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Abstract
This paper presents a novel operator-theoretic approach for optimal control of nonlinear stochastic
systems within reproducing kernel Hilbert spaces. Our learning framework leverages data samples
of system dynamics and stage cost functions, with only control penalties and constraints provided.
The proposed method directly learns the infinitesimal generator of a controlled stochastic diffu-
sion in an infinite-dimensional hypothesis space. We demonstrate that our approach seamlessly
integrates with modern convex operator-theoretic Hamilton-Jacobi-Bellman recursions, enabling a
data-driven solution to the optimal control problems. Furthermore, our learning framework includes
nonparametric estimators for uncontrolled infinitesimal generators as a special case. Numerical ex-
periments, ranging from synthetic differential equations to simulated robotic systems, showcase the
advantages of our approach compared to both modern data-driven and classical nonlinear program-
ming methods for optimal control.
Keywords: Controlled Diffusion Processes, Operator Learning, Optimal Control, RKHS, HJB

1. Introduction

Traditional optimal control theory and algorithms rely on first principle models to represent sys-
tem dynamics, with parameters learned from data through system identification techniques (Ljung,
1998), either online or offline (Rawlings and Mayne, 2009). These models enable the formula-
tion of nonlinear optimal control problems, which can be solved to global optimality using existing
methods, such as dynamic programming (Beard et al., 1997), based on Hamilton-Jacobi-Bellman
(HJB) theory (Fleming and Vermes, 1989; Crandall et al., 1992), or other types of global optimal
control methods (Houska and Chachuat, 2014). However, due to their high complexity, these global
optimal control methods are rarely used in practice (Houska and Chachuat, 2019); at least not for
nonlinear systems with many states and controls. Instead, nonlinear programming approaches, such
as interior point and sequential quadratic programming methods, are commonly used to solve non-
linear optimal control problems locally (Howell et al., 2019; Biegler, 2007; Bock and Plitt, 1984).
Although these local methods are sensitive to suitable initial guesses, they have reached a high level
of maturity (Diehl et al., 2002; Houska et al., 2011; Zavala and Biegler, 2009).

Recently, however, there has been a shift towards learning models directly from data. This
shift leads to completely new types of system models as modern learning and system identification
methods depart from relying on first principle models. While neural networks models are popular
and often effective in terms of capturing the nonlinear behavior of control systems (Beintema, 2024),
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such representations are highly nonlinear and difficult to exploit for optimal control (Lutter et al.,
2020; Yang et al., 2024; Meng et al., 2024) due to modeling in a physical state-space.

In contrast to data-driven models in the physical state-space, modern operator-theoretic repre-
sentations leverage linear operators, such as the Koopman operator (Mezić and Banaszuk, 2004;
Mezić, 2005), to represent the dynamics of observables (functions of the state) (Bevanda et al.,
2024a; Klus et al., 2020; Kostić et al., 2022; Vaidya and Tellez-Castro, 2024; Bruder et al., 2020;
Bevanda et al., 2023), see Bevanda et al. (2021); Brunton et al. (2022) for recent reviews. These
operator-theoretic models can be used as a basis to represent and learn system behavior from data.
In the context of optimal control, the key advantages of operator-theoretic models is their compati-
bility with traditional stochastic control theory for diffusion processes (Fleming and Vermes, 1989;
Crandall et al., 1992). This combination allows for the convexification of nonlinear optimal control
problems using infinite-dimensional representations (Houska, 2025; Vinter, 1993). Furthermore,
advances in synthesizing fully data-driven approaches for optimal control using kernel methods
have shown promise in solving various types of optimal control problems (Bevanda et al., 2024b;
Gopalakrishnan et al., 2022; Thorpe et al., 2022).

Contribution. This article contributes novel theory and an innovative algorithm for data-driven
nonlinear system identification and globally optimal stochastic control with key contributions in:

• System Identification. We introduce a novel method for deriving non-parametric estimators
of infinitesimal generators of controlled diffusions. Our approach leverages the properties of
reproducing kernel Hilbert spaces (Lemma 1) to learn the adjoint of the infinitesimal generator
of strongly parabolic Fokker-Planck-Kolmogorov (FPK) equation.

• Stochastic Optimal Control. With the data-driven estimates of the infinitesimal operator
dynamics we formulate a tractable continuous-time Kernel Hamilton-Jacobi-Bellman (KHJB)
(Proposition 2) that enables the computation of approximations of globally optimal solutions
to stochastic optimal control problems via Algorithm 1. To demonstrate its performance, we
apply this algorithm to both synthetic control systems and robotics benchmarks, showcasing
its advantages over modern data-driven and classical nonlinear programming methods for
optimal control.

Note that our estimators encompass nonparametric estimators for controlled infinitesimal generators
of stochastic processes, which are notably absent from existing literature (Klus et al., 2016, 2020;
Hou et al., 2023; Kostić et al., 2024). This distinction sets our work apart from finite-dimensional
deterministic settings (Buzhardt and Tallapragada, 2023; Nüske et al., 2023) and unforced transfer
operators (Kostić et al., 2022, 2024). Moreover, the continuous-time nature of our approach reduces
the dependence on a specific time-lag of the data. This allows for the derivation of explicit con-
trollers and value functions, and provides a counterpart to the discrete-time learning-based optimal
control method presented in (Bevanda et al., 2024b).
Structure1. After the problem statement in Section 2, we present an equivalent convex optimal con-
trol formulation, using controlled Fokker-Plank-Kolmogorov (FPK) equations. Section 4 derives a

1. Notation. Let µ∈M+(X) be a measure with full support, supp(µ)=X and M(X) the corresponding set of bounded
signed Borel measures. The symbols Ck(X), Lk

µ(X), Hk
µ(X) represent the set of k-times continuously differentiable,

Lk
µ-integrable, and k-times weakly differentiable functions with L2

µ-integrable derivatives. For non-negative integers
n and m, [m,n] = {m,m+1, . . . , n} with n ≥ m gives an interval set [n] := [1, n]. Given a separable Hilbert
space H we let HS (H) be a Hilbert space of Hilbert-Schmidt (HS) operators from H to itself with norm ∥A∥2HS ≡∑

i∈N∥Aei∥2G where {ei}i∈N is an orthonormal basis of H.
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novel operator regression in RKHS to approximate the infinitesimal generator for controlled diffu-
sion, yielding feedback control policies through a simple dynamic programming recursion. Finally,
Section 5 demonstrates our approach on a robotic swing-up task on the inverted pendulum and cart-
pole and is validated by benchmark examples for synthetic ODEs and aforementioned simulated
nonlinear systems.

2. Problem Statement

This work aims to learn an optimal feedback policy π⋆ for a control-affine nonlinear system, such
that given the current state x, the input u⋆ = π⋆(x) solves the infinite horizon optimal control
problem

minimize
x,u

∫ ∞

0
(q(x) + r(u)) dt s.t. ẋ = f(x) +G(x)u =: fu(x), u ∈ U, (1)

with f ∈ C1(X)nx , G ∈ C1(X)nx×nu and stage cost q ∈ C1(X). Here, we define X := Rnx .
Moreover, U := {u ∈ Rnu | u− ≤ u ≤ u+} denotes control bounds and r ∈ C1(U) is a
strongly convex control penalty. Real systems, commonly modeled by ODEs, are often subject to
process noise, which can be taken into account by replacing the deterministic models by a stochastic
differential equation (SDE) (Øksendal, 2013). To that end, we build on the approach described in
(Houska, 2025; Bevanda et al., 2024b) by considering the extension of (1) to dynamics subject to a
small white noise disturbance, leading to the closed-loop process

dXt = (f(Xt) +G(Xt)π(Xt)) dt+
√
2ϵ dWt, (cSDE)

where Wt is a Rnx Wiener process and ϵ > 0 a diffusion parameter, modeling the amplitude of the
process noise. Our goal is to obtain a (Lebesgue measurable) feedback π : X → U that minimizes
the average ergodic cost,

lim
T→∞

min
π:X7→U

E
[
1

T

∫ T

0
(q(Xt) + r(π(Xt))) dt

]
s.t. (cSDE). (2)

The above stochastic optimal control problem formulation can either be viewed both as a viscosity
solution to (1) for ϵ → 0+, whenever this limit exists, or as an effort to identify more robust control
policies for noisy or uncertain dynamics for ϵ > 0. To ensure the above infinite-horizon problem is
well-defined, we require the following assumption from (Bevanda et al., 2024b).

Assumption 1 There exists a π : X → int(U) with π ∈ L∞(X) and a strongly convex V ∈ C2(X)
with bounded Hessian, and constants 0 < c1, c2 < ∞ such that (f(x) + G(x)π(x))∗∇V(x) ≤
c1 − c2(q(x) + r(π(x))), for all x ∈ X. The set U ⊆ Rnu is closed, convex, and int(U) ̸= ∅. The
control penalty r ∈ C1(U) is strongly convex.

The above condition is often met in practical scenarios; see Houska (2025); Bevanda et al. (2024b)
for an in-depth discussion. We require the following dataset to learn (cSDE).

Assumption 2 There are state observations X := {x(i)}i∈[N ] of the nominal system ẋ = f(x) +
G(x)u under no excitation u0 := 0 and under “one-hot” (standard basis) input vectors {uj :=
ej}j∈[nu], forming a dataset

DN = {DN
j }nu

j=0 where DN
j :=

{
x(i), ẋ

(i)
uj := fuj (x

(i))
}N

i=1
. (3)
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While the above assumption may be restrictive for real-world data collection, it is still readily ful-
filled in many settings, for example, when using existing physical or data-driven models (Umlauft
et al., 2017) as well as data from high-fidelity simulators (Howell et al., 2022). Depending on
whether the stage cost q is known or not, the vector qX = [q(x(i))]i∈[N ] can subsequently be mea-
sured or computed on X. After a reformulation of a convex optimal control problem equivalent
to (2), we propose learning infinitesimal generators of the associated controlled diffusion process,
leading to a simple kernel-based dynamic programming recursion using the dataset (3).

3. Operator-Theoretic Dynamic Programming and HJB Recursions

As long as Assumption 1 holds, a martingale solution Xt to (cSDE) exists for at least one feasible
feedback π; see Houska (2025) and (Bevanda et al., 2024b, Section II). Moreover, under the ad-
ditional assumption that the stage cost of (2) has a bounded variance for the optimal ergodic limit
distribution, existence of an optimal ergodic solution can be guaranteed for any ϵ > 0; see (Houska,
2025, Thm. 1). The solution Xt constitutes a time-homogeneous Markov diffusion process whose
transition operator, Γπ(t), maps the probability density function ρ0 ∈ D+(X) of X0 to the prob-
ability density function ρt ∈ H1(X) of Xt so that ρt = Γπ(t)ρ0, where D+(X) is the set of
non-negative bounded distributions on X. It is well-known (Hinze et al., 2009; Øksendal, 2000)
that—under mild regularity assumptions—Γπ(t) is for any given π ∈ L∞((0, T )×X)nu a bounded
linear operator on H1(X).

It is worth recalling that the infinitesimal generator Lπ : H1(X) → H1(X) associated to
the Perron-Frobenius operator, is defined for every ρ ∈ H1(X) such that the limit Lπρ :=

limt→0+
Γπ(t)ρ−ρ

t exists under mild regularity assumptions (Engel, 2000). The map Lπ is called
Fokker-Planck-Kolmogorov (FPK) operator (Bogachev et al., 2015) or Kolmogorov’s infinitesimal
generator (Froyland and Koltai, 2023). It describes the evolution of the probability density of the
state of a diffusion process Xt under arbitrary feedback laws π ∈ L∞(X). Notice that the back-
ward FPK operator L∗

π, relates to the infinitesimal generator of the stochastic Koopman operator
for autonomous stochastic differential equations (SDEs) (Kostić et al., 2024) that describes the evo-
lution of observables h ∈ H1(X) under Xt. Observing that Lπ is affine in π, will allow us to
reformulate (2) as an equivalent convex optimization problem (Houska, 2025).

3.1. Convex Reformulation

If ϵ > 0, we have ρt = Γπ(t)ρ0 > 0 for t > 0, since ρt is the state of a uniformly parabolic diffusion
process (Bogachev et al., 2015). Exploiting that Lπ is affine in π allows to write the infinitesimal
generator in the form

ρ̇ := Lπρ = Aρ+ B(πρ) (4)

with linear-system shorthands Aρ = −∇ · (fρ) + ϵ∇2ρ and B(πρ) = −∇ · (Gπρ), with
the autonomous A : H1(X) → H1(X), and the control B : [H1(X)]nu → H1(X) FPK operator.
Then, the ergodic optimal control problem (2) can equivalently be cast as a convex PDE-constrained
optimization problem through a change of variables, namely, ν = πρ (Houska, 2025). In particular,
for a finite time horizon T < ∞, and a given initial probability distribution of the state, ρ(0) =
ρ0 on X, the finite-horizon stochastic optimal control problem is equivalent to solving the PDE-
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constrained convex optimization problem

J (T, ρ0):=min
ρ,ν

∫ T

0

∫
X

(
q+r

(
ν

ρ

))
ρdx dt s.t.


ρ̇=Aρ+Bν on (0, T )×X
ρ(0)=ρ0 on X
ν ∈ ρU

(PDE-OCP)

Under the mentioned regularity assumptions, the ergodic limit in (2) is given by limT→∞
1
T J (T, ρ)

and invariant for ϵ > 0 in the sense that it does not depend on the initial distribution ρ0, see (Houska,
2025, Thm. 1).

Hamilton-Jacobi-Bellman equations To exploit the convex duality of HJBs and FPKs, we first
introduce the Fenchel conjugate r∗(λ) := supu∈U {⟨λ,u⟩ − r(u)} of the control penalty r and
define the following optimal policy form u⋆(·) and dual function Dr(·) ≡ −r∗(−(·)), respectively

u⋆(λ) := argmin
u∈U

{r(u) + ⟨λ,u⟩} and Dr(λ) := min
u∈U

{r(u) + ⟨λ,u⟩} . (5)

so u⋆(λ)=−∇r∗(λ) and Dr(λ)=r(u⋆(λ))+⟨λ,u⋆(λ)⟩. We construct an associated dual prob-
lem with the strongly measurable functional V :[0, T ]→H1

µ(X) as a co-state, such that the infinite-
dimensional optimization problem (PDE-OCP) can be solved using the stochastic HJB equation

−V̇ = A∗V + q +Dr(B∗V ) s.t. V (T ) = 0 on XT (HJB-FVP)

which can be interpreted as a final value problem (FVP) in H1
µ.

The associated initial value V (0) turns out to be a Riesz representation of the cost functional
of (PDE-OCP); that is, we have J (T, ρ0) = ⟨ρ0, V ⟩ for all initial probability distributions ρ0 ∈
H1

µ−1(X). In this context, one needs to introduce a suitable ergodic probability measure µ ∈ H1(X)
in order to define the weighted Sobolev space H1

µ; see (Houska, 2025) for details. Conditions for
which this argument holds (i.e., under strong duality) are nonrestrictive and can be found in (Be-
vanda et al., 2024b, Theorem 2). As the above stochastic HJB provides a Hilbert space FVP, a space
discretization is usually required for practical computation, e.g., one coming from Galerkin methods
as proposed in (Houska, 2025). Such discretizations are, however, computationally demanding in
moderate to high dimensional state spaces. In the following section, we devise a flexible (nonpara-
metric) framework and provide a data-driven approximation of (HJB-FVP) based on (3).

4. Generator Regression for Control-Affine Diffusions and HJB Approximation

Reproducing Kernel Hilbert Spaces We require the RKHS H to be a dense subspace of the clas-
sical Sobolev space H1(X). Additionally, we recall that an RKHS is associated with a kernel func-
tion k : X×X → R that is symmetric positive definite. Let ϕ(x) = k(·,x) : X → H be the canon-
ical feature maps, denoted by ϕ(x), which can be assumed to satisfy ϕ(x) ∈ H1(X) for all x ∈ X.
Moreover, ∀x,x′ ∈ X, we have that k(x,x′) = ⟨ϕ(x), ϕ(x′)⟩H = ⟨k(·,x), k(·,x′)⟩H and the
reproducing property h(x) = ⟨h, k(·,x)⟩H holds for all x ∈ X and all observables h ∈ H. We in-
troduce the (canonical) embedding operator, given for any f ∈ L2 as E : f 7→ EX∼p[f(X)ϕ(X)],
where p ∈ M+(X) a probability measure. Its adjoint, the inclusion operator E∗ : H → L2, is given
by (E∗f)(x) = f(x), for all x ∈ X which we consider to be a Hilbert-Schmidt operator, which
holds under very mild technical conditions (Steinwart and Christmann, 2008). As we are dealing
with differential operators, we require the following assumption for well-posed regression.
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Assumption 3 The RKHS H is norm-equivalent to Hs(X) with s > nx
2 + 1

This condition guarantees, via Maurin’s Theorem (Adams and Fournier, 2003), that the canonical in-
clusion H ↪→ H1(X) is a Hilbert-Schmidt (HS) operator, allowing us to formulate Hilbert-Schmidt
regression problems (Mollenhauer et al., 2022) to learn differential operators.2

Hilbert-Schmidt regression in infinite dimensions To approximate the operators A∗,B∗ in a
nonparametric manner, we look for RKHS approximations {L∗

π : H → H}π ∈ 0∪{ej}j∈[nu]
based

on its RKHS restrictions {L∗
π |H: H → L2}π ∈ 0∪{ej}j∈[nu]

. This is a valid strategy, as the control
affinity of (cSDE) is inherited by its infinitesimal generator so that

A∗ ≡ L∗
0 and B∗ ≡ [(L∗

e1 − L∗
0) · · · (L∗

enu
− L∗

0)], (6)

we define the following set of risk functionals{
R(L∗

π) = ∥L∗
π |H −E∗L∗

π∥2HS(H,L2)

}
π ∈ 0∪{ej}j∈[nu]

, (7)

to measure the mean square error for regression given the labels {L∗
π |H}π ∈ 0∪{ej}j∈[nu]

. The
latter is classical in the context of infinite-dimensional regression (Kostić et al., 2022, 2023; Li
et al., 2022; Mollenhauer et al., 2022; Mollenhauer and Koltai, 2020). Based on mild regularity
conditions (Houska, 2025) the FPK operator Lπ admits a bounded adjoint L∗

π on H1 ⊆ L2. Then,
by selecting a suitably regular RKHS to satisfy Assumption 3, and ensuring that the restriction
L∗
π |H ∈ HS

(
H, L2

)
, the optimization objective in (7) becomes well-defined.

Still, in practice, minimizing (7) may require solving a badly conditioned equation system.
Thus, we formulate a Tikhonov-regularized problem{

L∗
π := argmin

L∗
π∈HS(H)

R(L∗
π) + γ∥L∗

π∥2HS = C−1
γ Tπ

}
π ∈ 0∪{ej}j∈[nu]

, γ > 0 (KRR-FPK)

which corresponds to the Kernel Ridge Regression (KRR) approximation of Lπ over H where op-
erators Tπ, C are defined as

C := EE∗ = E [ϕ(X)⊗ ϕ(X)]
{
Tπ := EE∗

π = E
[
ϕ(X)⊗ ϕL∗

π
(X)

] }
π∈0∪{ej}j∈[nu]

, (8)

where E∗
π = L∗

π |H. with the regularized covariance Cγ = C + γIH. In practice, the risk (7) can
only be evaluated on data (3) leading to the empirical risk minimizations{

L̂∗
π := argmin

L∗
π∈HS(H)

R̂(L∗
π) + γ∥L∗

π∥2HS = Ĉ−1
γ T̂π = ÊK−1

γ Ê∗
π

}
π ∈ 0∪{ej}j∈[nu]

( ̂KRR-FPK)

to obtain a finite rank operators L̂∗
0 ∪ {L̂∗

ej}j∈[nu]. This is due to the Gram matrix K := Ê∗Ê =

[k(x(i),x(j))]i,j∈[N ] in K−1
γ := (K + NγIN )−1 uncovered by the Sherman-Morrison-Woodbury

formula and the reproducing property. The data-based injection operators are defined Ê∗, Ê∗
π ∈

HS(H,RN ) as

Ê∗ : H → RN s.t. ϕ 7→ [ϕ∗(x(i))]i∈[N ] Ê∗
π : H → RN s.t. ϕ 7→ [ϕ∗

L∗
π
(x(i))]i∈[N ]. (9)

2. The requirement stems from the condition s > nx/2 + 1 for an embedding Hs ↪→ H1 to be Hilbert-Schmidt. The
above assumption is fulfilled by popular kernels with sufficiently regular RKHS, e.g., Matern and Gaussian kernels.
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and their adjoints, data-based embeddings,

Ê : RN → H s.t. w 7→
∑

i∈[N ]wiϕ(xi) Êπ : RN → H s.t. w 7→
∑

i∈[N ]wiϕL∗
π
(xi), (10)

which can informally be considered as kernel-induced feature matrices. While ( ̂KRR-FPK) is defined
over the RKHS H, in practice, our computations will only require the Gram matrix K and target
kernel matrices K0 :=Ê∗

0 Ê ,Kej :=Ê∗
ej Ê ∈ RN×N for any j∈[nu] by plugging in the data (3) from

Assumption 2, derived in the following lemma.

Lemma 1 Let k be a Mercer kernel such that k ∈ C4(X × X) with corresponding RKHS H and
the system dynamics be described by (cSDE) under inputs π ∈ 0 ∪ {ej}j∈[nu]. Then, the entries
of the target kernel matrices are computed via

(Kπ)ij =⟨(f(x(i))+G(x(i))π(x(i))),∇x(i)k(x(i),x(j))⟩+ϵTr(∇2
x(i)k(x

(i),x(j))). (11)

Proof First we use Ito formula (Arnold, 1974; Kostić et al., 2024) associated to (cSDE) for u ≡
π(x) to compute Êπ. After using (9)-(10) we have (Kπ)ij :=(Ê∗

πÊ)ij = ⟨ϕL∗
π
(x(j)), ϕ(x(i))⟩H so

(11) is obtained after applying the derivative reproducing property (Zhou, 2008, Theorem 1).

With the control-affinity of the dynamics inherited by (11) for Kπ, we obtain matrices

A:=K−1
γ K0 ∈RN×N and B=[B1 · · ·Bnu ],Bi:=K−1

γ (Kei−K0) ∈ RN×N , (12)

that are fully described using data from Assumption 2 after setting π to {uj}nu
j=0 in (11). With the

help of the above lemma and control system matrices (12), we can state the following result.

Proposition 2 Let the estimates for (HJB-FVP) be Â := ÊK−1
γ Ê∗

0 , {B̂i := ÊK−1
γ (Ê∗

em−Ê∗
0 )}

nu
m=1,

ˆ̇V :=Ê v̇, V̂ :=Êv, q̂:=Êq, D̂r(B̂V̂ )=ÊK−1
γ Ê∗Dr(B̂V̂ ) ∈ H, where H fulfills the conditions of

Lemma 1. Then, solving the infinite-dimensional

⟨− ˙̂
V = ÂV̂ + q̂ + D̂r(B̂V̂ ), kx⟩ s.t. ⟨V̂T=0, kx⟩ on (0, T )×X.

amounts to N -dimensional final-value problem (FVP)

⟨−v̇ = Av + q +Dr(Bv),k(x)⟩ s.t. ⟨vT=0,k(x)⟩ on (0, T )×X. ( ̂HJB-FVP)

where k(x) = [k(x(i),x)]i∈[N ] ∈ RN and q = K−1
γ qX, Dr(Bv) = K−1

γ [Dr(⟨Bv,k(x(i))⟩)]i∈[N ].

Proof The estimated (HJB-FVP) takes the following form in H

⟨− ˙̂
V = ÂV̂ + q̂ + D̂r(B̂V̂ ), kx⟩ s.t. ⟨V̂T=0, kx⟩ on (0, T )×X.

After plugging the defined estimates, we obtain

⟨−Ê v̇=ÊK−1
γ Ê∗

0 Êv + Êq + ÊK−1
γ Ê∗Dr(B̂V̂ ), kx⟩ s.t. ⟨vT=0,k(x)⟩ on (0, T )×X, (13a)

⟨−v̇=Av + q +Dr(Bv),k(x)⟩ s.t. ⟨vT=0,k(x)⟩ on (0, T )×X, (13b)

where (13b) is obtained by using the definitions (9)-(10), the derivative reproducing property of
Lemma 1 and the reproducing property in (13a) for Ê∗kx = k(x) and [B̂V̂ ](x) = ⟨Bv,k(x)⟩.
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Algorithm 1 Infinitesimal Generator Kernel HJB Equation (IG-KHJB)

Require: Data DN (3) & samples for the state cost qX=[q(x(i))]Ni=1, control penalty dual, diffusion ϵ>0,
kernel k, regularizer γ>0.
Compute K:=[k(x(i),x(j))]i,j∈[N ], Kγ=(K+NγIN ) and define (Dr(B̂V̂ ))X:=[Dr(⟨Bv,k(x(i))⟩)]Ni=1

Compute A and B using (12) and q = K−1
γ qX, Dr(Bv) := K−1

γ (Dr(B̂V̂ ))X
function HJB-FVP(T, q,A,B,Dr(·))

Initialize vT=0
Integrate −v̇ = Av + q +Dr(Bv) from T to 0 ▷ e.g., using implicit Euler
return v0

end function
v0 = HJB-FVP(T, q,A,B,Dr(·))
Compute V̂ ⋆

0 (x) = ⟨v0,k(x)⟩ and π̂⋆(x) := u⋆(⟨Bv0,k(x)⟩)

System Data grid XS max|u| σ ϵ γ ∆t H

Unstable Oscillator
√
N ×

√
N [±3,±3] − [5, 300] 0.01 10−8 0.01s 1000

Inverted Pendulum 50×50 [±0.99π,±10] 1.5 Nm 25 0.02 10−12 0.02s 500
Cartpole 9×7×23×23 [±2.5,±3,±0.99π,±8] 7 N 15 0.01 10−12 0.01s 3000

Table 1: Parameter values used in Algorithm 1 for the experiments in Sections 5.2 and 5.3. We use
an implicit integration scheme to solve IG-KHJB over a time-horizon T = H∆t.

5. Numerical Experiments

In this section, we present numerical examples to evaluate the performance of our IG-KHJB ap-
proach using Algorithm 1. We compare our approach to Bevanda et al. (2024b) for optimal control
of an unstable oscillator and to state-of-the-art NMPC for a swing-up and stabilization task on the
inverted pendulum and cartpole systems. The latter employ Dojo (Howell et al., 2022) for dynam-
ics simulation and Altro (Howell et al., 2019) in a receding-horizon fashion (NMPC)3.
Implementation details In the unstable oscillator example (5.1), we use the ODE of the system
directly as well as analytical formulations for the kernel partial derivatives. In the examples using
Dojo, the infinitesimal measurements for (3) are not directly accessible and is therefore approx-
imated via finite differences (FD). Additionally, to speed up computations, partial derivatives are
also approximated by FD. We use an Euler-Implicit scheme to integrate ( ̂HJB-FVP) with a time step
size ∆t, with parameter values for each experiment described in Table 1. The controllers for in-
verted pendulum and cartpole were smoothed using 2max |u|

π arctan(π̂⋆(x)) according to the input
constraint from Table 1.

5.1. Unstable Oscillator

We compare our IG-KHJB to Bevanda et al. (2024b) on the 2D Van der Pol Oscillator using identi-
cal dynamics and cost functions. The optimal infinite-horizon policy for ϵ → 0+ can be analytically
computed as π⋆

∞(x) = −x1x2 (Villanueva et al., 2021). Both methods are compared using the root
mean square error (RMSE) against this optimal policy, evaluated on 1000 uniformly sampled test
points. Both methods employ an RBF kernel4 e−∥x−x′∥2/σ2

. In Figure 1 (left), we evaluate the

3. ALTRO’s parameters including initial guesses and OCP discretization were hand-tuned to best performance.
4. The discrete-time kHJB requires a diffused RBF kernel; see Bevanda et al. (2024b) for details.
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Figure 1: Comparison of RMSE to the known optimal policy π⋆
∞(x) between KHJB ( Bevanda

et al. (2024b)) and our IG-KHJB approach for the Van der Pol Oscillator.

performance of KHJB (Bevanda et al., 2024b) against our proposed IG-KHJB for a varying length-
scale (Table 1) using N = 2500 datapoints. In Figure 1 (right), the optimal lengthscales are fixed to
σKHJB = 23, σIG-KHJB = 43 and the RMSE is evaluated for both methods across N ∈ {52, . . . , 502}
data. The results show that our method is more robust to the kernel lengthscale choice and achieves
up to three times lower RMSE with fewer data compared to KHJB. Notably, IG-KHJB achieves a
lower RMSE than KHJB with only N = 25 datapoints.

5.2. Torque Limited Inverted Pendulum

Figure 2: Contour plots of the value and controller func-
tions learned from 2.5 · 103 samples using our
IG-KHJB approach (upright at (θ̇, θ)=(0, 0)).

We evaluate our method on a swing-
up and stabilization task at the up-
right equilibrium θ = 0 for the in-
verted pendulum. The value func-
tion and policy shown in Fig. 2 are
learned using Algorithm 1 with data
(3) generated from Dojo (Howell
et al., 2022). We use a Laplace ker-
nel e−∥x−x′∥/σ, that is additionally
smoothed to allow for stable deriva-
tive computations5. The employed
parameters can be found in Table 1.
To deal with wrap-around of θ we de-
fine the state x := [cθ, sθ, θ̇]

⊤ using
shorthands sθ := sin θ and cθ :=
cos θ. The state cost is given by q(x) = q1s

2
θ + q2(cθ − 1)2 + qv θ̇

2 with q1, q2 = 30, qv = 1
and control penalization r(u) = ∥u∥21/2, clipped at the control limits. We compare our policy with
regard to the accumulated trajectory costs to state-of-the-art NMPC using Altro (Howell et al.,
2019) for trajectory optimization. We use the same pendulum dynamics for Altro as in Dojo6.
Both our policy, π̂⋆(x), and Altro-NMPC are deployed with a control frequency of 50Hz. Fig-
ure 4(a) shows that our method achieves lower mean accumulated costs than Altro-NMPC under
identical stage costs. Each lasting 5 seconds, the trajectories were simulated with initial states sam-

5. We provide the derivative at 0 using those of an RBF kernel with σ/100.
6. With m = 1.0kg, g = 9.81m/s2, l = 1.0m, b = 0.1kg.m2s−1, I = 0.0842kg.m2 with m, g, l, b being respectively

the mass, the gravitational constant and length of the pendulum, viscous damping and inertia around its mass center.
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Figure 3: Accumulated stage costs using our learned policy π̂⋆(x) and Altro-NMPC.
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(b) Cartpole

pled uniformly from [±π,±8]. The mean accumulated costs are averaged over 10 runs, with 50
different initial positions each.

5.3. Cartpole: Inverted Pendulum on a Cart

We now consider the swing-up and stabilization task for a Cartpole system and compare it to
Altro-NMPC. We again use the smoothed Laplace kernel, with the parameters in Table 1 and
data from Dojo. Here, we also augment the state space representation to x = [x, ẋ, cθ, sθ, θ̇]

⊤.
To describe the task via stage costs, we penalize the Euclidean distance between the pendulum’s
endpoint (xp, yp) and the goal (0, l) (McAllister and Rasmussen, 2017), defined as d(x, cθ, sθ) :=
qhx

2
p + qv(yp − l)2 = qh(x − lsθ)

2 + qv(cθ − 1)2, with a velocity penalty, this amounts to the
stage cost q(x) = d(x, cθ, sθ) + qvelẋ

2 + qω θ̇
2 and control penalty r(u) = ∥u∥21/5, where qh = 10,

qv = 100l2, qvel, qω = 1. For the cost comparison, trajectories with a duration of 10s are simulated
with initial states sampled random uniformly on [0,±2,±π,±6]. Here, our controller’s accumu-
lated costs (see Figure 4(b)) are lower than those of Altro-NMPC7 by a large margin, computed
over 10 runs with 50 different initial states per run and deployed at 200Hz. To eliminate confound-
ing effects from model-mismatch, we ran Altro on an analytic dynamics model that we built to
replicate the assumptions and parameterization used by Dojo in our experiments.

6. Conclusion

This article has introduced novel methods for data-driven nonlinear system identification and glob-
ally optimal stochastic control. In detail, we have derived non-parametric estimators of infinitesimal
generators of optimally controlled diffusions, as summarized in Lemma 1. Moreover, in Propo-
sition 2 we have formulated a continuous-time Kernel Hamilton-Jacobi-Bellman (KHJB) equa-
tion, which enables the computation of data-driven approximations of globally optimal solutions
to stochastic optimal control problems. Our method, outlined in Algorithm 1, has been demon-
strated to outperform modern data-driven and classical nonlinear programming methods for optimal
control in both synthetic and robotics benchmarks.

7. The same dynamics as in Dojo are used, i.e. M = 0.5kg, m = 0.5kg, l = 1.0m, b = 0.05kg.m2s−1,
k = 0.05kg.s−1, I = 0.0513kg.m2, being respectively the cart mass, pendulum mass, pendulum length, viscous
rotational damping, viscous damping of the cart, and the pendulum inertia around the center of mass.
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Hirche. Koopman Kernel Regression. In Neural Information Processing Systems, volume 37,
2023.

Petar Bevanda, Bas Driessen, Lucian Cristian Iacob, Roland Toth, Stefan Sosnowski, and Sandra
Hirche. Nonparametric Control Koopman Operators. arXiv preprint arXiv:2405.07312, 2024a.

Petar Bevanda, N. Hoischen, Stefan Sosnowski, Sandra Hirche, and Boris Houska. Data-driven
optimal feedback laws via kernel mean embeddings. arXiv preprint arXiv:2407.16407, 2024b.

Lorenz T. Biegler. An overview of simultaneous strategies for dynamic optimization. Chem. Eng.
Process. Process Intensif., 46:1043–1053, 2007.

Hans Georg Bock and K.J. Plitt. A multiple shooting algorithm for direct solution of optimal control
problems. Proceedings 9th IFAC World Congress Budapest, pages 243–247, 1984.

Vladimir I. Bogachev, Nikolai V. Krylov, Michael Röckner, and Stanislav V. Shaposhnikov. Fokker-
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Stefan Klus, Feliks Nüske, Sebastian Peitz, Jan-Hendrik Niemann, Cecilia Clementi, and Christof
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