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Abstract

This cumulative thesis presents the development and implementation of the implicit
near-wall domain decomposition (NDD) method, a novel approach designed to tackle
the challenging near-wall turbulence modeling. Specifically, with the implicit NDD
approach, in the first stage, the solution can be calculated with a computational Robin-
type (slip) wall boundary condition over a significantly coarse mesh. In the second
stage, the solution is corrected in the near-wall region based on simplified governing

equations solved on a one-dimensional fine subgrid.

First, the implicit NDD method has been developed and represents a significant
advancement over the traditional explicit NDD method. For the first time, the NDD
method is realized implicitly to avoid splitting the entire computational domain into
two non-overlapping subdomains, i.e., inner and outer regions, thus significantly
simplifying the numerical algorithms. By obtaining the inner viscosity profile
through solving the simplified RANS turbulent model, such as the low-Reynolds
number (LRN) k " model, the implicit NDD method demonstrates an accuracy
improvement in test cases of plane channel flows and asymmetric diffuser flows

compared to the explicit (approximate) NDD method.

Second, a machine-learning-augmented implicit NDD method is proposed. This
data-driven implicit NDD method, incorporating feed-forward neural networks,
achieves a better prediction than the traditional algebraic functions used in the
explicit approximate approach. In addition to the LRN k " model, the Spalart-
Allmaras model is further investigated in diffuser flows with varying Reynolds
numbers and geometries to enhance the prediction of flow separations. This
demonstrates a strong generalization capability of the proposed framework across
different RANS turbulence models. Furthermore, the combined method benefits from
the computational efficiency of implicit NDD techniques, achieving a reduction in
computational cost by an order of magnitude against the fully resolved one-block

simulations.
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Last, the implicit NDD method is extended to large eddy simulation (LES) of
turbulent flow separation. In this framework, the LES solution is first computed
using a Robin-type slip wall boundary condition over a coarse mesh. The near-
wall solution is then iteratively corrected in terms of a re-calculated solution derived
from simplified one-dimensional RANS equations. It is worth noting that the
composite solution of RANS and LES is smooth across the interface, thanks to
the specially designed slip boundary conditions. This noticeably removes the log-
layer mismatch (LLM), a fundamental inconsistency in interface or transition regions
within the hybrid techniques, i.e., Hybrid RANS/LES (HRL). The application of
the implicit NDD technique to plane channel and periodic hill flows results in
significant accuracy improvements compared to unresolved LES on the same coarse
mesh. Moreover, the method demonstrates a good generalization capability when
incorporating different turbulent viscosity models, including algebraic or RANS
turbulence models. The final solution by INDD in the channel flow cases achieves
superior performance and remains relatively independent of interface locations when
switching the inner turbulent viscosity model from the mixing length model to the
k I RANS model. More importantly, the INDD technique significantly reduces the
overall computational cost against reference wall-resolved LES by using simplified

RANS equations near the wall and by requiring substantially fewer grid points.
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Chapter 1

Introduction

1.1 Background and Motivation

The development of effective and accurate near-wall turbulence modeling methods
is of critical importance in modern computational fluid dynamics (CFD). This
is particularly challenging due to the presence of a thin sublayer near the wall
characterized by steep solution gradients, necessitating highly refined computational
meshes. [|l, 2]. The computational cost of high-fidelity methods, like large eddy
simulation (LES) and direct numerical simulation (DNS), become prohibitively
expensive when fully resolving near-wall flow at high Reynolds numbers (Re),
especially for complex industrial flows [B3, @4, 5]. Specifically, the computing cost
for DNS scales as Re®, and for LES is proportional to Re?* [4] or to the friction
Reynolds number Re? [3].

The Reynolds-averaged Navier-Stokes (RANS) models remain widely employed in
industrial applications due to their favorable balance between computational time and
accuracy. Turbulence models capable of resolving the entire computational domain,
including the near-wall layer, are referred to as low-Reynolds number (LRN) models.
Classical examples include the kK " models by Launder and Sharma [6] and by Chien
[7], the LRN k T model by Wilcox [8, 9]. In these models, damping functions
are commonly incorporated into the turbulence equations to capture variations near
the wall [[10]. Therefore, the LRN approach is able to correctly account for the
near-wall flow behavior and offer good accuracy. However, resolving the near-wall
sublayer with sufficient precision requires extremely fine meshes, accounting for
the majority of computational cost even for steady-state problems [11]. It is worth
noting that the very fine meshes near the wall with high aspect ratios considerably
increase the numerical stiffness, further increasing the total computational time

1



2 Chapter 1. Introduction

[, 12]. Consequently, the use of LRN models is often impractical for engineering
applications, especially at the high Re, due to these prohibitive resource demands
[13].

Against this scenario, the high-Reynolds number (HRN) models are extensively used
in the industrial community to reduce computational costs. These models deliberately
bypass the resolution of the near-wall sublayer, instead relying on wall functions
[14] to model the near-wall region. Examples include scalable wall function [|15],
analytical and numerical wall functions [|16, [17, 18], and compound wall treatment
[19]. However, wall functions are often semi-empirical, meaning free parameters
exist that are required to be chosen for specific cases [20]. This introduces challenges,
particularly when addressing novel problems, as the accuracy of predictions depends
on the selected parameters, leading to uncertainties. Additionally, the influence of
these parameters on final results lacks validation and limits the general applicability

of wall functions.

While LES offers superior accuracy for a wide range of applications [21, 22, 23, 24],
it, as mentioned, remains impractical for wall-bounded flows at high Re due to the
prohibitively high computational costs required to resolve the near-wall turbulent
layer [25]. This difficulty arises because the size of eddies in the near-wall region
decreases significantly as they approach the wall, demanding exceptionally fine grid
resolutions [21, 26]]. To address this limitation, various inner-layer models have
been proposed, such as wall-stress models (WSMs) [27, 28, 29, B30, 31] and hybrid
RANS/LES (HRL) approaches [32, 33, 22, 24]. However, both methods generally
encounter fundamental inconsistencies near the interface or transition regions [34],
often referred to as log-layer mismatch (LLM) [35, 36, 37]. Note that the delayed
detached-eddy simulation (DDES) [38] introduces a new subgrid length-scale that
depends on both cell sizes and wall distance to reduce the LLM across test cases,
including channel flows with various Re, hydrofoil with trailing-edge separation,
deep-stall airfoil, and backward-facing step. However, this method still relies on
empirical blending functions and constants. More broadly, hybrid models typically
involve blending functions that require case-dependent calibration and tuning, further

complicating their application.

The near-wall non-overlapping domain decomposition method (NDD) [39] has been
proposed as an efficient solution to the challenging problem of near-wall turbulence
modeling. The explicit NDD approach divides the computational domain into two
types of subdomains: inner domain and outer domain, which are connected through
a common boundary named interface. By transferring the wall boundary condition
to an interface, the NDD method avoids direct computing of near-wall domain with

steep gradients [40]. All key variables, including velocity, turbulence kinetic energy,
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and dissipation, can be treated within a universal Robin-type format. Notably,
the Robin-type interface boundary conditions do not involve free parameters that
are required to be tuned for specific cases, enabling generalization to different
turbulence models without significant modifications. The NDD technique was
also successfully applied to both LRN and HRN k " and k ! models across
several test cases [41, 42, 43]. Compared with the LRN models, the NDD method
reduces the computational cost by one order of magnitude with requisite resolutions
[44, 45, 46, 47].

However, conventional (explicit) NDD methods require explicitly splitting the
computational domain into two types of regions, which is time-consuming and

impractical for complex flow configurations and optimization problems.

In addition, the turbulent viscosity profile across the inner domain must be calculated
using either specified profiles or simplified RANS models. Using the approximate
algebraic profiles limits the accuracy and generality, while solving additional
turbulence equations apparently demands extra computational time and resources. In
this situation, it is an appropriate and promising alternative to incorporate advanced
machine learning (ML) techniques to avoid these disadvantages. This is due to the
fact that, recently, ML techniques have been applied to address various turbulence
problems [48, 49, 50], including improved RANS modeling [51], 52, 53, 54, 53],
shock capturing [56, 57], and enhanced wall modeling [58, 59, 60, 61]. In particular,
ML-augmented RANS models can provide a reliable relation between flow features
and eddy viscosity for turbulent flows around airfoil [62] and over bumps [63]] and

for massive flow separation [64].

The NDD methods have predominantly been applied to RANS applications. With
the increasing adoption of LES and its superior performance, extending the NDD
approach to LES frameworks would greatly enhance its utility and applicability.

1.2 Objectives

Based on motivation and general background, the primary objective of this research is
to tackle the challenging near-wall turbulence modeling. More preciously, the target
is to develop a novel and efficient near-wall domain decomposition (NDD) method

that addresses existing limitations while extending its capability and generalization.

First, to simplify the implementation of (explicit) NDD methods, a principally new
implicit NDD has been derived and successfully applied to RANS predictions for
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channel and diffuser flows. Within the implicit NDD framework, the Robin-type
interface boundary condition for the wall-tangential velocity is transferred back to
the wall with frozen coefficients, consequently introducing a computational slip wall
boundary condition. In this way, at the first stage, the full RANS equations can be
solved down to the wall with the slip wall boundary condition over a very coarse
grid. After that, the velocity profile is corrected iteratively in a fine subgrid with a
simplified governing equation; the INDD scheme guarantees the solution for both

sides of the interface is smooth up to the first derivative. The work is summarized in

Sec. Paper [

* Shiyu Lyu, Sergey Utyuzhnikov: A computational slip boundary condition for
near-wall turbulence modeling, Computers & Fluids, vol. 246, p. 105628,
2022. [63],

which is available in Appendix [A.].

Second, thanks to the rapid advancements of machine learning (ML) techniques for
addressing turbulence modeling, the eddy viscosity profile can apparently be learned
from extensive data in the near-wall region via a neural network model. In this way,
the turbulent viscosity profile across the inner domain is not required to be specified
approximately or calculated from simplified RANS models as in the conventional
NDD method. The combined technique can properly overcome the limitation induced
by the prescribed turbulent viscosity while securing a great reduction in computation
time. This happens because, with the machine-learning-augmented NDD approach,
the calculation of the turbulence model can be entirely avoided in the subgrid region
of implicit NDD. In particular, the wall boundary conditions are formally identical
to the Robin-type boundary conditions in implicit NDD. Here, the required inner
turbulent viscosity profile is straightforwardly provided by a pre-trained machine
learning model, to form the Robin boundary conditions at the wall. This novel
combination addresses the challenges of prescribed turbulent viscosity while ensuring

computational efficiency. The details are presented in Sec. B.2 Paper II

* Shiyu Lyu, Jiaqing Kou, Nikolaus A. Adams: Machine-learning-augmented
domain decomposition method for near-wall turbulence modeling, Physical
Review Fluids, vol. 9, no. 4, p. 044603, 2024. [66],

and the full text is available in Appendix [A.2).

Third, to diminish the high near-wall computational cost of LES while maintaining
the overall accuracy, the implicit NDD has been extended to the hybrid RANS/LES
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zonal decomposition. Apart from the channel flow at various Reynolds numbers,
turbulent flow over the curved surface with massive separation in the periodic hill
case is further investigated. Results demonstrate significant accuracy improvements
compared to unresolved LES on the same coarse grid, along with a substantial
reduction in computational cost relative to wall-resolved LES. The work is
summarized in Sec. B.3 Paper III

¢ Shiyu Lyu, Amir E. Fard, Sergey Utyuzhnikov, Nikolaus A. Adams: Implicit
near-wall domain decomposition approach for large eddy simulation of
turbulent flow separation, Physics of Fluids, vol. 36, no. 12, 2024. [67],

which is attached in Appendix [A.3.

1.3 Outline

This publication-based thesis is structured as follows. Chapter [l| introduces the
fundamental background and outlines the thesis structure. The descriptions of the
main algorithm of implicit near-wall domain decomposition developed for RANS and
LES are illustrated in Chapter [, along with the incorporation of the neural network
model. Further to that, the journal publications are briefly summarised, and the
author’s contribution is outlined in Chapter . A list of the publications is presented
in the following Chapter [. Finally, the main concluding discussion with respect to
the state of the art and outlooks are given in Chapter 5.






Chapter 2

Fundamentals of Near-wall Domain
Decomposition

The mathematical derivations and numerical algorithms of near-wall domain
decomposition, including explicit and implicit NDD methods, are illustrated in
this chapter. Following the RANS application, the machine-learning-augmented
approach and the extension of implicit NDD into LES are briefly introduced.

2.1 Explicit Near-wall Domain Decomposition

With the explicit NDD approach [4 1], 44], the entire computational domain in the wall-

normal direction ( := [0;Ye]) is divided by the interface located at y , resulting in
the inner region near the wall ( j := [0;y ]) and the remaining outer region ( o :=
[y 5 YeD

2.1.1 Governing equations for outer region

The governing equations for the outer region are the original Navier-Stokes
equations in RANS time averaging or in the LES space filtering form without
any simplifications [68, 69, [70]. The Reynolds averaged governing equations for

7



8 Chapter 2. Fundamentals of Near-wall Domain Decomposition

incompressible flows of constant property Newtonian fluids [71]:

@u;
[ * 2.1
% 0; (2.1)
Qu; | O(uiu;) _ 1@p @ u; RANS
e T ety o ¢2)

where U; and p are the Reynolds-averaged velocity and pressure, and and are the
density and kinematic viscosity, respectively.

RANS
ij

is modeled based on the Boussinesq eddy-viscosity approximation:

The Reynolds stress tensor , required for the closure of the RANS equations,

7 2
i?ANS Uin = 2 tSij + ék ij (23)

Here, W is the fluctuating velocity in the X; direction, K is turbulent kinetic energy,
and j;j is the Kronecker delta. The mean flow strain-rate tensor S;;j is expressed as
1 Qu Uj
Sij == &+@_J ; (2.4)
2 0%  0x;
Additionally, the turbulent viscosity ¢ can be evaluated based on various turbulence

models, such as zero-, one-, and two-equation turbulence models [[71}, [72, 73, 74].

2.1.2 Simplified governing equations for inner region

Following the methodology of Refs.[41,, 65, 75, 66, 67], in the inner region the RANS
momentum equation can be reduced in a thin-boundary layer equation (TBLE) form
for the wall-parallel velocity:

o g (2.5)

By “@y
Here, u denotes the Reynolds-averaged velocity in the wall-parallel direction, and
y is the wall-normal coordinate. The right-hand side term R, represents the
corresponding source term, such as the pressure gradient. |, is the effective viscosity,

u = + ¢ combining the laminar viscosity and the turbulent viscosity .

After integrating Eq. (2.3) twice — fromy toy first, and then from Otoy — we obtain

R
Ll( ) = @_U ‘ Y u(y )d z y yy Rudy0
4 @y y o u) Yo u(y)

dy + u(0): (2.6)
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Then, Eq. (2.6) can be expressed more compactly by introducing f; and f, as follows
[40, 47]:

uy)="m g—; + 15, (2.7)

y

where
= Oy, 2.8)
OZ lh(y)

y 0

f, = ’ Y7 4y + u(0): (2.9)
0 u(y)

Eq. (2.7) provides the interface boundary condition used in the explicit NDD
framework. It is noteworthy that the turbulence equation, like k and/or " in a given
RANS model, can also be formulated in this TBLE form (R.5) and subsequently
reformulated into interface boundary conditions for respective variables [65, 66].

For instance, the LRN k " model proposed by Launder and Sharma [6] is utilized
to close the governing equations. The governing equations for k and " can be found
in Sec. 2.3.2. In addition to the source term in (2.7) for the momentum equation,

10@p
= - 2.10
u @X’ ( )
the right-hand side terms for k and * equations can be expressed as:
u *

R =" — 2.11
k By (2.11)

R.= Corfrr Caf . M g
w = Cuofuog— I - el : 2.12
22 g e gy ; (2.12)

with detailed definitions of coefficients provided in [(]. Note that the y and =
have corresponding different definitions compared to the one for u. According to the
governing equations for k and *, they can be written as

: (2.13)

L= o+ L (2.14)

where =1land -~ =1:3.

Till now, interface boundary conditions for all key variables, i.e., U, K, and *, can be
formulated in a Robin-type with the corresponding effective viscosity and right-hand
side terms. The pressure gradient within the inner region for Ry is asserted to be
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unchanged along the wall-normal direction and iteratively updated according to the
outer solution. To determine Ry and R=, the coupled k and * equations are required

to be solved in conjunction with the outer solution during each iteration.

The interface boundary condition of Robin-type for normal component of velocity
can be derived from the no-flux boundary condition and continuity equation using
Taylor expansion [76]:

_ Yy Ovc,
=3 ey

where vV and Vv, are the values of normal velocity at the interface boundary and

v (2.15)

interface-adjacent cell center in the outer region, respectively.

It is worth mentioning that the solving of turbulence equations in the inner region can
be entirely avoided if both the " and ¢ profiles are prescribed [42, 46]. For example,
" can be reasonably approximated using established profile [[16, 17, 40, 42, 47]:

(k )3/2. 2 k
Ciym Y4

"(y) = max ; (2.16)
where the max means selecting the maximum value between the two internal terms,
Cy = 2:55,ym = maxfy;yq0,yq = 2C, / k ,andk isthe value ofk at the interface

boundary.

The velocity derivative @u/@y can be calculated after the first integral of Eq.(2.3),

1e., R
0u_ uy)eu ) Rudy’
oy W) Oy, uy)

2.17)

Therefore, the R can be instantly obtained once the interface value k is updated from
the outer region. Meanwhile, a Direclet boundary condition is set for the turbulent
dissipation * at the interface location [39, 47].

In this case, the inner region mesh could be completely removed from the
computational domain. This eliminates the necessity of fine near-wall resolution and
dramatically reduces the overall computational cost. However, these approximations
considerably sacrifice the accuracy and generalization of explicit NDD [47], which
will not be further investigated in this thesis.
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2.2 Implicit Near-wall Domain Decomposition

The novel implicit NDD, proposed in Lyu et al. [65], eliminates the need for
explicitly splitting the computational domain into two subdomains. Within this
implicit framework, the interface boundary condition for velocity (2.7) is transferred
back to the wall in a Robin-type slip boundary condition. This allows the outer
solution at the preliminary stage to be obtained over the entire computational region.
Then, the velocity solution is corrected in the inner region using TBLE on a fine

one-dimensional subgrid.

To derive the slip boundary condition at the wall, following [65, 66, 67], the inner
solution 8 can be expanded via the Taylor series:

@ yes
8) 8©@0)+y By + 2 By 0_ (2.18)

0

Setting at the interface positiony =y and replacing the second derivative according
to Eq.(2.5) with fixing the , and R, aty , yields

2
8(/)=80+y & +¥ Fu 2.19)
by . 2.

where R, = Ry(y )and , = u(y).

Having differentiated (2.19), we arrive at
08 08 y R
-— = —-— + =5 2.20
oy Oy (220

To further satisfy the interface boundary condition (2.7), one can obtain the slip
boundary condition at the wall:

08

8(0)=foy o> +Fp 221
0) ' By 2 (2.21)
0
with
le = fl y ; (222)
fo=f+ ) Rug, L. (2.23)
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+HUH WKHIBOQHXDWLRQV FDQ EHVROYHG JLYHQ 'LULFKOHW
IRDG®GWWKHLQWHUIDFHDUHVDPSOHG GLUHFWO\IURP WKH
WKHURILOHFDQ EHFDOFXODWHG LQVWDQWO\NYLD (T



&KDSWHU )XQGDPHQWDOV RI1IHDU ZDOO 'RF

7TKHRQH HKKTKPMVGEAR@XVHG IUHTXHQWO\LQ WKH+\EULG5%1
FDQEHIRUPXODWHG QHDU WKH ZDOO DV
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ORUHLQIRUPDWLRQRQPRGHO FR K IR B ISHDGW YF W® EW IR X C
ZD\ WKHH XDWLRBDQ EH VROYHG LPPHGLDWHO\ ZKHQ WKH
FRQGLWLRQXBGDWHG EDVHG RQ WKH RXWDHIX MR R X WLKRQ
QHDU ZDOO UHJLRQ FDQ EH GLUHFWO\FRPSXWHG WKURX.

,PSOLFLW1"'"LQFRUSRUDWHG ZLWKP
WHFKQLTXHYV

WLV ZRUWK QRWLQJ WKDW WUDGLWLRQDOO\ WXUEXOH
FKRVHQ SUHVFULEHG SURILOH RUFDOFXODWHG IURP D 5.

,Q JHQHUDO WKH IRUPHU PHWKRG KDV OLPLWHG DFF
WR IJHQHUDOL]H ZKLOH WKH ODWWHU PHWKRG FRQVXPH\
UHVRXUFHV WR VROYHH[WUD WXUEXOHQW JRYHUQLQJHT

‘XH WR WKH UDSLG DGYDQFHPHQWY Rl 0/ WHFKQLTXHV IR

@ WKHWXUEXOHQW YLVFRVLW\SURILOH FIL
XVLQJD SUH WUDLQHG QHXUDO QHWZRUNPRGHO EDVHG R
QHXUDO QHWZRUNVXSSOHPHQWY WKHHVWLPDWLRQRILQ
UHSODFLQJ WUDGLWLRQDO H[SOLFLW DSSUR[LPDWLRQYV
HTXDWLR@W G TXD Wk RPRIGHD RMTXDWLRQLQ 6SDODUW $¢
PRGH®> 6XFKDQDSSURDFKLV WHUPHG ,1'""' ,PSOLFLW 1
SUHGLFWLRQ RI WX U BXIRWENM MYVRRKHWHBIWHU LQ WKLV
RI GDWD GULYHQ LPSOLFLW 1" LVHQXQFLDWHG DQG GLVF



,PSOLFLWI1"'"LQFRUSRUDWHG ZLWK PDFKLQH OHDUQLQJ'

JLIXUHIHWZRUN GLDJUDP IRUD IHHGIRUZQSKGCWM XUDO QHWZ
KLGGHQ ODp\RXWSRYEF

7\SLFDOO\ WKHDUFKLWHFWXUHRIWKHFXUUHQWIHHG IRUZ
RUWUDLQHG EDVHG RQ WKH PXWXDO FRQQHFWLRQ DPRQJ E
FRQWDLQV RQH LQSXW OD\HU DQG RQH RXWSXW OD\HU EH
OD\HUYV > @ 7KHVNHWFKRIDQHXUDO QHWZRUN LQFOX
ZLWIKQSXW IHDW XU B3 HWQROADDBWUVLZ2LEWIK QHXURQV IRU WKH

FRUUHVSRQGLQJOD\HU DjQ@QFJ MW R DAS X WHOWVD \HWUGH WK WHG |

&RQVLGHU D QHXUDO QHVODRM YW RZKIRMHEBORHIK=0D\HU KDV

1:2;::L) QHXURQV HDFKn@ HOURQ UGB REMW HYV RXWSXW IURP WK
(n 1)y, OD\HUDV LQSXWDQG IRUZDUGV LWV RXWSXW WR HDFK
VR RQ@& ODWKHPDW L F RORIiN, QR RATIBYEW LV IRUPXODWHG E\
WDNLQJ D ZHLJIKWXGADXPRWKGIRXMWIWD QVIRUPLQJWKHP WKUR;

DFWLYDWLRQ IXQFWLRQV
|
Xn
Yp =@ PRXE )+ o,

i=1

+HWHDQBDUHWKHDFWLYDWLRQ IXQFWLR @:DKQLGGHLI KWV DV \
OD\HU UH\HS IBFV@RWWHHOM R Q Hnf ICCHXW R.Q@ MW U

7TKHUH DUH YDULRXV ZLGHO\ XVHG DFWLYDWLRQ IXQFWLRQ\
5H/8

a(x) = P IX0;x);



&KDSWHU )XQGDPHQWDOV RI1IHDU ZDOO 'RF

WKH K\SHUEROLF WDQJHQW IXQFWLRQ 7DQK

DQG VLIJPRLG IXQFWLRQ 6LJPRLG

1

a(x) = v o =

'KHQ GHVLJQLQJ WKLV QHXUDO QHWZRUN WKH NH\ RSWL
QXPEHU RI KLGGHQ OD\HUV DQG QHXURQV SHU OD\HU DF'
RIWKH OHDUQLQJUDWH DUHFULWLFDO IRUISHQIRUPDQF
WKLV WKHVLVY WKH ORVYV I X QnW.LVRGH IR Q B ® B X WKH @HI\ R
HUURU 06( EHWZHHQYSUHBR [ WIHGXYWDSOXH DR G WRPX H Y D O X

WKHWUDLQLQJ GDWDVHW
1 Xs

Lnn = N [Yor (i) Yy (i)]z;
S =1

ZKHNUHY WKHWRWDO QXPEHU RIWUDLQLQJ VDPSOHYV

7TKHWUDLQLQJ SURFHVV RIWKH )11 PRGHO LQ WKLV WKHYV
> @ 6HYHUDO FODVVLFDO QHDU ZDOO GLPHQVLRQOH)
VFDOH SDUDPEBWBUHK WDNHQ LQWR FRQVLGHUDWLRQ ZK
IHDWXUHV 'XULQJ WUDLQLQJ WKH PRGHO OHDUQV FRP S
DQGRXWSXWVE\DGMXVWLQJWKHSDUDPHWHUV RIQHXUR
DOJRUL@WKPKH WUDLQLQJ VWDJIJH LY WHUPLQDWHG ZKHQ V
EHFRPHV VXIILFLHQWO\ VPDOO DQG GRHVY QRW QRWLFHDI
RUZKHQ WKH PD[LPXP QXPEHU RIWUDLQLQJHSRFKV LV UF

,PSOLFLW 1" IRU/(6

*RYHUQLQJIJHTXDWLRQVRI/(6IRUPDLQ JUL

,Q DGGLWLRQ WR WKH 5%$16 DSSOLFDWLRQ LPSOLFLW 1"
DSSOLFDWIGRQ:EWKLQ WKH IUDPHZRUN RI LPSOLFLW 1" \



,PSOLFLW1'""IRU /(6

HTXDWLRQVRI/(6IRULQFRP®UHWVWYWHEPSA ROREAYQ WKHRXWHU
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+HWHD @@ UH WKHILOWHUHG YHO RDRLM UNHQGKFUGVYXIUW\ DQG
NLQHPDWLF YLVFRVLW\ UHVSHFWLYHO\

7KH UHVLGXD O;vaIuH WWWN @PRRBHOHG E\WKHHGG\ YLVFRVLW
DV

i = 2 S+gk -

j sgs>ij 3Ij sgs»
ZKHYHDXGs DUH VXEJULG VFDOH 6*6 HGG\ YLVFRVLW\DQG
UHVSHFWLYHO\ 7KHVWUDLQ WHQVRULV GHILQHG DV

7R HYDOXDWH WKH 6*6 HGG\ YLVFRVLW\ YDULRXV 6*6 HGG\
VWDQGDUG DQG G\QDPLF 6PDJR® LDIVOIO PIRGRISOML QJ ORFDO +
YLVFRVLW\ ®/ (D®G RQHHTXDWLRQ H&G\>Y@VFRWQLEH PRGHO
FKRVHOQ

YROORZLQJBHKH 5RELQ W\SHVOLSERXQGDU\FRQGLWLRQDW
DV (T ,Q WKH ILUVW VWDJH WKH /(6 VROXWLRQ LV REWE
ERXQGDU\FRQGLWLRQ RYHUD YHU\ FRDUVH PHVK ,Q WKH VI
RI5316 RQDRQH GLPHQVLRQDO VXEJULGFDQEHFDOFXODW|
ERXQGDU\YDOXHV EHLQJXSGDWHG IURP WKHRXWHU /(6LQV
ZDOO ERXQGDU\FRQGLWLRQIRUWKHG5$16 VROXWLRQ LV DQ
FRQGLWLRQ

&DOFXODWLRQRIS5%$16 YHORFLW\IRU VXEJUL!

7TRGRVR WKHFDOFXODWLRQRI5%16 YHORFLW\LQ WKH QHDL
RIWKH ,1"" DOJRULWKP ,QWHURBDWHRPUVW DQG WKHQ IURP
WR ZHDUULYH®W >

R Ry 0
Yy ORUG
w |\y o) ’
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&KDSWHU )XQGDPHQWDOV RI1IHDU ZDOO 'RF

ZKHUH WKH ZDOQ=\/I@GG)E%;JOVWUHVV

1RZ, DUH OLQNHG ZLWK WKH w@VWDGWDKH BXMWHRREG GW
WHRJR/DPSOHG IURP WKH /(6 VRO XW,LIRQX $GOMNHIB D/KMBROD
YHORFLW\FDQ EHFRPSXWHG LQVWDQWO\DVIROORZV

z, z, R
Yi C} .\ Yi OyRu®O

0 u(Yi) 0 u(yi)

uyi) = w @:

W LV QRWHZRUWK\ WKDW ERWKDQIGHWHKIHD R © L & \Z\DROO@XE\ROE
FROGLWLRPQH IUHHSURBWIFLILHG FRHIILFLHQWYVY H[FHSW I
YLVFRVLW\ 7KH WXUERQHG@GWEYVYRRVOWWUHDRWH DV LQ
GHWDLOV RIWKHDOJRULWK® FDQ EHIRXQGLQ SDSHU,,,

1XPHULFDO ,PSOHPHQWDWLRQRI 1"

7KHFRPSXWDWLRQDOFRGHGHYHORSHG LQ WKLV WKHVLV
2SHUDWLRQ $QG 0D@ LB R ®BWDREHG RSHQ VRXUFH &)' WRI
WKH FHOO FHQWHUHG ILQLWH YROXRH RISWRQRX$0)B0D V>

JDLQHG SRSXODULW\LQ ERWK DFDGHPLD DQG LQGXVWU\ (
SURYHQDFFXUDF\DFURVVDZLGHUDQJHRIQXPHULFDO DS
LQWHJUDWHG RYHU HDFK FRQWURO YROXPH DQG YLD *D>
YROXPH LQWHJUDOV WR IDFH IOX[HV SURGXFLQJD GLVF!I
WKH VHOHFWHG LQWHUSRODWLRQ UHFRQVWUXFWLRQ DW
GLVFUHWHHTXDWLRQV DUHDVVHPEOHG LQWR D VSDUVH I

JLUVW RI DOO WKH 5RELQ W\SH ERXQGDU\ FRQGLWLRQ L
ERXQGDU\ FRQGLWLRQ SDUDPHWHUL]JHG E\ FRPSXWDWLR
FRHIILFLHOQWMWGLD H[SOLFLW,1DQRULQ LPSOLFLW 1"
IRUFRQVWUXFWLQJ WKH 5RELQ W\SH ERXQGDU\ FRQGLW
LQWHJUDWLRQ DQG VXEVHTXHQWO\ DVVLJQHG LQWR WK
FRQGLWLRQ

JRUH[DPSOH FRQVLGHU WKH5RELQ W\SHLQWHQ@IDFH ER;
(T

uly ) = n%}‘jy +

TKHFDOFXODWLRQRIWKHZDOO QRUPDOJUDGLHQWDW W



1XPHULFDO ,PSOHPHQWDWLRQRI 1"

DV

ZKHWW B QGDUH WKH YHORFLW\YDOXHDW WKHFHOO FHQWHU D
ERXQGDU\IDFH UHVSWHHFVYWHQWOWKH GLVWDQFHEHWZHHQ W

7TKHQ WKH (FDQEH ZULWWHQLQD GLVFUHWHIRUP

_ 1Eluc'l' f2_
= —+f1

_ b fa
u —+—f1uc+ +—f1

7TKHUHIRUH WKADQ@ EH LQWHJUDWHG LQWR WKH 2SHQ)2%$0
ERXQGDU\FRQGUWDHQV XS RRWXIHHG

%H\RQG LQWURGXFLQJ QRYHO ERXQGDU\ FRQGLWLRQV DW
ZDOO D FXVWRP VROYHU KDV EHHQ GHYHORSHG WR IDFLOL'
EHWZHHQ RXWHU DQG LQQHU UHJLRQV RU DOWHUQDWLYHC
JULG )RU LQVWDQFH LQ WKH LPSOLFLW 1'' DSSURDFK WK
GLVWLQFW HTXDWLRQV LV FRPSXWHG FRQFXUUHQWO\ ZLW'
OHYHUDJLQJ WKH PXOWL UHJLRQ IXQFWLRQDOLW\ LQ 2SHC
UHTXLUHG LQIRUPDWLRQ DFURVV GLIIHUHQW UHJLRQV $ .
PXOWL UHJLRQ IXQFWLR QB RWWX DWW Kl {y RE}Y ®RPRY® P H G
ZKLFK LV LQLWLDOO\ GHVLJQHG IRUWKH FRQMXJDWH KHDW
VXEGRPDLQV

JRU WKH WKUHH GLPHQVLRQDO FDVHV WKH QXPHULFDO |
2SHQ)2%$0 XVLQJ RSHQO03, PHVVDJH SDVVLQJ LQWHUIDFH
PHVK ZLWK DVVRFLDWHG ILHOGV LV GHFRPSRVHG LQWR VHY
PXOWL SURFHVVRUV IRUVROXWLRQ

$GGLWLRQDOO\ WKHFDOFXODWLRQRIWXUEXOHQW YLVFRYV
RU 5$16 PRGHOV DV PHQWLRKQONGEHO GHPSOHPHQWHG LQW
2SHQ)2$0 IUDPHZRUN 'XULQJWKH VROYLQJSURFHGXUH WK
FRQGLWLRQVDUHLQFRUSRUDWHG ZLWK WKHJRYHUQLQJHT



&KDSWHU )XQGDPHQWDOV RI1IHDU ZDOO 'RF

,PSOHPHQWDWLRQ RIWKHH[SOLFLW 1"

5HFDOOLQJWKHIUDPHZRUN RI H[SOLFLW 1'" WKHLQWHUI
KDYH EHHQ GHULYHG LQ RKIRFKL Q @V VBKILY WKHVLY DSSOL
YDULDEQ@HV DHBGRU 536" PRGH® >7KH VRXUFH WHUPV IRU
DUH SUHVHQWHG LQ (0®G UHVSHFWLYHO\ ZKLFKLV HVV
QXPHULFDO LQWHJUDWHG IR ERQFXODWLQJ WKH FRHIILF

,Q WKLV /51 IRUP RI LQWH U ID FK E®CDUGDRR ¥ ROHE IV Q RMDH/U
RI WKH JRYHUQLQJ HTXDWLRQV 7KHUHIRUH WKH VROXW
WR EH FRPSXWHG DW HYHU\ LWHUDWD &9 W RLQSAGHDUN Bl FMK F
ERXQGDU\FRQGLWLRQV $IWHUGSRELQ W\SH ,%&V IRU NH\
WKH XSGDWHG FRUBHWERQBQQIRYHUQLQIJHTXDWLRQV &
WKHRXWHUUHJLRQFDQEHVROYHG $WWKHQH[W VWDJH
WKH QHFHVVDU\LQIRUPDWLRQ OLNH SUHVVXUH JUDGLHC
WKHLQQHU VROXWLRQ

JLIXUH6NHWFK RI WKH LQIRUPDWLRQ H[FKDQJH EHWZHHQ
([SOLFLW 1"

7TRVXP XS WKHLWHUDWLYHDOJRULWKP IPDWQK[EDQEHV 1"
VXPPDULJHG DV IROORZV



1XPHULFDO ,PSOHPHQWDWLRQRI 1"

6WHS ,PSRVH DQ DSSUR[LPDWH SURILOH IRU WKH LQQH
FRHIILEDIQ@GWQ LQLWLDO YDOXK IRUZDOO VKHDU VWUHV

BWHSRQVWUXFW WIRH , 74-8VRIEXWE X OH QW N LDQHGW LF HQH U J
LWV GLVWLSDWLRQ

6WHSROYHWKHJIJRYHUQLQJHTXDWLRQVLQ WKHRXWHU L
, % &V

6 WHS&D O F X,ODVDH T DQG WKHQ XSGDWH WKH QHDU ZDO
YLVFRVLW\ SURILOHLQWKHLQQHU UHJLRQ

6WHSROYH WKHVLPSOLILHGJRYHUQLQJHTXDWLRQV 759
ZLWK WKH'LULFKOHW ERXQGDU\FRQGLWLRQV IURP WKH

6WH&RPSXWHWKEHIWK DRGQ WHUPV RIXSGDWHGLQQHU VI

6WHSHSHDW WKH S UR¥FHEXWHI VRO XWLRQ FRQYHUJHG

,PSOHPHQWDWLRQ RIWKHLPSOLFLW 1"

S5HFDOOLQJWKHIUDPHZRUNRILPSOLFLW 1'" LQ SULQFLSOH
LV REWDLQHG DFURVV WKH HQWLUH UHJLRQ +HUH WKH VOL
DSSOLHG WRWKHZDOO WDQJHQWLDO YHORFLW\ ZKLOH D QR
RQ WKH ZDOO QRUPDO YHORFLW\ )RUWKH QH[W VWDJH RI V)
VOLS ZDOO ERXQGDU\FRQGLWLRQLV XVHGDW WKH ZDOO DQ
LVHQIRUFHG DW WKH LQWHUIDFHERXQGDU\ 7KHUHIRUH Wt
RQDILQHRQH GLPHQVLRQDO VXE JULG FRXOGEHVROYHG L

'LWKLPSOLFLW1"" WKHH[SOLFLWVSOLWWLQJRIWKHFRPSX
JXUWKHUPRUH WR HQKDQFH WKHDFFXUDF\ WKH WXUEXOHC
FDOFXODWHG HIITHFWLYHO\ YLD VROYLQ JOWKHRBWOWIHGE XO
WKURXJKD QHXUDO @HWZRUN PRGHO >

7TKHLWHUDWLYHDOJRULWKP IRULPSDQEULW FRRDFSRGCWGE DWH
IROORZYV

6WHSXZXRPSXWH O&E IRUYHORPRIGVAPSRVH WKH 5RELQ W\S
VOLS ERXQGDU\FRQGLWLRQ DW WKH ZDOO DV (T

6WHS6ROYH WKH IXOO 5%$16 RU /(6 JRYHUQLQJ HTXDWLR
ERXQGDU\FRQGLWLRQVRYHU WKHFRDUVHPDLQJULG



&KDSWHU )XQGDPHQWDOV RI1IHDU ZDOO 'RF

JLIXUHENHWFK RI WKHLQIRUPDWLRQ H[FKDQJH EHWZHHQ
,PSOLFLW 1"

6WHSHFDOFXODWHWKHVLPSOLILHGJRYHUQLQJHTXD
ZLWKWKHLQWHUIDFHERXQGDU\FRQGLWLRQVDVVLJC
ZDOO ERXQGDU\FRQGLWLRQ

6WH&RUUHFWWKHPDLQ VROXWLRQLQWKHQHDU ZDO
7%/( YHORFLW\

6WHS8SGDWH WKH WXUEXOHQW YLVFRVLW\ RQ WKH V
SURILOHRUWKHVSHFLILF5%$16 PRGHO

6WHSHSHDW WKH S UR¥FHEXWHIO VRO XWLRQ FRQYHUJH (



&KDSWHU

6 XPPDULHV RI 3XEOLFDWLRQ

,Q WKLV FKDSWHU WKH PDMRU DFKLHYHPHQWY RI WKLV WK}
DUHEULHIO\VXPPDUL]HG ORUHGHWEILCLGY FID@EH UHIHUUHG
UHVSHFWLYHO\

$SFRPSXWDWLRQDOVOLSERXQGDU\FR
ZDOO WXUEXOHQFH PRGHOLQJ

6KL\X/\X 6HUJH\8WHHRREXWDWLRQDOVOLSERXQGDU\FRQC
ZDOO WXUEXOH&RHAPRGHOWL QJOXLGV YRO @S >
KWWSV GRL RUJ M FRPSIOXLG

6XPPDU\DQG DFFRPSOLVKPHQWYV

7TKH SXEOLFDWLRQLQWURGXFHV D QRYHO LPSOLFLW QHDU Z
DSSURDFK ,Q WKH LPSOLFLW 1'" PHWKRG D FRPSXWDWLRC
LV GHULYHG E\ WUDQVIHUULQJ WKH LQWHUIDFH ERXQGDU\
PHWKRG EDFN WR WKH ZDOO *HQHUDOO\ WKH VROXWLRQ FI
FRDUVHJULG DQG WKHQ FRUUHFWHG DW HYHU\ LWHUDWLRC
ZLWKLQ WKH QHDU ZDOO UHJLRQ 7KH VNHWFK RI WKH LPSC
)LJ 7TKHFRPSRVLWHVROXWLRQ FRPELQLQJWKHRULJILQDC
VROXWLRQV LVVPRRWKXSWRWKHILUVWGHULYDWLRQ ORL
PHWKRGRYHUFRPHV WKHSUDFWLFDOOLPLWDWLRQDVVRFLI
QHFHVVLW\RIH[SOLFLWO\VSOLWWLQJWKHHQWLUH GRPDL

7KH SURSRVHG LPSOLFLW 1'"" KDV EHHQ VXIEFHVVIXOO\ DSS



&KDSWHU 6 XPPDULHV RI 3XEO

JLIXUHENHWFK RI FRXSOLQJLQ WKH QHDU ZDQO@® UHJLRQ I
EDFNQRGHVDQG VROLGOLQHV FRUUHVSRQG WR PDLQ JU|
VXE JULGIRUUHFDOFXODWLRQ UHG FURVV LQIRUPDWLR

WXUEXOHQFH PRGHO IRU WKH QXPHULFDO VLPXODWLRQ
GLPHQVLRQDO DV\PPHWULF GLIIXVHU yORY HANDHIQ RKW H QG \
LQ ERWK WHVW FDVHYV 7KH SUHGLFWHG SURILOHV RI Y
LPSOLFLW1'"" PHWKRGY FRPSDUH IDYRUDEO\ ZLWK WKH EI
+RZHYHU WKHK DR &EXOMOGLRWHG E\ WKH LPSOLFLW PHWKR(
DFFXUDF\ LPSURYHPHQW 7KLV LV EHFDXVH WKH WXUEXC
WKH WXUEXOHQFH PRGHO UDWKHU WKDQ UHO\LQJRQ DQ I
LQ WKH ODWWHU FDVH NH\ SDUDPHWHUYV SUHGLFWHG E\
DFFXUDWH WKDQ WKRVH IURP H[SOLFLW 1'" OHDQZKLOH
1'""DSSURDFKHVVXEVWDQWLDOO\UHGXFHWKHRYHUDOO I
IXOO 5%$16 JIRYHUQLQJHTXDWLRQV DV WKHFRPSXWDWLR
OD\HUHTXDWLRQV QHDU WKH ZDOO LV UHODWLYHO\LQVL.

,QGLYLGXDO FRQWULEXWLRQV RIWKHFDQGLGDWH

7KLV DSWAFOEXEOLVKHG LQ WKH LQW H U QORWPLSRXQ\D-HOUSH H U
JOXLAY FRQWULEXWLRQV WR WKLV SXEOLFDWLRQ LQFO;
RIWKHPHWKRG DQG LWV LPSOHPHQWDWLRQ LQ WKH VRIW
QXPHULFDO LQYHVWLJDWLRQV LQFOXGLQJWKH YDOLGD!
WKH SRVW SURFHVVLQJ RI WKH GDWD WR YLVXDOL]H WKH
WKH QXPHULFDO PHWKRG WHVW FDVHV DQG FRQFOXVLR(
PH



ODFKLQH OHDUQLQJ DXJPHQWHG GRPDLQ GHFRPSRVLWL

ODFKLQH OHDUQLQJ DXJBRE®WNHG
GHFRPSRVLWLRQ PHWKRG IRU QHDU Z
PRGHOLQJ

BKL\X /\X -LDTLQJ .RX 1LNRODXWKS Q$IGORDUQLQJ DXJPHQ)
GRPDLQ GHFRPSRVLWLRQ PHWKRG IR U3XNWDIUF R DGO WOHEIE X O |
JOXLGV YRO QR S @ >

KWWSV GRL RUJ 3K\W5HY)OXLGV

6XPPDU\DQG DFFRPSOLVKPHQWYV

,Q WKLV SXEOLFDWLRQ WKH LPSOLFLW QHDU ZDOO GRPDL:
LQFRUSRUDWHG ZLWK WKHPDFKLQH OHDUQLQJWHFKQLTXH
RI WKH PDFKLQH OHDUQLQJ DXJPHQWHG 1" DSSURDFK WK
IXO0 JRYHUQLQJ HTXDWLRQV LV FDOFXODWHG ILUVW ZLWK
FRQGLWLRQ RQ D UHODWLYHO\ FRDUVH PHVK $W WKH QHJ
D YHU\ ILQH VXEJULG WDLORUHG WR WKH XQGHU UHVROYF
WR UHFDOFXODWH DW HYHU\ LWHUDWLRQ WKURXJK DQ HV\
JHQHUDWHG E\ D QHXUDO QHWZRUN 7KH QHDU ZDOO VROX\
FRUUHFWHG DFFRUGLQJO\ $VFKHPDWLF GLDJUDP IRU WKH ¢
LQ)LJ

JLIXUHENHWFK RI WKH GDWD GULYHQ LPSOLFL@G 1'""DV SUHYV

7KLY FRPELQHG WHFKQLTXH FDQ SURSHUO\ RYHUFRPH WKH
PHWKRGY SDUWLFXODUO\ IRU WKH WXUEXOHQW YLVFRVLW
DFURVV WKH QHDU ZDOO UHJLRQ ZDV VSHFLILHG LQ DGYDQ|!
IXQFWLRQV ZKLFK ODUJHO\ UHVWULFWHG DSSOLFDWLRQ U
HVSHFLDOO\ ZKHQ VROYLQJ FRPSOH[QHZ IORZ FDVHV $OWF
FDQ EH FDOFXODWHG PRUH DFFXUDWHO\ E\ VROYLQJ WKH W
KRZHYHU UHTXLUHV H[WUD FRPSXWDWLRQ WLPH DQG UHYV
GULYHQ LPSOLFLW 1" WKHHGG\YLVFRVLW\SURILOH LV SUF



&KDSWHU 6 XPPDULHV RI 3XEO

QHWZRUN PRGHO GHULYHG IURP D ODUJH GDWDVHW 7K
FRQYHQWLRQDOFDOFXODWLRQRIWKHWXUEXOHQWYLVF
VWUDLIJKWIRUZDUGO\LQWR YDULRXV WXUEXOHQFHPRGH

7TKHDFFXUDF\DQG HIILFLHQF\RIWKHLPSOLFLWPHWKRGTL
RIWXUEXOHQWIORZVLQD SODQH EK'DRRGHOD @ & HD WGH.VIDXE W
VKRZ EHWWHU DJUHHPHQW ZLWK RQH EORFN UHIHUHQFH
ZLWK DQ DSSUR[LPDWHG WXUEXOHQW YLVFRVLW\ SURILC
GLIIXVHU IORZ DV VKRREWKH QHLQROGY QXPEHUV DQG GLIIX
DUHYDULHGWRHYDOXDWHSHUIRUPDQFHZLWK WKHG6SDO
DOORZHGWKHSURSRVHGPHWKRGWRFDSWXUHWKHIORZ"
HIDPSOHVLQFOXGHERWKLQWHUSRODWLRQDQGH[WUDSTF
DQG FDSDELOLW\RIWKH SURSRVHG IUDPHZRUN

JLIXUH7KH YDULDWLRQ L QRR SHKGILALIDQUHOMHIORZ FDVHV DV
LQ /\X HW@O >

,QGLYLGXDO FRQWULEXWLRQV RIWKHFDQGLGDWH

7KLV DYWZPOQXEOLVKHG LQ WKH LQWHUQBKINRBEDO SHH
5HYLHZ JWXERQWULEXWLRQV WR WKLV SXEOLFDWLRQ LQF
PHWKRG DQG LWV QXPHULFDO LPSOHPHQWDWLRQ LQWR V
LOQYHVWLIJDWLRQV LQFOXGLQJWKH YDOLGDWLRQ DJDLQ
SURFHVVLQJRIWKHGDWD WR YLVXDOL]HWKHUHVXOWV
SXEOLFDWLRQ



,PSOLFLWQHDU ZDOO GRPDLQ GHFRPSRVLWLRQ DSSURD

,PSOLFLW QHDU ZDOO GRPDLQ GF
DSSURDFK IRU ODUJH HGG\ VLPXODWL
IORZVHSDUDWLRQ

6KL\X /\X $PLU ( )DUG 6HUJH\ 8W\X]KQLNRPSDIUNR®DXV $
QHDU ZDOO GRPDLQ GHFRPSRVLWLRQ DSSURDFK IRU ODUJF
IORZ VHSDBBKDWILRVOQRI )OXLGV YRO @ QR >

KWWSV GRL RUJ

6XPPDU\DQG DFFRPSOLVKPHQWYV

,Q WKLV SDSHU WKHLPSOLFLW QHDU ZDOO GRPDLQ GHFRPS
HIWHQGHG WR WKH K\EULG 5%$16 /(6 ]RQDO GHFRPSRVLWLRC
WKH IXO00 /(6 JRYHUQLQJ HTXDWLRQV DUH VROYHG DW WKH
VOLS ZDOO ERXQGDU\FRQGLWLRQ RYHU D VLJQLILFDQW FF
KLJKO\VLPSOLILHG5%$16 HTXDWLRQV LQ WKHIRUP RI WKLQ E
DILQH RQH GLPHQVLRQDO ' PHVK DUH LWHUDWLYHO\ FDO
IHHGV D PRUH DFFXUDWH YHORFLW\ SURILOH LQWR WKH /(6 \
ZDOO UHJLRQ DQG VLPXOWDQHRXVO\FRQVWUXFWYV WKH UHT
ERXQGDU\FRQGLWLRQ

JLIXUHENHWFK RI WKHLPSOLFLW1'"'"IRU /(6 D& SUHVHQWHG

7KH SHUIRUPDQFH RI WKH HIWHQGHG ,1'" DSSURDFK LV H[DF
PHVKHV IRU WXUEXOHQW IORZ RYHU D SODLQ FKDQQHO DV
DQG D SHULRGLF KLOO 7KH UHVXOWY RI ERWK IORZV ZLWk
DFFXUDF\LPSURYHPHQW FRPSDUHG WR XQUHVROYHG /(6 RQ
HIDPSOH WKH VWUHDPOLQHYVY RI PHDQ YHORFLW\ DQG FRQV
YHORFLW\ LEOHDUO\ LOOXVWUDWH WKH ,1'"" VLPXODWLRQ DF



&KDSWHU 6 XPPDULHV RI 3XEO

JLIXUHEWUHDPOLQHV RIWKHPHDQ YHORFLW\LQ WKH SHU
RQWKHPHDQ VWUHWD PQRVYIR Y EBWRIFDEM QUHVROYHG /(6 DQC
E LPSOLFLW1'"" 7KHJUHHQ SRLQWUHSUHVHQWY WKH UH
IURP ZDOO UHVR@ YHH/Y6CEILIXUH E VKDUHV WKH VDPH C
5HVXOWV IURP@&@X HW DO >

UHFLUFXODWLRQ JRQH PDWFKLQJ UHIHUHQFH /(6 UHVXO
/(6 $GGLWLRQDOO\ WKH PHWKRG VKRZV D JRRG JHQHL
GLIITHUHQW WXUEXOHQW YLVFRVLWXPRGHIGBVPRGHOPL[LQ.
DQG 'XSUDW H[SRQHQWLDO PRGHO OHDQZKLOH WKH FRI
VPRRWK GXH WR WKH VSHFLDOO\ GHVLJQHG VOLS ERXQC
UHGXFH WKH ORJ OD\HU PLVPDWFK //0 FRPPRQO\ HQFR>
WLV QRWHZRUWK\ WKDW KLJK RYHUDOO HIILFLHQF\ LV H
HTXDWLRQV QHDU WKH ZDOO DQG ENUHTXLULQJIDUIHZHU

,QGLYLGXDO FRQWULEXWLRQV RIWKHFDQGLGDWH

7KLY DOWAPWBXEOLVKHG LQ WKHLQWHU QDKWY RRMDOBRISHHU
JOXLBGVFRQWULEXWLRQ WR WKLV ZRUN ZDV GHYHORSLQJ\
FRUUHVSRQGLQJ FRPSXWHU FRGH IRU LWV LPSOHPHQWD'
DQGDQDO\|JHG WKHUHVXOWY 7KHRULJLQDOPDQXVFULS



&KDSWHU

ILVW RI SXEOLFDWLRQV

3HHU 5HYLHZHG -RXUQDO 3IXEOLFDWL

F6KL\X /AX 6HUJH\ SBWWXFRESXRODWLRQDO VOLS ERXQGDU\
IRUQHDU ZDOO WXURBRRCHRWHIBR G HOXLIQEYV YRO S

> @

F6KL\X/\X -LDTLQJ.RX 1LNROIIPKLR H®@BHPOWQLQJ DXIJPHQ)
GRPDLQ GHFRPSRVLWLRQ PHWKRG IRU B®K\NUFADID O W XU
S5HYLHZ )OXLGV YRO QR @ >

$6KL\X /\X $PLU ( )DUG B6HUJH\ 8W\X]KQLNRY 1LNRODX
,PSOLFLW QHDU ZDOO GRPDLQ GHFRPSRVLWLRQ DSSURD
RIWXUEXOHQW IGRPALESRUDONIRGY YRO @ QR >

 OQWHUQDWLRQDO &RQIHUHQFH &RQW!

F6KL\X/\X 1LNRODXV,BS®E&BPW 1HDU ZDOO 'RPDLQ '"HFRPS
OHWKRG IRU :DOO ERXQGHG 7XUEXOHQW )ORZV WK (O
&RPSXWDWLRQDO OHWKRGV LQ $SSOLHG 6FLHQFHV DQG






&KDSWHU

ERQFOXVLRQVDQG 2XWORRN

&RQFOXGLQJGLVFXVVLRQ ZLWK UHVS
WKH DUW

7KH ZDOO UHVROYHG VFKHPHV ZLWKLQ ORZ 5H\QROGV QXP
GHVSLWH DGYDQFHPHQWY LQ FRPSXWDWLRQDO SRZHU DQ
SURKLELWLYH FRPSXWDWLRQDO FRVWV DQG DUH XQIHDVLE
5H\QROGV REPEHUV @ $PDMRUREVWDFOHLQ ZDOO E
WXUEXOHQW IORZV DULVHV IURP WKH VWULQJHQW JULG UHT
WKH WKLQ ERXQGDU\ OD\HU DFFXUDWHO\ 7R UHPHG\ WKLV S
+51 PRGHOV VXFK DV ZDOO IXQ®WDR®VZEGHO\ HPSOR\HG
LQ LQGXVWULDO 5$16 SUHGLFWLRQV 6LPLODUO\ IRU WKH
JHQHUDOO\ LQWURGXFHG IRU LQQHU OD\HU VLPXODWLRQYV
@ DQG K\EULG 5%$16 /(6 PRGHO > @

+RZHYHU ZDOO IXQFWLRQV RIWHQ IDLO WR@ HDHME PRGHUQ
FRQWDLQ IUHH SDUDPHWHUV WKDW UHTXLUH WXQLQJ IRU
EOHQGLQJIXQFWLRQVLQK\EULGVFKHPHVY QHFHVVLWDWH H]
WDLORUHG WR SDUWA FXIQIIU M.AD YWOVOIVPLWLQJ WKHLU JH
LQWURGXFLQJ XQFHUWDLQW\LQ WKHLU SHUIRUPDQFH

7KH LPSOLFLW 1" PHWKRG LQW U@ GXIFHN/GI Q@/ M0 8 W IDIOF LHQ W
WR WDFNOH WKH FKDOOHQJLQJ QHDU ZDOO WXUEXOHQFH PR
JRRG DFFXUDF\ ZLWK VXEVWDQWLDOO\ ORZ FRPSXWDWLRQI
WKH QHHG WR WXQH IUHH SDUDPHWHUV ZKLFK LV D VLJQLIL
ZDOO IXQFWLRQV 7KH VRXUFH WHUPV VXFK DV SUHVVXUFL
LOQFRUSRUDWHG LQWR WKH ERXQGDU\ OD\HU HTXDWLRQYV



&KDSWHU &RQFOXVLRQVDQG

FRPSOH[IORZVLQYROYLQJVHSDUDWLRQ 7KHPHWKRGLP
YLVFRVLW\ IRUPXODWLRQV VXSSRUWLQJ D UDQJH RI SU
> @ PL[LQJ OHQJWK H[SRQHQA'LDQG QRQOLQHDU 'XS
> @ SURILOHV ZKLFKDUHLQWHJUDWHG QXPHULFDOO\
FRQGLWLRQ $OWHUQDWLYHO\ WXUEXOHQW YLVFRVLW\
GLUHFWO\IURP WKH FRUUHVSRQGLQJ5$16 PRGHO UDWKH
IRUPXOD IXUWKHU HQKDQFLQJ WKH RYHUDOO DFFXUDF\
LPSOLFLWPHWKRG IXUWKHU UHGXFHV WKHFRPSOH[LW\R!
WKH QHFHVVLW\ RI VSOLWWLQJ WKH HQWLUH FRPSXWDW
WKH LPSOLFLW 1'"* FDQ EH LPSOHPHQWHG DFURVYV YDULF
PRGLILFDWLRQV

)XUWKHU WR WKDW D QRWDEOHFKDOOHQJHLQ 1" PHWKRC
WXUEXOHQW YLVFRVLW\ SURILOH XVLQJDSSUR[LPDWHG
WKH DSSOLFDWLRQ UDQJHV ZKLOH VROYLQJ WKH LQQHL
FRPSXWDWLRQDO FRVWVY 7R DGGUHVV WKLV ZLWK WKH
> @ /\X HW @WOLQWURGXFHG D PDFKLQH OHDUQ
LPSOLFLW 1'""PHWKRG 7KLV SURSRVHG DOJRULWKP RIIHU
EHQHILWV IURP WKHWKHRUHWLFDO EDFNJURXQG RIWKH 1
HIILFLHQW QHDU ZDOO PRGHOLQJ 6HFRQG LW PLQLPL]H\
WHFKQLTXHVY LQWR WKH FXUUHQW QXPHULFDO VFKHPH
LQWHUSUHWDELOLW\ RI ILQDO UHVXOWYV &RPSXWDWLR(
WUDLQLQJ DUH UHODWLYHO\ VPDOO FRPSDUHG WR WKRYV
%HFDXVH RQO\ QHDU ZDOO WXUEXOHQW YLVFRVLW)\ LV U
QHWZRUN EDVHG RQ WKH VROHO\ QHDU ZDOO ILHOG RI /5
GULYHQ LPSOLFLW 1'"'LV DOORZHG WR EH LPSOHPHQWHG
VWUDLJKWIRUZDUG DFURVYV YDULRXV W XU E PRIEGIOH 5316
>@ DQG 6SDODUW $ 0@ P DRILDNKIDRSSHH@ Y EHFDXVH WKH LP S«
WKH SURSRVHG PHWKRG LQ WKH VXE JULGLVLQGHSHQGH
XQLWL]HG LQ WKH PDLQ JULG SURYLGHG D SUH WUDLQH
DYDLODEOH

$V PHQWLRQHG LW LV TXLWH FKDOOHQJLQJ WR PDNH /
IORZV DRe KDYKLWYVY FRPSXWDWLRQDO FRVW RI UHVROYLC
OD\HU LV HIWUHPHO\ H[SHQVLYH IDU W FHIKQRGLR HWKRV}
DO ® WKHLPSOLFLW 1'" DSSURDFK LV HIWHQGHG WR /(!
DSSOLHG WR WKUHH GLPHQVLRQDO IORZVHSDUDWLRQ S
DOJRULWKP ZLWK VOLS ZDOO ERXQGDU\FRQGLWLRQ H[KL
LW LPSOLFLWO\ HQIRUFHV VWURQJ FRXSOLQJ EHWZHHQ
DNLQ WR K\EULG 5%$16 /(6 OHDGLQJ WR LPSURYHG QHDU



2XWORRNYV

FRPSRVLWHO5%$16 /(6 VROXWLRQLVJIJXDUDQWHHG WR EH VPREF
VLIQLILFDQWO\ UHGXFLQJ WKH ORJ OD\HU PLVPDWFK //0

K\EULG VFKHPHYV > @ ORVW FULWLFDOO\ WKLV DSSUR
DQDFFXUDWHILQDO VROXWLRQWR EHREWDLQHG GRZQ WR\
PLQLPDODGGLWLRQDO FRPSXWDWLRQDO FRVW IRU FRPSXW
KLJK RYHUDOO HIILFLHQF\ )XUWKHUPRUH LQ SULQFLSOH

JHQHUDOL]J]HG WR DFFRPPRGDWH YDULRXV /(6 VXEJULG VFD(
HQKDQFLQJLWYV FDSDELOLW\

2XWORRNYV

7KH LPSOLFLW 1'"" PHWKRG KDV EHHQ DSSOLHG LQ 5$16 VLP X
QHXUDO QHWZRUNV DQG H[WHQGHG WR /(6 VFKHPHV )XUWK
LPSOLFLW 1'""IUDPHZRUN FRXOG IRFXVRQ WKHIROORZLQJ D\

F((WHQGLQJWRPRUHDGYDQFHGRUPRGHUQ WXUEXOHQF!
DVWKH667 PRGHO >@?> f PRGHO> @ RUQRQOLQHDUHGG\
YLVFRVLW\PRGHO EQ5%$16 DQG WKHLPSOLFLWPRGHOLC
> @LQ/(6 WRLPSURYH SHUIRUPDQFH

$+7UDLQLQJ D XQLYHUVDO DQG PRUH DFFXUDWH HGG\ YLV
IORZV WKURXJK QHX@DONQBWZRUNM PK ILGHOLW\ GDWD
UHVROYHG /(6 DQ@G 'T&KH PRWLYDWLRQ LV WKDW 0/ DXJPH
LV IDUPRUHLPSDFWIXO IRU /(6 WKDQ IRU5$16 ,Q WKUHH
/(6 WKHFRPSXWDWLRQDO VDYLQJV DUH VXEVWDQWLDO
QHDU ZDOO XQFHUWDLQW\ LQKHUHQW WR GLIIHUHQW 5
JHQHUDOL]H GDWD GULYHQ ,1'""WR QHZ JHRPHWULHV WH#
GLYHUVHIORZFRQGLWLRQVDQGOD\RXWV OHYHUDJLQJ
> @DQG PXOWL OD\RXWa5$1LVED QY DAKHHWY >1'' IUDPHZRUN
WKH OHDUQHG FRPSRQHQW RQO\ SUHGLFWYV WKH QHDU
ILWWHG FRRUGLQDWH VIVWHP UHTXLULQJ YHU\VPDOO ¢
LOQWR WKH ,1"" VROYHU 7KH UHVXOW LV D SK\VLFV LQIRU
ZLWK VWURQJJHQHUDOL]DWLRQ SRWHQWLDO

$([WHQGLQJ IURP FXUUHQW LQFRPSUHVVLEOH WR FRPSL
HTXDWLRQV VXFK DV HQHUJ\ ZLOO EH UHTXLUHG WR E}
5RELQ FRHIILFLHQWY WDNH YDULDEOH GHQVLW\ YLVFR
FRQVLGHUDWLRQ 7KH FRUUHVSRQGLQJ HQHUJ\ HTXD
VLPSOLILHG IROORZLQJD VLPLODU SURFHGXUH IRU WKH



&KDSWHU &RQFOXVLRQVDQG

HIWHQVLRQ RIH[SOLFLW 1'""WR ZHDN FRPSUHVVLEOH |
ZRUN®@

" HWHUPLQLQJG\QDPLFDOO\WKHLQWHUIDFH SRVLWLE
SK\VLFDO TXDQWa WIHWVIKKHU WKDQ SUHVHOHFWLQJ

F((WHQGLQJWR SUHGLFW WKHWXUEXOHQW IORZV RYHL
@



$SSHQGLI[ $

SHHU SHYLHZHG -RXUQDO 3X|

$ $ FRPSXWDWLRQDO VOLS ERXQGDU\
QHDU ZDOO WXUEXOHQFH PRGHOLQJ

5HSURGXFH@IURP >
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