kS |0a〉 ,
|2ka〉 = |0a〉 ,

o\ �Ý\óp
neq mvj wv{{mwdfdme

kΓ kS
�bdet w�llbfjdk dw }n~wb �

`n�~b \ �Ý D Þjm{bjfdbw m} m{ bjnfmjw de `xy �
�{bjnfmj ~mww~bww wfjvkfvjb ~mww� wfjvkfvjb

kS
vedfnj�r w�llbfjdk emegvedfnj�r w�llbfjdk1

kΓ
vedfnj�r w�llbfjdk emegvedfnj�r w�llbfjdk

kΓ kS
vedfnj�r emegw�llbfjdk emegvedfnj�r emegw�llbfjdk

1 ��� ������� � ¡¢¢�£�¤¥ �¦�£¡¢�£ ��  �¤����£��
`ab dl{mjfnef {jm{ bjfdbw m} fab wknffbjdet r kmeebkfdme neq `xy m{bjnfmjwnjb wvllnjd�bq de C�È�³ § ²¨ `ab wkabl b o\ �Ý\]p kne �b �jdffbe de fab }mjl

|k+1a〉 = (kΓ kS)k |0a〉 , k = 0, 1, 2, . . . .
o\ �Ý]½p
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`ab f�mg~b|b~ fdl b b|m~vfdme wkabl b o\ �Ý\]p dw wndq fm � b wfn�~b � dfa jbw{ bkffm fab emjl || · || owbb 1ó� r ó«2p d}

||k+1a|| ≤ ‖(kΓ kS)k‖ ||0a ||
o\ �Ý] Ýp

}mj
0 < ∆l < ∆l0

neq
0 < t < t0

� `ab {nwwd| df� m} fab `xy wkabl b o\ �Ý]½p dwtvnjnefbbq �� wnfdw}nkfdme m} o\ �Ý] Ýp nw �b~~ �sefjmqvkdet fab bdtbe|n~vb kml{mwdfdme m} fab `xy m{bjnfmj nw
kΓ kS = kU kΛ kU

−1 o\ �Ý]\p
�b kne �jdfb bu �o\ �Ý] Ýp de fab ebzf }mjl

||k+1a|| ≤ ‖kU(kΛ)k
kU

−1‖ ||0a || .
o\ �Ý]]p

¸u � o\ �Ý] Ýp dw }v ~� ~~bq d} bdtbe|n~vbw m} fab l nfjdz
kΓ kS

an|b n l ntedfvqb~bww mj buvn~ fm �bjm r d �b � |λi| ≤ 1, i = 1..N
�¼me|bjtbekb neq wfn�d~df� njb kmeebkfbq |dn fab �� fabmjbl r �adka wfnfbwfanf n kmewdwfbef f�mg~b|b~ qdibjbekb wkabl b }mj n �b~~g{ mwbq ~debnj dedfdn~g|n~vb{jm�~bl dw kme|bjtbef r d} neq me~� d} df dw wfn�~b � cmj lmjb qbfnd~w wbb 1ÝÝ�2 �¼mewbuvbef~� �b kne wvllnjd�b kme|bjtbekb r wfn�d~df� neq {nwwd|df� nw }m~g~m� det �

© Ö×ø ×äÛÕÛ×Ô ß �ù �Ò � `ab wfn�d~df�r {nwwd| df� neq kme|bjtbekb m} fab `xy fdlbb|m~vfdme wkablb td|be �� bu � o\ �Ý\]p njb tvnjnefbbq d} fab bdtbe|n~vbw m} fabtbebjn~ `xy m{bjnfmj
kΓ kS

an|b l ntedfvqbw ~bww mj buvn~ fm meb �
� 788� � �bb ¼an{fbj « �
R -ª U �(!"#!(� «)) �)
� �¬ ��  �G8H21G098 ®:1GG8H02K �KFH0G7¯ 3
se nqqdfdme fm fab 0�À�� wknffbjdet l nfjdz fabjb dw ne n~fbjenfd|b wknffbjdet {jmgkbqvjb fjmvta fmfn~ em qb |n~vbw � `ab wknffbjdet n~tmjdfal }jml 0�À�� jbuvdjbwÝ½ê nqqdfdmew> wv�fjnkfdmew m{ bjnfdme neq ì« lv~fd{~dknfdmew }mj meb wknffbjdetm{bjnfdme � ¾³����» {jm{mwbq de 1«�2 ne n~fbjenfd|b wknffbjdet {jm kbww jbuvdjdet«� nqqdfdmew>wv�fjnkfdmew neq Ý\ lv~fd{~dknfdmew fanf kmjjbw{meq fm n jbqvkfdmem} fab |n~vbw fm � b wfmjbq }jml ]¬ fm Ý\ � `ajmvta n~tb�jndk lned{v~nfdmew dfkne �b {jmm}bq fanf f�m wknffbjdet }mjlv~nfdmew njb buvd|n~bef �se fab {jbwbef qm kfmjn~ �mj� fab ¾³����» r� wknffbjdet {jm kbww dw vwbq nw n�nwdw }mj `xy {jmtjnl dl{~bl befnfdmew � sf qmbw emf nibkf me fab y�� fabmj�{jbwbefbq }vjfabj r �vf n~~m� w fm qbkjbnwb kml{vfnfdmen~ bimjf { bj wknffbjdetm{bjnfdme �¹ wdet fab kanjtb kmewbj|nfdme ~n� �b m�fnde fab fmfn~ |m~fntbw

Vx
r
Vy

neq
Vz
nf fab �¼Ã nw

Vx =
2(a7 + a8 + a9 + a10 +

√
Yxa13)

4 + Yx +Gx
,

o\ �Ý]� p

Vy =
2(a1 + a2 + a11 + a12 +

√
Yya14)

4 + Yy +Gy
,

o\ �Ý]«p

Vz =
2(a3 + a4 + a5 + a6 +

√
Yza15)

4 + Yz +Gz
.

o\ �Ý]¬p



c (°( %&$ûþ)û$e )�� +ÿ� ]ì
se|m~|det fab lntebfdk 3vz kmewbj|nfdme ~n� �b an|b fab fmfn~ jdet kvjjbefw

Ix
r
Iy
neq

Iz
nf fab �¼Ã de

Z0Ix =
2(a5 − a6 − a11 + a12 +

√
Zxa16)

4 + Zx +Rx
,

o\ �Ý]ìp

Z0Iy =
2(−a3 + a4 + a9 − a10 +

√
Zya17)

4 + Zy +Ry
,

o\ �Ý]êp

Z0Iz =
2(a1 − a2 − a7 + a8 +

√
Zza18)

4 + Zz +Rz
.

o\ �Ý]óp
`n�det bu � o\ �Ý]�p neq o\ �Ý]ìp defm nkkmvef �b m�fnde }jml fab ebzf jb~nfdmew}mj fmfn~ |m~fntbw neq kvjjbefw

V = a+ b
neq

Z0I = a− b ,
o\ �Ý�½p

neq f�b~|b wknffbjbq �n|b nl{~dfvqbw �� n~tb�jndk l ned{v~nfdmew

b1 = Vy − Z0Iz − a2,
o\ �Ý� Ýp

b2 = Vy + Z0Iz − a1,
o\ �Ý�\p

b3 = Vz + Z0Iy − a4,
o\ �Ý�]p

b4 = Vz − Z0Iy − a3,
o\ �Ý��p

b5 = Vz − Z0Ix − a6,
o\ �Ý�«p

b6 = Vz + Z0Ix − a5,
o\ �Ý�¬p

b7 = Vx + Z0Iz − a8,
o\ �Ý�ìp

b8 = Vx − Z0Iz − a7,
o\ �Ý�êp

b9 = Vx − Z0Iy − a10,
o\ �Ý�óp

b10 = Vx + Z0Iy − a9,
o\ �Ý«½p

b11 = Vy + Z0Ix − a12,
o\ �Ý«Ýp

b12 = Vy − Z0Ix − a11,
o\ �Ý«\p

b13 =
√

YxVx − a13,
o\ �Ý«]p

b14 =
√

YyVy − a14,
o\ �Ý«�p

b15 =
√

YzVz − a15,
o\ �Ý««p

b16 = −
√

ZxZ0Ix + a16,
o\ �Ý«¬p

b17 = −
√

ZyZ0Iy + a17,
o\ �Ý«ìp

b18 = −
√

ZzZ0Iz + a18.
o\ �Ý«êp

se mjqbj fm wn|b kmeebkfdme m{bjnfdmew }mj fab wamjf wfv�w Ý¬ r Ýì neq Ýêkmjjbw{meqdet fm fab ebtnfd|b jb3bkfdme nf fab wfv� beqw r fab ~nwf fajbb jb3bkfbq�n|b nl{~dfvqbw an|b fm � b fn�be nw fabdj m{{mwdfb r mj fm � b {jbkdwb
b16 = −(−

√

ZxZ0Ix + a16),
o\ �Ý«óp

b17 = −(−
√

ZyZ0Iy + a17),
o\ �Ý¬½p

b18 = −(−
√

ZzZ0Iz + a18).
o\ �Ý¬ Ýp
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`ab n�m|b {jbwbefbq lmqd�knfdme m} fab wknffbjdet n~tmjdfal dw vwbq }mj fabwfjndtaf }mj�njq `xy wkabl b qbn~det � dfa fab

(ΓS)
m{bjnfmj � s} fab wknffbjdet{jm kbqvjb }m~~m� w n}fbj fab kmeebkfdme ofab �nk��njq `xy wkabl b � dfa fabm{bjnfmj o

SΓ )
dw ebkbwwnj� }mj ��y jbn~d�nfdmew �nwbq me fab emegw�llbfjdk������� n~tmjdfal p fab ~nwf fajbb jb3bkfbq wfv� nl{~dfvqbw an|b fm � b bzgkanetbq }mj

b16 = −
√

ZxZ0Ix − a16,
o\ �Ý¬\p

b17 = −
√

ZyZ0Iy − a17,
o\ �Ý¬]p

b18 = −
√

ZzZ0Iz − a18,
o\ �Ý¬� p

fanf n~~m� w fm wn|b ebtnfd|b jb3bkfdme nf fab wamjf wfv�w � se nqqdfdme r fab fmfn~jdet kvjjbefw an|b fm � b kn~kv ~nfbq nw

Z0Ix =
2(a5 − a6 − a11 + a12 −

√
Zxa16)

4 + Zx +Rx
,

o\ �Ý¬«p

Z0Iy =
2(−a3 + a4 + a9 − a10 −

√
Zya17)

4 + Zy +Ry
,

o\ �Ý¬¬p

Z0Iz =
2(a1 − a2 − a7 + a8 −

√
Zza18)

4 + Zz +Rz
.

o\ �Ý¬ìp
� �¬ �� �F52�1H� �F2� 0G0F23
se {jnkfdkb ne b~bkfjmlntebfdk wfjvkfvjb dw bl�bqqbq de n �edfb kml{vfnfdmen~jbtdme � dfa �mveqnj� kmeqdfdmew � � ad~b Þ¸¼>Þy¼ qm emf {mwb n kan~~betb r fablmqb~det m} jnqdnfdet �mveqnj� kmeqdfdme w jbl ndew n �dt dwwvb � sl{jm{bj n�gwmj�det �mveqnj� kmeqdfdmew jbwv~f de �nk� wknffbjdet m} b~bkfjml ntebfdk �n|bw}jml �mveqnjdbw defm kml{vfnfdmen~ jbtdme � `abwb �nk� wknffbjbq �n|bw degfbj}bjb � dfa {jm{ntnfdet lmqbw neq bibkf fab �b~q wm~vfdme d} emf kmjjv{f df �Þmfbefdn~~� fab dl{nkf m} �nk� wknffbjdet td|bw jdwb fm �jmet defbj{jbfnfdmew m}tndebq jbwv~fw � cmj fabwb jbnwmew n ~mf m} qdibjbef lbfamqw njb {jm{mwbq fmlmqb~ jnqdnfdet kmeqdfdmew m} ne m{be wfjvkfvjb � �m fab qdwkjbfd�nfdme m} fabnen~�fdkn~ kmeqdfdmew 1ê]2 neq C�����r� bz{newdme }mj fab {~neb �n|b wm~vfdme1\Ý2 njb qbwkjd� bq de ~dfbjnfvjb � �{{~dknfdme m} Ç�³³� r� }vekfdmew fm lmqb~�mveqbq jbtdmew � dfa |njdmvw l bqdn dw {jm{mwbq 1¬¬2 r �vf de tbebjn~ fab kn~kvg~nfdme m} Ç�³³� r� }vekfdmew dw n kml{~dknfbq {jm kbqvjb fanf ~dl dfw fabdj vwntb ��eb m} fab � bwf kamdkb }mj fjveknfdet l bqdn njb lnfkabq ~n�bjbq n�wmj� bjw r�abjb b~bkfjdk neq l ntebfdk ~mwwbw njb defjmqvkbq de ~n�bjw fm n�wmj� dekdqbefb~bkfjml ntebfdk �n|bw � � jfd�kdn~ � ;7� ;6H<P 4 5H6I ;: <5P;7= oÞyxp de fab `xyowbb 1]ê2 r 1ìì2 neq 1�½2p n~~m� fm nka db|b � bffbj n�wmj{fdme fane lnfkabq ~n�bj n�gwmj� bjw r �vf fabdj dewfn� d~df dbw l n�b fab vwntb m} vekmeqdfdmen~~� wfn�~b 45H6I ;:<5P;7= oy xp lmjb nffjnkfd|b � `ab wdl{~bwf n�wmj�det �mveqnj� kmeqdfdmew ~d�bn l nfkabq ~mnq � dfa fab �bjm jb3bkfdme km b� kdbef on jb3bkfdme }jbb �n~~p �db~q|bj� tmmq n{{jmz dl nfdmew de l ne� knwbw nw �b~~ � ·m�b|bj fabwb l bfamqw me~��db~q n{{jmz dl nfb wm~vfdmew m} fab {jm�~bl neq jbuvdjb wmlb qdwfnekb � bf�bbefab wfjvkfvjb fm � b lmqb~bq neq fab �mveqnj� m} fab kml{vfnfdmen~ qml nde �`ab {mfbefdn~~� bznkf `xygyv~fd{ m~b ¸z{newdme o`xygy¸ p n{{jmnka r �abjbfab b~bkfjml ntebfdk �b~q mvfwdqb m} fab w{abjdkn~ �mveqnj� m} fab kml{vfnfdmen~qmlnde dw bz{neqbq defm w{abjdkn~ �n|bw mjdtdenfdet nf fab kbefbj m} fab w{abjb rdw {jm{mwbq neq wfvqdbq de 1ì\2 �



c (°( %&$ûþ)û$e )�� +ÿ� ]ó
se fab }jnl b�mj� m} {jbwbef qdwwbjfnfdme fajbb �deqw m} �mveqnj� kmeqdfdmewnjb {jbwbefbq g mebg neq f�mgwdqb jb3bkfdme �n~~w r yx neq `xygy¸ � sf qmbwemf l n�b n �dt qdibjbekb r �adka �deq dw v wbq }mj y��gfbkaeduvbw r � bknvwb�mveqnj� kmeqdfdmew kanetb fab wfjvkfvjb m} fab kmeebkfdme m{bjnfmj �vf emfdfw {jm{ bjfdbw � cmj lmjb qbfnd~w wbb fab wbkfdme n�mvf fab kmeebkfdme m{bjnfmj �

�Ôâñ÷ÛØâØ � â±âÚÕÛ×Ô ²ãõõ
se mjqbj fm lmqb~ n�wmj�det �mveqnj� kmeqdfdme w n l nfkabq jb3bkfdme }jbb �n~~lvwf an|b fab wvj}nkb dl{bqnekb

Zload =

√
µr

εr
Z0 .

o\ �Ý¬êp
sekdqbef �n|bw }n~~det emjl n~ fm fab �n~~ � dfa wuvnjb kb~~w neq � dfa fabdl{bqnekb

Zload
njb }v~~� n�wmj� bq � se tbebjn~ r fab ~m kn~ jb3bkfdme kmb� kdbefdw qb{ beqbef me wd�bw m} fab �n~~ kb~~ neq kne �b bz{jbwwbq fajmvta fab bibkfd|bjb3bkfdme kmb� kdbef ofab �nefbq jb3bkfdme kmb� kdbefp nw

rloc =
r0 + reff

1 + r0reff
,

o\ �Ý¬óp
�abjb

r0 =

i‖
i⊥

√
µr

εr
− 1

i‖
i⊥

√
µr

εr
+ 1

o\ �Ýì½p

� dfa emjl bq kb~~ wd�bw
i‖ ∈ {ix, iy, iz} , i‖ ‖ ai ,

o\ �ÝìÝp
i⊥ ∈ {ix, iy, iz} , i⊥ ⊥ ai .

o\ �Ýì\p
`ab |njdn� ~bw

i‖
neq

i⊥
lbne fab kb~~ wd�bw de qdjbkfdmew {njn~~b~ neq {bj{ beqdkvg~nj fm fab dekdqbef �n|b nl{~dfvqb jbw{ bkfd|b~�� cmj bznl{~b r d} fab

a4
nl{~dfvqbdw kmewdqbjbq r de nkkmjqnekb � dfa cdt � \ �\ �b an|b

i‖ = iz
neq

i⊥ = iy
� �b emfb rfanf b|be famvta fab bibkfd|b jb3bkfdme kmb� kdbef dw wbf fm �bjm r fab ~m kn~ jbg3bkfdme dw emf r fanf r nkfvn~~�r kmewbj|bw fab `xy enfvjb � cmj Þ¸¼>Þy¼ �ban|b

reff = ±1
fanf �db~qw

rloc = ±1
�ëmveqnj� kmeqdfdmew � dfa �zbq jb3bkfdme kmb� kdbefw

rloc
qm emf fn�b defmkmewdqbjnfdme fab qb{ beqbekb me fab }n~~det �n|b net~b neq r favw r {jbwbef n �jwfmjqbj n{{jmz dl nfdme � ·m�b|bj r fab� kne �b b� kdbef~� vwbq }mj fjbnfl bef m}evl bjmvw b~bkfjml ntebfdk {jm�~bl w �

à³×ñ÷ÛØâØ � â±âÚÕÛ×ÔñàÖãÔäå ÛääÛ×Ô ²ãõõ
� f�mgwdqb jb3bkfdmegfjnewl dwwdme �n~~ dw vwbq d} n |bj� fade ~n�bj � dfa kmewfnefwvj}nkb dl{bqnekb anw fm � b lmqb~bq � �kfvn~~�r n ~n�bj � dfa fadk�ebww

d
kne�b wdlv~nfbq me~� �� meb emqb � ·m�b|bj r de fadw knwb fab wl n~~bwf w{nkb wfb{ dwm}fbe qb�ebq �� fab fadk�ebww m} fab ~n�bj r d �b �

∆l = d
fanf ~bnqw fm n wdted�knefdekjbnwb m} kml{vfnfdmen~ bimjf � `ab vwb m} n f�mgwdqbq jb3bkfdme �n~~ n~~m� wfm nen~��b b~bkfjml ntebfdk wfjvkfvjbw � dfa qdwkjbfd�nfdme m} ~m�bj mjqbj neq rfabjb}mjb r fm wn|b kml{vfnfdmen~ fdl b neq lblmj�� `adw �n~~ dw jb{jbwbefbq |dn
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nqqdfdmen~ �mveqnj� kmeqdfdmew r �adka lmqb~ n kanetb m} fab �n|b dl{bqnekb ��eb {njf m} ne dekdqbef �n|b dw jb3bkfbq �nk� neq fab wbkmeq meb dw fjnewl dffbqfajmvta fab �n~~ fm fab nq� nkbef kb~~ � se fab knwb r n fade ~n�bj dw qdwkjbfd�bq rfab �n|b dl{bqnekb �vl{ dw fn�be defm nkkmvef fajmvta l nfbjdn~ {jm{ bjfdbw de{jm kbww m} fab kmeebkfdme r neq fab ~mww de fab fade ~n�bj njb kmewdqbjbq de fabwknffbjdet l nfjdz omj m{ bjnfdme p �`ab jbuvdjbq jb3bkfdme

rloc
neq fjnewl dwwdme

tloc
kmb� kdbefw njb kn~kv~nfbqnw

rloc = − 1

1 + 2Y0ρ�

i‖
i⊥

,
o\ �Ýì]p

tloc =
Y0ρ�

Y0ρ� +
i‖
i⊥

,
o\ �Ýì� p

�abjb
ρ�

dw fab wvj}nkb dl{bqnekb m} fab fade ~n�bj fm � b lmqb~bq � s} fab w�degbibkf {~n�w n �dt jm~b r fabe lmjb kml{~dknfbq lmqb~w an|b fm � b vwbq r b �t � de1«ê2 �̀ a b f�mgwdqbq jb3bkfdmegfjnewl dwwdme �n~~ kne �b wbewd�~� neq b� kdbef~�vwbq }mj nen~�wdw m} {~nenj kdjkvdfw r bw{ bkdn~~� }mj l dkjmwfjd{ ~deb �nwbq f�{bw �·m�b|bj r fab wdfvnfdme dw l mjb kml{~dknfbq r d} km{~nenj �n|btvdqb �nwbq kdjkvdfwan|b fm � b wdlv~nfbq �
ç ãÕÚáâØ æãïâÖ �ðä×Öð âÖä
se l nfkabq ~n�bjw oyxwp fab ~mww m} fab n�wmj� det lnfbjdn~ jndwbw }jml ~n�bj fm~n�bj r �abjbnw fab �n|b dl{bqnekb dw �b{f kmewfnef r mj fm � b {jbkdwb

ZML1
=

√
µ

ε
= ZMLi

=

√

µ+ σmi

ω

ε+ σei

ω

.
o\ �Ýì«p

`ab bu � o\ �Ýì«p am~qw d}
µ

ε
=

σmi

σei
.

o\ �Ýì¬p
`ab b~bkfjdk kmeqvkfd|df� de fab l nfkabq ~n�bjw dw dekjbnwbq nkkmjqdet fm

σi = σmax

(
i

NML

)p

,
o\ �Ýììp

�abjb
i
qbemfbw fab deqbz m} fab yx r

σmax
dw fab l nzdlvl kmeqvkfd|df� de fabmvfbj ~n�bj

NML
�adka dw kn~kv~nfbq nw

σmax = −α(p+ 1) ln(R0)

2NML∆lZ0
.

o\ �Ýìêp
·bjb

α
dw n kmewfnef kanetdet qdw{ bjwdme �ban|dmj de ebdta�mjdet n�wmj�det~n�bjw � dfa qdibjbef l bqdn {njnl bfbjw r

R0
dw fabmjbfdkn~ jb3bkfdme r

p
qbemfbwfab {jm� ~b kmb� kdbefw � ¼ml{jbabewd|b de|bwfdtnfdmew me fab m{fdl n~ {njnl bfbjkml�denfdmew njb {jbwbefbq de 1ó�2 � �b emfb fanf }jml {jnkfdkn~ de|bwfdtnfdme dfdw �em�e fanf

α = 0.1
r
R0 = 10−4 neq p = 1

td|b fab � bwf { bj}mjl nekb }mj fabl nfkabq «g~n�bjw n�wmj�bj � `anf dw n l nffbj m} kmvjwb r fab fadk�bj fab n�wmj�det~n�bj neq fab 3nffbj fab {jm� ~b njb fab � bffbj n�wmj{fdme � d~~ � b nkadb|bq �



c (°( %&$ûþ)û$e )�� +ÿ� � Ý
cmj meb l nfkabq ~n�bj � dfa

j
deamlmtbebmvw l nfbjdn~w fab ebzf bz{jbwwdmedw |n~dq

σ1
e

ε1
=
σ1

m

µ1
= · · · =

σj
e

εj
=
σj

m

µj
.

o\ �Ýìóp
¸|be famvta fab l nfkabq ~n�bj n�wmj� bjw kne �b {~nkbq jb~nfd|b k~mwb fm nwfjvkfvjb fm � b wdlv~nfbq r fabdj dl{~bl befnfdme jbuvdjbw «g Ý« nqqdfdmen~ kb~~w nfbnka �n~~ fanf kne knvwb wdted�knef~� w~m�bj kme|bjtbekb m} y��gn~tmjdfal w ��dekb fab wknffbjdet neq kmeebkfdme m{bjnfdmew an|b fm � b { bj}mjlbq de fabn�wmj�det ~n�bjw nw �b~~ r fab wd�b m} fab �n|b nl{~dfvqb wfnfb |bkfmj dw ~metbj ��fab fmfn~ evl�bj m} nqqdfdmen~ kb~~w

2NML(lm+mn+ ln)
︸ ︷︷ ︸{~nfb jbtdmew +4N2

ML(l +m+ n) + 8N3
ML

︸ ︷︷ ︸bqtb jbtdmew
o\ �Ýê½p

lv~fd{~dbq �� Ý\ mj Ýê �n|b nl{~dfvqbw r b �t � �b an|b fm fjbnf Ý\¬ ½½½ |njdn�~bw� dfa mj «� ½½½ � dfamvf bqtb jbtdmew lmjb de knwb m} « yxw }mj n
10 × 10 × 10qdwkjbfd�bq wfjvkfvjb � dfa ~mwwbw � �b emfb fanf bqtb jbtdmew njb defbjwbkfdmew m}{~nfb jbtdmew neq jbuvdjb qdibjbef {njnl bfbjw �

àáâ àæç ñç´ �øøÖ×ãÚá
`ab n�m|bgl befdmebq l bfamqw n~~m� fm {vf �mveqnj� kmeqdfdmew v{ fm ebnj �b~qjbtdmew r am�b|bj r fabwb l bfamqw me~� �db~q n{{jmz dl nfb wm~vfdmew m} fab jnqdnfgdet �mveqnj� kmeqdfdme {jm�~bl neq n~�n�w jbuvdjb wml b qdwfnekb � bf�bbe fabwfjvkfvjb fm � b lmqb~bq neq fab �mveqnj� m} fab kml{vfnfdmen~ qml nde � `mlmqb~ jnqdnfdet b~bkfjml ntebfdk wfjvkfvjbw n a��jdqd�nfdme `xygy¸ dw defjmgqvkbq de 1ì\2 � � wdlv~nfdme jbtdme dw qd|dqbq defm f�m wv�gqml ndew D de wdqb m}n w{abjb neq mvfwdqb m} df � � dfade n w{abjdkn~ jbtdme kml{~bz b~bkfjml ntebfdkwfjvkfvjbw njb lmqb~bq � dfa fab `xy lbfamq � �vfwdqb fab w{abjdkn~ jbtdme fab�b~q dw bz{neqbq defm w{abjdkn~ �n|bw � �f fab �mveqnjdbw m} fab w{abjdkn~ jbgtdme fab `xy wm~vfdme dw l nfkabq fm fab lv~fdg{ m~b bz{newdme oy¸ p m} fab �b~qde fab mvfbj jbtdme � `adw �db~qw n {mfbefdn~~� bznkf lmqb~det m} fab jnqdnfdet�mveqnj� kmeqdfdmew neq n~~m� fm tbf k~mwbj fm n wfjvkfvjb fm � b nen~��bq r neqb|be defm fab ebnj �b~q � `m {bj}mjl fab `xy wdlv~nfdme dewdqb fab w{abjdkn~kml{vfnfdme qmlnde fab w{abjb dw n{{jmz dl nfbq �� kv�dk `xy kb~~w nw wam�ede cdt � \ �] �`ab nq|nefntb m} fadw `xygy¸ lbfamq dw fanf df dw { mfbefdn~~� bznkf neqfanf fab �nwdw }vekfdmew m} fadw bz{newdme njb mjfamtmen~ � `adw �db~qw n kml{nkf~vl{bq b~blbef buvd|n~bef kdjkvdf jb{jbwbefnfdme m} fab jnqdnfdet lmqbw �abjbb|bj� jnqdnfdet lmqb dw qbwkjd� bq �� n ~vl{bq b~bl bef x¼ ~nqqbj ebf�mj�fbjl denfbq � dfa fab jnqdnfdme jbwdwfmj � `ab kmeebkfdme m} fab mvfbj �mveqnjdbwm} fab `xy kb~~w � dfa fab w{abjdkn~ l mqbw dw bwfn�~dwabq �� n kdjkvdf kmewdwfdetm} dqbn~ fjnew}mjlbjw me~��`ab qdwkjbfd�bq `xy b~bkfjml ntebfdk �b~q nf n~~ em qbw me fab n{{jmz dl nfbqw{abjb ocdt � \ �]p de fab knjfbwdne kmmjqdenfb w�wfbl kne �b fjnew}mjl bq defmfjnew|bjwb w{abjdkn~ �b~q � �b qbemfb fadw fjnew}mjl bq `xy b~bkfjml ntebfdk�b~q nf fdl b

k
nw

kFt = [kEϑ, kEϕ, kHϑ, kHϕ]T .
o\ �Ýê Ýp
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cdtvjb \ �] D � w{abjdkn~ wdlv~nfdme qml nde �
`ab fjnew|bjwb b~bkfjmlntebfdk �b~q m�fndebq �� fab `xy kne �b bz{jbwwbqnf fab w{abjb �mveqnj� nw n ~debnj kml�denfdmew m} fab �nwdw }vekfdmew m} fabb|be obp neq mqq om p jnqdnfdet lmqbw nkkmjqdet fm

kFt =
∑

n,m

kα
e fe +

∑

n′,m′

kα
o fo ,

o\ �Ýê\p

�abjb
fe = [(emn)e

ϑ, (emn)e
ϕ, (hmn)e

ϑ, (hmn)e
ϕ] ,

o\ �Ýê]p

fo = [(emn)o
ϑ, (emn)o

ϕ, (hmn)o
ϑ, (hmn)o

ϕ] .
o\ �Ýê� p

`ab �nwdw }vekfdmew m} fab `y jnqdnfdet lmqbw njb td|be nw
{

(emn)e
ϑ

(emn)o
ϑ

}

= −cmn sinϑPm′

n (cosϑ)

{
cosmϕ
sinmϕ

}

,
o\ �Ýê«p

{
(emn)e

ϕ

(emn)o
ϕ

}

= cmn
1

sinϑ
mPm

n (cosϑ)

{
− sinmϕ
cosmϕ

}

,
o\ �Ýê¬p

ZTM
mn (hmn)e = r0 × (emn)e ,

o\ �Ýêìp
ZTM

mn (hmn)o = r0 × (emn)o ,
o\ �Ýêêp

neq fab �nwdw }vekfdmew m} fab `¸ jnqdnfdet lmqbw njb
{

(emn)e
ϑ

(emn)o
ϑ

}

= −cmn
1

sinϑ
mPm

n (cosϑ)

{
− sinmϕ
cosmϕ

}

,
o\ �Ýêóp

{
(emn)e

ϕ

(emn)o
ϕ

}

= −cmn sinϑPm′

n (cosϑ)

{
cosmϕ
sinmϕ

}

,
o\ �Ýó½p

ZTE
mn (hmn)e = r0 × (emn)e ,

o\ �Ýó Ýp
ZTE

mn (hmn)o = r0 × (emn)o .
o\ �Ýó\p
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·bjb r

cmn
njb emjl n~d�nfdme kmb� kdbefw qb{ beqdet me

m
neq

n
O
Pm

n (cosϑ)
neq

Pm′

n (cosϑ)
njb xbtbeqjb {m~�eml dn~w neq fabdj qbjd|nfdmew � dfa jbw{ bkf fm fabnjtvl bef

(cosϑ)
O neq

r0
dw fab vedf jnqdvw �¹ wdet fab mjfamtmen~df� m} fab jnqdnfdet lmqbw fab kmb� kdbef l nfjdkbw

kα
eneq

kα
o nf fab fdl b k kne �b }mveq fajmvta fab {jm� bkfdme m} fab jnqdnfdetlmqbw onkfvn~~� fabdj �nwdw }vekfdmewp mefm fab qdwkjbfd�bq `xy fjnew|bjwb b~bkgfjml ntebfdk �b~q

kFt
me fab w{abjb �`ab �n|b dl{bqnekbw m} fab `y jnqdnfdme lmqbw me fab wvj}nkb m} fab w{abjbnjb td|be ��

ZTM
nm =  η

(H
(2)
n (kr0))

′

H
(2)
n (kr0)

,
o\ �Ýó]p

neq m} fab `¸ jnqdnfdme lmqbw ��

ZTE
nm = − η H

(2)
n (kr0)

(H
(2)
n (kr0))′

o\ �Ýó�p

�abjb
η =

√

µ/ε
dw fab �n|b dl{bqnekb m} fab {~neb �n|b O

H
(2)
n (kr0) =

kr0h
(2)
n (kr0)

�dfa
h

(2)
n (kr0)

�bdet fab w{abjdkn~ ¾��Å³� }vekfdmew m} fab wbkgmeq �deq O
(H

(2)
n (kr0))

′ njb qbjd|nfdmew � dfa jbw{ bkf fm fab (kr0)
njtvlbef �¹ wdet fab jbkvjjbekb }mjlv~n }mj fab w{abjdkn~ ¾��Å³� }vekfdmew n kmefdevbq}jnkfdme bz{newdme m} fab �n|b dl{bqnekbw anw � bbe {jm{mwbq de 1\¬2 }mj fabmvf�njq {jm{ntnfdet `y lmqbw nw

ZTM
mn = η









n
jkr + 1

2n−1

jkr
+ 1

2n−3
jkr

+ � � �
+ 1

3
jkr

+ 1
1

jkr
+1









o\ �Ýó«p

neq }mj mvf�njq {jm{ntnfdet `¸ lmqbw nw

ZTE
mn = η










1
n

jkr
+ 1

2n−1
jkr

+ 1
2n−3
jkr

+ 1
2n−5
jkr

+ � � �
+ 1

3
jkr

+ 1
1

jkr
+1










o\ �Ýó¬p

`abwb kmefdevbq }jnkfdme bz{newdmew jb{jbwbef fab h5E;7 65M8MK6 7;5<Kµ 5HK8M=m} fab mvf�njq {jm{ntnfdet `y lmqbw ocdt � \ �� onpp neq `¸ lmqbw ocdt � \ �� o� pp �`ab buv d|n~bef kdjkvdf bz{newdme m} w{abjdkn~ �n|bw dw fjbnfbq de fab �mm�w m}
¾�����»´�� 1�ó2 neq ¶³��³� 1�\2 ��b emfb fanf fab buv d|n~bef kdjkv df jb{jbwbefdet fab `¸

mn
lmqb dw qvn~ fmfab buvd|n~bef kdjkv df jb{jbwbefdet fab `y

mn
lmqb � `ab buvd|n~bef kdjkvdfw}mj fab jnqdnfdme lmqbw bzad�df a dta{{nww kanjnkfbj � cmj |bj� ~m� }jbuvbekdbwfab �n|b dl{bqnekb m} fab `y

mn
lmqb dw jb{jbwbefbq �� n kn{nkdfmj

C0n =
εr/n

neq fab kanjnkfbjdwfdk dl{bqnekb m} fab `¸
mn

lmqb dw jb{jbwbefbq �� nedeqvkfmj
L0n = µr/n

� cmj
f → ∞ �b m�fnde

ZTM
mn , Z

TE
mn → η

�� kml{~bfb buvd|n~bef kdjkvdf m} fab kmeebkfdme �bf�bbe jnqdnfdme lmqbw neqw{abjdkn~ `xy qmlnde n~wm kne �b w�efabwd�bq � cmj fadw {vj{mwb �b qbn~ � dfa
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Z
mn

TE µ r
 n

   ε r
2n - 5

   ε r
2n - 1

   µ r
2n - 3

η

·¸¹ º» ¼½¾¿À¸Á¼»Â Ã¿ÄÃ¾¿Â ÅÆÄ ÇÈ
mn ÉÆÊ¼Ë

Z
mn

TM

ε r
 n

   ε r
2n - 3

   µ r
2n - 1

   µ r
2n - 5

η

·Ì ¹ º» ¼½¾¿À¸Á¼»Â Ã¿ÄÃ¾¿Â ÅÆÄ ÇÍ
mn ÉÆÊ¼Ë

cdtvjb \ �� D º�¶³� knemedk jbn~d�nfdmew m} fab jnqdnfdme lmqbw �
�n|b nl{~dfvqbw qdjbkf~� � dfamvf kml{vfdet fab b~bkfjml ntebfdk �b~qw me fabw{abjb de ne bz{~dkdf }mjl � `ab w{abjdkn~ �nwdw }vekfdmew njb fjnew}mjl bq defmknjfbwdne kmmjqdenfb w�wfbl � `ab {jm� bkfdme kmb� kdbefw lnfjdz dw kml{vfbq defdl bgqml nde qdjbkf~� de n knjfbwdne kmmjqdenfb w�wfbl n~wm � `ab �nk� jb3bkfbq fmfab `xy qmlnde �n|b nl{~dfvqbw me fab n{{jmz dl nfbq w{abjb njb kml{vfbq ��n fjnew}mjl nfdme ebf�mj� jb{jbwbefdet fab {jm� bkfdme m{bjnfdme neq kmeebkfbqfm fab º�¶³� knemedk jbn~d�nfdme m} fab

mn
gjnqdnfdme lmqb � `ab kmjjbw{meqdett~m�n~ bibkfd|b jb3bkfdme kmb� kdbef de fab mvfbj jbtdme }mj fab

mn
gl mqb dw td|benw

(ρmn)eff =
Zmn − η

Zmn + η
.

o\ �Ýóìp
�fjdkf~� w{ bn�det r fab bibkfd|b jb3bkfdme kmb� kdbef dw qb{ beqdet me fab }jbguvbek� neq anw fm � b fjnew}mjl bq de fm fab fdl bgqml nde r d �b �

(ρmn)eff (ω) −→ (ρmn)eff (t) .
o\ �Ýóêp

`ab ~m kn~ jb3bkfdme kmb� kdbefw }mj fab deebj `xy qmlnde kne �b m�fndebqfajmvta fab wknffbjdet l nfjdz m} fab fjnew}mjlnfdme ebf�mj� � �kfvn~~�r fadw wknfgfbjdet lnfjdz qbwkjd� bw fab kml{~bfb kmeebkfdme �bf�bbe dekdqbef neq wknffbjbq�n|b nl{~dfvqbw de f�m kml{vfnfdmen~ qml ndew � � w bznl{~b r fab fjnew}mjlbjebf�mj� }mj fab kmeebkfdme m} fab
mn{fa jnqdnfdme lmqb fm fab `xy qmlnde}mj fab wbkmeq neq }mjfa fjnewl dwwdme ~debw o}mj meb m} fab wdz �¼Ã njl wp nffab emqb

j
dw wam�e de cdt � \ �« � ¸ nka njl m} fab

j
gfa �¼Ã nq� nkbef fm fabw{abjb dw jb{jbwbefbq �� dfw f�m {mjfw r �adka njb ~de�bq � dfa fab {mjfw m} n~~kb~~w n{{jmz dl nfdet fab w{abjb � cmj lmjb qbfnd~w fab jbnqbj dw jb}bjjbq fm 1ì\2neq 1ìÝ2 �`ab bl�bqqdet m} ne b~bkfjml ntebfdk wfjvkfvjb fm � b wdlv~nfbq dewdqb fabw{abjb n~~m� w fm jbqvkb fab fmfn~ evl�bj m} kb~~w de fab kml{vfnfdmen~ jbtdmeneq fab evl�bj m} �mveqnj� kb~~w de kml{njdwme fm fab vwntb m} jb3bkfdme }jbb�n~~w nw jnqdnfdet �mveqnj� kmeqdfdmew � s} n kv�dk �mz � dfa fab wdqb ~betfa

d→ ∞ dw kml{njbq � dfa fab buvn~ w{abjb m} qdnl bfbj
d→ ∞ fabe fab evl�bj
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port (i)
a2, j

b2, j

b4, j

a4, j
port (i+1)

1:n2, j

1:n4, j

η

mn-th radiation
       mode

port (i-1)

port (i+2)

ak, j-1

bk, j-1
1:nk, j-1

1:nk, j+1

ak, j+1

bk, j+1

cdtvjb \ �« D `jnew}mjl bj ebf�mj� }mj fab kmeebkfdme m} fab
n{fa jnqdnfdme lmqbfm fab `xy qmlnde }mj fab wbkmeq neq }mjfa fjnewl dwwdme ~debw nf fab emqb

j
�

m} fmfn~ neq �mveqnj� f�mgqdl bewdmen~ kb~~w dw jbqvkbq �� }nkfmj m}
6/π

�dfa
∆l → 0

� � kml{njdwme }mj n tbmlbfjdkn~ n{{jmzdl nfdme }mj fab Ý½ × Ý½ × Ý½�mz neq buvn~ w{abjb dw t d|be de `n�~b \ �\ �

`n�~b \ �\ D ¼ml{njdwme m} fab �mz neq w{abjb qml ndew �
�fjvkfvjb `mfn~ ]gh kb~~w ëmveqnj� \gh kb~~w
ëmz Ý ½½½ ¬½½
�{abjb �ê½ �«¬


×åøãÖÛä×Ô × � ��
 �øøÖ×èÛå ãÕÛ×Ôä
cjml fab n�m|bgqbwkjd� bq fbkaeduvbw }mj lmqb~det m} fab jnqdnfdet �mveqnj�kmeqdfdmew o�ë¼p �b wvllnjd�b fabdj dl{mjfnef {jm{bjfdbw abjb � � �jdb} kmlg{njdwme m} fab n{{jmz dl nfdmew dw {jbwbefbq de C�È�³ \ �] � `ab de3vbekb m} �ë¼wme fab y�� kme|bjtbekb dw td|be � dfa jb}bjbekb fm fab mebgwdqbq jb3bkfdme }jbb�n~~ �

`n�~b \ �] D ¼ml{njdwme m} �ë¼ n{{jmz dl nfdmew �
y bfamq �{{jmzdl nfdme uvn~df� se3vbekb me y�� kme|bjtbekb
�n~~ tmm q em

yx>Þyx |bj� tmmq ebtnfd|b
`xygy¸ |bj� tmmq {mwdfd|b
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� �¬ �Î ÏÐ:0G1G0F2
�e b~bkfjmlntebfdk wfjvkfvjb fm � b wdlv~nfbq dw bzkdfbq emjl n~~� �� fab emjgl n~d�bq Ç�¶�� {v~wb

gg(t) = 2fg exp(−π(2fgt)
2)

o\ �Ýóóp
� dfa

∫ ∞

−∞

gn(t)dt = 1 .
o\ �\½½p

`ab w{ bkfjvl m} fab emjl n~d�bq Ç�¶�� {v~wb dw t d|be �� dfw ¶�¶��³� fjnewg}mjl
Sg(f) = exp

(

−πf
2

4f2
g

)

.
o\ �\½ Ýp

`ab Ç�¶�� {v~wb wa d}fbq de fdl bgqmlnde dw td|be nw
gg(t) = 2fg exp(−π(2fg(t− t0))

2) .
o\ �\½\p

se mjqbj fm wad}f fab w{ bkfjvl m} fab bzkdfnfdme wdten~ fab Ânvwwdneglmqv~nfbqwdevwmdqn~ kne �b vwbq r d �b �
gn(t) = 2fg exp(−π(2fg(t− t0))

2) · sin(2πfct) ,
o\ �\½]p

�abjb
fc
dw fab kbefbj }jbuvbek�r neq

fg
dw n {njnl bfbj fm kmefjm~ fab �neq� dqfaneq fab nl{~dfvqb m} fab Ç�¶�� wdten~ �se mjqbj fm bzkdfb n~~ { mwwd� ~b l mqbw r b �t � a dtabj r w{vjdmvw neq defbjl bwalmqbw r fab É ���� {v~wb kne �b n{{~dbq

gg(t) =

{
δ,

d}
t = t0

0,
d}

t 6= t0
.

o\ �\½� p
�kfvn~~�r n wfjvkfvjb dw bzkdfbq �� fab |m~fntb neq>mj �� fab kvjjbef {v~wbwkmjjbw{meqdet fm fab �nwdk lmqb � cmj wml b wfjvkfvjb ~d�b l dkjmwfjd{ ~deb neq>mjkm{~nenj �n|btvdqb wfjvkfvjbw df dw |bj� wdl{~b fm qb�eb fab de{vfgmvf{vf |m~fgntbw neq kvjjbefw kmjjbw{meqdet fm fab }veqnl befn~ neq fm wb|bjn~ adtabj lmqbwnw �b~~ � `abwb |m~fntbw neq kvjjbefw kne �b fjnew}mjl bq fm fab b~bkfjml ntebfdk�b~qw neq r kmewbuvbef~�r fm fab �n|b nl{~dfvqbw r neq |dkb |bjwn � cmj �n|btvdqbwfjvkfvjbw m{ bjnfdet emf me~� � dfa fab }veqnl befn~ lmqb r fab l n{{det �bf�bbefab de{vfgmvf{vf |m~fntbw oneq kvjjbefwp neq fab �n|b nl{~dfvqbw dw qd� kv~f fmm�fnde � �dekb em bdtbe|n~vb {jm�~bl w njb kmewdqbjbq de fab fdl bgqml nde `xylbfamq r fab f�mgqdl bewdmen~ wm~|bjw }jml mfabj }jbuvbek�gqml ndeg�nwbq evgl bjdkn~ l bfamqw r b �t � c dedfbg¸ ~bl bef mj y mqbgy nfkadet lbfamqw owbb ¼an{fbj]p r kne �b vfd~d�bq de mjqbj fm m�fnde fab �b~q {nffbje neq fab �g{njnl bfbjwofab |m~fntbw neq kvjjbefw wdlv~fnebmvw~� p }mj bnka wb{njnfb lmqb � `abwb f�mgqdl bewdmen~ wm~vfdmew njb dl{mwbq mefm fab b~bkfjml ntebfdk �b~qw m�fndebq ��`xy r neq r fabjb}mjb r fab jbuvdjbq |m~fntbw neq kvjjbefw }mj bnka lmqb kne �bkml{vfbq �� fab defbtjnfdme m} fab {jm� bkfbq b~bkfjdk neq>mj l ntebfdk �b~qw �cmj lmjb qbfnd~w fab jbnqbj dw jb}bjjbq fm fab ¼an{fbj ] �`ab wbkmeq {mwwd�d~df� fm m�fnde fab �g{njnlbfbjw dw fab vwb m} n jb}bjbekbwfjvkfvjb � `adw n{{jmnka n~~m� w fm tbf fab �g{njnl bfbjw bdfabj �� lbnew m} fab|m~fntbw mj |dn fab kvjjbefw me~�� `ab de|bwfdtnfbq neq fab jb}bjbekb wfjvkfvjbnjb bzkdfbq �� fab |m~fntb omj �� fab kvjjbefp r neq fab �g{njnl bfbjw njb tndebq
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fjmvta fab mvf{vf dekdqbef neq wknffbjbq |m~fntbw omj fab kvjjbefwp de jb}bjbekb{~nebw � cmj lmjb degqb{fa qbfnd~w wbb ¼an{fbj ¬ ��} kmvjwb r fab ebf�mj� {njnlbfbjw kne �b qdjbkf~� m�fndebq }jml `xy wdl gv~nfdmew r d} fab �b~q qdwfjd�vfdme {jm� ~bw }mj fab }veqnlbefn~ l mqb mj n lmqbfm � b bzfjnkfbq kne �b k~bnj~� qb�ebq � se fadw knwb �b an|b fm � b wvjb r fanf �bqbn~ � dfa fab kvjjbefw neq>mj |m~fntbw nkkmjqdet fm fadw l mqb r � dfamvf w{vjdmvwneq>mj mfabj lmqbw an|b ne de3vbekb �se fab {jbwbef qm kfmjn~ fabwdw fab wknffbjdet {njnl bfbjw njb bzfjnkfbq ��fab `xy lbfamq me~�� s} qbwdjbq r bzfbjen~ f�mgqdlbewdmen~ wm~|bjw kne �b bnwgd~� dekmj{mjnfbq defm fab `xy wdlv~nfdme {jm kbww neq }vjfabjgqbwkjd� bq y��gfbkaeduvbw de mjqbj fm m�fnde fab ebbqbq ebf�mj� {njnl bfbjw }mj bnka lmqb �
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`ab qbwdte m} y dkjm�n|b ymem~dfa dk sefbtjnfbq ¼djkv dfw oyy s¼wp jbuvdjbw fabbznkf }v~~g�n|b lmqb~det m} fab b~bkfjml ntebfdk �b~q de fab wbl dkmeqvkfmj neqdewv~nfmj jbtdmew nw �b~~ nw � dfade fab kmeqvkfmj ~n�bjw � `ab fjnew|bjwb qdgl bewdmew m} fab fjnewl dwwdme wfjvkfvjbw de lmqbje yys¼w nf }jbuvbekdbw n�m|b
10 GHz

njb kml{njn�~b � dfa fab w�de qb{fa � `abjb}mjb r ne nkkvjnfb wdlv~nfdmem} fab b~bkfjml ntebfdk �b~q dewdqb fab kmeqvkfmjw dw ebkbwwnj�� `ab vwntb m}kme|befdmen~ wdlv~nfdme fmm~w dw emf n~�n�w b� kdbef �
se fadw kan{fbj fab bibkfd|b IPF7K: nop 9pp Ön75M=4 K==K8M o KM ; p 5H7KNp 8:; p 5H6I KMm× 5GG 7856I dw {jm{mwbq }mj fab }v~~g�n|b nen~�wdw m} fjnewl dwwdme~debw neq qdwkmefdevdfdbw jbn~d�bq de qnlnwkbeb fbkaem~mt�� `ab �b~m� qbwkjd� bqa��jdq `xygyy lbfamq kne �b bnwd~� de|m~|bq de fab l nkjmglmqb~det {jm kbwwm} yy s¼w r neq fab tbebjnfdme m} n jbqvkbqgmjqbj l nkjmglmqb~ kne �b wdl{~d�bqneq nqqdfdmen~~� nkkb~bjnfbq �

Y -, «$"��� !"#�$
`ab vwb m} l mqbje qnl nwkbeb fbkaem~mt� � dfa fab n{{~dknfdme m} km{{bj nw kmegqvkfmj l nfbjdn~ dw n {jml dwdet �n� }mj jbn~d�nfdme m} adta~� defbtjnfbq yy s¼wnf }jbuvbekdbw m} m{ bjnfdme v{ fm wb|bjn~

10 GHz
� ¼ml{njbq fm n~vl dedvl r km{g{ bj bza d�dfw wdted�knef~� ~m�bj b~bkfjmgl dtjnfdme r � bffbj b~bkfjdkn~ neq fabjl n~kmeqvkfd|df� 1«] r Ý\]2 � `ab adtabj kvjjbef qbewdf� nkadb|n� ~b de km{{bj fjnewgl dwwdme ~debw neq fab n{{~dknfdme m} qvn~ qnl nwkbeb {jm kbww n~~m� n qbkjbnwb defab kjmwwgwbkfdme m} fab kmeqvkfmjw qm�e fm

0.2 µm
�dqfa neq

0.2 µm
abdtaf �`ab fade km{{bj kmeqvkfmjw mibj dl{jm|bl befw de fab wd�b m} yys¼w neq {m�bjkmewvl{fdme � `ab wkablnfdk |db� m} ne vwvn~ lv~fd~n�bjbq yys¼ de qnl nwkbebfbkaem~mt� dw wam�e de cdt � ] �Ý�

¹ wvn~ qbwdte fmm~w }mj {~nenj kdjkvdf qbwdte njb emf n{{~dkn�~b r nw lmwf m}fabl qm emf kmewdqbj �edfb fadk�ebww m} fab l bfn~~d�nfdme neq ~mww n{{jm{jdnfb~��`ab lbfamqw �mj�det de fdl bgqml nde jbuvdjb |bj� wl n~~ qdwkjbfd�nfdme neq fdl bwfb{w r fabjb}mjb fab� njb emf b� kdbef qvb fm fab adta kml{vfnfdmen~ bimjf neqfab a dta lblmj� kmewvl{fdme � se nqqdfdme r ne dl{~bl befnfdme m} n{{jm{jdnfbw�de bibkf lmqb~w dw ebkbwwnj� 1«ê2 �
�ó
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cdtvjb ] �Ý D �kablnfdk |db� m} n lv~fd~n�bjbq yys¼ de qnl nwkbeb fbkaem~mt��
� a��jdq fbkaeduvb r d �b � n kml�denfdme m} qdibjbef fdl b>}jbuvbek�gqml nde�nwbq evlbjdkn~ l bfamqw r de wb|bjn~ knwbw �db~qw ne nkkvjnfb neq b� kdbef wmg~vfdme m} ne b~bkfjmlntebfdk {jm�~bl � cmj bznl{~b r fab {jm{mwbq kmv{~detwm} c dedfb ¸ ~blbef ybfamq oc¸y pgyy r ch`hgymy r `xygsefbtjn~ ¸uvnfdmeo`xygs¸ p njb {m�bj}v~ neq 3bz d� ~b a��jdq n{{jmnkabw 1« r ]½ r ó\ r ó Ýr ÝÝ]2 �
se fadw kan{fbj n em|b~ a��jdq fdl b>}jbuvbek�gqmlnde fbkaeduvb r fab kml�dgenfdme m} n }jbuvbek�gqml nde ymqbgy nfkadet oyy p lbfamq }mj fab lmqb~det m}amlmtbebmvw �n|btvdqb wfjvkfvjbw � dfa fab fdl bgqml nde `xy lbfamq }mj fabwdlv~nfdme m} qdwkmefdevdfdbw r dw {jbwbefbq � `ab yy n{{jmnka n~~m� w ne nkkvjnfbneq b� kdbef kml{vfnfdme m} fab ~mww neq qdw{ bjwdme {jm{ bjfdbw m} fab amlmtbgemvw ode fab �n|b {jm{ntnfdme qdjbkfdme p lv~fd~n�bjbq wfjvkfvjbw o1¬] r ì¬ r Ý½¬2p r�abjbnw fab `xy lbfamq dw nq|nefntbmvw }mj fab lmqb~det m} qdwkmefdevdfdbw m}nj�dfjnj� wan{b 1\] r ìê r óó2 �
� yys¼ de qnl nwkbeb fbkaem~mt� bzad�dfw n lv~fd~n�bjbq �dg�nwbq wfjvkgfvjb kmefnde det |njdmvw fjnewl dwwdme ~deb wfjvkfvjbw r d �b � km{~nenj �n|btvdqbwo¼Þ�wp r wfjd{ ~debw r l dkjmwfjd{ ~debw oyxwp r kmeqvkfmj �nk�bq ¼Þ�w neq qd|bjwbqdwkmefdevdfdbw r b �t � kjmwwdetw r jdtaf net~b � beqw neq `g�vekfdmew owbb cdt � ] �Ýp ��vka n qnl nwkbeb wfjvkfvjb kmewdwfw m} l ne� fade ~n�bjw ~d�b qdivwdme �njjdbjw rde|bjwdme ~n�bjw r kaneeb~ wfm{{bjw r fjbekabw neq bfk � `abdj de3vbekb neq fabde3vbekb m} kmeqvkfmj ~mwwbw r �adka njb qvb fm fab w�de bibkf r me {jm{ntnfdmekanjnkfbjdwfdkw wamv~q � b fn�be defm nkkmvef knjb}v~~��
�eb m} fab lmwf b� kdbef l bfamqw }mj evl bjdkn~ wdlv~nfdme m} wvka amlmgtbebmvw f�mgqdl bewdmen~ o\gh p wfjvkfvjbw dw fab }jbuvbek�gqml nde �nwbq lmqbl nfkadet l bfamq � `ab yy lbfamq n~~m� w fm kml{vfb n {jm{ntnfdme kmewfnefneq fab kmjjbw{meqdet b~bkfjml ntebfdk �b~q qdwfjd�vfdme }mj bnka lmqb de nenj�dfjnj� lv~fd~n�bjbq kjmww wbkfdme vwdet fab l nfkadet m} fab fnetbefdn~ b~bkgfjml ntebfdk kml{mebefw nf fab ~n�bj>wv�qml nde �mveqnjdbw � `ab �b~qw dewdqbfab kmeqvkfmjw {~n�det ne dl{mjfnef jm~b neq dewdqb bnka m} fab fade ~n�bjw njb}v~~� fn�be defm kmewdqbjnfdme � ·m�b|bj r me~� n }b� f�{bw m} qdwkmefdevdfdbw kne
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�b nen~��bq vwdet fab yy 1Ý½¬2 �`ab fjnewl dwwdme ~deb l nfjdz lbfamq dw n �b~~gbwfn�~dwabq fbkaeduvb }mj wm~|gdet b~bkfjml ntebfdk {jm� ~bl w de fab fdl bgqmlnde o�bb ¼an{fbj \p � `ab |bjwngfd~df� m} fab `xy lbfamq n~~m� w wfjndtaf}mj�njq kn~kv~nfdme m} kml{~bz wfjvkgfvjbw � ·m�b|bj tbebjn~~�r d} wfjvkfvjbw � dfa a dta~� emeved}mjl jbtdmew neq>mjkvj|d~debnj wfjvkfvjbw njb veqbj kmewdqbjnfdme r |njdn�~b neq kvj|bq l bwabw njbjbuvdjbq de mjqbj fm bewvjb lmqbjnfb kml{vfbj jve fdl b neq wfmjntb kmewvl{gfdme � ¹wvn~~�r de n wdlv~nfdme �� lbnew m} `xy fab wfjvkfvjb dw bzkdfbq � dfan Ç�¶�� {v~wb � `ab }jbuvbek� kanjnkfbjdwfdkw m} fab wfjvkfvjbw r }mj bznl{~b�g{njnl bfbjw r kne �b qbfbjl debq �� fab h dwkjbfb ¶�¶��³� `jnew}mjl ohc`p m}fab fdl b jbw{mewb mj w�wfbl dqbefd�knfdme lbfamqw �`ab tmn~ m} fab a��jdq fdl b>}jbuvbek� `xygyy n{{jmnka dw fm vwb fabved|bjwn~df� m} `xy }mj fab wdlv~nfdme m} nj�dfjnj� wan{bw neq fab nq|nefntbwm} fab yy lbfamq }mj nkkvjnfb nen~�wdw m} amlmtbemvw wfjvkfvjbw neq nf fabwnl b fdl b fm m|bjkml b fab ~dl dfnfdmew m} �mfa lbfamqw � `ab a��jdq `xygyy fbkaeduvb dw veqbjwfmmq nw n kml�denfdme m} fab `xy neq yy lbfamqwde fab }jbuvbek�gqml nde � `ab |njdmvw amlmtbemvw fjnewl dwwdme wfjvkfvjbw njbwdlv~nfbq �� fab yy r }mj fab nen~�wdw m} fab kml{~bz qdwkmefdev dfdbw neq>mjwfjvkfvjbw fab `xy dw vwbq � sf dw wam�e r fanf fadw a��jdq l bfamq n~~m� w fmjbqvkb fab kml{vfnfdme fdl b neq fab lblmj� jbuvdjbl bef de jb~nfdme fm kmeg|befdmen~ ]gh lbfamqw � se nqqdfdme r fab `xygyy n{{jmnka fn�bw defm nkkmveffab w�de bibkf ~mwwbw de fab wfjd{ ~debw lmjb bznkf~�� se nqqdfdme r fadw l bfamqkne �b bnwd~� bzfbeqbq fm }nkd~dfnfb l nkjmglmqb~det m} yy s¼w r de fab wbewb fanffajmvta dfw n{{~dknfdme fab tbebjnfdme m} n jbqvkbqgmjqbj l nkjmglmqb~ kne �bwdl{~d�bq neq nkkb~bjnfbq �
Y -R '-� � ��� � ("!-#$¯ � �"-��
se fadw wbkfdme n �jdb} qbwkjd{fdme m} fab ymqbgy nfka det oyy p fbkaeduvb dw{jbwbefbq � �b wfnjf � dfa fab ¾³�ÁÀ��´� buvnfdmew }mj b~bkfjdk neq l ntebfdk~metdfvqden~ wbkfdme �n|bw de fab

x
gqdjbkfdme ox�¸

x
neq x�·

x
p njb

∆Πe
x + ω2µεΠe

x = 0 ,

∆Πm
x + ω2µεΠm

x = 0 .
o] �Ýp

cmj n �n|b {jm{ntnfdet de fab
+z
gqdjbkfdme fab

x
gkml{mebefw m} fab b~bkfjdkneq lntebfdk ¾³�´� |bkfmjw }mj fab x�¸

x
neq x�·

x
�n|bw njb

Πe
x =

M∑

m

[(Ae
m exp(ke

xmx) +Be
m exp(−ke

xmx)) ·

· (Ce
m exp(ke

ymy) +De
m exp(−ke

ymy))
]
exp((ωt− kzz)) ,

o] �\p

Πm
x =

M∑

m

[(Am
m exp(km

xmx) +Bm
m exp(−km

xmx)) ·

· (Cm
m exp(km

ymy) +Dm
m exp(−km

ymy))
]
exp((ωt− kzz)) .

o] �]p
�eq bnka �b~q kml{mebef kne �b td|be nw wv{bj{mwdfdme m} fab x�¸

x
neqx�·

x
�n|bw r mj fm � b {jbkdwb
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Ex =
∂2Πe

x

∂x2
+ ω2µεΠe

x ,
o] ��p

Ey =
∂2Πe

x

∂x∂y
− ωµ

∂Πm
x

∂z
,

o] �«p

Ez =
∂2Πe

x

∂x∂z
+ ωµ

∂Πm
x

∂y
,

o] �¬p

Hx =
∂2Πm

x

∂x2
+ ω2µεΠm

x ,
o] �ìp

Hy =
∂2Πm

x

∂x∂y
+ ωε

∂Πe
x

∂z
,

o] �êp

Hz =
∂2Πm

x

∂x∂z
− ωε

∂Πe
x

∂y
.

o] �óp

i=1

i=2

i=3

i=8

i=9

y

x

i=4 i= 5 i=6 i=7

i=1

i=2

i=3

i=8

i=9

y

x

i=4 i= 5 i=6 i=7

cdtvjb ] �\ D �kabl nfdk |db� m} n lv~fd~n�bjbq kjmww wbkfdme �
� wfjvkfvjb veqbj de|bwfdtnfdme dw bl�bqqbq de n jbkfnetv~nj �mz � dfadqbn~ b~bkfjdk oneq>mj l ntebfdkp �n~~w neq wv�qd|dqbq defm amlmtbemvw �~m kw

1, 2 . . . i . . .
nw wam�e de cdt � ] �\ � `ab b~bkfjml ntebfdk �b~qw de bu � o] �� p neqbu � o] �ìp de bnka wv�gqml nde

i
njb bz{neqbq de n �edfb wvl m} {njfdn~ �n|bw

M�dfa ve�em�e nl{~dfvqbw
Am, Bm, Cm,Dm

neq �n|b evl�bjw
kxm, kym, kz

fm� b wnfdw�bq

k2
i = ω2µiεi = k2

ixm + k2
iym + k2

z .
o] �Ý½p

cmj bznl{~b r fab
Ey
g kml{mebef de fab

i
gfa qml nde ln� �b bz{neqbq defm

m
G 57HK5< J 5|;= 1¬]2 nw

Ey =
∑

m

[−kxmkym(Ae
m exp(ke

xmx) −Be
m exp(−ke

xmx)) ·

· (Ce
m exp(ke

ymy) −De
m exp(−ke

ymy)) −

−ωµkz(A
m
m exp(km

xmx) +Bm
m exp(−km

xmx)) ·

· (Cm
m exp(km

ymy) +Dm
m exp(−km

ymy))] exp(ωt− kzz).
o] �ÝÝp
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¹fd~d�det fab �mveqnj� kmeqdfdme w nf fab jbkfnetv~nj �mz �n~~w neq n{{~�detfab ybfamq m} ymlbefw oymy p de mjqbj fm l nfka fab fnetbefdn~ �b~q kml{mgebefw nf fab wv�gqml nde

i
�mveqnjdbw ob �t

i = 3
r
j = 4

neq
p = 8

p � dfa emjln~|bkfmjw
nx

neq
ny

de {mwdfd|b
x
g neq

y
gqdjbkfdme jbw{ bkfd|b~�r d �b �

nx × (Eti −Etj) = 0 , nx × (Hti −Htj) = 0 ,
o] �Ý\p

ny × (Eti −Etp) = 0 , ny × (Hti −Htp) = 0 ,
o] �Ý]p

�b m�fnde n w�wfbl m} amlmtbemvw buvnfdmew ~d�b

G ·Xm = 0 ,
o] �Ý� p

�abjb fab |bkfmj
Xm

kmefndew n~~ ve�em�e {njfdn~ �n|b nl{~dfvqbw
Am, Bm, Cmneq

Dm
r fab l nfjdz

G
qb{beqdet me fab ve�em�e �n|b evl�bj

kz
wvllnjd�bwfab l nfkadet kmb� kdbefw � � emegfjd| dn~ wm ~vfdme m} fab amlmtbemvw w�wfbl m}buvnfdmew o] �Ý�p dw m�fndebq �� |njdnfdme m}

kz
� `ab bdtbe|n~vbw m} fadw w�wfblm} buvnfdmew njb fab kml{~bz {jm{ntnfdme kmewfnefw

kz
}mj bnka lmqb � cjmlfab {jm{ntnfdme kmewfnef fab {anwb kmewfnef

β
neq fab nffbevnfdme kmewfnef

αkne �b m�fndebq � �}fbj fab {jm{ntnfdme kmewfnef
kz
dw }mveq �b kne kml{vfb n~~{njfdn~ �n|b nl{~dfvqbw kmefndebq de

Xm
neq nw }m~~m� det �b an|b fab kml{~bfb�b~q qdwfjd�vfdme de n kjmww wbkfdme � ¹wdet fab {mwfg{jm kbwwdet fab kanjnkfbjdwfdk�n|b dl{bqnekb r �g{njnl bfbjw r buvd|n~bef ebf�mj�gmjdbefbq kdjkv dfw neq bfk �kne �b m�fndebq �cmj lmjb qbfnd~w m} ymqbgy nfkadet fbkaeduvb fab jbnqbj dw jb}bjjbq fm fabqm kfmjn~ fabwbw 1¬\ r ¬] r Ý½« r Ý½¬2 �

Y -Y '-� '+� Ü�� ÝÞ_�#� #ß("#�$
se fa dw wbkfdme �b kmewdqbj fab a��jdqd�nfdme {jm kbww m} fab `xy neq yy lbfagmqw � cmj fadw {vj{mwb �b m{bjnfb � dfa b~bkfjml ntebfdk �b~qw de fab }jbuvbek�gqml nde � `ab fjnew|bjwb b~bkfjml ntebfdk �b~qw m�fndebq �� `xy lbfamq kne�b bz{neqbq defm

N
bdtbelmqbw m} n fjnewl dwwdme ~deb de n w{ bkd�k wbkfdme

S
nw

ETLM
t =

N∑

n=1

γnE
MM
tn ,

HTLM
t =

N∑

n=1

γnH
MM
tn .

o] �Ý«p
hvjdet fab a��jdqd�nfdme {jm kbww fab kmeebkfdme {~neb

S
dw qdwkjbfd�bq � `abfjnew|bjwb b~bkfjmlntebfdk `xy �b~qw de bnka kb~~ njb fjnew}mjl bq }jml fdl bgqml nde defm }jbuvbek�gqml nde �� fab ¶�¶��³� fjnew}mjl bdfabj }mj n ebbqbq}jbuvbek� �neq �� lbnew m} fab cc` betdeb mj }mj meb wdet~b }jbuvbek� ��fab evlbjdkn~ kml{vfnfdme m} fab ¶�¶��³� defbtjn~ � `ab wbkmeq |njdnef dwnffjnkfd|b qvb fm dfw ~m� kml{vfnfdmen~ bimjf r d} n }b� }jbuvbek� {mdefw njb fm� b kmewdqbjbq �sf dw kme|bedbef~� fm �jdfb fab fjnew|bjwb �b~q m�fndebq �� fab yy de fab}mjl

EMM
tn = en exp(−kznz) ,

HMM
tn = hn exp(−kznz) ,

o] �Ý¬p
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�abjb

en
neq

hn
njb fjnew|bjwb |bkfmj wfjvkfvjb }vekfdmew �� abe fabjb njb em ~mwwbw {jbwbef de fab fjnewl dwwdme ~deb fabwb wfjvkfvjb}vekfdmew }v ~� ~~ fab mjfamtmen~df� jb~nfdme }mj f�m bdtbelmqbw

n1
neq

n2
r d �b �

∫

S

∫

en1 × h∗
n2 dS = 0 ,

o] �Ýìp

�abjb
h∗

n2

dw fab kml{~bz kme�vtnfb m}
hn2

� cmj dfw {jmm} wbb 1\ê2 � `adw jb~nfdmewam� w fanf fab fmfn~ {m�bj 3m� det de n ~mww~bww tvdqb dw buvn~ fm fab wvl m} fab{m�bj knjjdbq �� bnka lmqb deqd|dqvn~~�� `ab mjfamtmen~df� {jm{bjf� o] �Ýìp kne�b �jdffbe de mfabj }mjl

〈en1 | en2〉 =

∫

S

∫

en1 · e∗n2 dS = 0 ,

〈hn1 | hn2〉 =

∫

S

∫

hn1 ·h∗
n2 dS = 0 .

o] �Ýêp

`abjb}mjb r fab kmb� kdbefw
γn

kne �b m�fndebq �� {jm� bkfdme m} fab b~bkfjmgl ntebfdk �b~q m} bnka
n
gfa yyglmqb mefm fab fjnew|bjwb �b~q tndebq �� lbnewm} fab `xy r mj fm � b {jbkdwb

γn =

∫

S

∫

ETLM
t · (EMM

tn )∗ dS ∼
∫

S

∫

HTLM
t · (HMM

tn )∗ dS .
o] �Ýóp

s} ~mwwbw an|b fm � b fn�be defm kmewdqbjnfdme fab wdfvnfdme dw lmjb kml{~dgknfbq r � bknvwb fab qbwdjbq mjfamtmen~df� {jm{ bjf� dw ~mwf � se fa dw knwb fab yyglmqbw qm emf }v~� ~~ jb~nfdmew o] �Ýêp neq �b kne emf kml{vfb fab kmb� kdbefw
γn
�� bu � o] �Ýóp � s} wl n~~ ~mwwbw {jbbz dwf de n �n|btv dqb wfjvkfvjb r wm fanf fabnjdwdet bjjmj dw nkkb{fbq r fabe

γn
kne �b m�fndebq �� bu � o] �Ýóp nw �b~~ � �e fabmfabj aneq r d} �b kne jbkm|bj de wml b �n� fab mjfamtmen~df� m} fab lmqbw m�gfndebq �� fab yy r fabe bu � o] �Ýóp kne �b qdjbkf~� vwbq � se mjqbj fm { bj}mjl fadwmjfamtmen~d�nfdme �b qbemfb fab qdwkjbfd�bq fjnew|bjwb b~bkfjml ntebfdk �b~qw m}yyglmqbw de fab wbkfdme

S
m} n ~mww� �n|btvdqb nw |bkfmjw

ẼMM
tn

�adka w{neefab |bkfmj w{nkb Cn r mj de mfabj �mjqw r bnka |bkfmj ẼMM
tn

dw de fab w{ne m} n wbfm} |bkfmjw r kmjjbw{meqdet fm fab qdwkjbfd�bq fjnew|bjwb b~bkfjml ntebfdk �b~qw m}fab yygbdtbelmqbw ��buvbefdn~~�r �b qb�eb fab w{ne m} n wbf m} fab emegmjfamtmen~ ~debnj~� deqbg{ beqbef |bkfmjw r kmjjbw{meqdet fm fab kml{vfbq yygbdtbelmqbw nw
ẼMM

t =
w{ne {ẼMM

t1 , ẼMM
t2 , ẼMM

t3 , · · · , ẼMM
tn } , o] �\½p

neq fab w{ne m} n wbf m} fab mjfamemjl n~ |bkfmjw nw
EMM

t =
w{ne {EMM

t1 ,EMM
t2 ,EMM

t3 , · · · ,EMM
tn } . o] �\ Ýp

¹ wdet fab Ç��Á B?�ÀÁ ��´ mjfamtmen~d�nfdme {jm kbww owbb �°°xuÉ yz ëp�b kne bwfn�~dwa fab qdwfdekf jb~nfdme �bf�bbe
EMM

t

neq
ẼMM

t

nw
ẼMM

t = EMM
t P ,

o] �\\p
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�abjb

P
dw
n × n

v{{bj fjdnetv~nj l nfjdz neq de|bjfd�~b � `abjb}mjb �b m�fndefab w{ne m} fab jbuvdjbq mjfamtmen~ omjfamemjl n~p |bkfmjw nw
EMM

t = ẼMM
t P−1 .

o] �\]p
se n wdl d~nj �n� �b kne n� ~dnfb fab w{ne m} fab mjfamemjl n~ |bkfmjw

HMM
t}jml fab w{ne m} fab |bkfmjw

H̃MM
t

nkkmjqdet � dfa fab yyglmqbw kml{vfbq}mj n ~mww� �n|btvdqb r d �b �
HMM

t = H̃MM
t P−1 .

o] �\� p
`avw r

EMM
t

neq
HMM

t

njb �b~qw de n ~mww~bww �n|btv dqb �adka njb jbkm|bjbq}jml fab n{{jm{jdnfb b~bkfjml ntebfdk �b~qw de fab �n|btvdqb � dfa ~mwwbw � `abkm~vlew m} fab w{new
EMM

t

neq
HMM

t

jb{jbwbef fab qdwkjbfd�bq fjnew|bjwbb~bkfjml ntebfdk �b~qw m} fab wmgkn~~bq mjfamemjl n~d�bq yyglmqbw r fanf n~~m� wfab bz{newdme m} fab fjnew|bjwb b~bkfjml ntebfdk `xy �b~q defm
N
bdtbelmqbwde nkkmjqnekb � dfa bu � o] �Ý«p r �abjb fab kmb� kdbefw

γn
kne �b m�fndebq ��bu � o] �Ýóp �

Y -� '-� '+� Ü�� ^~~��(!-
se fab }m~~m� det �b �jdb3� qbwkjd� b fab {jm kbqvjb m} fab `xy gyy a��jdq n{g{jmnka D
Ý� � wfjvkfvjb veqbj de|bwfdtnfdme dw qd|dqbq defm �~m k�w O fabwb kmewdwf m}qdwkmefdevdfdbw neq fjnewl dwwdme ~debw amlmtbemvw de fab {jm{ntnfdme qdgjbkfdme �
\ � yv~fdgl mqb }v~~g�n|b nen~�wdw m} amlmtbemvw fjnewl dwwdme ~debw dw { bjg}mjl bq de ne defbjbwfdet }jbuvbek� �neq vwdet fab yy lbfamq �
] � �njdmvw qdwkmefdevdfdbw njb wdlv~nfbq �� lbnew m} `xy �dfa n Ç�¶�� {v~wbnw ne bzkdfnfdme �
�} kmvjwb r fab {njn~~b~ {bj}mjl nekb m} wv�g{jm kbqvjbw o\p neq o]p n~~m� w fmdekjbnwb fab kml{vfnfdmen~ b� kdbek� nqqdfdmen~~��
� � `ab b~bkfjml ntebfdk �b~q qdwfjd�vfdme m�fndebq �� `xy lbfamq njb bzg{neqbq defm

N
bdtbelmqbw m} fab fjnewl dwwdme ~deb de n w{ bkd� k wbkfdme

ETLM =

N∑

n=1

γnE
MM
n ,

HTLM =

N∑

n=1

γnH
MM
n .

se fa dw wbkfdme n~~ lmqbw {jm{ntnfdet me fab fjnewl dwwdme ~deb wan~~ � bbzfjnkfbq � o�kfvn~~�r n f�{dkn~ fjnewl dwwdme ~deb bzad� dfw fab �nwdk {jm{ngtnfdet lmqb me~��p
« � Ãbzf r fab �g{njnl bfbjw m} fab �~m k�w }mj fab {jm{ntnfdet lmqbw njb bzgfjnkfbq �
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¬ � `ab tbebjn~d�bq �g{njnlbfbj l nfjdz dw }mjl bq }mj fab dedfdn~ wfjvkfvjb �
��|dmvw~�r fab nkkvjnk� neq fab kml{vfnfdmen~ bimjf m} a��jdq l bfamq njbqb{ beqnef me fab evl�bj m} bdtbelmqbw fn�be defm nkkmvef neq me fab w{nkbqdwkjbfd�nfdme wfb{ de n kmeebkfdme { ~neb � s} ebkbwwnj�r fab b~bkfjml ntebfdk �b~qw}mj bnka lmqb de n w{ bkd�k wbkfdme kne �b m�fndebq de fdl bgqml nde nw �b~~ �

Y -� ^~~ �#!("#�$)
�fjvkfvjbw {jmqvkbq �� lbnew m} fab qnl nwkbeb fbkaem~mt� � dfa }mvj lbfn~~n�bjw an|b � bbe de|bwfdtnfbq owbb cdt � ] �Ýp � �vka n qnl nwkbeb wfjvkfvjb kmewdwfwm} b~b|be l nde ~n�bjw r bdtaf fade {nwwd|nfdme �dàÃ á g~n�bjw neq ne de|bjwdme lbfn~wabbf � bf�bbe fab �dg neq �jwf �d� â g~n�bjw �

`ab wdlv~nfdmew �bjb { bj}mjl bq vwdet fab }m~~m� det l nfbjdn~ {njnlbfbjw D
εãä = 11.9, σãä = 5.5 S/m

r
εãäåæ = 3.9

r
tan δãäå æ = 10−4 r εãäçè é = 7

r
tan δãäçè é =

10−3 r σêë = 5.9 · 107 S/m
�

�bjfdkn~ qdl bewdmew ofadk�ebwwbwp m} fab ~n�bjw njb owbb cdt � ] �Ýpp D
Tãä =

380 µm
r
T ìãäå æ = 1.8 µm

r
T ìí = 0.4 µm

r
T ììãäå æ = 0.9 µm

r
T ììí = 0.6 µm

r
T ìììãäå æ =

0.9 µm
r
T ìììí = 0.6 µm

r
T ìîãäåæ = 0.9 µm

r
T ìîí = 2.5 µm

r
T îãäåæ = 0.75 µm

r
T ììãäçèé = 0.55 µm

� `ab fadk�ebww m} fab defbjlbqdnfb {nwwd|nfdme ~n�bj m} �dàÃ á
dw
T ìãäçè é = 0.05 µm

�
Ã bzf r �b kml{njb fab yygwdlv~nfdmew � dfa fab l bnwvjbl befw }mj f�m ¼Þ�wr�adka njb {~nkbq de fab fadjq

0.6 µm
gfa dk� l bfn~~d�nfdme ~n�bj � `ab �jwf ¼Þ�anw qdlbewdmew

W = 7.5 µm
neq

S = 5 µm
owbb cdt �] �Ýp r fab wbkmeq wfjvkfvjbanw

W = 5 µm
neq

S = 2.5 µm
� `ab nffbevnfdme kmewfnef neq fab bibkfd|b{ bjl dffd| df� m} fab ¼Þ�w njb {jbwbefbq de cdt � ] �] � `ab l bnwvjblbef qnfn njbde n tmmq ntjbbl bef � dfa fab wdlv~nfdme jbwv ~fw � `ab nffbevnfdme kmewdwfw m}fab nffbevnfdme knvwbq �� fab qdb~bkfjdk ~mwwbw de

SiO2
gwv�wfjnfb r fab ~mwwbw de�dgwv�wfjnfb neq fab mal dk ~mwwbw de fab kmeqvkfmjw � `ab wv�wfjnfb nffbevnfdmedw ~m�bj fane

0.05 dB/mm
r fab nffbevnfdme de fab kmeqvkfmjw {~n�w n qml denefjm~b � c dt � ] �] o� p d~~vwfjnfb r fanf fab b~bkfjml ntebfdk �b~q kmekbefjnfbw lmjb defab �d� â wv�wfjnfb � dfa dekjbnwdet }jbuvbekdbw � �b emfb fanf fab �dàÃ á bfkadetwfm{{bjw qm emf de3vbekb bwwbefdn~~� fab {jm{ntnfdme kanjnkfbjdwfdkw �

`ab kml{njdwme m} lbnwvjbl bef � dfa wdlv~nfdme jbwv~fw nf }jbuvbek� m}
10 GHz

}mj f�m l dkjmwfjd{ ~debw oyxwp de fab fadjq ol bfn~~d�nfdme fadk�ebww
0.6 µm

r qdb~bkfjdk fadk�ebww
2.2 µm

p neq }mvjfa ol bfn~~d�nfdme fadk�ebww
2.5 µm

rqdb~bkfjdk fadk�ebww
3.7 µm

p l bfn~~d�nfdme ~n�bjw kme�jl w fab nkkvjnk� m} fabyy }mj qdibjbef tbmlbfjdbw � `ab �jwf l bfn~~d�nfdme ~n�bj � dfa n fadk�ebww m}
0.4 µm

kmjjbw{meqw fm fab tjmveq {~neb � �b kanetbq fab � dqfa m} fab ~debw
w}jml

1 µm
fm

10 µm
neq kml{njbq fab nffbevnfdme kn~kv~nfbq �� yy �dfa fabl bnwvjbl bef owbb cdt � ] ��p � `ab yygwdlv~nfdme jbwv~fw njb |bj� nkkvjnfb � `ab�n|b dl{bqnekb

Zw
m} fab yxw dw wam�e de cdt � ] �« nw n }vekfdme m} fab ~deb� dqfa

W
nf

10 GHz
nw �b~~ � hvb fm fab ~mwwbw de fab kmeqvkfmjw fab dl ntdenj�{njf m} fab �n|b dl{bqnekb kne emf �b ebt~bkfbq owbb cdt � ] �« o� pp �se mjqbj fm tnde �n|btvdqb {njnl bfbjw �� lbnew m} fab yy me~�

m = 50{njfdn~ �n|bw owbb bu � ] �ÝÝp njb fn�be defm nkkmvef r neq fabjb}mjb wl n~~ kml{vfgdet {m�bj dw jbuvdjbq � �f fab }jbuvbekdbw v{ fm
10 GHz

df dw bemvta fm fn�b defmnkkmvef \½ {njfdn~ �n|bw � �b emfdkb r de mjqbj fm m�fnde nkkvjnfb evl bjdkn~ wm ~vgfdmew nf adtabj }jbuvbekdbw on�m|b
30 GHz

p fab evl�bj m} {njfdn~ �n|bw wamv~q
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cdtvjb ] �] D �ffbevnfdme kmewfnef neq bibkfd|b { bjl dffd|df� m} f�m ¼Þ�w � dfa
Wò7.5 µm

r
Sò5 µm

neq
Wò5 µm

r
Sò2.5 µm

r jbw{bkfd|b~��
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cdtvjb ] �� D �ffbevnfdme m} qdibjbef l dkjmwfjd{ ~debw � dfa wdten~ ~n�bjw de fabfa djq neq }mvjfa l bfn~~d�nfdme { ~nebw �

·¸¹ ó¼
[Zw] ô Ω

·Ì ¹ õÉ [Zw] ô Ω
cdtvjb ] �« D �n|b dl{bqnekb m} qdibjbef l dkjmwfjd{ ~debw � dfa wdten~ ~n�bjw defab fadjq neq }mvjfa l bfn~~d�nfdme {~nebw �
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�b wdted�knef~� dekjbnwbq fm nw l ne� nw Ý½½ r bw{ bkdn~~� }mj fab nkkvjnk� nen~�wdwm} fab nffbevnfdme � hvb fm fab w�llbfj� m} fab �n|btvdqbw owbb cdt � ] �\p �bkne {vf n l ntebfdk �n~~ de fabdj kbefbj neq me~� meb an~} m} n wfjvkfvjb kne �bnen~��bq r neq fab kml{vfnfdmen~ fdl b kne �b wn|bq nqqdfdmen~~��

Ãm� r �b qdwkvww fab wdlv~nfdme jbwv~fw }mj n ¼Þ� fbwf wfjvkfvjb nen~��bq ��lbnew m} `xy neq a��jdq `xygyy lbfamq kmewbkvfd|b~�� � w n fbwf qnl nwkbebwfjvkfvjb n �jdqtb ¼Þ� `g�vekfdme dw kamwbe � `ab ~n�mvf m} fab `g�vekfdme dwqjn�e de cdt � ] �¬ � `ajbb �jdqtbw {~nkbq ebzf fm fab qdwkmefdevdfdbw wv{{jbww fabve�nefbq mqqglmqb o1Ý½ó2p � `ab qdwfnekb }jml ¼Þ� lbfn~ ~n�bj fm n �jdqtbl bfn~ ~n�bj ofab �jwf l bfn~~d�nfdme ~n�bjp dw
2.2 µm

� cmvj �~nk� jbkfnet~bw decdt � ] �¬ qbemfb |dnw r �adka an|b fjnew|bjwb omj kjmwwp qdl bewdmew m}
0.5 µm

z
0.5 µm

� `ab ¼Þ�w njb qdl bewdmebq �� yy lbfamq wm fanf fab adtabj mjqbjlmqbw kne emf {jm{ntnfb r d �b � fab ¼Þ� bzad�dfw fab uvnwdg`¸y lmqb � cdjwf rfab �am~b wfjvkfvjb dw bl�bqqbq de n �mz okn~~bq `xyg�mz p neq wdlv~nfbq ��`xy me~� vwdet n w{nkb qdwkjbfd�nfdme nw kmnjwb nw
0.5 µm

� `abe �b kml�deb fab`xy neq yy lbfamqw }mj }v~~g�n|b nen~�wdw m} fa dw wfjvkfvjb � `ab wfjvkfvjbdw wv�qd|dqbq defm meb `xy g�mz neq fajbb ~debw okn~~bq yyg~debwp r �adka njbwdlv~nfbq wb{njnfb~�� `ab yyg~debw an|b qdl bewdmew
W = 7.5 µm

neq
S =

2.5 µm
owbb cdt � ] �Ýp � ëmfa l bfamqw an|b � bbe kml�debq b� kdbef~� de }jbuvbek�gqml nde �� lbnew m} �g{njnlbfbjw }mj fab }veqnl befn~ ¼Þ� b|beglmqb � ëmfab|be neq mqq {jm{ntnfdet lmqbw njb fn�be defm nkkmvef r adtabj lmqbw njb emfkmewdqbjbq �

� kml{njdwme m} kn~kv ~nfbq �g{njnl bfbjw vwdet `xy neq a��jdq `xygyylbfamqw dw wam�e de cdt � ] �ì � sf n{{bnjw r fanf fab }jbuvbek� qb{beqnef w�debibkf ~mwwbw njb fn�be defm kmewdqbjnfdme lmjb nkkvjnfb~� � dfa fab a��jdq l bfamqfane � dfa fab `xy lbfamq O de fab `xy fab kmeqvkfmj dw l mqb~bq � dfa me~�meb kb~~ m} fadk�ebww
0.5 µm

de mjqbj fm bewvjb jbnwmen�~b kml{vfnfdmen~ fdl b �`ab jbwv~fw deqdknfb |bj� tmmq ntjbbl bef � bf�bbe fab f�m lbfamqw �
¹ wdet fab a��jdq lbfamq �b m�fnde nkkvjnfb jbwv~fw � dfa wl n~~bj evlbjdgkn~ bimjf O }mj amlmtbemvw emegjbwmenef wfjvkfvjbw me ~� }b� }jbuvbek� {mdefwnjb ebbqbq r ne defbj{m~nfdme kne �b n{{~dbq fm m�fnde fab kanjnkfbjdwfdkw de fab�am~b }jbuvbek� �neq O fab `xy wdlv~nfdme m} fab wln~~

110 µm
z

110 µm
�mz~nwfw lvka ~bww fane }mj fab dedfdn~

255 µm
z

185 µm
`xyg�mz � se nqqdfdme r fabwdlv~nfdme m} fab `xy wv�gqml nde neq fab yy kn~kv~nfdme kne �b bzbkvfbqdeqb{ beqbef~� neq r abekb r kne �b jve de {njn~~b~ me qdibjbef �mj�wfnfdmew>Þ¼w �¹wdet fab a��jdq l bfamq de {njn~~b~ { bj}mjl nekb r fab kml{vfnfdme fdl b dw jbgqvkbq �� }nkfmj m} f�m neq lblmj� jbuvdjbl befw de fadw knwb njb jbqvkbq ��lmjb fane n }nkfmj m} fajbb � �b emfb r fanf fab kml{vfnfdmen~ fdl b �� fab yyglbfamq dw ebt~bkfbq b|be de kml{njdwme � dfa fab `xy wdlv~nfdme m} fab wl n~~

110 µm
z

110 µm
`xy �mz �

Y -� ��$!� )#�$)
hvb fm fab wl n~~ qdl bewdmew n knjb}v~ de|bwfdtnfdme m} |njdmvw kml{mebefw �nwbqme qnl nwkbeb fbkaem~mt� dw jbuvdjbq � `ab yy fbkaeduvb n~~m� w fab nkkvjnfb{njnl bfbjw kml{vfnfdme m} lv~fd~n�bjbq �n|btvdqbw � cmj fab }v~~g�n|b nen~�wdwm} wfjvkfvjbw de yys¼w �b kml�deb wvkkbww}v~~� neq b� kdbef~� fab `xy neqyy lbfamqw � ¹ wdet fab {jm{mwbq a��jdq `xygyy n{{jmnka r fab fdl b neqlblmj� jbuvdjbl befw kne �bbe jbqvkbq wb|bjn~ fdl bw r �ad~b l mjbm|bj dl{jm|det
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255um x 185um
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plane
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cdtvjb ] �ì D �g{njnl bfbjw }mj fab fbwf ¼Þ� wfjvkfvjb kn~kv~nfbq �� lbnew m}`xy neq a��jdq n{{jmnka �
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nkkvjnk�� `ab nkkvjnk� m} `xy gyy n{{jmnka neq dfw qbl neq me kml{vfnfdmejbwmvjkbw njb qb{ beqbef me fab evl�bj m} bdtbelmqbw fn�be defm nkkmvef neq mefab w{nkb qdwkjbfd�nfdme wfb{ de n kmeebkfdme kjmww wbkfdme � `ab {jm{mwbq a��jdqfbkae duvb kne �b jbkmllbeqbq }mj n bibkfd|b vwntb de ¼�h w�wfbl w neq }mj{jbqbwdte m} yys¼w � `ab fdl b>}jbuvbek� a��jdq fbkaeduvb �nwbq me yy kne�b n{{~dbq fm ch`h lbfamq de n wdl d~nj l neebj �se nqqdfdme r fab a��jdq `xygyy lbfamq kne �b bnwd~� bzfbeqbq fm }nkd~gdfnfb l nkjmglmqb~det m} yys¼w r de fab wbewb fanf fajmvta dfw n{{~dknfdme fabtbebjnfdme m} n jbqvkbqgmjqbj l nkjmglmqb~ kne �b wdl{~d�bq neq nkkb~bjnfbq �
Y -ª ��*(�)
�b ln�b n kmv{~b m} emfdkbw kmekbjedet fab n{{~dknfdme m} fab `xy gyy a��jdqfbkae duvb fm `xygy�� �
Ý� `ab {jm{mwbq `xygyy n{{jmnka kne �b bnwd~� de|m~|bq de fab t~m�n~l nkjmglmqb~det {jm kbww � ��y w m} kml{~bz wfjvkfvjbw neq qdwkmefdevgdfdbw njb m�fndebq �� `xygy�� � `jnewl dwwdme ~debw amlmtbemvw de fab{jm{ntnfdme qdjbkfdme njb wdlv~nfbq �� lbnew m} fab yy lbfamq � �efab �nwdw m} evl bjdkn~ jbwv ~fw fab n{{jm{jdnfb l nkjmglmqb~w neq>mj fabbuvd|n~bef kdjkvdfw kne �b tbebjnfbq � cmj bznl{~b r fab wdl{~b buv d|n~bef� dqbg�neq ~nqqbj ebf�mj�w }mj fjnewl dwwdme ~debw njb {jm{mwbq �� �¶Å�B�À³� ��À de 1ì�2 � `abwb l nkjmglmqb~w oneq>mj ebf�mj� mjdbefbq lmqb~wpkne �b bnwd~� dekmj{mjnfbq de fab ebf�mj�gmjdbefbq wdlv~nfmjw fmtbfabj� dfa l nkjmglmqb~w r m�fndebq �� `xygy�� neq mfabj y��gfbkaeduvbw �`avw r fab t~m�n~ l nkjmglmqb~det {jm kbww kne �b wdl{~d�bq neq nqqdfdmegn~~� nkkb~bjnfbq �
\ � `ab n�m|bgqbwkjd�bq �deq m} fab a��jdqd�nfdme n~~m� w fm dl{~dknfb bzfbjen~\gh }jbuvbek�gqml nde �nwbq wm~|bjw od �b � c¸y r y bfamq m} xdebw oymxpneq bfk �p }mj `xy g��y wdekb fab fdl bgqml nde `xy lbfamq qmbw emfan|b dfw m�e \gh bdtbewm~|bj � `abwb bzfbjen~ wm~|bjw n~~m� vw fm bzfjnkf nl nkjmglmqb~ }mj ne nj�dfjnj� lmqb �� {jm� bkfdme m} fab fjnew|bjwb b~bkgfjml ntebfdk �b~q }jml ne bzfbjen~ \gh wm~|bj mefm fab �b~q qdwfjd�vfdmewnf fab {mjfw kml{vfbq �� `xy gy�� �
cmj bznl{~b r �b kmewdqbj n ¼Þ� wfjvkfvjb � dfa qdwkmefdevdfdbw ~d�b decdt � ] �¬ � se mjqbj fm tnde n jbqvkbqgmjqbj lmqb~ �b an|b fm bzkdfb fabwfjvkfvjb nf fab {mjf Ý � dfa fab b~bkfjml ntebfdk �b~q kmjjbw{meqdet fm fab}veqnl befn~ ¼Þ� glmqb � cmj fadw {vj{mwb �b dl{mwb fab fjnew|bjwb �b~qqdwfjd�vfdme m�fndebq �� n \gh wm~|bj ob �t � �� yy mj ymxp nf fab {mjf Ý}mj fab b|beglmqb � � }fbj y��gfbkaeduvbw an|b � bbe n{{~dbq r �b {jm� bkffab \gh wm~vfdme mefm fab b~bkfjml ntebfdk �b~qw onf fab {mjfw Ýr \ neq]p r �adka njb m�fndebq �� y�� r neq n{{jm{jdnfb de{vfgmvf{vf |m~fntbwneq kvjjbefw }mj fab b|beglmqb kne �b kml{vfbq � `avw r n jbqvkbqgmjqbjlmqb~ kne �b tbebjnfbq }mj fab {vjb }veqnl befn~ b|beglmqb � ¸|dqbef~�rfab |m~fntbw neq kvjjbefw kne �b bzfjnkfbq n~wm }mj n~~ qbwdjbq lmqbw r neqn tbebjn~d�bq lv~fdgl mqb l nkjmglmqb~ kne �b m�fndebq �� defbj}nkdet fabwdet~bgl mqb lmqb~w � � w n l nffbj m} kmvjwb r fab nkkvjnk� m} fadw tbebjn~gd�bq l nkjmglmqb~ dekjbnwbw �� fn�det wb|bjn~ fbew mj aveqjbqw lmqbw defmnkkmvef �
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�kfvn~~�r fab \gh qdwfjd�vfdme m} fab b~bkfjml ntebfdk �b~q kne �b m�fndebq�� `xy n~wm d} �b wdlv~nfb ne de�edfb~� ~met fjnewl dwwdme ~deb � `abe rn}fbj wml b fdl b fab b|nebwkbef lmqbw njb nffbevnfbq neq �b an|b me~�fab }veqnlbefn~ �n|btvdqb lmqb � `ab fjnew|bjwb �b~q qdwfjd�vfdme de fab}jbuvbek�gqml nde kne �b m�fndebq �� fab ¶�¶��³� fjnew}mjl � ·m�b|bj rd} wb|bjn~ l mqbw {jm{ntnfb me fab fjnewl dwwdme ~deb r fabdj wb{njnfdme ��lbnew m} `xy dw uvdfb dl{mwwd�~b � se fa dw knwb fab n{{~dknfdme m} bzfbjen~\gh }jbuvbek�gqml ndeg�nwbq wm~|bjw dw wfjmet~� jbkmllbeqbq �
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�w df anw � bbe l befdmebq n�m|b r de jbkbef �bnjw fabjb anw � bbe n ~mf m} defbjbwf detbebjnfdet wvdfn�~b jbqvkbqgmjqbj lmqb~w �� lbnew m} ������gwv�w{nkb l bfagmqw r wvka nw fab ������� n~tmjdfal neq fab ������� {jm kbww � se fadw kan{fbj�b �jdb3� qbwkjd� b fab vwb m} ������ wv�w{nkb l bfamqw }mj fab dfbjnfd|b wm~vgfdme m} ~njtb ~debnj bdtbew�wfbl w r wvka nw fab mebw njdwdet de kdjkvdf wdlv~nfdmeneq>mj qvjdet fab evlbjdkn~ wdlv~nfdmew m} qdwkjbfd�bq fdl bgde|njdnef ~debnj w�wgfbl w � `abwb dfbjnfd|b fbkaeduvbw r �nwbq me fab mjfamtmen~ neq>mj m� ~duvb {jmg� bkfdme mefm ������ wv�w{nkbw r n~~m� fm jbqvkb n tbebjn~ l nfjdz fm � b jbqvkbqfm n kmeqbewbq }mjl � �b n~wm jb|db� |njdnefw m} fab ������� neq �������n~tmjdfal w }mj tbebjnfdet �nwdw |bkfmjw }mj ������ wv�w{nkbw �Âbebjn~~�r de fa dw kan{fbj �b � d~~ ne w�bj f�m uvbwfdmew D
• ·m� kne n tbebjn~ m{ bjnfmj � b jbqvkbq fm n kmeqbewbq }mjl vwdet ������wv�w{nkb l bfamqw
• �anf lvwf � b qmeb wm fanf bdtbe|n~vbw m} n jbqvkbq l nfjdz n{{jmz dl nfbfab bdtbe|n~vb w{ bkfjvl m} n tbebjn~ m{ bjnfmj

� -, � �Þ ��Z . _)~(!�)
Ãm� r ~bf fab ������ wv�w{nkbw � b deqvkbq �� n

N × N
qdlbewdmen~ ~debnjm{ bjnfmj

A ∈ HN×N neq n wfnjfdet |bkfmj |p〉 ∈ HN � `ab
n
9HI ������=EF=G 56; dw qb�ebq nw

K(A, |p〉, n) =
w{ne { |p〉, A|p〉, A2|p〉 A3|p〉, . . . , An−1|p〉 } . o� �Ýp

xbf � b defjmqvkbq
n0 ≤ n

nw fab ~njtbwf {mwwd�~b defbtbj
n
wvka fanf fab |bkfmjw

Aj |p〉 r 1 ≤ j ≤ n− 1
r njb fab ~debnj~� deqb{beqbef � se fadw knwb �b an|b fanf

jne� {K(A, |p〉, n)} =
lnz

j
jne� {K(A, |p〉, j)} = n0 ≡

≡ jne� {K(A, |p〉, n0)} ≡ jne� {K(A, |p〉,∞)} . o� �\p
`abjb}mjb r fab ������ wbuvbekb |p〉, A|p〉, A2|p〉 . . . , An−1|p〉 de o� �Ýp anwfab qdl bewdme m}

n
d}

1 ≤ n ≤ n0
r neq fab qdl bewdme m}

n0
r d}

n > n0
r d �b �

qdl { K(A, |p〉, n) } =

{
n, 1 ≤ n ≤ n0 ,
n0, n > n0 .

o� �]p
¬]
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�m r fab <57m ;=H G 8==KF<; ������ =EF=G 56;r deqvkbq ��

A
neq |p〉 dw k~bnj~� qb�ebq�� K(A, |p〉, n0)

� `ab wv�w{nkb K(A, |p〉, n)
dw fbjl bq ;NI 5E=H;: owbb 1�]2p r d}

n > n0
�se tbebjn~ knwb r n F<86� ������ =;�E;M6; dw tbebjnfbq �� n

N ×N
qdl begwdmen~ m{ bjnfmj

A ∈ HN×N neq n
N ×m

gl nfjdz m} 4 7KmI H =H57HKMm |;6H87=
P = [ |p1〉, |p2〉, |p3〉, . . . , |pm〉 ] ∈ HN×m o� ��p

nw }m ~~m� det
P , AP , A2P , A3P , . . . , Aj−1P , . . . .

o� �«p
�b emfb fanf fab m{ bjnfmj

P
de o� ��p kne �b �jdffbe de fab É ���� emfnfdmenw }m ~~m� det

P =

N,m
∑

i,j=1

|i〉 pi
j 〈j| =

m∑

j=1

|pj〉 〈j| ,
o� �¬p

am�b|bj r fab }mjl o� �� p dw {jb}bjjbq de fab {jbwbef qm kfmjn~ fabwdw �se fab wbuvbekb o� �«p fab
j
gfa �~m k� r

Aj−1P
r kmefndew fab km~vlew r �adkakne �b ~debnj~� qb{ beqbef me km~vlew fm dfw ~b}f r d �b me km~vlew m}

P , AP , A2P , . . . , Aj−2P .
o� �ìp

`avw r fab ~debnj deqb{ beqbekb m} fab km~vlew de o� �«p dw tbebjn~~� ~mwf � ·m�b|bj rfab bz dwfbekb m} ~debnj qb{ beqbef km~vlew de o� �«p qmbw emf deqdknfb fanf fab�~m k� wbuvbekb o� �«p dw bzanvwfbq r neq fab |bkfmjw
Aj−1P

ebbq fm � b tbebjnfbq}vjfabj � `adw {jm�~bl m} ~debnj qb{ beqnekb kne �b bnwd~� wm~|bq r d} �b wkne fabkm~vlew de o� �«p }jml ~b}f fm jdtaf neq qb~bfb bnka km~vle r �adka dw ~debnj~�qb{ beqbef me dfw ~b}f mebw � `abe r �b m�fnde fab :;� 5H;: F<86� ������ =;�E;M6;nw
P1, AP2, A

2P3, A
3P4, . . . , A

j−1Pj , . . . , A
n̂−1Pn̂ .

o� �êp
�}fbj fab qb3nfdme r n~~ km ~vlew de o� �êp njb ~debnj~� deqb{ beqbef r neq �b qb�ebfab

n
9HI F<86� ������ =EF=G 56;r �adka dw deqvkbq �� fab m{bjnfmj

A
neq wfnjfgdet l nfjdz

P
neq w{neebq �� fab �jwf

n
km~vlew m} fab qb3nfbq �~m k� wbuvbekb rd �b �

K(A,P , n) =
w{ne {P1, AP2, A

2P3, A
3P4, . . . , A

n̂−1Pn̂} .
o� �óp

`ab evl�bj m} fab ~debnj deqb{ beqbef |bkfmjw de o� �óp dw qbfbjl debq nw
n =

m1 +m2 + · · · +mj
r �abjb

mj
dw fab evl�bj m} fab km~vlew de fab

j
gfa �~m k�

Aj−1Pj
n}fbj fab qb3nfdme �cmj y��gfbkaeduvbw r �nwbq me ������� lbfamqw r �b defjm qvkb fab �~m k������� wv{w{nkb r tbebjnfbq �� fab fjnew{mwb m{ bjnfmj

AT ∈ HN×N neq nl nfjdz m} < =H57HKMm |;6H87=
Q = [ |q1〉, |q2〉, |q3〉, . . . , |ql〉 ] ∈ HN×l ,

o� �Ý½p
neq w{neebq �� fab �jwf

n
km~vlew m} fab qb3nfbq �~m k� ������ wv�w{nkb

Q1, A
TQ2, (AT )2Q3, (AT )3Q4, . . . , (AT )n̂−1Qn̂

o� �ÝÝp
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nw }m ~~m� det

K(AT ,Q, n) =
w{ne {Q1, (AT )Q2, (AT )2Q3, . . . , (AT )n̂−1Qn̂} .

o� �Ý\p
·bjb r

n = l1 + l2 + · · · + lj
r neq

lj
dw fab evl�bj m} fab km~vlew de fab

j
gfa�~m k�

(AT )j−1Qj
n}fbj fab qb~bfdet m} ~debnj qb{ beqbekb km~vlew � se fab knwbm}

l = 1
�b an|b fab vwvn~

n
gfa ������ wv�w{nkb deqvkbq ��

AT neq n wdet~bwfnjfdet |bkfmj |q〉
K(AT , |q〉, n) =

w{ne { |q〉, AT |q〉, (AT )2|q〉, . . . , (AT )n−1|q〉 } . o� �Ý]p
� w �b kne wbb r bnka n{{~dknfdme m} fab tbebjn~ `xy m{bjnfmj

kΓ kS
nw l nfjdz

A
}mj fab kmewfjvkfdme m} ������ wv�w{nkbw de o� �Ýp neq o� �óp dw buv d|n~bef fmmeb fdl b wfb{ de `xy fdl b b|m~vfdme wkablb o\ �Ý\]p � `adw {jm{ bjf� l n�bw fabvwb m} fab `xy fdl b b|m~vfdme wkabl b ofab `xy �bjeb~p }mj y��gfbkaeduvbw�nwbq me ������ wv�w{nkb l bfamqw nffjnkfd|b owbb ¼an{fbj «p �

� -R �()#) ��!"��)
`ab km~vlew m} �~m k� ������ wbuvbekbw o� �óp neq o� �Ý\p neq km~vlew m} ������wbuvbekbw o� �Ýp neq o� �Ý]p deqvkbq �� fab wdet~b wfnjfdet |bkfmjw |p〉 de o� �Ýp neq
|q〉 de o� �Ý]p njb ~debnjgdeqb{ beqbef r neq fabjb}mjb r fabmjbfdkn~~� kne �b vwbq deevlbjdkn~ kml{vfnfdmew nw n �nwdw � ·m�b|bj r fabwb km~vlew fbeq fm � b n~l mwf~debnj~� qb{ beqbef b|be }mj lmqbjnfb |n~vbw m}

n
� `abjb}mjb r fabdj v wb dw emfjbkmllbeqbq }mj evl bjdkn~ kml{vfnfdmen~ � sewfbnq m} fanf r �b tbebjnfb mfabj�nwdw |bkfmjw �`ab }m~~m� det r

|v1〉, |v2〉, |v3〉, · · · , |vn〉 ∈ HN o� �Ý� p
qbemfbw n wbf m} �nwdw |bkfmjw }mj K(A,P , n)

r d �b �
w{ne{ |v1〉, |v2〉, |v3〉, · · · , |vn〉 } = K(A,P , n).

o� �Ý«p
`ab

N × n
lnfjdz

Vn := [ |v1〉, |v2〉, |v3〉, · · · , |vn〉 ] ∈ HN×n o� �Ý¬p
dw kn~~bq n F5=K= 4 5H7KN }mj K(A,P , n)

��dl d~nj~�r
|w1〉, |w2〉, |w3〉, · · · , |wn〉 ∈ HN o� �Ýìp

qbemfbw n wbf m} �nwdw |bkfmjw }mj K(AT , |q〉, n)
r d �b �

w{ne{|w1〉, |w2〉, |w3〉, · · · , |wn〉} = K(AT , |q〉, n).
o� �Ýêp

�eq fab
N × n

lnfjdz
Wn := [ |w1〉, |w2〉, |w3〉, · · · , |wn〉 ] ∈ HN×n o� �Ýóp

dw kn~~bq n F5=K= 4 5H7KN }mj K(AT , |q〉, n)
�`ab l nfjdkbw

Vn
neq

Wn
kne �b n~wm �jdffbe de fab É ���� emfnfdme nw}m~~m� det

Vn =

N,m
∑

i,j=1

|i〉 vi
j 〈j| =

m∑

j=1

|vj〉 〈j| ,
o� �\½p



¬¬ û#$% þÿ& � ( �&ØeüW � +Ù�%$ûÿ dÿ þ#ü*�

Wn =

N,m
∑

i,j=1

|i〉wi
j 〈j| =

m∑

j=1

|wj〉 〈j| ,
o� �\ Ýp

� dfa 〈jk1
|jk2

〉 = δk1,k2

neq 〈il1 |il2〉 = δl1,l2

� `ab qb�edfdmew m} fab |bkfmjw |vj〉neq |wj〉
}m ~~m� }jml o� �\½p neq o� �\ Ýp � cvjfabj �b vwb fab emfnfdme td|befajmvta bu � o� �Ý¬p neq o� �Ýóp �

� -Y ^�$���# �()#)
`ab k~nwwdkn~ ������� {jm kbww tbebjnfbw mjfamemjl n~ �nwdw |bkfmjw }mj fab wbguvbekb m} ������ wv�w{nkbw K(A, |p〉, n)

deqvkbq ��
A
neq n wdet~b wfnjfdet|bkfmj |p〉 nw de bu � o� �Ýp r neq �b~metw fm m ;M;75<Kµ ;: ¾³��³�È³�» 4 ;HI 8:=oÂ·y p r �adka jbqvkb n tbebjn~ l nfjdz fm ¾³��³�È³�» }mjl � `ab �nwdw m} n~~wvka lbfamqw dw }m~~m� det ��b qbemfb n wbf m}

n
deqb{ beqbef |bkfmjw |xi〉

nw
X :=

w{ne{|x1〉, |x2〉, · · · , |xi〉, · · · , |xn〉} ∈ HN×n .
o� �\\p

�fnjfdet me fab nj�dfjnj� |bkfmj |v1〉 = |p〉 �b }mjl n wbf m} l mqd�bq ������|bkfmjw |v2〉, |v3〉, · · · , |vj〉, · · · , |vn+1〉
m�fndebq �� fab ebzf wbuvbekb

βj+1|vj+1〉 = A|vj〉 −
j
∑

i=1

hij |vi〉 ,
o� �\]p

�abjb
βj+1

njb wvdfn�~b emjl n~d�det kmb� kdbefw r neq
hij

njb qbfbjl debq wm fanf
|vj+1〉

dw mjfamtmen~ fm |x1〉, |x2〉, · · · , |xj〉
�`ab wbuvbekb o� �\]p l n� �b nwwbl�~bq defm n wdet~b m{ bjnfmj buvnfdme nw

AN×N VN×n = VN×nHn×n + βn+1|vn+1〉〈en| =

= VN×(n+1)H(n+1)×n ,
o� �\� p

�abjb fab lnfjdz
H
dw m} fab v{{bj ¾³��³�È³�» }mjl r d �b �

H =









h11 h12 h13 · · · h1n

β2 h22 h23 · · · h2n

0 β3 h33 · · · h3n

· · · · · · · · · · · · · · ·
0 0 · · · βn hnn









.
o� �\«p

`ab l nfjdz
H
jb{jbwbefw n mjfamtmen~ {jm� bkfdme m} fab mjdtden~ l nfjdz

Amefm fab ������ wv�w{nkb K(A, |p〉, n)
� `ab l nfjdz

Hn×n
jb{jbwbefw n wmgkn~~bq 7;:E6;: � 874 m} fab mjdtden~ l nfjdz

AN×N
r � bknvwb

n << N
�`ab q�nqdk {jmqvkf |vn+1〉〈en|

{jbwbefw n jne�gmeb l nfjdz r �abjb |en〉 =
[0, 0, . . . , 1]T

�� w�bfka m} fab l nfjdz fjnew}mjl nfdme o� �\� p �� Â·y dw {jbwbefbq de cdt � � �Ý �`ab mjfamtmen~df� kmeqdfdme kne �b �jdffbe de fab }mjl
XT

n×N VN×n = Ln×n ,
o� �\¬p

�abjb
L
dw n ~m�bj fjdnetv~nj l nfjdz �



� (V ( $&ýüe*) Ù$�)� ¬ì

A V V=

H

+A V V=

H

+

cdtvjb � �Ý D ynfjdz fjnew}mjl nfdme �� Â·y �
s}
V
dw n �nwdw l nfjdz neq r bu � o� �\]p ln� �b �jdffbe de fab }mjl

V TAV = H ,
o� �\ìp

�adka jb{jbwbefw n kme}mjl n~ l n{{det kn~~bq =K4 K<57KHP H75M=� 874 5HK8M r neql nfjdkbw
A
neq

H
njb kn~~bq =K4 K<57 1�ê2 � `ab qbfbjl denef m} fab wdl d~njdf�fjnew}mjl nfdme m} fab l nfjdz

V TAV
dw buvn~ fm fab qbfbjl denef m} fab mjdtden~l nfjdz

A
� sf dw b|dqbef fanf fab kn~kv~nfdme m} bdtbe|n~vbw m}

H
dw wdted�knef~�wdl{~bj fane m}

A
d}
n << N

�`ab Â·y ln� �jbn� qm�e }mj f�m qdibjbef jbnwmew 1Ý\�2 D
• � |bkfmj |vj+1〉, (j < n)

ln� �b ev~~ od �b � n |bkfmj � dfa Ã kml{mebefw rbnka m} fabl dw ½p � se fadw knwb �b kne jb{~nkb fab ev~~ |vj+1〉
�� ne�|bkfmj |ṽj+1〉

�adka dw mjfamtmen~ fm |bkfmjw |x1〉, |x2〉, · · · , |xj〉
�

• `ab b~bl befw m} fab l nfjdz H njb m�fndebq ��

hij =
〈xi|A |vj〉
〈xi|vi〉

.
o� �\êp

`abjb}mjb r d} 〈xi|vi〉 = 0
fabe

hij
kneemf � b qbfbjl debq � sf dw b|dqbeffanf fab |nedwa det m} 〈xi|vi〉

dw l mjb wbjdmvw oneq mkkvjw lmjb m}fbe p fanefab |nedwadet m} |vi〉
s} fab |bkfmj |xi〉

njb emf td|be de nq|nekb r �b l n��b n�~b fm kammwb fab |xi〉
fanf 〈xi|vi〉 6= 0

� � abe fab |xi〉
njb td|be denq|nekb �b an|b fm jbwfnjf fab tbebjnfdme m} l mqd�bq ������ |bkfmjw ��o� �\�p � dfa n qdibjbef wfnjf |bkfmj |v1〉 = |p̃〉 � s} em 〈xi|vi〉
dw �bjm r fabe

L
neq

V
njb emegwdetv~nj �

`ab kamdkb }mj
X
td|bw jbnwmew }mj |njdmvw lmqd�knfdmew m} Â·y � �m r mebkamdkb }mj

X
dw fab dqbefdf� l nfjdz � � abe

X = I
fab jbwv~f dw fab 4;HI 8: 8�

¾³��³�È³�» � `avw r fab mjfamtmen~df� {jm{ bjf� kne �b �jdffbe de fab }mjl
Ln×n = XT

n×N VN×n = Vn×n ,
o� �\óp

�abjb
Vn×n

dw n ~m�bj fjdnetv~nj l nfjdz nw �b~~ ��emfabj enfvjn~ kamdkb }mj fab wbf m} |bkfmjw |xi〉
de Â·y dw fab wbf m} fab������ |bkfmjw |vi〉

fabl wb~|bw r fanf ~bnqw fm fab 4;HI 8: 8� �������� `ab�nwdw tbebjnfbq �� o� �\]p wnfdw�bw
V T V = D ,

o� �]½p
�abjb

Dn×n
anw qdntmen~ }mjl � �b ln� kammwb fab emjl n~d�det }nkfmjw

βi
wmfanf

V T V = I ,
o� �] Ýp
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neq fab Â·y �db~qw ne mjfamemjl n~ �nwdw

V
� `ab nq|nefntb m} mjfamemjl n~gd�nfdme dw fanf fab l nzdlvl m} bnka ‖vi‖2 = 1
�

·m�b|bj r df dw bwwbefdn~ fanf fab |bkfmjw |vi〉
jbl nde wfjdkf~� mjfamtmen~ � dfajbw{ bkf fm fab fm �mj�det nkkvjnk�� �b kmewdqbj fab |bkfmjw

βj+1|vj+1〉 = A|vj〉 − hjj |vj〉 − . . .− h2j |v2〉 − h1j |v1〉 ,
o� �]\p

�abjb fab
hij

njb kamwbe wm fanf
βj+1|vj+1〉

dw mjfamtmen~ fm |vi〉
� sf l n� �b fanffab kml{mebefw m} ‖βj+1vj+1‖2

njb |bj� wl n~~ kml{njbq � dfa ‖A|vj〉‖2
r neq wmbzfbewd|b knekb~~nfdme m kkvjw � se fadw knwb

βj+1|vj+1〉
�d~~ emf b|be �b n{{jmz dgl nfb~� mjfamtmen~ fm |vi〉

r mj de mfabj �mjqw r fab mjfamtmen~df� dw ~mwf � se mjqbjfm m�fnde fab |bkfmj
βj+1|vj+1〉

�adka dw fjv ~� mjfamtmen~ fm fab |vi〉
�b an|b fm{ bj}mjl jbgmjfamtmen~d�nfdme }mj

βj+1|vj+1〉
� `a dw jbgmjfamtmen~d�nfdme l n� �b�nwbq me fab Ç��Á B?�ÀÁ��´ mjfamtmen~d�nfdme {jm kbww owbb �°°xuÉ yz ëp�

`ab ������� l bfamq kne �b bwwbefdn~~� |db�bq nw n lmqd�bq Ç��Á B?�ÀÁ��´{jm kbww }mj �v d~qdet ne mjfamtmen~ �nwdw }mj fab ������ wv�w{nkb K(A, |p〉, n)
��fabj mjfamtmen~d�nfdme n~tmjdfal w kne �b vwbq de nqqdfdme fm fab mebw n~jbnq�l befdmebq � �eb m} fab lmwf jb~dn�~b mjfamtmen~d�nfdme fbkaeduvbw dw fab ¾�¶�³BÀ���³� 5<m 87KHI4 1�ê r Ý\�2 r �adka anw � bbe dl{~blbefbq }mj fab ������� {jmgkbqvjb �� ���Å³� de 1Ý\Ý2 � ¸|be famvta fab ¾�¶�³À���³� n~tmjdfal dw nwgwvl bq fm �b evlbjdkn~~� lmjb jb~dn�~b fane Ç��Á B?�ÀÁ��´ {jm kbww r df dw l mjbbz{bewd|b r an|det fab wml b wfmjntb jbuvdjbl befw nw lmqd�bq Ç��Á B?�ÀÁ ��´�vf n�mvf f� dkb nw l ne� m{bjnfdmew �Ãm� r ~bf vw kmewdqbj fab {wbvqm kmqb m} fab �nwdk ������� {jm kbqvjb �

� õ�×ÖÛÕáå ò �í �Ò � `ab ������� n~tmjdfal �
oÝp kammwb |v1〉 =

|p〉
‖p ‖2o\p �×Ö

j = 1, 2, . . . , n
Ø×o]p |ṽ〉 = A|vj〉o�p �×Ö

i = 1, 2, . . . , j
Ø×o«p

hij = 〈ṽ|vi〉o¬p |ṽ〉 = |ṽ〉 − hij |vi〉oìp âÔØ �×Öoêp
βj+1 = ‖ṽ‖2oóp Û�
βj+1 = 0

ÕáâÔ äÕ×ø
oÝ½p |vj+1〉 =

|ṽ〉
βj+1oÝÝp âÔØ �×Ö

� w df emfbq bnj~dbj r fab n~tmjdfal �jbn�w qm�e �abe fab emjl m} ‖ṽ‖2
me~deb oêp |nedwabw nf fab wfb{

j
� sf an{{bew d} r neq me~� d} r fab wfnjfdet |bkfmj |p〉dw n ~debnj kml�denfdme m}

j
�nwdw |bkfmjw |vi〉

�
`ab bdtbe|n~vb w{ bkfjvl m} fab l nfjdz

A
dw n{{jmz dl nfbq �� bdtbe|n~vbw m}fab ¾³��³�È³�» lnfjdz

H
r �adka njb �em�e nw µ �´� |5<E;= � `ab bdtbe|bkfmj

nwwm kdnfbq � dfa n µ �´� |n~vb
λ

(n)
i

dw kn~~bq fab µ �´� |;6H87 neq qb�ebq ��
|x(n)

i 〉 = λ
(n)
i |u(n)

i 〉 , o� �]]p
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�abjb |u(n)

i 〉 dw ne bdtbe|bkfmj nwwm kdnfbq � dfa fab igfa µ �´� |n~vb λ(n)
i

r m�fndebqnf fab
n
gfa wfb{ � `ab uvn~df� m} fab n{{jmz dl nfdme � d~~ vwvn~~� dl{jm|b nw

ndekjbnwbw ��b an|b fab jbwdqvn~ |bkfmj nw
|rres〉 = (A− λ

(n)
i I)|x(n)

i 〉 = βn+1〈en|u(n)
i 〉 |vn+1〉

o� �]� p
neq r fabjb}mjb r

‖rres‖2 = ‖(A− λ
(n)
i I)|x(n)

i 〉‖2 = βn+1 |〈en|u(n)
i 〉| . o� �]«p

`avw r fab emjl m} fab jbwdqvn~ |bkfmj dw buvn~ fm fab n�wm~vfb |n~vb m} fab
~nwf kml{mebef m} fab bdtbe|bkfmj |u(n)

i 〉 lv~fd{ ~dbq �� fab kmb� kdbef βn+1
� �bemfb fanf fab jbwdqvn~ emjl w qm emf n~�n�w deqdknfb fab nkfvn~ bjjmjw r �vf kne �bvwbq nw wfm{{det kjdfbjdn d} fab kme|bjtbekb }mj ebbqbq bdtbe|n~vbw dw nkadb|bq ��eb dl{jm|bl bef �mv~q � b fm { bj}mjl jbgmjfamtmen~d�nfdme d} ebkbwwnj��� abeb|bj fab �en~ |bkfmj |ṽ〉 m�fndebq nf fab beq m} fab wbkmeq ~mm{ dw kml{vfbq rdfw emjl dw kml{njbq � dfa fab emjl m} dedfdn~

A|vj〉
� s} fab |bkfmj jbqvkfdme dw� b~m� n kbjfnde fajbwam~q r fab wbkmeq mjfamtmen~d�nfdme dw l nqb � `adw kanetbm} fab |bkfmj emjl deqdknfbw fanf knekb~~nfdme anw m kkvjjbq �se mjqbj fm jb~dn�~� qbfbjl deb lv~fd{~b neq>mj k~vwfbjbq bdtbe|n~vbw r fab�~m k� lbfamqw njb vwbq � se l ne� knwbw fab kmwf m} kml{vfdet }b� lnfjdzg|bkfmj{jmqvkfw dw kmllbewvjnfb � dfa fanf m} meb l nfjdzg|bkfmj {jmqvkf O fabjb}mjb rfab kml{vfnfdmen~ m|bjabnq dw ebt~bkf}v~ � � ~famvta ve�~m k�bq l bfamqw kmv{~bq� dfa qb3nfdme wfjnfbt� 1ì2 ln� �b vwbq fm kml{vfb lv~fd{~b neq>mj k~vwfbjbqbdtbe|n~vbw r fab� l n� {jm|b deb� kdbef }mj wmlb bdtbe|n~vb {jm� ~bl w �bknvwb m}kml{vfnfdmen~ kmwfw � se fadw knwb o� dfamvf qb3nfdme p fab �~m k� ������� {jm kbww}mjl w fab mjfamtmen~ �nwdw

VN×nm
}mj ������ wv�w{nkb K(A,P , n)

r �abjb
VN×n̂m = [V1,V2,V3, . . . ,Vn̂] .

o� �]¬p
cmj wdl{~d�knfdme �b wv{{mwb n~~ km~vlew m}

VN×n̂m
fm � b ~debnj~� deqb{beqbef �se fadw knwb fab wdl d~njdf� fjnew}mjl nfdme dw td|be �� fab ebzf jb~nfdme

AN×N VN×n̂m = VN×n̂mHn̂m×n̂m + Fn̂m×n̂mEn̂m×n̂m ,
o� �]ìp

�abjb
m
dw fab evl�bj m} fab |bkfmjw de fab �~m k�

Vj
O
n̂
qbemfbw fab fmfn~ evl�bjm} � ~m k�w O

n = n̂m
dw fab mjqbj m} ������ wv�w{nkb od �b � fmfn~ evl�bj m} �nwdw|bkfmjwp O

Hn̂m×n̂m
dw n �neq v{{bj ¾³��³�È³�» lnfjdz m} mjqbj

mn̂
one v{{bjfjdqdntmen~ l nfjdz � dfa

m
wv�qdntmen~wp �`ab �~m k� ������� n~tmjdfal � dfa fab qb3nfdme kne �b }mveq de 1�]2 � cmjlmjb qbfnd~w m} ������� �~m k� n~tmjdfal w fab jbnqbj dw jb}bjjbq fm 1Ý½]2 �

� -� +($!ß�) �()#)
`ab �nwdk dqbn m} fab ������� {jm kbqvjb dw fm jb{~nkb fab bdtbe|n~vb {jm�~bl}mj n td|be tbebjn~ m{ bjnfmj

A
�� bdtbe|n~vb kml{vfnfdmew me meb mj lmjb m} fabwdl{~bj fjdqdntmen~ ������� l nfjdkbw r �adka njb nwwvl bq fm �b kml{vfnfdmegn~~� m{fdl n~ l nfjdkbw � `ab k~nwwdkn~ ������� l bfamq tbebjnfbw f�m wbuvbekbwm} |bkfmjw r �adka }mjl n �dmjfamtmen~ �nwdw � `ab n{{jmz dl nfdet fjdqdntmen~������� l nfjdz dw fab l nfjdz jb{jbwbefnfdme m} fab �dmjfamtmen~ {jm� bkfdme m}
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fab mjdt den~ l nfjdz

A
mefm ������ wv�w{nkbw deqvkbq ��

A
neq

AT neq wfnjf|bkfmjw |p〉 neq |q〉 jbw{ bkfd|b~�r d �b � mefm fab K(A, |p〉, n)
neq K(AT , |q〉, n)wv�w{nkbw jbw{ bkfd|b~��xbf vw {mdef mvf fanf fabjb njb f�m buvd|n~bef }mjlv~nfdmew m} fab �������{jm kbww }mj kml{~bz l nfjdkbw g vwdet bdfabj

AT mj
A† � se fadw qm kfmjn~ fabwdwfab }mjlv~nfdme � dfa

AT dw kamwbe }mj f�m jbnwmew � c djwf r df n~~m� w fm n|mdqkml{~bz kme�vtnfbq wkn~njw de wml b m} fab jbkvjjbekb jb~nfdmew O neq wbkmeq r fabtbebjn~ `xy m{bjnfmj dw {jbwbefbq �� n jbn~ emew�llbfjdk l nfjdz �se mjqbj fm qbjd|b fab ������� jbkvjjbekbw �b jbfvje fm Â·y � `abjb dw mebmfabj {mwwd�d~df� fm kammwb fab |xi〉
de Â·y � �b kne qbjd|b fab �nwdw

W
vwdetfab fjnew{mwb

AT de fab wnl b �n� nw |vi〉
njb m�fndebq ��

A
� `ab jb~b|nefwbuvbekbw njb

ρj+1|vj+1〉 = A|vj〉 −
j
∑

i=1

hij |vi〉 ,
o� �]êp

ηj+1|wj+1〉 = AT |wj〉 −
j
∑

i=1

ĥij |wi〉 ,
o� �]óp

�abjb
hij

neq
ĥij

njb kamwbe wm fanf |vj+1〉
dw mjfamtmen~ fm |wi〉

neq |wj+1〉
dwmjfamtmen~ fm |vi〉

jbw{ bkfd|b~���b ln� �jdfb fabwb tbebjnfdme wbuvbekbw de kmjjbw{meqdet l nfjdz }mjl w nw}m~~m� det
AV = V H ,

o� ��½p
AT W = W Ĥ ,

o� �� Ýp
�abjb

H
neq

Ĥ
njb m} v{{bj ¾³��³�È³�» }mjl �`ab wbfw

V
neq

W
njb kmeebkfbq � dfa bnka mfabj fajmvta

W T V = L ,
o� ��\p

V T W = L̂ ,
o� ��]p

�abjb
L
neq

L̂
njb ~m�bj fjdnetv~nj �cm~~m� det bu � o� ��\p neq bu � o� ��]p dw

L = L̂T ,
o� ��� p

neq abekb �mfa an|b fm � b qdntmen~ � �b qbemfb fabl nw n qdntmen~ l nfjdz
D
�cjml bu � o� �� Ýp �b an|b

A = (W−1)T Ĥ W T ,
o� ��«p

neq }jml bu � o� ��½p neq bu � o� ��«p �b m�fnde
H = V −1AV = D−1 ĤT D.

o� ��¬p
`ab lnfjdz

H
dw v{{bj ¾³��³�È³�» neq fab l nfjdz

D−1 ĤT D
dw v{{bj

¾³��³�È³�» lnfjdz � `abjb}mjb r � mfa njb fjdqdntmen~ r neq de bu � o� �\«p neqbu � o� �]êp �b an|b
hi,j = ĥi,j = 0 ,

}mj
i = 1, 2, . . . , n− 2 , j = i+ 2, . . . , n .

o� ��ìp
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�w r nw }m~~m� w r buvnfdmew de o� �]êp njb jbqvkbq fm fajbbgfbjl wbuvbekbw D

ρj+1|vj+1〉 = A|vj〉 − αj |vj〉 − βj |vj−1〉 ,
o� ��êp

ηj+1|wj+1〉 = AT |wj〉 − αj |wj〉 − γj |wj−1〉 ,
o� ��óp

�abjb fab kmb� kdbefw
αj , βj

neq
γj
njb td|be ��

αj =
〈wj |A|vj〉
〈wj |vj〉

=
〈vj |AT |wj〉
〈vj |wj〉

,
o� �«½p

βj =
〈wj−1|A|vj〉
〈wj−1|vj−1〉

=
〈vj |AT |wj−1〉
〈wj−1|vj−1〉

=

=
〈vj | (ηj |wj〉 + αj−1|wj−1〉 + γj−1|wj−2〉)

〈wj−1|vj−1〉
=

= ηj
〈vj |wj〉

〈wj−1|vj−1〉
.

o� �« Ýp
�dl d~nj~� �b m�fnde

γj = ρj
〈wj |vj〉

〈vj−1|wj−1〉
.

o� �«\p
`avw r d}

A|vj〉
dw mjfamtmen~d�bq � dfa jbw{ bkf fm |wj〉

neq |wj−1〉
df dw nvgfml nfdkn~~� mjfamtmen~ � dfa jbw{ bkf fm n~~ bnj~dbj |wi〉

r neq wdl d~nj~�r d}
A|wj〉dw mjfamtmen~d�bq � dfa jbw{ bkf fm |vj〉

neq |vj−1〉
df dw nvfml nfdkn~~� mjfamtmen~� dfa jbw{ bkf fm n~~ bnj~dbj |vi〉

�`ab ������� n~tmjdfal ln� �jbn� qm�e }mj f�m qdibjbef jbnwmew 1Ý\�2 D
• �eb mj �mfa m} fab |bkfmjw |vj+1〉

neq |wj+1〉
ln� �b ev~~ � se fa dwknwb �b fn�b eb� |bkfmjw |ṽj+1〉

neq |w̃j+1〉
wm fanf |ṽj+1〉

dw mjfamtmgen~ fm n~~ |w1〉, |w2〉, . . . , |wj〉
neq |w̃j+1〉

dw mjfamtmen~ fm n~~ {jb|dmvw
|v1〉, |v2〉, . . . , |vj〉

r n}fbj fanf �b kne {jm kbbq fab n~tmjdfal �
• �e fab mfabj aneq r d} 〈vj |wj〉 = 0

nf meb wfb{ fab {jm kbww �jbn�w qm�ekml{~bfb~�r neq �b an|b fm wfnjf fab n~tmjdfal ntnde � dfa n eb� wfnjf|bkfmj ob|befvn~~� � dfa eb� �mfa |bkfmjwp r d �b � |v1〉 = |p̃〉 neq>mj |w1〉 =
|q̃〉 �� õ�×ÖÛÕáå ò �ò �Ò � `ab emew�llbfjdk ������� n~tmjdfal �

oÝp kammwb |v1〉 =
|p〉
‖p ‖2

neq |w1〉 =
|q〉
‖q ‖2o\p wbf |v0〉 = 0

r |w0〉 = 0
neq

ρ1 = η1 = δ0 = 1o]p �×Ö
j = 1, 2, . . . , n

Ø×o�p
δj = 〈wj |vj〉o«p Û�
δj = 0

ÕáâÔ äÕ×ø
o¬p

αj =
〈wj |A|vj〉

δjoìp
βj = ηjδj/δj−1oêp
γj = ρjδj/δj−1oóp |ṽj+1〉 = A |vj〉 − αj |vj〉 − βj |vj−1〉
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oÝ½p |w̃j+1〉 = AT |wj〉 − αj |wj〉 − γj |wj−1〉oÝÝp

ρj+1 = ‖ṽj+1‖2oÝ\p
ηj+1 = ‖w̃j+1‖2oÝ]p Û�
ρj+1 = 0

mj
ηj+1 = 0

ÕáâÔ äÕ×ø
oÝ�p |vj+1〉 =

|ṽj+1〉
ρj+1oÝ«p |wj+1〉 =
|w̃j+1〉
ηj+1oÝ¬p âÔØ �×Ö

`ab l nfjdz
A
dw jb{jbwbefbq �� n

n× n
emeg¾³�Á �´ ��� fjdqdntmen~ l nfjdz

T

W TAV = DT ,
o� �«]p

�abjb

T =











α1 β2

ρ2 α2 β3

ρ3 α3

� � �
� � � � � �

βn

ρn αn











,
o� �«� p

neq fab l nfjdz
D =

qdnt
(δ1, δ2, . . . , δj , . . . δn)

o� �««p
dw qbfbjl debq �� �dmjfamtmen~df� {jm{ bjf�

W TV = D .
o� �«¬p

se mfabj �mjqw r fab kmewfjvkfbq ������� |bkfmjw njb � dmjfamtmen~ � `anf dw

〈wi|vj〉 =

{
δj , i = j ,
0, i 6= j .

o� �«ìp
�fjdkf~� w{ bn�det r fab tm|bjedet jb~nfdmew m} fab ������� }nkfmjd�nfdme njbtd|be de n l nfjdz }mjl ��

AN×N VN×n = VN×n Tn×n + βn+1|vn+1〉〈en| ,
o� �«êp

AT
N×N WN×n = WN×n T

T
n×n + γn+1|wn+1〉〈en| .

o� �«óp
¹ wdet bu � o� ��¬p �b kne �jdfb bu � o� �«êp r o� �«óp de n w~dtaf~� qdibjbef }mjl

AN×N VN×n = VN×(n+1) T(n+1)×n ,
o� �¬½p

AT
N×N WN×n = WN×(n+1)D

−1
(n+1)×(n+1) T(n+1)×nDn×n.

o� �¬ Ýp
� w�bfka m} fab wdl d~njdf� fjnew}mjl nfdme �� fab ������� n~tmjdfal dw {jbgwbefbq de cdt � � �\ � `ab nkfdme m}

A
me
V
td|bw

V T
{~vw n jne�gmeb l nfjdz

βn+1|vn+1〉〈en|
r neq fab nkfdme m}

AT me
W

td|bw
WT T {~vw n jne�gmeb l ngfjdz

γn+1|wn+1〉〈en|
��b emfb r fanf fab wfjdkf �dgmjfamtmen~df� m} fab f�m wbuvbekbw |vj〉

neq |wj〉dw vwvn~~� wmme ~mwf � se mjqbj fm n|mdq fadw bibkf fab jb�dmjfamtmen~d�nfdme kne�b {bj}mjl bq nf bnka wfntb � ·m�b|bj r df kneemf � b fmm wfjmet~� bl{anwd�bq
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A

( AT )

V

( W ) =

T

( T T )
+

V

( W )

A

( AT )

V

( W ) =

T

( T T )
+

V

( W )

A

( AT )

V

( W ) =

T

( T T )
+

V

( W )

A

( AT )

V

( W ) =

T

( T T )
+

V

( W )

cdtvjb � �\ D �dl d~njdf� fjnew}mjl nfdme �� fab ������� n~tmjdfal �
fanf jb�dmjfamtmen~d�nfdme qmbw emf {jmqvkb fab |bkfmjw �adka �mv~q an|b � bbem�fndebq �� lmjb nkkvjnfb kml{vfnfdme neq fanf fadw dw em qb~bfbjdmvw bibkf1Ý\�2 � cmj fadw {vj{mwb fab f�mgwdqbq lmqd�bq Ç��Á B?�ÀÁ��´ {jm kbww l n� �bvfd~d�bq owbb �°°xuÉ yz ëp�

`ab bdtbe|n~vbw m}
A
njb n{{jmz dl nfbq �� fab µ �´� |n~vbw

λ
(n)
i

r �adka njbbdtbewm~vfdmew m}
T
nf fab wfb{

n
r d �b �

T |u(n)
i 〉 = λ

(n)
i |u(n)

i 〉 , o� �¬\p
〈s(n)

i |T = 〈s(n)
i | λ(n)

i .
o� �¬]p

`ab jdtaf neq ~b}f µ �´� |bkfmjw r kmjjbw{meqdet fm fab µ �´� |n~vbw
λ

(n)
i

njbtd|be ��
|x(n)

i 〉 = V |u(n)
i 〉 , o� �¬� p

|w(n)
i 〉 = W |s(n)

i 〉 . o� �¬«p
`ab kme|bjtbekb m} fab µ �´� |n~vbw neq µ �´� |bkfmjw fm bdtbe|n~vbw neqbdtbe|bkfmjw m}

A
kne �b b|n~vnfbq �� kml{njdet fab emjl w m} fab jbwdqvn~w

|rres〉 = (A− λ
(n)
i I) |x(n)

i 〉 = ρn+1{〈en |u(n)
i 〉} |vn+1〉 ,

o� �¬¬p
〈pres| = 〈w(n)

i | (A− λ
(n)
i I) = ηn+1〈wn+1| {〈s(n)

i |en〉} ,
o� �¬ìp

neq r fabjb}mjb r
‖rres‖2 = ρn+1 |〈en |u(n)

i 〉| , o� �¬êp
‖pres‖2 = ηn+1 |〈s(n)

i |en〉| .
o� �¬óp

se mjqbj fm qbfbjl deb lv~fd{~b neq>mj k~vwfbjbq bdtbe|n~vbw fab ��������~m k� neq �neq lbfamqw kne �b defjmqvkbq nw �b~~ � `ab vwb m} �~m k�w m} wfnjfdet|bkfmjw dw n~wm � beb� kdn~ �abeb|bj kml{vfdet l nfjdzgl nfjdz {jmqvkfw
AV

neq
ATW

r neq dw kabn{bj fane wbuvbefdn~~� kml{vfdet l nfjdzg|bkfmj {jm qvkfw
A|v〉neq

AT |w〉 }mj n~~ fab km~vlew m} V neq
W
� se fab �neq |njdnef de kmefjnwf fmfab �~m k� lbfamqw r fab wd�bw m} fab ~b}f neq fab jdtaf �~m k�w m} ������� |bkfmjwebbq emf ebkbwwnjd~� � b fab wnl b � se {njfdkv ~nj r fabwb �neq lbfamqw kne �bn{{~dbq fm y�� m} ~debnj q�enl dkn~ w�wfbl w r �abjb fab jdtaf neq ~b}f wfnjfdet�~m k�w an|b qdibjbef wd�bw �� dfa jbw{ bkf fm `xy fab vfd~d�nfdme m} �~m k� neq>mj �neq lbfamqw dw |bj�bz{bewd|b de kml{njdwme fm fab vwb m} wdet~b wfnjfdet |bkfmjw owbb ¼an{fbj «p �`abjb}mjb r fab �~m k� neq �neq n~tmjdfal w njb emf qbwkjd�bq de qbfnd~ abjb � `abjbnqbj dw jb}bjjbq fm fab �mj�w m} ¶�³¶�� 1�]2{ 1�¬2 �
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se|bwfdtnfdmew neq wvttbwfdmew }mj b� kdbef dl{~bl befnfdmew m} fab emew�l gl bfjdk ������� n~tmjdfal njb {jbwbefbq de 1]]2 � sf anw � bbe wam�e fanf df dw emfebkbwwnj� fm jb�dmjfamtmen~d�b fab ������� |bkfmjw nf bnka wfb{ fm n{{jmzdl nfbfab � ban|dmj m} fab n~tmjdfal de bznkf njdfal bfdk �
� �� �� �78 � 8H¯ 0G 012 �®�¯¯ 8GH0:� 412:/F3 � HF :833
s}
A
dw ¾³�Á �´��� r mj de fab jbn~ w�llbfjdk knwb r neq �b fn�b |v1〉 = |w1〉

rfabe fab f�m wbuvbekbw m} |bkfmjw de bu � o� ��êp neq bu � o� ��óp njb dqbefdkn~ �ëbknvwb fab wbkmeq wbuvbekb de bu � o� ��óp anw emf � b tbebjnfbq r fab ¾³�Á�´ ���������� |bjwdme dw f� dkb nw kabn{ fane dfw emew�llbfjdk |njdnef � c den~~�r fabw�llbfjdk n~tmjdfal dw |bj� nffjnkfd|b }mj qbn~det � dfa dl{~dkdf l nfjdkbw r �abefab fjnew{mwb l nfjdz dw emf �em�e neq>mj qd� kv~f fm m�fnde �¹ wdet fab mjfamtmen~ �nwdw
V
fab m{ bjnfmj

A
dw {jbwbefbq �� n jbn~ fjdqdntgmen~ l nfjdz

T =











α1 β2

β2 α2 β3

β3 α3

� � �
� � � � � �

βn

βn αn











.
o� �ì½p

`ab {wbvqm kmqb m} fab w�llbfjdk |bjwdme dw {jbwbefbq �b~m� � `ab n~tmjdfalknjjdbw mvf fab mjfamtmen~ {jm� bkfdme m} fab |bkfmj
A|vj〉

mefm fab f�m lmwfjbkbef~� tbebjnfbq ������� |bkfmjw |vj〉
neq |vj−1〉

�
� õ�×ÖÛÕáå ò �ò �ß � `ab w�llbfjdk ������� n~tmjdfal �

oÝp kammwb |v1〉 =
|p〉
‖p ‖2o\p wbf |v0〉 = 0

neq
β1 = 1o]p �×Ö

j = 1, 2, . . . , n
Ø×o�p

αj = 〈vj |A|vj〉o«p |ṽj+1〉 = A |vj〉 − αj |vj〉 − βj |vj−1〉o¬p
βj+1 = ‖ṽj+1‖2oìp Û�
βj+1 = 0

ÕáâÔ äÕ×ø
oêp |vj+1〉 =

|ṽj+1〉
βj+1oóp âÔØ �×Ö

cmj bnka
j
fab ebzf ������� |bkfmj |vj+1〉

dw qbfbjl debq �� mjfamtmen~d�detfab |bkfmj
A |vj〉

�dfa jbw{ bkf fm |vj〉
neq |vj−1〉

� `ab wkn~nj kmb� kdbefw
αj
neq

βj+1
m�fndebq de fabwb mjfamtmen~d�nfdmew qb�eb fab kmjjbw{meqdet �������l nfjdz
T
��jdfdet fab wdl d~njdf� fjnew}mjl nfdme de l nfjdz }mjl �b m�fnde

AN×N VN×n = VN×n Tn×n + βn+1|vn+1〉〈en| .
o� �ìÝp

`ab w�llbfjdk ������� {jm kbqvjb fjnew}mjl w n tbebjn~ jbn~ ¾³�Á�´ ���oneq>mj w�llbfjdkp l nfjdz bdtbe|n~vbw {jm�~bl defm n wdl{~b fjdqdntmen~ jbn~
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¾³�Á�´ ��� oneq>mj w�llbfjdkp {jm� ~bl � �bn~ w�llbfjdk fjdqdntmen~ l nfjdkbwkne �b |db�bq nw kml{vfnfdmen~~� m{fdl n~ l nfjdkbw � `ab� an|b l dedl n~ wfmjntbjbuvdjbl befw r nw qm fab nwwm kdnfbq n~tmjdfal w }mj bdtbe|n~vb kml{vfnfdmew neq}mj wm~|det fjdt dntmen~ w�wfbl w m} buvnfdmew �

`ab vwb m} fab w�llbfjdk wdet~bg|bkfmj ������� {jm kbqvjb }mj ~njtb l nfjdzbdtbe|n~vb kml{vfnfdmew dw famjmvta~� qdwkvwwbq de fab �mm� m} º¶��¶Á 1]\2 �

� �� �� �78 ��F��8H¯ 412:/F3 � HF :833
`ab n�m|b qbwkjd� bq ������� n~tmjdfal w vfd~d�b wmgkn~~bq fajbbgfbjl �������jbkvjwdmew � se fadw wv�wbkfdme �b kmewdqbj ne n~fbjenfd|b n{{jmnka }mj kmewfjvkfgdet ������� |bkfmjw � `ab �nwdk dqbn dw fm bzkanetb fabwb fajbbgfbjl jbkvjjbekbw}mj kmv{~bq f�mgfbjl jbkvjjbekbw �� l bnew m} ne nqqdfdmen~ wv dfn�~b wbf m} �nwdw|bkfmjw }mj fab veqbj~�det ������ wv�w{nkbw � se wmlb knwbw fab f�mgfbjl {jmgkbqvjb anw � bffbj evl bjdkn~ {jm{ bjfdbw fane fab mjdtden~ dl{~bl befnfdme �nwbqme fajbbgfbjl jbkvjjbekbw r b �t � }mj fab uvnwdgl de dl n~ jbwdqvn~ o�y�p n~tmgjdfal � se nqqdfdme r fab f�mgfbjl ������� jbkvjjbekbw njb bibkfd|b~� vwbq � dfafab k~nwwdkn~ �dkme�vtnfb tjnqdbef oë¼Âp }mj wm~|det w�wfbl w m} ~debnj buvnfdmew1�¬2 �

se mjqbj fm m�fnde fab kmv{~bq f�mgfbjl |bjwdme r �b qb�eb n wbkmeq wbf m}�nwdw |bkfmjw �� Þg� wbuvbekb

Pn : = [ |p1〉, |p2〉, |p3〉, · · · , |pn〉 ] ∈ HN×n ,
o� �ì\p

Qn : = [|q1〉, |q2〉, |q3〉, · · · , |qn〉] ∈ HN×n ,
o� �ì]p

neq �b jb}bj fm fab ������� |bkfmjw |vj〉
neq |wj〉

nw fab � g� wbuvbekb �
�b kml{vfb fab wbkmeq �nwdw |bkfmjw �� }m~~m� det jbkvjjbekbw

|pj〉 = |vj〉 −
j−1
∑

i=1

uij |pi〉 ,
o� �ì� p

|qj〉 = |wj〉 −
j−1
∑

i=1

uij
χj

χi
|qi〉 ,

o� �ì«p

� dfa wv dfn�~b kmb� kdbefw
uij ∈ C � �dl d~nj~� �b kne �jdfb fanf

ρj+1|vj+1〉 = A|pj〉 −
j
∑

i=1

lij |vi〉 ,
o� �ì¬p

ηj+1|wj+1〉 = AT |qj〉 −
j
∑

i=1

lij
χj

χi
|wi〉 ,

o� �ììp

� dfa wv dfn�~b kmb� kdbefw
lij ∈ C � `avw r fab jbkvjjbekbw o� �ì� p{ o� �ììp njb kmv{~bq}mj tbebjnfdet fab Þg� neq �g� wbuvbekbw �

`ab jbkvjjbekbw o� �ì�pg o� �ì«p neq o� �ì¬pg o� �ììp kne �b �jdffbe kml{nkf~� de
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lnfjdz }mjl

VN×n = PN×nUn×n ,
o� �ìêp

AN×NPN×n = VN×(n+1)L(n+1)×n ,
o� �ìóp

WN×n = QN×nχ
−1
n×nUn×nχn×n ,

o� �ê½p

AT
N×NQN×n = WN×(n+1)χ

−1
(n+1)×(n+1)L(n+1)×nχn×n ,

o� �ê Ýp
�abjb

χ =
qdnt

(χ1, χ2, . . . , χj , . . . , χn)
dw n wkn~det qdntmen~ l nfjdz �·bjb

Un
dw ne v{{bj fjdnetv~nj l nfjdz neq

Ln
dw ne v{{bj ¾³��³�È³�»lnfjdz r �adka njb td|be ��

Un =









1 u12 u13 · · · u1n

0 1 u23 · · · u2n

0 0 1 · · · u3n

· · · · · · · · · · · · un−1,n

0 0 · · · 0 1









,
o� �ê\p

neq

Ln =











l11 l12 h13 · · · l1n

ρ2 l22 l23 · · · l2n

0 ρ3 l33 · · · l3n

· · · · · · · · · · · · · · ·
0 0 · · · ρn lnn

0 0 · · · 0 ρn+1











.
o� �ê]p

cvjfabj �b qbemfb fab l nfjdkbw �� fabdj wl n~~bj wd�b r b �t
Vn := VN×n

neq
Ln := L(n+1)×n

� ocmj kme|bedbekb fab ~njtb deqbz
N
dw w�d{{ bq �pcjml bu � o� �ìêpg o� �ìóp �b m�fnde }m~~m� det jb~nfdme �� b~dl denfdet

Pn

AVn = Vn+1LnUn
o� �ê� p

neq �� kml{njdwme m} bu � o� ��½p neq bu � o� �ê�p df }m ~~m� w fanf
Hn = LnUn ,

o� �ê«p
�abjb

Hn
dw n lnfjdz an|det fab v{{bj ¾³��³�È³�» }mjl �`ab kmb� kdbefw

uij
neq

lij
njb qbfbjl debq vwdet fab �dmjfamtmen~df� {jm{ bjf�de bu � o� �«¬p � `abe r de |db� m} bu � o� �«ìp �b an|b fanf
W T

n |vn+1〉 = 0 ,
o� �ê¬p

fanf dw buvd|n~bef fm

W T
n A|pn〉 −

n∑

i=1

linW
T
n |vn〉 = 0 .

o� �êìp
Ãm� r �b jbuvdjb fanf fab |bkfmjw de fab Þg� wbuvbekb � b l 9FK87HI 8m 8M5<r mjl mjb {jbkdwb~�
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QTAP = D̂ ,
o� �êêp

�abjb
D̂ =

qdnt
(δ̂1, δ̂2, . . . , δ̂j , . . . , δ̂n) .

o� �êóp
`ab l 9FK87HI 8m 8M5<KHP }mj f�m Þg� |bkfmjw kne �b bz{jbwwbq fajmvta

〈qi|A|pj〉 =

{

δ̂j , i = j ,
0, i 6= j .

o� �ó½p
¹ wdet fab �dmjfamtmen~df� m} fab Þg� |bkfmjw o� �ó½p neq fn�det fab bu � o� �ìóp ro� �ê]p r o� �«ìp neq �en~~� fab bu � o� �êìp defm nkkmvef �b m�fnde

lij = 0, i = 1, 2, . . . , n− 1, j = i+ 1, . . . , n ,
o� �ó Ýp

lii = βi = δ̂i/δi.
o� �ó\p

cvjfabjlmjb r �� lv~fd{ ~�det fab bu � o� �ì�p �� 〈qj |A
neq vwdet fab bu � o� �ó½pneq o� �ììp �b m�fnde

〈qi|A|pj〉 = 〈qi|A|vj〉 − δ̂iuij =

= (AT |qi〉)T |vj〉 − δ̂iuij =

= ηi+1〈wi|vj〉 − δ̂iuij = 0 .

o� �ó]p

� dfa fab bu � o� �«ìp r o� �ê\p neq o� �ó]p df }m~~m� w fanf
uij = 0, i = 1, 2, . . . , n− 2, j = i+ 1, . . . , n ,

o� �ó� p
ui−1,i = ηiδi/δ̂i−1.

o� �ó«p
se |db� m} o� �ó Ýp neq o� �ó�p fab ~nwf fbjl w de bu � o� �ì�pg o� �ììp |nedwa neqabekb fab bu � o� �ì�pg o� �ììp jbqvkbw fm n kmv{~bq f�mgfbjl {jm kbqvjb tbebjnfdetfab Þg� neq �g� wbuvbekbw �`abe r fab ������� fjdntmen~ l nfjdz dw td|be ��

Tn×n = Ln×nUn×n,
o� �ó¬p

� dfa

Un×n =











1 β2

0 1 β3

0 1

� � �
� � � � � �

βn

0 1











,
o� �óìp

neq

Ln×n =











α1 0
ρ2 α2 0

ρ3 α3

� � �
� � � � � �

0
ρn αn











,
o� �óêp

�abjb
αj = ηjδj/δ̂j−1 .

o� �óóp
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`ab {wbvqmkmqb m} fab kmv{~bq f�mgfbjl ������� {jm kbww dw {jbwbefbq �bg~m� � `ab f�mgfbjl n~tmjdfal jbuvdjbw meb nqqdfdmen~ {ndj m} |bkfmjw fm � b wfmjbqde kml{njdwme fm fab fajbbgfbjl emew�llbfjdk |bjwdme �

� õ�×ÖÛÕáå ò �ò �í � `ab kmv{~bq f�mgfbjl ������� n~tmjdfal

oÝp kammwb |v1〉 =
|p〉
‖p ‖2

neq |w1〉 =
|q〉
‖q ‖2o\p wbf |p0〉 = 0

neq |q0〉 = 0o]p wbf
ρ1 = η1 = δ̂0 = 1o�p �×Ö
j = 1, 2, . . . , n

Ø×o«p
δj = 〈wj |vj〉o¬p Û�
δj = 0

ÕáâÔ äÕ×ø
oìp |pj〉 = |vj〉 − (ηjδj/δ̂j−1)|pj−1〉oêp |qj〉 = |wj〉 − (ρjδj/δ̂j−1)|qj−1〉oóp

δ̂j = 〈qj |A|pj〉oÝ½p Û�
δ̂j = 0

ÕáâÔ äÕ×ø
oÝÝp

βj = δ̂j/δjoÝ\p |ṽj+1〉 = A |pj〉 − βj |vj〉oÝ]p |w̃j+1〉 = AT |qj〉 − βj |wj〉oÝ� p
ρj+1 = ‖ṽj+1‖2oÝ«p
ηj+1 = ‖w̃j+1‖2oÝ¬p Û�
ρj+1 = 0

mj
ηj+1 = 0

ÕáâÔ äÕ×ø
oÝìp |vj+1〉 =

|ṽj+1〉
ρj+1oÝêp |wj+1〉 =
|w̃j+1〉
ηj+1oÝóp âÔØ �×Ö

`ab kmv{~bq f�mgfbjl |bjwdme bzad�dfw �jbn�qm�ew ~d�b mebw de fab fajbbgfbjl jbkvjjbekbw � �b emfb r d}
δj
mj
δ̂j−1

njb eme�bjm r �vf wl n~~ de wml b wbewb rfab ebnjg�jbn�qm�ew {jm|m�det evlbjdkn~ dewfn�d~dfdbw l n� n{{bnj �
� �� �Î �78 4FF6�781� 412:/F3 �KFH0G7¯
¹e}mjfvenfb~� de fab k~nwwdkn~ ������� n~tmjdfal r �jbn�qm�ew kneemf � b kmlg{~bfb~� bzk~vqbq � seqbbq r qvjdet fab kmewfjvkfdme m} fab ebzf |bkfmjw |vj+1〉

neq
|wj+1〉

ne ;N 56H F7;5� :8JM od} 〈wj |vj〉 = 0
p mj n M;579F7;5� :8JM od} 〈wj |vj〉dw eme�bjm r �vf wl n~~p kne m kkvj � se mjqbj fm n|mdq fabwb �jbn�qm�ew fab �jwf{jnkfdkn~ lmqd� knfdme m} fab ������� n~tmjdfal vwdet ~m m�gnabnq fbkaeduvbanw � bbe {jm{mwbq de 1êó2 � � qdibjbef dl{~bl befnfdme m} fab ~m m�gnabnq ����B��� l bfamq dw td|be de 1��2 � se fadw wbkfdme n �jdb} qbwkjd{fdme m} fab ~m m�gnabnq������� {jm kbqvjb dw td|be �� w de fab k~nwwdkn~ ������� n~tmjdfal f�m wbuvbekbw m} ������� |bkfmjw

|vj〉
neq |wj〉

njb tbebjnfbq neq km~~bkfbq de l nfjdkbw
V
neq

W
� `ab l nfjdzo� �«¬p kne �b {jbwbefbq nw n �~m k� qdntmen~ � dfa

l
wuvnjb �~m k�w me fab qdntmen~ rmj fm � b {jbkdwb

D =
qdnt

(D1,D2, . . . ,Dj , . . . ,Dl) ,
o� �Ý½½p
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�abjb

Dj = W T
j Vj .

o� �Ý½ Ýp
`ab lnfjdkbw

Wj
neq

Vj
njb qb�ebq �� fabdj {njfdfdmedet defm

l
�~m k�w nkkmjqdetfm fab ~mm�gnabnq wfb{w

V = [V1,V2, . . . ,Vj , . . . ,Vl] ,
o� �Ý½\p

neq
W = [W1,W2, . . . ,Wj , . . . ,Wl] .

o� �Ý½]p
`ab l nfjdkbw

Wj
neq

Vj
njb m} wd�b

N×bj
� `abdj km~vlew njb fab �������|bkfmjw kmewfjvkfbq de fab

j
gfa ~mm�gnabnq wfb{ � `ab defbtbj

bj
dw fab ~betfa m}fab

j
gfa ~mm�gnabnq wfb{ neq

l
dw fab evl�bj m} ~mm�gnabnq wfb{w fanf an|b � bbe{bj}mjl bq qvjdet fab �jwf

n
wfb{w m} fab ������� {jm kbww � cmj

j = 1, 2, . . . , l�b qbemfb ��
nj
fab deqbz m} fab �jwf |bkfmjw m} fab �~m k�w

Wj
neq

Vj
r neq nw}m~~m� det �b an|b

Vj = [|vnj
〉, |vnj+1〉, . . . , |vnj+bj

〉] , o� �Ý½�p
neq

Wj = [|wnj
〉, |wnj+1〉, . . . , |wnj+bj

〉] . o� �Ý½«p
`ab deqdkbw

nj
wnfdw}� fab }m ~~m� det jb~nfdmew

n1 < n2 < · · · < nl ≤ n < nl+1 .
o� �Ý½¬p

`ab |bkfmjw |vnj
〉 neq |wnj

〉 njb kn~~bq 7;mE<57 neq fab |bkfmjw de fab �~m k�w
Wjneq

Vj
njb kn~~bq KMM;7 � se |db� m} o� �«¬p neq o� �Ý½½p fab jbtv~nj |bkfmjw njb�dmjfamtmen~ fm n~~ {jb|dmvw ������� |bkfmjw � `anf dw

〈wi|vnj
〉 = 〈vnj

|wi〉 = 0,
}mj

i = 1, 2, . . . , nj − 1 ,
o� �Ý½ìp

�ad~b fab deebj |bkfmjw de fab
j
gfa �~m k�w

Wj
neq

Vj
njb �dmjfamtmen~ fm n~~|bkfmjw }jml fab {jb|dmvw �~m k�w r �vf ebkbwwnjd~� fm fab ������� |bkfmjw de fab

j
gfa �~m k�w �se fab ~mm�gnabnq n~tmjdfal fab ������� |bkfmjw njb ntnde tbebjnfbq vwdetme~� wamjf |bkfmj jbkvjjbekbw r �adka de|m~|b |bkfmjw }jml fab ~nwf f�m �~m k�w
Vj
r
Vj−1

neq
Wj

r
Wj−1

dewfbnq m} �vwf |vj〉
r |vj−1〉

neq |wj〉
r |wj−1〉

nw de fabk~nwwdkn~ |bjwdme r b �t � fab ebzf |bkfmj |vj+1〉
dw kml{vfbq �� fab ebzf jb~nfdme

ρj+1|vj+1〉 = A|vj〉 − Vi|φj〉 − Vi−1|ψj〉 ,
o� �Ý½êp

�abjb |φj〉 ∈ Cbj
neq |ψj〉 ∈ Cbj−1

njb wvdfn�~b kmb� kdbef |bkfmjw � `ab wbkmeq������� |bkfmj dw m�fndebq de ne nen~mtmvw l neebj � � w � b}mjb r fab ~m m�gnabnqjbkvjjbekbw }mj fab ������� |bkfmjw kne �b wvllnjd�bq de n l nfjdz }mjl � `avw rfab ������� l nfjdz
T
anw n �~m k� qdntmen~ }mjl � dfa

l
wuvnjb �~m k�w me fabqdntmen~ r �abjb

j
gfa �~m k� anw qdl bewdme

bi × bi
r
i = 1, 2, . . . , l

��b emfb fanf d} ~mm�gnabnq wfb{w an|b n ~betfa m} Ýr d �b �
bi = 1

r fabe �~m k�w
Vj

neq
Wj

kmewdwfw m} me~� wdet~b ������� |bkfmjw ofab ~mm�gnabnq {jm kbww dwjbqvkbq fm fab k~nwwdkn~ n~tmjdfal p O neq fjvb ~mm�gnabnq wfb{w r d �b � wfb{w m} wd�b
bi > 1

r njb me~� vwbq fm n|mdq bznkf neq ebnjg�jbn�qm�ew � `�{dkn~~� me~� n }b�fjvb ~mm�gnabnq wfb{w njb ebbqbq r neq fabdj wd�b dw l mwf~�
bi = 2

�� ~famvta fab ~mm�gnabnq fbkaeduvb beanekbw fab wfn�d~df� m} ������� l bfagmqw r fab kml{vfnfdmen~ kmwfw dekjbnwbw r bw{ bkdn~~� }mj knwbw � dfa dl ~dkdf l nfjdgkbw � `adw qm kfmjn~ fabwdw qm bw emf kmewdqbj dl{~bl befnfdmew � dfa fab ~m m�gnabnq}bnfvjb � cmj }vjfabj qbfnd~w r {jm{bjfdbw neq dl{~bl befnfdmew m} fab ~m m�gnabnq������� n~tmjdfal fab jbnqbj dw jb}bjjbq fm 1�� 2 �
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sf dw �b~~ �em�e fanf fab ������ wv�w{nkb l bfamqw {jm|dqb n{{jmz dl nfdmew fm�b~~gwb{njnfbq bzfjbl n~ bdtbe|n~vbw � `ab µ �´� |n~vbw fbeq fm kme|bjtb �jwf fmbdtbe|n~vbw nf fab �mveqnj� m} fab kme|bz av~~ m} fab bdtbe|n~vb w{ bkfjvl � �bemfb fanf d} ne mjdtden~ l nfjdz

A
dw ¾³�Á�´ ��� r fab ~njtbwf bdtbe|n~vbw � d~~ � bbzfjnkfbq �jwf � s}

A
anw kml{~bz bdtbe|n~vbw r fab ~njtbwf mebw de l ntedfvqb mebw� d~~ � b kml{vfbq nf fab � btdeedet � ·m�b|bj r de l ne� knwbw fab �nefbq bdtbeg|n~vbw kneemf � b �b~~ wb{njnfbq mj ~m knfbq de fab defbjdmj m} fab kme|bz av~~ m}bdtbe|n~vbw � se fabwb wdfvnfdmew ������ wv�w{nkb lbfamqw jbuvdjb lne� wfb{wfm tbebjnfb nkkb{fn�~b n{{jmzdl nfdmew d} fab� kme|bjtb nf n~~ � �e n~fbjenfd|bn{{jmnka fm bz{bqdfb fab kme|bjtbekb dw fm bl{~m� n =G ;6H75< H75M=� 874 5HK8Mm}

A
wm fanf ebbqbq oneq b|befvn~~� {mmj~� wb{njnfbqp bdtbe|n~vbw njb fjnewg}mjl bq fm bzfjbln~ oneq �b~~gwb{njnfbqp bdtbe|n~vbw � � w n lnffbj m} kmvjwb r fabbdtbe|n~vbw m} fab dedfdn~ l nfjdz kne �b bnwd~� jbkm|bjbq }jml fab fjnew}mjl bqbdtbe|n~vb w{ bkfjvl �cmj fadw {vj{mwb fab =I K� H9KM|;7=; =G ;6H75< H75M=� 874 5HK8M o�sp dw f�{dkn~~�vwbq � `ab �nwdk dqbn dw fm jb{~nkb ne bdtbe|n~vb {jm�~bl

A|u〉 = λi|u〉
o� �Ý½óp

� dfa n wad}fgde|bjwb bdtbe|n~vb {jm�~bl
(A− σI)−1|u〉 = νi|u〉 ,

o� �ÝÝ½p
�abjb

νi =
1

λi − σ
,

o� �ÝÝÝp
neq

σ
dw kn~~bq n =I K� H�`a dw �sgn{{jmnka dw |bj� bibkfd|b }mj �eqdet m} bdtbe|n~vbw k~mwbq fm

σ
r � bgknvwb fab k~mwbwf bdtbe|n~vb

λi
fm
σ
kmjjbw{meqw fm fab bdtbe|n~vb r fanf dw ~njtbwfde l ntedfvqb }mj fab

(A − σI)−1 lnfjdz � �j de mfabj �mjqw r |λi − σ|−1 dw fab~njtbwf bdtbe|n~vb m}
(A− σI)−1 de l ntedfvqb r neq r fabjb}mjb r fab ~m knfbq λi

dwk~mwbwf fm fab
σ
|n~vb � `abwb fjnew}mjl bq bdtbe|n~vbw

νi
m} fab ~njtbwf l ntedfvqbnjb {jbkdwb~� fab bdtbe|n~vbw fanf kne �b bnwd~� kml{vfbq � s} fab� njb }mveq r�b kne fjnew}mjl fabl �nk� fm bdtbe|n~vbw m} fab dedfdn~ bdtbe|n~vb {jm�~bl ��jb~nfdme

λi = σ +
1

νi
.

o� �ÝÝ\p
`ab bdtbe|bkfmj |u〉 nwwm kdnfbq � dfa νi

de fab fjnew}mjlbq {jm�~bl dw fab bdtbeg|bkfmj kmjjbw{meqdet fm
λi
de fab dedfdn~ bdtbe|n~vb {jm�~bl r d �b � em fjnew}mjl ngfdmew m} bdtbe|bkfmjw njb ebbqbq �`ab �sgn{{jmnka dw bzfjbl b~� bibkfd|b de fbjl w m} dfbjnfdme wfb{ d} n }b�bdtbe|n~vbw k~mwbwf fm

σ
an|b fm � b bzfjnkfbq � `adw dw fab knwb �abe defbjdmjbdtbe|n~vbw njb de qbl neq r mj �abe qbwdjbq bdtbe|n~vbw njb wdte d�knef~� wl n~~bjde l ntedfvqb fanf fab bdtbe|n~vbw ~njtbwf de lntedfvqb r mj �abe fab� njb k~v wgfbjbq � ë� kammwdet

σ
|bj� k~mwb fm n qbwdjbq bdtbe|n~vb fab de|bjwb dfbjnfdme knekme|bjtb |bj� uvdk�~��`ab qjn��nk� m} fab �sgfjnew}mjlnfdme dw fanf ~debnj w�wfbl w de|m~|det fabde|bjwb m}

(A − σI)
lvwf � b wm~|bq � `adw kne �b knjjdbq mvf |dn n l nfjdz}nkfmjd�nfdme ob �t � | dn x¹g}nkfmjd�nfdme p mj �� ne dfbjnfd|b l bfamq r l n�det
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fab �sgfbkaeduvb ~bww nffjnkfd|b � ¸|dqbef~�r d} �b qbn~ � dfa dl{~dkdf l nfjdkbwomj dl{~dkdf bdtbe|n~vb {jm�~bl wp r me~� meb wbkmeq {mwwd�d~df� l n� �b fn�bedefm kmewdqbjnfdme � se fadw knwb fab nkkvjnk� m} fab dfbjnfd|b wm~vfdmew lvwf � bkmllbewvjnfb fm fab kme|bjtbekb fm~bjnekb vwbq de fab bdtbe|n~vb wm~|bj �`ab ebzf {jm�~bl dw w{ bkd�bq }mj emegw�llbfjdk ������� n~tmjdfal w � �ban|b fm m{bjnfb � dfa

((A− σI)−1)T de mjqbj fm tbebjnfb fab wbkmeq �������wbuvbekb de bu � o� ��óp r neq ~debnj w�wfbl w de|m~|det fab de|bjwb m}
(A − σI)Tlvwf � b wm~|bq nw �b~~ � `avw r kml{vfnfdmen~ kmwfw njb jnqdkn~~� dekjbnwbq ��vwdet dl{~dkdf l nfjdkbw �

`ab bdtbe|n~vb kme|bjtbekb m} fab �sgn{{jmnka kne �b kmefjm~~bq �� m�wbjg|nfdme m} fab jdtaf neq ~b}f jbwdqvn~ |bkfmjw r b �t � }mj fab jdtaf jbwdqvn~ �b an|b

|rres〉 = (A− σI)−1 |x(n)
i 〉 − λ

(n)
i I |x(n)

i 〉 =

= ρn+1{〈en |u(n)
i 〉} |vn+1〉 .

o� �ÝÝ]p
`ab emjl w m} fab jbwdqvn~ |bkfmjw njb td|be �� bu � o� �¬êpg o� �¬óp � s} ‖r‖2

neq ‖p‖2njb ~bww fane n vwbjgw{ bkd�bq fm~bjnekb r fabe
ν

(n)
i

neq |u(n)
i 〉 dw ne n{{jmz dl nfdetbdtbe{ndj r kmjjbw{meqdet fm

λ
(n)
i

ebnj
σ
�

� abe n w{ bkfjn~ fjnew}mjl nfdme dw vwbq r nqqdfdmen~ kmewdqbjnfdmew kne �bl nqb � dfa jbw{ bkf fm wfm{{det kjdfbjdn fm fn�b w{bkdn~ nq|nefntb m} fab w{ bkdn~enfvjb m} fab fjnew}mjl bq m{bjnfmj
(A − σI)−1 � y mjbm|bj r fab uvn~df� m} fabn{{jmz dl nfdet bdtbe|bkfmjw kne �b dl{jm|bq � dfa ne nqqdfdmen~ {mwfg{jm kbwwdet �cmj lmjb qbfnd~w wbb 1]ó2 �

� -� � *��#!(� w,(*~ ��)
xbf vw kmewdqbj ne bznl{~b � ¸ dtbe|n~vbw m} n jneqml ~� tbebjnfbq l nfjdz
A/‖A‖2

njb bzfjnkfbq vwdet ne dl{~bl befnfdme m} fab emegw�llbfjdk ����B��� n~tmjdfal de Ä�C��Æ o`ab mjdtden~ km qb m} fab � ~tmjdfal � �� �Ý anw � bbejbn~d�bqp � `ab wd�b m}
A
dw

50 × 50
� `ab jdtaf neq ~b}f |bkfmjw njb tbebjnfbqjneqml ~� nw �b~~ � se mjqbj fm bzfjnkf qbwdjbq kml{~bz bdtbe|n~vbw r \½ �������n~tmjdfal wfb{w njb { bj}mjl bq }mj fajbb knwbw D

• fab m{ bjnfdet l nfjdz Â dw buvn~ fm fab mjdtden~ l nfjdz
A
O

• fab m{ bjnfdet l nfjdz dw de|bjwb m} fab mjdt den~ l nfjdz r d �b � Â = (A)−1 O
• fab m{ bjnfdet l nfjdz dw wad}fgde|bjwb m} fab mjdtden~ l nfjdz � dfa σ =

−0.385
r d �b �

Â = (A+ 0.385 I)−1 .

`ab mjdtden~ neq n{{jmz dl nfbq bdtbe|n~vb w{ bkfjn de fab kml{~bz
z
g{ ~nebnjb wam�e de cdt � � �¬ � `ab mjdt den~ bdtbe|n~vbw njb m�fndebq �� fab bdtbe|n~vbqbkml{mwdfdme o¸�h p� � w �b kne wbb de cdt � � �¬ onp r fab kml{~bz bdtbe|n~vbw� dfa fab ~njtbwf l ntedfvqb njb bzfjnkfbq �jwf r d} �b m{bjnfb � dfa fab mjdtden~l nfjdz � se|m~|det fab de|bjwb l nfjdz �b m�fnde fab bdtbe|n~vbw � dfa fab wl n~~bwfl ntedfvqbw nf fab � btdeedet nw wam�e de cdt � � �¬ o� p � sefjmqvkdet n wad}f
σ =

−0.385
�b tbf fab wa d}fbq w{ bkfjvl �dfa bdtbe|n~vbw k~mwbq fm

σ
nf �jwf owbbcdt � � �¬ okpp �
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�b emfb r fanf fab kamdkb m} jdtaf neq ~b}f wfnjf |bkfmjw anw n w~dtaf de3vbekbme fab kme|bjtbekb m} bdtbe|n~vbw �se kmek~vwdme r �b emfb fanf ebbqbq bdtbe|n~vbw ln� �b bzfjnkfbq vwdet������ wv�w{nkb l bfamqw �� w{ bkfjn~ fjnew}mjlnfdme � dfa n wln~~ evl�bjm} dfbjnfdmew �

� -ª ��*(�)
`ab n{{~dknfdme m} fab ������� n~tmjdfal fm {jnkfdkn~ b~bkfjml ntebfdk {jm�g~bl w n{{bnjw fm � b kml{vfnfdmen~~� lmjb b� kdbef de kmefjnwf fm fab �������{jm kbqvjb r � bknvwb nf bnka wfb{ de emew�llbfjdk ������� jbkvjwdmew me~� }b�m} fab lmwf jbkbef~�gtbebjnfbq ������� |bkfmjw lvwf � b �b{f de wfmjntb � senqqdfdme r �abe

A
dw jbn~ neq w�llbfjdk r fabe �mfa fab ������� neq fab emegw�llbfjdk jbkvjwdmew jbqvkb fm fab w{njb jbn~ w�llbfjdk jbkvjwdme � ·m�b|bj rfabjb njb l ne� m{be uvbwfdmew jbtnjqdet fab � ban|dmj m} ������ wv�w{nkbl bfamqw r b �t � �anf w{ bkfjn~ {jm{ bjfdbw m}

A
kmefjm~ fab kme|bjtbekb m} fabwbl bfamqw r mj �adka m} �mfa {jm kbqvjbw g ������� mj ������� g bzad�dfw � bfgfbj kme|bjtbekb r mj qm bw fab jb o�dpmjfamtmen~d�nfdme dl{jm|b fab n{{jmz dl nfdmenkkvjnk�� `abwb uvbwfdmew wamv~q � b new�bjbq }mj meb {njfdkv~nj {jm�~bl � �kml{njdwme neq n jb~nfdmewad{ � bf�bbe fab ������� neq fab emew�llbfjdk������� n~tmjdfal w nw �b~~ nw wfvqdbw m} fabdj � ban|dmjw }mj wb|bjn~ knwbw njbtd|be de 1] Ý2 �`ab {jbwbef qm kfmjn~ �mj� dw }m kvwbq r � jwf m} n~~ r me fab k~nwwdkn~ �������n~tmjdfal w neq fabdj lmqd� knfdmew qvb fm fabdj jb~nfd|b~� wl n~~ kml{vfnfdmen~bimjf � hbw{dfb fab bkmeml� de lblmj� neq wl n~~ kml{vfnfdmen~ m|bjabnq rfab xnek�mw n~tmjdfal w fn�b n jdw� m} oebnjp�jbn�qm�ew neq dewfn�d~df�� �bemfb r fanf r f�{dkn~~�r fab ������� |bkfmjw qm emf jblnde �dmjfamtmen~ r neqne� w{vjdmvw bdtbe|n~vbw n{{bnjdet de fab w{ bkfjvl m} ne� ������� l nfjdz

Tn
njb knvwbq �� ~mwwbw de fab �dmjfamtmen~df� m} fab ������� |bkfmjw neqjb{jbwbef qv{~dknfbw m} kme|bjtbq bdtbe|n~vb n{{jmz dl nfdmew 1] Ý2 � hbw{dfb fabwbqjn��nk�w r fab xnek�mw lbfamqw an|b jbkbd|bq lvka nffbefdme neq an|b �bbe{jm|be fm � b wv� kdbef neq vwb}v ~ }mj jb~b|nef {jm�~bl w �������� G I ;M84 ;M5 wfnfbw fanf }mj ~njtb bemvta

n
n~~ m} fab qbwdjbq bdtbeg|n~vbw � d~~ n{{ bnj de fab bdtbe|n~vb w{ bkfjvl

Tn
1] Ý2 � ¹ wdet n w{ bkfjn~ fjnewg}mjl nfdme �b kne bz{bqdfb fab kme|bjtbekb m} qbwdjbq bdtbe|n~vbw r mj de mfabj�mjqw r �b kne �jwf bzfjnkf fab qbwdjbq bdtbe|n~vbw nf n wln~~ evl�bj m} n~tmgjdfal wfb{w �
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−0.5 0 0.5

−0.5

0

0.5

Re [z]

Im
 [z

]

·¸¹
Â = A

−0.5 0 0.5

−0.5

0

0.5

Re [z]

Im
 [z

]

·Ì¹
Â = (A)−1

−0.5 0 0.5

−0.5

0

0.5

Re [z]

Im
 [z

]

·Ã¹
Â = (A + 0.385 I)−1

cdtvjb � �] D ¸dtbe|n~vb w{ bkfjvl m} n jneqml tbebjnfbq
50 × 50

lnfjdz
A
defab

z
g{ ~neb � `ab kjmwwbw qbemfb mjdt den~ bdtbe|n~vbw r �ad~b fab kdjk~bw qbemfbbdtbe|n~vbw n{{jmz dl nfbq �� \½ emegw�llbfjdk ������� n~tmjdfal wfb{w �
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`ab qdwkjbfb b~bkfjmlntebfdk l mqb~ jbwv~fdet }jml fab n{{~dknfdme m} fab `xylbfamq dw knwf de n wfnfbgw{nkb l nfjdz }mjl de|m~|det �n|b nl{~dfvqbw nw wfnfb|njdn�~bw � cmj wfjvkfvjbw m} {jnkfdkn~ defbjbwf fab qdl bewdme m} fadw l nfjdz kne �b|bj� ~njtb � `abjb}mjb r fab vwb m} y��gfbkaeduvbw de fab kmefbzf m} `xyg�nwbqb~bkfjml ntebfdk l mqb~det l n�bw wbewb �
�{ bkd�k l bfamqm~mtdbw }mj y�� wvdfn�~b }mj fab qdwkjbfd�bq b~bkfjml ntebfdk`xy w�wfbl njb qdwkvwwbq de fadw kan{fbj � `ab K4G <K6KH nop HK4 ; ;|8<EHK8M=6I ;4 ; dw vfd~d�bq de y�� {jm kbww � `ab bl{anwdw m} fab jbqvkbqgmjqbj lmqb~detdw me fab emew�llbfjdk |bjwdme m} fab ������� n~tmjdfal neq dfw lmqd� knfdmew �ëbeb�kdn~ {jm{bjfdbw m} fab `xy lnfjdz n~~m� fm lmqd}� fab emew�llbfjdk������� {jm kbqvjb wm fanf de bnka wfb{ fab lmqd�bq n~tmjdfal jbuvdjbw meb`xy fdl b b|m~vfdme v{qnfb neq meb nqqdfdmen~ n{{ ~dknfdme m} fab wknffbjdetl nfjdz r �abjbnw meb ������� wfb{ dw buvd|n~bef fm f�m fdlb v{qnfbw de fabwfneqnjq `xy wkablb qvb fm fab dl{bjnfd|b fm qbn~ � dfa �mfa fab `xy m{bjgnfmj neq dfw fjnew{mwb }mj fab kmewfjvkfdme m} n �dmjfamtmen~ �nwdw }mj ������wv�w{nkbw �
hvb fm fab dl{~dkdf }mjl m} `xy m{bjnfmj ne n{{~dknfdme m} �~m k� neq �neq������ n~tmjdfal w dw qdwnq|nefntbmvw r � bknvwb em l nfjdzg|bkfmj lv~fd{~dkngfdme w njb n|nd~n�~b nf n~~ neq ne dl{nkf m} fab `xy m{bjnfmj me fab bnka |bkfmjde n wfnjfdet �~m k� omj>neq �neqp lvwf � b { bj}mjlbq �
�b �btde � dfa fab tbebjn~ l nfabl nfdkn~ }jnl b�mj� }mj y�� m} qdwkjbfb b~bkgfjml ntebfdk w�wfbl w � `adw dw }m~~m�bq �� fab qb|b~m{l bef m} `xygy�� fbkageduvbw neq fabdj nwwm kdnfbq n~tmjdfal w � `ab jbqvkbqgmjqbj lmqb~w de ��¿���³neq
z
gqml ndew njb qbfbjl debq neq fabdj b� kdbek� dw kmewdqbjbq � `ab m{{mjfvedgfdbw }mj beanekdet fab kml{vfnfdmen~ b� kdbek� m} `xy fajmvta fab n{{~dknfdmem} y��gfbkae duvbw neq {mwwd�d~dfdbw }mj fab tbebjnfdme m} n l nkjmglmqb~ � dfane m{fdl n~ mjqbj njb kmewdqbjbq de qbfnd~ � `abjbn}fbj r �b td|b n kml{njdwme m}fab ch`hg r cs`g neq `xyg�nwbq y��gfbkaeduvbw �

ê«
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.Þ)"�* )
xbf "w nwwvl b fanf fab l bqdn fm � b kmewdqbjbq njb ~debnj r dwmfjm{dk r {nwwd|b neqfdl bgdeqb{ beqbef � �b wfnjf � dfa Ä� ! ³�� "w kvj~ buvnfdmew

∇×E = −ωµH − Jm ,
o« �Ýp

∇×H = ωεE + σE + Je .
o« �\p

sefjmqvkdet fab ��¿���³ |njdn�~b
s = ω

r �b �jdfb Ä� ! ³�� "w kvj~ buvngfdmew de fab ��¿���³ qml nde

∇×E = −sµH − Js
m ,

o« �]p
∇×H = sεE + σE + Js

e .
o« ��p

`ab qb{beqnekb m} fab b~bkfjdk neq l ntebfdk |bkfmjw
E
neq

H
nw �b~~ nw kvjjbefqbewdfdbw m} dl{mwbq l ntebfdk neq b~bkfjdk wmvjkbw

Js
m

neq
Js

e

me fab ��¿���³|njdn� ~b dw wv{{jbwwbq }mj wdl{~dkdf��Ä� ! ³�� "w kvj~ buvnfdmew o« �]pg o« ��p njb vwvn~~� n{{jmz dl nfbq �� n �edfbgqdibjbekb wkabl b mj �� n �edfbg|m~vl b wkabl b � � qdwkjbfb }mjl m} fab w�wfblo« �]pg o« �� p kne �b m�fndebq fajmvta fab qdwkjbfd�nfdme m} fab kvj~ m{ bjnfmjw vwdetmeb m} |njdmvw �e dfb l bfamqw nw }m~~m� det D
([

Se Dh

De 0

]

+ s

[
Pe 0

0 Pm

])[
E

H

]

= −
[
Js

e

Js
m

]

,
o« �«p

�abjb fab w{njwb l nfjdkbw
De

neq
Dh

qbemfb fab qdwkjbfb }mjl w m} fab kvj~m{ bjnfmjw O fab lnfjdkbw
Se
r
Pe

neq
Pm

r an|det qdntmen~ }mjl r jb{jbwbef fabqdwkjbfb }mjl m} fab b~bkfjdk kmeqvkfd|df�r b~bkfjdk { bjl dffd| df� neq l ntebfdk{ bjl bn�d~df� jbw{ bkfd|b~��`ab qdwkjbfd�nfdme m} fab kvj~ m{ bjnfmjw de Ä� ! ³�� "w kvj~ buvnfdmew vwdetfab ch`h ¾ ��È³�´ w{nkb jb{jbwbefnfdme dw {jbwbefbq de 1Ý½½2 �Ãm� �b �jdfb fab w�wfbl o« �«p de m{ bjnfmj }mjl vwdet É ���� emfnfdme � cmjfa dw {vj{mwb �b qb�eb fab |bkfmj m} wfnfb |njdn� ~bw |F 〉 r kmefnde det fab qdwkjbfbve�em�e b~bkfjdk neq l ntebfdkg�b~q kml{mebefw r nw

|F 〉 =
+∞∑

l,m,n=−∞











Ex
l,m,n

Ey
l,m,n

Ez
l,m,n

Hx
l,m,n

Hy
l,m,n

Hz
l,m,n











|l,m, n〉 . o« �¬p

Ãbzf r �b defjmqvkb fab |bkfmj |J〉 r �adka jb{jbwbefw fab ��¿���³ fjnew}mjl wm} fab w{nfdn~ qdwfjd�vfdme m} fab b~bkfjdkg neq l ntebfdkgkvjjbef wmvjkbw

|Js〉 =
+∞∑

l,m,n=−∞











Jx
e l,m,n

Jy
e l,m,n

Jz
e l,m,n

Jx
m l,m,n

Jy
m l,m,n

Jz
m l,m,n











|l,m, n〉 . o« �ìp
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Ãm� r �b nwwvl b �mveqbq lbqdn r neq fab qdlbewdme m} |F 〉 dw qbemfbq nw

N = 6 × l × m × n
� `avw r |F 〉 ∈ HN r neq |Js〉 ∈ HN r neq fab qdwkjbfb kvj~m{ bjnfmjw

De
r
Dh

neq m{bjnfmjw
Se
r
Pe

neq
Pm

njb de HN/2×N/2 ��dekb mvj tmn~ dw fm qb|b~m{ jbqvkbqgmjqbj lmqb~w }mj lv~fdg{ mjf b~bkfjml ntgebfdk w�wfbl w r fab tjdq wmvjkb qdwfjd�vfdmew lvwf � b {jbwbefbq fajmvta wmvjkbwnf {mjfw � `ab bzkdfnfdme m} fab qdwkjbfb w�wfbl nf fab
p1
{mjfw kne �b {jbwbefbqnw

|Js〉 = B1 |i〉 ,
o« �êp

�abjb fab
N × p1

wb~bkfmj m{ bjnfmj
B1

fjnew~nfbw fab {mjf kvjjbefw |i〉 ∈ Hp1defm tjdq kvjjbef wmvjkbw r mj de mfabj �mjqw r fab m{ bjnfmj
B1 ∈ HN×p1

dl {mwbwn kvjjbef {nffbje me n {mjf {~neb �� dfa n~~ fabwb qb�edfdmew fab jbwv ~fdet kml{nkf m{ bjnfmj }mjl m} o« �«p dwtd|be nw
(G + sC) |F 〉 = B1 |i〉 ,

o« �óp
�abjb

G =

[
Se Dh

De 0

]

∈ HN×N neq o« �Ý½p

C =

[
Pe 0

0 Pm

]

∈ HN×N .
o« �ÝÝp

�b qbemfb fanf qvb fm fab {nwwd| df� m} fab l bqdn r fab l nfjdkbw
Pe
r
Pmnjb {mwdfd|b qb�edfb o{ bjl dffd| df� neq {bjl bn�d~df� l nfjdkbw njb w�llbfjdk neq{mwdfd|b qb�edfbp neq

Se
dw emeebtnfd|b qb�edfb � �qqdfdmen~~�r bnka m} fabl dww�llbfjdk � ·bekb r

C
dw w�llbfjdk neq {mwdfd|b~� qb�ebq � `ab w{nfdn~ qdibjgbefdn~ m{ bjnfmj l nfjdkbw
De

neq
Dm

njb w�llbfjdk r �vf
G
qmbw emf {jbwbj|bfab w�llbfj� {jm{ bjf�� ymjbm|bj r fab m{ bjnfmj

G
dw w�b�gw�llbfjdk d}

Se = 0
�`anf dw

G = −GT =

[
Se −De

De 0

]

∈ HN×N ,
o« �Ý\p

qvb fm fab {jm{ bjf�
Dh = −De

}m ~~m�bq }jml fab w�wfbl o« �]pg o« �� p neq qb�egdfdme o« �«p �sefjmqvkdet n qbwdjbq mvf{vf |bkfmj nw ne mvf{vf |m~fntb
|u〉 = B2|F 〉 ∈ Hp2

o« �Ý]p
�b m�fnde fab ~debnj wfnfbgw{nkb jb{jbwbefnfdme m} fab qdwkjbfd�bq b~bkfjml ntebfdkw�wfbl o« �«p nw

(G + sC) |F 〉 = B1 |i〉 ,
|u〉 = B2|F 〉 , o« �Ý� p

�abjb
B2 ∈ HN×p2

dw n wb~bkfmj r bzfjnkfdet fab fab tbebjn~d�bq |m~fntb |u〉 }jmlfab tjdq �b~qw nf fab
p2
{mjfw � �b emfb fanf vwdet fab mjfamtmen~df� m} �n|btvdqblmqbw neq {jm{bj emjl n~d�det r �b kne nkadb|b fab w�llbfj�

B1 = BT
2

� � w dfanw � bbe l befdmebq n�m|b owbb ¼an{fbj \ neq ]p r fab l nfjdkbw
B1

neq
B2

kne�b m�fndebq �� n \gh bdtbe|n~vb wm~vfdme nf fab {mjfw �cjml o« �Ý�p �b m�fnde fab mvf{vf |m~fntb |bkfmj |u〉 nw
|u〉 = B2 (G+ sC)−1B1 |i〉 .

o« �Ý«p
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sefjmqvkdet n =P=H;4 4 5H7KN

A1 = −C−1G = −
[
Pe 0

0 Pm

]−1 [
Se −De

De 0

] o« �Ý¬p
neq lmqd}�det omj jbenl detp

B1
nw }m~~m� w

B̂1 = C−1B1 ∈ HN×N ,
o« �Ýìp

�b m�fnde }jml o« �Ý«p fab mvf{vf |m~fntb |bkfmj nw
|u〉 = B2 (sI −A1)

−1 B̂1 |i〉 ,
o« �Ýêp

neq r abekb r fab lv~fdg{ mjf k;M;75<Kµ ;: "4G;:5M6; p 5H7KN oÂsy p dw td|be ��
Z1(s) = B2 (sI −A1)

−1 B̂1 ∈ Hp1×p2 .
o« �Ýóp

�b bl{anwd�b r fanf fab wd�b m}
Z(s)

dw
p1 × p2

r �a d~b fab wd�b m} fab =P=H;48G ;75H87
A1

dw
N ×N

�s} fab w�wfbl o« �«p kmewdwfw m} em ~mwwbw r neq nw }m~~m� det fab w�wfbl o« �Ý� pdw ~mww }jbb nw �b~~ r fab 6E7<96E7< }mjlv~nfdme n~~m� w vw fm m�fnde n wbkmeq qbtjbbw�wfbl 1Ý\«2 }jml o« �«p neq o« �Ý�p r an|det me~� an~} m} wfnfb |njdn�~bw r nw me~�fab b~bkfjdk �b~q kvjjbefw neq |m~fntbw njb jb~b|nef � se fadw knwb fab Âsy jbwv~fwde
Z2(s) = sB′

2 (s2I −A2)
−1 B̂′

1 ∈ Hp1×p2 .
o« �\½p

`ab w�wfbl lnfjdz
A2 ∈ HN/2×N/2 dw jbn~ r wbl dgqb�edfb neq w�llbfjdk neqkne �b {jm|be fm � b wfn�~b neq {nwwd|b 1]2 �sf dw m�|dmvw fanf fab bdtbe|n~vbw m} ~mwwg}jbb w�b�gw�llbfjdk l nfjdz

A1neq r nw }m~~m� det r fab bdtbe|n~vbw m}
A2

njb dl ntdenj� neq kmjjbw{meq fm fabm{bjnfdet }jbuvbekdbw ��
λi =  ωi .

o« �\ Ýp
� ���� # 8�5:8��$H�8H � F�8 �3 F % .03:H8G8 Ï �8:GHF¯ 1K28G0:®� 3G8¯ 3
Ãm� r �b defjmqvkb fab kanetb m} |njdn�~bw nw

|F 〉 = V |F̂ 〉 , o« �\\p
�abjb |F̂ 〉 dw fab jbqvkbq wfnfb |bkfmj m} fab ~betfa n r �abjbnw n << N

� `abl nfjdz
V
m} qdl bewdme

N × n
wnfdw�bw fab jb~nfdme

(W T )n×NVN×n = In×n .
o« �\]p

se mfabj �mjqw r
W ∈ HN×n

1

neq
V ∈ HN×n

2

{jbwbef n �dmjfamemjl n~ �nwdw �`abe �� wv�wfdfvfdme m} o« �\\p defm fab w�wfbl o« �Ý� p neq �� lv~fd{~dknfdmeme fab ~b}f ��
W T �b an|b

W T (G + sC)V |F̂ 〉 = W TB1 |i〉 ,
|u〉 = B2V |F̂ 〉 . o« �\� p

ë� l nfjdz l ned{v~nfdmew �b m�fnde fab Âsy }jml o« �Ýóp neq o« �\� p nw
Zn1

(s) = B2V (sI −W TA1V )−1W T B̂1 ∈ Hp1×p2 ,
o« �\«p
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�abjb

(W T )A1V
dw m} qdlbewdme

n × n
neq kn~~bq fab 7;:E6;: =P=H;4 4 5H7KN�amwb bdtbe|n~vbw n{{jmz dl nfb fab bdtbe|n~vb w{ bkfjvl m}

N ×N
g~njtb w�wfblm{bjnfmj

A1
�seqvkdet ne mjfamemjl n~ �nwdw

(V T )n×NVN×n = In×n ,
o« �\¬p

�b wdl d~nj~� m�fnde }jml o« �\½p
Zn2

(s) = sB′
2 V (s2I − V TA2V )−1 V T B̂′

1 ∈ Hp1×p2 ,
o« �\ìp

�abjb
(V T )A2V

m} qdl bewdme
n × n

dw lvka wl n~~bj fane fab de dfdn~ l nfjdz
A2

m} qdl bewdme
N/2×N/2

neq kmefnde w bdtbe}jbuvbekdbw
ωi
o« �\ Ýp m} ~mwwg}jbbw�wfbl o« �«p neq r kmewbuvbef~�r o« �Ý�p �`ab Âsy w

Zn1

o« �\«p neq
Zn2

o« �\ìp jb{jbwbef jbqvkbqgmjqbj lmqb~w m} fabdedfdn~ w�wfbl o« �«p neq r kmewbuvbef~�r o« �Ý�p de fanf wbewb fab� n{{jmz dl nfb fabmjdtden~ Âsy w td|be �� o« �Ýóp neq o« �\½p jbw{ bkfd|b~��� lv~fdg{ mjf dl{v~wb jbw{mewb
H̃(s)

m} fab w�wfbl w o« �«p neq o« �Ý�p kne �bqb�ebq de n wdl d~nj �n� neq dfw jbqvkbqgmjqbj n{{jmzdl nefw
H̃n1

(s)
ode tbebjn~knwbp neq

H̃n2
(s)

ode ~mww~bww knwbp kne �b qbjd|bq �
� -R '-� '+� ."("�Ü.~(!� .Þ)"�*
se mjqbj fm m�fnde n wfnfbgw{nkb jb{jbwbefnfdme m} fab `xy de fab }jbuvbek�gqml nde �b wfnjf � dfa fab `xy fdlb b|m~vfdme wkabl b

|k+1a〉 = kΓ kS|ka〉 .
o« �\êp

�b jbkn~~ fanf de fab tbebjn~ knwb m} `xy �b an|b fanf
N = 18 × l ×m × n

��b w�d{ fab ~b}f wv�wkjd{f
k
}mj fab m{ bjnfmjw

Γ
neq

S
�bknvwb m} ~debnjdf���b kmewdqbj fab fdl b b|m~vfdme m} fab �b~q de ne defbj|n~ }jml

k1
fm
k2
� �bdefjmqvkb fab

z
gfjnew}mjl |ã〉 ∈ HN nw

|ã〉 =

k2∑

k=k1

1

zk
|ka〉 .

o« �\óp
`avw r meb fdl bgwfb{ de fab fdl b b|m~vfdme wkabl b o« �\êp nkkmjqw fm fab lv~gfd{ ~dknfdme � dfa

z
g|njdn�~b de fab

z
gqml nde �cjml o« �\êp neq o« �\óp �b m�fnde

z |ã〉 = Γ S |ã〉 , o« �]½p
neq r nw }m~~m� det r �b m�fnde HI ; =H5H; ;�E5HK8M 8� HI ; nop 9=P=H;4 KM

z
9:84 5KM

(z − Γ S) |ã〉 = 0 .
o« �] Ýp

�v�wfdfvfdet
z = e Ω o« �]\p

defm o« �\óp �b m�fnde fab wfnfb |bkfmj m} �n|b nl{~dfvqbw de fab }jbuvbek�gqml nde

|ã〉Ω =

k2∑

k=k1

e− kΩ |ka〉 ∈ HN o« �]]p



ó½ û#$% þÿ& �( d ü*ÿe ü&*ÿ& &ÿ* +ûþ)üý )ý þed
�dfa fab emjln~d�bq }jbuvbek�

Ω = ω∆t = 2π∆tf ,
o« �]� p

�abjb
f
dw ne m{bjnfdet }jbuvbek��cjml o« �] Ýp r o« �]\p neq o« �]]p �b qbjd|b HI ; =H5H; ;�E5HK8M 8� HI ; nop 9=P=H;4 KM HI ; � 7;�E;M6P9:84 5KM

(e Ω − Γ S) |ã〉Ω = 0 .
o« �]«p

`ab bdtbe|n~vbw
λi
m}

Γ S
bzfjnkfbq �� wm~|det
qbf

(e Ω − Γ S) = 0
o« �]¬p

njb jb~nfbq fm m{bjnfdet bdtbe}jbuvbekdbw |dn
λi = e Ωi .

o« �]ìp
�m r }jml

λ1 = −1
}m ~~m� w fanf

Ω1 = π
r d �b � fm fab bdtbe|n~vb

λ1 = −1kmjjbw{meqw ne b|nebwkbef eme{a�wdkn~ `xygbdtbewm~vfdme � dfa fab }jbuvbek�
f1 = 1

2∆t

� cmj
λ2 = 1

�b an|b n wfnfdk bdtbewm~vfdme r � bknvwb m}
Ω2 = 0

neq rnw }m ~~m� det r
f2 = 0

� se 1¬«2 df anw � bbe wam�e fanf fab }jbuvbek� �neq qvjdet`xy wdlv~nfdme dw �mveq �� fab ~m�bwf kvfmi }jbuvbek�
fc = 1

6∆t

� `abjb}mjb rfab }jbuvbek� �neq m} n `xygw�wfbl dw td|be ��

− 1

6∆t
< f <

1

6∆t
.

o« �]êp
� wwvl det fab bue � o« �«p neq o« �]«p fm � b vwbq }mj lmqb~det n wnl b b~bkfjmgl ntebfdk wfjvkfvjb �b l n� wfnfb r fanf fab m{ bjnfmj

Γ S
de fab wkabl b o« �]«p dwbuvd|n~bef fm fab m{bjnfmj

eA1∆t
}jml fab w�wfbl o« �Ý� p r mj fm � b lmjb {jbkdwb~�rfab w�wfbl o« �]«p l n� �b �jdffbe nw

e ΩM̂ |ã〉Ω = eA1∆t M̂ |ã〉Ω ,
o« �]óp

�abjb fab m{ bjnfmj
M̂ : H18×l×m×n −→ H6×l×m×n o« ��½p

l n{w fab |bkfmj m} �n|b nl{~dfvqbw |ã〉Ω
mefm fab |bkfmj m} b~bkfjml ntebfdk�b~qw |F 〉 qb�ebq �� o« �¬p r d �b �

|F 〉 = M̂ |ã〉Ω .
o« �� Ýp

� �� �� J¯�5 �38 # 83�F238 F % G78 �4� ®� 3G8¯
sefjm qvkdet ne bzkdfnfdme |bkfmj ˜|a〉in ∈ Hp1

F

neq n |bkfmj m} {mjf jbw{mewbw
˜|a〉out ∈ Hp2

F

r �b m�fnde fab `xygwfnfbgw{nkbgw�wfbl }mjl de fab
z
gqml nde}jml o« �\êp neq o« �] Ýp

z ˜|a〉 = ΓS ˜|a〉 +R ˜|a〉in ,
˜|a〉out = Q ˜|a〉 , o« ��\p
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�abjb

R ∈ HN×p1
neq

Q ∈ Hp2×N njb wb~bkfmj m{ bjnfmjw r nwwm kdnfbq � dfa fabemeg�bjm �n|b nl{~dfvqbw de fab wfnfbgw{nkb |bkfmj ˜|a〉 kmjjbw{meqdet fm fab p1neq
p2
{mjfw fajmvta �adka fab wfjvkfvjb dw bzkdfbq neq m�wbj|bq �cjml o« ��\p �b }mjl n~~� wm~|b }mj fab mvf{vf |bkfmj nw

˜|a〉out = Q (zI − ΓS) R ˜|a〉in .
o« ��]p

cjml fadw jbwv~f r fab
p1 × p2

g{ mjf l nfjdz dl{v~wb jbw{mewb dw dqbefd�bq nw fabl nfjdz jnfdmen~ }vekfdme

H̃(z) = Q(zI − ΓS)−1R =

∞∑

n=1

z−kQ (ΓS)
k−1

R ∈ Hp1×p2 .
o« ��� p

`ab kmb� kdbefw
(Q (ΓS)

k−1
R)

de o« ���p njb fbjl bq fab 484 ;MH= m}
H̃

1�]2 �
� �� �� &828H1 �0/8� J¯� 8�12:8 � 1GH0Ð F % G78 �4� ®� 3G8¯
Ãm� r �b �jdfb fab w�wfbl o« ��\p de nemfabj }mjl � `anf dw

z ˜|a〉 = ΓS ˜|a〉 +R1 |i〉 ,
|u〉 = Q1

˜|a〉 , o« ��«p
�abjb fab |bkfmj |i〉 ∈ Hp1

kmefndew fab bz{newdme kmb� kdbefw }mj fab fnetbefdn~l ntebfdk �b~q me n {mjf O fab |bkfmj |u〉 ∈ Hp2
kmefndew fab jb~b|nef bz{newdmekmb� kdbefw r kmjjbw{meqdet fm fab fnetbefdn~ b~bkfjdk �b~qw nf {mjfw �`ab m{bjnfmjw

R1
neq

Q1
kmefnde fab �b~q {nffbjew

H2D
neq

E2D
m} fab{mjf {~nebw neq kne �b m�fndebq �� n kml{vfnfdmen~~� kabn{ \gh bzfbjen~ wm~|bj �`ab l nfjdz

R1
dl {mwbw n kvjjbef {nffbje me fab {mjf {~neb �adka kmjjbw{meqwfm

n × H2D
r neq

Q1
bzfjnkfw fab tbebjn~d�bq |m~fntb |u〉 }jml fab �b~qw nffab {mjfw r �nwbq me fab
E2D ×H2D

mjfamtmen~df� m} �n|btv dqb lmqbw � ¹ wdet{jm{ bj emjln~d�det �b kne nka db|b fab w�llbfj� jb~nfdme
R1 = (Q1)

T � �j demfabj �mjqw r fab m{ bjnfmjw
R1

neq
Q1

fjnew~nfb fab {mjf kvjjbefw |i〉 neq {mjf|m~fntbw |u〉 defm tjdq dekdqbef neq mvf{vf �n|b nl{~dfvqbw �`abjb}mjb r �b m�fnde fab Âsy }mj fab lv~fdg{ mjf `xy w�wfbl nw

Z(z) = Q1(zI − ΓS)−1R1 =
∞∑

k=1

z−kQ1 (ΓS)
k−1

R1 ∈ Hp1×p2 ,
o« ��¬p

neq fab |bkfmj m} mvf{vf |m~fntbw nw
|u〉 = Z|i〉 . o« ��ìp

� -Y ��� !��Ü����� � ����#$¯ #$ '+�
`ab �nwdk dqbn m} jbqvkbqgmjqbj lmqb~det dw fm jb{ ~nkb fab mjdtden~ w�wfbl w o« ��\pneq o« ��«p �� n w�wfbl m} fab wnl b f�{b �vf m} n lvka wl n~~bj qdl bewdme �� ~famvta fab mjqbj

N
m} fab mjdtden~ w�wfbl dw |bj� adta r n ~njtb evl�bj m}dfw bdtbewfnfbw njb fab jbwv ~f m} fab w{nfdn~ m|bjwnl{~det m} fab �b~qw de w{nkb rjbwv ~fdet }jml �mfa fab qbwdjb }mj nkkvjnfb lmqb~det m} �eb tbml bfjdk }bnfvjbwneq fab ebbq }mj kmefnde det evlbjdkn~ qdw{ bjwdme r favw bewvjdet fab nkkvjnk� m}
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fab evlbjdkn~ l mqb~det m} fab �n|bw � `abjb}mjb r df dw l bnedet}v~ fm tbebjnfbn jbqvkbqgmjqbj lmqb~ kmefndedet {jbqml denef~� famwb bdtbewfnfbw fanf kmjjbgw{meq fm fab {a�wdkn~ bdtbe}jbuvbekdbw m} fab w�wfbl neq r de {njfdkv~nj r famwbfanf dl{nkf fab wfnfbw de|m~|bq de fab bzkdfnfdme neq m�wbj|nfdme m} fab w�wfbl �`avw r �b wbb� n lmqb~ m} jbqvkbq mjqbj fanf n{{jmz dl nfbw fab dl{v~wb jbgw{mewb o« ���p neq Âsy o« ��¬p r de ne buvd|n~bef wbewb r fab qdwkjbfb `xyglmqb~wm} o« ��\p neq o« ��«p � `adw l n� �b qmeb vwdet lmlbef l nfkadet fbkae duvbw�nwbq me ������ wv�w{nkb l bfamqw � `ab �nwdk dqbn dw fm {jm� bkf fab w�wfbl wm} o« ��\p neq o« ��«p m} qdlbewdme

N
mefm n w{nkb m} wdted� knef~� ~m�bj qdl begwdme

n
wvka fanf me~� fab �jwf

n
lmlbefw de fab ��¶�³�´ wbjdbw bz{newdmew m}fab dl{v~wb jbw{mewb o« ���p neq fab Âsy o« ��¬p m} fab mjdtden~ w�wfbl r neq fabjbqvkbq w�wfbl njb l nfkabq � �ml b m} fab lmwf kmllme~� vwbq n{{jmnkabw }mjfa dw {vj{mwb njb qdwkvwwbq ebzf �

� �Î �� $HG7FKF21 � � HF' 8:G0F2
se mjqbj fm qbjd|b n jbqvkbqgmjqbj lmqb~ m} fab `xygw�wfbl o« ��\p �b deqvkbne mjfamemjln~ �nwdw

(V )T
n×NVN×n = I .

o« ��êp
¹wdet n {jm� bkfdme m{bjnfmj

V : Hn → HN o« ��óp
neq dfw fjnew{mwb

V T : HN → Hn o« �«½p
�b m�fnde fab jbqvkbq wfnfb |bkfmj m} ~betfa

n << N
nw

˜|an〉 = V T ˜|a〉 . o« �« Ýp
¼mewbuvbef~� �b an|b

˜|a〉 = V |ãn〉 .
o« �«\p

`abe fab w�wfbl o« ��\p kne �b �jdffbe � dfa fab jbqvkbq wfnfb |bkfmj o« �« Ýpnw }m ~~m� det
z V |ãn〉 = ΓS V |ãn〉 +R |ã〉in ,

|ã〉out = Q V |ãn〉 .
o« �«]p

ë� lv~fd{~dknfdme m} fab �jwf jm� de o« �«]p ��
V T �b m�fnde

z |ãn〉 = V T
ΓS V |ãn〉 + V T R |ã〉in ,

|ã〉out = Q V |ãn〉 ,
o« �«� p

neq �� vwdet lnfjdz lned{v~nfdmew �b an|b
(zI − V T

ΓS V ) |ãn〉 = V T R |ã〉in ,

|ã〉out = Q V |ãn〉 .
o« �««p

cjml o« �«« p �b m�fnde fab mvf{vf |bkfmj
|ã〉out = Q V (zI − V T

ΓS V )−1V T R |ã〉in ,
o« �«¬p
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neq lv~fdg{ mjf dl{v~wb jbw{mewb

H̃n1
(z) = QV (zI − (ΓS)n)−1V TR ∈ Hp1×p2 ,

o« �«ìp
�abjb

(ΓS)n = V T
ΓS V

o« �«êp
dw fab 7;:E6;: nop 98G ;75H87 m} qdl bewdme

n× n
�se mjqbj fm m�fnde fab mjfamtmen~ �nwdw

V
fab ������� n~tmjdfal kne �b vfdg~d�bq r � dka {jm� bkfw fab tbebjn~ `xy m{bjnfmj mefm fab ������ wv�w{nkb r�adkadw deqvkbq ��

ΓS
neq n wfnjf |bkfmj � bdet fab bzkdfnfdme |bkfmj � `avw fab jbgqvkbq `xy m{bjnfmj o« �«êp dw {jbwbefbq �� ne v{{bj ¾³��³�È³�» lnfjdz

H
�¹ wdet fab bdtbe|n~vb qbkml{mwdfdme m}

H
r d �b �

H = UΛU−1 ,
o« �«óp

�b kne �jdfb fab lv~fdg{ mjf dl{v~wb jbw{mewb de fab ebzf }mjl
H̃n1

(z) = QV U(zI −Λ)−1U−1V TR .
o« �¬½p

xbf |rj〉, j = 1, 2, . . . , p1
�b fab

j
gfa km~vle m} fab wb~bkfmj lnfjdz

R
neq

〈qi|, i = 1, 2, . . . , p2
�b fab

i
gfa jm� m} fab wb~bkfmj l nfjdz

Q
� Ãm� �b qb�eb fabjm� |bkfmj 〈α|(i) neq fab km~vle |bkfmj |β〉(j) nw }m ~~m� det

〈α|(i) = 〈qi|V U ,
o« �¬ Ýp

|β〉(j) = U−1V T |rj〉 .
o« �¬\p

`abe {m~b>jbwdqvb qdwfjd�vfdme m} fab
(i, j)

gfa b~bl bef m} fab fjnew}bj }vekgfdme
H̃n1

o}jml {mjf
j
fm {mjf

i
p � bkml bw

H̃(i,j)
n1

=

n∑

n̂ =1

α
(i)
n̂ β

(j)
n̂

z − λn̂
=

n∑

n̂ =1

c
(i,j)
n̂

z − λn̂
.

o« �¬]p
se n wdl d~nj �n� fab jbqvkbq Âsy ln� �b m�fndebq }jml o« ��¬p nw

Zn1
(z) = Q1V U(zI −Λ)−1U−1V TR1 .

o« �¬� p
`ab w�bfka m} `xygy�� �nwbq me fab ������� {jm kbqvjb tbebjnfdet o« �¬½poneq>mj o« �¬]pp dw td|be �b~m� �

� õ�×ÖÛÕáå é �í �Ò � `ab `xyg��y �nwbq me fab ������� {jm kbww �
oÝp kammwb |ṽ〉 = R |ã〉ino\p |v1〉 =

|ṽ〉
‖ṽ ‖2o]p �×Ö

j = 1, 2, . . . , n
Ø×o�p |ṽ〉 = (ΓS) |vj〉o«p �×Ö

i = 1, 2, . . . , j
Ø×o¬p

hij = 〈ṽ|vi〉oìp |ṽ〉 = |ṽ〉 − hij |vi〉oêp âÔØ �×Öoóp jbmjfamtmen~d�b d} ebkbwwnj�oÝ½p
βj+1 = ‖ṽ‖2
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oÝÝp Û�

βj+1 = 0
ÕáâÔ äÕ×øoÝ\p

Hj = UΛjU
−1oÝ]p fbwf }mj kme|bjtbekb

oÝ� p |vj+1〉 =
|ṽ〉
βj+1oÝ«p âÔØ �×ÖoÝ¬p

Hn = UΛnU
−1oÝìp kml{vfb dl{v~wb jbw{mewb

H̃n1

o« �¬½p neq>mj Âsy
Zn1

o« �¬� poÝêp kml{vfb |ã〉out

`ab n~tmjdfal o« �] �Ýp �db~qw fab mjfamtmen~ �nwdw
V
neq fab

n× n
jbqvkbq`xy m{bjnfmj o« �«êp nw ne v{{bj ¾³��³�È³�» lnfjdz � `ab

N × n
lnfjdz

V}mjl ne mjfamemjl n~ �nwdw }mj fab ������ wv�w{nkb owbb ¼an{fbj �p � dfa nwfnjf |bkfmj nw ne bzkdfnfdme |bkfmj �
� �Î �� $( �0)58 � HF' 8:G0F2
Ãbzf r �b defjmqvkb n �dmjfamtmen~ �nwdw

(W )T
n×NVN×n = Dn×n .

o« �¬«p
¹ wdet fab {jm� bkfdme m{bjnfmj

V : Hn → HN o« �¬¬p
neq dfw fjnew{mwb

W T : HN → Hn o« �¬ìp
�b m�fnde fab jbqvkbq wfnfb |bkfmj nw

|ãn〉 = W T |ã〉 , o« �¬êp
neq fab dedfdn~ wfnfb |bkfmj nw

|ã〉 = V |ãn〉 .
o« �¬óp

`abe fab w�wfbl o« ��\p kne �b �jdffbe � dfa fab jbqvkbq wfnfb |bkfmj nw
z V |ãn〉 = ΓS V |ãn〉 +R |ã〉in ,

|ã〉out = Q V |ãn〉 ,
o« �ì½p

ë� lv~fd{~dknfdme m} fab �jwf jm� de o« �ì½p ��
W T neq �� vwdet bu � o« �¬«p�b m�fnde fab ebzf w�wfbl

zD |ãn〉 = W T
ΓS V |ãn〉 +W T R |ã〉in ,

|ã〉out = Q V |ãn〉 .
o« �ìÝp

�{{~�det fab wdl d~njdf� fjnew}mjl nfdme fm fab tbebjn~ `xy m{bjnfmj
ΓS

��lbnew m} fab ������� n~tmjdfal �b m�fnde fab jbqvkbq `xy m{bjnfmj
(ΓS)n

W T
ΓS V = DT ≡ (ΓS)n .

o« �ì\p
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cjml o« �ì Ýp neq o« �ì\p df }m ~~m� w fanf

zD |ãn〉 = DT |ãn〉 +W T R |ã〉in ,

|ã〉out = Q V |ãn〉 ,
o« �ì]p

D(zI − T ) |ãn〉 = W T R |ã〉in
|ã〉out = Q V |ãn〉 ,

o« �ì� p
cjml o« �ì�p �b bz{jbww fab mvf{vf wfnfb |bkfmj

|ã〉out = Q V (zI − T )−1D−1W T R |ã〉in ,
o« �ì«p

neq lv~fdg{ mjf dl{v~wb jbw{mewb
H̃n1

(z) = QV (zI − T )−1D−1W TR ∈ Hp1×p2 ,
o« �ì¬p

�abjb
DT

m} qdl bewdme
n×n

dw fab �dmjfamtmen~ omj m�~duvbp {jm� bkfdme m} fabtbebjn~ `xy m{bjnfmj
ΓS

mefm ������ wv�w{nkbw �¹fd~d�det fab bdtbeqbkml{mwdfdme m}
T

T = UΛU−1 ,
o« �ììp

�b kne �jdfb fab lv~fdg{ mjf dl{v~wb jbw{mewb de fab ebzf }mjl
H̃n2

(z) = QV U(zI −Λ)−1U−1D−1W TR .
o« �ìêp

sefjmqvkdet fab jm� |bkfmj 〈α(i)| neq fab km~vle |bkfmj |β(j)〉 nw }m~~m� w
〈α(i)| = 〈qi|V U ,

o« �ìóp
|β(j)〉 = U−1D−1W T |rj〉 ,

o« �ê½p
�b m�fnde fab {m~b>jbwdqvb qdwfjd�vfdme m} fab

(i, j)
gfa b~bl bef m} fab fab fjnew}bj}vekfdme

H̃n2

o}jml {mjf
j
fm {mjf

i
p nw df anw � bbe td|be de fab }mjl m} o« �¬]p �se n wdl d~nj �n� fab jbqvkbq Âsy ln� �b m�fndebq }jml o« ��¬p nw

Zn2
(z) = Q1V U(zI −Λ)−1U−1D−1W TR1 .

o« �ê Ýp
� {wbvqmgkmqb m} fab `xyg��y �nwbq me fab emew�llbfjdk ������� n~gtmjdfal dw {jbwbefbq �b~m� �

� õ�×ÖÛÕáå é �í �ß � `ab `xyg��y �nwbq me fab emew�llbfjdk ������� n~gtmjdfal �
oÝp kammwb |ṽ〉 = R |ã〉in

neq |w̃〉 =
ÖãÔØ×å

o\p |v1〉 =
|ṽ〉
‖ṽ ‖2

neq |w1〉 =
|w̃〉
‖w̃ ‖2o]p wbf |v0〉 = 0

r |w0〉 = 0
neq

ρ1 = η1 = δ0 = 1o�p �×Ö
j = 1, 2, . . . , n

Ø×o«p
δj = 〈wj |vj〉o¬p Û�
δj = 0

ÕáâÔ äÕ×ø
oìp

αj =
〈wj |ΓS |vj〉

δj
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oêp

βj = ηjδj/δj−1oóp
γj = ρjδj/δj−1oÝ½p |ṽj+1〉 = ΓS |vj〉 − αj |vj〉 − βj |vj−1〉oÝÝp |w̃j+1〉 = SΓ |wj〉 − αj |wj〉 − γj |wj−1〉oÝ\p jbmjfamtmen~d�b d} ebkbwwnj�oÝ]p
ρj+1 = ‖ṽj+1‖2oÝ� p
ηj+1 = ‖w̃j+1‖2oÝ«p Û�
ρj+1 = 0

mj
ηj+1 = 0

ÕáâÔ äÕ×øoÝ¬p
Tj = UΛjU

−1oÝìp fbwf }mj kme|bjtbekb
oÝêp |vj+1〉 =

|ṽj+1〉
ρj+1oÝóp |wj+1〉 =
|w̃j+1〉
ηj+1o\½p âÔØ �×Öo\Ýp

Tn = UΛnU
−1o\\p kml{vfb dl{v~wb jbw{mewb

H̃2
neq>mj Âsy

Zn2o\]p kml{vfb |ã〉out

`ab n~tmjdfal « �] �\ �db~qw fab �dmjfamtmen~
V −W

�nwdw }mj ������ wv�gw{nkbw owbb ¼an{fbj �p � dfa wfnjf |bkfmjw |v1〉 ∈ HN neq |w1〉 ∈ HN neq fabjbqvkbq `xy m{bjnfmj nw n fjdnetv ~nj l nfjdz
Tn
�

� �Î �Î �78 ®:1GG8H02K�®�¯¯ 8GH0: 412:/F3 � HF :833
sf anw � bbe m�wbj|bq fanf fab emew�llbfjdk ������� n~tmjdfal n~wm wdl{~dg�bw }mj lnfjdkbw fanf njb

J
g¾³�Á�´ ��� mj

J
gw�llbfjdk � dfa jbw{ bkf fm deebj{jmqvkfw deqvkbq �� tbebjn~ emewdetv~nj r �vf emf ebkbwwnjd~� {mwdfd|b qb�edfbl nfjdz

J
� `abjb njb wml b w{bkdn~ knwbw fanf n~~m� vwb m} fadw

J
gw�llbfj�r b �t �

¾�Á��´����� neq C�³¿��´� l nfjdkbw � ·m�b|bj r fab qbfbjl denfdme m} n l nfjdz
J
dw de tbebjn~ |bj� kml{~dknfbq neq dl{jnkfdkn~ r neq fab jbn~~� vwb}v~ knwbw m}

J
gl nfjdkbw njb famwb }mj �adka

J
dw �em�e bz{~dkdf~��¶�³¶�� neq *À� wam�bq de 1�«2 r 1�ì2 fanf }mj

J
gw�llbfjdk l nfjdz

A
r

ATJ = JA ,
o« �ê\p

fab ������� {jm kbww kne �b wdl{~d�bq �� kammwdet fab wbkmeq ������� wfnjf|bkfmj {jm{ bj~�� �b jbkn~~ fanf fab wbkmeq wfnjf |bkfmj de fab emew�llbfjdk|bjwdme dw tbebjnfbq jneqml ~��cmj lmwf jbn~ knwbw df dw |bj� qd� kv~f fm �eq ne� w{njwb lnfjdz
J
de ne�}mjl de mjqbj fm fn�b nq|nefntb m} fab w�llbfj� ~d�b de o« �ê\p �se fadw wv�wbkfdme �b qbwkjd� b n {jnkfdkn~ wdl{~d�bq ������� n~tmjdfal }mj`xy r �adka dw qbjd|bq vwdet fab

J
gw�llbfj�� cmj fa dw {vj{mwb �b �eq n l nfjdz

J
wnfdw}� det bu � o« �ê\p nf �jwf �

àáâ×Öâå é �í �Ò � `ab `xy gl nfjdz
(ΓS)

anw n veduvb {jm{ bjf� O df dw w�llbfjdk� dfa jbw{bkf fm fab wknffbjdet l nfjdz
S
� `anf dw

(ΓS)TS = S(ΓS) .
o« �ê]p
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� 788� � `ab jdtaf de bu � o« �ê]p dw

S(ΓS) = SΓS ,
o« �ê� p

neq fab ~b}f de bu � o« �ê]p dw
(ΓS)TS = (SΓ )S = SΓS .

o« �ê«p

xbf vw kmewdqbj fab nkfvn~ m{ bjnfdmew de|m~|bq de fab ������� {jm kbww dewml b lmjb qbfnd~ � se mjqbj fm tbebjnfb fab �dgmjfamtmen~ �nwdw |bkfmjw r |vn〉neq |wn〉
r }mj fab f�m ������ wv�w{nkbw o� �Ýp neq o� �Ý]p fab emegw�llbfjdk������� vfd~d�bw fab wbuvbekbw oÝ½p neq oÝÝp de � ~tmjdfal « �] �\ �

|ṽj+1〉 = (ΓS)|vj〉 − αn|vj〉 − βj |vj−1〉,
o« �ê¬p

|w̃j+1〉 = (SΓ )|wj〉 − αj |wj〉 − γj |wj−1〉 .
o« �êìp

�b wn� fanf fab `xygm{bjnfmj dw =65HH;7KMm 9=P44 ;H7K6r neq jb}bj fm df �jdb3�nw g9=P44 ;H7K6� �e fab �nwdw m} fa dw {jm{ bjf� fab wbkmeq wbuvbekb o« �êìp de fabemegw�llbfjdk xnek�mw n~tmjdfal kne �b jb{~nkbq �� fab }m~~m� det meb
|w̃j+1〉 = S |ṽj+1 〉, j = 1, 2, . . . , n,

o« �êêp
d} �b fn�b fab wbkmeq wfnjf |bkfmj nw

|w̃1〉 = S |ṽ1〉 .
o« �êóp

se |db� m} o« �êêp n wdl{~d�bq |bjwdme m} fab xnek�mw {jm kbww jbwv~fw r �abjbme~� fab jdtaf �nwdw |bkfmjw |v1〉, |v2〉, . . . , |vn〉
ebbq �b tbebjnfbq r �ad~b fab ~b}f|bkfmjw |w1〉, |w2〉, . . . , |wn〉

njb m�fndebq |dn o« �êêp � `ab �dgmjfamtmen~ �nwdw dwtbebjnfbq fm wnfdw}�
V T

n S Vn = Dn .
o« �ó½p

¼~bnj~�r fab jbwv~fdet lmqd�bq xnek�mw {jm kbww jbuvdjbw me~� meb `xy fdl bb|m~vfdme wfb{ neq meb nqqdfdmen~ n{{~dknfdme m} fab wknffbjdet l nfjdz � ·bekb rfab {jm kbww dw }nwfbj neq kmewvl bw ~bww l blmj� de kml{njdwme fm fab kme|begfdmen~ emegw�llbfjdk xnek�mw meb ��e dl{mjfnef nffjd�vfb m} fab {jm{mwbq lmqd�bq {jm kbww dw fanf ebdfabjfab m{ bjnfmj
ΓS

emj dfw fjnew{mwb ebbq emf � b �em�e bz{~dkdf~�r nw me~� dfwdl{nkf me fab wbuvbekb m} új�~m| |bkfmjw lvwf � b fn�be defm nkkmvef � `avw rfab kml{vfnfdme m} fab jbqvkbq lmqb~ kne �b defbtjnfbq de fab vwvn~ dfbjnfd|b`xy {jm kbww de n |bj� b� kdbef l neebj �ëb~m� �b td|b n {wbvqmgkm qb m} fab `xygy�� �nwbq me fab �gw�llbfjdk|bjwdme �
� õ�×ÖÛÕáå é �í �í � `ab `xygy�� �nwbq me fab �gw�llbfjdk ������� n~tmgjdfal �

oÝp kammwb |ṽ〉 = R |ã〉in
neq |v1〉 =

|ṽ〉
‖ṽ ‖2o\p |w̃〉 = S|ṽ〉 neq |w1〉 =

|w̃〉
‖w̃ ‖2
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o]p wbf |v0〉 = 0

r |w0〉 = 0
neq

ρ1 = η1 = δ0 = 1o�p �×Ö
j = 1, 2, . . . , n

Ø×o«p
δj = 〈wj |vj〉o¬p Û�
δj = 0

ÕáâÔ äÕ×ø
oìp

αj =
〈wj |ΓS |vj〉

δjoêp
βj = ηjδj/δj−1oóp |ṽj+1〉 = ΓS |vj〉 − αj |vj〉 − βj |vj−1〉oÝ½p |w̃j+1〉 = S |ṽj+1〉oÝÝp jbmjfamtmen~d�b d} ebkbwwnj�oÝ\p
ρj+1 = ‖ṽj+1‖2oÝ]p
ηj+1 = ‖w̃j+1‖2oÝ� p Û�
ρj+1 = 0

mj
ηj+1 = 0

ÕáâÔ äÕ×øoÝ«p
Tj = UΛjU

−1oÝ¬p fbwf }mj kme|bjtbekb
oÝìp |vj+1〉 =

|ṽj+1〉
ρj+1oÝêp |wj+1〉 =
|w̃j+1〉
ηj+1oÝóp âÔØ �×Öo\½p

Tn = UΛnU
−1o\ Ýp kml{vfb dl{v~wb jbw{mewb

H̃2
neq>mj Âsy

Zn2o\\p kml{vfb |ã〉out

� �Î �� � 1GH0Ð��1�+���HFÐ 0¯ 1G0F23
`ab kmekb{f m} fjnew}bj }vekfdme n~~m� w fab qb�edfdme m} fab jbqvkbqgmjqbj lmqgb~w �� l bnew m} °��A mj °��Agf�{ b n{{jmzdl nfdme de fab knwb m} `xy �xbf

z0 ∈ C �b ne� {mdef wvka fanf z0 dw emf n {m~b m} fab fjnew}bj }vekfdme
H̃
� se {jnkfdkb r fab {mdef

z0
dw kamwbe wvka fanf df dw de wml b wbewb k~mwb fm fab}jbuvbek� �neq m} defbjbwf r b �t � de fab l dqq~b m} n }jbuvbek� jnetb � `abe fabfjnew}bj }vekfdme

H̃
nql dfw fab C����� bz{newdme n�mvf

z0
nw

H̃(z) = M0 +M1(z − z0) +M2(z − z0)
2 + . . . +Mj(z − z0)

j + . . . =

=
∞∑

j=1

Mj(z
′)j ,

o« �ó Ýp

�abjb
Mj

njb r de tbebjn~ r
p1 × p2

lnfjdkbw r �adka njb kn~~bq fab 484 ;MH= m}
H̃n�mvf

z0
r neq

z′ = z − z0
dw kn~~bq n =I K� H�� jbqvkbq lmqb~ o« �«]p neq o« �ì½p m} fab wfnfbgw{nkb qdl bewdme

n
dw kn~~bqfab

n
gfa � 5:, 48:;< nf fab bz{newdme {mdef

z0
m} fab mjdt den~ w�wfbl o« ��\p rd} fab C³���� bz{newdmew n�mvf

z0
m} fab fjnew}bj }vekfdme

H̃
de o« ��\p m} fabmjdtden~ w�wfbl neq fab fjnew}bj }vekfdmew

H̃n1

de o« �«ìp neq
H̃n2

de o« �ì¬p m}fab jbqvkbqgmjqbj lmqb~w ntjbb de nw l ne� ~bnqdet fbjl w nw {mwwd�~b
H̃ = H̃n + O

(

(z − z0)
φ(n)

)

,
o« �ó\p

�abjb
φ(n)

dw nw ~njtb nw {mwwd�~b � cmj defjmqvkfdme fm °��A n{{jmz dl nfdme �bjb}bj fab jbnqbj fm 1¬ Ý2 �
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se mjqbj fm m�fnde n l nfjdz °��A n{{jmz dl nef n�mvf n {mdef

z0
�b {bj}mjlfab }m~~m� det l nfjdz l ned{v~nfdmew

H̃(z′) = Q(zI − ΓS)−1R = Q (z0I + (z − z0)I − ΓS)−1R =

= −Q (ΓS − z0I − (z − z0)I)
−1R =

= Q (I − (z − z0)Â)−1 R̂ =

= Q (I − z′Â)−1 R̂ =
∞∑

j=1

(z′)jQÂj−1 R̂ ,
o« �ó]p

�abjb
Â = (ΓS − z0I)

−1 ,
o« �ó� p

neq
R̂ = −(ΓS − z0I)

−1R .
o« �ó«p

¹e~bww �b an|b
p1 = p2 = 1

r fab fjnew}bj }vekfdmew
H
neq r kmewbuvbef~�r

Hnnjb l nfjdz |n~vbq r fabe fab °��A neq °��Agf�{ b lmqb~w njb wmgkn~~bq 45H7KN 9°��A neq 45H7KN 9°��A 9HPG ; 5GG 78N K4 5MH= de tbebjn~ �ë� kml{njdwme m} o« �ó Ýp neq o« �ó]p �b m�fnde fab °��Agl mlbefw
Mj = QÂj R̂ .

o« �ó¬p
cmj wdl{~d�knfdme �b jbwfjdkf fm fab wdet~bgde{vf wdet~bgmvf{vf knwb on �s��w�wfbl p r d �b

p1 = p2 = 1
� `avw r }jml o« �ó]p �b an|b n wkn~njg|n~vbq jnfdmen~fjnew}bj }vekfdme

H̃(z) = 〈q| (I − z′Â)−1 |r̂〉 . o« �óìp
� �Î �� ÏÐ��0:0G � F¯ 82G � 1G:702K
sewfbnq m} bu � o« �«ìp neq bu � o« �ì¬p �b {jbwbef fab wkn~njg|n~vbq jnfdmen~ }vekfdme
H̃n

m} n jbqvkbq �s��gw�wfbl de fbjl w m} fabwb {m~�eml dn~w r mj lmjb {jbkdwb~�
H̃n(z) =

ϕn−1(z
′)

ψn(z′)
=
bn1

(z′)n1 + · · · + b1z
′ + b0

an2
(z′)n2 + · · · + a1z′ + 1

.
o« �óêp

`�{dkn~~�
n2 = n

neq
n1 = n2 − 1 = n− 1

� `abjb njb
n1 + n2 + 1 = 2n

}jbbkmb� kdbefw m} fab {m~�eml dn~w
ϕn−1

neq
ψn

de o« �óêp � `abwb }jbb {njnl bfbjwkne �b kamwbe wvka fanf de o« �ó\ p fab �jwf
2n
lmlbefw � d~~ � b l nfkabq

H̃ = H̃n + O
(
(z − z0)

2n
)

=
2n−1∑

j=0

Mj(z − z0)
j + O

(
(z − z0)

2n
)
,

o« �óóp
�abjb

Mj
njb 484 ;MH= r �adka kne �b bz{jbwwbq nkkmjqdet fm o« �ó¬p neq o« �óìpnw }m ~~m� det D

Mj = 〈q| (Â)j |r̂〉 , j = 0, 1, 2, . . . , (2n− 1).
o« �Ý½½p

�b jb}bj fm H̃n
nf fab

n
gfa °��A n{{jmz dl nef fm fab dl{v~wb jbw{mewb H̃ deo« �óìp � ë� lbnew m} {njfdn~ }jnkfdme bz{newdme �b kne �jdfb H̃n

de fab }mjl

H̃n = c∞ +

n̂∑

j=1

cj
z′ − pj

.
o« �Ý½ Ýp

`ab wfneqnjq n{{jmnka fm kml{vfdet Hn
dw �nwbq me fab jb{jbwbefnfdmeo« �óêp neq me ;NG <K6KH 4 84 ;MH m ;M;75HK8M �� o« �Ý½½p �
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• cdjwf r fab ~bnqdet 2n

lmlbefw
M0,M1,M2, . . . ,M2n−1

m} H̃ njb kml{vfbq�� o« �Ý½½p O
• fabe r fab kmb� kdbefw m} fab {m~�eml dn~w ϕn−1(z

′)
neq

ψn(z′)
njb tbebjnfbq�� fab wm~|det m} ~debnj buvnfdmew � dfa n

n× n
¾��Å³� l nfjdz on wuvnjbl nfjdz � dfa kmewfnef w�b� qdntmen~wp r �amwb befjdbw njb fab lmlbefwo« �Ý½½p O

• fab {m~bw pj
de o« �Ý½ Ýp njb fabe m�fndebq nw fab jmmfw m} fab buvnfdme
an(z′)n + an−1(z

′)n−1 + · · · + a1z
′ + 1 = 0 ;

o« �Ý½\p

• fab kmewfnef c∞ neq fab jbwdqvbw
cj
de o« �Ý½ Ýp njb kml{vfbq �� wm~|detnemfabj ~debnj w�wfbl m} fab mjqbj

n
O

cmj lmjb qbfnd~w wbb 1\\2 r 1ó]2 �
`a dw wfneqnjq n{{jmnka fm kml{vfdet Hn

dw bl{~m�bq de fab l =P4G H8HK6-5|;� 874 . |5<E5HK8M o��¸p lbfamq 1\\2 r 1ó]2 �·m�b|bj r kml{vfdet °��A n{{jmz dl nefw vwdet bz{~dkdf l mlbef kml{vfngfdmew dw evl bjdkn~~� vewfn� ~b r neq deqbbq r fa dw n{{jmnka kne �b bl{~m�bq de{jnkfdkb }mj |bj� lmqbjnfb |n~vbw m}
n
r wvka nw

n < 10
owbb 1� Ý2p � `ab {jm�g~bl dw fanf fab |bkfmjw

Âj |r̂〉 uvdk�~� kme|bjtb fm ne bdtbe|bkfmj kmjjbw{meqdetfm n qml denef bdtbe|n~vb m}
Â
r neq r fabjb}mjb r fab lmlbefw

Mj
kml{vfbq ��o« �Ý½½p r b|be }mj lmqbjnfb |n~vbw m}

j
r kmefnde me~� de}mjl nfdme n�mvf fadw qml gdenef bdtbe|n~vb � `avw r fab °��A n{{jmzdl nef Hn

tbebjnfbq }jml fab lmlbefwme ~� kmefndew de}mjl nfdme n�mvf n {njf m} fab w{ bkfjvl m}
Â
r neq fab kml{vfbq

Hn
qmbw emf kme|bjtb fm fab fjnew}bj }vekfdme H � `m m�fnde fab �jmnq�neq}jbuvbek� jbw{mewb r lmjb bz{newdme {mdefw njb jbuv djbq � `ab lv~fdg{mdef bzg{newdme dw vwbq }mj fab }nwf }jbuvbek� w�bb{ occ�p � `ab lmlbef l nfkadetfbkaeduvb dw emf kmewdqbjbq de fadw �mj� �

� �Î �/ �78 �1�+�9 01�412:/F3 �KFH0G7¯
`mtbfabj � dfa bl{~m�det bz{ ~dkdf l mlbef l nfkadet fbkae duvbw r fab vwb m} fab������ wv�w{nkb fbkaeduvbw fm kml{vfb fab °��A lmqb~ dw {mwwd�~b �se fa dw wv�wbkfdme �b qbwkjd� b fab � 5:,9|K59o5M6µ 8= oÞ�xp n~tmjdfal �adkabz{~mdfw fab kmeebkfdme �bf�bbe °��A n{{jmz dl nfdme neq fab ������� {jm kbwwfm m�fnde fab qdjbkf kml{vfnfdme m} fab lmlbefw � `ab kmeebkfdme m} fab ����B��� {jm kbww fm fab °��A n{{jmz dl nfdme dw qbwkjd� bq de qbfnd~ de 1� Ý2 � `abqbjd|nfdme m} Þ�x wam�bq fanf fab {m~b>jbwdqvb jb{jbwbefnfdme o« �Ý½ Ýp m} fab°��A n{{jmz dl nef Hn

kne �b m�fndebq �� jveedet fab ������� n~tmjdfal neq�� kml{vfdet ne bdtbeqbkml{mwdfdme m} fab ������� lnfjdz
Tn
� `ab jbwv~fdetkml{vfnfdmen~ {jm kbqvjb dw fab Þ�x n~tmjdfal r fab w�bfka m} �adka dw {jbwbefbq�b~m� �

� õ�×ÖÛÕáå é �í �ò � `ab w�bfka m} fab `xygy�� �nwbq me fab Þ�x n~tmjdfal �
oÝp �ve

n
wfb{ w m} fab ������� n~tmjdfal owbb � ~tmjdfal � �� �Ýp � dfafab lnfjdz

Â
o« �ó� p fm m�fnde fab fjdqdntmen~ l nfjdz

Tn
�o\p ¼ml{vfb ne bdtbe|n~vb qbkml{mwdfdme

Tn = UΛnU
−1 .

o« �Ý½]p
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o]p ¼ml{vfb fab |bkfmjw

〈f | = UT 〈e1|
neq |g〉 = U−1|e1〉 .

o« �Ý½�p
o�p ¼ml{vfb fab {m~bw neq jbwdqvbw m} Hn

o« �Ý½ Ýp �� wbffdet
pj = 1/λj ,

o« �Ý½«p
cj = 〈q|r̂〉fjgj

λj
j = 1, 2, . . . , n

�dfa
λj 6= 0 ,

o« �Ý½¬p

c∞ =

n∑

j=0

fjgj 〈q|r̂〉
�dfa

λj = 0 .
o« �Ý½ìp

�b emfb fanf fab lmlbefw o« �Ý½½p de fab Þ�x lbfamq njb kml{vfbq vwdetfab � dmjfamtmen~ �nwdw
V −W

}mj jdtaf neq ~b}f
n
gfa ������ wv�w{nkbw

K(|r̂〉, Â, n) =
w{ne { |r̂〉, Â|r̂〉, Â2|r̂〉, . . . , Ân−1|r̂〉 } o« �Ý½êp

neq
K(|q〉, ÂT , n) =

w{ne { |q〉, ÂT |q〉, (ÂT )2|q〉, . . . , (ÂT )n−1|q〉 } o« �Ý½óp
jbw{ bkfd|b~�� ¹ wdet fab �nwdw |bkfmjw |vj〉

neq |wj〉
r fab bz{~dkdf l mlbef kml{vgfnfdmew njb n|mdqbq r neq dewfbnq m} l mlbefw o« �Ý½½p �b em� kn~kv~nfb lmqd�bqlmlbefw

〈wj |vj〉
neq 〈wj |Â|vj〉, j = 1, 2, . . . , n .

o« �ÝÝ½p
`ab lmqd�bq lmlbefw o« �ÝÝ½p kmefnde fab wnl b de}mjl nfdme nw fab lmlbefwo« �Ý½½p r neq }mj bnka

j = 0, 1, 2, . . . , (2n−1)
r fab

j
gfa lmlbef kne �b bz{jbwwbqnw n wvdfn� ~b kml�denfdme m} fab evl�bjw o« �ÝÝ½p �� ad~b °��A lmqb~w m}fbe {jm|dqb |bj� tmmq n{{jmz dl nfdmew r de tbebjn~ fab�qm emf {jbwbj|b fab wfn� d~df� neq {nwwd| df� m} fab mjdt den~ w�wfbl � ·m�b|bj r njbqvkbqgmjqbj lmqb~ kne �b tbebjnfbq fm � b wfn� ~b neq {nwwd|b � se 1� Ý2 df anw� bbe wam�e r fanf fab °��A n{{jmzdl nfdme |dn n ������� {jm kbww {jm qvkbwlmjb nkkvjnfb neq adtabj mjqbj n{{jmzdl nefw neq anw wdted�knef~� wv{bjdmjevl bjdkn~ wfn�d~df� fane bz{~dkdf l mlbef l nfkadet r d �b � ��¸ �se n wdl d~nj �n� fab � 5:,9|K59l 7M8<:K oÞ�� p n~tmjdfal kne �b qbjd|bq �

� �Î �¬ �78 ®70%G�J298H38 ��HF1:7
se mjqbj fm bzfjnkf bdtbe|n~vbw m} fab tbebjn~ `xy m{bjnfmj r �adka njb k~mwbqfm n {mdef

z0
de fab kml{~bz {~nde ocdt � « �Ýp r nf �jwf �b de|m~|b fab =K� H9KM|;7=;5GG 7856I � owbb ¼an{fbj � p �cmj fadw {vj{mwb �b tbebjnfb fab ������ wv�w{nkbw �� l bnew m} n l nfjdz

Â
r �adka anw � bbe qb�ebq �� o« �ó� p r mj de mfabj �mjqw r n wad}fgde|bjwb tbebjn~`xygm{bjnfmj dw vfd~d�bq fm tbebjnfb n �dmjfamtmen~ oneq>mj ne mjfamtmen~p�nwdw }mj ������ wv�w{nkbw � ymjbm|bj r �b {jm|b fab {mwwd�d~df� fm vwb fab �gw�llbfjdk |bjwdme m} fab ������� lbfamqw � �b �mv~q ~d�b fm {mdef mvf r fanffab wad}fgde|bjwb l bfamq |dn �jem~qd {jm kbww kne �b qbjd|bq de n wdl d~nj �n��

àáâ×Öâå é �í �ß � `ab wad}fgde|bjwb lnfjdz
(ΓS−z0I)−1 anw n veduvb {jm{bjf� Odf dw w�llbfjdk � dfa jbw{ bkf fm fab wknffbjdet l nfjdz

S
� `anf dw

(
(ΓS − z0I)

−1
)T
S = S (ΓS − z0I))

−1 .
o« �ÝÝÝp
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z0

Re[z]

Im[z]

z0

Re[z]

Im[z]

cdtvjb « �Ý D ¸z{newdme {mdef
z0
de fab kml{~bz �g{ ~neb �

� 788� � `ab jdtaf de bu � o« �ÝÝÝp dw
S (ΓS − z0I))

−1 =
(
(ΓS − z0I)S

−1
)−1

=

=
(
(Γ − z0S

−1)
)−1

,
o« �ÝÝ\p

neq fab ~b}f de bu � o« �ÝÝÝp dw
(
(ΓS − z0I)

−1
)T
S =

(
S (ΓS − z0I)

−1
)T

.
o« �ÝÝ]p

¹wdet fab jb~nfdme o« �ÝÝ\p �b qbjd|b fanf
(
(ΓS − z0I)

−1
)T
S =

((
(Γ − z0S

−1
)−1
)T

=

=
((

(Γ − z0S
−1
)T
)−1

=
(
(Γ − z0S

−1)
)−1

.
o« �ÝÝ� p

�b emfb fanf fab ~nwf buvnfdme de o« �ÝÝ� p dw m�fndebq vwdet fab w�llbfj� m}
Sneq

Γ
m{bjnfmjw �

`ab fabmjbl « �] �\ n~~m� w fab �gw�llbfjdk ������� n~tmjdfal o�~tmjdfal « �] �]pfm � b de|m~|bq de fab wd}fgde|bjwb n{{jmnka fanf kne wn|b an~} m} �mj� � `ab{wbvqmgkmqb m} fab wd}fgde|bjwb �nwbq y�� fbkaeduvb dw td|be �b~m� �
� õ�×ÖÛÕáå é �í �é � `ab `xygy�� �nwbq me fab wad}fgde|bjwb n{{jmnka vwdetfab �gw�llbfjdk ������� n~tmjdfal �

oÝp kammwb |ṽ〉 = R |ã〉in
neq |v1〉 =

|ṽ〉
‖ṽ ‖2o\p |w̃〉 = S|ṽ〉 neq |w1〉 =

|w̃〉
‖w̃ ‖2o]p wbf |v0〉 = 0

r |w0〉 = 0
neq

ρ1 = η1 = δ0 = 1o�p �×Ö
j = 1, 2, . . . , n

Ø×o«p
δj = 〈wj |vj〉o¬p Û�
δj = 0

ÕáâÔ äÕ×øoìp wm~|b
(ΓS − z0I)|ṽj+1〉 = |vj〉

}mj |ṽj+1〉oêp
αj =

〈wj |ṽj+1〉
δj
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oóp

βj = ηjδj/δj−1oÝ½p |ṽj+1〉 = |ṽj+1〉 − αj |vj〉 − βj |vj−1〉oÝÝp |w̃j+1〉 = S |ṽj+1〉oÝ\p jb�dmjfamtmen~d�b d} ebkbwwnj�oÝ]p
ρj+1 = ‖ṽj+1‖2oÝ� p
ηj+1 = ‖w̃j+1‖2oÝ«p Û�
ρj+1 = 0

mj
ηj+1 = 0

ÕáâÔ äÕ×ø
oÝ¬p

T̃j = UΛ̃jU
−1oÝìp fbwf }mj kme|bjtbekb

oÝêp |vj+1〉 =
|ṽj+1〉
ρj+1oÝóp |wj+1〉 =
|w̃j+1〉
ηj+1o\½p âÔØ �×Öo\Ýp

T̃n = UΛ̃nU
−1o\\p

Λn = z0 + (Λ̃n)−1o\]p kml{vfb dl{v~wb jbw{mewb
H̃2

neq>mj Âsy
Zn2o\� p kml{vfb |ã〉out

�w �b kne wbb r fab l nde {jm� ~bl de fab �~tmjdfal « �] �« dw fm wm~|b fabbuvnfdme
(ΓS − z0I)|ṽj+1〉 = |vj〉

o« �ÝÝ«p
}mj |ṽj+1〉

nf bnka wfb{
j
� �b jbkn~~ fanf fab wad}f m} fab tbebjn~ `xygm{bjnfmj

(ΓS − z0I)
dw emf td|be de ne bz{~dkdf }mjl � `abjb njb f�m tbebjn~ evl bjdkn~wm~vfdmew D kme|befdmen~ dfbjnfd|b o�b jbenl b fabl fm dfbjnfd|b l bfamqwp neq{jm� bkfdme dfbjnfd|b o�b jbenl b fabl fm {jm� bkfdme l bfamqwp ��b emfb r d} �b �em� am� fm m{bjnfb b� kdbef~� � dfa fab wad}fgde|bjwb m{ bjnfmj

Â
oqb�ebq �� o« �ó� pp � dfamvf df }mjl det �b � d~~ � b n�~b fm {jm kbbq fab qdjbkfn{{~dknfdme m} ������� neq ������� n~tmjdfal w r neq �b kne bzkanetb fabwbuvbekb oìp de fab �~tmjdfal « �] �« }mj

|ṽj+1〉 = Â|vj〉 .
o« �ÝÝ¬p

·m�b|bj r �jwf r fab de|bjwdme m} fab bz{~dkdf m{ bjnfmj
(ΓS − z0I)

od} �b anq�em�e
ΓS

de bz{~dkdf }mjl p jbuvdjbw n adta kml{vfnfdmen~ bimjf qvb fm dfw ~njtbqdl bewdme � �bkmeq r df wbbl w fm � b ebnj~� dl{mwwd�~b fm tnde
Â
de ne dl{~dkdf}mjl fjmvta ne� kmewdqbjnfdmew �`ab wnl b {jm� ~bl oam� fm m�fnde

Â
neq am� fm m{bjnfb � dfa dfp �b an|b�� fab vwb m} fab Þ�x neq Þ�� n~tmjdfal w r � bknvwb °��A n{{jmzdl nfdmewneq wad}fgde|bjwb n{{jmnkabw njb buvd|n~bef r fanf }m~~m� w �� qdjbkf kml{njdetfab � ~tmjdfal w « �] �� neq « �] �« � ëmfa m} fabl n{{jmz dl nfb ne mjdtden~ w�wfbln�mvf fab {mdef

z0
neq �mfa m} fabl qbn~ � dfa fab wad}f de|bjwb `xy lnfjdz �se mjqbj fm m�fnde fab ebzf ������� |bkfmj |ṽj+1〉

ne dl{nkf m} wad}fgde|bjwb
Âmefm fab |bkfmj |vj〉

de o« �ÝÝ¬p kne �b jb{~nkbq �� wm~vfdme m} o« �ÝÝ«p }mj |ṽj+1〉
�

� �Î �0 JG8H1G098 ®F �98H3 %FH G78 ®70%G�J298H38 ��HF1:7
se fadw wv�wbkfdme �b qbwkjd� b meb m} fab wdl{~bwf wfnfdmenj� dfbjnfd|b wm~|bjw }mj~debnj buvnfdme w�wfbl w de fab �sgn{{jmnka �
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cmj kme|bedbekb �b �jdfb fab w�wfbl o« �ÝÝ«p fm � b wm~|bq nw }m~~m� w

(ΓS − z0I)|ṽj+1〉 = |vj〉
o« �ÝÝìp

�abjb |vj〉
dw �em�e wfnfb |bkfmj r neq |vj+1〉

dw n wfnfb |bkfmj fm � b kml{vfbq�� ne dfbjnfd|b �n��
cmj fadw {vj{mwb �b bz{jbww fab buvnfdme o« �ÝÝìp de n w{ bkdn~ }mjl

x(k) = αx(k−1) + β , k = 1, 2, . . . .
o« �ÝÝêp

`ajmvta wfjndtaf}mj�njq lned{v~nfdmew de o« �ÝÝìp �b an|b

(I − 1

z0
ΓS)|ṽj+1〉 = − 1

z0
|vj〉

o« �ÝÝóp
neq r fabjb}mjb r �b m�fnde fab wfnfdmenj� dfbjnfd|b wkabl b

|ṽj+1〉(k) =
1

z0
ΓS |ṽj+1〉(k−1) − 1

z0
|vj〉 .

o« �Ý\½p
�b emfb r fab wkabl b o« �Ý\½p dw kn~~bq wfnfdmenj�r � bknvwb ebdfabj fab `xym{bjnfmj

ΓS
emj |vj〉

qb{beq v{me fab dfbjnfdme kmvef
k
od �b � fab dfbjnfd|bwkabl b dw �b{f nf bnka dfbjnfdme

k
p �

© Ö×ø ×äÛÕÛ×Ô é �í �Ò � `ab dfbjnfd|b wkabl b o« �Ý\½p dw n kme|bjtbef wkabl b d} rme ~� d} r ne bz{newdme {mdef
z0
dw ~m knfbq mvfwdqb fab kml{~bz vedf kdjk~b �

� 788� � sf �nw wam�e de 1]�2 r fanf fab dfbjnfd|b wkabl b td|be de o« �ÝÝêp dw nkme|bjtbef wkabl b me~� d} n emjl m} fab l nfjdz
α
dw ~bww fane meb r mj lmjb{jbkdwb~�r

‖α‖ < 1 .
o« �Ý\Ýp

ë� kml{njdet o« �ÝÝêp neq o« �Ý\½p r �b wbb fanf

α =
1

z0
ΓS

neq
β = − 1

z0
|vj〉 ,

o« �Ý\\p
neq }jml o« �Ý\Ýp �b qjn� n kmek~vwdme fanf fab dfbjnfd|b wkablb o« �Ý\½p dw nkme|bjtbef wkabl b me~� d}

∥
∥
∥
∥

1

z0
ΓS

∥
∥
∥
∥
< 1 .

o« �Ý\]p
�dekb ‖ΓS‖2 ≤ 1

r �b jbuvdjb fanf
∣
∣
∣
∣

1

z0

∣
∣
∣
∣
< 1 ,

o« �Ý\� p
neq r nw }m~~m� w r

|z0| > 1 .
o« �Ý\«p



� (V ( &ÿ* +ûÿ* Úü&*ÿ& d ü*ÿe)ý} )ý þed Ý½«
�kkmjqdet fm o« �Ý\½p �b wfnjf fm tbebjnfb n{{jmz dl nfdmew � dfa |ṽj+1〉(0) =

|vj〉

|ṽj+1〉(1) =
1

z0
ΓS |ṽj+1〉(0) −

1

z0
|vj〉 ,

|ṽj+1〉(2) =
1

z0
ΓS |ṽj+1〉(1) −

1

z0
|vj〉 ,

· · · · · · · · ·
|ṽj+1〉(k) =

1

z0
ΓS |ṽj+1〉(k−1) − 1

z0
|vj〉 ,

o« �Ý\¬p
vefd~

∥
∥
∥ |ṽj+1〉(k) − |ṽj+1〉(k−1)

∥
∥
∥

2
> ε .

o« �Ý\ìp
�b emfb fanf meb m} fab lmjb kml{~dknfbq neq r b|befvn~~�r � bffbj kme|bjtbqwfnfdmenj� dfbjnfd|b lbfamqw r b �t � fab 0���È� lbfamq r fab Ç�¶��B?³��³�lbfamq r fab �vkkbwwd|b �|bjjb~nznfdme l bfamq neq fab ��llbfjdk �vkkbwwd|b�|bjjb~nznfdme l bfamq r kne �b de|m~|bq fm wm~|b o« �ÝÝìp � cmj fabdj qbfnd~bqqbwkjd{fdmew neq dl{~bl befnfdmew fab jbnqbj dw jb}bjjbq fm 1ê2 r 1]�2 � �eb mfabj{mwwd�d~df� dw fab vwb m} dfbjnfd|b {jm� bkfdme l bfamqw �

� �Î �1 � HF' 8:G0F2 ®F �98H3 %FH G78 ®70%G�J298H38 ��HF1:7
ymwf m} fab bz dwfdet {jnkfdkn~ dfbjnfd|b fbkae duvbw }mj wm~|det ~njtb ~debnj w�wfbl wm} buvnfdmew vfd~d�b n {jm� bkfdme {jm kbww r �adka jb{jbwbef n knemedkn~ �n� }mjbzfjnkfdet ne n{{jmz dl nfdme m} fab wm~vfdme m} n ~debnj w�wfbl }jml n wv�w{nkb �Ãm� r �b ebbq fm wm~|b fab ~debnj w�wfbl o« �Ý\½p nw �b~~ � s} n~~ m} fabjdtaf aneq wdqbw de o« �Ý\½p �bjb n|nd~n�~b wdlv~fnebmvw~�r fab �~m k� �������lbfamqw kmv~q � b vwbq � ·m�b|bj r de fab knwb m} `xy fab jdtaf aneq wdqbw njbemf n|nd~n�~b nf fab wnl b fdl b r wdekb n jdtafgwdqb |bkfmj |vj〉

qb{beqw me fabwm~vfdmew m} |vi〉, i = 1, . . . , j − 1
r m} fab {jb|dmvw ~debnj w�wfbl w � °���³´´ 1êê2{jm{mwbq fm vwb fab ������� n~tmjdfal w }mj wm~|det fab �jwf w�wfbl neq fmwn|b fab ������� �nwdw de mjqbj fm {jm|dqb tmmq n{{jmzdl nfb wm~vfdmew }mj fabwv�wbuvbef w�wfbl w � �e n{{jmz dl nfb wm~vfdme }mj fab wbkmeq w�wfbl oneq }mjwv�wbuvbef w�wfbl w n~wm p kne �b m�fndebq �� vwdet {jm� bkfdme fbkaeduvbw mefm������ wv�w{nkbw tbebjnfbq qvjdet fab wm~|det m} fab �jwf ~debnj w�wfbl � �bemfb fanf ne 87HI 8m 8M5< neq 8F<K�E; {jm� bkfdmew njb {mwwd�~b �xbf |ṽj+1〉0

�b ne dedfdn~ tvbww }mj fab wm~vfdme m} fab dedfdn~ w�wfbl
(ΓS − z0I)|ṽj+1〉 = |vj〉 ,

o« �Ý\êp
neq |r〉0

dw fab dedfdn~ jbwdqvn~ |bkfmj
|r〉0 = |vj〉 − ΓS |ṽj+1〉0 .

o« �Ý\óp
xbf K1

neq K2
�b f�m

n
gqdl bewdmen~ wv�w{nkbw de HN � � tmn~ m} n {jm� bkfdmefbkae duvb mefm fab wv�w{nkb K1

neq mjfamtmen~ fm K2
dw fm �eq n n{{jmz dl nfbwm~vfdme |ṽj+1〉

�� dl{mwdet fab kmeqdfdmew fanf |ṽj+1〉
�b~metw fm K1

neq fanffab eb� jbwdqvn~ |bkfmj � b mjfamtmen~ fm K2
� `anf dw

|ṽj+1〉 ∈ |ṽj+1〉0 + K1,
o« �Ý]½p

|vj〉 − ΓS |ṽj+1〉⊥K2 .
o« �Ý] Ýp
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27HI 8m 8M5< {jm� bkfdme l bfamqw kmjjbw{meq fm fab knwb �abe fab f�m wv�gw{nkbw K1

neq K2
njb dqbefdkn~ r mfabj� dwb fab {jm� bkfdme dw kn~~bq 8F<K�E;�xbf

V
�b ne

N × n
lnfjdz �amwb km~vle |bkfmjw }mjl n �nwdw }mj K1

neq rwdl d~nj~�r
W

�b ne
N × n

lnfjdz �amwb km~vle |bkfmjw }mjl n �nwdw }mj K2
r wmfanf

W TV = D .
o« �Ý]\p

`abe r nkkmjqdet fm o« �Ý]½p fab n{{jmz dl nfb wm~vfdme kne �b �jdffbe nw
|ṽj+1〉 = |ṽj+1〉0 + V |v̂〉 , |v̂〉 ∈ K1 .

o« �Ý]]p
cmj fab |njdn�~b |v̂〉 fab kmeqdfdme o« �Ý] Ýp fjnew~nfbw defm fab ebzf kmeqdfdme

W T (|r〉0 − ΓS V |v̂〉) = 0 ,
o« �Ý]� p

}jml o« �Ý]�p �b m�fnde
|v̂〉 = (W T

ΓS V )−1W T |r〉0 .
o« �Ý]«p

cjml o« �Ý]]p neq o« �Ý]«p fab }m ~~m� det bz{jbwwdme }mj fab n{{jmz dl nfb wm~vgfdme |ṽj+1〉
jbwv~fw de

|ṽj+1〉 = |ṽj+1〉0 + V (W T
ΓS V )−1W T |r〉0 .

o« �Ý]¬p
¹ wdet fab wdl d~njdf� fjnew}mjlnfdme td|be �� fab ������� n~tmjdfal o« �ì\p�b m�fnde

|ṽj+1〉 = |ṽj+1〉0 + V T−1D−1W T |r〉0 .
o« �Ý]ìp

�e dfbjnfd|b {jm� bkfdme wkabl b }mj wm~|det o« �Ý\êp �b~metw fm ������ wv�gw{nkb l bfamqw d} r }mj ne� kamdkb m} |ṽj+1〉
r df {jmqvkb n{{jmz dl nfb wm~vfdmew m}fab }mjl

|ṽj+1〉 ∈ |ṽj+1〉0 + K(|r〉0,ΓS, n) , j = 1, 2, . . . , n.
o« �Ý]êp

`avw r fab qbwdte m} n ������ wv�w{nkb n~tmjdfal kmewdwfw m} f�m l nde {njfw Dfab kmewfjvkfdme m} wvdfn�~b |bkfmjw }mj fab ������ wv�w{nkbw K(|r〉0,ΓS, n)neq kamdkb m} fab nkfvn~ dfbjnfbw |ṽj+1〉
� `ab �vnwdgy dedl n~ �bwdqvn~ o�y�plbfamq dw ne bznl{~b m} n ������ wv�w{nkb dfbjnfdme �abjb fab �nwdw |bkfmjwnjb tbebjnfbq �� lbnew m} fab emew�llbfjdk ������� lbfamq r neq fab dfbjnfbwnjb kanjnkfbjd�bq �� n uvnwd l de dl n~ jbwdqvn~ {jm{ bjfdbw �

àáâ 3ç� åâÕá×Ø
�abe fab fajbbgfbjl ������� lbfamq dw vwbq r fab

n
gfa �y� dfbjnfb |ṽn〉

dwqb�ebq nw }m ~~m� w
|ṽn〉 = |ṽn〉0 + V |v̂n〉 ,

o« �Ý]óp
�abjb |v̂n〉

dw fab veduvb wm~vfdme m} fab ~bnwfgwuvnjb {jm�~bl
‖ |fn+1〉 − χn+1Tn|v̂n〉‖2 =

l de ‖ |fn+1〉 − χn+1Tn|v̂n〉‖2 .
o« �Ý�½p

·bjb
χn+1 =

qdnt
(‖ṽ1‖2, ‖ṽ2‖2, . . . , ‖ṽn+1‖2)

o« �Ý� Ýp
neq

|fn+1〉 = [ |r〉0, 0, . . . , 0 ]T ∈ Hn+1 .
o« �Ý�\p
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`ab jbwdqvn~ |bkfmj |r〉n wnfdw�bw fab jb~nfdme

|r〉n =
(
Vn+1χ

−1
n+1

)
(|fn+1〉 − χn+1Tn|v̂n〉) .

o« �Ý�]p
`avw fab kamdkb m} |v̂n〉

lbnew n uvnwdgl dedl d�nfdme m} fab jbwdqvn~ emjl rd �b � fab wbkmeq }nkfmj de o« �Ý�]p dw l dedl n~ �
3ç� ñ�Ö×åñ�

`ab �y�g}jml gë¼Â n~tmjdfal �nw �jwf {jm{mwbq �� ¶�³¶�� neq ?�³´� 1�¬2 rneq dw fab wdl{~bwf {mwwd� ~b dl{~bl befnfdme m} fab �y� lbfamq � `ab n~tmjdfalvwbw f�mgfbjl jbkvjjbekbw owbb ¼an{fbj �p m} fab k~nwwdkn~ FK68M4 Em 5H; m 75:K;MHoë¼Âp n~tmjdfal fm tbebjnfb fab |bkfmjw |ṽj〉

neq |p̃j〉
� ë� nqqdet v{qnfbw }mjfab �y� dfbjnfbw neq fab �y� wbnjka qdjbkfdmew neq wml b l demj wkn~nj m{ bjgnfdme fm fabwb ë¼Â jbkvjwdmew r �b m�fnde ne n~tmjdfal fanf dw me~� l njtden~~�lmjb bz{bewd|b fane ë¼Â 1ê2 r1Ý½]2 � se fab knwb m} `xy fab {jm{mwbq de 1�¬2�y�g}jml gë¼Â n~tmjdfal ln� �b wdl{~d�bq qvb fm fab �gw�llbfj� m} fabtbebjn~ `xy m{bjnfmj � se knwb fab w�wfbl

(ΓS − z0I)|v2〉 = |v1〉
o« �Ý��p

fm � b wm~|bq }mj |v2〉
vwdet fab � ~tmjdfal « �] �« r fab wdl{~d�bq �y�g}jmlgë¼Ân~tmjdfal fn�bw me fab }m~~m� det }mjl D

� õ�×ÖÛÕáå é �í �ù � `ab �gw�llbfjdk �y�g}jml gë¼Â n~tmjdfal �
oÝp kammwb |v2〉0 = |v1〉o\p |ṽ1〉 = |v1〉 − (ΓS − z0I) |v2〉0o]p |p̃1〉 = |ṽ1〉

neq |q̃1〉 = S |p̃1〉o�p
τ1 = 〈ṽ1|ṽ1〉

neq
ρ1 = 〈q̃1|ṽ1〉o«p wbf |d0〉 = 0

neq
ϑ0 = 0o¬p �×Ö

j = 1, 2, . . . , n
Ø×oìp |tj〉 = (ΓS − z0I)|p̃j〉oêp

σj = 〈q̃j |tj〉oóp Û�
σj = 0

ÕáâÔ äÕ×ø
oÝ½p

ζn =
ξn
σnoÝÝp |ṽn+1〉 = |ṽn〉 − ζn|tj〉oÝ\p

ϑn =
〈ṽn|ṽn〉
τn

r
ψn =

1

1 + ϑn

neq
τn+1 = τnϑnψnoÝ]p |dj〉 = ψnϑn−1|dj−1〉 + ψnαn|p̃j〉oÝ� p |v2〉j = |v2〉j−1 + |dj〉oÝ«p Û� |v2〉j

anw kme|bjtbq ÕáâÔ äÕ×øoÝ¬p Û�
ξn = 0

ÕáâÔ äÕ×øoÝìp |w̃j+1〉 = S |w̃j〉oÝêp
ξj+1 = 〈w̃j+1|ṽj+1〉

neq
ιj =

ξj+1

ξjoÝóp
p̃j+1 = ṽj+1 + ιjp̃jo\½p
q̃j+1 = w̃j+1 + ιj q̃jo\ Ýp âÔØ �×Ö
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`ab n~tmjdfal �db~qw fab wm~vfdme m} fab �jwf ~debnj w�wfbl o« �Ý�� p neq fab�dmjfamtmen~ �nwdw

Ṽ
neq

W̃
r neq fab fjdqdntmen~ l nfjdz

T̃

T̃ = LU ,
o« �Ý�«p

�abjb

Ln×n =











ζ−1
1 0

−ζ−1
1 ζ−1

2 0

−ζ−1
2 ζ−1

3

� � �
� � � � � �

0
−ζ−1

n−1 ζ−1
n











,
o« �Ý�¬p

neq

Un×n =











1 −ι2
0 1 −ι3

0 1

� � �
� � � � � �

−ιn
0 1











.
o« �Ý�ìp

Ãm� r �b kne vwb fab de}mjl nfdme tnfabjbq qvjdet fab wm~vfdme m} fab �jwfw�wfbl de mjqbj fm {jm|dqb ne n{{jmzdl nfdme m} fab wbkmeq w�wfbl ofab wbkmeqdfbjnfdme de fab �~tmjdfal « �] �«p
(ΓS − z0I)|v3〉 = |v2〉 .

o« �Ý�êp
cmj fadw {vj{mwb r fab �nwdw

Ṽ
neq

W̃
neq fab fjdqdntmen~ l nfjdz

T̃
lvwf � bwn|bq � �v{{mwdet fab dedfdn~ tvbww }mj |v3〉

fm � b |v3〉0 = |v2〉
�b kne �jdfb fabkmjjbw{meqdet jbwdqvn~ |bkfmj nw

|r2〉0 = |v2〉 − (ΓS − z0I) |v3〉0 .
o« �Ý�óp

� enfvjn~ �n� m} dl{jm|det fab |v3〉0
dw fab vwb m} n {jm� bkfdme mefm ������wv�w{nkb K (|r1〉0, (ΓS − z0I) , n)

tbebjnfbq }mj fab wm~vfdme m} fab �jwf w�wfbl ��kkmjqdet fm bu � o« �Ý]ìp �b m�fnde fab wm~vfdme m} fab wbkmeq w�wfbl nw
|v3〉 = |v3〉0 + Ṽ T̃−1D̃−1W̃ T |r2〉0 ,

o« �Ý«½p
�abjb

W̃ T (ΓS − z0I) Ṽ = D̃T̃ .
o« �Ý«Ýp

�eq fab wm~vfdme m} fab fa djq w�wfbl ofab fadjq dfbjnfdme de fab � ~tmjdfal« �] �«p
(ΓS − z0I)|v4〉 = |v3〉

o« �Ý«\p
dw n{{jmz dl nfbq �� fab ebzf bz{jbwwdme

|v4〉 = |v4〉0 + Ṽ T̃−1D̃−1W̃ T |r3〉0 ,
o« �Ý«]p

�abjb |v4〉0 = |v3〉
neq fab |r3〉0

dw fab fadjq jbwdqvn~ |bkfmj td|be ��
|r3〉0 = |v3〉 − (ΓS − z0I) |v4〉0 .

o« �Ý«� p



� (V ( &ÿ* +ûÿ* Úü&*ÿ& d ü*ÿe)ý} )ý þed Ý½ó
`ab tmn~ m} fadw {jm� bkfdme {jm kbqvjb dw fanf me~� fab �jwf w�wfbl o« �Ý��plvwf � b wm~|bq dfbjnfd|b~� �� wml b dfbjnfd|b l bfamq ob �t � �y� r �y�g}jml gë¼Âpr neq fab wbkmeq r fadjq r neq }m~~m� det ~debnj w�wfbl w njb wm~|bq �� fab{jm� bkfdme mefm ������ wv�w{nkb tbebjnfbq qvjdet fab wm~vfdme m} fab �jwf w�wgfbl � �w �b kne wbb r fab m{ bjnfmj

ΓS−z0I
dw de|m~|bq me~� �abe kml{vfdet fabjbwdqvn~w |r2〉0, |r3〉0, . . . , |rn〉0

� `avw r fab vwb m} dfbjnfd|b {jm� bkfdme fbkaeduvbwdw bz{ bkfbq fm � b ~bww fdl b kmewvl det fane fab vfd~d�nfdme m} kme|befdmen~ dfgbjnfd|b n~tmjdfal w O am�b|bj r df kmewvl bw lvka lmjb l blmj�r � bknvwb fab }v~~� dmjfamtmen~ �nwdw
Ṽ
neq

W̃
nw �b~~ nw fab jbqvkbq l nfjdz

T̃
lvwf � b wfmjbq ��e dl{mjfnef uvbwfdme jbtnjqdet fab n{{jmz dl nfdme nkkvjnk� m} fab {jm� bkfdme{jm kbww dw bznl debq de 1Ý½\2 �`ab w�bfka m} `xygy�� �nwbq me fab wad}fgde|bjwb n{{jmnka neq dfbjnfd|b{jm� bkfdme fbkaeduvbw dw td|be �b~m� �

� õ�×ÖÛÕáå é �í �	 � `xyg��y �nwbq me fab wd}fgde|bjwb n{{jmnka vwdet fab�gw�llbfjdk ������� n~tmjdfal neq dfbjnfd|b {jm� bkfdme fbkaeduvbw �
oÝp kammwb |ṽ〉 = R |ã〉in

neq |v1〉 =
|ṽ〉
‖ṽ ‖2o\p |w̃〉 = S|ṽ〉 neq |w1〉 =

|w̃〉
‖w̃ ‖2o]p wbf |v0〉 = 0

r |w0〉 = 0
neq

ρ1 = η1 = δ0 = 1o�p �×Ö
j = 1, 2, . . . , n

Ø×o«p
δj = 〈wj |vj〉o¬p Û�
δj = 0

ÕáâÔ äÕ×øoìp Û� � ò Ý ÕáâÔ Ø×oêp wm~|b bu � o« �Ý��p �� �y�g}jml gë¼Â �~tmjdfal « �] �¬oóp wfmjb
Ṽ
r
W̃

neq
T̃oÝ½p âõäâoÝÝp |rj〉0 = |vj〉 − (ΓS − z0I) |vj〉oÝ\p |ṽj+1〉 = |vj〉 + Ṽ T̃−1D̃−1W̃ T |rj〉0oÝ]p âÔØ Û�

oÝ� p
αj =

〈wj |ṽ〉
δjoÝ«p

βj = ηjδj/δj−1oÝ¬p |ṽj+1〉 = |ṽj+1〉 − αj |vj〉 − βj |vj−1〉oÝìp |w̃j+1〉 = S |ṽj+1〉oÝêp jbmjfamtmen~d�b d} ebkbwwnj�oÝóp
ρj+1 = ‖ṽj+1‖2o\½p
ηj+1 = ‖w̃j+1‖2o\ Ýp Û�
ρj+1 = 0

mj
ηj+1 = 0

ÕáâÔ äÕ×ø
o\\p

T̃j = UΛ̃jU
−1o\]p fbwf }mj kme|bjtbekb

o\� p |vj+1〉 =
|ṽj+1〉
ρj+1o\«p |wj+1〉 =
|w̃j+1〉
ηj+1o\¬p âÔØ �×Öo\ìp

T̃n = UΛ̃nU
−1o\êp

Λn = z0 + (Λ̃n)−1
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o\óp kml{vfb dl{v~wb jbw{mewb

H̃o]½p kml{vfb |ã〉out

se n wdl d~nj �n� n {jm�bkfdme wm~|bj |dn ������� {jm kbww kne �b qbjd|bq r�adka r b|dqbef~�r dw l mjb bz{bewd|b fane � ~tmjdfal « �] �ì �

� -� U())#Z #"Þ ($� ."(_#�#"Þ � / "-� '+� )Þ)"�*
se fadw wv�wbkfdme r �b qdwkvww fab kmekb{fw m} wfn�d~df� neq {nwwd|df� m} n qdwgkjbfd�bq `xy w�wfbl �

�e dl{mjfnef {jm{ bjf� m} ~debnj q�enl dkn~ w�wfbl w dw wfn� d~df�� � {a�wdkn~w�wfbl ebbqw fm � b wfn�~b de mjqbj fm }vekfdme {jm{ bj~�� s} fab `xy w�wfbl wo« ��\p neq o« ��«p njb vwbq nw n qbwkjd{fdme m} wvka n {a�wdkn~ w�wfbl r fabefab� wamv~q � b wfn� ~b � y mjbm|bj r d} o« ��\p neq o« ��«p njb jb{~nkbq �� jbqvkbqgmjqbj lmqb~w o« �«]p neq o« �ì½p r �adka njb vwbq de fdl bgqml nde nen~�wdw r fabjbqvkbqgmjqbj lmqb~ n~wm ebbqw fm � b wfn�~b � � wfn�~b w�wfbl dw meb }mj �adkab|bj� �mveqbq de{vf {jmqvkbw n �mveqbq mvf{vf oësë� w�wfbl p � Ãbzf fm � bdetwfn� ~b r n `xy w�wfbl wamv~q n~wm � b {nwwd|b � �mvta~� w{ bn�det r n w�wfbl dw{nwwd|b d} df qm bw emf tbebjnfb bebjt�� �b emfb fanf {nwwd| df� dw wfjmetbj fanewfn� d~df�r neq fanf fab wfn�d~df� m} fab m|bjn~~ wdlv~nfdme kne �b me~� tvnjnefbbqd} fab jbqvkbqgmjqbj lmqb~w {jbwbj|b fab {nwwd|df� m} fab mjdtden~ `xygw�wfbl �`abjb}mjb r df dw dl{mjfnef fm an|b fbkaeduvbw fm kabk� fab {nwwd| df� m} n bzfjnkfbqjbqvkbqgmjqbj lmqb~ � s} �b kne wam� fanf fab jbqvkbq w�wfbl w o« �«]p neq o« �ì½pnjb {nwwd|b r fab� njb {jm|be fm � b wfn�~b nw �b~~ �
cjml bu � o\ �Ý]½p �b jbkn~~ fanf

|ka〉 = (ΓS)k−1|0a〉 , k = 1, 2, . . . ,∞ ,
o« �Ý««p

neq
〈ka| =

(
(ΓS)T

)k−1 〈0a| ,
o« �Ý«¬p

qvb fm jbn~df� m}
ΓS

m{bjnfmj �
¹ wdet fab

z
gfjnew}mjl o« �\óp �b m�fnde fanf

|ã〉out =

∞∑

k=1

z−k(ΓS)k−1 |ã〉in ,
o« �Ý«ìp

neq
〈ã|out =

∞∑

k=1

(z∗)−k
(
(ΓS)T

)k−1 〈ã|in .
o« �Ý«êp

se mjqbj fm bewvjb fab {nwwd| df� �b jbuv djb
∆P = Pin − Pout = 〈ã|ã〉in − 〈ã|ã〉out ≥ 0 ,

o« �Ý«óp
�adka dw buv d|n~bef fm fab jb~nfdme

〈ã|ã〉out ≤ 〈ã|ã〉in .
o« �Ý¬½p
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ë� fn�det bu � o« �Ý«ìp neq bu � o« �Ý«êp defm nkkmvef df }m~~m� w fanf }jml o« �Ý¬½pkmlbw fanf

∞∑

k=1

(z∗z)−k
(
(ΓS)T

ΓS
)k−1 ≤ 1

o« �Ý¬ Ýp
�dekb bu � o« �Ý¬ Ýp dw dqbefdkn~ fm fab kmeqdfdme

∞∑

k=1

(
(ΓS)T

ΓS
)k−1 ≤ 1

o« �Ý¬\p
}mj |z| = 1

r fab kmeqdfdme }mj {nwwd| df� dw buvd|n~bef fm
‖ΓS‖ ≤ 1 ,

o« �Ý¬]p
neq fm fab }m~~m� det jb~nfdme

λmax(ΓS) ≤ 1 ,
o« �Ý¬�p

�abjb
λmax

fab bdtbe|n~vb m} fab
ΓS

gm{ bjnfmj � dfa l nzdlvl lmqv~b � se fa dwknwb �b njb qbn~det � dfa n 457m KM5< <P =H5F<; w�wfbl r d �b � fabjb njb em bdtbe|n~vbwmvfwdqb fab vedf kdjk~b r neq fabjb njb em jb{ bnfbq jmmfw me fab vedf kdjk~b � �jde mfabj �mjqw r bu � o« �Ý«ìp qbwkjd� bw n w�wfbl r �adka de fab n�wbekb m} de{vf{jmqvkbw n wfbnq� emeg�bjm mvf{vf mj n �mveqbq mwkd~~nfmj� mvf{vf m|bj fdl bde jbw{mewb fm emeg�bjm de{vf kmeqdfdmew � �b emfb fanf fab w�wfbl o« �Ý«ìp � dfafab kmeqdfdme o« �Ý¬]p dw emf n ësë� w�wfbl � dfa n qb�edfdme m} wfn�d~df�r �adkawn�w fanf n w�wfbl dw wfn�~b d} n �mveqbq de{vf {jmqvkbw n �mveqbq mvf{vf r�abjbnw n l njtden~~� wfn� ~b w�wfbl jbl ndew �mveqbq d} neq me~� d} fab de{vfjbw{mewb dw �bjm � `ab ësë�gw�wfbl qbl neqw r fanf n~~ |λi| < 1
� cvjfabj �b jb}bjfm n w�wfbl � dfa bdtbe|n~vbw wnfdw}� det bu � o« �Ý¬�p nw � bdet wfn�~b �

© Ö×ø ×äÛÕÛ×Ô é �ò �Ò � `ab w�wfbl o« ��\p an|det fab dl{v~wb jbw{mewb o« ���p dw{nwwd|b neq wfn�~b �
� 788� � ë� n{{jm{jdnfb emjl n~d�det m}

R
neq

Q
wm fanf ‖R‖ = 1

neq ‖Q‖ = 1
rneq �� fn�det o« �Ý¬½p neq o« �Ý¬]p defm kmewdqbjnfdme r �b wbb fanf fab w�wfblo« ��\p dw {nwwd|b neq wfn�~b � o�b jbl bl�bj r fanf

R
neq

Q
njb jbn~ qdntmen~l nfjdkbwp �

`ab {m~bw m} fab fjnew}bj }vekfdme o« ���p njb ~m knfbq dewdqb fab vedf kdjk~bodek~vqdet fab vedf kdjk~b dfwb~} p r d �b � fab �btdme m} ¼me|bjtbekb o��¼p dek~vqbwfab vedf kdjk~b ocdt � « �\p �`anf dw bwwbefdn~ fanf fab tbebjnfbq jbqvkbqgmjqbj lmqb~ {jbwbj|b fab {nwgwd| df� neq wfn�d~df� m} fab dedfdn~ w�wfbl o« ��\p � cmj bznl{~b r �b kmewdqbj fabjbqvkbqgmjqbj lmqb~ o« �«]p � dfa fab dl{v~wb jbw{mewb td|be �� o« �«ìp � Ãm� �bwam� fab jbqvkbqgmjqbj lmqb~ o« �«]p fm � b {nwwd|b neq wfn�~b �
© Ö×ø ×äÛÕÛ×Ô é �ò �ß � `ab jbqvkbqgmjqbj lmqb~ o« �«]p � dfa fab dl{v~wb jbw{mewbtd|be �� o« �«ìp dw {nwwd|b neq wfn�~b �
� 788� � `ab jbqvkbq `xygm{bjnfmj

(ΓS)n
de o« �«ìp dw m�fndebq �� n{{~�det fabwdl d~njdf� fjnew}mjl nfdme o« �«êp � sf dw �b~~g�em�e fanf fab wdl d~njdf� fjnew}mjgl nfdme qmbw emf kanetb fab bdtbe|n~vbw m} ne de dfdn~ l nfjdz ob �t � wbb 1Ý\ê2p �`anf dw qbf

(ΓS) =
qbf

((ΓS)n)
o« �Ý¬«p
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Re[z]

Im[z]

x

x

x

x

ROC

1

j

Re[z]

Im[z]

x

x

x

x

ROC

1

j

cdtvjb « �\ D ��¼ }mj fab `xygw�wfbl de fab kml{~bz �g{ ~neb �
neq r nw }m~~m� w r fab bdtbe|n~vbw m} fab jbqvkbq `xygm{bjnfmj

(ΓS)n
wnfdw}� fabkmeqdfdme

λmax ((ΓS)n) ≤ 1 .
o« �Ý¬¬p

se fab kmefbzf m} Þjm{mwdfdme « �� �Ý �b kmek~vqb fanf fab w�wfbl o« �«]p {jbgwbj|bw fab {nwwd| df� neq wfn�d~df� m} fab dedfdn~ w�wfbl o« ��\p �
Ãbzf r �b kmewdqbj fab jbqvkbq w�wfbl o« �ì½p � dfa fab dl{v~wb jbw{mewbo« �ì¬p �

© Ö×ø ×äÛÕÛ×Ô é �ò �í � `ab jbqvkbq w�wfbl o« �ì½p � dfa fab dl{v~wb jbw{mewb td|be�� o« �ì¬p dw {nwwd|b neq wfn�~b �
� 788� � `ab {jmm} }m ~~m� w de kmefbzf m} Þ jm{mwdfdme « �� �Ý neq Þjm{mwdfdme « �� �\vwdet fab wdl d~njdf� fjnew}mjl nfdme o« �ì\p { bj}mjlbq |dn fab ������� n~tmgjdfal �

×Ö×õõãÖï é �ò �Ò � `ab jbqvkbqgmjqbj lmqb~w o« �«]p neq o« �ì½p � dfa dl{v~wbfjnew}bj }vekfdmew o« �«ìp neq o« �ì¬p r jbw{ bkfd|b~� {jbwbj|b fab {nwwd|df� neq wfng�d~df� m} fab dedfdn~ `xygw�wfbl o« ��\p r d} me~� d} fab bzfjnkfbq n{{jmz dl nfdetbdtbe|n~vbw m} jbqvkbq `xy gm{bjnfmjw o« �«êp neq o« �ì\p njb {~nkbq dewdqb fabvedf kdjk~b r dek~vqdet fab vedf kdjk~b dfwb~} de fab kml{~bz

z
g{ ~nde ocdt � « �\p �


×Ö×õõãÖï é �ò �ß � ¹eqbj fab nwwvl{fdme m} {nwwd| df� m} fab mjdt den~ qdwkjbfb`xy gw�wfbl r fab {nwwd|df� m} fab n{{jm{jdnfb jbqvkbqgmjqbj w�wfbl w dw tvnjnegfbbq vwdet kmetjvbekb fjnew}mjlnfdmew �
� -� ��*~(�#)�$ � / bS'SÜ 5 b«' Ü 5 ($� '+� Ü_()��

���
se fadw wbkfdme n �jdb} kml{njdwme dw {jm|dqbq m} fab ch`hg r cs`g neq `xyg�nwbq y��gfbkaeduvbw � cmj fab knwb m} ~mww~bww l bqdn vwb dw l nqb m} fab kvj~gkvj~ }mjlv~nfdme m} ch`h neq cs` 1Ý\«2 fm an~|b fab evl�bj m} wfnfb |njdgn� ~bw neq fm vfd~d�b fab w�llbfjdk ������� {jm kbqvjb }mj fab tbebjnfdme m}fab jbqvkbqgmjqbj lmqb~ � `adw jbqvkfdme de fab evl�bj m} ve�em�ew fjnew~nfbwfm dekjbnwbq b� kdbek� de fab tbebjnfdme m} fab jbqvkbqgmjqbj lmqb~ oC�È�³« �Ýp � ·m�b|bj r fab {jbwbekb m} ~mww qbwfjm�w fab w�llbfj� m} fab ch`h neq
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fab cs` wfnfbgw{nkb w�wfbl � `avw r qbw{dfb fab }nkf fanf fab ~betfa m} fab wfnfb|bkfmj m} fab ch`h >cs` lmqb~ dw wl n~~bj fane fanf m} fab `xy r fab vwb m} nemegw�llbfjdk ������� {jm kbww jbwv~fw de dekjbnwbq kml{vfnfdmen~ kml{~bz df�m} fab lmqb~ mjqbj jbqvkfdme {jm kbww � Ãb|bjfab~bww r qbw{dfb fab kml{vfnfdmen~nq|nefntb m} fab �gw�llbfjdk `xygy�� {jm kbww r fab ~njtbj qdl bewdme m} fab`xy wfnfb |bkfmj ofajbb fdl bw fanf m} fab ch`h >cs` lmqb~ }mj fab knwb m} ~mww�l bqdnp dw ne dwwvb r wdekb de wml b knwbw r bzkbwwd|b~� ~njtb qdlbewdmew m} `xyg�nwbq wfnfbgw{nkb w�wfbl w njb jbw{mewd�~b }mj w~m� kme|bjtbekb m} fab lmqb~mjqbj jbqvkfdme {jm kbww �¸ uvd|n~bekb m} n �e dfbgqdibjbekb wkabl b neq fab `xy fdl b b|m~vfdme wkabl bdw td|be �� bu � o« �]óp �

`n�~b « �Ý D ¼ml{njdwme m} ch`h r cs` neq `xygy�� �
y bfamq ~mww~bww knwb � dfa ~mwwbw

ch`h r cs`
3 ×Ncells 7 6 ×Ncells`xy
12 ×Ncells 18 ×Ncellsch`h r cs` w�llbfjdk ������� emegw�llbfjdk �������

`xy �gw�llbfjdk ������� �gw�llbfjdk �������
1 Ncells

dw fab fmfn~ evl�bj m} qdwkjbfd�nfdme kb~~w �

� �� �� �78 �4� # 8�5:8��$H�8H � F�8 � 02 G78 41��1:8 .F�¯ 102
`m m�fnde fab

s
gqml nde wfnfbl bef m} fab `xy qdwkjbfd�bq w�wfbl �b ebbq fmvfd~d�b fab �d~debnj fjnew}mjl nfdme fanf ln{w fab vedf kdjk~b me fab

z
g{ ~neb fmfab ~b}f an~} { ~neb m} fab

s
g{ ~neb 1ê¬2 � `adw fjnew}mjl nfdme dw

z =
1 + s

1 − s
.

o« �Ý¬ìp
¹fd~d�det fab wfnfbgw{nkb jb{jbwbefnfdme m} fab `xy w�wfbl o« �]½p r }jmlo« �Ý¬ìp �b m�fnde

s(I + ΓS)|ã〉s + (I − ΓS)|ã〉s = 0 ,
o« �Ý¬êp

�adka dw =H5H; ;�E5HK8M 8� HI ; nop 9=P=H;4 KM o5G <56; :84 5KM �`n�det bu � o« �Ý¬êp defm nkkmvef r �b {jbwbef bu � o« ��«p de fab }mjl m} o« �Ý�p �`anf dw
(G+ sC) |ã〉s = R1 |i〉 ,

|u〉 = Q1 |ã〉s ,
o« �Ý¬óp

�abjb
C = I + ΓS

neq
G = I − ΓS .

o« �Ýì½p
`ab Âsy m} fab `xygw�wfbl jbwv~fw de fab

s
gqml nde nw

Z(s) = Q1(G+ sC)−1R1 .
o« �ÝìÝp
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neq fab dl{v~wb jbw{mewb m} fab `xygw�wfbl o« ��\p de fab

s
gqml nde

(G+ sC) |ã〉s = R |ã〉in ,
|ã〉out = Q |ã〉s ,

o« �Ýì\p
dw t d|be ��

H̃(s) = Q(G+ sC)−1R .
o« �Ýì]p

sefjmqvkdet
A1 = −C−1G = −(I + ΓS)−1(I − ΓS)

o« �Ýì� p
�b kne �jdfb o« �ÝìÝp neq o« �Ýì]p de fab }mjl w

Z(s) = Q1(sI −A1)
−1(I + ΓS)−1R1 ,

o« �Ýì«p
neq

H̃(s) = Q(sI −A1)
−1(I + ΓS)−1R .

o« �Ýì¬p
cjml o« �Ýì«p neq o« �Ýì¬p �b kne wbb fanf fanf fab tbebjnfdme m} jbqvkbqgmjqbj lmqb~w de fab ��¿���³ qml nde �� fab ������ wv�w{nkb l bfamqw n~jbnq�jbuvdjbw fab de|bjwb m} fab dl{~dkdf tbebjn~ `xygm{bjnfmj �
Ãbzf r �b bznl deb fab {mwwd�d~df� fm n{{~� fab Þx� mj>neq �s n{{jmnkabw}mj tbebjnfdet `xygjbqvkbqgmjqbj lmqb~w de fab

s
gqml nde � cmj fa dw {vj{mwb�b kmewdqbj fab w�wfbl o« �Ýì\p � dfa fab dl{v~wb jbw{mewb o« �Ýì]p r �adka kne �blmqd�bq de fab }m ~~m� det �n� D

H̃(s′) = Q(G+ sC)−1R = Q(G+ s0C + (s− s0)C)−1R =

= Q
(
I + (s− s0)(G+ sC)−1C

)−1
(G+ sC)−1R =

= Q(I − s′A2)
−1R̂ ,

o« �Ýììp
�abjb

s′ = s− s0
r

A2 = −(G+ sC)−1C ,
o« �Ýìêp

neq
R̂ = (G+ sC)−1R .

o« �Ýìóp
Ãm� r �b lmjb {jbkdwb~� kmewdqbj fab fbjl

(G+ sC)−1 = (I − ΓS + s0I + s0ΓS)−1 =

=

(

(1 + s0)

(

I − 1 − s0
1 + s0

ΓS

))−1

=

=
1

1 + s0

(

I − 1 − s0
1 + s0

ΓS

)−1

.
o« �Ýê½p

cjml o« �Ýê½p �b wbb fanf fab vfd~d�nfdme m} fab
A2
gl nfjdz de fab

s
gqml nde nw�b~~ nw fab vfd~d�nfdme m}

Â
o« �ó�p de fab

z
gqml nde }mj fab Þ�x>Þ�� neq �s n{g{jmnkabw jbuvdjb fab de|bjwdme m} fab

ΓS
m{bjnfmj � `adw de|bjwdme dw {jmad�dfd|bode {mwwd�~b nf n~~p �� qbn~det � dfa dl{~dkdf l nfjdkbw r � bknvwb fab b~bl befw m}fab lnfjdz njb emf nkkbwwd�~b }mj fab de|bjwdme m{bjnfdme �
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se fadw wv�wbkfdme �b td|b n �jdb} kml{njdwme �bf�bbe fab `xy jbqvkbqgmjqbjlmqb~w de fab
z
gqml nde neq fab

s
gqml nde � se tbebjn~ r fab fjnew}mjlnfdme m}fab `xy gy�� }jml fab

z
gqml nde defm fab

s
gqml nde �db~qw qdwnq|nefntbw nw njbwv ~f � �ml b dl{mjfnef {jm{ bjfdbw mj `xygy�� njb {jm|dqbq �b~m� �� fabdjkml{njdwme de fab

z
g neq

s
gqml ndew �

• `ab tbebjnfdme m} jbqvkbqgmjqbj lmqb~w de fab ��¿���³ qml nde �� qdjbkfn{{~dknfdme m} ������ wv�w{nkb l bfamqw n~jbnq� jbuvdjbw fab de|bjwb m}fab dl{~dkdf tbebjn~ `xygl nfjdz r fanf qmbw emf m kkvj de fab
z
gqml nde �`adw }m ~~m� w �� n kml{njdwme m} fab dl{v~wb fjnew}bj }vekfdmew o« ���p neqo« �Ýì¬p � dfa m{bjnfdet l nfjdkbw

ΓS
neq o« �Ýì� p jbw{ bkfd|b~�� s} �b kne�tvjb mvf am� fm m{bjnfb � dfa fab de|bjwb m} fab tbebjn~ `xy m{bjnfmj� dfamvf }mjl det dfwb~} bz{~dkdf~�r fabe �b wamv~q � b n� ~b fm {jm kbbq � dfafab n{{~dknfdme m} fab ������� neq ������� {jm kbwwbw }mj bibkfdet y��de fab

s
gqml nde de kmefbzf m} `xy � `avw r }jml fadw {mdef m q |db� r fab

z
gqml nde�nwbq me fab `xygy�� dw wfd~~ }n|mjn�~b �

• sf dw �b~~g�em�e fanf fab ������� neq ������� n~tmjdfal w fbeq fm �jwfbzfjnkf fab n{{jmz dl nfdet bdtbe|n~vbw nf fab �mveqnj� m} fab kme|bz av~~m} fab bdtbe|n~vb w{ bkfjvl � `anf l bnew fanf fab w{vjdmvw defbjlbwa neqadtabjgmjqbj lmqbw � d~~ � b bzfjnkfbq �jwf r d} �b qbn~ � dfa `xygy�� defab
s
gqmlnde onf

s → ∞p r �abjbnw fab vfd~d�nfdme m} fab ������� neq������� {jm kbwwbw }mj `xyg��y de fab
z
gqml nde �db~qw fab { bjl nebefqdwfjd�vfdme m} bzfjnkfbq bdtbe}jbuvbekdbw me fab vedf kdjk~b � `anf dw r �ban|b }nwfbj kme|bjtbekb de fab

z
gqml nde fane de fab ��¿���³ qml ndeqvb fm fab w{bkd�k kme|bjtbekb {jm{ bjfdbw m} ������ wv�w{nkb lbfamqw�� wm~|det bdtbe|n~vb {jm�~bl w �

• `ab Þ�x neq �sgn{{jmnkabw jbuvdjb fab de|bjwdme m} fab ΓS
gm{ bjnfmj de�mfa qml ndew � �{bjnfdmew � dfa

Â
o« �ó� p de fab

z
gqml nde neq � dfa

A2o« �Ýê½p de fab
s
gqml nde bzad�df wdl d~nj kme|bjtbekb {jm{ bjfdbw neq an|bwdl d~nj kml{vfnfdmen~ bimjfw �

• `ab ~betfa m} fab wfnfbgw{nkb |bkfmj ˜|a〉 de o« ��\p neq o« �Ýì\p de �mfaqmlndew dw �b{f fab wnl b �

� -� U�)"ÜU �� !�))#$¯
se fadw wbkfdme �b qdwkvww }m~~m� det dwwvbw D

• am� fm nkkb~bjnfb fab tbebjnfdme m} n jbqvkbqgmjqbj lmqb~ r

• am� fm wb~bkf fab m{fdl n~ mjqbj m} n jbqvkbq lmqb~ r

• am� fm jbkm|bj fab wdten~ de fab fdl bgqmlnde �� ne bzfjnkfbq jbqvkbqgmjqbj lmqb~ �



ÝÝ¬ û#$% þÿ& �( d ü*ÿe ü&*ÿ& &ÿ* +ûþ)üý )ý þed
� �/ �� ��F�®G8� # 8�5:G0F2 ��HF1:7
`ab f�m wfb{ jbqvkfdme n{{jmnka kml�debw n ������� �nwbq {jm� bkfdme de fab�jwf wfb{ fm {jbgjbqvkb fab w�wfbl o« ��\p an|det fab fjnew}bj }vekfdme o« ��� p� dfa n °��A mj �sgl bfamqw de fab wbkmeq wfb{ fm tbf ne m{fdl n~ n{{jmz dl ngfdme � � abe fabjb dw n ~njtb evl�bj m}

n
r fab kml{vfnfdme m} fab bdtbe|n~vbw ��¸ dtbe|n~vb hbkml{mwdfdme o¸�h p dw |bj� bz{bewd|b � sewfbnq m} fanf r fab wbkmeqjbqvkfdme m} n w�wfbl kne �b n{{~dbq wm nw fm bzfjnkf me~� bdtbe|n~vbw kmjjbgw{meqdet fm n ebbqbq }jbuvbek� �neq � `ab f�m wfb{ jbqvkfdme n~tmjdfal n~~m� wvw fm qbkjbnwb fab kml{vfnfdmen~ bimjf de `xygy�� neq wn|b kml{vfnfdmen~fdl b � se nqqdfdme r fab wbkmeq wfb{ �db~qw ne m{fdl n~ mjqbj omj jnfabj n l de dl n~mjqbjp m} n jbqvkbq lmqb~ �xbf

(ΓS)n ∈ Hn×n �b n jbqvkbq `xygm{bjnfmj r �adka dw m�fndebq |dn wdl gd~njdf� fjnew}mjl nfdme �� fab ������� n~tmjdfal o« �ì\p � seqvkdet fab wbkmeq�dmjfamtmen~ �nwdw
(W̆ )T

m×nV̆n×m = D̆m×m
o« �Ýê Ýp

� dfa
m � n � N

�b kne {jbwbef fab fab jbqvkbq `xygm{bjnfmj
(ΓS)n

nw}m~~m� w D
(W̆ )T (ΓS)nV̆ = D̆T̆ .

o« �Ýê\p
¹wdet fab bdtbe|n~vb qbkml{mwdfdme m}

T̆

T̆ = ŬΛ̆Ŭ−1 ,
o« �Ýê]p

neq wv�wfdfvfdet o« �Ýê\p neq o« �Ýê]p defm o« �ìêp �b m�fnde 8F<K�E;98F<K�E; G 7894 ;6HK8M
H̃n21

= QV V̆ Ŭ(zI − Λ̆)−1Ŭ−1D̆−1W̆ TD−1W TR .
o« �Ýê� p

¹ wdet fab mjfamemjl n~ �nwdw
(V̆ )T

m×nV̆n×m = Ĭm×m
o« �Ýê«p

�b kne �jdfb bu � o« �Ýê�p nw 8F<K�E;987HI 8m 8M5< G 784 ;6HK8M
H̃n22

= QV V̆ Ŭ(zI − Λ̆)−1Ŭ−1V̆ TD−1W TR .
o« �Ýê¬p

`ab w�bfka m} `xygy�� �nwbq me fab f�m wfb{ jbqvkfdme n{{jmnka dw td|be�b~m� �
� õ�×ÖÛÕáå é �ù �Ò � `ab `xy g��y �nwbq me fab f�m wfb{ jbqvkfdme n{{jmnka

÷Õâø Ò� `ab �gw�llbfjdk |bjwdme m} fab ������� n~tmjdfal o�~tmjdfal « �] �] rwfb{ w Ýg Ýóp dw n{{~dbq qdjbkf~� fm fab tbebjn~ `xygm{bjnfmj
ΓS

de mjqbj fm tndefab jbqvkbq `xygm{bjnfmj
(ΓS)n

� `ab evl�bj
n
dw qbfbjl debq qvjdet fabkml{vfnfdme �� bdtbe|n~vb kme|bjtbekb kjdfbjdn r �adka njb �nwbq me fab m�wbjg|nfdme m} bdtbe|n~vbw r kmjjbw{meqdet fm n ebbqbq }jbuvbek� jnetb � se mjqbj fmn|mdq fab ~njtb kml{vfnfdmen~ m|bjabnqw jbuv djbq �� bdtbe|n~vb kml{vfnfdmenf fab �jwf wfb{ r �b kne kabk� fab bdtbe|n~vbw de {jbqb�ebq dfbjnfdme defbj|n~w rmj �b kne vwb wmlb bl{djdkn~ }mjlv~nw r b �t � fab evl�bj m} dfbjnfdmew jbuv djbqde fab �jwf wfb{ dw m} fab mjqbj O(N

1
3 )
� `ab {jbgjbqvkbq w�wfbl dw m�fndebq|dn m�~duvb {jm� bkfdme de o« �ì\p � �b an|b fm wfmjb fab fjdqdntmen~ l nfjdz

Tn
rqdntmen~ l nfjdz

D
neq fab � dmjfamtmen~

V −W
�nwdw �
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÷Õâø ß � �}fbj fab �jwf wfb{ fab lmqb~ mjqbj m}

ΓS
dw jbqvkbq o}jml

N
fm
n
p rneq fab wbkmeq wfb{ dw n{{~dbq de mjqbj fm tnde ne m{fdl n~ lmqb~ wd�b

m� n
� cmjfa dw {vj{mwb fab Þ�xg r Þ��g r �sg|dng�������g r �sg|dng�������gn{{jmnkabwkne �b vfd~d�bq r qb{ beqdet me fab �nwdw fm � b tbebjnfbq � `ab 8F<K�E;98F<K�E; mj8F<K�E;987HI 8m 8M5< {jm� bkfdmew kne �b {bj}mjl bq �� o« �Ýê�p neq o« �Ýê¬p jbw{ bkgfd|b~�� cmj bznl{~b r �b }mjl fab wad}fgde|bjwb {jbgjbqvkbq fjdtdntmen~ l nfjdz

ˆ̆
T = (T̆ − z0I)

−1 o« �Ýêìp
neq knjj� mvf fab �~tmjdfal « �] �« r �db~qdet bdtbe|n~vbw m}

m ×m
gl nfjdz

(T̆ )
r�adka n~wm n{{jmz dl nfb fab bdtbe|n~vb w{ bkfjvl m} fab {jbgjbqvkbq l nfjdz

Tn
�`avw r fab dl{v~wb fjnew}bj }vekfdme m} fab w�wfbl o« �ì½p dw m�fndebq �� o« �Ýê¬pdewfbnq m} o« �ì¬p � `ab f�{dkn~ dfbjnfdme evl�bj }mj fab wbkmeq wfb{ dw ~bww fane«½ � `ab wfm{ kjdfbjdn njb qb�ebq |bj� wdl d~nj~� fm fab mebw de fab �jwf wfb{ �

� w �b kne wbb r fab l nde qdwnq|nefntb m} fab f�m wfb{ jbqvkfdme n{{jmnkadw fm tnde fab de|bjwb m}
(T̆ − z0I)

−1 � cjml fadw {mdef m} |db� r fab vwb m} fab�sg|dng�������gn{{jmnka dw {jb}bjbefdn~ � ¸|be famvta �sg|dng�������g{jmkbwwn~wm jbuvdjbw
(

(T̆ − z0I)
T
)−1

=
(

(T̆ − z0I)
−1
)T

,

d �b � meb nqqdfdmen~ kml{vfnfdmen~ Qkad{ Q fjnew{mwdfdme m{bjnfdme r fab vfd~d�ngfdme m} fab ������ {jm kbww }mj fab wa d}fgde|bjwb neq>mj °��Ag�nwbq n{{jmnkabwwbbl w fm � b lmjb wfn�~b neq lmjb nkkvjnfb �
� �/ �� � F�8 � $H�8H ®8 �8:G0F2
`ab lmqb~ mjqbj wb~bkfdme jb{jbwbefw n fjnqbgmi �bf�bbe l de dlvl kml{~bz df�neq lnzdlvl nkkvjnk� m} n jbqvkbqgmjqbj lmqb~ r neq r favw r n~~m� w dfw m{fdl n~mjqbj fm � b tndebq �

ϕ

Re[z]

Im[z]

−ϕ

Ω

cdtvjb « �] D �bkfmj m} fab ��¼ �
s} fab ������ wv�w{nkb l bfamqw njb n{{~dbq qdjbkf~�r }jml fab {jb|dmvwwbkfdmew �b an|b wbbe r fanf fab mjqbj m} fab jbqvkbq lmqb~ dw {jdl njd~� td|be�� fab wd�b m} fab jbqvkbq `xygm{bjnfmj

(ΓS)n
r an|det fab mjqbj m}

n
� �vka n
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jbqvkbqglmqb~ kmewdwfw m} n kml{~bfb }jbuvbek� w{ bkfjvl m} fab `xygw�wfbl rdek~vqdet fab w{vjdmvw kml{mebefw nw �b~~ � c djwf m} n~~ r �b wb~bkf fab bdtbe|n~vbw~� det de n wbkfmj m} fab vedf kdjk~b r �adka kmjjbw{meqw fm fab qblneqbq }jbuvbek�jnetb

[f1, f2]
r neq �b n~wm qdwknjq n~~ w{vjdmvw bdtbe|n~vbw nw bdtbe}jbuvbekdbwmvfwdqb fab ebbqbq }jbuvbek� jnetb � cmj fa dw {vj{mwb �b �eq n jb~nfdme �bf�bbene net~b

ϕ
de fab kml{~bz { ~neb neq n kmjjbw{meqdet m{bjnfdet }jbuvbek�

foc dt � « �]p �Âbebjn~~�r �b kne �jdfb
|λ|eϕ = eα · eΩ .

o« �Ýêêp
cjml o« �Ýêêp �b an|b fab nffbevnfdme

α = ln (|λ|) , o« �Ýêóp
neq fab m{bjnfdme }jbuvbek�

f =
ϕ

2π∆t
=
ϕ

π
fmax

o« �Ýó½p
m} n lmqb � `anf dw fab l ntedfvqb m} ne bzfjnkfbq kml{~bz bdtbe|n~vb

λi
�db~qwfab nffbevnfdme m} fab lmqb r neq fab net~b m}

λi
kmjjbw{meqw fm fab m{bjnfdet}jbuvbek�

fi
� `ab jb~b|nef net~bw

ϕ1
neq

ϕ2
}mj fab ~dl df }jbuvbekdbw

f1
neq

f2kne �b qbfbjl debq �� o« �Ýó½p � `abe r �b �bb{ fab bdtbe|n~vbw m}
(ΓS)n

oneq>mj{m~bw m} fab fjnew}bj }vekfdme p r �adka njb {~nkbq de n wbkfmj �mveqbq �� net~bw
ϕ1

neq
ϕ2

oc dt � « ��p r neq de fadw wbkfmj �b qdwknjq fab bdtbe|n~vbw }mj �adka
|λ| > 1

de mjqbj fm {jbwbj|b fab {nwwd| df� neq wfn�d~df�� `ab ��¼ kmjjbw{meqdetfm fab }jbuvbek� �neq
[f1, f2]

dw wam�e de cdt � « �� �

j2

Re[z]

Im[z]

j1

needed

frequency band
j2

Re[z]

Im[z]

j1

needed

frequency band

cdtvjb « �� D �bkfmj m} fab ��¼ kmjjbw{meqdet fm n ebbqbq }jbuvbek� �neq �
�b emfb qvb fm fab w�llbfj� m} fab {m~bw }mj fab ~debnj knwb r fab mjqbj m}fab lmqb~ anw fm � b qmv�~bq r mj de mfabj �mjqw r fab wbkfmj

[ϕ1, ϕ2]
lvwf � bl djjmjbq defm fab ~m�bj wbl dkdjk~b � dfa jbtnjq fm fab jbn~

z
gnz dw ��e defvdfd|b n{{jmnka }mj qbkjbnwdet fab lmqb~ mjqbj �mv~q � b fm m�wbj|bfab jbwmenekb { bn�w ofab �bjmw m} fab fjnew}bj }vekfdme p neq wb~bkf famwb �adkabzbjf qml denef de3vbekb me fab fjnew}bj }vekfdme � `adw wb~bkfdme kne �b knjjdbqmvf �� fab gKmM5<9H89i 8K=; q5HK8 o�Ã� p fbkaeduvb r �adka dw n {m�bj}v ~ fmm~ deqdtdfn~ wdten~ {jm kbwwdet fanf n~~m� w fab bzfjnkfdme m} fab dl{mjfnef de}mjl nfdme
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n�mvf n w�wfbl }jml n kmjjbw{meqdet jbqvkbq w�wfbl lnfjdz � `ab jbqvkbql nfjdz kmewdwfw emf me~� m} fab wdten~ r �vf n~wm m} emdwb � `ab �Ã� lbfamqn~~m� w fab wb{njnfdme m} fab qbwdjbq wdten~ }jml fab km bz dwfdet emdwb � `adw kne�b nkadb|bq �� n wb~bkfdme m} dl{mjfnef bdtbe|n~vbw kmjjbw{meqdet fm n wdten~de n ebbqbq }jbuvbek� �neq neq r abekb r fab mjqbj m} ne lmqb~ bzfjnkfbq �������� wv�w{nkb l bfamqw kne n~wm � b jbqvkbq �cmj bznl{~b r ~bf �b kmewdqbj fab fjnew}bj }vekfdme td|be �� o« �¬]p � �b qbemfbfab jbwdqvbw m} fab fjnew}bj }vekfdme }jml

p1
fm {mjf

p2
|dn

c
� se mjqbj fm wb{njnfbfab wdten~ }jml emdwb r �b wmjf

n
bzfjnkfbq bdtbe|n~vbw wm fanf fab kmewbuvbefjbwmenekb { bn�w njb de dekjbnwdet mjqbj � `anf dw

|c1| � |c2| � |c3| � . . .� |cq| � . . .� |cn| .
o« �Ýó Ýp

�eq �b defjmqvkb n �Ã� td|be ��

SNR(q) = 10 log10

∑q
i=1 |ci|2

∑n
j=q+1 |cj |2

.
o« �Ýó\p

`ab lmqb~ mjqbj m} fab w�wfbl mj wdten~ nwwm kdnfbq � dfa qnfn l nfjdz
Tn

dwtd|be }jml fab qdl bewdme m} fab veqbj~�det wdten~ w{nkb r mj buvd|n~bef~� }jmlfab n{{jmz dl nfbq jne� m}
Tn
� `ab mjqbj m} fab lmqb~ dw wb~bkfbq nw

q
d}

SNR(q) ≥ DT ,
o« �Ýó]p

�abjb DT
dw n fajbwam~q r fab jbnwmen�~b |n~vb m} �adka kne �b qbfbjl debq ��wnfdw}�det fab }m ~~m� det D

|Hi,j
n −Hi,j

q | � ε .
o« �Ýó�p

se fab knwb m} lv~fdg{ mjf w�wfbl w fab wdfvnfdme dw lmjb kml{~dknfbq � cmjbznl{~b r �b kmewdqbj n y sy�gw�wfbl � dfa
p1
de{vf neq

p2
mvf{vf {mjfw � `abfajbwam~qw Di,j

T

}mj bnka fjnew}bj }vekfdme }jml {mjf
i
fm {mjf

j
njb qbfbjl debq�� wnfdw}�det o« �Ýó�p � `ab |n~vb DT

dw wb~bkfbq nw fab ~bnwf |n~vb }jml fab wbfm} Di,j
T

r d �b �
DT =

l de {Di,j
T } , i = 1, 2, . . . , p1, j = 1, 2, . . . , p2 .

o« �Ýó«p
�ml b m} fab jbw{mewbw Hi,j

q

ln� kmefnde meb mj lmjb {m~bw r �adka n~jbnq�bz dwf de mfabj jbw{mewbw � `ab �en~ wbf m} {m~bw lvwf � b veduvb }mj n~~ m} fab
p1 × p2

jbw{mewbw � `abwb lv~fdg{ m~bw wamv~q fabjb}mjb � b qdwjbtnjqbq r b �t � ��n wdl{~b wmjfdet � ymjbm|bj r wml b {m~bw kne �b k~vwfbjbq r neq fbkaeduvbw kn~~bq{m~b k~v wfbjdet wamv ~q � b n{{~dbq 1Ý\½2 � `adw fbkaeduvb kmewdwfw m} n|bjntdet{m~bw �adka evlbjdkn~~� qdibj }jml n td|be fm~bjnekb neq fanf de fabmj� jb}bjfm fab wnl b enfvjn~ }jbuvbek�� `ab {m~b k~v wfbjdet n~~m� w fm nqn{fd|b~� lmqd}�fab ebf�mj� "w enfvjn~ }jbuvbekdbw �� wbb�det fab lmwf ~d�b~� |n~vbw nlmet famwb}mveq de fab befdjb wbf m} wdlv~nfbq jbw{mewbw � Þm~b k~v wfbjdet r am�b|bj r dw n|bj� kjdfdkn~ m{ bjnfdme �adka wfjmet~� bibkfw fab lmqb~ nkkvjnk�r neq dw emfkmewdqbjbq de fab {jbwbef qm kfmjn~ �mj� � sf kmv~q � b lmjb {jm{dfdmvw fm wn|b fabkml{~bfb wbf m} {m~bw }mj bnka wdet~b de{vfgmvf{vf fjnew}bj }vekfdme de n y sy�gw�wfbl r fane fm { bj}mjl fab {m~b k~vwfbjdet }mj fab lv~fdg{ mjf fjnew}bj }vekfdmem} fadw y sy� w�wfbl �se kmek~vwdme r ~bf vw wvllnjd�b fab {jm kbqvjb m} lmqb~ mjqbj wb~bkfdmeoy��p �
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� õ�×ÖÛÕáå é �ù �ß � `ab ymqb~ �jqbj �b~bkfdme {jm kbqvjb �

oÝp �b~bkf fab {m~bw ~� det de n wbkfmj de fab kml{~bz
z
g{ ~neb de nkkmjq � dfa n}jbuvbek� jnetb de �adka fab dl{v~wb fjnew}bj }vekfdme lvwf � b n{{jmz dl nfbq �o\p �b~bkfdme m} fjvb {m~bw r �adka an|b kme|bjtbq neq wamv~q emf kanetbwdted� knef~� � bf�bbe y��gn~tmjdfal dfbjnfdmew �o]p �b~bkf fab wfn�~b {m~bw r �adka njb {~nkbq dewdqb neq me fab vedf kdjk~b �o�p �b~bkf fab mjqbj m} fab lmqb~ v wdet fab �Ã� fbkaeduvb � `ab lmwf wdtged�knef enfvjn~ }jbuvbekdbw an|b � bbe fn�be defm nkkmvef � Þm~bw �adka qm emfwdted� knef~� nibkf fab w�wfbl jbw{mewb o|bj� ~m� |n~vbp l n� �b qdwknjqbq �o«p �n~dqnfdme m} fab lmqb~ r }mj bznl{~b �� l bnew m} fab ybne �uvnjb ¸jjmjoy �¸ p {jm kbqvjb �

� �/ �Î � 0¯ 8 # 83�F238 F % G78 �4� # 8�5:8��$H�8H � F�8 �
¹wdet fab de|bjwb

z
gfjnew}mjl m} o« �¬]p

H̃(i,j)
n

z−1

−→ h(i,j)[k]
o« �Ýó¬p

�b m�fnde fab dl{v~wb jbw{mewb m} fab `xygw�wfbl }jml fab {mjf
i
fm fab {mjf

j
de fdl bgqmlnde nw }m ~~m� w D

h(i,j)[k] =

n∑

n̂=1

c
(i,j)
n̂ (λn̂)

k−1
.

o« �Ýóìp

¹ wdet bu � o« �Ýêêp �b m�fnde }jml o« �Ýóìp fab bz{jbwwdme

h(i,j)[k] =

n∑

n̂=1

c
(i,j)
n̂ |λn̂|k−1

ejΩ(k−1) .
o« �Ýóêp

ëbknvwb m} fab ~debnjdf� neq {nwwd|df� m} fab `xygw�wfbl fab {m~bw m} fabfjnew}bj }vekfdme o« �¬]p � dfa
p1 = p2

njb kml{~bz kme�vtnfbq o}mj lmjb qbfnd~wwbb 1]2p � `n�det fadw {jm{ bjf� defm nkkmvef }jml o« �Ýóêp �b qbjd|b fanf

h(i,j)[k] =

n/2
∑

n̂=1

2 c
(i,j)
n̂ |λn̂|k−1

cos Ω(k − 1) .
o« �Ýóóp

¸u � o« �Ýóóp n~~m� w vw fm jbkm|bj fab fdl bgqmlnde jbw{mewb m} fab `xygw�wfbl}jml fab jbwdqvb>{m~b qdwfjd�vfdme m} fab fjnew}bj }vekfdme de fab
z
gqml nde �
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`adw kan{fbj kmefndew evlbjdkn~ wfvqdbw }jml fab n{{~dknfdme m} y�� fm fab`xy nen~�wdw m} |njdmvw ~mww~bww neq ~mww� b~bkfjml ntebfdk wfjvkfvjbw � `ab kmlg{vfnfdmen~ b� kdbek� m} y��gfbkaeduvbw �nwbq me fab ������� neq �������{jm kbwwbw dw qdwkvwwbq abjb � `ab kme|bjtbekb {jm{ bjfdbw m} kbjfnde {jm{mwbq n~gtmjdfal w neq fab nkkvjnk� m} tbebjnfbq jbqvkbqgmjqbj lmqb~w njb kmewdqbjbqde qbfnd~ � `ab jbwv~fw njb {jbwbefbq }jml fab n{{~dknfdme m} `xygy�� }mj fabbzfjnkfdme m} fab l nfjdz fjnew}bj }vekfdme jb{jbwbefnfdmew m} fab ��y r wvka nwtbebjn~d�bq dl{bqnekb mj wknffbjdetg{njnlbfbj l nfjdkbw � se n~~ knwbw r Ä�CB��Æ ¨ ²; jbn~d�nfdmew m} fab y��gn~tmjdfal w njb vwbq }mj kml{vfnfdmew � `abjb}bjbekb kml{vfnfdmen~ wfnfdme dw n °³�´�¶Á yv ] Â·� lnkadeb � dfa Ý Âë��y �

� -, � _#! !(Z #"Þ
se mjqbj fm fbwf fab kme|bjtbekb m} fab ������� neq ������� n~tmjdfal w �bkmewdqbj n jbkfnetv~nj ndjg� ~~bq kv�dk

1 cm{ jbwmenfmj � dfa dqbn~~� kmeqvkfdet�n~~w � `ab bzkdfnfdme emqb neq fab m�wbj|nfdme {mdef njb {~nkbq nf fab m{{mwdfbbqtbw m} fab jbwmenfmj nkkmjqdet fm cdt � ¬ �Ý�

1 cm

Output node

Excitation node

1 cm

1 cm

Output node

Excitation node

1 cm

cdtvjb ¬ �Ý D �dlv~nfbq kv�dk kn|df��

Ý\ Ý
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cdtvjb ¬ �\ D �{bkfjn~ {m�bj m} fab kv�dk kn|df� ocdt � ¬ �Ýp kml{vfbq �� fab �`xyneq x`xy n~tmjdfal w �
`ab wfjvkfvjb dw de|bwfdtnfbq }mj fab «gkb~~ q dwkjbfd�nfdme de bnka qdjbkfdme �`ab kmjjbw{meqdet wfnfb |bkfmj m} �n|b nl{~dfvqbw anw n qdl bewdme m}

12× 5×
5 × 5 = 1500

O favw r fab qdl bewdme m} fab mjdtden~ qdwkjbfd�bq ~mww~bww l mqb~ dwÝ«½½ �
`ab jbwmenekbw m} fab mjdtden~ qdwkjbfd�bq w�wfbl njb qbfbjl debq �� fab¶�¶��³� fjnew}mjl nfdme m} fab `xy fdlbgqml nde jbw{mewb � `ab kn|df� dw bzgkdfbq �� fab É ���� {v~wb r neq fab `xy fdl b b|m~vfdme wkabl b dw { bj}mjlbq }mj«½½ wfb{w �
`abe r �b n{{~dbq y��gn~tmjdfal w de mjqbj fm bzfjnkf fab bdtbe}jbuvbekdbwm} fab kn|df� neq fm tbebjnfb n jbqvkbqgmjqbj lmqb~ r �adka n{{jmz dl nfbw fabfjnew}bj }vekfdme }jml fab bzkdfnfdme fm fab m�wbj|nfdme {mdef �
�b kmewdqbjbq n~~ { mwwd�~b l mqbw m} fab kn|df�r de k~vqdet eme{a�wdkn~ w{vjdgmvw lmqbw nw �b~~ � cmj fab «gkb~~ qdwkjbfd�nfdme n~~ bdtbe|n~vbw kmjjbw{meqdet fmfab jbwmenekbw njb kme|bjtbq nf ¬ê ������� neq>mj ������� n~tmjdfal wfb{w rneq fab� njb {~nkbq me fab vedf kdjk~b de fab kml{~bz

z
g{ ~neb qvb fm em ~mwwbwde fab kn|df� owbb cdt � ¬ �\ o} pp � `avw r fab mjqbj m} fab tbebjnfbq jbqvkbqgmjqbjlmqb~ dw ¬ê r �adka kmjjbw{meqw fm fab jbqvkfdme m} fab `xy m{bjnfmj �� n }nkfmjm}

1500/68 ≈ 22.`ab w{ bkfjn~ {m�bj m} fab kn|df� m�fndebq �� fab `xy fdl b b|m~vfdme wkablb rfab ������� o�`xy p neq emegw�llbfjdk ������� n~tmjdfal ox`xy p dw wam�ede cdt � ¬ �\ � `adw �tvjb wam� w fab � bffbj kme|bjtbekb m} fab ������� n~tmjdfalde kml{njdwme fm fab �������� {jm kbqvjb nf �½ wfb{w � `adw {abeml ben dwn~wm qblmewfjnfbq de cdt � ¬ �¬ r �abjb fab kme|bjtbekb m} bdtbe|n~vbw kml{vfbq�� y��gn~tmjdfal w dw {jbwbefbq � ¼me|bjtbq bdtbe|n~vbw kne n~l mwf kbjfnde~�� b jbkmted�bq �� fabdj {mwdfdme k~mwb fm fab vedf kdjk~b de fab kml{~bz {~nebowbb cdt � ¬ �¬ o} pp � `ab �gw�llbfjdk ������� o�gx`xy p n~tmjdfal anw n wdl d~njkme|bjtbekb � ban|dmj nw dfw tbebjn~ emew�llbfjdk |njdnef �
se tbebjn~ r fab ������� {jm kbww bza d�dfbq � bffbj kme|bjtbekb fane ����B��� �nwbq f�{bw }mj fa dw wdl{~b kn|df�� `adw �b~~g�em�e {abeml beme kne �b
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bz{~ndebq fajmvta fab }nwf ~mww m} fab �dgmjfamtmen~df� de fab emegw�llbfjdkneq �gw�llbfjdk {jm kbqvjbw r �abjbnw fab ������� {jm kbww tbebjnfbw fab mjgfamemjl n~ �nwdw ebnj~� � dfamvf ~mwwbw m} mjfamtmen~df�� se mjqbj fm wfvq� ~mwwbwm} mjfamtmen~df� oneq>mj � dmjfamtmen~df� p �b kml{vfbq wkn~nj |n~vbw

δij
r t d|be��

δLanczos
ij = 20 log10 |〈wi|vj〉|

o¬ �Ýp
δArnoldi
ij = 20 log10 |〈vi|vj〉| , i, j = 1, 2, . . . 100 ,

o¬ �\p
neq qb{dkfbq fabl de cdt � ¬ �] neq cdt � ¬ �� � `abwb �tvjbw wam� am� fab ����B��� n~tmjdfal w ~mwb fab � dmjfamtmen~df� {jm{ bjf� O n~jbnq� n}fbj Ý« wfb{w fab�dmjfamtmen~df� m} �mfa fab emegw�llbfjdk neq fab �gw�llbfjdk |bjwdmew dw qbgfbjdmjnfbq r fanf dw k~bnj~� fm wbb de cdt � ¬ �� o� pg okp � ë� kml{njdet cdt � ¬ �] onp neqcdt � ¬ �] o� p �b kne kmek~vqb fanf fab ������ {jm kbqvjb tbebjnfbw ne Qdqbn~Qmjfamemjl n~ �nwdw �se mjqbj fm dl{jm|b fab qbfbjdmjnfbq �nwdw �dmjfamtmen~df� de fab �������n~tmjdfal w fab f�mgwdqbq lmqd�bq Ç��Á B?�ÀÁ ��´ o`�yÂ�p {jm kbww {jm kbwwanw � bbe {jm{mwbq de fab jbkmllbeqbq ~dfbjnfvjb owbb �ÞÞ¸Ãhs< ëp � ·m�gb|bj r de|bwfdtnfdmew wam�bq fanf fab jb�dmjfamtmen~d�nfdme �� `�yÂ� emf me~�emf jbkm|bjbq fab � dmjfamtmen~ {jm{ bjf�r �vf n~wm nqqdfdmen~~� qbfbjdmjnfbq df �� kml{njdwme �bf�bbe fab jbwv~fw � dfa neq � dfamvf fab jb� dmjfamtmen~d�nfdmenf fab |njdmvw wfb{ evl�bjw dw {jbwbefbq de cdt � ¬ �� o� p neq cdt � ¬ �« � cmj bzgnl{~b r fab { bj}mjlnekb m} jb�dmjfamtmen~d�nfdme �� `�yÂ� nf bnka ]jq wfb{qbwfjm�w fab �dmjfamtmen~ �nwdw kml{~bfb~�r neq fab `�yÂ� {jm kbww nf bnka ìfawfb{ wdted�knef~� kmjjv{fw fab �dmjfamtmen~df�r fanf kne �b wbbe �� kml{njdetcdt � ¬ �� o� p neq cdt � ¬ �« okp �C�È�³ ¬ �Ý neq C�È�³ ¬ �\ kmefnde fab emjl w m} jbwdqvn~ |bkfmjw � `ab wl n~~emjl w m} fab ������� jbwdqvn~w owbb C�È�³ ¬ �Ýp neq ~b}f neq jdtaf �������jbwdqvn~w owbb C�È�³ ¬ �\p nf ¬ê wfb{w deqdknfb fab kme|bjtbekb m} fab bzfjnkfbqbdtbe|n~vbw � �b emfb fanf fab jbwdqvn~ emjl w de fab ������� {jm kbww njb ~bwwfane ~b}f neq jdtaf jbwdqvn~ emjl w de fab emegw�llbfjdk ������� n~tmjdfal w�� n }nkfmj m} O(102)

r �abeb|bj fab kme|bjtbekb dw nkadb|bq �� |bkfmj m} fab kmeqdfdme evl�bjw }mj fab bdtbe|n~vbw m} fab jbqvkbq v{{bj
¾³��³�È³�»

Hn
neq fjdqdntmen~

Tn
lnfjdkbw dw m�wbj|bq nw �b~~ � `abwb kmegqdfdme evl�bjw

si
njb fab jbkd{jm kn~w m} fab kmwdebw m} fab net~bw � bf�bbe fab~b}f neq jdtaf bdtbe|bkfmjw r neq fab� njb veduvb me~� d} fab bzfjnkfbq bdtbe|n~gvbw njb wdl{~b � �mvta~� w{ bn�det r d} { bjfvj�nfdmew m} fab mjqbj

ε
njb knvwbqde fab l nfjdz

(ΓS)n
jbqvkbq �� ������ wv�w{nkb l bfamqw r fabe ne bdtbeg|n~vb

λi
kne �b {bjfvj� bq �� ne nlmvef

ε · si
� `avw r d}

si
dw � dt r fabe wl n~~kanetbw de

(ΓS)n
kne deqvkb ~njtb kanetbw de fab bdtbe|n~vb

λi
� se fadw knwb

λidw jbtnjqbq nw d~~gkmeqdfdmebq � ¼ml{njdet C�È�³ ¬ �Ý neq C�È�³ ¬ �] r �b kmegk~vqb fanf bdtbe|n~vbw m} fab ������� fjdtdntmen~ l nfjdz
Tn

njb lmjb wbewdfd|bfm dfw kanetbw fane bdtbe|n~vbw m} fab ������� l nfjdz njb fm fab kanetbw de
Hn

� o`ab bdtbe|n~vbw m} fab jbqvkbq l nfjdkbw njb m�fndebq �� lbnew m} fabbdtbe|n~vb qbkml{mwdfdme � dfa �n~nekdetp �xnjtb kmeqdfdme evl�bjw dl{~� fanf
(ΓS)n

dw ebnj n l nfjdz � dfa lv~fd{~bbdtbe|n~vbw � `ab {jmm} neq lmjb qbfnd~w njb td|be de 1�ê2 �seqbbq r nf ¬ê wfb{w fab veduvb bdtbe|n~vbw
0.9045 ± 0.4265

njb {jbwbefbqde fab bdtbe|n~vb w{ bkfjvl bzfjnkfbq �� �mfa fab ������� neq fab �������n~tmjdfal w � Þbj}mjl det fab n~tmjdfal w }mj ì« wfb{w r �b m�fnde lv~fd{ ~bw m}
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`n�~b ¬ �Ý D ¼me|bjtbekb neq kmeqdfdme evl�bjw m} fab ������� bdtbe|n~vbw �

||rres||2
kmeqdfdme evl�bj

wfb{w l de l bne l nz l de lbne l nz
Ý½ ½ �½«ó ½ �]]ì ½ �� ÝÝ Ý�½½ Ý�Ý� Ý�Ýó
\½ ½ �½½ê ½ �\�¬ ½ �]«ó Ý�½½ Ý�Ý\ Ý�Ýó
]½ ½ �½½ Ý ½ �\] Ý ½ ��\½ Ý�½½ Ý�]« \ ��ê
�½

3.4 · 10−5 ½ �Ý] Ý ½ �\�ó Ý�½½ Ý�½ì Ý�\½
«½

3.6 · 10−7 ½ �½ó« ½ �] ÝÝ Ý�½½ Ý�Ý] \ �½½
¬½

8.2 · 10−10 ½ �½] Ý ½ �½êê Ý�½½ Ý�½½ Ý�½ Ý
ù�

1.4 ·10
−17

8.6 ·10
−8

5.8 ·10
−7

Ò ��� Ò ��� Ò ���
ì½

8.3 · 10−18 4.6 · 10−8 2.9 · 10−6 Ý�½½ ÝÝ�ê¬ ] Ý¬ ���
ì«

2.2 · 10−18 ½ �½½ Ý ½ �½\] Ý�½½ Ý«\ �óê
5.2 · 103

fabwb bdtbe|n~vbw D de fab ������� bdtbe|n~vb w{ bkfjvl �b m�wbj|b
0.9042 ±

0.4266
r neq fab ������� bdtbe|n~vb w{bkfjvl nqqdfdmen~~� kmefndew fab |n~vbw

0.9024±0.4276
� se nqqdfdme r qmv�~bw }mj

1
neq −1

njb {jbwbefbq de fab bzfjnkfbqw{ bkfjn � `adw {abeml beme dw |bj� �b~~ deqdknfbq �� n ~njtb kmeqdfdme evl�bjm} fab mjqbj O(103)
r �adka dw kml{vfbq n}fbj ì« ������� wfb{w njb { bj}mjl bqowbb C�È�³ ¬ �Ýp �`ab emegw�llbfjdk ������� n~tmjdfal bzad�dfw jb~nfd|b~� ~njtb kmeqdfdmeevl�bjw n~jbnq� n}fbj Ý«g\½ wfb{w r �adka deqdknfbw fab ~mww m} fab �nwdw � dmjfamtgmen~df�r neq fab n~tmjdfal fbeqw fm �db~q w{vjdmvw lv~fd{ ~bw m} fab jbn~ bz dwfdetbdtbe|n~vbw � `ab �gw�llbfjdk ������� l bfamq tbebjnfbw n fjdqdntmen~ l nfjdzwdl d~nj fm meb }mjlbq �� fab emew�llbfjdk |bjwdme r d �b � kml{vfbq bdtbe|n~vbwan|b fab wnl b wbewdfd| df��

`n�~b ¬ �\ D ¼me|bjtbekb m} fab ������� bdtbe|n~vbw �
||rres||2 ||lres||2

�¢�¦� � �¤ � �¡¤ � ¡= � �¤ ��¡¤ � ¡=
>? ? �?@A ? �@B? ? �C >C ? �? >> ? �B?B ? �D??
B? ? �??E ? �? >? ? �? >D

1.7 · 10
−4

? �??@ ? �? >F
E?

1.7 · 10
−4

? �?DF ? �CEB
6.8 · 10

−7
? �>BE >�>EE

@?
1.1 · 10

−5
? �?BF ? �BE? ? �?? > ? �?@F ? �>>B

F?
3.2 · 10

−7
? �?E? ? �@G?

3.6 · 10
−5

? �?BC ? �FEF
G?

2.1 · 10
−10

? �??> ? �??A ? �??B ? �? >> ? �?EC
HI

1.3 ·10
−15

1.2 ·10
−6

1.1 ·10
−5

1.1 ·10
−6

1.2 ·10
−5

4.4 ·10
−5

A?
3.3 · 10

−16
? �??G ? �EA?

4.6 · 10
−21

? �??G ? �EFG
AF

4.6 · 10
−15

? �??D ? �GF@
4.7 · 10

−20
? �? >? ? �GFA
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`n�~b ¬ �] D ¼meqdfdme evl�bjw m} fab ������� bdtbe|n~vbw �
kmeqdfdme evl�bj

wfb{w l de l bne l nz
Ý½ ] �Ý� « �êó ó �]]
\½ ÝÝ�ó\ «ó �Ýê Ý½ì �ê Ý
]½ \ ��½ «¬ �ìê ÝÝ� ��ì
�½ \ �«\ «« �Ýì Ý«Ý�ê¬
«½ \ �«\ ¬ì �ê¬ Ý«\ �ìó
¬½ Ý½ �½« ¬« �\¬ Ý�\ �\½
ù� Ò� ��é ùí �íí ÒÒ	 ��Ü
ì½ Ý�½½ ¬ Ý�«« ÝÝì �½ó
ì« Ý�½½ «ì �«¬ ÝÝì �½ó

cjml famjmvta de|bwfdtnfdmew �b kne kmek~vqb D
• fab ������� lbfamqw bzad�df w~m�bj kme|bjtbekb fane fab ������� n~gtmjdfal qvb fm fabdj ~mwwbw m} �nwdw � dmjfamtmen~df� O
• fab vfd~d�nfdme m} fab |bj� bz{bewd|b jb� dmjfamtmen~d�nfdme qmbw emf dl g{jm|b fab �dmjfamtmen~df� {jm{ bjf�r neq fab �dmjfamtmen~df� dw b|be qbgwfjm�bq de wml b knwbw O
• fab ������� n~tmjdfal tbebjnfbw ne mjfamemjl n~ �nwdw ebnj~� � dfamvffab ~mww m} mjfamtmen~df� O
• bdtbe|n~vbw m} fab jbqvkbq ������� fjdt dntmen~ l nfjdz njb lmjb wbewdfd|bfm dfw kanetbw fane bdtbe|n~vbw m} fab jbqvkbq ������� fm dfw jbw{ bkfd|bkanetbw O
• ne n{{jmzdl nfdme bjjmj m} fab ������� n~tmjdfal w dw ~njtbj fane fanfm} fab ������� {jm kbww qvb fm fab }nwf ~mwwbw m} � dmjfamtmen~df� neq fabadta wbewdfd|df� m} kml{vfbq bdtbe|n~vbw fm wln~~ kanetbw de fab jbqvkbqfjdqdntmen~ l nfjdz � `ab �dmjfamtmen~df� ~mww kmefjd�vfbw bjjmjw fm b~bl befwm} fab jbqvkbq l nfjdz r neq fabwb bjjmjw kne nqqdfdmen~~� l n�b n wdted�knefdl{nkf me fab nkkvjnk� m} fab bdtbe|n~vb kml{vfnfdme �
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·¸¹ J ÄÂ�Æ�Æ»¸Á¿Âñ ÆÅ Â�¼ º Ä»ÆÁÊñ Ì¸Ë¿Ë ô ¿ K¼ K V HV = I

·Ì ¹ L ¿ÆÄÂ�Æ�Æ»¸Á¿Âñ ÆÅ Â�¼ MNOPQRS Ì¸Ë¿Ë ô ¿ K¼ K WHV = D

cdtvjb ¬ �] D �jfamtmen~df� neq �dmjfamtmen~df� m} �nwbw tbebjnfbq �� fab������� neq ������� n~tmjdfal w r jbw{ bkfd|b~�r }mj fab kv�dk kn|df�r ]gh |db� �
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·¸¹ ºÇTÍ ÆÄÂ�Æ�Æ»¸Á Ì¸Ë¿Ë

·Ì ¹ TÇTÍ Ì¿ÆÄÂ�Æ�Æ»¸Á Ì¸Ë¿Ë

·Ã ¹ TÇTÍ UV Ì¿ÆÄÂ�Æ�Æ»¸Á Ì¸Ë¿Ë
cdtvjb ¬ �� D �jfamtmen~df� neq �dmjfamtmen~df� m} �nwbw tbebjnfbq �� fab������� neq ������� n~tmjdfal w r jbw{ bkfd|b~�r }mj fab kv�dk kn|df�r \gh |db� �
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·¸¹ ó¼Ì¿ÆÄÂ�Æ�Æ»¸Á¿W¸Â¿Æ» ¸Â ¼¸Ã� XXÄÊ ËÂ¼ð

·Ì¹ ó¼Ì¿ÆÄÂ�Æ�Æ»¸Á¿W¸Â¿Æ» ¸Â ¼¸Ã� YXÂ� ËÂ¼ð

·Ã¹ ó¼Ì¿ÆÄÂ�Æ�Æ»¸Á¿W¸Â¿Æ» ¸Â ¼¸Ã� ZÂ� ËÂ¼ð
cdtvjb ¬ �« D se3vbekb m} jb�dmfamtmen~d�nfdme me fab �dmjfamtmen~ �nwdw tbebjnfbq�� fab ������� n~tmjdfal �
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·Ã ¹ ¸ÅÂ¼Ä ]\ ËÂ¼ðË
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·Å ¹ ¸ÅÂ¼Ä Z\ ËÂ¼ðË
cdtvjb ¬ �¬ D ¼me|bjtbekb m} bdtbe|n~vbw bzfjnkfbq |dn fab ������� okjmwwbwp remew�llbfjdk okdjk~bwp neq �gw�llbfjdk ofjdnet~bwp ������� n~tmjdfal w �
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� -R «��(� `(Z�¯ #�� ��)�$("��
se mjqbj fm fbwf fab nkkvjnk� neq kme|bjtbekb m} fab {jm{mwbq y�� neq b|n~vnfbdfw kml{vfnfdmen~ b� kdbek� �b n{{~dbq df fm fab bdtbelmqb nen~�wdw m} ne dqbn~jbwmenfmj �nwbq me fab ��gÝê½½ �n|btvdqb � ymjb w{ bkd�kn~~�r fn�det nq|nefntbm} fab w�llbfj� m} fab wfjvkfvjb r me~� meb bdtafa m} fab jbwmenfmj �nw nen~��bq rnw qb{dkfbq de ocdt � ¬ �ìp � `ab }jmef neq ~b}f �n~~w m} fab bdtafa njb dqbn~ l ntebfdk rmfabj �n~~w njb dqbn~ b~bkfjdk r �abe fab

H10n
gl mqb dw fm �b kmewdqbjbq � `ablmqb~bq qml nde anw � bbe qdwkjbfd�bq vwdet n
20 × 10 × 20

`xy tjdq m} wd�bwn~met fab
x−, y− neq

z− qdjbkfdmew m}
∆x = ∆y = 11.43

ll r
∆z = 9.94

ll �

a/2

d/4

b/2

d/4

output plane

input plane

x

y
z

cdtvjb ¬ �ì D �dlv~nfbq bdtafa m} fab dqbn~ jbwmenfmj �

àáâ � ÖÔ×õØ Û a Ô×ÔäïååâÕÖÛÚ ãÔØ ÷ñäïååâÕÖÛÚ æãÔÚb×ä ãõ�×ÖÛÕáå ä
`adw wfjvkfvjb dw wdlv~nfbq �� fab �������r emegw�llbfjdk neq �gw�llbfjdk������� n~tmjdfal w r neq jbwv~fw njb kml{njbq � dfa fab jbwmenfmj w{ bkfjvlm�fndebq �� fab ¶�¶��³� fjnew}mjl m} fab `xy fdl b jbw{mewb � `ab

Ey
g�b~qkml{mebef dw m�wbj|bq �se mjqbj fm fbwf fab nkkvjnk� m} fab dl{~blbefbq y��gfbkaeduvbw r fab jbwgmenekb � ban|dmj m} fab jbwmenfmj dw kml{vfbq nw }m~~m� w D

• n jbqvkbqgmjqbj lmqb~ n{{jmz dl nfdet fab fjnew}bj }vekfdme }mj fab Ey
gkml{mebef }jml fab de{vf {~neb fm fab mvf{vf {~neb � dfa ne m{fdl n~mjqbj m} Ý� dw tbebjnfbq O

• fdl b jbw{mewb m} fab jbwmenfmj dw jbkm|bjbq de fab mvf{vf {~neb O
• fab jbwmenfmj w{bkfjvl dw m�fndebq �� fab ¶�¶��³� fjnew}mjl m} fab fdl bjbw{mewb de fab mvf{vf {~neb �
c dt � ¬ �ê wam� w fab kml{njdwme �bf�bbe `xy neq fab �gw�llbfjdk �������{jm kbww � `ab w{ bkfjvl m} fab jbwmenfmj m�fndebq �� fab ������� {jm kbqvjbdw {jbwbefbq de cdt � ¬ �ê � �b jbl nj� fanf � dfa fab wl n~~ evl�bj m} ������wv�w{nkb l bfamq wfb{w df dw dl{mwwd�~b fm ~mm� nabnq r �adka jbwmenekbw � d~~ � bm�fndebq �jwf � c dt � ¬ �ê onp neq cdt � ¬ �ê o� p qb{dkfbq n}fbj Ý«½ �gw�llbfjdk ����B��� neq ������� wfb{w an|b � bbe {bj}mjl bq r njb tmmq bznl{~bw m} fadw {mdef �
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`ab kn~kv~nfbq w{ bkfjn njb de bzkb~~bef ntjbbl bef � dfa jbwmenekb }jbuvbekdbwkn~kv~nfbq de ne nen~�fdkn~ �n��� w fab wbkmeq wfnjf |bkfmj }mj fab emegw�llbfjdk ������� n~tmjdfal fab|bkfmj |w̃1〉 = S|ṽ1〉

anw � bbe kamwbe r �adka dw wdl d~nj fm fab �gw�llbfjdk |bjgwdme � �b me~� emfb fanf d} fab wbkmeq wfnjf |bkfmj dw jneqml ~� tbebjnfbq r l mjbn~tmjdfal wfb{w an|b fm � b { bj}mjl bq de mjqbj fm nkadb|b fab kme|bjtbekb �cjml fab �am~b bdtbe~nvb w{ bkfjvl ocdt � ¬ �óp me~� Ý� bdtbe|n~vbw de fab kmlg{~bz {~neb njb ebkbwwnj� de mjqbj fm jbkmewfjvkf fab w{ bkfjvl m} fab jbwmenfmjde fab }jbuvbek� �neq
0 − 5.5 GHz

�`ab kabk� m} emjl w m} jbwdqvn~ |bkfmjw dw vwbq nw n wfm{{det kjdfbjdme � `ab{jm kbww dw wfm{{bq �abe fab emjl w m} jbwdqvn~ |bkfmjw }mj n{{jmz dl nfdet bdtbeg|n~vbw an|b nkadb|bq
10−4 �

àáâ � Û
×Ôc Ù�ãÕâ  ÖãØÛâÔÕ �ãäâØ ÷ñäïååâÕÖÛÚ æãÔÚb×ä � õ�×ÖÛÕáå
se mjqbj fm wm~|b fab buvnfdme

|vn〉 = (A− z0I)|ṽn+1〉
o¬ �]p

� dfa jbw{ bkf fm |ṽn+1〉
}mj |vn〉 = |v1〉start

�� ne dfbjnfd|b {jm� bkfdme r ë¼Âgx`xy g� jbuvdjbw �êó wfb{w nf fab bjjmj
ε = 10−4 � ·m�b|bj r fab kme|bjtbekb}mj bdtbe|n~vbw n{{jmz dl nfdet fab jbwmenfmj de fab }jbuvbek� �neq

0 − 5.5 GHzdw n~jbnq� nkadb|bq nf �\½ wfb{w � dfa fab emjl w m} jbwdqvn~ |bkfmjw n�mvf
10−4 �`avw r �b qm emf ebbq fm wm~|b bu � o¬ �]p �� }vjfabj {jm� bkfdmew r neq �b knebzfjnkf fab bdtbe|n~vb w{ bkfjvl }jml fab �jwf dfbjnfd|b wm~vfdme � `anf n~~m� w vwfm wn|b kml{vfnfdmen~ fdl b neq lblmj� kmewvl{fdme bwwbefdn~~�r � bknvwb fab�dmjfamtmen~ �nwdw tbebjnfbq qvjdet fab wm~vfdme m} o¬ �]p }mj |ṽ2〉

lvwf emf � bwfmjbq }mj }vjfabj m�~duvb {jm� bkfdme ofm m�fnde wm~vfdmew }mj |ṽ3〉
r |ṽ4〉

r
. . .
r |ṽn〉p r �adka dw nkfvn~~� ml dffbq � se fadw knwb fab ë¼Âgx`xy g� |njdnef dw wdl d~nj fmx`xy g� o� dfa nemfabj wfnjf |bkfmjp r neq kne �b vwbq }mj ne n~fbjenfd|b neq>mjnqqdfdmen~ kabk� m} fab kme|bjtbekb m} x`xyg� �� kabk�det fab kme|bjtbekb m}

|ṽ2〉
nf bnka dfbjnfd|b wfb{ � �e fab mfabj aneq r ë¼Âgx`xyg� jbuvdjbw lmjbkml{vfnfdmew neq lblmj� }mj meb n~tmjdfal wfb{ fane x`xyg� � �qqdfdmen~~�rde fa dw knwb fab kme|bjtbekb m} ë¼Âgx`xyg� dw emf qb{ beqbef me fab ~m knfdmem} fab bz{newdme {mdef

z0
� � kml{njdwme m} jbwmenfmj w{ bkfjn m�fndebq �� fab`xy fdl b b|m~vfdme wkabl b neq ë¼Âgx`xy g� dw wam�e de cdt � ¬ �Ý½ �

àáâ ÷áÛ�ÕñÓÔöâÖäâ �øøÖ×ãÚá d äÛÔ� Õáâ ÷ñäïååâÕÖÛÚ æãÔÚb×ä � õ�×ñÖÛÕáå
se mjqbj fm m�fnde wb|be n{{jmz dl nfdet bdtbe|n~vbw fab �ad}fgse|bjwb n{{jmnka�nwbq me fab �gw�llbfjdk ������� {jm kbww o�sgx`xyg�p dw n{{~dbq � `ab n~tmgjdfal bzfjnkfw bdtbe|n~vbw k~mwbq fm ne bz{newdme {mdef

z0
�jwf � cmj fa dw {vj{mwb�b an|b fm wm~|b fab buvnfdme bu � o¬ �]p � dfa |z0| > 1

}mj bnka n~tmjdfal wfb{
n�� n wdl{~b dfbjnfd|b �n��`ab w{ bkfjvl m} fab jbwmenfmj neq n{{jmzdl nfdet {m~bw m�fndebq |dn �� �sgx`xy g� wfb{w }mj |z0| = 1.1

neq Ý¬¬ wfb{w }mj |z0| = 2.0
njb wam�e de cdt � ¬ �Ý]neq cdt � ¬ �Ý\ jbw{bkfd|b~�� `m wm~|b bu � o¬ �]p �abe

ε = 10−6 neq |z0| = 1.1
rÝ«« dfbjnfdmew njb ebbqbq O neq �abe |z0| = 2.0

me~� \] dfbjnfdmew njb ebkbwwnj��s} fab bz{newdme {mdef dw kamwbe ebnj�� fab vedf kdjk~b r �sgx`xyg� �bkml bw|bj� bz{bewd|b � �eq me fab mfabj aneq r fab bz{newdmew njmveq n jblmfb {mdef
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bzad�df fab a dtabj n{{jmz dl nfdme bjjmj owbb C�È�³ ¬ �� p � `ab emjl w m} fab ~b}fneq jdtaf jbwdqvn~ |bkfmjw njb ~njtb r de wmlb knwbw v{ fm

10−1 � �e fab mfabjaneq r d} �b kanetb fab wfm{{det kjdfbjdn fm fab wl n~~bwf jbwdqvn~w r de �adka fabmjqbj m} emjl w dw
10−4 mj ~bww r fabe nqqdfdmen~ �sgx`xy g� wfb{w kne ~bnq fm dfwkjnwa qvb fm fab }nwf �dmjfamtmen~df� ~mww � Ãvlbjmvw wdlv~nfdmew an|b wam�efanf �sgx`xyg� dw |bj� kjdfdkn~ fm fab evl�bj m} n~tmjdfal wfb{w neq wvibjw}jml dewfn�d~df��

àáâ ÷ñäïååâÕÖÛÚ æãÔÚb×ä ãÔØ Õáâ ©ãØeñö ÛãñæãÔÚb×ä � õ�×ÖÛÕáå ä
`ab �gw�llbfjdk ������� {jm kbww tbebjnfbw n jbqvkbq l nfjdz an|det fab fjdqdtgmen~ }mjl � se mjqbj fm tbf fab bdtbe|n~vbw m} fadw l nfjdz r fab ¸ dtbe�n~vbhbkml{mwdfdme o¸�h p kne �b vfd~d�bq r �vf fanf kne �b |bj� kml{vfnfdmen~~�bz{ bewd|b d} fab {jbgjbqvkbq fjdqdntmen~ l nfjdz anw n ~njtb mjqbj � �ql dfgfbq~�r �b m}fbe ebbq n }b� {m~bw n{{jmz dl nfdet mvj b~bkfjml ntebfdk w�wfblde n w{ bkd�k }jbuvbek� �neq � cmj fadw jbnwme �b kne me~� bzfjnkf bdtbe|n~vbw�adka njb de n wbkfmj m} fab vedf kdjk~b kmjjbw{meqdet fm fab }jbuvbek� �neq
0 − 5.5 GHz

� `ab °��Ag| dng������� oÞ�xp n{{jmz dl nfdme neq fab �ad}fgse|bjwbg|dng�gw�llbfjdkg������� o�sgx`xyg�p n{{jmnka njb |bj� wvdfn�~b }mjfa dw fnw� � c dt � ¬ �Ý� wam� w fab bdtbe|n~vb w{ bkfjvl tndebq |dn ]½ Þ�x wfb{w r neqkml{njbq � dfa fab bdtbe|n~vbw m�fndebq �� ¸�h � ¸|be famvta fab bz{newdme{mdef kne �b ~m knfbq dewdqb mj me fab vedf kdjk~b de kml{njdwme fm fab �sgx`xyg� rfab � bwf jbwv~fw njb nkadb|bq d} |1 − z0| ≈ 0.1
�

`n�~b ¬ �� D ¼ml{njdwme m} wdlv~nfdme n{{jmnkabw }mj fab dqbn~ �n|btvdqb jbwgmenfmj ocdt � ¬ �ìp �
y bfamq1 �fb{w r

N
¼Þ¹ fdl b r f yblmj�2 r f bjjmj r f

`xy \ «½½ Ý½½ Ý½½ g
�`xy ]¬½ \\× Ý½½

N× Ý½½ Ý
x`xy �Ýì ¬« ¬½½ ] �«
x`xy g� � Ý½ «½ �½½ ] �«

ë¼Âgx`xyg� �\½ Ý�½ ÝÝ × Ý½½ ] �«
�sgx`xyg�

|z0|=2.0
ÝÝ¬ o× \]p ]�½ ¬½½ Ý\ �«

�sgx`xyg�
|z0|=1.1

�� o× Ý««p ó Ý½ ¬½½ � �«
x`xyg� g Þ�x � Ý½ og ]½p «½ �½½ ] �«
7h�ö� þ ijklmnoþú¡��� �ö� þ�pq r ö�ö� þ ¤�¤þ�÷���¢£�  stkuvlwþú¡����ö� þ�pq r ö�ö� þx þ xþ�÷���¢£�  stkuvlwþú¡��� �ö� þ�pq r yûz þö�ö� þx þy �û�¤ÿ ø¥¡¢� z£¡���¤¢ �ö� þ�pq ú¡��� �¤ ¢�� xþ�÷���¢£�  stkuvlw ¡ �¥�£�¢�� rx{þö�ö� þx þ x��ù¢þ{¤|�£��þú¡��� �ö� þ�pq ø��¤¥ ¢�� xþ�÷���¢£�  stkuvlw¡ �¥�£�¢�� r ö�ö� þx } ü~ö þ ¢�� �£�¢ þ xþ�÷���¢£�  stkuvlwþú¡��� �ö� þ�pq ¡¤�¢�� �� �¤� þ ü¡��þ| �¡þstkuvlwþú¡��� �ö� þ�pqâ� ���£÷ ¤����� ù�£ �¤� ¡�¥�£�¢�� �¢�¦
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×ÔÚõÙØÛÔ� � âåãÖ�ä
se kmek~vwdme �b td|b fab kml{njnfd|b wfvqdbw }mj fab {jm{mwbq y��gfbkaeduvbw �� wamjf wvllnjd�nfdme dw {jbwbefbq de C�È�³ ¬ �� �cjml n~~ {jm{mwbq y��gfbkaeduvbw fab ������� n~tmjdfal bzad�dfw fabwln~~bwf bjjmj � ·m�b|bj r avtb kml{vfnfdme fdl b neq lblmj� jbuvdjbl befw an|bfm � b fn�be defm nkkmvef � `ab ������� {jm kbqvjbw kme|bjtb w~m�bj neq n~~m knfb�dttbj bjjmjw de kml{njdwme fm ������� qvb fm n tjm� det ~mww m} �dmjfamtmen~df�� dfa fab dekjbnwdet evl�bj m} wfb{w � `ab �gw�llbfjdk |bjwdme m} fab �������n~tmjdfal dw nwwvl bq fm w{njb kml{vfnfdmen~ jbwmvjkbw r �vf jbwv ~fw de n w~dtaf~��dttbj bjjmj r n~wm qvb fm fab ~mww m} �dmjfamtmen~df�� cmj fadw wdl{~b wfjvkfvjb r fab�gw�llbfjdk ������� n~tmjdfal dw Ý« f }nwfbj fane fab k~nwwdkn~ emegw�llbfjdk������� neq �� fdl bw }nwfbj fane fab ������� n~tmjdfal � se nqqdfdme r fab�gw�llbfj� jbuvdjbw ~bww l blmj� |bjwvw fab tbebjn~ emegw�llbfjdk n{{jmnka r� bknvwb �b qm emf ebbq fm wfmjb f�m {jb|dmvw ~b}f |bkfmjw � `ab vfd~d�nfdme m} |bj�bz{bewd|b jb�dmjfamtmen~d�nfdme de fab ������� lbfamqw qm bw emf wdted�knef~�dl{jm|b fab n{{jmzdl nfdme uvn~df�� `ab vwntb m} Þ�x neq �sgx`xyg� }mj{mwfg{jm kbwwdet n~~m� w fab bzfjnkfdme m} n }b� bdtbe|n~vbw n{{jmz dl nfdet fabjbwmenfmj de n ebbqbq }jbuvbek� �neq neq {jbwbefw ne n~fbjenfd|b fm fab vwb m}wfneqnjq ¸�h � `ab �dkme�vtnfbg�nwbq x`xy g� n~tmjdfal {jm|dqbw n~fbjenfd|bneq>mj nqqdfdmen~ wfm{{ det kjdfbjdn O am�b|bj r dfw jbwmvjkb jbuvdjbl befw l n�bdf ~bww nffjnkfd|b � `ab n�wm~vfb mvfwdqbj dw fab wd}fgde|bjwb n{{jmnka � dfa nwdl{~b dfbjnfd|b wkabl b qvb fm dfw n{{jmz dl nfdme bjjmj r dewfn� d~df� neq adtakml{vfnfdmen~ fdl b �
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TLM (solid) 
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(dotted) 
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(dashed)   

·Ì ¹ Vð¼ÃÂÄ¾É ÆÅ Â�¼ Ä¼ËÆ»¸ÂÆÄ ÆÌÂ¸¿»¼Ê Ìñ Â�¼ Â¿É ¼UÊÆÉ¸¿» ÇTÍ¸»Ê TÇTÍ UV
cdtvjb ¬ �ê D �{bkfjvl m} fab jbwmenfmj ocdt � ¬ �ìp � `ab nen~�fdkn~~� kn~kv~nfbqjbwmenekb }jbuvbekdbw ode {njbefabwbwp }mj

H10
l glmqbw njb kml{njbq � dfa wdl gv~nfdme jbwv~fw m�fndebq �� fab fdl bgqml nde `xy r �`xy neq x`xy g� �
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cdtvjb ¬ �ó D ¸dtbe|n~vb w{ bkfjvl m} fab jbwmenfmj ocdt � ¬ �ìp de ]ghg|db� bzgfjnkfbq |dn � Ý½ �gw�l bfjdk ������� n~tmjdfal wfb{w �
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cdtvjb ¬ �Ý½ D �{bkfjvl m} fab jbwmenfmj ocdt � ¬ �ìp m�fndebq �� fdl bgqml nde `xyneq ë¼Âgx`xy g� �
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·¸¹ È ¿�¼»À¸Á¾¼ Ëð ¼ÃÂÄ¾É ·] Y\ À¸Á¾¼Ë¹ � ¿Â�Æ¾Â Ä¼�»¿»�

·Ì ¹ È ¿�¼»À¸Á¾¼ Ëð ¼ÃÂÄ¾É ·Y] À¸Á¾¼Ë¹ ¸ÅÂ¼Ä Ä¼�»¿»�
cdtvjb ¬ �ÝÝ D ¸dtbe|n~vb w{ bkfjvl m} fab jbwmenfmj ocdt � ¬ �ìp de \ghg|db� bzgfjnkfbq |dn � Ý½ �gw�l bfjdk ������� n~tmjdfal wfb{w � dfa neq � dfamvf jb�edet �
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·¸¹ ]] ðÆÁ¼Ë ¼�ÂÄ¸ÃÂ¼Ê ¸Â
|z0| = 1.1

·Ì ¹ YY_ ðÆÁ¼Ë ¼�ÂÄ¸ÃÂ¼Ê ¸Â
|z0| = 2.0

cdtvjb ¬ �Ý\ D ¸dtbe|n~vb w{ bkfjvl m} fab jbwmenfmj ocdt � ¬ �ìp de \ghg|db� bzgfjnkfbq |dn �sgx`xyg� n~tmjdfal wfb{w � dfamvf jb�edet � ¼jmwwbw qbemfb {m~bw r�abjbnw fab jaml�vw qbemfbw fab bz{newdme {mdef
z0
�
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cdtvjb ¬ �Ý] D �{bkfjvl m} fab jbwmenfmj ocdt � ¬ �ìp m�fndebq �� fab fdl bgqmlnde`xy neq �sgx`xyg� }mj |z0| = 1.1
neq }mj |z0| = 2.0
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cdtvjb ¬ �Ý� D Þm~b qdwfjd�vfdme m} fab jbwmenfmj ocdt � ¬ �ìp de fab kml{~bz
z
g{ ~nebm�fndebq |dn ¸�h okjmwwbwp neq Þ�x okdjk~bwp }jml

410 × 410
jbqvkbq l nfjdztbebjnfbq �� x`xyg� �
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� -Y � ��������~ ���� �Ü� ���
� �������� ����� � ��������� ���� ��  ��¡ �� ��¢����£���¡ ¤ ¥�� ¡�� ������� �¦ �����  ��¡ ��� ����� �� §�£ ¤ ¨ ¤©ª ¤ ¥�� ��  ��¡ �� ���«����¡  ¬ ����� �¦ ��� ����¡�¦ ������ ®� ¯ ° ��� ¥± ��� � �¢��«���� ������ ° ��� ²³´µ¶·¸° ��¡ �������¬������� ��¡ ¹��¬������� º»´¼½µ¾ ¿À���£������ � ¤

9.02 mm

4.10 mm

2.46 mm

0.794 mm

x

y
z

9.02 mm

5.74 mm

§�£«�� ¨ ¤©ª Á Â �� ������� �¦ ��� ��  ��¡ ¤
¥�� «��¡ ����� ����� ���

∆x = 0.82 mm
°
∆y = 0.397 mm

°
∆z = 0.82 mm

°��¡ ��� �«� �� �¦ ����� ����£
x
°
y
��¡

z
��� ©Ã ° ª ° ��¡ ©Ä ° ���� ����¢��¬¤ ¥��� ��������� ���� �� �¦ ��� � �¡��

3∆x
¤ ¥�� �« ������ � ��� ��� ���������

h = Å ¤ÆÇÃ��¢��£ ��� ������¢� � ��� ����¢ ��¬
εr = È ¤È ��¡ tan δ = 0.001

��
2∆y
¤ ¥�� ����������� �� ��� ¥± �� ��¡���¡ �� � ¢��¬ ���� ��¬�� � ��� ��� �«�¦��� ����¡����

Rs = 0.025 Ω
¤ É� ��� � ���«������� ��� ����� ��¬�� � ��� ��� ���¡«���¢��¬

σcu = 5.8 · 107 S/m
��

35 µm
����� ¤§ ���� �¦ ��� ° ��� ���«��«�� �� ���«����¡  ¬ ����� �¦ ��� ��� ��¡�� ��� ¥±������ ¤ ¥�� ��  ��¡ �� �Ê����¡  ¬ � Ë»Ì¾¾ �«��� ¢����£� �� ��� � ����

z = 1∆z®��� §�£ ¤ ¨ ¤©ª¯ ¤ ¥�� ¹������ ����� ��� ����«����¡ «���£ � � ��������� Í����«£����� Í �¦ � ���£�� �¦
14.76 mm

®��� §�£ ¤ ¨ ¤©¨ ®�¯¯ ¤ À�¦������ ������ ¦�� ��Î����¡��¡ ¦�� ������ ����¡ ��¢�� ��� �����¡ ��
z = 2∆z

��¡
z = 17∆z

° ���� ����¢��¬¤¥�� ��  ��¡ �� �� �¡¡�¡ �� �  �Ê � ��� �ÏÐ �� ��Î�������¦��� ����� ¤
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·Ì ¹ ÑUÌ¼»Ê Á¸ñ¼Ä
§�£«�� ¨ ¤©¨ Á ¹�£��� ��¬��� �¦ ��� ��¦������ ���� ��¡ ��� ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ ¤
Ò�Ê� ° ��� ¿À�������Ó«�� ��� ������¡ �� �Ê����� ��� ¹������ ����� �¦ �����  ��¡ ¤ ¥�� ¹������ ����� � �����¡ ¦��� ���«������� ��� ��������¡ �� §�£ ¤ ¨ ¤©Æ ¤
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Uðäðäñ ìéìðí
§ �£«�� ¨ ¤©Æ Á ¹����������� ¦�� � ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ � �����¡  ¬ ��� � ° ���¥± ��¡ ¿À�������Ó«�� ¤
¥�� ¿À�������Ó«�� £�¢� ¢��¬ £��¡ ���«��� �������¡ � ��� ��� ¥± ��� � �¢���«���� ����� � ¤ §�� �� �� �Ê����� ��� £��� �¦ ¿À �� �� �����Ê �� ��� ��� ¢����£������¦�� ¦«������� H̃U

21

��¡ H̃U
11

�¦ ��� ��  ��¡ ¦��� ���� È �� ���� © ®������ ������� ¯ ��¡ ¦��� ���� © �� ���� ©  ��� ®��Î������ ¯ ° ���� ����¢��¬ ��¡ �� £������� ���¡«��¡���¡�� ��¡�� � ��� �� ����� �� ��¡�� ¤�����¡��£ �� §�£ ¤ ¨ ¤©¨ ° ��� ¹����������� �¦ ��� ��  ��¡ ���  � � �����¡ ��¦����� ��£

STLM
11 (f) =

U bend
11 (f) − U line

11 (f)

U line
11 (f)

, SMOR
11 (f) =

H̃U
11(f)Uexc(f) − U line

11 (f)

U line
11 (f)

,

STLM
21 (f) =

U bend
21 (f)

U line
11 (f)

, SMOR
21 (f) =

H̃U
21(f)Uexc(f)

U line
11 (f)

. ®¨ ¤Ã¯�  ���¦ ����������  ������ ���«������ ���������� � ��� ���� ��� �� ����«��������� �ó���� ��� ��������¡ �� ô»õ¶ö ¨ ¤ª ¤ ¹���� ��� ��¢����£���¡ ���«��«�� ¡������ ��¡����� ��£� ���������   ���¢��� ° ���  ¿À�������Ó«�� ¡� ��� �Ê��¡��� ������«������ ��� ������ �� ���������� �� ��� ��� ��¡�� ��� ¥± ¤ ¥�� �«� �� �¦��£������ ����� �� ������ �� � ���� �÷� ��� �����Ê �� ����� ����� ¤
¥� �� ¨ ¤ª Á Ð��������� �¦ ���«������ ���������� ¦�� ��� � ��������� ���� ��  ��¡®§�£ ¤ ¨ ¤©ª¯ ¤

 ����¡ ¥± �¥± ±¥± ±¥±�¹
¹���� ¦�� H̃U

11

°
N
© ÅÅÅ ÈÃÅ ÈÇÅ ÈÆÅ¹���� ¦�� H̃U

21

°
N
© ÅÅÅ ÈøÅ ÈªÅ ÈªÅÐùú ��� �1 ° f ©ÅÅ È¨ × ©ÅÅ ©øª ©Åª

1 ûüý ýþÿ��ý� ��� ý �� �ý�ý��ý� �� �üý þÿ�	ý�� 
��� ý� �� ÿþ	����ü� ��ý�� 
¥��«£� ±¥±�¹ ��� ��� ����«�������� ��� � �ó��� ��� ���� �� ¥± ° ������£������ £�¢�� �  �££�� ����� ¦�� ¹������ ����� �� ���������� �� ��� ²³´µ¶·¸��¡ �� ��� ����¬������� º»´¼½µ¾ ��� ��¡«��� ¤ ¥���   ���¢��� ���  � �Ê������¡���� ��� ¹��¬������� ��£������ �����  ������£������¬ ¦����� ���� ��� ����¬� �� ����� º»´¼½µ¾ ��£������ °   ���«�� ��� ��¦� ¢������ �� ±¥±�¹ ��� ������«���¡
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� ����«� ����«����£ ����� ���¢��«� ���� ¤ ¥�� ��¦� ����� ¢������ �� ��� º»´¼�½µ¾ ��£������ � ��� ������ �� ��� ��� � ��������¡ �Ê�������� ¢������ ¤ ¥�� ���� �¦ ������£������¬ �� ±¥±�¹ ��«��� �� ����� ���«�«������ ��¡ ° �� ¦����� ��£ ° ������� ����¬ �� ��� ���« ��� ¤ �¦��� øÅÅ ����� ��� ��£������ ������� ° ����� ¡��� ���� ��«� �� �¥± ��¡ ±¥± ¤ ¥�� �¥± ��£������ �� ���¢�� ��   � ¢��¬ ���  �� ¤§ �£ ¤ ¨ ¤©Ä ��¡������ ¡�¢������� �¦ ��� ¹������ ����� � �����¡  ¬ ��� ¿À������ �Ó«�� ¦��� ¹������ ����� £����¡ ¢�� ��� �µÌ³¸ö³ �����¦��� � �¦ ��� ¥±��� � ��������� ¤ ¥�� �¥± ��£������ ¦���«��� � ���£���¬ ������ ����� ���� ±¥± ¤����¢�� ° �¥± �� �� Í� ���«�� �«���¡�� Í �¦ �� ������� ��� ����«�������� ��� � ¤
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Uñ ä�çèéêëìí
§ �£«�� ¨ ¤©Ä Á Â�¢������ �¦ ¹������ ����� � �����¡  ¬ ¿À�������Ó«�� ¦�� � ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ � �����¡  ¬ ¿À�������Ó«�� ¤

¥� �� ¨ ¤¨ Á Â����¡���� �¦ ��� ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ ��¡��1→2 ��¡�� ��¡ S21
�¡�¢������ �� ¹ÒÀ ¤¹ÒÀ ° ¡Ï �¡�� ��¡�� Â�¢������ ° ¡Ï

∞ ¨Ã Å ¤ÃÃ©ÅÅ ¨È Å ¤ÃÃÇÅ ¨È Å ¤ÃÃÄÅ ¨Å Å ¤ÃÃÆÅ ª¨ Å ¤ÃÃ¨Å ªÅ Å ¤Ã¨ªÅ Ã¨ Å ¤ÃÆ�� ®¹ÒÀ
opt
¯ �� � ���

ÃÅ ÃÅ Å ¤ÄÇ
øÅ ÈÃ È ¤ÃÅ

É� ��¡�� �� �����Ê �� ��� H̃U
21(f)
� ��¡ H̃U

11(f)
������¦�� ¦«������� ° ¨Ã ��¡ ÆÅ����������¡«�� ��� ��Ó«���¡ ° ���� ����¢��¬¤ ¥�� ����� ��� � �����¡  ¬ ����� �¦ �����£��¢��«� ¡������������ ° ¦������¡  ¬ ����� ��������� �� � ������ �¦ ��� «��� ������



©ÃÈ ÔÕÖ× ØÙÚ � Û Ü ÝÞÙÚßÔÖà Ö××àßÔÖØßáÜâ
¥� �� ¨ ¤Æ Á Â����¡���� �¦ ��� ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ ��¡��1→1 ��¡�� ��¡ S11

�¡�¢������ �� ¹ÒÀ ¤¹ÒÀ ° ¡Ï �¡�� ��¡�� Â�¢������ ° ¡Ï
∞ ÆÅ ©¤Èª©ÅÅ ¨Ä ©¤ÈªÇÅ ¨Ã ©¤ÈªÄÅ ¨Å ©¤ÈÈÆÅ ª¨ ©¤ÈÇ¨Å Ã¨ ©¤ÈÃ�� ®¹ÒÀ

opt
¯ ��  � �

ªª ÃÅ ©¤ÈÆªÅ ø¨ ©¤ÃÈÃÅ ÈÄ ø ¤ª

���������¡��£ �� ��� ¦��Ó«���¬  ��¡
0 − 20 GHz

¤ § �£ ¤ ¨ ¤©Ç �Ê�� ��� ��� ���������¡«� ¡����� «���� �¦ ��� ¢����£� �����¦�� ¦«������ H̃U
21

�� ��� ������Ê
z
�� ����®¥�� ����¡ ���� ���������¡� �� ��� «��� ������¯ ¤ ¥�� ��£��¢��«�� �����Ê �� ����£��� �����¦�� ¦«������� H̃U

21

��¡ H̃U
11

��� �����������¡ �� � ������ �¦ ��� ������  ������ −42◦
��¡

42◦
� ���

0.9 < |z| < 1.0
¤ !� ���� ���� ��� £�������¡��¡«��¡��¡�� ��¡��� ��� ����������÷�¡  ¬ ����� ������¢��¬ ��£� ��¡�� ¤¥�� ��¡�� "� ��¡�� ���  � �¡¡��������¬ ��¡«��¡  ¬ ����� ¡«���£ � ��������¡��������¡ ¤ !� ��� ����«���� ��� ¹ÒÀ ¦�� ��� ����¡«�� ��¡ ������� �� � ������ ��������¡ ¤ ¥�� ����¡«�� ° ������£ �¢�� ��� ��������¡ ° ¦��� ��� ��¡�� �¦��� ��¡«��¡ ��¡�� ° ��¡ �� ���������¡ ����¡«�������� ��� ¡�����¡�¡ ¤ ¥�� �����¬������� ¢������ �¦ ��� º»´¼½µ¾ ��£������ �� �������¡ ¦��  �¡�� ¿�¡�� ¹��������� ®¿¹¯ ��¢����£������ ¤ ¹������¬ �� ��� ��£ ° ���� �� �� ����� �� ��¡�� �¦ ���� �������¡�� � �����¡  ¬ ��� ����¬������� º»´¼½µ¾ ��� ���� ° �������¡ «���£¹ÒÀ ¤ ¥�� ¡����¡���� �¦ ��� ��¡�� ��¡��� ��¡ ¹���������� ¡�¢������� �� ���¹ÒÀ �� ��������¡ �� ô»õ¶ö¾ ¨ ¤¨ ��¡ ¨ ¤Æ ¤ ¥�� ��¡��� �¦ ��� ����� �� ��¡«��¡��¡��� ��� ������ �� ¹ÒÀ # ¹ÒÀ

opt
�¦ ��� ¡�¢������� �¦ ��� ¹������ ����� ���� �� �� �� ¤ É� ���� ���� ��� ��¡��� �¦ ��� �������� ��¡��� ��� ��¡«��¡ ¡��� ��ÃÃ ��¡ ��� ��¡�� �¦ ��� �������� � ��������� ���� ��  ��¡ �� �����£�¡ ��   � ÄÄ�� ��� ������� ����� ¢����� ¡�� ������ �¦
N = 22 680

¤ ¥�«� ° ��� ���������¡��£��¡«����� ¦����� ¦�� ��� �������� ��¡�� �� ÈªÆ ° ��¡ ¦�� ��� �������� ��¡�� ��ª ©ª ° ���� ����¢��¬¤ § �£ ¤ ¨ ¤ÈÅ ���� � ��� ��Î«���� �¦ ¹ÒÀ ¢��«�� �� ��� ���«���¬�¦ ����«��¡ ¹����������� ° ��¡ ¡������ ���
S21
������ ����� ��¡ ����� ¡�¢�������¦��� ��� ���£���� ¥± ���«������ ¤ù���� ��������� �� ��� ������Ê

z
�� ���� ¦�� ��� � ��������� ���� ��  ��¡ ¦��¹ÒÀ # ∞ ��¡ ¹ÒÀ # ¹ÒÀ

opt
����� ��� ����� �� §�£ ¤ ¨ ¤È ©¤ Ð�������£ �����$£«��� �� ��� ���� ��¢���� ����«��¡ ��£��¢��«�� �¢����� % ����¢�� ° � ��� �¦ ������� ¡������ ¦��� ���� ����� � ��� ��� � ��������� ��¡ £������¡ �� � ��«���� �� ��� ���� ¤ §«��������� ° ���� �¦ ����� ����� ��� ¢��¬ ¡�& �«�� �� ¡�����£« ��� �������¬ ��� �� � ���� �� �� � ��«���� ¤¥�� ���� ��«������£ ����� � ��� ��¡«����� �¦ � �«����� ��� � �������¡�� ��¡�� ¬ ��������£ ��� ���� �����¬ ¢��«�� ����£ ����� ¦�«�¡ �� ��� ���� �����¦��



� Û� Û Þ ßÔÚáâØÚß× àßÜÙ ���ÙÜ� ©Ãø
��������� ¤ ù��� ��«������£ ° ����¢�� ° �� � ¢��¬ �������� �� ������� ����� �����£�¬�ó���� ��� ��¡�� ���«���¬¤ ¥�� ����� �¦ ��� � ���������¡«�� ¦�� ���� ���� ����������¡�¡ ° �¢�� ���«£� �� �� �� ���� ��� ��¡�� �¦ ��� £�������¡ �«����� ���� �������¡�� � ���   � ���£�� ¤ 'Ê��«¡��£ ��� �¢�������¡ ����� ®��� §�£ ¤ ¨ ¤È ©®  ¯¯ °��� �������� À¿ ��� �� ��¡�� �¦ ÆÆ ¤

§ �£«�� ¨ ¤©Ç Á ù��������¡«� ¡����� «���� �¦ ¢����£� �����¦�� ¦«������ ¦��� ���� ©�� ���� È �� ��� ������Ê z�� ���� � ��� ¹ÒÀ # ∞ ¦�� ��� � ��������� ���� ��  ��¡®§�£ ¤ ¨ ¤©ª¯ ¤
§��� �«� ��¢����£������ �� ��� �����«¡� ���� ��� ����¬������� º»´¼½µ¾��£������ �� ����� �� ¦�� ��� £��������� �¦ ��� �������� � �������¡�� �¦ ��� ��  ��¡ �� ¢��� �¦ ������ ��¡ ������¡ ��� � ¤ ¥�� ��¡�� �¦ ��� �Ê������¡ ��¡«��¡� �������¡��� ���  � �¡¡��������¬ ¡�������¡  ¬ �����¡«���£ � ¹ÒÀ ��������¡ ¤ É��� �� ������«��� ���� ��� ��¡�� �¦ ��� �������� ��¡�� �� �����¡��¬ ��¡«��¡ ¦���©øÃ ¡��� �� ÄÄ ° ����� ��� �����Ê �� ����� ������ ��� � ���� �÷�¡ ¤ '¢�� ���«£���� ���� �¢��������£ ��¡ ��«������£ ����� «� �� �¡¡��������¬ ¡������� ��� ��¡���¦ ��� ��¡�� ° ���¬ ��� ¢��¬ �������� �� �������� ��¡ ��� �ó��� ��� ��¡�� ���«���¬��¡ ��� ����¬ ®¦�� ���� ¡����� ��� (©ÈÅ)¯ ¤
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������ ����� ��¡ ����� ¡�¢������� �� ¹ÒÀ ���������¡� ¦�� ��� � ��������� ���� ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ ¤
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§�£«�� ¨ ¤È ©Á ù���� �������� �� ��� ������Ê z�� ���� ¦�� � � ��������� ���� ��  ��¡ ®§�£ ¤ ¨ ¤©ª¯ % ������� ¡����� ����� ������¡��£ ¦�� H̃U
21

�����Ê �� ����� % �������¡����� ����� ������¡��£ ¦�� H̃U
11

�����Ê �� ����� % ����¡ ���� ���������¡� �� ���«��� ������ ¤
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4 56 7�8 �9�9� :9;�<= ��� >?8 ��9��� @�9�������
É� ���� ������� � �������� ��¢�£« �¡� ����¡���� ���������� �� ����¬÷�¡ ¤ ¹�������£�� �� ��� � �¡�� �¦ ��� ������ ����� ���¡«���� �¦ � Ð������� !�¢�£«�¡�®Ðù! ¯ £�¢� ����£�� �¦ ��� ��¢� ����¡���� ¤ §�� ��� ���«��«�� ¡������¡ ��§�£ ¤ ¨ ¤ÈÈ ° ��� � �¡¡�� Ðù! �������� �¦ � ���£�� �¦ 4 mm

��� � ����� ��¢� �� �� �¡���� ���� ��� $ ��� ��¡ ��� ����¡ Ðù! ��������� �¦ � ���£�� �¦
2 mm
¤

2 mm

0.2 mm

0.635 mm

0.106 mm

x

y
z

0.5 mm

4 mm

2 mm

0.2 mm

0.1 mm

§�£«�� ¨ ¤ÈÈ Á Â ��������� �¦ ��� Ðù! �� ��¡���� ���������� ¤
Â«� �� ��� �¬�����¬ �¦ ��� ���«��«�� �� ���� ��� �� ���

yz
�� ���� ���¬ ���¦ �¦��� ����¡���� ���������� �� ���«����¡ ¤ ¹���� ��� �¢�� ��¡� ��� ��   � �����¡���¡�� ��� �«� �� �¡��� � �£����� ���� �� ��� � �¡¡�� �¦ ��� ����� ���� ¤ §«����� ° �� � ��������¡�� ��� ��£�� ���¦ �¦ ��� Ðù! ��¢� ����¡���� ���������� � ��� ¡�� ������������ �� §�£ ¤ ¨ ¤ÈÈ ¤ ¥�� ���¦ �¦ ��� ���«��«�� �� �� �¡¡�¡ �� �  �Ê � ��� �ÏÐ®��Î�������¦��� �����¯ ° �Ê���� ¦�� ��� ��¦� ���� ° ����� �� � ��¦����¬ � �£����� ¤¥�� ���������� �� ���«����¡ � ��� ��� ����� �����

∆x = 0.1 mm
°

∆y =
0.106 mm

°
∆z = 0.4 mm

% ��� �«� �� �¦ ����� ����£
x
°
y
��¡

z
��� Ä ° ©ª ��¡ ÈÈ °���� ����¢��¬¤ ¥�� �« ������ � ��� ��� ���������

h = Å ¤¨øª ° ��¢��£ ��� ������¢�� ��� ����¢ ��¬
εr =
©È ¤Ç ��¡ tan δ = 10−4 �� � �¡���¡ � ��� 6∆y

¤ ¥�� ���������¡«����� ���
1∆y
° � ¤� ¤ ��� ��¡� ����� ¤ ¥�� �Ê������ ��¡ � �¡¡�� ��£��� ��������¢� � �¡��� �¦

1∆x
��¡

2∆x
° ���� ����¢��¬¤ ¥�� £��«�¡ ����� ��

5∆x
�� � �¡�� ¤§ ���� ° ��� ����¡���� ���������� �� ���«����¡  ¬ ��� ��� ��¡�� ��� ¥± �����¡� ��� �� �Ê�������� �� ��� Ë»Ì¾¾ �«��� ¢����£� �� ��� �����

z = 1∆z
®���§�£ ¤ ¨ ¤ÈÈ¯ ¤ ¥�� ¹������ ����� ��� ����«����¡ «���£ � Í����«£� Í Ðù! �¦ � ���£���¦

8.8 mm
¤ À �¦������ ������ ¦�� ��Î����¡ ��¢�� ��� �����¡ ��

z = 3∆z
¤¥��� ° �� ��¡�� �� � ���� ��� ¹������ ����� «���£ ¿À�������Ó«�� �� ������Ê �� ���¡ ��� �����¦�� ¦«������ H̃U

11

¦�� ��� ��Î����¡ ��¢� ®¦��� ���� © �� ����©  ��� ¯ ° � ¤� ¤

STLM
11 (f) =

U trans
11 (f) − U line

11 (f)

U line
11 (f)

, SMOR
11 (f) =

H̃U
11(f)Uexc(f) − U line

11 (f)

U line
11 (f)

.®¨ ¤ª¯
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����£����� ° ��� ����¡���� ���������� �� ���«����¡  ¬ ��� ��� ��¡�� ��� ¥±����� � ° ²³´µ¶·¸° �����¬������� º»´¼½µ¾ ° ��¡ ¹��¬������� º»´¼½µ¾ ��£������� � ¤ §�£ ¤ ¨ ¤Èø ���� � ��� ¹������ ����� � �����¡ ¦��� ���«������� �������¡� ��� ���«��� ���¢�¡�¡  ¬ ��� ²·A»´¼ö· B ö¾¸C´ DE ¾FöG H²BDI�� �¡�� ¤ � �����«������� ��� �� � ¢��¬ £��¡ �£���� ��� ¤
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§ �£«�� ¨ ¤Èø Á ¹������ ����� ¦�� � Ðù! �� ��¡���� ���������� ®§�£ ¤ ¨ ¤ÈÈ¯ � �����¡ ¬ ��� �Â¹���¡�� ° ¥± ��¡ ¿À�������Ó«�� ¤
¥�� ²³´µ¶·¸ ��£������ ¬���¡� � ¢��¬ £��¡ �����Ê �� ����� �¦ ��� ������� �¬����� ¡�������÷�¡  ¬ ¥± ¤ ¥�� �����¬������� º»´¼½µ¾ ��£������ ¦���«��� ��� ������ ° ��� ������¬ ¦�� ��£��� ¦��Ó«������ ¤ ¥�� � �����¡ ���«��� ��� �� �£�������� ��� ��� ��¡����£  ¬ � ���� �¦ �Â¹ ¤ ¥�� �����¡ ����� ¢�����

w̃1
�� ±¥± ������� ��   � $ ���¡ � ��� ���� ¤ � ������ �¦ ��� ��¦� ����� ¢����� �� ��� ��������¡��£�� ����� ¢����� ° � ¤� ¤

w̃1 = Sṽ1
£�¢�� ���� �� �� «��������  �� ����� ¤ ¥�� ��£������� ¢������

ṽ1
��� ����� �� ��� �Ê�������� ¢����� ¤Ð��¢��£���� ������   � �����¢�¡ «���£ ��� ¹��¬������� º»´¼½µ¾ ��� ���¡«�� °   ���«�� ��� ��£������ �� � ¢��«��¬ ¡�����¬�¡ ¡«� �� ��� ��¡���� ���� �¦ ��� ������£������¬¤



� Û0 Û Ôá×àÖÜÖÚ 1Ö2Ù3Ýß�Ù ßÞ×Ù�ÖÜ ÔÙ ØÚÖÜâßØßáÜ ©ÃÆ
¥�� ����� ¡������� �¬���� �� � ���¢� �� �� �  �¡����¢��£��� �¬���� ° ��������  � �Ê������¡  ¬ ��� �Ê�������� ��������� ¤ ¿��¬ ��� ��¡�� �� ��� Ðù! £����� �Ê����¡ � ���

Ex
$��¡ ���������� ���������¡��£ �� ��� �Ê�������� ¢����£�

Uexc
¤� ����������  ������ ��� ��� ��¡�� ��� ¥± ° ²³´µ¶·¸ ��¡ º»´¼½µ¾ ���£������ � �� �«�����¡ �� ô»õ¶ö ¨ ¤Ä ¤ ¥�� ����������¡ ¿À�������Ó«�� ¡� ����Ê��¡��� ¥± ���«������� % �����¢�� ° ���¬ ��� ������ �� ���������� �� ���� ¤

¥� �� ¨ ¤Ä Á Ð��������� �¦ ���«������ ���������� ¦�� ��� ����¡���� ����������®§�£ ¤ ¨ ¤ÈÈ¯ ¤ ����¡ ¹����1 ° N Ðùú ���� ° L ¿�¡�� �¦ ��� ��¡��
¥± È ªÅÅ ©ÅÅ ÃÆ ªÈÅ�¥± © ÅÅÅ ¢��¬ ���£� ©ÃÅ±¥± © ©ÈÅ øÆÅ ©ª¨

1 ûüý ��� ý 
ýý�ý� ��� �üý 	ý
ý�ÿ���
 �� ÿ M��� þý�ý� �ý��Mý� ���ýþ �
Mþ���
	 �üý����N���Mý���
	 
±�� ����£ ��� �«� �� �¦ �����Ê �� ����£ ����¡«��������  ¬ � ���� �¦ ¹ÒÀ ° ��� �¬ �����¡��¬ ��¡«�� ��� ��¡�� ��¡��� ¡��� �� ©©È �� ¹ÒÀopt

#
55 dB
¦�� ��� ����� �� ô»õ¶ö O PQ P§��� ��� � �¢� ¡�����  �¡ ���« ��� ��¡ ��¢����£������ ° �� ��� $ ����¬ �����«¡����� ��� ����¬������� º»´¼½µ¾ ��£������ £�¢�� �� ������� �� ����� �� ���������  �� ������¡ ��� � ¤ ¹����¡�¬° ��� ²³´µ¶·¸ �������� �����Ê�� ���� ���Ðù! �� ��¡���� ���������� ¡������� �¬���� ¢��¬ ��������¬ % ����¢�� ° ��� �����«������ ��� � �� �  �£ ¡��� ��� ��¡ � ���� ��� ��£������ «���������¢� ¤ ¥��£�������¡ � �������¡�� �� ����������÷�¡  ¬ ��� ���£� ��¡�� ° �¢�� �¦��� ��� ������ �� ����¡«�������� ��������� �� � �¡� ¤ ¥�� �����¢�¡ ��¡«����� ¦����� ¦�� ���¥±��������� �� ���¬ ÃÈÃ ¤
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4 5R S ���9�<= �9� � ��������8 T9��U V�����9
Ò�Ê� ° � ������£«��� � ��������� ����� ������� ���   ��� ��¢����£���¡ ¤ ¥�� �������� ¡���£� ��¡ ��� � ���«��� ��� ���  ������¡ ¦��� (©ÅÄ) ¤ ¥�� ���«�� ¡�� �������� �¦ ��� � ��������� ����� ������� ��� ����� �� §�£ ¤ ¨ ¤ÈÃ ¤

16 mm

12.45 mm

2.46 mm

0.794 mm

2.09 mm

x

y
z

§�£«�� ¨ ¤ÈÃ Á ¹���� ���� ¢��� �¦ ��� ������£«��� � ��������� ����� ������� ¤
¥�� ����� ����� «��¡ ���

∆x = 0.389 mm
°
∆y = 0.400 mm

°
∆z = 0.265 mm

°��¡ ��� �«� �� �¦ ����� ����£
x
°
y
��¡

z
��� ° ���� ����¢��¬° ¨Å ° ©¨ ��¡ ©ÅÅ ¤ ¥��������£«��� ���� ��

32∆x × 40∆z
¤ ¥�� ¦��¡ � ��������� ���� �¦ ��� � �¡��

6∆x��
50∆z
���£ ¤ ¥�� �« ������ �� ������� �� � �¡���¡ � ���

3∆y
° ��� �¡¡������� ©ø��¡�� ��

y
�¡�������� ��� ������ �� ��¡�� ��� ¦��� ����� ¤ ¥�� ������ ��¬�� ��� �¡���¡ �� � ¢��¬ ���� ����� � ��� ��� �«�¦��� ����¡����

Rs = 0.025 Ω
¤¥�� ����� ������� �� �Ê����¡  ¬ � Ë»Ì¾¾ �«��� ¢����£� �� ��� �����
z = 2®§ �£ ¤ ¨ ¤ÈÃ¯ ¤ ú ���£ ��� ��� ��¡����� ¥± ����� � ��� ���«������ �� � ��¦��� �¡¦�� ¨ÅÅÅ ��� � ����� ¡«� �� � ��������   ���¢��� �¦ ��� ������� % �¦��� ���� ° ©øÄÅ¹��¬������� ±���÷�� ����� ��� ¡��� ¤ ¥�� ��¦������ ����� ¦�� ��Î����¡ ��¢�� ��¡�$��¡  ¬

10∆z
¦��� ��� ������� ���� ¤ ¥�� ¹����������� �¦ ��� ������� �������«��¡ ����«£� � �����¡ ����¡����� ��

S11 =
Zin − Zref

Zin + Zref
,

®¨ ¤¨¯
����� ��� ���«� ����¡���� �� ����« ����¡ ��

ZTLM
in (f) =

Uant
11 (f)

Iant
11 (f)

, ZMOR
in (f) =

H̃UU
11 (f)

H̃IU
11 (f)

,
®¨ ¤Æ¯

����
Uant

11 (f)
��¡

Iant
11 (f)

��� ��� ��Î����¡ ¢����£� ��¡ �«����� � �����¡  ¬��� �µÌ³¸ö³ �����¦��� �¦ ��� ¥± �����¡�� ��� ��������� % H̃UU
11

��¡ H̃IU
11��� �����¦�� ¦«������� �¦

Uexc(f)
�� ��� ¢����£� ��¡ �� ��� �«����� �� ��� ��¦������� ����� ° ���� ����¢��¬° ����� ��� �����Ê �� ���¡  ¬ ±¥±�¹ ¤ ¥�� ��¦����������¡����

Zref
�� �����

50 Ω
¤¥�� ����������  ������ � ���«��� ��� ��¡ �«������� ���«����� �� ��������¡�� §�£ ¤ ¨ ¤Èª ¤ ¥�� ¹��¬������� º»´¼½µ¾ ��£������ ¬���¡� � £��¡ �����Ê �� ����� °��� ������¬ ¦�� ��� �� ������£ ��������� ��

7.5 GHz
¤ É� ���� ���� ��� ±¥±�¹
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§�£«�� ¨ ¤Èª Á À��«�� ���� �¦ ��� ������£«��� � ��������� ����� ������� ®§�£ ¤ ¨ ¤ÈÃ¯ ¤
��£������ �� � �«� ªÅ L ¦����� ®����« ��¢� �������� ������£ ��«�����¯ ���� «���£��� �µÌ³¸ö³ �����¦��� �¦ ��� ¥± ��� � ��������� ¤§��� ��� �Ê������¡ ©øÄÅ ��£��¢��«�� ° ���¬ ø ©Ã ��� ���¡�¡ ¦�� �� �����Ê �� ������ �¦ ��� ����� ������� �� ��� ¦��Ó«���¬  ��¡

0 − 20 GHz
¤ ¥�� �����Ê �� ����£��£��¢��«�� ��� �� ����¡ �� � ������ �¦ ������ �� ��� ������Ê � ����  ������ −46◦��¡

46◦
� ���

0.85 < |z| < 1.0
®��� §�£ ¤ ¨ ¤È¨¯ ¤ ¥�«� ° ��� ��¡�� �¦ ��� £�������¡� �������¡�� �� ø ©Ã ¦�� �� ������� ����� ¢����� ¡�� ������ �¦ N = 1728 000

° ��������������¡� �� ��� ��¡«����� ¦����� �¦ ���� ���� ª ÅÅÅ ¤ú ���£ � ¹ÒÀ ��������¡ �¦
40 dB
° �� ��� �¡¡��������¬ ��¡«�� ��� ��¡�� ���¡�� ¡��� �� ÈÃÄ % �� ���� ���� ��� ��¡«����� ¦����� �� � �«� Æ ÅÅÅ ¤ ¥�� �������� ��¦ ��� ��£��¢��«�� �����¡ �¢�� ��� ��������¡ ��� ����� �� §�£ ¤ ¨ ¤ÈÆ ¤ Ð��������£ §�£ ¤ ¨ ¤È¨ ��¡ §�£ ¤ ¨ ¤ÈÆ �� ��� ��� ���� ��� �����¡ ��£��¢��«�� ��� ���£���¬����$�¡ ° ���� �� ��� ��� ������¬ � ���¢� �� ������  �«�¡����� ¤Ò�Ê� ° �� ������� ��¡��� �Ê������¡  ¬ ¿À�������Ó«�� ��¡ ¹¬���� É¡�����$������ ®¹É¯ ���������� ¤ ¹��«������� �¦ ��� ����� ������� ®§�£ ¤ ¨ ¤ÈÃ¯  ¬X³µ´E �¡��  ���¡ ¹�£��� É¡����$������ ®ù¹É¯ �� £�¢�� �� (ÈÆ) ¤ É� ��¡�� ���Ê����� ��� �¬���� ����� ®��¡ �� �����Ê �� ��� ��� ������� ����¡����¯ ¦��� ������ ��¡�� ��� ��������� ��������� � �����¡  ¬ ��� ��� ��¡�� ��� ¥± ����� � °��� � ��� ���������� ��¢�   ��� �����¡���¡ Á ��� ���¬��� ��� ±��� ¹Ó«��� ®±¹¯�����Ê �� ������ (ÆÇ) ��¡ ��� � ����� � ����Ê ®ù ¯ �����¡ (ªÆ) ¤ ¥�� ��¡�� �¦ �����¡�� � �����¡  ¬ ù¹É �� ��£��$�����¬ ����� ���� ��� ��¡�� �¦ ��� ��¡«��¡���¡�� ��¡�� £�������¡  ¬ ¹�±¥± ¤ ù��� �������� � �¦ ��� ��¡��� � �����¡  ¬ ¹É��� ����� �� §�£ ¤ ¨ ¤ÈÄ ¤ É� (ÈÆ) �� ���   ��� ����� ���� ��� ù ��¡�� �¦ ��¡��øÅ ¬���¡� � ¢��¬ £��¡ �����Ê �� ����� �¦ ��� ¹������ ����� �� ��� ¦��Ó«���¬  ��¡

0 − 20 GHz
¤



©ªÅ ÔÕÖ× ØÙÚ � Û Ü ÝÞÙÚßÔÖà Ö××àßÔÖØßáÜâ

0 0.5 1 1.5
−0.8

−0.4

0   

0.4 

0.8 

Re [z]

Im
 [z

]

|z| = 0.85 
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§�£«�� ¨ ¤È¨ Á 'Ê������¡ ��£��¢��«�� �����Ê �� ����£ ��� ������£«��� � �������������� ������� ®§�£ ¤ ¨ ¤ÈÃ¯ �� ��� ¦��Ó«���¬  ��¡ 0 − 20 GHz
¤

� ����� ����������  ������ ±¥±�¹ ��¡ ù¹É ¦�� ��� ����¬��� �¦ ��� ������������ ®§�£ ¤ ¨ ¤ÈÃ¯ �� ���¢�¡�¡ �� ô»õ¶ö ¨ ¤Ç ¤
¥� �� ¨ ¤Ç Á Ð��������� �¦ ���«������ ���������� ¦�� ��� � ��������� ����� �������� ®§�£ ¤ ¨ ¤ÈÃ ¯ ¤ ����¡ �¡�� ��¡�� � Ðùú ��� � ��¡«����� ° L

±¥±�¹ ÈÃÄ ªÅù¹É øÅ ªø
¥�� �¬���� �¡����$������ ������Ó«�� �� ���� �� ��� ��¡�� ��¡�� ��¡«�������£������ � �Ê��¡��� ��� ��� ��¡�����  ���¡ ¥± ����¬���  ¬ � ¦����� �¦ � �«���� ��¡ ����� �� £������� � ������� �Ó«�¢����� ��¡�� �¦ ��� ¥±��¬���� ¤ ¥����¡�� �¦ ��� ��¡�� � �����¡  ¬ ù¹É �� ��£��$�����¬ ����� ���� ��� ��¡�� �¦ �����¡«��¡���¡�� ��¡�� £�������¡  ¬ ¹�±¥± ¤
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§�£«�� ¨ ¤ÈÆ Á 'Ê������¡ ��£��¢��«�� �����Ê �� ����£ ��� ������£«��� � �������������� ������� ®§�£ ¤ ¨ ¤ÈÃ¯ �� ��� ¦��Ó«���¬  ��¡ 0 − 20 GHz
� ��� ¹ÒÀ #

40 dB
¤

−1 −0.5 0 0.5 1
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−0.5

0

0.5

1

Re [z]

Im
 [z

] LS forward
LS backward
Pencil matrix
Unit circle

§�£«�� ¨ ¤ÈÄ Á ù��� �������� � �� ��� z�� ���� ¦�� ��� ����� ��¡��� � �����¡  ¬ ù¹É¦�� ��� ���«� ����¡���� �¦ ��� ����� ������� ®§�£ ¤ ¨ ¤ÈÃ ¯ �� ��� ¦��Ó«���¬  ��¡
0 − 20 GHz

¤ ±¹ ¦��� ¤ � ���� ¦�����¡ ±���� ¹Ó«��� ��£������ % ±¹  ��� ¤ ¡������ ������¡ ±���� ¹Ó«��� ��£������ % ù�����  ����Ê �� ù�����  ����Ê  ����¡ ¤
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4 54 Y ��������� S ����9��� :9;�<= ��� Z �����
§�£ ¤ ¨ ¤ÈÇ ���� � � �«��ó���«���¡ ������£«��� ¡��������� ��������� ��¢�£«�¡�  ��¡����� $ ���� ¤ ¥�� $ ���� �������� � ������£«��� � ���� �����¡ ��¢�£« �¡� $ ���¡ � ���� ¡��������� � ������� � ���

εr = 10
�� ��� ����� ��¡ �� ��� ������ ¤ Ï������ �����¡���������  �� �� ��� ��� ����$ ���¡ �������� ¤ ¥�� ���£��� �¦ ��� �����£����£ ¡����������  �� ���

ld
#

26.1 mm
������� ��� ��������� ¦��Ó«���¬ �� � �«�

3.102 GHz
¦�����

TE10 m
�¡� ��¡ ��� ���£��� �¦ ��� �¢�������� ��� ��������

la
#

26.1 mm
�ó����� ��� ��«����£   ������ ��� �����£����£ ¡��������� �������� ° ��¡ �����Ó«����¬°��� ���¡�¡ Ó«����¬ ¦����� �¦ ��� $ ���� ¤

a

b

ld

la

dielectric
εr = 10

air

x

y
z

§�£«�� ¨ ¤ÈÇ Á ¹���� ���� ¢��� �¦ � �«��ó���«���¡ ������£«��� ¡��������� �����������¢�£«�¡� $ ���� ¤
¥�� ���£�� �¦ ��� ¡���������  �� �� ���  � � �����¡ ¦��� ��� ����������� �Ó«������ £�¢�� �� (©ø) ��

d =

π − arctan

(
2αβ

α2 − β2

)

β
= 26.105 mm ,

®¨ ¤Ä¯
�����

α
�� ��� �����«����� �������� �� ��� �¢�������� ��� ��������

α = −
√

β2
0 − β2

⊥ = 105.248 m−1 ,
®¨ ¤Ç¯

��¡
β
�� ��� �����£����� �������� �� ��� �����£����£ ¡��������� ��������

β =
√

εrβ2
0 − β2

⊥ = 164.045 m−1 .
®¨ ¤©Å¯

� ���
β⊥ =

π

a
= 123.685 m−1 ��¡ β0 =

2πf0
c0

= 64.968 m−1 �� ��� ���������
¦��Ó«���¬

f0 = 3.102 GHz
¤
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§�£«�� ¨ ¤øÅ Á  �£���«¡�� �¦ ��� S21
����������� ¦�� ��� �«��ó���«���¡ �������£«��� ¡��������� ��������� ��¢�£«�¡� $ ���� ®§ �£ ¤ ¨ ¤ÈÇ¯ � ��� ld#26.4 mm

��¡
la
#

26.1 mm
¤ Ð«�¢�� ��� ����«��¡  ¬ ��� $��������� ��� ¡����� ��¡ ��¡�� � �����¡� ° ����� ��� ������� ��� � ���«��¡ ¡��� (©ø) ¤

¹��«�������  ¬ � ���� �¦ $��������� ���  ���¡ � ����¡� ��¡ ����� ����������� ��� � ���«��� ���� ��� ��������¡ �� §�£ ¤ ¨ ¤øÅ ¤ � ��� ° ��� ��¡�� ����«¡�� ���¡��������� ���� � ���
tan δ = 7 · 10−4 ¤¥�� $ ���� �� ����¬÷�¡  ¬ ��� ��� ��¡�� ��� ¥± ° ��¡ ��� ²³´µ¶·¸° ����¬� �� ����� ��¡ ¹��¬������� º»´¼½µ¾ ¿À���£������ � ¤

Â«� �� ��� �¬�����¬ �¦ ���
25.4 × 12.7 mm

��¢�£«�¡� ���¬ ��� ��£�� ���¦�¦ ��� ¡��������� ��������� ��¢�£«�¡� $ ���� ®
12.7 × 12.7 mm

¯ �� ����¬÷�¡ ¤ ! �������
H10 w
�¢� ��� ��   � �����¡���¡ ° �� ��� �«� �� ��� $ ���� � �¡¡�� ��� ùÐ����£ ��� �����£����� �Ê�� % ��� ��£�� ° ��� ��¡  ����� ����� ��� ù'Ð % ��� ¦������¡  ��� ����� ��� ���� �����¡  ¬ �ÏÐ ¤ '��� ���¦ �¦ ��� ������� �� ¡�������÷�¡ ¬

5 × 5 × 6
��¡�� ��

x
°
y
��¡

z
¡��������� ° ���� ����¢��¬° � ��� ��� ����� �����

∆x = 2.54 mm
°
∆y = 2.54 mm

°
∆z = 4.35 mm

¤ ¥�� ��¢�£«�¡� $ ���� �� �Ê����¡ ¬ ���
Ey
�$��¡ ���$ �� ���������¡��£ �� ���

H10 m
�¡� ¤ ¥�� ��¢�£«�¡� ���� ������¡ ¡��������� ���� ��� ��� ����«¡�¡ ¦�� �����¡������� ¤

§ �£ ¤ ¨ ¤ø © ���� � ��� ��Î������ ��¡ ������ ������ ���& ������ |S11|
��¡ |S21|���� �� ��� �������� ¦��Ó«���¬

f0 = 3.102 GHz
¤ ¥�� ����«��¡ �«�¢�� ��¡�������� ��������� �� ��� ¦��Ó«���¬ �¦ � �«�

3.105 GHz
° ����� ���������¡� �� ���¦��Ó«���¬ ����� �¦

0.1 %
¦��� ��� ����������� ��������� ¤ ¥�� �£�������   ��������� ��� ��¡�� ��� ¥± ��¡ ¿À���£������ � �� �Ê������� ° �� �¡¡����� ¥±� ���¡���«������� ������¡� � ��� ��� � ���«��� ��� ��¡ §' ���« ��� �� §�£ ¤ ¨ ¤øÅ ¤¥�� $ ���� �Ê�� ��� � ��£� ��������   ���¢��� % �����¦��� � ���£� �«� �� �¦��� � ����� �� ��Ó«���¡ ¤ '¢�� �¦��� ©ÅÅ ÅÅÅ ¥± ��� � �¢��«���� ������ �������� ¹������ ���� �«�¢�� ���� �� ��� ������� ®��� §�£ ¤ ¨ ¤ø ©¯ ¤ ����������� �¦ ���� ��¡�� ��£ �� ��� ��� � �������� ���� ������ ��� �������  «� ¬���¡� ��� � ����� ¤ §���Ê����� ° ��� |S21|

�� �£���«¡� �� §�£ ¤ ¨ ¤ø ©®  ¯ % �¦��� ��� \»´´¸´C � ��¡�� ��£ �¦��� ªÅ ÅÅÅ ��� � ����� ���   ��� ¡��� ° ��� ¥± �������� �� � �«� 5 dB
����� ��¡���£���¬ � �¡�� ���� ��� |S21|

�� �£���«¡� � �����¡ ¢�� ��� �µÌ³¸ö³ �����¦��� �¦��� ©ÅÅ ÅÅÅ ��� � ����� �������� ¤¥�� ¹������ ����� ��� ����«����¡ «���£ � ��¦������
135 mm

���£ ��¢�£«�¡�$ ���¡ � ��� ¡��������� ¤ ¥�� ��¦������ � ����� ¦�� ��� ��Î����¡ ��¡ ������ ����¡
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§ �£«�� ¨ ¤ø ©Á ¹������ ����� ¦�� ��� �«��ó���«���¡ ������£«��� ¡��������� �����������¢�£«�¡� $ ���� ®§ �£ ¤ ¨ ¤ÈÇ¯ ����«����¡  ¬ ��� ��� ��¡�� ��� ¥± ��¡ ¿À�������Ó«�� ¤
��¢�� ��� � ����¡ ��

z = 2
��¡

z = 29
¤ ¥�� �����¦�� ¦«������� ¦�� ��� ������� ������ ®¦��� ���� © �� ���� È¯ ��¡ ��Î������ ®¦��� ���� ©  ��� �� ���� ©¯ �¦

Ey
�$��¡ ���������� ��� �����Ê �� ���¡  ¬ ¿À���£������ � ¤ ¥�� ¹������ ��������  � � �����¡ ¦��� ���«������� ��

STLM
11 (f) =

Ufilter
11 (f) − Uref

11 (f)

Uref
11 (f)

, SMOR
11 (f) =

H̃U
11(f)Uexc(f) − Uref

11 (f)

Uref
11 (f)

,

STLM
21 (f) =

Ufilter
21 (f)

Uref
11 (f)

, SMOR
21 (f) =

H̃U
21(f)Uexc(f)

Uref
11 (f)

, ®¨ ¤©©¯
�����

Ufilter
11 (f)

��¡
Ufilter

21 (f)
��� ��� �µÌ³¸ö³ �����¦��� � �¦ ��� ¥± ��� ��

¡����� ¢����£� ��������� ��
z = 2
��¡

z = 29
%
Uref

11 (f)
�� ��� �µÌ³¸ö³ ������¦��� �¦ ��� ¥± ��� ��¡�� ��� ¢����£� �������� ¦�� ��� ��¦������ ��¢�£«�¡� ��

z = 2
% H̃U

11(f)
��¡ H̃U

21(f)
��� ��Î������ ��¡ ������ ������ ¢����£� ¦«������� ���
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���Ê �� ���¡  ¬ ¿À���£������ � %

Uexc(f)
�� ��� �Ê�������� Ë»Ì¾¾ �«��� ��£��� ¤É� ��¡�� �� £��� ��� ¹������ ����� ¨ÅÅ ²³´µ¶·¸ ��¡ º»´¼½µ¾ ����� ���� ��¦��� �¡ ¤ � �� ¿À���£������ � ¡���������� ��� ���� ���¢��£���� ¤ ¥�� ���� ��¦ ��� ��£�� ��¡ ��¦� ����¡«�� ¢������ �¦��� ¨ÅÅ ¿À���£������ ����� ��¢� ����¡�� �¦

10−6 ¤ ¥�� ���������� �¦ ��� ������¡ ��� � �� ��������¡ �� ¥� �� ¨ ¤©Å °����� ��� ����«�������� ��� � ¦�� ��� ¹��¬������� º»´¼½µ¾ ��£������ �� �����¦�� ©ÅÅ L ¤
¥� �� ¨ ¤©Å Á Ð��������� �¦ ���«������ ���������� ¦�� ��� �«��ó���«���¡ ¡���������� $ ���� ®§ �£ ¤ ¨ ¤ÈÇ¯ ¤ ����¡ ¥± �¥± ±¥± ±¥±�¹

¥�� � ° L Äª × ©ÅÅ Ãø × ©ÅÅ ©øÆ ©ÅÅ

§�£«�� ¨ ¤øÈ Á ù��������¡«� ¡����� «���� �¦ ��� ¢����£� �����¦�� ¦«������ ¦������� © �� ���� È ¦�� ��� �«��ó���«���¡ ������£«��� ¡��������� ��������� ��¢�£«�¡�$ ���� ®§�£ ¤ ¨ ¤ÈÇ¯ �� ��� ������Ê z�� ���� ° øÂ ¢��� ¤
§ �£ ¤ ¨ ¤øÈ ��¡ §�£ ¤ ¨ ¤øø ®�¯ ���� ��� ���������¡«� ¡����� «���� �¦ ��� ¢����£������¦�� ¦«������ H̃U

21

�� ��� ������Ê
z
�� ���� �¦��� ¨ÅÅ ²³´µ¶·¸ ����� ��¢�  ��� ���¦��� �¡ ¤ �¦��� ��$���£ ���¬ ¨ ��£��¢��«�� �� §�£ ¤ ¨ ¤øø ®  ¯ ��� ���� ���� �� �����Ê �� ��� ��� ����� �¬���� �� ��� ¦��Ó«���¬  ��¡

3 − 4 GHz
¤ ¥�������Ê �� ����£ ��£��¢��«�� ��� �����¡ �� ��� ������Ê «��� ������ �� ��� �����������¡��£ �� ��� ¦��Ó«���¬  ��¡

0 − 5 GHz
¤ ¥����¦��� ° ��� ��¡�� �¦ ��� ��������� �������¡�� �� ¨ ° ����� ����� «� �� � ��¡«����� ¦����� �¦ È ÈªÅ ¤� ���� ° �� ��� �����«¡� ����  ��� º»´¼½µ¾� ���¡ � ����¡� ��� ¢��¬ £��¡��¡ �« ��� �� ¦�� ��� £��������� �¦ ��� � �������¡�� �¦ ���� �«��ó���«���¡ �������£«��� ¡��������� ��������� ��¢�£«�¡�  ��¡���� $ ���� ° ������� ±¥±�¹ �� � �«�

øÆ L ¦����� ���� ��� £������ º»´¼½µ¾ ��� ��¡«�� ¤ ¥�� �Ê������¡ ��������� �������¡�� �� ����������÷�¡  ¬ ��� ��� ��¡�� ° ����� ���������¡� �� � ��£��$������¡«����� �¦ ��� ¥±��������� ¤



©ª¨ ÔÕÖ× ØÙÚ � Û Ü ÝÞÙÚßÔÖà Ö××àßÔÖØßáÜâ

ãäå *î +ìJðìíèëêì ëèíéðèòêéèîç äïéìð ]^^ _`abcde íéìKí

ãò å *î +ìJðìíèëêì ëèíéðèòêéèîç äïéìð ðìfçèç� g h , èéì i èði+ìíiîððìíKîçë éî é,ì íèj ìjéðäiéìë äKKðîj èñ äéèç� ìè�ìç�ä+Jêìí
§ �£«�� ¨ ¤øø Á ù��������¡«� ¡����� «���� �¦ ��� ¢����£� �����¦�� ¦«������ ¦��� ����© �� ���� È ¦�� ��� �«��ó���«���¡ ������£«��� ¡��������� ��������� ��¢�£«�¡�$ ���� ®§ �£ ¤ ¨ ¤ÈÇ¯ �� ��� ������Ê z�� ���� ° ÈÂ ¢��� ¤
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4 5l
Hm8 �9�� :9;�<= ��� Z �����

¥�� ��Ê� �Ê����� �� � ¡��������«���¡ ��¢��¬ ��¢�£«�¡� $ ���� ����� �� §�£ ¤ ¨ ¤øÃ ¤É�¡«���¢� ������ �� ���
H
�� ���� �����¡ ����£ ��� ��¢�£« �¡� ¦��� ¦�«� ���������� °����� ��� �����Ê�� ����¬
λ0/2
�� ���£�� ¤ ¥�� ���������� ��������� � Ã�� ��¡��noöõE ¾oöA $ ���� � ��� �

0.5 dB
���� �� �� ��� ���� ��¡ � ��� � ������ ¦��Ó«���¬�� � �«�

11 GHz
¤ Â���£� �Ó«������ ��¡ ����� ¡������ ¦�� ¡��������«���¡ ��¢��¬��¢�£«�¡� $ ����� ���  � ¦�«�¡ �� �������«�� (ÈÇ) ¤

§ �£«�� ¨ ¤øÃ Á ¹�������� ¢��� �¦ � ¡��������«���¡ ¦�«����������� H �� ������¢�£«�¡� $ ���� ¤
� �� ������ ���

1 mm
����� ¤ ¥�� ���� ������£«��� ��¢�£« �¡� �� ��� !ÀÆª £«�¡�®

a
#

19.050 mm
°
b
#

9.525 mm
¯ ¤ ¥�� ��������� ���£��� ���

l1 =15.712 mm��¡
l2 =17.671 mm

��¡ ��� £��� ���
w1 =10.372 mm

°
w2 =6.878 mm

°
w3 =

6.19 mm
¤

¥�� $ ���� �� ¡�������÷�¡  ¬
53 × 10 × 110

��¡�� ��
x
°
y
��¡

z
¡��������� °���� ����¢��¬° � ��� ��� ����� �����

∆x = 0.359 mm
°
∆y = 0.9525 mm

°
∆z =

1.043 mm
¤ ¥�� ��¢�£«�¡� $ ���� �� �Ê����¡ �� ��� ��� ��¡�  ¬ ���

Ey
�$��¡ ���$ �����������¡��£ �� ���

TE10 m
�¡� � ��� ��� ������«¡�

Ey0

° �� ��   � ������� °

Ey = |Ey0
| sin

(
πx

xmax

)

.
®¨ ¤©È¯

¥�� ��¢�£« �¡� ����� ��¡ ������ ��� ��¡���¡  ¬ ù'Ð� ¤ É� ��¡�� �� ��«¡¬ ¿À�������Ó«�� ��� ����� ���«��«�� �� ���«����¡ ° �¢�� ���«£� ¡«� �� ��� �¬�����¬�¦ ��� $ ���� �� �� ���«£� �� �����¡�� ���¬ ��� ���¦ ¤
¥�� ¹������ ����� ��� ����«����¡ «���£ � ��¦������

11.47 cm
���£ !À�Æª��¢�£«�¡� ¤ !� ��¢�   ��� ���������¡ �� ��� �����¦�� ¦«������ �¦ ��� $ ���� ¤ ¥����¦������ ������ ¦�� ��� ��Î����¡ ��¡ ������ ����¡ ��¢�� ��� �����¡ ��
z = 5
��¡

z = 105
¤ ¥�� �����¦�� ¦«������ ¦�� ���

Ey
�$��¡ ��������� ®��¡ ���������¡��£¢����£�¯ �� �����Ê �� ���¡  ¬ ¿À���£������ � ¤ ¥�� ¹������ ����� �¦ ��� ¡������



©ªÄ ÔÕÖ× ØÙÚ � Û Ü ÝÞÙÚßÔÖà Ö××àßÔÖØßáÜâ
��«���¡ ��¢��¬ ��¢�£«�¡� $ ���� ���  � � �����¡ ¦��� ���«������� ��

STLM
21 (f) =

Ufilter
21 (f)

Uref
11 (f)

, SMOR
21 (f) =

H̃U
21(f)Uexc(f)

Uref
11 (f)

,
®¨ ¤©ø¯

�����
Ufilter

21 (f)
�� ��� �µÌ³¸ö³ �����¦��� �¦ ��� ¥± ��� ��¡�� ��� ¢����£�

�������� ��
z = 105

%
Uref

11 (f)
�� ��� �µÌ³¸ö³ �����¦��� �¦ ��� ¥± ��� ��¡�����¢����£� �������� ¦�� ��� ��¦������ ��¢�£«�¡� ��

z = 5
% H̃U

21(f)
�� ��� ¢����£������¦�� ¦«������ �����Ê �� ���¡  ¬ ¿À���£������ � %

Uexc(f)
�� ��� �Ê��������Ë»Ì¾¾ �«��� ¢����£� ¤É� ��¡�� �� � ���� ��� ¹����������� �¦ ��� $ ���� ° ªÅ ÅÅÅ ¥± ��� � ����� ���� ��¦��� �¡ ¡«� �� � ��£� ���������   ���¢��� �� ��� $ ���� ¤ §�� ��� ¹������ ����������Ê �� ����� �� ��� ¦��Ó«���¬  ��¡

10 − 12 GHz
��� ���������£ �¬�������º»´¼½µ¾ ��£������ �� ������¡ �«� ¦�� È ÅÄÅ ����� «���� ��� ���¢��£���� ¦�� �����£�� ��¡ ��¦� ����¡«�� ¢������ �� �����¢�¡ ¤ ¥�� ���� � �¦ ��� ����¡«�� ¢������¦�� ©Å �����Ê �� ����£ ��£��¢��«�� ��¢� �� ��¡�� �¦ 10−6 ¤ ¥�� �Ê������¡ ¹

21
����������� ��������¡ �� §�£ ¤ ¨ ¤øÆ ��� �� �Ê������� �£���� ��� ¤ ¥�� � �����¡���� ��¡ ������� ��� � �«�

0.5 dB
¤

§ �£«�� ¨ ¤øª Á ' ������� $��¡ ¡����� «���� �¦ ��� ¡��������«���¡ ¦�«����������� H �� ���� ��¢�£«�¡� $ ���� ®§ �£ ¤ ¨ ¤øÃ ¯ �� 11 GHz
¤

� ¦��� È ÅÄÅ ±¥± �¹ ����� ��¢�   ��� ���¦��� �¡ ° �� ��¢� ��� 2080 × 2080��¡«��¡ ���¡��£���� � ����Ê ���������£ � ��«��� �¦ ��£��¢��«�� �����Ê �� ����£��� $ ���� �����¦�� ¦«������ �� ��� ¦��Ó«���¬  ��¡
10 − 12 GHz

¤ ¹���� 'pÂ ����� � �Ê�����¢� ��¡ ��� �� ��¡�� �¦ O(n3)
° �� � ���� ����� �� �Ê����� �� �¬ �¦�� �����Ê �� ����£ ��£��¢��«�� ¦��� ��� ������¡«��¡ ���¡��£���� � ����Ê ° �� ����¡�� ���¦��� ���� ����� ����� ��¡ ��������� ���������� ¦�� È ÅÄÅ ��£��¢��«�� �¦���'pÂ ���  ��� ¡��� ¤ §�� ���� ������ ��� ¹É¹¥�¢���±���÷�� �������� ���   ���«����÷�¡ ¦�� ��� �����¡ ���q ������ ¤ Ï���«�� ��� ������¡ ��� � �¦ ¹É¹¥ �� ��� ������ O(n)

° ����� �� �¬ ��� ���¡��£���� � ����Ê �«��   � ��¢����¡ ° �� ����� � «� ��
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§�£«�� ¨ ¤ø¨ Á 'Ê������¡ ��£��¢��«�� �����Ê �� ����£ ��� ¡��������«���¡ ¦�«�����������
H
�� ���� ��¢�£« �¡� $ ���� ®§ �£ ¤ ¨ ¤øÃ¯ �� ��� ¦��Ó«���¬  ��¡

10 − 12 GHz
¤ Ð������ ¡����� ��£��¢��«�� ° ������� ��� ���� «� ¡������ ��� �Ê�������� �����
zshift
¤

������¢� ����«�������� ��� � �¡¡��������¬¤ � ���������� �¦ ���«������ �����¡�� ��� ��¦������ �� ��� ����«�������� ��� � �� £�¢�� �� ¥� �� ¨ ¤©©¤
¥� �� ¨ ¤©©Á Ð��������� �¦ ���«������ ���������� ¦�� ��� ¡��������«���¡

H
�� ����$ ���� ®§�£ ¤ ¨ ¤øÃ¯ ¤ ����¡ ¥± ±¥±�¹ ±¥± �¹ r ùp±

¥�� �1 ° L ¨ ¤Æ × ©ÅÅ  �� Äø¥�� �1 ° L Ä × ©ÅÅ ©ÈÅ  ��
1 s,ì éèñ ì çììëìë ïîð é,ì �ìçìðäéèîç îï ä iîñ K+ìéì ðìëêiìëJîðëìð ñîëì + èçi+êëèç� é,ìKîíéJKðîiìííèç� g
É� ���� ���� ��� ������ ��� �¦ ��� ��£��¢��«� ��� ���  ¬ ����� �¦ ��� ¹É¹¥��������� ��� �����Ê�� ����¬ ©ø ��� �� ¦����� ���� ��� «��£� �¦ ��� ����¡��¡t»F¶»õ 'pÂ ��«���� ° ���� ����� � �� ��¢� � �«� ÈÅL �¦ ����� ����«����������� � ¤ ¿��¬ Ç º»´¼½µ¾ ����� �� ��� ¹É¹¥��������� ���� ��������¬ �� �Ê�����ª ��£��¢��«�� ®�� ��� «���� ���¦ �¦ ��� «��� ������¯ ° ����� ���� �����¡ �� ���Ê������� ����� ¤ ¥�� �Ê������¡ ª �����Ê �� ����£ ��£��¢��«�� �����¡ �� ��� �Ê�������� ����� ��� ����� �� §�£ ¤ ¨ ¤ø¨ ¤ ¥�� �Ê������� ����� zshift

�� ������ �� ���«��� ������ �� ��� ������Ê ����� �� �����¡ � ��� ��� ������ ��������� ¦��Ó«���¬
f0 = 11 GHz

zshift = exp( 2πf0∆t) = 0.9993 +  0.0378 .¥�� ����� ��£��¢��«�� ®©° È ��¡ ø¯ ������� �� zshift
¡����� ��� ��� ������ �¦ ���$ ���� ®��� §�£ ¤ ¨ ¤øÆ ®  ¯¯ ° ������� ��� ����� ��� ®Ã ��¡ ª¯ ��¢� ��Î«���� �� ��������Ê �� ����� ���«���¬¤¥�«� ° ��� ��¡�� �¦ ��� £�������¡ À¿ �� ©Å ��¡ ��� ���������¡��£ ��¡«�����¦����� �¦ ��� ¥±��¬���� �� ©ÅÃ ÇÃÅ ¤



©¨Å ÔÕÖ× ØÙÚ � Û Ü ÝÞÙÚßÔÖà Ö××àßÔÖØßáÜâ
É� ��¡�� �� ¢���¡��� �«� ���«��� �� ������«���� ��� $ ����  ¬ � ���� �¦ ²´¾µuF\�DD «���£ ��� §��� §��Ó«���¬ ¹���� ®§§¹¯  ���¡ �� ��� º»´¼½µ¾ ��� ����������¡ �� ��� §����� ' ��� ��� ����¡ (©Å) ¤ ¥�� ������� ¦��Ó«���¬ ¦�� §§¹ ���  ��� ������ �� ���� ��

11 GHz
¤ ¥�� ����� ���� ������� � ©ø Å ©È �������¡��¢���«� ªÄ øÅÅ ©Äth�� ��� ����� �� ¥± ¤ ¥�� � �����¡ ¹������ ����� ��� ��������¡�� §�£ ¤ ¨ ¤øÄ ¤ '¢�� ���«£� ��� $ ���� ��� ¦�«� ���������� ��� ÷��� �¡ ��£���� �¦����«��¡ ¹����������� ®��� §�£ ¤ ¨ ¤øÆ ®  ¯ ��¡ §�£ ¤ ¨ ¤øÄ ®  ¯¯ �Ê�� �� ����� �������������¡ �Ê�����¡ ¦�«� ���� (ÈÇ) ¤ § �£ ¤ ¨ ¤øª ���� � ��� ¡����� «���� �¦ ��� ��������$��¡ �� ��� ¦�«� ���������� �¦ ��� $ ���� ¤ ¿ ¢��«��¬° ��� ������� ����� ¡����� ��£��� �����¡ ��¡ ��� ����¡ ��������� ��� � ��£�¡ �� ��� ���� È �� §�£ ¤ ¨ ¤ø¨ ����� ��£�� ����� ��� � ��£�¡ �� ��� ���� ø �� §�£ ¤ ¨ ¤ø¨ ¤ ¥��� �� ���� ����� ������ ��� ���� ���� � ��� ������ � ��� ���������£ �«� �� �¦ ��� � ����� �� ��£���������������� ¤É� �����«���� ° �� ��� ������ ���� ��� ���������£ �¬������� º»´¼½µ¾ ��£������� �� ���«� �¡ ��  � �� «�� ��¡ ¢��¬ �«��� �� ¦�� ��� ��£� ��¡�� ¡�������÷�¡��£��v ��������� ���«��«��� ¤ ¥�� ���«��� � �����¡ ����«£� ��� ����������¡¿À�������Ó«�� ��� �� ¢��¬ £��¡ �£���� ��� � ��� ���«������� � ��¦����¡  ¬ ������ ��¡�� ��� ¥± ����� � ��¡ ¦��Ó«���¬�¡�� ��� §' ° ����� ���� «����÷�� ���º»´¼½µ¾ ��£������ ¦�� §§¹ ¤ � � �� ���������¢� �� ��� ���¢�������� ��£��¢��«�¡������������ ��� ��¡«�� ¦�� ��� ������ ��� �¦ ������¡«��¡ ���¡��£���� � �������� ° £�������¡  ¬ ¿À�������Ó«�� ° ��� ù�¡w �����Ê �� ������ ��¡��� ���¦����¢����� ������ �����¦��� ������ ���  � ��¢��¢�¡ �� �Ê����� � ¦�� ����� ° ����� ����� � «��� ��¢� � ��£� �$���� ���«�� �¦ �������� ������£ ����«�������� ��� � ° ��� ������¬¦�� �����¦��� ���«��«��� � ��� ��£����¡�� ¡�������÷������ ¤
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V 5� �9��� Y ���������
������� � ¡ � � � � ���

T
� ¢ ��� � � �����£

d : T × T → R
��¡ ����������

(∀ s, t, u ∈ T )

®�¯
d(s, t) ≥ 0

°
®  ¯

d(s, t) = d(t, s)
°

®�¯
d(s, u) ≤ d(s, t) + d(t, u)

®£¤¥¦§¨ ©ª ¥§ª«¬¦©¥£ ¯ °
®¡¯

d(s, t) = 0 ⇔ s = t
°

�� �����¡ ��� ®ª£¤¥¯ °± ¦¯ª ¢ ��� ��� ® ª£¤¥¯
d
¤� ��Ó«����

(tn) ⊂ T
���¢��£�� ��

t ∈ T
�¦

∀ ε > 0 ∃ N ∈ N ∀ n > N d(tn, t) ≤ ε

� ��Ó«����
(tn) ⊂ T

�� �����¡ ²¦¬¯³ °ª«¬ª§¯ª �¦
∀ ε > 0 ∃ N ∈ N ∀ n,m > N d(tn, tm) ≤ ε������� � ¡ � �´ � � ������ �����

T
�� ���¡ ��   � ��� ¯µ®± ©ª£ª �¦ ���� Ð�«��¬��Ó«����

tn ⊂ T
�� ���¢��£��� ¤

������� � ¡ � �¶ � ±��   �
X
� ¢����� ����� �¦

K
°
K = R

��
K = C
¤ � � ��

p : X → R
�� �����¡ ��� §µ¤® �¦

®�¯
p(λx) = |λ|p(x) ∀ λ ∈ K,x ∈X °

®  ¯
p(x+ y) ≤ p(x) + p(y) ∀ x,y ∈X °

®�¯
p(x) = 0 ⇒ p(x) = 0

¤
¥�� §µ¤® ª· °± ¦¯ª �� ¡�$��¡  ¬ � ����

(X, p)
¤ ¿� � ���� �¡ �����

(X, ‖ . ‖) �� ����� ®� ¤©¤©¯
d(x,y) =‖ x− y ‖ �� ¡�$��¡ ° ���� ∀ x,y,z ∈X

®�¯
d(x,y) ≥ 0

°
©¨Æ



©¨Ä Ö××ÙÜ� ß¸ Ö Û 2Ù ÔØáÚ â×ÖÔÙâ
® ¯

d(x,y) = d(y,x)
°

®�¯
d(x,z) ≤ d(x,y) + d(y,z)

°
®¡¯

d(x,y) = 0 ⇔ x = z
¤

¥�� ��Ó«���� �¦ ¢������
(xn)
�� ��� Ð�«��¬ ��Ó«���� �� � �����¡ �����

(X, ‖ . ‖)�¦
∀ ε > 0 ∃ N ∈ N ∀ n,m > N ‖ xn − xm ‖≤ ε������� � ¡ � �� � � �������� ���� �¡ ����� �� �����¡ ��� ¹ ¦§¦¯³ °± ¦¯ª¤

������� � ¡ � �� � � Ï����� �����
X

¢ ��� � � ��� ����� ����� ���¡«�� 〈., .〉 :
X ×X → K

���� �����$�� ��� ¦����¢ ��£ ���� ������
®�¯ 〈x,x〉 ≥ 0

° ��¡ 〈x,x〉 = 0
�¦ ���¬ �¦ |x〉 = 0

°
®  ¯ 〈αx,y〉 = α〈x,y〉 °®�¯ 〈x,y〉 = 〈y,x〉∗ °®¡¯ 〈x+ y,z〉 = 〈x,z〉 + 〈y,z〉 °

∀ |x〉, |y〉, |z〉 ∈X ��¡ ∀ α ∈ K
�� �����¡ ��� º ¥©»ª¤£ °± ¦¯ª H ¤

¥�� ¢������ 〈x|, 〈y| ��¡ 〈z| ��� ¢������ �¦ � ¡«�� �� X ����� ��   � ��� ��� �¦��� ������ ¦«���������
XH = {f : X → K} ¤ §��� ��� ¡�$������ � ¤©¤ª ¦����¢ � °���� 〈x|H = |x〉 �� 〈x| = |x〉H ¤¥�� §µ¤® �� \ ¸¶õö³F ����� �� ¡�$��¡  ¬ ‖ x ‖2=

√

〈x,x〉 ¤
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±��

Z = {|z1〉, |z2〉, |z3〉, . . . , |zn〉}
®Ï ¤©¯

  � � ��� �¦ �������¬ ��¡�� ��¡��� ¢������ �� CN ¤ ¥�� Ë³»G�D¼oG ¸·F �����£������÷����� ��� ��¡«�� £�������� � ���������¡��£ �����£���� ��� �¦ ¢������
Q = {|q1〉, |q2〉, |q3〉, . . . , |qn〉} ∈ CN ®Ï ¤È¯�«�� ���� ���� {Q} =

���� {Z} , ®Ï ¤ø¯��¡
Z = QR ,

®Ï ¤Ã ¯
¢����

R = r(ij)
�� � «��� «���� �����£«��� �����Ê ¤ ¥�� ¢������ |qk〉

��¡ ���� ����Ê
R
��� ¡�$��¡ ���«���¢��¬  ¬ ��� ¦����¢ ��£ �Ó«������ ¤ Â�$�� |q1〉 = |z1〉

¤¥��� ¦�� ����
k = 2, . . . , n

¡�$��
|qk〉 = |zk〉 −

k−1∑

i=1

rki|qi〉 ,
®Ï ¤ª¯

¢����
rki = 〈zk|qi〉/di , di = 〈qi|qi〉 .

®Ï ¤¨¯
¿ ���¢� ����

QTQ = D =
¡��£ {d1, d2, . . . , dn} .

®Ï ¤Æ¯
¥�� ����� �����£����� ¢���� � ��«�� ¢��� �Ó ¤ ®Ï ¤©Å¯ ��� ������ ����¡ �� �����«��� �� �«�� ���� ���¬ ��� ���¡�� «��¡ �� �������� ¤ ¥¬������¬ ��� ��¡�$�¡¦��� �¦ ��� Ë³»G�D¼oG ¸·F �����£�����÷����� �� «��¡ ¤
� 5Í Î Ë� Å�Ì� ÇÈ9?mÉÆU? Å�Ê

ÏÈÊUË<ËÐ9ÑÅÒ9ÊÅËÐ
¥�� ¦����¢ ��£ ��¡�$������ �¦ ���  ���� Ë³»G�D¼oG ¸·F ��� ��¡«�� ¬���¡� �������£�����÷����� ��� ��¡«�� ¢ ���   ����� �«� ������ ��� ����¬ ���� ��� Ë³»G�D¼oG ¸·F ��� ��¡«�� �� ¡�$��¡ �� ®Ï ¤©Å¯ ¤ ¥�� ��¡�$�¡ ��� ���� «����÷�� ¦����¢ ��£

©¨Ç
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���«������ ¤ ¥�� ¢������ |qk〉

��¡ ��� � ����Ê
R
��� ¡�$��¡ ���«���¢��¬  ¬ ���¦����¢ ��£ �Ó«������ ¤

¦�� ����
k
¡�$�� |qk〉 = |zk〉(k) ¢����

|zj〉(k+1) = |zj〉(k) − rkj |qk〉,
¦��

j > k

rkj = 〈qk|zj〉(k)/dk

��¡
dk = 〈qk|qk〉 .

®Ï ¤Ä¯
Ð��«�� ���������£�� ®��¢����£ ¯ ���  � «��¡ �� ��� �����£�����÷����� ��� ���� ¤É� ������«��� �� ��¬ ���£� �� ��� ��� ���� ��� ¢����� �� ��� ��� �����£ �« ��� �¦¢������ ¢���� ��� ��Ê�� �� ���� ���  � ���� ���÷�¡ ¤ ¥��� �� �� ���£�

k
° ������

¢����� |z(k)
s 〉 �«�� ����

‖z(k)
s ‖2 = max

k≤j≤n
‖z(k)

j ‖2 .
®Ï ¤Ç¯

� 5Ó @ÔËmÉÅÕÌÕ Î ËÕÅ�ÌÕ ÇÈ9?mÉÆU? ÅÕÊ
� ÅËÈÊUË<ËÐ9ÑÅÒ9ÊÅËÐ

Ö×Ø Ù¢ÚÛÜÝÞØÞ ßÚÞÝ$ØÞ Ë³»G�D¼oG ¸·F ßàá âØ ãÜØÞ Ýä ÚåÞØå ÙÚ åØâ ÝÚåÙ×ÚæÚÛäàçÝ÷Ø à ÞØÙØåÝÚåàÙØÞ âÝÚå×ÚæÚäàç âàÜÝÜ
P TQ = D =

ÞÝàæ {d1, d2, . . . , dn} èÏ éêÅ ëâá ìÚççÚ¢ Ýäæ åØíãåÜÝÚäÜ
ìÚå Øàí×

i = 1, 2, . . . , j
íÚßîãÙØ

|qj+1〉 = |qj+1〉 − 〈pi|qj+1〉|qi〉 ,
|pj+1〉 = |pj+1〉 − 〈qi|pj+1〉|pi〉 . èÏ éêêë�ØåØ
P = {|p1〉, |p2〉, |p3〉, . . . , |pn〉} ∈ HN èÏ éêÈëÝÜ à íÚååØÜîÚäÞÝäæ â ÝÚåÙ×ÚæÚäàç ÜØÙ Úì ïØíÙÚåÜ é 'Ó é èÏ éêêë åØâÝÚåÙ×ÚæÚäàçÝ÷ØÜÙ¢Ú ïØíÙÚåÜ |qj+1〉

àäÞ |pj+1〉
àÙ Øàí× ÜÙØî

j
é



ð ��� �ñ ò �Ã����

óéê Ö×Ø Öôõ íØçç é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êöó éó Ö×Ø Ù×åØØÛÞÝßØäÜÝÚäàç ÷øù é é é é é é é é é é é é é é é é é é é é é êöó éø ú Üî×ØåÝíàç ÜÝßãçàÙÝÚä ÞÚß àÝä é é é é é é é é é é é é é é é é é é é é ûóó éû nüýöþ íàäÚäÝí åØàçÝ÷àÙÝÚäÜ Úì Ù×Ø åàÞÝàÙÝÚä ßÚÞØÜ é é é é é é é é é ûûó éÿ ÖåàäÜìÚåß Øå äØÙ¢Úå� ìÚå Ù×Ø íÚääØíÙÝÚä Úì Ù×Ø
n� Ù× åàÞÝàÙÝÚäßÚÞØ ÙÚ Ù×Ø Öôõ ÞÚßàÝä ìÚå Ù×Ø ÜØíÚäÞ àäÞ ìÚåÙ× ÙåàäÜß ÝÜÜÝÚäçÝäØÜ àÙ Ù×Ø äÚÞØ

j
é é é é é é é é é é é é é é é é é é é é é é é é é é é ûÿ

ø éê ÷í×Øß àÙÝí ïÝØ¢ Úì à ßãçÙÝçàáØåØÞ õõ �ø Ýä Þàß àÜíØäØ ÙØí×äÚçÚæáé ÿ�
ø éó ÷í×Øß àÙÝí ïÝØ¢ Úì à ßãçÙÝçàáØåØÞ íåÚÜÜ ÜØíÙÝÚä é é é é é é é é é é é ÿó
ø éø úÙÙØäãàÙÝÚä íÚäÜÙàäÙ àäÞ ØóØíÙÝïØ îØåß ÝÙÙÝï ÝÙá Úì Ù¢Ú øù!Ü¢ÝÙ×

W
#

7.5 µm � S#5 µm
àäÞ

W
#

5 µm � S#2.5 µm � åØÜî ØíÙÝïØçáé ÿ�
ø éû úÙÙØäãàÙÝÚä Úì ÞÝóØåØäÙ ß ÝíåÚÜÙåÝî çÝäØÜ ¢ ÝÙ× ÜÝæäàç çàáØåÜ Ýä Ù×ØÙ×ÝåÞ àäÞ ìÚãåÙ× ß ØÙàççÝ÷àÙÝÚä îçàäØÜ é é é é é é é é é é é é é é é é ÿ�
ø éÿ !àïØ ÝßîØÞàäíØ Úì ÞÝóØåØäÙ ß ÝíåÚÜÙåÝî çÝäØÜ ¢ ÝÙ× ÜÝæäàç çàáØåÜ ÝäÙ×Ø Ù× ÝåÞ àäÞ ìÚãåÙ× ß ØÙàççÝ÷àÙÝÚä î çàäØÜ é é é é é é é é é é é é é é ÿ�
ø éö �ÿ���� �� �üý ����	ý 	
� N��
M���
 ���� þÿ�ý� �� � ýÿ
� �� û� ÿ
��üý ü����� û� N ÿ����ÿMü  é é é é é é é é é é é é é é é é é é é é ö�
ø é� ÷Ûîàåàß ØÙØåÜ ìÚå Ù×Ø ÙØÜÙ øù! ÜÙåãíÙãåØ íàçíãçàÙØÞ âá ßØàäÜ ÚìÖôõ àäÞ ×áâåÝÞ àîîåÚàí× é é é é é é é é é é é é é é é é é é é é é é ö�
û éê õ àÙåÝ� ÙåàäÜìÚåß àÙÝÚä âá ��õ é é é é é é é é é é é é é é é é é é é ö�û éó ÷Ýß ÝçàåÝÙá ÙåàäÜìÚåß àÙÝÚä âá Ù×Ø �ü����� àçæÚåÝÙ×ß é é é é é é é �øû éø ' ÝæØäïàçãØ Üî ØíÙåãß Úì à åàäÞÚß æØäØåàÙØÞ

50 × 50
ßàÙåÝ�

AÝä Ù×Ø
z
Ûî çàäØ é Ö×Ø íåÚÜÜØÜ ÞØäÚÙØ ÚåÝæ Ýäàç ØÝæØäïàçãØÜ � ¢×ÝçØÙ×Ø íÝåíçØÜ ÞØäÚÙØ ØÝæØäïàçãØÜ àîîåÚ� Ýß àÙØÞ âá ó� äÚäÛÜáßßØÙåÝí

�ü����� àçæÚåÝÙ×ß ÜÙØîÜ é é é é é é é é é é é é é é é é é é é é é é é �ø
ÿ éê '�îàäÜÝÚä îÚÝäÙ

z0
Ýä Ù×Ø íÚßîçØ� �Ûî çàäØ é é é é é é é é é é é é é ê�óÿ éó ��ø ìÚå Ù×Ø ÖôõÛÜáÜÙØß Ýä Ù×Ø íÚßîçØ� �Ûî çàäØ é é é é é é é é é êêóÿ éø ÷ØíÙÚå Úì Ù×Ø ��ø é é é é é é é é é é é é é é é é é é é é é é é é é é é êê�ÿ éû ÷ØíÙÚå Úì Ù×Ø ��ø íÚååØÜîÚäÞÝäæ ÙÚ à äØØÞØÞ ìåØ�ãØäíá âàäÞ é é é êê�

ö éê ÷ÝßãçàÙØÞ íãâÝí íàïÝÙáé é é é é é é é é é é é é é é é é é é é é é é é é êó êö éó ÷îØíÙåàç îÚ¢Øå Úì Ù×Ø íãâÝí íàïÝÙá è� Ýæ é ö éêë íÚßîãÙØÞ âá Ù×Ø
úÖôõ àäÞ ôÖôõ àçæÚåÝÙ×ß Ü é é é é é é é é é é é é é é é é é é é é é êóóö éø � åÙ×ÚæÚäàçÝÙá àäÞ âÝÚåÙ×ÚæÚäàçÝÙá Úì âàÜØÜ æØäØåàÙØÞ âá Ù×Ø �þ�����àäÞ �ü����� àçæÚåÝÙ×ß Ü � åØÜî ØíÙÝïØçá � ìÚå Ù×Ø íãâÝí íàïÝÙá � øÛ�ïÝØ¢ é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êóö

ê�ê



ê�ó àßâ á[ [ ß3Ý!" â
ö éû � åÙ×ÚæÚäàçÝÙá àäÞ âÝÚåÙ×ÚæÚäàçÝÙá Úì âàÜØÜ æØäØåàÙØÞ âá Ù×Ø �þ�����àäÞ �ü����� àçæÚåÝÙ×ß Ü � åØÜî ØíÙÝïØçá � ìÚå Ù×Ø íãâÝí íàïÝÙá � óÛ�ïÝØ¢ é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êó�ö éÿ �ä#ãØäíØ Úì åØâÝÚÙ×ÚæÚäàçÝ÷àÙÝÚä Úä Ù×Ø âÝÚåÙ×ÚæÚäàç âàÜÝÜ æØäÛØåàÙØÞ âá Ù×Ø �ü����� àçæÚåÝÙ×ß é é é é é é é é é é é é é é é é é é êó�ö éö øÚäïØåæØäíØ Úì ØÝæØäïàçãØÜ Ø�ÙåàíÙØÞ ïÝà Ù×Ø �þ����� èíåÚÜÜØÜë �äÚäÜáßßØÙåÝí èíÝåíçØÜë àäÞ ÷ÛÜáßßØÙåÝí èÙåÝàäæçØÜë �ü����� àçÛæÚåÝÙ×ß Ü é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êó$ö é� ÷ÝßãçàÙØÞ ØÝæ×Ù× Úì Ù×Ø ÝÞØàç åØÜÚäàÙÚå é é é é é é é é é é é é é é é êø�ö é� ÷îØíÙåãß Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë é Ö×Ø àäàçáÙÝíàççá íàçíãçàÙØÞåØÜÚäàäíØ ìåØ�ãØäíÝØÜ èÝä îàåØäÙ×ØÜØÜë ìÚå H10

ß ÛßÚÞØÜ àåØ íÚßÛîàåØÞ ¢ ÝÙ× ÜÝßãçàÙÝÚä åØÜãçÙÜ ÚâÙàÝäØÞ âá Ù×Ø ÙÝß ØÛÞÚß àÝä Öôõ �úÖôõ àäÞ ôÖôõÛ÷ é é é é é é é é é é é é é é é é é é é é é é é é é é êøûö é$ ' ÝæØäïàçãØ Üî ØíÙåãß Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë Ýä øÛ� Ûï ÝØ¢ Ø� ÛÙåàíÙØÞ ïÝà û ê� ÷ÛÜáß ØÙåÝí �ü����� àçæÚåÝÙ×ß ÜÙØîÜ é é é é é é é é êøÿö éê� ÷îØíÙåãß Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë ÚâÙàÝäØÞ âá ÙÝß ØÛÞÚß àÝäÖôõ àäÞ %ø� ÛôÖôõÛ÷ é é é é é é é é é é é é é é é é é é é é é é é êøÿö éêê ' ÝæØäïàçãØ Üî ØíÙåãß Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë Ýä óÛ� Ûï ÝØ¢ Ø� ÛÙåàíÙØÞ ïÝà û ê� ÷ÛÜáß ØÙåÝí �ü����� àçæÚåÝÙ×ß ÜÙØîÜ ¢ ÝÙ× àäÞ¢ ÝÙ×ÚãÙ åØ$ä Ýäæ é é é é é é é é é é é é é é é é é é é é é é é é é é é é êøöö éêó ' ÝæØäïàçãØ Üî ØíÙåãß Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë Ýä óÛ� Ûï ÝØ¢ Ø� ÛÙåàíÙØÞ ïÝà ÷�ÛôÖôõÛ÷ àçæÚåÝÙ×ß ÜÙØîÜ ¢ ÝÙ×ÚãÙ åØ$äÝäæ é øåÚÜÜØÜÞØäÚÙØ îÚçØÜ � ¢×ØåØàÜ Ù×Ø å×ÚßâãÜ ÞØäÚÙØÜ Ù×Ø Ø�îàäÜÝÚä îÚÝäÙ
z0

é êø�ö éêø ÷îØíÙåãß Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë ÚâÙàÝäØÞ âá Ù×Ø ÙÝß ØÛÞÚß àÝäÖôõ àäÞ ÷�ÛôÖôõÛ÷ ìÚå |z0| = 1.1
àäÞ ìÚå |z0| = 2.0

é é é é é é é êø�ö éêû ùÚçØ ÞÝÜÙåÝâãÙÝÚä Úì Ù×Ø åØÜÚäàÙÚå è� Ýæ é ö é�ë Ýä Ù×Ø íÚßîçØ�
z
Ûî çàäØ ÚâÙàÝäØÞ ïÝà 'p� èíåÚÜÜØÜë àäÞ ùpô èíÝåíçØÜë ìåÚß 410 ×

410
åØÞãíØÞ ß àÙåÝ� æØäØåàÙØÞ âá ôÖôõÛ÷ é é é é é é é é é é é é é é êø�ö éêÿ � Ýß ØäÜÝÚäÜ Úì Ù×Ø �Ûâ ØäÞ é é é é é é é é é é é é é é é é é é é é é é é êø$ö éêö ÷Ýæäàç çàáØåÜ Úì Ù×Ø åØìØåØäíØ çÝäØ àäÞ Ù×Ø �Ûâ ØäÞ è� Ýæ é ö éêÿë é é é êø$ö éê� ÷Ûîàåàß ØÙØåÜ ìÚå à �Ûâ ØäÞ è� Ýæ é ö éêÿë ÚâÙàÝäØÞ âá Ù×Ø õÚõ � Ù×ØÖôõ àäÞ õ�� ÛÙØí×ä Ý�ãØÜ é é é é é é é é é é é é é é é é é é é é é é êû�ö éê� � ØïÝàÙÝÚä Úì ÷Ûîàåàß ØÙØåÜ ÚâÙàÝäØÞ âá õ�� ÛÙØí×ä Ý�ãØÜ ìÚå à �Ûâ ØäÞ è� Ýæ é ö éêÿë ÚâÙàÝäØÞ âá õ�� ÛÙØí×äÝ�ãØÜ é é é é é é é é é é é êû êö éê$ ùÚçØÛåØÜÝÞãØ ÞÝÜÙåÝâãÙÝÚä Úì ïÚçÙàæØ ÙåàäÜìØå ìãäíÙÝÚä ìåÚß îÚåÙ êÙÚ îÚåÙ ó Ýä Ù×Ø íÚßîçØ�

z
Ûî çàäØ ¢ ÝÙ× ÷ù� # ∞ ìÚå Ù×Ø ß ÝíåÚÜÙåÝîçÝäØ �Ûâ ØäÞ è� Ýæ é ö éêÿë é é é é é é é é é é é é é é é é é é é é é é é é é êûøö éó� � Øî ØäÞàäíØ Úì

S21

Ûîàåàß ØÙØåÜ àäÞ Ù×ØÝå ÞØïÝàÙÝÚäÜ Úä ÷ù� Ù×åØÜ×ÛÚçÞÜ ìÚå Ù×Ø ß ÝíåÚÜÙåÝî çÝäØ �Ûâ ØäÞ è� Ýæ é ö éêÿë é é é é é é é é é é é é êûûö éó ê ùÚçØÜ îÚÜÝÙÝÚä Ýä Ù×Ø íÚßîçØ�
z
Ûî çàäØ ìÚå à ß ÝíåÚÜÙåÝî çÝäØ �Ûâ ØäÞ è� Ýæ é ö éêÿë % íÝåíçØÜ ÞØäÚÙØ îÚçØÜ åØÜîÚäÞÝäæ ìÚå H̃U

21

àîîåÚ� ÛÝß àÙÝÚä % íåÚÜÜØÜ ÞØäÚÙØ îÚçØÜ åØÜîÚäÞÝäæ ìÚå H̃U
11

àîîåÚ� Ýß àÙÝÚä %ÜÚçÝÞ çÝäØ íÚååØÜîÚäÞÜ ÙÚ Ù×Ø ãäÝÙ íÝåíçØ é é é é é é é é é é é é é é é êûûö éóó � Ýß ØäÜÝÚäÜ Úì Ù×Ø øù! ÝßîØÞàäíØ ÙåàäÜÝÙÝÚä é é é é é é é é é é é êûÿö éóø ÷Ûîàåàß ØÙØåÜ ìÚå à øù! ÝßîØÞàäíØ ÙåàäÜÝÙÝÚä è� Ýæ é ö éóóë ÚâÛÙàÝäØÞ âá Ù×Ø ú� ÷ÛßÚÞØç � Öôõ àäÞ õ�� ÛÙØí×äÝ�ãØÜ é é é é é é é êûöö éóû ÷í×Øß àÙÝí ïÝØ¢ Úì Ù×Ø åØíÙàäæãçàå ß ÝíåÚÜÙåÝî îàÙí× àäÙØääà é é é é êû�ö éóÿ � ØÙãåä çÚÜÜ Úì Ù×Ø åØíÙàäæãçàå ß ÝíåÚÜÙåÝî îàÙí× àäÙØääà è� Ýæ é ö éóûë éêû$ö éóö '�ÙåàíÙØÞ ØÝæØäïàçãØÜ àîîåÚ� Ýß àÙÝäæ Ù×Ø åØíÙàäæãçàå ß ÝíåÚÜÙåÝîîàÙí× àäÙØääà è� Ýæ é ö éóûë Ýä Ù×Ø ìåØ�ãØäíá âàäÞ
0 − 20 GHz

é é é êÿ�



àßâ á[ [ ß3Ý!"â ê�ø
ö éó� '�ÙåàíÙØÞ ØÝæØäïàçãØÜ àîîåÚ� Ýß àÙÝäæ Ù×Ø åØíÙàäæãçàå ß ÝíåÚÜÙåÝîîàÙí× àäÙØääà è� Ýæ é ö éóûë Ýä Ù×Ø ìåØ�ãØäíá âàäÞ

0 − 20 GHz
¢ÝÙ×÷ù� #

40 dB
é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êÿ êö éó� ùÚçØ îÚÜÝÙÝÚä Ü Ýä Ù×Ø

z
Ûî çàäØ ìÚå Ù×Ø Ù×åØØ ßÚÞØçÜ ÚâÙàÝäØÞ âáùõ÷� ìÚå Ù×Ø ÝäîãÙ ÝßîØÞàäíØ Úì Ù×Ø îàÙí× àäÙØääà è� Ýæ é ö éóûëÝä Ù×Ø ìåØ�ãØäíá âàäÞ
0 − 20 GHz

é ô÷ ìÚå¢ é ß ØàäÜ ìÚå¢àåÞôØàÜÙ ÷�ãàåØ àçæÚåÝÙ×ß % ô÷ âàí� é ÞØäÚÙØÜ âàí�¢àåÞ ôØàÜÙ ÷�ãàåØàçæÚåÝÙ×ß % ùØäíÝç õ àÙåÝ� ÝÜ ùØäíÝç õ àÙåÝ� õØÙ×ÚÞ é é é é é é é é é êÿ êö éó$ ÷í×Øß àÙÝí ïÝØ¢ Úì à íãÙÚó ÛíÚãîçØÞ åØíÙàäæãçàå ÞÝØçØíÙåÝí åØÜÚäàÙÚå¢àïØæãÝÞØ $ çÙØå é é é é é é é é é é é é é é é é é é é é é é é é é é é é êÿóö éø� õàæäÝÙãÞØÜ Úì Ù×Ø
S21

Ûîàåàß ØÙØåÜ ìÚå Ù×Ø íãÙÚó ÛíÚãîçØÞ åØíÙàäÛæãçàå ÞÝØçØíÙåÝí åØÜÚäàÙÚå ¢àïØæãÝÞØ $ çÙØå è� Ýæ é ö éó$ë ¢ ÝÙ×
ld
#

26.4 mmàäÞ
la
#

26.1 mm
é øãåïØÜ àåØ íÚßîãÙØÞ âá Ù×Ø $äÝÙØÛØçØß ØäÙ ÞÝÛåØíÙ àäÞ ßÚÞàç ß ØÙ×ÚÞÜ � ¢×ÝçØ Ù×Ø íåÚÜÜØÜ àåØ ß ØàÜãåØÞ ÞàÙà(êø) é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êÿøö éø ê ÷Ûîàåàß ØÙØåÜ ìÚå Ù×Ø íãÙÚó ÛíÚãîçØÞ åØíÙàäæãçàå ÞÝØçØíÙåÝí åØÜÛÚäàÙÚå ¢àïØæãÝÞØ $ çÙØå è� Ýæ é ö éó$ë íàçíã çàÙØÞ âá Ù×Ø ÙÝß ØÛÞÚßàÝäÖôõ àäÞ õ�� ÛÙØí×äÝ�ãØÜ é é é é é é é é é é é é é é é é é é é é é é êÿûö éøó ùÚçØÛåØÜÝÞãØ ÞÝÜÙåÝâãÙÝÚä Úì Ù×Ø ïÚçÙàæØ ÙåàäÜìØå ìãäíÙÝÚä ìåÚßîÚåÙ ê ÙÚ îÚåÙ ó ìÚå Ù×Ø íãÙÚó ÛíÚãîçØÞ åØíÙàäæãçàå ÞÝØçØíÙåÝí åØÜÛÚäàÙÚå ¢àïØæãÝÞØ $ çÙØå è� Ýæ é ö éó$ ë Ýä Ù×Ø íÚßîçØ�

z
Ûî çàäØ � ø�ïÝØ¢ é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êÿÿö éøø ùÚçØÛåØÜÝÞãØ ÞÝÜÙåÝâãÙÝÚä Úì Ù×Ø ïÚçÙàæØ ÙåàäÜìØå ìãäíÙÝÚä ìåÚßîÚåÙ ê ÙÚ îÚåÙ ó ìÚå Ù×Ø íãÙÚó ÛíÚãîçØÞ åØíÙàäæãçàå ÞÝØçØíÙåÝí åØÜÛÚäàÙÚå ¢àïØæãÝÞØ $ çÙØå è� Ýæ é ö éó$ ë Ýä Ù×Ø íÚßîçØ�
z
Ûî çàäØ � ó�ïÝØ¢ é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êÿöö éøû ÷í×Øß àÙÝí ïÝØ¢ Úì à ÞÝåØíÙÛíÚãîçØÞ ìÚãåÛåØÜÚäàÙÚå

H
Ûî çàäØ ¢àïØæãÝÞØ$ çÙØå é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êÿ�ö éøÿ ' çØíÙåÝí $ØçÞ ÞÝÜÙåÝâãÙÝÚä Úì Ù×Ø ÞÝåØíÙÛíÚãîçØÞ ìÚãåÛåØÜÚäàÙÚå

H
Ûî çàäØ ¢àïØæãÝÞØ $ çÙØå è� Ýæ é ö éøûë àÙ 11 GHz

é é é é é é é é é é é é é êÿ�ö éøö '�ÙåàíÙØÞ ØÝæØäïàçãØÜ àîîåÚ� Ýß àÙÝäæ Ù×Ø ÞÝåØíÙÛíÚãîçØÞ ìÚãåÛåØÜÚäàÙÚå
H
Ûî çàäØ ¢àïØæãÝÞØ $ çÙØå è� Ýæ é ö éøûë Ýä Ù×Ø ìåØ�ãØäíá âàäÞ

10 − 12 GHz
éøÝåíçØÜ ÞØäÚÙØ ØÝæØäïàçãØÜ � ¢×ØåØàÜ Ù×Ø å×ÚßâãÜ ÞØäÚÙØÜ Ù×Ø Ø� ÛîàäÜÝÚä îÚÝäÙ

zshift

é é é é é é é é é é é é é é é é é é é é é é é é é é êÿ$ö éø� ÷Ûîàåàß ØÙØåÜ ìÚå Ù×Ø ÞÝåØíÙÛíÚãîçØÞ ìÚãåÛåØÜÚäàÙÚå
H
Ûî çàäØ ¢àïØæãÝÞØ$ çÙØå è� Ýæ é ö éøûë íÚßîãÙØÞ âá Ù×Ø ÙÝß ØÛÞÚßàÝä Öôõ àäÞ õ�� ÛÙØí×äÝ�ãØÜ é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êö êö éø� ÷Ûîàåàß ØÙØåÜ ìÚå Ù×Ø ÞÝåØíÙÛíÚãîçØÞ ìÚãåÛåØÜÚäàÙÚå

H
Ûî çàäØ ¢àïØæãÝÞØ$ çÙØå è� Ýæ é ö éøûë íÚßîãÙØÞ âá ßØàäÜ Úì ��÷÷ �àÜÙ �åØ�ãØäíá÷¢ØØî é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êöó



ê�û àßâ á[ [ ß3Ý!" â



ð ��� �ñ ½�& ���

ó éê ù åÚî ØåÙÝØÜ Úì Úî ØåàÙÚåÜ Ýä Öôõ é é é é é é é é é é é é é é é é é é é øÿó éó øÚßîàåÝÜÚä Úì Ù×Ø âÚ� àäÞ Üî×ØåØ ÞÚß àÝäÜ é é é é é é é é é é é é é ûÿó éø øÚßîàåÝÜÚä Úì �%ø àîîåÚ� Ýß àÙÝÚäÜ é é é é é é é é é é é é é é é é é ûÿ
ÿ éê øÚßîàåÝÜÚä Úì ��Ö� � ��Ö àäÞ ÖôõÛõ�� é é é é é é é é é é é é é êêøö éê øÚäïØåæØäíØ àäÞ íÚäÞÝÙÝÚä äãßâØåÜ Úì Ù×Ø �þ����� ØÝæØäïàçãØÜ é êóûö éó øÚäïØåæØäíØ Úì Ù×Ø �ü����� ØÝæØäïàçãØÜ é é é é é é é é é é é é é é êóûö éø øÚäÞÝÙÝÚä äãßâØåÜ Úì Ù×Ø �ü����� ØÝæØäïàçãØÜ é é é é é é é é é é êóÿö éû øÚßîàåÝÜÚä Úì ÜÝßãçàÙÝÚä àîîåÚàí×ØÜ ìÚå Ù×Ø ÝÞØàç ¢àïØæãÝÞØ åØÜÛÚäàÙÚå è� Ýæ é ö é�ë é é é é é é é é é é é é é é é é é é é é é é é é é é é é êøóö éÿ øÚßîàåÝÜÚä Úì ÜÝßãçàÙÝÚä àîîåÚàí×ØÜ ìÚå Ù×Ø ß ÝíåÚÜÙåÝî çÝäØ �Ûâ ØäÞ è� Ýæ é ö éêÿë é é é é é é é é é é é é é é é é é é é é é é é é é é é é êû�ö éö � Øî ØäÞàäíØ Úì Ù×Ø �Ûâ ØäÞ è� Ýæ é ö éêÿë ßÚÞØç1→2

ÚåÞØå àäÞ
S21

ÛÞØïÝàÙÝÚä Úä ÷ù� é é é é é é é é é é é é é é é é é é é é é é é é é é é êû êö é� � Øî ØäÞàäíØ Úì Ù×Ø �Ûâ ØäÞ è� Ýæ é ö éêÿë ßÚÞØç1→1
ÚåÞØå àäÞ

S11
ÛÞØïÝàÙÝÚä Úä ÷ù� é é é é é é é é é é é é é é é é é é é é é é é é é é é êûóö é� øÚßîàåÝÜÚä Úì ÜÝßãçàÙÝÚä àîîåÚàí×ØÜ ìÚå Ù×Ø ÝßîØÞàäíØ ÙåàäÜÝÛÙÝÚä è� Ýæ é ö éóóë é é é é é é é é é é é é é é é é é é é é é é é é é é é é é êû�ö é$ øÚßîàåÝÜÚä Úì ÜÝßãçàÙÝÚä àîîåÚàí×ØÜ ìÚå Ù×Ø ß ÝíåÚÜÙåÝî îàÙí×àäÙØääà è� Ýæ é ö éóûë é é é é é é é é é é é é é é é é é é é é é é é é é é êÿ�ö éê� øÚßîàåÝÜÚä Úì ÜÝßãçàÙÝÚä àîîåÚàí×ØÜ ìÚå Ù×Ø íãÙÚó ÛíÚãîçØÞ ÞÝÛØçØíÙåÝí $ çÙØå è� Ýæ é ö éó$ë é é é é é é é é é é é é é é é é é é é é é é é é êÿÿö éêê øÚßîàåÝÜÚä Úì ÜÝßãçàÙÝÚä àîîåÚàí×ØÜ ìÚå Ù×Ø ÞÝåØíÙÛíÚãîçØÞ

H
Ûî çàäØ $ çÙØå è� Ýæ é ö éøûë é é é é é é é é é é é é é é é é é é é é é é é é é êÿ$

ê�ÿ
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l �& ���Ã��� ¾)

(ê) õ é ú ÝÞàß é m¦nª©ª£op¦©ª¤q ¥§ or ª£³ µ·ª§ s¬¤ ¹ ª¤ª¯³§¬§¨ ª©ª¯£¤µ® ¦¨§ª£¥°o¯³ ª¤ t ª©·ª¤ ¥® u ª¥£»ª¤ª¥¯³ é v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø úäÝïØåÜÝÙwÙ õ xäí×Øä �ê$$$ é
(ó) õ é ú ÝÞàß àäÞ v é �ãÜÜØå é �ØåÝïàÙÝÚä Úì Ù×Ø ÙåàäÜß ÝÜÜÝÚä çÝäØ ß àÙåÝ�ßØÙ×ÚÞ âá $äÝÙØ ÝäÙØæåàÙÝÚä é yz { |§£} ~ } z ©ª¯£¤µ§ } ²µ®®¬§ � ÿêèêë ��ÿ��$ ��àäãàåá ê$$� é
(� ) % é � é � é úäÞØåÜÚä àäÞ ÷ é pÚäæîàäÝÙçØåÞ é � ª£� µ¤q y§¦©°¥° ¦§· �§£³ ª°¥°é

v åØäÙÝíØ �àçç � ùØ¢ �ØåÜØá� ê$�� é(û) ú é ø é úäÙÚãçàÜ àäÞ � é ø é ÷ÚåØäÜØä é v åÚq ØíÙÝÚä ß ØÙ×ÚÞÜ ìÚå âàçàäíØÞßÚÞØç åØÞãíÙÝÚä é �ª¯³§¥¯¦© � ª± µ¤£ z ²z o²yyr � ª± £° }� � ¥¯ª �§¥nª¤°¥£ �÷ØîÙØßâØå ó��� é � ÝíØ �äÝïØåÜÝÙá � �ÚãÜÙÚä � Ö� é
(ÿ) � é úåäÞÙ � p é øàÙÝäà � àäÞ � é % åàäÞÙ é � çØ� Ýâ çØ ×áâåÝÞ õõ �õÚõ ÙØí×ÛäÝ�ãØ ìÚå Ù×Ø øú� àäÞ ÚîÙÝß Ý�àÙÝÚä Úì àåâ ÝÙåàåÝçá Ü×àîØÞ �Û� ¢àïØæãÝÞØíÚßîÚäØäÙÜ é � ¤µ¯ } ��£³ z ¬¤µ± ª¦§ r ¥¯¤µ� ¦nª ²µ§� ª¤ª§¯ª� r ¬§¥¯³ � îàæØÜ�û���ûö � �íÙÚâ Øå ó��� é
(ö) % é %àÞØå àäÞ v é �ãÜÜØå é Ö×Ø àçÙØåäàÙÝäæ ÙåàäÜß ÝÜÜÝÚä çÝäØ ß àÙåÝ� úÖôõÜí×Øß Ø é ���� |§£ } r ¥¯¤µ� ¦nª �®±µ°¥¬® � ¥¨ ª°£� �¤©¦§·µ� îàæØÜ ê$� óó �ê$$ÿ é
(�) � é %àÝ � � é � ØßßØç � � é �Úäæàååà � ú é �ã×Ø � àäÞ � é ïàä ÞØå pÚåÜÙ é �ª®± ©¦£ª°

� µ¤ £³ ª �µ©¬£¥µ§ µ� y ©¨ ª»¤¦¥¯ z ¥¨ ª§n¦©¬ª � ¤µ»©ª® ° � y � ¤¦¯£¥¯¦© p¬¥·ªé÷�úõ � v×ÝçàÞØçî×Ýà � ó��� é(� ) � é %àååØÙÙ � õ é %Øååá � Ö é � é ø×àä � � é � ØßßØç � � é �ÚäàÙÚ � � é �Úäæàååà �p é ' Ýq�×ÚãÙ � � é vÚ�Ú � ø é �Úß ÝäØ � àäÞ � é pàä ÞØå pÚåÜÙ é �ª®± ©¦£ª° � µ¤£³ ª �µ©¬£¥µ§ µ� � ¥§ª¦¤ �°£ª®° � ¹¬¥©·¥§¨ ¹ ©µ¯q° � µ¤ | £ª¤¦£¥nª r ª£³ µ·°�
�§· z ·¥£¥µ§ é ÷�úõ � v×ÝçàÞØçî×Ýà � vú � ê$$û é($ ) � é % åàí�Øä � p é �àæ×àïàä � àäÞ � é �Ú×åØå é �äÙØåíÚääØíÙ ÜÝßãçàÙÝÚä ¢ ÝÙ×
ú!' é |zzz �¤¦§° } ²¥¤¯¬¥£° ¦§· �°£ª®° � �$ èêêë ��ö$���� � ùÚïØßâØåê$$ó é

(ê�) � é % åàí�Øä � � é ÷ãä � àäÞ � é øØäÞØÜ é ÷ÛÞÚßàÝä ß ØÙ×ÚÞÜ ìÚå ÜÝßãçÙàäØÚãÜÙÝß Ø àäÞ ìåØ�ãØäíá í×àåàíÙØåÝ�àÙÝÚä Úì ØçØíÙåÚß àæäØÙÝí ÞØïÝíØÜ é |zzz
�¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûö è$ ë �êó��� êó$� � ÷ØîÙØßâØå ê$$� é

(êê) � é ' é % åàí�Øä àäÞ � é � é øØäÞØÜ é ú ÜáßîÙÚÙÝí ¢àïØìÚåß ØïàçãàÙÝÚä ìÚåÜÛÞÚß àÝä ÜÚçãÙÝÚä Úì ØçØíÙåÚß àæäØÙÝí ÞØïÝíØÜ é |zzz �¤¦§° } r ¦¨§ª£¥¯° ��û èÿë ��ó�ó � �ó�ÿ � ÷ØîÙØßâØå ê$$� é
ê�$



ê�� ���K��3!'�� �
�êó� � é   é % åàí�Øä � � é ¡ é ÷ãä � àäÞ � é � é øØäÞØÜ é ÷ÛÞÚßàÝä ß ØÙ×ÚÞÜ ìÚå ÜÝßãçÛÙàäØÚãÜ ÙÝß Ø àäÞ ìåØ�ãØäíá í×àåàíÙØåÝ�àÙÝÚä Úì ØçØíÙåÚß àæäØÙÝí ÞØïÝíØÜ é|zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûö �êó��� êó$� � ÷ØîÙØßâØå ê$$� é
�ê�� � é % åàãØå àäÞ � é ø é ôÝ�àçØ� é õ ÝíåÚ¢àïØ ¢ çÙØå àäàçáÜÝÜ ã ÜÝäæ à äØ¢ �Û�¢äÝÙØÛØçØß ØäÙ ßÚÞàç ìåØ�ãØäíá ß ØÙ×ÚÞ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤

�ª¯³§ }� ûÿ èÿë �� ê��� ê� � õàá ê$$� é
�êû � ú é øàäæØççàåÝÜ � õ é øØçÝ� � ÷ é vàÜ×à � àäÞ ô é �×àÚ é   çØíÙåÚß àæäØÙÝí ß ÚÞØçÚåÞØå åØÞãíÙÝÚä ìÚå ÜáÜÙØß çØïØç ß ÚÞØçÝäæ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤

�ª¯³§ }� û� ��û���ÿ� � �ãäØ ê$$$ é
�êÿ� ú é øàäæØççàåÝÜ � ÷ é vàÜ×à � ÷ é v åÝäíØ � àäÞ õ é øØçÝ� é ú äØ¢ ÞÝÜíåØÙØ ÙåàäÜß ÝÜÛÜÝÚä çÝäØ ßÚÞØç ìÚå îàÜÜÝïØ ßÚÞØç ÚåÞØå åØÞãíÙÝÚä àäÞ ß àíåÚßÚÞØçÝäæ Úì×Ýæ×ÛÜî ØØÞ ÝäÙØåíÚääØíÙÝÚäÜ é |zzz �¤¦§° } y·n¦§¯ª· � ¦¯q ¦¨ ¥§¨ � óó èóë ��ÿö� �öû � úãæãÜÙ ê$$$ é
�êö� ú é øàäæØççàåÝÜ àäÞ � é �×àÚ é � àîÝÞ ��Ö� ÜÝßãçàÙÝÚä ¢ ÝÙ×ÚãÙ ÙÝß Ø ÜÙØîÛîÝäæ é |zzz r ¥¯¤µ� ¦nª y§· p¬¥·ª·o m¦nª �ª££ª¤° � $ èêë �û�ö � �àäãàåá ê$$$ é
�ê�� � é � é øØäÞØÜ é ú íÚßîàåÝÜÚä Úì ìàÜÙ ìåØ�ãØäíá Ü¢ØØî àäÞ ÙåàäÜÝØäÙ ßÚÞØçÚåÞØå åØÞãíÙÝÚä àçæÚåÝÙ×ß Ü é �££¤ |§£} r ¥¯¤µ� ¦nª �®±µ°¥¬® mµ¤q°³ µ±

� ¥¨ ª°£� �ãäØ ó��û é
�ê�� � é ø×Øä àäÞ ÷ é õ é ¡ àäæ é úä àçæÚåÝÙ×ß ìÚå àãÙÚß àÙÝí ßÚÞØçÛÚåÞØå åØÛÞãíÙÝÚä Úì äÚäçÝäØàå õ õ÷ ÞØïÝíØÜ é |zzz |§£ª¤§¦£¥µ§¦© �®±µ°¥¬® µ§²¥¤¯¬¥£° ¦§· �°£ª® ° � ó �ûûÿ � ûû� � õàá ó��� é
�ê$� � é ø×Øä � ÷ é õ é ¡ àäæ � � é �Úã � ø é ôÝã � àäÞ � é   é ÷í×ãÙÙÛú ÝäØ é � ØÞãíØÞÛÚåÞØåßÚÞØçÝäæ Úì ¢Øà� çá äÚäçÝäØàå õ õ÷ ÞØïÝíØÜ ¢ ÝÙ× ÖàáçÚåÛÜØåÝØÜ Ø�îàäÛÜÝÚä àäÞ úåäÚçÞÝ àîîåÚàí× é ~µ¬¤§¦© µ� r ¥¯¤µª©ª¯£¤µ® ª¯³ ¦§¥¯¦© �°£ª®° �ê� è�ë �ûû ê � ûÿ ê � �ãäØ ó��û é
�ó�� � é ø×Øä � õ é ùØá� àäÞ ¥ é �ÚØìØå é ú äØ¢ ¢äÝÙØÛÞÝ¦ØåØäíØ ÙÝß ØÛÞÚßàÝäìÚåßãçàÙÝÚä àäÞ ÝÙÜ Ø�ãÝïàçØäíØ ¢ ÝÙ× Ù×Ø Öôõ ÜáßßØÙåÝíàç íÚäÞØäÜØÞäÚÞØ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� �$ èêóë �ó êö��óêö$ � � ØíØß ÛâØå ê$$ êé
�ó ê� � é ø×Øä � õ é ùØá � àäÞ ¥ é �ÚØìØå é úâÜÚåâÝäæ àäÞ íÚääØíÙÝäæ âÚãäÞàåáíÚäÞÝÙÝÚäÜ ìÚå Ù×Ø Öôõ ßØÙ×ÚÞ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }�û êèêêë �ó� êö�ó�óû � ùÚïØßâØå ê$$� é
�óó�   é ø×ÝîåÚãÙ àäÞ õ é ÷ é ùà�×çà é y °®± £µ£¥¯ m¦nª� µ¤® zn¦©¬¦£¥µ§ ¦§· r µo®ª§£ r ¦£¯³ ¥§¨ � µ¤ |§£ª¤¯µ§§ª¯£ y§¦©°¥°é ¡ çã¢Øå úíàÞØß Ýí vãâçÝÜ×ØåÜ �ùÚå¢Øçç � õú � ê$$û é
�ó�� ø é ø×åÝÜÙÚîÚãçÚÜ é �³ ª �¤¦§°® ¥°°¥µ§ o� ¥§ª r µ·ª©¥§¨ r ª£³ µ· � ��r é �   v åØÜÜ � v ÝÜíàÙà¢àá � ù� � ê$$ÿ é
�óû � p é ø×Ùí×Ø�àÙÚãåÚï � � é øÚ ííØÙÙÝ � àäÞ v é �ãÜÜØå é � ÝåØíÙ § Ûîàåàß ØÙØåÜØÜÙÝß àÙÝÚä Úì ß ÝíåÚ¢àïØ ÜÙåãíÙãåØÜ ãÜÝäæ Öôõ ÜÝßãçàÙÝÚä àäÞ v åÚäá ¨ÜßØÙ×ÚÞ é � ¤µ¯ } � ©£³ y§§¬¦© � ªn ¥ª� µ� � ¤µ¨ ¤ª°° ¥§ y±± ©¥ª· ²µ®± ¬£¦£¥µ§¦©

z ©ª¯£¤µ® ¦¨§ª£¥¯°� r µ§£ª¤ª � îàæØÜ ÿ��� ÿ�ö � õàá ó�� êé



���K��3!'�� � ê� ê
�óÿ� p é ø×Ùí×Ø�àÙÚãåÚï � ¥ é � ÝÜí× � � é øÚ ííØÙÙÝ � àäÞ v é �ãÜÜØå é �ãççÛ¢àïØ àäàçáÛÜÝÜ àäÞ ßÚÞØçÛâàÜØÞ îàåàß ØÙØå ØÜÙÝß àÙÝÚä àîîåÚàí×ØÜ ìÚå ÷Û àäÞ § Û ß àÛÙåÝ� íÚßîãÙàÙÝÚä Úì ß ÝíåÚ¢àïØ ÞÝÜÙåÝâãÙØÞ íÝåíãÝÙÜ é �££� |§£ } r ¥¯¤µ� ¦nª

�®±µ°¥¬® � ¥¨ ª°£� �³ µª§¥ª � îàæØÜ ê���� ê�û� � �ãäØ ó�� êé
�óö� ô é � é ø×ã é v×áÜÝíàç çÝß ÝÙàÙÝÚäÜ Úì ÚßäÝ�ÞÝåØíÙÝÚäàç àäÙØääàÜ é ~} y±± ©¥ª·�³°¥¯° � îàæØÜ êêö�� êê�ÿ � �ØíØßâØå ê$û� é
�ó�� � é øÚ ííØÙÙÝ é y±± ©¥¯¦£¥µ§ µ� �°£ª® |·ª§£¥« ¯¦£¥µ§ ¬�| £µ t¬© ©o m¦nª

�¥® ª � µ® ¦¥§ ²³¦¤¦¯£ª¤¥s¦£¥µ§ µ� r ¥¯¤µ� ¦nª ¦§· r ¥© ©¥® ª£ª¤m¦nª � ¦°o°¥nª � £¤¬¯£¬¤ª°é v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø �äÝïØåÜÝÙwÙ õ xäí×Øä � ó��û é
�ó�� � é   é øÚççÝä é t ¥ª©· �³ ªµ¤ µ� p¬¥·ª· m¦nª°é �    øÚßîãÙØå ÷Ú íÝØÙáv åØÜÜ � ÜØíÚäÞ ØÞÝÙÝÚä � ê$$� é
�ó$� � é   é øÚççÝä é tµ¬§·¦£¥µ§° � µ¤ r ¥¯¤µ� ¦nª z§¨ ¥§ ªª¤¥§¨ é õ íÛ� åà¢ � Ýçç �ÜØíÚäÞ ØÞÝÙÝÚä � ê$$ó é
���� p é øåÝäÚ � õ é õÚäæÝàåÞÚ � àäÞ ø é ÖÚß àÜÜÚäÝ é  ® íÝØäÙ øú� Úì íçàÜÜ Úì¢àïØæãÝÞØ ÞÝÜíÚäÙÝäãÝÙÝØÜ ïÝà ×áâåÝÞ � Ýä ÝÙØÛ  çØß ØäÙ¯õÚÞØÛõ àÙí×Ýäæ àäÞßÚÞÝ¢ØÞ ÖåàäÜïØåÜØÛ�ØÜÚäàäíØ úäàçáÜÝÜ é �££� |§£} r ¥¯¤µ� ¦nª �®±µo°¥¬® � ¥¨ ª°£� �³ ¥©¦·ª©± ³ ¥¦ � îàæØÜ êóó�� êóóö � ó��� é
�� ê� � é ¡ é øãççãß é úåäÚçÞÝ ïØåÜãÜ äÚäÜáßßØÙåÝí ôàäí�ÚÜ àçæÚåÝÙ×ß Ü ìÚå ÜÚçïÝäæäÚäÜáßßØÙåÝí ß àÙåÝ� ØÝæØäïàçãØ îåÚâçØß Ü é �ª¯³§¥¯¦© ¤ª± µ¤£ �� o��o������ o��©°� ê � ê$$ö é �äÝïØåÜÝÙá Úì õ àåáçàäÞ � �÷ú é
��ó� � é ¡ é øãççãß àäÞ � é ú é ¥ ÝççÚãæ×âáé �¦§¯sµ° y ©¨ µ¤¥£³® ° � µ¤ �¦¤¨ ª �® o®ª£¤¥¯ z ¥¨ ª§n¦©¬ª ²µ®± ¬£¦£¥µ§°� ±µ©}� �³ ªµ¤é v åÚæåØÜÜ Ýä ÷íÝØäÙÝ¢íøÚßîãÙÝäæ é % Ýå�×wÜØå � %ÚÜÙÚä � %àÜØç � ÷ÙãÙÙæàåÙ � ê$�ÿ é
���� � é �àáé úä Ø® íÝØäÙ ÝßîçØß ØäÙàÙÝÚä Úì Ù×Ø äÚäÜáßßØÙåÝí ôàäí�ÚÜ àçæÚÛåÝÙ×ß é �|yr ~} r ¦£¤¥ª y§¦©} y±± ©}� ê� è�ë �ÿöö�ÿ�$ � �ãçá ê$$� é
��û � % é v é �Øß ÝÞÚïÝí× àäÞ � é ú é õ àåÚä é ¹ ¦°¥¯° µ� §¬® ª¤¥¯¦© ® ¦£³ ª® ¦£¥¯°é÷íÝØäíØ � õÚÜíÚ¢ � ê$�� é
��ÿ� % é � ØäØí�Øå � � é � çá ÜçàæØå � ô é ¡äÚí�àØåÙ � àäÞ � é �Ø �ãÙÙØå é �ØäØåàÙÝÚäÚì ��Ö� Üãâ íØçç Ø�ãàÙÝÚäÜ âá ßØàäÜ Úì åØÞãíØÞÛÚåÞØå ßÚÞØççÝäæ é |zzz�¤¦§° } y§£ª§§¦° ¦§· � ¤µ± ¦¨ ¦£¥µ§ � ÿ êè� ë �ê��ö� ê� ê� � úãæãÜÙ ó��� é
��ö� ú é �ÚãäàïÝÜ �   é �àÞ � � é úí×àå � àäÞ õ é ùà�×çà é vàÜÜÝïØ ßÚÞØçÛåØÞãíÙÝÚäÚì ÞÝÜÙåÝâãÙØÞ äØÙ¢Úå� Ü ¢ ÝÙ× ìåØ�ãØäíáÛÞØî ØäÞØäÙ îàåàß ØÙØåÜ é �£££ |§£}r ¥¯¤µ� ¦nª �®± µ°¥¬® � ¥¨ ª°£� ¹ µ°£µ§ � � �ê��$� ê�$ó � �ãäØ ó��� é
���� ¥ é � åØÜÜØç é �¬»¨ ¤¥··¥§¨ ¥§ £³ ª ��r ® ª£³ µ·é v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø�äÝïØåÜÝÙwÙ õ xäí×Øä � ó��ÿ é
���� � é �ãâàåÞ àäÞ � é vÚßîØÝ é ÷ÝßãçàÙÝÚä Úì %ØåØäæØå ¨Ü î ØåìØíÙçá ß àÙí×ØÞçàáØå ¢ ÝÙ× à ßÚÞÝ¢ØÞ Öôõ äÚÞØ é |zzz �¤¦§° } y§£ª§§¦° ¦§· � ¤µ± ¦¨ ¦£¥µ§ �êûû è� ë �ó�ÿ�ó�� � õàåí× ê$$� é
��$� Ö é   åÝíÜÜÚä àäÞ ú é �ã×Ø é Ö×Ø Üî ØíÙåàç ÙåàäÜìÚåß àÙÝÚä ôàäí�ÚÜ ß ØÙ×ÚÞìÚå Ù×Ø äãßØåÝíàç ÜÚçãÙÝÚä Úì çàåæØ ÜîàåÜØ æØäØåàçÝ�ØÞ ÜáßßØÙåÝí ØÝæØäïàçãØîåÚâçØß Ü é r ¦£³ } ²µ®± }� �ÿ �êóÿê� êóö� � ê$�� é



ê�ó ���K��²!'�� �
�û�� ø é   Ü¢àåàîîà àäÞ ¥ é �ÚØìØå é �ßîçØß ØäÙàÙÝÚä Úì %ØåØäæØå àâÜÚåâÝäæâÚãäÞàåá íÚäÞÝÙÝÚäÜ Ýä Öôõ âá ÝäÙØåìàíÝäæ ��Ö� îØåìØíÙçá ß àÙí×ØÞ çàáÛØåÜ é z ©ª¯£¤µ§ } �ª££ }� � êèêÿë �êóöû� êóöö � ê$$ÿ é
�û ê� v é �ØçÞß àä àäÞ � é ¥ é �åØãäÞ é  ® íÝØäÙ çÝäØàå íÝåíãÝÙ àäàçáÜÝÜ âá vàÞwàîîåÚ� Ýß àÙÝÚä ïÝà Ù×Ø ôàäí�ÚÜ àçæÚåÙÝ×ß é |zzz �¤¦§° } ²µ®± ¬£ª¤oy ¥·ª·

� ª°¥¨§ � êû �ö�$�öû$ � ê$$ÿ é
�ûó� ô é % é �ØçÜØä àäÞ ù é õ àåíãïÝÙ� é � ¦·¥¦£¥µ§ ¦§· � ¯¦££ª¤¥§¨ µ� m¦nª°é �   v åØÜÜ � v ÝÜíàÙà¢àá � ù� � ÜØíÚäÞ ØÞÝÙÝÚä � ê$$û é
�û�� � é ¥ é �åØãäÞ é ¡ åáçÚïÛÜãâÜîàíØ ß ØÙ×ÚÞÜ ìÚå åØÞãíØÞÛÚåÞØå ßÚÞØççÝäæ ÝäíÝåíãÝÙ ÜÝßãçàÙÝÚä é � ¬® ª¤¥¯¦© y§¦©°¥° r ¦§¬°¯¤¥± £ � µ } ��o�o� ©� ùÚïØßâØåê$$$ é %Øçç ôàâÜ � õãååàá � Ýçç � ù� � � ÷ú é
�ûû � � é¥ é �åØãäÞ � õ é � é �ãÙ�äØí×Ù � àäÞ ù é õ é ùàí×ÙÝæàç é úä ÝßîçØß ØäÙàÙÝÚäÚì Ù×Ø çÚ Ú�Ûà×ØàÞ ôàäí�ÚÜ àçæÚåÝÙ×ß ìÚå äÚäÛ×Øåß ÝÙÝàä ß àÙåÝíØÜ é �ª¯³§¥¯¦©¤ª± µ¤£ � µ } ��o£�� úîåÝç ê$$ êé ��úø÷ � ùú÷ú úßØÜ �ØÜØàåí× øØäÙØå �õ�¦ØÙ � ÝØçÞ � øú é
�ûÿ� � é ¥ é �åØãäÞ àäÞ ù é õ é ùàí×ÙÝæàç é ÷ÚìÙ¢àåØ ìÚå ÜÝßîçÝ¢ØÞ ôàäí�ÚÜ àäÞvõ� àçæÚåÝÙ×ß Ü é y±± ©} � ¬® ª¤ } r ¦£³ }� ê$ �� ê$��û ê � ê$$ÿ é úÖ³%Øçç ôàâÛÚåàÙÚåÝØÜ � õãååàá � Ýçç � ù� é
�ûö� � é ¥ é �åØãäÞ àäÞ Ö é ÷�ØÙÚ é ú ÙåàäÜîÚÜØÛìåØØ �ãàÜÝÛß Ýä Ýß àç åØÜÝÞãàçÜ�ãàåØÞ àçæÚåÝÙ×ß ìÚå äÚäÛ� Øåß ÝÙÝàä ÝäÞØ¢äÝÙØ çÝäØàå ÜáÜÙØß Ü é y ·n¦§¯ª°¥§ ²µ®± ¬£ª¤ r ª£³ µ·° � µ¤ � ¦¤£¥¦© � ¥́ ª¤ª§£¥¦© z «¬¦£¥µ§° o ±||� |ry ²��îàæØÜ óÿ�� óöû � ê$$ó é ùØ¢ % åãäÜ¢ Ýí� � øú é
�û�� � é ¥ é �åØãäÞ àäÞ � é �×à é ÷ÝßîçÝ¢ íàÙÝÚäÜ Úì Ù×Ø äÚäÜáßßØÙåÝí ôàäí�ÚÜîåÚ íØÜÜ àäÞ à äØ¢ àçæÚåÝÙ×ß ìÚå � Øåß ÝÙÝàä ÝäÞØ¢äÝÙØ çÝäØàå ÜáÜÙØß Ü é � ¬o®ª¤¥¯¦© y§¦©°¥° r ¦§¬°¯¤¥± £� ê$$ÿ é úÖ³%Øçç ôàâÚåàÙÚåÝØÜ � õãååàá � Ýçç �ù� é
�û�� � é � é �Úçãâ àäÞ ø é pàä ôÚàä é r ¦£¤¥ª ¯µ®± ¬£¦£¥µ§ é Ö×Ø �Ú×ä �Úî� ÝäÜ

�äÝïØåÜÝÙá v åØÜÜ � %àçÙÝßÚåØ � Ù× ÝåÞ ØÞÝÙÝÚä � ê$$ö é
�û$� � é � é �àååÝäæÙÚä é �¥® ª º ¦¤® µ§¥¯ z ©ª¯£¤µ® ¦¨§ª£¥¯ t ¥ª©·°é õ í� åà¢Û� Ýçç �ùØ¢ §Úå� � ¢ åÜÙ ØÞÝÙÝÚä � ê$ö êé
�ÿ�� ÷ é �ØÝä é øÚäÜÝÜÙØäÙ ¢äÝÙØÛÞÝ¦ØåØäíØ ßÚÞØçÝäæ Úì õ à�¢Øçç ¨Ü Ø�ãàÙÝÚäÜ ¢ ÝÙ×çÚÜÜá ÜáßßØÙåÝíàç íÚäÞØäÜØÞ Öôõ äÚÞØ é |§£ } ~ } � ¬® } r µ· }� ö �ó���óó� �ê$$� é
�ÿ ê� ÷ é �ØÝä é � Ýä ÝÙØÛÞÝ¦ØåØäíØ ÙÝß ØÛÞÚß àÝä àîîåÚ� Ýß àÙÝÚä Úì õ à�¢Øçç ¨Ü Ø�ãàÛÙÝÚäÜ ¢ ÝÙ× äÚäÚåÙ×ÚæÚäàç íÚäÞØäÜØÞ Öôõ ßØÜ× é |§£ } ~ } � ¬® } r µ· }�� �ê�$� ê�� � ê$$û é
�ÿó� ÷ é �ØÝä é Öôõ äãßØåÝíàç ÜÚçãÙÝÚä Úì âçÚ í× ¨Ü Ø�ãàÙÝÚäÜ ìÚå ßàæäØÙÝ�ØÞæáåÚÙåÚîÝí ß ØÞÝà é y±± ©} r ¦£³ } r µ· }� óê �óóê�óó$ � ê$$� é
�ÿ�� � é �ØçÞØäØå � � é ¡µåäØå � ú é õ ÝÙí×Øçç � õ é ÷í×¢ØåÞ � àäÞ � é ÷ØÝÞØç é øÚßîàåÛÝÜÚä Úì íÚîîØå Þàß àÜíØäØ àäÞ àçãß Ýäãß ��  ßØÙàççÝ�àÙÝÚä Ýä % Ýøõ�÷ÙØí×äÚçÚæáé � ¤µ¯ } µ� £³ ª r ¦£ª¤¥¦©° � µ¤ y·n¦§¯ª· r ª£¦©¥s¦£¥µ§ ²µ§� ª¤ª§¯ª�õàåí× ó��� é ÷ÙåØÜà � �Ùàçáé



���K��²!'�� � ê��
�ÿû � � é �ØååÝäæ é � ªnª©µ±® ª§£° µ§ £³ ª �¤¦§°® ¥°°¥µ§ o� ¥§ ª r µ·ª© ©¥§¨ r ª£³ µ· � µ¤

z ©ª¯£¤µ® ¦¨§ª£¥¯ ²µ®±¦£¥»¥©¥£ � £¬·¥ª°é v×� Ù×ØÜÝÜ � �äÝïØåÜÝÙá Úì ùÚÙÙÝäæÛ×àß � ê$$� é
�ÿÿ� � é � ØååÝäæ àäÞ ø é ø×åÝÜÙÚîÚãçÚÜ é ÷ÚçïÝäæ ØçØíÙåÚßàæäØÙÝí îåÚâçØß Ü ãÜÝäæßãçÙÝî çØ æåÝÞ ÙåàäÜß ÝÜÜÝÚä çÝäØ ßÚÞØçÝäæ ßØÙ×ÚÞ é |zzz �¤¦§° } y§£ª§§¦°¦§· � ¤µ± ¦¨ ¦£¥µ§ � ûó èêóë �êöÿû� êöÿ� � �ØíØßâØå ê$$û é
�ÿö� ¥ é � é � é �ÚØìØå é Ö×Ø ÙåàäÜß ÝÜÜÝÚä çÝäØ ß àÙåÝ� èÖôõ ë ßØÙ×ÚÞ é �ä Ö é �ÙÚ× �ØÞÝÙÚå � � ¬® ª¤¥¯¦© �ª¯³§¥«¬ª° � µ¤ r ¥¯¤µ� ¦nª ¦§· r ¥© ©¥® ª£ª¤ m¦nª � ¦°°¥nª

� £¤¬¯£¬¤ª° � îàæØÜ û$ö�ÿ$ êé �Ú×ä ¥ ÝçØá ³ ÷ÚäÜ � ùØ¢ §Úå� � ê$�$ é
�ÿ�� § é �ãà àäÞ Ö é¡ é ÷àå�àå é �ãåÙ×Øå àäàçáÜÝÜ Úì Ù×åØØ ßÚÞØåä ÙØí×äÝ�ãØÜ ìÚåîÚçØ åØÙåÝØïàç ìåÚß ÞàÙà ÜØ�ãØäíØ é ¥§ � ¤µ¯ }

30th
r ¥·� ª°£ �®± } ²¥¤¯¬¥£°�°£}� �¤¦¯¬°ª� � ¶� úãæãÜÙ ê$�� é

�ÿ�� % é �ÜØçØ àäÞ v é �ãÜÜØå é �ßîåÚïØÞ Ü� Ýä Ø¦ØíÙ ßÚÞØç Ýä Öôõ é ²�r� �ryp�ê$$� é
�ÿ$� � é � Ýä àäÞ � é pà×çÞÝØí� é Ö×Ø ìåØ�ãØäíáÛÞÚßàÝä Öôõ ßØÙ×ÚÞ é |zzz

�¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûó èêóë �óÿÿû�óÿö ê � � ØíØßâØå ê$$û é
�ö�� v é % é �Ú×äÜ é ú ÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØ ìÚå Ù×Ø Öôõ ßØÙ×ÚÞ é |zzz�¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� �ÿ èû ë �������� � úîåÝç ê$�� é
�ö ê� � é ú é %à�Øå �å é àäÞ v é � åàïØÜÛõÚååÝÜ é � ¦·· y±± ¤µª ¥® ¦§£°é øàßâåÝÞæØ

�äÝïØåÜÝÙá v åØÜÜ � ùØ¢ §Úå� � ù§ � ÜØíÚäÞ ØÞÝÙÝÚä � ê$$ö é
�öó� � é ¡ ØÜÜçØå é �§£ª¤°¬¯³¬§¨ ³ µ¯³ £ª®± ª¤¦£¬¤°¬± ¤¦©ª¥£ª§·ª¤ ± ©¦§¦¤ª¤ mª© ©ª§ o©ª¥£ª¤ ® ¥££ª©° � ¦¤£¥¦©� ª© ©ª§°§£³ ª°ªé v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø �äÝïØåÜÝÙwÙõ xäí×Øä � ê$$ó é
�ö�� � é ¡ ØÜÜçØå � � é � Ýçç � àäÞ v é �ãÜÜØå é � ÝØ çÞ Ù×ØÚåá ÝäïØÜÙÝæàÙÝÚä Úì ×Ýæ×ÙÛ

TcÜãî ØåíÚäÞãíÙÝäæ íÚîçàäàå ¢àïØæãÝÞØ ÙåàäÜß ÝÜÜÝÚä çÝäØÜ àäÞ åØÜÚäàÙÚåÜ é|zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� �$ è$ ë �êÿöö� êÿ�û � ÷ØîÙØßâØåê$$ êé
�öû � ¡ é ¡ åÚ×äØ àäÞ � é pà×çÞÝØí� é ú ìàÜÙ ¢ çÙØå ÚîÙÝß Ý�àÙÝÚä Üí×Øß Ø âàÜØÞÚä ßÚÞØç ÚåÞØå åØÞãíÙÝÚä é �££¤ |§£ } r ¥¯¤µ� ¦nª �®±µ°¥¬® � ¥¨ ª°£� tµ¤£

mµ¤£³ � îàæØÜ óê�óû � �ãäØ ó��û é
�öÿ� õ é ¡ åãßî×Úç� é {»ª¤ ·¥ª p¤¬§· ©¦¨ ª§ ·ª¤ ��r or ª£³ µ·ªé v×� Ù×ØÜÝÜ �ÖØí×äÝÜí×Ø �äÝïØåÙÝÙwÙ õ xäí×Øä � ê$$û é
�öö� õ é ¡ åãßî×Úç� � % é %àÞØå � àäÞ v é �ãÜÜØå é �ä Ù×Ø Ù×ØÚåá Úì Ù×Ø ÞÝÜíåØÙØÖôõ æåØØä ¨Ü ìãäíÙÝÚäÜ Ýä Ù×åØØÛÞÝßØäÜÝÚäàç Ùçß é |zzz �¤¦§° } r ¥¯¤µ� ¦nª

�³ ªµ¤ �ª¯³§ }� û� è�ë �êû�ó� êû�� � �ãçá ê$$ÿ é
�ö�� õ é ¡ åãßî×Úç� àäÞ v é �ãÜÜØå é ú ¢ØçÞ Ù×ØÚåØÙÝíàç ÞØåÝïàÙÝÚä Úì Öôõ é |zzz

�¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûó è$ ë �êöö�� êöö� � ÷ØîÙØßâØå ê$$û é
�ö�� ô é ¡ãçàÜ àäÞ õ é õ åÚ�Ú¢ Ü� Ý é ú ÜÝßîçØ ×Ýæ×Ûàííãåàíá ÜãâæåÝÞÞÝäæ Üí×Øß Ø é� ¤µ¯ } ��£³ z ¬¤µ± ª¦§ r ¥¯¤µ� ¦nª ²µ§� ª¤ª§¯ª� r ¬§¥¯³ � îàæØÜ �û���ÿ� � �íÛÙÚâ Øå ó��� é



ê�û ���K��²!'�� �
�ö$� ô é ¡ãçàÜ àäÞ õ é õ åÚ�Ú¢ Ü� Ý é §ØØ ¨Ü ß àíåÚ íØççÜ Ýä Ù×åØØ ÞÝßØäÜÝÚäÜ é �££¤|§£ } r ¥¯¤µ� ¦nª �®±µ°¥¬® � ¥¨ ª°£� tµ¤£ mµ¤£³ � îàæØÜ ê�ê�� ê�ó� � �ãäØó��û é
���� ÷ é ôÝäÞØäßØÝØå � ø é ø×åÝÜÙÚîÚãçÚÜ � àäÞ v é �ãÜÜØå é õ ØÙ×ÚÞÜ ìÚå Ù×Ø ßÚÞÛØçÝäæ Úì Ù×Ýä ¢ ÝåØ ÜÙåãíÙãåØÜ ¢ ÝÙ× Ù×Ø Öôõ ßØÙ×ÚÞ é �£££ |§£ } r ¥¯¤µ� ¦nª

�®±µ°¥¬® � ¥¨ ª°£� ¹ µ°£µ§ � îàæØÜ �����$� � ó��� é
��ê� v é ôÚåØä� é øÚßâÝäàÙÝÚä Úì Öôõ ßØÙ×ÚÞ ¢ ÝÙ× ßãçÙÝî ÚçØ Ø�îàäÜÝÚä Úì Ù×ØåàÞÝàÙÝÚä ¢ØçÞ é õ àÜÙØå ¨Ü Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø �äÝïØåÜÝÙwÙ õ xäí×Øä � ó��� é
��ó� v é ôÚåØä� àäÞ v é �ãÜÜØå é �áâåÝÞ ÙåàäÜß ÝÜÜÝÚä çÝäØ ß àÙåÝ� èÖôõ ë àäÞßãçÙÝî ÚçØ Ø�îàäÜÝÚä ßØÙ×ÚÞ ìÚå ÙÝß ØÛÞÚßàÝä ßÚÞØçÝäæ Úì åàÞÝàÙÝäæ ÜÙåãíÛÙãåØÜ é �££¤ |§£} r ¥¯¤µ� ¦nª �®±µ°¥¬® � ¥¨ ª°£� tµ¤£ mµ¤£³ � îàæØÜ ê����ê�û� � �ãäØ ó��û é
���� � é ôÚpØÙåÝ àäÞ ù é � é ÷ é ÷Ýß ÚäÜ é ú íçàÜÜ Úì ÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØÖôõ ßØÙ×ÚÞÜ ÞØåÝïØÞ ÞÝåØíÙçá ìåÚß õà�¢Øçç ¨Ü Ø�ãàÙÝÚäÜ é |zzz �¤¦§° }

r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� û êè�ë �êû ê$� êûó� � úãæãÜÙ ê$$� é
��û � � é ôã�àÜ×ØïÝí× � � àäÞ v é �ãÜÜØå é ùØÙ¢Úå�ÛÚåÝØäÙØÞ ßÚÞØçÜ Úì ÙåàäÜß ÝÜÛÜÝÚä çÝäØ ÜÙåãíÙãåØÜ Ýä õõ �øÜ é �µ± ¥¯¦© r ªª£¥§¨ µ§ � ¥©¥¯µ§ r µ§µ©¥£³ ¥¯

|§£ª¨ ¤¦£ª· ²¥¤¯¬¥£° ¥§ �t �°£ª® ° � îàæØÜ ê��� ê� ê � úîåÝç ó��� é �àåß ÝÜí× ��Øåßàäáé
��ÿ� � é ôã�àÜ×ØïÝí× � % é % åÚÝÞÚ � àäÞ v é �ãÜÜØå é � ÜÝäæ Úì ÙåàäÜß ÝÜÜÝÚä çÝß Ø ß àÛÙåÝ� ßØÙ×ÚÞ àäÞ ßÚÞØ ßàÙí×Ýäæ àîîåÚàí× ìÚå ÜÝßãçàÙÝÚä Úì õõ �øÜ é �££�|§£ } r ¥¯¤µ� ¦nª �®±µ°¥¬® � ¥¨ ª°£� �³ ¥©¦·ª©± ³ ¥¦ � îàæØÜ $$��$$ÿ � �ãäØó��� é
��ö� � é ôã�àÜ×ØïÝí× � ô é p ÝØÙ�ÚååØí� � àäÞ v é �ãÜÜØå é ùãßØåÝíàç ÝäïØÜÙÝæàÙÝÚä ÚìÙåàäÜß ÝÜÜÝÚä çÝäØÜ àäÞ íÚßîÚäØäÙÜ Ýä Þàß àÜíØäØ ÙØí×äÚçÚæáé � ¤µ¯ } ��£³z ¬¤µ± ª¦§ r ¥¯¤µ� ¦nª ²µ§� ª¤ª§¯ª� r ¥©¦§ � îàæØÜ ��ÿ���$ � ÷ØîÙØßâØå ó��ó é
���� ÷ é ôØ õ àæãØå àäÞ õ é ùØáé võôÛÖôõ ÙØí×äÝ�ãØ � Ø�ÙØäÜÝÚä ÙÚ ØïàäØÜíØäÙ¢àïØÜ àäÞ ÙÚ àÞïàäíØÞ ÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØÜ é �¤· |§£ª¤§¦£¥µ§¦©

mµ¤q°³ µ± µ§ ��r r µ·ª© ©¥§¨ � �íÙÚâ Øå ê$$$ é ù ÝíØ é
���� Ö é õàäæÚçÞ é tª©·® µ·ª© ©¥ª¤¬§¨ nµ§ nª¤£ª¥©£ª§ r ª³¤£µ¤°¯³ ¦©£¬§¨ ª§ ¬§·°°£ª® ¦£¥°¯³ ª zª £¤¦¯£¥µ§ nµ§ z ¤°¦£s°¯³ ¦©£¬§¨ ª§ ¦¬° q µ§s ª§£¤¥ª¤£ª§ z ©ªo®ª§£ª§ é v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø �äÝïØåÜÝÙwÙ õ xäí×Øä � ó�� êé
��$� ÷ éô é õ àåîçØ é � ¥¨ ¥£¦© �± ª¯£¤¦© y§¦©°¥°é v åØäÙÝíØ � àçç �  äæçØ¢ÚÚÞ øçÝ¦ Ü �ù� � ê$$� é
���� p é � é ø é õ ØçÚ � ø é ú é ÖØäÚåÝÚ ÞØ øàåïàç×Ú �å é� àäÞ ô é� éú é� é ÞØ õ ØäØ�ØÜ é� Ýæ× î ØåìÚåßàäíØ Öôõ ÜÝßãçàÙÝÚä ãÜÝäæ àÞqã ÜÙàâçØ ÙÝß Ø ÜÙØîÜ é �££¤ |§£ }r ¥¯¤µ� ¦nª �®± µ°¥¬® � ¥¨ ª°£� tµ¤£ mµ¤£³ � îàæØÜ ê�ó$� ê��ó � �ãäØ ó��û é
�� ê� ô é õØäØ�ØÜ àäÞ ¥ é �ÚØìØå é õ ÚÞØçÝäæ Úì æØäØåàç íÚäÜÙÝÙãÙÝïØ åØçàÙÝÚäÜ×ÝîÜÝä ÷øù Öôõ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûû èöë ��ÿû��ö ê ��ãçá ê$$ö é



���K��²!'�� � ê�ÿ
��ó� % é ø é õ ÚÚåØ é v åÝäíÝîàç íÚßîÚäØäÙ àäàçáÜÝÜ Ýä çÝäØàå ÜáÜÙØß Ü � øÚäÙåÚççàÛâÝçÝÙá � ÚâÜØåïàâÝçÝÙá àäÞ ßÚÞØç åØÞãíÙÝÚä é |zzz �¤¦§° } y¬£µ® ¦£¥¯ ²µ§£¤µ©�óö �ê���ó � ê$� êé���� � é ú é õ ÚåØäÙØ � � é ú é vÚåÙÝ � àäÞ õ é ¡×àççàÞÝ é úÞÜÚåâ Ýäæ âÚãäÞàåá íÚäÛÞÝÙÝÚäÜ ìÚå Ù×Ø Öôõ ßØÙ×ÚÞ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }�û� èêêë �ó�$ÿ�ó�$� � ùÚïØßâØå ê$$ó é
��û � � é õ ãäÙØàäã � Ö é ¥ ÝÙÙÝæ � Ö é ¥ØÝçàäÞ � àäÞ � é �Úàä é ��Ö ¯vpô íÝåíãÝÙ îàåàÛßØÙØå Ø�ÙåàíÙÝÚä ìÚå æØäØåàç ØçØíÙåÚß àæäØÙÝí ÞØïÝíØÜ é |zzz �¤¦§° } r ¦¨ o§ª£¥¯° � �$ è�ë �êûóê� êûóû � �ãçá ó��� é
��ÿ� ú é �ÞàâàÜÝÚæçã � õ é øØçÝ� � àäÞ ô é Ö é v ÝçØææÝ é v��õú � vàÜÜÝïØ åØÞãíØÞ�ÚåÞØå ÝäÙØåíÚääØíÙ ß àíåÚßÚÞØçÝäæ àçæÚåÝÙ×ß é |zzz �¤¦§° } ²µ®± ¬£ª¤o

y ¥·ª· � ª°¥¨§ � ê� �öûÿ�öÿ� � úãæãÜÙ ê$$� é
��ö� ú é p é �îîØä×ØÝß àäÞ � é ¥ é ÷í×àìØå é � ¥¨ ¥£¦© � ¥¨ §¦© � ¤µ¯ª°°¥§¨ é v åØäÙÝíØ�àçç � ùØ¢ �ØåÜØá� ê$�ÿ é���� v é pàä �ïØåÜí×ØØ àäÞ % é � Ø õÚÚå é �¬»°± ¦¯ª |·ª§£¥« ¯¦£¥µ§ � µ¤ � ¥§ª¦¤�°£ª® ° � �³ ªµ¤� |®± ©ª® ª§£¦£¥µ§ � y±± ©¥¯¦£¥µ§°é ùÚå¢Øçç � õú � ¡ çã¢Øå �ê$$ö é
���� % é ù é vàåçØÙÙ é ú äØ¢ çÚÚ� àÙ Ù×Ø ôàäí�ÚÜ àçæÚåÝÙ×ß ìÚå ÜÚçïÝäæ ÜáßßØÙåÝíÜáÜÙØß Ü Úì çÝäØàå Ø�ãàÙÝÚäÜ é � ¥§ ª¦¤ y ©¨ ª»¤¦ y±± ©}� ó$ ��ó���ûö � ê$�� é��$� % é ù é vàåçØÙÙ � � é � é ÖàáçÚå � àäÞ � éú éô Ýã é ú çÚÚ�Ûà×ØàÞ ôàäí�ÚÜ àçæÚåÝÙ×ßìÚå ãäÜáßßØÙåÝí ß àÙåÝíØÜ é r ¦£³ } ²µ®± }� ûû �ê�ÿ� êóû � ê$�ÿ é�$�� ù é vØäà àäÞ õ é õ é ùØáé úâÜÚåâÝäæÛâÚãäÞàåá íÚäÞÝÙÝÚäÜ ãÜÝäæ îØåìØíÙçáßàÙí×ØÞÛçàáØå èvõôë ÙØí×äÝ�ãØ ìÚå Ù×åØØÛÞÝß ØäÜÝÚäàç Öôõ ÜÝßãçàÙÝÚäÜ é|zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ê� �ê�û$� ê�ÿÿ � �íÙÚâ Øå ê$$� é
�$ ê� ô é v ÝØåàäÙÚäÝ � � é �ØååÝ � ÷ é ôÝäÞØäß ØÝØå � àäÞ v é �ãÜÜØå é Ö×ØÚåØÙÝíàç àäÞäãßØåÝíàç àÜî ØíÙÜ Úì Ù×Ø ×áâåÝÞ õ�õÛ��Ö� � ÖôõÛ�  àäÞ ú�% ßØÙ×ÛÚÞÜ ìÚå Ù×Ø Ø® íÝØäÙ ßÚÞØççÝäæ Úì  õø îåÚâçØß Ü é � ¤µ¯ } ��£³ z ¬¤µ± ª¦§

r ¥¯¤µ� ¦nª ²µ§� ª¤ª§¯ª� r ¬§¥¯³ � �íÙÚâ Øå ê$$$ é
�$ó� ô é v ÝØåàäÙÚä Ý � ÷ é ôÝäÞØäß ØÝØå � àäÞ v é �ãÜÜØå é ú ×áâåÝÞ ÙÝß Ø ÞÚß àÝä ÖôõÛÝäÙØæåàç Ø�ãàÙÝÚä ß ØÙ×ÚÞ ìÚå ÜÚçãÙÝÚä Úì åàÞÝàÙÝäæ îåÚâçØß Ü é � ¤µ¯} �¤ £³y§§¬¦© � ªn¥ª� µ� � ¤µ¨¤ª°° ¥§ y±± ©¥ª· ²µ®± ¬£¦£¥µ§¦© z ©ª¯£¤µ® ¦¨§ª£¥¯°�

r µ§£ª¤ª � îàæØÜ �ó���óÿ � ê$$� é�$�� ô é Ö é v ÝççàæØ àäÞ � é ú é �Ú×åØå é ú ÜáßîÙÚÙÝí ¢àïØìÚåß ØïàçãàÙÝÚä ìÚåÙÝß Ýäæ àäàçáÜÝÜ é |zzz �¤¦§° } ²µ®± ¬£ª¤oy ¥·ª· � ª°¥¨§ � $ ��ÿó��öö � ê$$� é�$û � � é ù é �Øâ Øç é �§ £³ ª � µ¬§·¦£¥µ§ µ� £³ ª £¤¦§°® ¥°°¥µ§ ©¥§ ª ® ¦£¤¥ª ® ª£³ µ·é
v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø �äÝïØåÜÝÙwÙ õ xäí×Øä � ó��� é�$ÿ� � é ù é �Øâ Øç � õ é úÝÞàß � àäÞ v é �ãÜÜØå é �ä Ù×Ø íÚäïØåæØäíØ Úì Ù×Ø íçàÜÜÝíàçÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØ Û Öôõ Üí×Øß Ø é |zzz �¤¦§° } r ¥¯¤µ� ¦nª
�³ ªµ¤ �ª¯³§ }� û$ èÿë �$ÿû�$ö� � õàá ó�� êé

�$ö� � é � é �Øß ÝÜ àäÞ v é õ é ïàä ÞØä %Øåæ é ú ßÚÞÝ¢ØÞ ôàäí�ÚÜ àçæÚåÝÙ×ßìÚå Ù×Ø íÚßîãÙàÙÝÚä Úì ÙåàäÜÝØäÙ ØçØíÙåÚß àæäØÙÝí ¢àïØ¢ØçÞÜ é |zzz �¤¦§° }
r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûÿ èêóë �óê�$�óêû$ � � ØíØßâØå ê$$� é



ê�ö ���K��²!'�� �
�$�� õ é �Ø¢ ÝØäÜ� Ý àäÞ � é ¥ ×ÝÙØ é ú Ùåàq ØíÙÚåá î ÝØíØ¢ ÝÜØÛçÝäØàå àîîåÚàí× ÙÚßÚÞØç ÚåÞØå åØÞãíÙÝÚä àäÞ ìàÜÙ ÜÝßãçàÙÝÚä Úì äÚäçÝäØàå íÝåíãÝÙÜ àäÞ ß ÝÛíåÚß àí×ÝäØÞ ÞØïÝíØÜ é |zzz �¤¦§° } ²µ®± ¬£ª¤oy ¥·ª· � ª°¥¨§ µ� |§£ª¨ ¤¦£ª·²¥¤¯¬¥£° ¦§· �°£ª® ° � óó èóë �êÿÿ � ê�� � ó��� é
�$�� v é �ãÜÜØå é Ö×Ø àçÙØåäàÙÝäæ åÚÙàÙØÞ ÙåàäÜß ÝÜÜÝÚä çÝäØ ß àÙåÝ� ú�ÖôõÜí×Øß Ø é z ©ª¯£¤µ® ¦¨§ª£¥¯° � êö èÿë �ÿ���ÿÿê � ê$$ö é
�$$� v é �ãÜÜØå é �³ ª �¤¦§°® ¥°°¥µ§ � ¥§ ª r ¦£¤¥ª r ª£³ µ· � í×àîÙØå úîîçÝØÞ øÚßÛîãÙàÙÝÚäàç   çØíÙåÚßàæäØÙÝíÜ � îàæØÜ óû�� óö$ é ùúÖ� ú÷� é ÷îåÝäæØå � øàßÛâåÝÞæØ � õàÜÜàí×ãÜØÙÙÜ � ôÚäÞÚä �  äæçàäÞ � ó��� é
�ê��� v é �ãÜÜØå àäÞ ú é øàäæØççàåÝÜ é ùØÙ¢Úå��ÚåÝØäÙØÞ ßÚÞØçÝäæ � íÚßîçØ� ÝÙá åØÛÞãíÙÝÚä àäÞ ÜáÜÙØß ÝÞØäÙÝ¢íàÙÝÚä ÙØí×äÝ�ãØÜ ìÚå ØçØíÙåÚß àæäØÙÝí ÜáÜÙØß Ü é

� ¤µ¯ } ¤ £³ |§£ } mµ¤q°³ µ± µ§ ²µ®± ¬£¦£¥µ§¦© z ©ª¯£¤µ® ¦¨§ª£¥¯° ¥§ £³ ª �¥® ª¸
� µ® ¦¥§ � ��r¹t� �� ¦§· � ª©¦£ª· �ª¯³§¥«¬ª° � îàæØÜ ê�ÿ� êóó � ó�� êé

�ê� ê� v é �ãÜÜØå � v é ÷Ú � àäÞ ¥ é �ÚØìØå é õÚÞØçÝäæ Úä äÚäçÝäØàå àíÙÝïØ åØæÝÚäÜ ÝäÖôõ é |zzz r ¥¯¤µ� ¦nª y§· p¬¥·ª·o m¦nª �ª££ª¤° � êèêë �ê�� ê� � ê$$ êé
�ê�ó� § é ÷ààÞ é �ä Ù×Ø ôàäí�ÚÜ ßØÙ×ÚÞ ìÚå ÜÚçïÝäæ ÜáßßØÙåÝí çÝäØàå ÜáÜÙØß Ü¢ ÝÙ× ÜØïØåàç åÝæ×ÙÛ×àäÞ ÜÝÞØÜ é r ¦£³ } µ� ²µ®± ¬£ }� û� èê��ë �öÿê�ööó � úîåÝçê$�� é
�ê��� § é ÷ààÞ é | £ª¤¦£¥nª r ª£³ µ·° � µ¤ �± ¦¤°ª � ¥§ª¦¤ �°£ª®°é Ö×Ø v¢Ü ÷ØåÝØÜ ÝäøÚßîãÙØå ÷íÝØäíØ é v¢Ü vãâ øÚ � ê$$ö é
�ê�û � � é ÷íàåàßã��à àäÞ ú é � é ôÚ¢Øåáé �áâåÝÞ ÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØ ìÚåÙ×Ø Öôõ ßØÙ×ÚÞ é z ©ª¯£¤µ§ } �ª££ }� ó� èó�ë �ê$û�� ê$û$ � �ãçá ê$$� é
�ê�ÿ� � é ÷í×ß ÝÞÙ é ±µ© ©� ª© ©ª§¦§¦©°ª nµ§ nª¤©¬°£»ª³ ¦� £ª£ª§ q µ± ©¦§¦¤ª§ �ª¥£¬§o¨ ª§ ¬§· �ª¥£¬§¨°·¥°qµ§£¥§¬¥£º£ª§ é v×� Ù×ØÜÝÜ � ÖØí×äÝÜí×Ø �äÝïØåÜÝÙwÙõ xäí×Øä � ê$$ö é
�ê�ö � � é ÷í×ß ÝÞÙ àäÞ v é �ãÜÜØå é õÚÞØçÝäæ Úì íàÜíàÞØÞ íÚîçàäàå ¢àïØæãÝÞØÞÝÜíÚäÙÝäãÝÙÝØÜ âá Ù×Ø õÚÞØÛõ àÙí×Ýäæ àîîåÚàí× é |zzz �¤¦§° } r ¥¯¤µ� ¦nª

�³ ªµ¤ �ª¯³§ }� û� èêóë �ó$ ê��ó$ ê� � � ØíØßâØå ê$$ÿ é
�ê��� v é ÷Ø¢Øçç � � é � é¥á�ØÜ � ø é ø×åÝÜÙÚîÚãçÚÜ � Ö é õ é %ØäÜÚä � � é¥ é v é Ö×Úß àÜ �àäÞ ú é pã�ÚïÝí é Öôõ ìÚå ãäÜÙåãíÙãåØÞ ÙåÝàäæãçàå ß ØÜ×ØÜ é � ¤µ¨ ¤ª°° ¥§

z ©ª¯£¤µ® ¦¨§ª£¥¯° � ª°ª¦¤¯³ �®±µ°¥¬® � õàåí× ó��û é v ÝÜà � �Ùàçáé
�ê��� � éõ é ÷×ØØä � ÷ éõ é úçÝ � õ é� é úâÚã�à×åà � àäÞ � éú é ¡Úäæ é úîîçÝíàÙÝÚäÚì Ù×åØØ�ÞÝß ØÜÝÚäàç ¢äÝÙØ�ÞÝ¦ØåØäíØ ÙÝß Ø�ÞÚßàÝä ß ØÙ×ÚÞ ÙÚ Ù×Ø àäàçáÜÝÜÚì îçàäàå ß ÝíåÚÜÙåÝî íÝåíÝãÙÜ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }��� è�ë ��û$��ÿ� � �ãçá ê$$� é
�ê�$� � é ù é ÷Ýß ÚäÜ é ²µ± ©¦§¦¤ m¦nª¨¬¥·ª� ²¥¤¯¬¥£°� ²µ®± µ§ª§£° ¦§· �°£ª®°é

¥ ÝçØá ÜØåÝØÜ Ýä ß ÝíåÚ¢àïØ àäÞ ÚîÙÝíàç ØäæÝäØØåÝäæ é �Ú×ä ¥ ÝçØá àäÞ ÷ÚäÜ �ó�� êé
�êê�� v é v é õ é ÷Ú àäÞ ¥ é � é � é �ÚØìØå é Ö Ýß Ø ÞÚß àÝä Öôõ ßÚÞØçÝäæ Úì ß ØÙàÛßàÙØåÝàçÜ ¢ ÝÙ× äØæàÙÝïØ åØìåàíÙÝïØ ÝäÞØ� é �££¤ |§£} r ¥¯¤µ� ¦nª �®± µ°¥¬®� ¥¨ ª°£� tµ¤£ mµ¤£³ � îàæØÜ êê�$� êê�ó � �ãäØ ó��û é



���K��²!'�� � ê��
�êêê� Ö é Öàäæ àäÞ õ é ùà�×çà é úäàçáÜÝÜ Úì çÚÜÜá ßãçÙÝíÚäÞãíÙÚå ÙåàäÜß ÝÜÜÝÚäçÝäØÜ ãÜÝäæ Ù×Ø ú¥  ÙØí×äÝ�ãØ é |zzz �¤¦§° } r ¥¯¤µ�¦nª �³ ªµ¤ �ª¯³§ }��$ èêóë �óê���óêêö � � ØíØßâØå ê$$ êé
�êêó� � é ÖàåÞÝÚçÝ àäÞ ¥ é �ÚØìØå é � ØåÝïàÙÝÚä Úì Ù×Ø ÷øùÛÖôõ äÚÞØ ÜíàÙÙØåÝäæßàÙåÝ� ìåÚß Ù×Ø ÝäÙØæåàç ìÚåßãçàÙÝÚä Úì õ à�¢Øçç ¨Ü Ø�ãàÙÝÚäÜ é �³ ª �§·|§£ } mµ¤q°³ µ± µ§ ��r o �³ ªµ¤ ¦§· y±± ©¥¯¦£¥µ§° � îàæØÜ �û�ûö � �íÙÚâ Øåê$$� é õãäÝí× � �Øåß àäáé
�êê�� ¥ é Ö×ÝØç � ô é v é % é ¡ àÙØ×Ý � àäÞ ¡ é ÷àâ ØÙ é ú ×áâåÝÞ àîîåÚàí× ìÚå ßÚÞØçÝäæíÚßîçØ� àäÙØääà ÜáÜÙØß Ü Úä ïØ× Ýíãçàå î çàÙìÚåß Ü é �££� |§£} r ¥¯¤µ� ¦nª

�®±µ°¥¬® � ¥¨ ª°£� �³ ¥©¦·ª©± ³ ¥¦ � îàæØÜ ó�$��óê�� � ó��� é
�êêû � � é ¥ é Ö×ÚßàÜ é � ¬® ª¤¥¯¦© � ¦¤£¥¦© � ¥́ ª¤ª§£¥¦© z «¬¦£¥µ§°é ÷îåÝäæØå � ùØ¢

§Úå� � ê$$ÿ é
�êêÿ� p é ÖåØä� Ýí é �³ ª � ªnª©µ±® ª§£ ¦§· ²³ ¦¤¦¯£ª¤¥s¦£¥µ§ µ� y·n¦§¯ª· � µ·ª°

� µ¤ £³ ª ��r r ª£³ µ·é v×� Ù×ØÜÝÜ � �äÝïØåÜÝÙá Úì ùÚÙÙÝäæ×àß � ê$$ÿ é
�êêö � p é ÖåØä� Ýí � ø é ø×åÝÜÙÚîÚãçÚÜ � àäÞ Ö é %ØäÜÚä é Ö×ØÚåá Úì Ù×Ø ÜáßßØÙåÝíàçÜãî ØåÛíÚäÞØäÜØÞ äÚÞØ ìÚå Ù×Ø Öôõ ßØÙ×ÚÞ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª

�³ ªµ¤ �ª¯³§ }� û� èöë �ê�ûó� ê�û� � �ãçá ê$$ÿ é
�êê�� p é ÖåØä� Ýí � ø é ø×åÝÜÙÚîÚãçÚÜ � àäÞ Ö é %ØäÜÚä é úÞïàäíØÞ äÚÞØ ìÚåßãçàÙÝÚäÜÝä Öôõ Û Ù×Ø àÞàîÙàâ çØ ÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØ èú÷øù ë ìÚå Ù×ØÖôõ ßØÙ×ÚÞ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûû èêóë �óû���óû�� ��ØíØßâØå ê$$ö é
�êê�� p é ÖåØä� Ýí � ø é ø×åÝÜÙÚîÚãçÚÜ � àäÞ Ö é %ØäÜÚä é úäàçáÙÝíàç Ø�îåØÜÜÝÚäÜ Úì Ù×ØÞÝÜî ØåÜÝÚä åØçàÙÝÚä ìÚå Ù×Ø Öôõ íÚäÞØäÜØÞ äÚÞØÜ é |zzz �¤¦§° } r ¥¯¤µ� ¦nª

�³ ªµ¤ �ª¯³§ }� ûû èêóë �óóó��óó�� � � ØíØßâØå ê$$ö é
�êê$� p é ÖåØä� Ýí � ø é ø×åÝÜÙÚîÚãçÚÜ � àäÞ Ö é %ØäÜÚä é � ØïØçÚîß ØäÙ Úì à æØäÛØåàç ÜáßßØÙåÝíàç íÚäÞØäÜØÞ äÚÞØ ìÚå Ù×Ø Öôõ ßØÙ×ÚÞ é |zzz �¤¦§° }

r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûû èêóë �óêó$�óê�ÿ � � ØíØßâØå ê$$ö é
�êó�� ¡ é ô é p Ýåæà � õ é   ç� Ýäæà � àäÞ � é ô é v åÝäíØ é �ßîåÚïØÞ æçÚâàç åàÙÝÚÛäàç àîîåÚ� Ýß àÙÝÚä ßàíåÚßÚÞØçÝäæ àçæÚåÝÙ×ß ìÚå äØÙ¢Úå� Ü í×àåàíÙØåÝ�ØÞâá ìåØ�ãØäíáÛÜàßîçØÞ ÞàÙà é |zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }�û� è$ë �êûö ê� êûö� � ó��� é
�êóê� � é � é ¥àç�Øå é �ßîçØß ØäÙàÙÝÚä Úì Ù×Ø �õ� ÷ ßØÙ×ÚÞ ãÜÝäæ �ÚãÜØ×ÚçÞØåÙåàäÜìÚåßàÙÝÚäÜ é �|yr ~} � ¯¥} � £¦£¥°£} ²µ®± ¬£}� $ �êÿó� êö� � ê$�� é
�êóó� � é õ é ¥àäæ � ø é ø é ø×ã � v é §ã � àäÞ   é ÷ é ¡ã× é �ä îåÚq ØíÙÝÚäÛâàÜØÞ àçæÚÛåÝÙ×ß Ü ìÚå ßÚÞØçÛÚåÞØå åØÞãíÙÝÚä Úì ÝäÙØåíÚääØíÙÜ é |zzz �¤¦§° } ²¥¤¯¬¥£°¦§· �°£ª® ° | � û$ èêêë �êÿö� � êÿ�ÿ � ó��ó é ùÚïØßâØå é
�êó�� ¡ é ¥ØÝÜÜ � ÷ é � ÝØÞØç � ÷ é ÷í×ãç� � � é �ØçÞØäØå � õ é ÷í×¢ØåÞ � àäÞ Ö é �ØÜÜäØå éø×àåàíÙØåÝ�àÙÝÚä Úì ØçØíÙåÚîçàÙØÞ àäÞ õ�øp� íÚÚîØå ìÚå ÙåØäí× ¢ çç ÝäÞàß àÜíØäØ àåí×ÝÙØíÙãåØ é � ¤µ¯ } µ� £³ ª r ¦£ª¤¥¦©° � µ¤ y·n¦§¯ª· r ª£¦©¥s¦£¥µ§²µ§� ª¤ª§¯ª� îàæØÜ êóÿ� ê�ó � ÷ØîÙØßâØå ê$$$ é � åçàäÞÚ � � ÷ú é
�êóû � � é � é ¥ Ýç� ÝäÜÚä é �³ ª ¦©¨ ª»¤¦¥¯ ª¥¨ ª§n¦©¬ª ± ¤µ»©ª® é �� ìÚåÞ ÷íÝØäíØ vãâÛçÝíàÙÝÚä é øçàåØäÞÚä v åØÜÜ � �� ìÚåÞ � ê$öÿ � åØîåÝäÙØÞ ê$$ó é



ê�� ���K��²!'�� �
�êóÿ� Ö é ¥ ÝÙÙ Ýæ � � é õãäÙØàäã � � é ÷í×ã×ß àää � àäÞ Ö é ¥ØÝçàäÞ é õÚÞØç ÚåÞØååØÞãíÙÝÚä àäÞ Ø�ãÝïàçØäÙ äØÙ¢Úå� æØäØåàÙÝÚä ìÚå à ��Ö íãåçÛíãåç ìÚåßãÛçàÙÝÚä é � ¤µ¯} �»£³ y§§¬¦© � ªn ¥ª� µ� � ¤µ¨¤ª°° ¥§ y±± ©¥ª· ²µ®± ¬£¦£¥µ§¦©

z ©ª¯£¤µ® ¦¨§ª£¥¯°� r µ§£ª¤ª � îàæØÜ óöÿ� ó�ó � ó��ó é
�êóö � Ö é ¥ ÝÙÙÝæ � � é õãäÙØàäã � � é ÷í×ã×ß àää � àäÞ Ö é ¥ØÝçàäÞ é Ö¢ÚÛÜÙØîôàäí�ÚÜ àçæÚåÝÙ×ß ìÚå ßÚÞØç ÚåÞØå åØÞãíÙÝÚä é |zzz �¤¦§° } r ¦¨§ª£¥¯° ��� èóë �ö�� � ö�ö � õàåí× ó��ó é
�êó�� � é §ãàä àäÞ � é � é øØäÞØÜ é ú ìàÜÙ ß ØÙ×ÚÞ ìÚå íÚßîãÙÝäæ Ù×Ø Üî ØíÙåàçåØÜîÚäÜØ Úì ß ÝíåÚ¢àïØ ÞØïÝíØÜ ÚïØå à âåÚàÞ âàäÞ¢ ÝÞÙ× é � ¤µ¯} µ� £³ ª

y��¹ �� �| |§£ª¤§¦£¥µ§¦© �®± µ°¥¬® � îàæØ ê$ö � �ãäØ ê$$� é úää úåâÚå �õ � é
�êó�� % é �Øåßx×ç àäÞ ÷ é �àç� é r ¦£¤¥s ª§ ¬§· |³¤ª y§� ª§·¬§¨ ª§ é ÷îåÝäæØå pØåçàæ �%ØåçÝä � �ØÝÞØçâ Øåæ � ùØ¢ §Úå� � ÖÚ�áÚ � ÿÛÙ× ØÞÝÙÝÚä � ê$�û é
�êó$� � é õ é �×àäæ àäÞ � é � é ôØØ é úîîçÝíàÙÝÚä Úì Ù×Ø ú¥  ßØÙ×ÚÞ ¢ ÝÙ× Ù×Ø �Û� ÛÖp� õ ÙÚ ßÚÞØç Üî ØíÙåàç åØÜîÚäÜØÜ Úì îàÜÜÝïØ ß ÝíåÚ¢àïØ íÚßîÚäØäÙÜ é|zzz �¤¦§° } r ¥¯¤µ� ¦nª �³ ªµ¤ �ª¯³§ }� ûö �ê��ÿ� ê�û ê � ùÚïØßâØå ê$$� é


