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Abstract

Public transportation systems form the backbone of urban mobility, providing a reliable
and e�cient means of travel for millions of people per day. Designing and operating to-
day's public transportation systems to allow for sustainable transport requires advanced
planning approaches from strategic, tactical, and operational perspectives. This thesis
aims to provide tools and algorithms to address complex planning problems arising from
these di�erent perspectives. Speci�cally, we analyze traditional �xed-line public trans-
portation systems from a strategic perspective, as well as tactical and operational plan-
ning problems with stochastic passenger demand that arise in so-called demand adaptive
systems. These demand adaptive systems o�er a transportation service that combines
the regularity and predictability of traditional public transportation with the �exibility
of on-demand systems.
This thesis includes an introduction, a literature review, three methodological chap-

ters, and a conclusion. The introduction outlines the di�erent planning problems arising
in designing public transportation system with a focus on the integration of demand
adaptive systems. Following this, the literature review connects these planning problems
to relevant streams of literature, o�ering a comprehensive overview of the current state-
of-the-art, highlighting potential research gaps, and positioning the contributions of this
thesis within a broader methodological context. The three methodological chapters are
the main contributions of this thesis.
The �rst methodological chapter addresses determining optimal passenger �ows in large

scale intermodal transportation systems. The chapter designs a partially time-expanded
network that allows us to formulate the underlying optimization problem as a minimum
cost multi commodity network �ow problem. To solve this problem, we develop a column
generation approach to �nd continuous solutions, which we combine with a Price-and-
Branch procedure to obtain integer solutions. Speci�cally, we solve instances with up to
56,295 passengers to optimality and show that the computation time of our algorithm can
be reduced by up to 60% through the use of our pricing �lter and by up to an additional
90% through the use of our A∗-based pricing algorithm.
The second methodological chapter deals with determining the general visit order of

transit stops in demand adaptive systems under uncertain passenger demand. We for-
mulate this problem as a stochastic program and propose a Branch-and-Price algorithm
for solving its deterministic equivalent. Additionally, this chapter develops a local search
approach with which we improve the performance of the Branch-and-Price approach. We
assess the e�ciency of the proposed methods on a set of instances from the literature
and demonstrate that the proposed methods outperform a known benchmark, improving
upper bounds by up to 85% and lower bounds by up to 55%. Furthermore, the solu-
tions of the stochastic model are both more cost-e�ective and robust than those of the
deterministic model.
The third methodological chapter proposes an algorithmic framework to solve the op-

erational planning problem under uncertainty for demand adaptive systems in which pas-
senger requests must be accepted or rejected as soon as they are issued. This chapter
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models the proposed problem as a Markov decision process and utilizes a rolling horizon
approach to approximate the Markov decision process via a two-stage stochastic program.
Furthermore, we decompose the two-stage stochastic program into several full information
planning problems in each timestep to decide on the next action and propose a consensus-
based heuristic and a myopic approach. We assess the e�ciency of the proposed methods
on real-world data and show that our exact decomposition yields the best results in under
�ve seconds and that our heuristic approach can reduce the serial computation time by
half compared to our exact decomposition, with a solution quality decline of less than
one percent. From a managerial perspective, we show that by switching a �xed-line bus
route to a demand adaptive system, an operator can increase pro�t by up to 49% and
the number of served passengers by up to 35% while only increasing the travel distance
of the bus by 14%. Furthermore, we show that an operator can reduce their cost per
passenger by 43 - 51% by increasing route �exibility and that incentivizing passengers to
walk slightly longer distances reduces the cost per passenger by 83-85%.
The thesis concludes with a detailed summary and critical discussion of the managerial

and methodological contributions. It further outlines opportunities for future research
made available through the contributions of this thesis, highlighting how to leverage the
developed methodology for this purpose. Note that parts of the introduction, literature
review, and conclusion originate from the three methodological chapters.



1 Introduction

1.1 Background

According to the United Nations, the global urban population will increase by 900 mil-

lion from 2020 to 2030, reaching 5.2 billion (UN, 2018). This population increase, in

combination with already high congestion and tra�c emissions in cities all around the

world, calls for better utilization of existing infrastructure and the development of novel

transportation concepts to keep up with future urban travel demand. In this context,

public transportation systems (PTS) play a crucial role in modern cities as they provide

an e�cient and cost-e�ective way to meet people's travel demands. They naturally allow

for a high utilization, which leads to less congestion, tra�c emissions, and transportation

costs. In most modern cities, a PTS consists of multiple transportation modes such as

subway, tram, and bus lines. By o�ering a diverse range of transit options, PTS can cater

to the unique needs of di�erent passengers for both daily work commutes and leisure trips.

Additionally, the di�erent modes of transportation can complement one another, creating

a comprehensive transit network that o�ers multiple routes and options to reach various

destinations.

Designing and operating today's PTS to allow for sustainable transport requires ad-

vanced planning approaches from strategic, tactical, and operational perspectives. The

decision support tools for these planning tasks span simulation-based and optimization-

based approaches. To this end, simulation-based approaches are used to model daily

operations, particularly when aiming to understand passenger mode choice behavior (see,

e.g., Hintermann et al., 2023; Huang et al., 2023). Optimization-based approaches often

simplify user behavior and are used to make network design decisions from a strategic

perspective (cf. Amberg et al., 2019; Farahani et al., 2013). Between these two purely op-

erational or strategic perspectives, optimization-based approaches that assume a central

planner to decide on system optimal passenger �ows allow for tactical planning and system

analyses (see, e.g. Salazar et al., 2019; Schi�er et al., 2021). Speci�cally, such approaches

are useful for the following purposes: �rst, planners can use system optimal passenger

�ows to obtain an upper bound on a PTS's throughput, which allows quantifying the

maximum improvement potential within the PTS compared to status quo operations.

Second, such system optimal passenger �ow information can be used to inform or bench-
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mark operational control algorithms, e.g., pricing mechanisms or online algorithms, that

aim to improve the system's performance by in�uencing user behavior. Third, obtain-

ing information on a system's maximum throughput is helpful for short-term network

design decisions, e.g., which line or mode of transport to activate or deactivate during

system disruptions such as driver or vehicle shortage, construction work, and medical

emergencies.

Determining system optimal passenger �ows requires solving Multi-Commodity Net-

work Flow (MCNF) problems that signi�cantly exceed problem sizes that have so far

been solved to optimality. Additionally, the intermodal structure of PTS needs to be con-

sidered. So far, a tool that allows a central planner to determine system optimal passenger

�ows in large-scale intermodal PTS does not exist.

Focusing on bus lines in PTS, we notice that line-based bus lines serve as a cost-

e�ective and reliable backbone of PTS networks, o�ering widespread coverage that con-

nects diverse communities. Their high passenger capacity and established routes promote

social inclusivity and accessibility to essential services. Moreover, they enable e�cient

utilization of existing infrastructure, allowing the transport of a larger number of people

using fewer vehicles, which can contribute to reduced tra�c congestion and emissions.

However, they can be susceptible to tra�c congestion and limited �exibility in adapt-

ing to changing travel demands, leading to potential delays and less personalized service

experiences for passengers.

Demand Responsive Systems (DRS) o�er more �exibility and can adapt to �uctu-

ating individual transportation demands, thus enabling more personalized services while

maintaining a degree of resource sharing. DRS were �rst introduced under the name

of Dial-a-Ride (DAR) as a door-to-door service for users with reduced mobility (Wilson

et al., 1971; Ioachim et al., 1995; Toth and Vigo, 1996). One drawback of DAR are the

higher operational costs associated with providing individualized service and accommo-

dating speci�c travel requests. Additionally, the real-time nature of pickups and drop-o�s,

i.e., signi�cant route changes during operation, can lead to unpredictable travel times for

passengers, which might not be suitable for those with time-sensitive commitments.

Demand Adaptive Systems (DAS) (Malucelli et al., 1999; Quadrifoglio et al., 2007)

incorporate DRS into scheduled bus transportation: a DAS bus line provides a line-based

transit-line service for a set of compulsory stops, which are bound to a schedule with �xed

time windows Passengers can issue requests at non-compulsory stops that are optional

from an operator perspective and can be served via detours in between compulsory stops

(see Figure 1.1). Accordingly, a DAS combines the regularity and predictability of line-

based PTS, which enables seamless integration with other modes of transportation and

services that do not require advanced booking, with the �exibility of a DRS. Ultimately,
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(a) Route variant 1 (b) Route variant 2

Figure 1.1: A DAS line with compulsory stops (green) and optional stops (red).

a DAS combines the advantages of line-based PTS and DRS which can increase e�ciency,

utilization, and service level of the respective PT network.

Planning the operations of DAS is a highly complex task that requires balancing the

characteristics of line-based and on-demand systems and involves both a service design

phase, where routes and schedules are established and an operational phase, with adjust-

ments to vehicle routes and schedules in response to user requests. The complexity in

planning DAS operations has been extensively studied in the literature, with a compre-

hensive review of methodological aspects presented in Errico et al. (2013).

Focusing on the aforementioned service design phase, the tactical planning of a DAS

line encompasses three main interrelated tasks: (1) identifying and selecting compulsory

stops; (2) determining a general visit order of transit stops within the service area; and

(3) establishing schedules for compulsory stops. Errico (2008) and later Errico et al.

(2011a) introduce the Single-line DAS Design Problem (SDDP), which assumes the set

of stops to be served by the DAS line, the transportation demand, and the travel time

between all stop pairs to be known. Based on this information, the SDDP determines

the compulsory stops, their sequence, the DAS segments, and the master schedule of the

compulsory stops. The authors propose two decompositions of the SDDP consisting of the

selection of the compulsory stops, the General Minimum Latency Problem (GMLP), which

is a sequencing problem of the compulsory and optional stops, and the master schedule

problem. Errico et al. (2011a) address the selection of the compulsory stops and compare

the two decompositions. Errico et al. (2017) propose the traveling salesman problem

with generalized latency (TSP-GL), a variant of the GMLP where the objective function

combines the vehicle routing cost and the passenger's travel times, and develop a Benders'

decomposition approach to solve it e�ciently. This TSP-GL e�ciently determines a

general visit order of transit stops within the service area. Crainic et al. (2012) proposes

a mathematical description and a solution method based on probabilistic approximations

to solve the master schedule problem. Focusing especially on the general order of transit

stops within the service area, we see that so far, only average passenger demands are
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considered, and the distribution of uncertain passenger demands is ignored.

Looking at the aforementioned operational phase, e�ciently determining whether to

accept or reject passenger requests for a DAS service to maximize the operators' pro�t is

pivotal for operating a DAS line economically. Crainic et al. (2005) analyze this problem in

an o�ine setting and develop and compare di�erent meta-heuristics to solve it. However,

these solution approaches assume full information about all future passenger requests,

which is not the case in practice, where an operator wants to inform passengers about

their requests immediately after they are issued.

Against this background, we identify three levers to improve the state of the art for

the optimization of intermodal transportation systems and the integration of stochasticity

into the planning of DAS.

i) Providing an in-depth potential analysis of intermodal public transportation systems

by optimizing passenger �ows at scale from an operator's perspective.

ii) Considering the stochastic distribution of passenger demands when determining the

general visit order of transit stops in the tactical planning of DAS.

iii) Planning operations of a DAS line under partial information by deciding on ac-

cepting or rejecting passenger requests in a dynamic setting, considering stochastic

future passenger demand.

1.2 Aims and Scope

Against this background, this thesis aims to address challenges of high-practical relevance

related to intermodal public transportation systems, with a focus on DAS at the tactical

and operational levels. Speci�cally, the scope of this thesis is twofold. First, the the-

sis provides optimization-based frameworks and contributes novel models and applicable

solution methods that allow to

i) Optimize intermodal passenger �ows: This setting aims to optimize passenger �ows

in an intermodal public transportation system by minimizing the sum of travel times

for all passengers from a system perspective.

ii) Determine the general visit order of transit stops in DAS under uncertainty: In this

tactical problem setting, an operator selects a suitable subset of stops to serve in

a route, i.e., a subset of stops that ful�lls a percentage of passenger demand with

a given probability. Additionally, the Hamiltonian tour on the subset of nodes is

determined, minimizing a linear combination of route design and passenger routing

costs.
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iii) Operate a DAS under uncertainty: This operational problem setting assumes a

DAS route with compulsory stops, optional stops, route segments, and the master

schedule being determined. Based on this route information and historical passenger

demand, an operator receives passenger requests, which have to be accepted or

rejected immediately.

Second, extensive numerical experiments conducted on real-world data generate man-

agerial and technical insights that assess and authenticate the advantages o�ered by the

proposed solutions.

1.3 Contribution

The remainder of this thesis is structured as follows.

Chapter 2 reviews the literature related to the three optimization problems studied in

this thesis. Accordingly, existing work on MCNF, Fixed-Charge Network Design Problems

(FNDP), semi-�exible transit systems, and integrating uncertain passenger demand into

optimization models for PTS are reviewed.

Chapter 3 proposes an algorithmic framework to determine the system optimum of a

large-scale intermodal transportation system. To solve this problem, this chapter's contri-

bution is four-fold: First, the intermodal transportation system is modeled by combining

two core principles of network optimization, layered-graph structures and (partially) time-

expanded networks, which allows us to implicitly encode problem-speci�c constraints re-

lated to intermodality. This enables us to solve a standard integer minimum-cost MCNF

problem to determine the system optimum for an intermodal transportation system. Sec-

ond, to solve the integer minimum-cost MCNF problem e�ciently, this chapter presents

a column generation (CG) approach to �nd continuous minimum-cost MCNF solutions,

which we combine with a Price-and-Branch (P&B) procedure to obtain integer solutions.

To speed up our CG approach, this chapter develops a pricing �lter and an admissible dis-

tance approximation to utilize the A∗ algorithm for solving the pricing problems. Third,

this chapter shows the e�ciency of the proposed algorithmic framework by applying it

to a real-world case study for the city of Munich, where we solve instances with up to

56,295 passengers to optimality, and show that the computation time of our algorithm

can be reduced by up to 60% through the use of our pricing �lter and by up to additional

90% through the use of the A∗-based pricing algorithm. Fourth, this chapter opens this

algorithmic framework as open-source code for further research.

Chapter 4 proposes an algorithmic framework to determine the general visit order

of transit stops in DAS under uncertainty. To do so, it introduces an extension of the

symmetric traveling salesman problem with generalized latency (TSP-GL) that explicitly
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models uncertainty. The Stochastic TSP-GL (STSP-GL) aims to choose a subset of

nodes of an undirected graph and determines a Hamiltonian tour amongst those nodes,

minimizing an objective function that is a weighted combination of route design and

passenger routing costs. These nodes are selected to ensure that a prede�ned percentage

of uncertain passenger demand is served with a given probability. This chapter formulates

the STSP-GL as a stochastic program and proposes a Branch-and-Price (B&P) algorithm

for solving its deterministic equivalent. Additionally, this chapter develops a local search

approach with which we improve the performance of the B&P approach. This chapter

assesses the e�ciency of the proposed methods on a set of instances from the literature

and demonstrates that the proposed methods outperform a known benchmark, improving

upper bounds by up to 85% and lower bounds by up to 55%. Finally, this chapter shows

that solutions of the stochastic model are both more cost-e�ective and more robust than

those of the deterministic model.

Chapter 5 proposes an algorithmic framework to solve the operational route planning

problem under uncertainty for a DAS in which passenger requests have to be accepted

or rejected as soon as they are issued. To solve this problem, this chapter models the

proposed problem as a Markov decision process and utilizes a rolling horizon approach

to approximate the Markov decision process via a two-stage stochastic program. Fur-

thermore, this chapter decomposes the two-stage stochastic program into several full

information planning problems in each timestep to decide on the next action and pro-

poses a consensus-based heuristic and a myopic approach. This chapter then assesses the

e�ciency of the proposed methods on real-world data and shows that our exact decom-

position yields the best results in under �ve seconds and that our heuristic approach can

reduce the serial computation time by half compared to our exact decomposition, with

a solution quality decline of less than one percent. From a managerial perspective, this

chapter shows that by switching a �xed-line bus route to a demand adaptive system, an

operator can increase pro�t by up to 49% and the number of served passengers by up to

35% while only increasing the travel distance of the bus by 14%. Furthermore, this chap-

ter shows that an operator can reduce their cost per passenger by 43 - 51% by increasing

route �exibility and that incentivizing passengers to walk slightly longer distances reduces

the cost per passenger by 83-85%.

Chapter 6 concludes the thesis through a comprehensive summary of its contri-

butions and results, discusses limitations, and highlights future research perspectives.



2 State of the art

2.1 Introduction

Public transportation systems (PTS) play a crucial role in modern cities as they provide

an e�cient and cost-e�ective way to meet people's travel demands. They naturally allow

for a high utilization, which leads to less congestion, tra�c emissions, and reduced trans-

portation costs. Designing and operating today's PTS to allow for sustainable transport

requires advanced planning approaches from strategic, tactical, and operational perspec-

tives.

This thesis introduces innovative tools and algorithmic approaches to help PTS op-

erators tackle several planning problems. Speci�cally, it i) develops a methodology to

determine optimal passenger �ows in intermodal PTS, ii) proposes a mathematical de-

composition to determine the general visit order of transit stops under uncertainty in

the tactical planning of Demand Adaptive Systems (DAS), and iii) designs an algorith-

mic approach to decide on whether to accept or reject passenger requests under partial

information in the operational planning of DAS.

Accordingly, the individual contributions of this work touch various research streams,

ranging from Multi-Commodity Network Flow (MCNF) problems, over Fixed-Charge

Network Design Problems (FNDP), to semi-�exible transit systems, and integrating un-

certain passenger demand into optimization models for PTS. This chapter aims to provide

a concise review of these research streams. To this end, it is divided into three distinct

sections, corresponding to the three main contributions of this thesis. The �rst section

reviews literature related to MCNF problems which are the basis for optimizing passenger

�ows in intermodal PTS. The second section reviews the literature on FNDPs and the

integration of uncertain passenger demand into optimization models for PTS. The third

section reviews the literature on semi-�exible transit systems, which include DASs.
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2.2 Multi-Commodity Network Flow Problems

MCNF models have been used to model a variety of problems, amongst others in commu-

nication (Ouorou et al., 2000; Lin, 2001; Wagner et al., 2007), logistics (Erera et al., 2005;

Al-Khayyal and Hwang, 2007; Psaraftis, 2011), and transportation systems (Ayar and

Yaman, 2012; Paraskevopoulos et al., 2016; Zhang et al., 2019). Besides these research

�elds, MCNF models also �nd application in �nancial problem settings (Yang and Kim,

2015), evacuation planning (Pyakurel and Dhamala, 2017), production services (Atamtürk

and Zhang, 2007), and tra�c control (Bertsimas and Patterson, 2000), which shows the

great versatility of MCNF models. Various heuristic, approximation, and exact solution

methods have been used to solve di�erent variants of MCNF problems.

The most prominent heuristic methods to solve MCNF problems are genetic algorithms

(Khouja et al., 1998; Alavidoost et al., 2018), simulated annealing (Yaghini et al., 2012;

Moshref-Javadi and Lee, 2016), and tabu search (Ghamlouche et al., 2003; Crainic et al.,

2006). Various approximation methods exist for di�erent types of network �ow formula-

tions. Lagrangian-based methods proved to be very e�cient at solving MCNF problems

and �nd their application in solving multi-commodity capacitated �xed charge network

design problems (Crainic et al., 2001) and minimum-cost MCNF problems (Retvdri et al.,

2004).

The two most prominent exact approaches to solve MCNF problems are branching

and decomposition methods. Branching methods build on the idea of branch-and-bound

(B&B) (Lawler and Wood, 1966) and have been used to solve integer MCNF problems

(see, e.g., Brunetta et al., 2000). Decomposition methods were developed by Dantzig and

Wolfe (1960) and used, for example, by Barnhart et al. (1994) to solve message routing

problems, formulated as minimum-cost MCNF problems and solved via column generation

(CG). Barnhart et al. (2000) utilized the branch-and-price (B&P) algorithm (Barnhart

et al., 1998), a combination of CG and B&B, to solve integer MCNF problems. Here,

the authors applied bounds provided by solving linear programs, using column-and-cut

generation at nodes of the branch-and-bound tree in combination with cuts, generated at

each node in the B&B tree, to mitigate symmetry e�ects.

In general, MCNF models have recently been used to model transportation systems,

e.g., Autonomous Mobility on Demand (AMoD) systems in congested road networks

(Rossi et al., 2018) and to study the interaction of AMoD with the public transportation

system (Salazar et al., 2019) on a mesoscopic level. We refer to Salimifard and Bigharaz

(2022) for an extensive overview of applications and solution methods for MCNF prob-

lems.

Dynamic �ows add a time dimension to static network �ow problems and allow �ow

values on arcs to change over time. In dynamic network �ow models for tra�c optimiza-
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tion, the size of the underlying graph can be a limiting factor for the model's granularity

or time horizon. To address the problem of exponential growth in dynamic networks,

Boland et al. (2017) introduced the concept of partially time-expanded networks to ser-

vice network design problems. In partially time-expanded networks, not all timesteps are

included in the network graph, which allows for iterative re�nement to obtain a reduced

graph size. Besides a reduced size of the underlying graph, multiple methods exist to

speed up computation time in large network �ow models. For an extensive overview of

dynamic network �ow problems, we refer to Skutella (2009).

2.3 Fixed-Charge Network Design Problems and

uncertain passenger demand

Determining the general visit order of transit stops in DAS under uncertainty is closely

related to the FNDP, which involves �nding a set of arcs in a graph that enables the �ow

of commodities from their origins to their destinations in order to satisfy some demand

characteristics. As we also consider uncertain passenger demand in the general visit order

of transit stops, this section is divided into FNDP and integrating uncertain passenger

demand into optimization models for PTS.

2.3.1 Fixed-Charge Network Design Problems

The FNDP minimizes routing costs, i.e., variable expenses incurred when sending �ows

through the network, or design costs, i.e., �xed expenses associated with establishing

network infrastructure, or both (Costa, 2005).

Several exact and heuristic methods have been proposed to solve the FNDP. The most

prominent exact methods to solve FNDPs are Lagrangian-based techniques, Benders de-

composition, and polyhedral approaches. For an extensive overview of exact methods

to solve FNDPs, we refer to Gendron et al. (1999), Gendron (2011), and Crainic et al.

(2021).

Lagrangian-based techniques utilize either subgradient algorithms or bundle methods

to solve the Lagrangian dual. Crainic et al. (2001) show that for Lagrangian-based tech-

niques, bundle methods appear superior to subgradient approaches as they converge faster

and are more robust relative to di�erent relaxations and problem characteristics. Fran-

gioni and Gorgone (2014) exploit the structure of the Dantzig-Wolfe reformulation of the

Lagrangian dual to construct an e�cient bundle method. Frangioni et al. (2017) analyzed

a large class of subgradient methods to show that the theory developed in d'Antonio and

Frangioni (2009) impacts the performance of subgradient methods. Gendron (2019) com-
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pares Lagrangian relaxation bounds for a large class of network design problems, which

they obtain either by relaxing the linking constraints or the �ow conservation constraints.

Costa et al. (2009) give an extensive overview on the application of Benders decom-

position to FNDP and clarify the relationships between Benders, metric, and cutset in-

equalities, which are often used in solution algorithms for multi-commodity capacitated

FNDP. Costa et al. (2012) propose a general scheme for generating extra cuts in a Benders

decomposition, which they apply to the FNDP.

There exists a multitude of polyhedral approaches to solve the FNDP. Wolsey (2003)

gives an overview on strong valid inequalities and tight extended formulations for general

mixed integer linear programs. Chouman et al. (2017) develop a cutting-plane algo-

rithm for the multi-commodity capacitated FNDP. Atamtürk (2002) analyzes the cut-set

polyhedra of capacitated FNDP and shows that utilizing cut-set inequalities signi�cantly

improves computations. Atamtürk (2001) applies �ow pack inequalities, which improve

computations for capacitated �xed-charge network �ow problems. Padberg et al. (1985)

study the single-node �xed-charge �ow problem and introduce �ow cover inequalities.

The most prominent heuristic approaches to solve FNDP include classical heuristics

such as local search (Walker, 1976), neighborhood-based metaheuristics such as tabu

search (Gendreau and Potvin, 2019), simulated annealing (Delahaye et al., 2019), and

iterated local search (Lourenço et al., 2019), population-based metaheuristics such as

genetic algorithms (Whitley, 2019), and parallel metaheuristics (Crainic, 2019). Further-

more, several matheuristics have been applied to solve FNDPs.

There exist several approaches to solve FNDP via tabu search. Sun et al. (1998) apply

tabu search with two strategies for each of the intermediate and long-term memory pro-

cesses to the FNDP. Crainic et al. (2000) utilize a tabu search framework that combines

pivot moves with column generation to solve multicommodity capacitated FNDP. Gham-

louche et al. (2003) propose cycle-based neighborhood structures for multicommodity-

capacitated FNDP and show their e�ciency through a simple tabu search method.

For neighborhood-based metaheuristics, Lot� and Tavakkoli-Moghaddam (2013) intro-

duce a priority-based encoding genetic algorithm for linear and nonlinear FNDP and show

that it outperforms a spanning tree-based genetic algorithm in terms of solution quality

and computation time. Ghamlouche et al. (2004) combine path relinking with cycle-

based tabu search in an algorithm that shows stable solution quality and computation

times. Crainic and Gendreau (2007) propose a scatter search approach for the capacitated

FNDP, which cannot match the path relinking algorithm consistently but can produce

better solutions on some of the test instances.

Several matheuristics have been applied to solve the FNDP. Rodríguez-Martín and

Salazar-González (2010) utilize local branching (Fischetti and Lodi, 2003) to solve the
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multicommodity capacitated FNDP. They show that their algorithm outperforms existing

cycle-based tabu search (Ghamlouche et al., 2003) and path relinking (Ghamlouche et al.,

2004) approaches.

Hewitt et al. (2010) combine mathematical programming algorithms and heuristic

search techniques to �nd provably high-quality solutions for capacitated FNDP quickly.

They show that their algorithm outperforms cycle-based tabu search (Ghamlouche et al.,

2003) and path relinking (Ghamlouche et al., 2004) as well.

Katayama and Yurimoto (2011) combine capacity scaling using a column-row genera-

tion technique and local branching. They show that their approach outperforms cycle-

based tabu search (Ghamlouche et al., 2003), path relinking (Ghamlouche et al., 2004),

local branching (Rodríguez-Martín and Salazar-González, 2010), and IP Search (Hewitt

et al., 2010).

Yaghini et al. (2015) propose a cutting-plane neighborhood structure, which they imple-

ment in a tabu search framework and combine with local branching. They show that their

approach outperforms cycle-based tabu search (Ghamlouche et al., 2003), path relink-

ing (Ghamlouche et al., 2004), local branching (Rodríguez-Martín and Salazar-González,

2010), IP Search (Hewitt et al., 2010) and capacity scaling (Katayama and Yurimoto,

2011). We refer to Crainic et al. (2021) for an extensive overview of all exact and heuris-

tic approaches to solve the FNDP.

2.3.2 Integrating uncertain passenger demand into optimization

models for PTS

Several tactical planning problems for PTS have been studied under the assumption that

all information about passenger demand is available before the operator's decisions are

made. In most cases, this does not translate to real-world applications (Kall and Wallace,

1994). Traditionally, stochastic passenger demand is often not considered explicitly during

the tactical planning phase but dealt with in the operational planning phase (Ibarra-Rojas

et al., 2015). Accordingly, passenger demand is usually determined through forecasting

methods, e.g., average historical data. Usually, the expected quality of a solution to a

stochastic model is better than a solution to the deterministic counterpart when evaluated

in the stochastic setting. Wallace (2000) and Higle and Wallace (2003) explain that this

occurs, as the deterministic model is optimal for one speci�c scenario but might be very

bad for scenarios where it is not optimal. Additionally, the deterministic solution is often

feasible but not optimal in the stochastic model. Birge (1982) measures this di�erence in

solution quality by the value of stochastic solution (VSS). Here, the VSS represents the

potential bene�t of solving the stochastic model instead of the deterministic model in the

stochastic environment. Wallace (2000) shows that stochastic models may �nd solutions
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signi�cantly di�erent from deterministic models. Nevertheless, Thapalia et al. (2011) and

Maggioni and Wallace (2012) show that for multiple other problems, certain structural

patterns from the deterministic solutions may re-emerge in the stochastic solutions. We

refer to Haneveld and Van der Vlerk (2020) for an extensive overview on the research area

of stochastic programming.

In recent years, researchers have made signi�cant strides in integrating uncertain pas-

senger demand into optimization models for public transportation systems. Tian et al.

(2021) consider the integration of autonomous vehicles into bus transit systems. In this

context, they determine the optimal bus �eet size and its assignment onto multiple bus

lines in a bus service network considering uncertain demand. Ma et al. (2021) study the

problem of bus regulation with uncertain passenger demand and disturbance for urban

rapid transit lines on the basis of a robust model predictive control algorithm. Gkiotsalitis

and Alesiani (2019) incorporate travel time and passenger demand uncertainty to deter-

mine robust schedules that minimize the possible loss in worst-case scenarios. Li et al.

(2019) propose a robust dynamic control framework that considers delay disturbances

and passenger demand uncertainty to reduce bus bunching, a phenomenon that arises in

a scheduled service where the delay of a leading bus leads to the following bus catching

up.

2.4 Semi-�exible transit systems

Semi-�exible transit systems, which include DAS, have been studied from several perspec-

tives under multiple di�erent assumptions. Errico et al. (2013) categorize the planning

decisions necessary to operate a semi-�exible transit system into strategic, tactical, and

operational.

Strategic planning focuses on the de�nition of the service area, the itineraries in terms

of potential compulsory and optional stops, the level of service, i.e., frequencies and �eet

size, and whether to use �xed bus routes, DAS, or another type of public transportation

system. In this context, Daganzo (1984) compares the cost between �xed route transit

and two DAR variants to determine which type of transportation system is better suited

to serve a given service area. Quadrifoglio and Li (2009) analyze the critical demand

density below which their demand-responsive policy outperforms a �xed-route policy.

Furthermore, Li and Quadrifoglio (2009) develop an analytical model that determines

the optimal number of independently operated zones the service area should be divided

into, to balance customer service quality and vehicle operating costs. Pratelli and Schoen

(2001) propose a mathematical formulation to de�ne the service area of a semi-�exible line

based on the total aggregated travel time of passengers spent on board during deviations,
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the walking times, and the increase of waiting times at compulsory stops. Qiu et al.

(2015) study a so-called demi-�exible operating policy of a feeder system in Zhengzhou

City, China. This feeder system can deviate from its �xed route to o�er door-to-door

service. The demi-�exible operating policy allows rejected passengers to utilize curb-to-

curb stops of accepted passengers to carry out their trips. The authors show that under

certain assumptions, this demi-�exible policy o�ers advantages in terms of a�ordability

and e�ciency compared to �xed-route and fully �exible route policies. Viergutz and

Schmidt (2019) perform a simulation-based study in a rural area in Germany and show

that stop-based and door-to-door DRS are not economical in their rural service area

because of their high operational costs. Bischo� et al. (2019) perform a simulation-based

study in the city of Cottbus (Germany) to determine the �eet size of a stop-based and

a door-to-door DRS and show that for autonomous vehicles, the two DRS services are

signi�cantly cheaper during peak hours compared to �xed-line policies.

Tactical planning analyses which compulsory and optional stops to include in the design

of a semi-�exible line, in which sequence the compulsory stops should be visited, the

distinct tour segments, i.e., between which two compulsory stops can an optional stop be

visited, and the design of a so-called master schedule, which determines the time-windows

of the compulsory stops. Errico et al. (2013) categorize tactical planning according to

their solution method into continuous approximations and combinatorial optimization.

As our methodology belongs to the latter solution method, we only review combinatorial

optimization approaches for DAS in this paragraph. Errico (2008) and later Errico et al.

(2011a) introduce the Single-line DAS Design Problem (SDDP), which assumes the set

of stops to be served by the DAS line, the transportation demand, and the travel time

between all stop pairs to be known. Based on this information, the SDDP determines

the compulsory stops, their sequence, the DAS segments, and the master schedule of the

compulsory stops. The authors propose two decompositions of the SDDP consisting of

the selection of the compulsory stops, the General Minimum Latency Problem (GMLP),

which is a sequencing problem of the compulsory and optional stops, and the master

schedule problem. Errico et al. (2011a) address the selection of the compulsory stops

and compare the two decompositions. Errico et al. (2017) propose the traveling salesman

problem with generalized latency (TSP-GL), a variant of the GMLP where the objective

function combines the vehicle routing cost and the passenger's travel times, and develop

a Benders' decomposition approach to solve it e�ciently. Crainic et al. (2012) proposes

a mathematical description and a solution method based on probabilistic approximations

to solve the respective master schedule problem.

Lastly, operational planning determines vehicle and driver schedules as well as real-time

adjustments to the DAS route. There are two main operational problem categories: dy-
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namic online and dynamic o�ine problems. Vansteenwegen et al. (2022) give an extensive

overview of this categorization. Note that we do not explicitly consider static problems as

they can often be transformed into dynamic o�ine strategies. Dynamic online strategies

assume that requests can occur during the planning horizon and after the bus starts its

trip. Here, Pei et al. (2019a) utilize a tabu search approach to reduce the number of

visited stops in a �xed-bus line, maximizing the total system income, which is the income

minus operating costs minus passenger time costs. They show that during o�-peak hours,

their approach outperforms �xed-line operations. Quadrifoglio et al. (2007) propose an

insertion heuristic for Mobility Allowance Shuttle Transit (MAST), a special case of semi-

�exible transit systems, which is described in detail in Errico et al. (2013). They show

that their approach can be used to automate a MAST in Los Angeles (USA) and that

their heuristic results are close to optimal solutions.

Dynamic o�ine strategies assume that requests can only be issued before the bus starts

its trip. In this context, Malucelli et al. (1999) introduce DAS with three operational

policies di�ering in user requirements. They propose linear integer formulations for these

policies, which they solve through Lagrangean approaches and column generation. Malu-

celli et al. (2001) and Crainic et al. (2005) introduce a GRASP-based memory-enhanced

constructive heuristic and a tabu search meta-heuristic to solve the operational problem

of DAS under full information. Additionally, they combine the two heuristic approaches,

resulting in multiple hybrid approaches, and show that for simple instances, a tabu search-

based approach performs best. In contrast, for more complex instances, a hybrid approach

yields the best results. Qiu et al. (2014) study a MAST system in Los Angeles (USA)

and show that their dynamic stop strategy can reduce user cost by up to 30%.

We refer to Errico et al. (2013) and Vansteenwegen et al. (2022) for an in-depth overview

of semi-�exible and demand-responsive systems.

2.5 Conclusion

This thesis contributes to the research �elds outlined above by closing the following re-

search gaps.

First, various optimization approaches exist to solve MCNF problems for di�erent prob-

lem settings. So far, using an MCNF model to optimize intermodal passenger transport

has only been done on a mesoscopic level (Salazar et al., 2019). Analysis of passenger

transport in large transportation networks on a microscopic level is often done via sim-

ulation (Ziemke et al., 2019), which is not amenable for optimization. To the best of

our knowledge, there exists no optimization framework that is capable of determining the

passenger �ow system optimum of a large-scale intermodal transportation system on a
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microscopic level. This thesis closes this gap by developing such an algorithmic framework.

Second, so far, uncertainty in passenger demand that allows a DAS operator to deter-

mine a general order of transit stops that is robust against volatile passenger demand has

not been considered explicitly in the tactical planning phase of DAS. Accordingly, DAS

operators are unable to analyze the impact of di�erent service levels and the frequency of

meeting them on the route design and served passenger demand. This thesis closes this

gap by contributing the stochastic traveling salesman problem with generalized latency

that accounts for serving a prede�ned percentage of stochastic passenger demand with a

given probability.

Third, the planning process of the operations of semi-�exible transit systems and DASs

has been studied from tactical and operational perspectives under several system assump-

tions utilizing simulations, continuous approximations, and combinatorial optimization.

So far, operational DAS problems have only been considered under full demand infor-

mation in Crainic et al. (2005), which does not allow an operator to immediately give

feedback to a passenger about the acceptance or rejection decision. To close this gap this

thesis proposes an algorithmic framework that considers the dynamic nature of passenger

demand and allows an operator to decide whether to accept or reject passenger requests

in real time.



3 Column generation for solving

large scale multi-commodity �ow

problems for passenger

transportation

In light of the need for design and analysis of intermodal transportation systems, we

propose an algorithmic framework to determine the system optimum of an intermodal

transportation system. To this end, we model an intermodal transportation system by

combining two core principles of network optimization � layered-graph structures and

(partially) time-expanded networks � to formulate our problem on a graph that allows us

to implicitly encode problem speci�c constraints related to intermodality. This enables

us to solve a standard integer minimum-cost multi-commodity �ow problem to obtain the

system optimum for an intermodal transportation system. To solve this integer minimum-

cost multi-commodity �ow problem e�ciently, we present a column generation approach

to �nd continuous minimum-cost multi-commodity �ow solutions, which we combine with

a price-and-branch procedure to obtain integer solutions. To speed up our column gen-

eration, we further develop a pricing �lter and an admissible distance approximation to

utilize the A∗ algorithm for solving the pricing problems. We show the e�ciency of our

framework by applying it to a real-world case study for the city of Munich, where we solve

instances with up to 56,295 passengers to optimality, and show that the computation time

of our algorithm can be reduced by up to 60% through the use of our pricing �lter and

by up to additional 90% through the use of the A∗-based pricing algorithm.

This chapter is based on an article published as: Lienkamp, B., & Schi�er, M. (2024).

Column generation for solving large scale multi-commodity �ow problems for passenger

transportation. European Journal of Operational Research, 314(2), 703-717

https://doi.org/10.1016/j.ejor.2023.09.019
https://doi.org/10.1016/j.ejor.2023.09.019
https://doi.org/10.1016/j.ejor.2023.09.019
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3.1 Introduction

According to the United Nations, the global urban population will increase by 900 million from
2020 to 2030, reaching a total of 5.2 billion (UN 2018). This population increase, in combination
with already high congestion and traffic emissions in cities all around the world, calls for a better
utilization of existing infrastructure and the development of novel transportation concepts to keep
up with future urban travel demand. In this context, public transportation services (PTS) play a
crucial role in modern cities as they provide an efficient and cost-effective way to meet people’s travel
demands. They naturally allow for a high utilization, which leads to less congestion, traffic emissions,
and transportation costs. In most modern cities, a PTS consists of multiple transportation modes
such as subway, tram, and bus lines. By offering a diverse range of transit options, PTS can cater to
the unique needs of different passengers for both daily work commutes and leisure trips. Additionally,
the different modes of transportation can complement one another, creating a comprehensive transit
network that offers multiple routes and options to reach various destinations.

Designing and operating today’s PTS to allow for sustainable transport requires advanced plan-
ning approaches from both strategic and operational perspectives. The decision support tools
for these planning tasks span simulation-based and optimization-based approaches. To this end,
simulation-based approaches are used to model daily operations, particularly when aiming to un-
derstand passenger mode choice behavior (see, e.g., Hintermann et al. 2023; Huang et al. 2023).
Optimization-based approaches often simplify the user behavior and are used to take network de-
sign decisions from a strategic perspective (cf. Amberg et al. 2019; Farahani et al. 2013). Between
these two purely operational or strategic perspectives, optimization-based approaches that assume
a central planner to decide on system optimal passenger flows allow for tactical planning and sys-
tem analyses (see, e.g. Salazar et al. 2019; Schiffer et al. 2021). Specifically, such approaches are
useful for the following purposes: first, planners can use system optimal passenger flows to obtain
an upper bound on a PTS’s throughput, which allows quantifying the maximum improvement po-
tential within the PTS compared to status quo operations. Second, such system optimal passenger
flow information can be used to inform or benchmark operational control algorithms, e.g., pricing
mechanisms or online algorithms, that aim to improve the system’s performance by influencing user
behavior. Third, obtaining information on a system’s maximum throughput is helpful for short-
term network design decisions, e.g., which line or mode of transport to activate or deactivate during
system disruptions such as driver or vehicle shortage, construction work, and medical emergen-
cies. Determining system optimal passenger flows requires solving multi-commodity network flow
(MCNF) problems that significantly exceed problem sizes that have so far been solved to optimality.
Additionally, the intermodal structure of PTS needs to be considered.

Against this background, we revisit the state of the art on solving MCNF problems for trans-
portation systems. We aim to develop a column generation-based algorithm to find system optima
of intermodal transportation networks and improve upon the current state of the art in terms of
computational tractability and scalability. In the remainder of this section, we first review related
literature, before we define our contributions and the paper’s organization.
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3.1.1 Related Literature

MCNF models have been used to model a variety of problems, amongst others in communication
(Ouorou et al. 2000; Lin 2001; Wagner et al. 2007), logistics (Erera et al. 2005; Al-Khayyal & Hwang
2007; Psaraftis 2011), and transportation systems (Ayar & Yaman 2012; Paraskevopoulos et al. 2016;
Zhang et al. 2019). Besides these research fields, MCNF models also find application in financial
flows (Yang & Kim 2015), evacuation planning (Pyakurel & Dhamala 2017), production services
(Atamtürk & Zhang 2007), and traffic control (Bertsimas & Patterson 2000), which shows the great
versatility of MCNF models. Various heuristics, approximations, and exact solution methods have
been used to solve different variants of MCNF problems.

The most prominent heuristic methods to solve MCNF problems are genetic algorithms (Khouja
et al. 1998; Alavidoost et al. 2018), simulated annealing (Yaghini et al. 2012; Moshref-Javadi &
Lee 2016), and tabu search (Ghamlouche et al. 2003; Crainic et al. 2006). Various approximation
methods exist for different types of network flow formulations. Lagrangian-based methods proved to
be very efficient at solving MCNF problems and find their application in solving multi-commodity
capacitated fixed charge network design problems (Crainic et al. 2001) and minimum-cost MCNF
problems (Retvdri et al. 2004).

The two most prominent exact approaches to solve MCNF problems are branching and decompo-
sition methods. Branching problems build on the idea of branch-and-bound (B&B) (Lawler & Wood
1966) and have been used to solve integer MCNF problems (see, e.g., Brunetta et al. 2000). Decom-
position methods were developed by Dantzig & Wolfe (1960) and used, for example, by Barnhart
et al. (1994) to solve message routing problems, formulating them as minimum-cost MCNF problems
and solving them via column generation column generation (CG). Barnhart et al. (2000) utilize the
branch-and-price (B&P) algorithm (Barnhart et al. 1998), a combination of CG and B&B, to solve
integer MCNF problems. Here, the authors applied bounds provided by solving linear programs,
using column-and-cut generation at nodes of the branch-and-bound tree in combination with cuts,
generated at each node in the B&B tree, to mitigate symmetry effects.

In general, MCNF models have recently been used to model transportation systems, e.g., au-
tonomous Mobility-on-Demand (AMoD) systems in congested road networks (Rossi et al. 2018)
and to study the interaction of AMoD with the public transportation system (Salazar et al. 2019)
on a mesoscopic level. We refer to Salimifard & Bigharaz (2022) for an extensive overview of
applications and solution methods for MCNF problems.

Dynamic flows add a time dimension to static network flow problems and allow flow values on
arcs to change over time. In dynamic network flow models for traffic optimization, the size of the
underlying graph can be a limiting factor for the model’s granularity or time horizon. To address the
problem of exponential growth in dynamic networks, Boland et al. (2017) introduced the concept of
partially time-expanded networks to service network design problems. In partially time-expanded
networks, not all timesteps are included in the network graph, which allows for iterative refinement
to obtain a reduced graph size. Besides a reduced size of the underlying graph, multiple methods
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exist to speed up computation time in large network flow models. For an extensive overview of
dynamic network flow problems, we refer to Skutella (2009).

In summary, various optimization approaches exist to solve MCNF problems for different prob-
lem settings. So far, using an MCNF model to optimize intermodal passenger transport has only
been done on a mesoscopic level (Salazar et al. 2019). Analysis of passenger transport in large
transportation networks on a microscopic level is often done via simulation (Ziemke et al. 2019),
which is not amenable for optimization. To the best of the authors’ knowledge, there exists no
optimization framework that is capable of determining the passenger flow system optimum of an
intermodal transportation system on a microscopic level.

3.1.2 Contribution and Organization

To close the research gap outlined above, we propose an algorithmic framework to determine the
passenger flow system optimum of an intermodal transportation system. Specifically, we combine
layered-graph structures and (partially) time-expanded networks, which allows us to implicitly en-
code problem specific constraints. This enables us to solve an integer minimum-cost MCNF problem
to determine travel time optimal passenger flows. To solve this integer minimum-cost MCNF prob-
lem efficiently, we present a CG approach to find continuous minimum-cost MCNF solutions, and
a price-and-branch (P&B) procedure to obtain integer solutions. We enhance our CG approach by
developing a pricing filter and an admissible distance approximation to utilize the A∗ algorithm for
solving the pricing problems. We show the efficiency of our framework by applying it to a real-world
case study for the city of Munich, solving instances with up to 56,295 passengers to optimality, and
show that the computation time of our algorithm can be reduced by up to 60% through the use of
our pricing filter and by up to additional 90% through the use of the A∗-based pricing algorithm.
Furthermore, we showcase how to apply our algorithmic framework from a service provider point of
view to analyze passenger utilization of individual routes based on the calculated passenger flows.

The remainder of this paper is as follows. Section 3.2 introduces our problem setting and Section
3.3 focuses on our methodology. Section 3.4 describes our case study for the city of Munich, and
Section 3.5 presents numerical results that show the efficiency of our algorithmic framework, and
showcase its applicability in practice. Section 3.6 concludes this paper by summarizing its main
findings.

3.2 Problem Setting

We study optimal passenger routing in a large intermodal capacitated transportation system with
fixed vehicle routes, e.g., bus, subway, and tram lines. An instance of our problem consists of a
schedule of fixed vehicle routes in a transportation system and a set of passengers. The vehicle
schedules contain information about the stops of each route, arriving times at its stops, and the
capacity of the operating vehicle. Each passenger is associated with a transportation request,
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such that information about a trip’s origin and destination coordinates and the departure time
is available. In this setting, we aim to find paths for all passengers, such that the sum over all
passenger travel times is minimal and all vehicle capacity constraints are kept. We formalize the
underlying planning problem as follows.

Notation: We consider a set of passengers P = {1, 2, ..., P} and a set of vehicle route schedules
R = {1, 2, ..., R} in the transportation system. Each passenger p ∈ P is associated with a request
tuple ζp = (op, dp, δp) comprising an origin coordinate op, a destination coordinate dp and a departure
time δp, which is the timestep in which a passenger wants to begin its trip. Every vehicle route
schedule r ∈ R contains information about the stops Sr of the route, the arriving times Tα

r (s) at
stops s ∈ Sr, and the capacity γr of the vehicle operating the route. Implicitly, the arrival times
indicate in which order a route’s stops are visited. Furthermore, we define S =

⋃
r∈R Sr as the set

of all stops of the transportation system and T (s) =
⋃

r∈R Tα
r (s) as the set of all timestep in which

vehicles arrive at stop s ∈ S.

Solution: A solution to a problem instance is a set of paths ψ = (ϕ1, ϕ2, ..., ϕP ) with one path for
each passenger p ∈ P. Every path ϕp is either a list of tuples [(op, δp), (s

1
p, t

1
p), (s

2
p, t

2
p)..., (dp, t

np
p )],

or an empty set ∅ if there does not exist a feasible path for passenger p. Here for i ∈ [1, ..., np− 1],
sip ∈ S is a stop in the transportation system, tip ∈ T (sip) is a timestep in which a vehicle arrives at
stop sip, and t

np
p > 0 is the timestep at which passenger p arrives at its destination coordinate.

Objective: Our objective is to minimize the sum of travel times for all passengers p ∈ P

min c(ψ) = min
∑

p∈P
c(ϕp) (3.2.1)

Here, c(ϕp) = t
np
p − δp is the travel time of passenger p ∈ P when using path ϕp. If no feasible path

was found for pasenger p, i.e., ϕp = ∅, we assign c(ϕp) = ρ, with ρ being a predefined penalty.

Constraints: A solution ψ is feasible if the following constraints hold:

(i) The capacity γr of a vehicle driving route r ∈ R is greater than the number of passengers
using the route at each point in time.

(ii) For each tuple pair (sip, t
i
p), (s

i+1
p , ti+1

p ), i ∈ [1, ..., np − 1] in ϕp with p ∈ P, there

(a) either exists a route r ∈ R where the vehicle departs from sip in timestep tip to arrive at
si+1
p in ti+1

p without any stopovers,

(b) or the distance between sip and si+1
p is smaller than a given maximum walking distance

(∆w) and ti+1
p − tip is at minimum the time necessary to walk from sip to si+1

p with given
walking speed ξ,

(c) or the passenger waits at the stop, such that sip = si+1
p and tip > ti+1

p .
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(iii) The distance between op and s1p is smaller than a maximum access distance ∆a.

(iv) The distance between s
np−1
p and dp is smaller than a maximum egress distance ∆e.

(v) The time t1p − δp until a vehicle arrives at the first stop s1p when a passenger first enters the
transportation system is smaller than a given maximum waiting time Υ.

(vi) t
np
p ≤ δp + tmax, where tmax is the maximum travel time a passenger is allowed to take for its

trip.

Figure 1 illustrates these constraints. Assume a trip from a passenger’s home to their office: they
first walk to a subway station with at most a distance ∆a (iii). The passenger must then wait at
most Υ timesteps for the first subway to arrive (v). To go from the first subway stop to the second
subway stop at timestep tip, there has to exist a subway route that arrives at the first subway stop
at timestep tip and at the second subway stop at ti+1

p (iia). In this context, we note that different
routes can belong to the same line, and we differentiate them by their schedule. Each route r has
an individual capacity γr (i), i.e., the subway route that belongs to the U5 line and leaves at 8:00am
may have a different capacity than the route that runs on the same line but leaves at 8:05am. After
the passenger arrives at the second subway stop, they walk to a nearby bus stop with a maximum
distance of ∆w to the subway stop (iib). The passenger takes a bus to another bus stop, where they
leave the first bus and wait for another bus (iic). After they took the second bus to the last bus
stop, they walk to their office, which has a maximum distance of ∆e to the last bus stop (iv). The
passenger has to arrive after at most tmax timesteps after they leave their home (vi).

Discussion: Four comments on this problem setting are in order. First, we assume that information
about stops and arrival times at the stops is available for all vehicle routes. This assumption
holds for scheduled transportation modes, e.g., bus, subway, and tram. Second, for each route, we
assume fixed arc capacities with fixed travel times instead of flow-dependent travel times. This
approximation is consistent with travel time observation on real-world data. Here, the number of
passengers utilizing a public transportation vehicle does not influence the travel time of a vehicle.
Furthermore, our model is able to incorporate time-dependent travel times straightforwardly. Third,
we assume a fixed maximum travel time tmax for all passengers. In practice, our approach is not
limited to a homogeneous tmax but allows to choose tmax passenger-dependent. From an algorithmic
perspective, a passenger-dependent tmax reduces the size of the problem‘s multilayered digraph.
Henceforth, we decided to choose a homogeneous and large tmax in order to challenge our algorithmic

Figure 1: Illustrative example of a passenger trip
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framework. Finally, we note that our problem setting, as well as the following algorithmic framework,
can be tailored to minimize cost instead of time without major modifications. However, since
passengers usually pay a fixed fee to travel within certain zones of a PTS, we decided to focus our
basic problem setting on minimizing time, which is the quantity sensitive to the respective route
choice.

3.3 Methodology

In the following, we introduce an algorithmic framework (see Figure 2) to solve the planning problem
introduced in Section 3.2. Intuitively, we can obtain a solution ψ, i.e., paths for all passengers such
that the sum over all travel times is minimal, by solving an integer minimum-cost MCNF problem.

In a general minimum-cost MCNF problem let κij be the capacity of an arc a = (i, j) with
i, j ∈ V, dki be the vertex demand of vertex i ∈ V and commodity k ∈ K, and xkij ∈ {0, 1} be the
decision variable indicating whether commodity k ∈ K uses arc (i, j) ∈ A (xkij = 1) or not (xkij = 0).
The vertex demand for commodity k at vertex i ∈ V is defined as

dki =





1 if i = uk,

−1 if i = vk,

0 otherwise

Here, K is a set of commodities, uk the source, and vk the sink of commodity k ∈ K. In IP 1, the
objective function minimizes the sum over the cost of all commodity flows, while Constraints (1b)
ensure flow conservation with N+(i)/N−(i) being the outgoing/ingoing neighbourhood of i ∈ V.
Note that an ingoing neighbor of i is a vertex j ∈ V such that (j, i) ∈ A; an outgoing neighbor of i
is a vertex j such that (i, j) ∈ A. The remaining constraints enforce the capacity constraints of all
arcs (1c) and ensure integer commodity flows (1d).

Figure 2: Flowchart of our algorithmic framework
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Figure 3: Scematic illustration of the multilayered network structure

Route layer 1

Route layer 2

Waiting layer

Transit arcs

Waiting arc

Walking arcs

t1 t2

minx
∑

k∈K

∑

(i,j)∈A
cij xkij (1a)

s.t.
∑

j∈N+(i)

xkij −
∑

j∈N−(i)

xkji = dki , i ∈ V, k ∈ K (1b)

∑

k∈K
xkij ≤ κij , (i, j) ∈ A (1c)

xkij ∈ {0, 1}, (i, j) ∈ A, k ∈ K (1d)

(IP 1)

To utilize such a minimum-cost MCNF formulation for our problem setting, it is necessary to
model the transportation system as a digraph, which includes origin and destination vertices for all
passengers, considers the intermodality of our problem setting, and encodes the spatial and temporal
route constraints.

We introduce our methodology in three steps. First, we introduce the graph formulation that
combines two core principles of network optimization: layered-graph structures and (partially) time-
expanded networks. This allows us to implicitly encode problem specific constraints related to the
intermodality of our planning problem and enables us to solve a standard integer MCNF problem to
determine a solution ψ. Second, we present a CG procedure to solve continuous MCNF problems. In
this context, we introduce our pricing filter and our A∗-based pricing problem. Third, we elaborate
on how to obtain integral solutions through the application of a P&B approach.

3.3.1 Graph formulation

To solve the planning problem as introduced in Section 3.2 with a standard minimum-cost MCNF
formulation, we capture network specific constraints implicitly in the underlying graph structure,
independently from the MCNF formulation. To do so, we model the transportation system as a
multilayered digraph as schematically shown in Figure 3.

This digraph contains a route layer for each route in the transportation system, which allows
passengers to use a vehicle operating a route. Additionally, waiting layers for each stop in the
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Figure 4: Illustration of the time-expansion of a static graph where black vertices and colored arcs in
the time-expansion indicate the necessary elements to model given vehicle routes

(a) Static graph

r1 r2 r3
s1 5 - 1
s2 6 2 2
s3 - 3 5

(b) Arrival times for vehicle routes (c) Time expanded graph

transportation system allow passengers to wait at a stop for a new vehicle to arrive. Transit arcs
enable passengers to switch between route and waiting layers and thus to enter or leave a vehicle
at a stop. Walking arcs between different stop layers allow passengers to walk between stops in a
certain proximity.

Such a multilayered transportation network can be modeled as a static digraph Gσ = (Vσ,Aσ)

with a set of vertices Vσ and a set of arcs Aσ. Here, the vertex set Vσ represents the stops S
of the transportation system and an arc a = (s1, s2) ∈ Aσ indicates that a route r ∈ R exists,
covering two consecutive stops s1 and s2. The drawback of such a static graph formulation is the
missing time dimension such that the static graph formulation does not reflect the vehicle schedules.
Time-expanded graphs as introduced by Ford Jr & Fulkerson (1958) allow for the integration of the
time dimension (see Figure 4). A time-expanded graph GΘ = (VΘ,AΘ) contains one copy of the
vertex set of an underlying static graph Vσ for each timestep. Additionally, arcs connect vertices in
different time steps to account for the transit time.
While a time-expanded graph allows to implicitly model time, its size can grow rapidly even for
relatively small underlying static graphs. To mitigate this drawback, we extend our layered graph
with a partial time expansion (Boland et al. 2017). Here, the general idea is to copy only vertices
at which a vehicle arrives at timestep t (black vertices in Figure 4c) and to only add a temporal
arc a = ((s1, t1)(s2, t2)) to the time-expanded graph if a route covers stop s1 in timestep t1 and
subsequently stop s2 in timestep t2 (colored arcs in Figure 4c). Such a graph formulation keeps all
relevant vertices and arcs in its temporal expansion but the cardinality of the respective vertex and
arc set is significantly smaller than for a fully time-expanded graph.
Accordingly, we represent an intermodal transportation system as a partially time-expanded multi-
layered digraph G = (V,A) with a set of temporal vertices V and a set of temporal arcs A ⊆ V × V.
Let S be the set of all stops of the transportation network and let T = {⋃p∈P δp} ∪ {

⋃
s∈S T (s)} ∪

{⋃p∈P δp + tmax} be the set of all relevant timesteps. This set consists of all passenger departure
times δp, all timesteps during which any vehicle arrives at any station T (s), and the latest timestep
in which each passenger is allowed to arrive at its destination δp+ tmax. Then, the graph G contains
a route layer Gr = (Vr, Ar) for each vehicle route r ∈ R and a waiting layer Gs = (Vs, As) for each
stop s ∈ S. In the remainder of this subsection, we detail the construction of G.
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Figure 5: Route layers and waiting layers based on schedule of Figure 4b

(a) Route layers for each route r ∈ R

(b) Waiting layers for each stop s ∈ S

3.3.1.1 Construction of route and waiting layers

The route layers GR =
⋃

r∈RGr contain temporal route vertices VR =
⋃

r∈R Vr and arcs AR =⋃
r∈RAr. A temporal route vertex i = (s, t, r) ∈ Vr of a route layer Gr with r ∈ R represents the

vehicle of route r arriving at stop s ∈ S at timestep t ∈ T . Consecutive stops of route r represented
by temporal nodes i, j ∈ Vr with i = (si, ti, r) and j = (sj , tj , r) are connected via a temporal
arc a = (i, j) ∈ Ar. Each arc in Ar has a cost cij = tj − ti and a capacity γr which is equal
to the capacity of the vehicle operating route r. This formulation allows us to consider different
transportation modes and vehicle capacities between two stops.

The waiting layers GS =
⋃

s∈S Gs contain temporal waiting vertices VS =
⋃

s∈S Vs and arcs
AS =

⋃
s∈S As which allows passengers to wait at a stop. A temporal waiting vertex i = (s, t) ∈ Vs

is a tuple comprising a stop s ∈ S and a timestep t ∈ T . For each timestep t ∈ T in which a vehicle
of route r ∈ R arrives at stop s ∈ S, there exists a temporal vertex i = (s, t) ∈ Vs in the waiting
layer of stop s. Consecutive temporal vertices are connected by waiting arcs a ∈ As. Waiting arcs
have unlimited capacity, as we assume sufficient space at the stops for all passengers. The cost of
waiting arcs results analogously to route arcs. Figure 5 shows the route and waiting layers based
on the schedule of Figure 4.

3.3.1.2 Construction of transit and walking arcs

So far all route layers and waiting layers are disconnected. Transit arcs AT connect these different
route and waiting layers and can either point from a route layer Gr, r ∈ R to a waiting layer Gs,
s ∈ S or vice versa. Such a transit arc a = (i, j) ∈ AT from route node i = (s, t, r) ∈ Vr to waiting
node j = (s, t) ∈ Vs has infinite capacity and cost cij = 0. For every such transit arc a = (i, j)



26 Benedikt Lienkamp: Uncertainty-aware optimization of public transportation systems

pointing from a route layer to a waiting layer, there exists a corresponding transit arc a′ = (j, i)

from the waiting layer to the route layer with identical capacity and cost. Walking arcs AW connect
waiting nodes of stops within a predefined walking distance ∆w. Here, waiting nodes i = (s, ti)

and j = (s′, tj) of different stops s, s′ ∈ S with dist(s, s′) ≤ ∆w are connected with a walking arc
a = (i, j) with cost cij = tj − ti and unconstrained capacity, if ti +

dist(s,s′)
ξ ≤ tj . Here, dist(s, s′)

denotes a distance measure between the stop coordinates of two stops s, s′ ∈ S.
The resulting graph G = (V,A) with V = VR ∪ VS and A = AR ∪ AS ∪ AT ∪ AW represents the
temporal and spatial expansion of the transportation network.

3.3.1.3 Construction of access and egress arcs

To formulate the underlying optimization problem as an MCNF problem, we add the origin vertex
ωo
p = (op, δp) and the destination vertex ωd

p = (dp, δp + tmax) of each passenger p ∈ P to G. We
can now connect ωo

p to all stops s ∈ S with dist(op, s
′) ≤ ∆a, for which a waiting node v = (s, t)

with δp +
dist(op,s)

ξ ≤ t ≤ δp + Υ exists. These access arcs a = (ωo
p, v) have cost cωo

p,v = t − δp.
Egress arcs connecting the transportation network with the destination vertex ωd

p originate from
all waiting nodes v = (s, t) ∈ Vs of a stop s ∈ S with dist(s, dp) ≤ ∆e for which it holds that
δp ≤ t+

dist(s,dp)
ξ ≤ δp + tmax. These egress arcs have cost cv,ωd

p
=

dist(s,dp)
ξ .

Thus, we expand the digraph G = (V,A) by the set of origin vertices VO and the set of destination
vertices VD as well as the access arcset AO and the egress arcset AD resulting in V = VR∪VS∪VO∪VD

and A = AR ∪ AS ∪ AT ∪ AW ∪ AO ∪ AD. Each passenger travel demand is now represented as
an individual flow going from an origin vertex to a destination vertex with flow demand one. This
allows us to model our problem as a minimum-cost MCNF problem as introduced in IP 1, where
K = P and the origin and destination vertices correspond to sources and sinks for each commodity
flow.

3.3.1.4 Illustrative example

The following example illustrates the resulting graph G for a transportation network. Table 1a
depicts the timetables for three vehicle routes R = {r1, r2, r3}, which operate on a set of stops
S = {s1, s2, s3}. In our example, we assume a capacity of γr = 60. We only consider one passenger
with request tuple ζp = (op, dp, 0). Table 1b depicts the access and egress distances, as well as the
walking distances between the different stops.

Table 1: Network characteristics

(a) Arrival times for vehicle routes

r1 r2 r3
s1 5 - 1
s2 6 2 2
s3 - 3 5

(b) Distances in the transportation network

s1 s2 s3 o1 o2
s1 0 6 1 3 10
s2 6 0 4 5 1
s3 1 4 0 2 7
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We assume a walking speed ξ = 1 for access, egress and walking distances. Furthermore, we set
the maximum access distance ∆a = 3, the maximum egress distance ∆e = 7, and the maximum
walking distance ∆w = 4. Additionally, we set the maximum waiting time Υ = 4 and the maximum
travel time tmax = 10. Figure 6 shows the multilayered partially time-expanded graph for this
example.

For each route arc the travel time τ and the arc cost c coincide, see, e.g., arc ((s2, 2, r3),(s3, 5, r3)).
Nodes from the route layers are connected to nodes from the waiting layers via transit arcs. These
transit arcs have a travel time and cost of zero, see, e.g., arc ((s1, 1, r3),(s1, 1)). Nodes in the
same waiting layer are connected via waiting arcs, all having a travel time of zero, but an arc
cost equivalent to the waiting time, see, e.g., arc ((s1, 1),(s1, 5)). The origin vertex (o1, 0) is only
connected to node (s3, 3) with travel time two and arc cost three. Note that even though s1 has
an access distance of three, there is no access arc to this waiting layer because the first possible
departure after the passenger arrives at s1 is at timestep five which exceeds Υ = 4. There are two
walking arcs between the stop layer of s1 and s3. Both walking arcs have a transit time of one and
an arc cost of two. Note that even though the walking distance between s2 and s3 is smaller than
∆w, there exist no walking arcs between these two waiting layers because the travel time is too
long, e.g., a passenger which starts at (s2, 2) can earliest arrive at s3 at timestep six but the latest
possible timestep at which to arrive at the waiting layer of s3 is five. The destination vertex (dp, 10)

has three ingoing egress arcs. For each egress arc the travel time and arc cost coincide. There exists
no egress arc from (s3, 5) because a passenger cannot arrive at the destination before timestep 12,

Figure 6: Partially time-expanded multilayered digraph of the example with travel time τ and arc
cost c



28 Benedikt Lienkamp: Uncertainty-aware optimization of public transportation systems

which is greater than δp + tmax = 10. Thus, the two feasible paths for the passenger are

η1 = ((o1, 0), (s3, 3), (d1, 10))

η2 = ((o1, 0), (s3, 3), (s1, 5), (s1, 5, r1), (s2, 6, r1), (s2, 6), (d1, 10))

Here, the cost of η1 is ten and the cost of η2 is seven. Thus, η2 can be used to construct path
ϕ1 = [(o1, 0), (s3, 3), (s1, 5), (s2, 6), (d1, 7)] for our problem setting. Note that the elements of ϕ1 do
not correspond to nodes of Figure 6.

3.3.2 Column generation

We utilize the introduced minimum-cost MCNF formulation IP 1 to find a path from each origin
vertex ωo

p to its respective destination vertex ωd
p in our partially time-expanded multilayered digraph

G = (V,A). For large sets of passengers, Constraints (1b) in IP 1 grow exponentially, which makes
this standard model formulation of minimum-cost MCNF problems non-tractable for large instances.
To mitigate this issue, we reformulate IP 1 as a set-covering problem to solve it via CG, which can
be applied to linear programs (LPs) with a large set of decision variables. Here, the idea is to solve
the LP with only a subset of all variables and iteratively add new variables to the program which
have the potential to improve the objective function. New promising variables can be found by
solving so called pricing problems. If one can show that adding new variables cannot improve the
objective value, the algorithm terminates.

IP 2 denotes the set covering reformulation of IP 1. Here, Lp denotes the set of different
paths which exist for a passenger p ∈ P. Parameter (ypl )ij shows whether path l of passenger p

utilizes arc (i, j) ∈ A ((ypl )ij = 1) or not ((ypl )ij = 0) and we use decision variable λp
l to select ex-

actly one path l ∈ Lp for each passenger p. Furthermore, κij represents the capacity of arc (i, j) ∈ A.

minλ
∑

p∈P

∑

l∈Lp

λp
l

∑

(i,j)∈A
cij(y

p
l )ij (2a)

s.t.
∑

p∈P

∑

l∈Lp

(ypl )ijλ
p
l ≤ κij ∀(i, j) ∈ A (2b)

∑

l∈Lp

λp
l = 1 ∀p ∈ P (2c)

λp
l ∈ {0, 1} ∀p ∈ P,∀l ∈ Lp (2d)

(IP 2)

To apply CG, we relax the integer constraint (2d) to a non-negativity constraint and solve the
continuous relaxation of IP 2. Note that the solution of the continuous relaxation is a lower bound
of the integer solution and thus the system optimum. We add dummy variables with objective
costs greater than tmax for each passenger. This allows us to initiate the CG algorithm with
Lp = ∅ ∀p ∈ P , i.e., without knowing any paths of the passengers. Then, the resulting restricted
master problem (RMP ) based on IP 2 is as follows



Benedikt Lienkamp: Uncertainty-aware optimization of public transportation systems 29

minλ
∑

p∈P
ρpλp

init +
∑

p∈P

∑

l∈Lp

λp
l

∑

(i,j)∈A
cij(y

p
l )ij (3a)

s.t.
∑

p∈P

∑

l∈Lp

(ypl )ijλ
p
l ≤ κij ∀(i, j) ∈ A (3b)

λp
init +

∑

l∈Lp

λp
l = 1 ∀p ∈ P (3c)

λp
l ≥ 0 ∀p ∈ P,∀l ∈ Lp (3d)

λp
init ≥ 0 ∀p ∈ P (3e)

(RMP)

Here, ρp is the penalty which occurs if passenger p ∈ P is not able to reach its destination within
tmax timesteps. Accordingly, we add the expression

∑

p∈P
ρpλp

init to the objective function of our RMP

to account for these infeasible trips. By solving LP 4, i.e., the pricing problem, for each passenger
p ∈ P, we then iteratively add new paths to Lp and thus new columns to our RMP.

miny
∑

(i,j)∈A
(cij − w∗

ij)y
p
ij − α∗

p (4a)

s.t.
∑

p∈P
ypij ≤ κij , (i, j) ∈ A (4b)

∑

j∈N+(i)

ypij −
∑

j∈N−(i)

ypji = dpi , i ∈ V, p ∈ P (4c)

ypij ∈ {0, 1}, (i, j) ∈ A, p ∈ P (4d)

(LP 4)

Here, w∗
ij is the the dual variable for the capacity constraints (3b) of arc (i, j) ∈ A and α∗

p the dual
variable for the convexity constraint (3c) for passenger p ∈ P. Decision variables ypij determine
whether the path we find for passenger p uses arc (i, j) (ypij = 1) or not (ypij = 0). Constraints (4c)
ensure flow conservation for all vertices. We define vertex demand dpi as follows

dpi =





1 if i = ωo
p,

−1 if i = ωd
p ,

0 otherwise

If the objective value for the pricing problem of passenger p is negative, we add yp as a new path
to Lp in our RMP and expand the decision variables λp

l to account for the new found path. Notice
that the constraint λp

l ≤ 1, ∀p ∈ P, ∀l ∈ Lp is redundant in the RMP because of Constraints (3c).

Algorithm 1 shows the pseudocode of our CG approach. We start by initializing the RMP (l. 1) and
setting the lower bound (LB) of the continuously relaxed master problem to zero (l. 2). In every
iteration, we solve the current RMP (l. 4) and ensure its feasibility (l. 5). Afterwards two stopping
criteria are checked. The first stopping criterion checks if the dual variables of the RMP did not
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change after it was solved (l. 8). If the dual variables of the RMP did not change, no new columns
can be found. The second stopping criterion checks if the lower bound LB is equal to the current
objective function sol.objV al of the RMP . If one of the two stopping criteria is fulfilled, we found
an optimal solution for the continuous master problem and return it (l. 9). If the algorithm did not
terminate in the current iteration, we define a pricing pool (Π) which in its basic variant is equal to
the set of all passengers P (l. 11). After that, we set a new variable β to the current objective value
of the RMP which is used to try to find a new lower bound for the continuously relaxed master
problem (l. 12). Afterwards, the pricing problems of all passengers in Π are solved (l. 14). If the
objective value of the pricing problem is negative, a new column is added to the RMP (l. 16). Here,
we add a new column to the RMP by:

(i) Adding yp as a new path to Lp.

(ii) Adding a new decision variable λp
l to the formulation to account for the new found path.

After all new paths are added as new columns to the RMP , we update the RMP ’s lower bound (l.
20-22). When the algorithm solved all pricing problems and updated the lower bound, we start a
new iteration of the CG (l. 4).

While this CG implementation is straightforward, its computing time can be improved by utilizing
a pricing filter to reduce the size of Π (l. 11), which leads to fewer pricing problems that need to be
solved (l. 13-19), and by using an A∗-based pricing algorithm instead of a straightforward Dijkstra-
based pricing algorithm (Dijkstra 1959) to solve the pricing problems. In the remainder of this
section, we elaborate on both of these improvement levers.

Algorithm 1 Column generation pseudocode
1: RMP ← build RMP based on IP 2
2: LB ← 0
3: while TRUE do
4: sol← solve(RMP )
5: if RMP infeasible then
6: RETURN Error: RMP infeasible
7: end if
8: if Dual variables of RMP did not change or LB = sol.objV al then
9: RETURN sol

10: end if
11: Π← P
12: β = RMP.objV al
13: for p ∈ Π do
14: pp← solvePricingProblem(p)
15: if pp.objV al < 0 then
16: addNewColumn(RMP )
17: β += pp.ObjVal
18: end if
19: end for
20: if β > LB then
21: LB ← β
22: end if
23: end while
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3.3.2.1 Pricing Filter

Solving the pricing problem |Π| times in every iteration of the CG is a key bottleneck of Algorithm 1.
To mitigate this bottleneck, we reduce the pricing pool size |Π| by adding a pricing filter. To derive
such a pricing filter, we analyse the dual variables of the capacity constraints (3b). Intuitively, a
negative dual capacity variable w∗

ij indicates that more passengers try to use arc a = (i, j) than
the arc capacity κij allows. Accordingly, we add all passengers with a possible path which uses an
arc with a negative dual capacity variable to the pricing pool. Note that in this case, the decision
variable of the determining path does not have to be in the basis of the LP solution.

Algorithm 2 shows the pseudocode of our pricing filter. We iterate through all arcs a ∈ A of graph
G = (V,A) (l. 3) and add arcs with a negative dual capacity constraint to the set Φ (l. 5). Next,
we iterate through all found paths l ∈ L =

⋃
p∈P Lp collect all arcs that the paths use (l. 9-12).

If a path uses an arc with a negative dual capacity value, we add the corresponding passenger to
Π (l. 13-15). Note that when applying our pricing filter, we have to run the pricing problems for all
passengers again, as soon as the objective value of the RMP does not improve anymore, to ensure
optimality.

3.3.2.2 Pricing Problem

Recall that we defined our MCNF problem such that each request has a flow value of one and each
arc has a capacity of at least one. Accordingly, the capacity constraint (4b) is always fulfilled and
we can solve the pricing problem LP 4 as a shortest path problem, in which we aim to find the
shortest path from the origin to the destination node for every passenger p ∈ P, with a new arc
cost c′ij = cij − w∗

ij for all arcs (i, j) ∈ A. In this setting, a negative objective value of the pricing
problem LP 4 corresponds to the shortest path from (op, δp) to (dp, δp + tmax) in graph G = (V,A)
with arc costs c′ being shorter than a∗p. Generally, constraint (3b) and the constraints (3d) ensure
that this approach can also be used when not all flow values are fixed to one.

Algorithm 2 Pricing filter algorithm
1: Π← ∅
2: Φ ← ∅
3: for (i, j) ∈ A do
4: if w∗

ij < 0 then
5: Φ.add((i, j))
6: end if
7: end for
8: for Yv ∈ Y do
9: usedArcs ← ∅

10: if (yp
l )ij) > 0 then

11: usedArcs.add((i, j))
12: end if
13: if usedArcs ∩ Φ ̸= ∅ then
14: Π.add(corresponding passenger p of (yp

l )ij))
15: end if
16: end for
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A straightforward approach to solve the pricing problem (LP 4) as a shortest path problem is to
use the Dijkstra algorithm. However, applying a straightforward Dijkstra finds its limits for large
scale instances due to the size of G. Here, we note that we cannot increase the Dijkstra’s algorithm’s
efficiency by topological ordering as G contains cycles induced by the transit arcs. Accordingly, we
utilize the A∗ algorithm to increase the efficiency of the shortest path calculation.

To apply the A∗ algorithm, we need to define an admissible distance approximation h, which the
A∗ algorithm uses to guide its search. This distance approximation h does not overestimate the
cost of the shortest path from all nodes i ∈ G to all destination vertices j ∈ VD of all passengers in
graph G = (V,A) with cost function c′ij = cij − w∗

ij for all arcs (i, j) ∈ A. The more accurate the
distance approximation is, the fewer nodes A∗ has to expand to find the shortest path.

In the following, we reduce our time-expanded multilayered digraph to a significantly smaller static
digraph which allows us to introduce an admissible distance approximation. Let G = (V,A) be the
graph defined in Section 3.3.1 and let H = (VH ,AH) be a new graph. Let VH = S∪VD be the union
of the set of all stops S of the transportation system and all destination vertices VD. Furthermore,
for i, j ∈ VH let Aij be the set of all arcs (a, b) ∈ A of one of the following types

(i) a, b ∈ VR, with a = (i, ta, ra), b = (j, tb, sb)

(ii) a ∈ VR, b ∈ VS , with a = (i, ta, ra), b = (j, tb)

(iii) a ∈ VS , b ∈ VR, with a = (i, ta), b = (j, tb, sb)

(iv) a ∈ VS , b ∈ VD, with a = (i, ta), b = (j, tb)

If |Aij | > 0, we add arc (i, j) to AH . The cost of arc (i, j) is defined as cHij = min{cab|(a, b) ∈ Aij}.
The following first two definitions, introduce the stop of a temporal route or waiting vertex and

the pricing cost of the arcs of our time-expanded digraph. This allows us to propose a distance
approximation in the third definition.

Definition 3.3.1. Let G = (V,A) be the graph defined in Section 3.3.1 and let a ∈ VR ∪ VS be a
vertex. We define the stop of a as

η(a) =




sa, if a = (sa, ta, ra) ∈ VR
sa, if a = (sa, ta) ∈ VS

(3.3.1)

Definition 3.3.2. Let G = (V,A) be the graph defined in Section 3.3.1 and let i, j ∈ V be two
vertices. We define the pricing cost c′ of graph G as c′ij = cij −w∗

ij, (i, j) ∈ A with w∗
ij as defined in

LP 4.

Definition 3.3.3. Let hp(i) be the cost of the shortest path from i to dp in H with i ∈ VH and dp

the destination vertex of passenger p ∈ P. We then define h′p(a) as follows

h′p(a) =




hp(η(a)), if a ∈ VR ∪ VS
hp(a), if a ∈ VD

(3.3.2)
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Theorem 3.3.1. h′p(a) is an admissible distance approximation for the cost of the shortest path
from a ∈ V\VO to the destination vertex dp of passenger p ∈ P in graph G with pricing cost c′.

Proof. For h′p(a) to be an admissible distance approximation for the pricing cost c′ of the shortest
path from a ∈ V\VO to the destination vertex dp, p ∈ P in G, we have to show that there cannot
exist a path σ = [x1, x2, ..., xn−1, xn] with x1 = a and xn = dp in G, for which it holds that

n−1∑

i=1

c′xixi+1
< h′p(a) (3.3.3)

Case 1: Let a ∈ VD. If a = dp then it holds that h′p(a) = hp(a) = hp(dp) = 0. If a ̸= dp then there
exist no outgoing arcs from a in G = (V,A) and thus no outgoing arcs from a in H. Accordingly,
there exists no path from a to dp in G, which implies that the pricing cost of the shortest path is∞.
By construction of H there also does not exist a path from a to dp in H which implies h′p(a) =∞.

Case 2: Let a ∈ VR ∪ VS . Furthermore, let σ = [x1, x2, ..., xn−1, xn] with x1 = a and xn = dp be
the shortest path from a to dp in G with pricing cost c′. By construction of H there (i) exists a path
σ = [η(x1), η(x2), ..., η(xn−1), η(xn)] in H. Because (ii) cHη(xi)η(xi+1)

= min{ce,f |(e, f) ∈ Aη(xi)η(xi+1
}

for all i ∈ [1, ..., n] and (iii) w∗
ef ≤ 0 for all (e, f) ∈ A, it holds that c′xixi+1

(iii)

≥ cxixi+1

(ii)

≥ cHη(xi)η(xi+1)

for all i ∈ [1, 2, ..., n]. Thus,

n−1∑

i=1

c′xixi+1

(iii)

≥
n−1∑

i=1

cxixi+1

(ii)

≥
n−1∑

i=1

cHη(xi)η(xi+1)

(i)

≥ h′p(a) (3.3.4)

□

Remark: Vertices a ∈ VO have no ingoing arcs, which implies that the A∗ algorithm cannot
expand such a node except as the origin of a shortest path. Accordingly, we do not need a distance
approximation for a ∈ VO to apply the A∗ algorithm in the pricing problem of every passenger.
Thus, we do not consider this case in the distance approximation.

Since distance approximation h′p is admissible, optimality of the shortest path solution holds
when we apply the A∗ algorithm to the pricing problem of passenger p ∈ P with distance approx-
imation h′p. A straightforward approach to calculate the distance approximation is to initiate the
Dijkstra algorithm from every vertex in H, with all destination nodes in the target set. We can
achieve a speedup in the computation time of the distance approximation if we preprocess a major
part of the distance approximation calculations. To do so, let AQ = {(q, j)|j ∈ VD, q ∈ N−(j)},
where N−(j) is the ingoing neighbourhood of j ∈ VD in graph H and H′ = (VH \ VD, AH \ AQ) is
a new graph, which does not contain the destination vertices. We can then calculate the shortest
path σ(i, q) between all vertex pairs in H′ via the Dijkstra algorithm. This calculation of the all
pairs shortest path problem in H′ is equal for all instances on the same underlying transportation
network and can thus be preprocessed. When we solve a new instance, we only have to find a path
of minimum length min{σ(i, q) + cqj)|i ∈ S, j ∈ VD, q ∈ N−(j)} in H from all vertices i ∈ S to all
destination vertices j ∈ VD.
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3.3.3 Integrality

Up to this point our CG algorithm does not yield integer solutions for IP 2. To analyse large
transportation system’s optima and thus the potential of different transportation systems, finding
fractional solutions often suffices. Even though integer solutions are not the main focus of our
work, we can obtain integer solutions of good quality through a CG-based P&B approach. In this
approach, we apply the CG algorithm (Algorithm 1) once to find an optimal continuous solution
and solve the resulting program with the new columns found via CG as an integer program (IP)
with a standard IP solver. Note that we can now utilize our pricing filter (Algorithm 2) and the
A∗-based pricing algorithm in Algorithm 1. This CG-based P&B approach does not guarantee
optimal integer solutions because the feasible region of the resulting IP is a subset of the feasible
region of the original master problem after Algorithm 1 terminates. Nevertheless, our CG-based
P&B approach allows us to find integer solutions of good quality quickly. From such an integer
solution we can then construct a path for every passenger p ∈ P - if one exists - (see Section 3.3.1.4)
in which every path fulfills all the constraints defined in Section 3.2.

Note that generally, the main drawback of a P&B approach is, that the resulting IP can be
infeasible (Sadykov et al. 2019). To mitigate this drawback, we ensure that our CG-based P&B
approach always finds an integer solution because the variables used for initiating the CG algorithm
are still contained in the IP and give a trivial integer solution.

3.4 Case Study

Our case study bases on a real-world setting for the city of Munich, Germany. We derive the
public transport network consisting of bus, subway, and tram lines (see Figure 7), together with its
schedules from GTFS data (GTFS 2022). The bus network consists of 986 vertices and 2,228 arcs,
while the subway network consists of 89 vertices and 184 arcs, and the tram network consists of 163
vertices and 338 arcs. We received information about vehicle capacity by the public transportation
provider MVG (MVG 2022). Here, busses have a capacity of 60, subways a capacity of 940 and
trams a capacity of 215. We obtained travel demand from the modeling tool MITO (cf. Moeckel
et al. 2019), which generates passenger data through a Monte-Carlo sampling followed by a nested
mode choice model. We focus on three passenger datasets. The SUBWAY dataset consists of
passengers only using the subway network with 2,206 trips between 7-9am, the BUS dataset consists
of passengers only using the bus network with 26,320 trips between 7-9am and the BUS-SUBWAY-
TRAM dataset consists of passengers using all possible intermodal combinations of the bus, subway,
and tram network with 62,550 trips between 7-9am.

We use this case study to analyse the effectiveness of i) our CG approach, ii) our pricing filter,
iii) our A∗-based pricing algorithm, and iv) the quality of our integer solution, obtained by our
CG-based P&B approach. For analysis i) we generate instances with 132-662 passengers (6-30%)
from the SUBWAY dataset. For each passenger set size, we run 10 random instances, in which
we scale the capacity of the vehicles according to the subset size, i.e., in an instance, with 10% of
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Figure 7: Transportation networks of our Munich case study

(a) Bus network (b) Subway network (c) Tram network

all passengers of the dataset, only 10% of the vehicles’ capacity is available. For analysis ii) - iv),
we generate instances with 2,632-23,688 passengers (10-90%) for the BUS dataset and 6,255-56,295
(10-90%) passengers for the BUS-SUBWAY-TRAM dataset. For each passenger set size, we again
run 10 random instances, in which we scale the capacity of the vehicles according to the subset
size. Note that we hold out 10% of the passenger data during the instance generation to be able to
generate at minimum 10 different instance for each instance size.

3.5 Results

In Sections 3.5.1 - 3.5.4 we show the effectiveness of i) our CG approach, ii) our pricing fil-
ter, iii) our A∗-based pricing algorithm, and iv) the quality of our integer solutions based on
the experiments described in Section 3.4. We set the maximum runtime of the algorithm to 60
minutes. All our experiments have been conducted on a standard desktop computer equipped
with an Intel(R) Core(TM) i9-9900, 3.1 GHz CPU and 16 GB of RAM, running Ubuntu 20.04.
We have implemented the CG algorithm in Python (3.8.11) using Gurobi 9.5 to solve the re-
stricted master problem. Our source code as well as an overview of all results can be found on
https://github.com/tumBAIS/intermodalTransportationNetworksCG. Additionally, Section 3.5.5 showcases
how to apply our algorithmic framework to analyze passenger utilization of individual routes based
on the calculated passenger flows.

3.5.1 Effectiveness of the column generation

Figure 8 shows the computation time of our CG-based P&B algorithm and IP 1 solved with a
standard IP solver. Here, the CG-based P&B algorithm does not utilize our pricing filter and
solves the pricing problems with Dijkstra’s algorithm. We see that our CG-based P&B algorithm
vastly outperforms a standard IP formulation even without any additional enhancements. For the
IP formulation, we run out of memory for all instances with more than 662 passengers. Table 2
complements this observation by showing the number of solved instances, construction time of
the IP/RMP , the solving time, and the total time for instances with 132 - 662 passengers of the
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Figure 8: Total time comparison P&B vs. IP 1 - SUBWAY
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Table 2: Algorithm comparison IP 1 (IP) and Algorithm 1 without A∗ and filter (CG) - SUBWAY

Number of passengers 132 308 486 662

Algorithm CG IP CG IP CG IP CG IP

# Solved instances (out of 10) 10 10 10 10 10 10 10 2

Median IP/RMP construction time <1s 48s <1s 142s <1s 315s <1s 553s

Mean solving time 1s 33s 3s 109s 6s 228s 10s 463s

Mean total time 1s 82s 3s 252s 6s 542s 10s 1016s

SUBWAY dataset. Here, the IP/RMP construction time is the time needed to formulate IP 1
or the RMP from Algorithm 1 respectively. The CG-based P&B algorithm needs less than one
second to find an integer solution while the IP formulation takes more than 9 minutes in the biggest
subset size. The solving time in the CG-based P&B algorithm is also much lower than in the IP
formulation. With only 662 passengers, the standard IP formulation is not solvable for eight out of
ten instances, because we run into memory bounds.

3.5.2 Effectiveness of the pricing filter

Table 3 shows the number of passengers, solved instances, computation time, and number of solved
pricing problems for the subset of all travel requests ranging from 2,632-23,688 passengers of the
BUS dataset, computed with our CG-based P&B algorithm utilizing and not utilizing our pricing
filter, using the A∗-based pricing algorithm to solve each pricing problem. All instances are solved to
optimality with and without our pricing filter. However, when we apply our pricing filter the number
of solved pricing problems decreases significantly by 60-65%, which leads to a 35-50% reduction in
computation time. Figure 9 and Figure 10 show the number of solved pricing problems and the
computation time for the different instance sizes respectively. We see that our pricing filter leads
to stable numbers of pricing problems and computation times.

Table 4 extends our analysis to the BUS-SUBWAY-TRAM dataset. Here, 6,255 trips can be solved
in one minute and 56,295 trips take 48 minutes to solve when using our pricing filter. For 43,785
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Table 3: Algorithm comparison with and without the filter using A∗ - BUS dataset

Number of passengers 2,632 7,896 13,160 18,424 23,688

Pricing filter (On/Off) On Off On Off On Off On Off On Off

# Solved instances (out of 10) 10 10 10 10 10 10 10 10 10 10

Mean computation time 33s 51s 107s 192s 245s 420s 382s 737s 603s 1129s

Mean # pricing problems 9,606 24,491 23,450 62,405 34,956 97,418 46,143 132,699 59,372 165,887
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Figure 9: Number of pricing problems
(BUS)
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Figure 10: Computation time
(BUS)

Table 4: Algorithm comparison with and without the filter using A∗ - BUS-SUBWAY-TRAM dataset

Number of passengers 6,255 18,765 31,275 43,785 56,295

Pricing filter (On/Off) On Off On Off On Off On Off On Off

# Solved instances (out of 10) 10 10 10 9 10 8 10 0 10 0

Mean computation time 66s 142s 370s 891s 900s 2243s 1766s - 2856s -

Mean # pricing problems 13,810 36,273 40,157 108,816 66,696 178,240 93,469 - 119,233 -

passengers and beyond, no instance can be solved without using the pricing filter. In the instances
that can be solved without our pricing filter, a computational speedup of up to 60% can be achieved
by applying our pricing filter. The reduction of 60% in the number of solved pricing problems is
similar to the reduction in the instances of the BUS dataset. Figure 11 and Figure 12 again show
the number of solved pricing problems and the computation time for the different instance sizes
respectively. We see that similar to the BUS dataset our pricing filter leads to a stable number of
pricing problems and to stable computation times. Concluding, our pricing filter leads to improved
stable performances across different instance sizes as well as single and intermodal graph structures.
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Figure 11: Number of pricing problems
(BUS-SUBWAY-TRAM)
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Figure 12: Computation time
(BUS-SUBWAY-TRAM)

3.5.3 Effectiveness of the A∗based pricing algorithm

Table 5 shows the number of passengers, solved instances, and the computation time of our CG-
based P&B algorithm with the A∗-based pricing algorithm and the Dijkstra-based pricing algorithm
for the BUS dataset, utilizing our pricing filter in both algorithms. We see that the integration of
the A∗-based pricing algorithm yields a computational speedup of up to 85% in the BUS dataset.
No instance with 23,688 passengers and only eight instances with 18,424 passengers can be solved
within 60 minutes with the Dijkstra-based pricing algorithm, where on the other hand, all instances
can be solved with the A∗-based pricing algorithm.

Table 6 extends our analysis to the BUS-SUBWAY-TRAM dataset. For this dataset, we observe
a similar speedup of the computation time as in the BUS dataset for smaller instances with 6,255
instances. Here, the A∗-based pricing algorithm leads to 90% faster computation times than the
Dijkstra-based pricing algorithm. In contrast to the BUS dataset, bigger instances with 18,765
passengers or more cannot be solved with the Dijkstra-based pricing algorithm, while all instances
can be solved with the A∗-based pricing algorithm. Here, the graph constructed for the intermodal
BUS-SUBWAY-TRAM transportation network is much bigger than the graph constructed for the
BUS transportation network. Without the additional information provided through the distance
approximation, the Dijkstra algorithm has to expand much more nodes to find the shortest path for a
pricing problem. The bigger the underlying graph, the greater the difference between the number of
the explored nodes between the Dijkstra-based and the A∗-based pricing algorithm gets. Figure 13
and Figure 14 complement this analysis and show that our algorithm with the A∗-based pricing
algorithm leads to more stable computation times in both datasets compared to the Dijkstra-based
pricing algorithm.

We note that the distance approximation needed for the A∗-based pricing algorithm was calculated
in under 17 seconds for all BUS instances and in under 45 seconds for all BUS-SUBWAY-TRAM
instances. The significant improvement in computation time in the CG justifies this additional
setup time.
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Table 5: Algorithm comparison A∗ vs. Dijkstra with the filter active - BUS

Number of passengers 2,632 7,896 13,160 18,424 23,688

Pricing problem solver A∗ Dijkstra A∗ Dijkstra A∗ Dijkstra A∗ Dijkstra A∗ Dijkstra

# Solved instances (out of 10) 10 10 10 10 10 10 10 8 10 0

Mean computation time 33s 239s 107s 914s 245s 1932s 382s 3022s 603s -

Table 6: Algorithm comparison A∗ vs. Dijkstra with the filter active - BUS-SUBWAY-TRAM

Number of passengers 6,255 18,765 31,275 43,785 56,295

Pricing problem solver A∗ Dijkstra A∗ Dijkstra A∗ Dijkstra A∗ Dijkstra A∗ Dijkstra

# Solved instances (out of 10) 10 10 10 0 10 0 10 0 10 0

Mean computation time 66s 793s 370s - 900s - 1765s - 2856s -
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Figure 13: Computation time A∗ vs. Dijkstra
(BUS)
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Figure 14: Computation time A∗ vs. Dijkstra
(BUS-SUBWAY-TRAM)

3.5.4 Integral solution quality

Since finding integer solutions is not the main focus of this work, we used a standard IP solver to
solve the IP introduced in our CG-based P&B approach in Section 3.3.3. Table 7 shows the number
of solved instances, the total computation time, the computation time needed to find our integer
solutions, and the optimality gap for instances of the BUS and BUS-SUBWAY-TRAM datasets,
utilizing our CG-based P&B algorithm including our pricing filter and the A∗-based pricing algo-
rithm. Although our CG-based P&B approach does not guarantee optimality for integer solutions,
we are able to find optimal integer solutions for all instances in under five seconds. Here, we use
the continuous solution of the CG algorithm as a lower bound. Furthermore, we see that finding
integer solutions accounts only for a small percentage of the total computation time. Concluding,
our CG-based P&B approach leads to stable performances across different instance sizes as well as
uni and intermodal transportation networks.
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Table 7: Integral solutions

BUS BUS-SUBWAY-TRAM

Number of passengers 2,632 7,896 13,160 18,424 23,688 6,255 18,765 31,275 43,785 56,295

# Solved instances (out of 10) 10 10 10 10 10 10 10 10 10 10

Mean total computation time 33s 124s 245s 392s 639s 66s 370s 900s 1766s 2856s

Mean integer time 1.3s 1.7s 2.0s 2.1s 2.7s 1.8s 4.0s 5.0s 3.9s 4.6s

Mean optimality gap 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%

3.5.5 Practical insights

Our algorithmic framework allows us to analyze the passenger utilization of individual routes based
on the calculated passenger flows. In this context, we can study multiple metrics such as walking-,
waiting-, and in-vehicle-times. In this section, we showcase such a system analysis in which we
briefly present differences in line utilization between three scenarios: a basecase, a removed-arcs,
and a removed-routes scenario. In the basecase scenario, we analyze the passenger flow system
optimum in the Munich transportation system between 6-8 am for 80% of passengers for the subway,
bus, and tram networks. In the removed-arcs scenario we remove all subway route arcs between
Giselastraße-Universität-Odeonsplatz-Marienplatz to see how e.g., construction work or medical
emergencies influence passenger flows. In the removed-routes case, we analyze a scenario where we
remove the subway line U5 from the transportation network. There are 37,897 trips in all three
scenarios, with a maximum trip time of 90 minutes.

A PTS provider can utilize such an approach to evaluate different short-term network design
decisions, e.g., which line or mode to activate or deactivate during system disruptions such as driver
or vehicle shortage, construction work, and medical emergencies. Showcasing such an analysis to
underline the practical relevance of our algorithmic framework remains the scope of this section.

Figure 15 shows a similar walking-, waiting-, and in-vehicle-time distribution for all three scenar-
ios. This is because the Munich public transportation network is very dense and in such capable to
compensate for small perturbations in the system.

Figure 16 shows how the perturbed passenger flows influence the utilization of different routes
in the remove-arcs scenario. We see that for the analyzed subway route, the maximum utilization
rises from 80 to 130 (see Figure 16a). Figure 16b shows an increase in utilization from under 25 to
more than 100 on the analyzed tram route.

Figure 17 shows similar information for the remove-route scenario. We see that for this analyzed
subway route, the maximum utilization at the same time again rises from 100 to more than 200
(see Figure 17a). It also occurs, that even though we remove a subway line from the network,
the utilization of some routes drops significantly. This happens when we assign passengers flow to
multiple routes where the removal of one route makes another route superfluous, e.g., taking a tram
to a closed subway stop. Figure 17b shows a decrease of maximal utilization from more than 35 to
under 15 on the analyzed tram route.
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Figure 15: Distribution of walking-, waiting-, and in-vehicle-times
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Figure 16: Differences in route utilization between basecase and remove-arc scenarios for selected
routes
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Figure 17: Differences in route utilization between basecase and remove-route scenarios for selected
routes
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As can be seen in Figures 16 and 17, route changes (modeled by removing a route) or route inter-
ruptions (modeled by removing specific arcs) can lead to significant changes in a PTS’s throughput.
Analyzing these changes is of interest for practitioners to take informed decisions on line closures
as well as emergency or construction work related interruptions. In this context, the algorithmic
framework presented in this paper provides a computational efficient tool with which a service
provider can perform extensive analyses of the PTS, study different route candidates, and search
for interdependencies between different routes in a short amount of time.

3.6 Conclusion

With this work, we introduced an algorithmic framework to determine the passenger flow system
optimum of an intermodal transportation system. To do so, we modeled a transportation system as
a partially time-expanded digraph, which implicitly encodes problem specific constraints related to
the intermodality of the problem. This allowed us to find the intermodal transportation system’s
passenger flow optimum by solving a standard integer minimum-cost multi-commodity flow problem.
We solved this problem with a column generation based price-and-branch approach, for which we
introduced a pricing filter to reduce the number of solved pricing problems. Furthermore, we
proposed a distance approximation to utilize the A∗ algorithm to solve the pricing problems more
efficiently. We applied our methodology to a real-world case study for the city of Munich. Our results
show that our pricing filter reduces the computation time of our algorithm by up to 60% and the
application of the A∗-based pricing algorithm additionally reduces it by up to 90%. Our algorithm
is able to solve unimodal instances with 23,688 trips in 11 minutes and intermodal instances with
56,295 trips in 48 minutes, whereas straightforward MIP models fail to solve instances with more
than a few hundred trips. Our algorithmic framework allows us to analyze the passenger utilization
of individual routes based on the calculated passenger flows which is helpful for short-term network
design decisions.

Even though our price-and-branch framework finds optimal solutions for all instances of our case
study, it does not possess an optimality guarantee for integer solutions. To this end, extending our
framework to a branch-and-price framework that guarantees optimality for integer solutions remains
an interesting avenue for future research. Moreover, our current problem setting does not consider
additional path constraints, e.g., limits on passenger transfers, which remains another interesting
direction for future research.



4 Branch-and-Price for the

Stochastic TSP with Generalized

Latency

We consider an extension of the symmetric traveling salesman problem with generalized

latency (TSP-GL) that explicitly models uncertainty. The Stochastic TSP-GL (STSP-GL)

aims to choose a subset of nodes of an undirected graph and determines a Hamiltonian tour

amongst those nodes, minimizing an objective function that is a weighted combination

of route design and passenger routing costs. These nodes are selected to ensure that a

prede�ned percentage of uncertain passenger demand is served with a given probability.

We formulate the STSP-GL as a stochastic program and propose a branch-and-price

algorithm for solving its deterministic equivalent. We also develop a local search approach

with which we improve the performance of the B&P approach. We assess the e�ciency

of the proposed methods on a set of instances from the literature. We demonstrate that

the proposed methods outperform a known benchmark, improving upper bounds by up

to 85% and lower bounds by up to 55%. Finally, we show that solutions of the stochastic

model are both more cost-e�ective and robust than those of the deterministic model.

This chapter is based on an article published as: Lienkamp, B., Hewitt, M., & Schif-

fer, M. (2023). Branch and Price for the Stochastic Traveling Salesman Problem with

Generalized Latency. Transportation Science.

https://pubsonline.informs.org/doi/10.1287/trsc.2023.0417
https://pubsonline.informs.org/doi/10.1287/trsc.2023.0417
https://pubsonline.informs.org/doi/10.1287/trsc.2023.0417
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4.1. Introduction

As urban areas experience rapid population growth, the importance of public transportation (PT)

becomes increasingly evident. In light of expanding cities, challenges such as traffic congestion, envi-

ronmental pollution, and limited resources become more pressing. Within this context, PT takes on

a crucial role as it offers a viable solution to tackle these challenges by presenting an alternative to

private vehicle usage. This alternative helps to alleviate traffic congestion and to reduce pollution.

Moreover, PT ensures accessibility for individuals across diverse socioeconomic backgrounds, con-

necting them to vital services, education, and employment opportunities. Additionally, its ability

to optimize land use and curb urban sprawl promotes compact, well-connected communities while

enhancing social cohesion. By establishing and strengthening comprehensive PT networks, cities

can attain improved organizational efficiency, heightened environmental sustainability, and greater

societal inclusivity. In this context, PT networks can contain different services.

Line-based bus lines serve as a cost-effective and reliable backbone of PT networks, offering

widespread coverage that connects diverse communities. Their high passenger capacity and estab-

lished routes promote social inclusivity and accessibility to essential services. Moreover, they enable

efficient utilization of existing infrastructure, allowing to transport a larger number of people using

fewer vehicles, which can contribute to reduced traffic congestion and emissions. However, they can

be susceptible to traffic congestion and limited flexibility in adapting to changing travel demands,

leading to potential delays and less personalized service experiences for passengers.

Demand Responsive Systems (DRS) offer more flexibility and can adapt to fluctuating

individual transportation demands, thus enabling more personalized services while maintaining a

degree of resource sharing. DRS were first introduced under the name of Dial-a-Ride (DAR) as

a door-to-door service for users with reduced mobility (Wilson et al. 1971; Ioachim et al. 1995;

Toth and Vigo 1996). One drawback of DAR are the higher operational costs associated with

providing individualized service and accommodating specific travel requests. Additionally, the real-

time nature of pickups and drop-offs, i.e., significant route changes during operation, can lead to

unpredictable travel times for passengers, which might not be suitable for those with time-sensitive

commitments.

Demand Adaptive Systems (DAS) (Malucelli et al. 1999; Quadrifoglio et al. 2007) incor-

porate DRS into scheduled bus transportation: a DAS bus line provides a line-based transit-line

service for a set of compulsory stops, which are bound to a schedule with fixed time windows Pas-

sengers can issue requests at non-compulsory stops that are optional from an operator perspective

and can be served via detours in between compulsory stops (see Figure 1). Accordingly, a DAS

combines the regularity and predictability of line-based PT, which enables seamless integration

with other modes of transportation and services that do not require advanced booking, with the
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(a) Route variant 1 (b) Route variant 2

Figure 1 A DAS line with compulsory stops (green) and optional stops (red).

flexibility of a DRS. Ultimately, a DAS combines the advantages of line-based PT and DRS which

can increase efficiency, utilization, and service level of the respective PT network.

Planning the operations of DAS is a highly complex task that requires balancing the character-

istics of line-based and on-demand systems and involves both a service design phase, where routes

and schedules are established and an operational phase, with adjustments to vehicle routes and

schedules in response to user requests. The complexity in planning DAS operations has been exten-

sively studied in the literature, with a comprehensive review of methodological aspects presented in

Errico et al. (2013). Focusing on the aforementioned service design phase, the tactical planning of a

DAS line encompasses three main interrelated tasks: (1) identifying and selecting compulsory stops;

(2) determining a general visit order of transit stops within the service area; and (3) establishing

schedules for compulsory stops. In this paper, we focus on task (2), and, unlike existing literature,

we explicitly model uncertainty in passenger demands, which allows us to determine a general order

of transit stops that is robust against volatile passenger demand.

For given compulsory stops, Task (2) can be modeled as a symmetric traveling salesman problem

with generalized latency. While we review related literature in detail in Section 2, we note that this

problem has been studied in Errico et al. (2017), who propose a Benders-branch-and-cut (BBC)

algorithm to find a route between all compulsory and optional transit stops, minimizing passenger

travel times and operating costs in a deterministic setting. Our work builds on this methodological

foundation and focuses on integrating stochastic passenger demand to account for uncertainty

during the tactical planning of DAS. Additionally, we do not assume all demand must be met but

instead seek to meet a service level. These extensions allow DAS operators to analyze the impact of

different service levels and the frequency of meeting them on the route design and served passenger

demand. Furthermore, accounting for uncertainty in passenger demand allows for the design of

DAS routes that are robust against volatile passenger demand.

Contribution: We propose an algorithmic framework to determine a Hamiltonian tour on a

subset of nodes of an undirected graph, which minimizes a linear combination of route design
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and passenger routing costs. The subset of nodes includes a set of compulsory nodes as well as

other non-compulsory nodes, which have to be selected such that serving the passengers requiring

transportation between nodes in this set meets a percentage of the uncertain passenger demand with

a given probability. Accordingly, our problem consists of selecting a suitable subset of nodes and

determining a Hamiltonian tour on it. Specifically, we formulate the so-called stochastic TSP with

generalized latency (STSP-GL) as a chance-constrained program and determine its deterministic

equivalent. To solve this deterministic equivalent efficiently, we present a branch-and-price (B&P)

approach, which allows us to decompose the STSP-GL into multiple TSP-GLs. Additionally, we

develop a local search-based heuristic and a hybrid solution approach. The hybrid solution approach

utilizes our heuristic approach in our B&P approach. We show the efficiency of determining good

bounds through our approaches by applying them to the TSPGL LIB instance set and show that

our three approaches, i.e., B&P, heuristic, and hybrid, meet the MIP benchmark’s bounds on

small instances and find much better bounds on larger instances. Furthermore, we show that our

three approaches find good upper bounds much faster than our MIP benchmark. Additionally, we

show that when we compare our stochastic approach to a deterministic approach, as expected, the

deterministic approach’s solutions have lower design costs but do not meet the necessary feasibility

frequencies, i.e., they are not feasible stochastic solutions. Finally, we show that the service levels

influence the design costs much more than the feasibility frequencies. In summary, our work allows

the integration of stochastic demand into the TSP-GL, which grants us more robust routes compared

to the deterministic demand setting.

Organization: The remainder of this paper is as follows. Section 4.2 reviews related literature.

We specify our problem setting in Section 4.3 and develop our methodology in Section 4.4. In

Section 4.5, we describe a case study based on the TSPGL LIB dataset, which we use to present

numerical results that show the efficiency of our algorithmic framework. Section 4.6 concludes this

paper by summarizing its main findings.

4.2. Literature Review

We define the STSP-GL as a generalization of the TSP-GL in which only a subset of all stochastic

passenger demand can be served as long as a service level that measures the expected sum of all

transported demand is met with a certain probability. Like the TSP-GL, the STSP-GL is closely

related to the Fixed-Charge Network Design Problem (FNDP), which involves finding a set of arcs

in a graph that enables the flow of commodities from their origins to their destinations in order

to satisfy some demand characteristics. The FNDP minimizes routing costs, i.e., variable expenses

incurred when sending flows through the network, or design costs, i.e., fixed expenses associated

with establishing network infrastructure, or both (Costa 2005). In the STSP-GL, all arcs of the
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graph have infinite capacity, and the set of chosen arcs has to form a tour that visits all compulsory

stops. Additionally, this set of arcs has to allow passenger flow for a subset of passengers to meet

a predefined service level, i.e., the expected sum of served passenger demand has to be met with

a certain probability. Several exact and heuristic methods have been proposed to solve the FNDP.

The most prominent exact methods to solve FNDP are Lagrangian-based techniques, Benders

decomposition, and polyhedral approaches. For an extensive overview of exact methods for FNDP,

we refer to Gendron et al. (1999), Gendron (2011), and Crainic et al. (2021).

Lagrangian-based techniques utilize either subgradient algorithms or bundle methods to solve

the Lagrangian dual. Crainic et al. (2001) show that for Lagrangian-based techniques, bundle

methods appear superior to subgradient approaches as they converge faster and are more robust

relative to different relaxations and problem characteristics. Frangioni and Gorgone (2014) exploit

the structure of the Dantzig-Wolfe reformulation of the Lagrangian dual to construct an efficient

bundle method. Frangioni et al. (2017) analyzed a large class of subgradient methods to show that

the theory developed in d’Antonio and Frangioni (2009) impacts the performance of subgradient

methods. Gendron (2019) compares Lagrangian relaxation bounds for a large class of network design

problems, which they obtain either by relaxing the linking constraints or the flow conservation

constraints.

Costa et al. (2009) give an extensive overview on the application of Benders decomposition to

FNDP and clarify the relationships between Benders, metric, and cutset inequalities, which are often

used in solution algorithms for multi-commodity capacitated FNDP. Costa et al. (2012) propose

a general scheme for generating extra cuts in a Benders decomposition, which they apply to the

FNDP.

There exists a multitude of polyhedral approaches to solve the FNDP. Wolsey (2003) gives an

overview on strong valid inequalities and tight extended formulations for general mixed integer

linear programs. Chouman et al. (2017) develop a cutting-plane algorithm for the multi-commodity

capacitated FNDP. Atamtürk (2002) analyzes the cut-set polyhedra of capacitated FNDP and shows

that utilizing cut-set inequalities significantly improves computations. Atamtürk (2001) applies flow

pack inequalities, which improve computations for capacitated fixed-charge network flow problems.

Padberg et al. (1985) study the single-node fixed-charge flow problem and introduce flow cover

inequalities.

The most prominent heuristic approaches to solve FNDP include classical heuristics such as

local search (Walker 1976), neighborhood-based metaheuristics such as tabu search (Gendreau and

Potvin 2019), simulated annealing (Delahaye et al. 2019), and iterated local search (Lourenço et al.

2019), population-based metaheuristics such as genetic algorithms (Whitley 2019), and parallel

metaheuristics (Crainic 2019). Furthermore, several matheuristics have been applied to FNDP.
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There exist several approaches to solve FNDP via tabu search. Sun et al. (1998) apply tabu

search with two strategies for each of the intermediate and long-term memory processes to the

FNDP. Crainic et al. (2000) utilize a tabu search framework that combines pivot moves with column

generation to solve multicommodity capacitated FNDP. Ghamlouche et al. (2003) propose cycle-

based neighborhood structures for multicommodity-capacitated FNDP and show their efficiency

through a simple tabu search method.

For neighborhood-based metaheuristics, Lotfi and Tavakkoli-Moghaddam (2013) introduce a

priority-based encoding genetic algorithm for linear and nonlinear FNDP and show that it outper-

forms a spanning tree-based genetic algorithm in terms of solution quality and computation time.

Ghamlouche et al. (2004) combine path relinking with cycle-based tabu search in an algorithm that

is robust regarding solution quality and computational effort. Crainic and Gendreau (2007) pro-

pose a scatter search approach for the capacitated FNDP, which cannot match the path relinking

algorithm consistently but can produce better solutions on some of the test instances.

Several matheuristics have been applied to FNDP. Rodŕıguez-Mart́ın and Salazar-González

(2010) utilize local branching (Fischetti and Lodi 2003) to solve the multicommodity capacitated

FNDP. They show that their algorithm outperforms the cycle-based tabu search (Ghamlouche et al.

2003) and path relinking (Ghamlouche et al. 2004).

Hewitt et al. (2010) combine mathematical programming algorithms and heuristic search tech-

niques to find provably high-quality solutions for capacitated FNDP quickly. They show that their

algorithm outperforms cycle-based tabu search (Ghamlouche et al. 2003) and path relinking (Gham-

louche et al. 2004) as well.

Katayama and Yurimoto (2011) combine capacity scaling using a column-row generation tech-

nique and local branching. They show that their approach outperforms cycle-based tabu search

(Ghamlouche et al. 2003), path relinking (Ghamlouche et al. 2004), local branching (Rodŕıguez-

Mart́ın and Salazar-González 2010), and IP Search (Hewitt et al. 2010).

Yaghini et al. (2015) propose a cutting-plane neighborhood structure, which they implement

in a tabu search framework and combine with local branching. They show that their approach

outperforms cycle-based tabu search (Ghamlouche et al. 2003), path relinking (Ghamlouche et al.

2004), local branching (Rodŕıguez-Mart́ın and Salazar-González 2010), IP Search (Hewitt et al.

2010) and CALB (Katayama and Yurimoto 2011). We refer to Crainic et al. (2021) for an extensive

overview of all exact and heuristic approaches to solve the FNDP.

Besides FNDP, the STSP-GL relates to three additional problems, the generalized minimum

latency problem (GMLP), the TSP-GL, and the selective general minimum latency problem

(SGMLP). Errico (2008) introduces the GMLP and the SGMLP. The GMLP considers a complete

directed graph G = (N,A) with associated design and routing cost on its directed arcs as well
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as deterministic origin-destination demands dhk between its node pairs. The goal is to identify a

Hamiltonian directed cycle that minimizes a combination of design costs, i.e., the time needed to

travel the tour, and routing costs, i.e., average passenger travel time, of the demand on this cycle.

The SGMLP builds on this setting and relaxes the condition of the Hamiltonian tour. Accordingly,

the goal of the SGMLP is to find a simple tour on the graph, which does not have to be Hamiltonian,

i.e., to serve a subset of deterministic passenger demands such that a given service level is met. The

TSP-GL also builds on the methodology of the GMLP with the difference in the cycle design, as

the GMLP seeks a directed tour while the TSP-GL seeks an undirected tour (Errico 2008; Errico

et al. 2017). This difference allows the GMLP to consider asymmetric design costs but also fixes

the flow direction of the passengers. Errico et al. (2021) describe the emergence and interaction of

the TSP-GL within the broader context of DAS tactical planning. Through experimental analysis,

they emphasize that passenger perceptions of service quality depend greatly on travel times. The

STSP-GL combines the TSP-GL and the SGMLP as it seeks an undirected tour that does not have

to include all graph nodes. Furthermore, it also assumes stochastic passenger demand instead of

deterministic passenger demand, which is the case for GMLP, SGMLP, and TSP-GL. Errico et al.

(2017) give an overview on how the TSP-GL and, thus also, the STSP-GL additionally relate to

the minimum latency problem.

The GMLP, SGMLP, and TSP-GL have all been studied under the assumption that all infor-

mation about passenger demand is available before the design decisions, i.e., which edges form the

tour, are made. It is a general understanding that, in most cases, this does not translate to real-

world applications (Kall and Wallace 1994). Traditionally, this is often not considered explicitly

during the tactical planning phase but dealt with in the operational planning phase (Ibarra-Rojas

et al. 2015). Accordingly, passenger demand is usually determined through forecasting methods,

e.g., average historical data. Usually, the expected quality of a solution to a stochastic model is

better than a solution to the deterministic counterpart when evaluated in the stochastic setting.

Wallace (2000) and Higle and Wallace (2003) explain that this occurs, as the deterministic model

is optimal for one specific scenario but might be very bad for scenarios where it is not optimal.

Additionally, the deterministic solution is often feasible but not optimal in the stochastic model.

Birge (1982) measures this difference in solution quality by the value of stochastic solution (VSS).

Here, the VSS represents the potential benefit of solving the stochastic model instead of the deter-

ministic model in the stochastic environment. Wallace (2000) shows that stochastic models may

find solutions significantly different from deterministic models. Nevertheless, Thapalia et al. (2011)

and Maggioni and Wallace (2012) show that for multiple other problems, certain structural patterns

from the deterministic solutions may re-emerge in the stochastic solutions. We refer to Birge and

Louveaux (2011) for an extensive overview on the research area of stochastic programming.
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In summary, the STSP-GL combines the deterministic SGMLP and TSP-GL with stochastic

demand as for an undirected graph with compulsory nodes, it aims to find a Hamiltonian tour on

a subset of nodes, which includes all compulsory nodes, such that a given percentage of passenger

demand is met with a given probability.

In recent years, researchers have made significant strides in integrating uncertain passenger

demand into optimization models for public transportation systems. Tian et al. (2021) consider

the integration of autonomous vehicles into bus transit systems and determine the optimal bus

fleet size and its assignment onto multiple bus lines in a bus service network considering uncertain

demand. Ma et al. (2021) study the problem of bus regulation with uncertain passenger demand

and disturbance for urban rapid transit lines on the basis of a robust model predictive control

algorithm. Gkiotsalitis and Alesiani (2019) incorporate travel time and passenger demand uncer-

tainty to determine robust schedules that minimize the possible loss at worst-case scenarios. Li

et al. (2019) propose a robust dynamic control framework that considers delay disturbances and

passenger demand uncertainty to reduce bus bunching. So far, uncertainty in passenger demand

that allows a DAS operator to determine a general order of transit stops that is robust against

volatile passenger demand has not been considered explicitly in the tactical planning phase of DAS.

Accordingly, DAS operators are unable to analyze the impact of different service levels and the

frequency of meeting them on the route design and served passenger demand.

4.3. Problem description and mathematical formulations

In this work, we focus on Task (2) of a DAS line’s aforementioned tactical planning tasks, i.e.,

determining a general order of transit stops. To do so, we build on the work of Errico et al. (2017)

by incorporating stochastic passenger demand into our problem setting, i.e., we assume the volume

of demand and the presence of demand between two stops to be uncertain. Accordingly, we aim to

choose a set of arcs to form the tour of a DAS before the passenger demand is known. We define a

service level as the percentage of passenger demand transported, which allows us to determine the

order of compulsory stops and the service area, i.e., the sets of optional stops that must be covered

between consecutive compulsory stops, such that they fulfill a given service level with a specified

probability, e.g., 80% of the estimated passenger demand has to be fulfilled with a probability of

90% (see Figure 2).

As a consequence, the STSP-GL involves three levels of decisions. First, we select a subset of

transit stops from all possible transit stops such that the expected sum of passengers transported

satisfies a specified service level of passenger demand with a predefined probability. This subset

of transit stops must include all compulsory stops. Second, we choose a set of edges that form a

Hamiltonian circuit on the selected subset of transit stops. Third, we determine the direction of
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(a) Solution for deterministic passenger demand

(TSP-GL) with all optional stops

(b) Solution for stochastic passenger demand

(STSP-GL) with reduced sets of optional

stops
Figure 2 Main components of the DAS lines for deterministic and stochastic passenger demand.

passenger routes for the stochastic demand on the Hamiltonian circuit. Note that the Hamiltonian

circuit is undirected while the passenger routes are directed. In this tactical planning problem, no

decisions are taken after uncertainty is resolved, and perfect information is known. Our objective

is to minimize a combination of the design cost of the route, i.e., the sum of selected edge costs, as

well as the expected average passenger routing cost.

We note that our problem description differs from existing literature as it does not aim to find

an ordering among all stops but among a subset of stops. Contrary to Errico et al. (2013) and

Errico et al. (2021), where the selection of stops solely happens at a strategic level, our approach

allows for more flexibility and validation of strategic decisions on a tactical level as based on the

results of the STSP-GL an operator may want to disregard stops from the set of all stops chosen

at a strategic level.

4.3.1. Chance-constrained STSP-GL

We present a similar mathematical formulation to Errico et al. (2017) to stay consistent with the

literature. We consider a complete mixed graph G = (N,E ∪A), where N = {1, . . . , n} describes

a set of nodes, E = {[i, j] : i, j ∈ N, i < j} describes a set of edges that models an ordered tuple

of nodes, and A= {(i, j) : i, j ∈N, i ̸= j} describes a set of directed arcs. Here, edges model vehicle

movement while arcs model passenger movement. We associate a design cost c[i,j] > 0 to each

edge [i, j] ∈ E. Moreover, let dhk(ξ) ≥ 0 be the uncertain amount of demand for each origin and

destination node pair (h,k). Here, dhk(ξ)∈Ξ describes a discrete random variable. Let D= {(h,k) :
h,k ∈N,P (dhk(ξ)> 0)> 0} be the set of node pairs with a positive probability of non-zero demand.

We associate a travel time cij to each arc (i, j) ∈ A and a random variable for the routing cost

qhkij (ξ) = cij
dhk(ξ)

θ
∑

(s,t)∈D dst(ξ)
to every arc (i, j) ∈ A and every node pair (h,k) ∈ D that depends in

turn on the random variable dhk(ξ). Furthermore, we set a service level θ ∈ [0,1] and a feasibility
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frequency 1−ρ∈ [0,1]. Let α be a tradeoff parameter between design and routing costs. We seek to

find a subset T ⊂E of edges, such that T describes a tour in G which visits all compulsory nodes

C and enables θ percentage of all customers to travel from their origins to their destinations on the

arcs whose corresponding edges are in the tour with a probability of 1− ρ.

Accordingly, we introduce decision variables x[i,j] which indicate whether edge [i, j]∈E lies in T

(x[i,j] = 1) or not (x[i,j] = 0). Additionally, decision variables fhk
ij indicate the percentage of demand

(h,k) ∈ D on arc (i, j) ∈ A. Furthermore, decision variables zhk indicate whether tour T serves

demand pair (h,k) (zhk = 1) or not (zhk = 0) and wi indicates whether stop i ∈ N is visited by

tour T (wi = 1) or not (wi = 0). Consequently,
∑

(i,j)∈A

∑
(h,k)∈D qhkij (ξ)f

hk
ij measures the expected

average passenger travel time for service level θ. Notice that, similar to the TSP-GL, we do not

consider any capacity restrictions in our problem. We formulate the STSP-GL as follows:

min
x,f

(1−α)
∑

[i,j]∈E

c[i,j]x[i,j]+

αE


 ∑

(i,j)∈A

∑

(h,k)∈D

qhkij (ξ)f
hk
ij


 (1a)

P
( ∑

(h,k)∈D

zhkdhk(ξ)≥ θ
∑

(h,k)∈D

dhk(ξ)
)
≥ 1− ρ (1b)

∑

(i,j)∈A

fhk
ij −

∑

(j′,i)∈A

fhk
j′i =





zhk if i= h,

−zhk if i= k,

0 i ̸= h,k

∀i∈N, ∀(h,k)∈D (1c)

wi = 1 ∀i∈ C (1d)
∑

[i,j]∈E

x[i,j] = 2wi ∀i∈N (1e)

wh ≥ zhk ∀(h,k)∈D (1f)

wk ≥ zhk ∀(h,k)∈D (1g)

fhk
ij ≥ 0 ∀(i, j)∈A, ∀(h,k)∈D (1h)

x[i,j]− fhk
ij ≥ 0 ∀[i, j]∈E, ∀(h,k)∈D (1i)

x[i,j]− fhk
ji ≥ 0 ∀[i, j]∈E, ∀(h,k)∈D (1j)

x[i,j] ∈ {0,1} ∀[i, j]∈E (1k)

zhk ∈ {0,1} ∀(h,k)∈D (1l)

wi ∈ {0,1} ∀i∈N (1m)

The objective function (1a) accounts for the sum of design costs and the sum of expected passenger

routing costs. Constraint (1b) imposes that with a probability of 1 − ρ, a service level of θ is

met. The multicommodity flow balance constraints (1c) ensure that if demand pair (h,k) is served
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(zhk = 1), one unit of flow is sent from h to k. Here, similar to the TSP-GL formulation, we model

the routing of passenger demand by unit-flow variables and let qhkij account for the application-

specific interpretation of these routing costs (Errico et al. 2017). Constraints (1d) ensure that

every compulsory stop is included in the tour and Constraints (1e) - (1g) impose that if demand

pair (h,k) is served (zhk = 1), the selected edges incident to nodes h and k must be exactly two.

Constraints (1i) and (1j) enforce that any commodity (h,k) can only travel on arcs (i, j) and (j, i)

if the corresponding edge [i, j] is in tour T . Note that our formulation does not include subtour

elimination constraints as we focus on problem instances in which probability distributions induce

a single connected component, i.e., there do not exist disjunct subsets of nodes such that passengers

mostly travel only between nodes of the same subset. This is the case if D is dense enough and

consequently does not induce more than one connected component. For a more thorough explanation

on the absence of subtour elimination constraints, we refer to Errico et al. (2017).

4.3.2. Deterministic equivalent of the STSP-GL

The computational tractability of Problem 1 depends on characteristics of the uncertainty consid-

ered, i.e., whether it is possible to decouple decisions from random variables to transform proba-

bilistic into deterministic constraints. Our problem is a chance-constrained optimization problem as

an operator aims for a tour that fulfills a service level for a share instead of all passenger requests.

In this setting, we study the problem’s sample counterpart, which becomes computationally more

tractable as it bears only a finite number of constraints. We now present a deterministic equivalent

of our stochastic program, which ensures that the service level is above θ to a predefined feasibil-

ity frequency of 1− ρ. We introduce binary variables Ys, which indicate whether service level θ is

fulfilled (Ys = 1) or not (Ys = 0) for a given scenario s ∈ S in the scenario set of passengers with

passenger demands dhks and reformulate Problem 1 as Problem 2.

min
x,f

(1−α)
∑

[i,j]∈E

c[i,j]x[i,j]+

α
∑

(i,j)∈A

∑

(h,k)∈D

q̃hkij f
hk
ij (2a)

∑

(h,k)∈D

zhkdhk
s ≥ θYs

∑

(h,k)∈D

dhk
s ∀s∈ S (2b)

∑

s∈S

Ys ≥ (1− ρ)|S| (2c)

∑

(i,j)∈A

fhk
ij −

∑

(j′,i)∈A

fhk
j′i =





zhk if i= h,

−zhk if i= k,

0 i ̸= h,k

∀i∈N, ∀(h,k)∈D (2d)
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wi = 1 ∀i∈ C (2e)
∑

[i,j]∈E

x[i,j] = 2wi ∀i∈N (2f)

wh ≥ zhk ∀(h,k)∈D (2g)

wk ≥ zhk ∀(h,k)∈D (2h)

fhk
ij ≥ 0 ∀(i, j)∈A, ∀(h,k)∈D (2i)

x[i,j]− fhk
ij ≥ 0 ∀[i, j]∈E, ∀(h,k)∈D (2j)

x[i,j]− fhk
ji ≥ 0 ∀[i, j]∈E, ∀(h,k)∈D (2k)

x[i,j] ∈ {0,1} ∀[i, j]∈E (2l)

zhk ∈ {0,1} ∀(h,k)∈D (2m)

wi ∈ {0,1} ∀i∈N (2n)

Here, we only reformulate Constraint (1b) as Constraints (2b) and Constaint (2c).

All other constraints are unchanged. Additionally, we update the passenger routing cost

q̃hkij = cij

(
1
|S|

∑
s∈S

dhks
θ
∑

(u,v)∈D suv

)
to account for the deterministic counterpart of our stochastic pro-

gram. In his context, we assume the scenarios to be equally likely.

4.3.3. Decomposition of STSP-GL using feasibility covers

This deterministic equivalent allows us to solve small instances but is still not tractable for larger

ones since the number of combinations for z is exponential in the size of D. Accordingly, we utilize

the notion of feasibility covers to further decompose our model to utilize Benders decomposition

(Errico et al. 2017) for the resulting subproblems.

Definition 1 (Feasibility cover). A feasibility cover is a set Q⊆D such that there exists a

vector γ ∈ {0,1}|S| which is feasible for

∑

(h,k)∈Q

dhks ≥ θγs
∑

(h,k)∈D

dhks ∀s∈ S, (3a)

∑

s∈S

γs ≥ (1− ρ)|S| (3b)

In other words, a feasibility cover is a subset of requests for which the service level is met for

⌈(1− ρ)|S|⌉ many scenarios.

Definition 2 (Minimal feasibility cover). A minimal feasibility cover is a feasibility cover

Q⊆D such that there is no feasibility cover Q′ ⊆D such that Q′ ⊂Q.

Theorem 1. For an optimal solution (x∗, f∗, z∗, Y ∗) of Problem 2, K = {(h,k) : (zhk)∗ =

1, (h,k)∈D} is a minimal feasibility cover.
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Proof. Assume we have an optimal solution (x∗, f∗, z∗, Y ∗) such that the corresponding set K

is not a minimal feasibility cover. Since K is not a minimal feasibility cover, there has to exist a

passenger request (u, v)∈K for which there exists a γ′ ∈ {0,1}|S| which fulfills

∑

(h,k)∈K−{(u,v)}
dhks ≥ θγ′

s

∑

(h,k)∈D

dhks ∀ s∈ S (4a)

∑

s∈S

γ′
s ≥ (1− ρ)|S| (4b)

Accordingly, (x′, f ′, z′, Y ′) with

x′ = x∗

(fhk
ij )′ =

{
(fhk

ij )∗, if (h,k) ̸= (u, v),

0, if (h,k) = (u, v),

(zhk)′ =

{
(zhk)∗, if (h,k) ̸= (u, v),

0, if (h,k) = (u, v),

Y ′ = γ′

is feasible for Problem 2 and has an objective value of

obj((x′, f ′, z′, Y ′)) = obj((x∗, f∗, z∗, Y ∗))−
∑

(i,j)∈A

cij

( 1

|S|
∑

s∈S

dhks
θ
∑

(r,t)∈D srt

)
fuv
ij

︸ ︷︷ ︸
>0

(5)

This contradicts our assumption as (x∗, f∗, z∗, Y ∗) is an optimal solution. □

Definition 1 allows us to reformulate Problem 2 by using feasibility covers.

Let Xθ,ρ be the set of all feasibility covers of D. We can then formulate our original problem as

Problem 6.

min
x,f

(1−α)
∑

[i,j]∈E

c[i,j]x[i,j]+

α
∑

(i,j)∈A

∑

(h,k)∈D

q̃hkij f
hk
ij (6a)

∑

Q∈Xθ,ρ

χQ = 1 (6b)

∑

[i,j]∈E

x[ij]− 2
∑

Q∈Xθ,ρ

χQlQ(i) = 0 ∀i∈N (6c)

∑

(i,j)∈A

fhk
ij −

∑

(j′,i)∈A

fhk
j′i =





∑
Q∈Xθ,ρ

χQr
hk
Q , if i= h,

−∑
Q∈Xθ,ρ

χQr
hk
Q , if i= k,

0, else

∀i∈N, ∀ (h,k)∈D (6d)
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fhk
ij ≥ 0 ∀(i, j)∈A, ∀(h,k)∈D (6e)

x[i,j]− fhk
ij ≥ 0 ∀[i, j]∈E, ∀(h,k)∈D (6f)

x[i,j]− fhk
ji ≥ 0 ∀[i, j]∈E, ∀(h,k)∈D (6g)

x[ij] ∈ {0,1} ∀[i, j]∈E (6h)

χQ ∈ {0,1} ∀Q∈Xθ,ρ (6i)

Here, lQ(i) = 1 if i is a compulsory stop (i ∈ C) or there exists a demand pair (h,k) ∈ Q with

i = h or i = k and lQ(i) = 0 otherwise. Furthermore, rhkQ = 1 if (h,k)∈Q and rhkQ = 0 otherwise.

Constraint (6b) ensures that exactly one feasibility cover is chosen. Constraints (6c) correspond to

Constraints (2f) and ensure that a tour visits all stops for which lQ(i) = 1 if Q is chosen in (6c).

Constraints (6d) are flow conservation constraints for all requests in Q if Q is chosen in (6c).

Constraints (6e)-(6h) did not change compared to Problem 1. Constraints (6i) define χQ’s domain.

In the remainder of this section, we show that we can find an optimal solution of our STSP-GL

by determining a feasibilty cover whose corresponding TSP-GL (see Problem 7) has the smallest

objective function out of all feasibility covers’ corresponding TSP-GLs. To do so, we first show the

corresponding TSP-GL to a feasibility cover (see Problem 7) can be solved on a subgraph G′ of

our original graph G. Second, we show that once we chose a feasibility cover in our STSP-GL, the

STSP-GL formulation decomposes into the aformentioned TSP-GL (see Theorem 3).

Let us revisit the TSP-GL given a feasibility cover Q on the complete mixed graph G′(Q)⊂G

where G′(Q) = (N ′(Q),E′(Q) ∪A′(Q)) with N ′(Q) = {i : (i, j) ∈ Q or (j′, i) ∈ Q}, E′(Q) = {[i, j] :
[i, j]∈E, i, j ∈N ′(Q)} andA′(Q) = {(i, j) : (i, j)∈A, i, j ∈N ′(Q)}. We formulate the corresponding

TSP-GL for Q as follows:

min
x̄,f̄

(1−α)
∑

[i,j]∈E′(Q)

c[i,j]x̄[i,j]+

α
∑

(i,j)∈A′(Q)

∑

(h,k)∈Q

q̃hkij f̄
hk
ij (7a)

∑

(i,j)∈A′(Q)

f̄hk
ij −

∑

(j′,i)∈A′(Q)

f̄hk
j′i =





1 if i= h,

−1 if i= k,

0 i ̸= h,k

∀i∈N ′(Q), ∀(h,k)∈Q (7b)
∑

[i,j]∈E′(Q)

x̄[i,j] = 2 ∀i∈N ′(Q) (7c)

f̄hk
ij ≥ 0 ∀(i, j)∈A′(Q), ∀(h,k)∈Q (7d)

x̄[i,j]− f̄hk
ij ≥ 0 ∀[i, j]∈E′(Q), ∀(h,k)∈Q (7e)

x̄[i,j]− f̄hk
ji ≥ 0 ∀[i, j]∈E′(Q), ∀(h,k)∈Q (7f)

x̄[i,j] ∈ {0,1} ∀[i, j]∈E′(Q) (7g)
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Theorem 2. If Problem 6 is feasible and triangle inequality holds for c̄, there exists an optimal

solution, in which for each served request in an optimal feasibility cover Q∗, i.e., r ∈Q∗ with χQ∗ = 1,

it holds that x̄∗
[i,j] = 0 ∀[i, j] ∈E \E′(Q∗) and (f̄hk

ij )∗ = 0 ∀(i, j) ∈A, ∀(h,k) ∈D if (i, j) /∈A′(Q∗) or

(h,k) /∈Q∗.

Proof. All edges in E \E′(Q∗) are adjacent to a node i /∈N ′(Q∗), i.e., a node to which no request

in Q∗ has an origin or destination. If the tour formed by x̄ includes such an edge, the design costs of

an alternative tour which skips all nodes i /∈N ′(Q∗) would always be lower or equal to the original

route because triangle inequality holds. Similarly, as no request in Q∗ has an origin or destination

in a node i /∈N ′(Q∗), alternative passenger routes could also skip these nodes, which, because of

triangle inequality, leads to passenger routes with equal or smaller costs. As the original passenger

routes only use arcs whose corresponding edges are in the tour formed by x̄ and the alternative

passenger routes would skip the same nodes as the alternative tour, all passenger routes would still

be feasible. □

Definition 3 (Characteristic function of TSP-GL variables). For a solution (x̄, f̄) of

Problem 7 with feasibility cover Q∈Xθ,ρ, define x̂(Q) and f̂(Q) as follows:

x̂[i,j](Q) =

{
x̄[i,j] if [i, j]∈E′(Q),

0 else
∀[i, j]∈E (8)

f̂h,k
i,j (Q) =

{
f̄h,k
i,j if (i, j)∈A′(Q) and (h,k)∈Q,

0 else
∀(i, j)∈E and (h,k)∈D (9)

With the new STSP-GL formulation in Problem 6, the TSP-GL formulation for a feasibility cover

Q in Problem 7, and the definition of x̂(Q) and f̂(Q), we can show the following theorem.

Theorem 3. If triangle inequality holds for c̄ then for all χ= 1{Q=Q′}, Problem 6 decomposes

into Problem 7. Furthermore, (1{Q=Q∗}, x̂(Q
∗), f̂(Q∗)), with Q∗ = argmin{objTSP−GL(Q) : Q ∈

Xθ,ρ} is an optimal solution of Problem 6, with Q∗ being a minimal feasibility cover.

Proof. According to Theorem 2, we can assume that for an optimal solution

(1{Q=Q∗∗}, x̄(Q
∗∗), f̄(Q∗∗)) it holds that x̄∗∗

[i,j] = 0 ∀[i, j] ∈ E \ E′(Q∗∗) and (f̄hk
ij )∗∗ = 0 ∀(i, j) ∈

A, ∀(h,k) ∈ D if (i, j) /∈ A′(Q∗∗) or (h,k) /∈ Q∗∗. Thus, we can fix these decision variables for

each Q′ ∈ Xθ,ρ. In this case, the objective values of (6a) and (7a) are equal. Furthermore, since

χ = 1{Q=Q′}, Constraints (6c) are equal to Constraints (7c) ∀i ∈ N ′(Q′). By definition of rhkQ′

and since χQ′ = 1, Constraints (6d) are equal to Constraints (7b) ∀i ∈ N ′(Q′), ∀(h,k) ∈ Q′.

Additionally, Constraints (6e) - (6h) are equal to Constraints (7d) - (7g) for all variables which are
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not fixed through Theorem 2. Lastly, for each Q′ ∈Xθ,ρ, Constraint (6b) and Constraints (6i) hold

for χ = 1{Q=Q′}. This shows, that if the triangle inequality holds for c̄ then for all χ = 1{Q=Q′},

Problem 6 decomposes into Problem 7. The second part of the theorem follows directly. Here,

Theorem 1 induces that Q∗ is a minimal feasibility cover. □

Corollary 1. Since the feasibility cover inducing an optimal solution for Problem 6 must be

minimal (Theorem 3), utilizing minimal feasibility covers in set Xθ,ρ of all feasibility covers of D

in Problem 6 yields a tighter problem formulation than if using the set of all feasibility covers.

Specifically, let P (Xθ,ρ) be the feasible region of Problem 6 utilizing feasibility covers and P (Xmin
θ,ρ )

be the feasible region utilizing minimal feasibility covers. Then P (Xmin
θ,ρ )⊆ P (Xθ,ρ), where P (Xmin

θ,ρ )

includes an optimal solution of Problem 6.

4.4. Methodology

In this section, we first show a standard B&P approach (Section 4.4.1) on which we base our

adapted B&P approach (Section 4.4.2). Then, we introduce a heuristic approach that allows us to

solve the STSP-GL without finding solutions for its continuous relaxation (Section 4.4.3). Finally,

we propose a hybrid approach in which we combine our adapted B&P and heuristic approaches

(Section 4.4.4).

4.4.1. Branch-and-price approach

According to Theorem 3, we must find the feasibility cover Q∗ to solve Problem 6. Even determining

Xθ,ρ is not a trivial task as the number of feasibility covers may grow exponentially in the size of all

requests D. One straightforward approach to find Q∗ is to embed Problem 6 in a B&P framework

(Figure 3) in which the nodes in the branch-and-bound tree (green) with integer decision variables

x[i,j] decompose into TSP-GLs.

In such a B&P framework, we start with a small subset X ′
θ,ρ of feasibility covers and iteratively

add new feasibility covers to X ′
θ,ρ via column generation by solving the so-called pricing problem.

In this context, let ιi ∈ R and ϵhkh , ϵhkk ∈ R be the dual variables of Constraints (6c) and (6d)

respectively. The scalar β is the dual value of Constraint (6b). We aim to find a feasibility cover Q

Figure 3 Branch-and-Price algorithm
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in each iteration of our column generation for which the reduced cost condition (10), that indicates

whether a variable should be brought into the basis, holds.

2
∑

i∈N

ιilQ(i)+
∑

(h,k)∈D

rhkQ (ϵhkh − ϵhkk )−β < 0 (10)

Accordingly, we formulate our pricing problem as follows.

min
l,r

2
∑

i∈N

ιili +
∑

(h,k)∈D

rhk(ϵhkh − ϵhkk )−β (11a)

li = 1 ∀ i∈ C (11b)

lh ≥ rhk ∀ (h,k)∈D (11c)

lk ≥ rhk ∀ (h,k)∈D (11d)
∑

(h,k)∈D

rhkdhk
s ≥ γsθ

∑

(h,k)∈D

dhk
s ∀ s∈ S (11e)

∑

s∈S

γs ≥ (1− ρ)|S| (11f)

li ∈ {0,1} ∀ i∈N (11g)

rhk ∈ {0,1} ∀ (h,k)∈D (11h)

γs ∈ {0,1} ∀ s∈ S (11i)

In Problem 11, the decision variables rhk determine whether request (h,k)∈D is in the feasibility

cover (rhk = 1) or not (rhk = 0). The decision variables li indicate whether at least one request (i, k)

or (h, i) is in the feasibility cover or i is a compulsory node (li = 1) or not (li = 0). This pricing

problem does not ensure that the feasibility covers determined by rhk are minimal. We can enforce

this by adding Constraints (12) as lazy constraints. Here, Ψ is the set of feasibility covers that are

not minimal.

∑

(h,k)∈Q

rhk ≤ |Q| − 1 ∀Q∈Ψ (12)

To consider the branching constraints χQi
= 0 of the B&P, we extend the pricing problem by

Constraints (13).

∑

(h,k)∈Qi

rhk ≤ |Qi| − 1 ∀Qi ∈Φ (13)

Here, Φ is the set of feasibility covers Qi on which we already branched, i.e., for which constraints

χQi
= 0 exists.
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4.4.2. Adapted branch-and-price approach

One drawback of such a straightforward approach is that the large number of feasibility covers

makes solving even the root node of the B&P approach very hard. Accordingly, we propose an

adapted B&P approach in which we iteratively find a set of feasibility covers through our Pricing

Problem 11 without solving the continuous relaxation of our problem to optimality and solve their

corresponding TSP-GLs to determine feasible solutions.

We initialize our algorithm by building our restricted master problem (RMP) with the empty set

of minimal feasibility covers and variable χD, i.e., the feasibility cover, which includes all requests.

Additionally, we build our Pricing Problem 11 with an empty set of branching Constraints (13).

Afterward, we divide each iteration of our algorithm into three phases (see Figure 4).

In the first phase, we repeatedly solve Pricing Problem 11 as an IP to generate new minimal

feasibility covers. Whenever we find a new minimal feasibility cover with negative reduced cost, we

update the lower bound of our B&P and add it to the RMP.

In the second phase, we apply a heuristic mechanism to score these new found minimal feasibility

covers and add them to a list of unevaluated covers. By doing so, we allow for an efficient evaluation

of feasibility covers, as solving the corresponding TSP-GL of a minimal feasibility cover takes

relatively long, and our heuristic mechanism allows us to discard bad minimal feasibility covers

much faster than solving the corresponding TSP-GL. Our heuristic mechanism scores a minimal

feasibility cover Q by evaluating its upper and lower bounds for the TSP-GL. If, for a minimal

feasibility cover Q, the lower bound of its corresponding TSP-GL is higher than the upper bound

of our B&P, we can discard Q as an optimal solution.

In the third phase, we evaluate a subset of unevaluated minimal feasibility covers chosen based on

the heuristic scores by solving their corresponding TSP-GLs. Accordingly, we branch on the most

promising minimal feasibility covers, i.e., the minimal feasibility covers in the set of unevaluated

covers with the smallest upper bounds.

Determination of upper and lower bounds: In the second phase of our B&P approach, we score

feasibility covers. Here, the objective of the TSP-GL contains two potentially conflicting terms, i.e.,

Figure 4 Flowchart B&P approach algorithm
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design cost
∑

[i,j]∈E c[i,j]x[i,j] and routing cost
∑

(i,j)∈A

∑
(h,k)∈D q̃hkij f

hk
ij . To derive a lower bound on

the objective, we derive lower bounds on the individual terms. Accordingly, we solve the symmetric

TSP on compulsory nodes and nodes with requests going from or to them in Q to obtain a lower

bound on the design costs (lbdesign). Furthermore, for each request (h,k) ∈Q, we assume a lower

bound of q̃hkhk for the routing cost (lbhkrouting), which corresponds to a direct route from the origin h

to the destination k. Accordingly, (1−α)lbdesign+α
∑

(h,k)∈Q lbhkrouting is a lower bound for the TSP-

GL on Q. For the upper bound, we compute the shortest path of length ubhkrouting for each request

(h,k) ∈Q on the solution of the symmetric TSP. Accordingly, (1−α)lbdesign +α
∑

(h,k)∈Q ubhkrouting

is an upper bound for the TSP-GL on Q.

Benders decomposition for the TSP-GL: To solve the corresponding TSP-GLs in the third

phase of our B&P approach, similarly to Errico et al. (2017), we observe that for fixed design

decision variables x̄, the TSP-GL reduces to solving a one-commodity minimum cost flow model

for each request in our minimal feasibility cover. Accordingly, we utilize a Benders decomposition

approach to solve the TSP-GL. Denoting the routing cost of request (h,k) ∈Q with fixed design

decision variables x̄ as zhk(x̄), we define our PrimalSubproblem (PS) for each request (h,k) as

zhk(x̄) =min
f̄

∑

(i,j)∈A′(Q)

q̃hkij f̄
hk
ij (14a)

∑

(i,j)∈A′(Q)

f̄hk
ij −

∑

(j′,i)∈A′(Q)

f̄hk
j′i =





1 if i= h,

−1 if i= k,

0 i ̸= h,k

∀i∈N ′(Q) (14b)

f̄hk
ij ≥ 0 ∀(i, j)∈A′(Q), ∀(h,k)∈Q (14c)

x̄[i,j]− f̄hk
ij ≥ 0 ∀[i, j]∈E′(Q), ∀(h,k)∈Q (14d)

x̄[i,j]− f̄hk
ji ≥ 0 ∀[i, j]∈E′(Q), ∀(h,k)∈Q (14e)

As strong duality holds for each flow subproblem, we consider the DualSubproblems (DS) for

every flow subproblem. Here, phki are the dual variables of Constraints (14b) ∀i ∈N ′(Q) and λhk
ij

the dual variables of Constraints (14d) and (14e) ∀(i, j)∈A′(Q).

zhk(x̄) =max phk
h − phk

k −
∑

[i,j]∈E′(Q)

λ̄hk
[i,j]x̄[i,j] (15a)

phk
i − phk

j −λhk
ij ≤ qhkij ∀(i, j)∈A′(Q) (15b)

λhk
ij ≥ 0 ∀(i, j)∈A′(Q) (15c)

phk
i ∈R ∀(i, j)∈A′(Q) (15d)

Here, we define λ̄[i,j] := λij + λji, ∀[i, j] ∈ E′(Q). We now denote extr(R) and rays(R) as the

set of extreme points and rays of R= {(λ,p)∈R(|A′(Q)|+|N ′(Q)|)|Q||(λ,p) that satisfy (15b)− (15d)}
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respectively. Consequently, as shown by Errico et al. (2017), we can express Problem 7 as Problem

Problem 16 because we obtain z(x) as a pointwise maximum of affine functions for a generic x and

the number of extreme points and rays are finite.

min αη+(1−α)
∑

[i,j]∈E′(Q)

c̄[i,j]x[i,j] (16a)

η+
∑

[i,j]∈E′(Q)
(h,k)∈Q

λ̄hk
[i,j]x[i,j] ≥

∑

(h,k)∈Q

(phk
h − phk

k ) ∀(λ,p)∈ extr(R) (16b)

∑

[i,j]∈E′(Q)
(h,k)∈Q

λ̄hk
[i,j]x[i,j] ≥

∑

(h,k)∈Q

(phk
h − phk

k ) ∀(λ,p)∈ rays(R) (16c)

∑

[i,j]∈E′(Q)

x[i,j] = 2 ∀i∈N ′(Q) (16d)

x[i,j] ∈ {0,1} ∀[i, j]∈E′(Q) (16e)

To solve Problem 16, we have to determine a set of feasibility cuts (16c) and optimality cuts

(16b). We initialize our algorithm by using the solution of the symmetric TSP, which we solved

for the bounds of Q, which is equivalent to initialization h2 in Errico et al. (2017). We utilize a

subtour elimination constraint strategy for our feasibility cut generation. As such, we adopt (17)

as feasibility cuts. Here Θ is the set of all subtours in the current solution.

∑

[i,j]∈S

x[i,j] ≤ |S| − 1 ∀S ∈Θ (17)

According to Errico et al. (2017), we can add cuts (18) as optimality cuts.

ηh +
∑

k∈Nn[h]
e∈E

λ̄hk
e xe ≥

∑

k∈Nn[h]

phkh − phkk ∀h∈N ′(Q) (18)

Here, ηh is the contribution, of all commodities with origin h, with
∑

h∈N ηh = η, to η.

Accordingly, in our Benders approach, we initialize Problem 16 with a set of feasibility cuts, which

are equal to the subtour elimination constraints we generated in the calculation of our bounds for

the minimal feasibility covers and an empty set of optimality cuts. We additionally use the solution

of the symmetric TSP obtained in the calculation of the bounds to generate optimality cuts. We

then resolve Problem 16 and check if we can add new feasibility cuts. If not, we solve Problem 15

for each request (h,k) ∈ Q and add new optimality cuts. We begin a new iteration by resolving

Problem 16 and terminate when we can not find new feasibility or optimality cuts. Note that we

can add a set of feasibility cuts based on all found subtours in the calculation of the symmetric

TSP when we initialize our Benders approach.

Note that an alternative branching strategy in which we branch on the served requests yields a

more balanced search tree but does not allow us to utilize our problem decomposition based on
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Theorem 3 efficiently. This decomposition is essential to derive primal feasible solutions efficiently

as it allows us to determine primal solutions without explicitly modeling the flow variables of each

request. Accordingly, we focus only on branching on the feasibility set variables χ. For an in-depth

discussion on an alternative branching strategy, we refer to Appendix C.

4.4.3. Local search-based heuristic approach

One primary concern with this B&P approach is the time required to solve the RMP in our column

generation as the number of flow variables fhk
ij and the number of Constraints (6d), (6f), and (6g)

grow by a factor of O(n4) in the size of the underlying graph. Accordingly, we develop a local

search-based heuristic that determines minimal feasibility covers without having to solve the RMP

by leveraging the notion of a minimal node cover.

Definition 4 (Minimal node cover). We define a minimal node cover V ′ to be a set for

which it holds that C ⊆ V ′ ⊆ V and there exists a feasibility cover in {(h,k) : h,k ∈ V ′} and no

feasibility cover in {(h,k) : h,k ∈ V ′ \ {v}} for all v ∈ V ′.

Our heuristic consists of four main parts. An exploration step, a local search, a heuristic mecha-

nism to score minimal feasibility covers, and the solving step. In the exploration step, the heuristic

aims to find new minimal feasibility covers based on minimal node covers. To do so, we start with a

random minimal node cover V ′ ⊆ V with a predetermined size |V ′|= n, which has not been found

so far. We then determine a minimal feasibility cover Q ⊆ Q′ := {(h,k) : h,k ∈ V ′}. Algorithm 1

outlines how to find a minimal feasibility cover from a feasibility cover Q′. Note that if no feasibility

cover of size |Q| − 1 exists for a feasibility cover Q, Q is minimal. Utilizing this, we initialize Algo-

rithm 1 with a feasibility cover Q′ with the aim of determining a minimal feasibility cover Q⊆Q′.

To do so, we assign Q← Q′ (l. 1) and check whether there exists a feasibility cover Q̄ ⊂ Q with

|Q̄|= |Q| − 1 (l.2 - 6). If that is the case, we recursively call Algorithm 1 with Q̄ as an input (l.5).

Otherwise, we return the minimal feasibility cover Q.

In the local search step, the algorithm performs a simple swap procedure on a given feasibility

cover. We always perform the local search on two minimal feasibility covers with the smallest upper

bounds. Algorithm 2 outlines the procedure for one minimal feasibility cover Q′. Here, we aim to

find a new minimal feasibility cover Q similar to Q′. To do so, we assign Q←Q′ (l. 1) and remove

random elements from Q until Q is no longer a feasibility cover (l.3-4). Simultaneously, we add all

removed requests to R (l.4). Afterwards, we randomly add new requests that have not been removed

before to Q (l.6-11) until either Q is a feasibility cover again (l.8-9) or there are no more requests

to add. If Q is a feasibility cover, we determine a minimal feasibility cover through Algorithm 1

and return it (l.12-13). Otherwise, we randomly add previously removed requests to Q until it is a

feasibility cover again (l.15-22). We then determine a minimal feasibility cover through Algorithm 1
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Figure 5 Heuristic flowchart

and return it. For all new-found minimal feasibility covers in the exploration and local search step,

we use the same heuristic mechanism as in our B&P approach to score the covers and calculate

upper and lower bounds. In the solving step, we choose the cover with the lowest upper bound

from our queue and solve Problem 16 on it if its lower bound is smaller than the upper bound of

the incumbent. We then update the upper bound of the node by the objective value of the TSP-

GL and update the incumbent if necessary. Figure 5 shows the illustrative flowchart for this local

search-based heuristic approach. Compared to our B&P approach, only the initialization through

an exploration step and first phase, in which we generate minimal feasibility covers, change. The

termination criterion for this approach is a time limit.

4.4.4. Hybrid approach

Based on our B&P and heuristic approaches, we can now combine the two of them to develop a

hybrid approach. Accordingly, we integrate our heuristic approach’s exploration and local search

into our B&P approach. To do so, we initialize our B&P with a set of minimal feasibility covers X ′
θ,ρ

which we determine through our exploration operator. Additionally, after each pricing problem in

our B&P approach, we apply our local search and exploration operator to the new found minimal

feasibility cover. This allows us to find minimal feasibility covers similar to the ones determined in

Algorithm 1: Determination of minimal feasibility cover

Data: feasibility cover Q′

Result: minimal feasibility cover Q

1 Q←Q′

2 for r ∈Q do
3 if Q \ {r}feasibility cover then
4 Q̄←Q \ {r}
5 return minimal feasibility cover(Q̄)
6 end
7 end

8 return Q
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Algorithm 2: Local search

Data: minimal feasibility cover Q′; all requests D

Result: minimal feasibility cover Q

1 Q←Q′

2 R←∅
3 while Q is feasibility cover do
4 R.add(Q.pop())

5 end

6 for r ∈D \R do
7 Q.add(r)

8 if Q is feasibility cover then
9 break

10 end
11 end

12 if Q is feasibility cover then
13 return minimal feasibility cover(Q)

14 end

15 else
16 for r ∈R do
17 Q.add(r)

18 if Q is feasibility cover then
19 return minimal feasibility cover(Q)

20 end
21 end
22 end

our pricing problem through the local search and minimal feasibility covers, which visit a similar

number of nodes as the newfound cover through the exploration. Afterwards, we continue with the

second and third phases of our B&P approach.

4.4.5. Speed-up techniques

We use the following speed-up techniques to enhance the performance of our algorithms. First,

closing the optimality gap of the continuous solution of the root node of our B&P and hybrid

approaches is already challenging. Consequently, we limit the number of solved pricing problems

that determine new feasibility covers of our algorithm (Figure 4) to n = 5 in each iteration of

the column generation. Here, we also determine an overall lower bound of the STSP-GL in each

iteration by calculating the sum of the current objective value of our RMP and the respective

objective value of our pricing problem.
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Second, after solving n pricing problems, for each feasibility cover Q whose corresponding decision

variable χQ is in the basis of the last solution of the RMP, we calculate the upper and lower bound

of their corresponding TSP-GL. We then add each of the selected feasibility covers Q to a priority

queue, which sorts them based on their upper bounds.

Third, in both our B&P and hybrid approaches, we check whether the feasibility cover’s lower

bound is smaller than our incumbent’s upper bound for the first m = 5 feasibility covers in the

priority queue. If this holds, we solve the corresponding TSP-GL. Otherwise, we continue to the

next element of the priority queue without solving the TSP-GL. We do not test additional feasibility

covers in an iteration, even if we solve no corresponding TSP-GLs.

Fourth, determining the set of all feasibility covers that are not minimal (Ψ) for Constraints (12)

is computationally not tractable. Accordingly, we can implement them as lazy constraints. In our

computational effectiveness analysis, we did not see a computational advantage of adding these

constraints to the pricing problem and sometimes, they even worsened the lower bound of our

B&P and hybrid approaches. Accordingly, we excluded them from the results of our computational

analysis. Note that our problem reformulation in Section 4.3 holds for feasibility covers and does

not require minimal feasibility covers. Intuitively, there is a clear trade-off between using feasibility

covers and minimal feasibility covers. On the one hand, we expect that solving the pricing problems

for minimal feasibility covers will take more time. On the other hand, we expect that the bound

produced when only minimal feasibility covers are returned by the pricing problem will be stronger.

In a limited computational study that we do not include in the paper due to length considerations,

we observed that our approaches perform better when the pricing problems were not restricted to

producing minimal feasibility covers.

Fifth, due to the structure of our Benders approach’s feasibility cuts (17), we can cache all

feasibility cuts for a set of nodes. If we solve the TSP-GL for a new feasibility cover whose set of

nodes was included in another already solved TSP-GL, we initialize our Benders approach with

the corresponding feasibility cuts. Finally, we can terminate our Benders approach if the objective

value of Problem 16 is greater than the current upper bound of our algorithm.

4.5. Computational analysis

Our analysis is fourfold. First, we analyze the computational efficiency of our algorithms. Second,

we study the behavior of upper and lower bounds of our different approaches to understand what

drives the complexity of our problem. Third, we analyze the benefits of our stochastic planning

approach compared to a deterministic planning approach. Fourth, we aim to understand how the

predefined service level and the feasibility frequency impact the design cost.

To do so, we first compare the bounds of our B&P, heuristic, and hybrid approach against a MIP

benchmark, which solves the deterministic equivalent of our STSP-GL (Problem 2) with a standard
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solver. Second, we analyze the convergence of bounds of our three approaches against the same

MIP benchmark. Third, we compare our stochastic approach against a deterministic approach on

multiple instances, varying in graph size, service level, and feasibility frequency. Fourth, we show

the difference in design cost on instances with varying service level and feasibility frequency.

4.5.1. Instances

We use the TSPGL LIB data set to test our algorithms. The TSPGL LIB instance set is an open

source data set that builds on the TSPLIB data set. We focus on the complete and uniform demand

distributions in which the demand matrix is complete and demand dhks is generated uniformly on a

given interval. For an in-depth explanation of the instance generation, we refer to Errico et al. (2017).

For analysis (i), we solve instances on complete graphs with 17, 21, 29, 42, 51, 70, and 76 nodes to

analyze our algorithms on different graph sizes and analyze our approaches on instances with 20

and 50 scenarios for θ= 0.95 and ρ= 0.05 as well as θ= 0.9 and ρ= 0.1. We generate five instances

considering random seeds for each network dimension, scenario size, and service/feasibility level.

Accordingly, this TSPGL LIB-based instance set consists of 140 different instances. Furthermore,

we set α= 0.25. For analysis (ii), we focus on one representative example of bound convergence on

a graph with 51 nodes for 20 and 50 scenarios. Other graphs from the TSPGL LIB data set show

similar results to those displayed here. For analysis (iii), we solve instances on complete graphs with

17, 21, 29, 42, 51, and 70 with 20 scenarios for θ ∈ [0.05,0.1] and ρ∈ [0.9,0.95]. We again generate

five instances considering random seeds for each network dimension, service, and feasibility level.

Accordingly, this TSPGL LIB-based instance set consists of 120 different instances. For analysis

(iv), we again focus on one representative example with 51 nodes and 50 scenarios to analyze the

impact of service and feasibility level on the design cost. In this context, we solve the STSP-GL for

θ ∈ [0.8,0.85,0.9,0.95,1.0] and ρ∈ [0.0,0.05,0.1,0.15,0.2]. Other graphs from the TSPGL LIB data

set again show similar results to those displayed here.

4.5.2. Computational setting

We set the maximum runtime of all algorithms to 60 minutes. In our B&P and hybrid approach, we

limit the computation time for each RMP to 40 minutes and for each pricing problem to 20 minutes.

Furthermore, for fair comparison, we terminate the RMP and pricing problem when reaching an

optimality gap of two percent. This is necessary, as it may happen that both the RMP and pricing

problem cannot find an optimal solution within the maximum computation time. Furthermore, we

terminate all algorithms except our heuristic if an optimality gap of two percent is reached.

All our experiments have been conducted on a standard desktop computer equipped with two

Intel(R) Core(TM) i9-9900, 3.1 GHz CPU and a total of 20 GB of RAM, running Ubuntu 20.04.

We have implemented all algorithms in Python (3.8.11) using Gurobi 9.5. Our source code can

be found on https://github.com/tumBAIS/STSP-GL.
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4.5.3. Computational effectiveness of proposed methods

To understand whether the proposed methods are computationally efficient, we benchmark them

against a MIP solver solving Problem 2. We do this by aggregating results on instances according to

different parameter values. Namely, the number of scenarios, service level, and feasibility frequency.

Tables 1 - 4 show average upper bounds (UB), lower bounds (LB), and optimality gaps (Gap)

for the MIP benchmark, our B&P and hybrid approaches. Additionally, it shows the number of

instances for which no primal feasible solution could be found (No UB) for the MIP benchmark

and the upper bounds (UB) for our heuristic approach. All data displays the average over five

randomly generated instances with a maximum computation time of one hour. We also tested our

algorithms with a maximum computation time of two hours, but all our three algorithms and the

MIP benchmark rarely improved upper or lower bounds in this additional hour.

Tables 1 - 4 show that for smaller instances with less than 50 nodes, the upper bounds of our

B&P, heuristic, and hybrid approaches are nearly always 0-3% better than our MIP benchmark.

The only outliers are the instances with 42 nodes in Table 4, in which the upper bounds of our

B&P and hybrid approaches are 13% and of our heuristic are 8% better. We also see that our B&P

and hybrid approaches find good lower bounds for these instances even though they are nearly

always 2-3% worse than the lower bounds of our MIP benchmark. The only large outliers are the

instances with 17 nodes in Table 4, in which the lower bounds of our B&P and hybrid approaches

are 10% worse than our MIP benchmark. For larger instances with more than 50 nodes, our B&P

and hybrid approaches find much better upper bounds than our MIP benchmark ranging from

improvements between 10-44% in the instances with 51 and 76 nodes and improvements between

74-85% in instances with 70 nodes.

Furthermore, our B&P and hybrid approaches find much better lower bounds than our MIP

benchmark for the two largest instances with 70 and 76 nodes, with improvements ranging between

8-55% compared to our MIP benchmark, but cannot close the optimality gap of 5-34%. Additionally,

our MIP benchmark cannot find feasible solutions for at least three of the five problems of our

largest instance with 76 nodes in all settings.

If we compare our different approaches over the different instance settings, we see that either our

B&P or our hybrid approach performs better than our heuristic approach on all problems except the

ones with 76 nodes, θ= 0.95, ρ= 0.05 and 50 scenarios. Furthermore, we see that for most problems,

our B&P and hybrid approaches perform similarly in terms of upper and lower bounds. The main

difference in upper and lower bounds is in Table 3, where our hybrid approach finds worse lower

bounds than our B&P approach and the fact that our hybrid approach finds better upper bounds

than our B&P approach for the largest instances with 76 nodes in all tables. One explanation for the

latter observation is that our hybrid approach finds more minimal feasibility covers it can evaluate
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Table 1 TSPGL LIB-based instances with 20 scenarios θ= 0.95, ρ= 0.05

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 20 3231 3187 1.38 0 3230 3230 0.00 3230 3230 0.00 3230
21 20 4258 4239 0.45 0 4253 4215 0.91 4252 4218 0.82 4252
29 20 2531 2489 1.67 0 2524 2412 4.67 2524 2426 4.05 2523
42 20 1046 985 6.29 0 1036 990 4.99 1036 975 6.42 1050
51 20 668 566 18.28 0 591 560 5.59 591 560 5.65 613
70 20 5086 686 637.77 0 925 885 4.89 927 821 12.95 988
76 20 864 561 51.18 3 720 671 7.35 718 667 7.70 778

Table 2 TSPGL LIB-based instances with 50 scenarios θ= 0.95, ρ= 0.05

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 50 3279 3224 1.72 0 3276 3169 3.46 3276 3276 0.00 3276
21 50 4259 4224 0.83 0 4257 4205 1.24 4255 4225 0.73 4255
29 50 2536 2495 1.64 0 2530 2407 5.11 2526 2399 5.33 2530
42 50 1079 1024 5.42 0 1075 964 11.58 1071 978 9.55 1073
51 50 694 596 16.36 0 615 598 2.72 615 600 2.60 629
70 50 6079 692 779.12 0 962 885 8.90 966 866 11.57 992
76 50 933 451 63.18 4 828 702 18.06 784 697 12.55 778

Table 3 TSPGL LIB-based instances with 20 scenarios θ= 0.9, ρ= 0.1

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 20 3132 3096 1.16 0 3130 2896 8.31 3131 2955 6.34 3203
21 20 3945 3904 1.03 0 3937 3706 6.33 3937 3763 4.78 3987
29 20 2166 2129 1.75 0 2167 2068 4.85 2167 2047 5.86 2238
42 20 983 808 21.74 0 947 947 0.00 945 845 12.74 981
51 20 582 456 27.83 0 527 484 9.37 520 467 11.66 581
70 20 3154 516 511.39 0 827 671 24.71 836 630 32.71 953
76 20 1123 403 171.74 3 631 576 10.04 630 539 16.88 738

Table 4 TSPGL LIB-based instances with 50 scenarios θ= 0.9, ρ= 0.1

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 50 3269 3223 1.43 0 3268 2892 13.03 3268 2913 12.18 3277
21 50 3967 3905 1.59 0 3963 3786 4.80 3964 3792 4.64 4007
29 50 2191 2152 1.82 0 2200 2098 4.93 2203 2092 5.35 2293
42 50 1109 806 36.75 1 962 962 0.00 962 904 6.97 1014
51 50 689 471 46.55 0 552 506 9.33 554 492 12.56 595
70 50 6081 322 243816.66 0 886 672 31.68 896 671 33.49 955
76 50 832 255 97.54 4 785 571 37.80 742 567 30.97 744

before solving the corresponding TSP-GL of one of them. As the instances grow in size, solving the

corresponding TSP-GL becomes computationally expensive, i.e., determining the upper and lower
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bounds of more minimal feasibility covers leads to a higher probability of choosing a good minimal

feasibility cover to evaluate.

Furthermore, we see that the number of scenarios as well as the reduction of the service level and

feasibility frequency drives complexity, i.e., leads to worse optimality gaps in our B&P and hybrid

approaches. The reason for that is, that with a growing number of scenarios as well as shrinking

service level and feasibility frequency, the number of minimal feasibility covers grows significantly

and more TSP-GLs have to be solved.

Figure 6 shows average computation times until the final upper bound is found (a), average

computation times until a better upper bound than the best MIP bound is found in our B&P,

hybrid, and heuristic approaches (b), and average computation times until an upper bound is found

that is not more than 1% worse than the final upper bound (c) for five instances with 20 scenarios

with θ = 0.95 and ρ= 0.05. The results for instances with 50 scenarios or θ = 0.9 and ρ= 0.1 are

similar to those shown here. We do not add the results for instances with 76 nodes, as the MIP does

not find solutions for most of them. We see that our B&P approach, on average, finds better upper

bounds than our MIP in under 500 seconds for all instances. Additionally, we see that there may

be a significant difference between finding an upper bound that is within one percent of the final

upper bound and finding the final upper bound, e.g., instances with 29 nodes with 1585 seconds

(Figure 6a) versus 2 seconds (Figure 6c). We observe similar behavior for our hybrid and heuristic

approach. Additionally, we see that except for the largest instances with 70 nodes, either our B&P

or our hybrid approaches find better upper bounds than the MIP faster than our heuristic approach.

4.5.4. Convergence of bounds

In this section, we analyze the convergence of the upper and lower bounds of our B&P, heuristic, and

hybrid approaches with our MIP benchmark on the TSPGL LIB dataset. Note that our heuristic

has no lower bound. Figure 7 shows the average convergence of upper and lower bounds for instances
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Figure 6 Computation times of TSPGL LIB-based instances with 20 scenarios θ= 0.95, ρ= 0.05
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with 51 nodes and a service level of θ = 0.95 and ρ = 0.05. We see that our B&P and hybrid

approaches find better upper bounds faster than our MIP benchmark for instances with 20 scenarios

over the entire computation time and quickly find better upper bounds than our heuristic approach.

Our heuristic approach also finds better upper bounds than our MIP benchmark. We also see that

all methods ultimately converge to similar lower bounds. For instances with 50 scenarios, we again

find upper bounds with our B&P and hybrid approaches much faster than our MIP benchmark.

Our heuristic approach finds good upper bounds even quicker than our B&P and hybrid approaches

but cannot improve significantly over the computation time. Furthermore, we see that with more

scenarios, our B&P and hybrid approaches find upper bounds much faster than our MIP benchmark

but cannot close the optimality gap.
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51 nodes and 50 scenarios
Figure 7 Average bound convergence in instances with 20 and 50 scenarios for θ= 0.95, ρ= 0.05
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(a) Convergence of upper and lower bound for 51

nodes and 20 scenarios
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(b) Convergence of upper and lower bound for 51

nodes and 50 scenarios

Figure 8 Average bound convergence instances with 20 and 50 scenarios for θ= 0.9, ρ= 0.1
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Figure 8 shows the average convergence of upper and lower bounds for instances with 51 nodes

and a service level of θ = 0.9 and ρ = 0.1. We see that for 20 scenarios, our B&P and hybrid

approaches find better upper bounds faster than our MIP benchmark. Similar to the higher service

level, our heuristic approach finds upper bounds fast but cannot improve much during the rest of

the run. Still, contrary to the higher service level instances with 20 scenarios, our MIP benchmark

cannot find better bounds than our heuristic approach. Looking at the lower bounds of our B&P

and hybrid approaches compared to our MIP benchmark, we see that for a lower service level, our

B&P and hybrid approaches find equally good lower bounds to our MIP benchmark. For instances

with 50 scenarios, our MIP benchmark takes much longer than our B&P, heuristic, and hybrid

approaches to find feasible solutions. Additionally, our B&P and hybrid approaches find better lower

bounds faster than our MIP benchmark. As our MIP benchmark especially struggles to find good

upper bounds and the initial lower bounds of our B&P and hybrid approaches only show minor

improvements with respect to computation time, none of the algorithms can close the optimality

gap within one hour.

With this analysis of bound convergence, we see that our B&P, heuristic, and hybrid approaches

are more robust against an increase in scenarios than our MIP benchmark and can find feasible

solutions of good quality much faster.

4.5.5. Value of Stochastic Solution

It is common for solutions determined by deterministic models to derive better objective values than

solutions determined by stochastic models when we evaluate them in a deterministic setting. At

the same time, the deterministic solutions are often infeasible or derive worse objective values than

stochastic solutions when we evaluate them in a stochastic setting. In this section, we show that

this property also holds for the STSP-GL. Table 5 shows the comparison between a deterministic

approach and our stochastic approach. Specifically, we compare our stochastic approach to the

deterministic setting in which we solve the STSP-GL for only one scenario in which we calculate the

mean demand for each request over all original scenarios. In this context, we test the two different

approaches on different instances with θ ∈ [0.95,0.9], ρ∈ [0.05,0.1], and 20 scenarios. We solve five

instances for each individual configuration. Table 5 shows the design cost, percentage of nodes in

the tour (N̄), average demand of served demand (d̄), average percentage of scenarios in which the

service level is not fulfilled (ρ̄), and the number of deterministic solutions which are infeasible in

our stochastic setting (Inf.).

We see that the deterministic approach finds tours with much lower design costs than our stochas-

tic approach as, on average, the tours include fewer nodes. At the same time, as is expected for

deterministic approaches in a stochastic setting, we see that for all instances, the solutions of the
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Table 5 Comparison between deterministic and stochastic approach

Instance Deterministic approach Stochastic approach

Nodes θ ρ Design cost N̄ d̄ ρ̄ Inf. Design cost N̄ d̄ ρ̄

17 0.95 0.05 2846.1 0.91 0.96 0.31 5 / 5 3083.7 0.99 0.97 0.05
21 0.95 0.05 3714.3 0.90 0.95 0.43 5 / 5 4060.5 1.00 0.98 0.05
29 0.95 0.05 2077.5 0.90 0.95 0.45 5 / 5 2464.8 0.99 0.98 0.04
42 0.95 0.05 937.8 0.90 0.95 0.41 5 / 5 989.4 0.93 0.95 0.05
51 0.95 0.05 543.6 0.85 0.95 0.42 5 / 5 585.3 0.90 0.95 0.05
70 0.95 0.05 888.0 0.89 0.95 0.47 5 / 5 916.2 0.92 0.95 0.05

17 0.95 0.10 2846.1 0.91 0.96 0.31 5 / 5 3083.7 0.99 0.94 0.10
21 0.95 0.10 3714.3 0.90 0.95 0.43 5 / 5 4060.5 1.00 0.96 0.10
29 0.95 0.10 2077.5 0.90 0.95 0.45 5 / 5 2365.5 0.97 0.96 0.10
42 0.95 0.10 937.8 0.90 0.95 0.41 5 / 5 983.1 0.92 0.94 0.10
51 0.95 0.10 540.6 0.85 0.95 0.42 5 / 5 573.3 0.89 0.94 0.10
70 0.95 0.10 888.0 0.89 0.95 0.47 5 / 5 911.4 0.91 0.93 0.10

17 0.90 0.05 2611.8 0.85 0.91 0.42 5 / 5 3018.3 0.96 0.95 0.05
21 0.90 0.05 3380.4 0.86 0.90 0.41 5 / 5 3908.1 0.96 0.93 0.05
29 0.90 0.05 1812.3 0.83 0.90 0.44 5 / 5 2114.1 0.90 0.91 0.05
42 0.90 0.05 876.0 0.80 0.90 0.43 5 / 5 924.0 0.85 0.91 0.05
51 0.90 0.05 485.7 0.76 0.90 0.43 5 / 5 520.8 0.80 0.90 0.05
70 0.90 0.05 797.4 0.77 0.90 0.44 5 / 5 828.0 0.81 0.90 0.05

17 0.90 0.10 2611.8 0.85 0.91 0.42 5 / 5 2999.1 0.95 0.92 0.10
21 0.90 0.10 3380.4 0.86 0.90 0.41 5 / 5 3762.0 0.92 0.91 0.10
29 0.90 0.10 1812.3 0.83 0.90 0.44 5 / 5 2069.4 0.87 0.89 0.10
42 0.90 0.10 876.0 0.80 0.90 0.43 5 / 5 904.5 0.84 0.88 0.10
51 0.90 0.10 486.9 0.76 0.90 0.43 5 / 5 512.4 0.78 0.89 0.10
70 0.90 0.10 792.6 0.77 0.90 0.41 5 / 5 814.5 0.80 0.88 0.10

deterministic approach can not fulfill the service level for more than 30 percent of all scenarios. This

makes all deterministic solutions infeasible for our stochastic setting, as for them to be feasible,

ρ̄ would need to be smaller than ρ, i.e., 0.05 and 0.1. Furthermore, we see that the percentage

of served demand (d̄) is often smaller in the deterministic solutions compared to our stochastic

approaches. In this context, it is interesting that d̄ is significantly higher than θ ∗ (1− ρ) which

we expected in the stochastic approach. This phenomenon suggests that to fulfill our feasibility

frequency, we have to serve more demand than required by our service level. Furthermore, except

for the instances with 29 nodes, θ = 0.95 and ρ = 0.05, ρ̄ is as expected equal to (1− ρ) for all

stochastic solutions.

Summarizing, our stochastic approach accounts for uncertain passenger demand by including

more nodes in the tour, increasing the design cost. Additionally, significantly more demand is served

in our stochastic solutions compared to the deterministic solutions.

4.5.6. Analysis of the number of chosen scenarios

Our model utilizes a set of scenarios to approximate the demand distribution. In this context, it

remains a central question how many scenarios are necessary to approximate the demand distribu-

tion accurately such that the resulting route remains feasible in an out-of-sample comparison. To
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(b) Service levels for instance with 51 nodes
Figure 9 Service levels of 100 new instances on determined route for θ= 0.9 and ρ= 0.05

answer this question, we solve instances with 5, 10, 20, 50, 100, and 200 scenarios with our B&P

approach. Furthermore, we generate 100 new demand-scenarios and compute the service level based

on the determined route. Figure 9 shows the service levels for these new scenarios for instances

with 42 and 51 nodes with θ = 0.9 and ρ = 0.05. Our assumption is that with sufficiently many

scenarios to approximate the demand distribution, 95 demand-scenarios should have a service level

higher than 0.9. While routes determined with 50 scenarios are just barely under the threshold

of 95 demand-scenarios with a service level of at least 0.9, we see that the worst service levels of

demand-scenarios can be higher than with 100 and 200 scenarios. Other instance configurations

yield similar results.

4.5.7. Analysis of service and feasibility level impact on design cost

Our model presumes a service level, i.e., the market share served and the frequency with which it is

served. To understand which drives costs, we aggregate results on instances according to different

parameter values for the service level θ and the frequency of meeting it (1− ρ).

Figure 10 shows the difference in design costs and number of nodes in the tour for service

levels θ ∈ [0.8,0.85,0.9,0.95,1.0] and feasibility levels ρ∈ [0.0,0.05,0.1,0.15,0.2] on the TSPGL LIB

instance with 51 nodes with 50 scenarios. We see that the design cost of a route depends more on

the desired market size θ than on the frequency of meeting it (1− ρ), i.e., reducing θ by 0.05 on

average decreases design costs by 8.5% while reducing 1−ρ by 0.05 on average only reduces design

costs by 2%. We see a similar reduction in the number of nodes in the tour. Explicitly, reducing

θ by 0.05 on average decreases the number of nodes in the tour by 9% while reducing 1− ρ by

0.05 on average only reduces the number of nodes in the tour by 2%. This is not surprising as the

number of nodes in a tour highly correlates to the design costs of the tour. Consequently, a DAS

operator aiming to reduce the design costs in the tactical planning problem should focus on the

desired service level instead of on the frequency of meeting it.
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Figure 10 Average design cost and number of nodes for varying θ and ρ values on instance with 51 nodes

4.6. Conclusion and future work

With this work, we introduced the STSP-GL, which can be used to find a general ordering of stops

in the tactical planning of DAS under uncertain passenger demand. Furthermore, we proposed an

algorithmic framework to determine near-optimal solutions. To do so, we modeled the STSP-GL

as a stochastic program and determined its deterministic equivalent. This allowed us to utilize

a B&P, hybrid, and heuristic approach, which decompose the STSP-GL into multiple TSP-GLs.

We performed extensive computational experimentation to analyze how our different algorithms

perform on different graph sizes, number of scenarios, service, and feasibility levels. For this purpose,

we generated a large set of instances from the TSPGL LIB dataset. We show that our B&P and

hybrid approaches find better upper bounds than our MIP benchmark within 500 seconds for

nearly all instance types but struggle with closing the optimality gap. Especially for larger graph

sizes, our B&P and hybrid approaches improve the MIP benchmark’s upper bounds by up to 85%.

Furthermore, we showed that our heuristic approach finds feasible solutions within a couple of

seconds but due to the size of the set of minimal feasibility covers is not able to significantly improve

on the initial upper bounds during the remainder of the computation time. Additionally, we saw

that the additional local search and exploration of our hybrid approach makes it more robust against

higher numbers of scenarios compared to our B&P approach. Furthermore, we showed that even

though the design costs of solutions derived through a deterministic approach are lower compared

to solutions of a stochastic approach, they are not feasible in a stochastic setting, i.e., the stochastic

approach includes more nodes in the tours to meet the demand with a higher probability. Finally,

we showed that the impact of the service level on the design cost is higher than the impact of the

feasibility level. Here, we are able to, on average, reduce the design costs by 8.5% when lowering

the service level by 5% while only reducing the design costs by 2% when lowering the feasibility

frequency by 5%.
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Further research may expand on the current methodology of our heuristic to develop a more

sophisticated hybrid approach to outperform our B&P and hybrid approaches. Additionally, our

current distribution of requests is nearly uniform, i.e., the probability of request A having positive

demand in a scenario is similar to request B having positive demand in a scenario. Investigating

the impact of different request distributions on the design and routing costs remains an interesting

avenue for future research.
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Appendix A Kullback-Leibler divergence

In this section, we analyze how well a set of scenarios represents the distribution of demands in

the TSPGL LIB instance set. To do so, we compute the Kullback–Leibler divergence (KLD) for

instances with 17, 21, 29, 42, 51, and 70 nodes for 5, 10, 20, 50, 100, and 200 scenarios on five

different seeds. Figure 11 shows the KLD for these instances with different numbers of scenarios.

Here, we compare the average KLD over all request between the mean over all seeds of the sample-

based and the original demand distribution. We see that on average over all instances with 50

scenarios, we are able to reduce the KLD by 83.4%, with 100 scenarios by 92.1%, and with 200

scenarios by 96.1% compared to the KLD for only five scenarios. As our MIP benchmark often

does not find any feasible solutions for instances with more than 50 scenarios and our solutions

found perform well for 50 scenarios in an out-of-sample comparison, we restrict the computational

analysis of our results to a maximum of 50 scenarios.

Appendix B Sensitivity analysis on parameter α

In this section, we show results for α∈ [0.5,0.75]. Tables 6 - 9 (α= 0.5) and Tables 10 - 13 (α= 0.75)

show that with an increasing value of α the optimality gap of our B&P and hybrid approaches get

worse. This is mainly due to worse lower bounds. At the same time, our B&P and hybrid approaches

consistently perform better than our MIP benchmark on nearly all instances. Interestingly, our

heuristic consistently finds the best solutions for the largest instances. This is mainly due to the

fact that for larger instances, generating feasibility covers through our column generation becomes

increasingly difficult, and our heuristic is able to find more feasibility covers faster than our B&P

and hybrid approaches. Additionally, due to the increased complexity of our TSP-GLs through an

increase in parameter α, we are only able to solve fewer subproblems during our computation time.

As our heuristic finds more feasibility covers before solving their corresponding TSP-GLs, it has
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a higher chance of generating a good feasibility cover whose upper bounds are already relatively

good.
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(a) KLD for 17 nodes
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(b) KLD for 21 nodes
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(c) KLD for 29 nodes
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(d) KLD for 42 nodes
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(e) KLD for 51 nodes
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(f) KLD for 70 nodes
Figure 11 Kullback-Leiber divergence (KLD) between scenario-based and original demand distribution
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Table 6 TSPGL LIB-based instances with 20 scenarios θ= 0.95, ρ= 0.05, α= 0.5

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 20 2346 2302 1.92 0 2346 2169 8.24 2344 2119 10.76 2346
21 20 3091 3034 1.88 0 3090 3077 0.44 3090 3090 0.00 3090
29 20 1835 1710 7.31 0 1711 1687 1.44 1785 1693 5.40 1712
42 20 771 706 9.32 0 730 658 10.99 733 657 11.66 746
51 20 470 387 21.38 0 398 386 3.25 406 386 5.23 410
70 20 3678 295 176355.41 0 619 578 7.18 619 581 6.54 664
76 20 746 392 98.14 2 538 462 16.57 530 463 14.29 520

Table 7 TSPGL LIB-based instances with 50 scenarios θ= 0.95, ρ= 0.05, α= 0.5

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 50 2383 2337 1.98 0 2374 2135 11.25 2372 2110 12.44 2375
21 50 3097 3044 1.76 0 3097 3060 1.23 3096 3086 0.34 3097
29 50 1847 1699 8.71 0 1708 1678 1.81 1849 1697 8.97 1706
42 50 834 720 15.88 0 746 673 10.98 744 693 7.37 745
51 50 468 409 14.36 0 412 410 0.47 437 414 5.66 423
70 50 4409 1 440825.07 0 677 606 11.73 690 611 12.80 666
76 50 1108 78 186.37 4 618 478 29.49 564 484 16.78 523

Table 8 TSPGL LIB-based instances with 20 scenarios θ= 0.9, ρ= 0.1, α= 0.5

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 20 2262 2222 1.80 0 2262 2007 12.65 2258 2044 10.54 2329
21 20 2859 2813 1.64 0 2859 2646 8.10 2860 2645 8.18 2894
29 20 1571 1521 3.29 0 1528 1421 7.54 1533 1424 7.66 1591
42 20 783 576 35.80 0 686 544 26.06 685 545 25.84 718
51 20 462 316 46.50 0 357 313 14.11 356 313 14.00 391
70 20 3691 146 264036.97 0 574 454 26.51 570 449 26.92 642
76 20 734 284 156.50 1 456 371 22.78 464 370 25.45 497

Table 9 TSPGL LIB-based instances with 50 scenarios θ= 0.9, ρ= 0.1, α= 0.5

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 50 2367 2321 2.02 0 2366 1994 18.70 2373 1994 19.02 2382
21 50 2883 2831 1.84 0 2880 2709 6.42 2880 2707 6.53 2916
29 50 1600 1501 6.61 0 1528 1435 6.49 1547 1433 8.01 1593
42 50 826 579 42.63 0 689 566 21.73 690 574 20.27 727
51 50 482 328 47.17 0 373 340 9.80 370 342 8.18 402
70 50 4414 1 441335.08 0 731 468 56.45 653 464 40.89 638
76 50 627 180 111.07 4 596 377 59.92 527 372 41.96 496
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Table 10 TSPGL LIB-based instances with 20 scenarios θ= 0.95, ρ= 0.05, α= 0.75

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 20 1400 1357 3.17 0 1358 1265 7.45 1359 1233 10.29 1362
21 20 1921 1865 3.00 0 1868 1749 6.90 1866 1717 8.66 1870
29 20 1136 876 29.68 0 876 876 0.00 1150 956 20.31 880
42 20 532 385 38.18 0 388 384 0.85 476 390 22.10 394
51 20 303 200 51.50 0 202 202 0.00 245 210 16.88 209
70 20 1863 289 533.36 0 316 316 0.00 400 328 21.76 334
76 20 395 233 70.03 3 320 249 28.47 330 250 31.76 263

Table 11 TSPGL LIB-based instances with 50 scenarios θ= 0.95, ρ= 0.05, α= 0.75

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 50 1420 1348 5.34 0 1349 1248 8.06 1353 1260 7.39 1357
21 50 1934 1861 3.92 0 1866 1752 6.51 1867 1771 5.45 1865
29 50 1148 862 33.18 0 868 868 0.00 1163 962 20.86 869
42 50 579 387 49.61 0 390 390 0.00 489 403 21.42 390
51 50 329 204 61.27 0 208 208 0.00 256 226 13.21 214
70 50 2740 1 273887.60 0 398 338 17.63 417 343 21.53 334
76 50 542 217 147.31 3 389 258 51.43 351 249 42.56 265

Table 12 TSPGL LIB-based instances with 20 scenarios θ= 0.9, ρ= 0.1, α= 0.75

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 20 1353 1330 1.73 0 1331 1187 12.20 1333 1188 12.28 1362
21 20 1759 1724 2.02 0 1728 1554 11.17 1733 1561 11.03 1756
29 20 974 793 22.82 0 799 796 0.41 994 810 22.76 824
42 20 468 343 36.33 0 363 335 8.54 364 341 7.04 378
51 20 281 176 59.94 0 182 174 4.53 201 176 14.07 200
70 20 1838 177 55365.05 0 290 266 9.05 319 269 18.53 327
76 20 377 187 100.83 1 275 194 42.59 278 200 39.62 254

Table 13 TSPGL LIB-based instances with 50 scenarios θ= 0.9, ρ= 0.1, α= 0.75

Instance MIP B&P Hybrid Heuristic

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] UB

17 50 1402 1352 3.70 0 1354 1209 12.04 1354 1211 11.83 1369
21 50 1788 1737 2.94 0 1738 1586 9.61 1738 1599 8.71 1757
29 50 1021 787 29.73 0 790 790 0.00 1035 809 27.97 818
42 50 505 345 46.59 0 364 347 4.90 364 349 4.45 386
51 50 310 181 71.56 0 190 189 0.67 234 188 24.33 201
70 50 2748 1 274652.63 0 425 268 59.62 407 266 52.99 326
76 50 511 168 210.90 4 375 186 105.52 313 188 68.38 254
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Appendix C An alternative branching strategy

This section discusses the consequences of an alternative branching strategy. Specifically, instead

of directly branching on cover variables χQ, we introduce branching constraints

∑

Q∈X ′
θ,ρ

rhkQ χQ ≥ 1 (19)

and

∑

Q∈X ′
θ,ρ

rhkQ χQ ≤ 0 (20)

for (h,k) ∈⋃
Q∈X̄ ′

θ,ρ
Q \⋂Q∈X̄ ′

θ,ρ
Q with X̄ ′

θ,ρ := {Q ∈ X ′
θ,ρ : 0< χQ < 1}. This strategy branches

on the decision whether to serve request (h,k) (Constraint (19)) or not (Constraint (20)). Here

(h,k) is not in at least one feasibility cover Q ∈ X̄ ′
θ,ρ. Consequently, this leads to integer cover

variables χQ. After determining integer cover variables, the resulting subproblems can again be

solved via Benders decomposition to derive integer edge variables. To utilize column generation in

the subproblems resulting from branching constraints (19) and (20), we have to add constraints

rhk ≥ 1 or rhk ≤ 0 to pricing problem 11 according to the previous branching decisions and update

the objective function (11a) of the pricing problem to.

min
l,r

2
∑

i∈N

ιili +
∑

(h,k)∈D

rhk(ϵhkh − ϵhkk + bhk)−β (21)

Here, we define b as

bhk =





dual variable of (19) if (h,k)∈B+,

dual variable of (20) if (h,k)∈B−,

0 else

(22)

where B+ and B− are branching decisions on requests (h,k) ∈D resulting in constraints (19)

and (20) respectively.

There are two major complexity drivers for Problem 6. First, determining all feasibility covers,

even for only solving the root node of the problem, is hard. Second, in each iteration of our column

generation, we have to determine optimal solutions for all passenger flow variables fhk
ij for each

arc and each request. By directly branching on the feasibility cover variables χQ, utilizing our

upper and lower bounds for the resulting subproblems, and solving the subproblems via Benders

decomposition, we tackle both of these complexity drivers. First, we only have to determine optimal

passenger flow variables once for each generated feasibility cover, i.e., in the restricted master

problem of our column generation. Second, through the upper and lower bounds of our subproblems,
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we cut parts of our branching tree early in our algorithm. Third, by utilizing Benders decomposition

for our subproblems, we do not have to consider passenger flow variables in our subproblems.

If on the other hand, we branch via constraints (19) and (20), even though this would lead to

a more balanced search tree, we face several problems. First, we can not generate all feasibility

covers to solve the root node to optimality. Second, in each of the following branching steps, we

have to determine optimal passenger flow variables. This may happen up to 2|Edges| many times

and is very costly. Second, by not directly branching on cover variables χQ, we can only utilize

our upper and lower bounds of the TSP-GL subproblems after determining integer cover variables

late in the search tree. Since we can only determine a subset of feasibility covers in the root node

of our branch tree, determining whether a feasibility cover leads to a good solution early in the

branch tree and, based on this information, possibly generating additional feasibility covers early is

essential for finding good primal solutions. Table 14 shows the results for the alternative branching

strategy (Alternative) for the instances of Tables 1-4 compared to our chosen branching strategy

(B&P) where we branch directly on the feasibility covers variables χQ. We see that even though for

small instances the alternative branching strategy leads to optimal solutions, it rarely finds integral

solutions for larger instances.

For these reasons, in this work we only focus on directly branching on the feasibility covers

variables χQ.

Table 14 Instance of Tables 1-4 solved with alternative branching

θ= 0.95, ρ= 0.05 θ= 0.9, ρ= 0.1

Instance Alternative B&P Alternative B&P

Nodes |S| UB LB Gap [%] No UB UB LB Gap [%] UB LB Gap [%] No UB UB LB Gap [%]

17 20 3230 3230 0.0 - 3230 3230 0.0 3130 3130 0.0 - 3130 2896 8.31
17 50 3276 3276 0.0 - 3276 3169 3.46 3268 3268 0.0 - 3268 2892 13.03
21 20 4253 4253 0.0 - 4253 4215 0.91 3937 3937 0.0 - 3937 3706 6.33
21 50 4256 4256 0.0 - 4257 4205 1.24 3963 3963 0.0 - 3963 3786 4.80
29 20 2530 2435 3.89 - 2524 2412 4.67 2215 2124 4.67 - 2167 2068 4.85
29 50 2526 2455 2.89 - 2530 2407 5.11 2291 2106 8.8 - 2200 2098 4.93
42 20 1047 954 9.81 - 1036 990 4.99 964 799 20.81 - 947 947 0.0
42 50 1083 994 8.97 2 1075 964 11.58 - 839 - 5 965 965 0.0
51 20 617 567 8.02 3 591 560 5.59 - 471 - 5 527 484 9.37
51 50 - 607 - 5 615 598 2.72 - 509 - 5 552 506 9.33
70 20 - 837 - 5 925 885 4.89 - 671 - 5 827 671 24.71
70 50 - 876 - 5 962 885 8.90 - 672 - 5 886 672 31.68
76 20 - 678 - 5 720 671 7.35 - 542 - 5 631 576 10.04
76 50 - 708 - 5 828 702 18.08 - 543 - 5 785 571 37.80



5 Operational route planning under

uncertainty for Demand Adaptive

Systems

With an increasing need for more �exible mobility services, we consider an operational

problem arising in the planning of Demand Adaptive Systems. Motivated by the decision

of whether to accept or reject passenger requests in real time in a Demand Adaptive Sys-

tems, we introduce the operational route planning problem of Demand Adaptive Systems.

To this end, we propose an algorithmic framework that allows an operator to plan which

passengers to serve in a Demand Adaptive Systems in real-time. To do so, we model

the operational route planning problem as a Markov decision process and utilize a rolling

horizon approach to approximate the Markov decision process via a two-stage stochastic

program in each timestep to decide on the next action. Furthermore, we determine the

deterministic equivalent of our approximation through sample-based approximation. This

allows us to decompose the deterministic equivalent of our two-stage stochastic program

into several full information planning problems, which can be solved in parallel e�ciently.

Additionally, we propose a consensus-based heuristic and a myopic approach. We per-

form extensive computational experiments based on real-world data provided to us by

the public transportation provider of Munich, Germany. We show that our exact decom-

position yields the best results in under �ve seconds, and our heuristic approach reduces

the serial computation time by 17 - 57% compared to our exact decomposition, with a

solution quality decline of less than one percent. From a managerial perspective, we show

that by switching a �xed-line bus route to a Demand Adaptive Systems, an operator can

increase pro�t by up to 49% and the number of served passengers by up to 35% while only

increasing the travel distance of the bus by 14%. Furthermore, we show that an operator

can reduce their cost per passenger by 43 - 51% by increasing route �exibility and that

incentivizing passengers to walk slightly longer distances reduces the cost per passenger

by 83-85%. This chapter is based on an article published as: Lienkamp, B., Hewitt, M.,

Parmentier, A., & Schi�er, M. (2025). Operational route planning under uncertainty for

Demand Adaptive Systems. preprint arXiv:2503.07812

https://arxiv.org/abs/2503.07812
https://arxiv.org/abs/2503.07812
https://arxiv.org/abs/2503.07812
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5.1 Introduction

One of the development goals outlined in the United Nations’ Agenda 2030 for cities (UN2 2015) is to
preserve sustainable, affordable, and accessible mobility. Public transportation systems are essential
for achieving this goal as they provide access to essential services, education, and employment op-
portunities for individuals with varying socio-economic backgrounds. Public transportation systems
enhance land use efficiency and mitigate urban sprawl, fostering the development of interconnected
and compact communities, and reinforcing social bonds. Building and reinforcing extensive pub-
lic transportation networks enables cities to enhance organizational efficiency, increase ecological
sustainability, and broaden societal inclusivity.

In a dense urban area, traditional fixed-line public transportation systems typically have high
utilization, particularly during daytime hours, due to a concentrated population that does not have
its own personal transportation. In contrast, in sparse rural areas, these fixed-line systems, usually
operated by busses, exhibit lower utilization in general, reflecting the reduced population density
and corresponding lower demand for such services (VDV 2020). This contrast between urban and
rural areas shows that the efficiency of public bus transportation systems with fixed routes and
schedules depends on the respective operating environment.

Demand Responsive Systems, originally introduced as Dial-a-Ride, offered door-to-door services,
especially catering to users with reduced mobility (Wilson et al. 1971; Ioachim et al. 1995; Toth &
Vigo 1996). These systems constitute an opportunity to increase efficiency in low-demand scenarios
because they do not operate on fixed bus routes and timetables. Accordingly, they provide increased
flexibility and can adjust to varying individual transportation needs, allowing for more personalized
services while still enabling resource sharing and, thus, a high utilization. However, a drawback of
Dial-a-Ride lies in the higher operational costs associated with providing customized services and
accommodating specific travel requests (Ho et al. 2018). Moreover, the real-time nature of pickups
and drop-offs, involving significant route changes during operation, can result in unpredictable travel
times for passengers, making it less suitable for individuals with time-sensitive commitments.

Demand Adaptive Systems (DASs), as proposed by Malucelli et al. (1999) and Quadrifoglio et al.
(2007), integrate Demand Responsive Systems into the framework of scheduled bus transportation.
In the context of DASs, a designated bus line follows a conventional transit route with predetermined
compulsory stops, adhering to a fixed schedule with specified time windows for departures at those
compulsory stops. In addition to these compulsory stops, passengers have the flexibility to make
requests at predefined non-compulsory stops, prompting the system to accommodate detours in the
vehicle’s route (see Figure 1). In the following, we refer to these non-compulsory stops as optional
stops.

The fundamental premise of DASs is that the consistency and predictability of public trans-
portation are necessary features. These attributes enable passengers to plan their journeys, allow
integration with other modes of transportation, and provide accessibility to the service without
necessitating advanced bookings as is the case in Demand Responsive Systems. Here, the reliability
inherent in a regular schedule is deemed a crucial asset for public transit, enhancing the overall user
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Figure 1: A DAS line with compulsory stops (red) and optional stops (blue)

(a) Route variant 1 (b) Route variant 2

experience and optimizing the utilization of transportation infrastructure. Given that premise, a
DAS introduces a more personalized transportation system, capable of serving a larger proportion
of passengers compared to traditional fixed bus lines, all at a reduced cost compared to on-demand
door-to-door services (Errico et al. 2013). This combination of flexibility and predictability ef-
fectively combines the strengths of conventional fixed bus lines and Dial-a-Ride, mitigating their
respective limitations.

Effectively planning the operations of a DAS is a challenging task, given the need to find a balance
between the fixed and flexible attributes of traditional and on-demand systems. Additionally, the
long-term viability of many public transportation systems depends at least in part on their revenue
(Kustar et al. 2024). This planning process entails two phases: a tactical service design phase,
wherein bus routes with compulsory and optional stops, as well as schedules, are initially established,
and a subsequent operational phase, wherein continuous adjustments to bus routes and schedules in
response to user requests are performed. The complexities associated with planning DASs operations
have been investigated in existing literature, and Errico et al. (2013) provide a comprehensive review
of the methodological aspects involved in this task.

This paper focuses on the operational phase. More precisely, the problem of determining in real
time whether to accept or reject passenger requests of a DAS to maximize the operators’ profit,
which is pivotal for operating a DAS economically. This problem setting is similar to a dynamic
vehicle routing problem (Pillac et al. 2013) with the distinction, that we consider part of the route,
i.e., the compulsory stops, to be fixed with a given schedule. Crainic et al. (2005) analyze this
problem under the assumption that the operator has full information, i.e., all passenger requests
are known a priori to the acceptance or rejection decision, and develop and compare different
meta-heuristics to solve that problem. As this assumption entails long response times towards the
passengers requesting service, we explicitly consider that passenger requests occur over time and
are not known in advance. This leads to a dynamic and stochastic optimization problem and, thus,
short response times whether a passenger request is accepted or rejected.

In conclusion, the planning process of the operations of semi-flexible transit systems and DASs has
been studied from tactical and operational perspectives under several system assumptions utilizing
simulations, continuous approximations, and combinatorial optimization. So far, operational DAS
problems have only been considered under full demand information in Crainic et al. (2005), which
does not allow an operator to immediately give feedback to a passenger about the acceptance or
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rejection decision. Relatedly, the literature on dynamic vehicle routing problems has not considered
the setting in which customers are inserted into a pre-determined route and schedule.

To close the research gap outlined above, we propose an algorithmic framework to solve the
operational route planning problem of a DAS. To this end, we model the operational route plan-
ning problem under uncertainty as a Markov decision process (MDP) and utilize a rolling horizon
approach to approximate the MDP via a two-stage stochastic program in each timestep to de-
cide whether to accept or reject a passenger. We leverage a sample-based approximation of that
stochastic program to formulate multiple deterministic problems that can be solved in parallel. Ad-
ditionally, we propose a heuristic that leverages a consensus-based metric similar to Pisinger (2024)
to determine which requests to accept.

We utilize this algorithmic framework for a real-world case study in the city of Munich and show
that our parallelized decomposition approach outperforms our heuristic and myopic approaches in
terms of solution quality. Additionally, we see that our exact decomposition yields the best results
in under five seconds, and our heuristic approach can reduce the serial computation time by half
compared to our exact decomposition, with a solution quality decline of less than one percent. We
also show that even considering a limited number of future demand scenarios suffices to obtain a
good solution quality, especially in high flexibility scenarios. From a managerial perspective, we
show that by switching a fixed-line bus route to a DAS, an operator can increase revenue by up to
49% and the number of served passengers by up to 35% while only increasing the travel distance of
the bus by 14%. Lastly, we show that even though an operator can reduce their cost per passenger
by 43 - 51% by increasing route flexibility, incentivizing passengers to walk 250 meters instead of
only 100 meters to their boarding and alighting stops reduces this cost by 83-85%.

Contribution: Our contributions are threefold. First, we present a new model of a real-time
operational planning problem for DASs that explicitly recognizes their dynamic and stochastic
nature. Second, we propose multiple algorithms for solving instances of this model that produce
high-quality solutions with some yielding solutions in just seconds with only a small degradation
in solution quality. Third, we study the performance of a DAS, as compared to a fixed-line bus
route, in multiple settings to illustrate the impacts of such systems on both transit system health
and passenger experience.

Organization: The remainder of this paper is as follows. Section 5.2 reviews related literature.
We specify our problem setting in Section 5.3 and develop our methodology in Section 5.4. In
Section 5.5, we describe our instance generation and present our numerical studies. Section 5.6
concludes this paper by summarizing its main findings.

5.2 Literature Review

Semi-flexible transit systems, which include DAS, have been studied from several perspectives under
multiple different assumptions. Errico et al. (2013) categorize the planning decisions necessary to
operate a semi-flexible transit system into strategic, tactical, and operational.
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Strategic planning decisions focus on the definition of the service area, the itineraries in terms
of potential compulsory and optional stops, the level of service, i.e., frequencies and fleet size, and
whether to use fixed bus routes, DASs, or another type of public transportation system. In this
context, Daganzo (1984) compares the cost between fixed route transit and two Dial-a-Ride variants
to determine which type of transportation system is better suited to serve a given service area.
Quadrifoglio & Li (2009) analyze the critical demand density below which their demand-responsive
policy outperforms a fixed-route policy, and Li & Quadrifoglio (2009) develop an analytical model
which determines the optimal number of independently operated zones, the service area should be
divided into, to balance customer service quality and vehicle operating costs. Pratelli & Schoen
(2001) propose a mathematical formulation to define the service area of a semi-flexible line based
on the total aggregated travel time of passengers spent on board during deviations from the original
main route, the walking times, and the increase of waiting times at compulsory stops. Qiu et al.
(2015) study a so-called demi-flexible operating policy of a feeder system in Zhengzhou City (China).
This feeder system can deviate from its fixed route to offer door-to-door service. The demi-flexible
operating policy allows rejected passengers to utilize curb-to-curb stops of accepted passengers
to carry out their trips. The authors show that under certain assumptions, this demi-flexible
policy offers advantages in terms of affordability and efficiency compared to fixed-route and fully
flexible route policies. Viergutz & Schmidt (2019) perform a simulation-based study in a rural area
in Germany and show that stop-based and door-to-door Demand Responsive Systems (DRS) are
uneconomical in their rural service area because of their high operational costs. Bischoff et al. (2019)
perform a simulation-based study in the city of Cottbus (Germany) to determine the fleet size of a
stop-based and a door-to-door DRS and show that for autonomous vehicles, each of the two DRS
services is significantly cheaper during peak hours compared to fixed-line policies.

Tactical planning decisions focus on (i) which compulsory and optional stops to include in the
design of a semi-flexible line, (ii) in which sequence the compulsory stops should be visited, (iii) the
tour segments, i.e., between which two compulsory stops can an optional stop be visited, and (iv)
the design of a so-called master schedule, which determines the time-windows of the compulsory
stops. Errico et al. (2013) categorize tactical planning according to the used solution method into
continuous approximations and combinatorial optimization. As our methodology belongs to the
later solution method, we only review combinatorial optimization approaches for DAS in this para-
graph. Errico (2008) and later Errico et al. (2011) introduce the Single-line DAS Design Problem
(SDDP), which assumes the set of stops to be served by the DAS line, the transportation demand,
and the travel time between all stop pairs to be known. Based on this information, the SDDP
determines the compulsory stops, their sequence, the DAS segments, and the master schedule of the
compulsory stops. The authors propose two decompositions of the SDDP consisting of the selection
of the compulsory stops, the General Minimum Latency Problem (GMLP), which is a sequencing
problem of the compulsory and optional stops, and the master schedule problem. Errico et al.
(2011) address the selection of the compulsory stops and compare the two decompositions. Errico
et al. (2017) propose the traveling salesman problem with generalized latency (TSP-GL), a variant
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of the GMLP where the objective function combines the vehicle routing cost and the passenger’s
travel times, and develop a Benders’ decomposition approach to solve it efficiently. Lienkamp et al.
(2023) build on this methodology and introduce the stochastic TSP-GL, incorporating stochastic
passenger demand into the problem setting and solve it via a Branch-and-Price approach. They
show that an operator can derive more robust solutions by considering stochastic passenger demand
than in a deterministic setting. Crainic et al. (2012) proposes a mathematical description and a
solution method based on probabilistic approximations to solve the master schedule problem.
Lastly, operational planning determines vehicle and driver schedules as well as real-time adjust-
ments to the DAS route. There are two main operational problem categories: dynamic online and
dynamic offline problems. Vansteenwegen et al. (2022) give an extensive overview of this catego-
rization. Dynamic online problems assume that requests can occur during the planning horizon and
after the bus starts its trip. Here, Pei et al. (2019) utilize a tabu search approach to reduce the
number of visited stops in a fixed-bus line, maximizing the total system income, which is the income
minus operating and passenger time costs. They show that during off-peak hours, their approach
outperforms fixed-line operations. Quadrifoglio et al. (2007) propose an insertion heuristic for Mo-
bility Allowance Shuttle Transit (MAST), a special case of semi-flexible transit systems, which is
described in detail in Errico et al. (2013). They show that their approach can be used to automate
a MAST in Los Angeles (USA) and that their heuristic results are close to optimal solutions.

Dynamic offline strategies assume that requests can only be issued before the bus starts its trip.
In this context, Malucelli et al. (1999) introduce DAS with three operational policies differing in user
requirements. They propose linear integer formulations for these policies, which they solve through
Lagrangian approaches and column generation, and combine these with heuristic approaches. Malu-
celli et al. (2001) and Crainic et al. (2005) introduce a GRASP-based memory-enhanced constructive
heuristic and a tabu search meta-heuristic to solve the operational problem of DAS under full in-
formation. Additionally, they combine the two heuristic approaches, resulting in multiple hybrid
approaches, and show that for simple instances, a tabu search-based approach performs best. In
contrast, a hybrid approach yields the best results for more complex instances. Qiu et al. (2014)
study a MAST system in Los Angeles (USA) and show that their dynamic stop strategy can reduce
user cost by up to 30%. We refer to Errico et al. (2013) and Vansteenwegen et al. (2022) for an
in-depth overview of semi-flexible and demand-responsive systems.

More generally, the stochastic dynamic vehicle routing problem (SDVRP) is an extension of
the vehicle routing problem where both uncertainty, e.g., random customer demands or travel
times, and real-time changes are considered. There are four types of methods commonly applied
to solve SDVRPs. Reoptimization approaches only use information that is currently available to
the operator (Branchini et al. 2009; Gendreau et al. 2006). Policy function approximations aim to
imitate effective decision-making in practice (Branke et al. 2005; Thomas & White III 2004). Cost
function approximations learn the value of a policy via repeated simulations and training (Riley
et al. 2020; Al-Kanj et al. 2020). Look-ahead algorithms sample stochastic information and derive
a policy based on the sampled scenarios (Schilde et al. 2014; Azi et al. 2012). We refer to Soeffker
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et al. (2022) and Ulmer et al. (2020) for an in-depth overview of modeling stochastic dynamic vehicle
routing problems.

In summary, semi-flexible transit systems and DAS have been studied from strategic, tactical,
and operational perspectives under several system assumptions utilizing simulations, continuous
approximations, and combinatorial optimization. So far, operational DAS route planning problems
have only been considered in a static setting under full demand information in Crainic et al. (2005),
which does not allow an operator to give feedback to a passenger about the acceptance or rejec-
tion decision in a dynamic way. Furthermore, stochastic dynamic vehicle routing problems do not
consider fixed routes and schedules.

5.3 Problem description and mathematical formulations

A DAS route consists of compulsory stops at which the bus performing the route has to arrive at
predefined time windows. We define a set of optional stops for each pair of consecutive compulsory
stops that may be served by the vehicle when driving from one compulsory stop to the next. Travel
times between all stops and service times at stops are known. Passengers seek transportation
between pick-up and drop-off locations. To do so, they issue requests, which induce sets of pick-up
and drop-off stops within a given walking distance from their corresponding pick-up and drop-off
location determined by the operator. These pick-up and drop-off stops are subsets of all compulsory
and optional stops. If we accept only passenger requests whose pick-up and drop-off stops consist
of compulsory stops, the vehicle’s route consists only of the compulsory stops, whose order is pre-
determined and can be inferred from the time windows at compulsory stops. If we accept a passenger
request whose induced pick-up or drop-off stops contain an optional stop, the vehicle may reroute
such that the route includes an optional stop. We assume an uncapacitated vehicle, i.e., a passenger
request is only rejected if doing so renders visiting a compulsory stop during its time window
impossible or the cost of doing so is too high.

Each passenger request, if served, induces a utility that may correspond to the fare charged for the
particular request but may also account for service quality or priority indicators, e.g., if a request
was already rejected in the previous route (Crainic et al. 2005). In this work, we consider the utility
to be the fare charged. We aim to maximize the profit of our tour, i.e., the difference between the
revenue of accepted passenger requests and cost.

To explain the routing aspects of our problem, including the potential and impact of accepting or
rejecting passenger requests, we first formulate the full information problem setting, which we will
later utilize to decompose our operational route planning problem under uncertainty into multiple
full information problems. Second, we introduce the operational route planning problem under
uncertainty as an MDP.
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5.3.1 Full information problem setting

In our full information setting, information about all requests is known before taking any acceptance
or rejection decision, and determining the vehicle’s route. Similar to Crainic et al. (2005), we define
the set of all compulsory stops as H = {f1, f2, ..., fn+1} and assume our route starts at compulsory
stop f1 and ends at compulsory stop fn+1. Furthermore, there are predefined time windows [ah, bh]
for each compulsory stop fh, h = 1, . . . , n+1 at which the vehicle has to serve stop fh. If the vehicle
arrives earlier than ah at fh, the vehicle must wait. We associate a set Fh of optional stops to
each pair of consecutive compulsory stops ⟨fh, fh+1⟩. The vehicle only serves an optional stop if we
accept a request inducing pick-up or drop off at the stop. Sets Fh are mutually disjoint. We define
segment h for each pair ⟨fh, fh+1⟩ as the directed graph Gh = (Nh, Ah), where Nh = Fh∪{fh, fh+1}
is the node set, and Ah ⊆ Nh ×Nh is the set of arcs connecting the stops. Then, G =

⋃
hGh is the

entire graph. Travel costs cij and travel times τij , which include service time at node i, for each arc
(i, j) ∈ A are given and positive.

We denote the request set as R, where r ∈ R is defined as a pair ⟨s(r), d(r)⟩ of on and off-boarding
stops. Here, s(r), d(r) ⊆ ⋃

hNh are the sets of all stops within a certain proximity of the origin or
destination coordinates of request r ∈ R respectively. For each r ∈ R, let n1 ∈ s(r) and n2 ∈ d(r)

with n1 and n2 being an optional stop and let h(n1) and h(n2) denote the on and off-boarding
segments of r, respectively. We assume that h(n1) < h(n2) holds, i.e., n1 and n2 do not belong to
the same segment. Accordingly, we do not have to consider precedence constraints between stops
within the same segment. Additionally, we implicitly handle precedence constraints regarding on
and off-boarding stops of each request by the sequencing of compulsory stops.

Figure 2 shows an example of a problem setting with compulsory stops fh (red), optional stops
(blue), time windows [ah, bh], segments Fh (grey), segment arcs Ah (black), and on-/off-boarding
arcs (dotted grey) defining the on and off-boarding stops. Additionally, there exists the direct path
only including the compulsory stops (yellow), and two passenger requests represented by houses
and work buildings. Figure 3 shows two possible route realizations of this problem setting. Let yr

be the decision variables that indicate whether we accept request r ∈ R (yr = 1) or not (yr = 0).
In the first route realization, both requests are served, i.e., yr1 = yr2 = 1. In the second route

Figure 2: Planned bus route with compulsory and optional stops before requests received
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Figure 3: Different bus routes for different accepted passenger requests

(a) Route realization one with two accepted passenger requests

(b) Route realization two with one accepted passenger request

realization, only one request is served, i.e., yr1 = 1 and yr2 = 0. Note that even though the second
request (green) may enter the bus at the same station as in the first route variant, it can not reach
its destination.

We associate a utility u(r) > 0 with each request r ∈ R, and aim to maximize the profit of our
tour, i.e., the difference between the utility of accepted passenger requests and cost. In this context,
we use decision variables xij to indicate whether arc (i, j) ∈ A is used in the vehicle’s tour (xij = 1)

or not (xij = 0). Furthermore, decision variable th is the starting time from all compulsory stops
fh, h = 1, . . . , n+ 1 and δis(r) (δid(r)) is a constant of value 1 if i ∈ s(r) (i ∈ d(r)) and 0 otherwise.

We define di as

di =





1, if i = f1,

−1, if i = fn+1,

0, otherwise.

With this notation, we formulate the DAS full information problem as follows.

max
∑

r∈R
u(r)yr −

∑

i,j∈A
cijxij (5.3.1a)
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yr ≤
∑

i∈N

∑

j∈N+(i)

δis(r)xij ∀r ∈ R (5.3.1b)

yr ≤
∑

j∈N

∑

i∈N−(j)

δjd(r)xij ∀r ∈ R (5.3.1c)

∑

j∈N+(i)

xij −
∑

j∈N−(i)

xji = di ∀i ∈ N (5.3.1d)

th +
∑

i,j∈Ah

τijxij ≤ th+1 h = 1, . . . , n (5.3.1e)

ah ≤ th ≤ bh h = 1, . . . , n+ 1 (5.3.1f)
∑

i∈Q

∑

j ̸=i,j∈Q
xij ≤ |Q| − 1 ∀Q ⊆ Nh, |Q| ≥ 2, h = 1, . . . , n (5.3.1g)

yr ∈ {0, 1} ∀r ∈ R (5.3.1h)

xij ∈ {0, 1} ∀i, j ∈ A (5.3.1i)

Objective function (5.3.1a) maximizes the operators profit according to the request utility u(r)

and the arc costs cij . Constraints (5.3.1b) and (5.3.1c) ensure that a request r ∈ R can only be
served if one stop out of the set of on-boarding stops s(r) and one stop of the set of off-boarding
stops d(r) are visited by the vehicle. Constraints (5.3.1d) ensure flow conservation at all optional
and compulsory stops. Note that we do not need to specify that all compulsory stops are included
in the vehicle’s tour as the graph structure implies that each compulsory stop fh, h = 1, . . . , n only
has ingoing arcs N−(fh) from segment h and outgoing arcs N+(fh) to segment fh+1, i.e., a path
from f1 to fn+1 must include all compulsory stops. Constraints (5.3.1e) define the starting times th
at all compulsory stops. Constraints (5.3.1f) ensure that the time windows at the compulsory stops
are met. Constraints (5.3.1g) ensure that no subtours within the segments exist and are ensured
through lazy constraints. Finally, Constraints (5.3.1h) and (5.3.1i) define the domains of yr and xij .

5.3.2 Dynamic and stochastic problem setting

In the operational route planning problem under uncertainty, passengers issue requests one after
another before the vehicle begins its route. We model decisions as being made according to a discrete
time horizon θ = 1, . . . , T −1, at which one new request rθ may arrive, and we must decide whether
to accept or reject that request. Similar to the full information setting, we assume each request to
induce a pair of on and off-boarding stop sets ⟨s(rθ), d(rθ)⟩ with a utility u(rθ). At decision time
T < a1, we have to determine the optimal route serving all accepted requests and respecting all
time windows at compulsory stops.

We model our dynamic operational route planning problem under uncertainty as a finite-horizon
MDP with the following state spaces, action spaces, and value functions.

System states: At any event-based decision time θ = 1, . . . , T , the system state χθ consists of
previously accepted passenger requests Sθ that have to be fulfilled, a new passenger request rθ, and
decision time θ.
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Action spaces: At decision time θ = 1, . . . , T − 1, our action space A(χθ) entails either accepting
or rejecting the new request rθ. If, due to the time windows at the compulsory stops, there is
no route that can serve all previously accepted passengers χθ and the current request, the action
space will be reduced to rejecting the new request. This ensures feasibility at decision time T . At
decision time T , our action space AT (χθ) is the set of all routes serving all accepted requests χθ

and respecting all time windows at compulsory stops.

Value functions: We define our value function at decision times θ = 1, . . . , T − 1 as follows.

Vθ(χθ) = max
a∈A(χθ)

{
R(χθ, a) + E

[
Vθ+1(X(χθ, a,Wθ+1))

]}
(5.3.2)

Here, R(χθ, a) is the payoff from taking action a ∈ A(χθ), i.e., accepting a new request rθ yields a
reward of u(rθ), and the system state changes from χθ to χθ+1 = X(χθ, a,Wθ+1) through transition
function X(·) when action a is taken and the random variable Wθ+1 is realized. Here Wθ+1 is the
random variable of a new request rθ+1, arriving between decision time θ and θ+1. As we only have
to decide the DAS route after all passenger request decisions have been taken, our value function
at decision time T consists of the cost of serving all accepted passenger requests and respecting the
compulsory stop’s time windows. Accordingly, our value function at decision time T is as follows.

VT (χT ) = max
a∈AT (χT )

RT (a) (5.3.3)

Here, RT (a) < 0 is the cost of the DAS route chosen through action a.
Policy: Let SΘ denote the set of all possible system states. A policy δ : SΘ → A(χΘ) is a mapping
that assigns to any system state χΘ a decision a ∈ A(χΘ).

Full information upper bound: We can compute a full-information upper bound by supposing
that all requests

⋃
θ rθ are already known at timestep θ = 1 and solve this problem via our full

information model (Problem 5.3.1). In this context, we define a sample path for a given decision
time θ as one realization of requests at each subsequent decision time θ′ with θ < θ′ < T . We will use
these sample paths in the methodology we present next to approximate our dynamic and stochastic
problem with one that is stochastic but static as we presume knowledge of the distribution of sample
paths.

5.4 Methodology

In this section, we first show how we utilize a rolling horizon look-ahead approach in which the
decision of whether to accept or reject a request at a given decision time is made based on an
estimate of its impact on both the ability to accept future requests and routing costs. This estimate
is based on an approximation in which future requests remain uncertain but are static, as they are
revealed simultaneously. To compute this estimate, we formulate a two-stage stochastic program in
which the first stage reflects the decision to accept or reject the current request. The second stage
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problem presumes immediate and complete information for a given sample path and thus knowledge
of all future requests that can be accepted or rejected. This second stage problem has an objective
that reflects the revenues gained from already accepted requests and accepting future requests in
periods before decision time T , and routing costs incurred at the last decision time T .

We then show how to utilize a sample-based approximation to approximate the expectation of
the objective function of the second-stage problem through a multi-scenario deterministic model.
Then, we show how to decompose our sample-based approximation into several full information
models of the operational route planning problem (Section 5.4.1.1). Afterwards, we propose a
consensus-based heuristic approach that reduces the number of full information problems needed
to solve the operational route planning problem under uncertainty by 50% at each decision time
θ (Section 5.4.1.2). Finally, we introduce a straightforward myopic approach (Section 5.4.2) for
benchmarking purposes.

Rolling horizon framework

We use a rolling horizon framework to solve our MDP model. In general, the rolling horizon
framework is a decision-making strategy in which a problem is repeatedly solved over a limited
planning horizon that moves forward in time. At each step, a decision is implemented, and the
horizon is shifted forward, allowing for continuous adaptation to new information and changing
conditions. One approach to solve the operational route planning problem under uncertainty is to use
a rolling horizon look-ahead framework in which the dynamic and stochastic nature of future requests
is approximated as static but stochastic. Specifically, we decompose the problem of maximizing the
total operators’ profit at the end of the problem time horizon T into multiple subsequent stochastic
optimization problems at each decision time θ at which a new request rθ arises. In these stochastic
programs, we approximate the dynamic and stochastic future passenger requests through static
and stochastic sample paths. Another approach is to ignore all information about future passenger
requests and use a myopic strategy.

5.4.1 Full information approximation

In the following, we use a static approximation to capture the dynamic nature of our problem. To
do so, at each decision time θ, we assume a probability distribution that describes the likelihood of
each potential set of passenger requests occurring. We then optimize our decision at θ given this
distribution by solving a two-stage stochastic program.

Two-stage stochastic program

We define yrθ as the accept or reject decisions of the new passenger request rθ at decision time θ.
Additionally, let Sθ be all passenger requests accepted up until decision time θ, and let rθ be the new
passenger request as defined in Section 5.3. Furthermore, we define ξθ as the probability distribution
of possible sample paths at decision time θ conditioned on the already accepted requests Sθ and
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R(ξθ) as a realization of ξθ. Note that each realization R(ξθ) is a sample path as defined in Section
5.3.2, i.e., a set of requests that consists of all already accepted requests Sθ, the new passenger
request rθ, and possible future requests. Consequently, it holds that rθ ∈ R(ξθ) and r ∈ R(ξθ) for
r ∈ Sθ. Problems 5.4.1 and 5.4.2 define the first and second stages of our stochastic program for each
decision time θ that we solve when using our full information approximation. Note that instead of
including the utility of serving all previously accepted requests and potentially serving our current
passenger request in the first stage of our stochastic programs, we choose to include this utility
in the first sum of the objective function of the second stages Q(Sθ, yrθ , ξθ) (see Problem 5.4.2).
Even though this utility is deterministic, i.e., independent from the distribution of future passenger
requests, this notation allows for an easier decomposition into independent full information problems
in Section 5.4.1.1.

max E[Q(Sθ, yrθ , ξθ)] (5.4.1a)

yrθ ∈ {0, 1} (5.4.1b)

Q(Sθ, yrθ , ξθ) = max
∑

r∈ξθ
u(r)yr −

∑

i,j∈A
cijxij (5.4.2a)

yr = 1 ∀r ∈ Sθ (5.4.2b)

yr −
∑

i∈N

∑

j∈N+(i)

δio(r)xij ≤ 0 ∀r ∈ R(ξθ) (5.4.2c)

yr −
∑

j∈N

∑

i∈N−(j)

δjd(r)xij ≤ 0 ∀r ∈ R(ξθ) (5.4.2d)

∑

j∈N+(i)

xij −
∑

j∈N−(i)

xji = di ∀i ∈ N (5.4.2e)

th +
∑

i,j∈Ah

τijxij ≤ th+1 h = 1, . . . , n (5.4.2f)

ah ≤ th ≤ bh h = 1, . . . , n+ 1 (5.4.2g)
∑

i∈Q

∑

j ̸=i,j∈Q
xij ≤ |Q| − 1 ∀Q ⊆ Nh, |Q| ≥ 2, h = 1, . . . , n (5.4.2h)

yr ∈ {0, 1} ∀r ∈ R(ξθ) (5.4.2i)

xij ∈ {0, 1} ∀i, j ∈ A (5.4.2j)

Problem 5.4.1 maximizes the expected profit based on the decision yrθ at decision time θ, all
previsously accepted passengers Sθ, and the probability distribution of future passenger requests
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ξθ. The objective function (5.4.2a) aims to maximize the expected operator profit under the as-
sumption that passenger request rθ is either accepted (yrθ = 1) or rejected (yrθ = 0) in the first
stage, considering previously accepted requests and future passenger requests at decision time θ.
Constraints (5.4.2b) ensure all requests accepted before decision time θ are served. Similarly to
Problem (5.3.1), Constraints (5.4.2c) and (5.4.2d) ensure that a request r ∈ R(ξθ) can only be
served if one stop out of the set of on-boarding stops s(r) and one stop of the set of off-boarding
stops d(r) are visited by the vehicle. Constraints (5.4.2e) ensure flow conservation at all optional
and compulsory stops. Constraints (5.4.2f) define the starting times th at all compulsory stops,
and Constraints (5.4.2g) ensure that the time windows at the compulsory stops are met. Con-
straints (5.4.3i) ensure that no subtours within the segments exist and are ensured through lazy
constraints. Finally, Constraints (5.4.2i) and (5.4.2j) define the domains of yr and xij .

Sample-based approximation of the two-stage stochastic program

We utilize a sample-based approximation to tackle the computational complexity arising from com-
puting expected second stage costs of the stochastic program. Let Ω define a set of possible request
scenarios with the probability of occurrence of pσ for all σ ∈ Ω. Here, for each σ ∈ Ω it holds
that Sθ ⊆ σ and rθ ∈ σ. We can then approximate Problem 5.4.1 through a multi-scenario de-
terministic model, in which we approximate the random variable ξθ through a set of scenarios Ω

with corresponding request sets Rσ
θ for each scenario σ ∈ Ω. Problem 5.4.3 shows the sample-based

approximation of Problem 5.4.2.

QΩ(Sθ, yrθ ,Ω) = max
∑

σ∈Ω
pσ

( ∑

rσ∈Rσ
θ

u(rσ)yrσ −
∑

i,j∈A
cijx

σ
ij

)
(5.4.3a)

yrσθ = yrθ (5.4.3b)

yrσ = 1 ∀rσ ∈ Sθ,∀σ ∈ Ω (5.4.3c)

yrσ −
∑

i∈N

∑

j∈N+(i)

δio(rσ)x
σ
ij ≤ 0 ∀rσ ∈ Rσ

θ ,∀σ ∈ Ω (5.4.3d)

yrσ −
∑

j∈N

∑

i∈N−(j)

δjd(rσ)x
σ
ij ≤ 0 ∀rσ ∈ Rσ

θ ,∀σ ∈ Ω (5.4.3e)

∑

j∈N+(i)

xσij −
∑

j∈N−(i)

xσji = di ∀i ∈ N, ∀σ ∈ Ω (5.4.3f)

tσh +
∑

i,j∈Ah

τijx
σ
ij ≤ tσh+1 h = 1, . . . , n, ∀σ ∈ Ω (5.4.3g)

ah ≤ tσh ≤ bh h = 1, . . . , n+ 1 (5.4.3h)
∑

i∈Q

∑

j ̸=i,j∈Q
xσij ≤ |Q| − 1 ∀Q ⊆ Nh, |Q| ≥ 2, h = 1, . . . , n, ∀σ ∈ Ω (5.4.3i)

yrσ ∈ {0, 1} ∀rσ ∈ Rσ
θ ,∀σ ∈ Ω (5.4.3j)

xσij ∈ {0, 1} ∀i, j ∈ A,∀σ ∈ Ω (5.4.3k)
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Figure 4: Visualization of our sample-based approximation where we consider possible future request
scenarios at the same time

yrθ ∈ {0, 1} (5.4.3l)

The objective function (5.4.3a) calculates the expected operators’ profit over all scenarios σ ∈ Ω.
Additionally, Constraint (5.4.3b) ensures, that over all scenarios, request rθ is either always accepted
(yrθ = 1) or never accepted (yrθ = 0). Here, we introduce variables yrσθ as this notation enables us
to describe our heuristic approach in Section 5.4.1.2.

Figure 4 visualizes the rational of this sample-based approximation approach in which we consider
all possible future request scenarios at the same time.

5.4.1.1 Decomposition of sample-based approximation

Solving the sample-based approximation (Problem 5.4.3) is time-consuming. As we aim to take a
decision fast and immediately inform the passenger whether we accept or reject their request, we
show how to decompose the sample-based approximation (Problem 5.4.3) into multiple independent
full information planning problems (Problems 5.3.1) in the following. Note that even though the
following proof of the decomposition is rather intuitive, it is necessary to substantiate our scenario-
based decomposition and consensus-based heuristic. In the following, we branch on variable yrθ
and thus, implicitly, on the second stage variables yrσθ , ∀σ ∈ Ω. Accordingly, Constraints (5.4.3b)
automatically hold ∀σ ∈ Ω, and we can decompose QΩ(Sθ, yrθ ,Ω) by scenario as follows.

QΩ(Sθ, yrθ ,Ω) = max{
∑

σ∈Ω
pσQ

σ(Sθ, yrθ , σ) : yrθ ∈ {0, 1}} (5.4.4)

Here, we define Qσ(Sθ, yrθ , σ) as the optimal objective value of Problem 5.4.5 with yrθ = yrσθ if
Problem 5.4.5 is feasible and −∞ otherwise. Through Theorem 5.4.1, we show that Problem 5.4.5
being feasible is independent of scenario σ. As we assume that serving no requests is always feasible,
we ensure that QΩ(Sθ, yrθ ,Ω) > −∞ for all θ < T . Accordingly, we always ensure a feasible solution
at each decision time θ.
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Theorem 5.4.1. Problem 5.4.5 is infeasible for σ ∈ Ω with yrθ = 1 if and only if Problem 5.4.5 is
infeasible for Sθ ∪ rθ with yrθ = 1.

Proof. Let σ = Sθ ∪ rθ ∪ F with F being a sample of possible future requests. We define Λ(σ) as
the feasible region of Problem 5.4.5 for σ ∈ Ω and Λ(Sθ ∪ rθ) as the feasible region for Sθ ∪ rθ with
yrθ = 1. For the Theorem to hold, we have to show that Λ(σ) = ∅ if and only if Λ(Sθ ∪ rθ) = ∅. We
assume that serving no customers is always feasible. Accordingly, Λ(Sθ ∪ rθ) is a facet of Λ(σ) with
Λ(σ) ∩ {yr = 0 : r ∈ F} = Λ(Sθ ∪ rθ). It follows directly that Λ(σ) = ∅ ⇔ Λ(Sθ ∪ rθ) = ∅.

Additionally, we define Problem 5.4.5 as follows.

Qσ(Sθ, yrθ , σ) = max
∑

rσ∈Rσ
θ

u(rσ)yrσ −
∑

i,j∈A
cijx

σ
ij (5.4.5a)

yrσθ = yrθ (5.4.5b)

yrσ = 1 ∀rσ ∈ Sθ (5.4.5c)

yrσ −
∑

i∈N

∑

j∈N+(i)

δio(rσ)x
σ
ij ≤ 0 ∀rσ ∈ Rσ

θ (5.4.5d)

yrσ −
∑

j∈N

∑

i∈N−(j)

δjd(rσ)x
σ
ij ≤ 0 ∀rσ ∈ Rσ

θ (5.4.5e)

∑

j∈N+(i)

xσij −
∑

j∈N−(i)

xσji = di ∀i ∈ N (5.4.5f)

tσh +
∑

i,j∈Ah

τijx
σ
ij ≤ tσh+1 h = 1, . . . , n (5.4.5g)

ah ≤ tσh ≤ bh h = 1, . . . , n+ 1 (5.4.5h)

yrσ ∈ {0, 1} ∀rσ ∈ Rσ
θ (5.4.5i)

xσij ∈ {0, 1} ∀i, j ∈ A (5.4.5j)

Note that in Problem 5.4.5 yrθ and σ are fixed. Consequently, the objective function (5.4.5a)
calculates the operators’ profit for the request set Rσ

θ of scenario σ under the assumption that
decision yrθ has been taken (5.4.5b) and all requests accepted before decision time θ are served
(5.4.5c). Furthermore, Constraints (5.4.5d) and (5.4.5e) ensure that a request rσ ∈ Rσ

θ can only be
served if one stop out of the set of on-boarding stops s(r) and one stop of the set of off-boarding
stops d(r) are visited by the vehicle. Constraints (5.4.5f) ensure flow conservation at all optional
and compulsory stops.

Constraints (5.4.5g) define the starting times at all compulsory stops, and Constraints (5.4.5h)
ensure that the time windows at the compulsory stops are met. Finally, Constraints (5.4.5i) and
(5.4.5j) define the dimensions of yrσ and xσij . Accordingly, Problem 5.4.5 is now equivalent to our
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Figure 5: Visualization of our sample-based approximation decomposition into different subproblems
where we independently solve different scenarios σi with acceptance (A) or rejection (R) of
request rθ

full information Problem 5.3.1 with all previously accepted requests’ variables rσ ∈ Sθ fixed to one
in Constraints (5.4.5c) and our current request variable yrθ either fixed to zero or one.

Figure 5 visualizes how our decomposition allows us to solve all scenarios σ ∈ Ω independently in
a full information problem setting, once assuming we reject the current passenger request (yσrθ = 0)
and once assuming we accept it (yσrθ = 1). Afterward, we either accept or reject the current passenger
request depending on whether

∑
σ∈Ω pσQ

σ(Sθ, 1, σ) >
∑

σ∈Ω pσQ
σ(Sθ, 0, σ) (accept) or not (reject).

Note that solving all full information subproblems independently is easily parallelizable. Indeed,
we will show in Section 5.5 that this decomposition allows us to make a decision much faster than
solving Problem 5.4.3 directly.

5.4.1.2 Consensus-based heuristic approach

Our decomposition of the operational route planning problem under uncertainty allows us to solve
multiple full information problems, once for accepting the current passenger request and once for
rejecting it. Alternatively, Figure 6 visualizes how we can also solve the individual full infor-
mation problems without fixing the current passenger requests variable yrσθ , i.e., neglecting Con-
straint (5.4.5b), and take a weighted majority vote to decide on whether to accept or reject the
current passenger request.

Such a weighted majority vote counteracts instances in which there exist scenarios that achieve
disproportionately large profits. Our conjecture is that in our original decomposition, these sce-
narios may influence the acceptance decision substantially, even if the probability of occurrence is
low. Deciding whether to accept or reject passenger request rθ based on a weighted majority vote
decouples the decision from the absolute objective value.

yrθ =




1, if

∑
σ∈Ω pσ1{yrσ

θ
=1} ≥ |Ω|

2 ,

0, otherwise
(5.4.6)

Here, for σ ∈ Ω we define the indicator function 1{yrσ
θ
=1} as follows
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Figure 6: Visualization of our heuristic approach where we independently solve different scenarios σi

without fixing the decision for rθ

1{yrσ
θ
=1} =




1, if yrσθ = 1,

0, if yrσθ = 0
(5.4.7)

Similar to our previous decomposition approach, solving the independent subproblems of our
heuristic approach is easily parallelizable.

5.4.2 Myopic approach

So far, we always considered future passenger requests and approximated them through a stochastic
distribution. Instead, we can also make a decision whether to accept or reject passenger request rθ

based on a myopic approach. Figure 7 visualizes how in such an approach, we neglect all information
about future passenger requests and accept passenger requests rθ only if this immediately increases
our profit. To do so, we solve Problem 5.4.5 only for one scenario σ = Sθ ∪ rθ. Accordingly, we
decide whether to accept or reject passenger request rθ based on Equation (5.4.8) in accordance to
Constraint (5.4.5b).

yrθ =




1, if yrσθ = 1,

0, otherwise
(5.4.8)

Figure 7: Visualization of our myopic approach where we do not consider future request scenarios

5.5 Computational analysis

Our analysis is fivefold. First, we analyze the computational efficiency of our Two-stage stochastic
program (2S-SP), our Consesus-based heuristic approach (CHA), and the Myopic approach. To do
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so, we first compare the computation times, profits, and percentages of passengers served in solutions
produced by those approaches on two different DAS lines with different degrees of route flexibility.
Second, we perform a sensitivity analysis on the number of scenarios in our 2S-SP and CHA. Here,
we analyze the change in computation times, profits, and served passengers attained through our
2S-SP and CHA approaches under different numbers of future demand scenarios. Third, we evaluate
the solution quality of our approaches compared to an optimal solution under full information. To
do so, we compare our 2S-SP, CHA, and Myopic approaches to the profits obtained and passengers
served under full information, solved with our full information model (Problem 5.3.1). Fourth, we
analyze the benefits and drawbacks of converting a fixed-line bus system to a DAS. To do so, we
compare both systems’ profits, served passengers, and travel distances to show how an increase
in travel distances translates to an increase in profits and served passengers. Fifth, we aim to
understand how the passenger’s willingness to walk to nearby stops and the flexibility of the bus
route influences the profit and number of served passengers. Here, we show the differences in profits
and number of served passengers under varying passenger walking willingness and route flexibility.

Instances

We use data provided by Stadtwerke München GmbH (SWM), the public transportation provider of
Munich. This SWM data consists of the average number of passengers boarding and aligning at the
different stops of two different fixed bus routes over the entire day. The data was collected between
April and June 2022. Based on this data, we generate between five and 40 demand scenarios in three
steps. First, we randomly determine an OD-matrix between the stops of the original fixed route
through iterative proportional fitting (Rüschendorf 1995) based on the SWM data. This OD-matrix
indicates for each pair of compulsory stops the number of passengers seeking transportation between
those stops. Here, the origins and destinations of all passengers lie at the stops of the original fixed
bus route. Second, based on the determined OD-matrix, we randomly map passenger origins and
destinations onto buildings within 300 meters of their respective original origin and destination.
These buildings correspond to the pick-up and drop-off locations of a passenger request and, in
combination with the walking distance, later define the pick-up and drop-off sets of the passenger
requests. Note that if there are multiple requests between the same origin and destination in the
OD-matrix, we individually map each request to their own pick-up and drop-off locations. Third,
to be able to model a point process in which the requests arrive in the system over time, we use
random sampling to obtain a request time between zero and 10,800 seconds (3 hours) before the
route’s departure time for each passenger request.

Besides the generation of passenger demand, we also utilize the SWM data to determine the
compulsory and optional stops of our route. To do so, we utilize a compulsory stop factor (CSF),
which determines the degree of flexibility of our DAS line. This CSF lies between zero and one. The
first and last stops of the original fixed bus route are always marked as compulsory stops as they
often lie at critical transfer hubs or are essential for operations, e.g., driver breaks. Additionally, we
order the stops of the original fixed route based on their passenger demand utilization and mark a
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percentage of them as compulsory. This percentage corresponds to the CSF. Furthermore, we allow
each intersection within 600 meters of the original fixed bus route to be an optional stop. Here, we
merge optional stops within 200 meters of each other.

Computational setting

All our experiments have been conducted on a standard desktop computer equipped with two
Intel(R) Core(TM) i9-9900, 3.1 GHz CPU and a total of 4 GB of RAM, running Ubuntu 20.04.
We have implemented all algorithms in Python (3.8.11) using Gurobi 10.0.0. Our source code
can be found on https://github.com/tumBAIS/Route_Planning_DAS.

5.5.1 Computational effectiveness of the proposed methods

The profit of our operational route planning problem under uncertainty is driven by two quantities.
The revenue of accepted passenger requests and travel costs. To see what drives solution quality
and understand the computational effectiveness of our proposed methods, we compare our proposed
methods on two different routes based on the achieved profit, served passengers (SP) out of all issued
requests, computation times in serial computation (ser.), and a theoretical lower bound of parallel
computation times (par.). Here, the theoretical lower bounds of parallel computation times for 2S-
SP and CHA are given by the maximum runtime of the independent subproblems for each request
decision. We include this theoretical lower bound as parallel computation is a typical approach for
dynamic decision-making in stochastic problem settings. We compare the different parameters by
aggregating the results of solving five different instances for each instance configuration. To do so,
we compare our proposed methods with five scenarios in our 2S-SP and CHA approaches, a uniform
passenger utility of 750, and a CSF ∈ [0.2, 0.4, 0.6, 0.8, 1]. We analyze our results for different CSF
and different numbers of scenarios in our 2S-SP and CHA approaches. Note that in our 2S-SP, we
solve our decomposition Problem 5.4.4. We were not able to solve Problem 5.4.3 within four hours
for all decision times for our configurations.

5.5.1.1 Computational effectiveness for varying CSF

In this section, we focus on how the degree of flexibility of a DAS line, i.e., the CSF, changes the
computational effectiveness of our three approaches. Table 1 shows that for Route 55, our serial-
computed CHA approach is between 22 - 54% faster than our 2S-SP approach, and our Myopic
approach is between 88 - 98% faster than our CHA. Comparing the theoretical lower bound of
parallel computation, we see that our 2S-SP and CHA approaches perform similarly. Note that
our 2S-SP still needs to solve twice the number of subproblems as our CHA. We also see that with
increasing flexibility of a DAS line, i.e., decreasing CSF, the parallel computation times of our 2S-SP
and CHA approaches increase significantly.

Looking at our approaches’ profits, we see that our 2S-SP achieves the best profit for all CSFs
except 1.0, followed by our CHA approach. As expected, our Myopic approach performs worse than
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Table 1: Comparison between 2S-SP, CHA, and Myopic with different compulsory stop factors for
Route 55 with 5 future demand scenarios

2S-SP CHA Myopic

CSF Profit SP [%] ser. [s] par. [s] Profit SP ser. par. Profit SP ser.

0.20 25864.38 83.02 4.97 0.98 25792.82 82.87 2.28 0.89 25316.64 82.10 0.25
0.40 23456.57 77.31 2.07 0.36 23290.62 76.85 1.41 0.42 22166.70 75.00 0.14
0.60 22960.73 75.46 1.13 0.20 22956.19 75.46 0.88 0.24 22429.49 75.22 0.09
0.80 21472.71 72.53 0.25 0.03 21366.03 72.07 0.17 0.04 18658.58 63.85 0.02
1.00 20656.19 69.91 0.10 0.01 20561.83 69.60 0.07 0.01 20731.19 70.06 0.01

Table 2: Comparison between 2S-SP, CHA, and Myopic with different compulsory stop factors Route
155 with 5 future demand scenarios

2S-SP CHA Myopic

CSF Profit SP [%] ser. [s] par. [s] Profit SP ser. par. Profit SP ser.

0.20 19181.68 89.92 3.99 0.61 19011.13 89.42 1.72 0.47 18214.41 87.43 0.16
0.40 18575.22 87.41 1.44 0.23 18494.20 86.90 1.19 0.31 17806.07 84.13 0.11
0.60 16878.16 81.11 0.56 0.06 16792.81 80.60 0.32 0.09 16807.90 80.86 0.05
0.80 16498.82 79.09 0.12 0.01 16498.82 79.09 0.06 0.01 16360.81 78.84 0.01
1.00 15282.68 74.81 0.05 0.01 15209.15 74.56 0.03 0.01 15209.15 74.56 0.00

our 2S-SP and CHA approaches but surprisingly outperforms our 2S-SP and CHA at a CSF of 1.0.
The reason for that is a higher problem complexity for instances with high flexibility where our
2S-SP and CHA approaches benefit from utilizing historical data. In low flexibility instances, the
DAS route is mostly fixed due to the time windows at the compulsory stops. We also see that our
2S-SP approach serves more passengers than our CHA and Myopic approaches.

Table 2 shows that for Route 155, in serial computation, our CHA approach is between 17 -
57% faster than our 2S-SP approach, and our Myopic approach is between 83 - 91% faster than our
CHA. Again, the theoretical lower bounds of parallel computation of our 2S-SP and CHA approaches
perform similarly and again increase with the growing flexibility of the DAS line. Looking at our
approaches’ profits, we see that similar to Route 55, 2S-SP achieves the best profit for all CSFs.
This can analogously be explained by the higher number of passengers served.

Observation 1. Regarding solution quality and the number of served passengers, our 2S-SP ap-
proach yields the best results, followed by our CHA and finally our Myopic approach. Additionally,
our Myopic approach is the fastest in serial computation, followed by our CHA approach, which
is between 17 - 57% faster than our 2S-SP approach. Both our 2S-SP and CHA approaches have
similar theoretical lower bounds of parallel computation.

Observation 2. For each algorithmic approach and instance the serial and parallel computation
times of our three approaches increase significantly with growing route flexibility, i.e., a decrease of
CSF.
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5.5.1.2 Distribution of computation times for varying CSF

Figure 8 shows the distribution of serial and parallel computation times for our approaches for
instances of Route 55. Note that the parallel computation times of our Myopic approach are
equivalent to the serial computation times.

Building on Table 1, we see that our Myopic approach has stable computation times of under
two seconds for all instances and under one second for instances with a CSF greater than 0.2. Our
2S-SP and CHA approaches are not as stable in serial and parallel computation times and range
between 0 − 28 seconds for serial computation and 0 − 5 seconds for parallel computation. The
reason for that is, first, the different numbers of scenarios in our 2S-SP and CHA approaches and,
second, significant variance in computation times for the different subproblems of the requests.

Figure 8: Difference in serial and parallel computation times based on varying CSF for Route 55
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Figure 9: Development of average serial and parallel computation times based on different CSF for
Route 55
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Figure 9 shows the difference in computation times for the different subproblems of the requests.
We see that the more decisions on requests have already been taken, the faster our approaches can
solve the subproblem of the current passenger request. Additionally, the later we have to decide
on accepting or rejecting a request, the fewer future requests we have to consider in the resulting
subproblems. The reduction in computation times over the course of our operational planning
problem under uncertainty holds for both serial and parallel computation times for our 2S-SP and
CHA approaches.

Interestingly, our Myopic approach shows exactly the opposite development of computation times,
i.e., an increase in computation times over the course of our operational planning problem under
uncertainty. This suggests that the reduction in future scenarios is the main driver for the reduction
in computation times for our 2S-SP and CHA approaches.

Observation 3. Over the course of our operational planning problem under uncertainty, the sub-
problems of our 2S-SP and CHA approaches get easier to solve, while the subproblems of our Myopic
approach get harder to solve.
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5.5.1.3 Computational effectiveness for varying numbers of scenarios

In this section, we focus on how different numbers of scenarios in our 2S-SP and CHA approaches
change the computational effectiveness of our approaches. Note that as our Myopic approach is
independent of the number of scenarios, we report only one data point in the tables.

As expected, Table 3 shows a nearly linear increase in serial computation times for our 2S-SP
and CHA approaches for Route 55. We also expected nearly constant parallel computation times
in our 2S-SP and CHA approaches over the different numbers of scenarios. This is the case for
both our 2S-SP and CHA approaches. We also see that over all CSFs, even with a limited number
of scenarios, our 2S-SP and CHA approaches improve the results of our Myopic approach by more
than four percent. Even with an increase in scenarios, the solution quality of our 2S-SP and CHA
approaches does not increase significantly.

Figure 10 shows the distribution for the development of serial and parallel computation times
for Route 55. Here, we see an increase in serial computation times and serial computation time
variances when the number of scenarios increases, especially with our 2S-SP approach. As our
Myopic approach is independent of the number of scenarios, its computation times remain constant.

Table 3: Comparison between 2S-SP, CHA, and Myopic with different number of future scenarios
Route 55

2S-SP CHA Myopic

Scenarios Profit SP ser. par. Profit SP ser. par. Profit SP ser.

5 22882.12 75.65 1.10 0.17 22793.50 75.37 0.73 0.18
10 22905.57 75.74 2.32 0.19 22760.35 75.31 1.65 0.23
20 22972.39 75.93 5.54 0.27 22778.48 75.25 3.19 0.27 21915.37 73.37 0.08
30 22980.84 75.81 7.76 0.27 22828.88 75.49 4.59 0.28
40 23021.10 75.79 12.10 0.32 22842.33 75.46 6.29 0.30

Figure 10: Development of serial and parallel computation times based on different numbers of future
scenarios for Route 55

1 2 3 4 5 10 20 30 40
Scenarios

0

20

40

60

80

Co
m

pu
ta

tio
n 

tim
e 

[s
]

2S-SP
CHA
Myopic

(a) Serial computation times

1 2 3 4 5 10 20 30 40
Scenarios

0.0

0.5

1.0

1.5

2.0

2.5

Co
m

pu
ta

tio
n 

tim
e 

[s
]

2S-SP
CHA
Myopic

(b) Parallel computation times



106 Benedikt Lienkamp: Uncertainty-aware optimization of public transportation systems

Apart from five scenarios, the parallel computation times and parallel computation time variances
remain stable.

Table 4 confirms our observations of a nearly linear increase in serial computation times for our
2S-SP and GA approaches and nearly constant parallel computation times for Route 155. Addi-
tionally, we observe that a limited number of scenarios suffices for our 2S-SP and CHA approaches
to determine better solutions than our Myopic approach. We elaborate on the quality of our opera-
tional planning problem policies under uncertainty in the next subsection, where we compare them
to full information policies.

Figure 11 shows that for Route 155, the serial computation time variance of our 2S-SP approach
increase more with a growing number of scenarios than for our CHA approach. Contrary to our
observations for Route 55, we see that for Route 155, the parallel computation times and parallel
computation time variances in our 2S-SP approach slightly increase with a growing number of
scenarios. Starting from 20 scenarios, the parallel computation times and parallel computation
times variances stay nearly constant for our CHA approach. In both Routes 55 and 155, we see
that the parallel computation times of our CHA approach are lower than our 2S-SP approach. This
suggests that our subproblems are easier solvable without fixing the decision of a current request.

Table 4: Comparison between 2S-SP, CHA, and Myopic with different number of future scenarios
Route 155

2S-SP CHA Myopic

Scenarios Profit SP [%] ser. [s] par. [s] Profit SP ser. par. Profit SP ser.

5 17283.31 82.47 0.55 0.06 17201.22 82.12 0.32 0.07
10 17259.57 82.37 1.23 0.09 17237.89 82.22 0.76 0.10
20 17267.28 82.42 2.71 0.10 17228.35 82.22 1.59 0.10 16852.43 81.01 0.04
30 17264.25 82.47 4.22 0.12 17245.32 82.27 2.39 0.12
40 17280.81 82.52 5.51 0.11 17260.91 82.32 3.40 0.13

Figure 11: Development of serial and parallel computation times based on different numbers of sce-
narios for Route 155
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Observation 4. The serial computation times of our 2S-SP and CHA approaches grow nearly linear
with the number of scenarios. Additionally, the median parallel computation time stays constant with
a growing number of scenarios. Note that this comes at the expense of additional memory usage.
As our Myopic approach is independent of the number of scenarios, its serial computation times
remain constant.

Observation 5. The variance in parallel computation time is lower for our CHA compared to our
2S-SP approach. Accordingly, not fixing the decision of whether to accept or reject a passenger
request in our subproblems leads to more stable computation times.

5.5.1.4 Performance analysis of our approaches

Our 2S-SP and CHA models use a set of scenarios to approximate the distribution of future passenger
requests. In this context, one major question that arises is how many scenarios are necessary to
approximate future demands so that we achieve a good approximation of future passenger demands
and thus can maximize the operators’ profit accordingly. To answer this question, we use our results
from the previous section and compare them against the optimal full information policy obtained
through Problem 5.3.1. Specifically, we compare our solutions obtained in a dynamic stochastic
problem setting to the deterministic problem setting in which all requests are revealed at the same
time.

Figure 12 shows the optimality gap, i.e., 1 - (objective of our policy under uncertainty / objective
of full information policy), between our policies under uncertainty and optimal full information
policies based on the number of scenarios for Routes 55 and 155 over all CSF configurations. Note
that our Myopic approach is independent of the number of scenarios. We see that even with only
five scenarios, both our 2S-SP and CHA approaches obtain good solutions. Additionally, we see
that increasing the number of scenarios to more than five shows no significant improvements.

Figure 12: Difference in profit based on the number of scenarios for Route 55 and 155
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Figure 13: Difference in profit based on varying CSFs for Route 55 and 155
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Figure 13 shows the difference in profit for varying CSFs for Routes 55 and 155 over all number
of scenarios compared to the optimal full information policy. We see that especially for routes with
higher flexibility, i.e., CSF of 0.2 and 0.4 our 2S-SP and CHA approaches perform much better than
our Myopic approach. Additionally, we also see that for very low and very high route flexibility,
i.e., CSF of 0.2, 0.8, and 1, especially our 2S-SP and CHA approaches are close to the optimal full
information policy. The reason for that is that with very high flexibility, most of the passengers can
be served, and with very low flexibility, the route is mostly fixed. Both cases are relatively easy to
handle. As a DAS combines flexibility with predictability, especially a CSF between 0.4− 0.8 is of
interest. Here, our Myopic approach struggles to find good policies for Route 55.

Observation 6. Even with a limited amount of scenarios, our 2S-SP and CHA approaches can
determine good policies under uncertainty. Especially in high and low flexibility instances, our 2S-
SP and CHA approaches perform better than our Myopic approach. Additionally, with decreasing
flexibility, all our approaches can determine close to optimal full information policies.

5.5.2 Practical insights

From the perspective of a public transportation system operator, a natural question is whether it
is beneficial to convert a fixed-line bus route to a DAS. To answer this question, our analysis in
this section is twofold. First, we compare the average profits, percentages of passengers served,
and travel times between the fixed-line bus routes, a DAS under uncertainty, and a DAS in the
full information setting. Second, we analyze the impact of passenger willingness to walk and route
flexibility on profit, served passengers, and the cost per passenger.

5.5.2.1 Comparison between fixed-line and a DAS

One of our main motivations for the operational planning problem under uncertainty is to be able
to compare fixed-line public bus transportation systems with a DAS on an operational level. To
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do so, we solve Problem 5.3.1 with fixed arcs between the compulsory stops for a CSF of one, on
five different instances. This gives us average profits, percentages of passengers served, and travel
times for a fixed-line bus transportation system. Afterward, we determine the same metrics for
the full information DAS setting through Problem 5.3.1 without fixed arcs and for the DAS setting
under uncertainty through Problem 5.4.4. In all three settings, the walking distance is 250 meters,
the utility is 750, and in the two DAS settings, the CSF ∈ [0.2, 0.4, 0.6, 0.8, 1]. Note that we only
consider the fixed-line bus setting over the compulsory stops of the original routes, i.e., only for a
CSF of one.

Figure 14 shows the comparison between fixed-line and DAS settings. Here, the metrics of the
solution of the fixed-line setting are scaled to the baseline of 100, e.g., a profit of 115 for the dynamic
DAS setting constitutes a 15% increase in profit compared to the fixed-line setting. We see that
even for a CSF of one, both DAS settings generate 15% more profit, serve 11% more passengers,

Figure 14: Increase in profit, served passengers, and travel times compared to a fixed-line baseline
setting as 100 for Route 55
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while having only 4% more travel time. With growing flexibility, i.e., a decrease in CSFs, these
metrics increase to 44 - 49% more profit, serving 32 - 35% more passengers, with an increase of 13
- 14% in travel time. Over all CSF, we see that in our route, an increase of one percent in travel
distance leads to an increase of 2.7 - 4.7% in profits and 2.2 - 3.7% in passengers served in our
setting under uncertainty. Additionally, an increase of one percent in travel distance leads to an
increase of 2.9 - 5% in profits and 2.3 - 3.7% in passengers served in our full information setting.
An analysis of Route 155 yields similar results.

Observation 7. Switching from a fixed-line setting to a DAS increases profits and passengers served
at the cost of longer travel distances of the bus and thus its passengers. With a travel distance increase
of one percent, a DAS can achieve up to 4.7% more profit, serving up to 3.7% more passengers in
a setting under uncertainty.

5.5.2.2 Impact of passenger walking willingness and route flexibility

Our model allows us to analyze the number of passengers served and costs per served passenger
based on different DAS assumptions, i.e., different CSFs, which indicates the degree of flexibility
and the walking distance passengers are willing to walk to and from stops. Our analysis in this
section is twofold. First, we analyze the impact of those two parameters on the number of passen-
gers served and achievable profit. Second, we investigate how CSF and walking distance influence
the cost per passenger served. To do so, we compare the solutions of our exact approach with
five scenarios for a uniform passenger utility of 750, a CSF ∈ [0.2, 0.4, 0.6, 0.8, 1], and a walking
distance ∈ [100, 150, 250, 300, 350, 400] on Route 55 and 155.

Profit and passengers served

Our model presumes a CSF indicating the flexibility of the DAS line and a threshold distance
passengers are willing to walk to nearby stops. To understand which parameter drives profit and
the number of served passengers, we aggregate results on instances according to the previously
mentioned parameter values for the CSF and the walking distance.

Figure 15 shows that for Route 55, the profit increases from -8,549 to 36,961 with increasing route
flexibility and passenger walking willingness, and the number of served passengers increases from 6
to 65.1. Here, walking distances larger than 300 meters allow the operator to serve between 86-100%
of all passenger requests. We see that especially for walking distances up to 250 meters, decreasing
the CSF from 1 to 0.2 increases the profit by 59% from 11,453 to 18,221 and the number of served
passengers by 19% from 45.4 to 53.8. At the same time, increasing the walking distance from 100
to 250 meters increases the profit from -7,133 to 22,906, and passengers served by 620% from 7.9
to 49.1. This shows that even though a higher degree of flexibility allows an operator to serve more
passengers and thus increase profit, incentivizing passengers to walk slightly larger distances to and
from their stops represents a larger lever to increase profit.
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Figure 15: Development of operator profit and number of served passengers based on route flexibility
(CSF) and walking distance for Route 55
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Figure 16: Development of operator profit and number of served passengers based on route flexibility
(CSF) and walking distance for Route 155
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Figure 16 shows that our previous observations also holds for Route 155. We see that with
increasing route flexibility and passenger walking willingness, the profit increases from -4,283 to
23,812, and the number of served passengers increases from 3.3 to 39.7. Here, walking distances
larger than 300 meters allow the operator to serve between 91-100% of all issued passenger requests.
We also see that for shorter walking distances up to 250 meters, decreasing the CSF from 1 to 0.2
increases the profit by 25% from 15,283 to 19,127 and the number of served passengers by 24% from
28.6 to 35.6. At the same time, increasing the walking distance from 100 to 250 meters increases
the profit from -3,093 to 17,230, and passengers served by 654% from 5.0 to 32.7.
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Observation 8. With increasing route flexibility and a higher willingness to walk, operators can
serve more passengers and generate higher profits. Solely increasing route flexibility does not suffice
to significantly improve the number of served passengers. To achieve this, incentivizing passengers
to walk slightly longer distances to and from their stops, e.g., through dynamic pricing, is necessary.

Cost per passenger

Apart from operator profit and the number of served passengers, we additionally want to analyze
the development of the cost per passenger based on varying passenger walking willingness and route
flexibility. To do so, we define the cost per passenger as the routing cost of the vehicle divided by
the number of served passengers.

Figure 17 shows that by increasing the passenger walking distance and the flexibility of the route,
the cost per passenger for the two routes reduces from 2,175 to 182 and 2,048 to 150, respectively.
We see that even though the flexibility of the route reduces the cost per passenger between 3-43%
and 5-51%, especially for lower walking distances under 250 meters, the passengers’ willingness to
walk has an even higher impact on the cost per passenger. Here, we see that increasing the walking
distance from 100 to 250 meters reduces the cost per passenger for the two routes on average by
83% from 1,712 to 284 and by 85% from 1,449 to 223, respectively. Generally, over the different
CSF configurations, the cost per passenger in both routes reduces between 88-90% for a walking
distance increase from 100 to 400 meters.

Observation 9. If passengers are willing to walk 250 meters instead of 100 meters to and from
stops, the cost per passenger reduces by 83-85%. Increasing the flexibility of a route by reducing the
CSF from 1 to 0.2 only reduces the cost per passenger by 43-51%.

Figure 17: Development of cost per passenger based on route flexibility (CSF) and walking distance
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5.6 Conclusion and future work

We introduced the operational planning problem under uncertainty of a Demand Adaptive System.
Furthermore, we proposed an algorithmic framework that allows an operator to plan in real-time
which passengers to serve in a Demand Adaptive System line. To this end, we formulated the oper-
ational route planning problem’s full information version as a mixed-integer program, modeled the
operational route planning problem under uncertainty as a Markov decision process, and utilized a
rolling horizon approach to compute a policy via a two-stage stochastic program in each timestep
to decide whether to accept or reject a passenger. Furthermore, we determined the deterministic
equivalent of our approximation through sample-based approximation. This allowed us to decom-
pose the deterministic equivalent of our two-stage stochastic program into several full information
planning problems that can be solved in parallel efficiently. Additionally, we proposed a heuristic
and a myopic approach.

We performed extensive computational experimentation to analyze how our different algorithms
perform on different routes, the number of future passenger demand scenarios, passenger walking
willingness, and route flexibility. For this purpose, we generated a large set of instances based on
real-world data provided to us by Stadtwerke München GmbH, a Munich public transportation
provider. In a comparison between full information policies and policies under uncertainty, we
showed that in our case study, a limited amount of future request scenarios suffices to obtain good
policies under uncertainty, especially in routes with very low and high flexibility.

From a managerial perspective, we show that by switching a fixed-line bus route to a Demand
Adaptive System, an operator can increase revenue by up to 49% and the number of served pas-
sengers by up to 35% while only increasing the travel distance of the bus by 14%. Furthermore,
we showed that even though we can achieve an increase in passengers served between 19-24% by
making a route more flexible, increasing passengers’ willingness to walk from 100 to 250 meters
increases this number by 620-654%. Additionally, such an increase in passenger willingness to walk
also reduced the cost per passenger served by 83-85%, while an increase in the flexibility of the
route only reduced it by 43-51%.

Furthermore, we showed that our exact decomposition consistently derives the best solutions in
terms of operator revenues and served passengers, followed by our heuristic approach and, lastly,
our myopic approach. This performance comes at the cost of higher serial computation time and
doubles the resources needed in parallel computation compared to our heuristic approach, which
is 17-57% faster. Additionally, we saw an increase in problem complexity, i.e., serial computation
time with growing route flexibility.

Future research may expand on the current methodology of our two-stage stochastic program by
developing a machine-learning enhanced policy that reduces the computational effort during oper-
ations. Additionally, our current passenger distribution is based on the assumption that passengers
utilizing a Demand Adaptive System have a similar demand distribution as passengers utilizing
fixed-line bus systems. Investigating the impact of different passenger request distributions on the
operators’ revenue remains an interesting avenue for future research. Finally, considering passenger
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behavior, e.g., dynamic pricing models that influence passenger acceptance or rejection decisions,
poses an interesting area for future study.

Acknowledgment

This work was supported by the German Federal Ministry of Education and Research under Grant
03ZU1105FA. Additionally, we thank Stadtwerke München GmbH for the pleasant collaboration
and for providing us with the necessary data.



6 Conclusion

6.1 Main contributions

Intermodal public transportation systems are an essential lever for providing an e�cient

and cost-e�ective way to meet people's growing travel demands. Designing and operat-

ing today's public transportation systems requires careful planning from strategic, tacti-

cal, and operational perspectives to allow for an integration of more �exible transporta-

tion services, such as Demand Adaptive Systems (DAS). Additionally, the integration of

stochasticity into the planning processes, instead of solely focusing on average passenger

demands, allows an operator to consider a broader range of demand scenarios, leading to

more robust planning decisions. Against this background, this thesis contributes novel

models and solution methods that enable intermodal public transportation operators to

conduct an in-depth analysis of optimal passenger �ows and consider stochasticity in the

tactical and operational planning of DAS.

Chapter 3 introduced an algorithmic framework to determine the passenger �ow system

optimum of an intermodal transportation system. To do so, we modeled a transportation

system as a partially time-expanded digraph, which implicitly encodes problem-speci�c

constraints related to the intermodality of the problem. This allowed us to �nd the in-

termodal transportation system's passenger �ow optimum by solving a standard integer

minimum-cost Multi-Commodity Network Flow problem. We solved this problem with

a column generation-based Price-and-Branch approach, for which we introduced a pric-

ing �lter to reduce the number of solved pricing problems. Furthermore, we proposed a

distance approximation to utilize the A∗ algorithm to solve the pricing problems more

e�ciently. We applied our methodology to a real-world case study for the city of Munich.

Our results show that our pricing �lter reduces the computation time of our algorithm by

up to 60%, and the application of the A∗-based pricing algorithm additionally reduces it

by up to 90%. Our algorithm is able to solve unimodal instances with 23,688 trips in 11

minutes and intermodal instances with 56,295 trips in 48 minutes, whereas straightfor-

ward mixed-integer program (MIP) models fail to solve instances with more than a few

hundred trips. Our algorithmic framework allows us to analyze the passenger utilization
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of individual routes based on the calculated passenger �ows which is helpful for short-term

network design decisions.

Chapter 4 introduced the stochastic TSP with generalized latency (STSP-GL), which

can be used to �nd a general ordering of stops in the tactical planning of DAS under

uncertain passenger demand. Furthermore, we proposed an algorithmic framework to

determine near-optimal solutions. To do so, we modeled the STSP-GL as a stochastic

program and determined its deterministic equivalent. This allowed us to utilize a Branch-

and-Price (B&P), hybrid, and heuristic approach, which decompose the STSP-GL into

multiple TSP-GLs. We performed extensive computational experimentation to analyze

how our di�erent algorithms perform on di�erent graph sizes, number of scenarios, service,

and feasibility levels. For this purpose, we generated a large set of instances from the

TSPGL_LIB dataset. We showed that our B&P and hybrid approaches �nd better upper

bounds than our MIP benchmark within 500 seconds for nearly all instance types but

struggle with closing the optimality gap. Especially for larger graph sizes, our B&P

and hybrid approaches improved the MIP benchmark's upper bounds by up to 85%.

Furthermore, we showed that our heuristic approach �nds feasible solutions within a

couple of seconds, but due to the size of the set of minimal feasibility covers, is not

able to signi�cantly improve on the initial upper bounds during the remainder of the

computation time. Furthermore, we showed that even though the design costs of solutions

derived through a deterministic approach are lower compared to solutions of a stochastic

approach, they are not feasible in a stochastic setting, i.e., the stochastic approach includes

more nodes in the tours to meet the demand with a higher probability. Finally, we showed

that the impact of the service level on the design cost is higher than the impact of the

feasibility level. Here, we were able to reduce the design costs by 8.5% on average when

lowering the service level by 5% while only reducing the design costs by 2% when lowering

the feasibility frequency by 5%.

Chapter 5 introduced the operational planning problem under uncertainty of a DAS.

Furthermore, we proposed an algorithmic framework that allows an operator to plan

which passengers to serve in a DAS line in real-time. To this end, we formulated the

operational route planning problem's full information version as a mixed-integer program,

modeled the operational route planning problem under uncertainty as a Markov decision

process, and utilized a rolling horizon approach to approximate the Markov decision

process via a two-stage stochastic program in each timestep to decide whether to accept

or reject a passenger. Furthermore, we determined the deterministic equivalent of our

approximation through sample-based approximation. This allowed us to decompose the

deterministic equivalent of our two-stage stochastic program into several full information

planning problems, which we showed how to solve in parallel e�ciently. Additionally, we

https://w1.cirrelt.ca/~errico/#Instances
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proposed a heuristic approach and a myopic approach.

We performed extensive computational experimentation to analyze how our di�erent

algorithms perform on di�erent routes, the number of future passenger demand scenarios,

passenger walking willingness, and route �exibility. For this purpose, we generated a large

set of instances based on real-world data provided to us by Stadtwerke München GmbH, a

Munich public transportation provider. In a comparison between full information policies

and policies under uncertainty, we showed that in our case study, a limited amount of

future request scenarios su�ces to obtain good policies under uncertainty, especially in

routes with very low and high �exibility.

From a managerial perspective, we show that by switching a �xed-line bus route to a

DAS, an operator can increase revenue by up to 49% and the number of served passengers

by up to 35% while only increasing the travel distance of the bus by 14%. Furthermore,

we showed that even though we can achieve an increase in passengers served between

19-24% by making a route more �exible, increasing passengers' willingness to walk from

100 to 250 meters increases this number by 620-654%. Additionally, such an increase in

passenger willingness to walk also reduced the cost per passenger served by 83-85%, while

an increase in the �exibility of the route only reduced it by 43-51%.

Furthermore, we showed that our exact decomposition consistently derives the best

solutions in terms of operator revenues and served passengers, followed by our heuristic

approach and, lastly, our myopic approach. This performance comes at the cost of higher

serial computation time and doubles the resources needed in parallel computation com-

pared to our heuristic approach, which is 17-57% faster. Additionally, we saw an increase

in problem complexity, i.e., serial computation time, with growing route �exibility.

In summary, this thesis contributes to new models, methods, and managerial insights

into relevant real-world problems closely related to the analysis of intermodal transporta-

tion systems and the tactical and operational planning of DASs. Speci�cally, it focused

on �nding the travel time system optimum of passenger �ows in a large-scale intermodal

transportation system, proposed an e�cient decomposition to solve the STSP-GL, a prob-

lem arising in the tactical planning of DAS, and developed an algorithmic framework to

solve the operational planning problem under uncertainty of a DAS.

6.2 Limitations and future research

Although this thesis provides comprehensive algorithmic frameworks that address op-

timizing passenger �ows in large-scale intermodal transportation systems, solving the

STSP-GL, and the operational planning problem under uncertainty of a DAS, some prob-

lem cases remained out of the scope of this thesis.
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First, even though our P&B framework in Chapter 3 �nds optimal solutions for all in-

stances of our case study, it does not possess an optimality guarantee when deciding integer

solutions. To this end, extending our framework to a B&P framework that guarantees op-

timality for integer solutions remains an interesting avenue for future research. Moreover,

our current problem setting does not consider additional path constraints, e.g., limits

on passenger transfers, which remains another interesting direction for future research.

Lastly, we implemented our column generation approach, including our A∗ algorithm, in

Python. A re-implementation in Julia or C++, which allows for an e�cient parallelization

of the pricing problem, may speed up this algorithmic framework signi�cantly.

Second, while the hybrid approach in Chapter 4 determines good upper bounds, clos-

ing the optimality gap remains a challenging task. This may be tackled with a more

sophisticated heuristic approach to determine promising feasibility covers. Additionally,

our current distribution of requests is nearly uniform, i.e., the probability of request A

having positive demand in a scenario is similar to request B having positive demand in

a scenario. Investigating the impact of di�erent request distributions on the design and

routing costs remains an interesting avenue for future research.

Third, in Chapter 5 research may expand on the current methodology of our two-stage

stochastic program by developing a machine-learning enhanced policy that reduces the

computational e�ort during operations. Additionally, our current passenger distribution

is based on the assumption that passengers utilizing a DAS have a similar demand distri-

bution as passengers utilizing �xed-line bus systems. Investigating the impact of di�erent

passenger request distributions on the operators' revenue remains an interesting avenue

for future research. Finally, considering passenger behavior, e.g., dynamic pricing models

that in�uence passenger acceptance or rejection decisions, poses an interesting area for

future study.
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