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Abstract

The study of tipping points in climate systems, such as within models of the Atlantic Meridional Overturn-
ing Circulation (AMOC), has become fundamental to our understanding of abrupt climate change. Tipping
points indicate critical thresholds beyond which small perturbations can lead to large, often irreversible
changes in systems. In the context of the AMOC, which plays a crucial role in global heat and salinity
redistribution, surpassing such a threshold could drastically alter climate patterns across the globe. Due
to the potential severity of these transitions, considerable research effort has been invested in constructing
early-warning signals that might indicate an approaching tipping event. Methods such as critical slowing
down, variance and autocorrelation analysis, and statistical indicators derived from data have been pro-
posed. However, the inherent complexity and high-dimensionality of climate models, along with external
noise influence, pose major challenges to the reliability and timeliness of these early warnings. Conse-
quently, improving the theoretical and numerical tools to predict tipping events is the primary goal of this
thesis.
A crucial conceptual setting to understand tipping phenomena is the study of fast-slow systems and crit-
ical transitions theory. In such an ansatz, the system displays a sudden qualitative change when a slow
variable, or critical parameter, crosses a critical threshold. In this deterministic setting, tipping is often
associated with bifurcations and labelled as B-tipping. Standard examples are saddle-node bifurcations,
where a stable fixed point disappears as a parameter changes, resulting in a rapid transition to a distant
attractor. B-tipping has been widely explored in simplified climate models, such as the Stommel-Cessi
model. Nevertheless, real-world climate systems are subject to continuous fluctuations from internal vari-
ability and external forcings, which complicate the bifurcation picture. We rely on such a phenomenon
to construct statistical observables that predict abrupt transitions. As an example, we extend classical
early-warning signs for stochastic ordinary differential equations to models that include a spatial compo-
nent. Consequently, we focus on the assumptions of space-heterogeneity and missing data. We define a
hierarchy of early-warning signs and effects that perturb their observations.
Klaus Hasselmann’s conjecture introduced the notion of stochastic climate modelling, emphasising the
role of noise as a perturbation and, consequently, an input for critical transitions. This has led to the iden-
tification of N-tipping, or noise-induced tipping, wherein a system transitions from one metastable state to
another due to rare, large fluctuations. In contrast with B-tipping, which depends on slow changes in sys-
tem parameters, N-tipping can occur even when the system is far from a bifurcation point. This paradigm
shift compels a change in how to anticipate climate transitions, especially under non-white stochastic forc-
ing. The challenge lies in quantifying the probability and timescale of such noise-induced events. In this
work, we employ large deviation theory, stochastic path integrals, and related probabilistic tools to compute
corresponding estimates for coupled stochastic partial differential equations. Consequently, we address
the complexity of practical application due to the high-dimensional nature and non-trivial structure of the
noise of realistic climate models.
In order to gain insight into the stages that define a critical transition, contemporary research relies on
numerical techniques to compute instantons, the most probable transition paths to display such an event
under the setting of Freidlin-Wentzell theory. Computing them in realistic models often involves solving
a constrained optimisation problem in path space, for which several numerical schemes have been de-
veloped, including the minimum action method, string method, and adaptive multilevel splitting. Such
approaches allow for the estimation of escape rates, identification of dominant transition mechanisms, and
even targeted early-warning signals that go beyond traditional linear stability analysis. In this thesis, we
extend the discussed techniques to partial differential equations perturbed by degenerate noise. Such an
assumption is relevant in numerous applications, as discussed in the work.
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Overall, this thesis bridges deterministic and stochastic tipping mechanisms by developing early-warning
signals for spatially extended models. By combining operator theory and stochastic analysis with advanced
numerical methods, our work contributes both to the fundamental understanding of critical transitions
and to the practical tools needed to anticipate them in high-dimensional noisy systems. In conclusion,
these results offer new techniques for detecting and characterising tipping points in climate science, with
implications for risk assessment and further applications.
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Titel in deutscher Sprache: Frühwarnzeichen für durch Bifurkation und Rauschen induziertes Kippen in
stochastischen partiellen Differentialgleichungen

Untertitel: Anwendungen in der Klimawissenschaft und auf degeneriertes Rauschen

Zusammenfassung

Die Untersuchung von Kipppunkten in Klimasystemen, beispielsweise in Modellen der Atlantischen Merid-
ionalen Umwälzströmung (AMOC), ist für unser Verständnis des abrupten Klimawandels von grundlegen-
der Bedeutung geworden. Kipppunkte bezeichnen kritische Schwellenwerte, bei deren Überschreitung
bereits geringe Störungen zu großen, oft irreversiblen Veränderungen des Systemzustands führen kön-
nen. Im Zusammenhang mit der AMOC, die eine entscheidende Rolle bei der globalen Umverteilung
von Wärme und Salzgehalt spielt, könnte das Überschreiten eines solchen Schwellenwerts die Klima-
muster weltweit drastisch verändern. Aufgrund der potenziellen Schwere dieser Übergänge wurden erhe-
bliche Forschungsanstrengungen unternommen, um Frühwarnsignale zu entwickeln, die auf ein bevorste-
hendes Kippereignis hinweisen könnten. Es wurden Methoden wie kritische Verlangsamung, Varianz-
und Autokorrelationsanalyse sowie aus Daten abgeleitete statistische Indikatoren vorgeschlagen. Die
inhärente Komplexität und hohe Dimensionalität von Klimamodellen sowie der Einfluss externer Störg-
eräusche stellen jedoch große Herausforderungen für die Zuverlässigkeit und Rechtzeitigkeit dieser Früh-
warnungen dar. Daher ist die Verbesserung der theoretischen und numerischen Methoden zur Vorhersage
von Kippereignissen das Hauptziel dieser Arbeit.
Ein entscheidender konzeptioneller Ansatz zum Verständnis von Kippphänomenen ist die Untersuchung
von Schnell-Langsam-Systemen und die Theorie kritischer Übergänge. In einem solchen Ansatz zeigt
das System eine plötzliche qualitative Veränderung, wenn eine langsame Variable oder ein entscheiden-
der Parameter einen kritischen Schwellenwert überschreitet. In diesem deterministischen Ansatz wird das
Kippen oft mit Verzweigungen in Verbindung gebracht und als B-Kippen bezeichnet. Typische Beispiele
sind Sattelpunkte Verzweigungen, bei denen ein stabiler Fixpunkt unter Änderung eines Parameters ver-
schwindet, was zu einem schnellen Übergang zu einem entfernten Attraktor führt. B-Kipppunkte wurden
in vereinfachten Klimamodellen wie dem Stommel-Cessi-Modell umfassend untersucht. Dennoch unter-
liegen reale Klimasysteme kontinuierlichen Schwankungen aufgrund interner Variabilität und externer Ein-
flüsse, was das Bild der Verzweigung verkompliziert. Wir stützen uns auf ein solches Phänomen, um
statistische Beobachtungsgrößen zu konstruieren, die abrupte Übergänge vorhersagen. Als Beispiel er-
weitern wir klassische Frühwarnzeichen für stochastische gewöhnlichen Differentialgleichungen auf Mod-
elle, die eine räumliche Komponente enthalten. Anschließend konzentrieren wir uns auf die Annahmen
der räumlichen Heterogenität und fehlender Daten. Wir definieren eine Hierarchie von Frühwarnzeichen
und Effekten, die ihre Beobachtungen stören.
Klaus Hasselmanns Vermutung führte den Begriff der stochastischen Klimamodellierung ein und betonte
die Rolle von Rauschen als Störung und damit als Auslöser für kritische Übergänge. Dies führte zur Iden-
tifizierung des N-Kippen-Effekts oder rauschinduzierten Kippens, bei dem ein System aufgrund seltener,
großer Schwankungen von einem metastabilen Zustand in einen anderen übergeht. Im Gegensatz zum
B-Kippen, das von langsamen Änderungen der Systemparameter abhängt, kann N-Kippen auch dann
auftreten, wenn das System weit von einem Verzweigungspunkt entfernt ist. Dieser Paradigmenwech-
sel erfordert eine Änderung der Art und Weise, wie Klimawandelprognosen erstellt werden, insbesondere
unter nicht-weißem stochastischem Rauschen. Die Herausforderung besteht darin, die Wahrscheinlichkeit
und den Zeitrahmen solcher rauschinduzierter Ereignisse zu quantifizieren. In dieser Arbeit verwenden
wir die Theorie der großen Abweichungen, stochastische Pfadintegrale und verwandte probabilistische
Werkzeuge, um entsprechende Schätzungen für gekoppelte stochastische partielle Differentialgleichun-
gen zu berechnen. Damit gehen wir auf die Komplexität der praktischen Anwendung ein, die sich aus der
hochdimensionalen Natur und der nichttrivialen Struktur des Rauschens realistischer Klimamodelle ergibt.
Um Einblicke in die Phasen zu gewinnen, die einen kritischen Übergang definieren, stützt sich die ak-
tuelle Forschung auf numerische Techniken zur Berechnung von Instantonen, den wahrscheinlichsten
Übergangspfaden, um ein solches Ereignis im Rahmen der Freidlin-Wentzell-Theorie darzustellen. Ihre
Berechnung in realistischen Modellen erfordert oft die Lösung eines beschränktes Optimierungsproblems
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im Pfadraum, für das mehrere numerische Schemata entwickelt wurden, darunter die Methode der mini-
malen Wirkung, die String-Methode und die adaptive mehrstufige Aufteilung. Diese Ansätze ermöglichen
die Schätzung von Fluchtraten, die Identifizierung dominanter Übergangsmechanismen und sogar gezielte
Frühwarnsignale, die über die traditionelle lineare Stabilitätsanalyse hinausgehen. In dieser Arbeit erweit-
ern wir die diskutierten Techniken auf partielle Differentialgleichungen, die durch degeneriertes Rauschen
gestört sind. Eine solche Annahme ist in zahlreichen Anwendungen relevant, wie in der Arbeit diskutiert
wird.
Insgesamt schlägt diese Arbeit eine Brücke zwischen deterministischen und stochastischen Kippmecha-
nismen, indem sie Frühwarnsignale für räumlich ausgedehnte Modelle entwickelt. Durch die Kombination
von Operatorentheorie und stochastischer Analysis mit fortgeschrittenen numerischen Methoden trägt un-
sere Arbeit sowohl zum grundlegenden Verständnis kritischer Übergänge als auch zu den praktischen
Werkzeugen bei, die erforderlich sind, um diese in hochdimensionalen, verrauschten Systemen zu an-
tizipieren. Zusammenfassend bieten diese Ergebnisse neue Techniken zur Erkennung und Charakter-
isierung von Kipppunkten in der Klimawissenschaft, mit Implikationen für die Risikobewertung und weitere
Anwendungen.
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1 Introduction

The main objective of this thesis is to define, construct and extend indicators, referred to as observables or
early-warning signs, that can anticipate qualitatively important and often sudden changes in applications.
The main implementation considered throughout the work is climate science, which is associated with nu-
merous events under this description. We achieve such a task through analytic and numerical methods
in the study of mathematical systems. The properties of these models and a justification for our work are
described further in this introductory chapter.
We first describe a variety of models in applied fields and then observe examples of multiscale models. As
such, we list the most commonly studied bifurcations, which are related to the critical transition addressed
throughout the thesis. Subsequently, we introduce stochastic models along with insights on the assump-
tions of the noise term. Then, we consider the different kinds of tipping and discuss the challenges in their
prediction through standard early-warning signs. We finally introduce some of the most well-known models
in climate science, such as Stommel-Cessi system and the Coupled Model Intercomparison Project (CMIP)
model ensemble. We consider the effects of noise on the systems in view of Hasselmann’s paradigm [104].
Lastly, we describe the structure of the thesis and the novelty of our work.

1.1 Deterministic models in applications

The use of mathematical models in applications is often meant to simulate corresponding phenomena.
Naturally, in order for a system to be well-suited for such a task, it requires previous knowledge and
assumptions from the implementer. The difficulty in choosing the structure of the model and fitting its pa-
rameters derives from the observations and understanding of the real inner forcings that define the events.
As such, it is strongly related to the complexity of the application and to its observability. Moreover, the
simplicity of a model can describe the main features of phenomena and enable an in-depth mathematical
analysis, while sacrificing details of their realisation. Adequate simple mathematical models are capable of
indicating and characterising the behaviours of the subjects studied. Among such systems are the widely
studied Susceptible-Infected-Recovered (SIR) model, in medicine and epidemiology [201], and the Lotka-
Volterra model, in biology [149]. These models are examples of coupled ordinary differential equations
(ODEs) [131]. These types of equations include a time derivative of their solutions, which defines their
evolution in time under given constraints. The solution is then a function to be interpreted as a descriptive
and simplified simulation of the original event.

While the observation of a low-dimensional model may appear as an oversimplification of a problem, we
need to consider the fact that its solution may not be easy to compute or trivial to describe. A prime exam-
ple is the Lorenz-84 model [198], which aims to describe atmospheric circulation with four components.
This is among the most well-known examples of a system characterised by the chaotic behaviour of its
solution. Consequently, the computation of its solution is not only hard, but its numerical simulations are
reliable only in relatively short time intervals.
More complex applied mathematical systems are defined by a large number of equations or constraints.
Those arise either by the observation of the event along a large number of variables or by the consider-
ation of the same component in different regions in space. These systems are called box models. This
generalisation enables the observation of patterns and the pinpointing of variables that play a major role
in the realisation of an event.
Models that consider a finer resolution in space and spatial derivatives are composed of partial differen-
tial equations (PDEs). These assume space as a continuous variable and observe finer patterns in their
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solutions. Furthermore, local perspectives enable the construction of observables in the case of missing
data. Standard PDE models can be found in physics, such as the heat equation and the Swift-Hohenberg
equation [133]. Among the most renowned PDE models is the Navier-Stokes equations for fluid dynam-
ics [75]. Standard techniques, such as diagonalisation or Koopman operators, enable the study of PDEs
equivalently to an infinite-dimensional ODE [81]. Therefore, different approaches for simplified models can
be extended to PDEs under sufficient conditions.

To the same degree as the phenomena represented, many systems are characterised by a multiscale
behaviour. Specifically, trajectories are composed of distinct phases of fast transitions, opposed to intervals
of slow evolution in time. This can result from the unbalanced influence of components on the resulting
event or on their intrinsic timescales. As a consequence, multiscale dynamics, such as fast-slow systems,
represent correctly different events and are associated with numerous applications. As an example among
many, we can consider the Rosenzweig–MacArthur model [175] that explores the interaction between
predator and prey in ecology. For a much extensive list of applications, we refer to [131].
The prediction of these changes in the trajectories of the solution of the models is justified by the profound
impact that they represent in real-life scenarios. Consequently, the in-depth study of systems associated
with such transitions is required.

1.2 Fast-slow systems

Multiscale dynamics are often represented by fast-slow systems. In the case of systems of ODEs, they
are indicated as {

dx
dt = f(x, q)
dq
dt = εg(x, q)

(1.2.1)

for n ∈ N>0, m ∈ N>0, x : R → Rn, q : R → Rm, f : Rn × Rm → Rn, g : Rn × Rm → Rm, t ∈ R and
0 < ε ≪ 1. We refer to x as the fast variable and q as the slow variable. Furthermore, t is the fast time,
whereas s = tε is the slow time. In fact, the system can be equivalently observed, through rescaling, on
the slow timescale: {

εdx
ds = f(x, q)

dq
ds = g(x, q).

Due to the assumption of small parameter ε, it is natural to study the systems on the singular limit ε = 0.
This results in the construction of the fast and slow subsystems. The first is{

dx
dt = f(x, q)
dq
dt = 0

and is widely studied throughout this thesis. It assumes the slow variable to be constant, thus as a
parameter. Consequently, it approximates the dynamics of the fast-slow system during fast transitions.
The second is {

0 = f(x, q)
dq
ds = g(x, q).

It examines the dynamics of the variable q along the critical set (or critical manifold, if it is a manifold)
defined as

{(x, q) ∈ Rn × Rm |f(x, q) = 0} .
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The slow subsystem approximates the dynamics of the fast-slow system in slow transitions, i.e., when the
first differential equation is close to zero and the fast variable is almost stationary.
We fix 0 < ε ≪ 1 and assume continuity of f and g. Setting S0, a compact uniformly hyperbolic submani-
fold of the critical manifold, then Fenichel’s Theorem [17, 131, 83] implies the existence of a locally invariant
(sub)manifold Sε of Hausdorff distance of order O(ε) to S0 in the limit ε → 0. This (sub)manifold Sε can
be non-unique and is referred to as slow manifold. In this case, local invariance refers to the fact that flows
enter and exit the manifold only through its boundary. Smoothness and attractivity of the slow manifold
are also obtained in the theorem [131]. Furthermore, Tikhonov’s theorem [17, 131, 189] describes the
approach to an attractive compact uniformly hyperbolic submanifold S0. In fact, sufficiently close states
with distance of order O(1) reach any neighbourhood of order O(ε) in slow time of order O (ε |log(ε)|).
While the slow manifold is tracked for long times, the deterministic system can display fast transitions
due to the crossing of bifurcation thresholds. Examples of the simplest bifurcations are listed in the next
subsection.

1.2.1 Bifurcations

By definition, we refer to bifurcation as the change of stability of one or more equilibria of a system and
the appearance, or disappearance, of steady states [131]. Usually, they refer to nonlinear systems; in fact,
the loss of hyperbolicity of an equilibrium in a linear model is not addressed as a bifurcation, although
strictly related to the topic. As we study bifurcations, we consider a fast-slow system in the singular limit,
with focus on the fast subsystem. In this subsection, we address the codimension-1 local bifurcations, i.e.,
caused by the change of a parameter q in (1.2.1) for ε = 0 and m = 1. This family of bifurcations has
been fully categorised [5, 97, 131], although it does not cover all the possible types of critical transitions in
a system. They are defined by specific properties of the vector field [131], nonetheless, we only provide
the key concepts associated with these phenomena.

q

x

(a) Bifurcation diagram
of a fold bifurcation

q

x

(b) Bifurcation diagram
of a transcritical bifurcation

Fig. 1.1 Bifurcation diagram of a fold bifurcation, (a), and a transcritical bifurcation, (b). The solid blue lines refer to stable equilibria and the
dashed blue lines to unstable steady states. The directions of the red arrows indicate the sign of the time derivative of x according to the state x.
The lengths of the red arrows are normalised.

• The fold bifurcation indicates the collision and annihilation of two equilibria, generally of different
attractivity properties. Its normal form, the canonical form, is

dx
dt

= x2 + q,
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for the parameter q ∈ R. The bifurcation diagram is displayed in Figure 1.1a. We can consider the
model as the fast subsystem of {

dx
dt = x2 + q
dq
dt = ε.

Then, the disappearance of the equilibria implies that orbits that follow the slow manifold display fast
transitions after the bifurcation. This occurs for 0 < ε ≪ 1, however, the transition may happen far
from the threshold, thus resulting in a canard [131].

• A transcritical bifurcation is associated with the instant collision of two equilibria that switch the
stability. Its normal form is

dx
dt

= x(q − x),

for the parameter q ∈ R. The bifurcation diagram is shown in Figure 1.1b. Conversely to the previous
case, the solutions of the fast-slow system{

dx
dt = x(q − x)
dq
dt = ε

with negative initial conditions of variable q display different behaviours once the bifurcation threshold
is crossed, depending on the initial state of x.

q

x

(a) Bifurcation diagram of a
supercritical pitchfork bifurcation

q

x

(b) Bifurcation diagram of a
subcritical pitchfork bifurcation

Fig. 1.2 Bifurcation diagram of the normal form of the supercritical pitchfork bifurcation, (a), and subcritical pitchfork bifurcation, (b). The legend
of the lines is equivalent to Figure 1.1.

• The pitchfork bifurcation indicates the splitting of an equilibrium into three distinct steady states, or
vice versa. There exist two types depending on the number of stable and unstable branches in the
bifurcation diagram: the case of a single stable equilibrium forking into two unstable and a stable
steady state is referred to as supercritical; assuming the attractivity of the equilibria involved to be
reversed, then we refer to a subcritical pitchfork bifurcation. The normal forms are

dx
dt

= x(q ∓ x2),

respectively. The bifurcation diagrams are shown in Figure 1.2. Similarly to the transcritical bifurca-
tion, solutions of fast-slow systems that display pitchfork bifurcations show different behaviours after
crossing the bifurcation threshold, in accordance to the initial conditions.
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q

x

y

(a) Bifurcation diagram of a
supercritical Hopf bifurcation

q

x

y

(b) Bifurcation diagram of a
subcritical Hopf bifurcation

Fig. 1.3 Illustration of the bifurcation diagram corresponding to the supercritical Hopf bifurcation, (a), and subcritical Hopf bifurcation, (b). The
solid blue lines refer to stable branches and the dashed lines to unstable equilibria. The solid-dotted lines in (a) indicate stable periodic orbits,
whereas the dashed-dotted lines in (b) refer to unstable periodic orbits.

• A Hopf bifurcation is associated with the change in attractivity of an equilibrium, and the emergence
of a new periodic orbit that arises from it. Similarly to the pitchfork bifurcation, we distinguish between
the supercritical and subcritical cases. In real variables, the normal forms are{

dx
dt = qx− y ∓ x

(
x2 + y2)

dy
dt = x+ qy ∓ y

(
x2 + y2) ,

respectively. The bifurcation diagrams are shown in Figure 1.3. Such a bifurcation can be found in
various models, including the Lotka-Volterra model, with applications in ecology, and the FitzHugh-
Nagumo model, for medicine [131].

1.2.2 Multiple bifurcations

In this subsection, we include standard considerations to be taken in the interpretation of systems that dis-
play multiple bifurcations. The bifurcations listed in the previous subsection are called local bifurcations.
In this sense, solutions of corresponding fast-slow systems may cross different bifurcation thresholds de-
pending on the initial states, behaviour of the slow variable, and time interval considered. Consequently,
the construction of observables that aim to predict the approach to a threshold may ignore the presence
of distant equilibria. As a visual example, we consider the fast-slow system{

dx
dt = q − 1.6x+ 1.1x3 − 0.11x5

dq
dt = ε.

The corresponding fast system is multistable for fixed q in an interval. Moreover, the bifurcation diagram,
in Figure 1.4a, displays multiple fold bifurcations. As observed in the panel, only a single fold bifurcation is
crossed for specific initial conditions, although another threshold is traversed. This is also a clear example
of how, in the case of several coexisting stable points, there can be a hierarchy of importance of branches
implied by their position and stability. A related question is whether an observer should actually address
the existence of all equilibria and bifurcations. While this usually depends on the application and model
studied, the existence of minor bifurcations cannot be trivially ruled out in many models.
The fold bifurcation is the most recurrent in applications [97]. In fact, the transcritical and pitchfork bifurca-
tions usually arise from symmetries of a physical model. In general, the presence of small perturbations in
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q

x

(a) Bifurcations ignored
by a trajectory

q

x

(b) Bifurcation diagram of a false
supercritical pitchfork bifurcation

Fig. 1.4 Panel (a) shows a trajectory (green) that crosses a fold bifurcation of the fast system. As it tracks the initial stable branch, it is virtually
oblivious to the existence of another fold bifurcation since it refers to the disappearance of another stable solution. Panel (b) indicates the
bifurcation diagram of the normal form of the supercritical pitchfork bifurcation under a minor perturbation. Then, the layout is replaced by a stable
branch for all q ∈ R and a new fold bifurcation close to the original threshold. Furthermore, the stability of the solution corresponding to the first
stable branch weakens close to q = 0. The legend of the blue and red lines is equivalent to Figure 1.1.

these systems implies the existence of close fold bifurcations or stationary branches. We consider, as an
instance, the fast system

dx
dt

= 0.002 + qx− x3

and q ∈ R. It resembles the normal form of the supercritical pitchfork bifurcation. Nonetheless, the bifur-
cation diagram in Figure 1.4b displays instead a fold bifurcation in the proximity to a stable branch. While
this suggests that applied models could consider the wrong type of bifurcation, the possibility of (relatively)
minor errors in the bifurcation diagram is less relevant in the case that further forcing were to be applied on
trajectories of a fast-slow model. The simplest example is white noise (which is properly introduced further
in the thesis) that establishes the possibility of a jump between two close stable solutions.

q

x

Fig. 1.5 An hysteresis loop (green) whose trajectory tracks the stable branch during slow transitions and enters fast transitions after crossing a
fold bifurcation. The nullclines of the fast-slow system are shown in magenta and blue. As the orbit crosses the magenta nullcline, the derivative
of q changes sign and the trajectory recovers from the fast transition. The dashed blue line refers to unstable steady states of the fast system.
The direction of the red arrows corresponds to the time derivative of x and q. Their magnitude is normalised.
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The importance of the construction of early-warning signs is related to the possibility of occurring in tran-
sitions that are difficult to reverse. A prime example is the hysteresis, which can be observed in a fast
system with the first equation of the form

dx
dt

= x− x3

3 − q.

In fact, once a fold bifurcation is crossed and a new stable point is reached, the slow variable needs to
drive the trajectory towards another fold in order to return to the original steady state. This transition is
slow by definition, therefore not as fast as the jump to the new steady state. A classic example that refers
to the recurrent recovering from a fold bifurcation is the hysteresis loop [131]. This can be described, for
instance, by the inclusion of the second equation

dq
dt

= ε(x− 4y).

In Figure 1.5, we show a trajectory that satisfies such differential equations for ε = 0.01.

1.2.3 Bifurcations of PDEs

In this subsection, we address the extension of bifurcation theory to PDEs by considering a well-known
model, the Chafee-Infante equation [50]. Its most standard form in the literature is

du
dt

= ∆u+ qu− u3.

In this case, the function u assumes input in space and time. We indicate with ∆ the second-order
derivative in space, which is studied on an interval. In this example, we consider u to be null at the
extremes. In Chapter 2, we address in detail operator theory, and we study the model in Chapter 3,
Chapter 7 and Chapter 8. By fixing the parameter q, the study is equivalent to observing a fast system.
The bifurcation diagram is illustrated in Figure 1.6. For q < 0, the system is monostable, and the null state
is stable [50, 105]. Then, as −q crosses each eigenvalue of ∆, it incurs into a pitchfork bifurcation. At
each bifurcation, a pair of steady states emerges from the null state, and this becomes unstable along the
corresponding eigenmode. The only stable states are those emerging from q = 0. All pitchfork bifurcations
are supercritical in the correct space.
Equivalently to this example, the codimension-1 bifurcations can be carried over to PDEs. While they can
be mathematically more complex, they correspond qualitatively to relative bifurcations for ODEs. Lastly,
we underline that the bifurcations addressed are not the only known types and that in PDE theory further
types are considered. An example is Turing bifurcations [115, 206] that indicate the emergence of spatial
patterns.

1.3 Stochastic models in applications

Stochastic models can be interpreted as an extension of deterministic models with the inclusion of a
noisy term meant to represent minor perturbations. Understanding and predicting systems influenced by
uncertainty is usually achieved through observables. Among them, some rely on the fact that various types
of noise induce intuitively ergodicity in the system [66], although not always trivial to prove [75]. The type
of noise inserted is chosen in order to better replicate the underlying dynamics of the phenomenon. In this
section, we do not provide mathematical definitions but include references to examples in which they are
used in applications. In fact, these models are widely applied across diverse fields, offering insights that
deterministic models cannot provide.
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q

First eigenmode

Second eigenmode

Fig. 1.6 Illustration of the bifurcation diagram of the Chafee-Infante equation. For negative q, there is only a stable equilibrium; for a small positive
q, two stable solutions arise, and the null solution becomes unstable along the first eigenmode; for larger q, two other saddles emerge from
the zero state. The rise of two new steady states through supercritical pitchfork bifurcations occurs each time −q crosses an eigenvalue of the
Laplace operator. At each iteration, the stable manifold of the new states possesses fewer dimensions than the previous. The trajectories between
steady states are illustrated by red lines. The saddles are referred to by the dotted-dashed blue lines, while the bold blue lines indicate stable
solutions.

• The first renowned type of noise is additive Gaussian noise [63]. It usually indicates external forcing
and finds application in hydrodynamics [112], voltage collapses [59], environmental applications
[140, 180], neuroscience [152, 154, 159] and signal theory [156].

• In fluid dynamics, multiplicative white noise has been used to indicate minor perturbations that orig-
inate from the components of the band-free plane Couette flow model [92]. Such a model captures
the spreading of turbulence along a pipe.

• In active matter physics, models can include fractional Brownian motion, for instance, to study col-
loidal particles in plasma [128].

• In finance, stochastic models like Geometric Brownian Motion [150] are foundational to asset pric-
ing and risk management. Used in the Black-Scholes formula, this model simulates the random
movement of stock prices by capturing the volatility inherent in financial markets [88].

• In epidemiology, the stochastic (time-discrete) SIR model extends the traditional disease model by
accounting for random variations in transmission and recovery [107]. This is particularly useful for
modelling disease spread in small populations or during the early stages of an outbreak.

• In biology, gene expression is inherently noisy. While Gaussian noise models continuous fluctua-
tions, Lévy noise captures burst-like behaviour, which is often observed in mRNA or protein produc-
tion [147]. A similar type of noise finds application in the study of the foraging behaviour of animal
groups and ecosystem dynamics [121].

• Queueing theory uses models such as the M/M/1 queue, a continuous time Markov chain, to anal-
yse systems where entities (such as customers or data packets) arrive and are served at random
intervals [1]. Moreover, in insurance and civil engineering, the Poisson process models the random
occurrence of events like claims or accidents over time [52].

• Lastly, weather forecasting benefits from Markov weather models, which predict the likelihood of
transitioning between weather states based on probabilistic patterns observed in past data [89].
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In conclusion, by capturing the inherent uncertainty in complex systems, stochastic models provide a
realistic approach to forecasting and system design in many fields [88]. In the case of fast-slow systems,
the inclusion of a noise term usually can introduce a component evolving on a mesoscale in the system.
In fact, we can consider the fast-slow system of stochastic differential equations (SDEs){

dx
dt = f(x, y) + σξ
dy
dt = εg(x, y),

(1.3.1)

for equivalent assumptions as in (1.2.1), 0 < ε ≪ σ ≪ 1 and ξ noisy perturbations to be further defined in
the next chapter. While the assumption on the magnitude of σ is not always enforced in applications, it is
commonly used to represent small stochastic forcing or as a loose approximation of finite noise.

1.4 Tipping and early-warning signs

The stochastic term in (1.3.1) affects the behaviour of its solution and its trajectory. This is more relevant
in neighbourhoods of bifurcation thresholds, which are regions where they are less resilient. The resulting
critical transitions are often referred to as tipping [7]. In the next subsections, we address some of the
types of transitions that they can undergo.

1.4.1 B-tipping

Bifurcation-induced tipping (B-tipping) arises when a deterministic bifurcation threshold is crossed, leading
the trajectory to undergo a critical transition under deterministic forcing. This refers to the fact that the noise
term in the system does not succeed in driving the orbit far from the stable branch, the slow manifold, and
the corresponding basins of attraction until the bifurcation is reached. It is often associated with the case
of monostability. Prime examples are then the supercritical pitchfork and supercritical Hopf bifurcations.
Nonetheless, due to the stochastic nature of the system, it can be observed for other types of bifurcations,
in particular under the assumption of small noise.

q

x

Fig. 1.7 Example of B-Tipping. We assume that q increases slowly and linearly in time. A trajectory (green) tracks a stable branch until crossing
a bifurcation. The tipping is caused primarily by the properties of the fast system and there is no critical transition before q reaches 0.
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Figure 1.7 displays, in green, a trajectory that incurs into B-tipping. It corresponds to the solution of the
normal form of the supercritical pitchfork under small white noise perturbations and for variable q that
satisfies dq

dt = ε.
A standard phenomenon related to B-tipping is critical slowing down (CSD) [25, 33, 39, 141], defined as
the deceleration of the trajectory in the proximity of the bifurcation threshold. It is implied by the decreased
attractivity of the stable branch due to the incoming loss of stability of the corresponding solution. In
contrast, under the assumption of constant noise intensity, the stochastic perturbation overrules the drift
term along certain modes. Such a phenomenon leads to the construction of standard early-warning signs,
such as the increase of variance and autocorrelation in SDEs [73]. This is addressed further in the thesis
to construct more complex observables.

1.4.2 N-tipping

Noise-induced tipping, or N-tipping, indicates the phenomenon in which a transition is noise-driven prior
to a bifurcation crossing. Depending on the intensity of the noise, the critical jump is more likely to appear
close to a bifurcation threshold, thus still facilitated by the deterministic forcing in the model. In the case
of small noise, the transition is usually associated with fold and transcritical bifurcations, albeit subcritical
bifurcations can also induce it. This is caused by the approach of the stable branch to a separatrix, or
unstable branch in the one-dimensional case. For such a noise magnitude and under the assumption of
multistability, it often corresponds to a metastable jump, i.e., a rapid transition between deterministic stable
steady states between long periods of time fluctuating within the basins of attraction of each equilibrium.
Figure 1.8a shows a standard example of N-tipping. The trajectory in green satisfies{

dx
dt = x− x3

3 − q + σξ
dq
dt = ε,

for σ = 0.4, ε = 0.001 and ξ white noise. The trajectory follows the stable branch but performs a metastable
jump prior to a fold bifurcation. Standard early-warning signs for N-tipping in SDEs are the analytic esti-
mation for the probablity and for the average time of transition [17]. Alternatively, numerical computations
of typical trajectories that display such events can reveal stages that preceed the phenomena and provide
a statistical estimation of the average transition time [142].

q

x

(a) An example of N-Tipping
on an S-curve

q

x

(b) Tipping on a false supercritical
pitchfork bifurcation

Fig. 1.8 In panel (a), we observe an example of N-Tipping. A green trajectory initially tracks a stable branch. Under the assumption that q
increases linearly and slowly, the noise drives it into another stable steady state before crossing a fold bifurcation. The transition is then caused
by the noise term and deterministic properties of the model, such as the proximity of the stable states. Panel (b) displays another example of
N-Tipping. Under similar behaviour of q and initial conditions close to the origin, the transition would be impossible without the effect of the noise
term. The tipping resembles the B-Tipping in Figure 1.7. As such, it is evident that there exist cases for which these phenomena can be mixed.
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N-tipping and B-tipping refer, in principle, to opposite events. Nonetheless, they can be easily mixed in
certain cases. In Figure 1.8b, we observe the trajectory of the solution of{

dx
dt = 0.002 + qx− x3 + σξ
dq
dt = ε,

for σ = 0.05, ε = 0.001 and ξ white noise perturbation. As discussed in the bifurcation diagram in
Figure 1.4b, a pitchfork bifurcation can be split into a stable branch and a fold bifurcation through small
deterministic forcing. Nonetheless, the proximity of three branches implies that critical transitions driven
by noise can be easily mistaken for B-tipping, as in Figure 1.7. As anticipated in the previous section,
small errors can break a bifurcation but may not drastically change the simulations. In conclusion, it is
reasonable to study pitchfork bifurcations even if unlikely in nature. An equivalent argument extends to
transcritical bifurcations.

1.4.3 Other types of tipping

While the underlying dynamics during B-tipping and N-tipping are a focus of the thesis, the study of tipping
is not limited to them. In this subsection, we briefly discuss other tipping mechanisms in the literature.

• State-tipping, or shock-tipping, or S-tipping, is defined by a forcing that drives the solution towards
a different stable branch before crossing a bifurcation threshold [34]. In contrast to N-tipping, the
perturbation is not stochastic in nature. Furthermore, it is assumed to be strong and rapid.

• Cascading tipping, or C-tipping, involves a cascade of local tipping events that propagate through
an interconnected system, leading to a system-wide transition [8, 207]. It often indicates the domino
effect of other types of tipping in coupled models.

• Fragmented tipping occurs when tipping is spatially or structurally localised, thus affecting only parts
of a system. It is often related to spatially extended systems [15]. However, it can also be interpreted
as the occurrence of a sequence of tipping points in spite of an achievable single critical transition.
It can then happen for bifurcation diagrams such as the one discussed in Figure 1.4a, since multiple
N-tipping can occur, and the Chafee-Infante equation, where a sequence of saddles can be crossed
in a trajectory from the null solution to a heterogeneous stable state. While similar to C-tipping, it
does not imply cascading.

• Rate-induced tipping, or R-tipping, is defined by a rate parameter that indicates how fast a non-
autonomous forcing affects the solution [182, 203]. In the case that the drive is too fast, the trajectory
is led out of an attractor. It is then the velocity of the forcing that causes the tipping, while no actual
bifurcation is considered. It is relevant in various fields, among which the issue of zombie fires, in
ecology [168].

1.5 Climate models and Hasselmann’s Paradigm

Among applications, climate science is deeply connected to the topic of ergodicity and stochastic pertur-
bations. A first renowned example is the Lorenz-63 system [145]. In 1963, it was originally envisioned as
a simplified atmospheric convection model. It is a model composed of ODEs for three variables. Its most
renowned property is the existence of a chaotic attractor for certain parameter values. This takes the name
of Lorenz’s butterfly, displayed in Figure 1.9, and it is usually regarded as the first step in chaos theory and
a glimpse of the complex behaviour of the climate.1

In 1976, Klaus Hasselman theorised that the ergodic behaviour of climate models that studied the inter-
actions between atmosphere, ocean, cryosphere, and land was induced by an external component [104].

1Curiously, chaos theory is cited extensively in media, such as in the novel and in the movie "Jurassic Park" [62, 185].
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Fig. 1.9 The "butterfly" chaotic attractor from Lorenz-63 model [145]. It is considered the first insight into the complexity of climate and weather
models.

He considered weather phenomena as minor perturbations in climate, which enforced a correlation asso-
ciated with red noise-like behaviour, in accordance with observations. His groundbreaking work propelled
the development of stochastic models for climate and led him to be awarded the Nobel Prize for Physics in
2021.
The inclusion of noise in climate models serves as a natural connection to the concept of tipping. In fact,
climate models that display deterministic bifurcations can then be susceptible to noise-driven transitions.
An example is the Stommel-Cessi model for buoyancy-driven ocean circulation. Stommel’s two-box model
[187] considers two regions of the ocean: the first box represents a low-latitude region in the North Atlantic
Ocean; the second box is associated with a high-latitude part. Consequently, the first box is considered
warmer than the second. In Figure 1.10a, we illustrate the main components of the model. Each box
is characterised by the variables S and T , which indicate salinity and temperature, respectively. The
water density ρ can then be obtained from the former through a linear equation. An external (inward and
outward) forcing on the salinity ODEs is introduced as a flow ξ. Lastly, the exchange function g depends
on the difference of density ρ between boxes.

ξ(t) −ξ(t)

g(|ρ1 − ρ2|)

g(|ρ1 − ρ2|)

S1, T1 S2, T2

(a) Illustration of the two-box
Stommel model

q

x

(b) Bifurcation diagram of the
Stommel-Cessi model

Fig. 1.10 Panel (a) displays an illustration of the two-box model of Stommel [187]. The two boxes represent volumes of water of different sizes.
Each box is characterised by a value of salinity and temperature. The magenta arrows indicate an external flux that affects salinity. The blue
arrows represent the interchange between boxes caused by differences in (water mass) density. Panel (b) shows the bifurcation diagram of
the fast system corresponding to the Stommel-Cessi model [48], i.e., under the assumption of a quadratic function g by Cessi. The diagram
corresponds to a hysteresis, and the legend of the blue and red lines is equivalent to Figure 1.1.

The assumptions of Paola Cessi, in 1994 [48], bring the two-box model to a stochastic fast-slow system
form. The flow ξ, induced by the melting of the Arctic ice sheet, is considered as minor (stationary) white
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noise fluctuations. The noise was not assumed to be coloured, for simplicity. While Henry Stommel [187]
assumed g to be of the form

g(|ρ1 − ρ2|) = c1 + c2|ρ1 − ρ2|,

she proposed an exchange function of the form

g(|ρ1 − ρ2|) = c1 + c2(ρ1 − ρ2)2,

based on the properties of Boussinesq convection [49]. Rescaling the differences S1 − S2 and T1 − T2,
she introduced respectively the variables y and x. On an adequate timescale, the two-box model can then
be interpreted as {

dx
dt = −α(x− 1) − x

(
1 + µ2(x− y)2)

dy
dt = ξ(t) − y

(
1 + µ2(x− y)2) ,

for 1 < µ2 ≪ α and statistical properties of ξ obtained from observations [48]. The assumption of a large
parameter α justifies the study of the (stochastic) fast subsystem{

x = 1
dy
dt = ξ(t) −

(
1 + µ2(y − 1)2) .

The corresponding (deterministic) bifurcation diagram is shown in Figure 1.10b. It displays two fold bifur-
cations and exhibits an hysteresis. As such, it indicates the possibility of critical transitions in the fast-slow
system and highlights the importance of predicting tipping events.

The Stommel-Cessi is commonly employed to model tipping of the Atlantic Meridional Overturning Circula-
tion (AMOC) [32, 72, 74]. It is a large system of ocean currents that transports warm, salty water from the
tropics northward in the upper layers of the Atlantic and returns colder, denser water southward at deeper
levels. Driven by differences in temperature and salinity (a process known as thermohaline circulation),
the AMOC plays a key role in regulating climate, especially in the North Atlantic region. As warm surface
water moves north, it cools and becomes denser, eventually sinking near Greenland and forming deep
currents that flow southward. This circulation helps distribute heat across the globe and supports marine
ecosystems. However, it is threatened by the melting of the Arctic ice sheet, which induces additional fresh
water into its flow and could hinder the creation of deep currents. In fact, the AMOC is theorised to have
multiple steady states under different climate regimes. The on-state is the present case, in which the cur-
rent flows as discussed, whereas the off-state indicates the condition in which it halts, which would initiate
deep changes in the global climate. In Figure 1.11, we show a simplified illustration of the AMOC on the
Northern Hemisphere, from [85]. The figure highlights its behaviour in Greenland, Iceland, and Norwegian
Seas (GIN), Labrador Sea Water (LSW), and Subtropical Mode Water (STMW).

A wide range of models has been developed to simulate the collapse of the AMOC. At the simplest level,
box models, such as the Stommel-Cessi model, study their fundamental properties by dividing the sys-
tem into a few large regions [49, 183]. In the thesis, we consider a two-dimensional Boussinesq model
composed of stochastic partial differential equations (SPDEs) which accounts for a simplified treatment of
density [10, 20, 184]. Among more complex models, we refer to Coupled Model Intercomparison Project
(CMIP) models, which are sophisticated multi-component Earth models that simulate various interactions
between the atmosphere, ocean, cryosphere, and land surface on a global three-dimensional grid [153].
Other phenomena in climate science to display critical transitions after minor perturbations are the end of
the Younger Dryas in the tropical Atlantic [141], the melting of the Western Greenland Ice Sheet [33] and
the loss of vegetation in West Sahara [160].
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Fig. 1.11 Illustration of a component of the AMOC from [85]. The northward limb (red) represents the flow of warmer surface water, while the
southward limb (blue) corresponds to the return flow of colder deep water. In northern regions, such as the subpolar gyre, the limbs are separated
horizontally (by latitude), whereas in the subtropical Atlantic, such as along the Gulf Stream, they are separated vertically (by depth). The current
active state of the AMOC, the on-state, is threatened by increased freshwater input from the melting Greenland Ice Sheet, which can reduce
ocean water density and disrupt deepwater formation.

1.6 Structure of the thesis

This thesis is divided into three parts: Chapters 1-2 introduce the main topics with a discursive and then
analytically formal approach; Chapters 3-7 focus on early-warning signs for SPDEs that display B-tipping
under numerous types of stochastic perturbations and for different applications; Chapters 8-10 include the
estimation of transition probability and the numerical computation of instantons for various SPDE applied
models, thus addressing the time and stages of N-tipping. The thesis concludes with closing remarks and
a general outlook. The majority of the appendices provide insights into operator theory and SPDEs to
facilitate their comprehension. The remainder contain proofs of theorems discussed in the thesis.
In Chapter 2, we provide an introduction to Sobolev function spaces and operator theory, which are central
topics in PDE theory. We then discuss standard arguments in probability theory and rigorously define
Brownian motion and Gaussian noise. In the second section, we list theorems on the existence and
uniqueness of solutions of SPDE under additive and multiplicative noise of different natures. These are
employed throughout the thesis to assume the well-posedness of the studied objects. We also include
fundamental properties of the Ornstein-Uhlenbeck process, which enable the construction of certain early-
warning signs for B-tipping.
Chapter 3 focuses on the construction of early-warning signs in the form of time asymptotic covariance for
SPDEs with discrete spectrum in the drift term and additive white Gaussian noise. We apply our results on
a pitchfork bifurcation of the Chafee-Infante equation [105] under space-heterogeneous perturbations to
address the non-uniform structure of climate models. As such, we initially describe its bifurcation diagrams
and the existence of supercritical pitchfork bifurcations. We extend existing work on such an observable
[93, 135] to synchronising noise frequencies. Furthermore, we obtain signals under the assumption of
missing data in the sense of being constructed with limited knowledge of the trajectory of the solution.
The early-warning sign is proven to be reliable even under the assumption of being limited by local and
pointwise observations, aside from in the proximity to the bifurcation threshold. The observable is obtained
through the Lyapunov equation and cross-validated by numerical simulation through the Euler-Maruyama
scheme. The chapter is based on the work by the author [23].
In Chapter 4, we employ the time-asymptotic covariance as an early-warning sign for (linearised) SPDEs
with purely continuous spectrum and additive white Gaussian noise. We observe a silencing effect on the
observable caused by the peculiar nature of B-tipping. The signal is proven to be completely silenced for
various analytic examples. Nonetheless, it is effective for renowned models such as a stochastic Swift-
Hohenberg equation [112, 188], for hydrodynamics. An upper bound to the scaling law of the observable
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is included for the one-, two-, and three-dimensional spatial domains and described through integration
methods and estimations. We also provide an extensive list of further generalisations. The chapter in-
cludes insights into delayed early-warning signs under the assumption of purely discrete spectrum with
small spectral gaps, such as in the case of a large domain and differential drift operators. The results
presented are extracted from the paper [21].
Chapter 5 includes the application of the time-asymptotic autocovariance and autocorrelation as early-
warning signs for specific models with constrained solutions. We focus on coupled SPDEs characterised
by linear drift operators with purely generalised discrete spectrum and additive white boundary Gaussian
noise. The scaling law of the time-asymptotic covariance is proven to be enhanced by the presence of
generalised eigenfunctions. The time-asymptotic autocovariance is shown to be a reliable early-warning
sign in the case of missing data, whereas the autocorrelation requires detailed knowledge of the system
to predict B-tipping. The analytic results are applied through numerical methods on a Boussinesq model
to study abrupt transitions in the AMOC [10]. The system is linearised through the analytic computation
of the Schur complement. Part of its spectrum is obtained analytically, and the major spectral gaps are
computed through discrete numerical approximations of the operator on different non-uniform grids. The
material discussed is extracted from [20].
In Chapter 6, we extend the use of time-asymptotic covariance to the assumption of additive Gaussian
red noise interpreted as a perturbed climate component. We employ the observable in the case of global
knowledge of the corresponding trajectories, and then in the case of limited information. These results
enable the prediction of B-tipping in climate models that are more consistent with Hasselmann’s paradigm
in comparison to those discussed in the previous chapters. Nonetheless, the signal is proven to be appli-
cable to a wider range of application fields that account for memory in the stochastic component. The risk
of false early warning is considered by including a limit on a second critical parameter. This highlights the
need for previous knowledge of the structure of the system to properly anticipate critical transitions. The
computation of the observable is achieved through the Lyapunov equation, taking into account the degen-
eracy of the noise in an extended model. The chapter results from the publication [25] and addresses the
assumptions of purely discrete, generalised discrete, or continuous spectrum of the drift operator.
In Chapter 7, we introduce finite-time Lyapunov exponents to analytically construct a different early-
warning sign for B-tipping. It observes the effect of critical slowing down on the supercritical pitchfork
bifurcations of the space-heterogeneous Chafee-Infante equations with additive white Gaussian noise.
We prove the existence of a singleton attractor with random dynamical systems theory and discuss the
change of sign of the highest possible value assumed by the observable along such a trajectory. In fact, it
is proven to change sign as the critical parameter crosses the primary bifurcation, thus indicating a type of
stochastic bifurcation. Such a phenomenon is described through the computation of an upper and lower
bound of the observable. The signal is also generalised to predict the crossing of the other pitchfork bi-
furcations through the use of wedge products. In such a case, the corresponding change of sign occurs
previous to the transition. The chapter includes work from [23], which extends the results of [31].
Chapter 8 contains the estimation of transition probability for a non-autonomous space-heterogeneous
Chafee-Infante equation perturbed by additive white Gaussian noise. In particular, we estimate the possi-
bility of a jump prior to the crossing of the primary supercritical pitchfork bifurcation. As such, it describes
the first stage of N-tipping: the noise-induced distancing from a deterministic, stable, steady state. The up-
per bound is analytically proven through a Young-type inequality on Sobolev spaces and a Bernstein-type
inequality for a stochastic integral. Lastly, it enables the construction of further moment estimates. The
original work is published in [23].
Chapter 9 focuses on the estimation of turbulence onset probability in a fluid dynamics model. We discuss
plane Couette flow, or flow along a pipe, assuming as the initial state a virtually laminar condition. The
model is introduced in [92], where it is observed via a numerical study. In this chapter, we obtain lower
bounds to such a transition under different types of multiplicative noise. In fact, we discuss it from an
Itô and Stratonovich perspective, accounting also for different interpretations of red noise. A first analytic
method relies on the martingale properties of the mild solution following the techniques in [163]. A second
estimate is obtained through the linearisation of the model and the comparison with further systems, such
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as the Kardar–Parisi–Zhang (KPZ) equation [99]. Examples of the transition are obtained numerically
through a stochastic rare event algorithm. These results are extracted from [24].
In Chapter 10, we construct instantons, the most likely orbits to describe a rare event, for numerous models
under small noise intensity. The systems discussed include degenerate noise, i.e., stochastic perturba-
tions do not affect some variables in certain regions of the domain. The spreading of stochastic driving
throughout the different components of the models is then partially a result of their deterministic properties.
The work is carried out through a numerical technique, the state adjoint method, which accounts for an
interplay between the minimisation of an action, to limit the intervention of noise, summed to a penalty
term that enforces the occurrence of the rare event. The phenomena addressed range from puff merging
in a biology model, initiation of an impulse in a nerve axon, and splitting of a turbulent region of a fluid
flowing along a pipe. The chapter includes material from [22].
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2 Preliminaries

This chapter provides the necessary analytic foundation to discuss the topics in the parts to follow. It
includes the definition of signals and observables that are central for the thesis, along with the theorems
that define their existence and well-posedness. While we introduce topics that are relevant to all sections,
the chapter provides an analytic background that is most directly applicable to the first part of the work
(Chapters 3-7). In the second (Chapters 8-10), where the topics are more diverse, each chapter includes
further introduction to its analytic content due to the diversity of the topics addressed.

2.1 Theoretical background

In this section, we introduce standard mathematical tools and notation required for a proper understanding
of the thesis. We first describe the function spaces involved; then, we discuss basic topics in operator
theory; lastly, we refer to stochastic analysis results. For a more detailed background on the subject, the
reader is referred to [65, 105].

2.1.1 Function spaces

We fix the domain X ⊂ RN for N ∈ N>0 and assume f : X → C. Then, we say that f ∈ Lp(X ;C) if∫
X

|f(x)|p dx < +∞,

for 1 ≤ p < ∞ and f ∈ L∞(X ;C) if

ess sup
x∈X

|f(x)| < ∞.

Unless otherwise specified, all Lp-spaces are taken with respect to Lebesgue measure. Two functions
have the same representation in Lp if they are equal almost everywhere. Consequently, we define the
Lp-norms as

||f ||p =
(∫

X
|f(x)|p dx

) 1
p

for f ∈ Lp(X ;C) and 1 ≤ p < ∞. Furthermore,

||f ||∞ = inf
{
C ≥ 0

∣∣∣ |f(x)| ≤ C for almost every x
}

for any f ∈ L∞(X ;C). For any a ∈ C, we denote its complex conjugate as a ∈ C. We also label as i the
imaginary unit. We notice that L2(H;C) is a Hilbert space, and its scalar product is defined as

⟨f, g⟩ =
∫

X
f(x)g(x)dx.
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For simplicity, we denote the L2-norm as ||·||. In contrast, we refer to the scalar product of any other
Hilbert space H̃ as ⟨·, ·⟩H̃ and to the corresponding norm as ||·||H̃. For 1 < p < ∞, we employ the
notation Lp(X ; H̃) to refer to the Bochner space of functions f : X → H̃ such that(∫

X
||f(x)||pH̃ dx

) 1
p

< ∞

and H̃ is a Hilbert space. Furthermore, we use the notation Lp(X ) for any 1 ≤ p ≤ ∞, to indicate the
functions in Lp(X ;C) that assume real values. For α = (α1, . . . , αN ), we state that g ∈ L2(X ) is the
α-weak derivative of f ∈ L2(X ) if

⟨g, φ⟩ =
〈
f,

d
dxα1

1 . . . dxαNN
φ

〉
,

for any test function φ ∈ C∞(X ) in the set of functions that have continuous derivatives of all orders. We
then indicate g = Dαf . We define the Sobolev space of degree p = 2 and integer order s > 0 as

Ws,p(X ) :=

f ∈ L2(X )

∣∣∣∣∣ ∑
|α|≤s

||Dαf ||2 < +∞


with |α| =

N∑
i=1
αi. For 0 < δ < 1, we define the Gagliardo seminorm

[f ]δ :=
∫

X

∫
X

|f(x) − f(y)|2

|x− y|N+2δ dxdy.

Then, the fractional Sobolev space Ws,2(X ), for s > 0 such that s ∈ R \ N, is

Ws,2(X ) :=

f ∈ L2(X )

∣∣∣∣∣ ∑
|α|≤n

||Dαf ||2 +
∑

|α|=n

[Dαf ]2δ < +∞

 ,

for s = n+δ, n ∈ N and 0 < δ < 1. For positive s, we label as Ws,2
0 (X ), the functions in the corresponding

Sobolev space that assume null value on the boundary. Lastly, we indicate as W−s,2(X ) the dual space
(of distributions) of Ws,2(X ) for any s > 0.

2.1.2 Operator theory

We introduce a linear operator such that A : Ha → Hb for the Hilbert spaces Ha and Hb. Alternatively, its
domain is indicated as D(A). It is bounded if there exists M > 0 such that

sup
f∈Ha\{0}

||Af ||Hb

||f ||Ha

=: ||A||L(Ha,Hb) ≤ M.

The inverse of the invertible operator A is labeled as A−1 : Hb → Ha and satisfies AA−1 = A−1A = Id,
for Id that refers to the identity operator. The space of values λ ∈ C such that A− λ Id is not invertible is
the spectrum of A. We distinguish such a set in three parts:

• λ ∈ C is in the point spectrum if A− λ Id is not injective;

• λ ∈ C is in the continuous spectrum if A− λ Id is injective, has dense range but is not surjective;

• λ ∈ C is in the residual spectrum if A− λ Id is injective but has no dense range.
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An operator whose spectrum is solely composed of point spectrum is called purely discrete. Conversely,
an operator with only continuous spectrum is defined as purely continuous. The resolvent set of A is the
complementary set of its spectrum in C. The resolvent operator of A on λ ∈ C in the resolvent set is
indicated as (A− λ Id)−1. More generally, for A that is non-negative linear diagonalisable and self-adjoint
and q ∈ R, we define as Aq : D(Aq) → Hb, the operator that shares its eigenfunctions and, for any
eigenvalue λ of A, the eigenvalue of Aq associated to the corresponding eigenfunction is λq. The adjoint
operator of A is indicated by A∗ : Hb → Ha and it satisfies

⟨Af, g⟩Hb
= ⟨f,A∗g⟩Ha

,

for any f ∈ Ha and g ∈ Hb. Furthermore, an operator A is defined as sectorial if there exists 0 < δ ≤ π
such that for every element λ ̸= 0 in its spectrum it holds that |arg(λ)| ≤ δ and

sup
λ:arg(λ)>δ

|λ|
∣∣∣∣(λ−A)−1∣∣∣∣

L(Hb,Ha) < +∞.

A linear operator A is said to be trace-class if, for a basis {ek}k of the separable Hilbert space Ha, it holds

Tr(A) :=
∑
k

⟨Aek, ek⟩Ha
< +∞.

Lastly, it is called Hilbert-Schmidt if A∗A is trace-class.
The next definitions introduce C0-semigroups, which are fundamental objects in the upcoming chapters.

Definition 2.1.1. Let Ha be a Banach space. A C0-semigroup on Ha is defined as a family of operators
S = {S(t)}t≥0 =

{
eAt
}
t≥0 for A : D(A) ⊂ Ha → Ha which are assumed continuous from X on itself and

such that

• S(t1)S(t2) = S(t1 + t2) for all t1, t2 ≥ 0,

• S(0) = Id,

• for each ϕ ∈ Ha, S(·)ϕ : [0,+∞) → Ha is continuous.

Additionally, if ||S(t)||L(Ha) ≤ 1 for all t ≥ 0 it is called a C0-contraction semigroup on Ha.
The infinitesimal generator of a C0-semigroup on Ha is the operator A : D(A) → Ha which satisfies

A = lim
t→0

S(t)ϕ− ϕ

t

for all ϕ ∈ D(A).

The Hille-Yosida Theorem provides sufficient and necessary conditions for an operator to be the generator
of a C0-contraction semigroup [105].

Theorem 2.1.2 (Hille-Yosida Theorem). An operator A : D(A) → Ha, for which D(A) ⊂ Ha, is the
generator of a C0-contraction semigroup on the Banach space Ha if and only if A is closed, densely
defined and

||(λI −A)−1||L(Ha) ≤ 1
λ

for all λ > 0.

Through the thesis, we indicate as a Nemytskii operator a nonlinear operator F : Ha → Hb that is locally
Lipschitz and Fréchet differentiable in a dense subset of Ha. Its Fréchet derivative at u∗ ∈ Ha is the linear
and bounded (on the appropriate space) operator A : Ha → Hb such that

lim
||g||Ha→0

||F (u∗ + g) − F (u∗) −Ag||Hb

||g||Ha

= 0.
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Consequently, we write A = Du∗F .

2.1.3 Stochastic analysis

In this subsection, we provide various definitions and tools from probability theory and stochastic analysis.

Definition 2.1.3. A family of random variables {Xt}t∈[0,T ) = {X(ω, t)}t∈[0,T ) with time interval [0, T ) and
ω ∈ Ω is called a stochastic process. For a fixed ω0 ∈ Ω, we call the function X(ω0, ·) : T → R a sample
path of X.
A Gaussian process is a stochastic process {Xt}t∈[0,T ) such that Xt0 for every t0 ∈ [0, T ) is a Gaussian
random variable.

The study of stochastic processes and their sample paths is fundamental to the work presented in the
thesis. The next definitions enable the construction of martingales and Wiener processes.

Definition 2.1.4. (i) A family of σ-fields {Ft}t≥0 such that Ft ⊂ F for all t ≥ 0 and Ft1 ⊂ Ft2 for all
t1 < t2 is called a filtration.

(ii) We call a stochastic process {Xt}t≥0 adapted to a filtration {Ft}t≥0 if Xt is Ft-measurable for all
t ≥ 0.

(iii) Under the notation (Ω,F , {Ft}t≥0,P), which combines a probability space (Ω,F ,P) with a filtration
{Ft}t≥0, we indicate a filtered probability space.

We now introduce the definition of a martingale, which is a specific type of stochastic process.

Definition 2.1.5. A martingale is a sequence of random variables {Xt}t≥0 such that

(i) Xt is Ft-measurable for all t ≥ 0 ,

(ii) E[|Xt|] < ∞ for all t ≥ 0 ,

(iii) E[Xt|Fs] = Xs for all t > s .

The scalar Brownian motion is a paramount martingale to this thesis and is introduced in the following
definition.

Definition 2.1.6. A scalar Brownian motion, or Wiener process, is a stochastic process {β(t)}t≥0 that
assumes real (or complex) values such that

(i) β(0) = 0 ,

(ii) β(t+ s) − β(s) is independent of Fβ
s for all s, t ≥ 0 ,

(iii) β(t+ s) −β(s) has the distribution law N (0, t) for all s, t ≥ 0 , i.e., has a normal distribution with null
mean and variance t,

(iv) {β(t)}t≥0 have almost-surely continuous sample paths.

We extend the definition of Brownian motion to function spaces in the following.

Definition 2.1.7. We introduce the operator Q : Ha → Ha that is assumed to be diagonalisable, non-
negative, and self-adjoint. We label as {bn}n a basis of Ha that diagonalises Q and as {ζn}n its eigen-
values. A stochastic process W (t) with values in Ha and for t ≥ 0, is called a Q-Wiener process if it
satisfies

(i) W (0) = 0 ,

(ii) W has continuous trajectories,
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(iii) W has independent increments,

(iv) W (t) −W (s) has the distribution law N (0, (t− s)Q) with t ≥ s ≥ 0 .
If Q is not trace-class but it is Hilbert-Schmidt for a larger space, then W (t) is a generalised Wiener
process. For the specific case Q = Id, it is called a cylindrical Wiener process.

Throughout the thesis, we also indicate a Wiener process as W (t) or Wt in conformity with standard
notation. We now list several properties for a Q-Wiener process, a central process that defines the noise
term throughout the thesis.

Lemma 2.1.8 ([65, Chapter 4]). Suppose W is a Q-Wiener process with Q trace-class for which we use
the notation in Definition 2.1.7. Then, the following holds.

(i) W is a Gaussian process on Ha. For t ≥ 0, it holds that E[W (t)] = 0 and the covariance operator
of W (t) is tQ.

(ii) W is of the form

W (t) =
∞∑
j=1

√
ζjβj(t)bj (2.1.1)

for every t, for real valued iid family of Brownian motions {βn(t)}n on (Ω,F ,P). Further, the series
(2.1.1) is convergent in L2(Ω,F ,P; Ha) and P-almost surely uniformly convergent on finite time
intervals.

Lastly, we define white noise in scalar and function space. Such a process is used to indicate singular
stochastic perturbations on the boundary of a domain, as shown in the next section.

Definition 2.1.9. Scalar white noise is defined as a scalar stochastic process ξ, such that ξ(s) and ξ(t)
are iid for any s ̸= t. White noise in a function space H can be constructed as

Ẇ (t) =
∞∑
j=1

ξj(t)bj , (2.1.2)

for arbitrary t, for {bn}n a base of H and {ξn}n a collection of independent scalar white noise processes.

For the rest of the thesis, we consider the distribution law of ξ(t) in Definition 2.1.9 to be standard Gaussian
for every t.

2.2 SPDE theory

In this section, we enclose different statements on the existence and uniqueness of solutions of stochastic
partial differential equations (SPDEs) on a domain X ⊂ RN . We consider first the case of additive noise,
i.e., with a noise term that is not dependent on the realisation of the solution, and then, vice versa, the
case of multiplicative noise. For a general SPDE of the form

u(x, t) = (Au(x, t) + F (u)(x, t)) dt+B(u)(x, t)Q
1
2 dWt

with initial conditions

u(x, 0) = u0(x)

for x ∈ X and t ∈ R, we distinguish between the mild solution and the more restrictive strong solution. We
consider a linear operator A : Ha ⊂ Hb → Hb, the nonlinear operators F : Ha → Hb and B : Ha → Hb

and Q as assumed in Definition 2.1.7. The mild solution satisfies the formula

u(·, t) = eAtu0 +
∫ t

0
eA(t−s)F (u)(·, s)ds+

∫ t

0
eA(t−s)B(u)(·, s)Q

1
2 dWs,
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whereas the strong solution is given as

u(·, t) = u0 +
∫ t

0
(Au(x, s) + F (u)(x, s)) ds+B(u)(x, t)Q

1
2W (t),

for any t ∈ R and P-almost surely.

2.2.1 Additive noise

In the next theorem, we describe the properties of the stochastic convolution process therein defined.
Such an object indicates the mild solution of a linearised SPDE with additive noise.

Theorem 2.2.1 ([65, Theorem 5.2]). Assume that the linear operator A : Ha → Hb generates a C0-
contraction semigroup on Ha and that Q : Ha → Hb is a bounded non-negative linear diagonalisable
self-ajoint operator. If ∫ t

0
Tr
(

eAsQeA
∗s
)

ds < +∞,

then the process

WA(t) :=
∫ t

0
eA(t−s)Q

1
2 dWs

is Gaussian and its trajectories are P-almost surely in Ha. Its covariance operator is∫ t

0
eAsQeA

∗sds.

In the next theorem, we state the required conditions for the existence of a mild solution of an SPDE with
additive noise.

Theorem 2.2.2 ([65, Theorem 5.4]). Under the assumptions of the previous theorem, the system

du(x, t) = Au(x, t)dt+Q
1
2 dWt,

u(x, 0) = u0(x),

for all x ∈ X , t > 0 and u0 ∈ D(A), has a unique mild solution P-almost surely in the form

u(x, t) = eAtu0(x) +
∫ t

0
eA(t−s)Q

1
2 dWs.

In the theorem below, we introduce a condition of well-posedness of the mild solution of a linearised SPDE.
This is in the form of a stochastic convolution. Such a statement is also employed to establish the continuity
in space of the solution.

Theorem 2.2.3 ([65, Theorem 5.20]). Established the assumptions of the previous theorem, assume that
A is negative and bounded from below. Assume also that A and Q share eigenfunctions {ek}k. The
respective eigenvalues are {λk}k and {ζk}k. Furthermore, assume that there exists C > 0 such that, for
any k and x ∈ X , it holds

|ek(x)| ≤ C and |∇ek(x)| ≤ C(−λk)
1
2 .

Consider the existence of γ ∈ (0, 1) such that∑
k

ζk
(−λk)1−γ < +∞.
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Lastly, assume the existence of the Banach space Hc ⊂ Ha that contains the set {ek}k and is invariant
under the action of eAt for any t > 0. Then, WA(t) has an Hc-valued version with continuous trajectories.

In the next theorem, we discuss the existence of a strong solution of a linear SPDE with additive noise.
Conversely to the previous assumptions, the noise perturbations are assumed only through finite modes.

Theorem 2.2.4 ([65, Theorem 5.29]). Under the assumptions in Theorem 2.2.2, assume that A and Q
share eigenfunctions {ek}k. Label the respective eigenvalues as {λk}k and {ζk}k, and assume that there
exists an integer n > 0 such that ζk = 0 for n ≤ k. Then, the system

du(x, t) = Au(x, t)dt+Q
1
2 dWt,

u(x, 0) = u0(x),

for all x ∈ X , t > 0 and u0 ∈ D(A), admits a strong solution.

In the theorem below, we discuss the conditions for continuity in time and space of the strong solution of an
SPDE with additive noise. Among them, we require the continuity in space of the stochastic convolution,
as mentioned in Theorem 2.2.3.

Theorem 2.2.5 ([65, Theorem 7.13]). Under the assumptions in Theorem 2.2.3, assume that A restricted
toC(X ) generates a C0-semigroup SC(X ) inC(X ). Also, assume thatWA has aC(X )-continuous version.
Consider the existence of κ > 0 such that∣∣∣∣SC(X )(t)

∣∣∣∣
L(L2(X )) ≤ e−κt

for all t ≥ 0. Assume also that F : Ha → Hb is a dissipative Nemytskii operator. If the restriction of F to
C(X ) is uniformly continuous on bounded sets of C(X ), then the system

du(x, t) = (Au(x, t) + F (u)(x, t)) dt+Q
1
2 dWt,

u(·, 0) = u0 ∈ C(X ),

for all x ∈ X and t > 0 has a unique mild solution P-almost surely in C([0,∞), C(X )).

In the next theorem, we study the existence of a mild solution of an SPDE in the case of more general
initial conditions compared to those in the previous theorems.

Theorem 2.2.6 ([65, Theorem 7.16]). Under the assumptions of the previous theorem, assume thatA−a Id
and F − b Id are dissipative for certain a, b ∈ R. Assume also that S has an extension S̃ to L2(X ), that F
has a continuous extension F̃ in L2(X ) and that there exists c > 0 such that

− ⟨F (v) − F (w), v − w⟩ ≥ c ||v − w||2

for all v, w ∈ C(X ). Moreover, consider the bounded function f : [0, T ] → R for T > 0. Then, the system

du(x, t) = (Au(x, t) + F (u)(x, t) + f(t)u(x, t)) dt+Q
1
2 dWt,

u(·, 0) = u0 ∈ L2(X ),

has a unique mild solution for T > 0 that is P-almost surely in

C([0, T ];L2(X )) ∩ L2([0, T ] × X )

of the form

u(x, t) = S(t)u0(x) +
∫ t

0
S̃(t− s)

(
F̃ (u)(x, s) + f(s)u(x, s)

)
ds+

∫ t

0
eA(t−s)Q

1
2 dWs,

for all x ∈ X , t ∈ [0, T ] and P-almost surely.
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Theorem 2.2.6 concerns a non-autonomous SPDE. In Chapter 8, we apply this version of the theorem
to analyse a fast–slow system, where we estimate the probability of leaving a neighborhood of a stable
solution within a finite time interval. Such an event corresponds to the first stage of a critical transition.

2.2.2 Multiplicative noise

Under the definition of multiplicative noise, different typologies of stochastic perturbations are considered.
Most cases assume the noise intensity to be state-dependent on the solution of an SPDE itself. In this
thesis and in the theorems to follow, we restrict the study to our case of interest, in which the noise intensity
scales linearly with the solution. In the next theorem, we discuss the existence and uniqueness of the mild
solution of a linear SPDE with multiplicative noise of first degree.

Theorem 2.2.7 ([65, Theorem 6.24]). Assume that the linear operator A : Ha → Hb generates a C0-
contraction semigroup on Ha and that Q : Ha → Ha is a bounded non-negative linear diagonalisable
self-ajoint operator. Then, the system

du(x, t) = Au(x, t)dt+ u(x, t)Q
1
2 dWt,

u(·, 0) = u0 ∈ Ha,

for all x ∈ X and t > 0 admits a unique mild solution with continuous modification in Ha.

In the theorem to follow, we discuss the existence of a strong solution for a linear SPDE with multiplicative
noise of first degree. Similarly, to Theorem 2.2.4, the Q-Wiener process associated with the noise term
perturbs the solution only along a finite number of modes.

Theorem 2.2.8 ([65, Theorem 6.29]). Assume that the linear operator A : Ha → Hb generates a C0-
contraction semigroup on Ha and that Q : Ha → Ha is a bounded non-negative linear diagonalisable
self-ajoint operator with a finite number of positive operators. Then, the system

du(x, t) = Au(x, t)dt+ u(x, t)Q
1
2 dWt,

u(·, 0) = u0 ∈ Ha,

for all x ∈ X and t > 0 has a strong solution in Ha in finite time intervals.

In the theorem below, we study the existence and uniqueness of a mild solution of a nonlinear SPDE. The
nonlinear operator is assumed to be polynomial, thus restricting the family of models addressed.

Theorem 2.2.9 ([65, Theorem 7.19]). Assume that the linear operator A : Ha → Hb generates a C0-
contraction semigroup on Ha, that Q : Ha → Hb is a bounded non-negative linear diagonalisable self-
ajoint operator and that F : Ha → Hb is a polynomial operator of odd order and negative leading coeffi-
cient. If the stochastic convolution WA has a C(X )-continuous version, then the system

du(x, t) = (Au(x, t) + F (u)(x, t)) dt+ u(x, t)Q
1
2 dWt,

u(·, 0) = u0 ∈ Ha,

for all x ∈ X and t > 0 has a unique mild solution P-almost surely in L2([0, T ]; Ha) for any T > 0.

In this thesis, we rarely consider strong solutions of nonlinear SPDEs with multiplicative noise. An excep-
tion is in Chapter 9. For such a case, we refer to [65, Theorem 7.22] for the conditions for its existence.

2.2.3 Boundary noise

In the next theorem, we study the existence and construction of the mild solution of an SPDE perturbed
by boundary additive noise. Therefore, we define H1 = L2(X ) and H0 = L2(∂X ), which are the square-
integrable space functions on the domain and on its boundary. For this example, we considerQ : H0 → H0
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and white noise Ẇ on the boundary and in time. For further background on the objects involved, see the
next section.

Theorem 2.2.10 ([63, Theorem 2.3]). Assume that the linear operator A : H1 → H1 generates a C0-
contraction semigroup on H1 and that Q : H0 → H0 is a bounded non-negative linear diagonalisable
self-ajoint operator. The boundary conditions operator is Γ : H1 → H0 and the boundary continuous
linear map D : H0 → H1 is associated to A and Γ. This is meant in the sense that there exists a q ∈ R
such that for any boundary value problem

(A− q)w = 0 , Γ w = v ,

with v ∈ H0, there exists a unique solution w = Dv ∈ D(A) ⊂ H1. We set T > 0 and α > 0 such that∫ T

0
r−α ∣∣∣∣AeArDQ

∣∣∣∣2
L(H0;H1) dr < +∞.

Then, the system 
du(x, t) = Au(x, t)dt,
Γu(·, t) = Q

1
2 Ẇt,

u(·, 0) = u0 ∈ H1,

has a mild solution in H1 in the form

u(·, t) = eAtu0 + (A0 − q)
∫ t

0
eA(t−s)DQ

1
2 dWs

for any t ∈ [0, T ] and P-almost surely.

For an example of the construction of a solution of a nonlinear SPDE with additive boundary noise, we
refer to [63, Section 4].

2.2.4 Itô-Stratonovich correction term

Throughout the majority of the thesis, we consider the noise in the Itô sense, i.e., the stochastic integral is
defined by the limit ∫ t

0
XsdWs = lim

δ→0

∑
n

Xtn

(
Wtn+1 −Wtn

)
,

for {tn}n that is a set of equidistant times of distance δ from 0 and to t. Such a form, while widely employed
in applications, is not the only well-known interpretation in the literature [88]. One of the advantages
of Itô calculus is the fact that the stochastic integral with respect to a Wiener process is a martingale.
Nonetheless, a key property of deterministic calculus, the chain rule, is not satisfied. In fact, we introduce
the Hilbert separable space Ha, the linear operator G1 : Ha → Ha, the nonlinear operator G2 : Ha → Ha

and u = u(x, t) the strong solution of

du(x, t) = G1(u)(x, t)dt+G2(u)(x, t)Q
1
2 dWt, (2.2.1)

that assumes almost surely values in Ha for t ∈ [0, T ]. Then, introducing F : [0, T ] × Ha → R and the
uniform continuity on bounded sets of ∂tF, ∂uF, ∂2

u2F , the following equation holds:

F (t, u(·, t)) =F (0, u(·, 0)) +
∫ t

0

〈
∂uF (s, u(·, s)), G2(u(·, s))Q

1
2 dWs

〉
Ha
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+
∫ t

0
∂tF (s, u(·, s)) + ⟨∂uF (s, u(·, s)), G1(u(·, s))⟩Ha

+ 1
2Tr
(
∂2
u2F (s, u(·, s))G2(u(·, s)) (G2(u(·, s))Q)∗) ds.

This equation is often labelled as Itô’s formula for SPDEs [65, Chapter 4]. In contrast, the Stratonovich
interpretation, i.e., ∫ t

0
Xs ◦ dWs = lim

δ→0

∑
n

Xtn+1 −Xtn

2
(
Wtn+1 −Wtn

)
,

satisfies the chain rule. This is to be interpreted in the sense that for u a strong solution of

du(x, t) = G1(u)(x, t)dt+G2(u)(x, t) ◦Q
1
2 dWt,

that assumes almost surely values in Ha for t ∈ [0, T ], then

F (t, u(·, t)) =F (0, u(·, 0)) +
∫ t

0

〈
∂uF (s, u(·, s)), G2(u(·, s)) ◦Q

1
2 dWs

〉
Ha

+
∫ t

0
∂tF (s, u(·, s)) + ⟨∂uF (s, u(·, s)), G1(u(·, s))⟩Ha

ds.

Although the interpretations differ, they can be translated through a correction term [192]. In fact, defining
as {bn}n an orthonormal base of Ha that diagonalizes Q with eigenvalues {ζn}n, the equation (2.2.1) is
equivalent to

du =
(
G1(u) − 1

2
∑
n

ζn (DuG2(u)G2(u)bn) bn

)
dt+G2(u) ◦Q

1
2 dWt,

for any t ∈ [0, T ]. Consequently, the assumption of additive noise implies the equivalence of the Itô and
Stratonovich interpretations. In Chapter 9, the noise term is characterised by G2(u) = u. It follows then
that the correction term is

−u

2
∑
n

ζnb
2
n.

We notice that the correction term assumes the opposite sign of u. In this chapter, the strong solution,
which indicates turbulence along a pipe, is in fact defined as non-negative almost everywhere.

2.3 Further tools and notation

This section introduces the majority of the systems observed throughout the thesis and establishes fur-
ther notation onward employed. The following framework allows for the modelling of spatially extended
systems under the influence of stochastic perturbations. More concretely, we analyse the time evolution
of a physical quantity u defined on a space domain under the influence of so-called white or red noise.
We set the space domain X1 ⊂ RN and the Hilbert space H1 := L2(X1) of possible solutions u(x, t).
We indicate the scalar product of this solution space as ⟨·, ·⟩. The scalar product with respect to specific
probing functions plays a central role in defining the concept of system variance, a potential early-warning
sign of bifurcations. We focus on SPDEs on X1 with additive Gaussian noise or boundary Gaussian noise.
As such, we define the boundary of X1 as X0 := ∂X1, and we label H0 := L2(X0). For κ > 0, σ > 0 and
j ∈ {0, 1}, we define the Ornstein-Uhlenbeck process ξj = ξj(x, t) that solves

dξj(x, t) = −κξj(x, t)dt+ σQ
1
2
j dW j

t , (2.3.1)



27

for any x ∈ Xj and t > 0. Such a process is often referred to in the literature as red noise [101, 102,
143, 157, 166]. This is implied by the fact that its power spectral density is weighted most heavily in
the low (red) frequencies. The constant κ > 0 controls the characteristic correlation time 1/κ of the
noise. The smaller κ, the longer it takes for correlations in the noise to decay. For any j ∈ {0, 1}, i.e.,
either boundary or domain noise, the noise term is composed as follows: Qj is a positive (unless stated
otherwise) self-adjoint operator in Hj with real eigenvalues {ζi}i∈N>0

that are bounded from below by
c > 0 and corresponding eigenbasis {bi}i∈N>0

of Hj . The operator Qj can be thought of as attributing
varying finite noise amplitudes to all modes bi on the domain of interest. The stochastic component itself
is the cylindrical Wiener process W j

t , which can be written as

W j
t = W j(x, t) =

∞∑
n=1

bjn(x)βn(t),

for the family of independent scalar Wiener processes {βn}n∈N>0
. Its differential is then given as

dW j
t =

∞∑
n=1

bjn(x)dβn(t).

The noise is induced by a Qj-Wiener process [65]. Consequently, for every fixed x ∈ Xj , ξj(x, t) is a
regular N -dimensional Ornstein-Uhlenbeck process. We study six SPDEs and their respective associated
solution u = u(x, t). In the case of red noise, the processes ξ0 and ξ1 are considered to be perturbations
in the system that define u. Their intensity is indicated by σR > 0.

(a) First, we consider u(w,d) = u(w,d)(x, t), the mild solution of the following SPDE with white noise{
du(w,d)(x, t) = A0(p)u(w,d)(x, t)dt+ σQ

1
2
1 dW 1

t ,

u(w,d)(x, 0) = u0(x) ∈ H1,
(2.3.2)

for any x ∈ X1 and t > 0. The operators A0(p) and A0(p)∗ are assumed to be closed and densely
defined in H1. The linear and purely discrete operator A0(p) is assumed to be negative for p < 0
with eigenvalues

0 > Re
(
λ

(p)
1

)
> Re

(
λ

(p)
2

)
≥ Re

(
λ

(p)
3

)
≥ . . . ,

which are assumed to be continuous in p. This constitutes a linearly stable system. A loss of linear
stability occurs whenever at least one eigenvalue crosses the imaginary axis. This is a generic
occurrence in bifurcating dynamical systems. We assume that the eigenvalue λ(p)

1 is the only one to
reach the imaginary axis at p = 0. We use ma to indicate the algebraic multiplicity of an eigenvalue.
For simplicity, their geometric multiplicity is set to 1.

(b) We consider the SPDE with domain noise ξ1,du(r,d)(x, t) =
(
A0(p)u(r,d)(x, t) + σRξ1(x, t)

)
dt,

u(r,d)(x, 0) = u0(x) ∈ H1,
(2.3.3)

for any x ∈ X1 and t > 0. The purely discrete operator, linear A0(p), is assumed as in the previous
case. The function u(r,d) is the mild solution of the linear equation under the influence of red noise
that is added on every point x within the domain X1.
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(c) As a third case, we consider u(w,c) = u(w,c)(x, t), the mild solution of{
du(w,c)(x, t) = f(x, p)u(w,c)(x, t)dt+ σQ

1
2
1 dW 1

t ,

u(w,c)(0, x) = u0(x) ∈ H1,
(2.3.4)

for x ∈ X1 and t > 0. The function f : X1 × R<0 → R<0 is assumed to be analytic. For a fixed x∗,
the function satisfies

f(x, p) < 0 and f(x∗, 0) = 0,

for any (x, p) ∈ X1 × R≤0 \ {(x∗, 0)}. In contrast to A0(p), the multiplication operator Tf = f can
have a continuous spectrum. The implications of the assumptions on f are discussed further in the
thesis.

(d) As a fourth case, we study u(r,c) = u(r,c)(x, t), which is the mild solution ofdu(r,c)(x, t) =
(
f(x, p)u(r,c)(x, t) + σRξ1(x, t)

)
dt,

u(r,c)(0, x) = u0(x) ∈ H1,
(2.3.5)

for x ∈ X1 and t > 0. The function f : X1 × R<0 → R<0 is assumed as above. In this case, we
consider for simplicity values of p < 0 < κ such that

f(x, p) + κ ̸= 0

for any x ∈ X1.

(e) We study the SPDE of the form {
du(w,b)(x, t) = A(p)u(w,b)(x, t)dt,
u(w,b)(0, x) = u0(x) ∈ H1,

(2.3.6)

for x ∈ X1 and

Γ(p)u(w,b)(x, t) = σQ
1
2
0 Ẇ

0
t ,

on the boundary x ∈ X0 and t > 0. The deterministic versions of (2.3.2) and (2.3.6) are assumed
to be equivalent. In this case, we are investigating the effect of setting noise on the boundary of the
space domain. The linear operator

Γ(p) : D (Γ(p)) ⊂ H1 → H0

defines the boundary conditions. As stated in Theorem 2.2.10, this setting requires the use of a
boundary map for the computation of its mild solution u(w,b) = u(w,b)(x, t).

(f) Lastly, we study the mild solution u(r,b) = u(r,b)(x, t) of{
du(r,b)(x, t) = A(p)u(r,b)(x, t)dt,
u(r,b)(0, x) = u0(x) ∈ H1,

(2.3.7)

for x ∈ X1 and

Γ(p)u(r,b)(x, t) = σRξ0(x, t),
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on the boundary x ∈ X0 and t > 0. The deterministic part and the boundary operators of (2.3.7)
share the same properties as those of the previously considered case.

In order to simplify the notation, we indicate in the next chapter as Q, W and {bn}n the components of the
Q-Wiener process regardless of the space considered. The only exception is Chapter 6, wherein additive
and boundary noise are considered.

Following [93, 135], we aim to construct early-warning signs for the approaches p → 0− and κ → 0+,
respectively. On such thresholds, the dissipativity in the linear system that defines u and ξ is lost, and
the origin in H1, or H1 × H1, including the red noise perspective, is not a stable deterministic equilibrium.
However, the two limit cases have very different physical interpretations. While the p → 0− limit is a stand-
in for dynamical bifurcations of non-linear systems, κ → 0+ represents a change in the characteristics of
the driving noise. In the context of, e.g., climate tipping points, only the former limit would be of interest.
We aim to find an early-warning sign in the system variance with respect to different probing functions. For
a probing function that is not orthogonal to a destabilising mode, we would conventionally expect variance
to increase. We define the covariance as Cov. In cases (a), (c) and (e), we define the linear covariance
operator as V w

t : D (V w
t ) ⊂ H1 → H1 for which

⟨v, V w
t w⟩ = Cov (⟨u(·, t), v⟩ , ⟨ξ1(·, t), w⟩) , (2.3.8)

for v, w ∈ H1. In case (b) and (d), we set the linear covariance operator V (r,1)
t : D

(
V (r,1)
t

)
⊂ H(1,1) → H(1,1)

and H(1,1) := H1 × H1, such that〈(
v1
v2

)
, V (r,1)

t

(
w1
w2

)〉
H(1,1)

= Cov

(〈(
u(·, t)
ξ1(·, t)

)
,

(
v1
v2

)〉
H(1,1)

,

〈(
u(·, t)
ξ1(·, t)

)
,

(
v1
v2

)〉
H(1,1)

)
, (2.3.9)

for v1, v2, w1, w2 ∈ H1. Since we are solely interested in the covariance on variable u, we set v2 = w2 ≡ 0.
In case (f), the boundary noise requires the different definition V (r,0)

t : D
(
V (r,0)
t

)
⊂ H(1,0) → H(1,0), for

H(1,0) := H1 × H0, and〈(
v1
v2

)
, V (r,0)

t

(
w1
w2

)〉
H(1,0)

= Cov

(〈(
u(·, t)
ξ0(·, t)

)
,

(
v1
v2

)〉
H(1,0)

,

〈(
u(·, t)
ξ0(·, t)

)
,

(
v1
v2

)〉
H(1,0)

)
, (2.3.10)

for v1, w1 ∈ H1 and v2, w2 ∈ H0. We define the time-asymptotic covariance operator as the limits
V w

∞ = lim
t→∞

V w
t and V (r,j)

∞ = lim
t→∞

V (r,j)
t for j ∈ {0, 1}. Such an observable is employed in the next sec-

tion to construct early-warning signs, and its definition is extended for solutions of nonlinear SPDEs in
equivalent spaces. They are defined as its rate of divergence in the limits p → 0− and κ → 0+. As such,
we recall the Landau notation

r1(p, κ) = Θp (r2(p, κ)) ⇐⇒ lim
p→0−

r1(p, κ)
r2(p, κ) ∈ (0,+∞),

r1(p, κ) = Op (r2(p, κ)) ⇐⇒ lim
p→0−

r1(p, κ)
r2(p, κ) ∈ [0,+∞),

r1(p, κ) = Θκ (r2(p, κ)) ⇐⇒ lim
κ→0+

r1(p, κ)
r2(p, κ) ∈ (0,+∞),

r1(p, κ) = Oκ (r2(p, κ)) ⇐⇒ lim
κ→0+

r1(p, κ)
r2(p, κ) ∈ [0,+∞),

r1(p, κ) = Θ (r2(p, κ)) ⇐⇒ lim
(p,κ)→(0,0)

r1(p, κ)
r2(p, κ) ∈ (0,+∞),

r1(p, κ) = O (r2(p, κ)) ⇐⇒ lim
(p,κ)→(0,0)

r1(p, κ)
r2(p, κ) ∈ [0,+∞),
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for any pair of locally continuous functions r1 : R<0 ×R>0 → R>0 and r2 : R<0 ×R>0 → R>0. In essence,
the Θ equivalence is a stronger asymptotic characteristic than the standard O equivalence, since it implies
boundedness of the ratio and its inverse.
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Part I

Bifurcation-induced Tipping:
Early-Warning Signs for Loss of Stability
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3 Time-asymptotic variance for purely discrete
spectrum in drift operator

Stochastic dynamics are widely used in applied fields to model real-world systems. In this context, stochas-
tic fluctuations can help identify early-warning signals for abrupt transitions. The content of this chapter
is based on work presented in the publication [23] and extends a well-known early-warning sign for SDEs
[73] to SPDEs of the type

du(x, t) = (∆u(x, t) − g(x)u(x, t) + pu(x, t) − u(x, t)3) dt+ σ Q
1
2 dWt,

u(·, 0) = u0 ∈ H1 = L2(X1),
u(0, t) = u(L, t) = 0,

(3.0.1)

for all t ∈ R, x ∈ X1 = [0, L], critical parameter p < 0 and for a bounded and continuous almost ev-
erywhere positive function g. We consider the operator Q to be bounded. We define A(p) = A + p
and indicate the ordered eigenvalues of A = ∆ − g as {λn}n∈N>0

and the corresponding eigenfunctions
as {en}n∈N>0

. The eigenfunctions of the operator ∆ are {e′
n}n∈N>0

and the corresponding eigenvalues{
λ′
n := −

(
πn

L

)2
}
n∈N>0

. The observable takes the form of the increase of time-asymptotic variance

along proxy functions. The reliability of such an indicator is proven on the linearised system on the null
function, on which the observable diverges in the proximity to a bifurcation threshold. It is then numeri-
cally applied to the original system, and its application is justified by the comparison of its effectiveness
on the models. This type of SPDEs, the stochastic Chafee-Infante equations [50], have been employed
to model dynamics in numerous applications, e.g., in climate systems [69]. We include a heterogeneous
term in space g to address the heterogeneity of applied models and to account for local minor effects in
the phenomena addressed. While this does not qualitatively affect the structure of the bifurcation diagram,
it shifts the sensitive modes and the bifurcation thresholds (see also Appendix A). In fact, the determin-
istic heterogeneous system (3.0.1), i.e., with σ = 0, inherits some properties from the classical spatially
homogeneous PDE, as discussed below.

Proposition 3.0.1 ([105, Theorem 5.1.1]). Set u∗ ∈ H1. Suppose that H : D(H) ⊂ H1 → H1 is a
sectorial linear operator and that F : U → H1 is a locally Lipschitz operator so that U is a neighbourhood
of u∗ and that

F (u∗ + v) = F (u∗) +Bv +G(v)

with u∗ + v ∈ U , B ∈ Lb(H1) with Lb(H1) denoting bounded linear operators on H1, G : U → H1 and
∥G(u)∥ ≤ c∥u∥γW1,2(X1) for γ > 1, any u ∈ W1,2(X1) and a constant c > 0. Assume that Hu∗ = F (u∗)
and that the spectrum of B −H is in {λ ∈ C : Re(λ) < −ϵ} for a ϵ > 0, then u∗ is a locally asymptotically
stable steady state of the evolution equation u̇ = F (u) −Hu.

By Proposition 3.0.1, it is clear that the zero function is an asymptotically stable steady state of (3.0.1) with
σ = 0 when p < −λ1. In fact, for this parameter range, it is also the only steady state by the strict negativity
of A = ∆ − g and the strict dissipativity given by F . When p > −λ1, the stability setting changes. The
next proposition describes such a case.

Proposition 3.0.2 ([105, Corollary 5.1.6]). Set u∗,H and F as in Proposition 3.0.1. AssumeHu∗ = F (u∗)
and that the spectrum of B −H has non-empty intersection with {λ ∈ C : Re(λ) > ϵ} for an ϵ > 0. Then,
u∗ is an unstable steady state of u̇ = F (u) −Hu.
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This latest result can be applied to show that the zero function is unstable for p > −λ1. As such, the early
warning sign aims to predict the approach of p to −λ1 and the consequential loss of stability. Nonetheless,
the global dissipativity still implies the existence of a compact attractor [105, Section 5.3]. The next theorem
[60] establishes the bifurcation of near steady states from the trivial branch of zero solutions when p
crosses a bifurcation point.

Theorem 3.0.3 (Crandall-Rabinowitz Theorem). Set X and Y Banach spaces, u∗ ∈ X and U neighbour-
hood of (u∗, 0) in X × R. Let F : U ⊂ X × R → Y be a C3 function in (u∗, 0) with F (u∗, p∗) = 0 for all
p∗ ∈ (−δ, δ) for δ > 0. Suppose the linearisation G := Du∗F (·, 0) is a Fredholm operator (with index zero).
Assume that dim(Ker(G)) = 1, Ker(G) = Span{ϕ0} and Dp=0Du∗Fϕ0 ̸∈ Range(G). Then, (u∗, 0) is a
bifurcation point and there exists a C1 curve s 7→ (ϕ(s), p̃(s)), for s in a small interval, that passes through
(u∗, 0) so that

F (ϕ(s), p̃(s)) = 0. (3.0.2)

In a sufficiently small neighbourhood U the only solutions to (3.0.2) are the map s 7→ (ϕ(s), p̃(s)) and the
trivial curve {(u∗, p) : (u∗, p) ∈ U}.

A proof of the last result can be found in [105, Lemma 6.3.1, Theorem 6.3.2] and [133, Theorem 5.1]. For
Y = H1, the space X generated by {ek}k∈N>0 , the normalised eigenfunctions of ∆ − g, and given the
nonlinear operator

F (u) = ∆u− gu+ pu− u3,

then the Crandall-Rabinowitz theorem implies the existence of a bifurcation, which can be shown to be of
pitchfork type, at p + λk = 0 and in u∗ ≡ 0. It can also be proven similarly that the new steady states
that arise at k = 1 are locally asymptotically stable. Furthermore, while the most important change in
the system happens when p crosses −λ1, the dimension of the unstable manifold associated with the null
function increases by 1 at each p = −λn. This indicates a self-similarity in the bifurcations.
The spectrum of the drift operator is discrete, so we can find a set of basis functions (modes) of H1
composed of eigenfunctions to use as proxy functions along which the early-warning sign is studied. We
notice that the boundary conditions, along with the deterministic components in the system, imply the
existence of an optimal region of observation of the warning sign. Lastly, we obtain a family of observables
that can predict sudden changes with limited knowledge of the system, e.g. missing data, following from
to the completeness of H1.

3.1 Early-warning signs for the linearised system

The publications [93, 135] introduce early-warning signs for SPDEs that are based on the covariance
operator of the linearised system, extending the employment of standard observables for SDEs [73]. The
reliability of such an approximation is justified by estimates of the higher-order terms, which we consider
further in the thesis. The linearised problem on the null solution is given by{

du(w,d) = A(p)u(w,d) dt+ σ Q
1
2 dWt,

u(w,d)(·, 0) = u0 ∈ H1,
(3.1.1)

for t > 0, x ∈ X1, p < −λ1 and with Dirichlet boundary conditions. We note that A(p) generates a
C0-contraction semigroup (see Appendix B).
In order to prove the existence and uniqueness of the mild solution of (3.0.1), we employ Theorem 2.2.5.
Moreover, to show that it is in L2(Ω,F ,P; H1) for any t > 0, we require continuity in H1 of the solution of
(3.1.1). Hence, we assume the following conditions for Q (see Appendix B, Theorem 2.2.1 and Theorem
2.2.6):

(M1) there exists a constant d0 > 0 such that the eigenfunctions of Q satisfy bj = e′
j for all j > d0;
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(M2) the eigenvalues {ζj}j∈N>0
corresponding to {bj}j∈N>0

are positive and satisfy
∞∑
j=1

ζj(−λ′
j)γ < +∞

for a constant γ > −1.1

We can then conclude ([64, Theorem 2.34] and Theorem 2.2.1) that the transition semigroup of the system
(3.1.1) has a unique invariant measure. Furthermore, it is Gaussian and has mean zero and covariance
operator V w

∞ := lim
t→∞

V w
t . Such an operator is linear, self-adjoint, non-negative, and continuous in H1.

Using the stated properties, it is possible to prove the following proposition and define a first early-warning
sign through spectral analysis, building upon the paper [135].

Proposition 3.1.1. Consider any pair of linear operators A and Q that satisfy the properties (M1), (M2),
and assume A(p) = A + p self-adjoint operator that generates a C0-contraction semigroup for a fixed
p ∈ R. Then, the covariance operator V w

∞ given by the first equation in (3.1.1) satisfies

⟨V w
∞ej1 , ej2⟩ = −σ2

λj1 + λj2 + 2p

∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩ (3.1.2)

for all j1, j2 ∈ N>0.

Proof. First, we consider the Lyapunov equation derived in [64, Lemma 2.45] and obtain

⟨A(p)V w
∞f1, f2⟩ + ⟨A(p)∗f1, V

w
∞f2⟩ = −σ2⟨f1, Qf2⟩ (3.1.3)

for all f1, f2 ∈ H1. From the self-adjointness of A(p) and V w
∞, for any j1, j2 ∈ N>0 we deduce that

⟨A(p)V w
∞ej1 , ej2⟩ + ⟨A(p)ej1 , V w

∞ej2⟩ = (λj1 + λj2 + 2p)⟨V w
∞ej1 , ej2⟩.

We can then obtain the relation (see Appendix C)

⟨V w
∞ej1 , ej2⟩ = −σ2

λj1 + λj2 + 2p⟨ej1 , Qej2⟩

= −σ2

λj1 + λj2 + 2p

∞∑
n=1

⟨ej1 , bn⟩⟨bn, Qej2⟩

= −σ2

λj1 + λj2 + 2p

∞∑
n=1

⟨ej1 , bn⟩
∞∑
m=1

⟨bn, bm⟩⟨bm, Qej2⟩

= −σ2

λj1 + λj2 + 2p

∞∑
n=1

⟨ej1 , bn⟩⟨bn, Qej2⟩

= −σ2

λj1 + λj2 + 2p

∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩,

which concludes the proof.

The early-warning sign is qualitatively visible for j1 = j2 = 1 as (3.1.2) diverges in the limit p+ λ1 → 0. In
applications, this allows us to apply standard techniques (such as extracting a scaling law from a log-log
plot) to estimate the bifurcation threshold, if sufficient data from the system is available. We also note that
the statement can easily be extended to operators A that are not self-adjoint by studying, in that case, the
real parts of their eigenvalues. Additionally, the strict positivity of Q can be substituted by non-negativity of
the operator, although then the divergence by the j1 = j2 = 1 component is not implied. The early-warning
sign in Proposition 3.1.1 is extended in the following theorem to a wider variety of proxy functions.

1From the order of divergence of {λ′
j}j , the assumption is satisfied by bounded Q and −1 < γ < − 1

2 . Moreover, strict
positivity of the {ζj}j is not required but avoids further assumptions. A description of the case in which non-negativity of the
spectrum is assumed is discussed separately in the relevant sections.
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Theorem 3.1.2. For any pair of linear operators A and Q that satisfy the properties stated in Proposition
3.1.1 and for A whose eigenfunctions {ek}k∈N>0 form a basis of H1, it holds

⟨V w
∞f1, f2⟩ = −σ2

∞∑
j1=1

∞∑
j2=1

⟨f1, ej2⟩⟨f2, ej1⟩
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)
, (3.1.4)

for any f1, f2 ∈ H1.

Proof. Applying the splitting method described in Appendix C and the previous proposition, we obtain

⟨V w
∞f1, f2⟩ =

∞∑
j1=1

⟨V w
∞f1, ej1⟩⟨ej1 , f2⟩ =

∞∑
j1=1

⟨f1, V
w

∞ej1⟩⟨ej1 , f2⟩

=
∞∑
j1=1

∞∑
j2=1

⟨f1, ej2⟩⟨ej2 , V w
∞ej1⟩⟨ej1 , f2⟩

= − σ2
∞∑
j1=1

∞∑
j2=1

⟨f1, ej2⟩⟨f2, ej1⟩
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)
.

Theorem 3.1.2 implies that, given f1 and f2 that are not orthogonal to e1, the resulting scalar product
⟨V w

∞f1, f2⟩ diverges in p = −λ1. Theorem 3.1.2 can describe local behaviour under the assumption that
f1 and f2 have support on a small region of the interval. Moreover, it can also be used to study the effect
of stochastic perturbations on a single point x0 ∈ X̊1. This can be achieved by considering

f1 = f2 = fϵ = 1
ϵ
1[x0− ϵ

2 ,x0+ ϵ
2 ]

∣∣∣∣
X1

∈ H1 for 0 < ϵ ≪ 1, (3.1.5)

for 1[·,·] meant as the indicator function on an interval. Clearly, fϵ is in L1(X1) and in L2(X1) for any ϵ > 0.
The L1-norm is equal to 1 for small ϵ and the sequence {fϵ}ϵ converges weakly in L1(X1) to the Dirac
delta in x0 for ϵ → 0. Consequently, and recalling that {ej}j∈N>0 ⊂ W1,2

0 (X1) ⊂ L∞(X1) by the Sobolev
inequality, we compute lim

ϵ→0
⟨V w

∞fϵ, fϵ⟩.

Corollary 3.1.3. Consider any pair of linear operators A and Q with the same properties as required in
Theorem 3.1.2 and {fϵ} defined in (3.1.5). Then,

lim
ϵ→0

⟨V w
∞fϵ, fϵ⟩ = −σ2

∞∑
j1=1

∞∑
j2=1

ej1(x0)ej2(x0)
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)
, (3.1.6)

for all x0 ∈ X̊1.

Proof. We fix x0 ∈ X̊1. The goal of this proof is to show that the series in (3.1.4) satisfies the dominated
convergence hypothesis for f1 = f2 = fϵ for all 0 < ϵ. In order to achieve it, we bound the series

⟨V w
∞fϵ, fϵ⟩ =

∞∑
j1=1

∞∑
j2=1

∣∣∣∣⟨fϵ, ej1⟩⟨fϵ, ej2⟩
λj1 + λj2 + 2p ⟨ej1 , Qej2⟩

∣∣∣∣ (3.1.7)

≤ 1
2

∞∑
j=1

∣∣∣∣⟨fϵ, ej⟩2

λj + p
⟨ej , Qej⟩

∣∣∣∣+
∞∑
j1=1

∑
j2 ̸=j1

∣∣∣∣⟨fϵ, ej1⟩⟨fϵ, ej2⟩
λj1 + λj2 + 2p ⟨ej1 , Qej2⟩

∣∣∣∣.
We then prove that the summands in the right-hand side are uniformly bounded in p < 0 in two corre-
sponding parts.
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Part 1. Following the synchronisation of modes (A.3) in Appendix A, we obtain the existence of c,M > 0
so that ||ej − e′

j ||∞ ≤ cj−1 and ||ej ||∞ ≤ M . Furthermore, we note that {λj}j assumes the same
order of divergence as {j2}j for j → ∞. For j1 = j2, we can use Hölder’s inequality to study the
series

1
2

∞∑
j=1

∣∣∣∣⟨fϵ, ej⟩2

λj + p
⟨ej , Qej⟩

∣∣∣∣ ≤ −M2

2 ζ∗

∞∑
j=1

1
λj

< +∞, (3.1.8)

for ζ∗ = sup
j∈N>0

{ζj}.

Part 2. To prove the convergence of (3.1.7), we consider

∞∑
j1=1

∑
j2 ̸=j1

∣∣∣∣⟨fϵ, ej1⟩⟨fϵ, ej2⟩
λj1 + λj2 + 2p ⟨ej1 , Qej2⟩

∣∣∣∣ ≤ M2
∞∑
j1=1

∑
j2 ̸=j1

∣∣∣∣ ⟨ej1 , Qej2⟩
λj1 + λj2 + 2p

∣∣∣∣
≤M2

∞∑
j1=1

∑
j2 ̸=j1

∣∣∣∣⟨e′
j1
, Qe′

j2
⟩ + ⟨ej1 , Q(ej2 − e′

j2
)⟩ + ⟨ej1 − e′

j1
, Qej2⟩ + ⟨ej1 − e′

j1
, Q(ej2 − e′

j2
)⟩

λj1 + λj2 + 2p

∣∣∣∣.
We recall that ⟨e′

j1
, Qe′

j2
⟩ = ζj1δ

j1
j2

for j1, j2 > d0 and δ meant as the Kronecker delta. Furthermore,
the inclusion of L∞(X1) with Dirichlet conditions in H1 implies that there exists c1 > 0 such that, for
all w ∈ H1, it holds ||w|| ≤ c1||w||∞. Therefore, by Hölder’s inequality and the min-max principle, it
follows that

∞∑
j1=1

∑
j2 ̸=j1

∣∣∣∣⟨fϵ, ej1⟩⟨fϵ, ej2⟩
λj1 + λj2 + 2p ⟨ej1 , Qej2⟩

∣∣∣∣
≤M2ζ∗d

2
0 +M2ζ∗

∞∑
j1=1

∑
j2 ̸=j1

∣∣∣∣cc1j
−1
2 + cc1j

−1
1 + c2c2

1j
−1
1 j−1

2
λj1 + λj2 + 2p

∣∣∣∣
≤M2ζ∗d

2
0 +M2ζ∗cc1

( ∞∑
j1=1

∑
j2 ̸=j1

1
|λj1 + λj2 |

(∣∣j−1
2
∣∣+
∣∣j−1

1
∣∣+
∣∣cc1j

−1
1 j−1

2
∣∣)) < ∞.

(3.1.9)

From (3.1.8) and (3.1.9), we have proven the convergence of (3.1.7). By the weak convergence in H1 of
fϵ to δx0 , the Dirac delta on x0, and the dominated convergence theorem we can then calculate

lim
ϵ→0

⟨V w
∞fϵ, fϵ⟩ = −σ2 lim

ϵ→0

∞∑
j1=1

∞∑
j2=1

⟨fϵ, ej1⟩⟨fϵ, ej2⟩
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)

= − σ2
∞∑
j1=1

∞∑
j2=1

lim
ϵ→0

⟨fϵ, ej1⟩⟨fϵ, ej2⟩
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)

= − σ2
∞∑
j1=1

∞∑
j2=1

ej1(x0)ej2(x0)
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)
,

which yields the aimed result.

Corollary 3.1.3 enables the implementation of the observable in the case of limited knowledge of the
trajectory. Its efficiency for any x0 ∈ X̊1 is underlined by the following proposition.

Proposition 3.1.4 ([173, Theorem 2.6]). Given the Schrödinger operator

A = ∆ − g : W2,2(X1) ∩ W1,2
0 (X1) → L2(X1)

and g ∈ L2(X1), then each of its eigenfunctions, {ek}k∈N>0 , admits exactly k − 1 roots in X̊1.
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From Proposition 3.1.4 and the strict positivity ofQ, the influence of the divergence of (3.1.2) for j1 = j2 = 1
affects all interior points of X1. Hence, on each point x0 ∈ X̊1 we observe divergence of (3.1.6) with hy-

perbolic scaling law. This is weighted by the constant e1(x0)2
(∑∞

n=1 ζn⟨e1, bn⟩2
)

. Specifically, the point

at which the divergence assumes highest magnitude is x0 ∈ X̊1 such that x0 = argmax
x∈X̊1

{|e1(x)|}. This

is highly relevant for practical applications as it determines a good measurement location for the spatially
heterogeneous SPDE.

Remark. The choice of g influences the early-warning signs described by (3.1.2), (3.1.4) and (3.1.6) in
two aspects. By affecting the values of {λj}j , it is related to the bifurcation thresholds. Furthermore, from
its relation with the functions {ej}j , it influences the directions on H1 on which such a divergence assumes
higher magnitude. By construction, the point x0 = argmax

x∈X̊1

{|e1(x)|} at which (3.1.6) assumes the highest

values close to the bifurcation threshold, i.e., x0 ∈ X̊1 that satisfies

lim
ϵ→0

⟨V w
∞f

x0
ϵ , fx0

ϵ ⟩
⟨V w

∞f
x
ϵ , f

x
ϵ ⟩

≥ 1 for any x ∈ X̊1 and fxϵ = 1
ϵ
1[x− ϵ

2 ,x+ ϵ
2 ]

∣∣∣∣
X1

,

also depends on the choice of g.

3.2 Numerical simulations

In order to cross-validate and visualise the results obtained in the previous section, we rely on numer-
ical simulations. We simulate (3.0.1) using a finite difference discretisation and the semi-implicit Euler-
Maruyama method ([144, Chapter 10]). We introduce the following approximations through a different font
for simplicity of notation.

• An integer N ≫ 1 is chosen in order to split the interval X1 = [0, L] into N + 1 subintervals, each of

width h = L

N + 1 .

• The time interval of length T ≥ 5000 is studied at the values {j dt}ntj=0 for nt := T

dt
∈ N and nt ≫ 0.

• The Laplacian operator is approximated by ∆, the tridiagonalN×N matrix that assumes values − 2
h2

on the main diagonal and
1
h2 on the first off-diagonals. The operator A(p) is then approximated by

A(p) := ∆ − g + pId,

for g the diagonal N × N matrix with elements gn,n = g(n h) for any n ∈ {1, ..., N} and Id as the
N ×N identity matrix.

• The values are taken by the solution u in X̊1 to be approximated by the N × (nt + 1) matrix u. Set
j ∈ {0, ..., nt}, the jth column of u is labelled as uj .

• The noise is studied through the following:

– the integer 0 < M ≪ N is chosen in order to indicate the number of directions of interest in
H1 on which the noise will be considered to have effect;

– the M ×N matrix e has elements e(m,n) := em(n h);

– the M ×M orthonormal matrix O is defined by O(j1, j2) := ⟨bj1 , ej2⟩;
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– the vertical vector q is composed of the first M eigenvalues of Q ordered by index and q
1
2 , the

element-wise squared root of q.

– the random vertical vectors Wj with M elements are generated by independent standard Gaus-
sian distributions each jth iteration.

Such constructions enable the approximation

uj+1 = (Id − A(p)dt)−1(uj − u3
jdt+ σq

1
2 WjOe

√
dt) (3.2.1)

for any j ∈ {0, ..., nt − 1}. Figure 3.1 and Figure 3.2 show sample trajectories of (3.0.1) for the functions
g(x) = cos(3x) + 1 and g(x) = x

L
, distinguishing the cases in which p is smaller or larger than −λ1, the

bifurcation threshold.2 It is visible in Figure 3.1 that for p < −λ1 the solution remains close to the null
function and assumes no persistent shape. Figure 3.2 displays the change caused by the crossing of the
bifurcation threshold. In particular, we notice that the solution leaves the null function and then remains
in the proximity of an arising equilibrium. The perturbation generated by noise can then induce jumps to
other stable deterministic stationary solutions whose shape is defined by the choice of g.

x

x

t

t

(a) p = 1.15 < −λ1

x

x

t

t

(b) p = 1.25 > −λ1

Fig. 3.1 Simulation of (3.0.1) with g(x) = cos(3x) + 1 and λ1 ≈ −1.188. Each panel is composed of a surf plot and a contour plot obtained
with (3.2.1) with the same noise sample. In (a), p is chosen to be smaller than the bifurcation value, and in (b) it is taken beyond the bifurcation
threshold. Metastable behaviour is visible in the second case.

x

x

t

t

(a) p = 0.65 < −λ1

x

x

t

t

(b) p = 0.75 > −λ1

Fig. 3.2 Simulation of (3.0.1) with g(x) =
x

L
and λ1 ≈ −0.708. The choice of p and the corresponding behaviour is the same as to Figure 3.1.

The shape of g influences the value λ1 and the equilibria of the deterministic system (3.0.1), i.e., for σ = 0. Therefore, g affects the behaviour of
the solution and the value of the bifurcation threshold.

Simulation of early-warning signs.
As previously stated, linearisation is more reliable for p not in the proximity of −λ1. The rest of this
section is devoted to comparing numerically the early-warning signs interpreted as the left-hand side of
(3.1.1),(3.1.2), and (3.1.3), applied to solutions of (3.0.1). Due to the linearisation, the increase of the
observables is expected to be comparable to their applications to (3.1.1) prior to the approach to the
bifurcation threshold. We show the effect on the early-warning signs of the dissipative nonlinear term
present in (3.0.1) and that it hinders the divergence, in the p → −λ1 limit, of the right-hand side of

2L = 2π, N = 200, T = 10000, nt = 100000, σ = 0.05, M = d0 = 10.
For different values of p, distinct random generated O and q are used. The maximum value in q is set to be 1.
The initial value has been chosen close to the null function because of its relevance in the theory.
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(3.1.1),(3.1.2) and (3.1.3).
From Theorem 2.2.1, the invariant measure of the linear system (3.1.1), µ, is Gaussian with covariance
operator V w

∞ and mean equal to the null function. This implies that

⟨f1, V
w

∞f2⟩ =
∫

H1

⟨f1, w⟩⟨f2, w⟩dµ(w), (3.2.2)

for all f1, f2 ∈ H1. Therefore, ⟨V w
∞ek1 , ek2⟩ from (3.1.2) can be compared with

1
nt

nt∑
j=1

⟨⟨uj , ek1⟩⟩⟨⟨uj , ek2⟩⟩ −
(

1
nt

nt∑
j1=1

⟨⟨uj1 , ek1⟩⟩
)(

1
nt

nt∑
j2=1

⟨⟨uj2 , ek2⟩⟩
)
, (3.2.3)

that is the numerical covariance of the projection of the solution of (3.2.1) on the selected approximations of
the eigenfunctions of A(p). These are constructed as ek(n) := ek(nh) and obtained numerically through
the "quantumstates" MATLAB function defined in [76]. The numerical scalar product ⟨⟨·, ·⟩⟩ is defined by
⟨⟨v, w⟩⟩ = h

∑N
n=1 v(n)w(n), for any v, w ∈ RN .3

The plots in Figure 3.3 illustrate, for two examples of g, the scaling law of (3.2.3) for the indexes

k = k1 = k2 ∈ {1, 2, 3, 4, 5}

and p close to −λ1. They are then compared with

−σ2

2(λ1 + p)

M∑
j=1

q(j)⟨⟨e1, bj⟩⟩2, (3.2.4)

which is the numerical approximation of the right-hand side of (3.1.2) on k = 1. The row vectors of Oe,
{bj}Mj=1, are meant to replicate the eigenfunctions of Q.4 It is clear from Figure 3.3 that the dissipativity by

p

⟨e
k
,V

w ∞
e k

⟩

(a) g(x) = cos(3x) + 1

p

⟨e
k
,V

w ∞
e k

⟩

(b) g(x) =
x

L

Fig. 3.3 The results of (3.2.3) applied on the matrix u, obtained through the iteration of (3.2.1), are displayed in the figure for parameters
k = k1 = k2 ∈ {1, 2, 3, 4, 5} and different choices of g. In (a), we assume g(x) = cos(3x) + 1 and, in (b), we consider g(x) = x

L
, for any

x ∈ [0, L]. This implies that λ1 ≈ −1.188 and λ1 ≈ −0.708, for each respective panel. The dots indicate the mean of such values obtained
from 10 simulations with the same parameters and initial conditions, but generated with different noise samples. The grey area has a width equal
to twice the recorded numerical standard deviation, and it is centered on the mean results. The blue line displays the result (3.2.4) for the linear
system. For p distant from −λ1, the black and the blue lines show similar values.

the nonlinear term in the system (3.0.1) restrains the variance of the system for p close to −λ1. Further-
more, the difference between early-warning sign on (3.1.1) and the average of (3.2.3) with k1 = k2 = 1 on

3The multiplication by h is justified by the fact that the functions involved have value 0 in x = 0 and x = L.
4L = 2π, N = 100, T = 5000, nt = 100000, σ = 0.01, M = d0 = 10. The two plots show results for different O and q

randomly generated as previously described.
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solutions given by (3.2.1) with different noise samples grows with p. For p distant from −λ1, the values of
such results are close and the behaviour of the plots is similar.
A similar method can also be applied to compute the early-warning sign in (3.1.6). By Corollary 3.1.3, we
can choose a function f0 ∈ L∞(X1) such that f0(0) = f0(L) = 0 and for which there exists an integer
0 < r < N + 2 and a x0 = ph ∈ X1 that satisfy

⟨V w
∞f0, f0⟩ ≈ −σ2

∞∑
j1=1

∞∑
j2=1

ej1(x0)ej2(x0)
λj1 + λj2 + 2p

( ∞∑
n=1

ζn⟨ej1 , bn⟩⟨ej2 , bn⟩
)
. (3.2.5)

Proposition 3.1.4 implies that the observable displays a hyperbolic growth rate when p approaches −λ1.

p

V(
r)

(a) r = 20

p

V(
r)

(b) r = 50

p

V(
r)

(c) r = 70

Fig. 3.4 Simulations of V(r) obtained from 10 sample solutions of (3.0.1) with g(x) = cos(3x) + 1 and λ1 ≈ −1.188 obtained through the
iteration (3.2.1). The black dots indicate the mean results, and the width of the grey area corresponds to twice the standard deviation for the
relative p. It is clear that the early-warning sign resembles the expected result for the linear system until a neighbourhood of the bifurcation
threshold, on which the nonlinear dissipative term prevents the divergence. The space discretisation is achieved by taking N = 100 equidistant
internal points of X1 into account.

p

V(
r)

(a) r = 20

p

V(
r)

(b) r = 50

p

V(
r)

(c) r = 70

Fig. 3.5 Simulations of V(r) obtained from 10 sample solutions of (3.0.1) with g(x) =
x

L
and λ1 ≈ −0.708. The results are similar to Figure 3.4

but the choice of g appears to influence the difference of the expected early-warning sign applied to the solution of the linear system (3.1.1) and
its simulation applied to (3.0.1).

Figures 3.4 and 3.5 compare ⟨V w
∞f0, f0⟩ for different values of p < −λ1 in the form

V(r) := 1
nt

nt∑
j=1

uj(r)uj(r) −
(

1
nt

nt∑
j1=1

uj1(r)
)(

1
nt

nt∑
j2=1

uj2(r)
)
, (3.2.6)

shown as black dots, and the approximation of the right-hand side in equation (3.2.5)

−σ2
m1∑
j1=1

m1∑
j2=1

ej1(r)ej2(r)
λj1 + λj2 + 2p

( M∑
n=1

q(n)⟨⟨ej1 , bn⟩⟩⟨⟨ej2 , bn⟩⟩
)
, (3.2.7)

in blue for a fixed integer 0 < m1 ≪ N .5 The subplots in Figure 3.4 and in Figure 3.5 are given by
equivalent simulations to Figure 3.3 (a) and 3.3 (b) respectively. Each dot in the panels is the average
of (3.2.6) obtained from 10 simulations which differ only by the sample noise observed. The numerical

5Such a truncation index is taken as m1 = 30 in the figures.
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standard deviation is represented by the grey area.
In Figure 3.3, the early-warning sign (3.2.6) on the linear system assumes higher values than the average
numerical variance obtained on projections on chosen spaces (3.2.7) of solutions of the nonlinear system.
The difference in the two results is more evident when the dissipative nonlinear term is more prominent,
which is close to the bifurcation. For such values of p it seems also evident that the standard deviation on
the simulations is wider. The cause of this behaviour is discussed in Chapter 7.

3.3 Summary

In this chapter, we investigate a spatially heterogeneous extension of the Chafee–Infante type PDE under
additive noise and establish that the time-asymptotic variance offers a reliable early-warning signal for
an impending bifurcation. We prove that, as the bifurcation threshold is approached from below, the
variance of the linearised system diverges at a precise hyperbolic rate along almost any direction in the
Hilbert space H1. An equivalent divergence rate is shown to hold from pointwise observations at any
fixed spatial location. These results are obtained via different analytical techniques: spectral analysis for
the infinite-dimensional covariance operator and direct estimation of pointwise variance. Furthermore,
numerical simulations show that the early-warning signals for the linearised system remain predictive even
for the nonlinear dynamics, provided the system is not too close to the bifurcation point. This consistency
provides strong evidence that variance-based early-warning signals can serve as universal indicators in a
broad class of SPDEs near classical codimension-1 bifurcations.
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4 Time-asymptotic variance for purely continuous
spectrum in drift operator

In this chapter, we discuss an early-warning sign based on the growth of the time-asymptotic variance
along certain proxy functions of the solution of SPDE (2.3.4). Its content is the result of the supervision
of the MSc thesis project of Antonia Düx [21]. Nonetheless, the material presented is primarily attributed
to the author. In contrast to the previous chapter, the drift operator is not diagonalisable. As such, the
observable can not be tracked along eigenmodes. Nonetheless, we find preferred directions that capture
the loss of stability of the null solution and characterise their role in the signal. Furthermore, we observe
that the shape of the spectrum of the linear operator can hinder or silence the early-warning sign. In
the last sections, we discuss a more general type of SPDEs that find application in different fields. The
systems are characterised by equations of the form

du(w,c)(x, t) = A(p)u(w,c)(x, t) dt+ σQ
1
2 dW (t), (4.0.1)

for any x ∈ X1 ⊂ RN and t > 0. The drift operator is initially assumed to be of the form A(p) = Tf +p,
for Tf the multiplication operator for f : X1 ⊂ RN × R<0 → R and N ∈ {1, 2, 3}, and later generalised to
different operators with purely continuous spectrum. In the first case, the function f satisfies

f(x, p) < 0 and f(x∗, 0) = 0,

for a fixed x∗ and any (x, p) ∈ X1 × R≤0 \ {(x∗, 0)}. It follows that for a linear, bounded, self-adjoint and
diagonalisable operator Q, the mild solution of (4.0.1) can be computed pointwise in X1 for any t > 0. The
definition of V w

∞ in (2.3.8) implies, through Fubini’s Theorem, that

⟨g1, V
w

∞g2⟩ =
∫

X1

g1(x)σ2 lim
t→∞

∫ t

0
e(f(x)+p)rQef(x,p)rg2(x) dr dx (4.0.2)

=
∫

X1

g1(x)g2(x) −σ2

2f(x, p) dx = −σ2

2
〈
f−1(·, p)g1, g2

〉
,

with g1, g2 ∈ L2(X1) = H1.

4.1 One-dimensional case

In the current section, we assume N = 1 and obtain a precise rate of divergence of the time-asymptotic
variance of the solution of (4.0.1) for different types of functions f : X1 ⊂ R×R≤0 → R. Such a behaviour
defines an early-warning sign for the approach to a bifurcation threshold of the system.
First, we choose a specific function type f to analyse. Afterwards, we expand our analysis by considering
general analytic functions. Lastly, we discuss an example in which f is not analytic.

4.1.1 Tool function

Consider the function f(x, p) = fα(x) + p, for any x ∈ X1 and p ≤ 0, defined by

fα(x) := −|x|α with α > 0 (4.1.1)
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with x in a neighbourhood of x∗ = 0 and such that

f(x, p) < 0 ∀x ∈ X1 \ {x∗},
∫

X1

1
|f(x, p)|dx < +∞ for any p < 0, and f(x∗, 0) = 0, (4.1.2)

holds. This type of function is a useful tool for the study of system (4.0.1). Indeed, for f such that there
exist c1, c2, ε > 0 and the bounds

c1(fα(x) + p) ≤ f(x, p) ≤ c2(fα(x) + p) for all x ∈ [−ε, ε] ∩ X1 (4.1.3)

hold, we can transfer scaling laws obtained from the tool function directly to results for f . We note that up
to rescaling of the spatial variable, we can assume ε = 1 and that [0, 1] ⊂ X1. Therefore, employing Tfα

to analyse the covariance operator and by (4.0.2) we obtain

⟨g, V w
∞g⟩ = −

〈
g,

σ2

2f(x, p)g
〉

= −
∫ 1

0

σ2

2f(x, p) dx

and

1
2c1

∫ 1

0

σ2

xα − p
dx ≤ −

∫ 1

0

σ2

2f(x, p) dx ≤ 1
2c2

∫ 1

0

σ2

xα − p
dx (4.1.4)

for g(x) = 1[0,1] and certain constants c1 ≥ 1 ≥ c2.

x

−
|x

|α

Fig. 4.1 Plot of function −|x|α for different choices of α. For α > 1 the function is C1, with derivative equal to 0 at x = 0. Conversely, for α ≤ 1
the function is steep at x = 0.

The following theorem describes the rate of divergence assumed by ⟨g, V w
∞g⟩ as p → 0− for f = fα + p.

Theorem 4.1.1. For f = fα + p defined in (4.1.1), Q = Id and ε > 0, the time-asymptotic covariance V w
∞

of the solution of (4.0.1) along g(x) = 1[0,ε], ⟨g, V w
∞g⟩, assumes the scaling law, as p → 0−, described in

Table 4.1.

Proof. The scaling law of ⟨g, V w
∞g⟩ for p → 0− is equivalent to the one exhibited by

∫ 1
0

1
xα−p dx, as de-

scribed in (4.1.4). In such a limit in p we obtain

lim
p→0−

∫ 1

0

1
xα − p

dx =
∫ 1

0

1
xα

dx =
{
< ∞ for 0 < α < 1,
= ∞ for α ≥ 1.
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Table 4.1 Scaling law of the time-asymptotic variance in dimension N = 1 for the function f(x, p) = fα(x) + p and g = 1[0,ε].

Case Scaling law for p → 0−

0 < α < 1 1

α = 1 −log(−p)

α > 1 (−p)−1+ 1
α

α → ∞ (−p)−1

For the case α = 1, by substituting y = x− p we find that∫ 1

0

1
x− p

dx =
∫ 1−p

−p

1
y

dy = log(1 − p) − log(−p) = Θp(−log(−p)) for p → 0−.

We now consider the case α > 1. Through the substitution y = x(−p)− 1
α , we obtain

∫ 1

0

1
xα − p

dx = 1
−p

∫ 1

0

1(
x(−p)− 1

α

)α
+ 1

dx = (−p)−1+ 1
α

∫ (−p)− 1
α

0

1
yα + 1 dy. (4.1.5)

Since α > 1, we find that

lim
p→0−

∫ (−p)− 1
α

0

1
yα + 1 dy < ∞. (4.1.6)

Therefore, in the limit of p to zero from below for the equation (4.1.5), we find divergence with the rate

(−p)−1+ 1
α

∫ (−p)− 1
α

0

1
yα + 1 dy = Θp

(
(−p)−1+ 1

α

)
.

Furthermore, we see that, for α approaching infinity, this expression is also well-defined with a rate of
divergence Θp

(
1

−p

)
.

Theorem 4.1.1 states that, for the function fα defined by (4.1.1) and 0 < α < 1, the time-asymptotic
variance along g is converging in the limit p → 0−. Such function types fα display a steep shape on
x = 0, as seen in Figure 4.1. Alternatively, we observe that for α ≥ 1, the time-asymptotic variance along
g diverges, indicating that a divergence appears as the function is flattened and smoothened, increasing
α. The intuition behind such a difference is given by the fact that, although the solution u(w,c) of (4.0.1) for
A(p) = Tfα + p is less affected by the drift component on all x ∈ X1 as p approaches 0, the only region
in space on which u(w,c) is solely driven by noise in the limit case is the set {x∗ = 0}. In particular, while
the time-asymptotic variance of u(w,c)(x, ·) increases for all x ∈ X1 in the limit p → 0−, it divergences only
on x = x∗ due to the fact that u(w,c)(x∗, p) is the solution of an Orstein-Uhlenbeck equation for any p ≤ 0.
Analytically, it appears that, for steep structures of fα on x∗, the divergence of the time-asymptotic variance
of u(w,c)(x∗, ·) does not affect ⟨g, V w

∞g⟩, as it is restricted by the dissipative effect of the drift component
on x ∈ (0, ε]. Conversely, for smooth fα on x∗, the dissipation induced by the multiplication operator on
u(w,c)(x, ·), for x ∈ (0, ε], is not sufficient to imply convergence of ⟨g, V w

∞g⟩. Nonetheless, it affects its rate
of divergence. It is interesting to note that a similar scaling law behaviour, associated with the intermittency
scaling law of an ODE dependent on a parameter near a non-smooth fold bifurcation, has been found in
[130, Table 1].



46

Remark 4.1.2. Under the assumptions of Theorem 4.1.1, the finite time t > 0 variance along a function g,
⟨g, V w

t g⟩, converges for p → 0−. Up to rescaling of x, we fix ε = 1 and note that

⟨g, V w
t g⟩ =

∫ ∞

0
g(x)σ2

∫ t

0
e(fα(x)+p)rQe(fα(x)+p)rg(x) dr dx

= −σ2
∫ 1

0

1 − e(2(fα(x)+p))t

2(fα(x) + p) dx < +∞

for any p ≤ 0. The growths of finite time variances are, therefore, early-warning signs which are hard to
observe in finite time series due to the fact that they increase as p approaches 0 but do not diverge. For
any fixed p ≤ 0, longer times t imply that the variance attains higher values and, consequently, ease the
prediction of the tipping point.

4.1.2 General analytic functions

We have found that ⟨g, V w
∞g⟩ converges for α < 1 and diverges for α ≥ 1 for the limit p → 0− with the

functions fα(x) = −|x|α and g = 1[0,ε]. Furthermore, we captured the corresponding scaling laws in the
limit. Our aim in this subsection is to generalise these results considerably. In particular, we consider the
analytic functions f = fan + p such that (4.1.2) holds. Through Taylor’s theorem and due to the fact that f
vanishes at x∗ = 0, the function fan is of the form

fan(x) = −
∞∑
n=1

anx
n

for any x ∈ X1 and with coefficients {an}n∈N ⊂ R such that (4.1.2) holds. Up to reparametrisation, we
assume that [0, ε] ⊂ X1. The following theorem provides a scaling law, which can be interpreted as an
early-warning sign, of the expression ⟨g, V w

∞g⟩ for an analytic f and g(x) = 1[0,ε].

Theorem 4.1.3. Set fan(x) = −
∞∑
n=1

anx
n for all x ∈ X1 ⊂ R, that satisfies (4.1.2), {an}n∈N ⊂ R and

Q = Id. Let m ∈ N denote the index for which an = 0 for any n ∈ {1, . . . ,m− 1} and am ̸= 0.1 Then, the
time-asymptotic variance of the solution of (4.0.1) along g(x) = 1[0,ε], ⟨g, V w

∞g⟩, is characterised by the
scaling law, as p → 0−, described in Table 4.1, now depending on the value of m = α > 0.2

Proof. As in the proof of Theorem 4.1.1, up to rescaling of the variable x, we can choose ε = 1. Analysing
the variance along g, we obtain that

⟨g, V w
∞g⟩ = σ2

2

∫ 1

0

1
∞∑
n=m

anxn − p

dx. (4.1.7)

For positive x close to zero, the sum
∞∑
n=1

anx
n is dominated by the leading term amx

m, since

lim
x→0+

∞∑
n=1

anx
n

amxm
= lim

x→0+

∞∑
n=m

anx
n

amxm
= lim

x→0+

am +
∞∑

n=m+1
anx

n−m

am
= 1.

1For odd m it is implied that X1 ⊂ R≥0 := {x ∈ R : x ≥ 0}, or X1 ⊂ R≤0 := {x ∈ R : x ≤ 0} up to rescaling, due to the
sign of f .

2Alternatively, we can assume to have a function fan ∈ Ck such that k ≥ m. This leads to the study of the Peano remainder
instead of the whole series.
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Therefore, there exists a constant C > 1 such that for any x ∈ (0, 1]

1
C
amx

m ≤
∞∑
n=1

anx
n ≤ Camx

m

holds true. Hence, we obtain

σ2

C

∫ 1

0

1
amxm − p

dx ≤ σ2

∫ 1

0

1
∞∑
n=1

anxn − p

dx ≤ Cσ2
∫ 1

0

1
amxm − p

dx

from (4.1.7). This result is equivalent to (4.1.4), in the sense that it implies that the rate of divergence of
⟨g, V w

∞g⟩ is described in Table 4.1 with m = α.

Remark 4.1.4. In Theorem 4.1.3, we assume the functions g to be bounded. Through similar methods as
the proof of Theorem 4.1.1, a scaling law can be obtained for more general families of functions in H1. For
example, we consider ε > 0 such that [0, ε] ⊂ X1, g = x−γ

1[0,ε], γ <
1
2 , f = fα + p and α > 0, which

yields

⟨g, V w
∞g⟩ = σ2

2

∫ ε

0

1
x2γ

1
xα − p

dx.

For 0 < 2γ + α < 1, we obtain

lim
p→0−

⟨g, V w
∞g⟩ = σ2

2

∫ ε

0

1
x2γ+αdx < +∞.

Setting instead 2γ + α ≥ 1, we get

⟨g, V w
∞g⟩ = σ2

2

∫ ε

0

1
x2γ

1
xα − p

dx

= σ2

2 (−p)−1− 2γ
α

∫ ε

0

1(
x(−p)− 1

α

)2γ
1(

x(−p)− 1
α

)α
+ 1

dx

= σ2

2 (−p)−1+ 1−2γ
α

∫ ε(−p)− 1
α

0

1
y2γ

1
yα + 1dy,

for y = x(−p)− 1
α . The scaling law for ⟨g, V w

∞g⟩ in p → 0− is summarised in Table 4.2. This result
generalises the statement in [135, Theorem 4.4] as an exact scaling law can be obtained for any analytic
fan that satisfies (4.1.2) and g in a dense subset of H1.

Table 4.2 Scaling law of the time-asymptotic variance in dimension N = 1 for the function f(x, p) = fα(x) + p and g = x−γ
1[0,ε].

Case Scaling law for p → 0−

0 < 2γ + α < 1 1

2γ + α = 1 −log(−p)

2γ + α > 1 (−p)−1+ 1−2γ
α

2γ → 1 or α → ∞ (−p)−1
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Remark 4.1.5. We found that the scaling law of the time-asymptotic variance, along an indicator function,
of the solution of (4.0.1) is shown in Table 4.1 for every function f that satisfies (4.1.2) and (4.1.3) for
α > 0. Clearly, this does not include all possible functions f . We take as an example the case in which
there exists δ ≥ 1 such that [−δ, δ] ⊂ X1 and functions f that converge for fixed p at two different rates as
x approaches 0− and 0+. We consider

f(x, p) =
{
f1(x) + p for 0 ≥ x ∈ X1,

f2(x) + p for 0 < x ∈ X1,

for smooth functions f1 : X1 ∩ R≤0 → R and f2 : X1 ∩ R≥0 → R and f that satisfies (4.1.2). We assume
g = 1[−1,1] and by (4.0.2) we get

⟨g, V w
∞g⟩ =

∫ 1

−1

−σ2

2(f(x) + p) dx = σ2

2

∫ 0

−1

1
−f1(x) − p

dx+ σ2

2

∫ 1

0

1
−f2(x) − p

dx. (4.1.8)

We consider each summand separately and study the limit in p to zero from below. If lim
x→0+

f2(x) < 0, then

it holds that

lim
p→0−

∫ 1

0

1
−f2(x) − p

dx < +∞

and the scaling rate of ⟨g, V w
∞g⟩ is equivalent to the one given by

∫ 0
−1

1
−f1(x)−p dx. Otherwise, it is dictated

by the highest rate associated with the two summands. Such rates are shown in Table 4.1, assuming that
f1 and f2 are analytic or that they have the same order of convergence to 0 as fα for any α > 0.

4.2 Higher-dimensional cases

In the current section, we obtain upper bounds for the scaling of the time-asymptotic variance of the
solutions of the system (4.0.1) along chosen functions g. In this case, we consider N > 1, therefore
assuming that the system (4.0.1) is studied in higher spatial dimensions. We find that, for certain functions
f : X1 ⊂ RN×R≤0 → R, the early-warning signs display convergence of the variance along the mentioned
proxy function in the square-integrable function space, H1.

For the remainder of this section, we assume that f(x, p) = fan(x) + p is analytic and satisfies (4.1.2) for
x∗ = 0 ∈ X1 ⊂ RN . Consequently, fan is of the form

fan(x) = −
∑
j∈C

ajx
j for x = (x1, . . . , xN ) ∈ X1, (4.2.1)

where j is a multi-index, i.e., xj =
N∏
n=1

xinn with the collection C defined by the set

C =
{
j = (i1, . . . , iN ) ∈ NN

}
.

The coefficients aj are real-valued, and their signs satisfy (4.1.2) as discussed further in the chapter. We
assume that there exists ε > 0 such that [0, ε]N ⊂ X1, up to rescaling of the space variable x. Properties
(4.1.2) imply that equation (4.0.2) holds, hence for g(x) = 1[0,ε]N (x) we find

⟨g, V w
∞g⟩ = σ2

〈
−1

2(fan + p)g, g
〉

= σ2

2

∫ ε

0
· · ·
∫ ε

0

−1
fan(x) + p

dx = σ2

2

∫ ε

0
· · ·
∫ ε

0

1∑
j∈C

ajxj − p
dx.
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In the next proposition, we prove that for any f in a dense subset of the analytic functions space that
satisfies (4.1.2), the variance ⟨g, V w

∞g⟩ converges for p → 0−.

Proposition 4.2.1. Fix the dimension N > 1, and set the indices {ik}k∈{1,...,N} as a permutation of
{1, . . . , N}. Furthermore, suppose that there exist two multi-indices j1, j2 ∈ C such that aj1 , aj2 > 0 and
that each of these multi-indices corresponds to the multiplication of only one xi1 , resp. xi2 , meaning that
j1, resp. j2, has all elements equal to 0 with the exception of the component on the i1-th, resp. i2-th,
position which assumes value 1. Then, it holds that

lim
p→0−

⟨g, V w
∞g⟩ < ∞

for any ε > 0 and g(x) = 1[0,ε]N (x) .

Proof. Without loss of generality, we assume that j1 = (1, 0, 0 . . .) and j2 = (0, 1, 0 . . .). Then, we obtain

⟨g, V w
∞g⟩ = σ2

2

∫ ε

0
· · ·
∫ ε

0

1∑
j∈C

ajxj − p
dxN · · · dx1

= σ2

2

∫ ε

0
· · ·
∫ ε

0

1
aj1x1 + aj2x2 +

∑
j∈C\{j1,j2}

ajxj − p
dxN · · · dx1

≤ C
σ2

2

∫ ε

0
· · ·
∫ ε

0

1
x1 + x2 − p

dxN · · · dx1

where the last inequality is satisfied by a constant C > 0 and follows from the values aj1 , aj2 > 0 > p, the
continuity of f and the compactness of the support of g. This implies that

lim
p→0−

∫ ε

0
· · ·
∫ ε

0

1
x1 + x2 − p

dxN · · · dx1

=εN−2 lim
p→0−

∫ ε

0

∫ ε

0

1
x1 + x2 − p

dx2 dx1

=εN−2 lim
p→0−

∫ ε

0
log(ε+ x1 − p) − log(x1 − p) dx1

=εN−2 lim
p→0−

(
(2ε− p)log(2ε− p) − (2ε− p) − 2(ε− p)log(ε− p) + 2(ε− p) − plog(−p) + p

)
=εN−2 lim

p→0−

(
(2ε− p)log(2ε− p) − 2(ε− p)log(ε− p) − plog(−p)

)
< +∞,

which concludes the proof.

Example 4.2.2. In this example we study the trivial case in which we set A(p) = Tf in (4.0.1) as
f(x, p) = f∞(x) + p with f∞(x) := 0 for any x in a neighbourhood of x∗, in order to exclude it from
the following computations. Whereas the function f∞ does not satisfy the assumptions on the sign of f
in (4.1.2), it provides an interesting and easy-to-study limit case. The time-asymptotic variance along the
function g = 1[0,ε]N satisfies

⟨g, V w
∞g⟩ = σ2

2

∫ ε

0
· · ·
∫ ε

0

1
f∞(x1, . . . , xN ) − p

dxN . . . dx1 = σ2

2

∫ ε

0
· · ·
∫ ε

0

1
−p

dxN . . . dx1 = −σ2

2pε
N .

In the limit of p, we obtain that

lim
p→0−

⟨g, V w
∞g⟩ = lim

p→0−
−σ2

2pε
N = ∞.



50

Then, we observe a divergence with rate Θp

(
−p−1) for p approaching zero from below, if f in (4.0.1) is,

locally, equal to the p.

4.2.1 Upper bounds

In the remainder of this section, we find upper bounds for the scaling law of ⟨g, V w
∞g⟩ under the assumption

that the dimension N of the domain of the function fan is larger than 1. From the construction of fan in
(4.2.1), we define the set of multi-indices

C+ :=

j = (i1, . . . , iN ) ∈ C

∣∣∣∣∣ ad = 0 ∀d = (d1, . . . , dN ) ∈ C such that

dn ≤ in ∀n ∈ {1, . . . , N} and d ̸= j

 . (4.2.2)

The following lemma introduces an upper bound of ⟨g, V w
∞g⟩ as p → 0−. The scaling law induced by this

upper bound is studied further below.

Lemma 4.2.3. Set fan(x) = −
∑
j∈C

ajx
j for all x ∈ X1 ⊂ RN , that satisfies (4.1.2), {aj}j∈C ⊂ R, ε > 0 and

Q = Id. Fix j∗ ∈ C+, defined in (4.2.2). Then, the time-asymptotic covariance of the solution of (4.0.1),
V w

∞, satisfies,

⟨g, V w
∞g⟩ ≤ Θp

(∫ ε

0
· · ·
∫ ε

0

1
aj∗x

j∗ − p
dx1 . . . dxN

)
,

for g(x) = 1[0,ε]N .

Proof. Since we assume fan to be negative in X1 \ {0} and we consider the bounded domain [0, ε]N , we
know that aj > 0 for any j ∈ C+. In particular, we note that for a constant 1 > C > 0, dependent on ε,
and any x ∈ [0, ε]N , it holds

−fan(x) =
∑
j∈C

ajx
j ≥ C

∑
j∈C+

ajx
j ≥ Caj∗x

j∗

for j∗ ∈ C+. In conclusion, we obtain that

⟨g, V w
∞g⟩ = σ2

2

∫ ε

0
· · ·
∫ ε

0

1∑
j∈C

ajxj − p
dx1 . . . dxN ≤ σ2

2C

∫ ε

0
· · ·
∫ ε

0

1
aj∗x

j∗ − p
dx1 . . . dxN . (4.2.3)

Without loss of generality and for simplicity, we assume for the remainder of the section that aj∗ = σ2

2 = 1.

Remark 4.2.4. In case the multi-index j∗ has N > k ∈ N indices with value 0, the analysis on the
upper bound in (4.2.3) can be reduced to the case of N − k spatial dimensions. In fact, assuming that
j∗ = (i1, . . . , iN−k, 0, . . . , 0), we obtain

∫ ε

0
· · ·
∫ ε

0

1
xj∗ − p

dx1 . . . dxN = εk

∫ ε

0
· · ·

∫ ε

0

(
N−k∏
n=1

xinn − p

)−1

dx1 . . . dxN−k.

We note that the case N = k contradicts the assumption f(x∗, 0) = 0 and results in convergence of the
upper bound as the bifurcation threshold is not reached for p → 0−.

As a consequence of Remark 4.2.4, we consider j∗ with no elements equal to 0 in the upcoming subsec-
tions.
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4.2.2 Two dimensions

In this subsection, we investigate an upper bound for the scaling law of ⟨g, V w
∞g⟩ for N = 2. Therefore, we

consider j∗ = (i1, i2) ∈ N2. In the following theorem, we outline how to obtain such a bound according to
the values of j∗. The proof is included in Appendix D.

Theorem 4.2.5. We set fan(x) = −
∑
j∈C

ajx
j for all x ∈ X1 ⊂ R2, that satisfies (4.1.2), {aj}j∈C ⊂ R,

ε > 0 and Q = Id. We fix j∗ = (i1, i2) ∈ C+ with i1, i2 > 0. Then, there exists an upper bound to the
time-asymptotic variance of the solution of (4.0.1) along g(x) = 1[0,ε]2 , ⟨g, V w

∞g⟩, and its rate as p → 0−

is described in Table 4.3 in accordance to the value of i1 and i2.

Table 4.3 Upper bounds to the scaling law of the time-asymptotic variance in dimension N = 2 for different choices of indices i1, i2, ordered for
simplicity. We indicate as A and B two summands, discussed in Appendix D, whose sum corresponds to the upper bound.

Case
Scaling law for p → 0−

A B Upper bound

1 : i2 > i1 > 1 (−p)−1+ 1
i1 (−p)−1+ 1

i2 (−p)−1+ 1
i2

2 : i2 > i1 = 1 −log (−p) (−p)−1+ 1
i2 (−p)−1+ 1

i2

3 : i2 = i1 > 1 (−p)−1+ 1
i1 −(−p)−1+ 1

i2 log(−p) −(−p)−1+ 1
i2 log(−p)

4 : i2 = i1 = 1 −log (−p) log2(−p) log2(−p)

In Table 4.3, we establish that only the highest index i2 affects directly the scaling law of the upper bound
introduced in Theorem 4.2.5. However, its relation to the other index i1 dictates the exact form. The limiting
case for i1, i2 → ∞ is discussed in Example 4.2.2. Lastly, we note that the bound may not indicate the
exact scaling law of the observable, as described in Proposition 4.2.1 and as shown in the next figure.
Figure 4.2 displays an intuition for the example j∗ = (2, 3) by illustrating the shapes of −x1 − x2 and
−x2

1x
3
2, for (x1, x2) ∈ [0, 0.1]2. Such functions can be assumed to be locally equal to fan in Proposition

4.2.1 and Theorem 4.2.5, respectively. As displayed, the first function has a unique root on (0, 0) and the
second is null on the set (x1, x2) such that x1 = 0 or x2 = 0. The different dimensions of such sets are the
reason for the fact that the time-asymptotic variance on an indicator function g, ⟨g, V w

∞g⟩, is characterised
by different scaling laws in the limit p → 0−. In particular, it converges in the first case and diverges with
rate (−p)− 2

3 in the second.3

Example 4.2.6. We consider the function f such that it satisfies (4.1.2), [0, 1]2 ⊂ X1 and there exists
C > 0 for which

C−1 (−x2
1 − x2

2
)

≤ fan(x) ≤ C
(
−x2

1 − x2
2
)
,

for 0 ≤ x1, x2 ≤ 1. This implies that

⟨g, V w
∞g⟩ ≤ C−1

∫ 1

0

∫ 1

0

1
x2

1 + x2
2 − p

dx1 dx2 ≤ C−1
∫∫

D

1
x2

1 + x2
2 − p

dx1 dx2,

where D denotes the circle of radius
√

2 centered at the origin. We study then the integral in polar
coordinates and obtain ∫∫

D

1
x2

1 + x2
2 − p

dx1 dx2 =
∫ 2π

0

∫ √
2

0

r

r2 − p
dr dθ.

3We underline that, although fan(x) = −x2
1x

3
2 in a neighbourhood of 0 does not satisfy (4.1.2), the scaling law of its time-

asymptotic variance is proven in the proof of Theorem 4.2.5.
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x1
x2

f(x)

(a) fan(x) = −x1 − x2 , locally

x1
x2

f(x)

(b) fan(x) = −x2
1x

3
2 , locally

Fig. 4.2 Illustration of functions −x1 − x2, in (a), and −x2
1x

3
2, in (b), for x1, x2 ∈ [0, 0.1]. We set an indicator function g = 1[0,ε]2 , for

0 < ε ≤ 0.1. As discussed in Proposition 4.2.1 and in the proof of Theorem 4.2.5, the time-asymptotic variance ⟨g, V w
∞g⟩ presents different

scaling laws as p → 0− under distinct assumptions of fan. For fan set as in (a), the variance converges in the limit, whereas for fan as displayed
in (b), it diverges. We note that the choice of fan in the (a) presents only one value x∗ such that fan(x∗) = 0, in contrast with (b), for which
fan(x1, x2) = 0 for any (x1, x2) such that x1 = 0 or x2 = 0. Such lines are displayed in the figure for comparison.

Substituting r′ = r2 − p, we get∫ 2π

0

∫ √
2

0

r

r2 − p
dr dθ = 1

2

∫ 2π

0

∫ 2−p

−p

1
r′ dr′ dθ = π

(
log(2 − p) − log(−p)

)
= Θp

(
− log (−p)

)
.

A lower bound can be easily obtained through

⟨g, V w
∞g⟩ ≥ C

∫ 1

0

∫ 1

0

1
x2

1 + x2
2 − p

dx1 dx2 ≥ C

∫∫
D̃

1
x2

1 + x2
2 − p

dx1 dx2 = Θp

(
− log (−p)

)
,

for D̃ =
{

(x, y)
∣∣ x2 + y2 ≤ 1, x, y > 0

}
. We find divergence of ⟨g, V w

∞g⟩, for p approaching zero from be-

low, of rate Θp

(
−log (−p)

)
, whereas the upper bounds in Theorem 4.2.5 assume scaling law Θp

(
(−p)− 1

2

)
.

4.2.3 Three dimensions

We now assume N = 3 and therefore fan : X1 ⊂ R3 → R and g = 1[0,ε]3 . The following theorem
provides an upper bound for the scaling law of the corresponding early-warning sign ⟨g, V w

∞g⟩ and its proof
is examined in Appendix E.

Theorem 4.2.7. Set fan(x) = −
∑
j∈C

ajx
j for all x ∈ X1 ⊂ R3, that satisfies (4.1.2), {aj}j∈C ⊂ R, ε > 0

and Q = Id. Fix j∗ = (i1, i2, i3) ∈ C+ with i1, i2, i3 > 0. Then, there exists an upper bound to the
time-asymptotic variance of the solution of (4.0.1) along g(x) = 1[0,ε]3 , ⟨g, V w

∞g⟩, and it has a scaling law
bound as p → 0− described in Table 4.4 depending upon the values of i1, i2 and i3.

We observe that if i3 is strictly larger than the other indices, i1 and i2, we obtain a divergence of the

upper bound to the signal of order Θp

(
(−p)−1+ 1

i3

)
. If the largest index value corresponds to two of the

indices, i.e., i3 = i2 > i1, then the upper bound to the scaling is Θp

(
−(−p)−1+ 1

i3 log(−p)
)

. We see
also that in the case all three indices are equal but larger than 1, i.e., i3 = i2 = i1 > 1, then the upper

bound is Θp

(
(−p)−1+ 1

i3 log2(−p)
)

. Lastly, setting all the indices equal to 1, the corresponding rate is

Θp

(
−log3(−p)

)
. In Example 4.2.2, the limit case i1, i2, i3 → ∞ is covered.
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Table 4.4 Upper bounds to the scaling law of the time-asymptotic variance in dimension N = 3 for different choices of indices i1, i2 and i3,
ordered for simplicity. We denote as C and D two values whose sum is the upper bound. These summands are discussed in Appendix E.

Case
Scaling law for p → 0−

C D Upper bound

1 : i3 > i2 > i1 > 1 (−p)−1+ 1
i2 (−p)−1+ 1

i3 (−p)−1+ 1
i3

2 : i3 > i2 = i1 > 1 −(−p)−1+ 1
i2 log(−p) (−p)−1+ 1

i3 (−p)−1+ 1
i3

3 : i3 = i2 > i1 > 1 (−p)−1+ 1
i2 −(−p)−1+ 1

i3 log(−p) −(−p)−1+ 1
i3 log(−p)

4 : i3 = i2 = i1 > 1 −(−p)−1+ 1
i2 log(−p) (−p)−1+ 1

i3 log2(−p) (−p)−1+ 1
i3 log2(−p)

5 : i3 > i2 > i1 = 1 (−p)−1+ 1
i2 (−p)−1+ 1

i3 (−p)−1+ 1
i3

6 : i3 > i2 = i1 = 1 log2(−p) (−p)−1+ 1
i3 (−p)−1+ 1

i3

7 : i3 = i2 > i1 = 1 (−p)−1+ 1
i2 −(−p)−1+ 1

i3 log(−p) −(−p)−1+ 1
i3 log(−p)

8 : i3 = i2 = i1 = 1 log2(−p) −log3(−p) −log3(−p)

4.3 Numerical simulations

In this section, we numerically investigate the analytic results from Section 4.1 and Section 4.2 to gain
further insight and also to obtain an outlook on how they can be relevant in a more applied setting. The
numerical methods used and discussed follow the theory of [109] and [144].
We simulate first a generalisation of the results obtained in Theorem 4.1.1 for the one-dimensional case
and the tool function fα(x) = −|x|α on an interval for α > 0. In order to approximate the solution of the
studied SPDE, we use the Euler-Maruyama method, which we introduce by considering the differential
equation

du(w,c)(x, t) = (fα(x) + p)u(w,c)(x, t) dt+ σQ
1
2 dW (t), u(w,c)(·, 0) = u0, 0 ≤ t ≤ T, (4.3.1)

for σ, T > 0 > p, initial condition u0 ∈ H1 and (further) condition fαu(w,c) ∈ H1. We then discretise the
time interval [0, T ] by defining the time step δt = T

nt for a certain positive integer nt, to be the number of
steps in time, and τi := i δt, the time passed after i time steps. Furthermore, we discretise also the space
interval X1 = [−L,L] with its internal points rn = −L+ 2 n

N+1L for n ∈ {1, . . . , N}, with N that is an integer
that defines the number of mesh points. The numerical approximations of u(w,c)(·, τi), fα and W (·, τi) are
labelled respectively as ui, fα, Wi ∈ RN+2 for any i ∈ {0, . . . , nt}. Then, by the implicit Euler-Maruyama
method, the numerical simulation takes the form

ui = ui−1 + (fα + p) uiδt + σ(Wi − Wi−1), i = 1, 2, . . . , nt

which approximates the integral form of the SPDE. For fixed i ∈ {1, . . . , nt}, the term Wi − Wi−1 can be
expressed as

Wi − Wi−1 =
√
δt

M∑
m=1

√
ζmW

(m)
i bm

with M ≤ N being the number of directions in the space function on which the noise is taken numerically
into account,

{
W

(m)
i

}
m∈{1,...,M}

a collection of independent standard Gaussian random variables and the

randomly generated {(ζm, bm)}m∈{1,...,M}, which are respectively the first M eigenvalues and approxima-
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tions in RN+2 of the eigenfunctions of the covariance operator Q of W in (4.3.1).4

We numerically simulate a generalisation of results from Theorem 4.1.1, as described in Section 4.4,
for the function fα = −|x|α for α > 0 as defined by (4.1.1). We consider the case g(x) = 1[−ε,ε] for
|{rn ∈ [−ε, ε]| n ∈ {1, . . . , N}}| = M .5 Further, we assume Q and its inverse Q−1 to be bounded op-
erators. The fact that Q is not assumed to be the identity operator implies that the random variables
u(w,c)(x1, t) and u(w,c)(x2, t) are dependent for any x1, x2 ∈ X1 and t > 0. Hence, the simulation of u(w,c)

must be studied as an SPDE rather than a collection of SDEs on the resolution points. As described in
Section 4.4, such a choice of Q is expected to imply scaling laws, dependent on α, of the time-asymptotic
variance as displayed in Table 4.1. We simulate the projection ⟨u(w,c)(·, τi), g⟩ with proji =

∑
n:rn∈[−ε,ε]

ui(n)

log10(−p)

lo
g 1

0
(⟨

g
,V

w ∞
g
⟩)

Fig. 4.3 Log-log plot that describes the behaviour of ⟨g, V w
∞g⟩ as p approaches 0− in accordance to the choice of the tool function fα. The

circles are obtained as the mean value of log10 (⟨g, V w
∞g⟩) given by 10 independent simulations. The width of the shaded areas scales linearly

with the numerical standard deviation. Lastly, the blue line has a slope equal to −1 and is provided as a reference for the scaling law.
For α ≥ 1, the expected slope from Theorem 4.1.1 is shown close to p = 10−5. The convergence is visible for α < 1 until p assumes small
values. In fact, for small N, the log-log plot displays slope −1 induced by the divergence being only perceived on x = 0 and therefore leading to a
behaviour similar to that of an Ornstein-Uhlenbeck process [131]. Conversely, this effect is a hint to the fact that under the case of purely discrete
spectrum, such as discussed in Chapter 3, and small gaps, the early-warning is hindered before reaching the expected rate of divergence.

for any i ∈ {1, . . . , nt}. We approximate the behaviour of the scalar product that defines the variance
along g, ⟨g, V w

∞g⟩, as the numerical variance in time i of proji. The results are displayed as a log-log plot in
Figure 4.3. Since we are interested in the behaviour for p approaching zero from below, we focus on nega-
tive values of log10(−p). Validating the analytic results in Table 4.1, for α > 1 we observe log10(⟨g, V w

∞g⟩)
in order to assume a negative slope of −1 + 1

α as log10(−p) approaches −∞. In the case α = 1, we
expect a logarithmic divergence to be displayed in the log-log plot as log10(−p) decreases. Lastly, we
expect convergence for 0 < α < 1, which is shown up to small values of p due to numerical errors.6

Next, we study the two-dimensional case and numerically simulate the asymptotic behaviour of the up-
per bound of ⟨g, V w

∞g⟩ as described in Theorem 4.2.5. In particular, our goal is to illustrate the results
analytically found for the indices i1, i2 such that i2 ≥ i1 ≥ 1. For this case, we have found the scal-

4The eigenvalues {(ζm)}m∈{1,...,M} are generated uniformly in [0.5, 2].
5The orthogonal matrix whose indices are {bm(n)|rn ∈ [−ε, ε]}m∈{1,...,M} is generated through O(M) Haar distribution,

for O(M) that indicates the space of orthogonal M × M matrices with real-valued elements [155]. The rest of the elements in
{(bm)}m∈{1,...,M}, which are irrelevant to the study of the time-asymptotic variance along g, can be obtained through Graham-
Schmidt method.

6L = 1, N = 99999, nt = 10000000, δt = 0.1, σ = 0.1, ε = 0.01, M = 999.
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ing law of the upper bound as displayed in Table 4.3. Consequently, we compute the dependence of∫ ε
0
∫ ε

0
1

x
i1
1 x

i2
2 −p

dx1 dx2 on p < 0 in a log-log plot.

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(a) Case 1 :
ε = 1, i1 = 2, i2 = 3

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(b) Case 1 :
ε = 0.1, i1 = 2, i2 = 3

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(c) Case 2 :
ε = 1, i1 = 1, i2 = 2

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(d) Case 2 :
ε = 0.1, i1 = 1, i2 = 2

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(e) Case 3 :
ε = 1, i1 = 2, i2 = 2

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(f) Case 3 :
ε = 0.1, i1 = 2, i2 = 2

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(g) Case 4 :
ε = 1, i1 = 1, i2 = 1

log10(−p)

lo
g 1

0

( ∫ ε 0

∫ ε 0
1

x
j

∗
−
p

dx
)

(h) Case 4 :
ε = 0.1, i1 = 1, i2 = 1

Fig. 4.4 The solid lines describe the scaling law of the upper bound for the two-dimensional problem, illustrated by log10

(∫ ε
0
∫ ε

0
1

xj∗ −p dx
)

and

decreasing log10(−p) with x = (x1, x2) and j∗ = (i1, i2). The numbering of the cases refers to Table 4.3. The circle lines are used as a
comparison with the corresponding scaling law presented in the table as an argument of log10.

The subfigures shown in Figure 4.4 are obtained for different choices of ε and of i2 ≥ i1 ≥ 1. We see
that the results are confirmed since the double integrals, displayed as solid lines, show a similar qualita-
tive behaviour as the analytic result in Table 4.3, corresponding to the red circles, for small values of −p.
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In particular, in the Figure 4.4a, Figure 4.4b, Figure 4.4c and Figure 4.4d, corresponding to Case 1 and
Case 2 of the table, we obtain a slope equal to −1 + 1

i2
. The red circles in Figure 4.4e and Figure 4.4f,

corresponding to Case 3, assume values log10(−p)(−1 + 1
i2

) + log10(−log10(−p)) + c and the values in
Figure 4.4g and Figure 4.4h, corresponding to Case 4, are equal to 2log10(−log10(−p)) + c, for different
constants c. Decreasing the parameter ε > 0 appears to imply a decrease of the lowest threshold qc > 0

such that for any −p > qc the slope of log10

(∫ ε
0
∫ ε

0
1

x
i1
1 x

i2
2 −p

dx1dx2

)
in the log-log plot is approximately

−1. Such a slope is implied by the fact that, for p ≪ 0, the values of xi11 x
i2
2 − p present the same order of

distance from 0 for any x1, x2 ∈ [0, ε] and, therefore, the early warning sign displays similar behaviour to
those discussed in [93, 135] and Chapter 3 for such values of p.
Lastly, we illustrate the results of Theorem 4.2.7 by computing the values of

∫ ε
0
∫ ε

0
∫ ε

0
1

x
i1
1 x

i2
2 x

i3
3 −p

dx1 dx2 dx3

on p < 0 in a log-log plot for different values of i3 ≥ i2 ≥ i1 ≥ 1. We then compare them to the corre-
sponding scaling laws displayed in Table 4.4.
The plots shown in Figure 4.5 are obtained for the fixed value ε = 1 and of the exponents i3 ≥ i2 ≥ i1 ≥ 1.
The triple integral displays a similar qualitative behaviour as the analytic results in Table 4.4, again denoted
by red circles, for small values of −p. In fact, in Figure 4.5a, Figure 4.5b, Figure 4.5e and Figure 4.5f, cor-
responding to Case 1, Case 2, Case 5 and Case 6 of the mentioned table, they display a slope of value
−1 + 1

i3
. The red circles in Figure 4.5c and Figure 4.5g, corresponding to Case 3 and Case 7, have values

log10(−p)(−1+ 1
i3

)+ log10(−log10(−p))+ c, for distinct constants c. The red circles shown in Figure 4.5d,
corresponding to Case 4, are equal to log10(−p)(−1 + 1

i3
) + 2log10(−log10(−p)) + c and those displayed

in Figure 4.5h, corresponding to Case 8, are 3log10(−log10(−p)) + c, for a different constant c each.

4.4 Generalisations and examples

4.4.1 Generalisations

In this subsection, we generalise and discuss the main results obtained above, focusing on the impact of
relaxing the hypotheses in Chapter 2. In particular, similar results to those presented in Theorem 4.1.3,
Theorem 4.2.5 and Theorem 4.2.7 can be obtained under more general choices of functions f, g and
operator Q. We also study the theorems for Tfan with complex spectrum. Lastly, we discuss the case in
which different linear operators A(p) with continuous spectrum are assumed in the drift term of (4.0.1).

▶ The condition of the uniqueness of x∗ such that f(x∗, 0) = 0 is required only in a local sense in
X1. In fact, we could assume the existence of Z ⊂ X1 which comprises the elements x ∈ X1 that
satisfy f(x) = 0 and that any x ∈ Z assures |x∗ − x| > ϵ > 0. Such a choice would trivially
leave unchanged the scaling laws described in Theorem 4.1.3, Theorem 4.2.5 and Theorem 4.2.7,
for functions g such that the support of g has an empty intersection with Z .
The analytic behaviour of the non-positive function f presented in Theorem 4.1.3, Theorem 4.2.5
and Theorem 4.2.7 can be assumed only in a neighbourhood of the roots of the function, while f
satisfies the integrability condition in (4.1.2) and the sign properties previously described.

▶ In Theorem 4.1.3, Theorem 4.2.5 and Theorem 4.2.7, the support of the function g is assumed to be
[0, ε]N and g to be an indicator function. However, the scaling laws in Table 4.1, Table 4.3 and Table
4.4 are applicable for a more general choice of proxy functions.
First, similarly to Remark 4.1.5, the upper bounds described in Theorem 4.2.5 and Theorem 4.2.7
can be shown to hold with g = 1[−ε,ε]N , in the sense that the hypercube [−ε, ε]N ⊂ X1 that describes
the support of g can be split in 2N hypercubes on which such statements have been previously
proven, up to reparametrisation and rescaling of the spatial variable x. In fact, the highest rate of
divergence dictates the order assumed by the upper bound of ⟨g, V w

∞g⟩.
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(g) Case 7 :
i1 = 1, i2 = 2, i3 = 2
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(h) Case 8 :
i1 = 1, i2 = 1, i3 = 1

Fig. 4.5 The solid lines display the scaling law of the upper bound for the three-dimensional problem indicated by log10

(∫ ε
0
∫ ε

0
∫ ε

0
1

xj∗ −p dx
)

and decreasing log10(−p) with x = (x1, x2, x3) and j∗ = (i1, i2, i3). The numbering of cases is equivalent to Table 4.4. The circle lines serve
as a comparison with the corresponding scaling law presented in the table as an argument of log10.

The shape of the support can also be generalised. Set g = 1S for [−ε, ε]N ⊂ S ⊂ X1, then the
integral

⟨g, V w
∞g⟩ = σ2

2

∫
S

−1
fan(x) + p

dx = σ2

2

∫
S\[−ε,ε]N

−1
fan(x) + p

dx+ σ2

2

∫
[−ε,ε]N

−1
fan(x) + p

dx
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assumes an equivalent rate of divergence to the second summand on the right-hand side of the
equation. That is implied by the fact that the first summand converges as p → 0− by construction.
The scaling law is also unchanged under the assumption of g ∈ H1 such that g and g−1 are bounded
from above in a neighbourhood of x∗ as, for any p < 0, it holds

C−1σ
2

2

∫
S

−1
fan(x) + p

dx ≤ ⟨g, V w
∞g⟩ ≤ C

σ2

2

∫
S

−1
fan(x) + p

dx,

for a constant C > 1 depending on g and on the choice of S.
Lastly, assume g1, g2 ∈ H1 which are continuous in a neighbourhood S of x∗ and such that g1, g2, g

−1
1

and g−1
2 are bounded from above in S. We note that such a set of functions is dense in H1. For

simplicity, we set g1(x∗)g2(x∗) > 0. The scaling law of the scalar product in (4.0.2) is obtained
through

C−1σ
2

2

∫
S

−1
fan(x) + p

dx ≤ ⟨g1, V
w

∞g2⟩ ≤ C
σ2

2

∫
S

−1
fan(x) + p

dx,

for C > 1 and any p close to 0, thus enabling a study of the covariance operator V w
∞.

▶ A third generalisation of Theorem 4.1.3, Theorem 4.2.5 and Theorem 4.2.7 is given by relaxation of
the assumptions for Q. In particular, we can assume Q and its inverse on H1, Q−1, to have bounded
eigenvalues from above. The covariance operator takes the form

V w
∞ = σ2

∫ ∞

0
eτ(Tfan +p)Qeτ(Tfan +p) dτ.

Hence, we get

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨Q

1
2 et(Tfan +p)g,Q

1
2 et(Tfan +p)g⟩ dt = σ2

∫ ∞

0
∥Q

1
2 et(Tfan +p)g∥2 dt,

for any g ∈ H1. Since we have assumed that Q and its inverse have bounded eigenvalues from
above, the scalar product is also bounded from below and above, as we have

inf
n
ζnσ

2
∫ ∞

0
∥e(Tfan +p)tg∥2 dt ≤ σ2

∫ ∞

0
∥Q

1
2 e(Tfan +p)tg∥2 dt

≤ sup
n
ζnσ

2
∫ ∞

0
∥e(Tfan +p)tg∥2 dt, (4.4.1)

with {ζn}n referring to the eigenvalues of Q. This implies that we have found an upper and lower
bound for ⟨g, V w

∞g⟩ whose scaling law is controlled in accordance with the results in Theorem 4.1.3,
Theorem 4.2.5 and Theorem 4.2.7. Therefore, the rate of divergence for the choices of f and g
described in the theorems or in the previous generalisations is displayed in Tables 4.1, Table 4.3 and
Table 4.4, in accordance to the value of dimension N ∈ {1, 2, 3}.
Assuming instead Q to be bounded, the validity of the rates of the upper bound in Theorem 4.2.5
and Theorem 4.2.7 is maintained as the second inequality in (4.4.1) holds.

▶ We now consider the case in which the spectrum of A(p) = Tfan +p in (4.0.1) has complex values,
i.e., we choose a function fan : X1 ⊂ RN → C and the solution of (4.0.1) as u(w,c) ∈ L2(X1;C) for
any t > 0 and P-almost surely. We suppose also that Re(f) satisfies (4.1.2). The scalar product of
the covariance operator takes the form

⟨g, V w
∞g⟩ =

∫
X1

g(x)
∫ ∞

0
e(fan(x)+p)te(fan(x)+p)tg(x) dt dx = −

∫
X1

|g(x)|2 σ2

2(Re(fan(x)) + p) dx.
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for any g ∈ L2(X1;C). Assuming that Re(f) is analytic, we conclude that the rate of divergence, or
its upper bound if N > 1, of the studied time-asymptotic variance along almost any g ∈ L2(X1;C)
behaves equivalently to those indicated by Theorem 4.1.3, Theorem 4.2.5 and Theorem 4.2.7 under
the choices of real-valued functions Re(f), associated to the multiplication operator, and |g(x)|, as
the direction along which the corresponding time-asymptotic variance is studied.

▶ Lastly, we study the system{
du(w,c)(x, t) = (A+ p)u(w,c)(x, t) dt+ σdW (t)
u(w,c)(·, 0) = u0

(4.4.2)

for A a linear self-adjoint operator in H1 with non-positive spectrum. The spectral theorem [100,
Theorem 10.10] implies the existence of a σ-finite measure space (X̃ , µ), a measurable function
f̃ : X̃ → R and a unitary map U : H1 → L2(X̃ , µ) such that

U(H1) =
{
g̃ ∈ L2(X̃ , µ)| f̃ g̃ ∈ L2(X̃ , µ)

}
and

UAU−1 = Tf̃ ,

for Tf̃ : L2(X̃ , µ) → L2(X̃ , µ) a multiplication operator for f̃ . Assuming eA+p to have finite trace,
the time-asymptotic covariance operator for the solution of (4.4.2) is

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨e2t(A+p)g, g⟩ dt,

for Q = Id and g ∈ H1. Denoting g̃ = Ug, we obtain through Fubini’s Theorem that

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨U−1e2t(Tf̃ +p)Ug, g⟩ dt = σ2

∫ ∞

0
⟨e2t(Tf̃ +p)g̃, g̃⟩L2(X̃ ,µ) dt

=
∫

X̃
g̃(x)

∫ ∞

0
e2t(f̃(x)+p)g̃(x) dt dµ(x) = −

∫
X̃
g̃(x)2 σ2

2(f̃(x) + p)
dµ(x).

The operators A and Tf̃ share the same spectrum. We can assume that there exists an interval
(−δ, 0] in the continuous spectrum of A, which yields that µ({f̃ = 0}) = 0 and that there exists at
least a point x∗ ∈ X̃ such that f̃(x∗) = 0. From the Stone-Weierstrass theorem [100, Appendix A],
we know that, for g in a dense subset of H1, the associated g̃ ∈ L2(X̃ , µ) assumes bounded and
non-null values µ-a.e. in a neighbourhood of each root x∗. The scaling law for the case N = 1 can
be studied similarly to Remark 4.1.4, given insights about the measure µ and assuming f̃ analytic
[100]. Such an assumption is not restrictive for A bounded since such a condition implies that f̃ is
bounded [100, Theorem 7.20]. In fact, we fix x∗, a neighbourhood X̂ ⊂ X̃ and define

Sp = {f̃ : X̂ → R| f̃ is polynomial, f̃(x∗) = 0},
Sa = {f̃ : X̂ → R| f̃ is analytic, f̃(x∗) = 0},
Sc = {f̃ : X̂ → R| f̃ is continuous, f̃(x∗) = 0},
Sb = {f̃ : X̂ → R| f̃ is bounded, f̃(x∗) = 0},
Sl = {f̃ : X̂ → R| f̃ ∈ L2(X̂ ), f̃(x∗) = 0}.

Stone-Weierstrass Theorem states that Sp, and thus Sa, is dense in Sc. Also, Sc is dense in Sl, and
therefore in Sb. Hence, elements in Sa ∩ {f̃ : X̂ → R| f̃(x) < 0 for x ̸= x∗} can approximate
functions in Sb ∩ {f̃ : X̂ → R| f̃(x) < 0 for x ̸= x∗}. Such sets of functions can be treated due
to [100, Proposition 7.21].
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4.4.2 Analytic examples

In the current subsection, we provide established examples of the previously introduced generalisations.
The focus is on different operators observed in Fourier space. Such a choice is also justified by their
significance in applications, in particular for the widely studied differential operators [31, 176]. Specific
systems relevant to modelling real-life phenomena are described in Section 4.5.

Example 4.4.1. Fix a non-positive function f : R → R that satisfies (4.1.2). Consider the linear operator
A : D(A) → L2(R) such that for any g ∈ D(A) it holds

Ag(x) = fan ∗ g(x), D(A) :=
{
g Lebesgue measurable

∣∣∣ fan ∗ g ∈ H1

}
,

where ∗ denotes convolution. We want to study the variance of the solution of the system (4.4.2) for Q
bounded with bounded inverse and u0 ∈ D(A). We define the Fourier transform F : L2(R) → L2(R),
which is a unitary map. Assume g ∈ L2(R), then

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et(A+p)Qet(A+p)g, g⟩ dt = σ2

∫ ∞

0
∥Q

1
2 et(A+p)g∥2 dt = Θp

(∫ ∞

0
∥et(A+p)g∥2 dt

)
= Θp

(∫ ∞

0
∥F−1et(Tfan +p)Fg∥2 dt

)
= Θp

(∫ ∞

0
∥et(Tfan +p)Fg∥2 dt

)
.

The scaling law of the variance can thus be computed, or compared, through Theorem 4.1.1 for f that
satisfies (4.1.3) for α > 0 and for g in a dense subset of L2(R). As an example, we consider

f(x, p) =
{

−|x| + p, for x ∈ [−1, 1]
−x2 + p, for x ∈ R \ [−1, 1]

and g = F−1
1[−ε,ε]. The rate of divergence of the time-asymptotic variance is therefore −log(−p) as

p → 0−.

Example 4.4.2. Consider the self-adjoint operator A : W2m,2(R) → L2(R) for m ∈ N such that

Ag(x) = (−1)(m−1)∂2m
x g(x),

where ∂x denotes the weak derivative on W1,2(R), and assume g ∈ W2m,2(R). We study the variance
of the solution of (4.4.2) for u0 ∈ W2m,2(R), p < 0 and Q a bounded operator with bounded inverse. For
g ∈ W2m,2(R) and fan(k) = −k2m for any k ∈ R, we find that

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et(A+p)Qet(A+p)g, g⟩ dt = Θp

(∫ ∞

0
∥et(A+p)g∥2 dt

)
= Θp

(∫ ∞

0
∥F−1et(Tfan +p)Fg∥2 dt

)
= Θp

(∫ ∞

0
∥et(Tfan +p)Fg∥2 dt

)
.

From Theorem 4.1.1, the scaling law as p → 0− for g in a dense subset of W2m,2(R) is Θp

(
(−p)−1+ 1

2m

)
.

Example 4.4.3. We introduce the self-adjoint operator A(p) : W2,2(R) → L2(R) such that A(p) has
negative spectrum for p < 0. We assume the existence and uniqueness of λ(p), an element in its spectrum
that satisfies λ(0) = 0 and is continuous in p. The spectrum is assumed to be purely absolutely continuous
for any p ≤ 0 and supported in (−∞, λ(p)]. The mentioned assumptions are satisfied, for instance, by
certain Schrödinger operators A(p) = ∆−v(p, ·) for a bounded real potential v(p, ·) with compact support
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for any p ≤ 0 [70]. For any g ∈ H1, p ≤ 0 and any continuous function f̃ , we define the absolutely
continuous measure µg,p with respect to the Lebesgue measure, such that

⟨g, f̃(A(p))g⟩ =
∫ λ(p)

−∞
f̃(x) dµg,p(x).

It follows that the time-asymptotic covariance operator associated with the solutions of{
du(w,c)(x, t) = A(p)u(w,c)(x, t) dt+ σdW (t)
u(w,c)(·, 0) = u0

and Q = Id satisfies

⟨g, V w
∞g⟩ = σ2

∫ λ(p)

−∞

∫ ∞

0
e2tx dt dµg,p(x) = −σ2

2

∫ λ(p)

−∞

1
x

dµg,p(x),

for any p < 0. We introduce the Radon–Nikodym derivative rg,p(x) = dµg,p(x)
dx . Under the assumption of

continuity of rg,p on p, we obtain that

⟨g, V w
∞g⟩ = −σ2

2

∫ λ(p)

−∞

rg,p(x)
x

dx

and the scaling law of the early-warning sign.

Remark 4.4.4. The early-warning sign in the form of the divergence of the time-asymptotic variance of the
solution of a linearised system (4.4.2) has been studied in the case of the linear non-positive self-adjoint
operator A with discrete spectrum [23, 93, 135]. An example of such an operator is

∂2
x : W2,2([−L,L]) → L2([−L,L])

with Neumann boundary conditions. Its eigenvalues are known to be {λi}i∈N for λi = −
(
iπ
L

)2 and cor-
responding eigenfunctions ei(·) := cos (λi·). For g ∈ W2,2([−L,L]), the time-asymptotic variance of the
solution of (4.4.2) is

⟨g, V w
∞g⟩ = −σ2

2
∑
i∈N

⟨g, ei⟩2

λi + p
, (4.4.3)

which is proven in [23]. Under the assumption that ⟨g, e0⟩ ̸= 0, the rate of divergence of the variance is of
order Θp

(
(−p)−1) as p → 0−. This property is shared with the case α → ∞ in Table 4.1.

In the limit L → ∞, the spectrum of the operator ∂2
x : W2,2(R) → L2(R) is continuous and the rate of the

divergence of time-asymptotic variance of the solution of the linearised system (4.4.2) can be obtained as
described in Example 4.4.2. In detail,

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et2(∂2

x+p)g, g⟩ dt = σ2
∫ ∞

0
⟨F−1et2(∂2

x+p)Fg, g⟩ dt

= σ2
∫ ∞

0

∫
R

e2t(−k2+p)Fg(k)2 dk dt = σ2

2

∫
R

Fg(k)2

k2 − p
dk. (4.4.4)

We define the functions dk(x) = e−2πikx for x, k ∈ R and the imaginary unit i. Under the assumption that
Fg assumes bounded nonzero values in a neighbourhood of k = 0, i.e., the projections of function g along
the most sensible functions in {dk}k∈R are bounded and nonzero, the rate of divergence of such variance

is of order Θp

(
(−p)− 1

2

)
as proven in Example 4.4.2.

Intuitively, the difference of the rates of (4.4.3) and (4.4.4) is implied by the different shape of the spectrum
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of ∂2
x for the finite or infinite value of L. In particular, as p crosses 0 from below in the case L < ∞, the

solution of (4.4.2) is repelled by the linear term along e0. Conversely, for p → 0− in the case L = ∞, the
most unstable direction d0, the constant function, is not in the domain of the drift operator.

4.5 Applications

The early-warning signs introduced in Theorem 4.1.3, Theorem 4.2.5 and Theorem 4.2.7 can be applied to
a wide range of applications. As described in Example 4.4.2, the study of reaction-diffusion equations can
be achieved through Fourier transforms. We conclude the chapter by studying linearisations of reaction-
diffusion systems in the form (4.0.1), thus showing the applicability of the results. In fact, for a distance
−p to the bifurcation threshold, the solution of the linearised system on a stable solution u∗(p) behaves
similarly to the solution of the original equation [93]. As such, the observables are particularly reliable on
systems with a unique stable solution prior to the approach.
The current section examines the relevance of our results to different models. Moreover, their implemen-
tation in the prediction of real-life scenarios is discussed.

▷ First, we consider the Ginzburg-Landau, Allen-Cahn, or Chafee-Infante equation,

du =
(
∂2
xu+ pu− u3)dt,

in the domain X1 = [−L,L] and Dirichlet boundary conditions. It finds applications in phase-ordering
kinetic [37], quantum mechanics [82] and climate science [111]. The model is known to present a
pitchfork supercritical bifurcation threshold at the parameter value p = 0 [50]. The introduction of
additive Gaussian noise is justified by the presence of lesser components in the physical model that
can be treated as small stochastic perturbations [31, 176]. We also consider the domain in the limit
L → ∞, in order to consider large intervals. In such a limit, the spectrum of ∂2

x is continuous and
the only stable solution for p < 0 is the null function u∗ = 0.
The linearised system (4.0.1) is characterised by the drift operator

A(p) = ∂2
x + p. (4.5.1)

Example 4.4.2 implies that the time-asymptotic variance along almost any function g ∈ W2,2(R)
yields a rate of divergence of order Θp

(
(−p)

1
2

)
as p → 0−. In Figure 4.6a, a numerical approxima-

tion of the time-asymptotic variance of a solution of (4.4.2) for (4.5.1) is displayed. The observable is
considered along g = F−1

1[−0.25,0.25] and exhibits a slope of −1
2 in a logarithmic scale, for p close

to 0.

▷ We now consider the one-dimensional complex Ginzburg-Landau equation,

du =
(
∂2
xu+ (p+ i)u−

(
−1 + i

10

)
|u|2u− |u|4u

)
dt,

for i the imaginary unit and |·| the absolute value, in the domain X1 = [−L,L] and Neumann bound-
ary conditions. Similar to its real counterpart, the introduction of white additive noise is justified by
minor components in the system [114]. For finite values of L, it is known that a supercritical Hopf
bifurcation occurs at the stable solution u∗ = 0 in the limit p → 0− [193]. The assumption of the
limit L → +∞ follows from the observation of large domains in relevant applications and via the
justification of the Ginzburg-Landau equation as an amplitude/modulation equation. The linearised
system on u∗ = 0, (4.0.1) with linear operator

A(p) = ∂2
x + p+ i, (4.5.2)
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Fig. 4.6 A numerical approximation of the time-asymptotic variance of the solution of (4.4.2) along the function g is displayed for different models
discussed in Section 4.5 in a log-log plot. The figures are obtained following the method in Section 4.3 in Fourier space, for T = 104, δt = 0.01
and Q = Id. The red lines refer to the mean values of the observable for 10 sample solutions, different for noise realisations. The width of the
areas are linear to the corresponding numerical standard deviation. In (a), the drift term is described by (4.5.1); in (b), it is associated to (4.5.2);
in (c), to (4.5.3); in (d), to (4.5.4); in (e), to (4.5.5); in (f), to (4.5.6). The respective functions g are introduced in Section 4.5. In blue, a line with a
slope equal to − 1

2 is included as a comparison. In all panels, the lines appear to align for small values of p.

can be treated in Fourier space following Example 4.4.2 and the fourth generalisation in Section 4.4.
In detail, for any g ∈ W2,2(R;C) it holds

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨etA(p)etA(p)∗

g, g⟩ dt = σ2
∫ ∞

0

∫
R
g(x)et(∂2

x+p−i)et(∂
2
x+p+i)g(x) dx dt

= σ2
∫ ∞

0
||et(∂2

x+p)g||2 dt = σ2
∫ ∞

0
||F−1et(T−k2 +p)Fg||2 dt

= Θp

(∫ ∞

0
||et(T−k2 +p)Fg||2 dt

)
= Θp

(
−
∫
R

|Fg(k)|2 1
2(−k2 + p) dk

)
.

The time-asymptotic variance of the solution of the linearised system along almost any g ∈ W2,2(R;C)
is therefore characterised by rate Θp

(
(−p)− 1

2
)

as p → 0−. In Figure 4.6b, an approximation of the
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observable along g = F−1
1[−0.25,0.25] displays a slope of −1

2 in a logarithmic scale, as p approaches
0 from below.
An example of fields with which the complex Ginzburg-Landau equation is associated is the research
on thin superconductors [158]. The stochastic non-linear Ginzburg-Landau equation in dimension
N > 1 is ill-defined in the classical sense under the assumption of perturbation by white noise and
requires renormalisation; however, the linearised SPDEs considered in this work are well-defined,
also under the perturbation of space-time white noise. Assuming the covariance operator Q such
that a solution for such an equation exists (Theorem 2.2.3 and Theorem 2.2.5), an upper bound to
the rate of divergence of the time-asymptotic variance of the solution of the linearised system can
be obtained following Theorem 4.2.5, Theorem 4.2.7 and the third generalisation in Section 4.4.

▷ Another equation of interest is the (standard) one-dimensional Swift-Hohenberg equation [41, 42,
123],

du =
(

− (1 + ∂2
x)2u+ pu− u3)dt,

with domain X1 = R. Such a deterministic equation is known to display Turing bifurcations [115,
122]. We include a white-noise term to simulate the effect of minor physical components in the sys-
tem [106]; in fact, the stochastic Swift-Hohenberg equation has been studied in multiple works in the
context of amplitude equations. The linearisation of such an SPDE on the trivial solution u∗(x) = 0,
for any x ∈ R, takes the form of (4.4.2) with u0 ∈ W4,2(R), Q = Id and A : W4,2(R) → L2(R) such
that

Ag(x) = −
(
1 + ∂2

x

)2
g(x), (4.5.3)

for any g ∈ W4,2(R). Example 4.4.2 can easily be generalised to such self-adjoint linear differential
operators through Theorem 4.1.3. The scaling law of the variance of such a solution along g in a
dense subset of W4,2(R) is given, therefore, by

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et(A+p)et(A+p)g, g⟩ dt = Θp

(∫ ∞

0
∥et(Tfan +p)Fg∥2 dt

)
,

with f(k) = −
(
1 − k2)2 for any k ∈ R. From the Taylor expansion of f at k = ±1, it follows that the

rate of divergence presents order Θp

(
(−p)− 1

2

)
.

The time-asymptotic variance of the linearised model is displayed in red in the log-log plot in Figure
4.6c. As described in Section 4.4, the variance along g = F−1

1[0.75,1.25] displays the rate of diver-

gence Θp

(
(−p)− 1

2

)
as p → 0−. The Swift-Hohenberg equation on large or unbounded domains

[29] can be obtained from the Boussinesq approximation for fluid dynamics [188]. In such an appli-
cation, the ergodic theory states that the figure displays the rate of divergence of the time-asymptotic
variance of the projection of the rescaled fluid velocity u on the function g up to the proximity to a
bifurcation threshold. In particular, Theorem 4.1.3 asserts that an equivalent order of divergence is
assumed for g in a large set of indicator functions in H1. Consequently, it validates the study of the
variance restricted to observations in bounded regions of space.

As an example from [103], another practical use of the corresponding early-warning sign is the
prediction of sudden changes in the electric field in crystal optical fibre resonators implied by the
change of a bifurcation parameter. In this case, the generalised Swift-Hohenberg equation linearised
on u∗ = 0 yields

A = −β2

4 + β∂2
x + β′∂3

x − ∂4
x (4.5.4)

and the variable u represents the deviation of the electric field from its value at the bifurcation thresh-
old. Upon consideration of the variational equation, i.e., β′ = 0, the rate of the early-warning sign
can be obtained from Example 4.4.2. Set β < 0 and g(x) = F−1

1[a,b] for a < b, the scaling law
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of the time-asymptotic variance of the solution of the linearised system (4.0.1) on u∗ = 0 along g is
given by

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et(A+p)et(A+p)g, g⟩ dt = Θp

(∫ ∞

0
∥et(Tfan +p)Fg∥2 dt

)
,

with f(k) = −k2(β+k2)− β2

4 for any k ∈ R. The function f has multiple roots, and the corresponding

equation presents an example of the first generalisation in Section 4.4. The values k∗ = ±
(

−β
2

) 1
2

are global maxima of f and solutions of order 2. Therefore, the scaling law of the time-asymptotic
variance of the solution of the linearised equation along g is

⟨g, V w
∞g⟩ =

Θp

(
(−p)− 1

2

)
, for a < −

(
−β

2

) 1
2
< b or a <

(
−β

2

) 1
2
< b,

Θp (1) , otherwise,

for p → 0−. In Figure 4.6d, the time-asymptotic variance of the solution of (4.4.2) along the function
g = F−1

1[
(−β

2 )
1
2 −0.25,(−β

2 )
1
2 +0.25

] is displayed in red on logarithmic scale. Under the assumption

β = −1, the variance appears to diverge with order Θp

(
(−p)− 1

2

)
in the limit p → 0−. Among other

instances, the (standard) Swift-Hohenberg equation finds further applications in chemistry [148] and
in hydrodynamics [170].

▷ We also consider the application of Theorem 4.1.3 to the standard two-dimensional Swift-Hohenberg
equation. For more general versions whose linearisation includes a self-adjoint drift operator, The-
orem 4.2.5 and Example 4.4.2 provide an upper bound to the rate of the time-asymptotic variance
of the solution of the linearised system. Such equations hold particular interest in the field of hy-
drodynamics as they enable a simulation of the Rayleigh-Bénard convection phenomena in non-
Boussinesq fluids [188, 208] and of the Taylor-Couette flow [112, 170]. A generalisation of the
two-dimensional Swift-Hohenberg equation has also been employed in optics [138, 139].
The standard two-dimensional Swift-Hohenberg equation is of the form

du =
(

− (1 + ∂2
x1 + ∂2

x2)2u+ pu− u3)dt,
on domain X1 = R2 and can be studied similarly to its one-dimensional equivalent. Again, we
insert an additive noise component [106] and consider only the linearised SPDE along the de-
terministic stable solution u∗ = 0, which presents a valid approximation of the standard equa-
tion for values of the bifurcation parameter suitably distant to the bifurcation threshold. We set
A : W4,2(R2) → L2(R2) as the Swift-Hohenberg operator on two spatial dimensions, i.e.,

Ag(x) = −
(
1 + ∂2

x1 + ∂2
x2

)2
g(x), (4.5.5)

for any g ∈ W4,2(R2) and x = (x1, x2). We study the time-asymptotic variance of the solution of
(4.4.2) for u0 ∈ W4,2(R2), p < 0 and Q a bounded operator with bounded inverse. We consider
g ∈ W4,2(R2) and fi(k) = ki for i ∈ {1, 2} and k = (k1, k2) ∈ R2. We also denote by F the Fourier
transform on L2(R2) and ĝ = Fg. It follows that

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et(A+p)Qet(A+p)g, g⟩ dt = Θp

(∫ ∞

0
∥et(A+p)g∥2 dt

)

= Θp


∫ ∞

0

∥∥∥∥∥∥∥F−1e
t

(
T

−(1−f2
1 −f2

2 )2 +p
)

Fg

∥∥∥∥∥∥∥
2

dt


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= Θp


∫ ∞

0

∥∥∥∥∥∥∥e
t

(
T

−(1−f2
1 −f2

2 )2 +p
)
ĝ

∥∥∥∥∥∥∥
2

dt

 .

We know that the scaling law as p → 0− of such a scalar product is equivalent for a dense set of
functions g in W4,2(R2). From such a set we can choose g such that ĝ = 1D, where D denotes the
circle of radius

√
2 centered at the origin in R2. Through Fubini’s Theorem, we can study the integral

on polar spatial coordinates as∫ ∞

0

∫∫
D

et
(

−(1−k2
1−k2

2)2+p
)
dk dt =

∫∫
D

1(
1 − k2

1 − k2
2
)2 − p

dk =
∫ 2π

0

∫ √
2

0

r

(1 − r2)2 − p
dr dθ.

Introducing r′ = 1 − r2 and r′′ = r′(−p)− 1
2 we can use the substitution method and obtain∫ 2π

0

∫ √
2

0

r

(1 − r2)2 − p
dr dθ = π

∫ 1

−1

1
r′2 − p

dr′

=(−p)− 1
2

∫ (−p)− 1
2

−(−p)− 1
2

1
r′′2 + 1

dr′′ = Θp

(
(−p)− 1

2

)
.

Figure 4.6e displays the time-asymptotic variance of a solution of (4.4.2) along a function g in red on
a logarithmic scale. In such a case we consider g = F−1

1D̂, for D̂ ⊂ R2 such that

D̂ =
{

(k1, k2) ∈ R2
∣∣∣k1 = rsin(θ), k2 = rcos(θ), r ∈ [0.75, 1.25] and θ ∈

[
− π

36 ,
π

36

]}
.

The observable exhibits the scaling law Θp

(
(−p)− 1

2

)
as p approaches the bifurcation threshold.

▷ Similarly to the previous application, we consider the three-dimensional Swift-Hohenberg equation.
It is employed in numerous applications, including hydrodynamics [112, 188]. For solutions of gen-
eralised versions whose linearisation includes a self-adjoint operator in the drift component, upper
bounds to the time-asymptotic variance of the solution of the linearised equation can be obtained
through Theorem 4.2.7 and Example 4.4.2.
The standard three-dimensional Swift-Hohenberg equation is of the form

du =
(

− (1 + ∂2
x1 + ∂2

x2 + ∂2
x3)2u+ pu− u3)dt,

on the domain X1 = R3. The linearised SPDE on u∗ = 0 with additive Gaussian noise is charac-
terised by the drift operator A : W4,2(R3) → L2(R3) of the form

Ag(x) = −
(
1 + ∂2

x1 + ∂2
x2 + ∂2

x3

)2
g(x), (4.5.6)

for any g ∈ W4,2(R3) and x = (x1, x2, x3). We study the time-asymptotic variance of the solution of
(4.4.2) for initial condition u0 ∈ W4,2(R3), p < 0 and Q a bounded operator with bounded inverse.
We consider g ∈ W4,2(R3) and fi(k) = ki for i ∈ {1, 2, 3} and k = (k1, k2, k3) ∈ R3. We refer by F
to the Fourier transform on L2(R3) and indicate ĝ = Fg. It follows that

⟨g, V w
∞g⟩ = σ2

∫ ∞

0
⟨et(A+p)Qet(A+p)g, g⟩ dt = Θp

(∫ ∞

0
∥et(A+p)g∥2 dt

)

= Θp


∫ ∞

0

∥∥∥∥∥∥∥F−1e
t

(
T

−(1−f2
1 −f2

2 −f2
3 )2 +p

)
Fg

∥∥∥∥∥∥∥
2

dt


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= Θp


∫ ∞

0

∥∥∥∥∥∥∥e
t

(
T

−(1−f2
1 −f2

2 −f2
3 )2 +p

)
ĝ

∥∥∥∥∥∥∥
2

dt

 .

We know that the scaling law as p → 0− of such scalar product is equivalent for a dense set of
functions g in W4,2(R3). We can choose g from such a set such that ĝ = 1S , where S denotes
the sphere of radius

√
2 centered at the origin in R3. Through Fubini’s Theorem, we can study the

integral on spherical spatial coordinates as∫ ∞

0

∫∫∫
S

et
(

−(1−k2
1−k2

2−k2
3)2+p

)
dk dt =

∫∫∫
S

1(
1 − k2

1 − k2
2 − k2

3
)2 − p

dk

=
∫ π

0

∫ 2π

0

∫ √
2

0

r2sin(ϕ)
(1 − r2)2 − p

dr dθ dϕ = 4π
∫ √

2

0

r2

(1 − r2)2 − p
dr = Θp

(
(−p)− 1

2

)
.

Figure 4.6f displays the time-asymptotic variance of a solution of (4.4.2) along a function g in red on
a logarithmic scale. We consider g = F−1

1Ŝ , for Ŝ ⊂ R3 such that

Ŝ =

(k1, k2) ∈ R2

∣∣∣∣∣k1 = rsin(θ)sin(ϕ), k2 = rsin(θ)cos(ϕ), k3 = rcos(θ),

r ∈ [0.75, 1.25] and θ, ϕ ∈
[
− π

36 ,
π
36
]

 .

Then, the observable shows a slope of −1
2 in logarithmic scale for p → 0−.

▷ A renowned example of reaction-diffusion equations is the (one-dimensional) FitzHugh-Nagumo
model [6] (see also Chapter 10). Among the applications to such a model is the study of activa-
tors and inhibitors in anisotropic systems [11], with interest in fluid mechanics [129] and medicine
[204]. Recently, the inclusion of an additive stochastic term in the system and its reduced version,
the Nagumo equation in the form

du =
(
∆u+ pu+ u(1 − u)(u− a) + v

)
dt

with ∆ the Laplace operator and v a space-heterogeneous term, has been examined [55, 56, 79,
190] along with the assumption of unbounded domain X1 = R [197]. As an example, the inclusion
of noise is justified in the application of neurophysiology by the effect of random input current in
neurons of synaptic or external nature [190]. Under such assumptions, the reduced equation is of
a generalised space-heterogeneous Ginzburg-Landau form, which can be treated similarly. In fact,
Theorem 4.1.3 provides the corresponding rate of the time-asymptotic variance of the solution of the
linearised equation previous to a pitchfork [50] or saddle-node [132] bifurcation. Given the stable
solution u∗(p), such an equation is of the form (4.0.1) and also displays a Schrödinger operator

A(p) = ∆ + p− a+ 2(1 + a)u∗(p) − 3u∗(p)2.

The dependence of u∗ on p affects the spectrum of A(p) because it introduces heterogeneity in
space. The scaling law is described analytically in Example 4.4.3. Unless u∗ is the null function,
A(p) is not diagonalised in Fourier space, which leads to substantial additional numerical difficulties.
For the case a = v(x) = u∗(x) = 0 for any x ∈ R, we refer to Figure 4.6a, where the time-asymptotic

variance along g = 1[−0.25,0.25] displays a rate of divergence of order Θp

(
(−p)

1
2

)
as p approaches

0.

▷ As discussed in Section 4.4, the generalizations of Theorem 4.1.3, Theorem 4.2.5 and Theorem
4.2.7 are not restricted to unbounded domains. This is the case for certain more complex models with
linear operators A(p), such as certain Schrödinger operators with electric and magnetic potentials
[127]. We also note that, for large domains and N = 1, the proximity of eigenvalues of differential
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operators with discrete spectrum, such as the Laplace operator, can delay the hyperbolic divergence
of the early-warning sign in reaction-diffusion equations discussed in Remark 4.4.4. An example of
an application to such a case can be found in climate science in different two-dimensional ocean
models which display supercritical pitchfork and saddle-node bifurcations [10, 72] (see also Chapter
5).

4.6 Summary

In this chapter, we justify the use of the time-asymptotic covariance along certain types of functions g ∈ H1
as an early-warning sign for SPDEs with purely continuous spectrum of the linear drift operator. A critical
role for the behaviour of the signal is attributed to the structure of the spectrum in the proximity to the
imaginary axis.

We compute sharp scaling laws for locally analytic spectra on a one-dimensional domain through the use
of tool functions. For the two- and three-dimensional cases, we study the asymptotic behaviour of upper
bounds of ⟨g, V w

∞g⟩. For general dimensions N , we prove the convergence of the variance for certain
choices of drift operators. In these cases, the search for a finer early-warning sign that captures this
more subtle approach to the bifurcation threshold is required. Our results can be extended to a wide
range of models that include critical transitions and bifurcations. An extensive list of generalisations and
applications is discussed throughout the chapter.
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5 Time-asymptotic variance for boundary noise

In this chapter, we extend the prediction of critical transitions to SPDEs with boundary additive noise. The
novel work presented here is based on the content in [20]. The author of the thesis is its main contributor,
while the research was carried out under the supervision of Christian Kuehn and Henk A Dijkstra. Similarly
to the previous chapters, we rely on linearisation techniques and focus on the fast component of the fast-
slow model. We study the mild solution u(w,b) = u(w,b)(x, t) of{

du(w,b)(x, t) = A(p)u(w,b)(x, t)dt,
u(w,b)(0, x) = u0(x) ∈ H1,

(5.0.1)

for x ∈ X1 and

Γ(p)u(w,b)(x, t) = σQ
1
2 Ẇt,

on the boundary x ∈ X0 = ∂X1 and t > 0. The linear operator

Γ(p) : D (Γ(p)) ⊂ H1 → H0

defines the boundary conditions from H1 = L2(X1) to H0 = L2(X0). The operator Q : H0 → H0 is
assumed to be self-adjoint, bounded and with bounded inverse. We assume that, for fixed p ≤ 0, there
exists a continuous q = q(p) ∈ R such that for any boundary value problem

(A(p) − q)w = 0 , Γ(p) w = v ,

with v ∈ H0, there exists a unique solution w = D(p)v ∈ D(A(p)) ⊂ H1. For any p ≤ 0, we indicate
D(p)∗ as the adjoint operator of D(p) with respect to the scalar products on the Hilbert spaces H1 and
H0. We assume the operator D(p)∗ to be uniformly bounded in L2(H1; H0) for any p ≤ 0. We set

A0(p)v = A(p)v

for any v ∈ H1 such that Γ(p)v = 0. The operators A0(p) and A0(p)∗ are assumed to be closed and
densely defined in H1. The purely discrete operator, linear A0(p) is assumed to be negative for p < 0 with
eigenvalues

0 > Re
(
λ

(p)
1

)
> Re

(
λ

(p)
2

)
≥ Re

(
λ

(p)
3

)
≥ . . . ,

which are continuous in p. We assume that the eigenvalue λ(p)
1 is the only one to reach the imaginary axis

at p = 0. The geometric multiplicity of each eigenvalue is set for simplicity as 1. For any i ∈ N>0, p ≤ 0
and k ∈

{
1, . . . ,ma

(
λ

(p)
i

)}
, the generalised eigenfunctions of A0(p) and A0(p)∗ corresponding to λ(p)

i

and λ(p)
i , respectively, are labelled as e(p)

i,k and e(p)
i,k

∗
and satisfy

A0(p)e(p)
i,k = λ

(p)
i e

(p)
i,k , A0(p)∗e

(p)
i,k

∗
= λ

(p)
k e

(p)
i,1

∗
, for k = 1,

A0(p)e(p)
i,k = λ

(p)
i e

(p)
i,k + e

(p)
i,k−1, A0(p)∗e

(p)
i,k

∗
= λ

(p)
i e

(p)
i,k

∗
+ e

(p)
i,k−1

∗
, for k ̸= 1.
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We assume that such functions are continuous in H1 with regard to p. The deterministically invariant
subspaces generated by the generalised eigenfunctions of A0(p) and A0(p)∗ associated to the eigenvalue

λ
(p)
i and λ(p)

i are denoted respectively as Ei(p) and Ei(p)∗. Their dimensions, the algebraic multiplicities

of the corresponding eigenvalues, are labelled as Mi = ma

(
λ

(p)
i

)
and are assumed to be independent

of p. For each i ∈ N>0, the sets
{
e

(p)
i,k

}
k∈{1,...,Mi}

and
{
e

(p)
i,Mi−k+1

∗}
k∈{1,...,Mi}

are scaled to form a

biorthogonal system. Each family is assumed to be complete [211] in H1. For i ∈ N>0, we label e(p)
i = e

(p)
i,1

and e(p)
i

∗
= e

(p)
i,1

∗
if Mi = 1. Lastly, we set e(p)

i,0 = e
(p)
i,0

∗
≡ 0 for all i ∈ N>0. Moreover, we consider values

of q that are not in the spectrum of A0(p) and A0(p)∗ for p close to 0.
We construct an early-warning sign for the system (5.0.1) on the limit p → 0− and the loss of stability of
the null solution. Then, we extend these results to a Boussinesq model, a nonlinear ocean model whose
solution is subject to a constraint equation. In this case, we predict the approach to a pitchfork and saddle-
node bifurcation, observing the reliability of the signal up to proximity to the bifurcation. In detail, the
observable displays a rate of divergence similar to the case discussed in Chapter 3. Nonetheless, in order
to ensure a proper analytic justification for such a scaling law, further assumptions need to be enforced.
While these are not restrictive, they are difficult to assess in real-life applications. Due to the study of
different bifurcations in an applied model, we do not enforce the bifurcation to occur at p = 0, but rather at
a general value λ ∈ R. Consequently, the Landau notation Θp refers to such a limit.

5.1 Construction of the early-warning signs

In this section, we assume that∫ t

0

∣∣∣(A0(p) − q)eA0(p)sD(p)Q
1
2

∣∣∣2
L2(X0;H1)

ds < +∞ (5.1.1)

holds for any tend > 0, operators A0, D,Q as considered in (5.0.1) and p ≤ λ. Then, from Theorem 2.2.10
follows the existence of the mild solution of (5.0.1) for any p ≤ λ. We construct early-warning signs able
to predict the approach of p to λ and the corresponding changes ensuing in (5.0.1). For any p < λ, we
define the autocovariance operator of lag time τ ≥ 0 as V τ,w

t : D(A0(p)∗) → H1 that satisfies〈
v, V τ,w

t w
〉

= Cov
(〈
u(w,b)(·, t+ τ), v

〉
,
〈
u(w,b)(·, t), w

〉)
for any v, w ∈ D (A0(p)∗) and t ≥ 0. In the next proposition, we address the equivalent definitions of the
time-asymptotic autocovariance operator.

Proposition 5.1.1. For any p < λ, the time-asymptotic autocovariance operator of lag time τ ≥ 0, defined
by the solution of (5.0.1),

lim
t→∞

V τ,w
t ,

is the linear operator

V τ,w
∞ = eA0(p)τV w

∞ : D(A0(p)∗) → H1, (5.1.2)

for V w
∞ defined in (2.3.8).

Proof. Set v, w ∈ D (A0(p)∗), then

Cov
(〈
u(w,b)(·, t+ τ), v

〉
,
〈
u(w,b)(·, t), w

〉)
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=E

(〈∫ t+τ

0
(q −A0(p))eA0(p)(t+τ−s)D(p)Q

1
2 dWs, v

〉〈∫ t

0
(q −A0(p))eA0(p)(t−s)D(p)Q

1
2 dWs, w

〉)

=E

(〈∫ t

0
(q −A0(p))eA0(p)(t−s)D(p)Q

1
2 dWs, eA0(p)∗τv

〉〈∫ t

0
(q −A0(p))eA0(p)(t−s)D(p)Q

1
2 dWs, w

〉)

=
∫ t

0

〈
D(p)∗eA0(p)∗(t−s)(A0(p)∗ − q)eA0(p)∗τv,QD(p)∗eA0(p)∗(t−s)(A0(p)∗ − q)w

〉
H0

ds

=
〈
v, eA0(p)τVtw

〉
.

Through the limit t → ∞ the proof is concluded.

Having constructed the time-asymptotic autocovariance operator, we prove that it satisfies a generalised
Lyapunov equation [64].

Lemma 5.1.2. Set τ ≥ 0. For any p < λ, the time-asymptotic autocovariance operator V τ,w
∞ is a solution

in Lb(H1), the space of bounded linear operators in H1, of the generalised Lyapunov equation

⟨v,A0(p)V τ,w
∞ w⟩ + ⟨v, V τ,w

∞ A0(p)∗w⟩ = −
〈
v, eA0(p)τ (A0(p) − q)D(p)QD(p)∗(A0(p)∗ − q)w

〉
, (5.1.3)

with v, w ∈ D(A0(p)∗).

Proof. The proof follows the method described in [64, Lemma 2.45]. We fix p < λ. We prove that V τ,w
∞

solves the generalised Lyapunov equation for any v, w ∈ D(A0(p)∗). Through integration by parts and the
fact that A0(p)∗ and A0(p)∗ − q commute for any q ∈ R we obtain

⟨v,A0(p)V τ,w
∞ w⟩

=
∫ ∞

0

〈
A0(p)∗v, eA0(p)τ (A0(p) − q)eA0(p)sD(p)QD(p)∗eA0(p)∗s(A0(p)∗ − q)w

〉
ds

=
∫ ∞

0

〈
d
ds

eA0(p)∗sv, eA0(p)τ (A0(p) − q)D(p)QD(p)∗eA0(p)∗s(A0(p)∗ − q)w
〉

ds

=
〈

eA0(p)∗sv, eA0(p)τ (A0(p) − q)D(p)QD(p)∗eA0(p)∗s(A0(p)∗ − q)w
〉 ∣∣∣∣∣

∞

0

−
∫ ∞

0

〈
eA0(p)∗sv, eA0(p)τ (A0(p) − q)D(p)QD(p)∗eA0(p)∗sA0(p)∗(A0(p)∗ − q)w

〉
ds

= −
〈
v, eA0(p)τ (A0(p) − q)D(p)QD(p)∗(A0(p)∗ − q)w

〉
− ⟨v, V τ,w

∞ A0(p)∗w⟩ .

Therefore, we have proven that V τ,w
∞ is a solution of (5.1.3).

The following theorem introduces an early-warning sign for p → λ−, and hence for the change of sign of
an eigenvalue of A0(p). This is considered as the divergence of V τ,w

∞ along certain directions in H1. The
proof follows methods described in [21, 23, 93, 135] and Chapter 2.

Theorem 5.1.3. Set τ ≥ 0.

a) For any i, j ∈ N>0, it holds that

〈
e

(p)
i,1

∗
, V τ,w

∞ e
(p)
j,1

∗〉
= −

(
λ

(p)
i − q

)(
λ

(p)
j − q

)
(
λ

(p)
i + λ

(p)
j

) eλ
(p)
i τ
〈
e

(p)
i,1

∗
, D(p)QD(p)∗e

(p)
j,1

∗〉

=eλ
(p)
i τ
〈
e

(p)
i,1

∗
, V w

∞e
(p)
j,1

∗〉
. (5.1.4)
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b) For i, j ∈ N>0, assume that there exist C− > 0 and q = q(p) that satisfy

|λi − q| > C−, |λj − q| > C− (5.1.5)

and ∣∣∣〈e(p)
i,1

∗
, D(p)QD(p)∗e

(p)
j,1

∗〉∣∣∣ > C− (5.1.6)

for any p ≤ λ. Then, for i = j = 1, it holds that

lim
p→λ−

∣∣∣〈e(p)
1,1

∗
, V τ,w

∞ e
(p)
1,1

∗〉∣∣∣ = +∞,

and for (i, j) ∈ N>0 × N>0 \ (1, 1), it follows that∣∣∣〈e(p)
i,1

∗
, V τ,w

∞ e
(p)
j,1

∗〉∣∣∣ = Θp (1) , (5.1.7)

as p → λ−.

c) Denoting ei,0 = ej,0 ≡ 0 and k1 ∈ {1, . . . ,Mi} , k2 ∈ {1, . . . ,Mj}, it holds that

〈
e

(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉
= −

〈
e

(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2−1

∗〉
+
〈
e

(p)
i,k1−1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉(
λ

(p)
i + λ

(p)
j

)

−
eλ

(p)
i τ

k1∑
k=1

τk1−k

(k1−k)!

〈((
λ

(p)
i − q

)
e

(p)
i,k1

∗
+ e

(p)
i,k1−1

∗
)
, D(p)QD(p)∗

((
λ

(p)
j − q

)
e

(p)
j,k2

∗
+ e

(p)
j,k2−1

∗
)〉

(
λ

(p)
i + λ

(p)
j

)
for any i, j ∈ N>0.

d) Fix i, j ∈ N>0, k1 ∈ {1, . . . ,Mi} and k2 ∈ {1, . . . ,Mj}. Assume that there exists C− > 0 and
q = q(p) that satisfy (5.1.5) and (5.1.6) for any p ≤ λ. Then, it holds that

∣∣∣〈e(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉∣∣∣ = Θp

(∣∣∣∣∣
(
λ

(p)
i + λ

(p)
j

)−k1−k2+1
∣∣∣∣∣
)

(5.1.8)

as p → λ−.

Proof. a) We fix the pair of indexes i, j ∈ N>0. Equation (5.1.3) implies that〈
e

(p)
i,1

∗
, A0(p)V τ,w

∞ e
(p)
j,1

〉
+
〈
e

(p)
i,1

∗
, V τ,w

∞ A0(p)∗e
(p)
j,1

∗〉
(5.1.9)

= −
〈
e

(p)
i,1

∗
, eA0(p)τ (A0(p) − q)D(p)QD(p)∗(A0(p)∗ − q)e(p)

j,1
∗〉
.

The left-hand side and the right-hand side of (5.1.9) satisfy〈
e

(p)
i,1

∗
, A0(p)V τ,w

∞ e
(p)
j,1

∗〉
+
〈
e

(p)
i,1

∗
, V τ,w

∞ A0(p)∗e
(p)
j,1

∗〉
=
(
λ

(p)
i + λ

(p)
j

)〈
e

(p)
i,1

∗
, V τ,w

∞ e
(p)
j,1

∗〉
and

−
〈
e

(p)
i,1

∗
, eA0(p)τ (A0(p) − q)D(p)QD(p)∗(A0(p)∗ − q)e(p)

j,1
∗〉

= −
〈

(A0(p)∗ − q)eA0(p)∗τe
(p)
i,1

∗
, D(p)QD(p)∗(A0(p)∗ − q)e(p)

j,1
∗〉
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= −
(
λ

(p)
i − q

)(
λ

(p)
j − q

)
eλ

(p)
i τ
〈
e

(p)
i,1

∗
, D(p)QD(p)∗e

(p)
j,1

∗〉
,

respectively. In conclusion, equation (5.1.4) is proven.

b) The rate in (5.1.7) follows from (5.1.3), (5.1.5),the uniform boundedness of D and the fact that A0(p)
has a purely discrete spectrum for any p ≤ λ. In the case i = j = 1, the divergence is implied by
(5.1.6).

c) The construction of the generalised eigenfunctions implies that〈
e

(p)
i,k1

∗
, A0(p)V τ,w

∞ e
(p)
j,k2

∗〉
+
〈
e

(p)
i,k1

∗
, V τ,w

∞ A0(p)∗e
(p)
j,k2

∗〉
=
(
λ

(p)
i + λ

(p)
j

)〈
e

(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉
+
〈
e

(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2−1

∗〉
+
〈
e

(p)
i,k1−1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉
.

It also holds that

−
〈
e

(p)
i,k1

∗
, eA0(p)τ (A0(p) − q)D(p)QD(p)∗(A0(p)∗ − q)e(p)

j,k2

∗〉
= −

〈
eA0(p)∗τ (A0(p)∗ − q)e(p)

i,k1

∗
, D(p)QD(p)∗(A0(p)∗ − q)e(p)

j,k2

∗〉
= −

〈
eA0(p)∗τ

((
λ

(p)
i − q

)
e

(p)
i,k1

∗
+ e

(p)
i,k1−1

∗
)
, D(p)QD(p)∗

((
λ

(p)
j − q

)
e

(p)
j,k2

∗
+ e

(p)
j,k2−1

∗
)〉

= − eλ
(p)
i τ

k1∑
k=1

τk1−k

(k1 − k)!

〈(
λ

(p)
i − q

)
e

(p)
i,k

∗
, D(p)QD(p)∗

(
λ

(p)
j − q

)
e

(p)
j,k2

∗
〉

− eλ
(p)
i τ

k1∑
k=1

τk1−k

(k1 − k)!

〈(
λ

(p)
i − q

)
e

(p)
i,k

∗
, D(p)QD(p)∗e

(p)
j,k2−1

∗
〉

− eλ
(p)
i τ

k1∑
k=1

τk1−k

(k1 − k)!

〈
e

(p)
i,k−1

∗
, D(p)QD(p)∗

(
λ

(p)
j − q

)
e

(p)
j,k2

∗
〉

− eλ
(p)
i τ

k1∑
k=1

τk1−k

(k1 − k)!

〈
e

(p)
i,k−1

∗
, D(p)QD(p)∗e

(p)
j,k2−1

∗〉
.

The equality follows from (5.1.3).

d) The rate can be proven by induction. For k1 = k2 = 1, the equality (5.1.4), assumptions (5.1.5),
(5.1.6) and the uniform boundedness of D imply that

∣∣∣〈e(p)
i,1

∗
, V τ,w

∞ e
(p)
j,1

∗〉∣∣∣ = Θp

(∣∣∣∣∣
(
λ

(p)
i + λ

(p)
j

)−1
∣∣∣∣∣
)
.

The uniform boundedness of D implies the existence of C+ > 0 from which the induction step
follows directly. From induction, the scaling law is given by the fact that the unique term with the
leading absolute value in 〈

e
(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉
is

(−1)k1+k2

(
k1 + k2 − 2
k1 − 1

)〈
e

(p)
i,1

∗
, V τ,w

∞ e
(p)
j,1

∗〉(
λ

(p)
i + λ

(p)
j

)−k1−k2+2
.

This concludes the proof.
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Theorem 5.1.3 introduces an early-warning sign in the form of the qualitative behaviour of the time-
asymptotic autocovariance of the solution of system (5.0.1) along certain directions in H1. Of particular
importance is the case i = j = 1 under assumptions (5.1.5) and (5.1.6), which establishes the divergence
of the early-warning sign, whose scaling law can be observed under the assumption of uniform bounded-
ness of D. The restriction on the choice of space on which the autocovariance is studied limits the use
of such theory in practical applications. In the following theorem, the use of the time-asymptotic autoco-
variance operator as an early-warning sign is extended to a bigger subspace of functions in H1. To prove
such a generalisation, we introduce the projection operators Π1,k(p)∗, Π1(p)∗ and Π−1(p)∗ in H1 as

Π1,k(p)∗v =
〈
v, e

(p)
1,M1−k+1

〉
e

(p)
1,k

∗
, Π1(p)∗v =

M1∑
k=1

Π1,k(p)∗v and Π−1(p)∗v = v − Π1(p)∗v,

for any v ∈ H and k ∈ {1, . . . ,M1}. We define also OM (p)∗ :=
M⊕
i=1
Ei(p)∗.

Theorem 5.1.4. Set τ ≥ 0 and M ∈ N>0. Then, the following items hold.

a) For any f1, f2 ∈ OM (p)∗ it holds

⟨f1, V
τ,w

∞ f2⟩ (5.1.10)

=
∑

i,j∈{1,...,M}

∑
k1∈{1,...,Mi}

∑
k2∈{1,...,Mj}

〈
f1, e

(p)
i,Mi−k1+1

〉〈
e

(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉〈
f2, e

(p)
j,Mj−k2+1

〉
.

b) Assume the existence of C− > 0 and q = q(p) that satisfy (5.1.5) for all i, j ∈ {1, . . . ,M} and

(5.1.6) for i, j = 1. Set the sequences
{
f

(p)
1

}
,
{
f

(p)
2

}
which are continuous in H1, for p ≤ λ, such

that Π1(λ)∗f
(λ)
1 ̸≡ 0 ̸≡ Π1(λ)∗f

(λ)
2 and f (p)

1 , f
(p)
2 ∈ OM (p)∗ for any p ≤ λ. Then, it holds that

lim
p→λ−

∣∣∣〈f (p)
1 , V τ,w

∞ f
(p)
2

〉∣∣∣ = +∞.

c) Under the assumption of the previous item and for fixed k1, k2 ∈ {1, . . . ,M1} such that

km = argmax
i∈{1,...,M1}

{
Π1,j(λ)∗f (λ)

m ̸≡ 0
}
, (5.1.11)

for m ∈ {1, 2}, it holds that∣∣∣〈f (p)
1 , V τ,w

∞ f
(p)
2

〉∣∣∣ = Θp

(
Re
(

−λ(p)
1

)−k1−k2+1
)
. (5.1.12)

Proof. a) The construction of OM (p)∗ implies that f1 and f2 are linear combinations of the generalised

eigenfunctions of A0(p)∗ associated to λ(p)
i for i ∈ {1, . . . ,M}. The coefficients in such a sum follow

from the fact that the generalised eigenfunctions are chosen to satisfy the Jordan block structure. It
therefore holds that

⟨f1, V
τ,w

∞ f2⟩

=
∑

i,j∈{1,...,M}

〈 ∑
k1∈{1,...,Mi}

〈
f1, e

(p)
i,Mi−k1+1

〉
e

(p)
i,k1

∗
, V τ,w

∞

∑
k2∈{1,...,Mj}

〈
f2, e

(p)
j,Mj−k2+1

〉
e

(p)
j,k2

∗
〉
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=
∑

i,j∈{1,...,M}

∑
k1∈{1,...,Mi}

∑
k2∈{1,...,Mj}

〈
f1, e

(p)
i,Mi−k1+1

〉〈
e

(p)
i,k1

∗
, V τ,w

∞ e
(p)
j,k2

∗〉〈
f2, e

(p)
j,Mj−k2+1

〉
.

b) The uniform boundedness of D implies that, for any p ≤ λ, it holds∫ ∞

0

∣∣∣∣∣∣Q 1
2D(p)∗eA0(p)∗s (A0(p)∗ − q) Π−1(p)∗f

∣∣∣∣∣∣r
L2(X0)

ds < +∞, (5.1.13)

for any f ∈ OM (p)∗ and r > 0. Since f (p)
1 , f

(p)
2 ∈ H, it holds for any p ≤ λ that〈

f
(p)
1 , V τ,w

∞ f
(p)
2

〉
=
〈

(Π−1(p)∗ + Π1(p)∗)f (p)
1 , V τ,w

∞ (Π−1(p)∗ + Π1(p)∗)f (p)
2

〉
=
〈

Π−1(p)∗f
(p)
1 , V τ,w

∞ Π−1(p)∗f
(p)
2

〉
+
〈

Π−1(p)∗f
(p)
1 , V τ,w

∞ Π1(p)∗f
(p)
2

〉
+
〈

Π1(p)∗f
(p)
1 , V τ,w

∞ Π−1(p)∗f
(p)
2

〉
+
〈

Π1(p)∗f
(p)
1 , V τ,w

∞ Π1(p)∗f
(p)
2

〉
.

From (5.1.13) it is implied that∣∣∣〈Π−1(p)∗f
(p)
1 , V τ,w

∞ Π−1(p)∗f
(p)
2

〉∣∣∣ < +∞ (5.1.14)

for any p ≤ λ. In the following we use the fact that, for any i ∈ N>0, Ei(p)∗ is an invariant subspace
of D(A0(p)∗) under the action of A0(p)∗ and that A0(p)∗|Ei is a bounded non-positive operator in
D(A0(p)∗) by construction. Moreover, condition (5.1.1) and (5.1.13) imply that, for p approaching λ
from below,∣∣∣〈Π−1(p)∗f

(p)
1 , V τ,w

∞ Π1(p)∗f
(p)
2

〉∣∣∣ (5.1.15)

≤C
∫ ∞

0

∣∣∣∣∣∣Q 1
2D(p)∗eA0(p)∗s(A0(p)∗ − q)Π−1(p)∗eA0(p)∗τf

(p)
1

∣∣∣∣∣∣
L2(X0)

ds
M1∑
k=1

∣∣∣∣∣∣Q 1
2D(p)∗e

(p)
1,k

∗∣∣∣∣∣∣
L2(X0)

=Θp (1) .

Equivalently, ∣∣∣〈Π1(p)∗f
(p)
1 , V τ,w

∞ Π−1(p)∗f
(p)
2

〉∣∣∣ = Θp (1) (5.1.16)

for p → λ−. Lastly, from (5.1.10) we obtain that∣∣∣〈Π1(p)∗f
(p)
1 , V τ,w

∞ Π1(p)∗f
(p)
2

〉∣∣∣ (5.1.17)

=

∣∣∣∣∣∣∣
∑

k1,k2∈{1,...,M1}

〈
f

(p)
1 , e

(p)
1,k1

〉〈
e

(p)
1,k1

∗
, V τ,w

∞ e
(p)
1,k2

∗〉〈
f

(p)
2 , e

(p)
1,k2

〉∣∣∣∣∣∣∣ .
From (5.1.8) and the continuity of the generalised eigenfunctions on variable p, the divergence fol-
lows.

c) The previous item and (5.1.17) imply∣∣∣〈Π1(p)∗f
(p)
1 , V τ,w

∞ Π1(p)∗f
(p)
2

〉∣∣∣ = Θp

(
Re
(

−λ(p)
1

)−k1−k2+1
)

and the conclusion of the proof.
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In Theorem 5.1.4 we construct an early-warning sign whose numerical approximation (see Section 5.2)
does not rely on the precise computation of the elements in E1(p) and E1(p)∗ for p ≤ λ. As an implication,
simulations and implementations of such results are more practical than the early-warning signs obtained
in Theorem 5.1.3.

Remark 5.1.5. The assumption of boundary noise can affect the rate of divergence of the autocovariance
along certain directions in D(A0(p))∗. Furthermore, the omission of assumption (5.1.6) can silence the
early-warning sign. For example, in the case〈

e
(p)
1,k1

∗
, D(p)QD(p)∗e

(p)
1,k2

∗〉
= 0

for any p ≤ λ and k1, k2 ∈ {1, . . . ,M1}, it is implied that the observable
∣∣∣〈f (p)

1 , V τ,w
∞ f

(p)
2

〉∣∣∣, for
{
f

(p)
1

}
and

{
f

(p)
2

}
that satisfy the assumptions in Theorem 5.1.4, does not display divergence as p → λ−. This is

caused by the interplay of the linear operator A(p) that defines the drift component, the boundary operator
Γ(p) and the operator Q associated to the diffusion. In detail, the first two define A0(p), A0(p)∗ and their
eigenfunctions, along with the operators D(p) and D(p)∗. The observable can display convergence also in

the case
{
f

(p)
1

}
or
{
f

(p)
2

}
are orthogonal to E1(p), as implied by (5.1.10). A similar property is employed

in Section 5.2.3.

For p < λ, we define the autocorrelation nonlinear operator at time t > 0 and lag τ ≥ 0 as

V̂ τ,w
t (v, w) :=

〈
v, V τ,w

t w
〉

⟨v, V w
∞w⟩

for any v, w ∈ D(A0(p)∗) such that ⟨v, V w
∞w⟩ ̸= 0 and V w

∞ defined in (2.3.8). Then, the role of the choice
of proxy functions in H1, along which the time-asymptotic autocovariance is studied, is discussed further
in the following corollary.

Corollary 5.1.6. Set τ ≥ 0.

a) Assume the existence of C− > 0 and q = q(p) that satisfy (5.1.5) for all i, j ∈ N>0 and (5.1.6) for
i, j = 1. Assume also that the generalised eigenfunctions of A0(p)∗ are complete in D(A0(p)∗) for

any p ≤ λ. Lastly, set the sequences
{
f

(p)
1

}
,
{
f

(p)
2

}
continuous in H1 for p ≤ λ. Then, for any δ > 0

there exist two sequences
{
g

(p)
1

}
,
{
g

(p)
2

}
that are continuous in H1 such that g(p)

1 , g
(p)
2 ∈ D(A0(p)∗),∣∣∣∣∣∣f (p)

1 − g
(p)
1

∣∣∣∣∣∣ < δ ,
∣∣∣∣∣∣f (p)

2 − g
(p)
2

∣∣∣∣∣∣ < δ, (5.1.18)

for any p ≤ λ, and ∣∣∣〈g(p)
1 , V τ,w

∞ g
(p)
2

〉∣∣∣ = Θp

(
Re
(

−λ(p)
1

)−2M1+1
)

for p → λ−.

b) We set p < λ and assume that the generalised eigenfunctions of A0(p)∗ are complete in D(A0(p)∗).
The time-asymptotic autocorrelation nonlinear operator of lag τ ≥ 0, labelled V̂ τ,w

∞ and defined as

V̂ τ,w
∞ (v, w) = lim

t→∞
V̂ τ,w
t (v, w)

for any v, w ∈ D(A0(p)∗) such that ⟨v, V w
∞w⟩ ̸= 0, satisfies

V̂ τ,w
∞

(
e

(p)
i,1

∗
, f
)

= eλ
(p)
i τ , (5.1.19)

for any i ∈ N>0 and f in a dense subset H′ of H1 such that
〈
e

(p)
i,1

∗
, V w

∞f
〉

̸= 0.
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Proof. a) For p ≤ λ, the fact that the generalised eigenfunctions of A0(p)∗ are complete in its domain
implies that the set of finite linear combinations of such functions, called H̃(p), is dense in D(A0(p)∗).
We also denote the set of functions f ∈ H1 such that Π1,M1(p)∗f ̸≡ 0 as Ĥ(p). By construction,
Ĥ(p) is dense in H1 and open. Therefore, H′(p) := H̃(p) ∩ Ĥ(p) is dense in D(A0(p)∗), which in
return is dense in H1.
From the continuity of

{
f

(p)
1

}
,
{
f

(p)
2

}
and the generalised eigenfunctions of A0(p) and A0(p)∗,

we can construct
{
g

(p)
1

}
,
{
g

(p)
2

}
continuous in H such that g(p)

1 , g
(p)
2 ∈ H′(p) for any p ≤ λ. In

particular, there exists M , dependent on δ, such that g(p)
1 , g

(p)
2 ∈ OM (p)∗ for any p ≤ λ. The

conclusion is obtained from Theorem 5.1.4.

b) We construct H′ = H̃(p), as in the previous part of the proof, for the chosen p < λ. The conclusion
holds directly from (5.1.2) and (5.1.10), fixing f1 = e

(p)
i,1

∗
and f2 = f ∈ H′.

Corollary 5.1.6 introduces an early-warning sign for the approach to the bifurcation threshold λ as the
time-asymptotic autocorrelation with lag time τ > 0, along e1,1

(p)∗
and another general function. This

observable reaches the value 1 with an exponential rate. The behaviour of the autocorrelation is not trivial
to observe numerically since such a sign is given by a quantitative property, in contrast to the divergence
of the time-asymptotic autocovariance, whose corresponding sign is defined by a qualitative property.
Moreover, such a divergence is observed for a wide variety of directions in H1. This is implied by the
assumption that the generalised eigenfunctions of A0(λ)∗ are dense in H1. Such a property has been
proven for different non-self-adjoint operators with compact resolvent [2, 117, 211].

Remark 5.1.7. The time-asymptotic autocorrelation is a well-known early-warning sign for systems in
finite dimensions [73]. Setting τ > 0 and assuming M1 = 1, then the autocorrelation V̂ τ,w

∞

(
f

(p)
1 , f

(p)
2

)
,

for functions f (p)
1 , f

(p)
2 ∈ OM (p)∗ as in Theorem 5.1.4 and M ∈ N>0, is yet not a straightforward object to

determine analytically. From the sum in (5.1.10), we know that, assuming Π1(p)∗f
(p)
1 ̸≡ 0 ̸≡ Π1(p)∗f

(p)
2 ,

the leading term in the outer sum as p → λ− is the component associated to i = j = 1. This implies that
for values of p such that the mentioned element assumes a higher order of magnitude than the rest, and
consequently the rates in Theorem 5.1.4 (c) are observed, the time-asymptotic autocorrelation behaves

similarly to eλ
(p)
1 τ and assumes absolute value equal to 1 on the threshold.

Remark 5.1.8. In Theorem 5.1.3, Theorem 5.1.4 and Corollary 5.1.6, we assume the operator A0(p) to
have discrete spectrum and λ(p)

1 to be the only eigenvalue whose real part changes sign as p → λ−. Such

properties can be generalised by considering that the set of eigenvalues Λ0 =
{
λ

(p)
i

}
i

such that

Re
(
λ

(p)
i

)
→ 0 as p → λ−

is finite and isolated. This implies an asymptotic gap between the elements of such a set and the rest
of the spectrum. Under such an assumption, the divergence in Theorem 5.1.3 (b) is observed along the
corresponding simple eigenfunctions of any element in Λ0 and the divergence in Theorem 5.1.4 (b) is
obtained along

{
f

(p)
1

}
and

{
f

(p)
2

}
whose projection on the generalised eigenspace of any element in Λ0

is not null for p = λ. The scaling laws in Theorem 5.1.4 (c) and Corollary 5.1.6 (a) depend on the rate
of convergence of the real part of the elements in Λ0. Certain elliptic (differential) operators are known to
display discrete spectrum and completeness of the generalised eigenfunctions [2, 117]. For the property of
boundedness of D(p) for such operators, we refer to [137]. We emphasise that Theorem 5.1.4 (b) and (c)

do not require the spectrum of A0(p)∗ to be discrete, but rely on the fact that the set
{
λ

(p)
i

}
i

is composed

by isolated points from the rest of the spectrum. This is in contrast with the case studied in the previous
chapter and avoids the corresponding hindrance in the signal.
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5.2 Examples and applications

The current section provides several examples of models on which the constructed early-warning signs
are applicable. Unless stated otherwise, the figures displayed are obtained in MATLAB [151].

5.2.1 The heat equation with noise boundary conditions

Example 5.2.1. We set X1 = [0, L]N , for N ∈ {1, 2, 3}, and Γ(p) = ΓN in (5.0.1) that defines homo-
geneous Neumann boundary conditions on X1. We also consider A(p) = ∆ + p and A0(p) = ∆N + p
for ∆ the Laplace operator on X1 and ∆N the Laplace operator with homogeneous Neumann boundary
conditions, i.e.,

∆Nf = ∆f , for any f ∈ D(∆N) :=
{
v ∈ W2,2(X1) : ΓN v(x) = 0, x ∈ X0

}
.

It is well known that the non-positive self-adjoint operator ∆N has discrete spectrum
{
λ̂i

}
i∈N>0

and that

its eigenfunctions form a basis in H1. Due to the construction of A0(p), the domain D(A0(p)) does not

depend on p. We note that the smallest value in
{

−λ̂i
}
i∈N>0

is −λ̂1 = 0 and that it has multiplicity 1,

hence in this case λ = 0 and M1 = 1. Furthermore, for any p < 0 we set q = q(p) = p + c for a fixed
c > 0. Such a choice implies that A(p) − q = ∆N − c and that the operator D is independent of p. From
the structure of X1 we know that D is also bounded [66].
It is also known, from [66, Theorem 13.3.6], that, for certain operatorsQ, the conditions (5.1.1) and (5.1.13)
hold. It follows that the solution of (5.0.1) assumes values in H1. We can then write the covariance operator
at time t > 0, defined in (2.3.8), as

V w
∞ :=

∫ t

0
(∆N − c)e(∆N+p)sD(p)QD(p)∗e(∆N+p)s(∆N − c)ds.

We can also state that Theorem 5.1.3, Theorem 5.1.4 and Corollary 5.1.6 hold. In particular for any
f1, f2 ∈ D (∆N) such that Π1(λ)∗f1 ̸≡ 0 ̸≡ Π1(λ)∗f2 and τ ≥ 0,

|⟨f1, V
τ,w

∞ f2⟩| = Θp

(
−1
p

)
as p → 0−.

Example 5.2.2. We fix X1 = [0, L] and Γ(p) = ΓD in (5.0.1) such that ΓD requires the solutions of the
system to satisfy homogeneous Dirichlet boundary conditions on the interval. Similarly to the previous
example, we set A(p) = ∆ + p and A0(p) = ∆D + p, for

∆Df = ∆f , for any f ∈ D(∆D) :=
{
v ∈ W2,2(X1) : ΓD v(x) = 0, x ∈ X0

}
.

The negative self-adjoint operator ∆D has discrete spectrum
{
λ̂i

}
i∈N>0

coupled to the eigenbasis {êi}i∈N>0

in H1. The domain D(A0(p)) is independent of p. We label the highest value in
{
λ̂i

}
i∈N>0

as λ̂1, which

has multiplicity 1. Hence, in this case, the threshold is λ = −λ̂1 and M1 = 1. For any p < −λ̂1 we set
q = q(p) = p + c for a fixed c > 0, which implies that A(p) − q = ∆D − c and that the operator D is
independent of p. We know from [63] that D is bounded, yet (5.0.1) does not have solutions in H1. The
system admits nevertheless solutions in Wα,2(X1), the Sobolev space of degree α, for α < −1

2 . The fact
that α is required to be negative implies that (5.1.1) does not hold. Following the same step as the proof
of Lemma 5.1.2, a generalised Lyapunov equation of the form

⟨(−A0(p))U(p)v, V τ,w
∞ U(p)w⟩ + ⟨U(p)v, V τ,w

∞ (−A0(p))U(p)w⟩
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= −
〈
U(p)v, eA0(p)τ (A0(p) − q)D(p)QD(p)∗(A0(p) − q)U(p)w

〉
,

can be proven for weight U(p) = (−A0(p))
α
2 , functions U(p)v, U(p)w ∈ D(A0(p)) and any τ ≥ 0. We

can then obtain

⟨U(p)êi, V τ,w
∞ U(p)êj⟩ = −

eλ̂iτ
(
λ̂i − c

)(
λ̂i − c

)(
(λ̂i + p)(λ̂j + p)

)α
2(

λ̂i + λ̂i + 2p
) ⟨êi, D(p)QD(p)∗êj⟩ .

From the steps in Theorem 5.1.3 and Theorem 5.1.4, it follows that

|⟨U(p)êi, V τ,w
∞ U(p)êj⟩| = Θp


∣∣∣∣∣∣∣
(

(λ̂i + p)(λ̂j + p)
)α

2(
λ̂i + λ̂i + 2p

)
∣∣∣∣∣∣∣
 (5.2.1)

and, for any U(p)f1, U(p)f2 ∈ D(A0(p)) such that Π1(λ)∗f1 ̸≡ 0 ̸≡ Π1(λ)∗f2, f1 and f2 are finite linear
combinations of eigenfunctions {êi}i∈N>0

and τ ≥ 0,

|⟨U(p)f1, V
τ,w

∞ U(p)f2⟩| = Θp

(∣∣∣∣(λ̂1 + p
)−1+α

∣∣∣∣) (5.2.2)

as p → −λ̂1.

Remark 5.2.3. Introducing a weighting of the norm in H1 through the operator U(p) = (−A0(p))
α
2 leads

to early-warning signs in (5.2.1) and (5.2.2) with a larger rate of divergence than those established in
Theorem 5.1.3 and Theorem 5.1.4. This increased divergence is attributed to the convergence of the
dominant eigenvalue of A0(p) to the imaginary axis. To circumvent this effect, it is preferable to employ
(−A0(p) + q)

α
2 = (−∆D + c)

α
2 = U as a weighting operator. From [63] and assuming

g1 ∈ H1, f1 = (−∆D + c)− 1
4 g1 ∈ D(A0(p)), g2 ∈ H1 and f2 = (−∆D + c)− 1

4 g2 ∈ D(A0(p)),

it holds that
〈
f1, V

τ,w
∞ f2

〉
< ∞ for any p < λ. A numerical analysis of the early-warning signs is possible

as the functions f1 and f2 can be assumed to approximate elements in OM (p)∗, for a sufficiently large
M ∈ N>0 and any p < λ, due to the completeness of the eigenfunctions of A0(p) in H1.

5.2.2 From theory to practical applications

The early-warning signs discussed in Corollary 5.1.6 generalise the tools employed in finite-dimensional
models as they consider the effect of spatial components and noise on the boundary of the domain. As an
example, such early-warning signs are employed in climate science. Specific models study the collapse
of the Atlantic Meridional Overturning Circulation [32, 74, 202] and the melting of the Western Greenland
Ice Sheet [33]. Such tipping points are often associated with fold bifurcations.

Similarly to the previous chapters, the application of the time-asymptotic autocovariance and autocorre-
lation as early-warning signs on real-life models relies on Birkhoff’s Ergodic Theorem, which states that,
for fixed p < λ and ergodic solutions u(w,b) of (5.0.1), the time-asymptotic autocovariance equals the
asymptotic temporal autocovariance, i.e.,

⟨f1, V
τ,w

∞ f2⟩ =
∫ ∞

0

〈
u(w,b)(·, s+ τ), f1

〉〈
u(w,b)(·, s), f2

〉
ds,
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and the time-asymptotic autocorrelation corresponds to the asymptotic temporal autocorrelation, i.e.,

V̂ τ,w
∞ (f1, f2) =

∫∞
0
〈
u(w,b)(·, s+ τ), f1

〉 〈
u(w,b)(·, s), f2

〉
ds∫∞

0 ⟨u(w,b)(·, s), f1⟩ ⟨u(w,b)(·, s), f2⟩ ds
,

for any f1, f2 ∈ D(A0(p)∗) such that ⟨f1, V
w

∞f2⟩ ̸= 0. The temporal autocovariance and autocorrelation
along functions f1 and f2 provide practical observables, as such quantities can be extracted from time se-
ries and real-life data. As an example, the choice of f1 and f2 as indicator functions implies the correlation
and autocorrelation of the average of some of the components in u(w,b) on the supports of the observed
functions [21]. A concrete example of this approach is described in Section 5.2.3. For any fixed p ≤ λ and
under the assumption of completeness of the generalised eigenfunctions of A0(p), the functions f1 and f2
can also be assumed to be in OM (p)∗, for a sufficiently large M ∈ N>0.

5.2.3 A Boussinesq model with noise boundary conditions

The Boussinesq model, studied in [72], describes flows in a two-dimensional region of the ocean. Such an
area is defined by the spatial variables (x1, x2) ∈ [−H, 0] × [0, L], for depth H and latitude length L. The
scaled and non-dimensionalised variables that define the model are the salinity S, the temperature T , the
vorticity ω and the streamfunction ψ. The two-dimensional model is described as follows:

Pr−1
(
∂ω

∂t
+ v

∂ω

∂x2
+ w

∂ω

∂x1

)
= ∆ω +Ra

(
∂T

∂x2
− ∂S

∂x2

)
,

ω = −∆ψ , v = ∂ψ

∂x1
, w = − ∂ψ

∂x2
,

∂T

∂t
+ v

∂T

∂x2
+ w

∂T

∂x1
= ∆T, (5.2.3)

∂S

∂t
+ v

∂S

∂x2
+ w

∂S

∂x1
= Le−1∆S;

lateral boundary conditions for any x1 ∈ (−H, 0) and t ≥ 0 as

x2 = 0, L : ψ(x1, x2, t) = ω(x1, x2, t) = ∂S

∂x2
(x1, x2, t) = ∂T

∂x2
(x1, x2, t) = 0; (5.2.4)

conditions at the ocean floor for any x2 ∈ (0, L) and t ≥ 0 as

x1 = −H : ψ(x1, x2, t) = ω(x1, x2, t) = ∂S

∂x1
(x1, x2, t) = ∂T

∂x1
(x1, x2, t) = 0; (5.2.5)

conditions at the surface for any x2 ∈ (0, L) and t ≥ 0 as

ψ(x1, x2, t) = ω(x1, x2, t) = 0,

x1 = 0 : ∂S

∂x1
(x1, x2, t) = p (QS(x2) + νVS(x2)) + σQS(x2)Ẇ (x2, t), (5.2.6)

∂T

∂x1
(x1, x2, t) = −κ(T (x1, x2, t) − TS(x2) + δ).

The initial conditions of the model are denoted as

u0(x1, x2) = (ψ(x1, x2, 0), ω(x1, x2, 0), T (x1, x2, 0), S(x1, x2, 0)) ,

for any x1 ∈ [−H, 0] and x2 ∈ [0, L]. The term Ẇ indicates Gaussian white noise, in space and time, on
the surface boundary, which is physically justified by minor external forcing in the region. In the following
SPDEs, the noise intensity is set as σ = 0.01, unless stated otherwise. The Prandtl number Pr and the
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Lewis number Le are fixed as Pr = 2.25 and Le = 1. Following [72], we set H = 1. We use ∆ to denote
the two-dimensional Laplace operator on [−H, 0]× [0, L]. For clarity, Figure 5.1 displays the model set-up.
The forcing functions are

QS(x2) = 3cos
(

2π
(
x2
L

− 1
2

))
,

VS(x2) = −sin
(
π

(
x2
L

− 1
2

))
,

and

TS(x2) = 1
2

(
cos

(
2π
(
x2
L

− 1
2

))
+ 1
)

for x2 ∈ [0, L]. The shape of functions QS , VS and TS are shown in Figure 5.1.

x2
(a) Functions defining surface

conditions in model (S1)

Surface

Ocean

Bottom

E
quator

x1 = 0

x1 = −H
x2 = 0 x2 = L

Sx2 = 0
Tx2 = 0
ω = 0
ψ = 0

Sx2 = 0
Tx2 = 0
ω = 0
ψ = 0

Sx1 = 0 Tx1 = 0 ω = 0 ψ = 0

Sx1 = p(QS + νVS) + σQSẆ Tx1 + κT = κTS
ω = 0 ψ = 0

(b) Boundary conditions and visual
interpretation of model (S1)

Fig. 5.1 Panel (a) shows the shape of the forcing functions as functions of x2 for L = 5. The choice of function TS affects the temperature
forcing, and the freshwater flux forcing is related to QS and VS . The function VS provides asymmetry in x2 on the boundary conditions.
The Boussinesq model (S1) setup and its boundary conditions are displayed in panel (b). The partial derivatives are indicated as
Sx1 , Tx1 , Sx2 , Tx2 . The boundary condition for the temperature at the surface is a Newtonian cooling condition, or Robin condition. Follow-
ing [10], we insert white noise on the surface boundary condition of the salinity variable.

We set a bifurcation threshold λ. For fixed p < λ we pick a deterministically stable equilibrium solution
(ψ∗, ω∗, T∗, S∗) of (5.2.3), (5.2.4), (5.2.5) and (5.2.6) with σ = 0. We can then linearise the system locally,
thus obtaining 

0
∂ω
∂t

∂T
∂t

∂S
∂t

 = A(ψ∗, ω∗, T∗, S∗)


ψ

ω

T

S

 (5.2.7)

and linearised boundary conditions (5.2.4), (5.2.5) and

ψ(x1, x2, t) = ω(x1, x2, t) = 0,

x1 = 0 : ∂S

∂x1
(x1, x2, t) = σQS(x2)Ẇ (x2, t), (5.2.8)

∂T

∂x1
(x1, x2, t) + κT (x1, x2, t) = 0.

for any x2 ∈ (0, L) and t ≥ 0. The original system (5.2.3) with boundary conditions (5.2.4), (5.2.5) and
(5.2.6) is called (S0) under the assumption σ = 0 and (S1) for the initial condition u0 = (ψ∗, ω∗, T∗, S∗).
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The linearised system (5.2.7) with boundary conditions (5.2.4), (5.2.5), (5.2.8) and initial condition in the
null function u0 ≡ 0 is denoted as (S2). The operator A(ψ∗, ω∗, T∗, S∗) is of the form

A(ψ∗, ω∗, T∗, S∗) =

 A11 A12

A21(ω∗, T∗, S∗) A22(ψ∗)

 ,

for: A11 = ∆, the Laplace operator;

A12 =
(

Id 0 0
)
,

with Id, the identity operator, and 0, the null operator;

A21(ω∗, T∗, S∗) =


−∂ω∗
∂x2

∂
∂x1

+ ∂ω∗
∂x1

∂
∂x2

−∂T∗
∂x2

∂
∂x1

+ ∂T∗
∂x1

∂
∂x2

−∂S∗
∂x2

∂
∂x1

+ ∂S∗
∂x1

∂
∂x2

 ;

for the operator

A22(ψ∗) =


−∂ψ∗
∂x1

∂
∂x2

+ ∂ψ∗
∂x2

∂
∂x1

+ Pr∆ Pr Ra ∂
∂x2

−Pr Ra ∂
∂x2

0 −∂ψ∗
∂x1

∂
∂x2

+ ∂ψ∗
∂x2

∂
∂x1

+ ∆ 0

0 0 −∂ψ∗
∂x1

∂
∂x2

+ ∂ψ∗
∂x2

∂
∂x1

+ Le−1∆

 .

Solutions (ψ, ω, T, S) of (5.2.7) satisfy

−A11ψ = A12

ωT
S

 ,

∂
∂t

ωT
S

 = A21(ω∗, T∗, S∗)ψ +A22(ψ∗)

ωT
S

 .

Under boundary conditions (5.2.4), (5.2.5) and (5.2.8), A11 is invertible and the Schur complement of
A(ψ∗, ω∗, T∗, S∗) is defined as

AS(ψ∗, ω∗, T∗, S∗) := A22(ψ∗) −A21(ω∗, T∗, S∗)A−1
11 A12. (5.2.9)

We introduce also
A0(ψ∗, ω∗, T∗, S∗) = AS(ψ∗, ω∗, T∗, S∗) (5.2.10)

for

D (A0(ψ∗, ω∗, T∗, S∗)) = D (AS(ψ∗, ω∗, T∗, S∗)) ∩

 (ω, T, S) that satisfy

(5.2.4), (5.2.5) and (5.2.8) for σ = 0

 , (5.2.11)
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and any steady solution (ψ∗, ω∗, T∗, S∗) of (S0). We can then consider the linearised problem

∂

∂t


ω

T

S

 = AS(ψ∗, ω∗, T∗, S∗)


ω

T

S


with boundary conditions (5.2.4), (5.2.5) and (5.2.8). Setting an initial condition in D(AS(ψ∗, ω∗, T∗, S∗)),
the system is of the form (5.0.1). In particular, we can now apply Theorem 5.1.3, Theorem 5.1.4 and
Corollary 5.1.6. The results are discussed and compared to numerical methods in the examples to follow.

The variable S appears in the model (S1) only under the application of derivative operators, thus indicating
the invariance of the time derivatives and boundary conditions under shifting by a constant along the S
component. For all stable solutions of system (S0), (ψ∗, ω∗, T∗, S∗), the eigenvalue with highest real part
of A0(ψ∗, ω∗, T∗, S∗) is λ(p)

1 = 0 for any p < λ. Its corresponding eigenfunction e(p)
1,1 is characterised by

e
(p)
1,1(x1, x2) =


0

0

c

 , (5.2.12)

for c ∈ R, for any p ≤ λ and (x1, x2) ∈ [−H, 0] × [0, L]. In the following examples, we ensure that the
early-warning sign is not affected by the presence of an eigenvalue with zero real part.
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Fig. 5.2 Section of the bifurcation diagram of (S0) under the assumptions Ra = 104, κ = 102, L = 10 and ν = δ = 0, for the parameter p. The
thermally dominated 2-cell state, TH-solution, is stable for p < λ ≈ 0.0638 and unstable for p > λ. The value λ indicates a supercritical pitchfork
threshold. The system is multistable for p > λ̃ ≈ 0.049, as two saddle-node bifurcations indicate the presence of the southward sinking solution,
S-solution, and the northward sinking solution, N-solution.
The diagram is obtained with the Python library Transiflow [9] through a pseudo-arclength continuation method and uniform resolution grid
(M, N) = (30, 100), similar as [72].

Example 5.2.4. In this example, we assume that L = 10, ν = δ = 0, and Ra = 104. The value κ, a ratio
of the diffusive timescale of vertical heat transfer and the relaxation timescale, is assumed as κ = 100.
The bifurcation diagram of system (S0) is displayed in Figure 5.2. It is shown that a supercritical pitchfork
bifurcation threshold is located at p = λ ≈ 0.0638, where a stable solution with components T and S
symmetric along the equator x2 = L

2 , the thermally dominated 2-cell state, loses its stability.
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Fig. 5.3 The panels (a)-(d) display the simulation of a stable solution (ψTH, ωTH, TTH, STH) of the system defined by (S0) and assumptions
Ra = 104, κ = 102, L = 10 and ν = δ = 0. The parameter leading to a pitchfork bifurcation is taken as p = 0.055, hence less than the
threshold value λ. The coloured boxes delimit supports of indicator functions, chosen further in the example as f (p)

1 and f (p)
2 , for any p < λ,

in (5.1.12) in Theorem 5.1.4. The red box, in the plot of ωTH, defines the rectangle [−0.5,−0.2] × [3, 4] ⊂ [−H, 0] × [0, L] on the domain
of ωTH. Such a shape delimits the support of the indicator function 1ω . Similarly, the magenta box, in the plot of TTH, defines the rectangle
[−0.3,−0.05] × [3, 9] ⊂ [−H, 0] × [0, L] on the domain of TTH, which indicates the support of the indicator function 1T .
The panels (e)-(h) show the southward sinking steady solution (ψS, ωS, TS, SS) at p = 0.055, under equivalent assumptions. Such a stable
solution arises from a saddle-node bifurcation at p = λ̃ ≈ 0.049.

We label the thermally dominated 2-cell state as (ψTH, ωTH, TTH, STH), which is chosen as (ψ∗, ω∗, T∗, S∗)
and shown in the panels (a)-(d) of Figure 5.3 for p = 0.055. At p = λ̃ ≈ 0.049, two pairs of solutions
appear from saddle-node bifurcations, inducing multistability in the system for λ̃ < p ≤ λ. One of the
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stable solutions that arises from such a threshold, the southward sinking solution, is displayed in panels
(e)-(h) from Figure 5.3. The northward sinking solution can be constructed from the latter. Proof of such a
statement is provided in [20].
The solutions of the original system (S1) and of the linearised system (S2) are obtained through an implicit
Euler finite difference method with time step 10−2 and final time tend. Similarly to [72], M = 29 and N = 59
internal resolution points have been considered for the intervals (−H, 0) and (0, L) respectively. The grid
is built by assuming the resolution coordinates {xi}i∈{1,...,N} =

{
i A
N+1
}
i∈{1,...,N}, along the x2 direction, and

{zi}i∈{1,...,M}, along the x1 direction, for

zi := −1
2 −

tanh
(
−3
(
yi + 1

2
))

2tanh
(3

2
)

and {yi}i∈{1,...,M} =
{

−1 + i
M+1
}
i∈{1,...,M}. Such a choice of grid, similar to the one described in [71],

is selected to achieve a higher resolution in the proximity to the surface and ocean floor boundary. The
numerical techniques employed to obtain first- and second-order derivatives in a non-equidistant grid are
described in [195].

p

λ
(p

)
2

−
λ

(p
)

3

Fig. 5.4 Plot of λ(p)
2 −λ(p)

3 , the difference between the second and third eigenvalues ofA0(ψTH, ωTH, TTH, STH) with highest real part, for various
resolution grid choices. In green the resolution is assumed to be (M, N) = (19, 39), in blue (M, N) = (29, 59) and in red (M, N) = (44, 89). The
differences appear to increase in the proximity of the bifurcation threshold, which assumes lower values for coarse resolution grids, as discussed
in [72].

We consider (ψTH, ωTH, TTH, STH) as a family of stable steady solutions of (S0) as p approaches a super-
critical pitchfork bifurcation at λ. The structure of the spectrum of the operator A0(ψTH, ωTH, TTH, STH) is
not known explicitly; in particular, its discreteness is not trivial to prove through analytic methods. Following
Remark 5.1.8, we study the behaviour of the spectrum region with the highest real part as p approaches the
bifurcation threshold. The threshold value is obtained numerically with more precision for increased grid
resolution of the space. We show in Figure 5.4 the difference between the second and third eigenvalues
with highest real part of the numerical approximation, by finite difference method, ofA0(ψTH, ωTH, TTH, STH)
previous to the registered bifurcation threshold, for different values of N and M. The difference appears to
be steadily distant from 0, indicating a gap between such eigenvalues, and increasing as p approaches
the detected bifurcation point. We can, therefore, compare the results of Corollary 5.1.6 with simulations
obtained from the model.

In Figure 5.5a, we observe in blue the behaviour of log10

(
− 1
λ

(p)
2

)
, for λ(p)

2 being the second eigenvalue

of A0(ψTH, ωTH, TTH, STH) with largest real part. Depending on the grid resolution, such a value increases
as p approaches the registered bifurcation threshold in p ≈ 0.0618. On the circles shown along the red
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Fig. 5.5 The blue line shows the behaviour of log10

(
− 1
λ

(p)
2

)
, for λ(p)

2 the second eigenvalue of A0(ψTH, ωTH, TTH, STH) with highest real part.

In (a), the red and magenta lines refer to means of observables obtained from 5 run samples, differing from noise realisations. Such lines display
respectively the mean of the logarithm of the temporal autocovariance, for time tend = 103 and τ = 0, of solutions of a numerically approximated
system projected on indicator functions. The red lines indicate projection on f = 1ω and the magenta lines on f = 1T . Such functions are
defined in the caption of Figure 5.3. The solutions in (a) associated with the dashed lines satisfy (S1), and those related to the solid lines solve
(S2).
In (a), the circles on the red and magenta solid lines indicate the mean values of observables from the linearised systems. The shaded
areas have widths equal to double the corresponding standard deviations. The stable solutions are obtained through the natural parame-
ter continuation method, and their stability is observed by solving the eigenvalue problem corresponding to the numerical approximation of
A0(ψTH, ωTH, TTH, STH) through the finite difference method. For p > λ̃ ≈ 0.049, the sampled solutions of (S1) do not present a jump to a
neighbourhood of another stable solution before tend, which suggests that they remain in the basin of attraction of (ψTH, ωTH, TTH, STH) for such
interval of time.
Panel (b) displays the scalar product in H1 of f = 1ω , in red, and f = 1T , in magenta, with e(p)

2,1. The values are not heavily dependent on p
and do not affect the observation of the rate in (a).

and magenta solid lines in Figure 5.5a, we observe the mean logarithm of the temporal variance, for time
tend = 103, of 5 solutions, differing from noise realisations, of the numerically approximated linearised
system (S2), projected respectively on the indicator functions 1ω and 1T with supports defined by the
boxes in Figure 5.3. From ergodicity, implied by the additive noise term and the diffusion of the system,
we can expect the time-asymptotic temporal variance of an observable of a simulation to be equal to the
time-asymptotic variance in function space of the solution of the system along the function that defines the
observable [66, 93]. On the red and magenta dashed lines in Figure 5.5a, we display the mean logarithm
of the temporal variance in time tend for 5 solutions, under different noise samples, of the numerically
approximated original system (S1), projected on 1ω and 1T respectively.

The behaviour of the solid and dashed lines of the same colour is similar, as expected up to proximity
to the bifurcation. They also resemble, as p approaches the approximated bifurcation threshold, the blue
line with the difference of a constant, suggesting an order of divergence as presented in (5.1.12). Such
a resemblance is affected, however, by the choices of functions 1ω and 1T . As described in Corollary
5.1.6, the time-asymptotic autocovariance with τ = 0, diverges for a dense set of functions in H1 as

Re
(

−λ(p)
1

)−2M1+1
, but the chosen direction functions are orthogonal to the unique generalised eigen-

function, e(p)
1,1, of A0(ψTH, ωTH, TTH, STH) associated to λ

(p)
1 , as described in (5.2.12). The leading term

in the series (5.1.10) is therefore associated to λ
(p)
2 and the corresponding generalised eigenfunctions

of A0(ψTH, ωTH, TTH, STH) and its adjoint. The rate displayed by the solid lines in Figure 5.5a is, in fact,

Re
(

−λ(p)
2

)−2M2+1
. In Figure 5.5b, the scalar products in H1 of 1ω and 1T with the second simple

eigenfunction, e(p)
2,1, of A0(ψTH, ωTH, TTH, STH) are displayed. Such a value does not appear to be highly

dependent on p; therefore, the choice of observables does not greatly impact the rate of the early-warning
sign. For each observed value p, there exists only a simple eigenfunction related to λ(p)

2 , which is displayed
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Fig. 5.6 Panels (a)-(c) and (d)-(f) display the components of the approximations of e(0.055)
2,1 and e(0.055)

2,1
∗

, which are respectively the (unique)
eigenfunctions of A0(ψTH, ωTH, TTH, STH) and A0(ψTH, ωTH, TTH, STH)∗ associated to the second eigenvalues with highest real part.

in Figure 5.6 for p = 0.055, and M2 = 1.
The divergences in Figure 5.5a can also be affected by the term

∣∣∣〈e(p)
2,1

∗
, D(p)QD(p)∗e

(p)
2,1

∗〉∣∣∣ .
The multistability of the system (S0) for p close to the pitchfork bifurcation threshold λ requires a careful
choice of tend. Such a time needs to capture the time-asymptotic property of Lemma 5.1.2 and still has to
be associated with a small probability of jumping from (ψTH, ωTH, TTH, STH) to another stable solution for
any p < λ observed. If the second property is not fulfilled, attracting properties in other basins of attraction
can be observed, affecting the results in Figure 5.5. The small intensity of the noise in the simulations of
the solution of the system (S1) makes such an occurrence rare and not observed in the simulations for
λ̃ < p < λ.

Example 5.2.5. We consider the model (S1) for parameters L = 5, ν = −0.2, δ = 0.5, Ra = 4 × 104. For
such values, the surface boundary conditions (5.2.6) on S are not symmetric with respect to the mid-axis.
We also consider the limit case κ = +∞, thus enforcing heterogeneous Dirichlet boundary conditions on
T . Under such an assumption, the bifurcation diagram in Figure 5.7 shows a saddle-node bifurcation at
L1 = λ ≈ 1.03.
Similarly to the previous example, we study a stable solution of (S0), the skewed sinking southward solution
(ψSS, ωSS, TSS, SSS) displayed in the first row of Figure 5.8, as (ψ∗, ω∗, T∗, S∗). We also observe early-
warning signs able to predict the approach of p to λ from the behaviour of solutions of the corresponding
linearised system (S2). The salinity-dominated solution [72], shown in the second row of Figure 5.8, is
another stable solution for p in a neighbourhood of λ. The early-warning signs are, therefore, able to
predict the jump of a solution of the system (S1) to the proximity of such an equilibrium. Nonetheless, the
fact that the bifurcation is of saddle-node type implies that, under the effect of noise, the transition may
happen before the threshold approach. The reliability of the signs is consequently dependent on the noise
intensity, which is known to affect the probability of metastable jump before a given time [19, 23].
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Fig. 5.7 Section of the bifurcation diagram of system (S0) under the assumptions Ra = 4 × 104, κ = +∞, L = 5, ν = −0.2 and δ = 0.5, for
parameter p. The skewed southward sinking solution, SS-solution, exists and is stable for p < λ ≈ 1.03. The bifurcation threshold on p = λ is
associated to a saddle-node bifurcation.
The system is multistable for p close to λ. In the figure we indicate the salinity-dominated stable solution, SA-solution. The lines are obtained
with the Python library Transiflow [9] through the pseudo-arclength continuation method and uniform resolution grid (M, N) = (30, 60).

The four eigenvalues of the matrix A0(ψSS, ωSS, TSS, SSS) with largest real part, for the studied values

of p, are λ(p)
1 = 0, λ(p)

2 ̸= λ
(p)
2 = λ

(p)
3 and λ(p)

4 ∈ R. Figure 5.9 displays Re
(
λ

(p)
2 − λ

(p)
4

)
for different

non-uniform resolution grids, constructed as in the previous example. It is apparent that for p > 0.4, the
difference increases with p and the resolution of the chosen grids. In particular, the difference strays from
0. This justifies the application of the results of Theorem 5.1.3, Theorem 5.1.4, and Corollary 5.1.6 on
the linearised stochastic system (S2) and the observation of its temporal autocovariance and temporal
autocorrelation for long time intervals [93].
Figure 5.10 is obtained from 5 sample solutions of the approximated linearised system (S2), final time
tend = 104 and the implicit Euler finite difference method, as in the previous example. Figure 5.10a

and Figure 5.10b display in blue respectively log10

(
− 1

Re(λ(p)
2 )

)
and log10

(
− 1

Re(λ(p)
4 )

)
. Such lines are

compared with the mean logarithm of the temporal variance of the solutions projected on the corresponding
eigenfunctions of A0(ψSS, ωSS, TSS, SSS)∗, in red.

Figure 5.10a indicates a similar behaviour of the two lines for p close to λ, aside from the difference of a
constant. Such a similarity is affected by the shape of the noise and of the corresponding eigenfunction,
as described in (5.1.4). This effect can be observed in Figure 5.10b. In such a case, the red line does not
indicate divergence of the early-warning sign, similarly to the blue line.

In Figure 5.11, the shape of the simple eigenfunction e
(p)
2,1

∗
of A0(ψSS, ωSS, TSS, SSS)∗ is displayed for

p = 1. It generates the corresponding generalised eigenspace E2(p)∗, for the observed p, and M2 = 1.

For any p ≤ λ, we assume the sequences
{
f

(p)
1

}
,
{
f

(p)
2

}
continuous in H1 and such that the inte-

gral of the component on S is 0, i.e., it is orthogonal to the only generalised eigenfunction, e(p)
1,1, of

A0(ψSS, ωSS, TSS, SSS) correspondent to λ
(p)
1 , as defined in (5.2.12). Under the assumptions of Corol-

lary 5.1.6, there exist for any δ > 0 the sequences
{
g

(p)
1

}
and

{
g

(p)
2

}
, generated by a finite number of

generalised eigenfunctions of A0(ψSS, ωSS, TSS, SSS)∗, that satisfy (5.1.18) and∣∣∣〈g(p)
1 , V τ,w

∞ g
(p)
2

〉∣∣∣ = Θp

(
Re
(

−λ(p)
2

)−1
)

(5.2.13)
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Fig. 5.8 Panels (a)-(d) present the simulation of the skewed sinking southward solution (ψSS, ωSS, TSS, SSS) of the system (S0) and assumptions
Ra = 4 × 104, κ = +∞, L = 5, ν = −0.2 and δ = 0.5. We fix p = 1, therefore less than the saddle-node bifurcation value. Panels (e)-(h)
display the salinity-dominated stable solution (ψSA, ωSA, TSA, SSA) at p = 1, under equivalent assumptions.

for p that approaches the bifurcation threshold. We can therefore conclude that, although the shape of the
function e(p)

2,1
∗

is non-trivial, the simple shape of e(p)
1,1, described in (5.2.12), facilitates the search of other

sequences
{
g

(p)
1

}
and

{
g

(p)
2

}
that satisfy〈

g
(p)
1 , e

(p)
1,1

〉
= 0,

〈
g

(p)
2 , e

(p)
1,1

〉
= 0,

〈
g

(p)
1 , e

(p)
2,1

〉
̸= 0 and

〈
g

(p)
2 , e

(p)
2,1

〉
̸= 0, (5.2.14)



90

p

R
e( λ

(p
)

2
−
λ

(p
)

4

)

Fig. 5.9 Plot of Re
(
λ

(p)
2 − λ

(p)
4

)
, for λ(p)

2 and λ(p)
4 respectively the second and fourth eigenvalues of A0(ψSS, ωSS, TSS, SSS) with highest real

part for various resolution grid choices. In green the resolution is assumed to be (M, N) = (19, 39), in blue to be (M, N) = (29, 59) and in red to
be (M, N) = (44, 89).
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Fig. 5.10 The panels (a) and (b) show in blue log10

(
− 1

Re
(
λ

(p)
2

)) and log10

(
− 1

Re
(
λ

(p)
4

)) respectively, for λ(p)
2 and λ(p)

4 the second and

fourth eigenvalue of A0(ψSS, ωSS, TSS, SSS) with highest real part. The red lines refer to the mean logarithm of the temporal variance, for time

tend = 104 and τ = 0, of solutions of the numerically approximated linearised system (S2), projected on e(p)
2,1

∗
, in (a), and on e(p)

4,1
∗

, in (b). Such
lines are obtained from 5 run samples, which are different from noise realisation.

for any p ≤ λ, and, consequently, imply (5.2.13).

In Figure 5.12, the mean temporal autocorrelation of 5 solutions of the linearised system (S2) in time
tend = 104 is studied in relation to the lag 0 ≤ τ ≤ 10 and fixed parameter values p. For i ∈ {2, 4}, the

figures refer to the absolute values of the numerical approximation of V̂ τ,w
tend

(
e

(p)
i,1

∗
, e

(p)
i,1

∗)
, in solid lines, and

the absolute values of the function eλ
(p)
i τ , denoted by circles. Corollary 5.1.6 expects the L2-norm of the

differences of V̂ τ,w
∞

(
e

(p)
i,1

∗
, e

(p)
i,1

∗)
and eλ

(p)
i τ on the interval τ ∈ [0, 10] to be 0 for any 0.4 ≤ p ≤ 1. Such

numerical errors are of order 10−3 for all values i ∈ {2, 4} and p ∈ {0.4, 0.6, 0.8, 1}, as reported in the
figure.
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Fig. 5.11 The panels (a)-(c) and (d)-(f) display respectively the real and imaginary parts of the components of the numerical approximations of

e
(1)
2,1

∗
. Such a function is the unique generalised eigenfunction of A0(ψSS, ωSS, TSS, SSS)∗ associated to λ(p)

2 . We label its real and imaginary

parts as Re
(
e

(1)
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and Im

(
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Fig. 5.12 The plots are obtained from 5 solutions, differing from noise samples, of the numerically approximated linearised system (S2) until

tend = 104. The solid lines indicate the absolute value of the mean temporal autocorrelation of the solutions projected on e(p)
i,1

∗
. In contrast, the

circles display the absolute value of eλ
(p)
i
τ . The functions are shown with the fixed parameter p and under the dependence of the lag time τ .

5.3 Summary

In this chapter, we focus on systems affected by white noise on the boundary. We construct two early-
warning signs as the time-asymptotic autocovariance and autocorrelation of the solution of the corre-
sponding linearised fast system. We also provide a description of the directions in the square-integrable
functions space along which such objects can predict the crossing of a bifurcation threshold, and discuss
the observation of the signs in several examples. In detail, under the referred assumptions, we prove that
the divergent time-asymptotic autocovariance, along a general choice of functions, is able to forecast the
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bifurcation in the linearised fast system. Conversely, the time-asymptotic autocorrelation provides a more
precise prediction if observed along a restrictive set of direction functions.

Particular focus is given to applying the tools to a Boussinesq ocean model, such as examining the pro-
jection of the solution on certain eigendirections in the proximity of bifurcation thresholds and the rates
adopted by the observables. The study is carried out on a supercritical pitchfork bifurcation and a saddle-
node bifurcation. The role of multistability and linearisation in the warning of the bifurcation event is ex-
amined. The simulations cross-validate the analytic results and provide further insight into the correct
practical use of the tools.
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6 Time-asymptotic variance for red noise

In this chapter, we study the scaling law of the time-asymptotic covariance of the mild solutions associated
with the three (linear) SPDEs perturbed by red noise. Its content is the result of the contribution by the
author in [25].

We define a red noise term through the perturbation induced by an Ornstein-Uhlenbeck process on an
SPDE, as described in Chapter 2. We introduce the domain X1 ⊂ RN and its boundary X0 = ∂X1, along
with the corresponding Hilbert spaces H1 = L2(X1) and H0 = L2(X0). For κ > 0, σ > 0 and j ∈ {0, 1},
we define red noise as the mild solution ξj = ξj(x, t) of

dξj(x, t) = −κξj(x, t)dt+ σQ
1
2
j dW j

t , (6.0.1)

for any x ∈ Xj and t > 0. In (6.0.1), we assume Qj : Hj → Hj to be a linear self-adjoint operator and W j
t

to be a cylindrical Wiener process in Xj . The operator Qj is also assumed to be bounded with a bounded
inverse.

First, we study u(r,d) = u(r,d)(x, t), the mild solution of the following SPDE with domain noise ξ1,du(r,d)(x, t) =
(
A0(p)u(r,d)(x, t) + σRξ1(x, t)

)
dt,

u(r,d)(x, 0) = u0(x) ∈ H1,
(6.0.2)

for any x ∈ X1 and t > 0. The operators A0(p) and A0(p)∗ are closed and densely defined in H1.
Furthermore, the linear purely discrete operator A0(p) is negative for p < 0 with eigenvalues

0 > Re
(
λ

(p)
1

)
> Re

(
λ

(p)
2

)
≥ Re

(
λ

(p)
3

)
≥ . . . ,

which are assumed to be continuous in p. We assume that the eigenvalue λ(p)
1 is the only one to reach the

imaginary axis at p = 0. The geometric multiplicity of each eigenvalue is set as 1. For any i ∈ N>0, p ≤ 0
and k ∈

{
1, . . . ,ma

(
λ

(p)
i

)}
, the generalised eigenfunctions of A0(p) and A0(p)∗ corresponding to λ(p)

i

and λ(p)
i , respectively, are labelled as e(p)

i,k and e(p)
i,k

∗
and satisfy

A0(p)e(p)
i,k = λ

(p)
i e

(p)
i,k , A0(p)∗e

(p)
i,k

∗
= λ

(p)
k e

(p)
i,1

∗
, for k = 1,

A0(p)e(p)
i,k = λ

(p)
i e

(p)
i,k + e

(p)
i,k−1, A0(p)∗e

(p)
i,k

∗
= λ

(p)
i e

(p)
i,k

∗
+ e

(p)
i,k−1

∗
, for k ̸= 1.

(6.0.3)

Such functions are assumed to be continuous in H1 with regard to p. The deterministically invariant
subspaces generated by the generalised eigenfunctions of A0(p) and A0(p)∗ associated to the eigenvalue

λ
(p)
i and λ(p)

i are indicated respectively as Ei(p) and Ei(p)∗. Their dimension is called Mi = ma

(
λ

(p)
i

)
and is independent of p. For each i ∈ N>0, the sets

{
e

(p)
i,k

}
k∈{1,...,Mi}

and
{
e

(p)
i,Mi−k+1

∗}
k∈{1,...,Mi}

are

scaled to form a biorthogonal system. We assume each family to be complete in H1 [20, 211]. For any
i ∈ N>0, we label e(p)

i = e
(p)
i,1 and e(p)

i

∗
= e

(p)
i,1

∗
if the algebraic multiplicity of the corresponding eigenvalue
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is 1. Lastly, we set e(p)
i,0 = e

(p)
i,0

∗
≡ 0 for all i ∈ N>0. For simplicity, we assume that −κ is not in the spectrum

of A0(p) for any small p ≤ 0 and fixed κ > 0. Such an assumption implies the construction of the functions

R (A0(p)∗ + κ) e(p)
i,k

∗
= −

k∑
j=1

(
−λ(p)

i − κ

)−k+j−1
e

(p)
i,j

∗
=: µ(p,κ)

i,k (6.0.4)

for any i ∈ N>0 and k ∈ {1, . . . ,Mi}, which are used in the theorems to follow.

Secondly, we consider u(r,c) = u(r,c)(x, t), the mild solution ofdu(r,c)(x, t) =
(
f(x, p)u(r,c)(x, t) + σRξ1(x, t)

)
dt,

u(r,c)(0, x) = u0(x) ∈ H1,
(6.0.5)

for x ∈ X1 and t > 0. The function f : X1 × R<0 → R<0 is assumed to be analytic and such that, for a
fixed x∗, it satisfies

f(x, p) < 0 and f(x∗, 0) = 0,

for any (x, p) ∈ X1 ×R≤0 \{(x∗, 0)}. In contrast to the linear operator in (6.0.2), the multiplication operator
associated with f can have a purely continuous spectrum. In this case, we consider for simplicity values
of p < 0 < κ such that

f(x, p) + κ ̸= 0

for any x ∈ X1.

Lastly, we study the mild solution u(r,b) = u(r,b)(x, t) of{
du(r,b)(x, t) = A(p)u(r,b)(x, t)dt,
u(r,b)(0, x) = u0(x) ∈ H1,

(6.0.6)

for x ∈ X1 and

Γ(p)u(r,b)(x, t) = σRξ0(x, t),

on the boundary x ∈ X0 and t > 0. The deterministic versions of (6.0.2) and (6.0.6) are assumed to share
equivalent assumptions. In this setting, we are investigating the effect of setting noise on the boundary of
the space domain. The linear operator

Γ(p) : D (Γ(p)) ⊂ H1 → H0

defines the boundary conditions. Furthermore, we assume that, for fixed p ≤ 0, there exists a continuous
q = q(p) ∈ R such that for any boundary value problem

(A(p) − q)w = 0 , Γ(p) w = v ,

with v ∈ H0, there exists a unique solution w = D(p)v ∈ D(A(p)) ⊂ H1. For any p ≤ 0, we indicate
D(p)∗ as the adjoint operator of D(p) with respect to the scalar products on the Hilbert spaces H1 and
H0. We assume the operator D(p)∗ to be uniformly bounded in L2(H1; H0) for any p ≤ 0. We set

A0(p)v = A(p)v



95

for any v ∈ D(A(p)) such that Γ(p)v = 0, which satisfies the spectral properties described above for
(6.0.2). Lastly, we consider values of q that are not in the spectrum of A0(p) and A0(p)∗ for p close to 0.
We obtain then that

Λ(p) := (A0(p) − q)D(p)Q0D(p)∗ (A0(p)∗ − q) (6.0.7)

depends on operator Γ.
The scaling laws of the observable are considered in the limits p → 0− and κ → 0+, where the dissipativity
of the models is lost. The early-warning signs for the first limit, considered as "real", are characterised by
an equivalent scaling law to the corresponding systems with white noise. Namely, these are the SPDEs
(2.3.2), (2.3.4) and (2.3.6) in Chapter 2. The "false" early-warning signs, referring to the second limit,
are hyperbolic in κ due to the nature of the noise in time. The SPDEs (6.0.2), (6.0.5) and (6.0.6) are
studied, respectively, in the following sections, whereas the results are cross-validated numerically in the
last section.

6.1 Discrete Spectrum

We first consider u(r,d) = u(r,d)(x, t) that solves (6.0.2). Its existence is implied by Theorem 2.2.2. In the
case of a linear drift term in the system associated with an operator of purely discrete spectrum, the scaling
law of the time-asymptotic covariance depends on the functions along which it is observed. The following
theorem indicates these sensible modes and the corresponding relation.

Theorem 6.1.1. Let ξ1 = ξ1(x, t) and u(r,d) = u(r,d)(x, t) be the mild solutions of (6.0.1) and (6.0.2),
respectively, with initial conditions in H1, x ∈ X1, p < 0 and t > 0. Then, the scaling laws∣∣∣∣∣∣

〈e(p)
i1,k1

∗

0

 , V (r,1)
∞

e(p)
i2,k2

∗

0

〉
H1×H1

∣∣∣∣∣∣ = Θκ

(
κ−1) for any p < 0

and ∣∣∣∣∣∣
〈e(p)

i1,k1

∗

0

 , V (r,1)
∞

e(p)
i2,k2

∗

0

〉
H1×H1

∣∣∣∣∣∣ = Θp

(∣∣∣∣λ(p)
i1

+ λ
(p)
i2

∣∣∣∣−(k1+k2−1)
)

for any κ > 0

hold for any i1, i2 ∈ N>0, k1 ∈ {1, . . . ,Mi1}, k2 ∈ {1, . . . ,Mi2} and for V (r,1)
∞ introduced in (2.3.9).

Proof. We define the operator

B0(p) =

A0(p) σR

0 −κ

 (6.1.1)

and its adjoint in respect to H1 × H1

B0(p)∗ =

A0(p)∗ 0

σR −κ

 .

They generate the C0-semigroups

eB0(p)t =

eA0(p)t σR
(
eA0(p)t − e−κt)R (A0(p) + κ)

0 e−κt


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and

(
eB0(p)t

)∗
= eB0(p)∗t =

 eA0(p)∗t 0

σR R (A0(p)∗ + κ)
(
eA0(p)∗t − e−κt) e−κt


for t > 0, respectively. The time-asymptotic covariance operator is

V (r,1)
∞ =

∫ ∞

0
eB0(p)t

0 0

0 σ2Q1

 eB0(p)∗tdt.

The first element in the diagonal of the integrand is then

σ2
R

(
eA0(p)t − e−κt

)
R (A0(p) + κ)Q1 R (A0(p)∗ + κ)

(
eA0(p)∗t − e−κt

)
.

In the next steps, we employ

eA0(p)∗te
(p)
i,k

∗
(x) = eλ

(p)
i t

k∑
j=1

tk−j

(k − j)!e
(p)
i,j

∗
(x).

Setting i1, i2 ∈ N>0, k1 ∈ {1, . . . ,Mi1} and k2 ∈ {1, . . . ,Mi2}, we use the construction (6.0.4), to obtain
that〈e(p)

i1,k1

∗

0

 , V (r,1)
∞

e(p)
i2,k2

∗

0

〉
H1×H1

=σ2
∫ ∞

0

〈
e

(p)
i1,k1

∗
, σ2

R

(
eA0(p)t − e−κt

)
R (A0(p) + κ)Q1 R (A0(p)∗ + κ)

(
eA0(p)∗t − e−κt

)
e

(p)
i2,k2

∗〉
dt

=σ2σ2
R

∫ ∞

0

〈
eλ

(p)
i1
t
k1∑
j1=1

tk1−j1

(k1 − j1)!µ
(p,κ)
i1,j1

− e−κtµ
(p,κ)
i1,k1

, Q1

(
eλ

(p)
i2
t
k2∑
j2=1

tk2−j2

(k2 − j2)!µ
(p,κ)
i2,j2

− e−κtµ
(p,κ)
i2,k2

)〉
dt

=σ2σ2
R

(
k1∑
j1=1

k2∑
j2=1

k1 − j1 + k2 − j2

k1 − j1

(−λ(p)
i1

− λ
(p)
i2

)−k1+j1−k2+j2−1 〈
µ

(p,κ)
i1,j1

, Q1µ
(p,κ)
i2,j2

〉
(6.1.2)

−
k2∑
j2=1

(
−λ(p)

i2
+ κ
)−k2+j2−1 〈

µ
(p,κ)
i1,k1

, Q1µ
(p,κ)
i2,j2

〉

−
k1∑
j1=1

(
−λ(p)

i1
+ κ

)−k1+j1−1 〈
µ

(p,κ)
i1,j1

, Q1µ
(p,κ)
i2,k2

〉
+ (2κ)−1

〈
µ

(p,κ)
i1,k1

, Q1µ
(p,κ)
i2,k2

〉)
,

which is the covariance of u(r,d) along the modes e(p)
i1,k1

∗
and e(p)

i2,k2

∗
. Since −κ is not in the spectrum of

A0(p)∗ and at most one term in the sum diverges in the limits p → 0− and κ → 0+, it follows that the
scaling laws are ∣∣∣∣∣∣

〈e(p)
i1,k1

∗

0

 , V (r,1)
∞

e(p)
i2,k2

∗

0

〉
H1×H1

∣∣∣∣∣∣ = Θp

(∣∣∣∣λ(p)
i1

+ λ
(p)
i2

∣∣∣∣−(k1+k2−1)
)
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and ∣∣∣∣∣∣
〈e(p)

i1,k1

∗

0

 , V (r,1)
∞

e(p)
i2,k2

∗

0

〉
H1×H1

∣∣∣∣∣∣ = Θκ

(
κ−1) .

In Theorem 6.1.1, the early-warning sign is associated with the divergence of the observable and its rate.
In p → 0−, this occurs only for i1 = i2 = 1 since a single mode loses stability on such a limit. The fact that
the generalised eigenfunctions of A0(p)∗ are complete in H1 for any p < 0 enables the extension of the
early-warning sign to a set of functions dense in H1.

Corollary 6.1.2. Let ξ1 = ξ1(x, t) and u(r,d) = u(r,d)(x, t) be the mild solutions of (6.0.1) and (6.0.2),
respectively, with initial conditions in H1, x ∈ X1, p < 0 and t > 0. For M ∈ N>0, set

h
(p)
1 , h

(p)
2 ∈

M⊕
i=1

Ei(p)∗ \
M⊕
i=2

Ei(p)∗ ⊂ H1.

Then, ∣∣∣∣∣∣
〈h(p)

1

0

 , V (r,1)
∞

h(p)
2

0

〉
H1×H1

∣∣∣∣∣∣ = Θκ

(
κ−1) for any p < 0

holds for V (r,1)
∞ defined in (2.3.9). Furthermore, if h(p)

1 and h(p)
2 satisfy

a1,M1,1 :=
〈
h

(p)
1 , e

(p)
1,1

〉
̸= 0 ̸=

〈
h

(p)
2 , e

(p)
1,1

〉
=: a1,M1,2 (6.1.3)

for any p ≤ 0, then∣∣∣∣∣∣
〈h(p)

1

0

 , V (r,1)
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h(p)
2

0
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H1×H1

∣∣∣∣∣∣ = Θp

(
Re
(

−λ(p)
1

)−(2M1−1)
)

for any κ > 0

stands.

Proof. We define the families
{
a

(p)
i,k,1

}
⊂ C and

{
a

(p)
i,k,2

}
⊂ C for i ∈ {1, . . . ,M} and k ∈ {1, . . . ,Mi},

such that

h
(p)
1 =

∑
i∈{1,...,M}
k∈{1,...,Mi}

a
(p)
i,k,1e

(p)
i,k

∗
and h

(p)
2 =
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a
(p)
i,k,2e

(p)
i,k

∗

for any p ≤ 0. It follows that〈h(p)
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.
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From the form (6.1.2) in Theorem 6.1.1, this implies that∣∣∣∣∣∣
〈h(p)

1
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, Q1µ
(p,κ)
i2,k2

〉∣∣∣∣∣∣∣∣∣



=Θκ

κ−1

∣∣∣∣∣∣∣∣∣
〈 ∑

i1∈{1,...,M}
k1∈{1,...,Mi1 }

a
(p)
i1,k1,1µ

(p,κ)
i1,k1

, Q1
∑

i2∈{1,...,M}
k2∈{1,...,Mi2 }

a
(p)
i2,k2,2µ

(p,κ)
i2,k2

〉∣∣∣∣∣∣∣∣∣


=Θκ

(
κ−1) .

In the limit p → 0−, the covariance∣∣∣∣∣∣
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diverges only for i1 = i2 = 1. Furthermore, its scaling law is defined by the choice of k1, k2 ∈ {1, . . . ,M1},
and the highest rate of divergence is associated with k1 = k2 = M1. Equation (6.1.2) and condition (6.1.3)
imply that ∣∣∣∣∣∣
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.

6.2 Continuous Spectrum

We study u(r,c) = u(r,c)(x, t), the mild solution of (6.0.5) for any x ∈ X1, p < 0 and t > 0. In fact, its
existence can be proven pointwise in X1 for any t > 0. Since the spectrum of the considered linear drift
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operator is not discrete, the observation of the time-asymptotic covariance along favoured modes is not
viable. Hence, we search for other functions in H1 that enable the construction of the early-warning signs.

Theorem 6.2.1. Let ξ1 = ξ1(x, t) and u(r,c) = u(r,c)(x, t) be the mild solutions of (6.0.1) and (6.0.5),
respectively, with initial conditions in H1, x ∈ X1, p < 0 and t > 0. For any g1, g2 ∈ H1, it holds〈g1

0

 , V (r,1)
∞

g2

0

〉
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= σ2σ2
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g1, Q1

ef(·,p)t − e−κt

f(·, p) + κ
g2

〉
dt, (6.2.1)

with V (r,1)
∞ introduced in (2.3.9).

Proof. We define the operators

B0(p) =

f(·, p) σR

0 −κ

 (6.2.2)

and its adjoint in H1 × H1,
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σR −κ

 .

They generate the C0-semigroups in t,

eB0(p)t =

ef(·,p)t σR
ef(·,p)t−e−κt

f(·,p)+κ

0 e−κt


and

(
eB0(p)t

)∗
= eB0(p)∗t =

 ef(·,p)t 0

σR
ef(·,p)t−e−κt

f(·,p)+κ e−κt

 ,

respectively. It follows from the construction of the covariance operator (Section 2.3) that
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σ2
R

ef(·,p)t−e−κt

f(·,p)+κ Q1
ef(·,p)t−e−κt

f(·,p)+κ σR
ef(·,p)t−e−κt

f(·,p)+κ Q1

σRQ1
ef(·,p)t−e−κt

f(·,p)+κ e−2κtQ1

 dt.

Setting g1, g2 ∈ H1, the time-asymptotic covariance along those functions is then〈g1

0

 , V (r,1)
∞

g2

0

〉
H1×H1

= σ2σ2
R

∫ ∞

0

〈
ef(·,p)t − e−κt

f(·, p) + κ
g1, Q1

ef(·,p)t − e−κt

f(·, p) + κ
g2

〉
dt,

for p < 0.
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We set α > 0 and we also consider the case X1 ⊂ R. We then focus on f(x, p) = −|x|α + p for any
x ∈ R, p ≤ 0. This type of function enables further construction of early-warning signs in the case of f
analytic. We define g = 1S , the indicator function on the Lebesgue-measurable set S ⊂ X1 and assume
0 = x∗ ∈ S.

Corollary 6.2.2. Let ξ1 = ξ1(x, t) and u(r,c) = u(r,c)(x, t) be the mild solutions of (6.0.1) and (6.0.5),
respectively, with initial conditions in H1, x ∈ X1, p < 0 and t > 0.

(a) Let f(x, p) = −|x|α + p in (6.0.5) for x ∈ X1, α > 0, p < 0 and t > 0. Then, for any g = 1S , the
scaling law of the time-asymptotic variance along g is given by〈g

0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θκ

(
κ−1)

for the limit κ → 0+ and for V (r,1)
∞ defined in (2.3.9). It also entails that, for p → 0−, the following

holds:

•

〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θp

(
(−p)−1+ 1

α

)
, for α > 1;

•

〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θp (log(−p)) , for α = 1;

•

〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θp (1) , for 0 < α < 1.

(b) Let f(x, p) = fan(x) + p in (6.0.5) for x ∈ X1, α > 0, p < 0 and t > 0. Assume that

fan(x) =
∞∑
n=1

anx
n

for any x ∈ X1 and for the family {an}n∈N>0
⊂ R. It follows that for any g = 1S , the scaling law of

the time-asymptotic variance along g is〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θκ

(
κ−1)

for the limit κ → 0+. Moreover, fix n∗ such that

n∗ = argmin
n∈N>0

{an ̸= 0} .

Then, for any g = 1S , the rate of divergence of the time-asymptotic variance along g for the limit
p → 0− is given by〈g

0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θp

(
(−p)−1+ 1

n∗

)
, if n∗ > 1,
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or 〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θp (log(−p)) , if n∗ = 1.

Proof. The assumption of Q1 bounded and bounded from below far from zero and the formula (6.2.1)
imply that the rates of divergence of the time-asymptotic variance are equivalent to the integral∫ ∞

0

〈
ef(·,p)t − e−κt

f(·, p) + κ
g,

ef(·,p)t − e−κt

f(·, p) + κ
g

〉
dt =

∫ ∞

0

∫
X1

(
ef(x,p)t − e−κt

f(x, p) + κ
g

)2

dx dt

=
∫ ∞

0

∫
S

(
ef(x,p)t − e−κt

f(x, p) + κ

)2

dx dt =
∫

S

(
− 1

2f(x, p) − 2
f(x, p) − κ

+ 1
2κ

)
1

(f(x, p) + κ)2 dx.

From the negative sign of the analytic function f for any p < 0, it follows that〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θκ

(
κ−1) .

In part (a), we assume f(x, p) = −|x|α + p for any x ∈ X1 and p < 0. As such, it entails that〈g
0

 , V (r,1)
∞

g
0

〉
H1×H1

= Θp

(
−
∫

S

1
f(x, p)dx

)
= Θp

(∫
S

1
|x|α − p

dx
)
. (6.2.3)

The rate depends on the parameter α and can be obtained as described in Theorem 4.1.3. From the
construction of n∗, it follows that there exists c > 0 such that

cxn∗ ≤ fan(x) ≤ c−1xn∗

for x in a neighbourhood of x∗ = 0. Then, the rate in the limit p → 0− described in (6.2.3) entails the
remainder of statement (b).

6.3 Boundary Noise

In this section, we study the behaviour of u(r,b) = u(r,b)(x, t), the mild solution of (6.0.6), in the limits
p → 0− and κ → 0+. The existence of such a solution follows from Theorem 2.2.10. As in the previous
sections, we employ the scaling law of the time-asymptotic covariance as an early-warning sign. Since the
linear operator associated with the drift term in (6.0.6) has a purely discrete spectrum, the time-asymptotic
covariance can be studied as an observable along favoured modes. Nonetheless, the structure of the
noise requires a different approach to its construction in comparison to the other examples in the chapter.

Theorem 6.3.1. Let ξ0 = ξ0(x, t) be the mild solution of (6.0.1) with x ∈ X0, for initial conditions in H0
and t > 0. Let also u(r,b) = u(r,b)(x, t) be the mild solution of (6.0.6) with x ∈ X1, for initial conditions in
H1, p < 0 and t > 0. Then, the scaling laws∣∣∣∣∣∣

〈e(p)
i1,k1

∗

0

 , V (r,0)
∞

e(p)
i2,k2

∗

0

〉
H1×H0

∣∣∣∣∣∣ = Oκ

(
κ−1) for any p < 0
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and ∣∣∣∣∣∣
〈e(p)

i1,k1

∗

0

 , V (r,0)
∞

e(p)
i2,k2

∗

0

〉
H1×H0

∣∣∣∣∣∣ = Op

(∣∣∣∣λ(p)
i1

+ λ
(p)
i2

∣∣∣∣−(k1+k2−1)
)

for any κ > 0

hold for any i1, i2 ∈ N>0, k1 ∈ {1, . . . ,Mi1}, k2 ∈ {1, . . . ,Mi2} and for V (r,0)
∞ defined in (2.3.10).

Proof. We define the operator

B0(p) =

A0(p) σR (A0(p) − q)D(p)

0 −κ

 (6.3.1)

and its adjoint on H1 × H0

B0(p)∗ =

 A0(p)∗ 0

σRD(p)∗ (A0(p)∗ − q) −κ

 .

Since the second term in the diagonal of B0(p) is a multiplication operator by a scalar, they generate the
C0-semigroups

eB0(p)t =

eA0(p)t σR
(
eA0(p)t − e−κt)R (A0(p) + κ) (A0(p) − q)D(p)

0 e−κt


and

(
eB0(p)t

)∗
= eB0(p)∗t =

 eA0(p)∗t 0

σRD(p)∗ (A0(p)∗ − q) R (A0(p)∗ + κ)
(
eA0(p)∗t − e−κt) e−κt


for t > 0, respectively. The time-asymptotic covariance operator is then

V (r,0)
∞ =

∫ ∞

0
eB0(p)t

0 0

0 σ2Q0

 eB0(p)∗tdt

and the first element in the integrand corresponds to

σ2σ2
R

(
eA0(p)t − e−κt

)
R (A0(p) + κ) Λ(p) R (A0(p)∗ + κ)

(
eA0(p)∗t − e−κt

)
,

for Λ(p) defined in (6.0.7). Following equivalent steps to (6.1.2), we obtain〈e(p)
i1,k1

∗

0

 , V (r,0)
∞

e(p)
i2,k2

∗

0

〉
H1×H0

=σ2σ2
R

∫ ∞

0

〈
eλ

(p)
i1
t
k1∑
j1=1

tk1−j1

(k1 − j1)!µ
(p,κ)
i1,j1

− e−κtµ
(p,κ)
i1,k1

,Λ(p)
(

eλ
(p)
i2
t
k2∑
j2=1

tk2−j2

(k2 − j2)!µ
(p,κ)
i2,j2

− e−κtµ
(p,κ)
i2,k2

)〉
dt

=σ2σ2
R

(
k1∑
j1=1

k2∑
j2=1

k1 − j1 + k2 − j2

k1 − j1

(−λ(p)
i1

− λ
(p)
i2

)−k1+j1−k2+j2−1 〈
µ

(p,κ)
i1,j1

,Λ(p)µ(p,κ)
i2,j2

〉
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−
k2∑
j2=1

(
−λ(p)

i2
+ κ
)−k2+j2−1 〈

µ
(p,κ)
i1,k1

,Λ(p)µ(p,κ)
i2,j2

〉
(6.3.2)

−
k1∑
j1=1

(
−λ(p)

i1
+ κ

)−k1+j1−1 〈
µ

(p,κ)
i1,j1

,Λ(p)µ(p,κ)
i2,k2

〉
+ (2κ)−1

〈
µ

(p,κ)
i1,k1

,Λ(p)µ(p,κ)
i2,k2

〉)
,

We notice that ∣∣∣λ(p)
i + κ

∣∣∣ = Θ(1) and
∣∣∣λ(p)
i − κ

∣∣∣ = Θ(1)

for any i ∈ N>0. Furthermore, it holds that ∣∣∣∣λ(p)
i1

+ λ
(p)
i2

∣∣∣∣ = Θ(1)

for any (i1, i2) ∈ N>0 × N>0 \ {(1, 1)}. Lastly, since the functions µ(p,κ)
i,k are finite combinations of gener-

alised eigenfunctions of A0(p)∗, the property

A0(p)∗µ
(p,κ)
i,j = λ

(p)
i µ

(p,κ)
i,k −

(
λ

(p)
i + κ

)−1
µ

(p,κ)
i,k−1,

follows for any i ∈ N>0, k ∈ {1, . . . ,Mi}, p < 0 and κ > 0, and from the uniform boundedness of D(p)∗,
we obtain that 〈

µ
(p,κ)
i1,k1

,Λ(p)µ(p,κ)
i2,k2

〉
= O(1),

for any (i1, i2) ∈ N>0 × N>0 \ {(1, 1)}, k1 ∈ {1, . . . ,Mi1} and k2 ∈ {1, . . . ,Mi2}. The early-warning
signs are consequently defined by the scaling laws of the observable in (6.3.2). The rate of divergence in
κ → 0+ is implied by the last term in (6.3.2); whereas for the limit p → 0−, it is induced by the behaviour
of the term in the first sum in the righthand-side of (6.3.2) corresponding to j1 = j2 = 1. As such, the
theorem is proven.

Theorem 6.3.1 describes the rates of the time-asymptotic covariance operator along chosen modes. The
next corollary extends the use of such an early-warning sign to a larger set of proxy functions. Due to the
completeness of the generalised eigenfunction of A0(p)∗ in H1 for any p ≤ 0, such a set is dense in H1.

Corollary 6.3.2. Let ξ0 = ξ0(x, t) be the mild solution of (6.0.1) with x ∈ X0, for initial conditions in H0
and t > 0. Let also u(r,b) = u(r,b)(x, t) be the mild solution of (6.0.6) with x ∈ X1, for initial conditions in
H1, p < 0 and t > 0. For M ∈ N>0, set

h
(p)
1 , h

(p)
2 ∈

M⊕
i=1

Ei(p)∗ \
M⊕
i=2

Ei(p)∗ ⊂ H1

such that

a1,M1,1 :=
〈
h

(p)
1 , e

(p)
1,1

〉
̸= 0 ̸=

〈
h

(p)
2 , e

(p)
1,1

〉
=: a1,M1,2 (6.3.3)

for any p ≤ 0. Then,∣∣∣∣∣∣
〈h(p)

1

0

 , V (r,0)
∞

h(p)
2

0

〉
H1×H0

∣∣∣∣∣∣ = Oκ

(
κ−1) for any p < 0
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and ∣∣∣∣∣∣
〈h(p)

1

0

 , V (r,0)
∞

h(p)
2

0

〉
H1×H0

∣∣∣∣∣∣ = Op

(
Re
(

−λ(p)
1

)−(2M1−1)
)

for any κ > 0

hold for V (r,0)
∞ defined in (2.3.10).

Proof. We set the families
{
a

(p)
i,k,1

}
⊂ C and

{
a

(p)
i,k,2

}
⊂ C for i ∈ {1, . . . ,M} and k ∈ {1, . . . ,Mi}, such

that

h
(p)
1 =

∑
i∈{1,...,M}
k∈{1,...,Mi}

a
(p)
i,k,1e

(p)
i,k

∗
and h

(p)
2 =

∑
i∈{1,...,M}
k∈{1,...,Mi}

a
(p)
i,k,2e

(p)
i,k

∗
,

for any p ≤ 0. We obtain then〈h(p)
1

0

 , V (r,0)
∞

h(p)
2

0

〉
H1×H0

=
∑

i1∈{1,...,M}
k1∈{1,...,Mi1 }

∑
i2∈{1,...,M}
k2∈{1,...,Mi2 }

a
(p)
i1,k1,1a

(p)
i2,k2,2

〈e(p)
i1,k1

∗

0

 , V (r,0)
∞

e(p)
i2,k2

∗

0

〉
H1×H0

.

The form (6.3.2) in Theorem 6.3.1 entails that∣∣∣∣∣∣
〈h(p)

1

0

 , V (r,0)
∞

h(p)
2

0

〉
H1×H0

∣∣∣∣∣∣
=Θκ


∣∣∣∣∣∣∣∣∣(2κ)−1

∑
i1∈{1,...,M}
k1∈{1,...,Mi1 }

∑
i2∈{1,...,M}
k2∈{1,...,Mi2 }

a
(p)
i1,k1,1a

(p)
i2,k2,2

〈
µ

(p,κ)
i1,k1

,Λ(p)µ(p,κ)
i2,k2

〉∣∣∣∣∣∣∣∣∣



=Θκ

κ−1

∣∣∣∣∣∣∣∣∣
〈 ∑

i1∈{1,...,M}
k1∈{1,...,Mi1 }

a
(p)
i1,k1,1µ

(p,κ)
i1,k1

,Λ(p)
∑

i2∈{1,...,M}
k2∈{1,...,Mi2 }

a
(p)
i2,k2,2µ

(p,κ)
i2,k2

〉∣∣∣∣∣∣∣∣∣


=Oκ

(
κ−1) .

In the limit p → 0−, the covariance∣∣∣∣∣∣
〈e(p)

i1,k1

∗

0

 , V (r,0)
∞

e(p)
i2,k2

∗

0

〉
H1×H0

∣∣∣∣∣∣ = Op

(∣∣∣∣λ(p)
i1

+ λ
(p)
i2

∣∣∣∣−(k1+k2−1)
)

displays divergence only for the indexes i1 = i2 = 1. Moreover, its rate of divergence is associated with
the values k1, k2 ∈ {1, . . . ,M1}. Consequently, equation (6.3.2) and condition (6.3.3) imply that∣∣∣∣∣∣

〈h(p)
1

0

 , V (r,0)
∞

h(p)
2

0

〉
H1×H0

∣∣∣∣∣∣
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=Θp


∣∣∣∣∣∣∣∣∣

∑
i1∈{1,...,M}
k1∈{1,...,Mi1 }

∑
i2∈{1,...,M}
k2∈{1,...,Mi2 }

a
(p)
i1,k1,1a

(p)
i2,k2,2

〈e(p)
i1,k1

∗

0

 , V (r,0)
∞

e(p)
i2,k2

∗

0

〉
H1×H0

∣∣∣∣∣∣∣∣∣


=Θp

∣∣∣∣∣∣
M1∑
k1=1

M1∑
k2=1

a
(p)
1,k1,1a

(p)
1,k2,2

〈e(p)
1,k1

∗

0

 , V (r,0)
∞

e(p)
1,k2

∗

0

〉
H1×H0

∣∣∣∣∣∣


=Op

∣∣∣∣∣∣
M1∑
k1=1

M1∑
k2=1

a
(p)
1,k1,1a

(p)
1,k2,2Re

(
−λ(p)

1

)−(k1+k2−1)
∣∣∣∣∣∣


=Op

(
Re
(

−λ(p)
1

)−(2M1−1)
)
.

6.4 Considerations on scaling laws and comparison with other signals

In the previous sections, the scaling laws of the time-asymptotic covariance along various modes are
considered for p → 0− and κ → 0+. In such limits, the early-warning signs are shown to display different
behaviours depending on the assumption of the spectrum of the linear drift operator in the SPDE that
defines u. The degeneracy of the noise and the correlation of u and ξj for j ∈ {0, 1} imply that the
effect of the stochastic perturbation on ξj on u is not trivial. Nonetheless, the simple form of the linear
operator B0(p) in (6.1.1), (6.2.2) and (6.3.1) enables the study of the problem along its eigenmodes. We
consider first the limit p → 0−. In (6.0.2), the spectrum of A0(p) is discrete for any p ≤ 0 and the early-
warning sign is shown to display a hyperbolic rate of divergence along the sensible eigenfunction e(p)

1
∗

of
its adjoint in Theorem 6.1.1. Furthermore, the observables along the sensible generalised eigenfunctions
e

(p)
1,k

∗
of A0(p)∗ indicate a faster scaling law depending on their rank k. Through the biorthogonality of the

generalised eigenfunctions of A0(p) and A0(p)∗ we know that the the projection of g ∈ H1 on e
(p)
1,k

∗
is

equivalent to the coefficient of g on the e(p)
1,M1−k+1, for any k ∈ {1, . . . ,M1}. This is meant in the sense

that for M ∈ N>0 and

g =
M∑
i=1

Mi∑
k=1

ci,ke
(p)
i,k ,

then it holds 〈
g, e

(p)
i,k

∗〉
= ci,Mi−k+1

for any i ∈ {1, . . . ,M}, k ∈ {1, . . . ,Mi} and p ≤ 0. As a result, the time-asymptotic covariance along
e

(p)
1,k1

∗
and e(p)

1,k2

∗
refers to the time-asymptotic covariance of the oscillations of the coefficients of u(r,d), the

solution of (6.0.2), along e(p)
1,M1−k1+1 and e(p)

1,M1−k2+1. This observable collects also the oscillations along

e
(p)
1,j1 and e(p)

1,j2 for j1 ∈ {M1 − k1 + 2, . . . ,M1} and j2 ∈ {M2 − k2 + 2, . . . ,M2}. This is implied by the

fact that oscillations along e(p)
1,k imply further perturbations along the mode e(p)

1,k−1 for any k ∈ {2, . . . ,M1},
as shown in (6.0.3).
The limit in (6.0.5) is different in nature from the previous case. The absence of eigenfunctions entails that
there are no preferred directions along which the early-warning sign captures the bifurcation. As shown in
Corollary 6.2.2, the shape of the spectrum can dampen the observable and hinder the scaling law of the
time-asymptotic covariance. Furthermore, for a non-differentiable f , it is silenced or assumes a logarithmic
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rate of divergence. In applications, the first case corresponds to the crossing of the bifurcation threshold
being unrecognised by the early-warning sign.

The system (6.0.6) shows a similar scaling law to (6.0.2). Nonetheless, the noise perturbation is filtered
by (A0 − q)D(p), an operator often unknown in applications. As such, its dependence on p can affect
the scaling law of the early-warning sign and hinder the divergence of the observable. Conversely, the
operator D(p) is known for simple models (Chapter 5 and [63]) and may not be dependent on p. A related
example is described in the section to follow.

The limit κ → 0+ implies the (at most) hyperbolic divergence of the early-warning sign in (6.0.2), (6.0.5)
and (6.0.6). Such a behaviour is entailed by the shape of B0(p) in (6.1.1), (6.2.2) and (6.3.1), respectively.
While in the limit p → 0−, at most only one eigenvalue tends to the imaginary axis, in this case, an infinite
number of real eigenvalues tend simultaneously to 0− along an equivalent number of eigenfunctions. The
assumptions of Q1, or Λ(p) in the case of (6.0.6), imply that the corresponding scaling law is captured
along a large set of modes in H1.

The resemblance of the scaling laws in the limit p → 0− of the time-asymptotic covariance of the mod-
els (6.0.2), (6.0.5) and (6.0.6) compared to the corresponding deterministic models perturbed by white
noise ((2.3.2), (2.3.4) and (2.3.6) respectively) invites the construction of further well-known early-warning
signs proven for the latter. Under the assumption of a purely discrete spectrum, a natural example is
the time-asymptotic autocorrelation, which is known to behave as an exponential function if studied along
eigenmodes. We consider the case of (6.0.2). Then, we construct the time-asymptotic autocovariance
with lag time τ > 0 as the operator V τ,(r,1)

∞ in H1 × H1 such that

V τ,(r,1)
∞ = lim

t→∞
V τ,(r,1)
t

and〈v1

v2

 , V τ,(r,1)
t

w1

w2

〉
H1×H1

= Cov (⟨u(·, t+ τ), v1⟩ + ⟨ξ1(·, t+ τ), v2⟩ , ⟨u(·, t), w1⟩ + ⟨ξ1(·, t), w2⟩) ,

for any v1, v2, w1, w2 ∈ H1. Following the reasoning in Proposition 5.1.1, such an operator satisfies the
equality

V τ,(r,1)
∞ = eB0(p)τV (r,1)

∞ . (6.4.1)

A standard approach to employ the time-asymptotic autocorrelation as an early-warning sign is to consider
it as a nonlinear operator

V̂ τ,(r,1)
∞

v1

v2

 ,

w1

w2

 =

〈v1

v2

 , V τ,(r,1)
∞

w1

w2

〉
H1×H1〈v1

v2

 , V (r,1)
∞

w1

w2

〉
H1×H1

for any v1, v2, w1, w2 such that

〈v1

v2

 , V (r,1)
∞

w1

w2

〉
H1×H1

̸= 0. From (6.1.1) we define β(p)
i

∗
∈ H1×H1

as the eigenfunction of B0(p)∗ corresponding to the eigenvalue λ(p)
i for any i ∈ N>0. It can then be proven

from (6.4.1) that

V̂ τ,(r,1)
∞

(
β

(p)
i

∗
, w
)

= eλ
(p)
i τ
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holds for any i ∈ N>0 and w ∈ H1 × H1. A key consideration of this result is the fact that, while

β
(p)
i :=

e(p)
i

0

 ∈ H1 × H1

is the eigenfunction of B0(p) corresponding to λ(p)
i , the eigenfunctions

β
(p)
i

∗
=

e(p)
i

∗

d
(p)
i

∗

 ∈ H1 × H1

of B0(p)∗ are characterised by d(p)
i

∗
̸= 0. This follows from (6.1.1) and, as a consequence, the sole knowl-

edge of the mild solution u(r,d) of (6.0.2) is not sufficient to describe the autocorrelation as an exponential
function to be employed as an early-warning sign in the limit p → 0−. Then, the structure of the stochas-
tic perturbation ξ1 in (6.0.1) is required to obtain such a construction. In contrast, the time-asymptotic
autocorrelation V̂ τ,(r,1)

∞ (v, w) for

v =

v1

0

 ∈ H1 × H1,

any v1 ∈ H1 and w ∈ H1 × H1 shows a more complex structure in function of τ . This can be computed
explicitly from (6.4.1), depends on κ, and is deferred for future studies. Conversely, any

v =

 0

v2

 ∈ H1 × H1

for v2 ∈ H1 is an eigenfunction of B0(p)∗ with eigenvalue −κ. Hence,

V̂ τ,(r,1)
∞ (v, w) = e−κτ

holds for anyw ∈ H1×H1 such that
〈
v, V (r,1)

∞ w
〉

H1×H1
̸= 0. In conclusion, the knowledge of the behaviour

of ξ1 in time is sufficient to construct another (false) early-warning sign in the limit κ → 0+ for any τ > 0.

6.5 Numerical Analysis

In this section, we discuss numerical simulations to cross-validate our findings. We solve numerically
different types of SPDEs and study the variance of projections along specific modes over a large time
interval. By ergodicity, such a value approximates the time-asymptotic variance on the corresponding
functions in H1. As such, we substitute the observable with the time variance of the solutions in the time
interval [0, T ], for T = 105. As discussed in the previous sections, we observe different scaling in the early-
warning signs in accordance with the assumptions of the systems. Figure 6.1 and Figure 6.2 encompass
our results by displaying the rate of the observables in log-log plots in the limits p → 0− and κ → 0+,
respectively. In Figure 6.1 we fix the value κ = 2, whereas in Figure 6.2 we consider p = 0.5.
In the following examples, the red noise term is the solution of (6.0.1) for σ = 0.1 and Qj = Id, the identity
operator in Hj for j ∈ {0, 1}. The systems are solved through the discretisation of the mild solution formula
(Section 2.2), unless stated otherwise. The time step is chosen as δt = 0.1 and the spatial step δx is fixed
in each example. The projections along different modes are computed through the discrete scalar product
that approximates the product in H1. In the corresponding figures, the values are obtained as the average
of 10 independent run samples, and the initial conditions are set near the null function. The shaded grey
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(a) Early-warning sign on (6.5.1) for
κ = 2 in the limit p → 0−
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(b) Early-warning sign on (6.5.2)
for κ = 2 in the limit p → 0−
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(c) Early-warning sign on (6.5.3) for
κ = 2 in the limit p → 0−
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(d) Early-warning sign on (6.5.4)
for κ = 2 in the limit p → 0−

Fig. 6.1 Log-log plots of the time variance of the solution projected along different modes in the limit p → 0−. Each panel corresponds to
a different system: (a) the cable equation on an interval with periodic boundary conditions; (b) an SDE with linear drift displaying generalised
eigenvectors; (c) an SPDE with a linear drift term with purely continuous spectrum; (d) a boundary-driven system with red Dirichlet noise at
the extremes of an interval. The values refer to the average of 10 run samples. The dashed black lines indicate reference hyperbolic scaling
laws, while the shaded grey regions represent twice the numerical standard deviation. The increase of variance in the projected modes is the
manifestation of critical slowing down in this destabilising SPDE.

areas have a width equal to double the numerical standard deviation in a logarithmic scale to indicate
sensitivities in the algorithm. As a reference, we display a dashed black line in each figure that indicates
the hyperbolic rate of divergence.

First, we solve the cable equation with periodic boundary conditions:
du(r,d)(x, t) =

(
(∆ + p)u(r,d)(x, t) + ξ1(x, t)

)
dt,

u(r,d)(0, t) = u(r,d)(1, t),
u(r,d)(x, 0) = 0,

(6.5.1)

for x ∈ [0, 1] and 0 < t < T . The spatial step is δx = 0.005. We denote as
{
e

(p)
i

}
i∈N>0

, the eigen-

functions of the self-adjoint differential operator ∆ + p with periodic boundary conditions. We notice then
that λ(p)

1 = p. In Figure 6.1a, we display the variance of
〈
u(r,d), f

〉
for f = e

(p)
i and i ∈ {0, 1, 2} in corre-

spondence to −p. Those values are scaled on a logarithmic scale to capture the scaling law in the limit
p → 0−. Of such, only the variance along f = e

(p)
1 assumes a hyperbolic rate of divergence, while the

rest converge in the limit. In contrast, in Figure 6.2a, the scaling law of the variance in the limit κ → 0+

is hyperbolic regardless of the eigenmode along which the early-warning sign is observed, since Q = Id.
This behaviour is visible through the comparison to the dashed reference line.
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In the next case, we study an SDE with a linear drift component characterised by the existence of gener-
alised eigenvectors. Our example is

du(r,g)(x, t) =




p 1 0 0

0 p 1 0

0 0 p 1

0 0 0 p

u(r,g)(x, t) + ξ1(x, t)

 dt,

u(r,g)(x, 0) = 0,

(6.5.2)

for x ∈ R4 and 0 < t < T . In Figure 6.1b, we observe the time variance of the solution along the left
generalised eigenvectors of the matrix that defines the drift component, or the generalised eigenvectors of
its transpose. The only eigenvalue is λ(p)

1 = p and its corresponding left generalised eigenvectors are

e
(p)
1,1

∗
=


1

−1

0

0

 , e
(p)
1,2

∗
=


0

1

−1

0

 , e
(p)
1,3

∗
=


0

0

1

−1

 , e
(p)
1,4

∗
=


0

0

0

1

 .

As described in Theorem 6.1.1, the scaling laws in the limit p → 0− of the time-asymptotic variances are
Θp

(
(−p)−1) along e(p)

1,1
∗
, Θp

(
(−p)−3) along e(p)

1,2
∗
, Θp

(
(−p)−5) along e(p)

1,3
∗

and Θp

(
(−p)−7) along e(p)

1,4
∗
.

This behaviour is reflected in Figure 6.1b where only the time variance along the first mode is hyperbolic.
Conversely, the rate of divergence in the limit κ → 0+ is Θκ

(
κ−1) along each mode, as shown in Figure

6.2b.

In Figure 6.1c and Figure 6.2c, we study the time variance of the numerical approximation of the mild
solution associated with

du(r,c)(x, t) =
(

(−|x|α + p)u(r,c)(x, t) + σRξ1(x, t)
)

dt,

dξ1(x, t) = −κξ1(x, t)dt+ σQ
1
2
1 dW 1

t ,

u(r,c)(x, 0) = 0,

(6.5.3)

for all x ∈ R and 0 < t < T . The spatial step is set as δx = 10−5. In this case, we fix the function
along which we project u(r,c), which is g = 1S for S = [−0.01, 0.01]. However, we consider different values

of α that define the system, specifically α ∈
{

2− 1
2 , 1, 2

1
2 , 2
}

. As described in Corollary 6.2.2, the time-
asymptotic variance of the solution along g shows a rate of divergence less than hyperbolic in the limit
p → 0−. In Figure 6.1c, the lines associated with α = 2

1
2 and α = 2 approach for small values of −p their

expected scaling law, which correspond to the slopes −1 + 1
α in the log-log scale. For the rest, the slope

decreases steadily as p approaches 0, indicating lower rates of divergence. In Figure 6.2c, the scaling law
is equivalent for each value of α and it is hyperbolic in the limit κ → 0+.

Lastly, in Figure 6.1d and Figure 6.2d, we consider the mild solution of
du(r,b)(x, t) =

(
(∆ + π2 + p)u(r,b)(x, t)

)
dt,

u(r,b)(0, t) = ξ0(0, t),
u(r,b)(1, t) = ξ0(1, t),
u(r,b)(x, 0) = 0,

(6.5.4)
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(a) False early-warning sign
on (6.5.1) for p = 0.5
in the limit κ → 0+
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(b) False early-warning sign
on (6.5.2) for p = 0.5
in the limit κ → 0+
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(c) False early-warning sign
on (6.5.3) for p = 0.5
in the limit κ → 0+
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(d) False early-warning sign
on (6.5.4) for p = 0.5
in the limit κ → 0+

Fig. 6.2 Log-log plots of the time variance of the solution projected along different modes in the limit κ → 0+. The panels (a)-(d) correspond to
the same systems as in Figure 6.1 and their values refer to the average of 10 run samples. In contrast to the limit p → 0−, the variance exhibits
hyperbolic divergence across all modes due to the noise structure. This is indicated by the alignment of all lines to the dashed black lines, which
serve as a reference slope. The grey-shaded regions depict numerical uncertainties. The observed increase in variance, which only depends on
the increase in the noise correlation time 1/κ, represents a false early-warning sign in the context of critical slowing down.

for all x ∈ [0, 1] and 0 < t < T . The spatial step is fixed as δx = 0.005 and the numerical solution is
obtained through the implicit Euler method. The space interval X1 = [0, 1] is partitioned into S1 =

[
0, 1

3
]
,

S2 =
[1

3 ,
2
3
]

and S3 =
[2

3 , 1
]
. In the figure, we observe the log-log plot of the time variance of the solution

along f = 1Si , for i ∈ {1, 2, 3}. For such a system, we know the Dirichlet map D(p) : H0 → H1 explicitly
[63] and that it does not depend on p. This implies the statement of Corollary 6.3.2, which is corroborated
by the findings in the figures. In fact, for each i ∈ {1, 2, 3} we consider h(p)

1 = h
(p)
2 = 1Si for any p < 0.

Then, the time-asymptotic variance along such families of functions displays hyperbolic divergence in the
limit p → 0−, as shown in Figure 6.1d, and in the limit κ → 0+, as displayed in Figure 6.2d.

6.6 Summary

In this chapter, we derive expressions for system covariance in linear SPDEs under the influence of red
noise. The dependence of covariance on a critical eigenvalue suggests that in such systems, covariance
diverges when linear stability is lost. This is also the case for generic probing functions in the solution
space. In this sense, it is reasonable to expect the occurrence of critical slowing down in bifurcating
SPDEs with red noise. However, we find that a similar divergence takes place when the correlation time
of the noise increases. This is problematic, as there is no way to tell the genuine source of an increase
in covariance in an application setting [213]. The possibility of non-stationary noise characteristics would
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need to be carefully considered before assuming critical slowing down for the detection of approaching
bifurcations. We also discuss a second early-warning sign for bifurcations, an exponential increase in
the autocorrelation. We show that such an effect indeed occurs with respect to some specific probing
functions. However, we emphasise, also for this early-warning sign, the potential for false indications
resulting from non-stationary noise.

We perform numerical experiments for the same class of SPDEs. We introduce red noise either as a
dynamic term or as a boundary condition. The observed divergence of variance corresponding to critical
slowing down is reproduced in these simulations. The performed statistical assessment resembles the
setting of an applied time series analysis in a real-world system suspected of bifurcating. Furthermore, we
have reproduced the effect of an increase in variance as a response to an increase in the correlation time
of the noise, which results in a false early warning. This underscores the need for specific knowledge of
the system to properly employ such observables.
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7 Finite time Lyapunov exponents

In this chapter, we construct early-warning signs for the pitchfork bifurcations in the SPDE
du(x, t) = (∆u(x, t) − g(x)u(x, t) + pu(x, t) − u(x, t)3) dt+ σ Q

1
2 dWt,

u(·, 0) = u0 ∈ H1,

u(0, t) = u(L, t) = 0,
(7.0.1)

for all t ∈ R, x ∈ X1 = [0, L], p < 0. We also assume g to be a bounded and continuous almost every-
where positive function and consider the operator Q to be bounded and strictly positive. Consequently, we
follow the work in [23] and employ an equivalent notation to the one adopted for (3.0.1) in the introduction
of Chapter 3. Specifically, we define the operator A = ∆ − g. Its ordered eigenvalues are {λn}n∈N>0
and their eigenfunctions are called {en}n∈N>0

. Similarly, the eigenfunctions of ∆ are {e′
n}n∈N>0

and the

corresponding eigenvalues

{
λ′
n := −

(
πn

L

)2
}
n∈N>0

. Nonetheless, in contrast to Chapter 3, we assume

the linear operators to satisfy the properties:

(M1’) there exists an d0 > 0 such that the eigenfunctions of Q satisfy bj = e′
j for all j > d0;

(M2’) the eigenvalues {ζj}j∈N>0
associated with {bj}j∈N>0

are positive and satisfy
∞∑
j=1

ζj(−λ′
j)γ < +∞

for a constant γ > 0.

As stated in Section 2.2 and Appendix B, such assumptions imply the continuity of the solutions of (7.0.1)
in W1,2(X1) if u0 ∈ W1,2(X1) and that, for u0 ∈ H1 = L2(X1), there exists a unique mild solution

u ∈ L2(Ω × (0, T ); W1,2(X1)) ∩ L2(Ω,F ,P;C((0, T ); H1)).

The observables are in the form of the change of sign of the possible highest value assumed by the
finite-time Lyapunov exponents. Consequently, they predict the change of different eigenvalues of the drift
operator, albeit critical transitions are likely to occur primarily before the second threshold is crossed.

7.1 Random dynamical system and attractor

We consider the probability space (Ω,F ,P) with Ω := C0(R; H1) composed of the functions ω : R → H1
such that ω(0) = 0 and endowed with the compact-open topology, which has as a basis the finite intersec-
tions of the sets {ω ∈ C0(R; H1)| ω(K) ⊂ U} such thatK is a compact and U is a open. With F we denote
the Borel sigma-algebra on Ω and with P a Wiener measure generated by a two-sided Wiener process. As
in [31], we consider ωt = Wt(ω) and the two-sided filtration (F t2

t1 )t1<t2 defined as F t2
t1 := σ(ωt2 −ωt1), the

coarsest σ-algebra on which such a difference is measurable. We can then obtain

F t
−∞ = σ(F t

t1 : t1 < t),
F∞
t = σ(F t1

t : t < t1),

as the coarsest σ-algebras to contains such sets. We also introduce the Wiener shift for all t > 0

(θtω)t1 := ωt+t1 − ωt1 , for any t1 ∈ R, ω ∈ Ω .
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Thus (θt)t∈R is a family of P-preserving transformations that satisfies the flow property and (Ω,F ,P, (θt)t∈R)
is an ergodic metric dynamical system [54]. The next properties are described in [43]; nonetheless, we
summarise them here to simplify the results discussed in the chapter.

Proposition 7.1.1. There exists a θt-invariant subset Ω′ ⊂ Ω of full probability measure such that for all
ω ∈ Ω′ and t ≥ 0 there is a Fréchet differentiable C1-semiflow on H1

u0 7−→ φ(t, ω, u0) =: φtω(u0)

that satisfies the following for any ω ∈ Ω′:

(P1) for all T > 0 and u0 ∈ H1, the mapping (ω, t) 7→ φtω(u0) in Ω × [0, T ] 7→ H1 is the unique pathwise
mild solution of (7.0.1);

(P2) it satisfies the cocycle property, i.e., for any t1, t2 > 0,

φt1+t2
ω = φt2

θt1ω
◦ φt1ω ;

(P3) fixing t2 > t1 > 0, then the H1-valued random variable φt2−t1
θt1ω

(u) is F t2
t1 -measurable for any u ∈ H1.

The pair of mappings (θ, φ) is the random dynamical system (RDS) generated by (7.0.1). Moreover,
property (P3) implies that the process ut, defined by ut := φtω(u0) for generic ω ∈ Ω′, is F t

0-adapted. The
next proposition is obtained by [68, Lemma 4.4].

Proposition 7.1.2. For all T > 0 and u0, v0 ∈ H1 and given the Fréchet-differentiable C1-semiflow de-
scribed in Proposition 7.1.1, it follows that the mapping Ω × [0, T ] 7→ H1 given by (ω, t) 7→ Du0φ

t
ω(v0) is

the unique solution of the first variation evolution equation along u with initial conditions set on u0 and v0:
dv = (∆v − gv + pv − 3u2v) dt,

u(·, 0) = u0,

v(·, 0) = v0,

v(0, t) = v(L, t) = 0,

(7.1.1)

for any t ∈ [0, T ].

Next, we present the relevant result for the existence and uniqueness of an invariant measure. We define
the transition semigroup of the system (7.0.1) as

Ptϕ := E(ϕ(φt·(u0))),

for all ϕ ∈ Bb(H1), the set of bounded Borel-measurable functions that assume real values, and t ≥ 0 [64].
It is said that it satisfies the strong Feller property if continuous for ϕ ∈ Bb(H1) and t > 0. It is irreducible
if positive for all t ≥ 0 and ϕ indicator function on open sets in H1. The next lemma and proposition
[47, Chapter 8] are employed to prove the following results and are implied by Lemma B.1 and the strict
positivity of the eigenvalues of Q.

Lemma 7.1.3. The transition semigroup of the system (7.0.1) satisfies the strong Feller property and
irreducibility.

By Krylov-Bogoliubov Theorem, for the existence, Doob’s Theorem and by Khas’minskii’s Theorem [66,
125] we obtain the next proposition.

Proposition 7.1.4. There exists a unique stationary measure µ for the process ut which is equivalent to
any transition probability measure Pt(u0, ·) for all t > 0 and u0 ∈ H1, in the sense that they are mutually
absolutely continuous. It is defined as

Pt(u0,B) := Pt1B = P(φt·(u0) ∈ B) for u0 ∈ H1, t > 0,
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for any B ∈ B(H1), the sigma-algebra of Borelian sets in H1, and it is concentrated on W1,2(X1).

Finally, we can consider the random attractor itself.

Definition 7.1.5. A global random attractor of an RDS (φ, θ) is a compact random set A ⊂ H1, i.e., it
depends on ω ∈ Ω′ and satisfies:

• it is invariant under the RDS, which means φtω(A(ω)) = A(θtω);

• it is attracting so that for every bounded set B ⊂ H1, i.e.,

lim
t→∞

∥φtθ−tω(B) − A(ω)∥ = 0

for P-a.s. in ω.

We can use Proposition 7.1.4 to prove a strong property of the random attractor.

Proposition 7.1.6. For any p ∈ R, the random dynamical system generated by (7.0.1) has a global random
attractor A that is a singleton, i.e., there exists a random variable a : Ω → H1 such that A(ω) = a(ω)
P-a.s., and it is F0

−∞-measurable. The law of the attractor a is the unique invariant measure of the system.

The proof of this proposition follows the steps of [44, Theorem 6.1]. In particular, the existence of the global
random attractor A is the result of [68, Theorem 4.5] and its F0

−∞-measurability can be derived from [61,
Theorem 3.3]. Another important property is the order-preservation of the system (7.0.1), i.e., for two initial
conditions u1(x, 0) ≤ u2(x, 0) for almost all x ∈ X1 the solutions satisfy u1(x, t) ≤ u2(x, t) for almost all
x ∈ X1 and t > 0. This is a consequence of [191, Theorem 5.1] and [53, Theorem 5.8].

The main result of the paper [31] is the description of the possible influences of the attractor a on close
solutions, for different values of p. This can be expressed by the sign of the leading finite-time Lyapunov
exponent (FTLE).

Definition 7.1.7. The (leading) finite-time Lyapunov exponents, at a time t > 0 and sample ω ∈ Ω, of an
RDS (φ, θ) with Fréchet differentiable semiflow φ is defined by the following equation:

L1(t;ω, u) := 1
t

log∥Duφtω∥

for any u ∈ H1.

The FTLE describes the influence of the linear operator Duφtω, for given ω ∈ Ω, u ∈ H1 and t > 0,
on elements of H1 close to u. A positive FTLE indicates that close functions in H1, that are near u,
tend to separate in time t. Conversely, a negative FTLE indicates the distance between elements in a
neighbourhood of u tends to be smaller after time t. Of great interest is the FTLE on the attractor, defined
as

L1(t;ω) := L1(t;ω, a(ω)).

By the subadditive ergodic theorem [186] there exists a limit t → ∞ of L1(t;ω) for ω − P-a.s., referred to
as the Lyapunov exponent of a(ω).1
Next, we discuss the extension to further bifurcations beyond the first pitchfork bifurcation point. As previ-
ously described, any p ∈ {−λj}j∈N>0 is a deterministic bifurcation threshold of the system on which, when
crossed, two new steady states appear and the origin in H1 increases dimension of its unstable manifold
by one. We make use of wedge products to study this case by addressing the loss of stability on volumes
and, consequently, along multiple modes. For a separable Hilbert space H1 and for v1, ..., vk ∈ H1, the
wedge product (k-blade) is denoted by

v1 ∧ ... ∧ vk.

1From the synchronisation of the system it would be expected that the Lyapunov exponent is non-positive with probability 1.
This is still an open problem.
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We define the following scalar product for all v1, ..., vk, w1, ..., wk ∈ H1,

(v1 ∧ ... ∧ vk, w1 ∧ ... ∧ wk) := det[(vj1 , wj2)j1,j2 ] (7.1.2)

with (vj1 , wj2)j1,j2 denoting the k × k matrix with j1, j2-th element (vj1 , wj2). The set ∧kH1 is the closure
of finite linear combinations of k-blades under the norm defined by such an inner product. Given {ej}j∈N>0

as a basis of H1, we can define a basis for ∧kH1 whose elements are the k-blades

ei := ei1 ∧ ... ∧ eik

with i = (i1, ..., ik) for 0 < i1 < ... < ik. Given B ∈ L(H1), we can obtain an operator in L(∧kH1) by the
following operation:

∧kB(v1 ∧ ... ∧ vk) := Bv1 ∧ ... ∧Bvk,

for all v1, ..., vk ∈ H1. Such operators satisfy the property2

∥ ∧k B∥∧kH1 = max{|det(B|E)| : E ⊂ H1, dim(E) = k}.

The last definitions allow us to introduce

Lk(t;ω, u) := 1
t

log∥ ∧k Duφtω∥∧kH1 ,

Lk(t;ω) := Lk(t;ω, a(ω)).

Such functions describe the behaviour of volumes defined by the position of elements of H1 in a neigh-
bourhood of u ∈ H1 or of the attractor.

7.2 Bounds for FTLEs

We illustrate the construction of the observables for the prediction of the approach to a bifurcation threshold
in (7.0.1). The proofs of the theorems considered in this section build upon the approach described in [31].
The main results are Theorems 7.2.1 and 7.2.4. Theorem 7.2.1 constructs an upper bound to Lk for any
value of p. It follows from this result that for k = 1 and p < −λ1 the FTLE is almost surely negative.
Theorem 7.2.4 provides a lower bound to the highest admissible value that Lk can assume. Specifically, it
shows that there is a positive probability of Lk to be positive for p beyond the k-th bifurcation.

7.2.1 Upper bound

Theorem 7.2.1. For any k ≥ 1, the inequality

Lk(t;ω) ≤
k∑
j=1

(
p+ λj

)
holds with probability 1 for all t > 0.

Proof. Given vt = v1
t ∧ ... ∧ vkt = ∧kDa(ω)φ

t
ω(v0), with v0 ∈ ∧kH1, we obtain by [31, Lemma 3.5] and the

min-max principle that

1
2

d
dt

||vt||2∧kH1
=

k∑
j=1

(vt, v1
t ∧ ... ∧ vj−1

t ∧ (∆ − g + p+Bt
ω)vjt ∧ vj+1

t ∧ ... ∧ vkt )

2The operator B|E : E → B(E) is assumed to be a linear operator on a finite-dimensional inner product space and we set
det(B|E) = 0 for E such that dim(E) < k.
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≤
k∑
j=1

(vt, v1
t ∧ ... ∧ vj−1

t ∧ (∆ − g + p)vjt ∧ vj+1
t ∧ ... ∧ vkt )

= d
dr

∣∣∣∣
r=0

(vt,∧ke(∆−g+p)rvt) ≤ d
dr

∣∣∣∣
r=0

e

k∑
j=1

(p+λj)r
||vt||2∧kH1

=
k∑
j=1

(
p+ λj

)
||vt||2∧kH1

for Bt
ω := −3a(θtω)2.

7.2.2 Lower bound

Lemma 7.2.2. With probability 1, it holds that a(θtω) ∈ W1,2(X1) for all p ∈ R and t ∈ R. Also, for any
T, ϵ > 0, there exists an FT

−∞-measurable set Ω0 ⊂ Ω such that P(Ω0) > 0 and

||a(θtω)||W1,2(X1) ∈ (0, ϵ) for all p ∈ R, t ∈ [0, T ] and ω ∈ Ω0.

Proof. We begin the proof assuming for the initial condition u0 ∈ W1,2(X1). From Proposition 7.1.4 and the
continuity of the solution in W1,2(X1) we get for the singleton attractor that a(ω) ∈ W1,2(X1) for all ω ∈ Ω.
Additionally, from Lemma 7.1.3 and Proposition 7.1.4 we know that the invariant measure that describes
the law of the attractor is locally positive on W1,2(X1). As a result it follows that ||a(ω)||W1,2(X1) ∈ (0, η),
for all ω ∈ Ω1 with Ω1 that is F0

−∞-measurable ([54, Proposition 3.1]) and P(Ω1) > 0 and for a constant
η > 0 dependent on Ω1. We now define the family of operators S(t) := e(A+p)t in order to study the
solutions of

du = (∆u− gu+ pu− u3) dt+ σ Q
1
2 dWt.

From this SPDE we subtract the Orstein-Uhlenbeck process which is solution of{
dz = (∆z − gz + pz) dt+ σ Q

1
2 dWt,

z(x, 0) = 0, ∀x ∈ X1,

with zero Dirichlet boundary conditions and takes the form

z(t) = σ

∫ t

0
S(t− t1)Q

1
2 dWt1 ,

to introduce ũ := u− z. Consequently, we obtain the random PDE

dũ = (∆ũ− gũ+ pũ) dt− (ũ+ z)3 dt,

whose mild solution is

ũ(t) = S(t)ũ0 +
∫ t

0
S(t− t1)ι(ũ(t1) + z(t1))dt1 (7.2.1)

with ũ0 := ũ(0) = u0 and ι(x) = −x3 for all x ∈ X1. From [2, 67] we obtain that S(t) is an analytic
semigroup. The norms ||·||W1,2(X1) = ||(−∆)

1
2 ·|| and ||·||A = ||(−A)

1
2 ·|| are equivalent in W1,2(X1) as

proven in Appendix A. Therefore, we obtain the following inequalities from [105]:

||S(t)||L(W1,2(X1)) ≤ e(λ1+p)t, for all t > 0, (7.2.2)

||S(t)||L(H1,W1,2(X1)) ≤ ct−
1
2 e(λ1+p)t, for all t > 0

for a certain constant c > 0. Another important estimate is obtained by the fact that the nonlinear term
ι : W1,2(X1) → H1 is locally Lipschitz and thus for any u1, u2 ∈ U ⊂ W1,2(X1) there exists a constant
ℓ > 0 such that

||ι(u1) − ι(u2)|| ≤ ℓ||u1 − u2||W1,2(X1)
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with U being a bounded subset of W1,2(X1). Using a cut-off technique, we can truncate ι outside of a ball
in W1,2(X1) of radius R > 0 and center in the null function and obtain the globally Lipschitz function

ι̃(u) := −Θ
( ||u||W1,2(X1)

R

)
u3,

with Θ : R+ → [0, 1], a C1 cut-off function. As for ι, the Lipschitz inequality takes the form, for a certain
ℓ̃ > 0,

||ι̃(u1) − ι̃(u2)|| ≤ ℓ̃||u1 − u2||W1,2(X1) for all u1, u2 ∈ W1,2(X1).

From (7.2.1), the estimates (7.2.2) and the fact that ι̃(u) = ι(u) on the ball with center in the null function
and radius R in W1,2(X1), we can obtain the following inequality

||ũ(t)||W1,2(X1) ≤ ||S(t)ũ0||W1,2(X1) +
∫ t

0
||S(t− t1)||L(H1,W1,2(X1))||ι̃(ũ(t1) + z(t1))||dt1 (7.2.3)

≤ e(λ1+p)t||ũ0||W1,2(X1) + c

∫ t

0
e(λ1+p)(t−t1)(t− t1)− 1

2 (ℓ̃||ũ(t1) + z(t1)||W1,2(X1))dt1,

for which we have assumed R large enough to have sup
t∈[0,T ]

||ũ(t) + z(t)||W1,2(X1) < R. By [54, Proposition

3.1] we can consider the set

Ω2 :=
{
ω ∈ Ω : sup

t∈[0,T ]
||z(t)||W1,2(X1) ≤ η

}
∈ FT

0 ,

which has positive probability. Since Ω1 ∈ F0
−∞ and Ω2 ∈ FT

0 , they are independent and the set

Ω0 := Ω1 ∩ Ω2 ∈ FT
−∞

has also positive probability measure. We therefore fix ω ∈ Ω0 and derive from (7.2.3)

||ũ(t)||W1,2(X1) ≤e(λ1+p)t||ũ0||W1,2(X1) + ℓ̃ηc

∫ t

0
e(λ1+p)(t−t1)(t− t1)− 1

2 dt1

+ ℓ̃c

∫ t

0
e(λ1+p)(t−t1)(t− t1)− 1

2 ||ũ(t1)||W1,2(X1)dt1,

and then

e−(λ1+p)t||ũ(t)||W1,2(X1) ≤||ũ0||W1,2(X1) + ℓ̃ηc

∫ t

0
e−(λ1+p)t1(t− t1)− 1

2 dt1

+ ℓ̃c

∫ t

0
e−(λ1+p)t1(t− t1)− 1

2 ||ũ(t1)||W1,2(X1)dt1. (7.2.4)

The rest of the proof is equivalent to the steps in [31, Proposition 2.7], where it is proven that the right-hand
side in (7.2.4) is bounded by c1η, for c1 > 0 that does not depend on t but is dependent on T , by assuming
ũ0 = a(ω).

We define now, for v = v1 ∧ ... ∧ vk and w = w1 ∧ ... ∧ wk ∈ ∧kH1,

D
(k)
δ (v,w) := δ

(
Πi0v,w

)
−
(
Π⊥

i0 v,w
)

with Πi denoting the projection on ei := ei1 ∧ ... ∧ eik , i = {i1, ..., ik} and i0 = {1, ..., k} aside from
permutations. The scalar product present in such a construction is defined in (7.1.2). In the next proof we

make use of Λi0 :=
k∑
j=1

(p+ λij ).
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Lemma 7.2.3. Let T > 0, 0 < ϵ ≪ 1
k

(λk − λk+1) be fixed, and ω ∈ Ω be an event with the property that

the nonlinear term Bt
ω := −3a(θtω)2 satisfies

||Bt
ω||W1,2(X1) ≤ ϵ

for all t ∈ [0, T ]. Finally, assume that v0 = v1
0 ∧ ... ∧ vk0 ∈ ∧kH1 satisfies D

(k)
δ (v0) > 0 for δ > 0 for which

ϵ(1 + δ)k ≤ Λi0 − Λi − ϵ(1 + δ)k
δ

,

for all i ̸= i0. Under these conditions, the k-blade vt := ∧kDa(ω)φ
t
ω(v0), corresponding to the solutions

vjt = Da(ω)φ
t
ω(vj0) of the first variation equation with initial condition set at vj0 for j ∈ {1, ..., k} and assumed

at time t > 0, satisfies the inequality

1
2

d
dt
D

(k)
δ (vt) ≥

(
Λi0 − (1 + δ)kϵ

δ

)
D

(k)
δ (vt). (7.2.5)

Proof. We know that

|D(k)
δ (v,w)| ≤ (1 + δ)||v||∧kH1 ||w||∧kH1 .

We then denote vj = vjt = Da(ω)φ
t
ω(vj0). For the multiplication operator Bt

ω we use the hypothesis
||Bt

ω||W1,2(X1) ≤ ϵ which implies that ||Bt
ωv|| ≤ ϵ||v|| for any v ∈ H1. Therefore, we obtain

1
2

d
dt
D

(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vk)

=
k∑
j=1

D
(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vj−1 ∧ v̇j ∧ vj+1 ∧ ... ∧ vk)

=
k∑
j=1

D
(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vj−1 ∧ (∆ − g + p+Bt

ω)vj ∧ vj+1 ∧ ... ∧ vk)

≥
k∑
j=1

D
(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vj−1 ∧ (∆ − g + p)vj ∧ vj+1 ∧ ... ∧ vk)

− ϵ(1 + δ)k||v1 ∧ ... ∧ vk||2∧kH1
.

We know the existence of some coefficients ρi such that

v1 ∧ ... ∧ vk =
∑

i

ρiei

holds. This entails that

D
(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vj−1 ∧ (∆ − g + p)vj ∧ vj+1 ∧ ... ∧ vk) =

∑
i,i′

ρiρi′(p+ λi′j )D
(k)
δ (ei, ei′),

for which

D
(k)
δ (ei, ei′) =


0, if i ̸= i′,
δ, if i = i′ = i0,
−1, if i = i′ ̸= i0.
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We can obtain, therefore,

D
(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vj−1 ∧ (∆ − g + p)vj ∧ vj+1 ∧ ... ∧ vk) = δ(p+ λj)ρ2

i0 −
∑
i̸=i0

ρ2
i (p+ λij )

and

k∑
j=1

D
(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vj−1 ∧ (∆ − g + p)vj ∧ vj+1 ∧ ... ∧ vk) = δΛi0ρ

2
i0 −

∑
i̸=i0

Λiρ
2
i .

This gives us the following result:

1
2

d
dt
D

(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vk) ≥ δΛi0ρ

2
i0 −

∑
i̸=i0

Λiρ
2
i − ϵ(1 + δ)k

∑
i

ρ2
i

= δ

(
Λi0 − ϵ(1 + δ)k

δ

)
ρ2

i0 −
∑
i̸=i0

(Λi + ϵ(1 + δ)k)ρ2
i .

Hence, for parameters that satisfy

ϵ(1 + δ)k ≤ Λi0 − Λi − ϵ(1 + δ)k
δ

holds for all i ̸= i0, or equivalently,

ϵk
(1 + δ)2

δ
≤ λk − λk+1,

we can deduce that

1
2

d
dt
D

(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vk) ≥ δ

(
Λi0 − ϵ(1 + δ)k

δ

)
D

(k)
δ (v1 ∧ ... ∧ vk, v1 ∧ ... ∧ vk).

Theorem 7.2.4. For any k ≥ 1, 0 < η ≪ λk − λk+1 and T > 0, there exists Ω0 ⊂ Ω, a probability event
of positive measure P, such that

Lk(t;ω) ≥
k∑
j=1

(
p+ λj

)
− η

for all ω ∈ Ω0, t ∈ [0, T ].

Proof. Lemma 7.2.2 proves for any ϵ > 0 the existence of a set Ω0 ⊂ Ω so that for all ω ∈ Ω0 we have the
bound ||a(θtω)||W1,2(X1) < ϵ for t ∈ [0, T ]. Such a result, along with the fact that W1,2(X1) is a Banach
algebra and a subset of L2(X1), satisfies the first hypothesis of Lemma 7.2.3. Precisely, for any ϵ > 0 we

obtain P
(

{||Bt
ω||W1,2(X1) < ϵ, for all t ∈ [0, T ]}

)
> 0.

From Lemma 7.2.3, we know that D(k)
δ (v0) > 0 implies D

(k)
δ (vt) > 0 for all t ∈ [0, T ] and, assuming

δ =
√
ϵ ≪ 1 in (7.2.5),

1
2

d
dt
D

(k)
δ (vt) ≥ (Λi0 − 2kδ)D(k)

δ (vt).

This result gives
D

(k)
δ (vt) ≥ exp{(Λi0 − 2kδ)t}D(k)

δ (v0). (7.2.6)
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We take v0 ∈ ∧kH1 and M > 1 such that D(k)
δ
M

(v0) ≥ 0.3 It follows that

D
(k)
δ (v0) = δ||Πi0v0||2∧kH1

−||Π⊥
i0 v0||2∧kH1

= δ
(

1− 1
M

)
||Πi0v0||2∧kH1

+D
(k)
δ
M

(v0) ≥ δ(M − 1)
M

||Πi0v0||2∧kH1
.

Since D
(k)
δ
M

(v0) ≥ 0 we know that ||v0||2∧kH1
≤ (1 + δ

M )||Πi0v0||2∧kH1
and, therefore,

D
(k)
δ (v0) ≥ δ(M − 1)

M
(
1 + δ

M

) ||v0||2∧kH1
= δ(M − 1)

M + δ
||v0||2∧kH1

. (7.2.7)

From D
(k)
δ (vt) ≤ δ||vt||2∧kH1

, and using (7.2.6) and (7.2.7), we obtain

||vt||2∧kH1
≥ M − 1
M + δ

exp{(Λi0 − 2kδ)t}||v0||2∧kH1
.

The proof is complete considering Lemma 7.2.2, the fact that the prefactor can be close to 1 for M → +∞
and taking η = 2kδ ≪ λk − λk+1 with δ =

√
ϵ.

Remark. Theorems 7.2.1 and 7.2.4 prove that the right extreme of the interval of the possible values
assumed by Lk is Λi0 . In particular for k = 1 it is p+ λ1.

For k > 1 the value of p that satisfies Λi0 = 0 is not corresponding to −λk, therefore the change of
sign of the highest possible value assumed by Lk is not associated with a bifurcation event. The fact that
1
k

k∑
j=1

λj > λk implies that Λi0 = 0 is satisfied for p < −λk, i.e., before the k-th bifurcation threshold.

Remark. The introduction of the heterogeneous term g in (7.0.1) induces a change of value in the bifur-
cation thresholds {−λk}k∈N>0 but maintains their existence. For any k ∈ N>0 there is a dependence on
Λi0 of g for all p ∈ R and, moreover, the choice of g shifts the values of p at which the highest possible
value of Lk changes sign.

7.3 Summary

Complementing the variance-based early-warning indicators discussed in Chapter 3, we analyse the be-
haviour of the highest extreme of FTLEs as the critical parameter in a space-heterogeneous Chafee-Infante
approach that approaches the bifurcation point under perturbations driven by additive noise. Our results
show that such extremes reach zero at a rate that is precisely the reciprocal of the variance divergence
rate described in Chapter 3. This inverse relationship emerges despite the fundamentally different tech-
niques used in each study: variational analysis for the corresponding FTLE and stochastic linearisation
for the time-asymptotic variance. This underscores a deep mathematical connection between dynamical
sensitivity and statistical fluctuations.

The convergence of observable to zero signals a loss of exponential stability and is tightly coupled to
the increase in noise-induced variance. These insights motivate the conjecture that similar relationships
hold across a wide range of bifurcation scenarios, especially where the deterministic system features a
single-eigenvalue crossing instability, in contrast with the setting in Chapter 4.

3Note that for any
δ

M
> 0 this can be satisfied in a neighborhood of v0 = ei0 .
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Part II

Noise-induced Tipping: Prediction of
Transitions and Metastable Jumps
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8 Upper bound to Transition Probability

In the this chapter we study the non-autonomous system
du(x, t) = (∆u(x, t) + p(ϵt)u(x, t) − g(x)u(x, t) − u(x, t)3) dt+ σ Q

1
2 dWt,

u(·, 0) = u0 ∈ H1 = L2(X1),
u(0, t) = u(L, t) = 0, ∀t ≥ 0

(8.0.1)

with the noise intensity σ > 0 and g a continuous almost everywhere positive function in X1 = [0, L] as
defined in (3.0.1). We use an equivalent notation as the one employed in the introduction of Chapter 3. In
particular, we label the operator A = ∆ − g. Its ordered eigenvalues are {λn}n∈N>0

and the eigenvalues

of ∆ are

{
λ′
n := −

(
πn

L

)2
}
n∈N>0

. We refer to the corresponding eigenfunctions with {en}n∈N>0
and

{e′
n}n∈N>0

, respectively. Furthermore, the eigenvalues {ζj}j∈N>0
and eigenfunctions {bj}j∈N>0

of the
covariance operator Q are assumed to satisfy the properties (M1) and (M2) to obtain the existence and
uniqueness in L2(Ω,F ,P; H1) of the mild solution of (8.0.1) for any t > 0 through Theorem 2.2.1, Theorem
2.2.6 and Appendix B. However, we assume p ∈ C([0, τ ]) for a given τ > 0 and 0 < ϵ ≪ 1. The slow
dependence on time is in accordance with the fact that in simulations of realistic applications, the previous
parameter p in (3.0.1) is not constant but slowly changing; see also [90]. For a fixed ϵ, we assume
p(ϵt) < −λ1 in 0 ≤ ϵt ≤ τ . Therefore, we study the system before the first non-autonomous bifurcation.
The content of this chapter is an excerpt of [23]. First, following the methods used in [17, 19] we aim to
gain insight on the probabilistic properties of the first time in which the solutions of (8.0.1), with u0 close
to the null function, get driven apart from a chosen solution of the equivalent deterministic system, i.e.,
(8.0.1) with σ = 0. This is achieved by taking as a metric the distance induced by a fractional Sobolev
norm of small degree. Lastly, we use the obtained bound to briefly construct moment estimates of such an
aleatory time.

In this chapter we use the Landau notation on scalars ρ1 ∈ R, ρ2 > 0 as ρ1 = O(ρ2) if there exists
a constant c > 0 that satisfies |ρ1| ≤ cρ2. Such a constant is independent of ϵ and σ; however, it
depends on g and p. We also employ the relation symbol ∼ to indicate that the positive scalars ρ1 and
ρ2 satisfy 0 < lim

ρ2→∞

ρ1
ρ2

< ∞ and that two the sequences {ρ1
k}k∈N\{0} ⊂ R and {ρ2

k}k∈N\{0} ⊂ R>0

satisfy 0 < lim
k→∞

ρ1
k

ρ2
k

< ∞. Furthermore, the symbol ∝ refers to proportionality of the terms for a constant

dependent on g.

The first equation in (8.0.1) can be studied for the slow time ϵt setting, named again for convenience t,
giving the form

du(x, t) = 1
ϵ

(∆u(x, t) + p(t)u(x, t) − g(x)u(x, t) − u(x, t)3) dt+ σ√
ϵ
Q

1
2 dWt

through rescaling of time.

We denote the As-norm of power s ≥ 0 of any function ϕ =
∞∑
k=1

ρkek ∈ H1 with {ρk}k∈N>0 ⊂ R as

||ϕ||2As :=
∞∑
k=1

(−λk)sρ2
k.
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The functions in H1 that present finite As-norm define the space Ws,2(X1). In fact, the As-norm is equiv-
alent to the fractional Sobolev norm on Ws,2(X1) under Dirichlet conditions,

||ϕ||2Ws,2(X1) :=
∞∑
k=1

(−λ′
k)s⟨ϕ, e′

k⟩2.

Such a result follows from the fact that, as shown in Appendix A, D((−∆)
1
2 ) = D((−A)

1
2 ) and from the

characterisation of interpolation spaces described by [146, Theorem 4.36]. In particular, it implies that

Ws,2
0 (X1) := D((−A)

s
2 ).

For simplicity, we assume g(x) ≥ 1 for all x ∈ X1, so that for any couple of parameters 0 ≤ s < s1
and ϕ ∈ Ws1,2(X1), ||ϕ||As ≤ ||ϕ||As1 . The following lemma shows an important property, a Young-type
inequality, of the As-norms, which we exploit further in the chapter.

Lemma 8.0.1. Set 0 < r, s and 0 < q <
1
2 so that q+ 1

2 < r+ s. Then, there exists c(r, s, q) > 0 for which

||ϕ1ϕ2||Aq ≤ c(r, s, q)||ϕ1||Ar ||ϕ2||As , (8.0.2)

for any ϕ1 ∈ Wr,2(X1) and ϕ2 ∈ Ws,2(X1).

Proof. The equivalence of the As1-norm and the Ws1,2-norm for any 0 ≤ s1 ≤ 1 justifies the study of
(8.0.2) for the Ws1,2-norms. Then, for any ϕ ∈ H1 we can rewrite the series

ϕ(x) =
∞∑
k=1

⟨ϕ, e′
k⟩e′

k(x) =
∞∑

k=−∞
ρ̃k

1√
L

eiπk
L
x

for ρ̃k := −sign(k)i√
2

⟨ϕ, e′
k⟩, ρ̃0 = 0.1 Furthermore, it is easy to prove that for any 0 ≤ s1 ≤ 1

||ϕ||2Ws1,2(X1) =
∞∑

k=−∞
(−λ′

k)s1 |ρ̃k|2.

Since the product of any couple of elements in
{ 1√

L
eiπk

L
x
}
k∈Z

is proportional to another member of the

set, we can apply the Young-type inequality in [18, Lemma 4.3] which implies the existence of a constant
c′(r, s, q) that satisfies

||ϕ1ϕ2||Wq,2(X1) ≤ c′(r, s, q)||ϕ1||Wr,2(X1)||ϕ2||Ws,2(X1),

for any ϕ1 ∈ Wr,2(X1) and ϕ2 ∈ Ws,2(X1). From the equivalence of the As-norms and the Ws,2-norms,
we can state that there exists c(r, s, q) > 0 that satisfies the aimed inequality.

From the fact that p(t) < −λ1 for t < τ , we know that any mild solution ū of the deterministic problemdū(x, t) = 1
ϵ

(∆ū(x, t) + p(t)ū(x, t) − g(x)ū(x, t) − ū(x, t)3) dt,

ū(0, t) = ū(L, t) = 0, ∀t ≥ 0,
(8.0.3)

with initial conditions in H1, approaches the null function exponentially in H1 in time 0 ≤ t ≤ τ . Further-
more, following the proof of [19, Proposition 2.3], we prove equivalent results for the A1-norm in the next
Proposition.

1Note that
{ 1√

L
ei πk

L
x
}
k∈Z

is not a basis of H1, therefore it is not a Parseval identity on such a space.
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Proposition 8.0.2. Given ū, a mild solution of (8.0.3) such that ||ū(·, 0)||A := ||ū(·, 0)||A1 ≤ δ, then

||ū(·, t)||A ≤ δ

holds for all 0 ≤ t ≤ τ . Furthermore, ||ū(·, t)||A approaches 0 exponentially in 0 ≤ t ≤ τ .

Proof. We define the Lyapunov function

FL(ϕ) := 1
2

(
||∇ϕ||2W1,2(X1) + ||g

1
2ϕ||2W1,2(X1)

)
= 1

2⟨−Aϕ, ϕ⟩

for any ϕ ∈ W1,2(X1). Therefore, we obtain

d
dt
FL(ū) = −⟨Aū, ∂tū⟩ = 1

ϵ

(
− ||Aū||2W1,2(X1) − p(t)⟨Aū, ū⟩ + ⟨Aū, ū3⟩

)
=1
ϵ

(
− ⟨(A− λ1)ū, Aū⟩ − (p(t) + λ1)⟨Aū, ū⟩ + ⟨Aū, ū3⟩

)
≤1
ϵ

(
− (p(t) + λ1)⟨Aū, ū⟩ + ⟨Aū, ū3⟩

)
= 2
ϵ

(p(t) + λ1)FL(ū) + 1
ϵ

⟨Aū, ū3⟩

=2
ϵ

(p(t) + λ1)FL(ū) − 3
ϵ

⟨∇ū, ū2∇ū⟩ − 1
ϵ

||g
1
2 ū2||2W1,2(X1) ≤ 2

ϵ
(p(t) + λ1)FL(ū)

by using the min-max principle in

−⟨(A− λ1)ū, Aū⟩ = ⟨−A(A− λ1)ū, ū⟩ ≤ 0.

We have then shown that, given initial condition ū(·, 0) = u0 ∈ H1,

FL(ū(·, t)) ≤ FL(u0)e− 2c1
ϵ
t

holds for a constant c1 > 0. The result follows since the norm defined by FL is equivalent to ||·||A.

Given a function ū that satisfies Proposition 8.0.2 for a fixed δ > 0, we define the set in W1,2(X1),

B(h) := {(t, ϕ) ∈ [0, τ ] × W1,2(X1) : ||ϕ− ū||As < h}

for s, h > 0. The first-exit time from B(h) is the stopping time

τB(h) := inf{t > 0 : (t, u(·, t)) ̸∈ B(h)}.

With these definitions, we obtain an estimate for the probability of transition outside of the defined neigh-
bourhood B(h) over a finite timescale.

Theorem 8.0.3. We set ζ∗ = sup
j∈N>0

{ζj}. Then, for any 0 < s <
1
2 and ϵ, ν > 0 there exist the positive

constants and parameters δ0, κ = κ(s), h1 and C h2
ζ∗σ2

(κ, T, ϵ, s) for which, given 0 <
√
ζ∗σ ≪ h < h1ϵ

ν

and a function ū that solves (8.0.3) and ||ū(·, 0)||A ≤ δ0, the solution of (8.0.1) with u0 = ū(·, 0) satisfies

P
(
τB(h) < T

)
≤ C h2

ζ∗σ2
(κ, T, ϵ, s)exp

{
− κ

h2

ζ∗σ2

(
1 −O

( h
ϵν

))}
,

for any 0 ≤ T ≤ τ .

The inequality obtained in the previous theorem does not require h2 ≫ ζ∗σ
2, but such an assumption

simplifies the dependence of C h2
ζ∗σ2

(κ, T, ϵ, s) on
h2

ζ∗σ2 , otherwise nontrivial, and enables further study of

the moments of the exit-time.
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The proof of such an error estimate is based on [19, Proposition 2.4]. It is comprised of the study of the
linear problem obtained from (8.0.1) and the extension of the results to the nonlinear cases. These steps
are discussed in the following section.

8.1 Proof of error estimate

We define ψ := u−ū for u the mild solution of (8.0.1) and ū the mild solution of (8.0.3) with initial conditions

ū(·, 0) = u(·, 0) = u0.

Then, ψ is the mild solution of
dψ(x, t) = 1

ϵ

(
∆ψ(x, t) + p(t)ψ(x, t) − g(x)ψ(x, t) − (u(x, t)3 − ū(x, t)3)

)
dt+ σ√

ϵ
Q

1
2 dWt,

ψ(x, 0) = 0, ∀x ∈ X1

ψ(0, t) = ψ(L, t) = 0, ∀t ≥ 0.
(8.1.1)

The first equation of the system (8.1.1) is equivalent, by Taylor’s formula, to

dψ(x, t) =
(

∆ψ(x, t) + p(ϵt)ψ(x, t) − g(x)ψ(x, t) − 3ū(x, t)2ψ(x, t) +G(ψ(x, t))
)

dt+ σ Q
1
2 dWt,

with

G(ψ) := 1
2∂

2
ϕ

(
− ϕ3

)∣∣∣∣
ū+ηψ

ψ2 = −3(ū+ ηψ)ψ2 (8.1.2)

for a certain 0 < η < 1.

8.1.1 Linear case

We call ψ0 the mild solution of
dψ0(x, t) = 1

ϵ
(∆ψ0(x, t) + p(t)ψ0(x, t) − g(x)ψ0(x, t)) dt+ σ√

ϵ
Q

1
2 dWt,

ψ0(·, 0) ≡ 0 ∈ H1,

ψ0(0, t) = ψ0(L, t) = 0, ∀t ≥ 0.

(8.1.3)

Then, ψk := ⟨ψ0, ek⟩ satisfies

dψk(t) = 1
ϵ

(λkψk(t) + p(t)ψk(t)) dt+ σ√
ϵ

d⟨Wt, ek⟩

=1
ϵ

(λkψk(t) + p(t)ψk(t)) dt+ σ√
ϵ

d
( ∞∑
j=1

√
ζjβj(t)⟨bj , ek⟩

)
,

(8.1.4)

for a family of independent Wiener processes {βj}j∈N>0 . We can now prove the following lemmas.

Lemma 8.1.1. There exists a constant c0 > 0 such that

Var(ψk(t)) ≤ −c0ζ∗
σ2

λk
,

for ζ∗ := supj{ζj}, all 0 ≤ t ≤ τ and k ∈ N>0.
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Proof. By definition,

Var(ψk(t)) = σ2

ϵ

∫ t

0

〈
ek, e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
Qe

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ek

〉
dt1

=σ2

ϵ

∫ t

0

〈
e

1
ϵ

(
λk(t−t1)+

∫ t
t1
p(t2)dt2

)
ek, Qe

1
ϵ

(
λk(t−t1)+

∫ t
t1
p(t2)dt2

)
ek

〉
dt1

=σ2

ϵ

∫ t

0
e

2
ϵ

(
λk(t−t1)+

∫ t
t1
p(t2)dt2

)
⟨ek, Qek⟩dt1 ≤ σ2

ϵ
ζ∗

∫ t

0
e

2
ϵ

(
λk+ max

0≤t2≤τ
{p(t2)}

)
(t−t1)

dt1

= − ζ∗
σ2

2
(
λk + max

0≤t1≤τ
{p(t1)}

)(1 − e
2
ϵ

(
λk+ max

0≤t1≤τ
{p(t1)}

)
t)

≤ −c0ζ∗
σ2

λk
,

for 0 ≤ t ≤ τ and k ∈ N>0.

The subsequent lemma relies on methods presented in [19] and part of the proof follows [16, Theorem
2.4]. Additional steps are required due to the fact that the eigenfunctions of A do not diagonalise Q.

Lemma 8.1.2. Given c+ > 0 and 0 ≤ T ≤ τ for which λk + min
0≤t≤T

{p(t)} ≥ c+λk for all k ∈ N>0, then

there exists a constant γ0 > 0 that satisfies

P
(

sup
0≤t≤T

|ψk(t)| ≥ h

)
≤ −2c+λkT

γϵ
exp
{

e−2γ

2c0
λk

h2

ζ∗σ2

}
(8.1.5)

for any 0 < γ ≤ γ0, for ζ∗ := sup
j

{ζj} and c0 obtained in Lemma 8.1.1.

Proof. For a fixed k ∈ N>0, the solution ψk of (8.1.4) is a Gaussian process. In fact, we have

∞∑
j=1

√
ζj⟨bj , ek⟩βj(t) =

√√√√ ∞∑
j=1

ζj⟨bj , ek⟩2β(t) (8.1.6)

for a Wiener process β and 0 ≤ t ≤ τ . The equation (8.1.6) can be proven with the following considera-
tions.

• For any 0 ≤ t ≤ τ and n ∈ N>0, we define Ξn(t) =
n∑
j=1

√
ζj⟨bj , ek⟩βj(t). Given the integers

n1 > n2 > 0, it follows that

E
(
|Ξn1(t) − Ξn2(t)|2

)
= t

n1∑
j=n2+1

ζj⟨bj , ek⟩2 ≤ τ sup
j

{ζj} = τζ∗.

Hence, {Ξn(t)}n converges to a random variable Ξ(t) in L2(Ω,F ,P) for all 0 ≤ t ≤ τ .

• It is clear that
Ξ(0) = 0

and that the series has independent increments.

• The time increments of Ξ from t1 to t2 with t1 < t2 ≤ τ are normally distributed with mean 0 and

with variance (t2 − t1)
∞∑
j=1

ζj⟨bj , ek⟩2. This can be proven through the Lévy continuity Theorem [27,

Section 26] and the pointwise convergence in time of the characteristic functions of Ξn(t).

• The almost sure continuity of Ξ is implied by the Borel-Cantelli Lemma [27, Section 4] and by the
almost sure continuity of all elements in {Ξn}n∈N>0 .
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From (8.1.4) and (8.1.6) we can state that ψk is represented by Duhamel’s formula,

ψk(t) = σ√
ϵ

√√√√ ∞∑
j=1

ζj⟨bj , ek⟩2
∫ t

0
e

1
ϵ

(
λk(t−t1)+

∫ t
t1
p(t2)dt2

)
dβ(t1).

Due to the dependence on time t of λk(t − t1) +
∫ t
t1
p(t2)dt2, ψk is not a martingale. Nonetheless,

following [17, Proposition 3.1.5], we study the martingale e− 1
ϵ

(
λkt+

∫ t
0 p(t1)dt1

)
ψk and split the time interval

through the times 0 = s0 < s1 < ... < sN = T . For convenience, we define for all 0 ≤ t ≤ T ,
D(t) := λkt+

∫ t
0 p(t1)dt1. We obtain that

P
(

sup
0≤t≤T

|ψk(t)| ≥ h

)

=P
(

sup
0≤t≤T

∣∣∣∣∣ σ√ϵ
√√√√ ∞∑

j=1
ζj⟨bj , ek⟩2

∫ t

0
e

1
ϵ

(
λk(t−t1)+

∫ t
t1
p(t2)dt2

)
dβ(t1)

∣∣∣∣∣ ≥ h

)

=P
(

∃j ∈ {1, ..., N} : sup
sj−1<t<sj

∣∣∣∣∣ σ√ϵ⟨ek, Qek⟩
1
2

∫ t

0
e

1
ϵ

(
D(t)−D(t1)

)
dβ(t1)

∣∣∣∣∣ ≥ h

)

≤
N∑
j=1

P
(
σ√
ϵ
⟨ek, Qek⟩

1
2 sup
sj−1<t<sj

∣∣∣∣∣
∫ t

0
e

1
ϵ

(
D(t)−D(t1)

)
dβ(t1)

∣∣∣∣∣ ≥ h

)

=2
N∑
j=1

P
(
σ√
ϵ
⟨ek, Qek⟩

1
2 sup
sj−1<t<sj

∫ t

0
e

1
ϵ

(
D(t)−D(t1)

)
dβ(t1) ≥ h

)

≤2
N∑
j=1

P
(

⟨ek, Qek⟩
1
2 sup
sj−1<t<sj

∫ t

0
e− 1

ϵ
D(t1)dβ(t1) ≥ inf

sj−1<t<sj
e− 1

ϵ
D(t)

√
ϵ

σ
h

)

=2
N∑
j=1

P
(

⟨ek, Qek⟩
1
2 sup
sj−1<t<sj

∫ t

0
e− 1

ϵ
D(t1)dβ(t1) ≥ e− 1

ϵ
D(sj−1)

√
ϵ

σ
h

)
.

We can now apply a Bernstein-type inequality [17]. Therefore, it follows that

P
(

sup
0≤t≤T

|ψk(t)| ≥ h

)
≤ 2

N∑
j=1

P
(

sup
0<t<sj

∫ t

0
e− 1

ϵ
D(t1)dβ(t1) ≥ ⟨ek, Qek⟩− 1

2 e− 1
ϵ
D(sj−1)

√
ϵ

σ
h

)

≤2
N∑
j=1

exp
{

− ϵh2e− 2
ϵ
D(sj−1)

2σ2⟨ek, Qek⟩
∫ sj

0 e− 2
ϵ
D(t1)dt1

}
= 2

N∑
j=1

exp
{

− ϵh2e
2
ϵ

(D(sj)−D(sj−1))

2σ2⟨ek, Qek⟩
∫ sj

0 e
2
ϵ

(D(sj)−D(t1))dt1

}

=2
N∑
j=1

exp
{

− h2e
2
ϵ

(D(sj)−D(sj−1))

2Var(ψk(sj))

}
≤ 2

N∑
j=1

exp
{
h2λke

2
ϵ

(D(sj)−D(sj−1))

2c0ζ∗σ2

}
,

for which we use Lemma 8.1.1 in the last inequality. By assumption, we know that λk + p(t) < 0 for all
k ∈ N>0 and 0 ≤ t ≤ T . We can set the sequence of times {sj}Nj=0 so that there exists γ0 > 0 for which

−
λkT +

∫ T
0 p(t1)dt1
γ0ϵ

= N ∈ N>0 and

λk(sj+1 − sj) +
∫ sj+1

sj

p(t1)dt1 = −γ0ϵ ∀j ∈ {0, ..., N − 1}.
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In conclusion, for γ0 > 0 small enough, such a choice leads to

P
(

sup
0≤t≤T

|ψk(t)| ≥ h

)
≤ −2

λkT
∫ T

0 p(t1)dt1
γ0ϵ

exp
{
h2λke−2γ0

2c0ζ∗σ2

}
≤ −2c+λkT

γϵ
exp
{
h2λke−2γ

2c0ζ∗σ2

}
for any γ0 ≥ γ.

The inequality (8.1.5) can be treated as follows for assumptions equivalent to the previous lemma:

P
(

sup
0≤t≤T

|ψk(t)| ≥ h

)
≤ −2c+λkT

γϵ
exp
{
h2λke−2γ

2c0ζ∗σ2

}
≤ − 2c+λkT

γϵ
exp
{

h2λk
2c0ζ∗σ2

}
exp
{

− h2λkγ

c0ζ∗σ2

}
.

(8.1.7)

Moreover, for large enough
h2

ζ∗σ2 , (8.1.7) can be optimised on γ at γ = −c0ζ∗σ
2

h2λk
, resulting in

P
(

sup
0≤t≤T

|ψk(t)| ≥ h

)
≤ h2

ζ∗σ2
2c+λ2

keT

c0ϵ
exp
{

h2

ζ∗σ2
λk
2c0

}
. (8.1.8)

The previous lemmas are sufficient to prove the subsequent theorem, whose proof follows the steps of
[19, Theorem 2.4 in the linear case].

Theorem 8.1.3. For any 0 < s <
1
2 , 0 < ϵ, ζ∗σ

2 ≪ h2 and 0 ≤ T ≤ τ there exist constants

0 < κ(s), C h2
ζ∗σ2

(κ, T, ϵ, s) such that the solution ψ0 of (8.1.3) satisfies

P
(

sup
0≤t≤T

||ψ0(·, t)||As ≥ h

)
≤ C h2

ζ∗σ2
(κ, T, ϵ, s)e−κ(s) h2

ζ∗σ2 .

Proof. We set η, ρ > 0 such that ρ = 1
2 − s. Then, for any sequence {hk}k∈N>0 ⊂ R>0 that satisfies

h2 =
∞∑
k=1

h2
k, it holds

P
{

sup
0≤t≤T

||ψ0(·, t)||As ≥ h

}
= P

{
sup

0≤t≤T
||ψ0(·, t)||2As ≥ h2

}
= P

{
sup

0≤t≤T

∞∑
k=1

(−λk)s|ψk(t)|2 ≥ h2
}

≤
∞∑
k=1

P
{

sup
0≤t≤T

|ψk(t)|2 ≥
h2
k

(−λk)s

}
=

∞∑
k=1

P
{

sup
0≤t≤T

|ψk(t)| ≥ hk

(−λk)
s
2

}

≤
∞∑
k=1

h2
k

ζ∗σ2
2c+(−λk)2−seT

c0ϵ
exp
{

−
h2
k

ζ∗σ2
(−λk)1−s

2c0

}
,

for which we used (8.1.8) in the last inequality. We can assume hk = C(η, s)h2(−λk)−1+s+ η
2 with

C(η, s) := 1∑∞
k=1(−λk)−1+s+ η

2
.

Since −λk ∼ k2 holds from (A.3), we can use the Riemann Zeta function ξ(ν) :=
∑∞

k=1 k
−ν to prove that

C(η, s) > 0 for any η > 0. In fact, we have ξ(2 − 2s− η) < ∞ for any 0 < η < 2ρ and

C(η, s) = 1∑∞
k=1(−λk)−1+s+ η

2
∝ 1∑∞

k=1 k
−2+2s+η = ξ(2 − 2s− η)−1.
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For 0 < η < 2ρ, we write

P
{

sup
0≤t≤T

||ψ0(·, t)||As ≥ h

}
≤

∞∑
k=1

h2
k

ζ∗σ2
2c+(−λk)2−seT

c0ϵ
exp
{

−
h2
k

ζ∗σ2
(−λk)1−s

2c0

}

≤ h2

ζ∗σ2
2c+eT

c0ϵ

∞∑
k=1

λ2
kexp

{
− h2

ζ∗σ2
C(η, s)(−λk)

η
2

2c0

}
≤ ℓT

∞∑
k=1

(1 + k2)2e−ℓ(1+k2)
η
2

for ℓT ∝ h2

ζ∗σ2
c+eT

c0ϵ
and ℓ ∝ h2

ζ∗σ2
C(η, s)
c0

. We define

ι(x) := (1 + x2)2e−ℓ(1+x2)
η
2

for which we know that

d
dx
ι(x) = 2x(1 + x2)

(
2 − ℓ

η

2(1 + x2)
η
2

)
e−ℓ(1+x2)

η
2 .

We can therefore bound
∞∑
k=1

ι(k) ≤
∫ ∞

0
ι(x)dx

by assuming ι decreasing in [0,∞). Such a case is satisfied for
h2

ζ∗σ2 larger than a constant of order 1
dependent on the choice of η and on s. Conversely, the theorem would be trivially proven.
Setting x′ = ℓ(1 + x2)

η
2 and y = −ℓ+ x′, we can state that∫ ∞

0
ι(x)dx =

∫ ∞

0
(1 + x2)2e−ℓ(1+x2)

η
2 dx = 1

ℓ
6
η η

∫ ∞

ℓ

x
′ 6
η

−1√(
x′

ℓ

) 2
η − 1

e−x′
dx′

= e−ℓ

ℓ
6
η η

∫ ∞

0

(ℓ+ y)
6
η

−1√(
1 + y

ℓ

) 2
η − 1

e−ydy ≤ e−ℓ

ℓ
6
η η

∫ ∞

0

(ℓ+ y)
6
η

−1√
2y
ηℓ

e−ydy

= e−ℓ

ℓ
6
η η

√
ηℓ

2

∫ ℓ

0

(ℓ+ y)
6
η

−1
√
y

e−ydy + e−ℓ

ℓ
6
η η

√
ηℓ

2

∫ ∞

ℓ

(ℓ+ y)
6
η

−1
√
y

e−ydy

≤ e−ℓ

ℓ
6
η η

(2ℓ)
6
η

−1
√
ηℓ

2

∫ ℓ

0

1
√
y

e−ydy + e−ℓ

ℓ
6
η η

√
ηℓ

2

∫ ∞

ℓ

(2y)
6
η

−1
√
y

e−ydy

≤ c1(η)ℓ−
1
2 e−ℓ + c2(η)ℓ−

6
η

+ 1
2 e−ℓ,

for which we used
(

1 + y
ℓ

) 2
η − 1 ≥ 2y

ηℓ and took the constants c1(η), c2(η) > 0 that are uniformly bounded
in ℓ since η < 12. Such results lead to

P
{

sup
0≤t≤T

||ψ0(·, t)||As ≥ h

}
≤ ℓT

∞∑
k=1

f(k) ≤ ℓT

(
c1(η)ℓ−

1
2 e−ℓ + c2(η)ℓ−

6
η

+ 1
2 e−ℓ

)
∝ h2

ζ∗σ2
c+T

c0ϵ

(
c1(η)

( h2

ζ∗σ2
C(η, s)
c0

)− 1
2 + c2(η)

( h2

ζ∗σ2
C(η, s)
c0

)− 6
η

+ 1
2
)

e−ℓ.
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The proof is concluded assuming η = ρ = 1
2 − s, such that C(η, s) ∝ ξ

(3
2 − s

)−1
, κ(s) ∝ C(η, s)

c0
and

C h2
ζ∗σ2

(κ, T, ϵ, s) ∝ h2

ζ∗σ2
c+T

c0ϵ

(
c1(η)

(
h2

ζ∗σ2
C(η, s)
c0

)− 1
2

+ c2(η)
(

h2

ζ∗σ2
C(η, s)
c0

)− 6
η

+ 1
2
)
.

Remark. The dependence of C h2
ζ∗σ2

(κ, τ, ϵ, s) on τ and ϵ is well known. In fact, C h2
ζ∗σ2

(κ, τ, ϵ, s) ∼ τ

ϵ
is

a property employed to obtain moment estimates further in the chapter. Such a proportionality is inherited

from (8.1.8). Additionally, for ζ∗σ
2 ≪ h2, the relation C h2

ζ∗σ2
(κ, τ, ϵ, s) ∼

( h2

ζ∗σ2

) 1
2 holds. Furthermore, the

constants C h2
ζ∗σ2

(κ, τ, ϵ, s) and κ depend on the choice of g and p from construction and the definition of

c0 in Lemma 8.1.1.
We now study the error estimate given by ψ∗, mild solution of

dψ∗(x, t) = 1
ϵ

(∆ψ∗(x, t) + p(t)ψ∗(x, t) − g(x)ψ∗(x, t) − ū(x, t)2ψ∗(x, t)) dt+ σ√
ϵ
Q

1
2 dWt

ψ∗(x, 0) = 0, ∀x ∈ X1

ψ∗(0, t) = ψ∗(L, t) = 0, ∀t ≥ 0,

(8.1.9)

for the function ū assumed in the construction of ψ in (8.1.1). In particular, ū satisfies the hypothesis in
Proposition 8.0.2. The proof of the next corollary adapts the method used in [16, Proposition 3.7] and
makes use of the Young-type inequality proven in Lemma 8.0.1.

Corollary 8.1.4. For any 0 < s <
1
2 and 0 < ϵ, ζ∗σ

2 ≪ h2, there exist m, δ0 > 0 such that for any δ ≤ δ0

and ū solution of (8.0.3) for which ||ū(·, 0)||A ≤ δ, the constants 0 < κ(s), C h2
ζ∗σ2

(κ, τ, ϵ, s) obtained in

Theorem 8.1.3 satisfy

P
(

sup
0≤t≤T

||ψ∗(·, t)||As ≥ mh

)
≤ C h2

ζ∗σ2
(κ, τ, ϵ, s)e−κ h2

ζ∗σ2 (8.1.10)

for the solution ψ∗ of (8.1.9) and any 0 ≤ T ≤ τ .

Proof. We define, for m > 0,

τ̃ = inf{0 ≤ t such that ||ψ∗(·, t)||As ≥ mh} ∈ [0, τ ] ∪ ∞

and the event

Ω̃ :=
{

sup
0≤t≤T

||ψ0(·, t)||As ≤ h

}
∩ {τ̃ < ∞}.

We denote then the norm ||·||As norm as

||ϕ||2As = ⟨(−A)sϕ, ϕ⟩,

for ϕ ∈ Ws,2
0 (X1), the fractional Sobolev space of order 2 and degree 0 < s <

1
2 with Dirichlet conditions.

Taking ψ0 the solution of (8.1.3), we can state from Duhamel’s formula that

ψ∗(x, t) =
∫ t

0
e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
Q

1
2 dWt1 −

∫ t

0
e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ū(x, t1)2ψ∗(x, t1)dt1

= ψ0(x, t) −
∫ t

0
e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ū(x, t1)2ψ∗(x, t1)dt1,
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for all 0 ≤ t ≤ τ . Therefore, for t < τ̃ and for ω ∈ Ω̃, it holds that

||ψ∗(·, t)||2As = ⟨(−A)sψ∗(·, t), ψ∗(·, t)⟩

≤⟨(−A)sψ0(·, t), ψ0(·, t)⟩ + 2
∣∣∣∣〈(−A)s

∫ t

0
e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ū(·, t1)2ψ∗(·, t1)dt1, ψ0(·, t)

〉∣∣∣∣
+
∣∣∣∣〈(−A)s

∫ t

0
e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ū(·, t1)2ψ∗(·, t1)dt1,

∫ t

0
e

1
ϵ

(
A(t−t′1)+

∫ t
t′1
p(t′2)dt′2

)
ū(·, t′1)2ψ∗(·, t′1)dt′1

〉∣∣∣∣
≤||ψ0(·, t)||2As + 2

∫ t

0
||e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ū(·, t1)2ψ∗(·, t1)||As ||ψ0(·, t)||Asdt1

+
∫ t

0

∫ t

0
||e

1
ϵ

(
A(t−t1)+

∫ t
t1
p(t2)dt2

)
ū(·, t1)2ψ∗(·, t1)||As (8.1.11)

× ||e
1
ϵ

(
A(t−t′1)+

∫ t
t′1
p(t′2)dt′2

)
ū(·, t′1)2ψ∗(·, t′1)||Asdt1 dt′1

≤||ψ0(·, t)||2As + 2
∫ t

0
e

1
ϵ

(
λ1+ max

0≤t2≤t
p(t2)

)
(t−t1)

||ū(·, t1)2ψ∗(·, t1)||As ||ψ0(·, t)||Asdt1

+
∫ t

0

∫ t

0
e

1
ϵ

(
λ1+ max

0≤t2≤t
p(t2)

)
(t−t1)

||ū(·, t1)2ψ∗(·, t1)||As

× e
1
ϵ

(
λ1+ max

0≤t′2≤t
p(t′2)

)
(t−t′1)

||ū(·, t′1)2ψ∗(·, t′1)||Asdt1 dt′1,

for which we used Cauchy-Schwarz inequality and the min-max principle on ||·||As . From the Young-type
inequality in Lemma 8.0.1 and the control over the deterministic solution in Propostion 8.0.2 we obtain

||ū(·, t1)2ψ∗(·, t1)||As ≤ c(r, s)||ū(·, t1)2||A||ψ∗(·, t1)||As (8.1.12)

≤c(r, s)||ū(·, t1)||2A||ψ∗(·, t1)||As ≤ mc(r, s)δ2h,

for any ||ū(·, 0)||A ≤ δ.2 Labelling η = −λ1 − max
0≤t1≤T

p(t1) > 0, we obtain from (8.1.11) and (8.1.12) that

||ψ∗(·, t)||2As ≤h2 + 2mc(r, s)δ2h2
∫ t

0
e− η

ϵ
(t−t1)dt1

+m2c(r, s)2δ4h2
∫ t

0

∫ t

0
e− η

ϵ
(t−t1)e− η

ϵ
(t−t′1)dt1 dt′1 (8.1.13)

≤h2 + 2mϵc(r, s)
η

δ2h2 +m2 ϵ
2c(r, s)2

η2 δ4h2 =
(

1 +m
ϵc(r, s)
η

δ2
)2
h2.

For any 0 < s <
1
2 , we can find a pair of parameters δ0,m > 0 such that m2 >

(
1 + m

ϵc(r, s)
η

δ2
)2

for

any δ ≤ δ0. From the definition of τ̃ , it holds that ||ψ∗(·, τ̃)||2As = m2h2, which contradicts (8.1.13). In
conclusion, we infer that P(Ω̃) = 0 and

P
(

sup
0≤t≤T

||ψ∗(·, t)||As ≥ mh

)
≤ P

(
sup

0≤t≤T
||ψ0(·, t)||As ≥ h

)
.

The inequality (8.1.10) follows from Theorem 8.1.3.

2The exponential decay of ||ū(·, t)||A, proven in Proposition 8.0.2, can be used in (8.1.12) to achieve more freedom on the
choice of δ.
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Notation. For the sake of notation, we omit m from (8.1.10) since it can be absorbed in the construction
of the constants C h2

ζ∗σ2
(κ, τ, ϵ, s) and κ. We note that the constants m and δ0 are dependent on g and p.

8.1.2 Nonlinear case

In order to study the estimate error for (8.1.1) the following lemmas are required.

Lemma 8.1.5. Set 0 ≤ t ≤ τ . For G defined as in (8.1.2) and a function ψ(·, t) ∈ Ws,2(X1) with
1
3 < s <

1
2 , the inequality

||G(ψ(·, t))||Ar ≤ c(r, s) max{||ψ(·, t)||2As , ||ψ(·, t)||3As} (8.1.14)

holds when 0 < r <
1
2 − 3

(1
2 − s

)
and for a certain c(r, s) < ∞.

Proof. The current proof relies on Lemma 8.0.1. By definition of the function G, (8.1.2), and Theorem
8.0.2,

||G(ψ(·, t))||Ar ≤ 3||ū(·, t)ψ(·, t)2||Ar + 3||ψ(·, t)3||Ar

≤c(r, s)
(

||ū(·, t)||As ||ψ(·, t)||2As + ||ψ(·, t)||3As
)

≤ c(r, s)
(

||ū(·, t)||A||ψ(·, t)||2As + ||ψ(·, t)||3As
)

≤c(r, s)
(

||ū(·, 0)||A||ψ(·, t)||2As + ||ψ(·, t)||3As
)

≤ c(r, s) max{||ψ(·, t)||2As , ||ψ(·, t)||3As}.

In the last inequality, we have rewritten for simplicity (1 + δ)c(r, s) as c(r, s) for ||ū(·, 0)||A ≤ δ.

The next lemma can be proven following the same steps as [19, Lemma 3.5, Corollary 3.6].

Lemma 8.1.6. Given ψ mild solution of (8.1.1), the parameter 0 < r <
1
2 such that G(ψ(·, t)) ∈ Wr,2(X1)

for all 0 ≤ t ≤ τ and chosen q < r + 2, then there exists m̃(r, q) < ∞ that satisfies, for all 0 ≤ t ≤ τ ,∣∣∣∣∣∣∣∣∫ t

0
e

1
ϵ

(
(A+p(t))(t−t1)−

∫ t
t1
ū(·,t2)2dt2

)
G(ψ(·, t1))dt1

∣∣∣∣∣∣∣∣
Aq

=||ψ(·, t) − ψ∗(·, t)||Aq ≤ m̃(r, q)ϵ
q−r

2 −1 sup
0≤t1≤t

||G(ψ(·, t))||Ar ,
(8.1.15)

with ψ∗ mild solution of (8.1.9).

We can then prove Theorem 8.0.3 according to a similar method to the one used in the proof of [19,
Theorem 2.4].

Proof of Theorem 8.0.3. Assume h1, h2 > 0 such that h = h1 + h2 and set
1
3 < s <

1
2 . Then,

P
(
τB(h) < T

)
= P

(
sup

0≤t≤min{T,τB(h)}
||ψ(·, t)||As ≥ h

)
≤P
(

sup
0≤t≤T

||ψ∗(·, t)||As + sup
0≤t≤min{T,τB(h)}

||ψ(·, t) − ψ∗(·, t)||As ≥ h
)

≤P
(

sup
0≤t≤T

||ψ∗(·, t)||As ≥ h1

)
+ P

(
sup

0≤t≤min{T,τB(h)}
||ψ(·, t) − ψ∗(·, t)||As > h2

)
.

For t < τB(h) and since h = O(1), the inequalities (8.1.14) and (8.1.15) imply

||ψ(·, t) − ψ∗(·, t)||Aq ≤ m̃(r, q)ϵ
q−r

2 −1 sup
0≤t1≤t

||G(ψ(·, t))||Ar
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≤m̃(r, q)ϵ
q−r

2 −1c(r, s)||ψ(·, t)||2As ≤ m̃(r, q)ϵ
q−r

2 −1c(r, s)h2,

for 0 < r <
1
2 − 3

(1
2 − s

)
and 0 < q < r + 2. Assuming q ≥ s and setting h2 = m̃(r, q)ϵ

q−r
2 −1c(r, s)h2,

we obtain

P
(

sup
0≤t≤min{T,τB(h)}

||ψ(·, t) − ψ∗(·, t)||As > h2

)
≤ P

(
sup

0≤t≤min{T,τB(h)}
||ψ(·, t) − ψ∗(·, t)||Aq > h2

)
= 0.

We can then estimate P
(
τB(h) < T

)
≤ P

(
sup

0≤t≤T
||ψ∗(·, t)||As ≥ h1

)
with Corollary 8.1.4 for

h1 = h− h2 = h
(

1 −O
( h
ϵν

))
and ν = 1 − q − r

2 . The choice of s ≤ q < r + 2 implies that the inequality (8.1.15) holds for any ν > 0.

Setting 0 < s <
1
3 , the inclusion Ws1,2(X1) ⊂ Ws,2(X1) for s < s1 entails that

P
(
τB(h) < T

)
= P

(
sup

0≤t≤min{T,τB(h)}
||ψ(·, t)||As ≥ h

)
≤ P

(
sup

0≤t≤min{T,τB(h)}
||ψ(·, t)||As1 ≥ h

)
, (8.1.16)

for which the last term can be controlled as before by choosing
1
3 < s1 <

1
2 . The inequality (8.1.16) holds

since we assume g ≥ 1 and, therefore, λ1 < −1.

8.2 Moment estimates

The inequality presented in Theorem 8.0.3 enables an estimation of the moments of τB(h). In particular, it
provides a bound on the expected transition time, corresponding to the first moment. The proof of the next
corollary relies on the step described in [17, Proposition 3.1.12].

Corollary 8.2.1. For any k ∈ N>0, 0 < s <
1
2 , σ

√
ζ∗ ≪ h and the same assumptions in Theorem 8.0.3,

the following estimate holds:

E
(
τkB(h)

)
≥ 1

(k + 1)

(
ϵ

c

( h2

ζ∗σ2

)− 1
2 exp

{
κ̃
h2

ζ∗σ2

})k
(8.2.1)

for a constant c = cκ,s > 0 and κ̃ = κ

(
1 −O

( h
ϵν

))
, given h, κ, ν > 0 from Theorem 8.0.3.

Proof. The kth−moment can be estimated by

E
(
τkB(h)

)
=
∫ ∞

0
ktk−1P

(
τB(h) ≥ t

)
dt ≥

∫ T

0
ktk−1

(
1 − P

(
τB(h) < t

))
dt

≥
∫ T

0
ktk−1

(
1 − C h2

ζ∗σ2
(κ, t, ϵ, s)exp

{
− κ

h2

σ2

(
1 −O

( h
ϵν

))})
dt
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for any T > 0. From the hypothesis we know thatC h2
ζ∗σ2

(κ, t, ϵ, s) ∼ t

ϵ

( h2

ζ∗σ2

) 1
2 by construction. Therefore,

there exists c > 0 such that C h2
ζ∗σ2

(κ, t, ϵ, s) < c
t

ϵ

( h2

ζ∗σ2

) 1
2 and

E
(
τkB(h)

)
≥
∫ T

0
ktk−1

(
1 − c

t

ϵ

( h2

ζ∗σ2

) 1
2 exp

{
− κ̃

h2

ζ∗σ2

})
dt

= T k − kc

(k + 1)ϵT
k+1
( h2

ζ∗σ2

) 1
2 exp

{
− κ̃

h2

ζ∗σ2

}
.

The last term on the right-hand side can be optimised in T at T = ϵ

c

( h2

ζ∗σ2

)− 1
2 exp

{
κ̃
h2

ζ∗σ2

}
, from which

the corollary is proven.

The right-hand side in (8.2.1) depends on g and p due to the presence of c and κ̃. While the nature of the
dependence is not trivial, it is apparent that it also affects the bound in an exponential scale.

8.3 Summary

In this chapter, we analyse the probability of noise-induced transitions in the space-heterogeneous Chafee-
Infante equation with additive noise. Specifically, we study the first exit-time from a small neighbourhood
of the deterministic solution and derive an upper bound on its distribution function, which leads to lower
bounds on its moments. These bounds provide insight into how noise can trigger transitions departing from
the metastable null state, and how close the system can be brought to bifurcation before such transitions
become likely. In fact, although the system is monostable for the assumed conditions, the addressed
phenomenon describes the first stage of N-tipping.
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9 Lower bound to Transition Probability

The flow of a fluid is known to display different behaviour depending on its physical properties and the
shape of the geometry traversed. In this chapter, we use the material from [24] to study the plane Couette
flow, or flow along a pipe, and the transition to turbulence starting from an initially laminar state [136].
Recently, this area has been connected to directed percolation, a classical topic of probability theory. It
is known that the transition to turbulence crucially depends upon the Reynolds number, i.e., on the ratio
between inertial and viscous forces in a fluid. From a mathematical perspective, studying the transition to
turbulence directly in the Euler or Navier-Stokes equations turns out to be extremely difficult. Nonetheless,
quite recently, other simplified models have been proposed and directly validated against experiments.
The first model proposed in [12, 13] is defined by two coupled SPDEs that include second-order dissipa-
tion, an advection term, and multiplicative degenerate Itô noise [165]. The solution of this system may
display structures referred to as slugs for high Reynolds numbers, and the turbulent state covers the whole
pipe in finite time with a high probability. Conversely, for low values of the corresponding parameter, the
turbulent regions are absorbed in the laminar state in finite time with high probability. Lastly, travelling
structures called puffs indicate a fluctuating transition for intermediate values. In such cases, metastable
transitions between turbulent and laminar states are observed in the pipe. The study of the rise and the
splitting of puffs is relevant to describe the transition to turbulence as a rare event [91]. The steps involved
in such an occurrence can be described through the computation of instantons, most likely paths to display
rare occurrences [142, 199] (see also Chapter 10).
The complex structure provided by the model discussed above is not observed for all fluids and is in
contrast with the perspective of [171, 172]. In this case, the turbulent state is seen as a fluctuating state
able to decay spontaneously. Conversely, the laminar state is an absorbing state, which is unable to
induce turbulence into the system. The alternative model proposed in [92] is a one-dimensional SPDE
lacking advection. Furthermore, this simplified model does not show well-defined travelling states such as
puffs and slugs. For this reason, the flow is labelled as band-free. In particular, the transition to turbulence
is primarily driven by noise and occurs more rarely than in the previously discussed cases. The transition
mechanism can be studied numerically through the adjoint state method (Chapter 10), which captures the
instanton for various types of noise. Alternatively, the Trajectory-Adaptive Multilevel Sampling algorithm
(TAMS) computes different trajectories that display such an event [142, 199]. Along with the description of
such an occurrence, the analytic estimation of the probability of jumps provides a valuable tool to predict
the likelihood of this phenomenon.
The metastable jump to turbulence is rare under the assumption of initial conditions close to the laminar
state. Under such conditions, we label this transition as turbulence initiation, or turbulence onset, to
indicate that it is primarily induced by noise. Therefore, the linearisation of the model near such a steady
state is a natural simplification. The linearised system resembles the cable equation [196], or a heat
equation with a second linear dissipative term, with multiplicative noise. The literature regarding such
a model is vast. These types of SPDEs have been studied in a theoretical context to understand the
influence of noise on potential finite-time blow-up of the solution. In particular, for standard white noise
multiplied by a multiplicative term of order γ > 3

2 , the mild solution is proven to diverge in finite time [164,
163]. Conversely, for a multiplicative term of order 0 ≤ γ ≤ 3

2 , the mild solution of the linear system does
not explode in finite time [162, 177]. Although the band-free plane Couette flow model considers noise of
order γ = 1, we show in this chapter that analytic techniques employed in the proof of blow-up of the mild
solution, in [163], can be applied to our case of interest to describe turbulence initiation under Itô white
Gaussian noise.
In [13], different types of noise are admitted to perturb the system, although only Itô noise is addressed, to
simplify numerical simulations. In this work, we study the onset of turbulence for various Gaussian noise
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terms. For instance, Stratonovich noise is a natural alternative to Itô noise in physical applications and fluid
dynamics, particularly due to the chain rule property [84, 113]. The computation of higher bounds for the
probability of metastable transitions has already been achieved for cable equations under the assumption
of additive Itô noise ([19] and Chapter 8). Under such assumptions, the solution to the problem displays a
qualitatively different behaviour from the multiplicative noise case: first, its sign can change in contrast to
the cable equation with multiplicative noise; furthermore, the laminar state is not an absorbing state, which
is a fundamental property of the original system. Nevertheless, the Cole-Hopf transformation reveals
structural parallels between the systems. In fact, the study of the strong solution of the original system
under Stratonovich noise on a logarithmic scale, in the form of the Kardar–Parisi–Zhang (KPZ) equation,
displays an additive noise term [14, 57, 99]. Standard techniques enable the construction of a lower bound
to the probability of transition to turbulence in specific domain regions. This method is then extended to
the case of red noise in order to introduce memory in the noise component. We discuss two different
interpretations of red (Stratonovich) noise, which are known to find applications in climate science [134,
161].
In conclusion, our methods prove the possibility of transition to turbulent states under different types of
noise assumptions in simplified fluid dynamics models that have been suggested in applications. These
results are implied by the stochastic perturbations in the system despite the non-trivial nature of the
noise involved. Furthermore, they advance the analytic study of SPDEs, particularly with (multiplicative)
Stratonovich noise.

9.1 Turbulence model and linearisation

We introduce the spatial interval X1 = [0, L] for L > 0, to be interpreted as the width of a pipe. For x ∈ X1
and t > 0, we define a variable q = q(x, t) modelling the turbulence level of a fluid along the plane Couette
flow as discussed in [13, 92]. We study a family of stochastic partial differential equations (SPDEs) used as
simplified transition-to-turbulence models, for which we provide a mathematical and physical interpretation
below. The SPDEs are given by

dq(x, t) =
(
∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2 (2 − q(x, t)) + σRq(x, t) ◦ F (ξ)(x, t)

)
dt

+ σIq(x, t)Q
1
2 dWt + σSq(x, t) ◦Q

1
2 dWt,

∂xq(0, t) =∂xq(L, t) = 0,
q(x, 0) =q0(x).

(9.1.1)

We interpret r > 0 as a value related to the Reynolds number, which defines the behaviour of the solution.
The family of models (9.1.1) includes noises of different forms to consider different interpretations of the
small stochastic forcing. Therefore, the following parameters are to be interpreted as intensities of the
noise term and are justified by models describing turbulence: σI ≥ 0 as the intensity of white noise
interpreted in the Itô sense [92]; σS ≥ 0 as the intensity of white noise interpreted in the Stratonovich
perspective [84], labelled with ◦; σR ≥ 0 as a correlation intensity which can induce perturbations in
the system [134, 161] in Stratonovich sense. The Itô and Stratonovich assumptions are mathematically
equivalent, as they can be converted by including the Itô-Stratonovich correction term ([88, 192] and
Subsection 2.2.4). As such, we always assume σIσS = 0. Then, under the assumption of red noise, we
introduce the adapted Ornstein-Uhlenbeck process ξ = ξ(x, t) in H1 = L2(X1) and assume σR > 0.
The operator F is interpreted as a differential operator that maps the Ornstein-Uhlenbeck process to H1.
Examples are provided in Subsection 9.3.2. Conversely, the noise is interpreted in Section 9.2 as Itô white
noise in time, i.e., σI > σS = σR = 0, and in Subsection 9.3.1 as Stratonovich white noise in time, i.e.,
σS > σI = σR = 0. The systems discussed in the chapter are converted to the Itô noise form in Appendix
G. We introduce the cylindrical Wiener process W , as defined in Chapter 2. The noise Q

1
2W , considered

as minor fluctuations in the fluid, is then assumed to be a Q-Wiener process. We define the eigenvalues
of Q as {ζi}i∈N with corresponding eigenbasis {bi}i∈N of H1, described further below in each section.
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The operator also assumes at least one of the following properties: it is trace-class, or it is bounded with
eigenfunctions that converge to the eigenfunctions of the Laplacian in L∞-norm with rate sufficient to imply
the existence of the solution (Theorem 2.2.9 and Appendix B). The boundary conditions are specified as
homogeneous Neumann, although our methods also extend to periodic boundary conditions. Lastly, the
initial condition q0 is assumed to be non-negative on [0, L] and a positive function almost everywhere on
the interval. Therefore, we consider q to be non-negative for any t > 0 and to not be initiated in the laminar
state. Under these assumptions, the solution of (9.1.1) is proven in Theorem 2.2.9 to be in the Hilbert
space H1 almost surely for t > 0 (see also Appendix B for the regularity of the diffusion term).
The deterministic system, i.e., σI = σS = σR = 0, displays three steady states: q1 ≡ 0, q2 ≡ q− and
q3 ≡ q+, for

q± = 1 ±
√

r

r + 1 ∈ [0, 2].

The deterministically stable states q1 and q3 are identified as the laminar and the turbulent state, respec-
tively. The state q2 is a saddle for the deterministic model. Lastly, we define τJ as the first time t ≥ 0, such
that ||q(·, t)||∞ > J . In Figure 9.1, we observe two examples of turbulence onset under Itô white noise and
Stratonovich white noise assumptions, respectively. In each case, the initial state lies below the saddle,
0 < q0 < q2, and τq3 < T = 10. The initiation of turbulence is attributed to the growth of an Lp-norm. The
paths are obtained through the TAMS algorithm [142].
In order to observe the behaviour of q in the proximity of the laminar state, we study the mild solution
uα = uα(x, t) of the linear system with corresponding noise,

duα(x, t) =
(
∂2
xxuα(x, t) − αuα(x, t) + σRuα(x, t) ◦ F (ξ)(x, t)

)
dt

+ σIuα(x, t)Q
1
2 dWt + σSuα(x, t) ◦Q

1
2 dWt,

∂xuα(0, t) =∂xuα(L, t) = 0,
uα(x, 0) =q0(x),

(9.1.2)

for α = 1. We refer to the solution of the system following the noise assumptions, i.e., the values of
σI, σS, σR: we denote by uI

α = uI
α(x, t) the mild solution of (9.1.2) under Itô white noise; uS

α = uS
α(x, t)

is the strong solution under Stratonovich white noise; uR
α = uR

α(x, t) refers to the strong solution under
Stratonovich red noise. The existence of such solutions follows from Theorem 2.2.7 and Theorem 2.2.8.
We focus on the case for which q ≤ 2, as 0 ≡ q1 < q2 < q3 < 2. We define υS

J as the first time t ≥ 0,
such that ||uS

α(·, t)||∞ > J . Equivalently, υI
J is the first time t, such that ||uI

α(·, t)||∞ > J . Therefore, we
can prove the lemma to follow.

Lemma 9.1.1. Consider q, the mild solution of (9.1.1), and u1, the mild solution of (9.1.2) for α = 1,
x ∈ [0, L] and t ∈ [0, T ]. Moreover, assume that q(x, t) ≤ 2 for any x ∈ [0, L] and t ∈ [0, T ]. Then, the
conclusions are:

(a) the inequality q(x, t) ≥ u1(x, t) holds under the same sample W and for almost every x ∈ [0, L] and
t ∈ [0, T ];

(b) for J ≤ 2 and σS > σI = 0, the inequality τJ ≤ υS
J holds;

(c) for J ≤ 2 and σI > σS = 0, the inequality τJ ≤ υI
J holds.

Proof. We study ũ = q − u1 under the assumptions σI ≥ 0, σS ≥ 0 and σR ≥ 0. The difference ũ is the
mild solution of

dũ(x, t) =
(
∂2
xxũ(x, t) − ũ(x, t) + (r + 1)q(x, t)2 (2 − q(x, t)) + σRũ(x, t) ◦ F (ξ)(x, t)

)
dt

+ σIũ(x, t)Q
1
2 dWt + σSũ(x, t) ◦Q

1
2 dWt,

∂xũ(0, t) =∂xũ(L, t) = 0,
ũ(x, 0) ≡0.
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t

x
(a) Trajectory q solving (9.1.1)

with Itô white noise
and describing turbulence onset

on L1-norm

t

x
(b) Trajectory q solving (9.1.1)

with Itô white noise
and describing turbulence onset

on L∞-norm

t

x
(c) Trajectory q solving (9.1.1)
with Stratonovich white noise

and describing turbulence onset
on L1-norm

t

x
(d) Trajectory q solving (9.1.1)
with Stratonovich white noise

and describing turbulence onset
on L∞-norm

Fig. 9.1 Panels (a) and (b) show trajectories of q, solution of (9.1.1), indicating the onset of turbulence under Itô noise, 0.5 = σI > σS = σR = 0;
whereas in (c) and (d) it is associated with Stratonovich noise, 0.5 = σS > σR = σR = 0. The interpretation of turbulence initiation is associated
with an Lp-norm described below.
We consider {ei}i∈N the normalised eigenfunctions of the Laplace operator on [0, L] under Neumann boundary conditions. We assume the
noise perturbation on the solution along 101 modes, bi = ei for i ∈ {0, . . . , 100}, with intensity ζi = exp

(
−(i− 1)2). The initial solution is set

at q0 ≡ 0.5. The Reynolds parameter is r = 1
15 , which implies that q− = 0.75 and q+ = 1.25. We set L = T = 10 and space and time step

as 0.1 and 0.01, respectively. In (a) and (c) we observe the rise of ||q||1 to the value q+L, while in (b) and (d) we capture the rise of ||q||∞ to
the value q+. These rare events are computed via the TAMS algorithm, for which we run 50 simulations each and use the respective norm as
a score function. The simulations are achieved through the discretised mild solution formula. As described in Appendix G, the systems differ in
view of the Itô-Stratonovich correction term, which implies an additional heterogeneous positive drift term in the case of Stratonovich white noise.

Therefore, it solves,

ũ(x, t) =(r + 1)
∫ t

0
e(t−s)(∂2

xx−1) (q(x, s)2 (2 − q(x, s))
)

ds

+ σR

∫ t

0
e(t−s)(∂2

xx−1)ũ(x, s) ◦ F (ξ)(x, s)ds (9.1.3)

+ σI

∫ t

0
e(t−s)(∂2

xx−1)ũ(x, s)Q
1
2 dWs + σS

∫ t

0
e(t−s)(∂2

xx−1)ũ(x, s) ◦Q
1
2 dWs.

Due to the Neumann boundary conditions, the continuous semigroup e(t−s)(∂2
xx−1) does not affect the sign

of the argument function. Since the first term in the right-hand side of (9.1.3) is positive and by the fact
that the other terms are multiplicative in ũ, it follows that q(x, t) ≥ uS

1 (x, t) for any x ∈ [0, L] and t ∈ [0, T ].

We set σS > σI = 0. If υS
J ≤ τ2, then we obtain τJ ≤ υS

J . Conversely, for τ2 ≤ υS
J , it follows that τJ ≤ υS

J ,
since τJ ≤ τ2. The Itô noise perspective, i.e., case (c), can be proven through equivalent reasoning.
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The linearisation enables the construction of the following results and further justifies the study of the
fundamental solution of the cable equation. We denote the fundamental solution by Gα, which solves the
system


dGα(x, y, t, [0, L]) =

(
∂2
xx − α

)
Gα(x, y, t, [0, L])dt,

∂xGα(0, y, t, [0, L]) = ∂xGα(L, y, t, [0, L]) = 0,
Gα(x, y, 0, [0, L]) = δ0(y − x),

(9.1.4)

where δ0 is the Dirac delta. The solution Gα can be obtained through different methods [196]. For the
purposes of this chapter, we consider solely the form

Gα(x, y, t, [0, L]) = e−tα

( ∞∑
n=0

en(x)en(y)etλn
)
,

for {ei}i∈N the eigenbasis of the Laplacian operator in H1 and for {λi}i∈N the corresponding eigenfunc-
tions. Under Neumann boundary conditions, they are defined as

e0 ≡ 1√
L
,

en(x) =
√

2
L

cos
(nπx
L

)
, for any n ∈ N>0,

λn = −
(nπ
L

)2
, for any n ∈ N,

for x ∈ [0, L]. Finally, it is easy to observe that the fundamental solution satisfies∫ L

0
Gα(x, y, t, [0, L])Gα(y, z, s, [0, L])dy = Gα(x, z, t+ s, [0, L]), (9.1.5)

for t > 0, s > 0 and z ∈ [0, L].

9.2 Itô noise: Countering the drift component

In this section, we study white noise in Itô sense, interpreted as the assumption σI > σS = σR = 0 in
(9.1.1) and in (9.1.2). We assume b0 = e0 and that ζ0 > 0. We consider uI

α = uI
α(x, t), the mild solution

of (9.1.2) for α > 0 as

uI
α(x, t) =

∫ L

0
Gα(x, y, t, [0, L])q0(y)dy + σI

∫ L

0

∫ t

0
Gα(x, y, t− s, [0, L])uI

α(y, s)Q
1
2 dWsdy. (9.2.1)

For the fixed time T > 0 and any y ∈ [0, L], we define

ϕα(x, y, t, [0, L]) := Gα(x, y, T − t, [0, L]),

where x ∈ [0, L] and t ∈ [0, T ]. By construction of (9.1.4), we have that ϕα solves
dϕα(x, y, t, [0, L]) =

(
−∂2

xx + α
)
ϕα(x, y, t, [0, L])dt,

∂xϕα(0, y, t, [0, L]) = ∂xϕα(L, y, t, [0, L]) = 0,
ϕα(x, y, T, [0, L]) = δ0(y − x),
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for x ∈ [0, L] and t ∈ [0, T ). In the following lemma, we use ϕα to define an observable, which we prove
to be a martingale.

Lemma 9.2.1. For any x ∈ [0, L] and t ∈ [0, T ], the process X defined as

Xt =
∫ L

0

∫ L

0
ϕα(x, y, t, [0, L])uI

α(y, t) dydx = e−(T−t)α||uI
α(·, t)||1, (9.2.2)

with uI
α denoting the mild solution of (9.1.2), is a non-negative FW

t -martingale. Its quadratic variation,
⟨X⟩, satisfies

⟨X⟩ (t) ≥ ζ0
σ2

I

L2

∫ t

0
X2
s ds, (9.2.3)

for any t ∈ [0, T ].

Proof. In the first part of the proof, we follow a similar approach to [164, Lemma 2.3] to prove that X is a
FW
t -martingale. From its construction in (9.2.2), we consider the mild solution form of uI

α in (9.2.1). Then,
we employ property (9.1.5) to obtain

Xt =
∫ L

0

∫ L

0
ϕα(x, y, 0, [0, L])q0(y)dydx

+ σI

∫ L

0

∫ L

0

∫ t

0
ϕα(x, y, s, [0, L])uI

α(y, s)Q
1
2 dWsdydx. (9.2.4)

The observable X is an FW
t -martingale since it is the sum of a constant and an FW

t -martingale, which is
a stochastic integral with integrand independent of t. Its quadratic variation is

⟨X⟩ (t) = σ2
I

∫ L

0

∫ L

0

∫ t

0

(
Q

1
2
(
ϕα(x, y, s, [0, L])uI

α(y, s)
))2

dsdydx. (9.2.5)

Inequality (9.2.3) follows from similar steps to those included in the proof of [163, Lemma 2], which we
adapt here to our setting. Through Jensen’s inequality, we obtain

σ2
I

∫ L

0

∫ L

0

(
Q

1
2
(
ϕα(x, y, s, [0, L])uI

α(y, s)
))2

dydx

=σ2
I L

2
∫ L

0

∫ L

0

(
Q

1
2
(
ϕα(x, y, s, [0, L])uI

α(y, s)
))2 1

L2 dydx

≥σ2
I L

2
(∫ L

0

∫ L

0
Q

1
2
(
ϕα(x, y, s, [0, L])uI

α(y, s)
) 1
L2 dydx

)2

=σ2
I L

2
(
ζ

1
2
0

∫ L

0

∫ L

0

(
ϕα(x, y, s, [0, L])uI

α(y, s)
) 1
L2 dydx

)2

= ζ0
σ2

I

L2X
2
s .

The proof is concluded by integrating the left-hand side and right-hand side over the time interval s ∈ [0, t],
for t ∈ [0, T ].

As indicated in (9.2.2), the observable X is equivalent to the L1-norm of uI
α rescaled in time through an

exponential weight. The weight increases with time t, and its effect balances the dissipative term in the
cable equation in (9.1.2) for α > 0. Consequently, the integrands in (9.2.4) do not depend on t, and
X is a martingale. The simplicity of the formula is a consequence of the fact that λ0 = 0 and that the
corresponding eigenfunction e0 is constant.
We set J1 = ||q0||1

L and J0e−Tα < J1e−Tα < J1 < J2. From construction, we obtain X0 = LJ1e−Tα. The
values J0, J1 and J2 are chosen to guarantee the correctness of the studied inequalities upon rescaling
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of L, σI, α and T . Lastly, we define the stopping time τ as the first time at which Xt assumes the values
LJ0e−Tα or LJ2.

Lemma 9.2.2. For any α > 0, σI > 0, T > 0, we assume J0, J1 and J2 as defined above. Then, the
following result holds:

P (Xτ = LJ2) = J1 − J0
J2eTα − J0

. (9.2.6)

Furthermore, the bound

P (Xτ∧T = LJ2) ≥ J1 − J0
J2eTα − J0

−
(
J2
J0

eTα − J1
J0

)
L

ζ
1
2
0 σI

T− 1
2 , (9.2.7)

holds for τ ∧ T = min {τ, T}.

Proof. Since X is a martingale, we can apply Doob’s optional sampling theorem [27, Section 35] to obtain
that

E(Xτ ) = E(X0) = LJ1e−Tα.

The definition of the stopping time τ implies that

E(Xτ ) = LJ2P (Xτ = LJ2) + LJ0e−Tα (1 − P (Xτ = LJ2)) ,

from which equality (9.2.6) follows. The Dambis-Dubins-Schwarz theorem [174, Theorem V.1.6] and the
fact that X is a continuous martingale entail that

Xt = LJ1e−Tα + W̃ (⟨X⟩ (t)) ,

for some scalar Wiener process W̃ (t) and any t ∈ [0, T ]. Setting the martingale in such a form implies

P (T < τ) = P
(
T < t, LJ0e−Tα < Xt < LJ2, for t ∈ [0, T ]

)
≤ P (T < t,Xt < LJ2, for t ∈ [0, T ]) (9.2.8)

= P
(
T < t, LJ1e−Tα + W̃ (⟨X⟩ (t)) < LJ2, for t ∈ [0, T ]

)
.

In the case t < τ , it follows from (9.2.3) that

⟨X⟩ (t) ≥ ζ0σ
2
I J

2
0 e−2Tαt

and, from (9.2.8), that

P (T < τ) ≤ P
(
T < t, LJ1e−Tα + W̃ (⟨X⟩ (t)) < LJ2, for t ∈ [0, T ]

)
≤ P

(
T < t, LJ1e−Tα + W̃ (t) < LJ2, for t ∈ [0, ⟨X⟩ (T )]

)
≤ P

(
T < t, LJ1e−Tα + W̃ (t) < LJ2, for t ∈

[
0, ζ0σ

2
I J

2
0 e−2TαT

])
.

Subsequently, we get

P (T < τ) ≤ P
(
T < t, LJ1e−Tα + W̃ (t) < LJ2, for t ∈

[
0, ζ0σ

2
I J

2
0 e−2TαT

])
≤ P

 sup
t∈[0,ζ0σ2

I J
2
0 e−2TαT ]

W̃ (t) < LJ2 − LJ1e−Tα


= 1 − P

 sup
t∈[0,ζ0σ2

I J
2
0 e−2TαT ]

W̃ (t) ≥ LJ2 − LJ1e−Tα

 .
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Then, through the reflection principle, we obtain

P (T < τ) ≤ 1 − P

 sup
t∈[0,ζ0σ2

I J
2
0 e−2TαT ]

W̃ (t) ≥ LJ2 − LJ1e−Tα


= 1 − 2P

(
W̃
(
ζ0σ

2
I J

2
0 e−2TαT

)
≥ LJ2 − LJ1e−Tα)

= P
(∣∣W̃ (

ζ0σ
2
I J

2
0 e−2TαT

)∣∣ ≤ LJ2 − LJ1e−Tα) (9.2.9)

=
(
2πζ0σ

2
I J

2
0 e−2TαT

)− 1
2

∫ LJ2−LJ1e−Tα

−LJ2+LJ1e−Tα
exp

(
− x2

2ζ0σ2
I J

2
0 e−2TαT

)
dx

≤
(
J2
J0

eTα − J1
J0

)
L

ζ
1
2
0 σI

T− 1
2 .

From (9.2.6) and (9.2.9), it follows that

P (Xτ∧T = LJ2) = P (Xτ∧T = LJ2, T ≥ τ)
= P (Xτ = LJ2) − P (Xτ = LJ2, T < τ)
≥ P (Xτ = LJ2) − P (T < τ)

≥ J1 − J0
J2eTα − J0

−
(
J2
J0

eTα − J1
J0

)
L

ζ
1
2
0 σI

T− 1
2 ,

which concludes the proof.

The inequality (9.2.7) provides a tool to establish a lower bound to the probability of rise of the L1-norm of
uI
α. In fact, under the assumption that LJ2 = Xτ∧T , we can obtain the following:

LJ2 = Xτ∧T = exp (−α (T − τ ∧ T ))
∣∣∣∣uI

α(·, τ ∧ T )
∣∣∣∣

1 ≤ sup
0≤t≤T

∣∣∣∣uI
α(·, t)

∣∣∣∣
1 .

This entails that

J1 − J0
J2eTα − J0

−
(
J2
J0

eTα − J1
J0

)
L

ζ
1
2
0 σI

T− 1
2 ≤ P

(
LJ2 ≤ sup

0≤t≤T

∣∣∣∣uI
α(·, t)

∣∣∣∣
1

)
, (9.2.10)

which yields a further step towards the construction of a lower bound to the probability of the onset of
turbulence. In fact, such a bound is carried over to the mild solution of (9.1.1) in the next corollary. Since
the left-hand side can be negative for large values of T , the assumptions α ≪ 1 or L ≪

√
ζ0σI are required

to ensure positivity for large intervals in time.

Corollary 9.2.3. (a) Assume that q, the mild solution of (9.1.1) with Itô noise, satisfies 0 < q(x, t) ≤ 2
for any x ∈ [0, L] and t ∈ [0, T ]. Furthermore, set the initial conditions such that

0 < J0e−Tα <
||q0||1
L

e−Tα <
||q0||1
L

< J2.

Then, it follows that

J1 − J0
J2eT − J0

−
(
J2
J0

eT − J1
J0

)
L

ζ
1
2
0 σI

T− 1
2 ≤ P

(
LJ2 ≤ sup

0≤t≤T
||q(·, t)||1

)
.
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(b) Consider q, the mild solution of (9.1.1) with Itô noise that satisfies

0 < J0e−Tα <
||q0||1
L

e−Tα <
||q0||1
L

< J2 < 2.

The following inequality holds:

sup
0≤t≤T

 J1 − J0
J2et − J0

−
(
J2
J0

et − J1
J0

)
L

ζ
1
2
0 σI

t−
1
2

 ≤ P
(
J2 ≤ sup

0≤t≤T
||q(·, t)||∞

)
. (9.2.11)

Proof. The first statement follows directly from (9.2.10) for α = 1 and Lemma 9.1.1 (a). In fact, since
q(x, t) ≤ 2 for all x ∈ [0, L] and t ∈ [0, T ], we obtain

P
(
LJ2 ≤ sup

0≤t≤T

∣∣∣∣uI
1(·, t)

∣∣∣∣
1

)
≤ P

(
LJ2 ≤ sup

0≤t≤T
||q(·, t)||1

)
.

Similarly to the latter case, (9.2.10) for α = 1, Hölder’s inequality and Lemma 9.1.1 (c) imply that

J1 − J0
J2eT − J0

−
(
J2
J0

eT − J1
J0

)
L

ζ
1
2
0 σI

T− 1
2 ≤ P

(
LJ2 ≤ sup

0≤t≤T

∣∣∣∣uI
1(·, t)

∣∣∣∣
1

)

≤ P
(
J2 ≤ sup

0≤t≤T

∣∣∣∣uI
1(·, t)

∣∣∣∣
∞

)
= P

(
υI
J2 ≤ T

)
≤ P (τJ2 ≤ T ) = P

(
J2 ≤ sup

0≤t≤T
||q(·, t)||∞

)
.

Lastly, we obtain that, for any T0 ≤ T ,

P
(
J2 ≤ sup

0≤t≤T0

||q(·, t)||∞
)

≤ P
(
J2 ≤ sup

0≤t≤T
||q(·, t)||∞

)
,

which concludes the proof.

The statement in Corollary 9.2.3 pertains to the case in which we consider trajectories of q with initial
conditions below the saddle state, q0 < q2, and final conditions between the saddle and the turbulence
state, q− < J2 < q+, thus indicating turbulence initiation. Moreover, the assumption q(x, t) ≤ 2 for all
x ∈ [0, L] and t ∈ [0, T ] is also not required to obtain the inequality (9.2.11).
In this setting, the lower bound is valid (positive), for large time intervals under the assumption of thin pipes
or large noise intensity. Aside from the value J2 that indicates the transition to turbulence occurrence, the
lower bound in (9.2.7) is affected by the choice of J0. This has further implications on the role of the final
time T since the definition of the stopping time τ depends on J0. However, in (9.2.11), the sign of the
lower bound is not affected by the size of the time interval considered and is constant for sufficiently large
T . This is reflected by the dissipation towards q1 in the drift component of the mild solution q. Such a
behaviour indicates that the possibility of the initiation of turbulence is less likely after large times. This
property is discussed further in Section 9.4.

9.3 Stratonovich noise: Comparison SPDEs in a logarithmic scale

In this section, we set σS + σR > σI = 0 when studying (9.1.1). In order to enforce the existence of the
strong solution of the system with Stratonovich noise through Theorem 2.2.8, we enforce the following
assumptions. For fixed m ∈ N>0, we assume that

ζi = 0, for i > m,
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and that there exists an i ∈ {0, . . . ,m} such that ζi > 0 and ⟨e0, bi⟩ ̸= 0. Adhering to the study of the
linearised system as justified in Lemma 9.1.1, we focus on a generalised version of the system (9.1.2).
The model


du(x, t) =

(
∂2
xxu(x, t) − g(x)u(x, t) + σRu(x, t) ◦ F (ξ) (x, t)

)
dt+ σSu(x, t) ◦Q

1
2 dWt,

∂xu(0, t) = ∂xu(L, t) = 0,
u(x, 0) = q0(x),

(9.3.1)

for x ∈ [0, L] and t > 0, accounts for space-heterogeneity through the inclusion of the non-negative
function g ∈ H1. Such an assumption follows from the applications in which the cable equation is found,
such as climate science, due to the recurrent discrepancies in certain domain regions that can be found in
such fields. In the next subsections, we obtain a lower bound to the probability of the turbulence onset for
white and red Stratonovich noise, respectively.

9.3.1 White Stratonovich noise

We set σR = 0 in order to study white Stratonovich noise in time in the equation (9.3.1). The following
lemma enables the study of the system on a logarithmic scale through the inverse Cole-Hopf transforma-
tion, thus obtaining the KPZ equation [99].

Lemma 9.3.1. Consider uS
g = uS

g (x, t), the strong solution of (9.3.1) for x ∈ [0, L] and t > 0. Then,
vS
g (x, t) = vS

g := log
(
uS
g

)
is the strong solution of

dvS
g (x, t) =

(
∂2
xxv

S
g (x, t) +

(
∂xv

S
g (x, t)

)2
− g(x)

)
dt+ σSQ

1
2 dWt,

∂xv
S
g (0, t) = ∂xv

S
g (L, t) = 0,

vS
g (x, 0) = log (q0(x)) ,

(9.3.2)

for x ∈ [0, L] and t > 0.

Proof. Imposing uS
g = exp

(
vS
g

)
in (9.3.1), we obtain

dvS
g (x, t) = uS

g (x, t)−1 ◦ duS
g (x, t)

=
(
uS
g (x, t)−1∂2

xxu
S
g (x, t) − g(x)uS

g (x, t)
)

dt+
(
σSu

S
g (x, t)−1uS

g (x, t)
)

◦Q
1
2 dWt

=
(
∂2
xxv

S
g (x, t) +

(
∂xv

S
g (x, t)

)2
− g(x)

)
dt+ σSQ

1
2 dWt,

uS
g (0, t)∂xvS

g (0, t) = uS
g (L, t)∂xvS

g (L, t) = 0,

exp
(
vS
g (x, 0)

)
= q0(x).

The boundary conditions in (9.3.2) follow from the fact that uS
g and q0 are, by construction, almost surely

positive functions for any t > 0.

The key benefit of the logarithmic perspective is the conversion of noise from a multiplicative form to an
additive one. As a consequence, the nature of the drift component in (9.3.1) and (9.3.2) is drastically
different. The system (9.3.2) is not linear since a shear deformation term is included, and a linear-in-time
flow affects the solution. The lemma to follow aims to simplify the problem further.
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Lemma 9.3.2. Consider vS
g , strong solution of (9.3.2), and wS

g = wS
g (x, t), the strong solution of

dwS
g (x, t) =

(
∂2
xxw

S
g (x, t) − g(x)

)
dt+ σSQ

1
2 dWt,

∂xw
S
g (0, t) = ∂xw

S
g (L, t) = 0,

wS
g (x, 0) = log (q0(x)) ,

(9.3.3)

for x ∈ [0, L] and t > 0. Then, vS
g (x, t) ≥ wS

g (x, t) holds for the same sample of W , for any almost
x ∈ [0, L] and t > 0.

Proof. We define w̃ = vS
g − wS

g . By construction, it solves
∂tw̃(x, t) = ∂2

xxw̃(x, t) +
(
∂xv

S
g (x, t)

)2
,

∂xw̃(0, t) = ∂xw̃(L, t) = 0,
w̃(x, 0) ≡ 0.

The conclusion of the proof follows the same reasoning as Lemma 9.1.1.

For the existence of wS
g , we refer to Theorem 2.2.4. System (9.3.3) can be easily observed along the

elements of a basis in H1. In the following lemma, the projections of the strong solution wS
g along the

eigenbasis of the Laplacian operator are studied.

Lemma 9.3.3. Consider wS
g , the strong solution of (9.3.3) for x ∈ [0, L] and t > 0. Then, for all n ∈ N, the

scalar product In,g(t) :=
〈
en, w

S
g (·, t)

〉
is the strong solution ofdIn,g(t) = (λnIn,g(t) − ⟨en, g⟩) dt+ σS

m∑
i=0

(
ζ

1
2
i ⟨en, bi⟩ dβi(t)

)
,

In,g(0) = ⟨en, log (q0)⟩ ,
(9.3.4)

for any t > 0.

Proof. We arbitrarily fix n ∈ N. Through (9.3.3), we obtain

d
〈
en, w

S
g (·, t)

〉
=
(〈
en, ∂

2
xxw

S
g (·, t)

〉
− ⟨en, g⟩

)
dt+ σS

〈
Q

1
2 en, dWt

〉
=
(
λn

〈
en, w

S
g (·, t)

〉
− ⟨en, g⟩

)
dt+ σS

〈
m∑
i=0

ζ
1
2
i ⟨en, bi⟩ bi, dWt

〉

=
(
λn

〈
en, w

S
g (·, t)

〉
− ⟨en, g⟩

)
dt+ σS

m∑
i=0

(
ζ

1
2
i ⟨en, bi⟩ dβi(t)

)
,

In,g(0) = ⟨en, log (q0)⟩ ,

for t > 0, which concludes the proof.

The previous lemmas in this section describe, in their entirety, a chain of inequalities that constitute a
bound from below of the strong solution uS

g of system (9.3.1). This approach is employed in the following
theorem to define a bound to the probability of growth in a fixed time of uS

g on regions of the domain.
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Theorem 9.3.4. Under the assumption that uS
g is the strong solution of (9.3.1) for x ∈ [0, L] and t > 0, the

following inequality holds for any non-negative function f ∈ H1 that is nonzero almost everywhere:

1 − Φ


||f ||1log

(
||f ||−1

1 J ′)−
(〈

et∂
2
xxf, log (q0)

〉
− a0 ⟨e0, g⟩ t+

∞∑
n=1

an
⟨en,g⟩
λn

(
1 − etλn

))

σS

(
m∑
i=0
ζi

(
a2

0 ⟨e0, bi⟩2 t−
∑

(n1,n2)̸=(0,0)
an1an2

(
1−et(λn1 +λn2 )

λn1 +λn2

)
⟨en1 , bi⟩ ⟨en2 , bi⟩

)) 1
2


≤P
(
J ′ ≤

〈
f, uS

g (·, t)
〉)

, (9.3.5)

for Φ, the cumulative distribution function of a standard normally distributed random variable, J ′ > 0, and
an = ⟨en, f⟩ for any n ∈ N.

Proof. We know that

In,g(t) = etλnIn,g(0) + ⟨en, g⟩
λn

(
1 − etλn

)
+ σS

m∑
i=0

(
ζ

1
2
i ⟨en, bi⟩

∫ t

0
e(t−s)λndβi(s)

)
holds for any n ∈ N>0, and that

I0,g(t) = I0,g(0) − ⟨e0, g⟩ t+ σS

m∑
i=0

(
ζ

1
2
i ⟨e0, bi⟩βi(s)

)
.

It follows that

E (In,g(t)) = etλnIn,g(0) + ⟨en, g⟩
λn

(
1 − etλn

)
,

for any n ∈ N>0, and also

E (I0,g(t)) = I0,g(0) − ⟨e0, g⟩ t.

Moreover, from the construction of the systems (9.3.4) and the limit

lim
n→∞

− λn
1 + n2 < ∞,

we obtain that

E

( ∞∑
n=0

anIn,g(t)
)

= a0 (I0,g(0) − ⟨e0, g⟩ t) +
∞∑
n=1

an

(
etλnIn,g(0) + ⟨en, g⟩

λn

(
1 − etλn

))
< ∞.

Lévy’s continuity Theorem [27, Section 26] implies that
∞∑
n=0

anIn,g(t) has a Gaussian distribution with vari-

ance

Var

( ∞∑
n=0

anIn,g(t)
)

= Var
(〈
f, wS

g (·, t)
〉)

= σ2
S

∫ t

0

〈
f, es∂

2
xxQes∂

2
xxf
〉

ds

=σ2
S

∫ t

0

〈 ∞∑
n1=0

an1esλn1en1 , Q

∞∑
n2=0

an2esλn2en2

〉
ds

=σ2
S

∫ t

0

〈 ∞∑
n1=0

m∑
i1=0

an1esλn1 ⟨en1 , bi1⟩ bi1 ,
∞∑

n2=0

m∑
i2=0

ζi2an2esλn2 ⟨en2 , bi2⟩ bi2

〉
ds
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=σ2
S

∫ t

0

∞∑
n1=0

∞∑
n2=0

m∑
i=0

an1an2ζie
s(λn1 +λn2) ⟨en1 , bi⟩ ⟨en2 , bi⟩ ds

=σ2
S

m∑
i=0

ζi

a2
0 ⟨e0, bi⟩2 t−

∑
(n1,n2)̸=(0,0)

an1an2

(
1 − et(λn1 +λn2)
λn1 + λn2

)
⟨en1 , bi⟩ ⟨en2 , bi⟩

 ,

and that

P

( ∞∑
n=0

anIn,g(t) ≥ J ′′

)

=1 − Φ


J ′′ − E

( ∞∑
n=0

anIn,g(t)
)

(
Var
( ∞∑
n=0

anIn,g(t)
)) 1

2



=1 − Φ


J ′′ −

(
a0 (I0,g(0) − ⟨e0, g⟩ t) +

∞∑
n=1

an

(
etλnIn,g(0) + ⟨en,g⟩

λn

(
1 − etλn

)))

σS

(
m∑
i=0
ζi

(
a2

0 ⟨e0, bi⟩2 t−
∑

(n1,n2)̸=(0,0)
an1an2

(
1−et(λn1 +λn2 )

λn1 +λn2

)
⟨en1 , bi⟩ ⟨en2 , bi⟩

)) 1
2



=1 − Φ


J ′′ −

(〈
et∂

2
xxf, wS

g (·, 0)
〉

− a0 ⟨e0, g⟩ t+
∞∑
n=1

an
⟨en,g⟩
λn

(
1 − etλn

))

σS

(
m∑
i=0
ζi

(
a2

0 ⟨e0, bi⟩2 t−
∑

(n1,n2)̸=(0,0)
an1an2

(
1−et(λn1 +λn2 )

λn1 +λn2

)
⟨en1 , bi⟩ ⟨en2 , bi⟩

)) 1
2

 ,

for J ′′ ∈ R. We assume henceforth that
∞∑
n=0

anIn,g(t) ≥ J ′′. We employ, in order, Lemma 9.3.3, Lemma

9.3.2, Jensen’s inequality and Lemma 9.3.1 as follows:

||f ||1exp
(
||f ||−1

1 J ′′) ≤ ||f ||1exp

(
||f ||−1

1

∞∑
n=0

anIn,g(t)
)

=||f ||1exp
(

||f ||−1
1

〈
f, wS

g (·, t)
〉)

= ||f ||1exp
(

||f ||−1
1

∫ L

0
f(x)wS

g (x, t)dx
)

≤||f ||1exp
(

||f ||−1
1

∫ L

0
f(x)vS

g (x, t)dx
)

≤ ||f ||1
||f ||1

∫ L

0
f(x)exp

(
vS
g (x, t)

)
dx

=
〈
f, exp

(
vS
g (·, t)

)〉
=
〈
f, uS

g (·, t)
〉
.

This entails that

P

( ∞∑
n=0

anIn,g(t) ≥ J ′′

)
≤ P

(
||f ||1exp

(
||f ||−1

1 J ′′) ≤
〈
f, uS

g (·, t)
〉)

.

The proof is concluded upon defining J ′ = ||f ||1exp
(
||f ||−1

1 J ′′).
Theorem 9.3.4 provides a lower bound to the probability of the onset of uS

g under the assumption of
heterogeneity in space, induced by the term g in (9.3.1). The bound highly depends on the choice of the
function f , upon which the strong solution uS

g is projected. While this function defines the observable and
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can, therefore, be assumed to be known in applications, the shape of the function g is also required to
compute the bound numerically.
In the next corollary, we assume g ≡ 1 in order to extend the statement of Theorem 9.3.4 to the study of q,
the strong solution of system (9.1.1). The results provide a lower bound to the local initiation of turbulence
in q.

Corollary 9.3.5. Under the assumption that q, strong solution of (9.1.1), satisfies 0 < q(x, t) ≤ 2 for any
x ∈ [0, L] and t ∈ [0, T ], the following inequality holds for any non-negative function f ∈ H1 that is nonzero
almost everywhere:

1 − min
0≤t≤T

Φ


||f ||1log

(
||f ||−1

1 J ′)−
〈

et∂
2
xxf, log (q0)

〉
+ a0L

1
2 t

σS

(
m∑
i=0
ζi

(
a2

0 ⟨e0, bi⟩2 t−
∑

(n1,n2)̸=(0,0)
an1an2

(
1−et(λn1 +λn2 )

λn1 +λn2

)
⟨en1 , bi⟩ ⟨en2 , bi⟩

)) 1
2


≤P
(
J ′ ≤ sup

0≤t≤T
⟨f, q(·, t)⟩

)
,

for Φ, the cumulative distribution function of a standard normally distributed random variable, an = ⟨en, f⟩
for any n ∈ N, g = L

1
2 e0 ≡ 1 and J ′ > 0.

Proof. For any t ∈ [0, T ], we employ Lemma 9.1.1 to obtain

P
(
J ′ ≤

〈
f, uS

g (·, t)
〉)

≤ P
(
J ′ ≤ ⟨f, q(·, t)⟩

)
≤ P

(
J ′ ≤ sup

0≤t≤T
⟨f, q(·, t)⟩

)
.

This implies that

max
0≤t≤T

P
(
J ′ ≤

〈
f, uS

g (·, t)
〉)

≤ P
(
J ′ ≤ sup

0≤t≤T
⟨f, q(·, t)⟩

)
.

The statement of Theorem 9.3.4 concludes the proof.

Similarly to Corollary 9.2.3 (b), we discuss in the corollary to follow the rise of turbulence on the whole
domain.

Corollary 9.3.6. For q, strong solution of (9.1.1) for any x ∈ [0, L] and t ∈ [0, T ], the following inequality
holds:

1 − min
0≤t≤T

Φ

 L
1
2

σS

(
m∑
i=0
ζi ⟨e0, bi⟩2

) 1
2

(
t−

1
2

(
log (J) − L−1

∫ L

0
log (q0(x)) dx

)
+ t

1
2

)
≤P
(
J ≤ sup

0≤t≤T
||q(·, t)||∞

)
,

for Φ, the cumulative distribution function of a standard normally distributed random variable and 0 < J < 2.

Proof. We consider inequality (9.3.5) for g = f = L
1
2 e0 ≡ 1 and J ′ = LJ . This choice of f ∈ H1 implies

that 〈
f, uS

1 (·, t)
〉

= ||uS
1 (·, t)||1,
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for any t > 0. Therefore, we obtain that

1 − min
0≤t≤T

Φ

Llog (J) −
∫ L

0 log (q0(x)) dx+ Lt

σS (Lt)
1
2

(
m∑
i=0
ζi ⟨e0, bi⟩2

) 1
2

 ≤ P
(
LJ ≤ sup

0≤t≤T
||uS

1 (·, t)||1
)
.

Lastly, we employ Hölder’s inequality and Lemma 9.1.1 in

P
(
LJ ≤ sup

0≤t≤T
||uS

1 (·, t)||1
)

≤ P
(
J ≤ sup

0≤t≤T
||uS

1 (·, t)||∞
)

≤ P
(
J ≤ sup

0≤t≤T
||q(·, t)||∞

)
,

which proves the statement.

Corollary 9.3.6 does not require the upper bound q ≤ 2 assumption imposed in Corollary 9.3.5. Thus
enabling a more direct application of the estimate. The corollaries are further compared in Section 9.4
along with Corollary 9.2.3.

9.3.2 Red Stratonovich noise

In the previous subsection, we introduce an approach for the estimation of a lower bound to the probability
of jump in (9.3.1) under the assumption of white Stratonovich noise, i.e., σS > σR = 0. Conversely, we
consider in the remainder part of the section the red noise assumption, i.e., σR > σS = 0. The red noise
influence can be interpreted in different manners depending on the operator F and the adapted process
ξ = ξ(x, t) [134, 160, 161, 179]. We consider the strong solution of{

dξ(x, t) = −κξ(x, t)dt+ σξQ
1
2 dW ′

t ,

ξ(x, 0) ≡ 0,
(9.3.6)

for κ > 0, σξ > 0, x ∈ [0, L] and t ≥ 0. For simplicity of notation, the noise W ′
t is cylindrical, adapted,

and independent from Wt. Such an Ornstein-Uhlenbeck process enables the construction of q, the strong
solution of (9.1.1), and of uR

g = uR
g (x, t), the strong solution of (9.3.1) for x ∈ [0, L] and t ≥ 0. We define

then the inverse Cole-Hopf transform vR
g := log

(
uR
g

)
. Since the noise is of Stratonovich type and we are

considering strong solutions of the involved systems (Theorem 2.2.4 and Theorem 2.2.8), the process is
the strong solution of

∂tv
R
g (x, t) = ∂2

xxv
R
g (x, t) +

(
∂xv

R
g (x, t)

)2 − g(x) + σR ◦ F (ξ)(x, t),
∂xv

R
g (0, t) = ∂xv

R
g (L, t) = 0,

vR
g (x, 0) = log (q0(x)) ,

for x ∈ [0, L] and t ≥ 0. Such a statement can be proven following the steps in the proof of Lemma 9.3.1
on the couple vR

g (x, t)

ξ(x, t)

 =

log
(
uR
g (x, t)

)
ξ(x, t)

 .

Similarly, we note that the inequality

vR
g (x, t) ≥ wR

g (x, t)
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holds for wR
g = wR

g (x, t), the strong solution of
∂tw

R
g (x, t) = ∂2

xxw
R
g (x, t) − g(x) + σRF (ξ)(x, t),

∂xw
R
g (0, t) = ∂xw

R
g (L, t) = 0,

wR
g (x, 0) = log (q0(x)) ,

(9.3.7)

following the reasoning of the proof in Lemma 9.3.2. We then focus on two interpretations of red noise
influence. For F = Id, the identity operator on H1, the systems (9.3.6) and (9.3.7) can be rewritten as

d

wR
g (x, t)

ξ(x, t)

 =

∂2
xx σR

0 −κ

wR
g (x, t)

ξ(x, t)

−

g(x)

0

 dt+

0 0

0 σξQ
1
2

dWt

dW ′
t

 ,

wR
g (x, 0) = log (q0(x)) ,
ξ(x, 0) ≡ 0;

(9.3.8)

for F = ∂t, they can be interpreted as
d

wR
g (x, t)

ξ(x, t)

 =

∂2
xx −κσR

0 −κ

wR
g (x, t)

ξ(x, t)

−

g(x)

0

 dt+

0 σRσξQ
1
2

0 σξQ
1
2

dWt

dW ′
t

 ,

wR
g (x, 0) = log (q0(x)) ,
ξ(x, 0) ≡ 0,

(9.3.9)

for x ∈ [0, L] and t ≥ 0. We focus first on (9.3.8), whose noise term behaves similarly to that studied in
Chapter 6; the systems, although qualitatively different, can be studied in a similar manner. In fact, the
turbulence system (9.1.1) corresponding to the parameters and operator F associated to (9.3.8) displays
additive red noise in H1 × H1, which entails that the system (9.1.1) has a null Itô-Stratonovich correction
term (Subsection 2.2.4). Conversely, for parameters and operator F corresponding to (9.3.9), the noise
in system (9.1.1) is interpreted in the Stratonovich sense to implement the chain rule, in contrast to Itô’s
lemma [40], further below. In Appendix G, the system (9.1.1) is converted to the Itô perspective for the
cases covered in the chapter. The equations are simulated in Figure 9.2, where the initiation of turbulence
is observed under different assumptions through the TAMS algorithm. The results corresponding to (9.3.9)
are displayed at the end of the subsection, discussed in Section 9.4 and proven in [24, Appendix B].
We indicate with D

(
∂2
xx

)
the domain of ∂2

xx, which is dense in H1 for the assumed boundary conditions.
We define the linear operator

A :=

∂2
xx σR

0 −κ

 : D
(
∂2
xx

)
× H1 → H1 × H1,

and A∗ the adjoint operator in respect to H1 × H1. In the mild solution form, the system (9.3.8) is solved
by wR

g (x, t)

ξ(x, t)

 = etA

log (q0(x))

0

+
∫ t

0
esA

−g(x)

0

 ds+
∫ t

0
e(t−s)A

0 0

0 σξQ
1
2

dWs

dW ′
s

 .

The covariance operator

V w
t :=

 V I
t V II

t

V III
t V IV

t

 ,
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t

x
(a) Trajectory q solving (9.1.1)
with F = Id and κ = 0.5.

It shows turbulence onset
on L1-norm.

t

x
(b) Trajectory q solving (9.1.1)
with F = Id and κ = 0.5.

It shows turbulence onset
on L∞-norm.

t

x
(c) Trajectory q solving (9.1.1)
with F = ∂t and κ = 0.05.

It shows turbulence onset
on L1-norm.

t

x
(d) Trajectory q solving (9.1.1)
with F = ∂t and κ = 0.05.

It shows turbulence onset
on L∞-norm.

t

x
(e) Trajectory q solving (9.1.1)
with F = ∂t and κ = 0.5.

It shows turbulence onset
on L1-norm.

t

x
(f) Trajectory q solving (9.1.1)
with F = ∂t and κ = 0.5.

It shows turbulence onset
on L∞-norm.

Fig. 9.2 Panels (a) and (b) show trajectories of variable q, solution of (9.1.1), indicating the turbulence onset event under additive red noise
(see Appendix G), 1.5 = σR > σI = σS = 0 and F = Id; conversely, in (c)-(f) we consider Stratonovich red noise (see Appendix G),
0.5 = σR > σI = σS = 0 and F = ∂t. The rare events are computed via the TAMS algorithm, similarly to Figure 9.1. We set the perturbation
intensity of ξ, solution of (9.3.6), as σξ = 0.1 and its dissipation value is indicated under each subfigure. The other parameters are taken as in
Figure 9.1. In (a), (c) and (e) we display the rise of ||q||1 to the value q+L, whereas in (b), (d) and (f) we capture the rise of ||q||∞ to the value
q+.
The parameter κ is associated solely with the dissipation of ξ in the case of additive red noise. This is in contrast with the case F = ∂t, where it
also indicates the intensity of a nonlinear perturbation term in (9.1.1). In (c) and (d), the solution resembles the case of Stratonovich white noise,
which corresponds to κ = 0; whereas in (e) and (f), κ assumes a higher value and the solution leaves the turbulent state in a short timescale.

associated to the solution of the system at time t > 0, satisfies the finite-time Lyapunov equation [64,
Lemma 2.45],

AV w
t + V w

t A
∗ = etA

0 0

0 σ2
ξQ

 etA
∗ −

0 0

0 σ2
ξQ

 . (9.3.10)
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For simplicity, we assume that −κ is not an eigenvalue of ∂2
xx. The semigroup etA is then defined as

etA =

et∂
2
xx σRt

∫ 1
0 ets∂

2
xxe−t(1−s)κds

0 e−tκ

 =

et∂
2
xx σR R

(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
0 e−tκ


and its adjoint, in respect to the H1 × H1 scalar product, is

(
etA
)∗ = etA

∗ =

 et∂
2
xx 0

σR R
(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
e−tκ

 .

Solving (9.3.10) implies that

V II
t = σRσ

2
ξ R
(
∂2
xx − κ

)(
e−tκ R

(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
− 1 − e−2tκ

2κ

)
Q,

V III
t = σRσ

2
ξQ

(
e−tκ R

(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
− 1 − e−2tκ

2κ

)
R
(
∂2
xx − κ

)
,

V IV
t =

σ2
ξ

2κ
(
1 − e−2tκ)Q,

and that the equation

∂2
xxV

I
t + V I

t ∂
2
xx = − σ2

Rσ
2
ξ

(
R
(
∂2
xx − κ

)(
e−tκ R

(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
− 1 − e−2tκ

2κ

)
Q

+Q

(
e−tκ R

(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
− 1 − e−2tκ

2κ

)
R
(
∂2
xx − κ

)
(9.3.11)

+ R
(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

)
QR

(
∂2
xx + κ

) (
et∂

2
xx − e−tκ

))

holds. For (n1, n2) ∈ N × N, we label pn1,n2 = ⟨en1 , Qen2⟩. For (n1, n2) ̸= (0, 0), the equation (9.3.11)
entails the definition of

γn1,n2 :=
〈
en1 , V

I
t en2

〉
= −

σ2
Rσ

2
ξpn1,n2

(λn1 + λn2)

(
1

−λn1 + κ

(
−

e−tκ (etλn1 − e−tκ)
λn1 + κ

+ 1 − e−2tκ

2κ

)

+ 1
−λn2 + κ

(
e−tκ (etλn2 − e−tκ)

λn2 + κ
+ 1 − e−2tκ

2κ

)
−
(
etλn1 − e−tκ) (etλn2 − e−tκ)

(λn1 + κ) (λn2 + κ)

)

= −
σ2

Rσ
2
ξpn1,n2

(λn1 + λn2)

(
−λn1 − λn2 + 2κ

2κ (λn1 − κ) (λn2 − κ) − et(λn1 +λn2) 1
(λn1 + κ) (λn2 + κ) (9.3.12)

+ et(λn1 +κ) λn1 + λn2(
λ2
n1 − κ2

)
(λn2 + κ)

+ et(λn2 +κ) λn1 + λn2

(λn1 + κ)
(
λ2
n2 − κ2

) + e−2tκ λn1 + λn2

2κ (λn1 + κ) (λn2 + κ)

)
.
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We consider then

V w
t = σ2

ξ

∫ t

0
esA

0 0

0 Q

 esA
∗
ds,

which implies that

γ0,0 =
〈e0

0

 , V w
t

e0

0

〉
H1×H1

=
〈
e0, V

I
t e0
〉

= σ2
Rσ

2
ξ

∫ t

0

〈
e0,R

(
∂2
xx + k

) (
es∂

2
xx − e−sκ

)
QR

(
∂2
xx + k

) (
es∂

2
xx − e−sκ

)
e0

〉
ds (9.3.13)

=
σ2

Rσ
2
ξp0,0

κ2

(
t− 21 − e−tκ

κ
+ 1 − e−2tκ

2κ

)
.

In the theorem to follow, we discuss the lower bound of the probability of rise of uR
g , similarly to Theorem

9.3.4.

Theorem 9.3.7. Assume uR
g the strong solution of (9.3.1) for x ∈ [0, L] and t > 0. Then the following

inequality holds for any non-negative function f ∈ H1 that is nonzero almost everywhere:

1 − Φ


J ′′ −

(〈
et∂

2
xxf, log (q0)

〉
− a0 ⟨e0, g⟩ t+

∞∑
n=1

an
⟨en,g⟩
λn

(
1 − etλn

))
( ∑

(n1,n2)∈N2
(an1an2γn1,n2)

) 1
2


≤P
(
J ′ ≤

〈
f, uR

g (·, t)
〉)
, (9.3.14)

for Φ, the cumulative distribution function of a standard normally distributed random variable, J ′ > 0,
an = ⟨en, f⟩ for any n ∈ N and {γn1,n2}(n1,n2)∈N×N as defined in (9.3.12) and in (9.3.13).

Proof. The proof follows the same steps as in Theorem 9.3.4, which we describe here in a more con-

densed manner. The pairing

wR
g (x, t)

ξ(x, t)

, strong solution of (9.3.8), has a Gaussian distribution in the

space H1 × H1. In particular, we obtain

E

wR
g (x, t)

ξ(x, t)

 = etA

log (q0(x))

0

+
∫ t

0
esA

−g(x)

0

 ds = et∂
2
xx log (q0(x)) −

∫ t

0
es∂

2
xxg(x)ds

and its covariance operator is

σ2
R

∫ t

0
esA

0 0

0 Q

 esA
∗
ds = σ2

Re−2t

t2 ∫ 1
0 ets(∂2

xx+Id)dsQ
∫ 1

0 ets(∂2
xx+Id)ds t

∫ 1
0 ets(∂2

xx+Id)dsQ

tQ
∫ 1

0 ets(∂2
xx+Id)ds Q

 .

Setting f ∈ H1, it follows that

P
(〈
f, wR

g

〉
≥ J ′′) = 1 − Φ

J ′′ −
〈
f, et∂

2
xx log (q0) −

∫ t
0 es∂

2
xxgds

〉
⟨f, V If⟩

1
2


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= 1 − Φ


J ′′ −

(〈
et∂

2
xxf, wR

g (·, 0)
〉

− a0 ⟨e0, g⟩ t+
∞∑
n=1

an
⟨en,g⟩
λn

(
1 − etλn

))
( ∑

(n1,n2)∈N2
(an1an2γn1,n2)

) 1
2

 ,

for J ′′ ∈ R. We assume that
〈
f, wR

g

〉
≥ J ′′ and employ Jensen’s inequality to obtain

||f ||1exp
(
||f ||−1

1 J ′′) ≤ ||f ||1exp
(
||f ||−1

1
〈
f, wR

g

〉)
= ||f ||1exp

(
||f ||−1

1

∫ L

0
f(x)wR

g (x, t)dx
)

≤ ||f ||1exp
(

||f ||−1
1

∫ L

0
f(x)vR

g (x, t)dx
)

≤ ||f ||1
||f ||1

∫ L

0
f(x)exp(vR

g (x, t))dx

=
〈
f, exp

(
vR
g (·, t)

)〉
=
〈
f, uR

g (·, t)
〉
.

We set J ′ = ||f ||1exp
(
||f ||−1

1 J ′′), which implies the statement.

The lower bound (9.3.14) justifies the following corollary, whose proof is equivalent to those in Corollary
9.3.5 and Corollary 9.3.6. Its statement is discussed in Section 9.4.

Corollary 9.3.8. In the following statements, we refer to Φ as the cumulative distribution function of a
standard normally distributed random variable.

(a) Assume that q, strong solution of (9.1.1), satisfies 0 < q(x, t) ≤ 2 for any x ∈ [0, L] and t ∈ [0, T ].
Then, the following inequality holds for any non-negative function f ∈ H1 that is nonzero almost
everywhere:

1 − min
0≤t≤T

Φ


||f ||1log

(
||f ||−1

1 J ′)−
〈

et∂
2
xxf, log (q0)

〉
+ ⟨f, e0⟩L

1
2 t( ∑

(n1,n2)∈N2
(an1an2γn1,n2)

) 1
2


≤P
(
J ′ ≤ sup

0≤t≤T
⟨f, q(·, t)⟩

)
,

for J ′ > 0, an = ⟨en, f⟩ for any n ∈ N and {γn1,n2}(n1,n2)∈N×N as defined in (9.3.12) and in (9.3.13).

(b) For q, strong solution of (9.1.1) for any x ∈ [0, L] and t ∈ [0, T ], the following inequality holds

1 − min
0≤t≤T

Φ

 L
1
2κ

σRσξp
1
2
0,0

t
1
2

(
t−

1
2

(
log (J) − L−1 ∫ L

0 log (q0(x)) dx
)

+ t
1
2

)
(
t− 21−e−tκ

κ + 1−e−2tκ

2κ

) 1
2


=1 − min

0≤t≤T
Φ

 L
1
2

γ
1
2
0,0

(
log (J) − L−1

∫ L

0
log (q0(x)) dx+ t

) (9.3.15)

≤P
(
J ≤ sup

0≤t≤T
||q(·, t)||∞

)
,

for 0 < J < 2.

Remark 9.3.9. The system (9.3.8) has a strong solution with variable wR
g characterised by a positive

autocorrelation [161], in contrast to (9.3.9). Another core difference in the models is that, for g ≡ 0, the
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covariance of the strong solution along e0 diverges in (9.3.8) in the time limit (see Chapter 6), whereas it
converges [134] in (9.3.9). Although the models differ greatly, the lower bounds can be obtained through
similar methods [24, Appendix B]. Furthermore, for κ > 0, the statement in Theorem 9.3.7 holds for wR

g

defined in the system (9.3.9) by setting the constants

γn1,n2 = −
σ2

Rσ
2
ξpn1,n2

(λn1 + λn2)

(
2λn1λn2 − (λn1 + λn2)κ

2 (λn1 − κ) (λn2 − κ) − et(λn1 +λn2) λn1λn2

(λn1 + κ) (λn2 + κ)

− et(λn1 +κ) κλn1 (λn1 + λn2)(
λ2
n1 − κ2

)
(λn2 + κ)

− et(λn2 +κ) κλn2 (λn1 + λn2)
(λn1 + κ)

(
λ2
n2 − κ2

) (9.3.16)

+ e−2tκ κ (λn1 + λn2)
2 (λn1 + κ) (λn2 + κ)

)
,

for (n1, n2) ∈ N × N \ (0, 0), and

γ0,0 = σ2
Rσ

2
ξp0,0

1 − e−2tκ

2κ , (9.3.17)

and assuming, for simplicity, that −κ is not an eigenvalue of the Laplacian. For system assumptions
associated with (9.3.9), the statement in Corollary 9.3.8 (a) is also equivalent, with the updated constants
{γn1,n2}(n1,n2)∈N×N shown in (9.3.16) and (9.3.17). In contrast, the corresponding inequality to (9.3.15) is

1 − min
0≤t≤T

Φ

 (2κL)
1
2

σRσξp
1
2
0,0

t
1
2

(1 − e−2tκ)
1
2

(
t−

1
2

(
log (J) − L−1

∫ L

0
log (q0(x)) dx

)
+ t

1
2

) (9.3.18)

= 1 − min
0≤t≤T

Φ

 L
1
2

γ
1
2
0,0

(
log (J) − L−1

∫ L

0
log (q0(x)) dx+ t

) ≤ P
(
J ≤ sup

0≤t≤T
||q(·, t)||∞

)
,

for 0 < J < 2 and γ0,0 defined in (9.3.17).

9.4 Comparison of methods

In the previous sections, we study lower bounds to the probability of turbulence onset in system (9.1.1)
under different noise assumptions. Namely, we consider time-white noise in the Itô sense, in Section 9.2,
and time-white or time-red noise in the Stratonovich sense, in Section 9.3. Throughout the chapter, the
noise is assumed to be white in space along fixed modes. The techniques employed in the two sections
differ in nature. Nonetheless, they manage to capture similar characteristics of the system.
First, we discuss the rise of turbulence under Itô noise. Lemma 9.2.1 and Lemma 9.2.2 are based on
methods introduced in [163, 164]. The key idea is to counter the drift effect on the solution of (9.1.2) by
applying a convolution operator through the fundamental solution of the cable equation, reserved in time.
A stark difference with the assumptions in [163, 164] is that their work studies the heat equation, i.e.,
α = 0. In fact, under strong linear drift dissipation, the left-hand side term in (9.2.11) can be negative,
even for large values of T , thus rendering the inequality trivial. This is in contrast with [163], where the
lower bound increases with T . In [163, 164], a second lower bound is obtained and employed to prove
the blow-up of the mild solution in finite time through an iterative method. The iteration step is based on
rescaling the space interval. Once again, the method is not equivalent under the assumption α > 0 as
the second rescaling affects the linear dissipation and does not return the initial system, thus affecting the
iteration at each step (see [163, Lemma 2.6, Proposition 3.2, Section 4]).
We note that the lower bounds in Corollary 9.2.3 are also valid for q mild solution of (9.1.1) under white
Stratonovich noise. In fact, we set uS

1 = uS
1 (x, t) the mild solution of (9.1.2) for σ̂ = σS > σI = σR = 0

and uI
1 = uI

1(x, t) the mild solution of (9.1.2) for σ̂ = σI > σS = σR = 0. We then study û = uS
1 − uI

1. By
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assuming Q to be trace-class and by the definition of the Itô-Stratonovich correction term in ([14, 88] and
Subsection 2.2.4), it is the mild solution of

dû(x, t) =
(
∂2
xxû(x, t) − û(x, t) + uI(x, t) σ̂

2

2

∞∑
i=0

ζibi(x)2

)
dt+ σ̂û(x, t)Q

1
2 dWt,

∂xû(0, t) = ∂xû(L, t) = 0,
û(x, 0) ≡ 0.

Following the steps in the proof of Lemma 9.1.1, it is implied that uS
1 ≥ uI

1 almost surely. Moreover, we
know that υS

J ≤ υI
J holds.

The methods in Section 9.2 are applied to the mild solutions of the considered stochastic partial differential
equations. Conversely, although in Section 9.3 the noise is assumed in Stratonovich sense, the use of Itô’s
Lemma through the inverse Cole-Hopf transformation requires the study of strong solutions. In order to
satisfy the existence of such a solution, the noise is assumed to perturb the system along a finite number
of modes, then affected by the multiplication term in the noise intensity (Theorem 2.2.8). Similar results to
those in Section 9.3 can also be proven in an equivalent manner under Itô noise assumptions, yet, on a
logarithmic scale, an additional negative term appears in the KPZ equation [99]. For instance, under the
assumption of white noise, the system obtained in correspondence to (9.3.2) is

dvI
g(x, t) =

(
∂2
xxv

I
g(x, t) +

(
∂xv

I
g(x, t)

)2 − g(x) −
σ2

I

2

m∑
i=0

ζibi(x)2

)
dt+ σIQ

1
2 dWt,

∂xv
I
g(0, t) = ∂xv

I
g(L, t) = 0,

vI
g(x, 0) = log (q0(x)) .

Then, the step in Lemma 9.3.2 implies the discard of the nonlinear shear deformation non-negative term,

but not of the term −σ2
I

2

m∑
i=0
ζibi(x)2, which has to be included in the moving average of Theorem 9.3.4,

Corollary 9.3.5 and Corollary 9.3.6.

Although the lower bounds in Section 9.3 are always positive, they are characterised by severely different
behaviours in time. The section contains results that manage to study the initiation of turbulence in certain
regions of the domain in Corollary 9.3.5 and Corollary 9.3.8. Nevertheless, we focus on the description
of jumps in the L∞-norm, which are easier to observe. In Corollary 9.3.6, the sum of two terms in the
argument of the function Φ defines the nature of the bound. In fact, the term t−

1
2 , multiplied by a positive

parameter dependent on initial conditions, refers to the effect of the noise to enable the possibility of a
jump, thus decreasing with t the argument in the distribution function. Conversely, the term t

1
2 takes into

account the effect of the drift component, constant in time, which hinders the transition on long times. The
clash of these effects implies that at

t∗ = log (J) − L−1
∫ L

0
log (q0(x)) dx

the lower bound to the probability of jump at height J in the L1-norm reaches its peak, which is maintained
for longer times for the statement in the proof of Corollary 9.2.3. A similar behaviour is observed in
Corollary 9.2.3, where the best opportunity of occurrence of jump is captured.

We consider in Subsection 9.3.2 red noise in time. We note that, in previous cases, the initiation of
turbulence is not a memoryless process since it is affected already by its initial state. The inclusion of
red noise in the sense (9.3.8) is justified by its relevance in climate application [160, 161] and the positive
autocorrelation of the system in logarithmic scale along the direction e0. The inequality (9.3.15) in Corollary
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9.3.8 (b) resembles the statement in Corollary 9.3.6, but the parameter κ assumes a twofold role: it is
proportional to the term

L
1
2κ

σRσξp
1
2
0,0

(9.4.1)

and appears in the term

t
1
2(

t− 21−e−tκ

κ + 1−e−2tκ

2κ

) 1
2

=
(

t∫ t
0 (1 − e−sκ)2 ds

) 1
2

> 1, (9.4.2)

due to its dissipative role in (9.3.6). Both perspectives indicate that κ > 0 hinders the jump with respect to
the white noise assumption, but their effects differ. In fact, increasing κ leads to an increase in (9.4.1) and
a decrease in (9.4.2). Nonetheless, the concept of a best opportunity to jump before being fully controlled
by the drift is visible since, for fixed κ > 0, the limit of (9.4.2) in t → +∞ is finite. Nevertheless, the limit
of (9.4.2) in t → 0 is infinite, indicating a smaller probability of jump on short times in comparison to white
noise in time. Lastly, we notice that the limit κ = 0 implies γ0,0 = σ2

Rσ
2
ξp0,0

t3

3 , which means that the lower
bound is a definitely strictly increasing function in t.
At the end of Subsection 9.3.2, we consider an alternative type of red noise, as discussed in [134]. The
role of κ is different from the previous case. In fact, κ indicates both the dissipativity in (9.3.6) and is related
to the off-diagonal entry in the linear drift term [24, Appendix B]. The term in (9.3.18),

t
1
2(

1−e−2tκ

2κ

) 1
2

=
(

t∫ t
0 e−2sκds

) 1
2

(9.4.3)

is finite in t → 0 and infinite in t → +∞. This translates to a similar behaviour to the lower bound with
the assumption of white noise in Corollary 9.3.5 on small timescales and a smaller lower bound to the
probability of jump on large timescales t. This results from the interplay between the dissipativity in the
Ornstein-Uhlenbeck process defined in (9.3.6) and the dissipativity in (9.3.1). In this case, increasing
κ > 0 indicates in (9.4.3) the decrease in the bound of jump at a fixed time. The limit κ = 0 is equivalent
to the time-white noise assumption in Subsection 9.3.1.

9.5 Summary

In this chapter, we establish lower bounds for the probability of turbulence initiation in a simplified model of
plane Couette flow. The phenomenon is modelled through an SPDE on an interval under various forms of
multiplicative Gaussian noise. The simulation of similar systems leads to the study of other rare events in
the pipe flow [91, 92]. The application of equivalent algorithms shows the possibility of such an occurrence,
whose probability has not been estimated analytically so far. Central to our approach is the comparison
between the linearised and original models, starting with a rigorous treatment of Itô white noise. Using the
fundamental solution of the cable equation under Neumann or periodic boundary conditions, we counter
the drift term and obtain an observable in the form of a martingale. The bound is then described following
techniques employed in the study of finite-time blow-up of the mild solution of the stochastic heat equation
[163, 164].
Expanding this framework, we employ logarithmic-scale comparison methods to address systems per-
turbed by time-white Stratonovich noise, time-red additive noise, and time-red Stratonovich noise, with the
latter two modelled through coupling with Ornstein–Uhlenbeck processes. This approach requires different
assumptions on the noise term to ensure the existence of a strong solution for the model. Our analysis
reveals that, whereas the lower bounds vary across noise types, they consistently reflect a key dynamical
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feature: the probability of turbulence onset in a fixed time declines beyond an optimal jumping time. This
property is implied by the invariance of the linearised model under a suitable rescaling of the solution.
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10 Computation of Instantons

Rare event methods based on sampling rely on biasing techniques to increase the likelihood of a rare
event, such as importance splitting techniques (AMS and TAMS [45, 46, 142] for example). In this chapter,
we consider the noise strength to be infinitesimally small. This puts us in the purview of Freidlin-Wentzell
theory of large deviations [86], meaning that both the limiting event probability scaling and its most likely
pathway of occurrence are rigorously predictable and available in a sampling-free and deterministic man-
ner. Obtaining the most likely pathway through numerical methods provides insights into the physical
mechanism of the transition as such a trajectory often crosses between two different deterministic basins
of attraction. If the transition is achieved on a large timescale, this is usually referred to as an instanton.
The analytic properties of the corresponding solution have been described for certain SDEs [38, 209],
and the suitable technique involved in its numerical description usually depends on the particular model
[28, 96, 126]. Especially challenging is the assumption of non-white noise, which can be found in many
applications, such as privacy risk management [35]. This chapter is based on the content of [22] and
focuses on the numerical study of white-in-time Gaussian but degenerate noise, which forces only specific
components of the system. This type of noise is fairly generically assumed in many scientific situations,
where stochasticity is inserted to model a subset of unknown or unknowable degrees of freedom [30]. For
example, one would force only small or large-scale structures in fluid turbulence [75], or only surface fresh-
water influx or wind stresses in ocean modelling ([10] and Chapter 5). We observe that the coexistence
between multistability and degenerate noise poses a challenge to numerical algorithms to compute the
most likely transition trajectory, even more so if the noise is multiplicative.

10.1 Freidlin-Wentzell theory

In this section, we introduce Freidlin-Wentzell theory [86] and its application to SPDEs. For initial condition
ū0 ∈ H1 = L2(X1), deterministic drift term b : H1 → H1, noise diffusion operator σ : H1 → H1 and W a
cylindrical Wiener process, we assume (Chapter 2) that there exists a mild solution uε of the system{

duε(x, t) = b (uε(x, t)) dt+
√
εσ (uε(x, t)) dW (x, t), x ∈ X1, t ≥ 0,

uε(x, 0) = ū0(x), x ∈ X1.

For a fixed time T > 0, we introduce the action functional

IT (ϕ) = inf
g∈JT

1
2

∫ T

0
||ġ(s)||2ds,

for

JT =
{
g : [0, T ] → H1 : ϕ(t) = ū0 +

∫ t

0
b(ϕ(s))ds+

∫ t

0
σ(ϕ(s))ġ(s)ds, t ≤ T

}
,

which quantifies the effect of the noise on the solution path ϕ in the time interval [0, T ]. As discussed in
[86], under the assumption of small noise intensity 0 < ε ≪ 1, the following exponential estimate holds

log

(
P

(
sup
t∈[0,T ]

||uε(t) − ϕ(t)||2 < δ

))
∝ −ε−1IT (ϕ),
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for small enough δ > 0. It follows that, in the limit ε → 0, the most likely paths ϕ minimise the action
functional. For rare transitions between metastable states [96, 176], particular importance is given to
paths in

C := {ϕ ∈ C([0, T ]) | ϕ(0) = ū0, ϕ(T ) = ūT } ,

for ū0, ūT ∈ H1 in disjoint deterministically invariant subsets of X1. Under the assumption of small noise
intensity, paths that cross the two states are unlikely by construction. For example, this is the case of the
elements in C for ū0 and ūT in different basins of attraction. For ε → 0 and fixed states ū0, ūT ∈ H1, the
instanton ϕ̄ is the most likely solution uε such that ϕ ∈ C, and equivalently, it satisfies

ϕ̄ = argmin
ϕ∈C

IT (ϕ), (10.1.1)

and solves the Freidlin-Wentzell minimisation problem. The nature of the noise is defined by the noise
diffusion operator σ and the noise covariance a := σσ∗. If there exist u, v ∈ H1 and v ̸≡ 0 , such that
σ(u)v = 0, then the noise is degenerate. We then define the Hamiltonian functional

H(ϕ, θ) = ⟨b(ϕ), θ⟩ + 1
2⟨θ, a(ϕ)θ⟩

for θ called the conjugate momentum of ϕ. The instanton solves the corresponding Hamilton equations [96]ϕ̇ = ∂θH(ϕ, θ) = b(ϕ) + a(ϕ)θ,

θ̇ = −∂ϕH(ϕ, θ) = −∂ϕ (b(ϕ)) θ − 1
2θ∂ϕ (a(ϕ)) θ.

The first Hamilton equation indicates that the weighted conjugate variable σ(ϕ)∗θ can be interpreted as
the optimal noise on the instanton path. However, in the case of degenerate noise, it is clear that its role
is more subtle. In particular, we know that in this case there must be modes v ∈ H1 that remain unforced
regardless of the choice of θ. In other words, while it remains true that σ∗(ϕ)θ is the optimal noise, the
mapping between noise and trajectory ϕ is no longer one-to-one: there exist trajectories ϕ that cannot be
realised by any value of the noise.

This fact stands in the way of applying traditional methods for computing large deviation minimisers, such
as the minimum action method (MAM) [77, 212] and its geometric counterpart [95, 108, 194]. Such
methods obtain the optimal transition path of the Lagrangian optimisation problem via relaxation or gradient
descent, which necessitates inverting the noise covariance matrix a(ϕ). In other words, methods that rely
on optimising the path instead of the noise are inadequate in the presence of degenerate noise and
non-invertible covariance matrices. On the other hand, methods based on the Hamiltonian formalism,
as introduced above, do not suffer from the same shortcomings as they circumvent inverting the noise
covariance by considering the Legendre transform of the Lagrangian optimisation problem in the form
of the Hamilton equations. Corresponding methods have been employed successfully in the presence
of degenerate noise even for high-dimensional systems [94, 96, 181]. Unfortunately, with the notable
exception of [210], these approaches are in general incapable of dealing with metastability, which always
implies nonconvexity of the rate function, leading to nonuniqueness of the boundary conditions of the
adjoint variable [3].

In the following, we propose to unify these two approaches by simultaneously applying the adjoint state
method (allowing us to consider degenerate noise), while also convexifying the problem through the ap-
plication of the augmented Lagrangian method [167] or penalisation of the endpoint constraint (see also
the equivalent idea of the generalised canonical ensemble in statistical mechanics [58]). This combination
allows us to deal with metastability and degenerate noise simultaneously in the study of high-dimensional
and complex systems such as SPDEs.
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10.2 Adjoint state method

The adjoint state method is a well-known technique for the solution of constained minimisation prob-
lems [169]. Its application to the action minimisation problem is easily justifiable and analysable when
realising that the (10.1.1) can be interpreted as the minimisation of the L2(a,X1)-cost of the noise under
a functional constraint enforcing all degrees of freedom of the path in JT , both the stochastically forced
and the deterministic ones.1 Concretely, we define the variables ϕ, θ and introduce the adjoint state vari-
able, or the Lagrange multiplier, µ. Such variables assume values in H1 for any t ∈ [0, T ]. Further, the
endpoint constraint is enforced through a penalty parameter λ > 0. The cost function is then constructed
as follows,

J(ϕ, θ, µ, λ) = 1
2

∫ T

0
||σ∗(ϕ)θ||2dt︸ ︷︷ ︸

Weighted action

+
∫ T

0

〈
µ, ϕ̇− ∂θH(ϕ, θ)

〉
dt︸ ︷︷ ︸

First Hamilton equation enforcer

+1
2 λ||F (ϕ(T ) − ūT )||2︸ ︷︷ ︸

Penalty term

. (10.2.1)

The first term in (10.2.1) is the actual cost of the stochastic forcing, appropriately weighted by the noise
covariance σ∗(ϕ). The second term employs the adjoint trajectory µ(t) to enforce the first Hamilton’s
equation, which yields the unique path ϕ(t) caused by the noise σ∗(ϕ)θ. Finally, the last term enforces the
endpoint constraint of the path via a penalty term. The linear operator F is employed as a filter to capture
characteristics of the final condition ūT . With this, we observe that the method corresponds to a Lagrange
Multiplier Penalty method [167] in path space.

In the upcoming examples, it is assumed to be the identity operator Id or a multiplication operator. The
cost function is iteratively minimised, for example via gradient descent or quasi-Newton method, until the
partial derivatives of J with respect to ϕ, θ, and µ have norms below a pre-chosen threshold. Each iteration
is accomplished in accordance with the steps to follow.

1. We enforce ∂µJ = 0, i.e.

∂µJ = ϕ̇− ∂θH(ϕ, θ)︸ ︷︷ ︸
First Hamilton equation

= ϕ̇− b(ϕ) − σ(ϕ)σ∗(ϕ)θ,

by solving the first Hamilton equation, for which ϕ = ū0 is chosen as the initial condition. The variable
θ assumes the role of the conjugate momentum of ϕ. For our SPDE-examples, this is solved through
the mild solution formula, in the eigenbasis of the Laplacian, while for SDEs we employ the implicit
Euler-Maruyama method (see Chapter 2 and Chapter 3).

2. Next, we enforce ∂ϕJ = 0, i.e.

∂ϕJ = −µ̇− ∂ϕH(ϕ, µ)︸ ︷︷ ︸
Second Hamilton equation

+ 1
2∂ϕ

(
(σ (ϕ) (θ − µ))2

)
︸ ︷︷ ︸

Error term

+ δTλF∗ F (ϕ− ūT )︸ ︷︷ ︸
Final condition enforcer

.

Such a constraint is equivalent to solving the second Hamilton equation, with µ in the role of the conjugate vari-
able and with an error term. The equation is solved backward in time and initialised as µ(T ) = λ (ϕ(T ) − ūT ).
Such a final condition in the adjoint state variables aims to enforce the targeted final condition in the path
variable Fϕ(T ) = FūT . Similarly to the previous step, the numerical computation of the SPDEs is resolved
through the mild solution formula in the eigenbasis of the Laplacian with corresponding boundary conditions.
The SDEs are solved through the implicit Euler-Maruyama method and F = Id.

3. Lastly, we compute ∂θJ , i.e.

∂θJ = a (ϕ) (θ − µ) = σ(ϕ)σ∗(ϕ) (θ − µ) .

1We consider the L2(a,X1) space as the set of functions f such that σ∗(ϕ)f is in L2(X1). In fact, such a space depends on
the state of the trajectory ϕ.
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This gradient is guaranteed to be a descent direction of the cost function (10.2.1) in the space of θ-variables
from the construction of a. Consequently, it can be used to update the variable θ, in our case through the
Limited Memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) method [167].

The iteration is halted as the norm of ∂θJ is less than a fixed tolerance value, tol > 0. At the actual
minimiser, we have ∂θJ (ϕ, θ, µ, λ) = 0 and it is implied that σ∗(ϕ) (θ − µ) = 0. Therefore, the error term
in the second step is null, and the Lagrange multiplier µ solves the first Hamilton equation in the first step.
This implies that the couple (ϕ, µ) solves the Hamilton equations and that ϕ is the instanton of the SPDE
under initial condition ϕ(0) = ū0 and final condition Fϕ(T ) = F ūT . Furthermore, this implies that the
optimal noise can be read off as σ∗(ϕ)µ(t) at convergence.

The optimisation problem presented above can be solved for any assumed transition time T > 0. Gen-
erally, though, the optimisation problem is harder to solve for long time intervals. First, this is because
long time intervals necessitate a larger number of numerical timesteps and degrees of freedom to op-
timise. Second, and more importantly, in a metastable system, the most likely transition will generally
involve a localised-in-time jump from one state to the other (hence the name ’instanton’). Because of
this, for long time intervals, the optimisation problem is generally very insensitive to time-translations: the
Freidlin-Wentzell action of an earlier or later jump is almost identical, leading to flat directions in the cost
functional that involve many degrees of freedom and are thus hard to correct for, even with quasi-Newton
methods. On the other hand, this phenomenologically implies that the optimisation procedure will rather
rapidly converge to the correct transition path, and from then on only very slowly to the correct transition
time.

10.3 Applications

In this section, we demonstrate the applicability and efficiency of the above method for the computation of
transition pathways in stochastic complex systems with degenerate noise. In particular, we consider sys-
tems of increasing complexity, starting with a toy SDE model of a two-dimensional double-well with degen-
erate noise, then considering the Allen-Cahn reaction diffusion SPDE, forced only through the boundary
in Subsection 10.3.2, and the Gierer-Meinhardt SPDE for pattern formation with multiplicative degenerate
noise in Subsection 10.3.3. Afterwards, we focus on SPDEs of advection-reaction-diffusion type involving
formation of moving spikes, including the spatially extended FitzHugh-Nagumo model with additive degen-
erate noise in Subsection 10.3.4, and lastly the Barkley model for turbulence proliferation in pipe flow with
multiplicative degenerate noise in Subsection 10.3.5.

10.3.1 Two-dimensional SDE with degenerate multiplicative noise

We want to consider the non-standard question on how a noise-induced transition between the two
metastable fixed points is achieved in the most likely way in the small degenerate noise limit, ε → 0.
For u = (x1, x2) ∈ R2, the SDE

duε = d

x1

x2

 =

2x2 − (x1 + x2)3

2x1 − (x1 + x2)3

 dt+
√
ε

(x1 − x2 + 0.2)

0

 dWt (10.3.1)

represents diffusion in a double-well potential on the main diagonal x1 = x2. It has two deterministically
stable solutions at (x1, x2) = u± = ±(0.5, 0.5) and a saddle (x1, x2) = (0, 0). The noise is multiplicative
and chosen in order to assume a higher intensity for (x1, x2) distant from a chosen region in R2. In
particular, it vanishes completely on the line x2 = x1 + 0.2. Furthermore, we only exert stochastic forcing
on the x1-component of the equation. Since the transition necessitates a change in both the x1 and x2
component, but only x1 is fluctuating, we expect a non-trivial transition trajectory that makes optimal use of
the coupling terms. The situation is depicted in Figure 10.1a, where we display the deterministic dynamics
as streamlines, all three fixed points (two stable and one saddle) as white markers, as well as the noise
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x
2

x1
(a) Instanton of (10.3.1) connecting
two wells through degenerate noise

t
(b) Forcing exerted by the noise on a

component of (10.3.1)

Fig. 10.1 (a) Instanton (solid line) for the transition between the two stable attractors of the dynamics (10.3.1) (streamlines). The shading refers
to the strength of the multiplicative noise, a(x1, x2), with a dashed line at a(x1, x2) = 0. The markers indicate the initial point ū0, the saddle,
and the final point ūT . (b) Lagrange multiplier µ1(t) adjoint to the optimal noise (solid blue), and first component of the minimiser, x1(t) (dashed
red), with respect to time. The figures are obtained for λ = 5 and tol = 10−4.

strength as shading, with a dashed line marking the points where the noise vanishes. The instanton, as
minimiser of the Freidlin-Wentzell action (10.1.1), for ū0 = u−, ūT = u+ and T = 10, is depicted as solid
line. It is clear that the noise leads the solution against the flow in a nontrivial and curved way because
noise is available solely on the x1-component, nonetheless it uses the deterministic dynamics to approach
the saddle. Once crossing the separatrix at the saddle point, the instanton can relax deterministically into
the opposite stable fixed point. Figure 10.1b shows the functional Lagrange multiplier µ1(t) as a function
of time in blue. In this context, the Lagrange multiplier can be interpreted as the optimal noise driving the
transition. Stochasticity is only needed to perform the uphill portion of the dynamics, up until the saddle is
reached at approximately t = 7. After that, the path relaxes deterministically towards ūT in the proximity to
the saddle, and we have µ1(t) = 0 for t > 7. The x1(t) component is shown in dashed red for comparison.

10.3.2 One-dimensional Allen-Cahn model with boundary additive noise

The second example covers the one-dimensional Allen-Cahn model on an interval X1 = [0, π]. We em-
ploy stochastic forcing through Neumann boundary conditions. Concretely, at x = 0 we consider white
Neumann boundary noise and at x = π we set homogeneous Neumann conditions. For the model

duε(x, t) = (∂2
xu

ε(x, t) + αuε(x, t) − uε(x, t)3)dt,
∂xu

ε(0, t) =
√
εσ0Ẇt,

∂xu
ε(π, t) = 0,

(10.3.2)

with x ∈ X1 and t ≥ 0, we follow the analytic results from [63] to obtain the instanton for the transitions
between the two spatially homogeneous stable fixed points ū0 ≡ −

√
α, ūT ≡

√
α, T = 20, for the choice

α = 1.5 and σ0 = 0.5. The solution of the system is

uε(·, t) = e∆Ntū0 +
∫ t

0
e∆N(t−s)

(
αuε(·, s) − uε(·, s)3

)
ds+ (∆N + Id)

∫ t

0
e∆N(t−s)DdWs,

for any t ≥ 0, where ∆N is the Laplacian with homogeneous Neumann boundary conditions in X1 and W
is a scalar Wiener process. Lastly, D : R → H1 satisfies

D(c1)(x) = −cosh(π − x)
sinh(π) c1
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for any c1 ∈ R. We also denote as D∗ : H1 → R the operator

D∗(φ) = − 1
sinh(π)

∫ π

0
cosh(π − x)φ(x)dx

for any φ ∈ H1. It follows that the covariance operator is

a = (∆N + 1)DD∗ (∆N + 1) .

x

t
(a) Instanton of (10.3.2) connecting

two flat stable states through
boundary noise

t
(b) Noise exerted on an extreme of
X1 to induce the rare transition on

the entire domain of (10.3.2)

Fig. 10.2 (a) Instanton for the transition between ū0 ≡ −
√
α to ūT ≡

√
α with random Neumann boundary condition at x = 0. First, the noise

drags the solution towards the saddle by generating an influx at x = 0. After reaching a saddle, at approximately t = 15, the trajectory relaxes
deterministically into the other stable solution ūT ≡

√
α. (b) The effect of the optimal noise is described by the Lagrange multiplier µ0(t), which

only acts on the portion before reaching the saddle. The results are obtained for λ = 200, F = Id and tol = 10−3.

This is all the information needed to compute the large deviation minimiser for the boundary-noise in-
duced transition between ū0 and ūT . Figure 10.2a displays the instanton ϕ in space and time: starting
at ū0 ≡ −

√
α, the stochastic forcing generates an influx at x = 0 that is just enough to push the system

towards the saddle configuration at approximately t = 15. In Figure 10.2b, we see the Lagrange multiplier
µ0(t) associated with the noise exerted on the solution on x = 0. The optimal noise is concentrated close
to t = 0 and is approximately zero on the “downhill” portion for 15 < t ≤ T , as expected.

10.3.3 Spike merging in Gierer-Meinhardt model with degenerate multiplicative noise

The reaction-diffusion Gierer-Meinhardt model [200] finds applications in biology, such as in the pattern
formation of stripes on seashells. We consider the one-dimensional version on the interval X1 = [0, 1] with
homogeneous Neumann boundary conditions, duε =

(
dA

dH

)
=
(

d2
A∂

2
xA−A+ A2

H
1
τ

(
dH∂

2
xH −H +A2)

)
dt+

√
εσ0

(
0
H

)
dWt,

∂xA(0, t) = ∂xA(1, t) = ∂xH(0, t) = ∂xH(1, t) = 0,
(10.3.3)

for t ≥ 0. The Gierer-Meinhardt model is known to display steady solutions characterised by spikes on the
variables A ≥ 0, the so-called “activator”, and H ≥ 0, the “inhibitor”. The number of spikes present in a
stable solution depends on the diffusivity constants dA, dH > 0. Moreover, the stability of the flat solution
A = H ≡ 1, depends on the timescale τ > 0. We are interested in the effect of noise-induced spike
merging, i.e., the stochasticity transforming a pair of spikes into a single spike. Following [4, 124, 205],
we consider the effect of degenerate multiplicative noise that forces the component H only, leaving A to
act solely under the influence of H . In the figures to follow, we display the instanton that describes the
merge of two spikes in time interval [0, T ] = [0, 200] and for dA = 0.06, dH = 0.04, τ = 0.5 and σ0 = 0.5.
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In Figure 10.3a, we display the initial conditions ū0 with light colours, and the final conditions ūT in dark
colours. The steady solutions ū0 and ūT are obtained numerically following [200, Chapter 2.1] and their
stability is proven by [200, Remark 4.4].

x
(a) Initial and final states associated
with the merging of two spikes in the

system (10.3.3)
x

t
(b) Noise forcing,HµH , exerted on

the inhibitor component within the
instanton of (10.3.3)

x

t
(c) Inhibitor component,H, within
the instanton of (10.3.3) displaying

the spike merging event

x

t
(d) Activator component,A, within

the instanton of (10.3.3) showing the
spike merging event

Fig. 10.3 (a) Initial (light) and final (dark) conditions of the instanton, transitioning from the stable two-spike configuration to the stable one-spike
configuration. Here, the inhibitor H is depicted in blue, and the activator A in red. (b) Optimal noise HµH on the inhibitor component. The
optimal noise is only needed to transiently move the peaks closer together, so that afterwards, the gap closes deterministically. Panels (c) and
(d) show the inhibitor and activator components of the instanton, respectively. The two components display the merging of the spikes at similar
times. The figures have been obtained with the parameters λ = 20, F = Id and tol = 10−4.

In Figure 10.3a, the forced component H is shown in blue, and the activator A is indicated in red, for
the initial conditions (light colour) and final conditions (dark colour). In Figure 10.3b, the optimal noise
is displayed as HµH , for µH the Lagrange multiplier associated with the differential equation of H . It
is apparent that the noise prioritises shifting the spikes closer together and, afterwards, when a critical
distance is achieved at roughly t = 150, the instanton approaches ūT deterministically. In Figure 10.3c
and in Figure 10.3d, the components H and A are shown, respectively. As the instanton approaches ūT in
a deterministic manner, the merge of the two spikes occurs simultaneously in the inhibitor and the activator
components.

10.3.4 Pulse initiation in FitzHugh-Nagumo model with degenerate additive noise

The reaction-diffusion FitzHugh-Nagumo model is often employed in the simulation of electric impulses
through nerve axons [80, 118]. It displays a behaviour qualitatively similar to the Hodgkin-Huxley model [110],
despite being composed of significantly simpler equations. The reaction-diffusion model on the real line is
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x
(a) Initial and final conditions

associated with pulse initiation in the
system (10.3.4)

x

t
(b) Noise forcing, µU , on the

electric potential component within
the instanton of (10.3.4)

x

t
(c) Electic potential component, U ,
within the instanton showcasing the

pulse initiation event in (10.3.4)

x

t
(d) Recovery variable component,
V , within the instanton indicating the

pulse initiation event in (10.3.4)

Fig. 10.4 (a) The initial, ū0, and final, ūT , conditions in light and dark lines, respectively. The forced component, U , is displayed in blue, and V
is indicated in red. (b) The Lagrange multiplier is shown and indicates the effect of the noise in the pulse initiation. Panels (c) and (d) show the
pulse initiation on the U and V components, respectively. The figures are obtained for parameters λ = 0.5 and tol = 5 10−4 and with periodic
boundary conditions. The filter on the final condition is F = Id.

characterised by travelling pulse solutions, whose properties have been extensively studied [98, 178]. In
the current subsection, we construct an instanton for the model

duε =

dU

dV

 =

 ν1∂
2
xU + U − U3 − V

ν2∂
2
xV + δ (U − γ1V + γ2)

 dt+
√
εσ0

1

0

 dWt, (10.3.4)

the reaction-diffusion FitzHugh-Nagumo model with additive noise on variable U , following the example
of [79]. We associate the component U to the electric potential and V with a recovery variable. The
instanton describes the noise-induced initiation of a pulse, a well-studied event [116]. Note that in (10.3.4),
only the electric potential is subject to additive Gaussian stochastic noise, while the recovery variable is left
unforced. The parameters are set as T = 60, ν1 = 1, ν2 = 0.1, δ = 0.08, γ1 = 0.8, γ2 = 0.7 and σ0 = 0.5.
The spatially homogeneous initial condition ū0 ≈ (−1.19941,−0.62426)T (absence of a pulse) and final
condition ūT (pulse present) are chosen from [26, Example 2.4]. They are displayed in Figure 10.4a in light
and dark lines, respectively. The forced component U is indicated in blue, and the term V is shown in red.
The stability of ū0 can be easily computed, and the stability of the travelling wave of frame ūT is obtained
in [26, Example 3.7]. In Figure 10.4b, the Lagrange multiplier, µU , associated with the first equation in the
model, is displayed. The noise provides first a small negative push to the flat solution ū0 in a concentrated
region and, secondly, initiates the pulse through an input of larger magnitude. Then, it directs the pulse
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in the same direction along which ūT travels. In fact, the travelling wave mirrored in space to the pulse
associated with ūT is also a stable solution of the system. Lastly, the instanton converges deterministically
to ūT . In Figure 10.4c and in Figure 10.4d, the perturbed component U and the component V are shown
in contour plots, respectively. The creation of the pulse appears to be close to simultaneous in the terms.
Furthermore, the negative bell in the tail of the pulse in the term U arises in a deterministic manner.
Note that the pulse solution is only a fixed point in a reference frame of its movement speed, while our
equations are defined in the stationary reference frame. For this reason, the instanton, as a solution to
the optimisation problem, automatically initiates the pulse at a sufficient distance to allow it to travel to its
pre-chosen endpoint.

10.3.5 Puff splitting in Barkley model with degenerate multiplicative noise

As the final, and from a numerical perspective, most complex example, we take the Barkley model for the
evolution of turbulent puffs in pipe flow. It is defined by coupled SPDEs on the real line with degenerate
multiplicative noise,

duε=

dq

dv

=

dq∂2
xq + ξ2∂xq + q

(
v + r − 1 − (r + δ)(q − 1)2)

(−ξ1 + ξ2) ∂xv + ε1(1 − v) − ε2vq

 dt+
√
εσ0

q
0

 dWt. (10.3.5)

The system describes the evolution of turbulence in shear flows through a long pipe [12], extended in x-
direction. The variable q ≥ 0 indicates the turbulent kinetic energy, as difference of the transverse velocity
components to the laminar background profile. The variable v in turn describes the centerline velocity. The
model is normalised such that the centerline velocity is 0 in the presence of strong turbulence, and 1 for
the laminar flow. The parameters ε1 > 0 and ε2 > 0 define the attractivity of such states. Furthermore,
the real parameters ξ1 and ξ2 indicate the advection velocity in v and define the moving reference frame,
respectively. The variable r > 0 represents the fluid Reynolds number. Phenomenologically, this model
always allows for the spatially homogeneous laminar flow (q, v) = (0, 1) to be stable at any Reynolds num-
ber, representing the fact that in transitional pipe flow the laminar solution of the Navier-Stokes equation
remains linearly stable. The stochastic forcing models the chaotic nature of turbulent flow, and is hence
chosen to act on q only, and proportional to q itself. Consequently, the laminar solution exhibits no noise at
all and is hence an absorbing state. At sufficiently high Reynolds numbers, the system additionally exhibits
turbulent puff solutions in the form of localised travelling packets with q > 0, similarly to what occurs in
actual pipe flow. They are long-lived in nature and linearly stable in the model. Crucially, stochasticity
may force the turbulent puff to either decay into laminar flow, or alternatively, split into two independent,
separated turbulent puffs. Above a critical Reynolds number rc, puff splitting dominates puff decay, and
turbulence proliferates in the pipe [12, 13, 91].

Our aim is to capture the puff splitting process [87] by computing the split instanton, the noise-induced
transition from a single puff into two. Here, the noise generates a second puff splitting off from an existing
one, on the interval [0, 150] with periodic boundary conditions. Note that, in contrast to the model in
Subsection 10.3.4, a puff cannot be created in a completely laminar region, since there the stochastic
forcing is necessarily identically zero. This makes this model particularly difficult to handle, as the noise is
not only inactive on the whole v-field, but dynamically inactive for q in most of the domain as well.
The parameters are taken as dq = 0.5, r = 0.6, δ = 0.1 and σ0 = 0.5. In order to describe the centerline
velocity, we have chosen the values ε1 = 0.1 and ε2 = 0.2. Lastly, the parameters ξ1 = ξ2 = 0.8 refer
to the advection speed and the moving reference frame. The Barkley model is considered with the initial
condition ū0, at time t = 0, which is a puff obtained as a converging solution from an initial bell-shaped
state. The initial condition is shown in Figure 10.5a in a light blue line for the perturbed component q
and a light red line for v. The final condition is obtained as follows. We label the single puff states as
ūs

70 = (qs
70, v

s
70)T the state at t = 70 and as ūs

T the state at t = T = 100. We define as Rc the rotation
operator with a shift of value c in the right direction on the interval [0, 150] with periodic boundary conditions.
To construct the double puff state ūT = ūd

T , we observe again the Barkley model with new initial conditions
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x
(a) Initial and final states associated

a puff splitting event in (10.3.5),
highlighting the filtered region

x

t
(b) Noise forcing, qµq , exerted on
the turbulence component of the
instanton in the system (10.3.5)

x

t
(c) Turbulence component, q, within
the instanton associated to the puff

splitting event in (10.3.5)

x

t
(d) Centerline velocity, v, within the
instanton capturing the puff splitting

event in (10.3.5)

Fig. 10.5 (a) The initial, light, and final, dark, conditions of the instanton. The enforced final condition, on XF = [50, 70], is shown in dashed
green. The blue lines are associated with the forced component q and the red lines to v. The state ū0 is a state of a stable travelling wave of the
model , whereas ūT is not the frame of a travelling wave. Panel (b) displays qµq , which indicates the optimal noise that defines the instanton.
Figures (c) and (d) show the puff-splitting event for the components q and v, respectively. The figures are obtained for parameters λ = 200 and
tol = 10−2.

ūd
70 =

(
qd

70, v
d
70
)T =

(
qs

70 + R 150
7
qs

70, v
s
70 + R 150

7
vs

70 − 1
)T

at t = 70. The final condition ūd
T is defined as

the state of the solution of the system at time t = T . Its shape corresponds to a leading and a second
well-separated trailing puff, as shown in Figure 10.5a in dark lines. The component q is shown in blue, and
v is indicated in red. The state ūd

70 is chosen to obtain a realistic sustainable double puff state in ūT = ūd
T .

Furthermore, at time T = 100, the position of the higher puff in ūd
T is qualitatively similar to the location of

the puff shown in the state ūs
T on the interval with periodic boundary conditions. A filter is chosen in order

to capture the shape of the second puff in ūT . Therefore, we choose F = 1XF , the multiplication operator
for the indicator function with support on XF = [50, 70]. The dashed green lines indicate the enforced
structure in the penalty method.

In Figure 10.5b, the optimal noise is described by qµq, for µq that indicates the Lagrange multiplier for the
first differential equation in the system. The conjugate variable can be interpreted to cause the following:
first, it elongates the tail of the original puff into a wider object; second, for t ∈ [40, 60], it generates
a laminar gap to cut the elongated puff into two, deep enough to result in a split; afterward, weak final
stochastic adjustments are made to meet the final locations of the two puffs. The adjustments are further
justified by the fact that ūT is not the frame of a steady travelling wave. The instanton describing a puff
splitting event is shown in Figure 10.5c and in Figure 10.5d, which display the components q and v,
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respectively, in contour plots. Similarly to the previous examples, the splitting event appears to happen
simultaneously on both terms, despite the degeneracy of the noise.

10.4 Summary

We introduce a method to compute instantons, large deviations minimisers, for metastable SPDEs in
the presence of degenerate noise. We demonstrate the applicability of the method for various example
problems of increasing complexity, culminating in the computation of the turbulent puff splitting instanton in
the Barkley model, a system that describes the behaviour of regions of turbulence in a long pipe. Further
applications of the algorithm are spike merging in the Gierer-Meinhardt model, with multiplicative noise
on the inhibitor component, and pulse creation in the FitzHugh-Nagumo model, with additive noise on the
electric potential component. The implementation of the algorithm enables the construction of the most
likely paths under degenerate noise and boundary noise.





175

11 Conclusion and Outlook

The main topic of this thesis is the construction and development of early-warning signs for abrupt tran-
sitions. It focuses on the analytic and numerical study of fast-slow SPDE models, to incorporate minor
perturbations as noise terms and spatial dissipation through the deterministic component. Such trends
align with various phenomena in climate science, which is the principal application of this work. In order to
predict tipping phenomena, we track a critical manifold, following a stable solution under the change of a
critical parameter. As the state loses stability, we discuss the approach to such a threshold, which corre-
sponds to a codimension-1 bifurcation. This dissertation includes two main parts, distinguishing between
the study of bifurcation-induced tipping and noise-induced tipping. Nonetheless, as discussed in the Intro-
duction (Chapter 1), such concepts are entwined and sometimes equated in applications. Consequently,
the results discussed in each part are relevant to both types of tipping.

The first part extends well-known signals on box models to SPDEs with additive noise. These capture
the critical slowing down effect, descriptive of the approach to a bifurcation threshold. To construct such
observables, we rely on the linearisation of the model and study the fast subsystem. This is justified by
the assumption that trajectories stay close to the slow manifold of a stable solution of the deterministic
model and that the slow component is almost stationary (approximated by a parameter) in comparison
with the fast variable. The most studied early-warning signal throughout the part is the time-asymptotic
(auto)covariance. We describe the rate of divergence of the observable for the linearised system with
purely discrete spectrum and how it is affected by the nature of the additive Gaussian noise. Through the
study of a space-heterogeneous Chafee-Infante equation, we find sufficient assumptions for the construc-
tion of the signal in the case of a Q-Wiener process that does not share all eigenfunctions with the linear
drift operator. Such a hyperbolic rate resembles standard results in SDEs but relies on strong assumptions
about the model. In order to describe the applicability of such an instrument, we test it on cases in which it
exhibits different behaviour. We address first the case of the linear drift operator characterised by a purely
continuous spectrum. By the employment of a tool operator, we describe the rate of the signal in the case
of analytic multiplication operators in the drift for multidimensional domains. We then extend the results
to applied models through the use of Fourier transforms. Under such spectral assumptions, we observe
a hindered scaling law of the signal and, in some instances, a complete silencing of the early-warning
sign. Secondly, we consider models with a linear drift operator with purely generalised discrete spec-
trum. In such a case, the rate of divergence of the observable is enhanced depending on the algebraic
multiplicity of the most sensitive eigenvalue. In conclusion, such an early-warning sign requires a deep
understanding of the drift operator of the corresponding model in order to be properly applied. Throughout
the analysis, we have enforced different parameters, such as the noise intensity, to be constant. In case
this assumption is not fulfilled, the scaling law would be further affected by the noise intensity. The risk of
addressing false early-warning signals depends on the reliability of the model and on the observation of
the correct phenomenon. Equivalent rates of divergence are obtained under the assumption of red Gaus-
sian noise, as suggested by Hasselmann’s paradigm. Furthermore, the case of a generalised discrete
spectrum has been extended to the assumption of boundary noise. Such a result has been applied to a
Boussinesq model to predict the approach to two different bifurcation thresholds, while underscoring the
need in applications for ensuring the fulfilment of analytic assumptions through numerical approaches.

A recurring problem in the observation of real climate observations is missing data. In the case of SPDEs,
the knowledge of a trajectory in certain regions of the domain can be collected through the projection
on functions with corresponding support. In this thesis, we find that the highest scaling law of the time-
asymptotic (auto)covariance is observed along a large family of functions in the case of non-degenerate
noise. Therefore, an increase in variance can be registered without prior knowledge of the eigenfunctions



176

of the drift operator. Such a property is not shared by the exponential growth of the autocovariance, which
is another standard early-warning sign in SDEs. In fact, it needs to be observed along the most sensible
simple eigenfunction, if existent, to assume an equivalent growth.
The linearisation of the original model is a reliable technique for a critical parameter that is distant from the
bifurcation threshold. As such, the discussed early-warning signs are less valid in their proximity. Further-
more, in the case of small gaps between the most sensible eigenvalues, such as the case of the Laplace
operator in large domains, the growth of the observable can be delayed. In addition, in multistable sys-
tems, the trajectory can escape the basin of attraction in finite time and the variance would not be correctly
estimated through ergodic theory. While the finite-time Lyapunov exponents require shorter trajectory in-
tervals than other observables, in the space-heterogeneous stochastic Chafee-Infante equation its peak
value changes sign at a supercritical pitchfork bifurcation, serving as an early-warning signal. The rate of
convergence to zero is reciprocal to that displayed by the time-asymptotic variance. In fact, both methods
rely on a Frechét derivative and are therefore deeply connected. Nonetheless, the latest observable is
computed through the derivation of the unique (singleton) random attractor, a stochastic object.

In conclusion, the reliability of early-warning signs for B-tipping depends on the properties of the model and
on the insights provided by the trajectory. Furthermore, their validity is hindered by the multistability of the
system and the possibility of a noise-driven transition prior to the bifurcation crossing. In such instances,
early-warning signs for N-tipping aim to capture the probability of a jump in a given timescale and the
nature of the corresponding phenomenon. In this thesis, we obtain estimates of the probability of exit from
a neighbourhood of a stable steady state for the non-autonomous space-heterogeneous Chafee-Infante
equation and a band-free plane Couette flow model with multiplicative noise. The first is achieved through
an analytic Galerkin method and a Bernstein-type inequality. From such an upper bound, further moment
estimates are computed. The second estimation is obtained through martingale properties of the solution
and Jensen-type inequalities. In alignment with Hasselmann’s paradigm, we extended the last results to
different types of red Gaussian noise.
In order to study the steps that describe a rare event transition forced by weak noise, we employ numerical
techniques that rely on large deviation theory and the Hamiltonian perspective. The instanton, which is the
most likely path that indicates a rare phenomenon, is obtained via the state adjoint method by minimising
a cost functional comprising a weighted action, a Hamiltonian constraint, and a penalty enforcing the
desired final state. The numerical iterative method has been applied to models in biology, medicine, and
fluid mechanics. The resulting trajectory describes the natural response of the deterministic system to
the noise perturbation; the algorithm also provides further insight into the most sensitive stages of the
transition and the noise realisation that drives the instanton.

Overall, we have described and extended the use of early-warning signs to SPDEs. Controversially, most
signals for B-tipping are more relevant far from the bifurcation thresholds, whereas those related to N-
tipping find more use in its proximity. While an exceptional research topic would be the development of
methods that capture the structure of geometric early-warning signs, such as the quasipotential or the
committor function, another promising further step in research would be a score function for the reliability
of a signal. Novel directions can be the construction of signals for SPDEs and B-tipping under different
noise assumptions, such as multiplicative noise and Lévy additive noise. The estimation of the probability
of critical transitions is also currently case-dependent. While improvement on their computation is useful,
the description of general approaches that are applicable to a wide family of SPDEs would find broader
applications. Finally, the numerical estimation of metastable transitions benefits from the incorporation of
machine learning techniques in the search for geometric early-warning signs. Iterative algorithms to com-
pute the committor function [51] and the instanton [119, 120] are showing promising results.
While the employment of the observables requires deep knowledge of the models, the field is ever-
expanding. The contribution of this thesis lies in advancing the theoretical and numerical understanding of
early-warning signals within complex systems, as well as demonstrating their applicability across a range
of model scenarios. By refining detection techniques and providing insights into the conditions under which
early-warning signals are most reliable, this work supports more effective forecasting of critical transitions
in both climate and engineered systems.
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Appendices

The following appendices are extracted from publications by the author. In detail, Appendix A, Appendix B
and Appendix C result from [23]. Among them, Appendix A provides an asymptotic spectral comparison
between the Laplacian and a family of Schrödinger operators, addressing the synchronisation of their
eigenfunctions in an L∞-norm and Appendix B includes a lemma for the W1,2-continuity of the solution
of a space-heterogeneous SPDE. Moreover, Appendix D and Appendix E include the proofs of Theorem
4.2.5 and Theorem 4.2.7, respectively. Such theorems employ Appendix F, which describes a scaling law
in Chapter 4 and [21]. Lastly, Appendix G illustrates the SPDEs discussed in Chapter 9 and [24] in Itô
sense.

A Appendix: Properties of the Schrödinger operator

The Schrödinger operator A := ∆ − g inherits important properties from the Laplacian operator under
the assumption of Dirichlet boundary conditions and g ∈ L∞(X1) almost-everywhere positive. Firstly, the
system {

Au = −w
u(·, t)|X0

= 0, ∀t ≥ 0
(A.1)

admits unique weak solutions in W1,2(X1) for any w ∈ H1. In fact, they satisfy

⟨(−A)u, v⟩ = ⟨∇u,∇v⟩ + ⟨u, gv⟩ = ⟨w, v⟩, ∀v ∈ W1,2(X1).

From the Poincaré Inequality, there exist c, c′ > 0 so that

||v||2W1,2(X1) = −⟨v,∆v⟩ ≤ −⟨v,∆v⟩ + ⟨v, gv⟩ = −⟨v,Av⟩ =: ||v||A

≤||v||2W1,2(X1) + ||g||∞||v||2W1,2(X1) ≤ c
(

||v||2W1,2(X1) + ||v||2W1,2(X1)

)
≤ c′||v||W1,2(X1)

for any v ∈ W1,2(X1). Therefore, the spaces W1,2(X1) = D((−∆)
1
2 ) and D((−A)

1
2 ) are the same in the

sense that the norms on which they are defined are equivalent.
The existence and uniqueness of the weak solutions of (A.1) are implied by the fact that the map

v 7→ ⟨w, v⟩ = ⟨(−A)u, v⟩

is continuous in W1,2(X1) with norm ||·||A:

|⟨w, v⟩| ≤ ||w|| ||v|| ≤ c||w|| ||v||W1,2(X1) ≤ c||w|| ||v||A, (A.2)

for a constant c > 0. We can then use Riesz Theorem [36] to assert that there exists a unique u ∈ W1,2(X1)
that satisfies

⟨∇u,∇v⟩ + ⟨u, gv⟩ = ⟨w, v⟩

for any v ∈ W1,2(X1). Defining the inverse of −A, the operator (−A)−1 : H1 → W1,2(X1), we have shown
that the system (A.1) admits an unique solution (−A)−1w = u ∈ W1,2(X1) for any w ∈ H1. From the
Rellich-Kondrachov Theorem [81] and the fact that (−A)−1 : H1 → H1 is a self-adjoint compact operator,
its eigenfunctions form a basis in H1. Moreover, since (−A)−1 is the inverse of A, they share the same
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eigenfunctions {ek}k∈N>0 . We label as ek the eigenfunction of (−A)−1 corresponding to the eigenvalue
ηk for any k ∈ N>0 and we set {ηk}k∈N>0 to be a decreasing sequence. From

⟨∇(−A)−1w,∇v⟩ + ⟨(−A)−1w, gv⟩ = ⟨w, v⟩,

by taking v, w = ek ∈ W1,2(X1) for any k ∈ N>0 we obtain

ηk

(
⟨∇ek,∇ek⟩ + ⟨ek, g ek⟩

)
= ⟨ek, ek⟩

and, therefore, ηk is strictly positive. By construction, we have proven that the eigenvalues of A, the family
{λk}k∈N>0 , are strictly negative.

An in-depth description of the asymptotic behaviour of the eigenfunctions and eigenvalues of A can be
found in [173, Theorem 2.4]. In order to address it, we consider

{
λ′
k, e

′
k

}
k∈N>0

that define the spectral
decomposition of ∆ as described in Chapter 3. Then, the rate∣∣∣λk − λ′

k +
∫ L

0
g(x)dx

∣∣∣2 +
∣∣∣∣∣∣ek − e′

k

∣∣∣∣∣∣
∞

+ 1
k

∣∣∣∣∣∣ d
dx
ek − d

dx
e′
k

∣∣∣∣∣∣
∞

= O
(1
k

)
(A.3)

indicates that, for high indexes k, the influence of the heterogeneity on space induced by g on the respec-
tive modes becomes less relevant and A behaves similarly to ∆ −

∫ L
0 g(x)dx along such directions.

Lastly, another important property of A is λk < λk+1 for k ∈ N>0, i.e., the eigenvalues are simple ([173,
Theorem 2.2]).

B Appendix: Operator theory

In the current appendix, we consider methods and results by [65] and definitions from [78]. Our goal is to
show the continuity in W1,2(X1) of the mild solution of (3.0.1). It addresses the assumption of synchro-
nisation of the spectrum of the linear drift operator with the covariance operator. Such a case provides a
generalisation to the systems perturbed by additive noise in [65, Chapter 5].
We note that the Schrödinger operator A = ∆ − g generates by the Hille-Yosida Theorem 2.1.2 a C0-
semigroup on H1. Such a property is employed in the following lemma, which is a generalisation of [65,
Lemma 5.19].

Lemma B.1. Set d0 ∈ N>0 and d1 ∈ N. Assume that there exists {ρj2j1}j1,j2∈N>0 ⊂ [0, 1], a dual indexed
sequence, such that the eigenfunctions {bj}j∈N>0 and the eigenvalues {ζj}j∈N>0 of Q satisfy the following
properties:

(B1) for all 0 < j2 ≤ d0, bj2 =
∑

j1≤d0

ρj2j1e
′
j1

;

(B2) for all d0 < j2, bj2 =
∑

{|j1−j2|≤d1,j1>d0}
ρj2j1e

′
j1

;

(B3) there exists γ > 0 for which
∞∑
j=1

ζj(−λ′
j+d1

)γ < +∞.

Then, for

w∆(x, t) :=
∞∑
k=1

√
ζk

∞∑
n=1

ρkne
′
n(x)

∫ t

0
e−λ′

n(t−t1)dβk(t1), (B.1)

for t ≥ 0, x ∈ [0, L] and {βk}k∈N>0 a family of independent Wiener processes, the following estimations
hold: there exists C1 > 0 such that

E|∇(w∆(x, t) − w∆(x′, t))|2 ≤ C1|x− x′|2, (B.2)
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E|∇(w∆(x, t) − w∆(x, t′))|2 ≤ C1|t− t′|2, (B.3)

for all t, t′ ≥ 0 and for all x, x′ ∈ [0, L].

Proof. For simplicity, we define {λ′
−j}j∈N as λ−j := λ1 for any j ∈ N. Before proving the well-posedness

of ∇w∆(·, t) in L2(Ω,F ,P; H1) for any t > 0, we introduce tools that are employed further in the proof.
First is the existence of C > 0 for which |e′

k(x)| ≤ C and |∇e′
k(x)| ≤ C

√
−λ′

k for all x ∈ [0, L] and
k ∈ N>0. Another useful tool is the fact that

∑∞
j=1 ζj(−λ′

j+d1
)γ < +∞ implies, for monotonicity and order

of divergence of λ′
k in respect to k, that

∞∑
j=1

ζj(−λ′
j+d1

)ϵ < +∞ for any ϵ ≤ γ.

We now prove that the outer series that defines ∇w∆(·, t) converges in L2(Ω,F ,P; H1) for any t > 0. In
order to achieve that, we use 0 ≤ ρj2j1 ≤ 1 for all j1, j2 and Ito’s isometry:

E

∣∣∣∣∣
k2∑

k=k1

√
ζk

∞∑
n=1

ρkn∇e′
n(x)

∫ t

0
eλ

′
n(t−t1)dβk(t1)

∣∣∣∣∣
2

≤C2
k2∑

k=k1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

∫ t

0
e(λ′

n+λ′
m)(t−t1)dt1

= − C2
k2∑

k=k1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

λ′
n + λ′

m

≤ − C2

 d0∑
k=k1

ζk
∑

n,m≤d0

√
−λ′

n

√
−λ′

m

λ′
n + λ′

m

+
k2∑

k=d0+1
ζk

∑
|n−k|≤d1,|m−k|≤d1

√
−λ′

n

√
−λ′

m

λ′
n + λ′

m


≤C2

 d0∑
k=k1

ζkd
2
0
λ′
d0

2λ′
1

+
k2∑

k=d0+1
ζk(2d1 + 1)2 λ

′
k+d1

2λ′
k−d1

 ≤ C2

2λ′
1

min
j∈{d0,1+2d1}

{λ′
jj

2}
∞∑
k=1

ζk < ∞,

which holds for the definition of {λ′
j}j . The proof for the estimate (B.2) is the following:

E|∇(w∆(x, t) − w∆(x′, t))|2

≤
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m|e′′
n(x) − e′′

n(x′)||e′′
m(x) − e′′

m(x′)|
∫ t

0
e(λ′

n+λ′
m)(t−t1)dt1,

by defining e′′
k(x) =

√
2
L

cos
(πk
L
x
)

, for all k ∈ N>0 and x ∈ X1. Since |∇e′′
k(x)| ≤ C

√
−λ′

k, we can

obtain through Lagrange’s theorem

|e′′
k(x) − e′′

k(x′)| ≤ 21−2ϵC(−λ′
k)ϵ|x− x′|2ϵ, (B.4)

for all x, x′ ∈ [0, L], ϵ ≤ 1
2 and k ∈ N>0. In particular, (B.4) holds for ϵ = γ

4 . Then,

E|∇(w∆(x, t) − w∆(x′, t))|2 ≤ −22−γC2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|(−λ
′
n)

2+γ
4 (−λ′

m)
2+γ

4

λ′
n + λ′

m

|x− x′|γ

≤ − 22−γC2
(
d2

0

d0∑
k=1

ζk
(−λ′

d0
)1+ γ

2

2λ′
1

+ (1 + 2d1)2
∞∑

k=d0+1
ζk

(−λ′
k+d1

)1+ γ
2

2λ′
k−d1

)
|x− x′|γ

≤21−γC
2

λ′
1

min
j∈{d0,1+2d1}

{λ′
jj

2}
( d0∑
k=1

ζk(−λ′
d0)

γ
2 +

∞∑
k=d0+1

ζk(−λ′
k+d1)

γ
2

)
|x− x′|γ .
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For t > t′ > 0, the inequality (B.3) is the result of

E|∇(w∆(x, t) − w∆(x, t′))|2

≤C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

(∫ t

t′
e(λ′

n+λ′
m)(t−t1)dt1

+
∫ t′

0
|eλ′

n(t−t1) − eλ
′
n(t′−t1)||eλ′

m(t−t1) − eλ
′
m(t′−t1)|dt1

)
.

The first term is controlled as follows:

C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

∫ t

t′
e(λ′

n+λ′
m)(t−t1)dt1

= − C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

λ′
n + λ′

m

(
1 − e(λ′

n+λ′
m)(t−t′)

)
and, by the fact that for all ϵ ∈ [0, 1] there exists a cϵ > 0 that satisfies |e−t − e−t′ | ≤ cϵ|t − t′|ϵ for all
t, t′ ≥ 0,

C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

∫ t

t′
e(λ′

n+λ′
m)(t−t1)dt1

≤ cγC
2

∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

(−λ′
n − λ′

m)1−γ |t− t′|γ

≤ cγ
C2

2λ′
1

min
j∈{d0,1+2d1}

{λ′
j}

(
d0∑
k=1

ζk
∑

n,m≤d0

(−λ′
n − λ′

m)γ +
∞∑

k=d0+1
ζk

∑
|n−k|≤d1,|m−k|≤d1

(−λ′
n − λ′

m)γ
)

|t− t′|γ

≤ cγ
2γ−1C2

λ′
1

min
j∈{d0,1+2d1}

{λ′
jj

2}

(
d0∑
k=1

ζk(−λ′
d0)γ +

∞∑
k=d0+1

ζk(−λ′
k+d1)γ

)
|t− t′|γ .

The second term is studied similarly:

C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

∫ t′

0

(
eλ

′
n(t−t1) − eλ

′
n(t′−t1))(eλ′

m(t−t1) − eλ
′
m(t′−t1))dt1

≤C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

×
∫ t′

0

(
eλ

′
n(t−t1)−λ′

m(t−t1) − eλ
′
n(t′−t1)+λ′

m(t−t1)

− eλ
′
n(t−t1)+λ′

m(t′−t1) + eλ
′
n(t′−t1)+λ′

m(t′−t1)
)

dt1

= − C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

λ′
n + λ′

m

×
(

eλ
′
nt−λ′

nt
′+λ′

mt−λ′
mt

′ − eλ
′
nt+λ′

mt − eλ
′
mt−λ′

mt
′ + eλ

′
nt

′+λ′
mt

− eλ
′
nt−λ′

nt
′ + eλ

′
nt+λ′

mt
′ + 1 − e−λ′

nt
′−λ′

mt
′
)
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≤ − C2
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

λ′
n + λ′

m

×
(

|eλ′
nt−λ′

nt
′+λ′

mt−λ′
mt

′ − eλ
′
mt−λ′

mt
′ | + |1 − eλ

′
nt−λ′

nt
′ |

+ |eλ′
nt+λ′

mt
′ − eλ

′
nt+λ′

mt| + |eλ′
nt

′+λ′
mt − eλ

′
nt

′+λ′
mt

′ |
)

≤ − 2C2cγ |t− t′|γ
∞∑
k=1

ζk
∑
n,m

|ρknρkm|
√

−λ′
n

√
−λ′

m

λ′
n + λ′

m

(
(−λ′

n)
γ
2 + (−λ′

m)
γ
2

)
≤ − 2C2cγ |t− t′|γ

×

(
d0∑
k=1

ζk
∑

n,m≤d0

√
−λ′

n

√
−λ′

m

λ′
n + λ′

m

(
(−λ′

n)
γ
2 + (−λ′

m)
γ
2

)

+
∞∑

k=d0+1
ζk

∑
|n−k|≤d1,|m−k|≤d1

√
−λ′

n

√
−λ′

m

λ′
n + λ′

m

(
(−λ′

n)
γ
2 + (−λ′

m)
γ
2

))

≤cγ
C2

λ′
1

|t− t′|γ min
j∈{d0,1+2d1}

{λ′
jj

2}

(
d0∑
k=1

ζk(−λ′
d0)

γ
2 +

∞∑
k=d0+1

ζk(−λ′
k+d1)

γ
2

)
,

for which the symbol × is used as the product operation for readability.

Having proven the previous lemma, we can use Theorem 2.2.3 to state that w∆, defined in (B.1), admits a
version with continuous paths in W1,2(X1). Through the fact that the Laplacian operator satisfies Theorem
2.1.2, we can imply from [65, Theorem 5.27] that wA : X1 × [0, T ] → L2(Ω,F ,P), defined as

wA(x, t) :=
∞∑
k=1

√
ζk

∞∑
n=1

ρknen(x)
∫ t

0
eλ

′
n(t−t1)dβk(t1), ∀t > 0 and x ∈ X1, (B.5)

admits a version continuous in W1,2(X1) as well. From such results, Theorem 2.2.5 and Theorem 2.2.6
imply the existence and uniqueness of the mild solution of (3.0.1) that is P-almost surely in the space
C([0,+∞); W1,2(X1)) if u0 ∈ W1,2(X1). Finally, Theorem 2.2.6 leads to the existence of a unique mild
solution of (3.0.1),

u ∈ L2(Ω × (0, T ); W1,2(X1)) ∩ L2(Ω,F ,P; C([0, T ]; H1))

for all T > 0.

Remark. In Chapter 3, we use Lemma B.1 for d1 = 0, which is sufficient to guarantee great freedom on
a finite number of eigenfunctions of Q.

The lemma can be generalised in different aspects. In fact, the choice of the space on which the continuity
of the solution of (3.0.1) is sought depends on γ. For instance, under the assumption that −1 < γ < 0,
the continuity of the paths of w∆ in H1 can be proven in an equivalent manner. We note also that, tracking
the same steps of the proof of Lemma B.1, the continuity in W1,2(X1) of wA : X1 × [0, T ] → L2(Ω,F ,P),
defined in (B.5), can be proven in the case in which the properties (B1), (B2) and (B3) were to be assumed
in relation to the eigenfunctions and eigenvalues of A, instead of those of ∆, i.e.,

(B1’) bj2 =
∑

j1≤d0

ρj2j1ej1 , for all 0 < j2 ≤ d0;

(B2’) bj2 =
∑

{|j1−j2|≤d1,j1>d0}
ρj2j1ej1 , for all d0 < j2;

(B3’) there exists γ > 0 for which
∞∑
j=1

ζj(−λj+d1)γ < +∞.



192

This is implied by (A.3). Lastly, assuming instead of the properties (B1) and (B2) the scaling

||ek − bk|| = O
(1
k

)
and Q to be only trace class, then the continuity of wA in Ws,2(X1) can be shown for 0 < s < 1.

C Appendix: Parseval–Plancherel identity on Hilbert spaces

This appendix provides a formal justification for the observation of the trajectories of (3.0.1) and (3.1.1)
along eigenmodes of Laplace operator in Chapter 3. Such a perspective enables the construction of an
early-warning sign for B-tipping. We set the Hilbert space H with basis {ϕj}j∈N>0 , scalar product ⟨·, ·⟩H

and f1, f2 ∈ H. By definition of a basis, we know that the sequences

{
fkn :=

n∑
j=1

⟨fk, ϕj⟩Hϕj

}
n∈N>0

converge strongly in the norm defined by the scalar product, ||·||H, to fk =
∞∑
j=1

⟨fk, ϕj⟩Hϕj , for k ∈ {1, 2}.

It is then well known and easy to prove the following consequence:

|⟨f1
n, f

2
n⟩H − ⟨f1, f2⟩H| ≤ |⟨f1

n − f1, f
2
n⟩H| + |⟨f1, f

2
n − f2⟩H|

≤ ||f1
n − f1||H ||f2

n||H + ||f2
n − f2||H ||f1||H (C.1)

≤ max
{

||f1||H, ||f2||H
}(

||f1
n − f1||H + ||f2

n − f2||H
)

→
n→∞

0.

By definition

⟨f1
n, f

2
n⟩H =

〈 n∑
j1=1

⟨f1, ϕj1⟩Hϕj1 ,

n∑
j2=1

⟨f2, ϕj2⟩Hϕj2

〉
H

=
n∑

j1=1

n∑
j2=1

⟨f1, ϕj1⟩H⟨f2, ϕj2⟩H⟨ϕj1 , ϕj2⟩H =
n∑
j=1

⟨f1, ϕj⟩H⟨f2, ϕj⟩H.

(C.2)

Combining (C.1) and (C.2), we obtain

⟨f1, f2⟩H =
∞∑
j=1

⟨f1, ϕj⟩H⟨f2, ϕj⟩H.

D Appendix: Proof of Theorem 4.2.5

The following proof justifies the description of the scaling law of the upper bound presented in Theorem
4.2.5, and its results are summarised in Table 4.3. The proof is based upon a splitting of the upper bound
into two summands, labelled as A and B, the first of which is studied similarly to the methods employed
in the proof of Theorem 4.1.1.

Proof Theorem 4.2.5. Up to permutation of indices, we assume i2 ≥ i1 ≥ 1 for simplicity. We also set
ε = 1, up to rescaling of the space variable x and subsequently of X1. Lemma 4.2.3 implies for a positive
constant C > 0 that

⟨g, V w
∞g⟩ ≤ 1

C

∫ 1

0

∫ 1

0

1
xi11 x

i2
2 − p

dx2dx1 = −1
Cp

∫ 1

0

∫ 1

0

1(
x1(−p)− 1

2i1

)i1 (
x2(−p)− 1

2i2

)i2
+ 1

dx2dx1.



193

For convenience, we write q = −p > 0. Through integration by substitution with yn := xnq
− 1

2in for
n ∈ {1, 2}, we obtain that

⟨g, V w
∞g⟩ ≤ 1

Cq

∫ 1

0

∫ 1

0

1(
x1q

− 1
2i1

)i1 (
x2q

− 1
2i2

)i2
+ 1

dy2dy1 (D.1)

= 1
C
q

−1+ 1
2

(
1
i1

+ 1
i2

) ∫ q
− 1

2i1

0

∫ q
− 1

2i2

0

1
yi11 y

i2
2 + 1

dy2dy1.

We evaluate the integral by substituting z = 1
y
i1
1 y

i2
2 +1

to get

⟨g, V w
∞g⟩ ≤ 1

C
q

−1+ 1
2

(
1
i1

+ 1
i2

) ∫ q
− 1

2i1

0

∫ q
− 1

2i2

0

1
yi11 y

i2
2 + 1

dy2 dy1

= 1
C
q

−1+ 1
2

(
1
i1

+ 1
i2

)∫ q
− 1

2i1

0

∫ 1

1

y
i1
1 q

− 1
2 +1

zz−2 1
i2

(
1
z

− 1
) 1
i2

−1
y

− i1
i2

1 dz dy1 (D.2)

= 1
C
q

−1+ 1
2

(
1
i1

+ 1
i2

)∫ q
− 1

2i1

0

 q
− 1

2i2

yi11 q
− 1

2 + 1
+
∫ 1

1

y
i1
1 q

− 1
2 +1

(
1
z

− 1
) 1
i2
y

− i1
i2

1 dz

 dy1

= 1
C
q

−1+ 1
2i1

∫ q
− 1

2i1

0

1
yi11 q

− 1
2 + 1

dy1︸ ︷︷ ︸
A

+ 1
C
q

−1+ 1
2

(
1
i1

+ 1
i2

)∫ q
− 1

2i1

0

∫ 1

1

y
i1
1 q

− 1
2 +1

(
1
z

− 1
) 1
i2
y

− i1
i2

1 dz dy1

︸ ︷︷ ︸
B

.

In the following, we first analyse A before evaluating the order of divergence of B. Moreover, the choice
of i1 and i2 dictates the rate of the upper bound, as seen above. Hence, we consider different cases
corresponding to the choice of values of i1 and i2, whose numbering is displayed in Table 4.3.

♢ Scaling law of A in Cases 1 and 3.
Note that the order of A is independent of i2, which simplifies the study of its scaling law. We start

by discussing A for i2 ≥ i1 > 1. Through the substitution y′
1 = y1q

− 1
2i1 , it follows that

A = q
−1+ 1

i1

∫ q
− 1
i1

0

1
y′i1

1 + 1
dy′

1.

As already established in (4.1.6), the integral is converging for p → 0−, and therefore we find a rate
of divergence for the first summand given by

Θp

(
(−p)−1+ 1

i1

)
(D.3)

for p → 0− and i2 ≥ i1 > 1.
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♢ Scaling law of A in Cases 2 and 4.
Next, we consider A assuming that i2 ≥ i1 = 1. Through the same substitutions addressed in the
previous case, we get

A =
∫ q−1

0

1
y′

1 + 1 dy′
1 = log

(
q−1 + 1

)
.

This component diverges for q approaching zero from above. For i2 ≥ i1 = 1, it follows that

Θp

(
log
(
(−p)−1)) = Θp (−log (−p)) (D.4)

is the rate of divergence for p approaching zero from below.

♦ Scaling law of B in Case 1.
We consider the case i2 > i1 > 1. In regard to B, our first goal is to switch integrals for more
convenient computation. Through Fubini’s Theorem, we obtain

B = q
−1+ 1

2

(
1
i1

+ 1
i2

) ∫ 1

1
q−1+1

∫ q
− 1

2i1

( 1
z

−1)
1
i1 q

1
2i1

(
1
z

− 1
) 1
i2
y

− i1
i2

1 dy1 dz

= q
−1+ 1

2

(
1
i1

+ 1
i2

)∫ 1

1
q−1+1

(
1
z

− 1
) 1
i2

 1(
1 − i1

i2

)y− i1
i2

+1
1

q
− 1

2i1

( 1
z

−1)
1
i1 q

1
2i1

dz (D.5)

= q
−1+ 1

2

(
1
i1

+ 1
i2

)
1 − i1

i2

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i2

(
q

1
2i2

− 1
2i1 −

(
1
z

− 1
) 1
i1

− 1
i2
q

1
2i1

− 1
2i2

)
dz

=
(

1 − i1
i2

)−1
(
q

−1+ 1
i2

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i2

dz − q
−1+ 1

i1

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i1

dz

)
.

By substitution with z′ = 1
z − 1, we obtain

B =
(

1 − i1
i2

)−1
(
q

−1+ 1
i2

∫ q−1

0

z
′ 1
i2

(z′ + 1)2 dz′ − q
−1+ 1

i1

∫ q−1

0

z
′ 1
i1

(z′ + 1)2 dz′

)
. (D.6)

Given i2 > i1 > 1, the integrals in (D.6) can be uniformly bounded for any q > 0. Consequently, we
find that the rate of divergence of B is given by

Θp

(
q

−1+ 1
i2

)
− Θp

(
q

−1+ 1
i1

)
= Θp

(
(−p)−1+ 1

i2

)
− Θp

(
(−p)−1+ 1

i1

)
= Θp

(
(−p)−1+ 1

i2

)
as p approaches zero from below. From (D.2), we get the rate of divergence of the upper bound as

Θp

(
(−p)−1+ 1

i1

)
+ Θp

(
(−p)−1+ 1

i2

)
= Θp

(
(−p)−1+ 1

i2

)
,

for i2 > i1 > 1.

♦ Scaling law of B in Case 2.
We suppose now that i2 > i1 = 1. We can follow the steps in the case above, up to (D.6). We then
note that ∫ q−1

0

z′

(z′ + 1)2 dz′ = log
(
q−1 + 1

)
+ 1
q−1 + 1 − 1. (D.7)
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Therefore, we obtain that B diverges with rate

Θp

(
(−p)−1+ 1

i2

)
− Θp

(
log((−p)−1)

)
= Θp

(
(−p)−1+ 1

i2

)
,

for p → 0−. Combining this result with equation (D.4) we obtain for i2 > i1 = 1 an overall rate of
divergence of order

Θp (−log(−p)) + Θp

(
(−p)−1+ 1

i2

)
= Θp

(
(−p)−1+ 1

i2

)
.

♦ Scaling law of B in Case 3.
For the third case we consider B with i2 = i1 = i > 1, for which we get

B = q−1+ 1
i

∫ 1

1
q−1+1

∫ q− 1
2i

( 1
z

−1)
1
i q

1
2i

(
1
z

− 1
) 1
i

y−1
1 dy1 dz

= q−1+ 1
i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

(
log
(
q− 1

2i

)
− log

((
1
z

− 1
) 1
i

q
1
2i

))
dz

= q−1+ 1
i

(
− log(q)

i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz − 1
i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log
(

1
z

− 1
)

dz

)
.

Again, we substitute z′ = 1
z − 1 to get

B = q−1+ 1
i

(
− log(q)

i

∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′ − 1
i

∫ q−1

0

z′ 1
i log(z′)

(z′ + 1)2 dz′

)
. (D.8)

The integrals in (D.8) are uniformly bounded for any q > 0 due to i > 1. Equation (D.8) implies that
B assumes, in this case, rate of divergence

Θp

(
−(−p)−1+ 1

i log(−p)
)

+ Θp

(
(−p)−1+ 1

i

)
= Θp

(
−(−p)−1+ 1

i log(−p)
)

for p → 0−.
From (D.2) and (D.3), we get that the rate of divergence of the upper bound is

Θp

(
(−p)−1+ 1

i

)
+ Θp

(
−(−p)−1+ 1

i log(−p)
)

= Θp

(
−(−p)−1+ 1

i log(−p)
)
.

♦ Scaling law of B in Case 4.
In the last case, we suppose that i2 = i1 = i = 1. Consequently, (D.8) assumes the form

B = −log(q)
∫ q−1

0

z′

(z′ + 1)2 dz′ −
∫ q−1

0

z′log(z′)
(z′ + 1)2 dz′ (D.9)

= −log(q)
(

log(q−1 + 1) + 1
q−1 + 1 − 1

)
−
∫ q−1

0

z′log(z′)
(z′ + 1)2 dz′.

We obtain therefore from (D.9) and (F.3), in Appendix F, that the two leading terms in B diverge
respectively as log2(q) and as −1

2 log2(q). Hence, we know that the divergence of B assumes rate

Θp

(
log2(−p)

)
for p → 0−.
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Combining such a result with the rate of divergence of A in (D.4), we obtain

Θp (−log(−p)) + Θp

(
log2(−p)

)
= Θp

(
log2(−p)

)
for p → 0−,

as an overall upper bound for i2 = i1 = 1.

E Appendix: Proof of Theorem 4.2.7

The subsequent proof validates the description of the rate of divergence of the upper bound discussed in
Theorem 4.2.7. The approach is similar to the one involved in the proof of Theorem 4.2.5 as the upper
bound is split into two summands, called C and D. The first summand is studied similarly to the upper
bound in the stated proof for the two-dimensional case. The scaling laws of the summands are summarised
in Table 4.4.

Proof Theorem 4.2.7. Lemma 4.2.3 implies that

⟨g, V w
∞g⟩ ≤ σ2

2C

∫ ε

0

∫ ε

0

∫ ε

0

1
xi11 x

i2
2 x

i3
3 − p

dx3 dx2 dx1

for a constant C > 0 and any p < 0. As in the two-dimensional case, we employ q = −p > 0 and
we fix ε = 1, up to rescaling of the spatial variable x. Up to permutation of the indices, we consider
i3 ≥ i2 ≥ i1 ≥ 1, thus excluding the cases described in Remark 4.2.4.

We follow a similar computation of the integral as in Theorem 4.2.5. First, we study it in the coordinates
yn = xnq

− 1
3in for all n ∈ {1, 2, 3} and then we substitute y3 with z = 1

y
i1
1 y

i2
2 y

i3
3 +1

to obtain

∫ 1

0

∫ 1

0

∫ 1

0

1
xi11 x

i2
2 x

i3
3 + q

dx3 dx2 dx1

=q−1+ 1
3

(
1
i1

+ 1
i2

+ 1
i3

) ∫ q
− 1

3i1

0

∫ q
− 1

3i2

0

∫ q
− 1

3i3

0

1
yi11 y

i2
2 y

i3
3 + 1

dy3 dy2 dy1

=q−1+ 1
3

(
1
i1

+ 1
i2

+ 1
i3

)∫ q
− 1

3i1

0

∫ q
− 1

3i2

0

∫ 1

1

y
i1
1 y

i2
2 q

− 1
3 +1

zz−2 1
i3

(
1
z

− 1
) 1
i3

−1
y

− i1
i3

1 y
− i2
i3

2 dz dy2 dy1.

Through integration by parts on the inner integral, it follows that∫ 1

0

∫ 1

0

∫ 1

0

1
xi11 x

i2
2 x

i3
3 + q

dx3 dx2 dx1

= q
−1+ 1

3

(
1
i1

+ 1
i2

) ∫ q
− 1

3i1

0

∫ q
− 1

3i2

0

1
yi11 y

i2
2 q

− 1
3 + 1

dy2 dy1︸ ︷︷ ︸
C

(E.1)

+ q
−1+ 1

3

(
1
i1

+ 1
i2

+ 1
i3

)∫ q
− 1

3i1

0

∫ q
− 1

3i2

0

∫ 1

1

y
i1
1 y

i2
2 q

− 1
3 +1

(
1
z

− 1
) 1
i3
y

− i1
i3

1 y
− i2
i3

2 dz dy2 dy1

︸ ︷︷ ︸
D

.
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We study each summand independently as in Theorem 4.2.5. Further, we distinguish between different
choices of values for in for n ∈ {1, 2, 3}. We find the scaling laws of C, D, and the overall upper bound for
each case. The numbering of the cases is reported in Table 4.4.

♢ Scaling law of C in Cases 1 - 8.
We assume i1, i2, i3 > 0. We substitute the variables in the integral with y′

n = ynq
− 1

6in for n ∈ {1, 2}
to have

q
−1+ 1

3

(
1
i1

+ 1
i2

)∫ q
− 1

3i1

0

∫ q
− 1

3i2

0

1(
y1q

− 1
6i1

)i1 (
y2q

− 1
6i2

)i2
+ 1

dy2 dy1

=q−1+ 1
2

(
1
i1

+ 1
i2

) ∫ q
− 1

2i1

0

∫ q
− 1

2i2

0

1
y′i1

1 y′i2
2 + 1

.

We note that this expression is equivalent to the integral given by (D.1), as i3 does not affect such a
rate of divergence. Consequently, we have proven the divergence of C for different choices of i1, i2
and that its corresponding rate is displayed in Table 4.3.

♦ Scaling law of D in Case 1.
Next, we continue analysing the component D of (E.1). First, we assume that i3 > i2 > i1 > 1.
We change the order of integrals through Fubini’s Theorem, placing the integral on z in the outer
position and obtaining

q
−1+ 1

3

(
1
i1

+ 1
i2

+ 1
i3

)∫ q
− 1

3i1

0

∫ q
− 1

3i2

0

∫ 1

1

y
i1
1 y

i2
2 q

− 1
3 +1

(
1
z

− 1
) 1
i3
y

− i1
i3

1 y
− i2
i3

2 dz dy2 dy1 (E.2)

=q−1+ 1
3

(
1
i1

+ 1
i2

+ 1
i3

) ∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

∫ q
− 1

3i2

( 1
z

−1)
1
i2 q

1
3i2 y

− i1
i2

1

(
1
z

− 1
) 1
i3
y

− i1
i3

1 y
− i2
i3

2 dy2 dy1 dz.

Since i3 > i2, it follows that(
− i2
i3

+ 1
)
D

=q−1+ 1
3

(
1
i1

+ 1
i2

+ 1
i3

) ∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

(
1
z

− 1
) 1
i3
y

− i1
i3

1

[
y

− i2
i3

+1
2

]q− 1
3i2

y2=( 1
z

−1)
1
i2 q

1
3i2 y

− i1
i2

1

dy1 dz

= q
−1+ 1

3i1
+ 2

3i3

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i3
∫ q

− 1
3i1

( 1
z

−1)
1
i1 q

2
3i1

y
− i1
i3

1 dy1 dz︸ ︷︷ ︸
D.I

(E.3)

− q
−1+ 1

3i1
+ 2

3i2

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i2
∫ q

− 1
3i1

( 1
z

−1)
1
i1 q

2
3i1

y
− i1
i2

1 dy1 dz︸ ︷︷ ︸
D.II

.
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From i3 > i1, we know that D.I is equal to

(
− i1
i3

+ 1
)−1

(
q

−1+ 1
i3

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i3

dz − q
−1+ 1

i1

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i1

dz

)
(E.4)

=
(

− i1
i3

+ 1
)−1

(
q

−1+ 1
i3

∫ q−1

0

z
′ 1
i3

(z′ + 1)2 dz′︸ ︷︷ ︸
D.I.1

− q
−1+ 1

i1

∫ q−1

0

z
′ 1
i1

(z′ + 1)2 dz′︸ ︷︷ ︸
D.I.2

)
,

with z′ = 1
z − 1. Equivalently, since i2 > i1, the summand D.II is equal to

(
− i1
i2

+ 1
)−1

(
q

−1+ 1
i2

∫ q−1

0

z
′ 1
i2

(z′ + 1)2 dz′︸ ︷︷ ︸
D.II.1

− q
−1+ 1

i1

∫ q−1

0

z
′ 1
i1

(z′ + 1)2 dz′︸ ︷︷ ︸
D.II.2

)
.

For i1, i2, i3 > 1, the integrals in D.I.1, D.I.2, D.II.1 and D.II.2 are uniformly bounded for any q > 0.
Hence, the rate of divergence of D is

Θp

(
(−p)−1+ 1

i3

)
− Θp

(
(−p)−1+ 1

i1

)
− Θp

(
(−p)−1+ 1

i2

)
+ Θp

(
(−p)−1+ 1

i1

)
= Θp

(
(−p)−1+ 1

i3

)
.

Combining the rates of C and D, we prove the divergence, for i3 > i2 > i1 > 1, of the upper bound
with a scaling law

Θp

(
(−p)−1+ 1

i2

)
+ Θp

(
(−p)−1+ 1

i3

)
= Θp

(
(−p)−1+ 1

i3

)
.

♦ Scaling law of D in Case 2.
Next, we consider the case i3 > i2 = i1 = i > 1. We can follow the same argumentation of the
previous case until (E.4) and prove that

D.I =
(

− i

i3
+ 1
)−1(

D.I.1 − D.I.2
)
.

In this case, summand D.II is equal to

q−1+ 1
i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i
∫ q− 1

3i

( 1
z

−1)
1
i q

2
3i
y−1

1 dy1 dz

= − 1
i
q−1+ 1

i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

(
log(q) + log

(
1
z

− 1
))

dz (E.5)

= − 1
i
q−1+ 1

i log(q)
∫ q−1

0

z′ 1
i

(z′ + 1)2 dz︸ ︷︷ ︸
D.II.3

−1
i
q−1+ 1

i

∫ q−1

0

z′ 1
i log(z′)

(z′ + 1)2 dz︸ ︷︷ ︸
D.II.4

.

The integrals in D.II.3 and D.II.4 are uniformly bounded for any q > 0, therefore the rate of diver-
gence of D.II is Θp

(
−(−p)1+ 1

i log(−p)
)

. The rate assumed by D is

Θp

(
(−p)−1+ 1

i3

)
− Θp

(
−(−p)−1+ 1

i log(−p)
)

= Θp

(
(−p)−1+ 1

i3

)
.

Overall, we find the rate of the upper bound in the case i3 > i2 = i1 > 1 to be

Θp

(
−(−p)−1+ 1

i2 log(−p)
)

+ Θp

(
(−p)−1+ 1

i3

)
= Θp

(
(−p)−1+ 1

i3

)
.
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♦ Scaling law of D in Case 3.
Next, we consider the case i3 = i2 > i1 > 1. We observe again equation (E.2) and label i3 = i2 = i
to obtain that

q
−1+ 1

3

(
1
i1

+ 2
i

) ∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

∫ q− 1
3i

( 1
z

−1)
1
i q

1
3i y

− i1
i

1

(
1
z

− 1
) 1
i

y
− i1

i
1 y−1

2 dy2 dy1 dz

=q−1+ 1
3

(
1
i1

+ 2
i

)
log
(
q− 1

3i

)∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

(
1
z

− 1
) 1
i

y
− i1

i
1 dy1 dz

− q
−1+ 1

3

(
1
i1

+ 2
i

) ∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

(
1
z

− 1
) 1
i

y
− i1

i
1 log

((
1
z

− 1
) 1
i

q
1
3i y

− i1
i

1

)
dy1 dz

= − 2
3i q

−1+ 1
3

(
1
i1

+ 2
i

)
log (q)

∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

(
1
z

− 1
) 1
i

y
− i1

i
1 dy1 dz︸ ︷︷ ︸

D.III

(E.6)

− 1
i
q

−1+ 1
3

(
1
i1

+ 2
i

) ∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

(
1
z

− 1
) 1
i

log
(

1
z

− 1
)
y

− i1
i

1 dy1 dz︸ ︷︷ ︸
D.IV

+ i1
i
q

−1+ 1
3

(
1
i1

+ 2
i

) ∫ 1

1
q−1+1

∫ q
− 1

3i1

( 1
z

−1)
1
i1 q

2
3i1

(
1
z

− 1
) 1
i

y
− i1

i
1 log (y1) dy1 dz︸ ︷︷ ︸

D.V

.

First, we evaluate D.III by integrating with respect to y1. Since i > i1, we get that D.III is equal to

(
− i1

i
+ 1
)−1

log(q)
(
q−1+ 1

i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz − q
−1+ 1

i1

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i1

dz

)
(E.7)

=
(

− i1
i

+ 1
)−1

(
q−1+ 1

i log(q)
∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′︸ ︷︷ ︸
D.III.1

− q
−1+ 1

i1 log(q)
∫ q−1

0

z
′ 1
i1

(z′ + 1)2 dz′︸ ︷︷ ︸
D.III.2

)
.

Since i, i1 > 1, the integrals in D.III.1 and in D.III.2 are uniformly bounded for q > 0. The rate of
divergence of D.III is therefore −Θp

(
−q1− 1

i log(q)
)

.
Through a similar approach, we note that D.IV corresponds to

(
− i1

i
+ 1
)−1

(
q−1+ 1

i

∫ q−1

0

z′ 1
i log(z)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.IV.1

− q
−1+ 1

i1

∫ q−1

0

z
′ 1
i1 log(z)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.IV.2

)
.

The rate of divergence of D.IV is Θp

(
q1− 1

i

)
because the integrals in D.IV.1 and D.IV.2 are uniformly

bounded for q > 0 since i, i1 > 1.
Lastly, through integration by parts we obtain that D.V is equal to

(
− i1

i
+ 1
)−1

q−1+ 1
i log

(
q

− 1
3i1

)∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz
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−
(

− i1
i

+ 1
)−2

q−1+ 1
i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz

−
(

− i1
i

+ 1
)−1

q
−1+ 1

i1

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i1

log

((
1
z

− 1
) 1
i1
q

2
3i1

)
dz

+
(

− i1
i

+ 1
)−2

q
−1+ 1

i1

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i1

dz

= −
(

− i1
i

+ 1
)−2

q−1+ 1
i

∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.1

(E.8)

+
(

− i1
i

+ 1
)−2

q
−1+ 1

i1

∫ q−1

0

z
′ 1
i1

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.2

−
(

− i1
i

+ 1
)−1 1

3i1
q−1+ 1

i log (q)
∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.3

−
(

− i1
i

+ 1
)−1 2

3i1
q

−1+ 1
i1 log (q)

∫ q−1

0

z
′ 1
i1

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.4

−
(

− i1
i

+ 1
)−1 1

i1
q

−1+ 1
i1

∫ q−1

0

z
′ 1
i1 log(z′)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.5

.

The rate of divergence of D.V is Θp

(
−q−1+ 1

i log(q)
)

, since the integrals in (E.8) are uniformly
bounded for q > 0. Overall, the rate assumed by D is

Θp

(
−q1− 1

i log(q)
)

− Θp

(
q1− 1

i

)
+ Θp

(
−q−1+ 1

i log(q)
)

= Θp

(
−q−1+ 1

i log(q)
)
.

We find the rate of divergence for the upper bound in the case i3 = i2 > i1 > 1 given by

Θp

(
(−p)−1+ 1

i2

)
+ Θp

(
−(−p)−1+ 1

i3 log(−p)
)

= Θp

(
−(−p)−1+ 1

i3 log(−p)
)
.

♦ Scaling law of D in Case 4.
We suppose now that i3 = i2 = i1 > 1. We trace the previous case until equation (E.6) and label
i = i3 = i2 = i1. Therefore, D.III is equal to

q−1+ 1
i log (q)

∫ 1

1
q−1+1

∫ q− 1
3i

( 1
z

−1)
1
i q

2
3i

(
1
z

− 1
) 1
i

y−1
1 dy1 dz

= − 1
i
q−1+ 1

i log2(q)
∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz (E.9)

− 1
i
q−1+ 1

i log (q)
∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log
(

1
z

− 1
)

dz
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= − 1
i
q−1+ 1

i log2 (q)
∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′︸ ︷︷ ︸
D.III.3

−1
i
q−1+ 1

i log (q)
∫ q−1

0

z′ 1
i log(z′)

(z′ + 1)2 dz︸ ︷︷ ︸
D.III.4

.

Since i > 1, the integrals in the right-hand side of (E.9) are uniformly bounded for any q > 0.
Therefore, the rate of divergence of D.III is −Θp

(
q−1+ 1

i log2(q)
)

. Similarly, the summand D.IV
assumes value

q−1+ 1
i

∫ 1

1
q−1+1

∫ q− 1
3i

( 1
z

−1)
1
i q

2
3i

(
1
z

− 1
) 1
i

log
(

1
z

− 1
)
y−1

1 dy1 dz

= − 1
i
q−1+ 1

i log(q)
∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log
(

1
z

− 1
)

dz (E.10)

− 1
i
q−1+ 1

i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log2
(

1
z

− 1
)

dz

= − 1
i
q−1+ 1

i log(q)
∫ q−1

0

z′ 1
i log(z′)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.IV.3

−1
i
q−1+ 1

i

∫ q−1

0

z′ 1
i log2(z′)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.IV.4

.

Again, since i > 1, the integrals in the right-hand side of (E.10) are uniformly bounded for any q > 0
and the rate of divergence of D.IV is in this case Θp

(
−q−1+ 1

i log(q)
)

.
Lastly, the summand D.V is corresponds to

q−1+ 1
i

∫ 1

1
q−1+1

∫ q− 1
3i

( 1
z

−1)
1
i q

2
3i

(
1
z

− 1
) 1
i

y−1
1 log (y1) dy1dz

=1
2q

−1+ 1
i log2(q− 1

3i )
∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz − 1
2q

−1+ 1
i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log2

((
1
z

− 1
) 1
i

q
2
3i

)
dz

= − 1
6i2 q

−1+ 1
i log2(q)

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

dz

− 2
3i2 q

−1+ 1
i log(q)

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log
(

1
z

− 1
)

dz (E.11)

− 1
2i2 q

−1+ 1
i

∫ 1

1
q−1+1

(
1
z

− 1
) 1
i

log2
(

1
z

− 1
)

dz

= − 1
6i2 q

−1+ 1
i log2(q)

∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.6

− 2
3i2 q

−1+ 1
i log(q)

∫ q−1

0

z′ 1
i log(z′)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.7

− 1
2i2 q

−1+ 1
i

∫ q−1

0

z′ 1
i log2(z′)

(z′ + 1)2 dz′︸ ︷︷ ︸
D.V.8

.

Since i > 1, the integrals in the right-hand side of (E.11) are uniformly bounded for any q > 0 and
the rate of divergence of D.V is in this case −Θp

(
q−1+ 1

i log2(q)
)

.



202

Observing (E.6), (E.9) and (E.11), we note that the leading terms of D are 2
3i2D.III.3 and − 1

6i2D.V.6.
Therefore, D is characterised by the same rate of divergence as

2
3i2D.III.3 − 1

6i2D.V.6 = 1
2i2 q

−1+ 1
i log2 (q)

∫ q−1

0

z′ 1
i

(z′ + 1)2 dz′ = Θp

(
q−1+ 1

i log2 (q)
)
.

Combining both summands C and D, we obtain the rate of the upper bound as

Θp

(
−(−p)−1+ 1

i2 log(−p)
)

+ Θp

(
(−p)−1+ 1

i log2(−p)
)

= Θp

(
(−p)−1+ 1

i log2(−p)
)

for i3 = i2 = i1 > 1.

♦ Scaling law of D in Case 5.
In the next case, we consider i3 > i2 > i1 = 1. We can follow the same steps as in the computation
of the scaling law of D in Case 1, but we note that the integrals in D.I.2 and D.II.2 diverge as
Θp

(
log
(
q−1)) due to (D.7). The rate of divergence of D is therefore

Θp

(
q

−1+ 1
i3

)
− Θp (−log (q)) − Θp

(
q

−1+ 1
i2

)
+ Θp (−log (q)) = Θp

(
q

−1+ 1
i3

)
and the rate of the upper bound in the case i3 > i2 > i1 = 1 is

Θp

(
(−p)−1+ 1

i2

)
+ Θp

(
(−p)−1+ 1

i3

)
= Θp

(
(−p)−1+ 1

i3

)
.

♦ Scaling law of D in Case 6.
We assume that i3 > i2 = i1 = 1 and proceed as in the previous case as we prove that the rate of
divergence of D.I is

Θp

(
q

−1+ 1
i3

)
− Θp (−log(q)) = Θp

(
q

−1+ 1
i3

)
.

We can then follow the same approach as in the computation of the scaling law of D in Case 2
and study the summands in (E.5). Inserting i2 = i1 = i = 1, we know, from (D.7), that the rate
of divergence assumed by D.II.3 is −Θp

(
log2(q)

)
. We also know, from (F.1) in Appendix F, that

the rate of D.II.4 is Θp

(
log2(q)

)
. Hence, we can state that D = Θp

(
q

−1+ 1
i3

)
, and in the case

i3 > i2 = i1 = 1 that the rate of divergence of the upper bound is

Θp

(
log2(−p)

)
+ Θp

(
(−p)−1+ 1

i3

)
= Θp

(
(−p)−1+ 1

i3

)
.

♦ Scaling law of D in Case 7.
We now consider i3 = i2 > i1 = 1. We follow the same approach employed in the computation of
the scaling law of D in Case 3 and set i3 = i2 = i. We obtain that, due to (D.7) and (F.1),

D.III.1 = −Θp

(
−q1− 1

i log (q)
)
, D.III.2 = −Θp

(
log2(q)

)
, D.IV.1 = Θp

(
q1− 1

i

)
,

D.IV.2 = Θp

(
log2(q)

)
, D.V.1 = Θp

(
q1− 1

i

)
, D.V.2 = Θp (−log (q)) ,

D.V.3 = −Θp

(
−q1− 1

i log (q)
)
, D.V.4 = −Θp

(
log2 (q)

)
, D.V.5 = Θp

(
log2 (q)

)
hold. The rate of divergence of D is then

Θp

(
−q1− 1

i log(q)
)

− Θp

(
log2(q)

)
− Θp

(
q1− 1

i

)
+ Θp

(
log2(q)

)
− Θp

(
q1− 1

i

)
+ Θp (−log (q)) + Θp

(
−q1− 1

i log (q)
)

+ Θp

(
log2 (q)

)
− Θp

(
log2 (q)

)
= Θp

(
−q1− 1

i log (q)
)
.
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Combining the results on the scaling law of C and of D, we observe that the rate of divergence of
the upper bound is

Θp

(
(−p)−1+ 1

i2

)
+ Θp

(
−(−p)−1+ 1

i3 log(−p)
)

= Θp

(
−(−p)−1+ 1

i3 log(−p)
)
,

for i3 = i2 > i1 = 1.

♦ Scaling law of D in Case 8.
The last case for which we evaluate D assumes i3 = i2 = i1 = 1. Following the same steps of the
computation of the scaling law of D in Case 4, we obtain (E.9), (E.10) and (E.11). We know, from
(D.7) and (F.3) in Appendix F, that D.III.3, D.IV.4, D.V.6, and D.V.8 diverge with rate Θp

(
−log3(q)

)
and that D.III.4, D.IV.3, D.V.7 as −Θp

(
−log3(q)

)
.

From (D.7), (F.2) and (F.3), we get the rate of divergence of the summand D as

2
3D.III.3 + 2

3D.III.4 + D.IV.3 + D.IV.4 − 1
6D.V.6 − 2

3D.V.7 − 1
2D.V.8

=
(

2
3 − 2

3
1
2 − 1

2 + 1
3 − 1

6 + 2
3

1
2 − 1

2
1
3

)
Θp

(
−log3(q)

)
= Θp

(
−log3(q)

)
Conclusively, in the case i3 = i2 = i1 = 1 we find that ⟨g, V w

∞g⟩ has an upper bound with rate of
divergence

Θp

(
log2(−p)

)
+ Θp

(
−log3(−p)

)
= Θp

(
−log3(−p)

)
.

F Appendix: Scaling law of a tool integral

This appendix describes a scaling law included in the proofs of Theorem 4.2.5 and Theorem 4.2.7 in
Chapter 4. For q > 0 and m ∈ N ∪ {0},∫ q−1

0

z′ logm (z′)
(z′ + 1)2 dz′ = Θ

(
(− log(q))m+1

)
(F.1)

holds true by considering

lim
q→0+

∫ q−1

0

z′ logm (z′)
(z′ + 1)2 dz′ =

∫ n

0

z′ logm (z′)
(z′ + 1)2 dz′ + lim

q→0+

∫ q−1

n

z′ logm (z′)
(z′ + 1)2 dz′,

with n > 0. Whereas the first integral is finite for any finite n > 0, we find that, in the limit z′ → +∞,
z′ logm(z′)

(z′+1)2 behaves equivalently to logm(z′)
z′ since

lim
z′→∞

(z′ + 1)−2z′ logm (z′)
z′−1 logm (z′) = 1. (F.2)

We then study the integral∫ q−1

n

logm (z′)
z′ dz′ =

[
1

m+ 1 logm+1(z′)
]q−1

n

= 1
m+ 1 logm+1(q−1) − 1

m+ 1 logm+1(n),
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which concludes the proof. Lastly, we note that

lim
q→0+

1
1

m+1 logm+1(q−1)

∫ q−1

0

z′ logm (z′)
(z′ + 1)2 dz′ = 1. (F.3)

G Appendix: Turbulence from the Itô noise perspective

Throughout Chapter 9, system (9.1.1) is studied under different noise and parameter assumptions. In
this appendix, we address various cases and translate them to the Itô noise perspective through the Itô-
Stratonovich correction term [88, 192]. The boundary conditions are assumed Neumann homogeneous,
and the initial condition is set at q(x, 0) = q0(x) for x ∈ [0, L].

• In Section 9.2, the noise is assumed to be white and in Itô sense, i.e., σS = σR = 0. The system
studied is characterised, therefore, by the form

dq(x, t) =
(
∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t))

)
dt+ σIq(x, t)Q

1
2 dWt,

for x ∈ [0, L] and t > 0.

• In Subsection 9.3.1, the noise is assumed white and in Stratonovich sense, i.e., σI = σR = 0. The
first equation in (9.1.1) with Itô noise is then

dq(x, t) =
(
∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t)) +

σ2
S

2 q(x, t)
m∑
i=0

(
ζibi(x)2)) dt

+ σSq(x, t)Q
1
2 dWt.

• In Subsection 9.3.2, we discuss the effect of red in time Stratonovich noise on the turbulence system,
i.e., σR > σI = σS = 0. The variable q is coupled to the Ornstein-Uhlenbeck process, the solution
of (9.3.6), depending on the choice of the operator F . In (9.3.8), we set F = Id. Then, the first
equation in (9.1.1) coupled with (9.3.6) can be interpreted as

d

q(x, t)
ξ(x, t)

 =

∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t)) + σRq(x, t)ξ(x, t)

−κξ

 dt

+

0 0

0 σξQ
1
2

dWt

dW ′
t

 .

The noise is additive in H1 × H1, which implies that the Itô-Stratonovich correction term is null and
the equation is equivalent regardless of the interpretation of the noise.

• In Remark 9.3.9, we discuss the lower bound to the probability of initiation of turbulence under
Stratonovich red noise defined by F = ∂t. The equation defining the behaviour of the variables q
and ξ in time is, therefore,

d

q(x, t)
ξ(x, t)

 =

∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t))

−κξ

 dt

+

σRq(x, t)

0

 ◦ dξ(x, t) +

0 0

0 σξQ
1
2

dWt

dW ′
t


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=

∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t)) − σRκq(x, t)ξ(x, t)

−κξ

 dt

+

q(x, t) 0

0 1

 ◦

0 σRσξQ
1
2

0 σξQ
1
2

dWt

dW ′
t

 ,

with noise in the Stratonovich sense. Indicating with ∗ the adjoint operator in H1 × H1, the operator0 σRσξQ
1
2

0 σξQ
1
2

0 σRσξQ
1
2

0 σξQ
1
2

∗

= σ2
ξ

0 σRQ
1
2

0 Q
1
2

 0 0

σRQ
1
2 Q

1
2

 = σ2
ξ

σ2
RQ σRQ

σRQ Q


is characterised by a purely discrete spectrum, composed by {Λi,Λ′

i}i∈N. These eigenvalues are
defined as

Λi :=
(
1 + σ2

R
)
σ2
ξζi and Λ′

i := 0,

for all i ∈ N. The corresponding eigenbasis in H1 × H1 is composed by

Bi(x) :=
(
1 + σ2

R
)− 1

2

σRbi(x)

bi(x)

 and B′
i(x) :=

(
1 + σ2

R
)− 1

2

 bi(x)

−σRbi(x)

 ,

for all i ∈ N and x ∈ [0, L]. The equation defining q and ξ is, then,

d

q(x, t)
ξ(x, t)

 =

∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t)) − σRκq(x, t)ξ(x, t)

−κξ

 dt

+ 1
2
(
1 + σ2

R

)
q(x, t)∂q (q(x, t))

m∑
i=0

(
Λiσ2

Rbi(x)2 + Λ′
ibi(x)2)

∂ξ (1)
m∑
i=0

(
Λibi(x)2 + Λ′

iσ
2
Rbi(x)2)

 dt

+

q(x, t) 0

0 1

0 σRσξQ
1
2

0 σξQ
1
2

dWt

dW ′
t


=

∂2
xxq(x, t) − q(x, t) + (r + 1)q(x, t)2(2 − q(x, t)) − σRκq(x, t)ξ(x, t)

−κξ

 dt

+

σ2
Rσ

2
ξ

2 q(x, t)
m∑
i=0

(
ζibi(x)2)

0

 dt+

q(x, t) 0

0 1

0 σRσξQ
1
2

0 σξQ
1
2

dWt

dW ′
t

 ,

with noise interpreted in Itô sense.
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