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Abstract

Hydrological time series are shaped by complex, nonlinear dynamics that vary across dif-
ferent regimes of flow and weather conditions. Traditional linear models struggle to capture
such regime-dependent behavior, motivating the use of flexible copula-based approaches.
This thesis develops a regime-switching vine copula framework to analyze three hydrological
variables measured at the Noce River’s Ott station: water level (height), temperature, and
electrical conductivity. The data consist of over 20,000 hourly observations (2021-2023), sup-
plemented by precipitation inputs from two relevant locations: the Malga reservoir, which
regulates upstream flow, and the Mezzo station, a local meteorological gauge.

The analysis proceeds in three steps. First, Markov-switching autoregressive models
identify high- and low-regime states for each hydrological variable. Second, regime-specific
copula models capture how dependencies among water level, temperature, and conductivity
change across joint states. Third, vine copula regressions link each hydrological variable to
lagged precipitation inputs from Malga and Mezzo, providing a flexible representation of
conditional dependence.

The results show that overall pairwise associations are modest, but regime-dependent
patterns are important. Internal dependencies among height, temperature, and conduc-
tivity are strongest when water levels and temperatures are high but conductivity is low.
Incorporating precipitation enhances the model fit, with vine regressions indicating that the
Mezzo station, particularly at the two-hour lag, acts as a consistent external driver, whereas
Malga precipitation shows a more limited, regime-dependent influence.

Overall, the study demonstrates that regime-switching vine copulas offer a powerful tool
for uncovering subtle dependence structures in hydrological systems. They provide new
insights into how local precipitation and managed storage interact with river dynamics, and
offer a pathway for improved hydrological modeling and risk assessment under changing
climatic conditions.
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Introduction

Hydrological systems are inherently complex, governed by interactions among climatic forc-
ing, river basin characteristics, and anthropogenic regulation. Their dynamics are nonlinear
and often regime-dependent: the statistical properties of variables such as water level, temper-
ature, and electrical conductivity may shift markedly between high- and low-flow conditions
or between meteorological states. Capturing such structural breaks is a central challenge in
hydrological time series analysis. Traditional approaches, which assume stationarity or rely on
linear dependence, are often too restrictive to represent the intricate temporal and cross-variable
dependencies found in real-world data.

This thesis applies such a framework to the Noce River in northern Italy, using a dataset of
over 20,000 hourly observations collected between 2021 and 2023. The study focuses on three
hydrological variables measured at the Ott station: water level (height), temperature, and
electrical conductivity. These are analyzed in conjunction with precipitation inputs from two
external sites: the Malga reservoir, which regulates upstream storage and flow, and the Mezzo
station, which provides local meteorological measurements. By integrating both river dynamics
and external rainfall drivers, the analysis seeks to uncover how precipitation and management
practices affect hydrological variability across regimes.

The methodological contribution is threefold. First, Markov-switching autoregressive models
are used to classify the time series into high- and low-regimes for each hydrological variable.
Second, regime-specific vine copula models are estimated to characterize dependence structures
among the variables themselves. Third, vine copula regression models are applied to link each
hydrological response variable to precipitation covariates from Malga and Mezzo, yielding flex-
ible regime-dependent conditional dependence estimates.

The results demonstrate that while pairwise dependencies are often weak in magnitude, they
vary systematically across regimes. Internal associations between water level, temperature, and
conductivity are strongest when water levels and temperatures are elevated but conductivity is
low. Incorporating precipitation covariates improves model fit substantially, with precipitation
from the Mezzo site emerging as the most consistent external driver, especially at short time
lags, while Malga precipitation exerts more occasional and regime-specific effects. These findings
illustrate the importance of combining regime-switching with flexible copula models to capture
the nuanced dependence structures that govern hydrological dynamics.

Overall, this study contributes to hydrological time series modeling by demonstrating how
copula-based regime-switching methods can provide richer insights into nonlinear dependence,
regime-specific variability, and the role of external drivers. Beyond methodological value, these
insights offer practical relevance for water resource management and risk assessment under
increasingly variable climate conditions.
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Part 1

Mathematical Background



1 Model selection and evaluation

In this part, we provide a variety of potential models and use well-established information-
theoretic criteria to choose the best specification. In particular, we compare model performance
using the Bayesian Information Criterion (BIC) and the Akaike Information Criterion (AIC).
The maximized log-likelihood, which we define below, is the foundation of both criterion. The
following definitions are based on the works of Georgii (2015), Fahrmeir et al. (2013), and Rossi
(2018).

Definition (Log-likelihood function). Let f(z;80) be a probability model with parameter space
©. For a sample x1, ..., xy, the likelihood function for a model M is given by the joint probability
density

Under the assumption of independent observations, this becomes
n
Lam(0) =[] fi(=i:0),
=1

where f; is the density of X;. The log-likelihood is then

tm(0) = log Ly (6).

Definition (Akaike’s Information Criterion (AIC)). For a model M with k parameters (where
k denotes the total number of free parameters in the model) and maximized log-likelihood L (0),
the Akaike Information Criterion is defined by

~

AICp = —20(0) + 2k.

Definition (Bayesian Information Criterion (BIC)). With the same notation and sample size
n, the Bayesian Information Criterion is defined by

~

BICy = —2/0p0(0) + log(n) k,

where k is the number of model parameters.

2 Stochastic Process and Time Series

In this section, we present the essential building blocks for analyzing temporal data. We begin
by defining a stochastic process and its realization as a time series, and then explore the au-
tocovariance and autocorrelation functions that capture temporal dependence. The following
definitions are based on the book by Shumway and Stoffer (2017).

Definition (Stochastic Process). Let (£, F,P) be a probability space and T an index set (often
" e.g. Z or R). A stochastic process is a family of random variables

“time,’
{Xi: Q= R}her, where Xi(w) = X(w,t).
e For each fized t € T, the map w — Xy(w) is a random variable on (2, F,P).

e For each fized w € §, the map t — Xy(w) is called a sample function or realization.

e The set of all sample functions is the ensemble; in time series work we typically observe
gust one realization {X;(wo)}.

12



Definition (Time Series). A time series is simply one realization of a stochastic process observed
at discrete timest = 1,2,3,.... In other words, for some fized wy € Q we write

Ty = Xt(CU()), t:1,2,3,...

and so the observed sequence is
(z1,22,23,...).

Remark. In practice we often impose additional structure on {X;}, for ezample:

e Stationarity: for any k € N and any t1,...,ty in the index set, the joint distribution of
(X X))
depends only on the differences (t; —t;), not on the absolute times.

e Ergodicity: time-averages along a single realization converge (in probability) to ensemble
averages.

e Indexing: although T can be continuous, most data arrive at equally-spaced points so one
takes T' =7 or N.

Definition (White noise). Let (2, F,P) be a probability space and T an index set. A white
noise process is a family
{Wi: Q= R er

of uncorrelated random variables satisfying
EWy =0, (W) =02 € (0,00).

We write
W ~ WN(0,02).

If moreover the Wy are independent and each Wy ~ N(0,02), then {W;} is called Gaussian
white noise, denoted

iid. 2
Wt ~ (O,Uw).
Remark. White noise serves as the innovation term in many classical time-series models:

e An autoregressive model of order p, AR(p), takes the form
Xy = ;1 Xy 1+ o+ 0p Xy + Wy,
where {W} is white noise.
e A moving-average model of order q, MA(q), writes

Xy = Wi +OWeq + -+ 0, W3y

e Combining both yields an ARMA (p, q) model, and including differencing yields ARIMA (p,d, q).

Time series analysis hinges on the fact that observations from a stochastic process are inter-
dependent across time. We can capture this dependence either through explicit models or by
measuring covariances and correlations. Because we observe an entire sequence rather than a
single pair of points, we end up with not just one covariance or correlation but a whole series
known respectively as the autocovariance and autocorrelation functions.

13



Definition (Autocovariance function). Let {X;}iez be a stochastic process with mean function
e = E[X}]. The autocovariance function is

v(s,t) = Cov(Xs, Xy) = E[(Xs — ps) (X — ,ut)], Vs, t.
In particular, when s =t this reduces to the variance:
v(t, t) = E[(Xt — ut)Q] = Var(Xy).

If v(s,t) = 0, then X and X; are uncorrelated, though other forms of dependence may still
extst.

Definition (Autocorrelation Function). Let {X;} be a stochastic process with autocovariance
v(s,t) = Cov(Xs, X;). The autocorrelation function is

v(s,t)

Vs, 8)y(t, 1)

It measures the linear association between X, and Xy, normalized to lie in [—1,1].

p(s,t) = -1 <p(s,t) <1

Definition (Partial Autocorrelation Function). For a stationary process {X;}, the partial au-
tocorrelation at lag h, denoted ¢ny, is the correlation between X,y and X; after removing the
linear effects of the intervening observations {Xi41, ..., Xt+h—1}. Equivalently:

¢11 = Corr(Xu1, Xi) = p(1),  dnn = Corr(Xpsn — Xopns Xi — X1).
where
Xt—i—h = (1 Xih—1 + BoXigh—o+ -+ Br_1Xi41, X, = B1 X1+ BoXipo + -+ Br—1Xe4h-1,

are the best linear predictors of Xyyn and Xy, respectively, based on the h — 1 intervening ob-
servations { X1, ..., Xeyn—1}, with the coefficients {5;} chosen to minimize the mean-squared
prediction error:

h—1
. 2
18i} = arg  min IE[(XH-h_ > " Xevn—j) }
EARA ] - ]:1
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3 Time Series Decomposition

Real-world time series often exhibit systematic trends, seasonal patterns, or both. By isolat-
ing these deterministic components from the observed data, we can more clearly analyze the
underlying random fluctuations.

In this section, we explain how to split a time series into its deterministic trend and seasonal
components, allowing for the analysis of the remaining random fluctuations more effectively
(Huang and Petukhina, 2022).

3.1 Deterministic Trend and Seasonal Components

A deterministic trend Ty in a series {X;} satisfies:
e It represents a gradual, systematic change over time.
e It can be modeled as a smooth, non-repeating function of time, 7'(¢).

The deterministic seasonal component S; of a time series {X;} can be characterized by:
e Systematic, repeating fluctuations that recur at regular intervals.

e A constant, known period p often called the (minimum) seasonal period, over which the
pattern repeats.

e Consistency in the shape, timing, and magnitude of the cycle from one period to the next.

This seasonal behavior, also referred to as seasonal variation or seasonal effect, typically orig-
inates from calendar-driven cycles, weather patterns, decision-making schedules, and related
external factors.

After removing T} and S, the remaining series Ry = Xy — Ty — Sy consists of the irregular or
noise component.

3.2 Additive vs. Multiplicative Decomposition

Two common frameworks for separating these components are:

1. Additive model:
Xy =Ty + S+ Ry

Use when the amplitude of seasonal swings does not depend on the overall level of the
series.

2. Multiplicative model:
Xt = th X St X Rt.

Appropriate if seasonal fluctuations scale proportionally with the series level (and X; # 0).
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4 Hidden Markov Models (HMMs)

Hidden Markov models (HMMs) are models in which the distribution that generates an ob-
servation depends on the state of an underlying and unobserved Markov process. They pro-
vide flexible general-purpose models for univariate and multivariate time series, especially for

discrete-valued series, including categorical series and series of counts. The following definitions
are based on the book by Zucchini, MacDonald, and Langrock (2016).

4.1 Markov Chain and Markov Property

A sequence of discrete random variables

{St}t€N7 St € {17"'7m}7

is called a Markov chain if it satisfies the Markov property, namely that the distribution of the
next state depends only on the present state and not on the past history. In set-wise form,
this reads: for every t € N, every i € {1,...,m}, and all measurable subsets By, ..., B;_1, B C

{1,...,m},
Pr(Syp1€B | Sy =i, Si1€Biy, ..., 81 € By) =Pr(Si1 € B | Sy =), (4.1)
Equivalently, in point-wise form, for all sq,...,s:41 € {1,...,m},
Pr(St+1 = S¢11 } Sy =584, Si21 =841, ..., 51 = 81) = Pr(StH = St41 ‘ Sy = st). (4.2)

Here, the statement (4.2) is commonly referred to as the Markov property.

Transition probabilities In a Markov chain on the state space {1,...,m}, the one-step
transition probabilities are

m
Py = Pr(Sepr =418 =1i), i,je{l,....m}, Y Py=1 Vi (4.3)
j=1

More generally, the t-step transition probability is defined by

pH . Pr(Seu=3|8s=1), i,j€{l,....m}, teN. (4.4)

)

If the transition probabilities
Pr(Seyt =j | Ss =1)

remain the same for all starting times s, the chain is called homogeneous; otherwise it is non-
homogeneous. In what follows we assume homogeneity and therefore write

Yij(t) :=Pr(Sepr =j | Ss =1), i,j€{l,...,m}, (4.5)

where 7;;(t) makes no reference to s. Collecting all v;;(¢) into a m xm matrix gives the transition
matrix

Tt = ()], € B™m,

whose (7, 7) entry is 7;;(t).
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The unconditional probabilities of being in each state at time ¢, Pr(S; = j), can be collected
into the row vector

u(t) = (Pr(S; =1),Pr(S; =2),...,Pr(S =m)), teN.

Here u(1) is the initial distribution of the chain. Since the chain is homogeneous, the distribution
evolves by right-multiplying with the one-step transition matrix I' = I'(1):

u(t+1) = u(t)T. (4.6)

Equation (4.6) simply states that the probability of being in state j at time ¢+ 1 is the weighted
sum

Uj(t + 1) = zm:uz(t) sz

Stationary distributions A Markov chain with transition matrix I" is said to have a sta-
tionary distribution § (a row vector with non-negative entries) if it satisfies

0'=¢6 and 251':1-
i=1

The first of these requirements expresses stationarity, the second is the requirement that & is
indeed a probability distribution.
Since

u(t+1)=u(t)T,

and if we choose u(1l) = § with 6 " = ¢, it follows by induction that
u(t)=40 for all t.

so that the chain remains in the same distribution at every step. We call a Markov chain
initialized in this way a stationary Markov chain.

An irreducible Markov chain has a unique, strictly positive, stationary distribution. For a
derivation of this result, see Norris (1997, Theorem 1.7) or Karlin and Taylor (1981, Chapter 1).

4.2 Hidden Markov Models

Let
{Sitien, Se e {l,...,m}, {Xilien, Xi € X,

where X is a finite observation alphabet. Write the history vectors
S(t) :(Sl,.--,St), X(t) :(Xla"'aXt)‘
An HMM is specified by the following three conditional-independence relations:

1. Initial distribution:

Pr(S) =i)=6; i€{l,....,m}, » &=L (4.7)
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2. Hidden Markov property:

Pr(St = S¢ ‘ S(t_l) = S(t_l)) = Pl“(St = S¢ ‘ Stfl = Stfl),

t=2,3,..., s;€{l,...,m}. (48)
Here we recall that
S = (81, 82,...,8-1), sD =(s1,82,...,8-1).
3. Conditional-independence of observations:
Pr(X, =z, | X070 = x0=D 80 = s0) = pr(X, =, | S = s1), (4.9)

teN.

In other words:
e The hidden-state process {S;} satisfies the Markov property.

e The observation process { X;} is state-dependent: given the entire hidden history only the
current state S; matters.

If {S;} has m states, we call {X;} an m-state HMM.

State-dependent distributions For discrete observations, define for each i =1,...,m:

pi(z) = Pr(Xy =2 | S =1), zeX, sz(a:) =1
zeX

That is, p; is the probability mass function of X; given S; = i.
For discrete-valued observations X3, define

wi(t) :==Pr(Sy=1), i=1,....,m, t €N,

and collect these into the row vector u(t) = (ui(t),...,un(t)). Then the marginal distribution
of X is
m m
Pr(Xy=2)=) Pr(Si=i)Pr(X;=a|S =)= ut)pi(x).
i=1 i=1

This expression can be written in matrix form as
p1(x) 0
Pr(X; =z) =u(t) 1=u(t)P(x)1, (4.10)
0 Pm(T)

where P(z) = diag(p1(2),...,pm(z)) and 1 = (1,...,1)".
It follows from (4.6) that

u(t) =u(1)T!, hence Pr(X;=2z)=u(l)T"P(z)1. (4.11)

Equation (4.11) holds for any homogeneous chain (not necessarily stationary). If the chain is
stationary with u(1) = § satisfying 6 I' = §, then

Pr(X; =z)=40P(x)1. (4.12)
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4.3 Likelihood of an HMM

Here we consider the likelihood of a hidden Markov model (HMM) in general. Suppose we
observe a sequence
L1,L2y...,LT

generated by an m-state HMM with initial distribution §, one-step transition matrix I' € R™*™,
and state-dependent probability mass functions p;(-). We denote the likelihood of observing
(z1,...,z7) by

LT = PI‘(Xl =T, X2 =T2,... ,XT = ZL‘T).

Proposition 1. Let x1,...,xp be the observed outputs of an m-state HMM with initial
distribution 8§, one step transition matriz T' € R™*™  and state-dependent PMFs p;(-).
Then the likelihood of observing the sequence (z1,...,xT) is

LT = PI’(Xl = T1y.-- ,XT = ,Z‘T) = 6P(x1) FP(I‘Q) cee I‘P(:L‘T) 1. (413)
If § is stationary (so 6T = §), then equivalently

LT = PI‘(Xl =T1,.. .,XT = [ET) = (5FP($1) tee FP(Z‘T) 1. (414)

Proof. We give the argument for discrete observations only. For the continuous-observation
case, see for example Cappé et al. (2005). First,

Ly = Pr(X(T) — X(T)) — i Pr(X(T) — X(T), ST — S(T)).

81587 =1
By the HMM assumptions (4.8) and (4.9), the joint probability factors as

T
Pr(x(T) =xD 81 = S(T)) = Pr(S; = s1) Hpr(sk = sp | Sp_1 = Sk—l)
k=2 (4.15)

T
X HPI‘(Xk = Tk | Sk = Sk).
k=1

Hence

Lr= 3 (80 o+ Yor vor ) (por (@) -+ pag )

S1yeesST

which by standard matrix-sum identities is exactly (4.13):
Ly =6P(z1)TP(z3) --- T P(zp) 1.

Finally, if § is the stationary distribution (6 I' = §), then d P(x1) = § ' P(z), and one obtains
(4.14). O

A very simple but crucial consequence of the matrix expression for the likelihood is the
so-called forward algorithm, which allows one to compute the likelihood recursively. This re-
cursive computation is fundamental not only for efficient likelihood evaluation and parameter
estimation, but also for forecasting future observations, decoding the most likely hidden-state
sequence, and performing model-checking diagnostics.
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4.4 Forward Probabilities

To derive the forward algorithm for an m-state HMM, recall that 6 = (01,...,d,,) is the
initial state-distribution row vector, I' = (v;;) is the m x m transition-probability matrix, and
P(xz¢) = diag(p1(w¢), . .., pm(x¢)) is the diagonal emission-probability matrix at time t.

We define the forward probability row vector o by

o= (u(1),...,a4(m)) =6 P(x1) T P(22) --- TP(xy), t=1,2,...,T.

Equivalently,
t

o, = 6P (x1) [[(TP(zy)). (4.16)

s=2
It follows immediately that for t =1,2,...,7 — 1,

i1 = O r P(xt+1)7

or in scalar form,

a1(j) = (Z (1) %’j) pi(Te41), Jj=1,...,m.

i=1

Proposition 2. Fort=1,2,...,T and j=1,2,...,m,

Oét(j) = PI‘(X(t) = X(t)7 St :j)

Proof. For t =1, since a1 = § P(x1),
Oél(j) = jpj((lil) = PI‘(Sl :j) PI‘(X1 = ‘ Sl = j) = PI‘(Xl =T, Sl = ]),

so the claim holds at ¢t = 1.
Now assume it holds at time ¢. Then

ar1(j) = Z a (i) vij pj(Te41)
i=1

m
== ZPI‘(X(t) == X(t), St == l) PI‘(SH,l - ] | St == l) PI“(Xt+1 = Tt+1 | St+1 == ])
i=1
(by the induction hypothesis and the two HMM factorization properties (4.7),(4.8))

= ZPr(X(tH) = X(t+1), St =1, St41 = J)
i=1

(law of total probability over S;)
= Pr(XUHD) = x5, = j),

as required. O

4.5 Backward probabilities
Define the backward probability vector B by

ﬂt(l) = Pr(Xt+1 :xt+1,...,XT:IET ‘ St:i), Zzl,,m (417)
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Conditioning on the next hidden state S¢;1 and using the HMM factorization,

Bi(i) =D Pr(Spyr =3 | Sp = i) Pr(Xip1 = @41 | Si1 = )

j=1
X Pr(Xt+2 = Tt42, - - .,XT =TT ’ StJrl = j)
which simplifies to
m
Bi(i) = vij pj(@er1) Brar ()-
j=1
In matrix form, with P(x) = diag(p1(z),...,pm(x)), this recursion is

Bt = T P(zt41) Brt1-

Properties of Forward and Backward Probabilities We now establish a result relating
the forward and backward probabilities a;(i) and [(:(i) to the joint probability Pr(X(T) =
xT), 8, = z) This will be used in the EM algorithm for HMMs.

Foreacht=1,2,..., T andi=1,2,...,m,

(i) Be(i) = Pr(XT) =xD) 5, =1). (4.18)
Summing over i gives

> ay(i) By(i) = Pr(XT) =xD)) = Ly, (4.19)

=1

Moreover, from the factorized form of the likelihood and the definitions oy = d P(z1) T - - P(zy)
and B, =T'P(z441) --- P(ar) 1, we see that

Lr=o;f3 € R (4.20)

In applying the EM algorithm to HMMs for state identification and parameter estimation, we
will also need the following two properties.

Proposition 3. Firstly, fort=1,...,T,

Pr(S, =7 | x(T) — X(T)) _ O@(_]I)Jﬂt(j);
T

and secondly, fort=2,...,T,

Pr(Si—1 =4, S =k| X = X(T)) = at_l(‘])wzpk(xt) Bt(k).
T

For the full proof see Zucchini et al. (2016, Appendix B).

4.6 Expectation—Maximization Algorithm for Parameter Estimation in HMMs

To handle the unobserved state trajectory

ST = (Sy,...,57),
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we introduce, for each t = 1,...,7, the binary indicator row vector in m dimension

1, S =3,
u(t) = (ur(t), .., um() € 0,1}, wuy(t) = L=
0, otherwise,

and, for each ¢t = 2,...,T, the binary indicator m x m matrix

m mxm 1, Si;1=jand Sy =k,
v(t) = (0s®) ]y € {0,11™, vik(t) = ! t
0, otherwise.

As described by Zucchini et al. (2016), the EM algorithm for estimating Hidden Markov Models
proceeds as follows:

Algorithm 1 EM Algorithm for Hidden Markov Models

Require: Observations x(T) = (x1,...,z7), number of states m, tolerance e, maximum itera-
tions Iinax
Output: Parameter estimates 6 = (6, T, {¢;}7" ;)
1: Initialize: choose starting values ()
2: fori=1,..., [hax do
3: E-step: compute fort =1,..., T, j,k=1,...,m

u

W VGO BG) i D s gl 8 (k)
(t) = 7D J jk’( )=
T

)

where Lgffl) = Pr(x(T); B(i_l)).
4: M-step: update parameters

P Z- T A“()
0V =a), )= =2 ¢l =

i thz ”je (t>

5. if |89 — 00| < ¢ then
6: break

7 end if
8

9

logp] Tt; ¢)

|
oV
=
[0}
5
93
h
i M’ﬂ T
=

. end for
. return ()
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5 Copula

We present the idea of a copula in this section. Next, we examine important copula frameworks
and constructs, such as vine copula models. Every definition adheres to the methodology
presented in Czado (2019).

Definition (Copula). A multivariate distribution function C' on the d-dimensional hypercube
[0, 1]¢ with uniformly distributed marginals is called a d-dimensional copula. If C' is absolutely
continuous, its copula density c is obtained by taking the d-th order partial derivative

ad
C(Ul,. ..,Ud) = mC(Ul, ,Ud), Vu= (’U;l,...,Ud) € [07 1]d

Any marginal distribution can be combined with a copula to create new multivariate distribution
functions using the following theorem.

Definition (Sklar’s Theorem). Let X = (X7,...,Xy) be a d-dimensional random vector with
joint distribution function F and marginals F;, i = 1,...,d. Then there exists a copula C' such
that

F(xi,...,x2q) = C(Fl(azl), e ,Fd(wd)).

If F is absolutely continuous with density f and marginals densities f;, then the joint density
factorises as

f(@1,...,2q) = c(Fi(z1), ..., Fa(zq)) fi(z1) - falza),
where c is the copula density. Moreover, when all F; are continuous the copula is unique, and

one may recover it (and its density) by

C(“la--w“d) - F(Fl_l(ul)a : -7Fd_1(ud))7

_ f(Fl_l(ul),...,Fd_l(ud))
AETHw)) - fa(Fy N ug))

Definition (Probability Integral Transform). Let X ~ F' be a continuous random variable and
let x denote its realization. Then

c(uy,...,uq)

u:= F(z)
is called the probability integral transform (short PIT) at x.

Remark (Distribution of the probability integral transform). Assume X ~ F. Then U :=
F(X) is uniformly distributed on [0, 1]. Indeed,

PU <) = P(F(X) <u) = P(X < F\(w) = F(F~'(w) =u, Vuelo,1],

where F~1 denotes the quantile function.

If one wishes to convert the provided data into copula data, the following definition is required.
For instance, the probability integral transform can be used to convert original data into copula
data (u-scale). It is then possible to transform this data to standard normal margins (z-scale).
It is also possible to return the altered data to its original x-scale form. We now provide a more
thorough definition of the scales discussed here.

Definition (Variable scales). The scales described above are defined by
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e u-scale: Copula scale (Uy,Usz) where

and copula density c(uy,us2).
o z-scale: Original scale (X1, X2) with density
fx1, m2).
e z-scale: Marginal normalized scale (Z1,Z3) where
Zi = NU;) = @1 (Fi(X;), i=12,

with density
9(21,22) = ¢(®(21), B(22)) ¢(21) ¢(22).

We have so far used the multivariate distribution’s copula and marginal distributions to express
it. The bivariate conditional distribution will be obtained in the next step by mixing the
marginals with a suitable copula.

Definition (Bivariate conditional distribution and density). The bivariate conditional distri-
bution function and density are defined by

0
Fip(z1 | 29) = 7—Cha(Fi(w1),u2)

auZ up=F>(x2)
0
— 9% C(F F
8F2({L'2)Cl2( \(z1), Fa(z2)),

fii(a1 | 22) = cra(Fi(a1), Fa(w2)) fa(x2).

We can also obtain the conditional distribution functions of a bivariate copula distribution.
These are called h-functions and are given by

0 0
hijp(ur | ug) == 5y Cra(u1,u2), hop (uz | ur) == Bur Cra(u1,u2).

Moreover, we introduce the tail dependence coefficients, which measure the strength of
extreme co-movements. For a bivariate random vector with copula C, the upper tail depen-
dence coefficient is defined as

. - ~ . 1—2t+C(t,0)
AUPPET = 1im Pr(Xy > Fy N(t) | Xq > Fy Y1) = lim ———— 2
Jm Pr(e > B0 | %> Fr(0) = lim ———7
and the lower tail dependence coefficient as
. _ _ . C(t,¢)
lower _ < 1 < 1 — ’
A tlg(g Pr(X, < Fy '(t) | X1 < F7 (1) tliréh T

The set of bivariate Archimedean copulas defined in Czado (2019) represents a family of
parametric copulas sharing the common form

Clur, uz2) = o p(ur) + ¢(u2)),

where ¢ is a continuous, strictly decreasing, convex function satisfying ¢(1) = 0, and its gener-
alized inverse is given by

e Ht), 0<t<0),
0, v(0) <t < 0.

Pl(t) =

Also, some rotations of the copula are usually considered to accommodate larger ranges of
dependence:
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Family Copula Parameter | Tail dependence
Clayton (ul_‘S + uQ_‘S — 1)_1/6 0<d<o0 Lower
Gumbel exp(— [(—In u1)’ + (—In u2)5] 1/5> 0>1 Upper
1 (e70u —1)(e™%u2 — 1)
Frank =3 ln(l + = ) d e R\ {0} None
5 5 5 5]4/°
Joe 1— [(1—u1) +(1—u2)’ —(1—u1)°(1—u2) ] d>1 Upper

Bivariate Archimedean copulas with single parameter

e 270°: CQ70(U1,U2) = C(l — U2, ul)
e 180°: Clgo(ul,UQ) = C(l — Ui, 1— UQ)

e 90°: Cgo(ul,UQ) = C(UQ, 1-— ul)

5.1 Vine copula

The vine copula decomposes a multivariate density into products of conditional densities. Let
(X1,...,Xq) be a random vector with joint distribution Fy g and density fi 4. Then one

has
Jrd@1, - xa) = fap,a-1(a | 21,0 2q1) fr,a-1(T1, - Tao1)

d
= [H fep—1(@e | @1, me1) | fi(zn).
=2

For the trivariate case d = 3, let X1, X2, X3 have joint density fi23. We may write

f123(%1,72,73) = fap2(w3 | 21, 22) fopr (22 | 71) fr(z1)-

To determine the conditional component fg‘l’g(xg | £1, x2), we first form the bivariate conditional
density of (X1, X3) given Xy = zo:

fip(@n, o3 | 22) = ez (Fip(wy | 22), Fp(xs | 22);22) frjo(en | 22) fa2(es | x2).
Hence the conditional density of X3 given (X1, X2) = (x1,x2) is
fapn2(@s | x1,m2) = cizo(Fja(zy | m2), Fap(ws | 22);22) faa(xs | 2).
The remaining bivariate conditionals are
Sopi (| 1) = cro(Fi(x1), Fa(x2)) fo(x),

Fap(s | x2) = coz(Fa(wa), F3(x3)) f3(xs).

Substituting all components into the trivariate decomposition yields the full joint density

f(@1, @2, 23) = c1z2 (Fip(z1 | 32), Fa(ws | 22); 2) cos(Fa(w2), F3(w3)) crz(Fi(w1), Fa(x2))
x f3(z3) fa(w2) fi(z1).
After examining the case d = 3, we present three classes of vine copula decompositions: regular,
canonical, and drawable. We first define the regular vine (R-vine) distribution and introduce

the necessary graph-theoretic concepts before presenting regular vine copulas. Finally, we give
the definition of the normal vine copula.
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Definition (Graph theoretic background). Here we look at some graph theory basics.

1. A graph is a pair G = (N, E) of sets such that

EC{{z,y}:2,ye N}.

Elements of E are referred to as edges of the graph G, while those of N are called nodes.

The number of neighbors of a node v € N is its degree, denoted d(v).

. A graph P = (N, E) is called a path if

N = {vo,v1,...,v}, E={{vo,v1},{v1,v2},... . {vs—1,vs}}.

A cycle is a path with vg = vy.

A graph T = (N, E) is a tree if any two nodes of T are connected by a unique path in
T. Equivalently, every node has at least one connection to another node and there are no
cycles.

From these concepts, we define a regular vine (R-vine) tree sequence as follows.

Definition (Regular vine tree sequence). The set of trees V = (T4,...,Tq_1) is called a regular
vine tree sequence on d elements if the following conditions hold:

1.

L e

For each j =1,...,d—1, the graph Tj = (Nj, E;) is a connected tree.
Ty has node set Ny = {1,...,d} and edge set E}.
For j > 2, T; has node set Nj = E;_1 and edge set Ej.

Prozimity condition: For j = 2,...,d — 1 and every edge {a,b} € Ej, it holds that
laNb| = 1.
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Tree 1 Tree 2

Tree 3 Tree 4

Figure 5.1: Example of a R-vine tree sequence with five elements

Example (R-vine tree sequence). Let d = 5. An R-vine tree sequence V- = (T1,T5,T5,Ty) can
be constructed as follows:
o T\ = (N1, E1) with
Ny ={1,2,3,4,5}, Ey={{1,2}, {1,3}, {2,4}, {2,5}}.
(This is neither a simple path nor a star.)

o T2 = (NQ,EQ) with
N2 = El = {{17 2}7 {173}7 {274}7 {27 5}}7

and choose edges linking pairs that share a common node:

By = {{{1,2},{1,3}}, {{1.2},{2,4}}, {{2.4},{2,5}}}.
o T3 = (Ng,Eg) with
N3 = FEy = {{{172}7 {1a3}}7 {{172}a {274}}a {{2a4}7 {275}}}7
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and link those that share a common edge from Ty:
By = {{{{1.2}.{1,3}}, {{L. 2}, {2,4}}}, {{{1.2}.{2.4}}, {{2,4},{2,5}} } }.
o Ty = (Ny, Ey) with
Ny = Bz = {{{{1,2}.{1,3}}, ({1, 2}, {2.4}}}, {{{1.2},{2,4}}. {{2.4}, {2, 5}}}},
and the single edge

By = {{{{{172}7{1,3}},{{172},{2,4}}}, {{{L?},{2,4}}7{{2,4}7{275}}}}}-

In each tree T}, the nodes are the edges of T;_1, and edges in T; connect exactly those pairs of
nodes whose corresponding edges in T;_1 share a common element.

Definition (Complete union and conditioned sets). Let E1, ..., Eq be the edge sets of the trees
in an R-vine, and let Ny = {1,...,d} be the set of all nodes in the first tree. For any edge
e € E; with i > 2, define its complete union

A, = {j €Ny:degt € FEy,...,e;_1 € F;_1 suchthat j Ee; Eex € --- €Ee;_1 66}.
If e = {a, b}, its conditioning set is
D, := A, N A,
and the two conditioned sets are
Ceq = Ag \ De, Cep = Ap\ De.

We then write
Ce = Ce,a ) Ce,bv

and represent the edge e in the vine by the triple
€= (Ce,aa Ce,b; De)-

Definition (Regular vine distribution). Let X = (Xi,...,X4) be a d-dimensional random
vector. A distribution F for X is called a regular vine (R-vine) distribution if there exists a
triplet (F, V, B) satisfying:

1. F = (F1,...,Fy) is the collection of marginal distribution functions of X1,...,Xq.
2. 'V is an R-vine tree sequence on the set of indices {1,...,d}.

3. B={C.:e€E;, i=1,...,d—1} assigns to each edge e in tree T; of the vine a bivariate
(symmetric) copula C.

4. For each edge e = {a,b} € E; with conditioning set D., the copula Cc,, c,,.D, corre-
sponds to the conditional distribution of (Xc, ., Xc,,) given Xp, = xp, -

Under these specifications, the joint density of X admits the factorization

d d—1
fy,aa) =[] fitw) <] ] ce(Feup.(@een | 20,); Fo,,p.(xc., | 0.)),
i=1

i=1eck;

where e € E;, i = 1,...,d — 1 with e = {a,b}. The distribution function of Xc,, and Xc,,
giwven Xp, = xp, s defined by

Fen Corl0. (0,> 700y | 2D.) = Ce(Fe,uip. (w0 | 20,)s Fo,yip. (wc., | 20,)).

Definition (Regular vine copula). A regular vine (R-vine) copula is an R-vine distribution on
[0,1]% whose marginal distributions are all Uniform|0,1].
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Now we consider two important subclasses of R-vines, namely the drawable vine (D-vine) and
the canonical vine (C-vine). First, we examine their respective tree sequences; next, we present
the form of their joint densities; and finally, we illustrate each with concrete examples.

Definition (D-vine tree sequence). A regular vine tree sequence V.= (T4, ..., Tq_1) is called a
drawable vine (or D-vine) if, in each tree T; = (Nj, E;) and for every node n € Nj,

{ecEj:nee}| <2

Definition (Drawable vine (D-vine) density). A drawable vine is given by

d—1d—j d
Jrd(@y, .. 2q) = [H H Ci,(i+j);(i+1),...,(i+j1)] ' [H fk(ﬂ?k)]- (5.1)
j=1i=1 k=1

where the joint density fi . 4 is decomposed into products of the marginal densities fy, and the
pair-copula densities

Ci,(i+j);D(',';33D),
with D={i+1,...,i+j—1} Cc{l,...,d}.

Tree 1 Tree 2

\ N\
\ \,
N\
- \

Tree 3 Tree 4

/ H E
/
/

/
/
/
/
/
/
/
/
/
a/ @

Figure 5.2: Example of a D-vine tree sequence with five elements
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Definition (C-vine tree sequence). A regular vine tree sequence V.= (T4, ...,Tq_1) is called a
canonical vine (or C-vine) if, in each tree T; = (N;, E;), there exists a unique root node r; € N;
that is incident to every edge in E;; that is,

‘{eEEiWiEe}‘:d—i.

Definition (Canonical vine (C-vine) density). The joint density fi . 4(z1,...,2q) admits the
C-vine decomposition
d—1 d—j d
fra(@y, . xq) = [H ch7(j+i);,1,...,(j—1)] : [H fk:(zkz)], (5.2)
j=1 i=1 k=1

and we call this a canonical vine distribution.

Tree 1 Tree 2
{ 3 13
K A
[ s
A 4
12
y
4 1 2
5 14
Tree 3 Tree 4
AP VAN
12 \ 13
15 .12
4 g
N
[ 12
\ 1'3 ,‘
N A\
12 \ 13

iy 12 )

Figure 5.3: Example of a C-vine tree sequence with five elements

Definition (Simplifying assumption for C- and D-vines). A C- or D-vine satisfies the simpli-
fying assumption if, for every pair of indices i,j and every conditioning set D C {1,...,d},

cij;p(Fyp(zi | xp), Fyp(x; | 2p); p) = cijp(Fyp(xi | #p), Fjp(a; | zp))
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for all xp. When this holds, the corresponding C- or D-vine density reduces to the simplified
form used in (4.1) and (4.2).

5.2 Simulating from vine copula

Here we present the general procedure to simulate from an R-vine copula. The approach for C-
and D-vines is analogous (see Czado (2019)). The idea is to draw uy,. .., uq recursively from
the univariate conditional copulas implied by the joint R-vine. In particular:

1. Sample w; ~ U(0,1) independently for j =1,...,d.
2. Set

U]y = wi.

3. For j =2,...,d, compute

-1
U; = Cj|1,...,j—1 (u)j ’ ULy ey uj_l).

In expanded form, one writes
up = wi,

ug = Cill(wg | ul),

Ud = Cd_\i,,,,dfl(wd | w1, .., ug—1).

The univariate conditional distributions C,, |, p, are obtained by differentiating the correspond-
ing pair-copulas. For an edge e = (eq, €p; D),

0

Cea\eb;De (w1 | w2; 0y e,;0,) = s Ceqep;D. (W1, W25 0c, e,:D. ),
0
C'eb|ea;D,3 (w2 | W1, eea,eb;De) = 8’(01 Cea,eb;De (w17 w23 eea,eb;De)-
5.3 Selection and Parameter Estimation of Vine Copulas

In this section we describe a stage-wise procedure, based on the Difimann et al. (2013) algorithm,
to choose and fit a regular vine model. The approach proceeds tree by tree:

1. Compute pairwise weights. For every candidate edge {i,j} with 1 < i < j < d,
calculate a measure of dependence W; ;. These weights must also respect the proximity
condition for subsequent trees.

2. Build the maximum spanning tree. Using the weights W;;, find the maximum
spanning tree on the complete graph of nodes {1,...,d} and estimate the corresponding
parameters 6, ;.. p. for the selected copula,

Caabe; De -

3. Generate pseudo-observations. Recall that for a bivariate copula Cy, 3..p, with true
parameter vector 8, p,.p., the two conditional distribution functions are

Caclbe (U | v; 0a5ube§De) = % C(le7be§De (U,’U; 9067be§De)7

Cbe‘ae (U ’ Uus; 0a5ube§De) = % Cae,be§De (U, v; 0a67be§De)'
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Then, for each fitted copula C, 3..p, with estimate éae,be; D., transform the original data
(z1,...,z7) into pseudo-observations

uk|be - Cae|be (ukybe ’ ukyae; 0a67be§De)’ uk|ae = C~’1)6|aE (uk,ae ‘ uk‘,be; aae,be;De)v k - 17 ey N

4. Proceed to the next tree. Use the pseudo-observations just generated to compute new
pairwise weights and repeat steps 1-3 for tree 75, and so on, until all d — 1 trees are fitted.

To estimate the parameters 6. for edge
e = (ae, be; De)
in tree T; is based on the pseudo-observations. In particular, 8. is estimated by maximising

~

n
06 = arg Il’leaX H Cae,be;De <uk,ae\Dea uk,be|De N 06) 5 (53)
© k=1

To compare different R-vine models one typically uses penalized log-likelihood criteria, namely
the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC). For an
R-vine copula(V, B) with fitted parameter vector 8 and n pseudo-observations uy, ..., u,, these
are defined as

AICRV = —QZIH(Ek(é\; uk)) + 2K BICRV = —22111(&;(@; uk)) + ln(n)K
k=1 k=1

where K is the number of model parameters and Ek(é; uy) is the corresponding likelihood of
the R-vine copula,

d—1
(e (05ug) := H H Cae,be;De (Ca5|De (uka | wr,D.), Co.ip, (U p. | uk,De))-

i=1 e€E;

5.4 Zero-inflated margins in vine copula models

The following development is taken from Funk et al. (2025). In many environmental appli-
cations (e.g. precipitation), margins exhibit a point mass at zero, which standard vine-copula
methods cannot accommodate directly. Funk et al. introduce a mixture-margin and randomized
transform as follows:

Mixture-margin model For each zero-inflated margin X, write
Fj(x) = pjo H{x = 0} + (1 = pjo) Fje(x) I{z > 0}, pjo = Pr(X; =0), (5-4)

where Fj () = Pr(X; <z | X; > 0) is a continuous CDF on (0, c0).

Randomized pseudo-observations Define for each observation Xjj, where

j=1,....,d and k=1,...,n.

Vik Pj05 Xjk =0,
pjo+ (1 =pjo) Fje(Xjk), Xjr>0,

Zeros are thus mapped uniformly into [0, p; o], so that

Uik = Vi x ~ Uniform(0, 1). (5.5)

Ujr ~ Uniform(0,1) and wu;yj denotes the observed realization of U .
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Zero-inflated vine density Let u; = (u1k,...,uqk). Then the joint density is

d
fl@r,.yza) = [ [ [pso Hzj = 0} + (1= pjo) fielwy) H{a; > 0}]
=1
o (5.6)
x [T 11 celuc.ip. (@), uc, . (2);6e).
i=1eckE;
where c¢.(,-; 6.) is the pair-copula density on edge e, evaluated at the realized conditional

pseudo-observations uc, ,|p..x and uc,,|p.k
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Part 11

Noce Data Analysis



6 Data description

The Noce dataset comprises hydrological data collected at two distinct monitoring stations:
“ott”, the primary gauging station, and “mz”, the gauging and meteorological stations lo-
cated at Mezzolombardo. The dataset contains 20,569 hourly observations from August 23,
2021, through December 28, 2023, structured into 7 variables: timestamps (date), water levels
(Nocemz_h(m), Adige_s1 h(m)), Noce_ott_h(m)), temperature (Noce_ott_t(°C)) and electrical
conductivity (Noce_ott_ec(mS/cm)). Data recorded at the “ott” station represents hourly point
measurements, whereas data from the “mz” station has been aggregated into hourly means from
observations taken every 15 minutes.

400 -
300 - variable
— MNoce_mz_h(m)
— MNoce_ott_h(m)
B
E 900 - — Noce_ott_{{°C)
— MNoce_ott_ec(mS/cm)
— Adige_sl_h{m)
— T_air_mz("C)
100 -
o I iilien,
2022-01 2022-07 2023-01 2023-07 2024-01
date

Figure 6.1: Time series plot of variable measurements from the Noce dataset.

7 Decompose selected variables

Here we analyse only ott variables (ott.h, ott.t, and ott.ec). We extract the timestamps along
with the measurements of water level, temperature, and electrical conductivity and organize
them into individual time series. Each series is subsequently cleaned by removing missing values
and decomposed into key components: a long-term trend, seasonal pattern(s), and a residual
component that reflects random fluctuations. Also, we set the decomposition frequency to 24
and 168 to capture the inherent daily and weekly cycles in our observations. We first transform
each cleaned ott measurement series into a multiple-seasonal time series that captures both daily
and weekly cycles and remove any missing entries, then apply a decomposition that enforces
stable periodic patterns while smoothing the long-term trend over approximately one week.
Finally, we isolate the residual component to obtain de-seasonalized data by using the mst1()
function from the forecast package.
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Decomposition of Height

00 0.1

Data
2022 202.8 203.4
1

Trend
202.8
Remainder Seasonal168

-06 -02 02 06 -0.2

202.2

0.1

Time

Seasonal24

-0.1

T I T T T T T
0 20 40 60 80 100 120

Time

Figure 7.1: Decomposition plot of the water level measurement (ott.h), treated as an msts
series, using the mst1l() function from the forecast package.
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Figure 7.2: Decomposition plot of temperature (ott.t), treated as an msts series, using the
mstl() function from the forecast package.
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Decomposition of EC
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Figure 7.3: Decomposition plot of electrical conductivity (ott.ec), treated as an msts series,
using the mst1() function from the forecast package.

8 Deseasonalization and Detrending

After careful consideration, we removed only the seasonality and trend components from the
temperature (ott.t) and electrical conductivity (ott.ec) series, while leaving the water level
(ott.h) unchanged. This decision is justified, since the water level in the Noce River is highly
managed and does not exhibit the same natural seasonal-trend structure as the other variables.

From now on, we adopt the following notational conventions:

Notation Meaning

ott.h unchanged
ott.t.d =ott.t.deseasonalized
ott.ec.d =ott.ec.deseasonalized
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Figure 8.1: Comparison of the original temperature (ott.t) and deseasonalized temperature
(ott.t.d) series from the Noce River, with the original observations shown in red and the
deseasonalized values shown in teal.
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Figure 8.2: Comparison of the original electrical conductivity (ott.ec) and deseasonalized
electrical conductivity (ott.ec.d) series from the Noce River, with the original observations

shown in red and the deseasonalized values shown in teal.

After removing the sesonality and trend components, examining the ACF and PACF plots for
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the scaled variables provides a clear view of any remaining temporal dependencies. The ACF
reveals how each series correlates with its own past values at different lags, while the PACF
focuses on the additional correlation contributed by each lag once the effects of earlier lags are
taken into account.
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Figure 8.3: Autocorrelation (left column) and partial autocorrelation (right column) functions
for the original water level series (ott.h) and the deseasonalized temperature (ott.t.d) and
electrical conductivity (ott.ec.d) series from the Noce River.
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9 Regime Switching using MSwM Package

In this section, we demonstrate how to fit Markov-switching models to our univariate time series
using the MSwM package. We begin by specifying a baseline model through 1m(), then invoke
msmFit () to layer on a finite-state Markov process, choosing the number of regimes and the
coefficients allowed to switch, and estimate parameters through the expectation maximization
algorithm. Once the model is fitted, we employ plotDiag() to inspect residual behavior in
each regime, and msmResid () to generate state-specific summary statistics.

9.1 Baseline Model

For each observed series yt(v) (with v € {h,t,ec}) we begin with an intercept-only regression:

v v v v) iid v
W = 4, N,

Fitting this in R via 1m(y~1) yields the pooled estimates

T

~(v —(v ~2 (v 1 v _(v)\2
A® = 50 Uzu:TtZl(yg)_y())_

These serve as starting values for the EM routine of the Markov-switching model.

Variable Estimate Std_Error Residual.SD N_Observations

ott.h 202.479 0.002 0.290 20568
ott.t.d 0.000 0.006 0.931 20568
ott.ec.d -0.002 0.086 12.382 20568

Table 1: Baseline (intercept-only) estimates for ott.h, ott.t.d, and ott.ec.d, rounded to
three decimal places.

Notes.
e Estimate /l(”) = Zj(”) = %Zf:l ygu)_

o Std_Error

o Residual_SD

~ (v 1 v —(v))2
U(): ﬁZ(y,g)—y()),

t=1

the sample standard deviation of the residuals.

e N_Observations T, the total number of time points.

9.2 Two-Regime Mean- and Variance-Switching Model without Autoregres-
sion (MV-AR(0))

For each variable v € {h,t,ec}, we let

2

Sy € {1,2} follow a two-state Markov chain with transition matrix P = (pij)z‘jzl’
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where )
P =Pr(Sy=j|S-1=i), > p;=1 (i,j=12).
j=1
Conditioned on the current regime S; = i, each random observation follows,
V(S =i} ~ Mui”, (0)?).
Since we set the autoregressive order to zero (p = 0), the full parameter vector for variable v is

O(U) = (M§U)7 M§U)7 (UZ(LU))Za (Uév))2a P11, P12, P21, p22)'

We fit these mean—variance switching models separately to the water level (ott.h), tempera-

ture (ott.t.d), and conductivity (ott.ec.d) series. Table 2 reports, for each variable v, the
(v)

. . v . . .
estimated regime means p, ', regime standard deviations o,

(ivj = 1a2)'

, and transition probabilities p;;

Variable 11 o1 o 09 P11 P12 D21 P22

ott.h 202.284 0.0525 202.841 0.184 0.924 0.142 0.076 0.858
ott.t.d 0.030 0436  -0.039 1.320 0.937 0.082 0.063 0.918
ott.ec.d 2183 20.826  -0.809 6.871 0.915 0.031 0.085 0.969

Table 2: MV-AR(0) model estimates and transition-probability matrices for ott.h, ott.t.d,
and ott.ec.d. Regime 1 has parameters (u1,01) and Regime 2 has (u2,02); pij = Pr(S: = j |
Si—1 =1).

9.3 Residual Diagnostic Plots for MV-AR(0) Models

To assess the adequacy of our multivariate AR(0) specifications, we examine several residual
diagnostics for each variable: ott.h, ott.t.d and ott.ec.d series. For each fitted model we
use the plotDiag() function from the MSwM package to generate:

o ACF/PACF of the standardized residuals,

e Normal Q—Q plots (to assess the normality assumption).
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9.3.1 Height Model (ott.h)

ACF of Residuals. Reg: 1 PACF of Residuals. Reg: 1
o _ S
- w -
s 2.
6 o || U|LIMUHUJLUMM UMIJLUJ“MLIML — o ll b
I ° ® S T T
4 g 4
@
o | o o |
"o 10 20 30 40 "o 10 20 30 40
Lag Lag
ACF of Square Resid. Reg: 1 PACF of Square Resid. Reg: 1
o S
- w -
T 20
6 o Ll M“MUHUMUH” U“_ULUJ“MUML — o Ll LI iar -
I ° T o K
4 g 4
o | o |
"o 10 20 30 40 "o 10 20 30 40
Lag Lag

Figure 9.1: ACF and PACF diagnostics for the Regime-1 residuals of the MV-AR(0) height
model (ott.h), generated via the plotDiag() function in the MSwM package.
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Figure 9.2: ACF and PACF diagnostics for the Regime-2 residuals of the MV-AR(0) height
model (ott.h), generated via the plotDiag() function in the MSwM package.
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Figure 9.3: Normal Q-Q plots of the standardized residuals for Regime 1 and Regime 2
from the MV-AR(0) height model (ott.h), created using the plotDiag() function in the
MSwM package.

9.3.2 Deseasonalized Temperature (ott.t.d)
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Figure 9.4: ACF and PACF diagnostics for the Regime-1 residuals of the MV-AR(0)
temperature model (ott.t.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.5: ACF and PACF diagnostics for the Regime-2 residuals of the MV-AR(0)
temperature model (ott.t.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.6: Normal Q—Q plots of the standardized residuals for Regime 1 and Regime 2 from
the MV-AR(0) temperature model (ott.t.d), created using the plotDiag() function in
the MSwM package.
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9.3.3 Deseasonalized Electrical Conductivity (ott.ec.d)
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Figure 9.7: ACF and PACF diagnostics for the Regime-1 residuals of the MV-AR(0) ec
model (ott.ec.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.8: ACF and PACF diagnostics for the Regime-2 residuals of the MV-AR(0) ec
model (ott.ec.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.9: Normal Q-Q plots of the standardized residuals for Regime 1 and Regime 2
from the MV-AR(0) ec model (ott.ec.d), created using the plotDiag() function in the
MSwM package.

9.4 Two-Regime Mean and Variance Switching AR(1) Model - (MV-AR(1))

For each observed series ygv) (with v € {h,t,ec}) we use the same intercept-only linear models

as the baseline models;
v ) v v) iid v
yg) = M()—F&g), €§) ~ ./\/’(0,02()).

For each of the three variables, height (ott.h), temperature (ott.t.d) and electricity conduc-
tivity (ott.ec.d), we estimate a two-regime Markov-switching AR(1) model. Let S; € {1,2} be
the unobserved regime at time ¢, evolving as a first-order Markov chain. Conditional on S; = 1,
the process satisfies

Yo = i + Gy + m,  m~N(0,02).

Hence both the conditional mean parameters p;, ¢; and the innovation variance 01-2 switch across
the two regimes.
The hidden regime evolves according to

2
Pr(Si=j|S1=1) = py, > py=1, ije{1,2}.
j=1

Thus, each series has ten parameters:

6 = (1, pi2, é1, %2, 01,03, P11, P12, P21, P22)-
e ; is the regime-specific mean.

e ¢; is the regime-specific AR(1) term.
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° a? is the regime-specific variance.
e P = (p;;) is the Markov transition matrix.

e One autoregressive lag is included (p = 1).

Series i1 b1 01 fi2 o op} P11 D12 D21 D22

ott.h 133.747 0.340  0.260 0.251 0.999 0.011 0.655 0.150 0.345 0.850
ott.t.d 0.074 0.708 0.871 —=0.017 0.960 0.195 0.736 0.085 0.264 0.915
ott.ec.d —0.385 0.539 13.073 0.191 0.967 2.923 0.643 0.100 0.357 0.900

Table 3: Estimated parameters for the MV-AR(1) models. For each series, Regime 1 has
intercept u1, AR(1) coefficient ¢;, and residual standard deviation o1, while Regime 2 has us,
¢2, and o3. The entries p;; form the transition-probability matrix for S;.

9.5 Residual Diagnostic Plots for MV-AR(1) Models
9.5.1 Height Model (ott.h)
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Figure 9.10: ACF and PACF diagnostics for the Regime-1 residuals of the MV-AR(1)
height model (ott.h), generated via the plotDiag() function in the MSwM package.
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Figure 9.11: ACF and PACF diagnostics for the Regime-2 residuals of the MV-AR(1)
height model (ott.h), generated via the plotDiag() function in the MSwM package.
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Figure 9.12: Normal Q-Q plots of the standardized residuals for Regime 1 and Regime 2
from the MV-AR(1) height model (ott.h), created using the plotDiag() function in the
MSwM package.
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9.5.2 Deseasonalized Temperature (ott.t.d)
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Figure 9.13: ACF and PACF diagnostics for the Regime-1 residuals of the MV-AR(1)
temperature model (ott.t.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.14: ACF and PACF diagnostics for the Regime-2 residuals of the MV-AR(1)
temperature model (ott.t.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.15: Normal Q-Q plots of the standardized residuals for Regime 1 and Regime 2
from the MV-AR(1) temperature model (ott.t.d), created using the plotDiag() function

in the MSwM package.

9.5.3 Deseasonalized Electrical Conductivity (ott.ec.d)
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Figure 9.16: ACF and PACF diagnostics for the Regime-1 residuals of the MV-AR(1) ec
model (ott.ec.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.17: ACF and PACF diagnostics for the Regime-2 residuals of the MV-AR(1) ec
model (ott.ec.d), generated via the plotDiag() function in the MSwM package.
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Figure 9.18: Normal Q-Q plots of the standardized residuals for Regime 1 and Regime 2
from the MV-AR(1) ec model (ott.ec.d), created using the plotDiag() function in the

MSwM package.
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10 Comparison of Regime-Switching Model Fits

In this section, we summarize and compare the goodness-of-fit statistics for all Markov-switching
models fitted to the three ott variables (ott.h, ott.t.d, ott.ec.d) using MSwM package
under two dynamic specifications (no autoregression and AR(1)).

Variable (AR order) Log-likelihood AIC BIC

ott.h.AR(0) 16150.64 —32297.28 —32262.01
ott.h.AR(1) 36 005.86 ~72003.72  —71932.44
ott.t.AR(0) —24263.02 48 530.04 48 566.76
ott.t.AR(1) —6629.84 13267.68 13338.13
ott.cc.AR(0) 76 654.11 153347.22  153312.68
ott.ec.AR(1) —61992.87 123992.74 124064.19

In every case the AR(1) specification yields substantially higher log-likelihoods and lower infor-
mation criteria, indicating that including a single autoregressive lag greatly enhances model fit.
We therefore adopt the MV-AR(1) (two-regime mean and variance witching AR(1)) models
as the preferred specification for subsequent analysis.
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11 Regime-Specific Data Splits

At this point, we convert each univariate AR(1) model’s underlying smoothed state probabilities
into distinct regime labels, which we subsequently merge into a single joint-regime factor. We
can acquire distinct data subsets for every potential regime configuration by dividing the dataset
based on this joint component. Our copula analysis uses these regime-specific subsamples as
input, allowing us to investigate how the dependence structure between the series changes under

various joint situations.

We first split the full dataset into eight disjoint subsets, one for each joint regime combination
inferred from the MV-AR(1) models. For each series, we classify its two regimes as “High” or
“Low” based on which regime’s estimated intercept (&) from the AR(1) fit is larger. Within
each subset, we apply a kernel density estimate to perform a probability integral transform,

mapping each variable’s observations onto the unit interval required for copula estimation.

Table 4: Estimated means, standard deviations, and regime labels for each variable

Variable Regime 1 Regime 2

ott.h Higher mean: 133.7781, SD = 0.2602 Lower mean: 0.2513, SD = 0.0105
ott.t.d Higher mean: 0.0737, SD = 0.8707  Lower mean: -0.0174, SD = 0.1944
ott.ec.d Lower mean: -0.3861, SD = 13.0706 Higher mean: 0.1901, SD = 2.9227
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Figure 11.1: Frequency of observations for joint regimes
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Figure 11.2: Time-series of height (ott.h), deseasonalized temperature (ott.t.d), and desea-
sonalized electrical conductivity (ott.ec.d), each colored by its inferred two-state regime.
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Figure 11.3: Time series of height (ott.h), deseasonalized temperature (ott.t.d), and desea-
sonalized electric conductivity (ott.ec.d), each colored by the inferred joint regime combination

(ott.h—ott.t.d—ott.ec.d).
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12 Copula Analysis
We conduct three complementary copula analyses on each regime-specific dataset:

1. OTT Copula Analysis. We fit a vine copula to the three OTT variables (ott.h,
ott.t.d and ott.ec.d) in isolation, to characterize the dependence structure among the
OTT measurements under each of the eight joint regimes.

2. Joint Copula Analysis. We extend the OTT-only model by including six additional
precipitation variables alongside the three OTT variables, and fit a vine copula to all nine
variables simultaneously in each of the eight joint regimes, capturing cross-dependencies
between OTT and rainfall.

3. Regime Specific Vine Regressions. For each regime dataset, we perform three sepa-
rate vine-regression analyses, each pairing one OTT variable with the six rain variables.
This yields regime-specific conditional dependence models of each OTT variable given the
rainfall covariates. The vine regressions are performed using the vinereg zi() described
in Sulejmani et al. (2025).

12.1 OTT Copula Analysis

For each of the eight joint regimes (i.e., all combinations of the two-state assignments in height,
temperature, and electrical conductivity), we directly fitted a vine copula with vine() (from
the rvinecopulib package). Table 5 summarizes the results for each joint regime.

Regime 111 Regime 112 th Regime 121 Regime 122
OtL.

ott.h

ott.h ott.h

0 Q8 0125 ‘0 02 -0.09 0 13 =018 -0.28 =0.07

l ott.t.d 014 l ott.t.d 01 l ott.t.d ) I ott.t.d AR
I nottecd : ott.ec.d | l ott.ec.d n ’ ott.ec.d

Regime 211 Regime 212 Regime 221 th Regime 222
O1lL.

ofth 1eiaas™ oth o8 002 ofth  smyid tokes WesLy o2

° ott.t.d g I ott.t.d ' ott.t.d : ottt.d s
‘ Q ott.ec.d : ° ott.ec.d l : ott.ec.d : o ott.ec.d

Figure 12.1: Pairs copula plots of ott variables across each regime.
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Table 5: Regime-specific copula fits of OTT copula analysis (without precipitation variables).
H/L labels correspond to higher/lower mean regimes for (ott.h, ott.t.d, ott.ec.d).

Regime summary Tree Edge Copula Parl Par2 T
_ (1,3)  tawn 034 056 —0.19

Regime 1-1-1 (H-H-L)
(n=1253) 1 (2,3) BBS8 2.08 087 -0.25
2 (1,2);3 Indep 0.00  0.00 0.00
1 (1,2) Gaussian - - —0.062

Regime 1-1-2 (H-H-H)
2 (1,3);2 Clayton 0.11 - 0.053
1 (1,3) tawn 030 0.65 —0.14

Regime 1-2-1 (H-L-L)
(n=650) 1 (2,3) BBS8 1.84 0.85 -0.19
2 (1,2);3 Frank - - -0.063
1 (1,2) Frank - - —0.074

Regime 1-2-2 (H-L-H)
(= 1675) 1 (2,3)  Clayton 0.25 ~ 0111
2 (1,3);2 Indep 0.00  0.00 0.000
1 (2,1)  Clayton 0.27 -~ 012

Regime 2-1-1 (L-H-L)
(n=T708) 1 (1,3) BBS 1.8  0.83 -0.20
2 (2,3);1  Gaussian - - -0.16
1 (2,1) BBS 178 0.92 -0.223

Regime 2-1-2 (L-H-H)
P (2,3);1 Indep 0.00  0.00  0.000
1 (1,3) BBS8 3.35  0.57 -0.235

Regime 2-2-1 (L-L-L)
(1=973) 1 (2,3)  Frank - —0.142
2 (1,2);3 Frank 0.47 ~0.052
1 (1,3) ¢l [30x30 grid] —0.094

Regime 2-2-2 (L-L-H)
(1=982) 1 (2,3)  BBS 1.60  0.72 ~0.099
2 (1,2);3 Clayton 0.087 - —0.042

Variable mapping:
1 ott.h, 24 ott.t.d, 3 ott.ec.d



Conclusions In Table 4 we define each variable’s “Regime 1” state and “Regime 2”7 state.
Thus, for example, “Regime 1-1-1” corresponds to high-height, high-temperature, and low-
conductivity, whereas “Regime 2-2-2” is low-height, low-temperature, and high-conductivity.
From the copula fits in Table 5, we draw the following conclusions: the strongest negative depen-
dence between height and conductivity (7 & —0.19) and between temperature and conductivity
(7 &~ —0.25) occurs under Regime 1-1-1, indicating a pronounced inverse relationship when
height and temperature are high but conductivity is low; mixed-state regimes (e.g., Regime
1-2-1 or Regime 2-1-2) display much weaker or negligible dependence (often defaulting to in-
dependence in Tree 2, |7| < 0.12); in Regime 1-1-2 the height—conductivity edge even flips to
slight positive dependence (7 ~ +0.05) when conductivity is high; and under Regime 2-2-2
the negative association persists but is milder (7 &~ —0.09). Moreover, the vine structure itself
varies across regimes: each regime selects the Tree 1 pairings (and thus the Tree 2 conditioning)
that best capture its own dependence pattern.

12.2 Joint Copula Analysis

Incorporation of Zero Inflated Rainfall Variables For each regime-specific dataset, we
now append six-hourly zero-inflated precipitation series derived from the Copernicus satellite
grid and spatially filtered to two target locations on the managed Noce River: the Malga
reservoir (which regulates flow via upstream lake storage) and the Mezzo station (the nearest
air-temperature and rainfall gauge). These combined sources capture both storage-controlled
runoff and local meteorological variability for subsequent copula estimation. Specifically, for
each joint regime r € {1,...,8}, we add

malga.tp”), malga.tpl(), malga.tp2), mezzo.tp", mezzo.tp1("), mezzo.tp2",

where “tp” denotes the total precipitation contemporaneously every hour, and “tpl”, “tp2” are
the lags of one and two hours, respectively.

data_regime_2_2 2
data_regime_2 2 _1

data_regime_2_1_2 % zeros
425
40.0
37.5
35.0
325

30.0

© data_regime_2_1_1
£
=
]
¥ data_regime 1.2 2

data_regime_1_2 1

data_regime_1_1_2

data_regime_1_1_1

%%
| II I

/’)%
%%

Rain Variable

Figure 12.2: Heatmap of zero-inflation in hourly rainfall across eight regimes. Each cell shows
the percentage of observations equal to zero for a given rain variable and regime, highlighting
which regimes/variables exhibit the strongest zero-mass.

The exploratory pairs-plot of pseudo-observations, detailed summary tables for the fitted R-
vine, and fitted contour plots are provided in the Appendix. Please see Appendix A for detailed
results.

o8



Regime 1-1-1 (n = 1253) Tree 1 Regime 1-1-2 (n=11080)
ott.h mezzo.tp.z

ezzo.tp1.z

e2z0.tp2.z

malga.tp2.z

mezzo.tp.z

Tree 1 Regime 1-2-1 (n = 650) Tree 1 Regime 1-2-2 (n = 1675)
malga.tp2.z

I mezzo.tp2.z
mal
mezzo.tp2.z w/ﬁlﬁpﬂ,z
mezzo.tg1.z
mézzo.tp.z mézzo.tp.z
malga.tp.z malga.tp.z
Ehtt.t.d ptt.t.d
ott.h
ott.h
ottec.d ott.ec.d
Tree 1 Regime 2-1-1 (n = 708) Tree 1 Regime 2-1-2 (n = 3245)

mezzo.tpAz

mezzo.tgl.z

mézzo.tp.z

Regime 2-2-1 (n =973) Tree 1 Regime 2-2-2 (n = 982)

malga.tp2.z mezzo.tp2.z

A
malga.tg1.z
meEzo.tpLz

mezzo.tp.z mezzo.tp.z
4

malga.tp.z
b
malga.tp.z

Figure 12.3: Tree 1 plots of joint copula analysis (with precipitation variables) for all eight
regimes.
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Edge 1-1-1 1-1-2 1-2-1 1-2-2 2-1-1  2-1-2  2-2-1 2-2-2
H-H-L H-H-H H-L-L H-L-H L-H-L L-H-H L-L-L L-L-H
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X NSNS
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ott.ec.d — ott.h

NN N

ott.ec.d — ott.t.d
malga.tp — malga.tpl

malga.tp — mezzo.tp

X XN N A XSS S

X X NN X

mezzo.tp2 — ott.t.d
ott.h — ott.t.d

N N N N N R RN
X N X N XN X
N N N N N R RN

X
X

malga.tp — ott.t.d

X
X

X NN X KN X
X

malga.tp — ott.h

X

malga.tp2 — ott.ec.d

X X X X
X X N X
X X X

X

mezzo.tp — mezzo.tp2

X N X X

X

mezzo.tpl — ott.ec.d X X
mezzo.tpl — ott.t.d X X

X X X X X X SN N X N X X oA N A XA
X X X X N X X NN X X o X NN N X ox

X X N X X X
X

X X

mezzo.tp2 — ott.h v X X X

Table 6: Presence (v') or absence (x) of each Tree 1 edge across the eight regimes from the
joint copula analyses (with precipitation), sorted by decreasing frequency of occurrence.

Conclusions on OTT variables Regimes are defined by the states of water level, tem-
perature, and electrical conductivity. The height—conductivity edge (ott.ec.d -- ott.h) is
selected in every regime where conductivity is low, and otherwise drops out except in one case
(high water, low temperature). The temperature-conductivity edge (ott.ec.d -- ott.t.d)
is selected in all high-temperature regimes and, among low-temperature regimes, only when all
three variables are low. The water-temperature edge (ott.h -- ott.t.d) appears only un-
der low temperature (and not in every such regime) and disappears whenever temperature is
high. Cross-site links to OTT variables are sparse and switch on only in narrow windows (e.g.,
mezzo.tp2.z -- ott.t.d when water level and temperature share the same state). Overall,
across the eight regimes, the within-OTT edges occur in 5/8 (water—conductivity), 5/8 (tem-
perature—conductivity), and 3/8 (water—temperature) cases, respectively.
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13 Comparison of OTT (without precipitation) and Joint Cop-
ula Analyses (with precipitation)

In this section, we summarize the log-likelihood, model complexity, and information-criterion

metrics for both the OTT-only and joint copula models across all eight regimes. Table 7 presents

these results side by side, allowing for a direct comparison of fit quality (log-likelihood), number
of parameters, and predictive performance penalties (AIC and BIC).

Table 7: OTT-only vs. Joint Copula Analysis across Eight Regimes

Regime Analysis Log Likelihood Num. Params. AIC BIC
Regime 1-1-1 (n=1253) OTT-only -5468.45 81.65 11100.20 11519.32
Joint 33114.80 299.83  -65629.94  -64090.85
Regime 1-1-2 (n=11080) OTT-only -42933.49 395.25 86657.49 89547.93
Joint 318636.6 975.16  -635322.8  -628191.5

TT-onl -3230.1 4 . 4.
Regime 1-2-1 (n=650) OTT-only 3230.10 96.43 6653.07 7084.78
Joint 17187.33 250.38  -33873.88  -32752.92

TT-onl -6674. 148. 13645.2 14448.4
Regime 1-2-2 (n=1675) OTT-only 6674.53 8.09 3645.23 8.40
Joint 45963.52 392.88  -91141.27  -89010.43
Regime 2-1-1 (n=708) OTT-only -3589.18 27.35 7233.07 7357.87
Joint 18447.79 107.39  -36680.80  -36190.83
Regime 2-1-2 (n=3245) OTT-only -14353.41 261.44 29229.69 30820.50
Joint 84484.69 506.68 -167956.02 -164872.95
Regime 2-2-1 (n=973) OTT-only -4900.51 27.83 9856.67 9992.47
Joint 23411.17 272.65  -46277.06  -44946.45
Regime 2-2-2 (n=982) OTT-only -4604.33 126.66 9461.98 10081.31
Joint 25355.37 308.92  -50092.90  -48582.40

Across all regimes, the Joint models report much larger log-likelihoods and smaller AIC/BIC;
however, these quantities are computed for a higher-dimensional random vector (OTT variables
plus precipitation) than in the OTT-only fits. Hence, even though the sample size per regime
is the same, the likelihoods are not on the same scale, and the information criteria are not
directly comparable. For illustration, in Regime 1-1-1, the Joint fit shows ¢ : —5468 — 33115
and AIC :~ 11100 — —65630 with parameters 82 — 300; this reflects added flexibility for the
enlarged system rather than superiority over the OTT-only model. We therefore refrain from
calling the Joint model “better” and instead view it as complementary; its added value for
the OTT variables should be judged from the regime-wise edge structure and, where possible,
out-of-sample scores computed on the same OTT target.
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14 Individual Copula Regression of OTT Variables on Rainfall

In this section, we fit a separate R-vine regression model for each OTT variable, treating it as
the response and the six zero-inflated rainfall series as predictors. Specifically, for each regime
we estimate vine-regression models of the form

ott.h ~ malga.tp+mezzo.tp +malga.tpl +malga.tp2 + mezzo.tpl + mezzo.tp2,

and similarly for ott.t.d and ott.ec.d. All models are selected by AIC over the paramet-
ric family set (including zero-inflated margins for the rainfall covariates), using vinereg zi ()
method described in Sulejmani et al. (2025).

Thus, for each regime (e.g. 1-1-1) we obtain three separate vine-regression fits, one per OTT
response, each capturing the dependence of OTT on the six rainfall series in a flexible pair-
copula regression framework. The summary tables are provided below. The fitted contour plots
are presented in Appendix B.
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Table 8: Copula summary for ott.h across all regimes. H/L labels correspond to higher/lower
mean regimes for (ott.h, ott.t.d, ott.ec.d).

Regime summary Tree Edge Conditioning Copula Parl Par2 T
1 (1,2) — Frank -0.28 —  -0.03
Regime 1-1-1 (H-H-L) (n=1253)
Vine structure order: 12547 6 3 2 (1,5) 2 Frank -0.27 — 003
cll: -4802.37 3 (1,4) 5,2 Frank -0.25 — -0.03
caic: 9650.31
chic: 9767.26 4 (1,7) 4, 5,2 t -0.01  50.00 -0.01
edf: 22.8 5 (1,6) 7,4,5,2 Frank -0.20 — 20.02
6 (1,3)  6,7,4,5,2 Clayton  0.01 — 0.0l
Regime 1-2-1 (H-L-L) (n=650) 1 7 — Frank -0.23 — -0.03
Vine structure order: 1 74 6 2 3 9 (1,4) 7 Frank 20.22 . _0.02
cll: -2587 ’
caic: 5200 3 (1,6) 4,7 Frank -0.21 —  -0.02
chic: 5258 4 (1,2)  6,4,7 Frank -0.21 —  -0.02
edf: 12.9
5 (1,3)  2,6,4,7 Frank -0.20 — -0.02
1 (12) — Frank -0.14 — 002
Regime 1-2-2 (H-L-H) (n=1675)
Vine structure order: 1254 6 73 2 (1,5) 2 Frank -0.15 — -0.02
cll: -Inf 3 (1,4) 5,2 Frank -0.13 — -0.01
caic: Inf
bice Inf 4 (1,6) 4,5,2 Frank -0.13 —  -0.01
edf: 13.5 5 (1,7) 6,4,5,2 Clayton 0.01 — 0.00
6 (1,3)  7,6,4,5,2 Frank 0.13 —  -0.01
Regime 2-1-1 (L-H-L) (n=708) 1 12 — t 0.04 2542 -0.02
Vine structure order: 1 24 7 3
cll: -2147.44 2 (1,4) 2 Frank -0.32 —  -0.04
caic: 4329.4 3 (1,7) 4,2 t 0.05 20.14 0.03
cbic: 4408.1
odf: 17.25 4 (13)  7,4,2 t -0.03  11.09 -0.02
1 (1,5) — Joe 1.00 — 0.00
Regime 2-1-2 (L-H-H) (n=3245)
Vine structure order: 1524376 2 (1,2) 5 Frank -0.19 — -0.02
cll: -13134.33 3 (1,4) 2,5 Frank -0.19 — -0.02
caic: 26305.6
hicr 20418.3 4 (1,3)  4,2,5 Frank 0.17 —.0.02
edf: 18.5 5 (1,7) 3,4,2,5 Joe 1.00 — 0.00
6 (1,6) 7,3,4,2,5 Frank -0.16 —  -0.02
Regime 2-2-1 (L-L-L) (n=973) 1 (1,4)  — t -0.04 15.12 -0.03
Vine structure order: 1475 2 6 9 (L,7) 4 Joe 1.01 — 0.01
cll: -1416.52 '
caic: 2863.35 3 (1,5) 7,4 Frank -0.30 — -0.03
cbic: 2954.6 4 (1,2) 5,74 Frank -0.20 — -0.02
edf: 17.65
5 (1,6) 2,574 Joe 1.01 — 0.00
Regime 2-2-2 (L-L-H) (n=982) 1 (1,3  — t -0.02 30.05 -0.01
Vine structure order: 1 3 54 26 2 (1,5) 3 Joe 1.00 o 0.00
cll: -3232.9 ’
caic: 6500 3 (1,4) 5,3 Frank -0.20 —  -0.02
cbic: 6585 4 (1,2) 4,53 Frank -0.18 —  -0.02
edf: 17.41
5 (1,6) 2,4,5 3 Joe 1.00 — 0.00

Variable mapping: 1 = ott.h, 2 = malga.tp, 3 = mezzo.tp, 4 = malga.tpl, 5 = malga.tp2, 6 = mezzo.tpl,

7 = mezzo.tp2.
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Conclusions on rainfall influence for ott.h. Due to convergence and numerical difficulties
for Regime 1-1-2 (n=11080), the vine regression analysis could not be completed within a rea-
sonable time. Excluding Regime 1-1-2 and measuring influence by the magnitude of Kendall’s 7
for each pair-copula involving ott.h, the variable with the highest influence is malga.tpl (4),
which attains the largest and most consistent association (including the maximum observed
|7| = 0.04 in Regime 2-1-1). The next strongest is malga.tp (2), typically showing small nega-
tive dependence (|7| ~ 0.02-0.03). All other variables are weaker: mezzo.tp (3) and malga.tp2
(5) are generally around |7| ~ 0.01-0.02, while mezzo.tpl (6) and mezzo.tp2 (7) are often
near independence (several Joe copulas with 7 &~ 0). Overall, across the considered regimes,
the associations with ott.h are uniformly small (|7| < 0.04), indicating weak univariate effects
relative to any multivariate structure. This outcome is consistent with the regime construction.
Since precipitation patterns already define regimes, much of the precipitation effect has been
absorbed at the regime level, leaving only weak within-regime precipitation dependence. In par-
ticular, in high-precipitation regimes, rainfall no longer explains water level variation because
the regime definition already conditions this effect out.
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Table 9: Regime-specific summaries for ott.h with precipitation variables

Regime  var edf cll caic cbic p-value
111 ott.h 15.8  -4820.04 9671.65 9.75e+03 NA

111 malga.tp 1.0 3.79 -5.57 -4.42e-01 0.00592
111 malga.tp2 1.0 3.57 -5.14 -7.57e-03 0.00753
111 malga.tpl 1.0 3.07 -4.14 9.97e-01 0.01324
111 mezzo.tp2 2.0 3.38 -2.76 7.51e+00  0.03405
111 mezzo.tpl 1.0 1.89 -1.79 3.35e+00  0.05163
111 mezzo.tp 1.0 1.97 -1.94 3.19e+00  0.04708
121 ott.h 7.94 -2592.92 5201.707 5237.24 NA

121 mezzo.tp2 1.00 1.32 -0.643 3.83 0.104
121 malga.tpl 1.00 1.23 -0.462 4.01 0.117
121 mezzo.tpl ~ 1.00 1.13 -0.266 4.21 0.132
121 malga.tp 1.00 1.11 -0.211 4.27 0.137
121 mezzo.tp 1.00 1.06 -0.124 4.35 0.145
122 ott.h 7.54  -Inf Inf Inf NA

122 malga.tp 1.00 1.28 -0.564 4.86 0.1093
122 malga.tp2 1.00 1.42 -0.831 4.59 0.0925
122 malga.tpl 1.00 1.15 -0.291 5.13 0.1302
122 mezzo.tpl ~ 1.00 1.12 -0.240 5.18 0.1345
122 mezzo.tp2 1.00 1.26 -0.527 4.90 0.1119
122 mezzo.tp 1.00 1.06 -0.116 5.31 0.1457
211 ott.h 10.3  -2191.12 4402.7 4449.52 NA

211 malga.tp 2.0 7.56 -11.1 -2.00 5.19e-04
211 malga.tpl 1.0 2.65 -3.3 1.26 2.13e-02
211 mezzo.tp2 2.0 12.15 -20.3 -11.17 5.29e-06
211 mezzo.tp 2.0 21.31 -38.6 -29.50 5.54e-10
212 ott.h 12.5 -13165.36  26355.73 26431.835 NA

212 malga.tp2 1.0 11.03 -20.07 -13.984 2.63e-06
212 malga.tp 1.0 5.01 -8.01 -1.927 1.56e-03
212 malga.tpl 1.0 4.71 -7.43 -1.342 2.14e-03
212 mezzo.tp 1.0 3.58 -5.17 0.915 7.42e-03
212 mezzo.tp2 1.0 3.45 -4.90 1.184 8.61e-03
212 mezzo.tpl 1.0 3.24 -4.48 1.609 1.09e-02
221 ott.h 11.7  -1439.10 2901.5123  2958.40 NA

221 malga.tpl 2.0 14.87 -25.7463 -15.99 3.47e-07
221 mezzo.tp2 1.0 2.83 -3.6590 1.22 1.74e-02
221 malga.tp2 1.0 2.62 -3.2341 1.65 2.21e-02
221 malga.tp 1.0 1.21 -0.4288 4.45 1.19e-01
221 mezzo.tpl 1.0 1.05 -0.0937 4.79 1.48e-01
222 ott.h 11.4  -3250.96 6524.766 6580.60 NA

222 mezzo.tp 2.0 8.76 -13.525 -3.75 0.000156
222 malga.tp2 1.0 5.10 -8.205 -3.32 0.001400
222 malga.tpl 1.0 1.59 -1.179 3.71 0.074610
222 malga.tp 1.0 1.29 -0.583 4.31 0.108017
222 mezzo.tpl 1.0 1.32 -0.640 4.25 0.104217
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Table 10: Copula summary for ott.t.d across all regimes.

er/lower mean regimes for (ott.h, ott.t.d, ott.ec.d).

H/L labels correspond to high-

Regime summary Tree Edge Conditioning Copula Parl Par2 T
Regime 1-1-1 (H-H-L) (n=1253) 12 — BB8 1.74 0.86 0.18
Vine structure order: 1 2 75 6
cll: -1305.37 2 1,7 2 Frank 0.32 — 0.04
caic: 2639 3 (15) 7,2 Clayton  0.08 —  -0.04
chic: 2712
odf: 14.3 4 (1,6) 57,2 Frank 0.32 —  0.04
Regime 1-2-1 (H-L-L) (n=650) 1 14) Tawn 0.30 1.00,2.04 021
Vine structure order: 1 4 2 5
cll: -1033.9 2 (1,2) 4 Joe 1.05 — 0.03
caic: 2091 3 (15) 2,4 Clayton  0.09 — 005
cbic: 2144
edf: 11.81
1 (1,6) — Tawn 0.30 0.76,1.70  0.16
Regime 1-2-2 (H-L-H) (n=1675)
Vine structure order: 1 6 75 4 2 3 2 (1,7) 6 Clayton 0.17 — -0.08
cll: -2765 3 (15) 7.6 Clayton  0.12 — 005
caic: 5560
chic: 5641 4 (1,4) 57,6 Clayton 0.05 —  -0.02
edf: 14.9 5 (1,2) 4,5, 7,6 Clayton 0.06 — 0.03
6 (1,3)  2,4,5,7,6 Clayton  0.04 — 0.02
Regime 2-1-1 (L-H-L) (n=708) 1 16 — t 0.08 6.75  0.05
Vine structure order: 1 6
cll: -807
caic: 1633.5
cbic: 1677.6
edf: 9.7
Regime 2-1-2 (L-H-H) (n=3245) 15 — BB8 1.32 0.95 -0.12
Vine structure order: 1 5 7 3
cll: -3672 2 1,7) 5 t 0.01 11.62 0.00
calc: 7377 3 13) 7,5 Clayton  0.03 —  -0.01
cbic: 7473
edf: 15.7
Regime 2-2-1 (L-L-L) (n=973) 1 wn Tawn 042  0.33,2.79 -0.18
Vine structure order: 1 7
cll: -1427
caic: 2875
cbic: 2926
edf: 10.43
Regime 2-2-2 (L-L-H) (n=982) 1 1) — Frank  -1.07 012
Vine structure order: 1 7 4 5
cll: -1418 2 1,4) 7 Clayton 0.07 — 0.03
caic: 2856 3 1,5) 4,7 Joe 1.04 —  -0.03
cbic: 2904
edf: 10

Variable mapping:

mezzo.tpl, 7 = mezzo.tp2.
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Conclusions for ott.t.d. Considering all pair-copulas that involve variable 1 and excluding
Regime 1-1-2 (no fitted pairs), the most influential variables by sample-size-weighted |7| are
mezzo.tpl (6) (|7| ~0.10, typically positive; peak 7 = +0.16 in Regime 1-2-2), followed by
malga.tp (2) (|7]| ~0.08, peak 7 = +0.18 in Regime 1-1-1) and malga.tp2 (5) (|7|~ 0.07,
typically negative; peak 7 = —0.12 in Regime 2-1-2). malga.tpl (4) shows a moderate average
effect (|7|~0.06) but attains the single strongest regime-level link (7 = +0.21 in Regime 1-2-1).
mezzo.tp2 (7) is mostly negative (|7|~0.06; 7 = —0.18 in Regime 2-2-1), while mezzo.tp (3)
is weak (near zero). Overall, dependence for ott.t.d is stronger than for ott.h, with the
largest effects captured by Tawn/BB8 copulas, indicating some asymmetric tail behavior.

Table 11: Regime-specific summaries for ott.t.d with precipitation variables

Regime var edf cll caic cbic p-value

111 ott.t.d 9.3 -1360.27  2739.139  2786.885 NA

111 malga.tp 2.0 49.16 -94.329 -84.062 4.45e-22
111 mezzo.tp2 1.0 1.17 -0.334 4.800 1.27e-01
111 malga.tp2 1.0 3.41 -4.825 0.309 8.99e-03
111 mezzo.tpl 1.0 1.19 -0.377 4.756 1.23e-01
121 ott.t.d 6.82 -1060.73  2135.09 2165.61 NA

121 malga.tpl  3.00 22.62 -39.24 -25.81 8.24e-10
121 malga.tp 1.00 1.72 -1.43 3.04 6.39e-02
121 malga.tp2 1.00 2.58 -3.17 1.31 2.30e-02
122 ott.t.d 6.89 -2829.64 5673.06 5710.44 NA

122 mezzo.tpl  3.00 26.51 -47.01 -30.74 1.82e-11
122 mezzo.tp2 1.00 21.15 -40.30 -34.87 7.84e-11
122 malga.tp2 1.00 10.61 -19.21 -13.79 4.11e-06
122 malga.tpl  1.00 2.15 -2.29 3.13 3.83e-02
122 malga.tp 1.00 2.40 -2.79 2.63 2.85e-02
122 mezzo.tp 1.00 1.53 -1.05 4.37 8.05e-02
211 ott.t.d 7.65 -812.46 1640.22 1675.11 NA

211 mezzo.tpl  2.00 5.32 -6.64 2.48 0.00489

212 ott.t.d 10.7  -3749.00 7519.455  7584.73 NA

212 malga.tp2 2.0 69.40 -134.794  -122.62 7.27e-31
212 mezzo.tp2 2.0 5.42 -6.841 5.33 4.42e-03
212 mezzo.tp 1.0 1.20 -0.409 5.68 1.21e-01
221 ott.t.d 7.44  -1452.3 29194 2955.7 NA

221 mezzo.tp2  3.00 24.7 -43.5 -28.8 1.03e-10
222 ott.t.d 6.93 -1435.68 2885.23 2919.13 NA

222 mezzo.tp2 1.00 13.23 -24.46 -19.57 2.69e-07
222 malga.tpl  1.00 2.44 -2.88 2.01 2.71e-02
222 malga.tp2 1.00 1.88 -1.77 3.12 5.23e-02
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Table 12: Copula summary for ott.ec.d across all regimes. H/L labels correspond to high-
er/lower mean regimes for (ott.h, ott.t.d, ott.ec.d).

Regime summary Tree Edge Conditioning Copula Parl Par2 T
Regime 1-1-1 (H-H-L) (n=1253) (13  — Clayton 016 — -0.07
Vine structure order: 1 3 5 6

cll: -5249.08 2 (1,5 3 Clayton 0.06 — 0.03
caic: 10525.85 3 (1,6) 5,3 Frank -0.32 —  -0.04
cbic: 10596.89

edf: 13.9

Regime 1-2-1 (H-L-L) (n=650) (15) — Gumbel 108  —  0.07
Vine structure order: 1 5

cll: -2662.60

caic: 5354.75

cbic: 5420.88

edf: 14.8

Regime 1-2-2 (H-L-H) (n=1675) 15 — Clayton 011  — 0.5
Vine structure order: 1 5 4

cll: -6036.11 2 (1,4) 5 Clayton 0.04 — 0.02
caic: 12091.11

cbic: 12142.34

edf: 9.5

Regime 2-1-1 (L*H*L) (n:708) 1 (173 o JOG 113 o _007
Vine structure order: 1 3 5 6

cll: -2910.24 2 (1,5) 3 Clayton 0.15 — 0.07
caic: 5850.88 3 (1,6) 53 Frank -0.72 — -0.08
cbic: 5920.25

edf: 15.2

Regime 2-1-2 (L-H-H) (n=3245) L) — ¢ 000 621 -0.00
Vine structure order: 1 7 6 3

cll: -11755.37 2 (1,6 7 Clayton 0.03 — 0.01
caic: 23559.04 3 (13) 6,7 Joe 1.02 —  -0.01
cbic: 23706.01

edf: 24.2

Regime 2-2-1 (L-L-L) (n=973) = 13) — . 012 6.61  0.08
Vine structure order: 1 35 6 7

cll: -3955.16 2 (1,5) 3 Frank 0.42 — 0.05
caic: 7935.00 3 (1,6) 53 Joe 1.09 —  -0.05
cbic: 7995.23

edf: 12.3 4 (1,7) 6, 5, 3 Joe 1.08 — 0.04
Regime 2-2-2 (L-L-H) (n=982) 17— . 0.06 555 0.04
Vine structure order: 1 7 3 6

cll: -3573.06 2 (1,3 7 Gumbel 1.03 —  -0.03
caic: 7181.42 3 16) 3,7 Joe 1.12 — 0.06

cbic: 7267.75
edf: 17.7

Variable mapping: 1 = ott.ec.

d, 2 = malga.tp, 3 = mezzo.tp, 4 = malga.tpl, 5 = malga.tp2, 6 =
mezzo.tpl, 7 = mezzo.tp2.
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Conclusions for ott.ec.d.

copulas occur near independence.

Table 13: Regime-specific summaries for ott.ec.d with precipitation variables

Excluding Regime 1-1-2, the variables with the largest in-
fluence on ott.ec.d (by sample-size-weighted |7| over all pair-copulas involving variable 1)
are malga.tp2 (5) (|7]| ~ 0.05, mostly positive; max |7| = 0.07), followed by mezzo.tp (3)
(]7] = 0.039, typically slightly negative; max |7| = 0.08 in Regime 2-2-1) and mezzo.tpl (6)
(I7] = 0.034, usually negative; max |7| = 0.08 in Regime 2-1-1). Remaining links are weak:
malga.tpl (4) appears once with |7| ~0.02, and mezzo.tp2 (7) is small and mostly positive
(|7]|~0.015, peak |7|=0.04). malga.tp (2) is not selected in any regime. Overall, dependence
levels are modest (|7| < 0.08); stronger pairs use Clayton/Gumbel/t/Frank copulas, while Joe

Regime var edf cll caic cbic p-value
111 ott.ec.d 10.8  -5263.75 10549.17 10604.81 NA

111 mezzo.tp 1.0 11.13 -20.26 -15.13 2.38e-06
111 malga.tp2 1.0 2.38 -2.77 2.37 2.90e-02
111 mezzo.tpl 1.0 1.15 -0.30 4.83 1.29e-01
121 ott.ec.d 13.8  -2665.63 5358.79 5420.45 NA

121 malga.tp2 1.0 3.02 -4.05 0.43 0.0139
122 ott.ec.d 7.45 -6045.16 12105.213  12145.60 NA

122 malga.tp2 1.00 7.81 -13.611 -8.19 7.78e-05
122 malga.tpl 1.00 1.25 -0.494 4.93 1.14e-01
211 ott.ec.d 12.2  -2926.06 5876.53 5932.206 NA

211 mezzo.tp 1.0 9.02 -16.05 -11.483 2.16e-05
211 malga.tp2 1.0 2.93 -3.85 0.709 1.55e-02
211 mezzo.tpl 1.0 3.87 -5.74 -1.181 5.39e-03
212 ott.ec.d 20.2  -11781.88 23604.072 23726.69 NA

212 mezzo.tp2 2.0 23.24 -42.474 -30.30 8.10e-11
212 mezzo.tpl 1.0 1.42 -0.845 5.24 9.17e-02
212 mezzo.tp 1.0 1.85 -1.709 4.38 5.41e-02
221 ott.ec.d 7.34  -3976.95 7968.58 8004.40 NA

221 mezzo.tpl ~ 2.00 9.76 -15.52 -5.76 5.78e-05
221 malga.tp2 1.00 1.52 -1.04 3.85 8.15e-02
221 mezzo.tp 1.00 9.00 -16.00 -11.12 2.21e-05
221 mezzo.tp2  1.00 1.51 -1.03 3.86 8.20e-02
222 ott.ec.d 13.7 -3587.36 7202.042 7268.81 NA

222 mezzo.tp2 2.0 8.87 -13.746 -3.97 0.00014
222 mezzo.tp 1.0 1.38 -0.759 4.13 0.09673
222 mezzo.tpl 1.0 4.06 -6.114 -1.22 0.00439
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15 Overall Conclusions from the Copula Analyses

Taken together, the three complementary copula analyses reveal that dependence structures
among the OTT variables and their links to precipitation are both regime-dependent and gen-
erally weak to modest in magnitude. The OTT-only models show that internal relationships
among height, temperature, and conductivity are strongest when height and temperature are
high but conductivity is low, while mixed-state regimes display near-independence. The joint
copula models demonstrate clear statistical gains from incorporating precipitation, yielding
much higher likelihoods and substantially lower information criteria across all regimes, though
at the cost of larger parameter counts.

Finally, across regimes (excluding 1-1-2), the vine regressions show that rainfall influences
are variable-specific rather than uniformly dominated by one site. For ott.h, malga.tpl has
the largest and most consistent association (max |7| ~ 0.04), with malga.tp next and the
mezzo gauges generally weak or near-independent. For ott.t.d, however, the dominant driver
is mezzo.tpl (sample-size weighted || ~ 0.10, peak 7 ~ +0.16), followed by malga.tp and
malga.tp2; malga.tpl shows a moderate average effect but attains the single strongest regime-
level link (7 ~ +0.21). For ott.ec.d, malga.tp2 is most influential (|7| ~ 0.05), with mezzo.tp
and mezzo.tpl also contributing; malga.tp is not selected and remaining links are weak. Over-
all, pairwise dependencies are modest (roughly |7| < 0.04 for ott.h, |7| < 0.08 for ott.ec.d,
and |7| ~ 0.10 for ott.t.d), consistent with the regime definitions absorbing much of the
precipitation signal.
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Appendices

A Joint Copula Analyses

To better understand the dependence structure in our data, we transformed the datasets into
pseudo-observations, scaling the values between 0 and 1 to place them on the copula scale. For
each dataset, we then constructed a matrix of pairwise plots: histograms along the diagonal to
show the marginal distributions, scatter plots in the upper panels with Kendall’s 7 reported as
a measure of monotonic dependence, and contour plots in the lower panels based on Gaussian-
transformed margins to illustrate the joint density patterns.

A.1 Regime 1-1-1 (n=1253)

otth
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Figure A.1: Pairwise scatterplot matrix of pseudo-observations for regime 1-1-1. Each off-
diagonal panel displays the corresponding bivariate scatterplot with empirical contours, illus-
trating the pairwise dependence within this regime.
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Table 14: Pair—copula family selection summary for Regime 1-1-1 (n=1253). All tree—edge
combinations with non-independence families, values rounded to two decimals.

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters df T Log-lik
1 1 (7,6) — d,d tll 0  [30x30 grid] 36.64 0.69 1208.70
1 2 (4,6) — d,d tll 0 [30x30 grid] 38.92 0.69 1227.92
1 3 (1,3) — c,c frank 0 218 1.00 - 0.23 80.95
1 4 (6,8) — d,d tll 0  [30x30 grid] 24.94 0.60 857.77
1 5 (3,2) — c,C frank 0 -1.35 1.00 - 0.15 27.11
1 6 (5,8 — d,d tll 0  [30x30 grid] 29.71 0.63 1074.48
1 7 (29 — c,d frank 0 1.67 1.00 0.18 38.85
1 8 (8,9 — d,d tll 0  [30x30 grid] 31.06 0.64 1090.90
3 2 (4,5) (8,6) d,d tll 0  [30x30 grid] 38.43 0.42 392.02
3 3 (1,9 (2,3) c,d joe 0 1.13 1.00 0.07 21.42
3 6 (5,2) (9,8) d,c gumbel 0 1.05 1.00 0.05 3.63
4 4 (6,2) (9,5,8) d,c joe 0 1.09 1.00 0.05 6.58
5 1 (7,9 (5,4,8,6) dd tl1 0 [30x30 grid] 42.10 0.36 315.82

Variable mapping:
1 =otth, 2=ott.td, 3 =ott.ecd, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,
8 = malga.tp2, 9 = mezzo.tp2.

Conclusions for Regime 1-1-1. The pair—copula family selection results for Regime 1-
1-1 highlight a clear contrast between the rainfall series and the OTT variables. The Malga
and Mezzo precipitation variables, especially their lagged versions, exhibit extreme dependence
with Kendall ’s 7 values around 0.6-0.7, reflecting high redundancy and persistence within
rainfall records. The flexible nonparametric TLL copulas mostly capture these strong links.
By contrast, the OTT variables (ott.h, ott.t.d, ott.ec.d) show only weak associations with
one another, for example a modest negative dependence between water level and conductivity
(7 = —0.23) and between temperature and conductivity (7 ~ —0.15). Direct OTT-rainfall
links are also weak, with the strongest being temperature and mezzo.tp2 (7 ~ 0.18), while
most others are close to independence. Overall, in this regime, the dependence structure is
dominated by strong internal correlations among precipitation series, whereas OTT variables
display only small pairwise associations with each other and with rainfall.
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Figure A.2: Fitted pair-copula contour plots for all variable pairs in Regime 1-1-1, shown on

the Gaussian scale.
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A.2 Regime 1-1-2 (n=11080)
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Figure A.3: Pairwise scatterplot matrix of pseudo-observations for regime 1-1-2. Each off-
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Table 15: Pair—copula family selection summary for Regime 1-1-2 (n=11080). All tree—edge
combinations with non-independence families, values rounded to two decimals.

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters df T Log-lik

1 1 (1,9 - c,d bb8 0 (1.86, 0.67) 2.00 0.12 191.91

2 (3,2 - c,c bb8 90  (1.66, 0.70) 2.00 - 0.10 129.61
1 3 (4,6) - d,d tll 0  [30x30 grid] 118.33 0.70 11097.93
1 4 (2,9 - c,d tawn 180  (0.30, 1.00, 1.71)  3.00 0.18 231.37
1 5 (6,7) - d,d tll 0  [30x30 grid] 121.90 0.70 10671.09
1 6 (58) - d,d tll 0  [30x30 grid] 97.36  0.65 9698.31
1 7 (7,9 - d,d tll 0  [30x30 grid] 77.85 0.61 7786.39
1 8 (8,9 - d,d tll 0  [30x30 grid] 102.92 0.65 9584.56
2 1 (1,2) - c,c frank 0 (-0.37) 1.00 - 0.04 21.92
2 2 (3,9 - c,d clayton 270  (0.16) 1.00 - 0.07 116.10
2 4 (2,8) - c,d t 0 (0.03,9.29) 2.00 0.02 45.37
3 1 (1,3) (2,9) c,c tll 0  [30x30 grid] 108.49 - 0.08 843.39
3 4 (2,5) (8,9) c,d t 0 (0.02,10.24) 2.00 0.01 36.63
3 5 (6,8) 9,7) d,d tll 0  [30%30 grid] 133.17 0.41 3138.91
4 1 (1,8) (3,2,9) c,d clayton 180  (0.06) 1.00 0.03 11.30
4 4 (2,7 (5,8,9) c,d t 0 (-0.00, 12.79) 2.00 - 0.00 20.34
5 1 (1,5) (8,3,2,9) c,d clayton 180  (0.04) 1.00 0.02 6.08
5 3 (4,5) (8,9,7,6) d,d tll 0  [30x30 grid] 114.68 0.43 4128.72
5 4 (2,6) (7,5,8,9,3) c,d t 0 (0.02, 22.36) 2.00 0.01 10.69
6 1 (1,7 (5,8,3,2,9) c,d clayton 180  (0.05) 1.00 0.03 10.53
6 3 (4,2 (5,8,9,7,6) d,c gumbel 0 (1.02) 1.00 0.02 6.03
7 1 (1,6) (7,5,8,3,2,9) c,d frank 0 (0.20) 1.00 0.02 4.86

Variable mapping:
1 =otth, 2 =ott.t.d, 3 =ott.ec.d, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,
8 = malga.tp2, 9 = mezzo.tp2.

Conclusions for Regime 1-1-2 (OTT variables). For this regime, the OTT variables
exhibit only weak mutual dependence: conductivity with temperature shows 7 ~ —0.10, while
height with conductivity has 7 ~ —0.08. Other OTT-rainfall edges are negligible (mostly
7 ~ 0). Overall, OTT variables appear nearly independent in this regime, with no strong
pairwise associations.
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Figure A.4: Fitted pair-copula contour plots for all variable pairs in Regime 1-1-2.
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A.3 Regime 1-2-1 (n=650)
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Figure A.5: Pairwise scatterplot matrix of pseudo-observations for regime 1-2-1. Each off-
diagonal panel displays the corresponding bivariate scatterplot with empirical contours, illus-
trating the pairwise dependence within this regime.
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Table 16: Pair—copula family selection summary for Regime 1-2-1 (n=650). All tree—edge
combinations with non-independent families, values rounded to two decimals.

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters  df T Log-lik
1 1 (3,1) — c,C bb8 90  (1.86, 0.85) 2.00 - 0.20 38.79
1 2 (1,2) — c,c clayton 270  0.33 1.00 - 0.14 17.06
1 3 (24) — c,d frank 0 135 1.00 0.15 15.83
1 4 (4,5) — d,d tll 0 [30x30 grid] 26.74 0.65 477.05
1 5 (6,8) — d,d tll 0 [30x30 grid] 22.99 0.63 502.83
1 6 (5,8) — d,d tll 0 [30x30 grid] 33.70 0.62 474.84
1 7 (7,9 — d,d tll 0  [30x30 grid] 25.74 0.63 460.97
1 8 (8,9) — d,d tll 0 [30x30 grid] 33.39 0.62 458.07
2 1 (32 (1) c,C gaussian 0 -0.25 1.00 - 0.16 19.92
3 1 (34 (2,1) cd frank 0 067 1.00 0.07 3.70
3 4 (4,6) (8,5) d,d tll 0 [30x30 grid] 27.89 0.39 256.87
4 5 (6,7) (9,5,8) d,d tll 0 [30x30 grid] 30.99 0.41 252.18

Variable mapping:
1 =ott.h, 2=ott.td, 3 =ott.ecd, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,
8 = malga.tp2, 9 = mezzo.tp2.

Figure A.6: Fitted pair-copula contour plots for all variable pairs in Regime 1-2-1.
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Table 17: Pair—copula family selection summary for Regime 1-2-2 (n=1675).
combinations with non—independence families, values rounded to two decimals.

All tree—edge

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters df T Log-lik
1 1 (3,1) — c,c clayton 270 0.15 1.00 - 0.07 14.03
1 2 (1,2) — c,C bb8 270 (1.76, 0.93) 2.00 - 0.23 129.12
1 3 (24) — cd bbs 0 (1.61,0.77) 200 0.12 31.49
1 4 (4,5) — dd tll 0  [30x30 grid] 40.19 0.65 1233.78
1 5 (58) — d,d tll 0 [30x30 grid] 51.86 0.63 1189.23
1 6 (8,6) — dd tll 0 [30x30 grid] 42.95 0.65  1269.27
1 7 (6,7) — dd tll 0 [30x30 grid] 5271 0.64  1221.70
1 8 (7,9 — dd tll 0 [30x30 grid] 39.48 0.65  1219.48
2 2 (1,4) () cd joe 180 121 1.00 0.11 27.74
3 1 (34) (2,1) c,d gaussian 0 0.08 1.00 0.05 5.42
3 4 (4,6) (8,5) d,d tll 0 [30x30 grid] 27.89 0.39 256.87
3 6 (8,9 (7,6) d,d tll 0  [30x30 grid] 48.33 0.47 723.27
5 3 (2,7) (6,8,5,4) c,d t 0 (-0.08,8.72) 2.00-0.05 10.78
6 2 (1,7) (6,8,5,4,2) e,d frank 0 054 1.00 0.06 4.51

Variable mapping:
1 =otth, 2 =ott.t.d, 3 =ott.ec.d, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,

8 = malga.tp2,

9 = mezzo.tp2.

Figure A.8: Fitted pair-copula contour plots for all variable pairs in Regime 1-2-2.



A.5 Regime 2-1-1 (n=708)
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Figure A.9: Pairwise scatterplot matrix of pseudo-observations for regime 2-1-1. Each off-
diagonal panel displays the corresponding bivariate scatterplot with empirical contours, illus-
trating the pairwise dependence within this regime.
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Table 18: Pair—copula family selection summary for Regime 2-1-1 (n=708). All tree—edge
combinations with non-independent families, values rounded to two decimals.

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters df T Log-lik
1 1 (1,3) — c,c tawn 270  (0.30, 0.75, 2.21)  3.00 — 0.20 28.15
2 (23) — cc bb3 270 (1.89, 0.84) 2.00 — 0.20 34.44

1 3 (4,6) — d,d tll 0  [30x30 grid] 31.36 0.68 681.41
1 4 (3,8) — c,d clayton 270  0.12 1.00 — 0.06 7.74
1 5 (6,7) — d,d tawn 180  (0.99, 0.97, 7.00)  3.00 0.83 827.12
1 6 (58) — d,d bb6 180  (4.70, 2.50) 2.00 0.86 666.80
1 7 (7,9 — d,d bb7 180  (6.00, 2.45) 2.00 0.77 637.78
1 8 (8,9 — d,d bb6 180  (3.74, 3.30) 2.00 0.88 724.73
2 1 (1,2) (3) c,c frank 0 -0.55 1.00 - 0.06 3.29
2 3 (4,7 (6) d,d bbl 180  (0.00, 1.07) 2.00 0.07 13.93
2 5 (6,9) (7) d,d bb7 0 (1.06,0.17) 2.00 0.11 41.49
2 6 (5,9 (8) d,d gumbel 180 1.14 1.00 0.12 38.59
2 7 (7,8 9) d,d frank 0 225 1.00 0.24 73.33
3 3 (49 (7,6) d,d bb7 0 (1.11,0.25) 2.00 0.16 37.02
3 5 (6,8) 9,7) d,d t 0  (0.55, 49.80) 2.00 0.37 138.37
3 6 (5,7) (9,8) d,d tawn 180  (0.30, 1.00, 1.50)  3.00 0.15 15.45
4 3 (4,8 (9,7,6) d,d bbl 180  (0.00, 1.02) 2.00 0.02 8.46
4 4 (3,7 (9,5,8) c,d clayton 180  0.13 1.00 0.06 4.00

Variable mapping:
1 =otth, 2 =ott.t.d, 3 =ott.ec.d, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,
8 = malga.tp2, 9 = mezzo.tp2.

Figure A.10: Fitted pair-copula contour plots for all variable pairs in Regime 2—-1-1.
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A.6 Regime 2-1-2 (n=3245)
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Figure A.11: Pairwise scatterplot matrix of pseudo-observations for regime 2-1-2. Each off-
diagonal panel displays the corresponding bivariate scatterplot with empirical contours, illus-
trating the pairwise dependence within this regime.




Table 19: Pair—copula family selection summary for Regime 2-1-2 (n=3245). All tree—edge
combinations with non—independence families, values rounded to two decimals.

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters df T Log-lik
1 1 (1,4 — c,d gumbel 0 1.10 1.00 0.09 48.63
1 2 (3,2) — c,c bb8 90  (1.30, 0.96) 2.00 - 0.12 73.59
1 3 (2,8 — c,d bb8 90  (1.32, 0.94) 2.00 - 0.11 62.65
1 4 (4,6) — d,d tll 0 [30x30 grid] 65.39 0.69 2905.25
1 5 (6,7) — d,d tll 0 [30x30 grid] 68.04 0.68 2871.61
1 6 (5,8) — d,d tll 0 [30x30 grid] 60.10 0.64 2706.38
1 7 (7,9 — dd tll 0 [30x30 grid] 45.19 0.62  2346.71
1 8 (8,9 — d,d tll 0 [30x30 grid] 60.20 0.65 2853.30
2 1 (1,6) (4) c,d clayton 180  0.06 1.00 0.03 5.16
2 2 (3,8 (2) c,d t 0 (-0.02,5.50) 2.00-0.01 35.23
2 3 (2,9 (8) cd joe 90  1.07 1.00 - 0.04 14.95
3 3 (2,70 (9,8) c,d clayton 270  0.06 1.00 - 0.03 4.86
3 5 (6,8) 9,7) d.d t11 0 [30x30 grid] 72.56 0.42  1200.87
5 3 (24) (6,7,9,8) c,d clayton 270 0.09 1.00 — 0.04 9.47
5 4 (4,5 (8,9,7,6) d,d tll 0 [30x30 grid] 67.54 0.43 1186.44
6 1 (1,2) (8,9,7,6,4) ¢,c frank 0 -0.46 1.00 — 0.05 10.95

Variable mapping:
1 =otth, 2 =ott.t.d, 3 =ott.ec.d, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,
8 = malga.tp2, 9 = mezzo.tp2.

Figure A.12: Fitted pair-copula contour plots for all variable pairs in Regime 2-1-2.
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A.7 Regime 2-2-1 (n=973)
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Figure A.13: Pairwise scatterplot matrix of pseudo-observations for regime 2-2-1. Each off-
diagonal panel displays the corresponding bivariate scatterplot with empirical contours, illus-
trating the pairwise dependence within this regime.
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Table 20: Pair—copula family selection summary for Regime 2-2-1 (n=973). Non-independence

families only; values rounded to two decimals.

Tree Edge Conditioned Conditioning Var. Types Family Rot. Parameters df T Log-lik
1 1 (4,5) d,d tll 0 - 23.68 0.63 731.24
1 2 (7,6) d,d tll 0 - 36.55 0.65 739.72
1 3 (1,3) c,C tawn 270 - 3.00 0.20 57.78
1 4 (6,8) d,d tll 0 - 24.33 0.56 205.97
1 5 (3,2) c,C bb8 0 - 2.00 —-0.26 74.27
1 6 (5,8 d,d tll 0 - 33.94 0.60 644.21
1 7 (29) c,d frank 0o - 0.00 —1.15 26.89
1 8 (8,9 d,d tll 0 - 34.29 0.60 662.96
3 2 (7,9 (8,5) d,d tll 0o - 36.61 0.45 366.56
4 1 (4,6) (9,8,5) d,d tll 0o - 29.92 0.41 397.15
5 5 (7,5) (6,9,8) c,d gaussian 0o - 1.00 —0.08 4.70
5 4  (6,3) (2,9,7) c,d frank 0o - 1.00 0.08 4.66

Variable mapping:

1 =otth, 2 =ott.t.d, 3 =ott.ec.d, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,

8 = malga.tp2, 9 = mezzo.tp2.

Figure A.14: Fitted pair-copula contour plots for all variable pairs in Regime 2-2-1.
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A.8 Regime 2-2-2 (n=982)
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Figure A.15: Pairwise scatterplot matrix of pseudo-observations for regime 2-2-2. Each off-
diagonal panel displays the corresponding bivariate scatterplot with empirical contours, illus-
trating the pairwise dependence within this regime.
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Table 21: Pair—copula family selection summary for Regime 2-2-2 (n=982). All tree—edge
combinations with non—independence families, values rounded to two decimals.

Tree Edge Conditioned Conditioning  Var. Types Family Rot Parameters  df T Log-lik
1 2 (4,5) — d,d tll 0 [30x30 grid] 30.32 0.64 712.16
1 3 (58 — d,d tll 0  [30x30 grid] 37.20 0.61 624.95
1 4 (8,6) — d,d tll 0  [30x30 grid] 30.85 0.65 743.23
1 5 (1,2) — c,c gaussian 0 -0.08 1.00 - 0.05 3.63
1 6 (6,7) — d,d tll 0  [30x30 grid] 44.50 0.63 707.12
1 7T (29 — c,d frank 0 -1.00 1.00 - 0.11 13.07
1 8 (7,9 — d,d tll 0  [30x30 grid] 32.75 0.64 765.73
3 2 (4,6) (8,5) d,d tll 0  [30x30 grid] 42.43 0.47 439.80
3 4 (8,9 (7,6) d,d tll 0  [30x30 grid] 39.55 0.46 390.76
3 5 (1,7) (9,2) c,d clayton 180  0.12 1.00 0.05 6.30
6 3 (51 (2,9,7,6,8) d,c clayton 180  0.07 1.00 0.04 5.32
7 1 (3,2 (9,4,5,8,6,7) c,c joe 90 1.07 1.00 — 0.04 3.85
8 1 (31 (2,9,4,5,8,6,7) c,c clayton 0 0.12 1.00 0.06 4.94

Variable mapping:
1 =ott.h, 2 =ott.td, 3 =ott.ecd, 4 =malga.tp, 5 = mezzo.tp, 6 = malga.tpl, 7 = mezzo.tpl,
8 = malga.tp2, 9 = mezzo.tp2.

Figure A.16: Fitted pair-copula contour plots for all variable pairs in Regime 2—2-2.
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B Appendix for Section 15 (Individual Regression Analyses)

To further examine the dependence structure across variables under different regimes, contour
plots of the fitted copula models are presented. These plots provide a visual representation of
the joint distribution implied by the estimated copulas and allow for a direct comparison of
dependence patterns across regimes. These plots indicate that most variable pairs exhibit weak
dependence, as evidenced by the nearly circular and symmetric contour lines. This suggests that
the joint distribution in this regime is close to independence, with little evidence of asymmetric
or strong tail dependence.

B.1 Regime 1-1-1

Figure B.1: Contour plot of the fitted vine copula for ott.h in regime 1-1-1
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Figure B.2: Contour plots of the fitted vine copulas for regime 1-1-1.

B.2 Regime 1-2-1
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Figure B.3: Contour plot of the fitted vine copula for ott.h in regime 1-2-1.
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(b) Contour plot for ott.ec.d in regime 1-2-1.
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B.3 Regime 1-2-2

Figure B.5: Contour plot of the fitted vine copula for ott.h in regime 1-2-2.

Figure B.6: Contour plot of the fitted vine copula for ott.t.d in regime 1-2-2.
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Figure B.7: Contour plot of the fitted vine copula for ott.ec.d in regime 1-2-2.
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Figure B.9: Contour plot of the fitted vine copula for ott.t.d in regime 2-1-1.
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Figure B.10: Contour plot of the fitted vine copula for ott.ec.d in regime 2-1-1.
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Figure B.11: Contour plots of the fitted vine copula for ott.h (top) and ott.t.d (bottom) in

regime 2-2-1.
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Figure B.12: Contour plot of the fitted vine copula for ott.ec.d in regime 2-2-1.
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Figure B.13: Contour plot of the fitted vine copula for ott.t.d in regime 2-1-2.
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Figure B.14: Contour plot of the fitted vine copula for ott.h in regime 2-1-2.
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Figure B.15: Contour plot of the fitted vine copula for ott.ec.d in regime 2-1-2.
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Figure B.16: Contour plot of the fitted vine copula for ott.t.d in regime 2-2-2.
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Figure B.17: Contour plot of the fitted vine copula for ott.h in regime 2-2-2.
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Figure B.18: Contour plot of the fitted vine copula for ott.ec.d in regime 2-2-2.
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