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Abstract

A primary objective across many scientific fields is to understand and characterize the dependencies among the
phenomena being studied. In some cases, the goal is to uncover the dependency structure among a possibly high-
dimensional set of variables; in others, it is to infer causal relations without access to randomized controlled
trials or other interventional data. In this thesis, we use directed and undirected graphical models in high-
dimensional settings to address challenges that frequently arise in real-world applications. One such challenge
is the presence of mixed data in high-dimensional structure learning problems. We propose a latent Gaussian
copula framework that incorporates polyserial and polychoric correlations, providing a procedure for estimating
high-dimensional mixed graphs under sparsity. For directed models, we first address the scarcity of benchmark
datasets by developing a semisynthetic data generation pipeline to facilitate the evaluation of causal discovery
algorithms. Second, we extend additive noise models to the case of grouped variables. In this context, we
establish structure identifiability and propose GroupRESIT, an order-based causal discovery algorithm that uses
a multi-response group sparse additive model for pruning. These contributions aim to support the continued
development of structure learning methods for complex data in practical applications.
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Zusammenfassung

Ein zentrales Ziel in vielen wissenschaftlichen Disziplinen ist es, Abhängigkeiten zwischen den zu unter-
suchenden Phänomenen zu verstehen und zu charakterisieren. In manchen Fällen liegt das Interesse auf
dem Erlernen der Abhängigkeitsstruktur einer möglicherweise hochdimensionalen Menge von Variablen, in
anderen auf der Identifikation kausaler Zusammenhänge, ohne Zugang zu randomisierten Kontrollstudien oder
anderen Interventionsdaten zu haben. In dieser Arbeit verwenden wir gerichtete und ungerichtete grafische
Modelle in hochdimensionalen Anwendungsbereichen, um Herausforderungen zu adressieren, die häufig in
realen Anwendungen auftreten. Eine solche Herausforderung ist das Vorliegen gemischter Daten in hochdi-
mensionalen Strukturlernproblemen. Wir entwerfen einen latent Gaußschen Copula-Ansatz, der polyserielle
und polychorische Korrelationen verwendet und ein Verfahren zum Lernen von hochdimensionalen gemischten
Graphen bereitstellt. Für gerichtete Modelle gehen wir zunächst auf den Mangel an Benchmark-Datensätzen
ein und entwickeln eine semisynthetische Datengenerierungspipeline, um das Benchmarking kausaler Lern-
verfahren zu erleichtern. Zweitens erweitern wir additive Fehlermodelle sodass sie in der Lage sind gruppierte
Variablen zu modellieren. In diesem Zusammenhang stellen wir Ergebnisse zur Strukturidentifizierbarkeit
vor und konstruieren GroupRESIT, einen ordnungsbasierten Algorithmus zum kausalen Lernen, der eine
zugeschnittene Form von Sparse Additive Model für den Pruning-Schritt verwendet. Insgesamt, sollen diese
Beiträge die Weiterentwicklung von Strukturlernverfahren in realen Anwendungen unterstützen.
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1 Introduction

A primary objective across many scientific fields is to understand and characterize the nature of dependencies
among the phenomena being studied. In statistics, considerable research focuses on analyzing events that
occur jointly. For instance, consider investigating associations between the severity of a particular disease
and various potential risk factors. Identifying these associations helps to create accurate predictive models
for disease occurrence. Furthermore, in many medical contexts, available data on biomarkers, risk factors,
patient characteristics, and medical histories often significantly outnumber actual patient observations. As a
result, prediction models must either handle high-dimensional input effectively or rely on preliminary variable
selection strategies.

Beyond accurately predicting disease occurrence, one might also be interested in identifying effective treat-
ments or cures. In this pursuit, an observed dependence between a disease and a biomarker or risk factor might
suggest that the biomarker or risk factor directly causes the disease. If true, manipulating this factor could
offer a path to curing or preventing the disease. However, the observed dependence might alternatively result
from the disease causing changes in the biomarker or risk factor. In such a scenario, manipulating these factors
would have no therapeutic benefit. Moreover, it is also possible that both the disease and the biomarker or risk
factor are influenced by a common, unmeasured confounder, again rendering direct manipulation ineffective.
Clearly, inferring causal relationships from observational data is a challenging task. This raises a fundamental
question: in the absence of controlled experiments, is it even possible to reliably identify causal relationships
from observational data alone? Generally, the short answer is no. Nonetheless, under certain assumptions,
some or all causal relationships within a system may indeed be identifiable solely from observational data.

In this thesis, we use undirected and directed probabilistic graphical models to represent dependencies among
variables of interest. Probabilistic graphical models lie at the intersection of probability theory and graph
theory, where structural features of the graphs encode conditional independences among the associated random
quantities. Our focus is on the case where the graph structure is not known a priori and must be estimated or
learned from samples of some underlying distribution — a problem known as structure learning (Drton and
Maathuis, 2017).

Structure learning is particularly challenging in high-dimensional settings. In the part of this thesis concerned
with undirected graphical models, we use the term high-dimensional in its classical sense, namely when the
number of variables exceeds (or is of the same order as) the number of samples. In the context of directed
probabilistic graphical models, however, the difficulty arises for a different reason: the number of possible
directed acyclic graphs (DAGs) grows super-exponentially with the number of nodes. For example, while there
are 25 possible DAGs on three nodes, the number already increases to 3,781,503 on six nodes. With around 21
nodes, the number of DAGs becomes comparable to the estimated number of atoms in the observable universe
(≈ 1080) (Robinson, 1973; OEIS Foundation Inc., 2025). Therefore, we use high-dimensional here more loosely
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to refer to situations where the number of variables is large — regardless of the sample size — since even
moderate numbers of variables already make causal structure learning extremely challenging.

While high-dimensional undirected graphical models have been studied extensively in fully continuous or
fully discrete settings, much less attention has been given to the mixed-data case, where both types of variables
are present. This gap is important because many real-world applications involve mixed data. For instance, in
our introductory example concerning the severity of a particular disease and various potential risk factors, it is
common to observe both continuous measurements (e.g., blood pressure) and discrete variables (e.g., presence
or absence of a disease) when determining treatment strategies. In this thesis, we address this gap by introducing
a modeling framework that enables high-dimensional undirected graph learning in the presence of arbitrary
mixed data.

Directed graphical models admit a natural causal interpretation through the use of structural equation models
(SEMs) (Bollen, 1989), which posit noisy functional relationships among the variables under study. Each
variable is assigned a subset of the remaining variables — its parents — governed by some functional mechanism
and an associated stochastic noise term. The parent set of a variable corresponds exactly to the set of nodes
with directed edges pointing into it in the associated DAG. These assignments reflect the inherent asymmetry of
cause-effect relationships: changes in any of the parents lead to changes in the effect variable, but not vice versa.
In particular, interventions in such a system of equations can be modeled by altering the functional mechanism
for precisely those variables that are subject to the intervention (Pearl, 2009).

One fundamental challenge in the advancement and algorithmic development of causal structure learning
methods—also called causal discovery—is the ability to accurately assess the quality of the learned causal
relationships. However, for most real-world problems involving complex observational data sources, the ground
truth causal relationships are unknown. As a result, novel procedures are often evaluated using simplistic
simulation setups, which tend to have only limited generalizability to real-world settings (Reisach et al., 2021;
Ng et al., 2024). In this thesis, we address this challenge by constructing a semisynthetic data generation
pipeline that can produce data of varying (high) dimension and complexity for benchmarking causal discovery
algorithms. The semisynthetic aspect comes from using real data from a highly automated production line,
which — guided by domain knowledge — serves as the basis for learning conditional distributions that ensure
the resulting observational distribution is Markovian.

Another essential challenge in causal discovery is the question of structure identifiability (Spirtes and Zhang,
2016). Even if we assume that the DAG associated with a given SEM is a perfect map of the joint distribution,
multiple DAGs may induce the same observational distribution, allowing recovery of the underlying ground-
truth DAG only up to its Markov equivalence class (Spirtes et al., 2000). A unique DAG beyond the Markov
equivalence class can be identified only if the functional form of the causal mechanisms is appropriately
restricted. One such restriction is to impose additivity of the stochastic noise term in the corresponding SEM,
leading to an additive noise model (ANM). Intuitively, ANMs break symmetries between causal directions
that persist under more general functional forms. In this thesis, we explore this restriction in the context of
grouped variables, where the causal entities of interest are random vectors rather than scalar random variables.
The resulting structure identifiability results motivate a causal discovery algorithm for grouped data whose
computational complexity is polynomial in the number of groups.
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Contributions of the thesis. This thesis comprises three core articles. The first article (Göbler et al., 2024a)
addresses the problem of high-dimensional undirected graph learning in the presence of mixed data — that
is, data comprising both continuous and discrete measurements. By modeling discrete variables as instances
of latent continuous ones, we introduce a latent Gaussian copula framework. A key insight is that classical
statistical measures, specifically polyserial and polychoric correlations, integrate naturally into this framework.
We leverage this connection to derive theoretical properties for the resulting estimators and demonstrate their
applicability in high-dimensional settings.

In the context of directed acyclic graphical models, the second article (Göbler et al., 2024b) tackles the
challenge of scarcely available real data ground truth graphs when benchmarking causal discovery methods.
Drawing on detailed domain knowledge from a fully automated industrial production line, we construct plausible
ground truth causal relationships within each station. We then apply sparse additive models to estimate causal
dependencies across production stations. To enable sampling from a joint distribution that is Markov with
respect to the ground truth graph, we generate semisynthetic data by fitting conditional distributions using
distributional random forests (Ćevid et al., 2022).

The third article (Göbler et al., 2025) focuses on nonlinear causal discovery for grouped data. While bivariate
identifiability of nonlinear additive noise models has been established in the scalar case (Hoyer et al., 2008),
we extend this result to the group setting. Building on these theoretical insights, we develop GroupRESIT, an
extension of the RESIT algorithm (Peters et al., 2014) adapted to grouped variables. In particular, we propose
a novel pruning strategy tailored to the group setting. We call this pruning strategy MURGS (Multi-response
Group Sparse Additive Models) and derive a closed-form backfitting update.

Organization of the thesis. Chapter 2 reviews foundational concepts in undirected and directed graphical
models, as well as structural equation models and their causal interpretation. Chapter 3 adopts a high-
dimensional perspective under sparsity and discusses Gaussian graphical models, the Nonparanormal distribu-
tion, and the latent Gaussian copula model, which form the basis of the first core article (Göbler et al., 2024a).
Chapter 4 focuses on graphical models based on directed acyclic graphs and addresses the scarcity of reliable
ground-truth graphs for benchmarking causal discovery methods. Several classes of causal discovery algorithms
are introduced here and featured in the second core article (Göbler et al., 2024b). Finally, Chapter 5 presents
additive noise models and reviews identifiability results in the scalar case. It further discusses DAG pruning
via sparse regression techniques for order-based causal discovery algorithms, motivating an extension of the
framework to grouped data, which is the focus of the third core article (Göbler et al., 2025).
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2 Preliminaries

Graphical models are used throughout many scientific disciplines to model the statistical relationship among
variables of interest through graphs. More specifically, a graphical model is a set of multivariate joint distribu-
tions that are subject to certain conditional independences (Lauritzen, 1996). These independences are captured
in a graph 𝐺 = (𝑉, 𝐸), where the node set 𝑉 = [𝑝], with 𝑝 ∈ ℕ, indexes the variables 𝑋𝑣 , 𝑣 ∈ 𝑉 and the edge
set 𝐸 ⊂ 𝑉 × 𝑉 represents conditional dependencies. In particular, 𝑋𝑣 and 𝑋𝑤 are required to be conditionally
independent given X𝐶 = (𝑋𝑢 : 𝑢 ∈ 𝐶), i.e. 𝑋𝑣 ⊥⊥ 𝑋𝑤 | X𝐶 , if all paths between the nodes 𝑣 and 𝑤 are suitably
blocked by nodes in 𝐶 (Drton and Maathuis, 2017).

2.1 Undirected Graphical Models

Undirected Graphical Models (UGMs), also known as Markov Random Fields (MRFs), are a class of graphical
models in which the edge set 𝐸 consists of unordered pairs (𝑢, 𝑣) for distinct 𝑢, 𝑣 ∈ 𝑉 . We sometimes denote
the presence of an edge between 𝑢 and 𝑣 by writing 𝑢 − 𝑣 ∈ 𝐸 . Additionally, we denote the neighbors of node
𝑣 ∈ 𝑉 as 𝑛𝑒𝐺 (𝑣) = {𝑢 ∈ 𝑉 : 𝑢 − 𝑣 ∈ 𝐸}.

The random vector X = (𝑋𝑣 : 𝑣 ∈ 𝑉) is said to satisfy the pairwise Markov property (PMP) with respect to
𝐺 if

𝑋𝑣 ⊥⊥ 𝑋𝑤 | X𝑉\{𝑣,𝑤} , (2.1)

whenever (𝑣, 𝑤) ∉ 𝐸 . Further, X is said to satisfy the local Markov property (LMP) with respect to 𝐺 if

𝑋𝑣 ⊥⊥ X𝑉\(𝑛𝑒𝐺 (𝑣)∪{𝑣}) | X𝑛𝑒𝐺 (𝑣) , (2.2)

for all 𝑣 ∈ 𝑉 . Lastly, X is said to satisfy the global Markov property (GMP) with respect to 𝐺 if

X𝐴 ⊥⊥ X𝐵 | X𝐶 , (2.3)

for all pairwise disjoint subsets 𝐴, 𝐵, 𝐶 ⊂ 𝑉 such that 𝐴 and 𝐵 are separated by 𝐶, meaning that every path
between a node in 𝐴 and a node in 𝐵 passes through a node in 𝐶. It is well known that

GMP ⇒ LMP ⇒ PMP. (2.4)

The reverse implications hold, in particular, when X has a strictly positive joint density with respect to the
counting or Lebesgue measure (Lauritzen, 1996).

Whenever an edge is absent between two nodes in 𝐺, the pairwise Markov property implies conditional
independence between those nodes given all other variables. The smallest graph (in the sense of containing the
fewest edges) for which X satisfies the pairwise Markov property is called the conditional independence graph
of X (Lauritzen, 1996).
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1 2 3 4

Figure 2.1 Undirected graph with four nodes.

Suppose that X possesses a density with respect to the product measure 𝜇 =
⊗

𝑣∈𝑉 𝜇𝑣 on ℝ𝑉 . Let C(𝐺)
denote the set of all cliques in 𝐺; that is, a subset 𝐶 ⊂ 𝑉 belongs to C(𝐺) if every pair of distinct nodes in 𝐶 is
connected by an edge. The distribution of X is said to factorize according to 𝐺 if its density can be written as

𝑝X(x) =
∏

𝐶∈C(𝐺)
𝜓𝐶 (x𝐶), (2.5)

where the functions 𝜓𝐶 are referred to as potential functions and are not required to have any particular
probabilistic interpretation. In practice, when working with such nonparametric UGMs, one typically imposes
additional structure on either the graph 𝐺 or on the functional form of the potential functions.

Consequently, by leaving the graph 𝐺 unconstrained, UGMs can be defined by selecting appropriate families
of potential functions. In particular, assuming X follows a multivariate Gaussian distribution 𝑁 (𝜇,𝚺) we obtain
Gaussian graphical models (GGMs) where(

𝚺−1
)
𝑣,𝑤

= 0 for all (𝑣, 𝑤) ∉ 𝐸. (2.6)

In other words, the conditional independences among the random variables as well as the existance of the
edges in 𝐺 are determined by the zero pattern of the inverse covariance matrix, i.e, the concentration matrix,
𝛀 = (𝜔𝑣,𝑤) ≔ 𝚺−1. Equation (2.6) states that 𝜔𝑣,𝑤 = 0 for 𝑣 ≠ 𝑤 if and only if 𝑋𝑣 and 𝑋𝑤 are conditionally
independent given all other variables.

Example 2.1. Let X = (𝑋1, . . . , 𝑋4) follow a four-dimensional Normal distribution with mean zero, covariance
matrix 𝚺 and concentration matrix 𝛀 = (𝜔𝑣,𝑤). The density of X has the following form

𝑝X(𝑥) =
1√︁

(2𝜋)4 det(𝚺)
exp

(
−1

2

4∑︁
𝑣,𝑤=1

𝜔𝑣,𝑤𝑥𝑣𝑥𝑤

)
, (2.7)

and factorizes according to the graph in Figure 2.1 if and only if 𝜔1,3 = 𝜔2,4 = 0.

Estimating the conditional independence graph in Gaussian graphical models (GGMs) is equivalent to
covariance selection (Dempster, 1972). Moreover, because GGMs belong to the class of regular exponential
families, the selection of conditional independence graphs is supported by an extensive body of statistical theory
(Buhl, 1993; Edwards, 2000; Drton and Perlman, 2007).

Let S = (𝑠𝑣,𝑤) denote the sample covariance matrix for an i.i.d. Gaussian sample of size 𝑛. The maximum
likelihood estimator (MLE) for the precision matrix 𝛀 is obtained by maximizing the log-likelihood function

ℓ(𝛀) = log det(𝛀) − tr(S𝛀), (2.8)

subject to the constraints 𝛀 ≻ 0 and 𝜔𝑣,𝑤 = 0 for all (𝑣, 𝑤) ∉ 𝐸 .



2 Preliminaries

6

When the sample size exceeds the number of nodes (i.e., 𝑛 > 𝑝), the sample covariance matrix S is almost
surely positive definite, ensuring that ℓ(𝛀) has a unique maximizer with probability one. In high-dimensional
settings where 𝑛 < 𝑝, the estimation problem can remain tractable by imposing additional structural constraints,
such as sparsity, which restricts each node to be incident to only a small number of edges (Yuan and Lin, 2007).

2.2 Directed Acyclic Graphical Models

Graphical models may also be formulated in terms of directed graphs𝐺 = (𝑉, 𝐸). However, in this case the edge
set 𝐸 contains ordered pairs (𝑣, 𝑤) only. We sometimes write 𝑣 → 𝑤 for (𝑣, 𝑤) ∈ 𝐸 . We denote the parents of
node 𝑤 ∈ 𝑉 as 𝑝𝑎𝐺 (𝑤) = {𝑣 ∈ 𝑉 : (𝑣, 𝑤) ∈ 𝐸} and its descendants as 𝑑𝑒𝐺 (𝑤) = 𝑣 ∈ 𝑉 : 𝑤 → · · · → 𝑣 in 𝐺.
Then, the set of non-descendants can be written as 𝑛𝑑𝐺 (𝑤) = 𝑉 \ 𝑑𝑒𝐺 (𝑤). If the directed graph 𝐺 does not
contain any directed cycles (i.e., 𝑣 → · · · → 𝑣 for some 𝑣 ∈ 𝑉), then 𝐺 is called a directed acyclic graph (DAG).

In a graphical model with DAG 𝐺, we require that each variable 𝑋𝑣 , 𝑣 ∈ 𝑉 is conditionally independent of
its non-descendants 𝑋𝑛𝑑𝐺 (𝑣)\𝑝𝑎𝐺 (𝑣) given its parents 𝑋𝑝𝑎𝐺 (𝑣) . This is referred to as the local Markov property
with respect to DAG 𝐺 (Lauritzen, 1996). We say that the distribution of X, i.e., 𝑃X, satisfies the global Markov
property with respect to 𝐺 if X𝐴 ⊥⊥ X𝐵 | X𝐶 for all triples of pairwise disjoint subsets 𝐴, 𝐵, 𝐶 ⊂ 𝑉 such that
𝐶 d-separates 𝐴 and 𝐵 in 𝐺, i.e., X𝐴 ⊥𝐺 X𝐵 | X𝐶 . Note that 𝐴 and 𝐵 are said to be d-separated by 𝐶 if every
path between nodes in 𝐴 and 𝐵 is blocked by 𝐶. A path between nodes 𝑣1 and 𝑣𝑛 is blocked by a set 𝐶 whenever
there exists a node 𝑣𝑘 such that one of the two conditions hold:

1. 𝑣𝑘 ∈ 𝐶 and 𝑣𝑘−1 → 𝑣𝑘 → 𝑣𝑘+1 or 𝑣𝑘−1 ← 𝑣𝑘+1 ← 𝑣𝑘 or 𝑣𝑘−1 ← 𝑣𝑘+1 → 𝑣𝑘 .

2. 𝑣𝑘−1 → 𝑣𝑘 ← 𝑣𝑘+1 and neither 𝑣𝑘 nor any of its descendants 𝑑𝑒𝐺 (𝑣𝑘) are in 𝐶.

If 𝑃X satisfies the global Markov property with respect to the DAG 𝐺 then we say that 𝐺 is an independence
map (I-Map) of 𝑃X. If the conditional independence statements in X imply the d-separation statements in the
graph we say that X is faithful with respect to 𝐺. We call 𝐺 a perfect map of 𝑃X if both the global Markov
property and faithfulness hold. Similar to UGMs, the distribution of X is said to factorize according to 𝐺 if its
density can be written as

𝑝X(x) =
∏
𝑣∈𝑉

𝑝X(𝑥𝑣 | x𝑝𝑎𝐺 (𝑣) ), (2.9)

where 𝑝X(𝑥𝑣 | x𝑝𝑎𝐺 (𝑣) ) is the conditional density of 𝑋𝑣 given its parents. The global and local Markov
properties coincide. In fact, if the density of X exists, global and local Markov properties are equivalent to the
factorization property (Verma and Pearl, 1990a). This implies that we can construct graphical models based on
DAGs by specifying conditional densities 𝑝X(𝑥𝑣 | x𝑝𝑎𝐺 (𝑣) ) for 𝑣 ∈ 𝑉 .

Note that for a given distribution 𝑃X, the global Markov property may hold with respect to multiple DAGs. For
example, the complete graph — which encodes no independences — is trivially an I-map for every distribution
over X. However, from the perspectives of interpretability, statistical efficiency, and computational efficiency,
it is generally desirable to find a DAG that captures as many independences in 𝑃X as possible. Such a DAG
is known as a minimal independence map (minimal I-map); removing any edge from this DAG would yield a
graph 𝐺′ that no longer satisfies the global Markov property with respect to 𝑃X. However, minimal I-maps need
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1 2 3

(a) 𝐺1

1 2 3

(b) 𝐺2

1 2 3

(c) 𝐺3

1 2 3

(d) 𝐺4

1 2 3

(e) 𝐺5

Figure 2.2 Markov-equivalent DAGs in a-c. 𝐺4 is the CPDAG representing the MEC of 𝐺1, 𝐺2 and 𝐺3. The DAG 𝐺5 in
(e) is not Markov-equivalent to any of the other DAGs and is also the only DAG in the MEC of 𝐺5.

not be unique for a given distribution. Whether one can distinguish among minimal I-maps is an identifiability
issue that, as discussed in Chapters 4 and 5, usually demands extra assumptions.

Two DAGs 𝐺 and 𝐺′ are called Markov equivalent to one another if their d-separation statements coincide.
In this case, we write 𝐺 ≈M 𝐺′. Furthermore, the set of all Markov equivalent DAGs is called the Markov
equivalence class (MEC) of 𝐺 (Andersson et al., 1997). All DAGs in the MEC of 𝐺 share the same skeleton
(the set of edges where arrowheads are ignored) and v-structures (triples of the form 𝑢 → 𝑤 ← 𝑣, where 𝑢 and 𝑣

are not joined by an edge) (Verma and Pearl, 1990b). Hence, Markov-equivalent DAGs can not be distinguished
from one another using only samples from 𝑃X.

Example 2.2. Consider the DAGs shown in Figure 2.2. The graphs 𝐺1, 𝐺2, and 𝐺3 are Markov-equivalent,
as they share the same skeleton and have no v-structures. Their only d-separation statement is that node 1
is d-separated from node 3 by node 2. In contrast, 𝐺4 is not Markov-equivalent to any of the other DAGs.
Although it shares the same skeleton, it differs by having a v-structure and by implying that nodes 1 and 3 are
unconditionally d-separated and become d-connected when conditioning on node 2.

A MEC can be uniquely represented by a completed partially directed acyclic graph (CPDAG), comprising
both directed and undirected edges. Within a MEC, all DAGs share the skeleton and the set of v-structures;
consequently, the directed edges in a CPDAG correspond precisely to these v-structures and to edges whose
orientation is consistent across all DAGs in the MEC. Undirected edges in a CPDAG reflect cases where there is
at least one conflicting orientation among DAGs in the MEC. For instance, in Figure 2.2, the CPDAG𝐺4 visually
represents the MEC containing DAGs 𝐺1, 𝐺2, and 𝐺3. Conversely, the DAG and CPDAG 𝐺5 in subfigure (e)
coincide, indicating that the MEC contains exactly one DAG.

2.2.1 Structural Equation Models

Graphical models associated with some DAG 𝐺 may also be viewed through the lense of structural equation
models (SEM) (Bollen, 1989). Let N = (𝑁𝑣 : 𝑣 ∈ 𝑉) be a vector of jointly independent noise variables and 𝑓𝑣

measureable functions in some function space F . Then the distribution of X where

𝑋𝑣 = 𝑓𝑣 (X𝑝𝑎𝐺 (𝑣) , 𝑁𝑣), 𝑣 ∈ 𝑉, (2.10)

is Markov with respect to the DAG 𝐺 (Pearl, 2009, Theorem 1.4.1). The converse is also true, i.e., if X is
Markov with respect to a DAG 𝐺 then there exist jointly independent noise terms N and functions 𝑓𝑣 such that
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DAG

1 2 3 4

Factorization

𝑝X(𝑥1, . . . , 𝑥4) =

𝑝X(𝑥1)𝑝X(𝑥2 | 𝑥1)

𝑝X(𝑥3 | 𝑥2)𝑝X(𝑥4 | 𝑥1, 𝑥3)

Structural Eq.

𝑋1 = 𝑁1

𝑋2 = 𝑓2(𝑋1, 𝑁2)

𝑋3 = 𝑓3(𝑋2, 𝑁3)

𝑋4 = 𝑓4(𝑋1, 𝑋3, 𝑁4)

Figure 2.3 Demonstrating the factorization property (middle) of the distribution of (𝑋1, . . . , 𝑋4) with respect the DAG
(left) and the corresponding SEM (right).

Eq. (2.10) holds (Druzdzel and Van Leijen, 2001, Theorem 2). The graph of a SEM is obtained by drawing
directed edges between the parents and their direct effects, i.e., from each node appearing on the right-hand side
of Eq. (2.10) to the left-hand-side of the equation. Figure 2.3 demonstrates the factorization property of the
density of X and the SEM corresponding to a DAG on four nodes.

2.2.2 The Causal Viewpoint

From the construction of SEMs, it is clear that they naturally admit a causal interpretation: the parents X𝑝𝑎𝐺 (𝑣)

of each variable 𝑋𝑣 are treated as its direct causes. These causal relationships are then succinctly summarized
by the associated DAG 𝐺. Answering causal questions is fundamental to virtually all parts of science. Such
causal questions are inertly about the mechanism behind the data. In the context of a SEM we can determine
how X𝑝𝑎𝐺 (𝑣) affect 𝑋𝑣 in the sense that changes in any of the parents may cause 𝑋𝑣 to change but not the
other way around. This asymmetry is an important feature of SEMs as we can not invert these relationships
as we could for ordinary algebraic equations. Consequently, we can model experimental interventions by, e.g.,
altering the structural equations for those variables that are affected by a given intervention. Finally, this allows
predictions in changed environments from which causal effects can be estimated (Pearl, 2009).

Intervening on a variable 𝑋𝑣 involves modifying its generating mechanism — specifically, altering the
function 𝑓𝑣 (·) defined in Eq. (2.10) — while preserving all other equations in the system. A common example
is assigning 𝑋𝑣 a fixed value 𝑥′𝑣 within its support, known as a do-intervention, denoted by 𝑑𝑜(𝑋𝑣 = 𝑥′𝑣). Such
an intervention produces a new structural equation model (SEM) that induces an interventional distribution,
denoted 𝑃𝐼

X, on the variables X:

𝑃𝐼
X =

∏
𝑣∉𝐼

𝑃X(𝑋𝑣 | X𝑝𝑎𝐺 (𝑣) )
∏
𝑣∈𝐼

𝕀(𝑋𝑣 = 𝑥′𝑣). (2.11)

More broadly, soft interventions (Peters et al., 2017), also known as mechanism changes (Tian and Pearl,
2001), modify the causal mechanisms by replacing the original conditional distributions with new ones, without
necessarily eliminating the direct causal effects of parent variables. In this general scenario, the interventional
distribution is expressed as:

𝑃𝐼
X =

∏
𝑣∉𝐼

𝑃X(𝑋𝑣 | X𝑝𝑎𝐺 (𝑣) )
∏
𝑣∈𝐼

𝑃𝐼
X(𝑋𝑣 | X𝑝𝑎𝐺 (𝑣) ). (2.12)

Two important generalizations of SEMs frequently arise in causal analysis. First, the assumption of inde-
pendence among noise terms N can be relaxed, leading to semi-Markovian SEMs (Pearl, 2009). Such models
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effectively represent systems with hidden confounding, violating the assumption of causal sufficiency, which
requires observation of all variables generated by the underlying SEM. Second, one may relax the acyclicity
assumption. While acyclicity is natural when variables represent measurements taken sequentially at specific
time points, feedback loops frequently occur when systems are observed in aggregated or equilibrium forms.
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3 High-dimensional undirected graphical models
for arbitrary mixed data

The first core article of this thesis (Göbler et al., 2024a) addresses high-dimensional undirected graph learning
for general mixed data types — that is, data comprising both continuous and discrete variables with arbitrary
levels. In what follows, we build the theoretical foundations step by step. Already in Section 2.1, we introduced
Gaussian graphical models (GGMs) in the standard setting where the sample size 𝑛 exceeds the number of
variables (nodes) 𝑝. Now, in Section 3.1, we shift our focus to the high-dimensional scenario, characterized
by having more variables than observations (𝑛 < 𝑝). Next, in Section 3.2 we introduce the nonparanormal
graphical model, discuss different estimation strategies and their associated theoretical properties. Lastly, in
Section 3.3 we introduce the problem of general mixed data in the context of high-dimensional nonparanormal
graphical models and discuss our ansatz in Göbler et al. (2024a).

We focus on high-dimensional problems since they commonly arise across various scientific disciplines and
practical applications, including remote sensing, computational biology (especially gene expression arrays),
fMRI data analysis, spectroscopic imaging, and medical diagnostics. In such settings, traditional statistical
approaches often become inadequate. For instance, the maximum likelihood estimator (MLE) of the precision
matrix 𝛀 (see Eq. 2.8) no longer exists when the sample size 𝑛 is smaller than the dimension 𝑝 (Buhl,
1993). Consequently, additional structural assumptions or regularization methods become essential to derive
well-defined estimators.

A prevalent modeling assumption in high-dimensional covariance estimation involves shrinkage estimators.
Shrinkage estimators aim to improve estimation by combining the sample covariance matrix S with a structured
target matrix. A natural choice for the target is the identity matrix, which corresponds to assuming equal
variances and zero covariances among variables (Ledoit and Wolf, 2004). Alternatively, one may assume the
covariance or concentration matrix to be banded, i.e., entries decay in numerical size depending on their distance
to the diagonal (Bickel and Levina, 2008). This assumption is often appropriate when studying time-series
data (Furrer and Bengtsson, 2007).

3.1 Sparse Gaussian Graphical Models

In this part of the thesis, we focus on constraints in the form of sparsity in the precision matrix. Since the
non-zero entries in the precision matrix correspond to the edges of a GGM, sparsity in the precision matrix
effectively requires that the corresponding undirected graph has relatively few edges. More specifically we study
high-dimensional scaling where the number of nodes in the graph 𝑝 as well as the maximum node degree 𝑑 —
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the maximum number of edges incident to a single node — are allowed to grow as a function of the sample size
𝑛.

There exist several well-established penalization techniques for estimating sparse GGMs. In seminal
work, Meinshausen and Bühlmann (2006) proposed and analyzed a neighborhood selection procedure utilizing
the lasso estimator (Tibshirani, 1996), demonstrating consistency under high-dimensional scaling. Neighbor-
hood selection involves identifying, for each variable 𝑣 ∈ [𝑝], the smallest set of neighbors 𝑛𝑒(𝑣) that satisfies
the local Markov property, i.e.,

𝑋𝑣 ⊥⊥ X𝑉\(𝑛𝑒𝐺 (𝑣)∪{𝑣}) | X𝑛𝑒𝐺 (𝑣) . (3.1)

Edges are subsequently inferred by aggregating through union or intersection rules.
An alternative approach focuses directly on penalizing the Gaussian log-likelihood. Specifically, much

research has concentrated on estimators that maximize the Gaussian log-likelihood regularized by the ℓ1 norm
of the off-diagonal entries of the precision matrix, defined by the optimization problem:

𝛀̂ ∈ arg max
𝛀⪰0

{log det(𝛀) − tr(S𝛀) − 𝜆𝜌1(𝛀)} , (3.2)

where 𝜌1(𝛀) =
∑

𝑖≠ 𝑗 |𝜔𝑖 𝑗 | (d’Aspremont et al., 2008; Friedman et al., 2007; Yuan and Lin, 2007). As a log-
determinant optimization problem, it can be addressed using interior-point methods (Boyd and Vandenberghe,
2004), or, more efficiently, via first-order block coordinate descent methods developed by d’Aspremont et al.
(2008) and Friedman et al. (2007). The latter authors coined this efficient algorithm the graphical lasso.

Rothman et al. (2008) studied convergence rates under bounded eigenvalue conditions and established con-

vergence in both Frobenius and spectral norms at the rate O
(√︃
(𝑠+𝑝) log 𝑝

𝑛

)
, where 𝑠 denotes the number of edges

in 𝐺. Elementwise ℓ∞-norm convergence was given by Ravikumar et al. (2011), who also generalized earlier
model selection consistency results from Lam and Fan (2009). Specifically, while Lam and Fan (2009) required
the number of edges 𝑠 to scale at most as O(√𝑝) and the sample size 𝑛 to scale at least as Ω((𝑠 + 𝑝) log 𝑝) to
recover the zero pattern in 𝛀 with high probability, Ravikumar et al. (2011) provided an improved lower bound
on the required sample size of the form 𝑛 = Ω(𝑑2 log 𝑝) if 𝑑 ≤ 𝑠 + 𝑝.

Alternatives to ℓ1 regularization have also been considered. Addressing the bias issue of ℓ1 penalization, Lam
and Fan (2009) investigated nonconvex regularizers including the hard-thresholding penalty 𝜌thresh(𝜃) = 𝜆2 −
(|𝜃 | − 𝜆)21 | 𝜃 |<𝜆 and the SCAD penalty 𝜌SCAD(𝜃) = 𝜆1𝜃≤𝜆 + (𝛼𝜆 − 𝜃)+1𝜃>𝜆/(𝛼 − 1), for some 𝛼 > 2. Using
linear programming Yuan (2010) propose a graphical version of the Dantzig selector (Candes and Tao, 2007)
and Cai et al. (2011) propose constrained ℓ1-minimization for inverse matrix estimation (CLIME). Each of
these methods has been rigorously analyzed, providing convergence rates under high-dimensional scaling and
establishing conditions for consistent model selection.

3.2 The Nonparanormal Graphical Model

Although the normality assumption can be relaxed for the sole purpose of precision matrix estimation, it remains
crucial when relating sparse precision matrix estimators to sparse undirected graphical models. Yet, the joint
normality assumption tends to be too restrictive in practice where data is often skewed or heavy-tailed.

As an illustration of this issue, we consider the study by Pappe et al. (2025), in which the effect of a dietary
intervention—specifically, a whole-food plant-based diet—on key periodontal parameters was examined in
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Table 3.1 Number of times out of 20 target variables the Null hypothesis of normality gets rejected at significance level
0.05 with and without Bonferroni correction.

Critical value Lilliefors Shapiro-Wilks D’Agostino and Pearson

Raw data 0.05 10 14 11
0.05/20 5 10 7

Log transformed 0.05 8 8 7
0.05/20 5 8 6

patients with elevated cardiometabolic risk (see also Dressler et al., 2022). A total of 36 participants were
enrolled in a single-blinded randomized clinical trial. Table 3.1 reports the number of rejections of the Null
hypothesis of normality, at the 0.05 significance level, for several appropriate tests applied to 20 continuous
metabolic and periodontal parameters1 measured at baseline.

Although log-transformations reduce the number of rejected Null hypotheses, the issue of non-normality
persists for approximately one-third of the parameters, after applying multiple testing corrections. Transform-
ing variables to achieve (approximate) normality has a long-standing tradition in statistical modeling (Box and
Cox, 1964). However, relying on parametric transformations may introduce model misspecification. Conse-
quently, we explore a nonparametric transformation approach designed specifically to mitigate the non-normality
challenge in the estimation of undirected graphical models.

More specifically, Liu et al. (2009) propose to replace the original random variables X = (𝑋1, . . . , 𝑋𝑝) with
transformed ones, namely, 𝑓 (X) = ( 𝑓1(𝑋1), . . . , 𝑓𝑝 (𝑋𝑝)) and assume that 𝑓 (X) is multivariate Gaussian. The
result is a nonparametric extension of the Normal the so called nonparanormal: X follows a 𝑝-dimensional
nonparanormal distribution if there exists univariate monotone increasing transformation functions 𝑓 = { 𝑓 𝑗}𝑝𝑗=1

such that the transformed variables 𝑓 (X) follow a multivariate Normal with mean 0 and covariance matrix
𝚺. Whithout loss of generality, we set the diagonals of 𝚺 to be equal to 1. More concisely, we say that
X ∼ 𝑁𝑃𝑁𝑝 (𝚺, 𝑓 ) if 𝑓 (X) ∼ 𝑁𝑝 (0,𝚺).

If the transformation functions are monotone and differentiable then the nonparanormal density takes the
following form:

𝑝X(x) =
1

(2𝜋) 𝑝/2 det(𝚺)1/2
exp

{
−1

2
𝑓 (x)⊤𝚺−1 𝑓 (x)

} 𝑝∏
𝑗=1

det( 𝑓 ′𝑗 (x 𝑗)), (3.3)

where 𝑓 ′
𝑗
(x 𝑗) is the corresponding Jacobian. The form of the nonparanormal density suggests that the undirected

graph of the nonparanormal model is encoded in 𝛀 ≡ Σ−1, as for the parametric Normal. This is because the
density clearly factorizes with respect to the undirected graph associated with 𝛀 such that the global Markov
property holds. In other words estimating the undirected graph of the nonparanormal model is equivalent
to finding the sparsity pattern of the precision matrix 𝛀. Figure 3.1 illustrates the difference of a bivariate
nonparanormal density and a parametric Normal density with the same covariance matrix. The nonparanormal

1The periodontal parameters include bleeding on probing, plaque index, clinical attachment level, and periodontal inflamed surface
area. The metabolic parameters include systolic and diastolic blood pressure, fasting glucose, glycated haemoglobin percentage,
high- and low-density lipoprotein levels, body mass index, and blood cholesterol.
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(a) (b)

Figure 3.1 Densities of a two-dimensional nonparanormal with 𝑓 𝑗 = sign(𝑥) |𝑥 |𝛼, where 𝑗 ∈ {1, 2} and 𝛼1 = 1.5 and
𝛼2 = 2.5 in (a) and a two-dimensional parametric normal distribution with the same mean 𝜇 = (0, 0) and covariance
matrix Σ =

( 1 .5
.5 1

)
and consequently the same underlying undirected graph in (b).

allows for much more complex data structures while the independence relations are still encoded in the precision
matrix.

Now, let 𝐹𝑗 (𝑥) denote the marginal distribution function of 𝑋 𝑗 and observe that since 𝑓 𝑗 (𝑋 𝑗) is standard
Gaussian, we have

𝐹𝑗 (𝑥) = 𝑃(𝑋 𝑗 ≤ 𝑥) = 𝑃( 𝑓 𝑗 (𝑋 𝑗) ≤ 𝑓 𝑗 (𝑥)) = Φ( 𝑓 𝑗 (𝑥)), (3.4)

where Φ( · ) denotes the cumulative distribution function of the standard normal. Then, Eq. 3.4 implies that

𝑓 𝑗 (𝑥) = Φ−1(𝐹𝑗 (𝑥)). (3.5)

Liu et al. (2009) show that the nonparanormal family is equivalent to the Gaussian copula family (Klaassen
and Wellner, 1997) when the transformation functions are differentiable. The semiparametric Gaussian copula
graphical model (GCGM) has seen increased attention in recent years due to its well-balanced blend between
model flexibility and interpretability (Dobra and Lenkoski, 2011; Abegaz and Wit, 2015; Mohammadi et al.,
2017; Behrouzi and Wit, 2019; Hermes et al., 2024).

Estimation Now, suppose we observe a 𝑛-sample x1, . . . , x𝑛 where x𝑖 = (𝑥𝑖1, . . . , 𝑥𝑖 𝑝)⊤ ∈ ℝ𝑝. Liu et al.
(2009) study the most natural estimation scheme for the GCGM where first the transformation functions are
estimated and second well-established GGM estimation methods — such as the ones outlined in Section 3.1 —
are applied to the transformed data. This idea is in spirit similar to sparse additive regression models (Ravikumar
et al., 2009) where univariate transformation functions are used within a regularized risk minimization scheme.
In case of the nonparanormal graphical model, a two-step procedure is more appropriate.

First, from our earlier derivation in Eq. 3.5, a natural way forward is to replace 𝐹𝑗 (𝑡) by its empirical
counterpart, the empirical distribution function

𝐹𝑗 (𝑡) =
1
𝑛

𝑛∑︁
𝑖=1

𝕀{𝑥𝑖 𝑗 ≤ 𝑡}. (3.6)
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In order to avoid infinite values for the largest and smallest values of 𝑥𝑖 𝑗 and to strike a balance between bias
and variance, Liu et al. (2009) use a truncated or Winsorized2 version of the empirical distribution function, i.e.

𝑓̂ 𝑗 (𝑡) = Φ−1(𝑊𝛿𝑛 [𝐹𝑗 (𝑡)]), (3.7)

where
𝑊𝛿𝑛 (𝑢) ≡ 𝛿𝑛𝕀(𝑢 < 𝛿𝑛) + 𝑢𝕀(𝛿𝑛 ≤ 𝑢 ≤ (1 − 𝛿𝑛)) + (1 − 𝛿𝑛)𝕀(𝑢 > (1 − 𝛿𝑛)).

The truncation constant 𝛿𝑛 can be chosen in several ways. For instance, in the low-dimensional regime, Klaassen
and Wellner (1997) derive efficiency results by setting 𝛿𝑛 = 1/(𝑛 + 1). For the high-dimensional regime, Liu
et al. (2009) propose to use 𝛿𝑛 = 1/(4𝑛1/4√︁𝜋 log 𝑛) in order achieve the desired rate of convergence pertaining
to the estimate of Ω and to graph recovery.

Second, the nonparanormal estimate of the precision matrix and its zero pattern can be obtained by replacing
the usual sample correlation matrix with Ŝ 𝑓 in any of the methods outlined in Section 3.1, where Ŝ 𝑓 = (𝑆 𝑓

𝑗𝑘
)

denotes the correlation matrix of the transformed data, i.e.,

𝑆
𝑓

𝑗𝑘
=


1
𝑛

∑𝑛
𝑖=1 𝑓̂ 𝑗 (𝑥𝑖 𝑗 ) 𝑓̂𝑘 (𝑥𝑖𝑘 )√︃

1
𝑛

∑𝑛
𝑖=1 𝑓̂ 2

𝑗
(𝑥𝑖 𝑗 )

√︃
1
𝑛

∑𝑛
𝑖=1 𝑓̂ 2

𝑘
(𝑥𝑖𝑘 )

if 𝑗 ≠ 𝑘.

1 if 𝑗 = 𝑘.

(3.8)

When 𝑝 is restricted to a polynomial order of 𝑛 Liu et al. (2009) establish the following rate of convergence:

∥Ŝ 𝑓 − 𝚺∥∞ = 𝑂𝑃
©­«
√︄

log 𝑝 log2 𝑛

𝑛1/2
ª®¬ .

However, as discussed in Section 3.1, for GGMs, the dimension 𝑝 is permitted to grow nearly exponentially
with the sample size 𝑛. To address this, Liu et al. (2012) and Xue and Zou (2012) propose employing rank-based
estimators, which circumvent direct estimation of the transformations. This approach enables improvement in
convergence rates, aligning them with those obtained in the parametric GGM setting.

Let 𝑟𝑖 𝑗 be the rank of 𝑥𝑖 𝑗 among the observations (𝑥1 𝑗 , . . . , 𝑥𝑛 𝑗) for 𝑗 ∈ [𝑝]. Further, observe that 𝑟 𝑗 =

1/𝑛∑𝑛
𝑖=1 𝑟𝑖 𝑗 = 𝑛 + 1/2. Liu et al. (2012) consider Spearman’rho (Spearman, 1904) and Kendall’s tau (Kendall,

1938) defined by

𝜌̂ 𝑗𝑘 =

∑𝑛
𝑖=1(𝑟𝑖 𝑗 − 𝑟 𝑗) (𝑟𝑖𝑘 − 𝑟𝑘)√︁∑𝑛

𝑖=1(𝑟𝑖 𝑗 − 𝑟 𝑗)2
∑𝑛

𝑖=1(𝑟𝑖𝑘 − 𝑟𝑘)2
,

𝜏̂𝑗𝑘 =
2

𝑛(𝑛 − 1)
∑︁

1≤𝑖<𝑖′≤𝑛
sign(𝑥𝑖 𝑗 − 𝑥𝑖′ 𝑗) (𝑥𝑖𝑘 − 𝑥𝑖′𝑘),

respectively. Both these nonparametric correlation measures are invariant under monotone transformations.
Thus, evaluating them on X is equivalent to evaluating them on 𝑓 (X). Since the GCGM entails ( 𝑓 𝑗 (𝑋 𝑗), 𝑓𝑘 (𝑋𝑘))
to be bivariate normal with correlation parameter Σ 𝑗𝑘 we can draw from classical results mapping 𝜌 𝑗𝑘 and 𝜏𝑗𝑘

to Σ 𝑗𝑘 . Here, 𝜌 𝑗𝑘 and 𝜏𝑗𝑘 refer the population versions of Spearman’s rho and Kendall’s tau, i.e., 𝜌 𝑗𝑘 :=

2John Tukey popularized the term “Winsorizing”, i.e., the robustizing technique of replacing outliers by the nearest non-outlier value
(Tukey, 1960). The technique is named after the “engeneer-turned-physiologist-turned-statistician” Charles Winsor.
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corr(𝐹𝑗 (𝑋 𝑗), 𝐹𝑘 (𝑋𝑘)) and 𝜏𝑗𝑘 := corr((𝑋 𝑗 − 𝑋 𝑗) (𝑋𝑘 − 𝑋𝑘)), where 𝑋 𝑗 and 𝑋𝑘 are independent copies of 𝑋 𝑗

and 𝑋𝑘 , respectively. Then, for X ∼ 𝑁𝑃𝑁𝑝 (𝚺, 𝑓 ) we have according to Kruskal (1958)

Σ 𝑗𝑘 = 2 sin
(𝜋

6
𝜌 𝑗𝑘

)
= sin

(𝜋
2
𝜏𝑗𝑘

)
. (3.9)

From this, the estimators Ŝ𝜌 = (𝑆𝜌
𝑗𝑘
) and Ŝ𝜏 = (𝑆𝜏

𝑗𝑘
) for the unknown correlation matrix 𝚺 are obtained by

plugging in the corresponding sample versions into Eq. 3.9, i.e.,

𝑆
𝜌

𝑗𝑘
=


2 sin

(
𝜋
6 𝜌̂ 𝑗𝑘

)
if 𝑗 ≠ 𝑘

1 if 𝑗 = 𝑘,

𝑆𝜏𝑗𝑘 =


sin

(
𝜋
2 𝜏̂𝑗𝑘

)
if 𝑗 ≠ 𝑘

1 if 𝑗 = 𝑘.

(3.10)

Importantly, Liu et al. (2012) show that despite the semi-parametric nature of Ŝ𝜌 and Ŝ𝜏 , they both achieve the
optimal parametric exponential concentration rate, i.e.,

∥Ŝ𝜌 − 𝚺∥∞ = ∥Ŝ𝜏 − 𝚺∥∞ = 𝑂𝑃

(√︂
log 𝑝

𝑛

)
. (3.11)

Subsequently, as before, the rank-based nonparanormal estimate of the precision matrix and its associated
sparsity pattern can be obtained by replacing the sample correlation matrix with Ŝ𝜌 or Ŝ𝜏 in any of the methods
discussed in Section 3.1. Since these rank-based procedures attain the optimal parametric convergence rate,
they can be reliably used in place of standard GGMs.

3.3 The Nonparanormal for Mixed Data

Until now, we have focused on continuous data only. In many settings however, both continuous and discrete
variables are present. For instance in medical statistics, one often encounters (ordinal) discrete measurements
pertaining to patients’ medical histories and continuous measurements of patients’ health conditions such as
blood pressure or heart rate. Learning undirected graphs from such mixed data has seen much less attention
than the purely continuous or purely discrete case.

There are three main lines of research that address high-dimensional graphical modeling for mixed data. The
earliest approach is the conditional Gaussian model for joint modeling of categorical and continuous variables,
first proposed by Lauritzen and Wermuth (1989). While conceptually elegant, this model suffers from a key
limitation: the number of parameters grows exponentially with the number of discrete variables, rendering it
impractical in high-dimensional settings. To mitigate this issue, Lee and Hastie (2015) — and later Cheng et al.
(2017), who included interaction terms — proposed a pairwise mixed graphical model as a tractable special
case.

A second approach extends neighborhood selection, as introduced in Section 3.1, to the mixed data setting.
This strategy models each variable conditionally on all others, often using a separate generalized linear model
for each node (Chen et al., 2015; Yang et al., 2014, 2018).

The third and most relevant line of work for our purposes builds upon GGMs and GCGMs, as introduced in
Sections 3.1 and 3.2, extending these frameworks to mixed data types. To handle such mixed data, Fan et al.
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(2017) introduce the latent Gaussian copula graphical model (latent GCGM). Specifically, the latent GCGM
accommodates scenarios involving both binary and continuous variables by assuming that each observed binary
variable arises as a thresholded version of a latent continuous variable. These latent variables, together with the
directly observed continuous variables, then jointly follow a GCGM.

Formally, suppose that X partitions into discrete variables X1 with dimension 𝑝1 — possibly ordinal —
and continuous variables X2 with dimension 𝑝2. Then X is said to follow a latent GCGM if there exists a
𝑝1-dimensional random vector Z1 = (𝑍1, . . . , 𝑍𝑝1)⊤ such that Z := (Z1,X1) ∼ 𝑁𝑃𝑁𝑝 (𝚺, 𝑓 ) and

𝑋𝑖 = 𝑗 if 𝛾 𝑗−1
𝑖
≤ 𝑍𝑖 < 𝛾

𝑗

𝑖
∀𝑖 ∈ [𝑝1] and 𝑗 ∈ [𝑙𝑖 + 1], (3.12)

where 𝛾0
𝑖
< 𝛾1

𝑖
< · · · < 𝛾

𝑙𝑖+1
𝑖

is a sequence of unknown threshold constants with 𝛾0
𝑖
= −∞ and 𝛾

𝑙𝑖+1
𝑖

= ∞
and 𝑙𝑖 + 1 the number of levels of the discrete variable 𝑋𝑖 . In short, we write X ∼ 𝐿𝑁𝑃𝑁 (𝚺, 𝑓 , 𝛾), where
𝛾 = (𝛾1, . . . , 𝛾𝑝1) and 𝛾𝑖 = (𝛾1

𝑖
, . . . , 𝛾

𝑙𝑖
𝑖
). Note that if Z ∼ 𝑁 (0,𝚺) the model reduces to a latent Gaussian

model, i.e., 𝐿𝑁 (0,𝚺, 𝛾).

Remark 3.1. The latent GCGM is particularly well-suited for handling ordinal discrete data, as it innately
assumes the existence of underlying latent continuous variables generating the observed discrete values. A
straightforward example arises in medical studies, where a patient’s age might be recorded within discrete inter-
vals or brackets. In contrast, when dealing with nominal discrete variables, it is advisable to first convert these
into binary indicators corresponding to each nominal category before applying the latent GCGM framework.

Fan et al. (2017) proposed a special case of the latent GCGM that specifically addresses a mix of binary
and continuous variables. In this simplified setting, the authors derive bridge functions that link the latent
correlation Σ 𝑗𝑘 to the population Kendall’s tau 𝜏𝑗𝑘 . The derivation considers three distinct cases:

(I) Both 𝑋 𝑗 and 𝑋𝑘 are continuous;

(II) One variable (either 𝑋 𝑗 or 𝑋𝑘) is binary, and the other is continuous;

(III) Both 𝑋 𝑗 and 𝑋𝑘 are binary.

For case (I), the bridge function coincides with the one previously employed by Liu et al. (2012) and Xue and
Zou (2012), as provided in Eq. (3.9). For cases (II) and (III), closed-form expressions for the bridge functions
𝐹 (Σ 𝑗𝑘 , 𝛾 𝑗) and 𝐹 (Σ 𝑗𝑘 , 𝛾 𝑗 , 𝛾𝑘) generally do not exist. Nevertheless, Fan et al. (2017) demonstrate that, for
fixed thresholds, these bridge functions are strictly increasing in Σ 𝑗𝑘 . Consequently, equations of the form
𝐹 (Σ 𝑗𝑘 , 𝛾 𝑗) = 𝜏𝑗𝑘 and 𝐹 (Σ 𝑗𝑘 , 𝛾 𝑗 , 𝛾𝑘) = 𝜏𝑗𝑘 have unique solutions, which can be efficiently computed numer-
ically. Moreover, Fan et al. (2017) establish concentration inequalities yielding the same rate of convergence
as stated in Eq. (3.11). Thus, the theoretical properties of the latent GCGM are essentially equivalent to those
obtained if the latent variables 𝑍1, . . . , 𝑍𝑝1 were directly observed.

Yet, when considering a discrete mix beyond the binary case, Fan et al. (2017) advocate for the binarization
of all discrete variables. Accordingly, this idea was further developed by Feng and Ning (2019), who proposed
initially binarizing all discrete variables to generate preliminary estimators, which are then combined through
a weighted aggregate. Quan et al. (2018) extended the binary latent Gaussian copula model by considering
scenarios involving continuous, binary, and ternary variables. However, this extension highlights a significant
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drawback: complexity grows substantially as discrete variables with distinct state spaces are introduced. Specif-
ically, for a mix involving continuous variables and discrete variables spanning 𝑘 distinct state spaces,

(𝑘+2
2

)
different bridge functions are required.

In the first core article (Göbler et al., 2024a), we address the estimation of the general latent GCGM by
integrating classical statistical concepts — specifically, polychoric and polyserial correlations — with the latent
GCGM framework. The foundations of these ideas date back to the early 1900s, when Pearson (1900, 1913)
introduced the tetrachoric and biserial correlation coefficients. These concepts subsequently led to maximum
likelihood estimators (MLEs) for the general case, in which discrete variables may assume an arbitrary number
of states (Olsson, 1979; Olsson et al., 1982). This generality implies that it suffices to consider only the three
previously outlined cases (I), (II), and (III), regardless of the number of the discrete variables with distinct state
spaces.

Our theoretical analysis in (Göbler et al., 2024a) further reveals that the proposed estimators achieve optimal
convergence rates in cases (I) and (III). For case (II), however, the additional modeling flexibility necessitates an
initial step of estimating the transformation functions of the observed continuous variables, in a manner similar
to that proposed by Liu et al. (2009). This requirement leads naturally to a two-step estimation procedure:
first, we estimate the transformation functions for all continuous variables 𝑋𝑝1+1, . . . , 𝑋𝑝2 ; second, we employ
these estimated transformations in place of the observed continuous variables to define an ad-hoc polyserial
correlation coefficient within the nonparanormal setting. Due to the first stage estimation of the transformation
functions the rate in supremum norm for case (II) amounts to

∥Ŝcase (II) − 𝚺∥∞ = 𝑂 𝑝

(√︄
log 𝑝 log 𝑛
√
𝑛

)
. (3.13)

Overall, in our first core article (Göbler et al., 2024a), we provide comprehensive theoretical analysis,
simulation studies, and an empirical evaluation using UK Biobank data on severe COVID-19 patients. Through
this investigation, we rigorously characterize the properties of our proposed estimators and demonstrate their
practical usability and broad applicability.
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4 Generating Realistic Production Data for
Benchmarking Causal Discovery

Methodological progress in machine learning has historically been closely tied to the availability and quality of
meaningful benchmark datasets and tools (Langley, 2011; Longjohn et al., 2024). When benchmark datasets
are both widely accessible and representative of real-world tasks, they play a crucial role in evaluating the
performance of newly developed methods (Raji et al., 2021). As the machine learning community has grown,
benchmarking repositories have become increasingly sophisticated, covering a broad range of domains and data
types.

In contrast, benchmarking has advanced far more slowly in the field of causal discovery. One key reason
is the inherent difficulty in obtaining ground truth causal relationships in real-world settings. Even when
such relationships are available, there is often considerable uncertainty surrounding their accuracy and com-
pleteness (Ramsey and Andrews, 2018). The reason is that the stated ground truth causal model contains
predictions about manipulated (i.e., intervened upon) populations that might not exist or be observable in the
real world (Spirtes and Zhang, 2016). Additionally, access to high-quality datasets is frequently restricted due
to privacy concerns or legal constraints, such as intellectual property protections.

In the second core article (Göbler et al., 2024b), we introduce a semisynthetic data generator for benchmarking
causal discovery methods. It is based on a complex real-world dataset collected along a manufacturing assembly
line. By analyzing the underlying physical processes, we identify a partial ground truth of causal relationships
that is rich enough to estimate a full causal graph using nonparametric regression. To address confounding
and privacy concerns, we employ distributional random forests (Ćevid et al., 2022) to estimate the conditional
distributions implied by the ground truth. These are then combined into a joint distribution that strictly adheres
to a causal model over the observed variables.

4.1 Causal Discovery

To clarify the essential properties of the benchmarking tool introduced in our second core article (Göbler et al.,
2024b), we begin by outlining the most prominent classes of causal structure learning methods. Since the
real-world data used in that work consist exclusively of continuous variables, our discussion of causal discovery
methods is limited to algorithms designed for continuous data.

Recall from Section 2.2.2 that causal graphical models are a special class of graphical models in which edges
represent direct causal effects. This causal interpretation enables the prediction of manipulated, or interventional,
distributions and thereby the estimation of causal effects (Spirtes and Zhang, 2016). In observational settings —
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i.e., when no experimental interventions are deliberately performed — the underlying causal graph is generally
unknown and must be inferred from data. This task is known as causal discovery or causal structure learning.

A wide array of methodologies has been proposed to infer causal structures from observational joint distri-
butions. As discussed in Section 2.2, when no assumptions are imposed on the functional form of the causal
mechanisms, the underlying graph 𝐺 can only be identified up to its MEC using observational data alone.
Consequently, in the absence of additional assumptions it is natural to perform searches within the space of
MECs rather than among individual DAGs.

In what follows, we discuss two main categories of approaches for causal discovery: constraint-based
and score-based methods. Constraint-based methods formulate structure learning as a constraint satisfaction
problem (Squires and Uhler, 2022). These methods leverage observed conditional independences and other
structural constraints (see Peters et al., 2017, Chapter 9.5) to iteratively narrow down possible candidate graphs.
Conversely, score-based methods approach structure learning as a combinatorial optimization problem. They
assign scores to candidate graphs and aim to identify the graph that maximizes the score by efficiently traversing
the relevant graph space.

4.1.1 Constraint-based methods

The most prominent constraint-based method is perhaps the PC Algorithm, named after the inventors Peter
Spirtes and Clark Glymour (Spirtes et al., 1993, 2000). The algorithm has two phases and outputs a CPDAG.
The first phase starts with a complete undirected graph and iteratively removes edges by testing conditional
independences with conditioning sets of increasing cardinality. The second phase attempts to orient as many of
the edges as possible found in the first phase. This is done by first determining v-structures and then applying
the Meek orientation rules (Meek, 1995) to the remaining edges.

Being able to set up appropriate conditional independence (CI) tests plays a vital role in constraint-based
methods with CI constraints such as the PC algorithm. Which CI method to employ depends on data char-
acteristics, modeling assumptions and considerations regarding computational complexity. For instance, for
multivariate Gaussian data zero partial correlation implies conditional independence such that hypothesis tests
are readily constructed and are computationally efficient (Colombo and Maathuis, 2014, see e.g.). Utilizing the
mapping between the rank-based measures Kendall’s tau and Spearman’s rho (Eq. (3.9) in Section 3.2) and the
underlying Gaussian correlation parameter Harris and Drton (2013) obtain a computationally efficient version
of the PC algorithm for the broader class of nonparanormal distributions. Conversely, nonparametric condi-
tional independence testing (Zhang et al., 2011; Zheng et al., 2020) while often more appropriate in practice is
notoriously hard in the sense that no uniformly valid CI test can have any statistical power (Shah and Peters,
2020). This means that CI tests in the nonparametric setting require further assumptions on the set of possible
distributions (Squires and Uhler, 2022).

4.1.2 Score-based methods

A prominent example of score-based methods is greedy equivalence search (GES) (Chickering, 2003). In the
first (forward) phase of the algorithm, single edges are added (greedily) to the initial graph estimate according
to the largest score improvement. In the second (backwards) phase, individual edges are deleted from the final
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graph estimate from the first phase until the score can no longer be improved. The search space for GES is the
space of all CPDAGs since DAGs that belong to the same MEC are assigned the same score. This property
of some score 𝑆(𝐺) is called score equivalence. Another desirable property of the score is decomposability,
where any single edge operation only changes the score locally, such that recalculating the score after an update
can be done fast and efficiently (see, e.g. Maathuis and Nandy, 2016). In cases where the score 𝑆(𝐺) satisfies
score equivalence, decomposability, and consistency — i.e., the true CPDAG is assigned the highest score with
probability tending to one — GES can be shown to be consistent.

Scores based on the marginal likelihood such as the Bayesian Information Criterion (BIC) satisfy the above
properties for Gaussian or multinomial distributions. Taking this as a starting point, nonparametric extensions
through nonparanormal distributions (Nandy et al., 2018) or Gaussian process priors (Friedman and Nachman,
2000) or more intricate scores altogether (Brenner and Sontag, 2013) have been developed.

Since finding the DAG with the highest score has been shown to be NP-complete (Chickering, 1996),
score-based methods need to trade off computational efficiency against guarantees regarding algorithmic con-
sistency (Squires and Uhler, 2022). On one end of this trade-off exact score based methods are based on the goal
to exactly find some graph 𝐺 that exactly optimizes some score 𝑆. Typically, some combinatorial optimization
techniques and heuristics, such as dynamic programming (Koivisto and Sood, 2004; Parviainen and Koivisto,
2011) or integer linear programming (Bartlett and Cussens, 2017; Cussens, 2020; Chen et al., 2021). GES
and its extensions are located at the middle of the trade-off continuum since they are no longer exact but still
consistent. On the other end of the trade-off dwell gradient-based routines where the search space over DAGs is
relaxed to be continuous rather than discrete. This allows highly performant continuous optimization techniques
including deep learning architectures to be used for causal structure learning (Zheng et al., 2018; Lachapelle
et al., 2020; Ng et al., 2020). Due to the non-convex nature of the involved optimization problem consistency
guarantees are challenging to establish (Deng et al., 2024).

4.1.3 Functional form restricting methods

When imposing suitable constraints on the functional form of the generating SEM, one can leverage induced
asymmetries in the joint observational distribution to identify the true underlying DAG. This central idea is
most clearly illustrated in the bivariate scalar case, described by the SEM

𝑋 = 𝑁𝑋, 𝑌 = 𝑓𝑌 (𝑋, 𝑁𝑌 ), (4.1)

with corresponding DAG 𝐺 given by 𝑋 → 𝑌 . We previously noted that the DAG obtained by reversing the
direction of the edge, i.e., 𝑋 ← 𝑌 , lies within the same MEC as 𝐺. Consequently, identifying the true DAG 𝐺

solely from observational data is impossible without imposing additional assumptions.
This can be more elegantly understood through the following reasoning: if the reversed causal direction were

valid, one could represent 𝑋 as a function of 𝑌 and some exogenous noise 𝑁𝑋, satisfying 𝑌 ⊥⊥ 𝑁𝑋. In fact,
without restrictions on the functional class F , Hyvärinen and Pajunen (1999) show that there always exists a
suitable function 𝑓 ∈ F ensuring 𝑌 ⊥⊥ 𝑁𝑋. Thus, the absence of constraints on F renders the SEM symmetric
with respect to variables 𝑋 and 𝑌 .

Subsequently, we discuss the most important restrictions imposed on the function class F that facilitate the
identification of the causal direction between 𝑋 and 𝑌 . For the purposes of the present Chapter, structure
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identifiability refers to the ability to determine the causal direction between 𝑋 and 𝑌 from observational data
alone. In Section 5.1, we provide a more detailed discussion of the notion of identifiability in the context of
bivariate SEMs. Throughout, the term identifiability is used to refer specifically to structure identifiability.
Although our exposition focuses on the bivariate scenario for simplicity and clarity, the identifiability results
we outline readily extend to the general multivariate case (Peters et al., 2011b).

Identifiability in linear SEMs The first restriction discussed in this context is to require the function class F
to contain only linear functions, i.e.,

𝑌 = 𝑏𝑋 + 𝑁𝑌 . (4.2)

In this context, Shimizu et al. (2006) demonstrated that provided at most one of the variables 𝑋 and 𝑁𝑌

is Gaussian, the reversed causal direction does not produce independence between 𝑌 and 𝑁𝑋. Independent
component analysis (ICA) (Comon, 1994) can be employed to estimate this model, referred to as the linear
non-Gaussian acyclic model (LiNGAM). Subsequently, Shimizu et al. (2011) introduced a direct estimation
procedure specifically tailored for the LiNGAM framework. Although linear ICA indicates that a linear Gaussian
SEM generally does not allow ruling out the reverse causal direction, Peters and Bühlmann (2013) showed that
under the special condition of Gaussian noise variables with equal variances the reverse causal direction can be
ruled out.

Identifiability in nonlinear SEMs A further restriction on the function class F is introduced by the nonlinear
additive noise model (ANM) (Hoyer et al., 2008), wherein—as the name indicates—the noise enters the effect
variable 𝑌 additively:

𝑌 = 𝑓 (𝑋) + 𝑁𝑌 , (4.3)

with 𝑓 being a three-times differentiable nonlinear function. Hoyer et al. (2008) demonstrate that, except for
certain specific combinations of the function 𝑓 , the distribution 𝑃𝑋, and the noise distribution 𝑃𝑁𝑌

, the causal
direction is identifiable. Notably, the introduction of nonlinearity breaks the symmetry between the observed
variables, thus enabling inference of the causal direction. Chapter 5 provides a detailed discussion of the
ANM framework. Several causal discovery algorithms have emerged from the ANM approach, including
the regression with subsequent independence test (RESIT) algorithm (Peters et al., 2014), the SCORE algo-
rithm (Rolland et al., 2022) based on score matching, and the Gradient-Based Neural DAG learning (GraN-DAG)
algorithm (Lachapelle et al., 2020).

A more general identifiable model class is provided by the post-nonlinear causal model (PNL) (Zhang and
Hyvärinen, 2009), where the effect𝑌 undergoes an additional nonlinear distortion beyond the ANM framework.
Specifically, the PNL model is defined as

𝑌 = 𝑔( 𝑓 (𝑋) + 𝑁𝑌 ), (4.4)

where 𝑔 is a three-times differentiable and invertible nonlinear function. The additional transformation 𝑔 can
be interpreted as representing nonlinear sensor or measurement errors, phenomena frequently encountered in
real-world applications. Due to this increased complexity, the PNL model generally poses greater challenges in
estimation compared to the ANM. In the bivariate case, Zhang and Hyvärinen (2009) propose estimating the
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Table 4.1 Overview of properties, assumptions, and inferred graphs for the causal discovery classes examined in this
chapter, with representative algorithms.

Class Suff. Faith. Further
constr.

Output Identif. Consist.

PC (Spirtes et al., 1993)
CB

✓ ✓ ✗ CPDAG CPDAG ✓

rankPC (Harris and Drton, 2013) ✓ ✓ ✗ CPDAG CPDAG ✓

stablePC (Colombo and Maathuis, 2014) ✓ ✓ ✗ CPDAG CPDAG ✓

ExactBN (Koivisto and Sood, 2004)
SB

✓ ✓ ✗ DAG CPDAG ✓

GES (Chickering, 2003) ✓ ✓ ✗ CPDAG CPDAG ✓

NOTEARS (Zheng et al., 2018) ✓ ✓ ✗ DAG CPDAG ✗

DirectLiNGAM (Shimizu et al., 2011)

FFR

✓ ✓ ✓ DAG DAG ✓

EqualVar (Chen et al., 2019) ✓ ✓ ✓ DAG DAG ✓

RESIT (Peters et al., 2014) ✓ ✓ ✓ DAG DAG ✓

SCORE (Rolland et al., 2022) ✓ ✓ ✓ DAG DAG ✓

GraN-DAG (Lachapelle et al., 2020) ✓ ✓ ✓ DAG DAG ✗

Suff.: causal sufficiency, Faith.: causal faithfulness, Further constr.: further constraints of the functional form
Identif.: Identifiable given the set of assumptions, Consist.: consistency.
CB: constraint-based, SB: score-based, FFR: functional form restricting

PNL by minimizing the mutual information between the estimated noise and the potential cause, employing
multi-layer perceptrons (MLPs) to approximate the nonlinear functions 𝑓 and 𝑔 in both causal directions.
The correct orientation is subsequently identified using kernel-based independence tests (Gretton et al., 2005)
between the estimated noise terms and the candidate causes. More recently, Uemura et al. (2022) have extended
this estimation approach to the multivariate setting.

In multivariate settings, most functional form restricting methods belong to the class of order-based meth-
ods (Teyssier and Koller, 2005). First, a (causal) topological ordering is obtained, where each node can only
have parents that precede it in the topological ordering. Second, a super-DAG with all edges being present that
obey the causal ordering is constructed. Then, superfluous edges are pruned for instance by sparse regression
techniques (Peters et al., 2014). In Chapter 5, we discuss sparse regression for edge-pruning in greater detail.

In multivariate settings, most approaches based on restricting the functional form belong to the class of order-
based methods (Teyssier and Koller, 2005). These methods typically proceed in two steps: first, a (causal)
topological ordering is determined, ensuring each node can have only parents that precede it in the ordering.
Second, a super-DAG is constructed, initially containing all edges consistent with this ordering. Subsequently,
superfluous edges are pruned, e.g., using sparse regression techniques (Peters et al., 2014). Sparse regression
as an edge-pruning strategy is discussed in greater detail in Chapter 5. Table 4.1 provides an overview of the
causal discovery methods discussed above, their properties, and references to representative algorithms for each
class.
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In the second core article (Göbler et al., 2024b), a valid causal ordering is derived from expert knowledge
combined with the layered structure inherent to the assembly line. Given that domain knowledge precludes edges
across layers, the corresponding super-DAG is pruned using sparse additive models (SpAM) (Liu et al., 2007).
The resulting DAG is then considered as the ground truth, serving as the basis for generating semisynthetic data.
Leveraging this semisynthetic data generator, we benchmark several prominent constraint-based, score-based,
and functional form restricting causal discovery algorithms, including the PC algorithm (Spirtes et al., 1993),
NOTEARS (Zheng et al., 2018), GraN-DAG (Lachapelle et al., 2020), DirectLiNGAM (Shimizu et al., 2011),
and SCORE along with its scalable extension DAS (Rolland et al., 2022; Montagna et al., 2023).
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5 Nonlinear causal discovery for grouped data

The third core article of this thesis (Göbler et al., 2025) focuses on continuous additive noise models (ANMs)
in a setting where the causal entities of interest are random vectors (groups) rather than scalar random variables.
The treatment of groups of variables among which causal relations are to be determined arises in many real-
world settings. Examples include neuroscience where causal relations among brain regions may constitute the
research objective (Panzeri et al., 2017; Kohn et al., 2020). Another example is psychology where measurements
are taken of certain psychological or societal traits based on several proxy variables that need to be treated
jointly (Cronbach and Meehl, 1955; Antonoplis, 2022).

5.1 Identifiability

In Section 4.1, we briefly reviewed identifiability results for scalar, continuous, nonlinear additive noise models
(ANMs). In this section, we revisit these results in greater detail, laying the groundwork for their extension to
the group setting. Throughout this chapter we focus on the continuous case; for a treatment of the scalar discrete
case, see Peters et al. (2011a).

Consider the following ANM over the two random variables 𝑋 and 𝑌 ,

𝑋 = 𝑁𝑋, 𝑌 = 𝑓𝑌 (𝑋) + 𝑁𝑌 , (5.1)

where 𝑁𝑋 and 𝑁𝑌 have strictly positive densities with respect to the Lebesgue mea-
sure, and 𝑓𝑌 is a three-times differentiable, nonlinear, and non-constant function.

P

𝐶 𝐴

Figure 5.1 Depiction of the joint dis-
tributions that may be generated from
the causal SEM (C) and the anticausal
SEM (A) inside the set of all possible
joint distributions P.

In this case, Peters et al. (2014) show that the requirement that 𝑓𝑌 is
non-constant is equivalent to assuming causal minimality, a condition
that is similar to but weaker than causal faithfulness. A distribution
satisfies causal minimality with respect to a graph 𝐺 if the Markov
condition holds for 𝐺 but fails for every proper subgraph 𝐺 = (𝑉, 𝐸) of
𝐺 where 𝐸 ⊂ 𝐸 . Given samples from a distribution generated by such
an ANM, Hoyer et al. (2008) demonstrate that the causal direction is
generically identifiable.

We now make the notion of identifiability more precise. Consider
Figure 5.1, which depicts the set of joint distributions that can be gen-
erated from the SEM with the causal graph 𝑋 → 𝑌 (denoted 𝐶) and
from the SEM with the anti-causal direction 𝑋 ← 𝑌 (denoted 𝐴), both
contained within the set of all possible joint distributions P. When we
speak of identifiability, we are essentially reasoning about the size of the
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intersection 𝐶 ∩ 𝐴. If 𝐶 and 𝐴 were to contain almost the same set of joint distributions, we would regard the
model class as non-identifiable. Conversely, if the intersection is very small, we would regard the model class
as identifiable.

For ANMs, we already know that this intersection cannot be empty, due to the well-known linear Gaussian
case, which admits both directions. We illustrate this in the following example.

Example 5.1. Suppose we have
𝑌 = 𝛽𝑋 + 𝑁𝑌 , 𝑁𝑌 ⊥⊥ 𝑋, (5.2)

with linear coefficient 𝛽 ∈ ℝ, and 𝑋 and 𝑁𝑌 normally distributed (w.l.o.g. with zero mean) and variances 𝜎2
𝑋

and 𝜎2
𝑁𝑌

, respectively. The joint distribution generated by this SEM is bivariate normal with covariance

Cov(𝑋,𝑌 ) = 𝛽𝜎2
𝑋 . (5.3)

If both directions are admissible, we can construct a new noise term 𝑁𝑋 such that

𝑋 = 𝛾𝑌 + 𝑁𝑋, 𝑁𝑋 ⊥⊥ 𝑌 . (5.4)

From the geometry of linear regression, it follows that

𝑁𝑋 = 𝑋 − Cov(𝑋,𝑌 )
Var(𝑌 ) 𝑌, (5.5)

and therefore

𝑋 = 𝛾𝑌 + 𝑁𝑋, 𝛾 =
𝛽𝜎2

𝑋

𝛽2𝜎2
𝑋
+ 𝜎2

𝑁𝑌

. (5.6)

By construction, 𝑁𝑋 and 𝑌 are uncorrelated:

Cov(𝑁𝑋, 𝑌 ) = Cov
(
𝑋 − Cov(𝑋,𝑌 )

Var(𝑌 ) 𝑌, 𝑌

)
= Cov(𝑋,𝑌 ) − Cov(𝑋,𝑌 )

Var(𝑌 ) Var(𝑌 ) = 0. (5.7)

Since all variables are Gaussian, uncorrelatedness implies independence, so 𝑁𝑋 ⊥⊥ 𝑌 . Lastly, observe that

𝛾 =
𝛽𝜎2

𝑋

𝛽2𝜎2
𝑋
+ 𝜎2

𝑁𝑌

=
𝛽

𝛽2 + 𝜎2
𝑁𝑌
/𝜎2

𝑋

≠
1
𝛽

(5.8)

whenever 𝜎2
𝑁𝑌

> 0.

From linear ICA (Comon, 1994; Shimizu et al., 2006) it is known that the statement also holds in reverse: if
the reverse causal direction is admissible and the SEM is linear, then 𝑋 and 𝑁𝑌 must be Gaussian. Consequently,
Hoyer et al. (2008) addressed the question of whether it is possible to characterize the intersection 𝐶 ∩ 𝐴 for
nonlinear ANMs.

To answer this question, suppose that the graph is not identifiable, so that the joint densities factorizing
according to the DAGs implied by the causal and anti-causal SEMs are equal, i.e.,

𝑝𝑁𝑌
(𝑦 − 𝑓 (𝑥)) 𝑝𝑋 (𝑥) = 𝑝𝑋𝑌 (𝑥, 𝑦) = 𝑝𝑁𝑋

(𝑥 − 𝑔(𝑦)) 𝑝𝑌 (𝑦). (5.9)

Define
𝜋1(𝑥, 𝑦) := log

[
𝑝𝑁𝑌
(𝑦 − 𝑓 (𝑥)) 𝑝𝑋 (𝑥)

]
= 𝜈

(
𝑦 − 𝑓 (𝑥)

)
+ 𝜉 (𝑥), (5.10)
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and
𝜋2(𝑥, 𝑦) := log

[
𝑝𝑁𝑋
(𝑥 − 𝑔(𝑦)) 𝑝𝑌 (𝑦)

]
= 𝜇

(
𝑥 − 𝑔(𝑦)

)
+ 𝜂(𝑦), (5.11)

for 𝜈 := log 𝑝𝑁𝑌
, 𝜉 := log 𝑝𝑋, 𝜇 := log 𝑝𝑁𝑋

, and 𝜂 := log 𝑝𝑌 . It is straightforward to verify that

𝜕

𝜕𝑥

(
𝜕2𝜋2(𝑥, 𝑦)/𝜕𝑥2

𝜕2𝜋2(𝑥, 𝑦)/𝜕𝑥 𝜕𝑦

)
= 0. (5.12)

Since 𝜋1(𝑥, 𝑦) = 𝜋2(𝑥, 𝑦), we also have

𝑄1 :=
𝜕

𝜕𝑥

(
𝜕2𝜋1(𝑥, 𝑦)/𝜕𝑥2

𝜕2𝜋1(𝑥, 𝑦)/𝜕𝑥 𝜕𝑦

)
= 0, (5.13)

which yields the following expression (arguments omitted for readability):

𝑄1 = −2 𝑓 ′′ + 𝜈′ 𝑓 ′′′

𝜈′′ 𝑓 ′
− 𝜉′′′

𝜈′′ 𝑓 ′
+ 𝜈′𝜈′′′ 𝑓 ′′

(𝜈′′)2
− 𝜈′( 𝑓 ′′)2
𝜈′′( 𝑓 ′)2

− 𝜉′′ 𝜈′′′

(𝜈′′)2
+ 𝜉′′ 𝑓 ′′

𝜈′′( 𝑓 ′)2
. (5.14)

Setting 𝑄1 = 0 and rearranging terms gives the differential equation

𝜉′′′ = 𝜉′′
(
−𝜈
′′′ 𝑓 ′

𝜈′′
+ 𝑓 ′′

𝑓 ′

)
− 2𝜈′′ 𝑓 ′′ 𝑓 ′ + 𝜈′ 𝑓 ′′′ + 𝜈′′′𝜈′ 𝑓 ′′ 𝑓 ′

𝜈′′
− 𝜈′( 𝑓 ′′)2

𝑓 ′
. (5.15)

Thus, the size of the intersection 𝐶 ∩ 𝐴 for nonlinear ANMs is fully characterized by all cases in which
the triple ( 𝑓 , 𝑃𝑋, 𝑃𝑁𝑌

) satisfies Eq. (5.15). Broadly speaking, if we fix ( 𝑓 , 𝑃𝑁𝑌
), the set of all distributions

𝑃𝑋 that satisfy Eq. (5.15) lies in a three-dimensional space. Since the space of continuous distributions is
infinite-dimensional in general, the backwards model is inadmissible for most distributions 𝑃𝑋. Consequently,
Hoyer et al. (2008) conclude that for generic triples ( 𝑓 , 𝑃𝑋, 𝑃𝑁𝑌

), the graph is generically identifiable.
Although Eq. (5.15) demonstrates that 𝐶 ∩ 𝐴 is indeed a small set, we still lack a concrete understanding

of the form of ( 𝑓 , 𝑃𝑋, 𝑃𝑁𝑌
) that satisfies Eq. (5.15). In this context, Zhang and Hyvärinen (2009) derive five

classes of triples ( 𝑓 , 𝑃𝑋, 𝑃𝑁𝑌
) for which the graph is non-identifiable:

1. 𝑋 and 𝑁𝑌 are Gaussian, 𝑓 is linear.

2. 𝑋 and 𝑁𝑌 are log-mix-lin-exp, 𝑓 is linear.

3. 𝑋 is log-mix-lin-exp, 𝑁𝑌 is one-sided asymptotically exponential, and 𝑓 is strictly monotonic with
𝑓 ′(𝑥) → 0 as 𝑥 → ±∞.

4. 𝑋 is log-mix-lin-exp, 𝑁𝑌 is a generalized mixture of two exponentials, and 𝑓 is strictly monotonic with
𝑓 ′(𝑥) → 0 as 𝑥 → ±∞.

5. 𝑋 is a generalized mixture of two exponentials, 𝑁𝑌 is two-sided asymptotically exponential, and 𝑓 is
strictly monotonic with 𝑓 ′(𝑥) → 0 as 𝑥 → ±∞.

We refer to Zhang and Hyvärinen (2009) for precise definitions of these distributional families. Suppose we
are given the distribution generated from an identifiable bivariate ANM, in other words, the triple ( 𝑓 , 𝑃𝑋, 𝑃𝑁𝑌

)
does not belong to either of the five classes. Then, the regression in the causal direction: 𝑌 − 𝔼[𝑌 | 𝑋] =
𝑌 − 𝑓 (𝑋) = 𝑁𝑌 implies 𝑁𝑌 ⊥⊥ 𝑋 . However, the residuals obtained from the regression in the anti-causal
direction 𝑋 −𝔼[𝑋 | 𝑌 ] are not independent of 𝑌 . Figure 5.2 illustrates this concept. The panel on the left plots
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Figure 5.2 Illustration of bivariate identifiability in nonlinear additive noise models. The triple ( 𝑓 , 𝑃𝑋, 𝑃𝑁𝑌
) is chosen to

be as follows: ( 𝑓 = exp, 𝑃𝑋 = N(0, 1), 𝑃𝑁𝑌
= N(0, 1)). The sample size is 𝑛 = 1, 000. The left panel demonstrates the

relationship between 𝑋 and 𝑌 . The middle panel demonstrates independence between cause and residual when regressed
in the correct direction, while the right panel shows the lack of independence in the anti-causal direction.

𝑋 against 𝑌 where 𝑓 is chosen to be the exponential function. Further, 𝑋 and 𝑁𝑌 are generated from a standard
Normal and 𝑛 = 1, 000 samples are drawn. The middle and right panel of Figure 5.2 plot the residuals from the
two regressions against the supposed cause. Clearly, the regression in the causal direction (middle panel) leads
to independent residuals while the regression in the anti-causal direction (right panel) does not.

Multivariate case So far, we have treated only the bivariate case. The reason for this is that Peters et al.
(2014) demonstrate that an identification result analogous to Eq. (5.15) is sufficient to extend identifiability to
the multivariate case. Suppose we are given a SEM on 𝑝 variables, i.e.,

𝑋 𝑗 = 𝑓 𝑗 (X𝑝𝑎 ( 𝑗 ) ) + 𝑁 𝑗 , 𝑗 = 1, . . . , 𝑝. (5.16)

If we fix all arguments of the function 𝑓 𝑗 except for one, we again obtain a bivariate model. However, the triple(
𝑓 𝑗 (x𝑝𝑎 ( 𝑗 )\{𝑖} , ·︸︷︷︸

𝑋𝑖

), 𝑃𝑋𝑖
, 𝑃𝑁 𝑗

)
,

where the underbrace indicates the one parent variable that is not fixed, does not in general yield a condition
analogous to Eq. (5.15) (Peters et al., 2014, Example 26). Instead, we require that there exists some set 𝑆 among
the ancestors of 𝑗 , i.e.,

𝑝𝑎( 𝑗) ⊆ 𝑆 ⊆ 𝑛𝑑 ( 𝑗) \ {𝑖, 𝑗},

for each 𝑗 ∈ [𝑝] such that the triple from such a restricted ANM(
𝑓 𝑗 (x𝑆\{𝑖} , ·︸︷︷︸

𝑋𝑖

), 𝑃𝑋𝑖 |𝑋𝑆
, 𝑃𝑁 𝑗

)
,

does not satisfy the same differential equation as Eq. (5.15). Under this condition, the orientation between 𝑋𝑖

and 𝑋 𝑗 is generically identifiable for all {𝑖, 𝑗} ∈ [𝑝]. In the third core article of the thesis (Göbler et al., 2025),
we extend these identifiability results to the case of groups of variables.

Beyond the bivariate case, the theoretical identifiability results do not directly yield a finite-sample method for
estimating the DAG under a restricted ANM. For instance, Rolland et al. (2022) propose the SCORE algorithm
which utilizes score matching to estimate a causal ordering in the context of multivariate ANMs. In particular,



5 Nonlinear causal discovery for grouped data

28

they show that, for multivariate ANMs with Gaussian noise, sink nodes can be identified by analyzing their
entailed observational score. An estimate of the causal order is then obtained by iteratively removing sink
nodes from the dataset. In similar spirit, Peters et al. (2014) exploit the fact that, for any node 𝑖 in a SEM,
its corresponding noise term is (unconditionally) independent of all other variables. This property allows the
recursive identification of sink nodes, as they are independent of all remaining variables. The corresponding
RESIT algorithm (see Section 4.1) first regresses each node on all others to obtain estimates of the noise terms,
and then identifies a sink node by selecting the variable with the most independent residual. This node is
prepended to the causal order and subsequently removed from the analysis. Repeating these steps 𝑝 − 1 times
yields an estimate of the full causal ordering.

Since RESIT is agnostic to the dimensionality of the involved random quantities, in our third core article of
this thesis (Göbler et al., 2025) we apply the same procedure in the group case. Specifically, we repeatedly solve
the multi-task regression problems by training multi-output deep neural networks whose output layers are sized
to match the number of response variables in each group. We then compute the residuals and identify the group
whose residuals exhibit the weakest dependence on the remaining variables. This group is designated as a sink
node and subsequently removed from the set of variables. Dependence is measured via the HSIC (Gretton et al.,
2005). Note that nonparametric independence tests are necessary, since the residuals are uncorrelated with
the predictors by construction. Surprisingly, this procedure requires only O(𝑝2) regressions and subsequent
independence tests, making it polynomial in the number of variables. While most problems in causal structure
learning are NP-hard, the scalability here ultimately depends on how well both the nonparametric regression
method and the independence test perform as the number of nodes increases.

5.2 Pruning

For order-based methods such as SCORE and RESIT, causal structure learning is carried out in two phases. In
the first phase, an estimate of the causal order 𝜋 is obtained. In the second phase, a graph 𝐺 𝜋 is constructed by
inserting all edges that are consistent with the causal order found in the first phase. If the estimated causal order
agrees with a true causal order, then clearly 𝐺 𝜋 ⊇ 𝐺. Subsequently, superfluous edges are pruned to obtain the
final graph estimate. Conceptually, the pruning phase amounts to solving several feature selection problems:
for each node 𝑗 in 𝐺 𝜋 , select only the active parents, i.e., relevant features among nodes that precede 𝑗 in the
estimated causal order 𝜋 (see Bühlmann et al., 2014). These feature selection problems are typically solved
either by hypothesis testing (Marra and Wood, 2011; Peters et al., 2014) or by sparse regression techniques (Liu
et al., 2007; Ravikumar et al., 2009; Meier et al., 2009). In what follows, we focus on sparse regression
techniques, as hypothesis testing performed consecutively may lead to order dependence (see Peters et al., 2014,
Algorithm 1).

In the context of variable selection, sparse additive models (SpAM) have been shown to recover the correct
sparsity pattern asymptotically (Ravikumar et al., 2009). More specifically, consider the regression function for
node 𝑗 in the super-DAG 𝐺 𝜋 , i.e.,

ℎ 𝑗 (𝑥) = 𝔼[𝑋 𝑗 | X𝑝𝑎 ( 𝑗 ) = x𝑝𝑎 ( 𝑗 ) ] . (5.17)
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SpAM approximates this regression function by sums of the form

ℎ 𝑗 (𝑥) ≈
∑︁
𝑘∈𝑆

ℎ 𝑗𝑘 (𝑥𝑘), ℎ 𝑗𝑘 ∈ H𝑘 , for 𝑘 ∈ 𝑆, (5.18)

where the index set of nonzero components 𝑆 = { 𝑘 : ℎ 𝑗𝑘 ≠ 0 } is a subset of 𝑝𝑎( 𝑗). Here, H𝑘 denotes the
Hilbert subspace of 𝐿2(𝑃) consisting of 𝑃-measurable functions ℎ 𝑗𝑘 of the variable 𝑋𝑘 . Since a direct sparse
approximation to the regression function is both non-convex and computationally intractable, SpAM instead
defines an alternative type of best sparse approximation via

min
ℎ 𝑗𝑘∈H𝑘 , 𝑘∈𝑝𝑎 ( 𝑗 )

𝔼
[
𝑋 𝑗 −

∑︁
𝑘∈𝑝𝑎 ( 𝑗 )

ℎ 𝑗𝑘 (𝑋𝑘)
]2
+ 𝜆

∑︁
𝑘∈𝑝𝑎 ( 𝑗 )

∥ℎ 𝑗𝑘 ∥2
 , (5.19)

for some 𝜆 ≥ 0 and ∥ℎ 𝑗𝑘 ∥2 =

√︃
𝔼

(
ℎ 𝑗𝑘 (𝑋𝑘)2

)
. In terms of edge pruning, the final edge set of the pruned DAG

is obtained by
𝐸 =

{
(𝑘, 𝑗) : ℎ̂ 𝑗𝑘 ≠ 0

}
, ∀ 𝑗 ∈ 𝑉, 𝑘 ∈ 𝑝𝑎( 𝑗). (5.20)

In the second core article of this thesis (Göbler et al., 2024b), we apply SpAM directly after obtaining a
valid causal order via expert domain knowledge, thereby estimating the DAG that we consider as ground truth.
In the third core article (Göbler et al., 2025), the pruning phase amounts to variable selection among groups
of nodes — a problem that has not yet been addressed in the literature, as both the response variables and all
predictor variables are grouped. The case of scalar responses with grouped predictors has been addressed by
Yin et al. (2012) with their group SpAM. If only the response variable is grouped and the remaining predictors
are singletons, then the resulting model corresponds to the multi-response SpAM discussed by Liu et al. (2008).
In the third core article, we combine these two approaches into the class of multi-response group sparse additive
models.
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6 Conclusion

This dissertation examines structure learning in both undirected and directed graphical models, with a focus
on high-dimensional settings. High-dimensional undirected graphical models are a powerful tool for capturing
complex dependencies in data. However, most methodological developments have focused on fully continuous
or fully discrete settings, leaving a gap in the literature for mixed data scenarios. This dissertation addresses
this gap by introducing methodologies for structure learning that can handle arbitrary mixed data types, thereby
broadening the applicability of undirected graphical models in real-world high-dimensional contexts.

Directed probabilistic graphical models, particularly when framed through structural equation models, have
also been an active area of research due to their ability to represent causal relationships. However, the number
of possible directed acyclic graphs (DAGs) grows super-exponentially with the number of nodes, making
causal structure learning with many variables especially challenging. This dissertation investigates important
obstacles that practitioners frequently encounter in this setting. One such obstacle is the scarcity of high-quality
benchmark datasets for evaluating causal discovery methods. Leveraging detailed domain knowledge from an
industrial assembly line, we construct plausible ground-truth causal relationships. To ensure that the resulting
observational distribution is Markov with respect to this ground-truth graph, we fit conditional distributions to
real data and use them to generate semisynthetic data. This yields a flexible data generator that can produce
samples of varying dimensions and sizes, enabling systematic benchmarking of causal discovery methods.

Another common scenario in real-world applications involves settings where the causal entities of interest are
random vectors (groups) rather than scalar variables. We extend the additive noise model (ANM) framework to
this grouped setting, establish structure identifiability results, and adapt the RESIT algorithm accordingly. As
part of this adaptation, we introduce multi-response group sparse additive models for the pruning step common
to order-based grouped causal discovery methods, which reduce to SpAM (Liu et al., 2007; Ravikumar et al.,
2009) when all groups are singletons.

The proposed methodologies for undirected and directed graphical models serve as building blocks for
advancing structure learning in real-world problems involving complex data types, such as mixed or grouped
variables. For our first core contribution, a natural extension is to handle settings that combine continuous, latent
continuous, and truly discrete variables, and to explore the integration of polyserial and polychoric correlation
measures into directed graphical models. Regarding our second core contribution, we hope that the proposed
semisynthetic pipeline will encourage the release of additional datasets, even under privacy constraints, thereby
enabling the community to evaluate methods on a broader and more diverse set of benchmarks. Finally, for
the grouped ANM framework, an important direction for future work is to obtain a full characterization of the
non-identifiable cases, analogous to the scalar setting. This also includes studying the effect of group dimension
on identifiability, which we suspect may help break symmetries in the observational distribution.
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7 Summary of Core Publications

7.1 High-dimensional undirected graphical models for arbitrary mixed data

In the first core article, we address the pervasive challenge posed by datasets comprising both continuous and
discrete variables in the context of high-dimensional undirected graph learning. Traditional graphical modeling
approaches typically assume homogeneous data, either entirely continuous (Gaussian graphical models) or
discrete (Ising-type models). However, practical scenarios often involve heterogeneous data types, rendering
standard tools inapplicable.

To address this challenge, this article proposes a comprehensive framework grounded in latent Gaussian
models and latent Gaussian copula models, where observed mixed data arise from underlying continuous latent
variables. Specifically, we build upon classical statistical concepts such as polychoric and polyserial correlations,
integrating these within the high-dimensional graphical modeling context. The resulting methodology is
versatile and capable of handling arbitrary mixtures of continuous and discrete data, while maintaining scalability
and interpretability.

We develop covariance matrix estimators suitable for latent Gaussian and nonparanormal models that can
subsequently be integrated into existing sparse precision matrix estimation routines. The main contribution of
this article is the careful integration of polyserial and polychoric correlations into the high-dimensional graphical
modeling framework, accompanied by established theoretical guarantees, including concentration inequalities
that characterize the statistical properties and reliability of our estimators.

Empirical validation is conducted using both simulated datasets and practical examples drawn from real-world
biomedical applications, including phenotyping data from the UK Biobank. These experiments demonstrate
that our methods perform comparably to oracle models with access to the true underlying latent structure.
Notably, our approach simplifies model specification and implementation, avoiding complex preprocessing
steps or manual selection of specialized bridge functions required by competing methods.

Overall, the first core article contributes to the field by providing an easy-to-use computationally efficient,
and theoretically justified framework for high-dimensional graphical modeling of arbitrarily mixed data types.

Individual contributions As the lead author of this article, I formulated the necessary concepts, developed
all proofs, wrote software implementations in the form of an R-package, conducted simulation studies, and
drafted the manuscript. Mathias Drton convceived the idea to investigate polychoric and polyserial correlations
in the context of undirected graphical models for discrete and continuous data. Sach Mukherjee provided
biostatistical expertise and Anne Miloschewski applied the R-package to real data from the UK Biobank.
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7.2 causalAssembly: Generating semi-synthetic real data for
benchmarking causal discovery

The second core article of this thesis addresses the challenge of benchmarking causal discovery methods when
real-world data lacks known ground truth. Causal discovery — the process of inferring causal relationships
from observational data — has seen significant theoretical and algorithmic advances in recent years. However,
empirical validation remains a bottleneck, as most real datasets lack confirmed causal structures, and privacy
constraints often prevent the release of high-quality data. Consequently, evaluations frequently rely on synthetic
data that, while informative, fail to capture the complex dependencies and heterogeneity found in practice.

To help address these issues, this article introduces causalAssembly, a semisynthetic data generation
framework based on real production data from a highly automated manufacturing assembly line. This industrial
setting naturally embeds complex, nonlinear, and sequential dependencies across production stations, which are
monitored through detailed sensor measurements. By collaborating with domain experts and examining the
underlying physical processes at selected stations, we are able to identify a set of causal relationships within
individual stations and use the line structure to infer a consistent causal ordering.

This domain-informed structure is then formalized into a ground truth causal directed acyclic graph, which
serves as the backbone for data generation. To guarantee that the generated data are Markov with respect to this
graph, the authors apply distributional random forests to estimate the conditional distributions implied by the
graph and compose them into a joint distribution according. This allows to sample repeatedly from the joint
distribution allowing users to conduct proper simulation studies with known ground truth.

The causalAssembly pipeline is general-purpose and modular: it can be applied to any real dataset where
partial or full domain knowledge is available. If set up accordingly, it allows the generation of datasets with
adjustable dimensionality and complexity while preserving privacy. Benchmarking experiments are provided
for several widely used causal discovery algorithms.

In summary, this second core article contributes a practical and extensible framework for semisynthetic data
generation, bridging the gap between synthetic and real-world benchmarks in causal discovery. It enables
reproducible, interpretable evaluations of causal learning algorithms under realistic conditions, where known
causal ground truth is otherwise unavailable.

Individual contributions I am the main author of this article. I formulated the specific research problem,
developed all proofs, wrote software implementations, conducted simulation studies, and drafted the manuscript.
The idea of estimating conditional distributions based on partial domain knowledge in order to be able to sample
from the joint distribution stems from a discussion among Mathias Drton and me. Tobias Windisch provided
useful suggestions and feedback as well as coding support. Tim Pychynski provided domain knowledge regarding
the production line. Steffen Sonntag aided in setting up the code base and Martin Roth provided useful feedback
throughout the project.
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7.3 Nonlinear causal discovery for grouped data

The third core article of this thesis focuses on causal discovery in settings where the fundamental units of analysis
are groups of variables, rather than individual scalar measurements. While classical causal discovery methods
typically operate on scalar variables, many real-world applications — such as those in neuroscience, climate
science, psychology, and industrial manufacturing — involve groups of related measurements that collectively
represent the causal entities of interest.

Instead of working at the level of individual variables followed by aggregation to the group level, this work
aims to infer causal relationships directly between variable groups. To achieve this, we extend the class of
nonlinear additive noise models (ANMs) to the group setting and establish identifiability results through a
differential equation that generalizes the scalar case. Building on these results, we propose an extension of the
RESIT algorithm of Peters et al. (2014), which we refer to as GroupRESIT.

GroupRESIT consists of two phases. In the first phase, we infer a causal ordering by fitting deep learning
models to obtain residuals from a multi-response regression, followed by nonparametric unconditional indepen-
dence tests to identify sink nodes. In the second phase, given the causal ordering, we prune the corresponding
super-graph to estimate the final group-level DAG. For this purpose, we introduce MURGS (Multi-response
Group Sparse Additive Models), a novel method that promotes sparsity at the group level. MURGS features an
efficient block coordinate descent algorithm with a closed-form backfitting update.

We evaluate the proposed method on synthetic datasets, demonstrating improved performance compared to
existing causal discovery approaches in grouped settings. Additionally, we apply GroupRESIT to real-world
manufacturing data, where partial ground truth is available, further supporting the practical relevance and utility
of our approach.

In summary, this third core article contributes both theoretical advances and practical tools for nonlinear causal
discovery in grouped data contexts. The framework is designed so that regression and testing components can
be easily replaced with future state-of-the-art methods, supporting broader applicability of causal discovery in
diverse scientific and industrial settings.

Individual contributions I am the lead author of this article. I formulated the specific research problem,
developed all theoretical results and proofs, implemented the software, conducted the simulation studies and
real-world application, and drafted the manuscript. The original idea of vector causal discovery in the context
of additive noise models was conceived by Mathias Drton. Tobias Windisch provided extensive feedback
throughout the project, contributed to manuscript preparation, and assisted in developing parts of the code. In
particular, he offered substantial support in executing and managing the simulation study.
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1. Introduction

Graphical models are widely used in the analysis of multivariate data, providing
a convenient and interpretable way to study relationships among potentially
large numbers of variables. They are key tools in modern statistics and ma-
chine learning and play an important role in diverse applications. Undirected
graphical models are used in a wide range of settings, including, among others,
systems biology, omics, deep phenotyping [see, e.g. 11, 14, 29] and as a compo-
nent within other analyses, including two-sample testing, unsupervised learning,
hidden Markov modeling, and more [examples include 44, 42, 38, 39, 34].

A significant portion of the literature on graphical models has concentrated
on scenarios where either only continuous variables or only discrete variables
are present. Regarding the former case, Gaussian graphical models have been
extensively studied, including in the high-dimensional regime [see among others
27, 17, 2, 21, 49, 37, 7]. In such models, it is assumed that the observed random
vector follows a multivariate Gaussian distribution, and the graph structure
of the model is given by the zero pattern in the inverse covariance matrix.
Generalizations for continuous, non-Gaussian data have also been studied [28,
24, 14]. In the latter case, discrete graphical models – related to Ising-type
models in statistical physics – have also been extensively studied [see, e.g. 43, 36].

However, in many applications, it is common to encounter data that entail
mixed variable types, i.e., where the data vector includes components of different
types (e.g., continuous-Gaussian, continuous-non-Gaussian, count, binary, etc.).
Such “column heterogeneity” (from the usual convention of samples in rows
and variables in columns) is the rule rather than the exception. For instance,
in biomedical applications, the construction of gene regulatory networks using
expression profiling of genes may involve jointly analyzing gene expression levels
alongside categorical phenotypes. Similarly, diagnostic data in many medical
applications may contain continuous measurements such as blood pressure and
discrete information about disease status or pain levels.

In analyzing such data, estimating a joint multivariate graphical model span-
ning the various variable types is often of interest. In practice, this is sometimes
done using ad hoc pipelines and data transformations. However, in graphical
modeling, since the model output is intended to be scientifically interpretable
and involves statements about properties such as conditional independence be-
tween variables, the use of ad hoc workflows without an understanding of the
resulting estimation properties is arguably problematic.

There have been three main lines of work that tackle high-dimensional graph-
ical modeling for mixed data. The earliest approach is conditional Gaussian
modeling of a mix of categorical and continuous data [22] as treated by Cheng
et al. [9], Lee and Hastie [23]. A second approach is to employ neighborhood
selection, which amounts to separate modeling of conditional distributions for
each variable given all others [see, e.g. 8, 47, 41]. A third approach uses latent
Gaussian models, with a key recent reference being the paper of Fan et al. [12],
who proposed a latent Gaussian copula model for mixed data. The generative
structure in their work posits that the discrete data is obtained from latent
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continuous variables thresholded at certain (unknown) levels. However, in [12],
only a mix of binary and continuous data is considered. Their setting does not
allow for more general combinations (including counts or ordinal variables) as
found in many real-world applications.

This third approach will be the focus of this paper, which aims to provide
a simple framework for working with latent Gaussian copula models to analyze
general mixed data. To do so, we combine classical ideas concerning polychoric
and polyserial correlations with approaches from the high-dimensional graphical
models and copula literature. As we discuss below, this provides an overall
framework that is scalable, general, and straightforward from the user’s point
of view.

Already in the early 1900s, Pearson [32, 33] worked on the foundations of
these ideas in the form of the tetrachoric and biserial correlation coefficients.
From these arose the maximum likelihood estimators (MLEs) for the general
version of these early ideas, namely the polychoric and the polyserial corre-
lation coefficients. One drawback of these original measures is that they have
been proposed in the context of latent Gaussian variables. A richer distributional
family is the nonparanormal proposed by Liu, Lafferty and Wasserman [24] as
a nonparametric extension to the Gaussian family. A random vector X ∈ Rd is
a member of the nonparanormal family when f(X) = (f1(X1), . . . , fd(Xd))T is
Gaussian, where {fk}d

k=1 is a set of univariate monotone transformation func-
tions. Moreover, if the fj ’s are monotone and differentiable, the nonparanormal
family is equivalent to the Gaussian copula family. As the polychoric and poly-
serial correlation assume that observed discrete data are generated from latent
continuous variables, they adhere to a latent copula approach.

We propose two estimators of the latent correlation matrix, which can sub-
sequently be plugged into existing precision matrix estimation routines, such as
the graphical lasso (glasso) [17], CLIME [7], or the graphical Dantzig selector
[49]. The first is appropriate under a latent Gaussian model and unifies the
aforementioned MLEs. The second is more general and is applicable under the
latent Gaussian copula model. Both approaches can deal with discrete variables
with arbitrarily many levels. We show that both estimators exhibit favorable
theoretical properties and include empirical results based on real and simulated
data. The main contributions of the paper are as follows:

• We posit that integrating polychoric and polyserial correlations into the
latent Gaussian copula framework offers an elegant, straightforward, and
highly effective approach to graphical modeling for comprehensively di-
verse mixed data sets.

• We present theoretical findings on the performance of the proposed esti-
mators, encompassing their behavior in high-dimensional scenarios. The
concentration results underscore the statistical validity of the introduced
procedures.

• We empirically examine the estimators through a series of simulations
and a practical example involving real phenotyping data of mixed types
sourced from the UK Biobank. Our findings illustrate the practical util-
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ity of the proposed methods, demonstrating that their performance often
closely aligns with an oracle model granted access to true latent data.

Our proposed procedure provides users with a method for conducting sta-
tistically sound graphical modeling of mixed data that is both straightforward
to implement and carries no more overhead than conventional high-dimensional
Gaussian graphical modeling approaches. Our procedure requires no manual
specification of variable-type-specific model components, such as bridge func-
tions.

The remainder of this paper is organized as follows. In Sections 2 and 3, we
present the estimators based on polychoric and polyserial correlations, including
theoretical guarantees in terms of concentration inequalities. In Section 4, we
describe the experimental setup used to test the proposed approaches on simu-
lated data together with the results themselves. We conclude with a summary
of our findings in Section 5 and point towards our R package hume, providing
users with a convenient implementation of the methods developed in this study.

2. Background and model set-up

The objective of this paper is to learn the structure of undirected graphical
models applicable to a wide range of mixed and high-dimensional data. To
achieve this, we extend the Gaussian copula model [24, 25, 46], enabling the
incorporation of both discrete and continuous data of any nature.
Definition 2.1 (The nonparanormal model). A random vector of continuous
variables X = (X1, . . . , Xd) follows a d-dimensional nonparanormal distribu-
tion if there exists a set of monotone and differentiable univariate functions
f = {f1, . . . , fd} such that the transformed vector f(X) = (f1(X)1, . . . , fd(X)d)
is multivariate Gaussian with mean 0 and covariance matrix Σ, i.e. f(X) ∼
N(0,Σ). We write

X ∼ NPN(0,Σ, f), (1)
where without loss of generality, the diagonal entries in Σ are equal to one.

As demonstrated by Liu, Lafferty and Wasserman [24], the model in Eq. (1)
is a semiparametric Gaussian copula model. The following definition indicates
how to extend this model to the presence of general mixed data.
Definition 2.2 (latent Gaussian copula model for general mixed data). Let
X = (X1,X2) be a d-dimensional random vector with X1 a d1-dimensional
vector of possibly ordered discrete variables, and X2 a d2-dimensional vector of
continuous variables with d = d1 + d2. Suppose there exists a d1-dimensional
random vector of latent continuous variables Z1 = (Z1, . . . , Zd1)T such that the
following relation holds:

Xj = xr
j if γr−1

j ≤ Zj < γr
j for all j = 1, . . . d1 and r = 1, . . . , lj + 1, (2)

where γr
j represents some unknown thresholds with γ0

j = −∞ and γ
lj+1
j = +∞,

xr
j ∈ N0 and lj + 1 the number of discrete levels of Xj for all j ∈ 1, . . . , d1.
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Then, X satisfies the latent Gaussian copula model if Z := (Z1,X2) ∼
NPN(0,Σ, f). We write

X ∼ LNPN(0,Σ, f,γ), (3)

where γ = ∪d1
j=1{γr

j , r = 0, . . . , lj + 1}.

Note that Definition 2.2 entails the class of Gaussian copula models if no
discrete variables are present and the class of latent Gaussian models if Z =
(Z1,X2) ∼ N(0,Σ). As shown by Fan et al. [12], the latent Gaussian copula
model (LGCM) is invariant concerning any re-ordering of the discrete variables.

We denote [d] = {1, . . . , d}, [d1] = {1, . . . , d1}, and [d2] = {d1 + 1, . . . , d2},
respectively. Several identifiability issues arise in the latent Gaussian copula
class. First, the mean and the variances are not identifiable unless the monotone
transformations f were restricted to preserve them. Note that this only affects
the diagonal entries in Σ, not the full covariance matrix. Therefore, without
loss of generality, we assume the mean to be the zero vector and Σjj = 1
for all j ∈ [d]. Another identifiability issue relates to the unknown threshold
parameters. To ease notation, let Γr

j ≡ fj(γr
j ) and Γj ≡ {fj(γr

j )}lj+1
r=0 . In the

LGCM, only the transformed thresholds Γj rather than the original thresholds
are identifiable from the discrete variables. We assume, without loss of generality,
that the transformed thresholds retain the limiting behavior of the original
thresholds, i.e., Γ0

j = −∞ and Γlj+1
j = ∞.

Let Ω = Σ−1 denote the latent precision matrix. Then, the zero-pattern of
Ω under the LGCM still encodes the conditional independencies of the latent
continuous variables [24]. Thus, the underlying undirected graph is represented
by Ω just as for the parametric normal. Note that the LGCM for general mixed
data in Definition 2.2 agrees with that of Quan, Booth and Wells [35] and of
Feng and Ning [13]. The problem phrased by Fan et al. [12] is a special case
of Definition 2.2. A more detailed comparison between both approaches can be
found in Section 3. Nominal discrete variables need to be transformed into a
dummy system.

For the remainder of the paper, assume we observe an independent n-sample
of the d-dimensional vector X which is assumed to follow an LGCM of the form
LNPN(0,Σ, f,Γ), where Γ = ∪d1

j=1Γj . We estimate Σ by considering the corre-
sponding entries separately i.e. the couples (Xj , Xk) for j, k ∈ [d]. Consequently,
we have to keep in view three possible cases depending on the couple’s variable
types, respectively:

Case I : Both Xj and Xk are continuous, i.e. j, k ∈ [d2].
Case II : Xj is discrete and Xk is continuous, i.e. j ∈ [d1], k ∈ [d2] and vice

versa.
Case III : Both Xj and Xk are discrete, i.e. j, k ∈ [d1].
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2.1. Maximum-likelihood estimation under the latent Gaussian
model

At the outset, we examine each of the three cases under the latent Gaussian
model, a special case of the LGCM where all transformations are identity func-
tions. Consider Case I, where both Xj and Xk are continuous. This corresponds
to the regular Gaussian graphical model set-up discussed thoroughly, for in-
stance, in [37]. Hence, the estimator for Σ when both Xj and Xk are continuous
is:

Definition 2.3 (MLE Σ̂(n) of Σ; Case I ). Let x̄j denote the sample mean
of Xj. The estimator Σ̂(n) = (Σ̂(n)

jk )d1<j<k≤d2 of the correlation matrix Σ is
defined by:

Σ̂(n)
jk =

∑n
i=1(xij − x̄j)(xik − x̄k)√∑n

i=1(xij − x̄j)2
√∑n

i=1(xik − x̄k)2
(4)

for all d1 < j < k ≤ d2.
This is the Pearson product-moment correlation coefficient, which, of course,

coincides with the maximum likelihood estimator (MLE) for the bivariate nor-
mal couple {(Xj , Xk)}n

i=1.
Turning to Case II, let Xj be ordinal and Xk be continuous. We are interested

in the product-moment correlation Σjk between two jointly Gaussian variables,
where Xj is not directly observed but only the ordered categories (see Eq. (2)).
This is called the polyserial correlation [31]. The likelihood and log-likelihood
of the n-sample are defined by:

L
(n)
jk (Σjk, x

r
j , xk) =

n∏

i=1
p(xr

ij , xik,Σjk) =
n∏

i=1
p(xik)p(xr

ij | xik,Σjk)

�
(n)
jk (Σjk, x

r
j , xk) =

n∑

i=1

[
log(p(xik)) + log(p(xr

ij | xik,Σjk))
]
,

(5)

where p(xr
ij , xik,Σjk) denotes the joint probability of Xj and Xk and p(xik)

the marginal density of the Gaussian variable Xk. MLEs are obtained by dif-
ferentiating the log of the likelihood in Eq. (5) with respect to the unknown
parameters, setting the partial derivatives to zero, and solving the system of
equations for Σjk, μ, σ2, and Γr

j for r ∈ [lj ]. Under the latent Gaussian model,
we have the special case that the thresholds are identifiable from the observed
data as Γr

j = γr
j .

Definition 2.4 (MLE Σ̂(n) of Σ; Case II ). Recall the log-likelihood in Eq. (5).
The estimator Σ̂(n) = (Σ̂(n)

jk )1<j≤d1<k≤d2 is defined by:

Σ̂(n)
jk = arg max

|Σjk|≤1
�
(n)
jk (Σjk, x

r
j , xk)

= arg max
|Σjk|≤1

1
n
�
(n)
jk (Σjk, x

r
j , xk)

(6)
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for all 1 < j ≤ d1 < k ≤ d2.

Regularity conditions ensuring consistency and asymptotic efficiency, as well as
asymptotic normality, can be verified to hold here [10].

Lastly, consider Case III, where both Xj and Xk are ordinal. The probability
of an observation with Xj = xr

j and Xk = xs
k is given by

πrs := p(Xj = xr
j , Xk = xs

k)
= p(Γr−1

j ≤ Zj < Γr
j ,Γs−1

k ≤ Zk < Γs
k)

=
∫ Γr

j

Γr−1
j

∫ Γs
k

Γs−1
k

φ(zj , zk,Σjk)dzjdzk,

(7)

where r = 1, . . . , lj and s = 1, . . . , lk and φ(x, y, ρ) denotes the standard bivari-
ate density with correlation ρ. Then, as outlined by Olsson [30] the likelihood
and log-likelihood of the n-sample are defined as:

L
(n)
jk (Σjk, x

r
j , x

s
k) = C

lj∏

r=1

lk∏

s=1
πnrs

rs ,

�
(n)
jk (Σjk, x

r
j , x

s
k) = log(C) +

lj∑

r=1

lk∑

s=1
nrs log(πrs),

(8)

where C is a constant and nrs denotes the observed frequency of Xj = xr
j

and Xk = xs
k in a sample of size n =

∑lj
r=1
∑lk

s=1 nrs. Differentiating the log-
likelihood, setting it to zero, and solving for the unknown parameters yields the
estimator for Σ for Case III :

Definition 2.5 (MLE Σ̂(n) of Σ; Case III ). Recall the log-likelihood in Eq. (8).
The estimator Σ̂(n) = (Σ̂(n)

jk )1≤j<k≤d1 of Σ is defined by:

Σ̂(n)
jk = arg max

|Σjk|≤1
�
(n)
jk (Σjk, x

r
j , x

s
k)

= arg max
|Σjk|≤1

1
n
�
(n)
jk (Σjk, x

r
j , x

s
k),

(9)

for all 1 < j < k ≤ d1.

Regularity conditions ensuring consistency and asymptotic efficiency, as well as
asymptotic normality, can again be verified to hold here [20].

Summing up, under the latent Gaussian model, a special case of the LGCM,
Σ̂(n) is a consistent and asymptotically efficient estimator for the underlying
latent correlation matrix Σ. Corresponding concentration results are derived in
Section 3.5.
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3. Latent Gaussian Copula models

Fan et al. [12] propose the binary LGCM, a special case of the LGCM allow-
ing for the presence of binary and continuous variables. Following the approach
of the nonparanormal SKEPTIC [25], they circumvent the direct estimation of
monotone transformation functions {fj}d

j=1 by employing rank correlation mea-
sures, such as Kendall’s tau or Spearman’s rho. These measures remain invariant
under monotone transformations. Notably, for Case I, a well-known mapping ex-
ists between Kendall’s tau, Spearman’s rho, and the underlying Pearson correla-
tion coefficient Σjk. As a result, the primary contribution of Fan et al. [12] lies in
deriving corresponding bridge functions for cases II and III. To reduce compu-
tational burden Yoon, Müller and Gaynanova [48] propose a hybrid multilinear
interpolation and optimization scheme of the underlying latent correlation.

When considering the general mixed case, Fan et al. [12] advocate for bina-
rizing all ordinal variables. This concept has been embraced by Feng and Ning
[13], who suggest an initial step of binarizing all ordinal variables to create pre-
liminary estimators. Subsequently, these estimators are meaningfully combined
using a weighted aggregate. To extend the binary latent Gaussian copula model
and explore generalizations regarding bridge functions, Quan, Booth and Wells
[35] ventured into scenarios where a combination of continuous, binary, and
ternary variables is present. However, a notable drawback of this approach be-
comes evident. Dealing with a mix of binary and continuous variables requires
three bridge functions – one for each case. The complexity grows as discrete
variables introduce distinct state spaces. In fact, a combination of continuous
variables and discrete variables with k different state spaces necessitates

(
k+2
2
)

bridge functions.
For this reason, we adopt an alternative approach to the latent Gaussian

copula model when dealing with general mixed data, allowing discrete variables
to possess any number of states. In this strategy, the number of cases to be
considered remains consistent at three, as already introduced in the preceding
section.

3.1. Nonparanormal Case I

For Case I, the mapping between Σjk and the population versions of Spear-
man’s rho and Kendall’s tau is well known [24]. Here we make use of Spear-
man’s rho ρSp

jk = corr(Fj(Xj), Fk(Xk)) with Fj and Fk denoting the cumu-
lative distribution functions (CDFs) of Xj and Xk, respectively. Then Σjk =
2 sin π

6 ρSp
jk for d1 < j < k ≤ d2. In practice, we use the sample estimate

ρ̂Sp
jk =

∑n
i=1(Rij − R̄j)(Rik − R̄k)√∑n

i=1(Rij − R̄j)2
∑n

i=1(Rik − R̄k)2
,

with Rij corresponding to the rank of Xij among X1j , . . . , Xnj and R̄j =
1/n
∑n

i=1 Rij = (n + 1)/2; compare [25]. From this, we obtain the following
estimator:
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Definition 3.1 (Nonparanormal estimator Σ̂(n) of Σ; Case I ). The estimator
Σ̂(n) = (Σ̂(n)

jk )d1<j<k≤d2 of the correlation matrix Σ is defined by:

Σ̂(n)
jk = 2 sin π

6 ρ̂Sp
jk , (10)

for all d1 < j < k ≤ d2.

3.2. Nonparanormal Case II

In Case II, the complexity increases. Employing a rank-based approach for the
nonparanormal model makes direct application of the ML procedure unfeasi-
ble, given that the continuous variable is not observed in its Gaussian form.
Nevertheless, a two-step approach remains viable. First, an estimate of fj must
be formulated and subsequently employed in Definition 2.4. Yet, scrutinizing
convergence rates for this procedure poses challenges, as the estimated trans-
formation appears in multiple instances within the first-order condition of the
MLE. Section A.3 provides further details and compares the two-step likelihood
approach to the one we propose below.

Instead, we will proceed by suitably modifying other approaches that address
the Gaussian case through a more direct ad hoc examination of the relationship
between Σjk and the point polyserial correlation [3, 4]. Section A.3 compares
the nonparanormal Case II estimation strategies.

In what follows, in the interest of readability, we omit the index in the mono-
tone transformation functions but explicitly allow them to vary among the Z.
According to Definition 2.3, we have the following Gaussian conditional expec-
tation

E[f(Xk) | f(Zj)] = μf(Xk) + Σjkσf(Xk)f(Zj), for 1 ≤ j ≤ d1 < k ≤ d2, (11)

where we can assume w.l.o.g. that μf(Xk) = 0. After multiplying both sides with
the discrete variable Xj , we move it into the expectation on the left-hand side
of the equation. This is permissible as Xj is a function of f(Zj), i.e.

E[f(Xk)Xj | f(Zj)] = Σjkσf(Xk)f(Zj)Xj .

Now let us take again the expectation on both sides, rearrange and expand by
σXj , yielding

Σjk = E[f(Xk)Xj ]
σf(Xk)E[f(Zj)Xj ]

=
rf(Xk)Xj

σXj

E[f(Zj)Xj ]
, (12)

where rf(Xk)Xj
is the product-moment correlation between the Gaussian (un-

observed) variable f(Xk) and the observed discretized variable Xj .
All that remains is to find sample versions of each of the three components

in Eq. (12). Let us start with the expectation in the denominator E[f(Zj)Xj ].
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By assumption f(Z) ∼ N(0,Σ) and therefore w.l.o.g. f(Zj) ∼ N(0, 1) for all
j ∈ 1, . . . , d1. Consequently, we have:

E[f(Zj)Xj ] =
lj+1∑

r=1
xr

j

∫ Γr
j

Γr−1
j

f(zj)dF (f(zj)) =
lj+1∑

r=1
xr

j

∫ Γr
j

Γr−1
j

f(zj)φ(f(zj))dzj

=
lj+1∑

r=1
xr

j

(
φ(Γr

j) − φ(Γr−1
j )
)

=
lj∑

r=1
(xr+1

j − xr
j)φ(Γr

j),

(13)

where φ(t) denotes the standard normal density. Whenever the ordinal states
are consecutive integers we have

∑lj
r=1(xr+1

j −xr
j)φ(Γr

j) =
∑lj

r=1 φ(Γr
j). Based on

this derivation, it is straightforward to give an estimate of E[f(Zj)Xj ] once es-
timates of the thresholds Γj have been formed (see Section 3.4 for more details).
Let us turn to the numerator of Eq. (12). The standard deviation of Xj does not
require any special treatment, and we simply use σ

(n)
Xj

=
√

1/n
∑n

i=1(Xij − X̄j)2
to be able to treat discrete variables with a general number of states. How-
ever, the product-moment correlation rf(Xk),Xj

is inherently more challenging
as it involves the (unobserved) transformed version of the continuous variables.
Therefore, we proceed to estimate the transformation.

To this end, consider the marginal distribution function of Xk, namely

FXk
(x) = P (Xk ≤ x) = P (f(Xk) ≤ f(x)) = Φ(f(x)),

such that f(x) = Φ−1(FXk
(x)). In this setting, Liu, Lafferty and Wasserman [24]

propose to evaluate the quantile function of the standard normal at a Winsorized
version of the empirical distribution function. This is necessary as the standard
Gaussian quantile function Φ−1(·) diverges when evaluated at the boundaries
of the [0, 1] interval. More precisely, consider f̂(u) = Φ−1(Wδn [F̂Xk

(u)]),where
Wδn is a Winsorization operator, i.e.

Wδn(u) ≡ δnI(u < δn) + uI(δn ≤ u ≤ (1 − δn)) + (1 − δn)I(u > (1 − δn)).

The truncation constant δn can be chosen in several ways. Liu, Lafferty and
Wasserman [24] propose to use δn = 1/(4n1/4√π logn) in order to control the
bias-variance trade-off. Thus, equipped with an estimator for the transformation
functions, the product-moment correlation is obtained the usual way, i.e.

r
(n)
f̂(Xk),Xj

=
∑n

i=1(f̂(Xik) − μ(f̂))(Xij − μ(Xj)√
∑n

i=1

(
f̂(Xik) − μ(f̂)

)2√∑n
i=1

(
Xij − μ(Xj)

)2 ,

where μ(f̂) ≡ 1/n
∑n

i=1 f̂(Xik) and μ(Xj) ≡ 1/n
∑n

i=1 Xij . The resulting esti-
mator is a double-two-step estimator of the mixed couple Xj and Xk.
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Definition 3.2 (Estimator Σ̂(n) of Σ; Case II nonparanormal). The estimator
Σ̂(n) = (Σ̂(n)

jk )1<j≤d1<k≤d2 of the correlation matrix Σ is defined by:

Σ̂(n)
jk =

r
(n)
f̂(Xk),Xj

σ
(n)
Xj

∑lj
r=1 φ(Γ̂r

j)(xr+1
j − xr

j)
(14)

for all 1 < j ≤ d1 < k ≤ d2.

3.3. Nonparanormal Case III

Lastly, let us turn to Case III where both Xj and Xk are discrete, but they
might differ in their respective state spaces. In the previous section, the ML
procedure could no longer be applied directly because we do not observe the
continuous variable in its Gaussian form. In Case III, however, we only observe
the discrete variables generated by the latent scheme outlined in Definition 2.3.
Due to the monotonicity of the transformation functions, the ML procedure for
Case III from Section 2.1 can still be applied, i.e.

Definition 3.3 (Nonparanormal estimator Σ̂(n) of Σ; Case III ). The estimator
Σ̂(n) = (Σ̂(n)

jk )1≤j<k≤d1 of the correlation matrix Σ is defined by:

Σ̂(n)
jk = arg max

|Σjk|≤1

1
n
�
(n)
jk (Σjk, x

r
j , x

s
k) (15)

for all 1 < j < k ≤ d1.

In summary, the estimator Σ̂(n) under the latent Gaussian copula model is
a simple but important tool for flexible mixed graph learning. By using ideas
from polyserial and polychoric correlation measures, we not only have an easy-
to-calculate estimator but also overcome the issue of finding bridge functions
between all different kinds of discrete variables.

3.4. Threshold estimation

The unknown threshold parameters Γj for j ∈ [d1] play a key role in linking
the observed discrete to the latent continuous variables. Therefore, being able
to form accurate estimates of the Γj is crucial for both the likelihood-based
procedures and the nonparanormal estimators outlined above.

We start by highlighting that we set the LGCM model up such that for each
Γj , there exists a constant G such that |Γr

j | ≤ G for all r ∈ [lj ], i.e., the es-
timable thresholds are bounded away from infinity. Let us define the cumulative
probability vector πj = (π1

j , . . . , π
lj
j ). Then, by Eq. (2), it is easy to see that

πr
j =

r∑

i=1
P (Xj = xi

j) = P (Xj ≤ xr
j)

= P (Zj ≤ γr
j ) = P (fj(Zj) ≤ fj(γr

j )) = Φ(Γr
j).

(16)



2350 K. Göbler et al.

From this equation, it is immediately clear that the thresholds satisfy Γr
j =

Φ−1(πr
j ). Consequently, when forming sample estimates of the unknown thresh-

olds, we replace the cumulative probability vector with its sample equivalent,
namely

π̂r
j =

r∑

k=1

[ 1
n

n∑

i=1
1(Xij = xk

j )
]

= 1
n

n∑

i=1
1(Xij ≤ xr

j), (17)

and plug it into the identity, i.e. Γ̂r
j = Φ−1(π̂r

j

)
for j ∈ [d1]. The following lemma

assures that these threshold estimates can be formed with high accuracy.
Lemma 3.1. Suppose the estimated thresholds are bounded away from infinity,
i.e., |Γ̂r

j | ≤ G for all j ∈ [d1] and r = 1, . . . , lj and some G. The following bound
holds for all t > 0 with Lipschitz constant L1 = 1/(

√
2
π min{π̂r

j , 1 − π̂r
j}):

P
(
|Γ̂r

j − Γr
j | ≥ t

)
≤ 2 exp

(
− 2t2n

L2
1

)
.

The proof of Lemma 3.1 is given in Section B.3. The requirement that the
estimated thresholds are bounded away from infinity typically does not pose
any restriction in finite samples. All herein-developed methods are applied in a
two-step fashion. In the ensuing theoretical results, we stress this by denoting
the estimated thresholds as Γ̄r

j .

3.5. Concentration results

Define Σ∗ and Ω∗ as the true covariance matrix and its inverse, respectively.
We start by stating the following assumptions:
Assumption 3.1. For all 1 ≤ j < k ≤ d, |Σ∗

jk| 
= 1. In other words, there
exists a constant δ > 0 such that |Σ∗

jk| ≤ 1 − δ.
Assumption 3.2. For any Γr

j with j ∈ [d1] and r ∈ [lj ] there exists a constant
G such that |Γr

j | ≤ G.
Assumption 3.3. Let j < k and consider the log-likelihood functions in Defi-
nition 2.4 and in Definition 2.5. We assume that with probability one,

• {−1 + δ, 1 − δ} are not critical points of the respective log-likelihood func-
tions.

• The log-likelihood functions have a finite number of critical points.
• Every critical point that is different from Σ∗

jk is non-degenerate.
• All joint and conditional states of the discrete variables have positive prob-

ability.
Assumptions 3.1 and 3.2 ensure that f(Xj) and f(Xk) are not perfectly

linearly dependent and that the thresholds are bounded away from infinity,
respectively. Importantly, these constraints impose minimal restrictions in prac-
tice. Assumption 3.3 guarantees that the likelihood functions in Section 2.2
exhibit a “nice” behavior, representing a mild technical requirement.
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Convergence results for latent Gaussian models The subsequent the-
orem, drawing on Mei, Bai and Montanari [26], hinges on four conditions, all
substantiated in Section B.1. This concentration result specifically pertains to
the MLEs introduced in Section 2.1 within the framework of the latent Gaussian
model. We remark that related methodology has been applied by Anne, Aurélie
and Clémence [1] in addressing zero-inflated Gaussian data under double trun-
cation.
Theorem 3.2. Suppose that Assumptions 3.1–3.3 hold, and let j ∈ [d1] and
k ∈ [d2] for Case II and j, k ∈ [d1] for Case III. Let α ∈ (0, 1), and let n ≥
4C log(n) log

(
B
α

)
with some known constants B, C, and D depending on cases

II and III but independent of (n, d). Then, it holds that

P

(
max
j,k

∣∣∣Σ̂(n)
jk − Σ∗

jk

∣∣∣ ≥ D

√
log(n)

n
log
(

B

α

))
≤ d(d − 1)

2 α. (18)

Case I of the latent Gaussian model addresses the well-understood scenario
involving observed Gaussian variables, with concentration results and rates of
convergence readily available −see, for example, Lemma 1 in Ravikumar et al.
[37]. Consequently, the MLEs converge to Σ∗ at the optimal rate of n−1/2,
mirroring the convergence rate as if the underlying latent variables were directly
observed.

Convergence of nonparanormal estimators Recall the three cases, which,
in principle, will have to be considered again.
Case I : When both random variables are continuous, concentration results

follow immediately from Liu et al. [25] who make use of Hoeffding’s
inequalities for U -statistics.

Case II : For the case where one variable is discrete and the other one con-
tinuous, we present concentration results below.

Case III : When both variables are discrete, we make an important obser-
vation that Theorem 3.2 above still applies and needs not to be
altered. We do not observe the continuous variables directly but
only their discretized versions. Consequently, the threshold esti-
mates remain valid under the monotone transformation functions,
and so does the polychoric correlation.

The following theorem provides concentration properties for Case II under the
LGCM.
Theorem 3.3. Suppose that Assumptions 3.1 and 3.2 hold and j ∈ [d1] and k ∈
[d2]. Then for any ε ∈

[
CM

√
log d log2 n√

n
, 8(1+4c2)

]
, with sub-Gaussian parameter

c, generic constants ki, i = 1, 2, 3 and constant CM = 48√
π

(√
2M − 1

)
(M + 2)

for some M ≥ 2
( log d2

log n + 1
)

with CΓ =
∑lj

r=1 φ(Γ̄r
j)(xr+1

j − xr
j) and Lipschitz

constant L the following probability bound holds
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P

(
max

jk

∣∣∣Σ̂(n)
jk − Σ∗

jk

∣∣∣ ≥ ε

)

≤ 8 exp
(

2 log d −
√

nε2

(64 L Cγ lmax π)2 logn

)

+ 8 exp
(

2 log d − nε2

(4L Cγ)2 128(1 + 4c2)2

)

+ 8 exp
(
2 log d −

√
n

8π logn

)
+ 4 exp

(
− k1n

3/4√logn

k2 + k3

)
+ 2√

π log(nd2)
.

The proof of the theorem is given in Section B.4. The first four terms in the
probability bound stem from finding bounds to different regions of the support
of the transformed continuous variable. The last term is a consequence of the
fact that we estimate the transform directly.

Regarding the scaling of the dimension in terms of sample size, the ensuing
corollary follows immediately.

Corollary 3.4. For some known constant KΣ independent of d and n we have

P

(
max
j,k

∣∣∣Σ̂(n)
jk − Σ∗

jk

∣∣∣ > KΣ

√
log d logn√

n

)
= o(1). (19)

The nonparanormal estimator for Case II converges to Σ∗
jk at rate n−1/4,

which is slower than the optimal parametric rate of n−1/2. This stems not from
the presence of the discrete variable but from the direct estimation of the trans-
formation function fj and the corresponding truncation constant δn. Both Xue
and Zou [46] and Liu et al. [25] discuss room for improvement of the estimator
for fj to get a rate closer to the optimal one. Improvements depend strongly
on the choice of truncation constant, striking a bias-variance balance in high-
dimensional settings. In all of the numerical experiments below, we find that
Theorem 3.3 gives a worst-case rate that does not appear to negatively impact
performance compared to estimators that attain the optimal rate.

3.6. Estimating the precision matrix

Similar to Fan et al. [12], we plug our estimate of the sample correlation matrix
into existing routines for estimating Ω∗. In particular, we employ the graphical
lasso (glasso) estimator [17], i.e.

Ω̂ = arg min
Ω�0

[
tr(Σ̂(n)Ω) − log|Ω| + λ

∑

j �=k

|Ωjk|
]
, (20)

where λ > 0 is a regularization parameter. As Σ̂(n) exhibits at worst the same
theoretical properties as established in Liu, Lafferty and Wasserman [24], con-
vergence rate and graph selection results follow immediately.
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We do not penalize diagonal entries of Ω and therefore have to make sure
that Σ̂(n) is at least positive semidefinite to establish convergence in Eq. (20).
Hence, we need to project Σ̂(n) into the cone of positive semidefinite matrices;
see also [25, 12]. In practice, we use an efficient implementation of the alternating
projections method proposed by Higham [18].

To select the tuning parameter in Eq. (20) Foygel and Drton [16] introduce
an extended BIC (eBIC) in particular for Gaussian graphical models establish-
ing consistency in higher dimensions under mild asymptotic assumptions. We
consider

eBICθ = −2�(n)(Ω̂(E)) + |E| log(n) + 4|E|θ log(d), (21)
where θ ∈ [0, 1] governs penalization of large graphs. Furthermore,|E| represents
the cardinality of the edge set of a candidate graph on d nodes and �(n)(Ω̂(E))
denotes the corresponding maximized log-likelihood which in turn depends on λ
from Eq. (20). In practice, first, one retrieves a small set of models over a range
of penalty parameters λ > 0 (called glasso path). Then, we calculate the eBIC
for each model in the path and select the one with the minimal value.

4. Numerical results

To numerically assess the accuracy of our mixed graph estimation approach,
we commence with a simulation study in which the estimators are rigorously
evaluated in a gold-standard fashion and compared against oracles.

4.1. Simulation setup

We start by constructing the underlying precision matrix Ω∗ whose zero pattern
encodes the undirected graph. We set Ω∗

jj = 1 and Ω∗
jk = s ·bjk if j 
= k, where s

is a constant signal strength chosen to assure positive definiteness. Furthermore,
bjk are realizations of a Bernoulli random variable with corresponding success
probability pjk = (2π)−1/2 exp

[
‖vj − vk‖2/(2c)

]
. In particular, vj = (v(1)

j , v
(2)
j )

are independent realizations of a bivariate uniform [0, 1] distribution and c con-
trols the sparsity of the graph.

Throughout the simulation, we set s = 0.15 and incrementally increase the
dimensionality s.t. d ∈ {50, 250, 750}, representing a transition from small to
large-scale graphs. We let Σ∗ = (Ω∗)−1 be rescaled such that all diagonal ele-
ments are equal to 1. Given Σ∗, we first obtain the partially latent continuous
data Z = (Z1,X2) where Z ∼ NPNd(0,Σ∗, f). In practice, we draw n i.i.d.
samples from Nd(0,Σ∗) and apply the back-transform f−1 to each individual
variable.

To generate general mixed data X = (X1,X2) according to the LGCM we
need to appropriately threshold Z1. Let X1 be partitioned into equally sized
collections of binary, ordinal, and Poisson distributed random variables, i.e.,
X1 = (Xbin

1 ,Xord
1 ,Xpois

1 ). We use the inverse probability integral transform
(IPT) to generate random samples from the respective cumulative distribution
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functions, corresponding to the relationship described in Eq. (2). For Xbin
1 IPT

is employed with success probability drawn from Uniform [0.4, 0.6] for 80% of
Xbin

1 . We assign unbalanced classes to the remaining 20%, where the success
probability is drawn from Uniform [0.05, 0.1]. Regarding Xord

1 , IPT is used to
generate samples from the multinomial distribution. To that end, we draw the
number of categories from Uniform [3, 7] and round it to the nearest integer.
We set the probability of falling into one of these categories to be proportional
to their number. Lastly, Xpois

1 is generated using IPT with the rate parameter
set to 6. In case we only need a mix of binary and continuous data, we set
X1 = Xbin

1 .
Throughout the experiments, Ω̂ is chosen by minimizing the eBIC according

to the procedure outlined in Section 3.6 with θ = 0.1 for the low and medium,
θ = 0.5 for the high dimensional graphs. The sample size n is set to 200 for
d ∈ {50, 250} and 300 for d = 750. We set the number of simulation runs to
100. Lastly, we choose the sparsity parameter c such that the number of edges
aligns roughly with the dimension – except for d = 50, where we allow for 200
edges following Fan et al. [12].

Performance metrics To evaluate performance, we report the mean estima-
tion error ‖Ω̂−Ω∗‖F using the Frobenius norm. Additionally, we employ graph
recovery metrics. For this purpose, we calculate the number of true positives
TP(λ) and false positives FP(λ) based on the glasso path. TP(λ) represents the
count of non-zero lower off-diagonal elements that are consistent both in Ω∗ and
Ω̂, while FP(λ) denotes the count of non-zero lower off-diagonal elements in Ω̂
that are zero in Ω∗.

The true positive rate TPR(λ) and false positive rate FPR(λ) are defined
as TPR = TP(λ)

|E| and FPR = FP(λ)
d(d−1)/2−|E| , respectively. Finally, we consider

the area under the curve (AUC), where a value of 0.5 corresponds to random
guessing of edge presence and a value of 1 indicates perfect error-free recovery
of the underlying latent graph (in the rank sense of ROC analysis).

4.2. Simulation results

Binary-continuous data We start by considering a mix of binary and con-
tinuous variables generated as outlined in Section 4.1 to compare our methods
against the bridge function approach of Fan et al. [12]. For this purpose, Figure 1
depicts the mean estimation error ‖Ω̂−Ω∗‖F and the AUC for the different es-
timators under the different (d, n) regimes. We include the following estimators
for Ω∗: (1) An oracle estimator (oracle) that corresponds to estimating Σ̂(n)

using the mapping between Spearman’s rho and Σ̂∗
jk (Eq. (10)) based on realiza-

tion of the (partially) latent continuous data (Z1,X2). (2) The bridge function
based estimator (bridge) proposed by Fan et al. [12]. (3) The polychhoric and
polyserial MLE estimator (mle) proposed in Section 2.1. (4) The general mixed
estimator (poly) proposed in Section 3. In the left column, we set fj(x) = x
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Fig 1. Simulation results for the binary-continuous data setting based on 100 simulation runs.
The left column corresponds to the latent Gaussian model, where the transformation function
is the identity. The right colum depicts results for the LGCM with fj(x) = x1/3 for all j.
The top row reports mean and standard deviation of the AUC along simulation runs, and
the bottom row depicts boxplots of the estimation error ‖Ω̂ − Ω∗‖F . The y-axis labels have
superscript arrows attached to indicate the direction of improvement: → implies that larger
values are better, and ← implies that smaller values are better.

for all j, i.e., we recover the latent Gaussian model. In the right column, we set
fj(x) = x1/3 for all j to recover the LGCM.

Figure 1 suggests that under the latent Gaussian model (left column), there
are virtually no differences between all non-oracle estimators in graph recovery
or estimation error. As expected, the oracle has the highest AUC and lowest
estimation error across scenarios. The only exception is the estimation error
when the dimension is d = 750. This surprising result stems from an increased
FPR for oracle (see Figure 5 in the appendix) when minimizing the eBIC with
the additional penalty set to θ = 0.5. A higher penalty seems appropriate in
this case. Meanwhile, the non-oracle estimators are more conservative, and the
additional penalty appears to be chosen correctly in these cases.

In the right column of Figure 1, binary-continuous mixed data is generated
from the LGCM. The Case I and Case II MLEs are misspecified in this case,
which translates to lower AUC and higher estimation error. The remaining es-
timators are unaffected by the transformation. Encouragingly, we find no sub-
stantial performance difference between the bridge function approach and our
procedure in any of the metrics considered, including the TPR and FPR results
in Figure 5 in the appendix.

General mixed data Let us turn to the general mixed setting. While the
bridge function approach by Fan et al. [12] does not extend beyond the binary-
continuous mix, we can still compare our approach to the ensemble method
developed by Feng and Ning [13]. Due to its close connection to the original
method, we continue to denote the proposed ensemble estimator bridge.
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Fig 2. Simulation results for the general mixed data setting based on 100 simulation runs.
The left column corresponds to the latent Gaussian model, where the transformation function
is the identity. The right colum depicts results for the LGCM with fj(x) = x1/3 for all j.
The top row reports mean and standard deviation of the AUC along simulation runs, and
the bottom row depicts boxplots of the estimation error ‖Ω̂ − Ω∗‖F . The y-axis labels have
superscript arrows attached to indicate the direction of improvement: → implies that larger
values are better, and ← implies that smaller values are better.

Similar to above, Figure 2 depicts the mean estimation error ‖Ω̂−Ω∗‖F and
the AUC and left and right columns correspond to latent Gaussian und LGCM
settings, respectively. This time, given general mixed data, differences in terms of
AUC between the estimators are noticeable. When the transformations are the
identity, the MLE is correctly specified, and it is tied with poly in terms of AUC.
The bridge estimator performs worse than the other two estimators. When
the transformations are fj(x) = x1/3, the MLE is misspecified, and our poly
estimator performs best among non-oracle estimators in terms of AUC. The
bridge estimator performs only marginally better than the misspecified mle.

Turning to estimation error results, when fj(x) = x, the poly and mle esti-
mators perform similarly across dimensions. As the oracle estimator is formed
on the latent continuous data, it is unaffected by any discretization and behaves
the same as in the binary-continuous case above. The bridge ensemble estima-
tor accounts for a slightly higher estimation error when d = 250 and a lower
one when d = 750. This pattern can be explained by the FPR of the bridge
estimator as illustrated in Figure 6 in the appendix. While the FPR is slightly
higher in the d = 250 case, it is lower in the d = 750 case. Similar to the oracle
results, this appears to be a consequence of the additional penalty term in the
eBIC. Considering the estimation error when fj(x) = x1/3, the poly and bridge
estimators retain their performance. As before, the mle estimator is misspecified
and performs worse than the other two estimators.

Overall, the simulation results suggest that our proposed poly estimator per-
forms similarly (binary-continuous data setting) or better (general mixed set-
ting) than the current state-of-the-art. In particular, the poly estimator achieves
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good performance scores regarding recovery of the graph structure in the gen-
eral mixed setting. Estimation error results are more sensitive to the choice of
the additional high-dimensional penalty. These empirical results suggest that
despite the theoretically slower convergence rate, the poly estimator is compet-
itive regarding graph recovery and estimation error.

5. Conclusion

Estimating high-dimensional undirected graphs from general mixed data is a
challenging task. We propose an innovative approach that blends classical gen-
eralized correlation measures, specifically polychoric and polyserial correlations,
with recent concepts from high-dimensional graphical modeling and copulas.

A pivotal insight guiding our approach is recognizing that polychoric and
polyserial correlations can be effectively modeled through a latent Gaussian
copula. Although adapting polyserial correlation to the nonparanormal case de-
mands careful consideration, the polychoric correlation requires no adjustments.
The resulting estimators exhibit favorable theoretical properties, even in high
dimensions, and demonstrate robust empirical performance in our simulation
study.

The framework we put forward builds on prior work extending the graphical
lasso for Gaussian observations to nonparanormal models and subsequently to
mixed data, as seen in the contributions of Fan et al. [12], followed by Quan,
Booth and Wells [35] and Feng and Ning [13]. A key distinction in our approach
is the absence of the need to specify bridge functions. Indeed, our method seam-
lessly handles various types of mixed data without requiring additional user
effort.

6. Software

Software in the form of the R package hume is available on the corresponding au-
thor’s GitHub page (https://github.com/konstantingoe/hume). The R-code
to reproduce the simulation study conducted in the paper is available under
https://github.com/konstantingoe/mixed_hidim_graphs.

Appendix A: Methodology

In the following sections, we derive the MLEs for the latent Gaussian model.

A.1. Case II MLE derivation

In Case II, we consider the instance where Xj is ordinal and Xk is continuous.
Recall that in the latent Gaussian model, we take all {fk}d

k=1 to be the identity.
Consequently, Xk is Gaussian and Γr

j = fj(γr
j ) = γr

j for all j ∈ [d1] and r ∈ [lj ].
Recall that we are interested in the product-moment correlation Σjk between
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two jointly Gaussian variables, where Xj is not directly observed, but only the
ordered categories (Eq. (2)) are given. The likelihood of the n-sample is defined
by:

L
(n)
jk (Σjk, x

r
j , xk) =

n∏

i=1
p(xr

ij , xik,Σjk)

=
n∏

i=1
p(xik)p(xr

ij | xik,Σjk),
(22)

where p(xr
ij , xik,Σjk) denotes the joint probability of Xj and Xk and p(xik) the

marginal density of the Gaussian variable Xk, i.e.

p(xik) =
(
2πσ
)− 1

2 exp
[

− 1
2

(
xik − μ

σik

)2
]
.

Furthermore, the conditional probability of Xj in Eq. (5) can be written as:

p(Xj = xr
j | Xk,Σjk) = p(Γr−1

j ≤ Zj < Γr
j | Xk,Σjk)

= p(Zj ≤ Γr
j | Xk,Σjk) − p(Zj ≤ Γr−1

j | Xk,Σjk)
Φ(Γ̃r

j) − Φ(Γ̃r−1
j ), r = 1, . . . , lj ,

(23)

where
Γ̃r

j =
Γr

j − ΣjkX̃k√
1 − (Σjk)2

,

with X̃k = Xk−μk

σk
and Φ(t) denoting the standard normal distribution function.

This follows straight from the fact that the conditional distribution of Zj is
Gaussian with mean ΣjkX̃k and variance (1 − (Σjk)2). The log-likelihood is
then �

(n)
jk (Σjk, x

r
j , xk) with

�
(n)
jk (Σjk, x

r
j , xk) =

n∑

i=1

[
log(p(xik)) + log(p(xr

j | xik,Σjk))
]
. (24)

Due to the heavy computational burden involved when estimating all pa-
rameters simultaneously, a two-step estimator has been proposed [31]. That is,
in a first step μk, σ

2
k are estimated by X̄k and s2

k, respectively. Moreover, the
thresholds Γr

j , r = 1, . . . , lj are estimated by the quantile function of the stan-
dard normal distribution evaluated at the cumulative marginal proportions of
xr

j just as described in Section 3.4.
In a second step, all that remains is obtaining the MLE for Σjk now with the

readily computed estimates from the first step:

∂�
(n)
jk (Σjk, x

r
j , xk)

∂Σjk
=

n∑

i=1

1
p(xr

ij | xik,Σjk)
∂p(xr

ij | xik,Σjk)
∂Σjk

. (25)
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Let us take a closer look at the partial derivative of the conditional probability
in Eq. (25):

∂p(xr
ij | xik,Σjk)
∂Σjk

=
∂Φ(Γ̃r

j)
∂Σjk

−
∂Φ(Γ̃r−1

j )
∂Σjk

= φ(Γ̃r
j)

∂Γ̃r
j

∂Σjk
− φ(Γ̃r−1

j )
∂Γ̃r

j

∂Σjk

= (1 − (Σjk)2)− 3
2

[
φ(Γ̃r

j)(Γr
jΣjk − x̃ik) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃ik)

]
,

(26)

where

X̃k = Xk − X̄k√
s2
k

and Γ̃r
j =

Γr
j − ΣjkX̃k√
1 − (Σjk)2

.

The last equality in Eq. (26) follows from taking the derivative and applying
the chain rule. Putting all the pieces together, we obtain

∂�
(n)
jk (Σjk, x

r
j , xk)

∂Σjk
=

n∑

i=1

[
1

p(xr
ij | xik,Σjk) (1 − (Σjk)2)− 3

2

[
φ(Γ̃r

j)(Γr
jΣjk − x̃ik) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃ik)

]]
.

(27)

Setting Eq. (27) to zero and solving for Σjk yields the Case II two-step MLE
for Σjk. Note that this is a nonlinear optimization problem, which can efficiently
be solved utilizing some quasi-Newton method.

A.2. Case III MLE derivation

Turning to Case III, where both Xj and Xk are ordinal variables, we argue
in Section 3.3 in the manuscript that the MLE for the polychoric correlation
remains valid for the LGCM. The probability of an observation taking values
Xj = xr

j and Xk = xs
k is

πrs := p(Xj = xr
j , Xk = xs

k)
= p(Γr−1

j ≤ Zj < Γr
j ,Γs−1

k ≤ Zk < Γs
k)

= p(Γr−1
j ≤ fj(Zj) < Γr

j ,Γs−1
k ≤ fk(Zk) < Γs

k)

=
∫ Γr

j

Γr−1
j

∫ Γk
s

Γs−1
k

φ2(zj , zk,Σjk)dzjdzk,

(28)
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where r ∈ [lj ] and s ∈ [lk] and φ2(x, y, ρ) denotes the standard bivariate density
with correlation ρ. Then, as in the manuscript, the likelihood and log-likelihood
of the n-sample are defined as:

L
(n)
jk (Σjk, x

r
j , x

s
k) = C

lj∏

r=1

lk∏

s=1
πnrs

rs ,

�
(n)
jk (Σjk, x

r
j , x

s
k) = log(C) +

lj∑

r=1

lk∑

s=1
nrs log(πrs).

(29)

where C is a constant and nrs denotes the observed frequency of Xj = xr
j and

Xk = xs
k in a sample of size n =

∑lj
r=1
∑lk

s=1 nrs. Similar to Case II above, we
employ the two-step estimator for the polychoric correlation. Given the thresh-
old estimates from the first step, let us state the derivative of �

(n)
jk (Σjk, x

r
j , x

s
k)

with respect to Σjk explicitly. First, recall that from Eq. (28)

πrs =
∫ Γr

j

Γr−1
j

∫ Γk
s

Γs−1
k

φ2(zj , zk,Σjk)dzjdzk

= Φ2(Γr
j ,Γs

k,Σjk) − Φ2(Γr−1
j ,Γs

k,Σjk)
− Φ2(Γr

j ,Γs−1
k ,Σjk) + Φ2(Γr−1

j ,Γs−1
k ,Σjk),

(30)

where Φ2(u, v, ρ) is the standard bivariate normal distribution function with
correlation parameter ρ. Note also that we have ∂Φ2(u,v,ρ)

∂ρ = φ2(u, v, ρ); see
[40]. Taking the derivative of �

(n)
jk (Σjk, x

r
j , x

s
k) with respect to Σjk yields

∂�(n)(Σjk, x
r
j , x

s
k)

∂Σjk
=

lXj∑

r=1

lXk∑

s=1

nrs

πrs

∂πrs

∂Σjk

=
lXj∑

r=1

lXk∑

s=1

nrs

πrs

[
φ2(Γr

j ,Γs
k,Σjk) − φ2(Γr−1

j ,Γs
k,Σjk)−

φ2(Γr
j ,Γs−1

k ,Σjk) + φ2(Γr−1
j ,Γs−1

k ,Σjk)
]
.

Again, setting the derivative to zero and solving for Σjk using some quasi-
Newton method yields the Case III two-step MLE for Σjk.

A.3. Comparison of Case II estimators under the LGCM

In this section, we conduct an empirical comparison of Case II estimators within
the framework of the LGCM. Specifically, we examine the Case II MLE derived
under the latent Gaussian model, as discussed in Section 2.1, which involves
incorporating the estimated transformations f̂ at appropriate locations. Fur-
thermore, we investigate the ad hoc estimator presented in Section 3.2 in more
detail.
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We start by rewriting Eq. (27), where we replace occurrences of the Xk with
the corresponding transformation f̂k(Xk). The resulting transformation-based
first-order condition (FOC) for the Case II MLE under the LGCM becomes:

∂�
(n)
jk (Σjk, x

r
j , f̂k(xk))

∂Σjk
(31)

=
n∑

i=1

[
1

Φ(Γ̃r
j(f̂k)) − Φ(Γ̃r−1

j (f̂k))
(1 − (Σjk)2)− 3

2 (32)

[
φ(Γ̃r

j(f̂k))(Γr
jΣjk − f̂k(x̃ik)) − φ(Γ̃r−1

j (f̂k))(Γr−1
j Σjk − f̂k(x̃ik))

]]
, (33)

where

f̂k(x̃ik) = f̂k(xik) − f̂k(x̄k)√
f̂k(sk)2

and Γ̃r
j(f̂k) =

Γr
j − Σjkf̂k(x̃ik)√

1 − (Σjk)2
.

In the ensuing empirical evaluation, the data generation scheme is as follows.
First, we generate n data points (zij , xik)ni=1 from a standard bivariate normal
with correlation Σ∗

jk. Second, we apply the same transformation f−1
t (x) = 5x5

for t ∈ {j, k} to all the data points. Third, we generate binary data xr
ij by ran-

domly choosing f−1
j (zij)-thresholds (guaranteeing relatively balanced classes)

and then applying inversion sampling.
Computing the transformation-based MLE for Case II can be achieved in

several ways. Consider the plugged-in log-likelihood function, i.e.

�
(n)
jk (Σjk, x

r
j , f̂k(xk)) =

n∑

i=1

[
log(p(f̂k(xik))) + log(p(xr

j | f̂k(xik),Σjk))
]

=
n∑

i=1

[
log(p(f̂k(xik))) + Φ(Γ̃r

j(f̂k)) − Φ(Γ̃r−1
j (f̂k))

]
.

(34)

One strategy to optimize Eq. (34) is direct maximization with a quasi-Newton
optimization procedure to determine the optimal values for Σ̂jk. This strategy
is used, for instance, in the R package polycor [15]. Alternatively, another
approach involves utilizing the Eq. (31) and solving for Σ̂jk through a nonlinear
root-finding method. To do this, we employ Broyden’s method [6].

In Figure 3, we generate data according to the scheme above for n = 1000
and a grid of true correlation values Σ∗

jk ∈ [0, 0.98] with a step size of s = 0.02.
Due to symmetry, taking only positive correlations is sufficient for compari-
son purposes. For each correlation value along the grid, we generate 100 mixed
binary-continuous data pairs and compute the MLE (using the abovementioned
strategies) and the ad hoc estimator from Section 3.2. We plot the true corre-
lation values against the absolute difference between estimates and true corre-
lation and the corresponding Monte-Carlo standard error for the MLE and the
ad hoc estimator.
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Fig 3. Comparison of the Case II MLE under the LGCM and the ad hoc estimator.

As expected, both strategies for attaining the MLE yield the same results.
The ad hoc estimator’s bias becomes noticeable only when the underlying cor-
relation Σ∗

jk exceeds 0.75 and it remains at such a mild level that we consider it
negligible [see 31, for a similar observation]. The strength of the ad hoc estima-
tor lies in its simplicity and computational efficiency. The left panel of Figure 4
shows the median computation time surrounded by the first and third quartiles.
We compare the two MLE optimization strategies and the ad hoc estimator for
a grid of sample sizes n ∈ [50, 10000] with a step size of st = 50. Here we fix
Σ∗

jk = .87 and repeat each calculation 100 times recording the time elapsed.
The right panel of Figure 4 demonstrates computation time across a grid of

length 200 of values for Σ∗
jk ∈ [−.98, 98]. The sample size is, in this case, fixed

at n = 1000. The ad hoc estimator is consistently and considerably faster than
the MLE, regardless of the strategy used. The difference in computation time is
especially pronounced for large sample sizes and correlation values approaching
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Fig 4. Computation time in milliseconds for the Case II MLE and ad hoc estimators. We
report the median (solid line) and the first and third quartile (shaded area) of recorded com-
putation time. In the left panel, we compare computation time against a grid of sample sizes
n ∈ [50, 10000] with a step size of st = 50. In the right panel, we compare computation time
against a grid of true correlation values Σ∗

jk ∈ [−.98, .98].

the endpoints of the [−1, 1]-interval. Setting the FOC to zero and solving for Σjk

is computationally more efficient than directly maximizing the log-likelihood
function. The time difference in MLE strategies is more pronounced at the
endpoints of the [−1, 1] interval. The ad hoc estimator is not affected by this
issue. Therefore, in the high-dimensional setting we consider in this paper, the
ad hoc estimator is preferable to the MLE due to (1) its computational efficiency,
(2) its simplicity, which allows us to form concentration inequalities, and (3) its
robustness to the underlying correlation value.
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Appendix B: Proofs

B.1. Proof of Theorem 3.2

Condition B.1 (Gradient statistical noise). The gradient of the log-likelihood
function is τ2-sub-Gaussian. That is, for any λ ∈ R and for all Σjk ∈ [−1 +
δ, 1 − δ] for j, k according to Case II or Case III.

E

[
exp
(
λ
( ∂�jk
∂Σjk

− E
∂�jk
∂Σjk

))]
≤ exp

(τ2λ2

2

)
, (35)

where �jk corresponds to the log-likelihood functions in Definitions 2.4 and 2.5,
respectively.

Case II: Recall that

∂�jk(Σjk, x
r
j , xk)

∂Σjk
= 1

p(xr
ij | xik,Σjk)

∂p(xr
ij | xik,Σjk)
∂Σjk

.

Replacing these with the derivations made in Eq. (27), we write

∂�jk(Σjk, x
r
j , xk)

∂Σjk
=

(1 − (Σjk)2)− 3
2

Φ(Γ̃r
j) − Φ(Γ̃r−1

j )

[
φ(Γ̃r

j)(Γr
jΣjk − x̃k) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

]
.

It is easy to see that p(xr
ij | xik,Σjk) ∈ (0, 1) almost surely. Assumption 3.3

makes sure that we exclude impossible events where p(xr
ij | xik,Σjk) = 0.

Moreover, we require that Γr
j > Γr−1

j ,∀j ∈ 1, . . . , d1 this implies that Φ(Γ̃r
j) >

Φ(Γ̃r−1
j ). In other words, there exists a κ > 0 such that p(xr

ij | xik,Σjk) ≤ 1
κ .

Let us now turn to ∂p(xr
ij | xik,Σjk)/∂Σjk. First, for all Σjk ∈ [−1+ δ, 1− δ]

we clearly have 1 ≤ (1− (Σjk)2)− 3
2 ≤ � for � > 1. What’s more, the density of

the standard normal is bounded, i.e.,
∣∣φ(t)
∣∣ ≤ (2π)− 1

2 for all t ∈ R. Similarly,
∣∣∣φ(Γ̃r

j)(Γr
jΣjk − x̃k) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

∣∣∣ ≤
∣∣∣φ(Γ̃r

j)(Γr
jΣjk − x̃k)

∣∣∣ ≤ L1,

due to Assumption 3.2. Therefore,
∣∣∣∣∣
∂�jk(Σjk, x

r
j , xk)

∂Σjk

∣∣∣∣∣ ≤ κL1,

and
(

∂�jk

∂Σjk
−E ∂�jk

∂Σjk

)
is zero-mean and bounded. Then by Hoeffding’s [19] lemma,

the gradient of the log-likelihood function is τ2-sub-Gaussian with τ = 2κL1
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Case III: Recall that we have

∂�jk(Σjk, x
r
j , x

s
k)

∂Σjk
= 1

πrs

∂πrs

∂Σjk
, for some j < k ∈ [d1].

Considering

πrs =Φ2(Γr
j ,Γs

k,Σjk) − Φ2(Γr−1
j ,Γs

k,Σjk)
−Φ2(Γr

j ,Γs−1
k ,Σjk) + Φ2(Γr−1

j ,Γs−1
k ,Σjk),

we note that this again has to be in (0, 1) due to Assumptions 3.1 and 3.2. such
that πrs ≤ 1

ξ .
Now let us show that

∂πrs

∂Σjk
=
[
φ2(Γr

j ,Γs
k,Σjk) − φ2(Γr−1

j ,Γs
k,Σjk)

−φ2(Γr
j ,Γs−1

k ,Σjk) + φ2(Γr−1
j ,Γs−1

k ,Σjk)
]

is bounded. Indeed, the density of the standard bivariate normal random variable
is of the form φ2(x, y) = ce−q(x,y). Since q(x, y) is a quadratic function of x, y
it follows that

∣∣φ2(x, y)
∣∣ ≤ c. Therefore, every element in ∂πrs

∂Σjk
is bounded and

thus
∣∣∣ ∂πrs

∂Σjk

∣∣∣ ≤ K1. By the same argument as for Case II
(

∂�jk

∂Σjk
−E ∂�jk

∂Σjk

)
is zero-

mean and bounded and by Hoeffding’s lemma the gradient of the log-likelihood
function is τ2-sub-Gaussian with τ = 2ξK1. Based on these arguments, we can
conclude that the condition for gradient statistical noise is satisfied.

Condition B.2 (Hessian statistical noise). The Hessian of the log-likelihood
function is τ2-sub-exponential, i.e. for all Σjk ∈ [−1 + δ, 1 − δ] and for j, k
according to Case II or Case III we have

∥∥∥∥∥
∂2�jk
∂Σ2

jk

∥∥∥∥∥
ψ1

≤ τ2, (36)

where ‖·‖ψ1
denotes the Orlicz ψ1-norm, defined as

‖X‖ψ1
:= sup

p≥1

1
p

E
(∣∣X − E(X)

∣∣p
) 1

p

.

Note that �jk corresponds to the respective log-likelihood functions in Defini-
tions 2.4 and 2.5.
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Case II: We have

∂2�jk
∂Σ2

jk

=
∂2p(xr

j | xk,Σjk)/∂Σ2
jk

p(xr
j | xk,Σjk) −

(
∂p(xr

j | xk,Σjk)/∂Σjk

p(xr
j | xk,Σjk)

)2

.

Clearly,
∣∣∣∣∣
∂2�jk
∂Σ2

jk

∣∣∣∣∣ ≤

∣∣∣∂2p(xr
j | xk,Σjk)/∂Σ2

jk

∣∣∣
∣∣∣p(xr

j | xk,Σjk)
∣∣∣

+
(∣∣∣∂p(xr

j | xk,Σjk)/∂Σjk

∣∣∣
∣∣∣p(xr

j | xk,Σjk)
∣∣∣

)2

≤ κL2 + κ2L2
1,

(37)

where it remains to show that
∣∣∣∂2p(xr

ij | xik,Σjk)/∂Σ2
jk

∣∣∣ ≤ L2. Indeed, we can
rewrite our objective as follows:

∂

∂Σjk

(
∂�jk(Σjk, x

r
j , xk)

∂Σjk

)

= ∂

∂Σjk

(
(1 − (Σjk)2)− 3

2

[
φ(Γ̃r

j)(Γr
jΣjk − x̃k) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

])

= 3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r

j)(Γr
jΣjk − x̃k) +

φ′(Γ̃r
j)(Γr

jΣjk − x̃k)2

(1 − Σ2
jk)3

+
φ(Γ̃r

j)Γr
j

(1 − Σ2
jk)− 3

2
− 3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

−
φ′(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)2

(1 − Σ2
jk)3 −

φ(Γ̃r−1
j )Γr−1

j

(1 − Σ2
jk)− 3

2
.

(38)

Thus,
∣∣∣∣∣∣

∂

∂Σjk

(
∂�jk(Σjk, x

r
j , xk)

∂Σjk

)∣∣∣∣∣∣
≤
∣∣∣∣∣

3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r

j)(Γr
jΣjk − x̃k)

∣∣∣∣∣

+

∣∣∣∣∣∣
φ′(Γ̃r

j)(Γr
jΣjk − x̃k)2

(1 − Σ2
jk)3 +

φ(Γ̃r
j)Γr

j

(1 − Σ2
jk)− 3

2

∣∣∣∣∣∣
≤ L2,

due to Assumptions 3.1 and 3.2 and because both φ(t) and φ′(t) are bounded for

all t ∈ R. Therefore, the inequality in Eq. (37) follows and ∂2�jk

∂Σ2
jk

− E
(

∂2�jk

∂Σ2
jk

)
is

bounded by 2(κL2 + κ2L2
1). Hence, for all p ≥ 1

1
p

E

[∣∣∣∂2�jk/∂Σ2
jk − E

(
∂2�jk/∂Σ2

jk

)∣∣∣
p
] 1

p

≤ 2
p

(
κL2 + κ2L2

1
)
. (39)
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Finally, for τ = 2κL1 we can choose L1 and κ such that

2(κL2 + κ2L2
1) ≤ τ2 = 4κ2L2

1.

Thus, the Hessian statistical noise-condition for Case II is satisfied.

Case III: Let us start with the Hessian of �jk in the polychoric case:

∂2�jk(Σjk, x
r
j , x

s
k)

∂Σ2
jk

=
∂2πrs/∂Σ2

jk

πrs
−
(

∂πrs/∂Σjk

πrs

)2

Thus:
∣∣∣∣∣
∂2�jk(Σjk, x

r
j , x

s
k)

∂Σ2
jk

∣∣∣∣∣ ≤

∣∣∣∂2πrs/∂Σ2
jk

∣∣∣
|πrs|

+
(∣∣∂πrs/∂Σjk

∣∣
|πrs|

)2

≤ ξK2 + ξ2K2
1 .

(40)

Again it remains to show that ∂2πrs/∂Σ2
jk ≤ K2. Consider

∣∣∣∣∣
∂

∂Σjk

(
∂πrs

∂Σjk

)∣∣∣∣∣

=
∣∣∣ ∂

∂Σjk
φ2(Γr

j ,Γs
k,Σjk) − φ2(Γr−1

j ,Γs
k,Σjk)

− φ2(Γr
j ,Γs−1

k ,Σjk) + φ2(Γr−1
j ,Γs−1

k ,Σjk)
∣∣∣

≤
∣∣∣∣∣

∂

∂Σjk
φ2(Γr

j ,Γs
k,Σjk)

∣∣∣∣∣+
∣∣∣∣∣

∂

∂Σjk
φ2(Γr−1

j ,Γs
k,Σjk)

∣∣∣∣∣

+
∣∣∣∣∣

∂

∂Σjk
φ2(Γr

j ,Γs−1
k ,Σjk)

∣∣∣∣∣+
∣∣∣∣∣

∂

∂Σjk
φ2(Γr−1

j ,Γs−1
k ,Σjk)

∣∣∣∣∣
≤ K2,

where each of the derivatives of the bivariate density is bounded, since we assume
that the correlation is bounded away from one and minus one, i.e., Σjk ∈ [−1+
δ, 1 − δ].

Similar to Case II, for τ = 2ξK1 we can choose K1 and ξ such that

2(ξk2 + ξ2k2
1) ≤ τ2 = 4ξ2K2

1 .

Consequently, the Hessian statistical noise-condition for Case III is satisfied,
which concludes the proof of the Hessian statistical noise-condition.

Concerning the third condition, we introduce some additional notation. De-
note the sample risk by R̂

(n)
jk (Σjk) for j, k according to Case II and Case III,

i.e.,

Case II : R̂
(n)
jk (Σjk) = 1

n

n∑

i=1

[
log(p(xik)) + log(p(xr

ij | xik,Σjk))
]
,
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and

Case III : R̂
(n)
jk (Σjk) = 1

n

lXj∑

r=1

lXk∑

s=1
nrs log(πrs).

Lastly, we define Rjk(Σjk) = EΣ∗
jk

R̂
(n)
jk (Σjk) to be the population risk for each

of the respective cases.

Condition B.3 (Hessian regularity). The Hessian regularity condition consists
of three parts:

1. The second derivative of the population risk Rjk(Σjk) is bounded at one
point. That is, there exists one |Σ̄jk| ≤ 1 − δ and H > 0 such that
|R′′

jk(Σ̄jk)| ≤ H.
2. The second derivative of the log-likelihood with respect to Σjk is Lipschitz

continuous with integrable Lipschitz constant, i.e. there exists a M∗ > 0
such that E[M ] ≤ M∗, where

M = sup
|Σ(1)

jk |, |Σ(2)
jk |≤1−δ,

Σ(1)
jk �=Σ(2)

jk

∣∣∣�′′
jk(Σ(1)

jk ) − �′′
jk(Σ(2)

jk )
∣∣∣

∣∣∣Σ(1)
jk − Σ(2)

jk

∣∣∣
.

3. The constants H and M∗ are such that H ≤ τ2 and M∗ ≤ τ3.

We need some intermediate results that make dealing with Rjk(Σjk) easier. First,
note that EΣ∗

jk
R̂

(n)
jk (Σjk) = EΣ∗

jk
�jk(Σjk). Second, for all Σjk ∈ [−1 + δ, 1 − δ]

and m ∈ {1, 2}

Rm
jk(Σjk) = ∂m

∂Σm
jk

EΣ∗
jk

�jk(Σjk) = EΣ∗
jk

∂m

∂Σm
jk

�jk(Σjk),

by Lemma B.7 and Corollary B.8.

1. Recall the first part of the Hessian regularity condition, whereby Eq. (37)
and Eq. (40) for all Σjk ∈ [−1 + δ, 1 − δ] we have

Case II: | ∂2

∂Σ2
jk

�jk(Σjk)| ≤ κL2 + κ2L2
1

and

Case III: | ∂2

∂Σ2
jk

�jk(Σjk)| ≤ ξK2 + ξ2K2
1

for cases II and III, respectively. Consequently, the claim in the first part
of the Hessian regularity condition holds for Case II and Case III for any
|Σ̄jk| ≤ 1 − δ with H1 = κL2 + κ2L2

1 and H2 = ξK2 + ξ2K2
1 . Moreover,

we also have H1 ≤ τ2 = 4κ2L2
1 and H2 ≤ τ2 = 4ξ2K2

1 .



High-dimensional mixed graphs 2369

2. The second part of the Hessian regularity condition requires that the second
derivative of the log-likelihood with respect to Σjk is Lipschitz continuous
with integrable Lipschitz constant. By the mean-value-theorem, all we need
to show is that we can find a bound on the third derivative of the log-
likelihood function.

Case II: Note that we have

∂3

∂Σ3
jk

�jk(Σjk)

= ∂

∂Σjk

[
∂2�jk
∂Σ2

jk

]

= ∂

∂Σjk

[
∂2p(xr

j | xk,Σjk)/∂Σ2
jk

p(xr
j | xk,Σjk) −

(
∂p(xr

j | xk,Σjk)/∂Σjk

p(xr
j | xk,Σjk)

)2]

=
∂3p(xr

j | xk,Σjk)/∂Σ3
jk

p(xr
j | xk,Σjk)

− 3
(
∂p(xr

j | xk,Σjk)/∂Σjk

)(
∂2p(xr

j | xk,Σjk)/∂Σ2
jk

)

(p(xr
j | xk,Σjk))2

+ 2
(

∂p(xr
j | xk,Σjk)/∂Σjk

p(xr
j | xk,Σjk)

)3

.

Hence ∣∣∣∣∣
∂3

∂Σ3
jk

�jk(Σjk)
∣∣∣∣∣ ≤ κL3 + 3κ2L2L1 + 2κ3L3

1.

It remains to show therefore, that
∣∣∣∂3p(xr

j | xk,Σjk)/∂Σ3
jk

∣∣∣ ≤ L3.

When taking the derivative of Eq. (38), it is obvious that the resulting
statement is bounded due to Assumptions 3.1 and 3.2 and the fact that
φ(t), φ′(t), φ′′(t) are all bounded for all t ∈ R.
Therefore, by applying the mean-value-theorem we get

M1 ≤ κL3 + 3κ2L2L1 + 2κ3L3
1,

and the natural choice for

M∗
1 = κL3 + 3κ2L2L1 + 2κ3L3

1,

where it follows that
M∗

1 ≤ τ3 = 8κ3L3
1.
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Case III: We proceed similarly and first consider

∂3

∂Σ3
jk

�jk(Σjk)

= ∂

∂Σjk

[
∂2�jk(Σjk, x

r
j , x

s
k)

∂Σ2
jk

]

= ∂

∂Σjk

[
∂2πrs/∂Σ2

jk

πrs
−
(

∂πrs/∂Σjk

πrs

)2]

=
∂3πrs/∂Σ3

jk

πrs
− 3
(
∂πrs/∂Σjk

)(
∂2πrs/∂Σ2

jk

)

(πrs)2

+ 2
(

∂πrs/∂Σjk

πrs

)3

.

(41)

Hence ∣∣∣∣∣
∂3

∂Σ3
jk

�jk(Σjk)
∣∣∣∣∣ ≤ ξK3 + 3ξ2K2K1 + 2ξ3K3

1 .

Taking a closer look at
∣∣∣∂3πrs/∂Σ3

jk

∣∣∣, boundedness again follows from the
fact that the quadratic function in the exponential of the bivariate normal
density does not vanish. Thus, we have

M2 ≤ ξK3 + 3ξ2K2K1 + 2ξ3K3
1 ,

and the natural choice for

M∗
2 = ξK3 + 3ξ2K2K1 + 2ξ3K3

1 ,

where we have
M∗

2 ≤ τ3 = 8ξ3K3
1 .

These steps validate the Hessian regularity condition.

Condition B.4 (Population risk is strongly Morse). There exist ε > 0 and
η > 0 such that Rjk(Σjk) is (ε, η)-strongly Morse, i.e.

1. For all Σjk such that |Σjk| = 1 − δ we have that |R′
jk(Σjk)| > ε.

2. For all Σjk such that |Σjk| ≤ 1 − δ:

|R′
jk(Σjk)| ≤ ε =⇒ |R′′

jk(Σjk)| ≥ η.

Put differently, Rjk(Σjk) is (ε, η)-strongly Morse if the boundaries {−1+δ, 1−δ}
are not critical points of Rjk(Σjk) and if Rjk(Σjk) only has finitely many critical
points that are all non-degenerate.

Let us verify that R′′(Σjk) 
= 0 for cases II and III. Indeed by Lemma B.7
and Corollary B.8 we can rewrite R′′

jk(Σjk) and obtain
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R′′(Σjk)

= EΣjk

[
∂2�jk(Σjk)

∂Σ2
jk

]

= EΣ∗
jk

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂2p(xr
j | xk,Σjk)/∂Σ2

jk

p(xr
j | xk,Σjk) −

(
∂p(xr

j | xk,Σjk)/∂Σjk

p(xr
j | xk,Σjk)

)2

Case II,

∂2π(Σjk)rs/∂Σ2
jk

π(Σjk)rs
−
(

∂π(Σjk)rs/∂Σjk

π(Σjk)rs

)2

Case III,

where in π(Σjk)rs we made the dependence on Σjk explicit.

Case II: Recall that we have

EΣ∗
jk

[
∂2p(xr

j | xk,Σ∗
jk)/∂Σ2

jk

p(xr
j | xk,Σ∗

jk)

]

=
∫ ∞

−∞

lj+1∑

r=1

∂2p(xr
j | xk,Σ∗

jk)/∂Σ2
jk

p(xr
j | xk,Σ∗

jk) p(xr
j , xk; Σ∗

jk)dxk

=
∫ ∞

−∞

lj+1∑

r=1

∂2p(xr
j | xk,Σ∗

jk)/∂Σ2
jk

p(xr
j | xk,Σ∗

jk) p(xr
j | xk,Σ∗

jk)p(xk)dxk

=
lj+1∑

r=1
∂2p(xr

j | xk,Σ∗
jk)/∂Σ2

jk,

with
lj+1∑

r=1
∂2p(xr

j | xk,Σ∗
jk)/∂Σ2

jk

=
lj+1∑

r=1

[
3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r

j)(Γr
jΣjk − x̃k)

+
φ′(Γ̃r

j)(Γr
jΣjk − x̃k)2

(1 − Σ2
jk)3 +

φ(Γ̃r
j)Γr

j

(1 − Σ2
jk)− 3

2

− 3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

−
φ′(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)2

(1 − Σ2
jk)3 −

φ(Γ̃r−1
j )Γr−1

j

(1 − Σ2
jk)− 3

2

]

= 0,

since all terms except the ones involving φ(Γ̃0
j ) and φ(Γ̃j

lj+1) cancel and further-
more lim

t→±∞
φ(t) = lim

t→±∞
φ′(t) = 0.
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Case III: Similarly, consider

EΣ∗
jk

[
∂2π(xr

j , x
k
s ; Σ∗

jk)/∂Σ2
jk

π(xr
j , x

k
s ; Σ∗

jk)

]

=
∑

r

∑

s

[
∂2π(xr

j , x
k
s ; Σ∗

jk)/∂Σ2
jk

π(xr
j , x

k
s ; Σ∗

jk) P (Xj = xr
j , Xk = xs

k)
]

=
∑

r

∑

s

[
∂2π(xr

j , x
k
s ; Σ∗

jk)/∂Σ2
jk

]

=
∑

r

∑

s

[
q(Γr

j ,Γs
k,Σ∗

jk)φ2(Γr
j ,Γs

k,Σ∗
jk)

− q(Γr−1
j ,Γs

k,Σ∗
jk)φ2(Γr−1

j ,Γs
k,Σ∗

jk)
− q(Γr

j ,Γs−1
k ,Σ∗

jk)φ2(Γr
j ,Γs−1

k ,Σ∗
jk)

+ q(Γr−1
j ,Γs−1

k ,Σ∗
jk)φ2(Γr−1

j ,Γs−1
k ,Σ∗

jk)
]

= q(Γlj+1
j ,Γlk+1

k ,Σ∗
jk)φ2(Γlj+1

j ,Γlk+1
k ,Σ∗

jk)

− q(Γlj+1
j ,Γ0

k,Σ∗
jk)φ2(Γlj+1

j ,Γ0
k,Σ∗

jk)
− q(Γ0

j ,Γlk+1
k ,Σ∗

jk)φ2(Γ0
j ,Γlk+1

k ,Σ∗
jk)

+ q(Γ0
j ,Γ0

k,Σ∗
jk)φ2(Γ0

j ,Γ0
k,Σ∗

jk)
= 0,

with q(s, t,Σ∗
jk)) denoting the corresponding quadratic function from the deriva-

tive of the bivariate normal density. As above, Γlk+1
k = ∞ and Γ0

k = −∞ for
all k ∈ 1, . . . d1. This, together with the fact that all other terms cancel when
summing over r, s, φ(·) is zero in all points containing Γlk+1

k ,Γ0
k and so the last

equality follows.
From this it follows, that R′′

jk(Σ∗
jk) can only be zero if ∂p(xr

j | xk,Σ∗
jk)/∂Σjk

for Case II and ∂π(Σ∗
jk)rs/∂Σjk for Case III are zero. However, this is not

possible due to Assumptions 3.2 and 3.3. To see this note that in Eq. (26)
∂p(xr

j | xk,Σ∗
jk)/∂Σjk can only be zero if either Γr

j = Γr−1
j which we ruled

out in the definition of the LGCM, or if |Γr
j | = |Γr−1

j | = ∞ which is ruled out
by Assumption 3.2.We would not observe any discrete states in the first place if
we had r = {0, lj + 1}. Assumption 3.3 rules this case out. Consequently, there
exist ε > 0 and η > 0 such that Rjk(Σjk) is (ε, η)-strongly Morse

With these considerations, we have verified the required four conditions to
hold such that Theorem 2 in Mei, Bai and Montanari [26] holds for each couple
(j, k) according to cases II and III. More precisely, let α ∈ (0, 1). Now, letting
n ≥ 4C log(n) log(B

α ) where C = C0

(
τ2

ε2 ∨ τ4

η2 ∨ τ2L2

η4

)
and B = τ(1 − δ) with

τ = 2[κL1 ∨ ξK1] and C0 denoting a universal constant. Letting further L =
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supΣjk:|Σjk|≤1−δ|R′′′
jk(Σjk)| we obtain

P

(∣∣∣Σ̂(n)
jk − Σ∗

jk

∣∣∣ ≥ 2τ
η

√
C0

log(n)
n

[
log
(

B

α

)
∨ 1
])

≤ α, (42)

and consequently, the result in Theorem 3.2 follows.

B.2. Proof of Lemmas B.5 to B.8

Lemma B.5. For all |Σjk| ≤ 1 − δ and all j ∈ [d1], k ∈ [d2] we have
∫

S

∂

∂Σjk
p(xr

j | xk,Σjk)dμ(xr
j) = ∂

∂Σjk

∫

S

p(xr
j | xk,Σjk)dμ(xr

j),

where μ is the counting measure on S, the corresponding discrete space.

Proof. Clearly, from Eq. (26) we have

∂

∂Σjk
p(xr

j | xk,Σjk)

= (1 − (Σjk)2)− 3
2

[
φ(Γ̃r

j)(Γr
jΣjk − x̃k) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

]
,

and therefore
∫

S

(1 − (Σjk)2)− 3
2

[
φ(Γ̃r

j)(Γr
jΣjk − x̃k) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

]
dμ(xr

j)

= (1 − (Σjk)2)− 3
2

lj∑

r=1

[
φ(Γ̃r

j)(Γr
jΣjk − x̃k) − φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

]

= 0

= ∂

∂Σjk

lj∑

r=1
p(xr

j | xk,Σjk)

= ∂

∂Σjk
1,

since all terms except the ones involving φ(Γ̃0
j ) and φ(Γ̃lj+1

j ) cancel and

lim
t→±∞

φ(t) = lim
t→±∞

φ′(t) = 0,

and probabilities associated with all possible values must sum up to one.

Corollary B.6. For all |Σjk| ≤ 1 − δ and all j ∈ [d1], k ∈ [d2] we have
∫

S

∂2

∂Σ2
jk

p(xr
j | xk,Σjk)dμ(xr

j) = ∂2

∂Σ2
jk

∫

S

p(xr
j | xk,Σjk)dμ(xr

j),

where μ is the counting measure on S, the corresponding discrete space.
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Proof. From Eq. (38) we obtain

∂2

∂Σ2
jk

p(xr
j | xk,Σjk)

= 3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r

j)(Γr
jΣjk − x̃k)

+
φ′(Γ̃r

j)(Γr
jΣjk − x̃k)2

(1 − Σ2
jk)3 +

φ(Γ̃r
j)Γr

j

(1 − Σ2
jk)− 3

2

− 3Σjk

1 − Σ2
jk

(1 − (Σjk)2)− 3
2 φ(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)

−
φ′(Γ̃r−1

j )(Γr−1
j Σjk − x̃k)2

(1 − Σ2
jk)3 −

φ(Γ̃r−1
j )Γr−1

j

(1 − Σ2
jk)− 3

2
.

By similar arguments to Lemma B.5, when taking the sum over all possible
states, all terms except the ones involving φ(Γ̃0

j ) and φ(Γ̃lj+1
j ) still cancel as they

appear in every additive term in the above equation – recall that φ′(t) = −tφ(t)
– and equality then follows immediately.

Lemma B.7. For all |Σjk| ≤ 1 − δ we have

1.
∂

∂Σjk
EΣ∗

jk

[
�jk(Σjk, x

r
j , xk)

]
= EΣ∗

jk

[
∂

∂Σjk
�jk(Σjk, x

r
j , xk)

]
,

i.e.
∂

∂Σjk

∫

S×R
logLjk(Σjk, x

r
j , xk)Ljk(Σ∗

jk, x
r
j , xk)dε(xr

j , xk)

=
∫

S×R

∂

∂Σjk
logLjk(Σjk, x

r
j , xk)Ljk(Σ∗

jk, x
r
j , xk)dε(xr

j , xk)

where ε is the product measure on S × R defined by

ε := μ ⊗ λ

with μ denoting the counting measure on the corresponding discrete space
S and λ the Lebesgue measure on the corresponding Euclidean space.

2.
∂

∂Σjk
EΣ∗

jk

[
�jk(Σjk, x

r
j , x

s
k)
]

= EΣ∗
jk

[
∂

∂Σjk
�jk(Σjk, x

r
j , x

s
k)
]
,

i.e.
∂

∂Σjk

∫

S×S′
logLjk(Σjk, x

r
j , x

s
k)Ljk(Σ∗

jk, x
r
j , x

s
k)d�(xr

j , x
s
k)

=
∫

S×S′

∂

∂Σjk
logLjk(Σjk, x

r
j , x

s
k)Ljk(Σ∗

jk, x
r
j , x

s
k)d�(xr

j , x
s
k)



High-dimensional mixed graphs 2375

where � is the product measure on S × S′ defined by

� := μ ⊗ μ′

with μ and μ′ denoting the counting measure on the corresponding discrete
space S and S′, respectively.

Proof. Let us start with 1. and rewrite the right-hand side:
∫

S×R

∂

∂Σjk
logLjk(Σjk, x

r
j , xk)Ljk(Σ∗

jk, x
r
j , xk)dε(xr

j , xk)

=
∫

R

lj∑

r=1

∂

∂Σjk
log p(xr

j , xk,Σjk)p(xr
j , xk,Σ∗

jk)dxk.

The left-hand side corresponds to

∂

∂Σjk

∫

S×R
logLjk(Σjk, x

r
j , xk)Ljk(Σ∗

jk, x
r
j , xk)dε(xr

j , xk)

= ∂

∂Σjk

∫

R

lj∑

r=1
log p(xr

j , xk,Σjk)p(xr
j , xk,Σ∗

jk)dxk.

By Lebesgue’s Dominated Convergence Theorem, we can interchange integra-
tion and differentiation as log p(xr

j , xk,Σjk) is absolutely continuous s.t. its
derivative exists almost everywhere and

∣∣∣∣∣
∂ log p(xr

j , xk,Σjk)
∂Σjk

∣∣∣∣∣

is upper bounded by some integrable function. Indeed, the latter requirement
has already been shown in Condition B.1. The second point follows by the same
arguments where log p(xr

j , x
s
k,Σjk) = log(C) + log(πrs) is absolutely continuous

and bounded as shown in Condition B.1. This concludes the proof.

Corollary B.8. For all
∣∣Σjk

∣∣ ≤ 1 − δ we have

∂2

∂Σ2
jk

EΣ∗
jk

[
�jk(Σjk, x

r
j , xk)

]
= EΣ∗

jk

[
∂2

∂Σ2
jk

�jk(Σjk, x
r
j , xk)

]
, for Case II and

∂2

∂Σ2
jk

EΣ∗
jk

[
�jk(Σjk, x

r
j , x

s
k)
]

= EΣ∗
jk

[
∂2

∂Σ2
jk

�jk(Σjk, x
r
j , x

s
k)
]
, for case III.

Proof. The claim follows immediately by the same arguments as in Lemma B.7
and the bound on the second derivative of the log-likelihood functions in Con-
dition B.2, respectively.
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B.3. Proof of Lemma 3.1

First, note that Φ−1(·) is Lipschitz on [Φ(−G),Φ(G)] with a Lipschitz constant
L1 = ∇Φ−1(π̂r

j ) = 1/(
√

2
π min{π̂r

j , 1 − π̂r
j }). Then we have

|Γ̂r
j − Γr

j | =
∣∣∣Φ−1( 1

n

n∑

i=1
1(Xij ≤ xr

j)
)

− Φ−1(Φ(Γr
j)
)∣∣∣

≤ L1

∣∣∣ 1
n

n∑

i=1
1(Xij ≤ xr

j) − Φ(Γr
j)
∣∣∣.

Applying Hoeffding’s inequality, we obtain for some t > 0

P
(
|Γ̂r

j − Γr
j | ≥ t

)
≤ P
(
L1

∣∣∣ 1
n

n∑

i=1
1(Xij ≤ xr

j) − Φ(Γr
j)
∣∣∣ ≥ t
)

≤ 2 exp
(

− 2t2n
L2

1

)
.

This concludes the proof.

B.4. Proof of Theorem 3.3

In what follows, the proof of Theorem 3.3 revolves largely around the Winsorized
estimator introduced in Section 3.2. Recall that

f̂(x) = Φ−1(Wδn [F̂Xk
(x)])

where

Wδn(u) ≡ δnI(u < δn) + uI(δn ≤ u ≤ (1 − δn)) + (1 − δn)I(u > (1 − δn)),

with truncation constant δn = 1/(4n1/4√π logn). Recall f(x) = Φ−1(FXk
(x)),

and let g = f−1.
Assume w.l.o.g. that we have consecutive integer scoring in our discrete vari-

able Xj such that the polyserial ad hoc estimator simplifies as

Σ̂(n)
jk =

r
(n)
f̂(Xk),Xj

σ
(n)
Xj

∑lj
r=1 φ(Γ̄r

j)(xr+1
j − xr

j)
=

r
(n)
f̂(Xk),Xj

σ
(n)
Xj

∑lj
r=1 φ(Γ̄r

j)
=

Sf̂(Xk)Xj

σ
(n)
f̂(Xk)

∑lj
r=1 φ(Γ̄r

j)
, (43)

for all j ∈ [d1], k ∈ [d2]. Sf̂(Xk)Xj
denotes the sample covariance between the

f̂(Xk) and the Xj , i.e.

Sf̂(Xk)Xj
= 1

n

n∑

i=1

(
f̂(Xik) − μn(f̂)

)(
Xij − μn(Xj)

)
,
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where μn(f̂) = 1/n
∑n

i=1 f̂(Xik) and μn(Xj) = 1/n
∑n

i=1 Xij . Moreover, σ(n)
f̂(Xk)

denotes the sample standard deviation of the Winsorized estimator, i.e.

σ
(n)
f̂(Xk) ≡

√√√√ 1
n

n∑

i=1

(
f̂(Xik) − μn(f̂)

)2
.

Recall that we treat the threshold estimates as given. In particular, we have
here φ(Γ̄r

j), therefore note further that φ(·), namely the density function of the
standard normal is Lipschitz with Lipschitz constant L0 = (2π)−1/2 exp(−1/2),
s.t. ∣∣∣φ(Γ̄r

j) − φ(Γr
j)
∣∣∣ ≤ L0

∣∣∣Γ̄r
j − Γr

j

∣∣∣ ≤
∣∣∣Γ̄r

j − Γr
j

∣∣∣ ,

as L0 < 1. Consequently, the statements regarding the accuracy of the threshold
estimates in Section 3.4 still hold here.

The outline of the proof is as follows: We start by forming concentration
bounds for the sample covariance and the sample standard deviation separately.
Then, we argue that the quotient of the two will be accurate in terms of a
Lipschitz condition on the corresponding compactum. Let us start with the
sample covariance. To study the Winsorized estimator, we consider the interval
[g(−√

M logn), g(
√

M logn)] for a choice of M > 2. As the behavior of the
estimator is different for the endpoints, we further split this interval into a
middle and an end part, respectively, i.e.,

Mn ≡ (g(−
√

β logn), g(
√

β logn))
En ≡ [g(−

√
M logn), g(−

√
β logn)) ∪ (g(

√
β logn), g(

√
M logn)].

This is only necessary for f̂(Xk) since Xj ∈ 1, . . . , lj is discrete and can therefore
only take finitely many values. Now consider the sample covariance, where we
have for any t > 0 that

P

(
max
j,k

∣∣∣Sf̂(Xk)Xj
− Sf(Xk)Xj

∣∣∣ > 2t
)

= P

(
max
j,k

∣∣∣ 1
n

n∑

i=1

[
f̂(Xik)Xij − f(Xik)Xij

− μn(f̂)μn(Xj) + μn(f)μn(Xj)
]∣∣∣ > 2t

)

≤ P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1

[
(f̂(Xik) − f(Xik))Xij)

]
∣∣∣∣∣∣
> t

)

+ P

(
max
j,k

∣∣∣(μn(f̂) − μn(f))μn(Xj)
∣∣∣ > t

)
.
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Let us take a closer look at the second term

P

(
max
j,k

∣∣∣(μn(f̂) − μn(f))μn(Xj)
∣∣∣ > t

)

= P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1

(
f̂(Xik) − f(Xik)

) 1
n

n∑

i=1
Xij

∣∣∣∣∣∣
> t

)

= P

(
max

k

∣∣∣∣∣∣
1
n

n∑

i=1

(
f̂(Xik) − f(Xik)

)
∣∣∣∣∣∣
max

j

∣∣∣∣∣∣
1
n

n∑

i=1
Xij

∣∣∣∣∣∣
> t

)

≤ P

(
max

k

∣∣∣∣∣∣
1
n

n∑

i=1

(
f̂(Xik) − f(Xik)

)
∣∣∣∣∣∣
>

t

lmax

)
,

where Xj is a discrete random variable with finite level set and lmax ≡ maxj lj >
0.

Now, define
�i(j, k) ≡ (f̂(Xik) − f(Xik))Xij

and
�̃r,s ≡ (f̂(s) − f(s))r,

for r = 1, . . . , lj . Furthermore, consider the event An, where

An ≡ {g(−
√

M logn) ≤ X1k, . . . , Xnk ≤ g(
√

M logn), k = d1 + 1, . . . , d}.
The bound for the complement arises from the Gaussian maximal inequality
Liu, Lafferty and Wasserman [24, Lemma 13], i.e.,

P (Ac
n) ≤ P

(
max

i,k∈{1,...,n}×{d1+1,...,d}

∣∣f(Xik)
∣∣ >
√

2 log(nd2)
)

≤ 1
2
√

π log(nd2)
.

The following lemma gives insight into the behavior of the Winsorized esti-
mator along the end region.

Lemma B.9. On the event An, consider β = 1
2 , t ≥ CM

√
log d2log2n

n1/2 and

A =
√

2
π (

√
M − √

β), then

P

(
max
j,k

1
n

∑

Xk∈En

∣∣∣(f̂(Xik) − f(Xik))Xij

∣∣∣ > t

2

)
≤ exp

(
− k1n

3/4√logn

k2 + k3

)
,

and

P

(
max

k

1
n

∑

Xk∈En

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2

)
≤ exp

(
− k1n

3/4√logn

k2 + k3

)
,

where ki, i ∈ {1, 2, 3} are generic constants independent of sample size and
dimension.
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Proof. Let θ1 ≡ nβ/2t
4A

√
log n

and let us first consider the bound for the first in-
equality.

P

(
max
j,k

1
n

∑

Xk∈En

∣∣∣(f̂(Xik) − f(Xik))Xij

∣∣∣ > t

2

)

= P
(

max
j,k

1
n

∑

i:Xik∈En

∣∣∣(f̂(Xik) − f(Xik))Xij

∣∣∣ > t

2

∩ max
jk

sup
r∈{1,...,lj},s∈En

∣∣∣f̂(t) − f(t)
∣∣∣|r| > θ1

)

+ P
(

max
j,k

1
n

∑

i:Xik∈En

∣∣∣(f̂(Xik) − f(Xik))Xij

∣∣∣ > t

2

∩ max
jk

sup
r∈{1,...,lj},s∈En

∣∣∣f̂(s) − f(s)
∣∣∣|r| ≤ θ1

)

≤ P
(

max
jk

sup
r∈{1,...,lj},s∈En

∣∣∣f̂(s) − f(s)
∣∣∣|r| > θ1

)
+P
( 1
n

n∑

i=1
1{Xik∈En} >

t

2θ1

)
.

Similarly, for the bound of the second inequality, we have

P
(

max
k

1
n

∑

i:Xik∈En

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2

)

= P
(

max
k

1
n

∑

i:Xik∈En

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2 ∩ max
k

sup
s∈En

∣∣∣f̂(s) − f(s)
∣∣∣ > θ1

)

+ P
(

max
k

1
n

∑

i:Xik∈En

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2 ∩ max
k

sup
s∈En

∣∣∣f̂(s) − f(s)
∣∣∣ ≤ θ1

)

≤ P
(

max
k

sup
s∈En

∣∣∣f̂(s) − f(s)
∣∣∣ > θ1

)
+ P
( 1
n

n∑

i=1
1{Xik∈En} >

t

2θ1

)
.

Recall that sup{1, . . . , lj} = lj > 0. Furthermore, Lemma 16 in [24] states that
for all n

sup
s∈En

∣∣∣f̂(s) − f(s)
∣∣∣ <
√

2(M + 2) logn (44)

With this in mind, we have

P
(

max
k

sup
s∈En

∣∣∣f̂(s) − f(s)
∣∣∣ > θ1

)
≤ d2P

(
sup
s∈En

∣∣∣f̂(s) − f(s)
∣∣∣ > θ1

)
.

Recall that CM = 8/
√

π(
√

2M − 1)(M + 2) and since t ≥ CM

√
log d2log2n

n1/2 , we
have
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θ1 = nβ/2t

4A
√

logn
≥ CM

√
log d2log2n

4A
√

logn
= 2(M + 2) logn.

Consequently, we have

θ1 ≥ 2(M + 2) logn ≥
√

2(M + 2) logn,

as well as
θ1
lj

≥
√

2(M + 2) logn,

such that

P
(

sup
t∈En

∣∣∣f̂(t) − f(t)
∣∣∣ > θ1

)
= P
(

sup
r∈{1,...,lj},s∈En

∣∣∣f̂(s) − f(s)
∣∣∣|r| > θ1

)
= 0.

In both cases, the second term is equivalent. We have

P
( 1
n

n∑

i=1
1{Xik∈En} >

t

2θ1

)
= P
( n∑

i=1
1{Xik∈En} >

nt

2θ1

)

= P
( n∑

i=1

(
1{Xik∈En} − P (X1k ∈ En)

)
>

nt

2θ1
− P (X1k ∈ nEn)

)

≤ P
( n∑

i=1

(
1{Xik∈En} − P (X1k ∈ En)

)
>

nt

2θ1
− nA

√
logn

nβ

)
.

Choosing θ1 this way guarantees that

nt

2θ1
− nA

√
logn

nβ
= nA

√
logn

nβ
> 0.

Then, using Bernstein’s inequality, we get

P
( 1
n

n∑

i=1
1{Xik∈En} >

t

2θ1

)

≤ P
( n∑

i=1

(
1{Xik∈En} − P (X1k ∈ En)

)
> nA

√
logn

nβ

)

≤ exp
(

− k1n
2−β logn

k2n1−β/2√logn + k3n1−β/2√logn

)
,

where k1, k2, k3 > 0 are generic constants independent of n and d2. Collecting
terms finishes the proof.
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Turning back to the first decomposition of the sample covariance, we have

P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1

[
(f̂(Xik) − f(Xik))Xij)

]
∣∣∣∣∣∣
> t

)

≤ P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1
�i(j, k)

∣∣∣∣∣∣
> t,An

)
+ P (Ac

n)

≤ P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1
�i(j, k)

∣∣∣∣∣∣
> t ∩ An

)
+ 1

2
√

π log(nd2)
.

Further, we have

P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1
�i(j, k)

∣∣∣∣∣∣
> t ∩ An

)

≤ P

(
max
j,k

1
n

∑

Xk∈Mn

∣∣�i(j, k)
∣∣ > t

2

)
+ P

(
max
j,k

1
n

∑

Xk∈En

∣∣�i(j, k)
∣∣ > t

2

)

+ 1
2
√

π log(nd2)

≤ P

(
max
j,k

1
n

∑

Xk∈Mn

∣∣�i(j, k)
∣∣ > t

2

)
+ exp

(
− k1n

3/4√logn

k2 + k3

)

+ 1
2
√

π log(nd2)
,

where Xk ∈ Mn is shorthand notation for i : Xik ∈ Mn. We derive the bound of
the second term in Lemma B.9. Thus, let us continue with the first term, where

P

(
max
j,k

1
n

∑

Xk∈Mn

∣∣�i(j, k)
∣∣ > t

2

)

≤ d2P

(
sup

r∈{1,...,lj},s∈Mn

∣∣∣�̃r,s

∣∣∣ > t

2

)

= d2P

(
sup

r∈{1,...,lj},s∈Mn

∣∣∣(f̂(s) − f(s))
∣∣∣|r| > t

2

)

= d2P

(
sup

s∈Mn

∣∣∣(f̂(s) − f(s))
∣∣∣ > t

2lj

)
,

where clearly sup{1, . . . , lj} = lj > 0. Define the event

Bn ≡ {δn ≤ F̂Xk
(gj(s)) ≤ 1 − δn, k ∈ [d2]}.
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Now, from the definition of the Winsorized estimator, we observe that

d2P

(
sup

s∈Mn

∣∣∣(f̂(s) − f(s))
∣∣∣ > t

2lj

)

≤ d2P

(
sup

s∈Mn

∣∣∣Φ−1(Wδn [F̂Xk
(s)]) − Φ−1(FXk

(s))
∣∣∣ > t

2lj
∩ Bn

)
+ P (Bc

n)

≤ d2P

(
sup

s∈Mn

∣∣∣Φ−1(F̂Xk
(s)) − Φ−1(FXk

(s))
∣∣∣ > t

2lj

)

+ 2 exp
(
2 log d −

√
n

8π logn

)
,

where the expression for P (Bc
n)) follows directly from Lemma 19 in [24]. Now,

define

T1n ≡ max
{
FXk

(g(
√

β logn)), 1 − δn

}

T2n ≡ 1 − min
{
FXk

(g(−
√

β logn)), δn

}
,

where it follows directly that T1n = T1n = 1 − δn. Consequently, we apply the
mean value theorem and get

P

(
sup

s∈Mn

∣∣∣Φ−1(F̂Xk
(s)) − Φ−1(FXk

(s))
∣∣∣ > t

2lj

)

≤ P

(
(Φ−1)′(max(T1n, T2n)) sup

s∈Mn

∣∣∣F̂Xk
(s) − FXk

(s)
∣∣∣ > t

2lj

)

= P

(
(Φ−1)′(1 − δn) sup

s∈Mn

∣∣∣F̂Xk
(s) − FXk

(s)
∣∣∣ > t

2lj

)

≤ P

(
sup

s∈Mn

∣∣∣F̂Xk
(s) − FXk

(s)
∣∣∣ > t

(Φ−1)′(1 − δn)2lj

)

≤ 2 exp
(

− 2 nt2

4l2j [(Φ−1)′(1 − δn)]2

)
,

where the last inequality arises from applying the Dvoretzky-Kiefer-Wolfowitz
inequality. Now, we have that

(Φ−1)′(1 − δn) = 1
φ
(
Φ−1(1 − δn)

)

≤ 1
φ
(√

2 log 1
δn

) =
√

2π
( 1
δn

)
= 8πnβ/2√β logn.
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Therefore,

d2P

(
sup

s∈Mn

∣∣∣Φ−1(F̂Xk
(s)) − Φ−1(FXk

(s))
∣∣∣ > t

2lj

)

≤ 2 exp
(

2 log d −
√

nt2

64l2jπ2 logn

)
.

Collecting the remaining terms we have

P

(
max
j,k

1
n

∑

Xk∈Mn

∣∣�i(j, k)
∣∣ > t

2

)

≤ 2 exp
(

2 log d −
√

nt2

64l2jπ2 logn

)
+ 2 exp

(
2 log d −

√
n

8π logn

)
.

Thus, we have for the first term in the covariance matrix decomposition

P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1

[
(f̂(Xik) − f(Xik))Xij)

]
∣∣∣∣∣∣
> t

)

≤ P

(
max
j,k

1
n

∑

Xk∈Mn

∣∣�i(j, k)
∣∣ > t

2

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1

2
√

π log(nd2)

≤ 2 exp
(

2 log d −
√

nt2

64l2jπ2 logn

)
+ 2 exp

(
2 log d −

√
n

8π logn

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1

2
√

π log(nd2)
.

Let us turn back to the second term of the first sample covariance decomposition,
i.e.

P

(
max
j,k

∣∣∣(μn(f̂) − μn(f))μn(Xj)
∣∣∣ > t

)

≤ P

(
max

k

∣∣∣∣∣∣
1
n

n∑

i=1

(
f̂(Xik) − f(Xik)

)
∣∣∣∣∣∣
>

t

lmax
∩ An

)
+ 1

2
√

π log(nd2)
.

Now, analogous to before, we find

P
(

max
k

1
n

n∑

i=1

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

lmax
∩ An

)
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≤ P
(

max
k

1
n

∑

Xk∈Mn

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2lmax

)

+ P
(

max
k

1
n

∑

Xk∈En

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2lmax

)

≤ P
(

max
k

1
n

∑

Xk∈Mn

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t

2lmax

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)

≤ d2P
(

sup
t∈Mn

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2lmax

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
.

(45)

Let us take a closer look at

d2P
(

sup
t∈Mn

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2lmax

)

≤ d2P

(
sup
t∈Mn

∣∣∣Φ−1(Wδn [F̂Xk
(t)]) − Φ−1(FXk

(t))
∣∣∣ > t

2lmax
∩ Bn

)

+ d2P (Bc
n)

≤ d2P

(
sup
t∈Mn

∣∣∣Φ−1(F̂Xk
(t)) − Φ−1(FXk

(t))
∣∣∣ > t

2lmax

)

+ 2 exp
(

log d2 −
√

n

8π logn

)
.

The definition of the event Bn is the same as above. Then applying once more
the Dvoretzky–Kiefer–Wolfowitz inequality we end up with the following upper
bound:

d2P

(
sup
t∈Mn

∣∣∣Φ−1(F̂Xk
(t)) − Φ−1(FXk

(t))
∣∣∣ > t

2lmax

)

≤ 2 exp
(

log d2 −
√

nt2

64 l2max π2 logn

)
.

Collecting terms and simplifying yields

P

(
max
j,k

∣∣∣∣∣∣
1
n

n∑

i=1

[
(f̂(Xik) − f(Xik))Xij)

]
∣∣∣∣∣∣
> t

)
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+ P

(
max
j,k

∣∣∣(μn(f̂) − μn(f))μn(Xj)
∣∣∣ > t

)

≤ 2 exp
(

2 log d −
√

nt2

64 l2j π2 logn

)
+ 2 exp

(
2 log d −

√
n

8π logn

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1

2
√

π log(nd2)

+ 2 exp
(

log d2 −
√

nt2

64 l2max π2 logn

)
+ 2 exp

(
log d2 −

√
n

8π logn

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1

2
√

π log(nd2)

≤ 4 exp
(

2 log d −
√

nt2

64 l2max π2 logn

)
+ 4 exp

(
2 log d −

√
n

8π logn

)

+ 2 exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1√

π log(nd2)
.

Then

P

(
max
j,k

∣∣∣Sf̂(Xk)Xj
− Sf(Xk)Xj

∣∣∣ > 2t
)

≤ 4 exp
(

2 log d −
√

nt2

64 l2max π2 logn

)
+ 4 exp

(
2 log d −

√
n

8π logn

)

+ 2 exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1√

π log(nd2)
,

(46)

which completes the considerations regarding the sample covariance.
As a next step, we need to bound the error of the sample standard deviation

of the Winsorized estimator

σ
(n)
f̂(Xk) ≡

√√√√ 1
n

n∑

i=1

(
f̂(Xik) − μn(f̂)

)2
.

Consider the following decomposition of the standard deviation of the Win-
sorized estimator,

∣∣∣∣σ
(n)
f̂(Xk) − σ

(n)
f(Xk)

∣∣∣∣
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=

∣∣∣∣∣∣∣

√√√√1/n
n∑

i=1

(
f̂(Xik) − μn(f̂)

)2
−

√√√√1/n
n∑

i=1

(
f(Xik) − μn(f)

)2
∣∣∣∣∣∣∣

= 1√
n

∣∣∣∣
(
‖f̂(Xk) − μn(f̂)‖2 − ‖f(Xk) − μn(f)‖2

)∣∣∣∣

≤ 1√
n

‖f̂(Xk) − μn(f̂) − f(Xk) + μn(f)‖2

≤ 1√
n

√
n‖f̂(Xk) − μn(f̂) − f(Xk) + μn(f)‖∞

= sup
i:Xik∈{1,...,n}

∣∣∣f̂(Xik) − f(Xik) + μn(f) − μn(f̂)
∣∣∣

= sup
i:Xik∈{1,...,n}

∣∣∣f̂(Xik) − f(Xik)
∣∣∣+
∣∣∣μn(f̂) − μn(f)

∣∣∣

≤ sup
i:Xik∈{1,...,n}

∣∣∣f̂(Xik) − f(Xik)
∣∣∣+ 1

n

n∑

i=1

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ .

The first inequality is due to the reverse triangle inequality. The ensuing inequal-
ities arise from applying standard norm equivalences. As before, we analyze both
terms separately since we have to take care of the behavior of the Winsorized
estimator, taking values at the end and the middle interval. We have for any
t > 0,

P

(
max

k

∣∣∣∣σ
(n)
f̂(Xk) − σ

(n)
f(Xk)

∣∣∣∣ > 2t
)

≤ P
(

max
k

sup
i:Xik∈{1,...,n}

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t,An

)

+ P
(

max
k

1
n

n∑

i=1

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t,An

)
+ P (Ac

n).

Note that the second term is, in effect, equivalent to Eq. (45) above such that
we can immediately conclude that

P
(

max
k

1
n

n∑

i=1

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t ∩ An

)

≤ d2P
(

sup
t∈Mn

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2

)
+ exp

(
− k1n

3/4√logn

k2 + k3

)

≤ 2 exp
(

log d2 −
√

nt2

64π2 logn

)
+ 2 exp

(
log d2 −

√
n

8π logn

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
.

The bound for the end region follows again from Lemma B.9.
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Similarly, we find that

P
(

max
k

sup
i:Xik∈{1,...,n}

∣∣∣f̂(Xik) − f(Xik)
∣∣∣ > t ∩ An

)

≤ d2P
(

sup
t∈Mn

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2

)
+ d2P

(
sup
t∈En

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2

)

= d2P
(

sup
t∈Mn

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2

)
,

where the bound over the end region has been shown in Lemma B.9. Thus, we
only have to take care of

P
(

sup
t∈Mn

∣∣∣f̂(t) − f(t)
∣∣∣ > t

2

)

≤ P

(
sup
t∈Mn

∣∣∣Φ−1(Wδn [F̂Xk
(t)]) − Φ−1(FXk

(t))
∣∣∣ > t

2 ∩ Bn

)
+ P (Bc

n)

≤ P

(
sup
t∈Mn

∣∣∣Φ−1(F̂Xk
(t)) − Φ−1(FXk

(t))
∣∣∣ > t

2

)
+ 2 exp

(
log d2 −

√
n

8π logn

)
.

The definition of the event Bn is the same as above. Then again, by the Dvoretzky-
Kiefer-Wolfowitz inequality, we end up with the following upper bound:

P

(
sup
t∈Mn

∣∣∣Φ−1(F̂Xk
(t)) − Φ−1(FXk

(t))
∣∣∣ > t

2

)
≤ 2 exp

(
−

√
nt2

64π2 logn

)
.

Collecting terms, we arrive at the concentration bound for the sample standard
deviation:

P

(
max

k

∣∣∣∣σ
(n)
f̂(Xk) − σ

(n)
f(Xk)

∣∣∣∣ > 2t
)

≤ 4 exp
(

log d2 −
√

nt2

64π2 logn

)
+ 4 exp

(
log d2 −

√
n

8π logn

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1

2
√

π log(nd2)
.

With these intermediate results, we have shown that the sample covariance
(numerator) and the sample standard deviation (denominator) can be estimated
accurately.

The following lemma provides us with the means to form a probability bound
for

max
jk

∣∣∣Σ̂(n)
jk − Σ∗

jk

∣∣∣ .
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Lemma B.10. Consider the polyserial ad hoc estimator Σ̂(n)
jk for 1 ≤ j ≤ d1 <

k ≤ d2 and let ε ∈
[
CM

√
log d2log2n

n1/2 , 8(1 + 4c2)
]
, where c is the corresponding

sub-Gaussian parameter of the discrete variable. Both the numerator and the
denominator are bounded, i.e.

Sf̂(Xk)Xj
∈ [−(1 + ε), 1 + ε],

and
σ

(n)
f̂(Xk) ∈ [1 − ε, 1 + ε].

Consequently, Σ̂(n)
jk is Lipschitz with constant L. The following decomposition

holds

max
jk

∣∣∣Σ̂(n)
jk − Σ∗

jk

∣∣∣ = max
jk

∣∣∣Σ̂(n)
jk − Σ(n)

jk + Σ(n)
jk − Σ∗

jk

∣∣∣

≤ max
jk

∣∣∣Σ̂(n)
jk − Σ(n)

jk

∣∣∣+ max
jk

∣∣∣Σ(n)
jk − Σ∗

jk

∣∣∣

≤ L
(

max
jk

∣∣∣Sf̂(Xk)Xj
− Sf(Xk)Xj

∣∣∣+ CΓ max
k

∣∣∣∣σ
(n)
f̂(Xk) − σ

(n)
f̂(Xk)

∣∣∣∣

+ max
jk

∣∣∣Sf(Xk)Xj
− S∗

f(Xk)Xj

∣∣∣+ CΓ max
k

∣∣∣σ(n)
f(Xk) − 1

∣∣∣
)
,

where CΓ ≡∑lj
r=1 φ(Γ̄r

j)(xr+1
j − xr

j).
Proof. Let us assume w.l.o.g. that Xj – the discrete variable – has mean zero
and variance one. By the Cauchy-Schwarz inequality, the true covariance of the
pair is bounded from above by 1, i.e.

∣∣∣S∗
f(Xk)Xj

∣∣∣ ≤ σ2
f(Xk)σ

2
Xj

= 1.

Earlier we have shown that for some t ≥ CM

√
log d2log2n

n1/2 we have

P

(
max
j,k

∣∣∣Sf̂(Xk)Xj
− Sf(Xk)Xj

∣∣∣ > 2t
)

≤ 4 exp
(

2 log d −
√

nt2

64 l2max π2 logn

)
+ 4 exp

(
2 log d −

√
n

8π logn

)

+ 2 exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1√

π log(nd2)
.

(47)

According to Lemma 1 in [37] with sub-Gaussian parameter c > 0, f(Xk) is
standard Gaussian and thus sub-Gaussian and Xj is discrete and bounded and
therefore also sub-Gaussian we have the following tail bound

P

(
max

jk

∣∣∣Sf(Xk)Xj
− S∗

f(Xk)Xj

∣∣∣ ≥ t

)
≤ 4d2 exp

{
− nt2

128(1 + 4c2)2

}
,
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for all t ∈ (0, 8(1 + 4c2)). Therefore with high probability for j ∈ [d1], k ∈ [d2],
we have

Sf̂(Xk)Xj
∈ [Sf(Xk)Xj

− 2t, Sf(Xk)Xj
+ 2t],

and since
Sf(Xk)Xj

∈ [−1 − t, 1 + t],
with high probability, we have

Sf̂(Xk)Xj
∈ [−(1 + 3t), 1 + 3t].

Similar considerations hold for the sample standard deviation. We have already
shown that

P

(
max

k

∣∣∣∣σ
(n)
f̂(Xk) − σ

(n)
f(Xk)

∣∣∣∣ > 2t
)

≤ 4 exp
(

log d2 −
√

nt2

64π2 logn

)
+ 4 exp

(
log d2 −

√
n

8π logn

)

+ exp
(

− k1n
3/4√logn

k2 + k3

)
+ 1

2
√

π log(nd2)
.

Furthermore, we use Lemma 1 again in [37] to form a bound for the variance.
Since f(Xk) is standard Gaussian and hence sub-Gaussian with parameter c = 1
we immediately get

P

(
max

k

∣∣∣(σ(n)
f(Xk))

2 − 1
∣∣∣ ≥ t

)
≤ 4d2 exp

{
− nt2

128(1 + 4)2

}
.

Put differently, with high probability

(σ(n)
f(Xk))

2 ∈ [1 − t, 1 + t],

and consequently, we also have with high probability

σ
(n)
f(Xk) ∈ [

√
1 − t,

√
1 + t].

Since the interval [1 − t, 1 + t] is always as least as wide as [
√

1 − t,
√

1 + t], for
all t > 0 with high probability we then also have

σ
(n)
f(Xk) ∈ [1 − t, 1 + t].

Putting these things together, we obtain that with high probability

σ
(n)
f̂(Xk) ∈ [1 − 3t, 1 + 3t].

In order to finish the proof consider the following function h : R × R+ → R
defined by

h(u, v) = u

v
,

with ∇h = (1/v,−u/v2)T .
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As we have just shown for the polyserial ad hoc estimator, ∇h = (1/v,−u/v2)T
is bounded with

sup‖∇h‖2 =

√(
1

1 − 3t

)2
+
(

− (1 + 3t)
(1 − 3t)2

)2
:= L.

Consequently, h is Lipschitz, and we have the following decomposition
∣∣h(u, v) − h(u′, v′)

∣∣ =
∣∣h(u, v) − h(ũ, ṽ) + h(ũ, ṽ) − h(u′, v′)

∣∣
≤
∣∣h(u, v) − h(ũ, ṽ)

∣∣+
∣∣h(ũ, ṽ) − h(u′, v′)

∣∣
≤ L
(
|u − ũ| +|v − ṽ|

)
+ L
(∣∣ũ − u′∣∣+

∣∣ṽ − v′∣∣ ).

Finally, taking ε = 3t finishes the proof.

At last, collecting terms, we find that for j ∈ [d1] and k[d2] and any

ε ∈
[
CM

√
log d log2 n√

n
, 8(1 + 4c2)

]

the following bound holds

P

(
max
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jk
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ε

4LCΓ

)

+ P

(
max
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− S∗
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4L

)

+ P

(
max

k

∣∣∣(σ(n)
f(Xk))

2 − 1
∣∣∣ ≥ ε

4lCΓ

)

The conclusion of Theorem 3.3 follows by plugging in the corresponding con-
centration bounds and simplifying.

Appendix C: Additional simulation setup and results

C.1. FPR and TPR results for binary and general mixed data

This section provides additional simulation results for the binary-continuous
and general mixed data setting. In particular, we report TPR and FPR for the
latent Gaussian model and the LGCM with fj(x) = x1/3 for all j. The results
are depicted in Figures 5 and 6 for the binary-continuous and general mixed
data settings, respectively.
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Fig 5. Simulation results for the binary-continuous data setting based on 100 simulation runs.
The left column corresponds to the latent Gaussian model, where the transformation function
is the identity. The right colum depicts results for the LGCM with fj(x) = x1/3 for all j.
The top and bottom rows report mean and standard deviation of the TPR and FPR along
simulation runs, respectively. The y-axis labels have superscript arrows attached to indicate
the direction of improvement: → implies that larger values are better.

Fig 6. Simulation results for the general mixed data setting based on 100 simulation runs.
The left column corresponds to the latent Gaussian model, where the transformation function
is the identity. The right colum depicts results for the LGCM with fj(x) = x1/3 for all j.
The top and bottom rows report mean and standard deviation of the TPR and FPR along
simulation runs, respectively. The y-axis labels have superscript arrows attached to indicate
the direction of improvement: → implies that larger values are better.

Figure 5 illustrates that our poly estimator performs almost identical to
the gold standard bridge estimator proposed by Fan et al. [12]. In the right
column, the mle estimator is misspecified, and TPR is noticeably lower than
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for the remaining estimators. Interestingly, it appears that the misspecified mle
estimator does not infer additional edges, which is reflected in the FPR holding
level with the other estimators.

The general mixed data setting results reported in Figure 6 are similar. The
poly estimator performs almost identically to the mle estimator under the latent
Gaussian model in terms of FPR and TPR. The bridge estimator has higher
FPR and TPR in the d = 50 case and lower FPR and TPR in the d = 750
case. Under the LGCM, similar to the binary-continuous data setting, the mle
estimator is misspecified and has a lower TPR than the other estimators while
the FPR holds level. The bridge ensemble estimator has an even higher FPR
and TPR in the d = 50 case and a slightly lower FPR and TPR in the d = 750
case.

C.2. Ternary mixed data results

We additionally compare our poly and mle estimators with a generalization of
the bridge function approach proposed by Quan, Booth and Wells [35] given a
mix of ternary, binary, and continuous data. In this case,

(2+2
2
)

= 6 individual
bridge functions are needed.

The (d, n)-setup is analogous to the binary-continuous data setting from the
main text. Starting with mle, the pattern from the binary-continuous setting
continues to show in the ternary-binary-continuous mix. Whenever f(x) = x, the
mle estimator generally performs best, in particular concerning graph recovery.

Table 1: Ternary mixed data structure learning; Simulated data with 100 sim-
ulation runs. Standard errors in brackets.

d, n, f(x) Oracle Ω̂ ternary Ω̂τ Ω̂MLE Ω̂r

50, 200, x

‖Ω̂ − Ω‖F 2.860 2.936 2.935 2.930
(0.098) (0.105) (0.106) (0.109)

FPR 0.016 0.067 0.071 0.075
(0.005) (0.017) (0.021) (0.023)

TPR 0.340 0.370 0.381 0.389
(0.046) (0.061) (0.068) (0.070)

AUC 0.880 0.758 0.769 0.764
(0.013) (0.019) (0.019) (0.020)

50, 200, x3

‖Ω̂ − Ω‖F 2.856 2.942 3.053 2.935
(0.116) (0.102) (0.098) (0.108)

FPR 0.016 0.068 0.076 0.075
(0.007) (0.019) (0.020) (0.022)

TPR 0.342 0.372 0.280 0.391
(0.051) (0.059) (0.051) (0.066)

AUC 0.882 0.759 0.691 0.768
(0.015) (0.019) (0.020) (0.019)
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250, 200, x

‖Ω̂ − Ω‖F 3.185 3.742 3.709 3.711
(0.097) (0.090) (0.089) (0.091)

FPR 0.006 0.025 0.024 0.025
(0.001) (0.003) (0.003) (0.003)

TPR 0.308 0.238 0.237 0.235
(0.034) (0.033) (0.031) (0.030)

AUC 0.884 0.759 0.773 0.768
(0.014) (0.018) (0.018) (0.018)

250, 200, x3

‖Ω̂ − Ω‖F 3.199 3.757 3.894 3.724
(0.096) (0.096) (0.096) (0.087)

FPR 0.006 0.025 0.026 0.025
(0.001) (0.003) (0.003) (0.003)

TPR 0.302 0.239 0.143 0.237
(0.034) (0.032) (0.027) (0.032)

AUC 0.882 0.759 0.691 0.767
(0.012) (0.016) (0.016) (0.015)

750, 300, x

‖Ω̂ − Ω‖F 11.181 10.830 10.640 10.659
(0.134) (0.129) (0.122) (0.118)

FPR 0.256 0.179 0.180 0.179
(0.006) (0.006) (0.006) (0.005)

TPR 0.937 0.723 0.744 0.736
(0.009) (0.016) (0.017) (0.016)

AUC 0.939 0.820 0.831 0.828
(0.006) (0.009) (0.009) (0.009)

750, 300, x3

‖Ω̂ − Ω‖F 11.196 10.838 11.250 10.646
(0.130) (0.129) (0.130) (0.137)

FPR 0.256 0.180 0.173 0.179
(0.006) (0.006) (0.006) (0.006)

TPR 0.937 0.724 0.590 0.737
(0.009) (0.016) (0.020) (0.016)

AUC 0.939 0.820 0.743 0.828
(0.006) (0.008) (0.011) (0.009)

However, when fj(x) = x3, performance drops notably, which is driven not by
an increased FPR but by a decreased TPR. Again, results for bridge and poly
behave similarly across metrics. No performance reduction, neither in estimation
error nor in graph recovery, can be detected when comparing poly to the ternary
bridge estimator.

Appendix D: Application to COVID-19 data

This section presents the results of an analysis of real-world health data (from
the UK Biobank). We are interested in investigating associations between the
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severity of a COVID-19 infection and various potential risk factors. This analysis
is intended to illustrate the use of the proposed methods in a real-world, mixed
variable type example.

Table 2. Estimated partial correlations between COVID-19 severity and the listed variables
for data sets A, B and C.

Covid-19 severity assoc. Variables Data set A Data set B Data set C
age 0.162 0.134 0.140
waist circ. 0.031 0.009 0.011
deprev. idx 0.016 – –
sex 0.007 – –
hypertension 0.075 0.035 0.037
heart attack – 0.073 0.065
diabetes – 0.062 0.055
chr. bronch. – – 0.012
wisd. teeth surg. – −0.003 −

D.1. Data set and variables

We first describe the data set used here, which is a part of the UK Biobank
COVID-19 resource in which UK Biobank data were linked to clinical COVID
data. To construct an indicator of COVID-19 severity, we consider subjects who
tested positive for COVID-19 at some point in 2020. Based on that, we created
an indicator variable (COVID severity) to capture whether each subject had a
severe outcome within six weeks of infection (meaning either hospitalized, hos-
pitalized, receiving critical care, or died). Around 14% experienced such a severe
outcome. The analysis includes n = 8672 observations on d = 712 variables (risk
factors and covariates with less than 40% missingness). Missing values were im-
puted using missForest R-package using default settings. Variables expressing
more than 20 states were treated as continuous. The remaining data include 665
binary variables, 25 count variables, and 8 categorical variables. Many of the
binary variables represent the status for relatively rare conditions. This means
that the share of the minority class of these indicators (i.e., the fraction of sam-
ples with the least frequent value of the variable) can often be minimal. To
understand the effects of such rare events on the analysis, we define three data
sets (named A, B, and C) with inclusion rules requiring respectively at least a
25%, 2%, 1% share of observations falling into the minority class.

D.2. Results

We present the results of a joint analysis of the variables using real UK Biobank
data. We emphasize that the analysis aims to illustrate the proposed estimators’
behavior and not fully understand the risk factors for severe COVID-19. There
has been much work done on factors influencing the risk of severe COVID-19
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Fig 7. Plot of the estimated adjacency matrix of data set A.

and its treatment [see, among others, 45, 5] and we direct the interested reader
to the references for further information.

Table 2 gives a summary of the estimated links (indicated as a visualiza-
tion of the partial correlations) between the variables (including COVID-19
severity). Considering in particular links to COVID-19 severity, we see that
age, waist circ., hypertension, heart attack and diabetes are quite sta-
ble links throughout the different data sets. The effect sizes in terms of partial
correlations are penalized and should be interpreted in relative terms. In partic-
ular, age retains a relatively large signal, which is in line with the known strong
influence of age on COVID-19 severity [see, e.g. 45].

Finally, we present more detailed results of the analysis of data set A. Figure 7
shows the estimated adjacency matrix and Figure 8 depicts the estimated pre-
cision matrix Ω̂A. These results highlight the type of output, spanning different
kinds of variables, that is readily available from the proposed method.

D.3. Variable description for real-world data application

Table 3 gives an overview of the variables in the UK Biobank data set.
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Fig 8. Plot of the estimated precision matrix of data set A.

Table 3: Variable description of the real world application.

Variable Name Description
age age in. years in 2020
waist circ. waist circumference in cm
height standing in height in cm
first illn. age at which illness first occurred
first surg. age at which operation was done first
pulse rate pulse rate measured in bpm
deprev. idx Townsend deprivation index at recruitment
dur. walks duration of walks in minutes per day
dur. mod. act. duration of moderate activity in minutes per day
dbp diastolic blood pressure in mmHg
sbp systolic blood pressure in mmHg
BMI in kg/m2
weigth in kg
b.f. perc. body fat percentage in %
walking number of days per week walked 10+ minutes
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mod. phys. act. number of days per week of moderate physical activ-
ity 10+ minutes

vig. phys. act. number of days per week of vigorous physical activity
10+ minutes

cheese answer to “How often do you eat cheese per week?”
stair climb. answer to “At home, during the last 4 weeks, about

how many times a DAY do you climb a flight of
stairs? (approx 10 steps)”

curr. smoking categorial, “Do you smoke tobacco now?” (yes, no,
occasionally)

past smoking categorial, “How often did you smoke tobacco?”
(never, once/twice, occasionally, on most days)

diet var. categorial, “Does your diet change?” (never, some-
times, often)

alc. freq. categorial, “How often do you drink alcohol?” (never,
special occasions only, 1-3 per month, 1-2 per week,
3-4 per week, almost daily)

alc. var. categorial, “Compared to 10 years ago, do you
drink?” (more, about the same, less)

sex binary indicator with 0=female, 1=male
hypertension hypertension, binary indicator with 0=no, 1=yes
angina angina, binary indicator with 0=no, 1=yes
heart attack heart attack, binary indicator with 0=no, 1=yes
stroke stroke, binary indicator with 0=no, 1=yes
dvt deep venous thrombosis, binary indicator with 0=no,

1=yes
asthma asthma, binary indicator with 0=no, 1=yes
chr. bronch. emphysema/chronic bronchitis, binary indicator

with 0=no, 1=yes
gord gastro-oesophageal reflux/gastric reflux, binary indi-

cator with 0=no, 1=yes
ibs irritable bowel syndrome, binary indicator with

0=no, 1=yes
gall stones cholelithiasis/gall stones, binary indicator with

0=no, 1=yes
kidn./bladder stone kidney stone/ureter stone/bladder stone, binary in-

dicator with 0=no, 1=yes
diabetes diabetes, binary indicator with 0=no, 1=yes
diabtes 2 type 2 diabetes, binary indicator with 0=no, 1=yes
myxoedema hypothyroidism/myxoedema, binary indicator with

0=no, 1=yes
migraine migraine, binary indicator with 0=no, 1=yes
glaucoma glaucoma, binary indicator with 0=no, 1=yes
cataract cataract, binary indicator with 0=no, 1=yes
depression depression, binary indicator with 0=no, 1=yes
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panic attacks anxiety/panic attacks, binary indicator with 0=no,
1=yes

back probl. back problems, binary indicator with 0=no, 1=yes
osteoporosis osteoporosis, binary indicator with 0=no, 1=yes
spine arthr. spine arthritis/spondylitis, binary indicator with

0=no, 1=yes
slipped disc prolapsed disc/slipped disc, binary indicator with

0=no, 1=yes
anaemia iron deficiency anaemia, binary indicator with 0=no,

1=yes
ut. fibroids uterine fibroids, binary indicator with 0=no, 1=yes
allerg. rhinitis heyfever/allergic rhinitis, binary indicator with

0=no, 1=yes
enlarged prost. enlarged prostate, binary indicator with 0=no, 1=yes
pneumonia pneumonia, binary indicator with 0=no, 1=yes
endometr. endometriosis, binary indicator with 0=no, 1=yes
ear disor. ear/vestibular disorder, binary indicator with 0=no,

1=yes
headaches headaches (not migraine), binary indicator with

0=no, 1=yes
ecz./dermat. eczema/dermatitis, binary indicator with 0=no,

1=yes
psoriasis psoriasis, binary indicator with 0=no, 1=yes
div. disease diverticular disease/diverticulitis, binary indicator

with 0=no, 1=yes
osteoarthr. osteoarthritis, binary indicator with 0=no, 1=yes
gout gout, binary indicator with 0=no, 1=yes
high chol. high cholesterol, binary indicator with 0=no, 1=yes
hiat. hern. hiatus hernia, binary indicator with 0=no, 1=yes
sciatica sciatica, binary indicator with 0=no, 1=yes
appendic. appendicitis, binary indicator with 0=no, 1=yes
back pain back pain, binary indicator with 0=no, 1=yes
arthritis arthritis (nos), binary indicator with 0=no, 1=yes
measles measles/morbillivirus, binary indicator with 0=no,

1=yes
chickpox chickenpox, binary indicator with 0=no, 1=yes
tonsillitis tonsillitis, binary indicator with 0=no, 1=yes
ptca coronary angioplasty (ptca)+/-stent, binary indica-

tor with 0=no, 1=yes
ear surg. ear surgery, binary indicator with 0=no, 1=yes
sinus surg. nasal/sinus,nose surgery, binary indicator with

0=no, 1=yes
vasectomy vasectomy, binary indicator with 0=no, 1=yes
soft tiss. surg. mucsle/soft tissue surgery, binary indicator with

0=no, 1=yes
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hip repl. hip replacement/revision, binary indicator with
0=no, 1=yes

knee repl. knee replacement/revision, binary indicator with
0=no, 1=yes

spine surg. spine or back surgery, binary indicator with 0=no,
1=yes

bil. ooph. bilateral oophorectomy, binary indicator with 0=no,
1=yes

hysterect. hysterectomy, binary indicator with 0=no, 1=yes
steril. sterilisation, binary indicator with 0=no, 1=yes
lumpect. lumpectomy, binary indicator with 0=no, 1=yes
ing. hernia rep. inguinal/femoral hernia repair, binary indicator with

0=no, 1=yes
umb. hernia rep. umbilical hernia repair, binary indicator with 0=no,

1=yes
cataract extr. catarct extraction/lens implant, binary indicator

with 0=no, 1=yes
red./fix. bone frac. reduction or fixationof bone fracture, binary indica-

tor with 0=no, 1=yes
cholecystect. cholecystectomy/gall bladder removal, binary indi-

cator with 0=no, 1=yes
appendicect. appendicectomy, binary indicator with 0=no, 1=yes
c-sec. caesarian section, binary indicator with 0=no, 1=yes
tonsillest. tonsillectomy, binary indicator with 0=no, 1=yes
var. vein surg. varicose vein surgery, binary indicator with 0=no,

1=yes
wisd. teeth surg. wisdom teeth surgery, binary indicator with 0=no,

1=yes
piles surg. haemorroidectomy/piles surgery/banding of piles,

binary indicator with 0=no, 1=yes
male circ. male circumcision, binary indicator with 0=no,

1=yes
squint corr. squint correction, binary indicator with 0=no, 1=yes
arthrosc. arthroscopy (nos), binary indicator with 0=no,

1=yes
foot surg. foot surgery, binary indicator with 0=no, 1=yes
knee surg. knee surgery (not replacement), binary indicator

with 0=no, 1=yes
shoulder surg. shoulder surgery, binary indicator with 0=no, 1=yes
car. tunn. surg. carpal tunnel surgery, binary indicator with 0=no,

1=yes
valg. surg. bunion/hallus valgus surgery, binary indicator with

0=no, 1=yes
rem. mole removal of mole/skin lesion, binary indicator with

0=no, 1=yes
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ov. cyst. rem. ovarian cyst removal/surgery, binary indicator with
0=no, 1=yes

d+c dilatation and curettage, binary indicator with 0=no,
1=yes

cone biops. cone biopsy, binary indicator with 0=no, 1=yes
endosc. endoscopy/gastroscopy, binary indicator with 0=no,

1=yes
colonosc. colonoscopy/sigmoidoscopy, binary indicator with

0=no, 1=yes
laparosc. laparoscopy, binary indicator with 0=no, 1=yes
rhinoplast. rhinoplasty/nose surgery, binary indicator with

0=no, 1=yes
tonsil surg. tonsillectomy/tonsil surgery, binary indicator with

0=no, 1=yes
ing. hern. rep. inguinal hernia repair, binary indicator with 0=no,

1=yes
illn. ind. diet Major dietary changes in the last 5 years because of

illness, binary indicator with 0=no, 1=yes
diet change Major dietary changes in the last 5 years because of

other reason, binary indicator with 0=no, 1=yes
ethn. Mixed Ethnicity – mixed, binary indicator with 0=no,

1=yes
ethn. Asian Ethnicity – Asian, binary indicator with 0=no, 1=yes
ethn. Black Ethnicity – Black, binary indicator with 0=no, 1=yes
no eggs Never eat eggs or foods containing eggs, binary indi-

cator with 0=no, 1=yes
no dairy Never dairy products, binary indicator with 0=no,

1=yes
no wheat Never eat wheat, binary indicator with 0=no, 1=yes
no sugar Never eat sugar or foods/drinks containing sugar, bi-

nary indicator with 0=no, 1=yes
walk. f. pleas. Types of physical activity in last 4 weeks – walking

for pleasure, binary indicator with 0=no, 1=yes
exercises Types of physical activity in last 4 weeks – other

exercises (swimming, bowling etc.), binary indicator
with 0=no, 1=yes

stren. Sports Types of physical activity in last 4 weeks – strenuous
sports, binary indicator with 0=no, 1=yes

Covid-19 severity Covid-19 severity, binary indicator with 0=mild out-
come and 1=severe outcome
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Abstract
Algorithms for causal discovery have recently undergone rapid advances and increasingly draw on
flexible nonparametric methods to process complex data. With these advances comes a need for
adequate empirical validation of the causal relationships learned by different algorithms. However,
for most real and complex data sources true causal relations remain unknown. This issue is further
compounded by privacy concerns surrounding the release of suitable high-quality data. To tackle
these challenges, we introduce causalAssembly, a semisynthetic data generator designed to
facilitate the benchmarking of causal discovery methods. The tool is built using a complex real-world
dataset comprised of measurements collected along an assembly line in a manufacturing setting. For
these measurements, we establish a partial set of ground truth causal relationships through a detailed
study of the physics underlying the processes carried out in the assembly line. The partial ground
truth is sufficiently informative to allow for estimation of a full causal graph by mere nonparametric
regression. To overcome potential confounding and privacy concerns, we use distributional random
forests to estimate and represent conditional distributions implied by the ground truth causal graph.
These conditionals are combined into a joint distribution that strictly adheres to a causal model over
the observed variables. Sampling from this distribution, causalAssembly generates data that
are guaranteed to be Markovian with respect to the ground truth. Using our tool, we showcase how
to benchmark several well-known causal discovery algorithms.
Keywords: Causal discovery, benchmarking, production data, distributional random forest

1. Introduction

Causal discovery is the process of learning causal relations among variables of interest from data. In
recent years, the area has seen numerous theoretical and algorithmic developments (for an overview
see, e.g. Glymour et al., 2019; Heinze-Deml et al., 2018; Maathuis et al., 2019; Vowels et al., 2022;
Zanga et al., 2022). Causal structure learning is also gaining traction in industrial domains (compare
e.g. the review in Vuković and Thalmann, 2022), where knowledge about causal relations forms the
basis for downstream operations such as root-cause analysis (Budhathoki et al., 2022).

© 2024 K. Göbler, T. Windisch, M. Drton, T. Pychynski, S. Sonntag & M. Roth.
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Despite the recent advances and expanded application areas, it remains challenging to provide
adequate empirical validation of the causal relationships inferred by causal discovery algorithms
(Gentzel et al., 2019; Eigenmann et al., 2020). Ground truth causal relationships are unknown for
most real-world examples that involve complex data sources. In addition, privacy concerns often
hinder the release of high-quality data. As a result, research papers proposing novel procedures often
work with simplistic simulation setups that tend to have limited generalizability to real-world settings
(Huegle et al., 2021; Reisach et al., 2021). When applied to real data and assessed by domain experts,
results are often sobering (Heinze-Deml et al., 2018; Constantinou et al., 2021).

To help address these challenges we introduce causalAssembly, a semisynthetic data gener-
ation tool that leverages extensive domain knowledge and real production data to form a ground truth.
The assembly line that originates the data is composed of multiple production stations where individ-
ual components are joined together through automated manufacturing processes. Each individual
manufacturing process highly depends on the state of the preceding processes as well as on the raw
components added in earlier stations. Due to the intricate and often nonlinear nature of the physical
processes—including, e.g., the interaction of machine state, process control settings and component
state, complex causal relationships arise across the entire assembly line. In the manufacturing plant,
processes are computer-monitored, and the resulting measurements are stored throughout production.

We select a subset of production stations from the assembly line, each of which contains individual
processes with known causal relationships. We determine these relationships by consulting with
domain experts and carefully studying the physical processes that take place at each station. However,
our process knowledge currently does not extend to relationships between processes. We show
that the extensive domain knowledge of the individual processes, together with the line structure,
gives rise to a causal ordering that agrees with that of the unknown ground truth layered graph.
Consequently, we apply established feature selection strategies (e.g. Bühlmann et al., 2014) to prune
the corresponding complete graph implied by this causal ordering. The resulting causal graph is
treated as the appropriate ground truth in causalAssembly.

Next, we need to enable sampling from a ground truth distribution that factorizes according to
the ground truth causal graph. This is achieved with a synthetization step that learns conditional
distributions indicated by the ground truth graph via distributional random forests (DRF) (Cevid
et al., 2022; Gamella et al., 2022). Combining the conditionals yields a joint distribution that strictly
obeys a causal model for the observed variables. Thus, the distribution of semisynthetic data sampled
with causalAssembly is guaranteed to be Markov with respect to the ground truth graph. We
want to note that strong-faithfulness (see Uhler et al., 2013) can not be guaranteed to hold in the
sampled data which may affect consistency results of some causal discovery algorithms.

Our contributions. We summarize our main contributions below:

• Using domain knowledge and real production data, we propose a semisynthetic data generation
pipeline causalAssembly. Implemented as a Python library1, the tool allows one to
generate data of varying dimension and complexity in order to benchmark causal discovery
algorithms.

• The proposed procedure to synthesize real data is general and can in principle be applied to
any real dataset with full or partial domain knowledge. The data generation procedure assures
resulting data to be Markovian under causal sufficiency.

1. https://github.com/boschresearch/causalAssembly
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• The proposed semisynthetization of real data offers a way to release high-quality data to the
public that would otherwise be inaccessible due to privacy concerns. To employ this procedure,
knowledge regarding a causal order will be a necessary requirement.

• We provide first benchmark results of popular causal discovery algorithms including the PC
algorithm (Spirtes and Glymour, 1991), DirectLiNGAM (Shimizu et al., 2011), NOTEARS
(Zheng et al., 2018), GraN-DAG (Lachapelle et al., 2020), and SCORE (and its scalable
extension DAS) (Rolland et al., 2022; Montagna et al., 2023).

In the remainder of the paper, we first address identifiability concerns and provide an overview of
related work (Section 2). Section 3 describes the data generation pipeline, and Section 4 showcases
benchmarking results. Section 5 gives a concluding discussion of our work. Supplementary Sec-
tions A-D provide additional information regarding data, algorithms and metrics used, as well as
additional benchmark results.

2. Identifiability and common benchmarking strategies

2.1. General background

For natural number p P N, let rps :“ t1, . . . , pu. Defining the vertex set as V “ rps, let G “ pV,Eq
be a directed acyclic graph (DAG) with edge set E Ă V ˆ V . The vertex set V indexes a collection
of jointly distributed random variables pXvqvPV . For S Ď V , we write XS :“ pXsqsPS for the
subcollection of variables indexed by S. We often write v Ñ w or Xv Ñ Xw instead of pv, wq to
indicate the existence of an edge from v to w in G. A node v P V is a parent of another node w P V
if v Ñ w P E. The set of all parents of w in G is denoted by paGpwq. A directed path from v to
w in G is a sequence of nodes v1, . . . , vk starting at v1 “ v and ending at vk “ w with subsequent
nodes connected by edges vi Ñ vi`1 P E. If there exists a directed path from v to w, then v is an
ancestor of w and w a descendant of v. The sets of all ancestors and all descendants of node w in G
are denoted anGpwq and deGpwq, respectively and w R anGpwq Y deGpwq. When it is clear which
graph G is being considered, we simply write papwq, depwq or anpwq.

The DAG G permits causal relationships among the random variables, and we say that Xv is a
direct cause of Xw if v Ñ w. Furthermore, Xv may be an indirect cause of Xw if there is a directed
path from v to w; we refer to Pearl (2009); Peters et al. (2017) for more background. Each DAG G on
V gives rise to a statistical model for the joint distribution PX of the random vector X “ pXvqvPV .
Here, the edges in G encode the permitted conditional dependence relations among the variables
(see e.g. Drton and Maathuis, 2017; Lauritzen, 1996). Any distribution that satisfies the conditional
independence constraints implied by G is said to be Markov with respect to G. In other words, the
joint density of X factors into a product of conditional densities as ppxq “ ś

vPV ppxv | xpaGpvqq
with ppxv | xHq “ ppxvq. The conditional independence relations holding in all such factorizing
distributions can be obtained using the graphical criterion of d-separation (Pearl, 2009). A distribution
PX is Markov and faithful with respect to the underlying DAG G if the conditional independence
relations in PX correspond exactly to d-separation relations in G. Different DAGs may share the
same set of conditional independence statements. Such DAGs are said to be Markov equivalent. All
equivalent DAGs form a Markov equivalence class (MEC) (see e.g. Spirtes et al., 1993).
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2.2. Layered DAGs

Let G “ pV,Eq be a DAG, and let L :“ pV1, . . . , VKq be a partition of V into K ordered subsets.
Then L “ pG,Lq is a layered DAG if for every edge pv, wq P E with nodes v P Vs, w P Vt with
s ‰ t, we have s ă t (see, e.g., Healy and Nikolov, 2002). In this case, the elements of L are the
layers of L, and each layer Vs induces a subgraph GrVss of G, which we denote by Ls and refer to
as the layer-induced subgraph.

A permutation π : rps Ñ rps is a causal ordering for the layered DAG L “ pG,Lq if (i)
πpvq ă πpwq for all pv, wq with w P deGpvq, and (ii) πpvq ă πpwq for all pv, wq such that v P Vs
and w P Vt for layers with s ă t. Such an ordering respects both the ordering given by directed
paths in G and the ordering of the layers in L. There always exist a causal ordering but it need not be
unique. The set of all causal orderings of a layered DAG L is denoted by ΠL.

Proposition 1 Let L “ pG,Lq and L1 “ pG1,Lq be two layered DAGs that share the same vertex
set V and the same partition L “ pV1, . . . , VKq. If Ls “ L1

s for all s P rKs, then ΠL “ ΠL1 .

The proof can be found in Section B. Let L “ pG,Lq be a layered DAG with vertex set V and edge
set E. For any causal ordering π P ΠL, we define a completed layered DAG Lπ “ pGπ,Lq by
adding to L all edges v Ñ w with v P Vs and v P Vt for s ă t. So, the edge set of Lπ is

Eπ :“ E Y
ď

săt

Vs ˆ Vt.

Clearly, Lπ is a super-DAG of L in the sense ofE being a subset ofEπ. Often we have to consider all
nodes up to a certain layer. Thus, we define V1:s :“ Ys´1

i“1Vi for s P rKs. Note that Vs X V1:s “ H.

2.3. Identifiability of the causal structure

In general, the DAG G is not identifiable from PX alone, and learning the graph or its MEC from
data requires assumptions. Under the Markov and faithfulness conditions on PX , G can be recovered
up to its MEC. Prominent examples of algorithms that are based on this assumption are the PC
algorithm (Spirtes et al., 1993) and Greedy Equivalence Search (GES) (Chickering, 2003). Under
additional assumptions, we may not only recover the MEC but G itself. Note that the graphical
model associated with G can also be expressed in terms of a structural causal model (SCM) (Peters
et al., 2017). That is, in the absence of latent confounding, if PX is Markov with respect to G
then there exist independent noise variables ϵ “ pϵ1, . . . , ϵpq and measurable functions gv such that
Xv “ gvpXpapvq, ϵvq for all v P rps. In this framework, if all the gv are linear and all ϵv follow
non-Gaussian distributions then the causal graph is identifiable from data (Shimizu, 2022). In a
different vein, identifiability ofG is also achieved under an additive noise model (ANM) (Hoyer et al.,
2008). In other words, as long as all gv are non-linear as defined in Hoyer et al. (2008), the noise ϵv
may follow any distribution given that it is additive. A generalization to the post-nonlinear model is
proposed by Zhang and Hyvärinen (2009). In contrast, linear SCMs with Gaussian noise terms are
not identifiable. However, identifiability can be achieved in this setting under further assumptions
such as equal noise variances (Peters and Bühlmann, 2014).

2.4. Additive noise models for synthetic data generation

Comprehensive assessment of methods for learning causal relations is challenging due to the scarcity
of real data where true causal relations are known. Hence, the focus often lies on simulated synthetic
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data. In order to accommodate non-linearities and also to ensure identifiability of the true DAG,
ANMs are often employed for this purpose. However, synthetic data generation can leave unintended
traces hinting at the true causal relations among the variables. In particular, Reisach et al. (2021)
demonstrate that for commonly used simulation setups involving ANMs, irrespective of the choice
of the functions gv, ordering nodes by increasing marginal variance tends to agree with the causal
ordering of the ANM. The authors introduce varsortability, a score that measures the degree of
concordance between causal orderings of the ground truth DAG and the order of increasing marginal
variance. When varsortability equals one then all directed paths lead from lower variance nodes to
higher variance nodes. This is connected to the aforementioned identifiability results for linear SCMs
with equal variance (Chen et al., 2019). Many recently proposed continuous optimization-based
structure learning algorithms have been evaluated in simulations based on ANMs (e.g., Zheng et al.,
2018; Ng et al., 2020; Lachapelle et al., 2020; Yu et al., 2021; Zhang et al., 2022, 2023). The resulting
high varsortability on the raw data scale contributes to often staggering performances as the methods
may inadvertently make use of variance order. In real systems, on the other hand, measurement
scales are essentially irrelevant for the causal ordering. Thus, standardization would render data scale
non-informative. Yet, remnants of high varsortability with distinctive covariance patterns may remain
even after standardization (Reisach et al., 2021, 2023). Ultimately, all synthetic data generation
processes are vulnerable to a lack of portraying common themes observable in practice.

Evaluating the performance of algorithms is a key factor that impacts which research directions
the field is gravitating towards. This can be seen, for instance, in the case of continuous optimization-
based structure learning. Following the development of NOTEARS (Zheng et al., 2018), numerous
extensions have been proposed in short succession (see Vowels et al., 2022, for an overview).
However, when evaluated outside of ANMs, performance often drops notably (Constantinou et al.,
2021). Therefore, there is a clear necessity for more robust evaluation techniques in the field of causal
discovery as outlined in Eigenmann et al. (2020); Gentzel et al. (2019). This motivates the present
work which seeks to support benchmarking of causal discovery by providing tools for semisynthetic
data generation that draw on partial ground truth and real data from a manufacturing plant.

2.5. Related work

Focusing on observational data, the available tools for empirical illustration and benchmarking
of causal discovery algorithm can be broadly classified into three tiers: (1) Real datasets with
expert-knowledge driven ground truth, such as the cause-effect pairs of Mooij et al. (2016) and data
pertaining to already well understood systems in biology (Marbach et al., 2012; Replogle et al., 2022;
Sachs et al., 2005). (2) Synthetic datasets generated based on well-established parameterizations
(den Bulcke et al., 2006; Schaffter et al., 2011; Scutari, 2010). (3) Data generated using functional
specifications; see, e.g., Chen and Fayek (2023); Huegle et al. (2021). Our proposed semisynthetic
data generator takes a middle ground between (1) and (2), leveraging expert knowledge to establish a
causal order while relying on real data to circumvent the need for explicit parameterizations.

3. Semisynthetic data generator

3.1. Process knowledge

Our real-world data come from an assembly line at a highly automated manufacturing plant. We
focus on a selected subset of production stations at which press-in and staking processes are executed.
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(a) Press-in (b) Staking

Figure 1: Illustration of the phases of a press-in and staking process. In press-fitting (a1) the tool
moves downward axially until it contacts the valve (a2) and pushes it into a slightly smaller bore
until its shoulder reaches the axial block position (a3).

In the following, we give a brief overview of these processes. A more in depth discussion of the
relations among the central features of the physical procedures is given in supplementary Section A.1.

Press-in: In each fitting process, two components are joined in a pressing machine to form a
mechanically strong and sometimes even leakage tight connection between the components. An inner
cylindrical component (e.g., a valve, axle or pin) is pushed into a slightly smaller bore of a larger
component. This is done by applying a mechanical force high enough to overcome the required
friction force. After the friction force is exceeded, the inner component will move into the bore. The
pressing machine stops as soon as a certain predefined press-in force is exceeded for the first time.

Staking: A staking process is an extension of a press-in process and has the objective to fixate
the inner component in its final position by permanently deforming outer component materials. This
is achieved by applying a large enough force to the tool to create a mechanical stress-strain state in
the material resulting in permanent plastic material deformation.

Figure 1 depicts these two process steps in a schematic manner. During both steps the required
forces and tool displacements are measured continuously by process control units. We extract
all relevant numeric measurements for each process, and together with the mapping detailed in
Section A.1 they build the foundation for our data generation scheme.

3.2. Modeling domain knowledge

Let L0 “ pV,E0,Lq be the true and unknown layered DAG that encapsulates within as well as
between process relations. The associated random variables pXvqvPV represent the features extracted
from the K “ 10 manufacturing processes that are carried out sequentially. These processes are
lined up across five production stations. A user of causalAssembly will see which variables
belong to each of these five stations. Each station accommodates two of the production processes
(Fig. 2). In total, p “ |V | “ 98 features for n “ 15.581 parts are collected. The features distribute
across production stations as follows: Station 1 with |V1 Y V2| “ 6, Station 2 with |V3 Y V4| “ 34,
Station 3 with|V5 Y V6| “ 16, Station 4 with |V7 Y V8| “ 26, and Station 5 with |V9 Y V10| “ 16.

Each individual process we focus on is well understood, and we are able to state causal relations
among the variables in Vs. These causal relations are considered to be complete and correct for the
individual processes. We map the process knowledge into process DAGs Gs̊ “ pVs, Esq for s P rKs.
The graph union G1̊ ‘ ¨ ¨ ¨ ‘GK̊ together with the ordered partitioning implied by the node sets of
the process DAGs gives rise to the layered DAG L˚ “ pG1̊ ‘ ¨ ¨ ¨ ‘GK̊ ,Lq with L “ pV1, . . . V10q.
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Station1 Station2 Station3 Station4 Station5

Process1

V1

Process2

V2

Process3

V3

Process4

V4

Process5

V5

Process6

V6

Process7

V7

Process8

V8

Process9

V9

Process10

V10

component flow

Figure 2: Illustration of the production line with five process stations each containing two successive
processes. The first station prepares components while station two and four carry out staking tasks.
The remaining stations perform press-in tasks.

Note that L˚ and L0 are both layered DAGs on the same vertex set V with the same layering L.
More importantly, the layer-induced subgraphs coincide, i.e., Ls̊ “ L0

s for all s P r10s.
Unfortunately, due to their complex physical nature, available process knowledge does not extend

to how the K processes influence each other. In other words, the edge sets of L˚ and L0 likely differ.
However, Proposition 1 suggests that the process knowledge we gathered puts us in a favorable
situation: Irrespective of whether there exist edges between layers, the set of all possible causal
orderings is determined solely by the layers themselves, i.e. the process graphs. The complete
layered DAG Lπ for any π P ΠL˚ is a super-DAG of the true layered DAG L0. Consequently, we
may use common variable selection techniques from regression to prune Lπ and infer the layered
ground truth DAG L0 (Bühlmann et al., 2014, Section 2.5).

3.3. Sparse additive models (SpAM) for cross-process pruning

We perform the pruning step by regressing each variableXv onto its parent variablesXk, k P paLπpvq.
The resulting active sets of predictors determine the final edge set, forming the estimate L̂. Unless
stated otherwise, the parent sets considered below are obtained from Lπ. When constructing Lπ

we add edges between the nodes from distinct processes Vs and Vt, and leave the layer-induced
subgraphs as they are. Similarly, we only consider edges between processes for pruning. To prune,
we use the flexible nonparametric framework of SpAMs (Ravikumar et al., 2009). In a SpAM, the
regression function for a variable Xv with v in layer Vt, is modeled as

fvpxpapvqq “ EpXv | Xpapvq “ xpapvqq «
ÿ

kPpapvq
fv,kpxkq.

Sparsity is induced through a functional group-lasso penalty based on ∥fv,k∥2 :“
a
Epfv,kpXkq2q,

the L2pPXk
q norm of component fv,kpXkq. For some λ ě 0, the resulting population-level mini-

mization problem can be stated as:

min
fv,kPFv,k, kPpapvq

$
&
%
1

2
E

`
Xv ´

ÿ

kPpapvq
fv,kpXkq˘ ` λ

ÿ

kPV1:t

∥fv,k∥2

,
.
- .

Depending on the function classes Fv,k, the minimization in SpAM becomes a convex program.
Indeed, in practice, we express each function as fv,kpxkq “ řpvk

l“1 ψvklpxkqβvkl, where tψvklupvkl“1

is a set of cubic splines. Let Ψvkpxkq be the 1 ˆ pvk row vector of evaluations of the ψvkl, and
gather the βvkl in the coefficient vector θvk “ pβvk1, . . . , βvkpvkqT . Then fv,kpxkq “ Ψvkθvk. For
estimation from data, we solve the empirical version of the SpAM problem, with cross-validation for
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tuning parameter selection. The set tpk, vq : k P V1:t, θ̂vk ‰ 0u Ÿ paLs̊
pkq then marks the indices of

the parent variables of Xv remaining after pruning. Algorithm 1 outlines our procedure.

Algorithm 1 SpAM cross-process learning
Input: Data D Ď Rp, completed layered DAG Lπ, regularization parameter λ ě 0
Output: Edge set Eacross Ă V ˆ V .
Eacross Ð tu;

for t “ 2, . . . ,K do
Form a causal ordering πt of the layer-induced subgraph Lπ

t ;
for v along πt do

Obtain pθ̂vkqV1:t through the following minimization problem:

min
θvk, kPpapvq

$
&
%

1

2|D|
ÿ

xPD

`
xv ´

ÿ

kPpapvq
Ψvkpxkqθvk

˘2 ` λ
ÿ

kPV1:t

d
1

|D|
ÿ

xPD
pΨvkpxkqθvkq2

,
.
-

Eacross Ð Eacross Y tpk, vq : k P V1:t, θ̂vk ‰ 0u
end

end

For some variables Xv with v in a layer Vt, t P t2, . . . ,Ku, the process experts are able to state
functional relations, up to noise. Denote Pv̊ :“ paL˚pvq X Vt. Functional process knowledge takes
the form Xv « fv̊ pXPv̊

q. To incorporate such knowledge, we alter Algorithm 1 by inserting the
known function. The optimization problem is then

min
θvk, kPpapvq

#
1

2|D|
ÿ

xPD

`
xv ´ fv̊ pxPv̊

q ´
ÿ

kPV1:t

Ψvkpxkqθvk
˘2 ` λ

ÿ

kPV1:t

d
1

|D|
ÿ

xPD
pΨvkpxkqθvkq2

+

Note that Algorithm 1 admits a natural way to also incorporate cross-process domain knowledge
simply by adding the corresponding edge to E or dropping it from the corresponding parent set.

Figure 3 illustrates the process graph L̂ after the pruning step using Algorithm 1. In the absence of
latent confounding the sparsistency property of the SpAM procedure suggests that asymptotically we
recover the true layered DAG L0. Even in the presence of confounding the synthetization procedure
illustrated in the next section assures that data will be “Markovian”. From here on we consider the
layered DAG L̂ as ground truth in causalAssembly.

3.4. Synthetization

To ensure that the semisynthetic data come from a distribution that factorizes according to the ground
truth DAG L̂, we explicitly estimate the conditional distributions under the factorization implied by
the independence constraints in L̂. To that end, we employ distributional random forests (DRFs)
(Cevid et al., 2022) to obtain estimates P̂DRF

X pXv | Xpapvqq, v P V , along a causal ordering of L̂.
DRFs build on random forests (Breiman, 2001) where the original splitting criterion is replaced

with a distributional metric (in our case the maximal mean discrepancy (MMD) statistic (Gretton
et al., 2006)) in order to ensure homogeneity in each of the tree’s leaf nodes. These give rise to
neighborhoods of relevant training data points described by corresponding weighting functions.
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Station1 Station2 Station3 Station4 Station5

Figure 3: Assembly line ground truth after edges have been learned between processes using SpAM.
We depict production stations, not the processes they are decomposed in. Node size increases with
the number of out-edges. Node color gets brighter with the number of in-edges. In terms of sparsity,
the assembly line ground truth graph accounts for around 10.2% of all possible connections.

The average of the tree-specific weighting functions can then be used to estimate the conditional
distributions. The following paragraphs give a brief overview of the DRF procedure.

DRF growing Let L be a layered DAG. Assume we have grown N trees T1, . . . , TN and denote
Ljpxq the set of training data points that are assigned to the same leaf node as the test data point x in
tree Tj . Cevid et al. (2022) define the weighting function by the average of the tree-specific weighting
functions i.e. wxpxiq “ 1{N řN

j“1 1pxi P Ljpxqq{|Ljpxq|. Let n be the sample size of the training
data. Estimating the conditional distribution P pXv | XpaLpvq “ xq boils down to assigning weights
to the point mass δxiv at xiv in the empirical distribution of Xv, i.e.

P̂ pXv | XpaLpvq “ xq “
nÿ

i“1

wxpxiq ¨ δxiv .

Given P̂DRF
X pXv | Xpapvqq we sample a new dataset Dsynth Ă Rp from the production line as

outlined in Algorithm 2. By construction, Dsynth is drawn from the estimated joint distribution P̂DRF
X

and is guaranteed to be Markov with respect to the ground truth layered DAG L̂.
Gamella et al. (2022) first proposed this approach using Sachs et al. (2005) data. By construction,

it resolves confounding issues in the real data at the expense of L̂ potentially containing more
cross-process edges than L0.

Remark 2 We emphasize the crucial role of the acquired process knowledge. Although the syn-
thetization procedure is technically capable of fitting DRFs to any configuration of conditional
distributions given a sufficient sample size, domain knowledge plays a pivotal role in ensuring the
generated data closely resembles the real data. To illustrate this point, we conduct experiments
in Section C.2 where we assume no prior domain knowledge and instead rely solely on structure
learning. Upon applying the semisynthetic procedure to a resulting process graph, we observe that in
a majority of experiments, the causal discovery algorithm that initially generated the process graph
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Algorithm 2 Sampling from the causal DRFs
Input: Finite dataset Doriginal Ă Rp, (layered) DAG L, number of samples n to be generated
Output: A dataset Dsynth Ă Rp of size n
Dsynth Ð H;

Form a causal ordering π of L;
while |Dsynth| ă n do

for v along π do
if paLpvq “ H then

sample x̂v P R via smooth bootstrapping from txv P R : x P Doriginalu;
else

sample x̂v P R from P̂DRF
X pXv | XpaLpvq “ x̂paLpvqq;

end
Dsynth Ð Dsynth Y tx̂vu;

end
end

structure tends to exhibit superior performance. As we demonstrate in Section 4, this is not the case
for our semisynthetic data generator. We investigate, whether learning the cross-process edges via
SpAM makes learning these edges easier. However, Figure 12 in Section C.2 suggests that this is
not the case. The combination of extensive process knowledge and highly flexible nonparametric
techniques employed in causalAssembly renders it virtually impossible for any causal discovery
algorithm to unfairly "game" graph recovery results.

To accommodate the analysis of data with varying dimensionality, we provide the option to
isolate and generate data for any of the 5 production stations that form the natural subunits of the
assembly line. To avoid creating unintended confounding we refit the DRFs and apply Algorithm 2
to each production station independently. Lastly, we want to stress that SpAMs are merely a pruning
method. Their application in causalAssembly is not related to ANMs that have been discussed
in Section 2.4.

3.5. Semisynthetic data description

To demonstrate that the semisynthetic “Markovian” data obtained from causalAssembly pre-
serves key characteristics of the real data, we calculate the two-sample Kolmogorov-Smirnov (KS)
statistic (Kolmogorov, 1933) between all variables in the real and a semisynthetic dataset. Fig-
ure 4 shows kernel density estimates of variables with largest and smallest KS statistics among all
non-source nodes. Even in unfavorable cases where the absolute difference between the marginal
distributions is largest, the semisynthetic data only shows moderate deviations from the real data.
To further illustrate the similarity of the semisynthetic data to the real data, we depict pairwise
correlation agreement in Figure 11 in the Appendix.

In Figure 5, we depict bivariate relationships between selected direct causes on the x-axis and
their effects on the y-axis according to the ground truth DAG L̂. Variables were selected within
stations in (a) and (b) and between stations in (c). The size of the parent sets for the effect variables
are 1, 3, 6 for (a), (b), and (c), respectively. Naturally, with increasing parent set size bivariate
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Figure 4: Kernel density plots (upper panel) of the same variables in the real (blue) and semisynthetic
(yellow) data. Selection of those variables is based on comparing the highest (first three) and lowest
(last three) agreement in terms of Kolmogorov-Smirnov statistic.
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Figure 5: Bivariate scatter plots of selected nodes to showcase the different types of bivariate patterns
to expect in data generated with causalAssembly. All node pairs are causally linked with x-axis
variables being parents of y-axis variables. The number of parents of each y-axis variable varies from
one parent in (a), three parents in (b) and six parents in (c).

relationships become harder to discern. While (a) depicts a clear linear relationship between the
selected measurements, the relationships in (b) and (c) are masked by the remaining parent variables.

4. Benchmark results

As a proof of concept, we present first causal discovery benchmark results. In order to make sure that
privacy concerns are respected, we first apply the semisynthetization procedure to the real data from
the manufacturing plant. We then sample once from the joint distribution in causalAssembly.
The resulting data is used for benchmarking as shown below. We present further benchmark results
based on the individual production stations in Section D.2.

The purpose of the study we report on here is to demonstrate the versatility of the data gener-
ation scheme. A more elaborate set of experiments comprising varying sample size and adjusting
hyperparameters will be taken up in future work. The PC algorithm does not output a DAG. Thus,
to compare results additional harmonization steps are necessary. We implement two strategies
CPDAG-transform and average-dag outlined in Section D.1. As the results following these strategies
do not seem to differ substantially, we report the average-dag results and refer to Appendix D for the
remaining experiments. A brief overview of the algorithms and metrics is provided in Section D.1.
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Figure 6: Chosen metrics for assessing causal discovery of the full assembly line (|V | “ 98) using
100 simulation runs on a sample size of n “ 5000. The dashed line corresponds to the SHD between
the empty graph and ground truth indicating the number of edges in the ground truth graph. Note that
we use DAS rather than SCORE on the full line due to its improved scaling to higher dimensions.
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Figure 7: Chosen metrics for assessing causal discovery outcomes on Station 3 (|V5 Y V6| “ 16)
using 100 simulation runs on a sample size of n “ 500. The dashed line corresponds to the SHD
between the empty graph and ground truth indicating the number of edges in the ground truth graph.

We standardize the data sampled in each of the 100 simulation runs before structure learning and
report the average varsortability in Table 4 in Section D. The sortnregress (snr) routine serves as a
reference point, as on standardized data it corresponds to choosing some ordering at random and
regressing each node on its ancestors (random regress) (see also Reisach et al., 2021).

Figures 6 and 7 illustrate the benchmark results for the full line and Station 3, respectively. We
focus on Station 3 because its results differ significantly from those of the full line. The benchmark
results for the remaining four process stations are displayed in Section D.

Regarding the full line benchmark results in Figure 6, the default methods fail to beat an empty
graph in terms of structural Hamming distance (SHD). Overall, NOTEARS performs best in terms
of SHD and SID, but this is partly due to its tendency to output very sparse graphs, as evidenced
by low Recall scores. Linear methods such as DirectLiNGAM and the PC algorithm with standard
partial correlation tests perform similarly to random regress. GraN-DAG exhibits higher variability
in results, with highly variable precision and very low recall and F1 scores. Inspecting the results
from Station 3 depicted in Figure 7, we observe that most selected algorithms outperform random
regress, especially in terms of structural intervention distance (SID) and F1 score. DirectLiNGAM
exhibits the best performance across most metrics, while GraN-DAG again struggles with precision,
recall, and F1. The PC algorithm and SCORE perform similarly, and NOTEARS fails to beat random
regress in this case.
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We emphasize that these results are based on out-of-the-box implementations of the algorithms,
with no attempt to tune them to the data. Additionally, all the considered methods ignore the prior
knowledge implied by the layered structure of the processes. We expect that causal discovery tools
that can efficiently incorporate the layered structure will achieve better performance. Furthermore,
tuning the hyperparameters of the algorithms and using statistical methods that are better equipped
to handle complex nonlinear relationships is likely to yield better results.

While limited, this first benchmark study reveals that standard off-the-shelf methods struggle with
data generated by causalAssembly. This largely corroborates findings from empirical studies,
which show that the learning accuracy reported in the literature on synthetic data overestimates
performance on more complex datasets (Constantinou et al., 2021; Rios et al., 2022).

5. Conclusion and Limitations

Empirical validation is key in understanding how causal discovery algorithms perform outside their
laboratory settings. In this work, we leverage a complex dataset comprising measurements from a
highly automated assembly line in a manufacturing plant, for which we are able to put together partial
ground truth causal relationships on the basis of a detailed study of the underlying physics. Based
on this dataset, we use the associated ground truth and develop a versatile synthetization pipeline
based on DRFs that helps overcome common real world data problems such as lack of ground truth,
confounding, and privacy concerns. At the same time, by preserving the real data characteristics as
much as possible while making sure that the observational distribution is Markov with respect to
the obtained ground truth, we overcome the issue of purely synthetic data often being too simplistic
and not generalizable to real world settings. The resulting data generator can be used to benchmark
causal discovery algorithms based on complex production data. We demonstrate this by providing
initial benchmarking results for some well-known causal discovery algorithms.

An important limitation is that currently causalAssembly supports the generation of con-
tinuous data only. However, the methodology presented is more general and supports mixed data.
We plan to include discrete features by selecting a wider range of processes in future releases of
causalAssembly. Another limitation comes from the fact that ground truth relations are only
available within and not across processes. In future releases we plan to address this by continuously
validating cross-process edges together with process experts. Lastly, it would be interesting to take
advantages of opportunities to involve interventional samples.
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Appendix A. Assembly line dataset

We leverage a complex production dataset comprising real measurements from a highly automated
assembly line in a manufacturing plant. The assembly line consists of multiple production stations
along which individual components are joined together. Parts are processed in these production
stations and are sequentially passed to the next station according to the line structure.

Often, stations perform the same process several times either in succession or in parallel to reduce
overall cycle time. Raw components are added to the assembly at the respective stations. The quality
of the assembly process depends on the respective machine state and settings (e.g. tool state, control
parameters), the environmental conditions, and on the raw state of the components or intermediates.
We carefully study the physical processes that take place in each of the stations.

A.1. Mapping process knowledge

Press-in In order for the inner cylindrical component to be pressed into the bore, mechanical
force has to exceed friction force. The friction force depends on component properties, such as the
geometrical dimensions (especially diameters and axial lengths), structural stiffness as well as the
surface conditions (e.g. surface roughness). Also, machine properties such as misalignment of the
pressing machine tool with respect to the work piece holder and cylindrical bore axis can affect
the process. None of these properties is measured directly for each component. Depending on the
product type, the nominal values of the component properties may differ.

During the fitting process the force acting on the pressing machine tool and its current vertical
position are measured jointly using special sensors. In order to control and monitor the process
both signals are analyzed during and after the process by the process control unit, for example
using gradient detection algorithms. The change in measured position is the sum of both the elastic
deformation of the pressing machine (driven by the force and structural machine stiffness) and the
actual movement of the inner component relative to the bore. Figure 8 demonstrates how the machine
tool force behaves along the vertical position. The most important features extracted from this
procedure are stored in the manufacturing execution system. Table 1 depicts a selection of these and
lays out dependencies.

Staking In staking the deformation process of the material is mainly driven by two factors.
One factor is the material yield strength and hardening behavior. The other factor is the compression
stress. The latter is imposed by the force acting on the tool and by the contact area between tool and
component. If several staking processes are happening on the same component with several bore
positions, the unknown material state is likely to be similar, confounding the observed force values.
Again a typical force and position curve of a staking process as well as a description of extracted
features including their interrelations are demonstrated in Figure 9 and Table 2, respectively.

Often, press-in and staking processes are run on the same machine. Unobserved machine
properties such as structural stiffness, tool misalignment and force sensor positions may impact both
processes. Furthermore, confounding can be caused by similarities of the component properties
(same component with several bores) or due to batch effects.

Figure 10 depicts an exemplary press-in and staking process. Depending on the production cell
and process step these might vary slightly in size and complexity along the production line. From
Figure 10 we can see that the staking process is larger and more complex than the press-in process.
This reflects the fact that a staking process is an extension of a press-in process.
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Table 1: Description of relevant force and position features extracted from the measurements during
the press-in process.

Parameter Description

Foffs Average force measured during closing of the gap between tool and work piece.
This depends on the acceleration and mass of the tool as well as the force sensor
measurement error.

F1 Press-in force (friction force) required to reach the block position (S1) as extracted
from gradient detection algorithm.

F2 Maximum force at the end of the process. This force depends on the structural
stiffness and the difference between the positions S2 and S1.

S0 Axial position of tool at first force increase as extracted from gradient detection algo-
rithm. Position depends on geometrical tolerances of the machine and components
as well as on the calibration of the position sensor.

S1 Axial position of tool at reaching the block position. Position depends on the relative
displacement S0. S1 is affected by the length of the bore as well as by the elastic
deformation of the machine. Deformation is influenced by the required press-in
force F1 and by the structural machine and component stiffness. Once this gradient
position is detected by the process control unit during process execution the command
for reversing the tool movement is given.

S2 Maximum tool position where the tool direction of movement is effectively reversed.
This is affected by the position S1, by the time required for computation of the
gradient point, the tool speed, by the inertial mass of the tool and by the effective
structural stiffness.

F(t)

s(t)

F1

s1 s2s0

F2

Foffs

1

0

2

Press-In

Figure 8: A typical Force (y-axis) and Position (x-axis) curve during press-in illustrating the
characteristics of the process.
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ds

Staking

Figure 9: A typical Force (y-axis) and Position (x-axis) curve during staking illustrating the charac-
teristics of the process.

Table 2: Description of relevant force and position features extracted from the measurements during
the staking process.

Parameter Description

F1̊ Staking force required to reach the turning point of increasing structural stiffness as
extracted from the detection algorithm. Once this turning point is detected by the
process control unit during process execution the process command for reversing the
tool movement is given after an additional, pre-defined force delta has been exceeded.

F2̊ Maximum force at the end of the process. This force depends on the structural
stiffness and the difference between the positions S2̊ and S1̊ .

S0̊ Axial position of tool at first force increase as extracted from gradient detection algo-
rithm. Position depends on geometrical tolerances of the machine and components
as well as on the calibration of the position sensor.

S1̊ Axial position of tool at reaching the turning point. Position depends on the relative
displacement S0. S0 is affected by the length of the bore as well as by the elastic
deformation of the machine. Deformation is influenced by the required press-in force
F1̊ and by the structural machine and component stiffness.

S2̊ Maximum tool position where the tool direction of movement is effectively reversed.
This is affected by the position S1̊ , by the time required for computation of the
turning point, the tool speed, by the inertial mass of the tool and by the effective
structural stiffness.

∆S˚ Difference in axial position of the tool after removing the pressing force measured at
a pre-defined remaining force value. This indicates the true deformation length in the
bore without the elastic machine deformation.
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Press-In Staking

Figure 10: Process DAGs of an exemplary press-in and staking process. Node size increases with the
number of out-edges. Node color gets brighter with the number of in-edges.

Appendix B. Proof of Proposition 1

Proof It suffices to show ΠL Ď ΠL1 . So, let π P ΠL and consider any two nodes v, w P V . If v P Vs
and w P Vt with s ‰ t, then we must have s ă t because L is a layered DAG. Since L1 is based on
the same partition L, we have π P ΠL1 . If instead v, w P Vs for some s P rKs, then Ls “ L1

s. We
conclude that v is a descendant of w in L if only if this is the case in L1. Thus, again π P ΠL1 .

Appendix C. Semisynthetic data generator

The semisynthetic data generation tool is available through the Python library causalAssembly
(https://github.com/boschresearch/causalAssembly). In the library, we also pro-
vide the semisynthetic data itself (and for convenience one set of datasets with sample size n “ 500)
as well as the partial ground truth. All benchmark results presented both in the main text and the
supplementary sections will also be accessible through the library.

C.1. Quality of the DRF procedure

To avoid overfitting when learning DRFs, we grow N “ 2000 trees on a random subset of the
training data for each conditional distribution. When forming each tree, the subsets are split again;
one part is used to grow the tree, the other part is used to populate the leave nodes. We choose the
Gaussian kernel for the MMD splitting criterion with bandwidth set according to the median heuristic
(Gretton et al., 2012). Table 5 in Section D.3 gives an overview over the all relevant hyperparameters.

In the interest of quality control, we compare correlation patterns in the synthetic data largely
agree with those of the real data as shown in Figure 11. Some divergence is to be expected as the
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Figure 11: Pairwise correlation agreement between semisynthetic and real data. We depict the
difference between the pearson correlation of the same pair in one draw of the semisynthetic data
and the real production line data. Sample size is n “ 15.581 for semisynthetic and real data.

real data comes with a wide range of confounding problems which our procedure deals with by
employing the DRF procedure described in Section 3.4. Figure 11 confirms that for most of the pairs
among the p “ 98 variables, correlation patterns agree.

C.2. Influence of initial learning

Before investigating the influence of the absence of prior knowledge, we engage in a brief comparison
of between and within process edge recovery. Figure 12 demonstrates that cross-process edges are
indeed not recovered more easily as opposed to within-process edges. If any, the opposite is true and
within-process edges achieve somewhat better precision and recall scores.

Turning to the absence of prior knowledge, learning edges within and across processes using
causal discovery algorithms only without prior knowledge leaves distinct traces. Benchmarking
outcomes are then tilted in favor of the routine employed in this initial step. We demonstrate this on
processes that take place in Station 3 consisting of 16 nodes. We ignore existing process knowledge
and learn from the data only. Figures 13 and 14 report SHD and F1 score between the ground
truth DAG learned by the initial causal discovery procedure and results based on corresponding
semisynthetic data.

Next to overall patterns left by the initial learning step, we present sensitivity results with respect
to measurement scale. The real data obtained from the process control unit carry a wide range
of different measurement scales. These scales should ideally be irrelevant with respect to causal
relationships. In a first step, we keep the raw data scale both for the initial learning and for the
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Figure 12: Comparison between within and cross process edges. Simulation run with 50 repetitions
and sample size n “ 5000. Precision and recall scores are relative to the amount of within and
cross-process edges, respectively.
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Figure 13: SHD for initial learning based on chosen causal discovery algorithms. Simulation run
with 50 repetitions.
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Figure 14: F1 score for initial learning based on chosen causal discovery algorithms. Simulation run
with 50 repetitions.
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benchmark run based on the obtained ground truth. We report the average varsortability across
simulation runs. In a second step, we standardize all data. We also report results for the empty graph
to keep track of the number of edges inferred during the initial graph learning step. If the SHD of the
empty graph changes under standardization then data scale has an effect on the initial ground truth.

DirectLiNGAM, NOTEARS, and GraN-DAG show a clear performance edge when the ground
truth is originally obtained using the respective routine. This pattern is most clear in Figure 14. The
PC algorithm does not seem to benefit too greatly which can to some degree be attributed to the
random DAG completion. In contrast to the remaining methods, the PC algorithm is agnostic to
measurement scale. DirectLiNGAM is in theory also scale agnostic, however scaling may influence
the adjacency matrix estimation via adaptive lasso when predictors are not standardized. Regarding
NOTEARS and GraN-DAG measurement units play a substantial role. NOTEARS obtains a ground
truth with varsortability close to one on unstandardized data and recovers a very sparse DAG on
standardized data. This suggests that NOTEARS essentially orders variables according to their
variances when learned on raw data. GraN-DAG results are highly variable throughout all initial
learning methods. The instability becomes particularly severe when applied to standardized data.

Overall, except for the PC algorithm there are clear traces left by initial learning algorithms
applied to process cell structure learning discovery. In this context, the question arises whether to
simply select a random DAG to represent process or station relationships. Following the proposed
procedure and given sufficient sample size, the DRFs will be able to produce weights that allow
drawing from such a ground truth graph. The choice of random DAG however influences strongly
how close resulting synthetic data to the real world complexity will be. In the complete absence of
ground truth knowledge, such a procedure might be an alternative to specifying a random SCM.

Appendix D. Benchmarking

D.1. Algorithms and metrics

Algorithms The following well-known structure learning algorithms are employed in our work.
PC algorithm (Spirtes et al., 1993) (pc)

A constraint based algorithm that in a first step performs conditional independence tests in a resource
efficient way returning a skeleton and in a second step orients as many edges as possible. We
use the stable version of the algorithm proposed by Colombo and Maathuis (2014). Conditional
independence tests are performed using Fisher z-transformed (partial) Pearson correlation coefficients.
Since the PC algorithm outputs a completed partially directed acyclic graph (CPDAG), we choose in
each run a random DAG that is a member of the MEC implied by the CPDAG.

DirectLiNGAM (Shimizu et al., 2011; Hyvärinen and Smith, 2013) (lingam)
The direct method to learning the LiNGAM model (Shimizu et al., 2006) referred to in Section
2.3. First, the procedure detects source variables by employing entropy-based measures to find
independence between the error variables. The most independent variable is placed first in the causal
ordering and its effect removed from the other variables. As the ordering of the residuals resembles
that of the variables themselves the algorithm continues to find the next variable in the ordering by
finding the next source-residual.

NOTEARS (Zheng et al., 2018, 2020) (notears)
A score-based method that recasts the discrete DAG constraint as a continuous equality constraint.
This allows for the application of a wide range of techniques for non-convex programs. In NOTEARS
a linear SCM is assumed and for each variable, a feed-forward neural network is trained that gets all
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other variables as input. The graph structure is then dynamically read-off from the networks during
training by aggregating the weights of the input layer of each network. Acyclicity of the graph is
enforced by training the networks simultaneously in an augmented Lagrangian schema such that the
matrix exponential of the adjacency matrix has small trace.

GraN-DAG (Lachapelle et al., 2020) (grandag)
A score-based method and an extension of NOTEARS. In contrast to NOTEARS, the relation
structure is read-off from the networks by aggregating all the weights till the output layer of the
neural networks individually.

SCORE and DAS (Rolland et al., 2022; Montagna et al., 2023) (score, das)
A order-based method for learning nonlinear additive Gaussian noise models which has been shown
to be identifiable from observational data (Peters et al., 2014). The method evolves around estimating
the causal ordering based in approximating the score (the map ∇ log ppxq for a differentiable density
ppxq) of the data distribution. Under this model, leaf nodes indicate a constant entry in the associated
diagonal element of the score’s Jacobian. This allows for sequential leaf node identification implying
a causal ordering. The method concludes with a pruning step to remove spurious edges. Its extension
discovery at scale (DAS) reduces the complexity of the pruning step.

sortnregress (Reisach et al., 2021) (snr)
A diagnostic tool to expose data scenarios with high varsortability. The procedure sorts variables by
increasing marginal variance and then regresses each variable on their ancestors adding an ℓ-1 type
penalty to induce sparsity.

Metrics The choice of evaluation metrics for assessing causal discovery outcomes matters (see
Gentzel et al., 2019). We employ a selection of common structural performance metrics and note
that in a full scale benchmark these should be extended to include a greater variety of evaluation
measures.

Precision, Recall and F1 score:
Precision in the graphical context refers to the fraction of correctly identified edges among all edges
inferred. Recall, sets these correctly identified edges in relation to all edges present in the ground
truth. The F1 score is the harmonic mean of Precision and Recall, i.e. F1 “ 2 Precision¨Recall

Precision`Recall .
Structural hamming distance (SHD):

The SHD counts how many edge insertions, deletions, and reversals are necessary to turn the
estimated DAG into the ground truth DAG.

Structural Interventional Distance (SID) (Peters and Bühlmann, 2015):
The SID counts the number of incorrectly inferred interventional distributions in the estimated DAG
when compared to the ground truth DAG.

Harmonization We employ two harmonization strategies CPDAG-transform and average-dag.
(i) We transform all graphs, including the ground truth DAG, to their completed partially directed

acyclic graph (CPDAG) representing the associated MEC (see Andersson et al., 1997, for details).
Metrics will be calculated on CPDAGs only. Note that the SID is defined for DAGs and will not be
part of the evaluation metrics following CPDAG-transform.

(ii) The second strategy, average-dag, involves choosing one member DAG from the implied
MEC of algorithms that do not output a DAG. We then enumerate all DAGs in the MEC, calculate
their structural Hamming distance (SHD) with respect to the ground truth DAG, and take the one
whose SHD is closest to the average SHD. When running experiments on the full line, enumerating
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Table 3: All benchmarks are run on a Linux machine with 32 GB Memory and 8 cores.

Result Compute time

Full assembly line benchmark Fig 6 and 19 in the main text 16.90 hours
Station 1 benchmark Fig 15 and 20 1.07 hours
Station 2 benchmark Fig 16 and 21 4.39 hours
Station 3 benchmark Fig 7 and 22 2.22 hours
Station 4 benchmark Fig 17 and 23 3.54 hours
Station 5 benchmark Fig 18 and 24 2.33 hours

Table 4: Average varsortability over 100 draws using the semisynthetic data generation procedure for
the full assembly line and for each production station.

Varsortability

Full line 0.486122
Station1 0.669167
Station2 0.348319
Station3 0.330588
Station4 0.247204
Station5 0.210417

DAGs in their MEC becomes computationally infeasible, so we choose one random DAG from the
associated MEC.

D.2. Additional benchmarking results

We present additional benchmarks for the CPDAG harmonization strategy and the remaining pro-
duction stations from the MEC enumeration strategy. Average varsortability before standardization
is reported in Table 4 and Table 3 states compute time for each of the benchmark scenarios. As
expected, varsortability ranges between 0.7 in the first station and 0.22 in station five. The full
assembly line exhibits varsortabiliy close to 0.5 indicating that ordering variables by their marginal
variances does not give any insights regarding the causal ordering. In each simulation run, we sample
from the DRF regrown on the corresponding layer-induced subgraphs.

We find that results vary substantially across stations. Figure 15 and 20 report results for the first
station. DirectLiNGAM performs best while NOTEARS is not able to detect any edges. GraN-DAG
results are very unstable throughout all benchmarks. The PC algorithm performs only slightly worse
than DirectLiNGAM and SCORE’s performance dropped when transformed to the corresponding
MEC.

In Figure 16 and 21 Station 2 two benchmarks are depicted. In this case, NOTEARS performs
best in the context of recovering the true DAG. When converted to CPDAGs, NOTEARS performance
drops and PC algorithm performance increases drastically. Figure 22 reports Station 3 benchmarks
for the CPDAG harmonization strategy. In this case the PC algorithms outperforms all other routines
when compared to the ground truth CPDAG. In Figures 17 and 23 Station 4 benchmarks suggest
again that the PC algorithm outperforms all other causal discovery algorithms. On station five (Figure

29637



GÖBLER WINDISCH DRTON PYCHYNSKI SONNTAG ROTH

0 5 10
SHD

pc
lingam

score
notears

grandag
snr

0 20
SID

0.0 0.5 1.0
Precision

0.0 0.5
Recall

0.0 0.5 1.0
F1

 lower is better  higher is better

Figure 15: Chosen metrics for assessing causal discovery outcomes on Station 1 (|V1 Y V2| “ 6)
using 100 simulation runs on a sample size of n “ 500.
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Figure 16: Chosen metrics for assessing causal discovery outcomes on Station 2 (|V3 Y V4| “ 34)
using 100 simulation runs on a sample size of n “ 500.

18 and 24) SCORE overall performs best on DAG level and the PC algorithm draws equal for the
CPDAG harmonization strategy. Laslt, Figure 19 illustrates the full line benchmark results for the
CPDAG harmonization strategy. As mentioned in the main text, NOTEARS performs best overall,
GraN-DAGs behavior is very unreliable, and the PC algorithm is the runner-up. Yet, none of the
procedures is able to perform significantly better than random regress.
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Figure 17: Chosen metrics for assessing causal discovery outcomes on Station 4 (|V7 Y V8| “ 26)
using 100 simulation runs on a sample size of n “ 500.
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Figure 18: Chosen metrics for assessing causal discovery outcomes on Station 5 (|V9 Y V10| “ 16)
using 100 simulation runs on a sample size of n “ 500.
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Figure 19: Chosen metrics for assessing causal discovery of the full assembly line based on CPDAG
comparisons (|V | “ 98) using 100 simulation runs on a sample size of n “ 5000. The dashed line
corresponds to the SHD between the empty graph and ground truth indicating the number of edges in
the ground truth CPDAG.
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Figure 20: Chosen metrics for assessing causal discovery outcomes on Station 1 (|V1 Y V2| “ 6)
after converting all DAGs to CPDAGs using 100 simulation runs on a sample size of n “ 500.
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Figure 21: Chosen metrics for assessing causal discovery outcomes on Station 2 (|V3 Y V4| “ 34)
after converting all DAGs to CPDAGs using 100 simulation runs on a sample size of n “ 500.
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Figure 22: Chosen metrics for assessing causal discovery outcomes on Station 3 (|V5 Y V6| “ 16)
after converting all DAGs to CPDAGs using 100 simulation runs on a sample size of n “ 500.
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Figure 23: Chosen metrics for assessing causal discovery outcomes on Station 4 (|V7 Y V8| “ 26)
after converting all DAGs to CPDAGs using 100 simulation runs on a sample size of n “ 500.
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Figure 24: Chosen metrics for assessing causal discovery outcomes on Station 5 (|V9 Y V10| “ 16)
after converting all DAGs to CPDAGs using 100 simulation runs on a sample size of n “ 500.
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D.3. Hyper and tuning parameters

Table 5: Hyper and tuning parameter choices for routines employed in this work.

Parameters

SpAM num_folds = 5
cv_loss = MSE
lambda_choice = 1se
num_bsplines = 6

DRF min_node_size = 15
num_trees = 2000
splitting_rule = FourierMMD

PC Algorithm indep_test : fisherz
alpha = 0.05

NOTEARS lambda_1 = 0.1
loss_type = ℓ2
max_iter = 100
h_tol = 1e ´ 8
rho_max = 1e ` 16
w_threshold = 0.3

GraN-DAG input_dim = V
hidden_num = 2
hidden_dim = 10
batch_size =64
lr = 0.001
iterations = 10000
model_name = NonLinGaussANM
nonlinear = leaky-relu
optimizer = rmsprop
h_threshold = 1e ´ 8
lambda_init = 0.0
mu_init = 0.001
omega_lambda = 0.0001
omega_mu = 0.9
stop_crit_win = 100
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edge_clamp_range = 0.0001

SCORE, DAS eta_G = 0.001
eta_H = 0.001
alpha = 0.05
n_splines = 10
splines_degree = 3

Table 5 reports all hyperparameters and tuning parameter choices for benchmark results as well
as for SpAM and DRF fitting. All benchmark algorithms were taken off-the-shelf to avoid providing
any of the procedures with an unfair advantage.
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Abstract

Inferring cause-effect relationships from observa-
tional data has gained significant attention in re-
cent years, but most methods are limited to scalar
random variables. In many important domains, in-
cluding neuroscience, psychology, social science,
and industrial manufacturing, the causal units of
interest are groups of variables rather than indi-
vidual scalar measurements. Motivated by these
applications, we extend nonlinear additive noise
models to handle random vectors, establishing a
two-step approach for causal graph learning: First,
infer the causal order among random vectors. Sec-
ond, perform model selection to identify the best
graph consistent with this order. We introduce ef-
fective and novel solutions for both steps in the
vector case, demonstrating strong performance in
simulations. Finally, we apply our method to real-
world assembly line data with partial knowledge
of causal ordering among variable groups.

1 INTRODUCTION

Many techniques have been developed to infer causal
relations among random variables from observational
data [Spirtes et al., 2000, Chickering, 2003, Shimizu et al.,
2006, Peters et al., 2014, Zheng et al., 2018]. While most of
these procedures focus on structure learning among scalar
variables, there has been steadily increasing interest in set-
tings where groups of measurements constitute the causal
entities of interest [see Wahl et al., 2024, for an overview].
For instance in neuroscience, causal connections between
brain regions rather than individual neurons are often of
interest [Panzeri et al., 2017, Kohn et al., 2020, Semedo
et al., 2020]. In earth and climate science, researchers are
frequently interested in causal interactions among groups of
measurements (e.g., wind speed, air pressure, etc.) across a
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Figure 1: An example of a grouped additive noise model
with three groups and varying group sizes.

number of grid locations spanning the planet [Runge et al.,
2015, and references therein]. In psychology and social
sciences studies often involve the measurement of certain
psychological or societal traits based on several proxy vari-
ables that need to be treated jointly [Cronbach and Meehl,
1955, Campbell and Fiske, 1959, Antonoplis, 2022]. In in-
dustrial manufacturing, quality control systems often record
several related measurements from automated process, e.g.,
industrial welding, injection molding, or staking and press-
ing, where causal relationships among several such process
are the relevant causal items [Vuković and Thalmann, 2022,
Kikuchi and Shimizu, 2023, Göbler et al., 2024].

There are a number of ways to incorporate known group
structures in causal learning tasks. The most elementary
approach is to apply dimension reduction, e.g., by taking the
mean across all members in one group. Given the resulting
set of scalar summary variables, standard causal discov-
ery methods may be employed. This comes at the cost of
severe information loss, and may even render conditional
independence results useless [Wahl et al., 2024]. Another ap-
proach disregards the grouping structure during the learning
tasks and applies causal discovery techniques to the group
members. In a second step, the resulting graph estimate
is appropriately coarsened to represent the variable group-
ings [see Rubenstein* et al., 2017, Chalupka et al., 2016,
Parviainen and Kaski, 2017, Anand et al., 2023]. A last



approach seeks to treat the groups themselves as the causal
quantities of interest and aims at performing causal learning
on the groups directly [Janzing et al., 2010, Zscheischler
et al., 2011, Entner and Hoyer, 2012, Wahl et al., 2023].
Our work belongs to the latter framework of group causal
learning.

Motivated by the work of Peters et al. [2014] on nonlin-
ear causal discovery in continuous additive noise models
(ANMs) for multivariate data, we revisit the identifiability
of causal directions in the group setting. In particular, we
show that in general, the causal directions can be identified
in the group setting. The statistical problems involved when
operating with random vectors rather than scalar random
variables become much more challenging. We construct an
order independent version of the regression with subsequent
independence test (RESIT) algorithm [Peters et al., 2014] in
the group setting and propose efficient and flexible solutions
to the estimation problems involved.

In particular, the model selection task after having obtained
a causal order requires special attention. We propose a
novel class of multi-response group sparse additive models
(MURGS) for selecting relevant edges. MURGS is a stand-
alone feature selection procedure specifically designed for
the grouped setting and can be seamlessly integrated into
the pruning phase of any order-based method [Teyssier and
Koller, 2012]. For example, Entner and Hoyer [2012] esti-
mate causal orderings using grouped linear non-Gaussian
ANMs, and we anticipate that other order-based approaches
— such as the score matching method introduced by Rolland
et al. [2022] — can be extended to the group case.

In summary our main contributions are the following:

• We propose a flexible and fully nonparametric learning
strategy to first obtain a causal order by means of neural
networks and nonparametric independence tests. Then,
for DAG pruning, we introduce MURGS, a class of
multi-response sparse additive models to encourage
sparsity on the group level and analytically derive a
closed-form backfitting update for the corresponding
block coordinate descent algorithm.

• We evaluate our proposed method on synthetic data
and demonstrate superior performance compared with
several other causal discovery algorithms. Further, we
consider real world manufacturing data with partially
known causal ordering that allows us to partly assess
algorithmic performance.

The remainder of the paper is structured as follows. Sec-
tion 2 introduces the group ANM and establishes identifi-
ability results in the group setting. Next, in Section 3 we
describe the two phases of the GroupRESIT algorithm in-
cluding the development of MURGS for model selection.
Section 4 presents the results of our synthetic experiments,
and in Section 5 we apply our methods to real data from

industrial manufacturing. We conclude in Section 6.

2 METHODOLOGY

2.1 PREREQUISITES

Throughout, we use the term group to refer to a set of scalar
random variables that all belong to the same random vector.
For integer p we define [p] = {1, . . . , p}. Further, define
X = (X1, . . . ,Xp) as a tuple of p random vectors, where
each Xg = (X

(g)
1 , . . . , X

(g)
dg

) is a vector in Rdg , with dg ∈
N, for g ∈ [p]. We refer to Xg as the g-th group. Denote by
PX the joint distribution on Rd1 × · · · × Rdp . If it exists,
we denote the (joint) density of X by pX. Let G = (V,E)
be a directed acyclic graph (DAG) with vertex set V = [p]
and edges E ⊆ V × V . The vertex set indexes the set
of random vectors in X, and adopting the framework of
graphical models, we assume that PX factorizes according
to G as follows

PX(X) =

p∏

g=1

PXg
(Xg | XpaG(g)),

where paG(g) refers to the parents of node g in G. We refer
to Drton and Maathuis [2017] for more details on graphical
models.

We call j a parent of g if (j, g) ∈ E. Further, we denote the
set of non-descendants by ndG(g) = V \

(
{g} ∪ desc(g)

)

where the descendants of g are defined as descG(g) =
{w ∈ V : there exists a directed path from g to w}. When-
ever the graph is clear from the context we omit the subscript.
Note that the factorization agrees fully with the scalar case
as long as PX has a density with respect to some product
measure. We may also express the above model in terms of
structural equation models (SEM) in the grouped case:

Definition 1. Let X = (Xg)g∈[p] and N = (Ng)g∈[p]

be jointly distributed random vectors where Xg is dg-
dimensional and where Ng ⊥⊥ Nh for all g ̸= h. If there
exists a graph G0 on [p] and a sequence of vector-valued
functions F = (f1, . . . , fp) such that

Xg = fg(XpaG0
(g),Ng) (1)

for all g ∈ [p], then (X,N,F ,G0) is a grouped structural
equation model (GSEM).

In case all groups are one-dimensional, the GSEM is just a
standard SEM [Bollen, 1989]. Note that while Definition 1
requires the noise groups to be jointly independent, the
model explicitly allows for dependence within each group.

2.2 CAUSAL MODELS FOR GROUPED DATA

One can generally not identify the true underlying DAG
when given only observational data from the model in Defi-



nition 1 [see Peters et al., 2014, for an overview]. However,
as we will see, restricting the functional form of the right-
hand side in (1) to be additive in the noise vectors renders
the model identifiable.

Definition 2. Let (X,N,F ,G0) be a GSEM. If the functions
in F are additive in the noise term, i.e., if

Xg = fg(Xpa(g)) +Ng,

if Ng has a strictly positive density with respect to the
Lebesgue measure for all g ∈ [p], and if G0 is acyclic, then
(X,N,F ,G0) is a group additive noise model (GANM).

In Definition 1, the noise vectors Ng and the predictors
Xg are permitted to have different dimensions, whereas in
Definition 2 their dimensions must coincide. Moreover, the
graph underlying the SEM in Definition 1 is not required
to be acyclic, while acyclicity is assumed in Definition 2.
Figure 1 illustrates a GANM with three groups of varying
sizes. In addition to the implicit assumption of causal suffi-
ciency—i.e., that no latent variables are present due to the
joint independence of the noise terms—the framework for
GANMs also requires the notion of causal minimality.

Definition 3. Let (X,N,F ,G0) be a GANM. We say that
PX satisfies causal minimality if all functions in F are non-
constant in any of their arguments.

Suppose that the function class F ⊆ C3(Rdpa(g) ,Rdg ),
where dpa(g) =

∑
j∈pa(g) dj , consists of nonlinear func-

tions—more precisely, for each output coordinate k ∈ [dg]
and each input-dimension i ∈ [dpa(g)] there exists some x ∈
Rdpa(g) such that ∂2fk/∂x2i (x) ̸= 0 or ∂3fk/∂x3i (x) ̸= 0.
Then, under causal minimality, identifiability for the bivari-
ate scalar case has been established by Hoyer et al. [2008].
Consider a bivariate GANM where the two groups have
size 1 respectively, i.e.,

X1 = N1

X2 = f2(X1) +N2,
(2)

where X1 ⊥⊥ N2. Identifiability follows from observing
that a regression E[X2 | X1] = f2(X1) along the causal
direction leads to independence among the residuals and
the predictor X1. For general nonlinear functions f , the
regression in the anti-causal direction does not lead to inde-
pendence among the residuals and X2. Indeed, Hoyer et al.
[2008] derive a specific differential equation that the triple
(f2, PX1 , PN2) needs to satisfy for the backwards model to
exist. A similar differential equation can be obtained in the
bivariate group case.

Condition 1. The triple (fg, PXj
, PXg

) does not satisfy the

following differential equation:

Dxj
Hξ(xj)

[
(Dxjxj

π1(xj ,xg))
−1Dxjxg

π1(xj ,xg)
]

=Dxj
Dxjxg

π1(xj ,xg)−
[
Dxj

(
Hfg (xj)[∇ν(u)]

)

−Dxj

(
Jfg (xj)

⊤Hν(u)Jfg (xj)
)]

[
(Dxjxj

π1(xj ,xg))
−1Dxjxg

π1(xj ,xg)
]
,

(3)

where u := xg − fg(xj) and further ν := log pNg
, ξ :=

log pXj
, with arguments u,xj , respectively. Additionally,

π1(xj ,xg) := log pXj ,Xg
(xj ,xg) and

Dxjxj
π1(xj ,xg) = Hξ(xj)−Hfg (xj)[∇ν

(
u
)
]

+ Jfg (xj)
⊤Hν

(
u
)
Jfg (xj),

and Dxjxg
π1(xj ,xg) = −Jfg (xj)

⊤Hν

(
u
)
. J and H de-

note Jacobian and Hessian matrices or tensors, respectively.

Remark. Note that when Jfg (xj) is full rank and Hν(u) is
positive definite, we can fully isolate the third-order deriva-
tive tensor Dxj

Hξ(xj):

Dxj
Hξ(xj) = Dxj

(Dxjxg
π1)(Dxjxg

π1)
−1Dxjxj

π1

−
[
Dxj

(Hfg (xj)[∇ν(u)])

−Dxj
(Jfg (xj)

⊤Hν(u)Jfg (xj))
]
,

where we have suppressed the arguments xj and xg of π1.
Observe that Hξ(xj) enters only via the term Dxjxjπ1 on
the right hand side. In fact, this equation bears a direct re-
semblance to the scalar form derived by Hoyer et al. [2008],
highlighting that our result is a natural generalization of
the scalar case. In general, Eq. (3) describes a directional
projection of DxjHξ(xj) onto the directions defined by
the columns of the matrix (Dxjxjπ1)

−1Dxjxgπ1. The di-
mensions dxj and dxg determine the range of the resulting
tensor contraction. A detailed exploration of the role of
the group sizes and implications for the form of the triple
(fg, PXj

, PXg
) is deferred to future work.

Definition 4. Consider a bivariate GANM given by the
equations

Xj = Nj , Xg = fg(Xj) +Ng,

for {j, g} = {1, 2}. If the corresponding triple
(fg, PXj

, PXg
) satisfies Condition 1, we call this model

an identifiable bivariate GANM.

Theorem 2.1. Let PX be the joint distribution of X gener-
ated by an identifiable bivariate GANM (X,N,F ,G0) and
suppose that causal minimality holds. Then, the graph G0 is
identifiable from PX.

All proofs for this section are provided in Appendix A. As
demonstrated by Peters et al. [2014], extending the analysis



from two to multiple variables can be achieved by appropri-
ately constraining the involved distributions and functions
so that, locally, the problem reduces to the bivariate case.

Corollary 1. Let (X,N,F ,G0) be a GANM with p vari-
ables. Suppose that for each node g ∈ [p], each parent
j ∈ pa(g), and every set S satisfying

pa(g) \ {j} ⊆ S ⊆ nd(g) \ {g, j},

there exists a realization xS ∈ R|S| for which the condi-
tional distribution of XS has strictly positive density with
respect to the Lebesgue measure, and the triple

(
fg(xpa(g)\{j},xj), PXj ,Xg|XS=xS

, PXj

)

satisfies Condition 1. Here, the arguments xpa(g)\{j} are
held fixed, making the function fg(xpa(g)\{j},xj) depend
solely on xj .

Then the graph G0 is identifiable from the joint distribution
PX.

Clearly, fixing all arguments of fg except Xj also leads
to a bivariate GANM. Corollary 1 suggests that this is not
enough. Instead, we need to put restrictions on the condi-
tional distribution of Xj . The following result guides the
estimation strategy described in the ensuing section.

Lemma 2.2. Let (X,N,F ,G0) be a GSEM. For all S ⊆
ndG0

(g), we have Ng ⊥⊥ XS .

In particular, if g ∈ [p] is a sink node, i.e., a node without
any descendants, its non-descendants is the set of all other
nodes in G0. Thus, its corresponding noise vector Ng is
independent of all other variables X[p]\{g}.

3 GROUPED RESIT

In the context of ANMs, Peters et al. [2014] introduce the
Regression with Subsequent Independence Test (RESIT)
algorithm to learn the structure of the underlying DAG from
observational data. In what follows, we denote the under-
lying true DAG by G0. RESIT has two phases. The first
phase infers a causal order among the variables involved.
A permutation π : [p] → [p] is a valid causal order for a
DAG G if π(g) < π(j) for all g ∈ ndG(j). Motivated by
Lemma 2.2, the following steps are performed p− 1 times:

(i) Regress each variable on all others. Then measure in-
dependence between the corresponding residuals and
all other variables.

(ii) The variable that accounts for its least dependent resid-
ual is considered as a sink node and removed from the
set of variables.

The second phase seeks to select the best DAG among those
that agree with the causal order found in the first phase.
Several model selection techniques may be used for this
purpose. Peters et al. [2014] propose to greedily test away
edges that are present in the super-DAG associated with the
inferred causal order. The strategy we pursue involves sparse
model selection techniques to prune extraneous edges.

In our setting, we can apply the same two-phase procedure
to obtain a group DAG estimate of G0. Yet, all involved
estimation and testing procedures need to solve much harder
statistical problems. We propose solutions to the estimation
tasks in PHASE I and II (Algorithms 1 and 2).

3.1 LEARNING A CAUSAL ORDER

Algorithm 1: GroupRESIT algorithm PHASE I
Input :IID samples of p-many jointly distributed

random vectors (X1, . . . ,Xp).
Output :Learned causal order π.
Initialize :S := {1, . . . , p}, π := [·].
repeat

for g ∈ S do
(i) Regress Xg = (X

(g)
1 , . . . , X

(g)
dg

)

on {Xj}j∈S\{g}

(ii) Measure the independence between
the residuals Rg = (R

(g)
1 , . . . , R

(g)
dg

)

and the remaining groups {Xj}j∈S\{g}

end
Identify the group g∗ that accounts for its least
dependent residual
S := S \ {g∗}
π := [g∗, π]

until until S = ∅;

The first phase (Algorithm 1) consists of repeatedly solving
regression problems on progressively smaller predictor sets.
In each iteration, we train multi-output deep neural networks
ϕθ whose output layers are sized to match the number of
response variables in each group.

After training is completed, we compute the residuals
Rg = ϕθ(Xg)−Xg, and identify the group whose residuals
exhibit the weakest dependence on the remaining variables.
This group is then designated as a sink node and is subse-
quently removed from the set of variables.

We measure dependence via the HSIC [Gretton et al., 2005],
i.e., HSIC((Xj)j∈S\{g},Rg). When equipped with charac-
teristic kernels [Fukumizu et al., 2007], the HSIC equals
zero if and only if the random quantities involved are (uncon-
ditionally) independent. In particular, the HSIC is applicable
to random vectors of general dimension.
Remark. We emphasize that direct comparisons of HSIC



values are meaningful only when all models under consider-
ation share the same dimension and all involved quantities
are measured on an identical scale.

3.2 MURGS FOR MODEL SELECTION

Having obtained a causal order π, we construct a super-DAG
Gπ where nodes get assigned all of their predecessors in
the causal order as parents. Formally, the set of parents for
node j ∈ [p] in Gπ is paπ(j) = {g ∈ [p] : π(g) < π(j)}.
The goal of PHASE II is to find a not too large super-DAG
G of G0 with G ⊆ Gπ. We advocate to use sparse model
selection techniques for this procedure. To that end, we
tailor multi-task sparse additive models to the given setting.
The resulting model class is of independent interest as it
generalizes the sparse group lasso to the multi-task setting.
In this paper, we use a common design matrix across all
tasks rendering the models multi-response in nature.

In the original RESIT, Peters et al. [2014] propose to itera-
tively remove nodes from the potential parent set by greedily
cycling through the following steps. First, remove a poten-
tial parent node from the regression set and second, test
whether residuals are still independent and restore the node
in question if this is not the case. Thus, the significance
level of the test acts as a tuning parameter for the model
selection procedure. As pointed out in Peters et al. [2014],
such a procedure strongly depends on the order in which the
independence tests are carried out. Accordingly, type-one
errors lead to extraneous edges in the final DAG estimate.
Instead, we use feature selection via sparse additive models
to prune edges in Gπ .

Algorithm 2: GroupRESIT algorithm PHASE II
Input :π
Output :Learned DAG G
Initialize :paπ .
for j ∈ π do

• Use MURGS and regress Xj on {Xg}g∈paπ(j)

• Obtain the parent set
paG(j) := {g ∈ paπ(j) : f (k)j,g,h ̸= 0}

end

More explicitly, we are interested in the best sparse approxi-
mation of the regression function E[Xj | XpaGπ (j) = x] of
the form

E[X(j)
k | XpaGπ (j) = x] ≈

∑

g∈paGπ (j)

∑

h∈[dg]

f
(k)
j,g,h(x

(g)
h ),

for k ∈ [dj ]. The first index j identifies the node whose
incoming edges are subject to pruning. The second index
g corresponds to the parent groups, and the third index h
to the individual entries within each parent group. Finally,

Xg

X
(g)
1
...

X
(g)
h
...

X
(g)
dg

Y

Y (1)

...

Y (k)

...

Y (dj)

f
(k)
g

f
(k)
g,h

Figure 2: Overview of MURGS notation.

the superscript (k) selects the respective entry within the
response group. To facilitate feature selection, we introduce
a regularization functional that encourages a common spar-
sity pattern shared by both predictor and response group
elements.

Provided we have found such a functional we remove spuri-
ous edges among possible parents g ∈ paGπ (j) to obtain a
set of relevant edges

Eπ = {(g, j) : f (k)j,g,h ̸= 0,∀k ∈ [dj ] and h ∈ [dg]}.

Algorithm 2 summarizes the procedure.

3.3 SIMULTANEOUS SPARSE BACKFITTING

Before stating the problem more formally, we introduce
some relevant notation. If some random variable Z has a
distribution PZ , and f is a function of z, we denote its
L2(PZ) norm by ∥f∥2 :=

∫
Z f

2(z)dPZ = E[f2]. For an
n-dimensional vector ν = (ν1, . . . , νn) ∈ Rn we define
∥ν∥22 = 1

n

∑n
i=1 ν

2
i and ∥ν∥∞ = maxi∈[n]|νi|. Consider

the p-dimensional random vector Z = (Z1, . . . , Zp)
T . De-

note by Hi, i ∈ [p] the Hilbert subspace L2(PZi) of PZi-
measurable functions fi(zi) of the scalar variable Zi with
E[fi(zi)] = 0. Hence, Hi is equipped with the inner prod-
uct ⟨fi, gi⟩ = E[fi(Zi) · gi(Zi)]. Whenever a quantity is
estimated from a finite sample of size n, we denote this
estimate with a hat.

Furthermore, to ease notation in what follows, we take a
closer look at node j ∈ [p] and its parents paj := paGπ (j).
We define Y (k) := X

(j)
k such that we may drop the corre-

sponding subscripts, i.e. f (k)g,h := f
(k)
j,g,h. Further, we define

f (k)(x) =
∑

g∈paj

∑
h∈[dg ]

f
(k)
g,h(x

(g)
h ) for k ∈ [dj ]. De-

note by Lf(k)(x, y) = (y(k) − f (k)(x))2 the quadratic loss.

We often write f (k)g,h := f
(k)
g,h(X

(g)
h ). For group g ∈ paj , we

denote by f
(k)
g = (f

(k)
g,1 , . . . , f

(k)
g,dg

)T the vector of group

component functions and let ∥f (k)g ∥ =
√∑dg

h=1∥f
(k)
g,h∥2.

Figure 2 visualizes the notation.

The main objective is to perform feature selection among
groups of variables. We formulate a regularization scheme



to encourage joint functional sparsity. However, the compo-
nent functions are allowed to vary among response group
members and predictor groups while sharing a common
sparsity pattern. To achieve this, consider the following reg-
ularization functional

Φj(f) =
∑

g∈paj

√
dg max

k∈[dj ]
∥f (k)g ∥.

The functional Φj(f) combines the sum of sup-norms reg-
ularization with the functional version of the ℓ1/ℓ2 norms.
Similar to the group lasso [Yuan and Lin, 2006], the ℓ1/ℓ2
norm induces sparsity at the group level. In turn, the sup-
norm penalty encourages sparsity among the dj response
group components. A group of component functions across
k ∈ [dj ] is removed if and only if all involved smooth
functions are estimated to be zero. On the other hand, if a
component function group g is important with a positive
sup-norm for some response k, no additional penalty is im-
posed on the dj − 1 remaining ones. For feature selection
purposes, this is desirable as all function groups remain
in the model as long as the sup-norm is positive. This is
in contrast to imposing the sum of ℓ2 norms across the dj
responses which is often applied in multi-task settings [see
e.g. Argyriou et al., 2006, Liu et al., 2009b, Wang et al.,
2011, Li et al., 2020].

If the response is a scalar random variable, MURGS re-
duces to the group sparse additive model treated in Yin
et al. [2012]. In turn, if all groups g ∈ paj contain only sin-
gletons this model reduces to the sparse additive model
proposed by [Liu et al., 2007, Ravikumar et al., 2009].
If only the response variable is vector-valued and the re-
maining groups are singletons this model reduces to the
multi-response sparse additive model discussed by Liu et al.
[2008].

MURGS can be cast as a penalized M-estimator [Negahban
et al., 2012] through the following optimization problem

f̂ = min
f :f

(k)
g,h∈Hg,h

{
1

2n

∑

k∈[dj ],
i∈[n]

Lf(k)(xi, y
(k)
i ) + λΦj(f)

}

with λ > 0 a regularization parameter.

Block-Coordinate Descent Algorithm In order to solve
the optimization problem above, we employ a block-
coordinate descent algorithm [see e.g. Hastie et al., 2015].
First, we derive the population version of the estimation
problem. This leads to a range of sub-problems in each it-
eration that can be solved by means of a soft-thresholding
update. Similar solutions in multi-task scalar settings have
been found in the linear case as well as for sparse additive
models [Liu et al., 2009a, 2008]. As is common in back-
fitting algorithms, we obtain a finite sample version of the
algorithm by replacing the conditional expectations with
nonparametric smoothers.

Algorithm 3: SoftThresholding update for group j

Input :Partial residual R̂(k)
g for k ∈ [dj ], smoother

matrices {Sg,h : h ∈ [dg]}, and tuning
parameter λ.

Output : f̂ (k)g = (f̂
(k)
g,h)h∈[dg] for k ∈ [dj ].

Estimate PhR
(k)
g by smoothing: P̂ (k)

h = Sg,hR̂
(k)
g .

Estimate s(k)g = ∥QR(k)
g ∥ by:

ŝ
(k)
g =

(
1/n

∑
h∈[dg]

∥P̂ (k)
h ∥2

)1/2
.

if
∑

k∈K s
(k)
g ≤

√
dgλ then

Set f̂ (k)g = 0 for all k ∈ [dj ].
else

Order the indices according to

ŝ
(k1)
g ≥ ŝ(k2)

g ≥ · · · ≥ ŝ(kdj
)

g .
Set m∗ = argmaxm

1
m

(∑m∗

l=1 ŝ
(kl)
g −

√
dgλ
)

f̂
(ki)
g,h =





P̂
(ki)
h for i > m∗

1

m∗

[
m∗∑

l=1

ŝ(kl)
g −

√
dgλ

]
P̂

(ki)
h

ŝ
(ki)
g

o.w.

end
Center f̂ (k)g,h by subtracting its mean.

Consider the partial residual R
(k)
g = Y (k) −∑

g′ ̸=g

∑
h∈[dg′ ]

f
(k)
g′,h and assume that functions in

group g can be fixed. Then the optimization problem on the
population level cuts down to

fg = argmin
fg:f

(k)
g,h∈Hg,h

{
1

2
E
[ dj∑

k=1

(
R(k)

g −
∑

h∈[dg ]

f
(k)
g,h

)2]

+ λ
√
dg max

k∈[dj ]
∥f (k)g ∥

}
. (4)

Now, we are ready to state the population block update.

Theorem 3.1. Denote Ph = E[ · | X(g)
h ] the conditional ex-

pectation operator, Q = (Ph)h∈[dg] and s(k)g = ∥QR(k)
g ∥.

Assume that E[f (k)g,h′ | X(g)
h ] = 0 for all h′ ̸= h, i.e., the

covariance among the component functions within groups is
zero. Order the indices according to s(k1)

g ≥ s(k2)
g ≥ · · · ≥

s
(kdj

)
g . Then the solution to Eq. (4) has coordinate functions

given by
f
(ki)
g,h = P

(ki)
h R(ki)

g

if i > m∗ and by

f
(ki)
g,h =

1

m∗

[
m∗∑

l=1

s(kl)
g −

√
dgλ

]

+

P
(ki)
h R

(ki)
g

s
(ki)
g



if i ≤ m∗. Here, h ∈ [dg] and

m∗ = argmax
m∈[dj ]

1

m

(
m∑

l=1

s(kl)
g −

√
dgλ

)
,

with [ · ]+ denoting the positive part function.

The proof involves calculus of variations in Hilbert spaces
and is given in Appendix B. The zero covariance assump-
tion is crucial to obtain a closed form update [see Foygel
and Drton, 2010]. However, for feature selection we are
primarily interested in the case where the sup-norm sub-
differential evaluated at (∥f (1)g ∥, . . . , ∥f (dj)

g ∥)T is the zero
vector. It turns out that the condition for this case holds in
general without any assumptions on the conditional expec-
tation. The following result makes this explicit:

Proposition 1. ∥f (k)g ∥ = 0 for all k ∈ [dj ] if and only if∑dj

k=1∥QR
(k)
g ∥ ≤ λ

√
dg .

Once the stationary condition is derived, the proof to the
proposition is straight-forward and can also be found in
Appendix B. Based on Theorem 3.1, Algorithms 3 and 4
detail the backfitting algorithm for MURGS in the finite
sample setting. We choose the regularization parameter λ

Algorithm 4: Backfitting algorithm

Input :Data X = {Xg ∈ Rn×dg : g ∈ paj},
Y ∈ Rn×dj , regularization parameter λ.

Output :Fitted functions
f̂ = (f̂

(k)
g,h)g∈paj ,h∈[dg ],k∈[dj ].

Initialize : f̂ = 0 pre-compute the smoother matrices
{Sg,h ∈ Rn×n : h ∈ dg, g ∈ paj}.

for g ∈ paj until convergence do
(i) Update partial residual

R̂
(k)
g = Y (k) −∑g′ ̸=g

∑
h∈[dg′ ]

f̂
(k)
g′,h

(ii) f̂
(k)
g ← SoftThresholding(R̂(k)

g , Sg,:, λ)

end

by the generalized cross validation (GCV) criterion from
Liu et al. [2007] and adapted to the multi-response setting
by Liu et al. [2008]. In the multi-response case, the GCV
criterion is given by

GCV(λ) =
1

n

n∑

i=1

∑dj

k=1 Lf̂(k)(xi, y
(k)
i )

(n2d2j − (ndj)df(λ))2
,

where df(λ) = dj
∑

g∈di
νgI(

∑dj

k=1∥f
(k)
g ∥ ≠ 0) and νg =∑

h∈[dg]
tr(Sg,h) denotes the effective degrees of freedom

for the local linear smoother Sg,h.
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Figure 3: Performance of the algorithms under varying di-
mensions of the GANM.

4 EXPERIMENTS

Setup In this section we assess and compare the perfor-
mance of GroupRESIT with MURGS (GRESIT-MURGS),
GroupRESIT with greedy independence testing (GRESIT-
IND), a grouped version of the PC algorithm [Spirtes
et al., 1993] (GPC) and a grouped version of GraN-
DAG [Lachapelle et al., 2020] (GGraN-DAG). Furthermore,
we report a baseline algorithm that picks a causal order at
random and subsequently applies MURGS (GRandReg). Im-
plementation details—including our modifications to the PC
algorithm and GraN-DAG to accommodate the group set-
ting, along with a description of the metrics, synthetic data,
and a table of hyperparameters—are provided in Section C.

Results Results from our experiments are shown in Fig-
ures 3 and 4. All metrics are averaged over 20 independent
simulation runs. Synthetic data is generated from GANMs
where nonlinear functions are generated from weighted
sums of Gaussian processes.

Focusing on AAID, Figure 3 illustrates the algorithms’ per-
formance across a range of node sizes p, sample sizes n and
group sizes dj . Across all settings, GRESIT-MURGS con-
sistently outperforms GGraN-DAG, although it too exhibits
challenges when applied to very large graphs with limited
sample sizes. The performance difference between GRESIT-
MURGS and GGraN-DAG is particularly pronounced when
the group size is varied. Indeed, GRESIT-MURGS retains
its good performance across different group sizes.

In Figure 4, we present a comparison across all considered
metrics for two fixed choices of p, dg, and n. The first row
displays classification metrics, where higher values indicate
better performance, while the second row shows graph dis-
tances, where lower values indicate more accurate graph
recovery. In every case, GRESIT-MURGS outperforms the
other methods. Notably, GPC deteriorates as the group size
increases, and GGraN-DAG suffers similarly, albeit to a
lesser extent. Regarding graph distances, the AAID metric
is particularly informative, as it reflects the quality of the
estimated causal order; here, both GroupRESIT procedures
exhibit a clear advantage. In contrast, the pruning phase in
GRESIT-IND proves ineffective, as evidenced by high SHD.

Overall, the combination of flexible neural networks and
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Figure 4: Simulation results based on 20 repetitions.

nonparametric independence tests proves highly effective in
estimating a causal order, provided that the sample size is
sufficiently large. Moreover, MURGS demonstrates a robust
capability for feature selection even in the presence of large
group sizes and numerous candidate parents.

5 REAL MANUFACTURING DATA
APPLICATION

We use real-world data from a highly automated produc-
tion line. Each unit travels along a conveyor belt and
passes through several process cells C1, . . . , C6 (see Fig-
ure 5). In each cell, various automated manufacturing pro-
cesses—such as staking, welding, etc.—are performed. For
example, cell C1 executes ten distinct tasks, whereas cell
C4 performs only two. For every process, a set of physical
measurements is extracted and recorded, denoted by Xi for
cell Ci. Their dimensionality range from one to 13. In a
staking process, for instance, measurements like the press-
in force and the maximum attained force are obtained to
ensure production quality. These individual process mea-
surements form the causal groups of interest. We observe
19 groups, which together comprise 121 features. The full
dataset contains approximately 35, 000 parts, of which we
randomly sample 5, 000 for computational tractability. Ac-
cess to complete causal ground truth in real-world applica-
tions is typically prohibitive or unattainable [Göbler et al.,
2024]. However, in production lines, partial causal ordering
is available through domain knowledge due to the sequential
nature of unit flow: processes in cellCi can affect only those
in cell Cj with i ≤ j. Thus, we can partially assess learned
graphs by their edge orientation.

Figure 5 shows edges learned by GRESIT-MURGS. Notably,
only one edge conflicts with the cell-implied partial order.
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Figure 5: Learned causal edges from the real-world dataset
using GRESIT-MURGS

.

Conversely, GPC yields many undirected edges and two
directed edges, one violating the cell arrangement, while
GGraN-DAG identifies just two edges in cell C3. Lastly, ap-
plying GroupDirectLiNGAMEntner and Hoyer [2012] with
MURGS pruning (SectionC.3) results exclusively in edges
violating the partial ordering (see Section D). Thus, GRESIT-
MURGS produces the most meaningful causal structure in
this setting.

6 CONCLUSIONS

In this work, we develop methodology and procedures
for nonlinear causal discovery for grouped data. Build-
ing upon the RESIT algorithm introduced by Peters et al.
[2014], we propose MURGS, a pruning procedure to per-
form model selection after a causal order has been learned.
We derive a closed-form backfitting update within a block
coordinate descent framework. Extensive experiments on
synthetic data demonstrate that GRESIT combined with
MURGS achieves superior performance, clearly outperform-
ing other state-of-the-art causal discovery algorithms. More-



over, evaluation on real-world manufacturing data with par-
tially known causal structure further substantiates the prac-
tical applicability of our method. We have implemented
all methods presented in this paper in a Python library,
which is publicly available at https://github.com/
boschresearch/gresit.

The current limitations of our work include the assumptions
on nonlinearity and differentiability imposed on the func-
tion class F . Next to rather standard assumptions (acyclicity
and i.i.d. data) we assume the absence of unobserved con-
founding. Addressing these limitations presents promising
directions for future work.

Overall, our contributions offer a flexible framework for
causal discovery in grouped data under the GANM, lay-
ing the groundwork for both theoretical developments and
practical applications in complex real-world systems.
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A PROOFS OF IDENTIFIABILITY

A.1 PROOF OF THEOREM 2.1

Proof. If G0 is the empty graph we have X1 ⊥⊥ X2. If
the graph is not empty, and we have X1 ⊥⊥ X2 causal
minimality is violated. Hence, we assume that the graph
is not empty and X1 ̸⊥⊥ X2. The joint density has the
following form

pX1,X2
(x1,x2) = pX1

(x1)pN2
(x2 − f2(x1)).

Let us assume G0 is not identifiable from PX alone, i.e.,
there must exist a backward model of the same form

pX1,X2
(x1,x2) = pX2

(x2)pN1
(x1 − f1(x2)).

Define

π1(x1,x2) := ν(x2 − f2(x1)) + ξ(x1) (5)

and
π2(x1,x2) := ν̃(x1 − f1(x2)) + η(x2), (6)

where ν̃ := log pN1 and η := log pX2 . Clearly, we have that
π1(x1,x2) = π2(x1,x2) = log pX1,X2(x1,x2).

Considering first the backwards model (Eq. (6)) we derive
the gradient∇x1π2(x1,x2) with respect to x, i.e.,

∇x1
π2(x1,x2) = ∇ν̃(u), (7)

where ũ := ũ(x1,x2) := x1 − f1(x2). Then, the second
derivatives take the following form

Dx1x2
π2(x1,x2) = −Jf1(X2)

⊤Hν̃(ũ), (8)

and
Dx1x1π2(x1,x2) = Hν̃(ũ), (9)

with Jacobian Jf1 ∈ Rdx1
×dx2 and Hessian Hν̃ ∈

Rdx1×dx1 . Since we have assumed that f1 and f2 are three

times continuously differentiable the Hessian is symmetric
(Schwarz’s theorem) and invertible such that

Q2(x1,x2) := (Dxxπ2(x1,x2))
−1

(Dx1x2
π2(x1,x2))

⊤

= Hν̃(ũ)
−1(−Jf1(x2)

⊤Hν̃(ũ))
⊤

= −Jf1(x2),

which does not depend on x1.

Now, we repeat the above steps for Eq. (5), i.e.,

∇x1π1(x1,x2) = −Jf2(x1)
⊤∇ν

(
u
)
+∇ξ(x1), (10)

and
Dx1x2

π1(x1,x2) = −Jf2(x1)
⊤Hν

(
u
)
, (11)

where Jf2(x1) ∈ Rdx2
×dx1 , ∇ξ(x1) ∈ Rdx1 , and

Hν

(
u
)
∈ Rdx2

×dx2 . Finally,

Dx1x1
π1(x1,x2) = Hξ(x1)−Hf2(x1)[∇ν

(
u
)
] (12)

+ Jf2(x1)
⊤Hν

(
u
)
Jf2(x1), (13)

where Hξ(x1) ∈ Rdx1
×dx1 and the Hessian Hf2 ∈

Rdx2×dx1×dx1 is a third-order tensor such that the contrac-
tion with the vector∇ν

(
u
)

may be written as Hf2 [∇ν
(
u
)
],

i.e.

(
Hf2 [∇ν

(
u
)
]
)
ik

=

dx2∑

j=1

∂2fj(x1)

∂x1i∂x1k

[
∇ν
(
u
)]

j
.

We find

Q1(x1,x2) := (Dx1x1π1(x1,x2))
−1(Dx1x2π1(x1,x2))

=

[
Hξ(x1)−Hf2(x1)[∇ν(u)]

+ Jf2(x1)
⊤Hν

(
u
)
Jf2(x1)

]−1

[−Jf2(x1)
⊤Hν(u)].

Recall that Q2(x1,x2) = Q2(x2) is essentially a function
only of x2 such that Dx1

Q2(x1,x2) = 0 ∈ Rdx1×dx1×dx2 .



Since Q1(x1,x2) = Q2(x1,x2), taking the derivative with
respect to x1 yields

Dx1
Q1(x1,x2) = Dx1

[
(Dx1x1

π1(x1,x2))
−1

(Dx1x2
π1(x1,x2))

]

= 0 ∈ Rdx1×dx1×dx2 .

Note that each slice ∂Q1(x1,x2)/∂x1k is matrix-valued,
and dx1-many such slices exist. Thus, we apply the prod-
uct rule component-wise for each slice of the tensor and
subsequently stack them together, i.e.

Dx1Q1(x1,x2) = Dx1(Dx1x1π1(x1,x2)
−1)

Dx1x2π1(x1,x2)

+ (Dx1x1
π1(x1,x2))

−1

Dx1
(Dx1x2

π1(x1,x2)).

Using the identity

Dx1(A)−1 = −(A)−1Dx1A(A)−1,

where A := A(x1,x2) ∈ Rdx1
×dx1 . Therefore, we obtain

− (Dx1x1
π1)

−1Dx1
(Dx1x1

π1)(Dx1x1
π1)

−1Dx1x2
π1

= −(Dx1x1
π1)

−1Dx1
(Dx1x2

π1),

where we drop the arguments of π1(x1,x2), i.e., π1 :=
π1(x1,x2) to improve readability. Making sure that all of
the matrix-tensor products act on the appropriate indices of
the tensors, the expression simplifies to

Dx1
(Dx1x1

π1)(Dx1x1
π1)

−1Dx1x2
π1 = Dx1

(Dx1x2
π1).

Note that only Dx1
(Dx1x1

π1) contains third order deriva-
tives of the log marginal ξ. Let us state this more explicitly.

Dx1
(Dx1x1

π1) = Dx1

[
Hξ(x1)−Hf2(x1)[∇ν(u)]

+ Jf2(x1)
⊤Hν(u)Jf2(x1)

]

= Dx1
Hξ(x1)−Dx1

(Hf2(x1)[∇ν(u)])
+Dx1(Jf2(x1)

⊤Hν(u)Jf2(x1)).

And finally we have

Dx1
Hξ(x1)(Dx1x1

π1)
−1Dx1x2

π1

=Dx1
Dx1x2

π1

[
Dx1

(
Hf2(x1)[∇ν(u)]

)

−Dx1

(
Jf2(x1)

⊤Hν(u)Jf2(x1)
)]

(Dx1x1π1)
−1Dx1x2π1

(14)

where the remaining second order derivatives of the log
marginal ξ are contained in the expression for Dx1x1

π1.
This contradicts the assumption that PX is generated from a
identifiable bivariate GANM.

A.2 PROOF OF COROLLARY 1

Proof. Suppose there are two identifiable GANMs that both
induce the distribution PX with DAGs G0 and G′0, respec-
tively. For any two groups XQ,XR that satisfy Proposition
29 in Peters et al. [2014] we consider the set of parents
without R in G0, i.e, paQ := paG0

(Q) \ R and the set of
parents without Q in G′0, i.e, paR := paG′

0
(R) \Q. Denote

their union by S := paQ∪paR. For any s = (q, r) we write
X∗

Q = XQ |S=s and X∗
R = XR |R=r. From Lemma 2.2,

we have that NQ ⊥⊥ XR,XS and NR ⊥⊥ XQ,XS . Thus,
by Lemma 2 in Peters et al. [2011], we have the following
bivariate GANM in G0

X∗
Q = fQ(Xq,X

∗
R) +NQ, NQ ⊥⊥ X∗

R,

and in G′0

X∗
R = fR(Xr,X

∗
Q) +NR, NR ⊥⊥ X∗

Q,

However this is a contradiction since in Corollary 1 we
can choose any s = (q, r) that ensures that the bivariate
GANMs are identifiable.

A.3 PROOF OF LEMMA 2.2

Proof. Write S = (S1, . . . , Sk) such that S =
(fS1

(Xpa(S1),NS1
), . . . , fSk

(Xpa(Sk),NSk
)). It takes

finitely many steps to recursively substitute the parents of
Si, i ∈ [k] by the corresponding structural equation such
that S = f(NA1

, . . . ,NAl
) with {A1, . . . , Al} the set of

all ancestors of nodes in S that do not contain the node g.
The statement follows from the joint independence of the
noise variables across groups.

B PROOF OF BACKFITTING UPDATE

Lemma B.1. The stationary condition of Problem (4) with
respect to fg is given by

f
(k)
g,h+

∑

h′∈[dg]:h′ ̸=h

Phf
(k)
g,h′−PhR

(k)
g +λ

√
dgu

(k)v
(k)
h = 0,

(15)
for all h ∈ [dg] where u(k) are scalars and v

(k)
g =

(v
(k)
h )h∈[dg] is a vector of measurable functions of X(g)

h ,
with

(u(1), . . . , u(dj))T ∈ ∂∥·∥∞|
(∥f (1)g ∥,...,∥f (dj)g ∥)T , (16)

and
v(k)
g ∈ ∂∥f (k)g ∥, (17)

for k = 1, . . . dj . The subdifferential of the sup-norm eval-
uated at (∥f (1)g ∥, . . . , ∥f (dj)

g ∥)T lies in the dj-dimensional
Euclidean space.



Proof. Since both the loss function and the regularization
term are convex, the solution to the objective function in
(4) can be characterized by the Karush-Kuhn-Tucker condi-
tions. We investigate the subdifferential for the loss and the
regularization term separately. For readability, we omit the
argument of the component function when it is clear from
the context. Starting with the loss function we define

L(f (k)g ) :=
1

2
E




dj∑

k=1

(
R(k)

g −
∑

h∈[dg ]

f
(k)
g,h

)2

 .

Consider a perturbation of L(f (k)g ) along the direction

ψ(k)
g =

(
ψ
(k)
g,h ∈ H

(k)
g,h

)
h∈[dg ]

such that

lim
τ→0

L(f
(k)
g + τψ

(k)
g )− L(f (k)g )

τ

=
∑

h∈[dg ]

E
[
(
∑

h′∈[dg ]

f
(k)
g,h′ −R(k)

g )ψ
(k)
g,h

]

=
∑

h∈[dg ]

E

[
E
[ ∑

h′∈[dg]

f
(k)
g,h′ −R(k)

g | X(g)
h

]
ψ
(k)
g,h

]

=
∑

h∈[dg ]

〈
E
[ ∑

h′∈[dg ]

f
(k)
g,h′ −R(k)

g | X(g)
h

]
, ψ

(k)
g,h

〉
.

The second equation follows from the law of iterated expec-
tation and the third from expressing the resulting expectation
as an inner product in the Hilbert spaceH(k)

g,h. The gradient

of L(f (k)g ) is

∇L(f (k)g ) =


E
[ ∑

h′∈[dg ]

f
(k)
g,h′ −R(k)

g | X(g)
h

]


h∈[dg]

.

The subdifferential of Φdj
group(f) is given by

∂Φ
dj
group(f) = λ

√
dguhkvhk, ∀h ∈ [dg],

where (uh1, . . . , uhdj )
T ∈ ∂∥·∥∞|

(∥f (1)g ∥,...,∥f (dj)g ∥)T and

vhk ∈ ∂∥f (k)g ∥.

Isolating f (k)g,h(X
(g)
h ) = E[f (k)g,h(X

(g)
h ) | X(g)

h ] and using

the conditional expectation operator E[ · | X(g)
h ] for the

remaining terms yields the expression for the stationary
condition.

The following two Lemmas characterize the subdifferential
of sup-norms (Lemma B.2, proof is provided in [Rockafellar
and Wets, 1998, Chapter 8]) and that of the Euclidean norm
(Lemma B.3).

Lemma B.2. The subdifferential of ∥·∥∞ in Rdj is

∂∥·∥∞|x =

{
{η : ∥η∥1 ≤ 1} if x = 0

conv{sign(xk)ek : |xk| = ∥x∥∞} o.w.,
(18)

where conv(A) denotes the convex hull of set A and ek is
the kth canonical unit vector in Rdj .

Lemma B.3. The subdifferential of ∥fg∥ is

∂∥fg∥ =
{
{fj/∥fg∥}j∈g if ∥fg∥ ≠ 0

{vg : ∥vg∥ ≤ 1} if ∥fg∥ = 0
(19)

The proof proceeds by considering three cases for the sup-
norm subdifferential evaluated at (∥f (1)g ∥, . . . , ∥f (dj)

g ∥)T :
(1) ∥f (k)g ∥ = 0 for all k = 1, . . . , dj ; (2) there exists a
unique k, such that ∥f (k)g ∥ = maxk′=1,...,dj

∥f (k
′)

g ∥; (3)
There exist at least two k ̸= k′, such that ∥f (k)g ∥ =

∥f (k
′)

g ∥ = maxm=1,...,dj
∥f (m)

g ∥
We begin with the proof of Proposition 1, i.e., the case where∑dj

k=1∥QR
(k)
g ∥ ≤ λ

√
dg and show that ∥f (k)g ∥ = 0 must

be a solution.

Proof. From Lemma B.1 we know that if ∥f (k)g ∥ = 0 then
∥u∥1 ≤ 1 and ∥v(k)

g ∥ ≤ 1. It follows that

PhR
(k)
g = λ

√
dgu

(k)v
(k)
h

dj∑

k=1

√ ∑

h∈[dg ]

E[(PhR
(k)
g )2] ≤ λ

√
dg.

On the other hand, we also know from Lemma B.1
that ∥f (k)g ∥ = 0 if and only if ∃u(1), . . . , u(dj) such
that

∑dj

k=1|u|(k) ≤ 1 and ∃v(k)1 , . . . , v
(k)
dg

such that√∑dg

h=1(v
2
h)

(k) ≤ 1 and

λ
√
dgu

(k)v
(k)
h = PhR

(k)
g .

Then, if
∑dj

k=1∥QR
(k)
g ∥ ≤ λ

√
dg, choosing u(k) and

v
(k)
h as above guarantees that

∑dj

k=1|u|(k) ≤ 1 and∑dj

k=1|u|(k) ≤ 1, therefore ∥f (k)g ∥ = 0.

If we continue to allow the within-group covariances to be
nonzero, we obtain the following known result.

Lemma B.4. Consider the case where there exists a unique
k at which the sup-norm is attained. Then the group SpAM
by [Yin et al., 2012] is recovered.

Proof. Note that we must have that
∑dj

k=1∥QR
(k)
g ∥ >

λ
√
dg otherwise all f (k)g,h = 0,∀h ∈ [dg], k ∈ [dj ].



Denote k1 ∈ [dj ] the unique k that attains the sup-
norm, then ∥f (k1)

g ∥ > ∥f (k)g ∥ for all k ̸= k1. Con-
sequently, the subdifferential of the sup-norm becomes
∂∥·∥∞|

(∥f (1)g ∥,...,∥f (dj)g ∥)T = ek1
, the k1-th canonical vec-

tor in Rdj . Hence, from Lemma B.1 we have that

PhR
(k)
g −

(
f
(k)
g,h +

∑

h′∈[dg]:h′ ̸=h

Phf
(k)
g,h′

)

= λ
√
dg

f
(k)
g,h

∥f (k)g ∥
1{k=k1}. (20)

If k ̸= k1 then Equation (20) implies

f (k)g = I−1QR(k)
g ,

where

I =




1 P1 · · · P1

P2 1 · · · P2

...
...

. . .
...

Pdg
Pdg

· · · 1




On the other hand, if k = k1, we have

QR(k1)
g − If (k1)

g = λ
√
dg

f
(k1)
g

∥f (k1)
g ∥[

I + λ
√
dg

∥f (k1)
g ∥

Idg

]
f (k1)
g = QR(k1)

g ,

from which we obtain the group SpAM result discussed by
Yin et al. [2012], i.e.,

f (k1)
g =

[
I + λ

√
dg

∥f (k1)
g ∥

Idg

]−1

QR(k1)
g .

For the remainder of the backfitting update derivation, as-
sume that

Phf
(k)
g,h′ = E[f (k)g,h′ | X(g)

h ] = 0, ∀h′ ̸= h.

This implies that the covariance of the within-group compo-
nent functions is zero, i.e.,

Cov(f
(k)
g,h , f

(k)
g,h′) = E[f (k)g,hf

(k)
g,h′ ]

= E[f (k)g,hE[f
(k)
g,h′ | X(g)

h ]]

= 0.

Under this assumption, the stationary condition in
Lemma B.1 simplifies to

f
(k)
g,h − PhR

(k)
g + λ

√
dgu

(k)v
(k)
h = 0.

Suppose k1 ∈ [dj ] is the unique k that attains the sup-norm
(case 2). Then, we have the simplified expression

f
(k)
g,h = P

(k)
h R(k)

g , ∀k ̸= k1 (21)

On the other hand, if k = k1, the expression simplifies to

f
(k1)
g,h − P

(k1)
h R(k1)

g = λ
√
dg

f
(k1)
g,h

∥f (k1)
g ∥

f
(k1)
g,h

[
1 +

λ
√
dg

∥f (k1)
g ∥

]
= P

(k1)
h R(k1)

g

f
(k1)
g,h =

[
1 +

λ
√
dg

∥f (k1)
g ∥

]−1

P
(k1)
h R(k1)

g .

Taking the L2-norm on both sides yields

√ ∑

h∈[dg ]

E[(f (k1)
g,h )2] = ∥f (k1)

g ∥

=

[
1 +

λ
√
dg

∥f (k1)
g ∥

]−1

∥QR(k1)
g ∥.

Solving for ∥f (k1)
g ∥ gives us the following identity

∥f (k1)
g ∥ = ∥QR(k1)

g ∥ − λ
√
dg.

Plugging into the simplified update for above finally yields

f
(k1)
g,h =

[
1 +

λ
√
dg

∥f (k1)
g ∥

]−1

P
(k1)
h R(k1)

g

=

[
1 +

λ
√
dg

∥QR(k1)
g ∥ − λ

√
dg

]−1

P
(k1)
h R(k1)

g

=

[
1− λ

√
dg

∥QR(k1)
g ∥

]
P

(k1)
h R(k1)

g

=
[
∥QR(k1)

g ∥ − λ
√
dg

] P (k1)
h R

(k1)
g

∥QR(k1)
g ∥

for all h ∈ [dg].

In the case where m > 1 entries ∥f (k1)
g ∥, . . . , ∥f (km)

g ∥
achieve the sup-norm also simplifies, i.e., for all i ∈ [m] we
have

P
(ki)
h R(ki)

g = λ
√
dgai

f
(ki)
g,h

∥f (ki)
g ∥

+ f
(ki)
g,h .

Recall that ∥f (k1)
g ∥ = · · · = ∥f (km)

g ∥ and taking the L2



norm on both sides as well as summing over all m yields

m∑

i=1

∥QR(ki)
g ∥ =

m∑

i=1

∥
[
λ
√
dgai

∥f (km)
g ∥

+ 1

]
f
(ki)
g,h ∥

=
m∑

i=1

[
λ
√
dgai

∥f (km)
g ∥

+ 1

]
∥f (km)

g ∥

=

[
λ
√
dg

∥f (km)
g ∥

m∑

i=1

ai +m

]
∥f (km)

g ∥

= λ
√
dg +m∥f (km)

g ∥.

Isolating ∥f (km)
g ∥ gives us the following identity

∥f (km)
g ∥ = 1

m

[
m∑

i=1

∥QR(ki)
g ∥ − λ

√
dg

]
∀m ∈ [m].

Plugging this into the simplified update for case (3) yields

f
(km)
g,h =

[
1 +

λ
√
dg

∥f (km)
g ∥

]−1

PhR
(km)
g =

[
1 +

λ
√
dg

1
m

[∑m
i=1∥QR

(ki)
g ∥ − λ

√
dg

]
]−1

PhR
(km)
g .

After a few algebraic manipulations, we obtain

f
(km)
g,h =

1

m

[
m∑

i=1

s(ki)
g − λ

√
dg

]
PhR

(km)
g

s
(km)
g

,

where s(km)
g = ∥QR(km)

g ∥ for all m ∈ [m].

Now that we have the update for case (3), we still need to
find the exact condition that the sup-norm is attained. This
condition is given in Lemma B.5. The arguments follow a
similar logic to Fornasier and Rauhut [2008].

Lemma B.5. For some m > 1 precisely m en-
tries ∥f (k1)

g ∥, . . . , ∥f (km)
g ∥ attain the sup-norm

maxk=1,...,dj∥f (k)g ∥ if and only if

s(km)
g ≥ 1

m− 1

[
m−1∑

i=1

s(ki)
g − λ

√
dg

]

and

s(km+1)
g <

1

m

[
m∑

i=1

s(ki)
g − λ

√
dg

]
.

Proof. Assume exactly m entries ∥f (k1)
g ∥, . . . , ∥f (km)

g ∥ at-
tain the sup-norm. Then, for all m ∈ [m] we have

f
(km)
g,h =

1

m

[
m∑

i=1

s(ki)
g − λ

√
dg

]
PhR

(km)
g

s
(km)
g

.

By Lemmas B.1 and B.2 we know that

P
(ki)
h R(ki)

g = λ
√
dgai

f
(ki)
g,h

∥f (ki)
g ∥

+ f
(ki)
g,h ∀i ∈ [m].

Isolating ai after taking the L2 norm on both sides we obtain

ai =
∥QR(ki)

g ∥ − ∥f (ki)
g ∥

λ
√
dg

∀i ∈ [m].

Plugging the identity for ∥f (km)
g ∥ into am and since am ≥ 0

we obtain

∥QR(km)
g ∥ ≥ 1

m− 1

[
m−1∑

i=1

∥QR(ki)
g ∥ − λ

√
dg

]
.

Since ∥f (km)
g ∥ > ∥f (km+1)

g ∥ we must have that from
Eq. (21) ∥QR(km+1)

g ∥ = ∥f (km+1)
g ∥ < ∥f (km)

g ∥ =
1
m

[∑m
i=1∥QR

(ki)
g ∥ − λ

√
dg

]
.

On the other hand, assuming that exactly l ̸= m entries
∥f (k1)

g ∥, . . . , ∥f (kl)
g ∥ attain the sup-norm, then following the

same steps as above leads to contradiction.

From Lemma B.5 we conclude that there exist exactly m∗

entries that attain the sup-norm if and only if

m∗ = argmax
m

1

m

[
m∑

i=1

∥QR(ki)
g ∥ − λ

√
dg

]
.

This concludes the proof of Theorem 3.1.

C SIMULATION DETAILS

We have developed a Python library that implements all
the methodologies presented in this work, including our
simulation study. This library is available under the follow-
ing link https://github.com/boschresearch/
gresit.

C.1 SYNTHETIC DATA GENERATION

Synthetic data used throughout the experiments is gen-
erated from GANMs (Definition 2) with varying dimen-
sion and group size. First, we construct the ground truth
causal graph using the Erdös-Rényi model [Erdös and Rényi,
2011] with sparsity level set proportional to the number of
nodes. In order to set up the nonlinear link functions fg,
we follow a strategy similar to previous work on scalar
ANMs [Lachapelle et al., 2020, Uemura et al., 2022, Rol-
land et al., 2022]. We sample fg from randomly weighted
sums of Gaussian processes.

Additive noise is generated from multivariate Log-Normal
distributions. First, multivariate Gaussians are generated



where mean vector entries and off-diagonal entries in the co-
variance matrix are sampled uniformly from the [−0.8, 0.8]
interval. Then the exponential is taken component-wise.
While propagating through the graph, we adjust the scales
of the variables in each equation to a signal-to-noise ratio of
two. To reduce the risk of involuntary design patterns that
might be picked up by the algorithms we employ [Reisach
et al., 2021], data is always standardized.

C.2 METRICS

Evaluating causal graphs is a difficult task as the mere num-
ber of dissimilar edges between learned and the ground truth
graph does not necessarily reflect how the graphs differ in
their capability to answer causal queries. This fact is exacer-
bated by the problem that not all causal discovery algorithms
return the same graphical object. Different causal assump-
tions posed by the corresponding routines lead to different
types of causal graphs. Consequently, we report a number
of evaluation metrics in order to capture strengths and weak-
nesses of the routines employed across a wide spectrum of
tasks. Next to metrics that quantify edge recovery, we report
recently proposed [Henckel et al., 2024] graph distances
that count the number of wrongly inferred causal effects,
determined by different identification strategies, when using
the learned rather than the true DAG.

Precision, Recall and F1 score

We start with binary classification metrics that are prominent
in the machine learning literature. Put in a graphical context,
Precision refers to the fraction of correctly determined edges
among all identified edges. Recall, sets correctly identified
edges in relation to all edges present in the ground truth.
The F1 score is the harmonic mean of Precision and Recall,
i.e. F1 = 2 · Precision · Recall/(Precision + Recall).

Structural Hamming Distance (SHD)

The SHD counts the number of differing edges between to
graphs.

Structural Interventional Distance (SID) [Peters and
Bühlmann, 2015]:

The SID counts the number of incorrectly inferred interven-
tional distributions from the learned graph when compared
to the ground truth. For DAGs, this equates to counting par-
ent sets in the learned DAG that are not valid adjustment
sets in the ground truth DAG.

Ancestor Adjustment Identification Distance
(AAID) [Henckel et al., 2024]

While parent adjustment is a valid adjustment strategy, there
exist statistically more efficient adjustment sets. Based on
this observation, Henckel et al. [2024] generalize the idea of
the SID and present identification distances that count the
number of incorrect identification formulas that arise when

using some identification strategy. The SID then arises when
parent adjustment is chosen as the identification strategy.
However, SID may produce surprisingly large quantities
when comparing two DAGs that have the same causal order.
Choosing ancestor rather than parent adjustment leads to an
adjustment strategy that returns a zero whenever estimated
and ground truth DAG agree in terms of their causal orders.

Order Adjustment Identification Distance (OAID) [Henckel
et al., 2024]

In order to emphasize the role played by the pruning step,
we also provide a DAG to order distance. OAID arises when
comparing the super-DAG Gπ and the ground truth G0 in
terms of their AAID. Consequently, OAID counts the num-
ber of incorrect identification formulas derived from the
estimated causal order π.

C.3 ALGORITHMS

We employ the following causal discovery algorithms in our
experiments.

GroupRESIT

Owing to the modular design of GroupRESIT, one may,
in principle, combine various pairs of multi-response re-
gression methods and vector independence tests in the
first phase. To ensure broad applicability, we employ neu-
ral networks—specifically, multilayer perceptrons (MLPs)
with hyperbolic tangent activation functions and early stop-
ping—for the multi-response regression. We use the mean
squared error (MSE) loss, which yielded better performance
than the HSIC loss [Mooij et al., 2009, Greenfeld and Shalit,
2020]. For the subsequent independence test, we apply the
empirical HSIC [Gretton et al., 2005] with Gaussian RBF
kernels, using the median heuristic for bandwidth selection.

In the second phase, we compare the performance of
MURGS with that of the greedy independence criterion
employed in the original RESIT framework [Peters et al.,
2014]. Any linear smoother can be used to estimate the
conditional expectations during the backfitting procedure;
in our experiments, we employ Gaussian kernel regression
with a plug-in bandwidth h = 0.6 · sd(X)n−1/5. For greedy
independence testing, we again apply the empirical HSIC,
with p-values computed via the gamma approximation on a
separate test dataset.

GroupGraN-DAG

GraN-DAG [Lachapelle et al., 2020] is a score based algo-
rithm developed to handle nonlinear relations among vari-
ables. GraN-DAG utilizes the continuous acyclicity con-
straint first suggested by Zheng et al. [2018]. With the ap-
propriate loss function, GraN-DAG can be tailored towards
Gaussian nonlinear additive noise models. However, in or-
der to ensure that GraN-DAG operates on a group level,



Table 1: Hyperparameter and tuning choices for all methods employed in this work.

Method Parameters

GroupRESIT regression: MLP with tanh activation; n_epochs=500; lr=0.01; loss=MSE;
batch_size=500; indep_test=HSIC; alpha=0.01

MURGS smoother=Gaussian kernel regression; plugin bandwidth=0.6 sd(X)n−1/5

GroupPC indep_test=Fisher’s Z; alpha=0.05

GroupGraN-DAG hidden_num=2; hidden_dim=10; batch_size=64; lr=0.001; iterations=100 000;
model_name=NonLinGaussANM; nonlinear=leaky-ReLU; optimizer=RMSProp;
h_threshold=1e-8; lambda_init=0.0; mu_init=0.001; omega_lambda=1e-4;
omega_mu=0.9; stop_crit_win=100; edge_clamp_range=1e-4

GroupLiNGAM regression=OLS; indep_test=HSIC

we adapt the micro-level acyclicity constraint to encourage
acyclicity on the corresponding group DAG.

Recall that for variable groups X = (X1, . . . ,Xp) each
group Xg ∈ Rdg . Suppose we consider all group entries as
scalar random variables such that we have m =

∑p
g=1 dg

many micro variables. GraN-DAG enforces acyclicity via
the trace exponential of a weighted adjacency matrix Aϕ ∈
Rm×m

≥0 that arises from the weights in the neural network.
More specifically, the micro-acyclicity constraint amounts
to h(Aϕ) = tr(eAϕ◦Aϕ) − m = 0, where ◦ denotes the
Hadamard product. Similar to Kikuchi and Shimizu [2023],
we enforce acyclicity in the corresponding group DAG by
the following weighted group adjacency matrix Agroup

ϕ ∈
Rp×p

≥0 where

(Agroup
ϕ )gh =

{
0 if g = h

1
dgdh

∑
i∈[dg ]

∑
j∈[dh]

(Aϕ)i,j o.w.
.

(22)
By setting the diagonal to zero inAgroup

ϕ , we ignore the graph
structure induced byAϕ within the groups and only focus on
the inter-group relations. As we want to enforce an acyclic
group graph, we use the following modified constraint in
the augmented Lagrangian method used in Lachapelle et al.
[2020]

h(Agroup
ϕ ) = tr(eA

group
ϕ ◦Agroup

ϕ )− p = 0. (23)

In general, the final weighted adjacency matrix
in GroupGraN-DAG is not sparse. Therefore, appro-
priate thresholds need to be set to enforce strict zeros.
Unfortunately, this might lead to a clipped adjacency matrix
that need not necessarily encode a DAG. In such cases, we
continue to select thresholds until the resulting weighted
adjacency matrix becomes acyclic.

GroupPC

The PC algorithm [Spirtes et al., 1993] performs conditional
independence tests in a resource efficient way in order to re-
move edges from a fully connected undirected graph. Given

the first phase, the algorithm orients as many edges as possi-
ble. We implement the stable version of the algorithm pro-
posed by Colombo and Maathuis [2014]. In order to adapt
the PC algorithm to the group setting, the involved tests
need to be able to handle testing conditional independence
among two random vectors given a set of random vectors.
While Zhang and Hyvärinen [2009] extended the HSIC to
conditional independence testing its prohibitively long run-
time prevents us from using it in our experiments. Instead,
we use the simple Fisher-Z scoring test and treat group en-
tries individually. Then, we aggregate the coordinate-wise
hypotheses based on scalar variables by using the union-
intersection method. More precisely, in the skeleton-finding
phase, we remove an edge if the union of the p-values of
the individual tests is larger than the significance level α.
Otherwise, the edge is retained. The significance level α of
the involved test acts as a hyperparameter. The smaller α
the larger the hurdle to keep an edge in the first phase such
that sparser graphs will be returned. In general, the algo-
rithm returns a completed partially directed acyclic graph
(CPDAG). While in principle the new graph metrics devel-
oped by Henckel et al. [2024] return meaningful results for
CPDAG to DAG comparisons, the same cannot be said for
the remaining ones. In particular, comparability becomes
difficult between those algorithms that return DAGs and the
PC algorithm. Thus, we compute the SHD for each DAG
consistent with the CPDAG and select the one with the
smallest SHD.

GroupLiNGAM

We implement the GroupDirectLiNGAM algorithm of Ent-
ner and Hoyer [2012], which extends the direct estimation
method for LiNGAM introduced by Shimizu et al. [2006,
2011] to handle vector-valued variables. Since Entner and
Hoyer [2012] focus solely on the causal ordering step, we
use MURGS to recover the full graph structure thereafter.

Table 1 reports all hyperparameters and tuning parameter
choices for benchmark and real data results.



Figure 6: Feature selection capability of MURGS. Node size is p = 10, 20, with 2, 4 active groups, respectively.

D ADDITIONAL RESULTS

MURGS experiments In this section we report results of
a separate simulation study to assess the feature selection
capability of MURGS. Figure 6 demonstrates in terms of
F1 score (see Section C.2) how MURGS is able to select
active groups across with increasing sample size. Encour-
agingly, group size does not seem to play a significant role
in the performance of MURGS. The first row of Figure 6
is based on data generated according to the synthetic data
generation strategy described in Sections 4 and C.1. We
select sink nodes in a graph making sure that the number of
parents is the same across group size. Then we generate data
with increasing sample size and track the F1 score. Besides
some numerical instabilities MURGS shows convergence
behavior already on small sample sizes.

To test out the boundaries, we reiterate the experiments with
a different data generation strategy (second row). Nonlinear
functions are now generated via randomly initialized deep
neural networks with ReLU activation function such that
additive models will have a hard time approximating the
regression functions. Indeed, MURGS struggles much more
to recover the active nodes when the number of nodes in
the graph is larger. Despite the challenging nonlinearity F1
score depicts high values throughout again without requiring
extraordinarily high sample size.

Additional real data and synthetic data results Fig-
ures 7, 8, and 9 present supplementary results for the re-
maining algorithms in the real-data experiment (Section 5)
that were omitted from the main text.

Additionally, the ensuing boxplots provide additional results
regarding the synthetic experiment described in Sections 4
and C.1. The results plots are ordered by node size and
group size.
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Figure 7: Learned causal edges from the real-world dataset using GroupGraN-DAG.
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Figure 8: Learned causal edges from the real-world dataset using GroupPC.
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Figure 9: Learned causal edges from the real-world dataset using GroupDirectLiNGAM.
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