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Abstract

This dissertation develops robust and risk-aware decision-making frameworks tailored to health-
care and public health applications, where uncertainty is inherent and often unavoidable. Decision-
makers in settings such as intensive care units (ICUs), pandemic response planning, and emer-
gency medical services (EMS) operations routinely face highly uncertain environments character-
ized by incomplete information, stochastic dynamics, and rapidly evolving conditions. Subopti-
mal decisions in these critical domains can lead to adverse patient outcomes, resource shortages,
and systemic inefficiencies. Traditional optimization models, which typically rely on determin-
istic or expected-value criteria, often fail to adequately capture these uncertainties. As a result,
they may produce solutions that exhibit a high risk of constraint violations and resource misal-

locations under real-world variability.

Motivated by these challenges, this dissertation systematically integrates robust optimiza-
tion, robust satisficing, and risk-sensitive optimization principles into three complementary and
application-driven models, each addressing uncertainty at different levels of healthcare opera-

tions.

The first part of the dissertation introduces a risk-sensitive optimal stopping framework for
sequential treatment decisions in ICUs, such as extubation and discharge timing. By embedding
the entropic risk measure into a Markov Decision Process (MDP), the model accounts for both
expected performance and the variability of adverse outcomes. The resulting threshold-based
policies enable an explicit trade-off between patient safety and resource efficiency. A compara-
tive analysis is performed against traditional risk-neutral MDPs, and the framework is further
extended to incorporate predicted patient states. Structural properties of the optimal policy

under this extended model are also characterized.

The second part focuses on public health-level decision-making by developing a robust opti-
mization framework for pandemic intervention planning under epidemiological uncertainty. The
model integrates stochastic compartmental dynamics and introduces a novel ambiguity toler-
ance metric to quantify the risk of violating key healthcare performance targets, including in-
fection peaks, hospital capacities, and intervention costs. To ensure computational tractability,

a bilinear approximation based on asymptotic Gaussian properties is developed. The model’s



Abstract

effectiveness is demonstrated through a case study based on real-world data from Singapore
during the COVID-19 pandemic.

The third part proposes a unified robust decision-making framework that integrates robust
optimization and robust satisficing paradigms, with an emphasis on EMS applications. In this
framework, two distinct layers of uncertainty are modeled: outcome uncertainty, describing
deviations of realized inputs from specified historical inputs, and estimation uncertainty, which
captures discrepancies between specified inputs and the true but unobserved latent variables. A
novel Minimum Volume Confidence Set (MVCS) approach is proposed for constructing norm-
specific outcome disparity metrics from data. The framework accommodates asymmetry in
uncertainty and integrates affine predictive models to incorporate side information into the
robust decision-making process. The effectiveness of the framework is demonstrated through a
numerical study in the context of EMS resource allocation.

Overall, this dissertation contributes to the development of interpretable, data-driven, and
risk-aware decision-support tools for healthcare and public health operations. The proposed
methodologies address fundamental challenges related to risk management, uncertainty mod-
eling, and data limitations, and provide actionable insights for both academic research and

practical implementation.
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1 Introduction

The COVID-19 pandemic marked a watershed moment for modern healthcare systems, exposing
vulnerabilities in decision-making at every level—from individual patient care to hospital admin-
istration and public policy. The speed and severity with which the virus propagated demanded
swift, data-informed decisions in the face of immense uncertainty. Governments worldwide im-
plemented non-pharmacological interventions (NPIs)—including lockdowns, quarantines, and
social distancing—to mitigate viral spread. However, these policies often came at a steep eco-
nomic and societal cost, disrupting industries, education, and labor markets globally (ESCAP,

et al., 2020).

The extensive impact of the pandemic has underscored the necessity for robust, flexible, and
data-driven decision-making frameworks that can function under uncertainty. Healthcare sys-
tems, especially in high-stakes settings like Intensive Care Unit (ICU), must navigate a precarious
balance: making timely decisions with limited information while safeguarding patient outcomes
and resource availability. Decisions such as when to extubate a patient, discharge them from
the hospital, or allocate limited ventilators and ICU beds are fraught with uncertainty and can

carry life-or-death consequences.

Robust decision-making under uncertainty is not a novel concept (Ben-Tal and Nemirovski,
1998; El Ghaoui, et al., 1998; Bertsimas and Sim, 2004); however, its role in healthcare has
gained renewed urgency. Classical approaches to medical decision-making — such as expected
utility maximization — often assume perfect knowledge of model parameters and outcome distri-
butions. These assumptions are likely to fail while facing complex real-world medical scenarios.
Uncertainty arises from both limited data, rapidly evolving patient or population states and

new variants.

This dissertation focuses on the robust decision-making and risk-sensitive frameworks to tackle
healthcare decision problems. We utilize Robust Optimization (RO) and risk measure tools to
analyze decisions in three kinds of problems: optimal stopping in critical care, pandemic controls

and resource allocation in emergency medical service.



1 Introduction

Background

Decision-making in healthcare is inherently multidisciplinary, drawing from clinical expertise,
statistical modeling, and operational management. Over the past two decades, advancements in
health informatics, machine learning, and optimization theory have contributed to the develop-
ment of prescriptive analytics models that not only predict outcomes but recommend actionable
policies. These systems aim to support clinicians and administrators in making better decisions

under uncertainty.

First, optimal stopping time in critical care operates at the patient level, where clinicians
must determine when to terminate or adjust treatments such as mechanical ventilation or hos-
pitalization. These decisions require balancing the clinical benefits of continued intervention
against the risks and costs associated with premature or delayed stopping. For example, ex-
tubating a patient too early can result in extubation failure and re-intubation, increasing the
risk of mortality (Epstein, et al., 1997; Thille, et al., 2013), while delaying extubation can lead
to ventilator-associated pneumonia, airway trauma, and respiratory muscle fatigue. Likewise,
premature hospital discharge may increase the likelihood of readmission, whereas delayed dis-
charge leads to inefficient use of critical care resources (Joynt, Jha, et al., 2012; Zuckerman,

et al., 2016).

Secondly, developing a prescriptive analytics model to guide government policymakers on
the optimal levels of these interventions is challenging. One major difficulty lies in designing
intervention policies based on forecasts of the pandemic’s near-term trajectory (for instance, over
the next few months). Compartmental models have long been studied since the early twenties
century (Ross, 1916; Kermack and McKendrick, 1927). Extensions of it have been proposed in
recent years, for instance, R. Li, et al. (2020) incorporate the symptomatic and asymptomatic
infected individuals; (Chang, et al., 2021) integrate the mobility network and data to study
spatial features. However, they are still not able to accurately predict future trend, especially
in several months. Regarding this, it is necessary to develop a decision-making framework that

captures the uncertainty in disease progression.

Thirdly, the Emergency medical service (EMS) problem centers on optimizing the alloca-
tion and deployment of life-saving resources—such as ambulances and ventilators—to ensure
timely responses to emergencies, a task made complex by uncertainty in both demand and
travel conditions. Traditional models, such as the Location Set Covering Problem (LSCP) and
the Maximal Covering Location Problem (MCLP), focus on deterministic coverage of demand
points within acceptable response times (Marianov and ReVelle, 1996), but fall short in ad-
dressing the stochastic realities of EMS operations. In response, recent research has embraced

probabilistic and stochastic modeling approaches that better capture demand variability and
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travel-time fluctuations, with Beraldi, et al. (2004) introducing a stochastic programming model
incorporating probabilistic coverage constraints. These models, however, often rely on the es-
timation of uncertain distributions, raising concerns about estimation accuracy. Data-driven
and machine learning approaches have emerged to improve demand forecasting, particularly in
low- and middle-income settings (X. Li, et al., 2011), but estimation uncertainty can degrade
decision quality. To mitigate this, RO has been employed to improve solution reliability under
uncertainty, as exemplified by Boutilier and T. Chan (2020), who integrate predictive modeling
with simulation and real-world data to evaluate EMS deployment policies aimed at reducing

response times.

1.1 Contribution and structure

The remainder of this thesis is organized as follows:

Chapter 2 provides a comprehensive review of recent research on healthcare problems and
methodologies, including risk optimization in Markov Decision Process (MDP), RO and robust
satisficing.

Chapter 3 formulates a risk-sensitive optimal stopping framework by embedding the entropic
risk measure into a MDP. This allows the model to account not only for expected values, such
as expected Length of Stay (LOS), but also for outcome variability and extreme risks, which are
often hidden in average-based evaluations. For instance, while the expected readmission cost
might appear low, tail risks—such as long ICU stays for a small percentage of patients—can have
significant implications (Shrank, et al., 2019). The proposed framework addresses these concerns
and supports more robust clinical policies. We establish that the risk-sensitive optimal policy
admits a threshold structure and compare them with those from traditional MDP. There are
some comparison results under certain conditions. Furthermore, we incorporate predicted states
(information) into our model and analyze the resulting structural properties. Two numerical
studies — extubation and discharge — have been done to support our results.

Chapter 4 develops a robust optimization framework for public health decision-making during
pandemics, addressing the limitations of deterministic models in capturing the uncertainty of
disease spread and healthcare demand. The proposed model leverages a stochastic compartmen-
tal structure and introduces a novel ambiguity tolerance metric to quantify the risk of violating
healthcare performance targets such as peak infections, hospital capacity, and implementation
costs. To enhance tractability, the model uses the entropic risk measure and exploits the asymp-
totic Gaussian properties of compartment populations, enabling a recursive reformulation with
bilinear terms. This framework offers a flexible, data-driven tool for policymakers to design

resilient and adaptive intervention strategies.
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Chapter 5 introduces a unified framework for robust decision-making that integrates both
robust optimization and robust satisficing paradigms while addressing two key sources of uncer-
tainty: outcome uncertainty (deviation of realized input from the specified input) and estimation
uncertainty (deviation of the specified input from the true latent value). The construction of
two layers of uncertainties plays an important role on the performance of robust decisions in
problems like EMS. The chapter proposes a novel Minimum Volume Confidence Set (MVCS) ap-
proach to construct norm-specific uncertainty disparity metric from historical data, minimizing
conservativeness while maintaining statistical validity. The framework is extended to support
asymmetric disparity metrics and allow for the integration of side information through predic-
tive models. For constructing estimation disparity metrics, we adopt a likelihood-based method
inspired by T. Zhu, et al. (2022). A numerical study demonstrates the effectiveness of the MVCS
approach and unified framework in handling outliers, capturing data asymmetry, and improving
performance in resource allocation compared to standard sample-average methods.

Chapter 6 concludes the thesis by summarizing the main findings and insights derived from

the three major studies presented.

1.2 Notations

Matrices and vectors are denoted using boldface uppercase and lowercase letters, respectively,
such as P and q. The set of real numbers (resp., non-negative real numbers) is denoted by R
(resp., R ), while the set of integers (resp., non-negative integers) is denoted by Z (resp., Z).
We denote by S% (S, ) the space of n x n positive semidefinite (positive definite) matrices,
i.e., ST = {D € R™"|D = 0}. The Frobenius inner product between two matrices is denoted
by . Random variables are indicated by a tilde, for example, & ~ P, where P € Py and Py(Z)
denotes a specified set of probability distributions on a set Z. Stochastic order relations, such
as stochastic dominance and monotone likelihood ratio dominance, are expressed as T =<4 ¢ and
T =y 9, respectively, for random variables. For vectors representing the probability mass func-
tions of discrete random variables, these relations are written as p <4 q and p =< g, respectively.
The expectation operator is denoted by E[-]. For N a positive integer, [N] = {1,2,3,..., N}
denotes the running indices. The operator T = max{z,0} (resp., = = max{—=z,0}) signifies

the positive (resp., negative) part of a variable, and can be applied element-wise to vectors, i.e.,

vt.



2 State of the art

2.1 Healthcare applications

2.1.1 Optimal stopping in critical care

The optimal stopping problem, a fundamental concept with applications in diverse fields such
as finance (Boyarchenko and Levendorskii, 2007; Sturt, 2023), healthcare (Alagoz, et al., 2004),
and marketing (Feng and Gallego, 1995; Erat and Kavadias, 2008), has been widely studied.
Recent research has focused on improving value function approximations and developing efficient,
interpretable policies (Goldberg and Y. Chen, 2018; Ciocan and Misi¢, 2022). In this section,
we narrow our focus to the literature of its application in critical care settings, particularly
within the ICU, where timely and optimal decision-making is crucial for patient outcomes.

Alagoz, et al. (2004) address the challenge of determining the optimal timing for living-donor
liver transplantation to maximize patient outcomes, such as quality-adjusted life expectancy.
They develop an MDP model to characterize the evolution of patient health states and derive
conditions under which the optimal transplantation policy exhibits a control-limit (or threshold)
structure. Similarly, C. W. Chan, et al. (2012) use finite-horizon, discrete-time MDPs to derive
optimal ICU policies for discharging patients early and evaluate the performance of an intuitive
policy: discharging the patient with the shortest remaining LOS.

In radiation therapy, the concept of Optimal Stopping in Radiation Therapy (OSRT) has been
introduced to identify patients for whom continued treatment might be ineffective or even harm-
ful. By modeling patient responses as stochastic processes, OSRT aims to personalize treatment
plans, potentially halting therapy when predicted benefits are minimal, thereby sparing patients
from unnecessary side effects and allowing for alternative treatments (Ajdari, et al., 2019). In
the treatment of rheumatoid arthritis, optimal stopping approaches are used to decide whether
to continue or cease medication, to achieve disease remission while minimizing adverse effects
(Kotas, 2019). Additionally, Nasrollahzadeh and Khademi (2020) have developed computation-
ally efficient methods to determine optimal stopping points in adaptive Phase II dose-finding
clinical trials, where decision-makers might terminate trials early due to demonstrated efficacy
or abandon them when futility is evident. El Hassan, et al. (2022) apply discrete-time Markov

chain models to ascertain the optimal lockdown duration, balancing the health benefits of re-
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duced transmission against the socio-economic costs of prolonged restrictions. Cheng, et al.
(2024) develop a discrete-time, finite-horizon MDP with predictions of future states to support
extubation decisions, characterize the structure of the optimal policy, and provide insights into

how predictive information can lead to different decision protocols.

Our study, introduced in Chapter 3, is closely related to the work of Cheng, et al. (2024); how-
ever, while their research concentrates on the application of predictive information in decision-
making, ours emphasizes accounting for the variability of performance outcomes. We also show

that our proposed framework can be extended to models with predicted states.

2.1.2 Pandemic control

Pandemic control analysis involves two key components: forecasting disease spread and opti-

mizing intervention strategies. In the following, we review the literature in these areas.

2.1.2.1 Pandemic prediction

Forecasting infection trends is a well-established field, with epidemiological models playing a
central role since the early 20th century (Ross, 1916; Kermack and McKendrick, 1927). Various
methodologies, including Bayesian estimation (Greenland, 2007), machine learning (Gu, 2020),
Markov chains (Lewnard, et al., 2014), time-series regression (Ma, et al., 2022), and agent-
based models (Grefenstette, et al., 2013), have been developed to model disease dynamics.
Among these, compartmental models like the SEIR (Susceptible, Exposed, Infectious, Removed)
framework are widely used. The SEIR model uses ordinary differential equations to predict the

average population in each compartment over time.

The COVID-19 pandemic, as the most recent and widespread global health crisis, has driven
extensions in compartmental modeling. For example, R. Li, et al. (2020) extend the SEIR
model to include symptomatic and asymptomatic cases, using Wuhan data to estimate param-
eters. Chang, et al. (2021) improve predictions by integrating mobility data, while Bertsimas,
et al. (2021a) propose a 13-compartment model for COVID-19. However, these deterministic
models often overlook uncertainty, limiting their use in optimization. Stochastic models, which
incorporate random parameters like transmission rates (X. Zhang and K. Wang, 2014; Q. Liu,
et al., 2017), offer more realism but are analytically complex, hindering their integration into
prescriptive frameworks (Lekone and Finkenstéadt, 2006).

Despite progress, accurate long-term predictions remain challenging due to factors like vi-
ral mutations, population mobility, and environmental changes, complicating decision-making

during pandemics.



2.1 Healthcare applications
2.1.2.2 Pandemic decision-making

Building on the predicted numbers from these epidemiological models, a growing body of liter-
ature proposes prescriptive analytics models to guide pandemic decision-making. One critical
area is the allocation of scarce resources, including tests, vaccines, ventilators, and ICU beds.
The distribution procedure must consider factors such as exposure risk and vulnerability to
distinct population groups. L. Sun, et al. (2014) develop a static model to allocate patients
to hospitals based on resource availability and LOS dependencies on patient types, while E. F.
Long, et al. (2018) optimize bed allocation during the Ebola outbreak using greedy policies and
dynamic programming.

Vaccine distribution is another critical area. Studies address both supply chain logistics (Dui-
jzer, et al., 2018a) and allocation strategies (Tanner and Ntaimo, 2010; Yarmand, et al., 2014).
Duijzer, et al. (2018b) embedd a SIR model into a vaccine distribution framework, showing that
uniform allocation can reduce herd immunity effectiveness. Bertsimas, et al. (2021a) integrated
fairness measures into a vaccination facility location model. The complicated transition struc-
ture leads to a non-convex problem and they use a coordinate descent algorithm to solve it. Mak,
et al. (2022) design dynamic policies for two-dose COVID-19 vaccines, especially the optimal
reserved level for the second does. Bennouna, et al. (2023) use a multipeak SEIRD model to
guide vaccine allocation, though their approach ignored feedback effects on disease spread.

Most existing models focus on cost minimization, but the uncertain effects of these resources
during rapidly evolving pandemics complicate policy design. This underscores the need for
robust frameworks that account for stochasticity and evolving conditions, enabling more effective

and equitable decision-making in pandemic control.

2.1.3 Emergency medicine service

The EMS problem is a critical area of operations research and healthcare management, focusing
on optimizing the deployment, location, and routing of time-critical resources—such as am-
bulances and ventilators—to ensure timely responses to medical emergencies. Historically, the
EMS problem has been addressed through deterministic models such as the location set covering
problem (LSCP) and the maximal covering location problem (MCLP). These models seek to
maximize coverage of demand points within a specified response time, as seen in early works like
(Marianov and ReVelle, 1996). However, such deterministic approaches often fail to account for
the stochastic nature of demand and travel times, leading to potential inefficiencies in real-world
applications.

Motivated by these limitations, recent research has increasingly adopted probabilistic and

stochastic methods to address inherent uncertainty, recognizing that EMS demand is random
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and travel times can vary due to traffic conditions, weather, and other factors. For instance,
Beraldi, et al. (2004) proposes a stochastic programming model with probabilistic constraints
for locating and sizing EMS stations. This model ensures a certain probability of coverage,
addressing variability in demand and response times. Nevertheless, practical implementation is
challenged by the fact that the underlying distributions are often unknown to decision-makers,
necessitating estimation using historical data.

The survey X. Li, et al. (2011) highlight the use of data-driven methods to estimate demand
in low- and middle-income country settings, improving the adaptability of EMS systems to dy-
namic conditions. When coupled with predictive tools, like machine learning, these approaches
can refine estimation accuracy: however, the estimation uncertainty may compromise the qual-
ity of solutions. In this context, robust optimization serves as a suitable method to handle
it. A significant study by Boutilier and T. Chan (2020) combine their prediction-optimization
framework with a simulation model and real data to provide an in-depth investigation into three

policy-related questions, aiming to reduce response times.

2.2 Methodologies

2.2.1 Risk optimization in markov decision processes

Since the 1950s, Markov decision processes (MDPs)—mathematical frameworks for modeling
decision-making in multi-period stochastic systems, also known as stochastic dynamic program-
ming — have been extensively studied (Bellman, 1957). Widely applied in fields such as robotics,
automated control, finance, healthcare, and manufacturing (Lauri, et al., 2022; Béauerle and
Rieder, 2011; Shi, et al., 2021), MDPs traditionally focus on minimizing the expected cost,
which involves finding a policy that minimizes the expected value function. However, in many
applications, decision-makers are increasingly concerned not only with the expected outcome but
also with the variability and risk associated with stochastic systems. This demands a framework
that captures the variability a policy introduces.

To meet this need, risk-sensitive MDPs extend the classical framework by incorporating risk
measures into the optimization objective. These measures include variance-related metrics (Fi-
lar, et al., 1989), percentile performance (Filar, et al., 1995), or expected exponential utility
(Howard and Matheson, 1972). The primary challenge lies in formulating risk-sensitive criteria
that are both conceptually meaningful and mathematically tractable. For instance, Marcus,
et al. (1997) propose minimizing an exponential function of the cumulative cost, which captures
not only the expected cost but also higher-order moments, while Bauerle and Rieder (2014) gen-
eralize this approach using certainty equivalents for total or discounted costs. Recent advances

include Xia (2020), who investigates infinite-stage discrete-time MDPs with a long-run average
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metric, incorporating both the mean and variance of rewards. Their work introduces sensitivity-
based optimization theory, deriving a performance difference formula to quantify the combined
mean-variance metrics of MDPs under different policies. Meanwhile, Moharrami, et al. (2022)
focus on risk-sensitive exponential cost MDPs, developing a trajectory-based gradient algorithm
to identify stationary points of the cost function for parameterized policies.

Within the broader field of risk-sensitive MDPs, some recent studies focus on risk-sensitive
optimal stopping problems. Jelito, et al. (2021) prove the continuity of value functions for a class
of continuous-time Feller-Markov processes, propose discrete-time approximations, and show
their regularity. Meanwhile, Kosmala and Moriarty (2023) develop novel algorithms leveraging
the geometry of functions to solve such problems. Our work in Chapter 3 contributes to this
subfield by focusing on the structural properties of policies and comparing them with traditional
MDP frameworks, offering new insights into the trade-offs between risk sensitivity and expected

performance.

2.2.2 Robust optimization

Beyond risk measures, Robust Optimization (RO) is a powerful and widely adopted framework
for decision-making under uncertainty. RO was originally developed to address the well-known
*optimizer’s curse® (Smith and Winkler, 2006), a phenomenon in which optimization models
tend to overfit to parameter estimates derived from limited data, leading to poor out-of-sample
performance. This issue is particularly prominent in stochastic programming methods relying
on Sample Average Approximation (SAA), which replaces expectations or chance constraints
with empirical distributions (Calafiore and Campi, 2005). While SAA is conceptually simple
and asymptotically consistent under the true distribution (Shapiro, et al., 2009), it often leads to
overly optimistic solutions that underestimate risk and suffer from frequent feasibility violations
under realized uncertainty. Furthermore, SAA is highly sensitive to data quality; challenges such
as limited sample sizes and the presence of outliers can significantly degrade solution quality
and reliability.

RO mitigates these challenges by seeking decisions that hedge against worst-case deviations,
thereby offering stronger feasibility guarantees. Formally, consider a cost-based attribute func-
tion f(x,z), where & € X is the here-and-now decision vector within the feasible set X C R
and z € Z is an uncertain input vector within the support set Z C R”. In deterministic models,
constraints such as f(x, 2) < 7 are imposed based on a nominal input 2 € Z, yet they may fail
under input deviations, potentially leading to violations such as P* {f(x, 2) > 7}. In contrast,

robust optimization introduces the constraint

flx,z) <71, VzelZy),
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where Z(vy) C Z is an uncertainty set parameterized by the budget parameter v € [0, 00|, with
Z(0) = {2} representing the deterministic case and Z(c0) = Z covering the full uncertainty
support. Typically, Z(v) is defined based on the discrepancy between the realized input z and
the nominal input 2, collecting all z such that their discrepancy remains below . Classical
works, including Ben-Tal and Nemirovski (1998) and El Ghaoui, et al. (1998), analyze Ly-norm-
based uncertainty sets, resulting in quadratic robust constraints, while Bertsimas and Sim (2004)

adopt Li-norm-based sets, leading to more tractable linear formulations.

Despite its computational appeal, RO may lead to conservative solutions if uncertainty sets are
not properly calibrated. To overcome this, substantial efforts have been devoted to constructing
uncertainty sets grounded in statistical principles, typically treating uncertain parameters as
random variables with unknown distributions. A notable approach involves constructing uncer-
tainty sets based on asymptotic properties derived from the central limit theorem (Bandi and
Bertsimas, 2012), which provide theoretical guarantees under large samples but often suffer from
conservatism in small-sample regimes, especially when data exhibit skewness or heavy tails. To
alleviate conservatism, researchers have proposed uncertainty set constructions using divergence
functionals (Ben-Tal, et al., 2013) and hypothesis testing methods (Bertsimas, et al., 2018).
More recently, Hong, et al. (2021) developed a data-driven framework to empirically learn geo-
metric uncertainty sets compatible with robust optimization, using data-splitting validation to

tune the set’s shape and size.

Building on this line of research, Chapter 5 of this thesis contributes a novel data-driven
approach for jointly learning the shape and size of uncertainty sets for any conic-representable
norm. Moreover, we introduce a unified framework that systematically incorporates two distinct
layers of uncertainty—outcome uncertainty and estimation uncertainty—to further enhance so-

lution robustness and stability.

2.2.3 Robust satisficing

Beyond classical robust optimization, the paradigm of Robust Satisficing (RS) has gained in-
creasing attention in recent years as a flexible and less conservative approach to decision-making
under uncertainty. The foundational concept of RS was introduced by D. B. Brown and Sim
(2009), where the objective is not to optimize performance in expectation or under worst-case
scenarios but to ensure that performance exceeds a specified target level under uncertainty. This
shift from optimization towards target attainment naturally aligns with real-world applications
where stakeholders are more concerned with meeting essential performance thresholds rather

than achieving the theoretical optimum.

10
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Ben-Tal, et al. (2017) advanced this idea by proposing the Globalized Robust Counterpart
(GRC), expressed as

,2) < in A(z,8), VzeZ,
f(x z)_7+ﬁ5£nzlg) (z,9) z

where A(z,d) measures the disparity between z and . The GRC-sum model embodies the
principle of tolerated robust satisficing, where the optimization aims to minimize k—the degree
of tolerance—while respecting a specified target 7. This framework allows for controlled con-
straint violations when deviations are inevitable but penalizes the magnitude of such deviations
systematically.

Extensions of this framework have appeared in various forms. D. Z. Long, et al. (2023) present
a robust satisficing approach under Wasserstein ambiguity sets within distributionally robust
optimization, providing analytical insights and structural results. F. Liu, et al. (2023) further
extend GRC by incorporating distributional information beyond the uncertainty support, im-
proving its modeling flexibility. These developments enable decision-makers to control not only
the robustness of decisions but also the acceptable level of constraint violations as uncertainty
grows. Additionally, Sim, et al. (2021) enhance the robust satisficing paradigm by integrat-
ing predictive analytics and side information, enabling data-informed control over constraint
satisfaction in practical applications.

It is worth noticing that the fragility measure introduced in D. Z. Long, et al. (2023) is actually
a risk measure. Also, using the Donsker-Varadhan Variational Formula (Donsker and Varadhan,
1983), we can find the dual form of entropic risk measure:

L

5 log Es exp <9 . f/”) = sup {E]p[f/"] — 1AKL <]P’H]@’>} <,

P<P 0

which can be viewed as a RS constraint under Kullback-Leibler (KL)-divergence.
In this thesis, we leverage the idea of RS in two works. Frist, in Chapter 4, we develop an
ambiguity-aware epidemiological optimization model. Second, in Chapter 5, we integrate RS

into a unified framework for robust decision models.
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3 Risk-sensitive optimal stopping and

applications in critical care

Recent years have witnessed a significant increase in healthcare costs, attributed to inefficiencies
in various domains, including care delivery failures, uncoordinated care, overtreatment, and
low-value practices (Shrank, et al., 2019). This upward trend in expenditures coincides with
an increased demand for healthcare, prompting service providers, including intensive care units
(ICUs), to adopt fast-track management for efficient and precise decision-making (Wilmore and

Kehlet, 2001; F. Zhu, et al., 2012).

In critical care, determining when to complete an intervention is often referred to as the
stopping problem. This concept revolves around balancing the potential benefits of ongoing
support against the risks and costs—both clinical and resource-related—associated with stopping
treatment. Decisions about when to stop can be influenced by a patient’s evolving health
status, the risk of complications, and the need to allocate resources efficiently. An example
of this stopping problem is extubation for ventilated patients. Deciding when to remove a
patient from mechanical ventilation is crucial because it directly affects patient safety, recovery,
and overall outcomes. Extubating too early raises the risk of extubation failure, leading to
re-intubation and increased mortality (Epstein, et al., 1997; Thille, et al., 2013). In contrast,
prolonged intubation can result in complications such as ventilator-associated pneumonia, airway
trauma, and respiratory muscle fatigue. Similarly, determining patient discharge timing is tricky.
Premature discharge can increase readmission, and delayed discharge can waste resources. In
extubation and discharge decisions, the goal is to find the balance that safeguards patient well-

being, enhances outcomes, and uses resources responsibly.

To analyze the trade-off, two main performance metrics play an important role: the probability
of retreatment and the associated costs. The probability of retreatment, or failure rate, indicates
the proportion of patients requiring re-treatment; lower rates reflect more effective decisions and
improved patient outcomes. The cost of retreatment, often quantified by the LOS in the ICU,
reflects the time a patient needs under care, with shorter stays indicating more efficient resource

utilization. Traditionally, expected LOS is commonly used to evaluate the outcomes of stopping
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decisions. However, relying solely on expected values fails to account for the inherent risks and

variability associated with stopping treatments.

Example 3.1. For example, in the context of the discharge problem, the terminal risk can be
measured by g = 7l, where 7 represents the readmission event following Bernoulli distribution,
and 1 is the LOS during readmission, usually modeled by a log-normal distribution. Assuming
7 ~ Bernoulli(0.1) and [ ~ LogNormal(1,22), the expected cost, Ep [§] = 2.01 days, appears low.
However, this expected value obscures significant risks: 2.6% patients experience readmissions

lasting more than 10 days, and 5% CVaR is approrimately 39.25 days.

These prolonged ICU stays due to readmissions not only deplete resources but also lead to
health complications and potential patient mortality (Joynt, Jha, et al., 2012; Zuckerman, et
al., 2016). This example underscores why it is crucial to incorporate risk metrics into decision-
making processes, as reliance solely on expected values could prompt decision-makers to adopt
overly aggressive discharge strategies.

In this research, we explore two main questions:

¢ Whether and how risks in medical treatment stopping problems should be

measured?

e How might incorporating a risk measure influence the development of optimal

treatment policies?

To address these questions, it is crucial to adopt a metric that accounts for the risks associated
with uncertain outcomes, rather than relying solely on expectations, to effectively evaluate
performance. In this study, we focus on the entropic risk measure, which offers unique properties
for capturing risk under uncertainty and ensures the tractability of the optimal stopping problem.
Embedded with the entropic risk measure, the decision-making process can be formulated as a
risk-sensitive MDP, or more specifically, a risk-sensitive optimal stopping problem. Following
the theoretical developments, we undertake an analysis of the structural properties of the value
function and optimal policy. Subsequently, we carry out two case studies to empirically evaluate
the performance of our model.

The contributions of this research are as follows: !

1. Building upon the risk-sensitive MDP framework, which comprehensively incorporates risk

elements and high-order-moment information, our models adeptly quantify the uncertainty

!This chapter is based on the working paper: Lou, Z., and Xie, J. (2024). Mitigating Decision Risks in Critical
Care. Co-authorship details: Prof. Dr. Jingui Xie (Affiliation: TUM) supervised the research design, advised
on the entropic risk measure formulation, and reviewed theoretical proofs. Z. Lou (PhD candidate) developed
the risk-sensitive MDP framework, conducted ICU extubation/discharge experiments, drafted the chapter,
and revised it based on Prof. Xie’s feedback. Both authors approved the final chapter.
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inherent in both state transitions and termination costs. A thorough investigation into the
structural properties of the value function and policy is undertaken. We prove the submod-
ularity of the value function under certain assumptions, which confirms the existence of a

threshold structure in the optimal strategy, a critical aspect for practical implementation.

2. A comparative study is conducted between our model and the nominal MDP approach.
This examination reveals specific circumstances under which our model adopts more ag-
gressive/conservative strategies compared to nominal MDP, and elucidates a nuanced

trade-off between termination and continuation risks in medical decision-making.

3. We also incorporate predicted future states into our model. Under certain assumptions,

we establish that the resulting optimal policy maintains a threshold structure.

4. To support our theoretical developments, we conduct several numerical experiments on
extubation and discharge decisions in ICUs. These experiments demonstrate that our
model delivers an improved risk profile, albeit at the expense of some trade-off in expected

performance.

Organization: The rest of this chapter is structured as follows: We introduce the risk measure
in §3.1. The formulation of the stopping decision problem is detailed in §3.2. We compare
the risk-sensitive optimal stopping policies and risk-neutral ones in §3.3. We extend our model
with predictive information in §3.4. Numerical experiments are discussed in §3.5, and the paper

concludes with §3.6. All the technical proofs are provided in Appendix A.1.

3.1 Metrics for evaluating decision risk

In this section, we discuss how to measure the decision risk associated with stopping treat-
ment. To evaluate the uncertain outcomes associated with stopping decisions, specifically the
probability of re-treatment, along with the associated cost of re-treatment, we aim to find a
risk measure that can capture the outcome risk and can be effectively integrated into dynamic
decision-making.

Traditionally, the expected LOS has been a key metric for assessing the outcomes of medical
interventions. Fast-track protocols, such as early extubation or discharge, encourage healthcare
providers to minimize ICU LOS (Wong, et al., 2016). Additionally, expected mortality rates
help evaluate service quality (Moran, et al., 2008). These expected metrics are widely used in
dynamic decision-making processes, as the nominal MDP keeps good properties for prescriptive

analysis. However, relying solely on expected values overlooks inherent risks.
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3.1.1 Stopping risk metrics

To address the above issues, we seek a metric that can capture higher-order statistical informa-
tion and tail distribution, while retaining some properties convenient for downstream prescriptive
optimization models, such as computational tractability. Let (£, F,P) be a probability space.
Let V denote the set of random variables on this probability space. The intended stopping risk
metric should be a functional from V to R U {+oc0} that is equipped with a hyper-parameter
reflecting the risk preference of decision makers and satisfies the following properties. Among
these properties, monotonicity aligns with our goal of mitigating the risk of high-cost outcomes,
while maintaining tractability. Translation invariance ensures that as 6 increases, only the risk

component increases, leaving the deterministic (risk-neutral) term unaltered.

Definition 3.1 (Stopping Risk Metric.). The functional pg : V — RU{+00} is a stopping risk

metric if and only if pg is lower semi-continuous and for all ¥,v1,v2 € V it satisfies:
o (Risk-neutral) po(v) = Ep [0].
o (Monotonicity) ug(0) is increasing in 0. If 01 > 02, then pg(01) > po(02) for any 6 > 0.
e (Normalization) p9(0) = 0, for any 6 > 0.
e (Translation invariance) For any 0 € V,c € R,0 >0, pp(0 + ¢) = pp(0) + c.

Here, the hyper-parameter 6§ € [0,400) serves as an indicator of the decision maker’s risk
tolerance. When 0 is larger, the decision makers are more risk aversive. In the case where 6 = 0,
they are risk neutral, and the risk measure aligns with the expected outcome. In the context of
healthcare, monotonicity implies that when a patient is almost surely in a more dangerous status
than the other, his(her) stopping risk metric is consistently higher. Moreover, the translation
invariance guarantees that the value a risk-free component contributes to the risk metric does
not change with respect to 8, such as the fixed inspection fee.

When choosing an appropriate metric, one critical factor in selecting an appropriate metric
is its ability to preserve key structural properties of the dynamic decision-making process. For
example, risk measures such as Value at Risk (VaR) or Conditional Value at Risk (CVaR) result
in optimal policies that are history-dependent in sequential decision-making (Béuerle and Ott,
2011; X. Li, et al., 2022). While these measures are valuable for capturing risk, they result
in non-Markovian policies that complicate the design of algorithms and increase computational
complexity. Additionally, history-dependent optimal policies can obscure management insights,
making it challenging to communicate actionable strategies to physicians. In contrast, selecting
a metric that retains the Markovian property would not only simplify the algorithm design
process but also facilitate clearer, more interpretable decision-making frameworks in clinical or

operational settings.
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3.1.2 Entropic risk measure

Given the above considerations, we propose using the entropic risk measure to evaluate the risk
of the cumulative cost. This risk measure is widely used in stochastic optimization problems
(see, e.g., Xie, et al., 2023; T. Zhu, et al., 2023). Unlike VaR and CVaR, which focus exclusively
on the tail of the distribution, the entropic risk measure accounts for the entire distribution of
outcomes. More importantly, the entropic risk measure offers key advantages, such as existing an
optimal deterministic Markovian policy (Hau, et al., 2023) and ensuring submodularity, which
will be elaborated upon in the subsequent sections.

The main idea behind the entropic risk measure is to quantify risk using the principles of
entropy, a concept from thermodynamics and information theory. Let )V be the space of random

variables. The definition is as follows.

Definition 3.2. (Entropic Risk Measure) Given a random variable © ~ P, the entropic risk
measure is defined as the functional p:V — R,

1
0
Ep [9] if 0 =0.

logEp [exp (0-6)] if 0 >0,
1o (v) =

The entropic risk measure satisfies all conditions for the stopping risk metric previously dis-

cussed. Firstly, we show that the entropic risk measure satisfies the properties in Definition 3.1:
o (Risk-neutral) po(0) = Ep [7].

e (Monotonicity) From Jensen’s inequality,
[Ep [exp (610)])2/"* < Ep [exp (627)],

which implies that [Ep [exp (619)]]/% < [Ep [exp (629)]]"/% for any 6; < 6,. Therefore,
the statement w.r.t. 6 holds. Given the condition that § > 0, the function exp(fx) is

increasing w.r.t. . Then, according to the property of First-order stochastic dominance
(FSD), we have
E]p [exp(e@l)] > E]p [exp(@f)z)} s

leading to the inference that pp(01) > pe(02). In the case where # = 0, the inequality

Ep [01] > Ep [02] can be derived again, leveraging the property of FSD.
e (Normalization) g(0) = % log Ep (] = 0.

e (Translation invariance)

(6 + ¢) = %log Ep [exp (0 (5 + ¢))] = %log (exp (0¢) Ep [exp (0 - )]) = pio(#) + .
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The properties of normalization and translation invariance follow directly from the definition of
11 (D).
Moreover, we can prove that (0,0) — ,ué(f;) is jointly convex in (6, 0):

Using Hoélder’s inequality, we can show that Ep [exp (A71) - exp ((1 — A\)2)] < [Ep [exp (37)]] -
[Ep [exp (92)]]'~*. This implies that

log Ep [exp (A01 + (1 = A)2)] < Mog Ep [exp (91)] + (1 — A)log Ep [exp (72)]

i.e., log Ep [exp (0)] is convex in 0. The perspective of log Ep [exp (7)], that is p1 (0), preserves the
convexity (the discussion of perspective operation can be found in §3.2.6 in Boyd and Vanden-
berghe (2004)). This completes the proof that the entropic risk measure satisfies the definition

of a stopping risk metric.

As the parameter 6 increases, the decision makers become more risk aversive. It converges to
the essential supremum of ¥ as 6 increases to +oo. If 8 = 0, it is equivalent to the expectation.
Also, the entropic risk measures have some desirable properties in violation probability and
expected shortages. In the following proposition, we demonstrate that the violation probability

and expected shortage are upper bounded by functions of 6, given that py(0) < 7.

Proposition 3.1. Suppose pug(0) < 7. For all € > 0, we have
P[o>7+4¢€ <exp(—€bd), (3.1)

and

E[@-7-¢F] < % exp (—ef) . (3.2)

Proof. The first inequality is a quick application of Chernoff bound. The second one is due to the
fact that 7 < exp(z —1) and E[(2 — 7 — )] < £E[exp (2 — 7 — €)0)] < 4 exp (—ef). O

Employing the entropic risk measure allows us to effectively capture the risk while also ac-
counting for expected performance. In practice, determining an appropriate value for 6 is chal-
lenging. One potential approach is to leverage prior knowledge, such as the magnitude of stan-
dard deviation. Alternatively, we suggest the satisficing approach for selecting 6 (D. B. Brown
and Sim, 2009). Given a target 7, for instance 7 = kEp [0], we find the maximal 6 such that
po(v) < 7. It aims to find a decision that meets the target as much as possible. This procedure

can be done via Bisection search (see Appendix A.4, which also includes a numerical example).
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3.2 Model formulation

In this section, we present the optimal stopping problem for medical treatment and explore the
concept of the stopping risk metric within the MDP framework. We begin by detailing the
fundamental components of the MDP model.

Time horizon. We assume that decisions are made within discrete-time epochs indexed by
t € T. We consider a finite-time horizon MDP, i.e., T = {0,...,T}.

States. To capture patients’ health condition, we classify patients into one of S based on the
observed clinical variables, with each class s € S = {1,2,..., S} potentially corresponding to a
particular health condition. Class 1 indicates the most severe condition, while class S represents
the most favorable health state. The notation s; is used to signify the patients’ class at any
epoch t, with sy marking the initial state. The initial state follows a distribution pg.

Actions. In each decision epoch, the Decision maker (DM) has to decide whether to stop the
treatment or not. The action in epoch t € T is a; € A = {0, 1}, where 0 indicates continuation
and 1 indicates stopping. We assume the treatment should be stopped despite the patient’s
health condition in the last epoch, i.e., ar = 1.

Transitions. If the DM decides to continue in epoch ¢, i.e., a; = 0, the patient in class ¢
will evolve to class j in epoch t + 1 with probability P(i,j), where i,j € S. Otherwise, the
decision process ends if the treatment is terminated, i.e., a; = 1. Let P represent the transition
matrix. P; denotes the i-th row, which encapsulates the probability mass function governing
the transition dynamics to the subsequent state s;41 given the current state s; = 1.

Costs. In each decision epoch, the corresponding cost depends on the patient’s current class
and the action taken by the DM. If the DM decides to continue the treatment, the immediate
cost is a deterministic function H(s) depending on the patient’s state. If the DM decides to
stop the treatment, there is a random terminal cost G(s).

The decision-making process involves sequential decisions at each epoch, where the decision-
maker must evaluate the patient’s condition, represented by the current state, to determine
whether to stop the treatment. Once the process concludes, the risks and costs of re-treatment
are reflected in the terminal cost.

Policy. We define the policy sequence as w = (m, 71, -+ , 1), where 7 specifies the decision
rule at each time step t. Let IIyip denote the set of all Markovian deterministic policies, where
each policy m; is a mapping function 7 : S — A. Similarly, let IIgygr represent the set of all
history-dependent randomized policies, where each 7; is defined as a mapping m; : St — P(A),
with P(A) as the set of all distributions over A. Then, we introduce an order relation on the

set of Markovian deterministic policies as follows:

Definition 3.3. Consider two Markovian deterministic policies, 7 and ! e yp.
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o We say that m represents a more proactive stopping decision compared to w' if {s €

S|af(s) =1} C{s e S|m(s) =1}, Vte T.

o Conversely, we say that w represents a more conservative stopping decision compared to

alif {seS|n(s) =0} C{seS|m(s) =0}, VteT.

3.2.1 Risk-sensitive optimal stopping

Equipped with the entropic risk measure, our Risk-sensitive optimal stopping problem (ROSP)

is formulated as

min g (‘N/"'(s)) . (3.3)

wellyp
Note that the Nominal optimal stopping problem (NOSP) is a special case of ROSP when 6 = 0.
ROSP ensures the existence of a Markov deterministic optimal policy. Specifically, as shown by
Hau, et al. (2023), there exists a 7} € IIyp such that:

1o (‘7”5(8)): min g (f/”@)).

ﬂ'EHHR

Therefore, our analysis will focus on deterministic Markovian policies.

The ROSP framework adopts a risk measure for the total cost as its optimization target,
inherently prioritizing a better risk profile over purely optimizing expected performance. This
trade-off results in a certain degree of sacrifice in the expected value of the cost to achieve
enhanced risk management. Mathematically,

Bp [V7(5)] > min By [V7(s)].
wellpr
In most scenarios, the inequality is strict.

The terminal cost G exhibits significant variability of therapy outcome, largely attributable
to the inherent risk of terminating treatment prematurely. For instance, in the context of extu-
bation, a failed extubation attempt can exacerbate a patient’s condition, leading to reintubation
and an extended duration of hospitalization. To accommodate such risks, our model incorporates
a stochastic terminal cost. Some examples of terminal distributions and the corresponding risk
measures are presented in Appendix A.3. For the subsequent analysis, we assume that higher
order moments of G(s) exist for every state s € S. This ensures that the function sy (G(s))
is well-defined and exhibits smooth behavior around # = 0. By adopting this assumption, we
circumvent the degenerate case where f4(+) becomes +o0o. Additionally, we impose the following

assumption regarding the monotonicity of pyg (é(s))
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Assumption 3.1. For any pair of states s1 and sy where s1 > So, it holds that G’(sl) <st é(sz).
This implies that the function pg (é(s)) decreases with the state s for any 0 > 0. It also holds
that H(s1) < H(s2).

Assumption 3.1 suggests that patients in better health conditions are likely to have a smaller
cost after stopping treatment. This correlation is indicative of either a quicker recovery time
or a reduced likelihood of extubation failure. Additionally, this assumption posits that the
continuation costs for patients in better conditions do not surpass those in worse conditions.

Let the U-function U (6,s) := pe (f@”(s)) denote the risk-to-go conditional on state s at
time ¢. Here, V;"(s) = S.1_, & (57, 7r(5,)) |s; = s, where & (sr, m-(s;)) denotes the one-period
cost of taking action 7,(s;). Based on the above setups, the U-function has the following

backward recursive equation:

1o (é(s)) if m(s) = 1,

Ur,s) = 1
£(6:5) H(s)+ i logZP(s, s')-exp (0-US1(0,8") if m(s) = 0.

The optimal U-function is defined as
Uo(6,s) =min U7 (0, s). (3.4)

It is known that an optimal policy exists and can be obtained via a sequence of backward

minimization problems.

Proposition 3.2 (Biuerle and Rieder (2014)). Given 6 > 0, the optimal policy

* * * *
Ty = (770,07779,17 T 77T€,T)

for the finite horizon ROSP is determined through a backward recursion as follows: Begin with

Ur(0,s) = up(G(s)). Then, fort =T —1,---,0, compute

Uy(6, s) = min {ug (é(s)) JH(s) + %log S Pls,s) - exp (6 U (6, S,))} . (3.5)

s'eS

and the optimal policy is given by

U if o (Gls)) < Hs) + 5log X Pls,s) - exp (8- Ui (6,),
To(s) = SES (3.6)
0 else.

Furthermore, the optimal risk-to-go ming U (0, s) satisfies Equation (3.5).
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3 Risk-sensitive optimal stopping and applications in critical care

Remark 3.1. For any initial state so following the distribution po(-), the risk measure of cu-
mulative cost under w* is calculated by pg (‘7”*) = 2 log (3 sespo(s) -exp (0-Uo(0,5))). For
notation convenience and clarity in our analysis, we denote the optimal policy sequence associ-

ated with a given risk tolerance level 8 as mj.

Proposition 3.2 asserts that on any optimal trajectory, the subsequent path must be the opti-
mal solution for the subproblem starting at that juncture. In essence, for an optimal policy @* ob-
tained from Equation (3.6), the subset {n/,...,7}.} minimizes the subproblem min py (f@”(s))
for every se Sand t € T.

Building upon the recursion of U-function, the subsequent proposition delves into a detailed

investigation of the monotonic properties of U.(6, s).
Proposition 3.3. The U-function satisfies the following properties:
(a) Uy(0,s) is increasing in both t and 0.

(b) If Py <y Pj, Vi < j €S, then, under Assumption 3.1, U(6,s) is decreasing in s for any
teT and 0 € Ry.

In Proposition 3.3, it is established that the U-function exhibits an increasing trend with
respect to t, attributable to the termination effect. Additionally, it demonstrates an increasing
pattern in relation to 0, reflecting the inherent risk-averse characteristic. FSD condition ensures
that patients in better health are more likely to progress to a better health status. Together
with Assumption 3.1, we deduce that a healthier patient has a lower risk value.

In the following example, we compare the distributions of total cost from NOSP and ROSP

by using the Monte Carlo simulation with 10* samples.

Example 3.2. Consider a scenario to demonstrate the balance between risk tolerance and ex-
pected cost. Assume two states S = {1,2} and three periods T = {0,1,2}. DM must stop
treatment for all patients at period 2. The state transition probabilities are given by the matriz
P = (0,7 0.3:0.1 (),9) . The terminal cost for state 1 follows G(1) ~ N (130, 20) and for state
2, G(2) ~ N(50,5). The fized immediate continuation cost is 20. The initial state sy is 1.
We compare the performance of NOSP and ROSP with 0 = 0.1. Figure 8.1 shows the distribu-
tions of V™ and V™. The key difference between NOSP and ROSP policies occurs at period
1: NOSP only terminates treatment for those in state 2, while ROSP terminates all patients.
Figure 3.1 presents empirical distributions of V™ and V™. ROSP achieves a better risk profile
and a lighter tail in cost distribution, though it comes with a slightly higher expected cost. Specif-
ically, Ep [f/ﬂé] — 123.20 and Ep [Vﬂé} — 130.00. In terms of risk, VaRsy (f/”é) — 162.89
outperforms VaRsgq, (‘7“5> = 195.39.
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Figure 3.1: Distributions of total costs from NOSP and ROSP

3.3 Optimal risk-sensitive stopping policy

In this section, we examine the structural properties of the optimal risk-sensitive stopping policy.
To understand how risk considerations influence decisions, we then compare the policies derived
from ROSP and NOSP to identify conditions under which the risk-sensitive approach leads to
more conservative or proactive policies.

First, to analyze the optimal policy, we define a function that captures the difference between
the risk of stopping and the risk of continuing treatment, corresponding to the two terms on the

right-hand side of Equation (3.5).

Definition 3.4. (Benefit Function) We define the benefit function of continuing the treatment

as hY(s), where

Lo <é(s)) — H(s) — %log Z P(s,s")exp (6 - Up1(0, ")) if >0,

n(s) = e (37)

Ep [G(s)] = H(s) = > P(s,8)Ui11(0, ) if6=0.
s'eS
Intuitively, it is optimal to terminate the treatment if h?(s) < 0, which means there is no
benefit of continuing treatment. Building upon this understanding, the subsequent analysis will

explore the monotonicity of h?(s) in time index .

Proposition 3.4. The benefit h{(s) of continuing the treatment is decreasing in time t for all

se€S and § € Ry.

This Proposition suggests that as time ¢ increases, there are more states where the benefit

hf(s) becomes negative. Importantly, the set {s € S | h{(s) < 0} represents the collection of
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3 Risk-sensitive optimal stopping and applications in critical care

states where the optimal policy dictates termination. Therefore, as time progresses, our model

tends to adopt an increasingly “aggressive” stopping policy.

3.3.1 Structure of U-function

To derive the structural results, we rely on the following assumptions. We first introduce the

concept Monotone likelihood ratio (MLR) dominance, and then Assumption 3.2.

Definition 3.5. (Monotone Likelihood Ratio) A probability vector P; dominates P; in MLR
ordering if P(j,s2)P(i,s1) > P(i,52)P(j,51), for s1 < s2, represented as Pj >, P;.

The MLR order represents a stronger condition than FSD, such that P; >;,. P; implies P; >
P;. The concept of MLR dominance is widely utilized in dynamic programming, particularly in
partially observable MDPs. This is because it is maintained under conditional expectations and
supports the establishment of a threshold policy structure (Krishnamurthy, et al., 2018). In the
context of healthcare, this means that for a patient with a better health status (represented by a
larger s), the probability of observing improved health outcomes is consistently higher compared

to a patient in a more severe condition.

Assumption 3.2. Transition matriz P is Total positivity of order 2 (TP2). Equivalently,
P; <, Pj for any i < j. (Krishnamurthy, 2016)

Proposition 3.5. Under Assumption 3.2, assume that f is submodular over {t,t + 1} x S,
i.e., for any s; < sg € S, the inequality fi+1(s1) — fi+1(s2) > fi(s1) — fi(s2) holds. Then, for
any Z~ Py and Z; ~ P; (i< j€S), and § > 0,

po (frrr(21) = po (fe1(25)) = po (fi(Z0)) — o (f2(25)) - (3.8)

Proposition 3.5 reveals a significant link between submodular functions and the entropic risk
measure in the context of TP2 transitions. It establishes that the entropic risk measure applied to
random variables under TP2 transitions retains the submodular structure of the value function.

This insight is crucial in supporting the assertions made in Theorem 3.1.

Assumption 3.3. The function hHTfl(s) is decreasing in s € S.

Note that h | (s) = g (é(s)) — H(s) — g -log >, P(s,s') -exp <6? - g <é(s’)>> This as-
sumption implies that as a patient’s health status improves (i.e., as s increases), the incremental
benefit from an extra period of treatment prior to stopping decreases. It ensures that for any

81<32€S,

max{O, h%fl(sl)} = UT(Q, 81) — UT,1(9, 81) Z UT(G, 82) — UT,1(9, 82) = maX{O, hg—vil(SQ)},
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3.3 Optimal risk-sensitive stopping policy

thus affirming submodularity at the beginning of backward recursion. With these assumptions

in place, we can proceed to elucidate the characteristics of the optimal policy’s structure.
Theorem 3.1 (Optimal Threshold Policy). Under Assumptions 3.2 and 3.3, we have:

1. There exists an optimal threshold s;@ such that we stop the treatment if sy € Rtl’(, ={s>
5;0} and continue the treatment if sy € R?,e ={s< 5;9} at epoch t € T. In addition, for
allt € T\{T}, we have R?—&-lﬁ C Rge and Rgﬂ C R%—H,e'

2. Uy(0,s) is submodular in T x S.

Theorem 3.1 establishes the existence of a threshold structure within the optimal policy of
ROSP. It delineates that for any given # > 0, the designated termination region R%ﬂ progres-
sively expands with the increase in time ¢. Furthermore, the property of an optimal threshold
is, in fact, equivalent to the condition that for any ¢ < T, the utility function Uy (0, s) is submod-
ular over {¢,T} x §. The second point of the theorem asserts a more potent result, indicating
that this submodularity extends over the entire space 7 x §. This fundamental insight into the
submodularity property provides a cornerstone for understanding the structural attributes of

the U-function.

Remark 3.2. While part 1 of Theorem 3.1 has a similar structure as Theorem EC.1 in Cheng,
et al. (2024), the proof of Theorem 3.1 follows a distinct approach. The primary challenge
arises from the fact that the exponential component is not linearly separable. Unlike NOSP,
which relies on the assumption of first-order stochastic dominance, our results require a stronger

condition—specifically, the TP2 property or, at a minimum, the reverse hazard rate order.

Remark 3.3. Although Assumptions 3.2 and 3.3 provide sufficient conditions for the theorem’s
conclustons, they are not strictly necessary. Notably, the threshold structure persists even in
cases where the transition matriz does not satisfy TP2. For example, in the extubation decision
problem (Section 3.5.1), the transition matriz (3.12) does not exhibit the TP2 property, yet the

threshold structure remains evident, as illustrated in Figure 3.2.

3.3.2 ROSP v.s. NOSP

In our following analysis, we theoretically contrast the optimal policies derived from the ROSP
and the nominal optimal stopping models. The divergence in these policies mainly stems from
how they balance the uncertainty in terminal costs against the unpredictability in the progression
of health conditions.

We begin by examining a scenario where the terminal cost is deterministic.

Theorem 3.2 (Proactive Policy). In cases where the terminal cost is deterministic, signified by

G(s), the ROSP model’s optimal treatment policy will be more proactive in stopping treatment
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3 Risk-sensitive optimal stopping and applications in critical care

compared to that of the NOSP model. Furthermore, the treatment policy is even more proactive

as 0 increases.

In this scenario, the risk associated with the termination decision is eliminated due to the
deterministic nature of G(s). However, the system retains inherent risks due to the stochastic
nature of health state transitions. As a result, the ROSP model opts for a more assertive
stopping policy to mitigate the overall risk.

Next, we explore the case when the optimal policy of ROSP is more conservative. The optimal
policy dictates ceasing treatment if h?(s) < 0 and continuing otherwise. We say that the policy
of ROSP is more conservative than NOSP at time ¢, if Rg,o C Rge, where Rg@ = {s|hf(s) > 0}.

Theorem 3.3 presents a condition such that ROSP consistently adopts more conservative actions.

To establish the proof of the theorem, we first present the following lemma.

Lemma 3.1. For any 0 <t <T — 2, we have
h{(s) = hii1(s) = > P(s,s) (~Upa(6,8) + Upr2(6, ) .
s'eS

The following theorem builds on Lemma 3.1, using the recursive structure of the value function.

Theorem 3.3 (Conservative Policy). If h% | (s) > h3_,(s) for any s € R870, i-e.,

- 1 _ - -
o (G(s)) = 5 log (Z P(s,s') exp (g (G(s')))) > Bp |G(s)| = Y Pls,)Ez | G()]
s'eS s'eS
then the optimal treatment policy for the ROSP will be more conservative than the optimal

treatment policy for the NOSP.

This theorem presents a sufficient condition such that the policy for ROSP is always more
conservative than NOSP. It is possible that the optimal policy for ROSP spans a spectrum
from conservative to aggressive actions, which is in general difficult to analyze. In the following
analysis, we consider a simplified case when the policy for NOSP is temporally homogeneous

except the final period, i.e., R870 = R?,O, ey = ROT—l,o-

Corollary 3.1. Ing,o = ROT_l o, then there are three scenarios of ROSP policies in comparison
to NOSP: a more aggressive policy, a more conservative policy, or a policy that transitions from

conservative to aggressive.

This result is a quick application of Theorem 3.1.
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3.4 ROSP with predicted states

3.4 ROSP with predicted states

We expand the ROSP model in this section to integrate predictive information regarding pa-
tients’ future health conditions. In our enhanced model, DMs, such as clinicians, can utilize both
current and predictive information about patients. This allows DMs to be aware not only of the
present state s, but also of a forecasted patient class for the next epoch, denoted as ;11 € S.
Consequently, our model features an expanded state space, represented as S x S. As the state
space is extended, the transition probability is defined from state (s¢, $¢4+1) t0 (S¢+1, St+2). In the
field of machine learning, specifically the classification problem, the confusion matrix is widely
used to evaluate the performance of predictive models. For example, the DM can use historical
classification results to estimate a confusion matrix Q. Each element of the misclassification
matrix Q(i,j) = P(§ = j|s = i) represents the probability that a patient transitioning to class i
at the next epoch is predicted to transition to class 7 when the prediction is made at the current
epoch. The diagonal components of Q denote the accuracy of the predictive model. If the pre-
diction is perfect, Q is an identity matrix. Using Bayes’ rule, given the current state (s¢, S¢+1),
the probability that the actual state at the next epoch is
P(st, 5141)Q(St41, 81+1)

q(stt1lst, $e41) = = ;

Q(5¢, 8¢41)

where Q(St,§t+1) = ZSt+1ES P(st,8t+1)Q(S¢+1, 8¢+1), and the vector g can be interpreted as
a belief vector of the DM on the next period’s state given predicted class S;y1. Then, the

corresponding transition probability is defined as
P(st41, Se42] 56, 8e41) = q(se41]58, 8041) Q(5e41, e42)- (3.9)
We use UF (0, st,5:11) to denote the optimal U function of ROSP with predicted future

states (ROSP-P). Then the new optimality equation can be expressed as: for any t € T\{T'},

UFP(0,s¢,8t41) =

min { Ep [G(St)} CH(s)+ > Plsiprs Suralse 8i01) - UL (0, 8041, 8042) 5 i 0 =0,
St4+1,8t42€8
- 1 .
min < po(G(se)), H(st) + g log Z P(st+1, St42|5¢, .§t+1)@9'Uf+1(975t+1’5t+2) , else.

St+1,5t+2€S

The formulation in the final period is UX (6, st, 8711) = e (G’(ST)) for all (sp,874+1) € S x S.
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3 Risk-sensitive optimal stopping and applications in critical care

In order to compare ROSP and ROSP-P, we first calculate the expected optimal U function
in the ROSP-P model,

> QCst,5641)U (0, 51, 8141) 0 =0,
_ §41€8
OF(0,50) = '° (3.10)
log Z (8¢, S14+1) €xp (9 Ut (0, st,3t+1)) 6 > 0.
St+1€S

If we have an initial distribution pg, the expected outcome can be calculated via

logZpo s)exp (6 - ok, s))
seS

Then, we can derive the following result.

Proposition 3.6. The optimal policy of ROSP-P consistently outperforms the one of ROSP,
e., UP(0,s1) < U0, s), for any 6 € [0,+00), t €T and s; € S.

Proposition 3.6 suggests that any predictive information (even if inaccurate) is valuable for
our ROSP model. That is, for any patient state s, the risk measure of cost under the optimal
policy of the model with predictive information is not higher than that under the optimal policy
of the model without predictive information. This result is based on the fact that the action
can be taken on the extended state space with the predicted state, and the true misclassification

matrix Q is known to the DM.

We next proceed to analyze the structure of the utility function in our ROSP model with
predictive information. To establish the desired results, we introduce the following assumption

regarding the misclassification matrix.
Assumption 3.4. The misclassification matriz Q is TP2.

Under this assumption, and given that the transition matrix P is also TP2, the product matrix
Q = P - Q inherits the TP2 property. This preservation of the TP2 property under matrix
multiplication is a well-established result in the literature (see, for example, Lemma 10.5.2 in
Krishnamurthy (2016)). Leveraging this property, we derive the structure of the utility function
UF(0,5¢,3¢41).

Proposition 3.7. Under Assumptions 3.1, 3.2 and 8.4, the value function UF (0,5, 8111) is

decreasing in s; and Si41 for anyt € T and 0 € R,
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In the context of ROSP-P, we can define the benefit function of continuing treatment as

follows:
17 (é(s)) - - flog Z (s',8'|s,8) exp (6 - UL (0,8 §)) if6 >0,
hP,G ~ — 8
(8, 8) . [é » L o
P (s)} — H(s Z P(s',8]s,8) U, (6,5, 8) if 9 =0.
s',5'eS
(3.11)

Similarly, we stop the treatment if htp’g(s, 3) < 0. Based on Proposition 3.7, we can elucidate

the characteristics of the optimal policy’s structure.
Proposition 3.8. Under Assumptions 3.1, 3.2 and 3.4, we have the following two statements:
1. The benefit hf’e(s7 3) of continuing the treatment is increasing in §.

2. At each epoch t € T, there exists an optimal switching curve s; — Tf(st) that partitions

the state space S? into two subsets w.r.t. termination and continuation, i.e.,

1 5<7l(s),
ay(s,8) = '
0 §>7(s)

Proposition 3.8 establishes the threshold structure within the optimal policy of ROSP-P. Such

kind of switching curves are visually illustrated in Figure 3.4.

3.5 Case studies

In this section, we investigate the performance of our algorithms, ROSP and ROSP-P, in different

settings.

3.5.1 Extubation decision

Within critical care context, the decision-making process for extubation of mechanically venti-
lated patients, who are unable to breathe independently, emerges as a critical challenge. Pro-
longed intubation in ICUs incurs substantial costs, impacting both patient well-being and hos-
pital resources (Barrett, et al., 2014; Halpern and Pastores, 2015). Moreover, the timing of
extubation is often regarded as a crucial metric for evaluating the quality of surgical care in
hospitals (Wong, et al., 2016).

Early extubation, while potentially reducing ventilator time for patients, carries inherent risks
of failure. Such failures may result in the need for re-intubation or the employment of alter-

native respiratory support mechanisms, particularly in instances where spontaneous respiration
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is not achieved, which is correlated with prolonged ICU durations and an elevation in mortal-
ity rates (Epstein, et al., 1997; Thille, et al., 2013). On the other hand, extended periods of
mechanical ventilation can overburden ICU resources and exacerbate unit congestion. The chal-
lenges of resource allocation, particularly concerning ventilators, were starkly highlighted during
the COVID-19 pandemic, as physicians were faced with arduous decisions regarding ventilator
allocation among critically ill patients (Cohen, et al., 2020).

To optimize extubation decisions dynamically upon the evolving health state of patients, it is
natural to apply a MDP which has seen widespread use in the healthcare domain when dealing
with dynamic and stochastic decision-making problems (Denton, et al., 2009; Chhatwal, et al.,
2010; Ayvaci, et al., 2012). The standard optimization criterion typically involves minimizing
the expected cost, which means finding a policy that minimizes the value function given the
system’s initial state. However, in many applications, there’s a preference to also minimize a
measure of risk alongside this standard criterion. This requires a criterion that accounts for the

variability induced by a given policy, due to the stochastic nature of the system.

3.5.1.1 Extubation without prediction.

Firstly, we consider a five-class (state) model (i.e., S = {1,2,3,4,5}) for extubation and use the
parameters estimated in Cheng, et al. (2024). The immediate continuation cost, denoted as H,
corresponds to the decision interval, set at a duration of 6 hours. This specific time frame is
chosen based on the practice, where medical staff assesses the condition of patients on ventilators

at 6-hour intervals to determine the appropriateness of extubation.

The transition probability is estimated as follows:

0.35 0.21 0.20 0.11 0.13
0.09 040 0.28 0.13 0.10
0.02 0.14 048 0.24 0.12]. (3.12)

N
Il

0.01 0.05 0.23 0.36 0.35
0.01 0.02 0.07 0.18 0.72

Terminal Cost. The terminal cost G(s) is determined based on the Remaining length of
stay (RLOS) following extubation. As demonstrated by Cheng, et al. (2024), the expected
RLOS for five distinct patient classes was estimated, with the results summarized in Table 3.1.
Notably, the RLOS exhibits a monotonic decrease as the state s progresses, aligning with clinical
expectations.

To further assess the performance of the model, additional distributional information is re-

quired. For this purpose, synthetic data generation methods are employed. Specifically, the
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Table 3.1: Expected RLOS Conditioned on Patient Class
Terminal Class 1 2 3 4 5
RLOS (hours) 137.8 98.2 91.1 88.6 79.0

RLOS samples are assumed to follow a Gaussian distribution, truncated to ensure non-negativity.
The standard deviations for the respective classes are set to 60, 60, 45, 40, and 30, reflecting a
decreasing trend in line with Assumption 3.1.

Comparison to NOSP. Then, we examine how our approach differs from the traditional
nominal optimal stopping problem. Unlike NOSP, which aims to minimize the expected to-
tal cost, our ROSP framework focuses on the risk measure parameterized risk tolerance 6.
For analysis, we assume an initial distribution of py = (0.5,0.5,0,0,0) and select 6 from
{0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09,0.1}. The optimal policies for both NOSP and
ROSP across various targets are depicted in Figure 3.2. According to NOSP, patients are ex-
tubated as soon as they improve to class 2 or higher, which is consistent with findings from
McConville and Kress (2012). In contrast, ROSP, which accounts for risk considerations, tends
towards a more conservative stance, opting for extubation in class 3 or above during the initial
time frames (from the initial period to period Tp). Notably, as € increases from small values,
the policy becomes increasingly conservative at the outset, reflecting a cautious approach to
early extubation. However, beyond a certain threshold, further increases in 6 leads to a more

aggressive policy, noticed in Figure 3.2 (d).

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Current State Current State Current State
(a) NOSP t =0, ...,26 (b) ROSP t =0, ..., Ty (c) ROSP t =Ty, ..., 26
25
20
15
=
10
5
]
0.00 0.02 0.04 0.06 0.08 0.10

e

(d) ROSP: Ty w.r.t. different 0

Figure 3.2: Optimal policies of NOSP and ROSP. The dark gray grid indicates extubation, i.e., a = 1,
while the light gray denotes continuation, i.e., a = 0.
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To assess the effectiveness of the proposed policies, we conducted Monte Carlo simulations,
generating N = 105 sample trajectories for each policy. This approach enabled the calcula-
tion of the total cost for each trajectory, resulting in 10% realized costs per policy, denoted by
{IV'}. We evaluated performance using two metrics: a-VaR and a-CVaR with a selected from
{0.2,0.1,0.05,0.01}. The outcomes are detailed in Table 3.2, where each column reflects out-
comes for different o values. We observed that varying the parameter 6 primarily influences
decisions in the later periods, which has a negligible impact on the final outcomes, as the results
remain consistent with two decimal places. Consequently, we report the result for ROSP with

6 = 0.02.

Table 3.2: Risk profile of NOSP and ROSP
]EP [V] VaRo,Q VaRo_ 1 VaR0_05 VaR0_01 CVaRo_2 CV&ROJ CVaR0_05 CV&R0.0l
NOSP | 98.99 | 143.01 168.31  190.00  231.80 175.73 196.88 215.61 252.81
ROSP | 100.13 | 134.51 154.04 170.73  202.68 159.71 175.97 190.32 218.81

The expected costs E; [f/} under NOSP and ROSP were 98.99 and 100.13, respectively. As
illustrated in the results, ROSP incurs a slight increase in expected cost (approximately 1.15%)
compared to the NOSP framework. However, the modest cost increase is accompanied by
significant improvements in risk profiles. Specifically, the ROSP framework achieves a 12.56%
reduction in VaRg 1 and a 13.45% reduction in CVaRgg:1. Furthermore, the performance of
the ROSP framework becomes more pronounced as threshold « increases. This highlights that

ROSP focuses more on controlling extreme values, making it effective in managing tail risks.

3.5.1.2 Extubation with predictive information.

To capture the state of prediction and associated errors, we utilize a misclassification matrix,
symbolized as ). This matrix serves as a counterpart to the confusion matrix in multi-class
classification problems. Each element within the misclassification matrix Q(i,7) = P(§; =
jls¢ = i) signifies the likelihood of a patient from class i being erroneously predicted as class
j. The probabilities of correctly predicting each class of patients are reflected in the diagonal
elements of @, akin to the sensitivity and specificity measures in a binary classification matrix.
In an ideal scenario of perfect prediction accuracy, @ would be an identity matrix. Presented

below is the out-of-sample misclassification matrix Q as derived from a predictive model:

0.60 0.08 0.17 0.15 0.00
0.10 0.60 0.16 0.09 0.05
0.01 0.09 0.61 021 0.08 |- (3.13)
0.00 0.02 0.31 0.53 0.14

&>
Il

0.00 0.01 0.11 0.28 0.60
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For ROSP-P, we select 6 from the set {0.005,0.01,0.015,0.02,0.025,0.3}. The optimal policies
for NOSP with predicted future states (NOSP-P) and ROSP-P with 6 = 0.02 are illustrated in
Figures 3.3 and 3.4, respectively, while the optimal policies under other values of 6 are provided
in Appendix A.6. These figures depict the optimal policy at each decision period, contingent
on both the current patient class and predicted future classes. The incorporation of prediction
information enhances the precision of the extubation strategy by extending the state space.

A notable observation is that decision-making becomes more aggressive as time t progresses,
a phenomenon driven by the terminal effect. The results for NOSP-P, as shown in Figure 3.3,
align with those reported in Cheng, et al. (2024). In contrast, ROSP-P, which incorporates
risk information, exhibits a more conservative policy compared to NOSP-P, consistent with the
findings in Section 3.5.1.1. Specifically, ROSP-P adopts a more cautious approach in the initial
periods to assess treatment efficacy. For instance, decision-makers retain patients in classes (3,
4) for an extended duration when ¢ < 17, and similarly, patients in classes (2, 1) are retained
longer when ¢t < 23.

Varying the parameter 6 reveals different levels of conservativeness, with policies becoming
increasingly conservative as 6 increases. For example, when 8 = 0.005, ROSP-P recommends
a continuation strategy for class 2 patients predicted to transition to class 3 at epochs 24 and
25. Additionally, it suggests extending treatment for one additional period for patients in states
(2,3), (2,4), and (3,5) at epoch 26. Compared to NOSP-P, this results in ROSP-P altering its
policy actions at a total of 5 nodes within the tuple (s, $¢4+1,t). As 6 increases to 0.015, policy
modifications occur at 53 nodes. With ¢ = 0.02, ROSP-P opts to continue treatment for all
class 2 patients through epochs 0 to 23 and for class 3 patients predicted to progress to class 4
during epochs 0 to 17, in contrast to the policy of NOSP-P. At epochs 24 and 25, continuation is
recommended for class 2 patients predicted to transition to classes 2 or 3, while at epoch 26, an
additional period of therapy is advocated for patients in states (2,3), (2,4), and (3,5). Overall,
this leads to a total of 55 nodes at which ROSP-P diverges from the NOSP-P policy. Further
increasing € to 0.025 and 0.03 results in policy modifications at 73 and 78 nodes, respectively,

demonstrating a clear trend toward greater conservativeness with higher values of 6.

3

2
2
2

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
Current State Current State Current State

(a) t=0,..,23 (b) t = 24,25 (c) t =26

Predicted State
Predicted State
Predicted State

Figure 3.3: Optimal policy of NOSP-P. The dark gray grid indicates extubation, i.e., a = 1, while the
light gray denotes continuation, i.e., a = 0.
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1

Figure 3.4: Optimal policy of ROSP-P given 6§ = 0.02. The dark gray grid indicates extubation, i.e., a =
1, while the light gray denotes continuation, i.e., a = 0.

Lastly, we utilize Monte Carlo simulations to generate 10% samples to evaluate the performance
of NOSP-P and ROSP-P. In this numerical case study, distinct policies emerge for different
target values, attributable to the refined extubation strategy within the expanded state space.
The expected total costs under varying parameters 6 are 98.09,100.07,and 100.70. Note that
ROSP-P sacrifices greater expected outcome for improved risk profile as 6 increases. This is
paralleled by an increasingly conservative extubation strategy. Then we compute VaR and

CVaR in Table 3.3.

Table 3.3: Risk profile of NOSP-P and ROSP-P

EI@’ [V] VaRo,g VaRo, 1 VaR0,05 VaR().(]l CV&RO.Q CV&RO. 1 CVaR0,05 CV&R0.0l
NOSP-P 98.09 | 134.87 157.02 176.67  216.59 164.25 183.56 201.23 238.01
ROSP-P
0 =0.005| 98.09 | 134.91 156.98 176.60 216.54 164.22 183.51 201.18 238.06
f=0.01 | 100.07 | 133.31 152.46  168.97  201.08 158.18 174.30 188.67 217.50
6 =0.015 | 100.07 | 133.31 152.46  168.97  201.08 158.18 174.30 188.67 217.50
6 =0.02 | 100.70 | 133.26 152.02  168.28  200.04 157.71 173.58 187.80 216.53
60 =0.025 | 100.70 | 133.26 152.02  168.28  200.04 157.71 173.58 187.80 216.53
#=0.03 | 100.70 | 133.26 152.02  168.28  200.04 157.71 173.58 187.80 216.53

The empirical observations align coherently with the analytical findings presented in Propo-
sition 3.6. When benchmarked against their respective standard NOSP and ROSP frameworks,
both NOSP-P and ROSP-P demonstrate superior performance. This enhanced efficacy is ev-
ident across key metrics, including violation probabilities and conditional expected shortages,
and can be attributed to the incorporation of predictive information.

A comparative analysis between NOSP-P and ROSP-P reveals that as the risk parameter 6
increases, ROSP-P achieves a more favorable risk profile, albeit with a marginal increase in ex-
pected costs. Specifically, when comparing NOSP-P and ROSP-P with 8 = 0.005, the difference
in performance is negligible. However, as 6 is increased to 0.01, a significant improvement in risk
management is observed. Further increases in 6 intensify the magnitude of this improvement.
Notably, the policy undergoes major modifications in the later periods, resulting in negligi-
ble changes to the distributions of total costs. These findings reaffirm the previously observed
trade-off between expected performance and risk profile, consistent with the behavior observed

in models without predictive information.

34



3.5 Case studies

3.5.2 Discharge decision with readmissions

To further evaluate the performance of the ROSP model, we conducted experiments using the
MIMIC-IV database (Johnson, et al., 2020). Our study focuses on the discharge decision in
the Medical Intensive Care Unit (MICU) and studies the trade-off between current workload
and readmission risk. Detailed descriptions of clinical and demographic variables we use from
MIMIC-IV , as well as parameter estimation process, are provided in Appendix A.5. We model
the sequential organ failure assessment (SOFA) score as the state variable with an additional
state to indicate the in-ICU death.

Problem settings. In our study, physicians assess a patient’s condition every 12 hours to
determine discharge decisions, which may involve transfers to the general ward (or step-down
units). The maximum duration 7" is set as 27 (13.5 days), while long-stayers are not the focus
of this study. In our dataset, only 4.70% of patients has LOS in MICU exceeding 13.5 days.
Due to the limited availability of data for high SOFA scores (see Figure A.5 in Appendix A.5),
we aggregate all observations with SOFA scores > 16 into a single state. The terminal cost is
modeled as the weighted total cost of mortality and readmission workload costs, formulated as

follows:

G(S) = Cmort * Bin(lapmort<3)) + Cre - Bin(Lpre(S)) : LOQ—N(NT, 0'1%)7

where pp,ort(s) and pre(s) represent the 30-day mortality rate and readmission rate, respectively,
for patients discharged in state s. We set ¢port = 50 and ¢ = 10 for this numerical study,
while the cost of the first admission is two unit costs per day, i.e., H(s) = 1. Using readmitted
patient data from MIMIC-IV ;| we estimate the parameters for readmitted LOS as u,, = 0.87 and
o, = 1.05. We further truncate the distribution on [0.1, 13.95], where 13.95 is the 95th quantile
of readmitted LOS distribution. This truncated Log-normal distribution ensures tractability.
The remaining parameters are estimated using MIMIC-IV data and the procedure is discussed
in Appendix A.5. The initial state distribution assumes that patients are uniformly distributed

across states 10 to 16+.

Table 3.4: States for which discharge decision is optimal in NOSP and ROSP

t 0 1-9 10-13 14-17 18and 19 20 2123 24 25 26
NOSP 09 09 09 09 0-10  0-10 0-10 0-10 0-11  0-11,15
ROSP, #=0.05 | 06 06 07 07 0-7 08 08 08 09 09,15
ROSP,0=0.1 |07 08 08 09 0-9 0-9 0-10 0-11 0-11 0-12,14,15

Results. We compare the results between NOSP and ROSP to explore the insights into the
effect of risk on hospital discharge decisions. ROSP conducts more conservative policies, partic-
ularly in the early decision periods. Compared to policies with 8 = 0.05, policies with § = 0.1

exhibit more aggressive policies, especially in later periods. Using Monte-Carlo simulation with
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Table 3.5: Risk profile of total cost of discharge problem

]E]f,, [V] VaRo. 1 VaR0‘05 VaR(),()l CVaRo.l CVaR0‘05 CVaR(]Ql
NOSP 31.33 63 81.05 92.29 73.53 95.21 104.34
ROSP, 6 =0.05 | 31.76 64 76 84.87 71.89 88.49 98.82
ROSP, 6 =0.1 32.06 64 76 83.42 71.56 87.53 97.70

105 samples, we evaluate the risk profile, including VaR and CVaR, as summarized in Table 3.5.
The results demonstrate that the ROSP model provides superior control over tail distributions,
effectively mitigating the risk of high-cost outcomes, which typically correspond to patient mor-
tality. As the risk sensitivity parameter 6 increases, the ROSP model achieves better risk control

at the expense of slightly degraded expected performance.

3.6 Conclusion

Our research studies a novel risk measure-based framework within a finite-horizon discrete-time
Markov chain, specifically designed to address medical optimal stopping problems through the
lens of risk trade-offs. Central to our methodology is the incorporation of an additional dimen-
sion: the risk tolerance level (denoted by #), which is absent in nominal MDP approaches that
overlook risk profiles. We present two models, ROSP and ROSP-P, where ROSP-P incorporates
the predictive information.

To investigate the impact on risk profiles, we analyze the policy structure of our risk-aware
models. We showcase the submodularity of the utility function and the threshold structure
of the optimal policies under some mild conditions. Subsequently, we compare the policies
between NOSP and ROSP, demonstrating the conditions under which our models suggest more
aggressive or conservative policies. We identify three possible scenarios of optimal strategies in
a special case. The findings reveal a nuanced trade-off between stopping and continuing risks in
healthcare decision-making.

To validate the proposed framework, we apply our models, ROSP and ROSP-P, to two stop-
ping problems in ICUs. Through extensive numerical experiments across various settings, the
results demonstrate significant improvements in risk profiles, such as VaR and CVaR, compared
to NOSP (and NOSP-P, respectively). Consequently, the proposed policies achieve superior risk
profiles with only a marginal loss in expected performance.

Our research can be extended in several directions. First, while our analysis of structural prop-
erties focuses on a one-dimensional state space, future work could explore higher-dimensional
state spaces, where the state space may exhibit a partial order with respect to cost functions
rather than a total order. Second, this paper examines risk-sensitive MDPs in the context of

optimal stopping for medical treatment. In practice, numerous decisions arise during therapy
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3.6 Conclusion

procedures. Investigating risk-sensitive MDPs across a broader spectrum of discrete decision-
making scenarios in therapy could yield valuable insights.

In conclusion, this study advances the field of healthcare analytics by providing a deeper
understanding of risk management in patient care decisions. It opens avenues for future research
to explore other aspects of healthcare management using similar decision process frameworks,

with potential applications extending to public health and medical resource allocation.
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Appendix

A.1 Proofs

Proof of Proposition 3.2

Proof. Consider an arbitrary policy ® = (mg,---,mr—1) where m; maps s; to action a; for

t=0,---,T—1.
Accordingly, the risk-to-go of an arbitrary policy 7 can be expressed recursively as

149 (é(s)) if m(0,s) =1,

U™ (0,s) =
£(6:5) H(s) + élogz P(s,s") -exp (6 - U (0,5") if m(6,s) =0.

The principle of optimality is equivalent to the following two statements:

1. The deterministic Markovian policy * obtained via the stochastic dynamic programming

recursion Equation (Eq.)(3.6) is optimal in the sense of Eq.(3.4).

2. Conversely, the optimal risk-to-go, i.e., ming U (0, s), satisfies the optimal dynamic pro-

gramming recursion Eq.(3.6).

Then, we prove these two statements.

Statement 1: To establish statement 1, we show by backward induction for ¢t =T, ...,0 that

UF(6,s) > U6, s) with equality achieved at w = 7w* where 7* is obtained via Eq.(3.6).
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When t =T, pg <‘77’f(s)> = lp (é(s)) = Ur(6,s). Assume that ug(V;%,(s)) > Upt1(s), Vs €
S, for some t + 1, then

) 1o (é(s)) if (6, 5) = 1,

Ho (V; (8)) N + %logZP(s, s') - exp (9 - g (ﬁiﬂs'))) if m(0,s) = 0.
Lo (@(3)) if m(0,s) =1,
= logZP (s,5) -exp (0 - Up1(0,5")) if m(6,s) = 0.

> min { ig(Gs)), H(s) + 5 log 3 Pls,ser1) -exp (6 Ura(6,5011)

St+1

= Ut(g, 8).

By mathematical induction, we prove that py (VJ"(S)) > Uy(0, s), which implies min g (%"(s)) >
T

*

Uo(0,s). The equality holds when @ = «*. In this regard, 7* is the optimal solution of Eq.

(3.4).

Statement 2: Define U (0,s) = ming U7 (0,s). We need to show that Uj(0,s) satisfies

Bellman’s equation, i.e.,
U (0, s) = min {,ug <G~’(S)) logZP s,s')exp (6-Uf1(0,s ))} (A.14)

To prove statement 2, we first show that the Left hand side (LHS) of Eq. (A.14) is greater
than the Right hand side (RHS).

U (0. 5) = min { g (V7"(s)) |
— min {Mg(é(s)), min {H(s) + % log Z P(s, ') - exp (9 . g (ml(s’))) }}
> min {uo (G()) H(s) + élogZ P(s,s') - exp (e min g (%’(s»)) } )
_ min{ug (é(s)) logZP 5,) - exp (0- Uf,y (6, s))}

On the other hand, we need to prove the LHS is greater than the LHS. Suppose 7}, = (7}, 77,4, ...
is the optimal solution of Uj. Let @y, = (my, 7} q,...,mp_;), Where the policy 7 is arbitrary.

According to the definition of 7*,

o (V7(5)) < o (V7(s)) (A.16)
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As m; is arbitrary, we take a minimization on the LHS.

Ui0,s) < min{,ug (G(s)) logZP s,8')-exp (6 - Ufy (6, s))} (A.17)

Thus, we complete the proof of Proposition 3.2.

Proof of Proposition 3.3

Proof. (a) First, we use the properties of Entropic risk measure (Appendix A.2) to show that

Ui(0, s) is increasing in 6. For any ; < 6 and t € T, s € S,

U03.5) = oy (V7 (9)) = o, (V7(5)) = minpig, (V7 (5)) = Uil01.9),

where the first inequality is due to the monotonicity in 6 and the second inequality is due to
the definition of optimal risk-to-go. Then, we use the induction to prove the monotonicity in ¢.

Whent =T —1,

Ur—_1(0,s) = min {ug (é(s)) JH(s) + %log (Z P(s,s") exp (6 - Ur(9, s’))) } < Ur(0,s).

s'eS

Assume that U(6,s) < Ui1(6,s), Vs € S. Considering the decision period ¢ — 1, we could have

Ut_1(0, 8)

= min {,ug(é(s)), H(s) + % -log Z P(s,s') - exp (6 - Uy(0, s’))}

s'eS

< min {ug(é(s)), H(s) + % -log Z P(s,s") - exp (0 - Upp1 (6, s'))}

s'eS

= Ut(9, S)

By mathematical induction, we prove the monotonicity in ¢.

(b) When t =T, Ur(0,s) = g (G’ (ST)>, which is decreasing in sp according to Assumption
3.1. Then, we use the induction to prove part (b). Assume that in the time epoch ¢ + 1,
Ui1(0, sp41) is decreasing in sq41.

Then, in the decision epoch t, we could have

U(0, 51) = min  pg (G(St)>> H(st) +* log Y P(st,se41) - exp (6 Uppa (6, s111))

St+1E€S
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Then due to the first-order stochastic dominance and the decreasing assumption of exp (6 - (U+1(6, 8'))),

we have log> .~ P(st,St41)-exp (0 Upr1(60, si+1)) is decreasing in s;.  Since the first term

St+1
149 (G(st)> and the element H(s;) are also decreasing in s;, we get Uy(0, s;) is decreasing in sy,

which completes the proof. O

Proof of Proposition 3.4

Proof. Proposition 3.3 shows that Uy(0,s) < Up41(0,s), for any s € S, t € T\{T'}. Based on
this, we can have that for any t € T\{T'},

~ 1
0
B(s) = o (G(s)) = H(s) = 5 ogZP 5,8) - exp (0 Up1 (6, )
> g (G(s)) 1 ogZP (s,8') - exp (6 Up2(0, "))
- 0
= hi1(s).
Therefore, we complete the proof for proposition 3.4. O

Proof of Proposition 3.5

Proof. This is a quick result based on Theorem 1.C.20. from Shaked and Shanthikumar (2007):

Let © and gy be independent random variables. Then & <;,. ¢ if, and only if|

(b(j? g) Sst ¢(g7 'i)

for any ¢ € G, := {¢ : R? = R : ¢(z,y) < ¢(y, ) whenever x < y}.

Notice Eq. (3.8) is equivalent to

> yes P8 exp (0fir1(s) | Dyes P s") exp (0£i(s)))
ZS’ES P(j,8") exp (0 fi1(s") — ZS’GS P(j,s") exp (0f1(s'))

=Ep [exp (0f1+1(2)))] - Ep [exp (0f:(2i))] < Ep [exp (0f141(2:))] - Ep [exp (0£:(2))] -

s.t. s.t.

We define & = Z; and § = Z;, while & and  are independent. Define ¢(Z, ) = exp (0 (%) + 0 fi+1(9)),

where

o(z,y) < ¢y, x)
<> exp (0ft(x) + 0fi11(y)) < exp (0fi(y) + 0 frv1(x))
= fi(z) — fily) < frra1(z) = frra(y)
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The last line holds Vx < y due to the submodularity of f;. Consequently, we can use Theorem

1.C.20 to prove Eq. (3.8). O

Proof of Theorem 3.1

Proof. 1. Define g4(0, s¢) = Uy(0, s¢) — 1o (G’(st)) The optimal policy dictates ceasing treatment
if g:(6, st) = 0 and continuing otherwise. Then, according to the backward recursion of U:(6, s¢),

we can establish the corresponding recursion of ¢¢(0, s): for any t € T /{T'},

g¢(0,s) = min {O,H(s) + %log (Z P(s,s') exp (0- (9t+1(973/) + g (é(s’))>>> — 1 (é(s))} .

We use mathematical induction to prove that g;(6, s) is increasing in s, which implies the thresh-

old structure of the policy. gr(f,s) = 0. Based on Assumption 3.3,

gr—1(0,s) = min {0, H(s) + %log (Z P(s,s')exp (9 - g (G(s')))) — g (G(s))}

is increasing in s. Then, assume the statement holds for ¢ = k. Consider t = k£ — 1. The key

idea is to prove that: for any s > s,

S Plsss') exp (096(0,5) +0p0 (G(5)) ) S Pls ") exp (010 (G()))

2o Pt ) exp (ng(Q,s’) + 01 (é(sl)» - Y, P(st s exp <9M9 <@(s’))) (4.18)

The proof is based on Theorem 1.B.48. from Shaked and Shanthikumar (2007). Notably, MRL

order implies the reserve hazard rate order, i.e., T <, 7 = T <, U.

Theorem 1.B.48: Let  and ¢ be two independent random variables. Then z <, g if, and
only if|
Ep [¢1(2,9)] < Ep [¢2(Z, §)]

for all ¢1 and ¢o which satisfy that, for each y, A¢ai(z,y) decreases in x on {z < y}; and
AQZ)ZI("E?y) Z 7A¢21(y,$> whenever z S Y, where A¢21($7y) = ¢2(x7y) - (jSl(fE,y)
d1(w,y) = exp (010 (G(y)) + 094(6,2) + 010 (Gi()) )

dale.y) = exp (0o (G () +09(0,9) + 0o (C()) ).

Define Then

Ao (z,y) = exp (9;19 (é($)> + Qg (é(y))) - (exp (0gx(0,y)) — exp (Ogx(0,2))) ,

is decreasing in x on {r < y} based on the assumption when ¢t = k. Also, A¢oi(z,y) =

—A¢p21(y, z). These two functions satisfy the conditions of Theorem 1.B.48. Let § ~ Py, and

43



3 Risk-sensitive optimal stopping and applications in critical care

Z ~ P.. We have £ <; §. Then based on Theorem 1.B.48, we have

Ep [exp (910 (G(5)) +094(0,9)) | - Be [exp (60 (G(@)) )]
>Ep [eXp (9Ma (é(f» + 9%(9757))] -Ep [eXp (9u9 (é(ﬂ)»} :

which is equivalent to Eq. (A.18). Using Eq. (A.18), we can show that
H(s) + g log (Z P(s,s') exp (0 o (G(s)) + 0 (0, s'>)) 1 (G(5))
log (Z P(s',s") exp («9 16 (@(S’)) +6 - gi(6, S/)>> — po (G’(ST))

The second inequality is due to Assumption 3.3. Thus, gx_1(0, s) is increasing in s. By mathe-
matical induction, we prove that U(6,s) — ug (é (s)) is increasing in s for any ¢. Therefore, a

threshold structure exists.
The properties of subsets R 1.0 and Rt o are quick results according to Proposition 3.4.

2. The submodularity of U function is equivalent to that for any ¢t € T\{T}, s1 < s2 € S,
Upr1(0,81) — Ug(0,81) > Upy1(0, s2) — U(0, s2). In the following analysis, we use mathematical

induction in index ¢ to prove it. When ¢t = T — 1, it holds based on Assumption 3.3.

Assume the statement holds when ¢ > 7. Then, let us consider one period backward, t = 7—1.

We need to show that

Ur(0,51) — Ur—1(0,81) > Uz (0, s2) — Ur—1(, s2)

<:>U7-(t9, 81) — U.,-(e, 82) > UT_l(Q, 81) — UT_1(¢9, 52), (Alg)

where U (6, s1) = min {,ug (é(81)> H(s1) + 5log > cg P(s1,8) exp (6 - Urya (6, s))} Then, we

check Eq. A.19 using minimal values in different scenarios. Due to the threshold structure of

. . . . 71—:—1(9752) 77:(0752) 00 01
policies, the action matrix can take a value from , ,
wr_1(0,s1) wE(6,s1) 0 0 00
0 1 11 11 11
, , or
0 1 0 0 0 1 11
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0 0
. Assumption at ¢ = 7 guarantees the condition of Proposition 3.5, which shows

00
that

H(s1) + %logZP(sl, s)exp (0 -Ury1(0,s)) — H(s2) — %logZP(sz, s)exp (0 -Ury1(0,9))

seS SES
1 1
> H(s1) + 5log Y Plsr,5)exp (8- Ur(0, ) — H(s2) — 5108 > Plsa, s)exp (6 Ur(60,5))
0 SES 0 seS

1
. We can show that

0 0

H(s1) + 5108 3" Pls1,s)exp (0 Uria(6,5)) — o (Gls))

seS
1 1
>H(st) + 5 log 3" Ps1, ) exp (0 Uri1(6,5)) — H(sa) = 51og Y Plsz,5)exp (0 Uria (6, 9))
s€S seS
1 1
ZH(SI) + 5 log Z P(Sh 3) exXp (0 : UT(97 S)) - H(SQ) - 5 logz P(S2a 8) eXp (9 ’ UT(97 S)) ’
s€S seS

where the first inequality is due to the fact that 7% (s9) = 1, i.e.

1o(G(s2)) < H(sg) + %lOgZP(SQ, s)exp (0 -Ury1(0,9)),
seS

and in the second inequality we use the result of Proposition 3.5 again.

1
. Since we assume statements hold for any later periods (¢ > 7), we have that

01

H(sy) + %logZP(sl, s)exp (0-U;(0,s)) — H(s2) — %IOgZP(SQ, s)exp (6 -U-(0,s))

seS seS
1 1
<H(s1)+ = logZP(sl, s)exp (0 -U,11(0,s)) — H(s2) — = IOgZP(SQ, s)exp (0 -U,11(6,9))
0 s€S 0 seS

<...

<H(s1)+ élogZP(sl, s)exp (0 -Ur(0,s)) — H(s2) — %lOgZP(SQ, s)exp (0 -Ur(0,s))
seS s€S

<Ur(#, 1) = Ur(6,52) = o (Gls1)) = o (Gls2))

In the inequalities before the last line, we use both the induction assumptions and Propo-

sition 3.5. The induction assumption at time ¢ implies that Upy1(6,s1) — Ury1(0, s2) >
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U(0,51) — U(0, s2), while Proposition 3.5 demonstrates

%log (Z P(s1,s)exp (Upy1(0, s))) - %log (Z P(s2,s)exp (Upy1(0, s)))

s€S s€S
> %log (Z P(s1,s)exp (Ut(G,s))> — %log (Z P(s2,s)exp (Ut(H,s))> .
s€eS seS

Then, we can conduct such an evaluation forward until reaching the last period T'. The

last inequality is based on Assumption 3.3.

1 1
° . It holds due to the monotonicity of U function in ¢, i.e.,
0 0
1
—log Z P(s1,8)exp (0 -Ur;11(6,s)) > log Z P(s1,s)exp (0-U,(0,5)).
0
seS seS
1 1 1 1
° and are trival cases.
01 1 1
By mathematical induction, we prove that U(0, s) is submodular in 7 x S. O

Proof of Theorem 3.2

Proof. First, we have

H(s) + % -log Z P(st,5111) - exp (9 ) (‘Z:;l(st—o—l)))

St41
= H(s;) + % -log Z P(s¢, st41) €xp (9 . %log Ep [exp (0 : @:%(stﬂ))])
Se+1
= H(s) + % -log Z P(st, 8t41) :Ep [exp (9 : @:‘a(stﬂ))”
St+1
> H(sy) + % > P(st, 5141) log :E]p [GXP (9 : @151(8&1))” (A.20)
Set1
> H(st) + % . Z P(s,st4+1) :E]P’ :log [eXP (9 : ‘th—%(st—l-l))}”
St+1

= H(se) + 3 Plse,se)Ee |V (se00)]

St+1

> H(st) + Y Plses sen)Be [V (s001)]

St+1
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where the first two inequalities are based on Jensen’s inequality, and the last inequality is due

to the fact that 7 optimizes the expected cost-to-go. For the ROSP, the benefit function is

W(s0) = G(se) — H(s0) — 5 108 S Plst,sesn) -exp (8- o (VT (s41))

St+1

while for NOSP, the benefit function is

B (st) = Glsi) = H(si) = 3 Plsiysen)Be [V (s041)]
141
Then we can get that the benefit function of the ROSP is always smaller than or equal to
the benefit of the NOSP, i.e., hf(s) < h)(s),Vs € S,t € T. Consequently, {s|h?(s) < 0} C
{s|h{(s) < 0}, which implies the optimal policy of ROSP is more proactive than the optimal
policy of NOSP. It is easy to show that in this case h?(s) is decreasing w.r.t. 6. Therefore, the

optimal treatment policy of ROSP is more aggressive given a larger 6. 0

Proof of Lemma 3.1

Proof. Define a function, f(z) = $log> s P(s,s')exp (0 zy), which is known as the Log-
SumExp function. f(x) is convex in  (Boyd and Vandenberghe, 2004). We have

1 1
h?( ) — ht+1( s) = ) log Z P(s,s) exp (QUH-I(H: 5/)) + 9 log Z P(s,s") exp (9Ut+2(97 5/))
s'eS s'eS

Ut12(0,1) — Ur41(0,1)
> (Vf(U1(0,1), ..., U1 (0, 5))) T
Up2(0,5) — Uy1(0, S)

_ Z P(s,c) exp 9Ut+1(6 C)) (Ut2(0,¢) — Uy (0, C))
P(s,s") exp (0U+1(0, "))

ceS S 'eS
> Y P(s,8)(Uig2(6,s") = Upy1 (6, 5)). (A.21)
s'eS

The first inequality is due to the fact that f(z) — f(y) > Vf(y)' (x — y) since f(z) is convex.

In the following, we aim to prove the second inequality.

Considering a probability mass function P,, where

Py(c) = P(s,c)exp (0Ur41(0, c))
) >ges P(s,8) exp (0Ur41(8, 8'))’

we have the following relationship 155 <st Ps, since Upy1(0,c) is decreasing in c¢. Based on the

property of FSD and the submodularity shown in Theorem 3.1, that is Uz2(6, ¢) — Ur41(0, ¢) is
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3 Risk-sensitive optimal stopping and applications in critical care

decreasing in ¢, we prove the second inequality in (A.21). Therefore, we complete the proof of

this lemma. O

Proof of Theorem 3.3

Proof. To investigate when ROSP provides more conservative policies than NOSP does, it suf-

fices to show, for any t < T — 1,
hi(s) > hi(s), Vs € Ry . (A.22)

We use mathematical induction to prove the above statement. To do that, we require the

following additional equation to ensure the induction step.
Ui(0,s) —U1(0,s) < Ug(0,s) — Up41(0,8), Vs € S, t <T — 1. (A.23)

Based on our assumptions, we have that h%_l(s) > hY (s), Vs € R870. In the last period,

Eq. (A.23) is equivalent to

min {5 S oes P(s,s') exp (e - g (é(s’))) 1o (é(s))} ~ o (é(s)) < min {ZS,GS P(s,s)Ep [é(s')] Ep [ (5)] } ~Ep [G(s)}

<= max {hgll(s),O} > max {h%,l(s),O}

Proposition 3.4 guarantees that R%—l,o C Rg,o- Therefore, hf._,(s) > h3._;(s) = max {h9._,(s),0}
for any s € R%fw, while max {hf._;(s),0} > max {h}._,(s),0} = 0 for any s ¢ R‘%A’O. Eq.
(A.23) holds at time 7" — 1.

Assume Egs. (A.22) and (A.23) hold for any ¢ > k. Then we consider the case when ¢ = k —1.

hy_y(s) = hi(s) = Y P(s,8)(Ups(8,') = Uk(6,5)

s'eS

>3 P(s,8)(Urs1(0,8") — Uk(0,5)) (A.24)
s'eS

= hy_1(s) = hi(s),

where the first inequality is based on Lemma 3.1 and the second inequality is due to our induction
assumption. Since hY(s) > h(s), Vs € R&O, we have h{_,(s) > h}_,(s), Vs € Rg}o. Therefore,

Eq. (A.22) holds at k£ — 1. Then, we consider Eq. (A.23) at time k — 1 that is equivalent to
max{h§_(s),0} — max{h{(s),0} > max{h)_,(s),0} — max{hd(s),0}. (A.25)

For any s, we need to consider the following scenarios:
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o If hQ(s) > 0, it follows that A} ,(s) > 0 since hl(s) decreases in k. Because s € 732,0 C
R870, Eq. (A.22) at ¢t = k implies that hY_,(s) > hY(s) > h{(s) > 0. Then, based on Eq.
(A.24), we prove that Eq. (A.25).

e If h)(s) <0, h{_(s) can be either negative or positive.
— If h)_,(s) > 0, then hY_,(s) > 0. We need to consider the following two cases:

« If h9(s) > 0, Eq. (A.24) implies hY_(s) —hY(s) > h)_ (s)—hd(s) > h)_,(s)—0.
Thus, Eq. (A.25) holds.

« If hY(s) <0, Eq. (A.25) is equivalent to hY_(s)—0> RO (s)—0. As h) ,(s) >
0,se€ 732_170 C Ry Eq. (A.22) at time k — 1 shows that hY_(s) > hY_,(s).
Thus, Eq. (A.25) holds.

— If h)_,(s) <0, then max{h} ,(s),0} — max{h)(s),0} = 0. Additionally, since hf(s)
decreases in k, it follows that max{h{_,(s),0} —max{hY(s),0} > 0. Thus, Eq. (A.25)
holds.

This shows that Ug_1(6,s) — Ug(0,s) < Ur—1(0,s) — Uk(0, s). By mathematical induction, we
prove both Egs. (A.22) and (A.23), while Eq. (A.22) implies that ROSP is more conservative
than NOSP under the given condition. O

Proof of Proposition 3.6

Proof. This Proposition is proved by mathematical induction backward recursively. For simplic-
ity, we omit the arguments for the expectation, i.e. § = 0. The detail can be found in Cheng,

et al. (2024). First, when t =T,

_ 1 ~ . A
UF (0, 57) = 5log Y Q(sr.8)exp (0 UF (6, 57, 9))
SeS

= %logZQ(STa 8) exp (9 e (é(ST)))

3eS

= pg (é(sﬂ) :

Thus, the statement holds at time T, i.e., UL(0,s7) < Ur(0,s7), Vsr € S. Assume the

statement is true for epoch ¢ + 1, i.e., Uﬁrl(@, St41) < Upt1(0, S¢41), Vsi+1 € S. For epoch t, we
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3 Risk-sensitive optimal stopping and applications in critical care

have

Ui(0,51) = min {Me (G(St)> , H(st) + %logZP(st, s)exp (0 - Up1(0, 3))}

seS

v

min {,ug (G(st)> ,H(se) + %logZP(st, s)exp (6 - Uk (0, 8))}

seS

min {/,Lg (@(sﬁ) ,H(sy) + % logz P(st, ) Z Q(s, 8) exp (6- Ut]-DH(Q, s, é))}

seS 3eS

= min § /g (é(st)) log D Qs 8er1) Y alsls, 8e01) Y Qs, 8) exp (6 UL, (6,

814168 seS ses
1
> EIOgAZ Q(st, 8141)
3t+1€'s
exp | 6 - min ¢ pg (@(st)), log Z s|st. 841)Q(s, 8) exp (0 - UfL1(0, 5, 8))
s,5€S
108; Z (st $e1) exp (0 - U (0, 51, 8441))
st+165
=U[ (0, ).

The first inequality is a result of the induction assumption, and Jensen’s inequality is applied
to the minimum in the second inequality. The first line and the seventh line use the optimality
equation. The last line follows from the definition of U/ (6, s;). Thus, by mathematical induction,

Proposition 3.6 holds. O

Proof of Proposition 3.7

Proof. Proof. We prove the monotonicity of UF (6, s¢, 3;41) using mathematical induction. The

proof relies on the following lemma about the conditional transition matrices.

Lemma A.2. The conditional transition matrices [q(s¢+1|st, §t+1)]5t+1 ses and

[q(st415¢, 8141)] . are TP2.

5¢41,5¢+1E€S

Proof. Proof. of Lemma A.2 By definition, the conditional transition probability is:

P(s,5111)Q(St41,5¢41)

> ses P(st,8)Q(s, 5141)

q(st+1]8¢, 8t41) =
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We first prove the TP2 property for the first matrix. According to the definition of TP2, it is

equivalent to showcasing the second minor is non-negative, i.e., Vs; 11 < SI 41,8t < SI,

s T T s T s T
q(st+118t, 86+1)q(814 11815 St41) — a(844115¢, Se41)q(Se411815 St41)
P(St,st+1)Q(8t+1,§z+1)P(SI,SI+1)Q(8L1,§t+1) P(SmSIH)Q(SIH,§t+1)P(SI,St+1)Q(St+17§t+1)

= . . + - = (A.26)

Q(St,§t+l)Q(3I7§t+1) Q(st,§t+l)Q(sI7§t+1)

Q(st41,8611)Q(s), 1,5141) LN N T f
SO sy LSt stt1)Plspy510) = Plsiy se41)P(st 5114)) 2 0.

The last inequality is based on the fact that P is TP2. Then, we consider the second matrix.

According to the definition TP2, it is equivalent to consider the second minor such that Vs, 41 <

T s N
Spa1s St+1 < Sy,

° T of T A Al
q(st11st, 3t+1)¢](3t+1’3t7 St+1) - Q(5t+1\8t7 8t4+1)q(st+1]5t, St+1)
P(8t75t+1)Q(5~t+17§t+1)1f(5t751+1)Q(51+175I+1) + P(StvSIH)Q(S}Hv§t+1)]?(StvstlﬂLl)Q(SHlvéIH)
Q(st,5141)Q(51,5] 1) Q(st,8t41)Q (5,81 1)

P(St,StJr]),P(St,ST ) . + K t R .
= Q(St,ﬁtﬂ)@(si,ﬁf:) (Q(St-l-lv 3t+1)Q(3t+17 3t+1) - Q(St+17 5t+1>Q(3t+1: 3t+1)) > 0.

(A.27)

The last inequality is based on the fact that Q is TP2. Therefore, we prove both two conditional

transition matrices are TP2. O

Then, we use backward induction on t to prove the monotonicity of UF (6, s, 8;+1). Recall

that for any t € T\{T'} and 6 > 0, the Bellman recursion for ROSP-P is:

. . ~ . . p 5
UF(0,51,8011) = mm{ 116(G(st)), H(st) + %log ZSt+1,§t+2€$P(St+l, St4+2 | Sty 8t41) ef Ut+1(07st+175t+2)},

where P(s¢11,5t12 | 5¢,8¢41) = q(se41 | 8¢, 8¢41) Q(S¢41, 8¢42). For 6 = 0, the exponential term
reduces to an expectation, but the proof is analogous. In the following, we focus on the case

where 6 > 0.

Step 1 (Base Case). At t =T,

Ur (9, s7,874+1) = po(G(s7)).

By Assumption 3.1, if 51 > s9, then G(s1) <y G(s2) and hence pg (é(sl)) < L (G(SQ)) for all

0 > 0. Thus, for any s; < sy and §; < §a,
U¥(9781,§T+1) > U$(9,82,§T+1) and UIE(Q,ST,§1) = UQE(Q,ST,gg)

Therefore, U;(G, -,+) is decreasing in s and S747.
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3 Risk-sensitive optimal stopping and applications in critical care

Step 2 (Inductive Step). Consider the time ¢ and assume U}, (0, si41, 8142) is decreasing in
St4+1, St+2. We next show UtP (0, st, 5141) is also decreasing in s¢, $;+1. We consider the two terms

within minimization operator:

e Monotonicity of termination cost. By Assumption 3.1, uyg (G (5)) is decreasing in s.

e Monotonicity of continuation cost. By Assumption 3.1, H(s) is decreasing in s.

Define

. 1 . . .
Plss, §t41] = Elog Z P(st41, St42 ‘ Sty St41) exp(9 Utljr1(975t+1,8t+2))-
St41,8t42
We wish to show ®[s¢, §;41] is nonincreasing in s; and §;41. Since U}, (6, -, ) is decreasing
in its state and predicted state by the induction hypothesis, we need the transition kernel

IP’(stH, St+2 ‘ St, §t+1) to preserve this monotonic relationship in the log-sum-exp operator.

Observe that

P(St+1, St42 ‘ St §t+1) = q(se41 | 8¢, 8641) Q(St+17§t+2)a

By Assumption 3.2 (and Q also being TP2), the product matrix Q is TP2. Thus,

> Q(st41,8e42) exp (9 Up1(0, 5041, §t+2))

St42

is decreasing in s;41. From Lemma A.2, we know that [Q(St+1|8t,§t+1)]5t+1 ses and

[q(st+1|st,§t+1)]8t+1 Grres Are TP2. Therefore, as s; or §;11 increases, the expectation

(or summation) w.r.t. the conditional transition distribution preserves the ordering. Fur-
thermore, the logarithm function v +— %log [u} is strictly increasing in each u. Hence,

combining these two facts, we deduce that ®[s;, §;41] is decreasing in s;.

Since both two terms in the minimization are decreasing, we conclude that UF (0, s;, 8;41) is
decreasing in s; and $¢471.
Step 3 (Final Conclusion). By induction on ¢ from 7' down to 0, we conclude that UF (6, s¢, 8111)

is decreasing in s; and §;41 for all t € T and all 8 > 0. O

Proof of Proposition 3.8

Proof. Proof. In the proof of Proposition 3.7, we have already shown that the log-sum-exp term

1

5 log > P(s,8s,8) exp (0- UL, (0,5,8))

s',8'eS
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is decreasing in §. Thus, hf’a(s, §) is increasing in §. (the discussion regarding the expectation
i.e., =0, is analogous)

The switching curve is a direct application of monotonicity of hf ’9(8, -). Suppose there exists
' € S such that htP’g(s,éT) > 0 and hf’e(s,é]L — 1) < 0. Then, we have hf’e(s,é) >0, V5> &

and hf’e(s, 8) <0Vs< 8. Wecan let 77(s) = 31 — 1. O

A.2 Properties of entropic risk measure
Firstly, we show that the entropic risk measure satisfies the properties in Definition 3.1:
o (Risk-neutral) po(0) = Ep [7].

e (Monotonicity) From Jensen’s inequality, [E[exp (619)]]%/% < Elexp (629)], which implies
that [E[exp (9117)]]1/91 < [Elexp (629)]]/% for any 6; < 6. Therefore, the first statement
holds. Given the condition that 6 > 0, the function exp(fx) is increasing w.r.t. x. Then,
according to the property of FSD, we have E[exp(67;)] > Elexp(092)], leading to the
inference that pg(01) > pe(02). In the case where § = 0, the inequality E[01] > E[09] can

be derived again, leveraging the property of FSD.
e (Normalization) 45(0) = % logEp [e°] = 0.
e (Translation invariance)

1
0

1

7 log (exp (Ac) Ep [exp (0 - 0)]) = po(?) + c.

1o(0 + c) = - log Ep [exp (6 - (0 + ¢))]
Properties 2 (Normalization) and 4 (Translation invariance) are easily derived according to the

definition of jg(?).

Moreover, we can prove that (0,0) — ,u%(f)) is jointly convex in (6,7):

e Using Holder’s inequality, we can show that E [exp (A1) - exp ((1 — \)2)] < [Elexp (#1)]]*-
[E[exp (72)]]*~*. This implies that logE[exp (At 4 (1 — A)¥2)] < Mog Elexp (1)] + (1 —
A)log Elexp (02)], i.e., logElexp (0)] is convex in 0. The perspective of log E[exp ()], that
is u 1 (0), preserves the convexity (the discussion of perspective operation can be found in

§3.2.6 in Boyd and Vandenberghe (2004)).

A.3 Risk measure of terminal cost

In this section, we list the entropic risk measure of terminal costs under several different dis-
tributions. To approximate the value of definite integration, we use the Gaussian quadrature,

where s; is the i-th Gauss node in [a,b] (s; = %5%& + “E) and w; is the corresponding weight.
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Table A.6: Entropic risk measure

Distribution, P* 1o (D)

Normal, N (i, 0?) 5070
Exponential, exp(\) —% log (1 — %), if g <A

Uniform, U(a,b) Llog (W) b

1 b 1 log = — p)?
L1og / e <9x _ W) i
0 a qLog0 2mw 20

1 b—a "L w; (log (s;) — u)2>
~ Sl =) Osi———35—1]:
0 9 (QQLOQO'\/27T ; Si P < i 202

(u, 6) within [a, b] where

/b 1 ( (loga:—u)2>d
qLog .o Y p 20_2

Dot o g (om0

Truncated Lognormal

Empirical, F' Zlog (2377 exp (0X;))

A.4 Satisficing approach: bisection search for finding ¢

Determining an appropriate risk preference parameter 6 presents a significant practical challenge,
as decision-makers often find it difficult to interpret and specify this parameter directly. To
address this issue, we propose a strategy that aims to maximize risk tolerance while achieving a
predefined satisfactory target, 7. This approach is aligned with the concept of robust satisficing,
as discussed in Schwartz, et al. (2011) and D. Z. Long, et al. (2023). Setting a target or
an acceptable level of sub-optimality is more intuitive and straightforward for decision-makers
than specifying the complex parameter 6. In this context, we introduce the Satisficing optimal

stopping problem (SOSP), which is formulated as follows:

max 0
st. g (VO”) <7 (A.28)

0 >0, w € Illvup.

As established in Proposition 3.3, g (Vg’) is monotonically increasing in #. This property allows
us to efficiently solve the satisficing problem using a bisection search algorithm (see Algorithm 1).

To facilitate practical implementation, we outline a step-by-step guideline:

e Step 1: Solve the risk-neutral version (NOSP), corresponding to § = 0. This yields the

risk-neutral minimal cost, denoted as .

e Step 2: Using the benchmark level 7y, select a satisfactory target 7 = k- 79, where k& > 1.

Note that the problem (A.28) is feasible if and only if 7 > 7.
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A.4 Satisficing approach: bisection search for finding 6

e Step 3: Employ a bisection search algorithm to determine the maximal value of 6 that

satisfies the constraint s (%"') <T.

This structured approach provides a practical and interpretable framework for decision-makers

to balance risk tolerance and performance targets effectively.

Algorithm 1 Bisection Search 6 for SOSP
Input © as the upper bound of 6, target value 7, and threshold e.
Initialize v;o, = 0.
Initialize vpign = ©.
while vp;gn — Viow < € do
Umid = (Ulow + Uhigh)/2
u = min pg (V"'), i.e., solve Problem (3.4) given 6 = v,,,44.
if u <7 then

Viow = Umid
else

©

Vhigh = Umid
end if
12: end while
13: Output: 0 = vjpe

— =
—= O

Following this, we utilize this satisficing approach to the extubation case with predictive in-
formation, as introduced in Section 3.5.1.2. The risk-neutral level is 75 = Ep[V™ (0] = 98.09.
The satisfactory target is chosen from {105,110, 115,120}. We utilize Monte Carlo simulations
to generate N = 105 samples to evaluate the performance of NOSP-P and SOSP with predictive
information (SOSP-P), denoted by {/V'}. Different from the main text, we evaluate the per-
formance using two different metrics: the violation probability P {f/ > b} = % Z;V:1 1PV > b
and the conditional expected shortage Ej [f/ —b|V> b} = m Zévﬂ 19V > b]-(IV —b),
with b selected from {105,110, 115,120, 125,130, 135, 140}. The outcomes are detailed in Tables
A.7 and A.8.

Table A.7: Violation probabilities P(V > b) of NOSP-P and SOSP-P

Es[V] | b=105 110 115 120 125 130 135 140
NOSP-P | 98.09 0.43 038 034 030 026 0.23 020 0.17
SOSP-P
T =105 98.09 043 038 034 030 026 0.23 020 0.17
T =110 | 100.07 0.44 039 034 030 026 0.22 0.19 0.16
T =115 | 100.07 044 039 034 030 0.26 0.22 0.19 0.16
T =120 | 100.70 0.45 040 035 030 026 022 019 0.16

A comparative analysis between NOSP-P and SOSP-P reveals that as the target 7 escalates,
SOSP-P achieves a more favorable risk profile, with a small loss in expected costs. SOSP-P
strategically focuses on extreme values, leading to a slight enhancement in violation probability.
In terms of conditional expected shortages, SOSP-P consistently outshines NOSP-P, with the

magnitude of improvement intensifying in tandem with increases in 7. These findings reaffirm
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Table A.8: Conditional expected shortages E; [f/ — b!f/ > b} of NOSP-P and SOSP-P.

Ep[V] | b= 105 110 115 120 125 130 135 140
NOSP-P | 98.09 35.17 33.95 32.84 31.83 30.93 30.09 29.32 28.61
SOSP-P
T =105 98.09 35.12 3391 32.80 31.83 3094 30.14 29.38 28.68
T =110 | 100.07 31.35 29.98 28.69 27.51 26.43 2544 24.56 23.74
T =115 | 100.07 3141 30.02 28.75 27.59 26.53 25.53 24.61 23.75
T =120 | 100.70 30.93 29.52 28.26 27.10 26.03 25.06 24.15 23.34

the previously observed trade-off between expected performance and risk profile, analogous to

ROSP-P.

A.5 Demographic and clinical variables of MIMIC-1V using for

discharge decision making

We begin by selecting patient stays from MICU. The MIMIC-IV dataset contains 65,366 ICU
admissions from 2008 to 2019, where 20,703 are MICU admissions. For each admission, we
obtain demographic data such as age, gender, weight, race and admission time. During their
hospitalization, we compile clinical data including those from physical condition monitors, such
as heart rate, respiratory rate and blood pressure, and those of medication, such as Dopamine
and Norepinephrine. Clinical variables were updated at intervals ranging from every 15 minutes
to several hours, while results from labs were recorded at intervals from every six hours to nearly

one day. The data preprocessing procedure involves several key steps:

1. Variable Selection Relevant clinical variables are selected based on their importance in
monitoring patient conditions. These include vital signs (e.g., heart rate, blood pressure),
lab results (e.g., hemoglobin, glucose), and ventilator parameters (e.g., tidal volume, PEEP

level).

2. Data Cleaning and Imputation Missing data is handled through forward filling and lin-
ear interpolation. For variables with a high percentage of missing values, KNN imputation
is applied after scaling the data. Abnormal values are filtered out using the interquartile

range (IQR) method.

3. Feature Engineering New features are created, such as the Glasgow Coma Scale (GCS)
score, which is derived from eye opening, verbal response, and motor response scores.
Blood pressure values are consolidated from different sources (e.g., arterial and non-invasive

measurements), and temperature values are standardized to Celsius.
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4. Vasopressor Information Information on vasopressor use (e.g., Dopamine, Dobutamine,
Norepinephrine, Epinephrine) is extracted and integrated into the dataset. This involves

processing input events data to identify periods when these medications were administered.

5. Time-Based Aggregation Clinical data is aggregated over 12-hour time intervals, align-
ing with the decision frequency of our model. For the clinical variables, we calculate the
average values within each time interval. For medication records, such as Dopamine, we

calculate the maximum rate during the interval.

6. Final Dataset Preparation The processed data is saved into a final dataset. We also
create features to denote whether patients are dead or readmitted within 30 days after

discharge.

The coding and data analysis procedures are provided in the following GitHub repository:

https://github.com/LouisLou011/R0OSP.

After data preprocessing, we obtain 124,585 monitoring records that track the evolution of
patients’ status throughout their ICU stay. The definitions and descriptive statistics of the
demographic and clinical variables are summarized in Table A.9. The last four rows correspond
to Dopamine, Epinephrine, Norepinephrine, and Dobutamine, which are medications used to

support cardiovascular function.
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Table A.9: Definition and statistics of demographic and clinical variables from MIMIC-IV

Variables Definition Median (IQR)
Age Patient’s age at admission 62 (50 — 73)
Gender Patient’s gender Male (55%)
Weight Patient’s weight (kg) 79.74 (66.0 — 97.2)
Heart Rate Heart rate (beats per minute) 86.75 (75.33 — 98.62)
Respiratory Rate Respiratory rate (breaths per minute) 20 (17.07 — 23.54)
Arterial O2 Pressure Arterial oxygen pressure (mmHg) 105.33 (84.65 — 133.0)
Hemoglobin Hemoglobin level (g/dL) 9.4 (8.2 —10.9)
Arterial CO2 Pressure  Arterial carbon dioxide pressure (mmHg) 41.0 (36.8 — 46.8)
PH (Venous) Venous blood pH 7.37 (7.33 — 7.41)
Hematocrit (serum) Hematocrit level (%) 29.0 (25.6 — 33.5)
WBC White blood cell count (10%/uL) 10.5 (7.5 — 14.7)
Chloride (serum) Serum chloride level (mmol/L) 103.0 (98.0 — 107.5)
Creatinine (serum) Serum creatinine level (mg/dL) 1.1 (0.7 —2.0)
Glucose (serum) Serum glucose level (mg/dL) 126.0 (103.0 — 161.0)
Magnesium Serum magnesium level (mg/dL) 21 (1.9-23)
Sodium (serum) Serum sodium level (mmol/L) 139.0 (136.0 — 142.67)
PH (Arterial) Arterial blood pH 7.4 (7.36 — 7.44)
Inspired O2 Fraction Fraction of inspired oxygen (%) 46.38 (40.0 — 55.0)
BUN Blood urea nitrogen (mg/dL) 26.3 (15.25 — 46.0)
Tonized Calcium Tonized calcium level (mmol/L) 1.13 (1.09 — 1.17)
Total Bilirubin Total bilirubin level (mg/dL) 0.64 (0.4 —1.3)
Glucose (whole blood) Whole blood glucose level (mg/dL) 133.7 (116.5 — 155.5)
Potassium (serum) Serum potassium level (mmol/L) 4.0 (3.7—4.4)
HCO3 (serum) Serum bicarbonate level (mmol/L) 24.0 (21.0 — 28.0)
Platelet Count Platelet count (10°/nL) 190.0 (120.0 — 272.0)
Prothrombin Time Prothrombin time (seconds) 14.1 (12.6 — 16.9)
PTT Partial thromboplastin time (seconds) 32.9 (28.4 —42.9)
INR International normalized ratio 1.3 (1.1 —1.54)
Blood Pressure Mean =~ Mean blood pressure (mmHg) 77.09 (69.87 — 86.5)
Temperature Body temperature (°C) 36.87 (36.61 — 37.19)
Sa02 Oxygen saturation (%) 96.75 (95.08 — 98.33)
GCS Score Glasgow Coma Scale score 13.0 (8.67 — 15.0)
Dopamine Dopamine use (1072 pg/kg/min) 7.8 (0.6%)
Epinephrine Epinephrine use (1072 pg/kg/min) 0.2 (0.7%)
Norepinephrine Norepinephrine use (1072 pg/kg/min) 4.1 (18.7%)
Dobutamine Dobutamine use (102 pg/kg/min) 2.5 (0.4%)

The last four rows correspond to medications administered to urgently support the cardiovascular system.
We report the average of non-zero values (and the percentage of non-zero entries, respectively) instead.

SOFA score and transition matrix. We initiate the process by computing the SOFA score
(ranging from 0 to 24). This score was developed by the Wroking Group on Sepsis-related Prob-
lems of the European Society of Intensive Care Medicine to assess organ dysfunction Vincent,
et al. (1996). The distribution of patients’ SOFA scores in all transition records is shown in
Figure A.5. Due to the limited availability of data for higher scores, we merge all observations
with SOFA scores greater than or equal to 16 into a single state. Thus, we define the following
classes {0,1, ..., 15,16+, Dealth}, where "Death” is an absorbing state. The transition proba-
bility P(i,j) from state i to state j can be estimated as %7, where n; denotes the number of
observations in state ¢ and n;; denotes the number of transitions from state ¢ to state j. To ensure
data stability, we exclude admissions whose LOS is below 5th percentile, as a short ICU hospital-
ization often indicates unstable status and may introduce noise and bias into the analysis. The

estimated transition probabilities are available on https://github.com/LouisLou011/R0OSP.
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A.5 Demographic and clinical variables of MIMIC-1V using for discharge decision making
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Figure A.5: Distribution of SOFA score in MICU using MIMIC-IV

Terminal cost. The terminal cost is composed of two components: 30-day out-of-ICU mortality
and readmission cost. To estimate these, we employ logistic regression to predict 30-day out-of-

ICU mortality and readmission rates. Below, we outline the detailed procedure:

1. We begin by selecting patients who are admitted to MICU for the first time, excluding

any readmission cases. We further exlude patients who experience in-ICU mortality.

2. The dependent variable is defined as whether a patient is readmitted to the ICU or dies
within 30 days after their initial discharge. The explanatory variables consist of the latest

recorded clinical and demographic measurements prior to the patient’s discharge.
3. The dataset is randomly partitioned into 80% of training data and 20% of testing data.

4. Two logistic regression models are trained on the training dataset to predict 30-day out-

of-ICU mortality and admission. The model is specified as follows:

log = By + B1SOF A + 3, =,

p
l—p
where p is either the mortality rate or the readmission rate. Notice that these events are

not mutually exclusive, as a patient may die during readmission. « includes other clinical

and demographic variables.

5. The performance of these classification model is evaluated on the testing data, and the

results are presented in Table A.10.

6. Then, we estimate the parameters for the terminal cost. Given that there are very few
samples discharged in severe status, such as SOFA score 16+, we further group patients into

4 groups: SOFA scores {0,1}, {2,3}, {4,5,6,7}, {8,...,24}. For each group, we calculate

99



3 Risk-sensitive optimal stopping and applications in critical care

the average value of explanatory variables within each group, denoted as (g1}, Z{23},

Z(456,7), and Tyg o4}

7. Using the predicted parameters Bg, Bl, Bg, we can estimate the out-of-ICU motarlity or

readmission rate of each state. For example, the mortality or readmission rate for SOFA

score 1 is calculated as:

p1 T-
log—— =00+ b01-1+8;x .
Ogl ! 0 1 2 {0,1}

Following these procedures, we estimate the 30-day out-of-ICU mortality and readmission rates

for each SOFA score group. Table A.11 presents estimated rates, which serve as inputs for the

numerical case discussed in Section 3.5.2.

Table A.10: Prediction performance of 30-day out-of-ICU mortality and readmission

ROC-AUC Accuracy F1 score
Training Testing Training Testing Training Testing

Mortality
Readmission

82% 83% 87% 89% 87% 88%
63% 64% % 4% 79% 78%

Table A.11: Estimated 30-day out-of-ICU mortality and readmission

SOFA score 0 1

2 3 4 5 6 7 8 9 10 11 12 13 14

15

16+

mortality (%) 1.66  2.30
readmission(%) | 10.20 11.02

11.89 12.82 13.81

3.19 440 6.05 827 11.19 1499 19.78 25.64 32.54 40.28 48.55 56.89 64.86 72.08
14.86 1598 17.17 1842 19.75 21.14 22.61 24.14 25.75 2743 29.17 38.74

93.25
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A.6 Additional figures
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Figure A.6: Optimal policy of ROSP-P given 6 = 0.005. The dark gray grid indicates extubation,
i.e., a = 1, while the light gray denotes continuation, i.e., a = 0.
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Figure A.7: Optimal policy of ROSP-P given # = 0.01.
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Figure A.8: Optimal policy of ROSP-P given 6 = 0.015. The dark gray grid indicates extubation,
i.e., a = 1, while the light gray denotes continuation, i.e., a = 0.

: : o -
- . N - [ ||
;- ;- B - [ ||
© © ©
g g B [ |
o N o N o N
2 2 2
|%) o [$)
: : HEN - BEEEN
Q= Q= Q=
o o o
1 2 1 2 3 4 5 1 2 3 4 5
Current State Current State Current State
(a) t=0,.,22 (b) t =23 (c) t =24,25
. ]
. 1T ]
;- L1 [ ]
3
000
- N
]
;- NN
o
3~
o
1 2 3 4 5

Current State

(d) t =26

Figure A.9: Optimal policy of ROSP-P given 6 = 0.025. The dark gray grid indicates extubation,
i.e., a = 1, while the light gray denotes continuation, i.e., a = 0.
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Figure A.10: Optimal policy of ROSP-P given § = 0.03. The dark gray grid indicates extubation,
i.e., a = 1, while the light gray denotes continuation, i.e., a = 0.
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4 Robust epidemiological analytics

Building on the risk-aware decision frameworks developed in Chapter 3, we now shift our focus
from individual-level clinical decisions to a broader public health context—specifically, managing
the spread of infectious diseases through robust and adaptive intervention strategies (ESCAP,
et al., 2020). While the previous chapter addressed optimal stopping decisions in critical care
settings, the present chapter considers population-level interventions under epidemic uncertainty.
Here, the central challenge is not determining when to stop treatment for a patient, but rather
how to coordinate interventions across an entire community in a timely and robust manner.

Unlike the finite-horizon MDP models discussed previously, epidemic dynamics are better rep-
resented as queueing systems in which populations evolve across health states (e.g., susceptible,
exposed, infected, recovered). The complexity of this setting is heightened by shared resource
constraints and interdependencies across compartments—particularly when capacity limitations
must be managed across heterogeneous population groups. Inadequate planning or delayed re-
sponses have repeatedly resulted in resource shortages—especially for ICU beds, ventilators,
and medical staff—which in turn have amplified the morbidity and mortality associated with
the virus.

Designing prescriptive analytics models to inform government policies in such contexts presents
a dual challenge. First, effective intervention planning requires accurate short- to medium-term
forecasts of the disease trajectory, which demands stochastic models capable of capturing the
uncertainty in epidemic progression. Second, integrating such forecasts into an optimization
model that remains computationally tractable is nontrivial, particularly when the dynamics
involve recursive, decision-dependent transitions.

Although deterministic compartmental models remain widely used due to their simplicity and
ease of interpretation, they fall short in capturing the nuances of stochastic environments—such
as random patient inflow and fluctuating healthcare demand. These shortcomings are especially
apparent in scenarios involving limited medical resources. For instance, when patient arrivals
and discharges are volatile, the availability of critical care beds becomes a bottleneck, often
resulting in treatment delays and prolonged queues (see, for example, Xie, et al., 2023).

To effectively manage such uncertainty, robust modeling approaches are essential—both on the

forecasting side and within the optimization framework. Yet real-world deployment of these ap-
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proaches remains difficult. Accurate long-term prediction is inherently challenging due to latent
factors such as viral mutations, behavioral shifts, and reporting delays. Furthermore, captur-
ing high-dimensional dependencies across multiple compartments exacerbates model complexity.
These difficulties are further compounded by the recursive structure of compartmental dynamics,
in which transition rates depend intricately on both decisions and current state variables.

This work contributes towards addressing these issues. We present a novel robust epidemiolog-
ical prescriptive analytics framework, leveraging stochastic compartmental dynamics to account
for uncertainty. Our proposed model aims to minimize the collective ambiguity tolerances, quan-
tifying the violation of a set of healthcare-related targets such as, inter alia, the number of peak
infections and deaths, hospital bed capacities, and total implementation costs. The objective of
minimizing the ambiguity tolerance is related to models that minimize variants of the riskiness
index (e.g., Aumann and Serrano, 2008; D. B. Brown and Sim, 2009; Zhou, et al., 2022a). The
methodology has been successfully implemented in several applications in the context of health-
care resource management (Xie, et al., 2023; Zhou, et al., 2022b). The decision criterion we
adopt is also closely related to robust satisficing models (D. Z. Long, et al., 2023). Compared
with the classical robust optimization approaches (Bertsimas and Sim, 2004; Ben-Tal, et al.,
2010), the satisficing principle does not require a specific ambiguity set. From the satisficing
perspective, our model aims to achieve the epidemiological performance targets as well as pos-
sible under all possible distributions, which can be associated with having the lowest tolerance
for violating targets under ambiguity. Our robust epidemiological optimization model tractably
incorporates forecasts from the stochastic dynamic of the pandemics. It can be reformulated to
a deterministic non-convex optimization problem because the certainty equivalent of the random
compartment populations can be calculated recursively. The asymptotic Gaussian property en-
ables us to apply a mild Gaussian approximation of the certainty equivalent, thereby further
enhancing the computational tractability of the robust model. It is worth noticing that the pro-
posed robust epidemiological optimization model can be easily modified to a cost-driven model
by fixing the ambiguity tolerance variable and minimizing a cost function, and the proposed
solution approach can be adopted. Our proposed framework is not limited to a specific type of
compartmental model. It accommodates a versatile network structure, empowering policymak-
ers to tailor their approach based on local epidemic dynamics and preventive measures.

The contributions of our work are summarized as follows.

!This chapter draws on content from the pre-print article: Fu, C., Zhou, M., Lou, Z., Xie, J., Sim, M., and Tan,
K.B. (2024). Analytics with Robust Epidemiological Compartmental Optimization Models.
Available at: https://papers.ssrn.com/sol3/papers.cfm?abstract_id=3869521.

Authorship and contribution details for the pre-print (relevant to this chapter’s content): Chenyi Fu, Min-
glong Zhou, and Zhiyuan Lou (PhD candidate, this dissertation) made equal contributions to the article’s
writing and theoretical development of the robust epidemiological models. Additionally, Chenyi Fu took pri-
mary responsibility for the pre-print’s numerical work. Note that the numerical results using Singapore data
(included in the pre-print) are not displayed in this chapter, consistent with the scope of the dissertation. This
work has not been incorporated into any other dissertation before.
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4.1 Deterministic compartmental optimization model

e Incorporate stochastic epidemiological dynamics into optimization. We propose
a general stochastic compartmental model that incorporates decision-dependent compart-
ments such as the tested and vaccinated populations. The related decisions directly influ-
ence the progression of epidemiology, subsequently affecting the demand for public health

services.

e Assess solution robustness with an ambiguity tolerance metric. We introduce
an ambiguity tolerance measure and propose a robust optimization model that minimizes
the collective ambiguity tolerance. Both the ambiguity tolerance measure and the robust

model are novel in epidemiological analytics.

e Tractable approximation of the robust compartmental optimization model. We
demonstrate that any subset of compartments is asymptotically Gaussian, lending support
to a Gaussian approximation of the certainty equivalent. This substantially reduce the

computational complexity.

e Outperforms the deterministic model in a real-world application. We conduct
a case study based on real-world data from Singapore. Our numerical results highlight
the efficacy of the proposed robust epidemiological modeling framework. Notably, our
approach outperforms the deterministic model, leading to a reduction in both hospitalized

cases and deaths, as well as low probabilities of constraint violations.

The remainder of this chapter is organized as follows. In Section 4.1, we present the deter-
ministic epidemiological dynamics and deterministic optimization model. In Section 4.2, we
present the stochastic epidemiological model and present a robust optimization model based on
an ambiguity tolerance measure. In Section 4.3, we detail the reformulation of the robust model
and suitable approximations. We also use a real-world dataset to test our model; for the detailed
result, please refer to our pre-print version (Fu, et al., 2022). In Section 4.4, we conclude this

chapter. Proofs are relegated to Appendix B.1.

4.1 Deterministic compartmental optimization model

In this section, we formulate a general deterministic compartmental optimization model. We
focus on a general model with K population compartments represented by the set of labels,
K, and the population is segmented into J different groups, e.g., based on age, health status,
spatial location, or other characteristics. The population size of group j is denoted by N; and

the total population size over all groups is denoted by N.
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4.1.1 Deterministic compartmental model

The deterministic compartmental optimization model formulates the dynamics of the popula-
tions of all compartments and groups over the time horizon of length 7" based on the system’s
initial state at time t = 1, e.g., given model parameters and initial populations. Let Z}ft be the
group j population in compartment n at time ¢, for all n € K, j € [J], and ¢ € [T]. Governments
and healthcare practitioners can employ non-pharmacological /pharmacological intervention poli-
cies to control the flow of individuals among populations to some extent (see Example 4.1). For
all n,m € K, j € [J], and t € [T], we use x;nt" to denote a decision variable representing the
flow of group j population from compartment m to n at period ¢, which can be a result of non-
pharmacological /pharmacological intervention policies (e.g., vaccination and quarantine). In
our model, group j is defined by patient characteristics (e.g.,age), and we assume no transitions

between groups over the planning horizon.

Example 4.1 (SVEIR Model). The SVEIR model considers five population compartments,
labeled by: Susceptible, Vaccinated, Exposed, Infectious, and Removed, i.e., K = {S,V, E, I, R}.
Let Z5,ZV ,Z¥ Z' Z% be the corresponding compartment variables representing the sizes of
these compartments. The Removed compartment represents the deaths and recovered individuals
that become immune to the disease, at least for a substantial amount of time greater than T.

To model the impact of vaccination, we include the decision variables 1‘f%v > 0, for j € [J]
and t € [T], to denote the number of scheduled vaccinations for the jth group at period t. The

vaccinated population would be less likely to be exposed in subsequent periods.

The populations in different compartments in groups j € [J] at time t € [T — 1] are as follows:

2= > al gyl zn- Y ™|, VeekjeldtelT -1
mek/{n} mekl m/ek/{m}

(4.1)

where (j;r;" s the transition probability from compartment m to n for group j at time t, which

satisfies Y, i (jﬁ’” =1.

The transition rates between compartments must be estimated or learned from historical
information and expert opinions. These transition rates are often endogenous because they
could depend on interactions among groups and compartments. For example, in the above
SVEIR model, the susceptible cases may be exposed after interactions with the infected cases.

Hence, the transition rate, (jf’tE, is an affine function of the number of infected cases and how
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susceptible individuals interact with them, and it is often modeled as
~SE F 5T
4 = Z Chj Lt
kelJ]

Specifically, the parameter fk,j relates to the estimated interaction-transmission rate between
groups k and j. For any group k € [J], its interaction-transmission rate can be expressed as
(Ak,j = ﬁkNL:], where Bk is the transmission rate, and 1y ; is the interaction rate with the jth
group. Then, Zke[ J] (Ak,jZ,it represents the overall estimated interaction-transmission rate of
group j € [J]. Different from the conventional compartment model, Equation (4.1) presents
a general formulation of epidemiological dynamics including decisions, which can formulate

different compartmental model structures. In the following example, we illustrate that one can

use Equation (4.1) to formulate the Delphi model presented by M. L. Li, et al. (2023).

Example 4.2 (Delphi Model). The Delphi model contains 11 compartments and forecasts the
numbers of infected individuals and deaths in a granular fashion (see Figure 4.1). The com-
partments are labeled as the susceptible (Z°), exposed (ZF), infected (Z'), undetected recov-
ered (ZUR), detected and hospitalized recovered (ZPHE), detected and quarantined recovered
(ZPRR) undetected death (ZUP), detected and hospitalized death (ZPHP), detected and quar-
antined death (ZPRP ), recovered (ZT), and deceased (ZP). The discrete Delphi model can be
written in the form of (4.1), where the compartment transition probabilities are defined accord-

ingly. For example,

Infection

Figure 4.1: Framework of the Delphi model.
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=S - ~S,E\ 78 _ ~S5,5S7S
Zip = (L= Q5 ) 25, = 45y 25,

SE ~E,I\ 5F S,EZS _ ~EESE ~S,E 7S
Zi = (V=450 )25+ 45y 250 = Q50 Zin+ v Ziws

for some overall transition rate (jf;E and incubation rate (1 — qul)
Bertsimas, et al. (2022) further integrate vaccine distribution into the above model and present

a Delphi-V model. This is achieved by incorporating additional compartments and compartment
variables Z5V, ZFPV, Z'V, and ZBV representing the numbers of susceptible and vaccinated
cases, exposed and vaccinated cases, infected and vaccinated cases, and immune cases. The
vaccinated cases have a lower transmission rate, affecting the rest of the dynamics. For example,
the dynamics associated with the first and the second compartments become

=S S.EN 58 8,5V .S,S /59 S,SV

Zi =1~ 4t NZ5, — Ljt )= 4t (25 — Lt )
SE B\ 5E | ~SE;5S 5,5V “E,E5E | ~S,E; 58 S,5V
Zigy = —=aq;7 )25+ 457 (25, ) =45 Zip+ 4 (2 )s

J Tt Tt

5,8V

where xS the number of vaccines distributed into group j at time t.

4.1.2 Optimizing decision using deterministic compartmental model

Embedding the epidemiological dynamics in an optimization problem can help anticipate how the
non-pharmacological /pharmacological decisions would affect the disease propagation. Besides
the flow decisions &, we include some additional decisions y € Ry, that could affect the flow
decisions indirectly (e.g., vaccine center facility location decisions, hospital capacity planning
decisions and others). We use the set X to represent a convex feasibility set of (x,y). Specifically,

we define
(x,y) <0 Viell
reX,ye)y

where X and Y contain only mixed-integer linear constraints, and g; is a convex function for
any ¢ € [I4] (14 is the number of policy constraints specified by policymakers). The interaction-
transmission rate, (jﬁ’", is modeled as an affine function of Z and @, denoted by nﬂ" Set D
records all pairs of indices of two compartments where the transition rates between these com-

partments are decision-dependent. For (m,n) ¢ D, the transition rate ¢;;" is a fixed constant.

We now present the baseline deterministic optimization model, which is embedded with the
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compartment dynamics described in (4.1):

Zp = min ZC”OZ"+CIw+c;y
nek

s.t. Dynamics constraint (4.1)

fi (Z,z,y) <0 vi e [If] (4.2)
Q" =" (Z, @) V(m,n) € D,j € [J],t € [T]

Zr e R Vn e K

(x,y) € X.

The objective function minimizes the total operational cost, where C", ¢1, and co are the
unit cost for compartment n, flow decision x, and additional decision y, respectively. According
to the policymakers’ requirements, the objective function can include, for example, costs of
healthcare resources and economic losses due to infections and deaths. f;(Z,x,y) < 0 dictates
the operational constraints associated with decision variables and (forecast) compartment sizes,
for any ¢ € [If] (I; is the number of operational constraints). For tractability, we restrict

ourselves to only consider the case where f; is a linear function in the following form.

fiZ,my) =Y A7«Z"+ bl i@ +blyy—h; Vi€ [lf], (4.3)

nek
1. Decision budget constraints. We can use linear constraints to enforce operational
budgets for certain intervention decisions. In general, we can have the following budget

constraint,

AUETED S DD ) DL TY

mek1 neks jeJ teT

where K1 and ICq are given subsets of KC, J is a given subset of [J], and T is a given subset
of [T]. h’cl”C2 is the associated budget. For example, in the SVEIR model, variable xSV
is the number of vaccines allocated to group j at time ¢. The total vaccine distribution at
time ¢ should be no greater than the total number of vaccines available at time ¢ (denoted

as hf ’V). The number of vaccines allocated to group j population should be no greater

than the number of susceptible cases. These can translate to the following constraints,

fi(Z,z,y) Z X hf’v.
j€lJ]

2. Compartment capacity constraints. Similar to decision variables, some compartments

may have capacity limits. For example, a compartment representing the number of hos-
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pitalized cases should be limited by the number of available beds. We can allow capacity

restriction constraints in the following form:

Zey =3 > > 7

neky jJeJ teT

for some K1 C K, J C [J], and T C [T] and hI;lT is the capacity for compartment set ;.

3. Fairness. Some decisions, such as vaccine distribution, test kit allocation, and ward
allocation, may be subject to fairness concerns among population groups. Some examples
of fairness concerns in vaccine allocation are considered in Bertsimas, et al. (2022). We can
incorporate similar fairness constraints as (mixed-integer) linear constraints. For example,
the following fairness constraint ensures that the number of resources distributed to group

j does not deviate too much from that to group k,

m,n

f Z ZZ( ' _x]]i;z>_hj,k Vj,kE[J]

meK1 nes teT

fey- ¥ XY (R0 5 ) ene vikel

mek1 nellq teT

\

for some K1 C K, Ko C K, and 7 C [T]. The hyperparameters hj, € [0,1] and
hjr € [=1,0] can be set by policy-makers, whose values control the trade-off between
efficiency and fairness, i.e., when ﬁj,k — h; tends to zero (two), the proportion of re-
sources distributed to different groups should be the same (different) reflecting fairness

(efficiency).

The computational tractability of Problem (4.2) heavily depends on the form of the transition
rate function. In the third constraint of (4.2), we focus on affine transition rates, i.e., a transition

rate is an affine function of Z and x,

Nz = Y (5,:7;;”"’2“ FA Y g ) +al, (14)

m’ €K ke[J] n'ek
for some given parameters 3, v, and a. The transition rate function is decision-dependent and
would incur bilinear terms when plugged into the epidemiological dynamics (4.1). For example,
in the SVEIR model, the transmission rate from the susceptible (Z%) to the exposed (ZF)
depends on the number of infections (Z), i.e.,

7 - SEI
njt Z:U Zﬁkﬁt 7‘

kelJ]
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However, even when 7" is an affine function, addressing Problem (4.2) remains a formidable
task, as pointed out by Bertsimas, et al. (2022). That is, we would encounter bilinear terms
when evaluating the number of transitions from the susceptible to the exposed compartment,
(ji;Eth = th Zke[J] Biﬁ’lzlit. As a result, Problem (4.2) poses as a large-scale, non-convex
optimization problem that is challenging to solve optimally within polynomial time. The
simulation-optimization iterative approach can be employed (refer to, for instance, Bertsimas, et
al. (2022)) to create a nearly optimal solution, the details of which are presented in the appendix

of Fu, et al. (2022). The subsequent example offers a demonstrative case for implementing our

general model.

Example 4.3 (Vaccine centers facility location with SVEIR dynamics). As a simple illustration
of the epidemiological optimization model (4.2), we extend the SVEIR model in Example 1 and
include vaccine center facility locations. A group signifies a specific region (such as a state,
city, or district). In this context, the model evolves into a spatial compartment model. The
planner minimizes the total cost of vaccine allocation and running vaccine centers. Let y =

STYT be the additional decisions relating to the vaccine centers, where y/ € {0,1}7,

y© € ZiT, and y° € R‘fT. The binary decision variable yjf equals one if the vaccine center

(v Ty Ty

located in region j is open. The decision variable y5, is the number of vaccines ordered by the
vaccine center in region j at time t, and yjk , 18 the number of vaccines from the vaccine center
in region j used to satisfy the vaccine requirement by region k at time t. In the SVEIR setup,
the flow decision xi%v 1s the total number of vaccines allocated to the susceptible population in

region j at time t. The deterministic epidemiological optimization model can be written as

Zp = min cIa: + c;yf + cCTyC + c;rys

s.t. Dynamics constraint (4.1)

N 2, —h <0 vt € [T]

Jjel]

i = (Z,) Vj € [J],t € [T]
z" e RiXT Vn e

(x,y) € X.

The four cost parameters in the objective function represent the variable cost of vaccination, the
fized cost of facility location, the variable cost of the vaccine stocks, and the transportation cost

from region j to k. The second constraint is a linear constraint ensuring that the number of
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active infections is under a target threshold. The feasibility set X is given by

o = Y Ykt <0 Vk € K,t € [T]
JjelJ]
v ¢ < Cyl Vjel[J,te[T
X = { (w,y) e REVT R/HITHAT | It = T g [J],t € [T]
Z Yikt < Yt Vj e [J],t € [T]
kelJ]
y e {01y e 2]’y e RIT )

where the first constraint dictates that the vaccine stock allocated to group k population must

exceed the requirement. The rest enforces inventory constraints, where C' is a large constant.

4.2 Robust epidemiological optimization model

This section introduces a stochastic compartmental model designed to capture the dynamics’
inherent uncertainty. Following this, we present a risk measure—ambiguity tolerance measure,

which can be seamlessly integrated into a risk-aware robust optimization framework.

4.2.1 Stochastic compartmental model

Given the volatile nature of disease spread, the number of individuals in each compartment of
an epidemiological model can vary widely over time. While traditional deterministic models
offer some insights, they fail to account for the inherent risks and uncertainties that are cru-
cial in medical resource planning. For example, when hospital bed occupancy approaches full
capacity, waiting times can spike significantly in stochastic settings with unpredictable patient
arrivals—details that deterministic models tend to overlook. Moreover, even when deterministic

models suggest the same average rate of arrivals, the risk profile can differ substantially.

To recover the risks related to disease propagation, let us consider the stochastic compartmen-
tal models. A stochastic compartmental model describes the populations as random variables

and forecasts the distribution of these random variables. We use Z%,, n € K,j € [J],t € [T] to

Jit
represent the random populations in group j and compartment n at period ¢, which are stochastic
processes that depend on the various parameters and intervention decisions, . Based on bino-
mial distributions (see e.g., Lekone and Finkenstadt, 2006), the state dynamics of the stochastic

epidemiological model can be captured as follows:

Zh~ Y @+ > Bin|Z7— ) x;?;m',q;?ft’” Vnek,jelJ],te[lT-1],
mek/{n} mek m/'e/{m}

(4.5)
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where Bin(?,p) denotes a composite binomial distribution with success probability p over o
independent Bernoulli trials. The dynamics in (4.5) describe the complex joint distributions of
population sizes in the various compartments and groups over the horizon.

For convenience, we use PP to denote the corresponding joint distribution characterized by (4.5).
The stochastic epidemiological model converges in expectation to the deterministic model with
the order O(1/N) as shown in Lemma 4.1. The result will also be used in the proof of Theo-

rem 4.5.

Lemma 4.1. Given a finite T,

m

—_zm
lim EAZ”Z“‘ZO Vte[T], meK, jel[J]
Nj—+o0 P Nj ’ ’ ’

Hence, the stochastic epidemiological model is a natural extension of the deterministic epi-

demiological model and incorporates risks in the model.

4.2.2 Ambiguity tolerance measure

The deterministic optimization model is oblivious to risk and uncertainty; hence, it can un-
derestimate the efforts and costs needed to control the actual effect of an epidemic below the
allotted healthcare capacities. For instance, the operational constraints f;(Z,x,y) are not ro-
bust to adversarial realizations of the compartment sizes that deviate from Z. Incorporating
the stochastic epidemiological dynamics (4.5) into the optimization model makes it possible to
account for the risk in disease propagation. Under the stochastic modeling context, the opera-
tional constraints should be satisfied under certain risk levels. Suppose we focus on the size of an
infected population, represented by the random variable Z ~ P, where P is a given distribution.
Suppose there is a capacity on the size of this infected population, H, we want to enforce due
to healthcare considerations. Under the stochastic setting, we may have the constraint z < H
almost surely, requiring the number of infected cases to be less than the healthcare capacity.
This constraint is fully robust and can be overly conservative. A less conservative but still quite
robust and computationally tractable metric is preferred. Moreover, the distribution P modeled
by the stochastic epidemiological model would likely deviate from the true distribution, P*. The
probability guarantees under P do not necessarily translate to any guarantee under P*. A metric
that can address risk and uncertainty is desirable.

To address the above issues, we propose using the riskiness index of Aumann and Serrano
(2008) to evaluate the constraint violation. Let £ be the space of all bounded discrete random
variables. For a given random variable © € £ with discrete probability distribution, I@’, o~ P
and support

V:{UGR|I@>{6ZU}>O},

73



4 Robust epidemiological analytics

we define the ambiguity tolerance, which is synonymous to the Aumann and Serrano (2008)

riskiness index, as the functional, p : £ — [0, 0o],
p[0] :=min{f | ug [0] < 0,0 >0},

where pg : L — R, 6 € [0,00] is the certainty equivalent under the exponential disutility as

follows
0logEg [exp (0/6)] if 6 € (0, 00)

po [0] := { Eg [0] if 0 = 0

max{v | v € V} if 9 =0.
This measure was introduced in Section 3.1.2 of the previous chapter as the entropic risk measure.
In addition to the properties of py discussed in the previous chapter, the ambiguity tolerance

has the following properties with respect to uncertainty (e.g.,parameter misspecification).

Theorem 4.1 (Bound and Probability Guarantees). Let © € L be a discrete random variable
with support V over the distribution P and 6 = p[0]. Suppose the true distribution P* is absolutely

continuous with respect to P then

Ep [8] < po [0] + 0651, (P*|| )

where ¢ (Q|P) is the KL-divergence as follows

vEVY -

- ot 1oe [ @7 =1
¢KL<@||P>—Z<@{v—v}1g(mﬁ_ }>>

2. Foralla>0
P* {27 >0 (a +A (}P’*HI@’))} < exp(—a),

where

A (P*HP) = max log (W) .

veEY P{ﬁ = ’U}

By Theorem 4.1, the true expected value of v under P*, Ep« [0], is bounded by ug[?] +
0¢x 1, (P*||P). The violation of the upper estimate diminishes with the product of the ambiguity
tolerance and how far the true distribution, P*, may deviate from the estimated distribution,
P. Note that any parameter misspecification would lead to deviations of P* from the estimated
distribution P. Therefore, we can obtain robustness under parameter misspecification. Moreover,
ambiguity tolerance can provide a meaningful probability guarantee when the true distribution is
not observable but is proximal to the estimated distribution. Specifically, p [Z —H } is associated

with the probability of violations that diminishes exponentially in the magnitude of the violation
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as follows:
P* {Z > H +aplZ - H]} < exp (‘ (“_ A (P*W))) ’

foralla > A (]P* | |P> . The probability bound decreases exponentially. The strength of the bound
also depends on how close the estimated distribution is with respect to the true distribution. If

P* and PP are identical distributions, then A (IP’*HI@’) = 0 and we have for all a > 0,
P* {Z > H +ap|Z — H]} <exp(—a).

Lower ambiguity tolerance is consistent with a lower risk of capacity violation, even under an
ambiguous distribution. If this ambiguity tolerance is zero, there can be no violation of the
capacity.

Based on the construction of the ambiguity tolerance measure, p (Z — Uy [Z ]) < p for a given
ambiguity tolerance p. In other words, the risk of the actual compartment size, Z, exceeding
the forecast, p; [Z}, is smaller than p. We propose to take uﬁ[Z] as a robust epidemiological
forecast of the compartment size Z. This would guarantee p(Z — H) < pforany H > pp [Z}
According to Theorem 4.1, the bound on the ambiguity tolerance measure would further indicate
guarantees on the probability and magnitude of the capacity violation. For details on how the

ambiguity tolerance controls the violation, refer to the toy example (Example 3.2).

4.2.3 Robust optimization model

We now elucidate how we can employ a robust epidemiological optimization model to help hedge
against risks and uncertainty in satisfying the operational constraints. As an extension to the
deterministic model of Problem (4.2), for a given acceptable cost target 7 > Zj, we propose a
robust model that lexicographically minimizes (see, e.g., Isermann, 1982; Qi, 2017) the ambiguity
tolerances, which is widely used to ensure the flexibility in handling multiple criteria and provide
prioritization to recognize the importance of different criteria in decision-making. The robust

epidemiological optimization model can be written as follows:

lexmin @
st e, ZC"OZ’H—ch—l—c;y <rT
nek
Dynamics constraint (4.1)
. , (4.6)

1o, [f@- (Z,w,y)} <0 Vi € [Iy]

(jjmt” = n;’:;’"(z,ac) V(m,n) € D,j € [J],t € [T —1]

Zr e R Vn € K

(z,y) € X.
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Minimizing the collective ambiguity tolerance levels via lexicographic minimization effectively
reduces the risks of violating healthcare resource capacities and epidemiological performance
targets. Similar models that minimize the riskiness index have been proved to be effective (e.g.,
Xie, et al., 2023; Zhou, et al., 2022b). The lexicographic minimization criterion is computa-
tionally accessible as we demonstrate in the solution algorithm. On the contrary, minimizing a
summation of @ is computationally demanding.

While we evaluate the transmission rate using the deterministic dynamics as before, we trans-
fer the deterministic operational cost objective to a risk constraint and replace the deterministic
operational constraints f;(Z,z,y) < 0 with a risk-aware counterpart 16, ( fi (Z,x,y)) <0,
where Z follows dynamics (4.5). For example, a robust capacity restriction constraint can be

written as

I Z ZZZ}%—HZ‘ <0,
neky jJeTJ teT
for some K1 C K, J C [J], and T C [T]. Note that in practice, the policymakers can also set
the ambiguity tolerance @ and solve Model (4.6) with 7 as the objective to obtain a feasible
solution.

Compared to deterministic epidemiological optimization, we must use an efficient method to
reformulate pg [2} In the next section, we show how we can recursively derive ug {Z} when
Z follows the stochastic dynamics as described in (4.5). This involves evaluating the associated
certainty equivalents of the random population sizes at the previous time epoch scaled by a

constant.

4.3 Solution approach

In this section, we focus on the reformulation of the robust epidemiological optimization model.

To improve model tractability, we adopt mild approximations of the robust optimization model.

4.3.1 Reformulation of the robust optimization model

In Theorem 4.2, we show that the certainty equivalent of any compartment in the robust epi-

demiological model can be calculated via recursion for a fixed ambiguity tolerance.

Theorem 4.2 (Recursion of Certainty Equivalents). Ignoring the integer requirements of the
number of trials of the composite Multinomial generating function, the certainty equivalent of

the random populations in different compartments can be calculated recursively via the following
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system of equations: For any v € RX, j € [J],t € [T —1],

o |:’UTZ~J'¢+1:| = Z Z ’Unl‘;n’t’n + 1o Z Z;tlt - Z x;nﬂ:,m’ /] (qﬁ,-’ ’U) ;

nek mek/{n} mekl m/ek/{m}
(4.7)

where the function, kg (dﬁ”,v) is defined as follows

Ko <(j;77’7t",v> = 0log (

In addition, when 8 — 400, g becomes the expectation measure, illustrating that the ro-

q;y" exp (vn/e))> :

nex

bust epidemiological model is closely related to the deterministic epidemiological model. Note
that xg ((jﬂ”,i}) > ((j}?t")—rv, we can treat kg ((jﬁ",v) as incorporating a buffer on top of
(tj;-?t")—rv. Consequently, Equation (4.7) indicates that the proposed model accounts for ad-
versarial scenarios and protects against parameter uncertainty. Based on Theorem 4.2, we can

calculate the risk-aware counterparts in Model (4.6) and reformulate the robust optimization

model in Theorem 4.3.

Theorem 4.3 (Model Reformulation). The robust epidemiological optimization model (4.6) can

be reformulated as follows:

lexmin 6

s.t.  Dynamics constraint (4.1)

m,n ATy 7 T T
)N DD (”g,j,tﬂ — kg (qj,t avo,y’,m)) T 14 | Tz tey<T
nek, | te[T-1],
JelJ] \mek/{n}

Z Z x;ntn <v2j,t+1 — kg (d;'n,t7.7 ”i7j7t+1)> + "U?,j,lzjn,l + bzﬂ + 512?! < hy, Vi € [If]
nek, \ te[T—1],
J€lJ] \mek/{n}

Ug,j,T = ;’fTv VneK,j e [J]

v = A1 Vn e I, j € [J],i € [If]

ko (47 v04001) +Cly <vfy  VneKjelllte(T -1

Ko (q;f;‘,v@j,tﬂ) + Al < VneK,jelJ],te [T —1],i€[lf]
a" = nﬁ’"(z,m) V(m,n) € D,j e [J],t € [T —1]
Z" e R Vn e K

(z,y) € X,
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4 Robust epidemiological analytics
where A7, is the coefficient in Equation (4.3).

There is an inherent complication in the aforementioned reformulation. kg ((jﬂ,@i,j,tﬂ) is
convex in v; ;1 and concave in (j?’t'. It is challenging to find the global optimum to Prob-
lem (4.8). Hence, we resort to a second-order approximation, namely the Gaussian approxima-

tion, detailed in the next subsection.

4.3.2 Gaussian approximation

This section delves into the approximation of py(-) aiming to enhance computational efficiency.
We present the asymptotic behavior of the moment-generating function related to the random
populations of compartments. In the following, we show how to calculate the variance and
covariance recursively for the stochastic compartment model. This result will be used to design

efficient algorithms in the later optimization problem.

Theorem 4.4 (Variance and Covariance). For any n € K, j € [J], and t € [T], the variance

term U?’tj_l can be calculated as the follows:

nn ML [ AT 2 >m m,l | ~mn KD m,m’ sm,n ~m’.n
o= o @ | 2 Y g | G —a |+ YD

mek lek\{m} m#m/ ekl
For any n’ #n € K, the covariance term JZ;", can be calculated as the follows:

nn' m,m ~m,n ~mn’ Zm _ m,l | ~m,n..m,n’ + m,m’ ~m,n xm’n’
Tj+1 = it Dt it gt Tie | Gt G it Gt G

mek lel\{m} m#m/elC
Remark 4.1. The equations can be represented in matrix forms.
~ ~ 7 7l 3 ATy ATTYy =TTy
oy = @) o+ 3 | Zi— Y ot (dine (@) — @y @), @)
mekx lek\{m}

where (j]"; 1s a vector with respect to index n, i.e., {qﬁ’”}ne,g and qj; 15 the corresponding

transition matriz, i.e., {(jﬁ’"}mmem.
b

To support the analysis of the asymptotic behavior, we introduce the following assumption

regarding the asymptotic behavior at the initial state.

Assumption 4.1. For a large population, the initial statuses Zj,l scale proportionally with the

total population size.

In our models, the elements of x are adaptive decisions based on total populations, denoted

m,n __ L mn . . .. o . )
as @, = Nj-x;/ - Given fixed adaptive decisions X, the values of q;; remain constant as IV;
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grows. Consequently, o;; scales linearly with IN;. The distributional behavior is formalized in

the following theorem.

Theorem 4.5 (Asymptotic Gaussian). Under Assumption 4.1, given a finite T and adaptive

decisions x, as Nj — oo, for any t € [T,
1 = 5 d _

where 64 = 0j/N;, with rank K — 1. Moreover, the moment-generating function

- _ T
Ziy— Zjy L o7
MGF(s) = Ep |exp Z(W) || e | 2 gsieie
JE[J] J JelJ]

Theorem 4.5 shows that any subset of compartments is asymptotically Gaussian, which sup-
ports the Gaussian approximation in reformulating the risk constraints. If & ~ N(v,52), then
119[8] = v+ 5;0%. When @ does not follow a normal distribution, we say v+ 5,62 is the Gaussian
approximation of g(0), which simply evaluates the certainty equivalent as if the random variable

of interests follows a normal distribution. Robust model (4.6) under the Gaussian approximation

becomes
lexmin 6
XS (2t g Ol +elat ey <r
te[T] e[ J]

Dynamics constraints (4.1) and (4.9)

ZZ( ,jtZJt“‘ zAZ]taJtAJO+bzla:+bz2y<h Vi € [I4]
te[T] je[J]

gt =2, x) V(m,n) €D,j € [J],t €T —1]

Z" o™" ¢ RJ{XT VYn e K

(z,y) € X.

(4.10)

In contrast to the deterministic model (4.2), Model (4.8) from Theorem 4.3 introduces an
extra set of (Iy + 1)K JT variables (i.e., vf';;). In Model (4.10), however, we have a set of
(K + 1)K JT variables (i.e. th "), which are uniquely based on the SEIR-type epidemiological
model’s structure. If Iy > K, this suggests that the Gaussian approximation model incurs a
substantially lower number of auxiliary variables, making it particularly efficient for problems
laden with numerous constraints, especially those tied to compartments and temporal periods.

As mentioned in Section 4.3.1, Model (4.8) includes the constraint with a non-convex logarith-

mic term kg (‘??3:’ Ui,j,t+1> when QZ; contains the decision-dependent components. According to
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Equation (4.4), dynamics constraints (4.9) within Model (4.10) can contain trilinear terms such

! ’
Jt’m (jﬁ’n(jﬁ ™ under a given 0 if (m,n) and (m/,n) € D, which can be further converted

as o
to bilinear terms. Hence, Model (4.10) is more tractable than Model (4.8). It’s worth noting
that the deterministic epidemiological model is inherently bilinear. Any deterministic model’s
solution approaches can be directly applied to solve the robust Gaussian approximation model
for a specified 8. Subsequently, the Bisection method, detailed in the appendix of Fu, et al.
(2022), can ascertain the lexicographically optimal @ value. Here is a polished and more scien-
tific version of your paragraph: Subsequently, the Bisection method, as detailed in the appendix
of Fu, et al. (2022), is employed to determine the lexicographically optimal value of . In the
same appendix, Model (4.10) is further refined by omitting the covariance components, thereby
reducing the number of decision variables with only a marginal loss in the objective value. Fol-

lowing this refinement, a detailed comparison between the robust and deterministic models is

conducted, with the results summarized in Fu, et al. (2022).

4.4 Conclusion

Effectively intervening in the impact of pandemics is a keynote for policymakers. In this paper,
we generalize the deterministic SEIR-type compartmental optimization model. To yield the de-
sired optimal outcomes under the impact of risk and uncertainty, we first capture the stochastic
nature of the compartments via stochastic epidemiological dynamics. We then present an am-
biguity tolerance measure that can address risk and uncertainty, which facilitates a risk-aware
robust epidemiological optimization model. The robust model minimizes the collective ambiguity
tolerances for violating healthcare resource constraints under ambiguity, and it can be reformu-
lated as a deterministic non-convex optimization problem. The asymptotic Gaussian property
of any subset of compartments supports adopting the Gaussian approximation when evaluating
the certainty equivalent to further improve the computational accessibility of the robust model.
Based on these theoretical results, we develop a Python-based toolkit that facilitates model-
ing and solving robust epidemiological optimization problems. A real-world numerical study
demonstrates the high flexibility of our toolkit and better out-of-sample performance of robust
epidemiological models than the benchmarks. Moving forward, considering the transition rate’s
dependence on compartment states, and delving into its variability would enhance the practi-
cality of our robust models, which we earmark for future exploration. Moreover, a significant
area for future research is the development of more efficient algorithms tailored for large-scale

robust epidemiological decision problems.
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Appendix

B.1 Proof of results

To simplify notations in the following proofs, we define x;-”,;“ = D ek /{m} ;”t M d.e., the

number of individuals moving from other compartments to compartment m; and x}”t_ =

- /{m} x;rft’m/, i.e., the number of individuals moving from compartment m to other com-

Zt} . To

partments. [E;[-] is the conditional expectation on the period ¢, i.e., Ei[-] = Ep [
represent the joint distribution, we use Multi(-, -) to denote the Multinomial distribution whose

marginal distribution is Binomial.

Proof of Lemma 4.1

Proof. We use mathematical induction to prove this lemma. The result holds when ¢t = 1 due
to the initial condition Z; = Z;. Then suppose the statement holds for ¢ € [T].

Consider the next period t 4+ 1, we have

om  __ . m+ : > 2 Gm
Zjy = a7yt + ) Bin (Zjﬂf Tit Uit )

nek
=5+ (th _) G+ [Bin (Zj, ?t_?‘??tm> - (Z;ft x?;) q}ntm}
nek nekC

which implies that

E. Z3 — Zfin
P Nj
(23— zp)
git Jit 1 . (5 N = -\ 4
=Ep Z N, + Z N; [Bm (Zar‘ft i vq;ltm> - (th — ) q?,tm]
nek nek
Z" Al 1 - -
j,t t . — A —\ -
<ZE N - +ZME@‘BIH(Zj ?t’q?tm>*<zft ]t)q;ltm )
nekl nek

where the inequality is based on the triangle inequality.

VAS

Jit

-7 ) ;"

lim E; <

=0
Nj—o0 Nj
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due to our inductive assumption of period ¢ and ¢;;" is bounded by 1. For the term

L 1. (5 o = -\ 4
v, (B (Ze =i i) = (%) 4],

we evaluate its second moment

1 [/ /% o ~ N\ . 2
vt | (5 (%= wsai) - (%-o57) 507) |
J L
_ L g [& [(Bin (22, - o zn =) grm)’
= e B | (Bin (2 —wfr i) - (2= =0) 477)
] L
1 T/~ 1
:mﬂip (Z;ft - x?{) ;7" (1— q]"tm)} < N2E {Z” as;‘t_] — 0, as Nj increases to + oo.
2L
This shows that — [Bln (Z ?;,Q?ﬁ) - (Zj"t *) qA;Ltm] — 0 in L?— Norm, also in

expectation (L!— Norm). As a result,

zm =27
lim By |20 "3 — 0, Vm e K,j e [J]
N—o0 Nj
By mathematical induction, we complete the proof. O

Proof of Theorem 4.1

Proof. The first result has been observed in D. Z. Long, et al. (2023) using the fact (see, Follmer
and Schied, 2002) that the certainty equivalent under the exponential disutility can be expressed
as pig [0] = supgep{Eq [0] — 0ok L (Q| IP)}, where P is the set of all probability distributions that

are absolutely continuous with respect to . Note that with § = g [0] > 0, we have

po [0] <0
=g [0] < ¢k 1(Q||P) VQ € P
—Eq [0] < 09k L(QI[P*) + 0(¢xL(QlP) — drL(QlIP)) VQ € P
—Eq [0] < 09xL(QIIP) +6 sup {(6x(@'IB) - ox1(Q[IP"))} vQ e P
Qfep
—Eq 0] < 0¢xL(QUIP) +6 swp {(¢x1(Q']P) - 6xr(Q'||P)) | vQe P
Qfep*
* T~ IP)* {?7 = ’U} A
—Eq (0] < 0¢xr(Q|[P*) +6 sup > Q' (v=v)log | ——— VQ e P
Qtep+ veV:P*{o=v}>0 ]P){U = ’U}
—Eq (5] < 09xL(QIIP7) + A (P*|P) vQe P
—Eq 7] < 06xc(QIIP) + 0 (PB) vQ e P*

=0log Ep+ [exp (0/0)] < HA (IP)*H]@) — Ep- [exp ((f} —0A (IP’*HIED)) /«9)] <1
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where P* is the set of all probability distributions being absolutely continuous with respect to

P*. Therefore, from Chernoff bound, we have for all a > 0

p* {@ >0 <a+A (P*HI@’))} - P {exp ((v —9A <IP’*HI@’)> /9) > exp<a)}

< Ep- [exp ((f} —0A (P*||ﬁ”)> /9)] exp(—a) < exp(—a).
L]
Proof of Theorem 4.2
Proof.
T 5 Un 5
o {v Zj,t-&-l} =0logEp |exp <Z ;Zﬁtﬂ)]
L nek
=0log Ep H Ep |exp ( Bln( i ;nt’qjmtn>> Z: || + Z vnx?j
Lmelk nek nek
=0log Ep H Ep |exp < v Multl( it ;”;,QJmt )) Z| | + Z vnx?j
mGIC nekl
ZTVL _x"l—
ptogs | T (z - ) £ walt
| mEX \nek nekl

=Ko Z Z;ﬁg — Z g%m/ K¢ ((jﬁ',t}) + Z Z vnx]t ,

mek m'ek/{m} nek mek/{n}

where kg ((jﬁ”,u) := flog <Zn€K (j;ﬂtn exp (Un/H)) . When t = 1, we have

T 5 Sm m,m’ AT, m,n
Ko [” ZJ,Q} =2 Zn- > A | we (qj,l m) YD gt

mek m/ek/{m} nek mek/{n}

Proof of Theorem 4.3

Proof. According to the definition of f;, we have

Ho: [fi (Z’m’y)} Z 16; Z ZAZ” Tl + 0@+ bloy — hi.

JEJ] te[T)nek
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Then we reformulate py, [Zte[T] ) Z” } < u recursively. Based on Theorem 4.2,

3,5, 75t

o | D D AT+ ) AlrZin| <u
te[T—1]nek nekl
(

n _ n
vijr = AT

7n 7m m,m’ AT,

te[T—1]nek mekC m/ek/{m}
+Y Y T <wu

L nek mek/{n}

)

n _ n

Vigr = Aigr

AT, <
D D> @y (v e (dForvigr) ) Furoa <u
nek mek/{n}

/\m,~ L. m m
o (qj,T—lv”w’T) + A1 S Vi

n n 7m m
o | D D ANZN A Y 2l ol | Sura

te[T—2] nek mell

Similarly, we can show that for 7 =T —1,...,;2

Ho; Z ZAZ]t Z Vi jr _]T < ur

te[r—1]nek nek

)
AT, .. m m
ko (qj,7—17017]77> + A1 S0,

AT,
Z Z ]7- 1 ( i — Ko (qjﬂ-_lalvi,j,T)) +ur—1 < ur

<= § neKLmek/{n}

7n 7m m
po | D Y ANZN A+ D 2ol | Suea

L te[r—2]nek mekK

When 7 = 2, the inequality in the last line is equivalent to

7m . m _ Zm . m
D2 =Y Zel <,

mekC mek
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because the initial states ZAjJ are constants. In summary, 1, { fi <Z , T, y)] < 0 is equivalent to

ol =AY, Vn e K,j € [J]

Ko (42%'»vlfj,t+1) + AL < vy Ve[l —1nek,jelJ]

Z Z Z Z < Vigt+1 — Ko (q]r‘,;.vvi,j,t-l—l)) + Z szn,j,l 1+ 1:13+b oy < hy

\ te[T—1] je[J] neK meK/{n} JE[J] neEK

Similarly, pg, [Znelc C"eZ"+clz+ c;—y} < 7 is equivalent to the follows:
’Ug,j,T = CZT’ Vn € IC,] S [J]

Ko (QZ%.v vo,j,t+1> +Cy < vg g Vnek,jel[J],telT —1]

n AT, n 71N T T
Z Z Z Z Zj, it (UOJ,tH — ke (qj,t v’”OJ,tH)) tv 10 | T x+ey<T,

nekl je[J] \te[T—1] mek/{n}

Proof of Theorem 4.4

Proof. We first consider the variance term of the compartment n,

5, t+1 = Varp

> Bin (7 )]

mek
= Z Var;, (Bin (Z]"ft ;n;, (j;nt’n>)
meK
+ Z covs (Bin (Zj, ;nt_,qAﬂn) , Bin (Zj’ l ;nt_,(j;nt n)) )
m#m/ex

Applying the law of total variance, we have

Varg, (Bin (Z]"} Ty cjﬂn>>

= Var]}q, |:( ~ﬁ ’_) qA;ntn} + E]f" VCLY’ED Bin ( N]T-ZL‘/ ;nt—’ (j;ntn> Zt

~ 4 7l ~ ATy
R R D DR LG i)
lek\{m}
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Applying the law of total covariance, we have

covp, (Bin (ZJ”; ;”;, (jﬂn) Bin (Z — a:m -, q“ﬁ n))

mf ~m/n

g

= E; |covs (Bin (Zgs = ay) Bin (23 — a5
+covp |Eg (Bm (2 -y, Zt> JE; (Bln — A Zt>
—covy (2 = )@ (20 =) @) = i ay o

where in the second line, the conditional covariance in the first term is equal to zero because

the two random variables (RVs) are conditionally independent (i.e., given Z;)

Now we consider the covariance term between compartments n and n’ (n # n'),

ooy (3 o (25— ). 3 o (51 - )

Ojt+1 = COVp
meK m'ek
. ~ e AN : ~ m— ~Mm,n
= E covlp(Bln(Zj’ iy 545 f ),Bln( gt~ Tt o 4i¢ ))
mer
. m— ~m,n . >m’ m— ~m’.n
+ Z cov]@<B1n< ]t—x]t 1 4j.f ),Bln( gt~ T 295t ))
m#m/ e

Applying the law of total covariance, we have

N . —m mf NN . ~m — am,n
CoVp (Bln( Bt Vit ’qjt )’Bln( gt t ’q]t )>

=E; [covﬂa) (Bin( = ;”t_,(j;r;n> ,Bin( T :r;”t_,(jﬂn> Zt>

+ covp (]E@ (Bin ( Nﬂ mt—7 q;”’;”) Zt> Ep (Bin ( ~j7f§ mt_, Q;”tn )

D) @]+ cove (2 Zmaly )

“))

:EF{_<Z$5_ UG 9t

= m,l ~m,n am,n’ m,m ~m,n ~m,n’
Z]T';L‘/_ Z Tig | Gi G T Gid Gio
lek\{m}
where in the second line, the two RVs in the first term come from the same compartment
hence their joint conditional distribution is a multinomial distribution, and the conditional

J t’
covariance is calculated according to the multinomial distribution. By the law of total covariance
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we have
covp, (Bin (Zj”f5 -y, (j;r;n) , Bin (Z;} — a2 q " ))
covs <Bin (ZJ"; ;”t*’(j;ntn) ,Bin (Zﬁ - Tt*’qﬁ n) Zt>

+ covp (Et (Bm( it ;”t_,d;ntn»,Et <B1n< it~ Tt_,@ﬁn») thmﬁﬁn@ﬁn7

where the conditional covariance in the second line is zero since the two RVs are conditionally

independent (i.e., given Zt).

Proof of Theorem 4.5

Proof. To simplify notation, we define X;-”j = D ek {m} Xﬁ’m, Xit = 2mrek/{m) X?:”t’m/
Also, we use N(0,7;+) to refer to the Multivariate Gaussian distribution with covariance matrix
;¢ even if it is not full rank. Define (7, = Z;ft/Nj.

We use mathematical induction to prove this theorem. When ¢t = 1, we have the initial
condition Z”l = an and ;1 = 0. Thus, the result holds at time ¢ = 1.

Assume \/1]\7 (Z]’ Zjﬂt) 4 N (0,6,,) at time ¢. Consider the next time period ¢ + 1.
J

~ — . > m, ~MM,T ~AM,M
ZﬁtJrl — Z£t+1 _ Z Bin (Zj iy 054 ) (Zm -z it ) 4
v Nj mek \Z N]

. — — am,n 7 — ) A7un o ~ 7
[Bm (Z;j; — 2,4y ) - (Z;j; -y ) di s N R VAEAR
mek .
Bin (27 — 2 aly") = Zmdyy" — Bin (27— ar ") + Z”%c]ﬂ"]

VN

In the following, we analyze the above three terms inside the summation separately. For the

_l’_

first term, as IV; increases to 400,

Bin (27 — 2 dy") — (20— ) 4y
Jit Jit gt Jht Jit d m m—\ am,n NN
VN (0, (G ) 4 - 4.

Hence, we also know the asymptotic joint distribution (across all compartments) is

V(0. (6 =) (de (1) -~ @3)7) )

The second term fQﬁ"(Z]”}f — Z]";) is a linear function of Zﬂ, and it is easy to see that it

converges to a Gaussian distribution. Following the idea similar to the proof of Theorem 7.3.2
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by Chung (2001), we consider a sequence of independent events:

'O, = Multi (1,4;@»') :

and
Zm—a' Zm ™
Js Js Js Js
. ~m m— ~mmn\ __ lLAm,n, . ~m m— Amymy __ LAm,m
Bin (Zj,t—f”j,t 1y >— > op Bn(Zf -ayLa = Y 0" (BA2)
=1 =1

Considering the third term, we first evaluate its second moment.

: 7m m— ~mn\ _ Zm mn __ N Zm __ .m— ~Mn Z7m AT,N
. Bin (Zj,t_%',t @ ) Zj34;; —Bin (Zj,t Vi oy )JFZj,tqj,t

P /Nj

r ~ - _ _ 2
: m m— ~mn m AN : m m— ~mn m AMmM,n
Bin (Z7} — x5, 45, ) — 2345 — Bin (27} — a5, 450 ) + 27345
—Ep |E ¥
i
[ th*xmf i Am,n 5 m,n > m,n 2
Js s ) M m s, m 5T,
Zizzﬁﬁ;ﬁtfﬂ 05" = 251450 + 23445, .
= E; |E 1 (Zj’t > ZN)
N;

Zz;nvtileti ’Lém7n + Zm ATN,M _ Zm ATN,M ?
i:Zﬂfigﬁtiﬁ*l j’t j:tqj:t j7tqj9t Sm Sm
+ EI@) E, N, 1 (Zj7t < Zjvt)
J
Zm 7m | am,n AT, T 7m m

’Zj,t = 25| 4" (1= 450") ’Zj,t —Zji

=E; N, <Ep N |
J J

where the second equation is due to Equation (B.12), the third equation calculates the variance

of Binomial distributions, and the last inequality is because of (jﬂ” being bounded by 0 and 1.

7 7 : . , . zm—zm
Based on Lemma 4.1, (Z7}—Z7}) /N; converges to 0 in expectation, i.e., limy— Eg P”NJ“} =

0. As a result, we show that the third term converges to 0 in L?-norm, which also applies it

converges to 0 in probability and has no impact on the asymptotic distribution.

Therefore, as N; increases to +o0,

(Zoo - Zi) 5 5 Multi (27 - 2778 )
Jit+1 T Lgt+l AN
mell Nj
d - 3 AT, U U -~ i
<5 SN (0¢ =) (diag (a7) — ) (@)T) ) + 4N (0,550)
mell

= N (Oa 6-j,t+1) )

L
VN
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where 6,11 = q] 05t Qj 0D ek ( — X}y ) (diag ((j]mt) —dq;7(a;y) ) Note that lO;"t, m €

K and Zj,t are mutually independent, and &1 = 0141/Nj.

In the above, we prove the convergence in distribution. However, the convergence in dis-
tribution is not sufficient to establish the convergence of MGF. In order to prove that MGF
pointwisely converges to exp (Zje[ J] %sy&j,tsj), we must also verify the following equation

(See Theorem 5 in Kozakiewicz (1947)): for any m € K, s € R,

lim  sup [ (‘Z]"} — Z;’}‘ > V\/ﬁ]> - exp (VS)} =0. (B.13)

v——400 N c7Z+

Using the triangle inequality and the subadditivity of a probability measure, we have

P (|25 - z| = v/N)

1 Zm m-+ on ATL, T m-+ n
< P( gt Tie—1 " E (Zj,t—l ]t 1)%7: 1| T |%j et E :(Zj,t—l jt 1)q]t 1

nekl nek
A ~ ~ R 14 Nj ~ ~ R
<P ( Zyy =2ty = Y (e — i a5 = ) +B ( SNzp -2 )i | =
nekC nek

When t > 1, we prove the following upper bound for the first term of the right-hand side above.
IED ( V1 / Nj )
2

Jt 1 CE] —1
i ) JN;
=5 P Y (opr-am) = L

7,t—1
nex =1

7m m+ 7n AT
Zj,t_'xj,tfl - E (Zj,t—l ]t 1)‘1]7& 1
nex

Zi1 (B.14)

I/2Nj/2

2
v
5 |2exp | — = — =2exp | — .
— P n n —
S Sit T -0 ( 2<1‘Zne'<x7wt—1>>

. zn
For the first equation in (B.14), we use the result Bin (Zj”t I TIRY (j?tm) =

which implies that Z'" =2l Y ek l’f 17T lO;f’tm. For the inequality in (B.14), we
adopt Hoeffding’s inequality because ZOZ;m are mutually independent across indices n and [

given m. This upper bound does not depend on N; € Z* and we have

. V2
lim 2exp

vreo ( 2(1 - ZnGIC X?t_ 1

)> -exp (vs) = 0.

Now, we are ready to use Mathematical induction to prove Equation (B.13). When t = 1,

P (‘Zﬂ - Z]”}t‘ > Vs /Nj) = 0. Therefore, Equation (B.13) is valid.
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4 Robust epidemiological analytics

Assume (B.13) holds when ¢t = 7. Then for the next time period 7 + 1,

lim sup [ (| M= Z5 | > vy/N. ) exp 1/5}

Voo Nezt
: (

'

< lim sup
Voo Niezt

N . vy/N
2ty =t =Y (2 — a2 ) exp ( )]
nex
uw/
> ) - exp 1/3)] .

Z(ZZT - Zn )(j?;m =
nex

+ lim sup
v——+00 N c7+

(B.14) implies that

7m m—+ 7n —\ An,m
Zjrs1 — LYir — Z(ZJ}T - J T )qJ T
nekl

’y ) exp VS)] =0.
According to the induction assumption and the subadditivity of probability measure,
N (zr, - )i > ”V > exp us>]
nekl
()= ) o]

7T -
Therefore, by Mathematical induction, we show that Equation (B.13) holds and the conver-

lim sup |P
V_H'_OONJ'GZJ"

gence of MGF is proved.
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applications in EMS problem

The Emergency Medical Service problem presents a critical logistical challenge centered on the
optimal placement of ambulances and medical facilities to ensure a predefined level of coverage
within an acceptable response time threshold (Peng, et al., 2020). Due to the inherently unpre-
dictable nature of emergency demand, this problem involves significant uncertainty. Traditional
optimization models often fall short in such settings, as they typically rely on probabilistic for-
mulations that are computationally intensive and require precise knowledge of the underlying
demand distribution.

In contrast, RO provides a compelling alternative for decision-making under uncertainty,
particularly valued for its computational tractability. Unlike probabilistic approaches, RO cir-
cumvents the need to evaluate quantiles of random variables—tasks that are computationally
demanding and often require knowledge of the underlying distribution. The risk-sensitive frame-
works introduced in Chapters 3 and 4 share similar limitations in this regard. By focusing instead
on worst-case scenarios within a predefined uncertainty set, RO offers more stable performance
in managing constraint violations, especially when only limited historical data are available—a
crucial advantage in EMS planning.

Given a cost-based attribute function f(x,z), where & € X is the here-and-now decision
vector within the feasible set X € R and z € Z is the uncertain input vector within the
support set Z C RL. In a deterministic model, the attribute is evaluated at a specific input
vector 2 € Z, and a constraint on the cost attribute, f(x, 2) < 7, may not ensure feasibility. A

robust optimization model addresses uncertainty by ensuring
fle,z) <7 Vz e Z(y),

where Z() C Z is the uncertainty set controlled by the budget parameter v € [0, 00|, such that
Z(0) = {2} and Z(o0) = Z. Uncertainty sets are typically defined by the discrepancy between

the actual input vector z and specified input vector 2, measured by the disparity metric:

Z(v)={z€ Z|A(z,2) <~}.
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5 Unified robust decision models and applications in EMS problem

The disparity metric often takes A(z,2) = |[D~!(z — 2)||, where the matrix D € S, referred
to as the deviation matrix, determines the shape of the uncertainty set, and similar to 2, it
must be specified by the decision maker. The choice of the norm || - || significantly impacts
the computational tractability of the robust optimization problem. Seminal works on robust
optimization, such as Ben-Tal and Nemirovski (1998) and El Ghaoui, et al. (1998), consider
the Lo-norm, leading to quadratic formulations of the robust linear constraint. In contrast,
Bertsimas and Sim (2004) focus on the Li-norm that results in more tractable linear optimization

formats.

While robust optimization can be computationally efficient, it may yield conservative solutions
if the parameters of the uncertainty sets are not properly determined from data. Given historical
data, the specified input 2 is usually the empirical mean, while D corresponds to the root of
the empirical covariance, regardless of the choice of norm. However, there does not seem to
be an approach specifically designed to estimate Z and D for different norms to reduce the
conservativeness of the robust optimization model. While recent advancements, such as those
in I. Wang, et al. (2023), address related challenges, the absence of a systematic approach to
norm-specific estimation motivates the first goal of our paper: to develop a data-driven method

for estimating £ and D.

The choice of specified input 2z chiefly relies on the historical data. However, it is unavoid-
able that the estimated 2 may deviate from the latent input vector ( like the actual mean of
unknown distributions, due to reasons such as outliers and limited or incomplete data. We term
this as estimation uncertainty. This concept, also discussed in the pandemic planning frame-
work of Chapter 4, is increasingly important in data-driven robust models. There are several
attempts to bolster robustness against it in prescriptive analysis using limited data. In the
realm of data-driven robust optimization, T. Zhu, et al. (2022) propose a joint estimation and
robust optimization framework that employs the loss function of predictive models to construct
uncertainty sets. Within the context of distributionally robust optimization, some works (see,
e.g., Bertsimas and Van Parys 2022; Esteban-Pérez and Morales 2022; Bertsimas, et al. 2023)

utilize empirical conditional distributions to form the ambiguity set.

While significant recent progress has been made in data-driven robust optimization, there is
no unifying framework for considering both outcome uncertainty and estimation uncertainty.
Going back to the work by Bertsimas and Sim (2004), robust decisions are designed with the

statistical justification that they remain feasible when the input changes, for instance, ensuring

flm,2) <71 V2€Z(y) = P{f(x,2)>r1}<e,
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where € € (0,1) is some small risk threshold and P denotes the underlying true (but unknown)
probability distribution; see also Bertsimas, et al. (2021b). Outcome uncertainty is critical in
capturing potential issues of infeasibility when the input changes. However, the misspecification
of predictive models on specified input 2 (i.e., estimation uncertainty) can lead to degraded per-
formance on the feasibility profile if only outcome uncertainty is considered. Therefore, another
goal of this work is to propose a unified framework that addresses two layers of uncertainties to

enhance the robustness of decision-making processes.

To summarize, in this chapter, we build a unified framework for robust decision models that
connect robust optimization and robust satisficing paradigms with two layers of uncertainties
via comprehensive robust constraints. A central element of our approach is the use of disparity
metrics, particularly focusing on norm-based disparity metrics. We delineate two layers of
uncertainty—outcome uncertainty and estimation uncertainty—to enhance our decision model.
The first layer, outcome uncertainty, specifies deviations of the input vector from the specified
vector, while the second layer, estimation uncertainty, addresses deviations of the specified vector

from latent input vectors, such as the actual but unobservable mean.

We introduce the notion of Minimum Volume Confidence Set (MVCS), a novel method to de-
termine parameters in outcome disparity metric such as deviation matrices and specified vectors.
Our MVCS approach minimizes the volume of uncertainty sets while maintaining statistical prin-
ciples as constraints. It aligns with the works by Hong, et al. (2021), aiming for smaller volume
uncertainty sets to achieve larger feasible regions and less conservative decisions. It also relates
to the minimum volume ellipsoid problem that uses ellipsoids to approximate historical data
(see, e.g., P. Sun and Freund 2004; Mittal and Hanasusanto 2022), with applications in robust
regression and outlier detection (Van Aelst and P. Rousseeuw 2009; Ahipasaoglu 2015). Addi-
tionally, the minimum covariance determinant (MCD) estimator enhances this coverage-based
outlier detection paradigm by fitting a subset of data with the smallest covariance determinant
(P. J. Rousseeuw and Hubert, 2011). In the MVCS problem, the objective function is a log-
determinant function, ensuring computational tractability for any conic representable norms and
penalty functions. The selection of norms and functions depends on the decision makers’ prefer-
ences regarding uncertainties and can also serve as hyper-parameters for tuning. Moreover, our
MVCS approach can capture the skewness of historical data using the asymmetric disparity met-
ric, and side information can also be incorporated. To construct the estimation disparity metric
that is necessarily different from the outcome disparity metric for the sake of distinguishing two
layers of uncertainty, we recommend the systematic approach recently proposed by T. Zhu, et al.
2022. Although solving the worst-case model or general robust optimization problems can be
computationally challenging, numerous approximation methods have been developed to enhance

computational tractability. Therefore, this paper will not focus on the algorithmic aspects but
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will instead emphasize the demonstration of how the proposed problems are reformulated into

(conic optimization) formats compatible with state-of-the-art commercial solvers. Processes of

some key reformulations have been integrated into the algebraic modeling package, RSOME (Z.
Chen and Xiong, 2023).

The main contributions of our work may be summarized as follows.

1

1. We propose a unified framework that combines robust optimization and robust satisficing

paradigms with two layers of uncertainty. This proposal, with joint uncertainties, offers
a strong feasibility guarantee under true distribution (cf. Section 5.1). Additionally, we
advocate a unifying sequential robust satisficing decision framework to further reduce

conservativeness (cf. Section 5.1.2).

. We introduce the MVCS approach to characterize the (asymmetrical) outcome uncer-

tainty (cf. Section 5.2), possibly with historical data without any distributional assumption
(cf. Section 5.3). The corresponding problems can be transformed into convex optimization
problems. We also develop (in the online version) the integer power cone reformulation for
the general Ly-norm confidence ball with rational number p > 1. The integer power cone

can be further re-expressed via elementary rotated second-order cones.

. Our framework is capable of integrating an affine predictive model with side information

to both outcome uncertainty and estimation uncertainty (cf. Section 5.5).

. We conduct a numerical study to present the encouraging performance of the MVCS

approach in terms of its robustness to outliers as well as its adaptability in capturing
asymmetry and incorporating side information. We also apply our framework to a resource
allocation problem and showcase its competitive performance compared to the sample

average approach.

The rest of this chapter is structured as follows. Sections 5.1.1 and 5.1.2 introduce the uni-

fying framework with the comprehensive robust constraints. In Section 5.2, we formulate the

MVCS problem and present analytical solutions, establishing connections to existing predic-

tion methodologies. The data-driven MVCS approach is discussed in Section 5.3. Section 5.4

illustrates the construction of estimation uncertainty. Section 5.5 extends our framework to

!This chapter is based on content from the pre-print article: Lou, Z., Chen, Z., Sim, M., Xie, J., and Xiong,
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5.1 The robust decision model

integrate the prediction with side information. Numerical results are presented in Section 5.6,

and Section 5.7 concludes this chapter.

5.1 The robust decision model

We focus on a decision model expressed in the following optimization format:

min ¢'x

st. flz,z) <7

xe X,

where the second element z € Z C R” is the input vector of model parameters whose outcome
could be uncertain. Here, Z is referred to as the input support set, typically a convex set that
delineates the underlying physical limits and includes provisions for unforeseen rare events or
even black swans—scenarios that have never occurred in the past.

For simplicity, our discussion is limited to a linear cost function while maintaining the attribute
function within the constraint. However, our approach can be expanded to include models
with multiple attributes, some of which may also be minimized within the decision’s objective

function. Note that the attribute function can be articulated as a linear optimization problem:
f(@,2) =min {dTy | By > A(2)z +b(z), y e R™ |,

where the maps A(z) : RF — RM2XP p(z) : RY — RM2 are affinely dependent on z. Here, y is
called the wait-and-see recourse vector associated with the attribute function because whenever
the input vector is uncertain, its optimal solution is only determined after the input vector

materializes.

5.1.1 Uncertainty in the decision model

At one end, in a deterministic decision model, uncertainty in model parameters is typically

ignored, and the input vector is captured by a specified input vector 2 € Z as exemplified as

follows:
min ¢'x
V=29 st. f(z,2)<7 (5.1)
reX.

However, the solution to the deterministic decision model is fragile as it cannot even ensure the

constraint feasibility when model parameters deviate from the specified input vector.
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On the other end, the worst-case model replaces the deterministic constraint with the worst-
case constraint

flx,z2) <1 VzeZ
and solves the following problem

min ¢'x

<
I

st. flx,z) <1 VzeZ

xrcX.

Yet, if the worst-case cost V is significantly higher than V, the worst-case solution is arguably

conservative and may be deemed unacceptable.

Disparity budget and tolerance

The above discussion raises the need to balance both ends of deterministic and worst-case
decision models and, more specifically, to ensure constraint feasibility while controlling the
model’s conservativeness. Our first attempt introduces the following comprehensive outcome
robust constraint:

flx,2) <7+ k(A(2,2) — )T VzeZ, (5.2)

Here, v € [0, 00|, referred to as outcome disparity budget, governs the size of the uncertainty
set {z € RY | A(z,2) < v} around the specified input vector, within which feasibility of the
constraint f(x,z) < 7 is ensured; while xk € [0, 00|, referred to as outcome disparity tolerance,
articulates the tolerance to potential violations when the actual input vector does not reside in
the uncertainty set {z € RV | A(z, 2) < v} and by tolerating such violations, it help mitigate the

conservativeness of the worst-case decision model that must obey the constraint for all z € Z.

Outcome and estimation uncertainties

Lying at the core of the robust constraint (5.2) is a disparity metric A(-,-) that measures the

discrepancy between the actual input vector z and specified input vector 2.

Definition 5.1 (Disparity Metric). A function A : RV x R — [0, oc] is a disparity metric if it

satisfies the following properties:

e Positive Definite: For all z,¢ € RY, A(z,¢) > 0. Moreover, A(z,¢) = 0 if and only if
z=¢C.

e Convex: A(z,() is a convex function in z,{ € Z.

A disparity metric is coherent if it also satisfies the following properties:
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e Translation Invariant: A(z,{) = A(z — &,¢ — &) for all £ € RE.

e Positive Homogeneous: A(kz, k() = kA(z,¢) for all £ > 0.
A disparity metric is symmetric if A(z,¢) = A(E, 2) for all z,¢ € RE.

Equipped with the disparity metric, the robust constraint (5.2) accounts for outcome uncer-
tainty—the first layer of uncertainty we identify—that pertains to how the actual input vector
z may deviate from the specified input vector 2.

Quite notably, we identify and emphasize a second layer of uncertainty, termed estimation
uncertainty, which pertains to the potential discrepancies between the specified input vector
and the latent input vector that we denote as ¢ € Z C RL. In this context, outcome uncertainty
is now associated with how the actual input vector z may deviate from this latent input vector
¢ instead of the specified input vector 2. The latent vector is typically associated with the
underlying random process that generates input uncertainty, and the specified input vector
z € Z is determined through an estimation process designed to identify this latent vector. For
instance, if the input uncertainty originates from a distribution whose mean is ¢, then 2 might
represent the mean estimated from data. It is crucial to note that while historical samples of
the input vector may be available to assess outcome uncertainty, empirical data for the latent
input ¢ are typically not accessible.

Throughout this paper, we will use the outcome disparity metric A(z,2) to measure the
discrepancy between the actual input vector z and the specified input vector 2, and likewise,
use the estimation disparity metric A(C , 2) to measure the discrepancy between the latent input
vector ¢ and the specified input vector 2. These disparity metrics are fundamental building
blocks for developing different types of robust decision models. They hedge against uncertainty
while ensuring that the solutions are not overly conservative compared to worst-case scenarios.

For this propose, we also define the outcome confidence set
B(2,7)={z e RV | A(z,2) <~}
and the estimation confidence set
B(2.9) ={¢ e R" | A(¢,2) <4}
Centered at 2, the radii of these confidence sets are controlled by « and ¥, respectively.

Comprehensive robust constraint with joint uncertainties

Consolidating disparity budget and tolerance as well as outcome and estimation uncertainty, in

this paper we introduce the comprehensive robust constraint with both outcome and estimation
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uncertainties as follows:
f@,2) <7+ R(AZC) - Nt +AAK(2) -4 VzeZ (eZ (5.3)

with v,4, K, & € [0,00]. Interpretations of the term r(A(z,¢) — )" related to outcome uncer-
tainty remain similar to that of the outcome robust constraint (5.2), except now that outcome
uncertainty is associated with how the actual input vector z would deviate from this latent input
vector ¢. It is noteworthy that keeping A(z, 2) will reduce constraint (5.3) to constraint (5.2),
thereby eliminating the buffer against estimation uncertainty. Additionally, estimation uncer-
tainty is addressed by the term /%(A(C ,2) —4)", wherein analogously, 4 and & respectively
account for estimation disparity budget and estimation disparity tolerance, and the estimation
disparity metric A(C , 2) expresses the deviation from the specified input vector z to the latent
input vector . The following observations illustrate the generality of the comprehensive robust

constraint (5.3).

e Whenever we have zero disparity tolerance (i.e., kK = k& = 0) or extreme disparity budget
(i.e., v =4 = 00), the comprehensive robust constraint (5.3) would recover the worst-case
constraint:

fle,z) <7 VzeZ

e The case of 4 = co and v = 0 yields the tolerated robust constraint as in Ben-Tal, et al.
(2017):
flx,z) <t7+kKk min A(z,{) VzelZ
B

e When k,# = oo and 4 = 0 (which would enforce ¢ = 2), the comprehensive robust

constraint (5.3) would be equivalent to the following classical budgeted robust constraint:
flx,2) <17 VzeZNB(2,7);

see, e.g., Bertsimas and Sim (2004).

e When k,# = oo and v = 0 (which would enforce z = (), the comprehensive robust

constraint (5.3) leads to another budgeted robust constraint:
fl@.Q) <7 VCeZnB(24),

which appears in the joint estimation and robustness optimization framework of T. Zhu,
et al. (2022) that mitigates estimation uncertainty in optimization problems with the

integration of the parameter estimation procedure and the optimization problem.

98



5.1 The robust decision model

e More recently, the tolerance robust satisficing model described by Sim, et al. (2021) rep-
resents a special case of (5.3) with v = 4 = 0. Outside of the authors’ focal data-driven
context, this special case can be explicitly defined as the following tolerated robust con-
straint:

flx,z) <T+rA(2,¢) +RA(C,2) YzeZ, ¢eZ.

Indeed, any x feasible to the comprehensive robust constraint (5.3) guarantees its feasibility

to the following robust constraints:

flx,z)<T Vz e ZNB(2,7)
f@,¢) <7 V¢ € Z2nB(2,7)
fl®,2) <7+ k(A(z,2) =)t VzeZ\B(2,7)
[f@ Q) <7+ R(AK2) -9 Ve Z\B(29).

Beyond these feasibility realms, the comprehensive robust constraint (5.3) also possesses strong

statistical justifications.

Theorem 5.1. Consider the random variable z ~ P, P € Py(Z), which denotes the random

outcomes of the actual input vector. Suppose x is feasible to the comprehensive robust con-

straint (5.3). Then the following infeasibility likelihood profile holds:
P{f(@ 2)>7+nr+i(AC,2) -9} SP{E¢ By +1)} ¥r20,¢eZ,
Theorem 5.1 implies that

P{f(x,2) > 1} <P{Z¢ B(¢)} V¢ e Z2nB(2,9)

P{f(x,2) > 7+ rr} <P{2¢ B y+7r)} Vr>0, ¢cZnB(2,7).

At a greater deviation, A(C ,2) > 4, a greater constraint violation moderated by & is necessary
to ensure the same infeasibility probability bound. It should be noted that establishing the
probability bound depends on knowledge of the true distribution. Even when the distribution
is known, relying on a generic probability bound based on the likelihood of infeasibility within
the outcome confidence set may overestimate the actual probability of infeasibility.

This is a generic bound that holds true for all attribute functions. As a result, the established
probabilistic guarantees tend to be conservative. Better bounds can be obtained for specific
attribute functions by imposing assumptions on the distributions, which we aim to avoid. How-
ever, this issue can be addressed through robust satisficing decision models, where the modeler

can directly control the level of conservativeness by specifying performance targets.
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5.1.2 A unifying sequential robust satisficing decision framework

Armed with the comprehensive robust constraint (5.3) parameterized by 7, &, ¥, ~—budgets and
tolerances to outcome and estimation uncertainties, our unifying decision framework follows the
spirit of robust satisficing (see, e.g., Ben-Tal, et al. 2017, D. Z. Long, et al. 2023) to optimize
these parameters sequentially, rather than pre-specifying them as fixed. Specifically, we advocate

solving sequential robust satisficing problems with intermediate targets as follows.

Step 0. Solve the deterministic decision model and obtain its objective value V' to be used as
the reference for setting the intermediate targets for the subsequent robust satisficing

models.

Step 1. Solve a budgeted robust satisficing problem for the first intermediate target V3 > V:

max -y
st. flx,z) <7 Vze ZN{z e R | A(z,2) <7}
cxz<V
xe X, v>0,

and obtain the optimal ~*.

Step 2. Solve a tolerated robust satisficing model that minimizes « for the second intermediate

target Vo > Vi:

min K
st f(z,2) <7+ K(A(2,2) =)t VzeZ
c'x <V,

xe X, k>0,

and obtain its optimal x*.

Step 3. Solve a budgeted robust satisficing model that maximizes 4 for the third intermediate

target V3 > Va:

max

st flx,2) <T+R(A2,C) =)t VzeZ (e Zn{¢eRE|AK,2) <A}
c'x<Vy
reX,y>0,

and obtain its optimal 4*.
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Step 4. Solve a robust satisficing model that minimizes & for the forth intermediate target

Vy > Vs
min &
st f@z) ST +R Az C) —v) +R(A(5C) — A7) VzeZ, ¢e2
clex <V,
rxe X, k>0,

and obtain its optimal solution x*.

This approach of solving sequential robust satisficing models for tuning multiple parameters
is attributed to Sim, et al. (2021). The approach starts by solving a deterministic optimization
problem to establish the minimum feasible cost V. This initialization presumes the specified in-
put vector 2 accurately mirrors the actual (uncertain) input vector. Progressively, the approach
optimizes budgets and tolerances to outcome and estimation uncertainties. The optimization
occurs sequentially with increasing intermediate target Vi > V3 > V5 > V) relative to V. This
structured, incremental approach effectively addresses outcome and estimation uncertainties,
informing a robust, comprehensive decision-making solution. It also simplifies parameter speci-
fication, offering decision-makers a clear and manageable progression through the model’s com-
plexities. Nevertheless, decision-makers can always articulate their budgets and tolerances to
outcome and estimation uncertainties by specifying the value of any parameter among v, ¥, K, .
When doing so, they should skip the corresponding step among Steps 1-4.

Note that in the budgeted robust satisficing phase (Steps 1 and 3), disparity budgets v and
4 are maximized, typically by a bisection search due to the quasiconcave objective; whereas
in the tolerated robust satisficing phase (Steps 2 and 4), the tolerance parameters x and & are
minimized through a convex optimization problem. It is also worth noting that the framework
is readily applied to the reward context wherein the attribute function f(x, z) is reward-based.

Accordingly, the comprehensive robust constraint shall read as
flx,2) 27— 5(A(z.Q) =" —#(A(C.2) )T VzeZ (€2

An illustration from portfolio optimization

Using portfolio optimization in the reward context as an example, we illustrate the rich expres-
siveness of the sequential robust satisficing decision framework. In the portfolio optimization
problem, the random stock returns, denoted by Z ~ P, P € Py(RF), follows an ambiguous dis-
tribution with an unknown true mean and covariance 3 € Si . Suppose first that the sample

mean well estimates the true mean so the specified input vector 2 is aligned with the sample
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mean fi. Consider the investment decision € R” residing in X = {x € R¥ | 1Tz = 1}. The

tolerated robust satisficing model for portfolio optimization has the following representation:

min &
K'=19 st. ' 2>V —-rA(z,2) VzeRF
xe X, k>0,

which corresponds to Step 2 of the framework with Z = R’ that specifies v* = 0 and skips
Step 1. Here, V can be viewed as some risk-free return. Suppose the outcome disparity metric
is A(z,2) = ||27Y2(z — 2)||2. Using standard techniques in robust optimization to transform
the constraint

x'z>V —kA(z,2) VzeRE

the representation can be expressed as follows:

=S st x p>V (5.4)

which turns out to be the celebrated Markowitz portfolio model that minimizes the portfolio’s

standard deviation.

We next extend to consider estimation uncertainty where the sample mean does not coincide
with the true mean and the latent vector ¢ is aligned with the true mean, i.e., Ep[2Z] = (.
In executing the sequential robust satisficing decision framework, we can continue with the
solution of the Markowitz portfolio model (5.4) for an intermediate target of V5, and solve for
the following tolerated robust satisficing model—Step 4 of the framework that specifies 4* = 0

and skips Step 3—to achieve a desired return target of Vy < Va:

min &
st. x'z>V,—k*Az,¢) — /%A(C,ﬁ) Vz, ¢ € RL
reX, k>0.
Suppose the estimation disparity metric is A(C, z2) = ||¢ — 2||2- We can express the above model

as

min ||x||2
st. 2>V,
VaT TSz < g

x e X.

(5.5)
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A well-known empirical study by DeMiguel, et al. (2009) has demonstrated that an equal-
weighted portfolio © = 1/L can potentially outperform the Markowitz portfolio. Interestingly,
if the equal-weighted portfolio has an expected return exceeding V4 and a standard deviation
lower than x*, then it would emerge as an optimal solution to Problem (5.5). That being said,
by adjusting V5 and V4 within the range of Vj < V5, the nature of the optimal portfolio can shift,

ranging from the solution proposed by the Markowitz portfolio to an equal-weighted portfolio.

5.2 Characterizing outcome uncertainty via minimum volume

confidence set

In this section, we explore methods to specify parameters that will characterize the outcome
uncertainty within the comprehensive robust constraint. Our primary focus is on the norm-based
disparity metric:

A(z,2) = D7 (z - 2)],

where || - || represents an absolute norm.

Definition 5.2 (Absolute Norm). An absolute norm satisfies ||u|| = ||v]|| for all u € RY, with
ve = |uyg| for each ¢ € [L]. The properties of the absolute norm are detailed in Bertsimas and Sim
(2006). In particular, for any v,u € RY such that vy > |uy| for all £ € [L], ||v|| > ||ul|. Examples

of absolute norms include the L,-norm and the D-norm introduced in Bertsimas, et al. (2004).

For the norm-based disparity metric, we define the matrix D € SEL + as the deviation matriz,
which is both symmetric and positive definite. This matrix plays two crucial roles: it adjusts to
the unique deviations of each input entry and ensures the outcome disparity metric is dimen-
sionless. These features are vital for fair and consistent evaluations across different input entries,
especially when they differ in units, scales, or inherent variability. Consequently, we redefine the

outcome confidence set to include the dependency of the deviation matrix as follows:
B(2,D,7) = {z e R | [D™(z - 2)|| <~}

The radius of the confidence set is controlled by the disparity budget ~, and its volume is affected

by both v and the deviation matrix D (as we shall present subsequently).
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Infeasibility likelihood profile and deviation penalty function

The infeasibility likelihood profile ¢ establishes the upper bound for the infeasibility probability

of the outcome confidence set as follows:
P{z ¢ B(2,D,7)} <¢(y) Vy>0.

To see a concrete example of the infeasibility likelihood profile, consider a special case of
B(2,D,7) = {z € RY | D7}z — 2)|l2 < v}. Suppose the true mean Ep[Z] and variance
Y =Ep[(2—2)(2— 2)"] are known so that we can set 2 = Ep [Z] and D? = . It holds that

_E[ID7G -2l

P{z ¢ B(2,D,7)} <P{|D7'(z - 2)[3 2"} < -2 =e(y) ¥y =0,

where the second inequality follows from Markov inequality and the last equality is satisfied for
an infeasibility likelihood profile defined as (1) = L/r? Vr > 0, established based on the insight
that

Ep [1/0(ID7 (2 = 2)ll2)] = B (2 - 2)"=7}(2 - 2)/L] = 1.

The infeasibility likelihood profile serves as a key tool in the statistical justification of the
comprehensive robust counterpart. For example, from Theorem 5.1, if a solution ® € X is

feasible to the following comprehensive robust constraint in (5.3) with # = oo and 4 = 0:
f2) <745 (DN (z-2)]—7)" vzez,
then it also conforms to the tolerated chance constraint:

P{f(z,z) >7+rr} <P{z¢B(z,D,v+7r)} <e(y+r) ¥r>0.

To demonstrate how the specified input vector 2 and the deviation matrix D contribute to
establishing the infeasibility bound of the outcome confidence set (thereby making it adaptable

to various infeasibility likelihood profiles), we next introduce the deviation penalty function.

Definition 5.3 (Deviation Penalty Function). Associated with an infeasibility likelihood profile
@, the deviation penalty function ¢ : Ry — [0, 00] is a non-negative, non-decreasing and convex

function such that 1(0) < 1 and satisfies

Y(r) >

o(r)
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Specifically, for some p € [1, 0], a power deviation penalty function is defined as follows:

P
T,Z)p(T) = %a

which is normalized by the uncertainty’s dimension L.

Theorem 5.2. Consider a deviation penalty function ¢ associated with the infeasibility likelihood

profile . Suppose the random variable Z ~ P, P € Po(RL) satisfies
Er [0(ID7'(2 - 2)|)] <1,

for some 2 € R and D € Si+. Then, the infeasibility probability bound of the outcome confi-

dence set satisfies:

P{z ¢ B(2,D,7)} <¢(y) Vy=>0.

Minimum volume confidence set

Given an infeasibility likelihood profile ¢ and its related deviation penalty function 1), Theo-
rem 5.2 relates the infeasibility probability bound of an outcome confidence set B(2, D, ) to its
parameters 2 and D. Among those values of (2, D) that satisfy Ep [¢(|[D7}(2 — 2)|)] < 1, we
seek the ones that correspond to the smallest volume of the outcome confidence set B(2,D, ),
thereby avoid overly conservative scenarios and solutions.

Note that changing variables from D~!(z — 2) to v, the volume of B(2, D, ) can be precisely

calculated as:

Vol(B(2,D,~)) = f{z:||D*1(z—2)||§7} dz = f{v:HvHSv} | det(D)|dv = |det(D)| - Vol(B(0,1,7))
x |det(D)].

That being said, the determinant of the deviation matrix D affects the volume of the outcome
confidence set, which in turn, impacts the conservativeness of the comprehensive robust coun-
terpart. Therefore, among all parameters that meet the infeasibility likelihood profile as ensured
in Theorem 5.2, we should select those that minimize the determinant of the deviation matrix.

This can be established as the following minimum volume confidence set (MVCS) problem:

inf det(D)
st. Ep[y(ID7H2-2)|)] <1 (MVCS)

5 c RL L
zeRY, DeSy,.

We assume that an optimal solution to the MVCS problem exists, contingent upon the covari-

ance matrix of the random variable being positive definite. Additionally, if the specified input
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is determined by another method, it can be excluded as a decision variable from the MVCS

problem.

Analytical solutions for MVCS

The MVCS problem is introduced as a conceptual optimization problem aimed at determining
the least conservative parameters for the comprehensive robust constraint that would achieve
its desired statistical performance guarantees. Solving MVCS involves precise knowledge of the
true distribution P of Z and evaluation of the associated expectation constraint that could be
computationally challenging. Nonetheless, we can identify scenarios where closed-form solutions

to the MVCS problem are obtainable. In this section, we explore such scenarios.

Symmetric Distribution When the true distribution P is symmetric, the optimal solution

of the specified input vector Z corresponds to the random variable’s mean.

Theorem 5.3. Suppose the optimal solution to the M VCS problem exists and the distribution
P of Z is symmetric about its mean pu = Ep[Z]. Then 2* = p constitutes part of an optimal

solution to the M VCS problem.

L,-Norm and Power Deviation Penalty Function Focusing on the Lo-norm and the
corresponding power deviation penalty function vy, we derive an analytical solution to the

following representation of the MVCS problem that applies to any distribution PP.

inf det(D)
st. Ee[IDNE-2)] <L (5.6)

zeRl, Dest,.

Theorem 5.4. Let p =Ep[Z] and & =Ep [(2 — p)(2 — u)T] and suppose X € Sk . Then an
optimal solution to Problem (5.6) is (z*,D*) = (u, X'/?).

Gaussian Distribution In the case of a Gaussian distribution, the deviation matrix is a

scalar multiple of the square root of the covariance matrix.

Theorem 5.5. Suppose the distribution P of z is a Gaussian with covariance 3 € Si+. Then
the optimal solution to the MVCS problem with L,-norm and power deviation penalty function
Yy 15 2¥ = p and

D* — 3 F(\pﬁ%l) 1/1’21/2’

where T'(r) = fooo tr—le~tdt is the gamma function. For p=2, T (%) = @2

2As expected, when p = 2, Theorem 5.5 gives the same optimal solution as in Theorem 5.4.
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Asymmetrical outcome

Accounting for asymmetry can be particularly useful in applications like portfolio management,
where skewness in returns can significantly influence investment decisions. We propose the

following asymmetric outcome disparity metric that is based on an absolute norm:
A(z,2) = ||(Diag ™ (a)D™ ! (2 — 2))” + (Diag™!(6)D"'(z — 2))*|,

where ||- || is an absolute norm, and o and & are asymmetric normalization vectors with positive
entries. When o = & = 1, the property of an absolute norm and the identity that v~ +v™ = |v]

yield the following:
|(Diag™ (@)D~ u)~ + (Diag™(6)D " 'u) || = (D7) + (D™ 'u)" || = [D ™ ul.

Therefore, we have A(z,2) = |D~!(z — 2)||, which aligns with the definition of symmetric
disparity metric.

Accordingly, the asymmetric outcome confidence set is defined as

B(2,D,0,6,7) = {z € R" | [|(Diag™'(¢)D"!(z — 2))” + (Diag™'(¢)D (2 — 2)) | <~}
(5.7)
Note that the first asymmetric uncertainty set for robust optimization was proposed in X.
Chen, et al. (2007), which is a special case of the asymmetric outcome confidence set with
D =1. It is based on the assumption that the input parameters are independently distributed,
sub-Gaussian, and characterized by their directional deviation vectors o, &, and mean 2. In

our approach, the parameters o, &, 2 and D are all estimated from data.

Theorem 5.6. The asymmetric outcome confidence set can be expressed as follows:

Jw, w GREF :

B<27D7Q7&77): ZGRL ’IIJ*Q:D_I(Z*,%) . (58)

| Diag (@) + Diag " ()] <
We next evaluate the volume of the asymmetric outcome confidence set.
Theorem 5.7. The volume of the asymmetric outcome confidence set B(z2,D,a,a,7) can be
calculated as follows:

Vol(B(,D,0,5,7)) = [] Z2-2% - det(D) - Vol(B(0,1,1,1,7)) = ][] w-det(D).

Le[L] Le[L]
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Hence, the MVCS problem can be extended to the asymmetric outcome confidence set as
follows:
inf H # - det(D)
Le(L]
s.t. Ep [¢(]|(Diag™'(e)D ™' (2 - 2))” + (Diag™'(¢)D" (2 — 2))"[)] <1

5 L = L L
zeR* o,0cRy,, DeSY,.

5.3 Estimating minimum volume confidence set from data

The MVCS problem provides a method for estimating the specified input vector 2 and the
deviation matrix D, by utilizing the empirical distribution PP constructed from a set of historical
data D = {(w, z,) | w € [Q]} as follows:

P{z=2,}== YwelQ

Dl =

Here, z, represents the observed outcome of the input vector in scenario w. Accordingly, the

empirical mean and covariance of Z can be concisely presented as:

fr=Ep[z] = é Y 2z, and T =E; [(é—m(é —fﬂ = é d (zw— ) (zo— i)
we[Q] welQ]

This method is known as the minimum volume confidence set estimation approach, which in-

volves solving the following convex optimization problem to estimate 2 and D:

inf det(D)
st B [p(D'(E-2)|)] <1 (MVCS)
D > Diag(r)

2eR, DesSt,.

Here, the conic inequality D > Diag(r) represents D — Diag(r) € Si and the pre-specified
regularization vector r € Ri 4 U {0} is applied to enforce D € SJLr 4, ensuring the volume of the
outcome confidence set remains positive. Such a treatment is deployed to address practical issues
arising with the MVCS approach that deviates from the MVCS methodology. For example, even
if the true covariance, 3, evaluated on the true distribution PP, is positive definite, the empirical
covariance 2, derived from the same distribution, may not be. This subtlety can render the
optimal solution to the MVCS problem unsolvable.

We next demonstrate how the MVCS problem can be transformed into a convex optimization

problem.
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Theorem 5.8. The optimal solution (2*,D*) of the M VCS problem can be obtained from solving

the following convex optimization problem:

max (det(Q))Y/F

st Ep[0([Qz —ql)] <1
Q = Diag™'(r)
geRE, Qest.

Specifically, suppose the optimal solution of Problem (5.9) is (q*,Q*). Then D* = Q*~! and
z* = D*q*. Problem (5.9) is strictly feasible and reqularization ensures that the solution is
bounded and hence achievable. In the absence of regularization (i.e., » = 0), the constraint

Q =< Diag!(r) is eliminated.

Apart from being a convex optimization problem, another notable advantage of Problem (5.9)
is that evaluating the expectation over the empirical distribution in its constraint is computa-

tionally feasible, as shown below:

B [0(1Q2 ~ al)] = 5 3 v(1Qz — al)
we[Q]

If the penalty function ¢ and the norm || - || are tractable and conic representable, the expecta-
tion constraint can also be expressed similarly. Specifically, when using the L,-norm with the
corresponding power deviation penalty 1,(r), this expectation constraint can be modeled using
power cones for any p > 1 and becomes linear when p = 1. Yet, state-of-the-art commercial
solvers do not support power cones well, except MOSEK. In the appendix of the online version,
we show that for rational values of p > 1, the expectation constraint can be represented using
integer power cones—a new notion we have developed—and subsequently expressed as second-
order cone constraints. We also explain how using such integer power cones can reformulate
the determinant optimization problem as a semidefinite optimization problem. These methods
have been integrated into the Python-based algebraic modeling toolbox RSOME developed by
Z. Chen and Xiong (2023).

The deviation penalty function 1, as a convex function, penalizes expected deviations from
Z by using the disparity metric. Thus, from an estimation perspective, when the deviation
penalty function is linear, the estimated parameters typically show minimal sensitivity to data
fluctuations. Conversely, with more convex penalties, such as power functions, the estimation
becomes more sensitive to variations in data. When using the deviation penalty function ¥e,—

the limit of 1, attained as p tends to infinity, we have the following equivalence:

Ep [¥(IDTH(2-2))] <1 = D7 (zw—-2)I<1 Ywe Q]
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Consequently, Problem (5.9) transforms into a minimum volume confidence set problem that
covers all empirical samples. For an ellipsoidal confidence set where the outcome disparity metric
is based on the Lo-norm, this aligns with the well-known minimum ellipsoid covering problem—
a technique widely used in data analysis, computational geometry, and optimal experimental
design in statistics, as noted by Todd (2016), and is valued for their computational efficiency,

as discussed by P. Sun and Freund (2004).

Separate data sets

Another practical consideration is that data may not always be collected in a coordinated manner
that would allow us to form a joint empirical distribution. More commonly, we encounter
separate data sets, each associated with a subset of entries of the input vector. To capture
this, specifically, consider the input vector as a concatenation of I disjoint components, i.e.,
z = (z1,...,21), where z; € Rl for each i € [I] such that > iein Li = L. EBach random
component Z; is associated with a different dataset D;, and we denote its empirical distribution
by P; € Py (RE) with Z; ~ ;. In this situation, the empirical distribution P for the complete
random input vector 2 = (21,...,27) is not uniquely defined, prohibiting the evaluation of

Eg [¢(ID~H(Z - 2)I)]-

To resolve this ambiguous expectation, we can restrict the deviation matrix to a block diagonal
one such that D = Diag(Dy,...,Dj) for some D; € SJLFZL, i € [I]. Using the L,-norm with
the corresponding power deviation penalty i, (r) and following a similar vein as outlined in

Problem (5.6), we have

Ep [W(ID (2~ £)D] =B | 1 ID™' (- 2| = 7 3 By, [ID7 (i - 201

te(I]
Consequently, for separate data sets, we consider the following MVCS problem:

inf det(Diag(D1,..- D))

6> B (D& - 2B < L
i€[]]
D, = Diag(r;) Vi € [I]
2 € R, D, e st Vi € [1].
Here, det(Diag(D1,...,Dy)) = [[;cqydet(D;) and r; € R 7 u{0} Vi € [I]. Following the

exposition of Theorem 5.8, the optimal solution (2, D7) for each i € [I] can be obtained from
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solving a convex optimization problem

max & Hie[[] det(Q;)
st Y By [IQizi—aillf] <L

= (5.10)
Q; =< Diag'(r;) Vi € [I]
g € RV, Q; e st Vi e [1].

Specifically, for each i € [I], D¥ = Q! and 2} = D*q;, where (g, Q¥) is the optimal solution
of Problem (5.10).

For the case of I = L, which implies L; = 1 for all ¢ € L, we can derive the closed-form

solution to Problem (5.10), which can be simplified as follows:

inf ] d
i€[L]

st > B (|5 —4P/d) <L (5.11)
i€[L)]
2 eRL deRL.

where d corresponds to the diagonal of the deviation matrix, i.e., D = Diag(d).

Theorem 5.9. Suppose the empirical variance of Z; is positive for each i € [L]. Then, the

optimal solution to Problem (5.11) is, for each i € [L],

@ = [, 12 - 5111)

(2 )

where Z7° satisfies the following condition:

7 7

Es [((i— 2P =K, [(G—2) )P ifp>1
E

B, [sign(zi — 2{)] =0 ifp=1.

Theorem 5.9 offers valuable insights into how the specified input vector 2 and the deviation
vector d are estimated under the diagonal restriction of the deviation matrix. For p = 2, they
correspond to the empirical means and standard deviations, respectively. For p = 1, 2 aligns
with the median of Z while d is derived from the empirical absolute deviation relative to the
median. Notably, estimating parameters with lower values of p tends to be less affected by data

fluctuations.
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MVCS for asymmetric confidence set

We can extend the MVCS problem to an asymmetric confidence set as follows:

inf ] % . det(D)
Le(L]

st. By [6(|(Diag (@)D (2 - 2))” + Diag @)D ) D] <1 (51
D > Diag(r)

5 L = L L
zeR* o,0cRy,, DeSY,.

Unfortunately, Problem (5.12) cannot be transformed into a convex optimization problem,
complicating the pursuit of a global optimum. Nonetheless, a viable approach is to employ an
alternating optimization strategy. Begin by setting the asymmetric normalization vectors as
o = o = 1, and then solve for the solution variables Z and D. This step can be formulated
as a convex optimization problem by applying the change of variables technique described in
Theorem 5.8. After determining the optimal specified input vector 2 and the optimal outcome
deviation matrix D, the next step involves refining the asymmetric normalization vectors by
solving the following optimization problem:

inf Zetoe

s.t. Ep [1(|(Diag™ (@)D~ (2 ~ 2))” + (Diag™'(6)D (2 — £)*|)] <1 (5.13)

g,&E}R_LH_.

These two steps are iteratively repeated until a predefined termination criterion is met. With
each iteration, the volume of the asymmetric confidence set decreases. Given that this volume
cannot reach zero, due to constraints imposed by regularization, the process will eventually
converge to a local optimum.

Problem (5.13) can also be formulated as a convex optimization problem, as demonstrated in

the subsequent result.

Theorem 5.10. The optimal solution (o*,a*) of Problem (5.13) can be obtained from solving

the following convex optimization problem:

max  {/ HZG[L} ty

s.t.  Eg [¢(]|(Diag(v)D ™! (2 — £))” + (Diag(®)D (2 — 2))"|))] < 1

t% < 2@@1,03 Yl e [L] (5 14)
t% < 20wy \WAS [L]
ty 2> wy + wy Ve € [L]

- - L
tvyavvwaw S R-}—'
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5.4 Characterizing estimation uncertainty from data

Specifically, suppose the optimal solution of Problem (5.14) is (v*,v*). Then, for any ¢ € [L],
a; = 1/v; and 67 = 1/v}. Problem (5.14) is strictly feasible, ensuring that the optimal solution

v*,0* > 0. Since D € SJLFJF, the optimal solution is also bounded and attainable.

The objective function of Problem (5.14) is characterized by a hypograph that utilizes an in-

teger power cone, while the constraints are formulated as rotated second-order conic constraints.

5.4 Characterizing estimation uncertainty from data

To characterize estimation uncertainty, it is tempting to use the same disparity metric as used for
characterizing outcome uncertainty. However, the following result cautions that it is necessary

to deploy different disparity metrics to distinguish these two layers of uncertainty.

Theorem 5.11. Suppose A and A are identical coherent disparity metrics and Z C Z. Then,
the comprehensive robust constraint with joint uncertainties as defined in (5.3) can be simplified

to the following comprehensive robust constraint with only outcome uncertainty:
f(x,z) <74+ min{k, i} (A(z,2) -y —3)T Vze Z. (5.15)

Theorem 5.11 stresses the need to use a different coherent disparity metric for characterizing
estimation uncertainty. Similar to the outcome disparity metric, we can express the estimation
disparity metric based on norms, such as A(¢, 2) = |[D~1(¢ — 2)]| for some absolute norm || - ||
and deviation matrix D € Si . that are different from the ones used in the outcome disparity
metric; see also the previous portfolio example wherein we deploy different norms as well as
different matrices D and D to recover the Markowitz portfolio and the equal-weighted portfolio.

Alternatively, a more systematic approach for characterizing estimation uncertainty has been
proposed by T. Zhu, et al. (2022) in which the estimation disparity metric, A(C , 2) is constructed
from the underlying optimization problem in which the specified input vector is estimated.
Typically, the specified input vector is determined by solving the following convex optimization
problem:

zZ =argmin, s.2(¢; D),

where the function .Z({; D), termed the loss function, is a convex function that reaches its unique
minimum at the specified input vector 2. In this case, it is unnecessary to perform the MVCS
approach to identify another specified input vector for outcome uncertainty. Instead, we can use
this specified input vector as input to MVCS to determine the outcome deviation matrix D that

defines the outcome disparity metric A. A translation-invariant estimation disparity metric can
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then be derived from the estimation process in the following manner:

~

A(u,0) = n(Z (2 +u; D) - Z(2;,D)),

where 7 is any monotonically increasing transformation function that satisfies (0) = 0, such
as a linear function. Such an estimation disparity metric emphasizes the reliance on the loss
function’s behavior around its minimum to quantify uncertainty. The choice of 7 is not unique,
provided it ensures that the estimation disparity metric maintains the convexity property. Note

that the positive definite property holds because 2z is the unique minimum of the loss function.

Square loss function

Given the estimation deviation matrix D € Si +, which can be different from the outcome

deviation matrix D, we consider the square loss function as follows:

Z(¢:D) =E [ID(¢ — 2)II3],

whose simplification proceeds as

Es(ID7N(¢ 23] = Ep[(¢—2) D2~ 2)]
= E;[¢"D2¢-2¢"D 224 2'D %z

= ("D % -2¢"D2E; [2] + E; [2TD22].

Minimizing this quadratic function leads to 2 = E; [2] and results in

L(2:D)=-2"D22+E;

s [2 D72z

Consequently, the translation-invariant estimation disparity metric associated with the square

loss function simplifies to

A~

Aw,0) = n(Es[(2+u—2)TD2(2+u—2)] - £(%D))
= n((z+u) D22 +u) - 22 +w) D2+ 2D %)
= (D ulf3).

Note that the selection of the transformation function 7 can be quite flexible: it may be any
convex and increasing function that originates from the zero point. Specifically, selecting a
power transformation function n(r) = rP for p > 1/2 ensures the resulting estimation disparity
metric remains convex. When setting p = 1/2, this approach reduces to the estimation disparity

metric derived from the Lo-norm.
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5.5 Prediction with side information

Observe these methods do not directly facilitate the derivation of the estimation deviation
matrix D from the dataset. This arises because the evaluation of the loss function does not
incorporate the statistical information necessary to inform the choice of the estimation deviation
matrix. T. Zhu, et al. (2022) detail a maximum likelihood estimation approach based on a
multivariate Gaussian distribution. In our context, this method would yield an estimation
deviation matrix D that corresponds to the square root of the empirical covariance. However,
the method relies on the Gaussian assumption, which may not always hold in practical scenarios
such as portfolio optimization. In the portfolio optimization example, the estimation deviation
matrix D = I would explain the robustness of the equal-weighted portfolio observed in practice

(see the portfolio example discussed earlier).

5.5 Prediction with side information

We now consider the situations where we have access to a collection of historical data containing
side information that can be used to predict the outcome of the input vector. The data is
represented as (2., 8,) € RY x R for w € [QQ], where s,, corresponds to the observed vector of
side information that possesses some predictive power for the outcome of z,. Define the data
set with set information as D = {(w, zu, Sw) }wejn)- Accordingly, we also define the empirical

distribution P € Po(RL x R®) of (2, 8) ~ P via P{(2,3) = (2w, s0)} = 1/Q, Vw € [Q].

We focus on an affine prediction map x : R — RE that maps the side information to the
predicted outcome. Specifically, for any given side information vector s € R®, x yields the

predicted outcome under an affine prediction map as follows:
x(s) = 2zp + Zs,

where 29 € RE and Z € REXS are parameters estimated from data. Once the prediction map
is established, it can be used to determine the specified input vector: at the decision-making
moment when the side information vector materializes to 8, the specified input vector is defined

as

With the side information vector §, we can incorporate both outcome uncertainty and esti-

mation uncertainty in the following comprehensive robust constraint:

f(mv 2:) <7+ R(A(Z, CO + Zg) - 7)+ + ’%(A((Cﬂv Z)? (207 Z)) - ’AY)JF Vz € Zv (CO; Z) € Z
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5 Unified robust decision models and applications in EMS problem

Here, the estimation disparity metric measures the discrepancy between estimated parameters
(20,Z) and latent parameters ((o, Z). Without considering estimation uncertainty (i.e., & = co

and 4 = 0), the comprehensive robust constraint would be simplified as follows:
flx,2) <7+ (A2, x(8) -1t VzeZ,

which reflects that the specified input vector 2 = x(§) is updated accordingly with respect to

the latest realization § of the side information.

Minimum volume confidence set estimation

Similarly, we consider the minimum volume confidence set estimation problem in the setting
with side information. We can formulate the optimization problem analogous to the MVCS

problem, while replacing the specified input with x(s) as follows:

inf det(D)
st. Ep[0(ID7HZ — 20 — Z3)[))] <1 (5.16)
D > Diag(r)

20 € Rl Ze RS D esk,.

Next, we demonstrate how the minimum volume confidence set estimation problem with side

information can be transformed into a convex optimization problem.

Theorem 5.12. The optimal solution (2%, 2Z*,D*) of Problem (5.16) can be obtained from solv-

ing the following convex optimization problem:

sup  (det(Q))"/*

st. B [0(|Qz —qg—P3[)] <1
Q= Diag_l(r)
geRL, PeRXY QesSh, .

(5.17)

Specifically, suppose the optimal solution of Problem (5.17) is (g*,P*,Q*). Then D* = Q* !,
zy = D*q*, and 7* = D*P*. In the absence of regularization (i.e., v = 0), the constraint

Q= Diag_l(r) is eliminated.

Then, we explore scenarios in which an analytical optimal solution can be developed for the

case of Lo-norm and the corresponding power deviation penalty 1a(r).
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5.5 Prediction with side information

Theorem 5.13. The optimal solution to Problem (5.16) for the specific case with an La-norm,

a power deviation penalty 1a(-), and v = 0 can be characterized as follows:

ZF=3..571, 8% = . — Z*fus, and D* = (3, — 3,,5;13,.)2,

where fts = E@ [5], ey = Eﬁ» [2]) ﬁls = E]@ [(5 - ﬂS)(g - ﬂS)T] s 53; = st = E[@: [(2 - Ilz)(g - QS)T}’

and 2z — Ezsﬁs_lgsz 1 assumed to be positive definite.

Estimation from regression

To quantify estimation uncertainty incorporating side information, apart from the minimum
volume confidence set estimation approach, we can also employ the methodology described in T.
Zhu, et al. (2022) to define the estimation disparity metric using a linear regression procedure. In

this approach, the parameters (2o, Z) € Z are determined by solving the optimization problem:

A~

(20,Z) € arg min(CO,Z)eég(CO? Z;D).

Ordinary Least Square Regression Given any estimation deviation matrix De Si 4, the

ordinary least square (OLS) regression minimizes the square loss function as follows:

Z(€0,%;D) = Es [[D™ (o + 25 — 2)[3).

min min
Co€ERL, ZeRL XS (oERL, ZeRL XS

Theorem 5.14. Suppose the empirical covariance matriz of side information is positive definite,

(i.e., £, € S%.). Then the OLS estimators are
20=f1z — 2y and Z=3.37".

The estimation disparity metric associated with the square loss function and a transformation

function n is translation invariant and simplifies to:
A((u, 1), (0,0)) = (L (20+u, 2+U; D)~ 2 (%0, Z: D)) = n(||D " (w+Ufse) [3-+|D U3,

where ||Allr = /tr(AAT) represents the Frobenius norm of the matriz A. Selecting a power
transformation function n(r) = rP for some p > 1/2 ensures the resulting estimation disparity

metric remains convex.

Interestingly, the OLS estimators coincide with the MVCS solutions obtained in Theorem 5.13
so that they lead to the same prediction mappings. This finding also lays the groundwork for

constructing the estimation disparity metric.
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5 Unified robust decision models and applications in EMS problem
5.6 Numerical experiments

We first evaluate the performance of the MVCS approach, with a particular emphasis on its
robustness to outliers and its adaptability in capturing skewness (i.e., asymmetry) and incor-
porating side information. Then, we demonstrate the efficacy of robust decision models that

utilize empirically derived outcome disparity metrics in allocating emergency service resources.

5.6.1 Performance of MT/ES

In this subsection, we begin by evaluating the effectiveness of 2 and confidence sets estimated by
the MVCS approach, focusing on its robustness to outliers. This is then followed by experiments

on skew-normal distributions with/w.o. side information.

Symmetric Confidence Set

We start with the symmetric confidence set and investigate the impact of outliers on the
outcome confidence set. To visualize this, we consider a simple case where the input vector
consists of two i.i.d. normal random variables following N(0, 10). An outlier is generated in the
same way with a drift 100. Figure 5.1 examines the symmetric confidence sets estimated via
different norms and penalty functions. For the cubic penalty function (p2 = 3), the boundary of
the confidence set shifts rightwards as the value of p; increases. This suggests that the confidence
set exhibits increased sensitivity to the outlier. Comparing within each column reveals that
the confidence set also shifts towards the outlier as po rises. To further quantify this effect,
we conduct a sensitivity analysis of input vector estimation in Appendix C.2. These findings
indicate a higher robustness against the influence of outliers in norms with lower values of p;

and penalty functions with smaller values of ps.

Asymmetric Confidence Set We now undertake the MVCS approach for outcomes adhering
to a skew (i.e., asymmetric) distribution. For better visualization, we focus on a two-dimensional
input vector 2 = (21, Z2) where Z; = 01 + 0.209, Z = U9, and (01, 02) are i.i.d. as a skew-normal
distribution with a shape parameter av = 10 (Azzalini and Capitanio 1999). Based on 100 sam-
ples, we solve MVCS with the L, -norm and a power penalty function ¢(r) = rP2. In particular,
we apply the iterative method to Problem (5.13) to find a local optimum of Problem (5.12). The
iterations repeat until the percentage reduction in the volume of the asymmetric confidence set
falls below the threshold 0.002. We compare the asymmetric confidence set with a symmetric
one of the same setting (e.g., ¥ = 1), so that both have the same guarantee from the statistical
principle as per Theorem 5.2. The results are summarized in Figure 5.2.

As expected, by taking skewness into account, MVCS fits the skew data better. It can be
observed that for all values of (p1,p2), to achieve the same statistical guarantee (i.e., ¢(r) in

Theorem 5.2), the asymmetric confidence set always has a smaller volume compared with the
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Figure 5.1: Symmetric MVCS confidence sets with outliers.

Notes. In this replication, we generate 30 historical data points, and there is only one outlier along Z;’s dimension.

corresponding symmetric one. We also conduct an out-of-sample test based on 10000 samples of
Z to evaluate the probability that the realized input vector under the true distribution resides
in the confidence sets constructed; see Figure 5.3 where we fix p;y = 2 and po = 1. The left
panel shows that the asymmetric confidence set captures the probability density function more
accurately. The right panel presents that, at a 95% confidence level, the asymmetric confidence

set is 21% smaller in volume than the asymmetric one.

Asymmetric Confidence Set with Side Information Since the MVCS approach supports
asymmetric confidence sets as well as predictions with side information, we next consider an
example concerning the linear relationships z; = 3s — 2.5 + €; and Zo = 5.55 — 10.5 + €3. The

errors follow a standard skew-normal distribution with o = 10, where €; (resp., €2) is right-
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Figure 5.2: Symmetric and asymmetric MVCS confidence sets for the skew-normal distribution.

skewed (resp., left-skewed). We plot the residuals and confidence sets in Figure 5.4. Comparing
the contour maps, we observe that the asymmetric confidence set captures the skewness and fits
the data more accurately. At the contour of value 2, the asymmetric confidence set includes all

historical points whereas two points lie outside the symmetric confidence set.

5.6.2 Emergency service resource allocation

We examine an emergency service resource allocation problem on a network comprising L nodes.
Each node ¢ € [L] can store inventory to meet demands either at its own location or by trans-
shipping to some neighboring nodes. The inventory at location ¢ € [L] can only serve a specific
subset of locations, denoted by Z, C [L]. Likewise, the demand at location ¢ € [L] can only

be covered by the inventories transhipped from a subset of locations J; C [L]. In this exper-
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Figure 5.4: Symmetric and asymmetric MVCS confidence sets with side information.

iment, we consider an undirected graph, therefore 7, = Z,. The uncertain parameters in this
context are locational demands, collectively represented by the input vector z = (2¢)se(r) € RE.
The here-and-now decision vector = (w¢)ecr) € X C Rf; represents the inventory levels at
locations. The wait-to-see decision y;; denotes the transshipment quantity from location ¢ to
location j.

We define the cost-based attribute function that relates to the fulfillment shortfall as follows:

min s
s.t. Z Yej < Ty Ve e [L]
JE€L,
fx,2) = s> zp— Z yie V0e[L] (5.18)
€Ly
Yej =0 Vj ey, e[l
seR,, xeX.

When f(x,z) > 0, not all demands at the nodes can be met via transshipment, and a fulfillment
shortfall occurs. One practical application of this problem involves the allocation of time-critical

resources (such as ambulances and ventilators), which is widely known as the emergency medical
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5 Unified robust decision models and applications in EMS problem

service (EMS) problem (Boutilier and T. Chan 2020; Peng, et al. 2020). For the EMS problem,
resources are constrained to meet local or neighboring demands, while operational costs (such
as transportation expenses) are often disregarded due to their relatively low impact compared
to procurement costs. Instead, coverage (i.e., shortfall) is a more critical criterion, as a single
shortage can result in severe consequences for patients. Therefore, our experiment will emphasize
criteria such as the infeasible probability and the expected shortfall. We denote ¢y, ¢ € [L] as
the unit inventory cost at node ¢. The historical demand samples are denoted by z, € R for
w € [Q].

To capture that demands should be fulfilled with high probability, we consider the scenario
sampling approach (Calafiore and Campi, 2005) as our benchmark. This approach solves the

following empirical optimization problem:

min c'x
) - s.t. Z Yoju < T Ve L], we Q]
min c¢'x i,
Veo =4 st f(z,2,) <0 Ywe[Q = 0> zp — Z Yiew VLE[L], we Q]
zeEX ek
yfjwzo VjEIZa EE[L], WG[Q]
rek.

(EO)
Calafiore and Campi (2005) show that if the samples are independently distributed, then with
probability at least 1 — ﬁ, the solution to the EO problem remains feasible at 1 — e € [0, 1]
confidence level. Consequently, achieving a higher level of feasibility may require a larger number
of samples than are available.

We then use the optimal objective of EO as the reference for setting the targets for the robust
decision-making models (e.g., Vo = koVgo for Step 0 of the framework in §5.1.2). Then, we

compare the EO solution with the solutions obtained from the budgeted robust optimization

problem, whose formulation is as follows:

min ¢'x

st f(m,2) <0 Vze Z(y)

x e X.

Here, the uncertainty set is constructed as
Z(y)=2nB(2D,y)={z€ Z | D" (= - )| <},

where D and 2 are estimated from solving the MVCS problem and setting the outcome disparity

metric as A(z) = [|[D~!(z — 2)||. The budgeted robust optimization problem can be expressed
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as
min c¢'x
s.t. Z yej(2) < @y Ve e [L], z € Z(y)
J€Zy
OZZg—ZyM(Z) Ve e L], z€ Z(y)
= (5.19)
Yej(z) = 0 Vi€, Le (L], z€ Z(v)
Ye; S R(L) Vj c Zg, = [L]
T e X,

where R(L) represents the set of all measurable functions on domain R*. The two-stage robust
optimization problem (5.19) ensures that there is no shortfall even under the worst-case scenario
in the uncertainty set. However, this two-stage problem is usually hard (if not impossible) to
optimize, as the wait-to-see decisions are arbitrary functions of z (Ben-Tal, et al. 2004; Atamtiirk
and M. Zhang 2007). To obtain a tractable formulation, we use the affine recourse adaptation

on the lifted uncertainty set advocated by Z. Chen, et al. (2023):

Consequently, a tractable safe approximation of Problem (5.19) can be formulated as the fol-

lowing robust optimization problem

T

min c'x
st Y yg(w, w,u) < 2 Ve e [L], (z,w,@,u) € Z(v)
JEL,
0>z — po(w,w,u) Vel (z,w,w,u) € Z
> 2 ;ye( ) 2], ( )€ Z(v) (®O)
€Ly
yoj(w,w,u) >0 Vj eIy, Le[l], (z,w,w,u) € Z(v)
yej € A2L +1) Vi eIy, L e [L]
x e X.

Here, A(2L + 1) denotes the set of all affine functions on domain R2:*1. That is to say, a

: R2E+1 3 R, as an affine function of (w, w, u) is given by:

transshipment recourse function ;;

_ T i
Yij (W, W, u) = Yijo + Y, W + YW + yiju

for some y;50, y;; € R and Y Yij € R%. These are affine functions with respect to lifted variables.

We also consider the tolerated robust satisficing problem—=Step 2 of the framework in §5.1.2

that specifies v* = 0 and skips Step 1—whose approximation based on the affine recourse
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adaptation is formulated as follows:

min kK

st. c'x <T

Z yoj(w, w,u) < xy vl e (L], (z,w,w,u) € Z(¥)

Jj€Ly

KU > zp — Z yie(w, w,u) Ve [L], (z,w,w,u) € Z(¥) (RS)
€Ly

yoj(w, w,u) >0 VjeTy, Le[l], (z,w,w,u) € Z(¥)

yej € A(2I +1) Vi eIy, L e|[L]

x e X.

Here, ¥ € R, is the maximum possible disparity, and we set it as the highest observed value in
the training sample. The target 7 can be chosen based on EO, for instance, 7 = kVgo for some
k> 0.

To make a fair comparison, for RO we use the bisection search to maximize v such that
its corresponding first-stage cost is identical to that of the RS Problem. This is equivalent to
solving a budgeted satisficing problem—Step 1 of the framework in §5.1.2. By varying the target
7, we can generate a frontier for each model. These two robust optimization problems can be
conveniently deployed by using the modeling toolkit, RSOME (Z. Chen, et al., 2020; Z. Chen
and Xiong, 2023).

We randomly generate 15 nodes from a 10 x 10 square grid and construct the graph with
30 shortest arcs; the network is presented in Figure C.8 in Appendix C.3. Specifically, we
assume that the unit inventory cost is proportional to the distance to the central point, that is,
¢; = 1+d;/5. The maximum allocation level at each node is 200; therefore, X = [0,200]*°. The
random demand Z; follows a normal distribution modulated by an emergency factor. Specifically,
% ~ N(ui, p?)-(1+0), where the rate parameter y; is randomly chosen from U[10, 30] and the term
¥ represents the emergent event, modeled as a Bernoulli random variable with a probability of
occurrence of 0.05. Once the emergent event occurs, all demands are doubled. We then truncate
each demand between 0 and 200, yielding Z = [0, 2()0}15. For evaluating the performance, we first
generate () = 40 samples to train MVCS and solve three problems. Additionally, we generate
2000 testing samples and recourse the second stage problem. We replicate the process 20 times

to get the out-of-sample performance, evaluated at the following two performance metrics:
e violation probability as the percentage of scenarios that the demand can not be fulfilled;
e average total violation as the expected number of unfulfilled demands.

Note that we obtain 20 frontiers that correspond to 20 replications, among which we plot in

Figure 5.5 the median and the 90% confidence interval (CI) between the 5th percentile and the
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5.6 Numerical experiments

95th percentile of the infeasibility profile in Figure 5.5. The performance of three models at the

same level of first-stage cost in each replication is provided in Appendix C.3.
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Figure 5.5: Infeasibility profile of EO, RO and RS models with {2 = 40 training samples.

It can be seen that both RO and RS models with L;- and Lo-norms outperform the EO model
in both performance metrics. The models with L; 5-norm show better performance than EO
in view of violation probability. Such an improved performance can be attributed to the EO
model’s heavy reliance on the training samples, resulting in unstable performance, particularly
in the other performance metric of violation probability. Although EO can avoid infeasibility in
40 training samples, it could provide less protection in the out-of-sample testing. Furthermore,

both robust decision-making frameworks can achieve lower violation probabilities by increasing
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5 Unified robust decision models and applications in EMS problem

the target value, and they demonstrate comparable performance at high target values, with
RS with Le-norm performing slightly better. Specifically, at a cost level of 1055.50, RS with
Lo-norm has an average total violation of 1.33, whereas RS with Li-norm has an average total
violation of 1.67 and RO with Le-norm has an average total violation of 1.37. They all have
violation probabilities around 0.02. Additionally, RO has more stable performance compared to
RS at low target values, such as 614.15 and 687.71. This finding underscores the necessity of

conducting Step 1 before Step 2 in our framework in §5.1.2.
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Figure 5.6: Infeasible profile of 3 models without outliers (£2 = 40 training samples).

Finally, we compare outcomes of RO and RS models, employing distinct estimation methods
for the parameters 2 and D. These methods include the sample mean and covariance (empirical)
and MCD. Our investigation focuses on robust decision-making problems formulated with the
Li-norm. Following the same analysis procedure, we evaluate the out-of-sample infeasibility
profiles. Results derived from uncontaminated training samples are presented in Figure 5.6,
while those from contaminated training samples are illustrated in Figure 5.7. To simulate
contamination, 5% of the training samples are modified by replacing the demand data for a

fixed single node with the upper bound value of 200.
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Figure 5.7: Infeasible profile of 3 models with outliers (£2 = 40 training samples).

Notably, the performance of EO exhibits significant degradation under these contaminated
conditions. It allocates excess inventory to nodes that fail to reduce violation risks, highlighting
its pronounced dependence on high-quality data. When comparing varying estimations of 2
and D, robust decision-making models using the MVCS method demonstrate the most stable
performance across conditions. In contrast, empirical estimators yield suboptimal results in RO,
while the MCD approach demonstrates significant instability in RS. These findings highlight the
reliability of the MVCS method.

5.7 Conclusion

We propose a general framework with comprehensive robust constraints that addresses two layers
of uncertainty—outcome uncertainty and estimation uncertainty. This framework synergizes
the prevalent robust optimization techniques with the emerging robust satisficing paradigm. As
Alfred Whitehead stated, “The art of progress is to preserve order amid change and to preserve
change amid order.” In our unifying sequential robust satisficing decision framework, the “hard”
constraints in the budgeted robust satisficing phase (Steps 1 and 3) enhance the stability, and the

“soft” constraints in the tolerated robust satisficing phase (Steps 1 and 3) allow some degree of
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flexibility in input vectors. By these phases, our approach aims to reduce the conservativeness
of robust solutions while enhancing their feasibility. Moreover, the combination of outcome
and estimation uncertainties can provide better protection and get more stable performance,
as illustrated in the portfolio optimization example. We introduce a novel MVCS approach to
determine parameters in outcome disparity metrics. The MVCS approach is developed with
expected deviation penalty functions over empirical distributions, and this data-driven method
has demonstrated adaptability in learning various patterns from data, including skewness and
side information. In specific settings, it shows connections to traditional estimation approaches.
Additionally, we illustrate that different norms and disparity penalty functions exhibit varying
levels of robustness against outliers. In summary, our contributions enhance methodologies
that learn uncertainty from data and achieve a more favorable trade-off against the price of

robustness.
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Appendix

C.1 Proofs

Proof Theorem 5.1

Proof. Fixing z € Z, for all »r > 0 and ¢ € Z, any « feasible to the comprehensive robust

constraint (5.3) satisfies

flx,2) = 5(A(2.0) =)' — (A 2) -t <.
Hence, for all » > 0 and ¢ € Z, we can deduce that

P{f(@,2) > 7+ nr+R(AC 2) - )"}

< P{f(z,2) > f(@,2) — K(A(Z,¢) — )T — &(A, 2) —9)T + rr + &(AC, 2) —9)*}
= P{r(A(Z,¢) — )" > rr}
< P{A(%,¢)>7+7}

= P{z¢B((r+7)},

where we note that the second inequality indeed holds for any x € [0, o0].

Proof of Theorem 5.2

Proof. For any v > 0, we have

P{z ¢ B(2,D,7)}

P{ID™(2 = 2)|| > v}

< P{p(D'(z-2)|) > v(n}
. B [W(ID~1(z - 2)|)]

- ()

< 1

T (y

< o),
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where the first inequality is because the deviation penalty function v is non-decreasing in v > 0

and the second inequality applies Markov inequality as v is non-negative.

O
Proof of Theorem 5.3
Proof. The MVCS problem is equivalent to
inf det(D)
s:t. min Ep WD ' (z-2))] <1 (C.20)
S
Dest,

Observe that the function g(2) = Ep [¢(|D~(2 — 2)|)] is convex in 2. It thus suffices to show
that
g(p+d) > g(p) vdeR"

Indeed, by the convexity of g, we have for all d € R,

IN

g(p+d)+g(p—d)
= g(p+d)+Ep [%(|D7(2 — p+d))]

2g(p) ( )
( )

= g(p+d)+Ep [¢(|D =2+ p+d)|)]
( )
)

= g(p+d)+Ep [v(|DY(z - p—d))]
= g(p+d)+g(p+d)
= 29(p+d).

The second equability is because the distribution is symmetrical about the mean and the third

property is due to the absolute homogeneity of norms. Hence, 2 = p is optimal.

Proof of Theorem 5.4

Proof. Note that we can express
Ep [ID7!(2 - 2)3] = Ep [(2 - 2) D22 - 2)] .
With the change of decision variable from D~? to W, and noting that

1
log det(D) = log det(W~1/2) = ~5 log det(W),

130



C.1 Proofs

we can express Problem (5.6) equivalently as the following optimization problem:

sup logdet(W)
st. Ep[(2-2)TW(2—-2))] <L (C.21)

zeRl Wesh,.
Fix any W € Si . and consider the following convex quadratic function
g(2) =Fp [(2—2)TW(z - 2))] —:TWz - 2uTW2 + Ep [fwz} ,

which has an unique minimum at 2* = p. Crucially, this optimum is independent of W. Hence,
z* = p is also part of an optimal solution to Problem (C.21). Using this solution, we can

represent
Be [(2— ) W(z— )] = [0 (WE-w)(E-p))| = (W),

where the second equation follows from the fact that the trace operator is linear, allowing us to

interchange the expectation and the trace. Hence, Problem (C.21) can be simplified as follows:

sup logdet(W)
st tr(WX) < L (C.22)
L
W eSy,.

The objective function of Problem (C.22) is concave in W and its Lagrangian function is
AW, ) =logdet(W) — A (tr(WX) — L)

for some A > 0. Taking the derivative and equating to zero, the optimal solutions W* and \*
satisfy:
2—1
W =— and tr(W*X)=L.
)\*

Hence, tr(I)/\* = L, implying \* = 1 and W* = X!, Therefore, D* = £1/2,

Proof of Theorem 5.5

Proof. Since Gaussian distribution is symmetric, we have from Theorem 5.3 that 2* = p =

Ep [2]. Hence, with the change of decision variable from D~! to Q, Problem (C.20) is equivalent
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to
sup logdet(Q)
st Ee[|Q(2 - w)lb) < L (C.23)
Qest,
Suppose Q = [q1 - - qL]T, under Gaussian distribution we have
Er [|Q(z - W] = Er Z o/ G-l | = Y Ee[la G- wP| = Y (a/ Za)"/2s,
¢e(L] Ce(L]

where g, (2 — p) ~ N(0, g/ 2q,) and

ﬁ_ﬁ e f—tdt &ﬂp p—l—l
= = 5 .

V7 Jo VT

In the last equation, we use the central absolute moments of Gaussian distribution such that

+o0 1 +oo
/ e 3B = (q] Equ”'?/o oo
— 4/2mq, Xqp
p/2 400
— (¢/ g 7 £ e tdt
0

= (g/=q,)"?p.

The Lagrangian function for Problem (C.23) is as follows:

A(Q,\) = logdet(Q) — A Y (g/ Bqr)"/*B + AL.
Le[L]

Using Jacobi’s formula, Vg logdet(Q) = Q™. We can then calculate the gradient with respect

to gy as follows:

AQ.N) =Q er — \pBlg) Tqr)t ' Sqr. (C.24)

1
To verify the optimality of the solution (A*, Q*) = (1/p, B_EE_%), we note that
*\ T * -2, 71 -1 -2
(@7) Xq; =5 r(e, X 2XX 2e,) = ».
Substituting it into Equation (C.24), we have

AMQ* N = Brse, — Nps-f (3 g onie, = friie, — NpBrSie, = 0.
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Additionally, this solution satisfies

Y () =a)es=) 8'8=1L,

Le(L] Le[L]

concluding its optimality since Problem (C.23) is a convex optimization problem.

Proof of Theorem 5.6

Proof. Suppose z is feasible to the set as defined in (5.7). Then it would also be feasible to the
set as defined (5.8) for the lifted variables

w=(DHz-2)" eRY and w= (D' (z-2)" eRL.

Conversely, we use the property of absolute norm derived in Bertsimas and Sim (2006) that for
any v, u € RY such that vy > |uy| for all £ € [L], ||v|| > ||u||. Hence, if 2 is feasible in the set as

defined in (5.8), then

|(Diag~!(g)D!(z — 2))~ 4 (Diag'(&)D~!(z — 2))*|
= ||(Diag™(o)(w — w)~ + (Diag™"(&)(w — w) ||
< || Diag~!(g)w + Diag~!(&)w| < 7.

This is because since w,w > 0, we have (w — w)~ < w and (w — w)" < w. Hence, z is also

feasible to the set as defined in (5.7).
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Proof of Theorem 5.7

Proof. Use the property of absolute norm, observe that

/ du
/uERL | [(Diag™!(g)u)~+(Diag™! (&)u)t||<v}
{

= du
u€R_xRE1 | [|(Diag™! (g)u)~ +(Diag ™! (5)u)*||<v}
+ du
{ueRy xRE-1 | |[[(Diag™! (g)u)~+(Diag~ ! (&)u) *[|<7}
= 01 du
{ueR_xRL-1 | [(Diag™! (gt)u)~+(Diag ™" (61)u) || <7}
+o01 du
{ueRy xRE-! | [|(Diag™! (¢f)u)~+(Diag ™ (61 u)t|[<v}
= (a1 +01) du
{u€R xRE-1 | ||(Diag™! (gt)u)~+(Diag ™! (51 )u)+ || <y}
g1 + 01
= — du,
2 {uexRE | ||(Diag™*(at)u)~ +(Diag™ ! (5H)u)H(|<}
where o = (1,05,...,0,) and &1 = (1,59, ...,51). We continue this transformation until both

asymmetric normalization vectors become vectors of all ones. Hence, we have

Vol(B(2,D,o,0,7)) = du

/{uGRL | |(Diag~"(¢)D~'u)~+(Diag~ ! (&)D~'u)*|| <7}

/ dudet(D)
{ueR” | ||(Diag™!(g)u)~+(Diag™* (5)u) T[] <7}

= H Zet o / dudet(D)
ey 2 JHuert | ful<q)

- 11 #.det(n) - Vol(B(0,1,1,1,7))
Le[L]

gp+ 0y
x H ET-det(D),
Le[L]

concluding the proof.

Proof of Theorem 5.8

Proof. Given the continuity of the deviation penalty function ¢ at » = 0 and (0) < 1, we note
that the solution (q, Q) = (0, €I) is feasible for some ¢ > 0. Therefore, the optimal solution must
satisfy Q € Si . Consider the variable substitution from D! to Q, which is possible because
D > 0 is a positive definite matrix. Note that D € Sir is equivalent to Q =D~ ! ¢ SL_. With

another variable substitution 2 = Dgq, we then have the following equivalence:

Es [0(ID7H(2-2)D] <1 = E[(1Qz-gql)] <1.
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Given that 1 is a convex and non-increasing function, Ep [¢(]|QZ — g||)] is a convex function

with respect to the decision variable (g, Q). Hence, Es [¢(]|QZ — q||)] < 1is a convex constraint.

Consider the case of having a positive regularization vector r > 0. By Schur complement,

D I
D > Diag(r) <= D —Diag(r)>=0 <= = 0.

I Diag (r)

I 0
By left multiplying ) and right multiplying its transpose, we obtain that
-D 1

D 0
0 Diag !(r)-D7!

=0

— )

which implies that Diag=!(r) = D! = Q. Since Q is also a positive definite matrix in Prob-
lem (5.9), by the same argument, the constraint Diag~!(r) > Q implies Diag(r) < Q~' = D.
That is to say, the convex constraint Q < Diag™!(r) after the variable substitution is equivalent

to the original constraint D = Diag(r).

The objective of Problem (M%S) that minimizes det(D) = 1/ det(Q), is equivalent to maxi-
mizing log det(Q), for which the log determinant function is a concave function. This concludes

that Problem (5.9) is a convex optimization problem.

Proof of Theorem 5.9

Proof. Consider the change of decision variable from d; to g; * for each i € [L], Problem (5.11)

is then equivalent to

max Y log(a)

i€[L]

st > qlBs 1z — 2l < L
i€[L]

2 eRL geRL.
Observe that for each i € [L], the solution Z} minimizes Ep [|Z; — 2;|P]. Since this is a convex
function with respect to Z;, the optimal solution occurs when there exists a zero subgradient.
To arrive at the desired result, we note that for p > 1 the gradient of the function |r|P is

((r)yt)P=t — ((r)7)P~ L, while for p = 1, the gradient of |r| is sign(r). Hence, we focus on the
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following optimization problem:

max Y log(a)

1€[L]

st > By (|- 3P <L
i€[L]

L
q € RY.

Solving this convex optimization problem by equating the gradient of its Lagrangian function

to zero gives

1 s
i N'pgi? By (|7 — 2 |P]
(2

and

> aEp [1Z - 5P = L.
Ce[L]

-1/
This then yields \* =1/p and ¢} = [E]@i [1Z: — 271P] ? for each i € [L].

Proof of Theorem 5.10

Proof. With the change of decision variables from ¢, and &, to their reciprocals v, = ge_l and
¢ = 6, ! for each £ € [L], the objective function of Problem (5.13) minimizes [eeqz <2%)z + ﬁ)
By introducing the variables, t € RY, we can reformulated Problem (5.13) to the following

problem:

Ve e [L]

The second constraint, 2—11% + ﬁ < %, can be expressed as the following set of constraints:

E

1 Wy 1 wy Wy 1
— < —, —< 9 o=
0, T 477 20, T 877 2 2T

)

[ V)

for some wy, wy > 0. This then yields rotated second-order conic constraints as expressed in the

Problem (5.14), concluding the proof.
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Proof. of Theorem 5.11

Proof. Since the comprehensive robust constraint (5.3) can be expressed as

sup {f(z,z) — ®(2)} <,

zeZ

where

®(z) = inf {r(A(2,¢) =) +A(AC2) —4) ")

¢ez

It thus suffices to show

®(z) = min{k, i} (A(z,2) — v —A)*.

Since ®(z) > 0 and ®(2) = 0 (achieved when ¢ = 2), we focus on z # 2, or equivalently,
A(z,2z) > 0.

Suppose first &4 > k. From the property of subjectivity associated with the disparity metric

A and the function (-)*, we can establish the following inequalities:

R(A(2,€) =T +A(AKC2) =) > KAz Q) =) T +8(AC2) —4)F
> K(A(2,0) +AC2) —y =97
> KkAEZ+EGEHO) —v—9)T
= r(A(z,2) - W)+

where the last inequality is due to the subadditive property of the coherent disparity metric and

the final equality is due to the translation invariant property. Hence, we have

P(z) = Cmé {A(A(2,Q) =) +&(AC,2) =)} 2 K(A(2,2) =7 = )T
€
To show that equality holds, we examine the solution of { € Z under two mutually exclusive
and collectively exhaustive cases wherein the minimum can be attained. For the first case of

A(z,2) > v+ 4, we consider the solution:

Observe that

and because A(z,2) = A(z — 2,0) > ¥, we have

Az, ¢) = A(z— ¢,0) = A ((1— A(Z, )) (z—ﬁ),O) ~ A(z2) -4,
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Hence,

R(A(2,€) —=7)T +A(AC2) = 9)F = K(A(2, 2) =7 = ).
Likewise, for the second case of A(z,2) <y + 4, we consider the solution:

C=2+—1 (z—25)=—L o4

Y _sezcCz.
v+ Y+ v+

Observe that

. gl R, g ; Az, 2)
A((,2) = ——=A(z,2) <4 and A(z,{) =A(2-¢,0 —A< Az—z,O)-’y — <
(¢, 2) 7+7( ) (2,¢) = A( ) 7+'y( ) o~
Hence,
K(A(z,€) =) +&(A(C 2) -9 =0.
When & < k, the proof follows a similar analysis and is thus omitted.
O

Proof of Theorem 5.12

Proof. Consider the variable change from D~! to Q, D72, to g, and D~'Z to P. Given that
Y is a convex and non-increasing function, Ep [¢)(||QZ — g — PS§||)] is a convex function with
respect to the decision variable (q,P,Q). The remaining constraints are reformulated in the

same way as shown in Theorem 5.8.

O
Proof of Theorem 5.13
Proof. Changing decision variable from D=2 to W, Problem (5.16) is equivalent to
sup logdet(W)
st min B[|[WY(2 -2 - Z3)|5] < L (C.25)
20€RL, ZERLXS
W esk,.

Note that B [||[WY/2(2—20—25)|3] = E; [(2— 20— 235) T W(2— 20— Z3)] is a quadratic function

of 29 and Z. Since W = 0, equating the gradients with respect to 2y and Z then yields

2B, [W(2 — 20— 23)]| =0 = 2} = fi, — Z*as,
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and

—2E; (2 -2, -2"8)8"|=0 = X,,=27'%,.

)

Hence, Z* = f)st;l and 2 = fi, — Z*f1,. Consequently,

Ep[(2— 25— 2°8) "W (2 — 25 — 2°3)] = Ep[tr(W(Z — pz — Z*(5 — p15))(2 — pz — Z*(5 — p1s)) )]
r(W(E, — Z*S,, — 3.4(Z")T +Z*3,(29)7))
r(W(E, —2.:3;13,,)).

I
-+

I
t+

Problem (C.25) then becomes to

sup logdet(W)
st tr(W(E, —3,.3;'8,,)) <L (C.26)
W eSk,.

The Lagrangian function for this Problem is:

~

AW, \) = logdet(W) — A tr(W(3, — 3,,3,'3,.)) + AL.

We can calculate the gradient with respect W as follows:

VwAW, ) =W\, -3,..3;13,,).

Equating it to zero, the optimal solution shall satisfy:

MW= (3, -3, 371s,)7 L

Complementary slackness of the KKT conditions requires that

implying \* = 1. Therefore, we obtain the optimal solution of the deviation matrix via

W* = (3, - 3,,3;!3,,)"! and D* = (W*) 2.

The optimality is ensured, as Problem (C.26) is a convex optimization problem.
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Proof of Theorem 5.14

Proof. The square loss function can be reformulated as follows:

Ep [IID' (o +25 - 2)[3] = E;l(¢o+25—2) D 2(Go+ 25 - 2)]
= E3[¢f D¢ +2¢ D 2(Z5 — 2) + (25 — 2) 'D~%(Z5 — 2)]
= (i D% +2¢{ D 2E; (25 — 2] + B3 [(Z3 — 2) ' D~%(Z5 — 2)],

which, for any fixed Z, is a quadratic function of (3. Minimizing this quadratic function with

respect to {p leads to the following optimal map:
C5(2) = ~ZE; (8] + By [2] = fi. — Zias:

and results in:

Z((5(2),2;D)

= Ep[(5— fus) "ZTD2Z(5 — fis) — 2(2 — f1z) ' D72Z(5 — )]
+EB (2 — o) "D 722 — fi2)]

= tr(Bg [(8— fs)(8 — f15) "] Z'D2Z) — 2tr(Eg (5 — f2s)(2 — )T D2Z)
+E; [(2 — ) 'D72(2 — 1))

= tr(Z2'D72ZX,) - 2tx(2],D2Z) + E; [(2 — f1.) 'D7%(2 — ).

(C.27)

The gradient with respect to Z is
VzZL((5(Z),Z;D) = 2D 223, — 2D 23,

As D and 3, are invertible, equating the gradient to zero yields a solution

which is optimal as Equation (C.27), with the first term being quadratic and the second term

linear, is convex in Z. As a result, the OLS estimators are Z = Z* and 29 = Co(Zr).

Consequently, we have

L(20,2;D) = —%, D %2 + B (25 — 2) 'D™%(Z5 — 2)].
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C.2 Variance of input vector estimation

Hence, the estimation disparity metric associated with the square loss function simplifies to:

A((u,U), (0,0))

where in the fourth equation, we have that

Ep [(u+U3)TD2(2 + 25 — )]

n(Z(20 +u,Z + U; D) — L(%0,Z; D))
N(Es [[D~} (20 + u+ (Z +U)s - 2)[3] — £ (%0, 2: D))
(s (1D~ (w + US) 3] + 285 [(u + Us) 'D-2(2 + Z5 - 2)]

Ep (D (30 + 25 — £)[3) - 2 (20, %: D))

The proof is then completed.

C.2 Variance of input vector estimation

(D7 (u + Ufs) |3 + E5 (5 — fos) 'UTD72U(5 — f1s)])
n(|D(u + Ufs) |3 + tr(UTD2UL,)),

We consider a symmetric outcome confidence set without incorporating side information. Con-

: . - - 1. . ..
sider a random input vector Z expressed as Z = 320 that involves some i.i.d. random factors

U, £ € [L], with L = 10. Here, v, follows either a standard normal distribution N(0, 1) or a uni-

form distribution U[0, v/12] of the same mean 0 and variance 1. The positive definite matrix X

introduces correlations among the random components Zy, ¢ € [L] but ensures that the variance

of each component is 100.

100.00
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39.77
40.30
—26.28
—11.33
—7.22
—20.18
—33.85

—1.51

26.04
100.00
51.87
26.51
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—0.75
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5 Unified robust decision models and applications in EMS problem

Given a number €2 of historical dataset D = {(1,21),...,(, 2q)}, we employ the MVCS
approach to estimate 2 = (2¢) ¢er]- This estimator is a function of historical data and, thereby,
is inherently random. To implement the MVCS problem, we employ the L, -norm and a power
deviation penalty function v, (r) = 772, and the following case uses a linear penalty, i.e., po = 1.
Additionally, we set the regularization vector » = 1 for all values of €2 to avoid the feasibility
issue that det(D) = 0 when Q = L = 10.

To assess the stability and reliability of the estimates, we consider 200 replications that gen-
erate the historical dataset from the underlying N(0, 1) or U[0, /12] and compute the following

average of variances of 2’s components over these 200 replications:

% Z Var(%).

Le[L]

We call this average the variance of estimation and report it in Table C.1, wherein the first two

columns present results for the uniform distribution and the normal distribution, respectively.

Uniform w.o. Outliers Normal w.o. Outliers Uniform with Outliers Normal with Outliers

Q 1 ) T3 T I s I3 a1 1 1) T3 T T s T3 1

10 23.61 11.33 9.85 9.35 16.30 10.58 11.74 13.00 28.05 48.75 138.39 221.50( 26.11 51.09 141.85 226.24
20 13.35 5.81 4.72 4.34 9.18 5.51 5.89 6.62 14.17 17.14 51.66 102.58| 10.40 16.23 51.75 100.05
50 5.53 2.13 1.55 1.33 3.07 2.08 2.40 2.83 5.36 4.83 10.43 18.92 3.88 4.82 10.76 18.88
100 2.79 1.11 0.78 0.65 1.64 1.08 1.18 1.35 2.81 2.36 3.55 4.81 1.85 2.22 4.08 5.90

Table C.1: Variance of estimation.

For the uniform distribution, the input vector subjected to the Ls-norm exhibits the lowest
variance of estimation. Also, a general trend indicates that the variance of estimation decreases
as the parameter p; for the L, -norm increases. Conversely, for the normal distribution, the
input vector subject to the Lo-norm shows the lowest variance. These observations suggest that
different probability distributions may favor different norms.

Interestingly, these observations are also consistent with the uniformly minimum-variance
unbiased estimator (UMVUE) when the uncertainty is one-dimensional (i.e., L = 1). The
empirical mean E; [2] = 2221 2,/ is the UMVUE of normal distribution (Rohatgi and Saleh
2015), while the average of the smallest and largest order statistics, denoted as (2(1) + 2(9)) /2,
emerges as the UMVUE of uniform distribution (Bar-lev and Boukai 1985). These estimators
corroborate our analytical solutions as delineated in Theorem 5.9, as the empirical mean Ej [Z]
solves Ep, [(2 — 2)] = Ep [(2 — 2*) 7] while (£(1)+2(q))/2 satisfies ess supg (2—2*) = esssupp(2*—
Z)—the limiting case of Ep [((2 — 29)")P7] = E; [((2— 2%)7)P7!] as p — +o0.

We next consider the possibility that the historical dataset may be contaminated by outliers.
In particular, we introduce these outliers as drifts 100 (resp., —100) at a probability of 0.025
(resp., 0.025), which are designed to not influence the expectation of the distributions. In

other words, the distribution of 2z, is now a mixture distribution that assigns 0.95-weight to
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the rotated-by-3 normal or uniform random variables and equally assigns 0.025-weight to the
distributions shifted by 100 and —100, respectively. Other procedures remain similar. The
results are presented in the third and fourth columns of Table C.1. It can be seen that the

MVCS approach is more sensitive to outliers as the parameter p; for the L, -norm decreases.

C.3 Additional details

13.73

10_55// 18.38 == 73
N

N/

10.0

24.41
16.91

12_94/ /

\ /LG.OE\\ <

14.09

27.56

Figure C.8: Resource allocation network: 15 nodes and 30 arcs.

Notes. The parameter p; for each normally distributed demand is indicated at the node.

We present the replication-by-replication comparison of RS (resp., RO) with EO in Figure C.10
(resp., Figure C.9), wherein each point corresponds to a specific replication. The RS model,
employing both L;- and Ls-norms, demonstrates superior performance compared to EO in
the majority of replications. Additionally, the RO model, across all norms, shows superior

performance compared to EO in the majority of replications.
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Figure C.9: Infeasibility profile of EO and RO models with samples 2 = 40 in each replication.

Notes. The grey color indicates that EO performs better in view of the specific performance metric, while the red
color indicates that RO performs better.
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Figure C.10: Infeasibility profile of EO and RS models with samples 2 = 40 in each replication.

Notes. The grey color indicates that EO performs better in view of the specific performance metric, while the
blue color indicates that RS performs better.
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5 Unified robust decision models and applications in EMS problem

C.4 Sample code of numerical cases

The emergency service resource allocation problem described in Section 5.6 is solved using the

RSOME package. The sample code for running the robust satisficing model is provided below

as a guideline to implement the proposed methods.

© 0 N O Ot s W N =

W W W W W W W W W NN N DD NN NN NN = e e e e e e e
co N O Ut A= W NN EF O © 00NN OO ReWwWwNy RO O 0N OOt e W NNy = O
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import numpy as np
import rsome as rso
from rsome import ro

from rsome import cpt_solver as cpt

def mves(z, pl=2, p2=2, display=True):

9999

Return the vector q and the symmetrical matrix Q as the results of estimating

the minimum volume confidence set (MVCS), following Eq. (9).
Parameters

z : np.ndarray
The training dataset is given as a 2—D array.

pl : int
Specify the Lp—mnorm of the MVCS estimation. The parameter pl must be
an integer larger than one. The default value is two.

p2 : int
Specify the p—value of the power deviation penalty function. The parameter
p2 must be an integer larger than one. See Definition 4.2. The default
value is two.

display: bool
If the log information is displayed.

Return

q : np.ndarray

A 1-D array for the constant term of the MVCS approach.
Q : np.ndarray

A 2-D array for the linear term of the MVCS approach.

999997

N, L = z.shape

model = ro.Model()
q = model.dvar (L)
u = model.dvar(N)
)

v = model.dvar (N



39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82

def

C.4 Sample code of numerical cases

Q = model.dvar ((L, L))

model .max(rso.rootdet (Q))

model.st ((1/N) % u.sum() <= 1)

model.st ((1/L) % rso.power(v, p2) <= u)
l_-norm = lambda x: rso.norm(x, pl)

for n in range(N):

model. st (l_.norm (Q@z[n] — q) <= v[n])

if display:
msg = f{”Sample data: {N} records x {L} inputs \n”
msg += {”Norm type: 1{pl}—norm\n”

msg += f” Deviation penalty: power={p2}\n”
print (msg)
print (model.do_math ())

model.solve (cpt, display=display)

return q.get (), Q.get ()

rs_decision(c, arcs, xbar, tau, zin, pl=2, p2=2, display=True):

999997

Return the objective value and optimal solution of the robust satisficing

model for the emergency service resource allocation problem.

Parameters

¢ : np.ndarray
A 1-D array representing the per—unit costs of emergency service
resources .

arcs: list
A list of pairs of node indices, representing the routes between
locations where the service can be transshipped.

xbar : float
The maximum resource capacity of each node.

tau : float
The budget of first—stage cost, in terms of the total cost of
inventory at all locations.

zin : np.ndarray
The training dataset is given as a 2—D array.

pl : int

Specify the Lp-—mnorm of the MVCS estimation. The parameter pl must be

an integer larger than one. The default value is two.
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5 Unified robust decision models and applications in EMS problem

83 p2 : int

84 Specify the p—value of the power deviation penalty function.
85 The parameter p2 must be an integer larger than one.
86 See Definition 4.2. The default value is two.
87 display: bool

88 If the log information is displayed.

89

90 Return

91

92 objval : float

93 The optimal objective value of the robust satisficing model
94 xs : np.ndarray

95 A 1-D array representing the optimal solution of the robust
96 satisficing model.

97 nnn

98

99 I = len(c)

100 ij= np.array ([(i, i) for i in range(I)] +

101 arcs + [a[::—1] for a in arcs])

102 K = ij.shape|[0]

103

104 q, Q = mves(zin, pl, p2, display)

105 gbar = np.linalg .norm(zin@Q — q, pl, axis=1).max()
106

107 model = ro.Model()

108 z = model.rvar (1)

109 wl = model.rvar(I)

110 w2 = model.rvar (1)

111 u = model.rvar ()

112 zset = (wl — w2 = QQz — q,

113 rso.norm(wl + w2, pl) <= u, u <= gbar,

114 wl >= 0, w2 >= 0,

115 z >= 0, z <= 100)

116

117 x = model.dvar(I)

118 kappa = model.dvar ()

119 y = model. ldr (K)

120 y.adapt (wl)

121 y.adapt (w2)

122 y.adapt (u)

123

124 model . minmax (kappa, zset)

125 model. st (¢ @ x <= tau)

126 for i in range(I):
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127
128
129
130
131
132
133

C.4 Sample code of numerical cases

model. st (y[ij[:, 0] = i].sum() <= x[i])
model.st (z[i] — y[ij[:, 1] = i].sum() <= kappa * u)
model . st (x >= 0, x <= xbar, y >= 0)

model.solve (cpt, display=display)

objval, xs = model.get (), x.get()

return objval, xs

In the code above, the function rs_decision is utilized to formulate and solve the robust

satisficing model, where the function mvcs defined at the top is called in line 104 to solve the

MVCS problem and return parameters of the uncertainty set.
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6 Conclusion

This dissertation presents three complementary contributions to the field of robust decision-
making under uncertainty, with a particular focus on applications in healthcare operations and
public health. The developed models address challenges at different hierarchical levels: patient-
level treatment decisions, population-level pandemic interventions, and resource allocation in
emergency medical services. Each contribution is motivated by real-world problems character-
ized by both outcome uncertainty and estimation uncertainty, two factors that critically affect
the reliability and effectiveness of data-driven decision-making in healthcare.

In Chapter 3, we develop a risk-sensitive optimal stopping framework for sequential medical
decision-making in intensive care settings. By integrating the entropic risk measure into a MDP
model, the framework accounts not only for the expected length of stay but also for variability
and tail risks in clinical outcomes. Structural analysis reveals that the optimal policies possess a
threshold structure, providing interpretability and operational relevance. Additionally, we inte-
grate the predictive information into our ROSP model and analyze the corresponding structure
properties. The numerical results, based on extubation and discharge decisions, demonstrate
that the risk-sensitive policies yield a more robust trade-off between patient safety and resource
utilization compared to traditional risk-neutral models.

In Chapter 4, attention is shifted to the public health domain, where we address the problem
of pandemic intervention planning under epidemiological uncertainty. We proposed a robust
decision-making model based on stochastic compartmental dynamics, introducing an ambiguity
tolerance metric to quantify the violation of healthcare performance targets. The framework
explicitly models the impact of interventions on disease evolution and healthcare capacity. To
enhance tractability, we utilize the asymptotic Gaussian property of compartment populations
and derive a bilinear approximation of the robust model. The application to real-world data from
Singapore during the COVID-19 pandemic confirms that the proposed approach outperforms
conventional deterministic models, offering a more balanced and resilient intervention strategy.

In Chapter 5, we proposed a unified robust decision-making framework for resource alloca-
tion problems, particularly in the context of EMS. The framework systematically incorporates
two layers of uncertainty: outcome uncertainty, describing the deviation between realized and

specified inputs, and estimation uncertainty, accounting for inaccuracies in input parameter es-
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6 Conclusion

timation. We introduced the MVCS method to construct norm-specific uncertainty sets from
historical data. The approach is extended to handle asymmetries and to incorporate side in-
formation through predictive models. Numerical experiments show that the unified framework
yields less conservative but more reliable solutions, especially in data-scarce settings and in the
presence of outliers.

Taken together, the results of this dissertation contribute to the methodological advancement
of robust optimization by integrating robust satisficing principles and risk-sensitive modeling into
a coherent framework. The presented approaches offer practical tools for improving decision-
making robustness in healthcare and public health contexts. They allow for better handling of
uncertainty, more interpretable policies, and enhanced performance even under imperfect data
conditions.

Future research may further extend these models by considering additional forms of uncer-
tainty, adaptive decision-making under evolving information, and the integration of human-in-

the-loop systems for healthcare and public sector applications.
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