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Abstract

Quantum computing, first proposed by Richard P. Feynman in 1982, promises to solve problems beyond the
capabilities of classical machines and transform fields such as chemistry, artificial intelligence, physics, and
cryptography.

Companies and academic institutions have made significant progress toward practical applications
in the past decade. Partial credit is due to the development of quantum software alongside hardware
advancements. Despite these strides, most quantum hardware and software are designed for computations
based on qubits–two-level systems–representing only a fraction of quantum computing’s potential. The full
power of quantum computations could lie in leveraging higher-dimensional units of information, or quantum
digits–qudits–which offer a range of advantages. Mixed-dimensional quantum computing, which combines
qubits and qudits, provides a new synergistic approach to exploiting the best capabilities of both.

However, the scarcity of quantum software for mixed-dimensional quantum computers leaves much
of their potential untapped. A large portion of the quantum computation design process still relies on
manual techniques, which are difficult to generalize from just qubits to circuits incorporating both qubits and
qudits. These manual processes are prone to human error, lead to inefficiencies, and divert efforts from
conceptualizing novel applications and discoveries.

Mixed-dimensional quantum computing requires software solutions to address circuit design challenges,
ensuring algorithms run quickly, reliably, and scalably. These challenges parallel those encountered in
classical computing. The solution may lie in leveraging innovations in programming languages, computer
architectures, compilers, optimization theory, and electronic design automation–advancements that have
shaped classical computing. The goal is to enable users to express solutions in high-level programming
languages while abstracting away complex low-level decisions on mixed-dimensional quantum architectures.

This Ph.D. thesis lays the groundwork for developing state-of-the-art methods and software to unlock
mixed-dimensional quantum computing’s potential. It does so by introducing novel methodologies inspired
by classical computing techniques. To this end, it focuses on two primary quantum software design tasks:

• Classical simulation of quantum circuits, and

• Compilation of mixed-dimensional quantum circuits.

These tasks leverage data structures, like decision diagrams, and methods such as heuristic search,
alongside quantum information to provide efficient strategies for designing circuits with optimal trade-offs
between runtime, quality, and reliability.

The advancements presented in this thesis are integrated into MQT Qudits, a software framework part of
the Munich Quantum Toolkit. This flexible yet integrated programming environment enhances accessibility to
mixed-dimensional quantum computing and transforms it from an academic concept into a fully operational
system. Additionally, it serves as a common platform for scientific collaboration among different physics
communities.

By addressing the key challenges in developing mixed-dimensional quantum software and providing
open-source solutions, this Ph.D. thesis advances quantum computing and lays a foundation for its next
generation, highlighting the transformative role of classical computing design methods in shaping its future.
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Zusammenfassung

Die Quanteninformatik, erstmals 1982 von Richard P. Feynman vorgeschlagen, verspricht, Probleme zu
lösen, die über die Fähigkeiten klassischer Maschinen hinausgehen, und Bereiche wie Chemie, künstliche
Intelligenz, Physik und Kryptografie zu transformieren.

Unternehmen und akademische Einrichtungen haben in den letzten zehn Jahren erhebliche Fortschritte
bei der praktischen Anwendung erzielt. Dies ist zum Teil auf die Entwicklung von Quantensoftware und
Fortschritte in der Hardware zurückzuführen. Trotz dieser Errungenschaften sind die meisten Quantenhard-
ware und Softwarelösungen für Berechnungen mit Qubits–Zweizustandssystemen–ausgelegt, wodurch
nur ein Bruchteil des Potenzials der Quanteninformatik genutzt wird. Die volle Leistungsfähigkeit von
Quantenberechnungen könnte in der Nutzung höherdimensionaler Informationseinheiten, sogenannter
Qudits, liegen, die zahlreiche Vorteile bieten. Das gemischt-dimensionale Quantencomputing, das Qubits
und Qudits kombiniert, eröffnet einen neuen synergetischen Ansatz zur Nutzung der besten Eigenschaften
beider Systeme.

Jedoch bleibt aufgrund des Mangels an Quantensoftware für gemischt-dimensionale Quantencomputer
ein Großteil ihres Potenzials ungenutzt. Der Entwurfsprozess von Quantencomputern basiert weiterhin auf
manuellen Techniken, die sich nur schwer von Qubits auf Schaltungen mit sowohl Qubits als auch Qudits
übertragen lassen. Diese manuellen Prozesse sind fehleranfällig, ineffizient und lenken Ressourcen von
der Entwicklung neuer Anwendungen und Entdeckungen ab.

Das gemischt-dimensionale Quantencomputing erfordert Softwarelösungen, um die Herausforderungen
beim Schaltungsentwurf zu bewältigen und sicherzustellen, dass Algorithmen schnell, zuverlässig und
skalierbar ausgeführt werden. Diese Herausforderungen ähneln denen des klassischen Rechnens. Eine
mögliche Lösung liegt in der Nutzung von Innovationen in Programmiersprachen, Computerarchitekturen,
Compilern, Optimierungstheorie und elektronischer Designautomatisierung–Fortschritte, die auch das
klassische Rechnen geprägt haben. Ziel ist es, Nutzern zu ermöglichen, Lösungen in fortschrittlichen
Programmiersprachen auszudrücken, während komplexe Entscheidungen auf niedriger Ebene in gemischt-
dimensionalen Quantenarchitekturen abstrahiert werden.

Diese Doktorarbeit legt den Grundstein für die Entwicklung modernster Methoden und Software, um
das Potenzial des gemischt-dimensionalen Quantencomputings zu erschließen. Dies geschieht durch die
Einführung neuartiger Methoden, inspiriert von klassischen Rechentechniken. Dabei konzentriert sie sich
auf zwei zentrale Aufgaben im Entwurf von Quantensoftware:

• Klassische Simulation von Quantenschaltungen, und

• Kompilierung von gemischt-dimensionalen Quantenschaltungen.

Diese Aufgaben nutzen Datenstrukturen (z. B. Decision Diagrams) und Methoden wie heuristische Suche
in Kombination mit Quanteninformationen, um effiziente Strategien für den Schaltungsentwurf mit optimalen
Kompromissen zwischen Laufzeit, Qualität und Zuverlässigkeit bereitzustellen.

Die in dieser Arbeit vorgestellten Entwicklungen sind in MQT Qudits integriert, einem Software-Framework
innerhalb des Munich Quantum Toolkit. Diese flexible, aber dennoch integrierte Programmierumgebung
verbessert die Zugänglichkeit des gemischt-dimensionalen Quantencomputings und verwandelt es von
einem akademischen Konzept in ein voll funktionsfähiges System. Darüber hinaus dient sie als gemeinsame
Plattform für die wissenschaftliche Zusammenarbeit zwischen verschiedenen Physikgemeinschaften.
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Durch die Auseinandersetzung mit zentralen Herausforderungen und die Bereitstellung von Open-Source-
Lösungen treibt diese Doktorarbeit das Quantencomputing voran und legt den Grundstein für dessen
nächste Generation, wobei die transformative Rolle klassischer Berechnungsmethoden in der Gestaltung
seiner Zukunft hervorgehoben wird.
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1 Introduction

The progress of humanity has always been tied to curiosity and the ability to gain knowledge. To this end,
computers have played an important role as aid in accomplishing great discoveries, such as the discovery
of new materials and drugs or understanding the physics of our reality. Unfortunately, these problems come
with extremely hard computational challenges that could potentially slow down progress or even lead to
plateaus in scientific advancement. Here lies the idea of developing a new type of computer that could
use principles originating from quantum information and technologies that allow new quantum information
processing, called Quantum Computing (QC) [1]. Quantum information is an evolution of the classical
information theory developed by Shannon, which is combined with new inputs from quantum mechanics, a
fundamental theory that describes the behavior of nature at and below the scale of atoms. This field is the
foundation of all quantum physics, which includes quantum chemistry, quantum field theory, and combined
with the algorithmic theory of quantum computing and quantum communications.

In 1982, Richard Feynman proposed the idea of using devices and computational models that would be
inherently quantum mechanical to simulate quantum many-body systems [2]. Since then, teams of quantum
information theorists and experimentalists have been working on developing quantum computers. The
discoveries made along the way in mathematics and physics have been instrumental in the growth of other
fields, such as biology, chemistry, medicine, machine learning, finance, and signal processing.

The difference between quantum computers and classical ones starts with the representation of informa-
tion. In classical computers, the minimal unit of information is the bit, where it can be exclusively observed
as in 0 or 1. Instead, quantum computers represent their minimal units of information in states that can be
in a superposition, which means the single unit is in both states 0 and 1 at the same time, while in the case
of multiple units of information, this superposition can be extended to a special form called entangled. This
particular property of quantum bits or qubits allows for operations that are not possible on classical bits.
The operations, similar to the classical technology, are called gates, and they require lots of engineering in
terms of hardware, in the form of design and control, to perform their task reliably, with error rates that could
allow for complex calculations.

Over the past decade, the field of quantum computing has made significant progress, driven not only by
advancements in hardware but also by theoretical and software progress. The adoption of the technology
has been facilitated by the cloud access provided by several companies, which has increased its usability
for a broader community of developers and users. These combined efforts have enhanced performance,
scalability, and applicability in hybrid quantum-classical and purely quantum algorithms. Although a long
way remains to go, companies are working hard to implement the best qubits and exploit them for useful
commercial applications, with continuous comparisons between different technologies implementing the
best qubits. Superconducting qubits are the focus of IBM, Google, and IQM, while Quantinuum and AQT
specialize in trapped ions. Xanadu advances photonic chips, whereas QuEra, Planqc, and Pasqal have
demonstrated the competitiveness of neutral-atom platforms.

Companies and academic institutions have made significant progress in achieving their roadmaps and
goals for practical applications, and partial credit is due to the software developed for quantum computers
(in short, quantum software) alongside hardware developments. In fact, quantum software has become
increasingly important each year, given its role in enabling users to design, implement, and execute quantum
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applications on devices. Industry and academia have collaborated to develop software frameworks. Famous
examples include:

• IBM’s Qiskit [3]

• Munich Quantum Toolkit [4]

• Google’s Cirq [5]

• Microsoft’s Quantum Development Kit (QDK) [6]

• Nvidia’s CUDA-Q [7]

• Xanadu’s Pennylane [8]

All of these frameworks operate across the quantum computing stack with varying levels of integration
and hardware access. Most of them, so far, share a fundamental limitation: they are primarily designed for
quantum computations based on qubits–two-level systems. Unfortunately, two-level systems are a restriction
of the original nature of the quantum technology platforms, which are multi-level quantum systems, and
despite the impressive achievements of industry and academia, the progress based on qubits represents
only a fraction of quantum computing’s true potential. The full power of quantum computations could lie in
leveraging the higher-dimensional units of information for calculations with quantum digits–qudits, which
offer a wide range of advantages, including expanded gate sets, higher information density per unit of
information, and improved computational efficiency.

Qudits might play a key role in overcoming not only the limitations of classical machines but also those of
current qubit-based quantum devices. This new advancement in quantum architectures does not mean
that qubit quantum computers are obsolete but rather offers a new native and synergetic possibility for
mixing the best capabilities of both worlds, offering significant potential for tailored methods, error mitigation
strategies, and optimal algorithm (or circuit) designs, allowing for a better codesign of quantum computers
and applications. This is the advent of a new paradigm of quantum computing and applications that require
the use of qubits and qudits with arbitrary dimensions, thus enabling what is termed mixed-dimensional
quantum computing.

Recent experimental demonstrations [9] have shown that qudits enable improvements in circuit complexity
and algorithmic efficiency across a wide range of problems, with competitive error rates to qubits and more
naturally suited encodings for the applications. Mixed-dimensional quantum computing is full of revolutioniz-
ing promises. However, like its qubit-based counterpart, it faces challenges not only in experimental control
but also in algorithm design and particularly in quantum software engineering, which is fundamentally more
complex. On top of these challenges, there is a widespread lack of quantum software development for qudit
systems that ensures that their large potential remains largely untapped.

The consequential scarcity of automated software solutions for mixed-dimensional systems means
that a considerable portion of the design process of quantum computations still heavily relies on manual
techniques. Several of these methods are also no longer straightforward to generalize from the qubit
circuit case to the qudit circuit case or to circuits incorporating both qubits and qudits. Furthermore, as the
size of the qudits in a circuit increases, the associated tasks become exponentially more difficult. Such
manual processes are not only susceptible to human error, but also lead to inefficiencies. The absence of
systematic, automatic tools poses a significant obstacle to the progress and reliability of mixed-dimensional
quantum computers. Moreover, it reduces the potential for scientific breakthroughs by diverting workforce
efforts toward implementation rather than conceptualizing novel applications and discoveries. The problems
of the manual design of mixed-dimensional quantum computations are particularly evident when compared
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with qubit-based quantum computing, which has started to benefit from advanced and well-established
software tools that are widely implemented on larger systems.

It becomes clear that mixed-dimensional quantum computing requires software solutions to address
design challenges for circuits that enable algorithms to run quickly, reliably, and scalably. This is crucial to
prevent a scenario where mixed-dimensional quantum hardware becomes increasingly available, yet lacks
reliable, scalable, and practical software solutions. Quantum software faces design challenges reminiscent
of those previously encountered in classical computing. In classical systems, software advancements
supported the design and development of modern circuits and systems by reducing development cost
and time while enhancing performance and reliability. Achieving this required innovations in programming
languages, computer architectures, compilers, optimization theory, and electronic design automation (EDA),
which abstracted design complexities and allowed users to focus on programming their algorithms. Similarly,
the envisioned flow of quantum software should parallel that of classical software, enabling users to express
their solutions in high-level programming languages while abstracting away complex low-level decisions. To
replicate this success in mixed-dimensional quantum computing, quantum software should provide features
such as:

• Simulators as means of testing, verification, and validation of the circuit designs, that are based on
user input.

• Compilers that could synthesize circuits by following user input and optimizing them according to the
best practices to reduce the risk of errors and resource usage.

This Ph.D. thesis lays the groundwork for developing methods and state-of-the-art software that will
unleash the potential of mixed-dimensional quantum computing. It concentrates on two primary design
tasks within quantum software: simulation and compilation, with efficient novel methodologies inspired
by fundamental techniques previously developed in traditional circuits and systems. Specifically, this
involves leveraging data-structures (e.g., adapted decision diagrams) and methods, such as heuristic search
alongside quantum information, to offer efficient strategies for simulating and compiling quantum computer
circuits with optimal trade-offs between memory, runtime, quality, and reliability of the designed circuits.

This Ph.D. thesis is organized into three core parts, two of which will address specific tasks handled by
quantum software, and a third one will present the resulting open-source framework developed to enable
mixed-dimensional quantum computing. The following summarizes the key contributions of each part
presented in this thesis.

Classical Simulation of Quantum Circuits The classical simulation of quantum circuits is crucial for
various aspects of quantum application development. It allows for algorithm verification when access to
appropriate hardware is restricted, offers full quantum state insight for troubleshooting, sets standards
for assessing quantum hardware performance and validates the corresponding results. Despite its utility,
simulating quantum systems with mixed dimensions poses specific difficulties due to the exponential
expansion of the state space as both the number of qudits and their individual dimensions increase,
rendering traditional qubit simulation techniques insufficient right off the bat. The basics for classical
simulation of quantum circuits, the data-structures for improving the performance and memory consumption
and the noise models for validating the results of mixed-dimensional quantum computers are explored in
Part II, divided in two chapters:

Chapter 4, "Mixed-Dimensional Quantum Circuit Simulation with Decision Diagrams" This chapter,
based on [10], describes the first ad hoc classical simulator for mixed-dimensional qudit systems. To this
end, we introduced a type of decision diagram capable of handling the simulation of mixed-dimensional
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quantum circuits and presented a corresponding implementation. The achievement is the enhanced
flexibility of decision diagrams and high-performing simulation time in the order of minutes for relatively
complex calculations.

Chapter 5, "Refining and Simulating Mixed-Dimensional Quantum Noise" This chapter advances
the current field of classical quantum circuit simulation by providing the first formalization of noise models in
mixed-dimensional systems, capable of approximating noise in both shallow and deep circuit regimes, by
utilizing established qubit theory and simulation techniques, with potential advantages for decision diagram
simulation. The resulting versatile model allows for realistic simulations of mixed-dimensional quantum
circuits with close adherence to the experiments, thanks to the implementation that leverages stochastic
(Monte-Carlo) simulations and allows for likely faster memory access in the case of DD simulations. The
first result of this type for mixed-dimensional quantum computers.

Compilation of Quantum Circuits Like in classical computers, compiling remains a critical challenge. In
classical systems, it involves the conversion of human-readable text into assembly instructions. However,
in quantum systems, it involves translating abstract quantum algorithms into sequences of operations
that can be physically realized, which is complex in qubit devices and grows considerably more intricate
in mixed-dimensional machines. The compilation process must consider varying dimensions, diverse
operation types, and hardware-specific constraints while striving to optimize both the depth of the circuit,
its resistance to errors, and optimizing classical runtime and memory consumption. The complexity of
compiling is further worsened by the requirement to manage local operations on individual qudits, which will
introduce new constraints compared to the qubit case, as well as by the possibility of applying entangling
operations between qudits of differing dimensions; Part III will explore the problems in more detail.

This Ph.D. thesis lays the groundwork for compiling mixed-dimensional quantum computers, focusing
on establishing foundational principles, methodologies and data-structures. It examines quantum circuit
compression, a process that reduces the number of operations in existing qubit circuits by leveraging
mixed-dimensional architectures more effectively. Additionally, it explores the synthesis of circuits generating
specific quantum states and the decomposition of abstract quantum operations. The aim is to find the
shortest possible sequence of arbitrary quantum operations to implement a given quantum state or operation.
The following chapters of Part III explore one by one these different tasks encountered in compilation, more
in detail:

Chapter 8, "Compression of Qubit Circuits: Mapping to Mixed-Dimensional Quantum Systems"
This chapter, based on [11], presents a method for compressing, or converting, qubit circuits into qudit

circuits. This transformation allows algorithms originally designed for qubits to be restructured and mapped
on hardware that utilize higher-dimensional qudits and that is tailored to the circuit. This compression
reduces the number of non-local operations–minimizing unwanted noise in quantum computations. The
positive results show the effectiveness of the method and indicate a potential secondary use of the method
and the relative tool, as a resource estimator technique to investigate mixed-dimensional architectures and
enhance the execution of qubit circuits.

Chapter 9, "Mixed-Dimensional Qudit State Preparation Using Edge-Weighted Decision Diagrams"
This chapter, based on [12], introduces an innovative synthesis approach for quantum circuits that target
arbitrary states within mixed-dimensional quantum systems. The method utilizes edge-weighted decision
diagrams with a variable number of successors for state representation and quantum circuit synthesis.
By employing advanced approximation strategies on the data-structure, the gate count is significantly



7

optimized in the circuits. This method proves highly efficient and versatile for the preparation of arbitrary
quantum states in any mixed-dimensional quantum architecture, representing the first automated approach
applicable to quantum architectures comprising qubits and qudits of varying dimensions.

The second half of this part of the thesis lays a solid foundation for automated decompositions that are
resilient to noise, compatible with qudit structures, and aligned with the hardware.

Chapter 10, "Compilation of Entangling Gates for High-Dimensional Quantum Systems" This
chapter, based on [13], introduces a universal workflow for compiling any two-qudit unitaries into any
hardware gate set supporting two-level entangling gates. While current qudit entangling gates require
manual, system-specific implementation, the method offers an algorithmically efficient approach, with
pre-computable numerical optimization. Although the gate-count is not optimal, case studies demonstrate
the workflow’s practical feasibility across different quantum systems, overcoming the difficulties of compiling
two-qudit entangling gates on a mixed-dimensional architectures.

Chapter 11, "Adaptive Compilation of Multi-Level Quantum Operations" This chapter, based
on [14], presents an algorithm aimed at efficiently breaking down local unitaries in multi-level quantum
systems. This algorithm optimizes the mapping and routing of logical states to energy levels for better
compilation efficiency and provides a new function to assess the decomposition cost. Since common
decomposition algorithms return sequences with lots of redundancies, the new adaptable methods enhances
gate costs while also taking into account realistic coupling constraints and rotation expenses.

Open Source Software and Languages This final part of this Ph.D. thesis, based on [15], demonstrates
how the simulation and compilation results, introduced in earlier parts, provide powerful tools individually
and reach their true potential when integrated into a cohesive framework. The developments presented
in this Ph.D. thesis have been condensed into a software framework named MQT Qudits, which is part of
the Munich Quantum Toolkit [4]. This framework is described in Part IV, which demonstrates how users
can interact with mixed-dimensional quantum computers through an innovative assembly language and
compares this with the current landscape of quantum computing languages. This integration introduces a
unified control, transforming separate components into a comprehensive quantum software stack. Users can
also express, simulate, and compile quantum algorithms through a unified Python interface, an approach
particularly significant for mixed-dimensional quantum computing. This flexible yet integrated programming
environment maximizes the accessibility to mixed-dimensional quantum computing and advances it from
academic theory to a fully operational system, while becoming a common ground for scientific communica-
tion between different physics communities.

To ensure that this thesis is self-sufficient and well contextualized, Chapter 2 provides the essential
background on quantum computing. It also reviews key data-structures and the principles of quantum
information and computer science that are essential to comprehend the methodologies at the base of this
Ph.D. thesis. Through this approach, the thesis offers a comprehensive guide and framework for developing
new automation methods and software suitable for mixed-dimensional quantum computing.

Publications and Code Availabilty The methods developed in this Ph.D. thesis have been thoroughly
validated through peer review and published in major design automation conferences (such as DAC
and ASPDAC), as well as quantum venues (such as QCE, QSW). The findings presented in this thesis
are derived as follows: Chapter 4 builds on the simulation work from [10]. Chapter 8 addresses the
compression of qubit circuits, based on [11]. Chapter 9 enhances state-of-the-art synthesis for state
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preparation circuits described in [12]. Meanwhile, Chapter 10 refers to [13], and Chapter 11 illustrates the
theory and techniques in [14]. In Part IV, the chapter concerning open-source software and languages is
based on [15]. Furthermore, we emphasize that all methods and tools have been released as open-source
software, facilitating reproducibility and wider adoption among researchers and practitioners.

Further Accomplishments In addition to the achievements described above, the following additional
accomplishments have been achieved within the context of this thesis:

- Several top placements in various quantum computing IBM challenges and summer schools
- Multiple recognitions from institutions and the community:

• EU Innovation Radar Nomination

• The Oak Ridge National Laboratory Best Poster Award

• Unitary Fund Grant Winner

- Numerous invited seminars and lectures, some of the most relevant are the following:

• Invited lecture on “Introduction to Quantum Computing” at the European Summer School of the Italian
Supercomputing Center CINECA

• Invited seminar on "Software for Mixed-Dimensional Quantum Computing" at the University of Oxford

• Invited seminar on "Design Automation for Quantum Comuting" at the Barcelona Supercomputing
Centre (BSC-CNS)

• Invited talk at the Workshop on Quantum Software, co-located with QTML22
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2 Background

This chapter provides an overview of the most fundamental concepts of quantum computing, especially in
the context of higher-mixed-dimensional quantum systems, and of some of the fundamental data structures
and methods based on computer science that will ensure that the thesis is self-contained. This chapter
will begin by building up the understanding of the basics of quantum computing in a bottom-up fashion,
where first we will review the basic mechanisms of quantum hardware that allow us to store and manipulate
information on a quantum computer, and afterwards we will illustrate the concepts of a quantum state,
operations, circuits, and applications that can benefit from mixed-dimensional quantum systems, and the
rest of the material will concisely describe the aspects relevant to the subsequent chapters. Additional
details and information will be provided in subsequent sections. For those interested in learning further about
quantum computing and high-dimensional quantum computing, references [1], [16] are recommended.

2.1 Platforms for Quantum Computing

Before exploring the core properties of quantum computing and how quantum information is manipulated to
achieve meaningful computations, it is useful to understand where and how this information is processed.
It is common to talk about devices that can operate exclusively with two-level systems–qubits. However,
the hardware natively supports a wider choice of quantum information processing that allows encoding
multi-valued logic in higher-dimensional units of information, called quantum digits (qudits), enabled by the
inherent multi-level architecture of quantum systems.

Quantum information processing is made possible by the way energy is structured in the microscopic
world. In contrast to classical systems, where energy can assume any value, quantum systems possess
distinct, quantized energy levels. This quantization forms the foundational structure for quantum information
processing. Specifically, each energy level corresponds to a particular state of the physical system, which
aligns with one of the logical states of our logic encoding. Consequently, to alter the state of a quantum
system, one must change its energy.

More in detail, identifying the energy levels of a quantum system requires using the quantum mechanical
description of the system, which begins with the time-independent form of the Schrödinger equation

H|ψn⟩ = En|ψn⟩ , (2.1)

where H represents the system’s total energy operator (a descriptor called "Hamiltonian"), |ψn⟩ that
represents all the possible states of the system, and En represents the corresponding energy value of a
quantized state |ψn⟩.

Example 1. Trapped ion and superconducting qubits exhibit varied modalities in quantum control, affecting
the way their energy is manipulated. The example illustrates the physical variables that define the energy,
and consequently the Hamiltonian of a system, for two cases:

• In trapped ions, information is encoded in the state of the free electron, with the Hamiltonian given by

H = ωσz (2.2)
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where ω is the energy difference between the two states of the electron (which corresponds to the
frequency of the transition between these states), and σz is the Pauli z operator, which acts on the
two-level system (the electron), with eigenvalues ±1.

• Superconducting qubits, also called artificial atoms, create quantum states through the interplay
of charge and magnetic flux. In practice, superconducting qubits are resonant circuits (harmonic
oscillators) with a nonlinear element in the Josephson junction. This nonlinearity turns it into an
anharmonic oscillator, which makes it possible to use as a qubit or qudit. The Hamiltonian is described
by

H = 4EC(n− ng)2 − EJ cos(ϕ) , (2.3)

where EC is the charging energy and EJ is the Josephson energy. Unlike natural atoms, these
energy levels can be engineered by circuit design.

Quantum information processing platforms operate on the energy states through an evolution, which is
better described by the time-dependent Schrödinger equation

iℏ
∂

∂t
|ψ(t)⟩ = H|ψ(t)⟩ , (2.4)

by following this formula and a small rewriting, we notice that it describes how these states evolve through
unitary evolution

U(t) = e−iHt/ℏ , (2.5)

These properties collectively form the theoretical backbone for quantum information manipulation, where
discrete energy levels act as the computational basis states, unitary evolution describes quantum operations,
and coherent control via time-dependent Hamiltonians H = H0 +Hint(t) (H0 is the initial Hamiltonian and
Hint stays for interval) allows for accurate state manipulation and evolution. Since the Hamiltonian is a
Hermitian matrix, selecting a fixed evolution time t ensures that the exponential matrix results in a unitary
matrix. Therefore, by varying Hamiltonians and evolution times, it becomes possible to create operations or
quantum gates. A unitary evolution, combined with the superposition principle of quantum states, that will
be later on better described, can be written as:

|ψ(t)⟩ =
∑

n

cne
−iEnt/ℏ|ψn⟩ (2.6)

which forms the basis for quantum information processing, where each energy eigenstate evolves with
its own characteristic phase factor induced by the unitary evolution, enabling a form of parallelism. The
equation encodes multiple fundamental aspects of quantum mechanics: the preservation of probability
through unitary evolution, the emergence of quantum bits through differences in energy levels, and the
relationship between energy and frequency through E = ℏω. For more details, we point the reader more
interested in quantum mechanics to reference [17].

Example 2. In practice, how we shift from physical energy level interpretation to quantum information storage
occurs through the following mechanism divided into three steps: the first step is the state identification,
where we map physical energy levels to computational basis states, for example, in a three energy levels
system:

• |0⟩ ↔ ground state

• |1⟩ ↔ first excited state

• |2⟩ ↔ second excited state
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In this way, the physical system that has three different energy levels, can finally describe an entity with
three logic states.

The second step consists in performing the state encoding, which by going through several unitary
evolutions, will be in a superposition of this from: |ψ⟩ =

∑2
d=0 cd|d⟩. Lastly, we evolve the state

|ψ(t)⟩ = 0.1 ∗ e−i0.9∗t/ℏ|0⟩+ 0.3 ∗ e−i0.001∗t/ℏ|1⟩+ 0.2 ∗ e−i0.7∗t/ℏ|2⟩

depending on the amount of time the system is made evolve, the final state will be different. In Section 2.2.1,
we will discuss the properties of quantum states.

The principles of quantum information processing described so far are valid for all quantum technology
platforms, therefore various technological platforms have been examples of proof-of-concept NISQ [18]
devices, such as superconducting circuits [19], trapped ions [20], and single photons [21]. Proof-of-principle
experiments [9], [22]–[24] have demonstrated that qudits facilitate reductions in circuit complexity and boost
algorithmic efficiency across numerous problem categories. These findings have produced proposals and
the realization of basic qudit control across various physical platforms, including trapped ions [9], [25],
photonic systems [22], [26]–[28], superconducting circuits [29], [30], Rydberg atoms [31], [32], nuclear
spins [33], cold atoms [34], [35], nuclear magnetic resonance systems [23] and molecular spin [36]. Recently,
efforts have intensified, leading to the demonstration of a universal qudit quantum processors achieving
error rates comparable to qubit-based systems [9], [37]. In the past, all these developments in quantum
control have naturally led to studies on the computational applications of qudits, with research focusing
primarily on early theoretical analyses of algorithms for ideal qudits, in comparison to qubits, for example
in [16]. Given the numerous experimental demonstrations we have just seen, that some of them have are
being used for practical applications [9], and the stronger theoretical interest in this type of technology
platform, we can say that mixed-dimensional quantum computing is a reality.

2.2 Fundamentals of Quantum Computing

The quantum hardware mechanisms we have just examined will serve as the foundational layer of abstraction
for our computations, forming the basis on which we will develop our understanding in this section. We
have introduced the notion of multi-level quantum systems and explained how information units are formed
during the state identification phase. In light of the increased flexibility gained by incorporating qudits of
varying dimensions into our architectures, this section presents the core concepts of mixed-dimensional
quantum computing, while providing comparisons between qubits and qudits when appropriate.

2.2.1 Quantum States

Classical computing systems are built on a model that uses bits, which can only be 0 or 1 upon observation.
In previous sections, it was noted that quantum systems can enable multi-level logic, where the fundamental
units of information are qubits and qudits. The key distinction between classical and quantum computing
stems from the fact that qubits and qudits can represent any linear combination of quantum states from |0⟩
to |d− 1⟩, expressed through Dirac’s bra-ket notation [1], known as superposition. The quantum state can
thus be represented as

|ψ⟩ = α0 · |0⟩+ α1 · |1⟩+ . . .+ αd−1 · |d− 1⟩ , (2.7)

where αi ∈ C signify the amplitudes associated with the orthonormal basis vectors |0⟩, |1⟩, |2⟩, ..., |d− 1⟩ of
the Hilbert space. Alternatively, the state may be viewed as a vector within the d-dimensional Hilbert space
Hd, i.e.

|ψ⟩ = [ α0 α1 ... αd−1 ]T . (2.8)
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The probability of observing the corresponding basis state i when measuring the qudit is represented
by the square of the magnitude of each amplitude, |αi|2. These amplitudes must satisfy the condition∑d−1

i=0 |αi|2 = 1, as the probabilities must sum to 1.
When dealing with multiple qubits and qudits in a systems S, with D units, the simplest scenario involves

forming the tensor product of individual states, i.e.

|ψS⟩ = |ψ0⟩ ⊗ |ψ0⟩ · · · ⊗ |ψD−1⟩ . (2.9)

Here, the final state remains a linear combination of tensor products of the basis states of each unit, with d
denoting the size of each unit, i.e.

|ψ⟩ = α0...0 · |0 . . . 0⟩+ . . .+ αd0−1...d(D−1)−1 · |d0 − 1 . . . d(D−1) − 1⟩ . (2.10)

However, the tensor product scenario is straightforward, as quantum states can exhibit entanglement,
arising from interactions in systems with multiple qudits. Entanglement is a powerful form of quantum
correlation, where the information is infused in the state’s entirety and can no longer be extracted from
the individual qudits. Moreover, entanglement becomes a big complexity when studying systems that are
made of multiple qubits, or qubits and qudits. In fact, there are different types of entanglement, especially in
mixed-dimensional systems. It will be discussed in Section 2.2.2 and in Example 4 there is a first hint.

Example 3. Consider a system of one qudit with only three energy levels (also referred to as qutrit). The
quantum state |ψ⟩ =

√
1/3 · |0⟩+

√
1/3 · |1⟩+

√
1/3 · |2⟩ is a valid state with equal probability of measuring

each basis. Equivalently, the quantum state may be represented as vector
√

1/3 · [ 1 1 1 ]T.
In a similar fashion, quantum systems of mixed dimensions can be constructed. Extending the previous

qutrit state by a qubit enables the representation of the state:

|ψ′⟩ =
√

1/3 · |0⟩|0⟩+
√

1/3 · |1⟩|1⟩+
√

1/3 · |2⟩|0⟩ ,

equivalently represented by the vector
√

1/3 · [ 1 0 0 1 1 0 ]T

Example 4. Consider a composite system of a qubit (A) and a qubit (B). An example of a maximally
entangled state between them is

|ψ⟩ = 1√
2

(|0⟩A|0⟩B + |1⟩A|1⟩B) (2.11)

Now let us extend qubit B to a qutrit, a three-level system. Note that even though the qutrit has access
to state |2⟩B , the particular entangled state in Eq. (2.11) only uses two of its levels. This state cannot be
written as a product state |ψ⟩A ⊗ |ϕ⟩B , demonstrating genuine quantum entanglement. In particular, this
state exhibits asymmetric entanglement between the qubit and qutrit systems. Finally, if we expanded qubit
A to a qutrit we could generate a more general entangled state using all the qutrit levels, which could be:

|ψ⟩ = 1√
3

(|0⟩A|0⟩B + |1⟩A|1⟩B + |2⟩A|2⟩B) (2.12)

2.2.2 Quantum Operations

As discussed earlier in Section 2.1, the state of a single d-level qudit system can be modified by transfor-
mations symbolized by d× d unitary matrices U ∈ SU(d). The matrices U transform complex vectors into
other complex vectors, and they must satisfy the condition U †U = UU † = I. The post-operation state is
achieved by left-multiplying the matrix U with the initial state, like in Example 5.
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Example 5. Consider a three-level qudit (i.e., a qutrit) initially in the state |0⟩. Applying the Hadamard
operation H to it yields the output state shown before in Example 3, i.e.,

H · |0⟩ = 1√
3


1 1 1
1 e

2πi
3 e

−2πi
3

1 e
−2πi

3 e
2πi

3

 ·
1

0
0

 = 1√
3

1
1
1

 .
Quantum operations can be either local or non-local–entangling operations, can operate on the whole

qudit space, or on subspaces of it. Each operation has some mathematical properties that are defined by
mathematical groups like the Pauli group [38], or Clifford [39], or non-Clifford group [40]. Knowing to which
group an operation belongs allows us to understand its effect in a sequence, its capabilities in expressing
an algorithm, and how the single operation should be potentially translated into instructions compatible with
the quantum computer.

Examples of local quantum operations are the Pauli gates

X2 =
[
0 1
1 0

]
Z2 =

[
1 0
0 −1

]
(2.13)

In this case, 2x2 matrices that correspond to a bit flip and a phase flip on a qubit. The generalization of the
qubit Pauli is the clock and shift operators. In the case of a qutrit, they are described as

X3 =

0 0 1
1 0 0
0 1 0

 Z3 =

1 0 0
0 ω 0
0 0 ω2

 , (2.14)

with ω = e
2πi

d and d being the dimension of the single qudit. These operators are basically the arithmetic
"plus one" in modulo d dimension of the qudit and a phase shift for each dimension of the qudit. Something
really important is that by composing these operations, we can form the qudit Pauli group, as

Xα · Zβ, α, β ∈ [0, d− 1] . (2.15)

The characteristics of the qudit Pauli group [41] operations are considerably more intricate than those of
the qubit Pauli group. For instance, applying a qudit operation twice does not always result in the identity
effect. Together with the Pauli group, we define the Clifford group. A Clifford operation refers to any unitary
transformation that maintains the Pauli group when conjugated–meaning if you conjugate any Pauli operator
by a Clifford, you get another Pauli operator. In other words, a Clifford C has the property that for any Pauli
P , CPC† is another Pauli operator. Another intriguing feature of qudit systems is their ability to exceed
these two categories. Operations on single qudits can be composed to focus on particular subspaces or the
qudit’s entire Hilbert space. For example, subspace operations might include rotations constructed from
Gell-Mann matrices [9], which physically represent two-level rotations within certain qudit subspaces, like
Example 6.

Example 6. This instance illustrates how the qubit bit-flip operation is embedded in a three-dimensional
qudit or qutrit space. Specifically, the subspace |0⟩, |1⟩ is the focus of manipulation, since the rotation
interchanges these two dimensions within the three-dimensional framework.

R0,1 =

|0⟩ |1⟩ |2⟩
|0⟩ 0 1 0
|1⟩ 1 0 0
|2⟩| 0 0 1

(2.16)
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This is clearly a rotation within a subspace as it involves two dimensions, with the third ( |2⟩) remaining
unchanged; however, we could have chosen the subspace |0⟩, |2⟩ as well. The possible choices for
subspace operations are (d(d− 1))/2 within a d-dimensional qudit. Note that it is important to recognize
that inserting a subspace rotation into a higher-dimensional space can alter the characteristics of the
operation; it may no longer belong to the Pauli group of the original dimension, or it could cease to be a
Clifford. The conclusion is that naive generalization are not possible.

The power of quantum algorithms lies in the efficient manipulation of superpositions of quantum states by
exploiting interference effects and the phenomenon of entanglement. Since qudit systems support a varied
set of non-local operations their potential algorithmic efficiency is higher. Unfortunately, these operations
cannot be simply obtained by generalizing entangling qubit operations. Additionally, realizing entangling
operations in qubit systems is comparatively simple and rather unclear in qudit systems.

More precisely, for qubit systems it is sufficient to compile the CNOT gate to the native operations of the
quantum hardware, because all qubit entangling operations can be implemented by the controlled-NOT
(CNOT) gate and appropriate local operations on the subsystems [1]. In contrast, for qudit systems this
does not hold anymore and entanglement can be generated in many inequivalent ways. Consequently,
while any single entangling gate is sufficient for universal quantum computation [42], not all entangling
gates are equally useful for any given application. On the high level, CNOT applies an X gate to the target
qubit, whenever the control qubit is in the |1⟩ state. The qudit-embedded version of the CNOT gate, called
the Controlled-Exchange gate (CEX [9]), generates qubit-level entanglement in a high-dimensional Hilbert
space, and similarly flips the subspace |0⟩, |1⟩, when the control qudit is in the control state.

Example 7. The CNOT between two qubits and a CEX between a qubit and a qutrit have some similarities
in terms of matrices

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 CEX =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 0 0 1


(2.17)

In a more schematic fashion the behaviour of the CEX gate can be expressed as

CEXc,t1,t2 :

Swap(t1, t2) if control is c

Identity otherwise
, (2.18)

where the variable c is the control state, and t1 and t2 are the target states. The CEX gate does not
necessarily maintain the properties of the CNOT. In fact, the direct generalization the CNOT is the CSUM
gate that directly generates qudit entanglement and defined by

CSUM : |c, j⟩ 7→ |i, i⊕ j⟩, (2.19)

where ⊕ denotes addition modulo the dimension d, which generates a complex and powerful d-leveled type
of entanglement.

These are just two examples of a more general theme in qudit systems, where entangling gates differ in
their entangling power, and why non-local qudit gates can produce more entanglement than qubit ones are
presented in depth in Ref. [43].
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2.2.3 Quantum Circuit

After discussing how states and operations are represented for qudits and mixed-dimensional systems, it is
relevant to discuss how to apply quantum operations, called gates, in the quantum circuit representation
and how algorithms for quantum systems can be represented as well.

Quantum computations evolve the state of a quantum systems, or the quantum computer, one operations
at a time. At the current stage of quantum computing these sequences of operations are described by
quantum circuits. Since a gate represents each operation, the quantum circuits C is a sequence of gates,
that is read left to right:

C : G0 . . . G|C|−1 (2.20)

If we think of the circuit as a sequence of gates, then |C| is the cardinality of the ensemble. Since we can
associate a unitary matrix to each gate, then we can associate a unitary matrix also with the behaviour of
the whole circuit.

UC = U|C|−1 · · · . . . · U1 · U0 (2.21)

For a quantum circuit consisting of multiple mixed-dimensional qudits, the unitary matrix will be of
dimension

∏
i di ×

∏
i di with di denoting the dimension of each qudit. The application of the operation will

require an input state of the size of
∏

i di entries. Later on, adjustments to the matrices to match the size of
the system are going to be discussed in more depth.

So our UC will usually be a pretty large matrix, since for each operation we will have to perform a sort of
broadcasting operation as such, if it is a circuit of four qudits

U2inC = Id0 ⊗ Id1 ⊗ U2 ⊗ Id3 (2.22)

where U2inC is the unitary of the gate applied to qudit 2 with the appropriate size, and Idi
is the identity

matrix of the i-th qudit.
More in particular, the evolution of the state will be:

|ψ1⟩ = [Id0 ⊗ Id1 ⊗ U2 ⊗ Id3 ] · ψ0,

|ψ2⟩ = [Id0 ⊗ U1 ⊗ Id2 ⊗ Id3 ] · ψ1,

|ψ3⟩ = [Id0 ⊗ Id1 ⊗ Ucex] · ψ2,

...

|ψfinal⟩ = [U0 ⊗ Id1 ⊗ Id2 ⊗ Id3 ] · ψx

(2.23)

Note that in the equation above the unitary of CEX takes the size of the two last qudits multiplied (d2 ∗ d3,
that is why I3 is missing). This task is mimicked on a classical computer with classical simulation techniques
and explained more in detail in Part II.

Quantum circuits have properties like circuit depth that depend on the number of entangling gates or
layers of parallel gates in the sequence and have an approximation power, given by the universality of
the gate-set [44]–[46] used and by the properties of each gate and capabilities in approximation unitary
designs [47]–[49]. More will be discussed in Part III.

Example 8. The quantum circuit in Figure 2.1 shows three lines, in order: a qubit (q0), a qutrit (q1) (3
levels), and a ququart (q2) (4 levels), as well as three different types of operations, a local operation, two
controlled operations, and measurements. The controlled operations on qudits apply a unitary to a target
line only if the control qudit is in a |i⟩ between 0 and d − 1, with d dimensions of the control qudit. The
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Figure 2.1 An example of a mixed-dimensional circuit with three qudits.

control state is marked inside the circle on the control line. The first operation is a Hadamard applied to the
qutrit (q1). Afterwards a controlled-on-1 X is applied to the ququart (q2) and lastly to the qubit (normally
addressed as CNOT). Finally, the three units of information are measured in order to derive the outcomes
of the circuit. The state of the system after the application of each operation can be viewed as intermediate,
as the output state of one is the input state of another.

2.2.4 Applications of Mixed-Dimensional Quantum Computing

After reviewing the concept of quantum circuits, in this section, we illustrate what kind of unique opportunities
can mixed-dimensional quantum systems offer to advance quantum computations, and which quantum
computing applications can benefit the most from the new architectures. Established quantum algorithms,
such as Shor’s algorithm for integer factorization [50], Grover’s algorithm for unstructured data search [51],
and developments in quantum chemistry [52], have focused primarily on two-dimensional–qubits systems,
leaving the potential of the higher dimensions underutilized. Exploring these higher-dimensional systems
is crucial for identifying opportunities of fruitful applications of quantum technologies in various contexts,
especially when it comes to solving complex computational problems that remain intractable for classical
computers.

Architectural Advantages for Qubit Circuits The new architectures come with unseen opportunities
of all sorts. In more detail, mixed-dimensional systems can be leveraged as a platform to perform better
computations of qubit-based logic. In fact, they offer several architectural benefits that fundamentally
enhance the performance and efficiency of qubit quantum circuits, either by better exploitation of the
hardware or by using better encodings or mappings, which show a remarkable improvement in multiple
quality metrics.

In fact, it is possible to improve the gate decompositions of multi-qubit gates, for example, through the
temporary expansion of the Hilbert space of one of the qubits into higher-dimensional units, leading to more
compact circuits with reduced noise accumulation [53]. Also, higher-dimensional systems can allow for the
compression of qubit non-local gates into local gates on a single qudit, significantly reducing decoherence
effects. It is possible to tailor the qudit architecture for the purpose of compressing the qubit circuit, hence
compress the quantum circuit, and produce better circuit runtimes with lower error rates, as seen in [11],
[54]–[57]. An example of this approach will be described in Chapter 8.

Application Tailored Architectures We have seen that custom mixed-dimensional architectures can
enhance the quality of the runtime of qubit circuits. However, this is not the only solution that mixed-
dimensional architectures enable, because a tailored architecture can be used for a native implementation
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of the target applications. This alternative strategy that leverages efficient interactions between qubits
and qudits of different dimensions produces less error-prone circuits. This is possible due to the direct
match between the algorithms and the operations available on the device, which can be translated in more
specific and optimized sequences of native gates. Eventually, this strategy could be the long term winner
implementation for algorithms naturally requiring multi-level states.

Practical examples are the tailoring of the architecture to represent efficiently problems that inherently
require qudit units of information [58], or the loading of classical data on a quantum computers, that will be
more effectively manipulated for quantum machine learning approaches [59], [60]. The influence of this
codesign approach of mixed-dimensional quantum systems reaches several computational fields: within
optimization and search algorithms, these systems can lower the computational complexity and improve
performance, especially in problems demanding efficient integer variable representations [61]–[63].

Simulating physical systems is another critical area of application that greatly benefits from mixed-
dimensional quantum computers. These systems are particularly suitable for simulating high-spin states,
which allows for deeper insight into complex physical interactions [64]–[66]. Mixed-dimensional quantum
computers have significantly advanced the modeling and execution of real-time simulations [67], [68],
providing significant support for studying fermion-boson interactions, quantum electrodynamics, and pushing
discoveries in field theories [69]–[72].

Finally, in quantum chemistry, the tailored architectures facilitate more accurate modeling of molecular
interactions and dynamics, expanding the possibilities for computational chemistry applications [73]. The
investigation of lattice gauge theories has also benefited significantly from qudit-based approaches, providing
new insights into fundamental physics and particle interactions [68], [74]–[76].

This flexibility of mixed-dimensional systems has resulted in remarkable advances in the reliability of
quantum circuits and the efficiency of computations across various applications. However, it is important to
acknowledge that simply increasing the dimensions of the qudit without adequate considerations does not
fully leverage their potential [77], [78]. Designing mixed-dimensional systems requires a balanced approach
that accounts for both the benefits and limitations of higher-dimensional spaces.

In conclusion, mixed-dimensional quantum systems offer a comprehensive range of architectural and
algorithmic advantages that enhance the design and efficiency of quantum circuits. Their applications span
from optimization and search algorithms to the simulation of complex physical systems, demonstrating
remarkable versatility and potential. As universal qudit quantum processors continue to mature and become
more sophisticated, their potential to revolutionize quantum computing across diverse fields will only grow,
promising exciting developments in both theoretical understanding and practical applications.
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2.3 Basics of Design Tools for Quantum Computing

Quantum computers are receiving increasing support from software tools and ecosystems, such as those re-
lated to High-Performance Computing (HPC). This growing support is accompanied by significant advances
in qubit systems in terms of architectural designs [79]–[82], fault-tolerant quantum computations [83]–[86],
and co-design strategies [87], [88]. Despite these developments, qubits represent only a fraction of the
full computational potential of quantum computers. To move beyond this limitation, mixed-dimensional
quantum computing offers a complementary approach by combining the capabilities of qubits and qudits.
This paradigm promises better computational capabilities [9], [74] and better opportunities for hardware and
application co-design.

However, current quantum software remains predominantly focused on and optimized for qubit-based
implementations. The absence of software frameworks for mixed-dimensional systems, coupled with a
lack of automated methods, significantly slows the progress of this emerging paradigm. Consequently,
the development of new software tools and frameworks is essential for accelerating the deployment of
mixed-dimensional quantum devices. Fortunately, some of the tasks quantum software needs to solve have
already been identified, such as classical simulation (Part II) and compilation (Part III).

Designing quantum software presents challenges primarily due to two factors: the exponential memory
growth associated with representing quantum states and operations and the extensive parameter space
that needs to be explored. However, when it comes to mixed-dimensional quantum systems that integrate
qubits with higher-dimensional qudits, these challenges intensify. This requires the development of more so-
phisticated data-structures and methods to manage these complexities. This section builds the background
necessary for making this thesis self-contained and lays the theoretical foundation that quantum software
needs for tackling the design challenges of mixed-dimensional quantum computing. It specifically illustrates
decision diagrams (Section 2.3.1), tensor networks (Section 2.3.2), and other theoretical principles crucial
to understanding the compilation process (Section 2.3.3, Section 2.3.4). These foundational elements set
the stage for the quantum design methods discussed throughout this thesis.

2.3.1 Decision Diagrams Basics for Quantum Circuit Simulation

Since the 1980s, Boolean functions have been associated with traditional electronic circuits and systems
often involve many inputs and outputs, rendering explicit forms like truth tables impractical due to their
exponential expansion. As a result, design automation tools necessitate more compact representations
that retain accurate functionality without loss of detail. A commonly employed method is the use of
decision diagrams, which represent Boolean functions as directed acyclic graphs (DAGs) [89]. These
graphs are constructed by recursively breaking down the function according to its input variables, achieving
compactness through shared nodes that depict redundant sub-functions. Decision diagrams facilitated
the emergence of various forms, such as BDDs, FBDDs, KFDDs, MTBDDs, and ZDDs (see, for instance,
[90]–[96]). Building on their historical success, decision diagrams have been recommended for use in
quantum computing [97]–[101], where truth tables are replaced by matrices. Moreover, recently, they have
attracted considerable attention for design tasks such as simulation [102], [103], and synthesis [104]–[107]
of quantum circuits.

This section introduces the basic intuition of decision diagrams for representing quantum states and
operations that will be expanded by the advancement in decision diagrams for mixed-dimensional systems,
in Chapter 4.

Quantum States as Decision Diagrams We have seen in Section 2.2.1 that the state of a quantum
system can be represented by a vector of complex numbers which are normalized, so that their squared
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modulus summed is equal to one. It is also useful to notice that the state is a linear combination of basis
states, that we can pick to be the computational basis (or Z basis), and we can associate to each complex
number a state in the basis, as in Eq. (2.24).
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[ 1
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(2.24)

Since each element of the basis is the Kronecker product of the basis of each unit of information in the
system, we can recursively decompose each basis into different levels where each level is a fan of the
possible choices for an input variable representing a unit of information, and as we descend in the hierarchy,
we split the space of the possible representations as in Eq. (2.25).

|q2q1q0⟩︷ ︸︸ ︷
|0q1q0⟩︷ ︸︸ ︷

|00q0⟩︷ ︸︸ ︷
|000⟩

|01q0⟩︷ ︸︸ ︷
|001⟩

|10q0⟩︷ ︸︸ ︷
|010⟩

|11q0⟩︷ ︸︸ ︷
|011⟩

|1q1q0⟩︷ ︸︸ ︷
|00q0⟩︷ ︸︸ ︷
|100⟩

|01q0⟩︷ ︸︸ ︷
|101⟩

|10q0⟩︷ ︸︸ ︷
|110⟩

|11q0⟩︷ ︸︸ ︷
|111⟩ (2.25)

We can represent the recursive split in a data-structure with a Decision Diagram (DD), a Directed Acyclic
Graph (DAG) made of nodes and edges that resemble a tree. Each node has an incoming edge that is the
entry point, and each node of the DD performs the split in terms of logic, where the outgoing edges, called
successor edges, will point to the next nodes, being themselves an incoming edge. Usually, the left-most
edge is the lowest logic value taken for the variable at that level, and the right-most is the highest logic
value. The amplitudes are noted on the edges; if not noted, they are automatically assigned 1. There are
two terminal nodes, the node one and zero, beyond which the DD does not exist and their corresponding
incoming edges assume values one and zero. In Figure 2.2, the state in Eq. (2.24) is translated in a primitive
form of a decision diagram, where we can easily reconstruct the logic of the state and how to reconduct
each basis to the corresponding complex entry. To easily keep track of which node represents which qubit
or qudit, the nodes are labelled accordingly.

Figure 2.2 A decision diagram in the most primitive form, just nodes and edges.

Given a decision diagram, a complex entry of the state is retrieved by multiplying all the values on the
edges, from the first node (the root) up to the terminal node, which is Figure 2.2 would be multiplying all the
ones until finding the actual complex number at the leaves of the DD. It is an intuitive representation that at
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the current stage we can define it as a primite DD, since there is no advantage in using this data-structure
to represent a state, there are still several key features missing in this description.

Since in the decision diagram it is possible that several subtrees at the same level could be identical,
and present in this way just redundancy in the representation, it is possible to store the subtree only once
and merge the representations by redirecting the edges. This procedure is called reduction of the decision
diagram. Figure 2.3 shows an example of a reduced DD.

Figure 2.3 A decision diagram where the edges are redirected to reduce its redundancies.

Although, in this particular case, this change in the decision diagram led to almost 50% reduction, in most
cases, the success of the procedure is bounded by an extra processing step. We are talking about the
normalization of the nodes in the DD [100], [103]. This is a procedure that is applied recursively bottom-up
and in simple terms, it divides the weight on the outgoing edges by a factor and adjusts the incoming edge
of the node by that factor. The normalization of the state DDs is usually performed by dividing the weight of
each edge by the norm of the list of weights of the outgoing edges, while the incoming edge is multiplied by
that factor. The normalization ensures that the sum of the squared magnitude of the outgoing edges sums
up to one, following the quantum information rationale and representing the possibility of measuring the
logic state. Additionally, the normalization allows to reflect the numerical structures of the state and which
information is stored in the leaves throughout the DD, making possible to identify redundancy early on from
the root. Figure 2.4 shows an example of a reduced and normalized DD.

From the figure it is possible to easily verify that the sum of the squared magnitudes of the outgoing edges
of each node sum up to 1. In fact, ( 1√

2)2 = 0.5 and, if summed, 0.5 + 0.5 = 1, valid for nodes q2, q1 and q0.
The normalization also allows the propagation of knowledge about the presence of several zeros in the
state. In fact, the normalization would propagate the 0 factors toward the root up to a point where then the
whole subtree would be cut from the structure, and the outgoing edge would directly point to the terminal
zero. To this end, the early termination allows DD to efficiently represent sparse states, like in Figure 2.5.

It is fundamental to explain that the decision diagram of the state is not constructed by following the
order of the explanation made so far, which was just for the sake of intuition, but it is always constructed in
the minimal compact form where possible. Chapter 4 will clarify the construction process. Moreover, the
number of nodes in the decision diagrams corresponds to its size and it will be the measure of compactness
and a metric of complexity for algorithms exploiting this structure.
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Figure 2.4 A reduced and normalized decision diagram.

Figure 2.5 Decision diagram with early termination.

Quantum Operations as Decision Diagrams As we have observed in Section 2.2.2, quantum operations
are represented by unitary matrices made of complex numbers. In Figure 2.6 it is possible to see that the
construction of a matrix DD is just an extension of the state vector case, where instead of modeling possible
measurement outcomes for each qubit or qudit, the outgoing edges model the multilinear map represented
by the matrix.

The first outgoing edge represents the function where the lowest logic state is mapped with a linear
function (a complex number) again to the same state, the second edge represents how the state |0⟩ is
linearly mapped to the state |1⟩, and so on, as depicted in Eq. (2.26). The construction similar to the state
is done recursively by dividing the matrix in d× d block at each time. The reduction and sparsity are again
accounted for, thanks to a normalization scheme of the matrix DD, that this time is dividing each weight by
the largest magnitude among the outgoing edges, and multiplying the incoming edge by that factor. This
last procedure is implementation-dependent and could change depending on the goal for which DDs are
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Figure 2.6 Translation of a matrix into a DD.

involved. Here, we show how the tensor product between a qutrit and a qubit is converted into a decision
diagram. One is the X operation on the qutrit, and the other is an i phase on a qubit. 1

X3 ⊗ iI2 =



0 0
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... i 0

0 0
... 0 0

... 0 i

· · · · · · · · · · · · · · · · · · · · · · · ·

i 0
... 0 0

... 0 0

0 i
... 0 0

... 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·

0 0
... i 0

... 0 0

0 0
... 0 i

... 0 0



(2.26)

The tensor product here acts as if it embedded iI matrices, and zero matrices in the entries of the qutrit
matrix.

 0 0 iI

iI 0 0
0 iI 0

 (2.27)

In Figure 2.7, the nodes on the bottom show the identity matrix, connected on top to the X matrix. The
DD is reduced, sparse and normalized.

Figure 2.7 Translation of the X3 ⊗ iI2 matrix into a DD.

1The global phase in the matrix is physically neglected, but can still be represented numerically. The example is artificial for the
sake of clarity.



23

Operations on DDs After presenting states and matrices as DDs, the last element to explain in quantum
computations, as DD, is how to perform the operations, which reduces to being able to perform matrix-vector
multiplications between the DD forms. It is logical to imagine that the operations will extend concepts
coming from matrix-vector multiplication, and given the tree-like structure, it will use recursively divided
operations in subcomputations, matching the decomposition of the DD. As the operations follow the data
structure, the complexity of the operations will be inherently influenced by the size of the operation and
state DDs. This topic will be explained in detail in Chapter 4.

2.3.2 Tensor Networks Basics for Quantum Circuit Simulation

Tensor networks, such as Matrix Product States (MPS), Projected Entangled-Pairs States (PEPS), and the
Multiscale Entanglement Renormalization Ansatz (MERA), are especially suited for the study of quantum
many-body problems. The selection of the appropriate method depends on the model being analyzed, [108]–
[111] and these networks have become crucial in the realm of quantum many-body physics for accurately
simulating systems in one, two, and three dimensions [112], [113] and examining their characteristics.
Different in their specific implementations, these networks essentially comprise a collection of tensors
interconnected via shared indices. This setup can be graphically represented by illustrating tensors as
nodes within an undirected graph, with edges denoting the common indices among the tensors, like in
Figure 2.8.

Each tensor is a multi-dimensional array comprising complex values, where a tensor’s rank specifies the
number of dimensions (or indices) it possesses, whereas its shape specifies the number of elements along
each dimension. Conforming to algebraic principles and expressed using Einstein’s summation convention,
tensors are subject to a contraction process, explained in Example 9. The efficiency of tensor network
contractions is influenced by the dimensions and configuration of the tensors, rather than their specific
contents. This enables effective prior estimation of contraction plan performance, yet highlights that tensor
networks require a strategically chosen contraction plan to be beneficial. In order to derive valuable insights
from a tensor network, we usually need to sequentially contract its tensors in pairs until only a single tensor
remains.

Example 9. Consider three square matrices A, B, and C, each belonging to Cn×n. The multiplication
C = AB can be detailed as Cij =

∑n−1
k=0 Aik ·Bkj , where indices i and j range from 0 to n−1. This process

involves contracting [114] the rank-2 tensors A[i, k] and B[k, j] using their common index k. Practically, we
multiply elements from matrix A with those from matrix B. Specifically, we select an element from the ith row
of A and a corresponding one from the jth column of B, maintaining fixed rows and columns respectively.
The index k in both Aik and Bkj identifies which elements to multiply, aligning those with shared k values.
Next, the addition occurs: After performing all multiplications, we sum all the resultant products. We execute
this for each k value, beginning at k = 0 and continuing until k = n − 1, with n as the dimension size.
This total provides the value sited at (i, j) in the resultant matrix C. In summary, we pair and multiply
each corresponding element, then aggregate the products to obtain each component in the final matrix.
Figure 2.8 show graphically how to exploit the notation.

Figure 2.8 Example of contraction of two bidimensional tensors.
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Quantum states and operations as tensors Tensor networks, similar to decision diagrams, efficiently
represent a quantum system’s starting state and processes. In the case of quantum circuits simulation,
traditionally MPS are employed, where the initial and final states are depicted as collections of rank-1
tensors. The quantum operations are applied to the corresponding rank-1 tensors, by connecting in the
network n-qudit gates, illustrated by a rank-2n tensor and linked to adjacent tensors via common indices.

The primary difficulty is deciding upon a sequence of contractions that minimizes the size of virtual
indices χi (bond dimension) and the configuration of intermediate tensors, since these aspects are crucial
for computational efficiency. When it is possible to keep both the bond dimension χi, a virtual index, and
the size of intermediate tensors at a reasonable level, tensor networks facilitate efficient computations. This
sequence is known as the contraction plan. Determining the most efficient contraction sequence is known
to be an NP-hard problem [115], which has consequently become a major area of research in recent times
[116]–[119].

Figure 2.9 illustrates a quantum circuit transformed into Matrix Product State (MPS) form, a specific
category of tensor network. The tensors are interconnected through common indices. The figure depicts
the contents of the tensors, although these do not affect the selection of the contraction plan. While the
contents may vary, what is crucial in determining the contraction paths is the size of the indices in the
network.

Figure 2.9 A MPS tensor network representing a quantum circuit.

The sections on Decision Diagrams (DD) and Tensor Networks (TN) covered so far are fundamental for
the simulation of quantum circuits and will be essential for enabling the simulators developed in Part IV. We
proceed now by covering the most useful concepts that will facilitate the comprehension of Part III.

2.3.3 Quantum Information Guidelines for Quantum Circuits Compilation

Quantum compilation represents a fundamental challenge in quantum computing: the translation of abstract
quantum algorithms into executable sequences of physical operations. At its core, there is a reconstruction
problem where we seek to build quantum circuits that faithfully implement desired quantum transformations
while minimizing errors and resource requirements. The complexity of this task stems from the need
to preserve crucial quantum properties like entanglement and superposition throughout the compilation
process. While traditional approaches treat this as a decomposition problem, which is breaking down
arbitrary unitary operations into sequences of elementary gates, modern quantum compilation incorporates
optimization techniques as well. This includes using heuristic searches to find more efficient implementations
that minimize circuit depth, gate count, and error accumulation while respecting the hardware’s physical
constraints.
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In quantum compilation, selecting appropriate metrics [120] is crucial for optimizing and validating the
quantum circuits produced. It is useful to have several metrics since each captures different aspects of
quantum information processing, and, in fact, no single benchmark can completely characterize a system.
Given the nature of quantum information, the common element to all metrics are measurements, which are
at the base of the evaluation of how well the compilation was performed. Given the vastity of the topic we
refer to [120].

It is possible to draw the probability of measuring a specific basis state from a set of measurements. If
one wants to assess how well a circuit can reconstruct a specific state, we would have to compare the
distribution of measurements obtained from the circuit, with the distribution sampled from the target state.
At the classical level, when examining quantum measurement probability distributions, we begin with basic
metrics such as the total variation distance [121]

δ(p, q) = 1
2

∑
i

|pi − qi| (2.28)

which intuitively measures distributional dissimilarity by highlighting the largest difference in the probability
of any event occurring according to these distributions. Additionally, information-theoretic metrics like the
relative entropy [122]

D(p||q) =
∑

i

pi log(pi/qi) (2.29)

provide deeper insights into the statistical differences between distributions, serving as a type of statistical
distance to quantify the discrepancy between a model probability distribution Q and a true probability
distribution P.

When we move to quantum states, the metrics become richer to capture quantum-specific phenomena
like superposition and entanglement. The trace distance [1], [123]

D(ρ, σ) = 1
2Tr|ρ− σ| (2.30)

that represents the maximum probability of distinguishing two quantum states through any measurement,
making it operationally meaningful.

Since two states represent potentially two distributions, we could use quantum state fidelity to measure
how much they overlap [1], [123]

F (ρ, σ) = Tr
√√

ρσ
√
ρ

which could be interpreted as the probability of one state passing a test for being the other state. These
metrics are related through important inequalities: 1− F ≤ D ≤

√
1− F 2, with D being the trace distance.

The metrics presented so far can be useful for the problem of state compilation, but for complete quantum
processes, which are the primary concern in compilation, we need metrics that capture not just state
similarities but the entire quantum channel behavior. In that case, we could use the diamond distance [124]

|E − F|⋄ = 1
2 |I ⊗ (E − F)|1 (2.31)

that generalizes the trace distance to quantum channels, measuring the worst-case distinguishability
between processes while accounting for potential entanglement with auxiliary systems.

Another way to write the process fidelity [125] would become:

Fprocess(E ,F) = Tr(JEJF )√
Tr(J2

E )Tr(J2
F )

(2.32)
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it extends state fidelity to processes through the Jamiołkowski representation JE [126], [127], which maps
quantum channels to quantum states in a larger Hilbert space. This representation is particularly powerful,
as it allows us to treat process metrics as state metrics in an extended space, providing a unified framework
for optimization. The relationship between process metrics parallels that of state metrics, but with additional
complexity due to the channel structure. The diamond distance and process fidelity are linked by bounds
similar to those for states, yet each reflects distinct aspects of process similarity.

In practice, these metrics play distinct roles in compilation: the diamond distance often serves as a
rigorous bound for compiler correctness, while process fidelity often guides optimization algorithms. The
choice between them depends on the compilation goal, whether we are more concerned with worst-case
guarantees (favoring diamond distance) or average performance (favoring fidelity measures).

While all these concepts are valuable, they are often computationally challenging. Consequently, many
compilers opt for a simpler metric, the Frobenius norm, which acts as a link across different fidelity and
distance measures in quantum information theory. To compute it, one squares each matrix element, sums
all these squares, and then takes the square root. Formally, for a matrix A, the Frobenius norm is expressed
as:

∥A∥F =
√∑

i

∑
j

|aij |2 (2.33)

Despite its lack of physical interpretability, it is especially valuable for providing bounds—both upper and
lower—on more physically intuitive measures such as trace distance and fidelity. Although these metrics
offer a broader understanding of the objectives of quantum compilation, there are always other valid
alternatives.

Respecting fidelity metrics will provide help to automated methods in evaluating the quality of the results;
however, there are properties of states and quantum properties like entanglement that must be reproduced
within the quantum circuit. As a result, achieving a balance between high fidelity and the preservation of
these essential quantum properties is crucial for the success of quantum computation. In Part III, fidelities
will be extensively used and explained in the context of their role in quantum compilation.

2.3.4 Heuristic Search Methods for Quantum Compilation

In the previous section, we have outlined quality metrics to evaluate the compilation process. These metrics
can be used to guide automated solvers in optimizing the translation of abstract quantum algorithms into
executable sequences of physical operations, or for the optimization of sequences found, where the goal
could be to minimize the number of operations, reducing noise, or decreasing the number of qudits in the
circuit. Due to the vast space of potential quantum circuits for a single algorithm, finding the global optimal
solution is often unfeasible. In such instances, automated procedures can utilize heuristic search-based
algorithms.

Heuristic search methods are the cornerstone of problem-solving techniques in computer science. These
are educated guesses or rules of thumb, that guide the search process, often allowing for efficient solutions
to complex problems. This section provides an overview of the foundations of heuristic search, and the
challenges faced when applying these techniques, particularly in the context of quantum compilation.

A heuristic function [128], [129], denoted h(n), provides an estimate of the cost to reach a goal state from
a given state n. Its utility in guiding the search process depends critically on the quality and properties of
the heuristic function, and in our case it will be used to guide the compilation process to reach an efficient
implementation of a quantum circuit.

Key Properties of Heuristic Functions Effective heuristic functions in quantum computing exhibit three
fundamental properties that work together to ensure both theoretical soundness and practical utility. The first
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essential property is admissibility, which requires that the heuristic function h(n) never overestimates the
actual cost to reach the goal and guarantees that our algorithms will find optimal solutions when they exist.
Based on admissibility, the second key property is monotonicity, where for any state n and its successor n′

separated by a step cost c, the function must satisfy h(n) ≤ c+ h(n′). This relationship ensures that the
paths to our goal state remain well-ordered throughout the search process, preventing algorithmic confusion
and maintaining search efficiency. The third property, informedness, speaks to the practical utility of our
heuristic function. This property captures how accurately h(n) approximates the true cost to reach the goal.
The degree of informedness directly influences the computational efficiency of our search process, as a
more informed heuristic can dramatically reduce the number of states we need to explore, while a less
informed one might offer little advantage over uninformed search methods. These properties work together
to create heuristic functions that are both theoretically sound and practically useful in quantum computing
compilation, with the potential optimality of the solutions and the efficiency of the search process.

Example of Heuristic Search Algorithms in Quantum Domains

Heuristic search methods find particularly fertile ground in quantum computing applications, where they
must navigate vast yet highly structured search spaces. One way of conceptualizing these spaces is as
graphs. Each node in these graphs represents a partial solution, while the edges between these nodes
correspond to quantum gates or state transitions in circuit form. Complete paths through the graph represent
sequences of quantum operations that transform an initial state toward a desired goal state—whether that
is achieving a specific unitary transformation or minimizing a carefully chosen objective function.

Best-First Search algorithms have proven especially valuable in exploring these wide spaces, although
they require careful adaptation to handle the unique challenges of quantum systems. These algorithms
make their traversal decisions by prioritizing nodes based on an evaluation function, always selecting the
most promising state for exploration. However, the high dimensionality of circuit design spaces demand
sophisticated modifications to traditional backtracking approaches.

A* Search algorithm exemplifies the adaptation to quantum contexts. It employs an evaluation function
f(n) = g(n) + h(n) that bridges past and future alternatives. The component g(n) represents concrete
costs already incurred, such as the number of quantum gates applied in the circuit, while h(n) looks forward,
estimating the remaining distance to the goal, which could be measured as the fidelity gap between the
current and the target quantum states, or how many gates are still to be applied. This balanced approach
helps navigate the complex landscape of quantum circuit compilation efficiently while maintaining the quality
of the solution. However, it works only for specific classes of problems. Figure 2.10 shows graphical
examples of heuristic searches. Chapter 11 proves the usefulness of heurstic searches.

Simulated Annealing and Local Search Algorithms

The application of search algorithms to quantum computing domains presents both unique challenges and
promising opportunities. Although these methods have proven successful in classical optimization, their
adaptation to quantum settings requires careful consideration of the underlying physics and computational
constraints. The iterative evolution of candidate solutions in variational quantum circuits, for instance, must
contend with the inherent noise and decoherence effects present in current quantum hardware. Simulated
Annealing (SA) represents a particularly intriguing direction at the intersection of classical optimization
techniques and quantum computing. Its ability to navigate rugged energy landscapes offers potential
advantages over classical approaches, especially when dealing with the complex parameter spaces typical
in quantum circuit optimization. Future research might also explore how quantum-specific noise models
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could be incorporated into heuristic functions, potentially turning what is typically viewed as a limitation into
a feature that guides the search process more effectively.

Chapter 10 will describe how simulated annealing and local searches help the compilation of quantum
gates.

Figure 2.10 Two simple visual examples of two heuristic search methods: on the left, a graph-based search method,
on the right, a heuristic optimization function that searches a continuous landscape looking for the optimum.

Designing Heuristics for Quantum Compilers

The design of effective heuristics for quantum software builds upon the classical foundation of heuristic
functions that guide search processes. Quantum heuristic design must adapt and extend these concepts
with the use of quantum information. When developing heuristics for quantum compilation, several key
principles emerge as essential for ensuring their effectiveness. Accuracy stands as a major concern as
the heuristic must provide reliable estimates of quantum-specific distances, whether measured through
fidelity metrics or trace distances. The efficiency of heuristic computation remains crucial, particularly given
the rapidly growing dimensionality of quantum systems. As the size and complexity of quantum problems
scale up, the heuristic must maintain computational tractability while still providing meaningful guidance.
This balance between accuracy and computational efficiency becomes especially delicate, where the state
space grows exponentially with the number of qubits. The principle of monotonicity represents a natural
evolution of classical consistency requirements adapted for the quantum domain. This demands careful
consideration of operator norms and other quantum-specific metrics that capture the unique behavior of
quantum systems. The heuristic must not only provide lower bounds on costs, as in classical cases, but
must also respect the fundamental constraints imposed by quantum mechanics. These principles work
together to create heuristics that can effectively guide quantum compilation processes while maintaining
physical validity and computational efficiency. They provide a framework for developing practical tools that
will be explored in Part III.

Challenges and Limitations The challenges of designing quantum heuristics extend far beyond the basic
principles. At the forefront of these challenges lies the complexity of search space. The exponential growth
of the search space with each additional qubit/qudit creates a fundamental scaling challenge that classical
approaches simply cannot handle directly. This necessitates the development of heuristics capable of
operating within reduced or approximate representations of the quantum state space, finding clever ways to
capture essential quantum properties while maintaining computational tractability. This stochastic behavior
means that heuristics must be designed to handle uncertainty and often require multiple sampling iterations
to build reliable estimates of system properties when needed.
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Classical heuristics, originally developed for deterministic and separable systems, require significant
modification to effectively address entangled states or superpositions. Additionally, these heuristics must
accommodate practical hardware constraints such as limited coherence times of quantum states, imperfect
gate fidelities, and restricted qubit counts in current quantum devices. This may involve integrating error
models directly into the heuristic or devising noise-resilient approaches that remain effective despite
environmental disturbances. These strategies must balance the competing demands of accuracy and
practicality, ensuring that heuristics remain efficient in real-world quantum systems. However, many
considerations require knowledge of quantum dynamics, which is often challenging to compute efficiently
due to the inherent complexities of quantum problems.

The background we just built on the design of heuristic functions will be fundamental for understanding
the choice made to solve compilation problems in Part III, especially in Chapter 10 and Chapter 11.
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Part II

Classical Simulation of Quantum Circuits
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3 Overview of Part II

The advent of mixed-dimensional quantum architectures, which integrate qubits and higher-dimensional
qudits, urgently necessitates reliable simulation tools. Despite the availability of several well-developed
simulators for qubit systems, there is a significant lack of comprehensive frameworks for simulating
mixed-dimensional quantum computing. This shortfall considerably hinders the quantum computing com-
munity’s efforts to evaluate the potential benefits of these architectures.

Classical simulation serves several critical roles, such as retrieving otherwise inaccessible information
about quantum states and enabling the exploration and verification of quantum applications when appropriate
hardware is either unavailable or limited in scale or precision. For mixed-dimensional systems, these
capabilities are particularly valuable for debugging and validating quantum programs and hardware, as well
as establishing baselines to evaluate various mixed-dimensional architectures. This is especially relevant
for mixed-dimensional quantum systems, where the interaction between qubits and qudits introduces
additional complexity to both design and validation. While the ultimate goal is to execute computations on
actual quantum hardware, classical simulation remains indispensable, particularly during the design and
development stages.

Simulating quantum computations consists of transforming an initial quantum state via a series of
operations, outlined as a quantum circuit, before measuring the resultant state. Despite being conceptually
straightforward, similarly to matrix-vector multiplication, the simulation procedure is severely limited by
memory demands, especially in mixed-dimensional systems where higher-dimensional qudits aggravate
state-space complexity. As a result, naive state vector techniques become quickly unmanageable, even
with an abundance of computational resources.

Part II of this Ph.D. thesis examines the application of data structures, namely decision diagrams, to
address simulation challenges and manage the memory demands of simulations. It looks into ways to
modify and refine these structures for mixed-dimensional quantum systems and considers integrating
mixed-dimensional noise into classical simulations, highlighting potential advantages for decision diagrams.
The main contributions of our work on simulation are presented in two chapters. Chapter 4, based on
[10], introduces a novel proposal in which we developed a specific kind of decision diagram designed
to manage the simulation of mixed-dimensional quantum circuits, along with its related implementation.
Chapter 5 describes a first formalization of noise models for mixed-dimensional quantum computers, which
is more accurately aligned with experimental results and may offer greater advantages compared to the
qudit depolarizing noise channel in simulations.
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4 Mixed-Dimensional Quantum Circuit Simulation
with Decision Diagrams

Advanced data-structures, such as decision diagrams (Section 2.3.1) and tensor networks (Section 2.3.2),
have shown potential to mitigate the substantial complexity involved in classical quantum circuit simulation
for various practically relevant scenarios. Considering the highly optimized performance of decision
diagrams for qubit-based quantum computers, extending their use to new, unexplored paradigms could be
advantageous for simulating new architectural types. In fact, the increased flexibility of decision diagrams
could significantly benefit mixed-dimensional systems.

In this chapter, based on [10], we contribute to that by introducing the basis for a new classical simulator
for mixed-dimensional quantum circuits, i.e., circuits where each qudit may have a different dimensionality.
To this end, we propose an extension to edge-weighted Decision Diagrams [98], [101], [102] which serve
as the main data-structure to cope with the (exponential) complexity of simulation. In the past, decision
diagrams have been proven to be a suitable data structure to compactly represent exponentially-sized data
in many cases [98]–[101], [105], [130]. The type of decision diagram proposed in this work dynamically
captures the dimensionality of each qudit in the mixed-dimensional system to minimize the required memory.
Further, it elegantly visualizes the individual dimensionalities of the qudits.

This chapter is structured as follows. Section 4.1 motivates the problem of quantum circuit simulation,
details the contributions of this paper, and gives an overview of the state-of-the-art in quantum circuit
simulation. Section 4.2 describes the type of decision diagram proposed for a mixed-dimensional system
and Section 4.3 details the corresponding implementation. Finally, Section 4.4 summarizes the experimental
evaluation.

4.1 Motivation

In this section, we investigate the problem of efficiently simulating quantum circuits where the qudits
can have different dimensions, referred to as mixed-dimensional systems. We review as well the design
automation task of quantum simulation that is going to enable the utilization of mixed-dimensional systems.
Following that, we discuss the challenges of simulating quantum computations and the benefits of simulating
quantum circuits of mixed dimensionality.

4.1.1 The Need for Quantum Circuit Simulation

The emergence of practical examples of mixed-dimensional quantum architectures, integrating both qubits
and higher-dimensional qudits, highlights the urgent requirement for reliable simulation tools. For these
systems, there is a significant lack of comprehensive frameworks for simulating mixed-dimensional quantum
circuits, in addition to the critical demand for novel automated methods, software frameworks, and theoretical
advancements, as evidenced by various successful examples [11], [13], [14], [131], [132]. This unaddressed
deficiency considerably restrains the quantum computing community’s capacity to evaluate the potential
benefits of such architectures. Classical simulation is essential not only for understanding quantum
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Figure 4.1 Verification of a quantum circuit given the unitary representing original algorithm.

computations but also for facilitating the exploration of new applications and hardware capabilities introduced
by mixed-dimensional systems.

There are four immediate advantages to having an appropriate simulator for mixed-dimensional quantum
systems.

1. Getting otherwise opaque information about the quantum state
The inner processes of a quantum computer are fundamentally opaque. Observing a quantum
state will inadvertently make it decay into a basis state – immediately destroying any superposition
or entanglement. However, we can accurately calculate the exact information of a quantum state
by classical means. Of course, this is only possible for smaller systems due to the exponential
overhead in the number of qudits. Nevertheless, classical simulation is an important tool for algorithm
development and debugging. This becomes even more important when targeting higher- and mixed-
dimensional systems. Their increased complexity also affects the developers of these systems,
making automated software support a necessity to reduce errors and speed up the design.

2. Enabling design exploration
Simulation can take on the role of a tool for design exploration. In fact, in qudit systems, it is overall
possible to explore new trade-offs between using higher-levels in the single qudit and using ancillas.
The first one is similar to the effect of using ancilla qubits, but with a simpler circuit complexity and
hardware design [53]. On mixed-dimensional systems this can be achieved with a temporal expansion
of the Hilbert space. This leads to smaller circuits that have a higher chance of succeeding due to
the smaller noise accumulated. However, just increasing the dimension of all qudits in a quantum
circuit still leaves room for improvement [77], [78]. A simulator enables the study of different circuits,
composed of more or less ancilla lines, depending on the limitations and potential of the implementing
platform. This can lead to a more accurate study of suitable circuits for dedicated platforms and
applications.

As seen in Section 2.2.4, several applications can now benefit from the use of mixed-dimensional
architectures. Exploring implementations with different mixtures of dimensionality can be of aid in
assessing what architecture is more naturally suited for which algorithm.

3. Aiding in verification and validation
Classical simulation of quantum circuits also aids in verification and validation schemes. On the one
hand, it helps circuit equivalence checking by simulating two circuits with identical initial states and
comparing the output. This is an easier task than constructing the matrices and comparing these.
Such schemes that incorporate quantum circuit simulation have been proposed [133], [134]. On top
of that, it allows to compare the behaviour of a quantum circuit in experiment with the ideal execution,
allowing the scientists to predict the potential quality of results, and validating if the quantum hardware
is performing the tasks it is required to do [120]. Moreover, these comparisons with the simulation
results make it is possible to extract information about the sources of noise of a quantum system and
formalize their behaviour.
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Example 10. The use of a simulator could be of use for verifying that a compiled quantum circuit,
a new decomposition, or a particular encoding preserves the intended original functionality defined
in the algorithm. In Figure 4.1, this is illustrated using a simple use case, where a unitary has been
compiled to a mixed-dimensional system and the simulation can tell us if, given an initial input state,
the final states of the two are identical. If true, the circuit performs correctly the intended algorithm.

4. Identifying potential for compression
Finally, it is possible to see through simulations that the computation may happen only on specific
levels of a qudit. This could allow the compression of a single qudit’s computational space from
a higher dimension to a lower dimension restricted to only the useful levels [135]. By this, the
representations become more compact, reflecting into a competitive error rate and experimental
control, typical of the state of art of qudit systems [9]. The simulation of mixed-dimensional systems
opens new possibilities in the field of circuit compression. Two examples illustrate the ideas.

Example 11. Consider the following operation U :

U =



1 0 0 0 0
0 e

2πi
3 e

−2πi
3 0 0

0 e
−2π

i
3 e

2πi
3 0 0

0 0 0 1 0
0 0 0 0 1


. (4.1)

It is possible to note that the local operation is operating only on two levels of the original five-level
system (i.e., of a ququint). Taken into account that many operations are applied to only a subset of the
available levels, we can consider the original system to be of only two dimensions, and consequently
remap the logic levels to |0⟩ and |1⟩. This results in a more compact operation of dimension 2× 2,
namely

U ′ =
[
e

2πi
3 e

−2πi
3

e
−2πi

3 e
2πi

3

]
. (4.2)

These are some of the advantages of classical simulation for mixed-dimensional circuits and are likely
among the most significant. Although we have just seen the advantages of simulation, there is still a
problem.

4.1.2 The Scaling Problem

The simulation of a quantum circuit is conducted by successively applying operations in sequence to an
initial quantum state, i.e., multiplying matrices and vectors. While quantum circuit simulation is simple, the
exponential memory requirements in the number of qubits make it hard in practice. With qudits of higher
dimensions, this memory requirement becomes even higher.

More precisely, given a system with N qudits of possibly mixed dimensions, a vector describing this
system will have length D =

∏N−1
i=0 di, with di denoting the dimension of each qudit. Correspondingly, the

matrices representing the operations on this system will have dimension D×D. In fact, even for operations
that affect only a subset of qudits, they have to be “padded”, or “broadcasted”, with the appropriate identity
operations to ensure the correct (large) size (using the Kronecker product [1]).

Example 12. Consider the Hadamard gate on a qutrit as shown in the background in Figure 2.1, also
denoted H3, affecting the second of the three qudits. Applying this operation leaves the first and third qudit
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untouched, i.e., it applies the identity operation of appropriate dimension. This is achieved by combining the
Hadamard operation and identity operations via the Kronecker product as in the following illustration:

I2 ⊗H3 ⊗ I4 =



:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::
:: :: :: :: :: :: :: :: :: :: :: ::


Here, each dot represents an element of the combined operation. The result is a matrix with 24× 24 entries.

Here, Example 12 should convey an intuition about the rapid increase in size for state vector and
operation matrices with respect to the number of qudits and their respective dimensionality. Consequently,
the simulation of quantum computations requires an asymptotically exponential amount of memory with
respect to the number of qudits. Single measurements of a quantum state suffer from the same complexity,
but repeated measurements can be done in amortized linear time [103]. The memory complexity can be
lowered quite significantly for many cases, especially for common single-qudit operations. In essence, the
operation can be applied to the state vector directly, e.g., by swapping rows for the exchange-operation.
Further, quantum states with many zero entries may be represented by sparse vectors [136]. However, the
efficacy of this approach diminishes with operations affecting an increased number of qudits and quantum
states that are not sparse.

4.1.3 State of the Art

There has been an ongoing and significant interest from researchers and engineers in developing solutions
for simulating quantum computations. There are several available solutions that individually make use of
different data structures, e.g., arrays [3], [137]–[139], decision diagrams [102], [130], tensor networks [140],
[141], and matrix-product states [141]. However, the vast majority of these simulators have been developed
so far with the focus on qubit systems and their related circuits, while qudit systems have not been provided
with the same software support. Qubit simulators can be divided in two main categories.

The first category of simulators is referred to as array-based . These simulators have limitations due to
their reliance on the straightforward representation of quantum states and operations. Typically, simple
1-dimensional and 2-dimensional arrays are used. To simulate larger quantum systems, they require
massive hardware power, such as HPC infrastructures composed of thousands of nodes, and petabytes of
distributed memory. The utilization of accelerators and dedicated hardware can improve the run-time of the
matrix-vector multiplications.

The second category of simulators relies on specialized data structures. For example, solutions based
on decision diagrams [102], [130], have been proposed to exploit redundancies to gain a more compact
representation of state vectors and matrices. Simulators based on tensor networks, such as those found in
popular software packages [142], [143], share a similar goal of simulating quantum systems. However, they
achieve this goal by compressing the information using a network of tensors that are contracted together in a
specific way. One example of such a simulation method is the Matrix Product States (MPS), which efficiently
calculates physical properties of one-dimensional quantum systems [141]. There are also examples of
simulators using a combination of matrix-vector multiplication and tensor networks as qsim [140], which
supports a variety of circuit models.
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However, the available implementations offer preliminary support of higher-dimensional systems at
best, if at all. There are early examples of trials to qudit simulations of quantum circuits of homogeneous
dimensions, that peaked with a proof-of-concept prototype of QMDDs [98]. More recent attempts come from
the established framework for quantum circuits manipulation and simulation, Google’s Cirq [140]. It provides
the core functionalities for the simulation of quantum circuits but requires the scientists to explicitly integrate
the software with the desired gate set and special circuit constructions. Hence, unfortunately, Cirq supports
mixed-dimensional quantum circuit simulation only in principle. The qudit simulator QuDiet [144] provides
a qubit-qudit quantum simulator package with quantum circuit templates of well-known qubit quantum
algorithms for fast prototyping and simulation. QuDiet shares several similarities with Cirq and qsim [140]
in terms of software structure and philosophy. So far, the existing simulators are focused on providing
interfaces for the development of specific use cases rather than being ready-to-use qudit simulators. This
lack of availability of the current software platforms and subsequent lack of automated methods is a major
obstacle in development for higher- and mixed-dimensional systems.

4.1.4 Contribution

Motivated from the above, we present a mixed-dimensional quantum circuit simulator, based on decision
diagrams, with a publicly available implementation. The aim is to investigate a new method for an efficient
simulation of circuits with qudits of arbitrary and mixed dimensionality.

The proposed approach is motivated by the success of the decomposition schemes used in [98], [102],
that fall under the family of Decision Diagrams (DDs; [98]–[101], [105], [130]) used in various fields of design
automation, especially in simulation, verification, and synthesis. Further, the structure of directed acyclic
graphs, which resemble tree, can elegantly illustrate the dimensionalities, interactions, and entanglement in
mixed-dimensional systems.

This will unlock the potential benefits of this generalized type of quantum circuit by exploiting more
compact representations for quantum states and operations on mixed-dimensional systems. In the following
sections, introduce decision diagrams and their benefits, and describe in detail our proposed representations
and required manipulation algorithms.

4.2 Mixed-Dimensional Decision Diagrams

A key aspect of developing an efficient simulator is to conquer the correspondingly resulting exponential
complexity for as many cases as possible. In the past, decision diagrams have been proven to enable
efficient representation of exponentially-sized data in many cases [98]–[102], [105], [130], [145], [146]. In
essence, they achieve their compactness by exploiting redundancy in data they represent. This section
introduces the decision diagrams for representing quantum states and operations of mixed-dimensional
systems.

A Decision Diagram (DD) is a Directed Acyclic Graph (DAG), composed of nodes and directed edges. The
nodes are organized in levels, with each level representing one qudit. The edges represent the connection
between the qudits and have additional information annotated to them. In this section we are building upon
the intuition given by Section 2.3.1.

4.2.1 Quantum States

The general idea of using decision diagrams to represent quantum states is based on repeated decom-
positions of the corresponding vectors. More in particular in the qudit case, consider an n-qudit quantum
state qn−1, qn−2, . . . , q0, where qn−1 is arbitrarily designated the “most sigificant qudit”. This state is split
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into equally-sized parts based on the dimensionality of qudit qn−1. Each part is represented by a successor
node which also encodes the decision for the value of qn−1. The splitting procedure is then repeated for
each part until the individual complex entries in the original vector are reached. During this process, the
complex amplitudes of each basis state are stored in the edge weights and equal sub-vectors (up to a
complex factor) are represented by the same nodes. To guarantee canonicity, the nodes are normalized
such that the sum of squared magnitudes of out-edges of a node add up to one. The resulting decision
diagram has a root node qn−1, at least one node for each further qi, and finally a single terminal node,
which does not have any successor. The decisions on the value of the qudits is recorded so it can be
reconstructed. Reconstructing the amplitude for individual basis states is achieved by accordingly traversing
the decision diagram and multiplying all edge weights along the path. An example illustrates the idea.

Figure 4.2 A state vector of a qutrit-qubit entangled state and the corresponding DD representation.

Example 13. Consider the quantum state 1√
3(|00⟩ − |11⟩+ |21⟩) in a qutrit-qubit system. Figure 4.2 gives

both, the representation as vector and as decision diagram. The vector has 6 entries due to the product of
the local dimensionalities: 3 for the qutrit and 2 for the qubit. The root node q1 has 3 outgoing edges, one
for each possible level in qutrit. The nodes in the second level represent the qubit and have 2 edges each.
The second and the third edge of the root node point to the same qubit node, due to the exploitation of
redundancy. The q0 nodes point to the terminal node.

Finally, in order to retrieve an amplitude of a basis state, we start by multiplying the weights along the path
composed of the basis state we want to retrieve. In the of case |00⟩, we compose 1/

√
3 · 1 · 1, corresponding

to the weights of the root node, the edge 0 of q1, and the edge 0 of q0. In case of the bitstring |11⟩, we
multiply 1/

√
3 · −1 · 1, corresponding to the weights of the root node, the edge 1 of q1 and the edge 1 of q0.

4.2.2 Quantum Operations

The representation of quantum operations as decision diagram follows a similar scheme to that of quantum
states. Instead of splitting the vector, for quantum operations the corresponding matrix is split into equal
parts depending on the dimenionality of the “most significant qudit”, e.g., 3 × 3 = 9 parts in case of a
qutrit. This scheme is again applied until the individual complex numbers in the matrix are reached. Equal
sub-parts up to a complex constant are recognized and stored by the same node in the decision diagram to
achieve compactness and canonicity. Again, an example illustrates the idea.
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Figure 4.3 A unitary matrix applying the a CEX, controlled on the level |1⟩ of a qutrit applied to |0⟩ and |1⟩ of a qubit.

Example 14. Figure 4.3 depicts the matrix U for a controlled-on-1-NOT (CEX) between a qutrit and a qubit,
consequently the matrix has dimension 6× 6. This operation, like most controlled single-qudit operations,
is sparse and has high redundancy leading to a very compact decision diagram. Further, the all-zero
sub-matrices are immediately represented by zero stubs from the root node. Therefore, only three out of
the nine edges of the root node representing the qutrit point to a non-zero successor. The first and last
edge of the root node, point to the same node that represents the pattern for the identity matrix, while the
other non-zero edge in between point to a node that represents the qubit Pauli-X.

Similarly to the decision diagrams for quantum states, the individual elements of the matrix are retrieved
by following a path and multiplying the complex edge weights on this path. Considering the element for
mapping |00⟩ to itself (i.e., the element in the upper left corner), we multiply 1 · 1 · 1, corresponding to the
weights of the edge to the root node and following the left-most edges from the following nodes.

4.2.3 The Benefits of DDs

Decision diagrams have proven to be an efficient and compact data structure for exponentially-sized
information in many cases in classical design automation and they have shown promising result for design
automation in the quantum domain thus far. They exhibit multiple advantages, especially for quantum circuit
simulation, such as the following:

• Sub-matrices that contain all-zero elements are represented with a zero-stub, i.e., a single edge of
weight zero.

• Decision diagrams are canonical and, therefore, guarantee exploiting redundancies in the data
structure.

• During operations like multiplication and addition shared nodes might be encountered more than
once. This enables caching of results and, therefore, an improved run time.

• The Kronecker product between two decision diagrams requires only the reassignment of pointers from
the terminal node of the first DD to the root node of the second (possibly followed by renormalization).

• Decision diagrams nicely model the locality of a single qudit. The number of edges at each levels
matches the dimensionality of the qudit.
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These advantages of decision diagrams make them promising candidates for quantum circuit simulation.

4.3 Implementation of Mixed-Dimensional Decision Diagrams

This section illustrates important aspects of the implementation of the previously presented decision di-
agrams. More precisely, we cover the concepts and methods concerning the construction of decision
diagrams and illustrate how the data structure is exploited to perform the basic operations for simulat-
ing quantum operations, i.e., multiplication and state measurements. The details on the open-source
implementation and how to use it will be covered in Part IV.

4.3.1 Representation of States and Operations

As discussed previously, decision diagrams promise to compactly represent quantum states and quantum
operations. This, so far, rather abstract discussion is accompanied by an efficient implementation that can
handle the representations without intermediate steps that involve the full vectors or matrices. There are two
elements that guarantee the efficiency of the implementation, and the first element is the direct construction
of quantum states limited to basis states [1], instead of constructing decision diagrams representing quantum
states from the corresponding vector, which require exponential memory. This kind of quantum state can
be described linearly in the number of qudits. For the construction of the decision diagram, one node for
each qudit is required. Building the state from a bottom-up approach will encode the state of each qudit in a
single node, connected via the edges (whose edge weights encode the concrete state). By convention, the
initial quantum state in simulation is the all-zero state, which has the nodes in the decision diagram only
connected by the left-most edges.

The second key element in the implementation is the efficient construction of decision diagrams rep-
resenting quantum operations: the construction procedure is shown in Algorithm 1. For the proposed
simulator, we considered local operations with arbitrary controls where the matrix for the local operation
is the only one that is ever actually kept in memory. In the construction, each qudit is again considered
in a bottom-up fashion, i.e., from q0 to qn−1. Each qudit is either (i) the target qudit, (ii) a control qudit, or
(iii) not part of the considered operation. For the target qudit, a node with edges holding the values of the
local operation is created. For control qudits, if the edges that represent a mapping where the operation is
applied are pointing towards the operations, the remaining edges will point to the identity operation. This
is known in the process of the construction. However, unlike qubit systems where controls are limited to
|0⟩ and |1⟩, the controls can be on arbitrary levels, therefore constructing controlled operations becomes
increasingly complex. For qudits that are not part of the operation, the corresponding edges represent the
identity operation on these qudits.

To further optimize the construction process, special patterns in the sub-matrices are identified. These
patterns include the identity matrix, symmetric, and transposed matrices. Especially for the identity matrix,
sub-graphs are stored in a lookup table and referenced within the decision diagram when needed. This
approach avoids the repeated construction of identity operations and speeds up normalization routines.
Additionally, caching identity patterns helps to efficiently construct decision diagrams for rotations of sub-
spaces within the Hilbert space, where matrices mostly consist of ones with only a few entries representing
the actual operation.

The key difference to previous implementations of decision diagrams is the added capability of dynamically
creating decision diagrams with different dimensions for each qudit. More precisely from the implementation
perspective, the number of out-edges of a node can be changed to accommodate the given dimensionality.
This marks a significant departure from the fixed and static structures of previous types of decision
diagrams [98]–[101], [105], [130], making it adaptable for future use cases where temporary expansion
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Algorithm 1 Make Gate DD

Require: Matrix Operation U , lines L, target line t, controls c ⊂ C
Ensure: root edge e of Gate DD
eU = U entries as edges
for l in L, l < t do

Allocate eL = l.size() zero edges
for ei in eU do

if l is ctrl, w/ ctrl c and ei is diag then
eLc ← ei

for eLj in eL, j ̸= c do
if eLj is diag then eLj ← I

elseeLj ← zero

else if l is ctrl, w/ ctrl c and ei not diag then
eLc ← ei

else ▷ Line is not a control
for eLj in eL do

eLj ← ei

ei ← e to norm node w/ successors eL

eU ← e to norm node w/ successors ei ▷ Target line
for l in L, l > t do ▷ Variables above the target

Allocate eL = l.size() zero edges
for ej in eL do

if l is ctrl, w/ ctrl c and ej is diag then
if j = c then ej ← eU

elseej ← I

else ▷ Line is not a control
if ej is diag then ej ← eU

eU ← e to norm node w/ successors eL

of the Hilbert space of a qudit could be a crucial component for shorter circuits. The implemented data
structure is closer to the behavior of nature than ever before.

4.3.2 Applying Quantum Operations

Given the construction of quantum states and operations detailed in the previous section, this section
covers the part of the implementation that applies the operations to the states. To this end, we consider
the Kronecker product, multiplication of decision diagrams, and measurement as the essential parts of the
implementation.
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Kronecker Product

The first quantum operation considered is the Kronecker product for decision diagrams. For matrices, it is
defined as

A⊗B =


a0,0 ·B · · · a0,D−1 ·B

...
. . .

...
aD−1,0 ·B · · · aD−1,D−1 ·B

 .
This means that each element of A is replaced by the element ai,j ·B. Moreover, on matrices the Kronecker
product is computationally expensive, since each of the elements of the exponentially-sized matrices has to
be accessed at least once.

However, in decision diagrams, the Kronecker product is efficient. The terminal node of a decision
diagram representing A is replaced by the root node of B by means of changing the corresponding pointers.
Afterwards, for normalization, the weight of the previous edge pointing to the root node of B is multiplied to
the root edge to A. This process is detailed in Algorithm 2 and illustrated in Figure 4.4.

Figure 4.4 Kronecker product for decision diagrams

Algorithm 2 Kronecker Product
Require: root edge x, root edge y
Ensure: root edge e of x⊗ y

if x or y is zero then return zero

if x is scalar then return y.weight× x.weight
if LookUp(x, y) then return cached(x, y)
Allocate eN = x.node.size() zero edges
for ei in eN do

ei ← Kron(x.node.ei, y)
eK ← e to norm node w/ successors eN

eK .weight← eK .weight× x.weight× y.weight
return eK

The implementation of the Kronecker product uses a recursive approach that traverses the decision
diagram structure; hence, the computational complexity of the operation is linear in the nodes of the left-hand
side operand.
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Multiplication and Addition

As discussed in Section 4.1.2, multiplication and addition are the quintessential operations necessary to
conduct quantum circuit simulation. Given a quantum state |ψ⟩ (with vector representation ψ) and a unitary
operation U , the operation is applied by:

ψ′
i =

D−1∑
k=0

ui,k · ψk,

where D is the dimension of the vector and ui,k (ψk) represents an element in the matrix (vector). We can
use the recursive conceptual decomposition of the matrix (vector) represented by the respective DD, but
this time to perform the multiplication. We use

ψ′ = U · ψ =


U0,0 · · · U0,D−1

...
. . .

...
UD−1,0 · · · UD−1,D−1

 ·

ψ0
...

ψD−1



=


σ0
...
λ0

 + · · ·+


σD−1

...
λD−1


The algorithm will recursively follow corresponding paths in the DDs for the matrix and the vector, and apply
the operation of multiplication between the sub-matrices and sub-vectors, as detailed in Algorithm 3 and
Algorithm 4. All the intermediate state vectors can be added recursively, i.e.,

ψ′ =


σ0 + · · ·+ σD−1

...
λ0 + · · ·+ λD−1


The order and structure of the sub-multiplications and sub-additions follow the structure of the decision
diagram. Consequently, the complexity is bound to the decision diagram in terms of number of nodes.
However, the reduction of the nodes allows to cache intermediate results. Finally, the reduction of DDs
potentially delivers an exponential improvement in terms of memory complexity, as well as in terms of time
complexity by terminating early sub-computations already performed. The final step of multiplication is,
naturally, the normalization of the decision diagram. The procedure is recursive and included in the steps
described in Algorithm 4.

The multiplication and addition operations have been optimized to account for the dynamic structure
of the decision diagrams. Unlike previous versions of the data structure where the number of edges was
fixed and known beforehand (i.e., pointers in an array), the current version uses a vector with variable-sized
edges (pointers), which allows for greater flexibility. Despite the added overhead of checking the size and
iterating over each edge, the implementation remains relatively efficient compared to previous fixed versions
of the data structure.

DD Optimizations in Caching Mechanisms

In Figure 4.5, we see the multiplication between a matrix and vector DD, where the problem is divided in
two, and the multiplication is solved for the right branch and left branch separately. It is interesting to note
that when we multiply two branches that point to two nodes that have been multiplied before the result is
retrieved by a cache that kept the result of previous computations, while when two branches are multiplied
and one points to the zero terminal node, the computation is directly returned to be zero.
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Algorithm 3 Multiplication
Require: root edge x, root edge y
Ensure: root edge e of x× y

if x or y is NULL or x.weight or y.weight = 0 then return zero

if Terminal(x) and Terminal(y) then return Terminal e, w/ e.weight = x.weight× y.weight
if LookUp(x, y) then return cached(x, y)
if x is I then return y

if y is I then return x

Allocate eN [R] zero edges ▷ Edges for Results
for i in R do ▷ Rows

for j in C do ▷ Columns
for ek in eN , k = R ∗ i+ j; do

ek ← ek +Mult(ex[R · i+ k], ey[j + C · k])
Cache eK ← e to norm node w/ successors eN

eK .weight← eK .weight× x.weight× y.weight
return eK

Algorithm 4 Addition
Require: root edge x, root edge y
Ensure: root edge e of x+ y

if Terminal(x) then return y

if Terminal(y) then return x

if x.node = y.node then return e, w/ e.weight = x.weight+ y.weight and e.node = x.node

if LookUp(x, y) then return cached(x, y)
Create eN edges with eN .size() = x.nodes.edges.size

for i = 0 . . . eN .size()− 1 do
ey,next ← eyi.node; ey,next.weight ← yweight×eyi.weight

ex,next ← exi.node; ex,next.weight ← xweight×exi.weight

ej = add(ex,next, ey,next), i = j

return e to norm node w/ successors eN

Measurement

The measurement can be interpreted as a global measurement since the outcome of the simulation is the
state vector of the system. Decision diagrams enable a measurement procedure that is linear in the number
of qudits.

The process of measuring from the decision diagram requires one traversal of the decision diagram in a
top-to-bottom manner, starting from the root node. At each node, the squared magnitude of each edge
weight are the probability that this edge should be followed. After following the edge to the next node, this
procedure is repeated until the target node is reached. The corresponding basis state is then given by the
path through the decision diagram (the index of each edge gives the corresponding level, starting with zero)
and the product of the edge weights on the path gives the corresponding amplitude.
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Figure 4.5 Exploitation of the structure of the DDs for optimizing the operations of multiplication by using caching
mechanisms.

4.4 Experimental Evaluation

We implemented the proposed approach and evaluated its applicability. The details on how to use the
implementation and the the open source code will be covered in Part IV.

The evaluation was performed on a server running GNU/Linux with an Intel Xeon W-1370P (running
at 3.6 GHz) and 128 GiB main memory. The implementation is written in C++ and was compiled with
GCC 9.3.0. To demonstrate the capabilities, a set of three different algorithms with multiple instances was
considered more precisely:

• Mixed W-States [147] given as states 1√
n

(|0 . . . 01⟩+|0 . . . 010⟩+|10 . . . 0⟩). Qubit W-states embedded
in prime-dimensional qud its.

• GHZ States [148] were considered for n qutrits as 1√
3(|0⟩⊗n + |1⟩⊗n + |2⟩⊗n).

• Random Circuits built from randomly selected local operations (Hadamard and Givens rotations) and
entangling operations (CEX and controlled Clifford operations).

The results are summarized in Table 4.1. The first column lists the name of the benchmark. The second
column gives the total number of qudits where as the following four columns give the number of qudits
for each level, i.e., the number of qubits (2), qutrits (3), ququarts (4), and ququints (5). In the following
three columns, the number of operations, number of nodes, and number of distinct complex numbers in the
decision diagram of the final state after the simulation are listed. Finally, the last column lists the run time of
each instance of the benchmark.

For the algorithms Mixed W-State and GHZ state, Table 4.1 nicely confirms the efficiency of the proposed
approach and the corresponding implementation. The simulation for these algorithms completes in less
than a second with a low number of nodes and distinct complex numbers, as one might expect. In contrast,
the random circuits contain little to no redundancy to be exploited by the decision diagrams and, therefore,
can be considered to show the worst-case behavior. Still, the implementation can simulate these circuits
with, for example, 8000 operations on 8 qudits within around 4 h, which, given the individual number of
levels, are comparable to 14 qubits. The simulator is remarkable in its ability to deliver reliable results for
randomized circuits, also when those are comparable to a larger 15-qubit system. Although the simulation
process largely terminates within two days, this time frame is a testament to the efficiency and accuracy
of the simulator’s algorithms. These results confirm the efficacy of the simulator as a design tool for
mixed-dimensional quantum circuits, for a large set of mixed-dimensional architectures and benchmarks.
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This new mixed-DD-based simulator is proven to be a food ad-hoc solution for verifying and validating
mixed-dimensional quantum circuits.

4.5 Conclusions

In this chapter, we introduced a type of decision diagram capable of handling the simulation of mixed-
dimensional quantum circuits. More precisely, the proposed decision diagrams encode the dimensionality of
a qudit in the number of out-going edges of a node, enabling a dynamic handling of the dimension and fast
adaption to the restrictions imposed, e.g., after calibration of a qudit system. This compact representation
is the basis for the corresponding implementation, which enables utilization of the method in real world
context. The experimental evaluation confirms the efficacy for the selected set of benchmarks, ranging from
easy circuits such as the GHZ state to random circuits, which show the worst-case behavior. The details on
how to use the implementation and the the open source code will be covered in Part IV.
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Table 4.1 Evaluations of MiSiM on Mixed-Dimensional Benchmarks

Benchmark #Qudits #Qudits with Dimension #Operations #Nodes #Distinct C Run time

2 3 4 5

Mixed W-State 4 2 2 0 0 15 12 9 0.000
30 15 3 0 12 96 60 64 0.017
54 2 52 0 0 159 108 112 0.027
60 8 4 0 48 213 120 140 0.169
90 15 63 0 12 276 180 198 0.103
90 2 80 0 8 273 180 195 0.101

102 75 2 0 25 315 200 207 0.111
108 8 100 0 0 321 216 229 0.102

GHZ State 5 0 5 0 0 8 14 5 0.000
10 0 10 0 0 18 29 5 0.000
30 0 30 0 0 58 89 5 0.003
60 0 60 0 0 118 179 5 0.011

120 0 120 0 0 238 359 5 0.043
128 0 128 0 0 254 383 5 0.049

Random 2 0 0 2 0 2000 6 68 903 0.021
2 0 2 0 0 2000 5 40 835 0.015
2 0 0 0 2 2000 7 112 918 0.068
2 0 1 1 0 2000 5 52 451 0.016
2 0 1 1 0 2000 5 52 451 0.016
3 2 1 0 0 3000 10 66 575 0.021
3 0 0 2 1 3000 27 531 995 0.172
3 0 0 2 1 3000 27 545 173 0.184
3 1 0 2 0 3000 12 168 915 0.048
3 1 0 2 0 3000 14 227 513 0.069
4 1 2 0 1 4000 67 774 865 0.339
4 1 1 1 1 4000 44 870 383 0.380
4 2 2 0 0 4000 22 239 247 0.069
4 0 1 1 2 4000 107 2 651 118 4.172
4 2 1 0 1 4000 41 429 614 0.153
4 0 0 2 2 4000 106 3 141 654 6.564
4 0 2 1 1 4000 53 1 299 120 0.828
5 0 0 3 2 5000 507 16 771 562 231.361
5 1 1 2 1 5000 214 4 578 367 13.622
5 1 1 2 1 5000 161 3 287 282 6.592
5 2 0 1 2 5000 137 3 181 180 6.258
5 2 1 0 2 5000 101 2 319 028 3.094
5 2 0 1 2 5000 164 3 435 001 7.242
5 1 1 1 2 5000 217 5 732 896 22.778
6 2 1 1 2 6000 434 11 781 434 105.238
6 2 2 1 1 6000 486 7 518 639 38.225
6 2 1 0 3 6000 437 13 889 217 159.516
6 4 2 0 0 6000 137 1 324 892 0.959
7 3 1 2 1 7000 1308 23 540 630 390.539
7 3 1 0 3 7000 2447 42 457 590 1275.100
7 3 2 0 2 7000 577 16 793 344 227.600
7 2 2 1 2 7000 1301 41 679 061 1407.100
8 5 2 1 0 8000 572 11 114 401 85.309
8 2 3 1 2 8000 3902 135 137 166 14 972.200
8 2 1 2 3 8000 19886 432 117 869 170 405.000

The column “#Distinct C” shows the number of different complex numbers in the decision diagram.
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5 Refining and Simulating Mixed-Dimensional
Quantum Noise

The quantum computing platforms that we reviewed in Section 2.1 are affected by frequent errors due
to the inherently delicate nature of quantum systems [18]. Despite advances in error mitigation efforts,
these errors continue to be the major challenge in quantum computing. Given the benefits of classical
simulation studied in Chapter 4, it is essential to incorporate these errors during quantum circuit simulations
to accurately predict an algorithm’s performance on real quantum hardware and validate the error modelling
of a mixed-dimensional quantum device.

Noise models for mixed-dimensional systems can be described through quantum mechanical formalisms,
such as quantum channels and mixed states [1], although they are too general to be used for validating
experiments, as shown in [74]. Advanced data structures such as tensor networks reviewed in Section 2.3.2
and decision diagrams reviewed in Section 2.3.1 have been shown to reduce the enormous complexity of
simulating classical quantum circuits in numerous practically significant cases, forming a fundamental basis
for efficient quantum circuit simulation. However, the extensive framework of error modeling, that requires
computationally intensive formalisms like density matrices, further complicates the already exponentially
difficult task of simulating quantum circuits.

This chapter explores the fundamentals and methods for simulating noisy quantum circuits, particularly
emphasizing noise modeling in systems with mixed dimensions, formalizing for the first time a noise
model for mixed-dimensional systems in line with the state of art machines [9]. A new specification of the
depolarizing noise channel is presented, which aims to approximate the noise in mixed-dimensional systems
with good precision, even in shallow-depth regimes. Subsequently, we provide an implementation that
could allow us to estimate the actual impact of errors on quantum computations by means of Monte-Carlo
simulations, allowing us to calculate empirical average effects across multiple runs. We employ a stochastic
error model, assuming errors occur randomly in each simulation run. Although the numerical results are
beyond the scope of the chapter, it offers a conceptually sound and mathematically robust method for
classically simulating noisy quantum computations, which can be easily integrated into existing tensor
network and decision diagram simulators, as detailed in Part IV.

The chapter is structured as follows. Section 5.1 reviews the possible quantum computing errors.
In Section 5.2.3, we outline the concept of the proposed solution, and in 5.3.1, we will illustrate the
mathematical modeling used for describing the stochastic simulation. The full implementation and the the
open-source code will be covered in Part IV.

5.1 Sources of Noise in Quantum Computations

This section briefly overviews the error types and noise prevalent in quantum computing systems, focusing
on their impact on single-qubit states, which have been covered in Section 2.2.1. In quantum computing,
errors can be broadly divided into coherent and incoherent types. Coherent errors occur when faulty or
unintended unitary operations cause changes in quantum states, often due to gate calibration inaccuracy
or unwanted qubit interactions. In contrast, incoherent noise, or decoherence, involves irreversible state
alterations. Recognizing these noise sources is important for the design of mixed-dimensional quantum
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devices, mitigating errors, improving circuit designs, and establishing quality metrics. Additionally, we
have effects of decoherence that arise from unavoidable interactions between qudits and the environment,
affecting coherence time and gate precision and thus limiting operations. In multi-qubit systems, noise
impacts entangling fidelity and necessitates error correction due to correlated errors. In Figure 5.1, quantum
states are depicted as vectors that reside on the surface of a unit sphere called Bloch sphere. For qubits,
states |0⟩ and |1⟩ are located at the poles. This practical representation helps in understanding the impacts
of quantum noise. We can examine in order some of the significant types of noise and their effects on
quantum states.

Dephasing When a qudit interacts with the environment, a phase flip effect might occur. This leads to an
error called phase flip error or T2 error. On a qubit this happens to be a phase-flip. On qudits the phase-flip
happens for each dimension.

Amplitude Damping A qudit in a high-energy state (|2⟩ or |1⟩) tends to relax into a low energy state (|1⟩
or |0⟩). After a certain amount of time, qudits in a quantum system eventually decay completely to |0⟩, the
minimal energy state. This error is called amplitude damping error or T1 error.
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Figure 5.1 Bloch-sphere representation of amplitude dumping on the left, and pure dephasing on the right [149].

Depolarizing Noise This type of incoherent noise is distributed uniformly around the Bloch sphere
(meaning each state has an identical likelihood of encountering bit-flip and phase-flip errors), and a qubit
will eventually experience decoherence, leading to a total loss of quantum information. This phenomenon is
referred to as depolarizing noise, as it causes the Bloch vector to depolarize and move towards the center
of the Bloch sphere.

Stochastic Pauli Noise In various systems, noise exhibits a bias, resulting in the potential for random
bit or phase flips around different axes to occur at varying frequencies. This can be represented through
random Pauli errors, where each specific Pauli error type, represented by a Pauli operation, has its own
probability of happening.

Special Cases Several types of noise are difficult to categorize and have particular effects, like leakage,
which refers to the phenomenon in which a qubit becomes excited beyond the computational basis, a
process that can occur due to stochastic thermal fluctuations or coherent driving. Within the framework of
qubit computations, leakage is frequently characterized as a non-Markovian event, given that it can show
temporal correlations spanning several gates or cycles.



53

5.2 Motivation

We had so far the chance to elaborate on the basics of quantum computing (Chapter 2) and on simulation
Chapter 4 with elaborate techniques and data structures for mixed-dimensional systems. The previous
section (Section 5.1) introduced the notion of errors in quantum computations with some intuition of the
effects on the quantum state. Here, we describe some examples of efforts made to predict the effect of
errors on quantum computations through simulation.

5.2.1 Problem

In the previous chapters, we described the challenges of simulating quantum circuits, where the objective is
to acquire a final quantum state, denoted as |ψ⟩, corresponding to the output of the quantum algorithm run
on the real device. Although the issue appears straightforward, it is significantly complicated by the curse of
dimensionality (Section 4.1.2). On top of that, reaching the final state alone is insufficient for determining
the error characteristics of the quantum systems used; in fact, A single quantum state cannot describe
complex phenomena of superposition such as mixed-states [1]. More elaborate mathematical tools such as
density matrices and quantum channels allow a precise and complete representation of the information.

For example, the density matrix offers a representation of the statistical state of the quantum system
expressed by the formula

ρ =
∑

i

pi|ψi⟩⟨ψi|

where pi indicates the probability that the quantum system is in state |ψi⟩. The pure quantum states
|ψi⟩ all together then define the mixed state represented by the density matrix ρ. Note that due to the
exponential growth of the state, with size D, the dimensions of the matrix will also exponentially increase
with dimensions D × D. This method for tracking the effects of noise transforms the already complex
problem of classical simulation into one of even greater complexity.

Furthermore, studying the influence of errors within simulations is a remarkable challenge, as these effects
manifest randomly, with probability depending on the quantum hardware to be simulated. Consequently,
rather than obtaining a single potential final state, simulations incorporating errors generate a range of
possible output states, a product of the specific error effects introduced. For this reason, there are continuous
efforts in modelling the noise source and its effects, that will be used to drive this type of simulation.

The challenge of simulating noisy mixed-dimensional systems consists of the same set of computational
and modeling problems as other quantum computers, but the modeling of quantum noise in classical
quantum circuit simulations falls behind. Formalisms like the description of the depolarizing noise channel,
are theoretically correct but struggle to predict the effects of errors in quantum circuits with different depth
regimes for the mixed-dimensional case. In fact, while this approximation works well for both deep and
shallow qubit circuits, this description is quite inaccurate for mixed-dimensional architectures where the gate
sets can often operate on subspaces with both entangling and local operations and which have different
error rates, as shown in [74]. The empirical results illustrate different behaviors from what the theory expects.
Approximating the depolarizing noise channel with the application of qudit Pauli noise at each operation
on the whole qudit space appears to be a too generic approach since the operations would manipulate
subspaces that should be idle.

The challenges associated with simulating noisy mixed-dimensional quantum circuits are related to the
correctness and to complexity of the simulation, hence in this chapter, we focus on two primary issues:

• The initial concern is the necessity for more precise approximations of the mixed-dimensional depo-
larizing noise channel, capable of operating across various regimes, in alignment with experimental
results.
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• The secondary aim is to develop a computationally efficient technique to apply the newly proposed
model and to execute simulations of noisy quantum circuits involving mixed-dimensional systems.

We need to solve these problems to create reliable simulations that will allow to analyze in the long term
the execution of quantum circuits of different sizes under realistic assumptions of noise. The new approach
will leverage the performance of current data-structures and methods with minimal implementation cost,
while exploiting the progress made in modeling noisy qubit circuits.

5.2.2 Present Results

Here, we review existing methods for simulating noisy quantum circuits. In the study [150], researchers
utilize stochastic ensembles of quantum circuits, incorporating random Kraus operators into the original
quantum gates to model random errors within quantum channels. They demonstrate that the stochastic
simulation error remains relatively low, even when simulating many qubits in comparison to the density
matrix method. The simulations were performed through the use of tensor networks, previously discussed
in Section 2.3.2. The results showcased simulations with up to 30 qubits, achieving less than 1% error
compared to density matrix simulations, allowing for embarrassingly parallel computations.

Other works [151]–[153] used decision diagrams to simulate noisy quantum circuits. In [151], decision
diagrams are used similarly to [150], where random Kraus operators are applied stochastically to quantum
gates to mimic random errors and model quantum channels. Decision diagrams, along with parallel
executions, significantly reduce resource requirements. In [152], [153], this approach is adapted in order
to perform the deterministic simulations of noisy quantum circuits based on the density matrix formalism,
where the matrices are represented through decision diagrams.

These examples illustrate several strategies and data structures used to address the issue of noisy
quantum circuit simulation. However, the studies presented thus far do not address efficient simulation
of mixed-dimensional quantum systems. They do not focus on modeling noise in such systems but on
qubit-based proof-of-concept simulations.

5.2.3 Proposed Solution

In this section, we propose a solution to the noisy quantum circuit simulation of arbitrary mixed-dimensional
quantum systems to enable realistic simulations of quantum circuits in shallow and deep regimes.

To this end, the proposal is divided into two parts:

1. the first part is the proposal of a new noise model, a depolarizing noise model adapted for the
description of the effect of operations manipulating qudit subspaces,

2. the second part is a proposal of stochastic Monte-Carlo simulations for mixed-dimensional quantum
circuits, with an analysis of

• why the model could be appropriate for our simulation goals,

• how it could benefit runtime in the case of decision diagrams based simulation.

The noise model introduced in our solution is based on the depolarizing noise model, which is approx-
imated in the qubit case by stochastic Pauli noise. While the depolarizing noise model for qudits is too
general and acts on the entire single-qudit space, a more fine-grained approach is needed. To address
this, we have modeled the subspace noise through the qubit depolarizing noise model, treating the two-
dimensional subspace as an embedded qubit within the larger Hilbert space. The noise of each operation
is then approximated by a subspace operation that corresponds to the qubit Pauli operators embedded in
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the subspace. The subspace dephasing noise is modeled as a phase flip on each dimension independently.
This approach allows us to define noisy behaviors for shallow circuits with numerous idle subspaces while
approximating the qudit depolarizing noise in deep circuits. The qudit depolarizing noise channel remains
valid for all operations acting on the full space of a single qudit. This model remains valid, produces results
in principle consistent with experiments, and preserves formal correctness.

The second step involves implementing a proof-of-concept stochastic and parallel simulation of quantum
circuits. The simulation follows the Monte-Carlo paradigm, where individual simulations are processed in
an embarrassingly parallel fashion, with noise applied after each gate in the circuit according to specified
probabilities. The innovative aspect of this approach lies in its software engineering: the instantiation of a
noisy quantum circuit is decoupled from its simulation. For each simulation run, a noisy quantum circuit is
generated by adding either embedded Pauli operations or qudit Pauli operations, and a simulation engine
then processes this circuit. The Monte-Carlo simulation approach is chosen particularly for its approximating
capabilities of the chosen observables. This implementation of the noise model has specific numerical
implications and advantages for decision diagrams, which will be examined in a subsequent section.

In the following section, we introduce the modeling of mixed-dimensional noise and the implementation of
Monte Carlo simulation. Our proposed solution represents the first implementation of a mixed-dimensional
noise simulation approach.

5.3 Mixed-Dimensional Noisy Quantum Circuit Simulation

In this section, we present the proposed mixed-dimensional noise model to improve the simulation of noisy
quantum circuits.

5.3.1 The Mixed-Dimensional Noise Model

Developments in the physical realization of quantum computers show significant improvements in the
coherence times of qudits [9], improving the “lifetime” of qudits before decaying to lower energy states, and
reducing the frequency of phase flip errors. However, more errors have to be studied and identified.

Depolarizing Channel

More specifically, depolarizing noise is the process that can transform into a completely mixed state, a
quantum state ρ with some probability p. In practice, the depolarizing noise acts isotropically around the
Bloch sphere, which means it is like applying Pauli X, Y, and Z randomly and with an equal probability of
occurring for all states. Therefore, in a visual interpretation of the qubit case, the depolarizing noise reduces
the length of the Bloch vector with a depolarizing probability p.

If we write the depolarizing noise in a more intuitive way, we get the following formula,

E(ρ) =
(
1− p′) ρ+ p′

3 (XρX† + Y ρY † + ZρZ†) , (5.1)

where we take p′ = 3p/4. In this form, we may interpret a depolarizing noise channel as one in which the
qubit experiences an error X , Y , and Z, each with probability p′/3, but remains unchanged with probability
1− p′.

Example 15. Consider a 2-qubit state |ψ′⟩ = 1√
2(|00⟩+ |11⟩). Suppose that the second qubit in order is

getting depolarized with a probability p and with probability 1− p, nothing happens and the state remains
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unchanged. The effect is similar to applying I, X, Y, or Z, each with probability p
3 . The final mixed-state will

be composed of

{(1− p, ( 1√
2)(|00⟩+ |11⟩), (p

3 , (
1√
2(|01⟩+ |10⟩), (p

3 , (
i√
2(−|01⟩+ |10⟩), (p

3 ,
1√
2(|00⟩ − |11⟩)}

which cannot be represented by a single 2-qubit state.

Dephasing Channel

Dephasing is the loss of phase coherence in a quantum state. It can be observed in the reduction of the
off-diagonal components of the density matrix, and in the experiment, dephasing happens when there is a
desynchronization between the qubit oscillations and the control field, usually originating from frequency
variations. Additionally, in the subspace, the relative phase changes at a rate correlated to the energy
difference of the states.

In the Kraus representation, dephasing noise is given by

E(ρ) =
(

1− p

2

)
ρ+ p

2ZρZ
† , (5.2)

Here, a quantum state ρ undergoes a phase-flip with probability p/2 and is unchanged with probability
1− p/2.

Mixed-Dimensional Noise

After reviewing the two main types of noise that affect quantum computer circuits’ execution, we reveal the
proposal for modeling noise in the mixed-dimensional case. The operations performed on the whole qudit
space are still affected by the depolarizing noise, with the following mathematical description:

E(ρ) = (1− p)ρ+ p

d2 − 1

d−1∑
j,k=0

(j,k) ̸=(0,0)

XjZkρ(XjZk)† (5.3)

Eq. (5.3) represents the generalization of Eq. (5.1) to higher dimensions. In fact, the explanation and
formulas of this section have so far been focused on the qubit case. The equation here describes how the
state is left unaltered by the noise with probability 1− p, and is altered according to the probability p

d2−1 ,
forming a possible ensemble of outcomes. This probability is derived similarly to before, however in this
case the probability of an error occurring is divided uniformly over the d2 possible choice of qudit Pauli
operators. The generalized operators are constructed by composing the clock and shift operators described
in Section 2.2.2.

Inspired by empirical results [74], we introduce two modifications to the treatment of subspace operations
that will make the depolarizing noise model closer to the physics of the devices. The first novelty is the
subspace depolarizing noise, which is modeled like in the qubit case but adapted to act only on a subspace
spanned by two dimensions at a time; in fact, the model is applied to operations that act in a specific
subspace. The physical explanation is that an operation manipulates a specific transition of the qudit that
can be naively seen as a two-level physical entity, therefore the depolarizing noise model for the subspace
of |i⟩ and |j⟩, while using the practical notation with the p′ probability is as follows:

E(ρ) =
(
1− p′) ρ+ p′

3 (Xi,jρX
†
i,j + Yi,jρY

†
i,j + Zi,jρZ

†
i,j) , (5.4)
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the Kraus operators are embedded qubit operations in the qudit space, similar to the rotation in Example 6.
Numerically, the entries of the operators will belong to the ring of the qubit Pauli group. The dephasing error
is qudit systems should be equivalent to the qubit simplified case:

E(ρ) =
(
1− p′) ρ+ p′ZρZ† , (5.5)

where the simplified notation explains that with probability p′ the state is “shifted” by the qudit Z operation.
The second novelty is the introduction of the subspace dephasing noise that is described as the phase

flip on a set of qudit dimensions, according to

E(ρ) =
∏

k ̸=i,j

[
(1− p′) I + p′ Zk(·)Z†

k

]
(ρ) , (5.6)

The equation uses once more a simplified notation where p′ is the probability of an error happening. The
error has a physical interpretation that is to be conducted to the results in the experiment [74]. Eq. (5.6)
shows that each time a subspace operation is applied to a qudit, the remaining d− 2 dimensions in the
qudit suffer from a slight excitement, which can be conducted to a Stark shift of some sort in the case
of ion qudits. Therefore, given an operation on the dimensions |i⟩ and |j⟩, the equation tells us that we
can independently apply a phase flip on the remaining dimensions d− 2. Although we use Z as notation,
the matrix is just the identity with a −1 on the Kth dimension to be flipped; commonly, we refer to these
operations as Virtual Z Rotations (Vz, or VirtRz) since this type of operations is applied to the frame of the
qudit.

The conceptualized noise framework allows for fine-grained control over noise channels, supporting
noise on local operations, as well as multi-qudit operations with different effects depending on the gate
specification.

Example 16. Consider a 2-qutrit state |ψ′⟩ = 1√
3(|00⟩+ |11⟩+ |22⟩), where a Givens rotation on a sub-

space is applied to the first qutrit. Suppose that this state might be affected by a local gate error, depolarizing
it. With probability 1− p, the state is left untouched; on the other hand, with probability p, the second qutrit
in order becomes depolarized. The effect is captured by applying I, Xa,b, Ya,b, or Za,b, each with probability
p
3 . This produces an ensemble (or mixture) if we set a to 0 and b to 2:

{(1−p, 1√
2(|00⟩+|11⟩+|22⟩), (p

3 , (
1√
3(|20⟩+|11⟩+|02⟩), (p

3 , (
i√
3(−|20⟩+|11⟩+|02⟩), (p

3 ,
1√
3(|00⟩+|11⟩−|22⟩)}

which cannot be represented by a single 2-qutrit state.

5.3.2 Implementing Monte Carlo Simulations

The second part of the proposed solution is the implementation of stochastic simulations based on the
model proposed above. When a quantum computer might produce inaccuracies with a particular probability
p, we model this error in simulations with the equivalent probability p, and keep the state unchanged with a
probability of 1− p. Essentially, we decide with a given probability whether to sample specific noise for each
operation. The ultimate state is shaped by the decisions made throughout the simulation. This simulation
category is termed a Monte-Carlo simulation, where the objective is to approximate the evaluation of a
function over the actual distribution of states by computing empirical averages from the sampled output
states. The method is particularly beneficial because it allows the approximation of some properties of a
distribution without reconstructing the entire distribution.

In practice, the output is a collection of states generated, each from a single simulation,

|ψ̃1⟩, . . . , |ψ̃M ⟩
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and from each state, we can estimate many quadratic properties at once. In quantum computing, we can
estimate many interesting properties, like the fidelity, via a quadratic function:

ol = |⟨ωl|ψ⟩|2 (5.7)

. which can be seen as the probability of measuring on a computational basis. For a probabilistic mixture of
states, each with a probability as (pi, |ψi⟩) the probability of measuring a basis state is calculated as

ol =
∑

i

pi |⟨ωl|ψi⟩|2 (5.8)

which can be approximated by as an average over M final states of several runs as

ôl = 1
M

M∑
j=1

∣∣∣⟨ωl|ψ̃j⟩
∣∣∣2 (5.9)

The number of samples scales inversely quadratically in the desired precision ϵ in approximating the
actual function. More details can be found in [151].

The stochastic quantum circuit simulation allows us to avoid the complexity of simulating D ×D density
matrices. However, the challenge remains to produce and process enough samples, or single states,
which is still a complex computational challenge, as seen in Section 4.1.2. Using parallel processing could
potentially reduce this constraint by conducting multiple simulations simultaneously on different processors;
therefore, stochastic quantum simulation represents a balanced trade-off between optimizing memory and
exploiting resources for concurrency by allocating individual cores to perform independent simulation runs.
The Monte Carlo method for noisy quantum circuit simulation involves:

• Generating many instances of the circuit, each with noise applied stochastically.

• Simulating each instance.

• Averaging the results to obtain the expected behavior.

In the generation, the noise model logic determines whether a gate has a noise operation to be appended
and, for entangling operations, whether noise is applied to the target, control(s), or a subset of qudits
involved. Before this procedure, each gate is assigned a type of noise, whether qudit depolarizing noise or a
particular type of subspace noise. If the gates operate in subspaces such as local subspace rotations [9], the
noise matches the subspace of the operations. Hence, a noisy operation is sampled after each gate based
on a success probability. The procedure is encapsulated in NoisyCircuitFactory within the pseudocode
in the algorithm Algorithm 5. Figure 5.2 visually summarises the Monte-Carlo simulation, where parallel
processes sample noisy circuits and then simulate them, obtaining a final state.

Algorithm 5 Monte Carlo Noisy Circuit Simulation

1: procedure NOISYSIMULATION(circuit, noise_model, num_shots)
2: results← []
3: for i = 1 to num_shots do
4: noisy_circuit← NoisyCircuitFactory(circuit, noise_model)
5: result← execute(noisy_circuit)
6: results.append(result)

7: return results, AverageObservable(results)

Further information on the utilization of the implementation will be elaborated in Part IV, which introduces
the open-source software for mixed-dimensional systems.
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Figure 5.2 A Monte-Carlo quantum circuit simulation, based on the mixed-dimensional noise model.

Trading Numerical Correctness for Runtime in DDs

Using preexisting simulation engines can effectively leverage memory-efficient structures like DDs, even
during concurrent operations. The size and complexity of decision diagrams are closely connected to the
entries they represent. Considering that the numeric components in the matrix for a specific dimension of a
qudit operation are part of a ring [154], [155] (a concept from number theory), this property impacts the
complexity of decision diagrams, facilitating efficient constructions, quantum circuit synthesis [104], and
simulation [156]. Managing complex entries within decision diagrams is a challenging topic [103]. If the
efficiency in accessing memory and managing the accuracy of DDs depends on how the numerical entries
are stored and retrieved from memory, then the design and application of simple subspace noise gates can
significantly enhance the simulation performance of extensive yet shallow circuits. The simpler the ring of
the operations, the more efficient the memory management of decision diagrams.

5.4 Conclusion

This chapter introduced novel approaches for simulating noisy quantum circuits, particularly emphasizing
mixed-dimensional systems, making the first formalization of a realistic noise model for mixed-dimensional
systems. Here, we presented a new specification of the depolarizing noise channel for both shallow
and deep regimes and developed a Monte-Carlo framework using stochastic error modeling to calculate
empirical averages across multiple simulation runs. Our methodology provides conceptual clarity and
mathematical rigor while maintaining compatibility with existing tensor networks and decision diagram
simulators. In future work, a particularly simple yet highly relevant extension is the integration of numerical
distortions of the gate parameters in the circuit associated with a specific noise channel or the inclusion
of subspace error operations for all types of gates. The details on how to use the implementation and the
open-source code will be covered in Part IV.
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6 Summary of Part II

This part of the thesis has explored the challenges concerning the classical simulation of quantum circuits,
which is a relevant task for the correct development of quantum algorithm, and for the verification and
validation of experimental results. Efficient data-structures and methods have been involved for solving
or mitigating these challenges, like decision diagrams, as well as new models that could increase the
usefulness of classical simulation in the tasks. In particular, this Ph.D. thesis presented the following
contributions:

• Chapter 4 described a new method to facilitate the classical simulation of quantum circuits for mixed-
dimensional qudit systems. This enhancement was achieved by introducing a novel type of decision
diagram designed to manage the simulation of these circuits. Specifically, these decision diagrams
encode the dimensionality of a qudit in the number of outgoing edges of a node. This efficient
representation is at the base of the corresponding implementation, enabling an efficient simulation
of quantum computations in practical scenarios. The experimental results validate its effectiveness
for the chosen set of benchmarks, which range from simple circuits to random circuits that illustrate
worst-case behavior.

• Chapter 5 presented innovative methods for simulating noisy mixed-dimensional quantum circuits.
In fact, we introduced the first specification of the depolarizing noise channel that is applicable to
both shallow and deep mixed-dimensional quantum circuits. In addition, we developed a Monte Carlo
framework that combines stochastic error modeling to compute empirical averages over numerous
simulation runs. Our approach offers both conceptual clarity and mathematical precision while
remaining compatible with current tensor networks and decision diagram simulators.

The contributions become a baseline guide for verifying and validating quantum circuits in a realistic
setting, understanding the physical limitations of an experiment, before even implementing an algorithm or
a protocol on a quantum device, with flexibility and enhanced efficiency. All the contributions listed above
have been developed in a push button solution, which is available open-source, and is described in Part IV,
providing the quantum computing community with accessible resources to further advance the field.
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Part III

Compilation of Quantum Circuits





65

7 Overview of Part III

The rapid growth of quantum computing, particularly with mixed-dimensional quantum architectures, which
integrate both qubits and higher-dimensional qudits, requires the development of efficient compilation
techniques. Similar to classical computing, where high-level languages like C++ enable the abstraction of
complex low-level programming tasks, quantum computing needs compilers that can translate high-level
quantum algorithms into executable low-level operations on physical hardware. The limited availability
of automated compilation methods impedes the efficient utilization of quantum computing platforms for
executing quantum algorithms.

Mixed-dimensional quantum computers are currently scaling in the number of qubits, qudits, and their
dimensions. Implementing the quantum applications (such as those in Section 2.2.4) becomes a much
more complex task. Quantum compilation plays an increasingly essential role in translating high-level
algorithms into sequences of hardware-executable instructions that are optimized for resource usage
and minimizing errors. In fact, maximizing a positive exploitation of the hardware capabilities requires
constructing sequences that account for the faultiness of the operations, limited connectivity within and
between qudits, and the variety of operations available in the gate-set (as discussed in Section 2.2.2). The
ultimate goal is to execute computations on actual quantum hardware, and compilers for mixed-dimensional
quantum computers aid in accelerating the design and development stages, optimize quantum circuits
to reduce the inherent noise, increase the compatibility of the algorithms for different mixed-dimensional
architectures, and improve the collaboration between the community of the algorithm and hardware
designers.

Quantum compilers enable users to fully leverage quantum systems without the need to manually design
circuits for each application, a process that would otherwise be time-consuming, error-prone, and poorly
suited for adapting to new mixed-dimensional architectures or emerging technology platforms. Quantum
compilation involves finding the shortest possible sequence of arbitrary quantum operations, in a procedure
known as synthesis or decomposition, depending on the case, that can implement a given quantum state
or operation as optimally as possible. The resulting quantum circuit must adhere to specific hardware
constraints while minimizing error rates, often through a reduced gate count.

Efficient decompositions and synthesis methods also preserve properties such as entanglement structures
and ensure the construction of states with high fidelity. However, compilation is severely constrained by
memory demands due to the vastness of the search space, particularly in mixed-dimensional architectures
where higher-dimensional qudits further increase state-space complexity. As a result, naive techniques
quickly become unmanageable, even when substantial computational resources are available.

Part III of this Ph.D. thesis addresses several compilation tasks, each with its own set of challenges,
and examines how the application of automated methods, also based on data-structures, like decision
diagrams, graphs, quantum information, and heuristics, help in managing the memory and time complexity
for constructing the sequences, or reducing the amount of resources needed. The methods in this
thesis offer a systematic approach to the compilation of quantum circuits in mixed-dimensional quantum
architectures, laying the groundwork for more efficient and scalable quantum software solutions. This
part of the thesis presents four key contributions that systematically address various aspects of quantum
compilation in mixed-dimensional architectures. Each of the following four chapters covers a specific aspect
of our contributions.
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Chapter 8, based on [11], explores a method for reducing the number of gates in qubit circuits, also
called compression. The method identifies the optimal mixed-dimensional architecture for executing
qubit-based programs, and understands how to transform the qubit circuit on the architecture. As a
secondary result, the method performs resource estimation, providing valuable insights for tailoring mixed-
dimensional architectures. Chapter 9, based on [12], examines an innovative synthesis approach for state
preparation circuits that target arbitrary states within mixed-dimensional quantum systems. The method
utilizes decision diagrams and optimization techniques for achieving the final quantum circuits in a versatile
fashion. Chapter 10, based on [13], introduced a universal workflow for compiling any two-qudit unitaries
into any hardware gate set that supports two-level entanglement gates. Avoinding manual intervention
and system-specific implementations. Chapter 11, based on [14], presented an algorithm designed for the
efficient decomposition of local unitaries within multi-level quantum systems. Traditional decomposition
methods often produce sequences with significant redundancies; however, this new adaptable approach
improves gate costs by considering realistic coupling constraints and rotation expenses, thanks to a new
data-structure, the energy coupling graph.

These contributions represent the first systematic approach to compiling for mixed-dimensional quantum
computers, establishing a foundation for future advancements in the field.
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8 Compression of Qubit Circuits: Mapping to
Mixed-Dimensional Quantum Systems

As discussed in Section 2.2.3, we must represent quantum algorithms as quantum circuits, which are
sequences of quantum operations, to effectively control quantum computers. This sequence needs to be
optimal in terms of the number, type, and ordering of operations to minimize the noise impact of each
operation on the system, as also highlighted in Chapter 5. Various strategies have been suggested to
improve these operations, such as by employing specialized heuristics (seen in Section 2.3.4). Shortening
the sequences can also be considered a circuit compression, which can be achieved by tailoring a
mixed-dimensional quantum architecture to the qubit circuit and realigning it accordingly. To identify the
optimal mixed-dimensional architecture for running qubit circuits, it is essential to estimate the achievable
compression or provide guidelines on the tailoring to maximize the compression.

This chapter, based on [11], introduces an efficient strategy to minimize the number of entangling
operations, such as CX and CZ, in qubit circuits by mapping and transforming them into mixed-dimensional
quantum circuits. We develop a method that models qubit interactions within a circuit using a graph-
based approach. Using this graph, we applied a clustering technique over the qubit state space, enabling
the grouping of qubits with recurring interactions. This process results in the specification of the target
mixed-dimensional quantum architecture, including the dimensions of each qudit, which align closely with
a user-specified preferred dimensionality. For the first time, this approach enables the compression of
qubit-based quantum circuits into mixed-dimensional systems and provides tools for estimating resources
and tailoring architectures to optimize performance. The evaluation demonstrates a significant decrease
in the number of non-local gates to achieve a specific task, thereby reducing a major source of errors in
quantum circuits. The implementation is open-sourced and shared with the contributions in Part IV.

The chapter is organized as follows: Section 8.1 exposes the problem considered, reviews state of
the art, and illustrates the contributions of this paper. Section 8.2 elaborate on the proposed method for
compressing qubit circuits into qudit circuits. Section 8.3 provides the results on evaluating the method.
Finally, Section 8.4 concludes the chapter.

8.1 Motivation

In this section, we explore the concept of circuit compression, which is intended to optimize the resources
needed for quantum computations. The specific use case focuses on minimizing the number of entangling
operations by tailoring a mixed-dimensional quantum architecture and mapping a given qubit circuit onto it,
enabling efficient utilization of the available resources.

8.1.1 Considered Problem

A method for assessing the cost of a qubit circuit involves counting the number of non-local gates—typically
controlled phase rotations (CZ) or controlled negations (CX, also known as CNOT). This approach is
driven by the tendency for error rates to increase as a result of more complex experimental controls as the
number of involved qubits increases. Consequently, circuit compression seeks to enhance the computation’s
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quality by minimizing the number of operations within a sequence, with a particular emphasis on non-local
operations and the number of qubits (or qudits) present in the circuit.

In more detail, circuit compression involves combining groups of qubits within a given circuit into qudits of
appropriate dimensions and converting local and non-local operations within the circuit into local multi-level
operations in the compressed circuit; the circuit can use qudits of variable sizes, making it mixed-dimensional.
This method preserves the initial computation while optimizing the resource efficiency of the quantum
hardware.

Example 17. Figure 8.1 portrays the circuit compression procedure. The routine begins with a qubit
(i.e., two-level) circuit consisting of numerous local operations and entangling operations among all the
qubits. We can see that the first two qubits from the top frequently interact via two-qubit operations.
Consequently, a compressed circuit (presented on the right-hand side) might merge these two qubits into a
ququart (i.e., four-level qudit). This allows all operations originally performed on the first two qubits to be
converted in local operations on the ququart. As a result, this circuit compression significantly reduces the
number of non-local operations: only a single non-local operation is necessary between the ququart and
the remaining qubit.

Figure 8.1 Illustration of a three-qubit circuit compressed into a ququart and a qubit. Squares denote qubit-specific
operations, whereas cubes indicate multi-dimensional operations. Black lines connecting the black dots signify
non-local operations(CZ). The compression process demonstrates that transitioning from a qubit-based circuit to a
qudit-based one can minimize entangling operations, although at the expense of more complex local high-dimensional
operations.

8.1.2 State of the Art

The subject of quantum circuit compression has gathered increasing attention among researchers recently.
This area has led to insights into the conceptual relationship between qubit and qudit logic and the practical
implementation of compressing qubit circuits. In the following discussion, we examine two recent studies
demonstrating current circuit compression advances.

[56] introduces a proof-of-concept workflow aimed at compressing qubit circuits into a qudit platform.
This workflow consists of three primary stages: transpilation, simulation, and post-processing. Importantly,
this approach is contingent upon the assumption that qudit circuits are formulated using a specified set of
high-level operations, including multi-controlled Toffoli gates.

The method outlined by [56] begins with the translation of qubit circuits onto a qudit platform characterized
by a defined dimensionality for each qudit, thereby aiming to minimize qubits and entangling operations.
This is achieved by enumerating all the potential mappings, a task feasible for smaller quantum circuits.
The challenge of devising mapping strategies that can scale with the qubit circuit size in polynomial time
remains unsolved. The linear-time complexity of transpiling non-local operations arises from the constraint
of the study to a specific multi-qubit entangling gate set.

The work described in [157] discusses the challenge of compressing qubit circuits into qudit circuits
while targeting qudits with a fixed dimension and focusing on multi-qubit entangling gates. The authors



69

present new bounds on circuit complexity after performing the compression, and they demonstrate that
these bounds reveal a combinatorial complexity in the dimensions of the systems. The paper also reflects
on the potential improvements in the expression of non-local operations on the qudit space, with concrete
experimental implementations across various technologies. The introduction of algorithmic strategies
and heuristics to establish an efficient mapping for quantum circuit compression, guided by the physical
constraints of the qudit platform, remains an unresolved issue.

The study presented in [158] introduces a compression strategy designed for superconducting ququarts,
which involves the development of a custom set of gates crafted to execute qubit-ququart operations.
Additionally, the authors introduced a corresponding mapping method to allocate qubits to ququarts. Despite
the completeness of the approach, it is highly specific to the chosen technology and restricts the number
of levels to a maximum of four. Still various technological platforms have the potential to surpass the
performance of the targeted architecture examined.

8.1.3 Contribution

This chapter investigates quantum circuit compression from arbitrary qubit circuits into mixed-dimensional
quantum systems to enable potential benefits in terms of improved circuit efficiency. For this reason, a new
design automation tool that allows for automatic and efficient quantum circuit compression is presented.

The proposed quantum circuit compression approach, which maps qubit circuits to qudit circuits, consists
of two phases:

1. Encoding the qubit logic into a Hilbert space generated by the combination of suitable higher dimen-
sional carriers and

2. translating the non-local qubit operations into either

• corresponding non-local operations between mixed-dimensional qudits, or

• local operations within a qudit.

In the first phase, we can implement the encoding by forming the tensor product of individual qudit
state spaces. A critical aspect of this phase involves determining optimal dimensions for each qudit. Our
novel algorithm groups qubits within the original circuit to minimize inter-cluster non-local operations, which
will later be consolidated into qudits. The mapping method improves the performance of the compilation
algorithm by establishing an optimized logical encoding, resulting in more compact circuits than conventional
approaches such as ladder-coupling schemes [13]. Additionally, the mixed dimensionality avoids wasting
efforts in controlling information not necessary for the computation.

The second phase covers the translation of the non-local qubit operations into genuine entangling two-
qudit operations. This is important to ensure that the resulting qudit circuit can be executed on a physical
quantum computer with the appropriate non-local operations in the higher dimensions. More in particular,
while the mapping routine will be a necessary and useful preliminary step, a dedicated compiler for high-
and mixed-dimensional quantum systems is a suitable candidate to produce close-to-optimal results. The
simple translation of the qubit entangling operations to qudit ones would require the construction of correct
pulses by optimization. However, the strength of mixed-dimensional systems is the richer entangling gate
set given by the choice of a specific technology.

An example illustrates the idea behind both the proposed steps.

Example 18. Figure 8.2 illustrates the mapping from a four-qubit circuit with a single three-controlled Toffoli
(MCX) gate. Implementing the MCX is rather expensive in terms of the number of operations. First, the
original gate is transpiled into single-qubit gates and CZ gates; the physical interactions between the qubits
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are observable and can be used to cluster the qubits. In this case, the clusters are on the first two and
last two qubits, which subsequently get compressed into two ququarts (qudits of dimension four). The
translation step then results in only one gate, the controlled-exchange [9] (CEX) gate.

In the next section, we introduce an algorithm that efficiently compresses qubit circuits into qudit circuits.
The proposed solution will, for the first time, enable circuit compression for mixed-dimensional systems.

Figure 8.2 On the left the multi-controlled Toffoli, MCX gate. On the right, a qubit circuit representing the transpiled
version of the MCX gate to two-qubit interactions and local gates (U1, U2, U3 and Hadamard). The two colored
outlines represent the individual qudits, where sub-portions of the qubit circuit are assigned to, depending on the
results of the mapping [11].

8.2 Mapping to Mixed-Dimensional Systems

This section presents the methodology for compressing qudit circuits into circuits with mixed-dimensional
qudits. More in particular, we outline our approach for clustering qubits in a given circuit based on their
local and non-local operations, then converting these clusters into a circuit using qudits with corresponding
dimensions. However, first, we examine the advantages of various qudit platforms and entanglement
structures, as these factors are crucial in determining suitable mappings.

8.2.1 Rationale for Qudit Systems

Qudit technology platforms present several challenges but promise to show near-term advantages over
equivalent qubit realizations. In fact, qudit systems have lower decoherence rates [16], they can use higher
energy states to implement error correcting codes [159] and more efficient encoding schemes [160].

The comparative study in [161] compares all the most prominent qudit technologies in terms of gate
efficiency for systems composed of sets of qubits and qudits and allows for an analysis of the trade-offs
required between scaling the information density inside a quantum circuit and managing noise error rates.
The efficiency of qudit gates must always be larger than the multi-qubit one by a factor O(d2/ log2(d)).
Given Hilbert space of equivalent dimensions, viable qudit platforms are capable of outperforming equivalent
state-of-the-art multi-qubit ones in gate fidelity for pure dephasing. Moreover, this performance could be
extended to qudits with d as large as 40 or more. This analysis naturally leads us to reflect that we
can perform qubit circuit compression with different performances depending on the circuit structure, but
especially on how well the chosen technology platform can implement d-leveled circuits. To achieve the
most efficient compression of a specific qubit circuit, we must choose the most suitable dimensionality for
the target qudits and consequently select the right technology that can efficiently implement that circuit.
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8.2.2 Entanglement Structures

Entanglement is a powerful quantum mechanical effect and a key component in the efficiency of quantum
computations. Two or more qubits are in an entangled state, if their state cannot be written as a product
of states of the individual qubits. Moreover, the entangling power or structure of non-local operations
corresponds to the amount of entanglement generated by an operation, accompanied by the analysis of
how the constituent basis states of an entangled state are affected by it.

Figure 8.3 The black solid lines are local operations between basis states, the black dots. The colored lines are the
entangling structure of CZ, CX, and CZ on two qubits.

Example 19. Figure 8.3 illustrates three different examples of entangling structures for two qubits.

• ZZ (green line) entangles |0⟩ and |1⟩ of Q0 with |0⟩ and |1⟩ of Q1, respectively.

• CX (red line) entangles |1⟩ of Q0 with |0⟩ and |1⟩ of Q1.

• CZ (red line) entangles |1⟩ of Q0 with |1⟩ of Q1.

The graph is derived from the matrix representations of the operations and provides an insight on the
physical application of the pulses representing these operations. The three operations present three
completely different entangling structures; although the CX and CZ have the same amount of entropy or
entanglement, these physical measures are spread in different ways, as graphically represented. The ZZ
has double the amount of entanglement, and we can visually represent it as the application of two CZ on
the upper and lower nodes of the graph.

8.2.3 Mapping Qubit Circuits by Clustering Weighted Graphs

As previously discussed, the purpose of constructing a mapping from qubit circuits to mixed-dimensional
quantum systems involving appropriate qudits is to minimize both the number of qudits and the number
of non-local operations. In this section, graphs are used to represent quantum circuits, where each node
matches a level in the qubit state, and the edges correspond to non-local operations when the two nodes
belong to two different qubits or local operations if the two nodes belong to the same qubit.

Due to the increased relevance of the the single levels of the qubit, the representation of each qubit is
split in the two basis states 0 and level 1, as in Figure 8.4. In the graph, many local or non-local operations
between the corresponding nodes are signified by edges with a high weight. These nodes are considered
good candidates to be included in a cluster.

To convert a specific circuit into its graph representation, it is initially transpiled to consist exclusively
of unitary local operations and controlled-Z (CZ) gates. This allows for clear distinction between local
and non-local operations, especially when complex custom gates are employed. The use of the CZ gate
simplifies the interactions in the final graph since it involves only a single-edge link between the |1⟩ states of
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two separate qubits (like in Figure 8.3). Additionally, this gate is well-researched and possesses beneficial
properties for use with two qudits [157], [162].

Figure 8.4 A transpiled circuit where the operations are applied to the single levels, the colored gates are respectively
U gates and Hadamard. There are weights assigned to each operation.

Each operation within the quantum circuit is associated with a weight, and the edge corresponding to an
interaction maintains the cumulative sum of the weights from all operations implemented on it. The weight
symbolizes the attraction between two separate levels in the graph. Moreover, the weight of local operations
is 4 times greater than that of CZ gates.

Although the error rates of entangling operations are an order of magnitude higher compared to local
ones, the implementation cost for a qubit local operation, when transpiled into a non-local operation within a
qudit circuit, is approximately estimated to be at least four times greater. This estimation presumes that a
local operation, when converted to an entangling operation, will necessitate multiple swap operations to
be feasible. In this manner, the graph also permits the division of the logic of a single qubit across two
qudits, when needed. This becomes beneficial when a qubit lacks local operations yet is often employed as
a control or ancilla. The control level, alongside the target qubit, can be mapped within the same qudit, thus
providing a local connotation to the previously entangling relation.

Once the weighted graph is completely calculated, levels with high interaction are ideally mapped
to the same qudit. This is achieved by using the K-means algorithm. We refer to the GCLU software
that implements the K-means and M-algorithm for graph clustering, [163] presents more details on the
algorithms.

The algorithm is designed to efficiently categorize nodes so that the total weight of the internal edges
within each cluster is maximized while also reducing the total weight of the edges that connect different
clusters. Because mapping to qudit systems requires minimizing entangling operations, the algorithm
consequently reduces the number of qubit operations and entangling operations between qudits that need
to be transpiled.

Running K-means on the graph typically results in configurations where the final qudits involve only
local operations. To address this limitation, we propose an alternative construction that accounts for qudits
without local operations, which we called full connectivity . In this approach, the initial graph construction is
the same, but an additional step is introduced: every pair of nodes lacking a direct edge is connected by an
edge with a minimal non-zero weight. Figure 8.5 illustrates the effects of clustering a graph based only on
the circuit’s connectivity.

Figure 8.6 shows how once the final mapping is produced, the transpilation step can take place. For this
step, the efficient realization of the entangling operations between qudits is assumed to be solved externally
from the tool by a compiler, and that the experimental control is up to the task [11].
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Figure 8.5 Initial and clustered graph. The left-hand side of shows the corresponding initial (unlabeled) graph of levels
and weights between the levels. The right-hand side shows the clustered graph with a ququart (green nodes, four
dimensions) and a qubit (red nodes, two dimensions).

Figure 8.6 Compiling into qudit circuit–illustrates a clustering on a graph as well as the correspondingly compiled
circuit.

8.3 Evaluation

In this section, we evaluate the method introduced in this chapter. For this reason, we examine a group of
established algorithms operating on qubits and transform them into mixed-dimensional circuits, circuits with
qudits of different dimensions once again. The implementation is entirely in Python 3, except for external
dependencies such as Qiskit [3] and GCLU Software [163]. This section offers benchmarks for compressing
circuits into mixed-dimensional systems, achieved through the development of a novel mapping strategy for
qubit circuits towards high and mixed-dimensional systems.

The evaluations were conducted on a server operating GNU/Linux with an Intel(R) Xeon(R) W-1370P
processor (at 3.6 GHz) and equipped with 128 GiB of main memory. The execution time depends on the
version of Qiskit [3] and Python used for initial parsing and analysis of the qubit circuit, as well as the
number of iterations of the clustering algorithm executed. The clustering algorithm is executed 20 000 times,
with 4 preferred as the cluster dimensions. The clustered physical dimensions are translated into individual
qudit spaces’ dimensions. For each benchmark considered, the total execution time is several seconds.

The results are presented in Table 9.1 Here follows the discussion of the results based on the original
work [11]. The first group of columns contains the basic information on the considered benchmark: The
name of the algorithm, the number of qubits, and the number of CZ gates after decomposition. The following
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two column groups contain the information on the resulting qudit circuits for “Circuit Connectivity” (edges in
the graph correspond to the connections of the states according to the circuit) and “Full Connectivity” (all
nodes in the graph are pair-wise connected). The “Qudit” column lists the dimensions of the qudits in the
resulting circuit in the form Dimension x Count , e.g., 4x3 denoting three qudits of dimension four. Following,
the columns “#CZ” give the number of non-local CZ operations in the circuits—with the “Ratio” between
the compressed circuit and the initial qubit circuit. In many of the benchmark instances, the compressed
circuits need less than 50 % of the non-local gates compared to the initial qubit circuit. The method has
always success even if with a small percentage of improvement.

There is an instance of the Max-Cut problem, solved with two different algorithms, namely QAOA and
VQE. One set of solutions is squarely set around 40 % to 50 %, while the other group is around 90 %. Circuit
structure plays a major role in mapping to a mixed-dimensional architecture, albeit the study of the reasons
is beyond the scope of this chapter.

The results confirm a reduction in the number of non-local operations when mixed-dimensional qudits
are used to realize the circuit. This reduction directly translates to a decrease in one of the primary
contributors to errors in quantum operations for these circuits. Furthermore, the tool effectively estimates
the compression of qubit quantum circuits on mixed-dimensional quantum architectures and serves as a
recommendation tool for tailoring the architecture to achieve optimal compression.

Table 8.1 Evaluation of the compression approach comparing the number of required non-local CZ gates

Benchmark Full Connectivity Circuit Connectivity

Name Qubits #CZ Qudits #CZ Ratio Qudits #CZ Ratio

Amplitude Est. 10 90 [8x1,2x1,4x3] 78 0.867 [8x1,2x1,4x3] 78 0.867
31 918 [8x2,16x1,2x5,4x8] 878 0.956 [128x1,2x6,4x9] 858 0.935

GHZ State 10 9 [4x5] 4 0.444 [4x5] 4 0.444
15 14 [2x1,4x7] 7 0.500 [2x1,4x7] 7 0.500
31 30 [2x1,4x15] 15 0.500 [8x1,2x2,4x13] 15 0.500

Graph State 10 10 [8x1,2x1,4x3] 4 0.400 [16x1,1x1,4x3] 6 0.600
15 15 [2x1,4x7] 8 0.533 [2x1,4x7] 8 0.533
31 31 [2x1,4x15] 16 0.516 [2x1,4x15] 16 0.516

Grover no-Ancillas 10 39 032 [32x1,2x3,4x1] 36 924 0.946 [32x1,2x3,4x1] 36 924 0.946

QAOA (Max-Cut) 10 40 [8x1,2x1,4x3] 16 0.400 [8x1,2x1,4x3] 16 0.400
15 60 [2x1,4x7] 32 0.533 [2x1,4x7] 32 0.533

Quantum Phase Est. Inexact 10 102 [8x1,2x1,4x3] 81 0.794 [8x1,2x1,4x3] 81 0.794
15 231 [16x1,2x3,4x4] 202 0.874 [16x1,2x3,4x4] 202 0.874
31 963 [64x1,2x5,4x10] 886 0.920 [32x1,2x4,4x11] 891 0.925

VQE (Max-Cut with TwoLocal ansatz) 10 90 [4x5] 80 0.889 [4x5] 80 0.889
15 210 [2x1,4x7] 196 0.933 [2x1,4x7] 196 0.933

W-State 10 18 [4x5] 8 0.444 [4x5] 8 0.444
15 28 [2x1,4x7] 14 0.500 [2x1,4x7] 14 0.500
31 60 [2x1,4x15] 30 0.500 [2x1,4x15] 30 0.500

“Ratio” is the fraction of CZ gates in the compressed and initial circuits.

8.4 Conclusion

In this chapter, based on [11], we introduced a method to improve the quality of the runtime of qubit quantum
circuits. Although qudits offer a richer state space, most current quantum algorithms are designed for
qubits. Our proposed method allows one to leverage the advantages of both approaches: algorithms can
be structured easily around two-level qubits, while the hardware can efficiently exploit higher-dimensional
qudits during execution. The results of our evaluations demonstrated a significant reduction in the number of
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non-local quantum operations, which directly translates to a decrease in one of the primary sources of errors
in quantum computation. Furthermore, the developed tool estimates the compression of qubit quantum
circuits on mixed-dimensional quantum architectures and acts as a recommendation tool for tailoring the
architecture to achieve optimal compression. The open-source software contributions discussed in this
chapter form a part of what will be presented in Part IV. Potential future work includes deeper integration of
hardware-specific considerations to form clusters that align more closely with the targeted qudit platform’s
gate sets and constraints, further enhancing the method’s applicability and performance.
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9 Mixed-Dimensional Qudit State Preparation Using
Edge-Weighted Decision Diagrams

With the advent of robust mixed-dimensional quantum devices and novel quantum algorithms, challenges
commonly encountered in qubit systems are expected to arise. In this context, methods for state preparation
become increasingly important, particularly for applications such as those discussed in Section 2.2.4,
including quantum simulation [64], [74], [76] and quantum machine learning [164]–[166]. These applications
rely heavily on the accurate preparation of specific initial states to function effectively. While Section 2.2.2
and Section 2.2.1 provided an overview of quantum states and their manipulation, many aspects of these
states, such as entanglement, remain poorly understood in qudit systems. Studying state preparation
is critical for advancing our understanding of quantum states and unlocking the full potential of various
quantum technologies. Hence, addressing the challenges of state preparation is essential not only for
improving quantum simulations but also for deepening our understanding of quantum information science.

This chapter, based on [12], introduces a novel method for synthesizing state preparation circuits, aimed
at reproducing mixed-dimensional quantum states using minimal operations and controls, which are then
transpiled for specific architecture gate-sets. For this reason, in this chapter we present three contributions:

• A new use of edge-weighted decision diagrams for a compact and efficient representation of mixed-
dimensional states.

• An automated procedure to generate quantum circuits for the construction of arbitrary quantum states.

• Moreover, a new implementation of approximation methods for decision diagrams has been examined
to enhance the circuits realized.

We illustrate the benefits and capabilities of the proposed method by compiling a diverse range of
uniform and random quantum states. These states are compiled into quantum circuits using qudits with
mixed-dimensions. This is the first instance of demonstrating the automatic and efficient creation of
mixed-dimensional quantum circuits capable of constructing arbitrary states. Moreover, these circuits
can be further optimized by integrating approximations without significantly reducing their fidelity. The
open-source implementation is integrated into the contributions explained in Part IV.

The remainder of this chapter is organized as follows: Section 9.1 describes the problem considered,
reviews the state of the art, and summarizes the contribution of this paper. Section 9.2 presents the
proposed approach for synthesizing quantum circuits for qubit-qudit circuits in detail. Section 9.3 discusses
the evaluation of the implementation of the proposed approach. Finally, Section 9.4 concludes the chapter.

9.1 Motivation

We examine the problem of state preparation in quantum circuits with mixed dimensions. After discussing
previous research in this area, we present our main contribution: a new approach to scalable state
preparation using decision diagrams adapted for mixed-dimensional systems.
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9.1.1 Considered Problem

Quantum state preparation is a topic of theoretical and practical relevance. In fact, it plays a crucial role and
determines the efficiency of inputting classical data into a quantum computer. Furthermore, it serves as a
critical subroutine for various quantum algorithms, including well-known ones [50], [51], [167], as well as
quantum machine learning [164], [168], [169], and Hamiltonian simulations [165], [166]. Formally, quantum
state preparation involves preparing a given quantum state |ψ⟩ from an initial product state |0⟩⊗N , using
single and two-qudit gates of different types, as shown in Figure 9.1. However, quantum operations are
prone to errors due to factors like limited coherence and gate infidelity, which reduce the accuracy of
quantum computations. These challenges can be addressed through methods that minimize the number of
operations while maintaining reliable results.

Hence, the state preparation problem is to find the shortest sequence of quantum operations that can
implement a state |ψ⟩, starting from the product state |0⟩⊗N , while achieving a desired quantum state
fidelity, in the most computationally efficient fashion.

𝑆𝑡𝑎𝑡𝑒 𝑃𝑟𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛 =
H 1 2

+1 +2
3

3

3

3

00 𝜓

Figure 9.1 The state preparation algorithm for constructing |ψ⟩, compiled into a sequence of single and two-qudit
operations, in this case a two-qutrit GHZ state.

Example 20. In this example, taken from [12], let’s consider the realization of the quantum state 1√
3(|00⟩+

|11⟩+ |22⟩), i.e., a GHZ state, in a qutrit-qutrit system. The state is entangled and a superposition of three
basis states |00⟩, |11⟩, |22⟩. The problem is to find a sequence of operations that can transform the state
|00⟩ into this state. Figure 9.1 shows a possible result: the qutrit Hadamard generates the superposition as
shown in Example 5. Then, controlled operations on the state of the first qutrit manipulate the second one.
Each operation is controlled by the level inside the circle and imposes an increment based by “+1” or “+2”.

9.1.2 Related Work

Earlier techniques have been suggested for the preparation of arbitrary quantum states, although these
methods have mainly concentrated on qubit quantum circuits and have been customized for specific
applications or particular classes of states [170]–[172]. More recent progress in circuit depth and complexity
of state preparation circuits has been proved possible, although this comes at the cost of requiring an
exponential number of auxiliary qubits [173]. Decision diagrams have also proved useful in the context
of state preparation for specific classes of states, such as uniform states, cyclic states, and arbitrary
states, although the methods required ancillary qubits [171], [172]. The success of these methods show the
effectiveness of decision diagrams in automating state preparation. Furthermore, experimental designs have
been developed and conducted for a direct construction of the states [174]. While scalable algorithms have
been presented for the case of prime-dimensional qudits w-states, or their qubit-embedded version [147],
the investigation and development of scalable automated procedures, particularly optimized ones, for qudit
circuits and mixed-dimensional systems, remain unexplored.
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9.1.3 Contribution

In this chapter, we examine state preparation methods for mixed-dimensional quantum systems, which
enable various quantum algorithms on such architectures while automating complex routines involved in
quantum computations. The proposed approach aims to improve the circuit efficiency in a scalable manner.
To achieve this, we introduce a tool that enables automatic and efficient quantum state preparation using
decision diagrams for mixed-dimensional systems.

We present three contributions that realize the method:

• The primary contribution is the study of the state preparation problem using a newly developed data
structure known as the edge-weighted decision diagram with a variable number of successors. This
data structure allows for a more precise and realistic description of quantum systems, supporting
both qubits and qudits of various dimensions similar to the inherent diversity encountered in complex
quantum simulations. This approach is contrast with traditional decision diagrams [98], which were
limited to processing uniformly sized units of information. Additionally, this research is particularly
important as there is no previous literature addressing state preparation using decision diagrams with
a variable number of successors.

• The second contribution of this work focuses on the synthesis of high-level quantum circuits, which
enables the automated state preparation procedure in an efficient manner. The routine’s complexity
is linear in the number of nodes in the decision diagram. This significant development is pivotal
in creating states that would otherwise be challenging and time-consuming to design manually.
Automating the state preparation process enables researchers to manage intricate quantum states
efficiently, opening up new opportunities and expediting advancements in quantum information
processing.

• The last contribution involves the application of approximation techniques, with the goal of decreasing
the gate count of the quantum circuits generated. Particularly, these techniques aim at the elimination
of operations that generate portions of the state that are practically irrelevant for the computation,
by leveraging the reduction in the size of the decision diagram representing the desired state.
While previous work has focused on this aspect for qubit circuit simulations [175], the present
study expands and generalizes these routines to qudit systems, extending their utility beyond their
original purpose. Moreover, new reduction rules have been introduced to simplify decision diagrams.
These approximation techniques simplify the final logic, and by removing nodes from the decision
diagram, they reduce the complexity of the resulting quantum circuit. This reduction identifies patterns
corresponding to tensor operations between subspaces of single qudit Hilbert spaces, which manifest
as DD subgraphs. These complex patterns, previously unanalyzed, are computationally challenging.
An additional benefit is the reduction in required control operations, enabling more resource-efficient
operation sequences.

9.2 State Preparation

In this section, we propose the synthesis method that converts state decision diagrams into mixed-
dimensional qudit circuits. To this end, we begin by introducing decision diagrams, which efficiently
store multi-dimensional quantum states. Afterwards, we illustrate how these decision diagrams are used to
create quantum circuits that generate the desired states. Lastly, we examine how approximation techniques
can further optimize the resulting circuits.
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9.2.1 Decision Diagrams

Previously, decision diagrams have been shown to facilitate efficient representations of exponentially large
data in numerous instances [98], [100], [101], [130], owing to their ability to achieve compactness by
capitalizing on the redundancy present in the data they depict. Before getting to the details of the method,
we suggest to revisit the background on the data structure, which is explained in detail in Section 2.3.1 and
Section 4.2.

This following procedure describes the first contribution and part of the procedure corresponding to the
first arrow in Figure 9.2, in other words, the representation of a quantum state as a decision diagram, as
described in [12]. Consider an n-qudit quantum state defined over a set of variables qn−1, qn−2, . . . , q0,
where qn−1 w.l.o.g. is assigned as the “most sigificant qudit”. Firstly, the state is divided into parts of equal
size, based on the dimensionality of qudit qn−1. Each part is associated with a successor node, which also
contains the decision regarding the value of qn−1. This splitting process continues for each sub-vector until
the individual complex entries in the original vector are obtained. Throughout this process, the complex
amplitudes of each basis state are stored in the form of weights inside the edges on the path from the
root to the leaf, followed during the decomposition. To ensure consistency, the nodes are normalized such
that the sum of the squared magnitudes of the out-edges from a node adds up to one. To reconstruct the
amplitude for specific basis states, one can traverse the decision diagram accordingly, multiplying all edge
weights along the chosen path.

The resulting decision diagram consists of a root node qn−1, at least one node for each subsequent qi,
and ultimately a single terminal node without any successors. An example illustrates the procedure.
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Figure 9.2 The three steps of state preparation.
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Figure 9.3 A state vector of circuit composed of a qutrit and a qubit and the corresponding decision diagram
representation.
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Example 21. Here an example of the construction of the DD starting from a state, inspired by the original
work in [12]. Consider the quantum state 1√

3(|00⟩ − |11⟩+ |21⟩) in a qutrit-qubit system, represented in 2
forms in Figure 9.3. The vector’s dimension is 6, which results from combining the local dimensionalities
of the qutrit 3 and the qubit 2. The root node, denoted as q1, branches into 3 edges, each corresponding
to a distinct level in the qutrit. Moving to the 2nd level, we encounter nodes representing the qubit, with
each node having 2 edges. Notably, the 2nd and 3rd edges of the root node connect to the same qubit
node, making use of redundancy. The nodes labeled as q0 direct to the terminal node. To calculate the
amplitude of a specific basis state, we multiply the weights along the path corresponding to that basis state.
For instance, for the bitstring |11⟩, the computation involves multiplying 1/

√
3 · −1 · 1, which accounts for the

weights of the root node, the 1st edge of q1, and the 1st edge of q0.

9.2.2 Synthesis Algorithm

The algorithm begins by recursively building a decision diagram that depicts the quantum state, considering
the dimensionalities of both qudits and qubits, as outlined in the prior section. Due to the differences
in dimensionalities among the information units, nodes at the same level may have an equal number of
successors, whereas nodes at different levels might show varying dimensionalities. Each link between a
parent node and its successor is given a complex number weight, which is the normalizing factor derived
recursively from the successor’s outgoing edges. This normalization process starts at the edges of the
terminal nodes. The weights are normalized according to a predetermined scheme to maintain node
canonicity and achieve a more compact representation following the reduction stage. For the normalization
of a node’s out-edge weights, each weight is divided by the normalization factor, ensuring that the squared
magnitudes of all edge weights sum to one. This norm is subsequently applied to all in-edge weights of the
node in question. At this point, the decision diagram forms a weighted tree and is fully prepared for the
traversal that will produce the quantum operations for constructing the desired quantum state.

Now we proceed by describing the generation of the quantum circuit beginning from the decision diagram,
the contribution of this work corresponding to the third arrow in Figure 9.2. The routine is implemented
recursively, beginning with the root node and traverses the decision diagram. It processes the successor
edges, starting from the last one, in pairs of two and in descending order. At each iteration, the algorithm
executes a two-level rotation, referred to as a Givens rotation [9], on the two adjacent edges or dimensions
signified by the node. The rotations between two levels i and j are expressed as

Ri,j(θ, ϕ) = exp
(−iθ

2
(

cos(ϕ)σi,j
x + sin(ϕ)σi,j

y

))
,

where σ{x,y} are the Pauli-{X,Y } matrices, θ is the rotation angle, and ϕ is the phase of the rotation. These
parameters are calculated as: θ = 2 · arctan[|wi/wj |], ϕ = −(π/2 + arg[wj ] − arg[wi]). The sequence
finishes with a phase rotation applied on the level 0-1, but with angle as the phase difference between the
level 0, calculated from the sequence, and the father’s node weight. The rotation can be decomposed into
two-level rotations using the identity Z(θ) = R(−π

2 , 0) ·R(θ, π
2 ) ·R(π

2 , 0).
Every rotation will be applied to the circuit with a set of qudit controls equivalent to the set of nodes

encountered on the path from the root to the node of the edges considered. For each node, the control
level of the operation will be the index of the edge taken to descend the decision diagram.

Example 22. Figure 9.4 shows a step of the synthesis algorithm. The algorithm appends to the circuit the
rotation R on levels 1 and 2, and calculates the parameters accordingly. The rotation is controlled on level 1
of the the first qutrit since the rotation was derive from the node with index 1.
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Figure 9.4 Example of a DD representing the state of a circuit composed of two qutrits and of a rotation synthesized
from it.

9.2.3 Optimization and Approximation

In this section, we discuss a segment of the contribution represented by the second arrow in Figure 9.2.
We utilized various optimizations in the decision diagram construction phase to enhance the synthesis
of more compact circuits. The initial optimization is derived from research in quantum circuit simulation.
Approximated decision diagrams proved an effective solution for improving memory complexity and runtime
performance [175]. Nevertheless, the method comes with a compromise in state fidelity, requiring a
careful equilibrium between computational efficiency and the precision of outcomes. The technique is a
generalization of [175], where it calculates the contributions in terms of the fidelity of each node and then
removes the nodes from the decision diagram until a threshold fidelity, previously chosen for the synthesis,
is reached. The contribution is calculated as the sum of the squared magnitude of each amplitude that has
a path from root to leaves crossing the node.

The benefits of the technique are the following, the method:

• reduces the size of the decision diagram in terms of memory.

• Reduces the synthesis time, since its complexity is tied to the size of the decision diagram.

• Lastly, the technique enables synthesizing shorter circuits for the state preparation, with guarantees
on the fidelity reached by the procedure.

The second optimization consists of reducing the decision diagram, intended as the capability of two
edges pointing to the same node, whenever it represents two identical sub-trees, that would be otherwise
stored twice. The advantage here lies in the logical significance of this reduction. When all edges with
weights other than zero point to the same node, it resembles a tensor product operation between the two
qudits representing adjacent levels in the tree. Consequently, operations in the sub-tree will not consider
the father node with successors pointing to the same child as a control qudit, thereby reducing the number
of entangling gates during transpilation.

Example 23. Figure 9.2 illustrates the implementation of optimization techniques. The successor node
of the root, contributing the least to fidelity (0.1), is pruned from the decision diagram. The two residual
edges connecting to nodes representing identical sub-vectors are redirected to a common node. This
approach reduces the memory needed for node storage and, owing to the characteristics of tensor products,
eliminates the need for control synthesis.

Overall, the method results in a state preparation procedure of three main steps, as depicted in Figure 9.2:
starting with a representation of the state as a decision diagram, followed by an approximation routine to
reduce the size of the DD, and concluding with the realization of optimized quantum circuits.
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9.3 Experimental Evaluation

To evaluate the feasibility of the proposed quantum state preparation approach, we implemented the method
and evaluated it on several types of quantum states. The selected benchmarks are

• Embedded W-State [147],

• GHZ State [148],

• W-State [176], and

• Random states with amplitudes generated from a uniform distribution.

For each state a mixed-dimensional system is used as target architecture. The implementation is written
in Python 3, excluding third-party dependencies, and is integrated into the contributions of Part IV. The
evaluations were performed on a server running GNU/Linux using an AMD Ryzen Threadripper PRO
5955WX (at 4 GHz) and 125 GiB main memory.

The results are presented in Table 9.1, reported in [12] as well. The synthesis procedure is executed
40 times to average possible fluctuations. The initial group of columns provides key information about
the benchmark, including the algorithm’s name, the number of qudits involved, and the qudit dimensions
represented as Count × Dimension, randomly selected to further prove the efficacy of the method. For
example, an entry 2× 4 signifies two qudits, each with a dimension of four. The following two column groups
present details on the resulting qudit circuits for both “Exact” (circuits that compile the target state with
fidelity 1) and “Approximated 98 %” (compiling the target state with fidelity of at least 0.98). The columns
“Nodes” and “DistinctC” represent the average number of nodes and unique complex numbers in the
decision diagram representing the state. These are the main metrics for evaluating the efficiency in the
decision diagram for storing the mixed-dimensional quantum states. The “Operations” column indicates
the average number of multi-controlled operations synthesized for a state on a specific mixed-dimensional
architecture relevant for both exact and approximated synthesis. Additionally, the column “Controls” refers
to the average median number of controls present in multi-controlled operations synthesized for a state on
the mixed-dimensional architecture. The use of controlled operations as a primary metric is justified by the
fact that the circuit can later be transposed into a sequence of local and two-qudit operations [177], with
also linear complexity in terms of depth, as demonstrated in [178]. Finally, the “Time” column denotes the
elapsed time during the approximation and synthesis process. The method is efficient, since the synthesis
routine has time complexity linear in the number of nodes of the DD. Moreover, the approximation technique
leads to a linear improvement in the number of quantum gates, with the reduction of control nodes during
the synthesis.

Both approaches, “Exact” and “Approximated” have been shown to be capable of preparing a given
quantum state in a mixed-dimensional system. Due to the regular structure of the first three (non-random)
benchmarks, the approximation shows no effect. In contrast, approximation decreases the number of
operations (and controls) by about 5 % while losing only 1 % fidelity. Regardless of the approximation step,
the individual runs of the benchmarks finish in less than one second.

Overall, the results confirm the successful development of the first automated method for synthesizing
quantum circuits that can construct arbitrary states for mixed-dimensional quantum systems. Furthermore,
the outcomes demonstrate the method’s efficiency and capabilities in optimizing the circuits, preparing the
desired state without significantly affecting its fidelity.
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9.4 Conclusion

In this chapter, we presented a novel synthesis method for state preparation quantum circuits of arbitrary
states for mixed-dimensional quantum systems, and the first developed automated method for such an
application on quantum architectures with qubits and qudits of different sizes.

The approach uses edge-weighted decision diagrams with a variable number of successors to represent
the state and synthesize the quantum circuits. Extended approximation techniques applied to the data
structure optimize the number of operations in the circuits. Evaluations demonstrated the method’s
effectiveness and adaptability in preparing arbitrary quantum states across any mixed-dimensional quantum
architecture. Using optimizations substantially decreased the number of necessary operations and controls
while maintaining high fidelity. Future work could potentially focus on further refinement and exploration of
qudit quantum circuit optimization and approximation strategies, considering the specific capabilities of the
targeted quantum hardware.
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10 Compilation of Entangling Gates for
High-Dimensional Quantum Systems

In order to run the applications described in Section 2.2.4 and running them on a quantum computer,
it is essential to have compilation methods capable of translating high-level algorithms into quantum
circuits. Mixed-dimensional systems are particularly well-suited for executing some specific classes of
quantum algorithms, since a key advantage of qudit systems is their significantly larger set of available
instructions compared to qubit systems, allowing for more expressive and efficient implementation of
quantum applications. In Section 2.2.2 and Section 8.2.2, we discussed the complexities introduced by
high-dimensional systems, particularly regarding quantum operations and entanglement generation. In
fact, in two-level systems every entangling gate is equivalent to the CNOT gate [1]. Instead, multi-level
systems offer much richer possibilities, including a variety of inequivalent entangling gates. However, these
expanded possibilities also introduce challenges, particularly in decomposing quantum operations into the
most efficient sequence of local and entangling gates. Additionally, identifying suitable gate sets native
to the hardware becomes crucial for compiling entangling gates. Much of the theoretical work needed to
address these challenges is still missing. Consequently, no standardized design methods are available,
making the compilation of entangling gates a manual process. This limitation restricts the full exploitation of
mixed-dimensional quantum systems.

In this chapter, based on [13], we introduce a workflow for compiling arbitrary two-qudit entangling gates
in any mixed-dimensional system. The core idea is to map the target unitary operating on two qudits to a
single-qudit unitary in an appropriately larger space. This unitary can then be decomposed into two-level
operations using established techniques [179]. The resulting decomposition will involve at most d2 two-level
entangling gates of two standardized types. To decompose these standard gates into any hardware-native
gate set, we have developed an offline optimization routine, which we demonstrate on a recently developed
gate set for trapped-ion qudit quantum processors [9], [43]. In typical experimental scenarios, where native
gates act only on a subspace of the full Hilbert space, the cost of this pre-computation is independent of the
size of the target unitary. The resulting circuit will express the target unitary using only native gates.

Overall, this methodology enables, for the first time, the fully automatic compilation of entangling gates for
mixed-dimensional quantum systems. The proposed method can be applied to any two-qudit unitaries and
is efficient, as the numerical optimization step is done offline. Case studies demonstrate the feasibility of
the method, and a corresponding implementation is available in open-source as part of the contributions
in Part IV. The remainder of this chapter is structured as follows: Section 10.1 motivates the problem of
entanglement compilation for qudits. Section 10.2 describes the proposed approach to tackle entanglement
compilation. Section 10.3 provides case studies on the feasibility of the proposed approach. Finally,
Section 10.4 concludes the paper.

10.1 Motivation

Based on the general setting introduced in Chapter 2, the compilation of entangling operations into native
gate sets is of central importance for efficient quantum computations. The general problem is NP-hard
already for qubits [180]; therefore, quantum computers critically depend on efficient compilation methods, if
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not optimal. Due to the more complicated entanglement structure of qudits, in comparison with their binary
counterpart, the compilation problem is much more challenging upon the consideration of high-dimensional
spaces.

10.1.1 Problem Formulation

Qubit circuits may be written using several entangling gates, which are equivalent to the CNOT gate [181].
The situation is very different for qudit systems; as the structure of entanglement becoming much richer,
there is not only more freedom in designing quantum circuits, but also more opportunities for optimizing their
efficiency through the right set of operations. The challenge for qudit compilation is then the understanding
and the harness of this entanglement structure for efficient decompositions. At the same time, the problem
has to be computationally tractable.

Example 24. To make the problem more intuitive for the qubit expert, the use of a metaphor is helpful.
Using color coding as an analogy: Information encoded in one qubit can be interpreted as a single grayscale
pixel. The information encoded in a qutrit (d = 3) is like an RGB pixel that can combine 3 different colors
and all their possible shades inbetween. Now, adding a second pixel, the qubits only have two parameters,
where qutrits have 6 parameters derived by leveraging the full potential of the two pixels. This highlights
the drastically higher information density in qutrits (and subsequently qudits of even higher dimensions).
However, the qutrit, just like the color pixel, requires a vastly more complex control system, in order to
efficiently use such a capability.

The problem of entanglement compilation can then be formulated as follows: given a unitary U repre-
senting an interaction between two qudits of dimension d, find a decomposition of U into arbitrary local
unitaries and a pre-defined set of entangling gates, in a way that is as close to the optimum as possible. In
an application setting, the native gate set is defined by the used quantum hardware, which also sets the cost
of each component in the decomposition. While the complexity of the optimal solution is generally unknown,
the general figure of merit is the gate fidelity given the experimental noise sources for the various gates.
Although the discussion will be on qudits of the same dimensionality for the sake of clarity, the method
works as well for operations where the qudits are of two different arbitrary dimensions. Moreover, here,
we will focus on two-qudit gates, although the methods we present generally apply also to the multi-qudit
setting, at the cost of decomposing the tensor product in two-qudit unitaries.

10.1.2 State of the Art

In the current section, we review briefly the existing approaches to compile entangling operations in high-
dimensional Hilbert spaces. While some results exist for special cases [179], [182], these are of limited use
in actual quantum hardware, which typically does not natively support the types of interactions we might
want to work with.

The pioneering work Ref. [179] introduced a synthesis algorithm for qudit entangling gates that produce
decompositions through controlled-householder rotations. This enable the proof of a lower and a constructive
upper bound on the number of two-qudit controlled-rotation gates required for an arbitrary two-qudit unitary.
However, such results apply only to the specific controlled rotations used, without considering the constraints
or indeed opportunities of physical qudit quantum processors. In Ref. [183], a compilation algorithm for
generic qudit unitaries is presented. The final aim of the mathematical procedure is to reduce the number
of gates that use magic state injection protocols. The entanglement complexity of qudit systems is ignored.
Although an elegant solution is found, the restricted scalability of the algorithm and the final output, too
far from the application to a physical quantum processor, make the work still theoretical. Other previous
works [184] try to lay out routines for the synthesizing of qudit circuits, in this particular case for qutrits only.
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In this regard, Ref. [182] presents a method to construct circuits for generating different forms of qudit
entanglement through the use of a specific gate set, including the controlled exchange gate. While the
goal is the generation of specific quantum states from a fixed input, it is still unclear to what extent these
methods can be transferred to the more complicated compilation of entangling unitaries.

In Ref. [185], the challenge of multi-qubit compilation is tackled. The authors use parametrized quantum
circuits and numerical optimization of the fidelity function, to solve an incremental structure of alternating
local and entangling gate layers. More precisely, the work focuses on the compilation of global entangling
gates based on an ansatz consisting of alternating global entangling gates and specific equatorial rotations;
the approach cannot be applied directly to qudit entanglement compilation, due to the inefficient search
strategy. Moreover, the solution provided in [185] is unable to express the wider variety of local and partial
entangling operations available in this new setting. Finally, in Ref. [186] arbitrary controlled unitaries are
proved to be physically implemented using auxiliary levels in the qudit Hilbert space, regardless of their
form.

10.2 Efficient Compilation of Entanglement

Motivated by the challenges described in Section 10.1, we now propose a workflow that enables the
compilation of any two-qudit unitary into any target gate set. The considered solution consists of two steps.
First, a synthesis method, which targets two-qudit unitary and returns a high-level circuit comprised of
only two types of two-level entangling gates, regardless of the initial unitary. This step is crucial to make
the technique scalable to arbitrary mixed dimensions. Second, a compilation step that uses parametrized
circuits and numerical optimization to decompose the two standardized two-level entangling gates into
any target gate set. Although this step can be computationally intensive, it can be pre-computed, as the
structure from the first step is fixed. Hence, this step does not affect the scalability of the method.

10.2.1 Step 1: QR Decomposition of Entangling Operations

Qudit quantum hardware typically exploits two-level couplings between the various qudit levels despite
having access to a full high-dimensional Hilbert space. This is sufficient for implementing arbitrary single-
qudit operations with a cost that is at most quadratic in the size of the Hilbert space, as has been shown
in [179]. In the simplest instance, the resulting sequence of operations is composed of two-level Givens-
rotations between adjacent sites Vi and a diagonal phase matrix Θ in U = Vk · Vk−1 · . . . · V1 ·Θ [179].

This algorithm is universally valid. Yet, it scales quadratically in the Hilbert space dimension, and due
to the rigid structure, it can introduce redundant operations. Therefore, for efficiently compiling local
qudit unitaries, more advanced algorithms capable of taking into account the structure of the qudits and
experimental constraints can be beneficial. For the purpose of the present work, however, it is precisely the
standardized structure of the QR decomposition that is beneficial.

In more detail, we first interpret the target two-qudit unitary U as a single qudit unitary in dimension d2.
This is achieved by mapping the two-qudit states to a single qudit as |i, j⟩ 7→ |d · i+ j⟩. Then, we apply the
QR decomposition algorithm to that higher-dimensional local unitary. Without loss of generality, we thereby
assume a ladder-type coupling, where each of the virtual single-qudit states is coupled to its neighboring
states |j⟩ ↔ |j ± 1⟩, although the implementation explained in Part IV has partially overcome this limitation.

Consequently, the QR decomposition applies successive rotations between the adjacent states in the
virtual single qudit.
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The result of the decomposition is a set of two-level rotations of the form

R(θ, ϕ) =
[

cos θ
2 sin θ

2(−i cosϕ− sinϕ)
sin θ

2(−i cosϕ+ sinϕ) cos θ
2

]
,

which is followed by a phase matrix to be represented as a sequence of phase rotations on neighboring
states, which, in turn, can be decomposed into two-level rotations using the identity Z(θ) = R(π

2 , 0) ·
R(θ, π

2 ) ·R(−π
2 , 0).

As a consequence of our choice of ladder-type coupling, all two-level rotations occur between adjacent
states and are thus embedded into the d2 dimensional Hilbert space as

R̂i(θ, ϕ) =

1 · · · 0
0 · · · [R(θ, ϕ)]i,i+1 · · · 0
0 · · · 1

 ,
where the subscript i, i+ 1 denotes the affected states. The resulting matrix is a two-level rotation R̂
embedded in a higher-dimensional space, which translates to an entangling operation in the original
two-qudit system.

The next challenge is now decomposing these entangling gates into the native gate set of the target
hardware.

A straightforward approach would be to simply try and compile each of the O(d2) entangling gates in the
sequence into the target gate set, although it is computationally very costly. Instead, one can notice that
only two different gates need to be compiled. This is most easily seen as a simple example with two qutrits.
By design, each of the two-level rotation Ri is represented as 2 × 2 block matrices in a d2 × d2 identity
matrix as in Eq. (10.1).



· · · · · · · · ·
· cR cR · · · · · ·
· cR cR · · · · · ·

· · · · · · · · ·
· · · · · · · · ·
· · · · · pS pS · ·

· · · · · pS pS · ·
· · · · · · · · ·
· · · · · · · · ·



(10.1)

Here, the horizontal and vertical lines indicate the tensor product structure of the original two-qutrit unitaries.
We note that whenever the rotation Ri acts on levels that do not cross these lines, it physically corresponds
to a controlled-rotation gate cRot in the two-qudit system (indicated above as cR). When Ri does cross
a boundary, it refers to a partial Swap operation pSWAP in the bipartite system (indicated above as pS).
While mathematically alike, these operations are fundamentally different in their complexity, so they must be
treated separately. Fortunately, it is sufficient to compile just one example of each, since the other cases
(for different qudit indices) can be obtained simply by permuting the states of one operation of the same
type. For simplicity and generality, we focus on the following gates that act in the 0-1 subspace of the qudit
Hilbert space.

After the generation of the abstract sequence of rotations, the compiler simplifies the complexity of the
problem by applying permutation gates to every cRot and pSwap gate in order to express the sequence
in terms of only two entangling operations, cRot1;0,1, pSwap0,1, and permutation gates. Therefore, every
operation can be compiled at the expense of compiling efficiently only one cRot and one pSwap. The two
operations cannot, in general, be implemented directly on the hardware, thus one further step is needed
before concluding the synthesis.
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Since cRot1;0,1, pSwap0,1 are parametrized in θ and ϕ, it would require to compile these default gates for
every different value of the two variables. The default gates chosen will be then further decomposed into a
sequence of local operations, that will encode the variables θ and ϕ for the equatorial rotations, along with a
static entangling gate that will provide the necessary entangling strength and that will act on a two-level
subspace.

In such a way, the compiler will follow the decomposition of the controlled rotation cRot1;0,1 (control on
the level 1 of the first qudit, target the subspace 0-1 of the second qudit) as,

cRot1;0,1(θ, ϕ) = [I ⊗R(π/2,−ϕ− π/2)]· (10.2)

CEX · [I ⊗ Z(θ/2)]·
CEX · [I ⊗ (Z(−θ/2) ·R(−π/2,−ϕ− π/2)).

The decomposition uses the CEX1; 0, 1, which will act on the 0,1 subspace of the second qudit, while the
partial swap:

pSwap0,1(θ, ϕ) = [H ⊗H] · CEX · [H ⊗H] (10.3)

[I ⊗R(π/2,−ϕ− π/2)] · CEX·
[I ⊗ Z(θ/2)] · CEX · [I ⊗ Z(−θ/2)]·
[I ⊗R(−π/2,−ϕ− π/2)]·
[H ⊗H] · CEX · [H ⊗H]

and the CEX1;0,1 is used once again in the pSwap operation.

Example 25. Let us consider the case where two qutrits interact in order to better understand the interme-
diary compilation step, the operations involved, and the new encoding. The controlled rotation on levels |7⟩
and |8⟩ appears in the decomposition, which correspond to |21⟩ and |22⟩ in the two-qutrit system. Since the
method requires the controlled rotation to be applied to the 0-1 subspace, the permutation of the levels
of the two-qutrit system is required. We add local rotations with angle π and phase π/2 that will act as
permutations and route |21⟩ to |10⟩ and |22⟩ to |11⟩.

The decomposed sequence will be:

cRot2;1,2(θ, ϕ) =(P1,2 ⊗ P0,1 · P1,2)†·
cRot1;0,1(θ, ϕ)·
(P1,2 ⊗ P0,1 · P1,2),

where Pi,j denotes a permutation of levels i and j.
Note that after executing the controlled-rotation, the sequence concludes in the uncomputation of the

permutation sequence, to restore the original encoding for the subsequent operations.

At this stage, the synthesis returns a sequence of local operations that will encode the angles of rotation
and the permutation of the states, interleaved with the chosen CEX gate. Such is the default choice made
in the project, yet the user could provide a different one that could act on a different subspace. Then, the
compiler will now proceed with the last step: the compilation of the CEX gate with an entangling gate input
by the user and compatible with the target machine.
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U =
L L · · · L L L · · · · · · L

L L · · · L L L · · · · · · L
E E E

U =
L L · · · L · · · L

L L · · · L · · · L
E ′ E ′

Figure 10.1 Given a two-qudit unitary U , compilation results depend on the structure and the noise inherent to the
chosen gate E; new local (L) gates will match the gate E.

10.2.2 Step 2: Layered Compilation

This section describes the second step of the compiler and the lowest abstraction level before getting to
a physical implementation. The software component takes as input the target unitary to compile and the
target entangling gate for the decomposition. The entangling gates could be either a primitive entangling
gate of the target quantum hardware or a higher-level abstract gate. The software outputs a compiled
sequence composed of arbitrary local two-level rotations and the chosen gate.

At the core of the second component are parametrized quantum circuits that, once solved for different
gates, lead to different decompositions. More precisely, as Figure 10.1 shows, results present different
depths and noise characteristics, related to the noise and power of the single entangling operation.

The section will continue with a brief overview of parametrized quantum circuits, followed by a detailed
explanation of the construction of the problem representation and its resolution by the layered compiler.

Parametrized Quantum Circuits (PQCs)

PQCs consist of a series of quantum gates dependent on a set of continuous or discrete parameters θi that
can be optimized. The particular initial choice of the sequence of gates is called an ansatz. Such a circuit
is then optimized, typically by a classical algorithm, in order to minimize a cost function that encodes the
solution of interest.

Such an approach can be used for a range of computational questions [187], like Hamiltonian ground-state
energy estimation [188] or compilation [185]. In the following, we discuss the important design choices
during the ansatz construction, its resolution, and the ansatz evolution during the optimization loop.

Construction of Ansatz and Expressibility

The first step consists of choosing the building blocks for our ansatz and then incrementally composing
them in order to create the final circuit to be solved. There are two types of operations related to in the
quantum circuit: local operations and entangling operations.

The initial objective is to find a representation for single-qudit operations that is parametric and that
achieves maximal expressibility [189] with a minimal number of parameters. In this case, expressibility
refers to the circuit’s ability to generate a large fraction of two-qudit unitaries. The proposed solution exploits
theoretical results [190] already developed in the literature. The single qudit lives in a d-dimensional (d ≥ 2)
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U1 · · · Uf1

U2 · · · Uf2

E

Q0

Q1

Figure 10.2 Example of an ansatz. Each layer contains an entangling gate, which is preceded by a generic unitary U
on each one of the qudits and followed by two more generic unitaries; in this manner, every layer is universal.

complex Hilbert space H = Cd spanned by the orthonormal basis |0⟩, . . . , |d− 1⟩. Local qudit unitaries will
be written as in [190], in which elements of the special unitary group SU(d) are parametrized as:

U =
[ ∏d−2

m=0
( ∏d−1

n=m+1 exp(iZm,nλn,m) exp(iYm,nλm,n)
)]
·[ ∏d−1

l=1 exp(iZl,dλl,l)
]

using d2 − 1 real parameters {λm,n} in the interval between 0 and π for m > n, π/2 for m < n, as well as
2π for m = n.

On this space, Z is a diagonal trace-less operator, a generalized form of the Pauli σz applied to the
subspace spanned by |m⟩ and |n⟩, while Y is the generalized form of the Pauli σy applied to the subspace
on the subspace spanned by |m⟩ and |n⟩.

Zm,n = |m⟩⟨m| − |n⟩⟨n| for 0 ≤ m < n ≤ d− 1
Ym,n = −i|m⟩⟨n|+ i|n⟩⟨m| for 0 ≤ m < n ≤ d− 1

Such a formulation is chosen to be expressible for the single qudits and it has the minimum number of
parameters required for representing the special unitary group.

The second objective is the efficient use of user-specified entangling gates in the ansatz compilation.
The usage of multiple species of qudit entangling gates inside the same ansatz will be discussed in future
research. Although the user can specify the preferred choice for the entangling primitive, here, we focus on
using a single entangling gate, choosing between two gates commonly used in the trapped-ion platform:
the Molmer-Sorenson (MS) gate in Eq. (10.4) [9] and the generalized light-shift (LS) in Eq. (10.5), a genuine
qudit entangling gate [43], [191].

MS(θ) = e−i θ
4 ·(I⊗I+σx01 ⊗σx01 ) (10.4)

LS(θ) = e−iθ·
∑d−1

i=0 |ii⟩⟨ii| (10.5)

These are both well-established operations in quantum computing hardware with well-characterized noise
characteristics. Furthermore, they operate in a distinct manner (the light-shift acts on phases, the MS acts
on populations) with different entangling power [43] when applied to qudit systems.

Example 26. The compiler solves an ansatz like the one discussed in Figure 10.2.— Consider a two-qudit
entangling unitary U . Figure 10.1 illustrates two different compilation results: (1) The top result requires
multiple pre-selected entangling gates with low entangling power but potentially less noise. (2) The bottom
result uses two previously selected entangling gates with high entangling power but more noise per gate.—
Such a selection of the best result heavily depends on the performance of the gates, i.e., specifics of the
underlying hardware. Both cases will always produce a correct result since more entanglement can be built
up with additional gates; entanglement generation can also be reduced through the judicious use of single
qudit gates between entangling layers.
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Solution of the Ansatz

The optimization of the ansatz works similarly to a variational quantum algorithm. In each step, the
full circuit is simulated through the product of the gate matrices for the chosen parameters. This is
computationally feasible for two-qudit gates in dimensions of practical relevance, given current and future
quantum hardware capabilities. For multi-qudit gates, the applicability of this approach is expected to be
limited. The resulting unitary matrix in each optimization step is then compared with the target matrix in
accordance with an objective function. Here, the choice function was the fidelity between the unitaries [192],
for two-d-dimensional systems:

Fidelity(A,B) = 1
d2 Tr ⟨A† , B ⟩

For the purpose of this compilation task, fidelity has several desirable properties for physical applications
compared to other frequently used objective functions for matrix optimization.

The optimization loop is performed through the iterative simulation of the ansatz and verification of the
fidelity achieved by the current solution of the optimization algorithm.

Optimizer

The optimization step can be performed by means of heuristic methods, as seen in Section 2.3.4. The
employed optimization method is the dual annealing method, meant as a combination of classical and fast
simulated annealing, coupled with the L-BFGS [193] algorithm on boxed constraints, a local search method
applied in the neighborhood of the solutions found by the global method in the high dimensional landscape
of the problem to optimize. We refer the reader to Ref. [194] for details on this algorithm. Alternatively, due
to the unclear trainability of qudit PQCs, the use of gradient-based methods was outside the scope of the
work.

Binary Search

The final resulting circuit should have the least number of layers that can compile with the desired fidelity of
the entangling gate, although the cost of a circuit depends on its depth and gates structures. The maximum
number of layers for the search is heuristically chosen as 2 · d2. Such a number was found to be sufficient
for generating maximally entangled qudit states from the least powerful operation, acting only on two fixed
physical levels. The compiler uses a binary search, and the number of layers is decreased iteratively as the
gate can be decomposed for a certain number of layers under a heuristically chosen time period. Otherwise,
if the target fidelity is not reached or the optimizer does not converge before the end of a timer, the number
of layers is increased.

10.3 Case Studies

The considerations made so far in the chapter have already shown the complexity of entanglement
compilation in mixed-dimensional systems. The solution proposed above is meant to provide a step forward
in the field of compilation for qudit systems. The implementation is open-source and integrated into the
contributions presented in Part IV. It is completely written in Python 3.8, with the exception of the external
dependencies Numpy [195] and Scipy [194]. This section provides corresponding case studies, in order to
indicate the feasibility of the workflow and its usefulness in compiling any multi-level entangling operation.
The use cases focus on the compilation of the controlled-sum gate CSUM, a characteristic operation in
qudit systems discussed in the previous sections.
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Table 10.1 Results of the workflow on CSUM for dimension 9 and dimension 16

System Dim. cRot pSwap CEXtot MStot LStot (1− F )

two qutrits 9 44 24 184 1472 368 < 10−4

two ququarts 16 92 36 328 9184 10168 10−3 ∼ 10−4

Although it is characterized by two compilation steps, the computational complexity of the workflow is
dictated on a high level by three routines. The first routine is the QR decomposition applied on the unitary
to compile; the algorithm has quadratic complexity in the number of dimensions of the two-qudit interaction
with size D, therefore O(D2). The result is a sequence of at most D2 operations. The second routine is the
translation of every output operation in terms of local operations and CEX; this algorithm has complexity
O(D2) because it is linear in the number of QR output operations. Finally, the last routine of the workflow
is the solution by optimization of the ansatz, which has complexity of order O(logD). In fact, the last
compilation step is a binary search, with each step of duration linear in the number of dimensions of the
original unitary.

The evaluations were performed on a server running GNU/Linux using an AMD Ryzen 9 3950X and
128 GiB main memory. The layered compilation step is performed under a time limit of hours heuristically
chosen as d/4 (e.g., 4 h for a two-ququarts unitary), at each step in the binary search. The compiler has
minimum target infidelity (1 − Fidelity) of 10−3. Several runs of the optimization algorithm could lead to
better results, and beyond dimension 16, the computational time and the fidelity are affected.

The considered example follows the default strategies encoded in the compiler. Each controlled rotation
and partial swap is transformed by local rotations into cRot1;0,1 and for the partial swaps pSwap0,1. The
automatic choice for generating entanglement is the controlled exchange gates CEX. More precisely,
CEX1;0,1 has control on the first level of the first qudit and the targets on the first two levels of the second
qudit.

The designer has the possibility to either decide to follow a different path and impose a decomposition for
which they have a specific implementation in terms of the involved entangling gate, or to compile it directly
for the machine.

In the studies, we considered the implementation of the CSUM gate for qutrits and ququarts. Table 10.1
shows the results. Between the near-term usable physical qudit dimensions [9], the solution for ququarts
proves an already difficult and useful design case. The columns denote the dimension (“Dim.”), which is
followed by the number of controlled rotations, and partial swaps, as well as the total number of CEX,
MS, and LS gates required for the decomposition, respectively. The last column gives a bound on the
achieved infidelity (i.e., 1−Fidelity). In the first phase, the synthesis of CSUM for 9 dimensions (two qutrits)
requires 20 controlled rotations and 6 partial swaps; the synthesis on two quarts (dimension 16) outputs 42
controlled rotations and 6 partial swaps. These decompositions are not necessarily optimal, by construction.
The controlled rotations are further decomposed into 2 CEXs and the partial swap into 4 CEXs, with the
resulting sequence being general for all dimensions.

In the smaller case, we compile the entangling gate in terms of two native gates used in the latest ion trap
qudit processors [9] [43] and introduced before, the MS and LS gate, in order to show to the adaptability
of the workflow. The manual decomposition of the CEX gate dedicated for the two-qutrit case by itself is
non-trivial, even for an experienced quantum information specialist. The inherent difficulty arises not only
from the amount of intuition needed but also from the inability to easily generalize the single result found to
higher dimensions. The pen-and-paper optimized sequence for CEX in dimension 9 is composed of two
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LS gates with angle π, while two MS gates are also required to perform the same CEX at any dimension, if
the sequence is allowed to exploit auxiliary levels [9].

The layered compiler performs a similar decomposition with the same number of π-LS gates autonomously.
Without auxiliary levels, the compiler outputs a sequence of 8 MS gates. For both the compilation results,
the infidelity reached is below 10−4. In the case of two-ququarts, optimized sequences could not be
achieved, whereas the layered compiler autonomously decomposes the CEX with infidelity between 10−3

and 10−4, at the cost of 28 MS gates and in an alternative of 31 LS gates. The number of gates required
for a two-ququarts circuit indicates the increased complexity of the problem compared to two-qutrits.

The results are in line with the expected automation overhead in a first automatic solution. In fact, it was
predictable that the used ansatz would ask for an over-parametrization [196], or using more layers than
necessarily, which allows for a great simplification of the landscapes by eliminating spurious local minima.
Although the results are not expected to be efficient to the point of practical applicability on a quantum
system, this is only one component of a complete compiler for mixed-dimensional systems; as such, future
developments will comprise optimization routines[14], [197]–[200].

In summary, the results show the feasibility of the proposed workflow to deliver decompositions efficiently
for any two-qudit unitary. Moreover, the results provide evidence of the complexity in the compilation
of entangling operations for multi-level systems, especially compared to binary systems. This chapter
investigated one of the first key steps towards the full automated compilation for qudits.

10.4 Conclusion

The challenges for efficient and reliable application of entangling gates inside qudit circuits arise because
of the complexity in understanding the amount of entanglement generated by an operation as well as the
corresponding affected levels—commonly referred to as structure. Consequently, the operations are mostly
considered as black-boxes with the question of whether it is possible to reach an implementation for a
certain qudit platform and with a given gate-set. So far, the study of feasibility and the implementation of
entangling operations for specific qudit technologies was performed by quantum information specialists
manually, without the promise of re-utilizing a particular decomposition for a system certain number of
dimension, to those of greater dimensionality.

In this chapter, we introduced a complete workflow for compiling any two-qudit unitary into any target
gate set. While the resulting gate sequences are typically not optimal in terms of gate count, the method
is computationally efficient, since the only step involving numerical optimization can be pre-computed.
The case studies confirm the feasibility of the workflow as well, for the first time, the automated results
of compilation of generic entangling operations to any dimensionality. The implementation is available as
open-source, and the steps for using the compilation procedure will be presented in Part IV. In the future,
the proposed approach may be improved up on by utilizing auxiliary qudit levels, alternative ansatz designs,
compression of synthesis results, and circuit optimization in post-processing.
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11 Adaptive Compilation of Multi-Level Quantum
Operations

Mixed-dimensional systems, with their larger state space, are particularly well suited for representing
integer-valued states, making them useful for quantum simulations of higher-dimensional theories. To
develop a complete compiler for mixed-dimensional quantum systems, it is essential to efficiently compile
single-qudit operations. These compilation methods serve as the final component, enabling the automatic
translation of high-level quantum algorithms into quantum circuits. This eliminates the need for error-prone
manual conversion while complementing the compilation of entangling operations discussed in Chapter 10.

Automated methods and data-structures must be developed to decompose unitary operations into
sequences of two-level operations that respect the physical constraints of the multi-level–qudit platforms, as
explained in Section 2.1. When such decomposition is not entirely feasible, the methods should focus on
finding good-enough solutions as efficiently as possible, using heuristics as outlined in Section 2.3.4.

In this chapter, based on [14], we develop an efficient adaptive compiler for single-qudit operations. To
this end, we first introduce a corresponding representation of underlying physical options and constraints in
terms of an energy coupling graph. Based on this, we propose adaptive methods that aim to leverage this
representation to efficiently compile arbitrary unitaries. In particular, this method exploits the free placement
of logical information on the underlying physical information carriers to achieve a significant improvement in
the complexity of the compiled operations. To showcase the benefits of the proposed method, we compiled
large sets of unitaries of dimensions 3, 5, and 7 to different target architectures—confirming the flexibility to
adapt to arbitrary coupling structures of different multi-level systems as well as experimental constraints.
Although the cost function used is inspired by the state-of-the-art qudit hardware platform [9], the methods
presented are general and apply to any physical platform and cost function. Finally, a comparison to the
state-of-the-art static QR decomposition showed a significant improvement in the resulting costs on average,
with further potential to trade off worst-case costs and run-time. The resulting tool has been made available
as open-source and integrated into the contributions of Part IV.

The remainder of the chapter is structured as follows: Section 11.1 contains the motivation for this chapter.
In Section 11.2, we introduce the proposed algorithm alongside the required cost function. Section 11.3
evaluates the proposed approach. Finally, Section 11.4 concludes the paper.

11.1 Compiling Multi-Level Quantum Operations

The definition of an arbitrary (multi-level) quantum operations follows the basics of quantum information
processing, as reviewed in the background sections. However, the elementary operations available in
state-of-the-art quantum computing hardware typically couple only two levels at the time. Furthermore, they
may be subject to additional physical or practical constraints. This natively implies the availability of only a
small set of single-qudit operations, while the vast majority require compilation into elementary operations.
The goal of a good compiler is then to not only realize the desired computations, but also to achieve so
in the most efficient way by fully exploiting the potential of the available technology. Solutions designed
for compiling unitaries on qubit systems are generally directed towards the scope of scalability issues and
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Figure 11.1 Example of local operations on entangling operation.

error mitigation. In a first step, the focus of compilation lies on single-qudit operations. The reasons are
three-fold:

1. A main advantage of qudit systems is that complicated qubit entangling operations are traded for
simpler qudit local operations. As such, a powerful local compiler is critical for exploiting this potential.

2. Qudit systems provide the possibility of performing computations between quantum systems of
different dimensions and different characteristics [22]. By construction, this can not be achieved
through qubit systems where all the units are computationally identical to each other.

3. The compilation of entangling operations heavily relies on the use of local unitaries. Therefore, a local
unitary compiler, such as the one we present, is necessary for compiling general multi-qudit unitaries.

Example 27. Figure 11.1 displays an example of an entangling operation performing a controlled arbitrary
rotation; there is a total of four unitaries and one entangling gate, in this case the Mølmer–Sørensen (MS)
gate [201]. In order to ensure the correct behavior of the MS gate as a CNOT gate, additional local gates
are required on each one of the qudits involved in the operation, which are applied just after the native
operation. First, d− 1 operations per qudit are needed to correct intrinsic phase shifts [9]. Second, another
batch of 4 local gates turn the corrected MS gate into the desired CNOT gate. Thus resulting in a total of 10
local operations for compiling one entangling gate on two ququarts (4 levels). It is evident that the ratio of
local gates per entangling gates is rather high. Furthermore, not being able to compile efficiently each one
of the local unitaries is an obstacle to scalability in this type of systems once full applications are deployed.

The state-of-the-art qudit compilation [9], [42], [179], [202]–[205] relies on a straight-forward QR de-
composition algorithm, which is employed to decompose a matrix into an orthogonal matrix and an upper
triangular matrix. In such an algorithm, the sequence of elementary two-level operations is fixed a priori;
only the angles of the rotations are calculated as they depend on the target unitary. It is important to note
that this method does not take care of particular restrictions encountered in real-world systems. An example
is the impossibility of directly performing certain rotations and shorter paths for routing two levels close to
each other. Therefore, an arbitrary operation will, in most cases, have a better decomposition than the one
generated by the static sequence. Hence, the blind application of more operations could lead to greater
error-rates. As illustrated by the following example, the state of the art does not overall fully exploit the
potential of current multi-level architectures.

Example 28. Consider a target unitary U that rotates between |0⟩ and |3⟩. The QR decomposition will
produce three valid operations to realize the rotation. Namely, U will be decomposed into R2,3, R1,2, R0,1.
Figure 11.2a illustrates the static sequence.

Given the connectivity in Figure 11.2, a shorter (and optimal) decomposition R0,3 exists and makes
immediate use of the existing connection, but is not found by the QR approach. Figure 11.2b illustrates
the optimal decomposition. The static sequence requires three reordering pulses. Conversely, the optimal
sequence will be composed of only one gate—thus highlighting the possible improvements over the
state of the art even in small examples.

The objective is to develop a method that is adaptive and generalizable to arbitrary coupling structures.
Due to physical constraints, every technology has however restrictions that have to be taken into account
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Figure 11.2 Comparison between QR decomposition (3 steps) and optimal solution (1 step) to rotate between |0⟩ and
|3⟩

during compilation. In order to make these restrictions transparent, we propose: a dedicated representation
of options; constraints in terms of an energy coupling graph; an adaptive algorithm that enables us to control
a number of trade-offs due to the technology that implements the qudit logic, as well as the influence of the
sources of error. Compiling in this work can be viewed as a multi-tiered procedure that requires several
techniques to apply a single arbitrary operation as efficiently and reliably as possible. Moreover, an adaptive
algorithm often leads to decompositions. Hence, it reduces the cost of application for a given unitary or a
sequence of them.

11.2 Adaptive Compilation of Multi-Level Quantum Operations

This section provides a detailed description of the proposed approach. To this end, we first introduce the
concept of an energy coupling graph that describes the possible physical connections in the architecture
as well as the corresponding subset used for the actual compilation. Hence, we describe an adaptive
decomposition approach which explicitly considers the potential of underlying technology when compiling a
given unitary.

11.2.1 Energy Coupling Graph

The way information is encoded in the qudits (such as, which energy levels represent which basis state)
has a significant impact on the quality of the resulting compilation result. Various technologies have been
employed to implement certain quantum operations for encoding information [9], [22], [23], [25]–[31], [33],
[34], that leverage different physical platforms with different degrees of freedom. By construction, they
inherently use multi-level physical structures to represent their state, albeit only two of those levels are
currently commonly used. Constructing a representation of these levels is compulsory for understanding
how to efficiently access them and relate to each other for performing operations.

The connections between physical levels are not arbitrary. They are, in fact, heavily dependent on the
technology employed. In order to capture the possible connections, we use the term coupling for levels of
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a qudit, in analogy to the coupling describing possible interactions between qubits in two-level quantum
computers. More precisely, a coupling between levels of a qudit indicates the possibility of transitioning
from a certain level to a second one, caused by an impulse to the system. Moreover, we model the possible
couplings between levels with a graph—which we refer to as energy coupling graph. Consequently, the
restrictions imposed by the energy coupling graph are referred to as energy coupling constraints. The
nodes of the graph represent different energy states within the physical information carrier, and this is
what inspires the term. The transitions can be mathematically indicated with unitary matrix operators and
associated with corresponding gates. In terms of the two-level Bloch sphere, an operation is a rotation on
the sphere with the considered energy levels at the poles. By that, the resulting energy coupling graph
represents a possible mapping of states to levels as well as the corresponding resulting constraints as
provided by recent physical realizations [205].

0

1

3
2

4
5

|0⟩

|1⟩

|2⟩

Figure 11.3 A qutrit energy coupling graph

Example 29. Figure 11.3 visualizes the proposed energy coupling graph for a single three-level qudit,
or qutrit. The black horizontal bars refer to the physical levels provided by the technology, and the black
dotted lines show the theoretically possible couplings. The blue rectangles indicate the logical nodes of the
graph mapped to a subset of the physical levels, and the blue solid lines are the edges of the constituted
graph that are built on the theoretically available coupling. The blue lines represent the physically feasible
transitions or an efficient subset of them.

With the energy coupling graph introduced, we can graphically inspect the three main differences between
the theoretically possible connectivity in a qudit and the realistic connections in a quantum system. Given
the graph of each possible level available from the technology, we start by assigning the logical states
to the physical levels—referred to as mapping. Future work considers exploiting the energy level graph
with the scope of automatically providing an initial mapping efficiently, while the current solution takes the
mapping as input from the designer. Typically, not all the physical levels in the energy coupling graph are
used to encode logical states, as some of them may be used for ancillary tasks, such as routing two distant
logic states or as a cache memory, temporarily storing information. By principle, in the ideal qudit, there
are transitions in an all-to-all fashion between all the logic states. However, in the non-ideal real world,
only certain physical transitions can be effectively used—thus enabling only certain rotations in the qudit
state-space. Additionally, it is possible that logically contiguous states are placed on distant nodes of the
graph. For instance, it may happen when optimizing some particular applications on the qudit architecture.
In this chapter, we lay the foundations for a new layer of abstraction that acts as an interface between a
physical qudit and a corresponding compiler.
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Figure 11.4 A realistic qudit, limited by physical complexity, compared to an ideal qudit.

Example 30. Consider Figure 11.4a, which shows realistic qudit defined by three main differences compared
to the ideal case depicted in Figure 11.4b.

• Figure 11.4a has fewer connections than the ideal case, which may be implied by physical (e.g., atomic
selection rules), or practical constraints.

• In Figure 11.4a, the logic states are not placed in order. For example, the logic state |2⟩ is connected
to |0⟩, but not to |1⟩ and |3⟩.

• Each of the two graphs is connected, yet Figure 11.4a has an ancillary state |a⟩ to ensure connectivity.

The energy coupling graph, as proposed, offers designers automatic tools and means to properly reflect
the potential as well as the restrictions of the underlying technology. In the following, the energy coupling
graph is used to guide the compilation.

11.2.2 Decomposition

As the energy coupling graph is assumed as described in the previous section, the next step in the multi-
tiered compilation process is a decomposition of the target unitary U . In the scope of this chapter, the
decomposition algorithm is intended to produce as output a sequence Vi of two-level rotations between
adjacent physical levels in the energy coupling graph and a diagonal matrix Θ of arbitrary phases [205] as
in Eq. (11.1):

U = Vk · Vk−1 · . . . · V1 ·Θ (11.1)

As such, the objective of the algorithm is to output a sequence of operations that realize the target unitary
U , while taking into account the capabilities and restrictions of the underlying technology.

Example 31. Consider performing a rotation between two not directly connected levels. Some naive
solutions for improving the flexibility of the QR decomposition to different graphs could be either to permute
the unitary term, in order to match the encoding on the graph, with a reordered basis set, or to fix the
encoding and add single-qudit reordering pulses to the sequence to bring logic states in the energy coupling
graph closer, perform the operation and then bringing them back. Both variants work in a static fashion:
potentially introducing unnecessary operations and, consequently, unnecessary costs.
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Algorithm 6 Adaptive Decomposition

Require: Tree.root: n, U , Energy coupling Graph:g, Cost Limit: cl
Ensure: Decomposition, Best Cost

if checkDiagonal(n.U) then return

father = n

for c do
for r1 ≥ c do

for r2 > r1 do
if Ur1,c ̸= 0 and Ur2,c > threshold then

θ = 2 · arctan[|Ur2,c/Ur1,c|]
ϕ = −(π/2 + arg[Ur1,c]− arg[Ur2,c])
c′, πgates, g′ = Cost(U, g,Rr1,r2(θ, ϕ))
U ′ = Rr1,r2(θ, ϕ) · U
if father .cost + c′ < cl then

father .addNode(gates, U ′, g′, c′, cl)
for child in father.children do

Adaptive(child)

We propose an adaptive algorithm based on a recursive and bounded depth-first search and using a
tree structure to keep track of the exploration of the possible decomposition, with the aim of alleviating
the drawbacks of static decomposition approaches. An overview is provided in Algorithm 6. By adaptively
changing the energy coupling graph, this algorithm avoids the problems characterizing the static solutions in
Example 31. The algorithm starts with the allocation of only the root of the tree, where the only information
stored are the cost limits imposed by the static QR decomposition, the target unitary to compile, and
the initial energy coupling graph. The cost limits for the adaptive approach are the costs of the QR
decomposition applied on the same target unitary, plus the summed costs of each single rotation of the
adaptive decomposition. The complexity for calculating this cost bound is asymptotically quadratic in the
number of dimensions. In every step, the algorithm applies a two-level Givens-rotation [9], [202] to the
unitary and checks if the resulting matrix is diagonal. In that case, the algorithm returns the nodes in the
tree that are on the path of the best decomposition and terminates. Otherwise, the code enters three nested
loops: one over all the columns, and two over indices that keep track of two different rows, where the
innermost loop’s index is always greater than the first loop over the rows. At every step of the execution of
these loops, the entries of the matrix indexed by the column counter and the two rows indices are selected,
and they are compared against two constants (indicated as 0 and threshold). The angle of rotation is
computed as a ratio between the two entries and the phase is calculated similarly with a ratio of the two
components of each of these complex numbers. Therefore, the thresholds guarantee that the coefficients
will not diverge to infinity due to the usage of floating point numbers and possible division by a number close
to zero. Furthermore, the threshold should be chosen in relation to the experimental performance of the
fundamental two-level couplings, such that the resulting parameter fluctuations are negligible compared
to the inherent imperfections of the quantum operations. Once the integrity of the entries is verified, the
angle and phase of rotation are obtained as shown in the pseudo-code. These two parameters are then
used to create the Givens-rotations of the decomposition as elementary blocks. These matrices indicate
the rotation on the Bloch sphere of two energy levels, but they are also the rotation of a subspace of the
larger Hilbert space of the qudit.



103

The rotation between two levels i and j are expressed as

Ri,j(θ, ϕ) = exp
(−iθ

2
(

cos(ϕ)σi,j
x + sin(ϕ)σi,j

y

))
(11.2)

where σ{x,y} are the Pauli-{X,Y } matrices, describing the two-level coupling, θ is the rotation angle, and ϕ
is the phase of the rotation.

The cost of each rotation is calculated through a method that considers the necessary routing of the
states on the graph of the qudit into account, as detailed in Section 11.2.5. Moreover, the reordering
sequence that enables the rotation, and the modified graph are returned alongside the calculated cost. If
the total current costs of the decomposition are smaller than the cost limit, then the rotations, the cost, the
new unitary rotated, and the new graph are saved as new child of the current node in the tree. The function
recursively calls itself with each child of the current node as a parameter. As the implemented method
is in the category of backtracking algorithms, the worst-case complexity is of asymptotically exponential
order [206]. However, the experimental results show that a suitable choice of the cost function allows the
algorithm to perform similarly to the static QR decomposition.

11.2.3 Satisfying Energy Coupling Constraints

The decomposition from the previous section leads to a sequence of operations that are elementary on the
respective technology but not necessarily in line with the level-to-state mapping, i.e., transitions between
states might not be immediately possible. The problem of satisfying the energy coupling constraints is
addressed by inserting reordering gates into the operation sequence and by introducing rules for correct
patterned sequences.

Routing

The decomposition is driven by the cost of the possible logical rotations on the transition of two logical states.
In this case, the energy coupling graph is used to track the position of each logical state. Considering a
Givens-rotation on the logic states i and j, the returned routing sequence is a list of reordering gates that
will bring the logical state j adjacent to the logical state i in the energy coupling graph. The reordering
gates are constructed as Givens-rotations with default values θ = π, ϕ = −π/2, and indices of rotation
associated with the nodes on the shortest path from i to j. The energy coupling graph is adapted accordingly.
Algorithm 6 considers the energy coupling constraints.

Graph rules

Another challenge arises from the fact that the reordering pulses are not permutation matrices, as they carry
additional sign flips. This is a result of the mathematical form of the generators of the primitive physical
rotations. In the following, we outline a set of simple rules meant to be applied to the reordered gate
sequence. First, rotation matrices are defined to rotate from a lower level to a higher level. In case, during
compilation, we encounter a situation where this ordering is reversed, this leads to an inversion of the sign
of the phase ϕ for that operation. Second, the sign of θ is flipped whenever a gate in the sequence is
preceded by a reordering pulse whose higher level coincides with any of the levels of the gate in question.
The last rule leverages a particular feature of the graph, where each node is able to store a phase value that
the physical level has accumulated during computation. The feature is useful for solving two challenges: the
first one arises when compiling several unitaries in a row where the Z-rotations that are not expressed in
the form of a gate can be just recorded in the graph’s nodes, thus allowing for even shorter sequence and
avoiding the problem of propagating these gates explicitly; the second challenge is unique to the adaptive
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algorithm where routing sequences are not uncomputed as in the QR decomposition case. The sign flips
from the reordering pulses do not cancel and, therefore, need to be tracked explicitly as an accumulation of
π phases due to the routing gates. Consequently, the third rule adds the phase stored on the higher energy
node to the phase value of a gate; then it subtracts the phase stored on the lower energy node.

Ancilla states

The proposed approach also enables the possibility of the inclusion of ancillary states in the graph. The use
of ancillary states is known to enable improvements in gate complexity [22] and to simplify the application of
established quantum gates in qudit Hilbert spaces [9]. Once a state is declared as ancillary, the algorithm
tracks them like regular states, but also gains the option of exploiting them for routing purposes or caching.
Furthermore, in Example 32 the input shows how ancilla states can be used for compiling two independent
unitaries in parallel on the same qudit.

Example 32. Consider the matrix in Eq. (11.3), which is composed of two different portions. The upper-left
part is the Hadamard gate which we want to compile on the first 3 logic levels. The lower-right part is the
matrix that will operate on two ancillary states. It is, therefore, possible to compile two separate operations
in one unitary.



1 1 1 0 0
1 e

2πi
3 e

−2πi
3 0 0

1 e
−2πi

3 e
2πi

3 0 0
0 0 0 a11 a12
0 0 0 a21 a22


(11.3)

11.2.4 Phase Shift Propagation

After the decomposition and the insertion of reordering gates from the previous sections, the phase shifts
have to be taken into account. They are are encoded in the diagonal matrix Θ (see Eq. (11.1)). In order to
ensure the correctness of the overall decomposition, they have to be decomposed into individual phase
shifts on single levels, albeit the phase shift are not physically realized. These individual phase-shifts are
formulated as diagonal matrices, with only the i-th entry on the diagonal set to a phase shift of ϕ of the logic
state, and 1 otherwise, with i ∈ {0, . . . , d− 1}.

Example 33. Consider a three-level qudit system and a rotation of ϕ on the second entry on the diagonal.
The corresponding matrix is shown in Eq. (11.4).

RZ,1(ϕ) =

1 0 0
0 eiϕ 0
0 0 1

 (11.4)

At the end of the circuit a phase shift is negligible, since changes in phase immediately before a
measurement do not change the outcome probabilities. Then, these phase shifts can be introduced at
zero cost in the sequence, as they can be propagated to that region. We refer to these rotations as “virtual
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Z-gates”1 since they are not executed on the quantum computer. An example of the commutation of phase
gates and Givens-rotations is shown in Eq. (11.5).

M ·R0,1(θ, α) = R0,1(θ, α− ϕ+ γ) ·M (11.5)

with M =

e
iϕ 0 0
0 eiγ 0
0 0 eiδ


The equation is given for a rotation on the coupling R0,1. Yet, it can generalized to any coupling. The
application of the commutation can lead to a linear cost reduction but is potentially limited once entangling
gates are introduced into the circuit.

11.2.5 Cost function

The previous sections described the steps involved in the decomposition of the target unitary, satisfaction of
the energy coupling constraints, and propagation of the phase shifts. The decisions made in these steps are
justified by a cost function, which is provided in this section. This cost function is inspired by the trapped-ion
system recently presented in [9] and the numerical results derived from benchmarking the platform in the
same reference. Yet, it is primarily determined by considerations that are found in a similar form also in
other technologies. More precisely:

• The cost of each rotation scales linearly with the rotation angle.

• Each two-level coupling is calibrated for a fixed rotation angle, typically π/2. Different angles will incur
additional cost due to the non-ideal performance of physical devices. We assume this cost to increase
linearly with the distance from the calibrated value.

• The system is initialized almost perfectly in a fixed initial state. The couplings that do not involve the
initial state will incur a higher cost (we assume here a factor that is a function of the distance of two
logic states in the graph) since they require a more complicated multi-step calibration procedure.

Taking into account these effects, we model the cost of the single rotation as

C1 = 10−4 · d(i, j) ·
(

4θ +
∣∣∣ mod

(
θ + 1

4 ,
1
2

)
− 1

4

∣∣∣) (11.6)

for θ ≥ 1/4 (in units of π). The overall factor 10−4 in the equation comes from the fundamental cost of a
π-rotation [9].

Besides the bare cost of logical rotations, there is an additional cost associated with reordering the logical
states on the coupling graph. This is implied by the fact that it is, in general, not fully connected. This is
done with a sequence of π-rotations, with a cost again governed by Eq. (11.6). Then, these two terms
constitute the full experimental cost of a decomposition.

11.3 Evaluation

The proposed method of adaptive compilation utilizes the energy coupling graph with the aim of finding
more efficient decompositions. We developed an implementation to evaluate the method and compared it
with the state-of-the-art static-sequence algorithm based on the QR factorization [9]. The implementation

1In this case, the term virtual Z-gate is not associated to the Pauli operation.
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Table 11.1 Evaluation of costs for the QR and the proposed (adaptive) decomposition

QR decomp. [9] Proposed decomp.

Dim Unitaries min avg max min avg max

3 333 8 25.47 140 4 21.69 36
333 4 21.19 28 4 9.49 12
333 12 35.89 44 4 14.93 20

5 2 985 60 166.34 200 64 113.36 124.63
2 985 36 101.27 128 16 82.86 91.05
2 985 88 240.62 280 16 121.97 133.7

7 6 438 132 662.35 756 44 255.58 279.08
6 438 192 518.23 620 48 389.94 425.51
6 438 88 392.35 508 44 330.3 361.51

Cost is multiplied by 104 to aid legibility.

will be presented in Part IV. We compile sets of random Clifford-unitaries [162], suitable for randomized
benchmarking to account for different scenarios, since these gates average all errors to depolarizing noise.
The solution proposed is general enough to compile any gate set. Still, the choice to compile Clifford gates is
justified in several other ways. In fact, being able to compile the Clifford group proves a seamless integration
capability of the solution with error-correcting schemes. Moreover, Clifford gates belong to the family of
unitary t-designs [47], with t equal to 2, able to approximate the performance of non-Clifford operations. In
particular, their decomposition complexity is well approximated. The gate set is compiled for dimensions 3,
5 and 7 to three target architectures each. The choice of dimensions is coherent with the useful dimensions
inside the latest qudit processors [9]. However, new systems will require the compilation of larger unitaries
that the compiler is able to decompose efficiently with a small effort in elaborating more sophisticated cost
functions. The architectures are different in the number of nodes, connectivity, and mapping of the logical
states on the physical level, thus resulting in nine different target architectures. Diagonal unitaries are
excluded from the sets, since they are decomposable in a sequence of virtual phase-gates and the cost of
the decomposition in each algorithm is zero. The evaluation was performed on a computer with an Intel
i7-10750H and 32 GB of memory, running Ubuntu 20.04 and Python 3.8.

The results are presented in Table 11.1. The first column gives the dimensionality, followed by the
number of considered unitaries in the second column. The next three columns show the costs of the QR
decomposition for the considered unitaries, listing the minimal, average, and maximal costs according to
the cost function in Section 11.2.5. The same listing on costs are contained in the next three columns for
the adaptive compilation.

Comparing the costs in Table 11.1 shows a clear advantage of the proposed adaptive algorithm. In every
case, the maximal cost of the considered set of unitaries is lower compared to that of the QR decomposition—
in some cases there is an improvement of up to a factor of 3. The same conclusion can be drawn from
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the average costs as well, which is considerably lower in each set of considered unitaries. Regarding the
run-time, each decomposition of a unitary in this evaluation took less than 1 s for the QR decomposition
and the adaptive approach, respectively. Hence, by spending the same computational efforts, we get
significantly better compilation results.

Moreover, the proposed method can be configured to get even better results. In the evaluations sum-
marized above, we set the cost limit (see Algorithm 6) to 1.1 of the cost of the QR decomposition to have
an acceptable run-time for the thousands of unitaries. For a more realistic scenario, where a designer
wants to realize an individual unitary, decreasing the cost limit will push the proposed algorithm to get even
smaller costs—at the expense of longer run-time. Furthermore, the improvement attainable by the proposed
adaptive method of course depends on the unitary that is considered, but also on particularities of the
underlying technology. One important factor is how dense the connectivity of the energy levels is, where a
denser (and more physically unrealistic) connectivity leads to less improvement on the cost by the adaptive
algorithm. With the implementation of the proposed method being publicly available, every designer can
accordingly use these features to get better results than the ones summarized in the extensive evaluations
covering thousands of unitaries from above.

Overall, the results confirm that, using the proposed method, more efficient decompositions can be
determined and, additionally, further option exists to trade-off worst-case costs and run-time—providing a
solution that aims at fully exploiting the potential provided by the given technology.

11.4 Conclusion

In this chapter, we proposed an adaptive compilation algorithm to attain efficient decompositions of arbitrary
local unitaries for multi-level quantum systems. Compared to binary quantum systems, qudits feature a
much richer state-space, allowing for different placements of logical information under consideration of
practical constraints, such as the energy coupling constraints. With the constraints and options represented
in an energy coupling graph, the proposed algorithm exploits the available potential by flexibly adapting the
mapping between logical states and physical energy levels to enable a much more efficient compilation.
Indeed, turning the argument around, the proposed algorithm provides a way to compare different place-
ments of logical states by means of the average cost to decompose random Clifford unitaries. This flexibility
of the proposed algorithm to adapt to realistic constraints in the possible couplings as well as the cost of
different rotations enable significant improvements in gate costs.
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12 Summary of Part III

This part of the thesis addressed the critical role of compilation in quantum computing, particularly as quan-
tum hardware scales in size and complexity, and applications demand increasing precision and efficiency in
resource consumption. The focus is on mixed-dimensional quantum architectures, which integrate qubits
and higher-dimensional qudits, posing unique challenges for compilation. Efficient compilation ensures that
high-level quantum programs can be translated into low-level instructions optimized for specific quantum
devices, minimizing errors and maximizing hardware capabilities. The immense search space makes this
an extremely challenging problem to solve optimally, particularly when attempted manually. The solution
not only consumes significant time, but also introduces a high risk of errors. The results in this part of the
thesis collect successes from across the compilation stack and show the benefit of using data structures
like decision diagrams for compilation and the advantages of using heuristic methods as search methods for
compiling quantum circuits. The results are the first example of compilation for mixed-dimensional quantum
computers and form a baseline for future work. In this part, the following contributions were presented:

• Chapter 8 presented a method for compressing qubit circuits into qudit circuits. This allows al-
gorithms originally designed for qubits to be restructured and mapped on hardware that utilizes
higher-dimensional qudits. This adaptation reduces the number of non-local operations–minimizing
unwanted noise in quantum computations. These positive results showed the effectiveness of the
method and indicated potential secondary use of the tool as a resource estimator technique to
evaluate mixed-dimensional architectures and enhance the execution of qubit circuits.

• Chapter 9 introduced an innovative synthesis approach for state preparation in quantum circuits that
target arbitrary states within mixed-dimensional quantum systems. The method utilizes edge-weighted
decision diagrams with a variable number of successors for state representation and quantum circuit
synthesis. By employing advanced approximation strategies on the data structure, the gate count
is significantly optimized in the circuits. This method proves highly efficient and versatile for the
preparation of arbitrary quantum states in any mixed-dimensional quantum setup, representing the
first automated approach applicable to quantum architectures comprising qubits and qudits of varying
dimensions.

• Chapter 10 introduced a universal workflow for compiling any two-qudit unitaries into any hard-
ware gate set that supports two-level entanglement gates. Current qudit entangling gates require
manual, system-specific implementation, the method offers an algorithmically efficient approach,
with pre-computable numerical optimization. Although the gate-count is not optimal, case studies
demonstrate the workflow’s practical feasibility across different quantum systems, showing high flexi-
bility and overcoming the difficulties of compiling two-qudit entangling gates on a mixed-dimensional
architectures.

• Chapter 11 presented an algorithm aimed at efficiently breaking down local unitaries in multi-level
quantum systems. Since common decomposition algorithms return sequences with lots of redundan-
cies, the new adaptable method enhances gate decomposition costs while also taking into account
realistic coupling constraints and single rotation expenses.
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The contributions in this part enable practical quantum computations on mixed-dimensional systems,
allowing researchers and developers to focus on high-level problem modeling without being constrained by
hardware-specific complexities. The tools and methodologies developed in this part have been integrated
into an open-source software framework described in Part IV, providing the quantum computing community
with accessible resources to further advance the field and collaborate.
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Part IV

Open Source Software and Languages
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13 Resulting Open-Source Framework and
Language

In this Ph.D. thesis, we have discussed how efforts have intensified with the development of universal qudit
quantum processors achieving competitive performance [9], [30], [37]. In Section 2.1, we explained how
these technological platforms operate, and in Section 2.2, we discussed how to exploit these platforms for
performing quantum computations. The computational model that emerges is what we refer to as mixed-
dimensional quantum computing, which is already being employed in quantum applications where such an
approach is more naturally suited [66], [73], [74]. Section 2.2.4 provides a detailed list of applications that
clearly benefit from these architectures, suggesting that this approach could pave the way for enhanced
quantum computing, where qudits and qubits work synergistically.

Qubit-based quantum computing has significantly benefited from advanced and well-established software
tools, which are widely implemented on larger systems. In contrast, while progress in quantum hardware
and the demonstration of applications for mixed-dimensional quantum computing have been promising, a
critical challenge remains: the lack of dedicated quantum software for mixed-dimensional systems. This
scaristy assures that the vast potential of qudit-based systems remains largely untapped.

To fully realize the capabilities of mixed-dimensional quantum computing, urgent development of software
solutions is needed. Such tools must address the design challenges of circuits, enabling algorithms to run
efficiently, reliably, and at scale. Without these advancements, the potential for scientific breakthroughs
is restricted as workforce efforts are diverted toward implementation challenges instead of chasing novel
applications and discoveries.

In this chapter (based on [15]), we introduce MQT Qudits, an open source framework for mixed-
dimensional quantum computing, which is part of the Munich Quantum Toolkit (MQT, [4]). MQT Qudits
provides efficient, automated, and accessible methods for tackling challenging problems in the design of
quantum computing applications. In the following, we will provide a brief overview of MQT Qudits from
both a user’s perspective (showcasing how to utilize the tool for describing problems and algorithms in the
form of quantum circuits, and how to simulate and compile them) and a technical perspective (covering the
underlying methods, the choices made during development, and how to contribute to the framework). More
precisely, we will:

• first, walk through the advantages, challenges, and opportunities of mixed-dimensional quantum
computing and discuss how the framework can address these aspects (Section 13.1),

• illustrate how the design of the framework and how to get started with MQT Qudits (Section 13.2),

• introduce the language and interfaces used by the tool (Section 13.3), and

• present the corresponding methods for quantum circuit simulation (Section 13.4) and quantum circuit
compilation (Section 13.5).
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13.1 Why a Framework for Mixed-Dimensional Quantum Computing?

To provide the necessary background for this discussion, we refer to Section 2.2, where the foundational
concepts of mixed-dimensional quantum computing are introduced. We now turn our attention to the
advantages, challenges, and opportunities presented by mixed-dimensional quantum computing.

Current qubit-based quantum computers offer potential advantages in solving highly complex problems
by reducing the amount of computational resources, yet scalability remains challenging. Qudit-based
quantum computers could mitigate these limitations to some extent by increasing the information density
and computational efficiency for a given number of quantum information carriers.

For instance, qudits enable native encoding of mixed-dimensional problems, such as those often found in
quantum simulation tasks. Rather than requiring ⌈log(d)⌉ qubits to encode a d-dimensional object, thereby
turning simple two-body into complicated many-body interactions, the mixed-dimensional approach enables
us to allocate only the required resources and maintain simple circuit structures. In some cases, this may
even allow for the flexible truncation of certain quantities to seamlessly enable the computation at different
levels of accuracy [74]. However, these varying degrees of freedom become part of the problem and have to
be tracked. Being able to describe the problems easily and efficiently is the first step towards the exploitation
of emerging mixed-dimensional quantum processors.

The introduction of qudits in quantum computing architectures creates a lot more freedom for design
choices and problem-tailored solutions. This includes not only the choice and evolution of the single-
qudit encoding but also the wide range of possible local and entangling operations. While for qubits
the controlled-NOT (CNOT) gate is the central resource, qudit systems can build on an ever-increasing
collection of non-equivalent entangling gates with varying degrees of entangling power [207] to enable
efficient circuit design. The flip side of this greatly increased freedom and flexibility is the increased
complexity of designing short and efficient, noise-resilient quantum circuits for qudit systems. Finding a
way through this landscape of advantages, challenges, and opportunities presented by mixed-dimensional
quantum systems necessitates a comprehensive set of methodologies and automated software tools for
effective exploration and utilization, such as classical simulators and compilers.

To this end, the MQT Qudits framework offers an integrated advanced language for quantum cir-
cuit representations, simulation, and compilation methods, and software that facilitates the utilization
of mixed-dimensional quantum systems. This framework enables researchers to systematically exploit the
potential for quantum information processing tasks across diverse technology platforms and to access the
full potential of mixed-dimensional qudit systems.

Given the benefits and necessity for a unified software framework for mixed-dimensional systems, we
can now explore the structure of MQT Qudits and see how it relates to the previous chapters in this thesis.
Afterward, we will show how to use the library and how each component was engineered.

13.2 Framework Design and Components

As illustrated in Figure 13.1, the MQT Qudits framework implements a comprehensive software architecture
for mixed-dimensional quantum computers. The framework’s workflow, depicted through blue interconnected
blocks, demonstrates the system’s modular pipeline structure. On the left side of the diagram, we observe
the domains of the supported problems, including high-dimensional quantum simulation and integer
optimization. The user interaction layer, shown in the adjacent block, provides two primary interfaces:
DITQASM, which will be explored in Section 13.3.2, and a Python interface. The central portion of the
diagram illustrates the core data structures and methods, which are among the biggest accomplishments of
this thesis, and have been implemented to enable the functioning of the framework. We could call it the
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"core" of the software framework, encompassing smart graphs, machine learning components, heuristics,
tensor networks, and decision diagrams.

As shown in the right section of the figure, the processing pipeline diverges into two primary paths: a
simulation track (upper block) and a compilation track (lower block). The simulation component of the
framework, implemented through a series of smaller components, includes a backend system, noise
modeling, and specialized processing simulation engines. These leverage both the C++ ad hoc decision
diagram simulator and external libraries for mixed-dimension tensor networks, both covered in Section 2.3,
and respectively Part II. On the other hand, the compilation track, whose methods have been covered in
Part III, is a compiler composed of passes that can solve several tasks with varying levels of optimization,
including state preparation and different types of compilation of qudit operations.

The overview concludes with the showcase of supported platforms, shown in the rightmost section, which
extend to both trapped ion and superconducting quantum systems, with specific integration for the trapped
ion machine of the Qudits group at the University of Innsbruck. The QR codes visible in the diagram link
to specific framework components that were polished as standalone tools in the past for validation of the
research results: MQT-misim, MQT-qudit-compression, MQT-qudit-entanglement, and MQT-qudit-single.
These provide access to individual modules of the framework, most of which are seamlessly integrated into
MQT Qudits.
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Figure 13.1 A visual representation of MQT Qudits in one single chart.

After reviewing the design of the system and its components, we can now describe how to install the
framework and take the first steps in using MQT Qudits.

13.2.1 Getting Started

MQT Qudits empowers users to efficiently create, simulate, compile, and enhance mixed-dimensional
quantum circuits across diverse quantum computing platforms. In the next sections, we provide a concise
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overview of how to set up and begin using MQT Qudits. The library is primarily written in Python, with
components such as simulation engines written in C++ for performance reasons and then interfaced with
Python. The installation process is designed to be user-friendly and does not require explicit compilation
of the source. MQT Qudits supports Windows, Linux, and Mac for all versions of Python from 3.9 to 3.12.
Installing MQT Qudits simply requires the execution of the following lines:

$ python3 -m venv .venv
$ source .venv/bin/activate
(.venv) $ pip install mqt.qudits

The code above demonstrates how to create a new environment and subsequently install the library
directly from the terminal. After setting up the working environment, it is possible to write your first program.

The remainder of the chapter will introduce each component of the framework from two different per-
spectives: one focusing on the functionality for users, and the other on the technical aspects for motivated
scientists and developers. We will always begin with the former. The next section will illustrate how to kicks
start the framework and develop.

13.3 Languages and Interfaces

The first step towards simulating and compiling mixed-dimensional quantum circuits, which could potentially
solve complex problems, is to define a language that can represent them. None of the existing languages
provide appropriate means for this purpose.

13.3.1 Programming Languages for Quantum Computing

A pivotal development that enabled the exploitation of classical technologies was the development of
programming languages that would allow users to abstract and disregard many of the mechanisms at
the system level, focusing on the algorithmic development and not how aspects like register allocation
or transistor-level arithmetic operations are implemented. A great success story coming from the realm
of classical systems. Consequently, as quantum computers continue to evolve, the development of
programming languages tailored to quantum systems has become crucial. Although the possibilities of
programming quantum systems on a higher level of abstraction are still limited, these languages still enable
researchers and developers to express quantum algorithms and circuits effectively. This section provides
an overview of quantum programming languages, with a particular focus on quantum assembly languages,
like the widespread OpenQASM.

Similarly to classical systems, quantum programming languages can be categorized into several levels of
abstraction:

1. High-level languages (e.g., Q# [208], Silq [209])

2. Mid-level languages (e.g., Quipper [210], Scaffold [211])

3. Low-level languages (e.g., OpenQASM [212], Quil [213])

4. Hardware-specific assembly languages (e.g., Pyseq [20])

It is relevant to illustrate the core features of each abstraction layer to also comprehend what are the
different needs of a user that are being satisfied. High-level languages focus on the programmer productivity,
they have automatic qubit management and garbage collection, built-in quantum primitives and operations.
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This type of languages leverage better the classical ecosystem and tools, such as the possibility of strong
type systems, compile-time checks and support for classical-quantum hybrid programming with optimization
algorithms and conditional subroutines. Mid-level languages present a balance between abstraction and
hardware control. In fact, there is a focus on circuit manipulation and optimization capabilities, which is
much more specific than quantum algorithms subroutines. Circuits can be generalized thanks to the support
for parameterized quantum circuits and template-based circuit generations.

Nowadays, the features of high-level and mid-level languages are blended within software frameworks
such as Qiskit [3] or Pennylane [8], where the objective is to support the knowledgeable user in constructing
highly efficient quantum circuits for larger-scale quantum computers, with the minimum development time.
These software frameworks are often accompanied by quantum resource estimation tools [214], [215],
which connect the design of high-level circuits and their implementation by estimating the cost of subblock
and recommend the user in which subblock to use or which ones should be better implemented.

In the lower end of the languages stack, low-level languages enable a direct hardware agnostic quantum
circuit description, with explicit gate-level programming, limited abstraction facilities, and basic classical
control flows based on mid-circuit measurements. Lastly, hardware-specific languages are tailored to
specific quantum hardware with direct control of physical quantum operations. Practically, this translates
into quantum control software with timing and pulse-level control. This level of expression enables hardware-
specific optimizations that can leverage the biased noise of specific architectures or exploit the multi-level
structure of the quantum system. Logically, this ad-hoc tailored software has very limited portability.

The rest of the section will primarily focus on low-level languages, particularly quantum assembly, which
has been the abstraction used for researching, compiling, simulating, and executing quantum circuits during
the majority of the pre-fault tolerant quantum computing era.

Quantum Assembly Languages

Quantum assembly is a whole family of languages for programming quantum computers at the low-level, in
an imperative way, with manual management of memory, manual choice of the most suitable operations
and results storage.

Examples of QASM languages that demonstrated crucial in the development of the first quantum platforms
are:

• Quil [213]: Developed by Rigetti, used with their PyQuil framework.

• Blackbird: QASM-like language used for continuous-variable (CV) quantum computing in Strawberry
Fields [216].

• cQASM [217]: used primarily by the quantum compiler QuTech and its platform.

Although the family is wide and varied, OpenQASM (Open Quantum Assembly Language [212]) is one of
the most widely used and established. Developed by IBM, it provides a flexible and extensible framework for
expressing quantum circuits. Although the language has evolved in time and provides new complex feature
in the latest releases, here we reference and treat the analysis of OpenQASM 2.0. The basic syntax of
OpenQASM allows the user to apply some actions that can be hardware-agnostic for the vast majority, like
declaring:

• Quantum Registers: Allows declaration of quantum registers.

• Classical Registers: Supports classical bits for measurement results.

• Gates: Defines a set of universal quantum gates.
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• Measurements: Provides operations for measuring qubits.

• Control Flow: Supports conditional statements and loops.

• Subroutines: Allows definition and use of quantum subroutines.

Example 34. Here’s a simple example of an OpenQASM program that creates a Bell state, one of the
fundamental entangled quantum states. The program initializes two qubits in a separable state, applies
quantum gates to create entanglement, and then measures the results. When measured, both qubits will
always yield the same result (either both 0 or both 1), demonstrating quantum entanglement.

OPENQASM 2.0;
include "qelib1.inc";

qreg q[2];
creg c[2];

h q[0];
cx q[0],q[1];
measure q -> c;

This program:

• Declares a quantum register q with 2 qubits

• Declares a classical register c with 2 bits

• Applies a Hadamard gate to the first qubit

• Applies a CNOT gate with the first qubit as control and the second as target

• Measures both qubits and stores the results in the classical register

Advantages, Challenges and Limitations of Quantum Assembly After observing the different lan-
guages and the different needs they tackle, it is relevant to analyze some of the main advantages. For
instance, their hardware agnosticism allows users to work independently of specific quantum devices, guar-
anteeing portability and broad applicability across platforms, differently from hardware-specific languages.
Moreover, they provide fine-grained control over quantum operations, enabling developers to tailor circuits
precisely to optimal performance. They present interoperability that facilitates a smooth exchange and
translation of quantum circuits between various tools. This has been proven to be a pillar in promoting
collaborations, comparisons, and integration between quantum software and tools across the quantum
ecosystem.

However, these benefits come with non-negligible challenges. Quantum assembly languages are verbose,
requiring significant effort to encode algorithms manually, which can be time-consuming and error-prone.
On top of that, it is complex to describe quantum algorithms concisely, requiring users to have a deep
understanding of quantum gates and circuits. On top of that, the agnosticism is only apparent since they
still demand hardware-specific knowledge, which poses a steep learning curve. As quantum systems scale
up, this representation might become a bottleneck for compilers, fault-tolerant protocols, and automated
decision-making.

After reviewing the landscape of languages for quantum computers and the different families of languages,
with their benefits and disadvantages, we introduce the new programming language of MQT Qudits:
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DITQASM, which belongs to the family of QASM languages. In the next section, we explain the syntax of it
and how it is interpreted in the framework.

13.3.2 User’s Perspective

MQT Qudits introduces DITQASM, an adaptation of OpenQASM [212] for describing mixed-dimensional
quantum circuits and architectures. QASM languages serve as a bridge between high-level quantum
algorithms and their physical implementation on hardware, and in this case, DITQASM introduces new
fundamental features, as illustrated in Figure 13.2. Users can use DITQASM to translate abstract quantum
algorithms into executable forms, analyze circuit complexity, and study the impact of noise and error
correction in real quantum systems. Key features include:

• Register allocation: descriptions of the quantum and classical registers involved and their dimension-
ality.

• Gate-level description: the precise specification of quantum gates and their application to qudits of
different dimensions, with a new way of controlling gates on arbitrary levels.

• Hardware-agnostic representation: a standardized way to express quantum circuits across different
quantum computing platforms.

• Customizability and extendibility.

Example 35. Figure 13.2 shows the DITQASM implementation of a quantum program using two qudit
registers: one containing two qudits with dimensions 2 and 3, and another containing two qudits with
dimensions 4 and 7 (lines 2-3). Additionally, a classical register is declared with 4 units (line 4). The circuit is
then constructed, beginning with the inverse of the Hadamard gate (“h”) applied on the first qudit of register
2 and controlled by the state of the two qudits in the other register. This control is described using the “ctl”
syntax (line 5), a new feature introduced in DITQASM. This is followed by a controlled-sum gate “csum” [13]
(line 6) and two subspace rotations “rxy” [9]. The definitions of the gates do not require any knowledge
of the technology platform implementing the multi-level quantum systems, and the dimensionality is not
required at the application of the gates, but the focus is only on the semantic information of the rotations.
The measurement is performed according to the default options (lines 9-12).

Alternatively, circuits can be described by a Python interface, as shown in Figure 13.3. Here, the Python
program starts with the import of the two main components of a quantum circuit: quantum registers, a
quantum circuit, and, optionally, classical registers (lines 1-3). After creating a quantum circuit instance,
the next two lines allocate two qudit registers, and a classic register (lines 5-11): “reg_1” and another
one named “reg_2.” The ability to name and allocate different registers facilitates the direct translation
of interactions, such as those represented on a lattice or a graph, into an algorithm. Subsequently, the
quantum operations are applied: a Hadamard gate on the “reg_2” register and a controlled-sum gate,
which generalizes the CNOT gate (lines 12-14). The interpreter tracks the dimensionality of the qudits and
applies the corresponding operations. The program concludes with a measurement of the qudits.

The Python interface and DITQASM also support various gates, including hardware-specific ones like
the Molmer-Sorenson (MS) gate from [9] and the generalized light-shift (LS), a genuine qudit entangling
gate [43], [191], as well as custom unitary evolutions on one, two, or multiple qudits and qubits.

13.3.3 The Technical Perspective

The section gives an intuition of the functioning of the DITQASM interpreter and pointers for further ex-
tensions and improvements. The distinguishing feature of DITQASM is its capacity to define arbitrary
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1 DITQASM 2.0;
2 qreg reg_1 [2][2, 3];
3 qreg reg_2 [2][4, 7];
4 creg meas[4];
5 inv @ h reg_2[0] ctl reg_1[0] reg_1[1] [0,0];
6 csum reg_2[0], reg_1[0];
7 rxy (0, 2, pi, pi/2) reg_1[1];
8 rxy (0, 1, pi, pi/2) reg_2[1];
9 measure reg_1[0] -> meas[0];

10 measure reg_1[1] -> meas[1];
11 measure reg_2[0] -> meas[2];
12 measure reg_2[1] -> meas[3];

Figure 13.2 Example of DITQASM representing a program run on a quantum architecture made of two registers, with
qudits of dimensions 2, 3, 4, and 7.

1 from mqt.qudits.quantum_circuit import QuantumCircuit
2 from mqt.qudits.quantum_circuit import QuantumRegister,\
3 ClassicRegister
4

5 circuit = QuantumCircuit()
6 reg_1 = QuantumRegister("reg_1", 2, [2, 3])
7 reg_2 = QuantumRegister("reg_2", 2, [4, 7])
8 meas = ClassicRegister("meas", 4)
9 circuit.append(reg_1)

10 circuit.append(reg_2)
11 circuit.append_classic(meas)
12 circuit.h(reg_2[0]).control([reg_1[0],\
13 reg_1[1]], [0, 0])
14 circuit.csum([reg_2[0], reg_1[0]])
15 circuit.r(reg_1[1], [0, 2, np.pi, np.pi/2])
16 circuit.r(reg_2[1], [0, 1, np.pi, np.pi/2])

Figure 13.3 A simple quantum program written for a mixed-dimensional quantum computer, in Python, through MQT
Qudits.

Hilbert space dimensions for individual elements within a quantum register, a capability previously un-
available. The expanded gate set, equipped with automatic dimensionality matching, makes the language
hardware-agnostic. Furthermore, the automatic generalization of single-qudit and entangling gates to higher
dimensions abstracts away the internal structure and properties of individual qudits, facilitating a focus
on algorithm development. The language supports fine-grained control over multi-level systems, allowing
for the specification of arbitrary control levels within the range [0, di − 1] for the control qudit in controlled
operations. Classical registers are implemented as integer wrappers, maintaining consistency with the
multi-level quantum paradigm.

The current Python 3-based DITQASM interpreter is in its nascent stages. The current version (0.3.0)
employs pattern matching during the parsing of the text of the quantum program; the instructions will be
collected, and all the information and metadata will be tracked in the software. This data is then used to
generate all the corresponding components and eventually compose them in the correct fashion. This
approach ensures extensibility, allowing for easy incorporation of additional gates and features as the field
evolves.
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The Python interface and DITQASM are in direct relation to each other. This is sufficient for a local
prototyping environment but will not suffice for large-scale deployments or for using MQT Qudits in a quantum
computer-centric HPC environment. Possible solutions would involve the development of a suitable Quantum
Intermediate Representation (QIR) for mixed-dimensional systems. Prospective developments include the
integration of classical control flow syntax and mid-circuit measurements, crucial for implementing error
correction schemes in qudit systems. These advancements are particularly pertinent given the growing
relevance of qudit-based approaches across various domains of quantum computing research.

13.4 Quantum Circuit Simulation

As seen before in Part II, quantum circuit simulators are essential in assessing the quality of quantum
circuits and quickly iterating new design choices for the algorithms to run. They enable the exploration
of alternative qudit-based approaches for various applications, the verification of quantum circuits, the
validation of noise models, the development of error mitigation schemes without having to rely on physical
hardware, and lastly, the identification of circuit optimizations. Different types of quantum circuits and
applications require specialized simulators for each task. To this end, MQT Qudits offers two simulation
options, each one with its merits and limitations. Again, we will examine both from the user and technical
perspectives.

13.4.1 The User’s Perspective

MQT Qudits offers a user-friendly interface that hides the complexity of simulating quantum circuits. In
Figure 13.4, a simple demonstration of how to use the framework for quantum circuit simulations is
shown. There are two levels of complexity for performing a simulation depending on the required level of
customization. Once a quantum circuit is defined, you can call the simulate method of the circuit instance,
which will return a job object upon completion of the execution. It is possible to retrieve the quantum
state from the job, by calling “get_state_vector()”. Alternatively, it is possible to choose a backend,
thanks to the method “get_backend(backend_name)”, between a tensor network simulator (“tnsim”), a
mixed-dimensional decision diagram simulator (“misim”, [10]), and a suite of simple emulators representing
physical devices, again by using “get_backend(fake_backend_name)”. These latter, prefixed with
“fake”, facilitate compilation and noisy simulation of quantum circuits with device-specific properties. Upon
backend selection, the environment is ready to run the simulation of the circuit.

A particularly relevant feature of a quantum circuit simulator is noise-aware simulation, which allows for
estimating the quality and feasibility of execution on a given quantum hardware. Figure 13.5 shows how to
construct a noise model by specifying probabilities for generalized Pauli errors, that are described asXα ·Zβ ,
where X and Z flips are analogous to the qubit case, extended to the qudit Hilbert space of dimension
d, while alfa and beta take value from 0 to d − 1. Two novelties are the introduction of the subspace
depolarizing noise, that is modelled like in the qubit case but adapted to act only on a subpace spanned by
two dimensions at a time–inspired by empirical results [74], and the introduction of the dephasing noise that
is described as the phase flip on a specific qudit dimension. The framework allows for fine-grained control
over noise channels, supporting noise on local, as well as, multi-qudit operations with different effects on
target and control qudits, and various other noise channels as detailed in the documentation. This approach
enables the simulation of realistic noise processes in higher-dimensional quantum systems, crucial for
assessing the performance of qudit-based quantum algorithms and error correction schemes. Different
types of noise instances can be combined in a noise model and input as parameters of a simulation. The
knowledge about the noise of a system can be easily integrated by adding it as an option to the simulation
or by choosing a “fake” backend that will possess this knowledge by default.
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1 # import components and circuit
2 from mqt.qudits.simulation import MQTQuditProvider
3

4 # program written before
5 state = circuit.simulate()
6

7 # alternatively
8 provider = MQTQuditProvider()
9 backend = provider.get_backend("tnsim")

10 job = backend.run(circuit)
11 result = job.result()
12 state = result.get_state_vector()

Figure 13.4 Simulation of a qudit circuit with MQT Qudits’ TnSim.

13.4.2 The Technical Perspective

The simplicity of use of the simulation components of MQT Qudits is due to the implementation of a modular
architecture. The entry point is a provider object that serves as an abstraction layer for various backend
implementations. For brevity, this section will cover only the most novel backends of the library: MiSiM [10]
and TnSim. MiSiM, a C++ implementation, extends edge-weighted Decision Diagrams (DDs, [101], [102]),
or QMDDs [100], to efficiently simulate mixed-dimensional qudit systems. By dynamically capturing qudit
dimensionality, MiSiM significantly reduces memory requirements, enabling the simulation of complex
circuits, e.g., exceeding, in some cases, 100 qutrits. This DD-based approach exploits redundancies
and symmetries in the representation of quantum states and operations, allowing direct manipulation of
operations on the diagram structure.

Additionally, DDs can efficiently represent sparse data, becoming a powerful tool for simulating circuits
with non-trivial quantum correlations by representing states that would otherwise require exponential
resources. TnSim, conversely, utilizes tensor networks representations via Google’s TensorNetwork
API [218] in Python. The tensor network simulator contained in MQT Qudit takes care of the construction
of the network and the dynamical allocation of nodes in it and leverages optimized tensor contraction
algorithms, offering performance advantages for circuits with specific entanglement structures. Tensor
networks efficiently represent quantum many-body states with limited entanglement, particularly those
obeying area-law scaling [109]. They decompose high-dimensional states into contracted lower-dimensional
tensors, reducing computational complexity from exponential to polynomial for many physical systems.

Both backends support noise-aware simulation of quantum circuits through a stochastic approach [150],
[151], [153], that we also described in Chapter 5. This method appends qudit Pauli gates after each
operation with a specific probability described in the noise instance (Figure 13.5). For gates operating in
subspaces, such as local subspace rotations [9], the noise is applied as subspace X, Y or Z operations,
on the subspaces listed in the instance; if not, the dimensions selected are those of the rotation. The
noise model in Fig. 13.5 encodes the logic determining whether each gate has a noise operation appended
and, for entangling operations, whether noise is applied to the target, control(s), or a subset of qudits
involved. A particularly simple, yet highly relevant, extension is the integration of numerical distortions of
the gate parameters in the circuit associated with a specific noise channel, or the inclusion of subspace
error operations for all types of gates.

This stochastic noise simulation method efficiently models decoherence and gate errors in quantum
systems without the need for full density-matrix calculations. However, it requires multiple simulation
runs to create a statistical distribution of results, which fluctuates due to operation-specific noise. Parallel
processing could conceivably mitigate this limitation by executing runs simultaneously on several processes.
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In summary, the library provides a suite of complementary simulators that leverage two data structures
and different implementations. These can provide solutions with varying performance depending on the
use case, the complexity of the noise to simulate, and the user’s preference. Users can choose the most
suitable simulator based on their specific requirements and computational constraints.

13.5 Quantum Circuit Compilation

Part IV describes how compilers can be useful in automating the transformation of abstract quantum
algorithms into executable sequences for specific hardware, bridging theory, and implementation. The MQT
Qudits compiler integrates quantum control theory, optimization, and custom heuristics (which have been
discussed in Section 2.3.4, Chapter 10 and Chapter 11) to address coherence and fidelity challenges. It
encompasses gate decomposition, mapping, and noise adaptation, which is crucial to realize the quantum
algorithmic potential in near-term qudit processors. The compiler aims to be accessible to a wide range of
users, from novices exploring mixed-dimensional quantum computing to well-resourced laboratories, while
offering flexible, modular, and computationally efficient software that balances user-friendly operation with
advanced technical capabilities. Therefore, it enables users to exploit these systems without the need to
manually design circuits for every application–a process that would otherwise be error-prone and highly
specific to the hardware. This section illustrates the use of the compiler.

13.5.1 The User Perspective

Figure 13.6 outlines how the user can exploit MQT Qudits for compilation tasks. The code shows how to set
the initial state of the quantum circuit as a first operation, starting from the numpy array [195] of the state.
After setting the initial state (line 8), the user can define the rest of the quantum circuit and directly compile
the circuit for a target device (lines 11-20), just by stating the name of the device, prefixed by “fake”. In
this case, the compilation chooses some default flags and returns the compiled circuit compatible with the
device to be executed on. Although highly flexible, the compiler is constantly evolving. The different suffices
(O0, O1, and O2) declare the degree of optimization of the quantum circuits; in the O1 case it is possible
to choose the optimization technique between "resynth" and "adapt". Multi-body gate compilation will be
supported in future releases, while the transpilation of multi-controlled rotations is already implemented. For
users interested in benchmarking, tuning the compilation process, and integrating their own passes into the
compilation of a quantum circuit (lines 23-30), the required code is minimal and involves only three steps:

1. instantiation of the qudit compiler,

2. selection of compilation steps, and

3. choice of a target backend.

In this case, the compiler is returning the compiled circuit, which can then be either simulated or
passed to the API of the actual device, after using the correct backend, e.g., “innsbruck01”. The compiler
enhancements outlined in this section significantly advance both its user-friendliness and efficiency. These
developments are currently being refined in a distinct branch (“compiler_int”) in preparation for a detailed
quality evaluation.

13.5.2 The Technical Perspective

Shielding users from the complexity of the compilation process necessitates the development of sophis-
ticated methods and implementations. The compiler is designed as a modular, pass-based tool that
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prioritizes algorithmic efficiency, despite being entirely written in Python. In the following, we briefly review
the main methods currently implemented in the MQT Qudits compiler, namely a state preparation routine, a
single-qudit operations compiler, and a two-qudit operations compiler. The state preparation routine takes
a quantum state in the form of a numpy array and outputs a sequence of local and controlled two-level
rotation, with an increasing number of controls. The state preparation makes use of mixed-dimensional
decision diagrams [10] implemented in Python for efficiently representing the state. A synthesis algorithm
reads the DD structure, possibly approximates it if required by the user, and returns a sequence of quantum
operations to generate the state. The execution of the multi-controlled operations is allowed by an implicit
decomposition in qudit “CNOT” by using ancilla levels in the qudits [74]. We refer to the paper [12] for further
details on the synthesis.

The compilation steps enabled in the process depend on the user’s choice of passes. Depending
on the selected passes, the compilation can target either single-qudit or two-qudit unitaries. The pass
nomenclature indicates whether the compilation produces a physically executable sequence compatible
with the backend (“Phys”) or a logical sequence (“Log”). “Loc” denotes single-qudit unitary compilation,
while “Ent” signifies two-qudit unitary compilation.

Single-qudit unitaries are compiled using sequences of 2-level subspace rotations. This reconstruction
method aligns with the energy level graph of the individual qudit. The energy level graph [14] is a data
structure that represents the internal structure of the qudit, storing information about the quality of rotations
between two levels and tracking various properties of the decomposition on the physical system. This graph
structure corresponds to the coupling map between the various qudit levels. The use of the energy level
graph and graph optimization heuristics has led to improvements in the compilation of single-qudit unitaries,
particularly in reducing the number of rotations required, especially phase rotations [14].

MQT Qudits compiles two-qudit unitaries of arbitrary dimensionality into sequences of controlled rotations
(crot) and partial swap operations (pswap). These operations are then either directly implemented in
hardware or further decomposed into a sequence of local operations and controlled-exchange gates,
which is a qudit-embedded 2-level CNOT gate. This methodology [13] provides a computationally efficient
means of compiling arbitrary interactions into standardized entangling gates, independent of the underlying
hardware architecture. The compiler allows for variational compilation of the standardized entangling gates
into the hardware-native gate set, tailoring the circuit to the specific hardware. Further extensions should
include tools for compressing the generated circuits to further increase the efficiency. Controlled rotations
are simply transpiled to match the mapping of the logic states on the architectures.

An additional standalone tool is the qubit compression mapper [11], a utility that recommends dimension-
ality adjustments in mixed-dimensional architectures to efficiently encode qubit circuits into qudit circuits.
This tool facilitates the translation between different quantum information encoding schemes, potentially
enabling more efficient use of available quantum resources.

13.6 Conclusion

MQT Qudits provides an open-source framework for mixed-dimensional quantum computing, including
flexible automated tools for the design, specification, simulation, and compilation of mixed-dimensional
quantum circuits. Considering the fundamental differences between qubit and qudit quantum computing,
the framework is designed to be easily extendable to new kinds of gate operations that are expected to be
developed as the field evolves. Similarly, the development and inclusion of more hardware-specific noise
models for the various types of qudit quantum computing hardware is a point of great interest to enable
accurate circuit simulation.
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A particularly interesting topic is the dynamic evolution of the data structures during the simulation with
the goal of tracking the usage of ancilla levels in the qudit. Finally, the compiler framework enables flexible
and adaptive compilation, yet does not always achieve optimal circuits. Future efforts should prioritize
automated multi-qudit gate compilation, and optimizing two-qudit gate compilations to minimize the resulting
circuit complexity. Efforts should also include resynthesis procedures to reduce the final circuit depth. In
order to facilitate these developments, MQT Qudits will, in the future, include scalable verification methods
for mixed-dimensional systems.

This chapter served as the culmination of this Ph.D. thesis, which has laid the foundation for expressing
the potential of mixed-dimensional quantum computing. By addressing the challenges in simulation and
compilation, this thesis provides innovative methodologies and tools to support the design and execution of
quantum algorithms for systems beyond qubits. The results, integrated into an open-source framework,
shed light on the way for a new paradigm of quantum computation, combining theoretical rigor with practical
utility and enabling scalable and reliable applications on mixed-dimensional quantum architectures.
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1 # import components and circuit
2 from mqt.qudits.simulation import MQTQuditProvider
3 from mqt.qudits.simulation.noise_tools.noise import \
4 Noise, NoiseModel
5

6 basic_error = Noise(probability_depolarizing=0.005, \
7 probability_dephasing=0.005)
8 subspace_dynamic_error = SubspaceNoise(
9 probability_depolarizing=1e-4, \

10 probability_dephasing=1e-4, levels=[]
11 )
12

13 suberror_01 = SubspaceNoise(
14 probability_depolarizing=0.005, \
15 probability_dephasing=0.005, levels=(0, 1))
16 suberror_01_cex = SubspaceNoise(
17 probability_depolarizing=0.010, \
18 probability_dephasing=0.010, levels=(0, 1)
19 )
20

21 # Add errors to noise_tools model
22 noise_model = NoiseModel()
23

24 # Gates on higher abstraction
25 noise_model.add_nonlocal_quantum_error(
26 basic_error, ["csum", "ls"])
27 noise_model.add_quantum_error_locally(
28 basic_error, ["cuone", "cutwo", "cumulti", \
29 "h", "perm", "rdu", "s", "x", "z"]
30 )
31

32 # Physical gates
33 noise_model.add_nonlocal_quantum_error(
34 suberror_01, ["ms"])
35 noise_model.add_nonlocal_quantum_error(
36 suberror_01_cex, ["cx"])
37 noise_model.add_quantum_error_locally(
38 subspace_dynamic_error, ["rxy", "rh"])
39 noise_model.add_quantum_error_locally(
40 subspace_dynamic_error, ["rz"])
41

42 provider = MQTQuditProvider()
43 backend = provider.get_backend("tnsim")
44 job = backend.run(circuit, noise_model=noise_model)
45 result = job.result()
46 counts = result.get_counts()

Figure 13.5 Simulation of a qudit circuit with a tailored noise model through MQT Qudits.
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1 # import components and circuit
2 from mqt.qudits.simulation import MQTQuditProvider
3 from mqt.qudits.compiler import QuditCompiler
4 provider = MQTQuditProvider()
5

6 # optionally the user can set the initial state
7 state = np.array(...)
8 circuit.set_initial_state(state)
9 # rest of the program

10 # simple interface
11 new_circuit = circuit.compileO0("faketraps2six")
12

13 # or
14 new_circuit = circuit.compileO1("faketraps2six", \
15 "adapt")
16 # or
17 new_circuit = circuit.compileO1("faketraps2six", \
18 "resynth")
19 # or
20 new_circuit = circuit.compileO2("faketraps2six")
21

22 # Alternatively for the experts
23 qudit_compiler = QuditCompiler()
24

25 # choice of the passes
26 passes = ["PhyLocQRPass", "PhyEntQRCEXPass",
27 "PhyEntSimplePass", "PhyMultiSimplePass"]
28

29 device = provider.get_backend("faketraps2six")
30 new_circuit = qudit_compiler.compile(device, \
31 circuit, passes)

Figure 13.6 A prototypical compilation of a quantum circuit on MQT Qudits.
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14 Conclusions and Outlook

Quantum computing has made significant progress in terms of hardware, theory and quantum software
development. Despite the advancements in qubit-based technology, involving qudits for calculations might
play a key role in overcoming not only the limitations of classical machines but also those of current quantum
devices. This new native synergy mixes the best capabilities of both worlds, offering significant potential
for tailored methods in error mitigation, optimal circuit, and application designs. This new paradigm of
quantum computing, called mixed-dimensional quantum computing, sadly, has a scarcity of automated
software solutions, which enforces that a considerable portion of the design process in quantum computing
still heavily relies on manual techniques. Quantum software for mixed-dimensional quantum computating
faces design challenges reminiscent of those previously encountered in classical computing, therefore, the
envisioned quantum software flow should parallel that of classical software.

This Ph.D. thesis laid the groundwork for developing methods and state-of-the-art quantum software that
will unleash the potential of mixed-dimensional quantum computing by addressing two specific challenges
in design software: simulation and compilation. Specifically, this involves using efficient and novel method-
ologies inspired by fundamental techniques previously developed in traditional circuits and systems, such
as data structures (e.g., adapted decision diagrams) and methods like heuristic search, alongside quantum
information.

Classical simulation of quantum circuits is crucial for various aspects of quantum application development,
as it allows for algorithm verification when access to appropriate hardware is restricted, for assessing
quantum hardware performance, and for validating the corresponding results. Despite its utility, simulating
quantum systems with mixed dimensions poses specific difficulties due to the exponential expansion of the
state space as both the number of qudits and their individual dimensions increase, rendering traditional
qubit simulation techniques insufficient right off the bat. In this way, the use of specialized data structures
improves performance and memory consumption, and the introduction of noise models validates the results
of mixed-dimensional quantum computers.

Two different contributions have been proposed to enable the simulation of mixed-dimensional quantum
circuits. First, the introduction of mixed-dimensional decision diagrams, a data-structure inspired by
classical design automation, were adapted to accelerate the simulation of mixed-dimensional circuits
on classical machines. Second, the formalization of the first new noise model for mixed-dimensional
systems, accompanied by a Monte-Carlo simulation framework, designed with an efficient exploitation of
data-structures in mind. These approaches significantly improve the current state of the art in classical
quantum circuit simulation for mixed-dimensional systems and enhance the understanding of realistic
applications for such architectures.

This Ph.D. thesis addressed the challenge of translating high-level quantum algorithms into executable
operations on mixed-dimensional hardware, namely quantum compilation, aiming to find the shortest
possible sequence of quantum operations needed to implement a given quantum state or operation.

Several methods were proposed to address this challenge, including compressing qubit circuits into
qudit architectures, preparing arbitrary quantum states using decision diagrams, and compiling local
and entangling gates for high-dimensional systems. These approaches automate compilation for mixed-
dimensional systems for the first time. The compilation process considered varying dimensions, diverse
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types of operations, and hardware-specific constraints while striving to optimize the depth of the circuit, its
resistance to errors, as well as runtime and memory consumption.

Central to the practical realization of these advances is the development of MQT Qudits, a part of Munich
Quantum Toolkit. This software framework supports mixed-dimensional quantum computing by integrating
simulation and compilation capabilities into a unified Python-based interface and language.

The contributions of this thesis demonstrate that the integration of classical systems’ automation tech-
niques into quantum software can improve the simulation and compilation of quantum circuits, taking
mixed-dimensional quantum computing from academic theory to a fully operational system. Moreover,
the results presented in this thesis emphasize the critical role of quantum software in enabling quantum
algorithms to run efficiently, reliably, and scalably on mixed-dimensional quantum computers.

In conclusion, this Ph.D. thesis highlights the importance of developing automated software tools for
mixed-dimensional quantum computing and, by addressing key challenges with open-source solutions,
advances the field while laying a foundation for its next generation and emphasizing the transformative role
of classical computing design methods in shaping its future.
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