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Efficiently Ensuring Traffic Rule Compliance of
Motion Plans by Incorporating Scenario Knowledge

Florian Lercher, Paul Reisenberg, and Matthias Althoff

Abstract—Autonomous vehicles must obey the rules of the road
to safely participate in road traffic. To enforce these rules during
motion planning, they are often formalized in temporal logic.
Such formalizations need to be very general to cover all possible
traffic situations, resulting in large and complex logic formulas.
During motion planning, however, we are usually confronted
with a concrete scenario in which parts of the formulas may be
irrelevant. Since specification-compliant motion planning under
complex specifications is computationally challenging, we aim
to simplify the traffic rules by removing these irrelevant parts.
To this end, we first present a general algorithm that augments
linear temporal logic formulas with scenario-specific knowledge.
Then, we provide a method for extracting knowledge from traffic
scenarios to augment traffic rules. We can formally guarantee
that the augmented specification is equivalent to the original
formula in the given scenario. Therefore, subsequent motion plan-
ning modules that handle temporal logic specifications need only
consider the augmented formulas. We benchmark our approach
in recorded real-world scenarios to demonstrate that it can
significantly accelerate specification-compliant motion planning.

Index Terms—Autonomous vehicles, temporal logic simplifica-
tion, traffic rules, motion planning.

I. INTRODUCTION

AUTONOMOUS vehicles need to comply with the rules
of the road if they are to safely participate in road

traffic. To formally guarantee compliance, we require a formal
specification of these rules. While simple traffic rules, like col-
lision avoidance, can be expressed using safety specifications,
temporal logics have emerged as the language for specifying
complex rules [1]. In particular, metric temporal logic (MTL)
and linear temporal logic (LTL) have been used to formalize
parts of the German [2]–[4] and Chinese [5] traffic law.
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Specification-compliant motion planning aims to find a
dynamically feasible trajectory for an autonomous vehicle
that adheres to a given temporal logic specification. However,
enforcing complex temporal logic specifications is computa-
tionally expensive, since they impose many discrete constraints
that the planner needs to consider in addition to the continuous
constraints arising from the vehicle dynamics [6]. Formalizing
traffic rules in temporal logic often leads to complex specifica-
tions, since they have to cover every possible traffic situation.
For example, a specification might need to distinguish many
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cases to determine the priorities at an intersection [4]. Thus,
the motion planner might be too slow to provide a feasible
trajectory in time when applying the formalized rules naively.

However, we are usually interested in obtaining a feasible
trajectory for one specific traffic situation. In this case, the
general traffic rule specifications can often be greatly simpli-
fied. As a simple example, the right before left rule (R-IN3
from [4, Tab. VI]) is always satisfied if we consider a situation
in which no vehicles are approaching the intersection from our
right. This makes the entire rule irrelevant for motion planning,
as we will fulfill the rule regardless of the chosen trajectory.
Therefore, we propose a novel algorithm to simplify traffic rule
specifications by augmenting them using knowledge about the
current traffic situation. We guarantee that any trajectory that
complies with the augmented specifications also satisfies the
original rules. Hence, subsequent motion planners only need to
enforce the augmented rules, which can significantly accelerate
planning. We demonstrate this using real-world scenarios.

A. Related Work
We review previous work on specification-compliant motion

planning to understand how complex temporal logic specifica-
tions impact state-of-the-art algorithms. Then, we investigate
existing techniques for simplifying temporal logic formulas.

1) Specification-Compliant Motion Planning: A simple ap-
proach to specification-compliant motion planning is com-
bining a classical planner (e.g., [7], [8]) with a temporal
logic monitor to reject violating trajectories [9]. However, this
may lead to frequent replanning as the specification is only
considered after motion planning. Approaches that consider
the specification during planning are roughly divided into three
classes: sampling-based, optimization-based, and multilayer
methods. Subsequently, we describe each class in more detail.

Sampling-based methods randomly sample the state space
to plan trajectories. Often, they employ variants of the RRT*
algorithm [8] to explore the product of the dynamical system
and an automaton obtained from the specification [10]–[15].
To ensure specification compliance, each sampled system state
is labeled according to its satisfied atomic propositions and
matched against the transitions of the specification automaton.
Others encode the specification in the cost function of RRT*
by leveraging the quantitative semantics of signal temporal
logic (STL) [15]–[17]. Since the cost function needs to be
evaluated very often, it should be efficient to compute.

In optimization-based approaches, the trajectory planning
task is formulated as a constrained optimization problem,
frequently using mixed-integer constraints to encode the spec-
ification and system dynamics [18]–[22]. These approaches
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can suffer from complex specifications, as each predicate
introduces new decision variables for each time step it needs to
be evaluated. In [23], the authors alleviate this issue: They only
need a new decision variable for each disjunctive subformula,
i.e., each case the specification distinguishes. Other approaches
such as [24], which is based on graphs of convex sets [25], or
[26], which uses dynamic programming, rely on a specification
automaton for their encoding.

Multilayer approaches guide a continuous motion planner
using a discrete abstraction of the system dynamics. They first
compute an abstract plan that adheres to the specification, and
then search for a trajectory that concretizes the plan. For many
approaches, the abstraction must preserve the labeling of the
system states with atomic propositions [27]–[32]. Therefore,
the more propositions appear in the specification, the finer the
required abstractions. The authors of [33] check the feasibility
of their abstract plans by solving constrained reachability prob-
lems. This allows them to work with abstractions of varying
coarseness; the coarsest consists of only a single state. In [34],
[35], the abstraction takes the form of an overapproximative
reachability graph; the specification is considered by splitting
the reachable sets according to the atomic propositions [34] or
an automaton [35]. Finally, [36], [37] construct provably safe
high-level controllers using purely spatial reasoning; temporal
aspects are modeled by state transitions in the controllers.

2) Temporal Logic Simplification: Simplification methods
aim to rewrite a given temporal logic formula so that it is more
efficient to use in subsequent algorithms, while preserving its
original meaning. Simplification is often used as a preprocess-
ing step to expedite the translation of LTL to Büchi automata.
For example, [38] provides a set of rewrite rules based on
syntactically identified implications between subformulas. In
[39], the authors define pure eventuality and pure univer-
sality formulas, i.e., LTL formulas with a specific syntactic
structure, for which special simplifications are possible; [40]
provides rewrite rules for alternating formulas. State-of-the-
art model checkers like Spot [41] and Maude [42] implement
many of these rules. Similar techniques exist for mission-time
LTL [43]. Formula rewriting is also relevant for translation
to ω-automata other than Büchi automata, e.g., [44] defines a
normal form for LTL formulas that facilitates the translation
to deterministic Rabin automata. Finally, [45] simplifies LTL
formulas by considering their implicants and implicates. In
contrast to our approach, these methods rely only on the
formula itself and do not consider outside information.

Rewriting-based monitoring algorithms [46]–[48] process a
Boolean trace step by step, rewriting the formula at each step
so that it represents the remaining constraints for the next
step. Thus, in a sense, they simplify the formula based on the
information from the trace. However, they are unsuitable for
our problem as we often do not have a full Boolean trace. In
particular for traffic rules depending on the unknown behavior
of the ego vehicle, we might not know whether an atomic
proposition holds. Our approach can handle this uncertainty.

B. Contributions
Motivated by the availability of scenario-specific knowledge

in autonomous driving, we approach LTL simplification from

a new angle. Our key contributions are
• a novel, general algorithm to augment LTL formulas

using outside knowledge in the form of dependencies
between propositions that determines an equivalent but
simpler formula, and

• a computationally efficient procedure to extract knowl-
edge from traffic scenarios using a conservative approx-
imation for the unknown behavior of the ego vehicle,
which enables us to apply our augmentation algorithm to
the traffic rule-compliant motion planning problem.

Serving as a preprocessing step for any motion planning
algorithm that accepts an LTL specification, our approach
uses knowledge extracted from the current traffic scenario
to significantly lower the complexity of the input formula;
in particular, it reduces the number of required predicate
evaluations and case distinctions. Thereby, our approach can
considerably reduce the computation times of subsequent
motion planning modules. We demonstrate this by an extensive
evaluation using recorded real-world interstate and intersection
scenarios. Depending on the motion planning algorithm, our
approach results in a speedup factor of 5.8 to 68 in the
experiments we have conducted. Our approach requires the
current traffic scenario as input; it is not our goal to simplify
traffic rules independently of a concrete situation.

This paper is organized as follows: After discussing pre-
liminaries and our problem statement in Sec. II, we present
our solution concept in Sec. III. We introduce our knowl-
edge representation in Sec. IV before explaining the general
augmentation algorithm in Sec. V. In Sec. VI, we describe
how we extract knowledge from traffic scenarios. Finally, we
evaluate our approach in Sec. VII before drawing a conclusion
in Sec. VIII.

II. PRELIMINARIES AND PROBLEM STATEMENT

We provide the necessary background on set operations
before introducing LTL. After explaining our setup for au-
tonomous driving and briefly discussing set-based reachability
analysis, we present our problem statement.

A. Set Operations

For sets A and B, their Minkowski sum A⊕ B is given as
{a+b | a ∈ A, b ∈ B}. We will write A⊕b instead of A⊕{b}.

Let the natural numbers N0 be our fixed discrete time
domain. We work with intervals over N0, admitting ∞ as
the right endpoint. Thus, for n,m ∈ N0, we have [n,m] :=
{n, n+1, . . . ,m} and [n,∞) := {n, n+1, . . . } unless stated
otherwise. We will use ⌊I⌋ to denote the lower bound of a
non-empty interval I .

B. Linear Temporal Logic

Let AP be a fixed set of atomic propositions. Since traffic
rules often require explicit timing constraints [3]–[5], we
introduce LTL [49] using a timed until operator UI rather
than the usual next X and untimed until U operators. An LTL
formula φ over AP is constructed according to the grammar

φ ::= a | ¬φ | φ1 ∧ φ2 | φ1 UI φ2,
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where a ∈ AP and I is a non-empty interval over N0.
Intuitively, φ1 UI φ2 demands that, within the interval I ,
φ2 holds eventually and until then φ1 is true. Formally, we
interpret LTL formulas over traces, i.e., infinite sequences of
mappings from AP to the Boolean values ⊤ and ⊥. Given a
trace τ = ⟨τ0, τ1, . . . ⟩ and an LTL formula φ, we inductively
define the satisfaction of φ at time step k ∈ N0, written as
τ, k |= φ, by

τ, k |= a ⇐⇒ τk(a) = ⊤
τ, k |= ¬φ ⇐⇒ τ, k ̸|= φ

τ, k |= φ1 ∧ φ2 ⇐⇒ τ, k |= φ1 and τ, k |= φ2

τ, k |= φ1 UI φ2 ⇐⇒ ∃k′ ∈ I ⊕ k : τ, k′ |= φ2 and
∀k′′ ∈ [⌊I⌋+ k, k′ − 1] : τ, k′′ |= φ1.

Observe that UI is similar to the until operator in mission-
time LTL [50, Sec. 2]. We use the common abbreviations
for truth ⊤1, falsehood ⊥, disjunction ∨, implication →, and
equivalence ↔. Moreover, we define FI φ := ⊤UI φ (finally)
and GI φ := ¬FI ¬φ (globally) as usual. According to the
definition, the following equivalences hold:

τ, k |= FI φ ⇐⇒ ∃k′ ∈ I ⊕ k : τ, k′ |= φ and
τ, k |= GI φ ⇐⇒ ∀k′ ∈ I ⊕ k : τ, k′ |= φ.

We can convince ourselves that our timed until UI is equally
expressive as the standard combination of untimed until U and
next X by arguing similarly as in [34, Sec. VI-A].

1) Positive Normal Form: Our algorithm requires that nega-
tions only occur directly in front of atomic propositions, i.e.,
we want our LTL formulas to be in positive normal form [51,
Sec. 5.1.5]. To this end, we introduce the set of literals

L := AP ∪ {¬a | a ∈ AP} ∪ {⊤,⊥}.

The negation of a literal is again a literal. An LTL formula φ
in positive normal form adheres to the grammar

φ ::= λ | φ1 ∧ φ2 | φ1 ∨ φ2 | GI φ | φ1 UI φ2,

where λ ∈ L. As we can bring any LTL formula into positive
normal form (cf. [51, Sec. 5.1.5]), we assume without loss of
generality that all LTL formulas are in positive normal form.

2) Monitoring: In previous work, we used a three-valued
semantics to monitor a trace with uncertainties against an
LTL formula φ [52, Sec. 4.2]. This semantics is an extension
of Kleene’s three-valued propositional logic [53] to LTL. In
addition to the Boolean values ⊤ and ⊥, the three-valued
semantics admits a third value ⊣ to denote that a result is
unknown. So, the monitoring algorithm accepts a three-valued
input trace τ̃ and returns a three-valued sequence µ̃ so that

µ̃k = ⊤ =⇒ τ, k |= φ and
µ̃k = ⊥ =⇒ τ, k ̸|= φ

(1)

for all k ∈ N0 and traces τ that agree with τ̃ wherever it
is not ⊣ (cf. [52, Theorem 1]). Even though the algorithm
is originally defined for STL, adapting it to the discrete time
setting of LTL is straightforward as presented in Appendix A.

1We purposefully use the same symbol as for the Boolean value represent-
ing truth here to simplify the notation.
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Fig. 1. The ego vehicle in the curvilinear coordinate system along the
reference path Γ at time step k. The center of the ego vehicle is marked
by a cross, and we show its inscribed and circumscribed circle.

C. Autonomous Driving Setup

We consider a traffic scenario S with a finite time horizon
kh ∈ N0 and a fixed time increment ∆t ∈ R>0. Thus, the
discrete time step k ∈ [0, kh] corresponds to the continuous
time k∆t. We assume that the scenario includes the initial
state of the ego vehicle, i.e., the vehicle we control. Moreover,
the scenario provides an environment model similar to that in
[3], [4]. Most importantly, the environment model includes a
description of the road network based on lanelets [54] and
a behavior prediction for the other traffic participants. The
type of prediction depends on the use case: For planning
the intended motion of the ego vehicle, using a most likely
trajectory is sufficient, while a set-based prediction [55] is
more appropriate for determining fail-safe trajectories.

We assume that a reference path Γ : R → R2 for the
ego vehicle is provided, which serves as the basis for a
curvilinear coordinate system [56], [57]. As shown in Fig. 1,
this coordinate system represents a Cartesian position by its
arc length s along Γ and its orthogonal deviation d from Γ(s).

We describe the dynamics of the ego vehicle constrained by
its motion planner using the discrete-time model

xk+1 = f(xk,uk),

where xk ∈ Xk represents the state of the ego vehicle and
uk ∈ Uk the system input. Here, Xk ⊆ Rnx and Uk ⊆ Rnu are
the feasible states and inputs at step k ∈ [0, kh]; in particular,
X0 denotes the set of possible initial states of the ego vehicle
from S including measurement uncertainties. A trajectory
x[0,kh] := ⟨x0,x1, . . . ,xkh

⟩ is feasible if x0 ∈ X0 and

∀k ∈ [0, kh − 1] : ∃uk ∈ Uk : xk+1 = f(xk,uk) ∈ Xk+1.

Given a state x, we use proj□(x) to denote its projection to
the dimensions specified by □, e.g., we have proj(s,d)(x) =

(s, d)T for x = (s, ṡ, d, ḋ)T. We lift the projection operator
to sets of states, where it is applied element-wise. We denote
the occupancy of the ego vehicle, i.e., its occupied positions
in the curvilinear coordinate system, in the state x by occ(x).
Since the ego vehicle may have an arbitrary shape, we over-
approximate the shape using its circumscribed circle with the
radius rOego as shown in Fig. 1; to underapproximate the shape,
we use its inscribed circle with the radius rIego.

To express traffic rules as LTL formulas, each atomic
proposition a ∈ AP is typically associated with a predicate pa
that returns a Boolean value [2]–[5]. The value of the predicate
pa(xk,Sk) at time step k ∈ [0, kh] may depend on the state
xk of the ego vehicle and the state of the environment Sk
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according to our environment model. Using these predicates,
we can obtain the trace τ(x[0,kh]) corresponding to the trajec-
tory x[0,kh], where τ(x[0,kh])k is the mapping a 7→ pa(xk,Sk)
for a ∈ AP and k ∈ [0, kh]. A trajectory x[0,kh] satisfies
the formula φ if τ(x[0,kh]) |= φ. Observe that τ(x[0,kh]) is a
finite trace, so we employ the finite LTL semantics from [47,
Sec. 4.1] here, which infinitely repeats the last element of the
trace. Further, note that the MTL traffic rules in [3], [4] admit
an equivalent LTL formulation, since we consider scenarios
with a fixed time step size [34, Sec. VI-A].

D. Set-Based Reachability Analysis

To soundly overapproximate the unknown behavior of the
ego vehicle, we employ set-based reachability analysis. In-
tuitively, the reachable set at time step k ∈ [0, kh] contains
all states the ego vehicle could reach by following a feasible
trajectory for k steps. Starting from Re

0 := X0, we define the
exact reachable set of the ego vehicle as

Re
k+1 := {xk+1 ∈ Xk+1 | ∃xk ∈ Re

k : ∃uk ∈ Uk :

xk+1 = f(xk,uk)}.

For this paper, we assume that Re is subsumed by the
reachable set of a point-mass model of the ego vehicle with
its center as the reference point. The model is described in
our curvilinear coordinate system along the reference path Γ.
Hence, the state xk = (sk, ṡk, dk, ḋk)

T at time step k ∈ [0, kh]
consists of position and velocity in s- and d-direction; the input
uk = (s̈k, d̈k)

T controls the respective accelerations. As stated
in [34, Eq. (6)], the discrete-time system dynamics is

xk+1 =


1 ∆t 0 0
0 1 0 0
0 0 1 ∆t
0 0 0 1

xk +


1
2∆t2 0
∆t 0
0 1

2∆t2

0 ∆t

uk. (2)

Since this model is linear, we can very efficiently compute an
overapproximation R of its reachable set using set propagation
techniques [58]. For our purposes, using intervals over R4 as
set representation yields a sufficient accuracy. Now, we can
formalize our assumption from above as

∀k ∈ [0, kh] : Rk ⊇ proj(s,ṡ,d,ḋ)(R
e
k). (3)

This is a reasonable assumption, as many motion planners
internally use a dynamics model subsumed by the curvilinear
point-mass model with appropriate bounds on the velocities
and accelerations [7], [34], [35], [59], [60]. If one does not
wish to make this assumption, one can use more conservative
overapproximations of Re, e.g., in the style of [55].

E. Problem Statement

Suppose we want to enforce a traffic rule, given as an LTL
formula φ, during motion planning for the ego vehicle in the
scenario S. We aim to find an augmented formula AJφK0 that
is equivalent to φ in S but more efficient for motion planning.
Formally, we require

τ(x[0,kh]) |= φ ⇐⇒ τ(x[0,kh]) |= AJφK0 (4)

for all feasible trajectories x[0,kh] of the ego vehicle in the
scenario S. Intuitively, this guarantees that any trajectory
planned for the augmented formula also satisfies the original
rule. At the same time, the augmentation does not exclude
any potential solution, i.e., there is no feasible trajectory that
satisfies the original rule but violates the augmentation.

Our problem statement gives rise to two subproblems:
• How can we extract knowledge from the scenario S that

helps us to simplify φ?
• How can we augment φ using this scenario-specific

knowledge to obtain an equivalent but more efficient
specification AJφK0?

We will answer the first question specialized to the domain
of rule-compliant motion planning in autonomous driving and
provide a general solution for the second problem.

When integrating the presented approach with our overall
solution concept described in [61], real-time guarantees are not
required to ensure safety due to the guaranteed availability of a
fail-safe trajectory. Specifically, we prepare a verified fail-safe
trajectory in every planning cycle that we fall back to if no
feasible trajectory is found in time during the next cycle [61,
Sec. VIII-C]; as we start driving from standstill in a safe state,
the initial fail-safe trajectory can just remain in standstill.

III. SOLUTION CONCEPT

To explain our solution concept, let us consider the scenario
in Fig. 2 in which we want to ensure that the ego vehicle Vego
keeps a safe following distance to the two other vehicles V1

and V2. To simplify exposition, we use an abridged version
of the safe distance rule (R_G1 from [3, Tab. I]) that ignores
cut-ins. If we naively instantiate this rule for V1 and V2, we
obtain the formula G[0,∞) φsd, where φsd is defined as(

in_same_lane(Vego, V1) ∧ in_front_of(Vego, V1)

→ keeps_safe_distance_prec(Vego, V1)
)

∧
(
in_same_lane(Vego, V2) ∧ in_front_of(Vego, V2)

→ keeps_safe_distance_prec(Vego, V2)
)
.

(5)

Intuitively, the rule requires that the ego vehicle maintains
a safe distance to Vi whenever it drives behind Vi in the
same lane for all i ∈ {1, 2}. According to [3, Sec. IV-C],
a distance to Vi is considered safe, if the ego vehicle can
come to standstill without hitting Vi, assuming that Vi fully
brakes. Throughout the remainder of the article, we will use
this example as our running example; thus, we abbreviate
in_same_lane(Vego, Vi) as li, in_front_of(Vego, Vi) as fi, and
keeps_safe_distance_prec(Vego, Vi) as si.

The formalized rule, as given above, is designed to work for
any traffic situation. If we only want to apply it in the specific
scenario shown in Fig. 2, parts of the formula are irrelevant.
Thus, we want to extract knowledge from the scenario that
helps us to identify and remove these irrelevant parts. For
example, consider time step k1 of our scenario (see Fig. 2a).
At this time step, we can say with certainty that the ego vehicle
is at a safe distance to V2, since the reachable set, which
contains all feasible future behaviors of Vego, is far enough
behind V2. Therefore, the second implication in φsd becomes
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Fig. 2. An interstate scenario in which the ego vehicle needs to obey the safe
distance rule. We show the reachable set of the ego vehicle and the obstacle
predictions (the arrows indicate velocity) at time steps (a) k1 and (b) k2. The
ego vehicle is always shown in its initial state.

irrelevant at this step, as it is always satisfied, meaning that
we can safely omit constraints pertaining to V2 during motion
planning. Similarly, we can determine that the ego vehicle
surely drives behind V1 in the same lane. However, we cannot
tell whether it is at a safe distance to V1, as the reachable set
is too close to V1. During motion planning, it is thus sufficient
to ensure that the ego vehicle unconditionally maintains a safe
distance to V1 at step k1, i.e., we can simplify φsd to s1 at
this step.

At time step k2 (see Fig. 2b), we cannot determine the
value of any predicate with certainty, because the reachable
set is too large. However, we can still utilize the relationships
between the vehicles V1 and V2. For example, we know that
V2 is certainly in front of the ego vehicle if V1 is also in
front, i.e., f1 → f2. Similarly, staying at a safe distance to
V1 automatically also maintains a safe distance to V2 (so
s1 → s2), as V1 follows V2 and drives slower. Finally, we
have l1 ↔ l2, because V1 and V2 are in the same lane. Using
this knowledge, we can rewrite φsd at time step k2 to

φ′
sd := (l1 ∧ (f2 ∧ f1) → s1) ∧ (l1 ∧ f2 → (s1 ∨ s2)). (6)

Note that l2 was replaced by l1, since they are equivalent.
Moreover, φ′

sd enables short-circuiting, which is not possible
with φsd. Short-circuiting means that the evaluation of a
logical expression terminates as soon as the result is known,
e.g., if the motion planner has already determined that it needs
to enforce s1, it does not need to consider s2 at all, because
s1 ∨ s2 short-circuits if s1 is true. We can also see that φ′

sd

requires fewer case distinctions than φsd by looking at its
minimal disjunctive normal form

¬l1 ∨ ¬f2 ∨ s1 ∨ (¬f1 ∧ s2),

which distinguishes only four cases; the minimal disjunctive
normal form of φsd requires nine cases.

To keep this example short, let us assume that, for the
time steps [0, k1 − 1], we can extract the same knowledge
as for k1. Similarly, suppose that the knowledge from k2
applies to [k1 + 1, k2 − 1] as well. Then, our augmentation
algorithm integrates the rewrites described above into the
original formula G[0,∞) φsd and returns

(G[0,k1] s1) ∧ (G[k1+1,k2] φ
′
sd) ∧ (G[k2+1,∞) φsd).

This formula is equivalent to G[0,∞) φsd in the scenario from
Fig. 2, but more efficient to use for specification-compliant
motion planning algorithms, since it requires fewer predicate
evaluations and case distinctions.

Since our knowledge representation and augmentation algo-
rithm are independent of the application domain, we present
them first in Sec. IV and V, respectively. In Sec. VI, we then
discuss our knowledge extraction method that is specialized
to the use case of rule-compliant motion planning.

IV. KNOWLEDGE REPRESENTATION

The scenario-specific knowledge we used in Sec. III can be
expressed as implications between literals at each time step.
This motivates to represent our knowledge about a scenario
as a sequence K = ⟨K0,K1, . . . ⟩ of knowledge graphs; we
call K a time-varying knowledge base. For k ∈ N0, the nodes
of Kk are the literals L. The directed edges E(Kk) of Kk

represent implications between literals. A trace τ conforms
with K, written as τ |= K, if it honors the implications encoded
in the edges of Kk for all k ∈ N0. Formally, we have τ |= K
if and only if

∀k ∈ N0 : ∀(λ, λ′) ∈ E(Kk) : (τk |= λ → λ′).

Running Example. Recall from Sec. III that at time step k2
we know that s1 → s2, f1 → f2, and l1 ↔ l2 hold. If we
consider only the thick edges, Fig. 3a shows the knowledge
graph G̃k2

that represents this knowledge. Suppose that K is
a knowledge base so that Kk2 := G̃k2 . Then, no trace τ with
the valuation of atomic propositions at time step k2 given by

τk2
(a) :=

{
⊤ if a ∈ {s1, l2, f1, f2}
⊥ if a ∈ {s2, l1}

can conform with K because s1 → s2 and l1 ↔ l2 are violated
at time step k2. In contrast, a trace τ with

τk2
(a) :=

{
⊤ if a ∈ {s1, s2, f2}
⊥ if a ∈ {l1, l2, f1}

conforms with K, assuming there are no violations for time
steps other than k2.

We say that a knowledge graph Kk is complete if and only
if it a) contains all trivial implications, i.e., (λ,⊤), (⊥, λ) ∈
E(Kk) for all λ ∈ L, and b) is closed under application of
the contrapositive, i.e., (λ, λ′) ∈ E(Kk) implies (¬λ′,¬λ) ∈
E(Kk). We can make any knowledge graph Kk complete by
adding the missing edges.

Running Example. The edges added to make G̃k2
complete

are highlighted in Fig. 3a. Completing G̃k2
results in the

knowledge graph Gk2 .

We lift the notion of completeness to knowledge bases K
by requiring that Kk is complete for all k ∈ N0. Completing
a knowledge base does not change the set of conforming
traces, since all newly added edges are either trivial or logical
consequences2 of already existing edges.

2λ → λ′ is logically equivalent to ¬λ′ → ¬λ.
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⊤

l1¬s1s1 ¬l1 f1 ¬f1

l2¬s2s2 ¬l2 f2 ¬f2

⊥

(a)

{⊤}

{¬l1,¬l2}{¬s1}{s1} {f1} {¬f1}

{l1, l2}{¬s2}{s2} {f2} {¬f2}

{⊥}

(b)

{⊤, s2, l1, l2, f1, f2}

{s1} {¬s1}

{⊥,¬s2,¬l1,¬l2,¬f1,¬f2}

(c)

Fig. 3. Knowledge graphs for our running example from Sec. III. (a) The knowledge graph G̃k2
at time step k2 (thick edges only); to make G̃k2

complete
and obtain Gk2

, we need to add the shown trivial and contrapositive edges (gray and dotted, respectively). (b) Component graph GSCC
k2

of Gk2
. (c) Component

graph GSCC
k1

of the knowledge graph Gk1
for time step k1. In (b) and (c), we also show the trivial edges in gray.

V. LINEAR TEMPORAL LOGIC AUGMENTATION

Suppose φ is an LTL formula and K a time-varying knowl-
edge base encoding our scenario-specific knowledge. Our goal
is to augment φ using this knowledge. As shown in Sec. III,
we want to rewrite φ under the assumption that all traces we
will consider later conform with K. Consequently, our rewrites
need to preserve the meaning of the original φ only on these
traces. This gives us some leeway to make the augmented
formula more efficient for subsequent algorithms, e.g., by re-
ducing the number of predicates and case distinctions involved.

The augmentation AJφKk of a formula φ depends on the
time step k ∈ N0 we are considering, e.g., in our running
example from Sec. III, the augmentation of φsd at time step
k1 is s1, but at time step k2 it is φ′

sd. Ultimately, we are only
interested in the augmentation of the top-level formula φ at
time step 0, i.e., AJφK0. To compute this augmentation, we
may need the augmentations of the subformulas of φ at time
steps k > 0, since the temporal operators look forward in time.

As explained at the beginning of this section, the augmen-
tation of a formula has to preserve the meaning of the original
formula on all traces conforming with our knowledge base K.
To formalize this, we fix an arbitrary trace τ so that τ |= K
and say that the augmentation AJφKk of φ at time step k ∈ N0

is sound if and only if

τ, k |= φ ⇐⇒ τ, k |= AJφKk.

Subsequently, we first define the augmentations AJφKk
by recursion on the structure of φ (Sec. V-A to V-C). We
augment literals using the knowledge base directly, while the
augmentations of compound formulas are composed of the
augmentations of their subformulas. For all our definitions,
we assume that straightforward simplifications involving ⊤
and ⊥, e.g., rewriting ⊥ ∧ φ to ⊥, are performed implicitly.
Each definition is accompanied by a lemma that proves its
soundness, assuming that the recursive calls provide sound
augmentations. These lemmas each show one case of an
inductive proof that our recursive definition produces sound
augmentations (Sec. V-D). Finally, we present an efficient
algorithm for computing the augmentation of a formula with
respect to a knowledge base (Sec. V-E).

A. Literals
Let us start with the base case of augmenting literals and fix

a time step k ∈ N0. Since edges of Kk represent implications,

the literals λ, λ′ ∈ L are logically equivalent at step k, if
we can reach λ from λ′ and λ′ from λ in Kk. Generalizing
this observation, all literals belonging to the same strongly
connected component3 of Kk must be equivalent. We thus
collapse each strongly connected component into a single
node by computing the component graph KSCC

k of Kk [62,
Sec. 22.5]. Each node of KSCC

k is a set of equivalent literals
Λ ⊆ L, and an edge (Λ1,Λ2) ∈ E(KSCC

k ) indicates that every
literal in Λ2 is true if any literal in Λ1 is true. We formalize
this in the lemma below and provide a proof in Appendix B.

Lemma 1. Let K be a knowledge base and τ a trace so that
τ |= K. For all k ∈ N0, the following statements hold:

1) For all nodes Λ of KSCC
k , we have τk |= λ ↔ λ′, where

λ, λ′ ∈ Λ are arbitrary.
2) For all (Λ1,Λ2) ∈ E(KSCC

k ), we have τk |= λ1 → λ2,
where λ1 ∈ Λ1 and λ2 ∈ Λ2 are arbitrary.

Running Example. Fig. 3b displays the component graph GSCC
k2

of Gk2
from Fig. 3a. Note that every node of the component

graph contains a set of literals; most importantly l1 and l2
form a strongly connected component of Gk2 and thus belong
to the same node in GSCC

k2
. The same applies to ¬l1 and ¬l2.

For later examples, we also show the component graph GSCC
k1

of the knowledge graph Gk1
at time step k1 in Fig. 3c.

All literals belonging to the same node in KSCC
k are equiv-

alent. Thus, we enforce only the literal with the lowest
complexity from each node Λ in KSCC

k , because this already
ensures that all other literals from Λ hold; we call this literal
the representative of Λ. Hence, it makes sense to replace a
literal λ ∈ L by the representative of its node in KSCC

k , i.e.,

argmin
λ′∈node(KSCC

k ,λ)

(c(λ′)), (7)

where node(KSCC
k , λ) denotes the node of the component graph

that contains the literal λ ∈ L, and c measures the complexity
of enforcing a literal in subsequent algorithms. Any reasonable
complexity measure should be 0 for ⊤ and ⊥, and positive for
every other literal.

Moreover, we want to leverage the implications encoded in
the edges of KSCC

k . It is only necessary to enforce a literal
λ ∈ L, if none of the literals that imply λ have already been
enforced. Hence, we collect the representatives of all nodes

3A strongly connected component is a maximal subgraph in which each
node can reach every other node [62, Appendix B.4].
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that reach node(KSCC
k , λ) in a disjunction to enable short-

circuiting. We arrive at the following augmentation for literals:

AJλKk :=
∨

Λ∈reaching(KSCC
k ,λ)

argmin
λ′∈Λ

(c(λ′)), (8)

where reaching(KSCC
k , λ) denotes the set of nodes from which

there exists a path to node(KSCC
k , λ) in KSCC

k ; observe that
node(KSCC

k , λ) ∈ reaching(KSCC
k , λ) by definition. Note that

reaching(KSCC
k , λ) is a set of sets of literals since a node

represents a set of literals. We can efficiently precompute the
reaching nodes using, e.g., the Floyd-Warshall algorithm [62,
Sec. 25.2]. Even though (8) increases the size of the formula,
it can make the formula more efficient to use since it may
reduce the number of cases to distinguish; we demonstrate
this in Sec. VII-B3.

Running Example. Let K be a time-varying knowledge base so
that Kk := Gk1

for k ∈ [0, k1], Kk := Gk2
for k ∈ [k1+1, k2],

and E(Kk) := ∅ for k ∈ [k2 +1,∞), i.e., the knowledge base
we informally defined at the end of Sec. III. Moreover, suppose
c(⊤) := 0, c(⊥) := 0, and c(λ) := 1 for λ ∈ L \ {⊤,⊥}.
Applying (8), we obtain

AJs2Kk =


⊤ ∨ s1 ∨ ¬s1 ∨ ⊥ if k ∈ [0, k1]

s2 ∨ s1 ∨ ⊥ if k ∈ [k1 + 1, k2]

s2 if k ∈ [k2 + 1,∞)

.

Note that we assume the first two cases are implicitly simpli-
fied to ⊤ and s2 ∨ s1, respectively. Furthermore, we obtain

AJl2Kk =


⊤ ∨ s1 ∨ ¬s1 ∨ ⊥ if k ∈ [0, k1]

l1 ∨ ⊥ if k ∈ [k1 + 1, k2]

l2 if k ∈ [k2 + 1,∞)

,

if we break ties in complexity by alphabetical order.

Lemma 2. Given a time step k ∈ N0, the augmentation AJλKk
for any literal λ ∈ L is sound.

Proof. Let k ∈ N0 be arbitrary. We need to show that

τ, k |= λ ⇐⇒ τ, k |= AJλKk.

Let us consider the forward direction first. We know that, at
time step k, λ is equivalent to every literal that belongs to its
node in KSCC

k according to Lemma 1. In particular, we find

τ, k |= λ ⇐⇒ τ, k |= argmin
λ′∈node(KSCC

k ,λ)

(c(λ′)).

Using that node(KSCC
k , λ) ∈ reaching(KSCC

k , λ) by definition,
we continue our derivation to establish the forward direction:

. . . =⇒ τ, k |=
∨

Λ∈reaching(KSCC
k ,λ)

argmin
λ′∈Λ

(c(λ′))

(8)⇐⇒ τ, k |= AJλKk.

For the backward direction, we assume τ, k |= AJλKk.
By (8), there must exist Λ ∈ reaching(KSCC

k , λ) so that
τ, k |= argminλ′∈Λ(c(λ

′)). Consequently, there is a path in
KSCC

k from Λ to node(KSCC
k , λ). By repeated application of

Lemma 1 to the edges of this path, we find that τk satisfies a

chain of implications that enables us to derive

τ, k |= argmin
λ′∈Λ

(c(λ′)) =⇒ τ, k |= argmin
λ′∈node(KSCC

k ,λ)

(c(λ′))

⇐⇒ τ, k |= λ.

B. Boolean Connectives

Next, we consider formulas that have a Boolean connective
as their top-level operator. As the semantics of these formulas
only depends on one time step, augmentation is straightfor-
ward after we recursively determine augmentations for the sub-
formulas: We just combine the augmented subformulas using
the Boolean connective. Thus, we define the augmentations
for conjunctive and disjunctive formulas at step k ∈ N0 as

AJφ1 ∧ φ2Kk := AJφ1Kk ∧ AJφ2Kk and (9)
AJφ1 ∨ φ2Kk := AJφ1Kk ∨ AJφ2Kk. (10)

Lemma 3. Suppose AJφ1Kk and AJφ2Kk are sound augmen-
tations for φ1 and φ2 at time step k ∈ N0. Then, AJφ1∧φ2Kk
and AJφ1 ∨ φ2Kk are also sound.

Proof. Using that AJφ1Kk and AJφ2Kk are sound augmenta-
tions, this immediately follows from the semantics of LTL.

C. Temporal Connectives

Finally, we need to handle formulas whose top-level con-
nective is a temporal operator, i.e., GI or UI . Let us consider
formulas of the form GI φ first. Intuitively, we want that the
augmentation of this formula at time step k ∈ N0 requires that
the augmentation AJφKk′ of φ holds at all steps k′ ∈ I ⊕ k.
If the augmentation of φ was constant over I ⊕ k, we could
realize this as

GI AJφK⌊I⌋+k,

which uses only a single GI . In general, however, the aug-
mentation might change several times within I ⊕ k as in the
example from Sec. III. Hence, we determine a partitioning of
I⊕k into subintervals I0, . . . , In so that the augmentation of φ
is constant in all subintervals; we require the number of these
subintervals to be minimal. Applying our idea from above, we
arrive at the following definition:

AJGI φKk :=
∧

i∈[0,n]

GIi⊕−k AJφK⌊Ii⌋. (11)

Note that we need to back-shift Ii by k time steps in the
globally operator to obtain an offset relative to k instead of 0.
Running Example. Let G[0,∞) φsd be the abridged version
of the safe distance rule as introduced in (5) and let our
knowledge base K be defined as before. We find that

AJφsdKk =


s1 if k ∈ [0, k1]

φ′
sd if k ∈ [k1 + 1, k2]

φsd if k ∈ [k2 + 1,∞)

,

where φ′
sd is defined as in (6). Hence, we partition [0,∞) into

the subintervals [0, k1], [k1 + 1, k2], and [k2 + 1,∞). Then,
the augmentation AJG[0,∞) φsdK0 of our traffic rule is

(G[0,k1] s1) ∧ (G[k1+1,k2] φ
′
sd) ∧ (G[k2+1,∞) φsd).
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Lemma 4. Given k ∈ N0, AJGI φKk is a sound augmentation
of GI φ provided that AJφKk′ is sound for all k′ ∈ I ⊕ k.

Proof. Let k ∈ N0 be arbitrary. Using the semantics of the
globally operator and our assumption that AJφKk′ is sound
for all k′ ∈ I ⊕ k, we derive

τ, k |= GI φ ⇐⇒ ∀k′ ∈ I ⊕ k : τ, k′ |= φ

⇐⇒ ∀k′ ∈ I ⊕ k : τ, k′ |= AJφKk′

⇐⇒ ∀i ∈ [0, n] :

∀k′ ∈ Ii : τ, k
′ |= AJφK⌊Ii⌋,

where I0, . . . , In are defined as in (11). The last step is correct
because

⋃
i∈[0,n] Ii = I ⊕ k. Moreover, the augmentation of

φ is constant in each Ii, so considering the lower bound ⌊Ii⌋
is sufficient. By rewriting Ii as (Ii ⊕ −k) ⊕ k, it becomes
clear that we can express the inner universal quantifier using
GIi⊕−k; the outer quantifier becomes a conjunction:

. . . ⇐⇒ ∀i ∈ [0, n] :

∀k′ ∈ (Ii ⊕−k)⊕ k : τ, k′ |= AJφK⌊Ii⌋
⇐⇒ ∀i ∈ [0, n] : τ, k |= GIi⊕−k AJφK⌊Ii⌋
⇐⇒ τ, k |=

∧
i∈[0,n]

GIi⊕−k AJφK⌊Ii⌋

(11)⇐⇒ τ, k |= AJGI φKk.

Next, we consider formulas of the form φ1 UI φ2. Similar
to above, we want to recreate the semantics of φ1 UI φ2 using
the augmentations of its subformulas φ1 and φ2. Its augmen-
tation at time step k ∈ N0 depends on the augmentations of
φ1 and φ2 in the interval I ⊕ k. Once more, we face the
issue that the augmentations might not be constant over the
entire interval. Analogously to before, we determine a minimal
partitioning of I ⊕ k into subintervals I0, . . . , In so that the
augmentations of φ1 and φ2 are constant in all subintervals.
If our original formula is to hold, there must exist at least one
subinterval Ii so that φ1 remains true until φ2 holds within Ii.
Moreover, it is required that φ1 always holds in I ⊕ k before
we reach Ii. To express the second requirement, we can reuse
our augmentation for the globally operator. Thus, we define

AJφ1 UI φ2Kk :=
∨

i∈[0,n]

AJφ1K⌊Ii⌋ UIi⊕−k AJφ2K⌊Ii⌋
∧ AJG[⌊I⌋,⌊Ii⌋−1−k] φ1Kk.

(12)

Like in (11), we need to back-shift Ii by k steps to adjust the
offset of the temporal operators.

For the soundness proof of the until augmentation, we use
the same basic ideas as for the globally operator. However,
the proof becomes technically more involved due to the more
complex semantics of until. Therefore, we only state the
lemma here and defer its proof to Appendix B.

Lemma 5. Given k ∈ N0, AJφ1 UI φ2Kk is a sound augmen-
tation of φ1 UI φ2 provided that AJφ1Kk′ and AJφ2Kk′ are
sound for all k′ ∈ I ⊕ k.

D. Soundness

We prove that our recursive definition from Sec. V-A to V-C
yields sound augmentations.

Theorem 1. Let φ be an LTL formula. For all time steps
k ∈ N0, the augmentation AJφKk computed by recursively
applying Eq. (8) to (12) is a sound augmentation of φ. In
other words, we have

τ, k |= φ ⇐⇒ τ, k |= AJφKk

for all time steps k ∈ N0 and traces τ |= K; in particular,

τ |= φ ⇐⇒ τ |= AJφK0.

Proof. We proceed by structural induction on φ. In Lemma 2,
we have already shown the base case where φ = λ for some
literal λ ∈ L. For the inductive cases, we begin with the
case φ = GI φ

′. By the induction hypothesis, we know that
AJφ′Kk′ is sound for all k′ ∈ N0. We apply Lemma 4 to derive
that AJGI φ

′Kk must be a sound augmentation of GI φ
′ for

all k ∈ N0, which concludes this case. The remaining cases
are analogous, using Lemma 3 and 5 instead of Lemma 4.

E. Algorithm

In Alg. 1, we present an efficient algorithm for computing
the augmentation of a formula φ with respect to a time-varying
knowledge base K. The main part of the algorithm is the
recursive function AUGMENT. In addition to φ and K the
function takes a set of time steps T ⊆ N0 as input and ensures
that the augmentation AJφKk is computed at all time steps
k ∈ T . Initially, we set T to {0} as the top-level formula needs
to be enforced only in the initial time step. In the remainder of
this section, we explain AUGMENT in more detail; Appendix C
provides a theoretical complexity analysis of Alg. 1.

Shortcut via Monitoring (ll. 5–8): We use the three-valued
monitoring algorithm introduced in Sec. II-B2 to shortcut the
cases in which we can rewrite entire subformulas to ⊤ or
⊥. Using monitoring is more efficient than computing the
augmentations using Eq. (8) to (12) for two reasons:

• We need to handle only truth values instead of formulas.
• We can process entire time intervals at once instead of

having to consider every time step individually.
For monitoring, we extract a three-valued trace from our
knowledge base K (function TRACE3 in l. 5). In this trace, the
value for an atomic proposition a ∈ AP at time step k ∈ N0

is ⊤ if ⊤ ∈ node(KSCC
k , a) and ⊥ if ⊥ ∈ node(KSCC

k , a);
otherwise, it is ⊣. If the monitor returns the verdict ⊤ for a
formula φ at time step k, we have τ, k |= φ for all traces τ so
that τ |= K according to (1). Thus, ⊤ is a sound augmentation
of φ at time step k. Similarly, if the verdict is ⊥, the formula
never holds, and we can rewrite it to ⊥. Finally, in l. 8, we
limit T to the time steps with verdict ⊣, since we already know
the augmentation for the other steps. Note that the monitoring
algorithm from [52] is structurally recursive in φ, enabling us
to reuse its intermediate results in our recursive calls.

Recursive Calls (ll. 9–12): We recursively compute the
augmentations for all subformulas of φ. To ensure that all
augmentations we need later are present, we have to adjust
the set of required time steps based on the top-level operator
in φ (l. 9). Here, the function INTERVAL yields I for formulas
starting with GI or UI , and [0, 0] for all other formulas.
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Algorithm 1 LTL Augmentation
Input: LTL formula φ, knowledge base K
Output: Augmented LTL formula

1: COMPLETE(K) ▷ Make K complete according to Sec. IV
2: AUGMENT(φ, K, {0})
3: return AJφK0

4: function AUGMENT(φ, K, T )
5: µ̃← MONITOR(φ, TRACE3(K))
6: AJφKµ̃=⊤ ← ⊤ ▷ Set to ⊤ where µ̃k = ⊤
7: AJφKµ̃=⊥ ← ⊥ ▷ Set to ⊥ where µ̃k = ⊥
8: T ← {k ∈ T | µk = ⊣}

9: T ′ ← T ⊕ INTERVAL(φ)
10: for φ′ ∈ CHILDREN(φ) do
11: AUGMENT(φ′, K, T ′)
12: end for

13: if CHILDREN(φ) = ∅ then
14: kr ← Last step in T where knowledge K changes
15: else
16: kr ← Last step in T ′ where a child augmentation changes
17: end if
18: for k ∈ T do ▷ Iterate in ascending order
19: AJφKk ← Eq. (8) to (12)
20: if k ≥ kr then
21: ▷ Assign the last value to all remaining steps
22: AJφKT ∩[k+1,∞) ← AJφKk
23: return
24: end if
25: end for
26: end function

Computing the Augmentation (ll. 13–25): We compute the
augmentation of φ according to Eq. (8) to (12) for all time
steps in T . Note that this could be an infinite number of time
steps. In practice, however, our time-varying knowledge base
K will always start repeating the same knowledge graph after
a finite number of time steps due to the finite time horizon
kh of the scenario. Consequently, the augmentations of literals
also stop changing after this point. Reasoning inductively, the
augmentations of compound formulas φ must also repeat after
a finite number of steps, because AJφKk only depends on the
augmentation of the subformulas of φ at times k′ ≥ k as we
only use future temporal operators. We determine this time
step kr ≤ kh in ll. 13–17. After passing kr, we assign the last
determined augmentation to all remaining steps (l. 22). Thus,
it is important to iterate over T in ascending order.

VI. KNOWLEDGE EXTRACTION FOR TRAFFIC SCENARIOS

As presented in the previous section, our augmentation algo-
rithm is independent of the application domain as long as we
can provide scenario-specific knowledge in the form of a time-
varying knowledge base. To make the algorithm applicable to
the traffic rule-compliant motion planning problem, we show
how to extract knowledge bases from traffic scenarios, using
the traffic rules from [3, Tab. I] and [4, Tab. VI] as examples. If
we want meaningful results, the knowledge base K must only
contain implications that are actually true in our scenario S.
Formally, we call K sound for a scenario S if τ(x[0,kh]) |= K
for all feasible trajectories x[0,kh] of the ego vehicle in S,

where we extend τ(x[0,kh]) to an infinite trace by repeating
its last element, matching the finite LTL semantics used in
Sec. II-C. By plugging the definitions from Sec. II-C into
Theorem 1, we can prove the following corollary, showing that
we satisfy the requirement (4) from our problem statement.

Corollary 1. Suppose φ is an LTL formula and K is a
sound knowledge base for the scenario S. Let AJφK0 be the
augmentation of φ with respect to K at time step 0. For any
feasible trajectory τ of the ego vehicle in S, we have

τ(x[0,kh]) |= φ ⇐⇒ τ(x[0,kh]) |= AJφK0.

To extract a knowledge base from a scenario S, we start
with an empty time-varying knowledge base K that consists
only of knowledge graphs without any edges. Then, we
attempt to evaluate predicates occurring in our specification
as far as possible, which allows us to add edges of the form
(⊤, λ) and (λ,⊥) (Sec. VI-A and VI-B). To handle predicates
depending on the unknown behavior of the ego vehicle, we
exploit that the reachable set R from Sec. II-D subsumes all
feasible behaviors. Finally, we check the scenario against a
list of predefined traffic situations in order to extract further
implications between literals (Sec. VI-C).

Recall that our approach is intended as a preprocessing step
that makes the LTL formula more efficient for subsequent
algorithms. Therefore, we need to be mindful of its computa-
tional cost: Extracting knowledge and augmenting the formula
should not take longer than using the original formula in the
subsequent algorithms. Thus, we do not strive to extract all
possible knowledge from the scenario, but try to obtain most
of it with reasonable effort.

A. Ego-Independent Predicates
The results of ego-independent predicates are independent

of the behavior of the ego vehicle and only require the
given scenario S. For each time step k ∈ [0, kh] and atomic
proposition a ∈ AP , we add the edge (⊤, a) to Kk if
pa(Sk) = ⊤; otherwise, if pa(Sk) = ⊥, we add (a,⊥).
Examples for ego-independent predicates from [3], [4] include
on_access_ramp(Vo) and turning_right(Vo), where Vo de-
notes a vehicle other than the ego vehicle.

B. Ego-Dependent Predicates
In contrast to the ego-independent predicates, ego-dependent

predicates may yield different results depending on the be-
havior of the ego vehicle. Since we do not know the exact
behavior in advance, we evaluate these predicates against all
feasible trajectories using our reachable set R from Sec. II-D.
To evaluate an ego-dependent predicate pa, we derive a three-
valued version p̃a of pa that accepts a set of ego vehicle
states in place of a single state. The derived predicate returns
a Boolean value if all provided states satisfy or violate pa,
and ⊣ otherwise. For each time step k ∈ [0, kh] and atomic
proposition a ∈ AP , we extend the edge set of Kk by

{(⊤, a)} if p̃a(Rk,Sk) = ⊤,

{(a,⊥)} if p̃a(Rk,Sk) = ⊥, and
∅ if p̃a(Rk,Sk) = ⊣.
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TABLE I
DEPENDENCIES BETWEEN PREDICATES FOR PREDEFINED TRAFFIC SITUATIONS

Traffic Situation Condition Added Implications

Vehicle V1 drives behind V2. rear(V1) ≤ rear(V2) in_front_of(Vego, V1)→ in_front_of(Vego, V2)

Vehicle V1 drives faster than V2. projv(V1) ≥ projv(V2) drives_faster(Vego, V1)→ drives_faster(Vego, V2)

Vehicle V1 occupies the same lanes as V2. lanes(V1) = lanes(V2) in_same_lane(Vego, V1)↔ in_same_lane(Vego, V2)

If vehicles V1 and V2 brake fully, V2 reaches
standstill further down the road than V1.

rear(V1) +
projv(V1)

2

2|amin
V1

|

≤ rear(V2) +
projv(V2)

2

2|amin
V2

|

keeps_safe_distance_prec(Vego, V1)
→ keeps_safe_distance_prec(Vego, V2)

The reference path of vehicles V1 and V2

contains the same intersection lanelets.
{l1 ∈ ref_path_lanelets(V1)

| type(l1) = intersection}
= {l2 ∈ ref_path_lanelets(V2)

| type(l2) = intersection}

in_intersection_conflict_area(Vego, V1)
↔ in_intersection_conflict_area(Vego, V2)

rIego

P

P ⊕DrIego

(a)

rOego

P

P ⊕DrOego

(b)

Fig. 4. Evaluating predicates depending on the occupancy of the ego vehicle.
(a) If the vehicle center (marked by a cross) is within P⊕DrIego

, the occupancy
always intersects with P . (b) If the center is outside P⊕DrOego

, the occupancy
never intersects with P .

Running Example. We define the three-valued version of the
predicate in_front_of(Vego, Vo) [3, Sec. IV-A], which requires
that the front-most point of the ego vehicle lies behind the
rear-most point of the vehicle Vo. Thus, if the rear position
of Vo exceeds even the maximum possible front position of
the ego vehicle, the predicate must always hold. Conversely,
if even the minimum possible front position of the ego vehicle
is larger than the rear position of Vo, the predicate is definitely
violated. Formally, the three-valued evaluation of the predicate
at time step k ∈ [0, kh] yields the value

⊤ if maxx∈Rk
(projs(x)) + rOego < reark(Vo),

⊥ if minx∈Rk
(projs(x)) + rIego ≥ reark(Vo), and

⊣ otherwise,

where reark(Vo) denotes the s-coordinate of the rear-most
point of Vo at step k. Here, we need to over- and underap-
proximate the shape of the ego vehicle by its circumscribed
and inscribed circle, respectively, since R does not provide
information about the orientation of the vehicle.

Our reachable set R only considers the center point of the
ego vehicle. However, many traffic rule predicates depend on
the occupancy of the ego vehicle, e.g., to determine which
lanes it occupies [3], [4]. This often amounts to checking
whether the occupancy occ(x) at a state x intersects with some
set of curvilinear positions P ⊆ R2. Since R lacks the orienta-
tion information required to determine the exact occupancy, we
over- and underapproximate the shape of the ego vehicle by its
circumscribed and inscribed circle, respectively. By bloating

P according to these circles, we can perform our intersection
check without explicitly determining the occupancy:

proj(s,d)(x) ∈ P ⊕DrIego
=⇒ occ(x) ∩ P ̸= ∅ and

proj(s,d)(x) /∈ P ⊕DrOego
=⇒ occ(x) ∩ P = ∅,

where Dr ⊆ R2 denotes the disk with radius r centered around
the origin. We visualize this in Fig. 4. Consequently, the
occupancy of the ego vehicle at time step k ∈ [0, kh] certainly
intersects with P if proj(s,d)(Rk) ⊆ P ⊕DrIego

; conversely, it
is surely disjoint from P if proj(s,d)(Rk) ∩ (P ⊕DrIego

) = ∅.

Running Example. Using this approach, we define the three-
valued version of in_same_lane(Vego, Vo) [3, Sec. IV-A],
which requires that the occupancy of the ego vehicle inter-
sects with a lane occupied by the vehicle Vo. At time step
k ∈ [0, kh], the three-valued predicate yields

⊤ if proj(s,d)(Rk) ⊆ lanesk(Vo)⊕DrIego
,

⊥ if proj(s,d)(Rk) ∩ (lanesk(Vo)⊕DrOego
) = ∅, and

⊣ otherwise,

where lanesk(Vo) is the set of positions covered by at least
one of the lanes occupied by Vo at time step k.

We have to consider numerical errors in the implementation.
Therefore, we add safety margins so that the predicates conser-
vatively return ⊣ when operating near their decision boundary.

C. Dependencies Between Predicates

Even when an ego-dependent predicate evaluates to ⊣ due to
the uncertainty of the behavior of the ego vehicle, we can still
encode its relationship with other predicates in our knowledge
base. For example, if the vehicle V1 drives behind another
vehicle V2 in our scenario S, we know that V2 must be in
front of the ego vehicle if V1 is in front of it, as explained
in Sec. III. Tab. I lists more of these traffic situations from
which we can derive implications between predicates. Each
entry consists of an informal description of the situation, a
formal condition in terms of the environment model from [3],
[4], and the implications added to the knowledge graph Kk

when the condition is met at time step k ∈ [0, kh]. We refer
the reader to [3, Sec. II and IV] and [4, Sec. III and IV] for a
formal definition of the functions used in the conditions. We
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do not claim that the list in Tab. I is exhaustive; it contains the
situations we found simple to detect and frequent enough to
justify checking for them. Adding more situations will improve
the quality of the augmented formulas at the cost of increasing
the computation time. It must be ensured that this cost does
not outweigh the benefit of the improved augmentation for the
planning algorithms in use.

VII. EVALUATION

For our evaluation, we use the interstate and intersection
traffic rules from [3], [4]. For each scenario, we first naively
instantiate the traffic rules and then apply our approach to
obtain an augmented version. We use the naive and augmented
rules in two subsequent motion planning modules:

• a combination of the popular sampling-based motion
planner from [7], which we will refer to as the reactive
planner, with a traffic rule monitor [61, Sec. V] and

• the reachability analysis from [35], which computes
specification-compliant reachable sets that serve as con-
straints narrowing the search space of a motion planner.

After briefly discussing the experiment setup, we benchmark
our approach on recorded real-world scenarios from the exiD
dataset [63]. Using scenarios from the inD dataset [64], we
then demonstrate that our approach is also applicable to
intersection traffic rules.

A. Experiment Setup
Our prototype implementation is integrated into the

CommonRoad4 [65] framework and available online5. In our
experiments, we consider nominal motion planning and thus
use most likely trajectories as predictions for the other traffic
participants. The runtime measurements were performed on a
laptop with an Intel Core i7-12700H 4.7 GHz processor; the
reported computation times are averaged over five executions.

We assume that the shape of the ego vehicle is a rectangle
with length 4.5 m and width 1.6 m. According to the physical
limitations of a typical vehicle, we set the bounds for velocities
and accelerations of our point-mass model (2) as follows:

−13.9m/s ≤ ṡ ≤ 63.9m/s −10.0m/s ≤ ḋ ≤ 10.0m/s

−9.5m/s2 ≤ s̈ ≤ 11.5m/s2 −2.0m/s2 ≤ d̈ ≤ 2.0m/s2

Most traffic rules from [3], [4] must be evaluated with respect
to all other vehicles in the field of view of the ego vehicle,
which we assume to be a disk with a radius of 200 m. The
traffic rule parameters are the same as in [3, Tab. II] and
[4, Tab. VII]. We use the simplest possible literal complexity
measure c (cf. Sec. V-A) with c(⊤) := 0, c(⊥) := 0, and
c(λ) := 1 for all λ ∈ L \ {⊤,⊥}. More sophisticated
complexity measures could be obtained by statistical analysis
of recorded datasets.

B. Interstate Scenarios
For our benchmark on interstate scenarios, we extracted

200 CommonRoad scenarios from the exiD dataset (loca-
tion: Merzenich-Rather) [63]; an example scenario is shown

4https://commonroad.in.tum.de
5https://redirect.cps.cit.tum.de/traffic-rule-augmentation

Initial
state

Dynamic
obstacle

Goal
region

Reference
path

(a)

(b)

Fig. 5. Example scenarios from (a) the exiD dataset (location: Merzenich-
Rather) and (b) the inD dataset (location: Frankenburg).

in Fig. 5a. For these scenarios, we have kh := 30 and
∆t := 0.08 s, which corresponds to a planning horizon of 2.4 s.
We consider the safe distance rule (R_G1) and the entering
vehicles rule (R_I5) from [3]. In comparison to our abridged
version from Sec. III, R_G1 allows the safe distance to be
violated for a brief time window after another vehicle cuts
into the lane of the ego vehicle. Intuitively, R_I5 requires that
the ego vehicle does not obstruct other vehicles entering the
interstate via an access ramp by changing to the right-most
lane of the main carriageway. We refer the reader to [3, Tab. I]
for the formulation of the rules in temporal logic. We chose
these two rules since they are the most complex rules from
[3] with regard to the structure of the temporal logic formula;
the remaining rules just require some propositional constraint
to hold at every time step.

1) Trajectory Monitoring: To investigate the effects of our
augmented rules on trajectory monitoring, we use the reactive
planner to sample 100 dynamically feasible and collision-free
trajectories. Then, we apply the traffic rule monitor to evaluate
the rule compliance of each trajectory. Our computation time
measurements do not include the time it takes to plan the
trajectories because it is independent of the used traffic rules.

The boxplots in Fig. 6a compare the total computation time
with naive and augmented traffic rules. For the augmented
rules, the figure also breaks down the computation time by
the three steps of the algorithm: extracting knowledge from
the scenario (cf. Sec. VI), augmenting the formula with the
extracted knowledge (cf. Alg. 1), and monitoring the planned
trajectories against the augmented rules. The first two steps
make up only 12 % of the total runtime on average. With an
average computation time of 4.0 ms, Alg. 1 takes negligible
effort in comparison to the knowledge extraction. Consider-
ing the total computation time, the augmented traffic rules
accelerate the algorithm on average by factor 5.8 compared to

https://commonroad.in.tum.de
https://redirect.cps.cit.tum.de/traffic-rule-augmentation
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Fig. 6. Comparison of the computation time with naive and augmented traffic rules of (a) trajectory monitoring and (b) specification-compliant reachability
analysis on scenarios from the exiD dataset (outliers and timeouts are not shown). Note that the bottom plots show a much smaller portion of the computation
time axis than the top plots as indicated by the shaded areas.

using the naive rules. With the augmented rules the maximum
observed runtime is 4.3 s, while it is 24 s for the naive rules.

For all trajectories, the monitoring verdicts on the aug-
mented traffic rules match the verdicts for the naive rules.
This confirms that (4) also holds in practice.

2) Specification-Compliant Reachability Analysis: To
demonstrate that our augmented traffic rules benefit a variety
of subsequent motion planning modules, we also apply them
to the specification-compliant reachability analysis presented
in [35]. For our experiments, we set a timeout of 20 s for
the computation of the reachable sets. When deployed on
a real vehicle, this timeout would be lower and trigger the
execution of a previously computed fail-safe trajectory [61].
We choose a larger timeout value here to obtain meaningful
results without requiring a highly optimized implementation
of the reachability analysis.

When running the reachability analysis with the naive traffic
rules, we observe a timeout in 124 of our 200 scenarios. Using
the augmented rules, the algorithm completes in time for all
but three of these scenarios corresponding to a reduction of the
number of timeouts by 98 %. Fig. 6b, which is analogous to
Fig. 6a, considers only the scenarios that did not time out.
Unsurprisingly, we see very similar computation times for
knowledge extraction and augmentation as in Sec. VII-B1; the
two steps combined take 30 % of the total computation time
here. In the 76 scenarios that did not time out for the naive
rules, we measured an average speedup factor of 12 for the
total computation time. If we make the best-case assumption
that the scenarios that timed out for the naive rules, but not
for the augmented rules, had a computation time equal to the
timeout of 20 s, the average speedup factor increases to 68.
Ignoring timeouts, the maximum observed runtime is 9.0 s for
the augmented rules and 13 s for the naive rules.

3) Effect of Implications: In Sec. V-A, we claimed that
using the implications encoded in the edges of the knowledge
graph, in addition to equivalences, for the augmentation of
literals can make the formula simpler to use despite increas-
ing its length. We investigate this claim by modifying our
augmentation algorithm to use (7) instead of (8) to determine

the augmentations of literals. Using the augmented rules
produced by this modified algorithm in the specification-
compliant reachability analysis increases the total computation
time by 21 % on average compared to the original augmented
rules. However, we did not observe any significant change
in the total computation time for trajectory monitoring. We
attribute this to the fact that the monitor can often short-circuit
the evaluation before the implications come into play, since it
always works with a concrete trajectory. In contrast, the reach-
ability analysis has to exhaustively explore all specification-
compliant maneuvers. Thus, it can benefit considerably from
the reduction of the involved case distinctions resulting from
leveraging the implications (cf. Sec. III).

Based on the literature review in Sec. I-A1, we believe
that these results transfer to other planning algorithms: Most
existing algorithms scale with the number of predicates and
the number of time steps they need to be evaluated at.
Whenever we can rewrite an atomic proposition to ⊤, ⊥, or
an equivalent proposition that already appears elsewhere in
the formula, these algorithms no longer need to consider the
atomic proposition, thereby improving their performance. Intu-
itively, we can replace potentially many predicate evaluations
during execution (e.g., to monitor different trajectories) with a
single evaluation during knowledge extraction. In contrast, the
implications from Tab. I make external dependencies between
predicates explicit, which the algorithm needs to be capable
of exploiting. Thus, equivalences are generally useful, while
the benefit of implications depends on the characteristics of
the subsequent planning algorithms.

C. Intersection Scenarios

Finally, we demonstrate that our approach is also benefi-
cial for intersection traffic rules. To this end, we extracted
10 CommonRoad scenarios from the inD dataset (location:
Frankenburg) [64] in which the ego vehicle must cross an
unregulated intersection; Fig. 5b shows an example. We have
kh := 90 and ∆t := 0.08 s, so the planning horizon is 7.2 s.

We consider the stop sign rule (R-IN1), the right before
left rule (R-IN3), the priority rule (R-IN4), and the turning
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Fig. 7. Average total computation time of trajectory monitoring per traffic
rule on scenarios from the inD dataset.

left rule (R-IN5) from [4, Tab. VI]. Since the intersection in
our scenarios does not have any signs regulating the priority,
it is intuitively clear that R-IN1 and R-IN4 are irrelevant. In
contrast, R-IN3 will always be at least partially relevant.

We proceed as in Sec. VII-B1 except that we plan only 20
trajectories using the reactive planner. Fig. 7 shows the average
total computation times broken down by individual rules. The
computation times of the individual rules do not add up, since
several rules share predicates and there is some overhead for
starting the monitor. When evaluating all rules together, using
the augmented rules results in an average speedup factor of 8.3.
Knowledge extraction and augmentation account for 16 % of
the total time; again, the time required by Alg. 1 (on average
3.0 ms) is negligible compared to the knowledge extraction
(on average 58 ms). The highest observed runtime is 0.59 s
for the augmented rules and 3.3 s for the naive rules. As in
Sec. VII-B1, the verdicts on naive and augmented rules agree.

Our algorithm reduced the computation time for each indi-
vidual rule, suggesting that applying it to the complete rule set
makes sense. As expected, we observe the highest computation
time for R-IN3. Moreover, we can simplify R-IN1 and R-IN4
to ⊤ in all scenarios, which is consistent with our intuition
from above and explains their low computation times.

VIII. CONCLUSION

Our novel approach significantly lowers the complexity
of traffic rule specifications that must be considered during
traffic rule-compliant motion planning. In contrast to existing
LTL simplification techniques, our augmentation algorithm
leverages knowledge about the situation in which the formula
is applied. Based on this knowledge, the algorithm removes
the parts of the specification that are certainly irrelevant in the
given situation. For the specific case of traffic rule-compliant
motion planning, we have shown how such knowledge can be
obtained from the concrete traffic scenario at hand. Since the
output of our algorithm is just another LTL formula, it can
be easily integrated with existing motion planners that accept
LTL specifications. Our experiments show that the reduced
complexity of the augmented specifications can considerably
lower the computation time required by such planners.

Concerning future work, we are confident that our approach
is transferable to other application domains where we need to
determine a plan that is constrained by an LTL specification,

such as robotics and power systems. Since our augmentation
algorithm supports general LTL formulas, the main problem is
finding and extracting suitable scenario-specific knowledge.

APPENDIX

A. Changes to the Three-Valued Monitoring Algorithm

The three-valued monitoring algorithm from [52, Sec. 4.2]
is designed for STL, so some adjustments are required to
apply it to LTL. Switching from the continuous time domain
of STL to the discrete time domain of LTL is simple: As
the algorithm is based on interval arithmetic, we just need to
replace intervals over R≥0 with intervals over N0. Moreover,
we need to accommodate for the different semantics of our
temporal connectives UI and GI . In [52], the semantics
is encoded in satisfaction sequences6 that indicate at which
time steps a formula is satisfied. The three-valued semantics
builds on top of recursively defined operators that compute
the satisfaction sequence of a formula given the satisfaction
sequences of its subformulas. We provide these operators for
UI and GI ; for the propositional connectives, we reuse the
operators of [52, Sec. 4.1] as their semantics is unchanged.

Defining the operator for GI is simple: We observe that
GI φ is false at time step k ∈ N0 if and only if φ is violated
somewhere in I⊕k. We thus gather all time intervals in which
φ is ⊥ and back-shift them by I; the satisfaction sequence of
GI φ is ⊥ in these intervals and ⊤ otherwise. For a Boolean
sequence β = ⟨β0, β1, . . . ⟩ and k ∈ N0, we define

(GI β)k :=

{
⊥ if k ∈

⋃
i∈[0,n] Ii ⊕−I

⊤ otherwise
, (13)

where I0, . . . , In are the time intervals in which β is ⊥, and
−I := {−x | x ∈ I}. We show that GI implements the
semantics of the timed globally operator.

Lemma 6. Let β be a Boolean sequence. For all k ∈ N0,
(GI β)k is ⊤ if and only if βk′ = ⊤ for all k′ ∈ I ⊕ k;
otherwise, (GI β)k is ⊥. In particular, if β is the satisfaction
sequence of φ, then GI β is the satisfaction sequence of GI φ.

Proof. We show the converse of the statement for k ∈ N0. We
define I0, . . . , In as in (13) and derive:

(GI β)k = ⊥ ⇐⇒ ∃i ∈ [0, n] : k ∈ Ii ⊕−I

⇐⇒ ∃i ∈ [0, n] : ∃k′ ∈ I ⊕ k : k′ ∈ Ii

⇐⇒ ∃k′ ∈ I ⊕ k : βk′ = ⊥.

For the second to last step, we observe that A⊕ (−B) is the
set {x | ∃a ∈ B ⊕ x : a ∈ A}. The final step is correct as βk′

is ⊥ if and only if k′ ∈ Ii for some i ∈ [0, n].

Before we can define the operator for UI , we need to intro-
duce the notion of unitary sequences (cf. [52, Sec. 2.3]). We
say that a Boolean sequence β is unitary, if there exists exactly
one interval I+β so that βk = ⊤ for all k ∈ I+β and βk = ⊥
otherwise. Moreover, we need a helper function exr(I) to
expand an interval I by one to the right, which will serve

6These are called satisfaction signals in the original paper, since it works
with continuous time instead of discrete time steps.
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a similar purpose as the right-closure from [52, Sec. 2.1]: We
define exr([n,m]) := [n,m + 1] and exr([n,∞)) := [n,∞).
Closely following [52, Sec. 4.1], we define our operator for
UI . We first consider only unitary sequences and adjust [52,
Eq. (1)] to our semantics: For unitary sequences β, β′ and an
interval I over N0, we define the unitary until UI so that
(βUI β

′)k = ⊤ if and only if k ∈ (I1 ∪ I2)∩N0, where I1 is[((
I+β′ ∩ exr(I

+
β )

)
⊕−

(
(I \ {⌊I⌋})⊕−⌊I⌋

))
∩ I+β

]
⊕−⌊I⌋

and I2 := I+β′ ⊕−⌊I⌋. Arguing similarly to [52, Lem. 1], we
can show that UI implements our timed until semantics for
unitary sequences, i.e., for all k ∈ N0, we have

(βUI β
′)k =


⊤ if ∃k′ ∈ I ⊕ k : β′

k′ = ⊤ and
∀k′′ ∈ [⌊I⌋+ k, k′ − 1] : βk′′ = ⊤

⊥ otherwise
.

The key observation for the proof is that I1 covers the cases
in which k′ > ⌊I⌋+k and I2 handles the case k′ = ⌊I⌋+k, in
which the universal quantifier is vacuously satisfied. We pro-
ceed as in [52, Lem. 2] to generalize UI to arbitrary Boolean
sequences by decomposing them into unitary sequences.

We can convince ourselves that the operators we just defined
are monotone, i.e., if their inputs are true at more time steps,
their output will also be true at more steps. Thus, we proceed
as in [52, Sec. 4.2] to derive the three-valued semantics.

B. Omitted Proofs
Lemma 1. Let K be a knowledge base and τ a trace so that
τ |= K. For all k ∈ N0, the following statements hold:

1) For all nodes Λ of KSCC
k , we have τk |= λ ↔ λ′, where

λ, λ′ ∈ Λ are arbitrary.
2) For all (Λ1,Λ2) ∈ E(KSCC

k ), we have τk |= λ1 → λ2,
where λ1 ∈ Λ1 and λ2 ∈ Λ2 are arbitrary.

Proof. Let k ∈ N0 be arbitrary. We begin with 1). Suppose
λ, λ′ ∈ Λ for a node Λ of KSCC

k . As λ and λ′ belong to the same
strongly connected component of Kk, there is a path from λ
to λ′ in Kk. Since τ |= K, τk satisfies a chain of implications
from λ to λ′. Thus, we find τk |= λ → λ′, as implication is
transitive. We can derive τk |= λ′ → λ analogously.

We continue with 2). Let λ1 ∈ Λ1 and λ2 ∈ Λ2 be arbitrary
for an edge (Λ1,Λ2) ∈ E(KSCC

k ). By the definition of the
component graph [62, Sec. 22.5], this edge exists only if there
are λ′

1 ∈ Λ1 and λ′
2 ∈ Λ2 so that (λ′

1, λ
′
2) ∈ E(Kk). Arguing

like above, we find that τk |= λi ↔ λ′
i for all i ∈ {1, 2}.

Moreover, we have τk |= λ′
1 → λ′

2, since τ |= K. Chaining
these together, we obtain τk |= λ1 → λ2.

Lemma 5. Given k ∈ N0, AJφ1 UI φ2Kk is a sound augmen-
tation of φ1 UI φ2 provided that AJφ1Kk′ and AJφ2Kk′ are
sound for all k′ ∈ I ⊕ k.

Proof. Suppose k ∈ N0 is arbitrary. We derive:

τ, k |= φ1 UI φ2 ⇐⇒ ∃k′ ∈ I ⊕ k : τ, k′ |= φ2 and
∀k′′ ∈ [⌊I⌋+ k, k′ − 1] : τ, k′′ |= φ1

⇐⇒ ∃i ∈ [0, n] : ∃k′ ∈ Ii : τ, k
′ |= φ2 and

∀k′′ ∈ [⌊I⌋+ k, k′ − 1] : τ, k′′ |= φ1,

where I0, . . . In are defined as in (12). The last step is correct
since

⋃
i∈[0,n] Ii = I⊕k. Next, we split the universal quantifier

into separate cases for k′′ ∈ Ii and k′′ /∈ Ii. The second case
is independent of k′, so we can express it using the globally
operator:

. . . ⇐⇒ ∃i ∈ [0, n] : ∃k′ ∈ Ii : τ, k
′ |= φ2 and

∀k′′ ∈ [⌊Ii⌋, k′ − 1] : τ, k′′ |= φ1

and ∀k′′ ∈ [⌊I⌋, ⌊Ii⌋ − 1− k]⊕ k : τ, k′′ |= φ1

⇐⇒ ∃i ∈ [0, n] : ∃k′ ∈ Ii : τ, k
′ |= φ2 and

∀k′′ ∈ [⌊Ii⌋, k′ − 1] : τ, k′′ |= φ1

and τ, k |= G[⌊I⌋,⌊Ii⌋−1−k] φ1.

Applying our assumption and Lemma 4, we replace the for-
mulas by their augmentations. Considering the augmentations
of φ1 and φ2 at ⌊Ii⌋ suffices as they are constant in each Ii:

. . . ⇐⇒ ∃i ∈ [0, n] : ∃k′ ∈ Ii : τ, k
′ |= AJφ2K⌊Ii⌋ and

∀k′′ ∈ [⌊Ii⌋, k′ − 1] : τ, k′′ |= AJφ1K⌊Ii⌋
and τ, k |= AJG[⌊I⌋,⌊Ii⌋−1−k] φ1Kk

⇐⇒ ∃i ∈ [0, n] : τ, k |= AJφ1K⌊Ii⌋ UIi⊕−k AJφ2K⌊Ii⌋
and τ, k |= AJG[⌊I⌋,⌊Ii⌋−1−k] φ1Kk.

In the second step, we express the combination of existential
and universal quantifier using until. It becomes clear that this is
correct if we rewrite Ii as (Ii⊕−k)⊕k. Turning the remaining
existential quantifier into a disjunction concludes the proof:

. . . ⇐⇒ τ, k |=
∨

i∈[0,n]

AJφ1K⌊Ii⌋ UIi⊕−k AJφ2K⌊Ii⌋
∧ AJG[⌊I⌋,⌊Ii⌋−1−k] φ1Kk

(12)⇐⇒ τ, k |= AJφ1 UI φ2Kk.

C. Complexity of the LTL Augmentation Algorithm

As shown in Sec. VII, the runtime of Alg. 1 is negligible
compared to knowledge extraction for the application to rule-
compliant motion planning. Nevertheless, a runtime complex-
ity analysis is interesting from a theoretical standpoint. The
complexity of Alg. 1 depends on the time horizon kh, the
number of atomic propositions |AP|, and the number of nodes
|φ| in the syntax tree of the formula as shown below.

Proposition 1. The theoretical worst-case runtime complexity
of Alg. 1 is O(kh|AP|3 + k2h |φ|).

Proof. We analyze the runtime complexity in three parts.
Preprocessing: Each knowledge graph in the knowledge

base has O(|AP|) nodes and O(|AP|2) edges after comple-
tion. We compute the component graph of each knowledge
graph using the algorithm from [62, Sec. 22.5] in O(|AP|+
|AP|2). Further, we precompute the reaching nodes in the
component graph (see Sec. V-A) using the Floyd-Warshall
algorithm in O(|AP|3) [62, Sec. 25.2].7 Assuming that the
complexity c of a literal can be determined in constant time, we
precompute the augmentation (8) of every literal in O(|AP|).
As the number of distinct knowledge graphs in the knowledge

7For sparse knowledge graphs, Johnson’s algorithm performs better than
the Floyd-Warshall algorithm [62, Sec. 25.3].
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base is in O(kh) and the Floyd-Warshall algorithm dominates
the preprocessing of each graph, we arrive at an overall time
complexity of O(kh|AP|3) for this step.

Monitoring: As mentioned in [52], the Boolean operators
from Appendix A are closely related to those in [66], so
their evaluation is linear in kh [66, p. 157]. The three-valued
monitoring algorithm applies these operators twice for each
subformula, so it runs in O(kh|φ|). Alg. 1 executes MONITOR
only once as it reuses the intermediate results (see Sec. V-E).

Augmentation: In AUGMENT, we recurse over all subformu-
las of φ yielding a factor of O(|φ|). As the monitoring result
is precomputed, it is accessible in constant time. The crucial
part is the loop over T in l. 18; all other parts are linear
in kh when representing the potentially infinite set T by a
finite set of intervals. The loop yields a factor of O(kh) since
kr ≤ kh (see Sec. V-E). It remains to analyze l. 19. Due to our
preprocessing, Eq. (8) to (10) are evaluated in constant time.
In (11), we form a conjunction over the interval partitioning,
requiring O(kh) operations. The only relevant difference in
(12) is that we use (11) inside the disjunction, which suggests
a quadratic runtime at first glance. However, only the right
bound of the interval of the globally operator increases in each
iteration, allowing us to reuse results from previous iterations
to achieve a complexity of O(kh). Overall, AUGMENT thus
has a time complexity of O(k2h |φ|).

We obtain O(kh|AP|3+k2h |φ|) as the overall runtime com-
plexity of Alg. 1 as augmentation dominates monitoring.
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