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Abstract

On-chip communication has become a topic of significant interest in recent years.
Traditional electrical Networks-on-Chip (NoCs) may no longer be the optimal solution,
as emerging research increasingly favors optical Networks-on-Chip (ONoCs) due to
their better latency and bandwidth, which contribute to overall better performance.
Optical NoCs can be broadly categorized into two types: active ONoCs and passive
ONoCs. The latter are commonly known as wavelength-routed optical networks-
on-chip (WRONo0Cs). In these networks, communication between a sender and a
receiver typically involves the use of a specific wavelength. This work focuses on
implementing multicast communication within WRONoCs, where a single sender
transmits a message to multiple receivers using the same wavelength. Various network
topologies can support this, including ring and mesh configurations. This thesis
specifically examines mesh networks, exploring two distinct multicast strategies: the
Bordered Areas Approach and the Layering Model. Each approach presents a unique
method for enabling multicast in mesh networks, with potential applicability to ring
networks as well.
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1 Introduction

1.1 Optical Networks-on-Chip

Optical networks-on-chip (ONoC) tend to perform better at most tasks compared to
traditional electrical networks-on-chip, offering a higher bandwidth and lower latency.
The optical networks-on-chip are divided into two groups: the active ONoCs and the
passive ONoCs. This categorization is done based on the routing mechanism [Li+18].
For an active ONoC, the paths that signals follow are not predefined in the design stage.
A control system [XTS21] controls these paths while making real-time decisions. Passive
ONoCs, on the other hand, function differently. The control system is not implemented
in such cases because all routing options are predetermined in the design stage. That
is also the main reason why the passive ONoCs are referred to as wavelength-routed
optical networks-on-chip (WRONoCs). The absence of the control system in these NoCs
results in a lower dynamic power consumption and network delay [Tru+20]. However,
passive networks are not always more power-efficient than active networks. This can
only hold for networks consisting of 16 nodes at most [Tru+20], which could be a ring
network or a 4 X 4 mesh network, with the latter being the main target of this thesis.

1.2 Power Distribution Network and Splitters

The power distribution network and splitters are two important concepts when it comes
to on-chip communication. The power distribution network (PDN) is tasked with
powering the nodes in order to transmit optical signals. This principle is similar to a
clock distribution network, which distributes the clock signal to the D Flip-Flops of a
digital design, so that all registers are clocked with the same clock signal. There are
different methods that can be applied to configure such a PDN, with one of them being
the optimized version explained in [Ort+17]. Being able to split an optical signal is also
vital for this thesis. In some cases, the Power Distribution Network (PDN) may provide
a sending node with sufficient optical power to transmit a message using wavelength A.
If this node is equipped with two internal optical senders, and splitters are applied at
the output, the node can transmit two optical messages simultaneously. Each sender
within the node is capable of transmitting an optical signal at wavelength A, allowing
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the sending node to perform parallel communication with the same wavelength. The
power loss of this splitting operation is in the vicinity of 3 dB [Zha+19]. Similarly to the
PDN, different methods can be applied to construct such splitters, with one of them
being the Y-branch shown in [Zha+19]

1.3 Micro-Ring-Resonators

Micro-ring-resonators (MRRs) are designed for redirecting optical signals, thus facil-
itating on-chip communication. MRRs are implemented to correspond to a specific
wavelength. If the wavelength of the optical signal being transmitted matches that of
the MRR, then a coupling takes place. This coupling operation redirects the optical
signal either horizontally or vertically. For instance, if a signal enters the MRR from the
western direction, a vertical coupling could take place, which could redirect the signal
to the northern direction. More examples can also be found in the work from [Zhe+21].

1.4 Multicast and Broadcast

The main goal of this thesis is the application of multicast to minimize the wavelength
usage in a WRONOoC. The traditional method of transmitting a message is using a
single sender to send a signal, which is received by the receiving node. This method
takes into consideration that each node of the network consists of a single sender and a
single receiver as well. However, there are also multiple networks, where the nodes
might consist of multiple senders and multiple receivers. This is where multicast and
broadcast are more attractive alternatives for transmitting messages. Multicast takes
into consideration nodes that possess multiple senders and can send one message to
different receivers on different nodes. Broadcast, on the other hand, can be considered
as an all-out communication method, where the nodes have multiple senders as well as
multiple receivers. This will, however, not be part of this work.

1.5 Ring Networks and Mesh/Grid Networks

The two main groups that will be taken into consideration in this thesis are the ring
networks and the mesh/grid networks. In a ring network, each communication node
has a total of two neighbouring nodes, while in a mesh/grid network, the possibilities
of communication are broader. For the 4 x 4 mesh network that will be examined in this
paper, for instance, the communication nodes have a minimum of two and a maximum
of four neighbouring nodes, which holds for a 3x3 mesh network as well, actually.
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While a ring topology offers lower power consumption and lower wiring complexity, it
lacks in connectivity. Meanwhile, the mesh topologies offer a higher connectivity as
well as higher throughput, but unfortunately require larger areas to be implemented
[Her+]. In Figure 1.1, there is a representative network for both cases. An important
observation on the 3x3 mesh network is the different number of neighbouring nodes
with respect to the most central node, which is directly connected to four other nodes.
These other four nodes are themselves connected to three neighbours, with one of these
neighbours being the central node, while the other two are positioned in the corners of
the network. Lastly, the corner nodes are connected to only two neighbours.

O O O

O O O O O

O O O O O
(a) Ring (b) 3x3 Mesh

Figure 1.1: An example of a ring network alongside a 3x3 mesh/grid network.

Apart from these two, there also exist other possibilities of configuring a network,
such as a star network, where all nodes are connected to a central routing hub or switch,
as can be seen in [FW17]. These, however, are not very common in constructing NoCs
due to the fact that wiring can become a major issue in networks that contain a lot of
nodes. Also, the central hub can become a bottleneck in these types of structures.




2 Background

Before presenting the proposed models of applying multicast for a given mesh network
and then adapting these for a ring network, some information regarding graph theory
and mixed integer linear programming (MILP) is required. The networks, which
are taken into consideration for this thesis, are all modeled as graphs with specific
characteristics. Hence, it is important to discuss the general concepts of graph theory.
Furthermore, mixed integer linear programming is used as a means of modelling the
graph problems that will be proposed later on Ch. 3. A lot of problems encountered
in this thesis can be compared to known problems for which an MILP model already
exists. An MILP solver can be used to obtain a solution to these problems.

2.1 Graph Theory

Graphs are some of the most common data structures in multiple algorithms. A non-
empty set of vertices and edges is considered to be a graph [Wal02]. One can form a
subgraph of any given graph, with the condition that the sets of vertices and edges of
the newly formed subgraph are subsets of the sets of vertices and edges of the original
graph. There are generally two types of edges that can be found in different graphs:
directed edges and non-directed edges. A directed edge between two vertices, A and
B, indicates that one can only traverse in one direction, either from A to B or from B
to A. A non-directed edge, on the other hand, indicates that both directions can be
used, meaning that one could traverse from vertex A to vertex B and also from vertex
B to vertex A. If a graph consists of non-directed edges, then it is considered to be a
non-directed graph, while if it consists of directed edges, then it is considered to be
a directed graph. An example of a directed and non-directed graph can be seen in
Figure 2.1.
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(@) Non-directed Graph (b) Directed Graph

Figure 2.1: An example of a non-directed alongside a directed graph.

A non-directed edge can also be presented as a multi-edge, which would be composed
of the directed edges A-B and B-A, as can be seen in Figure 2.2.

(a) Non-directed edge A-B (b) Multi-edge between vertices A and B

Figure 2.2: Decomposition of a non-directed edge to a multi-edge.

2.1.1 Paths and Cycles

If a vertex is connected to an edge, then that vertex is considered to be incident to that
particular edge. Similarly, two edges are considered to be incident to one another if
they both share a vertex. For instance, if a graph consists of three vertices like a, b,
and c and the edges (a,b) and (b,c), then these edges are considered to be incident
to one another, because they both share the vertex b. Paths are also very important
concepts when graphs are being discussed. A sequence of incident edges is considered
to be a path. It needs to be noted that a path is allowed to visit the same vertex of a
graph multiple times, but the same edge cannot be visited twice. Taking Figure 2.1a
into consideration, a valid path would, for instance, be one path starting from vertex A
and ending at vertex B: (A,B) — —(B,C) — —(C,D) — —(D, B). As the example shows,
vertex B has indeed been visited two times: once from node A at the beginning and
once from node D at the very end. As mentioned, this is allowed. The most important
detail for a path is that an edge is not passed by multiple times, which is not the case
for the given example. If a path exists between two vertices of a graph, then these
vertices are considered to be connected to one another. Furthermore, if every pair of
vertices of a graph is connected, then the whole graph is called a connected graph. The
graph from Figure 2.1a is clearly a connected graph. One could start a path from any
vertex of the graph and visit every other vertex. Similarly, the graph from Figure 2.1b
is also a connected graph, but one must be cautious in such cases. There clearly is
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no direct edge starting from vertex A and ending at vertex C, for example, but there
exists a path that can connect these two vertices to one another. That path would be
(A,B)— > (B,D)— > (D,C). This path actually proves that A can reach all other
vertices of this graph, since vertices B and D were also visited along this path. Similarly,
one could start at B and go through the path (B, D)— > (D,C)— > (C, A), thus visiting
all the vertices of the graph. The remaining two paths starting from the vertices D and C
would be respectively (D,C)— > (C,A)— > (A,B) and (C,A)— > (A,B)— > (B,D).
Starting from C, one could also follow the path that starts with the directed edge ( C,
B), but this path would never reach node A. This, however, does not imply that C and
A cannot be connected. At least one path needs to exist that connects the two vertices,
which was already presented above.

If a path starts and ends at the same vertex, then it is called a cycle. The graph
from Figure 2.1a for example, contains cycles, like (A,B) — —(B,C) — —(C,A), (B,C) —
—(C,D) — —(D,B) and (A,B) — —(B,D) — —(D,C) — —(C, A). On the other hand,
even the graph from Figure 2.1b contains cycles, such as (C,B)— > (B,D)— >
(D,C) and (A,B)— > (B,D)— > (D,C)— > (C,A). However, there is no cycle
that can be found in the subgraph containing the vertices A, B, C, and the edges
(A,B),(C,A),(C,B) due to the directions of the edges, which do not allow the forma-
tion of such a path starting and ending at the same vertex between the vertices of this
group. Not every graph contains a cycle. In those cases, the graph is referred to as
acyclic. Furthermore, an edge that starts and ends at the same node is not considered
to be a cycle, but rather a loop. A graph that contains either loops or multiple edges is
considered not to be a simple graph. Both graphs from Figure 2.1 do not contain loops
or multiple edges, so they both are considered to be simple graphs.

2.1.2 Degree

When dealing with a graph, one encounters two types of degrees: the degree of a vertex
and the degree of the graph. Considering that the graph is a non-directed graph, the
degree of a vertex corresponds to the number of incident edges of this vertex. Different
vertices have therefore different degrees, but at least one of the vertices has the highest
degree in the graph. That particular value is considered to be the degree of the whole
graph. In other words, the degree of the graph corresponds to the degree of the vertex
that has the highest number of incident edges connected to it. In Figure 2.1a, the degree
of the vertices are:

1. Vertex A : deg(A) =2

2. Vertex B : deg(B) =3
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3. Vertex C : deg(C) =3

4. Vertex D : deg(D) =2

The highest degree value can be found in vertices B and C, and it is equal to 3. This
means that the degree of this graph is also equal to 3.

If the graph were a directed graph, then the concepts of incoming and outgoing
degrees would be introduced. For each vertex, one could calculate the number of
incoming edges, and the total would be considered as the incoming degree of this
vertex. Similarly, one could count the number of outgoing edges with respect to a vertex
and find the outgoing degree of the particular vertex. As an example, the degrees of
the vertices from the graph in Figure 2.1b can be shown in the following table:

Table 2.1: Incoming and outgoing degrees of the vertices from the graph in Figure 2.1b.

Vertex | Incoming Degree | Outgoing Degree

A 1 1
B 2 1
C 1 2
D 1 1

2.1.3 Other Attributes of Vertices and Edges

Apart from the name and degree, which are two of the most important attributes for
a vertex, these could also contain other important information, like the geometrical
position of a vertex in a plane. This position could especially be useful for particular
graph algorithms like the A* algorithm (see Sec. 2.3.2), where heuristics are considered
to find the shortest path from one starting vertex to a target vertex. Depending on the
graph algorithm that is going to be applied, the edges of the graph could also have
specific attributes such as weight. Dijkstra’s algorithm [Dij59], for example, needs to
take into consideration the weights of a graph in order to find the shortest path from a
starting vertex to a target vertex.

2.1.4 Graph Algorithms

After introducing graphs as a common data structure, some typical algorithms need to
be studied as well. The most usual task in a graph is to search for a vertex, starting at
any graph vertex. Two of the most applied algorithms that would complete such a task
are the depth-first search algorithm (DFS) and the breadth-first search algorithm (BES),
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which take two different approaches to solve the same problem [MMD17] [TL19b]. The
preferred data structure that is applied for both algorithms also differs from one another.
While the BES uses a queue with the FIFO principle (First-In-First-Out), the DFS makes
use of stacks with the LIFO principle (Last-In-First-Out). The time complexity for both
of these algorithms is linear (O(#n)). In the initial state, both these data structures are
empty. The steps of the BFS algorithm would be:

1. Insert the starting vertex into the queue.

2. Check if this is the vertex being searched. If not, then insert all its neighbours
into the queue and pop this vertex from the queue.

3. Check if the first neighbour is the vertex being searched. If not, then insert all its
neighbours into the queue and pop this one from the queue.

4. Repeat until the vertex being checked is the target vertex or until the queue is
empty.

If the queue is empty at the end of the algorithm and the target vertex is still not
found, then it means that such a vertex is not part of this particular graph. This will
also be the case for the DFS algorithm when the stack is empty, but the target vertex
was not found. The steps of the DFS algorithm would be:

1. Push the starting vertex into the stack.

2. Pop the starting vertex from the stack to check it. If it is not the target vertex,
push its neighbours into the stack.

3. Pop the last neighbour pushed into the stack from the previous step, and check if
it is the target vertex. If not, insert its neighbours.

4. Repeat until the target vertex is found or until the stack is empty.
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2.2 Mixed Integer Linear Programming

In order to fully comprehend the idea of mixed integer linear programming, one should
first consider the steps that are normally followed in order to solve a given problem.
The first step in finding a solution to a problem would be to model it, preferably as a
graph. After the modelling part, an algorithm is applied to this graph, which would
then lead to a solution. A simple example of this problem-solving flow in real life can
be found in the concept of a GPS device. In this case, the problem formulation would
be: Find the shortest path from the user’s current location to their desired destination.
This problem is then modelled as a graph, where the current location and the desired
destination point are saved as vertices of a graph representing the city. All streets would,
in this case, be represented as edges of this graph. The duty of the algorithm is to find
the shortest way to the destination, while considering all possibilities along the way,
like turns, traffic lights, heavy traffic, or even ongoing constructions on specific roads.
The main issue of this flow is that modelling a problem as a graph is, unfortunately;,
not always possible. That is exactly the reason why mixed integer linear programming
(MILP) is considered to be a safer approach to solving any given problem. MILP (MIP
as an abbreviation) is a mathematical modelling method, meaning that it is a model
type as well as a method. MIP models a problem as a set of linear equations and
inequalities with different types of variables. This modelling method can be applied
to every type of problem, unlike graph modelling. Instead of using an algorithm to
find a solution, the MIP model is sent to an MIP solver, which then is able to find a
solution to the problem. A MIP solver performs linear algebra to find the values of
the variables that satisfy the equations and inequalities constructed in the earlier stage.
An optional step would be to also send an optimization objective to the MILP solver,
which typically refers to solving a maximization or minimization problem. The types of
variables that one can encounter in an MIP model are binary variables, integer variables,
and continuous variables. Binary variables take one value that is either equal to 0 or 1,
while integer variables take an integer value from the set of integers Z, depending on
the specified constraints. All the linear equations and inequations, which are part of an
MIP model, are connected to one another by means of the logical AND (A) operator.
MIP is applicable for most large-scale engineering problems, but the main disadvantage
of this method is that it can be quite slow.

2.2.1 MIP Model

An example of a real-life problem that cannot be modelled as a graph, but is easy
to comprehend with an MILP model, would be designing a personal diet. Based on
specific factors like gender, age, and activity level, people have different needs regarding
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calorie intake per day. A young male who is trying to become a professional athlete,
for example, would have a different diet compared to an older male who works in an
office and works out less. In order to design the diet for the young athlete, one must
try to maximize the intake of vitamins, fiber, and natural oils while also minimizing
the intake of sugar and carbohydrates. With that being said, if the athlete consumes a
specific type of food that is rich in natural oils, such as avocados, he would need to be
careful not to consume a lot of seeds on the same day, because the seeds also contain a
considerable amount of natural oils.

2.2.2 Propositional Logic

The last sentence from the previous subsection needs to be carefully examined before
constructing an equation or inequation for the MIP model. This sentence presents two
possible scenarios:

1. Avocados are consumed.

2. Seeds are not consumed.

In the context of discrete mathematics, these two are referred to as propositions.
Propositions are statements to which a truth value can be assigned [MF24]. The two
possibilities are true (t/T/1) or false (f/F/0). Normally, such a value cannot be assigned
to every phrase or sentence, like "Good morning!". In the example above, the first
statement should be assigned the value true, while the second one should be assigned
the value false.

Apart from the propositions themselves, it is also very important to notice the way
that these two statements are combined. In this case, if statement A takes place, then
statement B should take place as well, or in less terms: If A, then B, with A being
"Avocados are consumed" and B being "Seeds are not consumed". In propositional
logic, such a connection of statements is referred to as an implication (=) [Gall1]. In
discrete mathematics, however, an implication is simply a subjunction (—) that always
holds [Sch19]. Thus, studying the subjunction would be recommended for this part. In
mathematical terms, a subjunction would be represented by the following equation:

A(A,B) <= A—B (2.1)

Accordingly, the truth table of such a propositional form would be:

10
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Table 2.2: Truth table of the propositional form in Equation 2.1
A B|A—B

& =&

t ot
t f
f t
f f

In discrete mathematics, the most preferred presentation of propositional forms is by
means of a conjunctive normal form (CNF) or disjunctive normal form (DNF). A CNF
is a form that contains disjunctive terms that are connected through conjunctions, while
in analogy, a DNF is a form that contains conjunctive terms that are connected through
disjunctions [Tur+02]. A concrete transformation of the form presented in Equation 2.1
would be [Galll]:

A(A,B) < -AVB (2.2)

It is very simple to prove that Equation 2.2 is equivalent to Equation 2.1, because
both forms share the same truth table, which is the one shown in Table 2.2. The logical
value of Equation 2.2 can only be equivalent to false if and only if the proposition A is
true and the proposition B is false, which is exactly the case for Equation 2.1 as well.

2.2.3 MIP Constarints

A MIP constraint is either an equation or an inequality of the MIP model. As mentioned
earlier, all MIP constraints are logically connected to one another by the logical AND (A)
operator, which is the reason why it is recommended to avoid connecting constraints
to one another by other connectors like the logical OR (V) connector. For the example
of the young athlete, one can construct a constraint regarding the consumption of
avocados and seeds at this point. The first step is to declare the types of variables that
will be used. In this case, it would be easier to apply binary variables because each
statement can only be assigned one value, either true or false. The first binary variable,
which will be presented here, is bayocado- This binary variable should represent the
statement: Avocado is consumed. If the athlete indeed consumes an avocado, then
the value of bayocado Would be equal to 1. Otherwise, if he does not consume any
avocados, then the value of the binary variable would be equal to 0. Similarly, one
could declare the binary variable bgeqs. If seeds are consumed by the athlete, then
Deeegs = 1, otherwise bgeegs = 0. The whole constraint for the athlete is that if avocados
are consumed, seeds should not be consumed. The discrete mathematical expression

11
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for this whole statement would be A = =B, which, as mentioned, is equivalent to
— AV =B. Normally, MIP uses inequalities for most of the calculations, so even the
equalities are decomposed into two inequalities. So since avocado is consumed, then
bavocado = 1. This equation can be split into two inequalities:

1. bavocado < 1

2. bavocado Z 1

An important fact to mention before moving forward is that both these new inequal-
ities are connected to one another by the logical AND (A) operator. Logically, these
two inequalities combined with the logical AND (A) operator represent b,yocado = 1,
since this is the only case when both inequalities are satisfied. However, it is known at
this point that b,yocado iS @ binary variable, which can either take the value 1 or 0. In
other words, the range of this variable is fixed by definition. As a consequence, setting
bavocado = 1 is logically equivalent to b,yocado = 1. That means that the other constraint
is redundant, and thus it can be simply deleted.

If the proposition/statement A is bayocado = 1, then —A is bayocado < 1. Normally, a
MIP solver works better with the < and > signs, thus it is recommended to transform
the bayocado < 1 inequality to bayocado < 1 — 1 or simply bayocado < 0. Since the
propositions are connected by the logical OR (V) operator, the =B should be positioned
on the right-hand side of the inequality bayocado < 0. In order to complete the constraint,
negB needs to be analysed as well.

Table 2.3: Linear expression for =B

b 10
-bg |01
1-bg |01

Instead of —bg, one must use 1 — bg. The first one is a logical expression, while the
second one is a linear expression that can be understood by the MIP solver. Finally, the
complete MIP constraint would be:

\\If avocados are consumed, then seeds should not be consumed.

bavocado S 0+1- bseeds (23)
< 1-— bseeds (2-4)

b avocado

As can be analysed in this inequality, for both cases, the conditions are fulfilled:

12
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1. Avocado is consumed: b,yocado = 1 can only happen if seeds are not consumed:
bseeds = 0.

2. Avocado is not consumed: byyocado = 0 means that the seeds may or may not be
consumed: bgeegs < 1.

2.2.4 MIP Optimization

As mentioned earlier, it is also possible to set an optimization objective for the MIP
solver, which typically means solving either a minimization or maximization problem
in mathematical terms. However, this optimization is always optional. The solver
would deliver a solution even without an optimization target, but that solution is highly
likely not to be the best one. For the case of the athlete, an optimization objective could
be to minimize the intake of industrial sugar on a daily basis, because this type of sugar
could hinder his physique and overall performance. In order to set this optimization
objective, the required variables need to be defined. Similarly to the example taken for
the MIP constraints, binary variables will once again be used for this task. Let S be the
set of all food articles that have a high amount of industrial sugar, like candies or fizzy
drinks, then Vs € S, bs binary variables need to be declared. bs = 1 indicates that the
athlete has consumed the product s. Otherwise, if bs = 0, the athlete has not consumed
product s. The optimization objective would then be the following;:
\\Minimize the daily intake of industrial sugar.

min Z bs (2.5)
sE€S
The keyword "min" signals the MIP solver to perform a minimization problem. In
other cases, one may want to perform a maximization. Thus, the keyword "max" would
be used. In the current example, the athlete would opt to maximize the protein intake
from his daily diet. Let F be the set of all food products that the athlete has purchased
from the store, which include fruits, vegetables, fish, etc.. Then Vf € F, bf needs to be
declared. bs = 1 indicates that the athlete has consumed the product f. Otherwise, if
bs = 0, the athlete has not consumed product f. In this case, the optimization objective
would be the following:
\\Maximize the daily intake of protein.

max Z bs (2.6)
feF
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2.3 Mixed Integer Linear Programming and Graphs

As discussed earlier, mixed integer linear programming is a mathematical modeling
method that can be applied to solve any general problem, even if this particular problem
cannot be modeled as a graph. However, that does not mean that MILP and graphs
cannot be used in tandem to solve a particular problem. For a majority of engineering
problems for which the problem can be modelled as a graph, it needs to be determined
beforehand what the vertices and edges represent, since a graph is a set of vertices
and edges. On specific occasions, the edges of the graph may represent physical
connections between the vertices, like the wires, that may connect different modules
with one another, which themselves would be the vertices of this graph. However,
there are specific cases where the edges of a graph may not represent a real physical
connection between the vertices, but rather a logical connection between the vertices.
An example of this case would be a graph, whose vertices represent the lectures that a
student desires to attend at the university. When the student is arranging their personal
timetable, they need to be careful in choosing lectures that take place on the same day
and at the same time. This way, the student can avoid collisions between lectures. The
edges in this graph represent the logical connection between these lectures. Some of the
typical graph problems that will be referred to later on in this thesis (more specifically
in Ch. 3) are:

1. The vertex coloring problem.

2. One-source-one-target problem.

a) Dijkstra’s algorithm and A* algorithm.

3. Planar routing problem.

The first problem of this group considers the edges of the graph as logical connections
between the vertices, while the second and third problems consider the edges as actual
physical connections between the vertices.

2.3.1 Vertex Coloring Problem

The vertex coloring problem is a typical example of a problem where the edges are
treated as logical connections between vertices. In order to fully understand the
concepts behind this type of assignment, an example of an engineering problem
shall be examined. This would be the layer assignment problem. In semiconductor
manufacturing, masks need to be prepared. There are specific patterns that need to
be printed on these masks. In the manufacturing process, a UV light is applied that
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should be able to pass through these patterns. A functional pattern can be formed for
the parts on the chip that are exposed to UV light. The issue in this example is that
the patterns of the mask may be located near one another, which corresponds to the
gaps between the patterns being quite small as well. This may cause a problem with
the passage of the UV light. This light should pass through the gaps and normally
move in a straight manner. These small gaps, however, may cause irregular movements
from the UV light, which is not desired. This may cause the two different patterns of
the mask to be treated as a single pattern, which may lead to a merging between the
patterns after the manufacturing process is complete. This scenario should be avoided.
In order to achieve a correct result from this manufacturing process, the patterns should
be assigned to different layers, hence the name "layer assignment problem". In the
sense of a printer, the solution to this problem would be to print these patterns in
different layers, where in each layer, there are only patterns that do not conflict with one
another. The conflict would be the spacing between specific patterns. Having assigned
specific patterns to the first printed layer, one could repeat the same steps on the same
sample to print the remaining layers. The second and all ongoing layers should satisfy
the condition that only non-conflicting patterns are printed on the same layer. This
problem can be modelled as a graph, and it would correspond to a vertex coloring
problem, where the vertices represent the patterns of the mask and the edges represent
the conflicts between these patterns [TL19b]. Since this problem can be modelled as a
graph problem, there are two methods that can be applied to find a solution:

1. Applying a graph algorithm.
2. Building a MIP model and using a MIP solver.

Graph Algorithm for Solving the Vertex Coloring Problem

The first step of the graph algorithm that solves the vertex coloring problem would be
to arrange the colors that will be assigned to the vertices in a specific order, forming a
type of list. In this approach, some specific sets will also be used: the colorable set and
the uncolorable set. The colorable set contains all vertices that are eligible for coloring
with a specific color, while the uncolorable set contains vertices that are not eligible for
coloring with that color. Notice that a node in the colorable set is not colored yet, but
it is not uncolorable. At the beginning of the algorithm, the set of colorable vertices
contains all vertices of the graph, while the set of uncolorable vertices is empty. The
algorithm itself is then a greedy approach to the vertex coloring problem. A greedy
algorithm consists of some iterative steps, which give priority to the current best choice
without taking into consideration any factor in the future [Bar+08]. Therefore, the
solution obtained from a greedy approach is not guaranteed to be optimal. For the
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given problem, the optimality would be translated to the number of colors that are
used in order to color every vertex without having two neighbouring vertices sharing
the same color. The steps of the greedy approach would be the following [TL19b]:

1. Pick the first color from the list.

2. Use this color to color the starting vertex. All neighbouring vertices of the starting
vertex are noted as uncolorable at this stage until further notice.

3. Use the same color once again to color the next possible colorable vertex and set
its neighbouring vertices in the uncolorable set. Repeat this step until there are
no more vertices in the colorable set.

4. Change the color from the list and mark all uncolorable vertices as colorable and
repeat steps 2. and 3. shown above.

The time complexity of this algorithm would be linear (O(n)). A more optimal
algorithm, that can be applied to solve the same problem, would be the Dsatur algo-
rithm [Bré79], which itself is of a quadratic complexity (O(n?)). This algorithm makes
use of the degree of the vertices and the saturation degree of the vertices, which is
equal to the number of colors assigned to the neighbours of the particular vertex.

MIP Model of the Vertex Coloring Problem

The first step in building an MIP model for any problem is to determine the types of
variables that will be used for the linear constraints. In this case, binary variables shall
be used once again, and these will be b;; [TL19b]:

1. b;j = 1: i-th pattern is printed on the j-th layer.

2. bij = 0: i-th pattern is not printed on the j-th layer.

There are also two sets that need to be declared: the set of patterns (P) and the set of
layers (L). The first constraint would be:
\\Constraint 1: Each pattern needs to be printed in exactly one layer [TL19b].

Vie P Z bi,j =1 (2.7)

jeL
For the other constraint, one needs to mathematically present the conflict between
two patterns. This can be done by means of a relation in terms of discrete mathematics.
In discrete mathematics, a relation sets a type of connection between two different
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objects. A relation may not function in both directions. A relation may not function in
both directions. In the sentence "The athlete likes avocados", two objects are involved:
the athlete and avocados. The word "likes" represents the relation from the athlete to
the avocados. Flipping this relation would mean checking whether it also holds in the
opposite direction — in this case, asking whether "Avocados like the athlete". While
this reversed statement is nonsensical in everyday language, it also fails mathematically.
Even if avocados were capable of having preferences, there’s no information suggesting
that the athlete is an element of any set over which avocados express such a relation.
For the conflict between the patterns in the layer assignment problem, however, the
relation functions both ways. The two objects under inspection for this scenario are
the two different patterns. If pattern a is in a conflictive relation with pattern b, then
pattern b is also in conflict with pattern 4. This relation in mathematics is presented as
aRb and is translated as: "a is in conflict with b".

\\Constraint 2: Each pair of conflicting patterns needs to be printed in different
layers [TL19b].

VaRb, V] eL ba,j + bb,j <1 (2.8)

In other words, either only pattern a is printed on layer j, only pattern b is printed
on layer j, or neither of them is printed on layer ;.

Having formulated these two constraints, one could plug them into an MIP solver
and find a possible solution for the layer assignment problem. However, the solver
may not deliver an optimal solution. In order to achieve such an optimal solution, the
optimization target needs to be set. For the graph algorithm, the optimization target
would be to use as few colors as possible to color every vertex of the graph, while for
this model, it would be to minimize the total number of layers being used to print out
the complete mask. In order to formulate this, some new binary variables need to be
presented, which are the b;. In this example, if b; = 1, it means that layer j has been
used, while if b; = 0, it means that the j layer is not used.

\\Constraint 3: If at least one pattern is printed on layer j, then layer j has been
used [TL19Db].

VieL Y biyj < Mxb (2.9)

ieP
In this case, M is a large constant to guarantee the validity of this constraint. In this
particular example, the worst-case scenario would be that every layer contains only one
pattern, thus meaning that the number of patterns would be equal to the number of
used layers. Hence, for the constant M, one needs to ensure that this is greater than
or equal to the cardinality of the set of patterns. However, in most MIP models where
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such a variable is presented, it is simply set to a very large constant, like one billion,
which would be very far from any possible worst-case scenario for different types of
problems. Having connected the newly presented binary variables b; to the already
existing b;;, one could set the optimization target, which has already been described in
words, in a mathematical form [TL19b]:

min Y _ by (2.10)
jeL
As mentioned, this approach guarantees an optimal solution, but it may be slow to
deliver it.

2.3.2 1-Source-1-Target Problem

The 1-source-1-target problem is a problem that can be modeled as an MIP model as
well as a graph. In the latter case, the edges would be treated as physical connections
between the vertices. As the name suggests, the 1-source-1-target problem is a typical
problem for which a path is required to be found. This path should start at a specific
starting vertex and finish at a specific target vertex. An example of such a problem in
real life would once again be the GPS system that is commonly used to travel from one
location to another. The starting vertex would be the current location of the user, while
the ending vertex would be the desired destination. The edges would be all the roads
that will be passed through in order to reach the final destination.

Graph Algorithm for Solving the 1-Source-1-Target Problem

There are two possible algorithms that can be applied to solve the 1-source-1-target
problem, which are Dijkstra’s algorithm [Dij59] and the A* algorithm [HNR68]. In
reality, Dijkstra’s algorithm not only solves the 1-source-1-target problem but also the
1-source-n-targets problem. On the other hand, the A* algorithm is very similar to
Dijkstra’s, with the difference that it applies heuristics to find the shortest path from
one source to a target. The advantage of the A* algorithm is that it performs better in
cases where the obstacles between the source and target are small, depending on the
heuristics that are applied. If the obstacles are large, then Dijkstra’s algorithm would
perform better compared to the A* algorithm due to its searching wavefront. In order
to understand the heuristics applied in the A* algorithm, Dijkstra’s Algorithm needs to
be examined first.

The first step of this algorithm would be to declare two sets of nodes: the processing
set and the processed set. The value dist; represents the shortest distance from the
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source node (s) to each possible target node (v;). The steps that need to be followed
are [TL19Db]:

1. The source node is added to the set of processing nodes.

2. The node with the smallest value dist; is chosen from the set of processing nodes.
This node is renamed as viin and sent to the set of processed nodes.

3. All neighbours (Vpext) 0f Vimin are observed:
a) If vpex is already in the set of processed nodes, ignore it.

b) If vnext is in the processing set, check if distmin plus the edge weight from
Vmin tO Vnext i smaller than distpex. If this is the case, update distpext =
distmin + weight of the edge.

) If Vnext is in neither the processed nor the processing set of nodes, it is added
to the processing set with the value of distnext = distmin + weight of the edge.

4. Repeat steps 2 and 3 until the target node is stored in the processed set or until
all reachable nodes from the source are stored in the processed set.

The main difference between the A* algorithm and Dijkstra’s algorithm is the variable
dist;. Instead of having dist; represent the real shortest distance from the source node
to each possible target, for the A* algorithm, dist; represents the estimated shortest
distance, which is equal to the sum of the real shortest distance to a target node and
the heuristic term. In the above algorithm, this change affects only the 2nd step, where
instead of the term dist;, the estimated shortest distance will be inserted.

Manhattan Distance

The heuristic that is applied in most cases for the A* algorithm is the calculation of the
Manhattan distance. Finding the Manhattan distance between two points A and B, as
shown in Figure 2.3, would be done by summing the length and width of the rectangle,
considering that A and B are in the corners of the rectangle.

@)

Figure 2.3: Example of the Manhattan distance between points A and B in a rectangle.
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However, calculating the Manhattan distance in the A* algorithm refers to a different
heuristic function. In this case, the algorithm needs to have information beforehand
regarding the geometrical positions of the graph vertices. In other words, each vertex’s
x-coordinate and y-coordinate need to be saved for the calculation. The longest distance
between each pair of nodes will be taken into consideration for the worst-case scenario
in this problem. The Manhattan distance (also referred to as the L1 distance, originally
proposed from Minkowsky [Her06]) between two vertices A(x,, ya) and B(xyp, i) would
be calculated as follows:

M(A,B) = [xa — xp| + |ya - yb| (2.11)

The heuristic function may not always refer to finding the Manhattan distance
between two vertices. Other types of functions can be used as well, like the Euclidean
distance [Her06]. As a rule of thumb, these functions should remain simple enough to
obtain the heuristic term as soon as possible.

MIP Model of the 1-Source-1-Target Problem

In order to build a MIP model for the 1-source-1-target problem, it is essential to
decide on the types and amount of variables needed beforehand. The main goal of the
1-source-1-target problem is to find a path that starts at a desired vertex and ends at
a desired target vertex. Even though the graph models for this problem consist only
of non-directed edges, in this case, it is recommended to decompose the non-directed
edges into two directed edges, as shown in Figure 2.2. As mentioned in Subsec. 2.1.1, a
path may pass through the same vertex multiple times, but it must not pass through
the same edge multiple times. In order to track down the direction from which a vertex
in the path is reached or from which direction the path leaves a vertex, it is essential to
work with directed edges instead of non-directed edges. For any given vertex v;, let
E; in be the set of incoming edges and E; ,u be the set of outgoing edges. The binary
variable by represents whether the k-th directed edge is part of the path or not. When
building such MIP models, whose goal is to determine a specific path, the whole model
typically consists of three parts [TL19a]:

1. The sending model.
2. The passing model.

3. The receiving model.

The constraint for the sending model refers to the starting vertex of the path. If a path
starts at a specific vertex, then the number of outgoing edges with respect to this vertex
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should be higher than the number of incoming edges. A mathematical formulation of
this constraint would be:

\\Constraint 1: The number of outgoing edges from the starting vertex is one more
than the number of incoming edges [TL19b].

Y b= ) b+l (2.12)
CkGEs,out ekeEs,in

The constraint for the receiving model refers to the target vertex of the path. If the
path ends at a specific vertex, then the number of incoming edges with respect to this
vertex should be higher than the number of outgoing edges.

\\Constraint 2: The number of incoming edges of the target vertex is one more than

the number of outgoing edges [TL19b].

Y, b= ), b+1 (2.13)

e CEtin e €Et out

The constraint for the passing model refers to all intermediate vertices of the path that
are neither the starting vertex nor the target vertex. For all these vertices, the number
of incoming edges and outgoing edges should be equal. Another formulation for this
constraint using attributes of vertices from Subsec. 2.1.2. In this case, the constraint
should be applied to all vertices v for which the equality indeg(v) = outdeg(v).

\\Constraint 3: The number of incoming and outgoing edges of all vertices that
are neither a starting vertex nor a target vertex in the path should be equal to one
another [TL19b].

Yo; € V\{S, t} Z b = 2 by (2.14)
k€Eiin ek €Ei out

The optimization target for this problem would be to minimize the length of the
path. In order to do so, a new set needs to be declared, namely E’, which consists of all
the directed edges of the graph. The assumption for this part of the problem is that
to every edge, a weight factor («y) is assigned. The mathematical presentation of this

optimization target would be [TL19b]:

min Y by ok (2.15)

e EE
At first glance, there would be a problem with the formulation of such an optimization
objective. As mentioned in Sec. 2.2, the constraints and objectives should be formulated
in a linear manner. However, the presence of the multiplication sign in the former
equation is not necessarily a contradiction. In this equation, the term by is a binary
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variable, while ay is a constant. Having a multiplication between a constant and a
variable inside the equation does not make it non-linear. A problem would arise if &
were a variable as well. The multiplication or division of two variables, whether binary
or integer variables, is not linear, the same as having variables in specific powers or
associated with functions like the exponential or logarithmic functions.

2.3.3 Planar Routing

The other type of problem that shall be examined in this part is also the planar routing
problem. Similarly to the 1-source-1-target problem, planar routing treats the edges of a
graph as physical connections, rather than logical connections. The difference between
the 1-source-1-target problem and planar routing is that the latter can find a specific
path from the starting vertex to an ending vertex, but also offers to find other paths.
Let there be a set of starting vertices and a set of target vertices. The general idea of
planar routing is to find a path from any of the starting vertices to any of the target
vertices while not causing any conflicts. Conflicts in this sense would be crossings of
different paths. In other words, if a vertex is part of one of the paths, it cannot be part
of any of the other paths found by planar routing. Similarly, multiple paths cannot
share the same edge of the graph. The reason why planar routing is preferred instead
of solving the 1-source-1-target problem multiple times is that the latter may offer a
bad solution where the paths intersect with one another. However, it cannot be denied
that both problems are, in fact, very similar. This can also be deducted through the
constraints of the MIP model of planar routing, which are slightly modified from the
constraints of the MIP model presented for the 1-source-1-target problem.

MIP Model of Planar Routing

Similarly to the 1-source-1-target problem, the directed edges of the graph will be
decomposed into two directed edges and for each vertex v;, the sets E; i, and E; out
will be declared for the incoming and outgoing edges with respect to vertex v;. Also,
the binary variable by will be used once again to determine if the k-th directed edge is
part of a path or not. Similarly to the former MIP model introduced in Subsec. 2.3.2,
the current model will also consist of the sending model, the passing model, and the
receiving model. However, the constraints from the model presented in Subsec. 2.3.2
need to be modified accordingly.

For the sending model, one needs to ensure that the sending node, which is chosen
for any one of the paths, has exactly one outgoing edge and no incoming edges, rather
than setting the number of incoming edges to be one more than the number of outgoing
edges. Precisely, that would mean:
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\\Constraint 1: The starting vertex has one outgoing edge and zero incoming
edges [TL19b].

Y be=1 (2.16)
ex€Es out

Y k=0 (2.17)
ekeEs/'m

Similarly, for the receiving model, the target vertex of any of the paths must have
exactly one incoming edge and no outgoing edges. In mathematical terms, one would
have:

\\Constraint 2: The target vertex has one incoming edge and zero outgoing edges [TL19b].

Y obe=1 (2.18)
EkEEt,in

Y be=0 (2.19)
ex€Et out

For the passing model, the constraint that was used for the 1-source-1-target problem
does not need to be modified at all and can be copied from the one presented in
Subsec. 2.3.2:

\\Constraint 3: The number of incoming and outgoing edges of all vertices that are
neither a starting vertex nor a target vertex in any of the paths should be equal to one
another [TL19b].

Yo; € V\{S, t} Z b = Z by (2.20)
k€Eiin k€Ei out
However, this is not the only constraint that needs to be dealt with in the passing
model. As hinted above, the difference between planar routing and the 1-source-1-target
problem is that planar routing offers to find multiple paths that do not intersect with
one another. Until now, there has been no constraint that prevents these intersections
from happening. In order to tackle this issue, a new constraint needs to be implemented:

\\Constraint 4: Two paths cannot enter the same vertex [TL19b].

Vo e V\{s,t} ) <1 (2.21)
ek €Ejin

By setting the sum of the incoming edges for each vertex, apart from the starting and
the target vertices, to smaller than or equal to 1, then if a specific intermediate vertex is
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already part of one of the paths, then it cannot be part of any other paths, because the
tirst found path has already entered this vertex and if another path enters the vertex,
the sum would be equal to 2, which violates the constraint. This constraint is also
fulfilled when the sum is equal to 0, which for the graph would mean that neither of
the paths from the set of the starting vertices to the set of the target vertices has chosen
to pass through this particular vertex.

The optimization target is also very similar to the one presented for the 1-source-1-
target problem, with a slight change in the set of edges that it refers to. For this model,
there is no need to declare a set of directed edges E’, but the weight factors of the edges
ay are still used. The goal of this optimization is once again to minimize the length of
the found paths [TL19b].

min Z by * o (2.22)

ekeEout

Changes of the Constraints from the 1-Source-1-Target MIP Model

As seen in the MIP model of planar routing, there are some differences from the
proposed model of the 1-source-1-target problem. This is expected because generally
the 1-source-1-target problem does not rule out the possibility that a cycle is formed.
The first constraint of the 1-source-1-target problem is:

\\Constraint 1: The number of outgoing edges from the starting vertex is one more
than the number of incoming edges.

Y b= Y b+1 (2.23)

e €Es out ex€Es in

Since the number of incoming edges of the starting vertex may not be equal to zero,
it is implied that the path that starts from this vertex can also revisit this vertex at some
point in the future. As mentioned in Subsec. 2.1.1, if a path enters the same vertex
multiple times, then a cycle is formed [TL19b]. These cycles would not pose an issue
in the case of the 1-source-1-target problem, but can be very problematic for planar
routing. That is because in planar routing, the model has to ensure that no intersections
occur between the different paths that need to be found. The presence of cycles, in this
case, would increase the problem space in a non-necessary way. The formed cycles visit
more vertices in the graph, which should be avoided. In order to do so, the constraints
for the 1-source-1-target problem were modified for the MIP model of planar routing.
Even without the intersection issue for planar routing, one could apply the same MIP
model presented for planar routing (without the fourth constraint) in order to solve the
1-source-1-target problem.
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2.4 Applying Multicast on a Wavelength-Routed Optical
Network-on-Chip

The main goal of this thesis is to apply multicast on WRONoCs. Multicast refers to
having a single vertex that sends signals to different receivers. These signals should
all share the same wavelength A (like 1000 nm, for instance). In a passive network /
WRONOC, the paths that these signals follow from the sending vertex to the receiving
vertices should be predefined in the design stage, which will be done with the two
approaches from Ch. 3. Typically, applying multicast to a passive network relies on the
strategic usage of splitters and MRRs.

The splitters can be placed in different locations on the network, which could be
close to the starting vertex, as is the case for the first approach of this thesis, the
bordered area approach. In this case, the splitting operation takes place at the very
beginning, so the sending vertex has to be equipped with multiple senders (as will
be explained in Sec. 3.1 there will be a maximum of four senders, meaning that a
1x4 splitter is required), each sending a message to different receivers. However, the
splitting operation can be postponed, which is the case in the second approach, the
layering model. In this case, there are multiple splitters (as will be explained in Sec. 3.2,
these are 1x2 splitters) placed at specific vertices of the network.

On the other hand, placing MRRs in a passive network is also possible; however, it
is only under the condition that the MRRs being used are passive as well. An MMR
is considered to be passive if it cannot be switched during the transmission, meaning
that it is either activated or deactivated all the time. Also, as mentioned in Ch. 1, these
MRRs should also correspond to one single wavelength. For an active network, it is
possible to reuse the same resources of MRRs and tune these to correspond to different
wavelengths. With the help of the control system, it is also possible to turn the MRRs
on or off depending on the specific case.

As will be explained in Ch. 3, in order to achieve multicast on passive mesh net-
works, there are specific subproblems that need to be solved for both of the proposed
approaches (the bordered areas approach and the layering model). These subproblems
mostly refer to finding a path or multiple paths, like the one-source-one-target problem
or planar routing, respectively. In order to find the path from the sending vertex
to a specific receiver, the paths found are connected to a specific vertex. These are
the locations where the MRRs will be placed. The number of MRRs and splitters of
different types varies for both approaches, and it is also dependent on other factors.
These include the degree of the starting vertex in the bordered areas approach, and
also the number of receivers per layer in the layering model.

25



2 Background

2.4.1 Multicast in State-Of-The-Art Networks

Multicast in optical networks-on-chip (ONoCs) is not a new topic. However, most
research has focused on active ONoCs rather than passive ones. One of the key
differences between the two lies in their control systems: active ONoCs typically
include dynamic control mechanisms to manage signal routing, while passive ONoCs
lack such systems. In passive ONoCs, signal routes are generally predefined and fixed
at design time, limiting their flexibility for dynamic communication patterns.

Applying multicast on an active ONoC normally relies on dynamically changing
the state of the MRRs to either activated or deactivated. This is done by a control
mechanism. Two leading methods that help with multicast and broadcast in mesh
networks are FLONA [Wan+24], a network setup designed for that purpose, and
GPRMM [Yan+23], a strategy that groups multicasts to reduce how many wavelengths
are needed and to save power. This second strategy only applies to active NOCs, while
FLONA also considers predefined data paths, which is an attribute of a passive ONoC.
However, in the process of transmitting a message from a sender to a receiver, the
control unit is notified, and this one is tasked with activating or deactivating certain
MRRs, which is typical for an active ONoC. There are also methods that apply multicast
on an active ring network, like DWRMR, which stands for Dynamically-established
and Wavelength-Reusable Multicast Rings [Liu+16], and also makes use of MRRs being
dynamically tuned by a control mechanism.

Attempting to adapt both of these strategies to a passive ONoC would result in
failure due to the lack of a control unit. In this thesis, the two proposed approaches do
not rely on MRRs that can be dynamically activated or deactivated.
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The main goal of this thesis is to apply multicast on a mesh network, where the
example of a 4 X 4 mesh topology will be studied in detail. Since the target group of
the ONoC that is treated for this thesis is the wavelength-routed ONoCs (WRONoCs),
the proposed algorithms will run at the design stage, and some information should
already be known to the algorithm. This type of information will be the location of
the starting vertex, which from now on will be referred to as the sending vertex. The
target vertices will also be considered as receiving vertices during this chapter. As is
the case for the problems in Ch. 2, the new ones that will be presented for the multicast
problem can be modelled using mixed integer linear programming, as well as graphs.
For simplicity, the graph models and algorithms will be studied first, and then the
MIP model of the problems will be presented. The graphs that will be presented for
both approaches will consist of non-directed edges (until these are decomposed for
specific reasons). The vertices of these graphs represent the routers of the NoCs, while
the edges represent the wiring between these routers. For each vertex, the geometrical
position in a two-dimensional plane will be used for both approaches, while for the
edges, the attribute of weight will also be taken into consideration. The vertex located
at position (0, 0) is always in the bottom left corner. For simplicity reasons, each hop
from one vertex to any of its neighbouring vertices will result in the weight of that
specific edge connecting the two nodes to be equal to one. The approaches proposed by
this thesis are: the bordered areas approach and the layering model. Both of these offer
the possibility of applying multicast on a mesh network and, with some adjustments,
can also be used for a ring network.
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3.1 The Bordered Areas Approach

The bordered areas approach is one of the proposed approaches to solve the multicast
problem for a mesh network, with the main focus being the example of the 4 x 4 mesh
network. A graph representation of this network is shown in Figure 3.1:

O O O O
O O O O
O O O O
O O O O

Figure 3.1: The graph of a 4 x 4 mesh network.

As mentioned, this approach takes into consideration that the sending vertex is
known. The trademark of this approach is that the splitting operation takes place at
the beginning. The number of receivers that can be reached by the sending vertex
is determined by the splitting possibilities offered at this vertex. As can be seen in
Figure 3.1, the vertices of the graph can be divided into a total of three different groups:

1. Vertices with a degree of two (four such vertices in total).
2. Vertices with a degree of three (eight such vertices in total).

3. Vertices with a degree of four (four such vertices in total).

The degree of the starting vertex determines the number of possibilities the algorithm
has to split the light signal. For example, if the degree of the sending vertex is equal to
two, then there are two possibilities for splitting the light signal. The two new signals
have the same wavelength A, so it is necessary for the power distribution network to
provide a signal with the wavelength 2 x A for the starting vertex. The degree of the
starting vertex in this approach also determines the maximum number of receivers to
which an optical signal with the wavelength A can be transmitted. For a corner vertex
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with a degree equal to two, the number of possible receivers is two at maximum, while
it can also be one or zero, but not three or four. Apart from the number of receivers
that is limited for this approach, there is also another limitation regarding the locations
of the receivers. This second issue will be treated in more detail in the graph algorithm
that proposes a solution for this problem.

3.1.1 Borders and Areas
Borders

As the name of the approach suggests, the algorithm that is proposed for this part
will take into consideration two aspects: borders and areas. A border consists of a
number of vertices and edges, which are chosen with regard to the sending vertex.
It is therefore a subgraph of the mesh network. Similar to the maximum number of
receivers and the possibility of splitting the light signal, the number of borders also
depends heavily on the degree of the sending vertex. A corner starting vertex with
a degree equal to two will form a total of two borders as well. Depending on how a
border spans in a geographical sense, there are four possibilities of creating a border:

1. North Border (NB).
2. West Border (WB).
3. South Border (SB).

4. East Border (EB).

These borders contain vertices as well as edges, because they are subgraphs of the
original graph. Since a graph is a non-empty set of vertices and edges, the borders are
also a non-empty set of vertices and edges, namely:

1. NB = {NBV,NBE}.
2. WB = {WBV, WBE}.
3. SB = {SBV,SBE}.
4. EB = {EBV,EBE}.

NBYV is a subset of the set of vertices V of the graph, and it contains all the vertices
positioned in the subgraph NB. Similarly, NBE is a subset of the set of edges E of
the graph, and it contains all edges that are part of the subgraph NB. This same
logic applies to all the other borders, namely WB, SB, and EB. Taking the example
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from Figure 3.1, if the sending vertex is the one in position (0,3), then a total of two
borders can be formed. For this particular example, these borders will be the east
border (EB) and the south border (SB). In this example, a border cannot span in the
northern direction or the western direction, because the starting vertex is already at the
northwestern corner of the topology. The eastern border vertices (EBV) in this case will
be a subgraph that contains all the vertices located east of the sending vertex, while the
southern border vertices (SBV) will contain all the vertices located south of the sending
vertex. More precisely, that means:

EBV = {(1,3),(2,3),(3,3)} 3.1)
SBV = {(0,2),(0,1), (0,0)} 3.2)

To fully define the southern and eastern borders of this scenario, the sets EBE and
SBE need to be filled as well:

EBE = {(1,3) — —(2,3),(2,3) — —(3,3)} (3.3)
SBE = {(0,2) — —(0,1), (0,1) — —(0,0)} (3.4)

All these values are based on a Cartesian system, where the x-axis spans from the
origin to the right and the y-axis spans from the origin to the upper direction. A graph
algorithm that would offer an opportunity to find these defined borders would be a
modified version of the DFS and BFS algorithms, respectively. In order to find the
western and eastern borders, the application of the BFS algorithm would be required,
while finding the southern and northern borders would require the application of
the DFS algorithm. The modified versions of these algorithms make it possible to
differentiate between the northern and southern borders while applying the DFS
algorithm. On the other hand, the modified BFS algorithm would be able to distinguish
the western and eastern borders from one another. The modification of both algorithms
will take place when the neighbouring vertices are inserted into either the queue for
the BFS or the stack for the DFS. Compared to the algorithms presented in Ch. 2, the
locations of all vertices are known for this problem. As a consequence, while checking
for the neighbours, one can check whether these are below, above, to the right, or to the
left of the sending vertex. These four possibilities correspond to finding the western
vertices for the western bound, the eastern vertices for the eastern bound, the southern
vertices for the southern bound, and the northern vertices for the northern bound. In
other words:

1. If x¢ = x5 and ys < y, then the neighbour 7 is in the norther border of the
sending vertex s.
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2. If x¢ = xn and ys > yn then the neighbour 7 is in the southern border of the
sending vertex s.

3. If xs < xn and ys = y, then the neighbour 7 is in the eastern border of the sending
vertex s.

4. If x; > x5 and ys = yn then the neighbour 7 is in the western border of the
sending vertex s.

The other modification in the formerly introduced algorithms would be to find the
edges that connect the vertices of each bound to one another. The choice of including
the sending vertex in the borders is arbitrary. If it is included, then all the inequalities
presented above need to be modified from < to < and > to > respectively.

Areas

This approach also makes use of specific areas. Similar to borders, these areas are also
subgraphs of the original graph representing the mesh network. Once again, the degree
of the starting vertex determines the number of areas that will be formed. An area
should always be formed between two borders. If there are two borders in total, then
there is one area for this particular case. If there are three borders, then there are two
areas in the graph, because they will share one of the borders with one another. In the
case that four borders are found for a sending vertex, then the number of areas also
corresponds to four. In this last case, each border is in contact with two areas. This is
shown in Table 3.1.

Table 3.1: The relation between the degree of the starting vertex and the number of
borders and areas obtained.

Degree of the starting vertex | 2 | 3 | 4
# Borders 2134
# Areas 11214

These areas consist of a set of vertices and a set of edges as well. For simplicity
reasons, these areas will be named A4, Aj, A3z, and A4. The decision whether A; for
instance is between NB and EB or SB and EB is arbitrary. The choice of these areas
is made to resemble the quadrants when working with trigonometric rules. Hence,
throughout this thesis, the setting will be as shown in Figure 3.2.
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NB
A Ay
WB (s) EB
As Ay
SB

Figure 3.2: Configuration of areas for the bordered areas approach.

This means that A; is located between the eastern and northern borders, A, is located
between the northern and western borders, As is located between the western and
southern borders and lastly Ay is located between the eastern and southern borders.
These areas, in a mathematical sense, are sets built as such:

1. Ay = {AV, AE}.
2. Ay = {AV, AE}.
3. As = {A3V, AsE}.
4. Ay = {A4V, ALE}.

Finding the elements of the set AV, for instance, would require a graph algorithm,
similar to the one used for finding the elements of the sets NBV, WBV, SBV, and
EBV. Compared to the border vertices, however, in this case, it is not necessary
to differentiate between a BFS and a DFS algorithm. The time complexity of both
algorithms is the same, and the order in which the vertices of A;V are obtained is
not important. The original BFS or DFS algorithm needs to be modified once again in
the second step, where the neighbours first start to be inserted into the queue or the
stack. In this insertion procedure, it needs to be ensured that the x-coordinate of the
neighbour is greater than the x-coordinates of the vertices in the northern border, and
the y-coordinate of the neighbour is also greater than the y-coordinate of the vertices in
the eastern border. Note that in the northern border, all vertices share the same value
for the x-coordinate, while in the eastern border, all vertices share the same value for
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the y-coordinate. Apart from this modification, the new DFS or BFS algorithm should
also deliver all edges connecting the found vertices. For the other areas, the vertex
subsets will be defined as follows:

A1V :{veV,e€ EBV,n € NBV|xy > Xn AYn > Ve (3.5)
AV :{veV,we WBV,n € NBV|xy < Xn AYn > Yw} (3.6)
A3V :{veV,we WBV,s € SBV|xy < Xxs Ayn < Yw} (3.7)
AV :{v e V,e € EBV,s € SBV|xy > xs Ayn < Ye} (3.8)

A rule for this algorithm is that each area must be bounded by one of the borders.
Since each area is located between two borders, it is essential to give one of these
borders priority over the other. Therefore, there are a total of three possibilities to
prioritise the borders:

1. Right Border Priority.
2. Left Border Priority.
3. Both Borders Priority.

The third example will be referred to later on Subsec. 3.1.2. Between the first two,
the choice is once again arbitrary. In Table 3.2, these possibilities of giving priority can
be compared to one another.

Table 3.2: Comparing the left and right border priorities of the areas for the bordered
areas approach.

Left Border Priority | Right Border Priority
A1 —NB A1 —EB
A, —WB A, — NB
A3 —SB A3 —WB
Ay —EB Ay —SB

Since this priority bounds an area to a specific border, the union of these two
subgraphs will also be referred to in the discussion regarding the possible locations
of the receivers in the network. Uniting the A; border to the eastern bound, would
mathematically be presented as:

A,EB = A, UEB 3.9)

This new set will also include all the edges connecting the vertices of the border to
the vertices of the area.
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3.1.2 Number and Location of the Receivers

The total number of receivers should also be taken into consideration before presenting
the following steps of the approach. As mentioned in Sec. 3.1, the maximum number
of receivers is determined by the degree of the sending vertex. If this degree is equal
to three, for instance, then there are three possible receivers in the network at most.
The location of these receivers is also an important factor that needs to be taken into
consideration. Since the whole graph is divided into the borders and areas subgraphs,
a receiver can either be in an area or on a border. A limitation of this approach is that
there cannot be multiple receivers on one single border. The first example that will be
examined is that of a starting vertex with a degree equal to four.

Staring Vertex and Possible Locations of the Receivers

Considering the graph from Figure 3.1, there are four vertices that have a degree equal
to four. These are located in positions (1,1), (2,1), (1,2), and (2,2). For this example, the
vertex in position (1,2) will be analysed as the sending vertex. Since the degree of this
vertex is equal to four, there are a total of four borders and four areas that can be found
in the graph. These are all illustrated in Figure 3.3. The red colored vertex represents
the sending vertex, while the blue colored vertices and edges represent the borders.
The green color is used to present the areas.

NB

)
/

)
/)

WB ( D — O EB

-/
/

)
W/

e
U
SB

Figure 3.3: Sending vertex with degree four in the bordered areas approach.
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This approach proposes that the maximum number of receivers in the case presented
in Figure 3.3 is equal to four at most. If there are indeed four receivers, then there are a
few possibilities for placing these in the network:

1. Each area has one receiver.

2. One area has two receivers.
a) Two other areas have one receiver each, and the last area has no receivers.

b) One other area has two receivers, and the remaining two have no receivers.

The first scenario is the trivial one, where the vertex in A,, one of the two vertices
in areas A; and Aj, respectively, and one of the larger areas A4 would be the receiver.
However, the receivers may also be placed on the borders. Taking into consideration
the right border priority approach from Table 3.2, if a receiver is located exactly on
the border and is given priority over the area, then the total number of receivers in
this area decreases by one. If one area has two receivers in total, the scenario of both
borders” priority needs to be considered for the approach. In the example shown in
Figure 3.3, area A4 may include two receivers in its set of vertices. In this case, both
border priorities need to be triggered. The area prioritises the eastern and southern
borders, meaning that the areas A; and A, need to decide which will be the one bound
to the northern border (NB). Similarly, the areas A; and A3 need to decide which will
be bound to the western border (WB). If a receiver is located on the eastern border
(EB), then the total number of receivers in area A4 drops by one. This last receiver may
then either be located in one of the green vertices of area A4 or even in the southern
border (SB). If the other remaining receivers are located in the areas A; and Aj, then
the only possibility for reaching the receiver in area A; would be through the northern
border (NB), while in order to reach the receiver in area A,, the western border (W B)
would be used. In this example, it would be impossible to place a receiver in area A3
as well, because both the southern and western borders have already been utilized
for the other receivers. In this scenario, the left border priority is actually applied
for the areas A1 and Aj,. The situation would, however, be completely different if the
remaining two receivers were located in area A, and A3z. Area Az would be the critical
one, since one of its surrounding borders has already been used for the receivers in
area A4. This would mean that in order to reach the receiver in area As, the western
border (WB) would be used, while for the area A,, the northern border (NB) would be
used. This other scenario corresponds to the right border priority. The conclusion from
these scenarios is that if both border priorities are applied for one of the areas, then
this will also be the case for all the remaining areas, which should make use of the next
possible border. The areas that share one border with the one where the two receivers
are located are the most critical ones and should be considered first.

35



3 Methodology

Using the same example presented in Figure 3.3, it is also possible to visualize the
cases where the sending vertex has a degree equal to three or two. If this vertex has
a degree of three, then the first row in Figure 3.3 would be ignored (including the
edges connecting the vertices of the first row to the vertices of the second row). In that
particular case, the approach would only be able to distinguish three borders, these
being the western (WB), the eastern (EB), and the southern (SB) borders. The total
number of areas would be equal to two, and these would be the areas Az and A4. The
total number of receivers would be equal to three at maximum, with two possibilities
of placing them:

1. Two receivers are located in area A3 and one is located in area Aj,.
2. Two receivers are located in area A4 and one is located in area As.

The total number of receivers per area in this approach is limited to two per area. The
area with the higher number of receivers would use both its surrounding borders to
reach these receivers, while the other area would use the remaining border to reach the
last receiver. Once again, the receivers may also be located on the borders themselves.
In this case, the number of receivers in the area whose border has a receiver drops by
one. There is also the possibility of each of these two areas having one receiver, which
would make the approach easier. Using right border priority, the receiver in area A4
would be reached from the southern border (SB) (if the receiver is itself not located
exactly in the southern border), while the receiver in area A3 would be reached from
the western border (WB) (considering that the receiver is not located exactly on this
border).

Lastly, the scenario of a sending vertex being the corner vertex can also be visualized
using the same graph from Fire 3.3. In this case, the first row and first column would
theoretically be deleted, leading to the starting vertex at the original (1,2) position to
be a corner vertex with a degree equal to two. The number of borders in this case
would be equal to two, and the ones found would be the eastern (EB) and southern
(SB) borders. The only possible area to find in this example would be area A4, which
leads to two possible outcomes:

1. Two receivers are located in area Aj.
2. One receiver is located in area Ajy.

If two receivers are located in the area A4, then the eastern (EB) and southern (SB)
borders would be used to reach these two receivers, considering that the receivers are
not located directly in any of these two borders. Otherwise, if one receiver is located in
area Ay and right border priority is taken into consideration, then this receiver would
be reached from the southern border (SB).

36



3 Methodology

3.1.3 Reaching the Receivers

Up to this point, it has been mentioned that the receivers need to be reached from
the starting vertex. In graph theory, this would mean that the problem formulation in
the bordered areas approach is to find the paths that start at the sending vertex and
end at the receiving vertices. The total number of these paths corresponds to the total
number of receivers. Since paths need to be found, this problem will be compared to
the two problems presented in Ch. 2, which proposed a solution for finding a path
from a specific source to a specific target. These are the 1-source-1-target problem and
planar routing. Before deciding which one of the two to use for the specific case, the
exact location of the receivers is required. As mentioned in Subsec. 3.1.2, the receivers
could either be at the border or in an area. Before considering multiple receivers in an
area, let this part have a single receiver at most for each of the areas.

If the receiver is located on the border, then the path being searched is one that starts
at the sending vertex and ends at the receiver without any need to redirect this path
using an MRR, for example. This problem formulation is the same as the one for the
1-source-1-target problem and will be solved using the same methods. Solving it with
a graph algorithm would mean applying either Dijkstra’s algorithm or A* algorithm.

On the other hand, if the receiver is located in the area and not the border, then there
are two issues to resolve for the desired path in this case:

1. Finding the path starting at the sending vertex and ending at one of the vertices
of the respective border (using either right or left border priority).

2. Finding the path from this specific border vertex to the receiver in the area.

As shown, the more complicated problem can actually be split into two subproblems.
Starting with the second subproblem, the main issue here is the specific vertex that
is located on the border. This vertex should ideally function as the turning point for
the path that is being searched. At first glance, it may seem like a multiple-sources-
1-target problem. Changing the perspective to that of the receiving node in the area,
this problem could also be formulated as a 1-source-multiple-targets problem, with
the original receiver being considered as the source, while the targets are the vertices
located on the border. However, there should be no multiple targets or sources for this
problem. It is not required to find all paths starting from each vertex located on the
border and ending at the receiver in the area, even though it is possible. The better
method would be to first find the vertex on the border closest to the receiver in the
area. In order to do so, a heuristic function can be applied. This would be the function
for calculating the Manhattan distance, which was explained in Subsec. 2.3.2. This
calculation would be done for all the vertices located on the border with respect to the
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receiver located in the area. The vertex with the closest distance to the receiver will
be the one chosen for solving both the presented subproblems. Usually, one would
also consider the scenario of multiple border vertices having the same distance to the
receiver, but that is not possible.

(®)

—

Figure 3.4: Shortest distance between the receiving vertex and a border.

All the vertices located on the borders either share the same x-coordinate value or
the same y-coordinate value. More precisely, if the found bound is determined to be a
southern (SB) or northern (N B) bound, then the vertices share the same x-coordinate.
Depending on the starting vertex’s y-coordinate and the y-coordinates of these vertices,
it would be possible to determine whether these vertices are located in the southern
(SB) or northern (NB) border. Similarly, all the vertices in the eastern (EB) and western
(WB) borders share the same y-coordinate, while the x-coordinates compared to that
of the starting vertex will determine whether these are located in the southern (SB) or
northern (NB) border. The horizontal line in Figure 3.4 represents a random border,
while the vertex R represents a receiver located in the area bound by this border.
Mathematically, finding the shortest distance from a point to a line would mean finding
the perpendicular between the point and the line. This perpendicular makes contact
with the line at one specific point of the lane, forming a 90° angle between the two
lines. This perpendicular cannot be found at any other position along the line and
represents the closest distance from the point to the line. In other words, there is only
one vertex on the border that is closest to the receiver. This vertex should be located in
such a position that a perpendicular can be constructed from the receiving vertex to the
border. Depending on the border, this vertex may either share the same x-coordinate or
y-coordinate with the receiving vertex. In the case of the southern (SB) and northern
(NB) border, this particular vertex will share the same y-coordinate with the desired
border vertex, while for the eastern (EB) and western (WB) borders, this vertex will
share the same x-coordinate with the desired border vertex. However, applying the
Manhattan distance is the more general approach to finding the shortest distance. The
concept from Figure 3.4 shall only explain why there is only one vertex on the border
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whose distance is the smallest to the receiving vertex.

M(A, B) = |xa = xb| + [ya — b (3.10)

If A is considered to be the border vertex and B is considered to be the receiving
vertex, then in this equation, either the first or the second term will be equal to 0.
For all the other vertices in the border, neither of these terms would be equal to zero,
considering that the receiver is not located on the border itself.

Multiple Receivers per Area

As mentioned in Subsec. 3.1.2, an area might have either two, one, or zero receivers.
If no receivers are located in the area, then no path needs to be found. In the case of
one receiver, the specific border vertex closest to the receiver in the area needs to be
found. However, the problem becomes more difficult when two receivers are located
in the same area. Apart from the priority, which in this case changes to both borders
priority for all the areas of the graph, one needs to consider the possibilities to reach the
receivers. Finding these paths is a complicated problem that needs to be decomposed
into three subproblems:

1. Finding the path starting at the sending vertex and ending at one of the vertices
of the first border.

2. Finding the path starting at the sending vertex and ending at one of the vertices
of the second border.

3. Finding the paths from these border vertices to the receivers in the area.

The first two subproblems resemble the first subproblem presented for the case of
a single receiver at most in any area. The only difference here is that this should be
done twice for both borders surrounding the area. In both cases, the 1-source-1-target
problem needs to be applied. The third subproblem will be treated differently from all
the other ones presented until this point. Finding these specific vertices in the borders
is the challenging part of this case. Previously, there was only one receiver and one
border to consider, but the number of receivers and borders for this case is equal to two.
Let the receiver in this area be referred to as Ry and R,, while the borders be referred
to as By and By. The main issue for this part is whether R; or R; is closer to B;. The
furthest one will automatically be associated with B,. There is a total of four cases for
this scenario:

1. R; is closer to By and R» is closer to Bs.
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2. Ry is closer to B, and Rj is closer to Bj.
3. Ry is closer to By and Rj is closer to Bj.

4. R; is closer to B, and Rj is closer to B,.

B1 Bl
B, B,
(a) Case 1. (b) Case 2.
By 3 By
Bz | BZ
(c) Case 3. (d) Case 4.

Figure 3.5: Scenarios with two receivers per area in the bordered areas approach.

These cases are shown in Figure 3.5. The first two cases are the trivial ones where
the receivers are each closer to different borders, while the third and fourth cases are
not that intuitive. In case three, for instance, the receiver R; is closer to the border B;
compared to R, and the same border. The problem is, that the receiver R; is further
from border B, compared to receiver R; and this same border. The question that
arises for this particular case is whether it is better to connect R, with the By border,
even though R; is closer to By. In order to answer this question, this scenario will be
analyzed in the 4 x 4 mesh network, as shown in Figure 3.6:
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(s ) —0 O O EB
® e O
C\ ) ()
J / /
O O O O
SB

Figure 3.6: Bordered areas approach with two receivers in one area.

Figure 3.6 shows the bordered areas approach with the sending vertex located in
position (0,3). With respect to this sending vertex, two borders can be found. These
are the southern (SB) border and the eastern (EB) border. A northern border cannot be
found because there is no vertex in the graph with a higher y-coordinate value than
the starting vertex. Similarly, no western bound can be found, because the starting
vertex has the lowest possible value in its x-coordinate. The area surrounded by the
eastern (EB) and southern (SB) borders is area A4, which consists of the remaining
nine vertices of the graph. Among these vertices, there are two receivers, R; located
in position (2,2) and R, located in position (3,1). R; is located closer to the eastern
(EB) border then to the southern (SB) border. However, the receiver R; is also located
closer to the eastern (EB) border than to the southern (SB) border. Connecting R; to the
eastern (EB) border would cost one hop, from this vertex to the vertex in location (2,3)
on the eastern (EB) border, which is the closest to it. If this is done, then R, remains
to be connected to the southern (SB) border, although it is closer to the eastern (EB)
border. Whether to connect Ry to SB and R, to EB is under consideration. For both
scenarios, the costs are calculated in Table 3.3. The second column for each method
of the table shows the costs of reaching the receiver from the border, while the third
one shows the costs of reaching the specific border vertex from the sending vertex S.
As can be calculated in this table, the sum of the total costs is equal to eight (four in
total for reaching both receivers from the borders and four for reaching the specific
border vertices from the sending vertex). Choosing between these methods would be a
complicated problem in terms of MIP, because the whole calculation needed to find the
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Table 3.3: Costs of both scenarios in Figure 3.6.

closest vertex located on the border to the receiver would be repeated several times.

Method A Method B
Connection | Cost B-R | Cost S-B | Connection | Cost B-R | Cost S-B
R1—EB 1 2 R1—SB 2 1
R, — SB 3 2 R, — EB 2 3

In order to pair each receiver to one specific bound, even if this is not optimal, the
heuristic function of the Manhattan distance can be applied once again. For each
receiver, one would need to calculate the Manhattan distance to the vertices on the
eastern (EB) and southern (SB) borders. Out of these four obtained values, the smallest
one should be chosen. In the case from Figure 3.6, the smallest Manhattan distance
found would be equal to one, which corresponds to the distance between R; and the
vertex (2,3) in the eastern (EB) border. For R, the choice is limited to only one of the
borders, which in this case is the southern (SB) one.

So, the specific vertices on the borders will act like starting vertices, while the receivers
will be the target vertices. A similar problem was encountered in Subsec. 2.3.3 where
planar routing was discussed. However, the original planar routing algorithm presented
in Subsec. 2.3.3 mentions that the multiple paths found from the set of starting vertices
to the set of target vertices should not intersect with one another. The paths required
for this specific problem should also not intersect with one another, but they cannot
start at a random starting vertex and finish at a random target vertex. These pairs, as
explained earlier, are fixed at the beginning of the algorithm. Therefore, the algorithm
for planar routing needs to be slightly modified in order to adapt to the new changes.

3.1.4 MIP Model

Now that the desired vertex on the border can be located, the problem can be solved
using the algorithms presented in Ch. 2. For multiple subproblems, a path needs to
be found that resembles the 1-source-1-target problem, while for the last subproblem
presented in the scenario of multiple receivers in one area, a variation of the planar
routing algorithm is required. In order to construct the MILP model for the whole
problem, one could construct MILP models to solve the subproblems and connect these
in order to obtain a solution for the whole problem. The only issue with the bordered
areas approach regarding its MIP model is the heuristic function being used.
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Manhattan Distance MIP Model

The Manhattan distance between two vertices was calculated using the following
equation:

M(A,B) = [xa = xp| + [Ya — v (3.11)

As mentioned in Ch . 2, MIP is a mathematical modelling method consisting of a
linear set of equations and inequalities that are connected logically using the logical
AND (A) operator. The main issue with the Manhattan distance formula is that it
consists of two absolute values. The variables x, and y, representing the x- and y-
coordinates of the graph’s vertices will be declared as integer variables for building
the MIP model. The absolute value of a variable is not a linear operation. Thus,
before discussing the MIP model of the bordered areas approach, the absolute value
of a variable should be linearized. The absolute value of the difference between
two variables, like Xgi = |xa — xp| from the former equation, can be split into two
cases [TL19a]:

_ Jxair=xa—xp, ifxa—xp > xp— x4
Xdiff = |Xa — Xp| = )
Xdiff = Xp — Xa, if Xa —xp < Xp — Xa

Xdiff = Xa — Xp, if Xagiff > Xp — Xa
Xdiff = [Xa — Xp| = .
Xdiff = Xp — Xa, if Xa — X < Xaife
These two cases can be logically connected with the logical OR (V) operator. Splitting
the two equations and using a binary auxiliary variable g to transform the logical
OR (V) relationship to a logical AND(A) relationship would lead to a total of six
constraints [TL19a]:

Xdiff = Xa — Xp — g * M (3.12)

Xgiff < Xa — Xp +q*x M (3.13)

Xdiff > Xp — Xa — (1 —q)* M (3.14)
Xdiff < Xp — Xa + (1 —¢q) M (3.15)
Xdiff = Xp — Xa (3.16)

Xdiff = Xa — Xp (3.17)

Out of these six constraints, the last one makes the first constraint redundant, and
the second-to-last one makes the third constraint redundant. Therefore, constraints
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one and three can be deleted, leaving four necessary constraints to model the absolute
value:

Xdiff < Xa —Xp +qx M (3.18)

Xaitf < Xp—Xa+(1—gq)«x M (3.19)
Xdiff = Xp — Xa (3.20)

Xdiff = Xa — Xp (3.21)

This model has to be repeated for the differences of the y values as well, thus leading
to the constraints:

Yaitt SYa— Yo +q*x M (3.22)

Vaitt <Yp —Yat+ (1—q)* M (3.23)
Ydiff = Yb — Ya (3.24)

Yditt = Ya — Yo (3.25)

This type of modelling, in terms of mixed integer linear programming, is referred to
as hierarchical modelling. These two models can be used in tandem to fully model the
Manhattan distance between two vertices of the graph.

1-Source-1-Target Problem

Some subproblems that were formulated for the bordered areas approach required
finding a path from a specific sending vertex to a target vertex, which directly refers to
the application of the 1-source-1-target problem. The subproblems that require such a
path are:

1. Finding the path from the sending vertex to the receiver located on any of the
borders.

a) Vertex s represents the starting vertex while vertex t represents the receiver
r.

b) The set V of the third constraint will be replaced by the border: NB, EB, SB,
or WB, depending on the location of the receiver.

2. Finding the path from the sending vertex to the specific border vertex (after
applying the Manhattan distance).
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a) Vertex s represents the starting vertex while vertex t represents the closest
border vertex to the receiver in the area, c.

b) The set V of the third constraint will be replaced by the border: NB, EB, SB,
or WB, depending on the location of the receiver and the priority used.

3. Finding the path from the specific border vertex (after applying the Manhattan
distance) to the receiver in the area.

a) Vertex s represents the closest border vertex to the receiver in the area, c,
while vertex t represents the receiver r.

b) The set V of the third constraint will be replaced by the area: AjEB, A,NB,
A3WB, or A4SB, depending on the location of the receiver and assuming
right border priority.

These changes will take place within the constraints of the 1-source-1-target problem,
considering a modification in the first and second constraints that disables the formation
of cycles. These three constraints are:

\\Constraint 1: The number of outgoing edges from the starting vertex is equal to
one, and there are no incoming edges.

Y =1 (3.26)
e €Es out
Y, be=0 (3.27)
ekeES,in

\\Constraint 2: The number of incoming edges of the target vertex is equal to one,
and there are no outgoing edges.

Y, be=1 (3.28)
El<€Et,in
Z by=0 (3.29)
e €E out

\\Constraint 3: The number of incoming and outgoing edges of all vertices that are
neither a starting vertex nor a target vertex in the path should be equal to one another.

Vo; € V\{S, t} 2 b = Z by (3.30)

e €Eiin e €E; out

\\Optimization objective: Minimize this path being found.
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min Z bk * N (331)
EkGE’

Planar Routing Variation

The last subproblem discussed in Subsec. 3.1.3 required finding two paths that start at
one specific vertex on each border surrounding the area and end at the two receivers
located in the area. For finding these specific vertices on the border, the MIP model
of the Manhattan distance was presented. With the results of this model, it is possible
to form the pairs c; - 1 and c; - ro, where the vertices c; and c; represent the closest
vertices (located on the borders) to the receivers r; and r;.

For each pair of vertices (i, j) for each path k € {1,2}, the binary variables b;;* and
b, are introduced to determine whether the edge in direction (i, j) or (j, i) are located
on path k or not. In total, there are four binary variables declared for each of the edges
of the subgraph where this problem takes place. If the example from Figure 3.6 is taken
into consideration, this subgraph would be:

A4EBSB = AyUEBUSB (3.32)

For simplicity, this subgraph will be referred to as G’ with G’ = {V’, E’} containing
all the edges and vertices of the subgraph A4EBSB.
\\Constraint 1: Each non-directed edge is visited at most once.

Vije V! AGj) €E Y (bay*+bgnk) <1 (3.33)
1<k<2

\\Constraint 2: A vertex is visited at most once.

voeV Y Y bey <1 (3.34)
1<k<2 (x,0)€F’

\\Constraint 3: For all the vertices that are neither the starting vertex nor the target
vertex of any of the paths, whenever the path enters the vertex, it must also leave the
vertex.

Vv € VI\{C1,C2, 1"1,7’2}, Vk € {1, 2} Z b(x,v)k = Z b(le)k (335)
(x,v)eE’ (v,x)eE’

\\Conctraint 4: ¢; and c, have each one outgoing edge and no incoming edges.
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VieV Y bey =1 (3.36)
(c1.7)

viev' ) Z b,e))* =0 (3.37)
1<k<2 ]Cl

Vj € %4 2 b(Cz )= =1 (3.38)
(c2./)

viev ). 2 bj,e)" = 0 (3.39)
1<k<2( ]CZ

(3.40)

\\Constraint 5: Each target has one incoming edge in the corresponding path and
no outgoing edges in any path.

VieV Z b =1 (3.41)
ZTl

vieV Y Y et = (3.42)
1§k<2 (}’1 l)

VieV 2 by =1 (3.43)
1r2

vieV’ Z Z b(rz,i) = (3.44)
1<k<2 (r4,i)

(3.45)

\\Optimization objective: Minimize the lengths of the found paths.

min Yy Y be k% we (3.46)

ecE 1<k<2

The term w, corresponds to the weight of the edge. This is assumed to be equal to
one for all edges throughout the thesis.

3.1.5 Adaptation of the Bordering Areas Approach to a Ring Network

The proposed bordered areas approach can also be applied to a ring network. The
main problem of a ring network compared to a mesh network is the location of a vertex.
While in a mesh network, it is possible to determine the borders with respect to any
starting vertex by comparing the x- and y-coordinates of the vertices, this strategy
would not be appropriate in a ring network. Some vertices on the border may not
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share any of the coordinate values with the ones from the starting vertex. Therefore, a
new approach for determining the borders with respect to any starting vertex will be
proposed. Similarly to the mesh network, the degree of the starting vertex determines
the possible borders that can be found and also the maximum number of receivers.
Since in a ring network all vertices have a degree equal to two, there are always two
borders that can be found, and two receivers can be placed at most in this network.
A method to find these borders would be by applying a clustering algorithm, like
the K-means algorithm [L1082] [Has24]. The two neighbouring vertices of the starting
vertex can be set as the original means of the two clusters (borders), which will be found.
After this step, the remaining vertices of the graph will be placed in one of the two
clusters, depending on the distance between these vertices and the original means of
the two clusters. This comparison will be done using the results of Dijkstra’s algorithm
on this graph. K-means will also recalculate the means of the clusters by searching
for a better candidate inside the cluster. The distance between all vertices and these
new means will then be calculated. It may occur that one or multiple specific vertices
change clusters. These steps are repeated until no changes are found between the
clusters of two consecutive steps of the algorithm. The two formed clusters represent
the borders of the bordered areas approach. While a border in the bordered areas
approach in the mesh network either contains one or no receivers, the clusters of the
same approach in a ring network also contain either one or no receiver. In order to
determine the path starting at the starting vertex and ending at any of the receivers,
either the 1-source-1-target problem or the variation of planar routing will be applied.
If there is only one receiver in the whole ring network, the 1-source-1-target model
will be used in order to find the desired path. Otherwise, if there are two receivers in
the ring, the model of the variation of planar routing will be applied, with the only
difference that instead of two different sources and two different targets, in this case,
there is a single source and multiple targets. This model will be presented in more
detail in Sec. 3.2.
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3.2 The Layering Model

The second proposed approach to solve multicast on a given mesh network is the
layering model. This approach will be studied in a similar manner to the bordered areas
approach. The first step will be to split the problem into a total of three subproblems.
These three subproblems can be solved by either the exact methods presented in Ch. 2
or by modifying these problems. A possible graph algorithm and MIP model will be
presented to solve multicast with the layering model. As is the case with the bordered
areas approach, the layering model will also be constructed based on a starting vertex.
The mesh network that will be used as an example for the layering model is the same
4 x 4 mesh network that was presented by the graph in Figure 3.1. The layering model
postpones splitting the optical signal as much as possible. The maximum number of
receivers in this case is determined by the size of the network. A 4 x 4 mesh network
offers the possibility of using the same wavelength A to reach a total of four receiving
vertices at maximum. The sending vertex will be the only one on layer 0, and its degree
determines the maximum number of layers that can be found. After the layers are
determined, a sending path starting from the sending vertex and ending at a vertex
in the last found layer will be found. Each node of the sending path will be equipped
with splitters to send a message with a wavelength A to each receiver. Depending on
the total number of possible receivers, the Power Distribution Network (PDN) must
ensure that the sending vertex has sufficient optical power to transmit a message using
wavelength A. This power will then be divided by a 1x4 optical splitter, assuming
there are four reachable receivers in the network. This approach treats the whole mesh
network as a series of ring networks built onto one another. The layering model consists
of the following subproblems:

1. Building the layers with respect to a sending vertex s.
2. Finding the sending path starting at vertex s and ending at the last layer.

3. Finding the path from the vertex in the sending path to the receivers located on
the layers.

3.2.1 Defining the Layers

The layers of this model are all formed based on the sending vertex. The sending vertex
itself is placed on layer 0, while the other layers will be filled with all the remaining
vertices of the graph. The first layer will be formed using the neighbours of the sending
vertex. There are two types of neighbours: direct and diagonal neighbours. The direct
neighbours are the vertices that are directly connected to the sending vertex on layer
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0. In this case, an edge exists that connects the sending vertex to its neighbour. A
diagonal neighbour, on the other hand, is a vertex that is directly connected to two
direct neighbours. Figure 3.7 shall serve as an example for this explanation:

O

O

O
O O O

Figure 3.7: Direct and diagonal neighbours of the sending vertex for the layering model.

In Figure 3.7, the sending vertex is the one colored in red and located in position
(1,2). The direct neighbours of this vertex are the ones located in positions (0,2), (1,1),
(2,2), and (1,3). These are colored green. As can be observed by the differences in the x-
and y-coordinate values of these vertices, the difference to the sending vertex is always
equal to one. An important notice for these vertices is that either the x- or y-coordinate
value changes compared to the sending vertex, but not both at the same time. The
diagonal neighbours of the sending vertex are the vertices located in positions (0,3),
(2,3), (0,1), and (2,1). These vertices are colored green and drawn by a dotted line.
In this case, both the x- and y-coordinates change by one unit compared to those of
the sending vertex. These four vertices are connected to two direct neighbours of the
sending vertex. All the remaining vertices in the graph are either connected to one
direct neighbour of the sending vertex or to no direct neighbour of the sending vertex.
None of these vertices qualifies to be on the first layer of the layering model. The
unified set of the directed and diagonal neighbours of the sending vertex represents
the first layer of the layering model. Recursively, in order to determine the second
layer of the layering model, the direct and diagonal neighbours of all the vertices in
the first layer need to be determined. In the example from Figure 3.7, all vertices that
are colored in blue are the direct neighbours of the vertices in layer one. This means
that all these vertices are placed on layer two. The only diagonal neighbour of the
vertices that are already placed in layer one is the vertex located at the position (3,0),
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which is connected to two direct neighbours of the vertex (2,1) in layer one (namely
the vertices (3,1) and (2,0)). This vertex is also part of the second layer. At the end of
this assignment process, each vertex has to be assigned to one layer. In this example,
the sending vertex has a degree equal to four, and the number of layers found is equal
to two (excluding layer 0, which corresponds to the sending vertex itself). A different
sending vertex may lead to a different number of layers that can be found.

O O O
O O
O O O O O

(a) Building the layers for a sending vertex with a (b) Building the layers for a sending vertex with a
degree equal to two. degree equal to three.

Figure 3.8: Building the layers for a sending vertex with degree two and three.

The examples presented in Figure 3.8 present the layers constructed for the layering
model when the degree of the sending vertex is equal to two and three. Once again,
the sending vertex is colored in red, while the layers 1, 2, and 3 are colored in green,
blue, and orange, respectively. The dotted vertices on each layer represent the diagonal
neighbours of the vertices in the previous layer. In these examples, the number of
layers found is equal to three (excluding layer 0). For a 4 x 4 mesh network, it would
be impossible to find more layers using this method. There are only three possibilities
when choosing a starting vertex: a vertex with degree 2, 3, or 4. The examples of the
seeing vertex being with a degree of 2 and 3 offer the formation of three layers, as
shown in Figure 3.8, while if the degree 4 is chosen for the sending vertex, the number
of layers decreases by one, as was presented in Figure 3.7. Ultimately, the receivers
of the layering model are all located on the different layers, with the limitation that
a layer can contain at most two receivers. In other words, for each layer, there are at
most two vertices that serve as receivers for this approach. Therefore, at first glance, it
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would mean that the greater the number of layers of the layering model is, the more
receivers can be reached using this approach. However, this does not necessarily mean
that starting at a vertex with degree equal to four is not desired or should be avoided.
Even though the number of layers for the examples in Figure 3.8 is one greater than the
number of layers for the example shown in Figure 3.7, some problems may occur when
the sending vertex is chosen with a degree of two or three.

Total Number of Vertices in a Layer

As mentioned, each layer represents a set of vertices and edges, where the vertices are
chosen based on the neighbourhood condition (either direct or diagonal neighbours)
and the edges are the ones connecting all vertices belonging to the same layer. Since
layer O always consists of only the sending vertex, there is a maximum number of
vertices that can be placed on layer 1. More precisely, there are four direct neighbours
and four diagonal neighbours, which add up to a total of eight vertices. The first layer
can be considered as a square where each side is three units. There are four sides in
total, and on each side, there are three vertices. Each vertex on each side will have one
direct neighbour in the upcoming layer, which adds up to twelve direct neighbours
located on layer two. Apart from the direct neighbours, there are always four diagonal
neighbours for each layer, meaning that the total number of vertices on layer two can
be equal to sixteen at most. Recursively, calculating the maximum number of vertices
per layer can be done with the following series:

1. Layer 0 — 1 vertex.

2. Layer 1 — 1 x4 direct neighbours + 4 diagonal neighbours = 8 vertices.
3. Layer 2 — 3 * 4 direct neighbours + 4 diagonal neighbours = 16 vertices.
4. Layer 3 — 5 * 4 direct neighbours + 4 diagonal neighbours = 24 vertices.
5. Layer 4 — 7 * 4 direct neighbours + 4 diagonal neighbours = 32 vertices.

6. Layer i — (i + (i — 1)) * 4 direct neighbours + 4 diagonal neighbours = 8 * i
vertices.

This result means that for any layer i, there can be 8 * i vertices located on this layer.
This rule excludes only layer 0, because by definition, this layer only contains the
sending vertex s.
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Full and Non-full Layers

Based on the total number of vertices located on a layer, these can be categorized into
two groups: full layers and non-full layers. A layer is considered to be full if the number
of vertices on this layer equals the maximum number of vertices located on this layer,
which was calculated to be 8 x i for any layer i. If the number of vertices on a layer is
smaller than 8 * i, then the layer is referred to as a non-full layer. By definition, layer
zero will always be a full layer, because it will always contain the sending vertex. After
applying the layering model, the whole graph will consist of either full or non-full
layers. It is expected that the last layer of a 4 X 4 mesh network will always be a non-full
layer, since there is no central vertex in this kind of network. The last layer can only
be full on odd square topologies, like 3x3 or 5x5. Even in these cases, only a single
choice for the sending vertex would lead to the last layer being a full layer. Normally,
the more layers are found in the network, the higher the probability that the last ones
are non-full layers. If a found layer is determined as a full layer, this does not guarantee
that the next layer will be a full layer as well. In the example from Figure 3.7, layer one
is a full layer, because it consists of eight vertices, but layer two is non-full because it
contains only seven vertices when it could contain a total of sixteen vertices. On the
other hand, if a layer of the network turns out to be a non-full layer, then the upcoming
layers will also be non-full layers. This can also be proven using the networks from
Figure 3.8. In both cases, the first layer is non-full because it contains three and five
vertices, respectively. There should have been eight vertices on this layer for it to be
considered a full layer. As can be seen in both cases, all the upcoming layers, namely
layers two, three, and four, are non-full layers. A full layer has the same structure as a
ring network, which is the inspiration of this approach.

Number and Location of the Receivers

Determining if a layer is full or not is important for choosing the algorithm, which
offers a path starting at the sending vertex and ending at the receiver. In the layering
model, all vertices are assigned to specific layers. Among these, some serve as receivers.
Each layer of the layering model has either zero, one, or two receivers. The total number
of receivers that can be found on a layer is determined by the type of the layer. A
full layer can contain two receivers, and there will always be a possibility of reaching
both of the receivers. A non-full layer may contain two receivers as well, but there is
no guarantee that both of these receivers can be reached. If the path that leads to the
furthest receiver on the non-full layer can be constructed only by passing through the
closest receiver, then in the current non-full layer, there is only one receiver that can
be reached, which is the closest one. The concepts of closest and furthest refer to the

53



3 Methodology

distance between the receivers in the current non-full layer and the vertex of the current
layer that is also part of the sending path. The total number of receivers depends on
the total number of layers found. In the worst-case scenario, the number of receivers
is exactly equal to one when all the found layers are non-full layers. In the best-case
scenario, the number of receivers is exactly equal to double the number of found layers
when all these found layers are full layers. For most cases, the total number of receivers
is between these two borders. The sooner the first non-full layer is found, the fewer
receivers may be placed on this network. In order to maximize the connectivity, the
tirst non-full layer is desired to be located as far away as possible from the sending
vertex. In reality, the location of the first non-full layer is predetermined by the location
of the starting vertex. Layer 0 is the only full layer that, by definition, will consist of no
receivers because it must only contain the sending vertex.

3.2.2 Sending Path

A path should be determined where the splitting operation of the optical signal will
take place. This path is referred to as the sending path. Mathematically, it is a subgraph
of the original graph G. The conditions to form such a path are the following:

1. This path should start at the sending vertex on layer 0.

2. This path should end at a vertex located on the last found layer.
3. This path should pass through all the layers.

4. For each layer, only one vertex can be part of this path.

5. The vertices of the path must not be receivers.

The sending path will consist of the vertices, where the splitting operation will take
place. The splitters located on each vertex depend heavily on the number of receivers
that can be placed on a layer. If this number is equal to two, then the light signal
should be split and two signals with the wavelength A should be propagated to their
final destinations. The method to do so will be presented in Sec. 3.2.3. In order not
to complicate the algorithm any further, the location where the splitting takes place
should not be a receiver. That is the reason why the sending path should not include
any receivers. In other words, each vertex of the sending path will theoretically function
as a sender on its layer. That is why it should not be a receiver. Such a sending path can
be found for the example presented in Figure 3.7. As shown in Figure 3.9, the sending
path starts at the sending vertex located on layer 0 in position (1,2) and it ends on layer
two in position (3,2), with layer two being the last found layer. This path goes through
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all layers (zero, one, and two), and all these layers have only one of their vertices placed
on this path. All the vertices of the sending path are direct neighbours to one another
as well. The yellow path fulfills all set requirements, and therefore, it is a valid sending
path. This path consists of:

SP=4{(1,2),(2,2),(3,2)}u{(1,2) — —(2,2),(2,2) — —(3,2) } (3.47)
O
—O0 O
O
O O O O

Figure 3.9: The sending path from the example shown in Figure 3.7.

However, the sending path colored in yellow is not the only possibility of constructing
a sending path in the current example. Another valid path would be (1,2) — —(1,1) —
—(1,0). This path starts at the sending vertex and ends in the last found layer. It also
contains only one vertex of all the found layers. This example proves that more than
one sending path may exist for a given network. At this point, there is no real reason
why one should be chosen over the other, so both are taken into consideration. An
important property of the intermediate vertices, meaning those located on the sending
path but excluding the source and target vertices, is their degree. These vertices must
have a degree of at least three, typically varying between three and four. A degree
of two is not allowed for intermediate vertices, as it would mean the vertex has only
one incoming and one outgoing edge along the sending path, leaving no available
connection to any receiver on its layer. Since intermediate vertices are expected to act
as senders on their respective layers, they must have at least one additional edge to
reach a receiver. If an intermediate vertex has a degree of three, it can transmit a signal
to exactly one receiver on its layer. If the degree is four, it may reach two different
receivers. Therefore, the degree of an intermediate vertex directly determines how
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many receivers it can access within its layer. As mentioned, in these cases, the type
of layer is also vital to fully determine if it is possible to have two receivers on this
particular layer. The sending paths of the networks from Figure 3.8 serve as an example.

O O O O
O O
O O O O O O O

(a) Intermediate vertices of the sending path have a (b) Intermediate vertices of the sending path have a
degree of two. degree of four.

Figure 3.10: Sending paths of the graphs from Figure 3.8.

The sending paths in both cases are presented in yellow. These are (0,3) — —(1,3) —
—(2,3) ——(3,3) and (1,3) — —(1,2) — —(1,1) — —(0,1) for the left and right graphs
respectively. The left graph might also choose (0,3) — —(0,2) — —(0,1) — —(0,0) as the
sending path, while for the right graph, the presented sending path is the only one that
can be found.

For the sending vertex, there is only the need to have a degree greater than or equal
to one, which is always the case for the 4 x 4 mesh network. The target vertex, on
the other hand, must have a degree of at least two. The sending path needs to enter
this vertex but not leave it, which results in the other edge being used for sending
the optical signal along the corresponding layer, which in this case is the last layer,
where, under these conditions, only a single receiver can be placed. If the target vertex
has a degree equal to three, then the sending path enters this vertex, and there can be
two receivers on the last layer that could be reached from this vertex. As mentioned,
this depends on the location of the receivers in the last layer as well. An important
observation is that the target vertex of the sending path cannot have a degree equal
to four. If this happens, then there is a contradiction with the conditions set for the
sending path, namely that all the layers need to be visited. In this case, not all the layers
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are visited if the degree is equal to four, because on one edge, the sending path enters
the target vertex, and it can be transmitted to two receivers at most on the same layer.
This leaves the last edge incident on this vertex unvisited, which means that the vertex
on the other side of this edge has not yet been assigned to a layer in the worst-case
scenario.

3.2.3 Reaching the Receivers

On each layer, there is a single vertex that serves as the sender. This is located on the
sending path. In order to reach the receivers from the vertex on the sending path, the
type of layer needs to be considered. As explained in Sect. 3.2.1, the layers are divided
into two groups, which are the full layers and non-full layers, based on the number
of vertices that are located on the layer under inspection. A full layer is similar in
structure to a ring network, where all the vertices have a degree of two. The advantage
of a full layer when using multicast is the fact that it is a cyclic graph. As explained
in Subsec. 2.1.1, a cycle is a path that starts and ends on the same vertex. In a ring
network, a cycle can be found regardless of where the path starts. In the case of a
full layer, the paths to the receivers must start at the vertex on the sending path. Two
receivers on the layer can be reached because there are only two possible edges from
which to transmit a message. Optical signals, in this case, can either be transmitted in
the clockwise direction or in the counterclockwise direction. This should be done in
such a manner that no overlapping between optical signals occurs.

k) (R}~ ()

(a) No overlapping (b) Overlapping

Figure 3.11: Multicast for a full layer of the layering model.
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As shown in Figure 3.11, an overlap may occur if no former measurements are taken.
In this scenario, SPV, which stands for "Sending Path Vertex", is the sending vertex
of the layer, while the vertices Ry and R; are the receivers located on this layer. The
sending vertex is equipped with two senders in order to send two signals of the same
wavelength A to two different directions at the same time. These are referred to as S;
and Sy. As suggested in this example, the sending vertex SPV should reach the receiver
R; in the clockwise direction and receiver R, in the counterclockwise direction. If this
is not the case, then an overlap occurs, which must be avoided. The green and red
colored lines in Figure 3.11 represent the clockwise and counterclockwise directions,
not different wavelengths assigned to these paths. In both scenarios, the wavelength A
is the same. This problem is very similar to planar routing, with the modification that
the starting vertex should be the same for both paths being found.

While placing two receivers on the layer and reaching these is possible for a full layer,
the same does not always hold for a non-full layer. If the degree of the intermediate
vertex of the sending path is equal to four, then two receivers might be placed on a
non-full layer as well, but reaching these two is not always possible. It can only occur
under some conditions. The main issue of a non-full layer is that it is an acyclic graph,
meaning that no path can be found that starts and finishes on the same vertex. The
starting vertex will be the one located on the sending path, while the two receivers R;
and R, can be located in four different locations relative to this vertex:

1. Ry is closer to the sending vertex SPV in the clockwise direction and R; is closer
to the sending vertex SPV in the counterclockwise direction.

2. Ry is closer to the sending vertex SPV in the clockwise direction and R is closer
to the sending vertex SPV in the counterclockwise direction.

3. Both R; and R; are closer to the sending vertex SPV in the clockwise direction.

4. Both R; and R, are closer to the sending vertex SPV in the counterclockwise
direction.

The first two cases do not pose a problem, since the two paths can be constructed.
Both start at the sending vertex SPV and reach their target vertex, which is either
Ry or Ry, in the clockwise and counterclockwise directions. The last two cases are
problematic for a non-full layer. If both the receivers are located on one of the sides
of the sending vertex SPV, then the closest of the two needs to be connected with
the sending vertex directly, forming the first path. For the second path, one would
theoretically start at the sending vertex once again and follow the other direction until
the next receiver is reached. In the case of a full layer, this does not pose any problems,
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while for a non-full layer, there is no possibility of resolving this issue. The absence
of cycles in a non-full layer makes it impossible to use the other direction to reach the
next receiver. If the receivers are placed in such a manner on a layer, then reaching
two receivers on a non-full layer might be impossible. The only possibility of placing
two receivers on this layer would be to start the sending operation from another vertex
on the layer. For another sending vertex, this scenario might transform into either the
first or second one, which are both acceptable. Changing the sending vertex would
mean that the whole sending path must be replaced with another candidate. That is
the reason why multiple sending paths are taken into consideration in Subsec. 3.2.2.
The sending path candidates are important for this part of the procedure. If one of the
candidates resolves this issue, then it is given priority over the other candidates and is
chosen to be the final sending path. Such a scenario is shown in Figure 3.12.

—O —O O—0
® ) ®—O
Q—I |
T T ®
a) First found sending path. b) Candidate sending path.

Figure 3.12: Choosing between two different sending paths.

In the example shown in Figure 3.12, the red vertex in position (2,2) represents the
sending vertex, while the vertices colored in green and blue represent the vertices in
layers one and two, respectively. The yellow vertices are located on the first layer, and
these are the two receivers of this full layer, while the vertices colored in light blue are
located on the second layer (which is a non-full layer) and represent the two receivers
of this layer. The pink colored path represents the sending path in each case, while
the orange paths are the ones that reach the receivers while starting at a vertex of the
sending path. Since the first layer is full, the two receivers can be reached regardless of
the chosen sending path. In the first case, the clockwise path costs four hops, while the
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counterclockwise path costs three hops, and in the second case, the clockwise path costs
two hops, while the counterclockwise path costs five hops, both adding up to a total
of seven hops. The problem occurs in the second layer, which is a non-full layer. The
first sending path ends at the vertex located in position (2,0). However, both receivers
located in positions (0,0) and (0,3), respectively, are closer to the vertex of the sending
path in the clockwise direction. Since the layer is not full, the counterclockwise direction
cannot be used to reach the furthest receiver, which in this case is the one located in
position (0,3). On the contrary, the sending path from Figure 3.12 (b) ending on vertex
(0,2) is an eligible sending path which makes it possible to reach both receivers, because
in this case the receiver in position (0,3) is closer to the vertex of the sending path in
the clockwise direction, while the receiver in position (0,0) is closer to the vertex of the
sending path using the counterclockwise direction. In such a scenario, the candidate
sending path, namely (2,2) — —(1,2) — —(0,2), is given priority over the first found
sending path, which is (2,2) — —(2,1) — —(2,0).

However, changing the sending path for this reason is a greedy approach to solving
the problem. As mentioned earlier, if a non-full layer is encountered in the layering
model, then all the upcoming layers will also be non-full layers. Assuming that five
layers exist in a given network and the first non-full layer encountered is the third
one, then the fourth and fifth layers are also non-full layers. For this case, it is also
assumed that in the fourth and fifth layers, two receivers can be placed and reached
without any issues. In the third layer, the receivers are placed in such a manner that
one of them cannot be reached using the clockwise (or counterclockwise) direction.
In this network, two sending paths can be initially found, and the first one is chosen.
Choosing the second candidate as the sending path would resolve the issue on the
third layer but cause problems in the fourth and fifth layers, where only one receiver
can be reached. In total, the number of receivers reached drops by one, because for one
additional receiver reached in the third layer, two already reachable receivers on layers
four and five, respectively, cannot be reached with a different choice of the sending path.
Therefore, choosing another candidate from the list of the sending paths candidates
should only be done if the total number of receivers that can be reached is larger than
the existing number; otherwise, swapping the sending path would not be optimal.
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o e

(a) First sending path. (b) Second sending path.

Figure 3.13: Choosing between two different sending paths for non-full layers.

The two examples from Figure 3.13 are an illustration of these scenarios. The blue
colored layer is the third layer of the layering model, and the first one to be non-full as
well. The green and orange colored layers are the fourth and fifth non-full layers of the
approach. Each layer has two receivers, which are colored red, and the sending path
starting from the sending vertex S and ending at the last found layer (in this case, layer
five) is colored black.

3.2.4 MIP Model

Building the MIP model of the whole layering model will be done by building the MIP
models of all the subproblems treated for this approach. All these subproblems require
either grouping the vertices in specific clusters or finding a specific path/multiple
paths. These models will be inspired by the ones presented in Ch. 1, where the vertex
coloring problem, the 1-source-1-target problem, and planar routing were presented.
Connecting the MIP models of the subproblems to one another forms the complete
MIP model of the whole problem.

MIP Model of Building the Layers

Building the layers in the layering model is very similar to the vertex coloring problem
presented in Subsec. 2.3.1. In this subproblem, the graph G of the network consists
of edges that represent a logical connection between the vertices, rather than physical
connections. While in the vertex coloring problem, a color was assigned to every vertex,
the vertices should be assigned to specific layers in this problem. The sets that need to
be declared in order to build the layers of the layering model are: V (the set of vertices
of graph G), E (the set of edges of graph G), and L (the set of layers fo the graph G).
This last set contains all possible layers that can be found, and it can be compared to the
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set of layers presented in the vertex coloring problem. Similarly, the set of vertices V
can be compared to the set of patterns P in the vertex coloring problem. The variables
that are used to build the MIP model of this subproblem are binary variables of the
form by; which represent that the vertex v is located on layer . The first constraint is
very similar to the one presented for the vertex coloring problem.

\\Constraint 1: Each vertex is positioned in exactly one layer.

VoeV ) by=1 (3.48)
leL

The second constraint of the vertex coloring problem states that two patterns (vertices)
with a conflicting relation cannot be placed on the same layer. The analogy to the
current problem is that vertices that are neither direct nor diagonal neighbours of the
vertices in the former layer cannot be placed on the current layer. So, in order to adapt
the second constraint of the vertex coloring problem to the current subproblem of
building the layers, some constraints to determine the direct and diagonal neighbours
are required. If there exists an edge that directly connects a vertex in layer [; to a vertex
in layer l;;1, the vertex in layer /;;1 is a direct neighbour of the vertex in layer /;. For

this part of the model, some new variables need to be declared, namely:

1. b, which represent that vertex v is in layer / and is incident to the edge e.
2. b;, which represents that vertex v is incident to the edge e.

The first step of building the layers of the layering model is constructing the first
layer, which consists of only the sending vertex of the graph.
\\Constraint 2: Layer 0 consists of only one vertex (which is the sending vertex).

Y by, =1 (3.49)

veV
With the help of the new variables, it is also possible to determine the direct neigh-
bours of the sending vertex, which are located on layer one. All vertices in the graph
that are directly connected to the vertex in layer 0 are part of the first layer. In other
words, if a vertex v; is in layer [y and is incident to edge e while the vertex v, is also
incident to this same edge ¢, then it means that the vertex v, is in layer /;.

Vo, v € V,Ye€ E if b, =1 and b, =1, then b, =1 (3.50)

o1,lo
To bring this constraint in the form A implies B, the first two binary variables need to
be merged into a sum of binary variables. This sum has to be equal to two in order for
both conditions to be satisfied. This equation can then later be split into two inequalities
combined by the logical AND (A) operator.
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bél/lﬁ + b;z — 2 = bil/lo + bf}Z Z 2 /\ bil/lo + bZZ S 2 (351)

Since this is a sum of two binary variables (meaning that their values are either 0
or 1), it can never be greater than two, so the first inequality implies that the sum is
exactly equal to two, since it is only satisfied when both the variables b7 , and b, are
equal to 1. The second inequality implies that the sum can also be strictly smaller than
two, which could happen if only b7, , is equal to 0, or only b;, is equal to 0, or both are
equal to 0. Neither of these cases would satisfy the equality by | + b5, = 2. That means
that A is represented by:

A, b5, >2 (3.52)

Since A = B < = AV B, = A needs to be determined as well:

SAE L D, <2 e b 4D, <1 (3.53)

v1lo v1do

With this information, it is possible to find the direct neighbours located on the first
layer.

Vv, € V,Ye € E b, + bfb <1+ bvz,ll (3.54)

v1.lo
This constraint should be generalized for all the layers of the approach. The only
vertices that will be assigned to the upcoming layers are the ones that have not been
visited and allocated to any of the existing layers. The risk of the generalized constraint
is that in the search for the direct neighbours of the vertices of layer one, the vertex on
layer zero, and the other neighbours located on layer one are also in the set of neigh-
bours. These are, however, already placed onto a layer and should not be reallocated
to another layer. Still, no additional term or constraint needs to be formulated. The
first constraint of this problem guarantees that a vertex cannot be on multiple layers,
which solves this issue. In order to find the direct neighbours of the upcoming layers
recursively, the following constraint is applied:
\\Constraint 3: The direct neighbours of the upcoming layer are:

Yuq,v, € V,Ve € E,VI € L b;llli + by, <1+ by, (3.55)

i+1

The diagonal neighbours of a vertex in layer [; are all the vertices that are incident
to two direct neighbours of this vertex. The two direct neighbours and the diagonal
neighbour are all located on layer /;,1. So if there exists a vertex which is incident to
two direct neighbours on a layer /, then this vertex is part of layer / as well. In other
words:
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Voq1,v,v3 € V,Vey,eo € EVI €L if bzll,li =1 and bf}zlli =1 (3.56)
and byl =1 and b3 =1, then by, =1 (3.57)

Using the same transformations as applied for the direct neighbours, the constraint
for finding the diagonal neighbours on all layers recursively would be:
\\Constraint 4: The diagonal neighbours of the upcoming layer are:

Voi,00,03 € V,Ver,ep € E,VI €L b2, +b2 ) + b5 + b2 <3+ by, (3.58)

These constraints are tasked with building the layers of the layering model by finding
all the direct and diagonal neighbours in each layer. All vertices are located in exactly
one layer. There is no need to add an optimization target for this subproblem, because
the number of layers shall not be minimized or maximized, but calculated. In this
sense, this subproblem is different from the vertex coloring problem, where the number
of layers should be minimized.

MIP Model of Finding the Sending Path

Finding the sending path of the layering model is the second subproblem that can be
solved with the help of mixed integer linear programming. There needs to be only one
sending path for the layering model. This path starts at the sending vertex (s) and ends
at a vertex in the last found layer. Due to the constraints that were presented for the
sending path in Subsec. 3.2.2, this sending path is either horizontal or vertical to the
sending vertex (s). This means that the candidates for the last vertex of the sending
path are:

1. The vertex with the same x-coordinate value and a higher y-coordinate value
compared to s.

2. The vertex with the same x-coordinate value and a lower y-coordinate value
compared to s.

3. The vertex with the same y-coordinate value and a higher x-coordinate value
compared to s.

4. The vertex with the same y-coordinate value and a lower x-coordinate value
compared to s.
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The objective is to find a path starting from s and ending at one of these target
vertices. There could be multiple candidates from this group of possible target vertices
that satisfy the requirements for constructing a sending path, but only one will be
chosen at first. Finding such a path resembles the 1-source-1-target problem. However,
the constraints must be modified accordingly. Let s be the starting vertex and ¢ be
the target vertex on the last layer. The binary variable by represents whether the k-th
directed edge is part of the path or not.

\\Constraint 1: The number of outgoing edges from the starting vertex is equal to
one, and there are no incoming edges.

Y, k=1 (3.59)
ex€Es out

Z by =0 (3.60)
ekEEs,in

\\Constraint 2: The number of incoming edges of the target vertex is equal to one,
and there are no outgoing edges.

E by =1 (3.61)
ekeEt,in
Z by=0 (3.62)
e €Et out

\\Constraint 3: The number of incoming and outgoing edges of all vertices that are
neither a starting vertex nor a target vertex in the path should be equal to one another.

Vo, € V\{S, t} Z by = Z by (3.63)
ek €Eiin k€Ei out

These constraints do not exclude the possibility of visiting a vertex on the same layer,
which is an important condition for the sending path. However, since the sending
path is known to be a vertical or horizontal path starting from the sending vertex, it is
possible to ensure that all requirements for the construction of the sending path are
fulfilled. This can be done by solving the optimization problem:

\\Optimization objective: Minimize this path being found.

min Y by kg (3.64)
EkEEI
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Since this is a mesh network, the shortest path from the sending vertex to the target
vertex is either a horizontal or vertical path. If this path contained a turn, then the
length of the path would be greater than that of a straight path. The difference between
this model and the one represented until this point for the 1-source-1-target problem is
that it should save the best solutions (candidates), which may be useful after running
the third model. This is done by the MILP solver.

MIP Model of Finding the Paths from the Vertex in the Sending Path to the
Receivers

As mentioned in Subsec. 3.2.1, there are two types of layers: full layers and non-full
layers. If the layer is full, then the subproblem is similar to a planar routing problem,
with the modification that the sending vertex is the same for both paths that need to
be found. For this model, the focus is on the specific full layer. This layer consists of
the sending vertex, two receivers, and all the intermediate vertices that form a ring
network. Before presenting the constraints of this model, it is essential to first define
the subgraph that the model will consider. Let L; be a subgraph of the original graph
G = (V;E), such that:

VL;: {?J eV | bv,li = 1} (3.65)
EL;: {(Z)l, 02) €E ’ mneVL N ovye VLi} (3.66)
L= (VLi,ELi) (3.67)

In order to form this subgraph, it is important that the vertices are assigned to their
corresponding layers using the model of building the layers, which is similar to the
vertex coloring problem. L; represents the full layer where the model should be running.
For each pair of vertices (7, ) and for each path k € {1,2}, two binary variables of the
form b(i,j)k and b(]-,i)k are introduced to represent whether the edge in direction (i, j) or
(j, 1) are in the path k or not. The two paths in the set k represent the clockwise and the
counterclockwise paths. The constraints of this model are the following:

\\Constraint 1: Each non-directed edge is visited exactly once.

Vi,j € VLA (i,j) € ELi Y (bgy* +bgy*) <1 (3.68)
1<k<2

\\Constraint 2: A vertex is visited at most once.

voeVL Y. Y ben <1 (3.69)
1<k<2 (x,0)€EL;
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\\Constraint 3: For all the vertices that are neither the starting vertex nor the target
vertex of any of the paths, whenever the path enters the vertex, it must also leave the
vertex.

You € VL,‘\{C1,C2,1’1,1’2},Vk € {1,2} Z b(xv) = Z bvx) (370)
(x,v)€EL; (v,x)€EL;

\\Constraint 4: The sending vertex s has one outgoing edge in each path and no
incoming edge.

Vk € {1,2},Vj € VL; (Z) b,y = 1 (3.71)
S,
; k
Vk € {1,2},Vj € VL, (Z b =0 (3.72)
&

\\Constraint 5: Each target has one incoming edge in the corresponding path and
no outgoing edge in either of the paths.

Vie VL; Z b(1r1) = (3.73)
ZTl

vieVL Y. ), bt = (3.74)
1<k<2 (r1,i)

Vie VL Z biir,)® = (3.75)
17‘2

Vie VL, Z Z b(rz,i) = (3.76)
1<k<2 (rp,i)

(3.77)

\\Optimization objective: Minimize the lengths of the found paths.

min YY" bt xwe (3.78)
ecEL; 1<k<2

The term w, corresponds to the weight of the edge. This is assumed to be equal to
one for all edges throughout the thesis.

This model can also be used for a non-full layer, but without a guarantee that it would
succeed in finding two paths starting at the sending vertex and each ending at one of
the receivers. If the structure of the sending path or the locations of the receivers would
make it impossible to reach two receivers in a non-full layer, then this subproblem
transforms into a 1-source-1-target problem and can be solved using a similar model to
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the one shown in Subsec. 3.2.4 with the only change, that the subgraph considered is L;
instead of the graph G. However, if the choice of a new sending vertex could possibly
reach the two receivers of a non-full layer, then this sending vertex should be taken into
consideration. In the model of the sending path, this new candidate is chosen, and this
also affects the model for finding the path to the receivers because the sending vertex is
changed.

3.2.5 Adaptation of the Layering Model to a Ring Network

Adapting the layering model to the ring network is not difficult, since the idea of the
layering model is to treat the mesh network as a series of ring networks built onto one
another. In this case, the problem does not require building the layers or even finding
the sending path. The sending vertex is, by definition, located on the same layer as all
the other vertices. Placing two receivers is always possible if the ring network is similar
to a full layer. The only difference between the full layers of the layering model in a
mesh network and in a ring network is the total number of vertices inside a layer. In the
mesh network, depending on the layer /;, the total number of vertices should be 8 * i
for the layer to be considered as a full layer. However, a ring network may have seven
vertices in total and still be a full layer in principle. In this case, it is sufficient to find a
cycle for this graph. If a cycle exists, then two receivers can be placed onto the network
without causing any problems. Reaching these two receivers would correspond to the
planar routing problem, where both paths need to start at the sending vertex and end
at the two receivers using the clockwise and counterclockwise directions. The model
for solving this problem can be taken from the planar routing problem in the layering
model, with the change that the graph under inspection is no longer L;, but the original
graph G representing the ring network in this case.
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The two strategies to apply multicast on a given 4 x 4 mesh network can also be
implemented using the Python programming language [Pyt23], as well as an MIP
solver, which for this thesis is Gurobi [Gur24]. The code in this thesis was developed
with the help of ChatGPT, an Al tool by OpenAlI [Ope25]. For both approaches, some
subproblems will be solved by means of graph algorithms, while the others can be
solved with an MIP model, as shown in Ch. 3.

4.1 Bordered Areas Approach
In the bordered areas approach, there are three subproblems to solve:

1. Finding the borders based on the starting vertex.
2. Finding the closest vertex of the border to the receiver in the area.

3. Finding the path from this vertex to the receiver or finding the paths from both
borders to both receivers in the area (if two receivers are located in the same area).

The first subproblem is a typical case of applying functions in Python instead of an
MIP model. Finding the vertices of the western border, for instance, would be done
with the following function:

Algorithm 1 Find Western Border Vertices

Require: Starting vertex (xs,ys), set of all vertices V
Ensure: Western border vertices
FindWesternBorderVertices(xs, ys), V
L return {v €V |y, =ys ANxp < x5}

Setting x, < x; means that the starting vertex (s) is also put in the border. In order to
find the other three borders, the mathematical signs in line 1 would need to be changed
accordingly. The two other subproblems are solved using an MIP model. Building an
MIP model consists of three steps, which are:
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1. Declare the type and number of variables that are required for the model. For
instance, it is possible to declare |V| binary variables b, that represent whether
vertex v is chosen for a specific task or not.

2. Formulate the constraints. These typically consist of a sum of variables, that
should be =, <, or > compared to another variable, sum of variables, or a fixed
value.

3. Optionally, an optimization constraint can be set for the model. For instance, if
the model is tasked with finding the shortest path from a source vertex to a target
vertex, then the optimization constraint must be active, and it should minimize
the number of edges selected for this particular path.

As mentioned in Subsec. 3.1.4, the MIP models that are required for the bordered
areas approach are: the model of the Manhattan distance, the model of the one-source-
one-target problem, and the model of the variation of planar routing. The Manhattan
distance needs to be calculated with the input of the receiver (located in one of the
areas) and the vertices of the corresponding border. The output of the model is the
border vertex located closest to the receiver in the area. The required variables (type
and number) are declared on lines 2 and 3 of the code. The constraints are located on
lines 4,6, and 10, while the optimization objective is set on line 15. The constant M on
lines 7, 8, 11, and 12 is set to be equal to 1000, making it possible to activate either one
of the cases or the other. A pseudocode representation of this model is shown in the
following algorithm:
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Algorithm 2 Find Closest Border Vertex — Manhattan Distance

Require: Set of border vertices B = {(x;,y;) }, receiver vertex r = (x;,y,)
Ensure: Vertex in B closest to r by Manhattan distance
1: Initialize optimization model

2: Define binary variables b; for each vertex i € B

3: Define variables xdif f;, ydif f; for each vertex i € B

4: Add constraint: ) ; b; = 1 {Exactly one vertex selected}
5: for each vertex i in B do

6:  Add constraints for xdif f; to model absolute difference in x:
7: xdif fi > xj —x, — M x (1 —10;)

8: xdif fi > x, —x; — M x (1 —=10;)

9: xdif fi <M x b;

10:  Add constraints for ydif f; to model absolute difference in y:
11: ydlffZ > Yi—Yr — M x (1 — bl)

12: ydiffi >y, —yi — M x (1—=10;)

13: ydif f; <M x b;

14: end for

15: Set objective: minimize Y ;(xdif f; + ydif f;)

16: Solve optimization model

17: for each vertex i in B do

18: if b; = 1 then

19: return vertex i
20:  end if
21: end for

22: return None

The second subproblem for which an MIP model can be constructed is the one-
source-one-target problem. The requirements of this model are the subgraph where
the path should be found, the source vertex, and the target vertex. The output of the
model is the shortest path in the declared subgraph from the source vertex to the target
vertex. The binary variables b, . represent whether the edge from vertex u to vertex
v is located on the path or not. Since both directions need to be checked, 2 * |E| such
variables need to be declared. The constraint for the sending model is set on line 8§,
which states that the number of outgoing edges should be one more than the number
of incoming edges. Similarly, on line 10, the constraint for the target vertex is placed,
which states that the number of incoming edges should be one more than the number
of outgoing edges. Lastly, on line 12, the constraint for all the intermediate vertices can
be found, which states that the number of incoming and outgoing edges should be
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equal to one another. The optimization objective is also set on line 3. For this particular
example, this is necessary because otherwise, the path found might also include loops,
which are not desired. A pseudocode representation of this model is the following:

Algorithm 3 Find Shortest Path from Source to Target — One_Source_One_Target

Require: Directed subgraph G, source node s, target node ¢
Ensure: Shortest path from s to ¢
1: Initialize optimization model

2: Define binary variables by, for each edge (u,v) € G

3: Set objective: minimize ) by,

4: for each node n € G do

5:  Compute incoming_edges: }_b,, where v = n

6: Compute outgoing_edges: ) b,, where u = n

7. if n = s then

8: Add constraint: outgoing_edges — incoming_edges = 1
9: elseif n =t then

10: Add constraint: outgoing_edges — incoming_edges = —1
11:  else

12: Add constraint: outgoing_edges — incoming_edges = 0
13:  end if

14: end for

15: Solve the model

16: if solution is optimal then

17:  Extract edges where b, =1
18:  Reconstruct path from s to ¢
19:  return path

20: else

21:  return None

22: end if

Lastly, the variation of planar routing that is applied for the bordered areas approach
deals with the case when there are two different senders and each of these has to
send a message to one of the two receivers located in the area. This model requires
both the border vertices and receivers in the area as inputs, as well as the subgraph
where these paths need to be found. In this case, the subgraph will consist of the area
itself and both of its surrounding borders. The output of the model should be the two
paths that do not overlap with one another. For simplicity reasons, these two paths are
obtained by solving the one-source-one-target problem, and all of the constraints in
the following pseudocode on lines 9, 11, 14, and 18 are used to ensure that there is no
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overlap between the two paths on any vertex. The optimization objective is set on line
20. The binary variables b¥ represent wether the vertex 7 is located on path k € {1,2}
or not.

Algorithm 4 Planar Routing

Require: Directed Subgraph G, pairs (s1,t1) and (sp, t2)
Ensure: Disjoint paths P; and P>
1: P; < one_source_one_target(G, s1, t1)

2: Reserve nodes in P;
3: G’ +— G without reserved nodes
4: P < one_source_one_target(G/, sy, t2)
5: Initialize optimization model
6: Define binary variables b} and b2 for alln € G
7: foralln € G do
8: if n € P; then
9: Add constraint: b}, = 1
10:  else
11: Add constraint: b, =0
12:  end if
13: if n € P, then
14: Add constraint: b2 = 1
15.  else
16: Add constraint: b2 = 0
17:  end if
18:  Add constraint: b} + b2 < 1
19: end for
20: Set objective: minimize total path weight using b} and b2
21: Solve model
22: return Nodes with b}, = 1 and b2 =1
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4.2 Layering Model

For the layering model, the whole problem can also be divided into three subproblems:

1. Finding the layers depending on the sending vertex.
2. Finding the sending path based on the sending vertex and the last found layer.

3. Finding the paths on a layer from the vertex on the sending path to the receiver(s)
located on the layer.

All of these subproblems can be solved using the models presented in Ch. 2. The
first subproblem of finding the layers is similar to the vertex coloring problem:

Algorithm 5 Assign First Layer

Require: Vertices V, edges E, start vertex s
Ensure: Binary layer assignment b, ¢ for ¢ € {0,1}
1: forallve V, ¢ e {0,1} do
define binary variable b, ;
end for
forallv € V do
add constraint: by + b1 =1
end for
add constraint: bsg =1
N < neighbours of s in E
forall n € N do
add constraint: b,; =1
: end for
: forallv e V\ ({s}UN) do
C < neighbours of v that are in N
if |C| > 2 then
add constraint: b,; =1
end if
end for
: solve model
: return layer assignment from b, ¢

L S S e T e S S Gy S Sy e
R B AR LI R i vl =

This model requires the sets of vertices and edges of the graph as inputs, as well as
the sending vertex. It assigns all of the direct neighbours and diagonal neighbours of
the sending vertex to layer one, without performing an optimization. The required
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binary variables are b, that represent whether vertex v is on layer I or not. Each vertex
will be assigned to exactly one layer, which is the constraint presented on line 5 (in
this case, the only layers observed are zero and one). On line 7, it is ensured that the
sending vertex is always located on layer zero. Lines 9-12 serve to place the direct
neighbours of the sending vertex at the first layer, while lines 12-17 ensure that the
diagonal neighbours of the sending vertex are also placed on layer one. Recursively, the
algorithm can be reapplied to find layers two, three, and so on. The only modification
is that the vertices in the former layers should be excluded from the search. In other
words, to find the second layer, the sending vertex and its incident edges need to be
removed from the graph. Otherwise, the sending vertex would be considered to be a
direct neighbour of the vertices on layer one, which would place it on layer two.

The second subproblem of finding the sending path can be solved by using the
model of the one-source-one-target problem presented in Sec. 4.1. In this case, the
original graph will be taken into consideration, with the known sending vertex and
a target vertex located on the last found layer of this approach. Since there may be
different possible sending paths, all the solutions will be saved and checked after
running the planar routing model. Apart from finding the sending path, the model
of the one-source-one-target problem can also be used in non-full layers to reach the
closest receiver on the particular layer from the vertex of the sending path. In this
scenario, the subgraph that is taken into consideration contains all the vertices and
edges of the non-full layer.

Lastly, for full layers and sometimes non-full layers that satisfy the conditions men-
tioned in Sec.3.2.3, another variation of planar routing needs to be modeled. In this case,
two paths sharing the same source need to be found. Each path ends at one of the two
receivers located on the specific layer, which is the observed subgraph for this model.
The source is a vertex that is shared between the sets of the sending path vertices
and the current layer vertices. The required variables for this model are the binary
b,y variables. If the value is equal to one, then the edge ¢ is part of path k € {1,2},
otherwise it is not. In total, there should be 2  |E| for each k € {1,2} binary variables,
since the graph will be reconstructed as a directed graph. The constraint regarding
the number of incoming and outgoing edges of the source is found on line 8, while
for the target vertices it is found on line 10. Line 12 presents the constraint regarding
the intermediate vertices of both paths. Each edge is either a part of one path, the
other path, or neither of them, as mentioned on line 17. Furthermore, the first target
vertex (receiver one) cannot be visited with the second path (path from the source to
target two / receiver two) or the other way around. This is shown by the constraints on
lines 20 and 23. The optimization objective of minimizing the length of both paths by
having as few edges as possible for both paths is presented on line 25, and lastly, both
paths are extracted as shown on the last two lines. All these steps are presented in the
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following pseudocode:

Algorithm 6 Planar Routing from One Source to Two Targets

Require: Graph G = (V, E), source s, targets t1, t»
Ensure: Two disjoint paths from s to t; and s to t,
1: make G bidirectional

2: for all (u,v) € E x {1,2} do

3:  define binary variable b,k

4: end for

5. forall k € {1,2} do

6: forallvcV do

7: if v = s then

8: outgoing_edges—incoming_edges= 1
9: else if v = t; then
10: incoming_edges—outgoing_edges= 1
11: else
12: incoming_edges=outgoing_edges
13: end if
14:  end for
15: end for
16: forallv € V\ {s} do

_
N

prevent node overlap: } b, )1 + D02 <1
: end for

: for all edges e into ¢, do

be1 =0

: end for

: for all edges e into t; do

bep =0

: end for

: minimize total ) b,k

: solve model and extract paths

return path from s to t;, and from s to ¢,

NN N NN NN N 2 =
N0 U AR QN R O © ®

Depending on the choice of the sending path, the results of this model may differ.
For all possible sending paths, these results are saved to make it possible to choose the
best candidate as the sending path in the formerly introduced model of the one-source-
one-target problem. The best candidate is the one that connects the sending vertex to
the most receivers for the laying model.
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4.3 Experimental Results

Both of these approaches were tested on a 4 x 4 mesh network and delivered the
expected results as detailed on Ch. 3. For these examples, the sending vertex is always
the one located at position (2,2). Two different scenarios are observed for the bordered
areas approach:

1. There is at most one receiver on each area or its corresponding border.

2. There are two receivers in a single area.

The results of scenario one are presented in Figure 4.1.

The starting vertex is: (2, 2)

Western border: [(@, 2}, (1, 2), (2, 2)]

Eastern border: [(2, 2}, (3, 2)]

MNorthern border: [(2, 2}, (2, 3)]

Southern border: [(2, @), (2, 1), (2, 2)]

Area 1: [(3, 3)]

Area 2: [(@, 3), (1, 3)}]

Area 3: [(8, 8), (1, @}, (8, 1), (1, 1}]

Area 4: [(3, @), (3, 1}]

The receivers are: [(@, @), (3, 1), (1, 3), (3, 2)]

Area 1 has 1 receiver(s)

Area 2 has 1 receiver(s)

Area 3 has 1 receiver(s)

Area 4 has 1 receiver(s)

Closest west border vertex to receiver (8, @): (@, 2) in area 3

Path from the sending vertex (2, 2) to the wvertex on the western border closest to the receiver is [{2, 2}, (1, 2}, (@, 2}]
Path from the closest border vertex to the receiver (@, 8) is [{(@, 2), (@, 1), (@, @)]

Closest south border wvertex to receiver (3, 1): (2, 1) in area 4

Path from the sending vertex (2, 2) to the wvertex on the southern border closest to the receiver is [(2, 2), (2, 1)]
Path from the closest border vertex to the receiver (3, 1) is [{2, 1}, (3, 1)]

Closest north border vertex to receiver (1, 3)}: (2, 3) in area 2

Path from the sending vertex (2, 2) to the vertex on the northern border closest to the receiver is [(2, 2), (2, 3)]
Path from the closest border vertex to the receiver (1, 3) is [{2, 3}, (1, 3)]

Receiever (3, 2) is in the eastern border.

The shortest path is: [{2, 2), (3, 2)]

Figure 4.1: The Python output of the bordered areas approach with at most one receiver
for each area.

For the bordered areas approach, the first step would be to find the borders based
on the starting vertex. The vertices that are contained in these sets are found directly
underneath the starting vertex. With the known borders, the areas of the approach are
defined as shown on the following four lines. As mentioned, in this example, there is
at most one receiver located on each area or its corresponding border. The first receiver
(located at position (0,0)) is part of the third area, and it is the first one that is found and
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taken into consideration. Using the right border priority, the third area is bound to the
western border (WB), as shown in Table 3.2. Along this border, the closest vertex to the
receiver is the vertex located at position (0,2). This is calculated using the Manhattan
distance model. After this, the one-source-one-target model is run twice. At first, it is
used to find the path from the sending vertex (located on position (2,2)) to the closest
border vertex (located on position (0,2)). The second time, it is used to find the path
from the closest border vertex (located on position (0,2)) to the receiver (located on
position (0,0)) in this area. The same process is repeated for the receivers located in
areas two and four. The last receiver, namely located on position (3,2), is part of the
eastern border (EB). The results from Table 3.2 show that the first area is bound to this
border using the right border priority, so this is the only receiver found at area one
and in this case the one-source-one-target model needs to be called only once to find
the path from the sending vertex (located on position (2,2)) to this receiver (located on
position (3,2)). These results are illustrated in Figure 4.2:

NB
(Rs) (c)
7 & 2 7

WB (CS —( = zr @D EB

Ry ) O O O
SB

Figure 4.2: Graph representation of the output in Figure 4.1.
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The starting vertex is colored red, while all the receivers are colored green. The
yellow vertices represent the closest border vertex to the receiver in the respective area.
For instance C3 represents the vertex of the western border (WB) closes to receiver
Rj located on area Ajz. The red colored edges represent the paths taken to reach the
receivers based on the Python output shown in Figure 4.1.

The results of scenario two are presented in Figure 4.3:

The starting vertex is: (2, 2}

Western border: [{@, 2), (1, 2), (2, 2)]

Eastern border: [(2, 2}, (3, 2)1

Northern border: [(2, 2), (2, 3)]

Southern border: [(2, @), (2, 1), (2, 2}]

Area 1: [(3, 3)]

Area 2: [{@, 3), (1, 3)]

Area 3: [(@, @), (1, @), (8, 1), (1, 1)]

Area 4: [(3, @), (3, 1)]

The receivers are: [(@, 8), (1, @)]

Lrea 1 has @ receiver(s)

Area 2 has @ receiver(s)

Area 3 has 2 receiveris)

Lrea 4 has @ receiver(s)

Area 3 is under inspection.

Receiver: (@, @) and Receiver: (1, @)

Pairz of the border vertices closest to the receivers: [((@, @), (@, 2)), ({1, @), (2, 8))]
Path 1 planar routing from source (@, @) to target (8, 2): [(@, @), (@, 1), (8, 2)]
Path 2 planar routing from source {1, @) to target (2, @): [(1, &), (2, @)]

Figure 4.3: The Python output of the bordered areas approach with two receivers in a
single area.

Since the graph and starting vertex are the same, the results for the borders and
areas will be the same. The only difference in this scenario is the receivers R; and R»
at positions (0,0) and (1,1) respectively, which are both located on area Az. For both
of these receivers, a choice is made regarding the surrounding borders (in this case,
WB and SB). While the first receiver has an equal distance to both borders, the second
receiver, namely the one at position (1,0), is closer to the southern border (SB). That is
the reason why this receiver is paired with the southern border (SB), while the first one
is paired with the western border (WB). The respective closest border vertices are Cs g,
located on the western border (WB) at position (0,2) and C3 r, located on the southern
border (SB) at position (2,0). The planar routing model is used to find both the paths
and to avoid any overlap between the two, as shown in Figure 4.4
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NB
~
U

WB @D —( = —@ O
J

SB

Figure 4.4: Graph representation of the output in Figure 4.3.

For the layering model, the same graph and starting vertex will be observed. This
vertex represents layer zero of the layering model. In this case, two other layers can
be found, which are layers one and two. Layer one consists of all direct and diagonal
neighbours of the sending vertex, while layer two consists of all the direct and diagonal
neighbours of all the vertices in layer one. The first layer is a full layer, while the second
layer is a non-full layer. Two receivers are placed on each layer. It is possible to find
two sending paths with these conditions, and for both candidates, the outcomes are
presented. The Python output of this approach is shown in Figure 4.5:
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The starting wvertex (Layer @) is: (2, 2)

Vertices in layer 1: [{1, 1), (2, 1}, (3, 1), (1, 2}, (3, 2}, (1, 3}, (2, 3), (3, 3)]
Layer 1 is a full layer.

Vertices in layer 2: [(®, 1), (@, 2}, (1, @), (@, @), (@, 3), (2, 8), (3, @)]

Layer 2 is a non-full layer.

The receivers are: [(3, @), (3, 3), (@, a), (2, 3)]

Candidate vertices in layer 2: [{@, 2), (2, @)]

--- Processing candidate (@, 2) ---

Sending path to (@, 2): [(2, 2), (1, 2), (@, 2)]

Start vertex in layer one: (1, 2}

Start vertex in layer two: (@, 2)

Receiver (3, @) is in layer 2

Receiver (3, 3) is in layer 1

Receiver (@, @) is in layer 2

Receiver (2, 3) iz in layer 1

Layer 1 has 2 receivers: [(3, 3}, (2, 3}]

Planar paths on layer 1: [(1, 2}, (1, 1}, (2, 1), (3, 1}, (3, 2), (3, 3)] and [(1, 2}, (1, 3), (2, 3)]
Layer 2 has 2 receivers: [(3, @), (@, @}]

Mo solution found

Planar paths on layer 2: Mone and Mone

The only path found in this non-full layer iz : [{&, 2), (@, 1}, (@, ©)]

--- Processing candidate (2, @) ---

Sending path to (2, @): [(2, 2), (2, 1), (2, @)]

Start vertex in layer one: (2, 1)}

Start vertex in layer two: (2, @)

Receiver (3, @) is in layer 2

Receiver (3, 3) is in layer 1

Receiver (@, @) is in layer 2

Receiver (2, 3) is in layer 1

Layer 1 has 2 receivers: [(3, 3}, (2, 3)]

Planar paths on layer 1: [(2, 1}, (3, 1}, (3, 2), (3, 3}] and [(2, 1), (1, 1), (1, 2), (1, 3}, (2, 3)]
Layer 2 has 2 receivers: [(3, @), (@, @}]

Planar paths on layer 2: [(2, @), (3, @)}] and [(2, @), (1, @), (@, @)]

Figure 4.5: The Python output of the layering model.

The first sending path candidate is (2,2) — —(1,2) — —(0,2). The vertex located at
position (1,2) will act as the sending vertex for the first layer, while the vertex located at
position (0,2) will act as the sending vertex for the second layer. Since the first layer is
a full layer, it is always possible to find two paths in order to reach both receivers on
the layer using the MIP model for planar routing. The main issue with this candidate
occurs in the second layer, where the MIP model for planar routing fails to deliver
two paths that do not overlap with one another. In this case, the MIP model of the
one-source-one-target problem is used to find the path ending at the closest receiver.
In order to reach the furthest receiver in this construction, the path would need to
pass through the closest receiver, which is not allowed. Hence, the model of planar
routing delivers no solution. On the other hand, the second sending path candidate,
(2,2) — —(2,1) — —(2,0), offers a better solution, where all the receivers are reached.
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The new location of the vertex in the sending path, which is also part of the second
layer, makes it possible to use both the clockwise and counterclockwise directions to
reach both receivers in the second (non-full) layer. These results are illustrated in the
two mesh networks in Figure 4.6:

k) ()

N\ /

(a) First candidate for the sending path. (b) Second candidate for the sending path.

Figure 4.6: Sending path candidates based on the output in Figure 4.5.

As shown in Figure 4.6, the two sending paths have no problem in reaching the
receivers Ry and R4 located on the first layer, which is a full layer. The total number
of hops in both cases is equal, and it adds up to seven. The problem, as mentioned,
is at a non-full layer. The second candidate has its vertex of the sending path located
in such a position in layer two, from which it is possible to find two non-overlapping
paths leading to receivers R; and Rz in the counterclockwise and clockwise directions,
respectively. On the other hand, the first candidate does not offer the possibility of
reaching both receivers R; and R3. In this case, there is no path that starts from the
vertex of the sending path in the second layer that reaches receiver R; without passing
through receiver R3. The only reachable receiver is therefore R3 with the path shown
in Figure 4.6a.
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This thesis proposes two methods to perform multicast on a mesh network and how
these can also be adapted for a ring network. While the bordered areas approach
performed the split of the optical signals at the beginning of the process, the layering
model delayed splitting the signal until the particular layer was reached. Both ap-
proaches can be applied on a 4 x 4 mesh network, and a given sender can reach at most
four receivers in the best-case scenario. In the bordered areas approach, such a scenario
would be placing one receiver in each of the areas, while for the layering model, it
would be placing two receivers on two different layers. However, the possible locations
of the receivers that will receive a message of the same wavelength from the sender
are limited for both approaches. For instance, in the bordered areas approach, there
cannot be three or more receivers located in the same area (including both surrounding
borders). Placing two receivers in an area is always possible, but the expense is found
in the remaining areas, where the number of receivers is limited to one (apart from
the only area that does not share any border with the one where the two receivers are
located). However, it is also not possible to have three or more receivers on the same
layer in the layering model. In this case, even placing two receivers on a layer might be
impossible if the layer is not full and the vertex on the sending path is closer to both
receivers in the same direction (clockwise or counterclockwise). The maximum number
of receivers in the bordered areas approach is equal to the degree of the sending vertex.
For a 4 x 4 mesh network, the highest degree of a vertex is four. Hence, there are at
most four receivers in the network. In the worst-case scenario, all of these four are
placed in one single area of the approach. If this is the case, then only two of these
can be reached. On the other hand, the maximum number of receivers for the layering
model depends on the number of layers found (excluding layer zero, which contains
only the sending vertex). In the worst-case scenario for a 4 x 4 mesh network, all the
found layers are non-full layers, and the receivers are all placed on one single layer.
The structure of the sending path may make it impossible to reach two receivers on
this layer, leading to the whole approach to offer a single connection from the sending
vertex to one receiver. In other words, the worst-case scenario of the layering model
may lead to a trivial method of sending a message from a source to a single target,
which can be done without using multicast at all. In this sense, the approach to border
areas is safer since reaching at least two receivers is always guaranteed.
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The bordered areas approach also performs better on smaller mesh networks, like the
2 x 2 and 3 x 3 networks. In the 2 x 2 mesh network, only two borders and one area
can be found. Since all the vertices would have a degree equal to two, the maximum
number of receivers in this graph is also set equal to two. Wherever these receivers are
placed in this case, the bordered areas approach is able to find a path from the sending
vertex to both of the receivers. On the same network, it is also possible to apply the
layering model, but the results would differ from those of the bordered areas approach.
Whichever vertex is the starting vertex, there will only be one upcoming layer for the
layering model. This layer cannot be a full layer, since the first full layer of the layering
model requires eight vertices to be considered a full layer. This network, however, only
has a total of four vertices. Another setback of the layering model for this network is
the structure of the sending path, which disables the vertex on the sending path and
layer one from sending two signals on this layer. In this case, the sending path would
only consist of one edge from the sending vertex to one of its direct neighbours, and
the location of the single receiver would be limited to any of the two remaining vertices.

For a 3 x 3 mesh network, there is a single vertex that has a degree of four (Located
in the middle of the network). For the bordered areas approach, four borders can be
found (if this middle vertex is the sending vertex), and four areas can be found. In
the best-case scenario, four receivers can be placed on the network (for instance, one
in each area), and four paths from the sending vertex exist to these receivers. In the
worst-case scenario, the sending vertex is one with a degree equal to two, and it is
only possible to reach two receivers located in a single area or its surrounding borders.
The central vertex of this network is also taken into consideration for the best-case
scenario of the layering model. If this vertex is the sender, then the layer found on the
next step of this approach is a full layer, where two receivers can be placed in total. In
this scenario, it is possible to place the receivers wherever in the first layer and find a
valid path from the vertex in the sending path (there are four possible sending paths
in such a scenario) to both of the receivers using the clockwise and counterclockwise
directions, respectively. In the worst-case scenario, the sending vertex is located on a
corner, thus making it possible to find two layers, both of which are non-full layers. If
the receivers are placed on the same layer, due to the structure of the sending path, it is
impossible to find two paths, each starting at the sending vertex and finishing at the
corresponding receiver. Only one of the receivers could be reached on such an occasion
as well, similar to the other two networks observed earlier. All these results regarding
the best-case (BC) and worst-case (WC) scenarios are presented in Table 5.1.
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Table 5.1: Number of receivers reached for both methods in different networks.

Bordered Areas Approach Layering Model
Network | BC WC Network BC WC
2x2 2 2 2x2 1 1
3x3 4 2 3x3 2 1
4 x4 4 2 4 x4 4 1
NxN | 4 2 NxN |2%x(N—=2)| 1
Ring 2 2 Ring 2 2

In the case of a ring network, the methods are very similar to one another; hence,
the results are the same in the best- and worst-case scenarios. The layering model
performs worse than the bordered areas approach for smaller mesh networks. Typically,
WRONOCs are more power efficient than the active NOCs for systems that consist
of up to sixteen vertices. For a mesh network, this would correspond to a 4 x 4
network, which contains exactly sixteen vertices as seen in Figure 3.1. The preferred
approach for these networks would be the bordered areas approach. However, if larger
WRONOCs are considered, the layering model can perform better. The disadvantage
of the bordered areas approach for larger networks is that the maximum number
of receivers still depends on the highest degree of a vertex found in the network.
Regardless of the total number of vertices in an NxN network, the highest vertex degree
would still be equal to four. For the borderd areas approach, there are still four borders
at maximum that can be found and four areas at maximum, which increase in size
compared to the ones found for a 4 x 4 network. So, in the best-case scenario, it is
possible to reach four different receivers in a large N x N network, and two receivers
in the worst-case scenario. Compared to the bordered areas approach, the probability
that the layering model is more effective rises with the growth of the network. For the
layering model, in the best-case scenario, there are at most two receivers on a layer, so
the maximum number of receivers depends on the number of found layers. The more
vertices a network has, the more layers can be found, and thus, more receivers can be
placed onto these layers. If N of the N x N network is an odd number, then there is
a vertex in the middle of the network, which can be used to determine the best-case
scenario. If the sending operation begins at this vertex, then the total number of layers
that can be found is equal to N — 2 (same as in the 3 x 3 network, where only one
layer can be found if the middle vertex is chosen as a sending vertex). In this case, all
the layers are full and can contain two receivers, which leads to the total number of
receivers to be equal to 2 x (N — 2). More concretely, in a 7 X 7 network, the bordered
areas approach would be able to transmit a message with the same wavelength to four
different receivers, while the layering model would make it possible for the sending
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vertex to send a message with the same wavelength to ten vertices. The main problem
with the layering model is always the choice of the sending vertex positioned on a
corner, and all the found layers are non-full layers. If the receivers in this case are all
placed inside a non-full layer and the structure of the sending path does not allow
finding two paths that lead to two receivers on the same layer, then the sending vertex
might communicate with a single receiver at a time, which defeats the purpose of
applying multicast.

Apart from the worst-case scenario of the layering model, it also needs to be noted
that it is very fragile. The case where all the layers are full is very rare, and in the larger
networks, the probability of encountering the first non-full layer sooner rather than
later is very high. As mentioned in Sec. 3.2, if a layer is determined to be non-full, then
all the upcoming layers are non-full as well. The more non-full layers, the less likely it
is to place two receivers on each of the upcoming layers. Also, the greedy method of
choosing between the candidates for the sending path might lead to problems for the
upcoming layers, as explained in Sec. 3.2.
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5.1 Application

There are specific network topologies where applying the proposed multicast ap-
proaches in WRONOo0Cs is advantageous. For example, the bordered areas approach is
well-suited to network configurations in which a sender has one receiver located in each
of the four diagonal directions: southwest, southeast, northeast, and northwest. This
pattern matches the assumption of the bordered areas approach, where each defined
area contains exactly one receiver.

This type of communication pattern is common in image processing applications,
where different filters are applied to digital images to achieve effects such as deblurring.
In such applications, each vertex in the optical network can represent a single pixel of
the image. Applying a filter involves manipulating pixel values based on the weights
defined in the filter matrix. These filters are typically represented as square matrices
(for instance, 3 x 3 or 5 x 5), and the filtering operation corresponds to a mathematical
procedure known as convolution.

Convolution involves sliding the filter matrix across the image and performing
element-wise multiplication between the filter and the corresponding pixel values at
each position, followed by summation. The result of the summation is then written back
to the central pixel location in the image. In the context of a NoC-based implementation,
the central vertex (representing the pixel where the filter is currently centered) must
obtain values from neighbouring vertices to perform the convolution.

A typical multicast scenario arises when the central node sends signals only to those
neighbouring nodes whose positions correspond to non-zero entries in the filter kernel,
instructing them to send back their pixel values or the result of multiplying their pixel
value by the kernel weight. These responses are then collected by the central node,
which performs the final summation and updates its pixel value accordingly. This
pattern aligns with the principle of multicast communication, where a single node
simultaneously communicates with a selected subset of neighbours, which is supported
by WRONOCs.

For example, when applying a Laplacian filter, the central vertex needs to notify and
then obtain pixel values from its four direct neighbours (north, south, east, west), which
tits the bordered areas approach. Alternatively, filters can be adapted to match the
layering model, where the central vertex communicates with two receivers per layer.

Although these implementations are traditionally done using electrical NoCs [Zho+21],
the same principles are applicable to optical NoCs (ONoCs). Nevertheless, many ad-
vanced image processing tasks today increasingly rely on optical neural networks
(ONNs), which offer state-of-the-art performance for convolution operations.
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5.2 Future Work

The two approaches proposed in this thesis, namely the bordered areas approach and
the layering model, propose two different possibilities for applying multicast on a given
mesh network. The main objective of this work is to use the same wavelength as often
as possible for multiple communications between the sending vertex and multiple
receivers. These two approaches deliver the paths that the optical signal takes starting
from the sender and going through splitting operations or being coupled by MMRs
until it reaches the receiver. These paths can be represented using these two wavefronts:

\

(s) ©

(a) Wavefront for the Bordered Areas Approach. (b) Wavefront for the Layering Model.

Figure 5.1: Wavefronts of both approaches.

As shown in Figure 5.1, the wavefront of the bordered areas approach consists of
straight lines directed from the borders to the corresponding areas, while the wavefront
of the layering model consists of circles representing the different layers of the approach.
The blank spaces on the circle represent vertices where neither path goes through. The
paths begin at the cross of the sending path (horizontal line over the starting vertex)
with the corresponding path. From this point, the clockwise and counterclockwise
directions are taken to reach the receivers in each layer. An interesting approach
would be to somehow combine the bordered areas approach with the layering model
to propose a new approach of applying multicast on a given mesh network. In the
combined version, the bordered areas approach would be applied first. In the best-case
scenario, the sending vertex has a degree of four, and there are four borders and
four areas that can be found. In each area, instead of a single receiver, there will be
multiple receivers. Inside the area, an algorithm will be applied to find the most central
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vertex. This central vertex is the core of the layering model, which in this case will
only be applied inside the particular areas obtained from the bordered areas approach.
The central vertex has to be connected to the corresponding border by a path, which
represents the sending path of the layering model. While in the layering model, the
transmission of the optical signals starts at the sending vertex, in this combined version,
the signals are transmitted along the sending path until this one reaches the most
central vertex of the area. In this case, it would also be theoretically possible to place a
receiver on the most central vertex of an area. The waveguide of this combined version
is presented in Figure 5.2.

N

Figure 5.2: Combining the Bordered Areas Approach and the Layering Model.

It is recommended that this be performed on a large network to demonstrate the
benefits of the layering model. If the network where this approach is being applied
is an N x N mesh network, then four areas that can be found should theoretically be
equivalent to four (N —4) x (N — 4) networks, if N is chosen to be an odd number.
Subtracting an even number from an odd number leads to another odd number, so for
the layering model in each area, a central vertex exists. In one of the (N —4) x (N —4)
networks, the layering model will deliver (N — 4) — 2 layers (or N — 6 layers for
simplicity). These are all full layers so that two receivers can be placed on each layer,
which adds up to 2 x (N — 6) receivers. Since the central vertex of the area can be a
receiver as well, the total number of receivers per area is equal to 2 * (N — 6) + 1. For the
whole network, the possible number of receivers would therefore be 4 * [2 % (N —6) + 1].
More precisely, in the case of a 7 x 7 network, in the best-case scenario, the total number
of receivers would be equal to twelve, which is nearly a quarter of the vertices in the
whole network.
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