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Abstract. This work presents a modeling approach to investigate the effectiveness of sub-
surface resonator arrays embedded in spherical indentations near the soil’s surface as a mit-
igation strategy for ground-borne vibrations. These resonating structures, acting as seismic
metamaterials, reduce vibrations at their resonance frequency. Through this, the system can
effectively reduce vibrations compared to other methods in the transmission system. In the
scope of this contribution, a 3D coupled Integral Transform Method (ITM) and Finite Element
Method (FEM) approach is introduced and extended. The ITM provides analytical solutions for
fundamental systems, including a half-space and a full-space with a spherical cavity, where the
solutions account for the infinite extent of the surrounding soil. The superposition of these solu-
tions leads to a more complex system comprising a half-space with multiple spherical cavities or
indentations. The resulting stiffnesses of the total system in the wavenumber-frequency domain
are coupled to the stiffnesses of the conventional FEM at each spherical surface. This allows for
the embedding of arbitrarily complex structures within the soil near-field. With the extension
to multiple cavities or indentations, the method allows for simultaneously modeling both the
mitigation measure and the structure to be protected. The resulting hybrid method offers an ef-
ficient framework for investigating the full Soil-Structure Interaction (SSI) problem. Simulation
results demonstrate the vibration attenuation achieved by the resonator arrays, showcasing the
potential of this method for applications in the control and mitigation of environmental vibra-
tions.
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1 INTRODUCTION

Various sources in or on unbounded media generate waves, causing ground-borne vibrations.
As urbanization and population grow, these waves inevitably reach adjacent buildings, causing
structural vibrations and re-radiated structure-borne noise. Conventional strategies to mitigate
ground-borne vibrations within the transmission path include various configurations acting as
barriers, e.g., open trenches [1, 2], soft- or stiff-filled barriers [3], or sub-grade stiffening [4].
Beyond these methods, Seismic Metamaterials (SM) have been proposed for ground-borne vi-
bration control [5–7]. SMs include metabarriers embedded in the soil and metasurfaces placed
on top. These structures rely on local resonance, e.g., integrating tuned mass dampers into the
metamaterial configuration. At first glance, this mitigation measure involves significant effort
and high costs. Nevertheless, it enables targeted vibration reduction, as the stop band frequency
range is independent of the spatial arrangement of individual elements. This approach might
be useful for ground-borne vibrations with low amplitudes such as railway-induced vibrations
[8, 9]. Furthermore, recent ideas on the recovery of mechanical energy using SMs are proposed
by Brûlé et al. [10]. While promising, SMs face challenges in achieving broadband stop bands.
Introducing a frequency gradient by tuning resonators to increasing or decreasing eigenfrequen-
cies can address this and may induce wave conversion, where Rayleigh waves transform into
body shear waves [8]. Such configurations are known as metawedge [11]. Colombi et al. [12]
arranged resonators in a cell layout around or beneath a building, achieving mitigation between
3.5–8Hz, relevant for earthquake-induced vibrations. Carneiro et al. [9] formulated a 3D FEM-
boundary element formulation (BEM) to study metasurfaces with different frequency gradients
on an elastic layered half-space, broadband vibration reduction is obtained behind the measure.

Despite these advances, systematic parametric studies are needed to assess SM performance.
Furthermore, it is known that surface structures on a homogeneous half-space can significantly
alter ground motion [13]. Thus, fast and accurate models capable of representing infinite soil
domains while incorporating complex geometries for mitigation measures and structures are
essential for modeling the full Structure-Soil-Structure Interaction (SSSI). Direct methods use
finite elements to discretize the structure and the soil and approximate Sommerfeld’s radiation
conditions [14] through appropriate local boundary conditions, including Infinite Finite Ele-
ments [15, 16], Perfectly Matched Layers [17], Thin Layer Method [18], or Absorbing Bound-
ary Conditions [19]. Alternatively, sub-structuring methods are used consisting of a variety
of techniques designed to handle distinct parts of the overall model that are coupled at their
interaction nodes, e.g., FEM coupled with the BEM [20], Wave Based Method [21], or ITM.

This work extends the 3D coupled ITM-FEM approach presented in Freisinger et al. [2] by
incorporating multiple spherical cavities or indentations, enabling the simultaneous modeling
of mitigation measures and the protected structures. An indentation corresponds to a spherical
segment at the half-space surface. To avoid redundancy, the term spherical is omitted through-
out this work, as all cavities and indentations considered are inherently spherical. The ITM
provides an analytical solution to handle the infinite soil domain, while FEM resolves complex
geometries. The extended method is applied to a metabarrier consisting of a resonator array
embedded in a homogeneous half-space, with vibration mitigation evaluated on a simplified
building model featuring a foundation on an elastic layer. Although this model appears simple,
the method can accommodate more complex structures and sources placed anywhere within or
on top of the soil. Additionally, soil inhomogeneity can be incorporated by introducing layers.

The paper is structured as follows: Sec. 2 presents the ITM-based solution approach for the
required half-space and full-space with a cavity. Sec. 3 describes the complete domain decom-
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position approach, including the FEM implementation and coupling between both domains.
Sec. 4 provides a verification of the coupled approach by comparison with the semi-analytical
solution of a homogeneous half-space. In Sec. 5, the metabarrier configuration is described,
and the effectiveness of mitigating ground-borne noise is discussed. Sec. 6 concludes the paper.

2 INTEGRAL TRANSFORM METHOD

The Integral Transform Method (ITM) provides a framework for solving Lamé’s equation of
elastodynamics

µui|jj + (λ+ µ)uj|ij − ρüi = 0 (1)

in different coordinate systems through appropriate transformations. Here, ui are the displace-
ments, ρ is the medium’s density, and λ and µ are the complex-valued Lamé constants, incor-
porating frequency-independent hysteretic material damping [22]. The key equations of ITM
are summarized in the following sections, while the complete derivation is provided in Frühe
[23] based on [22, 24, 25]. Applying a Helmholtz decomposition, i.e., splitting the displace-
ment field into an irrotational and a solenoidal field: ui = ϕ|i + Ψl|k εikl [26], decoupled wave
equations are obtained:

ϕ|jj −
1

c2p
ϕ̈ = 0 Ψi|jj −

1

c2s
Ψ̈i = 0 (2)

with cp and cs denoting the compressional and shear wave velocity, respectively. Equations (2)
may be solved analytically for any location within a specified coordinate system. These so-
lutions form the fundamental components of the ITM-based solution approach and are further
called subsystems, which vary in geometry depending on the chosen basis. For more intricate
cases, the subsystems are superposed to form geometries with different boundary surfaces. This
contribution requires the half-space in Cartesian coordinates and the full-space including a cav-
ity. Thus, the corresponding solution procedures of these two subsystems are described in the
following subsections.

2.1 Half-space

The subsystem half-space is solved with respect to a Cartesian basis (x, y, z). Performing a
threefold Fourier Transform to (2), i.e., transforming into the wavenumber-frequency domain
(kx, ky, z, f ), decoupled ordinary differential equations are obtained. The following ansatz func-
tions give the general solution:

ϕ̂ = A1 e
pz + A2 e

−pz Ψ̂α = Bα1 e
sz +Bα2 e

−sz (3)

with p =
√
k2x + k2y − k2p, s =

√
k2x + k2y − k2s depending on the compressional kp and shear

wavenumber ks [27]. According to Long [28], Ψ̂z can be set to zero, thus Ψ̂i is referred to as Ψ̂α

with α = x, y. Variables marked with ,̄ ˜ and ˆ represent one-, two- and threefold transformed
parameters, respectively. The ansatz functions (3) are collected into the vector of unknowns
Ĉhs, whereas hs denotes the corresponding subsystem half-space. By considering the non-local
boundary conditions of Sommerfeld [14] and solving for negative frequencies, the unknowns
A1 and Bα1 are set to zero [27]. Three additional boundary conditions at the half-space surface
fully determine the vector of unknowns. Introducing linearized kinematic relations and the
constitutive relations for linear elasticity, the displacements and stresses within the half-space
can be calculated by σ̂hs = ŜhsĈhs and ûhs = ÛhsĈhs. The matrices Ŝhs and Ûhs are given
in Freisinger et al. [2].
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2.2 Full-space with a cavity

The subsystem full-space with a cavity is solved with respect to a spherical basis (r, ϑ, φ).
The wave equations (2) in an instationary basis require an additional decoupling [23], for
which Eringen and Suhubi [24] define the vector field by two independent scalar functions:
Ψ = r ψg1 + (rχ)|jεij1gi. The decoupled wave equations are transformed into the frequency
domain, and the scalar potential ϕ̄ and functions ψ̄ and χ̄ are expanded in a series of spherical
harmonics [29]:

ξ̄ (r, ϑ, φ, f) =
m=∞∑
m=0

n=m∑
n=−m

ξ̂ (r,m, n, f)Y n
m (ϑ, φ) (4)

with ξ̄ = ϕ̄, ψ̄, χ̄, the spherical harmonics Y n
m (ϑ, φ) = P̌ n

m (cosϑ) einφ, and the normalized
associated Legendre polynomials P̌ n

m. The dependency on cosϑ is omitted in the following.
Substituting series (4) into the wave equations yields three decoupled ordinary differential equa-
tions. The following ansatz gives the general solution functions [29]:

ϕ̂ (r,m, n, f) = C1mn h
(1)
m (|kp|r) + C2mn h

(2)
m (|kp|r) (5)

ψ̂ (r,m, n, f) = C3mn h
(1)
m (|ks|r) + C4mn h

(2)
m (|ks|r) (6)

χ̂ (r,m, n, f) = C5mn h
(1)
m (|ks|r) + C6mn h

(2)
m (|ks|r) (7)

with the spherical Hankel functions of the first and second kind h(1)m and h(2)m , respectively. As
in the half-space solution, the ansatz functions (5), (6) and (7) are collected into the vector of
unknowns Ĉs, whereas s denotes the corresponding subsystem full-space with a cavity. Pre-
scribing a negative frequency and enforcing Sommerfeld’s radiation conditions set C2mn, C4mn,
and C6mn to zero [23]. The remaining unknowns are determined by imposing local boundary
conditions at the cavity’s surface, where force equilibrium between the external loads and radial
stresses holds. However, the shear stress equations for σ̃rϑ and σ̃rφ include components with
normalized associated Legendre polynomials of a different order P̌ n

m and P̌ n
m−1 [23]:

σ̃rϑ =

(
m cotϑ P̌ n

m − m+ n

sinϑ
P̌ n
m−1

)
D2 +

(
i

n

sinϑ
P̌ n
m

)
D3 (8)

σ̃rφ =
(
i

n

sinϑ
P̌ n
m

)
D2 +

(
m+ n

sinϑ
P̌ n
m−1 −m cotϑ P̌ n

m

)
D3 (9)

with

D2 = C1mn

[
m− 1

r2
2µ h(1)m (|kp|r)−

1

r
|kp| 2µ h(1)m+1 (|kp|r)

]
+ C5mn

[(
m2 − 1

r2
− 1

2
|ks|2

)
2µ h(1)m (|ks|r) +

1

r
|ks| 2µ h(1)m+1(|ks|r)

] (10)

D3 = C3mn

[
m− 1

2r
2µ h(1)m (|ks|r)−

1

2
|ks| 2µ h(1)m+1 (|ks|r)

]
(11)

Thus, for a series representation of the local boundary conditions, it is necessary to eliminate
P̌ n
m−1 [24]. This is achieved by transforming the local boundary conditions to a mixed formula-
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tion of the shear components [30]:

F̃ = − 1

sinϑ

(
∂(σ̃rϑ sinϑ)

∂ϑ
+ in σ̃rφ

)
(12)

G̃ = − 1

sinϑ

(
in σ̃rϑ −

∂(σ̃rφ sinϑ)

∂ϑ

)
(13)

Substituting equations (10) and (11) in (8) and (9) and evaluating (12) and (13) results in:

F̃ = D2 m(m+ 1) P̌ n
m G̃ = D3 m(m+ 1) P̌ n

m (14)

Consequently, the displacements and stresses are calculated by σ̂s = ŜsĈs and ûs = ÛsĈs

using the matrices given in Freisinger et al. [2].

3 3D ITM-FEM APPROACH

As previously indicated, the subsystems described in Sec. 2.1 and 2.2 are superposed to
model systems with multiple boundaries of varying geometry. While earlier works focused
on configurations with a single cavity, this study extends the approach by introducing a sec-
ond cavity or indentation. A schematic sketch of the total ITM system, a half-space with two
indentations, is shown in Fig. 1. Since the differential equations are solved numerically, dis-
cretization is introduced at the half-space surface Λ and the spherical surfaces Γsi, with i = 1, 2
for the first and second cavity, respectively. This allows the application of FEM, enabling the
coupling of complex geometries within the cavities or indentations. The following subsections
briefly describe the superposition of subsystems and the coupling with FEM.

Γs2Γs1

Λ

ϑ1r1

φ1

ϑ2r2

φ2

y

z
x

Figure 1: Schematic sketch of the half-space with two indentations and the corresponding basis of each subsystem.

3.1 Superposition of fundamental systems

For the superposition, the stresses, σ̂hs and σ̂si , and displacements, ûhs and ûsi , must be
known at all boundary surfaces Λ and Γsi. Thus, fictitious surfaces δΛ, δΓsi, or both, are in-
troduced in each subsystem, matching the geometry of the other two subsystems as depicted
in Fig. 2. Each subsystem is solved separately. The following paragraphs outline the stress
computation procedure for σ̂hs and σ̂si for each subsystem at a single frequency, the frequency
dependency is therefore omitted. The displacement computation of ûhs and ûsi follows analo-
gously and is not shown.
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zx

y

ϑ1r1

φ1

ϑ2r2

φ2

σ̂ΛΛ
σ̂
(Γs2)
δΛδΛ

σ̂
(Γs1)
δΛ

δΓs1 δΓs2 δΓs1 Γs2Γs1 δΓs2

δΛ

σ̂
(Λ)
δΓs1

σ̂
(Λ)
δΓs2

σ̂
(Γs2)
δΓs1

σ̂Γs2
σ̂Γs1

σ̂
(Γs1)
δΓs2

Figure 2: Subsystems half-space and full-space with a cavity for the superposition to the total system half-space
with two indentations, adapted from Freisinger [31].

For the subsystem half-space, unit stress states σ̂Λ (kx, ky) are applied for each wavenumber
combination. The resulting stresses σ̂(Λ)

δΓsi
(kx, ky, z) on δΓsi are calculated. Since the subsystem

full-space with a cavity is described in a spherical basis and solved in a wavenumber-frequency
space (r,mi, ni), the stresses σ̂

(Λ)
δΓsi

must undergo multiple transformations to align with the
corresponding basis: σ̂(Λ)

δΓsi
(kx, ky, z) → σ̂

(Λ)
δΓsi

(r,mi, ni). Freisinger et al. [2] gives a detailed
description of the transformations.

For the subsystem full-space with a cavity, the procedure is analogous. Fictitious surfaces
δΛ representing the half-space surface and δΓsj for the second cavity are introduced. To apply
unit stress states σ̂Γsi (mi, ni) for each wavenumber combination within the cavity, the shear
components have to be transformed to the mixed formulation given in Equations (12) and (13).
Consequently, the stresses σ̂(Γsi)

δΛ (r,mi, ni) on δΛ and σ̂
(Γsi)
δΓsj

(r,mi, ni) on δΓsj are calculated.

Afterward, the stresses σ̂
(Γsi)
δΛ are transformed into the respective basis of the subsystem half-

space: σ̂
(Γsi)
δΛ (r,mi, ni) → σ̂

(Γsi)
δΛ (kx, ky, z). Analogously, the stresses on δΓsj must be trans-

formed into the corresponding basis. Therefore, first, a Fourier-Legendre series synthesis is
applied, thus σ̂(Γsi)

δΓsj
(r,mi, ni) → σ̂

(Γsi)
δΓsj

(r, ϑi, φi). Second, a geometric transformation is con-
ducted such that the stresses are described with respect to the spherical basis with origin in the
center of the unloaded cavity: σ̂(Γsi)

δΓsj
(r, ϑi, φi) → σ̂

(Γsi)
δΓsj

(r, ϑj, φj). Eventually, the stresses are

expanded in a series of spherical harmonics: σ̂(Γsi)
δΓsj

(r, ϑj, φj) → σ̂
(Γsi)
δΓsj

(r,mj, nj).
The procedure, i.e., introducing the fictitious surfaces, applying the unit stress states, and

evaluating the stresses at all surfaces for each subsystem, is visualized in Fig. 2. In this case, the
superposition for obtaining the total ITM system half-space with two indentations is illustrated
which is formulated similarly. However, the resulting stresses due to unit stress states are needed
only on the existing boundary surfaces, as the superposition must satisfy the external boundary
conditions solely on these surfaces [2]. The unit stress states and the resulting stresses at the
fictitious boundaries are collected in ŜITM while the resulting displacements at all surfaces
are stored in ÛITM. The vector of unknowns ĈITM = (ĈΛ ĈΓs1

ĈΓs2
)T is determined by

imposing boundary conditions at all real surfaces, whereas the superposed stresses need to be in
equilibrium with the external forces applied on the total ITM system P̂ITM = (P̂Λ P̂Γs1

P̂Γs2
)T:

ĈITM = Ŝ−1
ITM P̂ITM (15)

Subsequently, the displacements ûITM = (ûΛ ûΓs1
ûΓs2

)T at all surfaces, Λ, Γs1 , and Γs2 are
obtained by scaling ÛITM with the amplitudes:

ûITM = ÛITM ĈITM (16)
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For a further coupling with FEM, a stiffness matrix is required. Therefore, a direct relation
between the external load and the resulting displacement is obtained by combining equations
(15) and (16), resulting in the stiffness matrix

K̂ITM = ŜITM Û−1
ITM (17)

describing the total system half-space with two cavities or indentations
K̂ΛΛ K̂ΛΓs1

K̂ΛΓs2

K̂Γs1Λ
K̂Γs1Γs1

K̂Γs1Γs2

K̂Γs2Λ
K̂Γs2Γs1

K̂Γs2Γs2


︸ ︷︷ ︸

K̂ITM


ûΛ

ûΓs1

ûΓs2


︸ ︷︷ ︸

ûITM

=


P̂Λ

P̂Γs1

P̂Γs2


︸ ︷︷ ︸

P̂ITM

(18)

3.2 Finite element implementation

The previously described superposition for modeling systems with multiple boundary sur-
faces yields wavenumber stiffnesses at each boundary of the superposed system. However, this
approach is limited to simple geometries. To model arbitrarily shaped and spatially limited
structures, conventional FEM is applied and coupled at the matching outer boundary, which is
defined by the two cavities or indentations and their boundary surfaces Γs. The subscript i is
omitted here since the procedure is equivalent for both cavities. The coupling between ITM and
FEM and the transformations involved are briefly outlined in this and the next section, while a
detailed description is given in Hackenberg [32].

The chosen numerical integration scheme for the normalized associated Legendre polyno-
mials described in Spotz and Swarztrauber [33] defines the stiffnesses at specific sampling
points. The elevation angle ϑ ∈ [0, π] is discretized into Nϑ values, with the corresponding z-
coordinates of the latitudes positioned at the Gauss-Legendre quadrature points. The azimuthal
angle φ ∈ [0, 2π (1− 1/Nφ)] is uniformly divided into Nφ values, enabling the application of
the Fast Fourier Transform for the transformation with respect to the azimuthal wavenumber
n. The stiffnesses are computed in the transformed domain at these sampling points for each
combination of wavenumbers and frequency (m,n, f). The dynamic stiffness matrix of the
finite element structure is computed and separated concerning degrees of freedom (DOFs) for
the inner volume Ωs and the spherical surface Γs:[

K̄ΓsΓs FEM
K̄ΓsΩs FEM

K̄ΩsΓs FEM
K̄ΩsΩs FEM

](
ūΓs FEM

ūΩs FEM

)
=

(
P̄Γs FEM

P̄Ωs FEM

)
(19)

enabling coupling at the surfaces of the cavities or indentations.

3.3 Coupling of ITM and FEM

The stiffness matrices of the ITM, K̂ITM, and FEM structure, K̄FEM, are coupled at their
common interface, the spherical boundary surface Γs. However, the stiffnesses must be ex-
pressed on a common basis. Since K̂ITM at Γs is computed in the wavenumber-frequency
space (r,m, n, f), this basis is chosen for the coupling. The FEM stiffness matrix is computed
in the spatial-frequency space (x, y, z, f). Thus, the parameters on the spherical boundary sur-
face are first transformed into spherical coordinates using the transformation matrix Tg, where
g denotes the geometric transformation from Cartesian to spherical coordinates. Then, they are
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expanded into a series of spherical harmonics by multiplying with the transformation matrix
Te, where e denotes expansion. Both transformation matrices are provided in Freisinger et
al. [2]. The total transformation matrix Tt and its inverse T+

t result as:

Tt = TgTe T+
t = T+

e T−1
g (20)

whereas T+
e denotes the Moore-Penrose pseudoinverse as a direct inversion of Te is not possi-

ble since the expansion into spherical harmonics alters the number of parameters [2]. Introduc-
ing continuity of displacements, the equilibrium of forces, and the transformation in the system
of equations (19) finally leads to:[

1
dϑdφ

T+
t K̄ΓsΓs FEM

Tt
1

dϑdφ
T+

t K̄ΓsΩs FEM

K̄ΩsΓs FEM
Tt K̄ΩsΩs FEM

](
ûΓs FEM

ūΩs FEM

)
=

(
P̂Γs FEM

P̄Ωs FEM

)
(21)

The factor 1/ (dϑdφ) ensures force equilibrium between the distributed loads of the ITM domain
and the nodal loads of the FEM structure [32]. Eventually, this yields the total dynamic stiffness
matrix of the 3D coupled ITM-FEM system:



K̂ΛΛITM
K̂ΛΓs1 ITM

0 K̂ΛΓs2 ITM
0

K̂Γs1Λ
ITM

 K̂Γs1Γs1 ITM
+K̂Γs1Γs1FEM

 K̂Γs1Ωs1FEM
K̂Γs1Γs2 ITM

0

0 K̂Ωs1Γs1FEM
K̄Ωs1Ωs1FEM

0 0

K̂Γs2Λ
ITM

K̂Γs2Γs1 ITM
0

 K̂Γs2Γs2 ITM
+K̂Γs2Γs2FEM

 K̂Γs2Ωs2FEM

0 0 0 K̂Ωs2Γs2FEM
K̄Ωs2Ωs2FEM


︸ ︷︷ ︸

K̂
ITMFEM



ûΛITM

ûΓs1

ūΩs1 FEM

ûΓs2

ūΩs2 FEM


︸ ︷︷ ︸

û
ITMFEM

=



P̂ΛITM

P̂Γs1

P̄Ωs1 FEM

P̂Γs2

P̄Ωs2 FEM


︸ ︷︷ ︸

P̂
ITMFEM

(22)

4 VERIFICATION

The 3D coupled ITM-FEM approach, described in Sec. 3, is verified by comparing it to the
semi-analytical solution for a surface-loaded layered homogeneous half-space (Subsec. 2.1).
First, a half-space with two cavities is examined in Subsec. 4.1. Second, the case where the
cavities are shifted near the surface, forming indentations at the half-space surface, is analyzed
in Subsec. 4.2.

4.1 Multiple cavities

The benchmark model consists of a layered homogeneous half-space, where the layer and
the underlying soil share the material parameters listed in Tab. 1. Hysteretic damping is incor-
porated using a complex Young’s modulus defined as Ē = E (1 + i sgn(ω)η), where η = 2ζ
is the loss factor and ζ the damping ratio, as introduced in Sec. 2. A square harmonic block
load with unit amplitude P̄ΛITM

= 1Nm−2, center at (x, y) = (0, 0), and excitation frequency
fE = 30Hz is applied at the half-space surface Λ. The Rayleigh wavelength is λr = 7.75m.
The block load for verification has a width of bα = 2.0m and the total computation domain
extends to Bα = 128m with α = x, y. The coupled ITM-FEM model consists of a half-space
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with two cavities, where the ITM and FEM domains share the same material parameters as the
layered homogeneous half-space. The cavities are positioned symmetrically along the y-axis at
±ysi = 2.0λr and have a radius of ri = 3.0m with i = 1, 2. To compare displacements within
the cavities, the layer depth H is set to match the depth of the first Gauss-Legendre quadrature
point above the cavity origin, resulting inH = 4.7m. The cavities are discretized withNφ = 32
and Nϑ = 16 nodes over the azimuthal and elevation angles. Figure 3 illustrates a sketch of the
benchmark model (a) and the coupled ITM-FEM model (b).

zx

by
P̄ΛITM

H

Λ
y

(a)

zx

2r1 2r2

by
P̄ΛITMΛ

Ωs1 Ωs2

Γs1 Γs2

y

ys1 ys2

(b)

Γs2

2r1 2r2

zx

by
P̄ΛITMΛ

Ωs1 Ωs2Γs1

y

ys1 ys2

(c)

Figure 3: Verification setup: (a) homogeneous half-space with harmonic square block load P̄ΛITM
applied at the

surface, (b) half-space with two cavities (FEM) shifted in ±y-direction with ysi and located at z = H , and (c)
half-space with two indentations (FEM) shifted in ±y-direction. Expanded from the work of Freisinger [31].

The normalized real and imaginary part of vertical displacements ūz(x = 0, y, z = H, f)
along the y-axis are shown in Fig. 3 (a) and (b), with the region from −ri to ri marking the
cavity diameter in gray. The 3D coupled ITM-FEM approach agrees well with the benchmark
solution. Similar results hold along the x-axis, but the plot is omitted since the y-axis solution
shows a more significant deviation due to the cavity shift.

4.2 Multiple indentations

The verification of the half-space with two indentations follows the same procedure. How-
ever, displacements are evaluated at the half-space surface and within the indentations. The ma-
terial and loading parameters, as well as the shift ysi , remain identical to Subsec. 4.1. To com-
pare displacements within the indentations, they are positioned so that the first Gauss-Legendre
quadrature point above the origin aligns with z = 0.0m. The radius is set to ri = 4.0m. The
indentations are discretized with Nφ = 48 and Nϑ = 24 nodes over the azimuthal and elevation
angles. A sketch of the model is shown in Fig. 3 (c). The normalized real and imaginary part of
displacements ūz(x = 0, y, z = 0, f) along the y-axis are shown in Fig. 3 (c) and (d). The 3D
coupled ITM-FEM approach agrees well with the benchmark solution, confirming its validity.

5 NUMERICAL EXAMPLE

The verified methodology is applied to investigate a metabarrier near the soil’s surface. In
Subsec. 5.1, the configuration is presented, and the amplitude reduction is evaluated for the
case when the excitation frequency matches the metabarrier’s tuning. In Subsec. 5.2, a building
model is incorporated on top of a second indentation, and the excitation frequency is varied.

5.1 Metabarrier configuration and amplitude reduction

The metabarrier comprises a 4 × 4 grid of resonators near the soil surface. Each resonator
is a cube with an inner and outer side length of t = 1.0m and l = 1.4m, respectively. Within
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Figure 4: (a) Real and (b) imaginary part of vertical displacement ūz(x = 0, y, z = H, f) due to harmonic
loading with fE = 30 Hz for the coupled 3D ITM-FEM system of a half-space with two cavities (- - -) and the
semi-analytical solution for the homogeneous half-space (—). The gray areas indicate the position of the cavities,
spanning from −ri to ri. (c) Real and (d) imaginary part of vertical displacement ūz(x = 0, y, z = 0, f) for the
system half-space with two indentations (- - -) and the solution for the homogeneous half-space (—).

each cube, an oscillator is modeled by a point mass with three translational DOFs, attached to
each inner side by springs and dampers. Thus, the resonators act in all three spatial directions
(x, y, z). A schematic sketch of a single resonator is shown on the right in Fig. 6. The cube
is modeled with concrete material parameters listed in Tab. 1. The oscillator has a point mass
of m = 2400 kg and identical resonance frequencies of fR = 1/(2π)

√
2k/m = 30Hz. A

dimensionless frequency ratio is introduced to rR = fE/fR. The damping ratio is set to ζ = 0.05.
The model consists of a half-space with the metabarrier embedded in an indentation. The

metabarrier is positioned so that its upper end aligns with the first Gauss-Legendre quadrature
point above the origin, placing it at z = 0.0m within the model. The half-space and the FEM
soil domain surrounding the metabarrier share the material parameters listed in Tab. 1. The
computational domain, discretization, and loading conditions follow the verification setup in
Subsec. 4.2. The metabarrier center coincides with the indentation origin, which is shifted to
ys1 = 1.0λr. The indentation radius is set to rs1 = 5.0m. Fig. 6 provides a 3D sketch of the
model. However, no second indentation with a building model is included at this stage.

To evaluate the metabarrier’s mitigation performance, the amplitude reduction factor, as de-
fined by Woods [34], is introduced as the ratio of absolute displacements with and without the
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mitigation measure:

AR =
|ū (x, y, z, f) |
|ūref (x, y, z, f) |

(23)

The superscript ref denotes the homogeneous case. An indentation is included to ensure a con-
sistent comparison, sharing the half-space material parameters. Two configurations are com-
pared in the following. First, the metabarrier is embedded in the indentation, but the cubes
remain empty, meaning no oscillators are included. This is called the control case and allows
for an isolated comparison of refraction and reflection effects without oscillators. Second, the
embedded metabarrier with oscillators tuned to rR = 1.0.

E (Nm−2) ν (−) ρ (kgm−3) ζ (−) cp (m s−1) cs (m s−1) cr (m s−1)
Soil 26.00× 107 0.30 1600 0.05 468.9 250.6 232.5
Concrete 30.00× 109 0.25 2400 0.02 3874.5 2237.0 -
Elastic layer 94.74× 104 0.36 620 0.05 50.8 23.7 -

Table 1: Material parameters of soil, foundation, cubes, and elastic layer.

Fig. 5 (a), (b), and (d), show the real part of the vertical displacements ūz(x, y, z = 0, f) for
the homogeneous half-space, the control case (empty cubes), and the metabarrier, respectively.
For the homogeneous half-space, the 3D coupled ITM-FEM approach produces a smooth dis-
placement transition between both domains, further verifying the methodology. The metabarrier
significantly influences wave propagation. Fig. 5 (c) and (e) depicts the amplitude reduction fac-
tor AR of |ūz| for the control case and the metabarrier, respectively, highlighting amplification
and attenuation effects. Amplification occurs in both cases, particularly in front of the embed-
ded structure and along the x-axis for y/λr ∈ [0.5, 1.5]. The amplifications in front of the
embedded structure occur due to reflections of incoming Rayleigh waves. Coulier et al. [4]
state that the reflections depend on the contrast between the Rayleigh wavelength in the soil
and the bending wavelength in the embedded structure. In this case, length-invariant structures
were investigated, particularly wave-impeding barriers consisting of a block of stiffened soil.
However, even though the embedded structure in this study has a finite dimension, a similar
effect is obtained due to the impedance mismatch between the stiff structure and the soil. For
the metabarrier, amplification appears along the negative y-axis at x = 0.0m. This effect is also
present in the control case, though with lower intensity and a smaller range. The amplification
in x-direction parallel to the embedded structure may occur due to refraction at the corners of
the finite structure. A similar effect is described by Dasgupta et al. [35] for concrete-filled finite
trenches, whereas refraction occurs for all boundaries, the trench depth, and the wall. A trape-
zoidal artificial shadow zone appears behind the metabarrier; it is also present in the control
case, though less pronounced. Even if the integration of a rigid structure, such as the control
case in this study, reduces vibration on the averted load side, this protective effect can be signif-
icantly increased by introducing resonators. The excitation frequency is varied in the following
subsection to evaluate the superimposed effect more precisely.
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(a)

(b) (c)

(d) (e)

Figure 5: Real part of vertical displacement ūz(x, y, z = 0, f) due to harmonic loading with fE = 30Hz for
the (a) homogeneous half-space, (b) control case, and (d) half-space with metabarrier for rR = 1.0. Amplitude
reduction factor AR(x, y, z = 0, f) of |ūz| for the (c) control case, and (e) metabarrier. The position of the
embedded structure is marked with a white square.
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5.2 Mitigation performance of the metabarrier for a building model

The model described in Subsec. 5.1 is extended by including a simplified building model.
The geometric, material, and loading parameters remain identical to Subsec. 5.1. To incorporate
the building model, a second indentation is introduced at ys1+∆ys = 3.0λr where ys1 = 1.0λr.
The indentation is positioned so that theNϑ/2−3 latitude aligns with z = 0.0m, minimizing the
FEM domain Ωs2 . The indentation radius is set to rs2 = 3.0m. The building model consists of
a square foundation with dimensions bf = 2.0m and hf = 0.5m mounted on an elastic layer of
height he = 0.2m. The subscripts f and e denote foundation and elastic layer, respectively. The
material parameters for the foundation and the elastic layer are listed in Tab. 1. The resonance
frequency of the building model is approximated by:

fB ≈ 1

2π

√
Eehe
ρfhf

= 10Hz (24)

Thus, the frequency ratio between the excitation frequency and the building model’s resonance
frequency is rB = fE/fB ≈ 3, which is typical for ground-borne vibration problems. This ratio
remains constant in the following analysis. Fig. 6 shows a 3D sketch of the total model.

Λ

Γs1

Γs2

∆ys ys1

by

bxbf
he
hf

By

Bx

lt

Ωs2

Ωs1

y
zx

P̄ΛITM

Figure 6: Schematic sketch of the total model for investigating the mitigation performance of the metabarrier
and its interaction with a building model. The model consists of a half-space with two indentations of different
sizes. Within the first indentation, a 4× 4 grid of resonators is included. In contrast, a simplified building model,
a foundation on an elastic layer, is included on the top of the second indentation. A detailed view of one single
resonator is depicted on the right.

A frequency sweep of the excitation frequency fE in 1Hz steps is performed over a fre-
quency ratio range of rR ∈ [0.5, 1.5]. The foundation on the elastic layer is assumed to be rigid.
The amplitude reduction is computed for three DOFs: vertical displacement ūz, horizontal dis-
placement ūy, and rocking around the rigid foundation’s x-axis ϕ̄x. As the model and loading
are symmetric to the y-axis, the horizontal displacement ūx and rocking around the y-axis ϕ̄y

is not further considered. The two cases, half-space with embedded structure but no oscilla-
tors (control case) and with oscillators (metabarrier), introduced in Subsec. 5.1 are compared in
the following. Therefore, the amplitude reduction factors AR over rR for the remaining DOFs
of the foundation are evaluated and shown in Fig. 7. For the control case, amplitude reduc-
tion (AR < 1) occurs across all DOFs in the examined frequency range. As the frequency
ratio increases, the reduction intensifies, yielding lower AR values. This trend results from
the decreasing Rayleigh wave penetration depth at higher frequencies, which increases wave
reflection. In contrast, at lower frequencies, waves propagate beneath or around the embedded
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|ū
z
|

(a) 0.5 0.75 1 1.25 1.5
rR

0

0.5

1

1.5

A
R
(r

R
)
of

|ū
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Figure 7: Amplitude reduction factor AR of (a) |ūz|, (b) |ūy|, and (c) |ϕ̄x| of the foundation over the frequency
ratio rR = fE/fR for the control case (—) and the metabarrier (—).

structure, reducing its effectiveness. The metabarrier becomes effective at rR ≈ 0.9 with the
strongest attenuation near resonance rR ≈ 1.1. However, a broader attenuation effect is ob-
served, particularly in the range rR ∈ [0.9, 1.2]. This effect diminishes as frequency increases,
causing the amplitude reduction curves to converge. The mitigation results from a superposed
effect: (i) impedance mismatch between the soil and the embedded structure and (ii) energy
dissipation through the oscillators. For rR < 0.85, the inclusion of the metabarrier can induce
adverse effects, as AR > 1, indicating vibration amplification. This effect is particularly pro-
nounced in the horizontal displacement ūy, which exhibits a significant increase, reaching a
maximum at rR ≈ 0.8 before decreasing at lower frequency ratios. However, the mitigation ef-
fect for the horizontal displacement in the control case is also less pronounced, suggesting that
the embedded structure without oscillators alone provides limited attenuation in this direction.

The presented metabarrier in a half-space and its resulting affection of displacement for a
simplified building model provides an example of a mitigation measure in the transmission
path. These results serve as an exemplary case; an extensive parametric study, varying, e.g.,
metabarrier size, number of resonators, and position relative to the loading, is required to inves-
tigate the observed effects more profoundly and identify parameters for optimized mitigation.
Additionally, the metabarrier can be placed more deeply in the soil to align with the peak of ver-
tical motion of the Rayleigh wave. Moreover, a frequency gradient can be introduced by tuning
the oscillators within the cubes to different frequencies, forming a metawedge as described in
Sec. 1.
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6 CONCLUSION

This paper presented an extended 3D coupled ITM-FEM approach for modeling SSI and
SSSI problems, considering multiple cavities or indentations within the soil domain. Therefore,
the ITM subsystems half-space and full-space with a cavity are superposed in the wavenumber-
frequency space, eventually leading to a half-space with multiple cavities or indentations. After
verifying the methodology by comparing it with the semi-analytical solution of a homogeneous
half-space, it was applied to assess the vibration mitigation effectiveness of a metabarrier con-
sisting of resonator arrays embedded near the soil surface. The mitigation effectiveness was
evaluated using amplitude reduction factors on the soil surface behind the metabarrier and for a
simplified building model represented by a foundation on an elastic layer. The amplitude reduc-
tion factor was analyzed for vertical and horizontal displacement and rocking over a sweep of
excitation frequency while all other parameters remained constant. The metabarrier effectively
reduces vibrations due to impedance mismatch and energy dissipation, with the strongest at-
tenuation occurring near resonance and a broader mitigation effect over an extended frequency
range. However, at lower frequencies, wave propagation beneath or around the structure reduces
its effectiveness. Furthermore, it may amplify vibrations in the vicinity of the metabarrier, po-
tentially increasing ground-borne noise in nearby buildings. Therefore, careful placement is
essential to minimize undesirable side effects. The presented methodology effectively incorpo-
rates additional structures and analyzes their interaction with a mitigation measure for ground-
borne noise. Although the metabarrier and the building model appear simple, the method can
easily be extended to more complex building configurations or account for soil inhomogeneity
by introducing layering.
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