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Abstract
Various contributions have shown that periodic structures with specific material composition or geometry
layout have favorable dispersion characteristics. A special feature of so called metamaterials is the occur-
rence of stop bands, being frequency ranges where no free wave propagation is observed. The focus of this
contribution lies on two dimensional metamaterials with periodic inclusions and notches. Using the Wave
Finite Element Method the dispersion characteristics of periodic metamaterials can be studied on the basis
of a Finite Element Model of one repetitive segment (unit cell). The periodicity of the structure is introduced
by applying Bloch’s Theorem. The scope of this contribution is to investigate the influence of the topology
and shape of inclusions and notches on the wave propagation in periodic metamaterials. In continuation of a
former publication by the authors a wide-ranging parameter study analyzes the relation between the variance
in mass distribution along the unit cell and the stop band behavior.

1 Introduction

In the automotive and the aircraft industry, the aim is to build slender structures that are light-weight but at the
same time not susceptible to excessive sound radiation and unwanted vibrations. Due to the high stiffness-to-
mass ratio of light-weight components, conventional structures suffer from poor vibroacoustic properties. To
improve the vibrational performance without increasing the mass, slender and adjustable reduction measures
are required. In the literature this issue is often solved exploiting the favorable dispersion characteristics
of periodic metamaterials. Thereby different kinds of such metamaterials have been studied so far: Refs.
[1,2] prove that aligning tuned mass dampers (TMDs) on a plate can lead to frequency ranges where no free
wave propagation is observed. Those frequency ranges are called stop bands and can either be induced by
interference related effects or by local resonances. Ref. [3] takes a closer look at this behavior and describes
how TMDs affect the decay characteristic of waves that propagate in periodic structures. Refs. [4-6] show in
numerical studies that embedding rigid or elastic inclusions enhances the low frequency absorption behavior
of porous structures. Ref. [7] verifies this finding experimentally. In Ref. [8] the authors studied periodic
metamaterials with inclusions containing a TMD and found out that the wave propagation within the structure
can be affected purposefully by varying the alignment of the TMD and the shape of the inclusion. One of the
most significant results was that for the analyzed geometries the stop band width increased with increasing
variance of the mass distribution along the cell.

Building on Ref. [8], this contribution further studies the relation between the variance in mass distribution
along the unit cell and the dispersion characteristics. The dispersion characteristics will be compared for unit
cells with inclusions and notches of similar shape but different variance in mass distribution, and for unit cells
with the same variance in mass distribution but inclusions of different shapes. All numerical investigations
are carried out using the Wave Finite Element Method (WFEM).

Following the introduction, section 2 introduces the WFEM for two dimensional structures. Section 3
presents the numerical studies and analyzes the associated results. Section 4 concludes this contribution.
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2 Wave Finite Element Method - Inverse approach

Within this section the numerical strategy for the evaluation of the dispersion characteristics of periodic
structures is described. The WFEM uses a Finite Element Model of one repetitive segment and induces the
periodicity of the structure via the Bloch Theorem. The method was introduced in Ref. [9] and was further
enhanced in Refs. [10-12]. Ref. [13] further extended the method to be also applicable to finite structures.

The WFEM comprises two approaches for studying the wave propagation along periodic structures: The
direct approach solves for the wavenumber for a certain value of frequency; in the inverse approach the
wavenumber is given and the corresponding frequencies are computed. While the direct approach considers
all kinds of waves, the inverse approach only analyzes the dispersion characteristics of undamped waves.
The frequencies to which the inverse approach does not assign a wave number can be considered as stop
bands. In the context of this contribution the inverse approach will be used in order to evaluate the position
and width of the occurring stop bands.

2.1 Selection of the unit cell

When studying periodic structures using the WFEM the unit cell of the structure has to be specified. The unit
cell generally corresponds to the smallest possible section whose sequencing results in the periodic structure.
In order to apply periodic boundary conditions, the number and vertical position of the nodes at the left and
right boundaries of the cell have to coincide. There are often several possibilities to choose the unit cell.

Figure 1 shows three different unit cells which, when periodically assembled, all correspond to the same
periodic structure. While the first two unit cells could be used as an input for a WFEM analysis, the third
unit cell is not a valid choice as, after discretization, not every right boundary node will have a corresponding
left boundary node. Taking reference to Ref. [14], using the direct approach of the WFEM the second unit
cell enables a more efficient analysis than the first one does. This is because the number of boundary nodes
in the first cell is higher than in the second one. In the direct approach we condense the internal degrees of
freedom (DOFs) from the eigenvalue problem and therefore the computation effort is mainly influenced by
the number of boundary DOFs. Using the inverse approach, as we do within this contribution, both the first
and the second cell are a comparably good choice.

Figure 1: Selection of the unit cell.

2.2 Characterization of the unit cell

The dynamic behavior of the unit cell is exploited using a standard Finite Element Method implementation.
Without applying the periodicity conditions yet, the cell itself can be characterized by its equation of motion
under steady state harmonic loading with a frequency of ω:

(K− ω2M)q = f ; (1)

K and M are the stiffness and mass matrices of the unit cell; q corresponds to the vector of DOFs and f is
the force vector .
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2.3 Introduction of the periodicity

The periodicity of the structure is introduced by the so-called Bloch Theorem. Originally applied to prob-
lems in the field of quantum mechanics [15], the theoretical considerations can be transferred to structural
dynamics. The basic assumption is, that a wave propagating within a periodic structure will undergo the
same relative change in amplitude and phase when traveling from one cell to the next independently of the
location of these cells within the structure [16]. From this we can deduce that we can find an exponential
term that allows us to derive the response function of the periodic structure out of the response function of
the unit cell.

The relation between the DOFs of two neighboring unit cells in the x-direction is given by

q(x+ Lx) = q(x)e−iκLx , (2)

whereby a similar relation can be found between the forces acting upon these cells. The exponential term in
equation (2) expresses the relative change in amplitude and phase between the two cells. Lx is the length of
the unit cell and κ the wavenumber. Due to the fact that only undamped waves are taken into account when
using the inverse approach, κ will be restricted to real values in the scope of this contribution. The sign of κ
gives conclusion on the propagation direction of the respective wave.

2.4 Derivation of the eigenvalue problem

Combining equations (1) and (2) we can derive an eigenvalue problem which will be solved for ω given a
propagation constant µ defined as

µ = e−iκLx . (3)

Using the Bloch Theorem we can link the DOFs and forces at the right and left boundaries:

qR = µqL, (4)

fR = −µfL; (5)

thereby the indices R and L correspond to quantities at the right and left boundary; the index I will later on
be used for internal quantities.

Inserting equations (4) and (5) into equation (1) and assuming that the internal nodes are not loaded by
external forces, we can derive the following eigenvalue problem:

(Kred − ω2Mred)qred = 0; (6)

with Kred = RHKR, Mred = RHMR and qred = [qL qI ]
T . The reduction matrix R is defined as:

R =



I Z
Z I
µI Z


 , (7)

where Z is the null matrix and I is the identity matrix. The superscript H refers to the complex conjugate
transpose of a matrix.

Having computed the frequencies ω corresponding to a given value of µ, we can post-process the deformation
of the structure for each pair of ω and µ. Plotting the deformed structure we can draw conclusions on the wave
types (e.g. bending wave, quasi longitudinal wave) propagating along the structure in a certain frequency
range.
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3 Numerical investigations

Within this section we present the outcome of our numerical studies. In advance the material and geometry
configurations of the unit cells used in the subsequent investigations are introduced.

3.1 General setting

Within this contribution we study the dispersion characteristics of unit cells with different inclusions and
notches in a frequency range up to 45 kHz. The material of all cell configurations corresponds to aluminum.
Length and height of the unit cell are kept equal during the numerical studies. Material properties and unit
cell dimensions are listed in table 1.

Table 1: Material properties and geometry configuration of the unit cell.

Name Symbol Value
Young’s modulus E 70 GPa

Density ρ 2699 kg/m3

Poisson’s ratio ν 0.34
Length of cell Lx 0.06 m
Height of cell H 0.04 m

The geometry configurations of the inclusions and notches which are considered within this contribution are
depicted in figure 2. The inclusions are placed in the center of the cell. The radius r defines the size of the
circular inclusions and notches. Height h and width b specify the dimension of the rectangular inclusions
and notches.

Figure 2: Considered unit cell geometries; left: inclusions; right: notches.

Varying the dimensions of the inclusions and notches leads to different mass distributions with respect to x.
The mass distribution along the unit cell can be characterized by the variance of the mass distribution, which
is defined as

V ar(X) =

∫ Lx

0
(X − E(X))2dx, (8)

with X being the mass density and E(X) being the average mass density. The mass density thereby equals
the density assigned to the cell multiplied with the material filled height (total height minus local inclu-
sion/notch height). The average mass distribution is given as ρ (HLx)−A

Lx
; A being the area corresponding to

the inclusion/notch.

2444 PROCEEDINGS OF ISMA2020 AND USD2020



For the considered rectangular inclusion/notch the variance of mass distribution may be expressed as

V ar(X)� = ρ2h2
(
b− b2

Lx

)
. (9)

For the circular inclusion/notch a similar, much more complex expression may be derived.

3.2 Impact of the variance in mass distribution

In a first step we compare the dispersion characteristics of unit cells with rectangular inclusions and notches
of different sizes. The width b is altered, while the height h is set to 0.02 m. As showed in Ref. [8] no stop
band is observed for homogeneous unit cells without inclusions and notches. This corresponds to the case
b = 0. No stop band can be observed for b = Lx either. This is explained by the fact that in this case two
stacked but unconnected homogeneous layers are considered.
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Figure 3: Correlation between variance in mass distribution and stop band width for unit cell with rectangular
inclusion.
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Figure 4: Correlation between variance in mass distribution and stop band width for unit cell with rectangular
notch.
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In figure 3, both the variance in mass distribution and the stop band width are plotted for rectangular inclu-
sions with b = [0, Lx]. Hereby the stop band width corresponds to the total frequency range between 0 and
45 kHz were no undamped waves emerge. If there is more than one stop band, the total stop band width is
obtained by summing up the individual stop band widths. We observe that both the variance in mass distri-
bution and the stop band width rise for increasing values of b from zero to a maximum value and then return
to zero. The difference is that the maximum is reached for unequal values of b. We conclude that although
the stop band tends to increase with increasing variance, this statement is not generally true. For example,
the variance increases from b = 0.02 m to b = 0.03 m, but the observed stop band is smaller.

Figure 4 shows the correlation between the variance in mass distribution and the stop band width for rectan-
gular notches. We observe a similar behavior as with the rectangular inclusions.

3.3 Impact of the shape of inclusions and notches

Next we evaluate the dispersion characteristics of unit cells with differently shaped inclusions/notches but
the same variance in mass distribution. We choose a circular inclusion/notch of radius r = 0.01 m, resulting
in a variance in mass distribution of 26.86 kg2/m3. We adapt the dimensions of a rectangular inclusion/notch
to match the variance in mass distribution and total mass of the unit cells with circular inclusion/notch.

Figure 5 shows the dispersion curves corresponding to the unit cell with circular inclusion and notch in the
frequency range [0,45] kHz. The dispersion curves visualize the solutions of equation (6). They identify
the frequencies for which we observe undamped waves. The phase κLx depicts the relative phase shift
between adjacent cells within the periodic structure. The shape of the dispersion curves can give conclusion
on the respective wave type. If the slope of the curve alters, we can presume that the curve corresponds to
a dispersive bending wave. A constant slope implies that we observe a non dispersive quasi longitudinal
wave. Since mixed forms of these wave types can occur at higher frequencies, an evaluation of the deformed
geometry provides clear information about the wave type.
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Figure 5: Dispersion curves for unit cell with circular (—) inclusion and (- - -) notch.

We observe a stop band for both, the circular inclusion and the circular notch, whereby the stop band corre-
sponding to the notch is smaller and located in a higher frequency range than the stop band corresponding to
the inclusion.

Figure 6 compares the dispersion characteristics of a unit cell with rectangular inclusion and rectangular
notch. Again the stop band corresponding to the notch is located in a higher frequency range, but the stop
band width is of similar size as the one corresponding to the inclusion.

Figure 7 summarizes the stop band width and location corresponding to the studied geometries. As stated
before, all geometries induce the same total unit cell mass and the same variance in mass distribution. The
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Figure 6: Dispersion curves for unit cell with rectangular (—) inclusion and (- - -) notch.

circular inclusion leads to the broadest stop band, while the circular notch results in the smallest stop band.
The stop band widths corresponding to rectangular inclusion and notch are of similar sizes, and centered
around frequencies similar to those of the corresponding circular shapes. We conclude that not only the
mass distribution along the cell but also the inclusion/notch shape itself has an impact on the dispersion
characteristics of the periodic structure and in particular on the stop band width.
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Figure 7: Stop band location of unit cells with differently shaped inclusions but equal variance in mass
distribution.

To further study the impact of the cell design on the stop band location we take into consideration the
deformed periodic structure for the locations marked with a triangle on the dispersion curves in Figures 5
and 6. Figure 8 a) visualizes the deformed structure for a unit cell with circular inclusion just below the stop
band. We can see that the wave length of the observed quasi longitudinal wave roughly equals twice the
length of the unit cell. For higher frequencies the wave will be trapped between the inclusions leading to
the observed stop band. Plotting the deformed shape of the periodic structure with circular notches for the
same frequency (Figure 8 c) and d)), we can see that for both, bending and quasi longitudinal wave, the wave
length is not an integer multiple of the cell length. We can state that for equal frequencies the wave length
of the waves propagating along the structure with circular inclusions is smaller than the one of the waves
propagating along the structure with circular notches. As a result, the frequency range in which a stop band
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occurs due to destructive interference is shifted towards higher frequencies (Figure 8 b)). Based on Figure 9,
this observation can be transferred to the periodic structure with rectangular inclusions and notches.

a)

d)

c)

b)

Figure 8: Deformed shape of periodic structure with circular inclusion for a) (π rad, 26.63 kHz) and circular
notch for b) (0 rad, 34.54 kHz), c) (1.31 rad, 26.63 kHz), d) (2.28 rad, 26.63 kHz).

a)

d)

c)

b)

Figure 9: Deformed shape of periodic structure with rectangular inclusion for a) (π rad, 27.79 kHz) and
rectangular notch for b) (0.89 rad, 27.79 kHz), c) (2.41 rad, 27.79 kHz), d) (π rad, 32.30 kHz).

4 Conclusion

From the performed numerical investigations on the impact of the variance in mass distribution along periodic
metamaterials we draw the following conclusions:

• In the performed numerical studies a higher variance in mass distribution does not necessarily lead to
a broader stop band. Still, a higher variance in mass distribution tends to result in in a wider stop band.

• For cell configurations with the same variance in mass distribution the shape of the inclusion has an
impact on the stop band location and width. Within the analyzed geometries the circular inclusion
leads to a broader stop band than the rectangular inclusion and notch and the circular notch. In addi-
tion, the stop band corresponding to the notches is located in a higher frequency range than the one
corresponding to the inclusions.
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