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Abstract

Modern machine learning has achieved remarkable success across a wide range of
applications, from natural language processing to image recognition and far beyond.
These advances are driven by powerful architectures, large-scale data, and increas-
ingly efficient training procedures. However, as machine learning models are applied
to complex, high-dimensional, and heterogeneous data, their performance face
fundamental limitations. Standard approaches often rely on statistical assumptions
that oversimplify the true structure of data and provide limited interpretability into
what models actually learn. In response to these challenges, this thesis develops
mathematically grounded methods that enhance machine learning by integrating
insights from topology and geometry. These fields study the shape and structure
of data at both local and global scales, offering tools that go beyond what classical
statistics can capture. Our contributions include techniques for detecting singular
regions in data, characterizing the local structure of graphs, integrating topology into
Bayesian workflows, and analyzing how the internal geometry of large language
models evolve during training. By embedding topological and geometric reasoning
into machine learning workflows, we improve the interpretability, robustness, and
performance of models, particularly in settings where conventional methods fall short.
Overall, this work offers a topological and geometric perspective that complements
the strengths of modern machine learning while addressing its current limitations.





Zusammenfassung

Moderne Verfahren des maschinellen Lernens haben in den vergangenen Jahren
beachtliche Erfolge in einer Vielzahl von Anwendungsgebieten erzielt, von der Verar-
beitung natürlicher Sprache über die Bildanalyse bis hin zu zahlreichen weiteren
Bereichen. Diese Fortschritte beruhen auf leistungsfähigen Modellarchitekturen,
großen Datenmengen und immer effizienteren Trainingsmethoden. Gleichzeitig
stoßen viele dieser Ansätze an grundsätzliche Grenzen, insbesondere wenn sie auf
komplexe, hochdimensionale und heterogene Daten angewendet werden. Häufig
basieren die Verfahren auf stark vereinfachenden statistischen Annahmen, die der
tatsächlichen Struktur der Daten nicht gerecht werden und nur begrenzt Einblick
in das ermöglichen, was ein Modell tatsächlich lernt. Diese Dissertation entwick-
elt daher neue, mathematisch fundierte Methoden, die maschinelles Lernen um
Konzepte aus der Topologie und Geometrie erweitern. Diese Disziplinen unter-
suchen die Form und Struktur von Daten sowohl auf lokaler als auch globaler Ebene
und bieten Werkzeuge, die über klassische statistische Verfahren hinausgehen. Im
Mittelpunkt der Arbeit stehen unter anderem Verfahren zur Erkennung singulärer
Regionen in Daten, zur Beschreibung lokaler Strukturen in Graphen, zur Integration
topologischer Informationen in Bayessche Modellierungsansätze sowie zur Analyse
der internen Geometrie großer Sprachmodelle während des Trainingsprozesses.
Durch die gezielte Einbettung topologischer und geometrischer Überlegungen in
maschinelle Lernverfahren lässt sich die Interpretierbarkeit, Robustheit und Leis-
tungsfähigkeit der Modelle verbessern – insbesondere in Situationen, in denen
klassische Methoden an ihre Grenzen stoßen. Insgesamt bietet diese Arbeit eine
neue Perspektive auf das maschinelle Lernen, die dessen Stärken ergänzt und
zugleich bestehende Schwächen adressiert.
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1. Introduction

Understanding the fundamental structures underlying complex data is a cornerstone
of modern machine learning and data science. Traditional methods often rely
on purely statistical approaches, which, while powerful, may fail to capture the
deeper geometric and topological properties of data. The increasing complexity
of data modalities, from point clouds and graphs to high-dimensional manifolds,
calls for robust mathematical frameworks that go beyond classical representations.
Topological methods offer a promising avenue in this regard, providing tools that can
encode shape and other structural properties of data in ways that are inherently more
stable to noise and deformation than traditional methods. In particular, the field of
Topological Data Analysis (TDA) has emerged as a potent bridge between algebraic
topology and data-driven representation learning, leading to significant advances
in understanding the latent structure of complex data spaces. Its primary goal is
to extract robust and interpretable topological features from complex, often high-
dimensional datasets. The central tool in TDA is persistent homology, which enables
the identification and quantification of topological structures such as connected
components, loops, and voids across multiple scales. In this sense, it captures the
(global) shape of the data in a way that accounts for varying scale parameters.

Bridging the gap between TDA and machine learning involves developing method-
ologies that integrate topological insights into data-driven pipelines in a principled
manner. A comprehensive survey by Hensel et al. [85] categorizes the use of TDA
in machine learning into two main interventional strategies: (i) using topological
signatures as features for downstream tasks, and (ii) incorporating topological losses
or inductive biases directly into model architectures. On one hand, persistent di-
agrams and other topological summaries can be embedded into vector spaces
using kernel methods or learned representations, allowing them to serve as informa-
tive features for conventional models. On the other hand, recent work focuses on
embedding topological priors directly into learning objectives, either by penalizing
undesirable topological artifacts (e.g., spurious loops in generative models) or by
encouraging desired structures through topological regularization. These strategies
not only enhance interpretability but also improve robustness and generalization,
particularly in settings with limited or noisy data. As such, TDA offers both a comple-
mentary perspective and a powerful toolkit for enriching modern machine learning
architectures.

In supervised learning, topological features have improved performance by incorpo-
rating topology-aware layers into machine learning pipelines [86, 33]. Topological
priors have also been incorporated into neural networks to enforce structural con-
straints, such as encouraging the presence (or absence) of loops in generated
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1. Introduction

data, with differentiable analogues of persistent homology allowing gradients to
flow through topological computations [42]. Another development is the introduc-
tion of topological autoencoders, which explicitly preserve topological features in
the learned latent spaces. This leads to improved interpretability and a greater
degree of disentanglement in the representations [124]. These tools have enabled
end-to-end training of deep learning models where topological reasoning is a core
component. Recent work has extended TDA to more complex data types and tasks.
One major direction is topological graph representation learning, which leverages
persistent homology to capture multi-scale structures that are not readily visible
to local message-passing schemes used in graph neural networks (GNNs) [90,
39]. Furthermore, temporal extensions of TDA have been proposed, allowing for
shape-aware analysis in dynamic data streams [146].

As the field matures, TDA offers a compelling complement to geometric deep
learning, providing a mathematically grounded framework for incorporating structural
insights into modern ML pipelines. While persistent homology excels at capturing
global topological features of the data [63, 214], a comprehensive understanding
often also requires attention to local geometric structures such as curvature, density
variations, and local connectivity patterns—elements that play a pivotal role in
tasks like clustering [65], anomaly detection [34], or manifold learning [12]. Recent
developments in topological methods aim to bridge this gap by incorporating tools
sensitive to both local and global aspects, such as multiscale sheaf theory [49].
These approaches enrich the traditional TDA pipeline, offering a more nuanced view
of data geometry and topology. Taken together, they highlight the vast potential
of topological methods not only for capturing shape, but also for informing and
enhancing machine learning models with mathematically grounded structural insights
on different locality scales.

1.1. Motivation

Modern machine learning systems have achieved remarkable successes across
a variety of domains—from computer vision and natural language processing to
genomics and dynamical systems modeling. However, the increasing complexity
and heterogeneity of real-world data challenge traditional representation learning
techniques. These models, often optimized in high-dimensional Euclidean spaces,
struggle when the underlying data geometry deviates from manifold assumptions, or
when the data exhibits singularities, discontinuities, or multi-scale structural patterns.

This thesis is concerned with the development of robust topological representation
learning, meaning methods that leverage topological structures to build represen-
tations that are not only expressive but also more resilient to perturbations. A
representation learning paradigm that incorporates topological priors has the po-
tential to address these issues by capturing intrinsic structures that remain stable
across transformations. A core insight is that topological structures encode features
that are often invariant under common sources of noise or deformation. Yet, despite
the theoretical stability guarantees offered by TDA, such methods have traditionally
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1.2. Outline

played only a peripheral role in modern machine learning pipelines. However, the
robustness of machine learning models is not only a theoretical concern but also a
pressing practical issue. In domains such as computational biology, medical imaging,
and physics-based simulations, data is often high-dimensional and inherently noisy.
Topological representations often provide a natural means to handle such challenges
by offering invariance to deformations, occlusions, and missing data.

The goal of this research is to integrate topological thinking into the foundations
of representation learning. Rather than treating topology as an afterthought, e.g.
through post hoc analysis of neural embeddings, this work explores the design of
representation learning methods that are informed by and adaptive to the topolog-
ical structure of data from the outset. In particular, we focus on local and global
topological descriptors that reflect intrinsic spatial patterns, and show their utility in
data science and machine learning tasks.

More broadly, the methodological contributions of this thesis emerge from the syn-
thesis of algebraic topology, geometry and machine learning. Topological methods
are particularly well-suited to the challenges of modern data analysis: they are
coordinate-free, naturally multi-scale, and grounded in a rich mathematical theory
with provable stability properties.

The long-term vision of this line of research is to bridge the gap between statistical
learning theory and geometric-topological insights. As data grows in complexity and
dimensionality, it becomes ever more essential to develop representation learning
methods that are not only empirically powerful but also geometrically aware and
theoretically principled. By introducing and validating new topological descriptors
and inference frameworks, this thesis contributes to that goal, by opening up new
avenues for machine learning models that are more interpretable and aligned with
the structural properties of the data they are designed to understand.

1.2. Outline

This thesis is structured into the following chapters.

Chapter 2: Algebraic Topology
This chapter provides the necessary mathematical and conceptual background
for the thesis. It introduces foundational tools from algebraic topology, including
topological spaces, simplicial complexes, homology, and the Euler characteristic.
Special attention is given to local homology, as well as the topology of manifolds and
stratified spaces. The goal is to equip the reader with a rigorous toolkit for reasoning
about both global and local structure in complex data.

Chapter 3: Algebraic Topology and Data
This chapter establishes the connection between algebraic topology and data analy-
sis. It introduces persistent homology as a method for extracting multiscale topo-
logical features from data, and presents core constructions such as persistence
diagrams. It also discusses practical aspects including the choice of filtrations, sta-
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bility of persistence, and appropriate distance metrics. Extensions to multiparameter
persistence and the Euler Characteristic Transform are covered to motivate later
applications in representation learning.

Chapter 4: Local Topology and Singularities
Chapter 4 focuses on the challenges posed by data with singularities or varying
local geometry. It introduces Persistent Local Homology and Persistent Intrinsic
Dimension as tools to characterize the local topological complexity of datasets.
The notion of Euclidicity is proposed as a measure for how Euclidean a local
neighborhood is. Through empirical studies, this chapter demonstrates how these
descriptors can uncover hidden structure and inform learning tasks sensitive to local
irregularities.

Chapter 5: Local Topology and Graph Data
This chapter addresses representation learning on graphs, where conventional
graph neural networks may be limited by oversmoothing and local aggregation. It
introduces the local Euler Characteristic Transform as a stable, expressive descriptor
for graph neighborhoods. This tool is shown to capture both geometric and structural
information, and is applied to a variety of benchmark tasks in node classification.
The chapter also proposes a rotation-invariant metric for comparing graphs via
topological signatures.

Chapter 6: Global Topology and Bayesian Inference
Chapter 6 explores the integration of topological insights into probabilistic model-
ing. It develops a framework for Bayesian inference in settings where likelihoods
are implicitly defined or difficult to compute. Comparison-based posteriors and
topology-aware losses are introduced as ways to incorporate structural informa-
tion into inference. Applications to agent-based systems and physical simulations
demonstrate the utility of topological insights in complex domains, enabling robust
and interpretable uncertainty quantification.

Chapter 7: Local Geometry and Large Language Models
This chapter applies topological ideas to the latent spaces of large language models.
It studies how fine-tuning affects the local dimensionality of contextual embeddings
by measuring local intrinsic dimension. These geometric descriptors are shown to
be predictive of phenomena such as grokking, overfitting, and training saturation.
This chapter highlights the potential of topological tools for unsupervised diagnostics
and interpretability in modern machine learning systems.

Conclusion and Outlook
The thesis concludes with a synthesis of its main contributions discovered in the
preceding chapters, and a forward-looking discussion of open directions.
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2. Algebraic Topology

2.1. Topological Spaces

We start this chapter with the very basic concepts of topology, as we will need them
for the remainder of this text.

Definition 2.1.1. A topological space is a set X together with a collection T of
subsets of X, called open sets, such that:

1. The empty set ∅ and the entire set X are in T .

2. The union of any collection of sets in T is also in T .

3. The intersection of any finite collection of sets in T is also in T .

The collection T is called a topology on X, and the pair (X, T ) is called a topological
space. When the topology T is understood from the context, we often abbreviate
(X, T ) by simply writing X.

A subset A ⊂ X of a topological space X is said to be closed if its complement
X \A is open.

Example 2.1.1. Given a topological space (X, T ) and a subset A ⊂ X, the subspace
topology on A is the collection TA = {U ∩ A |U ∈ T }. The pair (A, TA) is then a
topological space called a subspace of X.

Definition 2.1.2. A continuous map between two topological spaces (X, T ) and
(Y,S) is a function f : X → Y such that for every open set V ∈ S, the preimage
f−1(V ) is in T . That is, f preserves the structure of open sets.

Definition 2.1.3. A homeomorphism is a continuous map f : X → Y between two
topological spaces X and Y that has a continuous inverse f−1 : Y → X. If such a
map exists, we say that X and Y are homeomorphic and that they share the same
topological structure.

2.2. Some Homological Algebra

This section summarizes some basic concepts and results from homological algebra
which we will need for the remainder of this chapter. The objects of this section are
purely algebraic and the results have found its utility in a variety of mathematical
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2. Algebraic Topology

disciplines, such as topology, geometry and number theory. Algebraic chain com-
plexes are a fundamental concept in homological algebra, describing a sequence of
abelian groups (or modules) linked by homomorphisms, with the property that the
composition of consecutive homomorphisms is zero. Chain complexes are central
to defining homology groups, which usually are used to capture information about
an underlying object of interest, encoded in an algebraic way. The idea of this
concept is that the underlying object of interest is often difficult to understand, while
their corresponding homology groups are easier to work with since they come with
additional structure. Proofs of this section are omitted as they can be found in every
comprehensive text about homological algebra.

Definition 2.2.1. A chain complex (C•, ∂•) is a sequence of abelian groups (or
modules) {Cn}n∈Z together with homomorphisms called boundary maps ∂n : Cn →
Cn−1 for each n ∈ Z, such that:

∂n−1 ◦ ∂n = 0 for all n ∈ Z.

This condition, often expressed as ∂2 = 0, implies that the image of each boundary
map ∂n is contained in the kernel of ∂n−1, which allows for the definition of homology
groups.

The chain complex (C•, ∂•) is typically represented as:

· · · → Cn+1
∂n+1−−−→ Cn

∂n−→ Cn−1 → · · · .

In this context:

• The elements of Cn are called n-chains.

• The subgroups Zn = ker(∂n) ⊆ Cn are called n-cycles.

• The subgroups Bn = im(∂n+1) ⊆ Cn are called n-boundaries.

The homology groups Hn(C•) = Zn/Bn measure the difference between cycles and
boundaries in each degree n and are key invariants of the chain complex.

Definition 2.2.2. Let (C•, ∂
C
• ) and (D•, ∂

D
• ) be two chain complexes, where C• =

{Cn}n∈Z and D• = {Dn}n∈Z are sequences of abelian groups (or modules) with
boundary maps ∂C

n : Cn → Cn−1 and ∂D
n : Dn → Dn−1, respectively. A morphism

of chain complexes f• : C• → D• is a sequence of homomorphisms {fn : Cn →
Dn}n∈Z such that the following diagram commutes for each n ∈ Z:

Cn Cn−1

Dn Dn−1

∂C
n

fn fn−1

∂D
n

This commutativity condition, fn−1 ◦∂C
n = ∂D

n ◦fn, ensures that f• respects the chain
structure of C• and D•.
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2.2. Some Homological Algebra

Definition 2.2.3. A sequence of morphisms between chain complexes

· · · → A•
f•−→ B•

g•−→ C• → · · ·

is called exact if the sequence of individual chain groups

· · · → An
fn−→ Bn

gn−→ Cn → · · ·

is exact at each degree n, meaning that:

im(fn) = ker(gn) for all n ∈ Z.

Exact sequences of chain complexes play a central role in homological algebra, as
they allow for the construction of long exact sequences in homology and facilitate
the study of homological properties across different complexes.

We now formulate the well-known Snake Lemma, which is a fundamental result
in homological algebra that provides a long exact sequence associated with a
commutative diagram of exact sequences. It is particularly useful for studying the
relationship between kernels and cokernels in abelian categories, such as in the
context of modules or abelian groups.

Proposition 2.2.1 (Snake Lemma). Consider a commutative diagram of abelian
groups (or modules) with exact rows:

0 A′ A A′′ 0

0 B′ B B′′ 0

f ′

g′

f

g g′′

h′ h

where the rows are exact sequences and the vertical maps g′, g, and g′′ are homo-
morphisms.

Then there exists a long exact sequence of the form:

0→ ker(g′)→ ker(g)→ ker(g′′)
δ−→ coker(g′)→ coker(g)→ coker(g′′)→ 0.

Here, δ is called the connecting homomorphism and is constructed from the data of
the commutative diagram.

The Snake Lemma is widely used to analyze the structure of modules and abelian
groups in the context of homological algebra and is foundational for constructing
long exact sequences in various (co-)homology theories.

As a direct consequence of the Snake Lemma, we note that a short exact sequence
of chain complexes gives rise to a long exact sequence on homology.

Corollary 2.2.1. Let
0→ A•

α•−→ B•
β•−→ C• → 0
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2. Algebraic Topology

be a short exact sequence of chain complexes, where A•, B•, and C• are chain
complexes, and each map αn : An → Bn and βn : Bn → Cn is a chain map such
that the sequence is exact at each degree n. Then, for each integer n, there is a
long exact sequence in homology:

· · · → Hn(A•)
Hn(α)−−−−→ Hn(B•)

Hn(β)−−−−→ Hn(C•)
δn−→ Hn−1(A•)→ · · ·

where δn is the connecting homomorphism induced by the Snake Lemma.

This long exact sequence describes the relationship between the homology groups
Hn(A•), Hn(B•), and Hn(C•) in terms of the original short exact sequence of chain
complexes.

2.3. Simplicial Complexes

In this section, we introduce the fundamental concepts of simplices and simplicial
complexes. These structures generalize the notion of triangles and tetrahedra to any
number of dimensions, forming the basis to study a plethora of interesting objects in
topology and geometry.

Definition 2.3.1. An n-simplex is the smallest convex set in a Euclidean space Rm

that contains n+ 1 points v0, . . . , vn, which are affinely independent.

Affine independence means that the points do not all lie in a hyperplane of dimension
less than n. Equivalently, the difference vectors v1 − v0, . . . , vn − v0 are linearly
independent, ensuring that these points uniquely determine an n-dimensional object.
We call the points vi the vertices of the simplex, and the simplex itself is denoted by
[v0, . . . , vn].

Example 2.3.1. 1. A 0-simplex: A single point.

v0

2. A 1-simplex: A line segment connecting two points.

v0 v1

3. A 2-simplex: A triangle with three vertices and the edges between them.

v0 v1

v2

4. A 3-simplex: A tetrahedron with four vertices, six edges, and four triangular
faces.
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2.4. Simplicial Homology

v0 v1

v2

v3

More generally, the standard n-simplex ∆n is defined as

∆n =

{
(t0, . . . , tn) ∈ Rn+1

∣∣∣∣∣
n∑

i=0

ti = 1 and ti ≥ 0 for all i

}
,

where the vertices are given by the unit vectors along each coordinate axis. Any
point inside this standard simplex can be represented as a convex combination of
the vertices with weights ti, known as the barycentric coordinates of the point.

If we remove one of the n + 1 vertices of an n-simplex [v0, . . . , vn], the remaining
vertices span an (n− 1)-simplex, which is referred to as a face of [v0, . . . , vn]. Each
subset of the vertices of an n-simplex thus defines a face of some dimension
between 0 and n − 1. The collection of all (n − 1)-faces of an n-simplex forms
its boundary. The open simplex ∆̊n is the n-simplex with its boundary removed,
representing the interior of the simplex.

Definition 2.3.2. A simplicial complex K is a set of simplices such that:

• If a simplex σ is in K, then all faces of σ are also in K.

• The intersection of any two simplices in K is either empty or a shared face.

Informally, a simplicial complex is a collection of simplices that are glued together
along shared faces, forming a more complex structure. This construction is widely
used to approximate topological spaces by breaking them into simpler pieces.
For example, the two-dimensional sphere S2 can be represented by a simplicial
complex composed of triangular faces. By breaking down complicated shapes
into simpler, combinatorial parts, this view allows for analysis using linear algebra
and combinatorics. Moreover, simplicial complexes serve as the foundation for
computational topology in data analysis, where they are used to study the shape of
data.

Definition 2.3.3. For a simplicial complex K, we define its dimension dim(K) to be
the maximum dimension of all simplices present in K. If there is no such maximum,
we define dim(K) :=∞.

2.4. Simplicial Homology

Simplicial homology provides a way to study simplicial complexes by examining
their properties, focusing on their shape. It assigns algebraic objects to these com-
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2. Algebraic Topology

plexes, such as abelian groups or vector spaces, to capture features like connected
components, holes, and voids of various dimensions.

Definition 2.4.1. Let Cn(K) denote the group of n-chains, which is the free abelian
group generated by the oriented n-simplices in K. An element of Cn(K) has the
form

c =
∑
i

aiσi,

where ai ∈ Z and σi are the oriented n-simplices in K. Here, the choice of orientation
affects the signs of the terms in the chain.

For example, a 1-chain in K would be a linear combination of the oriented 1-simplices
(edges), and a 2-chain would be a linear combination of the oriented 2-simplices
(triangles).

Definition 2.4.2. The boundary operator ∂n : Cn(K)→ Cn−1(K) is defined on each
oriented n-simplex σ = [v0, v1, . . . , vn] in a simplicial complex K by the formula:

∂n(σ) =

n∑
i=0

(−1)i[v0, . . . , v̂i, . . . , vn], (2.1)

where [v0, . . . , v̂i, . . . , vn] denotes the (n − 1)-simplex obtained by removing the
vertex vi from σ.

The sign (−1)i ensures that the orientations of the faces are consistent with the
orientation of the n-simplex. The boundary operator ∂n on c ∈ Cn(K) is given by
linear extension of Eq.2.1. This defines a sequence of chain groups connected by
boundary operators:

(C•(K), ∂•) := · · ·
∂n+1−−−→ Cn(K)

∂n−→ Cn−1(K)
∂n−1−−−→ · · · ∂1−→ C0(K)

∂0−→ 0,

which is known as the geometric chain complex.

Example 2.4.1. • For a 1-simplex [v0, v1], we have:

∂1([v0, v1]) = v1 − v0.

• For a 2-simplex [v0, v1, v2], we have:

∂2([v0, v1, v2]) = [v1, v2]− [v0, v2] + [v0, v1].

In other words, the boundary of a 1-simplex (edge) is the difference between its
two endpoints, while the boundary of a 2-simplex (triangle) is the sum of its three
oriented edges.
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2.4. Simplicial Homology

Example 2.4.2.

1-Chain v0 v1

[v0, v1]
2-Chain v0 v1

v2

[v0, v1]

[v2, v0] [v1, v2]

Boundary of a 2-Simplex
v0 v1

v2

[v0, v1]

[v1, v2][v2, v0]

In the diagrams above:

• The 1-chain is an edge [v0, v1], representing a linear combination of oriented
1-simplices.

• The 2-chain is a triangle [v0, v1, v2], showing a combination of oriented edges
and its filled face.

• The boundary of the 2-simplex is the sum of its oriented edges.

The boundary operator satisfies the property that applying it twice yields zero, i.e.,

∂n−1 ◦ ∂n = 0.

This is because the boundary of any boundary is empty, which can be shown by
observing that each (n− 2)-face of an n-simplex appears twice in the expression for
∂n−1 ◦ ∂n, but with opposite signs. We can therefore define the following:

Definition 2.4.3. The n-th homology group Hn(K) is defined as the quotient group

Hn(K) =
ker ∂n
im ∂n+1

.

Intuitively, Hn(K) measures the n-dimensional ”holes” in K. Elements in ker ∂n are
called n-cycles, and they represent closed structures, while elements in im ∂n+1 are
called n-boundaries and represent boundaries of higher-dimensional simplices.

Proposition 2.4.1. The 0-th simplicial homology group H0(K) of a connected
simplicial complex K is isomorphic to Z.

Proof. The 0-chains C0(K) are formal sums of the vertices of K with integer coeffi-
cients:

C0(K) =

{∑
i

aivi | ai ∈ Z, vi a vertex of K

}
.
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The boundary operator ∂0 : C0(K)→ 0 maps every 0-chain to zero, so the kernel of
∂0 is the entire group C0(K). Thus, we have:

Z0(K) := ker(∂0) = C0(K).

The group of 0-boundaries B0(K) := im(∂1) is generated by the boundaries of
1-simplices in K.

The 0-th homology group is defined as the quotient group:

H0(K) = Z0(K)/B0(K).

This group captures the equivalence classes of 0-chains modulo boundaries. Specif-
ically, two vertices v and w are considered equivalent if there exists a chain of
1-simplices connecting them. Since K is connected, there exists a path (a chain
of 1-simplices) between any pair of vertices in K. This implies that all vertices are
equivalent under the relation induced by B0(K), so there is a single equivalence
class of 0-chains. We can represent this single class by any vertex v0 ∈ K.

Consequently,
H0(K) ∼= Z.

To illustrate the concept of homology, we compute the homology groups of several
popular spaces. Since all of the spaces in these examples are connected, Prop.2.4.1
immediately provides us with the 0-th homology groups. We notice that all of the
spaces under consideration admit a triangulation so that the framework of simplicial
homlogy applies in this setting.

Example 2.4.3. For a single point P , the homology groups are:

H0(P ) ∼= Z, Hn(P ) = 0 for n > 0

since there are no higher-dimensional chains than in degree 0.

Example 2.4.4. The n-dimensional sphere Sn is the set of all points in Rn+1 that
are a fixed distance from the origin. It is defined by:

Sn = {(x1, . . . , xn+1) ∈ Rn+1 : x21 + · · ·+ x2n+1 = 1}.

The homology groups of Sn read:

H0(S
n) ∼= Z, Hn(S

n) ∼= Z, Hk(S
n) = 0 for k ̸= 0, n.

The Hn(S
n) = Z group corresponds to the n-dimensional ”void” or boundary of the

n-sphere. For all other dimensions k ̸= 0, n, the homology groups vanish.

Example 2.4.5. The homology groups of the 2-dimensional torus T 2 = S1 × S1 are:

H0(T
2) ∼= Z, H1(T

2) ∼= Z⊕ Z, H2(T
2) ∼= Z, Hn(T

2) = 0 for n > 2.
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There are two independent one-dimensional loops (one for each S1 factor), leading
to H1(T

2) = Z⊕ Z. The H2 group detects the two-dimensional ”void” enclosed by
the torus, so H2(T

2) = Z. There are no higher-dimensional chains, so Hn(T
2) = 0

for n > 2.

Proposition 2.4.2. Let K and L be two simplicial complexes, and let K ⊔ L be their
disjoint union. Then

Hn(K ⊔ L) ∼= Hn(K)⊕Hn(L) for all n ≥ 0.

Proof. The n-chains of the disjoint union K⊔L consist of formal sums of n-simplices
from both K and L. Therefore, the chain group Cn(K ⊔ L) can be decomposed as:

Cn(K ⊔ L) = Cn(K)⊕ Cn(L).

Here, Cn(K) and Cn(L) represent the n-chains of K and L, respectively.

The boundary operator ∂K⊔L
n : Cn(K ⊔ L)→ Cn−1(K ⊔ L) acts on n-simplices of K

and L independently, since K and L have no simplices in common in their disjoint
union. Thus, we have:

∂K⊔L
n = ∂K

n ⊕ ∂L
n .

This means that if σ ∈ Cn(K) and τ ∈ Cn(L), then:

∂K⊔L
n (σ, τ) = (∂K

n σ, ∂L
n τ).

In other words, the boundary operator on K ⊔ L applies the boundary operators on
K and L separately.

We define the cycle group Zn and the boundary group Bn as follows:

Zn(K) = ker(∂K
n ) and Zn(L) = ker(∂L

n ),

Bn(K) = im(∂K
n+1) and Bn(L) = im(∂L

n+1).

Then, for the disjoint union, the cycle and boundary groups also decompose as

Zn(K ⊔ L) = Zn(K)⊕ Zn(L) and Bn(K ⊔ L) = Bn(K)⊕Bn(L).

The n-th homology group Hn(K ⊔ L) is defined as the quotient of the n-cycles by
the n-boundaries:

Hn(K ⊔ L) =
Zn(K ⊔ L)

Bn(K ⊔ L)
.

Since Cn(K ⊔L) = Cn(K)⊕Cn(L) and the boundary operator respects this decom-
position, it follows that:

Hn(K ⊔ L) =
Zn(K)⊕ Zn(L)

Bn(K)⊕Bn(L)
∼= Zn(K)

Bn(K)
⊕ Zn(L)

Bn(L)
= Hn(K)⊕Hn(L).

We conclude that for any two disjoint simplicial complexes K and L, the homology
of their disjoint union is isomorphic to the direct sum of the homology groups of K
and L:

Hn(K ⊔ L) ∼= Hn(K)⊕Hn(L) for all n ≥ 0.
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Definition 2.4.4. Let K and L be simplicial complexes. A simplicial map f : K → L
is a map such that the image of each simplex under f is a simplex of L.

A simplicial map f : K → L induces homomorphisms f∗ : Cn(K) → Cn(K) for
each n, by sending an n-simplex σ ∈ K to f(σ) and extending linearly. Since f∗
is a chain morphism, it defines homomorphisms f∗ = Hn(f) : Hn(K) → Hn(L).
If f : K → L and g : L → M are simplicial maps, then g ◦ f induces a map
(g ◦ f)∗ = g∗ ◦ f∗ : Hn(K) → Hn(M). Moreover, if f : K → L is a simplicial
isomorphism, then f∗ : Hn(K)→ Hn(L) is an isomorphism for all n.

The latter property is often particularly useful as it provides a criterion to identify
non-homeomorphic spaces: if the homology groups of two given spaces do not
agree up to isomorphism, the two underlying spaces cannot be homeomorphic. In
practice, this is a very powerful observation as the calculation of homology groups is
often feasible using combinatorial considerations, while understanding the geometry
and topology of the underlying space can be very difficult a priori.

2.5. Relative Homology

Relative simplicial homology extends the concept of simplicial homology to pairs of
simplicial complexes. Given a simplicial complex K and a subcomplex L ⊆ K, the
relative homology Hn(K,L) captures information about the structure of K in relation
to L. This allows us to study the features of K that are not present in L, focusing on
the parts of K that ”lie outside” L.

For a simplicial complex K with a subcomplex L ⊆ K, the relative chain group
Cn(K,L) is defined as the quotient of the chain groups:

Cn(K,L) = Cn(K)/Cn(L),

where Cn(K) and Cn(L) are the n-chain groups of K and L, respectively. Elements
of Cn(K,L) are called relative n-chains and can be viewed as n-chains in K that
are allowed to ”ignore” any chains that lie entirely in L.

The boundary operator on Cn(K) induces a boundary operator ∂n : Cn(K,L) →
Cn−1(K,L) on the relative chain groups. This boundary operator is well-defined
because the boundary of a chain in L remains in L, ensuring that ∂n(Cn(L)) ⊆
Cn−1(L). Therefore, ∂n descends to a map on the quotient Cn(K,L). Consequently,
(C•(K,L), ∂•) forms a chain complex, and we notice that the sequence

0→ C•(L)
i•−→ C•(K)

j•−→ C•(K,L)→ 0

is exact.

The n-th relative homology group Hn(K,L) is then defined as:

Hn(K,L) = Hn(C•(K,L)),
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and by Cor.2.2.1 we obtain a long exact sequence

· · · → Hn(L)
i∗−→ Hn(K)

j∗−→ Hn(K,L)
∂∗−→ Hn−1(L)→ · · · (2.2)

This latter long exact sequence often enables us to compute homology groups of
spaces, given the homology groups of a given subspace or vice versa. This generic
property is therefore particulary useful for practical considerations.

2.6. Local Homology

Local homology provides a tool for analyzing the structure of a topological space
”locally” around a fixed point. For a simplicial complex K, local homology can give
insight into how K behaves in the neighborhood of a chosen vertex, detecting the
presence of ”holes” or other topological features nearby.

Let K be a simplicial complex, and let v be a vertex in K. To define the local
homology group of K at v, we consider neighborhoods of v that capture the local
structure of K around v. In order to so, we first need to introduce the notion of stars
and links.

Definition 2.6.1. • St(v) is the star of v, consisting of all simplices in K that
have v as a vertex.

• Lk(v) is the link of v, consisting of simplices in St(v) that do not contain v itself.

Intuitively, the star of v represents the ”immediate neighborhood” around v, capturing
all simplices connected to v in K, while the link of v encodes the boundary of this
neighborhood, formed by the simplices that intersect the star of v but do not include
v itself.

Definition 2.6.2. The local homology group of K at a vertex v, in degree n, is
defined as

Hn(K,K − v) := Hn(St(v),Lk(v)).

Local homology is a useful concept in studying topological invariants and properties
of a space at a granular level, as it allows for the detection of localized features that
are not necessarily apparent in the global homology of K. For instance, local ho-
mology can distinguish points in K that contribute to different topological structures,
such as boundaries, isolated points, or singularities.

2.7. Manifolds

In mathematics and physics, manifolds serve as one of the most versatile and
profound structures for modeling both abstract mathematical spaces and physical
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phenomena. An n-dimensional manifold is a topological space that locally resembles
Euclidean space Rn, but can have a more complex global structure. These spaces
have become indispensable across various fields due to their flexibility and rich
structure.

Definition 2.7.1. Let M be a simplicial complex. We say M is an n-dimensional
simplicial manifold if, for every vertex v in M , Lk(v) is an (n − 1)-dimensional
simplicial complex that is homeomorphic to an (n− 1)-dimensional sphere Sn−1.

We now provide some common examples of manifolds, ranging from basic shapes
to more complex structures.

Example 2.7.1. Sn is an n-dimensional manifold, as it locally resembles Rn at each
point.

Example 2.7.2. The torus T 2 is a surface that can be visualized as the shape of a
donut. It can be defined as the product of two circles:

T 2 = S1 × S1.

This is a 2-dimensional manifold that locally resembles R2, but its global structure
has a more complex topology, featuring two independent cycles. More generally,
the product of any two manifolds of dimension m and n is a manifold of dimension
m+ n.

Example 2.7.3. The real projective plane RP2 is a non-orientable surface that can
be thought of as the set of all lines passing through the origin in R3. We define:

RP2 = {lines in R3 through the origin}.
It is a 2-dimensional manifold that can also be visualized as a sphere with antipodal
points (points directly opposite each other) identified.

Example 2.7.4. The Klein bottle is a non-orientable surface with no distinct ”inside”
or ”outside.” It can be constructed by identifying opposite edges of a rectangular
region in R2, with a twist along one pair of edges. Unlike the torus, it cannot
be embedded in R3 without self-intersection. The Klein bottle is a 2-dimensional
manifold.

Example 2.7.5. The Euclidean space Rn is the set of all n-tuples of real numbers:

Rn = {(x1, x2, . . . , xn) : xi ∈ R for all i = 1, . . . , n}.
Rn is the simplest example of an n-dimensional manifold, as it is globally homeo-
morphic to Euclidean space.

2.7.1. Local homology of manifolds

The computation of the local homology groups Hk(M,M − v) for a simplicial n-
manifold M and a vertex v ∈ M can be done using the long exact homology
sequence of the pair (St(v), Lk(v)) and we obtain:
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• For k = n, the local homology group Hk(M,M − v) is isomorphic to Z, which
captures the fact that M locally looks like Rn around v and has a fundamental
class in dimension n.

• For k ̸= n, the local homology groups Hk(M,M − v) are zero, indicating that
there are no lower-dimensional ”holes” in the neighborhood of v.

Therefore, we conclude that for a simplicial n-manifold M , the local homology groups
at any vertex v are given by:

Hk(M,M − v) ∼=
{
Z if k = n,

0 otherwise.
(2.3)

We previously observed that the global homology of two manifolds may differ (as an
example take S2 and T 2), even when their dimension agrees. However, the local
homology of a manifold is already determined by its dimension (see Eq.2.3). The
local homology thus provides a robust way to confirm the manifold structure at each
point in the simplicial complex, and it reflects the fundamental class in top dimension
only.

2.8. Stratified Spaces

In the study of spaces with singularities, stratified pseudomanifolds provide a nat-
ural framework to capture and formalize these singular structures. This class of
spaces generalizes the concept of a manifold by allowing for the controlled pres-
ence of singularities, which can be managed through a filtration by manifolds of
various dimensions. This notion is particularly well-suited to the context of simplicial
complexes, where stratification can be defined in terms of simplices of different
dimensions.

Definition 2.8.1. A stratification of a simplicial complex K is a filtration

K0 ⊂ K1 ⊂ · · · ⊂ Kn = K

where each Ki is a subcomplex, and each difference Ki \Ki−1 is a locally closed
subset of K, called the i-th stratum. Each stratum Ki \ Ki−1 is a manifold of
dimension i.

Definition 2.8.2. A 0-dimensional stratified (simplicial) pseudomanifold is a count-
able set of points with the discrete topology. A simplicial complex X of dimension n
is called an n-dimensional stratified (simplicial) pseudomanifold if it has a filtration

∅ = X−1 ⊂ X0 ⊂ X1 ⊂ · · · ⊂ Xn−1 ⊂ Xn = X,

where each Xi\Xi−1 is an i-dimensional simplicial manifold (possibly with boundary),
called the i-th stratum of X, and:

1. The top stratum Xn \Xn−1 is dense in X and is an n-dimensional manifold.
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2. For each i < n, the stratum Xi\Xi−1 has a neighborhood that is homeomorphic
to a product of the form Ri × C(L), where C(L) denotes the cone on a lower-
dimensional stratified (simplicial) pseudomanifold L.

The filtration and local product structure of stratified pseudomanifolds make them
well-suited for studying spaces with controlled singularities, where each stratum
locally resembles a manifold. In particular, stratified pseudomanifolds enable the
extension of manifold-based tools and concepts to settings where singularities
naturally occur, such as the study of topological invariants of singular spaces [8].

2.9. Euler Characteristic

The Euler characteristic is a fundamental topological invariant that provides a global
measure of a topological space’s structure. In the context of simplicial complexes,
the Euler characteristic is particularly useful for analyzing the combinatorial structure
of the complex. Defined by counting vertices, edges, faces, and higher-dimensional
simplices, the Euler characteristic connects geometric data to global topological
properties and is preserved under topological transformations.

Definition 2.9.1. Let K be a finite simplicial complex. For each n-dimensional
simplex in K, let fn denote the number of n-simplices in K. The Euler characteristic
χ(K) of K is defined as:

χ(K) =
∞∑
n=0

(−1)nfn.

Intuitively, the Euler characteristic sums the number of n-dimensional simplices with
alternating signs, thus taking into account the structure of the simplicial complex
across different dimensions. For a simple complex, such as a polygonal shape in
R2, this sum reduces to counting vertices minus edges plus faces, often yielding
intuitive results.

The Euler characteristic is central in topology, as it captures important global informa-
tion. It also has significant applications in algebraic topology, where it is expressed
in terms of homology groups. Specifically, if K is a simplicial complex, then the Euler
characteristic can also be defined using the ranks of its homology groups Hn(K),
as follows:

χ(K) =

∞∑
n=0

(−1)n rankHn(K). (2.4)

This homological formulation of the Euler characteristic provides a powerful tool
for understanding topological invariants in more abstract spaces. Since homol-
ogy groups are themselves topological invariants, the Euler characteristic inherits
this property, ensuring its stability under homeomorphisms (and even homotopy-
equivalences). Moreover, this formulation generalizes well beyond simplicial com-
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plexes to other topological spaces where homology groups are defined, thereby
creating a bridge between combinatorial and algebraic approaches to topology.

Example 2.9.1. Consider a simple example, the boundary of a triangle. This
boundary is a simplicial complex K with three vertices, three edges, and no faces.
Thus, we have f0 = 3, f1 = 3, and f2 = 0. The Euler characteristic is calculated as:

χ(K) = f0 − f1 + f2 = 3− 3 + 0 = 0.

This result is consistent with the fact that the boundary of a triangle is topologically
equivalent to a circle, which has an Euler characteristic of zero.

The Euler characteristic is invariant under homeomorphisms, which makes it a
useful tool for distinguishing topological spaces up to deformation. For example,
surfaces such as the torus, the sphere, and the projective plane all have distinct
Euler characteristics, reflecting their differing topological structures. This makes the
Euler characteristic a valuable tool in classifying surfaces and higher-dimensional
complexes.

In summary, the Euler characteristic offers a combinatorial approach to capturing
topological information, particularly when applied to simplicial complexes. Whether
calculated through counting simplices or homology ranks, it remains one of the most
accessible and insightful invariants in topology, bridging geometry, combinatorics,
and algebra.

2.10. Local-Global Principles in Topology

In topology, the study of properties and structures of spaces often benefits from an
interplay between local and global perspectives. Local-global principles are central
to this approach, enabling us to deduce global properties of a topological space from
local information and vice versa. This framework is not only foundational in topology
but also finds applications across a wide range of mathematical fields, including
geometry, analysis and number theory.

A fundamental example of a local-global principle is the classification of manifolds.
While a manifold is defined as a space that locally resembles Euclidean space, its
global structure can exhibit complex properties, such as different shapes that do not
appear locally. Understanding the global characteristics of a manifold often involves
piecing together information from these local Euclidean structures.

The local-global principle can also be observed in the study of covering spaces
and fundamental groups. By understanding the local properties of covering maps,
one can infer global information about the fundamental group of a space, which in
turn reveals significant topological characteristics. For instance, connectedness and
simple connectedness, which are global properties, can be analyzed through the
existence of universal covers and the behavior of loops in local neighborhoods.

Another significant example of local-global principles is found in cohomology theories,
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which provide a bridge between local and global properties of spaces. Cohomology
assigns algebraic invariants to spaces, and these invariants can be computed
either locally (for instance, on open sets in a covering) or globally for the entire
space. The interplay between local and global cohomology is especially crucial in
the context of sheaf cohomology, where local sections and the process of ”gluing”
across overlapping open sets leads to global sections that reveal global topological
information.

Definition 2.10.1. Given a topological space X and an open cover {Uα} of X, a
sheaf on X is an assignment of data to each open set in X, subject to two conditions:

• For each inclusion of open sets V ⊂ U , there is a restriction map from the data
on U to the data on V .

• If U =
⋃

α Uα, and data are given for each Uα that agree on overlaps, then
there exists a unique extension to all of U .

The notion of local-global principles also appears in Morse theory, where one studies
smooth functions on a manifold to deduce its topology. Morse functions allow us
to understand the global topology of a manifold by examining critical points and
their indices. As a result, local critical point analysis yields insights into the global
structure of the manifold, such as its homology.

Overall, local-global principles in topology serve as powerful tools to bridge the
gap between local and global perspectives. By relating local properties to global
structures, these principles offer a deeper understanding of the underlying object of
interest, enabling mathematicians to make significant connections across various
disciplines.
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3.1. Persistent Homology

Persistent homology is a technique from topological data analysis that extends
traditional homology to study the shapes and topological features of data across
multiple scales. In many applications, data is represented in a metric space where
topological features emerge depending on the scale at which the data is viewed.
Persistent homology captures these features by examining how homology groups
change as the scale parameter varies, creating a multi-scale summary of the data’s
topological structure.

Definition 3.1.1. A filtration of a topological space X is a nested sequence of
subspaces indexed by a totally ordered set A. That is, we have

{Xα}α∈A, where Xα ⊆ Xβ for all α ≤ β in A.

If A = R≥0, the filtration provides a continuous view of X across a real-valued scale,
allowing the study of topological features as they evolve smoothly. In other cases,
A may be a discrete set or any other totally ordered set, adapting the filtration to
specific contexts and applications.

We now explain the concept of persistent homology, which is generic in the sense
that it applies to any filtration of simplicial complexes and does not depend on a
specific filtration.

Definition 3.1.2. Let {Xα}α∈A be a filtration of simplicial complexes indexed by
a totally ordered set A, typically A = R≥0. For each n ≥ 0 and α ≤ β in A, the
inclusion Xα ↪→ Xβ induces a map on homology, fn

α,β : Hn(Xα) → Hn(Xβ). The
collection of homology groups {Hn(Xα)}α∈A, together with the maps fn

α,β for each
α ≤ β, is called the n-th persistent homology of the filtration {Xα}α∈A.

The persistent homology captures the n-dimensional topological features of X that
are not only present but also persist across multiple scales α in the filtration. Each
feature in has a birth scale α (meaning it first appears in Hn(Xα)) and may have
a death scale β at which it vanishes in Hn(Xβ). Features that persist over a large
range of α-values (i.e., have long lifetimes) are often interpreted as significant or
robust structural properties of X, while features that only appear over a short range
are typically considered noise or artifacts of the data or scale.
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3.2. Decomposition of Persistence Modules

In the study of persistent homology, so-called persistence modules play a crucial role
in understanding the evolution of homological features across scales. A key result in
this context is the decomposition theorem, which provides a complete classification
of these modules through interval modules.

Definition 3.2.1. Let R denote the real numbers, considered as an ordered set. A
persistence module V is a family of vector spaces {Vt}t∈R indexed by t ∈ R, along
with a collection of linear maps φs≤t : Vs → Vt for s ≤ t, called structure maps, such
that:

φt≤t = idVt and φr≤t = φs≤t ◦ φr≤s for all r ≤ s ≤ t.

Definition 3.2.2. An interval module is a persistence module that is concentrated
on a single interval I = [a, b) ⊂ R ∪ {∞}, where a ≤ b. Formally, for an interval
I = [a, b), the interval module I(I) is defined by:

I(I)t =

{
K if t ∈ [a, b),

0 otherwise,

where K is the base field (e.g., K = R or K = C), and the structure maps φs≤t are
the identity maps if s, t ∈ [a, b) and zero otherwise.

The decomposition theorem for persistence modules states that every one-dimensional
persistence module can be decomposed as a direct sum of interval modules.

Theorem 3.2.1 (Decomposition Theorem for One-Dimensional Persistence Mod-
ules). Let V be a persistence module over R. Then there exists a unique (up to
isomorphism) decomposition

V ∼=
n⊕

i=1

I(Ii)

where Ii are intervals in R and I(Ii) are the corresponding interval modules. Each
Ii is called a persistence interval and represents a homological feature of V that
persists over Ii.

3.3. Persistence Diagrams

The decomposition theorem implies that one-dimensional persistence modules can
be completely described by their persistence intervals. This result is fundamental
in persistent homology, as it allows for the characterization of topological features
in terms of birth and death times, represented by the endpoints of each interval Ii.
The collection of intervals {Ii} is commonly visualized using a persistence diagram.

Definition 3.3.1. For each homology class that appears at scale α = αbirth and
disappears at scale α = αdeath, we define its persistence as the interval [αbirth, αdeath).
This interval is often represented as a point (αbirth, αdeath) in a two-dimensional plot,
known as a persistence diagram.
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The persistence diagram provides a concise summary of topological features across
scales, with each point in the diagram representing a homology class and its lifespan.
Features that persist over a wide range of scales are typically considered more
significant, while those that appear only for a narrow range of scales may correspond
to noise.

3.4. Vietoris-Rips and Čech Complexes

For data analysis, we often start with a finite set of points in a metric space and define
a sequence of simplicial complexes that approximate the data at different scales. By
constructing these complexes at varying thresholds, we obtain a filtration for which
we can calculate its persistent homology. We now give two famous examples of
such constructions that we will need in what follows.

Definition 3.4.1. Let X be a set of points in a metric space with distance function d,
and let ϵ > 0 be a real number. The Vietoris-Rips complex Vϵ(X) is the simplicial
complex with vertex set X such that a finite subset {x0, x1, . . . , xk} ⊆ X spans a
k-simplex if and only if d(xi, xj) ≤ ϵ for all 0 ≤ i < j ≤ k.

In other words, a simplex in the Vietoris-Rips complex exists when all pairs of points in
that subset are within a distance ϵ of each other. This complex captures connectivity
information in the data and provides a computationally efficient approximation of the
underlying topology. One of the main advantages of the Vietoris-Rips complex is
that it can be constructed from pairwise distances, making it particularly suitable for
large datasets.

Definition 3.4.2. Let X be a set of points in a metric space with distance function d,
and let ϵ > 0 be a real number. The Čech complex Cϵ(X) is the simplicial complex
with vertex set X such that a finite subset σ = {x0, x1, . . . , xk} ⊆ X spans a k-
simplex if and only if the set of ϵ-balls centered at the vertices of σ has a nonempty
intersection.

3.5. The Nerve Theorem

We now formulate the well-known Nerve Theorem, which is a foundational result
in algebraic topology that relates the topology of a space to the topology of a
combinatorial structure known as the nerve of a covering. This theorem provides
a powerful tool for studying complex spaces by breaking them down into simpler,
overlapping pieces and analyzing the relationships between these pieces. We start
with the definition of a nerve of a covering.

Definition 3.5.1. Let X be a topological space, and let U = {Uα}α∈A be an open
covering of X; that is, X =

⋃
α∈A Uα with each Uα ⊆ X open. The nerve of the

covering U , denoted N(U), is an abstract simplicial complex defined as follows:
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• The vertices of N(U) correspond to the elements of U .

• A finite subset {Uα0 , Uα1 , . . . , Uαk
} ⊆ U spans a k-simplex in N(U) if and only

if the intersection Uα0 ∩ Uα1 ∩ · · · ∩ Uαk
̸= ∅.

Theorem 3.5.1 (Nerve Theorem). Let X be a topological space, and let U =
{Uα}α∈A be an open covering of X. Suppose that for every finite nonempty inter-
section Uα0 ∩ Uα1 ∩ · · · ∩ Uαk

of elements of U , the intersection is either empty or
contractible. Then the nerve N(U) is homotopy equivalent to X; that is,

N(U) ≃ X.

The condition that each nonempty intersection Uα0 ∩ Uα1 ∩ · · · ∩ Uαk
is contractible

ensures that each piece of the covering is simple enough in terms of its topological
structure. When this condition holds, the nerve complex provides an accurate
combinatorial model of the topological space. The Nerve Theorem serves as the
theoretical foundation for the Čech complex since it ensures that for a discrete set of
points X, the Čech complex Cϵ(X) is homotopy-equivalent to the union of balls with
radius ϵ, centered at the points in X. Therefore, in order to calculate the homology
of the union of balls with radius ϵ centered at the points in X (which we can view as
an approximation of X itself, controlled by a thickening parameter ϵ), we can simply
calculate the homology of Cϵ(X) which can be achieved combinatorially.

As we vary ϵ, we obtain a filtration of simplicial complexes for both the Vietoris-
Rips and Čech constructions, leading to multi-scale insights into the data through
persistent homology.

Definition 3.5.2. Let X be a set of points in a metric space, and let ϵ ≥ 0 be a scale
parameter. The n-th Vietoris-Rips persistent homology of X, PHn(V(X)), is the
n-th persistent homology induced by the filtration {V(X, ϵ)}ϵ≥0, where V(X, ϵ) is the
Vietoris-Rips complex at scale ϵ.

Definition 3.5.3. Similarly, the n-th Čech persistent homology of X, PHn(C(X)), is
the n-th persistent homology induced by the filtration {C(X, ϵ)}ϵ≥0, where C(X, ϵ)
denotes the Čech complex at scale ϵ.

The persistence of features in either the Vietoris-Rips or Čech persistent homology
provides insight into the underlying shape and structure of X. Features that persist
over a long range of ϵ-values are typically considered to reflect significant topological
information, while those that appear and disappear quickly are often treated as
noise. Persistent homology, therefore, enables a multi-scale analysis of topological
features in data. As we saw earlier, it is well justified to use the Čech complex
as an approximation for the underlying discrete data we start with. However, in
practice one often prefers to work with the Vietoris-Rips complex instead since it is
more efficiently computable. The following theorem relates the two complexes, and
therefore provides a justification to use the Vietoris-Rips construction.

Theorem 3.5.2. Let X be a set of points in a metric space, and let V(X, ϵ) and
C(X, ϵ) denote the Vietoris-Rips and Čech complexes on X at scale ϵ. Then for any
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ϵ ≥ 0, we have the inclusion

C(X, ϵ) ⊆ V(X,
√
2ϵ) ⊆ C(X,

√
2ϵ).

This inclusion establishes a connection between Vietoris-Rips and Čech persis-
tent homology, as it implies that the homology groups Hn(V(X, ϵ)) approximate
Hn(C(X, ϵ)) up to a factor of

√
2 in the scale parameter ϵ.

3.6. Wasserstein and Bottleneck Distances

In persistent homology, distances between persistence diagrams provide a means
to quantify the similarity of topological features across different datasets. Two
commonly used metrics are the Wasserstein distance and the bottleneck distance.
These metrics enable us to formalize the stability of persistent homology under
perturbations of the underlying data, a property that is crucial for applications in data
analysis.

Definition 3.6.1. Let D1 and D2 be two persistence diagrams. For a real number
p ≥ 1, the Wasserstein distance of order p between D1 and D2 is defined by

Wp(D1, D2) =

 inf
γ:D1→D2

∑
x∈D1

∥x− γ(x)∥p
1/p

,

where the infimum is taken over all bijections γ between the points of D1 and D2,
and ∥ · ∥ denotes the L∞-norm on the persistence plane.

Definition 3.6.2. The bottleneck distance between two persistence diagrams D1

and D2 is given by

dB(D1, D2) = inf
γ:D1→D2

sup
x∈D1

∥x− γ(x)∥,

where the infimum is again taken over all bijections γ between the points of D1 and
D2. The bottleneck distance can be viewed as the L∞-version of the Wasserstein
distance.

3.7. Stability of Persistent Homology

In order to acknowledge that persistent homology is a robust tool, it is crucial that
the persistent homology of a space is stable with respect to small changes in
the underlying data. This stability guarantees that similar datasets yield similar
persistence diagrams, ensuring reliable interpretations even in the presence of noise
or measurement error.
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Definition 3.7.1. Let X and Y be two non-empty subsets of a metric space (M,d).
The Hausdorff distance dH(X,Y ) between X and Y is defined by

dH(X,Y ) = max

{
sup
x∈X

inf
y∈Y

d(x, y), sup
y∈Y

inf
x∈X

d(x, y)

}
.

The Hausdorff distance measures how far each point in one set is from the closest
point in the other set, capturing the maximum discrepancy between the two sets.

Theorem 3.7.1 (Stability of Vietoris-Rips Persistent Homology). Let X and Y be
two point clouds in a metric space, and let dH(X,Y ) denote the Hausdorff distance
between X and Y . Then, for each dimension n and any p ≥ 1, the Vietoris-Rips
persistence diagrams Dn(X) and Dn(Y ) satisfy

dB(Dn(X), Dn(Y )) ≤ 2 dH(X,Y ).

This result is known as the stability theorem for Vietoris-Rips persistent homology.
It implies that small changes in the data result in small changes in the persistence
diagrams, ensuring the robustness of persistent homology with respect to noise.

In practice, persistent homology has been highly effective in analyzing complex data
sets, providing insights into the shape and structure of data that can be visualized
through persistence diagrams. Persistent homology is widely applied in various
fields, from shape recognition in computer vision to detecting structural patterns in
biological data. Persistent homology provides a robust framework for understanding
data, allowing for the extraction of multi-scale topological information and enabling
comparisons between different data sets by examining their topological features.
Through persistence diagrams, it bridges combinatorial topology and data analysis,
offering a mathematically rigorous approach to understanding the ”shape” of data
across scales.

3.8. Multiparameter Persistence

In many applications, topological data analysis (TDA) requires the analysis of shapes
or spaces across multiple parameters, capturing more complex structures than
single-parameter persistence can convey. Multiparameter persistence extends
the notion of persistent homology to functions that depend on several parameters
simultaneously, providing a richer and more nuanced understanding of the data.

Definition 3.8.1. Let X be a topological space and let f : X → Rk be a continuous
function, where k ≥ 2. For each vector α = (α1, . . . , αk) ∈ Rk, define a sublevel
set Xα = f−1((−∞, α1] × · · · × (−∞, αk]). The collection of these sublevel sets
{Xα}α∈Rk forms a multiparameter filtration of X, with a partial ordering defined by
α ≤ β if αi ≤ βi for all i = 1, . . . , k.

Definition 3.8.2. The multiparameter persistent homology of a multiparameter
filtration {Xα}α∈Rk is the collection of homology groups Hn(Xα) computed at each
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parameter α, along with the homomorphisms ϕα≤β : Hn(Xα)→ Hn(Xβ) induced by
the inclusions Xα ⊆ Xβ whenever α ≤ β.

Unlike the single-parameter setting, multiparameter persistence does not yield a
straightforward barcode or persistence diagram representation. The structure of
multiparameter persistence modules is more complex and can be visualized as a
grid or network of homology groups connected by maps, depending on the partial
order.

Definition 3.8.3. A multiparameter persistence module is a family of vector spaces
{Vα}α∈Rk indexed by Rk and connected by linear maps ϕα≤β : Vα → Vβ for all α ≤ β.
A multiparameter persistence module is said to be finitely generated if there exists a
finite set of generators that span all vector spaces Vα under the action of the linear
maps.

One challenge of multiparameter persistence is that the structure of a multiparameter
persistence module is generally more intricate and not as easily decomposed as
in the single-parameter case. While a single-parameter persistence module can
often be decomposed into a sum of interval modules, such a decomposition is not
typically possible in the multiparameter setting. This distinction introduces new
mathematical complexities and requires novel methods for analysis and computation.
Multiparameter persistence modules thus provide a way to study data across multiple
scales and parameters simultaneously. Although these modules present significant
theoretical and computational challenges, they also offer deeper insights into the
structure and features of high-dimensional data.

3.9. Euler Characteristic Transforms

The Euler characteristic transform (ECT) is a method in topological data analysis
used to study and classify shapes based on the Euler characteristic. The ECT
enables shape characterization through multi-directional views, leveraging both
geometric and topological features.

Definition 3.9.1. Let X ⊂ Rn be a compact shape. The Euler characteristic
transform (ECT) is defined by integrating the Euler characteristic of X over families
of sublevel sets in different directions. For a given unit vector u ∈ Sn−1 and a real
parameter t, the slice of X in direction u at height t is the sublevel set

Xu,t = {x ∈ X | ⟨x, u⟩ ≤ t},

where ⟨·, ·⟩ denotes the standard inner product in Rn.

Definition 3.9.2. The Euler characteristic transform of X is then the function

ECT(X) : Sn−1 × R→ Z (3.1)
(u, t) 7→ χ(Xu,t). (3.2)
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The function ECT(X) encodes the Euler characteristic of the sublevel sets of X
across different directions u and thresholds t, thereby capturing multi-directional
information about X.

The Euler characteristic transform provides a topological signature of X by capturing
the evolution of topological features across sublevel sets in various directions. This
makes it useful for distinguishing between different shapes based on topological and
geometrical properties.

Theorem 3.9.1. Let X ⊂ Rn be a constructible subset. The Euler Characteristic
Transform (ECT) map ECT(X) uniquely determines X up to a constructible subset
equivalence. In other words, if two constructible subsets X,Y ⊂ Rn have the same
ECT, then they are equivalent as constructible sets.

The Euler characteristic transform is therefore particularly useful in applications
involving shape recognition, classification, and comparison in various fields. By
using the ECT, one can represent and analyze shapes in a way that is robust to
deformations and noise, while capturing essential characteristics of the underlying
object.
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Topology, as a field, has long been concerned with understanding spaces through
their intrinsic shape properties, often employing techniques that either focus on
local structures (e.g., local homology) or global invariants (e.g., homology, homotopy
groups etc.). The primary challenge in many applications, particularly in data
science and machine learning, is how to reconcile these perspectives into a coherent
analytical framework. This chapter provides a local perspective, establishing how
singularities manifest as disruptions in the local structure of spaces.

The study of singularities in data and their impact on representation learning high-
lights a crucial distinction between purely manifold-based assumptions and more
general topological structures. The methods introduced in this chapter serve as
essential tools for capturing deviations from Euclidean behavior at a local scale.

4.1. Introduction

The field of representation learning has grown rapidly over the last years, with
various methodologies proposed to address a plethora of problems.

Many of these methods are grounded in a common assumption: the data lies close
to a manifold with a low intrinsic dimension. More formally, while the input data may
reside in a high-dimensional ambient space of dimension N , it is assumed that there
exists an n-dimensional manifold (with n ≪ N ) that best captures the underlying
structure of the data. This assumption, known as the manifold hypothesis, is well-
suited for certain types of data, such as natural images, where local neighborhoods
exhibit consistency in structure [30].

Input space with singularities

0.04 0.09 0.14

Euclidicity

Figure 4.1.: Overview of our method. Given a space with singularities, Euclidicity
measures the deviation from a space to a Euclidean model space. Here,
Euclidicity highlights the singularity at the ‘pinch point.’ This figure was
recreated from Von Rohrscheidt and Rieck [193].
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Despite the successes of manifold-based methods, the manifold hypothesis is
increasingly recognized as a limiting assumption, particularly when dealing with com-
plex data sets from domains like genomics, social networks, or medical imaging [23].
For such data, there is substantial evidence that singularities—points or regions in
the data where the manifold structure fails—are not mere artifacts or noise. Instead,
these singularities often carry important information about the underlying generative
processes and structural nuances within the data. Examples of singular structures
in data include intersections, folds, or ”pinch points,” where the smoothness of the
manifold is interrupted.

A classic illustration of a singularity is the pinched torus, where a specific region of
a torus, typically a meridian, is compressed to a single point, resulting in a pinch
point that disrupts the manifold structure. At this pinch point, the local neighborhood
is no longer homeomorphic to Euclidean space R2, even though other regions of
the torus retain this property (see Fig. 4.1 for an illustration). Singularities like these
violate the basic assumptions of manifold learning methods, which rely on locally
uniform structures to capture the intrinsic geometry of data. Consequently, traditional
techniques based on the manifold hypothesis often fail to detect or adapt to such
non-manifold regions [151, 167].

Singularities pose unique challenges for manifold learning, as they introduce regions
where the intrinsic dimensionality of the data varies discontinuously. Standard mani-
fold learning algorithms, such as Isomap, t-SNE, or UMAP, assume a global manifold
and therefore struggle with such local inconsistencies. While singularities might
initially appear as anomalies or noise, they frequently encode essential structural
information [94]. For instance, in biological data, a singularity may represent a point
of cellular differentiation or a branching event in evolutionary processes, providing
valuable insights into underlying biological mechanisms. Therefore, detecting and
analyzing singular regions is crucial for a comprehensive understanding of data,
especially in complex domains where such structures are expected to arise.

To address the limitations of manifold-based methods in the presence of singularities,
we propose an unsupervised representation learning framework for detecting singu-
lar regions in point cloud data. Our framework is designed to be agnostic to specific
geometric or stochastic properties of the underlying data and requires only a notion
of intrinsic dimensionality within neighborhoods, which can vary across different
points. This flexibility enables our method to capture non-manifold regions accurately,
offering a more robust alternative to traditional manifold learning techniques.

At the core of our approach is a novel formulation of persistent local homology (PLH),
a method that assesses neighborhood shapes at multiple scales of locality. PLH
enables the detection of singular regions by examining changes in the topological
structure of local neighborhoods, which is often a direct indication of singularity
presence. Using PLH, we estimate the intrinsic dimension of a point locally, capturing
variations in the dimensionality that signify departures from manifold structure of
the underlying dataset, and define Euclidicity, a novel measure that quantifies the
deviation of a point in a dataset from being Euclidean, effectively highlighting singular
regions.
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The Euclidicity measure provides a complementary perspective to traditional mani-
fold learning by highlighting areas where the manifold hypothesis does not hold, thus
allowing for a more nuanced understanding of the data structure. We establish theo-
retical guarantees on the approximation quality of this approach for certain classes
of spaces, including manifolds and spaces with isolated singularities. Furthermore,
through experiments on various data sets, from synthetic spaces with known sin-
gularities to high-dimensional image data, we demonstrate the effectiveness of this
perspective in revealing the underlying structure of complex data. By focusing on
singular regions, our framework opens new avenues for understanding complex
datasets where traditional manifold-based techniques fall short. The results of this
chapter are essentially based on [193].

4.2. Related Work

Manifold learning traditionally focuses on developing algorithms that extract geo-
metric and topological information under the assumption that data lie on or near a
low-dimensional manifold. This assumption, known as the manifold hypothesis, has
served as a foundational concept in unsupervised and semi-supervised learning
for tasks where data are expected to exhibit a locally uniform structure. However,
recent work has started to challenge this assumption, exploring cases where data
may not conform to a single manifold.

One significant extension of the manifold hypothesis is the union of manifolds hy-
pothesis, introduced by Brown et al. [23]. This hypothesis generalizes the traditional
manifold assumption to data spaces that can be modeled as disjoint unions of
manifolds, allowing for variation in intrinsic dimension across different connected
components. While this approach provides a more flexible framework by permitting
non-uniform intrinsic dimensions, it explicitly excludes singularities, assuming in-
stead that each component is a manifold. By contrast, our method allows for singular
regions, enabling a more comprehensive analysis of complex data that may not
adhere strictly to manifold structure.

Our work adopts a ‘singularity-centric’ perspective, arguing that the multi-scale anal-
ysis of local geometry and topology is crucial for understanding data with potential
singularities. In this regard, topological data analysis (TDA) has become increas-
ingly relevant in machine learning, particularly through techniques like persistent
homology, which captures the topological features of data at multiple scales [84].
Persistent homology allows us to track changes in topological features across vary-
ing resolutions, making it well-suited for uncovering complex structures in data [26,
184].

The notion of examining data at multiple scales is deeply rooted in scale-space
theory, a concept that dates back to seminal works in computer vision [104, 109]. In
scale-space theory, image structures are analyzed at different levels of granularity
to capture both local and global information. Although this concept was initially
developed for image processing, it has inspired similar approaches in TDA, where
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persistent homology is applied to analyze topological features across scales. Early
applications of persistent homology focused primarily on function simplification over
manifold domains [62], and it is only more recently that researchers have begun
applying it to detect geometric singularities in data.

While persistent homology has been widely used for global unsupervised data
analysis tasks, such as clustering and dimensionality reduction [37, 149, 150,
151], these applications primarily target global structures, whereas singularities
are inherently local phenomena. A notable exception is the work by Wang et al.
[196], which applies persistent homology to analyze local branching and global
circular features in data, indicating the potential of TDA for capturing more nuanced
topological structures.

Several recent studies take a local perspective on homology, aiming to detect intrinsic
dimensionality variations or specific singular structures within data. In particular,
Rieck et al. [153] employ a predefined stratification of data combined with persistent
intersection homology [14], which extends homology to accommodate stratified
spaces. Persistent intersection homology provides a framework for handling spaces
with a mixture of manifold and non-manifold regions, though it relies on known
stratifications, which limits its applicability to general, unstructured data.

Additionally, Fasy and Wang [69] and Bendich [13] developed variants of local homol-
ogy using persistence, focusing on local topological information to detect structural
anomalies. These methods reveal intricate topological features in neighborhood data
but typically assume a well-defined intrinsic dimension. By contrast, our approach
does not necessarily require prior knowledge of the intrinsic dimension and adapts
to its variations across the data.

Another related line of work involves persistent local homology as employed by
Stolz et al. [173], who approximate local homology by computing the absolute
homology of an annular region around each point. However, the practical utility of
this method remains unclear since the choice of locality parameters which determine
the approximation accuracy of local homology is not discussed, and local homology is
only approximated using a fixed scale of locality. Moreover, this technique presumes
prior knowledge of the intrinsic dimension, which limits its adaptability in cases
where dimensionality may vary.

Furthermore, Bendich et al. [15] introduce persistence vineyards—a technique
that uses continuous families of persistence diagrams to track the local homology
of points in stratified spaces. This approach provides a dynamic way to monitor
homological changes but is computationally intensive and generally applied to
spaces with predefined stratifications. Finally, Dey, Fan, and Wang [53] leverage
local homology to estimate the global intrinsic dimension of noisy manifolds, a goal
aligned with manifold learning but limited in its capacity to detect singularities.

The presented methods indicate a growing interest in topology-driven techniques
for detecting singularities and analyzing intrinsic dimensionality. However, existing
approaches often assume either a global intrinsic dimension or predefined strat-
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ifications, which restricts their ability to handle arbitrary singular structures. Our
work diverges from these assumptions by introducing a flexible, unsupervised frame-
work that adapts to local variations in intrinsic dimensionality, enabling effective
detection of singular regions without prior knowledge of the data’s topological prop-
erties. This framework contributes to the emerging field of singularity analysis in
high-dimensional data, offering a novel perspective that integrates persistent lo-
cal homology with a measure of Euclidicity to capture deviations from Euclidean
behavior at singular points.

4.3. Methods

Our framework, TARDIS (Topological Algorithm for Robust DIscovery of Singularities),
is designed to analyze the intrinsic geometric structure of data by leveraging local
topological features. It consists of two key components:

(i) a method for computing the local intrinsic dimension of the data, capturing
variations in dimensionality across different regions of the space, and (ii) Euclidicity,
a novel measure that quantifies deviations from an idealized Euclidean structure at
multiple scales.

TARDIS is based on the assumption that the intrinsic dimension of data may vary
across different regions of the dataset. Therefore, instead of considering a single
global dimension, we employ local measurements—i.e., measurements performed
within small neighborhoods around individual data points. Since no canonical choice
for the size of these neighborhoods exists, TARDIS systematically analyzes data
across multiple scales to ensure robustness.

Our core idea is to construct a collection of local (punctured) neighborhoods at
varying scales and to extract their topological features. This process allows us to
approximate local topological invariants, specifically local homology, which we use to
infer the intrinsic dimensionality of the space. Moreover, by comparing these features
to corresponding features of Euclidean model spaces, we can detect singularities
and structural anomalies.

4.3.1. Persistent Local Homology

For the formal description of TARDIS, we assume that the input data is represented
as a finite metric space (X, d), where X is a set of points and d is a metric defining
pairwise distances between points. Given a point x ∈ X, we define the intrinsic
annulus of x with respect to radii r and s as:

Bs
r(x) := {y ∈ X | r ≤ d(x, y) ≤ s}.

This region consists of all points whose distances from x lie within the interval [r, s],
effectively forming an annular neighborhood around x.
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4. Local Topology and Singularities

To extract topological features, we employ a filtration procedure F that takes a finite
metric space as input and outputs an ascending sequence of topological spaces,
such as the Vietoris–Rips filtration. Applying F to the intrinsic annulus of x yields a
tri-filtration:

(F(Bs
r(x), t))r,s,t,

where t represents the filtration parameter determined by F . This tri-filtration exhibits
covariance in s and t, but contravariance in r, leading to the notation:

F(B•
•(x), •).

Applying homology at dimension i to this filtration results in a tri-parameter per-
sistence module, which we define as the ith persistent local homology (PLH) of
x:

PLHi(x;F) := PHi(F(B•
•(x), •)).

Figure 4.2 provides an intuitive visualization of the intrinsic annulus construction and
an example of the filtration process.

To the best of our knowledge, this is the first instance where PLH has been consid-
ered in the context of multi-parameter persistence. Since the Vietoris–Rips filtration
is a standard approach in topological data analysis (TDA), we adopt the shorthand:

PLHi(x) := PLHi(x;V).

Before leveraging PLH for singularity detection, we first establish that our formulation
satisfies stability properties similar to those in classical persistent homology. In
particular, we demonstrate that small perturbations in input parameters induce only
small changes in PLH, thus ensuring robustness in real-world applications.

Theorem 4.3.1. Given a finite metric space X and x ∈ X, let Bs
r(x) and Bs′

r′ (x)
denote two intrinsic annuli with |r − r′| ≤ ϵ1 and |s − s′| ≤ ϵ2. Furthermore, let
D,D′ denote the persistence diagrams corresponding to PHi(V(Bs

r(x), •)) and
PHi(V(Bs′

r′ (x), •)). Then 1
2 dB(D,D′) ≤ max{ϵ1, ϵ2}.

Proof. The Hausdorff distance of two non-empty subsets A,B ⊂ X is dH(A,B) :=
inf{ϵ ≥ 0 |A ⊂ Bϵ, B ⊂ Aϵ}, where Aϵ = ∪a∈A{x ∈ X; d(x, a) ≤ ϵ} denotes the
ϵ-thickening of A in X. Set ϵ := max{ϵ1, ϵ2}. By assumption, Bs

r(x) ⊂ Bs′
r′ (x)ϵ and

Bs′
r′ (x) ⊂ Bs

r(x)ϵ, i.e. dH(Bs
r(x), B

s′
r′ (x)) ≤ ϵ. Using the geometric stability theorem of

persistence diagrams [36], we have 1
2 dB(D,D′) ≤ dH(B

s
r(x), B

s′
r′ (x)), which proves

the claim.

The interpretation of Thm.4.3.1 is that our formulation of PLH indeed yields a stable
construction in terms of the choice of the locality paramters r and s. This observation
is a fundamental feature of our construction as it allows for varying locality scales in
a controllable way. Having established this stability, we now come back to our initial
goal of estimating the intrinsic dimension based on PLH.
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4.3. Methods

Figure 4.2.: The intrinsic annulus Bs
r(x) around a point x in a metric space (X, d),

as well as one filtration step for some choice of t. By adjusting r and s,
we obtain a tri-filtration. This figure was recreated from Von Rohrscheidt
and Rieck [193].

4.3.2. Persistent Intrinsic Dimension (PID)

For a finite set of points X ⊂ RN , we define the persistent intrinsic dimension (PID)
of x ∈ X at scale ϵ as

ix(ϵ) := max{i ∈ N | ∃ r < s < ϵ s.t. PHi−1(F(Bs
r(x), •)) ̸= 0}. (4.1)

By varying ϵ, this measure characterises the intrinsic dimension of data in a multi-
scale fashion. We now prove that we recover the correct dimension in case our data
set is sampled from a manifold, in a certain range of locality scale parameters.

Theorem 4.3.2. Let M ⊂ RN be an n-dimensional compact smooth manifold and let
X := {x1, . . . , xS} be a collection of uniform samples from M . For a sufficiently large
S and F = C, there exist constants ϵ1, ϵ2 > 0 such that ix(ϵ) = n for all ϵ1 < ϵ < ϵ2
and any point x ∈ X. Moreover, ϵ1 can be chosen arbitrarily small by increasing S.

Proof. Let x ∈ X be an arbitrary point. Since M is a manifold, x admits a Euclidean
neighbourhood U . Since M is smooth, we can assume U to be arbitrarily close to
being flat by shrinking it. Thus, we can find ϵ2 > 0 with Bs

r(x) ⊂ U for all r, s < ϵ2
such that Hi(C(Bs

r(x), t)) = 0 for all i ≥ n, and all t. Hence, PHi(C(Bs
r(x), •)) = 0 for

all i ≥ n, and therefore ix(ϵ2) ≤ n. By contrast, for S sufficiently large, and r, s as
before, there exists a parameter t such that C(Bs

r(x), t) is homotopy-equivalent to
an (n− 1)-sphere, and so Hn−1(C(Bs

r(x), t)) admits a generator, i.e. it is non-trivial.
Consequently, PHn−1(C(Bs

r(x), •)) ̸= 0, and ix(ϵ2) = n. By further increasing S, we
can ensure that the statement still holds when we decrease ϵ2, which proves the two
remaining claims.

Theorem 4.3.2 establishes that for the Čech complex, the function ix(ϵ) accurately
captures the intrinsic dimension of the underlying manifold M within a specific
range of values ϵ > 0, provided that the sample size is sufficiently large. This
ensures that, in an appropriate regime, ix(ϵ) reliably recovers the correct dimension
of M . Moreover, ix(ϵ) remains stable within this range, suggesting that examining a
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4. Local Topology and Singularities

collection of ix(ϵ) for varying values of ϵ can provide a robust method for analyzing
the intrinsic dimension at a given point x. Furthermore, leveraging the approximation
result from Theorem 3.5.2, we immediately obtain an analogous statement for the
Vietoris-Rips complex. This highlights that the intrinsic dimension estimate ix(ϵ)
extends beyond the Čech complex, ensuring broad applicability. Additionally, we
derive the following corollary, which specifically addresses stratified spaces, such
as the ‘pinched torus.’ This result implies that our method correctly identifies the
intrinsic dimension of individual strata, demonstrating that the persistent intrinsic
dimension (PID) approach is capable of handling a large class of ‘non-manifold’
datasets.

Corollary 4.3.1. Let X = Xn ⊃ Xn−1 ⊃ Xn−2 ⊃ · · · ⊃ X−1 = ∅ be an n-dimensional
compact stratified simplicial complex, s.t. Xi \ Xi−1 is smooth for every i. For a
fixed i, let Xi := {x1, . . . , xS} be a collection of uniform samples from Xi \ Xi−1.
For a sufficiently large S and F = V or F = C, there are constants ϵ1, ϵ2 > 0 such
that ix(ϵ) = i for all ϵ1 < ϵ < ϵ2 and any point x ∈ Xi. Moreover, ϵ1 can be chosen
arbitrarily small by increasing S.

4.3.3. Euclidicity

For our remaining construction, understanding the intrinsic dimension of a neighbor-
hood is fundamental to quantifying its deviation from a purely Euclidean structure.
We next introduce the concept of Euclidicity, a measure of how much a given neigh-
borhood differs from being locally Euclidean. A low Euclidicity value signifies that the
neighborhood closely resembles a Euclidean space, while a high Euclidicity value
indicates regions of singularity or structural complexity within the data set.

Euclidicity is computed without imposing strict manifold assumptions. Instead, it
relies on an estimate of the intrinsic dimension n at a given point x. This can
be obtained using various dimension estimation methods, such as the previously
introduced persistent intrinsic dimension (PID) for different values ix(ϵ) across
varying locality scales ϵ. Alternatively, other dimension estimation techniques can be
incorporated, particularly when prior knowledge about the data structure is available
(see [28] for an overview of existing methods).

The core idea behind Euclidicity is to quantify deviations from a Euclidean reference
model using persistent local homology (PLH). This involves comparing the topologi-
cal features of a given neighborhood around x with those of an idealized Euclidean
annulus centered at x.

We define a Euclidean annulus EBs
r(x) as a set of points uniformly sampled from

the region:

{y ∈ Rn | r ≤ dist(x, y) ≤ s}, (4.2)

where r and s are the inner and outer radii of the annulus, respectively. The number
of sampled points in EBs

r(x) is matched to that in the corresponding intrinsic annulus
Bs

r(x) in the given data.
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To obtain a multi-scale view, we extend EBs
r(x) to larger annuli by sampling additional

points, producing a nested sequence EBs′
r′(x) for r′ ≤ r and s ≤ s′. Iterating this

process generates a tri-filtration:

(F (EBs
r(x), t))r,s,t (4.3)

for a chosen filtration F , as described in prior discussions.

To formalize the Euclidean reference structure, we define its persistent local homol-
ogy (PLH) at homology dimension i as:

PLHEi (x;F) := PHi (F (EB•
•(x), •)) . (4.4)

This captures the topological signatures of the Euclidean model space across
different scales. Again, for a Vietoris–Rips filtration V, we use a short-form notation,
i.e. PLHEi (x) := PLHEi (x;V). Notice that PLHEi (x) implicitly depends on the choice
of intrinsic dimension n, and on the samples that are generated randomly. To remove
the dependency on the samples, we consider PLHEi (x) to be a sample of a random
variable PLHE

i (x). Let D(·, ·) be a distance measure for 3-parameter persistence
modules, such as the interleaving distance [108]. We then define the Euclidicity of x,
denoted by E(x), as the expected value of these distances, i.e.

E(x) := E
[
D
(
PLHn−1(x),PLHE

n−1(x)
)]
. (4.5)

This quantity essentially assesses how far x is from admitting a regular Euclidean
neighbourhood. The choice of F and D(·, ·) leaves us multiple ways of implementing
Eq. (4.5) in practice. We notice that E(x) requires different choices, namely (i) a
range of locality scales, (ii) a filtration, and (iii) a distance metric between filtrations D.
Using a grid Γ of possible radii (r, s) with r < s, we approximate Eq. (4.5) using the
mean of the bottleneck distances of fibred Vietoris–Rips barcodes, i.e.

E(x) ≈ D
(
PLHi(x),PLH

E
i (x)

)
:=

1

C

∑
(r,s)∈Γ

dB
r,s (4.6)

where C is equal to the cardinality of the grid,

dB
r,s := dB(PHi(V(Bs

r(x), •)),PHi(V(EBs
r(x), •))), (4.7)

and with PLHEi (x) denoting a sample from a Euclidean annulus of the same size as
the intrinsic annulus around x. We can implement Eq. (4.6) using efficient methods
for computing persistent homology [9]. This allows for seamless integration into
existing TDA and machine learning frameworks [177, 175].

Furthermore, as established by the following theorem, our approximation of Eq. (4.6)
is well-founded: for smooth manifolds, E(x) tends to be arbitrarily small in the
large-sample regime.

Theorem 4.3.3. Let M ⊂ RN be a smooth n-dimensional manifold and let X ⊂M
be a finite sample of size S := |X|. For a given ϵ > 0, sufficiently large S and a point
x ∈ X, there exists sϵ > 0 that only depends on ϵ and the curvature of x (w.r.t. M ),
such that the approximation of E(x) via Eq. (4.6) is bounded above by ϵ, for any grid
Γ with maximum outer radius sϵ.
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4. Local Topology and Singularities

Proof. Since M is a manifold, every point x admits a Euclidean neighbourhood U .
Moreover, as M is smooth, we may assume U to be arbitrarily close to being flat (by
potentially shrinking it). Thus, we can find an sϵ with the desired properties such that
(i) Bsϵ

0 (x) ⊂ U ∩X, and (ii) dH(Bsϵ
0 (x),EBsϵ

0 (x)) ≤ ϵ
2 , where the latter condition can

be achieved by increasing S if necessary. Consequently, dH(Bs
r(x),EB

s
r(x)) ≤ ϵ

2 for
any 0 ≤ r ≤ s ≤ sϵ, and by making use of the geometric stability theorem [36], the
right-hand side of Eq. (4.6) reduces to

1

C

∑
(r,s)∈Γ

dB(PHi(V(Bs
r(x), •)),PHi(V(EBs

r(x), •))) ≤
2

C

∑
(r,s)∈Γ

dH(B
s
r(x),EB

s
r(x)) ≤ ϵ

for any grid Γ with the properties specified in the statement. This concludes the
proof.

One of the key advantages of our formulation is that both the Persistent Intrinsic
Dimension (PID) and Euclidicity can be computed without requiring strong assump-
tions about the structure or distribution of the input data. Instead, we rely on a
minimal and reasonable assumption: that the intrinsic dimension n of the data is sig-
nificantly lower than the ambient dimension N . This makes our approach particularly
well-suited for analyzing high-dimensional data with an underlying low-dimensional
structure, which is common in many real-world scenarios.

A crucial aspect of our approach is its local nature, allowing the dimension to
vary across the dataset. This flexibility enhances its applicability across diverse
datasets and geometric structures. Unlike traditional methods that impose global
constraints on dimension, our approach accommodates settings where different
regions of a dataset may exhibit varying intrinsic dimensions. This enables a more
fine-grained characterization of the underlying data geometry, making our method
broadly applicable to problems in data analysis and machine learning.

Moreover, as we have demonstrated, our method is guaranteed to produce the
correct values for manifolds and stratified simplicial complexes. This theoretical
guarantee enhances both the practical utility and expressiveness of our framework.
For instance, our approach naturally extends to cases where the dataset consists
of unions of manifolds with different dimensions, a setting where many existing
dimensionality estimation techniques struggle. In contrast to prior approaches
[23], Euclidicity generalizes to a broader class of spaces, enabling a more precise
structural analysis of complex datasets.

Our implementation of Euclidicity relies on the Vietoris–Rips complex, a fundamental
construction in topological data analysis. However, a well-known challenge is that the
Vietoris–Rips complex grows exponentially with increasing dimensionality, leading to
high memory and computational costs.

This limitation can be alleviated by using alternative filtrations [4, 169]. Impor-
tantly, our theoretical results do not rely on any specific filtration, meaning that our
framework is adaptable to different filtration choices.

Finally, we emphasize that the reliability of the Euclidicity score is fundamentally
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dependent on the validity of the estimated intrinsic dimension. If the intrinsic dimen-
sion is incorrectly estimated, the comparison is no longer performed with respect
to the correct model space, potentially leading to misleading results. Ensuring
robust intrinsic dimension estimation is thus an essential step in effectively applying
Euclidicity in practice.

4.4. Experiments

We demonstrate the expressive power of TARDIS across various settings, emphasiz-
ing its ability to capture key geometric properties of data. Specifically, we show that
our method: (i) accurately estimates the intrinsic dimension of datasets, ensuring a
correct characterization of their underlying structure, and (ii) effectively detects sin-
gularities when analyzing datasets with known geometric irregularities. Additionally,
we perform a comparative analysis with one-parameter approaches, highlighting
how our multi-scale methodology yields more stable and reliable results. Finally,
we investigate Euclidicity scores across both benchmark and real-world datasets,
providing empirical evidence that our technique serves as a meaningful measure of
the geometric complexity of data.

4.4.1. Parameter Selection

Since Eq. (4.5) inherently incorporates multiple scales of locality, it is necessary to
specify an upper bound for the radii (rmin, rmax, smin, smax) that define the respective
annuli in practice.

Given a point x, we found the following procedure to be effective in practice: we set
smax, i.e., the maximum outer radius, to the distance to the kth nearest neighbor
of x, and rmin, i.e., the minimum inner radius, to the smallest non-zero distance to a
neighbor of x. Furthermore, we set the minimum outer radius smin and the maximum
inner radius rmax to the distance to the ⌊k3⌋th nearest neighbor. While we found
k = 50 to yield sufficiently stable results, spaces with a high intrinsic dimension may
require larger values.

The advantage of this parameter selection procedure is its data-driven nature, which
automatically adapts to variations in density. Since our approach is inherently local,
there is a trade-off between ensuring sufficiently large sample sizes to capture
topological information and maintaining a small enough scale to preserve locality.
Empirically, we found the chosen range to be a suitable compromise.

Regarding the number of steps, we discretize the parameter range using 20 steps
by default. Higher values are recommended in cases where there are significant
differences between the radii, such as when smax ≫ rmax.
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4. Local Topology and Singularities

Table 4.1.: Dimensionality estimates for the concatenation of S1 and S2, denoted by
S1 ∨ S2. Our PID measure is more capable of detecting the changes in
dimensionality that arise from the concatenation.

METHOD MIN µ± σ MAX

1D

lpca 1.00 1.42±0.78 3.00
twoNN 0.83 1.00±0.07 1.20
DANCo 1.00 1.00±0.01 1.16
PID 1.00 1.12±0.24 1.97

2D

lpca 2.00 2.88±0.32 3.00
twoNN 1.01 1.90±0.36 2.53
DANCo 1.00 2.10±0.32 3.00
PID 1.52 1.95±0.06 2.08

4.4.2. Persistent Intrinsic Dimension is Expressive

We first analyze the behavior of persistent intrinsic dimension (PID) on samples
from a space obtained by concatenating S1 (a circle) and S2 (a sphere) at a gluing
point. Table 4.1 presents a comparison of PID with state-of-the-art dimensionality
estimators.1 We observe that PID outperforms all other estimators in terms of
both mean and standard deviation for the 2D points, correctly indicating that the
majority of points admit non-singular 2D neighborhoods. For the 1D points, the
mean dimensionality estimate of PID remains close to the ground truth, while its
standard deviation and maximum appropriately reflect the fact that some 1D points
lie closer to the gluing point.

Fig. 4.3 illustrates this behavior by comparing PID with one of the other estimators.
PID proves to be more sensitive in detecting variations in local intrinsic dimension
as points approach the gluing region, correctly identifying that points on the sphere
exhibit 2D neighborhoods. This aligns with our perspective that dimensionality
should be treated as an inherently local property. If such sensitivity is not desir-
able for a specific dataset, Euclidicity calculations can support any dimensionality
estimator. However, since these estimators do not provide strong theoretical guaran-
tees like those in Theorem 4.3.2, their selection should ultimately be guided by the
characteristics of the dataset in question.

In practice, the sample density may not always be sufficiently high for Theorem 4.3.2
to be directly applicable. As a consequence, spurious homological features may
appear in dimensions higher than the intrinsic dimension of the underlying space.
To mitigate this issue, we recommend considering only those features that exceed
a certain persistence threshold relative to the persistence of features in lower
dimensions. Specifically, for any data point x and its corresponding intrinsic annulus
Bs

r(x), we propose eliminating all topological features whose lifetimes are shorter
than the maximum lifetime of features in the dimension directly below. This filtering

1Method names are taken from the scikit-dimension toolkit, see https://scikit-dimension.

readthedocs.io/en/latest/
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(a) twoNN
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(b) PID

Figure 4.3.: Dimensionality estimates. PID is more nuanced in capturing changes
in dimensionality, assigning ≈ 1 to almost all points of the circle, i.e.
S1, while highlighting that points closer to S2 exhibit an increase in
dimensionality. This figure was recreated from Von Rohrscheidt and
Rieck [193].

strategy leads to significantly more stable intrinsic dimension estimates, reducing
the risk of overestimation.

4.4.3. Euclidicity Captures Known Singularities

Before applying Euclidicity to high-dimensional spaces with unknown characteristics,
we first investigate its behavior on spaces with well-understood singularities. As
illustrated in Fig. 4.1, Euclidicity effectively detects the singularity of the ‘pinched
torus.’ Crucially, it also identifies that points near the singularity are not fully regular,
highlighting its sensitivity to local geometric irregularities. This ability to reveal
isolated singularities despite sampling noise makes Euclidicity particularly useful in
practical applications.

A further example of a singular space is the wedge of two n-dimensional spheres,
Sn ∨Sn, formed by gluing them at a single point x0. For an appropriate triangulation,
this space can be stratified as X ⊃ {x0}. To assess the effectiveness of TARDIS, we
apply it to sampled wedge spaces in dimensions {2, 3, 4}, computing their Euclidicity
scores. Since higher-dimensional spaces require denser sampling, we start with
20, 000 points in dimension 2 and increase the sample size by a factor of 10 for each
additional dimension. For each dataset, we evaluate the Euclidicity of 50 randomly
selected points, along with the singular point x0.

The results, shown in Fig. 4.4a, confirm that the singular point consistently exhibits a
markedly higher Euclidicity score than regular points. Additionally, the scores of non-
singular points display significant variance, which reflects the imperfect alignment
of sampled data with the underlying geometric structure. This reinforces our key
argument: Euclidicity provides a continuous measure of local Euclidean structure
rather than a binary classification, offering a more nuanced characterization of data
geometry.
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Figure 4.4.: a: Euclidicity scores of wedged spheres for different dimensions. High
values indicate singular points/neighbourhoods. The Euclidicity of the
singular point always constitutes a clear positive outlier. In 2D, Euclidic-
ity b results in a clearly-delineated singular region. This figure was
recreated from Von Rohrscheidt and Rieck [193].

4.4.4. Stability of Euclidicity

Theorem 4.3.1 establishes that Euclidicity estimates are stable. To validate this claim,
we first examine whether Euclidicity is robust to sampling, a crucial property given the
widespread use of mini-batches in machine learning. Repeating the computations
for the ‘pinched torus’ across different batches produces highly similar distributions,
which, according to Tukey’s range test [182], are statistically indistinguishable at the
α = 0.05 confidence level. Furthermore, increasing the locality scale allows us to
detect singularities even more reliably, albeit at higher computational costs and with
a greater portion of the point cloud incorporated.

For a more detailed analysis of these stability properties, see Section A.2.

4.4.5. Comparison to single-parameter approach

We find that Euclidicity provides significantly more stable results compared to a
single-parameter approach for geometry-based anomaly detection [173]. A detailed
analysis in Section A.4 reveals that single-parameter methods, which evaluate data
at a fixed global scale, frequently produce ‘false positives’—i.e., points assigned high
anomaly scores despite admitting a Euclidean neighborhood. This issue becomes
even more pronounced in higher dimensions and sparser datasets, underscoring
the advantage of Euclidicity’s multi-scale approach.

The preceding experiments validated PID and Euclidicity in terms of both expres-
sivity, by detecting singularities in spaces with known ground truth, and robustness.
Building on these insights, our subsequent experiments will extend the analysis to
high-dimensional spaces, showcasing potential applications of Euclidicity.
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(a) MNIST

(b) FASHIONMNIST

Figure 4.5.: Euclidicity captures local sample complexity in an unsupervised manner.
From left to right: sample images exhibiting low, median, and high
Euclidicity, respectively. This figure was recreated from Von Rohrscheidt
and Rieck [193].

4.4.6. Euclidicity of High-Dimensional Spaces

To evaluate TARDIS in an unsupervised setting, we compute Euclidicity scores for
the MNIST and FASHIONMNIST datasets. Specifically, we select mini-batches of
1000 samples from a randomly drawn subset of 10000 images. Each greyscale image
is ‘flattened’ into a high-dimensional vector, treating the entire collection as a point
cloud, for which we compute Euclidicity values. This approach aligns with standard
practices in dimensionality reduction [116, 121].

Following Pope et al. [140], we assume an intrinsic dimension of 10 and set k = 50
for local scale estimation. To ensure robustness, all calculations are repeated across
five independent subsamples. The resulting Euclidicity scores range from [1.1, 5.3]
for MNIST and [1.3, 5.6] for FASHIONMNIST.

Notably, the score distributions for the two datasets differ, suggesting distinct geomet-
ric properties. For a detailed visualization and further analysis of these distributions,
see Section A.5.

Fig. 4.5 presents a selection of 9 images, corresponding to the lowest, median,
and highest Euclidicity scores, respectively. We observe that images with high
Euclidicity scores exhibit a greater degree of non-linearity, whereas those with
low Euclidicity scores tend to have simpler structures. For MNIST, low-Euclidicity
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Figure 4.6.: A UMAP [116] embedding of the MNIST data, showing Euclidicity
scores and class labels. This figure was recreated from Von Rohrscheidt
and Rieck [193].

images predominantly correspond to the digit ‘1,’ which features minimal geometric
complexity. A similar pattern emerges in FASHIONMNIST, where images with
low Euclidicity—such as ‘pants’—display relatively simple geometric structures
compared to those with higher Euclidicity scores.

Since low Euclidicity can be interpreted as an indicator of how closely a neighborhood
approximates a locally linear structure, these findings suggest the presence of simple
substructures within the data. This further supports the potential of Euclidicity as an
unsupervised measure of geometric complexity.

To investigate the relationship between geometric complexity and Euclidicity, we
focus on MNIST. Fig. 4.6 presents an embedding of the dataset, where labels
and normalized Euclidicity scores (scaled by their maximum value) are highlighted.
Notably, Euclidicity was computed solely on the raw data, with the embedding
serving purely as a visualization tool. We observe that low Euclidicity scores are
concentrated in clusters of ‘1’s, whereas ‘5’s exhibit both lower-than-average and
higher-than-average Euclidicity scores—a trend that extends to other digit classes.
This supports the interpretation of MNIST as a union of manifolds, though these
manifolds do not necessarily align with digit classes. In other words, our Euclidicity
scores suggest that even images with the same label may not reside on the same
geometric structure.

To further examine this hypothesis, we analyze the relationship between a classifier’s
ability to correctly predict a sample and its corresponding normalized Euclidicity
score. We train a simple neural network classifier for both MNIST and FASHION-
MNIST and compare the Euclidicity scores of correctly and incorrectly classified
samples. Our results reveal that misclassified samples exhibit significantly higher Eu-
clidicity scores than a randomly selected, equally sized subset of correctly classified
images.
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For MNIST, the average Euclidicity score of correctly classified samples is 0.33,
whereas misclassified samples have a higher average of 0.39. Similarly, for FASH-
IONMNIST, correctly classified samples average 0.31, while misclassified samples
reach 0.35. Welch’s t-test confirms the statistical significance of these differences.
For details on the model architecture and significance testing, see Section A.5.

These findings suggest promising future applications of Euclidicity in classification
models—either as an unsupervised preprocessing step to improve feature represen-
tations or as an additional loss term integrated directly into model architectures to
enhance classification performance.

4.4.7. Euclidicity of Cytometry Data

To demonstrate the utility of Euclidicity in unsupervised representation learning, we
apply it to an induced pluripotent stem cell (iPSC) reprogramming dataset [215].
This dataset comprises 33 variables and approximately 220,000 samples, capturing
the progression of fibroblasts as they diverge and split into two distinct lineages.
Previous studies have identified branching structures within this dataset [19], which
are most effectively visualized using PHATE [120], a non-linear dimensionality
reduction technique.

It is important to note that PHATE is used solely for visualization; all Euclidicity
calculations are conducted on the original high-dimensional data. To estimate the
intrinsic dimensionality, we employ the twoNN method, obtaining a mean intrinsic
dimension of 16. Parameter selection follows the approach outlined in Section 4.4.6.

Fig. 4.7a presents a PHATE embedding alongside the Euclidicity scores computed
on the original data. We observe that regions with high Euclidicity scores tend
to coincide with lower-density areas in the PHATE visualization. Upon further
inspection, these points are situated in lower-dimensional subspaces.2

To verify this observation, we use twoNN dimensionality estimates, as shown in
Fig. 4.8. Specifically, we compute the intrinsic dimensionality for a subsample,
finding that the interquartile range for the 1,000 points with the highest Euclidicity
scores lies between 12 and 14, while for the 1,000 points with the lowest Euclidicity
scores, it ranges from 13 to 16. These estimates are obtained using the twoNN

algorithm with k = 50 nearest neighbors.

Since points residing in lower-dimensional subspaces can be interpreted as sin-
gular within the framework of stratified spaces, this provides further evidence that
Euclidicity is a valuable tool for detecting non-manifold structures in data.

Moreover, we find that Euclidicity estimates remain stable under subsampling.
Fig. 4.7 illustrates this by showing Euclidicity distributions across different sub-
sample sizes, computed on the raw data and visualized via PHATE embeddings.

2However, low-density regions in the PHATE visualization do not necessarily correspond to low-
density regions in the original dataset.
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Figure 4.7.: PHATE embeddings of a cytometry data set, with colours based on
Euclidicity. Euclidicity highlights dense non-singular regions and remains
stable under subsampling the iPSC data set. Minor variations in the point
cloud shape are due to the PHATE embedding algorithm; Euclidicity
was always calculated on the raw data. This figure was recreated from
Von Rohrscheidt and Rieck [193].
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Figure 4.8.: A comparison of intrinsic dimension estimates computed for points in the
iPSC dataset that admit low (top) and high (bottom) Euclidicity scores.
This figure was recreated from Von Rohrscheidt and Rieck [193].

The stability of these distributions confirms that the observed patterns persist across
varying sample sizes.

This analysis serves as a proof of concept, demonstrating how Euclidicity can be
used to ‘probe’ datasets and enhance general unsupervised data analysis workflows.

4.5. Discussion

In this chapter, we introduced TARDIS, a novel framework for the local estimation
of two fundamental geometric properties of data embedded in Euclidean space:
(i) the intrinsic dimension, quantified through the persistent intrinsic dimension (PID),
and (ii) the deviation from Euclidean space, captured by Euclidicity, a multi-scale
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measure of manifoldness. Our approach is grounded in a multi-parameter extension
of persistent local homology, for which we provided theoretical guarantees in a dense
sample regime. We demonstrated empirically that TARDIS exhibits improved stability
compared to traditional geometry-based anomaly detection methods that rely on
fixed locality scales. Furthermore, Euclidicity was shown to be effective in identifying
singular regions within data sets that are known to contain singularities. Notably, our
experiments on high-dimensional benchmark and real-world data sets suggest that
Euclidicity can serve as an unsupervised measure of geometric complexity, offering
insights into the structure of data representations beyond conventional techniques.

Building on the promising results of our study, we outline several key directions for
future work. A primary avenue for further research is the incorporation of Euclidicity
into machine learning pipelines, particularly in settings where sensitivity to singular
structures is beneficial. In light of our results in Section 4.4.6 and Section 4.4.7, we
anticipate that Euclidicity will be especially useful in unsupervised learning tasks or
as an auxiliary measure in classification settings. By assigning lower confidence
scores to data points residing in singular regions, Euclidicity may enhance the
robustness and reliability of predictive models. Additionally, our method could be
leveraged for the detection of adversarial examples, a problem where understanding
the underlying topology of the data space is known to be critical [95]. A second
promising direction involves improving the theoretical and computational properties
of Euclidicity itself. One approach is to explore alternative distance measures for
three-parameter persistence modules, i.e., incorporating different metrics into the
computation of Euclidicity as formalized in Eq. (4.6). The goal of this refinement
would be to enhance stability, expressivity, and computational efficiency. Moreover,
we hypothesize that replacing the Vietoris–Rips filtration with alternative construc-
tions, such as witness complexes or other topological filtrations, may reduce the
number of samples required for reliable Euclidicity estimation [4, 169]. A broader
research question that naturally emerges from our findings concerns the approxima-
tion of an underlying manifold from data that inherently exhibits singularities. More
precisely, we seek to investigate the feasibility of constructing the best manifold
approximation for a given singular data set. This has potential implications for gen-
erative modeling and representation learning, as singularities could be mitigated
or explicitly accounted for during model training. If an appropriate loss function
is defined, Euclidicity may serve as a regularizer that encourages embeddings to
respect the topological structure of the data. Ultimately, this could pave the way
toward more robust and trustworthy representations in high-dimensional machine
learning applications.
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This chapter introduces a novel, local method that encodes a fingerprint of lo-
cal graph data, bridging the gap between topology and modern graph learning
techniques. The approach is based on a local perspective of Euler Characteristic
Transforms, a geometrical-topological technique that captures shape information
along all directions in the embedding space. In the language of topology, the given
method characterizes local neighborhoods of featured graphs, providing a way to en-
code and compare the local topological structure of graphs embedded in Euclidean
space. The latter enables a richer understanding of local graph features, extending
beyond classical combinatorial descriptors. In this sense, the proposed methodology
serves as a versatile and expressive framework that unites local topological data
analysis with modern graph representation learning, providing a powerful new tool
for studying complex graph-structured data locally.

5.1. Introduction

Graph Neural Networks (GNNs) have emerged as a powerful class of models for
learning representations on graph-structured data. Traditionally, GNNs rely on
message-passing schemes to iteratively aggregate node features from their local
neighborhoods. While effective for many tasks, this approach can lead to the
loss of crucial local information, as the aggregation process inherently diffuses
and obscures the original node representations [180]. This limitation becomes
particularly problematic in scenarios where the preservation of fine-grained local
structure is critical for downstream tasks such as node classification, link prediction,
and anomaly detection.

To address this challenge, we propose the use of the Euler Characteristic Transform
(ECT), a geometrical-topological invariant known for its advantageous computational
and expressivity properties [185]. The ECT captures topological features of data
through sublevel set filtrations applied across multiple directions. Notably, for so-
called constructible sets, the ECT is invertible, meaning that the original data can
be reconstructed from its transform [48]. This invertibility, combined with its reliance
on weighted summation, enables the ECT to serve as an efficient and powerful tool
for representation learning [155].

In this chapter, we extend the ECT to local neighborhoods, introducing the Local
Euler Characteristic Transform (ℓ-ECT), a novel framework that enhances repre-
sentation learning on graph-based data. The ℓ-ECT is specifically designed to
preserve local structural details while maintaining global interpretability, capturing

51



5. Local Topology and Graph Data

both the spatial and topological properties of node neighborhoods. By focusing
on the localized application of the ECT, our method ensures that critical structural
information is retained during aggregation, which is particularly advantageous in
graph-based learning tasks.

Although the ℓ-ECT is derived from the Euler characteristic, it serves as a distinc-
tive fingerprint of local neighborhoods and should be viewed as a geometrical-
topological approach rather than a purely combinatorial method. Our approach
directly addresses the challenge of neighborhood aggregation in featured graphs,
ensuring lossless representation of local structures. Through theoretical analysis,
we demonstrate that ℓ-ECTs maintain key local properties, providing a more refined
representation that can be effectively utilized for downstream tasks such as node
classification and graph-based anomaly detection.

Empirical evaluations further highlight the effectiveness of our method, particularly
in scenarios where standard node aggregation techniques obscure essential dif-
ferences. Specifically, ℓ-ECTs prove to be highly beneficial in graphs with high
heterophily, where traditional message-passing-based GNNs struggle to capture
meaningful interactions. Furthermore, due to its natural vectorized representation,
the ℓ-ECT framework is readily compatible with a broad range of machine learning
models, thereby facilitating both enhanced performance and improved interpretabil-
ity.

Our main contributions can be summarized as follows: (i) We formally construct
ℓ-ECTs within the framework of embedded simplicial complexes and graphs, provid-
ing a theoretical investigation of their expressivity in the context of featured graphs.
(ii) We empirically demonstrate that ℓ-ECTs serve as a powerful and interpretable
tool for node classification, often outperforming standard GNN architectures, particu-
larly in challenging graph learning tasks. (iii) We introduce an efficiently computable
rotation-invariant metric based on ℓ-ECTs, which enables the spatial alignment of
geometric graphs and enhances their usability in geometric learning applications.

Through these contributions, we establish ℓ-ECTs as a versatile and expressive
framework that bridges the gap between topological data analysis and modern graph-
based machine learning models, paving the way for more robust and interpretable
graph learning methodologies. The results of this chapter are essentially based on
[156].

5.2. Related Work

Graph Neural Networks (GNNs) have fundamentally reshaped the field of graph
representation learning by enabling end-to-end learning of node embeddings through
message passing [102]. The introduction of message-passing architectures has
led to remarkable advancements in numerous graph-based tasks, including node
classification, link prediction, and graph classification. However, traditional GNNs
exhibit fundamental theoretical limitations, particularly in their ability to distinguish
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non-isomorphic graph structures. These limitations have been formally characterized
in terms of the expressivity of the Weisfeiler-Lehman test [198].

Beyond expressivity limitations, GNNs are also known to suffer from practical chal-
lenges such as oversmoothing [205, 163] and oversquashing [54]. Oversmoothing
refers to the phenomenon where deep GNNs cause node embeddings to become
indistinguishable, leading to a loss of discriminative power. Oversquashing, on the
other hand, emerges in the presence of long-range dependencies, where information
is excessively compressed in a small embedding space, limiting the network’s ability
to propagate signals effectively.

To alleviate these issues, various architectural modifications have been proposed.
Early approaches focused on modifying the message-passing paradigm using atten-
tion mechanisms [189] and sampling-based methods [80] to improve efficiency and
expressivity. However, despite these enhancements, GNNs often struggle with learn-
ing meaningful representations in heterophilous graphs, where connected nodes
tend to have different class labels [212].

A recent line of research has explored incorporating additional inductive biases into
GNN architectures. Notable advancements include leveraging geometric informa-
tion [136, 98] and topological features [90, 190] to enhance model expressivity. The
goal of these methods is to improve a model’s ability to distinguish non-isomorphic
graph structures, as formalized in recent studies on expressivity [125]. These ap-
proaches are part of a broader paradigm shift toward topological deep learning [213],
an emerging field that aims to integrate higher-order topological structures into
machine learning models.

Independent of graph-based learning, the ECT has gained popularity in Topological
Data Analysis (TDA) as a tool for capturing shape information in data [185, 78].
The ECT provides a systematic way to extract topological features from data and
has been successfully applied in various domains, including shape classification
and computer vision. Recent efforts have focused on integrating the ECT into
deep-learning architectures [155] and extending its theoretical foundation to include
additional invariance properties [48, 115]. However, existing work primarily explores
global ECT representations, with little attention given to local variants, which are
crucial for capturing fine-grained topological structures.

In addition to the ECT, other topological tools have been incorporated into graph-
learning pipelines. One prominent approach is the use of persistent homology
(PH), a powerful yet computationally expensive method for extracting multi-scale
topological features. Applications of PH in graph-based tasks include graph clas-
sification [87] and learning topological descriptors through weighted kernels [207].
A closely related work by Zhao et al. [210] incorporates topological features of
graph neighborhoods into a GNN framework, leveraging PH to enhance structural
representations.

Despite these advances, the integration of topology into GNNs remains an open
challenge. While persistent homology and the ECT provide rich descriptors of
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graph structure, their computational costs and lack of localized variants hinder
their applicability in large-scale learning tasks. To the best of our knowledge, our
work is the first to develop local variants of the ECT tailored for graph-learning
applications. Furthermore, we provide a theoretical analysis of these local variants
and empirically demonstrate their effectiveness in node classification tasks, bridging
the gap between topological descriptors and modern graph representation learning
paradigms.

5.3. Methods

5.3.1. The ECT and its approximation

We recall that the Euler Characteristic Transform (ECT) of an (abstract) simplicial
complex X ⊂ Rn is a function ECT(X) : Sn−1 × R→ Z, given by

ECT(X)(v, t) = χ({x ∈ X |x · v ≤ t}), (5.1)

where χ denotes the Euler characteristic. The interpretation of ECT(X) is that it
scans the ambient space of X in every direction and records the Euler characteristic
of the sublevel sets. In [78], it is proven that ECT(X) is invertible, meaning that X
can be recovered from ECT(X), as long as X is a so-called constructible set. The
main focus of this work are compact simplicial complexes which are constructible,
and therefore the invertibility theorem applies in our setting.

We now give an overview of the methods of this chapter which are fundamentally
based on the ECT. We first establish some notation. We denote the approximation
of ECT(X) by ECT(X)(m,l) and define it as

ECT(X)(m,l) := ECT(X)|{v1,...,vm}×{t1,...,tl} (5.2)

for uniformly distributed directions v1, . . . , vm ∈ Sn−1 and filtration steps t1, . . . , tl ∈
R.

Since X is a compact space, it is possible to select a sequence of points t1, . . . , tl
that lie within a compact interval [a, b], where the endpoints satisfy t1 = a and tl = b.
Moreover, we impose that the sequence {ti}li=1 forms a uniform partition of [a, b],
ensuring that the interval is evenly discretized. This choice of discretization allows for
an efficient computational approximation of the domain of ECT(X), as the induced
representation naturally takes the form of a vector of dimension m · l, where m
represents the number of sample points in a (potentially high-dimensional) sphere,
and l corresponds to the number of partition points along the chosen interval.

Regarding the selection of appropriate values for m and l, we take into account
established results on the expected nearest neighbor distances in uniformly sampled
high-dimensional spaces. Specifically, for uniform samples on the unit sphere Sn,
the expected nearest neighbor distance is known to scale as O(( logmm )1/n) (see
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[11]). Simultaneously, the uniform partitioning of a compact interval contributes an
additional discretization error that scales as O(1l ). Combining these two factors, the
total approximation error can be estimated as

O
((

logm

m

)1/(n−1) 1

l

)
.

This formulation provides a theoretical basis for balancing the trade-off between
computational complexity and approximation accuracy when discretizing the spatial
domain of ECT(X).

Curry, Mukherjee, and Turner [48] establish that the aforementioned approximation
scheme not only provides a computationally efficient representation but also accu-
rately determines the true quantity of interest, provided that certain mild regularity
conditions hold and that the parameters m and l are sufficiently large.

We notice that both translations and uniform scalings of X within the ambient space
induce a reparametrization of ECT(X). Consequently, the structural properties
of ECT(X) remain invariant under these transformations, up to a change in its
parameterization.

5.3.2. The local ECT (ℓ-ECT)

Given a simplicial complex X ⊂ Rn and a vertex x ∈ X, we define the local Euler
Characteristic Transform (local ECT) of x with respect to a scale parameter k ≥ 0 as

ℓ-ECTk(x;X) := ECT(Nk(x;X)), (5.3)

where Nk(x;X) denotes an appropriately chosen local neighborhood of x within
X, whose scale of locality is governed by the parameter k. Typically, Nk(x;X) is
defined as either the full subcomplex of X spanned by the k-hop neighbors of x in
X, or alternatively, the full subcomplex spanned by the k-nearest vertices of x in the
ambient space.

An important special case arises when X is a 0-dimensional simplicial complex,
which corresponds to a point cloud. In this scenario, the full subcomplex of X
spanned by the k-nearest vertices of x, denoted as Nk(x;X), reduces to the classical
k-nearest neighbor set of x. This case is particularly relevant in practical applications
where point clouds serve as the primary data representation, and it shows that
embedded simplicial complexes vastly generalize point clouds when considered as
a data structure.

At first glance, the construction of local ECTs appears to be a purely topological
operation due to its reliance on the Euler Characteristic. However, in light of the
invertibility theorem, we recognize that ℓ-ECTk(x;X) can be interpreted as a fin-
gerprint of the local neighborhood of x within X. This perspective is especially
valuable as it implies that the local ECT encodes rich geometric and topological
information about local structures in a manner that is both expressive and computa-
tionally feasible. Moreover, this fingerprint can be approximated efficiently in practice,

55



5. Local Topology and Graph Data

making it possible to extract local structural representations from combinatorial data
embedded in Euclidean space.

The practical computation of this approximation proceeds by sampling directions
v1, . . . , vm ∈ Sn−1 and threshold values t1, . . . , tl ∈ R, and subsequently considering
the empirical approximation ECT(Nk(x;X))(m,l) in place of ℓ-ECTk(x;X). This
empirical quantity is computationally tractable, and the associated approximation
error can be systematically controlled by adjusting the sample sizes m and l, as
discussed previously. Notably, this approximation admits a natural representation
as a vector of dimension m · l, enabling the encoding of local structural information
in a manner that is both approximately lossless and amenable to machine learning
applications. Consequently, these representations can be directly leveraged for
downstream tasks, such as classification, clustering, or regression, where capturing
local geometric and topological features is of critical importance.

5.3.3. ℓ-ECT in representation learning

Our formulation of local Euler Characteristic Transforms (ℓ-ECT) provides a natural
and expressive representation of local neighborhoods in embedded simplicial com-
plexes. A particularly important special case arises in the context of featured graphs,
i.e., graphs in which each node is associated with a feature vector. Such data struc-
tures form the foundation of a wide range of modern graph learning tasks, including
node classification, graph classification, and graph regression. The predominant
class of methods used to address these problems are message-passing graph
neural networks (GNNs), which iteratively aggregate information from neighboring
nodes.

Here, we propose an alternative approach for processing featured graph data based
on ℓ-ECT, demonstrating that ℓ-ECT representations encode sufficient information
to perform message passing. We provide a rigorous justification for this claim in the
following sections.

Definition 5.3.1. A featured graph is an undirected graph G in which each node
v ∈ G is associated with a feature vector x(v) ∈ Rn. The set of nodes in G is denoted
by V (G), and the set of edges by E(G).

A featured graph G can naturally be interpreted as an embedded graph in Rn, where
each node is represented by its feature vector as a point in Rn. The edges of
the embedded graph are then defined by retaining the connectivity structure of G,
meaning that an edge exists between two embedded points if and only if there is
an edge between the corresponding nodes in G. This construction yields a graph
isomorphism between G and its Euclidean embedding if and only if, for every pair of
distinct nodes v, w ∈ V (G), their corresponding feature vectors satisfy x(v) ̸= x(w).
In practice, this condition can always be ensured by perturbing feature vectors with
arbitrarily small amounts of Gaussian noise. Consequently, without loss of generality,
we may restrict our attention to featured graphs that admit an isomorphic Euclidean
embedding.
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We now establish that ℓ-ECT serves as an expressive representation for graph
learning, capturing both structural and feature information.

Theorem 5.3.1. Let G be a featured graph, and let {ℓ-ECT1(x;G)}x denote the
collection of local Euler Characteristic Transforms with respect to the 1-hop neighbor-
hoods in G. Then, the set {ℓ-ECT1(x;G)}x encodes all the necessary (non-learnable)
information required to perform a single message-passing step in a standard GNN
framework. Specifically, for any given vertex x ∈ G, one can reconstruct the feature
vectors of all nodes within its 1-hop neighborhood solely from ℓ-ECT1(x;G).

Proof. By the remark before, we may assume that the natural embedding of G into Rn

is a graph isomorphism. Then by the invertibility theorem, the 1-hop neighborhood of
a point x in the embedding of G can be reconstructed from ℓ-ECT1(x;G). Therefore,
the feature vectors of x and its 1-hop neighbors can be deduced from ℓ-ECT1(x;G),
which is the only non-learnable information one needs to perform a message passing
step.

Theorem 5.3.1 establishes that the collection {ℓ-ECT1(x;G)}x encodes sufficient in-
formation to perform a standard message-passing update on a featured graph.
The advantage of leveraging ℓ-ECT representations over traditional message-
passing techniques lies in their ability to incorporate higher-order structural and
feature-based information. Specifically, extending the local representation to include
{ℓ-ECTk(x;G)}x for k ≥ 2 allows us to encode information about progressively larger
neighborhoods, capturing both topological and feature relationships beyond direct
neighbors. Such information is usually only implicitly available in message-passsing
based architectures since message passing diffuses neighboring information con-
secutively, for each message passing step (i.e. each layer) which is performed.

Unlike standard message-passing approaches, which require multiple iterative steps
to propagate information beyond immediate neighbors, ℓ-ECT naturally encodes
multi-scale neighborhood information in a single representation. This property is
particularly advantageous for graph learning tasks where long-range dependencies
play a crucial role, as it circumvents the inherent limitations of iterative aggrega-
tion in GNNs, where distant node information is progressively diluted. As a result,
ℓ-ECT-based representations provide a principled and efficient alternative for learn-
ing structured data in graphs, while preserving the ability to extract meaningful
topological and feature relationships.

5.3.4. Subgraph counting

Chen et al. [40] investigate the expressive power of message-passing neural net-
works in the context of subgraph counting. Specifically, their results establish that
message-passing neural networks are inherently limited in their ability to count
induced subgraphs. In particular, they prove that message-passing architectures
cannot correctly compute the number of occurrences of any connected substructure
consisting of three or more nodes as an induced subgraph. This limitation arises due
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to the aggregation-based nature of message passing, which prevents the network
from distinguishing between certain structural configurations at a local level.

By contrast, we demonstrate that Euler Characteristic Transforms (ECT) for featured
graphs, as well as their local variants, provide a fundamentally more expressive
representation that enables subgraph counting. To formalize this claim, we first
introduce the necessary concepts.

Definition 5.3.2. Two featured graphs G1 and G2 are said to be isomorphic if there
exists a bijection π : V (G1)→ V (G2) such that an edge (v, w) ∈ E(G1) exists if and
only if (π(v), π(w)) ∈ E(G2), and such that for all v ∈ V (G1), the feature vectors
satisfy x(v) = x(π(v)).

A featured graph GS is called a subgraph of G if its node set satisfies V (GS) ⊆
V (G) and its edge set satisfies E(GS) ⊆ E(G), with the additional requirement
that the respective node features remain unaltered under the induced embedding.
Furthermore, GS is an induced subgraph of G if, in addition, the edge set is defined
as E(GS) = E(G) ∩ (V (GS)× V (GS)), meaning that GS contains all edges between
its nodes that exist in G.

Given a featured graph G and a candidate subgraph GS , we define two key counting
functions:

• CSub(G;GS) denotes the total number of subgraphs of G that are isomorphic to
GS .

• CInd(G;GS) denotes the total number of induced subgraphs of G that are
isomorphic to GS .

We now establish a fundamental result linking ECT representations to featured
graph isomorphism.

Theorem 5.3.2. Two featured graphs G1 and G2 are isomorphic if and only if their
Euler Characteristic Transforms are equal, i.e.,

ECT(G1) = ECT(G2).

Proof. When two featured graphs are isomorphic in the sense of Def.5.3.2, their
respective Euclidean embeddings produce equal ECTs by construction since the
node feature vectors of two corresponding points under the isomorphism are equal.
On the other hand, let us assume that ECT(G1) = ECT(G2). Then by the invertibility
theorem, the Euclidean embeddings of G1 and G2 are equal. Therefore, the only
information that may tell apart the two graphs are their node labels, but this means
that G1 and G2 are isomorphic.

A direct consequence of Theorem 5.3.2 is the following corollary:

Corollary 5.3.1. Euler Characteristic Transforms (ECT) can be used to perform
subgraph counting.
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This result highlights a crucial distinction between ECT-based methods and tradi-
tional message-passing graph neural networks. While message passing fundamen-
tally relies on local feature aggregation, which inherently limits its ability to count
specific substructures, ECT encodes a richer structural and topological representa-
tion. As a result, ECT-based methods for graph representation learning are provably
more expressive than message-passing approaches in the context of subgraph
counting.

5.3.5. Rotation-invariant metric based on local ECTs

The aforementioned invariance properties of Euler Characteristic Transforms (ECT)
with respect to translations and scalings naturally raise the question of whether
local Euler Characteristic Transforms (ℓ-ECT) can be effectively used to compare
the local neighborhoods of two distinct points in a simplicial complex. Ideally, a
meaningful local comparison should be independent of the choice of the coordinate
system. However, a fundamental limitation arises from the fact that ECT is sensitive
to rotations: rotating the underlying simplicial complex misaligns the directional
sampling in Sn−1, leading to a distortion in the computed transform. Consequently,
this sensitivity presents a major obstruction to utilizing ℓ-ECT as a local similarity
measure. To address this issue, we construct a rotation-invariant metric that allows
for a meaningful comparison of local structures.

Let X,Y ⊂ Rn be two finite simplicial complexes. Since X and Y are finite, their
Euler Characteristic Transforms, ECT(X) and ECT(Y ), take on only finitely many
values. This allows us to define a similarity measure dECT(X,Y ) between X and Y
as follows:

dECT(X,Y ) := inf
ρ∈SO(n)

∥ECT(X)− ECT(ρY )∥∞ , (5.4)

where SO(n) denotes the special orthogonal group, representing all possible rota-
tions in Rn. This formulation ensures that dECT(X,Y ) captures structural similarity
while remaining invariant to rotational transformations.

We now establish the mathematical validity of dECT by proving that it satisfies the
formal definition of a metric.

Theorem 5.3.3. The function dECT defines a metric on the collection of rotation
equivalence classes of finite simplicial complexes embedded in Rn.

Proof. dECT(X,X) = 0 holds for ρ being the identity. Now assume that dECT(X,Y ) =
0. Then there exists ρ ∈ SO(n) with ∥(ECT(X)− ECT(ρY ))∥∞ = 0. As ∥•∥∞
is a norm, it follows that ECT(X) = ECT(ρY ), and by the invertibility theorem
we obtain X = ρY . This shows the first property of a metric (note that posi-
tivity follows from ∥•∥∞). For symmetry, note that ∥(ECT(X)− ECT(ρY ))∥∞ =∥∥(ECT(ρ−1X)− ECT(Y ))

∥∥
∞, since rotations are invertible. For the triangle inequal-

ity, let Z be another finite simplicial complex. dECT(X,Z) then reads
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inf
ρ∈SO(n)

∥(ECT(X)− ECT(ρZ))∥∞
≤ inf

ρ,ρ′∈SO(n)

∥∥(ECT(X)− ECT(ρ′Y ))
∥∥
∞ +

∥∥(ECT(ρ′Y )− ECT(ρZ))
∥∥
∞

= inf
ρ,ρ′∈SO(n)

∥∥(ECT(X)− ECT(ρ′Y ))
∥∥
∞ +

∥∥(ECT(Y )− ECT((ρ′)−1ρZ))
∥∥
∞

= inf
ρ∈SO(n)

∥(ECT(X)− ECT(ρY ))∥∞ + inf
ρ∈SO(n)

∥(ECT(Y )− ECT(ρZ))∥∞

But this final term is precisely the definition of dECT(X,Y ) + dECT(Y,Z).

Theorem 5.3.3 ensures that dECT provides a well-defined and mathematically sound
similarity measure that remains invariant under rotations. In particular, given a
simplicial complex X ⊂ Rn and two points x, y ∈ X, we obtain a rotation-invariant
measure for comparing their local neighborhoods by defining

dkECT(x, y;X) := inf
ρ∈SO(n)

∥ℓ-ECTk(x;X)− ℓ-ECTk(y; ρX)∥∞ . (5.5)

In practical applications, we approximate dECT(X,Y ) using a finite set of sampled
directions v1, . . . , vm ∈ Sn−1 and threshold values t1, . . . , tl ∈ R, leading to the
empirical approximation

inf
ρ∈SO(n)

∥∥ECT(X)(m,l) − ECT(ρY )(m,l)

∥∥
∞ . (5.6)

A similar approximation is employed for the local version dkECT(x, y;X). Notably, as
previously discussed, the approximated Euler Characteristic Transforms in Equa-
tion (5.6) admit a natural vector representation. Consequently, the ∥•∥∞ norm in
Equation (5.6) corresponds to the maximum of the entry-wise absolute differences
between the two respective representation vectors.

This formulation has significant computational advantages: the approximation in
Equation (5.6) is efficiently computable for a wide range of data spaces, making it
practical for large-scale applications. However, in our following experimental setup,
we employ the Euclidean metric instead of the supremum norm for differentiability
reasons, enabling the use of gradient-based optimization techniques.

5.4. Experiments

In this section, we present a series of experiments designed to empirically assess
the performance of the local Euler Characteristic Transform (ℓ-ECT) in the context
of graph representation learning, with a particular focus on node classification tasks.
Our primary objective is to evaluate the ability of ℓ-ECT-based representations to
effectively capture structural information and compare their performance against
traditional message-passing mechanisms. We pay special attention to scenarios
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exhibiting high heterophily, where standard message-passing methods often struggle,
although our evaluation also includes other settings for a comprehensive analysis.

To this end, we evaluate ℓ-ECT-based models against several widely used graph
neural network architectures, including graph attention networks (GATs), graph con-
volutional networks (GCNs), and the graph isomorphism network (GIN). Additionally,
we consider H2GCN [212], a model specifically designed to handle heterophilous
graphs. By comparing ℓ-ECT-based representations with these architectures, we
aim to highlight the advantages of our approach in learning expressive node embed-
dings that are robust to varying graph structures.

Furthermore, we demonstrate the practical applicability of the rotation-invariant
metric introduced in Section 5.3 through a series of experiments on spatial alignment
of graph data.

5.4.1. ℓ-ECTs in Graph Representation Learning

The theoretical link between message passing and local Euler Characteristic Trans-
forms, as established in Theorem 5.3.1, motivates us to empirically validate the
expressivity of ℓ-ECT representations in the context of node classification. Specif-
ically, given a featured graph G and a fixed neighborhood scale k ≥ 0, we assign
the corresponding local Euler Characteristic Transform ℓ-ECTk(x;G) to each node
v ∈ G. This representation, together with the respective node feature vector, serves
as the input to a model for node classification.

For our experiments, we employ XGBoost as the classification model, as we found it
to consistently outperform more complex models, such as neural networks, in this
setting. However, we emphasize that the choice of the downstream model is flexible
and can be determined by the user. It is important to clarify that our objective is
not to establish a new state-of-the-art method for benchmarking graph datasets.
Instead, we aim to demonstrate that an ℓ-ECT-based approach yields results that
are competitive with and often superior to common message-passing-based graph
learning techniques, such as graph attention networks (GATs) and graph convolu-
tional networks (GCNs). Notably, our method exhibits strong performance across
both homophilous and heterophilous graph structures, whereas message-passing
approaches typically struggle in highly heterophilous settings.

One key advantage of ℓ-ECT-based representations is their effectiveness in scenar-
ios where aggregating information from neighboring nodes is suboptimal or even
detrimental. This is particularly relevant for graphs with high heterophily, where
neighboring nodes often belong to different classes or exhibit vastly different struc-
tural properties. In such cases, ℓ-ECT-based models can significantly outperform
message-passing methods, which rely on local aggregation and thus inherently
assume that neighboring nodes share similar properties.

The fundamental distinction between ℓ-ECT and message-passing-based methods
lies in how local graph information is incorporated. Traditional GNNs rely on a
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discrete diffusion process, where node features are iteratively aggregated along
the graph structure. While this mechanism is beneficial for many graph learning
tasks, it can act as a major bottleneck when learning representations for tasks
where node features should remain independent of their neighbors. In contrast,
ℓ-ECT overcomes this limitation by directly encoding local graph information without
requiring explicit diffusion through the network. This makes it particularly well-
suited for tasks where local structural and feature-based information is of primary
importance.

A second major advantage of ℓ-ECT-based approaches is their model agnosticism.
Unlike message-passing-based architectures, which typically require specialized
neural network models, ℓ-ECT-based representations can be utilized with a wide
range of machine learning models, including tree-based methods and classical
statistical approaches. This flexibility simplifies model selection and hyperparameter
tuning, allowing practitioners to leverage their graph data without requiring deep
expertise in GNN training and optimization.

As a consequence, ℓ-ECT facilitates interpretability, which is a critical aspect in do-
mains where regulatory requirements impose transparency constraints on machine
learning models. GNN-based approaches usually operate as black-box models, mak-
ing it difficult to understand the decision-making process. In contrast, ℓ-ECT-based
methods together with a tree-based learning algorithm naturally enable interpretabil-
ity: Tree-based models, such as XGBoost, provide feature importance values that
directly indicate which aspects of the ℓ-ECT representation contribute most to classi-
fication decisions. The individual entries of the ℓ-ECT vector correspond to specific
directional evaluations in the calculation of ℓ-ECT, allowing for a spatial interpretation
of how the model arrives at its predictions.

A detailed discussion on interpretability, along with an ablation study on the impor-
tance of different directions in ℓ-ECT, is presented in Appendix B.1. In particular, we
show that removing directional components from ℓ-ECT representations generally
leads to a decline in performance, further underscoring the expressivity of ℓ-ECT in
node classification tasks.

Finally, we highlight another practical benefit of ℓ-ECT-based methods: they enable
the use of models that do not require a separate validation split within the dataset.
Many deep learning-based approaches, including GNNs, necessitate a validation set
for tuning hyperparameters, which reduces the amount of data available for training
and testing. By contrast, ℓ-ECT-based methods can leverage models that do not
require explicit validation, thus making a larger portion of the dataset available for
learning, which can be particularly advantageous when dealing with limited data.

5.4.2. Implementation details

For our experiments, we consider a featured graph G, where each node x ∈ V (G)
is associated with a class label via an assignment V (G)→ Y, with Y denoting the
set of possible classes in the underlying node classification task. Given a fixed
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neighborhood scale parameter k ≥ 0, we define Nk(x;G) as the k-hop neighborhood
of x in G. The local Euler Characteristic Transform ℓ-ECTk(x;G) is then approximated
using its empirical counterpart, ECT(Nk(x;G))(m,l), based on a finite set of sampled
directions and filtration steps, as described in Section 5.3.

In our experiments, we set the number of sampled directions and filtration steps
to m = l = 64. However, these values can be treated as hyperparameters and
adjusted in practice to optimize performance. The resulting m · l-dimensional vector
representation ECT(Nk(x;G))(m,l), together with the original feature vector of node
x, serves as input to the classification model.

For classification, we employ a simple XGBoost classifier without extensive hyper-
parameter tuning. This choice is intended to demonstrate the effectiveness of our
method out of the box, without requiring complex model selection or optimization.

To ensure a fair comparison, we follow the experimental setup outlined by Platonov
et al. [139] when implementing our baseline models. Specifically, we consider
standard graph convolutional networks (GCNs) and graph attention networks (GATs),
enhancing them with a two-layer multilayer perceptron (MLP) after each graph
neighborhood aggregation layer, skip connections, as proposed by He et al. [81], and
layer normalization, following Ba, Kiros, and Hinton [6]. For each run, the respective
model is trained for 1000 epochs, and we report the test accuracy corresponding
to the model state that achieves the highest validation accuracy during training.
The performance of our baseline models is consistent with the results reported in
Platonov et al. [139], confirming the reliability of our experimental setup.

5.4.3. WebKB datasets

We begin our experimental analysis with the WebKB datasets, originally introduced
by Pei et al. [136]. These datasets, comprising Cornell, Wisconsin, and Texas, are
known for their challenging classification tasks, particularly due to their heterophilous
graph structures.

Our results indicate that the ℓ-ECT-based approach significantly outperforms the
baseline GNN architectures across all three datasets. Notably, the best perfor-
mance is achieved by combining both ℓ-ECT1 and ℓ-ECT2 for the Cornell and Texas
datasets. However, for the Wisconsin dataset, using only ℓ-ECT1 yields the highest
accuracy.

Interestingly, while the inclusion of ℓ-ECT2 provides a slight performance boost for
Cornell and Texas, the marginal improvement suggests that one-hop neighborhood
alone is already highly informative for these tasks. This finding underscores the
expressivity of ℓ-ECT1 in capturing local structural and feature-based properties
relevant to node classification.

A summary of our results is presented in Table 5.1.
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Model Cornell Wisconsin Texas

GCN 45.0 ± 2.2 % 44.2 ± 2.6 % 47.3 ± 1.5 %
GAT 44.7 ± 2.9 % 48.2 ± 2.0 % 51.7 ± 3.2 %
GIN 46.5 ± 3.1 % 49.7 ± 2.5 % 54.2 ± 2.9 %
H2GCN 66.2 ± 3.5 % 70.2 ± 2.3 % 72.3 ± 3.0 %

ℓ-ECT1 66.8 ± 4.2 % 81.2 ± 2.9 % 74.6 ± 0.5 %
ℓ-ECT2 67.0 ± 4.9 % 76.1 ± 2.8 % 73.8 ± 2.6 %
ℓ-ECT1+ ℓ-ECT2 67.1 ± 4.1 % 78.5 ± 2.6 % 74.8 ± 3.1 %

Table 5.1.: Performance (accuracy) of different graph learning models across multi-
ple datasets, for 5 training runs each. The results for the ℓ-ECTs are with
respect to a simple XGBoost classifier.

5.4.4. Heterophilous datasets

To further evaluate the effectiveness of our ℓ-ECT-based approach in heterophilic
graph structures, we conduct experiments on the Roman Empire and Amazon
Ratings datasets, both introduced in Platonov et al. [139]. These datasets are
particularly relevant for benchmarking classification methods in the presence of
heterophily, where neighboring nodes often belong to different classes.

Our results indicate that combining ℓ-ECT1 and ℓ-ECT2 consistently achieves the
best performance across both datasets, significantly outperforming the baseline
models (see Table 5.2). These findings align with the observations made in Platonov
et al. [139], which report that specialized architectures such as H2GCN do not
necessarily improve performance over standard graph neural network models in
certain heterophilous settings.

Additionally, our analysis reveals a dataset-specific distinction: on the Roman Empire
dataset, ℓ-ECT1 outperforms ℓ-ECT2, whereas the opposite holds for the Amazon
Ratings dataset, where ℓ-ECT2 provides better predictive performance. This sug-
gests that one-hop neighborhood information is particularly informative for node
classification in Roman Empire, while two-hop neighborhood structures play a more
significant role in Amazon Ratings. These results further emphasize the flexibility of
ℓ-ECT representations in adapting to different graph structures and classification
tasks.

5.4.5. Amazon dataset

The Amazon dataset, originally introduced by Shchur et al. [168], consists of two
benchmark datasets: Computers and Photo. These datasets provide a valuable
testbed for evaluating graph-based learning methods in real-world settings.

Our results indicate that while the graph attention network (GAT) achieves the best
performance on the Computers dataset, the combination of ℓ-ECT1 and ℓ-ECT2

outperforms all baselines on the Photo dataset (see Table 5.3). However, it is
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Model Roman Empire Amazon Ratings

GCN 73.3 ± 0.8 % 42.3 ± 0.7 %
GAT 76.4 ± 1.2 % 44.6 ± 0.9 %
GIN 56.8 ± 1.0 % 44.1 ± 0.8 %
H2GCN 64.2 ± 0.9 % 40.1 ± 0.7 %

ℓ-ECT1 80.4 ± 0.4 % 48.4 ± 0.3 %
ℓ-ECT2 78.0 ± 0.3 % 49.6 ± 0.3 %
ℓ-ECT1+ ℓ-ECT2 81.1 ± 0.4 % 49.8 ± 0.3 %

Table 5.2.: Performance (in accuracy) of different graph learning models across
multiple datasets, for 5 training runs each. The results for the ℓ-ECTs are
with respect to a simple XGBoost classifier.

Model Computers Photo

GCN 91.6 ± 1.6 % 93.6 ± 1.7 %
GAT 92.4 ± 1.3 % 94.8 ± 1.1 %
GIN 55.9 ± 1.5 % 82.2 ± 1.3 %
H2GCN 84.5 ± 1.4 % 92.8 ± 1.2 %

ℓ-ECT1 89.6 ± 0.3 % 94.1 ± 0.3 %
ℓ-ECT2 90.1 ± 0.5 % 94.4 ± 0.7 %
ℓ-ECT1+ ℓ-ECT2 92.2 ± 0.6 % 94.9 ± 0.6 %

Table 5.3.: Performance (in accuracy) of different graph learning models across
multiple datasets, for 5 training runs each. The results for the ℓ-ECTs are
with respect to a simple XGBoost classifier.
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Model Actor Squirrel Chameleon

GCN 30.7 ± 2.1 % 28.9 ± 1.4 % 42.8 ± 1.8 %
GAT 31.1 ± 1.8 % 31.8 ± 1.3 % 47.3 ± 1.3 %
GIN 26.5 ± 2.0 % 35.4 ± 1.5 % 43.1 ± 1.7 %
H2GCN 30.7 ± 1.9 % 40.8 ± 1.4 % 62.7 ± 1.6 %

ℓ-ECT1 31.4 ± 1.9 % 35.6 ± 0.7 % 43.46 ± 1.7 %
ℓ-ECT2 30.1 ± 1.3 % 35.6 ± 0.8 % 40.44 ± 1.5 %
ℓ-ECT1+ ℓ-ECT2 30.9 ± 0.7 % 35.3 ± 1.5 % 43.90 ± 0.7 %

Table 5.4.: Performance (in accuracy) of different graph learning models across
multiple datasets, for 5 training runs each. The results for the ℓ-ECTs are
with respect to a simple XGBoost classifier. The maximum accuracy for
each dataset is highlighted in bold.

important to note that the performance differences between these two models are
relatively small, suggesting that both approaches are comparably effective on these
datasets.

These results highlight once more that ℓ-ECT-based representations remain competi-
tive with state-of-the-art graph learning models while providing additional advantages
in terms of interpretability and flexibility, as discussed in previous sections.

5.4.6. Actor dataset

For the Actor dataset, introduced by Pei et al. [136], we observe that the ℓ-ECT1

model achieves the highest accuracy, outperforming all other baseline models. In-
terestingly, the combination of ℓ-ECT1 and ℓ-ECT2 performs slightly worse, while
ℓ-ECT2 alone yields the lowest accuracy on this dataset. This suggests that one-hop
neighborhood information (ℓ-ECT1) is particularly informative for the Actor dataset,
while the inclusion of two-hop neighborhood information (ℓ-ECT2) introduces redun-
dancy or noise that does not contribute positively to classification performance.

5.4.7. WikipediaNetwork dataset

The WikipediaNetwork dataset, introduced by Rozemberczki, Allen, and Sarkar
[160], consists of two node classification tasks: Squirrel and Chameleon. These
datasets are known for their high heterophily, making them challenging for traditional
message-passing-based graph learning methods.

On both Squirrel and Chameleon, the heterophily-specific architecture H2GCN
achieves the best performance. However, our results show that ℓ-ECT1 and the
combination of ℓ-ECT1 and ℓ-ECT2 achieve accuracies that are comparable to
or even better than all other standard baselines. This highlights the surprising
effectiveness of our ℓ-ECT-based approach, even without extensive hyperparameter
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Model Cora CiteSeer PubMed

GCN 88.1 ± 1.2% 74.6 ± 1.5% 85.3 ± 4.7%
GAT 88.3 ± 1.1% 75.3 ± 1.5% 85.7 ± 4.2%
H2GCN 85.4 ± 1.6% 72.4 ± 1.9% 86.4 ± 0.5%
GIN 85.0 ± 1.5% 72.2 ± 1.7% 87.0 ± 0.5%

ℓ-ECT1 87.6 ± 0.6% 72.1 ± 0.6% 90.2 ± 0.5%
ℓ-ECT2 87.2 ± 0.7% 72.3 ± 0.8% 90.3 ± 0.5%
ℓ-ECT1 + ℓ-ECT2 87.8 ± 0.6% 72.5 ± 0.7% 90.3 ± 0.5%

Table 5.5.: Performance (accuracy) of different graph learning models across
datasets, based on 5 training runs. Results for ℓ-ECTs are derived
using a simple XGBoost classifier.

tuning, demonstrating its potential as a competitive alternative to message-passing
architectures in heterophilous graph settings.

5.4.8. Planetoid datasets

To further evaluate the effectiveness of our ℓ-ECT-based approach, we consider
the well-known Planetoid datasets, originally introduced by Yang, Cohen, and
Salakhudinov [201]. This benchmark consists of three citation networks: Cora,
CiteSeer, and PubMed, which are widely used for evaluating graph-based node
classification methods.

For our experiments, we trained all models using a random 75/25 split of the data.
The results are summarized in Table 5.5. While GCN and GAT achieve slightly better
performance on Cora and CiteSeer, the performance gap between these models and
our ℓ-ECT-based approach is surprisingly small. Notably, on the PubMed dataset,
ℓ-ECT-based models outperform both GCN and GAT, further demonstrating their
ability to effectively capture relevant structural information.

These findings suggest that the expressivity of ℓ-ECT, as formally established in
Section 5.3, is not merely of theoretical interest but also translates into practical
advantages. The results highlight that ℓ-ECT-based representations provide a viable
alternative for graph-based learning tasks, offering a model-agnostic approach
that is not constrained by specific neural network architectures. Additionally, the
interpretability of ℓ-ECT-based methods makes them particularly appealing for
applications where understanding the decision-making process is crucial.

5.4.9. Post-hoc evaluation

We now present an evaluation of the experimental results that we have shown before.
Our analysis indicates that ℓ-ECT-based approaches offer a versatile, general-
purpose solution for node classification, demonstrating their capability to effectively
handle heterophilic datasets without requiring additional customization or specialized
architectures.
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To systematically compare the performance of various models across both ho-
mophilic and heterophilic graph datasets, we employed critical difference diagrams.

A critical difference diagram provides a visual representation of the average ranks of
multiple models across a set of datasets, facilitating an overall comparison of model
performances. Figure B.3 presents the critical difference diagram summarizing
the results for all node classification tasks discussed in Section 5.3, covering both
homophilic and heterophilic graph datasets.

Our results clearly indicate that ℓ-ECT-based approaches outperform standard
graph learning methods as well as heterophily-specific architectures, such as
H2GCN, when averaged over all datasets. Notably, the best-performing model,
ℓ-ECT1+ ℓ-ECT2, achieves an average rank of 2, while the lowest-ranked model,
GIN, has an average rank of 5.7. Importantly, even the weakest-performing ℓ-ECT-
based model (ℓ-ECT2) surpasses the best-performing non-ℓ-ECT-based method,
GAT. This finding underscores the broad applicability and superior performance of
ℓ-ECT-based representations across diverse graph learning scenarios.

Figure 5.1.: Critical difference diagram depicting the ranking of different models
across all node classification tasks in Section 5.4. Even the weakest-
performing ℓ-ECT-based approach (ℓ-ECT2) outperforms all other meth-
ods when averaged over all tasks. This figure was recreated from
Rohrscheidt and Rieck [156].

To further evaluate the effectiveness of our approach in comparison to methods
reported in the literature, we incorporate results from Platonov et al. [139]. In this
comparison, we assess model rankings across heterophilic node classification tasks,
as presented in Table B.3. Several of the listed models, such as H2GCN, CPGNN,
and GPR-GNN, are explicitly designed to address the challenges posed by het-
erophilic graphs through specialized architectures. In contrast, our ℓ-ECT1+ ℓ-ECT2

approach remains a general-purpose method, yet it achieves a competitive rank
of 11, matching the performance of GloGNN while outperforming widely adopted
architectures such as GT and GAT by a considerable margin.

These results further emphasize the robustness and adaptability of ℓ-ECT-based
methods, demonstrating their effectiveness across a wide range of graph bench-
marks without requiring specific modifications for heterophilic settings. Combined
with the findings illustrated in Figure B.3, this positions ℓ-ECT-based approaches as
a highly versatile and powerful solution for node classification tasks.
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Model Rank

H2GCN 18.250
CPGNN 16.750
GPR-GNN 15.250
ResNet 13.750
ℓ-ECT1 12.375
ℓ-ECT2 12.375
GAT 12.250
GT 11.000
ℓ-ECT1+ ℓ-ECT2 11.000
GloGNN 11.000
ResNet+SGC 10.750
FAGCN 10.000
JacobiConv 9.750
GCN 9.625
GBK-GNN 9.000
ResNet+adj 7.250
SAGE 5.875
GAT-sep 5.500
GT-sep 5.250
FSGNN 3.000

Table 5.6.: Ranking of various models across heterophilic datasets as reported in
Platonov et al. [139], compared to our proposed ℓ-ECT-based approach.
This table was recreated from Rohrscheidt and Rieck [156].

5.4.10. Learning Spatial Alignment of Geometric Graphs

In the following, we employ the approach described in Section 5.3 to learn the spatial
alignment of two data spaces by re-rotating one into the other. Our objective is to
demonstrate that when two datasets differ solely by a rotational transformation, our
method is capable of realigning them effectively. Furthermore, we establish that this
alignment remains stable in the presence of noise, thereby validating its robustness
as a tool for comparing local neighborhoods in data.

Compared to conventional spatial alignment techniques, such as the iterative closest
point (ICP) algorithm, our approach offers a significant computational advantage.
Unlike ICP, which requires the computation of all pairwise distances between points
in the respective spaces, our method avoids this computational bottleneck. This is
particularly advantageous for large datasets, where pairwise distance computations
can be prohibitively expensive. Consequently, our ECT-based alignment procedure
provides a more scalable and efficient alternative for spatial alignment tasks.

Additionally, we observe that this method is highly effective for aligning embedded
graph data, making it particularly relevant for applications involving geometric graphs.

To formalize the spatial alignment task, we consider two embedded simplicial com-
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Figure 5.2.: A comparison of the Hausdorff distances of aligned graphs. The black
dots represents the Hausdorff distance between the original graph and
a randomly rotated version of itself. This figure was recreated from
Rohrscheidt and Rieck [156].

plexes X,Y ⊂ Rn. As established in Section 5.3, the metric properties of dECT

ensure that
dECT(X,Y ) = 0

if and only if X and Y differ solely by a rotation. We therefore approximate
dECT(X,Y ) by solving the following learning problem:

min
ρ∈SO(n)

∥∥ECT(X)(m,l) − ECT(ρY )(m,l)

∥∥2
2
, (5.7)

where the approximation is computed using a set of sampled directions v1, . . . , vm ∈
Sn−1 and filtration steps t1, . . . , tl ∈ R.

As discussed in Section 5.3, the ECT approximations take the form of vectorized
representations, making it feasible to optimize the above learning problem using
a general-purpose gradient-based optimization algorithm. The advantage of this
formulation is twofold: (i) it provides a rotation-invariant loss function for measuring
alignment quality, and (ii) it directly yields the optimal rotation parameters required
for realigning Y with X. The learned transformation parameters thus represent the
optimal rotation that minimizes the ECT-based discrepancy, offering both theoretical
soundness and practical utility in data alignment tasks.

Geometric graphs serve as a compelling test case for the utility of our method,
particularly in addressing the challenging problem of graph re-alignment. In this
analysis, we focus on a specific type of geometric graph known as the k-star graph.
A k-star graph is defined as a tree consisting of a single central node connected
to k leaf nodes, representing a simple yet structurally significant configuration that
encapsulates fundamental geometric properties (see Figure 5.2 for examples of
different k-star graphs).

To embed the graph into a two-dimensional space, we assign each node a unique
2D vector while ensuring that all leaf nodes are equidistant from the central node,
thereby preserving structural symmetry. To introduce variability and evaluate robust-
ness, the embedded graph is then subjected to a random rotation in R2, simulating
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realistic perturbations encountered in practical applications. The primary objective
of this experiment is to recover the original orientation of the graph by learning the
appropriate rotation matrix using the metric introduced in Section 5.3.

To assess the effectiveness of our approach, we measure the similarity between the
original graph and its re-aligned counterpart using the Hausdorff distance, a widely
used metric that quantifies the maximal deviation between two point sets. To ensure
statistical significance, we repeat the learning procedure over 200 independent trials
while maintaining consistent initializations for both the graph and the applied rotation
matrix.

The results, summarized in Figure 5.2, clearly demonstrate the strength of our
method. Specifically, the realignment process consistently achieves small Hausdorff
distances, with median values close to zero, indicating near-perfect recovery of
the original graph’s orientation. In contrast, the Hausdorff distances between the
original graph and its perturbed version remain significantly larger, underscoring the
effectiveness of our approach in mitigating rotational distortions.

It is well established that equivariant graph neural networks (GNNs) struggle to
differentiate the orientation of rotationally symmetric structures [98]. By contrast,
our method provides a natural mechanism for encoding rotation-sensitive graph
representations while preserving the ability to recover rotation-invariant properties
through alignment of the underlying ECT representations.

5.5. Discussion

In this chapter, we introduced the Local Euler Characteristic Transform (ℓ-ECT),
presenting a novel approach to graph representation learning that preserves local
structural information without relying on feature aggregation. Our method addresses
fundamental limitations inherent to message-passing neural networks, particularly
in scenarios where aggregating neighboring information is suboptimal—such as in
heterophilous graph structures. By retaining essential local details, ℓ-ECT-based rep-
resentations enable more nuanced and expressive embeddings, yielding significant
advantages in node classification tasks.

A key strength of our approach is its model-agnostic nature, allowing ℓ-ECT repre-
sentations to be effectively combined with a wide range of machine learning models,
including interpretable approaches such as decision trees and gradient boosting.
This flexibility makes ℓ-ECT-based methods particularly suitable for applications
where transparency is essential, such as in healthcare, finance, and legal decision-
making. Unlike conventional black-box neural networks, which often struggle to
provide clear explanations for their predictions, ℓ-ECT-based models offer inter-
pretability while maintaining expressive power, making them a promising alternative
for domains with strict regulatory requirements.

Beyond graph representation learning, the ℓ-ECT framework has the potential for
applications in areas where local structural information plays a crucial role. Fur-
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thermore, the ability to extend ℓ-ECT to higher-dimensional simplicial complexes
suggests promising applications in simplicial learning, where higher-order relation-
ships in data can be analyzed in a computationally efficient manner.

While this study establishes the theoretical and empirical advantages of ℓ-ECT-
based representations, several directions remain for future research. Developing
more efficient algorithms for computing ℓ-ECT at scale is an important step toward
applying these methods to massive graph datasets. Exploring hybrid approaches
that balance local and global information more effectively could further enhance
performance, potentially by integrating ℓ-ECT into message-passing neural networks.
In this regard, the use of ℓ-ECT as a structural positional encoding within GNN
architectures may provide additional benefits by allowing models to better capture
spatial relationships in graph data. Moreover, improving sampling techniques for
selecting filtration directions could optimize the trade-off between computational cost
and representational fidelity.

Overall, the versatility and effectiveness of ℓ-ECT demonstrate its potential as a
novel tool in graph representation learning and beyond. By improving its scalability,
integrating it with existing deep learning frameworks, and refining its adaptability to
complex data structures, ℓ-ECT has the potential to become a powerful asset in the
field of geometric and topological machine learning.
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The methods presented in this chapter mark a significant departure from the pre-
ceding ones by shifting from a local to a global perspective on topological machine
learning. While the previous chapters introduced local geometrical-topological ap-
proaches that focus on capturing fine-grained structure within small neighborhoods
of data, the method introduced here leverages global topological properties in the
context of Bayesian inference. This shift is motivated by the necessity of under-
standing large-scale structural patterns in data, which are often beyond the reach of
purely local techniques.

Topological descriptors, such as persistence diagrams, inherently encode global
information about the shape of data, making them particularly useful in scenarios
where local geometric features alone are insufficient. This global perspective is
essential for robust inference in cases where the underlying data structure exhibits
significant complexity, as seen in generative models of fluid dynamics, collective
motion, and percolation processes. Unlike local approaches, which primarily rely on
small-scale interactions, the method presented in this chapter integrates topological
data analysis into Bayesian inference, allowing for a more holistic understanding of
data distributions.

This global perspective enables robust inference in settings where the overall shape
of data, rather than its local geometry, plays a crucial role.

6.1. Introduction

Topological machine learning methods provide a framework for analyzing the ‘shape’
of data at multiple scales while maintaining robustness against various types of
noise. This robustness and multi-scale perspective have led to the development of
hybrid models that combine geometric and topological techniques across diverse
application domains, including computer vision [93, 195], graph learning [89, 199,
209], time series analysis [204], and representation learning [32, 122]. The ability of
topological descriptors to capture global structural properties of data has made them
particularly useful in scenarios where classical geometric or statistical approaches
fall short.

Despite their advantages, topological methods face significant challenges when
integrated into Bayesian inference frameworks. Many real-world data analysis tasks
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require the ability to incorporate topological information within a Bayesian setting.
Such requirements arise when the ‘shape’ of data provides crucial insights for
inference, when uncertainty quantification is essential, or when data availability is
too limited for deep learning-based approaches.

A Bayesian approach to inference typically assumes a prior distribution p(θ) over
parameters and uses observed data y to update beliefs via Bayes’ theorem:

p(θ|y) = p(y | θ)p(θ)
p(y)

. (6.1)

This formulation provides not only point estimates of parameters but also a full
characterization of uncertainty. However, applying this approach to complex gen-
erative models presents notable difficulties. The likelihood function p(y | θ), and
consequently the marginal likelihood p(y) =

∫
p(y | θ)p(θ)dθ, are often analytically

intractable.

Furthermore, the nature of many real-world problems requires inference techniques
that are invariant to isometries (such as translations and rotations), a property
that topological methods are well-suited to address [84]. To ensure a successful
integration of topology into Bayesian inference, two key requirements must be met:
(i) the inference framework must effectively incorporate topological descriptors from
the observed data y, and (ii) it must provide a theoretically sound method for defining
and updating posterior beliefs.

Both of these criteria are essential for overcoming the current limitations of topologi-
cal machine learning in complex real-world scenarios. The importance of addressing
these issues is particularly pronounced in settings where traditional neural network-
based approaches are infeasible due to small data availability (e.g., expensive
simulations) or the necessity of robust uncertainty quantification.

In the absence of an explicit likelihood function, we assume that the only access to
parameter information comes from generative simulation models, represented by
samples x ∼ p(x | θ). Crucially, we do not assume that p(x | θ) is differentiable in θ,
precluding the use of standard neural network-based inference techniques. This
assumption is particularly relevant in modeling chaotic systems such as collective
motion, where tipping points lead to highly non-continuous behavior.

Instead, we introduce a framework that leverages a loss function ℓ(x, y), which
measures the discrepancy between generated samples x and observed data y.
Under this setting, we define the posterior distribution as

π(θ | y) =
∫
exp(−ℓ(y, x))p(x | θ)p(θ)dx∫∫
exp(−ℓ(y, x))p(x | θ)p(θ)dxdθ . (6.2)

This posterior captures uncertainty within the generative model and provides a
mechanism for parameter estimation without requiring explicit likelihood functions.

A fundamental challenge in this framework is the selection of a suitable loss function
ℓ. Traditional approximate Bayesian computation (ABC) methods often rely on
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summary statistics derived from data, but these are rarely sufficient for capturing
all relevant information. On the other hand, purely geometric losses, such as
the Hausdorff distance, may fail to preserve the necessary information for robust
inference.

In this chapter, we (i) introduce a novel framework that integrates Bayesian inference
with topological machine learning via efficient geometrical–topological loss terms,
(ii) show that the resulting posterior distribution can be interpreted as a solution to a
generalized Bayesian optimization problem, (iii) develop sampling algorithms that
leverage topology-aware loss functions for Bayesian inference, and (iv) demonstrate
the practical utility of our approach on multiple complex generative models.

By adopting a Bayesian perspective, our framework naturally incorporates prior
knowledge, allowing for more interpretable and robust inference compared to black-
box models. Our work contributes to the growing field of simulation-based inference
by providing a principled way to integrate topological information into parameter
estimation. The results of this chapter are essentially based on Rohrscheidt, Rieck,
and Schmon [158].

6.2. Related Work

Uncertainty quantification in complex models with intractable likelihoods has been
an active area of research, leading to the development of various Bayesian inference
methods. These approaches seek to approximate the posterior distribution when
direct computation is infeasible. While each method introduces a unique perspective
on inference, they also come with inherent challenges, including computational
tractability, robustness, and theoretical guarantees.

One widely used class of methods is Approximate Bayesian Computation (ABC) [176,
142, 10], which circumvents explicit likelihood evaluation by simulating data from
the model and accepting parameter values that yield sufficiently similar synthetic
observations to real data. The degree of similarity is determined by a predefined
discrepancy function and an acceptance threshold.

A key limitation of ABC is the sensitivity to the choice of the rejection threshold.
A too-stringent threshold leads to prohibitively high computational costs, while an
overly permissive threshold can result in biased posterior estimates with incorrect
credible regions [75]. Moreover, rejection-based ABC methods exhibit non-standard
asymptotic behavior in the presence of model misspecification [74].

To improve the efficiency and stability of ABC, Wasserstein ABC [18] introduces
optimal transport distances as a metric between observed and simulated data.
However, while this approach refines the selection process, it still fundamentally
relies on rejection sampling, which remains computationally expensive.

Several works have explored alternative formulations of Bayesian inference by
constructing generalized posteriors based on discrepancy measures rather than like-
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lihood functions. Notable examples include posterior constructions using maximum
mean discrepancy (MMD) [134, 41], which replace explicit likelihood computation
with kernel-based similarity measures. However, these methods rely on theoreti-
cal losses of the form ℓ(y, θ) = Ep(x|θ)[ℓ(y, x)], which must be approximated using
empirical samples, potentially introducing bias and numerical instability.

An alternative approach involves discrepancy-based Bayesian inference, where
robustness is achieved by treating observed data as a coarsened version of latent
data. Miller and Dunson [119] introduced a Bayesian coarsening framework that
enhances robustness by broadening the data-generating process rather than relying
on pointwise likelihood evaluations.

Topological Data Analysis (TDA) has recently gained traction for analyzing gen-
erative models by capturing global structural properties of data. Prior work has
primarily focused on parameter inference for pre-defined probabilistic models of
persistence diagrams [114, 129], demonstrating the expressive power of TDA in
complex systems.

More directly relevant to our approach, Topaz, Ziegelmeier, and Halverson [179]
employed persistent homology to qualitatively analyze swarming models, such as
the Vicsek model, revealing topological patterns in emergent collective behavior.
However, their analysis remained descriptive rather than inferential.

A closer approach to ours is that of Thorne, Kirk, and Harrington [178], who incor-
porated topological summary statistics into ABC via rejection sampling. While this
method represents one of the first integrations of TDA within the ABC framework,
it suffers from multiple parameter choices, including the selection of topological
descriptors and rejection thresholds, which require domain expertise.

Our method advances the intersection of Bayesian inference and TDA by directly
integrating topological information into posterior construction without relying on re-
jection sampling or empirical approximations of theoretical losses. Unlike previous
TDA-based ABC methods, our approach operates on full persistence information
rather than predefined summary statistics, thereby preserving richer structural char-
acteristics of data. Moreover, by formulating inference through a loss-based posterior,
we provide a more theoretically grounded framework that mitigates sensitivity to
arbitrary parameter choices inherent in rejection-based methods.

6.3. Methods

6.3.1. Comparison-Based Posteriors

Within the Bayesian framework, unknown quantities, such as parameters denoted
by θ, are endowed with a probability distribution p(θ), commonly referred to as the
prior distribution. This prior encodes assumptions or domain knowledge about the
parameters before any data is observed. The process of incorporating observed
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data y to update beliefs about θ is formalized through Bayes’ theorem:

p(θ|y) = p(y|θ)p(θ)
p(y)

, (6.3)

where p(y|θ) is the likelihood function, quantifying how probable the observed
data is under a given parameter setting, and p(y) is the evidence, which serves
as a normalizing constant ensuring that the posterior remains a valid probability
distribution.

However, a key challenge in practical applications of Bayesian inference arises
when the likelihood function p(y | θ) is either unknown or intractable, making exact
inference computationally prohibitive. This difficulty is particularly pronounced in
complex domains where the data exhibits intricate geometrical and topological
structures, making the likelihood analytically unaccessable.

To circumvent this issue, alternative formulations of Bayesian inference have been
proposed that relax the reliance on an explicit likelihood function. One such ap-
proach involves the concept of generalized Bayesian inference, which replaces the
traditional likelihood function with a more flexible loss function [20]. This perspec-
tive is motivated by viewing Bayesian inference as the solution to an optimization
problem, as established in prior work on decision-theoretic foundations of Bayesian
methods [47, 56, 203].

Specifically, Bayesian inference can be cast as the minimization of a functional that
balances two competing objectives: (i) fidelity to the data, represented through the
expected log-likelihood, which we seek to maximize, and (ii) adherence to prior
knowledge, encoded via the Kullback–Leibler (KL) divergence between the prior and
the posterior candidate q(θ). Mathematically, this optimization problem is given by:

arg min
q∈P(Θ)

{Eq[− log p(y|θ)] + KL(q(θ) ∥ p(θ))} , (6.4)

where the solution recovers the classical Bayesian posterior q∗(θ) = p(θ|y).

Recent advances have generalized this optimization-based perspective, demon-
strating that coherent posterior updates can be achieved even when replacing the
negative log-likelihood − log p(y | θ) with an arbitrary loss function l(y, θ) [20, 103].
This leads to the generalized Bayesian posterior:

arg min
q∈P(Θ)

{Eq[l(y, θ)] + KL(q(θ) ∥ p(θ))} , (6.5)

with the corresponding solution given by:

q∗(θ) =
exp(−l(y, θ))p(θ)∫
exp(−l(y, θ))p(θ)dθ =: πGBI(θ | y). (6.6)

A fundamental limitation of this generalization is that the loss function l(y, θ) still
requires an explicit mapping between observations y and parameters θ, which
may not be readily available in many practical scenarios. To address this, an

77



6. Global Topology and Bayesian Inference

alternative strategy involves leveraging expectations over simulated data drawn from
a generative model. In particular, given a probabilistic model p(x | θ) that generates
synthetic observations x conditioned on θ, we define the loss function as:

l(y, θ) := Ep(x | θ)[ℓ(y, x)] ≈
1

N

N∑
i=1

ℓ(y, xi), (6.7)

where xi ∼ p(x | θ) are sampled observations, and ℓ(y, x) is a discrepancy function
measuring the divergence between the observed data y and the generated sample
x.

Replacing l(y, θ) with a sample-based approximation, however, introduces a fun-
damental challenge: due to the non-linearity of the exponential function, Jensen’s
inequality implies that the resulting posterior distribution deviates from the idealized
formulation in Eq. (6.6). This discrepancy can lead to systematic biases in the
inferred posterior distribution.

In the following, we demonstrate that a principled construction of a valid posterior can
still be achieved by directly incorporating the loss function ℓ(y, x) into the Bayesian
update procedure. This yields an alternative Bayesian inference framework that is
both computationally feasible and theoretically well-founded.

Uncertainty estimates based on distance functions have played a fundamental role in
Bayesian statistics, particularly as a means of approximating posterior distributions.
A notable example is approximate Bayesian computation (ABC) [176, 142, 10],
where the likelihood function is replaced with a similarity-based criterion.

In this section, we demonstrate that a modification of this approach—specifically, a
generalized posterior as proposed by Schmon, Cannon, and Knoblauch [166]—can
yield a theoretically rigorous posterior update mechanism. The central idea involves
leveraging a loss function ℓ(y, x) to construct a joint posterior that incorporates both
simulated data x ∼ p(x | θ) and real observations y. This leads to the joint posterior
distribution:

π(θ, x | y) ∝ exp (−ℓ(y, x)) p(x | θ)p(θ). (6.8)

Despite its appeal, this formulation presents two primary challenges. First, it is
not immediately clear whether Eq. (6.8) provides a meaningful quantification of
uncertainty. Second, since x represents simulated rather than observed data,
marginalization over possible values of x is required, leading to the generalized
posterior:

π(θ | y) =
∫
X exp (−ℓ(y, x)) p(x | θ)p(θ)dx∫∫

X×Θ exp (−ℓ(y, x)) p(x | θ)p(θ)dxdθ . (6.9)

We establish below that Eq. (6.9) constitutes a valid (generalized) posterior under
an optimization-based formulation. In particular, the following theorem formalizes
this result:
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Theorem 6.3.1. The comparison-based posterior

π(θ, x | y) = exp (−ℓ(y, x)) p(x | θ)p(θ)∫
X

∫
Θ exp (−ℓ(y, x)) p(x | θ)p(θ)dθdx (6.10)

is the solution q∗(θ, x) = π(θ, x | y) to the optimization problem:

argmin {Eq[ℓ(y, x)] + KL (q(θ, x), p(x|θ)p(θ))} , (6.11)

where the minimization is over all q ∈ P(Θ× X).

Proof.

qB = argminq {Eq [ℓ(y, x)] +KL (q(x, θ), p(x|θ)π(θ))}

= argminq

{∫∫
ℓ(y, x)q(x, θ)dxdθ +

∫∫
log

q(x, θ)

p(x|θ)π(θ)q(x, θ)dxdθ
}

= argminq

{∫∫
log (exp ℓ(y, x)) q(x, θ)dxdθ +

∫∫
log

q(x, θ)

p(x|θ)π(θ)q(x, θ)dxdθ
}

= argminq

{∫∫
log

(
q(x, θ)

p(x|θ)π(θ) exp (−ℓ(y, x))

)
q(x, θ)dxdθ

}
= argminq

{∫∫
log

(
q(x, θ)

p(x|θ)π(θ) exp (−ℓ(y, x))Z−1

)
q(x, θ)dxdθ

}
− logZ

= argminq KL
{
q(x, θ), p(x|θ)π(θ) exp (−ℓ(y, x))Z−1

}
.

Hence, the minimiser q is such that

q(x, θ) =
p(x | θ)π(θ) exp (−ℓ(y, x))

Z
, q(θ) =

∫
q(x, θ)dx

and
Z :=

∫∫
exp (−ℓ(y, x)) p(x | θ)π(θ)dxdθ.

In Eq. (6.11), the first term quantifies the expected loss under the posterior, where
the loss function ℓ(y, x) measures the discrepancy between observed and simulated
data. This flexibility allows for the integration of domain-specific knowledge, such as
topological constraints.

The second term in Eq. (6.11) enforces proximity to the prior, akin to standard
Bayesian inference, with the key distinction that p(θ) in conjunction with the gener-
ative model p(x | θ) naturally encodes prior beliefs about data structure. Thus, the
KL divergence term ensures consistency between the joint prior and the inferred
posterior.

Importantly, Theorem 6.3.1 demonstrates that the comparison-based posterior of
Eq. (6.8) is a principled solution to an optimization-based formulation, analogous to
the original optimization problem. This provides a strong justification for employing
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comparison-based posteriors as a form of approximate inference, particularly when
a well-defined loss function is available.

While distance-based loss functions have been previously used in settings where
parameters are indirectly inferred via simulation, they are often regarded as approxi-
mations of an idealized loss:

ℓ(y, θ) := lim
n→∞

n∑
i=1

ℓ(y, xi), (6.12)

where xi ∼ p(x | θ). Our result, however, establishes that comparison-based poste-
riors should not merely be viewed as heuristic approximations, but rather as valid
generalized Bayesian posteriors in their own right.

Consequently, our approach generalizes classical Bayesian inference by allowing
for more flexible modeling of the data generation process. Instead of assuming
that observed data is generated precisely according to p(y | θ), we accommodate
settings where the data originates from a distribution that produces values close to y
in terms of the loss function ℓ. This enhances robustness to model misspecification
and makes our framework particularly well-suited for data with complex topological
properties.

6.3.2. Inference for Comparison-Based Posteriors

Evaluating posteriors such as those given by Eq. (6.9) analytically is typically infea-
sible due to the high-dimensional integrations involved. One potential alternative is
to directly target a variational distribution, as outlined in Eq. (6.11). However, this
approach encounters significant challenges.

The first challenge arises from the intractability of the distribution p(x | θ), which
complicates the computation of the KL divergence term in the variational objective.
Since p(x | θ) is often a complex generative process, estimating the KL divergence
reliably can be difficult, particularly when the likelihood function is unavailable in
closed form.

The second challenge pertains to the computation of gradients. In variational infer-
ence, optimizing the variational distribution typically requires propagating gradients
through the underlying simulation model. However, many complex simulation mod-
els are either non-differentiable with respect to their parameters or computationally
expensive, thereby making gradient-based optimization impractical. The high com-
putational cost of simulation-based methods imposes practical limitations. Many
simulation models require substantial computational resources to generate a single
data point, making large-scale data generation infeasible. This significantly limits
the applicability of gradient-based optimization techniques in practice.

To address these issues, Monte Carlo sampling techniques provide a viable alter-
native. Specifically, methods such as self-normalized importance sampling and
pseudo-marginal Markov chain Monte Carlo (MCMC) [5] enable the estimation of
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Algorithm 1 Importance Sampling Estimation of the Mean

Require: Observed data y, test function h
Ensure: Estimate ĥ(θ)

1: for i← 1 to n do
2: Sample θi ∼ p(θ)
3: Sample xi ∼ p(x | θi)
4: end for
5: Compute:

ĥ(θ)←
∑n

i=1 h(θi)e
−wℓ(y,xi)∑n

i=1 e
−wℓ(y,xi)

return ĥ(θ)

expectations with respect to posteriors of the form in Eq. (6.9) without requiring
explicit likelihood evaluations.

Algorithm 1 outlines a self-normalized importance sampling procedure. Under mild
regularity conditions [e.g. 132, Theorem 9.2], almost-sure convergence can be
established for a test function of interest h, yielding the approximation:∑n

i=1 h(θi)e
−ℓ(y,xi)∑n

i=1 e
−ℓ(y,xi)

(6.13)

which converges to∫∫
h(θ)e−ℓ(y,x)p(x | θ)p(θ)dxdθ∫∫
e−ℓ(y,x)p(x | θ)p(θ)dxdθ = Eπ(θ | y)[h(θ)] (6.14)

as n→∞.

Another widely used approach is Markov chain Monte Carlo (MCMC), which con-
structs a Markov chain that converges to the target distribution in Eq. (6.9). Algorith-
mic details are provided in Algorithm 2. These MCMC-based methods are known
to converge to the desired posterior distribution under mild regularity conditions [5,
Theorem 1].

6.3.3. Losses Based on Geometry & Topology

Having introduced multiple inference algorithms suitable for our approach, we now
discuss the construction of topology-based loss functions.

Persistence diagrams can be equipped with a metric structure via optimal trans-
port. Given two persistence diagrams D and D′ containing features of the same
dimensionality, we recall that their pth Wasserstein distance is given by

Wp

(
D,D′) := ( inf

η : D→D′

∑
x∈D
∥x− η(x)∥p∞

) 1
p

, (6.15)
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Algorithm 2 MCMC Approximation of the Target

Require: Observed data y, start value θ0, proposal distribution q(ϑ | θ)
Ensure: Sequence θ = (θ1:K)

1: Sample X0 ∼ p(x | θ0)
2: for i← 1 to K do
3: Sample U ∼ Unif[0, 1]
4: Sample θ′ ∼ q(· | θi−1)
5: Sample X ′ ∼ p(x | θ′)
6: Compute:

a(θi−1, θ
′)← e−ℓ(y,X′)p(θ′)

e−ℓ(y,Xi−1)p(θi−1)

q(θi−1 | θ′)
q(θ′ | θi−1)

7: if U ≤ a(θi−1, θ
′) then

8: Set θi ← θ′, Xi ← X ′

9: else
10: Set θi ← θi−1, Xi ← Xi−1

11: end if
12: end for

return θ = (θ1:K)

where η(·) denotes a bijection. Since D and D′ may have different cardinalities, we
extend each diagram with an infinite set of diagonal points (τ, τ) of zero persistence.
This ensures the existence of a suitable bijection η(·). Modern optimal transport
algorithms provide efficient solutions to Eq. (6.15) [73].

While Eq. (6.15) defines a proper mathematical metric, alternative descriptors such
as Betti curves [152] or persistence images [1] offer computationally efficient alter-
natives. Persistence images, in particular, enable the use of fast L1 or L2 distances
while retaining topological structure. Although the L2 distance between persistence
images shares properties with the Wasserstein distance [1], it operates on a dis-
cretized representation, potentially leading to information loss. Another approach
involves employing similarity kernels between persistence diagrams [107, 147],
which, while not strict metrics, provide computationally efficient alternatives without
requiring vectorization.

To integrate computational topology into Bayesian inference, we propose combining
posterior updates with a topological loss function. Given observed data y and simu-
lated data x ∼ p(x | θ), let Dx and Dy be the corresponding persistence diagrams.
We define the topological loss function ℓT : Y × X→ R as:

ℓT (y, x) := Wp(Dy,Dx). (6.16)

This formulation generalizes to different data modalities. For point clouds, we
compute persistence diagrams using the Vietoris–Rips complex. For image data,
we extract diagrams from cubical complexes, e.g. allowing applications to medical
imaging such as MRI scans [154].

In our implementation, we use p = 2 for the Wasserstein metric unless stated other-
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wise. We rely on giotto-tda [174], which employs an approximate auction algorithm
with worst-case complexity O

(
n ·m · log

(
ϵ−1
))

, where n and m are the number of
points in the respective persistence diagrams and ϵ is a precision parameter.

The Wasserstein distance between persistence diagrams is stable in the sense that
geometric closeness upper-bounds topological similarity. Given two point clouds
Y,X of the same cardinality:

Wp(Dy,Dx) ≤ CpWp(Y,X), (6.17)

where Cp is a constant depending on p, and Wp(Y,X) is computed on the original
point clouds [172]. Since Wp(·, ·) ≤Wp′(·, ·) for p′ ≤ p, choosing a lower p improves
stability, with p = 2 striking a balance between robustness and sensitivity.

Furthermore, our loss function ℓT is invariant under isometries [60] and remains
stable under subsampling [122]. While geometric closeness implies topological
similarity, the converse does not hold, justifying the use of topological losses for
inference tasks where shape information is critical. We validate this empirically in the
subsequent section, showing that topological losses enhance parameter estimation
accuracy.

As a baseline, we introduce a geometric loss based on the Hausdorff distance
between point clouds X and Y. Given a metric space (M,d) and two non-empty
subsets X,Y ⊆M , we recall that their Hausdorff distance (w.r.t. M ) is given by:

ℓG(X,Y) := inf{ϵ ≥ 0 |X ⊂ Yϵ,Y ⊂ Xϵ}, (6.18)

where Xϵ = ∪x∈X{m ∈M ; d(m,x) ≤ ϵ} denotes the ϵ-thickening of X in M .

While the Hausdorff distance is computationally simpler, it lacks invariance properties
and may be less informative for complex data structures. For |X| = n and |Y | = m,
its computational complexity is O(n ·m). As we demonstrate in our experiments, it
is less effective than topological losses in data generation tasks involving intricate
structures.

6.4. Experiments

We empirically validate the effectiveness of our proposed method through three
primary experiments, comparing topological losses with their geometric counterparts
based on the results from Section 6.3.

The first two experiments focus on parameter inference for chaotic simulation models,
which inherently represent an inverse problem. These models serve as ideal test
cases for topology-driven Bayesian inference methods, as they exhibit two funda-
mental challenges: (i) their likelihood functions are analytically intractable due to their
complex dynamics, and (ii) they are non-differentiable owing to phenomena such as
tipping points. These properties render both neural network-based approaches and
conventional Bayesian inference methods ineffective.
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Our method overcomes these difficulties by requiring only a relatively small number
of simulations (here, 250) to achieve reliable inference. This stands in stark con-
trast to neural network-based techniques, which generally demand substantially
larger datasets for training. This characteristic makes our approach particularly
advantageous in settings where simulations are computationally expensive. Each
experiment is conducted using 100 observation points for inference, and we assume
normal distributions for both the prior and the proposal distribution in the MCMC
procedure. The weight parameter w in the importance sampling procedure is fixed
at 10.

The third experiment employs a synthetic model to demonstrate the applicability
of our method in imaging-based inference tasks. This experiment highlights the
flexibility of our approach and its capability to extract meaningful topological features
in the context of structured data, such as images.

Across all three experiments, we observe that topological losses consistently outper-
form their geometric counterparts, reinforcing the utility of our method for parameter
estimation.

To further contextualize our results, we compare our approach against standard
summary statistics commonly used in Approximate Bayesian Computation (ABC), as
detailed in Chapter C. Notably, our topology-driven method demonstrates superior
performance relative to traditional Lp-norms applied to summary statistics in the first
two non-synthetic experiments. This finding underscores the practical benefits of
our approach, particularly for practitioners seeking robust inference techniques in
complex generative models.

As a consistency check, we apply our method to infer the radius parameters of
two geometric objects: the 2-sphere and the 2-torus. The results of this inference
process are summarized in Table C.1 in the appendix, further corroborating the
reliability of our proposed approach.

6.4.1. Vicsek Model: Swarm Behaviour

The Vicsek model is a widely studied agent-based model designed to investigate
collective motion phenomena such as swarming and flocking. The fundamental
principle behind the model is that each agent aligns its direction with its nearest
neighbors at each time step. This alignment is subsequently perturbed by an
additional stochastic term, introducing an element of randomness to the dynamics.
The updated alignment angle determines the direction of movement for the following
time step, where all agents move with a constant, time-invariant speed.

Following Vicsek et al. [191], the alignment angle update for an individual agent i is
given by:

θ(t+ 1) = ⟨θ(t)⟩r +∆θ, (6.19)

where ⟨θ(t)⟩r denotes the mean angle of all agents within a distance r of agent i, and
∆θ is a noise term sampled uniformly from the interval [−η/2, η/2] with 0 ≤ η ≤ 2π.
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Figure 6.1.: Left to right: simulations of the Vicsek model for η = 0.15, 0.3 and
0.6, respectively. For lower values of η swarming behaviour emerges,
whereas for higher values of η swarms tend to merge and the model
becomes more ergodic. This figure was recreated from Rohrscheidt,
Rieck, and Schmon [158].

The agent’s updated position is then obtained by moving at a constant speed in the
direction of the newly computed alignment angle.

Despite the analytical expression for the position of each agent at any given time step,
the complex interdependencies between agents result in emergent behaviors that
cannot be captured in closed form. Consequently, the system exhibits highly intricate
dynamics over time, rendering its likelihood function intractable. This necessitates a
simulation-based inference approach, as conventional likelihood-based methods are
not applicable in this setting.

To evaluate the effectiveness of topological losses in parameter inference when the
likelihood function is not analytically tractable, we focus on estimating the noise
parameter η after a given number of iterations (time steps) of the Vicsek model.

We distribute 2000 agents across a square domain of edge length L = 25, where
opposite edges are identified while preserving orientation. As a result, the system
evolves on the surface of a 2-torus.

For the inference of η, we conduct 250 simulations per sampling method, aiming to
estimate η after 5, 10, and 50 iterations of the model, respectively, with each inference
procedure being repeated 5 times for robustness. Given that the Vicsek model
produces point cloud data, we compute Vietoris–Rips complexes and compare the
associated persistence diagrams. As a baseline, we employ the Hausdorff distance
between point clouds, with the corresponding results summarized in Fig. 6.2.

Our experiments demonstrate that the topological loss combined with the MCMC
sampling procedure consistently outperforms alternative approaches across all
tested settings, yielding highly accurate parameter estimates even after 50 time
steps. In contrast, estimators derived using the Hausdorff loss exhibit significantly
weaker performance, particularly in regimes approaching ergodicity (i.e., for larger
values of η).
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Figure 6.2.: Summary of parameter estimates for the noise parameter η of the
Vicsek model, using 5 repetitions of the inference procedure. Each
subplot depicts estimates for η ∈ {0.15, 0.30, 0.60}, respectively. The
true parameter is shown as a solid black line. The horizontal axis shows
the number of iterations of the Vicsek model. Estimates based on the
geometrical loss ℓG are less accurate than the topological loss ℓT , in
particular for larger number of iterations. This figure was recreated from
Rohrscheidt, Rieck, and Schmon [158].

Finally, we note that our proposed topological loss formulation also surpasses
standard rejection sampling techniques that rely on summary statistics, as detailed
in Chapter C.

6.4.2. Fluid Dynamics: Lattice Boltzmann Simulation

Lattice Boltzmann methods (LBM) constitute a family of numerical algorithms de-
signed for fluid simulation. Unlike conventional approaches that enforce the con-
servation of macroscopic properties in a dynamical system, LBM operates on a
discrete lattice, where fluid behavior emerges through local propagation and collision
processes applied to all particles simultaneously. For a comprehensive introduction,
we refer to Krüger et al. [105].

In our setup, the initial state of each particle is initialized uniformly, followed by the
addition of independent noise sampled from a normal distribution. This stochastic
perturbation introduces variability into the system, allowing for the modeling of
realistic fluid dynamics under uncertain conditions.

This portion of randomness is controlled by a global parameter η ≥ 0, where higher
values of η correspond to a higher portion of noise in the initialisation. The crucial
observation is that the degree of turbulence in the system can be modelled by
varying η, as is shown in Fig. 6.3. Our objective is therefore to infer the parameter
η, which corresponds to a given observation after a certain amount of iterations in
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(a) low turbulence

(b) medium turbulence

(c) high turbulence

Figure 6.3.: Left to right: simulations of the fluid model after 3000 iterations, for
η = 0.2, 0.3 and 0.4, respectively. For lower values of η, the fluid flow
is less turbulent than for higher values of η. This figure was recreated
from Rohrscheidt, Rieck, and Schmon [158].

the model, where we fix this number of iterations to be t = 3000 time steps. As
the topological loss, we use the Wasserstein distance between the persistence
diagrams of the cubical complexes corresponding to the observed and the simulated
state, respectively, while the Hausdorff distance between the states serves as a
baseline comparison. Table 6.1 shows the results; we observe that the topological
loss together with importance sampling outperforms the geometrical loss in both
configurations, by far. Again, rejection sampling in combination with summary
statistics performs less reliably; see Chapter C.

Table 6.1.: Estimating the randomness parameter of the lattice Boltzmann model
after 3000 simulation iterations, using 5 repetitions of the inference proce-
dure. The topological loss together with importance sampling outperforms
all of the other configurations. This table was recreated from Rohrscheidt,
Rieck, and Schmon [158].

Randomness parameter η

Loss Sampling method 0.20 0.30 0.40

ℓG
Importance sampling 0.16 ± 0.02 0.22 ± 0.04 0.35 ± 0.13
MCMC 0.15 ± 0.10 0.91 ± 1.64 0.38 ± 0.25

ℓT
Importance sampling 0.21 ± 0.01 0.27 ± 0.00 0.38 ± 0.01
MCMC 2.28 ± 1.40 1.71 ± 0.81 2.35 ± 1.10
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Table 6.2.: Estimating the parameter of the Percolation model, using 5 repetitions of
the inference procedure. The topological loss together with either impor-
tance sampling or MCMC sampling outperforms all other configurations.
This table was recreated from Rohrscheidt, Rieck, and Schmon [158].

Randomness parameter p

Loss Sampling method 0.15 0.30 0.60

ℓG
Importance sampling 0.18 ± 0.00 0.30 ± 0.47 0.59 ± 0.00
MCMC 3.18 ± 2.55 1.30 ± 0.47 2.18 ± 1.47

ℓT
Importance sampling 0.15 ± 0.00 0.29 ± 0.00 0.59 ± 0.01
MCMC 0.15 ± 0.02 0.29 ± 0.00 0.59 ± 0.00

6.4.3. Percolation Model: Multi-Scale Structures

In statistical physics, percolation describes the behavior of a network as links
are added incrementally. This process can be interpreted as a geometric phase
transition, wherein, at a critical threshold, disconnected components merge into
large, connected clusters with the addition of a small fraction of links.

In our setting, the percolation model is probabilistic, meaning that links are added
at random with probability p. The objective is to infer the value of p based on the
observed network structure. We represent this network as a 2D greyscale image of
pixel size n2, where n is a positive integer. Here, we note that a greyscale image
can be interpreted as an undirected graph by defining the set of vertices as the set
of pixels and establishing edges between neighboring pixels if both have nonzero
intensity values.

Each pixel in the image is assigned a value v, where v = 0 with probability 1 − p,
and v is drawn uniformly from the set {1, . . . , vmax} with probability p. Here, vmax

represents the maximum attainable greyscale value, which we set to 50 in our
experiments.

For the inference of p, we perform 250 simulations for both importance sampling
and MCMC sampling. Given that we are working with greyscale images, we extract
persistence diagrams using cubical complexes.

We evaluate our proposed topological loss ℓT against commonly used imaging
losses, including mean squared error (MSE), root mean squared error (RMSE),
the universal image quality index (UQI), the relative average spectral error (RASE),
the spatial correlation coefficient (SCC), and the pixel-based visual information
fidelity (VIFP). Since SCC and VIFP consistently outperform other metrics and yield
comparable results, we only report SCC-based comparisons in Table 6.2 (see [211]
for details on SCC construction).

Our results indicate that the topology-based loss ℓT , in combination with MCMC
sampling, significantly outperforms the alternative methods.

Interestingly, in this particular experiment, rejection sampling using a mean statistic
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achieves superior performance. This behavior stems from the specific characteristics
of the percolation model, which allow for parameter inference based solely on the
mean of pixel values. A more detailed discussion is provided in Chapter C.

Across our experiments, topological losses consistently outperform their geometrical
counterparts. This observation underscores the value of topological descriptors
in simulation-based inference. Complex systems often exhibit emergent collective
behavior that is best captured by their topological structure rather than geometric
properties. Geometric losses, which rely on precise positional information, fail to
capture these global patterns, as small perturbations in individual elements may
lead to large deviations in geometric metrics. In contrast, topological features tend
to be more stable with respect to input parameters, making them a promising tool for
a broad range of inference problems.

6.5. Discussion

We have introduced a novel Bayesian approach that integrates topological infor-
mation into parameter estimation. Building upon the framework of generalized
Bayesian inference, our method incorporates a topology-based loss function into the
construction of the posterior distribution. This methodology is particularly well-suited
for scenarios where the likelihood function is intractable, i.e., only accessible through
simulations.

Our approach provides a theoretically grounded posterior belief update that ad-
dresses several limitations of traditional distance-based methods, which rely solely
on geometric features. By leveraging topological descriptors, we improve inference
in complex systems where standard geometric losses fall short.

The primary limitation of our approach lies in its dependence on the specific problem
setting. While computational topology offers a powerful tool for certain complex
models, its effectiveness in parameter estimation can vary significantly across
different applications [112]. A thorough assessment of the suitability of topological
features for a given scenario is recommended before application.

Additionally, our current work focuses on parameter spaces of relatively low dimen-
sionality. Investigating the performance of our method in high-dimensional settings
remains an open avenue for future research. Furthermore, we do not claim superi-
ority over benchmark Bayesian methods in cases where the likelihood function is
explicitly known. Instead, our empirical results demonstrate that our method consis-
tently outperforms geometric approaches and summary statistics in complex system
inference, highlighting its potential for applications in fields such as life sciences and
dynamical systems modeling.

Our work contributes to the continued advancement of Bayesian inference methods
for complex models, offering a novel perspective that bridges topological data analy-
sis and Bayesian statistics. We believe that the principles introduced in this chapter
hold broad applicability, particularly for uncertainty quantification in simulation-based
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inference.

From a machine learning standpoint, the key innovation of this work is the intro-
duction of a framework that fuses topology with Bayesian inference, specifically
targeting scenarios where gradient-based methods such as neural networks face
fundamental challenges. Future research efforts should focus on refining this ap-
proach, particularly in developing efficient estimation techniques for sparse data
regimes.

90



7. Local Geometry and Large Language
Models

Understanding how large language models (LLMs) represent, process, and adapt
language internally is one of the central open problems in modern machine learning.
While most analyses treat models as black boxes evaluated solely by downstream
performance, a complementary line of research examines the structure of their
embedding spaces. This chapter continues the overarching theme of this thesis,
the use of mathematical structure to probe and interpret representation spaces, by
shifting the focus from topological to geometric analysis.

Building on the earlier chapters that investigated the utility of global and local
topological methods, we now turn to a finer-grained geometric perspective based
on local dimensionality. Specifically, we study how the local intrinsic dimension of
contextual embeddings evolves through fine-tuning and task-specific adaptation.
By treating these embeddings as samples from a (potentially intricate) data space
which naturally carries geometry, we analyze how these geometric properties vary
across training stages and datasets. This approach reveals interpretable signals that
correlate with generalization, overfitting, and structural transitions such as grokking.

7.1. Introduction

Large language models (LLMs) have fundamentally reshaped natural language
processing, achieving state-of-the-art results across a broad range of tasks including
question answering, summarization, translation, and text generation [52, 143, 24,
181, 96]. At the core of these models lies their ability to learn contextual token
representations, i.e. high-dimensional embeddings that reflect the linguistic and
semantic context of tokens within a given input. These representations give rise to
latent spaces whose structure governs how information is processed, generalized,
and encoded across layers and tasks.

Despite their empirical success, a principled understanding of how these latent
spaces evolve during training, fine-tuning, and downstream adaptation remains
limited. Most current diagnostic tools focus on extrinsic measures such as held-
out accuracy, perplexity, or task-specific probing. These methods offer valuable
insights but often provide only coarse or post-hoc assessments of model behavior.
In contrast, relatively few approaches seek to examine the internal geometry of the
embedding spaces directly. Understanding these geometric properties offers the
potential for more fine-grained, interpretable, and unsupervised insights into how
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LLMs develop and transform internal structure in response to training signals.

This chapter explores whether changes in the geometry of embedding spaces can
serve as diagnostic signals for key training dynamics, such as convergence, overfit-
ting, and generalization, without relying on explicit supervision or labeled validation
data. We focus on one particular geometric property: the local intrinsic dimension,
which quantifies the effective dimensionality of the data space in the neighborhood
of a point. To estimate this quantity, we employ a localized version of the TWONN
estimator [67], applied to the contextual token embeddings produced by LLMs at
various stages of training. Although these embeddings reside in high-dimensional
ambient spaces (often in the range of hundreds or thousands of dimensions), our
analysis reveals that the intrinsic dimensionality in local neighborhoods is substan-
tially lower and exhibits strong heterogeneity across different regions of the data
space.

The motivation for this investigation is grounded in the broader research questions
addressed throughout this thesis, which studies the internal structure of learned
representations through topological and geometric methods. In earlier chapters,
we introduced global and local topological descriptors to analyze the coarse-scale
structure of embedding spaces. These tools capture connectivity patterns and holes
in the data space, providing valuable insights into representational complexity and
task structure. However, topological tools like homology generally do not account for
more fine-grained geometric properties.

The present chapter therefore complements these topological approaches by intro-
ducing a local geometric perspective, focusing on intrinsic dimension as a data-driven
measure of local complexity. This shift in perspective enables the detection of nu-
anced changes in the model’s internal representations that are not easily captured
by global methods. For instance, we observe that fine-tuning on a new dataset tends
to reduce the local intrinsic dimension in a task-specific manner. These reductions
often align with improvements in task performance and can reveal to what extent
the fine-tuned model generalizes beyond its training data — even without access to
labeled validation examples.

Further, we find that intrinsic dimensionality is a useful indicator of several key
training phenomena. In synthetic arithmetic tasks, we show that local dimension
drops significantly just before the model begins to generalize correctly, a phase
transition known as grokking, suggesting that dimension can serve as an early
geometric signature of generalization. In dialogue state tracking tasks, we observe
that stabilization of local dimension coincides with training convergence, while in
sequence classification tasks, a characteristic rise in local dimension after an initial
drop correlates with overfitting, marking the point at which the model begins to
memorize rather than generalize. These empirical patterns emerge consistently
across different tasks and model scales, reinforcing the utility of local geometric
measures as general-purpose, unsupervised diagnostics. The results of this chapter
are essentially based on [162].
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7.2. Related Work

This chapter contributes to the growing literature at the intersection of geometric
representation analysis, training dynamics, and interpretability in LLMs. Our work
distinguishes itself by focusing on the local intrinsic dimension of contextual embed-
dings, computed across datasets and training stages. This localized perspective
enables the unsupervised tracking of generalization dynamics and fine-tuning effects,
offering a practical and interpretable diagnostic signal for language model behavior.

Early investigations into the internal structure of contextual language model em-
beddings revealed evidence of clustering and low-dimensional manifold structure.
In particular, Ethayarajh [66] and Cai et al. [27] provided some of the first qualita-
tive analyses of the representational geometry of transformer models, identifying
non-isotropic embedding spaces and contextual variation in representation geome-
try. Subsequent work began to explore intrinsic dimensionality more explicitly. For
example, Tulchinskii et al. [183] observed that the average intrinsic dimension of
artificially generated texts is lower than that of human-written texts. However, their
analysis is restricted to embeddings arising from single text paragraphs, limiting its
applicability to dataset-level or training-dynamic questions. Similarly, Valeriani et al.
[187] study how the global intrinsic dimension evolves as data is passed through
LLMs, offering insights into how semantic information may concentrate at particular
network depths.

Other directions of research have taken broader or alternative definitions of intrin-
sic dimension. Notably, Aghajanyan, Gupta, and Zettlemoyer [3] define intrinsic
dimension in terms of the minimal number of directions in parameter space required
to recover model performance. Their results suggest that larger models operate
effectively in lower-dimensional parameter subspaces, but their approach targets
the optimization landscape rather than the latent representation space of input data.
In contrast, Viswanathan et al. [192] measure intrinsic dimension at the token level
and link it to prediction loss. While this shares our interest in token-level granularity,
their embedding space is always formed from the sequence of tokens within a single
prompt, whereas our method systematically subsamples embeddings across an
entire dataset split, enabling generalization beyond specific inputs and more robust
estimation.

Complementary to geometric approaches, a number of studies have examined
language model representations from a topological perspective. For instance,
Kushnareva et al. [106], Perez and Reinauer [137], and Tulchinskii et al. [183]
apply persistent homology to capture the topological features of sequence-level
embedding spaces. These approaches characterize the presence of connected
components, holes, or higher-order topological features, but do not offer a direct
measure of local geometric complexity. Durrani et al. [58] explore how representa-
tions evolve during fine-tuning by comparing pre-trained and fine-tuned models using
alignment functions and hierarchical clustering. Their findings show that while upper
layers adapt to task-specific signals, lower layers tend to preserve general-purpose
representations.
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Recent work by Ed-dib, Datbayev, and Aboussalah [55] proposes an adaptive fine-
tuning strategy that dynamically adjusts the rank of LoRA modules based on the
intrinsic dimensionality of hidden state representations. While this also involves
geometric reasoning, their notion of dimension is based on the rank of an information
matrix and does not measure the intrinsic structure of the data manifold in latent
space, as we do. More broadly, studies such as Chang, Tu, and Bergen [35] have
examined representational geometry in multilingual models, analyzing how language-
specific and universal features are encoded in a shared latent space. Our focus, in
contrast, is not on encoding structure across language boundaries but on geometric
signals associated with training dynamics.

Ruppik et al. [162] are among the few who also consider topological descriptors
derived from local neighborhoods in contextual embedding spaces. They use these
features to improve sequence tagging performance, although their method relies on a
fixed ambient corpus and generates features that are not directly comparable across
model checkpoints. By contrast, our approach produces intrinsic, dataset-relative
estimates that generalize across models and training states, enabling temporal and
comparative analysis of LLM behavior.

Finally, while our work aligns with the broader goals of interpretability, it differs sub-
stantially from efforts in mechanistic interpretability, which aim to reverse-engineer
the internal structure of neural networks through symbolic or functional analysis of
specific components (see, e.g., the survey by Ferrando et al. [72]). Instead, our
method takes a more atomic view: we analyze the smallest discrete representation
unit — the contextual token embedding — and study the geometry of spaces formed
by their distribution. This allows us to remain model-agnostic, broadly applicable,
and unsupervised, providing a new layer of interpretability grounded in geometric
structure.

7.3. Methods

We now develop a geometric framework for analyzing the internal representation
spaces of LLMs by estimating their local intrinsic dimensions. The aim is to quantify
how the structure of contextual token embeddings evolves during fine-tuning and
task-specific adaptation. To this end, we describe how contextual embeddings
are extracted, how representative samples are obtained, and how local intrinsic
dimensions are computed and compared across datasets and model checkpoints.

7.3.1. Large Language Models

Modern contextual language models can broadly be categorized into two main
architectures: masked language models (MLMs) and autoregressive language
models (ALMs). MLMs, such as BERT [52] and RoBERTa [110], are trained to
predict randomly masked tokens within an input sequence using both left and right
context, thus leveraging bidirectional information. In contrast, ALMs like GPT [144]
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generate text in a strictly left-to-right fashion, predicting each token based solely
on preceding tokens in the sequence. Despite their architectural differences, both
model types yield contextualized vector representations for individual tokens at each
layer of the network.

These layer-wise embeddings encode rich semantic and syntactic information about
tokens in their specific input context. Formally, for each token in a given text
sequence, a corresponding vector is produced at each model layer, resulting in a
multi-layered tensorial representation of the entire sequence. This structure enables
detailed geometric analyses of language model behavior, including the study of
intrinsic dimensionality of LLM latent spaces.

In the following, we provide a formal description of how such contextual represen-
tations are extracted and how they can be used to compute localized geometric
quantities across a dataset. The overall procedure is summarized in Algorithm 3.

7.3.2. Latent Space Modeling

Let D = (s0, s1, . . . , sD) denote a corpus of D + 1 text sequences, and let M
be a contextual language model, either a masked language model (MLM) or an
autoregressive language model (ALM), with depth l and an associated tokenizer T .
Each input sequence sm ∈ D is first tokenized into a sequence of subword units:

T (sm) =
(
tm0 , . . . , tmnm

)
, (7.1)

where nm denotes the number of tokens in the m-th sequence after tokenization.

When processed by the model, each token tmj is assigned a contextual representa-
tion at every layer i ∈ {0, . . . , l}, giving rise to a sequence of vector embeddings:

Mi(sm) =
(
Mi(t

m
0 ), . . . ,Mi(t

m
nm

)
)
. (7.2)

Although we use a simplified notation, it is important to emphasize that each embed-
dingMi(t

m
j ) is inherently context-dependent and reflects the full input sequence sm

rather than the token in isolation.

We distinguish between two modes of generating token representations: Regular
embeddings are obtained as tokens are processed as-is during a forward pass,
preserving the original sequence. Masked embeddings are obtained as specific
tokens are replaced with a special token, e.g., [MASK], and their embeddings are
inferred by the model based solely on contextual clues. This mode applies primarily
to MLMs and allows for studying how models impute missing information.

For a fixed layer i, we define the resulting token-level embedding space as

Ti =
{
Mi(t

m
j )
∣∣ m ∈ {0, . . . , D}, j ∈ Im

}
, (7.3)

where Im denotes the set of token indices in sequence sm from which we extract
embeddings. We treat these vectors as points in a high-dimensional Euclidean
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space, and unless otherwise noted, distances between them are computed using
the standard ℓ2 norm.

Since Ti can easily comprise millions of vectors, exact geometric computations
such as nearest-neighbor queries or intrinsic dimensionality estimation over the full
dataset become computationally intractable. To address this, we adopt a two-stage
sampling procedure to construct a representative subspace T ⊂ Ti.

We first sample a subset of M text sequences from the corpusD, typically via uniform
random sampling. After tokenizing and de-duplicating the resulting token set, we
randomly select a subset of N contextualized embeddings from the corresponding
embedding space to form the final working set T.

For each vector in T, we then compute a local neighborhood NL(tj ;T) consisting
of its L nearest neighbors within the subset. These neighborhoods serve as the
foundation for downstream analyses.

This sampling-based approach approximates the local geometric structure of the full
embedding space while remaining computationally efficient. It relies on the assump-
tion that the text corpus is drawn from an underlying data-generating distribution with
a stable latent geometry. We empirically assess the robustness of this approximation
in our sensitivity analysis in Appendix D.1.

Algorithm 3 Compute Local Dimension Estimates

Require: Text corpus D;
1: Embedding modelM (tokenizer T );
2: Dimension estimator dim (default dim = TwoNN);
3: Parameters: corpus subsample size M ∈ N, token subsample size N ∈ N, local

neighborhood size L ∈ N
Ensure: Vector of token-level local dimension estimates in RN

≥0

4: Take a random sub-sample D∼M of size M from D
5: Compute embeddings for each token in each sequence of D∼M

6: Remove duplicate embedding vectors
7: Take a token-vector sub-sample of size N ; call the resulting set T
8: for all tj ∈ T do
9: Find the L nearest neighbors of tj in T, giving NL(tj ;T)

10: Compute the local estimate dj ← dim
(
NL(tj ;T)

)
11: end for
12: return (dj)

N
j=1

7.3.3. Comparing Latent Spaces Across Models

To quantify the effect of fine-tuning on the geometric structure of contextual em-
bedding spaces, we consider a pre-trained base modelM alongside its fine-tuned
variantM∆, where fine-tuning has been performed on a text corpus ∆. By construc-
tion, both models share the same underlying architecture and tokenizer, ensuring
that the input-output interface and tokenization behavior remain consistent across
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the two models.

This architectural identity induces a canonical pointwise correspondence between
the contextual representations generated by the two models. Formally, for any input
sequence sm ∈ D and any model layer i, the embeddings

Mi(sm) =
(
Mi(t

m
0 ), . . . ,Mi(t

m
nm

)
)

and
M∆

i (sm) =
(
M∆

i (t
m
0 ), . . . ,M∆

i (t
m
nm

)
)

define a bijective pairing of contextualized token embeddings across models. In
particular, this pairing naturally extends to the sampled embedding sets T ⊂ Ti and
T∆ ⊂ T∆

i , provided that sub-sampling is performed identically in both cases.

This setup enables a direct, token-level comparison of embedding geometry before
and after fine-tuning. Such comparisons allow us to assess how local neighborhoods,
dimensionality, and other structural properties of the latent space evolve as a result of
task-specific training. More generally, such a bijection exists whenever the underlying
model architectures and tokenizers are identical.

In the following, we formalize the local geometric quantities used for this comparative
analysis.

7.3.4. Local Dimension Estimates

To characterize the local geometric structure of embedding spaces, we employ
the Two Nearest Neighbors (TwoNN) estimator proposed by Facco et al. [67], a
lightweight and nonparametric method for estimating the intrinsic dimension of
potentially high-dimensional data. The key idea behind TwoNN is to leverage the
relative distances of each data point to its nearest and second-nearest neighbors to
infer local dimensionality.

Let r1 and r2 denote the distances from a point v ∈ X to its first and second
nearest neighbors in a dataset X, respectively. Under mild regularity conditions
(assuming that the data lies on a smooth manifold and the local sampling density
is approximately uniform at the scale of r2), the ratio r2

r1
is distributed according

to a Pareto distribution. As shown by Denti et al. [51], this distributional property
enables consistent estimation of the intrinsic dimension using maximum likelihood
techniques or linear regression on a logarithmic transformation of the ratios.

To adapt the TwoNN estimator into a local measure, we proceed as follows. Let
X = {x1, . . . , xN} ⊂ Rd be a point cloud and fix a locality parameter L ∈ N>0. For a
target point v ∈ X, we define its L-local neighborhood NL(v;X) as the set of the L
nearest neighbots of v in X.

The local TwoNN estimate at v is then given by:

TwoNN(NL(v;X)),
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where the estimator is applied to the set consisting of v and its L neighbors. The
parameter L thus determines the locality scale of the dimension estimation: small
values of L capture fine-grained geometry, while larger values average over a
broader neighborhood.

In the context of our analysis, we instantiate X = T ⊂ Rd, the subsampled set
of contextual token embeddings obtained from a given model M and corpus D
(as described in the previous section). We compute a vector of local dimension
estimates:

(TwoNN(NL(v;T)))v∈T ∈ RN
≥0,

assigning a positive real value to each token embedding in the subsample.

To obtain a summary statistic for a particular model-layer combination, we aggregate
this vector using the arithmetic mean, yielding a single scalar that reflects the
average local dimensionality across the sampled tokens.

Although the TwoNN estimator is sensitive to hyperparameters such as the locality
scale L and the number of sampled points, we demonstrate in Appendix D.1 that
our estimates remain stable under a wide range of reasonable configurations. This
robustness enables reliable comparisons across datasets, models, and fine-tuning
stages.

7.4. Experiments

In this section, we apply our proposed framework to analyze how the latent rep-
resentation spaces of large language models evolve throughout various training
scenarios. Unless noted otherwise, all measurements refer to the model’s final
hidden layer, denoted T−1 in the notation from the above section. Results for earlier
layers are discussed in Section D.3.2. We address four key research questions in
this chapter: How does fine-tuning affect the geometry of embedding spaces? Can
local dimension estimates signal the emergence of grokking? Can they reveal the
limits of training progress? And finally, can they help detect overfitting?

7.4.1. Fine-Tuning Induces Dataset-Specific Shifts in Local Dimensions

To analyze how fine-tuning alters the internal representations of language models, we
investigate changes in the distribution of local intrinsic dimensions across contextual
token embeddings. These estimates, derived using the methods introduced before,
provide a geometric lens on how models adapt their internal structure to new data.

By studying the distribution of these local dimensions before and after fine-tuning,
we obtain a detailed characterization of representational shifts. This approach allows
us to move beyond traditional metrics of model performance and instead focus on
how the geometry of internal representations evolves during adaptation.
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Experimental Setup We conduct our analysis on a set of diverse language
datasets that vary in both domain and their overlap with the training data of the
base and fine-tuned models. These include the MultiWOZ2.1 dataset [64], which
consists of multi-domain dialogues between humans; the Schema-Guided Dialogue

(SGD) dataset [145], comprising human–virtual assistant interactions; a corpus
of Reddit comments from 2022 that mention Tesla Inc.; and the Hugging Face
wikitext-103-v1 corpus containing English Wikipedia articles. These datasets
were chosen to span multiple levels of domain familiarity: some, such as Wikipedia,
are included in the original pre-training data of models like RoBERTa [110], while
others, such as MultiWOZ and SGD, are used explicitly for fine-tuning. In contrast,
Reddit data represents an out-of-domain scenario, with minimal overlap in both topic
and style.

Each dataset is randomly split into training (80%), validation (10%), and test (10%)
subsets. For datasets with chronological structure, such as Reddit, we perform
random shuffling prior to splitting in order to remove potential temporal bias. Pre-
processing of Wikipedia consists of removing section headers, empty lines, and
trimming whitespace. Summary statistics, including token counts and sequence
lengths, are reported in Table D.1.

Fine-tuning is conducted on the roberta-base model using a masked language
modeling (MLM) objective with a masking probability of 0.15. We train each model
for five epochs on 10,000 examples using a batch size of 8. The learning rate linearly
increases to a peak of 5 · 10−5 over 500 warm-up steps and then decays linearly. We
apply a weight decay of 0.01 throughout training to encourage generalization. To
evaluate the representational impact of fine-tuning, we embed a random subset of the
validation split from each dataset using both the pre-trained and the corresponding
fine-tuned model. This ensures that embeddings are drawn from data not seen
during the fine-tuning process and enables a controlled comparison. Additional
results using autoregressive fine-tuning can be found in Section D.3.1.

Results Our analysis reveals substantial variation in local intrinsic dimensions
across individual tokens, as illustrated by the wide spread of the TwoNN distributions
in Figure 7.1. To obtain these estimates, we fix the following parameters: corpus
sub-sample size M = 7000, token vector sub-sample size N = 60 000, and local
neighborhood size L = 128. The observed heterogeneity in local dimensionality is
consistently present across different models and datasets, reinforcing the notion
that contextualized embedding spaces are not globally uniform but rather composed
of geometrically diverse subregions. This aligns with prior findings in the literature
indicating that data representations rarely reside on a single, well-behaved manifold
of constant dimension, but instead exhibit piecewise variability in their local structure
[23]. These observations support our methodological choice to prioritize local over
global dimensionality estimates, as the latter may obscure important fine-grained
structural properties of the embedding space.

A central finding of our study is that fine-tuning leads to a systematic reduction
in local intrinsic dimension, but only on the dataset used during the fine-tuning
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(a) TwoNN estimates on MultiWOZ validation.
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Figure 7.1.: Comparison of the intrinsic dimension (ID) across three data modal-
ities for both models. The distribution of the local estimates over to-
kens is shown in the violin plot, together with their means and quar-
tiles. The ID of embeddings originating from the fine-tuning distribution
(MultiWOZ) differs markedly between models, whereas the IDs for the
out-of-distribution corpora (Wikipedia, Reddit) are almost indistinguish-
able. This figure was recreated from Ruppik et al. [162].

process. As shown in Figure 7.1a, the distribution of TwoNN estimates for the
MultiWOZ-validation set exhibits a pronounced downward shift when comparing the
fine-tuned RoBERTa model to its pre-trained counterpart. This reduction suggests
a condensation or restructuring of the representational geometry that enhances
task-specific expressiveness. In contrast, embeddings from unrelated datasets, such
as Wikipedia (Figure 7.1b) or Reddit comments (Figure 7.1c), display no substantial
changes in their dimension distributions. This dataset-specific effect is further
quantified using the standardized mean difference between the local dimension
estimates of the fine-tuned and base models. For MultiWOZ, the standardized mean
difference reaches 1.19, indicating a large effect, whereas for Reddit and Wikipedia,
the respective differences are only 0.08 and 0.10, respectively.

Importantly, we observe that the reduction in local dimension is robust across
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the training, validation, and test splits of the fine-tuned dataset. This consistency
suggests that the effect reflects a stable structural adaptation in the model’s latent
space rather than spurious overfitting or sampling noise. As we demonstrate in our
sensitivity analysis (Appendix Section D.1), the phenomenon persists across a wide
range of hyperparameter settings and sampling strategies, further validating the
reliability of our estimates. Overall, these results underscore the interpretive power
of local geometric analysis: fine-tuning appears to act by selectively compressing the
embedding space in regions corresponding to in-distribution data, thereby improving
the model’s capacity to represent and generalize over the target domain. Conversely,
regions of the embedding space associated with unrelated distributions remain
effectively untouched, reinforcing the view that local dimension estimates can serve
as precise diagnostics for model adaptation and specialization.

7.4.2. Local Dimensions Predict Grokking

The phenomenon known as grokking refers to a striking behavior in certain neural
networks, where generalization to unseen data emerges only after prolonged training.
This counterintuitive effect was first documented by Power et al. [141] in the context
of small algorithmic tasks. Despite achieving zero training error early in training, the
model initially performs poorly on the validation set and only begins to generalize after
a long plateau phase. Predicting whether and when grokking will occur has proven
difficult, as it is highly sensitive to architectural and optimization hyperparameters [99].
Understanding the underlying mechanisms of this delayed generalization remains a
compelling open question, particularly as it challenges standard assumptions about
overfitting and convergence in deep learning.

Experimental Setup To investigate whether local geometric properties of the
embedding space can capture signals indicative of grokking, we consider the task of
learning an arithmetic operation in a finite group - specifically, addition modulo p. For
instance, for p = 197, a typical input sequence may take the form [155, ‘o’, 88,

‘=’], where the model is expected to predict the result 46. The input space is fully
tokenized such that each integer operand is mapped to a unique token, augmented
with a token for the addition operator (‘o‘) and one for the equality symbol (‘=‘). We
construct training sets by sampling a fraction of all valid expressions in the group,
varying this fraction between 10% and 50%. The remaining expressions constitute
the validation set, allowing us to evaluate generalization behavior under different
data regimes.

We train a small decoder-only transformer model from scratch, consisting of two
layers, a hidden size of 128, and four attention heads. The model is optimized
using the AdamW optimizer [111] with a learning rate of 0.001, following a linear
schedule over 400,000 training steps and a warm-up phase of 10 steps. A batch
size of 512 and a weight decay of 0.01 are used throughout. The training procedure
is deliberately extended far beyond the point of zero training error, replicating the
conditions under which grokking is typically observed. This mirrors the original
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experimental protocol introduced by Power et al. [141], ensuring comparability of
results.

To probe the internal geometry of the model’s representations during training, we
estimate local intrinsic dimensions from the hidden states of the final layer. We
set the neighborhood size L to 64 and subsample up to N = min(3000, N), where
N denotes the total number of available token embeddings at the given training
step. Because the total number of unique input sequences is relatively small in
this task, we include the entire dataset for sequence-level sampling (M = N ) and
apply subsampling only at the token level. The sampled embeddings include tokens
corresponding to both operands and special symbols (i.e., ‘o‘, ‘=‘), as these all
contribute to the model’s representation of the compositional arithmetic structure.

Across a wide range of hyperparameter settings and training configurations, we
find that our local dimension estimates exhibit qualitatively consistent patterns,
suggesting that the observed dynamics are not merely artifacts of sampling noise.
This robustness allows us to track how representational complexity evolves during
training and whether any measurable geometric transitions precede or accompany
the onset of grokking. Detailed results and dimension trajectories over training time
are presented in the appendix.
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Figure 7.2.: Training a model on addition mod p = 197 with different training data
fraction selected from {0.1; 0.15; 0.2; 0.25; 0.3; 0.4; 0.5}. The plots show
the development for 60 000 batches, with mean and 95% confidence
interval over 5 training seeds per configuration (plots per seed are in
Appendix D.3.3). The mean local estimates are computed on the train-
ing split for the parameters N = 3000; L = 64. Dashed lines highlight
the runs where grokking did not occur. This figure was recreated from
Ruppik et al. [162].

Results We now analyze how local intrinsic dimension estimates evolve over
training and how they relate to the onset of generalization in the grokking regime.
In Figure 7.2, we present performance metrics and mean local dimension values
over the first 60 000 training steps, averaged across multiple random seeds. Results
for individual seeds are provided in Figure D.11 in the appendix to demonstrate the
consistency of the observed patterns.

In all configurations, training accuracy reaches near-perfect levels within the first
few thousand steps. However, validation accuracy remains low initially and only
begins to improve after an extended period, but only in those runs where the training
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dataset fraction exceeds 20%. This delayed improvement in validation accuracy is
characteristic of grokking. Crucially, based on training loss and accuracy alone, it is
not possible to distinguish between runs that will eventually generalize and those
that will not. This underscores the insufficiency of conventional performance metrics
in diagnosing future generalization in grokking scenarios.

In contrast, local intrinsic dimension estimates offer a more nuanced and predictive
signal. As shown in Figure 7.2c, the mean local dimension computed on training
data typically increases during the initial training phase. This rise reflects the model’s
early attempts to fit the training data, possibly by expanding the representational
capacity in the embedding space. However, for runs that eventually exhibit grokking
behavior, we observe a marked decline in the mean local dimension shortly after
this initial growth phase. Importantly, the timing of this drop closely aligns with the
point at which validation accuracy begins to rise, as seen in Figure 7.2b.

This alignment suggests that the model undergoes a geometric transition in its inter-
nal representations, contracting the latent space in a way that supports abstraction
and generalization beyond memorization of the training set. The reduction in local
dimension appears to coincide with the reorganization of the embedding space to
support structure-preserving generalization over the arithmetic task.

For runs with insufficient training data (specifically, the 10% and 15% fractions,
denoted with dashed lines in the figures), validation accuracy remains flat throughout
the observed training window. In these cases, the mean local dimension increases
early on but then plateaus, showing no sign of the sharp decline characteristic of
grokking runs. This stagnation suggests that the model may be overfitting, learning
to memorize the training examples without uncovering the underlying group structure
necessary for generalization.

Taken together, these results demonstrate that changes in local intrinsic dimension-
ality can serve as a powerful diagnostic tool in grokking experiments. In particu-
lar, a sharp drop in the mean local dimension on training data provides an early,
geometry-based indicator of whether a model will generalize, even in the absence of
corresponding validation signals at that time.

7.4.3. Local Dimensions Detect Exhaustion of Training Capabilities

Identifying relevant text spans in response to a query, commonly referred to as
span prediction or sequence tagging, is a foundational task in natural language
processing, with broad applicability across domains such as information retrieval,
question answering, and conversational AI [100]. A particularly prominent use case
is retrieval-augmented generation, where relevant text passages must be efficiently
selected from a large corpus prior to response generation [68]. In this work, we
focus on the application of sequence tagging in dialogue state tracking (DST), a
core component in task-oriented dialogue systems. DST models are responsible
for interpreting user utterances and maintaining an up-to-date representation of the
user’s goals and constraints throughout a conversation [202].
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To investigate how local geometric structure evolves in such models, we compute
local intrinsic dimension estimates for TripPy-R, a state-of-the-art sequence tagging
model for dialogue state tracking introduced by Heck et al. [83]. TripPy-R operates
on the MultiWOZ2.1 dataset [64], a large-scale benchmark comprising multi-domain
dialogues between humans. The model uses a unified encoder built on the RoBERTa
architecture, which is fine-tuned during DST training. This encoder processes each
dialogue input and produces contextualized token embeddings from its final hidden
layer. These embeddings are then passed to task-specific classifiers that determine
the slot-value updates for each dialogue turn.

Model training is conducted over 20 epochs using the Adam optimizer, with a linear
learning rate schedule that peaks at 5 ·10−5 and includes a warm-up phase spanning
the first epoch. The training objective is to minimize the error in predicting dialogue
state updates at each turn, which provides a dense supervision signal that influences
all layers of the encoder.

To analyze the model’s internal representations, we compute local intrinsic dimen-
sions based on hidden states from the final encoder layer. The input format mirrors
the training and inference pipeline, where each sequence consists of the current
user utterance followed by the dialogue history, separated by special tokens. This
structure enables the model to leverage context from previous turns to predict the
current dialogue state accurately.

For our analysis, we sample M = 7000 input sequences from each of the training,
validation, and test splits of the dataset. From these, we subsample up to N = 60 000
token embeddings and compute local dimension estimates using a neighborhood
size of L = 128. These parameters are consistent with those used in previous
sections to ensure comparability. Our goal is to examine how the model’s local
representational complexity varies across data splits and whether it encodes mean-
ingful distinctions that relate to generalization, robustness, or domain adaptation in
dialogue state tracking.
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Figure 7.3.: Development of Trippy-R performance measures (model loss in green;
joint goal accuracy in orange) compared with mean local dimension
estimates (dark blue) evaluated on the training, validation, and test split
of the MultiWOZ dataset. We show the mean and standard deviation
of the measures evaluated at the end of each epoch over six different
model training seeds. This figure was recreated from Ruppik et al. [162].
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Results Figure 7.3 illustrates the evolution of two key performance metrics dur-
ing training: the differentiable model loss used for backpropagation, and the non-
differentiable joint goal accuracy (JGA), a standard evaluation metric for dialogue
state tracking that measures whether the model correctly predicts the full set of
slot-value pairs for each turn.

Interestingly, while the loss and JGA exhibit divergent behaviors across data splits,
the local intrinsic dimension estimates remain consistent. In particular, the training
loss decreases monotonically, as expected, and the JGA on the training set rises
steadily throughout the training process. On the validation set, however, the situation
is more complex: the validation loss reaches its minimum relatively early—after
approximately 7500 batches—well before the JGA converges. This discrepancy is
noteworthy because it highlights a limitation of relying on differentiable loss metrics
alone for assessing generalization. In this case, the early minimum in validation loss
could misleadingly suggest that training should be stopped, even though the model
has not yet learned robust, generalizable representations.

In contrast, the local intrinsic dimension estimates tell a different story. Even at
the point where validation loss is minimized, the mean local dimension continues
to decrease steadily across training, validation, and test splits. This ongoing re-
duction indicates that the model is still reorganizing its internal representations
and has not yet converged. Crucially, this insight can be obtained using training
data alone—without the need for a labeled validation set—making local dimension
estimates a potentially powerful tool for guiding training schedules in low-resource
or semi-supervised settings.

Later in the training process, around step 25 000, the local intrinsic dimension
estimates begin to stabilize. This stabilization coincides closely with the convergence
of the JGA on both the validation and test sets, suggesting that the model has
exhausted its capacity to further improve its performance on the target task. The
alignment of this geometric stabilization with downstream performance saturation
provides further evidence that local intrinsic dimension can serve as a meaningful
proxy for the model’s capacity utilization and learning progress.

This predictive behavior becomes even more pronounced in longer training runs.
As shown in Figure D.12 in Section D.3.4, the convergence of the local dimension
estimates precedes or matches the plateau of JGA in extended training regimes,
reinforcing the view that local geometric signals can serve as early indicators for
stopping criteria or model selection.

7.4.4. Local Dimensions Detect Overfitting

We now turn to the more challenging scenario of emotion classification in dialogues,
to evaluate whether local intrinsic dimension can serve as an indicator of overfitting.
Overfitting is particularly problematic in this setting due to class imbalance and
limited signal available in individual utterances. Our aim is to assess whether
geometric indicators from the model’s latent space can reveal when a model begins
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to memorize training data at the expense of generalization, even before performance
degradation becomes apparent in standard validation metrics.

Experimental Setup Our experiments are conducted on the EmoWOZ dataset [70],
which consists of task-oriented dialogues annotated with one of seven emotion
labels per user utterance. We use the ERToD model [71] in its baseline configuration.
Specifically, the model comprises a frozen bert-base-uncased feature extractor [52]
followed by a simple linear classifier. In contrast to more elaborate model variants
proposed by the authors, we intentionally disable enhancements such as dialogue
history context, data augmentation, and auxiliary prediction heads, in order to isolate
the effect of training dynamics on representation quality. This simplified setup also
makes overfitting behavior more pronounced and observable.

The model is trained for eight epochs using the AdamW optimizer with a peak
learning rate of 2 · 10−5 and a linear learning rate schedule, including a warm-up
phase. After each epoch, we compute local intrinsic dimension estimates from
the hidden representations at the final BERT encoder layer. This space directly
informs the linear classification layer, and is thus where the model concentrates its
representational effort to distinguish between emotion classes.

To estimate local dimensions, we sample M = 7000 utterances from each of the
training, validation, and test splits. From these, we extract up to N = 60 000 token
embeddings and compute TwoNN-based dimension estimates using a neighborhood
size of L = 128. All inputs are processed in the same form as during training and
inference, that is isolated utterances without dialogue history, to ensure consistency
between learned representations and evaluated embeddings.

Model performance is evaluated using standard classification metrics, including
cross-entropy loss, weighted F1 score, and macro F1 score. Since the “neutral”
emotion class constitutes the majority of the data and may dominate aggregate
metrics, we exclude it from the F1 evaluations to better capture the model’s per-
formance on underrepresented emotion categories. This design choice allows us
to better analyze whether changes in local dimension correlate with the model’s
ability to learn generalizable features for minority emotion classes, which is central
to assessing overfitting in imbalanced classification tasks.

Results Figure 7.4 illustrates the relationship between the model’s performance
metrics and the mean local intrinsic dimension across training epochs. After just one
epoch of training, the mean local dimension of the model’s hidden representations
drops sharply from an initial value of approximately 9.94 (corresponding to the frozen
base model) to around 7.25. In the subsequent epochs, the dimension gradually
increases, reaching a value near 8 by the end of training. This non-monotonic
trajectory is observed consistently across all three data splits: training, validation,
and test. On the training set, the expected learning pattern emerges: cross-entropy
loss decreases monotonically, while both the weighted and macro F1-scores improve
steadily.
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(b) EmoWOZ Validation split
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(c) EmoWOZ Test split

Figure 7.4.: Development of emotion recognition model performance measures
(loss in green; weighted F1 in orange; macro F1 in red) compared with
mean local dimension estimates (dark blue) evaluated on the training,
validation, and test split of the EmoWOZ dataset. We show the mean and
standard deviation of the measures evaluated at the end of each epoch
over four different training seeds. This figure was recreated from Ruppik
et al. [162].

However, the observed minimum in local dimension followed by a gradual rise
suggests a more nuanced internal learning dynamic. The steep drop after epoch
one indicates that the model rapidly converges to a compact and seemingly efficient
latent representation. Yet, the subsequent increase in dimensionality implies that
the model begins to expand its representation space, possibly in an attempt to
accommodate increasingly specific patterns in the training data. This mirrors the
behavior seen in the grokking experiments described in Section 7.4.2, where a rise
in local dimension was linked to memorization and overfitting.

This hypothesis is corroborated by the evolution of validation loss, shown in Fig-
ure 7.4b. While the model achieves its most compact latent representation after
the first epoch, validation loss increases significantly thereafter, providing strong
evidence of overfitting. In other words, even as training loss continues to decline, the
model’s ability to generalize deteriorates, which is not immediately apparent from
the training metrics alone.

The impact on classification performance is subtle and multifaceted. The macro F1-
score on the validation set increases and plateaus after approximately three epochs,
indicating that the model continues to improve on minority classes. In contrast, the
weighted F1-score which is dominated by the majority “neutral” class, declines in
the third epoch. This divergence suggests that the model is learning to prioritize
correct predictions for underrepresented classes, potentially by overfitting to rare
training examples, at the cost of performance on majority examples. The trade-off
between macro and weighted F1 thus reflects a shift in the decision boundary that
favors minority class recall but reduces the overall classification stability.

Crucially, this behavior is not evident from conventional loss curves alone. Instead,
the evolution of local dimension provides early and interpretable signals of repre-
sentational drift, overfitting, and emerging class trade-offs. These signals can be
observed using the training data exclusively, highlighting the potential utility of local
dimension estimates as a diagnostic tool in low-supervision settings, where labeled
validation data may be scarce or unavailable.
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7.4.5. Computational Resources

The computational requirements of our analysis are moderate and compatible
with standard research hardware. Fine-tuning the roberta-base and gpt2-medium

models on one of our selected datasets can be performed efficiently on a single
NVIDIA V100 or GTX1080Ti (12GB VRAM) GPU. For the datasets and training
schedules considered in this work, fine-tuning typically completes within a few hours.
Once trained, extracting token embeddings from a specific layer of the model involves
only forward passes through the network. For a dataset of moderate size, embedding
extraction takes approximately 10 minutes per layer on the same hardware.

The estimation of local intrinsic dimensions via the TwoNN method is more com-
putationally demanding, as it is CPU-bound and scales with both the size of the
sampled embeddings and their ambient dimensionality. For a typical configuration
involving tens of thousands of high-dimensional token embeddings (with ambient
dimensions in the hundreds), the computation can be completed in approximately 20
minutes on a dual-core Intel Xeon E5-2640v4 (Broadwell, 2.40GHz) machine with
32GB of RAM. These experiments use the scikit-dimension Python package [7],
which provides efficient and well-validated implementations of dimension estimators
including TwoNN.

In more compute-intensive settings such as the grokking experiments, where local
dimensions are repeatedly evaluated throughout long training runs, the total cost
accumulates accordingly. For the full range of training steps considered, a typical
run requires approximately 48 CPU core hours. However, precise timings may vary
depending on implementation details and the choice of hyperparameters, especially
the local neighborhood size and subsample size used in each estimation round.

The theoretical complexity of the TwoNN estimation is driven primarily by the neigh-
borhood computation step. For a fixed and small neighborhood size L and ambient
embedding dimension d, computing exact k-nearest neighbors over a subsample
of size N requires O(dN2) operations. In our setup, we use exact search via pair-
wise distance computations, implemented efficiently using vectorized operations.
Once neighborhoods are determined, the estimation step itself is computationally
lightweight: the local dimension is estimated by fitting a straight line to the log-
transformed empirical distribution of nearest-neighbor distances, which involves only
a single linear regression per point.

Overall, our pipeline is optimized to support fast iteration during empirical analy-
sis while remaining accessible to research groups without access to large-scale
computational infrastructure.

7.4.6. Limitations

While our framework offers a flexible and informative tool for analyzing representa-
tional geometry in neural models, it is not without limitations. One of the primary
drawbacks lies in its computational cost. Obtaining reliable local dimension estimates
requires the extraction of a sufficiently large sub-sample of latent representations
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through forward passes, followed by neighborhood construction and subsequent
dimension estimation. Although these steps are executed independently of the train-
ing process, and thus can be performed asynchronously or in parallel to fine-tuning,
the overhead remains non-trivial, particularly for large models or datasets.

A promising direction for future research lies in improving the computational efficiency
of these estimates. This could involve optimizing nearest-neighbor computations,
leveraging approximate methods, or designing new local descriptors that maintain
the desirable stability properties of current estimators while reducing computational
burden. Additionally, integrating these estimates more tightly into the training loop
could open avenues for dynamic model diagnostics during training.

Another important limitation is rooted in the statistical assumptions underlying the
dimension estimation itself. The TwoNN estimator, which we apply locally within
each neighborhood, is known to yield theoretically accurate estimates only under
restrictive conditions. In particular, it assumes that the point samples within each
neighborhood are drawn from a homogeneous Poisson process on a manifold of
constant intrinsic dimension. In practice, these assumptions are unlikely to hold
exactly in the complex and often anisotropic latent spaces of neural networks.
However, for our purposes, this limitation is not critical: our primary interest lies in
capturing relative changes in dimension across time, layers, or training regimes,
rather than computing ground-truth intrinsic dimensions. The qualitative trends and
shifts observed remain robust, even if absolute values are biased.

Finally, although the TwoNN estimator is technically non-parametric, its output
is still sensitive to certain hyperparameter choices. In particular, the size of the
latent sub-sample (N ) and the neighborhood size (L) influence the absolute values
of the resulting estimates. This dependence implies that comparisons of local
dimension values across different model architectures or experimental setups must
be made with care. In fine-tuning experiments, it is more meaningful to consider
relative changes in dimension compared to the initial pre-trained model, rather than
interpreting absolute values in isolation. For cross-model comparisons or large-
scale benchmarking, further work is needed to establish calibration protocols or
normalization schemes that facilitate consistent interpretation.

7.4.7. Discussion

In this work, we introduced a novel geometric lens on the internal training dynamics of
large language models by quantifying the local intrinsic dimension of contextual token
embeddings. Our analysis reveals that the latent spaces of contextual models are not
uniformly structured but instead exhibit meaningful variation in local dimensionality
across tokens, inputs, and datasets. Despite this heterogeneity, the mean local
dimension emerges as a stable and interpretable summary statistic that provides
actionable insights into model behavior.

Across a range of experimental settings, including fine-tuning, grokking, and over-
fitting scenarios, we found that sustained decreases in mean local dimension con-
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sistently correlate with improved generalization. These reductions reflect a com-
pressive transformation of the latent space, wherein the model learns to represent
task-relevant information more efficiently. Conversely, rising local dimensions are
indicative of specialization and memorization, often accompanying overfitting. These
findings suggest that local dimension can serve as an unsupervised diagnostic tool
capable of detecting transitions in learning dynamics, even in the absence of labeled
validation data.

This unsupervised nature is particularly valuable in low-resource or semi-supervised
settings, where validation metrics may be unreliable or unavailable. By offering a
training-time signal rooted in the geometry of the model’s internal representations,
our approach opens a new avenue for interpretability and model selection based on
structural indicators rather than downstream task performance alone. Overall, our
results demonstrate the utility of geometric descriptors for tracking, understanding,
and potentially guiding the learning process in large language models.

To the best of our knowledge, this is the first comprehensive study of local dimen-
sional shifts during the training and fine-tuning of contextual language models across
diverse downstream tasks. Our results contribute to the broader discourse on inter-
pretability, generalization, and representational efficiency in modern NLP systems. In
doing so, we establish a methodological foundation for leveraging intrinsic geometric
properties as first-class tools for model analysis and control.

There are several promising directions for future research. First, the inherently local
nature of our dimension estimates opens the door to more fine-grained interpretabil-
ity: one could investigate how different types of tokens, such as entities, syntactic
markers, or rare words, are associated with higher or lower intrinsic dimension,
potentially shedding light on semantic and structural encoding in LLMs. Second,
the ability to detect dataset-specific compression may enable new approaches to
data provenance and model auditing. For instance, one could explore whether local
dimension patterns can be used to infer which portions of a dataset were used
during training, or to identify distributional shifts in deployment scenarios.

More broadly, our framework could inform the development of regularization strate-
gies or architecture designs that encourage or exploit low-dimensional represen-
tations. Embedding local dimension as a soft constraint or auxiliary signal during
training might provide a novel means of improving generalization or controlling model
complexity. In this way, the geometric insights introduced here not only deepen our
understanding of LLM behavior but may also inspire practical innovations in how we
train, evaluate, and deploy them.
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8. Conclusion and Future Work

This thesis explored the interplay between topology, geometry, and representation
learning, proposing novel methodologies to better understand and leverage the
structural properties of data across a range of machine learning settings. By de-
veloping tools that probe local manifold structure, topological-geometric invariants,
and latent space geometry, we intend to have advanced the theoretical foundations
and practical applicability of topological and geometric data analysis in modern ML
workflows.

We introduced TARDIS, a framework for the localized estimation of intrinsic dimen-
sion and deviation from Euclidean geometry via a new statistic called Euclidicity.
This method enables fine-grained analysis of data geometry, particularly in singular
or non-manifold regions where traditional techniques fall short. We showed its
relevance for anomaly detection, unsupervised learning, and model robustness, and
we outlined pathways to integrate Euclidicity into training pipelines or as a regularizer
in generative modeling.

In parallel, we developed the Local Euler Characteristic Transform (ℓ-ECT), a
novel topological representation tailored for graph-structured data. Unlike message-
passing neural networks, ℓ-ECT avoids lossy feature aggregation, offering expres-
sive, interpretable embeddings that are robust to heterophily. The model-agnostic
nature of ℓ-ECT paves the way for hybrid architectures and applications where ex-
plainability is critical. Further research on scalable algorithms and deeper integration
into GNNs promises to unlock broader adoption in graph learning.

Building on different geometric and topological insights, we also introduced a new
Bayesian inference framework that incorporates topological losses into posterior
estimation. This approach is particularly suited to simulation-based settings where
classical likelihoods are inaccessible, and it extends the scope of uncertainty quan-
tification and parameter recovery for complex models. Our work thus connects
topological data analysis not only with classical machine learning but also with
fundamental aspects of probabilistic modeling.

Finally, we studied how local intrinsic dimension evolves during the training and
fine-tuning of large language models. By treating local dimension as a geometric
diagnostic signal, we uncovered unsupervised indicators of generalization, grokking,
and overfitting. These findings not only advance the interpretability of LLMs but also
point to novel training objectives and auditing tools rooted in the geometry of learned
representations.

Across all these contributions, a unifying theme emerges: geometric and topological
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8. Conclusion and Future Work

signals offer powerful, underutilized lenses through which to analyze, interpret,
and improve machine learning models. Whether as representations, priors, or
diagnostics, these signals bridge statistical learning with structural insight, enabling
new levels of control and understanding.

Future Outlook

Looking ahead, several promising research directions arise:

Representation Regularization and Control: Embedding Euclidicity or local di-
mension estimates as constraints in loss functions offers a path toward models that
not only generalize better but are structurally aligned with the geometry of the data.
This could be especially useful in domains with irregular or singular input spaces.

Scalable Topological Computation: For both ℓ-ECT and Euclidicity, improving
computational efficiency is critical. New sampling strategies, filtration methods (e.g.,
witness complexes), and parallel algorithms will be central to applying these tools at
scale.

Interpretability and Auditing Tools: Local intrinsic dimension and topological
descriptors hold potential as interpretability primitives. They can support model
auditing, data provenance tracing, and the identification of spurious correlations—all
without requiring labeled validation data.

Hybrid Models: Integrating local topological and geometric information into deep
learning architectures, be it through positional encodings, structural regularization,
or attention priors, could lead to new architectures that better balance expressivity
and transparency.

Application to Simulation-Based Inference: As models become increasingly
simulation-driven (e.g., in climate, epidemiology, or neuroscience), topological loss
functions can offer domain-informed guidance where gradients are unavailable and
likelihoods are implicit.

In sum, this thesis contributes to recent advances in a broader topological-geometric
perspective on learning systems, one that respects the complex structure of data
while enabling new forms of inference, explanation, and control. The fusion of
topology, geometry, and machine learning is still in its infancy; the results herein
suggest that its full potential is far from realized.
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A. Appendix

A.1. Pseudocode

We provide brief pseudocode implementations of the algorithms discussed in Sec-
tion 4.3. In the following, we use #Bari(X) to denote the number of i-dimensional
persistent barcodes of X (w.r.t. the Vietoris–Rips filtration, but any other choice
of filtration affords the same description). Algorithm 4 explains the calculation of
persistent intrinsic dimension. For the subsequent algorithms, we assume that
the estimated dimension of the intrinsic dimension of the data is n. We impose
no additional requirements on this number; it can, in fact, be obtained by any
choice of intrinsic dimension estimation method. As a short-hand notation, for
pi = PHn−1(V(EB•

•(x), •)) w.r.t. some sample of {y ∈ Rn | r ≤ d(x, y) ≤ s}, we de-
note by pr,si = PHn−1(V(EBs

r(x), •)) the respective fibred persistent local homology
barcode (calculated w.r.t. the same sample). Algorithm 5 then shows how to calculate
the Euclidicity values, following Eq. (4.5) and one of its potential implementations,
given in Eq. (4.6).

A.2. Stability of Euclidicity Estimates

Fig. A.1 shows that Euclidicity is robust under sampling; repeating the calculations
for smaller batches of the ‘pinched torus’ data set (500 points each) still lets us
detect the singularity and its neighbours reliably. This robustness is an important
property in practice where we are dealing with samples from an unknown data set
whose shape properties we want to capture. Euclidicity enables us to perform these
calculations in a robust manner. Following the brief discussion in Section 4.4.1,
we show the results of varying smax, the outer radius of the local annulus, for the
‘pinched torus’ data set. Fig. A.2 depicts point clouds of 1000 samples; we observe
that the singularity, i.e. the ‘pinch point,’ is always detected. For larger radii, however,
this detection becomes progressively more global, incorporating larger parts of the
point cloud. Fig. A.3 depicts the corresponding histograms; we observe the same
shift in probability mass towards the tail end of the distribution. For extremely large
annuli, we estimate that we lose a clear distinction between singular values and
non-singular values. Our data-driven parameter selection procedure is thus to be
preferred in practice since it incorporates data density. However, even for markedly
varying densities, we find that Euclidicity leads to reasonably stable results, as can
be seen in Fig. A.4. Here, we calculated Euclidicity scores for the pinched torus for
varying data sample densities of 50000, 75000 and 100000 samples. Each diagram
shows the histogram of Euclidicity values for 1000 random samples in the respective
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Algorithm 4 An Algorithm for Calculating the Persistent Intrinsic Dimension (PID)

Require: x ∈ X , smax, ℓ
Ensure: ix(s) for each s ∈ Γ

1: for s ∈ Γ do ▷ Iterate over the parameter grid
2: ix(s)← 0
3: for r < s ∈ Γ do
4: for i← 1 to N − 1 do
5: Compute #Bari(B

s
r(x))

6: if #Bari(B
s
r(x)) > 0 then

7: ix(s)← i+ 1
8: end if
9: end for

10: end for
11: return ix(s)
12: end for

Algorithm 5 An Algorithm for Calculating the Euclidicity Values δjk

Require: x ∈ X , smax, ℓ, n, {p1, . . . , pm}
Ensure: δjk values

1: for j ← 1 to m do
2: for k ← j + 1 to m do
3: for s ∈ Γ do
4: for r ∈ Γ such that r < s do
5: Compute dB(p

r,s
j , pr,sk ) ▷ Bottleneck distance

6: end for
7: end for
8: Compute D(pj , pk) ▷ Evaluate corresponding distance
9: end for

10: end for
11: return δjk
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Figure A.1.: Boxplots of the Euclidicity values of different random samples of the
‘pinched torus’ data set. While each sample invariably exhibits some
degree of geometric variation, we are able to reliably identify the singu-
larity and its neighbourhood.
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(b) smax = 0.65
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Figure A.2.: Modifying the outer radius smax still enables us to detect the singularity
of the ‘pinched torus.’ Larger radii, however, progressively increase the
field of influence of our method, thus starting to assign high Euclidicity
values to larger regions of the point cloud.
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Figure A.3.: Histograms of the Euclidicity values for the point clouds shown in
Fig. A.2. Larger radii result in the distribution accumulating more proba-
bility mass at higher Euclidicity values, making the singularity detection
procedure less local (but still succeeding in detecting the singularity and
its environs).
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Figure A.4.: Histograms of the Euclidicity values for varying point sample densities.
Each diagram represents Euclidicity values of 1000 random samples in
the respective data space.
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(a) PID (b) twoNN

Figure A.5.: Even for large values of k, PID still does not overestimate the local
dimensionality of the data, exhibiting a clear distinction between the
circle and the sphere, respectively.

data space. Although the histograms differ, the distributions exhibit the same overall
characteristics.

A.3. Comparison of PID With Other Dimension Estimates

In order to assess the quality of PID, we decided to test its performance on a
space that is both singular and has non-constant dimension. The data space we
chose consists of 2000 samples of S1 ∨ S2, i.e. a 1-sphere glued together with
a 2-sphere at a certain concatenation point. We then applied the PID procedure
for a maximum locality scale that was given by the k nearest neighbour distances,
for k ∈ {25, 50, 75, 100, 125, 150, 175, 200}. We assigned to each point the average
of the PID scores at the respective scales that are less than or equal to the k
nearest neighbour bound. Subsequently, we compared the results with other local
dimension estimates for the respective number of neighbours. The methods that
were chosen for comparison include lpca, twoNN, KNN, and DANCo; we used the
respective implementation from the scikit-dimension Python package.1

Fig. A.5a shows the PID results for a maximum locality scale of 200 neighbours,
with colours showing the estimated dimension values for each point. Overall, the
correct intrinsic dimension is detected for most of the points. However, points that
lie close to the singular point show a PID value between 1 and 2. Similarly to what
we already discussed for Euclidicity, PID should therefore also be interpreted as a
measure that incorporates the intrinsic dimension of a point on multiple scales of
locality. For real-world data, the dimension will generally change when changing the
locality scale. However, since there is no canonical choice of scale, we believe that
any such scale provides valuable information about the intrinsic dimension that is
worth being measured. We therefore argue that a multi-scale approach like ours

1https://scikit-dimension.readthedocs.io/en/latest/
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A.3. Comparison of PID With Other Dimension Estimates

(a) 1-sphere dimension estimates (b) 2-sphere dimension estimates

Figure A.6.: Estimates of the local intrinsic dimension for points that are close to the
1D-sphere, i.e. the circle, or the 2D-sphere, respectively.

(a) (b)

Figure A.7.: Dimension estimates of the 1D-sphere and the 2D-sphere for different
methods, plotted as a function of the number of neighours k.

is appropriate in practice, especially in a regime that is agnostic with respect to
the underlying intrinsic dimension. By contrast, Fig. A.5b shows the corresponding
dimension estimates for twoNN, where we observe less stable and reliable results
across the dataset.

Fig. A.6a shows boxplots of the distributions of the dimension estimates, for all
points that lie on the 1D-sphere. We see that for PID, the mass is concentrated at a
value of 1. Although there are outliers present, these correspond to points that are
close to the singularity, as it was expected. We note that other methods like KNN and
lpca might highly overestimate the dimension, and that the interquartile range is
significantly higher for twoNN and KNN. Fig. A.6b shows the same distributions for the
points that lie on the 2D-sphere. Again, lpca highly overestimates the dimension
since the median lies at a value of 3. Again, the interquartile range of PID is the
tightest, and the estimates are closest to the ground truth. Moreover, the lower-value
outliers again correspond to points that are close to the singular gluing point.

Fig. A.7a and Fig. A.7b show average dimension estimate scores of all investigated
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(b) Euclidicity

Figure A.8.: In 2D, Euclidicity b results in a clearly-delineated singular region (also
shown in the main paper), when compared to a single-parameter
score a.

(a) (b)

Figure A.9.: A comparison of Euclidicity values of a one-parameter approach (left)
and our multi-parameter approach (right) demonstrates that multiple
scales are necessary to adequately capture singularities.

methods for varying values of k, both for points on the 1-sphere and the 2-sphere.
We note that on average, only twoNN and DANCo lead to results which are comparable
with the reliability of our method. However, as we already saw in Fig. A.6a and
Fig. A.6b, the variance of the scores of our method is significantly lower, leading to
more reliable outputs for each of the points.

A.4. Euclidicity is More Expressive than Single-Parameter
Approaches

Fig. A.8 depicts a comparison between Euclidicity, an inherently multi-parametric
approach, and a single-parameter approach, which assumes the same locality
properties to hold for all points. This method is similar to the one described by Stolz
et al. [173]. We observe that both methods are capable of detecting the isolated
singularity of S2 ∨ S2, with Euclidicity leading to a score that more clearly delineates
the region around the singularity. Notice that this behaviour will become even more
crucial in real-world data, which may exhibit strong sparsity patterns and varying
density.
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A.5. Euclidicity of MNIST and FASHIONMNIST

(a) (b) (c)

Figure A.10.: From left to right: more examples of low Euclidicity values, median
Euclidicity values, and high Euclidicity values for the MNIST data set.

Further underscoring these findings, Fig. A.9 shows the empirical distributions of
Euclidicity scores for fixed locality parameters (left) and for our proposed multi-scale
locality approach (right). We see that the variance is significantly lower in the
multi-scale regime, indicating more stable and robust results. Moreover, the ratio of
maximum and mean is higher in the multi-parameter setting, where high Euclidicity
scores correspond to data points that lie close to the singularity, resulting in more
reliable outcomes.

A.5. Euclidicity of MNIST and FASHIONMNIST

Fig. A.10 and Fig. A.11 show the Euclidicity results for the 4 additional runs on
both the MNIST and FASHIONMNIST data sets. Again, we depicted the 9 images
with lowest (left), medium (middle), and highest (right) Euclidicity scores for the two
datasets. Moving from left to right, the images exhibit increases in the complexity
of the local geometry, giving evidence for the reproducibility of the observation we
remarked in Section 4.4.6.
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(a) (b) (c)

Figure A.11.: From left to right: more examples of low Euclidicity values, median
Euclidicity values, and high Euclidicity values for the FASHIONMNIST
data set.
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A.5. Euclidicity of MNIST and FASHIONMNIST

(a) MNIST Euclidicity scores for different choices of the intrinsic dimension.

Figure A.12.: Left to right: distribution of MNIST Euclidicity scores for intrinsic dimen-
sion of 5, 10, and 15, respectively. As a consequence of the stability of
our method, the distributions remain similar.

(a) MNIST Euclidicity scores for different choices of the nearest neighbour parameter
k.

Figure A.13.: Left to right: distribution of MNIST Euclidicity scores for k ∈ {25, 50, 75},
respectively. As a consequence of the stability of our method, the
distributions remain similar.

Moreover, as Fig. A.16 shows, the empirical distributions of the calculated Euclidicity
scores differ significantly for the MNIST and FASHIONMNIST data sets, with the
distribution for MNIST exhibiting a bimodal behaviour, whereas the FASHIONMNIST
Euclidicity value distribution is unimodal. We hypothesise that this corresponds to
regions of simple complexity—and locally linear structures—in the MNIST data
set, which are absent in the FASHIONMNIST data set. Finally, we observe that
Euclidicity values for MNIST are surprisingly stable with respect to specific choices
of the intrinsic dimension, as well as the nearest neighbour parameter k, which
can be seen in Figs. A.12 and A.13. Here, we calculated Euclidicity scores for
MNIST for intrinsic dimensions of 5, 10 and 15, respectively, and k ∈ {25, 50, 75}.
Although the scale of locality for which Euclidicity is computed varies significantly
for different k, the respective distributions of Euclidicity values appear to be almost
indistinguishable. We surmise that this is a consequence of the multi-scale nature of
our approach.

Euclidicity and anomaly scores. Fig. A.14 shows a comparison of Euclidicity
scores and the scores of IsolationForest, an anomaly detection algorithm, for a
UMAP projection of MNIST. Here, we used the implementation for IsolationForest
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(a) UMAP with class labels (b) UMAP Euclidicity scores (c) UMAP Isolation Forest
scores

Figure A.14.: Euclidicity correlates with Isolation Forest scores for MNIST samples.
Notice that we switched the colour maps because low Isolation Forest
scores indicate anomalies.

from the scikit-learn Python package.2 The clusters correspond to the different
classes of MNIST, see Fig. A.14a. Although the original purpose of Euclidicity is the
detection of non-Euclidean neighbourhoods of points, we observe a correlation of low
Euclidicity scores (i.e. points that are closer to admitting a Euclidean neighbourhood)
and high IsolationForest scores (i.e. points that are less likely to be considered
anomalies). This provides further evidence that Euclidicity could be expected to
serve as a powerful anomaly detection method, on top of its ability to capture local
geometric complexity. However, in our experiments we observe a (linear) correlation
of only 0.5–0.7, indicating that Euclidicity detects different anomalous behaviour than
just plain outliers. We plan on investigating this in future work.

Details on neural network misclassification analysis. The neural network that
we trained for the analysis in Section 4.4.6 consists of an input layer of 784 nodes,
one dense hidden layer of 5 nodes and an output layer possessing 10 nodes,
respectively. The same architecture was used for both MNIST and FASHIONMNIST,
resulting in 3985 trainable parameters. Accuracy scores are 0.777 for MNIST,
and 0.714 for FASHIONMNIST. Neither these scores nor the accuracy itself are
supposed to be competitive; we merely use this network as an example to outline
how Euclidicity could be potentially used to inform network training and highlight
potentially problematic regions in data. Fig. A.15 shows the respective results of
Euclidicity scores for misclassified versus correctly-classified samples. To compare
the statistical significance of the respective means for correctly and misclassified
samples, we performed Welch’s t-test, as the samples are approximately normally
distributed. We obtained p-values of 2.8×10−5 in the case of MNIST, and 5.7×10−3

in the case of FASHIONMNIST. With respect to the common rejection thresholds in
the literature, this leads to a clear rejection of the null hypothesis, which assumes
the population means to be equal. However, we only claim a correlation between the
likelihood for samples to be correctly classified and their corresponding Euclidicity
scores. A statement in terms of causality is to be investigated in future work.

2https://scikit-learn.org/stable/
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Figure A.15.: A comparison of Euclidicity scores for misclassified and correctly
classified samples in two image data sets.

(a) MNIST (b) FASHIONMNIST

Figure A.16.: Both MNIST and FASHIONMNIST exhibit markedly different distribu-
tions in terms of Euclidicity: MNIST Euclidicity values are bimodal,
whereas FASHIONMNIST Euclidicity values are unimodal.
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Figure A.17.: Left to right: sample histology images exhibiting low, median, and high
Euclidicity, respectively. All samples are taken from the ‘PatchCame-
lyon’ benchmark data set.

A.6. Euclidicity Captures Geometric Complexity in
Histology Data

Finally, we applied Euclidicity to a benchmark histology data set.3 The 96× 96 pixel
images were first scaled down to 60× 60 pixels, to speed up the computation. More-
over, since the images are inherently coloured, we transformed them to greyscale
images in order to naturally obtain a high-dimensional representation in Euclidean
space, by flattening them. We then randomly picked 1000 of the training images and
calculated Euclidicity scores of these samples (with respect to the whole space of
training images). The intrinsic dimension was chosen to be 35, as suggested by
twoNN. All the other hyperparameters were chosen as in the setting of Section A.5.
The results of images admitting different scores are depicted in Fig. A.17. Similarly
to the observations in Section A.5, we see very different structural behaviour inside
of the images for different Euclidicity values: while low scores correspond to images
that admit large voids, medium-score images correspond to images with finer local
geometric structure. Images of high Euclidicity scores, however, seem to admit both
large voids and regions of fine-grained geometric structure. We therefore hypothe-
sise the potential utility of Euclidicity for biological data, for instance to ensure data
quality of (histology or biomedical) image datasets.

3https://github.com/basveeling/pcam
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B.1. Ablation on directions and interpretability

Coming back to our approximation of ECT(X) via

ECT(X)(m,l) := ECT(X)|{v1,...,vm}×{t1,...,tl} (B.1)

for uniformly distributed directions v1, . . . , vm ∈ Sn−1 and filtration steps t1, . . . , tl ∈
R, we notice that the (l · (j− 1)+1)-th till (l · j)-th entries of ECT(X)(m,l) correspond
to the direction vj . The latter gives us the opportunity to get a deeper spatial
understanding of how the model predicts its outcome, by analysing its feature
importances (which are available for tree-based algorithms like e.g. XGBoost).
Therefore, our approach enables us to analyse which features (i.e. directions) of the
underlying ECT vector are most important. In practice, we often observe that a small
number of features admits high feature imoprtance with respect to the corresponding
model, see Fig.B.1. This raises the question if we may use only a smaller random
collection of features and still get reasonable results. We therefore ran experiments
for a collection of datasets for a varying number of randomly sampled entries of the
ℓ-ECT1 vector see Tab.B.1 for the results. Here, 4096 corresponds to the whole
vector. We observe that for certain tasks like e.g. Coauthor CS, Coauthor Physics
and Amazon Ratings the performance of the model only slightly changes when
using only a small portion of the ℓ-ECT1 vector. In light of the results in [48], this
observation is not entirely surprising: one main claim therein is that the ECT can be
determined using only a small number of directions.

Figure B.1.: Feature importances of an XGBoost model for the Coauthor Phyiscs
dataset (using ℓ-ECT1). Only a small number of features admit high
importance scores.
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Table B.1.: Mean accuracy results (5 runs each) for different node classification tasks,
and a varying number of randomly sampled entries of the respective
ℓ-ECT1 vectors.

Dataset 50 100 500 1000 4096

WikiCS 69.2% 70.5% 71.3% 72.7% 74.6%
Coauthor CS 92.3% 92.4% 92.5% 92.6% 92.6%
Coauthor Physics 95.6% 95.6% 95.8% 95.9% 96.1%
Roman Empire 73.7% 75.8% 78.3% 79.7% 80.4%
Amazon Ratings 47.9% 48.2% 48.4% 48.2% 48.4%

B.2. Spatial Alignment of High-Dimensional Data

Following our previous observations that dECT enables us to align two spaces,
we now use it to investigate its effect on high-dimensional data. We start this
discussion with the well-known MNIST benchmark dataset. We first represent each
(gray-scale) image in the dataset as a 784-dimensional vector, by flattening the
image. In this way, we obtain a high-dimensional point cloud corresponding to
the dataset. Subsequently, we sample 300 points of digits of ‘1’ and calculate the
pairwise distances of their respective ℓ-ECT (with respect to the whole point cloud),
for k = 10. Finally, we calculate the pairwise distances of the respective aligned
ℓ-ECTs (by using the approach of Eq. 5.7 and for k = 10). The results are shown
in Fig. B.2. We see that the aligned ℓ-ECTs have a significantly lower squared L2
distance (with a median of ≈ 112) than the non-aligned ones (with a median of
≈ 224), showcasing that rotations cause dissimilarity between small neighborhoods
of points, in many cases.

0 50 100 150 200 250 300 350 400

non-aligned

aligned

Squared L2 distance

Figure B.2.: A comparison of the squared L2 distances of ℓ-ECTs of aligned and
non-aligned MNIST digits of ‘1’, respectively.

B.3. Post-hoc evaluation of node classification
experiments

A critical difference diagram arranges the average ranks of multiple models across a
set of datasets in order to facilitate overall performance comparisons between the
model performances. Fig.B.3 shows the results for all node classification results
given in Sec.6.3 which include both homophilic and heterophilic graph datasets.
We see that the ℓ-ECT-based approaches outperform standard methods and the
heterophily-specific architecture H2GCN by far, when averaged over all datasets
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1. The best performing method ℓ-ECT1+ ℓ-ECT2 exhibits an average rank of 2,
while the worst performing method is GIN with an average rank of 5.7. Even the
worst performing ℓ-ECT-based method (ℓ-ECT2) performs better than the best
non-ℓ-ECT-based method GAT.

Figure B.3.: Critical difference diagram for ranks of different models across all node
classification tasks in Sec.5.4. Even the worst performing ℓ-ECT-bsaed
approach (ℓ-ECT2) works better than all other methods, when averaged
over all tasks.

To evaluate the performance of our methods in comparison to those reported in the
literature, we included a comparison with the results presented in [139], utilizing the
ranks of the respective models as the basis for evaluation. The results are shown
in Tab.B.3, where the table presents the ranking of various models on heterophilic
node classification tasks. Among the listed methods, several, such as H2GCN,
CPGNN, and GPR-GNN, are explicitly designed for heterophilic graph settings,
leveraging specialized architectures to handle the challenges posed by such data. In
contrast, our ℓ-ECT1+ ℓ-ECT2 method, despite being a general-purpose approach
not tailored specifically for heterophilic settings, achieves a competitive rank of 11.
This performance is on par with other top-performing heterophily-specific models,
such as GloGNN, and outperforms well-established architectures like GT and GAT
by a significant margin. These results highlight the robustness and adaptability of
our method, demonstrating its ability to handle diverse graph structures effectively
without requiring customization for heterophilic scenarios. In consideration of the
results given in Fig.B.3, this makes ℓ-ECT-based approaches a versatile general-
purpose solution for various node classification tasks.

B.4. Spatial alignment of wedged spheres

We approximate the optimization problem in Eq. 5.7 to show that we can learn a
spatial alignment of two given data spaces, while the distance between ECTs of
non-aligned spaces that only differ up to a rotation will in fact generally be high. We
start with a so-called wedged sphere, meaning two 2-dimensional spheres which
are concatenated at a gluing point (see Fig. B.5). We use 2000 uniformly sampled
points from such a wedged sphere, and compare the squared L2 loss between
the ECTs of this sample and a rotation of the same data space. We repeat this
procedure 500 times, where at each step both the sample of the wedged sphere and
the rotation matrix which yields the rotated version of the same space are randomly
sampled. We notice that the L2 losses between the non-aligned spaces are high
(with a median of around 19), whereas the L2 losses of the non-aligned spaces are

1We used https://github.com/hfawaz/cd-diagram for the creation of the critical difference dia-
gram.
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Model Rank

H2GCN 18.250
CPGNN 16.750
GPR-GNN 15.250
ResNet 13.750
l-ECT1 12.375
l-ECT2 12.375
GAT 12.250
GT 11.000
l-ECT1 + l-ECT 11.000
GloGNN 11.000
ResNet+SGC 10.750
FAGCN 10.000
JacobiConv 9.750
GCN 9.625
GBK-GNN 9.000
ResNet+adj 7.250
SAGE 5.875
GAT-sep 5.500
GT-sep 5.250
FSGNN 3.000

Table B.2.: Ranks of the various models in [139] across the heterophilic datasets
therein, in comparison to our methods.

significantly lower, with a median loss close to zero (see Fig. B.4 in the appendix
for more details). Moreover, we see that the ECT of the same space significantly
changes when the coordinate system is changed, which undermines the necessity of
a rotation-invariant metric for a comparison of ECTs that we introduced in Sec. 6.3.
We conclude that an alignment of the ECTs of the two underlying data spaces in
fact leads to an alignment of the data spaces itself, as promised by the theoretical
results in Sec. 6.3.

Robustness with respect to outliers and noise Fig. B.6 and Fig. B.7 in the
appendix show that the spatial alignment of wedged spheres still works in the
presence of outliers and noise. This property is an important feature when dealing
with real-world data, which is often noisy, and enables us to align spaces that only
approximately differ up to a rotation. By contrast, the Hausdorff distance which is a
widely used metric between point clouds is (by definition) highly sensitive to outliers.
We therefore conclude that the proposed metric based on ECTs is a robust metric
to compare point clouds of potentially different cardinalities.

Fig.B.4 shows that the L2 losses between the non-aligned spaces are high (with
a median of around 19), whereas the L2 losses of the non-aligned spaces are
significantly lower, with a median loss close to zero. We therefore see that the ECT
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Figure B.4.: A comparison of the squared L2 distances of the respective ECTs of
aligned and non-aligned wedged spheres, respectively.

of the same space significantly changes when the coordinate system is changed,
which undermines the necessity of a rotation-invariant metric for a comparison of
ECTs that we introduced in Sec. 6.3.
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Figure B.5.: A comparison of two wedged spheres with one being rotated around
the wedge point and the points being perturbed by Gaussian noise (left)
and the learned re-rotated sphere that is aligned with the original data
(right).
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Figure B.6.: A comparison of two wedged spheres with one being rotated around
the wedge point and added 200 outliers (left) and the learned re-rotated
sphere that is aligned with the original data (right).
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Figure B.7.: A comparison of two wedged spheres with one being rotated around
the wedge point and the points being perturbed by Gaussian noise (left)
and the learned re-rotated sphere that is aligned with the original data
(right).
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C.1. Synthetic data parameter estimates.

As a consistency check and illustrative example, we use our proposed methods for
inferring the radius parameters of two objects, namely the 2-sphere and the 2-torus.
The 2-sphere is the surface of a closed 3-dimensional ball of radius r, while the
2-torus is constructed using an inner radius r and an outer radius R. The point
clouds were sampled uniformly from the respective surface of known parameter.

Table C.1 depicts the results of the inference process. We observe that both types of
losses are capable of inferring the right parameters of these simple geometric objects,
with our topology-based loss ℓT providing slightly more reliable estimates in the case
of a torus. Table C.1 shows the raw values of learning radius parameters for synthetic
data sets (2D spheres and 2D tori). This experiment primarily shows that for such
simple shapes, geometry-based and topology-based losses perform equivalently.
For more complex data sets, however, we find that the improved robustness of our
topology-based loss term helps in inferring the ground truth parameters.

C.2. Vicsek model

Swarm behaviour of the Vicsek Model. Fig. C.1 shows simulations of the Vicsek
model for different noise parameters η. The higher η, the more ‘chaotic’ the behaviour
of the resulting complex system.

Table C.1.: Estimating the radius parameters of a 2D sphere (r) and a 2D torus (r,R).
For the more complex torus parameter estimation, we observe that our
topological loss ℓT provides more reliable estimates than the geometrical
loss ℓG. The results show the mean of five runs for each parameter
choice.

Sphere radius r Torus radii (r,R)

Loss Sampling method 1.00 5.00 10.00 (1, 2) (3, 5) (5, 10)

ℓG
Importance sampling 0.97 4.94 9.91 0.94 1.96 2.99 4.95 4.98 9.98
MCMC 1.00 4.99 10.00 0.99 2.04 2.77 4.96 5.01 10.00

ℓT
Importance sampling 1.01 5.02 9.98 1.02 1.96 3.01 5.05 4.95 10.04
MCMC 0.99 4.99 10.00 1.04 1.89 2.99 4.97 5.01 10.04
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Figure C.1.: Left to right: simulations of the Vicsek model for η = 0.15, 0.3 and
0.6, respectively. For lower values of η swarming behaviour emerges,
whereas for higher values of η swarms tend to merge and the model
becomes more ergodic.

Vicsek model parameter estimates. Accompanying Fig. 6.2, we show the raw
parameter estimates of η, the noise parameter of the model in Table C.2. Moreover,
we show the results of a rejection sampling procedure with summary statistics (mean
and standard deviation, respectively), in Fig. C.2. In the latter setting we used the L2

distance between the respective summary statistics as the loss that determines the
results of our method. We observe that there is no statistic that clearly discriminates
the other one, and that the performance of the results highly depends on the
parameter and time step that is considered. We find that the overall accuracy and
reliability of the respective experiments by using topological losses is significantly
higher; see Fig. 6.2 for a comparison.

Table C.2.: Noise parameter estimation after n = {5, 10, 50} iterations of the Vicsek
model. Estimates of η based on a topological loss are always closer to
the ground truth value than estimates obtained via a geometrical loss.

True parameter η

Loss Sampling method 0.15 0.30 0.60

n = 5
Hausdorff distance

Importance sampling 0.17 0.35 0.67
MCMC 0.13 0.36 1.15

Topological distance
Importance sampling 0.14 0.29 0.59
MCMC 0.12 0.33 0.63

n = 10
Hausdorff distance

Importance sampling 0.11 0.39 0.70
MCMC 0.18 0.41 1.95

Topological distance
Importance sampling 0.18 0.27 0.65
MCMC 0.13 0.34 0.62

n = 50
Hausdorff distance

Importance sampling 0.12 0.29 0.72
MCMC 0.28 1.40 2.28

Topological distance
Importance sampling 0.16 0.31 0.61
MCMC estimate 0.21 0.24 0.59
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Figure C.2.: Summary of parameter estimates for the noise parameter η of the Vicsek
model with respect to summary statistics and a standard rejection
sampling procedure, using 5 repetitions of the inference procedure.
Each subplot depicts estimates for η ∈ {0.15, 0.30, 0.60}, respectively.
The true parameter is shown as a solid black line. The horizontal axis
shows the number of iterations of the Vicsek model. Estimates based
on the mean statistic L2 loss and standard deviation statistic L2 loss
both are significantly less accurate than the respective topological loss,
see Fig. 6.2b.

C.3. Lattice Boltzmann model

(a) low turbulence (b) medium turbulence (c) high turbulence

Figure C.3.: Left to right: simulations of the fluid model after 3000 iterations, for
η = 0.2, 0.3 and 0.4, respectively. For lower values of η the fluid flow is
less turbulent than for higher values of η.

The degree of randomness in the local propagation and collision steps in the lattice
Boltzmann method (LBM) model controls the turbulent behaviour of the global
system, as is illustrated in Fig. C.3. This is the parameter η that we estimate in our
experiments. The results are shown in Fig. C.4 and Fig. C.5, respectively. Using
importance sampling, the topological loss outperforms the geometrical loss in terms
of accuracy, as can be seen from the median and interquartile range of the boxplots
in Fig. C.4. Moreover, the topological loss in combination with importance sampling
also outperforms the geometrical loss with MCMC sampling, as evidenced from
Table 6.1. The topological loss in combination with MCMC sampling, however,
is far off in terms of accuracy. The latter indicates that the convergence rates of
MCMC sampling and importance sampling may be very different, and depend on
the given setting. Finally, we note that rejection sampling with both the mean and
standard deviation summary statistic does not perform reliably, and its accuracy
highly depends on the true parameter in the underlying observation.
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Figure C.4.: Summary of parameter estimates for the parameter η of the fluid model,
using 5 repetitions of the inference procedure. Each subplot depicts
estimates for η ∈ {0.20, 0.30, 0.40}, respectively. The true parameter is
shown as a solid black line. Estimates based on the geometrical loss ℓG
are less accurate than the topological loss ℓT .
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Figure C.5.: Summary of parameter estimates for the parameter η of the fluid dynam-
ics model with respect to summary statistics and a standard rejection
sampling procedure, using 5 repetitions of the inference procedure.
Each subplot depicts estimates for η ∈ {0.20, 0.30, 0.40}, respectively.
The true parameter is shown as a solid black line. Estimates based on
the mean statistic L2 loss and on the standard deviation statistic L2 loss
tend to be less reliable than estimates based on the topological loss,
see Fig. C.4.
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Figure C.6.: Left to right: samples of the proposed percolation model for p = 0.15, 0.3
and 0.6, respectively. All samples admit a fixed maximum greyscale
value of 50. Although the geometric distance between two samples of
fixed p can be large due to the uniform sampling of pixels, the overall
topological structure (which is captured by persistent homology) for a
given p is more stable with respect to sampling.

C.4. Multi-scale structures in percolation models

Fig. C.6 shows an illustration of our proposed percolation model. The higher the
value of p, the more likely it is for a pixel to be non-zero. Consequently, there are
more non-zero pixels for higher values of p. As discussed in the main paper, the
topological distance outperforms the SCC distance significantly, with both importance
sampling and MCMC sampling. However, the rejection sampling procedure together
with the mean statistic performs even more accurate in this experiment, as can be
seen by comparing Fig. C.7 and Fig. C.8. This is not surprising: once the pixel size
converges to infinity, the mean of the pixel values will converge to the expected pixel
value, where the latter only depends on p (since the maximum greyscale value is
fixed in our experiments, and therefore does not have any discriminative power for
inference). Therefore, at least in a large-pixel regime we can infer the true parameter
of the observation from the mean of its pixel values. Note that this is due to the
additional structure in this experiment, and does not hold for complex systems
that cannot be described in such a simple way, as has been seen in the previous
experiments. Finally, rejection sampling with the standard deviation statistic leads to
highly erroneous results, as can also be seen from Fig. C.8. For complex systems it
is therefore very difficult to determine the ‘right’ summary statistic which contains
a sufficient amount of information to infer the underlying parameter. This choice is
not necessary when using topological losses, which makes the latter an appropriate
generic choice, in many applications.

C.5. Description of Algorithm 2

Inputs:

• Observed Data y: The actual data you have collected.
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Figure C.7.: Summary of parameter estimates for the parameter p of the Percolation
model, using 5 repetitions of the inference procedure. Each subplot
depicts estimates for p ∈ {0.15, 0.30, 0.60}, respectively. The true param-
eter is shown as a solid black line. Estimates based on the geometrical
loss ℓG are less accurate than the topological loss ℓT , in particular for
larger number of iterations.
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Figure C.8.: Summary of parameter estimates for the parameter p of the Percolation
model with respect to summary statistics and a standard rejection
sampling procedure, using 5 repetitions of the inference procedure.
Each subplot depicts estimates for p ∈ {0.15, 0.30, 0.60}, respectively.
The true parameter is shown as a solid black line. Estimates based on
the mean statistic L2 loss are more accurate than the standard deviation
statistic L2 loss.

Table C.3.: For 500 simulation points: Estimating the randomness parameter of
the lattice Boltzmann model after 3000 simulation iterations, using 5
repetitions of the inference procedure. The topological loss together with
importance sampling outperforms all of the other configurations.

Randomness parameter η

Loss Sampling method 0.20 0.30 0.40

ℓG
Importance sampling 0.14 ± 0.02 0.22 ± 0.02 0.26 ± 0.03
MCMC 0.18 ± 0.07 0.21 ± 0.03 0.22 ± 0.07

ℓT
Importance sampling 0.21 ± 0.01 0.28 ± 0.01 0.38 ± 0.05
MCMC 2.78 ± 1.82 2.91 ± 2.11 2.35 ± 0.80
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C.5. Description of Algorithm 2

• Start Value θ0: An initial guess for the parameter θ, whose posterior distribution
one intends to estimate.

• Proposal Distribution q(ϑ | θ): A distribution used to propose new values for
the parameter θ, based on its current value.

Steps:

Initialize: Start by sampling X0 from the distribution p(x | θ0), where p(x | θ) repre-
sents the likelihood of the data x given a parameter θ. This initializes the first sample
of the latent variable X0.

Iterative Sampling (Loop from i = 1 to K): For each iteration, repeat the following
steps to generate a sequence of samples that approximate the distribution of θ:

• Generate Random Number U: Sample U ∼ Unif[0, 1]. This will be used for
the acceptance/rejection step.

• Propose a New Parameter Value θ′: Sample a new candidate value θ′ from
the proposal distribution q(· | θi−1), which suggests a new possible value for
the parameter based on the current value θi−1.

• Sample a New Latent Variable X ′: Sample a new value for the latent vari-
able X ′ from the distribution p(x | θ′), corresponding to the newly proposed
parameter θ′.

• Compute the Acceptance Ratio a(θi−1, θ
′): Calculate the acceptance ratio,

which compares the likelihood of the data given the new parameter θ′ and
the current parameter θi−1, adjusted by their prior probabilities and proposal
distributions. This ratio helps decide whether the new proposed value θ′ should
be accepted or not.

• Acceptance/Rejection Step: Compare U (the random number sampled
earlier) with the acceptance ratio a(θi−1, θ

′):

– If U ≤ a(θi−1, θ
′), accept the new proposed parameter θ′ and set θi = θ′,

and also update the latent variable to Xi = X ′.

– Otherwise, reject the proposed value and retain the current parameter
and latent variable, i.e., set θi = θi−1 and Xi = Xi−1.

Repeat: Continue this process for a total of K iterations.

Output: After completing the iterations, the algorithm outputs a sequence of sampled
parameter values θ = (θ1, θ2, . . . , θK), which approximates the posterior distribution
of the parameter given the observed data.
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C.6. Pseudo-marginal MCMC in a nutshell

Pseudo-marginal Markov Chain Monte Carlo (MCMC) methods are a class of algo-
rithms used for sampling from a posterior distribution when the likelihood function
is intractable or expensive to compute. In such scenarios, the exact likelihood is
replaced by an unbiased estimator, which introduces randomness into the accep-
tance ratio of the Metropolis-Hastings (MH) algorithm. Despite this randomness,
pseudo-marginal MCMC methods can still produce samples from the correct target
distribution. In Bayesian inference, one often needs to sample from a posterior
distribution π(θ | y) ∝ π(θ)p(y | θ), where π(θ) is the prior, and p(y | θ) is the likelihood
function. In many practical cases, such as when dealing with complex models,
the likelihood p(y | θ) may not be analytically tractable or computationally feasible
to evaluate directly. Pseudo-marginal MCMC provides a solution by replacing the
likelihood with an unbiased estimator p̂(y | θ). This approach retains the correct
target distribution π(θ | y) because the pseudo-marginal method treats the noisy
estimate p̂(y | θ) as if it were the exact likelihood within the Metropolis-Hastings
framework. The pseudo-marginal MCMC algorithm proceeds similarly to the stan-
dard Metropolis-Hastings algorithm, with the key difference being that the likelihood
ratio in the acceptance probability is replaced by a ratio of likelihood estimators.
Specifically, given a current state θt, a new state θ′ is proposed, and the acceptance
probability is calculated as:

α(θt, θ
′) = min

(
1,

p̂(y | θ′)π(θ′)q(θt | θ′)
p̂(y | θt)π(θt)q(θ′ | θt)

)
,

where p̂(y | θ′) and p̂(y | θt) are unbiased estimates of the likelihood, and q(θ′ | θt)
is the proposal distribution. Crucially, the unbiasedness of the likelihood estimator
ensures that, despite the randomness introduced, the chain remains reversible and
converges to the correct posterior distribution π(θ | y). See Andrieu and Roberts [5]
for a thorough introduction to pseudo-marginal MCMC.
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D.1. Sensitivity Analysis

The following analysis gives insights into the stability of the sampling process in our
pipeline of 3. In particular, we discuss the influence of the following variations on our
final mean local estimate:

• In Section D.1.1, we show that with increasing sample and neighborhood sizes,
the TwoNN estimates tend to converge in our setting, and already a small
portion of samples suffices for reasonable reliability.

• In Section D.1.2 we show that the mean local estimates are stable under
applying noise to the embedding vectors.

• In Section D.1.3, we show that for masked language models, both masked and
regular token embeddings lead to similar mean estimates.

All embeddings in the following analyses are computed using the regular token
embeddings from the last layer of the RoBERTa base model.

D.1.1. Dependence on hyperparameter choices

Dataset sequence sub-sampling (dependence on M ) Text corpora data splits
usually contain different numbers of text sequences, since, for example, the training
dataset is larger than the validation or test dataset. Here, we present experiments
to show that our method can be made stable in the size of text corpus sequence
sub-sample M ∈ N, and how it depends on the seed of the sequence sub-sample.

Note that in our sub-sampling, we shuffle the dataset split using a given seed, and
then truncate to a beginning segment of the specified size. Thus, when comparing
different data sequence sub-sampling sizes for a fixed seed, the smaller sequence
sub-samples are subsets of the larger ones. In all the experiments in this section,
the size of token sub-sample is set to N = 60 000, and the local neighborhood size
parameter L = 128. Note that for the smallest sequence sub-sample size M = 2000,
not enough non-padding tokens are necessarily available to reach a token sample
size of N = 60 000, but with more sequences, we get this common token space size.

We take sequence sub-samples of each given size with 5 different seeds and select
a random token sub-sample for each of these, on which the local TwoNN estimates
are based. For the results, see Figure D.1 and Figure D.2.
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For a given sequence sample size, the average of the mean local estimates, cal-
culated across different sampling seeds, remains consistent between the various
dataset splits of the same dataset. This observation indicates that the sampling pro-
cess is robust to differences in how the data is divided. Furthermore, the estimates
stabilize as the sequence sample size increases, suggesting convergence of the
local mean estimates with larger samples. Based on these observations, we set M
to the values 7000 or 10 000 for the natural language-based tasks in Sections 7.4.1,
7.4.3 and 7.4.4, because it represents a practical compromise between computation
effort and stability of the value at that scale. This value provides sufficient sampling
density to capture the underlying data distribution comparably across datasets while
maintaining computational efficiency.

Token sub-sampling (dependence on N ) Here, we want to investigate the
influence of the token sub-sample size on the local TwoNN estimate. We conduct
our analysis on the MultiWOZ dataset. Since here we are interested in the effect
of the second sub-sampling process, we want to fix the first sampling step for the
sequences: We take the sub-sample of the first M = 10 000 sequences from the
MultiWOZ training, validation, and test split. From the resulting token embedding
spaces, we then sample 100 000 points (ignoring padding and end-of-sequence
(EOS) tokens). Finally, we compute the local estimates based on the first N =
10 000, 20 000, . . . , 90 000, 100 000 points in the given sub-sample. Note that we are
left with slightly fewer points in the local estimation step for the largest sub-sample
size because of our de-duplication step in 3. This means that in a given token
sub-sample, the beginning segment of the first 10 000 points is the same even when
increasing the sample size, and we compare the mean of the local estimates of this
beginning segment.

The analysis of the datasets reveals a clear trend in the behavior of the truncated
mean values and their associated standard deviations as the sample size increases,
see Figure D.3. Here, the mean stabilizes quickly, and the standard deviation is
comparatively small. This justifies our choice of N = 60 000 in the natural language
dataset settings.

Neighborhood size for local estimates (dependence on L) Having fixed sample
sizes M and N , Figure D.4 shows the distribution of TwoNN dimension estimates
across varying locality scale parameters, represented by the number of neighbors L.
A key observation is the relative stability of the estimates as the number of neighbors
increases, with smaller locality scales (fewer neighbors) yielding more diverse
estimate distributions. This indicates that local properties of the data significantly
influence dimension estimates.

The increasing stability with larger neighborhoods suggests that the embedding
space exhibits more homogeneity at broader locality scales. However, the variability
at smaller scales aligns with the observation in [23] that in many cases, numerical
data is not confined to a single manifold of uniform dimensionality but rather consists
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(a) MultiWOZ Training split
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(b) MultiWOZ Validation split
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(c) MultiWOZ Test split

Figure D.1.: Boxplots of the mean local TwoNN estimates for different sequence
sample sizes M ranging from 2000 to 16 000. We compute the mean
estimates for 5 different sequence sub-sampling seeds for the three
splits of the MultiWOZ dataset. Here and in all subsequent boxplots,
the average of the mean estimates is depicted as green triangles, their
median is the orange line; outliers are shown as circles.

of multiple manifolds or regions with varying local dimensions.

Our findings provide evidence that token embedding spaces of this nature do not
conform to a single, unique dimension. Instead, they exhibit a complex structure,
where local estimates diverge, reflecting the diverse geometric and topological
properties within the space. This emphasizes the importance of considering locality
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(a) Reddit Training split
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(b) Reddit Validation split
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(c) Reddit Test split

Figure D.2.: Mean local estimates for different sequence sample sizes M for splits
of the Reddit dataset, shown for 5 sampling seeds.

when evaluating dimension estimates in such embedding spaces.

D.1.2. Noise Analysis

The following experiments investigate the stability of the TwoNN dimension estimates
under small perturbations of point clouds in a realistic setting of high-dimensional
language model embedding spaces. The original work in [67] studies the influence
of artificial noise on the global TwoNN estimator for specific toy datasets (points
sampled from a 2-dimensional plane in 20-dimensional space, and points sampled
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(a) MultiWOZ training data.
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(b) MultiWOZ validation data.
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(c) MultiWOZ test data.

Figure D.3.: Distribution of the mean local TwoNN estimates for different cardinalities
of token sub-samples. We compute the mean estimates for 5 different
token sub-sampling seeds and show their distribution for each fixed
subsampling cardinality.

from a 2-dimensional Gaussian distribution wrapped around a Swiss roll). Here, we
confirm the stability under noise for our mean local estimates and in the realistic
setting of high-dimensional contextual language model embeddings.

We analyze the effect of Gaussian noise on the embeddings from the MultiWOZ

test set using a fixed set of parameters and varying noise distortions. Specifically,
we use M = 10 000 random sequences from the MultiWOZ test set and extract the
masked token embeddings from the last layer of the RoBERTa base model, which
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(a) MultiWOZ validation data.
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(b) Reddit validation data.

Figure D.4.: Distribution of the local token-wise TwoNN estimates over different
locality scales L (number of neighbors). Here shown are the mean
and quartiles of the resulting measure varying over the different tokens
in a fixed subsample. The more global the estimates, the smaller the
standard deviation in the resulting distribution.
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(a) Global TwoNN estimate.
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(b) Mean of local TwoNN estimates.
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(c) Standard deviation of local
TwoNN estimates.

Figure D.5.: Effect of artificial Gaussian noise on masked token embeddings. On the
x-axis we mark the Hausdorff distance of the noisy embeddings to the
clean embeddings, with color denoting the distortion σ in the artificial
Gaussian noise.

produces 768-dimensional vectors. To compute local estimates, we sub-sample
N = 60 000 points from the embeddings and set the neighborhood size to L = 128.

Gaussian noise is applied to all dimensions of the embeddings with varying distortion
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parameters, σ ∈ {0.001; 0.002; 0.003; 0.004; 0.01}, and multiple random seeds to
introduce variability. For each noise level, we compute the approximate Hausdorff
distance between the point cloud of the 60 000 clean embedding vectors and the
60 000 noisy embedding vectors, using the Euclidean distance as the distance metric.

The results are visualized in Figure D.5, where we plot the Hausdorff distance
against three measures: the global TwoNN-estimate of the noisy point cloud, the
mean of the local TwoNN estimates, and the standard deviation of the local TwoNN
estimates.

From the plots, we observe the following trends. The Hausdorff distances between
the clean and noisy embeddings and the global and the mean local TwoNN estimates
increase with larger noise levels, and there is a clear correlation between the two.
Notably, for a distortion parameter of σ = 0.01, the difference in the dimension
estimates exceeds one. As expected, the standard deviation of the local TwoNN
estimates also increases with higher noise levels, reflecting the increased variability
introduced by the noise. Nevertheless, under small noise levels, the mean local
estimate remains relatively stable and has lower variability than the global TwoNN
estimate.

D.1.3. Masked Token Embeddings versus Regular Token Embeddings

The plots in Figure D.6 compare the TwoNN estimates for regular tokens (left) and
masked tokens (right) in the MultiWOZ dataset at the last layer. Each box-plot
represents the distribution of token-wise TwoNN estimates.

The estimates for regular tokens have an interquartile range from approximately
5.5 to 8, with a median near 7. This distribution closely resembles that of masked
tokens, which exhibit a similar range and median. However, the broader spread for
regular tokens suggests distinct token-level geometric behaviors influenced by their
role in the learned representation space. In any case, this justifies the computation
of the mean local estimates for the regular token embeddings, which are cheaper
to obtain: Every sequence token must be masked individually to retrieve masked
embeddings with a corresponding model forward pass. In contrast, for the regular
embeddings, a single forward pass of the entire sequence automatically produces
embeddings for every input token.

D.2. Additional details on datasets used

See Table D.1 for details on the dataset cards and corresponding split sizes.
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Figure D.6.: TwoNN estimates for regular and masked tokens in the MultiWOZ

dataset at the last layer. Both token types show similar distributions.

Table D.1.: Dataset sizes for various datasets used in the experiments. Some
datasets use pre-determined splits, while others involve random splits.

Dataset Training Size Validation Size Test Size

MultiWOZ2.1

https://huggingface.co/datasets/ConvLab/multiwoz21

113 556 14 748 14 744

EmoWOZ

https://paperswithcode.com/dataset/emowoz-1

66 474 8509 8634

SGD

https://huggingface.co/datasets/

google-research-datasets/schema_guided_dstc8

329 964 48 726 84 594

Wikipedia

(random 80%-10%-10% split)
https://huggingface.co/datasets/Salesforce/

wikitext/viewer/wikitext-103-v1

1 441 080 180 135 180 135

Reddit

(random 80%-10%-10% split)
https://huggingface.co/datasets/SocialGrep/

one-year-of-tsla-on-reddit

174 996 21 874 21 874

D.3. Additional Experimental Results

D.3.1. Additional fine-tuning results

Fine-tuning on unseen data Continuing the discussion in Section 7.4.1, in Fig-
ures D.7 to D.9, we provide additional distribution plots of the local estimates.
Figure D.7 is interesting because here the RoBERTa model is fine-tuned on data
that it has not seen during pre-training.

Fine-tuning an autoregressive language model Moreover, in Figures D.8 and D.9
we show the distribution of local estimates for the auto-regressive GPT-2-medium
model in a natural language modeling task, and their shift under fine-tuning. The
GPT-2-medium fine-tuning here is performed with standard parameters on the first
10 000 sequences of the given dataset’s train portion, and we show the local esti-
mates at the checkpoint after 1200 batches.
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(a) TwoNN estimates on MultiWOZ validation embed-
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(c) TwoNN estimates on Reddit validation embed-
dings.

Figure D.7.: Comparison of the intrinsic dimension (ID) across three data modalities
for both models. The ID of embeddings originating from the fine-tuning
distribution (Reddit) differs markedly between models, whereas the
IDs for the out-of-distribution corpora (SGD, MultiWOZ) are almost
indistinguishable.

D.3.2. Layerwise computation of local estimates

Our setup from the methods’ section and 3 naturally applies to embeddings derived
from arbitrary layers of the language model. In particular, the mean local estimates
can be compared layer-wise between different checkpoints of a model, as we show in
Figure D.10. The main observations here are that the drop in mean local dimension
on the dataset used for fine-tuning is visible over all the model layers. It appears to
be most pronounced in the intermediate and last layers of the model.

D.3.3. Additional Grokking results

This section supplements the grokking experiments in Section 7.4.2. See Figure D.11
for a plot comparing model performance and mean local estimates on the training
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(a) TwoNN estimates on MultiWOZ validation embed-
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(b) TwoNN estimates on Wikipedia validation embed-
dings.

GPT-2 GPT-2 fine-tuned on MultiWOZ
0
5

10
15
20
25
30

Tw
oN

N

Mean=13.59; Median=13.91; Std=5.38
Mean=13.18; Median=13.36; Std=5.07

(c) TwoNN estimates on Reddit validation embed-
dings.

Figure D.8.: Comparison of the intrinsic dimension (ID) across three data modalities
for both models. The ID of embeddings originating from the fine-tuning
distribution (MultiWOZ) differs markedly between models, whereas the
IDs for the out-of-distribution corpora (Wikipedia, Reddit) are almost
indistinguishable.

set, shown separately for the training run seeds. This representation is useful, as
the timing of the onset of grokking can be very dependent on the model and dataset
shuffling seed. It remains true that for individual seeds, the drop in mean local
dimension on the training set coincides with the increase in validation accuracy.

D.3.4. Additional Trippy-R dialogue state tracking results

We here show additional results for Section 7.4.3, where we discuss exhausting
model training capabilities. See Figure D.12c for longer TripPy-R dialog state tracking
runs over 50 epochs. After about 20 training epochs, the mean local estimates
stabilize and predict the convergence of the model performance on the downstream
task.
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(a) TwoNN estimates on MultiWOZ validation embed-
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Figure D.9.: Comparison of the intrinsic dimension (ID) across three data modalities
for both models. The ID of embeddings originating from the fine-tuning
distribution (Wikipedia) is markedly lower, whereas the IDs for the
out-of-distribution corpora (MultiWOZ, Reddit) are even higher for the
fine-tuned variants.
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Figure D.10.: Comparison of the development of the ID through the different layers
of the two models. The ID of embeddings from the distribution that has
been used for fine-tuning differs significantly between the two models,
whereas the ID of other data distributions are indistinguishable.
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Figure D.11.: Training a model on addition mod p = 197 with different training data
fraction selected from {0.1; 0.15; 0.2; 0.25; 0.3; 0.4; 0.5}. Five seeds per
configuration are shown separately, demonstrating that the onset of
grokking and the drop in mean local dimension vary greatly depending
on the specific training run. The plots show the development over
15 000 batches. The mean local estimates are computed on the train-
ing split for N = 3000; L = 64.
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Figure D.12.: Longer Trippy-R training runs over 50 epochs with a linear learning
rate schedule. Shown are the mean and standard deviation of the
measures over 4 seeds of the training runs.
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search with GPUs”. In: IEEE Transactions on Big Data 7.3 (2019), pp. 535–
547.

[98] Chaitanya K Joshi et al. “On the Expressive Power of Geometric Graph Neural
Networks. 2023”. In: International Conference on Learning Representations.
2023.

[99] Tikeng Notsawo Pascal Junior et al. “Predicting Grokking Long Before it
Happens: A look into the loss landscape of models which grok”. In: ICLR
2024 Workshop on Mathematical and Empirical Understanding of Foundation
Models. 2024. URL: https://openreview.net/forum?id=AUjCSjxhGj.

[100] Daniel Jurafsky and James H. Martin. Speech and Language Processing: An
Introduction to Natural Language Processing, Computational Linguistics, and
Speech Recognition with Language Models. 3rd. Online manuscript released
January 12, 2025. Online manuscript, 2025. URL: https://web.stanford.
edu/~jurafsky/slp3/.

[101] Diederik P. Kingma and Max Welling. “An Introduction to Variational Autoen-
coders”. In: Foundations and Trends® in Machine Learning 12.4 (2019),
pp. 307–392.

[102] Thomas N Kipf and Max Welling. “Semi-supervised classification with graph
convolutional networks”. In: arXiv preprint arXiv:1609.02907 (2016).

[103] Jeremias Knoblauch, Jack Jewson, and Theodoros Damoulas. “An Optimization-
centric View on Bayes’ Rule: Reviewing and Generalizing Variational Infer-
ence”. In: Journal of Machine Learning Research 23.132 (2022), pp. 1–
109.

[104] Jan J Koenderink and Andrea J van Doorn. “Dynamic shape”. In: Biological
Cybernetics 53.6 (1986), pp. 383–396.
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