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We show that the vertex-reinforced jump process on the d-dimensional
lattice with long-range jumps is transient in any dimension d as long as the
initial weights do not decay too fast. The main ingredients in the proof are: an
analysis of the corresponding random environment on finite boxes, a compar-
ison with a hierarchical model, and the reduction of the hierarchical model
to a nonhomogeneous effective one-dimensional model. For d > 3 we also
prove transience of the vertex-reinforced jump process with possibly long-
range jumps as long as nearest-neighbor weights are large enough.

1. Introduction and results. Consider an undirected connected locally finite graph G
with vertex set A and edge set EA. Every edge e = {i, j} € E is given a positive weight
Wij = Wj; = W, > 0. The vertex-reinforced jump process (¥;);>0 (VRIP for short) is a
stochastic process in continuous time which starts at time O in a vertex 0 € A and condi-
tionally on (Yy)s<; jumps from Y; =i along an edge {i, j} at rate

t
(1.1) Wl'j(l—f—/o l{yszj}ds>.

The process was conceived by Wendelin Werner in 2000 and first studied by Davis and
Volkov [6, 7] on trees and finite graphs. For a recent overview of the subject, see [2]. It
was shown by Sabot and Tarres [13] and independently by Angel, Crawford, and Kozma [1]
that for any graph of bounded degree there exists Wi > 0 such that the VRIJP is recurrent if
W, < W) for all e € E 5. In contrast, Sabot and Tarres [13] proved that for any d > 3, there
exists W < oo such that the VRIP on Z¢ is transient if the weights W, are equal to a con-
stant > W. Sabot and Zeng in [14] proved the following zero-one law for infinite graphs.
If the graph G together with the weights W = (W,).cg, is vertex transitive, the VRJP is
either almost surely recurrent or it is almost surely transient. Poudevigne [11] proved some
monotonicity in the weights W, which implies that for Z?, d > 3, there is a unique phase
transition between recurrence and transience when the weights W, are constant. On Z¢ for
d =1, 2, the VRIP with arbitrary constant weights is always recurrent. In one dimension,
this was shown for W, = 1 by Davis and Volkov [6] and for general constant W by Sabot
and Tarres [13]. Sabot [12] proved the result in two dimensions. The discrete-time process
associated to VRIP on any locally finite graph is given by the annealed law of a random walk
in random conductances; cf. [13] for finite graphs and [14] for locally finite infinite graphs.
We will consider here VRJP on Z? with long-range interactions. This is not a locally finite
graph, but VRJP can still be well-defined as long as }_,5; W, < oo for all vertices i € A. If
in addition sup; . Y _.5; We < 00 holds, then VRJP jumps only finitely often up to any finite
time. It seems that the existing results on VRJP have not considered this generalized context.
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Therefore, we decided not to rely on existing results on infinite graphs, but rather on finite
pieces of infinite graphs only.

Also on infinite, possibly not locally finite graphs (A, EA) up to the time that the process
leaves a given finite set Ay C A of vertices, the discrete-time process associated to VRJP is a
random walk in random conductances. The corresponding random conductance for any edge
e ={i, j} may depend on Ay and can be encoded in the form ¢, = W;; e"iT"j with a random
environment u = (#;);en, . The law of u is explicitly given in [13], Theorem 2. We consider
wired boundary conditions obtained by adding a “wiring point” p to Ay, setting u,, := 0, and
connecting any vertex i € Ay to p with the “wiring weight”, synonym “pinning strength”,

(1.2) hi=Wip,= Y W,

JEA\AN:

{i,j}eEA
provided that this sum is finite. The corresponding “pinning conductances” are given by ¢;, =
Wipe'ittr = h;e"i. Leaving Ay corresponds to jumping to the wiring point p. Let E5, =
{e € Ep e € Ay} denote the edge set restricted to A . The edge set on the extended graph
with vertex set Ay U {p} is

(1.3) Ey=Ex,U{{i,p}:i€Ayand{i, j} € Ey forsome j € A\ Ay}.

With these notations, the law va\/"h of the random environment « for the VRJP starting in the
wiring point p is described by

VW h(du) Z{i,j}eEAN Wij(cosh(ui—uj)—=1)=3 ;e hi(coshu;—1)

(1.4)

Z 1_[ W oM ituj 1_[
TeS{i,jleT ieAy \/_

where S is the set of spanning trees over the graph (Ay U {p}, En). Let IE ,, denote the

du,,

AN
expectation corresponding to vy,”,.

1.1. Results on the VRJP with long-range weights in any dimension d > 1. In this sub-
section, we consider the following model.

MODEL 1.1 (d-dimensional lattice with Euclidean long-range interactions). Fix a di-
mension d € N and two parameters W > 0 and « > 1. We consider the d-dimensional lattice
Z4 with edge weights Wii=W;i=w(li — jlleo) for i, j € 74, i + j, where the function
w : [1, 00) — (0, 00) is monotonically decreasing and satisfies the lower bound

o
(1.5) wx) > W% forall x > 1
and the summability condition
(1.6) > w(llilleo) < o0
iez4\{0}

Note that large values of the weights W;; correspond to weak reinforcement, because
jumps typically occur after a short time; hence the local time cannot increase a lot before
any typical jump. Thus, the lower bound (1.5) can be interpreted as a regime of weak rein-
forcement. We prove the following transience result.

THEOREM 1.2 (Transience of long-range VRIP). The discrete time process associated
to the VRIP on 79 started in O with interactions as in Model 1.1 is transient, that is, it visits
a.s. any given vertex only finitely often. Slightly stronger, the expected number of visits to any
given vertex x € Z4 is finite and uniformly bounded in x.
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Discussion. We believe that a logarithmic correction in (1.5) in dimensions d = 1, 2 is cru-
cial for this theorem to be valid and not only for its proof. Indeed, for locally finite graphs,
Poudevigne’s Theorem 4 in [11] shows that the VRJP with weights W is recurrent whenever
the corresponding random walk in the deterministic conductances W is recurrent. In dimen-
sions d = 1,2, the random walk in conductances W;; < Wi — jl|32¢ for some W > 0 is
known to be recurrent; see [5] and [3]. Although 74 with long-range interactions is not a lo-
cally finite graph, one may conjecture that Poudevigne’s result could possibly be extended to
this case. This would imply recurrence of the corresponding VRIJP for W;; < Wli —j ”gOZd.

Strategy of proof. The proof of the transience result Theorem 1.2 relies on an analysis of
random walks in random conductances given in Theorem 2.1 below. It requires the transience
of the Markovian random walk on Z? endowed with the deterministic weights W;; from
Model 1.1. It is known that for W;; > Wlli — jll5$, i, j € Z¢, with W > 0, s < 2d, the
Markovian random walk on the weighted graph is transient. This was shown by Caputo,
Faggionato, and Gaudilliere [5], Appendix B.1, using characteristic functions and by Bdumler
in [3] using electrical networks. In contrast to this, we have a logarithmic correction W;; >
Woglli — jlloo)*Nli —j ||502d with @ > 1 in Model 1.1. Bdumler’s method still applies in this

case and is used to prove the following lemma.

LEMMA 1.3 (Transience of long-range Markovian random walk). Let w : [1,00) —
(0, 00) be a monotonically decreasing function satisfying (1.5) and (1.6) for some d € N,
W > 0, and a > 1. Then, the Markovian random walk on 7¢ endowed with the long-range
deterministic weights W;j = w(|li — jlloo) foralli, j € 74 is transient.

To study the VRIP on Z¢ with weights from Model 1.1, we analyze the process on a
sequence of finite boxes Ay C Z¢ with wired boundary conditions, given by the pinning

(1.7) O0<hi= Y  Wj<oo, i€Ay.

JEZN\AN
Note that the last formula is a special case of formula (1.2). The following bounds on the
environment are the key ingredient of our transience proof. They may be interpreted as long-

range order in any dimension d > 1, provided that the long-range weights do not decay too
fast.

THEOREM 1.4 (Bounds on the environment—long-range case). For N € N, we consider
the box Ay = {O_,l, 2N l}d c 74, d > 1, with the weights inherited from Model 1.1
with parameters W > 0 and o > 1. Then, for all m > 1 and o € {x1}, the bound

(1.8) Ep,[e7™] < C

holds with some constant C = C(W,d, a, m) > 0, uniformlyini € Ay and N.
An explicit expression for C is given in formula (3.24).

1.2. Results on the VRJP with possibly long-range weights in dimension d > 3. In this
subsection, we consider the following model.

MODEL 1.5 (d-dimensional lattice with large interactions in high dimension d > 3). Fix
a dimension d > 3 and W > 0. We consider the d-dimensional lattice Z¢ with possibly long-
range edge weights W;; = W;; > 0 for i, j € 74 with i # j, which are lower bounded by
weights of simple nearest-neighbor random walk on Z¢

(1.9) Wij = Wiz jj,=1)
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and fulfill the uniform summability condition

(1.10) sup Y W;; <oo.
iGZdjeZd\{i}

THEOREM 1.6 (Transience of VRIP in high dimension). Consider Model 1.5 with pa-
rameters d > 3 and W. There is a constant Wi = W(d) > O such that the assumption
W > W implies that the discrete time process associated to the VRIP starting in O for
this model is transient, that is, it visits a.s. any given vertex only finitely often. Slightly
stronger, the expected number of visits to any given vertex x is finite. Moreover, if the
weights W;; are translation invariant this expectation is uniformly bounded in x. One can
take W1 = max{W>, 108} with W as in Theorem 1.7.

Note that on locally finite graphs the probability that the VRIJP is transient is an increasing
function of the weights W;; (cf. [11], Theorem 1). If this result was applicable also for nonlo-
cally finite graphs, then transience of VRJP as stated in Theorem 1.6 would follow from the
transience result on Z¢ for d > 3 with nearest-neighbor jumps proved in [13]. However, one
may conjecture that this obstruction is only a technical issue, not a fundamental failure of the
approach.

For Z¢ in dimension d > 3, we deduce the following bounds for the environment. As in
the long-range case, these bounds are the key ingredient to prove transience.

THEOREM 1.7 (Bounds on the environment—high dimension). We consider any finite
box Ay C Z% with the weights inherited from Model 1.5. There exists W > 28 such that for

— 1
all W= Wy, allm € [1, W?¥], and o € {1}, one has
(1.11) Eé\vlj/h[eamui] < 72m+1

uniformly in i € Ay and the box Ay.

Note that in the case of a strict inequality W > W5, we can take m > 1, which yields
uniform integrability of e. This is formulated in the following Lemma 1.8.

1.3. Uniform integrability. A potential strategy to prove Theorems 1.2 and 1.6 uses a
recurrence/transience criterion given in [14], Theorem 1, for locally finite graphs. Take a

sequence of finite sets Ay 1 Z¢ with 0 € Ay. One can couple u(()N) distributed according to

v{)\vl\’h for all N in such a way that (e“éN)) NeN 18 a nonnegative martingale, which is uniformly
integrable by the following lemma.

LEMMA 1.8 (Uniform integrability). In Model 1.1, let W > 0.In Model 1.5, let W > W,
with W from Theorem 1.7. Under these assumptions, the random variables e*"i distributed
according to vé\/"h are uniformly integrable in N e Nandi € Ay.

) (V) . .. .. .
Hence, the martingale (¢"0 ) yen converges a.s. and in L' to a limit Y. The limit satisfies

E[vo] = limpy_ ]E(}VNh [e”ém] = 1, where the last equation follows by supersymmetry; see
[9], (B.3). Because of uniform integrability of e_”(()N), N € N, the expectation E[v/, 1] is

finite and consequently the limit ¥ is almost surely strictly positive. If one extended [14],
Theorem 1, to Z¢ with long-range interactions, this would yield transience for the VRIP in
an alternative way to the approach in this paper.
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How this paper is organized. In Section 2.1 we show how transience of the VRIP follows
from the bounds on the random environment given in Theorems 1.4 and 1.7. Uniform integra-
bility from Lemma 1.8 is shown in Section 2.2. In Section 3.1 we analyse an auxiliary model
with hierarchical interactions. The corresponding bounds are obtained by reducing the model
to an effective one with vertices that represent length scales. Although this effective model is
still defined on a complete graph, only interactions between neighboring length scales are rel-
evant, which allows us to treat it essentially like an inhomogeneous one-dimensional model.
In Section 3.2, we show how bounds on the corresponding environment can be transferred to
bounds on the environment for the Euclidean lattice in any dimension d > 1 with long-range
interactions. In Section 4.1 we introduce the H?/? model, which describes the VRJP random
environment as a marginal. Section 4.2 collects some identities generated by supersymmetry.
These are applied to deduce a bound on fluctuations of the random environment. Finally, in
Section 4.3, we prove the bounds on the environment in dimension d > 3 from Theorem 1.7
by combining the bound from Section 4.2 with estimates from [9] and a monotonicity result
from [11].
The constants W1, W5, and C keep their meaning throughout the whole paper.

2. Proof of the main results.

2.1. Transience proof given bounds on the environment. Our transience proof uses the
connection between random walks and electrical networks; cf. [10] for background. First we
prove transience for Markovian random walks with long-range jumps.

PROOF OF LEMMA 1.3. By [10], Theorem 2.11, to prove transience, it suffices to con-
struct a unit flow of finite energy from O to infinity. Following the same strategy as in the
proof of [3], Theorem 1.1, we consider the pairwise disjoint annuli By = ((=2k, 2kyd \
(=2k=1 2k=114y N 74 for k € N and By = {O}d. We observe |By| > 2kd for k € Ny. Note
that for i € By, j € Br4+1, we have ||i — jlloo < 2%+2 and since w is decreasing and satisfies
the lower bound (1.5), it holds

+2)¢ k+2)*
@D W=l =il = () = Wi = W R
Giveni, j € 74, we define 6 (i, J)=-0(,i)= |Bk|_1|Bk+1|_1 ifi € By, j € Bx41 for some
k € Ng, and 6 (7, j) = 0 otherwise. Then, 0 is a unit flow from 0 to infinity, that is, Kirchhoff’s
node rule 3 ;74 0(i, j) = &o; holds forall i € 74 . The corresponding energy of the network
with conductances W is bounded as follows:

1 B -2 B -2 23d
(2.2) 1 Z 9(1 ]) _ Z Z Z | Br|™ | k+l| <= Z(k+2)_a <00
2i,/ezd Wij W

keNgieBy jeBi+1 J keNp

because ¢ > 1. O

To prove transience for VRIP, we apply the following criterion for random walks in ran-
dom conductances. The idea for its proof is due to Christophe Sabot and Pierre Tarres (proof
of [13], Corollary 4, and private communication).

THEOREM 2.1 (Transience criterion). Consider an undirected connected graph G =
(A, Ep), not necessarily of finite degree, a vertex 0 € A, and an increasing sequence Ay 1 A
of finite vertex sets containing 0. Let Gy = (Any U{p}, EN), where p is an additional wiring
point and G y is obtained from G as follows. We restrict the vertex set to Ay, add p, and use
wired boundary conditions to define the edge set Ey as in (1.3).
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Consider a stochastic process X = (X,)nen, on G = (A, Ep) starting in 0 and taking
only nearest-neighbor jumps. We assume that for each N, the law of the process before it
hits A\ Ay equals the annealed law of a random walk in some random conductances c, =
céN) > 0, e € En, on Gy before it hits p. The law of(céN))eeEN may depend on N . We denote
the expectation averaging over the conductances by EN . Let x € A. Assume that there are
deterministic conductances W, > 0, e € E , such that the following hold:

1. Foralli € A, onehas ) ,cg,.ice We < 00.
2. The random walk on the weighted graph (G, W) is transient.
3. There is a constant K, > 0 such that for all N e Nand all e € En

vfer] K
23) > B |ZL]si

feEyxef Ce

(N)

where Wi, = W, o is defined via the wired boundary conditions as in (1.2).

Let RN (W, x < p) denote the effective resistance between x and p in the network Gy with
deterministic conductances W = (We)ecky. Then the expected number of visits in x of X
before exiting Ay is bounded by K RN (W, x < p), which is bounded uniformly in N. As a
consequence, the expected number of visits of x by the process X on G is finite with the same
bound.

PROOF. Let E}Y, denote the expectation with respect to the process X, which starts in

0, on G. For any y € Ay, let PC]Yy and E év y be the probability measure and expectation,
respectively, underlying the Markovian random walk X starting in y on Gy in given con-
ductances c. Let ‘L’;r denote the first return time to x, and 7y, 7, the hitting time of x, p,
respectively. Let Ny := Y2 1(x,=x.n<z,} denote the number of visits to x before visiting
p. The expected number of visits of X to x equals

o0
2.4) 5\%[2 1{Xn=x}} = Jim_ EN[EN[NL].
n=0

Let N be large enough that x € A . Conditionally on 7, < 7,, since ¢, > 0 for all e € Ey,
the number of visits to x before hitting p in fixed conductances ¢ is geometric with mean
(2.5) ENINJ=PN.(z, <tH ' =c()RY (c,x < p),

where ¢(x) = repyresCf and RN (c, x <> p) denotes the effective resistance between x
and p in the network Gy with conductances c; the expression of the escape probability in
terms of the effective resistance is described in [10], formula (2.5). We obtain

(2.6) ENoIN: = PYo(te < 1) EN [Ny < c()RN (e, x < p).

By [10], formula (2.7), there is a unit flow 6 = (6(i, j))i jeay:(i,j)eEy from x to p in this
network, thatis, 6(i, j) = —0(j, i), ZjeAN:{i,j}eEN 0(i, j) = dix — 8ip, such that the effective
resistance in the network Gy with deterministic conductances W is given by
(2.7) RVYW.xop= Y Wl.;le(i, 2.

{i,j}€EN
By Thomson’s principle [10], Section 2.4, with the same flow 6, we obtain an upper bound
for the effective resistance with random conductances

(2.8) RV(c.x<p)< Y c;'0G. )%
{i.j}€eEN
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Using first (2.6) and then assumption (2.3), we obtain the following bound for the expected
number of visits in x before exiting A y:

EN[EN NI < EN[e()RY (e, x < p)]

N|Ef ) e w2
2.9) <2 2 E [Z]Q(”) =Ke 2 WioG.))
{t,./}GENfGE}v- J {i,jl€eEN
xXe

=K. RN (W, x < p) tNooo KxR(W, x < 00)

with a finite limit R(W, x <> 0o0) because of the transience assumption. In particular, the
estimate in (2.9) is uniform in N. Finally, (2.4) allows us to conclude. [J

Using the bounds in Theorems 1.4 and 1.7, we apply the criterion from Theorem 2.1 to
deduce transience of VRIJP.

PROOF OF THEOREM 1.2.  We use Model 1.1 on Z¢ with the weights W;;, i, j € 74, and
the boxes Ay = {0, ...,2N — l}d replaced by shifted boxes ]\N = Ay + (ayn,...,ayn) with
ay € Z suitably chosen such that A N1 Z4 and 0 € Ay. We take the graphs Gy = ([\ N U
{p}, En) with wired boundary conditions as specified in Theorem 2.1. Let W;, = Wl.(pN) be
as in formula (1.2). By [13], Theorem 2, the discrete-time process associated with the VRJP
on Gy starting at o has the same distribution as the random walk in random conductances
Cij = W,-je“i+”f ,i,]J € ANU {p},on Gy, where u;,i € ]\N, are jointly distributed according

to the law vv[‘\,’vh given in (1.4). Changing the starting point from p to 0, one may take the
same random conductances W;;e"i Tuj, but with respect to the modified measure €0 d vé\vj‘;l

having the density e“0~%» = ¢"0 with respect to vé\v’\;l This can be seen from formula (1.4)
using the shift ##; = u; — u( and noting that a factor e ™0 is replaced by e ~“» when changing
the product [[;cp,y € 0 [Tica yugpnor € -

We verify the Assumptions 1-3 of Theorem 2.1. Assumption 1 holds by hypothesis (1.6).
Assumption 2 is true by Lemma 1.3. Finally, Assumption 3 is verified as follows. Let N € N.
The expectation EV in Theorem 2.1 is with respect to the environment for the VRJP starting
in 0, not in p. Hence, given x € Ay and e = {i, j} € Ey, it remains to estimate

N cf [\ Cf ka [\ e”x+uk
(2.10) Z e [C_} - Z ]EW”Vh[C_eMO] - Z Wi EWT’h[euiJruj el
fEEN: ¢ feENn: ¢ ke(AyUlph\{x} ij
xef xef NP

We apply first Holder’s inequality and then the bound (1.8) in Theorem 1.4 to obtain

EZ\N [eux-l—uk—u,-—uj—i-uo]
h
iy

=

< (Bl B [ B [e 7> JERY, [T BN, [°])s < €

with the constant C from there; for kK = p, note that E@Nh [¢74r] =1 < C. Note that the theo-

rem is applied to the translated box Ay rather than the original box Ay, using translational
invariance of the weights. Substituting the bound (2.11) in (2.10), we obtain

2.12) )3 EN[C—f]SC > Wae _ K

febyxef e reGaoopni i Wi

9



1498 M. DISERTORI, F. MERKL AND S. W. W. ROLLES

with K = C ) ycz4\ () Wxk < 00; by translation invariance, the constant K does not depend
on x. Having checked all its hypotheses, we apply Theorem 2.1. The limit R(W, x <> 00) =
limy 0o RY (W, x < p) does not depend on the choice of the boxes A N1 74. Finally, since
the weights W;; are translation invariant, it also does not depend on x. We conclude that the
expected number of visits to x is uniformly bounded by K R(W, 0 <> 0c0). [

PROOF OF THEOREM 1.6. The proof is parallel to the proof of Theorem 1.2, but with
some modifications. We explain these modifications. This time, we use Model 1.5 and take
the shifted box A y again, but keep only edges {i, j} with W;j > 0. We apply Theorem 2.1 in
the same way as before. This time, we verify its three assumptions as follows. Assumption 1
holds by hypothesis (1.10). Assumption 2 follows from Rayleigh’s monotonicity principle
[10], Section 2.4, and transience of nearest-neighbor simple random walk in dimensions d >
3. Finally, Assumption 3 is verified using Theorem 1.7 as follows. We assume W > W with
W1 = max{W5,, 108} and W5 as in Theorem 1.7, which implies %WI/S > 5 =:m. The steps
leading to estimate (2.10) and (2.11) remain unchanged, with the exception that the constant
C is replaced by 22"+1 = 211; ¢f. (1.11). The steps leading to (2.12) remain unchanged,
with the exception that this time the constant K := 211 Zkezd\{x} Wik < oo may depend on
x. However, it is uniformly bounded in x by (1.10): K := SUp, ez, Kx < 00. By the same
argument as in the proof of Theorem 1.2, we conclude that the expected number of visits to x
is bounded by K'R(W, x <> 00). If the weights W;; are translation invariant, this bound does
not depend on x. [

2.2. Uniform integrability and monotonicity. Lemma 1.8 is a consequence of Theorems
1.4 and 1.7, as the following proof shows.

PROOF OF LEMMA 1.8. Note that for o € {£-1} and some m > 1 one has E{,\VNh [e?™Hi] <

max{C, 22" *1} for all boxes Ay C Z¢ of side length 2V and i € A y. This follows from The-
orem 1.4 together with translation invariance in the case of Model 1.1 and from Theorem 1.7
in case of Model 1.5. Given an arbitrary finite set A’ C Z¢ there exists a box Ay of side

length 2V with A’ € Ay for N large enough. We endow both of them with wired boundary

(ah (AN)

;T and u; such

conditions. Given i € A’, according to [14], Theorem 1, one can couple u

(A" AN, ) . . .
that e*i | e%i is a one-step martingale. Note that ¢ is called ¥ in [14]. Since x — x°™

is convex for m > 1, Jensen’s inequality gives Elv};’h[e"m“i] < E[‘,},Nh [e7™4i] < max{C, 2¥"+1}
and the claim follows. [

We need the following monotonicity result for the environment in the weights.

FACT 2.2 (Poudevigne’s monotonicity theorem [11], Theorem 6). Consider two families
of nonnegative edge weights and pinnings W+, h™ and W, 2~ on the same vertex set A,
satisfying W+ > W~ and h* > h~ componentwise. For any convex function f : [0, c0) — R
and all i € A, one has

(2.13) E11)\V4r’h+[f(€ui)]SESV—,hf[f(eui)].
In particular, for m > 1 and o € {1},
(2.14) E%*,h* [eamui] < ]EQV*,h* [eamui]‘

Recall that p denotes the wiring point. In Poudevigne’s notation, the joint law of
G*(p, i)/Gi(,o, p),1 € A, from [11], Theorem 6, coincides with the joint law of ", i € A,
with respect to ‘)é\Vi, ,+- Taking the convex function f(x) = e, m > 1, yields (2.14). Using
this monotonicity, we derive bounds for the environment in the coming sections.
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100 111

00 11

(5]

FIG. 1. Hierarchical graph for N = 3 together with the pinning point. In Model 3.1 any two leaves of the binary
tree have a positive interaction.

3. Bounding environments for hierarchical and long-range weights.

3.1. Hierarchical weights. To prove Theorem 1.4 we compare a box in the Euclidean
lattice with long range interactions with the corresponding box in a hierarchical lattice as
follows.

MODEL 3.1 (Complete graph with hierarchical interactions). Fix N € N. We consider the
vertex set consisting of the set of leaves Ay = {0, 1}V of the binary tree 7 = UQ’:O{O, 1}".
For i = (ig,...,in—1), j = (Jo,.-., jn—1) € {0, l}N, the hierarchical distance is defined by
dy (i, j)=min({{ € {0,..., N — 1} : iy = ji for all k > [} U{N}); it is the distance to the least
common ancestor in 7. We endow 7 with hierarchical weights

3.1) Wi =w(du, ), i,jeAy,i#],

with a weight function wf : N — (0, 00) and uniform pinning W;, = h > 0foralli e Ay.
An illustration of T is given in Figure 1.

THEOREM 3.2 (Bounds on the environment—hierarchical case). Let WH >0ando > 1.
Consider Model 3.1 and assume that the weight function w and the pinning h™! satisfy

(3.2) wl )y =W 21" forieN,  nH>WT @M (N L2,
Then, foralli € Ay, o € {1}, and all m > 1, one has

[eo‘mui] S CH

(3.3) By o

with a constant cg = cg(W™, a, m), uniformly in N. An explicit form of cy is given in

(3.12), below.

The proof of this theorem is based on the following general lemma, which holds on any
finite graph. The underlying strategy has been suggested by an anonymous Associate Editor.

LEMMA 3.3. Let G = (A, Ep) be a finite undirected connected graph endowed with
positive weights W = (W,).cg, on the edges. Fix a pinning point p € A. We write Eﬁ,’p for
the expectation with respect to the probability measure v‘%}}{lp J (cf. (1.4)), with weights w; =
W;j for edges {i, j} € A and pinnings h; = W;, if {i, p} is an edge and h; = 0 otherwise.
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Let m = (i =my,...,tn41 = p) be a self-avoiding path from some vertex i € A to p.
Then, for allm > 1 and o € {£1}, one has

8 T TTk+1

(3.4) By [e”™] < exp(
k=1

i )

PROOF. Let T C E, be a spanning tree of G such that all edges {my, mx41} of the path
m are contained in 7. Define W™ = (W, )ocg, by W, := l{cecr}We. By Fact 2.2, one has

(3.5) Ey”[e7™] < Efy?[eo™].

Because 7 is a path in the tree T, the increments uy, — uz,,, 1 <k < N, along the path are

independent with respect to v;\V’,'O and distributed according to
W, 1, _ _
(3.6) Vxlzxv’_p(unk —Up,, €A)= 77121(;“1 /A€_7M€ Wiy leoshu=11 g,

for any Borel set A C R. Consequently, for o € {£1}, using u; = un, and ur, , =u, =0,
we obtain

N
3.7) Ef?[em] = [ EoL e m mr)].

k=1
Forany k € {1, ..., N}, abbreviating w := Wy, r,,,, we estimate

EA,_,O [eam(uﬂk—uﬂk+l)] — 1 eamuef%uefw[coshufl] du
w 2w Jr
Ty
(3.8) S,lﬂ/ e(’m”e_%”e_%““‘zdu:expM
2 JR 8w
2m + 1)?
S exp w
8w

Inserting this in (3.7) and the result in (3.5), the claim follows. [J

Next, we apply this lemma to deduce the bounds for the hierarchical model, using an
antichain in the tree 7.

PROOF OF THEOREM 3.2. By uniform pinning and the symmetry of the weights induced
by the hierarchical structure, the distribution of u; is the same for all i € A y. Therefore,
it is enough to prove (3.3) for the vertex i1 := oN :=(0,...,0). Corollary 2.3 of [8] tells
us that the distribution of ¢"/t in this model coincides with the distribution of "1 in the
corresponding effective model on the complete graph with vertex set A = {j, i1,...,in} <7,
where j := (1,01 =(1,0,...,0) € {0, 1}V and i; := (1,0N ) e {0, 3N H for2 <1 <
N. This is a maximal antichain in the language of Section 2.3 of [8] (cf. Figure 2). Let us
review this effective model. Weights and pinning on the antichain, viewed as a complete
graph, are given in [8], (2.13) and (2.14). However, only the values of the following nearest-
neighbor weights and pinnings are relevant for the subsequent argument, while the values
of all other weights do not play any role: W;,_, ;, = 2¢=2+U=DyH 1)y = 223w H (1), by, ==
2I-1pH ,2<I<N,h; = hH . Here, 2/-! equals the number of leaves in T above the vertex
i; = (1,0N=1). Corollary 2.3 of [8] yields

3.9 EAN [emauil ] — E/Ij\l/,h[emauil ]

wWH pH
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FI1G. 2. The maximal antichain A.

We regard the pinning point p as an additional vertex at the end of the antichain j, iy, ..., iy,
writing i y+1 := p. By assumption (3.2), one has
1
(3.10) Wi i > ngl“
forl € {2,..., N + 1}. Indeed, in the case [ < N, this follows from W;,_,;, = 221_3wH(l) >

%WHI"‘, and in the case = N + 1 from

(3.11) Wi

NHIN+1

1
= hyy =2V > §WH(N +1)“.

We remark that the assumption on A" in (3.2) is chosen such that the pinning case
I =N + 1 gives a lower bound of the same form as the other cases [ < N. Hence, we

can apply Lemma 3.3 to the complete graph with vertex set {j,i1,...,iy+1} and the path
= (1,...,iN+1) to Obtain
2m+1)? & —
(3.12) E‘;‘V’h[em””"l] fexp<% ZF“) =:cy =cH(WH,a,m). .
w 1=2

3.2. Long-range weights. Fix an arbitrary dimension d > 1 and N € N. Take the box
Ay :={0,1,...,2Y —1}¢. In order to compare Ay with {0, 1}V4 | we define (cf. Figure 3)

(3.13) ¢ AN — {0, N, B0, ... ia—1) = (20> ZNd—1),

where z,, € {0, 1} denotes the |n/d |th digit in the binary expansion i; = Z,JCV:_OI zdk+12F, with
I =nmodd. The map ¢ is a bijection. The elements of {0, 1}V¢ can be visualized as the
leaves of a binary tree. On this set, the hierarchical distance, that is, the distance to the least
common ancestor in the binary tree, is given by

(3.14)  dy(z.7)=min({n €{0,...,Nd — 1} : z,, =2, forall m > n} U {Nd}).

Fi1G. 3.

L o O [ ]
0101 1101 | |0o111 1111
0001 1001 | |0011 1011
L o O [ ]
L LABK [ ]
0100 1100/ |0110 1110
0000 1000/ |0010 1010
L o O [ ]

Hllustration of the map ¢ for N =2 and d = 2.
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On Ay, the natural definition of hierarchical distance would be [dg (¢ (i), ¢ (j))/d]. With
this choice, in Figure 3, any two points in the same small box would have distance 1 from
each other, while points in different boxes would have distance 2. In the following lemma,
we compare the maximum norm distance with the hierarchical distance.

LEMMA 3.4 (Comparison of diy and || - ||c0). Foralli, j € Ay, one has

(3.15) 2.2du(@@),¢()/d - 2[du(p@),¢())/d] i — jllso-

PROOF. For i = j, the claim is true. We take i # j in Ay and set z = ¢ (i), 2/ = ¢ (j),
and r =dpy(z,7'). One has

N1
3.16 i — jlleo= max |ij— ji|= max Z —725)2K .
( ) l Jlloo Oglfd—ll 1 — Ji 0=l /;)( dk+1 dk+l)

The only nonzero contributions in the above sum come at most from k satisfying dk 4+ [ <
r — 1 which implies k < (r — 1) /d. It follows that

Lr—1)/d] .
. . ’
li — Jjlloo = OEIIH;-}_I ];) |de—|—l de+l|2
3.17 h
( ) Lr—1)/d]
< Y2k <ol by ol

k=0

where we use |Zgk+1 — 2yl < 1and r e Ng. O

Next, we show how the bound on the environment for the Euclidean box with long-range
interactions follows from Theorem 3.2.

PROOF OF THEOREM 1.4. Form > 1, we apply Fact 2.2 to compare the Euclidean long-
range model, that is, Model 1.1, but restricted to the box A y with wired boundary conditions,
with a hierarchical model defined on the same box. Remember that in the Euclidean model,
we take long-range weights Wl.er = W;; =w(|li — jlloo) as in Model 1.1 and pinning h;r =
h; given in (1.7). In the hierarchical model, we take weights

(3.18) W =W =w(du (@), ¢()))) withw" (@) := w (211741

and uniform pinning given by 4~ := A" := min jeay hj. By Lemma 3.4 and monotonicity of
w7

(3.19) Wij = w(lli — jlloo) > w(2M#@OGUN/AY = wH = p; > pH

for i, j € An. By monotonicity (2.14), for alli € Ay, o € {1}, and m > 1, one has

(3.20) Epe”™ ] < By ule™].

We identify Ay with {0, 1}V via the bijection ¢ : Ay — {0, 1}V from (3.13). As a result
we obtain Model 3.1 with N replaced by Nd. We apply Theorem 3.2 with W = W22
and

—([1/dD)*  — (1/d)*
(3.21) wh () =w@") =W 22§[l/d1 = W22d</1+l/d>

— w2
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where we used (1.5). We estimate the pinning using that w is decreasing

W = min h; = min Z w(lli = Jjlloo)

A A
i€ N i€ N ]EZ‘]\AN
(3.22) . N+1
> Y wllille) = w3 1L
jezd: jezd:
V<) jlloo<2VH! 2V <)l jlloo <2V
The last sum has at least 2V +D¢ summands, which is a lower bound on the cardinality of the

set {ze€Z:2N <|z] <2Vt x {j € Z971 1 || jlloo < 2V T1}. Hence, we obtain

H — A(N+1)d,, (AN+1 (N+1awr (N + 1D

(323) sz—az—(2+2d+Nd)(Nd + 1)0{

— W CHND (Ng 4 1)

Note that we drop a factor of 22+ in the last inequality, uniformly in N. However, keeping
it would not improve the result. Thus, assumption (3.2) of Theorem 3.2 is satisfied with N
replaced by Nd and the estimate (1.8) follows with the constant

CW,d,a,m) :=cy(Wd™*27% a,m)
(3.24) (dazld(2m+1)2 00 )

=exp Zl ¢

Discussion. Note that Theorem 3.2 applies in the special case W;; & 2~ @+ [du (P (D).¢(/))/d]
in hierarchical dimension d > 3, which corresponds to wh (1) x 2-W@+DM/d] 1p this case,
the Green’s function for the Markov jump process on the corresponding infinite hierarchical
lattice with jump rates W;; decays as G (i, j) = const - 2-d=D)[dn(@@).6()/d1_; % j (see [4],
formula (1.3)); note that our [dy (¢ (i), ¢ (j))/d] corresponds to log, |i — j|y in the case
L =2 in this reference, that is, G(i, j) = const/|i — j|j{f2. This case is interesting since
it mimics the decay of the inverse Laplacian —A~! on the Euclidean lattice in dimensions
d=>3.

O

4. Bounding environments in high dimension. The proof of Theorem 1.7, which is
the goal of this section, is based on the description of the random environment for VRJP in
terms of the nonlinear supersymmetric hyperbolic sigma model, H?> model for short. The
key tools are a bound for the expectation of (cosh(u; — u;))™, which is proved in a slightly
more general form in formula (4.18) below, and an estimate from [9].

4.1. The nonlinear supersymmetric hyperbolic sigma model. The supersymmetric hy-
perbolic sigma H?/> model was introduced by Zirnbauer [16] in the context of quantum dif-
fusion. It can be seen as a statistical mechanical spin model where the spins take values in the
supermanifold H2/?. This is the hyperboloid H? = {(x, y,z) e R3 : x?+y?>—z2 = -1,z > 0}
extended by two Grassmann, that is, anticommuting, variables &, n with the constraint
2=1+x*+ y2 + 2&n. For more mathematical background, see [15], the appendix of [8],
and [9]. Changing to horospherical coordinates (x, y, &, n) — (u, s, ¥, ¥); cf. [9], equation
(2.7), where u, s are real and W, Y are Grassmann variables, the model can be defined as
follows.

We consider a finite undirected graph with vertex set A and edge set E. Every edge
e={i, j} € Ep is given a positive weight W;; = W;; = W, > 0. To every vertex i € A,
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we associate a pinning strength s; > 0 in such a way that every connected component of
the graph contains at least one vertex i with 4; > 0. It is convenient to treat pinning and
interaction in a unified way. Therefore, we extend the vertex set A by a special vertex p ¢ A
called “pinning point” or “wiring point”. In addition, we introduce pinning edges connecting
the pinning point with the other vertices. Since we will study the dependence of the field
at any pair of points, we will also add edges connecting vertices without direct interaction.
Therefore, we consider the undirected complete graph G = (A U{p}, E) without direct loops.
Every edge e € E is given a weight W, > 0 as follows. For e € Ep, W, > 0 is the weight
defined above. The weight of pinning edges e = {i, p}, i € A, is defined to be the pinning
strength W, = h;. All other edges e are given weight W, = 0. The subgraph consisting of
edges with positive weights is denoted by

4.1) G+=(AU{p},Ey) where Ef :={e€ E:W,>0}.

Note that E consists of E 5 and the pinning edges with positive weight, and our assumption
on the pinning is equivalent to require that the graph G, is connected.

We assign to every vertex i two real-valued variables u; and s; and two Grassmann vari-
ables /; and y;. We set u, =s, := 0=: ¥ , = ¥,. Following [9], equations (2.9)~(2.10), for
alle={i, j} withi, j € AU{p} withi # j, we set

1
(4.2) Bij = B = Be(u, s) = cosh(u; — uj) + 2 (si = sj)PetiTh,

(4.3) SZJ =S¢ = Se(u,s, E’ Y) =B, + (W, — EJ)(Iﬂl — w'j)eui'i_”j‘

For each vertex i € A, let
1 , — )
(4.4) B; := Bj, = coshu; + Esl?e“t, Sii=Sip = Bi + ¥ yie".

The action of the nonlinear hyperbolic sigma model in horospherical coordinates is given by
(cf. [9], equation (2.8) with z; = S;)

45) A=A, s, Y, ¥) =Y WelSe—D+ D hi(Si—1)= > We(Se—1).

ecEp ieA ecE

The superintegration form of the model is given by ([9], equations (2.12)—(2.13))

—u;

e —
(4.6) ==L, T 5 dusdii, by e

for any function of the variables u;, s;, Wi, Y¥; such that the integral exists. For any integrable
function f = f(u, s) which does not depend on the Grassmann variables, one has

4.7) (f) =E[f1=Ey /] ::/

A

u,s duds),
a6 )iy (duds)
where ;L’v}, ; 18 the probability measure on RA x RA given by

et

w(duds) = Mé\v,h(du ds):i=e” Leckp We(Be=D=2iea hi(Bi=1) 4ot D 1_[
4.8) el

du,- dSi

ui

 ~Yecr, We(Be—1) e

=e + det D | |
11
ieA

dui dSi,
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and D = D(u) = (D;j);, jen 1s the weighted Laplacian matrix on G 1 with entries

—Wjetithi if {i, j} e EL,
4.9) D=1 2 Wad ifi=j

keA:i,k}eEL

0 otherwise.

Note that for i, j € A the condition {i, j} € E is equivalent to {i, j} € E, and that the
diagonal entries can also be written in the form Dj; =} yca-(i k}eE, Wigeitik + hje'i. Our
connectedness assumption on the graph G guarantees that the matrix D is positive definite.
In particular, it is invertible. The fact that ,u’v}, , 1 a probability measure was shown in [9]
using supersymmetry. Since the s-variables, conditionally on u, are normally distributed with
covariance D!, and by the matrix-tree theorem detD = Y 7. [T, jyer Wije" *Uj, the u-
marginal of Mf}v 5 1s given by (1.4). In particular, for functions depending only on u, the
expectations with respect to ,u’v}, , and v{},’ ; coincide, which allows us to use the same notation

A
Ey 5

4.2. A Ward identity and some applications. In this section, G = (AU{p}, E) is the com-
plete graph with weights W, > 0, e € E, such that G is connected; cf. formula (4.1). We
use the H?12-model with Grassmann variables still present. Note that real functions of even
elements of the Grassmann algebra are defined as formal Taylor series in the Grassmann vari-
ables, which are nilpotent. For example, for an edge e = {i, j}, the expression f (S,) is defined
by f(Se) = f(Be +ne) = f(Be) + f'(Be)ne with ne = nij = (Yr; — ¥ ;) (Y — ¥rj)e"i .
This Taylor expansion stops after the first order term because ng = (0 by the anticommutativity
of the Grassmann variables.

We will use the following localization result from [9].

LEMMA 4.1 (Ward identity). Let f,:[1,00) —> R, e € E, be a family of continuously
differentiable functions such that each f, and its derivative f, are bounded by polynomials.
Then it holds

(4.10) <1‘[ fe<se>> =T £.0.

ecE ecE

PROOF. This is a special case of the localization result in [9], Prop. 2 in the appendix.
The key points are that any S, is annihilated by the supersymmetry operator used in the
proposition and §;; = 1 holds whenever uy =sx =¥, =y, =0fork € {i, j}. U

Notation. The following notation will be technically convenient. The two vertices incident
to an edge e € E are denoted by e and e_. This gives every edge a direction ey — e_,
which has no physical meaning, but is used for bookkeeping purposes. Let

4.11) Fe(=1,0, }"*E Froe=li,—ky— le.=y forkeA,ecE

denote the signed incidence matrix of G with p removed, but keeping the pinning edges. We
consider the diagonal matrix

(4.12) W =W(u) = diagOWV,, e € E) e REXE  with W, := W,ele+ THe-
With these notations, we reformulate the weighted Laplacian matrix D from (4.9) as

(4.13) D= FWF!' ¢ RA*A,
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We will also need the following matrices:
ellet Fue_

4.14) 0= QG(u, s) :=diag(Qe,e € E) with Q, := ———
B.(u,s)

k]

(4.15) G=G%(u,s):=yQF D 'F/Q e REXE,
Letm, >0, e € E. We set

(4.16) M :=diag(m,,e € E).
LEMMA 4.2. The following hold:

(4.17) E[H B’ - det(ld —MQ)} =1.

eckE
If in addition 0 <m, < W, for e € E defined in (4.1) and m, = 0 otherwise, the equality
implies

(4.18) E[ [] (cosh(ue, —ue_))m"] s]E[ I B;”e] < J] l_lﬂ.

ecEy ecEy ecEy We

PROOF. Ward identity (4.10) with f,(x) = x™e reads

(4.19) <]‘[ S;"e>: 1.

ecE

We calculate for e = {i, j}, using (' F.F'vy)*=0and W' Fom,Q.F!¥)* =
Se'e = (Be + (F; = U (i — Y)Y = (Be + €Y FoFLy)™

(4.20) = B + m, B "t F Fl yy = B (1 + Be iUy F F! 1//)

e
= Béﬂe(l +JIF~emeQeF;.W) = Bgﬂe eXP(WFemeQngt.lﬂ)-

Hence, taking a product over e and using >_,c g F.em,Q.F!. = FM QF", we obtain

(4.21) 1= <]_[ S;“e> = <exp($’FMQFf¢) I1 B;"e>.

ecE ecE
The Grassmann part in the action A in (4.5) is given by
S Wi =YW — e i = > Y E WLy
(4.22) {i,jleE+ ecE4
=¥ FWF'y = V' Dy.
Using the definition (4.8) of u, we can rewrite (4.21) as

(duds)

_ w(duds)
1= 35 0y, exp(—y (D — FM QF") B
Lo [195,00 exp(=( oFy) [] B2 =25~

ecE

(4.23)

det(D— FMQF!
=E[H pre & ¢ )]
ccE det D
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Using the identity det(Id +A B) = det(Id +B A), which holds for arbitrary rectangular matri-
ces A e R™*" B e R"™ ™ and the fact M Q = ./OM./Q, we obtain

det(D— FMQF?")

=det(ld—D"'FMQF")
(4.24) det D

=det(ld—M+/QF' D™'F/Q) = det(Id —MG),

where in the second expression the identity matrix Id is indexed by vertices, while in the third
and fourth expression it is indexed by edges. We conclude claim (4.17).
Assume now 0 <m, < W, for e € E; and m, = 0 otherwise. We calculate

(4.25) det(Id—MG)det D =det(D — FMQF") =det(FOV — MQ)F").

Note that F(W — M Q) F! is a discrete Laplacian with weights W, — m, Q. rather than W,.
Edges in E_ have a positive weight W, —m,Q, = W, (1 — W’,"B i i
the matrix tree theorem and writing S for the set of spanning trees of the graph G4, we
rewrite the last determinant as follows:

4.26) det(FOV—MQ)F")= > [[W. —meQe)_Zl_[W( WB>

TeSeeT TeSeeT

Foreach T € S, using B, > 1 again, we have

e 0-y)= T0-wg)=T10-5)

ecT eck eckE

Therefore, we obtain

(4.28) det(FOV —MQ)F') > [] (1 — —> Yo IIwe=1] <1 — —) det D.

ecE TeSeeT ecE
It follows from (4.25) that
(4.29) det(ld—MG) > T] (1 - m—>

We
€EE+

Inserting this in (4.17) and using cosh(u,, —u._) < B,, the claim (4.18) follows. L[]
__4.3. Proof of Theorem 1.7. Take W5 large enough, to be specified below, and let W >
W5. By assumption, W;; > Wlyji—jj,=1) =: Wir]‘-Il and h; = W;, > W;}‘on =: h" where Wi‘})n

is defined as in (1.2). Therefore, for m > 1, by Fact 2.2, we can compare our model with
weights W, h with the nearest neighbor model with weights W, 4™

(4.30) Eq,[e™] < Epin jyon[e™].

Note that we have h" =0 for i ¢ 0Ay, while h]" = W;, > 0 for i € A y. Therefore, we
take j € 0 Ay and use the Cauchy—Schwarz inequality to obtain

1
(43 1) Eaflx“ hn“[ Gmu,'] = EII)\V}Xn’hnn[ 2omi uj)] 2 E{/I\/[x\l]n jnn [eZGmuj] Z,
Assuming now that W is so large that W, > 28 and [9], Theorem 1, is applicable, we have

(4.32) Etn jyon[€27 010 ] < 22BN, L on[(cosh(u; — uj))*"] < 22+

1
forallm e[1, %W 8] # @. Note that this result holds for any choice of the pinning and in any
dimension d > 3.
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The next bound uses u, =0, the esimate (4.18) from Lemma 4.2 which is valid on any
finite graph, and the inequality W;, > W, which follows from j € d A y, to obtain

Eiyn yon [€27"7] < 22" Eyha [ (coshuj)?"] = 2" Egh on [ (cosh(uej — u,))™"]

(4.33) < 2% < 2% < 92m+1
Wj w

1
where the last step is a consequence of 2m < W¥ and W > 28/7. Substituting this and (4.32)
in (4.31), the result (1.11) now follows. [
Note that it would suffice to do this proof for d = 3. Indeed for d > 4 one can embed Z>
in Z¢ and use Poudevigne’s monotonicity (Fact 2.2) together with the result in d = 3.
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