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Abstract

We investigate a branching random walk where the displacements are indepen-
dent from the branching mechanism and have a stretched exponential distribution.
We describe the positions of the particles in the vicinity of the rightmost particle in
terms of point process convergence. As a consequence we give a new limit theorem
for the position of the rightmost particle. Our methods rely on providing precise
large deviations for sums of i.i.d. random variables with stretched exponential dis-
tributions outside the so-called one big jump regime.
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1 Introduction
Branching random walk (BRW) has been studied for more than forty years and during this
time, due to its relation with the KPP equation, a lot of effort was made to understand
the behaviour of its extremes. In the existing literature one can distinguish two different
regimes depending on the laws of the displacements, however not many results address
BRW outside of this two classical cases. The first one treats displacements with thin
tails, i.e. possessing some exponential moments. In this case the asymptotic behaviour
of the extremes of BRW is determined by the contribution coming from many, typical
particles, see [11, 12, 4, 1, 14]. In the second regime one investigates regularly varying
steps, in this case the asymptotic behaviour of the extremes of BRW is determined by a
few, atypical big displacements, see [8, 3]. The contrast between these two cases raises the
question about a regime in which both big jumps and typical displacements contribute
to the asymptotics of the extremes of BRW. It turned out that in the case of stretched
exponential displacements one can see a clear transition between the two aforementioned
regimes [9]. We aim to give a complete picture of the extremes of BRW in this case.

∗The research of PD was partially supported by the National Science Centre, Poland (Sonata, grant
number 2020/39/D/ST1/00258)
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In what follows we study BRWwhich is a branching process with a spatial component that
can be described as follows. The process will evolve at time epochs n ∈ N = {0, 1, 2, . . .}.
Suppose that at time n = 0 one particle is placed at the origin of the real line R. At time
n = 1 the initial particle splits into a random number of new particles which are randomly
displaced from their place of birth. We will always assume that all displacements are in-
dependent copies of a given random variable X. From now on, all particles independently
evolve in the same way as the initial particle. Denote by Λn ⊂ R the collection of all the
positions (with possible repetitions) of particles present in the system at time n. The
sequence {Λn}n∈N is called a branching random walk. We refer to Section 2 for a more
detailed set-up and to the recent monograph [19] for an introduction to the topic.

For A ⊆ R and x, y ∈ R, y > 0 denote the translation of A and scaling of A via

TxA = {a+ x : a ∈ A} and SyA = {ya : a ∈ A}

respectively. The aim of the present article is a description of the asymptotic behaviour
of the extremes of {Λn}n∈N by finding sequences {an}n∈N and {bn}n∈N for which

Sa−1
n
T−bnΛn =

{
a−1
n (x− bn) : x ∈ Λn

}
has a non-trivial limit in distribution in the sense of point process convergence, which
we will make precise in Section 2, see Definition 2.1. Such a choice is not unique by
any means. We will pick the pair an and bn which allows to describe the position of the
rightmost particles. In other words, we will work with sequences an and bn for which the
limiting configuration of Sa−1

n
T−bnΛn does not contain a sequence diverging to infinity.

Under some mild moment conditions on the number of offspring of the initial particle, the
asymptotic behaviour of {Λn}n∈N is determined mainly by the law of the displacements,
i.e. the law of X. In the classical case one works assuming Cramér’s condition

E
[
es|X|

]
<∞ for some s > 0. (1)

Under condition (1) the contribution of a single displacement is negligible and the position
of the rightmost particle is concentrated around its mean which moves at a linear speed.
One can show that there are constants C1, C2 such that

T−C1n−C2 lognΛn

converges to a non-trivial limit, see [14]. If the condition (1) is not satisfied, some
additional scaling is necessary. For example, consider the case of regularly varying tails,
i.e. a random variable X such that as t tends to infinity

P [X > t] ∼ C · t−γ, (2)

for some constants γ,C > 0. Here and throughout the article the above relation means
that the quotient of the two quantities tends to one (see the end of this Section for
a precise statement). The regularly varying distributions follow the so called "one big
jump principle" (see (7)). Using this fact one can observe a different limiting behaviour
of Λn. Namely, if one denotes by m > 1 the expected number of children of the initial
particle, one can show that

Sm−n/γΛn
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converges in law to a non-trivial limit, see [3]. The scaling present above is necessary
to compensate the contribution of atypical, huge displacements which, in contrast to the
previous case, is not negligible.

We will investigate an intermediate case between (1) and (2), namely the stretched ex-
ponential, or Weibull, displacements with tails of the form

P [X > t] ∼ e−t
r`(t),

for r ∈ (0, 1) and a slowly varying function `. Recall that a function ` : R → (0,∞) is
slowly varying (at infinity) if for any constant C > 0, `(Ct) ∼ `(t) as t → ∞. We will
show in our main result that

Sn1−1/r`2(n)T−n1/r`1(n)Λn

converges for an appropriate choice of slowly varying functions `1 and `2. Moreover we
will provide a detailed asymptotic expansion of n1/r`1(n). As a consequence we will obtain
a new limit theorem for the position of the rightmost particle, i.e. for

Mn = max Λn.

Namely, we will infer that

n1−1/r`2(n)
(
Mn − n1/r`1(n)

)
converges in distribution to a random shift of the Gumbel law. Such results were ob-
tained recently for constant ` in the case r ≤ 2/3, see [9]. Our proof relies on precise
large deviation estimates for sums of i.i.d. random variables with stretched exponential
tails. Since the corresponding results established in the sixties [15, 16] were too implicit
for our needs, we revisit the problem and provide a more explicit description of the large
deviation probabilities on the polynomial scale.

The paper is organized as follows. In Section 2 we give a precise description of the model
and our assumptions. Our main results, Theorem 3.1 and Corollary 3.2, are presented in
Section 3. We will look at the BRW as a tree-indexed random walk. In Sections 4 and 5
we present the main steps of our arguments, namely trimming and decoupling of the
random weighted tree. Lastly, in Section 6 we give the final arguments of our proof and
in Section 7 we prove precise large deviations for sums of stretched exponential random
variables, which may be of independent interest.

Throughout the article we write g(t) ∼ f(t) for two functions f, g : R→ R whenever

lim
t→∞

f(t)/g(t) = 1

and we write f(t) � g(t) if g(t) = o(f(t)), that if f(t)/g(t) → 0. We will denote by C
large, positive constants whose value is not important for us. Note that the value of ”C”
may change from line to line.
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2 Preliminaries
Let us now give a precise definition of our model. Since we will assume that the displace-
ments and the reproduction mechanism are independent, we will introduce both of these
components separately. If we denote by Zn = #Λn the number of particles present in
the system at time n, then the sequence Z = {Zn}n∈N forms a Galton-Watson process
starting from Z0 = 1, i.e. with one particle, and a reproduction law with mean

m = E [Z1] .

It is well known from the classical literature, see [2, Theorem I.A.5.1], that if P[Z1 = 1]
is strictly less than one, Z survives with positive probability, that is

P [∀ n ≥ 0, Zn > 0] > 0

if and only if m > 1. Since our objects become trivial on the set of extinction of the
underlying Galton-Watson process, we will work under the conditional probability

P∗ [ · ] = P [ · | ∀ n ≥ 0, Zn > 0 ] .

Under a mild integrability assumption, known as the Kesten-Stigum condition given
below, the exponential growth rate of Z is strictly positive (see (3) below).

Assumption 1. We have P[Z1 = 1] < 1 and E[Z1 log+ Z1] <∞ and the Galton-Watson
process Z is supercritical, that is m > 1.

Note that by the martingale convergence theorem there is a random variableW such that
P∗- almost surely,

lim
n→∞

m−nZn = W. (3)

If Assumption 1 is satisfied then the convergence holds also in L1 and moreover P∗[W >
0] = 1, see for example [19, Chapter 2]. The random variable W will play a crucial role
in our results: it will be a shift parameter in the limit of Λn.

We will now describe the branching structure in more detail and introduce the displace-
ments. Denote by T ⊆ U = {∅} ∪

⋃
n≥1 Nn the Galton-Watson tree corresponding to Z

with Ulam-Harris labelling. That is, label the initial particle with ∅ and its children with
{1, 2, . . . , Z1} ⊂ N and for each particle with a label x ∈ T, label its children with labels
of the form (x, 1), (x, 2), . . . , (x,N(x)), where N(x) is the random variable denoting the
number of children of the individual labelled with x. Write |x| = n if x is a label of a par-
ticle from generation n, in other words if x ∈ Nn. Denote by (∅, x] the unique vertex path
from ∅ to x (excluding ∅ and including x) and write x∧ y to denote the smallest common
ancestor of x and y, i.e. the unique element of T for which [∅, x] ∩ [∅, y] = [∅, x ∧ y].
Finally, write x ≤ y whenever x is an ancestor of y, that is x ∈ [∅, y] and Tn for the
particles from the nth generation present in the system, i.e. Tn = {x ∈ T : |x| = n}.

To model the displacements consider a family {Xx : x ∈ U} of independent copies of X
which are independent of Z. The random variable Xx represents the displacement of the
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particle with label x from its place of birth. The position of the particle with label x is
therefore represented via

V (x) =
∑
y∈(∅,x]

Xy.

To study the collection {V (x)}x∈Tn define a sequence of point processes by

Λn =
∑
|x|=n

εV (x).

Here, for any t ∈ R, εt denotes the Dirac measure concentrated at t, that is εt(·) =
1{t∈·}. We call the sequence {Λn}n∈N a branching random walk. We will regard Λn as a
point process, that is a random element of Mp(R), the space of point measures on R =
(−∞,+∞] equipped with the topology of vague convergence. Here (−∞,+∞] denotes
the homomorphic image of (0, 1] where closed neighbourhoods of +∞ are compact. Recall
that η is a point measure, i.e. an element of Mp(R), if it can be written in the form
η =

∑
i εxi for some xi ∈ R without an accumulation point. We refer to [17, Chapter 3.1]

for a more in-depth description of Mp(R). For x, y ∈ R, y > 0 and a point measure η we
will denote Txη,Syη ∈Mp(R) given by

Txη =
∑
i

εxi+x and Syη =
∑
i

εyxi ,

where η =
∑

i εxi . We equipMp(R) with the topology of vague convergence, and say that
ηn → η in Mp(R) (or vaguely) if for any function f from the set C+

K(R) of nonnegative,
continuous functions with compact support on R,

∫
f(x)ηn(dx) →

∫
f(x)η(dx). In our

results we use weak convergence of random elements of Mp(R) (denoted by ⇒), which is
equivalent to the following condition, see [17, Proposition 3.19].

Proposition 2.1. For point processes Θn, Θ we have

Θn ⇒ Θ in Mp(R),

that is Θn converges to Θ weakly in Mp(R), if and only if for any f ∈ C+
K(R),∫

f (x) Θn(dx)
d→
∫
f(x) Θ(dx),

where d→ denotes the convergence in law of random variables.

Our goal is to study weak convergence of

Sa−1
n
T−bnΛn =

∑
|x|=n

εa−1
n (V (x)−bn)

in Mp(R). Aiming to find a correct choice of bn’s and an’s we first note that the conver-
gence of Sa−1

n
T−bnΛn in Mp(R) describes the behaviour of Λn near its right frontier, that

is the maximal displacement, which we can now write as

Mn = max Λn = max
|x|=n

V (x).
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The first order of magnitude of Mn can be predicted using the first moment method.
Take X1, X2, . . . to be i.i.d. copies of X and let Sn =

∑n
k=1Xk denote the corresponding

random walk. For a sequence of real numbers {xn}n∈N write

P∗ [Mn > xn] = P∗ [∃x ∈ Tn, V (x) > xn] ≤ E∗[Zn]P[Sn > xn] ≤ C ·mnP[Sn > xn] . (4)

For the estimate (4) to give any non-trivial information about the asymptotics of Mn,
one needs to choose the sequence {xn}n∈N such that the probabilities P[Sn > xn] decay
as m−n, that is exponentially fast. Here large deviation estimates for the random walk
Sn come into play.

In the classical case, under Cramér’s condition (1), it is well known that if one takes the
sequence of the form xn = ρn for ρ > E[X], by the Bahadur-Ranga-Rao theorem, see [6,
Theorem 3.7.4],

P[Sn > ρn] ∼ Cρn
−1/2e−ψ

∗(ρ)n, (5)

where ψ∗(ρ) = sups [sρ− ψ(s)], with ψ(t) = logE
[
etX
]
and a constant Cρ depending on

ρ. Provided that ρ < sup{ψ′(s) : ψ(s) < ∞}, under some mild regularity assumptions,
there exists sρ such that ψ′(sρ) = ρ and then ψ∗(ρ) = ρsρ−ψ(sρ). Now, our estimate for
P∗[Mn > xn] suggests that one should find a constant ρ such that ψ∗(ρ) = ρsρ − ψ(sρ) =
logm. Then one could expect that, after establishing the lower bound corresponding
to (4),

lim
n→∞

Mn/n = C1 = ρ P∗- a.s.

This is indeed true and dates back to [11, 4, 12]. Since the seventies a lot of effort was
devoted to a precise description of the asymptotics ofMn with the ultimate result stating
that, with C2 = 3/(2sρ),

Mn − C1n− C2 log n

converges in distribution to a random shift of the Gumbel law, see [1]. One can in fact
argue that in this case there is a relatively small portion of the particles from generation
n in the neighbourhood of Mn whose children are most likely to be the rightmost one in
generation n+ 1 (see Figure 1). This is the scale to study the extremes of BRW. Indeed
the point process

T−C1n−C2 lognΛn (6)

has a weak limit in Mp(R), see [14] for details. It turns out that the limiting measure
of (6) is a randomly shifted decorated Poisson process [21].

Definition 2.2. Θ is a randomly shifted decorated Poisson point process of intensity v,
decoration D and shift S if Θ is distributed as

∑
i≥1 Tζi+SDi where

∑
i≥1 εζi is a Poisson

point process with intensity v and Di are i.i.d. copies of some point process D. One then
writes Θ ∼ SDPPP(v,D, S).

The weak limit of (6) is SDPPP(C3e
−xdx,N,− log(D∞)) for some positive C3, some point

process N and D∞ denoting the a.s. limit of the so-called derivative martingale associ-
ated with the BRW [19, Chapter 5].

6



Figure 1: BRW with steps distributed uniformly on the interval (-1/2, 1/2) (left) and
regularly varying steps with index γ = 2 (right). The red lines indicate the displacements
of the rightmost particles from its place of birth.

The behaviour of Mn under (2) is very different. In this case the law of X obeys the "one
big jump principle", that is

P[Sn > xn] ∼ nP[X > xn] (7)

provided that xn is large enough (for example xn �
√
n log n if γ > 2). Going back to

the estimate (4) one can expect, taking into account (7) and considering xn = mn/γ, that

m−n/γMn

converges in law. Indeed, this sequence converges in law to a random shift of the Fréchet
distribution, see [8]. In this case the rightmost particles are most likely to originate from
the bulk of the population, i.e. the exponential number of typically placed particles (see
Figure 1). Similarly as before, one has convergence of the associated point process and
one can show that after an appropriate scaling Λn converges to so-called Cox cluster
process, see [3]. Due to the similarity with our main result we now describe the limiting
point process in detail. Assume for simplicity that the displacements are positive and let
{Tl}l∈N be a collection of i.i.d. random variables with common distribution given by

P[T1 = k] =
1

υ

∞∑
i=0

m−iP[Zi = k], k = 1, 2 . . . , (8)

where υ =
∑∞

i=0m
−iP[Zi > 0]. Next let {gl}l∈N denote the points of a Poisson point

process with intensity γx−γ−11(0,∞)(x)dx. Then

Sm−n/γΛn ⇒
∞∑
l=0

Tlε(υW )1/γgl
,

in Mp(R), where W is given by (3). The coefficients {Tl}l∈N represent the number of
descendants of particles that made a big jump. As we will see, the limiting point process
in the case of stretched exponential displacements has a very similar representation.

7



3 Main result
We turn our attention to a case between (1) and (2), namely the case where the displace-
ments have a stretched exponential tail. From now on we will assume that the law of the
displacements is given as follows.

Assumption 2. The random variable X is centred (E[X] = 0), has variance 1 (E [X2] =
1) and has a stretched exponential upper tail with index r ∈ (0, 1), that is for some positive
x0,

P[X > x] = a(x)e−R(x), x > x0,

where a,R : (x0,+∞)→ [0,∞), a(x)→ a > 0 as x→∞ and R is a C2(x0,+∞) function
such that R′ is regularly varying with index r − 1 and R′′(x) = O(xr−2+ε) for any ε > 0.
Moreover we assume that R(x)x−d is eventually decreasing for some d ∈ (0, 1) and if
r > 2/3 we assume additionally that R(x)x−1/2−ε is eventually increasing and R(x)x−1+ε

is eventually decreasing for some ε > 0. Further, suppose that

E[|X|k] <∞

for all k ≤ b(2− r)/(1− r)c.

Recall that R′ is regularly varying at infinity with index r− 1, if it can be written in the
form

R′(x) = xr−1`R′(x), x > x0

for some slowly varying function `R′ . By Karamata’s Theorem [17, Theorem 0.6] this
implies that R is also regularly varying with index r, i.e. it is of the form

R(x) = xr`R(x), x > x0

for some slowly varying function `R. There is a natural relation between `R and `R′ , but
it will be of little importance for us and thus we refrain from stating it explicitly. Note
that under Assumption 2, R′′(x)/R′(x)2 → 0 as x → ∞ and thus e−R(x) is a Von Mises
function with an auxiliary function 1/R′(x) [17, Proposition 1.1]. This further implies
that under Assumption 2 the distribution of X lies in the max-domain of attraction of
the Gumbel law [17, Proposition 1.4]. We will use this fact on a exponential scale. Let
for sufficiently large n,

dn = inf{x ∈ (x0,∞) : R(x) > n logm}. (9)

Note that by the merit of continuity of R, for sufficiently large n, dn is the smallest
solution to R(dn) = n logm. The sequence {dn}n∈N is regularly varying with index 1/r
that is

dn = n1/r`d(n)

for some slowly varying function `d [17, Proposition 0.8]. Let also

an = 1/R′(dn). (10)

Since a composition of two regularly varying function is regularly varying, an admits the
representation

an = n1/r−1`a(n) (11)
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for some slowly varying function `a. Extreme value theory asserts that, under Assump-
tion 2, that the maximum of mn independent copies of X shifted by dn and scaled by an
converges in distribution to the Gumbel law, that is for any x ∈ R, as n→∞,

P[Xk ≤ dn + anx, k ≤ mn]→ e−ae
−x
.

Note that here one uses the fact that R′′(x)/(R′(x))2 → 0 as x → ∞. As we will soon
see, the sequences {dn}n∈N and {an}n∈N will drive the centring and scaling for Λn. In fact
the latter is the scaling for Λn.

Large deviations for random walks under Assumption 2 date back to the late sixties,
see [15, 16, 18, 13] or [7] for a general set-up. As it turns out (7) is satisfied also in this
case provided that xn � n1/(2−2r)+ε for some ε > 0. Such deviations are said to lie in the
one big jump domain. Once again the estimate (4) suggests that in this case Mn should
be of order dn = n1/r`d(n). This causes some technical problems since dn � n1/(2−2r)+ε

if and only if r < 2/3. Indeed for r ≥ 2/3 and xn of the order dn, the asymptotic of
P[Sn > xn] differs from the one of nP[X > xn]. However the latter still provides the
leading term in the asymptotic of the former. More precisely, for any r ∈ (0, 1),

logP [Sn > dn] = −(logm)n(1 + o(1)), (12)

see [10, Theorem 3]. In the sequel we will revisit this problem to provide a new description
of the classical results [15] on the precise asymptotic of P[Sn > xn] with xn ∼ dn.
The logarithmic asymptotics (12) suffices to predict the law of large numbers for Mn.
Indeed, as shown in [10] we have

lim
n→∞

Mn/dn = 1 P∗ − a.s.

The behaviour of Mn − dn was recently studied in [9] for the special case R(x) = λxr

for some λ > 0. In this case dn = ((logm)/λ)1/rn1/r and an = r((logm)/λ)1/r−1n1/r−1.
It transpires that for r ≤ 2/3 the rightmost particle is most likely to originate from the
bulk (see Figure 2) and for r > 2/3 it typically originates from a subexponential number
of particles that deviate from the bulk (located around O(n2−1/r)), see Figure 2. This in
turn leads to a more balanced behaviour ofMn for big values of r ∈ (0, 1). More precisely,
for this choice of R we have, for r > 2/3,

lim
n→∞

Mn − ((logm)/λ)1/rn1/r

n2−1/r
=
rλ1/r(logm)1−1/r

2
P∗ − a.s.

and for r ≤ 2/3,
Mn − ((logm)/λ)1/rn1/r

n1/r−1

converges in distribution to a random shift of the Gumbel law [9, Theorem 3.1]. Here, we
extend these results to distributions satisfying Assumption 2. and we prove point process
convergence. The limit object of Λn will be described with the help of an auxiliary
polynomial. However it comes into play only in the case r ≥ 2/3. Let the sequence of
cumulants of X, {kj}j≤κ be defined recursively via k1 = 0 and for 1 ≤ j ≤ κ,

kj = E
[
Xj
]
−

j−1∑
i=1

(
j − 1

i

)
kj−iE

[
X i
]
. (13)
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Figure 2: BRW with stretched exponential steps with r = 3/4 (left) and r = 1/3 (right).
The red lines indicate the displacements of the rightmost particles from its place of birth.

Define the truncated cumulant generating function via

K(x) =
κ∑
j=2

kj
j!
xj, κ =

⌊
2− r
1− r

⌋
. (14)

The name truncated cumulant generating function will become clear after we state
Lemma 4.1 below. For n ∈ N consider a function Ψn given via

Ψn(z) = inf
s∈[0,1]

{R(dn + z − nK ′(s)) + n(sK ′(s)−K(s))}.

One can then check that Ψn is a nondecreasing and continuous function such that Ψn(z)→
∞. Finally, since Ψn(0) ≤ R(dn), for sufficiently large n ∈ N we can define τn to be the
smallest real number solving

Ψ(τn) = R(dn). (15)
By a direct calculation using the regular variation of R and R′, for some slowly varying
sequence {`n}n∈N,

τn = nR′(dn)/2 +O(n3−2/r`n).

It follows that τn is regularly varying with index 2−1/r and thus, recalling (11), τn = o(an)
if r < 2/3. We will now describe the limiting measure. Let {Tk}k∈N be i.i.d. with
distribution given in (8) and take {ιk}k∈N to be the points of a Poisson point process with
intensity ae−xdx. Define a random element of Mp(R) by

Λ =
∞∑
k=0

Tkειk−log(υW ), (16)

recalling υ =
∑∞

i=0m
−iP[Zi > 0]. Then Λ is a Cox cluster process with the Laplace

functional given via

E∗
[
exp

{
−
∫
f(x) Λ(dx)

}]
= E∗

[
exp

{
−aW

∞∑
j=0

m−j
∫
R
E
[
1− e−Zjf(x)

]
e−xdx

}]
for f ∈ C+

K(R).
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Theorem 3.1. Suppose that Assumptions 1 and 2 are in force. Let dn and an be given
by (9) and (10) respectively and take bn = dn + τn, where τn is given in (15). Then

Sa−1
n
T−bnΛn ⇒ Λ in Mp(R),

with Λ given via (16).

As a by-product of Theorem 3.1 we obtain a new result for Mn which complements the
results of [9, Theorem 3.1].

Corollary 3.2. Let Assumptions 1 and 2 hold. Then for Mn = max|x|=n V (x) and bn
and an as in the statement of Theorem 3.1,

Mn − bn
an

d→ V

where the random variable V is distributed according to

P[V ≤ x] = E∗
[
exp

{
−aυWe−x

}]
.

Remark 3.3. The limiting point process (16) falls into the class of randomly shifted
decorated Poisson point processes. Comparing the Definition 2.2 with (16) one readily
sees that

Λ ∼ SDPPP
(
ae−xdx, T1δ0,− log(υW )

)
.

Remark 3.4. The limiting point process Λ enjoys the so-called superposability [5]: the
distances from the rightmost position of a union of realizations of Λ have the same distri-
bution as those of a single realization. More precisely, assuming for simplicity that Z1 ≥ 1
a.s., let Λ(i) =

∑∞
k=0 T

(i)
k ε

`
(i)
k −log(υWi)

denote i.i.d. copies of Λ. Since the martingale limit
W is known to satisfy

Z1∑
i=1

Wi
d
= mW

where W1,W1, . . . are i.i.d. copies of W independent of Z1, one sees from studying the
corresponding Laplace functionals that

Z1∑
i=1

Λi
d
= T(logm)Λ.

Now consider a mapping V on Mp(R) given by V
∑

i εxj =
∑

i εxi−maxj xj . Note that V is
well-defined on Mp(R) since the support of the measures from Mp(R) is bounded from the
right. Then Vη is the point process η seen from the rightmost particle. Since V ◦Tx = V
for any x ∈ R, one readily sees that

V

Z1∑
i=1

Λi
d
= VΛ.

11



4 Trimming lemmas
In our first steps towards the proof of Theorem 3.1 we will show which particles in Tn
contribute to the extremes of Λn. To facilitate this we will use several deviation estimates
for sums of i.i.d. random variables with stretched exponential tails. We will often use
the following expansion for R,

R (dn + x) = R(dn) +R′(dn)x+ x2R′′(ξdn,dn+x)/2

for x ∈ R and ξdn,dn+x that lies between dn and dn + x. We will also make use of
the following integration by parts formula: for A < B and continuously differentiable
functions ψ,

E
[
ψ(X)1{X∈(A,B]}

]
=

∫ B

A

ψ′(s)P[X > s]ds+ ψ(A)P [X > A]− ψ(B)P[X > B]. (17)

The first few steps of our arguments concentrate on pinpointing the particles that con-
tribute to the point process which is the limit of Sa−1

n
T−bnΛn. As we will see the positions

of those particles will be asymptotically independent. We will partition Tn into five classes
of particles and show which class contributes to the asymptotics of Sa−1

n
T−bnΛn. The first

one consists of those particles with no big jumps along their ancestral line, i.e.

An =

{
w ∈ Tn : max

v∈(∅,w]
Xv ≤ δn

}
,

where δn = δdn for some fixed δ ∈ (2−r, 1). The positions of particles from An consist of
individual displacements of typical particles and are therefore well controlled. The point
process given by the positions of the particles from An will be denoted by

ΛAn =
∑
x∈An

εa−1
n (V (x)−bn).

As we will see in Lemma 4.2 below, the contribution of particles from An is negligible.
To control the contribution of ΛAn we will need a deviation results for typical particles.
For L > 0 take PL to be a probability measure such that the Xk’s are i.i.d. under PL
with distribution given by

PL [Xk ≤ t] = P [Xk ≤ t |Xk ≤ L ] .

It turns out that one can use classical large deviation techniques to control the sum of
Xk’s under PL. More precisely one can exploit the exponential change of measure and
use the cumulant generating function of the truncated variables

KL(s) = logEL [exp{sX1}] , s > 0,

where EL denotes the expectation corresponding to PL. In order to be able to control the
particles from An we need to take L = δn in the above construction. We will first check
the asymptotic expansion of KL = Kδn near 0. For functions f , we write f (0), f (1) and
f (2) for f , f ′ and f ′′ respectively. Recall the truncated cumulant generating function K
given via (14).

12



Lemma 4.1. Let Assumption 2 be in force and let δn = δdn for some δ ∈ (2−r, 1). Let
d ∈ (0, 1) be such that R(x)x−d is decreasing. Then χ ∈ (0, 1/d) and i ∈ {0, 1, 2},

sup
0≤s≤χR′(dn)

∣∣∣K(i)
δn

(s)−K(i)(s)
∣∣∣ = o

(
n−1
)
.

The proof of Lemma 4.1 is quite standard and utilizes the fact that the km’s obey a similar
recursive formula (13) as the cumulants of X1 under Pδn . The details are given in the
appendix. For future reference denote

Nn = max
1≤k≤n

Xk. (18)

With Lemma 4.1 at hand we can state and prove the aforementioned lemma regarding
the contribution of particles from An.

Lemma 4.2. Under Assumptions 1 and 2 for any r ∈ (0, 1), if bn ∼ dn and an =
1/R′(dn),

ΛAn ⇒ o

in Mp(R), where o denotes the null measure.

Proof. Since the convergence is tested by integrating functions of compact support, it is
enough to show that

ΛAn [L,∞]
P∗→ 0

for any constant L ∈ R. Since ΛAn is integer valued it is sufficient to estimate

P∗
[
ΛAn [L,∞] ≥ 1

]
≤ E∗

[
ΛAn [L,∞]

]
= E∗[Zn]P [Sn > bn + Lan, Nn ≤ δn] .

For the first term on the right hand side we have the simple bound E∗[Zn] ≤ C ·mn . To
tackle the second term on the right hand side note that

P [Sn > bn + Lan, Nn ≤ δn] ≤ Pδn [Sn > bn + Lan] .

Now use the exponential Markov inequality to get for s > 0,

Pδn [Sn > bn + Lan] ≤ exp {−s(bn + Lan) + nKδn(s)} .

Choose s = (logm)n + nξ)/(bn + Lan) with ξ ∈ (3 − 2/r, 1) ∩ (0, 1). By Lemma 4.1,
nKδn(s) = o(nξ) and thus

exp {−s(bn + Lan) + nKδn(s)} ≤ m−n exp
{
−nξ/C

}
(19)

which yields our claim.

The next class of particles consist of those that had at least two big jumps along the
ancestral line, that is

Bn = {w ∈ Tn : ∃v, u ∈ (∅, w], v 6= u, min{Xv, Xu} > δn} .

13



By the choice of δ ∈ (2−r, 1), Bn = ∅ almost surely for sufficiently large n. Indeed, by a
direct first moment bound

P∗[|Bn| ≥ 1] ≤ C n2 mnP [X > δn]2 = o(1), (20)

since 2R(δn) ∼ 2δrR(dn) and 2δr > 1. Thus

ΛBn =
∑
x∈Bn

εa−1
n (V (x)−bn) ⇒ o

in Mp(R). Particles that are not in An ∪ Bn have exactly one big jump along their
ancestral line. We will need to distinguish whether this jump is greater or smaller than

yn =

{
dn − (log n)2 d

2
n+nR(dn)2

dnR(dn)
r ∈

(
0, 2

3

]
dn − nR′(dn) r ∈

(
2
3
, 1
)
.

(21)

For w ∈ T define v∗(w) to be the element of (∅, w] closest to the root such that Xv∗(w) =
maxv∈(∅,w] Xv. The next class of particles we will consider is given by

Cn =

{
w ∈ Tn : Xv∗(w) ∈ (δn, yn] and max

u∈(∅,w]\{v∗(w)}
Xu ≤ δn

}
.

Define the corresponding point process via

ΛCn =
∑
x∈Cn

εa−1
n (V (x)−bn).

The second truncation sequence {yn}n∈N is chosen such that the contribution of the
particles in Cn is also negligible.

Lemma 4.3. Suppose that Assumptions 1 and 2 are satisfied. Then for sequences {an}n∈N
and {bn}n∈N chosen as in Theorem 3.1 we have

ΛCn ⇒ o

in Mp(R).

Proof. We will proceed similarly as in the proof of Lemma 4.2. In order to carry out this
program we will first estimate

Pn = P [Sn−1 +Xn > bn + Lan, Nn−1 ≤ δn, Xn ∈ (δn, yn]] ,

for L ∈ R and Nn given in (18). We will first treat the case r ≤ 2/3. Note that with
hn = R(dn)/dn, using the exponential Markov inequality,

Pn ≤ Ce−hn(bn+Lan)+nKδn (hn)E
[
ehnX1{X∈(δn,yn]}

]
. (22)

By Lemma 4.1, nKδn(hn) = O(nR(dn)2/d2
n) and the expectation on the r.h.s. of (22), by

Lemma A.3 from the appendix, has an upper bound of the form

E
[
ehnX1{X∈(δn,yn]}

]
≤ exp

{
−(1 + nR(dn)2/d2

n)(log n)2/C
}
.
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Finally for sufficiently large n, hn(bn + Lan) ≥ R(dn) − |L/d| as R(x)x−d is assumed to
be increasing for some d ∈ (0, 1). Gathering all the estimates together shows that for
r ≤ 2/3, and sufficiently large n,

Pn ≤ m−ne−(logn)2/C.

For the case r > 2/3 we proceed in the same way and get (22) with nKδn(hn) = (1/2 +
o(1))nR(dn)2/d2

n and by Lemma A.4 from the appendix

E
[
ehnX1{X∈(δn,yn]}

]
≤ exp

{
nR(dn)R′(dn)

dn

(
R′(dn)dn
R(dn)

− 1

)
(1 + o(1))

}
.

Recall that bn = dn + τn with τn = (1 + o(1))nR′(dn)/2 and write

hn(bn + Lan) = −R(dn)− (1 + o(1))nR(dn)R′(dn)/(2dn).

Combining all the estimates yields

Pn ≤ m−n exp

{
nR(dn)R′(dn)

dn

(
R′(dn)dn
R(dn)

− 3

2
+

R(dn)

2R′(dn)dn

)
(1 + o(1))

}
.

Since we assume that for some ε > 0 the functions R(x)x−1/2−ε and R(x)x−1+ε are
eventually increasing and decreasing respectively, y = xR′(x)/R(x) ∈ [1/2 + ε, 1− ε] for
sufficiently large x and thus the expression y−3/2+1/(2y) remains negative and bounded
away from 0. We can therefore conclude that for r > 2/3,

Pn ≤ m−n exp {−nR(dn)R′(dn)/(Cdn)} .

Note that the sequence nR(dn)R′(dn)/dn is regularly varying with index 3− 2/r > 0 and
thus it diverges to +∞ as n→∞.
Finally to conclude our claim note that for any r ∈ (0, 1), and L ∈ R,

P∗
[
ΛCn[L,∞) ≥ 1

]
≤ E∗

[
ΛCn[L,∞)

]
≤ C nmnPn ≤ e−(logn)2/C → 0.

5 Decoupling
Our considerations up to this point show that the particles from An∪Bn∪Cn do not affect
the asymptotic behaviour of Sa−1

n
T−bnΛn provided that the latter has a non-trivial limit.

Until now we investigated only the contribution of big jumps which as it soon turns out
is not enough for our needs. Now we will be also investigating the contribution coming
from typical particles. This is when the precise large deviations beyond the so called one
big jump domain come into play.

For functions fn, gn : R→ R we will say that fn−jn(zn) ∼ gn−jn(zn) uniformly with respect
to jn ∈ Jn ⊆ R and zn ∈ Hn ⊆ R if

lim
n→∞

sup
jn∈Jn

sup
zn∈Gn

∣∣∣∣fn−jn(xn)

gn−jn(xn)
− 1

∣∣∣∣ = 0.
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Equivalently, fn−jn(zn) ∼ gn−jn(zn) for any choice of xn ∈ Hn and jn ∈ Jn. Put

Hn = [dn + nR′(dn)/2− z∗n, dn + nR′(dn)/2 + z∗n] , (23)

where z∗n is any sequence of real numbers that is regularly varying with index strictly less
than 2− 1/r if r > 2/3 and less than 1/r − 1/2 if r ≤ 2/3. Finally for xn ∈ Hn we write

I(xn) = inf
s∈[0,1]

{R(xn − nK ′(s)) + n(sK ′(s)−K(s))} . (24)

Theorem 5.1 given below states that the probability that Sn exceeds xn ∈ Hn decays
as ne−I(xn). The form of I(xn) can be heuristically derived in the following way. Write
Sn = Nn + Sn −Nn. Then Sn −Nn can be seen as the sum of n− 1 of the X ′ks that are
not the maximal among X1, . . . , Xn. In other words. Sn−Nn is the sum of typical values
X1, . . . Xn and Nn is the one atypical value among X1, . . . , Xn. Now the event {Sn > xn}
is a union of {Nn > a} ∩ {Sn − Nn > b} along a + b = xn. For technical reasons it is
most convenient to write a = xn − nK ′(s) and b = nK ′(s) for some s > 0. Then the
probability of {Nn = xn − nK ′(s)} decays as ne−R(xn−nK′(s)) and {Sn − Nn > nK ′(s)}
decays as en(K(s)−sK′(s)) (see (5)). Finally the infimum present in the definition of I(xn)
should be interpreted as taking the most probable choice of s and thus of a = xn−nK ′(s)
and b = nK ′(s).

Note that the infimum in (24) is attained for s = s∗ which is the unique solution to

s∗ = R′(xn − nK ′(s∗))

in the interval [0, 1]. One can easily check that, for a sufficiently large n ∈ N, the function
s 7→ R′(xn − nK ′(s)) is a contraction on [0, 1] and thus the existence and uniqueness of
s∗ follows from the Banach fixed point theorem.

I(xn) = R(xn − nK ′(s∗)) + n(sK ′(s∗)−K(s∗)).

One then checks, using the regular variation of R′ that s∗ is bounded from above by
(1 + o(1))R′(dn). It transpires that if r < 2/3 then I(xn) = R(xn) + o(1) uniformly in
xn ∈ Hn and for r ≥ 2/3 we have I(xn) = R(dn) + O(n4−3/r`(n)) uniformly in xn ∈ Hn

for some slowly varying function `.

Theorem 5.1. Let Assumption 2 be satisfied and let Jn = [0, j∗n] ∩ N where j∗n is
any sequence of natural numbers which is regularly varying with index strictly less than
min{1, 3/r − 3}. Then uniformly in x ∈ Hn and j ∈ Jn,

P[Sn−jn > xn] ∼ ne−I(xn)+O(j∗nR
′(xn)2).

The case r ≤ 2/3 corresponds to [15, Theorem 3], the case r = 2/3 to [15, Theorem 5]
and the case r > 2/3 to [15, Theorem 2]. However the statement of the last one was
too implicit for our needs and therefore we provide a new proof with a more explicit
statement. We will present a self-contained proof of Theorem 5.1 in Section 7. Note that
the case r < 2/3 is covered in [7].
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We will use Theorem 5.1 in the proof of our decoupling lemma which we will state below.
For k < j and x ∈ T define

Vk,j(x) =
∑

w≤x, k<|w|≤j

Xw.

We will furthermore make use of the following observation. For x ∈ Tn \ (An ∪ Bn ∪ Cn)
we have Xv∗(x) > yn.

Lemma 5.2 (Decoupling lemma). Suppose that Assumptions 1 and 2 are satisfied. Fix
L ∈ R. Then there exists a sequence of natural numbers kn such that kn = o (n1−r) if
r > 2/3 and kn = o((log n)4) if r ≤ 2/3 and a sequence ln = o(bn) such that the subset of
Tn given via

Dn = {x ∈ Tn \ (An ∪ Bn ∪ Cn) : |v∗(x)| ≤ n− kn or Vkn,n(v∗(x)) ≤ bn + Lan − ln}

satisfies
ΛDn =

∑
x∈Dn

εa−1
n (V (x)−bn) ⇒ o

in Mp(L,∞]. Furthermore for the subset of Tn,

En = {x ∈ Tn \ (An ∪ Bn ∪ Cn) : |v∗(x)| > n− kn and Vkn,n(v∗(x)) > bn + Lan − ln}

and the sequence of events

An = {∃x, y ∈ En, min{V (x), V (y)} > bn + Lan, v
∗(x) 6= v∗(y), |v∗(x) ∧ v∗(y)| > kn}

one has
P∗
[
lim sup
n→∞

An

]
= 0.

Proof. For r ≤ 2/3 take kn to be the smallest integer grater than (log n)3R′(dn)(dn−yn+
1), write for sufficiently large n,

P∗ [∃x ∈ Tn \ (An ∪ Bn ∪ Cn) |v∗(x)| ≤ n− kn]

≤ P∗
[

max
|w|≤n−kn

Xw > yn

]
≤ Cmn−knP[X > yn] ≤ exp

{
−(log n)3/C

}
.

An appeal to the Borell -Cantelli lemma yields ΛDn (L,+∞) = 0 for sufficiently big n a.s.
which in turn implies our first claim for r ≤ 2/3. To verify the second claim just use a
direct estimate

P∗[An] ≤ Cm2n−knP[X > yn]2 ≤ e−(logn)3/C

which implies
∑∞

n=1 P∗[An] <∞. Yet another appeal to the Borell -Cantelli lemma yields
our second claim for r ≤ 2/3.

The proof for r > 2/3 is more involved. For j ≥ 1 define the sequence of indexes {qj}j≥1,
where q1 ∈ (3−2/r, 1) and qj+1 = 1+(qj−1)/r. Then qj+1 = 1−2r−j(1−q1)→ −∞. Let
j0 to be the smallest positive integer for which qj0 < (1− r). Note that by the recursive
formula for the qj’s, qj0 ≥ 0. We can always choose the value of q1 such that the last
inequality is strict, so we have qj0 > 0. Next define the approximating sequences {k(j)

n }n∈N
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and {`(j)
n }n∈N via k

(1)
n = nq1 , k(j)

n = d
k
(j−1)
n

R′(dn) log n and `
(j)
n = d

k
(j)
n
R′(dn)(log n)1/2.

Then for each j, {k(j)
n }n∈N is regularly varying with index qj and {`(j)

n }n∈N is regularly
varying with index qj/r. In what follows we will make use of two asymptotic relations
between the two sequences which follow from the construction. Namely for each j ≥ 2,
as n→∞,

k(j)
n � R′(dn)`(j−1)

n , `(j)
n � d

k
(j)
n
, and k(1)

n � nR′(dn)2. (25)

Consider the subsets of Tn given via

F (0)
n = Tn \ (An ∪ Bn ∪ Cn) =

{
x ∈ Tn : Xv∗(x) > yn, max

w∈(∅,x]\{v∗(x)}
Xw ≤ δn

}
and for j ≥ 1, let

G(j)
n =

{
x ∈ F (j−1)

n : |v∗(x)| ≤ n− k(j)
n

}
,

H(j)
n =

{
x ∈ F (j−1)

n : |v∗(x)| > n− k(j)
n , V (v∗(x)) ≤ bn + Lan − `(j)

n

}
,

F (j)
n =

{
x ∈ F (j−1)

n : |v∗(x)| > n− k(j)
n , V (v∗(x)) > bn + Lan − `(j)

n

}
.

Then

En = F (j0)
n , Dn =

j0⋃
j=1

(G(j)
n ∪H(j)

n )

We will now show that the positions of the particles from Dn do not contribute. For this
purpose let D(1)

n = G(1)
n ∪H(1)

n and let D(m)
n = (G(m)

n ∪H(m)
n ) \

⋃m−1
j=1 (G(j)

n ∪H(j)
n ) We have

P
[
∃x ∈ G(1)

n

]
≤ Cmn−k(1)n P[X > yn] ≤ exp {−nq1/C}

and

P
[
∃x ∈ H(1)

n , V (x) > bn + Lan
]
≤ CmnP[X > yn]P

[
S
k
(1)
n
> l(1)

n

]
≤ exp {−nq1/C} .

Turning our attention to D(m)
n with m ≥ 2 we use the uniform estimates in Theorem 5.1

and the first condition in (25) to write

P
[
∃x ∈ D(m)

n ∩ G(j)
n

]
≤ P

[
∃x ∈ T, n− k(m−1)

n < |x| ≤ n− k(m)
n , V (x) > bn − l(m−1)

n

]
≤

k
(m−1)
n∑
j=k

(m)
n

mn−jP[Sn−j > bn − l(m−1)
n ] ≤ exp

{
−k(m)

n /C
}
.

In a similar way, using the first two conditions in (25) and Theorem 5.1,

P
[
∃x ∈ D(m)

n ∩H(m)
n , V (x) > bn + Lan

]
≤

P
[
∃x ∈ D(m)

n |v∗(x)| > n− k(m)
n , bn + Lan − l(m−1)

n < V (v∗(x)), V|v∗(x)|,n(x) > l(m)
n

]
≤ mn

k
(m)
n∑
j=0

P
[
Sn−j > bn + Lan − l(m−1)

n

]
Pδn
[
Sj > l(m)

n

]
≤ exp

{
−k(m)

n /C
}
.
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Next consider the events

A(j)
n =

{
∃x, y ∈ F (j−1)

n : v∗(x) 6= v∗(y), |v∗(x) ∧ v∗(y)| ≥ k(j)
n

}
.

Then for j = 1, and sufficiently large n,

P
[
A(1)
n

]
≤ Cmnmn−k(1)n P[X > yn]2 ≤ exp {−nq1/C}

and for j > 1,

P
[
A(j)
n

]
≤ P

[
A(j−1)
n

]
+ P

[
∃x, y ∈ F (j−1)

n , k(j−1)
n > |v∗(x) ∧ v∗(y)| ≥ k(j)

n

]
. (26)

On the event {k(j−1)
n > |v∗(x) ∧ v∗(y)|} the random variables V

k
(j−1)
n ,n

(x) and V
k
(j−1)
n ,n

(y)

are independent given σ
(
Xv : |v| ≤ k

(j−1)
n

)
. Now by the definition of E (j−1)

n we use the
aforementioned conditional independence and write

P
[
∃x, y ∈ E (j−1)

n , k(j−1)
n > |v∗(x) ∧ v∗(y)| ≥ k(j)

n

]
≤ Cmnmn−k(j)n P

[
S
n−k(j−1)

n
> bn + Lan − l(j−1)

n

]2

.

The large deviation result for stretched exponential random variables in Theorem 5.1
implies that for sufficiently large n,

P[S
n−k(j−1)

n
> bn + Lan − l(j−1)

n ] ≤ mn exp
{

CR′(dn)l(j−1)
n

}
.

By our choice of sequences, R′(dn)l
(j−1)
n � k

(j)
n as stated in (25). Going back to (26) gives

P
[
A(j)
n

]
≤ P

[
A(j−1)
n

]
+ exp

{
−k(j)

n /C
}

which by induction implies that for any j ≤ j0, A
(j)
n occurs only finitely many times. The

claim follows since A(j0)
n = An.

Lemma 5.2 will allow for an efficient decoupling. The position of each x ∈ En can be
written in the following way:

V (x) = H1(x) + T (x) +Xv∗(x) +H2(x), (27)

where

H1(x) =
∑
w≤x

Xw1{|w|≤kn}, H2(x) =
∑
w≤x

Xw1{Xw≤δn, |w|>n−kn},

T (x) =
∑
|w|≤x

Xw1{|w|∈[kn,n−kn]}.

As one may expect, the first term on the r.h.s. of (27) is negligible.

Lemma 5.3. For any r ∈ (0, 1), P∗ - a.s.

lim
n→∞

max
x∈En

H1(x)/an = 0.
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Proof. One can use the quite generous upper bound

max
x∈En
|H1(x)| ≤Mkn .

Since dkn = o
(
n1/r−1−ε) for some ε > 0 as in the claim of Lemma 5.2, we getMkn/an → 0

as an is regularly varying with index 1/r − 1.

As a consequence of Lemma 5.3 in order to establish convergence of

ΛEn =
∑
x∈En

εa−1
n (V (x)−bn)

it is sufficient to study

Θn =
∑
x∈En

εa−1
n (T (x)+Xv∗(x)+H2(x)−bn).

Lemma 5.4. Suppose that Assumptions 1 and 2 are satisfied. Let an and bn be chosen
as in the statement of Theorem 3.1. Then as n→∞,

ΛEn −Θn ⇒ o

in Mp(R).

We will present the proof of this lemma once we establish the convergence of Θn.

6 Convergence of the point processes
We now turn to the final arguments in in the proof of Theorem 3.1. We will first show that
the decoupled point process Θn converges to the desired limit. Then, using the tightness
of Θn, we will show Lemma 5.4 which will yield immediately Theorem 3.1. Note first
that we can rewrite Θn in the following way

Θn =
∑

n−kn<|v|≤n

1{Xv>yn}
∑

x≥v, |x|=n

εa−1
n (T (x)+Xv+H2(x)−bn)1En(v,x),

where En(v, x) = {Xw ≤ δn for all w ∈ (∅, x] \ {v}, |w| ≥ kn}.

Proposition 6.1. Suppose that Assumptions 1 and 2 are satisfied. Then for sequences
{bn}n∈N and {an}n∈N as in the statement of Theorem 3.1, and Λ given by (16),

Θn ⇒ Λ

in Mp(R).

Proof. By the choice of the centring sequence {bn}n∈N and the scaling sequence {an}n∈N,
by an appeal to Lemma 4.2, Lemma 4.3 and Theorem 5.1 we have for any x ∈ R,

lim
n→∞

mnP [Sn−2kn +X > bn + xan, Nn−2kn ≤ δn, X > yn] = ae−x.
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Therefore if we denote

ηn(·) = P
[
a−1
n (Sn−2kn +X − bn) ∈ · , Nn−2kn ≤ δn, X > yn

]
the above observation implies that vaguely

mnηn(dx)→ η(dx) = ae−xdx.

Fix any f ∈ C+
K(R) and take L ∈ R sufficiently small such that supp(f) ⊆ [L,∞]. Recall

the statement of Lemma 5.2 and the definition of the event An. By conditioning on T
and σ(Xu, |u| ≥ n− kn) and then conditioning on T we can write

E∗
[
exp

{
−
∫
f(x) Θn(dx)

}]
= E∗

[
n∏

k=n−kn

E
[
exp

{
−
∫
f(x) Θn,k(dx)

}]Zk]
+ o(1)

with
Θn,k = 1En

∑
|x|=n−k

εa−1
n (Sn−2kn+X+V (x)−bn),

where En = {Nn−2kn ≤ δn, X > yn}. We will argue that for j ∈ [0, kn),

Zn−jE
[
1− exp

{
−
∫
f(x) Θn,n−j(dx)

}]
→ m−jW

∫
E
[
1− e−Zjf(x)

]
η(dx) (28)

a.s. which implies

kn∏
j=0

E∗
[
exp

{
−
∫
f(x) Θn,n−j(dx)

}]Zn−j
→

E∗
[

exp

{
−W

∞∑
j=0

m−j
∫

E
[
1− e−Zjf(x)

]
η(dx)

}]
.

To show (28) define the modulus of continuity of f via

ωf (ε) = sup
|x−y|≤ε

|f(x)− f(y)|, ε > 0 (29)

denote
∆n−j =

∫
f(x) Θn,n−j(dx)− Zjf

(
a−1
n (Sn−2kn +X − bn)

)
and notice that the law |∆n−j| is dominated in the sense of the stochastic order via

|∆n−j|
d

≤ Zjωf (Mkn/an)

where the second term on the right hand side goes to 0 in probability as n → ∞, since
Mkn/an

P→ 0 (see the proof of Lemma 5.3) . Note that since f is necessarily bounded,
the aforementioned convergence holds also in L1. Now write

Zn−jE
[
1− e−

∫
f(x) Θn,n−j(dx)

]
= Zn−jE

[
1− e−Zjf(a

−1
n (Sn−2kn+X−bn))

]
+ Zn−jE

[
e−Zjf(a

−1
n (Sn−2kn+X−bn))(1− e−∆n−j)

]
.
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The first term has the desired asymptotics, i.e. by an appeal to the vague convergence
mnηn(·)→ η(·), we can write

Zn−jE
[
1− e−Zjf(a

−1
n (Sn−2kn+X−bn))

]
= Zn−j

∫
E
[
1− e−Zjf(x)

]
ηn(dx)

=
Zn−j
mn−jm

−j
∫

E
[
1− e−Zjf(x)

]
mnηn(dx)→ m−jW

∫
E
[
1− e−Zjf(x)

]
η(dx).

The second term is negligible since

Zn−jE
[
e−Zjf(a

−1
n (Sn−2kn+X−bn))(1− e−∆n−j)

]
≤ Zn−jE

[
e−Zjf(a

−1
n (Sn−2kn+X−bn))∆n−j

]
≤ Zn−j
mn−jE

[
Zj
mj

ωf

(
Mkn

R′(dn)

)]
mnηn((ε,∞]).

The convergence (28) follows and so does the claim.

Proof of Lemma 5.4. Fix f ∈ C+
K(R) and recall ωf (δ) = sup|x−y|≤δ |f(x) − f(y)|. As an

element of C+
K(R) the function f must have a limit at +∞ and thus ωf (ε)→ 0 as ε→ 0.

For any fixed ε > 0, on the event Bn(ε) = {maxx∈En |H1(x)| < ε/R′(dn)},∣∣∣∣∫ f(x) ΛEn(dx)−
∫
f(x) Θn(dx)

∣∣∣∣ ≤ Θn((ε, ε) + supp(f))ωf (ε).

The claim follows since the events Bn(ε) have probability close to 1 and ωf (ε)→ 0 while
the measure of (ε, ε) + supp(f) with respect to Θn remains bounded in probability as
ε→ 0.

Proof of Theorem 3.1. The claim is an immediate consequence of Lemma 5.4 and Propo-
sition 6.1.

7 Large deviations for stretched exponential tails
In this section we will revisit precise large deviations for sums of i.i.d. random variables
with stretched exponential tails. This problem was addressed previously, see [15, 16].
However the general results in [15] were not sufficiently explicit for our purposes. For
this reason we decided to revisit the problem and study the deviations on the scale dn,
where dn is any regularly varying function with index 1/r. We will study deviations
uniformly in the time interval

n0 = n− jn, jn ∈ Jn = [0, j∗n] ,

where j∗n is any sequence of natural number which is regularly varying with index strictly
less than min{1, 3/r− 3}. Recall Hn ⊆ R given in (23) and the rate function I(xn) given
in (24).
The first lemma asserts that whenever Sn0 > xn there has to be at least one jump grater
than δn = δdn for some fixed δ ∈ (2−r, 1). The proof goes along the exact same lines as
the proof of Lemma 4.2 (see (19)) and is therefore omitted.
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Lemma 7.1. Suppose that Assumption 2 is satisfied. Then

sup
xn∈Hn

sup
jn∈Jn

P[Sn0 > xn, Nn0 ≤ δn] = o
(
ne−I(xn)

)
.

Next we will treat the possibility of having two jumps bigger than δn. The proof is
straightforward, see (20), and is therefore also omitted.

Lemma 7.2. Suppose that Assumption 2 is satisfied. Then

sup
xn∈Hn

sup
jn∈Jn

P[Sn0 > xn, ∃i, j ≤ n0, min{Xi, Xj} > δn, i 6= j] = o
(
ne−I(xn)

)
.

Taking the last two lemmas into account, we see that in order to establish the asymptotics
of P[Sn0 > xn] it is sufficient to study P [Sn0 +X > xn, Nn0 ≤ δn, X > δn]. In our next
step we will show that X has to be sufficiently big. Recall the sequence {yn}n∈N given
by (30).

Lemma 7.3. Suppose that Assumption 2 is satisfied. Then

sup
xn∈In

sup
jn∈Jn

P [Sn0 +X > xn, Nn0 ≤ δn, X ∈ (δn, yn]] = o
(
neI(xn)

)
.

The proof goes along the same lines as the proof of Lemma 4.3 and is therefore omitted.
In what follows we will investigate

Pn = P [Sn0 +X > xn, Nn0 ≤ δn, X > yn] .

Consider wn > ym given via

wn =

{
dn + (log n)2/R′(dn) r ∈ (0, 2/3]

dn + nR′(dn)/3 r ∈ (2/3, 1)
. (30)

We will start by writing

Pn = P [Sn0 > xn − yn, Nn0 ≤ δn, X > yn]

+ P [Sn0 < xn − wn, Nn0 ≤ δn, Sn0 +X > xn, X > yn]

+ P [xn − Sn0 ∈ [yn, wn], Nn0 ≤ δn, X > xn − Sn0 ] = An +Bn + Cn.

Lemma 7.4. Suppose that Assumption 2 is satisfied. We have

sup
xn∈In

sup
jn∈Jn

(An +Bn) = o
(
ne−I(xn)

)
.

Proof. We will first treat An. Simply write

An ≤ P[X > yn]Pδn [Sn0 > xn − yn].

If r ≤ 2/3 the above estimate combined with an exponential Markov’s inequality with
s = (1 + ε)R′(dn) constitutes

An ≤ P[X > yn] exp{n0Kδn(s)− s(xn − yn)}.
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Provided that ε > 0 is sufficiently small, we can invoke Lemma 4.1 and conclude that

An ≤ exp
{
−R(dn)− ε(log n)2

}
.

For r > 2/3 we apply the same argument (with the same choice of s in the exponential
Markov’s inequality) and get

An ≤ exp
{
−R(dn)− εnR′(dn)2

}
.

This proves our first claim. For the second term we have a simple bound Bn ≤ P[X > wn]
which implies our claim.

To treat Cn firstly condition on X1, . . . Xn0 and write

Cn = E[e−R(xn−Sn0 )1{Nn0≤δn, xn−Sn0∈[yn,wn]}]. (31)

Recall the measure Pδn introduced in Section 4 and that we write Eδn for its expectation.
We have uniformly in xn ∈ Hn and jn ∈ Jn,

Cn = (1 + o(1))Eδn [e−R(xn−Sn0 )1{xn−Sn0∈[yn,wn]}].

We will use yet another change of measure. For s > 0 denote by Ps,δn a probability
measure with respect to which Xk are i.i.d. distributed according to

Ps,δn [Xk ≤ t] = e−Kδn (s)Eδn
[
1{Xk≤t}e

sXk
]
.

Denoting by Es,δn the expected value corresponding to Ps,δn we have Es,δn [X1] = K ′δn(s)
and Es,δn [(X1 − Es,δn [X1])2] = K ′′δn(s). Consider the distribution of normalized sums

F (s)
n (y) = Ps,δn [θn(Sn0) ≤ y] , where θn(y) = (y − n0K

′
δn(s))/

√
n0K ′′δn(s).

Then F (s)
n converge point wise to the cumulative distribution function of standard normal

distribution. and observe that for Dn = [θn(xn − wn), θn(xn − yn)] we have

Eδn [e−R(xn−Sn0 )1{xn−Sn0∈[yn,wn]}] = en0Kδn (s)Es,δn
[
e−sSn0−R(xn−Sn0 )1{xn−Sn0∈[yn,wn]}

]
= exp {n0Kδn(s)}

∫
Dn

e−sθ
−1
n (y)−R(xn−θ−1

n (y)) F (s)
n (dy).

Now use Taylor expansion for R to write, for y ∈ θn([xn − wn, xn − yn]), and xn(s) =
xn − n0K

′
δn

(s),

R(xn − θ−1
n (y)) = R(xn(s))− yR′(xn(s))

√
n0K ′′(s) + y2R′′(ξy)n0K

′′(s)/2

for some ξy that lies between xn(s) and xn(s)− y
√
n0K ′′δ (s). Thus we arrive at

Cn = (1 + o(1))en0Kδn (s)−n0sK′δn (s)−R(xn(s))

∫
Dn

eyen(s)−y2R′′(ξy)n0K′′δn (s)/2 F (s)
n (dy)

with
en(s) = (R′(xn(s))− s)

√
n0K ′′δn(s).
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We want to take s = s∗ in the above construction, where s∗ is characterised by being the
unique solution to (5). Then, by the merit of regular variation of R′′, for some slowly
varying function `n,

|en(s∗)| ≤ |R′(xn(s∗))−R′(xn − nK ′(s∗))|
√
nK ′′δn(s∗) ≤ n−1/2`n.

Note that we used here the bound on j∗n. In the sequel we will write en = en(s∗). Finally
by the regular variation of R′′′ for some slowly varying sequence `n

sup
z∈[xn−wn,xn−yn]

|R′′(ξxn,xn+z)−R′′(xn)| ≤ ε∗n = n3−4/r`n. (32)

It is therefore sufficient to show the claim of our next lemma.

Lemma 7.5. Suppose that Assumption 2 is satisfied. Let fn = (R′′(xn(s∗))+εn)n0K
′′
δn

(s∗)
where {εn}n∈N is regularly varying with index 3− 4/r. Then, as n→∞,

sup
xn∈In

sup
jn∈Jn

∣∣∣∣∫
Dn

eyen−y
2fn/2 F (s∗)

n (dy)− 1

∣∣∣∣→ 0.

Proof. Firstly, for r ≥ 2/3, yen− y2fn/2→ 0 uniformly in y ∈ Dn, xn ∈ Hn, and jn ∈ Jn
and so the claim follows from the central limit theorem. We thus treat only the case
r > 2/3. We will utilize the following estimate, for y ∈ [0, θn(xn− yn)] and h > 0 we have

1− F (s∗)
n (y) = e−n0K′δn (s∗)Eδn [es

∗Sn01{θn(Sn0 )>y}] ≤

(1 + o(1)) exp
{
n0(Kδn(s∗ + h)−Kδn(s∗)− hK ′δn(s∗))−

√
n0K ′′δn(s∗)hy

}
.

Take h = εy/
√
n0 for ε > 0 sufficiently small so that we can invoke Lemma 4.1 to get

1− F (s∗)
n (y) ≤ C exp

{
−y2/Cε

}
, (33)

for some constant Cε that depends on ε. Similarly, for y ∈ [θn(xn − wn), 0]

F (s∗)
n (y) ≤ C exp

{
−y2/Cε

}
.

Denote D+
n = [0, θn(xn − yn)]. We will first show that

sup
zn∈In

sup
jn∈Jn

∣∣∣∣∫
D+
n

eyen−y
2fn/2 F (s∗)

n (dy)− 1

2

∣∣∣∣→ 0.

Using the integration by parts formula we arrive at∫
D+
n

eyen−y
2fn/2 F (s∗)

n (dy) =

∫
D+
n

(en − yfn)eyen−y
2fn/2(1− F (s∗)

n (y)) dy

− eθn(xn−yn)en−θn(xn−yn)2fn/2(1− F (s∗)
n (θn(xn − yn))) + (1− F (s∗)

n (0)).

One can show that the first two terms on the right hand side are negligible using the
estimate (33). Indeed the behaviour of the second term follows directly from (33). The
integral can be treated by considering
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Our claim follows since F (s∗)
n (0)→ 1/2. In a similar fashion we treatD−n = [θn(xn − wn), 0],

we write∫
D−n

eyen−y
2fn/2 F (s∗)

n (dy) =

∫
D−n

(en − yfn)eyen−y
2fn/2(1− F (s∗)

n (y)) dy

− eθn(xn−wn)en−θn(xn−wn)2fn/2(F (s∗)
n (θn(xn − wn))) + F (s∗)

n (0).

and conclude that the limit of the right hand side is 1/2.

Proof of Theorem 5.1. Our considerations up to this point show that it is enough to
justify that Cn given in (31) has the desired asymptotics. Note that with ε∗n be given
via (32) one has∫

Dn

eyen+y2f↓n/2 F (s∗)
n (dy) ≤ Cne

n0s∗K′δn (s∗)−n0Kδn (s∗)+R(xn(s∗)) ≤
∫
Dn

eyen+y2f↑n/2 F (s∗)
n (dy)

where f ↓n = (R′′(xn(s∗)) + ε∗n)n0K
′′
δn

(s∗) and f ↑n = (R′′(xn(s∗))− ε∗n)n0K
′′
δn

(s∗). The claim
now follows from Lemma 7.5 and the fact that

n0s
∗K ′δn(s∗)− n0Kδn(s∗) +R(xn(s∗)) = I(xn) +O

(
j∗nR

′(xn)2
)
.

A Appendix
Here we present the proof of the auxiliary lemmas used in the article. In the proof of
Lemma 4.1 it will be convenient to first analyse the moment generating function of the
truncated random variables

Fδn(s) = Eδn [exp{sX1}] ,

where δn = δdn, with δ ∈ (2−r, 1). We begin with a result which will allow to control Fδn .
Recall that κ is the smallest integer greater than or equal to (2− r)/(1− r). Recall that
under Assumption 2 the function R(x)x−d is decreasing for some d ∈ (0, 1).

Lemma A.1. Let Assumption 2 be in force and let d ∈ (0, 1) be such that R(x)x−d is
decreasing. Then for any k > κ such that E[|X|k] < ∞ and χ ∈ (0, 1/d) we have, as
n→∞,

sup
0≤s≤χR′(δn)

skF
(k)
δn

(s) = o
(
n−1
)
.

Proof. As X1 is bounded under Pδn ,

F
(k)
δn

(s) = Eδn
[
Xk

1 e
sX1
]
.

Since P[X1 ≤ δn]→ 1 it is sufficient to estimate

E
[
Xk

1 e
sX11{X1≤δn}

]
= E

[
Xk

1 e
sX11{X1≤0}

]
+ E

[
Xk

1 e
sX11{0<X1≤δn}

]
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The first integral can be bounded from above via E
[
|X1|k

]
. We will apply the integration

by parts formula (17) for the second expectation with ψ(x) = xkesx, A = 0 and B = δn.
Before we present the next bound, let us note that

sup
0≤s≤χR′(δn)

sδn −R(δn) ≤ (χd− 1)R(δn). (34)

With this estimate we infer that for sufficiently large n,

ψ(δn)P[X > δn] ≤ e−R(dn)/C.

For the integral we can write∫ δn

0

ψ′(t)P[X > t]dt ≤ C · dkn
∫ δn

0

exp {st−R(t)} dt

≤ C · dk+1
n

∫ 1

δ+o(1)

exp {sδnt−R(δnt)} dt

As R is regularly varying with index r ∈ (0, 1), R(δnt) ∼ trR(δn) almost uniformly in
t ∈ (0,∞), i.e. uniformly in t ∈ G for any compact G ⊆ (0,+∞). Thus for arbitrarily
small ε > 0 there is n large enough such that R(δnt) ≥ trR(δn)(1− ε) for all t ∈ [δ/2, 1].
Thus the integral can be bounded in the following way∫ δn

0

ψ′(t)P[X > t]dt ≤ Cdk+1
n exp{(χd− 1 + ε)R(δn)}.

Provided that ε is sufficiently small the right hand side decays exponentially fast in n
which in turn secures our claim.

We now turn to the proof of Lemma 4.1 which we recall here for convenience.

Lemma A.2. Let Assumption 2 be in force. Let d ∈ (0, 1) be such that R(x)x−d is
decreasing and let χ ∈ (0, 1/d). Then for any i ∈ {0, 1, 2},

sup
0≤s≤χR′(δn)

∣∣∣K(i)
δn

(s)−K(i)(s)
∣∣∣ = o

(
1

n

)
.

Proof of Lemma 4.1. Since under Pδn , X1 is bounded a.s. for any fixed s,

Fδn(s) =
κ∑
j=0

sj

j!
Eδn

[
Xj

1

]
+

∫ s

0

(s− t)κ

(κ+ 1)!
F

(κ+1)
δn

(t)dt,

where for any fixed j, Eδn
[
Xj

1

]
= E[Xj] + o (1/n). Let

F (s) =
κ∑
j=0

sj

j!
E
[
Xj

1

]
.

By Lemma A.1 and the choice of κ, for any i ∈ {0, 1, 2},

sup
0≤s≤χR′(δn)

|F (i)(s)− F (i)
δn

(s)| = o (1/n) . (35)

27



We continue with
Kδn(s) = log(Fδn(s)) = log(F (s)) + ∆̂n(s), (36)

with ∆̂n(s) such that sup0≤s≤χR′(δn) |∆̂n(s)| = o (1/n). Define φ(s) = log(F (s)). Follow-
ing [20] we have φ(0) = 0 and

d

ds
F (s) =

d

ds
eφ(s) = φ′(s)eφ(s) = φ′(s)F (s).

We see that φ′(0) = 0 and after differentiating m− 1 times, where m ≤ κ, we get

dm

dsm
φ(0) = E[Xm]−

m−1∑
j=1

(
m− 1

j

)
dm−j

dsm−j
φ(0) · dj

dsj
F (0).

Comparing the above relation with (13) allows us to conclude that dm

dsm
φ(0) = km for

m ≤ κ. Using the Taylor expansion of φ we get finally that

logF (s) = φ(s) =
κ∑
j=2

kj
j!
sj +

sκ+1

(κ+ 1)!
φ(κ+1)(ϑs) = K(s) +

sκ+1

(κ+ 1)
φ(κ+1)(ϑs)

for some ϑ ∈ [0, 1] with

sup
0≤s≤χR′(δn)

∣∣∣∣ sκ+1

(κ+ 1)
φ(κ+1)(s)

∣∣∣∣ = o

(
1

n

)
by the choice of κ. This in combination with (36) yields our claim for i = 0. The claims
for i = 1 and i = 2 follow from a direct comparison of K(i) and K

(i)
δn

and an appeal
to (35).

Lemma A.3. Let Assumption 2 be in force for some r ≤ 2/3. Then for yn = dn −
(log n)2(d2

n + nR(dn)2)/(dnR(dn)), hn = R(dn)/dn and δn = δdn for δ ∈ (2−r, 1) the
following inequality holds true for sufficiently large n,

E
[
ehnX1{X∈(δn,yn]}

]
≤ exp

{
−(log n)2(1 + nR(dn)2/d2

n)/C
}
.

Proof. We will apply the integration by parts formula (17) with ψ(s) = ehns, A = δn and
B = yn. We have

ψ(δn)P [X > δn] = exp (δR(dn)−R(δdn)) ≤ exp {−n/C} , (37)

since R(δdn) ∼ δrR(dn) ∼ δrn and δ ∈ (0, 1). Now note that since R(x)x−d is assumed
to be eventually decreasing for some d ∈ (0, 1), we have R(x)/(R′(x)x) > 1/d > 1 for
sufficiently large x and thus

hnyn −R(yn) ≤ (1− 1/d)(log n)2(1 + nR(dn)2/d2
n + o(1)) (38)

which in turn gives

ψ(yn)P[X > yn] ≤ C exp
{
−(log n)2(1 + nR(dn)2/d2

n)/C
}
.
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We finally consider the integral on the r.h.s. of (17) for which we have∫ yn

δn

ψ′(s)P[X > s]ds = hn

∫ yn

δn

exp {hns−R(s)} ds

≤ C · n
∫ 1

δ+o(1)

exp {hnyns−R(yns)} ds

≤ C · n
∫ 1

δ+o(1)

exp {s(hnyn −R(yn))} ds,

where in the last line we used the fact that R(syn) ∼ srR(yn) locally uniformly in s ∈
(0,∞). We see that if we plug in (38) into the integral and use the fact that s is bounded
away from 0 we will arrive at∫ yn

δn

ψ′(s)P[X > s]ds ≤ exp
{
−(log n)2(1 + nR(dn)2/d2

n)/C
}

which in turn yields our claim.

Lemma A.4. Let Assumption 2 be in force for r > 2/3. Then for yn = dn − nR′(dn)
and hn = R(dn)/dn the following inequality holds true

E
[
ehnX1{X∈(δn,yn]}

]
≤ exp

{
nR(dn)R′(dn)

dn

(
R′(dn)dn
R(dn)

− 1

)
(1 + o(1))

}
.

Proof. The argument goes along the exact same lines as for Lemma A.3. Once again
apply formula (17) with ψ(s) = ehns, A = δn and B = yn. The estimate (37) is still
sufficient for our purposes. To estimate the two other terms note that

R(yn) = R(dn)− nR′(dn)2(1 + o(1))

which implies

hnyn −R(yn) =
nR(dn)R′(dn)

dn

(
R′(dn)dn
R(dn)

− 1

)
(1 + o(1)).

Using the same arguments as in the previous lemma

ψ (yn)P [X > yn] +

∫ yn

δn

ψ′(s)P[X > s]ds

≤ exp

{
nR(dn)R′(dn)

dn

(
R′(dn)dn
R(dn)

− 1

)
(1 + o(1))

}
.
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