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Abstract

Markov decision processes (MDPs) are a fundamental model for decision making un-
der uncertainty. They are widely used in robotics, artificial intelligence, probabilistic
model checking, and operations research. Because MDPs are often applied to model
safety-critical real-world systems, it is essential to ensure that the algorithms and im-
plementations employed are trustworthy. In this thesis, we present a suite of formally
verified algorithms for MDPs in probabilistic planning and model checking contexts. We
formalize and verify these algorithms using the proof assistant Isabelle/HOL, focusing
on formal correctness guarantees and practically efficient implementations.

In probabilistic planning, the objective is to determine a policy—a mapping from
states to actions—that maximizes the expected cumulative reward accrued over time.
We provide verified implementations of classical dynamic programming algorithms for
this setting, including value iteration and policy iteration variants. To scale to larger
systems, we extend our formalization to MDPs with compact representations, verifying
the approximate policy iteration algorithm for factored MDPs. As part of this work, we
develop a formally verified certificate checker for linear programming solutions, which
we integrate with unverified solvers operating over exact arithmetic.

MDPs are also a prominent model in probabilistic model checking, where the goal is
to check whether a probabilistic system satisfies a given logical specification of correct-
ness. In this context, we formalize the interval iteration algorithm to derive an efficient
floating-point implementation that ensures soundness through directed rounding modes.
Furthermore, we use Isabelle/HOL to develop a certificate checker for MDP reacha-
bility and reward problems. The checker validates results computed by the unverified
probabilistic model checker Storm.

All algorithms we verify in this dissertation are executable. Our implementations rely
on either exact arithmetic or directed rounding to ensure formal correctness guarantees.
We conduct an experimental evaluation on standard benchmarks to demonstrate their
practicality. Our contributions demonstrate how diverse approaches to code generation
and interactive theorem proving can be combined to produce efficient implementations
with formal guarantees, thereby advancing the trustworthiness of MDP-based computa-
tions.
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Zusammenfassung

Markow-Entscheidungsprozesse (MDPs) sind ein wichtiges Modell zur Entscheidungs-
findung unter Unsicherheit. Sie finden breite Anwendung in der Robotik, bei künstlicher
Intelligenz sowie im probabilistischen Model Checking und Operations Research. Da
MDPs oft zur Modellierung sicherheitskritischer Systeme eingesetzt werden, ist es essen-
ziell, dass die verwendeten Algorithmen und Implementierungen vertrauenswürdig sind.
Diese Dissertation präsentiert eine Sammlung formal verifizierter MDP-Algorithmen für
probabilistisches Planen und probabilistisches Model Checking. Die Algorithmen wur-
den mithilfe des Beweisassistenten Isabelle/HOL formalisiert und korrekt bewiesen, mit
einem Fokus sowohl auf formalen Korrektheitsgarantien als auch auf praktischer Ef-
fizienz.

Bei probabilistischen Planungsproblemen besteht das Ziel darin, eine Policy, d.h. eine
Zuordnung von Zuständen zu Aktionen, zu bestimmen, die die erwartete Summe der Be-
lohnungen maximiert. Für dieses Szenario entwickeln wir verifizierte Implementierungen
klassischer Algorithmen für dynamisches Programmieren, darunter Varianten des Value-
Iteration-Algorithmus und des Policy-Iteration-Algorithmus. Um auf größere Systeme
zu skalieren, erweitern wir unsere Formalisierung auf MDPs mit kompakter Darstellung
und verifizieren eine approximative Variante der Policy-Iteration für faktorisierte MDPs.
Dabei entwickeln wir einen formal verifizierten Zertifikatsprüfer für lineare Programme,
der unverifizierte Optimierungsprogramme integriert, die mit exakter Arithmetik ar-
beiten.

MDPs sind ein zentrales Modell im probabilistischen Model Checking, wo überprüft
wird, ob ein probabilistisches System eine gegebene logische Spezifikation erfüllt. Für
diese Fragestellung formalisieren wir den Intervall-Iteration-Algorithmus, der als Basis
für eine effiziente Gleitkomma-Implementierung dient, bei der gerichtete Rundungsmodi
die Korrektheit gewährleisten. Zudem entwickeln wir mithilfe von Isabelle/HOL einen
Zertifikatsprüfer für Erreichbarkeits- und Belohnungsprobleme in MDPs, der Ergebnisse
des probabilistischen Model Checkers Storm validiert.

Alle in dieser Dissertation verifizierten Algorithmen sind ausführbar. Die Implemen-
tierungen setzen dabei entweder auf exakte Arithmetik oder gerichtete Rundungsmodi,
um formale Korrektheit sicherzustellen. Experimentelle Evaluierungen auf Standard-
Benchmarks zeigen, dass die Programme in der Praxis einsetzbar sind. Diese Beiträge
demonstrieren, wie verschiedene Methoden zur Programmverifikation mit interaktiven
Theorembeweisern kombiniert werden können, um effiziente Implementierungen mit for-
malen Garantien zu kombinieren und somit letztlich die Vertrauenswürdigkeit von MDP-
Algorithmen zu erhöhen.
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1 Introduction

Markov Decision Processes (MDPs) [134] are a foundational model for sequential decision-
making under uncertainty. Intuitively, MDPs describe scenarios where an agent interacts
with an environment by performing actions. Each action probabilistically determines the
system’s transition to a successor state and may incur a cost or yield a reward. The
behavior of the agent is determined by a policy (or strategy) that prescribes which action
to take in each state. MDPs are a simple yet expressive model, hence they are popu-
lar across several research domains, including probabilistic planning [134], reinforcement
learning (RL) [148], and probabilistic model checking (PMC) [17]. They have found
applications in robotics, inventory management, and other real-world systems charac-
terized by uncertainty [159]. Example 1 illustrates the concept of MDPs using a simple
example with four states and two actions.

Example 1. An MDP with four states, a maximum
of two actions per state (solid and dashed edges, re-
spectively), uniform transition probabilities, and a
target set T = {s3}. The maximum reachability prob-
ability from s0 to T is Pmax

s0 (♢T ) = 1
2 : it may be

achieved by choosing the solid action at every step.
Conversely, we need to choose the solid action at s0
and the dashed action at s1 to attain the minimum
reachability probability Pmin

s0 (♢T ) = 1
3 .

s0

s1

s2 s3

In probabilistic planning and model checking, we are often interested in answers to
questions such as: 1) “What is the probability that a network file transfer will eventually
succeed?” [44], 2) “Which maintenance strategy minimizes service outages within a given
budget?” [140, 141], or 3) “What is the optimal age to replace vehicles in a fleet, balanc-
ing repair and acquisition costs?” [78]. These practical concerns may be abstracted to
quantities such as the expected cumulative reward of a policy, or the maximum proba-
bility of reaching a set of states from a given initial state. To determine such quantities
efficiently and automatically on MDP models, a variety of solution methods have been
developed. Classical dynamic programming algorithms, most notably value iteration
and policy iteration, are widely used to compute optimal policies. Additionally, many
problems can be solved by reformulating them as linear programs (LPs) [72, 134].
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1 Introduction

Trustworthiness of MDP Algorithms Given that MDPs are frequently used to
model safety-critical systems, it is essential to ensure that the solution methods and their
implementations are trustworthy. In recent years, however, several issues have emerged
that threaten the validity of results produced by PMC and probabilistic planning tools.
These soundness problems can be broadly classified into four categories.

First, implementation bugs are common in large unverified software systems, including
modern probabilistic model checkers. For instance, the implementation of the interval
iteration algorithm for expected rewards in the Modest toolset diverges on a small per-
centage of instances [18].

Second, algorithmic unsoundness results from using optimizations, heuristics, or even
core algorithms that are not sound in general. A notable example is the value iteration
algorithm, which has been shown to not be applicable to PMC [64]. This discovery
led to the design of several sound alternatives, such as interval iteration [64, 73, 136].
However, even these can have subtle issues, as demonstrated by the pseudocode for
the sound value iteration algorithm in the original presentation [136]. It contains a
problem that may only be observed on a single instance of the Quantitative Verification
Benchmark Set (QVBS) [74].

Third, many implementations rely on floating-point arithmetic to achieve state-of-the-
art performance, which introduces rounding errors [70]. Finally, errors in third-party
libraries or tools like commercial LP solvers may be a source of failure. These errors
are often difficult to detect and resolve but can significantly affect the correctness of
results [72].

Correct-by-Construction Implementations The issues outlined above highlight
the need for formal specifications of MDP algorithms, accompanied by machine-checked
correctness proofs; a domain which was not sufficiently explored in the past. However, as
discussed previously, even correct algorithms may be incorrectly implemented. Current
state-of-the-art tools for MDP analysis—such as planning tools or probabilistic model
checkers—are typically implemented manually and remain unverified, relying on pen-
and-paper proofs or extensive testing [71, 79, 108]. This underscores the importance of
extending our focus to correct-by-construction implementations.

Various techniques exist to improve the trustworthiness of software, including pen-
and-paper proofs, testing, and static analysis tools. Each of these, however, has inherent
limitations: pen-and-paper proofs are error-prone and often do not scale well to com-
plex algorithms; testing can only ever cover a subset of all possible inputs, making it
unsuitable for ensuring general correctness; and static analysis tools are constrained in
the specifications they can express and verify. Also, we still depend on the correctness
of their potentially complex implementations.

One promising methodology for developing trustworthy software is the use of interac-
tive theorem provers (ITPs). ITPs enable users to build formal mathematical libraries
and, in many cases, support the generation of executable code from verified defini-
tions [65]. Notable examples of projects that use ITPs for software verification include

2



1 Introduction

the formally verified operating system kernel seL4 [102], a verified compiler for C pro-
grams [111], and a verified non-probabilistic model checker [59].

In this work, we present a suite of verified algorithms for probabilistic planning and
model checking developed within the ITP Isabelle/HOL [124]. MDPs have already drawn
attention in the ITP community: previously Hölzl formalized probability theory and
MDPs in Isabelle/HOL [83], while others have verified dynamic programming algorithms
for MDPs in Rocq [155] and Isabelle/HOL [39].

Challenges Despite prior verification efforts of algorithms for probabilistic planning
and model checking in ITPs, few have resulted in efficient implementations that demon-
strate practical utility. Developing verified software is a demanding task, particularly in
the context of MDPs.

At an abstract level, MDP analysis requires combining a range of non-trivial concepts
from mathematics, including probability theory, optimization, limits, and graph theory.
To make such formalizations feasible, an ITP must provide a large, integrated library
of formal mathematics. In this regard, Isabelle is well-suited: it provides a rich library
of formalized mathematics and theoretical computer science in the Archive of Formal
Proofs1 (AFP) and integrates with automated theorem provers via Sledgehammer [131].

At the implementation level, one major challenge lies in selecting appropriate numer-
ical representations. MDP algorithms involve computations on probabilities, which are
usually implemented as floating-point arithmetic for performance. However, floating-
point computations introduce rounding errors, making it difficult to obtain provably
correct results. We consider two viable approaches to mitigate this issue. The first is
to use exact arithmetic on rational numbers, which eliminates rounding errors but may
lead to a significant loss in performance. The second is to retain efficient floating-point
arithmetic, but modify the computations in a way that they produce sound, conservative
approximations of the correct result. Techniques such as interval arithmetic or the use
of directed rounding modes fall into this category [70].

More broadly, generating efficient executable code from formalizations remains a non-
trivial task. Several approaches exist, each with different tradeoffs in performance and
verification effort. These include Isabelle/HOL’s built-in code generation facilities and
the Isabelle Refinement Framework (IRF) [110].

Another challenge concerns the architecture of the verified software system. One op-
tion is to derive an implementation directly from an Isabelle formalization. Alternatively,
one could verify existing implementations using frameworks such as AutoCorres [126].
A further promising approach is the use of certifying algorithms and certificate checking.
With this paradigm, the algorithm produces a certificate of its result—a small, easily
verifiable proof of its result—that can be checked independently by a formally verified
program. This technique is already in use in competitions for SAT solving and software
verification [19, 29]. However, existing work on certifying algorithms for MDPs [60, 83,
95] has several limitations that hinder broader adoption. These are discussed in detail
in Section 3.3.

1https://www.isa-afp.org
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1 Introduction

Contributions The main contribution of our work is the development of practical
solutions to all the challenges outlined above. In particular, we explore and contrast dif-
ferent approaches and methodologies for algorithm verification and code generation in
Isabelle/HOL. We examine the trade-offs between certificate checking and fully verified
implementations, develop imperative implementations, as well as functional program-
ming implementations of MDP algorithms, and assess the feasibility of exact arithmetic
versus floating-point arithmetic with directed rounding. Our detailed contributions are
as follows:

• We use Isabelle/HOL to develop verified, executable algorithms for probabilistic
planning on explicitly represented MDPs in Core Publication 1 [5]. Specifically,
we implement classical dynamic programming algorithms, including value iteration
and policy iteration. Our implementations rely on exact arithmetic to guarantee
correctness. To achieve practical performance, we propose a hybrid approach that
integrates unverified floating-point solvers with our work.

• In Core Publication 2 [144], we formally verify an implementation of approximate
policy iteration for solving MDPs with compact representations. We demonstrate
experimentally that this verified implementation scales to larger systems compared
to the above work on explicitly represented MDPs. As part of this effort, we develop
a certificate checker that validates linear programming solutions. Our work on
probabilistic planning is incorporated into the FormPlan toolset of formally verified
planning software.2

• In Core Publication 3 [103], we present a formalization of the interval iteration
algorithm for MDP reachability analysis. This algorithm can be combined with
directed rounding of floating-point computations to produce an implementation
that is both sound and efficient. We formally verify soundness and convergence in
Isabelle/HOL, and derive a sound floating-point implementation using the Isabelle
Refinement Framework [110].

• As part of Core Publication 4 [38], we develop a verified certificate checker for
reachability and reward properties for MDPs, using a novel certificate format based
on fixed points [38]. This checker is used to formally certify reference results from
the Quantitative Verification Benchmark Set [74].

Outline The remainder of the thesis is structured as follows: Chapter 2 introduces
MDPs and the proof assistant Isabelle/HOL. Chapter 3 reviews related work in the
areas of probabilistic verification and formal methods. Chapter 4 presents the core
contributions of the included publications and discusses how they relate to one another.
Chapter 5 concludes the thesis with a summary of our findings and outlines directions
for future research. Finally, Chapter 6 provides summaries of the individual publications
that make up this dissertation and lists the specific contributions of each author.

2https://formplan.github.io/
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2 Background

In this chapter, we introduce the fundamental concepts that support the formalization
of algorithms for MDPs. We begin by presenting the basic concepts of MDPs, the
central model studied in this thesis. We give a formal definition of MDPs and the notion
of policies. Next, we describe the key tool underlying our methodology for software
verification: interactive theorem provers, in particular the proof assistant Isabelle/HOL.

2.1 Markov Decision Processes
Markov Decision Processes (MDPs) model systems that evolve over time, where the
dynamics are probabilistic but can be influenced by an agent interacting with the system.
At each step, the agent observes the current state of the environment and chooses an
action from a set of available options. Executing the selected action leads to a stochastic
transition to a successor state, determined by both the current state and the chosen
action. In some settings, the agent also receives a reward based on the action taken.
The reward quantifies how desirable the resulting behavior is.

Figure 2.1 presents a small example MDP to illustrate the concepts introduced in
this section. We formally define finite MDPs, as used throughout this thesis, in Defini-
tion 1. For a more comprehensive introduction to MDPs, we refer the reader to standard
literature [17, 134, 148].

Definition 1. A finite MDP is a tuple M = (S,Act, P ) where S is a finite set of states,
Act is a finite set of actions, and P : S × Act × S → [0, 1] is a transition probability
function that satisfies

∑
s′∈S P (s, a, s′) ∈ {0, 1} for all s ∈ S and a ∈ Act. For every

s ∈ S, the set of enabled actions a ∈ Act for which the above sum equals 1 is written
Act(s). It is required that Act(s) ̸= ∅ for all s ∈ S. A discrete-time Markov chain is a
special case of MDP in which each state has exactly one action, i.e., |Act(s)| = 1 for all
s ∈ S.

Policies The set of action preferences for each state is collectively captured by a pol-
icy—in its simplest form, a function mapping states to actions. Depending on the
application domain, policies are also referred to as strategies, schedulers, controllers, or
adversaries. Various classes of policies exist, differing in the amount of information they
use when selecting actions.

A memoryless and deterministic policy for an MDP M = (S,Act, P ) is a function
σ : S → Act such that for all s ∈ S, we have σ(s) ∈ Act(s). Such a policy is also

5



2 Background

s0

s1

s2 s3

Let M = (S,Act, P ) with S = {s0, s1, s2, s3},
Act = {a0, a1}, (a0 is solid, a1 is dashed)

P (s0, a0, s1) = P (s0, a0, s2) = P (s0, a0, s3) =
1
3 ,

P (s1, a0, s1) = 1, P (s1, a1, s2) = P (s1, a1, s3) =
1
2 , etc.

Define the policy σ : S → Act with
σ(s0) = σ(s2) = σ(s3) = a0, σ(s1) = a1, then
Pmin
s0 (♢T ) = Pσ

s0(♢T ) =
1
3 .

Figure 2.1: On the left, we show an MDP with four states and a maximum of two actions
per state (solid and dashed edges, respectively). The transition probabilities are
uniform, e.g. each of the solid outgoing edges from s0 has a probability of 1

3 . We
also define a target set T = {s3}. On the right, we show a definition of the MDP
on the left and a policy σ that achieves the minimum reachability probability from
s0 to T .

referred to as a decision rule [134]. Applying σ to M yields the induced Markov chain
Mσ = (S,Act, P σ), which intuitively retains only the actions chosen by the policy.

More expressive policies can incorporate additional information. History-dependent
policies take into account the full history of states and actions observed by the agent. A
special case of history-dependent policies are Markovian policies, which depend only on
the current state and the number of steps taken since the beginning. Stochastic policies
generalize the decision process further by choosing actions according to a probability
distribution over the enabled actions. A central question is whether a particular problem
for MDPs admits an optimal solution that is memoryless and deterministic. All problems
we study admit policies that are either memoryless deterministic or Markovian.

Markov Decision Problems When using MDPs to model and analyze systems, we
typically pair the MDP with a specific objective, for example, determining the minimum
probability of reaching a target state within a number of steps, or identifying an optimal
policy to maximize cumulative rewards. We refer to the combination of an MDP and an
objective as a Markov decision problem [134]. Two fundamental classes of objectives are
reachability and expected reward objectives. These are defined in detail in Section 4.1
and Section 4.2, where we also discuss our corresponding contributions.

Given a reachability objective, we aim to find a policy that maximizes (or minimizes)
the probability of reaching a designated set T of target states in the long run. The
maximum reachability probability to reach T from an initial state s ∈ S is denoted by
Pmax
s (♢T ). Analogously, the maximum expected reward collected before reaching T from

s is written as Emax
s (♢T ). Minimum reachability probabilities and expected rewards are

defined similarly. In the context of probabilistic planning, we omit the target set but
introduce a discount factor, which encourages the agent to favor immediate rewards over
delayed ones.

6



2 Background

2.2 Isabelle/HOL
We conduct our formalization project to verify algorithms for MDPs using the interactive
theorem prover (ITP) Isabelle/HOL. The ITP is used throughout the entire process: we
define the algorithms formally, prove correctness properties, and refine them into verified
implementations—all within the proof assistant.

An ITP is a software tool that assists users in defining formal mathematical objects
and proving their properties within a logical framework. Unlike automated theorem
provers (ATPs), where proofs are generated automatically, ITPs require users to con-
struct proofs interactively. This involves specifying proof steps, applying logical rules,
and breaking down complex problems into smaller lemmas. The system then checks
these proofs for correctness, verifying them down to the axioms of the underlying logic.

Proof assistants are widely used in formal verification, mathematics, and computer
science to establish trust in pen-and-paper proofs, algorithms [123], software [59], and
hardware [142]. Prominent interactive theorem provers include tools such as Lean [49],
Rocq [28], as well as the system used in this work, Isabelle/HOL [124]. Isabelle/HOL is an
ITP based on higher-order logic (HOL), which can be seen as a combination of functional
programming with logic. We choose Isabelle/HOL for our work due to its extensive
libraries, powerful automated proof methods, and mature facilities for generating verified
executable code:

• The Archive of Formal Proofs (AFP) is a curated collection of Isabelle theories
and proofs that are not part of the core Isabelle distribution. Together, the AFP
and the Isabelle distribution provide a large body of reusable libraries of formal
mathematics, including libraries on topics such as analysis and probability theory.
These libraries form the foundation for our formalization projects.

• A key strength of the Isabelle/HOL system lies in its powerful automated proof
methods. The Sledgehammer tool integrates the proof assistant with external ATPs
and SMT solvers such as Vampire and Z3. Sledgehammer selects relevant facts from
the proof context and passes them to these external provers. If a proof is found,
Sledgehammer reconstructs it internally. Additionally, Isabelle/HOL provides sev-
eral powerful proof methods such as the simplifier. These automate common proof
patterns like term rewriting, induction, etc.

• Formal definitions in Isabelle/HOL can be turned into executable code. The code
generation functionality allows verified algorithms to be exported as code in lan-
guages such as Haskell, Scala, or Standard ML [65]. Alternatively, the Isabelle
Refinement Framework offers a structured and partially automated methodology
for refining abstract specifications into efficient implementations [110].

Locales One particular feature of Isabelle/HOL we wish to highlight is its support
for locales [99]. Locales provide formal contexts that facilitate the modularization and
reusability of formal proof developments. Our Isabelle/HOL developments make heavy
use of locales to structure and organize the verification of MDP algorithms.
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2 Background

1 locale MDP = MDP with states of type ′s, actions of type ′a
2 fixes Act :: ′s ⇒ ′a set set of enabled actions per state
3 and P :: ′s × ′a ⇒ ′s pmf transition probabilities
4 assumes
5 Act_ne:

∧
s. Act s ̸= ∅ every state has enabled actions

Figure 2.2: A simplified version of our locale definition for MDPs in Isabelle/HOL [145]. The
names of the locale parameters have been adapted to match the notation used
throughout this thesis.

A locale defines a set of fixed constants and assumptions, which may be thought of
as a parameterized context for developing definitions and theorems. For example, in the
formal definition of an MDP shown in Figure 2.2, the corresponding locale fixes a type
′s to represent the state space, a function defining the enabled actions of type ′a for each
state, and an additional function mapping state-action pairs to transition probabilities.
The locale may also contain assumptions over these constants, for instance, that every
state has at least one enabled action.

Locales support nesting, complex hierarchies and inheritance, as well as instantiation.
When a locale is instantiated with concrete types and functions (e.g. a specific MDP),
all theorems proven in the locale context become available for the instantiated object.
The instantiation process requires the user to discharge the locale assumptions through
suitable proofs, to show that the theorems stated in the locale context hold for the
concrete instance.

8
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We provide a brief overview of the current state of the art in formalizing probability
theory using ITPs, as well as the broader application of formal methods in the areas of
MDPs, planning, and artificial intelligence. In addition, we examine prior work related
to the specific methodologies we employed in our own work, including the verification of
floating-point algorithms and certificate checking techniques. This chapter aggregates
and expands upon the related work sections from our Core Publications.

3.1 Verification of Floating-Point Algorithms
It is widely recognized as a problem that floating-point implementations of algorithms
often deviate from their corresponding mathematical models. To achieve high perfor-
mance, floating-point computations—as specified by the IEEE-754 standard—use opti-
mized, finite-precision approximations of real numbers. This introduces rounding errors,
which may accumulate in complex algorithms. Moreover, extremely small or large num-
bers can cause underflow and overflow, respectively. The non-associativity of floating-
point arithmetic also means that results can vary depending on the order of operations.

Bugs resulting from these properties have been observed in the hardware and aerospace
industries [68, 153], where they can have potentially serious consequences. Due to the
intricate behavior of floating-point algorithms, such bugs are difficult to reliably detect
through conventional testing. This challenge has inspired a long-standing effort to apply
formal methods to the verification of floating-point algorithms in systems such as Z [22],
HOL Light [67, 68, 69], PVS [34, 119], and Rocq [33, 48].

In Rocq (previously known as Coq), a formal specification of the IEEE-754 standard
has been developed, enabling the verified compilation of floating-point operations [32].
This specification has also served as the basis for a framework to verify C programs
involving floating-point computations [137]. Similarly, a specification of the IEEE-754
standard exists in Isabelle/HOL [167], which our work builds on. Finally, in ACL2,
hardware implementations of floating-point operations have also been verified [142].

Most prior work has focused on verifying the correctness of basic floating-point op-
erations and algorithms. In contrast, in Core Publication 3 [103], we aim to prove the
correctness of a complex algorithm at the level of real-number computations. These
computations are then systematically transformed into floating-point operations using
directed rounding modes. Rounding consistently upward or downward, depending on
the context, guarantees that the floating-point result is a lower or upper bound of the
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real-number result—without requiring intricate manual proofs of floating-point error
bounds.

A related line of research aims to enhance the reliability of floating-point implemen-
tations by providing sound error bounds. Tools such as PRECiSA [152], FPTaylor [147],
Real2Float [113], and Fluctuat [62] propagate floating-point errors with static analysis
to determine the worst-case round-off error. Unlike these approaches, our methodol-
ogy does not provide explicit error bounds. However, these tools typically offer limited
support for programs with complex, nested control flow.

The static analysis tool Astrée [43], used in the aviation and automotive industry,
checks the absence of runtime errors in programs and supports floating-point arithmetic.
However, being an automatic tool based on abstract interpretation, it cannot verify
arbitrary correctness properties. Frama-C [101] provides similar functionality and also
supports deductive verification. Still, the scope of supported properties is limited, for
example, it may be used to show that program outputs lie within a specific interval [104].

Other deductive verification tools, such as KeY, offer comparable capabilities. Key has
been used to verify the absence of exceptional floating-point values such as NaN and
infinity [2]. An alternative methodology is presented by Nguyen and Marché [122], who
use the Why platform to analyze behavioral properties directly at the level of compiled
assembly code.

3.2 Certificate Checking
Certifying algorithms [115] refer to a class of algorithms that not only produce a so-
lution but also provide additional information that serves as a proof of the solution’s
correctness. The goal is for these proofs—called certificates—to be validated through
a simple and efficient certificate checking procedure. The certificates could be verified
by independent third parties, and even by formally verified implementations. In the
simplest cases, such as sorting a list, the result is already considerably easier to check
than to compute, and thus no additional information is necessary for verification. While
the general technique of certifying algorithms has been used for decades, the term itself
was popularized in the context of the LEDA library of algorithms [105].

In model checking and formal methods, certificate checking is used to increase the
trust in results produced by highly optimized implementations, which often rely on
complex heuristics and optimizations. Certifying algorithms have been designed for
model checking of linear-time properties [66, 107, 120, 132]. In this setting, a negative
result can be witnessed by a simple counterexample, whereas a positive result requires
a deductive proof in a custom proof system. Similar proof systems have also been
developed in classical planning to certify the unsolvability of planning problems [57,
58]. The technique of certifying algorithms has recently been extended to hardware
verification and model checking [165, 166]. For related work on certifying algorithms in
the context of probabilistic model checking we refer to Section 3.3.
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Formally Verified Certificate Checkers The certifying algorithms presented in
the previous section are not accompanied by formally verified checkers that can be used
to validate their results. As a consequence, we must still rely on the correctness of
the (typically simpler) certificate checker. In our work, we construct formally verified
certificate checkers for Markov decision problems, presented in detail in Core Publications
1, 2, and 4. Formal verification of certificate checkers is a natural application of software
verification using ITPs, since certificate checking algorithms are considerably easier to
implement and verify than the algorithms they are designed to certify.

This approach has previously been applied to SAT and SMT problems, which are
important domains for certificate checkers due to the wide range of problems that can
be reduced to SAT or SMT. GRAT is a verified, high-performance certificate checker for
SAT solutions, based on unsatisfiability certificates in the LRAT format [109]. The Rocq
library SMTCoq [55] certifies results produced by SMT solvers. Another general problem
domain is linear programming (LPs), for which we design a formally verified checker in
Core Publication 2 [144]. Prior work on LP certificate checkers in Isabelle/HOL was
performed by Obua [127], whose formalization can certify arbitrary floating-point upper
bounds of LP solutions. In contrast, our project can certify optimality of LP solutions,
although we currently only support solvers using exact arithmetic.

Additional applications of formally verified certificate checkers include approximate
model counting [149], floating-point rounding error analysis [26], certifying compilers
built in Isabelle and Rocq [31], and a framework for verifying iterative implementations
of certificate checkers in Isabelle/HOL [9, 126].

3.3 Reliable Probabilistic Model Checking
Probabilistic model checking (PMC) [14, 17] is a formal verification technique for an-
alyzing systems that exhibit probabilistic behavior, such as MDPs. The properties of
interest typically include the probability of satisfying linear-time properties, or the ex-
pected value of rewards. Mature probabilistic model checkers include PRISM [108],
Storm [79], and mcsta [71].

Our work aims to enhance the trustworthiness of PMC results. In the past, sev-
eral soundness-critical issues in PMC algorithms and their implementations have been
discovered and subsequently addressed. These problems span various aspects of proba-
bilistic model checkers, from unsound algorithms [18, 64] and numerical inaccuracies [70]
to errors in third-party libraries [72]. To address these challenges, we develop formally
verified software for PMC: a certificate checker, and an implementation of the interval
iteration algorithm.

Several prior approaches have aimed to certify PMC results. Most closely related to
our work is the technique by Hölzl [83, Sec. 4], who presents a formally verified certificate
checker for reachability probabilities based on fixed point certificates. Fixed point certifi-
cates exploit the fact that many properties in MDPs can be expressed as the fixed points
of monotonic operators. However, that work does not cover mechanisms for certificate
generation and provides no experimental evaluation. Moreover, the supported properties
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are limited to upper bounds on maximum and lower bounds on minimum probabilities.
Our formalization, based on the theory presented in Core Publication 4 [38], extends
this approach to a broader class of properties.

Additionally, for non-probabilistic model checking, Esparza et al. [59] present an exe-
cutable model checker for linear temporal logic (LTL) specifications that has been verified
in Isabelle/HOL.

An alternative path towards trustworthy PMC is proposed by Funke, Jantsch, and
Baier [60, 94], who present Farkas Certificates for reachability properties on MDPs
without end components. Although this restriction to MDPs can be lifted by applying
a certified maximal end component decomposition algorithm, doing so results in signif-
icantly more complex certificates. Furthermore, their work does not explicitly address
certificate generation. While the method also supports certification of expected reward
properties, it requires that the set of target states is reached almost surely. In contrast,
our work on certificates [38] imposes no such structural restrictions on the MDP. Baier,
Chau, and Klüppelholz [15] extend Farkas certificates to multi-objective queries that
involve combinations of mean payoff or reachability objectives.

Witnessing subsystems [15, 60, 95, 160] offer yet another certificate format for PMC.
In this method, small subsystems of the MDP that witness the property in question
constitute the certificate. While such witnesses exist for a wide range of properties, the
approach involves computationally more intensive checks than the state-local operations
required for validating Farkas or fixed point certificates.

3.4 Formal Methods in Artificial Intelligence
MDPs are a foundational model in artificial intelligence (AI), extensively studied in
the contexts of reinforcement learning and probabilistic planning. However, the use of
ITPs and formal methods in AI has previously been more prevalent in other domains,
including machine learning and classical planning.

Machine Learning For concrete neural networks, Marabou is a solver designed for
neural network verification problems [161]. It translates the neural network and the
property to be verified into a set of linear and non-linear constraints, which are then
solved using a combination of mixed-integer linear programming and SMT solving. A
typical application of Marabou is verifying robustness against adversarial attacks, i.e.
ensuring the output of the network remains stable when the input is perturbed slightly.
Marabou is also the default verifier for the domain-specific language Vehicle, which inte-
grates with the ITP Agda [45].

Unlike automated tools such as Marabou, ITPs enable the verification of not only
neural networks themselves but also the underlying training procedures. MLCERT is a
verified system for proving generalization guarantees in machine learning, ensuring that
models generalize to unseen data [13]. In a similar vein, Selsam, Liang, and Dill [146]
present a methodology for verifying AI algorithm implementations in the ITP Lean. As a
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case study, they build Certigrad, a framework capable of training variational autoencoders
with competitive performance.

ITPs have also been used to formalize theoretical results in machine learning. For
example, the superiority of deep learning over shallow learning has been formally proved
in Isabelle/HOL by Bentkamp, Blanchette, and Klakow [27].

Conversely, there is ongoing research into enabling AI agents to interact with ITPs [21,
88, 93, 96, 97]. This includes work on autoformalization: the process of translating in-
formal mathematical text into formal definitions and proofs [162]. Systems such as
AlphaProof [61] use a combination of language models and reinforcement learning to
generate formal proofs in Lean, and have been applied to solving International Mathe-
matical Olympiad problems.

Planning Classical planning is a core domain in AI focused on computing action
sequences that transition a system from an initial state to a goal state, based on a
set of actions and effects. Several planning algorithms have been explored using proof
assistants. For example, the ITP HOL4 was employed to detect and correct flaws in a
planning algorithm [3].

In Isabelle/HOL, Abdulaziz and Kurz [5] developed planning software that reduces
planning problems to SAT encodings. This system was used as a reference to uncover
bugs in a state-of-the-art SAT-based planner. Beyond verified planning algorithms,
Abdulaziz et al. [4, 6] also introduced formally verified plan validators, based on formal
semantics of Planning Domain Definition Language (PDDL) fragments.

In the dependently typed programming language Agda, Hill, Komendantskaya, and
Petrick [80] formalize a novel logic for reasoning about properties of plans. They formally
verify that this logic is sound with respect to a formal semantics of PDDL. Furthermore,
their work presents a pipeline that parses PDDL plans into Agda and automatically
generates correctness proofs within the logic.

3.5 Probabilistic Analysis in Interactive Theorem Provers
Formalizing probability theory in ITPs is a well-studied, yet inherently challenging topic.
Mechanizing results from probability theory is demanding for several reasons. First,
formal probability theory for continuous probability spaces is based on measure theory,
requiring a proof assistant that provides a robust library of results from real analysis.
Second, probability theory is commonly divided into the study of discrete and continuous
probability spaces. The former concerns countable outcomes such as dice rolls, while
the latter deals with uncountable outcomes like real numbers. Designing a probability
theory library that supports both domains effectively—while minimizing the duplication
of concepts—is a nontrivial task. Third, informal treatments of probability theory often
employ concise notation that hides underlying details, e.g. the definition of the measure
space and proof obligations related to measurability and integrability.

Numerous ITP libraries on probability theory have addressed these challenges to vary-
ing extents. We begin with an overview of libraries for probabilistic analysis in ITPs,
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followed by a discussion of work on the probabilistic analysis of algorithms and stochastic
processes. Hölzl [81] provides a comprehensive account of the formalization of proba-
bility theory in ITPs up to 2013, with a particular focus on Isabelle/HOL. Our survey
of the literature demonstrates that Isabelle/HOL offers a versatile and widely adopted
probability theory library, which makes it a solid foundation for developing verified
implementations of MDP algorithms.

3.5.1 Formal Libraries of Probability Theory
The first formal library of measure and probability theory in an ITP was developed for
the Mizar system [20] by Nędzusiak [121] in 1990, and was later extended by Białas [30].
Over time, several foundational results were formalized in Mizar, including Dynkin’s
Lemma [116], Lebesgue integrals [56], uniform distributions [128], Kolmogorov’s 0-1-
law [50], the Chebyshev inequality [129], and the Borell-Cantelli Lemma [91].

Early efforts to formalize probabilistic algorithms in higher-order logic (HOL) were
published by Hurd [89], who designed the first formal library of probability theory in HOL
for the system HOL98. This work focused on verifying sampling algorithms for discrete
probability distributions and culminated in a verified implementation of the probabilistic
Miller-Rabin primality test. It was later extended to also cover sampling algorithms for
continuous distributions and concepts such as expectations and variance [77]. Building
on this, formalizations in the successor system HOL4 expanded to include Lebesgue
integration [40], Radon-Nikodym derivatives, and results from information theory [117,
118, 135]. The HOL4 library supported applications such as formally verified reliability
analysis [1].

In Isabelle/HOL, early work by Richter [138] involved automatically importing parts of
the probability theory library from HOL4. The modern standard library for probability
theory in Isabelle/HOL was developed in large parts by Hölzl [81, 84], building on prior
work in HOL4. The library formalizes key concepts such as measure spaces, probability
spaces, and random variables. It has since been widely adopted to formalize theorems
from number theory [125], the central limit theorem [12], and a verified compiler for
probability density functions [52]. Practical applications also include formalizations of
the security property probabilistic noninterference [133] and formal semantics for the
expected running time of probabilistic programs [82]. We discuss further applications in
Section 3.5.2 and Section 3.5.3.

The system PVS [130] has been used to formalize probability and measure theory,
with support for discrete, continuous and mixed random variables [46, 112]. The library
also covers Markov’s and Lévy’s inequalities, binary product spaces, and finite families of
independent random variables. It was used to prove stochastic bounds on the correctness
of numerical algorithms [47].

Several libraries for probability theory have been developed in the Rocq prover [28].
A framework for analyzing randomized algorithms in Rocq has been designed by Aude-
baud and Paulin-Mohring [11]. However, it only supports discrete probability spaces.
Information theory, specifically results about lossy encoding, has also been formalized in
Rocq [8], though the scope remains limited to discrete distributions. More recently, mea-
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sure theory has been developed within the Mathematical Components library [7]. The
Lean prover [49], which shares a similar logical foundation with Rocq, has been applied
to formalize Bayesian probability theory [154] and measure theory [158]. A library of
probability theory is currently under development in Lean by the mathlib community [42,
114].

These foundational libraries have enabled numerous applications, including the formal
analysis of randomized algorithms and stochastic processes, which we discuss next.

3.5.2 Analysis of Randomized Algorithms and Data Structures
Libraries for probability theory in ITPs have been applied to a wide range of randomized
algorithms and data structures. The formal analysis of the probabilistic Miller-Rabin
primality test in HOL98 constitutes seminal early work in the analysis of randomized
algorithms using ITPs [89]. More recently, randomized quicksort and randomized binary
search trees have been formally analyzed in Isabelle/HOL [51] and Rocq [150, 157]. Bloom
filters have also been formalized in Rocq using the infotheo library, which supports
reasoning about discrete probability spaces [8].

The Guarded Command Language (GCL) serves as a high-level formalism for specify-
ing non-deterministic algorithms. Probabilistic GCL (pGCL) extends GCL with proba-
bilistic choice. In HOL, pGCL has been formalized and applied to derive bounds on the
expected running time of probabilistic programs [37, 90]. In Isabelle/HOL, these expected
running times were analyzed in a framework that demonstrates the equivalence between
denotational and MDP-based pGCL semantics [82]. Another independent formalization
of pGCL in Isabelle/HOL has also been carried out by Cock [41].

Cryptography Game-based proofs are a central paradigm in cryptographic proofs.
To apply this technique, the cryptographic scheme is expressed as a sequence of games
between a player and an adversary. During the games, the task of the adversary is
typically to extract information—such as secret keys—from the system, despite limited
access and computational constraints. The security relies on the fact that the adversary’s
probability of success is negligible.

In Isabelle/HOL, the CryptHOL framework provides a structured environment for ex-
pressing security properties and conducting game-based proofs within an ITP [25]. This
library has been used to verify security properties and correctness of the post-quantum
cryptographic system CRYSTALS-KYBER [106]. Likewise, the EasyCrypt proof assis-
tant, which is tailored towards cryptographic applications, has been applied to the for-
malization of security proofs [23]. Early versions of EasyCrypt integrated with Rocq
through the CertiCrypt library [24]. However, this integration was later discontinued,
and EasyCrypt is no longer foundational, as it relies on the results returned by unverified
SMT solvers.
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3.5.3 Stochastic Processes
Formalizations of stochastic processes in ITPs are closely related to our work. Stochastic
processes are mathematical objects that represent collections of random variables indexed
by time. Prominent examples of stochastic processes include martingales, Markov chains
and MDPs.

Martingales A stochastic process is called a martingale if the expected value of the
next observation is equal to the current one. Martingales play an important role in
probability theory and are frequently used to model gambling scenarios, stock prices,
and other applications in finance.

Several formal libraries for martingales have been developed in proof assistants. In
PVS, Daumas et al. [46, 47] formalized a restricted version of the Doob-Kolmogorov in-
equality and applied it to the analysis of rounding errors in floating-point computations.
In Rocq, martingale formalizations cover Dvoretzky’s stochastic approximation theorem
and the martingale convergence theorem [156]. The Lean the library on measure theory
has been used to formalize stochastic processes and martingales, including Doob’s mar-
tingale convergence theorem [163]. These results were later replicated and generalized in
Isabelle/HOL [100]. Towards applications in finance, Jaeger formalized filtrations, stop-
ping times, and arbitrage theory in Mizar [92]. Similarly, in Isabelle/HOL, results from
probability theory have also been applied to study the pricing of derivatives [53, 54].

Markov Chains & Markov Decision Processes Formal libraries for Markov chains
were developed in HOL4 [89], Lean [114], and in Isabelle/HOL by Hölzl [83]. The Is-
abelle/HOL library was used in the formal analysis of distributed protocols [86], the
running time of probabilistic pGCL programs [82], and the verification of probabilis-
tic model checking [87]. More broadly, a general framework for formalizing a variety
of probabilistic system types underlying stochastic processes has been developed in Is-
abelle/HOL [85].

The formalization of Markov chains in Isabelle/HOL was later extended to MDPs [83].
This work includes an analysis of reachability properties and the development of a cer-
tificate checker for reachability probabilities based on fixed point certificates (see Sec-
tion 3.3). In addition, it defines an operational semantics for pGCL in terms of MDPs
and formally proves its equivalence to the denotational semantics (see Section 3.5.2).

Classical iterative dynamic programming algorithms for MDPs have also been formal-
ized in Rocq by Vajjha et al. [155] and in Isabelle/HOL by Chevallier and Fleuriot [39].
These probabilistic planning algorithms compute policies for MDPs that maximize the
expected total discounted reward, i.e. the sum of all expected rewards, where earlier re-
wards are weighted more heavily than later ones. While both value iteration and policy
iteration algorithms have been verified to optimize expected discounted rewards, prior
work did not refine these abstract algorithms into efficiently executable implementa-
tions. In Section 4.1.1, we address this gap by providing practical, verified solvers for
these algorithms.
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In the domain of probabilistic model checking, the interval iteration algorithm is a
sound and efficient variant of value iteration [64]. Before applying this algorithm, the
MDP must be transformed into a canonical form to ensure convergence and perfor-
mance. As a step towards a fully verified probabilistic model checker, verified versions
of the strongly connected component and maximal end component decomposition algo-
rithms have been developed [75, 76]. These algorithms have been refined into low-level
imperative LLVM code with competitive performance, making them suitable as drop-in
replacements for unverified implementations.
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4 Formally Verified Algorithms
for Markov Decision Processes

The main contribution of this thesis is the formalization of a library of executable algo-
rithms for MDPs in Isabelle/HOL. Our work spans a range of methodologies, application
areas, and implementation architectures.

First, we address both probabilistic planning and model checking for MDPs, focusing
on reachability objectives and expected total reward properties. Second, our verified
implementations explore not only exact arithmetic, but also floating-point arithmetic
with directed rounding techniques to ensure soundness. We further contrast different
approaches to code generation: refinement to imperative code using the Isabelle Refine-
ment Framework, and the export of functional code via Isabelle’s built-in code generation
facilities. In the latter, we adopt a locale-based approach to develop reusable data struc-
tures.

To enhance the trustworthiness of MDP solutions, our work applies multiple verifi-
cation methodologies. We provide fully verified algorithm implementations as well as
certification techniques that validate the output of unverified solvers. Across all contri-
butions, we prioritize practical algorithms and efficient execution. In the following, we
outline these contributions as presented in our publications.

4.1 MDP Planning
Our first line of work contributes verified implementations of algorithms for probabilistic
planning. These projects are presented in Core Publication 1 [145] and Core Publica-
tion 2 [144]. We begin by focusing on classical dynamic programming algorithms for
explicitly represented MDPs in Section 4.1.1. We then extend our work in Section 4.1.2
to a verified approximate solution method that exploits structure commonly found in
large MDPs.

In probabilistic planning [134], the goal is to make decisions under uncertainty. Given
an MDP that models the environment, along with rewards awarded for each action,
the objective is to optimize the agent’s action choices to maximize long-term cumulative
rewards. A standard illustrative example are grid world problems, as shown in Figure 4.1.
In such scenarios, a robot must navigate a grid to reach a goal state while avoiding
obstacles. The robot can move in the four cardinal directions, but each movement
may fail due to environmental uncertainty, causing the robot to slip and move in an
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Figure 4.1: A grid world problem: the robot must navigate a grid to reach the goal state
(bottom right) while avoiding obstacles (bottom middle). Initially located in the
bottom left corner, the robot can move in the four cardinal directions, though
actions may fail occasionally. A positive reward is given for reaching the goal state,
while hitting an obstacle incurs a penalty. The robot may choose between shorter,
riskier paths or longer, safer routes. Parts of an exemplary conservative policy are
shown as arrows in the figure.

unintended direction. Reaching the goal state yields a positive reward, while colliding
with an obstacle incurs a cost, expressed as a negative reward. Our grid world problem
can be readily modeled as an MDP with 15 states, where the robot’s state is represented
by its position on the grid, and the actions correspond to the four possible movements.

Expected Total Rewards In Isabelle/HOL, we formalize two fundamental settings in
probabilistic planning: the finite-horizon and infinite-horizon scenarios. In the infinite-
horizon setting, the objective is to find a policy that maximizes the expected sum of
rewards accumulated over an infinite sequence of discrete time steps. The quantity be-
ing optimized is known as the expected total discounted reward, denoted by Emax

γ . To
ensure convergence and encourage short-term gains over delayed ones, rewards are dis-
counted by a factor γ ∈ [0, 1) at each time step. This setting is well understood, and
several classical solution methods are available to compute optimal policies—most no-
tably value iteration, policy iteration, and a transformation to linear programming [134].
The resulting policies are simple, as optimal policies are memoryless and deterministic:
They depend solely on the current state, not on the history of prior states or actions.

In the finite-horizon setting, the goal is to find a policy that maximizes the expected
sum of rewards obtained in a fixed, finite number of time steps; called the expected total
reward for finite-horizon problems. The standard solution technique is backward induc-
tion, a dynamic programming algorithm. The method proceeds by starting at the final
time step, computes the optimal policy for each state, then iteratively steps backward in
time to determine the full policy. Unlike the infinite-horizon case, the optimal policies
in finite-horizon problems are not necessarily memoryless: Action selection may depend
on the number of steps remaining.
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4.1.1 Planning with Tabular Solution Methods
As part of Core Publication 1, we present a formalization of MDPs with rewards and
stochastic action choice in Isabelle/HOL.1 This work extends the author’s master’s the-
sis [143], which included a formalization of value iteration and policy iteration. However,
that thesis did not provide efficiently executable implementations. As part of this disser-
tation, we extend and restructure the MDP library, design a methodology for deriving
verified implementations, and expand the suite of algorithms to include backward induc-
tion, Gauss-Seidel value iteration, and modified policy iteration.

MDPs with Rewards We define MDPs in Isabelle/HOL as a locale, parameterized
by types for states and actions, and fixing a transition kernel P that maps state-action
pairs to probability distributions over successor states (see Figure 2.2). Additionally, for
each state, we define a set of enabled actions. In this context, we extend that definition
of MDPs with a reward function rew : S ×Act → R, which assigns a real-valued reward
to each state-action pair.

Our formal analysis of probabilistic planning builds on classical results [134], where
the Bellman operator plays a central role. The operator expresses the expected value of
the next state we observe, given a current value estimate v : S → R, the current state
s ∈ S and a policy σ : S → Act. For simple memoryless deterministic (MD) policies,
the Bellman operator Eσ

γ : (S → R) → (S → R) is defined as:

Eσ
γ (v)(s) = rew(s, σ(s)) + γ ·

∑
s′∈S

P (s, σ(s), s′) · v(s′).

We formally prove that the unique fixed point of Eσ
γ equals Eσ

γ , the expected total dis-
counted reward of the policy. Furthermore, let ΠMD denote the set of MD policies. Then
the unique fixed point of the Bellman optimality operator Emax

γ (v) := maxσ∈ΠMD Eσ
γ (v)

is the maximum possible reward Emax
γ . Since the operator is a contraction mapping,

repeated application to any initial value estimate yields a sequence that converges to
Emax
γ . In our formal proofs, we follow the structure of the textbook exposition by Put-

erman [134].

Verified Dynamic Programming Algorithms Value iteration is a standard algo-
rithm for computing the maximum value Emax

γ of an MDP. It directly implements a
fixed point iteration of the Bellman optimality operator Emax

γ , which converges to Emax
γ .

The iteration continues until the maximum difference between two consecutive value
estimates at any state falls below an error bound derived from the error threshold ϵ > 0.
At that point, we return a policy that achieves the maximum in the definition of Emax

γ .
We formally prove that this policy is ϵ-optimal, i.e. its value differs from Emax

γ by at
most ϵ at every state.

We also formalize Gauss-Seidel value iteration, a variant of value iteration that updates
value estimates in-place. This in-place update often speeds up convergence. Our formal

1Our work is available online: https://github.com/schaeffm/mdps-isabelle-hol
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convergence proof of the algorithm closes a gap in the textbook argument [145, Thm. 3]:
the proof by Puterman [134] assumes, without justification, that the maximum in the
Gauss-Seidel variant of Emax

γ is attained by a single σ ∈ ΠMD across all states. We
formally construct such a policy and validate the proof in Isabelle/HOL.

Policy iteration follows a different approach: rather than estimating Emax
γ directly,

it successively evaluates and improves a candidate policy. For the evaluation phase,
we compute the value function by solving a system of linear equations, using a verified
implementation of the Gauss-Jordan algorithm [151]. Next, we improve the policy based
on Emax

γ , similar to value iteration. This process continues until convergence to an
optimal policy.

Finally, modified policy iteration is a hybrid approach that avoids exact policy evalu-
ation. Instead, it approximates the value of a policy by applying the Bellman operator
a fixed number of times between policy improvements.

We extract executable code from our formalizations in Isabelle/HOL for all of the
algorithms described above, as well as the backward induction procedure for finite-
horizon problems. These implementations rely on exact arithmetic: probabilities and
rewards are represented using rational numbers, implemented as fractions of integers.
For data structures such as sets, mappings, and MDP representations, we adopt a locale-
based approach. We define locales to specify abstract interfaces of data structures and
instantiate them with concrete implementations. In Isabelle/HOL, this design allows
multiple different implementations to coexist for the same abstract type.

Experimental Evaluation We experimentally evaluate the scalability of our verified
algorithms using benchmarks from the probabilistic track of the IPC 2018 planning com-
petition. The experiments show that our verified implementations using exact arithmetic
scale to problems with up to hundreds of thousands of states.

Among the verified algorithms, standard value iteration proves to be the most efficient
in practice. Although the Gauss-Seidel variant converges faster in theory, the in-place
updates lead to larger fractions in the value vectors, which negatively impacts perfor-
mance. Policy iteration delivers exact solutions but scales less favorably, as it requires
solving a system of linear equations in each iteration. This becomes a computationally
expensive task for larger systems.

Based on these findings, we implement a certification-based approach to improve prac-
tical performance. Since value iteration converges from every initial value estimate, the
algorithm can be hot-started using approximate solutions from unverified solvers. We
therefore propose to compute an approximate value with a floating-point implementa-
tion, then use our verified implementation to refine and certify the result. If the floating-
point solution is inaccurate due to rounding errors, additional iterations are performed
to meet the desired error threshold. Our verified certificate checker can also be used to
validate exact value vectors.

MDP Library by Hölzl In Isabelle/HOL, an existing formalization of MDPs has
been developed by Hölzl [83]. However, due to technical considerations, our definition of
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1 locale MDP =
2 fixes Act :: ′s ⇒ ′a set
3 and P :: ′s × ′a ⇒ ′s pmf
4 assumes
5 Act_ne:

∧
s. Act s ̸= ∅

1 locale MDP =
2 fixes K :: ′s ⇒ ′s pmf set
3 assumes
4 K_wf:

∧
s. K s ̸= ∅

Figure 4.2: Comparison of the two definitions of MDPs in Isabelle/HOL. We contrast our def-
inition of MDPs with labelled actions on the left with Hölzl’s definition of MDPs
with unlabelled actions on the right. For the latter, the transition distributions and
action sets are unified in a single function K, the transition kernel.

MDPs with rewards is not based directly on this prior work. Our formalization differs
from that of Hölzl in several important ways. A comparison of the two definitions is
shown in Figure 4.2.

First, our definition supports uncountable state spaces and stochastic action choice,
making it more general. This added expressiveness allows us to follow standard text-
book presentations of MDP algorithms, which often rely on the concept of randomized
policies—policies that select actions probabilistically. Such policies sometimes simplify
the proofs of properties like the optimality of memoryless policies [134].

Hölzl models the transition kernel—the transition probabilities—as a function from
states to sets of probability distributions over states; effectively actions are unlabelled.
In contrast, we model the action sets explicitly: the transition kernel maps state-action
pairs to probability distributions. This design choice simplifies implementation tasks,
such as parsing system models with labelled actions. It also avoids special handling
for semantically distinct actions that have the same transition probabilities but yield
different rewards.

On the other hand, the original formalization offers advantages in terms of simplicity.
Encoding all behavior into a single object can lead to more concise proofs with fewer
indirections. Moreover, Hölzl does not use policies, but rather configurations to describe
the action selection. A configuration combines the MDP and the policy in a single entity
that can be interpreted directly as a Markov chain. It remains future work to merge
these two approaches into a unified and general formalization of MDPs in Isabelle/HOL.

4.1.2 Approximate Planning for Factored MDPs
If we attempt to solve large-scale MDPs using the algorithms described in Section 4.1.1,
we quickly encounter the curse of dimensionality: for many systems, the number of
states grows exponentially with respect to the size of a compact description of the MDP.
To illustrate this, consider again the grid world example from Figure 4.1. For a grid
of size m × n, the state space consists of m · n states. Yet the environment itself can
be concisely described using only two integers to specify the grid size, and two pairs of
integers to identify the positions of the obstacle and goal states.
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Scaling formally verified MDP algorithms to large systems can be approached in ways
beyond representing the state space more compactly. In this thesis, we employ three
orthogonal strategies: 1) we develop verified implementations that use efficient floating-
point arithmetic (see Section 4.2.1), 2) we certify or validate results produced by highly
optimized, unverified implementations (see Section 4.2.2), and 3) we exploit structural
regularities present in large-scale MDPs.

In the following, we focus on the latter two strategies, and present a verified imple-
mentation of approximate policy iteration (API) for factored MDPs [63], i.e. MDPs
in which the state space, transition function and reward function are described with a
compact, structured representation. This work is detailed in Core Publication 2 and the
accompanying Isabelle/HOL formalization.2

Factored MDPs As a first step, we formalize the model of factored MDPs, as intro-
duced by Guestrin et al. [63], in Isabelle/HOL. Factored MDPs offer a compact repre-
sentation of MDP by structuring both the state space and the transition and reward
functions. In practice, a variety of modeling languages support such representations,
including PRISM [108], JANI [36], and PPDDL [164]. A potential extension of our work
is to define formal semantics for these languages, which could serve as the foundation
for fully verified solvers. On the implementation side, large MDPs are often represented
using decision diagrams, which enable efficient computation [79].

In the model proposed by Guestrin et al., the state space is defined as a product of
individual state variables, each of which can take on a finite number of integral values.
For example, in the grid world scenario, the state space can be modeled as a product of
the robot’s possible x and y coordinates.

The transition and reward functions are constructed from a combination of scoped
functions. Each scoped function only observes a small subset of the state variables,
which allows for a smaller description. To further compress the description, each MDP
includes a default action, which captures the natural evolution of the system when no
specific action is taken. For instance, in a variant of the grid world, the robot’s future
x coordinate might depend only on its current x value. Therefore it is unnecessary to
consider the y coordinate for that part of the model.

In Isabelle/HOL, we implement a library for scoped functions and use it to define the
transition and reward structure of factored MDPs. We then connect our definition of
factored MDPs to the existing formalization of tabular MDPs introduced in Section 4.1.1.
This connection allows us to reuse our analysis of expected total discounted rewards in
the factored MDP setting. Additionally, we increase confidence in our definitions by
relating them to an existing verified representation of MDPs.

Approximate Policy Iteration Building on our library of factored MDPs in Is-
abelle/HOL, we define the approximate policy iteration (API) algorithm for factored
MDPs. API is an approximate variant of policy iteration that incrementally improves a
candidate policy. Each iteration consists of three phases: approximate policy evaluation

2Our work is available online: https://github.com/schaeffm/fmdp_isabelle
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Approximate Policy Iteration

Policy Improvement Policy Evaluation

Branch LP

Factored LP

LP Certification

Factored Bellman Error

Branch Error

Variable Elimination

Figure 4.3: Overview of the API algorithm and its subprocedures. The term branch refers to
the individual components of a decision list policy.

using linear programming, policy improvement, and computation of the Bellman error.
The Bellman error is defined as the maximum difference between a value estimate v and
the result of applying the Bellman optimality operator Emax

γ (v) across all states. The
algorithm terminates when the Bellman error falls below a predefined threshold or the
policy converges. While API does not offer a priori optimality guarantees, we can derive
suboptimality bounds upon convergence.

During the policy evaluation phase, the value of the current policy is approximated
using a predefined set of basis functions. These basis functions are domain-specific and
are designed to strike a balance between expressiveness and computational efficiency. On
one hand, their linear combination should closely approximate the true value function,
on the other, each basis function should have a small scope, i.e. depend only on a
limited subset of state variables. The value function is expressed as a linear combination
of these basis functions. Linear programming is used to optimize the associated weights
and minimize the approximation error.

Policies in API are represented as decision lists, which are ordered lists of state patterns
paired with corresponding actions. The agent selects the first pattern in the list that
matches the current state and executes the associated action. In the policy improvement
phase, the decision list is updated based on the newly computed weights.

In the final phase, we compute the Bellman error of the current policy, which measures
the difference between the current value function and the result of applying the Bellman
operator to it. This error serves as a stopping criterion: once it drops below a specified
threshold, the algorithm halts. We formally verify a variable elimination procedure that
computes the Bellman error efficiently, without an explicit enumeration of the entire
state space.

Methodology API relies on a complex hierarchy of subprocedures, including variable
elimination, linear program construction and solving, and policy improvement. We
implement the algorithm in a modular fashion using Isabelle/HOL locales to structure
the development. An overview of the algorithm and its subcomponents is shown in
Figure 4.3.
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Each subprocedure is implemented as a locale that assumes the existence of its de-
pendencies and their adherence to a specification. This modular structure enables us to
reason about correctness locally within each component and prepares the subprocedures
for reuse in other contexts. We use the hierarchy of locales consistently in both the
abstract proofs and during the code generation phase.

To solve linear programs (LPs) in a trustworthy manner, we adopt a certificate-
checking approach in our verified implementation. While we rely on exact but unverified
solvers to compute LP solutions, these results are validated using a formally verified
checker. The certification is based on the duality theorem of linear programming, which
implies that an optimal dual solution can certify the optimality of the corresponding
primal solution. We implement a general-purpose, verified LP certificate checker in Is-
abelle/HOL that is not specific to MDPs and can be reused across verification projects.
Currently, we support the exact LP solvers SoPlex [35] and QSopt_ex [10] as backends.

We evaluate our implementation on computer network models used in the original
presentation of the algorithm [63]. Our results show that verified API with exact arith-
metic scales to systems with up to 1012 states, several orders of magnitude larger than
the 105 states handled by the verified tabular algorithms discussed in Section 4.1.1.
The primary bottleneck lies in the exact LP solvers, which struggle to solve the linear
programs generated from even larger instances [144, Table 1].

4.2 Probabilistic Model Checking
In artificial intelligence applications of MDPs—such as planning and reinforcement
learning—MDPs serve as models of the environment and the behavior of an agent.
The objective is to identify a policy that optimizes a specific goal, such as maximizing
rewards or minimizing costs. Another key application domain for MDPs is the verifica-
tion of probabilistic systems, specifically through probabilistic model checking (PMC).
In this setting, MDPs are used to model the behavior of systems, protocols, or proba-
bilistic programs, with the goal of verifying system properties. Compared to planning,
in PMC we often require a subtly different interpretation of the MDP: actions represent
non-deterministic branching within the system, while transition probabilities capture
stochastic behavior, such as potential failures.

PMC has been applied to the analysis of wireless communication protocols [98],
network-on-chip architectures [139], and models of system reliability and performance [16].
In these applications, PMC is used to answer questions regarding the system’s perfor-
mance, reliability, and safety. These questions are typically answered by probabilistic
model checkers, which reduce the problem to computing an expected total reward or the
reachability probabilities of certain sets of states. However, since model checkers are
complex, human-engineered software systems, the correctness of their results cannot be
taken for granted. Reported sources of errors include: (i) implementation bugs, (ii) un-
sound algorithms [64], (iii) numerical inaccuracies due to floating point arithmetic [70],
and (iv) errors in third-party libraries such as LP solvers [72]. While partial mitigation

25



4 Formally Verified Algorithms for Markov Decision Processes

strategies exist—such as extensive testing, the use of exact arithmetic, or certificate
checkers for LP solutions (see Section 4.1.2)—these issues remain critical.

In this line of work, based on Core Publication 3 [103] and Core Publication 4 [38], we
present two complementary contributions to the verification of PMC, both designed to
address the aforementioned issues. First, we provide a formally verified floating-point
implementation of the interval iteration algorithm for computing reachability probabil-
ities in MDPs [64]. Second, we introduce an efficient certification approach for verifying
the results of probabilistic model checkers using fixed point certificates. We formally
prove the soundness of these certificates in Isabelle/HOL and develop a formally verified
checker for the certificates that can be used to validate the results of unverified model
checkers.

These two techniques, certificate checkers and verified implementations, offer distinct
strengths. Certificate checkers are generally simpler to implement and verify, and they
can be used by independent third parties to validate results. Verified implementations,
on the other hand, provide stronger correctness guarantees and avoid the potentially
costly step of generating certificates.

4.2.1 Verified Interval Iteration with Floating-Point Arithmetic
The value iteration algorithm is a popular and efficient solution method, not only in
the context of probabilistic planning (Section 4.1.1), but also in probabilistic model
checking, where it is used to compute reachability probabilities. However, the standard
stopping criteria used in value iteration have been shown to be insufficient for PMC
applications [64]. Specifically, even when the value estimates seem to stabilize and
change by less than small threshold, the results may still deviate significantly from the
true value.

The interval iteration algorithm [64] was proposed to address this soundness issue of
value iteration when computing reachability probabilities in MDPs. It can be applied
to compute both maximum and minimum reachability probabilities to a given target
set T . For the maximum case, Pmax(♢T ) represents the probability of reaching T under
a strategy that maximizes the chance of doing so. Conversely, Pmin(♢T ) denotes the
probabilities when the agent actively tries to avoid the target set.

In this section, based on Core Publication 3 [103], we present our formally verified
floating-point implementation of the interval iteration algorithm.3 The key idea of in-
terval iteration is to execute two instances of value iteration in parallel. One starts with
an initial value of zero for all non-target states and produces a sequence of lower bounds.
The other instance starts from one, computing upper bounds. At every iteration, the
true reachability probability is contained between these two bounds. This ensures that
the error is at most the size of the interval, and the stopping criterion becomes trivial:
we terminate once the interval is smaller than a given tolerance.

Importantly, interval iteration can be implemented with floating-point arithmetic,
retaining formal guarantees on the results. Even in the presence of numerical error,

3Our work is available online: https://doi.org/10.4121/bf0fef24-4f0f-4de6-a58d-07b9ba601804
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Iterations

lbf
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Pmin(♢T )

Figure 4.4: Illustration of a typical run of the interval iteration algorithm, focusing on a single
state. The dashed line represents the true reachability probability. The solid inner
lines (ub, lb) show the iterates of exact interval iteration. The solid outer lines
(ubf , lbf ) denote the corresponding floating-point iterates using directed rounding.
Adapted from Kohlen et al. [103, Fig. 4].

sound bounds can be obtained by applying directed rounding, i.e. always rounding down
for lower bounds and rounding up for upper bounds [70]. We illustrate the behavior of
interval iteration on a representative example in Figure 4.4.

Isabelle/HOL Formalization We define interval iteration in Isabelle/HOL and for-
mally prove its soundness and convergence. Our development builds on the formal library
of MDPs by Hölzl [83], which includes an analysis of reachability properties. In this sec-
tion, we focus on computing maximum reachability probabilities, though the similar case
for minimum probabilities is also supported in our formalization. Both value iteration
instances in interval iteration—the lower and upper bound computations—repeatedly
apply the Bellman operator Bmax : (S → [0, 1]) → (S → [0, 1]) to an initial upper and
lower bound:

Bmax(v)(s) =

1 if s ∈ T,

max
a∈Act(s)

∑
s′∈S

P (s, a, s′) · v(s′) if s ∈ S \ T.

Unlike the discounted Bellman operator Emax
γ , the operator Bmax does not necessarily

have a unique fixed point. As a result, the fixed point iteration may converge to a
spurious fixed point that is not the least fixed point Pmax(♢T ) of the Bellman operator.
This issue arises due to the presence of maximal end components (MECs) in the MDP:
maximal subsystems that the process never needs to leave once entered. Within certain
MECs, states can mutually support value estimates that are too high.

To address this, interval iteration operates on reduced MDPs, in which problematic
MECs have been removed. The reduction process involves collapsing each MEC into
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a single state and eliminating specific classes of MECs depending on the reachability
probabilities being computed.

We formalize these reductions in Isabelle/HOL for both minimum and maximum reach-
ability probabilities. Our proofs establish that the preprocessing is sound, i.e. the
reachability probabilities in the reduced MDP are identical to those in the original.
Moreover, we refine the existing pen-and-paper proofs [64]: in the original proof, the
authors vaguely state that the reduced and original versions have corresponding poli-
cies with equal reachability probabilities, while we reason rigorously via finite-horizon
reachability probabilities.

For reduced MDPs, we prove that interval iteration converges to the correct fixed
point. The convergence rate depends on the smallest probability in the MDP. We follow
the proof strategy by Haddad and Monmege [64] and show that in a reduced MDP, every
action has a non-zero chance of moving the system either towards the target or towards
a sink state from which the target is unreachable.

Efficient Implementation In Core Publication 3, we refine the abstract interval
iteration algorithm into an efficient floating-point implementation using the Isabelle Re-
finement Framework (IRF). The IRF structures and partially automates the process of
generating efficient code from formalized algorithms in Isabelle/HOL [110].

As a first step, we extend the IRF to support proving bounds on floating-point com-
putations with directed rounding. Our goal is to compute floating-point upper bounds
for the upper-bounding instance and lower bounds for the lower-bounding instance of
the interval iteration algorithm. This allows us to conclude that the true reachability
probabilities lie within the interval formed by these two floating-point bounds. Such
guarantees are achieved by using directed rounding modes: rounding down when com-
puting lower bounds and rounding up for upper bounds.

Based on this extension, we generate efficient LLVM code from the formalization. The
resulting implementation performs floating-point computations using directed rounding,
while preserving the formal guarantee that the true reachability probabilities are con-
tained in the computed interval. However, since floating-point arithmetic introduces
approximation, convergence to the true reachability probabilities cannot be formally
proven directly with this approach and must instead be established experimentally.

Our experimental results show that the verified implementation performs competi-
tively with the unverified implementation of the same algorithm in mcsta [71], evaluated
on benchmark models from the Quantitative Verification Benchmark Set [74]. In all in-
stances, the target error bound of 10−6 was successfully achieved using directed rounding.
While this technique may increase the number of required iterations in some cases, the
overall impact on performance is negligible [103, Fig. 5].

Currently, MDP reduction is not part of the verified implementation, as the sound-
ness of the interval iteration algorithm is preserved even on unreduced MDPs. Proving
formal convergence guarantees in the floating-point setting remains future work. This
would require two main extensions: extending the IRF with facilities for reasoning about
floating-point rounding errors, and integrating the MDP reduction directly into the ver-
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Figure 4.5: An MDP with three states and two actions (solid and dashed edges, respectively),
uniform probabilities, and a target set T = {s2}. The annotations next to the
states are certificates for upper bounds on minimum (top left), upper bounds on
maximum (top right), lower bounds on minimum (bottom left), and lower bounds on
maximum (bottom right) reachability probabilities. On the right, we demonstrate
the verification of the certificates (for s0 only; similar inequalities have to be checked
for the other states as well). Since all certificates are valid we may deduce that
1
3 ≤ Pmax

s0 (♢T ) ≤ 2
3 , the exact value is Pmax

s0 (♢T ) = 1
2 .

ified implementation. For the latter, an efficient and formally verified implementation
of MEC decomposition is already available in Isabelle/HOL [75, 76].

4.2.2 Fixed-Point Certificates
In Core Publication 4 [38], we introduce a certificate generation and checking approach
for probabilistic model checkers.4 Our certificates for MDP model checking are both
simple and efficient to validate using a formally verified checker. Validation relies only
on state-local checks, so we require no graph-theoretic reasoning during the verification
phase. In addition to being straightforward to check, the certificates are also easy to
generate in model checkers, with only modest overhead. All certificate formats are both
sound and complete: they provide valid certificates for the corresponding properties, and
the exact value of the property can be certified. The certificates cover both minimum
and maximum reachability probabilities, as well as minimum and maximum expected
total rewards. For reachability analysis, we support certificates for both qualitative and
quantitative properties.

To illustrate the core challenges in designing sound and complete certificates, we use a
simple MDP example shown in Figure 4.5. The goal is to reach the target set T = {s2}.
In this case, the minimum reachability probabilities are Pmin(♢T ) = (0s0 , 0s1 , 1s2) using
the dashed action at s0, whereas the vector of maximum reachability probabilities is
Pmax(♢T ) = (12 s0 , 0s1 , 1s2).

4Our work is available online: https://zenodo.org/records/14626586
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Certificates for Upper Bounds The optimal reachability probabilities Popt(♢T ) for
opt ∈ {min,max} can be characterized as the least fixed point of the Bellman operator
Bopt, defined in Section 4.2.1. The Bellman operator is monotonic on the complete
lattice (S → [0, 1]) with the point-wise order ≤. By elementary fixed point theory, Bopt

has the least fixed point

lfpBopt = inf{v : S → [0, 1] | Bopt(v) ≤ v} = Popt(♢T ).

Certificates for upper bounds require no additional information. If a value vector v
satisfies Bopt(v) ≤ v, it directly follows that v is an upper bound on the true reachability
probabilities: Popt(♢T ) ≤ v.

Certificates for Lower Bounds Certifying lower bounds is more complex than cer-
tifying upper bounds. The condition Bopt(v) ≥ v alone is not sufficient to conclude
that Popt(♢T ) ≥ v, because the Bellman operator may have multiple fixed points. For
example, consider the case of Pmin(♢T ) in Figure 4.5: the value vector v = (1s0 , 1s1 , 1s2)
satisfies Bmin(v) ≥ v, yet it is clearly not a valid lower bound.

To rule out such cases, we must ensure that states capable of avoiding the target set
indefinitely are assigned zero probability in the value vector. To this end, we employ a
ranking function r : S → N. Intuitively, the ranking function encodes a distance to the
target states under a policy that attempts to avoid the target for as long as possible.

We verify the correctness of the ranking function through a check analogous to the one
used for upper bounds on reachability: it must be an upper bound on the true distances.
Additionally, we require that only states with finite rank may be assigned a non-zero
probability in the value vector. The formal definition of the ranking function and the
associated checks are provided in the original publication [38].

Certificates for lower bounds on Pmax(♢T ) introduce an additional complication. Con-
sider the value function (1s0 , 0s1 , 1s2) with ranking (1s0 ,∞s1 , 0s2). Although they pass
the checks introduced above, the value function is not a valid lower bound for Pmax(♢T ).
The issue is that state s0 can support its own value by looping via the dashed action.
However, to actually reach the target, it must eventually take the solid action, which
causes a loss in probability mass. To address this, we refine the distance to the target
set: it is computed using only actions that do not decrease the probability of reaching
the target. In the example, this excludes the solid action. As a result, the distance from
s0 to the target becomes infinite, invalidating the certificate.

Certificates for Rewards We also provide and formally verify certificates for expected
total reward problems. These build upon certificates for qualitative reachability, where
the goal is to determine whether a target state is reachable with probability one (almost
surely) or with non-zero probability. A key contribution is the certificate for non-almost
sure reachability. The corresponding soundness and completeness proofs are non-trivial
and require subtle reasoning [38, Proposition 2].
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Isabelle/HOL Formalization All certificates presented in Core Publication 4 are
sound and complete. We formalize the fixed point certificates in Isabelle/HOL. While
we formally prove soundness for all certificate formats, completeness for the non-almost
sure reachability certificates is left as future work. However, this property is also not
required for validating certificates with a formally verified checker.

Our verified certificate checker builds upon the formalization of MDPs by Hölzl, who
had previously verified similar certificates for upper bounds on maximal reachability
and lower bounds on minimal probabilities [83]. From our formalization, we generate
executable code that can be used to automatically check certificates for reachability and
reward properties.

Experimental Evaluation We extend the probabilistic model checker Storm [79] with
support for generating our fixed point certificates. In doing so, we ensure that the com-
puted reachability probabilities are produced in a way that passes the formal certificate
checks. For example, lower-bound certificates require that applying the Bellman operator
increases the value vector at every state.

There are multiple approaches for computing such value vectors. Exact algorithms
using rational arithmetic, such as policy iteration or linear programming, provide strong
guarantees but incur higher computational cost. Alternatively, more efficient approx-
imate algorithms like interval iteration with directed rounding can be used (see Sec-
tion 4.2.1). However, these algorithms may not always yield valid certificates: for in-
stance, not every upper bound is a post fixed point of the Bellman operator. The ranking
functions required for lower-bound certificates can be computed using value iteration.

We evaluate the performance of certificate generation and checking on a broad set of
benchmarks, including the Quantitative Verification Benchmark Set (QVBS) [74]. Our
experiments show that certificate generation using policy iteration typically incurs an
overhead of less than a factor of two. The verified certificate checker is able to validate
certificates for systems with up to 106 states in under 30 s.

When scaling to larger systems, the main bottleneck is the parsing of certificates into
the verified checker. Currently, certificates are stored in plain-text format. As future
work, we plan to adopt a compact binary format to reduce both certificate size and
parsing time.
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5 Conclusion

In this thesis, we have presented a suite of formally verified algorithms for MDPs. These
algorithms span a broad spectrum of MDP-related problems, including both finite hori-
zon and infinite horizon scenarios in probabilistic planning, as well as the computation of
reachability probabilities and expected rewards in probabilistic model checking. Our con-
tributions are diverse not only in terms of the algorithms we verified but also in the verifi-
cation techniques employed and the classes of errors we targeted. The core methodology
relies on the Isabelle/HOL proof assistant and its code generation capabilities. Through-
out our work, we explored and contrasted numerous verification techniques—such as
certificate checking, directed rounding and exact arithmetic—alongside refinement ap-
proaches and the generation of imperative or functional code.

Our results highlight Isabelle/HOL as a highly suited environment for the verification
of MDP algorithms. Key enablers include the libraries available in the AFP, powerful
automated proof tools and features such as locales, which support modular development
of large-scale formalizations. Our findings demonstrate that the mechanization of algo-
rithms not only deepens our understanding of their properties but also yields correctness
proofs that are more precise. Additionally, using ITPs early on during the design of new
algorithms, as we did in this thesis, leads to a more efficient and less error-prone process.

We addressed the four sources of errors in MDP software identified in the introduc-
tion. Algorithmic errors, such as the unsound stopping criterion of value iteration, can
be eliminated by formally verifying the algorithms themselves. To mitigate implementa-
tion errors, we verified executable versions of our algorithms. Additionally, third-party
libraries are often used in MDP software, and their correctness is not guaranteed. In
this context, certificate checkers can be used to detect bugs in unverified components—
such as LP solvers—which we demonstrate with a formally verified certificate checker
for linear programming solutions. Finally, we tackled rounding errors in floating-point
arithmetic by employing directed rounding.

We also demonstrated that implementations based on exact arithmetic can achieve
practical performance, particularly in the context of certificate checking. Overall, our
work shows that using ITPs for the verification of MDP algorithms is not only feasible but
also significantly enhances the reliability of probabilistic model checking and planning
software.

Future Work We aim to extend the methodology developed in this thesis to the
formalization of more complex probabilistic systems, such as partially observable MDPs,
continuous MDPs, and stochastic games. Beyond modeling more expressive systems,
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5 Conclusion

we also plan to study richer classes of properties, e.g. specifications expressed in linear
temporal logic. Additionally, the technique of directed rounding has potential for broader
application, and may be used to devise efficient implementations of further numeric
algorithms within Isabelle/HOL.

Another important direction of future work is the elimination of preprocessing errors
from MDP software. This involves the formal specification of modeling languages for
MDPs, as well as the formalization of the transformations required to convert models into
representations suitable for efficient computations. Along similar lines, the development
of efficient, formally verified parsers for MDP models would be a valuable addition to
our pipeline.

Finally, we outline a roadmap to facilitate the practical adoption of our verified algo-
rithms in the probabilistic model checking and planning communities. To gain broader
acceptance for verified software, future efforts should prioritize efficient implementations
that can serve as drop-in replacements for the equivalent unverified code, or develop cer-
tifying algorithms that require minimal changes to existing software. In particular, we
aim to support the adoption of certificate-based validation in PMC and planning com-
petitions, requiring unverified software to produce machine-checkable proofs of their
results.
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6 Publications

This chapter provides summaries of the publications on which this dissertation is based.
For each publication, my own contributions are explicitly highlighted. The original ver-
sions of the publications are included in the appendix.

Core Publication 1 (Factor of core: 1, sole first author)
Maximilian Schäffeler and Mohammad Abdulaziz. “Formally Verified Solution Methods
for Markov Decision Processes.” In: AAAI Conference on Artificial Intelligence. Vol. 37.
12. AAAI Press, 2023, pp. 15073–15081. doi: 10.1609/aaai.v37i12.26759

Core Publication 2 (Factor of core: 1, sole first author)
Maximilian Schäffeler and Mohammad Abdulaziz. “Formally Verified Approximate Pol-
icy Iteration.” In: AAAI Conference on Artificial Intelligence. Vol. 39. AAAI Press,
2025. To appear.

Core Publication 3 (Factor of core: 0.5, two first authors)
Bram Kohlen, Maximilian Schäffeler, Mohammad Abdulaziz, Arnd Hartmanns, and Pe-
ter Lammich. “A Formally Verified IEEE 754 Floating-Point Implementation of Interval
Iteration for MDPs.” In: Computer Aided Verification. Lecture Notes in Computer Sci-
ence. Springer, 2025. To appear.

Core Publication 4 (Factor of core: 0.17, six first authors)
Krishnendu Chatterjee, Tim Quatmann, Maximilian Schäffeler, Maximilian Weininger,
Tobias Winkler, and Daniel Zilken. “Fixed Point Certificates for Reachability and Ex-
pected Rewards in MDPs.” In: Tools and Algorithms for the Construction and Analysis
of Systems. Lecture Notes in Computer Science. Springer, 2025. To appear.
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6 Publications

6.1 Core Publication 1

Formally Verified Solution Methods for
Markov Decision Processes

Maximilian Schäffeler, Mohammad Abdulaziz

Summary We formally verify executable algorithms for solving Markov decision pro-
cesses (MDPs) using the interactive theorem prover Isabelle/HOL. As a first step, we
develop a formal library of MDPs with rewards, building on existing formalizations of
probability theory in Isabelle/HOL and the author’s master’s thesis. Our analysis focuses
on the expected total reward criterion for both finite- and infinite-horizon problems.

The core of our formal analysis is the Bellman optimality operator: We formally
prove that its unique fixed point equals the optimal value of the MDP. Based on these
results, we verify several standard algorithms for solving MDPs, including backward
induction, value iteration, policy iteration, and the variants Gauss-Seidel value iteration
and modified policy iteration. Our formal convergence proof for the Gauss-Seidel variant
fills a gap left in the textbook proof.

We extract executable code from our formalization for all algorithms. To maintain
soundness guarantees, all implementations operate over exact arithmetic. We experimen-
tally evaluate the scalability of the verified solvers on standard benchmarks problems.
These experiments demonstrate that the verified implementations scale to MDPs with
hundreds of thousands of states. Among the verified algorithms, standard value iteration
proves to be the most efficient. Hence, we propose an architecture to combine perfor-
mance with formal guarantees: we pair the verified implementation of value iteration
with unverified floating-point planning software. The unverified implementation com-
putes a preliminary solution, which is subsequently refined and validated by the verified
solver.

Author Contributions M.S. formalized the algorithms in Isabelle/HOL, performed
the formal proofs, generated verified code, and drafted the majority of the paper. M.A.
conceived the idea of formally verifying MDP algorithms, performed the benchmarks,
and contributed to writing the manuscript. M.S. is the sole first author of this publica-
tion.

© 2023. Reproduced with permission from the Association for the Advance-
ment of Artificial Intelligence (AAAI):
Maximilian Schäffeler and Mohammad Abdulaziz. “Formally Verified Solution Methods
for Markov Decision Processes.” In: AAAI Conference on Artificial Intelligence. Vol. 37.
12. AAAI Press, 2023, pp. 15073–15081. doi: 10.1609/aaai.v37i12.26759
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6 Publications

6.2 Core Publication 2

Formally Verified Approximate Policy Iteration

Maximilian Schäffeler, Mohammad Abdulaziz

Summary We present a methodology based on interactive theorem proving that fa-
cilitates the development of verified implementations of algorithms for solving factored
Markov decision processes (MDPs). In this work, we focus on the scalability of MDP
planning algorithms. As a case study, we formally verify an algorithm for approximate
policy iteration (API) in the proof assistant Isabelle/HOL.

Factored MDPs provide a compact representation of MDPs through structured rep-
resentations of the state space, as well as the transition and reward functions. As a first
step, we formalize a model of factored MDPs in Isabelle/HOL. In this model, transition
and reward functions are built from simple components, each of which only observes a
subset of the state variables. We also connect this formalization of factored MDPs to
our formalization of explicit MDPs.

Based on this foundation, we implement the API algorithm for factored MDPs. API
is an iterative method derived from policy iteration that incrementally improves a can-
didate policy. Each iteration consists of three phases: approximate policy evaluation via
linear programming, policy improvement, and Bellman error computation. We formally
derive an a posteriori bound on the suboptimality of the resulting policy.

We refine the verified algorithm into an executable implementation. As part of this
process, we develop verified software for certifying linear programming solutions. We
evaluate our implementation on benchmark problems, demonstrating that verified API
scales to systems with up to 1012 states. The remaining primary scalability bottleneck
of the verified implementation lies in the use of the exact linear programming solvers.

Author Contributions M.S. formalized the algorithms in Isabelle/HOL, performed
the formal proofs, generated verified code, performed the benchmarks, and drafted the
majority of the paper. M.A. conceived the idea of formally verifying approximate pol-
icy iteration, and contributed to the manuscript. M.S. is the sole first author of this
publication.

© 2025. Reproduced with permission from the Association for the Advance-
ment of Artificial Intelligence (AAAI):
Maximilian Schäffeler and Mohammad Abdulaziz. “Formally Verified Approximate Pol-
icy Iteration.” In: AAAI Conference on Artificial Intelligence. Vol. 39. AAAI Press,
2025. To appear.
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6.3 Core Publication 3

A Formally Verified IEEE 754 Floating-Point
Implementation of Interval Iteration for MDPs

Bram Kohlen, Maximilian Schäffeler, Mohammad Abdulaziz,
Arnd Hartmanns, Peter Lammich

Summary We present an efficiently executable, formally verified implementation of
interval iteration for Markov decision processes (MDPs). Our correctness proofs span
the entire development pipeline, from high-level abstract semantics of MDPs down to
a low-level implementation in LLVM, based on floating-point arithmetic. Using the Is-
abelle/HOL proof assistant, we verify the convergence of our formal definition of interval
iteration, along with the preprocessing transformations required to ensure the algorithm’s
convergence. Our formal definitions and proofs of correctness are conceptually simpler,
yet more precise than those found in existing literature.

We employ stepwise refinement to derive an efficient LLVM-based implementation of
interval iteration. To that end, we extend the Isabelle Refinement Framework with the
ability to reason about floating-point arithmetic and directed rounding modes. The ex-
tension enables reasoning about a subset of floating-point operations as sound upper and
lower bounds of their exact real-valued counterparts. Our approach requires no manual
reasoning about floating-point rounding errors. Finally, we experimentally evaluate our
implementation on standard benchmarks. The results show that verified interval iter-
ation is competitive with state-of-the-art tools for MDPs, while additionally providing
formal guarantees on the correctness of the results.

Author Contributions B.K. initiated the collaboration with M.S., both authors
drafted the majority of the manuscript together. M.S. formalized the interval itera-
tion algorithm and its preprocessing routines in Isabelle/HOL, and performed the for-
mal correctness proofs. B.K. extended the Isabelle Refinement Framework with support
for floating-point arithmetic and refined the abstract algorithm to LLVM. B.K. also
evaluated the algorithm on benchmark problems. M.A. and A.H. contributed to the
writing, with a focus on the introduction and related work. P.L. embedded the library
for floating-point arithmetic with the Isabelle Refinement Framework and contributed
to refining the manuscript.

© 2025. Reproduced with permission from Springer Nature:
Bram Kohlen et al. “A Formally Verified IEEE 754 Floating-Point Implementation of
Interval Iteration for MDPs.” In: Computer Aided Verification. Lecture Notes in Com-
puter Science. Springer, 2025. To appear.
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6.4 Core Publication 4

Fixed Point Certificates for Reachability and
Expected Rewards in MDPs

Krishnendu Chatterjee, Tim Quatmann, Maximilian Schäffeler,
Maximilian Weininger, Tobias Winkler, Daniel Zilken

Summary The possibility of errors in human-engineered formal verification software,
such as model checkers, poses a serious challenge to the reliability and trustworthiness
of these tools. In the past, both the algorithms used in probabilistic model checking and
their implementations have been sources of soundness issues. An established mitigation
strategy to this problem are certificates—lightweight, easy-to-check proofs of verification
results.

In this paper, we introduce novel certificates for probabilistic model checking of Markov
decision processes (MDPs). We focus on quantitative reachability, qualitative reachability
and expected reward properties. Our approach is conceptually simple and relies almost
exclusively on elementary fixed point theory. The certificates apply to arbitrary finite
MDPs and can be efficiently generated with minimal overhead using standard algorithms.

We formally verify the soundness of our certificates using the Isabelle/HOL proof assis-
tant and derive a formally verified certificate checker. Furthermore, we augment existing
algorithms in the probabilistic model checker Storm with the ability to produce these
certificates. We demonstrate the practicality of our approach by conducting the first
formal certification of reference results from the Quantitative Verification Benchmark
Set. Our approach is a contribution towards integrating certified verification results into
safety-critical systems and probabilistic model checking competitions.

Author Contributions M.W. and T.W. initiated the project, drafted the majority
of the manuscript and developed major parts of the theory together with D.Z.. T.Q.
focused on the implementation in Storm, the certificate generation, and the experimental
evaluation. T.Q. also introduced the complementary distance operator. K.C. provided
advice on extending the theory to more general settings. M.S. formalized the theory of
fixed point certificates in Isabelle/HOL, refining several proofs in the process and wrote
the section on the formalization. M.S. derived the verified executable certificate checker
from the formalization. The authors are listed in alphabetical order.

© 2025. Reproduced with permission from Springer Nature:
Krishnendu Chatterjee et al. “Fixed Point Certificates for Reachability and Expected
Rewards in MDPs.” In: Tools and Algorithms for the Construction and Analysis of
Systems. Lecture Notes in Computer Science. Springer, 2025. To appear.
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Abstract

We formally verify executable algorithms for solving Markov
decision processes (MDPs) in the interactive theorem prover
Isabelle/HOL. We build on existing formalizations of proba-
bility theory to analyze the expected total reward criterion on
finite and infinite-horizon problems. Our developments for-
malize the Bellman equation and give conditions under which
optimal policies exist. Based on this analysis, we verify dy-
namic programming algorithms to solve tabular MDPs. We
evaluate the formally verified implementations experimen-
tally on standard problems, compare them with state-of-the-
art systems, and show that they are practical.

Introduction
Despite the impressive advances in the capabilities of dif-
ferent types of AI systems, it is becoming clear that one
major hurdle to their wide adoption is the lack of trustwor-
thiness of these systems. This has prompted researchers to
study techniques to boost the trustworthiness of AI systems
in different areas, like machine learning (Selsam, Liang, and
Dill 2017; Katz et al. 2017), planning (Abdulaziz, Gret-
ton, and Norrish 2019; Abdulaziz and Lammich 2018), and
model-checking (Esparza et al. 2013). However, one of the
areas of AI where there is still a lot to be done regard-
ing trustworthiness is software for solving Markov decision
processes (MDPs). MDPs are models for systems where
a decision-maker selects actions with random outcomes to
maximize long-term rewards. Such systems with uncertainty
occur in wide-ranging areas, e.g. planning, reinforcement
learning, model checking, and operations research. Depend-
ing on the area, the questions one asks about the model
might be different, e.g. in planning the aim might be to find a
policy that chooses an action for a robot in every state, with
some optimality guarantees on the accrued rewards, while
in model-checking the aim might be, for instance, to find
what the expected delays of a real-time system are. Further-
more, a lot of safety-critical systems could be modeled as
MDPs, e.g. a policy (aka strategy) could be used to navi-
gate an autonomous vehicle. Like with other AI systems, for
such applications, it is strongly desirable to have trustworthy
programs to reason about and solve MDPs.

Copyright © 2023, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

A methodology with notable success in developing prov-
ably correct software involves the use of interactive theo-
rem provers (ITPs). Success stories of the use of ITPs to
develop trustworthy software include a formally verified OS
kernel (Klein et al. 2009), a verified compiler for C (Leroy
2009), and verified implementations of a multitude of algo-
rithms (Nipkow, Eberl, and Haslbeck 2020).

In this work, we study the application of ITPs to the de-
velopment of trustworthy software for reasoning about and
solving MDPs using iterative methods. However, using ITPs
to develop verified implementations of these iterative meth-
ods brings its own particular set of challenges, compared
to developing other types of verified algorithms. First, at a
mathematical level, formal proofs of correctness of MDP
solving algorithms in ITPs need a combination of diverse
and significantly non-trivial formal mathematical libraries
and concepts, e.g. probabilities, limits, (co)recursion, and
probabilistic transition systems. Second, at an implemen-
tation level, multiple challenges exist, e.g. should the al-
gorithm be implemented imperatively or functionally, what
kind of implementation of numerics should be used, etc.
Last, an even bigger challenge is the overall architecture of
the verified system: should it be a verified implementation of
an iterative method, or should we use an unverified system to
perform the computation and produce a certificate, which is
later validated using a formally verified certificate checker.

In addressing those challenges, multiple factors play in,
like the feasibility of the verification, the reusability of the
results, and the efficiency or practicality of the verified im-
plementation. Although previous authors (Vajjha et al. 2021;
Chevallier and Fleuriot 2021) have addressed the problem of
verifying iterative methods for MDPs using ITPs, all of them
focused on the abstract mathematical challenges.

In this paper, we comprehensively tackle all three chal-
lenges. At the abstract mathematical level, using the ITP Is-
abelle/HOL (Nipkow, Paulson, and Wenzel 2002) and fol-
lowing the exposition of Puterman (Puterman 1994), we de-
velop a general formalization of MDPs with rewards. Based
on that, we first formally prove correct the backward induc-
tion algorithm for finite-horizon MDPs. Second, for infinite-
horizon problems, we model four fundamental iteration-
based methods in Isabelle/HOL, namely, value iteration, pol-
icy iteration, modified policy iteration, and splitting-based
methods. We prove the correctness of all methods against
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a formal specification of expected total discounted reward.
Compared to previous attempts (Vajjha et al. 2021; Cheval-
lier and Fleuriot 2021), at a mathematical level, our formal-
ization is more reusable. We also show the correctness of
the algorithms against a simpler definition of expected total
discounted reward.

As our second contribution, we devise the first executable
verified implementations of the four algorithms of which we
are aware. In the process, we fix a mistake in a textbook
correctness proof of Gauss-Seidel value iteration. We ex-
perimentally evaluate our implementations of the four al-
gorithms on standard probabilistic planning problems and
show that they are practical. Our implementations use effi-
cient data structures and can solve planning problems with
millions of transitions.

Finally, we experimentally show that combining our veri-
fied infinite-horizon implementations with an unverified im-
plementation yields significant performance improvements.
In particular, we show that one can use a fast floating-point
implementation to perform all the iterations and then use the
formally verified implementation for the last iteration, effec-
tively having the best of both worlds. The formalization, our
verified implementation, and detailed benchmarks are avail-
able online.1

Background
Isabelle/HOL
An ITP is a program that implements a formal mathemati-
cal system, in which definitions and theorem statements are
written, and a set of axioms or derivation rules, using which
proofs are constructed. To prove a fact in an ITP, the user
provides high-level steps of a proof, and the ITP fills in
the details, at the level of axioms, culminating in a formal
proof. We performed the formalization in this paper using
the interactive theorem prover Isabelle/HOL (Nipkow, Paul-
son, and Wenzel 2002), a theorem prover for Higher-Order
Logic. Roughly speaking, Higher-Order Logic can be seen
as a combination of functional programming with logic. Is-
abelle/HOL supports the extraction of the functional frag-
ment to executable code (Haftmann and Nipkow 2007).

Isabelle is designed for trustworthiness: following the
Logic for Computable Functions (LCF) approach (Milner
1972), a small kernel implements the inference rules of
the logic, and, using encapsulation features of abstract data
types, it guarantees that all theorems are actually proved by
this small kernel. Around the kernel, there is a large set of
tools that implement proof tactics and high-level concepts
like algebraic data types and recursive functions. Bugs in
these tools cannot lead to invalid proofs, but only to error
messages when the kernel refuses a proof.

Probability Theory
Probability theory was formalized in Isabelle/HOL primar-
ily by Hölzl based on a library of measure theory (Hölzl
2013). Let Ω be the sample space of the probability space P .
We denote the expectation of a random variable X : Ω→ R

1https://github.com/schaeffm/mdps-isabelle-hol

by Eω∼P [X(ω)], it is defined via the Lebesgue integral. We
write P(Ω) for the set of all probability spaces over Ω.

Bounded Functions
Our formal analysis of MDPs makes use of bounded func-
tions. For a setX and a complete normed vector space V , the
space of bounded functions X →b V contains all functions
where the image of X is bounded w.r.t. the norm on V . We
define a pointwise addition and scaling operation, and a par-
tial order for bounded functions. The uniform norm makes
bounded functions a complete normed vector space.

The set of bounded linear functions V →L W be-
tween normed vector spaces consists of all linear trans-
formations that perform bounded scaling. For finite-
dimensional vector spaces, bounded linear functions cor-
respond to matrices. Equipped with the operator norm
‖A‖ := supv∈V ‖Av‖/‖v‖, bounded linear functions also
form a normed vector space. We formalize the following
closed-form formula for the geometric series of contractive
bounded linear functions, that is central to our analysis:

Theorem 1 (Puterman 1994, Corollary C.4). LetA : V →L

W with ‖A‖ < 1, then
∑
i∈NA

i = (1−A)−1.

Bounded linear functions are available in the Is-
abelle/HOL distribution as a subtype of the function type.
A type for bounded continuous functions is also present in
the library, which we generalize to bounded functions. In-
troducing special function types has the advantage that we
can then show that they are instances of several vector space
type classes (Haftmann and Wenzel 2006) and profit from
an existing library of theorems and overloaded notation for
vector spaces.

Markov Decision Processes
In this section we give an overview of our formalization of
the mathematical concepts needed for specifying the differ-
ent algorithms on MDPs and their correctness criteria. We
closely follow the exposition in (Puterman 1994, Chapters 2-
6). However, the most notable outcome of our formalization
is that we give a more explicit construction of the trace space
of the MDP and we also correct mistakes in the proofs.

Markov decision processes (Bellman 1957) model sys-
tems where an agent acts in an environment that exhibits
randomized behavior. The dynamics of MDPs evolve over
a succession of epochs, during each of which the agent ana-
lyzes the current state of the environment, chooses an action,
obtains a reward, and transitions to a new state. The goal
of the agent is to optimize the action selection to maximize
the accrued rewards. We distinguish between finite and infi-
nite horizon problems, where the number of epochs is finite
or infinite respectively. Our formalization defines MDPs on
general state and action spaces, but our analysis of solution
methods only covers discrete state and action spaces.

Definition 1 (Discrete Markov Decision Process with Re-
wards). A Markov decision process is composed of discrete
sets of states S and actions A, a Markov kernel of transition
probabilities K : S × A → P(S), a bounded reward func-
tion r : S × A →b R, and state rewards rN : S →b R. For

15074



each state-action pair, r gives a real-valued reward, while
rN denotes the final value of a state (for finite-horizon prob-
lems). Furthermore, we assume the existence of a non-empty
set of enabled actions As ⊆ A for each state s ∈ S.

We use locales (Ballarin 2014) to define MDPs in Is-
abelle/HOL. A locale can be seen as a formal mathematical
context that introduces constants and assumptions, in which
we develop our formalization. Locales can be instantiated,
e.g. with a concrete MDP. This requires a proof that dis-
charges the assumptions, yielding all the theorems proved
within the locale. There already exists a formalization of
MDPs in the Archive of Formal Proofs (Hölzl 2017). How-
ever, this formalization does not support stochastic action
choice, an important component of our analysis. Hence we
develop a more flexible definition of MDPs ourselves.

Construction of the Trace Space
In each epoch, the agent determines the action with a deci-
sion rule d : S → P(A), i.e. it chooses a probability dis-
tribution over the enabled actions. A deterministic decision
rule is a function d : S → A that respects enabled actions.
In general, the decision rule employed by the agent may de-
pend upon the history of all previous decisions and states
visited. Histories are alternating sequences of states and ac-
tions, they form the set H . A policy π : H × S → P(A)
can be seen as a mapping from histories to decision rules.
We denote the set of all decision rules by D and the set of
policies by Π. Markovian policies depend only on the cur-
rent epoch and may thus be represented as a sequence of
decision rules. Stationary policies are policies that only use
a single decision rule. In our formalization, each subclass
of policies has a different type. We insert explicit coercion
functions to translate between different types of policies, but
we omit them here for notational economy.

We now fix a policy π and an initial state. That determines
the trace space of the MDP, the probability space of infinite
sequences of state-action pairs as observed by the agent. The
law of this stochastic process is κ : H → P(S ×A):

κ(s) := do{ a← π(s); return (s, a) } (1)

κ(h, s, a) := do{ s′ ← K(s, a); a′ ← π(h, s, a, s′);

return (s′, a′) }. (2)

The definition uses the Giry monad (Giry 1982) on prob-
ability spaces to elegantly compose a sequence of experi-
ments. A more detailed introduction to the Giry monad and
do-notation is given in the appendix. Specifically, the law κ
shows how to extend a finite trace by a single state-action
pair: we sample the next state s′ using the Markov kernel K
on the current state-action pair from the history, then choose
an action, and finally return the next state-action pair. From
the law of the stochastic process, we obtain the trace space
T π : S → P((S × A)∞) via the Ionescu-Tulcea extension
theorem. The theorem was formalized by Hölzl, who used it
to construct trace spaces for Markov chains (Hölzl 2017).

Alternatively, the stochastic process can be viewed as a
sequence of state-action distributions, one for each epoch.
The state-action distribution Pnπ : S → P(S × A) at epoch

n is obtained as a projection from T π . We prove that Pnπ
adheres to the following recursive characterization:

P 0
π (s) = do{ a← π(s); return (s, a) } (3)

Pn+1
π (s) = do{ a← π(s); s′ ← K(s, a); Pnπ′(s

′) } (4)

where π′((s1, a1), . . . , t) = π((s, a), (s1, a1), . . . , t).

From these equations we derive that for a fixed initial state
s ∈ S and an arbitrary policy π, there exists a Markovian
policy πM such that Pnπ (s) = PnπM (s) for all n. This fact
allows us to restrict the search for optimal infinite-horizon
policies to Markovian policies.

Finite-Horizon MDPs
For a finite horizon N , we denote the value of a policy π as
νπN : S →b R. It is defined as the expected discounted sum
of rewards accrued over time, plus a final state reward:

νπN (s) := Eω∼T π(s)

[∑
i<N λ

ir(ωi) + rN (ωN,1)
]
. (5)

Typically for finite-horizon problems the discount factor
λ = 1. We show that the optimal finite-horizon value ν∗N :=
supπ∈Π ν

π
N can be computed using backward induction as

ν∗N = u∗0, where u∗N (s) := rN (s) and for t < N

u∗t (s) := supa∈As r(s, a) + λEK(s,a)

[
u∗t+1

]
.

The maximizing actions in each equation constitute an op-
timal, Markovian, and deterministic policy.

Infinite-Horizon MDPs
We also define the infinite-horizon value νπ : S →b R

νπ(s) := lim
n→∞

νπn(s). (6)

For infinite-horizon problems we assume 0 ≤ λ < 1, as
well as rN = 0. The discount factor decreases the relevance
of later rewards, and also guarantees that each policy has a
finite value. We show that νπ is a member of the space VB of
bounded functions S →b R. Here, we would like to note that
both existing formalizations of the expected total discounted
reward criterion (Chevallier and Fleuriot 2021; Vajjha et al.
2021) avoid the construction of the trace space and, instead,
use the following characterization as their definition of νπ:

νπ(s) =
∑
i∈N λ

i EP iπ(s) [r] . (7)

We argue that our definition is more natural and simpler,
as it is derived from the trace space of the MDP, and is the
one used in the textbook exposition, e.g. Puterman 1994,
Equation 5.1.3. Thus, we believe it is a superior basis for
the verification of specifications in terms of νπ . However,
the definition of νπ is difficult to work with directly, be-
cause reasoning w.r.t. the trace space is complex. We there-
fore show that our definition and (7) are equivalent.

We further simplify νπ with the introduction of a vector
notation. The reward vector for a decision rule d is defined
as rds := Ea∼d(s) [r(s, a)] . We also define the operator Pnπ :
VB →L VB , a bounded linear function that is equivalent to
the n-step transition probability matrix for policy π. Pnπ acts
in the same way on a function as a stochastic matrix does
on a vector. We prefer statements in vector notation in our
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formalization, so we can prove theorems at a high level of
abstraction. Now we can formulate νπ in vector notation for
Markovian policies π:

νπ =
∑
i λ

iPiπrπi , (Piπv)s := E(s′,a′)∼P iπ(s) [vs′ ] . (8)

Ultimately our goal is to maximize the expected total
discounted reward by optimizing the policy. We define the
value of the MDP ν∗ := supπ∈Π νπ to be the least upper
bound of νπ ranging over all policies π. As noted earlier, it
suffices to consider Markovian policies for optimality.

Policy Evaluation Before searching for an optimal pol-
icy, we first tackle the problem of policy evaluation, i.e. the
computation of νπ . Specifically, we only consider a decision
rule d. It is possible to compute νd exactly, as from Theo-
rem 1 we can show that νd = (1 − λPd)−1rd. However,
determining an exact solution becomes computationally ex-
pensive for large state spaces. A more practical alternative
is the approximation using a fixed-point iteration. We de-
fine the Bellman operator Ld(v) := rd + λPdv and observe
that νd = Ld(ν

d). Since Ld is a contraction mapping, the
Banach fixed-point theorem establishes that νd is its unique
fixed-point and that limi→∞ Lid(v) = νd for any v ∈ VB .

Optimality Equations The Bellman operator can be used
to approximate ν∗. We therefore introduce the Bellman op-
timality operator L : VB → VB where

L(v) := supd∈D Ld(v). (9)

The proof that L is well-defined is missing from Puter-
man’s book, as discussed by Chevallier and Fleuriot 2021.
We can prove that the supremum is indeed well-defined
since changing the action selection for one state does not
influence the value of other states. Next, we prove that every
fixed-point of L is equal to the optimal value ν∗. Since L is
also a contraction mapping, ν∗ is actually the unique fixed-
point of L and can be computed with a fixed-point iteration.
Theorem 2 (Fixed point of L). The optimal value ν∗ is the
unique fixed point of the optimality operatorL. Additionally,
limi→∞ Li(v) = ν∗ for v ∈ VB .

It remains to be shown under which conditions an optimal
policy (one that achieves the value of the MDP) exists. A
sufficient condition is the existence of the supremum in the
definition of L(v) for every v ∈ VB . The optimal policy is
then the decision rule d∗ that maximizes Ld∗(ν∗). If the set
of enabled actions in each state is finite, the supremum in L
is always attained. Thus finite MDPs have optimal policies
that are stationary and deterministic. Finally, we show that
if there exists an optimal policy, there also exists an optimal
stationary and deterministic policy.

Infinite-Horizon Algorithms
A novelty of our work is that we verify optimized and ex-
ecutable algorithms to compute optimal policies. Verifying
such executable algorithms pertains to two tasks. The first is
formalizing the algorithm in the logic of the theorem prover,
usually as a non-executable recursive function. This function
should capture the mathematical essence of the algorithm,
but excludes implementation details. Then one proves the

desired mathematical properties of this function, most no-
tably termination and that the algorithms compute optimal
policies. In the second step, we formally verify executable
versions of the algorithms at hand. We now discuss the first
step and then later discuss the second.

From here on, we assume that both S and A are finite.
This ensures the existence of optimal policies and allows
us to extract executable code. We shortly present the basic
value iteration and policy iteration algorithms and then give
a more detailed exposition of the optimized variants, namely
modified policy iteration and Gauss-Seidel value iteration.
For finite-horizon MDPs, we compute optimal policies us-
ing the backward induction algorithm described earlier.

The value iteration algorithm is based on Theorem 2. It re-
peatedly applies the Bellman optimality operatorL to an ini-
tial estimate of the value function and stops as soon as suc-
cessive iterates are sufficiently close in distance to achieve
the desired accuracy. On the other hand, the policy itera-
tion algorithm performs a direct search in the space of de-
terministic decision rules (Puterman 1994, Section 6.4). It
alternates between evaluating a candidate policy and im-
proving it, until the policy stabilizes. Exact policy evalua-
tion involves solving a system of linear equations, for which
we use a verified implementation of the Gauss-Jordan algo-
rithm (Thiemann and Yamada 2016).

Modified Policy Iteration Value iteration and policy iter-
ation can be considered extreme instances of modified pol-
icy iteration (Algorithm 1) (Puterman 1994, Section 6.5). In
each step, value iteration only approximates the value of the
current policy with a single iteration of the Bellman oper-
ator, while policy iteration considers infinitely many itera-
tions. Modified policy iteration places a varying amount of
policy evaluation steps between each policy improvement
phase. When the initial value estimate v is conservative, i.e.
v ≤ L(v), the algorithm terminates with a policy that is op-
timal upto an a priori error bound (ε-optimal policy). The
convergence proof of modified policy iteration is based on
the observation that its iterates dominate the iterates of value
iteration but never exceed ν∗.

Gauss-Seidel Value Iteration Finally, Gauss-Seidel value
iteration (Algorithm 2) is a variant of value iteration where
the value estimates are updated in-place (Puterman 1994,
Section 6.3.3). The algorithm delivers an ε-optimal policy.
It converges at least as fast as value iteration, because up-
dated estimates are used immediately, not only in the next
iteration. In practice, often substantially fewer iterations are
required until convergence. We now assume that the state
space of the MDP is a subset {0, 1, . . . , n} of the natural
numbers and each iteration proceeds from low to high states.
Thus we can interpret bounded linear functions as matrices.

Puterman shows that Gauss-Seidel value iteration is an
instance of a class of algorithms called splitting methods.
These use regular splittings (Qd, Rd) of the linear function
(1 − λPd) = Qd − Rd. Regularity of a splitting means
that Q−1

d and Rd are nonnegative matrices. The algorithm
proceeds the same way as value iteration with the Bell-
man operator replaced by Gd(v) := Q−1

d (rd + Rdv). For
the Gauss-Seidel method we split Pd = PLd + PUd into a
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strictly lower triangular part PLd and an upper triangular part
PUd and choose the regular splitting Qd = (1 − λPLd ) and
Rd = λPUd . In-place value iteration should follow the equa-
tion vn+1 = rd + λPLd v

n+1 + λPUd v
n for some d. Rear-

ranging terms then directly yields

vn+1 = (1− λPLd )−1(rd + λPUd v
n) = Gd(v

n). (10)

We define the Gauss-Seidel variant of the Bellman opti-
mality operator G(v) := supd∈D Gd(v). We show that for
any regular splitting, G is a contraction mapping and the al-
gorithm converges if the supremum in G(v) is attained for
all v ∈ VB and supd∈D ‖Q−1

d Rd‖ < 1. The requirement
that the supremum has to be attained is overlooked by Put-
erman, where the existence of such a decision rule is im-
plicitly assumed. We close this proof gap for Gauss-Seidel
value iteration. Assuming a total ordering on the states, as
part of our formalization, we show that a decision rule that
attains the supremum for all states smaller than s can always
be extended to an optimal decision rule up to and including
state s. Before we state the theorem, let f(x := y) denote
the pointwise update of the value of function f at x.
Theorem 3. Assume that:
1. the decision rule d∗ maximizes Gd∗(v) for all states

smaller than s, i.e. (Gd(v))t ≤ (Gd∗(v))t, for any t < s
and d ∈ DD, and

2. the maximizing action in s is a, i.e. for any a′ ∈ As,
(Gd∗(s:=a′)(v))s ≤ (Gd∗(s:=a)(v))s.

Then d∗(s := a) maximizesGd∗(v) for all states up to s, i.e.
(Gd(v))t ≤ (Gd∗(s:=a)(v))t, for any t ≤ s and d ∈ DD.

Proof. We obtain Gd(v) = rd + λPUd v + λPLd Gd(v) by
rearranging the definition ofGd. SincePLd is lower diagonal,
the value of (Gd(v))t depends only on the values of d up to
state t. Now, it follows from the assumptions that d∗(s :=
a) is already maximizing for all t < s. Thus it suffices to
show that for all deterministic decision rules d, (Gd(v))s ≤
(Gd∗(s:=a)(v))s. With d′ := d∗(s := d(s)), we have

(PLd Gd(v))s (11)

= (PLd′Gd(v))s PL only depends on d at s (12)

≤ (PLd′Gd∗(v))s d∗ optimal, PL is triangular (13)

≤ (PLd′Gd′(v))s. Gd∗ independent of d∗ above s (14)

So (Gd(v))s = (rd + λPUd v + λPLd Gd(v))s ≤ (Gd′(v))s.
Finally assumption 2 lets us complete the proof.

In Puterman’s book, a proof of the ε-optimality of this
splitting-based method is not given, which we supplement.
However, that requires us to change the last step of the algo-
rithm from how it was presented originally (Puterman 1994,
Section 6.3.3). There, the policy is determined using a ba-
sic value iteration step. To prove ε-optimality, we need to,
instead, use a Gauss-Seidel step to determine the policy.

Verifying an Executable Implementation
Our approach to obtaining executable versions of the algo-
rithms is based on step-wise refinement (Wirth 1971). In this

Algorithm 1: Modified Policy Iteration
Input : v ∈ VB where v ≤ L(v), m : N→ N
for i ∈ 0 . . . do

for s ∈ S do d(s)← arg maxa∈As(La(v))s

if d∞(v,L(v)) < ε(1−λ)
2λ then return d

v ← Lmi+1
d (v)

Algorithm 2: Gauss-Seidel Value Iteration
Input : v ∈ VB
repeat

vold ← v
for s ∈ S do v(s)← maxa∈As(La(v))s

until d∞(v, vold) <
ε(1−λ)

2λ
for s ∈ S do

d(s)← arg maxa∈As(La(v))s
v(s)← maxa∈As(La(v))s

return d

approach, an executable specification of an algorithm is de-
rived from an unexecutable one by replacing mathematical
structures by data structures. We make heavy use of locales
in our refinement. The built-in data-refinement of the exe-
cutable code generator of Isabelle/HOL proved to be too in-
flexible, as it does not allow the same mathematical structure
to be implemented with different data structures at different
places in the algorithm.

Initially, we have abstract definitions of the algorithms as
presented above. In the first step, we show that the reward
function and the transition system can be represented as fi-
nite maps, and that action sets can be represented as finite
sets. The interfaces of data structures implementing finite
sets and maps are available as locales in the Isabelle/HOL
distribution. These locales come with interpretations for
concrete data structures based on e.g. balanced trees or hash
maps. We prove correctness on the level of the abstract inter-
faces, which gives us the flexibility to choose between sev-
eral concrete data structures without modifying proofs. In
our final version, we represent an MDP as an array with an
entry for each state. The array stores red-black trees that map
actions to rewards and transitions.

We use the code generation facilities provided by Is-
abelle/HOL (Haftmann and Nipkow 2007) to extract exe-
cutable Standard ML code from the formally verified algo-
rithms. A wrapper parses problems from a file and passes
them to the verified algorithms. To obtain numerically accu-
rate results, real numbers are represented as rational num-
bers. This representation comes with an ever greater perfor-
mance penalty as the number of iterations increases and the
fractions become larger. For comparison, we also provide
a separate implementation using floating-point arithmetic.
However, due to the possibility of floating-point errors ac-
cumulating, we lose the formal guarantees.

Notes on the Formalization
Since a main goal of this project is to showcase theorem
proving as a methodology to obtain verified algorithms for
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probabilistic systems, we note some of the lessons we learnt
and the challenges encountered during the formalization.
This section should be of particular interest to readers who
would be interested in verifying similar algorithms in Is-
abelle/HOL or in other theorem provers.

Our work builds on formalization efforts in probability
theory (Hölzl 2013) and linear algebra from the archive of
formal proofs (AFP) and the Isabelle distribution. The con-
struction of MDPs and their trace space extends previous
work in Isabelle/HOL on Markov Chains and MDPs (Hölzl
2017). This library of formalized mathematics was crucial
to make our verification project viable.

Isabelle/HOL provides us with powerful tools for auto-
mated reasoning, such as the proof method auto, and ac-
cess to external automated theorem provers via sledgeham-
mer (Paulson and Blanchette 2010). The strong automation
combined with the structured proof language Isar (Wenzel
1999) enables the development of maintainable, reusable
and human-readable proofs. However, in our formalization
we encounter situations where automation breaks. For in-
stance, chains of equations involving mathematical opera-
tors that are potentially undefined, like infinite sums or inte-
grals require duplicate work. We first need to show that the
operation maintains the desired property, e.g. summability,
measurability, boundedness and integrability. Only then can
we show that the algebraic manipulation is actually correct.
This problem becomes especially apparent with nested sums
or integrals. A potential, albeit still preliminary, solution to
this problem has been proposed by (Coen and Zoli 2008).

To improve the reusability of our work, we formalize
MDPs with arbitrary, uncountable state spaces and proba-
bilistic action choice. Still, the correctness of the verified
algorithms only holds for finite-state MDPs. Our initial for-
malization of the algorithms models the state space of the
MDP as a type, i.e. all the states have to be known at
compile-time. Initially, our intention was to use the Isabelle
tool types-to-sets (Kuncar and Popescu 2016) to generalise
our formalization to be parameterised by the set of states of
the MDP, and get algorithms operating on the correspond-
ing sets of states. Nonetheless, we could not transfer state-
ments involving arbitrary probability spaces automatically
using that tool, as its automation is also still preliminary.

Experimental Evaluation
We evaluate our algorithms on a set of standard benchmarks
and compare the results to a reference implementation. Fur-
thermore, we show how our implementation can be sup-
ported with solutions obtained by unverified solvers.

Setup We benchmark our implementation on explicitly
represented MDPs, which are compiled problems from the
International Planning Competition 2018.2 Most domains
come with multiple instances of different sizes. The prob-
lems are parsed by an unverified wrapper and are then
handed to the verified solvers. Each problem is given a time-
out of four hours and a memory limit of 4 GB. For infinite-
horizon problems, we set a discount factor of λ = 0.95 and

2https://ipc2018-probabilistic.bitbucket.io/

require an accuracy of ε = 0.05 (for our verified policy iter-
ation and Storm, ε = 0). Finite-horizon MDPs are run with
λ = 1 and a horizon of N = 50.

We compare our work to the probabilistic model check-
ers PRISM (Hinton et al. 2006) and Storm (Hensel et al.
2021), that we extended to support discount factors. We use
PRISM’s explicit representation mode and its floating-point
arithmetic mode, while we use Storm in its exact mode.
The point of this setup is to individually evaluate the per-
formance impact of both precise arithmetic and verified data
structures and algorithms. For part of the benchmarks, we
use the values generated by a hand-written implementation
of Gauss-Seidel value iteration in Rust as initial values for
the verified algorithms. That way, the verified programs cer-
tify the unverified solutions to achieve better performance.

Results We give an overview of the results in Table 1.
First, we observe that the verified implementations using
floating-point arithmetic can often compete with PRISM.
We assume that this is in part due to PRISM being a gen-
eralist optimized to handle factored systems. An exception
here is policy iteration, because PRISM uses an approxi-
mate method to compute the value of the policy that is much
faster than our exact method based on Gaussian elimination.
Comparing our algorithms, we see that policy iteration is
only viable for small problems, as the arithmetic complex-
ity of Gaussian elimination grows cubically in the number
of states. The Storm model checker provides the same exact
results but solves more instances. Thus certification of the
Storm results is a promising direction for future work. Using
floating-point arithmetic, the optimized algorithms consis-
tently outperform value iteration. When precise arithmetic
is used, Gauss-Seidel value iteration becomes comparatively
slow. This is because the fractions representing the value es-
timates become larger more quickly for in-place updates, as
they grow already over the course of a single iteration.

Overall, the experiments show a large performance gap
between floating-point and precise arithmetic, especially as
the number of iterations increases. With each additional it-
eration, the precise representation of the current value esti-
mates gets more complex. This prompted us to combine the
unverified floating-point Rust implementation for infinite-
horizon problems with the verified precise arithmetic: the
resulting values from the unverified solver are provided as
initial values to the verified precise arithmetic implementa-
tion. This way we get the best of both worlds: values that
are formally guaranteed to be ε-optimal, with performance
characteristics comparable to unverified implementations.

Conclusion and Discussion
Our work provides a comprehensive formalization of the ba-
sics of MDPs with rewards in the interactive theorem prover
Isabelle/HOL. We then prove correct optimized algorithms
to solve discounted MDPs. We show that it is feasible to
solve non-trivial Markov decision processes with verified al-
gorithms. Overall, our formalization is comprised of approx-
imately 13.000 lines of definitions and proofs. One point
worth highlighting is that we use the output of an unveri-
fied efficient implementation of value iteration as input to
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R F R F R F R F R F
academic-advising 2 – – 1 – – 1 – – – – 1 1 1 1 – 1 1 1
crossing-traffic 4 4 4 4 4 2 4 4 2 2 4 4 4 4 4 4 4 4 4
elevators 8 5 2 6 5 1 6 5 2 2 5 2 6 6 6 5 7 2 6
game-of-life 3 3 – 3 3 – 3 3 – 3 3 – 3 3 – – 3 – 3
manufacturer 2 2 – 2 2 – 2 2 – 1 2 1 2 2 2 1 2 1 2
push-your-luck 5 5 5 5 5 5 5 5 2 2 5 5 5 5 5 5 5 5 5
skill-teaching 8 6 4 7 6 3 7 6 2 4 6 4 8 6 6 4 6 4 6
triangle-tireworld 6 4 4 4 4 4 4 4 2 2 4 4 4 4 4 4 6 4 4
wildfire 1 – – 1 – – 1 – – – – – 1 1 1 – – – 1
wildlife-preserve 8 6 5 8 6 4 8 6 4 6 6 6 8 8 8 6 8 6 8

Table 1: A table showing the number of instances solved by different algorithms. The first column gives the number of instances
per domain. Columns two to five show the performance of the PRISM implementations vs. our implementations of value, policy,
Gauss-Seidel, and modified policy iteration, where R and F indicate precise and floating-point arithmetic respectively. The sixth
column displays the results for Storm. The seventh column shows the performance of using an unverified implementation of
value iteration followed by one last verified iteration. The last column shows the results for the finite-horizon case.

a verified implementation that uses precise arithmetic. This
leads to a system with formal guarantees with similar per-
formance characteristics as an unverified system. The results
show the feasibility of verifying practical algorithms in the
realm of reinforcement learning or probabilistic planning.
In addition to an extensive library of existing formal proofs,
Isabelle/HOL provides powerful facilities for proof search,
automation, and structuring that in combination allow the
development of verified software.

Future Work The most immediate extension of our work
to handle much larger state spaces is to formalize data struc-
tures for factored representations of MDPs. These repre-
sentations are standard in both model-checking and plan-
ning. Furthermore, in many applications, the current state of
the environment is only partially known by the agent. Such
systems are modeled using partially observable MDPs. Ex-
tending our work in this direction is an important step to-
wards the verification of reinforcement learning algorithms.
Another interesting direction concerns how to handle arith-
metic: instead of relying on floating-point arithmetic which
does not account for the accumulation of errors, we might
investigate the possibility of using interval arithmetic to pro-
vide error-bounds. Lastly, verified Monte Carlo algorithms
would allow us to deal with large state spaces.

Related Work There is a number of related verification
approaches that have been tried in the general context of ar-
tificial intelligence. The first such thread of research is based
on using completely automated methods. It has been ap-
plied in planning (Eriksson, Röger, and Helmert 2017) and
SAT (Wetzler, Heule, and Hunt 2014), and has recently re-
ceived the most attention in the area of verifying robustness
of neural networks (Katz et al. 2017). In this latter applica-
tion, a specification of a given neural network’s robustness
is compiled into an SMT formula, which is then automati-
cally proved/disproved by an SMT solver. An advantage of
this approach compared to using ITPs is that it is fully au-
tomated, i.e. one could prove a neural network safe without

fully understanding it. A disadvantage, however, is that SMT
solvers are limited in terms of what specifications they can
automatically solve. This is most evident when trying to ver-
ify properties of algorithms or programs. For instance, they
cannot prove a specification stating that a given implemen-
tation of value iteration computes an optimal policy.

Another related approach is that of (Selsam, Liang, and
Dill 2017) and (Bagnall and Stewart 2019). In that thread
of work, the authors develop ITP frameworks to aid in the
formal reasoning about machine learning models and neu-
ral network architectures. Since they use ITPs, they are able
to prove specifications that are more interesting than neural
network robustness. For instance, they are able to show that
a certain learning algorithm can guarantee a certain general-
isation error, which cannot be done using SMT solvers.

MDPs have been formalized in theorem provers before,
e.g. to analyze the semantics of pGCL (Hölzl 2017), or ver-
ify soundness of off-policy evaluation (Yeager et al. 2022).
The most closely related formalization is the project by (Va-
jjha et al. 2021) who develop the library CertRL in the in-
teractive theorem prover Coq. Our work differs in a number
of ways: they show correctness of value and policy itera-
tion while we also prove correct more involved algorithms.
Furthermore, they do not verify efficient implementations
from their formalisations, while we do. They also define the
expected total discounted reward as equation (7), while we
give a simpler and more natural definition, which needs the
construction of the trace space of an MDP. We also show
that deterministic decision rules are in fact optimal over
all policies, while they only consider deterministic decision
rules as candidates for optimal policies. Furthermore, in Is-
abelle/HOL there exists a recent formalization of the basics
of discrete reinforcement learning (Chevallier and Fleuriot
2021). Their approach uses stochastic matrices instead of the
Giry Monad. They also use equation (7) as their definition of
the expected reward, only cover finite MDPs, do not discuss
executable algorithms, and prove, at an abstract level, that
value and policy iteration solve MDPs optimally.
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Abstract

We present a methodology based on interactive theorem prov-
ing that facilitates the development of verified implemen-
tations of algorithms for solving factored Markov Decision
Processes. As a case study, we formally verify an algorithm
for approximate policy iteration in the proof assistant Is-
abelle/HOL. We show how the verified algorithm can be re-
fined to an executable, verified implementation. Our evalua-
tion on benchmark problems shows that it is practical. As part
of the development, we build verified software to certify lin-
ear programming solutions. We discuss the verification pro-
cess and the modifications we made to the algorithm during
formalization.

Code — https://github.com/schaeffm/fmdp isabelle

Introduction
Markov Decision Processes (MDPs) are models of proba-
bilistic systems, with applications in AI, model checking,
and operations research. In AI, for instance, given a descrip-
tion of the world in terms of states and actions that can
change those states in a randomised fashion, one seeks a pol-
icy that determines the actions chosen in every state, with the
aim of accruing maximum reward. There is a large number
of methods to solve MDPs, most notably, value and policy it-
eration, which compute policies with optimality guarantees.

In many applications in AI or autonomous systems (Lahi-
janian et al. 2010; Junges et al. 2018), obtaining an opti-
mal policy is safety-critical, with the goal of e.g. minimiz-
ing the number of accidents. One important aspect here is
the assurance that the output of the MDP solving system is
correct. Such assurance is currently attained to some degree
by testing and other software engineering methods. How-
ever, the best guarantee can be achieved by mathematically
proving the MDP solver and the underlying algorithm cor-
rect. A successful way of mathematically proving correct-
ness properties of (i.e. formally verifying) pieces of soft-
ware is using Interactive Theorem Provers (ITPs), which
are formal mathematical systems that one can use to de-
vise machine-checked proofs. Indeed, ITPs have been used
to prove correctness properties of compilers (Leroy 2009),

Copyright © 2025, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

operating systems kernels (Klein et al. 2009), model check-
ers (Esparza et al. 2013), planning systems (Abdulaziz and
Lammich 2018; Abdulaziz and Koller 2022; Abdulaziz and
Kurz 2023), and, most related to the topic of this work, al-
gorithms to solve MDPs (Schäffeler and Abdulaziz 2023).
A challenge with using ITPs to prove algorithms correct,
nonetheless, is that they require intense human intervention.
Thus for an ITP to be successfully employed in a serious ver-
ification effort, novel ideas in the design of the software to
be verified as well as the underlying proof have to be made.

In this paper, we consider formally verifying algorithms
for solving factored MDPs. A challenge to using MDPs to
model realistic systems is their, in many cases, enormous
size. For such systems, MDPs are succinctly represented
as factored MDPs. The system’s state is characterised as
an assignment to a set of state variables and actions are
represented in a compact way by exploiting the structure
present in the system. Such representations are common in
AI (Guestrin et al. 2003; Sanner 2010; Younes and Littman
2004) and in model checking (Hinton et al. 2006; Dehnert
et al. 2017). Although ITPs have been used prove the cor-
rectness of multiple types of software and algorithms, in-
cluding algorithms on MDPs, algorithms on factored MDPs
are particularly challenging. The root of this difficulty is
that the succinctness of the representation comes at a cost.
Naively finding a solution for a factored MDP could entail
the construction of structures exponentially bigger than the
factored MDP. This necessitates using advanced data struc-
tures, heuristics and computational techniques, to avoid that
full exponential blow up.

Our main contribution is that we develop a methodology
based on using the Isabelle locale system, to structure the
MDP solving algorithm into parts amenable to verification.
To enable this methodology, we build a formal mathemati-
cal library allowing the specification of algorithms for solv-
ing factored MDPs and their properties, like algorithms for
planning under uncertainty and probabilistic model check-
ing. We also develop a number of reusable building blocks
to be used in other algorithms, e.g. a certificate checker for
linear programming solutions. Potential targets for formal-
ization include probabilistic model checking, planning and
reinforcement learning algorithms (Hartmanns et al. 2023;
Keller and Eyerich 2012). We describe the methodology in
terms of the verification of Guestrin et al.’s approximate pol-



icy iteration algorithm in the Isabelle theorem prover.
This algorithm computes approximate policies, i.e. sub-

optimal policies with guarantees on their optimality, for one
type of factored MDPs. The algorithm we consider com-
bines scoped functions and decision lists, which are data
structures that exploit the factored representation, linear pro-
gramming, in addition to probabilistic reasoning and dy-
namic programming. The combination of this wide range of
mathematical/algorithmic concepts and techniques is what
makes this algorithm particularly hard from a verification
perspective. To get an idea of the scale, we advise the reader
to look at Fig. 2, which shows the hierarchy of concepts and
definitions which we had to develop (aka formalize) within
Isabelle/HOL to be able to state the algorithm and prove its
correctness statement. This is, of course, in addition to the
notions of analysis, probabilities, and MDPs, which already
exist in Isabelle/HOL. Furthermore, to be able to prove the
algorithm correct, we had to design an architecture of the im-
plementation that makes verification feasible. Our architec-
ture mixes verification and certification: we verify the entire
algorithm, and build a verified certificate checker for linear
programming solutions that delivers formal guarantees. In
addition to proving the algorithm correct, we obtain a for-
mally verified implementation, that we experimentally show
to be practical. Our work, as far as we are aware, is the first
work on formally verifying algorithms for factored MDPs.

Background
We introduce the interactive theorem prover Isabelle/HOL,
our formal development of factored MDPs relate it to exist-
ing formalizations in Isabelle/HOL.

Isabelle/HOL
An ITP is a program that implements a formal mathemati-
cal system, in which definitions and theorem statements can
be expressed, and proofs are constructed from a set of ax-
ioms. To prove a fact in an ITP, the user only provides the
high-level steps while the ITP fills in the details at the level
of axioms. Specifically, our developments use the interactive
theorem prover Isabelle/HOL (Nipkow, Paulson, and Wen-
zel 2002) based on Higher-Order Logic, a combination of
functional programming with logic. Isabelle is highly trust-
worthy, as the basic inference rules are implemented in a
small, isolated kernel. Outside the kernel, several tools im-
plement proof tactics, data types, recursive functions, etc..

Our presentation of definitions and theorems here devi-
ates slightly from the formalization in Isabelle/HOL. Specif-
ically, we use subscript notation for list indexing and some
function applications. We use parentheses for function ap-
plication. For a list xs , len(xs) returns the length, while xs :i
returns the first i elements of xs . List concatenation is writ-
ten as xs·ys , x :: xs inserts x at the front of the list xs ,
map(f, xs) applies f to every element of xs . Finally, N<i

is short for the first i natural numbers (including 0).

Factored MDPs
Factored MDPs are compactly represented MDPs that ex-
ploit regularities in large MDPs, which can often lead to

an exponential reduction in the size of the model. Com-
mon formats to store factored MDPs include JANI (Budde
et al. 2017), the PRISM language (Hinton et al. 2006),
and RDDL (Sanner 2010). We implement the factoring de-
scribed in (Guestrin et al. 2003). In Isabelle/HOL, we define
factored MDPs using locales (Ballarin 2014). A locale intro-
duces a mathematical context with constants and assump-
tions, in which we develop our formalization. Locales can
be instantiated with concrete constants and a proof that dis-
charges the assumptions of the locale, yielding all the theo-
rems proved within the locale. For example, we instantiate
the MDP locale from Schäffeler and Abdulaziz with the fac-
tored systems introduced in this section, and are therefore
able to reuse important definitions and theorems. Moreover,
reducing factored MDPs to a tested and reviewed library en-
hances confidence in our definitions.

State Space A state of a factored MDP is an assignment of
values to its n state variables. Each state variable i ∈ N<n

has a finite, nonempty domain Xi. In Isabelle/HOL, we im-
plement an MDP state x as a map, i.e. a function with an ex-
plicit domain dom(x). A partial state is a map where only a
subset of the state variables are assigned, but all entries are
valid, i.e. dom(x) ⊆ N<n and xi ∈ Xi for i ∈ dom(x).
The set X of states of the MDP consists of all partial states
x where dom(x) = N<n . The domain of a state x can be
restricted to a set of variables Y , denoted as x|Y . One par-
tial state x is called consistent with another partial state t
(written x ⊑ t), if and only if x|dom(t) = t.

Example As a running example, we use a model of a com-
puter network with ring topology from Guestrin et al.’s orig-
inal paper (see Fig. 1). In the ring, each machine is either
working or broken, and states change stochastically. Each
machine Ci’s state of operation is characterized by a vari-
able i, s.t. all domains Xi = {W, B}. In a ring with three
machines, a partial state is s := [1 7→W, 3 7→ B], dom(s) =
{1, 3}. It holds that s ⊑ [1 7→W], but s ̸⊑ [2 7→ B].

Scoped Functions For many MDPs, the transition behav-
ior and the rewards can be computed from a combination of
functions that individually only depend on a small subset of
all state variables. Such scoped functions take a partial state
as input and determine the output inspecting only variables
within their scope. The algorithm we formalize expresses
policy iteration using scoped functions, which avoids enu-
merating the full state space. Scoped functions pose a chal-
lenge for formalization, as scopes could be represented im-
plicitly or explicitly: we can either prove that a given func-
tion has a restricted scope, or the function can store its scope
explicitly. In Isabelle/HOL we do both: decoupling scopes
from the function definition is more flexible, as one may de-
rive multiple scopes for a function. However, since it is in
general infeasible to compute the precise scope of a func-
tion, we use explicit scopes in the executable version. An
important operation on scoped functions is the instantiation
with a partial state t: inst t applied to a scoped function re-
turns a new scoped function with reduced scope, where all
input dimensions that t provides are fixed to the values of t.
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Figure 1: (a) Ring network of 3 machines. (b) Variable de-
pendencies of the default action. (c) Probabilities of C1

working in the next step, for every state of C1 and C3.

Transitions In our setting, a factored MDP comes with a
finite set of actions A, and a default action d ∈ A. For each
action a ∈ A, transition probabilities Pa

i : X → P(Xi)
with scope(Pa

i ) ⊆ N<n determine the evolution of vari-
able i. Here, P(X) denotes the set of probability distribu-
tions over a finite set X . The set effectsa defines the state
variables where the behavior of a differs from the default
action (i.e. variables i s.t. Pa

i ̸= Pd
i ). The combined transi-

tion probabilities between two states x and x′ are defined as
Pa(x, x′) :=

∏
i<n Pa

i (x, x
′
i).

Example In the ring topology domain, for each machine
there is an action to restart it, in which case it is guaranteed
to work in the next step. On the other hand, the default action
d is to do nothing. In general, the probability of a machine
working in the next step depends on its own state and the
state of the predecessor, e.g. scope(Pd

2 ) = {1, 2}. The exact
conditional probability distribution for the MDP’s evolution
under the default action is shown in Fig. 1. Using an explicit
representation to model this factored action, we would need
8 transitions, each consisting of a distribution over 8 pos-
sible successor states. This is in contrast to three tables in
the factored case. A common way to model the transition
behavior is using dependency graphs as shown in Fig. 1.

Rewards The actions a ∈ A define scoped reward func-
tions Ra

i : X → R for i < ra. The reward for selecting a is
a sum of those reward functions: Ra(x) :=

∑
i<ra

Ra
i (x).

We assume that the first rd reward functions are the same
for all actions. Now, given a policy π : X → A we are in-
terested in the discounted expected total reward νπ(x) :=
Eω∼T (π,x)

[∑
i γ

iRπ(ωi)(ωi)
]

with discount factor γ < 1
and trace space T . Our goal is to achieve the optimal reward
ν∗(x) := supπ∈Π νπ(x). For a value estimate v : X → R
and an action a, the one-step lookahead is defined as

Qa
v (x) := Ra(x) + γ

∑
x′∈X Pa(x, x′) · v(x′).

For each state x, the maximum lookahead w.r.t. all actions
is Q∗

v (x). A policy π is called greedy if Qπ
v and Q∗

v are equal
for all states. The Bellman error, denoted by ∥v−Qπ

v∥, is the
maximum difference between Qπ

v and v, over all states in X ,
i.e. the L∞ distance.

Algorithm 1: Approximate Policy Iteration (API)
api(t, π, w) :=

if t ≥ tmax or err ≤ ϵ or w=

then (t, π′, w′, err , w=)
else api(t+ 1, π′, w′)

where w′ := upd w(π)
π′ := greedy π(w′)
err := factored err(π′, w′)
w= := w′ = w

Example In our example, a factored representation of the
rewards Rd

i is Rd
i (W) = 1 and Rd

i (B) = 0, for all 1 ≤ i ≤
3. This gives rise to an exponentially smaller representation
compared to an explicitly represented MDP, where the re-
ward function for d would have 8 entries.

Linear Value Functions
Even if all reward and transition functions are scoped func-
tions, the value function νπ may still be unstructured, i.e.
computing νπ might require the construction of an expo-
nentially big mapping (Guestrin et al. 2003). However, the
value of a policy can be approximated as the weighted sum
of m basis functions hi : X → R. Given weights wi for
each hi, the value of a state x is defined as a weighted sum
νw(x) :=

∑
i<m wihi(x). Note that the efficiency of the al-

gorithm we verify here crucially depends on the fact that hi

is a function with small scope.
For each action choice a and basis function hi,

we can compute its expected evaluation gai , defined as∑
x′ ∈ X . Pa(x, x′) · hi(x′), in the successor state. As

g is independent of the concrete weights, it can be com-
puted once for a set of basis functions, and is then
cached for efficiency. In Isabelle/HOL, we prove that
gai (x) has a structured representation with scope Γa

i :=⋃
j∈scope(hi)

. scope(Pa
j ). This also leads to an efficient

computation of the Q functions:

Qa
w(x) := Qa

νw
(x) = Ra(x) + γ

∑
i<m wig

a
i (x).

Example The value functions in the ring domain can be
approximately represented using the basis function h0 = 1
and one function per machine: hi = 1 if Xi = W and 0 oth-
erwise, for 1 ≤ i ≤ 3. Note that since these basis functions
have very limited scopes, the accuracy of the best possible
approximation of the value function is also limited.

Approximate Policy Iteration
Approximate Policy Iteration (API) is a variant of policy
iteration that exploits structure in MDPs to scale to large
systems (Guestrin et al. 2003). API is an iteration algo-
rithm, where each iteration consists of three parts: policy
evaluation, policy improvement and Bellman error computa-
tion. The algorithm terminates when either a timeout tmax is
reached, the error dips below a threshold ϵ, or the weights as-
signed to the basis functions converge. In Isabelle/HOL, the
algorithm is implemented as a function api(t, π, w) (Alg. 1),



Algorithm 2: Decision List Policy
greedy π :=
sort π((⊥M , d, 0) :: concat([πa | a ∈ A− {d}])
where πa := [(x, a, δa(x)) | δa(x) > 0, x ∈ X|Ta

]
δa := Qa

w −Qd
w

Ta := scope(Ra) ∪
⋃

i∈Ia
Γa
i ∪ Γd

i

Ia := {i < m | effectsa ∩ scope(hi) ̸= ∅}

that takes as inputs a time step t, weights for the basis func-
tions w and a policy π. The initial call to the algorithm is
api(0, π0, w0) where w0 = 0 and π0 is some greedy pol-
icy w.r.t. w0. An iteration of API first uses the current policy
π to first compute updated weights w′, then a new greedy
policy π′, and finally the Bellman error err of π′. If the ter-
mination condition is met, the algorithm returns the current
iteration, weights and policy, as well as the error and whether
the weights converged. Otherwise, api is called recursively.

We structure and decouple the algorithm using locales.
Conceptually, this usage of locales is similar to using mod-
ules in programming languages. Here, we use locales to pos-
tulate the existence of three functions (upd w , greedy π,
factored err ) along with their specifications:
Specification 1 (upd w ). A decision list policy a list rep-
resentation of policies where each entry (called branch) is a
pair (t, a) of a partial state and an action. To select an ac-
tion in a state x, we search the list for the first branch where
x is consistent with t. Now fix a decision list policy π, let
w′ = upd w(π). Then νw′ is the best possible estimate of
νπ: ∥νw′ − νπ∥ = infw ∥νw − νπ∥.
Specification 2 (greedy π). For all weights w, greedy π(w)
is a greedy decision list policy for νw.
Specification 3 (factored err ). Given weights w and a
greedy decision list policy π for νw, factored err deter-
mines the Bellman error: factored err(π,w) = ∥Q∗

w−νw∥.
For now, we merely state specifications for the algorithms

API builds upon, only later will we show how to implement
the specifications concretely. This approach keeps the as-
sumptions on individual parts of the algorithm explicit and
permits an easier exchange of implementations, e.g. in our
developments one may swap the LP certification algorithm
for a verified LP solver implementation. It also facilitates
gradual verification of software: the correct behavior of the
software system can be proved top-down starting from as-
sumptions on each component. In the following sections
we show that these specifications have efficient implemen-
tations. See Fig. 2 for an overview of all components.

The choice of the specifications and the decomposition
of the algorithm into components is roughly based on the
presentation of the algorithm by Guestrin et al.. We identi-
fied the above specifications after multiple iterations. There
is usually a trade-off between the simplicity of the specifica-
tion and the complexity of the implementation: the smaller
the internal complexity, the more complex the external com-
plexity, i.e. the interactions between algorithms.

Within the context of the locale, assuming all specifica-
tions, we can derive the same error bounds as presented

Algorithm 3: Factored Bellman Error
factored err :=
supi<len(π) branch err(πi,map(fst , π:i))

by Guestrin et al.. One exemplary important observation is
that if the weights converge during API, then in the last step
the Bellman error equals the approximation error. This leads
to the following a posteriori optimality bound:

Theorem 1. Let api(w0, π0) = (t′, π, w, err ,True). Then
(1− γ)∥ν∗ − νw∥ ≤ 2γ · err .

Policy Improvement
Given weights w, the policy improvement phase determines
a greedy policy w.r.t. νw. The policy takes the form of a de-
cision list, where each element is a pair of a partial state and
an action. The main idea for an efficient computation is to
only consider actions better than the default action. This no-
tion is made precise by the bonus function δa (Alg. 2) with
scope Ta. Guestrin et al. do not include Γd in Ta, which
we assume to be an oversight in the definition: the behavior
of the default action does influence the bonus. Unless com-
ponents cancel out, the scope of a function difference is the
union of the scopes of both arguments. Finally, we concate-
nate the branches πa for every action but d, add the default
action as a fallback and sort the decision list policy by de-
creasing bonus. Here, the empty map with no entries is⊥M .
We can show that greedy π satisfies Spec. 2, as action selec-
tion proceeds in the order of decreasing bonus.

Factored Bellman Error
The Bellman error ∥Q∗

w − νw∥ is an indicator of the de-
gree of optimality of a policy. An inefficient computation
would enumerate every state, and return the maximum error.
However, for a decision list policy, we can compute the er-
ror incurred by each branch separately. The total error then
equals the maximum error of any branch (Alg. 3). For now,
assume that we have a function branch err that computes
the error for a single branch, i.e. the maximum error for
any state that selects the respective branch. These are all
states that are consistent with the current branch t, but did
not match any prior branch t′ ∈ ts of the policy, formally
X(t,ts) := {x ∈ X . t ⊑ x ∧ ∀t′ ∈ ts. t′ ̸⊑ x}. Hence,
we also need to pass the prefix of the decision list policy to
branch err . Note that if the branch is selected by no state its
error defined as−∞. We show that if Spec. 4 is met and π is
a greedy policy w.r.t. w, then factored err satisfies Spec. 3.

Specification 4 (branch err ). Given a prefix of a pol-
icy π, i.e. the current branch (t, a), and a list of par-
tial states ts from prior branches, branch err(t, a, ts) =
supx∈X(t,ts)

|Qa
w(x)− νw(x)|.

Branch Error Consider the branch (t, a) of the policy, for
a partial state t an action a. The states of all prior branches
form the list of partial states ts . To find the Bellman error of
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Algorithm 4: Branch Error
branch err := max(maxΣ (fs · I ′),maxΣ (−fs · I ′))

where rs := [Ra
0 , . . . ,R

a
ra ]

ws := [w0(h0 − γg0), . . . , wm(hm − γgm)]
fs := map(inst t, rs · ws)

Algorithm 5: Variable Elimination
max step(i, fs) := (i+ 1, e :: E′)

where e := x 7→ maxy∈XO(i)

∑
f∈E f(xO(i) 7→y)

(E,E′) := partition(f 7→ O(i) ∈ scope(f), fs)

maxΣ (fs) :=
∑

f∈fs′ f(⊥M )

where ( , fs ′) := max stepn(0, fs)

the current branch, we need to maximize |Qa
w(x) − νw(x)|

w.r.t. states x ∈ X(t,ts). Note that for all states x

Qa
w(x)−νw(x) =

∑
i<ra

Ra
i (x)+

∑
i<m

wi(hi−γgi)(x). (1)

Suppose we had an algorithm to efficiently compute the
maximum sum of scoped functions. In that case we could
determine the error of a branch. Again, we specify an algo-
rithm maxΣ doing exactly that (Spec. 5). In Alg. 4, we call
maxΣ with the functions from (1). To restrict the maximiza-
tion to the states X(t,ts), we instantiate all functions with the
partial state t. Additionally, we define the functions I ′ that
evaluate to −∞ on states that select a different branch of
the policy. Hence, these states are ignored in the error com-
putation. We also apply maxΣ to the negated functions to
compute the absolute value of the error. Finally, we formally
prove that branch err satisfies Spec. 4.

Specification 5 (Variable Elimination). For scoped func-
tions fs , maxΣ (fs) = supx∈X

∑
f∈fs f(x).

Variable Elimination The specification for maxΣ can be
efficiently implemented with a variable elimination algo-
rithm (Alg. 5). In each iteration, the algorithm selects a di-
mension of the state space, collects all functions that depend
on this dimension in a set E. It then creates a new function e

that maximizes all functions in E over that dimension of the
state space. The algorithm keeps track of a set of functions
to maximize and the number of the current iteration. Since
the number of operations performed by the algorithm varies
greatly with the elimination order, the variables can be re-
ordered with a bijection O : N<n → N<n . We formally
prove that max step preserves the maximum of the current
list of functions, thus maxΣ meets Spec. 5.

Value Determination
After a new candidate policy is found, it is evaluated in the
value determination phase. Since the exact value function
can not in general be represented as a linear combination of
the basis functions, we aim to find weights for the basis func-
tions that minimize the approximation error (see Spec. 1),
for which we need to solve a linear program (LP). The struc-
ture of the algorithm that finds optimal weights is analogous
to the factored Bellman error computation. For each branch
of the policy, we generate a set of LP constraints (according
to Spec. 6) that expresses the approximation error incurred
by this branch. The union of all constraints is then

weight lp :=
⋃

i<len(π) branch lp(πi,map(fst , π:i)).

Variables of the LP are the approximation error ϕ to min-
imize, and the weights w that determine the new weights.
Given a set of LP constraints cs , ⟨cs⟩LP denotes the set of
feasible solutions. We show that for any optimal solution
(ϕ∗, w∗) ∈ ⟨weight lp⟩LP , upd w := w∗ satisfies Spec. 1.
We formally prove that the LP always has an optimal solu-
tion, as the set of potentially optimal solutions is compact.
Specification 6 (branch lp). Given a partial state t, an ac-
tion a, a list of partial states ts , branch lp constructs an LP
that minimizes the approximation error for the states X(t,ts):

(ϕ,w) ∈ ⟨branch lp(t, a, ts)⟩LP ←→
∀x ∈ X(t,ts). ϕ ≥ |Qa

w(x)− νw(x)|.

LPs for Branches For each branch of the policy, we pro-
ceed similarly to the Bellman error computation: we create
two constraint sets, for positive and negative errors respec-
tively (Alg. 6). We omit the scopes for brevity. At this level,
we make use of another algorithm min lp. Its first input C is
a list of m scoped functions, the second input b is another list



Algorithm 6: Branch LP
branch lp :=
min lp(C,−b · I ′) ∪min lp(−C, b · I ′)
where b := map(inst t, [R

a
i | i < ra])

C := map(inst t, [hi − γgai | i < m])

of scoped functions. Now min lp(C, b) creates an LP that
minimizes Cw− b w.r.t. w over all states (see Spec. 7). The
definitions of C and b are analogous to the Bellman error
computation. It then follows that branch lp fulfills Spec. 6.

Specification 7 (min lp). min lp(C, b) generates an LP
that minimizes Cw − b over all weights w:

(ϕ,w) ∈ ⟨min lp(C, b)⟩LP ←→
∀x ∈ X . ϕ ≥

∑
i<len(C) wiCi(x) +

∑
i<len(b) bi(x).

Factored LP Construction The algorithm min lp resem-
bles maxΣ , so we only point out the challenges encountered
during verification. Full details can be found in the formal-
ization. There are two significant modifications we made to
the algorithm to make verification feasible. First, the original
algorithm may create equality constraints that constrain vari-
ables to −∞. Since these constraints are not supported by
the LP solvers we use, we formally prove that one can mod-
ify the algorithm to omit such constraints without changing
the set of feasible weights. Second, the combination of LP
constraints in the definition of weight lp requires some care,
to avoid interactions between LP variables created in differ-
ent branches. The min lp algorithm creates new (private) LP
variables and we need to make sure that these variables have
distinct names for each branch. This issue was not discussed
by Guestrin et al.. The problem can be solved by adding a
tag to each generated variable. The tags contain t, a, and a
flag to differentiate the two invocations of min lp in each
branch. For distinct tags p and p′ we can then show that the
solutions to the union of two constraint sets are equivalent
to the intersection of the solution spaces of the individual
constraint sets (concerning ϕ and w):

⟨min lp(p, C, b) ∪min lp(p′, C ′, b′)⟩LP =

⟨min lp(p, C, b)⟩LP ∩ ⟨min lp(p′, C ′, b′)⟩LP .

We show that min lp creates an LP that is equivalent to
the explicit (potentially exponentially larger) LP that has a
constraint for each MDP state. It immediately follows that
min lp satisfies Spec. 7, which completes our correctness
proof of API. With this approach to algorithm verification
using loosely coupled locales, min lp and maxΣ are not tied
to MDPs and are thereby reusable components.

Code Generation
We now discuss the process of deriving a verified efficiently
executable version from the verified abstract algorithm dis-
cussed above. To do so, we follow the methodology of pro-
gram refinement (Wirth 1971), where one starts with an ab-
stract, potentially non-executable version of the algorithm
and verifies it. Then one devises more optimised versions of

Ring Star
n t(s) tLP(s) Constrs Vars t(s) tLP(s)

1 0.27 0.02 74 41 0.34 0.03
3 0.89 0.15 1258 693 0.50 0.05
5 1.89 0.46 4378 2455 0.69 0.08
7 3.78 0.98 9418 5305 0.98 0.14
9 6.74 1.82 16378 9243 1.30 0.22

11 12.44 3.36 25258 14269 1.52 0.29
13 20.95 5.31 36058 20383 1.76 0.36
15 34.69 8.67 48778 27585 2.28 0.50
17 58.30 16.86 63418 35875 2.89 0.64
19 92.19 30.25 79978 45253 3.69 0.80

Table 1: Evaluation on the ring and star domains. The first
column denotes the number of clients. For each topology,
the first two columns give the total running time and time
spent in the LP solver. For the ring domain, we also show
the number of LP constraints and variables generated.

the algorithm, and only proves the optimizations correct in
this latter step, thus separating mathematical reasoning from
implementation specific reasoning. This approach was used
in most successful algorithm verification efforts (Klein et al.
2009; Esparza et al. 2013; Kanav, Lammich, and Popescu
2014). In this work, the three most important stages are
the initial abstract algorithm, an implementation with ab-
stract data structures, and finally an implementation with
concretized data structures. As a last step, we export veri-
fied code for API in the programming language Scala.

Refinement using Locales Our implementation of step-
wise refinement is based on Isabelle/HOL locales. For each
locale of the abstract algorithm, we define a corresponding
locale where we define the executable version of the algo-
rithm. Finally, we relate the abstract version of the MDP to
the concrete version. For each definition, we then show that
corresponding inputs lead to corresponding outputs, i.e. our
abstract algorithm and the implementation behave the same.
At this point in the refinement, data structures remain ab-
stract interfaces, with the concrete implementations chosen
only later. We use the data structures provided by the Isabelle
Collections Framework (Lammich and Lochbihler 2019) for
code generation and we extend them with a data structure for
scoped functions, represented as a pair of a function and a set
for its scope. The data structure also provides an operation
to evaluate a function on its full scope for memoization.

Certification of LP Solutions An implementation of API
depends on efficient LP solvers. In our verified implemen-
tation, we use precise but unverified LP solvers and certify
their results. This avoids implementing a verified, optimized
LP solver but retains formal guarantees – the tradeoff here
is that the unverified LP solver might return solutions that
cannot be certified. At the cost of performance, it is also
possible to connect the formalization to an existing simplex
implementation for Isabelle/HOL (Spasić and Marić 2012).
To achieve formal guarantees, the LP has to be solved ex-
actly, i.e. using rational numbers. Two potential candidates
for precise LP solvers are QSopt ex (Applegate et al. 2007)
and SoPlex (Bestuzheva et al. 2023). For larger LPs in our



setting, SoPlex demonstrated more consistent performance.
We certify optimality using the dual solution and the

strong duality of linear programming. In our formalization
we also formally prove that infeasibility and unbounded-
ness can be certified similarly using farkas certificates or un-
bounded rays. The linear program is first preprocessed to a
standard form: variable bounds and equality constraints are
reduced to inequality constraints. The constraints of the re-
sulting LP are of the form Ax ≤ b, with no restrictions on x.
During benchmarking of the certification process, the nor-
malization operation usually applied to rationals after each
operation proved to be very costly. For certification, we rep-
resent rational numbers as pairs that are never normalized,
which leads to faster certificate checking in our experiments.

The exported Scala program takes an arbitrary function
from linear programs to their solutions as input. If this func-
tion returns invalid solutions, they are rejected by the certifi-
cate checker, so there are no assumptions we need to place
on the LP solver. However, there is the implicit assumption
that the LP solver is deterministic. Since we are working in
a fragment of a functional programming language, calling
the LP solver twice on the same problem should lead to the
same solution. In theory, a nondeterministic LP solver could
be misused to lead to inconsistencies. As we do not compare
LP solutions in our algorithm and SoPlex is actually deter-
ministic, this problem does not impact our verified software.
A more general solution to the problem could be the use of
memoization or to model the nondeterminism with monads.

Experimental Evaluation We show the practicality of our
verified implementation by applying it to both the ring and
star topologies from (Guestrin et al. 2003). Note that all
numerical computations have to be performed with infinite
precision, which substantially impacts the performance. We
run our implementation on an Intel i7-11800H CPU and set
the discount factor to 0.9 in all our experiments. In all runs,
the weights converged after max. 5 iterations. The results of
the experiments (Table 1) show that the algorithm can deal
with ring networks of half a million states and 20 actions.
For larger networks, the precise mode of the LP solver So-
Plex cannot find a rational solution. The experiment shows
that our implementation of linear programming certification
can process linear programs with tens of thousands of con-
straints. For the simpler star topology, we can handle sys-
tems with 240 states in 45s.

Discussion
Our work combines and integrates a wide range of tools and
formalization efforts to produce a verified implementation
of API. In Isabelle/HOL, we build on the formal libraries
for LPs (Thiemann 2022), MDPs (Hölzl 2017), linear al-
gebra, analysis (Hölzl, Immler, and Huffman 2013), prob-
ability theory (Hölzl and Heller 2011), and the collections
framework (Lammich and Lochbihler 2019). Furthermore,
we certify the results computed by precise LP solvers. Our
development consists of 20,000 lines of code, two-thirds fo-
cused on code generation. We show how to facilitate locales,
powerful automation in Isabelle/HOL, and certification to
develop complex formally verified software. We also make

the case that the process of algorithm verification provides a
detailed understanding of the algorithm: all hidden assump-
tions are made explicit, while we modularize the algorithm
into components with precisely specified behaviour.

The methodology presented here can be applied to a large
number of algorithms since the algorithm we verified is a
seminal algorithm for solving factored MDPs, combining a
large number of concepts that are widely used in many con-
texts, like AI (Delgado, Sanner, and De Barros 2011; Os-
band and Roy 2014; Deng, Devic, and Juba 2022) and model
checking (Hinton et al. 2006; Dehnert et al. 2017).

Applications of interactive theorem provers in verification
and formalizing mathematics have been recently attracting a
lot of attention (Avigad and Harrison 2014; Avigad 2023;
Massot 2021). In most applications, especially in computer
science (Esparza et al. 2013; Klein et al. 2009) and AI (Bag-
nall and Stewart 2019; Selsam, Liang, and Dill 2017), the
emphasis is on the difficulty of the proofs, whether that is
due to many cases or complex constructions, etc., and how
theorem proving helped find mistakes or find missing cases
in the proofs. A distinct feature of this work is that its com-
plexity comes from the large number of concepts it com-
bines, shown in Fig. 2, which is a more prevalent issue in
formalizing pure mathematics. Our project has contributed
a better restructuring of the algorithm and untangling of the
different concepts, leading to better understandability.

Multiple directions can be considered to extend and build
on our work. An alternative to using exact LP solvers is to
use their highly optimized floating point counterparts that
do not calculate exact solutions. In this case, one needs to
certify the error bound derived from a dual solution to the
LP. Then the error bound has to be incorporated in the error
analysis of the algorithm to obtain formal guarantees. More-
over, we may initialize the algorithm with weights computed
by an unverified, floating point implementation of API to re-
duce number of iterations performed by the verified imple-
mentation. In Isabelle/HOL, some of the correctness proofs
for code generation can be automated using tools to trans-
fer theorems. Furthermore, the ergonomics for instantiating
locales and inheriting from other locales could be improved
for situations with many locale parameters.

Related Work Several formal treatments of MDPs have
been developed in the theorem provers Isabelle/HOL (Hölzl
2017; Schäffeler and Abdulaziz 2023; Chevallier and Fleu-
riot 2021; Hartmanns, Kohlen, and Lammich 2023) and
Coq (Vajjha et al. 2021). All developments verify algorithms
for explicit MDPs, which limits their practical applicabil-
ity to solve large MDPs. We adapt and integrate the imple-
mentation of Schäffeler and Abdulaziz with our formaliza-
tion. The algorithm we verified in Isabelle/HOL was first
presented in (Guestrin et al. 2003). An LP certification ap-
proach with Isabelle/HOL was previously done in the Fly-
speck project (Obua and Nipkow 2009), where feasibility
was checked. The work introduces a method using dual so-
lutions from floating-point LP solvers to bound the objective
value. The tool Marabou for neural network verfication uses
Farkas vectors to produce proofs for its results (Isac et al.
2022).
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Abstract. We present an efficiently executable, formally verified imple-
mentation of interval iteration for MDPs. Our correctness proofs span the
entire development from the high-level abstract semantics of MDPs to a
low-level implementation in LLVM that is based on floating-point arith-
metic. We use the Isabelle/HOL proof assistant to verify convergence of
our abstract definition of interval iteration and employ step-wise refine-
ment to derive an efficient implementation in LLVM code. To that end,
we extend the Isabelle Refinement Framework with support for reasoning
about floating-point arithmetic and directed rounding modes. We exper-
imentally demonstrate that the verified implementation is competitive
with state-of-the-art tools for MDPs, while providing formal guarantees
on the correctness of the results.

1 Introduction

Probabilistic model checking (PMC) [3,4] is a formal verification technique for
randomised systems and algorithms like wireless communication protocols [35],
network-on-chip (NoC) architectures [47], and reliability and performance mod-
els [5]. Typical properties checked by means of PMC relate to reachability prob-
abilities: What is the probability for a file to eventually be transmitted success-
fully [17]? Is the probability for a NoC router’s queue to overflow within c clock
cycles below 10−5? What is the maintenance strategy that minimises service
outages within a given cost budget [48,49]? The system models that PMC is ap-
plied to are specified in higher-level modelling languages such as Modest [11,23]
or JANI [14] with a formal semantics in terms of (extensions of) Markov chains
and Markov decision processes (MDPs) [10,45].

PMC delivers results with formal guarantees, typically that the computed
and (unknown) true probabilities differ by at most a user-specified ε. PMC is
thus well-suited for the design and evaluation of safety- and performance-critical
systems. Over the past decade, however, we have witnessed several threats to the
validity of PMC results. First and foremost, the most-used PMC algorithm, value
iteration (VI), was shown to be unsound, i.e. produce arbitrarily wrong results
for certain inputs [21]. Several sound replacements for VI were subsequently
developed [22,29,46], yet their soundness proofs have so far been pen-and-paper
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style with room for human error. For example, the pseudocode for the sound VI
algorithm as stated in [46] contains a subtle omission that only surfaces on 1
of the 78 models of the Quantitative Verification Benchmark Set (QVBS) [30].
This calls for formal specifications of the algorithms accompanied by machine-
checked correctness proofs. Even correct algorithms, however, may be incorrectly
implemented in today’s manually-coded PMC tools. As a case in point, the
implementation of the interval iteration algorithm [22] for expected rewards [7]
in the mcsta model checker of the Modest Toolset [27] diverges on some
inputs. We thus need correct-by-construction implementations, too.

VI-based algorithms are iterative numeric approximation schemes that need
to be implemented via fixed machine-precision floating-point arithmetic to obtain
acceptable performance [15,28]. This introduces approximation and rounding
errors that in turn may lead to incorrect Boolean outputs [57]. An efficient
solution is to carefully use the directed rounding modes provided by standard
IEEE 754 floating-point implementations as in all of today’s common CPUs [26],
which however needs careful reasoning about floating-point errors and rounding
in all formal proofs and correctness-preserving implementation strategies.

Our contribution. We present a solution to all of the above challenges based on
the interval iteration (II) algorithm [22] for sound PMC on MDP models and the
interactive theorem prover (ITP) Isabelle/HOL [44] with its Isabelle Refinement
Framework (IRF) [39]:
– We formalise (i.e. model) II in Isabelle/HOL’s logic and formally prove its

correctness using Isabelle/HOL (Sect. 3), making II the first sound PMC
algorithm for MDPs with machine-checked correctness.

– We extend the IRF with support for floating-point arithmetic, including di-
rected rounding modes (Sect. 4.2), making it the first ITP-based algorithm
refinement approach suitable for II and similar algorithms.

– Using the IRF, we refine the formalisation of II into efficient LLVM bytecode
(Sects. 4.3 and 4.4), delivering the first correct-by-construction implementa-
tion of a PMC algorithm.

– We embed the code into mcsta, a competitive probabilistic model checker
(Sect. 5). We experimentally evaluate the performance using the QVBS, show-
ing that the verified implementation is efficient. Our formal proofs and the
benchmark code are available as part of the additional files.

State-of-the-art: Verification of Algorithms for MDPs. A probabilistic model
checker like mcsta performs preprocessing and transformation steps for both
correctness and performance. Previously, the strongly connected component [31]
and maximal end component decomposition [32] algorithms have been verified
down to LLVM, replacing their previous unverified implementations inside mcsta
by verified ones of comparable performance. These were fully discrete graph al-
gorithms, however, that neither required reasoning about numerical convergence
in their correctness proofs nor floating-point arithmetic in their refinement to
an efficient implementation. With this work, we contribute an essential piece for
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the incremental replacement of unverified by verified algorithms for probabilistic
reachability in mcsta’s MDP model checking core.

Other work that is also relevant to our setting is the verification of iteration
algorithms for MDPs: In Coq by Vajjha et. al. [55] and in Isabelle/HOL by Schäf-
feler and Abdulaziz [50,51]. In their work, they verified the classical version of
value iteration and policy iteration, that optimise the expected discounted values,
and a modified policy iteration algorithm for solving large, factored MDPs. We
note that only Schäffeler and Abdulaziz [50,51] also verified practical implemen-
tations. However, since their implementations used infinite-precision arithmetic,
they could not compete with state-of-the-art floating-point implementations.
Thus, the work we present here is the first, up to our knowledge, where a full
formal mathematical analysis of an algorithm, involving heavy usage of a formal
mathematical probabilities library, is performed and a competitive floating-point
implementation is also verified. Furthermore, from a formalisation-methodology
perspective, we note that the correctness argument of II involves a substantial
element of graph-theoretic reasoning, in addition to the reasoning about fixed
points that is present in II and other verified MDP algorithms. This includes
reasoning about connected components, acyclicity, and levels in a DAG, further
complicating II’s verification compared to other verified iteration algorithms.

State-of-the-art: Verification of Floating-Point Algorithms. That floating-point
implementations deviate from the respective mathematical models of the algo-
rithms is widely recognised as a problem. Bugs with potentially serious conse-
quences were noted in the hardware and aerospace industry [25,43]. Due to the
complexity of floating-point algorithms’ behaviour, and the failure of testing to
reliably catch bugs in those algorithms, there is a long tradition of applying for-
mal methods to the verification of floating-point algorithms. This was done in
verification systems like Z [9], HOL Light [24,25], PVS [13,42], and Coq [12,19].
Most of that previous work, however, focused on proving correctness of basic
algorithms implemented in floating-point arithmetic. In contrast, we aim to do
the correctness proofs on algorithms using real numbers, which we implement as
floating-point numbers with directed rounding. This keeps our correctness proofs
manageable while preserving interesting properties, even for complex programs.

A related line of work aims to prove correctness by providing error bounds.
Tools like PRECiSA [54], FPTaylor [52], Real2Float [41], and Fluctuat [20] ana-
lyze the floating-point error propagation. They focus on determining the worst-
case roundoff error. While more expressive than our approach, these tools have
limited to no support for programs with complex control flow like the nested
loops in the implementation of II.

The static analysis tool Astrée [16] is used in the aviation and automotive
industry to check absence of runtime errors. While it supports programs using
floating-point numbers, it cannot verify arbitrary correctness properties. Frama-
C [36] has similar functionality but supports deductive verification. However, the
properties supported are limited, e.g. that outputs lie in a given interval [37].
The situation is similar with other deductive verifiers like KeY [2], which can
verify the absence of exceptional values like NaN and infinity [1].
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2 Preliminaries

We now present the necessary background for the rest of the paper: we introduce
Isabelle and the Isabelle Refinement Framework, followed by IEEE 754 floating-
point numbers and Markov Decision Processes in Isabelle/HOL.

2.1 Isabelle/HOL

An interactive theorem prover (ITP) is a program that implements a formal
mathematical system in which a user writes definitions and theorem statements,
and constructs proofs from a set of axioms. To prove a theorem in an ITP, the
user provides high-level steps, and the ITP fills in the details at the axiom-level.

We perform our formalization using the ITP Isabelle/HOL [44], which is a
proof assistant for Higher-Order Logic (HOL). Roughly speaking, HOL can be
seen as a combination of functional programming with logic. Isabelle is designed
to be highly trustworthy: a small, trusted kernel implements the inference rules
of the logic. Outside the kernel, a large set of tools implement proof automation
and high-level concepts like algebraic data types. Bugs in these tools cannot lead
to inconsistent theorems being proved, as the kernel refuses flawed proofs.

We aim to represent our formalization as faithfully as possible, but we have
optimized the presentation for readability. The notation in Isabelle/HOL is sim-
ilar to functional programming languages like ML or Haskell mixed with math-
ematical notation. Function application is written as juxtaposition: we write
f x1 . . . xn instead of the standard notation f(x1, . . . , xn). Recursive functions
are defined using the fun keyword and pattern matching. For partial functions,
we use the notation f = (λx ∈ X. g x), to explicitly restrict the domain of the
function to X. Where required, we annotate types as x :: type.

Isabelle/HOL provides a keyword locale to define a named context with as-
sumptions, e.g. an MDP with well-formedness assumptions [8]. Locales can be
interpreted and extended in different contexts, e.g. a locale for MDPs can be in-
stantiated for a specific MDP, which yields all theorems from within that locale.

2.2 Isabelle Refinement Framework

Our verification of II spans the mathematical foundations of MDPs, the imple-
mentation of optimized algorithms and data structures, and the low-level LLVM
intermediate language [40]. To keep the verification effort manageable, we use
a stepwise refinement approach: starting with an abstract specification, we in-
crementally add implementation details, proving that each addition preserves
correctness, e.g. computing a fixed-point by iteration, or implementing MDPs
by a sparse-matrix data structure. The former specifies the control-flow of a pro-
gram, but the datatype remains the same. The latter we call data refinement.

This approach is supported by the Isabelle Refinement Framework (IRF) [39].
In the IRF, we define algorithms in the nondeterministic result (nres) monad,
where a program either fails or produces a set of results. The notation a ≤R c
denotes that every (non-deterministic) output of abstract program a is related to
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an output of concrete program c via the refinement relation R. In other words, c
is an implementation of a. If a refinement step does not involve data refinement,
then we use ≤ := ≤Rid

where Rid is the identity relation.
At the start of the refinement chain, we put our specification and at the

end of the refinement chain, we aim to have an efficient LLVM program. Once
sufficiently refined, the sepref [38] tool can automatically refine a program to
LLVM. As ≤R is transitive, the LLVM program satisfies the specification.

2.3 Floating-Point Arithmetic

Our work uses the formalization of the IEEE 754 floating-point standard in
Isabelle/HOL [58]. This library provides a generic type (e,f) float which resembles
the scientific notation: e is the number of bits for the exponent, and f is the
number of bits for the fraction (also known as mantissa).

We use the type double = (11,52) float. The floating-point format contains
positive and negative numbers, as well as special values for ±∞ and not a num-
ber (NaN). The function valof :: (e,f) float → ereal maps non-NaN floating-point
numbers to extended real numbers, i.e., R∪̇{−∞,+∞}. Finally, the formalization
provides all standard floating-point instructions like addition, multiplication, and
comparisons as well as intuitive predicates to identify special cases (e.g. is nan).

2.4 Markov Decision Processes

Markov Decision Processes (MDPs) are widely used to model probabilistic sys-
tems with nondeterministic choices [45], e.g. in PMC, planning, operations re-
search and reinforcement learning [6,53]. Intuitively, an agent interacts with an
environment by choosing actions that, together with random elements, influence
the state of the system. The agent has an objective, e.g. to reach certain states,
and aims to choose actions that optimize the probability to achieve the objective.
Many important concepts defined in this section are illustrated in Example 1.

Formally, a finite MDP is a pair M = (S,K) where S is a finite, non-empty
set of states, and K : S → 2P(S) is the transition kernel. It maps every state to
a finite, non-empty set of actions in the form of transition probabilities. P(S)
denotes the set of probability measures on S, i.e. functions p : S → [0, 1] where∑

s∈S p(s) = 1. Furthermore for K is closed under S: Actions from S lead to S.
Our formalization of II extends the Markov Models [33,34] formalization from

the Isabelle/HOL library. MDPs are modeled with a generic type ′s mdpc and a
locale Finite MDP that, in combination, contain the states, the transition kernel
and well-formedness conditions (Locale 2.1). In the following, we abbreviate the
projections states M and actions M as S and K. The type of the states is ′s, and
the type of probability distributions over ′s is ′s pmf. For a p :: ′s pmf, setpmf p
denotes its support, i.e. the set of states with non-zero probability.
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locale Finite MDP = (Locale 2.1)
fixes M :: ′s mdpc and S and K
defines S = states M and K = actions M
assumes S ̸= ∅ and finite S and ∀s. K s ̸= ∅ and ∀s ∈ S. finite (K s)
assumes ∀s ∈ S. (

⋃
a ∈ K s. setpmf a) ⊆ S

Strategies choose an action based on the visited states. This formalization
works with configurations, which are pairs of states and strategies. A configu-
ration is valid if the strategy selects only enabled actions and the state of the
configuration is in S. validcfg denotes the set of all valid configurations. Given a
configuration and an MDP, the probability space of infinite traces T cfg is con-
structed from the induced Markov Chain, where each state is a configuration.

MDP subcomponents play an important role in the analysis of II. A sub-
MDP M ′ = (S′,K ′) consists of a subset of states S′ ⊆ S and a restricted kernel
K ′ where ∀s ∈ S′. K ′(s) ⊆ K(s). A sub-MDP is strongly connected if all states
can reach each other via a sequence of actions. A closed, strongly connected
sub-MDP is an end component (EC). A maximal end component (MEC) is an
EC that is not a sub-MDP of another EC. Finally, trivial MECs are MECs with
one state and no actions, and bottom MECs are MECs without an exit.

0 1

2 3

α

1

β 0.1

0.9

γ1

δ

0.5
0.5

ϵ

1

Fig. 1. A simple MDP
with four states and five
actions.

Reachability. In our PMC setting, the objective is
to minimize or maximize the long-term reachability
probabilities of a set of target states U ⊆ S. The
value function Pcfg :: ′s ⇒ real gives the probability
of reaching U in the Markov Chain induced by the
configuration cfg. Minimal and maximal reachability
probabilities are denoted by Pinf and Psup respectively.
Pinf is defined as the infimum of Pcfg over all valid con-
figurations, Psup is defined using the supremum. We
also introduce the Bellman optimality operators Finf

and Fsup (Def. 2.1, Fsup omitted). For a state s ∈ S
and a value vector v, Finf v s denotes the minimal expected value of x after one
step from s. The symbol

d
denotes the infimum.

definition Finf v = (λs ∈ S. if s ∈ U then 1 else (Def. 2.1)d
a ∈ K s.

∑
t ∈ setpmf a. v t ∗ pmf a t)

The least fixed point (lfp) of Finf is Pinf . In other words, repeatedly applying
Finf to a lower bound of Pinf converges to Pinf in the limit. For II, we preprocess
the MDP such that the greatest fixed point (gfp) of Finf is the same as Pinf ,
and then iterate Finf on both a lower and an upper bound until they closely
approximate Pinf . The same holds for Fsup and Psup.

Example 1. Fig. 1 shows an MDP with four states, S = {0, 1, 2, 3}. The outgoing
transitions from each state represent the actions in the MDP. Each transition
leads to a black dot and branches into the successor states with corresponding
probabilities. For example in state 0, K(0) = {α, β}. The agent can choose α to
move to state 2, or β to have a 10% chance to move to state 1.
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Let the target states U = {3}. The reachability probabilities are Pinf(2) = 0.5
and Psup(2) = 1. The MDP has a single bottom MEC {3} with action {ϵ}, and
a single trivial MEC {2}. The states {0, 1} form a MEC with actions β and γ.

3 Interval Iteration in Isabelle/HOL

The interval iteration (II) algorithm for MDPs is an iterative solution method
for reachability problems based on value iteration. In contrast to standard value
iteration, there is a simple and sound stopping criterion. We present our formal-
ization of definitions and correctness proofs in Isabelle/HOL of II and prepro-
cessing routines. Our formalization is based on the proofs in [22], we highlight
the challenges encountered during formalization and point out differences in our
formal proofs. In particular, we present a more elegant and much more precise
proof of [22, Proposition 3]. Moreover, we simplify the definitions of the prepro-
cessing steps significantly. In the following, all statements prefixed with lemma
or theorem are formally verified in Isabelle/HOL. All theorems and definitions
for Psup that are analogous to the ones for Pinf are omitted here for brevity.

3.1 The Interval Iteration Algorithm

The idea of the II algorithm is to start with a lower and an upper bound on the
true reachability probability and iterate the Bellman optimality operator Finf

(Fsup) on both. Since the optimality operators are monotone, both sequences
converge to a fixed point. On arbitrary MDPs, these fixed points are not nec-
essarily the same. However, if the MDP is preprocessed to only contain MECs
that are trivial or bottom MECs, both fixed points are equal to the optimal
reachability probabilities.

For now, assume an arbitrary MDP with a single target state s+ and an
avoid state s−, that are both sinks. As the initial lower bound lb0, we take the
function that assigns 1 to s+ and 0 to all other states. The initial upper bound
ub0 assigns 0 to s− and 1 to all other states. The II algorithm computes the
sequences lbinf n and ubinf n, defined as the n-fold application of Finf to lb0 and
ub0:

definition lbinf n = (Finf)
n lb0 and ubinf n = (Finf)

n ub0 (Def. 3.1)

It is an immediate consequence of the monotonicity of the Bellman optimality op-
erators that the lower (upper) bounds are monotonically increasing (decreasing).
Clearly, lb0 is a lower bound and ub0 is an upper bound of Pinf . Additionally,
we formally derive that the Bellman optimality operators preserve upper and
lower bounds in Lemma 3.1. These two properties of the abstract II algorithm
are required for the refinement proof in Sect. 4.

lemma assumes v ≤ Pinf shows Finf v ≤ Pinf (Lemma 3.1)
lemma assumes v ≥ Pinf shows Finf v ≥ Pinf
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3.2 Reduced MDPs

II is only guaranteed to converge if the MDP only contains trivial or bottom
MECs. We therefore need to preprocess the MDP before applying II. The pre-
processing steps differ for Pinf and Psup, they are called min-reduction and max-
reduction. In a first step, we extend the existing MDP formalization [33] with
strongly connected components (SCCs) and bottom MECs (Def. 3.2). The states
of an MDP that form trivial or bottom MECs are called trivials or bottoms re-
spectively. We follow [22] and call an MDP reduced if all of its MECs are either
trivial or bottom MECs.

definition bmec M b = (Def. 3.2)
mec M b ∧ (∀s ∈ states b. actions b s = K s)

Min-Reduction. The min-reduction for MDPs transforms an arbitrary MDP into
a reduced MDP with the same Pinf . The idea is that all non-trivial MECs (except
s+) can reach the target with probability 0: There exists a strategy that stays in
the MEC forever and therefore never reaches s+. Hence, all such MECs may be
collapsed into a single absorbing state s−. To formalize this transformation, we
first define a function red inf (Def. 3.3) mapping the states, and then apply it to
the MDP M to obtain the reduced MDP Minf (Def. 3.4). Our formal definition
is a substantial simplification compared to [22, Def. 4].

definition red inf s = if s ∈ trivials M ∪ {s+} then s else s− (Def. 3.3)

definition Minf = fix loop s− (mapmdpc red inf M) (Def. 3.4)

The function mapmdpc (defined in [34]) applies a function to every state of
an MDP. If the function merges states, mapmdpc merges the action sets. Finally,
fix loop s− replaces the actions at s− with a single self-loop. Fig. 2 displays the
min-reduced version of the MDP from Fig. 1.

s−

s+2
δ

0.5
0.5

1

1

Fig. 2. Min-reduced ver-
sion of the MDP in Fig. 1.

The formal proof of the fact that Minf is in fact a
reduced MDP follows the original [21]. We also show
that the transformation preserves Pinf . To distinguish
the reachability probabilities of the original and the
reduced MDP, we use the notation Pinf for the orig-
inal MDP and Minf .Pinf for the reduced MDP. Our
proof is based on the fact that min-reduction preserves
the finite-horizon probabilities P≤

inf n (Lemma 3.2),
i.e. the reachability probability in n steps. Now, the
main claim (Thm. 3.1, [22, Proposition 3]) is a direct consequence. Note that
our proof is simpler and more precise than the original: in [22], the authors only
claim without details that for every strategy in the reduced MDP, there exists
a strategy in the original MDP with the same Pinf and vice versa.

lemma assumes s ∈ S shows P≤
inf n s = Minf .P≤

inf n (red inf s) (Lemma 3.2)

theorem assumes s ∈ S shows Pinf s = Minf .Pinf (red inf s) (Thm. 3.1)
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Max-Reduction. The Psup case can be handled similarly with a max-reduction.
The procedure is more involved, as not all non-trivial MECs can be collapsed
while preserving Psup: A maximizing strategy might choose to leave a non-trivial
MEC. We can, however, first collapse each MEC into a single state to obtain an
MDP MMEC . In a second step, we map the bottom MECs to s−. Finally, we
remove self-loops at all states except s+ and s−. Our formalization decomposes
max-reduction [22, Def. 5] into multiple steps. This again simplifies both the
definitions and proofs.

01

2 s+

s−

α

1 δ

0.5 0.5

1

1

Fig. 3. Max-reduced ver-
sion of the MDP in Fig. 1.

Collapsing the MECs into a single state is done
by the function the mec, the transformation preserves
Psup (Thm. 3.2). Our proof resembles the proof of [18,
Theorem 3.8], however we have to work around the
fact that the MDP formalization [33] only supports
deterministic policies. Note that every state of MMEC

now forms its own MEC. The correctness proof of
the second phase of the reduction is similar to min-
reduction. See Fig. 3 for the max-reduced version of
the MDP from Fig. 1.

theorem assumes s ∈ S (Thm. 3.2)
shows Psup s = MMEC .Psup (the mec M s)

Proof. (≤) As collapsing MECs only shortens paths in the MDP, the proof pro-
ceeds similarly to the one for min-reduction via finite-horizon probabilities.

(≥) Consider an optimal strategy πMEC in MMEC , we need to show that
there exists a strategy in M with the same reachability probability. Every MEC
m of M contains a state sπm where the action selected by πMEC is enabled.
Moreover, within a MEC, we can obtain a deterministic, memoryless strategy
πm that reaches this state with probability 1. Thus we can construct a strategy
in M that behaves like πm within each MEC until sπm is reached and then follows
πMEC . The reachability probability of this strategy in M is the same as in MMEC .

3.3 Reachability in Reduced MDPs

From now on we assume that we are working with a reduced, finite MDP M
where each state is a trivial or bottom MEC. We show that in such an MDP,
over time any strategy reaches a bottom MEC almost surely. This is the key
property that will then allow us to prove the convergence of II.

Level Graph. First, we build a level graph of the MDP, starting at the bottom
MECs (Def. 3.5). At level n+1, we add all those states where every action has a
successor in level n or below. We define I to be the greatest non-empty level of the
level graph G, so I is the number of steps that allows us to reach a bottom MEC
from every state. We formally show that G has the desired properties, i.e. it is
acyclic and contains every state at exactly one level. The proofs in Isabelle/HOL
require substantial reasoning about graph-theoretic properties, e.g. we need to
show that every MDP contains a bottom MEC.
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fun G where (Def. 3.5)
G 0 = bottoms M
G (n+ 1) = let G≤n =

⋃
i ≤ n. G i in

{s ∈ S \ G≤n. ∀a ∈ K s. G≤n ∩ a ̸= ∅}

Reachability of BMECs. We now show that intuitively, every strategy eventually
descends through the levels of G. The rate at which a bottom MEC is encoun-
tered depends on η, the smallest probability of any transition in the MDP. At
every step, the probability of descending a level wrt. G is at least η. Hence we
can show that for any valid configuration, the probability to reach the bottom
MECs in I steps is no less than ηI :

lemma assumes cfg ∈ validcfg shows ηI ≤ P≤
cfg I (Lemma 3.3)

The value P≤
cfg n denotes the finite-horizon reachability probability of the

bottom MECs in n steps under configuration cfg. Note that the lemma was orig-
inally stated for safety instead of reachability problems. We transform it using
the well-known equivalence P≤n

π (♢U) = 1−P≤n
π (□¬U). For multiples n of I, we

obtain a stronger lower bound of 1 − (1 − ηI)n (Thm. 3.3, [22, Proposition 1]).
As n increases, (1 − ηI)n converges to 0 and thus P≤

cfg nI tends towards 1. Since
we chose cfg arbitrarily, we almost surely reach a bottom MEC in the limit.

theorem assumes cfg ∈ validcfg shows 1 − (1 − ηI)n ≤ P≤
cfg nI (Thm. 3.3)

3.4 Convergence of Interval Iteration

We assume a special form of reduced MDPs, where the only bottom MECs are
the target state {s+} and avoid state {s−} that both are absorbing (Locale 3.1).
The reduced MDPs from Sect. 3.2 are instances of this locale.

locale MDP Reach = Finite MDP M + (Locale 3.1)
assumes s− ∈ S and s+ ∈ S and
∀s ∈ S \ {s+, s−}. s ∈ trivials M and
K s− = {returnpmf s−} and K s+ = {returnpmf s+}

Towards a convergence proof of II, we show that the lower and upper bound
sequences relate to finite-horizon reachability probabilities of both s+ and s−
(Lemma 3.4, [22, Lemma 4]). In this section, we indicate the target sets explicitly.

lemma assumes s ∈ S (Lemma 3.4)
shows lbinf n s = P≤

inf {s+} n s and ubinf n s = 1 − P≤
sup {s−} n s

With Thm. 3.3 we can bound the distance between the sequences (Thm. 3.4).
Note that convergence is in general only guaranteed if all computations are
carried out with arbitrary precision arithmetic. In a floating-point setting, the
convergence to a unique fixed point is not guaranteed. Still, this theoretical result
motivates the usage of the II algorithm to optimally solve reachability problems
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on MDPs. In practice, on most instances the algorithm converges much faster
than the theoretical bound suggests (see Sect. 5 for experimental results).

Finally, like [22], the theorem does not apply if all probabilities in the MDP
are equal to one, i.e. no branching after an action is selected. In this case, the
MDP is deterministic and is better solved with qualitative solution methods.

theorem (Thm. 3.4)
assumes s ∈ S and ϵ > 0 and η ̸= 1 and n ≥ ⌈log(1−ηI) ϵ⌉ ∗ I
shows ubinf n s − lbinf n s ≤ ϵ

Proof. As a first step, we show for all i:

ubinf iI s − lbinf iI s = 1 − P≤
sup {s−} iI s − P≤

inf {s+} iI s (Lemma 3.4)
≤ 1 − (P≤

inf {s−} iI s + P≤
inf {s+} iI s) (P≤

inf ≤ P≤
sup)

= 1 − P≤
inf {s−, s+} iI s (Disjoint events)

≤ (1 − ηI)i (Thm. 3.3)

Set i = ⌈log(1−ηI) ϵ⌉ and the theorem follows from monotonicity.

4 Refinement using Floating-Point Arithmetic

In the next step, we use the IRF to refine the abstract specification of II to
an efficient LLVM implementation. In our executable version, we implement real
numbers using IEEE 754 double precision floating-point numbers (floats). Due to
dedicated hardware support on modern consumer processors, floats have superior
performance compared to any other decimal format. However, the rounding er-
rors inherent to floating-point arithmetic make the refinement tricky. We propose
an approach based on directed rounding modes to refine reals to upper bound-
ing or lower bounding floats. A further challenge is that during II, the rounding
mode needs to be switched regularly. Most consumer CPUs set the rounding
mode through a global flag, which is both time-consuming at runtime [26] and
cumbersome to reason about in the IRF. To circumvent this, we use the AVX512
instruction set which supports operation-specific rounding modes.

We first introduce the sepref tool for refinement to LLVM, after which we
present our extension of the IRF and sepref for floats. We use that to obtain
correct-by-construction LLVM code for II.

4.1 The Sepref Tool

We use sepref [38] to automatically refine an algorithm to an LLVM program.
The sepref tool provides a library of verified, reusable data structures. As these
data structures may access the heap, we need to use (separation logic) assertions
that extend refinement relations with a heap.
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Example 2. We demonstrate how to automatically refine to LLVM using sepref
through the following example.

1 definition ls app x xs = xs @ [x] and half nat n = n div 2
2 definition apphalf n xs = do { let n′ = half nat n; return ls append n′ xs }
3 lemma (rshift1, half nat) ::Asize → Asize

4 lemma (arl app, ls app) :: [λn xs. length xs < 263−1]Asize→Ad
arl→Aarl

5 lemma (arl apphalf, apphalf) :: [λn xs. length xs < 263−1]Asize→Ad
arl→Aarl

Line 1 defines ls app (insert an element at the end of a list) and half nat
(divide a natural number in half). Both are used in the definition of apphalf in
Line 2. The standard library of sepref has LLVM implementations for lists as
array lists (Aarl), and natural numbers as 64-bit signed words (Asize). The A
indicates that these are assertions. For example, half nat can be refined with the
LLVM program rshift1, which performs an efficient bit shift to the right.

For sepref to use such refinements, they need to be in parametric functor
notation as in Line 3. The lemma states that rshift1 and half nat are related as
follows: if the inputs of half nat (type nat) and rshift1 (type size) are related
via Asize , then the outputs are related via Asize . Line 4 provides a refinement
of the append operation following the same principle, only now with two inputs.
Moreover, the precondition length xs < 263 − 1 limits the length of the input
list. Finally, the superscript d indicates that the input is destructively updated.
With all these rules registered to sepref, we can automatically refine app half.
We provide a signature so that sepref knows which data structure to use:

[λn xs. length xs < 263 − 1]Asize→Ad
arl→Aarl .

sepref automatically translates this into the LLVM program arl app half based
on rshift1 and arl append. We also obtain the refinement relation in Line 5.

4.2 Floating-Point Extension of the Isabelle Refinement Framework

We extend the IRF with two data refinements to reason about floating-point
arithmetic: real numbers to lower bounding (lb) or upper bounding (ub) floats.
Since the ub case is mostly symmetric to the lb case, we focus on lb floats. We aim
to construct a refinement relation that never produces NaN for the operations we
support. NaN is incomparable, rendering it incompatible with a framework that
reasons about bounds. Furthermore, the operations we support must preserve
upper/lower bounds: the float −2f (subscript f denotes floats) is a lower bound
of 1, yet −2f ∗ −2f = 4f is not a lower bound of 1 ∗ 1 = 1.

To resolve this, we only consider non-negative floats. We define the refinement
relation Rlb = {(fl,r). valof fl ≤ r ∧ ¬is nan fl ∧ valof fl ≥ 0} which relates re-
als to lb floats, e.g. (2f , 3) ∈ Rlb , but (−2f ,−1) ̸∈ Rlb , as −2f is negative. Since
floats are pure, e.g. they do not need to allocate memory on the heap. This means
that the assertion Alb ignores the heap and is in essence Rlb .

We now present a non-exhaustive list of operations supported by our frame-
work. We focus on the operations required for our use-case.
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Fused multiply-add. The ternary operation fma a b c = a ∗ b + c (fused multiply-
add) yields a smaller floating-point rounding error compared to separately multi-
plying and then adding. We name the AVX512 operation for fma with rounding
mode to negative infinity fma avx lb and prove the following refinement:

lemma (fma avx lb, fma) :: Alb → A>0
lb → Alb → Alb (Lemma 4.1)

This lemma says that if the inputs are lb, not NaN and non-negative, the output
is also lb, not NaN and non-negative. Note that the result of 0f ∗∞f is NaN. We
resolve this with the stricter assertion A>0

lb that only allows positive finite floats.
In the case of II, these are the transition probabilities from the input model.

Comparison. Comparisons are not preserved among equally bounding floats
since floating-point errors can stack up arbitrarily. We can only preserve in-
formation partially by implementing them as mixed operations (e.g. comparing
lb to ub).

definition leq sound a b = spec (λr. r −→ a ≤ b) (Lemma 4.2)
lemma (leq double, leq sound) :: Aub → Alb → Abool

We use spec to introduce non-determinism as follows: the operation must return
False if a > b and can return anything otherwise. Consider the following 2 cases.
Case 1: 4f is a ub of 2, and 3f is an lb of 5, we have 2 ≤ 5 but 4f ̸≤ 3f ; Case
2: 3f is a ub of 2, and 4f is an lb of 5, we have 2 ≤ 5 and 3f ≤ 4f . So a single
comparisons of reals has two valid outcomes in our refinement relation. Similarly,
by swapping rounding modes we get the converse specification.

We implement subtraction as a mixed operator for similar reasons (omitted).

Min and max. It is possible to refine the minimum (min) and maximum (max)
operations directly using comparisons. We define the following refinement:

definition min double fl1 fl2 = if fl1 ≤ fl2 then fl1 else fl2 (Lemma 4.3)
lemma (min double, min) :: Alb → Alb → Alb

This refinement holds despite the fact that a comparison does not reveal
anything about the bounding float number. Consider the following case: 4f is a
lower bound of 5 and 3f is a lower bound of 6. min double 4f 3f = 3f is a lower
bound of min 5 6 = 5, even though the floating-point implementation returns
the first argument, while the definition on reals returns the second argument.
The refinement works analogously for ub with min and lb/ub with max.

Constants. We provide the obvious refinements for the real number constants 0
and 1, which can be exactly represented as floating-point numbers.

4.3 Refinement of Interval Iteration

Using our floating-point extension to the IRF, we derive an implementation of II
of the abstract specification from Sect. 3 using floats and conservative rounding.
The IRF allows us to reuse the correctness proofs of the abstract specification,
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and reason about the correctness of the implementation in isolation. Through
this separation of concerns we avoid directly proving the floating-point imple-
mentation correct.

lb

ub

V
al

ue

Iterations

lbf

ubf

Pinf

Fig. 4. The valuation of an MDP
state over successive iterations: re-
als (green) vs. floats with safe
rounding (violet). The dashed line
marks the reachability probability.

The plot in Fig. 4 shows a fictive run of II
on both reals and their refinement to bound-
ing floats. In the long run, II converges to the
dashed red line Pinf . The green lines denote
the valuations of an MDP state using reals, lb
starting from lb0 and ub from ub0. Implement-
ing lb with floats using Alb yields the violet
line lbf (similarly for ub using Aub). Note that
the deviations are exaggerated in this exam-
ple. In practice, the errors are so small that
no visual differences would appear in a to-
scale plot. Formally, the following specifica-
tion states soundness of II, i.e. the outputs
are lower and upper bounds of the reachabil-
ity probability:

definition ii inf spec M = (Def. 4.1)
spec (λ(x, y). ∀s ∈ states M. x s ≤ Pinf M s ∧ Pinf M s ≤ y s)

Despite the fact that convergence follows
from Thm. 3.4, we have excluded it from the specification. As we will discuss in
Sect. 4.5, this would yield a void statement for our implementation with floats.
As a first step towards the refinement to LLVM, we define II in the nres-monad
(the sup case is analogous):

1 definition ii gs inf M L = (Def. 4.2)
2 x ← lb0 M; y ← ub0 M; i ← 0; flag ← True;
3 while (i++ < L ∧ flag) (
4 (x,y) ← F gs

inf M x y
5 flag ← spec(λx. True))
6 return (x,y)

We define ii gs inf in Line 1. It takes as inputs an MDP M, and a max-
imal iteration count L to guarantee termination. Line 2 initializes variables,
most importantly the lower bounds lb and upper bounds ub. The flag non-
deterministically decides whether to abort the loop. This is sound, because
ii inf spec is satisfied after any number of iterations. In each iteration, we first
update the valuations according to a Gauss-Seidel variant of Finf (Line 4): we
update lb and ub in-place, thereby we already use the updated values in the
current iteration and converge faster.

The algorithm is now in a format ready for refinement proofs to LLVM. Using
the setup from Sect. 3 and Lemma 3.1, it is straightforward to prove that the
algorithm refines the specification:

theorem ii gs inf M L ≤ ii inf spec M (Thm. 4.1)
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4.4 Refinement of the mcsta Data Structure

The motivation behind refining II to LLVM code is to embed it into the model
checker mcsta from the Modest Toolset [27]. mcsta is an explicit-state proba-
bilistic model checker that also supports quantitative model checking of MDPs.
To avoid costly conversions of the MDP representation at runtime, we refine
the mdpc data structure to the MDP data structure of mcsta. This is a two-step
process: First, we do a data refinement from mdpc to the sparse-matrix represen-
tation used by mcsta based on HOL lists. Then, we use sepref to refine this data
structure to LLVM. The sparse-matrix representation that we use is a 6-tuple:

(St::nat list, Tr::nat list, Br::nat list, Pr::real list, ua::nat, ut::nat).

For each state, St contains an index to Tr, pointing to the first transition (action)
of the state. Similarly, for each transition, Tr contains its first index Br and Pr,
pointing to the first branch of the transition and its probability. Finally, Br
contains the target of the branch, pointing to St. Additionally, ua and ut are the
avoid and target states respectively. Example 3 illustrates this data structure.

Example 3. A possible representation of the MDP from Fig. 1 is St = [0,2,3,4,5],
Tr = [0,1,3,4,6,7], Br = [2,0,1,0,1,3,3], Pr = [1.0,0.9,0.1,1,0.5,0.5,1.0]. The in-
dex of the avoid and target state are stored in ua and ut. State 0 has two actions:
α and β (transitions 0 and 1). Transition 1 (action β) has two branches, 1 and
2, that lead to state 0 and 1 with probability 0.9 and 0.1 respectively.

Refinement Relation. We relate the abstract MDP type mdpc to the concrete
data structure of mcsta with the refinement relation RM (definition omitted).
For example, RM contains a tuple of the MDP of Fig. 1 and Example 3 as well as
with each other instance of the data structure in Sect. 4.4 along with the MDP
it represents. These lists present in the Isabelle/HOL model of the data structure
can be directly refined to arrays of 64-bit integers (signed for compatibility with
mcsta). Through composition we obtain assertion AM that maps an abstract
MDP to LLVM.

Refinement of Operations. We use sepref to refine the functions lb0, ub0, F gs
inf

and flag that are used by II. Refining lb0 and ub0 to the concrete data structure
is straightforward: we initialize an array and set entries to constants 0f or 1f .
The floating-point refinement of F gs

inf builds on fma and min (max for F gs
sup) from

Sect. 4.2. Finally, we implement flag as follows: we compare the upper and lower
bound, and set the flag if the difference is less than ε, specified by the user. Using
the above refinements for all operations in ii gs inf, we use sepref to obtain an
LLVM algorithm ii gs inf llvm within Isabelle/HOL.

4.5 Correctness Statement

For the final step in our proof, we combine all of our proofs into one theorem. We
use the Hoare-triple because it allows is to write a concise correctness statement
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of a program while blending out all of the intermediary tools like the parametric
functor notation. We show the correctness of program ii gs inf llvm against
the specification ii inf spec. The resulting triple combines Thm. 4.1 with the
refinements from Sect. 4.4 through transitivity.

1 theorem llvm htriple (Thm. 4.2)
2 (Asize n ni ⋆ Asize L Li ⋆ Aub ε εf ⋆ AM M Mi

3 ⋆ ↑(MDP Reach M ∧ n+1 < max size ∧ n = card (states M)))

4 (ii gs inf llvm Li ni εf Mi resi)

5 (λ(lbf ,ubf ). ∃lb ub. Aout
lb lb lbf ⋆ Aout

ub ub ubf
6 ⋆ ↑(∀s ∈ states M. lb s ≤ Pinf M s ≤ ub s))

Lines 2 and 3 specify the preconditions, where Line 2 states the input data:
n and L are natural numbers implemented as 64-bit words ni and Li; ε is a real
number implemented as float εf and M is the MDP implemented as Mi. The
separation conjunction ⋆ specifies that these implementations do not overlap on
the heap. Line 3 is a boolean predicate lifted to separation logic using ↑. It states
that M satisfies locale MDP Reach (Locale 3.1) and limits the number of states
to the largest 64-bit number.

If these preconditions hold, a run of the algorithm (Line 4) yields the arrays
lbf and ubf that satisfy the postconditions in Lines 5 and 6. These state that
lbf is a lower-bound implementation of lb, which is in turn a lower bound of Pinf

(similarly for ub). Due to this last fact induced by the refinement, we cannot
guarantee convergence of lbf and ubf . However, we experimentally show that
convergence is generally achieved with our implementation.

5 Experimental Evaluation

The LLVM code generator of the IRF exports the LLVM program ii gs inf llvm
for use in the LLVM compiler pipeline. Additionally, it generates a C header
that makes it easy to embed the program into other software, such as mcsta.

Integration with mcsta. We integrate our verified implementation into mcsta,
replacing the existing unverified interval iteration algorithm. This requires a
small amount of unverified glue code to convert the MDP’s probabilities into a
floating-point representation: mcsta stores the probabilities in the MDP as 128-
bit rationals (encoded as a pair of 64-bit integers representing the numerator
and denominator). Our MDP data structure Mi expects two floats per branch,
representing lower and upper bounds of the rational probability. We convert the
probabilities to 64-bit doubles by first converting the numerator and denominator
to doubles and then performing two separate division operations, once rounding
up and and once down. We assume that the input MDP as produced by the mcsta
pipeline is well-formed. If there were a bug in the parser that produces MDPs that
are not well-formed according to the precondition of the Hoare triple, we would
lose the formal guarantees. As long as parts of the toolchain remain unverified,
we rely on the correctness of the mcsta implementation for the preprocessing.
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Fig. 5. Comparison of elapsed runtime for completing Interval Iteration

Evaluation Questions. We have formally verified in Isabelle/HOL that II with
precise arithmetic computes lower and upper bounds (lb and ub), and eventually
converges to the reachability probability. However, two important questions re-
main: First, verified implementations tend to be orders of magnitude slower than
unverified ones [50]. Since we verified an implementation with efficient numerics
down to LLVM, we expect much faster runtimes. So how does our verified im-
plementation compare to state-of-the-art tools in terms of performance? Second,
the floating-point outputs (lbf and ubf ) provably provide conservative bounds.
Can we experimentally confirm that the algorithm converges in practice?

Setup. For the first question, we compare the runtime of our verified II imple-
mentation to its two unverified counterparts in mcsta: a C# implementation with
standard rounding (Modest implementation) and a C implementation with safe
rounding [26] (Safe implementation). The latter is similar to our verified LLVM
implementation, also using AVX512 instructions for safe rounding.

We set the maximal iteration count to a high value (107) to ensure the compu-
tation is never terminated prematurely before convergence. While we anticipate
all benchmarks to converge within fewer iterations, this upper limit provides a
safeguard. We set the convergence threshold to ε = 10−6. Once the lower and
upper bound differ by less than ε, the Verified, Safe, and Modest implementa-
tions terminate. We use all DTMC, MDP and PTA models of the Quantitative
Verification Benchmark Set (QVBS) [15] that contain 106 to 108 states and need
at least two iterations to converge to ε. For our benchmarks, we consider both
minimal and maximal reachability probabilities. In total, this yields a benchmark
set of 49 benchmark instances. We execute all benchmarks on an Intel i9-11900K
(3.5-5.3 GHz) system with 128GB of RAM running Ubuntu Linux 22.04.

Results. Fig. 5 compares the runtimes of the three implementations. Each point
⟨x, y⟩ in a plot indicates that, on one benchmark instance, the implementation
on the horizontal axis took x seconds while the Verified implementation took y
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seconds. We note that none of our benchmark instances reached the timeout of
10 minutes. The times are for running the II algorithm only and do not include
other steps mcsta performs equally for all implementations such as state space
exploration or min/max-reduction.

We see that the Verified implementation matches the unverified ones in terms
of performance. Thus, as far as this benchmark set can show, the answer to the
first question is that we have achieved comparable performance to a state-of-the-
art unverified tool with a fully verified implementation. We also observed that
the Verified implementation does not reach the maximal iteration count on any
instance, i.e. it always converged up to ε, indicating that the second question
can also be answered affirmatively.

Additionally, we did not find any significant discrepancies in the raw data
output. The number of iterations to convergence is equal for all instances except
for the Haddad-Monmege model [22] between Verified and Modest. The excep-
tion is not surprising, as this model is designed to converge very slowly, increasing
the influence of floating-point errors. We also compared the computed results.
Due to using different rounding modes, the results of Verified and Modest show
differences well within ε. Despite the fact that Verified and Safe both imple-
ment safe rounding, their outputs still differ by minimal amounts on the order
of 10−20. This may be caused by floating-point operations being non-associative,
so a different order of operations may yield different outputs.

In terms of memory consumption, Verified and Safe use almost the same
amount of RAM, but use on average 20% more RAM than Modest. Since the
memory consumption is very similar for Verified and Safe, we suspect that these
differences come from garbage collection effects caused by Verified and Safe
being native code called from within a tool otherwise running in the managed
C# runtime, as opposed to the purely-C# Modest implementation.

6 Discussion

We have formally verified the interval iteration algorithm in Isabelle/HOL. Our
developments prove that the algorithm computes lower and upper bounds for the
reachability probabilities (soundness) and converges to a single fixpoint (com-
pleteness). Furthermore, we show that soundness is preserved if we implement
the algorithm using floating-point arithmetic with safe rounding. For this pur-
pose, we used a principled refinement approach. We exploited the parametricity
principle [56] of the IRF by consistently rounding our floating-point values in
one direction. To make this practical, we equipped the sepref tool with reasoning
infrastructure for floating-point numbers to generate an LLVM program. All our
proofs culminate in a single statement, presented as a Hoare triple, leaving no
gaps in the link between the specification and the implementation in LLVM.

Finally, we extract verified LLVM code from our formalization and embed it
in the mcsta model checker of the Modest toolset. We experimentally verify that
our implementation converges in practice and is competitive with manually im-
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plemented, optimised unverified counterparts. This is an important step towards
a fully verified probabilistic model checking pipeline.

We also present our approach as an alternative to the bottom-up approach of
building a verified model checker from scratch. With our top-down approach, the
full functionality of the model checker is available to the user, possibly in cross-
usage with verified components. Verified components are integrated with the
model checker incrementally as drop-in replacements for unverified components,
designed with competitive performance in mind.

Verification vs. Certification for II. An alternative to verifying II is to verify
a certifier that, given the result from an unverified implementation of II plus
a (compact) certificate, can efficiently check that the result is indeed correct.
The advantage of certification is that the unverified implementation of II can be
improved in an agile way independent of the certifier. Also since the certifier is
(presumably) simpler than II, it should be easier to verify, including the verifi-
cation of a high-performance implementation. One possible certification scheme
for II is using the Park induction check of the optimistic value iteration algo-
rithm [29], i.e. performing one iteration of II and checking if the lower/upper
bound does not decrease/increase for any state. This could confirm that some
fixed point lies between the bounds computed by II. This certification scheme
would require as input (1) the final lower and upper bound for all states, (2) the
full MDP, (3) and a certificate that the MDP is reduced that it also needs to
check. Without the latter, one could not be sure that the certified fixed point
corresponds to the reachability probability we want to compute (i.e. that it is
the least fixed point). One challenge with this scheme is that, unlike our verified
implementation of II, it cannot guarantee that all fixed points lie between the
bounds. Also, since the entire reduced MDP is input to the certificate checker,
the certificate checking performance might be fundamentally limited.
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Abstract. The possibility of errors in human-engineered formal verifi-
cation software, such as model checkers, poses a serious threat to the
purpose of these tools. An established approach to mitigate this prob-
lem are certificates—lightweight, easy-to-check proofs of the verification
results. In this paper, we develop novel certificates for model checking
of Markov decision processes (MDPs) with quantitative reachability and
expected reward properties. Our approach is conceptually simple and re-
lies almost exclusively on elementary fixed point theory. Our certificates
work for arbitrary finite MDPs and can be readily computed with lit-
tle overhead using standard algorithms. We formalize the soundness of
our certificates in Isabelle/HOL and provide a formally verified certificate
checker. Moreover, we augment existing algorithms in the probabilistic
model checker Storm with the ability to produce certificates and demon-
strate practical applicability by conducting the first formal certification
of the reference results in the Quantitative Verification Benchmark Set.

Keywords: Probabilistic model checking · Markov decision processes ·
Certificates · Reachability · Expected rewards · Proof assistant

1 Introduction

Markov decision processes (MDPs) [48,7,5] are the model for sequential de-
cision making in probabilistic environments. Their many applications [53,32]
frequently require computing reachability probabilities towards an (un-)desired
system state, as well as the expected rewards (or costs) accumulated until do-
ing so. MDP model checking amounts to computing (approximations of) these
⋆ This project has received funding from the ERC CoG 863818 (ForM-SMArt),

the Austrian Science Fund (FWF) 10.55776/COE12, a KI-Starter grant from the
Ministerium für Kultur und Wissenschaft NRW, the DFG RTG 378803395 (Con-
VeY), the EU’s Horizon 2020 research and innovation programmes under the Marie
Sklodowska-Curie grant agreement Nos. 101034413 (IST-BRIDGE) and 101008233
(MISSION), and the DFG RTG 2236 (UnRAVeL). Experiments were performed with
computing resources granted by RWTH Aachen University under project rwth1632.
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Fig. 1. An MDP with states S = {z, s, t}, two actions (distinguished by solid and
dashed edges), uniform probabilities, and target set T = {t}. The annotations above
and below each state are a certificate for upper and lower bounds on Pmin(♢T ), resp.

quantities in a mathematically rigorous way, with a formal guarantee of their
correctness and precision. Various mature MDP model checking tools such as
PRISM [42], mcsta [28], and Storm [33] exist. Figure 1 shows an example MDP.

Who checks the model checker? The possibility of errors in complex, human-
engineered formal verification tools is a delicate issue: How formal is a ver-
ification result produced by an informal, i.e., unverified implementation? We
highlight four sources of errors: (i) classic implementation bugs, (ii) uninten-
tionally unsound algorithms [8,24], optimizations, and heuristics, (iii) numerical
errors due to floating point arithmetic [27], and (iv) errors in third-party back
end libraries or tools, e.g., commercial LP solvers [29].

Certifying algorithms [44] are a paradigm for establishing trust in imple-
mentations. A certifying algorithm produces a concise, easily verifiable proof—a
certificate—of its result. The certificate can be checked independently, possibly
even by an external, simpler program amenable to formal verification, or by a
third party. Formally verified certificate checkers are already employed in tool
competitions on software verification [12] or SAT-solving [9]. Existing proposals
for certifying MDPs [34,22,35], however, have some drawbacks (detailed further
below) hindering wider adoption in the community and its competitions [26,15,3].

The goal of this paper is to establish a new standard for certified MDP model
checking, with a focus on applicability and extensibility.

Our contributions towards this goal are as follows:
• We present fixed point certificates for two-sided bounds on extremal reacha-

bility probabilities (Table 1) and expected rewards. Our certificates are sound
and complete for arbitrary finite MDPs without structural restrictions.

• We formalize the theory in Isabelle/HOL [46], proving soundness of our cer-
tificates, and generate a formally verified certificate checker implementation.

• We implement a certifying variant of [29] Interval Iteration [8] with floating
point arithmetic in Storm [33]. Using this, we give certified reference results
for the Quantitative Verification Benchmark Set [32].
Extensibility towards further properties is enabled by our simple, clean theory

summarized as four guiding principles: (GP1) We characterize the quantities of
interest as a fixed point of basic, easy-to-evaluate Bellman-type operator [11]. The
fundamental certification mechanism is to use fixed point induction for proving



Certificates for Reachability and Expected Rewards in MDPs 3

Table 1. Our reachability certificates. Sound and complete for arbitrary finite MDPs.

Certificate Condition(s) Explanation

Upper bounds on minimal reachability probabilities: ∀s ∈ S : Pmin
s (♢T ) ≤ x(s) [Proposition 3]

x ∈ [0, 1]S Bmin(x) ≤ x min-Bellman operator decreases value of all states
Upper bounds on maximal reachability probabilities: ∀s ∈ S : Pmax

s (♢T ) ≤ x(s) [Proposition 3]
x ∈ [0, 1]S Bmax(x) ≤ x max-Bellman operator decreases value of all states

Lower bounds on minimal reachability probabilities: ∀s ∈ S : Pmin
s (♢T ) ≥ x(s) [Proposition 4]

x ∈ [0, 1]S Bmin(x) ≥ x min-Bellman operator increases value of all states
r ∈ NS Dmax(r) ≤ r r upper bounds maximal distances to T

x(s)>0 =⇒ r(s)<∞ positive reachability necessitates finite distance
Lower bounds on maximal reachability probabilities: ∀s ∈ S : Pmax

s (♢T ) ≥ x(s) [Proposition 6]
x ∈ [0, 1]S Bmax(x) ≥ x max-Bellman operator increases value of all states
r ∈ NS Dmin

x↑ (r) ≤ r r upper bounds min. distances to T via x-incr. actions
x(s)>0 =⇒ r(s)<∞ positive reachability necessitates finite distance

bounds on the least or greatest fixed point. (GP2) We certify qualitative reach-
ability properties using ranking functions which are amenable to fixed point
induction, too. (GP3) As the basic Bellman operators frequently have unde-
sired, spurious fixed points [13,24,39] (often related to end components [2]), we
consider slight modifications requiring qualitative reachability information which
we certify following GP2. (GP4) When GP3 is insufficient or not applicable, we
implicitly include a witness strategy in our certificate.

Technical challenges still arise in concretely applying these guiding principles.
For instance, a key novelty of our paper is a ranking-function type certificate for
not almost sure reachability (Proposition 2), which is surprisingly involved.

Related work. Closest to our work are the previous proposals for certificates
in MDP model checking: [34, Sec. 4] formally verifies a theory of certificates for
reachability objectives, which is however limited to upper bounds on maximal
and lower bounds on the minimal probabilities. [22] presents so-called “Farkas
certificates” for reachability; however, it does not offer a formally verified certifi-
cate checker, is limited to MDPs without end components (ECs), and does not
address certificate generation explicitly. With similar limitations, [6] provides
Farkas certificates for multiple reachability or mean payoff objectives, which can
be computed via linear programming. [35] suggests lifting the EC assumptions
from [22] by certifying the full maximal EC decomposition. In contrast, our
certificates are more concise as they handle ECs using at most one ranking func-
tion. Further, [35] proposes certificates for expected rewards, but they require
the target to be reached almost surely, an assumption we do not have to make.

Witnessing subsystems [54,22,36,6] are an alternative certification paradigm.
However, their verification requires more computational effort than the simple,
state-wise operations needed for checking Farkas or fixed point certificates. Still,
they utilize similar ideas: The backward reachable states in [54, Sec. 3.3.3] es-
sentially use ranking functions, as do the constraints in [37, Sec. 5.2.2].

The term “certifying algorithms” was coined in [38]. Previous work on cer-
tificates for other verification problems includes [45,47,41,20,40]. Further, cer-
tificates were recently investigated in hardware verification [57,58,59,21] and
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approximate model counting [52]. Finally, we mention that Optimistic Value
Iteration (OVI) [31,4], the supermartingales in [43,1,51], the certificates for prob-
abilistic pushdown systems from [55,56], and a recent strategy synthesis method
for infinite MDPs [10] follow fixed point induction principles similar to GP1.

Paper outline. After the background on MDPs and fixed point theory (Sec-
tion 2), we introduce ranking functions for qualitative reachability (Section 3).
Building on this, we discuss quantitative reachability (Section 4, Table 1) and
expected rewards (Section 5, [17, Tab. 2]). We explain how to compute certifi-
cates (Section 6) and report on experiments (Section 7). Omitted pen-and-paper
proofs are in [17, App. C–E]. All proofs regarding the soundness of the certifi-
cates, even standard results from the literature, are formalized in Isabelle/HOL.

2 Preliminaries

A Markov decision processes (MDP) is a tuple M = (S,Act, P ) where S is a
finite set of states, Act is a finite set of actions, and P : S ×Act×S → [0, 1] is a
transition probability function with the property that

∑
s′∈S P (s, a, s′) ∈ {0, 1}

for all s ∈ S and a ∈ Act. For every s ∈ S, the set of enabled actions a ∈ Act for
which the above sum equals 1 is written Act(s). It is required that Act(s) ̸= ∅
for all s ∈ S. For s ∈ S and a ∈ Act(s), we define the a-successors of s as
Post(s, a) = {s′ ∈ S | P (s, a, s′) > 0}. Notice that our MDPs do not have a
distinguished initial state. See Figure 1 for an example MDP.

A (finite-state, discrete-time) Markov chain (DTMC) is the special case of
an MDP with |Act(s)| = 1 for all s ∈ S. A (memoryless and deterministic)
strategy4 for an MDP M = (S,Act, P ) is a function σ : S → Act such that for
all s ∈ S we have σ(s) ∈ Act(s). We may apply σ to M to obtain the induced
DTMC Mσ = (S,Act, P σ) which, intuitively, only retains the actions chosen
by σ. Formally, for all s, s′ ∈ S we define Pσ(s, σ(s), s′) = P (s, σ(s), s′), and
Pσ(s, a, s′) = 0 for all a ̸= σ(s).

Reachability and Expected Rewards. Fix a DTMC (S,Act, P ), a target set T ⊆ S,
and a reward function rew : S → R≥0. We define two random variables ♢T and
rew♢T taking values in {0, 1} and R≥0, respectively: For s0s1... ∈ Sω an infinite
path, we set ♢T (s0s1 . . .) = 1 if and only if (iff) ∃i ∈ N : si ∈ T . Moreover:

rew♢T (s0s1 . . .) =

{∑min{i|si∈T}
k=0 rew(sk) if ∃i ∈ N : si ∈ T

∗ else

We consider both options ∗ = ∞ and ∗ =
∑∞

k=0 rew(sk) [19]. We focus on the
former in the main body, as it is standard in the literature [7, Def. 10.71] and tool
competitions [26,15]; we treat the latter in [17, App. F]. Intuitively, with ∗ = ∞,
rew♢T assigns ∞ to paths that never reach T . The other paths receive the sum
of rewards collected until reaching T for the first time. Given a state s ∈ S,

4 Aka. scheduler or policy. We do not define more general strategies as memoryless
deterministic suffice for optimizing reachability probabilities and expected rewards.
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we define the reachability probability Ps(♢T ) from s to T as the expected value
(Lebesgue integral) of ♢T w.r.t. the probability measure Ps on infinite paths of
the DTMC with initial state fixed to s, see [7, Ch. 10] for the construction of Ps.
Similarly, the expected reward Es(rew♢T ) from s to T is the expected value of
rew♢T . When rew is clear from context, we write Es(♢T ) instead of Es(rew♢T ).

Finally, given an MDP M = (S,Act, P ), a state s ∈ S, a target set T ⊆ S,
a reward function rew : S → R≥0, and opt ∈ {min,max} we define the opti-
mal reachability probability Popt

s (♢T ) = optσ Pσ
s (♢T ) and the optimal expected

reward Eopt
s (rew♢T ) = optσ Eσ

s (rew♢T ), where Pσ
s (♢T ) and Eσ

s (rew♢T ) are the
reachability probabilities and expected rewards in the induced DTMC Mσ.

Fixed Point Theory. A partial order on a set X is a binary relation ⪯ that is
reflexive, transitive, and antisymmetric; in this case, the tuple (X,⪯) is called
a poset. Given a poset (X,⪯), we call a ∈ X an upper bound on Y ⊆ X if for
all b ∈ Y we have b ⪯ a. If an upper bound a on Y is minimal among all upper
bounds, it is the unique supremum (or least upper bound) and denoted supY .
Lower bounds and infima (or greatest lower bounds) are defined analogously.

The poset (X,⪯) is a complete lattice if supY and inf Y exist for every
Y ⊆ X. Every complete lattice has a least and greatest element sup ∅ and inf ∅,
respectively. The following complete lattices are of interest in this paper:

• (N,≤) where N = N ∪ {∞} are the extended natural numbers and ≤ is the
usual order on N extended by a ≤ ∞ for all a ∈ N. Notice that for every
Y ⊆ N, supY = ∞ iff Y is infinite.

• Similarly, (R≥0,≤), with R≥0 = R≥0 ∪{∞} the extended non-negative reals,
is a complete lattice. For every Y ⊆ R≥0, supY = ∞ iff Y is unbounded.

• ([0, 1],≤), the totally ordered set of real probabilities.
• If (X,⪯) is an arbitrary complete lattice, then for all sets S, (XS , ⪯̈) is a

complete lattice, where XS = {f | f : S → X} is the set of functions from S
to X and the partial order ⪯̈ is defined as f ⪯̈ g ⇐⇒ ∀s ∈ S : f(s) ⪯ g(s).
In the following, we overload notation and write ⪯ instead of ⪯̈. For example,
if S is the set of states of an MDP, then we can think of ([0, 1]S ,≤) as the
poset of “probability vectors” indexed by S, partially ordered entry-wise.
Let (X,⪯) be a poset. A function F : X → X is called monotone if ∀a, b ∈

X : a ⪯ b =⇒ F(a) ⪯ F(b). The following is the key tool of this paper:

Theorem 1 (Knaster-Tarski). Let (X,⪯) be a complete lattice and F : X → X
be monotone. Then, the set of fixed points ({a ∈ X | F(a) = a},⪯) is also a
complete lattice. In particular, F has a least and a greatest fixed point given by
lfpF = inf {a ∈ X | F(a) ⪯ a} and, dually, gfpF = sup {a ∈ X | a ⪯ F(a)}. As
a consequence, the following fixed point induction rules are sound: ∀a ∈ X :

• F(a) ⪯ a =⇒ lfpF ⪯ a (fixed point induction)
• a ⪯ F(a) =⇒ a ⪯ gfpF (fixed point co-induction)

Elements a ∈ X with F(a) ⪯ a (or a ⪯ F(a)) are called (co-)inductive.
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Guiding Principle 1 (Fixed Point Induction) We apply the theorem of
Knaster-Tarski to monotone operators of the form F : XS → XS, where X is
a complete lattice and S is finite, to certify upper bounds on lfpF and lower
bounds on gfpF . We call such F Bellman-type operators.

Throughout the rest of the paper, we fix an MDP M = (S,Act, P ), a set
of target states T ⊆ S and, for Section 5, a reward function rew : S → R≥0.
Moreover, we let opt ∈ {min,max} and write min = max and max = min.

3 Certifying Qualitative Reachability

Most of the certificates presented in the forthcoming Sections 4 and 5 en-
close a certificate for a qualitative reachability property, e.g., Popt(♢T ) > 0 or
Popt(♢T ) < 1. Our approach to this is summarized as follows:

Guiding Principle 2 (Ranking Functions) To certify qualitative reacha-
bility properties, we rely on ranking functions formalized via appropriate op-
erators capturing certain distances in the MDP when viewed as a graph.

Definition 1 (Distance Operator). Let (S,Act, P ), T , and opt be the fixed
MDP, target set and optimization direction, respectively. (We omit these quan-
tifications in the rest of the paper.) We define the following distance operator:

Dopt : NS → NS
, Dopt(r)(s) =

0 if s ∈ T

1 + opt
a∈Act(s)

min
s′∈Post(s,a)

r(s′) if s ∈ S \ T

Dopt is a monotone Bellman-type operator on the complete lattice (NS
,≤) and

thus has a least fixed point by Theorem 1. In fact, we even have the following:

Lemma 1 (Unique Fixed Point). Dopt has a unique fixed point.

Intuitively, if r = fpDmin, then r(s) represents the length of a shortest path
from every state s ∈ S to T , or r(s) = ∞ if T is not reachable from s. For
r = fpDmax, r(s) can be seen as the shortest path in the DTMC induced by a
strategy that aims to avoid T or reach it as late as possible. We formalize this
intuition in Lemma 2 (using the notation min = max and max = min), and then
in Proposition 1 apply Guiding Principle 1 to certify positive reachability.

Lemma 2. Let r = fpDopt. Then for all s ∈ S, r(s) = ∞ ⇐⇒ Popt
s (♢T ) = 0.

Proposition 1 (Certificates for Popt(♢T )> 0). A function r ∈ NS
is called

a valid certificate for positive opt-reachability if Dopt(r)≤ r. If r is valid, then
∀s∈S : r(s)<∞ =⇒ Popt

s (♢T )>0.
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Example 1. Consider the MDP in Figure 1 on page 2. The values on the bottom
right of the states constitute a valid certificate r for positive min-reachability.
To check that Dmin(r) = Dmax(r) ≤ r is indeed true, we verify the following:

Dmax(r)(s) = 1 +max
{
min{0, 1,∞}︸ ︷︷ ︸

solid action

, 0︸︷︷︸
dashed action

}
= 1 + 0

✓
≤ 1 = r(s) ,

and similar for z and t. As r(s), r(t) < ∞, we conclude Pmin
s (♢T ),Pmin

t (♢T ) > 0.

Remark 1 (Certificates for Popt(♢T ) = 0). While we do not need this in our
paper, it is instructive to notice that with Lemmas 1 and 2 we can also certify
zero reachability probability : By Knaster-Tarski, any r with r ≤ Dopt(r) witnesses
r ≤ fpDopt, hence if r(s) = ∞ for a state s, then Popt

s (♢T ) = 0.

Certificates for non-almost-sure (a.s.) reachability, i.e., Popt(♢T ) < 1, are
needed in Section 5. Ranking function-based certificates for this property are—
perhaps surprisingly—more involved. In Definition 2 below we define a comple-
mentary distance operator that captures (approximately) the distance to the
states Z from which T is avoided surely, i.e., Popt

s (♢T ) = 0 for all s ∈ Z. By
Lemma 2, finite distance to Z witnesses positive opt-reachability of Z and thus
non-a.s. opt-reachability of T . A major complication is that Z is not given explic-
itly. We address this by (i) considering the least fp, and (ii) letting the operator
only increment the distance if two successors do not have the same rank. For
this, we use Iverson bracket notation: [φ] = 1 if φ is true; [φ] = 0, else. Together,
(i) and (ii) ensure that s ∈ S has rank 0 in the lfp if and only if s ∈ Z.

Definition 2 (Complementary Distance Operator). We define the com-
plementary distance operator Dopt

: NS → NS
, with

Dopt
(r)(s) =


∞ if s ∈ T

opt
a∈Act(s)

(
min

s′∈Post(s,a)
r(s′) +

[
∃u, v∈Post(s, a) : r(u) ̸=r(v)

])
if s ∈ S \ T

Note that unlike the distance operator Dopt from Definition 1, Dopt
does not

have a unique fp : The constant r = ∞ is always a trivial fixed point.

Lemma 3. Let r = lfpDopt
. Then for all s ∈ S, r(s) = ∞ ⇐⇒ Popt

s (♢T ) = 1.

Proposition 2 (Certificates for Popt(♢T )< 1). A function r ∈ NS
is called

a valid certificate for non-a.s. opt-reachability if Dopt
(r)≤ r. If r is valid, then

∀s∈S : r(s)<∞ =⇒ Popt
s (♢T )<1.

Remark 2 (Certificates for Popt(♢T ) = 1). Since Dopt
does not have a unique

fp, we cannot use the trick from Remark 1 to certify Popt(♢T )=1 with ranking
functions. Sections 4.2 and 4.3 present certificates for general lower bounds.
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4 Certificates for Quantitative Reachability

This section presents our certificates for bounds on minimal and maximal reach-
ability probabilities (Table 1). They are characterized via a Bellman operator :

Definition 3 (Bellman Operator for Reachability). We define the Bellman
operator for reachability Bopt : [0, 1]S → [0, 1]S as usual:

Bopt(x)(s) =

1 if s ∈ T

opt
a∈Act(s)

∑
s′∈Post(s,a)

P (s, a, s′) · x(s′) if s ∈ S \ T

Similar to Dopt from Section 3, Bopt is a monotone function on the complete
lattice ([0, 1]S ,≤). Thus, Bopt has a least fixed point by Theorem 1.

Theorem 2 ([16, Sec. 3.5]). For all s ∈ S, (lfpBopt)(s) = Popt
s (♢T ).

We stress that Bopt has multiple fixed points in general. For instance, x = 1 is
always a trivial fixed point. Theorem 2 states that the reachability probabilities
are characterized as the least fixed point.

4.1 Upper Bounds on Optimal Reachability Probabilities

Following Guiding Principle 1, we obtain the following by Theorem 2:

Proposition 3 (Certificates for Upper Bounds on Popt(♢T )). A proba-
bility vector x ∈ [0, 1]S satisfying Bopt(x) ≤ x is a valid certificate for upper
bounds on opt-reachability. If x is valid, then ∀s ∈ S : Popt

s (♢T ) ≤ x(s).

Example 2. We verify that the numbers x above the states in Figure 1 on page 2
are a valid certificate for upper bounds on min-reachability: For s we check

Bmin(x)(s) = min
{

1
3 · 0 + 1

3 · 1
2 + 1

3 · 1 , 1 · 1
}

= min
{

1
2 , 1

} ✓
≤ 1

2 = x(s) ,

and similar for z and t. Thus Proposition 3 yields Pmin
s (♢T ) ≤ 1

2 . This particu-
lar certificate remains valid when changing x(s) to any probability in [ 12 , 1]. In
general, however, increasing individual values may break inductivity.

4.2 Lower Bounds on Minimal Reachability Probabilities

With Theorem 1, we can only certify lower bounds on greatest fixed points. Lower
bounds on reachability probabilities—which constitute the least fixed point of
Bopt—are thus more involved. We propose to tackle this situation as follows:

Guiding Principle 3 (Modified Bellman Operators) We often modify
a basic Bellman-type operator to restrict its set of fixed points and enforce a
certain extremal (i.e., least or greatest) fixed point of interest.
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We now focus on min-reachability first and modify Bmin as follows:

B̃min : [0, 1]S → [0, 1]S , B̃min(x)(s) =

{
Bmin(x)(s) if Pmin

s (♢T ) > 0

0 if Pmin
s (♢T ) = 0

Lemma 4 (Unique Fixed Point [7, Thm. 10.109]). B̃min has a unique
fixed point fp B̃min = lfpBmin.

By Lemma 4 and Theorem 2, any probability vector x ≤ B̃min(x) witnesses
that x(s) ≤ Pmin

s (♢T ) for all s ∈ S. However, evaluating B̃min(x) is not straight-
forward as it requires determining, for each s ∈ S whether Pmin

s (♢T ) > 0. Hence,
we include an additional certificate for positive reachability from Section 3:

Proposition 4 (Certificates for Lower Bounds on Pmin(♢T )).
A tuple of probability vector and ranking function (x, r) ∈ [0, 1]S ×NS

is a valid
certificate for lower bounds on min-reachability if

1) Dmax(r) ≤ r, 2) x ≤ Bmin(x), 3) ∀s ∈ S \ T : x(s) > 0 =⇒ r(s) < ∞.

If (x, r) is valid, then ∀s ∈ S : Pmin
s (♢T ) ≥ x(s).

Example 3. We apply Proposition 4 to the MDP in Figure 1. The pairs x(v) |
r(v) below each state v constitute a valid certificate (x, r) for lower bounds on
min-reachability. Indeed, we have shown in Example 1 that it satisfies Condition
1) Dmax(r) ≤ r. Condition 2) x ≤ Bmin(x) holds as well; in fact, we even have
x = Bmin(x), see Example 2. For the additional Condition 3), notice that s is
the only state in S \ T with x(s) > 0, and that r(s) < ∞ holds as required. We
conclude that Pmin

s (♢T ) ≥ 1
2 .

4.3 Lower Bounds on Maximal Reachability Probabilities

Our approach for lower bounds on Pmin(♢T ) from Section 4.2 does not imme-
diately extend to max-reachability because B̃max (a modification of Bmax anal-
ogous to B̃min) does not have a unique fixed point in general, see [17, App. D.3]
for a concrete counterexample. This problem is caused by end components [2,
Def. 3.13]. Towards a solution, we observe that, essentially by definition,

∀s ∈ S : Pmax
s (♢T ) ≥ x(s) ⇐⇒ ∃ Strategy σ : Pσ

s (♢T ) ≥ x(s) .

In words, a lower bound on a max-reachability probability is always witnessed
by some strategy.5 Hence we adopt the following:

Guiding Principle 4 (Witness Strategies) In some cases, especially when
progress towards a target is required, it is helpful to certify a witness strategy.

5 Dually, an upper bound on a min-reachability probability is also witnessed by a
strategy, but our corresponding certificates from Proposition 3 do not rely on this.
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Certificates with an Explicit Witness Strategy. Recall from Section 2 that
given a strategy σ : S → Act for MDP M, we can consider the induced DTMC
Mσ. We write Bσ for the Bellman operator associated with Mσ (notice that a
DTMC is just a special case of an MDP). Further, we let B̃σ be the corresponding
modified Bellman operator. By Theorem 2 and Lemma 4:

Lemma 5. B̃σ has a unique fixed point (fp B̃σ)(s) = Pσ
s (♢T ) for all s ∈ S.

Thus, we can certify lower bounds similar to Proposition 4 (we write Dσ for
the distance operator Dopt in the DTMC induced by σ):

Proposition 5 (Certificates for Lower Bounds on Pmax(♢T )+Strategy).
A triple (x, r, σ) ∈ [0, 1]S ×NS ×ActS is a valid certificate for lower bounds on
max-reachability with witness strategy if

1) Dσ(r) ≤ r, 2) x ≤ Bσ(x), 3) ∀s ∈ S \ T : x(s) > 0 =⇒ r(s) < ∞.

If (x, r, σ) is valid, then ∀s ∈ S : Pmax
s (♢T ) ≥ Pσ

s (♢T ) ≥ x(s).

Certificates without a Witness Strategy. Increasing the size of the certifi-
cate by including the strategy can be avoided, as it can be “read off” from the cer-
tifying probability vector x ∈ [0, 1]S . To this end, we define the x-increasing ac-
tions of state s ∈ S: Act↑x(s) = {a ∈ Act(s) | x(s)≤

∑
s′∈Post(s,a) P (s, a, s′)·x(s′)}.

If x ≤ Bmax(x), then Act↑x(s) contains at least one action. Next, we define a vari-
ant of the distance operator which only considers x-increasing actions:

Dmin
x↑ : NS → NS

, Dmin
x↑ (r)(s) =

0 if s ∈ T

1 + min
a∈Act↑x(s)

min
s′∈Post(s,a)

r(s′) if s ∈ S \ T

Proposition 6 (Certificates for Lower Bounds on Pmax(♢T )). A tuple
(x, r) ∈ [0, 1]S ×NS

is a valid certificate for lower bounds on max-reachability if

1) Dmin
x↑ (r) ≤ r, 2) x ≤ Bmax(x), 3) ∀s ∈ S \ T : x(s) > 0 =⇒ r(s) < ∞.

If (x, r) is valid, then ∀s ∈ S : Pmax
s (♢T ) ≥ x(s).

5 Certificates for Expected Rewards

We present certificates for bounds on expected rewards (??) in the “∗ = ∞”
semantics that assigns infinite reward to paths not reaching T , with the other
case in [17, App. F]. We employ the reward variant of the Bellman operator:

Definition 4 (Bellman Operator for Expected Rewards). We define the
Bellman operator for expected rewards Eopt : RS

≥0 → RS

≥0 as follows:

Eopt(x)(s) =

0 if s ∈ T

rew(s) + opt
a∈Act(s)

∑
s′∈Post(s,a)

P (s, a, s′) · x(s′) if s ∈ S \ T
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The above definition assumes that multiplication by ∞ absorbs positive numbers,
i.e., p · ∞ = ∞ for all p > 0, and a+∞ = ∞+ a = ∞ for all a ∈ R≥0.

Again, Eopt is a monotone function on the complete lattice (RS

≥0,≤) and
thus has a least and a greatest fixed point by Theorem 1. Unfortunately, as it
turns out, the sought-after expected rewards Eopt

s (♢T ), s ∈ S, are neither of
these two fixed points. Indeed, lfp Eopt corresponds to the expected rewards in
the semantics considered in [17, App. F], and gfp Eopt is a trivial upper bound
assigning ∞ to all states, see the example in Section 5.1.

Remark 3 (Asymmetry and Duality). In Section 4, an asymmetry between upper
and lower bounds arose as the reachability probabilities are a least fixed point.
Further, for the case of maximizing reachability, spurious fixed points occurred
and we required a witness strategy to “make progress” towards the targets (the
fact that this case requires special treatment of end components is well estab-
lished in literature, e.g., [31]). For safety objectives, where the goal is to avoid
a set of bad states, the situation is dual: The safety probabilities are a greatest
fixed point, so the lower bound case is simple, and when minimizing the upper
bound, we require a witness strategy. The ∗ = ∞ semantics for expected rewards
share some similarities with a safety objective, since the value is maximized (i.e.,
is infinite) when the target set is avoided. This section thus differs from Section 4
in two ways: (i) Everything is dual, as ∗ = ∞ is “safety-like”, and (ii) additional
complications arise from the trivial greatest fixed point gfp Eopt = ∞, see below.

5.1 Lower Bounds on Optimal Expected Rewards

s

∞
t

0

1
2 1

2

1

Fig. 2. A DTMC.

Due to the absorptive property of multiplication by ∞,
gfp Eopt may assign ∞ to states that actually have finite
value: For instance, in the DTMC in Figure 2, the gfp as-
signs ∞ to s because ∞ = rew(s)+ 1

2 ·∞+ 1
2 ·0, while in fact

Es(♢T ) = 2·rew(s) < ∞. To address this, we force the values
of states that a.s. reach the target to be finite as follows:

Lemma 6. Let x ∈ RS

≥0 be such that 1) x ≤ Eopt(x) and 2) for all s ∈ S:
Popt
s (♢T ) = 1 =⇒ x(s) < ∞ . Then it holds for all s ∈ S that x(s) ≤ Eopt

s (♢T ).

Intuitively, Lemma 6 requires that a lower bound on Emin
s (♢T ) can only

be infinite if T cannot be reached a.s., i.e. Pmax
s (♢T ) < 1 (dually for Emax).

Combining Lemma 6 and a certificate for non-a.s. reachability (Section 3) yields:

Proposition 7 (Certificates for Lower Bounds on Eopt(♢T )). A tuple
(x, r) ∈ RS

≥0 × NS
is a valid certificate for lower bounds on opt-exp. rewards if

1) Dopt
(r) ≤ r, 2) x ≤ Eopt(x), 3) ∀s ∈ S : x(s) = ∞ =⇒ r(s) < ∞.

If (x, r) is valid, then ∀s ∈ S : Eopt
s (♢T ) ≥ x(s).
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5.2 Upper Bounds on Maximal Expected Rewards

Next we focus on upper bounds on maximal expected rewards. Using Guid-
ing Principle 3 as for lower bounds on minimal reachability probabilities (Sec-
tion 4.2), we obtain such certificates via a modified Bellman operator:

Ẽmax : RS

≥0 → RS

≥0, Ẽmax(x)(s) =

{
Emax(x)(s) if Pmin

s (♢T ) > 0

∞ if Pmin
s (♢T ) = 0

Lemma 7. For all s ∈ S, (lfp Ẽmax)(s) = Emax
s (♢T ).

We stress that unlike B̃min from Section 4.2, Ẽmax does not have a unique fixed
point, see Figure 2. Nonetheless, with Lemma 7, Guiding Principle 1, and the
certificates for positive reachability from Proposition 1, we obtain:

Proposition 8 (Certificates for Upper Bounds on Emax(♢T )). A tuple
(x, r) ∈ RS

≥0×NS
is a valid certificate for upper bounds on max-exp. rewards if

1) Dmax(r) ≤ r, 2) Emax(x) ≤ x, 3) ∀s ∈ S : x(s) < ∞ =⇒ r(s) < ∞.

If (x, r) is valid, then ∀s ∈ S : Emax
s (♢T ) ≤ x(s).

5.3 Upper Bounds on Minimal Expected Rewards

Our approach for this case parallels the one for lower bounds on maximal reach-
ability probabilities from Section 4.3. The modified Bellman operator Ẽmin (de-
fined analogous to Ẽmax from above) does not characterize the minimal expected
rewards as its least fixed point. The problem are, again, end components, see
[17, App. E.5] for a counter-example. Following Guiding Principle 4 and Sec-
tion 4.3, we can, however, certify upper bounds on Emin(♢T ) by including a
witness strategy (see [17, App. E.6]).

As with lower bounds on max-reachability, it is also possible to avoid this
explicit witness strategy: We define the x-decreasing actions of s as Act↓x(s) =
{a ∈ Act(s) | x(s) ≥ rew(s) +

∑
s′∈Post(s,a) P (s, a, s′) · x(s′)}. If Emin(x) ≤ x,

then Act↓x(s) ̸= ∅. We define a distance operator with Dmin
x↓ that only considers

x-decreasing actions completely analogous to Dmin
x↑ from Section 4.3.

Proposition 9 (Certificates for Upper Bounds on Emin(♢T )). A tuple
(x, r) ∈ RS

≥0 ×NS
is a valid certificate for upper bounds on min-exp. rewards if

1) Dmin
x↓ (r) ≤ r, 2) Emin(x) ≤ x, 3) ∀s ∈ S : x(s) < ∞ =⇒ r(s) < ∞.

If (x, r) is valid, then ∀s ∈ S : Emin
s (♢T ) ≤ x(s).

6 Computing Certificates

In Sections 3 to 5 we described what certificates are and discussed their veri-
fication conditions. We now elaborate on how to compute certificates. To this
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end, we first discuss computation of (co-)inductive value vectors x and then fo-
cus on the ranking functions r required by some certificates (see Table 1). We
stress that a sound certificate checker detects any wrong results produced by
buggy implementations of the methods discussed in this section. Indeed, during
implementation of the certificate computation algorithms in Storm, checking the
certificates helped finding and resolving implementation bugs.

As we enter the realm of numeric computation, some remarks are in order.
For computational purposes we assume that the transitions probabilities are
rational numbers, i.e., fractions of integers. Moreover:

Our goal is to compute a certificate with a rational value vector x and to check
it with exact, arbitrary precision rational number arithmetic.

Certificates via Exact Algorithms. The conceptually easiest certifying MDP
model checking algorithm is to compute the rational reachability probabilities
or expected rewards exactly. The resulting value vector is both inductive and co-
inductive. Thus, exact algorithms yield a certificate essentially as a by-product.
We refer to [29,30] for an in-depth comparison of exact algorithms based on Pol-
icy Iteration (PI), Rational Search (RS), and Linear Programming (LP). The
practically most efficient algorithm is PI with exact LU decomposition as linear
equation solver; see [30, Secs. 2.2 and 4.2] for a description of the algorithm.

Certificates via Approximate Algorithms. In practice, most probabilistic model
checkers use algorithms that are not exact but approximate: They employ ap-
proximate, fixed-precision floating point arithmetic and use a variant of VI that
only returns an approximate result, namely for each state an interval [ℓ, u] con-
taining the exact value, such that |ℓ−u| ≤ ε for a given ε (typically 10−6). They
do this because (i) when using exact arithmetic, fractions can grow very large,
hindering scalability, (ii) VI-based algorithms often outperform PI, albeit not
as dramatically as folklore claimed [29,30], and (iii) approximate results usually
suffice. We now exemplify with the VI-variant Interval Iteration (II) [8,24] how
to make an approximate, floating point-based algorithm certifying, leaving other
variants such as optimistic VI [31] and Sound VI [49] for future work.

II for reachability6 works by first collapsing end components [13,24] of the
MDP to ensure that Bopt has a unique fixed point. II then runs two instances of
VI in parallel, starting from x(0) = 0 and y(0) = 1:

0 = x(0) ≤ Bopt(x(0)) = x(1) ≤ . . . fpBopt . . . ≤ y(1) = Bopt(y(0)) ≤ y(0) = 1

Both sequences contain (co-)inductive vectors only and converge to the fixed
point. The iteration can be stopped when the difference is as small as desired.

However, as we demonstrate experimentally (Section 7), inexact floating point
arithmetic usually breaks (co-)inductivity of the elements in the II sequences, as
was already reported in [55] in a similar setting. More precisely, let Bopt

F be
a “floating point variant” of Bopt, i.e., the (exact) result of each operation is
rounded to a nearest float. This the default rounding mode in IEEE 754. Let
6 For expected rewards, II additionally requires computing an upper bound, see [8].
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x
(i)
F be the i-th element, i > 0, in the lower VI sequence of Bopt

F starting from
0. Then, due to rounding errors, x(i)

F ≤ Bopt(x
(i)
F ) does not hold in general, i.e.,

x
(i)
F might not be co-inductive. We propose two ways to mitigate this problem:

Safe rounding [27] and Smooth II.
First, safe rounding amounts to configuring the IEEE754 rounding mode

so that results of floating point computations are always rounded towards 0
when iterating from below, and towards ∞ when iterating from above. While
safe rounding provably yields sound bounds [27], it may slow down or even
prevent convergence of II. Nonetheless, in practice, II with safe rounding finds
significantly more certificates than II with default rounding (Section 7).

Second, for Smooth II we define the γ-smooth Bellman operator (γ ∈ [0, 1))

Bopt
γ (x) = γ · x+ (1− γ) · Bopt(x) ,

where scalar multiplication and addition are component-wise. Bopt
γ and Bopt have

the same fixed points, and every (co-)inductive value vector w.r.t. Bopt
γ is also

(co-)inductive w.r.t. Bopt [17, App. G.1]. The key property of Bopt
γ compared to

Bopt is that the former enforces ultimately strictly monotonic VI sequences. This
mitigates the floating point rounding issues. Notice, however, that smoothing
slows down convergence. Smoothing and safe rounding may be combined.

Computing Ranking Functions. We briefly outline how to obtain the unique and
least fixed points of Dopt and Dopt

, respectively (see Definitions 1 and 2).
First, fpDopt can be computed via VI from r(0) = ∞. This iteration con-

verges in finitely many steps. Second, to compute lfpDopt
we propose to perform

VI from r(0) with r(0)(s) = [Popt
s (♢T ) = 1] · ∞ for all s ∈ S. The condition in

the Iverson bracket can be evaluated using standard graph analysis [7, Sec-
tion 10.6.1]. This iteration converges in finitely many steps as well, see [17,
Apps. G.2 and G.3] for details and a practically more efficient algorithm.

7 Experimental Evaluation

Implementation. We implemented certificate computation as discussed in Sec-
tion 6 in Storm [33]. Given a higher-level model description (PRISM [42] or
Jani [14]), and a reachability probability or expected reward query, our imple-
mentation proceeds in three steps: First, Storm builds an explicit MDP from the
description. Second, it computes a certificate for both lower and upper bounds,
such that the relative difference between the two values is at most ε = 10−6 for
each MDP state. Finally, Storm checks the validity of the certificate.

Following the discussion in Section 6, we consider the following algorithms:
Regarding exact computation, we use PI with exact LU decomposition, called
PIX . For approximate computation with floating point arithmetic, we employ II.
Further, to investigate the impact of the rounding error mitigation techniques
from Section 6, we complement II with either safe rounding (denoted IIrnd),
smoothing with parameter γ (denoted II⟳γ ; we consider γ ∈ {0.05, 0.8, 0.9, 0.95}),
or a combination of both (denoted II⟳γ

rnd). Overall, we compare PIX and seven
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variants of II. We employ additional standard modifications of the algorithms,
namely: We eliminate end components whenever possible, apply topological op-
timizations for PIX and II, and apply Gauß-Seidl Bellman updates for II [8,29].

In all three steps of the implementation, we represent numbers as arbitrary
precision rationals implemented in GMP [23]—except when running II in the
second step (in which case we convert rationals to their nearest floats, poten-
tially yielding invalid certificates). We thus certify reachability probabilities and
expected rewards with respect to the exact MDP without rounding errors.

The MDP and the certificate computed with Storm can be exported and
checked by an independent formally verified certificate checker. To construct
the latter, we verified the correctness of the certificate checking algorithms in
the interactive proof assistant Isabelle/HOL [46], extending previous work on
MDPs [34,50] by total rewards and qualitative reachability properties. Based
on this library, we proved correct the soundness of the certificates described in
Sections 3 to 5. We used Isabelle/HOL’s code export mechanism [25] to obtain
a verified, executable Standard ML implementation that employs exact rational
arithmetic. The construction of the MDP from a PRISM or Jani model as well
as export and parsing of MDPs and certificates are currently not verified.

Benchmarks and Setup. We use all 366 benchmark instances from the quanti-
tative verification benchmark set (QVBS) [32] that (i) consider an MDP with a
reachability or reward objective and (ii) for which Storm can build an explicit
representation within 5 minutes. Additionally, since the QVBS contains no mod-
els exhibiting non-trivial ECs, we include 71 structurally diverse models from
various sources detailed in [30, Sec. 5.3]. Overall, we consider the complete alljani
set from [30]. We invoke Storm for each combination of benchmark instance and
certificate algorithm and report the overall runtime (walltime). All experiments
ran on Intel Xeon 8468 Sapphire 2.1 Ghz systems. We used Slurm to limit the
individual executions to 4 CPU cores and 16GB of RAM, with a time limit of
900 s. Next, we discuss our findings by answering three research questions (RQs).
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Fig. 4. RQ2: Runtime overhead of certified MDP model checking for PIX (left) and
II (middle), and scalability of both with respect to the number of states (right).

RQ1: Best algorithm for certificate generation? Figure 3 (left) compares the
runtimes of PIX and our seven II variants. A point (x, y) for algorithm A indi-
cates that there are x instances for which A computes a valid certificate within y
seconds (including time for model construction but excluding time for exporting
the certificate files). The triples [v|w|u] in the legend indicate that the algorithm
produced a total of v valid and w invalid certificates (with invalidity likely due
to floating point issues), while for the remaining u instances no result was found
within the resource limits. As expected, all certificates produced by the exact
PIX are valid, while standard II produces many invalid certificates. Safe round-
ing and smoothing improve the number of valid certificates. Notably, II⟳γ (only
smoothing) performs best for γ values close to 1, while the performance of II⟳γ

rnd

(smoothing and safe rounding) is less sensitive towards γ; see [17, App. H] for
more details. Among all II variants, II⟳0.05

rnd shows the best overall performance.
The scatter plot in Figure 3 (right) further compares PIX and II⟳0.05

rnd . A
data point (x, y) corresponds to one benchmark instance, where x and y are
runtimes of PIX and II⟳0.05

rnd . A point at ≥ 300 indicates a runtime between 300
and 900 seconds, inval means an invalid certificate, and n/a denotes an aborted
computation due to time/memory limits. Many instances that PIX cannot solve
are solved by II⟳0.05

rnd and vice versa. This is already the case without computing
certificates, as the structure of a benchmark affects the performance of the al-
gorithms differently [29,30]. Thus, as in the case without computing certificates,
there is no “best algorithm”, and both PIX and variants of II can be consid-
ered. Overall, 396 out of 447 instances are correctly solved and certified by PIX
or II⟳0.05

rnd (or both). We highlight that PIX is not only a complete certifying
algorithm, but also practically efficient, even though it uses exact arithmetic.

RQ2: Runtime overhead of certificate generation? Figure 4 (left/middle) reports
the runtime overhead of generating a certificate for PIX and II⟳0.05

rnd . For PIX , the
overhead is typically within a factor of 2, often significantly less. It is sometimes
faster due to implementation differences in the certifying variant of PIX . For
II⟳0.05

rnd , the overhead is slightly larger, typically around 1.5 to 4. This is partly
due to the slower convergence caused by smoothing. Figure 4 (right) investigates
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Fig. 5. RQ3: Runtime overhead of the certified pipeline/Runtime of certificate checking

the scalability of certificate generation with respect to the number of states. For
MDPs with up to 105 states, certificate generation usually completes within a
minute (often much less); for more than 107 states, it usually times out.

RQ3: Scalability of the formally verified certificate checker? Figure 5 (left) com-
pares the runtime of the full pipeline including certificate generation and veri-
fication using our formally verified checker (PIX +cert) with plain, uncertified
MDP model checking based on PIX . Compared to Figure 4 (left), the added
verification of the certificates causes additional time/memory outs, and roughly
doubles the runtime of the other instances. Figure 5 (right) reveals that parsing
is currently a major bottleneck in the verified checker. Nonetheless, the checker
completes within a few seconds on MDPs with up to ≈ 105 states, and usually
within 30 s for instances with up to ≈ 106 states.

8 Conclusion and Future Work

We proposed fixed point certificates as a new standard for certified model check-
ing of reachability and expected reward properties in MDPs. The soundness of
these certificates was formalized in Isabelle/HOL, increasing their trustworthiness
and enabling us to generate a formally verified certificate checker, applicable to
non-trivial practically relevant instances. Our certificates can be generated with
moderate overhead via minor, yet careful, modifications of established algorithms
like II or PI. This allows tool developers and competitions [15]—for which our
certificates provide formally verified reference results—to adopt our proposal
with relatively low effort. Future work is to develop a more efficient certificate
format. Further, we plan to extend our theory to other quantitative verifica-
tion settings [3], e.g., stochastic games and ω-regular properties, and make it
amenable to techniques such as symbolic model checking and partial exploration.

Data availability statement. The models, tools, and scripts to reproduce our
experimental evaluation are available at DOI 10.5281/zenodo.14626585 [18].
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Copyright and License Information

Figure 2: Springer Nature permission, retrieved from https://www.springernature.com/gp/
partners/rights-permissions-third-party-distribution (accessed on April
10, 2025)
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