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Collective effects in an incompressible electronic liquid
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ABSTRACT

3,4,5,%

Starting from Landau’s kinetic equation, we show that an electronic liquid in d = 2, 3 spatial dimensions

depicted by a Landau-type effective theory will become incompressible on condition that the Landau
parameters satisfy either (i) 1 + F; /d = 0 or (ii) F§ — +00. Condition (i) is the Pomeranchuk
instability in the current channel and suggests a quantum spin liquid (QSL) state with a spinon Fermi
surface; while condition (ii) means that the strong repulsion in the charge channel leads to a conventional
charge and thermal insulator. In the collisionless regime (w7 >> 1) and the hydrodynamic regime

(wt < 1), the zero and first sound modes have been studied and classified by symmetries, including the

longitudinal and transverse modes in d = 2, 3 and the higher angular momentum modes in d = 3. The

sufficient (and/or necessary) conditions of these collective modes have been revealed. It has been

demonstrated that some of these collective modes will behave in quite different manners under
incompressibility condition (i) or (ii). Possible nematic QSL states and a hierarchy structure for gapless

QSL states have been proposed in d = 3.
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INTRODUCTION

The past few decades have witnessed a prolifera-
tion of research interest in quantum spin liquids
(QSLs). As a novel phase of matter, QSL was pro-
posed as a pristine Mott insulator that carries an
odd number of electrons per unit cell, preserves the
lattice translational symmetry and hosts a paramag-
netic ground state [1-8]. Such a ‘featureless’ Mott
insulator is characterized by fractional spin excita-
tions and long-range quantum entanglement, which
are beyond Landau’s symmetry breaking paradigm
and naturally associated with the celebrated idea
of the resonating valence bond (RVB) [1]. More-
over, high-temperature superconductivity has been
considered to arise from doping such an RVB
state [2,9].

While a decisive experiment for identifying a
QSL state is still missing, this exotic phase of mat-
ter has been well established theoretically via ex-
actly solvable models together with other analyti-
cal and numerical analyses [5-8]. Mathematically,
the Lieb-Schultz-Mattis-Oshikawa-Hastings theo-
rem [10-13] states that, when the lattice transla-
tional symmetry and the O(2) spin rotation conser-
vation are preserved, the ground state of a quantum

spin system is either gapless or gapped with topo-
logical degeneracy, if the O(2) charge (i.e., the spin
quantum) per unit cell is a half-odd integer. This im-
poses a strong constraint on QSL ground states and
low-energy excitations on top of them: a QSL state is
either gapped with topological order, or gapless. In
contrast to gapped QSLs that have been extensively
studied by exploiting topological orders and various
numerical tools, systematic studies on gapless QSLs
are relatively rare.

On the experiment side, a variety of QSL
candidates has been found in realistic materials,
and many, if not most of them, exhibit gapless
features [5,8]. Indeed, gapless QSLs are expected
to display many-body electronic excitations inside
the Mott charge gap and manifest themselves in
various experiments that include but are not limited
to thermodynamic and magnetic measurements,
thermal transports, neutron scattering, nuclear
magnetic resonance, muon spin resonance ((SR),
optical conductivity, Raman scattering, the thermal
Hall effect, sound attenuation and angle-resolved
photo-emission spectroscopy [S].

Most theoretical studies on QSLs and/or rele-
vant metal-to-Mott-insulator transitions start with a
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Mott insulator, while the dual approaches from the
metallic side are relatively less known [14,15]. On
the other hand, metallic states have been well un-
derstood by using the classic Landau’s Fermi liquid
theory [16-18]. Collective modes in a Fermi liquid
represent a class of elementary excitations, which in-
volves a coherent motion of the system as an en-
tirety. In this work, we study electronic collective
modes in a gapless QSL state with a spinon Fermi
surface that are naturally conveyed from a quasi-
particle Fermi surface in an incompressible (i.e.,
insulating) limit. In particular, we focus on den-
sity fluctuations of chargeful quasiparticles on the
Fermi surface, and study these collective modes in
the gapless QSL state in three dimensions and two
dimensions.

An effective theory for QSL: revisit

Landau’s Fermi liquid theory describes a system
of interacting fermions, which evolves from a non-
interacting Fermi gas in a continuous way, namely,
there is no phase transition as long as fermion-
fermion interactions are turned on adiabatically.
Thus, the low-energy excited states of interacting
fermions in the Fock space remain one-to-one cor-
respondence to those of a non-interacting Fermi
gas, which are called ‘quasiparticles’ and labeled by
fermion occupation numbers. Landau’s Fermi liquid
theory is built with these quasiparticles and interac-
tions between them [16-18].

An effective theory was proposed for gapless
QSLs with a spinon Fermi surface in [15], which
takes almost the same form as Landau’s Fermi
liquid theory. The building blocks in effective
QSL theory are assumed to be ‘chargeful’ quasi-
particles, even though these quasiparticles are
not protected by adiabaticity. The quasiparticles
in these QSLs are labeled by the same occupa-
tion numbers as free fermions. Consequently, by
defining 81,5 = nps — ngg , the departure of the
fermion distribution function from the ground-state
distribution ng = 0(—§,), the excitation energy
AE = E — Eg for these states are also given by a
Landau-type expression:

1 ,
AE =) &8ny, + 3 D 5 Snpednyo
po Pl

p/lTU’

+ 0(8n?). (1)

Here &, = p*/2m* — ju is the single-particle energy
measured from the chemical potential 11, m™ is the
effective mass, o (0') is the spin index and fp‘;‘,” is
the interaction energy between excited quasiparti-
cles. Then the single quasiparticle excitation energy
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reads

SAE p* ,
y=0r P % S o
€p 8(8”}:0) 2m* n+ ;fpp np

()

Here arotational symmetry is assumed for the Fermi
/
surface, and f7 can be written in terms of spin

. . . 4
symmetric and anti-symmetric components fp‘;‘,’ =

fopdoar + f;P,oo/, where f;P(,“) depends only on
the angle 0 between p and p’. It can be expanded as

fpsp(,“) = Z fls(“)Pl(cos ) (3a)
1=0

with the P; the Legendre polynomials in three
dimensions, or

fpsp(,“) = Z fls(a) cos(16), (3b)
1=0

in two dimensions. The dimensionless Landau pa-
rameters, defined by Fls(“) = N(O)fls(a), provide
measures of the strengths of the interactions be-
tween quasiparticles, where N(0) is the Fermi sur-
face density of states. The low-temperature proper-
ties of the QSLs are completely determined by the ef-

fective mass m* and the Landau parameters F; @ g

m* and F; @) 4o in the Landau’s Fermi liquid theory.
Landau’s Fermi liquid theory for interacting
electrons describes a metallic state naturally. Thus,
extra constraints have to be imposed to ensure that
elementary excitations in the effective QSL theory
carry zero charge and finite entropy, whereas quasi-
particles are chargeful. It turns out that an electrical
insulating but simultaneously thermal conducting
state, namely, a QSL with a spinon Fermi surface, can
be achieved by putting a constraint on the Landau
parameter F;. This can be seen as follows. First, the
charge current J carried by quasiparticles is given by

J= % <1 + %IS)J(O), (42)

where J© is the charge current carried by the
corresponding non-interacting fermions and d is the
dimensionality. Meanwhile, the thermal current Jo
is only renormalized by the effective mass and reads

Ja= 13 (4b)

where ]8) is the corresponding thermal current
carried by non-interacting electrons. Therefore,

Gz0z |Mdy L0 Uo Jasn asn 10U O(J - JBS|PY WNYIUIY ¥oYl01qigia ] usyouanjy 18BNISISAIUN 8Ydsiuyoa | Aq 587G 89/1SZoBMU/9/0 | /a[one/iSu/woo dnoolwapeoe//:sdiy woll pepeojumod



Natl Sci Rev, 2023, Vol. 10, nwac251

when

N *

F; m
1+ — —0 and — #0, (4¢)
d m

we have ] — 0 and Jq # 0, suggesting that the
electronic system is in a special state where spin-1/2
quasiparticles do not carry charge due to interaction
but they still carry entropy.

Two issues have to be clarified. First, it is crucial
that F; is independent of m* /m for such a mecha-
nism to work. Indeed, it cannot happen in a Galilean
invariant system, where m*/m = 1 4 F; /d; there-
fore, the charge carried by quasiparticles does not
vary with F;. Fortunately, there does exist a way
out for electrons in crystals, where the Galilean in-
variance is lost, so that m*/m # 1+ F{ /d and ] is
renormalized by interactions. Second, the quasipar-
ticles should be distinguished from elementary exci-
tations in the effective theory. The quasiparticles are
chargeful and described by d7,,, whereas elemen-
tary excitations are eigenstates of Landau’s kinetic
equation with charges renormalized by 14 F; /d
and become zero in the limit of ¢ = 0 and w = 0,
where q and w are the wave vector and frequency,
respectively.

Landau’s kinetic equation and collective
modes

Landau’s kinetic equation, which is more than a
Boltzmann equation, can be utilized to study both
equilibrium and non-equilibrium properties for a
quantum liquid of fermions. It describes the change
of the quasiparticle distribution function n,, (r, t) in

the phase space,
on,(r,t)
pa—t + Vpap(r, t)- Vrnp(r, t) — Vrap(r, t)
Vpnp(r,t) = I[ny], (s)

where I [n, ] is the collision integral. This equation is
considerably richer than the usual Boltzmann equa-
tion used to study weakly interacting gas, because
‘quasiparticles’ are not bare particles. Instead, they
are combined with characteristics from the back-
ground, say, other particles in the quantum fluid.
Thus, Landau’s kinetic equation allows us to study
collective effects in such a quantum fluid.

Collective modes are the coherent motions of the
quasiparticles on the Fermi surface. For the charge
sector, the collective modes are characterized by the
density fluctuation §#,, which can be written as

5 Bng ©)
Ny = ——V,.
P 88P P
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Here v, is the energy by which the density wave
shifts the quasiparticle distribution in the direction
of p, and can be expanded in terms of spherical
harmonics, i.e.,

1
V=Y > Y (O )" (7)

I m=—1

in three dimensions, or in terms of a Fourier series,
ie.,

o0
v= Y e, (8)

I=—00

in two dimensions. For later use, we also define v; =
v/ in three dimensions. As long as the propagation
wave vector q is specified, the azimuthal angle 6, and
polar angle ¢, can be defined with respect to the di-
rection of §.

In this work, we are particular interested in two
types of collective mode: zero sound in the collision-
less regime, wt 3> 1, and first sound in the hydrody-
namic regime, w7 <K 1.

RESULTS

Symmetry classification of collective
modes

The collective modes can be classified in accordance
with symmetries. There is a significant difference be-
tween two and three dimensions: a spherical Fermi
surface has O(3) rotational symmetry, while a cir-
cular Fermi surface is of O(2) symmetry only. In
the presence of a collective mode with a specified
propagation wave vector q that breaks O(3) or O(2)
symmetry, the symmetry of Landau’s kinetic equa-
tion will be reduced to the O(2) rotation along q
in three dimensions or the Z, reflection about q,
0, — — 0, in two dimensions.

For three dimensions, the O(2) rotational sym-
metry gives rise to the conservation of the magnetic
quantum number m defined in (7). The collective
modes in three dimensions can then be classified in
accordance with m as follows: ‘longitudinal’ (m =
0), ‘transverse’ (m = 1), ‘quadrupolar’ (m = 2) and
other higher angular momentum (m > 2) modes.
These collective modes are illustrated in Fig. 1.

For two dimensions, the Z, reflection symmetry
can be manifested by rewriting (8) in terms of real
components,

o0 oo
v, = Vg + Zul cos (16,) + Z vy sin (16,),

1=1 =1

)
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Transverse mode

Quadrupolar mode

Figure 1. Collective modes in three dimensions. The propagation wave vector q is

normal to the plane.

q q
o Y
| —

Longitudinal mode Transverse mode

(a) (b)

Figure 2. Collective modes in two dimensions. The collec-
tive mode is propagating along the wave vector q. Under the
reflection about g, i.e., # — — 6, the longitudinal mode v;
(a) is symmetric, while the transverse mode v, (b) is anti-

symmetric.

where uy = vy, 4; and v; are real numbers, and u_;
=y and v_; = —vj are even- and odd-parity com-
ponents, respectively. To ensure a real function vy,
—iv)/2and v_; = v}, According
to the reflection symmetry, v, can be further written
as the sum of the symmetric part v;‘ and the anti-

we have v; = (i

symmetric part v,

v =+, (10a)
oo
v;' = vo—i—Zulcos(lé’ ) (10b)
=1
o0
= Z vy sin (16 (10¢)
1=1

As illustrated in Fig. 2, the fluctuations v and v
describe the coherent motion (and/or deformation)
of the Fermi surface along and perpendicular to
the propagation wave vector g, respectively. There-
fore, there are only two kinds of collective modes in
two dimensions: the longitudinal modes v; and the

transverse modes Vo
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Two incompressibility conditions

First of all, the simplest and the most important
collective mode is the compression and expansion
mode, which is characterized by the component vy
in three dimensions and the component v in two
dimensions. Then an incompressible electronic lig-
uid will be achieved if and only if v = 0 or vy =0
for any wave vector q and frequency w.

With the help of Landau’s kinetic equation,
we have found two incompressibility conditions as
follows:

(i) 14 F;/d = 0, which gives rise to a gapless
QSL state thatis a charge insulator and a ther-
mal conductor;

(i) F§ — +00, which leads to a conventional
insulator that is both charge and thermal
insulating.

We noted that the two incompressibility condi-

tions are rigorous without any further assumption.

Zero sounds in three dimensions

Zero sound is the density fluctuation in the collision-
less regime, wT >> 1, where the quasiparticles no
longer have time to relax to equilibrium in one pe-
riod of the sound. Thus, the liquid no longer remains
in local thermodynamic equilibrium; the character
of the sound propagation will be dominated by the
quasiparticle interactions.

In the collisionless regime, we can safely neglect
the collision integral I [n, ] in (5), resulting in

dn, 8ng
8t + UP . Vr((SnP — 8—81358},) =0. (11)

The variation of local energy comes from the ap-
plied scalar field U, as well as the quasiparticle
interaction,

Sep(r,t) = Up(r.t) + Y _ fo 8ny.
-

To excite a sound mode with an angular momentum
m, the applied scalar field takes the form U, (r, t) =
Ue'mdreilar—ot) Substituting this into (11) leads
to

QT Z (q-9,)Ue™?
V ;) = :
P o q-Up For 38f K

®—q- v

(12)

Algebraic equations
From (12), we found that Landau’s kinetic
equation can be expressed in terms of V",

Gz0z |Mdy L0 Uo Jasn asn 10U O(J - JBS|PY WNYIUIY ¥oYl01qigia ] usyouanjy 18BNISISAIUN 8Ydsiuyoa | Aq 587G 89/1SZoBMU/9/0 | /a[one/iSu/woo dnoolwapeoe//:sdiy woll pepeojumod



Natl Sci Rev, 2023, Vol. 10, nwac251

and two sets of algebraic equations follow,
ie.,

Vv

m o m
1 sOm Vr m

E F,Q(s)—— =-0 U,
zz+1+l,=m : ”(S)Zl/—i-l re)

(13a)
which is referred to as ‘type I’ hereafter, and
. . - Flsfl 12 — m?2
Vs —v
S 2-1) 20—1
F} VI+1)2—m?
_ vlril 1 + 1+1 ( )
21+3 21 +3
=a'U, (13b)

which is referred to as ‘type II'. Here,

i (14)
qUF

1%
1

is a dimensionless parameter, ¢ = |q| and v is the
Fermi velocity. We define Q}},(s), ©["(s), and o)"
in the Method section, and the first few nonzero £27],
and ©}" can be found in Table 2 in the Method sec-
tion.

It is easy to verify that if V" is a solution to (13)
then b" = (—1)"v,; " givesrise to another solution
to both type-I and type-II algebraic equations. We
therefore focus on m > 0 unless otherwise specified.

The type-I equation (13a) consists of an infinite
set of equations, and can be derived from the type-II
equation (13b) directly and vice versa. Both rigorous
and approximate results can be obtained from these
algebraic equations, as will be seen. For instance, the
two incompressibility conditions can be obtained
from type-II algebraic equations without any further
approximation. Moreover, one can solve (13a) byin-
troducing a truncation for F;’, namely, keep a finite
number of F;’ and neglect others. Then possible col-
lective modes describing oscillations of the system
can be found from the poles of the response function
v/ U, which depends on variable s only.

Minimal model. As mentioned above, a physi-
cal truncation for F; can be utilized to solve equa-
tions (13). By such a truncation, a finite number (1)
of V" form a closed set of algebraic equations, which
gives rise to an ‘n-channel model’. To find a non-
trivial solution for a specific collective mode, a min-
imal  is required, and the corresponding n-channel
model is called a ‘minimal model’.

Longitudinal mode

We begin with some rigorous results for m = 0
modes. Let us examine the first equation of type II,
say, the one with [ = m = 0 in (13b). Note that the
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second term on the left-hand side vanishes automat-
ically, and we have

F? V1
ves — 1+ =L )= =o0. 15
. (+3)3 (15)

This leads to incompressibility condition (i), 1 +
F;/d = 0 with d = 3, which is the exact QSL con-
dition in (4c).

On the other hand, the second one with m = 0
and [ = 1in (13b) reads

vis — (14 Fg)vg — (1 + %)%vz =U.

(16)

This leads to incompressibility condition (ii): F; —
+-00. This is nothing but the strong repulsion limit in
which a metal-to-conventional-insulator Mott tran-
sition occurs.

In addition to the rigorous results for incom-
pressibility, longitudinal zero sound modes can be
studied via a minimal model, which is a three-
channel model by the following truncation: keep F,
F; and F;, and set F; = 0 for | > 3. With such a
truncation, the type-I algebraic equation (13a) con-
sisting of a series of algebraic equations can be clas-
sified into two categories: (i) I > 3 and (ii) I = 0,
1, 2. The algebraic equations in the second category
form a closed set that are linear equations of the vari-
ables vg, v; and v,. Then the mode frequency is de-
termined by the secular equation

Fi . 2,

Fé 14+ — +Fls5 1+F; 922—7 QOO
3 Qoo
Fi :

+ 1+? (14 F595,) =0, (17)

where €/ is defined as Q2 := Q?l/. A sufficient
condition for a real solution s(> 1) to (17) is found

to be
F$ Fs
14+ =L )(1—-3F) =2
(15 Ja-sm 5
F{ s
+ 1+? (3+F;)—3>0. (18)

(When s > 1, the sound speed exceeds the Fermi ve-
locity v, so that the collective mode will survive the
Landau damping.) Note that, under either incom-
pressibility condition (i) or (ii), the above inequal-
ity reduces to F5 > 10/3. [In the limit of F; — 0
and 1+ F; /3 — 0, the inequality in (18) cannot
be satisfied. Therefore a two-channel model consist-
ing of F§ and F; (thereby vy and v;) only does
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not host a weakly damped m = 0 zero sound mode
under the incompressibility condition 1 + F; /d =
0, and the three-channel model is a minimal model
for studying the longitudinal zero sound mode in a
gapless QSL.]

In general, a solution s to (17) must be found nu-
merically. However, approximately analytical solu-
tions can be found in two limits, s — 1 + 07 and
s — 00, as long as the sufficient condition (18) is
satisfied. In particular, in two of the incompressible
limits,

(1) foreither (i) 1+ F; /3 = Oor(ii) F; — 400,
there exists a weakly damped longitudinal zero
sound mode with

142 11 50 1
s expy —— — ————
173 T 9F —10/3

(19a)

aslongas F; > 10/3; note that this solution de-
pends only on F; but neither F§ nor F;;

(2) when (i) 1+ F;/3 =0 and F; — +00, an
additional weakly damped longitudinal zero
sound mode will occur with

3 |F5 5
Py e (19b)
sV7 3

(3) when (ii) F§ — 400 and 10/3 < F; <« F§,
an extra solution to (17) is allowed,

| Fg F{
~ [—(1+—), 19
s 3( + 3) (19¢)

which takes the same form as that of first sound
if 1+ F;/3 > 0and F; — 400, as will been
seen later.

The m > 1 zero sound modes
Minimal models. To study generic m > 1 modes, we
keep the Landau parameters up to F, _ |, such that
there allows (m + 2)-finite F/ (I =0, ...,m + 1),
and F/ = 0 for | > m + 2. An interesting obser-
vation on equations (13) is the following. The Lan-
dau parameter F; does not affect an m > [ sound
mode. Forinstance, F§j does not affect the transverse
(m = 1) mode. Thus, for a fixed m > 0, there are
only two relevant Landau parameters, F; and F, , |,
that are active in equations (13). The truncation of
these (m + 2)-Landau parameters will result in a
two-channel model consisting of two variables, V)"
and v} |, only.

Such a two-channel model is a minimal model for
studying m > 1 zero sound modes, and can be de-
rived from equations (13). The mode frequency is
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determined by the secular equation
h(s)=[1+EQ" (s)](1+ Funr
mS“mm 2m 43
+(@2m +1)E; , s*Qn (s) = 0.
(20)

The sufficient condition of a real solution s(>1) for

h(s)=0is

2m+1—[1+F:/(2m+1)]
2+ [14 F;/(2m + 1)]
(21)

Inthelimitof1 4+ F; /(2m + 1) = 0, the above in-
equality becomes

Ei ., > (2m+3)

2m+1)(2m +3)

EFS > , 22
m—+1 2 ( )

and when F;; | = (2m + 1)(2m + 3)/2, there is
an exact solution, s = 1.

In particular, we are interested in transverse
(m = 1) and quadrupolar (m = 2) modes. For
these modes, we numerically found that (57)
is also a necessary condition for a real solution
s( > 1) to h(s) = 0. The numerical solutions have
been demonstrated in Fig. 3 as a three-dimensional
contour plot in the parameter space [s, 1+
E:/(2m+1),2F; . /@2m +1)(2m + 3)].
Note that these numerical solutions are all around
s—>1+0".

Indeed, another solution can be found analyti-
cally in the large-s limit as

1 F, Foi 3F, 1
s~ 1+ +
2m +3| 2m+1 2m + 3 2m + 5

(23)

for arbitrary m > 1, as long as the condition

E. Fo 3F, 1
1+ + >2m+3
2m + 1 2m + 3 2m + S

(24)

is satisfied.

Suppression of |[m| = /> 1 modes

Similar to incompressibility conditions (i) 1+
F;/d =0 and (ii) F§ — +00 from the suppres-
sion of the v) component, we do have other
rigorous conditions for suppressing some |m| > 1
components. Indeed, when |[m| =1> 1, (13b) gives
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(a) m=1,h(s)=0
s 1.2~

Figure 3. Numerical solutions for m > 1 zero sound modes in
three dimensions. (a) Transverse (m= 1) and (b) quadrupolar
(m = 2) modes.

rise to
F’ 21 +1

=+l =+l 1+1

— 1 — =0. (2§
s v’“( +21+3> 2A+3 (25)
Therefore, when

FS
1+ —o, (26)

2A+3

the m = =4I components will be completely sup-
pressed in low energies, i.e., v"= =0, and
thereby acquire an excitation energy gap.

Nematic QSL state. It is remarkable that the
suppression of transverse current (! = 1 and m =
+1) modes will give rise to a ‘nematic’ QSL state
that cannot be described by the usual U(1) gauge
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theory, in which the transverse current mode is
gapless. Such a nematic QSL is a Mott insulator,
whose spinon Fermi surface undergoes a nematic
transition because of the Pomeranchuk instability,
breaks the rotational symmetry spontaneously
and has an elliptical shape. It was suggested that
a Pomeranchuk instability may occur in | > 2
[or I > 1 in (26)] channels [19], while the gauge
invariance and charge (spin) conservation law
prevent the Pomeranchuk instability in I = 1 chan-
nels [16,20,21]. Therefore, the nematic QSL state is
allowed. Moreover, the [ = 1 and m = 0 modes will
become strongly damping under these conditions
[see equations (19)]. Therefore, all the dipolar
(I = 1) modes vanish in low energy. However,
quadrupolar and higher angular momentum modes,
i.e, I > 2 modes, can still be gapless, even though !
= 1 modes are gapped or damping strongly.

Hierarchy of QSL states. The possibility of the sup-
pression of |m| = I modes and the inequality in (22)
suggest that there is a hierarchy structure for gapless
QSL states:

when
> 0, l=0orl>n+2,
FS
1+ ! =0, I=1,....n, (27
21+ 1 214+ 1 @)
>T, l:n+l,

the Landau-type effective theory defined in (1) de-
scribes a gapless QSL state in three dimensions,
on which |m| =0, ..., n zero sound modes are
gapped, while [m| =n + 1zero sound modes are
gapless. Here n is a positive integer, and m is the
‘magnetic’ quantum number along the collective
mode propagating direction §.

Such a hierarchy structure indicates that a QSL
may possess amore complicate spinon Fermi surface
than an ellipsoid in the nematic QSL, while they are
all topologically identical to a sphere.

First sound in three dimensions

First sound is the ordinary sound in a liquid, i.e.,
density fluctuations in the hydrodynamic regime wt
<« 1. In this regime, the collision integral I [n P/] ~
dn /T becomes significant, and the system is essen-
tially in local thermodynamic equilibrium. In such
a strong collision regime, following Abrikosov and
Khalatnikov [22], we assume that the collision inte-
gral takes the form
1

I[n,] = ——[8n, — (8n,) — 3(8n, cosB,) cos G, ]

Tp

(28a)
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and that
1 1 —ep)? kg T)?
L_1, &=e) WD o0
Tp T o Ep

where (-) denotes the average over the solid angle, 7,
is the relaxation time and its inverse gives rise to the
scattering rate. Here 1/7; is the impurity scattering
rate, and the other parts correspond to relaxations
due to quasiparticle interactions and thermal fluctu-
ations. The &, and &, are two characteristic energy
scales for quasiparticle interactions and thermal fluc-
tuations, respectively.

With the help of (7), the expectation valuesin the
collision integral I[n, ] in (28) can be computed as

Bng 8112
(31117) = —a—gp\)o, 3(811P Cos 9P> = —a—gpl)l.
(29)
In the presence of an external field like
that assumed in the collisionless regime,
Up(r, t) = Ue'®ei@=@0)  Landau’s kinetic

equation can be rewritten in frequency-momentum
space as

(w0 —q-0,)én,

on? ,
@ (U + 3 )
P ’

p
=il[n,]. (30)

In the hydrodynamic limit, I[n,] &< 1/7,, and b/,
is the largest energy scale and does not depend on
the azimuthal angle ¢, and the corresponding quan-
tum number m. Therefore, m # 0 modes will damp
strongly, and we study the longitudinal (m = 0)
mode only in this limit.

Substituting (7) into (30), we obtain the type-I
algebraic equation in the U — 0 limit:

v N
FiQu(5) ——
2l+1+; )

= —iK[on(§)v1 + Qz(§)Vo] (31)

with
1
Kk = == §=«x(wT +1i)
TqUr T
— (1 + ’—) (32)
T
and

1

) = dummﬁ. (33)

-1
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Here the assumption that 7, = 7 has been used,
and itis easy to verify that €2, (5) = (1/5)[Qj(s) —
81.0)- In comparison with (13a) in the collisionless
regime, there appear additional k terms on the right-
hand side of (31) that are induced by collisions.

First sound speed

To study the first sound mode, we consider a two-
channel model by keeping F§ and F; only and set-
ting F; = 0 for | > 2, which is a minimal model for
studying first sound. The mode frequency is deter-
mined by

1
[1 + F(;QOO + IKQO:||:3(1 + FISQU) +l’l(910}

1
_<3F1$QIO + iKQoo) (F(;QIO + iKQ]) =0.

(34)
For wt < 1, we have
k' =0, § —>ico+0" and skt — i
(35)

The functions ;;/(s) and €2;(5) can be expanded
around § = i 00 asymptotically. Substituting these
expansions into (34) leads to the following disper-
sion relation between w and q:

o \* 1(1+FS) 4 4 Lee
que) " |3 T 30

(36)

This is exactly the same as equation (10.9) of [22].In
the limit of 0T < 1, we obtain the first sound speed

w 1 1
cl:—:vF\/—(l—i—Pos)(l—i——Ff).
q 3 3

(37)

We emphasize that the first sound speed also be-
haves quite differently under the two incompressibil-
ity conditions:

(lwhen1+ F:/3 — 0,¢ — 0;
(i) when F§ — 400, ¢ — o0.

Sound modes in two dimensions

In parallel with three dimensions, we study collec-
tive modes in two dimensions. By the reflection sym-

metry, the longitudinal mode v;r and the transverse
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mode v, can be excited by the external scalar fields
U, (r, t) = Ue'lare? (38a)
and
U_(r,t) = [(d x §) - 9,]Ue @) (38b)

respectively. Here 11 is the unit vector normal to the
two-dimensional plane and (4 X q) - 0, = sin6,.
Below we study longitudinal and transverse modes
in both collisionless (wt >> 1) and hydrodynamic
(wt K 1) regimes.

Zero sound in two dimensions

Two types of algebraic equation for zero sound
can be derived from Landau’s kinetic equation, as
in three dimensions. First, type-I algebraic equa-
tions for longitudinal and transverse modes have
been derived as

_ o0 ~

u s uy

? + E F; H”/(S)E = —TIjo(s)U,
I'=0
o0

] —_ vy -

5 + E Fls, C‘a”r(s ? = _ull(s)Ua (39)
I'=0

where &i; = u; + 8jouo, and I (s ) and Ej;/(s ) are
defined in the Method section. The first few nonzero
1) and E;; can be found in Table 2 in the Method
section.

Second, type-II algebraic equations for the longi-
tudinal mode have been found as

F’'  +6,F; 1+
uls—(l—}— 11211 o>u112 114o

Fls+1 Ui+
— |1 — =U, 40
(1+522) 2 —s o)

wherel=0,1,2,... andu_; =0hasbeen set for con-
vention; type-II algebraic equations for the trans-
verse mode read

F_ i\ v
us — (1+ =)=
o ()5

F/ v U
(1 D) P — 5,2
2 2 2

(40b)

where I = 1, 2, 3, ... and vy = 0 has been set for
convention.

Incompressibility conditions in two dimensions.
Similarly as in three dimensions, the first two com-
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ponents in type-II algebraic equation (40a) read
Fi\u
ugs — [ 1+ L)L = 0,
2 2
U

Fs
us — (l +Fg)uo — (1 + %)7 = U
(41)

These lead to two incompressibility conditions in
two dimensions: (i) 1 + F{/2 = 0 and (ii) F; —
Q.

Longitudinal mode v,

As in three dimensions, the minimal model for
studying the longitudinal zero sound mode in two
dimensions is a three-channel model consisting of
three Landau parameters, Fj, F;, F;, and three
variables, ug, u1, u,, only. The mode frequency is de-
termined by the secular equation

(1) H s
s H%O
x| 1+ F2 H22 nl—— HOO
HOO
Fy s
+1+ 5 (14 F;Ty,). (42)

It turns out that the secular equation always has
at least one real solution s(>1) as long as the
inequality

Fé Fs
[1 - —0<1 + —1>]F;
2 2

N Ff N
HF(1+ 5 )+ F | >0 (43)

is satisfied.

In the two limits of incompressibility, either
(i) 1+ F; /2 =0or (ii) F§ — 00, the inequal-
itybecomes F; > 2.Then we have the following ap-
proximate solutions to (42) under two incompress-
ibility conditions.
(1) For either (i) 1+ F;/2=0 or (ii) F5 —

400, there exists a solution,

1/ Fs =2\
1+ (=), 44
) +2(3F25—2) (44a)

aslongas F; > 2.
(2) When (i) 1+ F;/2=0and F; - + 00, an
additional solution s — 400 will appear and
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Transverse mode in 2D, 7,(s) = 0

3.0_
s 2.5~

2.0~
1.5~

Figure 4. Numerical solutions for the transverse mode in
two dimensions.

reads

>
~ = — - 44b
y 8 ( )

&m‘
AW

(3) When (ii) F; - +o0and2 < F; < F§, an-
other solution to (42) is allowed,

Fg Fy
~ [—(14+—. 44
s 2( —|—2> (44¢)

Transverse mode v,

The minimal model for the transverse zero sound
mode is a two-channel model, in which we keep only
F; and F; andlet F{ = 0 for [ > 3. The mode fre-
quency can be determined by

- E$
+4SZFZSEH(S) = 0.

To have areal solutionsto /1, (s ) = 0, one requires
FS
F; [P; <1 + 72) + 4F§} <0.  (45)

Under the QSL condition 1 + F; /2 = 0, (45) gives
riseto0 < F; < % , and the approximate solution is

simplified as

1/3Fs —2\*
s =1+—(2—> ) (46)

8\ F5 —2
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The numerical solution to (45) can be found in
Fig. 4, where the zeros of the function h, (s ) are plot-
ted as a three-dimensional contour in the parame-
ter space (s, 1 + F; /2, F; ). In order to have a real
solution s to h,(s) = 0, the Landau parameter F;
should be restricted to a finite region given in (45).
This is quite different from the situation in three di-
mensions, in which a positive and sufliciently large
F; always gives rise to a weakly damped transverse
mode.

First sound in two dimensions

The minimal model for studying the first sound
mode is the two-channel model with finite F§ and
F; and vanishing F = 0 for [ > 2. Similar analyses
as those in three dimensions lead to the mode fre-
quency equation

1
(1 =+ FOSHOO + lKH0)<2(1 + Ffl'[ll) + iKnlo)
1 s . s .
- <2F1 HOl +IKH00>(FO HlO + lKHl) =0

(47)

and the dispersion relation

2
1 Fs
(i> — 01+ Fg)(l + —1)
qVUr 2 2
1 Fs
— it <1 + —1). (48)
4 2

In the limit of wt « 1, the first sound speed reads

@ Lot e 1+ 1k
L =—=vp [= ~F; ).
1 q F 2 0 2 1

(49)

CONCLUSIONS AND DISCUSSIONS

Exploiting a Landau-type effective theory and the
Landau’s kinetic equation, we have studied collec-
tive modes, i.e., zero and first sound modes, for an
electronic liquid in d = 2, 3 spatial dimensions.

(i) All these collective modes can be classified ac-
cording to symmetries, which include
(a) longitudinal and transverse modes in two di-
mensions;
(b) longitudinal, transverse and higher angular mo-
mentum (m > 2) modes in three dimensions.
(il) Two types of algebraic equation have been de-
rived from Landau’s kinetic equation, and rigor-
ous results for zero sound have been obtained as
follows.
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Table 1. A summary for sound modes in d = 2, 3. L, longitudinal mode; T, transverse mode; (i), 1+ F;°/d = 0 (QSL condition); (i), F§ — +o0
(conventional insulator).
Mode d=2 d=3
Minimal model: three-channel model (Fg, F;, F5)
Zero sound L Variable: ug, uy, uy Variable: vg, vy, vy

FS_2\2
(i) or (ii), & F3 >2=>s >~ 1+ 1 (3;2_2)

ES

o

(i) & F5 — 00 = s

(i) &2 < F; € F§ = s ~ /%‘5(1+%i)

_3
4

=}

u_so__1
. i s 10 ~ T3 T 9 o103
s ~
(i) or (ii) & F; > 3 > s>=1+ Zexp{ 2 }

()&F; > oco=s >3 /2

win

& <F < Fy=s= B (1+5)

Minimal model: two-channel model (F§, F;)

T Variable: vy, vy Variable: vy, vy
() &0 < Ff < 2 o5 =14 L (¥i2)’ ()&F — B 40t =5 > 140t
! 2 =375 = 8\ F—2 ! 2 2 s
Minimal model: two-channel model (F;,, Fyy | ;)
m>2 None Variable: v, v\ |
1+ F) S0t & 2F, 41 4>1+0+:>S*>1+0+
2m+1 2m+1)(2m+3)
Minimal model: two-channel model (Fg, F;)
First sound L Variable: ug, u; Variable: vy, vy

¢l = vF %(1+F(§)<1+F7{)

(a) The condition 14 F;/d =0= vy =0,
which gives rise to a gapless QSL that is a
charge insulator and thermal conductor.

(b) The condition Fj — 400 = vy = 0, which
leads to a conventional insulator that is both
charge and thermal insulating.

(c) Ford=3,1+F /(21 +3)=0= 1 =
0, ie,, the [m| = I components will be com-
pletely suppressed in low energies, suggesting
a hierarchy structure for gapless QSLs in three
dimensions.

(iii) Both zero and first sounds can be studied via the
minimal models that are of either two channel or
three channel.

(a) The results have been summarized in Table 1

(b) For first sound, the only weakly damped mode
is the longitudinal mode.

(c) When the electronic liquid becomes incom-
pressible, the first sound velocity will behave
quite differently under two incompressibility
conditions: (i) for 1+ F’/d =0, ¢ — 0,
while for (i) F§ — +00, ¢; = +00.

Page 11 0f 15

Indeed, it was pointed out in [15] that the usual
U(1) QSL state can be realized by the Landau-type
effective theory by keeping scatterings in | = 0, 1
channels only. The gauge (or transverse current)
fluctuations in the U(1) QSL are nothing but | =
1 and m = %1 zero sound modes studied in the
present work. What is more, our theory suggests that
a gapless QSL may possess a spinon Fermi surface
that breaks the SO(3) rotational symmetry. Such a
generic spinon Fermi surface can be characterized
by the hierarchy structure of the Landau parameters
and zero sound modes [see (27)].

We emphasize that first sounds are ordinary
sound modes that even exist in a free Fermi gas.
These first sound modes can be measured by usual
ultrasonic techniques, because despite being charge
neutral, the elementary excitations, spinons, couple
to phonons in exactly the same way that electrons
do in the long-wavelength limit [23]. But zero sound
modes do not have their non-interacting correspon-
dence, and exist only in specific regions of the inter-
acting parameters. Experimentally, the velocity and
attenuation of zero sounds can be measured via the
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acousticimpedance and other methods in analogy to
liquid 3He [24,25].

In addition to incompressible electronic liquids
studied in this work, collective effects have been
widely studied in diverse aspects of physics too, in-
cluding Weyl semi-metal [26], cold atoms [27,28],
soft matters [29], astrophysics [30], high-energy
physics [31] and high-pressure physics [32]. We ex-
pect that our research will generate further research
interests in related fields.

METHOD
Functions for type-l algebraic equations

For zero sound in three dimensions, £2j},, ©]" and
a;" are defined as

Qi (s) = Q) (s)

(I —m) (' —m)!
A+m) (' +m)!

! n
X/ duP/"(n) ——P;" (),
—1 /,L — S

(50a)
0'(s) = (=1)"6,"(s)
B (I—m Py
_2V(l+ )'/ (“)_
and (50b)

o = (=1)"a ™"

2 +1 (I —m)! m
= m/_ldﬂpz (W,

(50¢)

respectively, where the P/" are associated Legen-
dre polynomials, and p = cosfp. To derive equa-
tions (13), we have used the following relations: (1)
Ql (s)=0form>11;(2) O} (s) = 0form >,
(3) ©7(s) = Qf}y(s) and (4) a]* = Owhen!—mis
evenand o) = 0 for[> 1.

In two dimensions, ITj;(s) =TI;;(s) and

En(s) =

Ey1(s) are defined as
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Secular equations of minimal models

In the minimal models, the algebraic equations form
a closed set of linear equations. The mode fre-
quency is determined by the secular equation, that
is, the determinant of the coeflicients of linear equa-
tions equals zero. By analyzing the limits of the de-
terminant, we can obtain the sufficient condition for
areal solution s > 1 to the secular equation

Longitudinal mode in three dimensions
The algebraic equations in the minimal model are

given by
1+ F38Q20 F{Q0 F; Qo Do
F5Qp 14+ F{Qy  F;Qp V1
F§ Sy FiS 14 F;Q 12
Q00
=-U| Qp |, (52)
2N

where ) = v; /(2] 4 1). Then the mode frequency
is determined by the secular equation

1+ Fé QOO Fls QOI FZS QOZ
det FOSQN 1 +FISQH FZSQIZ
FSQZO FISQZI 1 +F255222
=g3(s) =0, (83)

which is written explicitly in (17). Note that
g(s— 00)=1>0and

)

3+ F; F;
><|: +2 2(1 3F(§)i|

Therefore, the inequality

(1 +F3—‘>[3+2F + 5 S5 (1—3F; )}

9 10
+—(F——=)>o,
20 3

Gz0z |Mdy L0 Uo Jasn asn 10U O(J - JBS|PY WNYIUIY ¥oYl01qigia ] usyouanjy 18BNISISAIUN 8Ydsiuyoa | Aq 587G 89/1SZoBMU/9/0 | /a[one/iSu/woo dnoolwapeoe//:sdiy woll pepeojumod



Natl Sci Rev, 2023, Vol. 10, nwac251

Table 2. The functions used in algebraic equations in d= 2, 3, and the relations among them. Here L denotes the longitudinal mode and T denotes the
transverse mode. Note that, for the physical situation, we always choose s with positive imaginary part (can be infinitesimal). For instance, for a real
value of s, Quo(s) =1 — (s/2)In|(s+ 1)/{s — 1) + iTsO(1 — |s])/2.

d=2L d=2T d=3,m=0 d=3,m>0
My =Ty Ew =8y Qur =), Q= Q)
M — s = 381 B — 2581 = 18 Qg — sV2m F1Q = 5428

B =0 Qﬂ}m+1=§$+;(1—s)ﬂnm—m
HOOZI—ﬁ En = l722521_100 Qp=1-35h ﬂ 980:1—%ln§71 = Qoo
Iy =Moo 8y =281 Q10 = 5Q00 Q=301 -5 -+
My =sTo+ 3 En =25Ey +3 Qu =sQu+3 Q, =31 =12, — 5

Ty =1+ (2s* — 1)TTgo
[Ty; =5y

sz = % + (232 - 1)1_[20

Qy = % + %(352 - 1)Q00
Q1 =580

Q=1+ 3062 — 1o

which is equivalent to (18), gives rise to a sufficient
condition for areal solution s > 1 to the secular equa-
tion g3 (s)=0.

The m > 1 zero sound modes
The algebraic equations are given by

<1+F:1g2$m Frsn-‘rlgxm-‘rl ) ( f):: )
F; Q$+1m 1 + Fm+19z+lm+1 f)::ll+l

=-U : 54
®$+1

where 0" = v /(2m + 1). The corresponding sec-
ular equation is

1 + F;’l me FranrIQ:::m+l
det

FiQm. . 1+ F5, Q"

m+1"“m+1m+1

=h(s)=0, (55)

which is written explicitly in (20) using the relations
in Table 2. Note that (s — 00) = 1 and

1
2m(2m + 3)

FS
2 1+ —=— | |F:
X[ +( +2m+1)} s
+ 1 2m + 1 1+ Ey
2m " 2m + 1 ’

(56)

h(s > 1) =—

Since 1+ F} /(2m + 1) > 0 is required by ther-
modynamic stability of the system [17,18], there
must exist a real solution s(>1) for h(s) = 0,
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aslong as

2m +1—
2+ [1+4 F;/(2m + 1)]

(57)

Fi. > (2m+3)

Longitudinal mode in two dimensions
The algebraic equations and secular equation are

given by
1 + F(; HOO Fls HOl FZS H02 Uo
FSHIO 1+Ffl_[11 FZSHIZ u1/2
P(;HZO Ffl'I21 1 +F25H22 u2/2
1_[00
=-=U| Io (58)
Iy
and
1+ F('; HOO Ff HQ] FZS HOZ
det Fénlo 1+an11 Fzsnlz
Filly  Filly 14 FiI,
=h3(s) =0, (59)

which is written explicitly in (42). Note that h3(s —
00)=1>0and

[14 F;/@2m+1)]
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Therefore, the inequality
Fi s _ B o
1+ L) |2+ F; — 2F;
2 2
F
+2{——-1) >0,
2

which is equivalent to (43), gives rise to a sufficient
condition forareal solution s > 1 to the secular equa-
tion h3(s) = 0.

Transverse mode in two dimensions
The algebraic equations and secular equation are

given by
1+FISEH FZSEIZ U1/2
FISEZI 1+FZSEZZ U2/2
En
U (60)
(ST
and
1+ F; 8, FiEn

det =f(s) =0,
Fls Ea1 1+ FZS P

(61)
which is written explicitly in (45) using the relations
in Table 2. Note that /1,(s — 00) = 2F;s* and

1F;(1+F5/2) + 4F;

2 V2(s — 1)

hy(s = 1) = +0(1).

(62)

The sufficient condition of a real solution s(>1) for
hy(s) =0is

FS
F; [Pf <1 + 72) +4F§} <0. (63)
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