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Abstract

This cumulative thesis presents the development and implementation of the implicit
near-wall domain decomposition (NDD)method, a novel approach designed to tackle
the challenging near-wall turbulence modeling. Specifically, with the implicit NDD
approach, in the first stage, the solution can be calculatedwith a computational Robin-
type (slip) wall boundary condition over a significantly coarse mesh. In the second
stage, the solution is corrected in the near-wall region based on simplified governing
equations solved on a one-dimensional fine subgrid.

First, the implicit NDD method has been developed and represents a significant
advancement over the traditional explicit NDD method. For the first time, the NDD
method is realized implicitly to avoid splitting the entire computational domain into
two non-overlapping subdomains, i.e., inner and outer regions, thus significantly
simplifying the numerical algorithms. By obtaining the inner viscosity profile
through solving the simplified RANS turbulent model, such as the low-Reynolds
number (LRN) k � " model, the implicit NDD method demonstrates an accuracy
improvement in test cases of plane channel flows and asymmetric diffuser flows
compared to the explicit (approximate) NDD method.

Second, a machine-learning-augmented implicit NDD method is proposed. This
data-driven implicit NDD method, incorporating feed-forward neural networks,
achieves a better prediction than the traditional algebraic functions used in the
explicit approximate approach. In addition to the LRN k � " model, the Spalart-
Allmaras model is further investigated in diffuser flows with varying Reynolds
numbers and geometries to enhance the prediction of flow separations. This
demonstrates a strong generalization capability of the proposed framework across
different RANS turbulencemodels. Furthermore, the combinedmethod benefits from
the computational efficiency of implicit NDD techniques, achieving a reduction in
computational cost by an order of magnitude against the fully resolved one-block
simulations.

iii



iv

Last, the implicit NDD method is extended to large eddy simulation (LES) of
turbulent flow separation. In this framework, the LES solution is first computed
using a Robin-type slip wall boundary condition over a coarse mesh. The near-
wall solution is then iteratively corrected in terms of a re-calculated solution derived
from simplified one-dimensional RANS equations. It is worth noting that the
composite solution of RANS and LES is smooth across the interface, thanks to
the specially designed slip boundary conditions. This noticeably removes the log-
layer mismatch (LLM), a fundamental inconsistency in interface or transition regions
within the hybrid techniques, i.e., Hybrid RANS/LES (HRL). The application of
the implicit NDD technique to plane channel and periodic hill flows results in
significant accuracy improvements compared to unresolved LES on the same coarse
mesh. Moreover, the method demonstrates a good generalization capability when
incorporating different turbulent viscosity models, including algebraic or RANS
turbulence models. The final solution by INDD in the channel flow cases achieves
superior performance and remains relatively independent of interface locations when
switching the inner turbulent viscosity model from the mixing length model to the
k � l RANS model. More importantly, the INDD technique significantly reduces the
overall computational cost against reference wall-resolved LES by using simplified
RANS equations near the wall and by requiring substantially fewer grid points.
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Chapter 1

Introduction

1.1 Background and Motivation

The development of effective and accurate near-wall turbulence modeling methods
is of critical importance in modern computational fluid dynamics (CFD). This
is particularly challenging due to the presence of a thin sublayer near the wall
characterized by steep solution gradients, necessitating highly refined computational
meshes. [1, 2]. The computational cost of high-fidelity methods, like large eddy
simulation (LES) and direct numerical simulation (DNS), become prohibitively
expensive when fully resolving near-wall flow at high Reynolds numbers (Re),
especially for complex industrial flows [3, 4, 5]. Specifically, the computing cost
for DNS scales as Re3, and for LES is proportional to Re2:4 [4] or to the friction
Reynolds number Re2

� [3].

The Reynolds-averaged Navier-Stokes (RANS) models remain widely employed in
industrial applications due to their favorable balance between computational time and
accuracy. Turbulence models capable of resolving the entire computational domain,
including the near-wall layer, are referred to as low-Reynolds number (LRN) models.
Classical examples include the k�"models by Launder and Sharma [6] and by Chien
[7], the LRN k � ! model by Wilcox [8, 9]. In these models, damping functions
are commonly incorporated into the turbulence equations to capture variations near
the wall [10]. Therefore, the LRN approach is able to correctly account for the
near-wall flow behavior and offer good accuracy. However, resolving the near-wall
sublayer with sufficient precision requires extremely fine meshes, accounting for
the majority of computational cost even for steady-state problems [11]. It is worth
noting that the very fine meshes near the wall with high aspect ratios considerably
increase the numerical stiffness, further increasing the total computational time

1



2 Chapter 1. Introduction

[1, 12]. Consequently, the use of LRN models is often impractical for engineering
applications, especially at the high Re, due to these prohibitive resource demands
[13].

Against this scenario, the high-Reynolds number (HRN) models are extensively used
in the industrial community to reduce computational costs. Thesemodels deliberately
bypass the resolution of the near-wall sublayer, instead relying on wall functions
[14] to model the near-wall region. Examples include scalable wall function [15],
analytical and numerical wall functions [16, 17, 18], and compound wall treatment
[19]. However, wall functions are often semi-empirical, meaning free parameters
exist that are required to be chosen for specific cases [20]. This introduces challenges,
particularly when addressing novel problems, as the accuracy of predictions depends
on the selected parameters, leading to uncertainties. Additionally, the influence of
these parameters on final results lacks validation and limits the general applicability
of wall functions.

While LES offers superior accuracy for a wide range of applications [21, 22, 23, 24],
it, as mentioned, remains impractical for wall-bounded flows at high Re due to the
prohibitively high computational costs required to resolve the near-wall turbulent
layer [25]. This difficulty arises because the size of eddies in the near-wall region
decreases significantly as they approach the wall, demanding exceptionally fine grid
resolutions [21, 26]. To address this limitation, various inner-layer models have
been proposed, such as wall-stress models (WSMs) [27, 28, 29, 30, 31] and hybrid
RANS/LES (HRL) approaches [32, 33, 22, 24]. However, both methods generally
encounter fundamental inconsistencies near the interface or transition regions [34],
often referred to as log-layer mismatch (LLM) [35, 36, 37]. Note that the delayed
detached-eddy simulation (DDES) [38] introduces a new subgrid length-scale that
depends on both cell sizes and wall distance to reduce the LLM across test cases,
including channel flows with various Re, hydrofoil with trailing-edge separation,
deep-stall airfoil, and backward-facing step. However, this method still relies on
empirical blending functions and constants. More broadly, hybrid models typically
involve blending functions that require case-dependent calibration and tuning, further
complicating their application.

The near-wall non-overlapping domain decomposition method (NDD) [39] has been
proposed as an efficient solution to the challenging problem of near-wall turbulence
modeling. The explicit NDD approach divides the computational domain into two
types of subdomains: inner domain and outer domain, which are connected through
a common boundary named interface. By transferring the wall boundary condition
to an interface, the NDD method avoids direct computing of near-wall domain with
steep gradients [40]. All key variables, including velocity, turbulence kinetic energy,
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and dissipation, can be treated within a universal Robin-type format. Notably,
the Robin-type interface boundary conditions do not involve free parameters that
are required to be tuned for specific cases, enabling generalization to different
turbulence models without significant modifications. The NDD technique was
also successfully applied to both LRN and HRN k � " and k � ! models across
several test cases [41, 42, 43]. Compared with the LRN models, the NDD method
reduces the computational cost by one order of magnitude with requisite resolutions
[44, 45, 46, 47].

However, conventional (explicit) NDD methods require explicitly splitting the
computational domain into two types of regions, which is time-consuming and
impractical for complex flow configurations and optimization problems.

In addition, the turbulent viscosity profile across the inner domain must be calculated
using either specified profiles or simplified RANS models. Using the approximate
algebraic profiles limits the accuracy and generality, while solving additional
turbulence equations apparently demands extra computational time and resources. In
this situation, it is an appropriate and promising alternative to incorporate advanced
machine learning (ML) techniques to avoid these disadvantages. This is due to the
fact that, recently, ML techniques have been applied to address various turbulence
problems [48, 49, 50], including improved RANS modeling [51, 52, 53, 54, 55],
shock capturing [56, 57], and enhanced wall modeling [58, 59, 60, 61]. In particular,
ML-augmented RANS models can provide a reliable relation between flow features
and eddy viscosity for turbulent flows around airfoil [62] and over bumps [63] and
for massive flow separation [64].

The NDD methods have predominantly been applied to RANS applications. With
the increasing adoption of LES and its superior performance, extending the NDD
approach to LES frameworks would greatly enhance its utility and applicability.

1.2 Objectives

Based onmotivation and general background, the primary objective of this research is
to tackle the challenging near-wall turbulence modeling. More preciously, the target
is to develop a novel and efficient near-wall domain decomposition (NDD) method
that addresses existing limitations while extending its capability and generalization.

First, to simplify the implementation of (explicit) NDD methods, a principally new
implicit NDD has been derived and successfully applied to RANS predictions for
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channel and diffuser flows. Within the implicit NDD framework, the Robin-type
interface boundary condition for the wall-tangential velocity is transferred back to
the wall with frozen coefficients, consequently introducing a computational slip wall
boundary condition. In this way, at the first stage, the full RANS equations can be
solved down to the wall with the slip wall boundary condition over a very coarse
grid. After that, the velocity profile is corrected iteratively in a fine subgrid with a
simplified governing equation; the INDD scheme guarantees the solution for both
sides of the interface is smooth up to the first derivative. The work is summarized in
Sec. 3.1 Paper I

• Shiyu Lyu, Sergey Utyuzhnikov: A computational slip boundary condition for
near-wall turbulence modeling, Computers & Fluids, vol. 246, p. 105628,
2022. [65],

which is available in Appendix A.1.

Second, thanks to the rapid advancements of machine learning (ML) techniques for
addressing turbulence modeling, the eddy viscosity profile can apparently be learned
from extensive data in the near-wall region via a neural network model. In this way,
the turbulent viscosity profile across the inner domain is not required to be specified
approximately or calculated from simplified RANS models as in the conventional
NDDmethod. The combined technique can properly overcome the limitation induced
by the prescribed turbulent viscosity while securing a great reduction in computation
time. This happens because, with the machine-learning-augmented NDD approach,
the calculation of the turbulence model can be entirely avoided in the subgrid region
of implicit NDD. In particular, the wall boundary conditions are formally identical
to the Robin-type boundary conditions in implicit NDD. Here, the required inner
turbulent viscosity profile is straightforwardly provided by a pre-trained machine
learning model, to form the Robin boundary conditions at the wall. This novel
combination addresses the challenges of prescribed turbulent viscosity while ensuring
computational efficiency. The details are presented in Sec. 3.2 Paper II

• Shiyu Lyu, Jiaqing Kou, Nikolaus A. Adams: Machine-learning-augmented
domain decomposition method for near-wall turbulence modeling, Physical
Review Fluids, vol. 9, no. 4, p. 044603, 2024. [66],

and the full text is available in Appendix A.2.

Third, to diminish the high near-wall computational cost of LES while maintaining
the overall accuracy, the implicit NDD has been extended to the hybrid RANS/LES
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zonal decomposition. Apart from the channel flow at various Reynolds numbers,
turbulent flow over the curved surface with massive separation in the periodic hill
case is further investigated. Results demonstrate significant accuracy improvements
compared to unresolved LES on the same coarse grid, along with a substantial
reduction in computational cost relative to wall-resolved LES. The work is
summarized in Sec. 3.3 Paper III

• Shiyu Lyu, Amir E. Fard, Sergey Utyuzhnikov, Nikolaus A. Adams: Implicit
near-wall domain decomposition approach for large eddy simulation of
turbulent flow separation, Physics of Fluids, vol. 36, no. 12, 2024. [67],

which is attached in Appendix A.3.

1.3 Outline

This publication-based thesis is structured as follows. Chapter 1 introduces the
fundamental background and outlines the thesis structure. The descriptions of the
main algorithm of implicit near-wall domain decomposition developed for RANS and
LES are illustrated in Chapter 2, along with the incorporation of the neural network
model. Further to that, the journal publications are briefly summarised, and the
author’s contribution is outlined in Chapter 3. A list of the publications is presented
in the following Chapter 4. Finally, the main concluding discussion with respect to
the state of the art and outlooks are given in Chapter 5.





Chapter 2

Fundamentals of Near-wall Domain
Decomposition

The mathematical derivations and numerical algorithms of near-wall domain
decomposition, including explicit and implicit NDD methods, are illustrated in
this chapter. Following the RANS application, the machine-learning-augmented
approach and the extension of implicit NDD into LES are briefly introduced.

2.1 Explicit Near-wall Domain Decomposition

With the explicit NDD approach [41, 44], the entire computational domain in thewall-
normal direction (
 := [0; ye]) is divided by the interface located at y�, resulting in
the inner region near the wall (
i := [0; y�]) and the remaining outer region (
o :=

[y�; ye]).

2.1.1 Governing equations for outer region

The governing equations for the outer region are the original Navier-Stokes
equations in RANS time averaging or in the LES space filtering form without
any simplifications [68, 69, 70]. The Reynolds averaged governing equations for

7



8 Chapter 2. Fundamentals of Near-wall Domain Decomposition

incompressible flows of constant property Newtonian fluids [71]:

@uj

@xj

= 0; (2.1)

@ui

@t
+

@(uiuj)

@xj

= �1

�

@p

@xi

+
@

@xj

�
�

@ui

@xj

� �RANS
ij

�
; (2.2)

where ui and p are the Reynolds-averaged velocity and pressure, and � and � are the
density and kinematic viscosity, respectively.

The Reynolds stress tensor �RANS
ij , required for the closure of the RANS equations,

is modeled based on the Boussinesq eddy-viscosity approximation:

�RANS
ij � u0

iu
0
j = �2�tSij +

2

3
k�ij; (2.3)

Here, u0
i is the fluctuating velocity in the xi direction, k is turbulent kinetic energy,

and �ij is the Kronecker delta. The mean flow strain-rate tensor Sij is expressed as

Sij =
1

2

�
@ui

@xj

+
@uj

@xi

�
: (2.4)

Additionally, the turbulent viscosity �t can be evaluated based on various turbulence
models, such as zero-, one-, and two-equation turbulence models [71, 72, 73, 74].

2.1.2 Simplified governing equations for inner region

Following the methodology of Refs.[41, 65, 75, 66, 67], in the inner region the RANS
momentum equation can be reduced in a thin-boundary layer equation (TBLE) form
for the wall-parallel velocity:

@

@y

�
�u

@u

@y

�
= Ru: (2.5)

Here, u denotes the Reynolds-averaged velocity in the wall-parallel direction, and
y is the wall-normal coordinate. The right-hand side term Ru represents the
corresponding source term, such as the pressure gradient. �u is the effective viscosity,
�u = � + �t, combining the laminar viscosity � and the turbulent viscosity �t.

After integrating Eq. (2.5) twice – from y to y� first, and then from 0 to y� – we obtain

u(y�) =
@u

@y

����
y�

Z y�

0

�u(y�)

�u(y)
dy �

Z y�

0

R y�

y
Rudy0

�u(y)
dy + u(0): (2.6)
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Then, Eq. (2.6) can be expressed more compactly by introducing f1 and f2 as follows
[40, 47]:

u(y�) = f1
@u

@y

����
y�

+ f2; (2.7)

where

f1 =

Z y�

0

�u(y�)

�u(y)
dy; (2.8)

f2 = �
Z y�

0

R y�

y
Rudy0

�u(y)
dy + u(0): (2.9)

Eq. (2.7) provides the interface boundary condition used in the explicit NDD
framework. It is noteworthy that the turbulence equation, like k and/or " in a given
RANS model, can also be formulated in this TBLE form (2.5) and subsequently
reformulated into interface boundary conditions for respective variables [65, 66].

For instance, the LRN k � " model proposed by Launder and Sharma [6] is utilized
to close the governing equations. The governing equations for k and " can be found
in Sec. 2.3.2. In addition to the source term in (2.7) for the momentum equation,

Ru =
1

�

@p

@x
; (2.10)

the right-hand side terms for k and ~" equations can be expressed as:

Rk = " � �t

�
@u

@y

�2

; (2.11)

R~" = C"2f"2
~"2

k
� C"1f"1

~"

k
�t

�
@u

@y

�2

� E; (2.12)

with detailed definitions of coefficients provided in [6]. Note that the �k and �~"

have corresponding different definitions compared to the one for u. According to the
governing equations for k and ~", they can be written as

�k = � +
�t

�k

; (2.13)

�~" = � +
�t

�"

; (2.14)

where �k = 1 and �" = 1:3.

Till now, interface boundary conditions for all key variables, i.e., u, k, and ~", can be
formulated in a Robin-type with the corresponding effective viscosity and right-hand
side terms. The pressure gradient within the inner region for Ru is asserted to be
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unchanged along the wall-normal direction and iteratively updated according to the
outer solution. To determine Rk and R~", the coupled k and ~" equations are required
to be solved in conjunction with the outer solution during each iteration.

The interface boundary condition of Robin-type for normal component of velocity
can be derived from the no-flux boundary condition and continuity equation using
Taylor expansion [76]:

v� =
y�

3

@vc

@y
; (2.15)

where v� and vc are the values of normal velocity at the interface boundary and
interface-adjacent cell center in the outer region, respectively.

It is worth mentioning that the solving of turbulence equations in the inner region can
be entirely avoided if both the " and �t profiles are prescribed [42, 46]. For example,
" can be reasonably approximated using established profile [16, 17, 40, 42, 47]:

"(y) = max
�

(k�)3/2

Clym

;
2�k�

y2
m

�
; (2.16)

where the max means selecting the maximum value between the two internal terms,
Cl = 2:55, ym = maxfy; ydg, yd = 2Cl�/

p
k�, and k� is the value of k at the interface

boundary.

The velocity derivative @u/@y can be calculated after the first integral of Eq.(2.5),
i.e.,

@u

@y
=

�u(y�)

�u(y)

@u

@y

����
y�

�
R y�

y
Rudy0

�u(y)
: (2.17)

Therefore, theRk can be instantly obtained once the interface value k� is updated from
the outer region. Meanwhile, a Direclet boundary condition is set for the turbulent
dissipation ~" at the interface location [39, 47].

In this case, the inner region mesh could be completely removed from the
computational domain. This eliminates the necessity of fine near-wall resolution and
dramatically reduces the overall computational cost. However, these approximations
considerably sacrifice the accuracy and generalization of explicit NDD [47], which
will not be further investigated in this thesis.
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2.2 Implicit Near-wall Domain Decomposition

The novel implicit NDD, proposed in Lyu et al. [65], eliminates the need for
explicitly splitting the computational domain into two subdomains. Within this
implicit framework, the interface boundary condition for velocity (2.7) is transferred
back to the wall in a Robin-type slip boundary condition. This allows the outer
solution at the preliminary stage to be obtained over the entire computational region.
Then, the velocity solution is corrected in the inner region using TBLE on a fine
one-dimensional subgrid.

To derive the slip boundary condition at the wall, following [65, 66, 67], the inner
solution eU can be expanded via the Taylor series:

eU(y) � eU(0) + y
@ eU
@y

�����
0

+
y2

2

@2 eU
@y2

�����
0

: (2.18)

Setting at the interface position y = y� and replacing the second derivative according
to Eq.(2.5) with fixing the �u and Ru at y�, yields

eU(y�) = eU(0) + y� @ eU
@y

�����
0

+
y�2R�

u

2��
u

; (2.19)

where R�
u = Ru(y�) and ��

u = �u(y�).

Having differentiated (2.19), we arrive at

@ eU
@y

�����
y�

=
@ eU
@y

�����
0

+
y�R�

u

��
u

: (2.20)

To further satisfy the interface boundary condition (2.7), one can obtain the slip
boundary condition at the wall:

eU(0) = fw1
@ eU
@y

�����
0

+ fw2; (2.21)

with

fw1 = f1 � y�; (2.22)

fw2 = f2 +
y�R�

u

��
u

(f1 � y�

2
): (2.23)
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