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Abstract— Designing accurate yet reliable tracking con-
trollers with tight performance guarantees for Lagrangian
systems is challenging due to nonlinear modeling uncer-
tainties and conservative stability criteria. This article pro-
poses a structure-preserving projector-based tracking con-
trol law for uncertain Euler-Lagrange (EL) systems using
physically consistent Lagrangian-Gaussian Processes (L-
GPs). We leverage the uncertainty quantification of the L-
GP for adaptive feedforward-feedback balancing. In partic-
ular, an accurate probabilistic guarantee for exponential
stability is derived by leveraging matrix analysis results and
ideas from contraction analysis, where the benefit of the
proposed controller is proven and shown in the closed-form
expressions for convergence rate and radius. Extensive
numerical simulations not only demonstrate the controller’s
efficacy based on a two-link and a soft robotic manipulator,
but also all theoretical results are explicitly analyzed and
validated.

Index Terms— Stability of nonlinear systems, adaptive
control, robotics, machine learning, Gaussian processes.

[. INTRODUCTION

ATA-DRIVEN methods offer a promising approach to

enhance the performance, reliability, and safety of tra-
ditional control strategies based on parametric mathematical
models. Gaussian Processes (GPs) stand out among these
methods due to their data-efficiency and uncertainty quantifi-
cation. However, neither GPs nor other data-driven methods
generally account for physical consistency [1], limiting their
applicability in model-based control and the accuracy of
providable guarantees.

Physics-informed machine learning has been shown to im-
prove the methods’ data efficiency and reliability by encoding
the variational Euler-Lagrange (EL) structure into data-driven
models for mechanical and electromagnetic systems [2]-[5].
In particular, deep learning with neural networks has shown
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Fig. 1: Block scheme of the proposed projector-based L-GP
control with uncertainty-adaptive feedback: M, C, Gq and dq
denote the learned components (blue), i.e., the inertia, Coriolis
matrix, gravity and friction, respectively, of the system with
uncertain Lagrangian L. The covariance estimate 3, (red) is
used to adapt the feedback gains.

auspicious results for robotic systems [6]. However, these
methods typically lack a measure for uncertainty quantifica-
tion, hampering the provision of safety guarantees, such as
in, e.g., [7], where Deep Lagrangian Networks (DeLaNs) and
their passivity properties are leveraged for a learning-based
implementation of an energy-based controller [8] for under-
actuated systems. Here, sufficiently low modeling errors are an
inevitable requirement, which can only be satisfied in regions
near the training domain.

Applying GPs to learning-based control of robotic systems
was initially proposed for local regression in a computed
torque control scheme [9], yet without any stability guarantees.
When safety is explicitly considered in data-driven control
methods, guarantees often critically depend on the prior avail-
ability of a known dynamical model based on which, e.g., a
reachability analysis for robotic systems with state-dependent
disturbances can be performed [10]. Feedback compensation
of these residual dynamics based on black-box modeling with
GPs is proposed in [11] for EL systems together with an
uncertainty-adaptive computed torque controller. Here, due to
multiple applications of Young’s inequality, the exponential
convergence result suffers from conservatism and dependen-
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cies on several positive parameters that are assumed to exist.
A GP-based feedback linearizing control law is formulated
in [12] but is limited to single-input systems in controllable
canonical form while asymptotic stability of the tracking error
is only guaranteed in the noiseless case, reducing to ultimate
boundedness otherwise. Performances of model predictive
controllers have also been shown to improve significantly with
learning via GPs [13], where closed-loop stability guarantees
have been proven for linear time-invariant systems [14] or
input-to-state stability for nonlinear discrete-time systems [15].
In the context of structure-preserving control, several differ-
ent approaches have been proposed. An optimal control prob-
lem with respect to the external torque applied to a single rigid
body is analyzed in [16], but potential fields are assumed to be
absent, and a numerical solution of optimality conditions up
to the fourth order is required. A proportional-derivative con-
troller is naturally generated in [17] by leveraging the inherent
impedance of the underlying soft robot. Therefore, its softness
is preserved for potential environmental interactions, yet only
linear stiffness and damping matrices are considered while
gravity is fully compensated. Also contraction-based control
design has gained a significant amount of research attention.
However, it leads to the so-called integrability problem [18] for
nonlinear systems due to the involved Jacobians and, therein,
partial derivatives with respect to the controllers. Moreover,
trajectory tracking using Control Contraction Metrics [19] is
typically based on the analysis of virtual displacements. In
contrast, our analysis approach circumvents this necessity by
directly exploiting the analytical structure of the considered
EL systems. Partial contraction analysis [20] can lead to
similar exponential results as ours, but still requires studying
contractivity of the auxiliary system via Jacobians. Altogether,
leveraging physically consistent methods in learning-based
control of robotic systems while being able to provide accurate
stability guarantees for high performance and reliability is still
an ongoing open problem. This article addresses these issues
by leveraging the physical consistency of Lagrangian-Gaussian
Processes (L-GPs) from [1] in an uncertainty-adaptive control
framework combined with rigorous theoretical guarantees.

A. Contribution

We propose a novel structure-preserving control design
which is schematically depicted in Fig. 1 and uses projec-
tors to compensate the system’s dynamics only when nec-
essary while leveraging the L-GP’s covariance estimate for
confidence-dependent gain adaptation. By preserving the sys-
tem’s dynamical structure, we aim to achieve reliable tracking
performance despite remaining model uncertainties. At the
same time, we exploit the learned model with projections
to make use of the natural potential and dissipative forces
driving towards the control goal, i.e., the desired trajectory
in the state space. Moreover, a novel exponential stability
result is derived based on intermediate matrix analysis results
and arguments from contraction theory applied to Lagrangian
systems. The integrability problem of contraction theory-based
control due to the dependence on Jacobians is circumvented
by directly exploiting the dynamics’ structure. Analytically

compact expressions for time-variant convergence radius and
rate are derived with the goal of optimizing the tightness of
the resulting bounds. At the same time, these stability results
also significantly extend our earlier work, which combines the
L-GP [21] with the standard PD+ controller [22], the latter
is considered de-facto as the state of the art (SoA) in this
work. All theoretical contributions are validated in numerical
experiments, further underlining the practical efficacy of the
proposed methods. Note that the L-GP modeling framework
from [1] is applied but does not represent a contribution of
the present work.

The remainder of this article is organized as follows: After
formally introducing our considered problem setting in sec-
tion II, we first provide a brief overview of the modeling
framework of L-GPs in section III. The proposed control
design is then derived and analyzed in section IV, followed
by validating numerical simulations in section V. Finally, we
summarize our work’s theoretical and practical implications in
section VI.

B. Notation

Bold lower and upper case symbols denote vectors a and
matrices A, a=\(A) and a=\(A) the maximal and minimal
eigenvalues of A, E[-] and Var[-] the expectation and variance
operators, and R and N the set of real and natural numbers,
respectively. I is the identity, O the zero and 1 the ones matrix.
| - | indicates the cardinality of a set, N'(u, ) a multivariate
Gaussian distribution with mean p and covariance X, |||z, =
VI -lI2dt the La-norm, and ||-|| the Euclidian norm if not
stated otherwise. Positive definiteness (resp. semi-definiteness)
of a symmetric matrix is indicated by - > O (resp. - > 0) and
vec(+) stacks the columns of a matrix to form a vector.

[l. PROBLEM FORMULATION
A. Dynamical System

In this article, we focus on uncertain, fully actuated Euler-
Lagrange (EL) systems with equations of motion given by [23]

d oL 0L

=g, =T— 1
atog oq ¢ T M

with Lagrangian L, generalized coordinates ¢ € RY, and
generalized forces 7. € R™. The latter are composed of the
difference between active, possibly underactuated, input 7 and
dissipative friction 7;. These equations of motion (1) follow
according to Hamilton’s principle [24] from the stationary so-
lutions of the action integral I(q) which, in the homogenuous
case for 7. = 0, is given by I(q) = fttf L(q,q)dt. The
inclusion of nonzero generalized forces is done by modifying
I(q) with so-called Lagrange multipliers, leading to (1).

Assumption 1: The Lagrangian L = L(q,q) = T(q,q) —
V(g) in (1) is autonomous and consists of the difference
between unknown kinetic energy 7: RY x RY — R and
unknown potential energy V: RV — R.

Assumption 2: The kinetic energy is quadratic T'(g, q) =
%qTM(q)q w.r.t. the velocities ¢, where M : RN — RVXN
is the unknown, (symmetric) positive definite, inertia matrix.
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Assumption 3: The potential energy 1is positive-
semidefinite and has an equilibrium in the origin, i.e.,
V(0) =0, V(g) >0 Vg cR", and 52V(0) = 0.

Assumption 4: The dissipative friction T7/=D(q)q is the
matrix-vector product of the generalized velocities with the
(symmetric) positive semi-definite damping matrix D(q) = 0.

Assumptions 1-4 describe the considered system class and
represent its physical properties. Note that Ass. 1 is nonre-
strictive since time-variance and dissipation can be introduced
to the conservative left-hand side of (1) via the external
force component 7. Ass. 2 enforces positivity of the kinetic
or electric energy for all nonzeros velocities or currents,
respectively, and is valid for, e.g., any non-relativistic me-
chanical system, while Ass. 3 requires w.l.o.g. that the chosen
coordinates have an equilibrium at the origin. Lastly, Ass. 4
assumes a certain friction or resistance structure applicable
to various dissipation phenomena, e.g., linear viscous, air-
drag, structural, or continuous Coulomb dampings. In case
of a purely position- or charge-dependent damping matrix
D(q), the Rayleigh dissipation potential R(q, Q):éqTD(q)q
structurally permits a derivation according to 7 = g—? =
D(q)g.

Remark 1: For conciseness, the remainder of this work
focuses on mechanical systems, cf. Ass. 2. However, due to our
variational modeling based on generalized energies, the system
class (1) naturally includes mechanical, electrical, fluid, ther-
mal [25], and also mixed-nature, e.g., electromechanical [23],
systems.

Exploiting Assumptions 1-4 and applying the chain rule to
(1), we obtain the well-known matrix-vector expression

M(q)G+C(q,4)q+g(q) + D(4)g =T, (2)

where M (q) € RV*¥ is the (symmetric) positive definite,
. . . N . 1 92T : o%T

inertia matrix, C(q,q) = 3[g45,7 +M(q) ~ Fqag7) the
generalized Coriolis matrix such that M — 2C is skew-
symmetric, and g(q) = 8%V the vector of generalized

potential forces derived from the potential energy V(q) € R.

B. Problem Statement

Having specified our considered class of EL systems, we
now describe the problem setting.

Objective 1: The overarching goal of this article is to
design a learning-based tracking controller for (2) in the form

T:u(Qd,q.d7dd,e,é) _KP(ET)e_KD(ET)e (3)

which exponentially stabilizes the dynamics of the error e =
q — qq w.r.t. the desired trajectory q4(t) € RY. The mappings
Kpp: RVXN 5 RVNXN ghould be designed to balance pure
feedback with the model-based, mixed feedforward-feedback
law w(-) given the uncertainty quantifying covariance X, > 0
arising from the learned data-driven model for (2).

Objective 2: At the same time, the nonlinear impedance
9(q)+D(q)q of the system (2) is to be preserved by (3) such
that the closed-loop’s impedance is comprised of g(e)+D(é)é
in addition to the uncertainty-adaptive injections.

For learning of the unknown system (1)—(2) based on a
training data set
D—{X,Y}, )

we consider the following measurement scenario, introduced
informally for the sake of space. The interested reader is
referred to [21] for the accurate version. The unknown La-
grangian function L(q, g) from (1) is approximated by a data-
driven estimate (g, ¢) which is physically consistent [1] and
used in the model-based controller w(-) in (3). For this, we
assume access to noisefree position g; and velocity observa-
tions g;, 1=1,...,D with D € N, and to potentially noisy
acceleration ¢;+z;, z; ~N(0,X,.), and torque measurements

yi = 7i(qi, Gi, Gi) + 0;,  6; ~N(0,3p,). )

The noise processes {z;} and {6;} are white, zero-mean,
uncorrelated, and have known covariance matrices 3., and
3g,, respectively. After collecting all D observations at input
positions X =[q;, ¢; ', G; +z; '] with analogous output matrix
Y =y, ], we obtain the data set (4) used for learning.

Ill. GP REGRESSION FOR LAGRANGIAN SYSTEMS

This section briefly overviews our employed modeling
framework from [1], [21]. For a complete introduction, partic-
ularly to GPs, the reader is referred to the literature [26]—-[29].

A. Background: Gaussian Process (GP) Framework

A Gaussian Process (GP) can be interpreted as a Gaussian
distribution extended from random variables to functions. By
construction, it thus inherits the properties of the Normal
distribution, such that, e.g., conditioning and marginaliza-
tion remain Gaussian. Considering vector-valued functions
f:RM™ — RY a GP with mean m(x) and covariance or
kernel K (x,2’) is denoted by

f(@) ~GP (m(x), K(z,z')) .

Given D observations y; = f(x;) + €, i = 1,...,D,
perturbed by white noise €; ~ N(0,X,), GPs assume a
prior distribution of the function f, specified by m and K,
and then leverage the resulting predictive distribution by using
Bayes’ rule. Equivalently, from the function-space view, GPs
exploit the joint Gaussian distribution of the measurements Y
and a desired estimate f(x) by conditioning on the former,
giving rise to the posterior mean p¢(x) = E[f(2)|Y, X] and
covariance X ¢(x) = Var[f(x)|Y ", X] given in turn by

ps(x)=m(z)+k'(z)(K(X)+Z Vec(Y-m(X)), (6a)
Sf(@)=K (x,2) K () (K(X)+2) k(z),  (6b)

with k(x) =K (X, x) and where K (X)) and X, are the mul-
tidimensional Gramian and noise covariance block matrices,
respectively.

The kernel matrix K (z,x’) € RV*¥ is positive semidefi-
nite [29] for any x, «’, quantifies the correlation or similarity
between the components of f(x) and f(x’), and determines
higher-level functional properties such as smoothness. Depen-
dent on so-called hyperparameters, the marginal likelihood
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[26] is mostly maximized numerically to maximize the prob-
ability of observing the measured outputs at the given inputs.

Also, GPs have the key property that linear transformations
remain GPs [27] due to their construction based on the
expectation. Thus, applying a linear transformation operator
Ts, €.g., differentiation or integration, yields a GP again [30]

Tof (@) ~ GP (Tom(z), T. K (z, 2T, ) . (7)

Having introduced the basic framework of GPs, we now de-
scribe their unification with Lagrangian first-order principles.

B. Background: Lagrangian-Gaussian Process (L-GP)

1) Modeling Approach: The core concept we apply is to
physically constrain the employed GP distribution’s function
space. For this, we exploit the Lagrangian-differential operator

. 0_ o_ .\ 0 1%}

Lo= (ogrd+ agrd) 5~ 3 ®)
to induce the multidimensional dynamics (2) from a scalar
GP for the uncertain Lagrangian function L(q, q) with mean
my, and kernel k. Thus, Hamilton’s principle of Least Action
is deterministically guaranteed by embedding the differential

equation structure (1) into the GP. Since the transformation
(8) is linear [27], we can leverage (7) and denote

7(a, 4. G) ~ GP (Lqmr(a.q), LeLykr(a,4.q'.4)), (9)

resembling a multidimensional GP for 7. in (1).

Incorporating generalized friction in compliance with La-
grangian mechanics into structured model learning is nontrivial
[6]. However, the specific matrix-vector structure asserted in
Ass. 4 can be enforced with the covariance [1]

K;(4,q') = diag(q)Ka(d, q')diag(q’)

for which positive-semidefiniteness and passivity guarantees
can be provided [31]. Therefore, combining the dissipative GP
Tr ~ GP(my, Ky) for prior mean m; and kernel (10) with
the conservative torques (9), we arrive at the multidimensional
composite GP model

(10)

T =T+ 75~ GP(Lgmp +my, LoLyky + Kp) . (11)

=m,

=K,
2) Energy Structuring: The Lagrangian-GP in (8)-(9) is
split up further into its energy components, cf. Ass. 1, each
considered as independent GPs again, ie., T,G,U ~ GP
with V. = G + U, where G and U denote the underlying
gravitational and elastic energies, respectively. For the kinetic
energy, we make use of a specific kernel structure [21]

1+ . L
kr = Zqulag(Q’)GM(q, q')diag(d')q (12)

with the Cholesky decomposed covariance @ pr = R, Rns
and upper-right triangular Rps(q,q’). U(q) is constrained
analogously. Contrary to deterministically enforcing positive
definiteness as in [32] via Cholesky decomposition of the
output matrix, e.g., the mass-inertia, this approach only deter-
ministically preserves the energies’ quadratic form in order to
stochastically preserve Gaussianity. In this manner, the mass-
inertia matrix remains a (symmetric) matrix-valued GP.

Due to the structurally enforced constraints (8)—(12), the
posterior 7 := pu, = E[7|Y;X] from (6a) of the L-GP (11)
becomes [21]

#(.9.4) = M(9)d + C(a.4)d + a(a) + D(d)a.
The (symmetric) posterior mass-inertia estimate M: RN —
RY*N s guaranteed to be positive definite with high proba-
bility [21]. Also, C is here the Coriolis estimate constructed
as C(q,q) = %(8227;7 +M(q)— QTTET) [33]. These first two
terms, combined with the potential force estimate g(q) =
6%(@4—[7 ), also comprise the posterior 7. := p,, of the
conservative torque GP (9), and are provably lossless [21],
deterministically. Note that the dissipative L-GP’s covariance
estimate 32, = Var[7|Y", X] from (11) also follows from (6b)
with the kernel matrix K, = EqﬁqT, kp+ Ky.

Having laid out the modeling framework, we can now
proceed with the first contributions of this article.

13)

IV. CONTROL DESIGN

In the following, we present our proposed feedback control
architecture targeting accurate yet efficient trajectory tracking.

A. Natural Structure-Preserving Control

As illustrated in Fig. 1, we propose a structure-preserving
control scheme based on projections according to

T=M(q)4a+C(q. 4)da+(I-h(€'gq) Pe) G —ga(e, 1)

+ (I-h(€'dg) Ps)dg—da(é,t) (14)
where e = q — qq is the position error based on the desired
reference trajectory gq(t), and M(q), C(q,q), §(q) =: dq
and D(q)q = dg are the learned inertia, Coriolis matrix,
gravity and friction, respectively, as defined in (13). The
Heaviside step function h(x) is given by

h(z) = 1 (1 + sign(z))

for z € R, and P, € RV*V is the orthogonal projector [34]
onto the one-dimensional space spanned by e € RY

15)

T

ee
P,

el -

(16)

The methodology behind (14) is to alternate the well-known
standard PD+ controller [22] to compensate potential and
dissipative forces stemming from, e.g., gravity and friction,
respectively, only when necessary. Assume, for instance,
e'gq > 0and équ > 0, meaning that both vector quantities
point in the direction of the error quantities e and é. Then,
(14) can be simplified with e T gy > 0, €Tdg > 0 to

T =M(q)da+C(a,4)da + G1e(q) +dis(d) — ga —da

with g1 = P} g and d s = P;-ci where P}t =T — P..
Thus, if either of the model-based estimates points in the
direction of the respective errors, the parallel components
are preserved and exploited, while orthogonal subvectors are
canceled, cf. Fig. 1. In this way, we can improve the actuation
efficiency of [22]. Note that this is also implicitly achieved in
part by combining the PD+ controller [22] with the increased
modeling accuracy of the L-GP framework [21]. Although, in
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total, four pairings of the impedance g(q)+ D(q,q)g with
positional and velocity errors would be possible, our usage
of the two in (14) leads to variable yet natural PD gains
exclusively depending on the error variable they multiply,
a typical design approach for adaptive feedback gains [35].
Also, note that the controller (14) is continuous w.r.t. the
arguments of the Heaviside functions since these are zero
only when the respective vectors become orthogonal. Due to
the multiplication with the respective projections, the parallel
subvectors also become zero in these instances, enforcing a
continuous mapping. Enforcing differentiability would also be
possible via, e.g., a redefinition of the backward pass of the
Heaviside function (15) as in [36].

In the following subsection, we elaborate on the role of the
remaining quantities in the controller (14), i.e., the desired
potential and dissipation forces g4(e, ) and d4(é,t), respec-
tively.

B. Uncertainty-based Potential Shaping and Damping
Injection: Feedforward-Feedback Balancing

In order to obtain a structurally preserved closed-loop, we
propose a reference potential and dissipation given by

ga(e;t) = g(e) + Kp(%-(t))e

et e (172)
dd(e’t) (6) +KD(ET(t))e

=9
=d (17b)
with learned gravity g(-) and friction d(-) estimates from
(13) evaluated at position and velocity errors, respectively
and (time-variant) uncertainty-adaptive energy shaping and
damping injection based on the covariance matrix 3., and
positive definite matrix functions Kp p: RV*¥N — RVXN,
Aside from achieving a measure of robustness by this design
approach due to the smaller dynamical intervention, this is
also particularly beneficial upon potential interactions with the
environment, such as for a soft robot remaining inherently
compliant due to its preserved softness [17], instead of being
stiffened by feedback. To still be able to accurately achieve the
control task, the uncertainty-adaptive gains Kp p(X,) have
the purpose of implementing an automatic balancing between
feedforward and feedback elements.

Thus, for uncertainty-adaptive balancing between the feed-
back and feedforward elements in (14)—(17), we propose a
specific structure for the matrix gains Kp p given by

K(S,) = Ki (I - [Ko(Ko+ B0 ) Ky + Ky KG) - (18)

with constant, positive definite matrices Kj;_3 > 0. Using
variational principles for the eigenvalues of symmetric oper-
ators [37], we can provide a guarantee on the user-definably
bounded interval in which the eigenvalues of K (X) lie.

Lemma 1: The uncertainty-adaptive gain (18) with con-
stant 0 < k, I < K; < k;I, where k;, k; € RY fori=1,2,3,
is guaranteed to fulfill the linear matrix inequalities

—L T <K(Z,;)<klI. (19)
Proof: For the proof of the bounds for K (3..), we refor-

mulate (18) to K(X,) = (K; '+ K, ' (K +2,) K1)t
by making use of the matrix inversion lemma [38, C.4.3]. The

inequalities (19) then directly follow from [1, Lemma 3] after
utilizing A(A™1) = A71(A4), A € RV*N, [ ]

Using (19), one can enforce the spectrum A(K (X)) of the
adaptive gain (18) to lie in an interval on the axis of positive
reals, where k; defines the maximum gain for A\(X,) — oo.
We gather that K3 defines the scaling manner in which the
gain follows ... Moreover, K5 is typically chosen such that
0 < ky << 1 to specify a small positive minimum gain while
also improving the condition number of the covariance. A
desired positive lower bound 0 < k < k= k, can be achieved
by, e.g., fixing k,, ko and setting 1/ks; = \/ky(1/k — 1/k;).

Having motivated and legitimated the design principles
behind our proposed control law (14)—(17), we now proceed to
analyze the stability and convergence of the resulting closed-
loop error dynamics in the following subsection.

C. Overall Algorithm

The pseudocode of the overall algorithm involving the full
combination of all proposed methods is given in Algorithm 1.

Algorithm 1 Natural X-adaptive L-GP var-nat-PD+

1: OFFLINE:

2: Inputs: training data measurements D

3: Compute: hyperparameters 1) locally minimizing marginal
likelihood or least-squares approximation

4: ONLINE:

5. Inputs: initial system state g(0), g(0)

6: At each time ¢:

7

8

9

. Compute: L-GP mean estimates M, C, §, d at q(t), ¢(t)
: Evaluate: tracking error e(t) = g(t) — qq4(t) and é(t)
. if projection €' g > 0 then
10: only compensate orthogonal g, . in control law T
11: else
12: use full g in control law T
13: end if
14: if projection €7d > 0 then
15: only compensate orthogonal d_ ¢ in control law T
16: else
17: use full d in control law T
18: end if
19: Compute: L-GP covariance ¥, (¢) and adapt Kp, Kp
20: Apply control T = u — Kpe — Kpe

D. Exponential Stability Analysis

Due to the data-driven nature of the model, we consider its
uncertainty probabilistically to arrive at a stability guarantee
holding with high probability 1 — §, where 0 < § < 1. As a
prerequisite, we require the following assumption.

Assumption 5: The unknown torques 7(q, g, ¢) are a sam-
ple drawn from the L-GP (11) of which D & N noisy
observations have been collected according to (5).

The force error 7 = T —7 can now be bounded proba-
bilistically based on [1, Lemma 2], permitting a deterministic
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analysis of the closed-loop error dynamics
M(q)é + C(q,4)é + h(e'd(q)) ild,ﬁq) é+da(é,1)

+h(eTg(q)) Te ﬁ )e+gd(

(20)

t)+7=0

resulting from the controller (14) applied to the system (2).
Theorem 1 (Natural X-adaptive PD+): The L-GP-based
closed-loop (20) is exponentially stable for § € (0, 1)

Pr{Jle. el < ot) +eoe o Ty 15 o)
with convergence rate a(t) >« €R™ and radius o(t) given by

at) =

o(t)=A

Ala®).O)(lell*Hell*)+e(e detvetws) tretwe

bt . @)

e/9+1/¢

s (23)

Here, G(e) is the L-GP’s potential energy, A(a(t), t) an eigen-
value function, and ve=h(e'gq)e’ gq>0 Ve—h(e dg)é Td >
0 and we=h(e'gq)é Pegq, we=h(é Td, q)e Pe d Aside from
the constants €,9, A € R*, the radius (23) is determmed by

— 1RO (o))

The virtual stiffness x € R™ and scale ¢ € R are given by

2G(e)
T Tel=Here -

rk+m(t
H(t): z (t)

(24)

k="Fkp+e(d—amsx)
¢ =2[d—e(kp—%5)+ar] -

(25a)

(e+a)ims, (25b)

where d= d—i—k kp, My = m+m are constant worst-case bounds,
ie., deD—i—KD, I%M%mI The inequalities

€ < min [}cpﬂ;{%mg 4= amz <1+ 1+(¢4:Z§§)2 >1 (26a)
9 < 2(kp + i) (26b)
a < min {7:2, oo+ \/ag W} (26¢)

are fulfilled by the parameters ¢, and « for validity of the
statement, where o= %

Remark 2: Note that the implicit equation (22) can be
solved explicitly for the rate a(t). An analytical expression,
also for the eigenvalue function A\: R* x R — R, is derived
and given in the proof of Theorem 1.

For the proof of Theorem 1, we apply ideas from con-
traction theory [39], revolving around the problem of finding
a coordinate transformation, to construct an optimal Lya-
punov function, which allows the provision of a maximal
convergence rate and a minimal ball radius. This enables the
derivation of a strong theoretical guarantee, which depends
on a conservative usage of Young’s inequality only once each
where it is inevitable, i.e., where position and velocity are
multiplied with the force error. The repeated application of
these conservative inequalities, as in, e.g., [11], for bounds on
Lyapunov functions and Coriolis terms, can potentially lead
to infeasible guarantees. To circumvent these issues, we build
majorly on matrix analysis arguments.

1) Intermediate Results:
Lemma 2: The symmetric coordinate metric
K eM ]

eM M @7

M= [
with a real constant € € R, design stiffnqss 0= kI KK < kI
and L-GP inertia estimate 0 < mJ < M < ml ,7is uniformly
positive definite, i.e., M = 0V, iff |¢| < \/k/r. Moreover,
the metric (27) is guaranteed to fulfill the LMI bounds

0<pul =M=l
=3 <n+mi \/(m—m)2+(2em)2)

for nonzero values 0 < || < /1 /1.

Proof: The proof is given in Appendix I-A. ]
Next, we provide an exact and necessary condition in the
simplified case of an Euclidian virtual stiffness.

Corollary 1: For Euclidian IC = I >~ 0 with s € R™ and
m = A(M), all eigenvalues of the metric (27) are given by

AM) =

(28a)

(28b)

1 (n it /(r— )2+ (2gm)2) . (9)
which are positive for |e| < \/k/m.

Proof: Please see Appendix I-B. |

2) Proof of the Main Result: We are now ready to prove the
main result.

Proof of Theorem 1: To find an optimal Lyapunov func-
tion allowing the provision of a maximally tight guarantee, let

us first consider the generalized candidate
54y — 1T 5T : €l _. 17T
Vieét)=73e" €' M(e,e,t) L] =1z'z, (30)

representing the squared length of some adequately trans-
formed error coordinates z := @x. Thus, we implicitly define
a positive definite and continuously differentiable metric

M(e,é,t) =070 (31)

in whose Riemann space the squared length of " :=[e" &]
is investigated. Next, we exploit the structure of (20) by

reformulating to & = A(x,t)x + w(x,t) with

0 —M (HeHQI"‘KG"‘KP)

Al (x,t) =
@)= ~M~Y(C+ %I+ D+Kp)

(32)

and perturbation term

e[

For notational brevity, we have substituted v, and v, from
(22) here. Now, we directly use A and the full state « to find
a metric (31) for which

F=A"M+MA+M=<-2aM (33)

holds uniformly V¢. Inspecting (32), we observe the benefit
of multiplying with M in the second line for reducing the
complexity of satisfying (33). Therefore, (27) is postulated as
a fitting metric, where we have introduced a stiffness C, which
will be fully specified later on. In order to prove the result, we
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combine (33) from [39, Theorem 2] with [40, Theorem 2.1].
Thus, computing the derivative of (30) w.r.t. to (27) gives
V=lilz"Fe+ax'Mn=1z"Fzx—(ce+é)'+

Since T is a time-varying disturbance independent of the error
states @, we need to upper bound the second term to bring
the entire expression into the form V' < —2a(V — V) with
constant V' > 0 such that [40, Theorem 2.1] is applicable.
Using the Cauchy-Schwarz, triangle and Young’s inequalities,

—(ce+ )77 < ([elllell + leD 7]

2
< Ee|? + 2]e)? '

+(5+ 915

! (34)

follows for positive constants 19, ¢ € R*. Next, we include the
first two summands into the quadratic expression w.r.t. F and

apply [1, Lemma 2] for B4/ A(X+(t)) + s+ Ld < Ay/a(t)

to eliminate the time-dependency of the remaining bias. Thus,
+1)a2) =

which is equivalent to requiring for [40, Theorem 2.1] that

Pr{V < Lo (FleloTopl)z+2 (Ll 1-4,

Pr{V<-20)[V - (5 + )]} =1-0 39
given that the matrix inequality
ATM A+ MA+ M+ eI @ oI < —2a(t)M  (36)

is fulfilled deterministically. Here, note that we make use of an
extension of [40, Theorem 2.1] based on Gronwall’s inequality
to include a more precise time-variant convergence rate «(t) >
a € RT. Therefore, analyzing under which conditions (28a)
and (36) hold is all that is left to prove exponential stability
and convergence to the ball (21)—(23). The former, i.e., lower
bound in (28a) is necessary for computing the ball’s radius as

o°(t) =

for which Lemma 2 or Corollary 1 can be used, depending on
the form of KC. Proceeding with the latter condition, we plug
(27) and (32) into (36), reformulate, and obtain

2V _ El/vil/epz

W0 = 2 (37

K |ew AT
P —aK-K g 1B'-<C

0< -P =B 38

- 1B'-:C E —(s+a)M—£1 (38)

N——
=BT =F

P = H6H21+KG+KP, E = ||eHI+D+KD,
B =P —K+¢(E —2aM).

Leveraging Schur complements [41] and symmetric eigenvalue

principles [37], we can derive the sufficient conditions

B +ellCl?
4A(P)

A(B)+|l |12
IA(E)

P~0=E>B P 'B&\E)>
E-0=P>BE 'B" & )\P)>
which are unified compactly to P, E > 0 and B’ > 0 with

AINP)AE) = [\(B') + []|C]7

In order to maximize the convergence rate o and region g, we
thus in turn aim to maximize A\(P),A(E) while minimizing
A(B') subject to \(B’) > 0. Therefore, we choose

K=Kg+rl (40)

with constant x € RT and split up (38) for 7, := HeHQ into

o<| of bI—caM G+ened letfie]
T 2T-caM AI-(e+a)M tetene nel
=" ()
eKp L(Kp+e(D-CT))
e T - . @
5(Kp+e(D-C)) D
=R
é:€f{g—ak:g, KPZKP—EPI, ﬁ:ﬁ—dI-i-KD.

Here, we have minimized B’ and eliminated —%KG in P by
cancelling K¢ and exploiting G(e) = 3e' Kge with

Gle)=¢é'Kge = %eTkGe =¢(Kg—Kg)e

Also, we have directly made use of the obvious requirement
€ >0 for P > 0 in (38) and introduced the constants

a=ce(kp—5)—ar, b=kp+e(d+kp)—r, y=d+kp—%.

Note that, for the sake of simplicity, we refrain from an

extended choice of IC enforcing B’ = 0 since it would

involve additional matrix derivatives ﬁ, K P.D, (Ne +ene)l.
Therefore, we leverage Weyl’s inequalities [37, II1.2.1] next
to transform (38) using the symmetric decomposition (41) to

aG < A () +AR)] 2] * e (e getvetwe Hrstwe (42)
——— ——
=A(a,t)

with Ve, Ve and we, we from (22). Now, we exploit the
commutability of the submatrices of Y in (41) to apply [42,
Theorem 3] and follow for v=[a+~v—(¢+a)m]/2 that

A(T(0) = v(@)£\/v2()+ (carin— ) —a[y— (e +a)in]
o)y Lottt | (o 0)2 43

To obtain an optimal parameterization, we consider

Juax A(Y) = e(kp—Y)—an—{EXgEm (1+ 14 fee ) :
which then, subsequently, allows a maximal choice of conver-
gence rate « such that (42) and thus (36) hold with equal-
ity. Here, we have directly reduced max A(Y) by optimally
centering the two spheres generated by the spectrum of M
in the origin via the requirements b = ca(ri + m) and
v = a+ (e +a)(ri+m)/2, leading to the optimal parameters
(25a)—(25b). Then, given values ¢, € R, obtained, e.g., via
further numerical optimization based on the radius (37), we
plug (43) into (42) and solve for the maximal « such that the
resulting quadratic expression 0 < ag — 2a;a + asa? holds
with equality. Finally, we obtain the time-variant rate «(t) as

alt) = (al(t) —Jak(t) - ao(t)ag(t)> . @
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with a1_3(¢t) given for m*(¢t) s.t. A(¥(«)) = A~ (YL (*)) by

ag(t) = €2(t) — C*(t) — b*(2),
ay(t) = »#(H)E(t) + [x — m* (£)IC() — 2em™ (£)b(1) ,
az(t) = 32 (t) — [ — " ())* — [2em” ()]?

where %(t):l{%»ﬁltkm, ((t)=y—e(kp—3%+m*) and

f(t):E(Ep_g_m*+28TgE‘|’l’e+w-)+2r

B
lell*Hlell?

refeiiaE + AR+

All together, exponential convergence and stability to within
the ball B(p) from (23) can thus be concluded in the region

£={e e cRY |aG(e) < A(X)+AR)](lle]*+]le]?)
+e(egetvetws)+vetwe,
B(6,d)V/ A+ (t) + s(d) + Ld < Ay/a(t), Vt > to}

since (44) guarantees that (42) holds, and thus also (35) due
to (36)—(41). |

E. Design Interpretations

Intuitively, Lemma 2 provides a systematic approach to
designing a Lyapunov function (or a contraction metric) for
exponential stability proofs applied to Lagrangian systems.
Typically, € is chosen sufficiently small to ensure negative
definiteness of the derivative, see, e.g., [33, p. 187], and
eigenvalues are conservatively bounded, whereas we enable
optimization of £ on the interval (26a) and provide exact ex-
pressions for the metric’s spectrum in Corollary 1. Moreover,
the results allow a systematic design of the stiffness /C contrary
to the common approach only using the system’s potential
energy. In our case, we have employed the suboptimal choice
(40) in sight of the analytical simplicity of the result, for which
an optimal parametrization (25a) is then derived. Furthermore,
we observe from (38) in the proof of Theorem 1 that setting
JC = P' + ¢(E' — 2aM) would maximize the spectrum of
the considered matrix inequality on the right-hand side, and
thus also the admissable convergence rate c.

The benefit of our structure-preserving control design is em-
phasized theoretically in Theorem 1. It is particularly visible
in the influences on the exponential convergence rate in (42).
Here, it becomes clear that the preservation of the potential
energy (17a) and the conservative projector-based compensa-
tion (14)—(16), associated in (42) with the terms e'g. and
Ve =h(€Tgq)e dq, ve=h(€Tdg)é dy, respectively, have a
beneficial impact on the stability of the system. Moreover, the
radius of the ball (23) clearly decreases with the term G(e) in
(24) due to the structural preservation of the potential energy
in the closed-loop system.

Also, note that a similar exponential stability result for the
standard PD+ controller [22] can be derived using an ablation
of the argumentation in Theorem 1. Then, the desired energy
quantities become g,4(e)=Kpe, dqs(é)=Kpé with constant
non-adaptive K p p€RY >V and friction as well as gravity are
fully compensated. Therefore, we can conclude, based on our
theoretical investigations, that the classical controller [22] is
less robust due to the lower convergence rate and higher radius,
stemming from the missing structural benefits since gravity

and friction are fully compensated. This becomes particularly
important for handling the possibly destabilizing effect of the
Coriolis cross-term in (41) since R consists in the worst-case
of a negative summand whose impact is scaled with ||C|| <
(éo+¢1llqll)|lgll with positive constants ¢g, é; €RT.
Furthermore, the positive effect of the variance-based gain
adaptation (18) can be seen by inspecting A\(R) from (41)-
(42), since it has a direct influence on the convergence rate
a(t), cf., e.g., (22), via A(«, t)=A(Y)+A(R). Reformulating
R from (41) for Kp=Kp to
EKP %Kp 0 0 C’T
LKy ka;D {é o]’

R =

N|m

ZP}

=K =D
we follow with Weyl’s inequalities [37, 111.2.1] that AR) >
AMK)+A(D)—5||C||. Computing the spectrum

A(K) = 2Er) (1 tet+ /201 +€2)) ,

where we have applied [42, Theorem 3], we follow that
A(f{) >0 holds beneficially for £ >1.

In the following numerical evaluations, we will validate
these observations and even show that a classical PD+ con-
troller can become unstable very early while our control
law demonstrates a reliable performance despite increasing

disturbance speeds.

V. NUMERICAL ILLUSTRATIONS

In this section, we validate the efficacy of our proposed
methods in numerical simulations.! At first, we start with a
simple benchmark example for the sake of accessible inter-
pretation and comparability and then move on to a higher
system complexity illustrating scalable applicability along with
practical feasibility.

A. Two-link Manipulator

1) Setup: We benchmark our proposed control methods
using the two-link robotic manipulator from [33, p. 164].
Gravity g=10 m/s? acts along the positive z-axis as in [21]
such that ¢ =0 is an equilibrium of the system. The links
are parametrized to have unit masses m, =1 kg and lengths
l,=1 m for ne{1,2}. We additionally include dissipation
via unit linear and quadratic damper elements at each joint,
leading to D(q) = diI+dzdiag(|qg|) with d; =d2=1. The
equations of motion are given by

[a—I—Q,@’cosqz 5+Bcosq2} .._’{—ﬁq'gsinqg ] sinq2(q'1—|—(jg)]q

04 Bcosgs 1) B¢ sings 0
l . 1 .
D)+ {(Tm 5 +m211)gl§1n n +maZgsin(q +Q2)] —r,
ma3 gsin(qi+qz)

2 2
where a = IZ1 + 122 —|—m1% + mg(l% + IZQ), 8 = m2l1l§2,
2
§ =1, +mo2, and I, = Lm,I2 for n € {1,2}. Parameter
estimates are available but erroneous: M, = (14X, )My, l,=

(I4xn)lp and cfn:(l—xn)dn with an alternating relative bias
of 50% such that x,=(—1)""1/2.

'Code: For reproduction of our experiments, Matlab code along with an L-
GP toolbox are available under: https://github.com/gevangelisti/lgp_prjctr_ctrl
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— — Reference PD+ (SoA) ——L-GP var-nat-PD+ (ours) + Train -+ Valid‘ PD+ L-GP-PD+ nat-PD+ L-GP nat- L-GP var-nat-
2r (SoA) (new) (ours) PD+ (ours) PD+ (ours)
Tz, 33.49 27.95 27.86 2440 24.09
15F + max([|7]|) | 25.79 19.73 26.52 18.19 15.92
E[ll|] 9.635 7.946 7.798 7.085 7.014
1h ot e ez, 1.798 0.983 0.970 0.838 0.129
’ max(|le||) | 0.619 0.352 0.257 0.308 0.043
05l max(|lé]]) | 0.967 0.807 0.995 0.735 0.093
E[lle|l] 0.379 0.112 0.133 0.106 0.020
Z ol E[llél] 0.376 0.243 0214 0.176 0.031
- TABLE |: Numerical evaluation of the steady-state controller
-05F .
performances for ¢ > 10s based on the two-link. Lower values
At indicate better performances w.r.t. the considered metrics.
15 +
) ‘ on the model.
-1 -0.5 4) Results: The simulation results are illustrated in Fig. 3

@ (m)
Fig. 2: Reference trajectory in the cartesian workspace of
the two-link for t € 6nm + [0,27], n € Ny and tracking
performance comparison of the standard parametric PD+ with
the proposed variance-adaptive and structure-preserving, L-
GP-based, PD+ controller.

2) Training: For the L-GP’s hyperparameters, we use D=
52 +32 training and V =62 validation data pairs stemming
from equally distanced grids on the domains g€[—a, a]? for
a=1,1.25 with fixed velocity ¢ = [—1,1] ", [1.5,0] " and accel-
eration g=4,0, respectively. Due to the additional dissipative
subcomponent, the training data set also includes a small 3x3
grid in the velocity domain g€[—1,1)? for g=¢=0. Torque
and acceleration measurements are corrupted by i.i.d. noise
with standard deviations of 0.1 Nm and 7/180 rad/s?, re-
spectively. We reduce the kinetic mass inertia hypermetric
to the constant Euclidian form A~!'=o¢3 I. Similarly, we
assume a gravitational distance covariance X, :diag(oﬁc).
The hyperparameters are then optimized via the least-squares
approximation of all D+V =70 measurements.

3) Control: As a control task, we first consider the goal of
tracking an eight-curve figure, cf. Fig. 2, starting from the
initial condition ¢(0) =7/41 and ¢(0) = 0. In addition to
our proposed structure-preserving and L-GP-based controllers,
we also compare with the standard parametric ablation (PD+)
from [33, p. 194] along with its L-GP extended counterpart (L-
GP-PD+). To prevent numerical stability issues, we implement
the projection matrices as

.

__ _ee
P, =

el (45)

with an e=1073. Note that this is a common numerical proce-
dure often employed in other inversion implementations such
as, e.g., mass matrix predictions with DeLaNs [6] or Cholesky
decompositions of covariance matrices [26]. Moreover, all
controllers are parametrized by the same proportional and
derivative corrections K p=Kp=10I. The variance-adaptive
natural PD+ controller (L-GP var-nat-PD+) additonally uses
the gains (18), which are identically set to K;=k;I with k;=
102, k3=0.02 and k3=7.11 such that kp=Fk;,=10 + 1. Note
that instead of assuming their measurability, the accelerations
required to compute the L-GP covariance are estimated based

and the steady-state performances evaluated numerically in
Tab. 1. Despite considerable errors in the parameters, the
proposed natural PD+ controller (nat-PD+) already shows
significantly improved error metrics, demonstrating its natural
robustness due to the preservation of the system’s physical
structure. Furthermore, employing the mean estimate of the
L-GP greatly improves the tracking accuracy of both standard
(L-GP-PD+) and natural (L-GP nat-PD+) controllers. Intuition
for the functioning of the structure-preserving controllers can
be gained by inspecting Fig. 3 for small transient times close to
zero. Here, both variants without uncertainty-adaptation start
with considerably lower actuation efforts due to the exploited
system structures. The uncertainty-based adaptation law (L-
GP var-nat-PD+), variably shaping and injecting potential
energy and damping, respectively, demonstrates the highest
tracking accuracy w.r.t. all error metrics while having to
actuate with the lowest effort based on the torque input’s
Lo-norm. Its slightly increased mean over time hints at the
trade-off between actuation and accuracy performed by the
uncertainty-dependent feedback gains.

For the validation of Theorem 1, we first evaluate the
proposed Lyapunov function (30) and its bounds (28) in
Fig. 4 based on the metric (27) from Lemma 2 with the
design stiffness (40) for different closed-loop trajectories of
the L-GP-based natural PD+ controller (L-GP nat-PD+). For
generality, we now consider a sinusoidal reference trajectory
qi(t) = m/2sin(t)1 from here onwards. Initial conditions
are randomly drawn from q(0) ~ N(0,02I) and ¢(0) ~
N (m/2-1,02I) with a standard deviation of oo =m/3. Then,
we compute the norm of the simulated trajectory errors and
validate that the exponential convergence bound (21) holds
for all realizations and times ¢t > (0. Here, we have used
the parameter values ¢ = 1.1012, ¥ = 1.4211 and minimal
convergence rate a=0.1056, which were obtained by solving

n}ging(&:,ﬂ)%-i st K,9>0,4/2>e>0, AM(Y(a))>v
e, 0,a= =

numerically for v = 6 with the virtual stiffness x = 21.12
and scale ¢ = 0.3658 following from (25a)—(25b) and the
worst-case radius o from (23) for A = 0.5269. The time
evolution of convergence rate and ball radius is illustrated
in Fig. 5 for the same L-GP nat-PD+ trajectories along with
the variance-adaptive extension. The latter clearly shows an

improved convergence behavior for the same initial conditions.
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\ SoA (PD+) new PD+ with p, (L-GP-PD+)

ours no L-GP (nat-PD+)

ours pr (L-GP nat-PD+) ours pr, ¥, (L-GP var-nat-PD+) ‘

25

[=(@®)]l, (Nm)

0 5 10 15 0 5
t(s)

10 15 0 5 10 15
t(s) t(s)

Fig. 3: Tracking performances of the standard parametric and proposed, structure-preserving or L-GP-based, PD+ controllers.
The left/middle and right subplots show the norms of the position/velocity error and the actuation vectors, respectively.
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Fig. 4. L-GP nat-PD+ controller: Lyapunov function and
bounds for trajectories with different initial conditions g ~
N(0,021) and go~N (/2 -1,021), where og=m7/3. Solid
lines indicate trajectories, shaded areas respective functional
or error norm regions from Theorem 1 and Lemma 2 with the
bounds (21) and (28) given by the dashed lines.

Finally, in order to confirm the overall performance increase
of the proposed structural preserving and variance-adaptive
controllers, we perform a Monte Carlo simulation over the
initial conditions and frequency w of the sinusoidal reference
qaq(t)=m/2sin(wt)1. Therefore, we simulate 100 realizations
per frequency sample, where the initial conditions of the two-
link are drawn from a uniform distribution over q, 4 € [—a, a]*
for a=m/4. The results in Fig. 6 show the L3-norms of the
error state vector and actuation over the frequency w, evaluated
in the steady-state for ¢ > 47 /w. Not only can we validate
subsequent increases in the tracking accuracy, but we can also
observe the superior robustness of the proposed controllers.
Despite rising disturbance speeds, the natural PD+ controllers
structurally ensure stability and, thus, a reliable performance,
whereas the standard PD+ versions become unstable regardless
of the used parametric or L-GP-based model.
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Fig. 5: Exponential convergence behaviors of the proposed
natural structure-preserving controllers evaluated on the two-
link for randomly drawn initial conditions as in Fig. 4.
Solid lines indicate the variance-adaptive (L-GP var-nat-PD+)
controller, dashed the static gain (L-GP nat-PD+) variant.

B. Planar Soft Robot

1) Setup: Next, we consider the planar soft robot from
[17], [43], simulated by a FEM model. For this, we employ a
discretization of a continuous rod with unit mass and length
as a series of infinitesimal links [44], where we consider a
total of Npgm=100 with lumped rotational principle inertias
of I, = 1/(12Ngzy), n € {1,...,100}, each subsequently
connected by linear torsional-spring-damper elements. These
stiffnesses and dampings are set to k,=10 Nm rad~! and d,,=5
Nm rad s~!, respectively. The FEM simulation is implemented
in Matlab based on the articulated body algorithm from [45].
As in Sec. V-A and [17], we rotate the base frame such that
the soft arm is aligned with gravity in its equilibrium g"®¥ =0
with gFEM ¢ RNVrew

2) Training: For training, we consider the system’s step
response to a constant torque with amplitude ¢ = 1 Nm
continuously acting on each FEM element, starting from equi-
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Fig. 6: Monte Carlo evaluation of the standard parametric and the proposed, natural structure-preserving or L-GP-based, PD+
controllers. Solid lines and shaded areas depict respective mean and standard deviation of 100 realizations per frequency
sample. Initial conditions are randomly drawn from the uniform distribution over [q ¢J | € [—7/4, 7/4]*. Both standard PD+
controllers with full gravity cancellation become unstable at 3.7 and 3.8 rad s™1.
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Fig. 7: Reference trajectory of the soft robot moving in its
planar workspace.

librium. The L-GP uses D =24 equidistant samples, corrupted
by measurement noise with standard deviation 0.01a, of the
simulated trajectory for 0 <t <4s, while discretizing into
N=4 constant curvature (CC) segments [17] equivalent to a
constrained rigid body with 4 N=16DOFs. For the parameters,
estimates 1M, = (1 + xn)/N, k, = knN(14+xn)/Nrem and
Jn = d, N/Ngem are used for the masses, stiffnesses and
dampings, respectively, with relative errors x,=(—1)"~1/4 for
ne{l,2,3,4}. We reduce to Euclidian inertial and diagonal
gravitational hypermetrics analogously to Sec. V-A. Addi-
tionally, we exploit symmetries of the robot’s configuration
by asserting symmetric [46] squared-exponential (SE) kernels
for kinetic and potential energies, leading for the latter to
a point-symmetric restoring potential force §(—q)=—g(q).
Then, the hyperparameters are optimized based on the least-
squares approximation of the FEM positions with the L-GP-
based dynamical resimulation, where we consider a sampling
frequency of 250 Hz leading to V'=1001 validating position
samples of the training trajectory.

3) Control: The standard and proposed, natural structure-
preserving or L-GP-based, controllers with identical propor-
tional and derivative gains Kp = Kp =1 are tasked with

PD+ L-GP-PD+ nat-PD+ L-GP nat- L-GP var-nat-

(SoA) (new) (ours) PD+ (ours) PD+ (ours)
Mz, 5.00 5.24 5.32 545 5.46
max([|7]) 1.89 1.96 1.99 2.04 2.05
E[ll7l] 1.313 1.395 1.408 1.436 1.439
lleTe M|z, 0.670 0.379 0.650 0.059 0.042
max(||e]|) | 0.191 0.116 0.185 0.013 0.010
max(||e]]) | 0.181 0.089 0.210 0.022 0.017
E[llell] 0.123 0.088 0.118 0.008 0.005
E[|le]l] 0.125 0.057 0.113 0.0135 0.0099

TABLE [l: Numerical evaluation of the steady-state control
performances for ¢ > 2xs based on the soft robot. Lower val-
ues indicate better performances w.r.t. the considered metrics.

tracking a sinusoidal reference gq(t)=asint with amplitude
vector a=m/180[1, 10,45, 90] in the considered 8-dimensional
CC state space, cf. Fig. 7. The system is initially assumed to
be at rest, g(0)=0, but deflected by the maximum amplitude
q(0)=—a. Projectors of the structure-preserving controllers
are implemented again with the same e=10"2 as in (45). The
covariance gains (18) of the adaptive natural PD+ controller
are identically set to diagonal K;=Fk;I with k;=10, ky=10"3
and k3=10.05 such that kp =kp=1+40.1. Also, instead of
assuming their direct measurability, model-based estimates of
the accelerations are used to compute the L-GP covariance.

4) Results: The controllers’ tracking performances are visu-
alized in Fig. 8, and their steady-state accuracies are evaluated
numerically in Tab. II. Aside from the significant performance
increases achieved by the application of the L-GP model, the
natural structure-preserving (L-GP nat-PD+) controller also
leads to another drastic improvement by a factor of 6.47
compared to the standard (L-GP-)PD+ variant w.r.t. the Lo-
norm of the trajectory error. The proposed variance-adaptive
(L-GP var-nat-PD+) controller demonstrates the highest track-
ing accuracy w.r.t. all error metrics with slightly increased
actuation effort, however.

Next, we apply Theorem 1 to compare the convergence
and reliability of the controllers tracking the soft robot’s
reference curvature. The according Lyapunov functions (30)
and their bounds (28) are evaluated in Fig. 9, where the
gravitational energy G(e) = %eTkig(e)e is eliminated from
the metric (27) with design stiffness (40) for the standard PD+
controller due to its cancellation. The norms of the closed-loop
errors and the exponential convergence bounds (21) are shown
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Fig. 8: Tracking performances of the standard parametric and proposed, natural structure-preserving or L-GP-based, PD+
controllers in the N-dimensional curvature space of the soft robot, N=4, for the initial condition g(0)=—a, ¢(0)=0. The
reference torque 7*(¢) indicates the nominal (feedforward) actuation based on the FEM for zero tracking errors.
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Fig. 9: Lyapunov functions, bounds, and exponential conver-
gence rates of all L-GP-based controllers for the closed-loop
trajectories from Fig. 8. Solid lines indicate trajectories, shaded
areas functional (28) or error norm (21) bounds from Lemma 2
or Theorem 1, respectively.

in the middle subplot of Fig. 9, confirming their validity for
each of the controllers V¢ > 0 and also demonstrating their
applicability to higher system dimensionalities. As in Sec. V-
A.4, we optimally parametrize all guarantuees by leveraging
(25a)—(25b) and numerical minimization of the worst-case
radius o from (23), for an L-GP model error bound of
A = 0.9556. The resulting time evolutions of convergence
rate «(t) and ball radius o(t) of all L-GP-based controllers
are visualized in the bottom and middle subplots of Fig. 9
by the solid and dashed lines, respectively. Compared to
the standard (L-GP-)PD+, the structure-preserving (L-GP nat-
PD+) controller without variance adaptation already leads
to significantly increased reliability and convergence with
an improved exponential rate and radius by up to two and

three orders of magnitude, respectively. Finally, the variance-
adaptive (L-GP var-nat-PD+) version shows the best behavior,
with a big improvement compared to the static-gain (L-GP
nat-PD+) counterpart, particularly visible in the transient phase
0<t<5s.

VI. CONCLUSION

We have proposed a structure-preserving tracking controller
using projections and a learned model given by the posterior
of a Lagrangian-Gaussian Process (L-GP). The uncertainty
quantification in the form of the covariance matrix is en-
coded into a confidence-dependent feedforward-feedback bal-
ancing scheme. High accuracy and performance are guaranteed
by precise theoretical results ensuring exponential conver-
gence and stability probabilistically. Numerical simulations
of robotic systems, a planar two-link and soft manipulator,
confirm the theoretical and practical efficacy of the proposed
methods.
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APPENDIX |
SUPPLEMENTARY PROOFS

A. Proof of Lemma 2

Using Schur complements [41], the equivalence
M=0 & K-—e2MM M >0

can be used to follow that €%M < JC must hold for positive
definiteness of M, since M = 0. Then, applying Weyl’s
inequalities [37, II1.2.1], we arrive at e2m < k. Taking the
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square root and reformulating leads to the first condition. Next,
for the proof of (28), we start off with the nonstrict LMIs

O=M-—pul, 0=Zpul-M.

Given M # IC, we can always find positive values satisfying
p < max(k, ), fi > min(#, M) such that either IC—pI, il —
K= 0or M —ul, pI — M + 0 hold, respectively. Thus, we
analogously apply Schur complements and Wey!’s inequalities,
leading to the quadratic inequalities 12 — (& + m)ji + mk —
£2/m? > 0. Solving for fi, we obtain (28b). Choosing the upper
and lower zero crossings for the upper and lower bounding
values /i and ;1 then guarantees that max(&,m) < fi and 0 <
p < min(k,1m) hold, respectively, for 0 < |¢| < /fk/m.
Finally, let us consider the special case of M = K. Then,
we can directly compute the eigenvalues of (27) analytically
using its characteristic polynomial:

M =K = det(M — XI)
= det[(M — \I)? — (eM)?]
= det[(1—e)M — M| det[(14+)M — M|,

where we have applied the formula for determinants of 2x2
block matrices [42, Theorem 3] in the second line, valid since
eM and M — M\ commute, along with the multiplicativity
property of the determinant in the last line. In this case, the
spectrum of XA(M) is therefore the result of the eigenvalues

A(M) being scaled by 1+¢, such that A(M) = (1+e)A(M)
holds. Clearly, this coincides with i = A(M) in (28b) for
& = 1, and positive definiteness necessarily requires || < 1
which is encompassed by the second (sufficient) condition of

the lemma on || since 1 /m < 1.

B. Proof of Corollary 1

Using the commutability of eM and M — A combined
with [42, Theorem 3], we can compute the characteristic
polynomial of (27) according to

K =nrI = det(M — )
= det[(KC — \I)(M — M) — 2 M?]
= det[(k — \)M — &2 M? —\(k — M.
=A
Thus, det(M — AI) = 0 holds iff A(x — A) is an eigenvalue
of A, leading for i := A(M) to the algebraic condition
(k=N —ei? = XK —N), (46)

where we have used A%z = \?(A)zx for A € RV*¥_ Finally,
solving the quadratic equation (46) for the desired eigenvalues
A = A(M) and vectorizing, we arrive at (29).
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