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Abstract

Scalable simulation of open quantum systems requires efficient treatment of
non-Markovian environments. Dissipation-Assisted Matrix Product Factorization
(DAMPF) combines tensor networks with pseudomode mapping to recast the integro-
differential dynamics into a time-local Lindblad form. At each time step, DAMPF
performs O(N?) singular-value decompositions (SVDs) to compress the MPS—this
dominates the runtime. In this thesis, I replace deterministic SVD with a randomized
SVD (RSVD) scheme and demonstrate that RSVD (with minimal oversampling)
retains relative errors below 10~* while cutting the cost of each factorization by up
to 50%. Across benchmark problems, this yields overall simulation speedups of up
to 2x without compromising accuracy. My results extend DAMPF’s reach to larger
systems and longer timescales in open-system dynamics.

Die skalierbare Simulation offener Quantensysteme erfordert eine effiziente Be-
handlung von nicht-Markov’schen Umgebungen. Dissipationsunterstiitzte Matrix-
Produkt-Faktorisierung (DAMPF) kombiniert Tensornetzwerke mit Pseudomode-
Mapping, um die Integro-Differentialdynamik in eine zeitlich-lokale Lindblad-Form
umzuformen. In jedem Zeitschritt fiithrt DAMPF O(N°) Singulirwertzerlegungen
(SVDs) durch, um die MPS zu komprimieren - dies dominiert die Laufzeit. In dieser
Arbeit ersetze ich die deterministische SVD durch ein randomisiertes SVD-Schema
(RSVD) und zeige, dass die RSVD (mit minimalem Oversampling) die relativen
Fehler unter 10~* hélt und gleichzeitig die Kosten jeder Faktorisierung um bis zu
50% reduziert. Bei Benchmark-Problemen fiihrt dies zu einer Gesamtbeschleunigung
der Simulation von bis zu 2mal, ohne die Genauigkeit zu beeintrachtigen. Meine
Ergebnisse erweitern die Reichweite von DAMPF auf groflere Systeme und langere
Zeitskalen in der Dynamik offener Systeme.
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Chapter 1

Introduction

Classically representing an N-qubit wave-function requires 2% complex amplitudes, an
exponential overhead in both memory and time. Tensor-network (TN) ansétze —matrix-
product states (MPS), projected-entangled-pair states (PEPS) and tree-tensor net-
works, among others—compress that Hilbert-space explosion by exploiting the
entanglement “area law.” This compression has enabled state-of-the-art simulations
in condensed-matter physics, quantum chemistry, optimisation and circuit-level
quantum-computing benchmarks, because TNs recast quantum correlations into a
graph of low-rank tensors that can be contracted or updated at polynomial cost Their
flexibility and favourable scaling properties make TNs the natural computational
backbone for the work that follows.

Realistic quantum devices—from colour centres in diamond to light-harvesting
complexes—rarely evolve in isolation; they interact with vibrational, photonic or
spin baths whose spectral densities often exhibit pronounced structure. Strong
coupling or sharp spectral features invalidate the Born-Markov approximations
underpinning time-local Lindblad master equations. Tensor-network formulations of
the process-tensor and TEMPO frameworks encode the full non-Markovian influence
functional as a matrix-product operator, allowing memory kernels spanning hundreds
of bath-correlation times to be treated exactly Nevertheless, the computational
cost still grows with the size of the bath discretisation, motivating more aggressive
reductions of environmental degrees of freedom.

The pseudomode technique maps a continuum environment onto a finite set of
auxiliary (generally non-physical) modes that obey a time-local master equation.
Modern extensions relax complete positivity (quasi-Lindblad pseudomodes) and
can shrink the required mode count while faithfully reproducing system dynamics.
Damping each pseudomode suppresses system—bath entanglement growth, which
in turn caps the bond dimension of an MPS description; the Dissipation-Assisted
Matrix-Product Factorisation (DAMPF) protocol exploits exactly this effect, enabling
multi-site, kilo-mode simulations on moderate hardware Embedding pseudomodes
inside a TN thus yields a compact yet accurate representation of highly structured,
strongly-coupled open quantum systems.

Even with dissipation, extending simulations to longer times inevitably drives
up the required bond dimensions. In standard TEBD or DMRG treatments of
quantum many-body lattices, the number of singular-value decompositions (SVDs)
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per time step grows only linearly with the number of sites, V. By contrast, the
multi-mode pseudomode embedding and many-body couplings at the heart of the
DAMPF protocol inflate this cost dramatically: each time step entails O(N®) SVDs,
representing a substantial increase in computational overhead.

Randomised SVD (RSVD) techniques replace deterministic SVDs with proba-
bilistic sketches, reducing contraction costs by one to two orders of magnitude while
preserving spectral accuracy with high probability. Recent studies have demon-
strated RSVD accelerating Time-Evolving Block Decimation (TEBD) in practice,
extending accessible simulation times without sacrificing precision[1]. Integrating
RSVD into DAMPF therefore combines dissipation-assisted entanglement control with
state-of-the-art low-rank factorisation, establishing the computational foundation of
this thesis.

Building on these advances, this thesis analyzes the accuracy—efficiency trade-
offs introduced by RSVD-based truncations at each pseudomode-damping step and
benchmarks the hybrid DAMPF+RSVD algorithm on paradigmatic spin-boson models.

By uniting pseudomode embeddings, dissipation-assisted entanglement control
and modern low-rank linear algebra, the thesis aims to deliver a practical blueprint
for simulating open-quantum dynamics that were previously out of reach.



Chapter 2

Fundamentals

2.1 Matrix Factorization

This section follows the pure math notation of denoting matrices with boldface letters.
The conjugate transpose of M is denoted as M*.

2.1.1 QR decomposition

QR decomposition factorizes a complex matrix M € C™*™ (m > n) such that:
M = QR: Q € C™™ where Q is a unitary matrix: Q*Q = QQ* = I,, and
R € C™*™ is an upper diagonal matrix R;; = 0 for ¢ > j. When m > n, the bottom
(m —n) rows of R are zero and one could write:

M=[Q Q) [%;] 1)

= QiRy

where Q; € C™™, Qy € C™ (™™ guch that Q'Q; = I, and Q}Qy = L,
(orthonormal columns). Ry € C™*™ contains the upper triangular part of R and O
is an (m — n) X n zero matrix. QiR is called the thin or reduced QR factorization
of M and is the default output of numpy.1inalg.qr. If rank M < n, Ry is still n x n
dimensional with bottom n — r rows equal to zero.

If M € C™" such that m < n(wide matrix), M = QR: Q € C™* and
R € C™*™. The factorization can no longer be written in the form 2.1. Q is unitary:

Q'Q=QQ" = I

Computational Cost: QR has a computational complexity of O(mn?) (m > n)

and a total flop count of about 8mn? — %n?’.

2.1.2 Singular Value Decomposition
Full and compact SVD

Singular value decomposition (SVD) is the factorization of a matrix M € C™*" into
USV*: U e C™™ S e R and V € C"". U and V are unitary matrices:

3



Chapter 2. Fundamentals

UU* =U"U =1, VV*=V*V =1,,. S is a rectangular diagonal matrix of non-
negative real numbers o;; called the singular values (which are unique). The number
of non-zero singular values is exactly equal to the rank of M. The columns uy, ..., Uy,
and vq,...,v, of U and V form two sets of orthonormal bases. If the factorization
is done in a way that singular values o;; in S appear in a descending order on the
diagonal(non-zero singular values appearing in lowest numbered columns/rows is
sufficient), then, M can be exactly written as:

M= Zaiiuivf (22)

where r < min(m,n) is the rank of M.

Instead of storing fully sized matrices U, S, and V (full SVD), 2.2 makes it possible
to write the factorization as M = U, S, Vy: U, € C™*" S, € R"™*", and V, € C"*".
U, and V, are no longer necessarily unitary but their columns are still orthonormal:
U'U, = I, and V;V, = [,. This factorization is still exact and referred to as
compact SVD, economy-size SVD, or thin SVD. Compact SVD has a smaller memory
footprint than a full SVD. In python, numpy.linalg.svd(M, full_matrices) performs
SVD of input matrix M while the boolean full_matrices decides between full SVD or
compact SVD.

Truncated SVD and Matrix Compression

The Frobenius norm of a matrix A € C™*" is defined as:

Al = (303 la, P (23)

where |a;;|* = a;;a;; with @; being the complex conjugate of |a;;|. The measure of
distance(their closeness) between two matrices A € C™*" and B € C™*" is defined
as the Frobenius norm of their difference:

A = B|[r = \lii |aij — biy[? (2.4)

2

which can equivalently be written as:

|A —BJ|r = /Tt [(A — B)*(A — B)] (2.5)

For a matrix A € C™ " of rank r, the compact SVD gives M = U,S,V}.
If only k£ columns of U, and V,, and only k corresponding singular values are
kept (k < r)(correspondence according to 2.2), one can write: M), = U’ S, V';:
U/k S (Cka, S/k € R** and V/k e Cnxk,

M e C™"  rank(M) =r,
4
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The question could be posed that how does one find the set {0} (k < n) such that
|IM — M/4|| is minmized.

The solution to this optimization problem is given by Eckart—Young—Mirsky
theorem [2] which states that the optimal rank approximation is obtained by keeping
only the largest k singular values:

( Theorem 1: Eckart—Young—Mirsky Theorem )
Let M =U,S,V,, r = rank(M).
If Ny = U8V,
S = diag(al, . ,O'k>,0'1 > 09> >0y >0, {0;}_, C diag(S,),
then
PN = f > of = min_ [va—m]
_ J

Consequently, if a compact SVD of M is performed in such a way that singu-
lar values appear in a descending order on the diagonal of S, (as is the case for
np.linalg.svd), to get a lower rank k : (k < r) approximation one simply deletes the
last 7 — k columns from U, and V,. while also deleting the last r — k rows and columns
of S,. The resulting My, = U;S, V7 is called the truncated SVD of M. My, is a com-
pressed version of M. The Frobenius norm of the difference between the two matrices,
provided by Eckart—Young—Mirsky Theorem, is called the Frobenius Error of the ap-
proximation which can be controlled by keeping track of the discarded singular values.

Computational Cost: The exact mathematical procedure of performing SVD of
a matrix is immaterial to the work in this thesis. It suffices to note the complexity:
The compact SVD of a real matrix requires 4mn? + %n?’ flops where n is the smaller
dimension of the matrix (assuming r = n)[3]. For complex matrices, the complex
arithmetic increases the flop count by a factor of 4 and the total count becomes
16mn? + 2n? [4]. While the complexity O(mn?) is the same for both real and
complex cases, it takes four times more compute time to factorize a complex matrix.

2.1.3 Randomized Singular Value Decomposition

To calculate a truncated rank factorization of a matrix all standard computational
tools in Numpy, Julia, SciPy, etc rely on LAPACK routines (a linear algebra library
of algorithms performing computations under the hood). Even if k < r, LAPACK
evaluates a compact SVD and then truncates the rank, keeping the compute time
identical to full and compact SVD. In situations where only a truncated rank
approximation is required by design, time and computational resources are spent on
information that is discarded anyway. In this section we look at RSVD, a randomness
based algorithm that evaluates only the truncated matrices Uy, Sg,and Vi [5]. It
should be mentioned that classical numerical-linear-algebra offers several deterministic
ways to avoid the full factorization—e.g. Lanczos iteration or implicitly restarted

5
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Arnoldi, which return only the leading k£ singular triplets. However, in this thesis,
only RSVD will be considered.

To obtain the k-rank approximation M%**¢ of a matrix M € C™*" The randomized
reduced-rank SVD proceeds as follows:

« Draw a random complex matrix € € C**¥.
« Form the sample matrix Y € C™** : Y = MQ

e Perform a QR decomposition of Y : Y = QR : Q € C™** and then create
B=QM:BcCHn

+ Perform compact SVD of the smaller matrix B : B = USV* where U € Ck*F,
S € R¥* and V € C*". Form U = QU.

. Mpvd = USV*

The error incurred because of the randomized nature of the truncation can be
quantified as:

ex = |M — M . (2.6)

The minimum error |M — M| which is incurred by the exact truncation My, itself
equals oy1 where oy, is the (k + 1)”‘ singular value of M. To see this we look at
Eckart-Young-Theorem and think of the best case scenario: All singular values of M
beyond ¢ + 1 are zero i.e. o5 =0:j >4+ 1. The ratio ﬁ then provides a measure
of how close our computed approximation comes to the best-possible. A value near 1
means “nearly optimal”; values significantly above 1 signal loss of accuracy. With an
oversampling of p > 2 the variance of the satisfies the following theorem|5]:

( Theorem 2: Error bound for the randomised SVD )

Let M € C™*™ have singular values 01 > 09 > --- >0, > 0 and let £k < r be a
target rank. Fix an oversampling parameter p > 2, and let

M = RSVD(M, &, p)

be the rank-k approximation returned by the RSVD algorithm. Then the expected
2-norm error satisfies

, < <1+ \/E) Tpsr + evk+p (Z a§>1/2. (2.7)

p >k
. J

E|M - M5y

It is immediately noted that the second part of the equation becomes negligible
if the singular values of M are rapidly decaying.
When the singular values of M decay slowly, one introduces ¢ > 1 power-iteration
steps before sketching:
Y = (MM*)? M,

where € C"**+7) is a random Gaussian matrix. After computing the QR factor-
ization Y = QR, the algorithm proceeds as before.

6
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Power iterations transform the singular values via
" 2q+1
o;(MM*)*M) = (o;(M))",

amplifying the gap between the top k£ modes and the tail. As a result, the expected

spectral—norm error obeys
[\t
9 S (]_ + pl) Ok+1, (28)

showing that the factor above o, decays exponentially in ¢, at the cost of 2¢ + 1
passes over M.

E[M - My

Runtime Comparison: SVD vs. RSVD

—— SVD
5 - RSVD (k=18)
—— RSVD (k=13)
4 J = RSVD (k=9)

Runtime [s]
N w
1 1

=
1

1 1 1 1
0 200 400 600 800
Number of Matrices Processed

Figure 2.1: Runtime comparison between full SVD and randomized SVD for
1000 (2xd? x 2x) randomly drawn complex matrices with Yy = 18 and d = 8. For
RSVD, three truncation ranks were tested, retaining k& € {18, 13, 9} singular values,
with zero power iterations (¢ = 0) and zero oversampling (p = 0).
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Accuracy vs. k for Four Differently-Structured Matrices

Random matrix Polynomial decay: g;= (i +1)7!

107 (a) 1(b)

0.8 1 ]
>
(@)
0.6 ;
3
]
< 0.4 A E

-@- SVD
0.2 A - RSVD (q=0) |
—A— RSVD (gq=1)
Exponential decay: 0;=e 0% Exponential decay: g;=e 1%

1070 1(d

0.8 1 ]
>
(@)
0.6 ;
3
9
< 0.4 A E

0.2 4 ]

2 4 6 8 10 12 14 16 18 2 4 6 8 10 12 14 16 18
k (singular values kept) k (singular values kept)
Figure 2.2: Accuracy, measured as 1 — %, versus the number of retained

singular values k for four test matrices of size (2yd?) x (2x) with y = 18 and d = 8.
Each subplot compares the standard SVD and two randomized SVD variants (power
iterations ¢ = 0 and ¢ = 1) on: (a) a random matrix; (b) a matrix with polynomially
decaying spectrum o; = (i + 1)~!; (c) a matrix with exponential decay o; = e,
and (d) a matrix with faster exponential decay o; = e *%. Higher values indicate
better low-rank approximation accuracy.

Algorithm 1 Randomised SVD with g Power Iterations

Require: A € C"™*", target rank ¢ = k + p, power- iteration depth ¢ > 0
Ensure: Approximate rank-k factorisation A ~ UkEka
. Draw Q € C™** with i.i.d. N'(0,1) entries
Y, +— AQ
[Qo, Ro] + ar(Yo) > thin QR
for j =1toqdo

Y, AlQ

Q) Ry < ar(Y)

Yj < AQJ

[Q;, Ry] <= ar(Y)
end for
Q<+ Q, > orthonormal basis for the sketch
:B<—QTA > B¢ CHn
[U, %, V1] < svd(B) > exact SVD of the small matrix
.U+ QU > lift back to the original space
s return U 1), Yike, Viik 8

e e e
=~ W N RO
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(a) Original (b) x = 100

o T s USRS

B |

(©) x = 50 AT

Figure 2.3: An image of Marienplatz Ubahn station compressed (truncation of the
underlying 1400 x 1400 matrix of pixel values) via Randomized SVD
Photo credits: © Taha Zaffar, 2023. All rights reserved.

Computational Complexity: For a complex m x n matrix A (m > n), a rank-k
randomized SVD with sketch size ¢ = k+p and ¢ power iterations incurs the following
major costs:

« Sketching: Compute Y = AQ € R™** (and ¢ optional power-iterations).
« Orthogonalization: Obtain Q € R™*¢ via QR of Y.

« Projection: Form the small matrix B = QT A € R>™,

« Small SVD: Compute the SVD of B=UX V7.

o Reconstruction: Recover approximate left singular vectors U = @) U.

9
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The total leading-order cost combines to 2 (¢ + 1) mn{. Because ¢ = k + p with
p < k < n, randomized SVD runs in essentially O(mn k) time, much faster than
the O(mn?) cost of a full SVD when k < n.

2.2 Tensor Networks

2.2.1 Notation and Vocabulary

The knowledge of tensor networks is central to the work in this thesis. This section
provides an overview of the topic that is sufficient to follow the subsequent work.
The reader is redirected to [6] and [7] for a comprehensive introduction to tensor
networks in the context of quantum systems.

Put simply, a tensor is a multi-dimensional array (here “dimension” is meant
in the physical sense of the word, i.e. how many indices the object carries). For
instance, a vector is a one-dimensional array and may be written as

A, Z'E{l,...,di},
while a matriz is a two—dimensional array,
Az‘j, ’iE{l,...,di},je{l,...,dj}.

In tensor-network language we generalise this idea:
A vector is a tensor of order 1. A matrix is a tensor of order 2. More generally,

Ailiz...in7 Zk € {17"'7dik}7

is a tensor of order n.

The words order, degree, and rank are used interchangeably in this context (rank
here should not be confused with the rank of a matrix in linear-algebra).

Each index 75 has its own dimension d;,, the number of values it can assume.
Equivalently, the tensor

Az‘j, ZE{l,,dz},]G{L,d]},

lives in the tensor-product space
C* @ C%.

A tensor whose indices all share the same size d is called homogeneous of local
dimension d. In Python, tensors are best stored as Numpy arrays. The shape of the
array provides the structural information of the tensor: number of elements gives the
order of the tensor and each element is the local dimension of that index. The shape of
rank-4 tensor Ayt € {1,...,d;}, je{l,....d;}, ke{l,....dp}, Le{l,...,d}
is (dl, dj, dk, dl)

10
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2.2.2 Basic Tensor Operations

The indices of a tensor can be shuffled or merged together into a super-index whose
dimension equals the total product of the dimension of merged indices. For ex-
ample, the first two indices of A;j;; can be merged together to create Ay i1 €
{1,...,did;}, ke {l,...,dp}, L € {1,...,d;} with shape (x,dy,d;). This reshaping
only changes the way the data is indexed and not the data itself. A tensor can be
reshsaped to any new shape as long as the total size, the product of dimensions of
all indices, is the same for old and new tensor. Fusing all indices together into a
single index is called vectorization while merging indices together to create only two
indices is known as matricization. Reshaping higher order tensors into matrices is an
extremely important operation in tensor networks because it lets us manipulate data
of the original tensor using methods that are only defined for a matrix. In Numpy
reshaping is done via numpy.reshape.

Let A; i jr.j, and Bj . k..k, be two tensors that share the index set {ji,...,/jp}.
Their contraction over these shared indices is the tensor

djy djp
(A * B)il...z’m ki..kg — Z e Z Ay i G1--dp le...jp ki..kq-
Jji=1 Jp=1

Each contracted pair removes one index from the total order, so the resulting tensor
has order m + gq.

Throughout this note any subscript that appears exactly twice in a monomial is
implicitly summed over all its values(Einstein notation). With that convention the
previous line simplifies to

(AxB)i. i ki..kg — Ail...imjl...jp le...j,, Ki..kq-
Elementary Examples:

« Vector inner product: For v;, w; € C%,

d
Vi Wi = Z Uiy,
i=1
a scalar obtained by contracting the single index 7.
e Matrix—vector multiplication: Given a matrix M;; and a vector v,
u; = M;jv;,
leaving the uncontracted index i.
« Matrix multiplication: For A;; and By;,
Cij = Ai By,
a contraction over k that yields another rank-2 tensor.

11
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Computational Cost: Contracting an index of dimension d incurs O(d) arithmetic
operations. Consequently, contracting p such index pairs between tensors of total
sizes N and M costs O(d? N M). For networks of many tensors, the order in which
contractions are performed strongly affects runtime; finding an optimal sequence is
in general NP-hard, so heuristic or approximate planners (greedy, tree-width, etc.)
are commonly used. If all indices have the same local dimension d, a contraction
that removes p index pairs multiplies the computational effort by d? and lowers the
total order by p.

2.2.3 Graphical/Penrose (network) notation

In diagrams every tensor is a node and each subscript is a leg. Free legs represent
uncontracted indices; legs that connect two nodes (or form a loop on one node)
denote a contracted pair. Matrix multiplication, for example, is drawn as two rank-2
nodes with their adjoining legs joined. Reshape simply means joing two physical
legs together into one leg. While the shape of nodes can be chosen arbitrarily, this
thesis follows the convention of many authors in physics: an unstructured tensor
is drawn as a square/rectangle, a left isometry M : MM = I is denoted with a
right-pointing triangle while a right isometry MM = I is denoted with a left-pointing
triangle. A diagonal matrix is drawn as a 45° tilted square. An identity is drawn
as a line (not necessarily straight). Figure 2.5 represents contraction Z;l AijBj =
Ciri- In Python this would be done as C = np.tensordot(A, B, axes=([1], [0])).
However, the resulting tensor C' is of shape (j, k, ) and needs a reshape operation.
C = np.einsum('ij,jk1->ikl', A, B) performs the contraction with C in desired shape.

reshape

) ST > i

o

J

Figure 2.4: Reshaping a tensor of shape(i, j, k) to (ij, k)

k k

Figure 2.5: Contraction of a matrix with a rank-3 tensor

12
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SVvD

Figure 2.6: Compact SVD in tensor diagram notation.

QR

Figure 2.7: Thin QR in tensor diagram notation.

2.2.4 Quantum States as Tensor Networks

A pure state of N qudits lives in the tensor product Hilbert space H = Q@2 , C? and
can be written in the local basis as

d
|\Ij> = Z 081...31\7 |81 82...8N>.

81,...,SN=1

where [s182...57) = [51) ®152) @ ®|sy). The d¥ amplitudes C,, , scale
exponentially with N, so a direct description soon becomes infeasible.
It is possible to write |¥) in the form:

|qj> = Z (A£<1(])S1X1A£<2182X2 T AECJ\][\T]—LSNXN) |8182 e 8N> (2'9)

{si}
where AglflsiXi’ called the site tensor, is a rank-3 tensor with x;_; and y; are its
virtual indices and s; its physical index. y; is the bond dimension betweenAgz]HSiXi
and AUt These tensors are obtained via successive SVDs of the coefficient

XiSiXi+1"

Cs,...sy- Such a representation is called Matriz Product State(MPS) of |V). The
maximal internal dimension x = max y; is called the bond dimension of the MPS

13
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as a whole. The MPS contains Ndx? elements (if y; = x) instead of d" required in
exact representation, with y being the parameter that controls the accuracy of | V)
in its MPS representation.

X1 qm P g Pelasd ey XY g P
S1 S2 SN-1 SN
Figure 2.8: MPS of a quantum state in tensor network notation.
An arbitrary linear operator acting on the full Hilbert space H = @2, C?

is completely fixed by a rank-2N coefficient tensor OF with s = s;...sy and
s’ =¢|...sy. In the local product basis {|s;...sy)} we write

O = Z OS5 |sy ... sw)s) ... shyl. (2.10)
81,.-,SN=1
8158y =1

Exactly as a many-body state can be factorised into a string of rank-3 tensors
(an MPS), the rank-2N coefficient tensor Ogsl s of a generic operator can be
broken—via successive Schmidt/SVD decompositions—into a chain of rank-4 tensors.
The resulting matriz-product operator (MPO) reads:

- > wl w o] Is1. .. sn)s) ... sy (2.11)

X0 5187 X1 ' X1828h X2 XN—1SNSyN XN
{si,s /}

where yg = xn = 1. Each site tensor W carries two physical indices—the

Xi—1 53 5 Xi
ket index s; and bra index s;—and two virtual (bond) indices x;—1, x; that transmit
correlations along the chain. The largest virtual size yo = max; y; is the MPO’s
bond dimension.
In an orthonormal single-site operator basis {X,}%_, that satisfies Tr (X X 5) =
d dnp, any N-site operator can first be written in its fully expanded form
d2
O= 5 Corony Xar @Xo, @ @Xap (2.12)

at,...,any=1

Corcn = A7V Tr[(Xm@. . .®XQN)TO},

dQN

which still involves coefficients. In the operator basis 2.11 can be written as:

d2
A 1 2 N
0= 3 1(M>[<OQIX1M>[O]Q2X2~-M>[<N]_IQNXN)Xa1®Xa2®~~®XaN, (2.13)
a1, N =

where xo = x N = 1. Equation (2.13) is simply a reshaped version of the customary
ket-bra MPO W introduced in Eq. (2.11). Fuse each bra/ket pair into a

Xi—1 i8] Xi
single operator-basis mdex

Oéi:(Si—l)d—i‘S;, léaing,
14
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and define .
[i] = i
MXiflolz'Xi - WXi—l 8iSyXi "
This way the operations that are performed on an MPS can be can also be applied to
an MPO. For this reason, MPS and MPO are used interchangeably in in this thesis
even though the actual object we will be dealing with in later sections is a density
operator written in the form of (2.13).

2.2.5 Operations on MPS

Once a state is written in the form of Equation 2.9 the tensor network symbolism
provides a highly intuitive way of visualizing the operations. In this section only
those operations which are relevant for DAMPF are listed.

Compression Sweeps

One of the most widely used operations on an MPS is compression, which consists
of first canonicalising the state (transforming tensors into isometries) and then
truncating small singular values to reduce the bond dimension. Figure 2.9 shows
symbolically how a left-to-right sweep via SVD is performed. We start at the left
most tensor A and reshape it from (o, 51, x1) to (X051, x1). The reshaped matrix is

then factorized via SVD (or QR) to Al e Cxosxx1 | Sl ¢ RXIXXT | and Vh[l] e Cxixa

where Y7 is the truncated rank of Al A s reshaped back to (xo, $1, x1) and
becomes the new tensor at site-1. SI! and Vh[l] are matrix-multiplied together and
then contracted with the tensor at site-2. As a result, the tensor at site-1 is a
left isometry and the bond dimension is reduced. The same process is repeated
towards the end. For open boundary MPS (yo = x1 = 1) one usually stops at
N — 1 site after SIV=1 and Vh[N_l] are matrix-multiplied and then contracted with
AW Tf QR was used instead of SVD then a rank truncation would not have been
possible. A similar process could be started from site-N (only SVD can be used from

right-to-left sweep) where th would be the new tensor at site N and SV and UW!
are absorbed into AN~ MPS canonicalization sweeps are done in both directions
for numerical stability: left-to-right followed by right-to-left or vice-versa. The error
that is incurred in such a sweep is bound by the sum of squares of all discarded
singular values [8]:

( Theorem 3: Compression error for an MPS sweep

Let |U) be a matrix—product state (MPS) on N sites with local dimension d and
bond dimensions y, (b=1,..., N —1). Fix a cut-off x. < max; x,. Perform a
compression-sweep retaining only the x. largest singular values on every bond,

and denote the resulting state by |¥). If 0;,; are the discarded singular values on
bond b, then

[1o) - 19| < 2 o7
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X0 Al X A el gy XY Xl
A
S1 52 SN-1 SN
X0l B e P2 v Y] R
SN
AN-1] XN AN] | XNHL
SN-1 SN
LU BTN R B L
SN
AIN=1] XN ANV] | XN
51 52 SN-1 SN
v N v

S1 52 SN—1 SN

Figure 2.9: A left to right canonicalization and compression sweep of an MPS via
SVD
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Action by Single-Site Operators
A local operator acting non-trivially only on site ¢ is written as:
Wi=h® L 10W,;®[;;:® & Iy,

where W; € C%*? and I; is the identity on site j # i.
For the matrix-product state

|\Il> = {z:} A£<1(181X1A£<2j82><2 T AE?ZN]ASNXN‘SI‘ o 8N>’
Sk

with rank-3 tensors A* virtual indices x, < x, and physical indices s, € {1,...,d},
W, updates a single tensor only(also see Appendix A) :

Al Allyy

while all AUl for j # 4 remain unchanged(Figure 3.3).

Addition and Multiplication

Addition of two MPS/MPO states is performed via a direct sum, obtained by
block-diagonally stacking the site matrices A* and B%

i 7 i Al O / /
O _A@B - <0 Bz)a XzaXi'—>Xz+Xi‘

Thus each virtual bond dimension grows from y; and x; to their sum. In tensor-
shape notation,

(Xi=1> i Xi) @ (Xi—1> i Xi) = (Xi—l + Xi_1s Sis Xi + X;)

For MPS with open boundary conditions yo = xy = 1 the direct of site tensors
at the ends is performed in the following way(see Figure 3.4)[7]:

(17 S1, Xl) S7) (]-7 Si, Xll) = (17 S1, X1+X/1)

(XN*l? SN, 1) D (XIN717 SN, 1) = (XNfl—i_X/]Vfla SN, 1)

Scaling an MPS/MPO by a complex scalar ¢ is realised by rescaling the site
tensors:

. c Agz]_ s for one chosen site i,
“y> C “y> A[l} 12— 1527 3
Xi—1,8i; Xi 1/N 7li] for every i=1,...,N
¢ Xi—1,8i,xi’ (distributed scaling)

Here N denotes the total number of sites in the chain. The first option multiples an
arbitrary site tensor with ¢ while the second option spreads the factor uniformly to
enhance numerical stability.

17
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2.3 Open Quantum Systems

Quantum devices never evolve in isolation but interact constantly with some sur-
rounding environment. Formally, the joint state o(t) on Hs ® He obeys the von
Neumann equation

do i

o = 3| Hs + He + Hu o] (2.14)

where Hiy, = >, Sa ® B, and S, acts on the system and B, on the bath. Tracing
out the environment,

p(t) = Trelo(t)]
yields the reduced state p(t), which in general undergoes both coherent evolution
and irreversible dissipation or decoherence.

Figure 2.10: An open quantum system characterized by Hamiltonian H, interacting
with the environment ¢ via interaction Hamiltonian Hijy;.

When the bath “forgets” correlations much faster than the system evolves (i.e.
T < Ts, where 75 is the bath correlation time and 75 the system’s timescale set
by Hs), and the coupling is weak, one can make the Born—-Markov and secular ap-
proximations. The result is the celebrated Gorini-Kossakowski-Sudarshan—Lindblad
(GKSL) master equation|[9]:

dp_ 1

i h[Hs-FHLs, P} +Z'Yk<LkPLL_ HLLL, P})- (2.15)
k

Here Hig is a small Lamb—shift correction to the system Hamiltonian, each Ly is a

jump operator describing a particular decay or dephasing channel, and ~; are positive

rates. This equation generates a completely positive, trace-preserving semigroup—i.e.

truly memoryless, Markovian dynamics.

Non-Markovian memory kernel and bath correlations In many realistic
settings the environment retains memory on a timescale 7 2> 7g, or its spectral
density J(w) exhibits sharp features (narrow peaks or band edges). In such cases
one cannot collapse the past into instantaneous rates; instead the reduced density
matrix p(t) obeys the exact Nakajima—Zwanzig integro-differential equation

jtp(t) =—iLsp(t) + /Ot Kt —7)p(T)dr, (2.16)
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where

Ls[X]=[Hs, X], Hiu=S®B, Lin[X]=/[Hpm,X],

and the memory-kernel superoperator is
K(5)[p] = Tre{ Lin(s) e E5HE7 £, (0) (p @ pe) | (2.17)

Although formally exact, this formulation requires storing the full history {p(7) }o<r<t,
making direct long-time integration prohibitively expensive.
Long-lived correlations arise when the spectral density

1 [\

JW) =7 |grl?6(w —wi) ~ 7 (0w TN (2.18)

has narrow structure (with mode couplings g, frequencies wy; and for the Lorentzian
form, center w., width A, and strength I'). The corresponding bath-correlation
function

Cpp(t — 1) = (B(t) B(1)),, = Tre{B(t) B(7) pe} e~ WHwe)(t=m) (2.19)

with
B(t) — €1H€tB€_ngt,

decays on 73 ~ A~!, which can rival the system timescale 7s ~ ||Hs||~!. In this
non-Markovian regime one observes oscillatory populations, coherence revivals, and
information backflow from environment to system.

Pseudomode reduction of the environment [10]-[12]: To bridge between exact
memory-kernel dynamics and efficient simulation, one may recast the problem in
a time-local form via the time-convolutionless (T'CL) expansion, or—more power-
fully—map structured baths onto a few discrete, damped “pseudomodes.” These
pseudomodes absorb the bath’s non-Markovian character and, when appended to
the system, render the combined dynamics memoryless once more. We turn next to
this pseudomode reduction, which transforms the integro-differential challenge into
an extended Lindblad evolution in a larger Hilbert space.
The key idea is to approximate the exact bath-correlation function

Cup(t) = /0 T J(w) e ™ du

by a sum of damped exponentials,

Npm

Cpp(t) ~ Y aje (i)t (2.20)
j=1

where each term corresponds to one pseudomode with frequency €2;, damping rate
7;, and weight ;. The parameters {a;,7;,§2;} are chosen—e.g. by fitting the target
spectral density J(w) via rational-function or Padé techniques—so that the right-hand
side of Equation 2.20 matches the true Cgp(t) over the time window of interest.
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Each pseudomode is then represented by a local harmonic oscillator a; coupled
directly to the system operator S. The enlarged Hamiltonian becomes

Npm
Hi = Hs + Z {Qj a}aj +g; S (a; + a})] , (2.21)

=1

where the coupling constants g; satisfy

o = g7/ (29). (2.22)

Finally, to enforce the correct damping «y; of each pseudomode, one adds Markovian
Lindblad terms,

dp i Npm
i _ﬁ[Htota pl+ Y v Dlaj] p, (2.23)
Jj=1

where Dlalp = apa’ — %{cﬁa,p}. It can be shown that, upon tracing out the
pseudomodes, the reduced system dynamics reproduce the original non-Markovian
memory kernel up to the accuracy of the fit in Equation 2.20.

In practice, only a handful of pseudomodes (Npy ~ 2—5) are needed to capture
narrow spectral features or long-lived correlations, turning the integro-differential
Nakajima—Zwanzig equation into a time-local Lindblad master equation on an en-
larged—Dbut still tractable—Hilbert space. While the simplest pseudomode mapping
treats each damped mode as an independent harmonic oscillator coupled only to the
system, various extensions allow for more intricate bath structures:

o Interacting pseudomodes. In environments with overlapping spectral fea-
tures, one can introduce direct couplings between pseudomodes to capture
cross-correlations [10].

» Reaction-coordinate mapping. Here a single collective mode (the “reaction
coordinate”) is extracted from the bath and coupled to a residual Markovian
reservoir; this mode can itself be decomposed into interacting pseudomodes if
the residual spectrum is structured [13].

e Chain-mapping techniques. By tridiagonalizing the bath Hamiltonian
one obtains a 1D chain of nearest-neighbor—coupled oscillators, which can be
truncated to a finite interacting pseudomode network [14].

« Hierarchical pseudomodes. Multiple layers of pseudomodes with inter-layer
couplings can systematically capture increasingly long-lived correlations [15].

Each of these variants uses the same principle—matching the bath correlation
function by a network of damped oscillators—but allows one to tailor the pseudomode
architecture (couplings, number of modes, damping rates) to the specific features of
a given spectral density.
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or

Figure 2.11: Pseudomode models simulated by DAMPF
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Dissipation-Assisted Matrix-Product Factorization (dampf)

Having transformed the non-Markovian environment into a small set of discrete
pseudomodes (each with its own Lindblad damping), the DAMPF protocol embeds all
pseudomodes directly into a matrix-product-state (MPS) representation of the system
[16]. Each pseudomode j is coupled to a tunable Markovian reservoir via a Lindblad
operator ,/7; a;, which continuously removes excitations and entanglement from the
extended system. This engineered dissipation controls the bipartite entanglement
entropy growth, so that the required MPS bond dimension y remains manageable
even at long times—well beyond the light-cone or entanglement barriers that limit
standard TEBD/DMRG methods.

In practice, DAMPF achieves stable, long-time evolution with polynomial cost
in both the number of pseudomodes Npy and x. Originally proposed in [17] and
detailed in [16], DAMPF serves as the central numerical engine for all simulations in
this thesis.

Limitations The efficiency of DAMPF relies on the locality of the pseudomode
network: it requires that each pseudomode be either independent or interact only
with its immediate neighbors. Arbitrary long-range couplings among pseudomodes
can generate rapid entanglement growth across the MPS chain, undermining the
controlled bond-dimension scaling that makes DAMPF feasible.
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Dissipation Assisted Matrix
Product Factorization

3.1 Setting up the Hamiltonian

This chapter offers a self-contained exposition of DAMPF, tracing the algorithm
back to its original formulation in Ref. [17]. Our attention is confined to environments
that can be faithfully represented as collections of independent discrete oscillators, or
pseudomodes. Although this restriction excludes the low-frequency, mode-mixing phe-
nomena that emerge when oscillators interact, uncoupled pseudomodes already suffice
to capture the essential physics of high-frequency under-damped vibrations—most
notably the persistence of electronic coherences, the vibronic progressions visible
in optical spectra, and the ultrafast channels for energy transfer. By focusing on
non-interacting baths we gain a transparent stage on which to illuminate the core
algorithmic ingredients of DAMPF': local basis truncation, bond-dimension optimi-
sation, and the delicate balance between dissipative dynamics and tensor-network
entanglement growth. The more involved treatment required for structured low-
frequency spectra is therefore deferred to future work, while the material that follows
concentrates on the robust and widely applicable framework built upon independent
pseudomodes.
Consider a network of N monomers with total (electronic) Hamiltonian:

H. = Z;Qn [n) (nl + > T Im) (1] (3.1)

m#£m

where ), is the site energy of the n'* monomer, and J,,,, is the coupling energy
between monomer m and n.

Now, let each monomer be coupled to ) quantum oscillators with frequency
wg i q=1,...,Q and energy levels d. Without loss of generilization, the assumption
is made that each monomer is coupled to identical set of oscillators with same
dimension:w,, 4 = w, and d,, ; = d. The combined Hamiltonian of the system now is:

H=H,+H,+ H,, (3.2)
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= > |l w
3 +«—=| 2
M =
- ]

= vy
= “—>| 2

Figure 3.1: 6 Monomer sites each coupled to identical sets of two oscillators, which
in turn are coupled to independent baths.

where:

H,

N
Z Z wqaf%qan,q (3.3)

n=1qg=1

and
N Q
Hey = Y 3wy /5q In) (n] (ang +af, ) (3.4)
n=1qg=1

where H, (the vibrational part) is the Hamiltonian of the oscillators and H., cap-
tures the interaction between the electronic system (chain of monomers) and the
discrete oscillators. s, is the so called Huang-Rhys Factor, a dimensional constant
quantifying the coupling strength between the electronic system and the oscillators.
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The reorganization energy A, which measures the total cost to reconfigure the state
of oscillators when the electronic system changes state, is related to s, as:

Hereafter, A is set to 1. Furthermore, each oscillator is coupled to an independent
thermal reservoir. If p is the total state of the chain and oscillators, the Lindblad
damping because of the thermal reservoirs is modeled as:

1
Dp = Z 27, [n(wq) (aiz,qpan,q D) {an,qaz,qv P})
n’q

+ () + 1) (anapad, — 5 {al om0} (3.

1

Wlth ﬁ(wq) = Bawg _1*

A3, is the inverse temperature of the bath to which ¢ oscillator is coupled to. 7,
(damping rate) and 7i(w,) determine the dissipation of the ¢'* oscillator. Since each
monomer site is coupled to a similar set of oscillators it was implicitly assumed that

Yn,g = Vg

Key Parameters

Symbol Description [Unit]

Wy Mode frequency of the ¢* oscillator [rad/s]

By Inverse temperature of the Markovian bath [J™!]

Yq Damping rate of an oscillator to its bath [s7!]

n(wy) Bose—Einstein occupation number [dimensionless]

Ang Annihilation operator [—]

al Creation operator [—]|

Sq Huang—Rhys factor (coupling strength between
monomer and oscillator) [—]

Qn Site energy of the n'* monomer

- Electronic coupling strength between monomers n and
m

The state of the system, from now on called the vibronic state, can formally be

written as:
N

p="3 Im)(n® Onn (3.7)

n,m=1

where O,,,, describes the vibrational degrees of freedom (oscillators + coupled
Markovian baths) conditional to the electronic operator |m) (n|:

d2
Oun= ¥ O 2,0 . 0, 39
J

1yeesJ M
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where M = NQ@Q, d is the number of energy levels (truncation number) of the
oscillators, and {xz} denotes an orthonormal basis with respect to the Hilbert-

Schmidt inner product In the standard basis {|i)}1, of electronic sites, the total
state can be visualized as:

(91,1 T (91,1\/
p=| 1 . (3.9)
ON,l Tt ON,N

3.2 Tensor Network Representation

The central idea of DAMPF is to describe (3.8) by matrix product operators (MPOs)

of bond dimension y. To this end, the coefficients C in O, are encoded by a

set of matrices:
ol = AW AT AT (3.10)

----- 1,51 2,j2

where AZOZ") is of size x; X Xiy1 With x1 = xars1 = 1 and j; € {1,...,d?}. This
is actually an MPS with y as the bond dimension and j; as physical legs. It is
immediately noted that while the number of coefficients required to fully describe
Opmn in (3.8) is d*M in the tensor network representation this becomes Md?x?.
Formally, (3.8) can now be written as:

Z Alrgln)AQZL; ) AS\?jnA;xh ®..Q Ljn (3'11)
A X X X
X Agm7n) AN EENENENENNNDRNI — A(MWLL”;.) AE\ZrL’n)
il J2 JM-1 M

Figure 3.2: O,,, as a Tensor Network of bond dimension x

3.3 Dynamics

The dynamics of p(t) is governed by the master equation:

d .
Solt) = —i[H,p(0)] + D p(t), (3.12)
and can be recast with the time-independent Liouvillian V = —i[H,:] + D as
—p(t) =V p(t), p(t) = e’=1) p(ty), (3.13)

dt
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For a small time step At the propagator is approximated with the first—order
Suzuki-Trotter splitting:

VA = U, U, U, P2 + O(A), (3.14)

where U, = exp|—i[H,, - ]At] such that U,p(t) = U, (t + At)p(t)Ul(t + At) and
U, (At) = exp(—iH,At).

Because the factors U,, U,, and exp(DAt) are tensor products of single—oscillator
super-operators, they cannot increase the bond dimension of a matrix—product
representation. Their common action can be summarized as below.

3.3.1 Vibrational, Electronic-Vibrational, and Damping Dy-
namics

Site index and notation. With N monomers and () oscillators per monomer
we have M = NQ oscillator sites. The pair (n,q) (n =1,...,N;g=1,...,Q) is
mapped to a single chain index

i=(q—1)N+n. (3.15)

For every electronic matrix element (m|p|n) we denote the corresponding MPO
tensors by AE?’n), where j = 1,...,d?* labels the local operator basis {x;}.

Universal local update rule. Each single-oscillator map = € {v, ev, D} replaces

AT+ AL) = §j W AL (3). (3.16)

a:z]k;

Because only the physical index is touched, the MPO bond dimension is unchanged;
all sites can be updated independently and in parallel (see A). The rank-3 tensor
W, depends only on local oscillator parameters w,, 7, and s,.

Agm,n)
m,n X m,n X X m,n X m,n
X qomm (X X pomn XL Al Afp
J1 J2 (m) JM-1 M
J

Figure 3.3: Local update of AEZ"n)
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1. Pure vibrational rotation U,

For oscillator (n,q) define the unitary

U = exp{— iw, aIL,qamq At} : (3.17)

v

Its action yields a site-independent matrix

R = To(xf U 2 UMT), (3.18)

qjk_

and Eq. (3.16) is realised with Wﬁ”;”]n,zz =R for the index i = (n, q).

a7,

2. Electron—vibration coupling U,,

The model employs a Holstein coupling, i.e. an on-site electron—phonon interaction
in which each electronic excitation displaces only its own local vibrational coordinate.
The coupling Hamiltonian reads

N

- Z;wnqm In)(n (anq+anq>

with Huang-Rhys factors s, ,. For a Suzuki-Trotter time step At the single-
oscillator propagator attached to monomer n and mode ¢ is

U — exp{— 1AL Wi gv/Sng (amq + alyq)} )

Because the projector |n)(n| is diagonal in the electronic basis, the action of
U9 depends on whether the electronic block is a population (m = n) or a coherence
(m # n). Written in the local operator basis {z,}%_, introduced in Eq. (3.28) this
gives three d? x d? coefficient matrices:

[CEZPL — Tr( Fuma g, Ul q”), (population block, m = n), (3.19)

{CJ;MJ = Tr(xi, Ulma) xg,>, (left oscillator of a coherence, m # n), (3.20)

[C’S’q} = Tr(xi, Ty U e(;l’q)T), (right oscillator of a coherence, m # n).
(3.21)

In terms of W matrices in (3.16).

o) —
Ch®, m=mn,

CL  m#mn, k€ monomer m,
plmm — g m (3.22)

CRH, m # n, k € monomer n,

1, otherwise,
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3. Local Lindblad damping exp(DAt)

For each oscillator we introduce the completely positive map
A, = exp(D, At), (3.23)
where D, is the single-mode dissipator specified in Equation 3.6. Its Choi matrix in
the basis {z;} is
By = Tr(x; Aq(xk)>7 (3.24)

and we set W[(,”T;)k = By jx for i = (¢ — 1)N + n. These coefficients are identical for
all (m,n).

3.3.2 Electronic Evolution

The remaining Suzuki-Trotter factor, U, = exp[—i[H.,, -]At], acts ezclusively on the
electronic subspace and is therefore non-local with respect to the oscillator chain.
Let [Ue)mn = (m|U.|n) denote its matrix elements in the site basis {|n)}2_;. Using
Egs. (3.7)-(3.9), one obtains

N N
Ucp = > m)nl @ Y [Ulmr [UNin Oy, (3.25)
m,n=1 k,l=1

Hence the updated oscillator block @mn reads

N
Opn =3 &0, ™ = [Udwse Ui (3.26)

k=1

Let Al(-?l) be the MPO tensors representing Oy; according to Eq. (3.11). Because

Eq. (3.26) is a sum of MPOs, the most straight-forward representation of O,,,, is
obtained by the direct sum of the individual matrices,

N
A = ™ AL, (3.27)
k=1

While Eq. (3.27) is formally exact, it increases the bond dimension from x to at most
(N? —1)x. To keep the virtual dimension within tractable limits, a subsequent MPO
compression (e.g. truncated SVD) must be applied after a suitable (from a memory
point of view) number of direct sums.

3.4 Reduced Electronic State

To obtain the reduced electronic state pg = Trv(p> we choose the single-oscillator
operator basis {z;}% | such that
xy = d V7, Tr(z;) =0 fori > 1, Tr(zlz;) = . (3.28)
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L Xl yomm X X Ag\?n) X A (men)
h J2 Jm—1 Jm

.......................................................................................................................................

Figure 3.4: Direct Sum of Two MPOs. Bond dimension increases.

Equation (3.28) guarantees Hilbert—Schmidt orthonormality while separating the
identity from the traceless sector. Inserting the MPO representation (3.11) into the
vibronic state Equation 3.7 one finds

N d?

p=3 |min] 3 {HAj;")]xh Q. (3.29)

mn=1 Jlpeegnr=1ti=1

The partial trace over the vibrational Hilbert space acts term—wise,
M
TrV(de Q- - '®ij> = H Tr(‘rji>‘

Because Tr(x;) = 0 for every ¢ > 1, the product vanishes unless j; = jo = -+ =
jau = 1; in that unique case Tr(z1) = d'/? by (3.28). Hence only the first physical
index of each local tensor contributes, and (3.29) collapses to

ps = Try(p) = &2 Y [HA(’””)] (nl. (3.30)

myn=1"-i=1
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The prefactor d/? = (Tra;)M originates from the normalisation of the identity
operator in (3.28) and restores the correct electronic trace, Trg(ps) = 1.

Equation (3.30) shows that the reduced electronic density matrix can be evaluated
without contracting the full oscillator network. For each electronic block (m,n) one

M
has to contract only the M MPO tensors whose physical index equals 1, {Agﬁl’")};l.

Each AgT’") is a y; X Yi41 matrix, with boundary dimensions y; = Y41 = 1; their
ordered product is thus a chain of matrix multiplications

M
[TAG™ = AT Ag - A

i=1

whose result is a single complex number multiplying |m)(n|.

3.5 The Algorithm in a Nutshell

3.5.1 Initialization
Initial State

DAMPF assumes the initial state to be uncorrelated between the electronic system
and its vibrational environment,

pto) = pe(to) ® pu,  pelte) = D pe(m,n)|m)n|,

m,n=1

while every oscillator £ starts in an independent thermal state pg, = e~ Prwnalan [ Z.
Writing pg, in the operator basis {z,, }gi:l of Eq. (3.28) yields the coefficient vector
vi(ok) = Tr(ps, s, ). Because the global state is a tensor product, only the tensor
element with virtual indices (1, 1) is populated initially,
k(m,n, k,or) = pe(m,n)"v(or,), M= NQ,

Algorithm 2 translates this factorised structure into a set of N? matrix—product
operators O, = {A™™ | one for every electronic matrix element. Each local
tensor A,gm’n) is allocated with the minimal bond dimension compatible with its
position in the chain: (1,d%,x) at the left boundary, (x,d?,x) in the bulk, and
(x,d3,1) at the right boundary. All entries are set to zero except for the slice
(1,04, 1), which is filled with the corresponding coefficient x(m,n, k, o). x could be
set to 1 while initializing the state.
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Algorithm 2 Initialize vibronic state O (Algorithm 1)
ReqUire: N7 Qv da {wk}> {Bk}a Pe> X

1: M+ NQ > total number of oscillators
2: O < array(N, N) > N2 MPO blocks
3: for m+ 1to N do > electronic row index
4: forn < 1to N do > electronic column index
5: O < array(M)

6: for k< 1to M do > oscillator index
7 (¢, nsiwe) < |(k = 1)/N|, k = Nq)

8: Ay, < dpgyegs K pe(m,n) My,

9: if Kk =1 then
10: A <+ zeros(1,d2, x)

11: else if £k = M then

12: A < zeros(x,d2, 1)

13: else

14: A <+ zeros(x, dz, )

15: end if

16: for 0 + 1 to di do

17: All,0,1] < k(o)

18: end for

19: Omnlk] < A
20: end for
21: O[m,n] < O,
22: end for

23: end for
24: return O

Precomputing Damping Matrices

The local Lindblad term for oscillator k is a time—independent super-operator
Dul-) = (e ol Jaw = Hanal, -}] + (e + Dfan( ol — Halar, 1))

where ny = In the single-oscillator operator basis {z; }?2:1 introduced in

1
ewk/(kpTE) 1"

Eq. (3.28) we define the d*x d* matrix representation Ay, = [Ay];e = Tr (x;r Dy, [:Ed)
The short-time damping map that appears in the Suzuki—Trotter step is

B = exp(A,l€ At),

Because Dy, depends only on the local parameters (wy, vk, 7)) and on the oscillator
truncation d, all By matrices can be pre-computed once and reused throughout the
simulation. The procedure is summarised in Algorithm 3.
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Algorithm 3 Pre-compute damping matrices {B}

ReqUire: Ata N7 Q7 d7 {wk}v{ﬁ)/k}a{Tk}
1: M+ NQ > total number of oscillators
2: B« array(M)
3: for £+ 1to M do

4: build truncated annihilation operator (ay, al.)
1/(ewr/(k8Tk) _ 1 T. >0

5: fbk <— /(6 >, k ’
0, T, =0

6: for j «+ 1to d? do

7: for / <+ 1 to d* do

8: [Ak]jg < TI"(ZL‘;L Dk [[L’g])

9: end for

10: end for

11: By« exp(Ak At)

12: store By, in B[k]

13: end for

14: return B > shape (N, Q, d?, d?)

Each matrix By enters the local update rule (3.16) whenever the damping map
exp(D At) is applied during time evolution.

Precomputing Vibrational Dynamics Matrices
Each bosonic mode evolves coherently under the quadratic Hamiltonian H{™? =
Wn,q @, Jan g For a discrete time step At the corresponding unitary is

Una — exp[— iAtwy,, aL,qan,q].

v

d2

Represented in the single-site operator basis {x;}7_,, the action of this rotation is

captured by the matrix
[Rn,q] 0 Tr <ﬂs} Ui Ué”"”*), jl=1,...,d%

The d? x d* matrices R, , are re-used in every Suzuki-Trotter sweep (see the update
rule (3.16)) and are therefore pre-computed once.
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Algorithm 4 Pre-compute rotation matrices {R,,,}

Require: At, N, Q, {wnq}, {dng}
1: R+ array(N, Q)
2: for n <+ 1to N do > monomer index
3 for g + 1 to Q do > oscillator index
4 d < d, ,; build (a,a’) of size d
5 U, + exp|—iAtw,,a'dl
6: create zero matrix R € C%*xd*
7
8
9

for j + 1 to d? do
for ¢/ +— 1 to d? do

: X« U,z,Ul
10: Rj + Tr(x}X)
11: end for
12: end for
13: Rln,q) < R
14: end for
15: end for
16: return R > shape (N, Q, d?, d?)

The array R provides the coefficients W,,.; ; x in Eq. (3.16) whenever the vibrational
map U, is applied.
Precomputing Electron-Vibrational Coupling Matrices

The short-time propagator for the Holstein-type coupling H(9) = Whgn/Sng (Qng +
af, o) [n)n| is

Ue(g"” = exp| — 1 At Wy gv/Sng (Ang + aihq) )

Because H., is diagonal in the electronic basis, three distinct single—oscillator maps
are needed (see the update rule Equation 3.22):

« Population block (m =n): x + U,z U],
« Coherence, left oscillator (m # n and site belongs to m): © — U, x

« Coherence, right oscillator (m # n and site belongs to n): z — z U],

d2

Represented in the local operator basis {x;}5_,, these maps are encoded by three

sets of d?x d? matrices

[cgjg’]ﬂ = Tzl UG 2, UG,

Lo =m(al Ul R gl g, gt
[Cnyq}jg o TI"(:CJ- Uev ¢ l’g), {Cn’q]jé = Tr(acj Ty Uev q )
3 o L R : : .
Once computed, the collection {CP,C,,,C,} } is reused in every Suzuki-Trotter
sweep.
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Algorithm 5 Pre-compute e—v coupling matrices {CP°,C~ CR 1

n,q Y TL,q7 n,q
Require: At, N, Q, {wng}, {Snqe}s {dng}
1: CPP, CY) CR « array(N, Q)

2: for n < 1to N do > monomer index
3: for g < 1to ) do > oscillator index
4: d <+ d, 4, build (a,a’) € C™4
5: Uep exp{— 1At Wngy/5nq (a+ aT)}
6: initialise zero matrices CP°P, O CR ¢ C4*xd*
7: for j < 1 to d* do
8: for / + 1 to d* do
9: Xpop  Uep 2 U,
10: Xy, + Uy
11: X ¢ 24 U;)
12: CH”P Tr(x;Xpop)
13: Cl + Tr(x;XL)
14: Cl Tr(x;XR)
15: end for
16: end for
17: store CEP «— CP®, C « CV, CF, «+ C®
18: end for
19: end for
20: return (CP°P,CY CR) > shape (N, Q,d?, d?) each
During time evolution the matrices CH7P, C};’q, Cfiq supply the coefficients We(;n ZT;)k in

Eq. (3.16), according to whether the oscillator belongs to an electronic population
block or to the left /right part of a coherence block.

3.5.2 Evolution
Applying Damping Matrices

Each oscillator carries a local Lindblad map B, , € C#*% pre-computed by Algorithm

3. During a Suzuki—Trotter sweep the map is applied to the physical leg of every

local tensor,
2
T(immn) (m,n)
Ai,a,j - }CZI[BH,Q} ok Ai,k,j ’
where ¢ and j are the left and right virtual indices, the composite oscillator index is
k= (q—1)N +n, and (m,n) labels the electronic block.
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Algorithm 6 Local damping step B
Require: vibronic MPO array O[N, NJ;
1: damping matrices B[N, Q]
2: O < array(N, N)
3: for m < 1to N do

4: forn < 1to N do

5: for nge < 1 to N do

6: for g < 1 to @ do

7: A < Opnlnsite, ¢

8: B < B > d*x d?
9: 4i,a,j — >k Bok filzk:g
10: Omon[nsite, q) < A

11: end for

12: end for

13: end for

14: end for

15: return (7)

Applying vibrational Coupling

The coherent vibrational propagator U, acts locally on every oscillator via the
matrices R, , € C**% pre-computed by Algorithm 4. For a local MPO tensor A"

/[:70-’]'
the update rule is
d2

A5 = 3[Rl ATES (+)

k=1

where the composite oscillator index is k = (¢ — 1) N + n. Operation * modifies only
the physical leg; the bond dimension is unchanged.

Algorithm 7 Local vibrational update R
Require: vibronic MPO array O[N, NJ;
1: rotation matrices R[N, Q]
2: O < array(N, N)
3: for m < 1to N do

4: for n<1to N do

5: for nge < 1 to N do

6: for g <+ 1 to ) do

7 A+ Om,n[”sitea CI] > (Xv d27 X)
8: R R > (d?, d?)
9: 4¢,a,j — >k Rok 4114]

10: Omn[Nsite, ] < A

11: end for

12: end for

13: end for

14: end for

15: return (5
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Applying EV coupling Matrices

During the Suzuki—Trotter sweep the Holstein coupling operator U,, is processed
with the three families of matrices C2%, CJ.  and C}}, returned by Algorithm 5. For

an electronic block (m,n) we distinguish two cases:

« Population block (m = n) — only the oscillators belonging to monomer m
are affected. Update rule A; ,;—» JCPP]oy Aj ;.
k

« Coherence block (m # n) — oscillators of monomer m use C- | those of

m’q’
monomer n use C}f,, every other site is left untouched.

Algorithm 8 Local e-v coupling update C

Require: vibronic MPO array O[N, NJ;
1: coupling matrices CPP, ct, c®
2: O+ 0O > in-place copy
3: for m < 1to N do

4: forn < 1to N do

5: if m = n then > population block

6: for g <+ 1to @ do

7: A < Opnlm, q]

8: C+Ccrr

9: 42"0,]' — Zk COEANCJ

10: Omnm,q] < A

11: end for

12: else > coherence block

13: for g < 1to @ do B N

14: A+ (’)mm[m, Q], C « CTL)‘%q; Ai,o,j <— Zk CakAi,k:,j; (’)m,n[m, q] <—
A

15: end for

16: for ¢ < 1 to @ do

17; A+ Opaln,gly C«CRi Ay 5 CorAigji Omuln.g) + A

18: end for

19: end if

20: end for

21: end for

22: return (5

Electronic Evolution

The purely electronic part of the Liouvillian, U, = exp[—iAt H,, -], acts globally on
the vibronic MPO and mixes all vibrational blocks according to Eq. (3.25). A direct
implementation would concatenate the corresponding matrix—product operators by
repeated direct sums, inflating the bond dimension from its initial value y up to
N2%y. To keep the virtual dimension manageable we accumulate the required sums
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sequentially and trigger a truncated singular—value decomposition (SVD) after a
fixed number p of terms, retaining at most ymax singular values. The SVD may
sweep from left to right or right to left, selected by a Boolean flag RtL. The resulting
procedure is summarised in Algorithm 9;

Algorithm 9 Electronic evolution with periodic SVD compression
Require: vibronic MPO array O[N, N]; time step At;

1: electronic Hamiltonian H,;

2: maximum bond dimension yyax; compression interval p;

3: sweep direction flag RtL

4: U < exp[—iAt H.]

5. O™V < array (N, N)

6: for k< 1 to N do

7: for [ <+ 1 to k do > construct lower triangle
8: acc < J; count < 0

9: for m < 1 to N do

10: for n+ 1 to N do

11: count < count + 1
12: ¢+ Uk Uy,
13: term < ¢ Oy, > scale MPO
14: acc < (acc = @) 7 term : direct_sum(acc, term)

15: if count mod p = 0 then

16: if RtL then

17: acc <— compress_ SVD_RtL(acc, Xmax)

18: else

19: acc < compress SVD  LtR(acc, Xmax)
20: end if
21: end if
22: end for
23: end for
24: Og" < acc
25: Onew <+ accl > Hermitian symmetry
26: end for
27: end for

28: return OV

3.6 Memory Footprint and Computational Cost

3.6.1 Memory

The full state p contains N? MPO blocks where each O, ,, contains (M —2)x*d*+2xd?
np.complex128 elements. For moderate system parameters N = 20,Q = 4,d =
8,and y = 12 the state occupies about 4.6 GBs (gigabytes) of memory (excluding
the overhead for storing tensors as objects inside the state array). The O(x?) scaling
of the state memory size becomes fundamentally crucial in the implementation of
DAMPF. Consider a substantially small system: a dimer with each site coupled to
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two pseudomodes (N = 2, Q) = 2). Further, we choose parameters y = 12 and d = 8
(modest values). As noted in subsection 3.3.2, electronic evolution changes the bond
dimension y to N2y per Suzuki-Trotter step which, unless a compression scheme is
implemented, causes catastrophic memory blow-up.

Memory size of uncompressed state vs. time step

10°

103
102

10!

Memory (GB)

10°
10!
1072

1073

1 2 3 4 5 6 7 8
Time step

Figure 3.5: Catastrophic memory blow-up of the uncompressed state of a dimer with
Q =2,d=8and y =12

This makes implementation of a compression scheme after suitable number of
direct sums a necessary and fundamental step in the algorithm that cannot be do
away with.

All matrices R{"), B, and the families C{**)(m, n) have dimension d* x d* and
are pre-computed once the oscillator parameters are fixed. In practice, they are
stored in five arrays of shapes (N, Q,d?, d?) of np.complex128 elements: one each for
Rfjj()], B, q, CEP, C,’:;q, and Cﬁq. Each array occupies 16 x NQd? bytes of memory. For
parameters N = 20, Q) = 4,and d = 8, this amounts to about 5 MBs (megabytes) of
memory per array. These local updates do not change the bond dimension x and do

not, in principle, require further memory.

3.6.2 Computational Complexity

The local update of AE?’n) in O,,,, via W,.; (z € {v,ev, D}) in Equation 3.16 requires
contracting a d? x d* matrix with a tensor of shape (Y, d?, x) requiring 2x?d* flops and
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scaling as O(x?d*). For each MPO O,, ,, 72% and B,, , permorm M such operationss,
while C}f}l’)(m, n) perform 3Q (Q for populations and 2Q) for coherences). Therefore,
vibrational evolution and damping cost 2N?M x2d* flops per Suzuki-Trotter step
while electron-vibrational coupling requires 6 M x2d* flops. It is immediately noted
that these local transformations are independent can be performed in parallel not
only across tensors in O,, ,, but across all the MPOs in p. Such a parallelization was
not implemented in this thesis because the computational cost of local updates is
tiny as compared to electronic evolution and we see below.

Taking the partial-trace of p after every time-step requires 2Mx? + 2y flops and the
computational cost O(M x?) scales linearly with the chain length for naive matrix
multiplication.

The electronic evolution without compression requires only scalar multiplications and
additions(direct sums) which have negligible computational cost but cause memory
blow-up as noted above. Performing SVD of MPO(after chosen number of direct
sums) thus becomes as necessity. Compression can be performed in different ways:
left-to-right SVD compression followed by right-to-left SVD canonicalization or left-
to-right SVD canonicalization followed by right-to-left SVD compression. Q)R could
also be used for left-to-right canonicalization. A left-to-right compression followed
by right-to-left SVD canonicalization of an MPO requires ~ 96 M x3d? flops, see
Appendix B. For one Suzuki-Trotter step this amounts to 96M N*y3d? flops. It can
also be noted that electronic evolution is ’embarrassingly parellel’: Each MPO block
can be evolved in parallel.

Operation per time step Number of Flops Complexity

U, 2N3Qy2d? O(N3Qx?*d?)
U, 6NQxd* O(NQx*d")
eDAt 2N3Qx2d4 O(N3Qx2d4)
U, 96N> Qx> d> O(N°Qx3d?)
Partial Trace 2N Qx> O(NQx?)

Table 3.1: Flop counts and asymptotic complexities for operations per time step
assuming all MPO blocks are evaluated.

Errors

DAMPF is an essentially exact numerical approach to spin—boson models. Its only
Intrinsic error sources are:

o Trotter-step error,
e Oscillator Hilbert-space truncation error, and

e MPO compression error,
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each of which can be systematically reduced to meet any prescribed accuracy. How-
ever, when you represent a structured environment by a discrete set of damped
harmonic oscillators, an additional bath-mapping error appears. This error quan-
tifies how faithfully the discrete bath’s correlation function reproduces that of the
true continuum environment, and can only be reduced by improving the fit between
the oscillator network’s correlation function and the target spectral density[18]. Such
an analysis is not done in this thesis.

Parallelization

Electronic evolution is the most expensive part of the algorithm. Noting that p = pf
— Oppn = O} ,,, it is sufficient to calculate only N(N + 1)/2 MPOs instead of
all N2 blocks per time step. This reduces total computational time by a factor
of 1/2 + (1/N?). Further, creation of new MPO blocks at every time step can be
performed in parallel. If parallelization is done in a way that CPU cores are equally
divided to evaluate MPOs in parallel it is optimal for moderate system parameter
sizes to assign 1 — 2 cores for each process. I did not see a linear speed-up when

more than two cores are used per 'worker’ process.
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Results

In this section I present DAMPF simulations of various systems. I look at different
environmental regimes based on reorganization energy and compare the simulations
done via SVD based DAMPF and RSVD based DAMPF. In all simulations MPOs are
compressed in a right-to-left compression sweep followed by a left-to-right canonical-
ization via QR. The comparison between SVD and RSVD based simulations is done
by switching between the two in the right-to-left compression step, which from now
on will be referred to as SVD-DAMPF and RSVD-DAMPF. Unless stated otherwise the
simulations are performed with an integration time of 0.5 fs.
The error in SVD-DAMPF is quantified as:

N2-1

N ke B
Esvd—dampf = Z Z Hozmm - Oz 7 ||2 (4]')

mmn =1

where k. is the compression interval. O;"" is the MPO at (m,n) site after k. direct
sums which is compressed via truncated SVD to O;"".
In RSVD-DAMPF the error is measured as:

N2_1

N ke 5
Ersvd—dampf = Z Z HOzmm - Ozf;nr’:vduz (42)

m,n =1

where O7 ; is obtained by truncating O;"" via RSVD. ;4,4 is measured by compar-

ing the accuracy to SVD truncated MPO ||O""|| because RSVD does not construct
singular that it doesn’t keep.

Figure 4.1 shows population dynamics of a dimer with Q; = €y and J15 =
500 cm~! with initial excitation at site 1. Each site is coupled to two oscillators:

e w =1500cm™, vy =(1ps)™t, 7 =300K, s =02, dy =38
o Wy = 500 cm_l, Yo = (100 fS)_l, T2 = 300 K, S9 = 01, dg =38

The simulations were performed without parallelization on an 8-core machine with a
memory of 8 GB. The sVD-DAMPF version for y = 18 and k. = 1 was first reported
in [16].

42



Chapter 4. Results

1.0 x=4 1.0 - x=4
xX=8
— =1
© 087 X
@
T 0.6
C
o
© 0.4
>
(e}
[e]
o 0.2
0.0 T T T T T 0.0 T T T T T
0 100 200 300 400 500 0 100 200 300 400 500
Time [fs] Time [fs]
(a) SVD-DAMPF, k. =1 (b) RSVD-DAMPF, k. =1, (¢=1,p=1)
1.0 o 1.0 1
— x=8
o 0.8 1
@
© 0.6 -
C
o
© 0.4 1
>
o
& 0.2
0.0 0.0

0 100 200 300 400 500 0 100 200 300 400 500

Time [fs] Time [fs]
(C) SVD-DAMPF, k. =2 (d) RSVD-DAMPF, k. = 2, (q =1,p= 1)

Figure 4.1: Population dynamics of a dimer obtained with SVD-DAMPF(left column)
and RSVD-DAMPF(right column) at two compression intervals: k. = 1 (top) and
k. =2 (bottom).

The dynamics shown here match the result of authors exactly. My result also
confirms the need for using a bond dimension of 18 for a converged solution. RSVD-
DAMPF(with power iterations ¢ = 1 and oversampling p = 1) also shows a similar
convergence.

Figure 4.2 shows the simulation time for both the methods. At lower bond di-
mensions the simulation time is similar(SVD-DAMPF is actually slightly faster at
x = 4). However, the gap between the simulation times widens with increasing
bond-dimension. At y = 18 and k. = 1 RSVD-DAMPF provides a speed-up of ~ 1.29.
This speed-up increases to ~ 1.59 with k. = 2. We also notice an interesting result:
the simulation time of SVD-DAMPF increases when the compression interval k. is
increased while RSVD-DAMPF simulation time decreases.

This can be explained by looking at the computational complexity of SVD and
RSVD and noting that k. = 2 means the simulations are doing only half the num-
ber of compression steps but with bigger matrix sizes of (3x x 3xd?) instead of
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Figure 4.2: Simulation time of dimer

(2x X 2xd?) when k. = 1. For SVD, the computational cost scales as O((2xd?)(2x)?)
and O((3xd?)(3x)?) for k. = 1 and k., = 2 respectively. Even while doing only
half the number of compressions the factor 3% eventually results in an increase in
compute time for k. = 2. For RSVD, the complexities read O((2xd?)(2x?)) and
O((3xd?)(3x?)) for k. = 1 and k. = 2 respectively. The complexity doesn’t increase
by an exponential factor and doing only half the number of compressions wins. While
this might suggest that one can keep increasing k. even larger and get quicker results
but this is prevented by the size of the state in memory. A larger compression interval
temporarily creates larger MPOs in memory before compressing them which can
result in the compute node running out of memory. I noticed a significant slowdown
at k. = 3 while k. = 4 caused the system to run out of memory and crash even when
x was fixed. On systems with larger memory one can fiddle with the compression
interval depending on the size of the state

Figure 4.3 shows the truncation error for the case of y = 18. While Equation 2.1.3
provides an oversampling knob to control errors incurred via RSVD, it can be noted
that oversampling of p = 1 in RSVD-DAMPF in the case of the dimer reduces €, syd—damp
significantly as compared to p = 0 and is sufficient to produce accurate dynamics.
Figure 4.4 shows truncation errors when compression interval k. is increased to 2.
We notice €spq—damps increase but €,sd—damps almost becomes negligible. This can
be explained by looking Equation 2.1.3 and noting that the variance of the error is
directly proportional to k: smaller truncated approximations have a smaller error
variance.

However, as equations Equation 4.1 and Equation 4.2 show, a vanishing €,sud-dampf
does not imply that the total truncation error is negligible. Recall that €,svd-damps
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measures only the extra error introduced by the randomized SVD step, on top of
the baseline truncation error €gyq.damps, Which arises from discarding the smallest
singular values before any decomposition. In fact, for k. = 2 we observe that
Esvd-dampf ncreases (see Figure 4.4). This behavior is expected, since retaining only
x singular values out of a 3y x 3x matrix necessarily discards more information than
keeping x out of a 2y X 2y matrix.
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Figure 4.3: Truncation errors at each time step for bond-dimension y = 18 for k. = 1
with oversampling p = 0(top figure) and p = 1 (bottom figure)
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Figure 4.4: Truncation errors of the dimer at y = 18 when compression interval k. is
increased to 2
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Figure 4.5: Behaviour of €y4—damps ke = 1 at different bond dimensions.
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Figure 4.6: Behaviour of €4,4—damps for different bond dimensions. Doubling the
Compression interval almost doubles the error.

Now, consider a non-periodic chain of 8 sites with Q,, = Q,,, and J,, ,+1 = 300cm ™!
where each site is coupled to 6 oscillators with the following parameters:

Table 4.1: Parameters of the six vibrational oscillators.

Mode Frequency w (cm™!) Damping rate v Huang-Rhys s

1 600 (100 fs)~? 0.100
2 750 (1 ps)~! 0.046
3 900 (1 ps)~! 0.046
4 1050 (1 ps)~! 0.046
5 1200 (1 ps)~! 0.046
6 1350 (1 ps)~! 0.046

with truncation level d = 8 and temperature 7" = 300K. The oscillator parameters
were chosen such that the reorganization enegry A = -, s,w; =& Jpny1. In this
non-perturbative regime—where the reorganization energy A is on the same order
as the electronic coupling J,, 11 between sites— energy transfer exhibits a hybrid
character with both coherent oscillations and dissipative hopping
Figure 4.9 shows population dynamics in non-perturbative regime. The simulations
were performed on a 36 core node with a parallel implementation of SVD-DAMPF
and RSVD-DAMPF(q = 1,p =1).
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Figure 4.7: Truncation errors for non-perturbative system
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Figure 4.8: Simulation time in non-perturbative example

Figure 4.9(c) and (d) are identical while RSVD-DAMPF provides a ~ 1.33 speed-up.

The trend from the dimer simulations follows again: RSVD-DAMPF scales better with
increasing bond-dimension.
While doubling the compression interval to k. = 2 halves the runtime, it does not
reproduce the k. = 1 dynamics in our non-dimer system. In the dimer benchmark,
x = 18 was sufficient to suppress truncation error, so doubling k. merely doubled
an already negligible error. Here, however, x is not large enough: if the baseline
truncation error at k. = 1 is ¢ < 1, then at k. = 2 it becomes roughly 2¢. A failure
to match the k. = 1 result therefore indicates that y must be increased until ¢ is
small enough that even a factor-of-two increase remains acceptable.
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Figure 4.9: Population dynamics in a non-perturbative chain of 8 sites with each
site coupled to 6 pseudomodes.

Now, if the Huang-Rhys factors of the last five oscillators are changed uniformly
such that A\ >> J,, 11, a relatively large reorganization energy makes inter-site trans-
fer energetically unfavorable and slows it far below competing relaxation processes.
The excitation stays localized at the initial site in what is known as Polaron formation.
Figure 4.10 showcases this phenomenon for the system under consideration.

Figure 4.11 shows the same trend as before: RSVD-DAMPF scales better in time
for increasing bond dimension. Figure 4.12 shows truncation errors for the bond-

49



Chapter 4. Results

1.00 —
| P PR G P G SN,
i

0.98 —
—
0]
b
0
+— 0.96
©
C
S
T 0.94 -
S SVD-DAMPF x =6
8— RSVD-DAMPF x =6
a SVD-DAMPF x =9

0.92 7 RSVD-DAMPF y =9

—— SVD-DAMPF y =12
RSVD-DAMPF y =12
0 200 400 600 800 1000

Time|[fs]

Figure 4.10: Population dynamics of the first site when A >> J. The excitation is
localized at the initial site with high probability.

dimension xy = 9. Even at 0 oversampling and low bond-dimension we find €,sy4—damps
within acceptable limits.
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Figure 4.11: Total simulation time for the system with large reorganization energy.

le-5
1.751 i ) Esvd—dampf:kc=1
1.501 “  Ersvd-dampfike=1(q=1,p=0)
1.25{
S 1.00- Ol
0 3

0.75;
0.50;

0.251

0.00, 400 600 800 1000
Time Step

Figure 4.12: Truncation errors in Polaron Simulation evaluated at x =9
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Conclusion and Outlook

The randomized-factorization variant of DAMPF demonstrates superior scaling with
bond dimension x compared to the deterministic SVD approach. In my benchmarks,
RSVD-DAMPF attained relative errors below 107*(figs. 4.3, 4.7 and 4.12) while run-
ning up to 1.8x faster—even with minimal oversampling and without extra power
iterations. For large-scale simulations, such speedups can translate into wall-clock
savings of days.

That said, RSVD is not a universal drop-in replacement for SVD: it requires the
user to specify the target rank in advance, making it most effective when y is both
large and known a priori. Consequently, integrating RSVD into DAMPF demands
careful tuning of system parameters, particularly the compression interval k.. For
example, increasing k. from 1 to 2 halves the simulation time and drives &,sy4-damps t0
negligible levels, even though €4,4-damps roughly doubles. If €5y4—dampy is very small
(or equivalently the bond dimension is large enough to minimize errors) one is at a
practical “sweet spot” for randomized compression.

Stability: In addition to its speed and accuracy benefits, RSVD-DAMPF exhibits
enhanced numerical stability. Over my entire test suite, only a single RSVD step
failed to converge—an event that is far from rare in deterministic SVD-based
algorithms. Such divergences typically arise when the ratio between the largest
and smallest singular values of a site tensor becomes excessively large [7]. Because
RSVD never explicitly computes the trailing singular values, it is inherently protected
against this form of numerical breakdown. The final two examples in the preceding
section were chosen to demonstrate that RSVD-DAMPF can accurately handle even
extreme regimes—specifically, underdamped modes of frequency (1 ps)~!, whose bath
correlations decay slowly. The simulations are scalable and the inherent probabilistic
nature of factorization, even with minimal oversampling, doesn’t seem to pose a
problem.

Algorithmic perspective: While DAMPF itself is an exact method, the problem
lies in the limited usefulness of the way oscillators are modeled. The assumption that
each oscillator interact with an independent bath is adequate for weakly structured
environments but can misrepresent strongly correlated or engineered reservoirs.
Recent work shows that, if all oscillators are coupled to the same Markovian bath,
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the environment can be compressed to a handful of pseudomodes, yielding a far
smaller effective system size and opening the door to simplified propagators [19].
Incorporating this shared-bath reduction into DAMPF is a promising direction for
future research.

Future numerical improvements: Mathematically, replacing the dense Gaussian
test matrix 2 in RSVD with a structured transform—e.g. a subsampled randomized
Hadamard or Fourier matrix—reduces the complexity from O(mnk) to O(mn log k)
[18]. This method lacks a strong theoretical analysis of errors but has proven to
be accurate in practice. Computationally, the Python ecosystem still lacks a high-
performance RSVD kernel: NumPy has none, and SciPy’s reference implementation
ran about 30% slower than my custom routine. While RSVD still employs determin-
istic SVD and QR at its core, it does so sequentially. CA compiled backend that
exploits batched BLAS, GPU acceleration, and cuSOLVER could plausibly deliver
another 1.5—2x speed-up for larger systems, pushing randomized DAMPF closer to
hardware peak performance.
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Appendix A

Action of One Body Operators

An operator that acts only on a single oscillator, labelled ¢, is written as

q—1 M
V=QLe Ve @ I
j=1

J=q+1
A generic matrix-product operator (MPO) for a chain of M oscillators can be

expressed as
p:ZAO'lAO'Q"'AO'A{xO'l®:L'0'2®”'®1‘0'1u7
g

where the multi-index & = (o1, ..., o) collects the local basis labels and {z,,} is a
single-site operator basis.

Because Vq(l) modifies only site ¢, its action on p merely replaces the factor z,,
while leaving the remaining tensor factors unchanged:

‘/q(l)p:ZAo'l"'Ao'A/[xo'l®"‘®<%wgq)®"'®x0kj.

For each basis element the operator V; acts linearly,

‘/q x"q = Z(V;J)aqaq xaq’
Qq
or, omitting the site index for brevity,

an = Z(V)aa' Ta,

«

with expansion coefficients obtained from the Hilbert—Schmidt inner product,
(V)ao = Tr(xl V x,,).

Since the scalar product A,, - - - A,,, is unaffected, the effect of V, can be absorbed

into a new local tensor,

‘/q(l)p:ZAUI"'qu“'AUNIxol®H'®x‘71ﬂ7

oM

with the update rule B
Aaq = Z(‘/‘I)aqaq Aaq'

Qgq

Thus a single-site operator acts locally on an MPO. When such operators ‘/:1(1) are
applied successively for ¢ = 1,..., M, the updates of the local tensors are mutually
independent and can therefore be performed in parallel.
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Appendix B

Computational Complexity of
Compressing MPS

Consider an MPS of M = NQ@ tensors such that yo = xy = 1 and x; = x. Let
the dimension of the physical leg be d? such that d*> > 2y. After a direct sum
the bond-dimension doubles to 2. A left-to-right compression via SVD does the
following operations (see Figure 2.9)):

« one SVD on a matrix of shape (d?,2y)

o (M — 2) contractions of tensors with shapes (x,2x) and (2, d?, 2x)
e (M —2) SVDs of matrices with shape (d?x, 2x)

« one contraction between tensors of shape (x,2x) and (2x,d?, 1)

These operations, in the same order as above, amount to the cost: 64d?y? +
32(M — 2)x3d? + 64(M — 2)x3d? + 16x3d>.
This ignores the matrix multiplication costs of S and V}, matrices.

a8



Appendix C

Simulation Units

All molecular-dynamics simulations in this thesis are carried out in natural units
with

h=1, Foy=1cm™!,
so that energy and frequency are both expressed in cm~!. Under these conventions

the Boltzmann constant becomes

~ 1.380649 x 1072 J/K

B = () Lo ~0.695 cm 1K™,

providing a direct mapping between temperature and energy.
The fundamental time unit follows from

I 1.054571817 X 10734 Js

th = — =
° g, 1.98644586 x 10-23 ]

~ 5.31 ps.

Accordingly, any physical frequency wppnys (in ps™) is converted to simulation units
via

Wsim = Wphys tOJ

so that
1ps~ !~ 5.31, 1fs™' = 10% pst x ty ~ 5.31 x 10°.

Likewise, energies specified in cm ™! carry over directly as simulation-unit frequencies.
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