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Abstract

This thesis studies polarizing codes for higher-order modulation and direct detection (DD)
channels. Two probabilistic shaping schemes based on polarizing codes are developed. The
first scheme combines probabilistic amplitude shaping (PAS) with polar coded modulation
(PCM) that is based on multilevel coding (MLC) and multistage decoding (MSD). This
method is called polar coded PAS (PC-PAS). To improve performance, a multistage list
decoding algorithm is introduced that takes advantage of the PCM structure. Moreover,
when using a constant composition distribution matcher (DM) for PAS, a type check at
the receiver further improves performance, especially for short block lengths. The second
scheme uses a polarizing code, namely a polar code or a branching multi-scale entanglement
renormalization ansatz (BMERA) code, to perform probabilistic shaping and forward error
correction (FEC) simultaneously.

PAS is applied to transmit 6-ary pulse amplitude modulation (6-PAM) for optical com-
munication systems with intensity modulation (IM) and peak power constrained DD chan-
nels. PAS is used to map bits to symbols from the 6-ary alphabet. Alternatively, two-
dimensional thirty-two quadrature amplitude modulation (32-QAM) constellations are
used and mapped to one-dimensional 6-PAM constellations where the shape of the 32-
QAM constellation is optimized. Simulations and optical experiments show that the new
constellations significantly outperform existing methods.

PCM is also used to improve communication over bandlimited channels with DD. For
such channels, the transmitter should use bipolar or complex-valued constellations and
the receiver should sample faster than the symbol rate. Practical receiver architectures
based on separate detection and decoding (SDD) and successive interference cancellation
(SIC) are developed that approach the information rates of joint detection and decoding
(JDD). Two different detector types are studied: the forward-backward algorithm, which
computes the a posteriori probabilities (APPs), and a Gibbs sampling detector, which
approximates the APPs. Simulations with multilevel PCM and multistage detection and
decoding confirm that bipolar and complex-valued constellations achieve higher rates than
IM.



Zusammenfassung

Diese Arbeit beschéftigt sich mit polarisierenden Codes fiir hoherwertige Modulations-
formate und Direct Detection (DD) Kanéile. Zwei Methoden zur Wahrscheinlichkeits-
anpassung mit polarisierenden Codes werden entwickelt. Die erste Methode kombiniert
Probabilistic Amplitude Shaping (PAS) mit Polar Coded Modulation (PCM). PCM basiert
auf einer mehrstufigen Codierung (MLC) und einer mehrstufigen Decodierung (MSD).
Die Kombination aus PAS und PCM wird PC-PAS genannt. Ein mehrstufiger Listen-
Algorithmus zur Decodierung nutzt die mehrstufige Struktur von PCM und verbessert die
Fehlerraten dieser Methode. Zudem kann bei der Nutzung eines Constant Composition
Distribution Matchers (CCDM) bei PC-PAS ein Type Check die Fehlerraten weiter redu-
zieren, vor allem bei der Ubertragung von kurzen Blocken. Bei der zweiten Methode werden
sowohl die Wahrscheinlichkeitsanpassung als auch die Vorwartsfehlerkorrektur gleichzeitig
von einem polarisierenden Code realisiert. Diese Methode wird entweder durch Polar Co-
des oder durch Branching Multi-Scale Entanglement Renormalization Ansatz (BMERA)
Codes realisiert.

PAS erméglicht die Ubertragung von sechsstufiger Pulsamplitudenmodulation (6-PAM)
in optischen Kommunikationssystemen mit Intensitdtsmodulation (IM) und DD Empféin-
gern mit einer Begrenzung der maximalen Sendeleistung. PAS bildet dabei Bits auf die
sechsstufige Konstellation ab. Alternativ dazu wird eine zweidimensionale 32-stufige Qua-
draturamplitudenmodulation (32-QAM) verwendet, welche dann auf eine eindimensionale
6-PAM Konstellation abgebildet wird. Die Form der 32-QAM Konstellationen wird dabei
optimiert. Simulationen und optische Experimente zeigen, dass die neuen Konstellationen
bisher bestehende Methoden iibertreffen.

PCM wird auch fiir die Verbesserung der Ubertragungsraten bei bandbegrenzten DD
Kanélen verwendet. Fiir derartige Kanéle sollten bipolare und komplexwertige Konstel-
lationen verwendet werden. Dabei muss am Empfinger schneller als mit der Symbolrate
abgetastet werden. Es werden praktische Empfangerstrukturen mit getrennter Detektion
und Decodierung (SDD) und sukzessiver Interferenzausloschung entwickelt. Die gezeig-
ten Empfanger ndhern sich den Raten an, die mit gleichzeitiger Detektion und Decodie-
rung moglich waren. Zwei unterschiedliche Detektoren werden untersucht: Der Vorwérts-
Riickwérts Algorithmus, der die A Posteriori Wahrscheinlichkeiten (APPs) berechnet und
ein Gibbs Sampling Detektor, der die APPs ndherungsweise bestimmt. Simulationen mit
mehrstufiger PCM und mehrstufiger Detektion und Decodierung bestétigen, dass bipolare
und komplexwertige Konstellationen hohere Raten ermoglichen als IM.



Introduction

The invention of polar codes and the discovery of the polarization principle in [1] are
two major breakthroughs in coding theory. Polar codes have been included in the 5G
new radio standard [2] within less than a decade after they were published. Channel
polarization occurs under successive cancellation (SC) decoding, where the codeword bits
are successively decoded based on previously decoded bits. A hard problem is thereby
divided into easier problems that are solved successively.

This simple principle is used repeatedly in this thesis. An important example is coded
modulation with multilevel coding (MLC) [3-5] which extends polar codes [6,7] to higher-
order alphabets. The code is divided into several stages or levels representing bits that
label the transmitted symbols. Multistage decoding (MSD) successively decodes the bits
of a stage based on the previously decoded stages.

Successive interference cancellation (SIC) is another example that exhibits the idea.
SIC is known in multi-user scenarios, where signals from multiple users interfere [8,9].
A receiver decodes the signals successively, treating the unknown signals as noise and
subtracting the decoded signals from the received signals. Usually, the receiver starts
with the strongest signal which is easiest to decode. In fact, SIC can also be used to
treat intersymbol interference (ISI) where symbols within one sequence interfere with each
other [10-12].

To simplify the receiver, we harness a method from sampling theory called Gibbs sam-
pling [13]. Tt is often difficult to draw samples from a high-dimensional probability density
function (PDF). Gibbs sampling addresses this problem by sampling from the marginal
conditional distributions such that many properties of the high-dimensional density func-
tion are preserved. The algorithm conditions on previously drawn samples from the other
dimensions.



2 Chapter 1. Introduction

1.1. Related Work

The idea of polar codes decoded with SC decoding appeared in [14]. In [1], Arikan proved
that polar codes achieve the symmetric capacity of discrete memoryless channels (DMCs).
The performance for reasonable block lengths under SC decoding was poor, however. Tal
and Vardy improved the performance by introducing successive cancellation list (SCL)
decoding with outer cyclic redundancy check (CRC) codes [15]. Polar coded modulation
(PCM) is discussed in [6,7,16] as the extension of binary polar codes to coded modulation
with a multilevel structure. Similar schemes are presented in [17,18].

The paper [19] shows that channel polarization is a general phenomenon that is not
limited to the polar transform. For example, an alternative transform inspired by quantum
many-body physics is presented in [20,21] where it is called the branching multi-scale
entanglement renormalization ansatz (BMERA) transform. The resulting BMERA codes
have a better error exponent than polar codes [22]; the distance properties and weight
spectra of BMERA codes are discussed in [23-25]. SC decoders for BMERA codes are
presented in [26-28].

Polarizing codes are also useful for shaping. Honda and Yamamoto [29] introduced a
scheme to transmit non-uniformly distributed symbols on binary input channels based on
polar codes. This idea is taken up in [30] to transmit shaped on-off keying (OOK), and
in [31] where one polar code is used for distribution matching and one for forward error
correction (FEC). Extensions to higher-order modulation can be found in [32-37]. In [37],
it is proved that a multilevel scheme based on the Honda-Yamamoto scheme achieves the
capacity of DMCs. Further examples of probabilistic shaping are Gallager’s many-to-one
mappings [38], trellis shaping [39], and probabilistic amplitude shaping (PAS) [40].

PAS was used with low-density parity-check (LDPC) codes in fiber-optic communica-
tion [41]. Early fiber-optic communication systems were based on direct detection (DD)
receivers [42], where a photodiode (PD) measures the amplitude or intensity of the re-
ceived signal. DD receivers are usually paired with intensity modulation (IM) because the
transmitted data can be recovered by DD with symbol-rate sampling [43-45]. Systems
with IM/DD result in cheap hardware, low power consumption, low latency and reduce
hardware complexity and form factors as compared to coherent receivers [42,46,47]. Today,
IM/DD is still used in short-reach optical links, e.g., in intra-data-center communication
up to several dozens of kilometers [42]. Usually, unipolar modulation with several am-
plitude levels, i.e., M-ary pulse amplitude modulation (PAM) with M > 2, is used. The
receiver applies classic signal processing such as linear equalization [48] or modern machine
learning methods [49, 50].

Short-reach systems often operate without optical amplifiers, and the optical input
power to the fiber is limited by the maximum laser power, resulting in a peak power
constraint [51-53]. The capacity-achieving distribution of an additive white Gaussian
noise (AWGN) channel under a peak power constraint is discrete [54] and there is an opti-
mal number of signal points for each signal-to-noise ratio (SNR), i.e., there are SNR regions
where the optimal number of signal points is not a power of two. Therefore, [55,56] sug-
gest transmitting 6-ary alphabets based on 32-quadrature amplitude modulation (QAM)
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constellations.

It is known that oversampling at the receiver of a DD system increases capacity [57] and
that DD systems can operate within 1bit/s/Hz of the capacity with coherent detection.
This suggests using bipolar or even complex-valued constellations for DD [57-61]. The first
example of a DD system not restricted to IM used a Kramers-Kronig receiver that required
minimum phase signals obtained by inserting an optical carrier. However, the optical
carrier reduces the spectral efficiency (SE) [58,62,63]. The paper [64] shows how rates for
channels with ISI can be computed based on the forward-backward algorithm (FBA) [65].
There are many examples where the FBA is replaced by Gibbs sampling [13]. For example,
Gibbs sampling was applied to code-division multiple access [66,67], multi-input multi-
output systems [68,69], and channels with ISI [70-73]. Bit-wise Gibbs sampling for SIC is
described in [74,75].

1.2. Contributions

This section lists the main contributions of the thesis. Most results appear in [28,76-81]

We combine polar codes with PAS to obtain polar coded PAS (PC-PAS). PAS was
originally described for bit-metric decoding (BMD) and the extension to MSD for polar
codes requires modifications. We encode based on dynamically frozen bits to perform
systematic encoding for PAS. We propose a multistage list decoding algorithm for PCM
and PC-PAS, where the list of possible codewords is passed across decoding stages. If
PC-PAS is used with a constant composition distribution matcher (CCDM), we propose
a type check in addition to a CRC check during decoding to compensate for the CCDM
rate loss.

We describe SC decoding of BMERA codes and provide results for BMERA coded
modulation. Further, we use BMERA codes instead of polar codes in the shaping schemes
from [30] and [82], and compare the results with those of polar codes.

We suggest transmitting 6-PAM via PAS or by other 32-QAM constellations as in [55]
that are better suited for peak power constrained channels. The solutions are supported by
information rate comparisons and simulations with FEC. We conduct optical experiments
with DD to confirm the performance.

We study bandlimited optical channels with DD and oversampling at the receiver. We
show that bipolar and complex-valued signals can be detected by DD receivers. The
information rates are compared to practical receivers that use separate detection and de-
coding (SDD). SIC based on SDD is shown to approach the joint detection and decod-
ing (JDD) rates. Different SIC receivers based on symbol or bit perspectives are presented.
The FBA is used as a detector and Gibbs sampling is used to reduce complexity. Coded
results with multilevel polar codes demonstrate the feasibility of SIC.



Chapter 1. Introduction

1.3. Outline

The thesis is organized as follows.

>

Chapter 2 introduces notation, channel models, and modulation formats. The prin-
ciples of coded modulation with BMD and MSD are reviewed. PAS is also reviewed;
see [40].

Chapter 3 reviews the basics of polar and BMERA codes, including the polar and
BMERA transforms, the channel polarization principle, encoding and decoding, and
design methods.

Chapter 4 extends polar and BMERA codes to polar and BMERA coded modulation,
i.e., how polar and BMERA codes can be used to transmit symbols of constellations
with more than two symbols. Design methods based on surrogate channels are in-
troduced and a multistage list decoding algorithm is presented.

Chapter 5 combines PCM with PAS to obtain PC-PAS. It is shown how PC-PAS
can be used with bipolar amplitude shift keying (ASK) and unipolar PAM constel-
lations. The results are compared to PAS with LDPC codes from the 5G new radio
standard [2].

Chapter 6 reviews polar shaping based on [29] and provides results for OOK, ASK,
and PAM transmission using BMERA codes.

Chapter 7 discusses transmission of symbols from 6-ary alphabets over peak power
constrained channels. Two schemes are introduced and compared, one based on PAS
and the other on 32-QAM constellations.

Chapter 8 studies SIC for bandlimited optical channels with DD. We discuss different
detectors based on symbols and bits and their information rates. Detectors based on
the FBA and Gibbs sampling are proposed.

Chapter 9 concludes the thesis.



Preliminaries

2.1. Notation and Definitions

Vectors are written as lowercase italic bold letters a and matrices are written as uppercase
bold letters A. If not stated otherwise, a vector a has dimension n. A vector with indices

from k to [ is denoted @l = (ag,axri1,...,a;) and a vector with indices from 1 to k is
denoted a} = a* = (ay,as, ..., a;). The same notation is used for a vector of vectors, e.g.,
al, = (ay,...,a;). The vector ap = (a1, ..., ax_1,ap41, - - ., a,) has the entry a;, removed.

The transpose of a vector or matrix is written as a® and AT, respectively. The n x 1
all-zeros vector is 0,, and the n x n identity matrix is I,,. The diagonal matrix with entries
taken from a is written as diag(a). The notation a®b refers to the Kronecker product of a
and b. Consider the sets of indices denoted as A and B. The matrix A 4 consists of the rows
of A chosen according to 4 and the matrix A 4 consists of the rows and columns of A
chosen according to A and B, respectively. A\ B denotes the relative complement of set B
to A. We define element-wise absolute values and squaring by |2 = [|z1[%,. .., |2.[2].
Additions and multiplications related to bits are always modulo 2. The addition a & b
explicitly denotes modulo-2 additions.

Random variables (RVs) are written as uppercase italic letters X and a vector of RVs
as X. The realization of a RV X or X is written as the lowercase letters x and x,
respectively. The PDF of a continuous RV is denoted py(x) and the probability mass
function (PMF) of a discrete RV is denoted Px(z). For convenience, we often discard
the indices of the PDFs and PMFs and write p(xz) and P(x), respectively. The joint
distribution of a continuous RV Y and a discrete RV X is written as Px(x)py|x (y|z), but
for simplicity we sometimes abbreviate as p(x,y).

We write entropy and mutual information (MI) as H(.) and I(.), respectively. The
binary entropy function is denoted H (.). The differential entropy of a continuous RV is
denoted h(.). We define the entropy rate, conditional entropy rate, and mutual information
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Im(x) m(z)
(a) 8-ASK (b) 8-PAM
Im(x) . Im(x) .
e o o o e o o o X Re(x) . Re(m)
(c) 64-QAM (d) 16-SQAM

Figure 2.1.: Signal constellations used in this thesis.

rate in bits per transmitted symbol as the respective

H, (X) :L]HI (X) (2.1)
H, (X|Y) = TllH (X]Y) (2.2)
I (X:Y) = H, (X) - H, (X|Y) (2.3)

2.2. Signal Constellations

We transmit symbols X from a finite alphabet X over a channel. The distribution of the
symbols of the constellation X is Px(.). Fig. 2.1 shows the four types of constellations
used in this thesis:

> Bipolar M-ary ASK in Fig. 2.1a with

Xask = {£A, £3A, ..., £(M — DA}, (2.4)
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> Unipolar M-ary PAM in Fig. 2.1b with

Xoan = {0,A,2A, ..., (M — 1)A} . (2.5)

> Complex M-ary QAM in Fig. 2.1c with

XQAM:{iaAiij(a:1,3...,\/ﬂ—1, b=1.3,....VM-1}.  (26)

> Complex M-ary star-QAM (SQAM) in Fig. 2.1d with

XSQAMI{:E(ZA:EjGA‘azl,...,M/Zl}. (27)

The factor A modifies the average power. Note that binary phase shift keying (BPSK) is
the same as 2-ASK and OOK is the same as 2-PAM.

2.3. Channel Models

This section defines channel models and reviews their capacities. The capacity of a mem-
oryless channel with input X and output Y described by Py |x is [83]

C=maxI(X;Y). (2.8)
Px
For many channels it makes sense to define a constrained capacity:

C=maxI(X;Y) s.t. E [IXP] < Pu (2.9)

where we have an average power constraint. For block length n — oo, there exist codes
with rate R < (' such that the block error probability vanishes.

2.3.1. Binary Erasure Channel

Consider a binary input alphabet X = {0,1} and output alphabet Y = {0,1,£}. The
binary erasure channel (BEC) has PMF

Pyix(0[0) = Pyix(1]1) =1—¢ (2.10)
Pyix(1]0) = Pyx(0[1) = 0 (2.12)

where ¢ is the erasure probability. The a posteriori probabilities (APP) of uniform, inde-
pendent, and identically distributed (u.i.i.d.) channel inputs X is

Pxy(0[0) = Pxjy(1]1) =1 (2.13)
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Pxy (0[E) = Pxy (11€) = 0.5, (2.14)

i.e., we either know the channel input or we have to guess it. The capacity of the BEC [84,
Sec. 8.5.1] is

CBEC =1-—-=. (215)

We will use BECs to construct polar and BMERA codes in section 3.6.

2.3.2. AWGN Channel
The output of an AWGN channel is
Y=X+0oN (2.16)

where X is the channel input with distribution Px and N is zero mean Gaussian noise
with unit variance. We define the SNR as

E[|X|?
sng = 2 2' | (2.17)
o
and the peak signal-to-noise ratio (PSNR) as
2
PSNR - MaXeex [ X]° (2.18)

o2

The SNR refers to an average power constraint and the PSNR to a maximum or peak
power constraint.

The channel capacity under an average power constraint for real-valued inputs is [83]
1
C(SNR) = 5 log, (1 +SNR). (2.19)

The maximizing distribution Px is Gaussian. The capacity of the AWGN channel under
a peak power constraint or amplitude constraint is derived in [54]. The maximizing distri-
bution is a discrete distribution where the number of signal points grows with the PSNR.
At low PSNR values, the maximizing distribution has only two signal points.

Optimal ASK Signaling Under an Average Power Constraint

The optimal Px for ASK and PAM constellations can be obtained by the Blahut-Arimoto
algorithm [85,86]. As described in [40], we use sub-optimal sampled Gaussian distributions

Py = Ae v (2.20)
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where A is a normalization constant. Note that the distribution is one-sided in case of
PAM. The distribution (2.20) is sometimes referred to as a Maxwell-Boltzmann (MB)
distribution [87].

2.4. Coded Modulation

In most systems, the cardinality M = |X| is a power of two to interface with binary FEC
codes. One exception where M is not a power of two is discussed in chapter 7.

2.4.1. Labeling

If M is a power of two, we can label each symbol x € X by a sequence of m = log, M bits.
We denote the labeling function for symbol x as

b(x) = (bi(x),...,bp(z)), VreX (2.21)

and refer to the bits [,..., k via

bi(x) = (bi(x),... . bp(x)), VLEk=1,....m A k>l (2.22)
We define the labeling functions for a sequence & = (x4, ..., z,) of symbols as
b(x) = (b(xy1),...,b(z,)) (2.23)
bi(x) = (bi(z1), ..., bi(zn)) (2.24)
bf (@) = (b (1), ..., b () (2.25)

Fig. 2.3 shows a basic coded modulation scheme. A source outputs £ uniformly dis-
tributed data bits D. The k data bits are encoded to a length nm codeword C. The bits
of the codeword are interpreted as the bit labels of a sequence X. The mapper maps the
sequence C' to a sequence of n symbols X. The sequence X is transmitted over a DMC
described by Py x. The transmission rate in bits per channel use (bpcu) of the scheme is

k
R = — [bpcul. (2.26)
n
The supremum of rates at which data can be reliably transmitted over the channel is

2.4.2. Bit-metric and Multistage Decoding

There are two main options to detect and decode information in a coded modulation
system, namely BMD [88,89] and MSD |3, 5].
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. Channel [ Mapber } Y
Encodmg PP

Figure 2.2.: Basic Coded Modulation Scheme.

Consider the the coded modulation rate (2.27) and the equations
Ren = 1(X:Y) (2.28)

= H(X) - H(X]Y) (2.29)

2 H (6(X)) ~ HB(X)|Y) (2:30)
(2.31)

Oy Z]I—]I (b)Y, b} (X)) 2.31
?H(bm) - liH(me)rY) (2.32)

where (a) follows from the 1-to-1 labeling function, (b) from the chain rule of entropy, and
(¢) because conditioning cannot increase entropy.

BMD works as follows. At the receiver, a detector computes the metrics Py, (x )y (bi(2:)|y:)
foril=1,...,mandi=1,...,n. A decoder estimates the transmitted data based on these
metrics. The dependency of by(X) and b,~'(X) is neglected in the bit-metrics, so BMD
achieves the rate (2.32) given by

m

Renp = H(X) = Y HB(X)]Y). (2.33)

=1

The rate (2.31) can be achieved by MSD. The m bit-levels are successively decoded based
on the channel outputs and the previously decoded bit-levels, i.e., a detector computes

Pbl(X)|Ybl1_1(X)(bl(xi)|yi7 Blfl(xz)) (2.34)

MSD requires m detection and decoding stages. MSD is usually combined with MLC, i.e.,
each bit-level is encoded separately at the transmitter.

2.4.3. Labeling Strategies

We discuss two labeling strategies, namely the binary reflected Gray code (BRGC) [90]
and the natural binary code (NBC). The BRGC is often used in bit-interleaved coded
modulation (BICM) systems with BMD as it maximizes the BMD rate (2.33) [91]. The
NBC labeling follows the set partitioning properties described by [4] and is a good choice
for MSD. Table 2.1 shows both labeling strategies for 8-ary ASK. BRGC and NBC are
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HS—ASKsymbols‘ -7 \ -5 \ -3 \ -1 \ 1 \ 3 \ 5 \ 7 H
BRGC | 000 | 100 | 110 [ 010 | 011 | 111 | 101 | 001
NBC | 000 | 100 | 010 | 110 | 001 | 101 | 011 | 111

Table 2.1.: BRGC and NBC labeling for 8-ASK symbols.

related [92] by the following (m x m) transformation matrix

1.0 0 0 0]
1 10 00
Tnpeoprae = (U011 (2.35)
000 ... 1 1]
that has only ones on the diagonal and sub-diagonal.
2.5. Bhattacharyya Parameter
The source Bhattacharyya parameter is (see [93])
Z(X[Y)=2) PY(y>\/PX\Y(O’y)PX|Y(1’1) (2.36)
yey
and
Z(X|Y) =2 [ Pry)y/Pape Oly) P (1]1) dy (237)
Yy

for binary-input discrete and continuous memoryless channels, respectively. According
to [93, Proposition 2] and [29, Proposition 1] we have the bounds

Z(X|Y)? <H(X|Y) <log, (1+ Z(X[|Y)). (2.38)
The property
Z(X|Y,S8) < Z(X|Y) (2.39)

is shown in [94, Lemma 6.
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2.6. Probabilistic Amplitude Shaping

PAS was introduced in [40] as a shaping scheme that combines distribution matching and
FEC. The aim of PAS is to transmit a coded sequence Xi,...,X,, where the X; are
distributed according to a specified Py (x). The symbols are taken from an alphabet X
with |X¥| = M. The alphabet size is often a power of two but we also consider M = 6 in
chapter 7.

PAS requires dividing the constellation into two sub-constellations that have the same
distribution, i.e., we divide X into two subsets X} and &5 with corresponding distributions
PX1 and PX2 such that Xl UXQ = X, Xl ﬂXg = @, |X1| = |X2| = M/Q, and

31'1 € Xl . PX1 (Il) = PXQ(ZEQ), VZL'Q € XQ. (240)

The distributions Py, and Py, thus satisfy

1

Px,(z) = 5Px(z), VzeX (2.41)
1

PXQ(ZL') = §PX($), Vo € XQ. (242)

In [40], PAS is used for ASK and QAM constellations on the AWGN channel where the
real- and imaginary parts of the distributions are symmetric around zero and satisfy (2.40).
To build pairs of symbols from X} and X, with the same probability mass, we define an
injective and surjective mapping

T: X1 — X, (2.43)
and its inverse
TV X=X (2.44)
such that
Px,(T(z)) = Px,(z) Vx € X} (2.45)
Px,(T(z)) = Px,(z) Va € X,. (2.46)

The PAS architecture is depicted in Fig. 2.3. A source Pp outputs k 4+ yn u.i.i.d. data
bits, where 0 < v < 1 is chosen such that yn € Ny. A fixed-to-fixed length distribution
matcher (DM) maps k data bits D, ..., Dy to a length-n sequence of symbols (amplitudes
in case of ASK) Ay, ..., A, according to the distribution Py,, where A; € X;. The symbols
A; are labeled with m — 1 bits by a labeling function b7 *(4;) and we obtain the bit
sequence 07" (A7) of length (m — 1)n. This bit sequence is concatenated with additional
yn data bits Dyyq, ..., Dyiyn and the resulting sequence (b’ln’l (A7), Dgya, - - - ,Dkﬂn) is
fed to the FEC encoder. The FEC encoder is represented by the (m —1+v)n x (1 —v)n
parity matrix P that is part of the systematic generator matrix

G = [I,P] (2.47)
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Figure 2.3.: PAS architecture.

with I being the identity matrix of dimension (m +~v — 1)n.

The parity bits PI'""" are assumed to be uniformly distributed [40] and we combine
them with the uniformly distributed data bits DZH” to obtain a sequence of n uniformly
distributed bits. We introduce an interleaver in Fig. 2.3 that assigns the parity and data
bits to the bit sequence S7'. In [40], the bits in S} are used as sign bits, i.e., the bit S;
decides whether we send +A; or —A;. In our more general description, the bit .S; decides
whether we transmit A; € X or T'(4;) € A,. Usually the bits S}* are interpreted as the
m-th bit-level in the labeling of the symbols X, i.e.,

0 (2.48)
1. (2.49)

This means the m-th bit of the label decides whether the symbol X is from X; or X, and
the first m — 1 bits of the label indicate the symbol within X; or X;, respectively. This
means we can use any label b7"(X;) that can be decomposed into the two described parts.
An example for such a label is the BRGC label for ASK constellations.

In this thesis, we consider PAS with polar codes in chapter 5 and use PAS to transmit
6-ary constellations in chapter 7. Two commonly-used fixed-to-fixed length DMs are the

CCDM [95] and the shell-mapping distribution matcher (SMDM) [96].






Polarizing Codes

Polar codes were described in [1,14,97] and shown to achieve the symmetric capacity for
binary input DMCs in [1]. Polar codes are based on the polar transform and a phenomenon
called channel polarization. [19] shows that polarization is a general phenomenon that is
not restricted to the polar transform. For example, we will study BMERA codes [20, 21]
that are based on the BMERA transform. In this chapter, we review polar codes and
BMERA codes, and discuss the basics of channel polarization, decoding algorithms and
code design.

3.1. Polar Transform

Consider the binary (1 x n) vectors U and C. The polar transform of length n is
C=UG, (3.1)
with the polar transformation matrix
G, = F®len (3.2)

where F®1°827 g the log, n-fold Kronecker power of the polar kernel

F = ﬁ ﬂ . (3.3)

The length n of the polar transform is restricted to powers of 2.
We can represent the polar transform in the recursive form

Gy = (L2 @F) (Gup@Ly) (3.4)
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Gn/2 I N X0 2\
U P S, S, Ci 4C = X 1PYIC7Y1
I N X 2\
Us Cs 1C = X 5PY|071/5
I \Xgr 2
Us P % % Cs HC — X — Pric—— Y3
I N X 2
Uy CrqC = X 7PY|C’7Y}
I \XQr 2\
Us 1P % % Co—C — X — Pric——Y>
s N Xe )
Us Cs C — X 6PY|07Y%5
s N X0 )
Ur +P S, S, Cy 40— X 4PY|07Y21
s N Xa ol a
Ug Cg*C—)X 8PY|07Y8
In/2®F Gn/2

Figure 3.1.: Graphical representation of a polar transform of length n = 8.

with Gy = F. We sometimes write G,, = G and drop the index n.

Fig. 3.1 shows the polar transform for n = 8 in the bit-reversal permutation. This per-
mutation is often used to highlight the recursive structure. The result C' of the transform
is transmitted over a binary-input DMC described by Pyc.

3.2. BMERA Transform

Inspired by contractible tensor networks in quantum physics [98], the authors of [20-
22] came up with a new polarizing transform called the BMERA transform resulting in
BMERA codes. Later in [22], the codes are renamed convolutional polar codes. We use
the name BMERA since the codes are block and not convolutional codes.

The BMERA transform is based on the polar kernel from (3.3). The transform of size
n, where n is a power of two, is recursively defined as

Gy =[S, (L2 @F)S) (Lo ®F)] (Grp® L) (3.5)

where Gy = S,FS] and S, results from an identity matrix of size n with its columns
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In/2 ® F Gn/2
s N X 2\
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s \Xgr N
Us P P P Cs—C—=X Pyict Yg
Figure 3.2.: Graphical representation of a BMERA transform of length n = 8.
circularly shifted to the left by one, e.g., for n = 4 we have
0001
S 1 000 (3.6)
Tlo1 o of ‘
0010

Fig. 3.2 shows the BMERA transform of length n = 8. Without the blue lines and sums,
it represents a polar code.

3.3. Channel Polarization

We describe channel polarization for the polar transform as in section 3.1. Most of the
results also hold for the BMERA transform.

The concept of polarization is presented in [1, Theorem 1] and the following Theorem is
proved.

Theorem 3.1 (Theorem 1 in [1]). For any binary-input discrete memoryless channel
(B-DMC) Py/x, the metrics I (Ui; Y]Uf_l) with i = 1, ..., n polarize in the sense that, for
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any fixed 6 € (0,1), as n — oo through powers of two, we have

7111330; {iet, . n: (U YU ) € (1-6,1)}| =1 - H(X]Y) (3.7)
7111330711 it . n: (U Y|UY) €[0,0)}] = H(X]Y). (3.8)

Note that 1 —H (X|Y') is the symmetric capacity of the channel, i.e., the capacity under
the constraint that the input X is uniformly distributed. The same theorem is stated and
proved for the BMERA transform in [22, Sec. IV.B-IV.C]. The proof uses the techniques
from [99] that are easier to follow than the arguments in [1].

The theorem states that there are two kinds of index positions. If I (U,;; Y|U1i_1) is close
to one, we can reliably determine the value of U; based on the channel observations Y and
the previous symbols Ui~'. We can reliably transmit information over these positions. If
I (Ui; Y|Uf_1) is close to zero, then we cannot reliably estimate U;.

3.4. Polar and BMERA Coding

Channel polarization shows we have either reliable or unreliable bit positions for large n.
The paper [1] suggests to use the reliable positions for data transmission and set bits at
the unreliable positions to a fixed value, usually zero. These bits are called frozen bits.

We define a polar or BMERA code by the block length n, the code rate R = k/n and
the set F C {1,...,n} with the indices of the frozen bits, i.e., |F| = n — k. We write the
complementary set with the indices of the reliable bits as U = F°.

Encoding of a binary data vector d of length k works as follows. The frozen bits of u
are set to zero, i.e., ur = 0. The unfrozen bits are used to transmit data, i.e., uy = d.
The resulting vector w is transformed by the polar or BMERA transform to obtain the
codeword c.

3.4.1. Systematic Encoding of Polar Codes

Polar coding as described above is non-systematic, i.e., the data bits do not appear directly
in the codeword. Systematic encoding of polar codes is first described in [100]. For
systematic encoding, the length £ data vector d appears in the codeword, i.e., there is a
subset AC {i:i=1,...,n} with |A| = k such that c4 = d.

We split the transform into frozen and non-frozen parts as

c=uG = ’LLuGu + u;G;. (39)
We split the codeword (3.9) into a systematic part and a part with only parity bits:

cy = UZ,{GZ/{,A + ’U,]:G]:,A (310)
Cpc = uL{GL{,AC + ’U;]:G]:,Ac. (311)
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To have c4 = d, we must set
uy = (d—urGra) G,y (3.12)
and can express systematic encoding by
c=(d—urGr4) G&}AGM +urGF. (3.13)
In case of zero-frozen bits, (3.13) simplifies to
c=dG,,Gy. (3.14)

We see that the set .4 must be chosen so the matrix Gy 4 has full rank and is invertible.
The straightforward choice of A for polar codes is A = U [100]. For polar codes, G is a
lower triangular matrix with only ones on the diagonal. With A = U, we have Gy 4 = Gy u
which is again lower triangular with only ones on the diagonal. Thus, Gy, is invertible
and a good choice for polar codes. Efficient implementations of systematic encoding for
polar codes with Gy without performing the matrix inversion explicitly can be found
in [101-103].

The transformation matrix of BMERA codes is not lower-triangular and we cannot
simply choose A = U.

3.5. Polar and BMERA Decoding

3.5.1. Successive Cancellation Decoding

Theorem 3.1 suggests the decoding algorithm for polarizing codes. The bits U; are decoded
successively based on the channel outputs y and the previously decoded bits 4:~!. This
approach is called SC decoding [1]. If i € F is a frozen position, we set the value of ; to
the frozen value, usually zero. If ¢ € U is a non-frozen position, we evaluate the decoding
metrics PUAYUi-fl(ui]y, a7, e,

frozen value i€ F
4; =40 €U N Py Oy, a7Y) > Py (Ly,a™')  (3.15)
1 otherwise.
The metrics PUZ,|YU;_1 (us|y, @) can be efficiently computed via the structure of the polar

transform. Fig. 3.3 shows a cutout from the polar transform. The decoding metric for the
bits with odd indices can be computed as



20 Chapter 3. Polarizing Codes
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Figure 3.3.: Computation of the decoding metrics.

PUgi,l\YUfi’Q (U21—1|y, U%FQ) (3.16)
(@) i—
= Z PUQi_l(J%\YUlQi—? (UZi—la TR 2) (3.17)
u24
Osp L ‘ ol (W2 e (22 318
=2 ABi|Y AiT B! (U2F1 D ug;, uzily, ai” (ui ™), by (ug )) (3.18)

U2;

(IC) Z PAi|y<1)A371 (Uzzq b U2z’|y(1)7 alfl(ufiﬁ)) PBi\yu)B;fl <U2i|y(2)7 bel(U%iJ))

Uu24

(3.19)

where (a) is a marginalization and (b) is a transform of variables where a%™'(ui"?) and
bt (ui"?) specify that ai™' and b' are functions of the previous bits u3' 2. Step (c)
follows because the two parts are independent, as can be seen in Fig. 3.3.

For bits with even indices, the decoding metric can be computed as

Py, yveer (uaily, ui™") (3.20)
(a) 1 i
= g]3(]21.,11121.\)/[]122‘72 (U2i71,U2i|y, u 2) (3.21)

(b) i—1(, 2i— i—1(, 2i—
= g ymai-t (U2z‘—1 @UQily(1)7a1 Hui 2)) PBZ-|Y(2>B;'—1 (u2i|y(2)ab1 Hui 2)) (3.22)

where (a) follows from Bayes’ rule with a constant normalization term ¢ and (b) follows
from independence. The metrics P,y 4i-1 and Pp ygi-1 needed in (3.19) and (3.22)

can be computed in the same way. The recursion stops when y") and y® are scalars and
we can directly use the channel APPs Pxy.

An efficient implementation of the recursive calculations is given in [15]. The paper [104]
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provides an implementation based on log-likelihood ratios (LLRs) and [105] suggests using
the min-sum approximation for LLR based decoders. Efficient calculations of these metrics
for BMERA codes are presented in [26-28] and we have added the same derivations as above
for polar codes in Appendix A for BMERA codes. Polar and BMERA codes asymptotically
achieve capacity under SC decoding [1,22]. The frame error probability for polar and
BMERA codes of length n and with coderate R under SC decoding satisfies

P.(n,R) =0 (27") (3.23)

with 3 < 3 for polar codes [106, Theorem 2] and 3 < %log2 3 for BMERA codes [22, Theo-
rem 2]. The higher error exponent  of BMERA codes results in a better SC performance
of BMERA codes as compared to polar codes. The performance for short block lengths n
suffers under SC decoding due to error propagation in the successive decoding approach.

3.5.2. Successive Cancellation List Decoding

SCL decoding [15] improves the performance of polar codes. Instead of hard-decisions for
every bit U; for ¢ € U, a list of possible estimates @ is created. For every ¢ € U, we split
decoding into two paths for 4; = 0 and 4; = 1 and assign a path metric to each path.
The path metric is proportional to the metric Pyiy(@ily). When the number of paths
exceeds a predefined list size L, the paths with the lowest path metrics are discarded and
decoding is continued with the remaining L paths. SCL decoding results in a list of L
possible estimates @(1),...,a(L). Finally, the estimate with the highest path metric is
chosen.

The performance of SCL decoding is close to the performance of the maximum-likelihood
decoder [15] at high SNR. An implementation of SCL decoding for polar codes based on
LLRs is presented in [104]. An efficient implementation of SCL decoding for BMERA
codes is presented in [107].

3.5.3. CRC-aided Successive Cancellation Decoding

Polar and BMERA codes with SCL decoding cannot compete with state-of-the art codes
such as LDPC codes in terms of frame error rate (FER). Since SCL decoding achieves
maximum-likelihood decoding performance, this must be due to poor code properties such
as the minimum distance or distance profile. Outer CRC codes are suggested in [15]
to improve the code properties. The CRC code can be integrated in the SCL decoding
process. Every codeword from the final list that does not pass the cyclic redundancy check
is removed from the list. The most likely codeword from the remaining list is then chosen
as the estimate. Polar codes and BMERA codes with an outer CRC code can compete
with state-of-the art codes, e.g., polar codes with an outer CRC code were chosen for the
5G new radio standard [2].
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Figure 3.4.: Loss due to min-sum approximations in CRC-aided list decoding of polar codes
with list size L = 32 for n = 64, 1024, 8192 at a rate of 0.5 bpcu over an AWGN
channel.

3.5.4. Impact of the Min-sum Approximation on Frame Error
Rate

This section presents numerical results showing the impact of the min-sum approximation
on the FER for CRC-aided list decoding of polar codes. During the simulation, each
channel output is decoded twice. First, the SCL algorithm is used with exact computation
of all metrics. Second, the min-sum approximation is used within the SCL algorithm.
Fig. 3.4 shows the FERs for both methods for a rate of 0.5bpcu. A 5-bit CRC was used
for n = 64 and a 8-bit CRC for n = 1024 and n = 8192. For n = 64, no FER degradation
can be observed when using the min-sum approximation. As n grows, the loss in terms of
FER grows when using the min-sum approximation. Nevertheless, the losses are negligible
for most practical applications. In this thesis, all the results with polar and BMERA
decoders are performed with the min-sum approximation.

3.6. Code Design

By code design, we mean the choice of the sets F and U with the frozen and information bit
indexes, respectively. Consider a (n, k) code, i.e., we need to find a set F with |F| =n—k
and the complementary set I such that

1(U; YUY 2 1(Us YUY Yig s icU,jeF. (3.24)

We sort the & indices associated with the largest MI terms into the set /. The challenge
of code design is computing or approximating the MI metrics 1 (Ui; Y]U{_l). We discuss
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Figure 3.5.: Density evolution with erasure channels for a polar code of size n = 2.

some common methods in the following subsections. Note that the resulting sets F and
U are optimal under SC decoding but not necessarily under SCL decoding or CRC-aided
SCL decoding. Methods for designing polar codes for SCL decoding are discussed in [108].

3.6.1. Monte Carlo Design

The design of polarizing codes with Monte Carlo methods works for all channels where
we can provide metrics of the form Pryy(c|y;) for ¢ = 1,...,n. Consider the mutual
information

1(U; YU = H (U|ui ™) = | (U] Y, Ui ) (3.25)
21 -H(vly, Ui (3.26)

where (a) follows because the U; are u.i.i.d.. The term H (Ui|Y, Uli_l) can be approximated

as follows. We randomly generate Ny realizations of the vector U, i.e., u(1), ..., u(Nuc).
We transform each of these vectors using the polar or BMERA transform and transmit the
resulting codewords ¢(1), ..., c(Nyc) over the channel to obtain Ny¢ observation vectors
Yy -, Y(Nye). From sampling theory (c.f. [109]), we can perform the approximation

H (Ui|Y,U{) = Z / Py (uf " )py s (ylutH (U]Y = 9, U = ui™!) (3.27)

Nuc

le 2 (P (Oly(8), 07 (1)) (3.29

The metrics PUZ,|YU11~_1 needed for the approximation can be obtained by running a SC
decoder.

3.6.2. Density Evolution with Erasure Channels
Polar Codes

The probability of an erasure is Pyc(€|c;) = € for ¢ = 1,2. The symbol U; can be
reconstructed only if C; and C5 are both known, i.e., the probability that U; cannot be
reconstructed is

e =1-(1-¢)*=2—¢° (3.29)
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Figure 3.6.: MIs of the basic polar transform.

When decoding symbol Us, we know U;. We cannot reconstruct Us if C; and Cy are both
erased, i.e., the probability that Us; can not be reconstructed when knowing U; is

et =€ (3.30)

For n > 2, we recursively apply (3.30) and (3.29) to get the erasure probabilities for all
symbols Uy, ..., U,.

BMERA Codes

Density evolution for BMERA codes needs more than two update equations. The complete
derivation of the BMERA density evolution for erasure channels is outside the scope of
this thesis. A derivation and all 32 update equations can be found in the appendix of [22]

3.6.3. Approximate Density Evolution Based on Gaussian
Approximations

Polar code design for binary-input additive white Gaussian noise (biAWGN) channels based
on density evolution is presented in [110]. We study an approximate density evolution
suggested in [111-113]. Fig. 3.6 shows the basic polar transform and displays the MI
expressions. According to [114], the MIs I~ and It are calculated from I; and I as

F=1-J <\/[J—1(1 P4 [ 12)]2) (3.31)

It=1J <\/[J—1(11)]2 + [J—l(lz)]Q) (3.32)

where the J-function is

+o0 e_((£_02/2)2/202)
Jo)=1- /

— 2ro

log, (14 €7¢) de. (3.33)

The authors of [111,112] approximate the J-function as in [115]. In [113], it is shown that
the approximation from [116, Chapter 4.2] is a better choice for polar codes. We use the
approximations

J(o) ~ (1 -2 (3.34)
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1 o _1
JYI) ~ <_H log, <1 - 1H3>> e
1

from [116, Eq. (9)-(10)] with H; = 0.3073, Hy = 0.8935 and Hj = 1.1064.
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Polar and BMERA Coded
Modulation

The previous chapter discussed polar and BMERA codes for B-DMCs. Polar codes for
higher-order modulation schemes, i.e., ASK and QAM, were presented in [7]. In principle,
there are two possible choices for coded modulation, as mentioned in Sec. 2.4.2:

1. BMD;
2. MSD with MLC;

MSD requires successive detection and decoding of the bit-levels. This fits well with
polarizing codes due to the successive decoding methods for polar and BMERA codes. We
mostly use polar codes or PCM for the description. All of the methods are similar for
BMERA codes.

4.1. Polar Mapper and Demapper

Fig. 4.1 shows the multilevel structure of PCM. Consider m input vectors u; of length n
for [ = 1,...,m. Each of the m vectors is transformed by a polar transform to obtain m
vectors ¢;, where ¢; = b;(x) has the [-th bit-level of the symbols z1, ..., z,. A mapper maps
the bits to the corresponding symbols x,...,z, that are transmitted over the channel,
and the receiver sees a vector y of dimension n.

Fig. 4.2 shows the principle of multistage demapping and decoding. The bit-levels
are successively demapped and decoded based on the channel outputs y; and previously
decoded bit-levels. The demapper of the [-th stage computes the APPs

P, oo (@) ys, 07 (@) Wi=1,...0n A bya:) =0, 1. (4.1)
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Figure 4.1.: Multilevel structure of PCM [7].
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Figure 4.2.: Generic multistage demapping and decoding.
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The term l;ll_l(xz) specifies that the bit-levels 1,...,l — 1 are known from previous stages.
The metrics or LLR values obtained from the metrics are passed to the decoder of the [-th
stage that computes an estimate b;(x) = ¢;.

4.2. Design of Codes for Polar and BMERA Coded
Modulation

We can design the codes for polar and BMERA coded modulation using the Monte Carlo
methods described in section 3.6.1. If the number of Monte Carlo iterations is large
enough, the results are nearly optimal for SC decoding. This comes at the cost of high
computational complexity. In the following, we present a more efficient method based on
surrogate channels [77].

4.2.1. Design Based on Surrogate Channels

Designs based on surrogate channels are presented in [77,117]. We define biIAWGN and
BEC surrogate channels per bit-level [ = 1,...,m with input X; and output Y;. The
biAWGN surrogate channel is characterized by its noise variance 67 and the BEC surrogate
channel by its erasure probability &;. The rates of the surrogate channels are

RbiAWGN =1 (X, X + UZN) (42)
Rppc =1—¢. (4.3)

N denotes unit variance AWGN. The MI of the real channel can be split into bit-wise
components as

NE

1(X:Y) =3 I(0(X); Y[ (X)) (4.4)

i
N

-

H (bi()[671(X)) — H (b(X)

Y b (X)) (4.5)

N
Il
—

We consider two methods to find the variance or erasure probability of the surrogate
channel.

1. The surrogate channel is chosen so its rate is the MI term in (4.4); see [77]. The
resulting variance and erasure probability are

o7+ Ruawen = I (bi(X); Y| (X)) (4.6)
& Repo =1 (b(X); Y[b (X)) (4.7)
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For the BEC surrogate channel, we can write

a=1-T(h(X):; Y[ (X)). (4.8)

2. The surrogate channel is chosen so its entropy is H gbl(X Y, o (X )) in (4.5). The
resulting variance of the biAWGN surrogate channel and the erasure probability of
the BEC surrogate channel are

57 Ruawen =1 —H(X| ) =1 —H (b(X)|Y, b (X)) (4.9)
&: Rppo=1-H(X[Y) =1-H(h(X)Y,b (X)) (4.10)

For the BEC surrogate channel, we can write

& = H (b(X)

X)) (4.11)

Both methods are identical for uniformly distributed input symbols X, since we have
H( ‘bl L ) =1 in that case.

Once we have defined the surrogate channels for each bit-level, we perform density
evolution using the BEC surrogate channel as described in section 3.6.2, or approximate
density evolution for the biAWGN surrogate channel as in 3.6.3. Density evolution is
executed separately for each of the m bit levels but the frozen bits are chosen jointly for all
bit-levels. For each bit-level, density evolution outputs n metrics related to the reliability
of decoding the corresponding bits under SC decoding. We combine the metrics of all
bit-levels to obtain mn metrics in total. Of these mn bits, we choose the k most reliable
indices for a code with coderate k/(mn). This simultaneously optimizes the rate allocation.

Fig. 4.3 compares the surrogate methods. We simulate polar codes with non-uniform
input distributions Px using PAS as described in chapter 5. We design and simulate 8-ASK
transmission with n = 512 and transmit at rate R = 2bpcu. The rate of the underlying
code is k/(mn) = 0.7. No outer CRC code is used and we use SC decoding and no list
decoding. The codes are designed for each SNR point and not for a particular design SNR.

Observe that the design based on entropy is better for non-uniform input distributions
than the design based on MI. Observe also that one can use either the BEC or biIAWGN
surrogate channels. The design with biAWGN seems to be slightly better but the difference
is marginal. In this thesis, we use biAWGN surrogates for polar codes and BEC surrogates
for BMERA codes.

4.3. Multistage List Decoding of Polar Coded
Modulation

Decoding multilevel polar codes based on BMD is described in [6,7,16-18]. Numerical
results with SCL decoding based on BMD are presented in [118,119]. Results for multilevel
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Figure 4.3.: FER comparisons for polar-coded modulation with non-uniform input distri-
butions and with surrogate channels for n = 512 and R = 2 bpcu.

polar codes with SCL are presented on [120]. However, it is not stated if MSD or BMD
was used, nor how the list is handled between the stages.

Multistage SC decoding works as follows. An SC decoder successively decodes the m
stages. After decoding stage [, the estimates of the first [ stages are passed to a demapper
that computes the decoding metrics for the (I + 1)-th stage as described in section 2.4.2.
Multistage SC decoding is described in [6,7,16,121]. The paper [122] mentions that for
the extension of list decoding, the multilevel structure should be viewed as one code rather
than m short codes. An outer CRC code that comprised all m levels could be used in this
case, but no results for list decoding are presented.

First results for multistage SCL decoding were presented in [76,77], and more detail
was provided in [123]. Multistage SCL decoding works as follows. At the transmitter, the
data bits of all bit-levels are encoded jointly by a single CRC code. The data bits and
CRC parity are encoded by the PCM scheme as described in section 4.1 and transmitted
over the channel. The demapper calculates the metrics for the first bit-level. The first
decoder is a SCL decoder, as described in [15], and outputs a list of codewords. For each
codeword in the list, the demapper computes the metrics for the second bit-level. The
second decoder is thus initialized by a list of decoding metrics and again provides a list of
possible codewords. We continue until we have decoded all m bit-levels. The m-th decoder
outputs a list of possible codewords of the last stage. Each list element of the last decoder
is then concatenated with the corresponding outputs of the first m — 1 decoders. We check
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Figure 4.4.: FER of multistage list decoding with list size 32 for 8-ASK with n = 512 and
rate R = 2.5 bpcu.

the CRC and delete all list elements that do not pass the check. From the reduced list, we
choose the most likely codeword as our final estimate.

Fig. 4.4 shows FER curves with multistage list decoding for 8-ASK with n = 512 and
R = 2.5bpcu. We compare multistage list decoding as described above with per-stage list
decoding where a hard decision of the most likely codeword from a list is made after each
stage. Without outer CRC codes, multistage SCL decoding is about 0.32dB more power
efficient than per-stage SCL at an FER of 107%.

We compare two CRC strategies for per-stage SCL decoding. We use either one CRC of
length 8 across all bit-levels or one CRC of length 5 per stage where the latter is based on
a simple line search. We observe that one CRC across all bit-levels performs worse than
pure per-stage SCL. The reason is that the CRC can be used only during decoding of the
last stage and cannot correct errors in the first m — 1 stages. Usually the last stage is the
most reliable one and the CRC cannot help that much in this stage. One CRC per stage
performs better since we also use CRC codes for the first m — 1 stages.

The CRC in multistage SCL combines all bit-levels of the code to one overall code. Often
the small code lengths of the component codes is listed as a disadvantage of multilevel
schemes. Multistage SCL decoding with one outer CRC code partially compensates this
loss. Especially at high SNR, we observe a larger slope in the FER curves with CRC-aided
multistage SCL decoding compared to per stage SCL decoding.



Polar Coded Probabilistic Amplitude
Shaping

PAS was introduced in [40] in combination with LDPC codes and BMD. MSD with MLC
is not considered in [40] since it requires modifying the PAS scheme. In this chapter, we
show how PAS can be combined with MSD with multilevel PCM. The results of this
chapter were published in [76]. The results in this chapter apply only to polar codes and
not to BMERA codes.

5.1. Labeling Transform

PAS divides the constellation X into two subsets A7 and A5, as described in section 2.6
where the symbols in X; and &5 have the same distribution, i.e., for every point in X}
there is a point in X3 with the same probability mass. The label of the symbols b(X;)
must be decomposable into two parts such that one bit indicates whether the symbol is
from A&} or &, and the remaining m — 1 bits indicate the symbol within A} and &A,. We
call the bits that indicate whether the symbol is from &} or X, sign-bits as in [40] for ASK
constellations. For constellations other than ASK these bits are not necessarily sign bits
but we will use the name anyway. We consider ASK and PAM in this chapter.

Fig. 5.1a shows a non-uniform distribution for 8-ASK. We can define the sets X7 and X’
of positive and negative points, respectively. We show two labelings in Fig. 5.1a: a BRGC
label and a NBC label. For the BRGC label, the m-th bit is the sign-bit. The NBC label,
which performs well under MSD [7,77], does not provide a bit that separates the set into
X; and X5. The BRGC label provides this bit, but the performance is worse under MSD.

The optimal distribution of PAM under an average power constraint cannot be divided
into two sets A} and X, except for the uniform distribution. We use the distribution
shown in Fig. 5.1b and assign the same probability to pairs of points. Fig. 5.2 shows rates
for 4-PAM and 8-PAM, where we use MB distributions for Px. We compare a normal
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and NBC label in blue.

Figure 5.1.: Example of two non-uniform distributions and their corresponding labels.
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Figure 5.2.: Mutual information I (X;Y") for PAM constellations.

MB distribution, where we have M different probability masses, with a staircase MB
distribution. For the staircase MB distribution, the probabilities of the “steps” follow a
MB distribution. The parameter v of the MB distribution (cf. (2.20)) is chosen such that
I(X;Y) is maximized for every SNR point. The sub-optimality of the staircase distribution
is seen at small SNR values. At high SNR, the staircase distribution is almost optimal.
For PAM, we can directly use the NBC label. Note that the first bit-level of the NBC
labeling is the “sign-bit” in case of PAM.

To use PAS with ASK as in [40], but performing MSD based on the NBC label, we
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Figure 5.3.: Full PCM transform including the labeling transform from NBC to BRGC.

introduce a labeling transform. NBC and BRGC relate to each other via

berac(X) = bype(X)

1 00 .00
1 1 0 .00
011 .00
000 ... 1 1]
‘—LNBC—BRGC

(5.1)

where LypcoBrac 1S @ m x m matrix. The full PCM transformation matrix for ASK
including the labeling transform is

G = LxscoBrac ® G

which is illustrated in Fig. 5.3. The overall transform for PAM is

G=1,2G

(5.2)

(5.3)
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5.2. Systematic Encoding with Dynamic Frozen Bits

We can find the optimal positions of the frozen bits for a given channel, constellation
and distribution with one of the methods described in Sec. 4.2, i.e., the optimal sets of
frozen bits F and unfrozen bits U are fixed for a given PAS scenario. In chapter 3.4.1,
we described systematic encoding for polarizing codes. We need to find a set A such
that the sub-matrix G4 from matrix G as defined in (5.2) and (5.3) has full rank. The
set A has the indices of the systematic bits. Usually, we choose A = U for polar codes.
For PC-PAS this is in general not possible, as we show in Sec. 5.2.1 and 5.2.2. In [76],
dynamic frozen bits are used to perform systematic encoding when A # U. The principle
of dynamic frozen bits was described in [124] to improve the minimum distance of polar
codes. Instead of setting the frozen bits to predefined values, e.g., setting them to zero,
the value of the frozen bit w; is a function of one or more unfrozen bits u; with j < i.
Since j < 7, these bits are already decoded and assumed known at the decoder when the
value of u; is needed. In the following, we show the general idea of systematic encoding
with U # A as described in [76].

Consider two sets U and A with U # A, |[U| = | A| = k and rank (Gy4) < k. For PAS
we need to choose k = (m — 1)n + yn; see Sec. 2.6. We define an encoding set Ue,. with
[Uene| = k and Uepe # U. Since Uene # U, the set Uey contains frozen bits. We define these

frozen bits within U, as
]:dyn = uenc \u (54)

and call them dynamically frozen bits. We denote the unfrozen bits that are not within
the set U, as

Uep = U \ Uenc- (5.5)
Consider transmitting the data d of dimension k. The codeword ¢ must satisfy
Cyp — d (56)

for systematic encoding. The idea of systematic encoding with dynamically frozen bits is
to choose . so that (5.6) is satisfied. The actual frozen bits are set to zero:

’U,]:\]:dyn =0. (57)

Since the dynamically frozen bits satisfy Fqyn € Uene, We copy these bits to the unfrozen
bits Uep, i.e., we choose uy,, such that

Ui, = UFyyy- (58)

Fig. 5.4 illustrates the sets to facilitate further derivations.
Consider u; where i € F4y,. We have an index j € U, such that u; = u;. The value of
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u F

uenc

Figure 5.4.: Illustration of index sets in PC-PAS.

the dynamically frozen bit u; must be known when the SC decoder is processing u;, i.e.,
the bit u; must be decoded before u; and thus j < i. As a result, the first condition that
must be satisfied for all dynamically frozen bits is

Hj€ Fagn + J<i} <|{j €Uy : j<i}|Vie Fayn (5.9)

Consider i € Fyyn. We have [{j € Fagn : j < i}| dynamically frozen bits with index less

or equal than ¢. We need at most the same number of bits in the set U, with an index

smaller or equal than ¢ since the value of all dynamically frozen bits must be known before.
We can write encoding as

c=uG (5.10)
(a)
= UR Fu, GAFun + Wi, Giiy + Whone Gltone (5.11)
b
(:) uuCp Gucp + uuenc Guenc (512)
(—C) G-den
= uy,, Gy, + {u;dyn uuenc\fdyn] [Guenc\fdyn] (5.13)
d Gryn + Gu
(:) |:’u’-7'-dyn ’u’uenc\}—dyn} l G(:Jy P] . (514)

Uenc\Fayn

We separate the vector according to the three sets defined above in (a) and set the actual
frozen bits to zero in (b). In (c¢), we separate wuy,, into the dynamically frozen bits and
the remaining bits. We use uy,, = uz,, from (5.8) in (d).

The systematic part of the codeword ¢4 can be expressed as

G Foynit T Gy, 4
CA - I:’u/]:dyn uuenc\]'—dynj| l (CS-,M \}_ A (515)
enc dyn>»
and we obtain ¢4 = d from (5.6) by choosing
-1
Gryna + Guigy,a
I:u]:dyn ’u’uenc\]:dyn:| - H(uenc) - d [ (d}u .- y . (516)
enc dyn>

where the rank of the matrix has to be k£ to be invertible. IT denotes a permutation of the
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vector elements.
We conclude with the following Theorem; see (5.9) and (5.16).

Theorem 5.1. We can perform systematic encoding with dynamically frozen bits as de-
scribed above for a given set of frozen bits F and unfrozen bits U if the sets A and Uey,e
are chosen such that

|{j S -;Cdyn 7 < Z}| < ‘{j EUyp 1 7 < Z}‘, Vi € .den (517)
and
G +G
rank ([ FamA ucp’ﬂ) = k. (5.18)
Gllone\ Fagn, A

We show in the following two sections how these sets can be chosen in case of NBC
labeling for PAM transmission, and BRGC labeling for ASK transmission. To simplify
notation in the following derivations, we define the sets

Z={ieN:1<i<n} (5.19)
Zl'={ieN:n+1<i<mn} (5.20)
Zl={ieN:1<i<(m—1)n}. (5.21)

5.2.1. NBC Labeling

For NBC labeling, the first bit-level is the “sign”-bit and the bit-levels 2,...,m are the
“amplitude”-bits that must be systematic in the codeword, as shown in Fig. 5.1b. This
implies the indices n+ 1, ..., mn must be part of the set A. Recall from Sec. 2.6 that the
number of unfrozen bits for PAS must be

U| = (m —1)n+yn. (5.22)

We choose all frozen bits within the bit-levels 2, ..., m as dynamically frozen bits:
Fam ={1 € F 1 i>n}. (5.23)
It follows that the number of unfrozen bits within the bit-levels 2, ..., mis (m—1)n—|Fayn|

and the number of unfrozen bits within the first bit-level is | Fayn|+7n to obtain the number
from (5.22). The set of unfrozen bits within the first bit-level is

={ieU : i<n}. (5.24)

We separate the set U; into the two sets U, C Uy and U’ C U, such that [Ue,| = |Fagnls
|U'| =~n and U, NU' = 0.
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We now define A = U, for NBC labeling with
A =Uppe =U' U 2" (5.25)

Thus, the encoding set Ue,. consists of all indices corresponding to the bit-levels 2,... m
and the unfrozen bit set U’ from the first bit-level. In the following, we show that our choice
satisfies the conditions of Theorem 5.1. We start by showing (5.17). Since Fgyn € 25 and
U, € 21, we have

€Uy : j<i}| = |Fawnl, Vi€ Faym (5.26)

and (5.17) is satisfied.

We now show the choice of A and Uey in (5.25) satisfies (5.18). Using an NBC labeling,

we have
G=1,0G= ‘ (5.27)

i.,e., G is a lower triangular matrix with only ones on the diagonal since G, is lower
triangular for polar codes. We have

_ [ G--7:dyn 7-’4

5.28
Guenc\]'-dyn 7~A ( )

[GfdynvA + GMva-A
Guenc\fdynaA

G
+ [ u((;PvA‘| = PGZ/[en07A +

Gucp,Al

where P is a row permutation matrix and Gy, 4 is a lower triangular matrix with only
ones on the diagonal since we have chosen U,,. = A. The term Gy, 4 is added to the rows
of Gy, that correspond to the dynamically frozen bits Fgy,. We write this part as

G]:dynv-A + GZ/{Cp7~A @ |:G]:dynaul G}—dynvzgl} + [Gucp,ul GUcp,Zg”} (529)
0 G m
e [ -denuz2 ‘| + |:G-ucp7u/ 0:| (530)
holds diagonal elements of Gy, ...4

where we split the set A into U’ and 23" in (a). The terms that are added to Gx,,, 4
affect the matrix Gy, 4 only to the left of the diagonal elements. The resulting matrix is
therefore a lower triangular matrix with ones on the diagonal and with full rank, and (5.18)
is satisfied for the choice of A and Uey. in (5.25). We illustrate this in Fig. 5.5. U, has
only indices from the first block depicted by the red rows. We add these rows to the rows
that correspond to the dynamically frozen bits that can occur only in the second to last
block. These modifications do not change the lower triangular structure of the matrix, and
the resulting matrix has full rank.
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Figure 5.5.: Schematic representation of the matrix G for NBC labeling with m = 4 and
the modifications for systematic encoding.

5.2.2. BRGC Labeling

For ASK with BRGC labeling, the last bit-level is the “sign”-bit and the levels 1,...,m—1
are the “amplitude”-bits that need to be systematic; see Fig. 5.1a. This implies the indices
1,...,(m — 1)n must be part of the set A.

We again define the sets Uy, U, and U’ as described in section 5.2.1 for NBC labeling.
We choose

Uepe =U" U ZT (5.31)
and
A=Z"'u{(m—-1n+i :iclUd}. (5.32)
Additionally, we make the following assumption.

Assumption 5.1. If i € Uy is an unfrozen bit within the first component block, then the
t-th bits in blocks 2, ..., m are also unfrozen bits. We can write this condition as

(€ Fum : (—1) modn)+1=i}=0 Viell. (5.33)

For the channels considered in this thesis and under MSD, this assumption is usually
valid since the quality of the bit-channels gets better from stage to stage, i.e., if a bit is
unfrozen in the first block then it will also be unfrozen in the preceding blocks.

We must show that (5.17) and (5.18) are satisfied for the choice of Uey and A in (5.31)
and (5.32), respectively. The choice of A and U,y results in the same properties of U” and
Fayn that are used in 5.2.1 to show that (5.17) is satisfied. Therefore, condition (5.17) is
also satisfied in this case.
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We now show that the choice also satisfies (5.18). For BRGC labeling, we have

G 0 o0 00
G G O 00
G =Lxpesprac®G= |0 G G 0 0 (5.34)
0 0 0 . G (G_
We must show the matrix
[GdemA * ) @ [GfdymA O (5.35)
Guenc\fdynvA Guenc\fdynva
Gy 00 ...0
G+M® G o 0
Upl M® GG ...0 o0 (5.36)

M™ 0 0 ... G Gu,..mpu
G/

has full rank. Since U, C Z;, we have Gy, = [Gy,,,0] in (a); see the first row in (5.34).
The matrix P in (b) is a row permutation matrix that sorts the rows as they appear in G.
The addition of M® for I = 2,...,m corresponds to the term Gy, in (5.35). The rows of
Gy, are distributed to the matrices M® such that the equation above holds. The rows of
M® that do not correspond to a dynamically frozen bit are all-zero rows.

We first show that the sub-matrix G’ from (5.36) is invertible. We perform the following
elementary row operations

1, 1, 1, 1,]
1, O 0 0
PG=/0 1, ... 0 O0|q@ (5.37)
0 0 ... 1, O
_G—FZ;ZQM(Z) 0 O 0]
G+M®» G o 0
_ M®) G G 0 (5.38)
M(m—1) 0 0 ... G
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and obtain a block lower triangular matrix. This matrix is invertible if all block matrices
on the diagonal are invertible. All matrices G are polar transforms and therefore have full
rank. It remains to show that the matrix

G+> MY (5.39)

has full rank.
Consider index ¢ € Fgyn of a dynamically frozen bit. We can write

i=(0—1n+j (5.40)

so i is the j-th bit of the (I + 1)-th component code. Note that 2 <[ < m since there are
no dynamically frozen bits within the first component code. We now have

M\ =G, (5.41)

with k € Uy, i.e., we add row Gy, to row G; in (5.39). If j # k, this is a linear combination
of linear independent rows and does not change the rank of the matrix. Index j is a
dynamically frozen bit within the [-th component code. Due to assumption 5.1, we have
J # k and conclude that the matrix G’ from (5.36) has full rank.

Consider now the matrix from (5.36):

(G, O] 0

P 0 ] (5.42)

where [Gyp, 0] is a yn X (m—1)n matrix with rank yn and [0, Gy, ny 0] isa (m—1)nxyn

matrix with rank yn. The inverse of this matrix can be computed if the Schur complement

S=—[Gu 0 G’l 0 ] (5.43)

.....

follows that the Schur complement S has also full rank, i.e., rank S = yn. Summarizing,
the conditions (5.17) and (5.18) are satisfied for the presented choice of the sets A and
Uene for BRGC labeling of ASK transmission.

5.3. Decoding PC-PAS

Decoding PC-PAS is done by the multistage list decoding algorithm described in chap-
ter 4.3. An outer CRC-code selects valid codewords from the resulting list of codewords.
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If a CCDM is used for PC-PAS, we can use a type check in addition to the CRC-code
to choose valid codewords from the list [76,125]. The output of a CCDM has constant
type property, i.e., each possible output has the same empirical distribution. Checking
this empirical distribution in list decoding is denoted as type check.

5.4. Numerical Results

To compare the performance of PC-PAS with uniform PCM, we simulate PC-PAS with a
CCDM [95] and show results with and without the type check.

5.4.1. Code and Distribution Optimization

To compare the performance, we heuristically optimize the following parameters:
> ngre: number of CRC-bits;
> SNR¢ode: the SNR used for constructing the codes according to chapter 4.2.1;
> SNRp,: the SNR used to optimize the distribution.

We optimize these parameters via a grid search such that the FER at an optimization
SNR SNR,p¢ is minimized. We build the grid in steps of 0.25dB for the SNR values
and ncre = 3,4,...,24. The corresponding CRC polynomials are taken from [126] and
are listed in Table A.1. We use different SNR values SNR¢oqe than SNR¢.qe for code
construction since the resulting codes can have better performance under list decoding
with outer CRC-codes than the ones constructed at the optimization SNR; see [108].

The distribution is chosen as follows. For each SNRp, , we choose the MB distribution
Py that maximizes the rate at SNRp,; see [40, Sec. III-C]. For PAM constellations, we
use staircase distributions as in Fig. 5.1b. The distribution of the steps is chosen as a MB
distribution as well. The corresponding amplitude distribution is then quantized for the
CCDM as described in [95, Sec. III-A].

Table 5.1 summarizes the simulated scenarios and lists the parameters that resulted
from the grid search optimization. We perform multistage list decoding with list size 32 in
all PCM and PC-PAS scenarios. For the ASK scenarios we include LDPC codes as defined
the 5G new radio standard [2] for comparison. LDPC codes with PAS are based on BMD
as described in [40]. For LDPC codes, we only optimized the parameter SNRp, since the
other parameters are not relevant.

5.4.2. Results for 8-ASK Transmission

Fig. 5.6-5.8 show results for ASK transmission with block lengths n = 64, 128, 1024, respec-
tively. The first two scenarios are with 8-ASK and the latter with 16-ASK. Observe the
effect of the type check for decoding PC-PAS. The gain of performing the type check de-
creases as n increases. We have gains of 0.31 dB, 0.16dB and 0.05dB for n = 64, 128, 1024,
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. n rate | SNRoot | nere | SNReode | SNRp type
Scenario | 1 bols] | [bpeu] | [dB] | [bits] | [dB] [dB] | check
PCM 4-PAM | 64 1.25 14.5 7 16.75
PC-PAS 4-PAM | 64 1.25 13.5 5 14.25 11 no
PC-PAS 4-PAM | 64 1.25 13.5 3 15.75 9.75 yes
PCM 8-ASK | 64 1.75 13.5 5 17.75
PC-PAS 8-ASK | 64 1.75 13 4 16.75 12.25 no
PC-PAS 8-ASK | 64 1.75 13 3 14.5 12.75 yes
LDPC-PAS 8-ASK | 64 1.75 14.5 5.5
8-ASK uniform | 128 2 14.5 7 16.25
PC-PAS 8-ASK | 128 2 14 7 15.25 11.25 no
PC-PAS 8-ASK | 128 2 13.5 3 15 11 yes
LDPC-PAS 8-ASK | 128 2 15 11.25
PCM 16-ASK | 1024 3 20.2 6 20.45
PC-PAS 16-ASK | 1024 3 19.25 7 19.75 18.75 no
PC-PAS 16-ASK | 1024 3 19.25 3 19.75 18.25 yes
LDPC-PAS 16-ASK | 1014 3 19.5 18.5
Table 5.1.: Code parameters resulting from the optimization.
100({ 1
= E
aet
& PCM E\SidB 0.66 dB_ |
103 PC-PAS without type check 0.31 dB g
—i— PC-PAS with type check = i
—— LDPC Q\i |
Lo —o— LDPC-PAS ‘ ‘ ‘ Q\q\ ‘
10 10.5 11 11.5 12 12.5 13 13.5 14 14.5 15
SNR [dB]

Figure 5.6.: FER of PC-PAS with 8-ASK for n = 64 and rate 1.75 bpcu.

respectively. As the type check partially compensates for the CCDM rate loss, this is in
line with the results from [95] where the CCDM rate loss decreases as n grows. We also
observe from Table 5.1 that the type check partially takes over the task of the CRC check.
The optimal CRC length is reduced in all scenarios where a type check is used.
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Figure 5.7.: FER of PC-PAS with 8-ASK for n = 128 and rate 2 bpcu.

Observe that PCM and PC-PAS are good choices at short block lengths, where they
outperform the LDPC codes by more than 1dB. As n grows, the performance of the
LDPC schemes approaches the performance of the polar schemes. But for 16-ASK with
n = 1024, the polar schemes are still more energy efficient. The gains obtained by using
non-uniform input distributions (shaping gain) are in the expected range (cf. [40, Table I})
except for the shaping gain of PC-PAS for n = 64 that is smaller than expected. This
might result from different small block length effects and is not further investigated here.

5.4.3. Results for 4-PAM Transmission

Fig. 5.9 shows the FER performance of PCM and PC-PAS for 4-PAM transmission with
n = 64 and an average power constrained AWGN channel. A shaping gain of 1dB is
obtained by using the sub-optimal staircase MB distribution with PC-PAS instead of
uniformly distributed PCM.
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Figure 5.8.: FER of PC-PAS with 16-ASK for n = 1024 and rate 3 bpcu.
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Figure 5.9.: FER of PC-PAS with 4-PAM for n = 64 and rate 1.25 bpcu.



Probabilistic Shaping with Polar and
BMERA codes

The previous chapter showed how polar codes can be combined with PAS. A DM is used
to generate non-uniform distributions. The paper [29] shows that polar codes can produce
non-uniform distributions by themselves. Two separate polar codes are used in [31], one
for FEC and the other to realize a non-uniform distribution. A multilevel DM based on
polar codes is presented in [36]. Schemes where one polar code performs both FEC and
distribution matching are presented in [30,32,33,35,82,127,128] In [82], multilevel coded
modulation with multistage decoding is combined with the scheme of [29] and it is proved
that the capacity of DMCs is achieved. The contribution of this thesis, in addition to [82],
are results for BMERA codes using the same scheme. We first recap the scheme from [82]
and then present results for BMERA and polar codes and compare them with PC-PAS.

6.1. Binary Shaping with Polar and BMERA Codes

6.1.1. Polarization

We described channel polarization in Sec. 3.3 by the MI terms I (UZ-; Y|U1i_1). In [29], the

conditional Bhattacharyya parameter [93] (cf. Sec. 2.5) is used to show polarization. One
can show the terms Z(U;|U{™!,Y) polarize, i.e., the two sets

u={iet,.. . n:zUUI"Y) <27} (6.1)
F={iel...n: ZUU{ Y)>1-2""} (6.2)
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with any § < % (B < 3log, 3 for BMERA codes) have size

.1

nh_)ngoﬁ Ul =1-H(X|Y) (6.3)
.1

Jim - |Fl=H(X|Y). (6.4)

Polar code can thus achieve the symmetric capacity of a channel, i.e., the capacity that
can be achieved by uniformly distributed inputs. For capacity, one must show that the MI
I(X;Y)=H(X)—-H(X|Y) can be achieved instead of 1 — H (X|Y).
In [29], it is shown that the terms Z(U;|U{™") polarize as well. We define the two sets
S={iet,...n: 20U <2} (6.5)
Us={i€l,....n: ZU|UI) > 1-27"} (6.6)

which have the properties (see [29])

1
T S| =1 - H(X) (6.7)
1
Jim — Us| =H (X). (6.8)

These properties can be derived from (6.3) and (6.4) by choosing a channel where the
output Y takes the same value with probability one. We call § the shaping set.

In the following, we describe how [29] combines channel coding and distribution match-
ing. Using property (2.39), we have S C U and SNF = (). Fig. 6.1 illustrates the relation
between the sets U, F, S and U,.

We observe the following [29, Thm. 1]:

o1

Jim - UNU;| =1(X;Y) (6.9)
1

lim — | FUS|=1-1(X;Y) (6.10)

n—oo n,

The result is proved in [29].

6.1.2. Code Design

The parameters n and k represent the block length of the code and the dimension, i.e.,
the number of data bits transmitted per block. Additionally, let s be the cardinality of
the shaping set S.

Code design for shaped polar and BMERA codes involves finding good sets U, F, S and
U, for the parameters n, k and s and a target distribution Px(z). The cardinality of the
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1—H(X[Y) H(X]Y)
U F

1-H(X) H(X)-H(X|Y)=I(X;Y) H(X|Y)
S data: U N U, | F

1~ H(X) H (X)

Figure 6.1.: Relation between the sets U, F, S and U;.

sets is:

U=k+s=>F=n—(k+s) (6.11)
S=s=>Us=n—s. (6.12)

Sets U and F can be found using one of the methods described in chapter 4.2 based on
Monte Carlo methods or (approximate) density evolution.

The sets § and U; can be found via Monte Carlo simulations. We approximate the
metrics H (Ui|U1i_1> instead of the Bhattacharyya parameters Z(U;|U;™") used in (6.5)
and (6.6). The conditional entropy and the Bhattacharyya parameter are closely related;
see Eq. (2.38). In the k-th Monte Carlo iteration, a codeword x(k) is generated randomly
from the desired distribution Px. The vector u(k) is obtained from x(k) by the inverse
polar or BMERA transform. From sampling theory, we can approximate

H(UUT™) = 32 Py (ul ™) H(GUT! = ui™?) (6.13)
ui_l
Ny
< e 38 (g (0 00). 610

The metrics PUAUIA are obtained by running a SC decoder that knows the values u}™*,

i.e., the decoder uses the true values of the previous bits u} ' instead of estimates @‘ "

We obtain the set S by searching for the s indices with the smallest H (Ui|Uf_1).
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6.1.3. Encoding

Consider transmitting d of dimension k. For encoding, we set the frozen bits ur to zero.
The indices in w that correspond to U N U, are used to transmit data, i.e., uy~y, = d.
According to (6.5), a bit U; with i € S is almost deterministic given the previous U; ™',
i.e., we can determine their values by an SC or SCL decoder. The SC decoder runs with
U, as the frozen set containing the actual frozen set F and data set U NU,. When the
decoder arrives at decoding step 7 € S, the decoder sets

. {o if Pyt (0lui™) > Py e (ui™)

(6.15)
1 else.

As input we use the probabilities Px,(z;) instead of Pkx,y,(x;|y;) as for channel decoding.
We transform the input vector U and obtain X that can be transmitted over the channel.
The accuracy of the distribution can be improved by using a SCL decoder for encoding.

6.1.4. Decoding

We can use standard SC or SCL decoders for shaped polar and BMERA codes with the
unfrozen bits U and the frozen bits F. Note that the input to the decoders must be the
APPs Pxy or corresponding LLR values, due to the non-uniform distribution of X. Outer-
CRC codes can be added and used during decoding to reduce the number of codewords in
the list.

6.1.5. Extension to BMERA Codes

The polarization in [29] is only proved for polar codes and the results in [30,32, 33,35, 36,
82,127,128] are based on polar codes, as well. The extension to BMERA codes is straight-
forward. The proof of (6.5) and (6.6) in [29] is based on (6.3)-(6.4) and no additional
structure of the polar code is taken into account. In [22], (6.3)-(6.4) is proved for BMERA
codes with a different factor . All the remaining steps in [29] are not polar transform
specific and therefore the same for BMERA codes.

6.2. Multilevel Honda-Yamamoto Scheme

The paper [82] extends the binary shaping scheme described above to a multilevel scheme
that is called multilevel Honda-Yamamoto (MLHY') scheme. The MLHY scheme uses the
same multilevel structure described in chapter 4 for PCM. At the decoder of the MLHY
scheme, a multistage list decoder as described in 4.3 is used. Encoding for MLHY requires
a SC or SCL decoder as described in Sec. 6.1.3. For the MLHY scheme, a multistage
list decoder as described in 4.3 is used for encoding. The sets F and U are obtained
as described for PCM in Sec. 4.2. The sets & and Uy are obtained with Monte Carlo
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simulations as described in Sec. 6.1.2 where the set indices are chosen jointly across all
bit-levels as described in 6.1.2. It is proved in [82] that this scheme achieves the capacity
of DMCs.

6.3. Numerical Results

We next present numerical results for MLHY polar and BMERA codes. The sets U and
F for polar codes are designed with biAWGN surrogate channels, as described in chap-
ter 4.2.1. For BMERA codes, we use BECs as surrogate channels. The sets S and U, are
obtained via Monte-Carlo approximation of the entropy terms as described above.

6.3.1. Rate Loss Comparison of Polar and BMERA based DMs

A polar or BMERA code can be used as a pure DM, i.e., we have 4 = {1,...,mn} and
F = (). We compare polar and BMERA DMs with various encoding list sizes to CCDM
and SMDM in terms of the rate loss [40]

mn —sS

Ap=H(Px) - R=H(Px) - (6.16)

n
Table 6.1 lists the parameters that we use for rate loss comparisons. We use one-sided
alphabets of the form X = {0,1,..., M — 1} and choose the MB distribution that results
in the desired rate R.

H M ‘ R [bpeu] H
210.5
4 11.625
81 2.375
16 | 3.250

Table 6.1.: Parameters of DMs for rate loss comparisons.

Rate Loss with and without Min-Sum Approximation

Fig. 3.4 shows the FERs of the min-sum approximation for decoding of polar codes. Fig. 6.2
shows the effect of the min-sum approximation on the rate loss of polar and BMERA DMs
using standard SC decoding at the encoder. Similar to the effect on the FER in 3.4, the
rate loss due to the min-sum approximation grows as the block length n grows.

Fig. 6.3 shows the same rate loss curves but with a list encoder. For large n the degra-
dation by the min-sum approximation seems to have even more effect than with Le,. = 1.
The rate loss seems to saturate, especially for M = 4,8, 16, i.e., for the MLHY scenar-
ios. The influence of the min-sum approximation for BMERA codes is similar and not
shown here. Even though it seems the min-sum approximation affects the rate loss more
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Figure 6.2.: Effect of the min-sum approximation on the rate loss of polar DMs with en-
coding list size Lep. = 1.
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Figure 6.3.: Effect of the min-sum approximation on the rate loss of polar DMs with en-
coding list size Lep. = 32.

than the FEC during channel decoding, the loss in energy efficiency is comparable. We
approximate the slope of the AWGN channel capacity with 0.15bpcu/dB. Then a rate
loss of 0.02bpcu that we have for large n in Fig. 6.2-6.3 corresponds to an energy loss of
approximately 0.13 dB that is similar to the losses in Fig. 3.4. Therefore, we do not use the
min-sum approximation for the FER simulations in section 6.3.2. To compare DMs, we
use the exact results (without using the min-sum approximation) to see the full potential
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of polar and BMERA DMs.

Rate Loss Comparison of Polar Matcher, BMERA Matcher, CCDM and
SMDM

Fig. 6.4 compares the rate loss of binary polar and BMERA DMs as described in section 6.1
and [29,30] with CCDM [95] and SMDM [96]. Observe the rate loss of BMERA codes is
less than for polar codes, i.e., we save a factor of approximately 2 in block length when
using BMERA codes instead of polar codes. This factor grows to 2.6 under list encoding
with Le,. = 32. The accuracy of polar and BMERA DMs can be improved by using list
encoding. Under list encoding with L,., we save a factor of approximately 21.9 in block
length compared to normal encoding with L.,. = 1 for polar codes. The factor for BMERA
codes is slightly higher.

The rate loss of polar and BMERA codes with list encoding is comparable to those of
CCDM if the block length is approximately n = 128. As the block length grows, the rate
loss of CCDM gets smaller than that of polar and BMERA DMs. In [96, Fig. 1], it is
shown that a SMDM has good rate loss properties for small block length. Even with list
encoding, polar and BMERA DMs are outperformed by the SMDM.

Fig. 6.5 compares the rate loss curves of CCDM, SMDM, polar and BMERA MLHY
DMs for M = 4,8,16. The same plot without BMERA and SMDM is shown in [82, Fig. 2].
The best rate loss results can be obtained by the SMDM. Neither CCDM nor polar or
BMERA DMs can compete with the SMDM. The comparison of binary DMs in Fig. 6.4
already showed that polar and BMERA DMs are comparable to a CCDM if n is small. For
M > 2, the MLHY polar and BMERA DMs even outperform CCDM at short block lengths.
Especially when M is large, the rate loss of polar and BMERA DMs is considerably less
than that of a CCDM.

6.3.2. FER Simulations
Optimization

For the simulations of MLHY polar and BMERA codes, we heuristically optimize the
following parameters:

> ncre: number of CRC-bits;

> SNRcoge: the SNR used to construct the codes according to chapter 4.2.1;
> SNRp,: the SNR used to optimize the distribution;

> s: size of the shaping set S.

We perform a grid search over these parameters as described in chapter 5.4.1 for PC-PAS.
In addition, we optimize the size of the shaping set s = |S|. We make a gird search where

(logy (M) — H (X)) n — 20 < s < (logy(M) — H (X)) n + 20. (6.17)
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Figure 6.4.: Rate loss comparison of binary polar and BMERA DMs with CCDM and
SMDM.
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Figure 6.5.: Rate loss comparison for M > 2 of CCDM, SMDM, polar MLHY and BMERA
MLHY.
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Scenario | n rate | SNRope | ncre | SNReode | SNRpy S

[bpey] [dB] [bits] [dB] [dB] [bits]
OOK, polar | 1024 | 2/3 6.75 5 7.75
OOK, BMERA | 1024 | 2/3 6.75 10 7.25
OOK, polar shaped | 1024 | 2/3 6 11 6.5 4.5 116
OOK, BMERA shaped | 1024 | 2/3 5.8 9 5.8 3.8 126
Polar MLHY 4-PAM | 64 1.25 13.2 6 15.2 11.7 21
BMERA MLHY 4-PAM | 64 1.25 13.2 3 15.2 10.2 24
Polar MLHY 8-ASK | 64 1.75 12.8 5 14.8 12.3 23
BMERA MLHY 8-ASK | 64 1.75 12.7 3 13.7 12.2 23

Table 6.2.: Code parameters resulting from the optimization.
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Figure 6.6.: FER of OOK with n = 1024 and rate 2/3 bpcu; see [30, Fig. 4]).

Table 6.2 summarizes the simulated scenarios and the resulting parameters from the grid-
search optimization. The parameters of the uniform PCM and PC-PAS schemes are listed
in Table 5.1. The PC-PAS reference curves are always with type check.

Binary OOK Transmission using Shaped BMERA and Polar Codes

Fig. 6.6 shows the results for OOK transmission with shaped and uniform polar and
BMERA codes. This is an example for non-uniform input distributions that cannot be
achieved by PAS. The same scenario is also simulated in [30] but without BMERA codes.
Observe the large shaping gains of 0.91 and 0.84 for BMERA and polar codes, respectively.
The results suggest that BMERA codes profit slightly more from shaping than polar codes
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Figure 6.7.: FER of MLHY polar and BMERA codes with 4-PAM for n = 64 and rate
1.25bpcu; see [82, Fig. 4].

due to the higher error exponent S of BMERA codes. For uniform polar and BMERA
codes the difference of the higher error exponent is partially compensated by the outer
CRC code. For list encoding of polar and BMERA codes, there is nothing corresponding
to an outer CRC code and we can slightly see the effect of the higher error exponent.
The improved performance of BMERA codes compared to polar codes (0.24dB for the
shaped case) comes at the cost of higher complexity. A complexity comparison of polar
and BMERA codes is provided in [25].

6.3.3. MLHY Polar and BMERA Codes with ASK and PAM

Fig. 6.7 shows FER results for 4-PAM transmission with n = 64 and rate 1.25bpcu. The
results are similar to the results in Fig. 5.9. The FER of the MLHY polar and BMERA
codes is similar to the FER of PC-PAS. BMERA codes seem to have a slightly better FER
than polar codes but the difference is small and comes with more complexity.

Fig. 6.8 shows FER results for 8-ASK for n = 64 and rate 1.75 bpcu. Uniform polar and
BMERA codes perform similarly here. PC-PAS cannot achieve the full shaping gain. One
reason might be the higher rate loss of CCDM compared to polar and BMERA codes at
short block lengths, as seen in Fig. 6.5. The shaping gain of BMERA MLHY codes seems
to be slightly higher than that of polar MLHY codes. Again, the higher error exponent of
BMERA codes might explain this behaviour.
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6-PAM for Peak-power Constrained
Channels

Many of today’s short-reach optical communication systems operate without optical am-
plifiers and the input power to the fiber is limited by the maximum power of the laser.
This dictates a peak power constraint [51]. Usually IM and DD are used with OOK or
unipolar 4-ary and 8-ary PAM modulation. Increasing the modulation size results in higher
complexity, especially at the receiver.

Usually, the number of symbols in a modulation alphabet is a power of two. This
allows for an easy integration with binary data and binary FEC since the bits can be
directly mapped to symbols. However, under a peak power constraint, the optimal input
distribution is discrete [54] and there are SNR regions where a modulation format with six
points outperforms modulation formats with eight or four points. Also, the complexity at
the receiver can be reduced with six instead of eight points. Fig. 7.1 shows the rates of
M-PAM with M = 4,6,8 under soft decoding (SD) with symbol-metric decoding (SMD)
that can be achieved over a peak-power constraint AWGN channel. Observe that 6-PAM
outperforms 4-PAM and 8-PAM at PSNR values between 20.5dB and 24 dB. This result
motivates using 6-ary modulations. The main challenge is the mapping of binary data to
the signal points.

In [55,56], the authors suggest to use 32-QAM, or more precisely a cross shaped QAM-
32 (32-C-QAM) constellation as shown in Fig. 7.2 with the constellation shifted to the
first quadrant of the complex plane. The idea is to map 5 bits to 32 two-dimensional
signal points with 6 levels per dimension. The two dimensions of a signal point are then
transmitted consecutively as two real signal points. We observe in Fig. 7.11 that this
scheme does not outperform 6-PAM or 8-PAM.

In this chapter, we study three schemes to transmit 6-PAM. First, we review the bench-
mark 32-C-QAM. Second, we propose a modified 32-QAM constellation with a framed-
cross shape that improves information rates. We call this constellation framed-cross shaped
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Figure 7.1.: Soft SMD rates of M-PAM with M = 4,6,8 and 32-C-QAM; see Fig. 7.2.

32-QAM (32-FC-QAM). Third, we use PAS [40] to map bits to a 6-ary constellation. The
PAS scheme is not restricted to 6-ary constellations and can be used for any constellation
whose number of points M is even but not a power of two. The idea is that a DM creates a
block of (M /2)-PAM symbols that is combined with parity bits from a FEC code to obtain
a block of M-PAM symbols. Of course, PAS can also generate non-uniform distributions.
We compare the different 6-PAM strategies in terms of achievable rates and FERs over
peak-power constrained AWGN channels. Finally, we conduct experiments to confirm the
results for fiber-optic channels with DD.

This chapter is mainly based on the publications [78,79].

7.1. Achievable Rates for 6-PAM Constellations

Consider a peak-power constrained AWGN channel as described in Sec. 2.3.2. An im-
portant metric to compare different constellations is achievable rate. We study the rates
Rsvp = Iom and Rpup defined in Sec. 2.4.2 under SMD and BMD. These rates can be
achieved with SD, i.e., the detector outputs soft metrics like probabilities or LLRs that
are used by a soft decoder. In addition, we also consider the rates Rup smp and Rup gvp
under hard-decision decoding (HD), i.e., the detector outputs hard decisions of the bits
or symbols, respectively. We refer to [129, Eq. (1)], [130, Chap. 8] and [131, Sec. III-
IV] for detailed derivations and descriptions of these rates. Unless stated otherwise, we
use uniformly distributed input symbols with probability Px(z) = 1/M,Vz € X in this
chapter.
For symbol-wise HD [131, Sec. I1I-C], [130, Eq. (8.53)], one can achieve the rate

RHD,SMD = Imax (0, H (X) — (HQ (5) + 510g2(M — 1))) (71)

where § = Pr[X # X] is the symbol error probability with X being the symbol-wise hard
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Figure 7.2.: 32-C-QAM with quasi-SU labeling [132].

decisions fed to the decoder. The BMD rate under HD [131, Sec. IV], [130, Eq. (8.66)] is
RHD,BMD = max (0, H (X) — mH2 (E)) (72)

where ¢ = 1/m - Y%, Pr[f?k # By is the average bit error probability where By, is the
bit-wise hard decision of the k" bit.

7.2. Strategies to Transmit 6-PAM

7.2.1. 6-PAM using 32-QAM Constellations
Cross 32-QAM Constellation

One-dimensional 6-PAM symbols can be created from a two-dimensional 32-C-QAM con-
stellation [55,56], as depicted in Fig. 7.2. 32-QAM is a simple choice to transmit 6-ary
alphabets since 5 bits are directly mapped to the 32-QAM symbols. We use a quasi
symmetric-ultracomposite (SU) labeling structure introduced in [132]. Fig. 7.1 shows that
32-C-QAM is not a good choice to transmit 6-PAM under a peak power constraint. Fig. 7.3
shows the optimal distribution of 6-PAM under a peak power constraint at a rate of
1.85bpcu for SD-SMD. Observe the outer constellation points have a larger probability
than the inner points. This is the opposite of the distribution induced by the 32-C-QAM
constellation. Fig. 7.4 shows the one-dimensional distributions of the real and imaginary
parts of the 32-C-QAM constellation. The outer points have the smallest probabilities,
which explains the poor performance of 32-C-QAM in Fig. 7.1. We formulate an optimiza-
tion problem in the next section to obtain 32-QAM constellations that are better suited
to a peak power constraint.
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Figure 7.4.: One-dimensional distribution of 32-C-QAM.

Framed-cross 32-QAM Constellation

We design 32-QAM constellations by removing 4 constellation points from the full 6 x 6
36-QAM constellation

X36:{a+jb|a,b€?(} (73)

where we use X from (2.5) with M = 6. Now maximize the SMD-SD rate over all 32-
symbol subsets X of Xsq:

*
X5 smp = argmax Ravp .- (7.4)
X CA3ze
|¥|=32

The optimal constellation X3, g\, according to (7.4) at PSNR values around 22dB is de-
picted in Fig. 7.5. This constellation does not allow Gray labeling and finding the best
bit labeling under BMD seems difficult. Instead, we modify (7.4) by taking the BMD rate
from (2.33) as the new objective function. Furthermore, we impose a Gray labeling con-
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Figure 7.5.: Optimal 32-QAM constellation for SD-SMD under a peak power constraint.
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Figure 7.6.: 32-FC-QAM constellation with Gray labeling.

straint were the first two bits of the label correspond to the quadrant of the constellation.
The result is shown in Fig. 7.6 and we denote this constellation as 32-FC-QAM.

7.2.2. M-PAM using PAS

PAS was designed for distributions Py that are symmetric around zero [40]. However, PAS
can be extended to distributions with a symmetry as described in Sec. 2.6. We propose
a PAS scheme for M-PAM distributions for even integers M > 2. The number of bits
needed to label the constellation points is m = [log, M|. The same idea is used in [133]
to construct flexible QAM constellations.

In Sec. 2.6, we introduced the two PAS sets X} and X,. We define the set X; as the set
of the first M /2 symbols of the M-PAM constellation X"

X = {z m}m_l. (7.5)

M—-1

1=0
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Figure 7.7.. Generating 6-PAM symbols using PAS: 3-PAM symbols are generated using
a DM and labelled with two bits. Uniform parity bits are used to extend the
3-PAM symbols to 6-PAM symbols with a three bit label.

Every point a € &) has a binary label b3'(z) of length m — 1. We use subsets of BRGC [90]
of length m — 1, where we discard the first 2"~1 — M /2 codewords from the usual Gray
code (compare the labeling of A = ByBj in Fig. 7.7). The mapping T : X} — X, as
introduced in Sec. 2.6, is

T(x) = \/ Puax — 7, Vo € A). (7.6)
Generation of 6-PAM via PAS is denoted as PAS-6-PAM.

7.3. 6-PAM Rates for AWGN Channels

We compare the 6-PAM strategies in terms of achievable rates for bit- and symbol-wise
HD and SD. Fig. 7.8 shows the SD rates for transmission over a peak-power constrained
AWGN channel. We assume the rate loss of the DM is zero, which is true for most DMs
as the block length grows to infinity. The curve labeled “6-PAM shaped” shows that we
can improve the rates by using a non-uniform distribution.

Fig. 7.9 shows the rates under hard decision decoding. The curves in Fig. 7.8 and
Fig. 7.9 show that each decoding method has a PSNR region where 6-PAM outperforms
4-PAM and 8-PAM. The gains of 6-PAM over 8-PAM are significant for hard decision
decoding: 1.32dB for HD-SMD and 0.75dB for HD-BMD at a rate of 2bpcu. The SD
gains are smaller: 6-PAM gains 0.27dB over 8-PAM for soft SMD at a rate of 1.85bpcu.
The gain for soft BMD is 0.41dB at 1.875bpcu. The gains under SD can be increased to
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Figure 7.8.: Rates of M-PAM with M = 4,6,8 and 32-QAM for the peak-power con-
strained AWGN channel under SD.

0.44dB and 0.56 dB when using non-uniform distributions. Fig. 7.8 and Fig. 7.9 show that
32-C-QAM loses significant PSNR compared to 6-PAM under a peak power constraint for

all scenarios. This shows that 32-C-QAM as proposed in [55,56] is not a good choice under
a peak power constraint.

Our proposed 32-FC-QAM constellation outperforms 32-C-QAM in every scenario. For
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Figure 7.9.: Rates of M-PAM with M = 4,6,8 and 32-QAM for the peak-power con-
strained AWGN channel under HD.

SD-SMD and HD-BMD, 32-FC-QAM achieves similar rates as 6-PAM if the rates are low.
At higher PSNR values, the performance of 6-PAM is better than 32-FC-QAM because
the optimal distribution approaches a uniform distribution. For HD-SMD and SD-BMD,
the rate of 32-FC-QAM lies between that of 6-PAM and 32-C-QAM.

Fig. 7.8a and 7.9a show the performance of 32-FC-QAM is almost optimal for 32-QAM
constellations. The PSNR loss compared to the SMD optimized 32-QAM constellation

from Fig. 7.5 is not visible.
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Figure 7.10.: SEs under BMD (dashed) and SMD (solid) soft-decoding.

Fig. 7.10 shows BMD and SMD rates for soft-decoding. BMD exhibits a loss because it
uses a mismatched decoding metric instead of Px|y. The BMD loss of 6-PAM is negligible
in the PSNR region of interest and the rate loss of 32-FC-QAM is only 0.17 dB, whereas
there is a 0.4 dB loss between SMD and BMD for 32-C-QAM.

We conclude that the benefits of PAS-6-PAM and 32-FC-QAM over 32-C-QAM are:

1. The uniform (or optimized) distribution of PAS-6-PAM and the non-uniform distri-
bution implied by 32-FC-QAM are closer to the optimal distribution (cf. Fig. 7.3) un-
der a peak-power constraint than the distribution implied by 32-C-QAM (cf. Fig. 7.4).

2. The BMD loss is minimized due to the Gray labeling of PAS-6-PAM and 32-FC-QAM.
32-C-QAM does not allow a Gray labeling.

PAS-6-PAM has an additional gain: the entropy of 6-PAM is log,(6) =~ 2.58 bpcu compared
to 2.5 bpcu for the 32-QAM constellations, i.e. the rate saturation occurs at a higher value.

7.4. FER Comparisons of 6-PAM Constellations

To confirm the results, we perform simulations over an AWGN channel including FEC.
We use 5G new radio LDPC codes; see [2]. We evaluate 6-PAM with PAS and compare it
to 6-PAM generated by 32-QAM, and to 8-PAM. We simulate at a SE of 2bpcu. We use
a block length of 3000 channel uses per code frame. The code parameters are summarized
in Table 7.1. For 6-PAM with PAS we use a CCDM [95]. The rate loss of CCDM is here

4743

~ 3000~ 0.004 bpcu. (7.7)

AR = 10g2<3)
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H Scenario ‘ code length ‘ coderate Rppc yn H

PAS 6-PAM | 9000 bits 7257/9000 ~ 0.8 | 1257 bits
8-PAM | 9000 bits 2/3
32-QAM/6-PAM | 7500 bits 0.8

Table 7.1.: Code parameters.
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Figure 7.11.: Performance comparison of 6-PAM schemes at a SE of 2 bpcu under SD-BMD
with n = 3000 channel uses per frame.

At the decoder, we perform 200 and 20 belief propagation iterations with a full sum-product
update rule for SD and HD, respectively.

7.4.1. SD-BMD using 5G LDPC Codes

Fig. 7.11 shows the FER curves for soft BMD. At a FER of 1073, 6-PAM using PAS gains
0.4dB and 0.84 dB compared to 8-PAM and 32-C-QAM, respectively. The achievable rate
curves in Fig. 7.8b showed similar gains (0.31dB and 0.98 dB, respectively). The FER of
32-FC-QAM is within 0.13dB of 6-PAM. We gain another 0.13dB by using an optimized
Px. Using a non-uniform distribution comes with no extra costs compared to 6-PAM

with PAS with a uniform distribution. The results are in line with the rate results from
Fig. 7.8b.

7.4.2. HD using 5G LDPC Codes

SD FEC codes may be too complex for high-throughput applications such as IM/DD for
short-reach fiber-optic links. Instead, one often uses HD. Achievable rates for HD are
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Figure 7.12.: Performance comparison of 6-PAM schemes at a SE of 2bpcu under HD-
BMD using 5G LDPC codes with n = 3000 channel uses per frame.

depicted in Fig. 7.9. Observe that BMD can improve on SMD under HD, see Figs. 7.9a
and 7.9b, see [131]. The reason is that BMD works with the binary Hamming distance
that preserves part of the Euclidean distance, while the M-ary Hamming metric for SMD
does not.

To validate the results, Fig. 7.12 shows the performance of 5G LDPC codes with HD.
We make bit-wise hard decisions on the channel outputs and assign the values +a and —a
to the LLRs if the decision is 0 or 1, respectively. The value a is the same for all bit-levels
and symbols and the optimal value of a is found by line search. We use the same simulation
parameters as for SD, i.e.;, n = 3000 channel uses and a target SE of 2bpcu. PAS-6-PAM
gains 0.83dB and 0.65dB over 8-PAM and 32-C-QAM based 6-PAM, respectively. The
FER performance of 32-FC-QAM is close to the performance of PAS-6-PAM. These results
are very similar to the achievable rate results from Fig. 7.9b.

We remark there are codes that perform better under HD-BMD than 5G LDPC codes.
The aim here is to show that information rate gains predict the real coding gains, and 5G
LDPC codes allow flexible rate adaptation to approach the rates in Table 7.1. The choice
of these sub-optimal codes for HD decoding might also explain the onset of error “floors”
for all constellations except 8-PAM in Fig. 7.12.

7.5. Experiments

Sec. 7.3 and Sec. 7.4 provide achievable rate and FER results for peak power constrained
AWGN channels. To further verify the results, we conduct optical experiments in the
C-band. Similar experiments are conducted in [52] and [53] for 8-PAM in the O-band.
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7.5.1. Experimental Setup

The experimental setup is depicted in Fig. 7.13. The transmitter generates constellation
symbols according to one of the strategies described in Sec. 7.2 and performs rectangu-
lar pulse shaping. The arbitrary waveform generator (AWG) operates at sampling rates
95.6 GSamples/s and 120 GSamples/s. The first sampling rate is used for 95.6 GBaud
transmission with 1 SPS and the latter for 60 GBaud transmission with 2SPS. The AWG
signal is electrically amplified and drives a Mach-Zehnder modulator (MZM) that mod-
ulates a 1550 nm external cavity laser. The MZM is operated at the quadrature point.
We consider either transmission over 1km of standard single mode fiber (SSMF) or an
optical back-to-back (B2B) configuration. Both setups are connected to a variable optical
attenuator (VOA).

After the VOA, a PD converts the optical intensity to an electrical current that is
sampled by a digital storage oscilloscope (DSO) operating at 256 GSamples/s and the
samples are stored for offline processing. We synchronize and re-sample to 2 SPS before
equalization with a Volterra equalizer, using 41 first-order, 7 second-order and 5 third-
order taps. The equalizer is trained based on a mean square error objective. The equalized
sequence is down-sampled to the symbol rate to retrieve the symbols. For the setup with
and without fiber, measurements are taken for different attenuation factors of the VOA.
For 95.6 GBaud symbol rate transmission, we use an additional 3-tap noise whitening filter
[48] and compute the symbol-wise APPs through the Bahl-Cocke-Jelinek-Raviv (BCJR)
algorithm [65].

7.5.2. Experimental Results

We consider blocks of n = 1000 symbols. This results in a binary code length of 2500 bits
and 3000 bits for 32-QAM and PAS-6-PAM, respectively. We use LDPC codes from the
5G standard for soft-decoding [2] and shortened Bose-Chaudhuri-Hocquenghem (BCH)
codes [134,135] with a mother code length of 4095 bits for HD. The transmission rate is
adjusted by changing the code dimension. For PAS-6-PAM, we use a CCDM. The rate
loss of the CCDM that outputs uniformly distributed symbols from the 3-ary alphabet is



7.5. Experiments 71

approximately 0.011 bpcu for n = 1000 symbols. Since the transmitted sequences from the
experiments are usually not codewords of a FEC code, we apply the method of channel
adapters and scrambling sequences [129].

Fig. 7.14 shows achievable information rates for transmissions at 60 GBaud symbol rate
over 1km SSMF, and at 95.6 GBaud symbol rate in an optical B2B setup. For each
attenuation factor, we adjust the transmission rate so the FER is 1073. The results show
that 32-FC-QAM gains between 0.2dB and 0.4 dB over conventional 32-C-QAM for each
scenario when operating at a rate of 2bpcu. The largest gains are for soft BMD with
LDPC codes. The 32-FC-QAM gains are especially noteworthy since the complexity is
the same as for 32-C-QAM. PAS-6-PAM gains up to 0.5 dB over conventional 32-C-QAM.
For 95.6 GBaud, PAS-6-PAM shows smaller gains, especially for high attenuation.
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Figure 7.14.: Achievable rates using BCH (solid lines) with HD and LDPC codes (dotted
lines) with SD with block length n = 1000 real-valued channel uses evaluated
at an FER of 1073,



Successive Interference Cancellation
for Direct Detection

Receivers with DD measure the amplitude or intensity of signals by a PD. Usually such
receivers are combined with IM at the transmitter, i.e., one modulates the intensity. DD
allows easy reconstruction of the transmitted data under symbol-rate sampling [43-45].
Such a system is described in Chapter 7 where 6-PAM is used in a system with DD.

The paper [57] showed that the DD capacity increases by oversampling at the receiver,
i.e., sampling faster than the symbol rate. In fact, if the dominant noise is before DD, then
the capacity is within 1bit/s/Hz of the capacity with coherent detection. This means one
can retrieve at least parts of the phase of the transmitted signal after DD, which motivates
using bipolar modulation or even complex-valued modulation formats [57-61, 80].

Fig. 8.1 shows a motivating toy example with BPSK and DD. We use triangular pulses
as outlined by the grey lines. The green line shows the transmitted signal X (t). DD is
modeled by a square-law device (SLD) device that outputs the signal | X (¢)|>. Observe one
cannot reconstruct the transmitted data with symbol-rate sampling outlined by the red
dots in the plot. However, one can reconstruct the transmitted data by the blue samples
in between that are obtained by two-fold oversampling.

As in [80], we study bandlimited systems with DD and compute achievable information
rates using frequency-domain raised-cosine (FD-RC) pulses. We propose SIC with the FBA
or Gibbs sampling for detection to approach the achievable information rates in practical
systems. [136] extends the scheme where a neural network serves as detector. This chapter
is mainly based on the papers [80,81].

8.1. System Model

Propagation in fiber is described by the Nonlinear Schrédinger Equation [137, p. 65], [138,
Part 2] that models attenuation and chromatic dispersion (CD), both linear effects, and a
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Figure 8.2.: System model with DD and two-fold oversampling [80].

Kerr non-linearity. As we consider short-reach links without optical amplifiers, the noise
from the SLD is dominant and we neglect optical noise. We assume sufficiently small
launch power that we can neglect the Kerr non-linearity [137].

8.1.1. Continuous-Time Model

The system model is shown in Fig. 8.2. The symbol alphabet is A = {a,...,an}
with M = 2™. A source puts out w.i.i.d. symbols (Uy).ez with U, € A. A differen-
tial phase mapper fyi(-) maps these symbols to the transmit symbols (X, ).ez, X € A,
using |Xy| = |Ux| and £X = £X}_1 + ZUy for phase modulation. Additionally, we use
the notation

Xn = fdiff (UK7XH—1) (81)
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éUk:W
LU, =0

LU, =0
éUk:W

Figure 8.3.: Differential encoding of BPSK.

and
UH = f(iflf (Xanfl) (82)

for the inverse operation of differential encoding. Differential coding helps to resolve phase
ambiguities; see [80, Sec. IV] and the Appendix A.2. An example of differential phase
encoding for BPSK is shown in Fig. 8.3.

We obtain the continuous-time baseband waveform
X(t) = ZXK : gtx(t - Kst) (83)

with symbol-rate B = 1/T;. We use a FD-RC pulse g (t) which has the spectrum [139,
Eq. (6.17)]

1, ] < 5
Gu(f) =5 [T4cos (2= [If| - 52])], S <Ifl<ie (8.4)
0 otherwise

with roll-off factor a. Note that one often uses root-raised cosine pulses in memoryless
channels, where the pulse shape in combination with a matched filter gives a raised-cosine.
For our system with DD and CD, no matched filter is applied and we use a raised-cosine
directly for pulse shaping. A roll-off factor a = 0 corresponds to the sinc pulse.

The channel exhibits CD with response [50, Sec. 11.B]
hi(t) o—e Hy(f) = 2/2 (8.5)

where [y is the group velocity dispersion, w = 27 f, and L is the fiber length. The
convolution of X (t) and h(t) results in X (t). The receiver PD is modeled as a SLD
that outputs the intensity Z'(t) = | X1 (¢)|* of the optical signal and the PD noise N'(t)
is modeled as a real-valued white Gaussian random process with two-sided power spectral
density Ny/2.
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The resulting signal Y’(#) is filtered by a lowpass filter g,«(f) with impulse response

. L [fl<B
Gix(t) = 2B sinc(2Bt) o—e G (f) = { (8.6)

0, otherwise.

The receiver low-pass filter rejects out-of-band noise and avoids aliasing. The sampler
converts the analog signal to digital samples with the sampling rate 1/7) = 2B, i.e., we
sample with a oversampling factor of Ny = T,/7, = 2 samples per transmit symbol. The
SLD doubles the bandwidth of the received signal as the squaring corresponds to a self-
convolution in frequency, i.e., the bandwidth of the FD-RC signal doubles from (1 + «)B
to 2(1 + a)B. Note that the bandwidth of the lowpass filter and the received signal are
equal for a« = 0. In case of a > 0, the filter removes useful signal components at the band
edges. We use small rolloff factors up to @ = 0.2 to minimize the effect of this operation.

The filtered noise, i.e., the noise present before the sampling device, is a zero-mean
stationary Gaussian process with auto-correlation function

No

2 (gt ge(7)) = S i(7) &)

8.1.2. Discrete-Time Model

Suppose gix(t) is a sinc pulse, i.e., « = 0 and the filter ¢,,(¢) and two-fold oversampling
provide sufficient statistics. The channel response up to X (t) is () = gix(t) * h(t) and
the samples are ¢, = ¥(kT)), k € Z. For simplicity, suppose ¢, = 0 for k ¢ [0, K — 1],
where K is an odd integer. We write the channel Toeplitz matrix as ¥ € C>*(@n+K-1),

which is constructed from the over-sampled channel response
¥ = [g1,..., ] € CF. (8.8)
Consider the vector of noise-free samples

z = |\I’)~(/|02 = [21, 22, 23, ... Zgn]T e R7x! (89)

with input X’ = [s3, (2/)T]T and up-sampled symbols

@ =0, 21, 0, 9, ..., 0, z,]" € C>*! (8.10)
where the initial state vector is

T
So = [0, T 0, x .., 0, :co] e cE-Dx1 (8.11)

1-K° 2- K

and the channel memory is K = (K — 1)/2. The discrete-time channel is Gaussian with
conditional density

p(ylz) = N (y — & ; 0y, NoBlL,,) . (8.12)
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Information Mismatched
Detector Rate Rate Reference
JDD IJDD quJDD (815), (864)
SDD ]SDD ]q,SDD (819), Sec. 8.4.3
SIC / MSD ]SIC = _[SIC_MSD Iq,SIC = Iq,SIC—MSD (824), Sec. 8.4.3
SIC, bit-wise Ib—SIC Iq,b—SIC (838), Sec. 8.4.3

Table 8.1.: Information rates studied in this chapter.

We introduce the additional notation

Y =" = [y, ver o ven] = [0 v 0 0 (8.13)

to distinguish between odd and even samples.

For a« > 0, the bandwidth of the signal ¥(t) = g (t) * hr(t) is larger then 2B and
double oversampling does not give sufficient statistics. Therefore, we use four-fold over-
sampling during our simulations followed by low-pass filtering and down-sampling to 2-fold
oversampling (c.f. [80, Eq. (60)]). As a statistical model of the channel, we still use the
density from (8.12) with the double over-sampled Toeplitz matrix W. This results in a
mismatch between the actual model used for simulation and the channel model that is
used to compute densities.

8.2. Detection and Decoding Strategies and their
Rates

An extensive rate analysis for the described scenario is presented in [80] and is based
on JDD. JDD is usually infeasible in practical systems. We discuss SDD and detection
based on SIC to reduce the complexity. Another approach would be turbo detection and
decoding (TDD), where SDD is used in a turbo loop to exchange extrinsic information
between the detector and the decoder [140,141]. TDD requires specific code designs that
are tailored to the TDD approach. We therefore focus on SDD and SIC where “off-the-
shelf” binary codes can be used.

We consider rates for a fixed block length n and for n — oco. The resulting rates are
listed in Table 8.1 for convenience.

8.2.1. Joint Detection and Decoding

We start by considering JDD which gives bounds for practical systems. Usually detection
and decoding are separated, i.e., a detector computes either a hard decision or some soft
metric for a symbol or bit and passes the results to a decoder. In JDD, detection and
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decoding is done jointly. We obtain the JDD rate
L.oop =1, (U;Y)=H, (U)—-H, (U|Y) (8.14)
with the entropy and MI rate as defined in Sec. 2.1. The limiting rate is

Ijpp = lim I jpp. (8.15)

8.2.2. Separate Detection and Decoding

In symbol-wise SDD, a detector computes symbol-wise APPs P(u,,y), s = 1,...,n. These
APPs are forwarded to a decoder and treated as independent of each other (c.f. [131,142]).
To get the rates, we must replace the joint entropy expression H, (U|Y") by the marginal
entropy expressions. We obtain the bound

I,(U.Y) =H, (U) - H, (U|Y) (8.16)
—H, (U) - Y H (U, U5 (8.17)
> H, (U) ~ + Y H(UL[Y) = Lsoo (8.18)

and the SDD limiting rate is
Ispp = lim Iy, spp. (8.19)

Equation (8.18) implies Ispp < Ijpp, i.e., there is an information loss due to neglecting
Uf~!in (8.17) that grows with the channel memory (c.f. [11, Fig. 5], [143, Figs. 7-9], [144,
Fig. 12]).

8.2.3. Successive Interference Cancellation

SIC combines SDD with MLC and multistage detection/decoding (MSD) so the SDD loss
within one stage is reduced [5,11,12]. SIC performs a serial-to-parallel (S/P) conversion
on the information U, i.e., down-sample U to create S shorter strings of length N =n/S
(assume N € Z). We write

Vo= (Vi) = (UnUsis, - Usevns) (8.20)

and form the vector V' = (V,)5_,. Fig. 8.4a illustrates the S/P conversion for an input
string U?° with S = 4 and N = 5. The four rows in Fig. 8.4a represent V,..., V.

We relate the JDD, SDD, and SIC rates; see [11,12]. Since V is a resorted version of
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t —— Within stage

(a) S/P conversion of an input string U?° to Vj 4, (b) ISI with SIC.
s=1,...,4and t=1,...,5.

Figure 8.4.: SIC example.

U, we have [,(U;Y) = I,(V;Y) and

S
L, (V:Y) Y H, (V) - % S H(V,Y, v (8.21)

s=1

®) 13X 1

> H, (V) =~ 3 S H (VY Vo) (8.22)
s=1t=1

I, s1c
© 1 X
> H, ( ;ZZH VidlY) (8.23)

= In,SDD

where step (a) follows from the chain rule of entropy; steps (b)-(c) follow because condi-
tioning cannot increase entropy; and step (c) recovers the SDD rate. The limiting SIC rate
is

Isic = lim I, sic. (8.24)

Fig. 8.4b shows how SIC reduces interference. The colored strips are the same as in
Fig. 8.4a and the points show the magnitudes [i;| of the channel response samples due
to the symbol Vi3 = Uj;. SIC successively detects and decodes the rows in Fig. 8.4a
with the vectors V'1,..., V. The rates (8.21) and (8.22) are the same if V;;,...,V, v are
independent given Y and V*! for each s. For example, consider V'3 and in particular
V33. The channel outputs Y that are relevant for detecting Vs 3 = Uj; are hardly affected
by Vs, = Us and V55 = U7 that are neglected in SIC.
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Vi .
—~ APP 1 Dee. l—m 7¥7o2ZYZ7Y7070707—7">H—7""—"""—"F-"""""""---- -V,

Stage 1 v, )
~ APP 2 —— Dec. 2 B -V,

Y
Stage 2 .
- APP S Dec. Si~ Vg
Stage S

Figure 8.5.: SIC receiver structure.

We describe properties of the SIC rates. First, rewrite I, gic in (8.22) as

1SlNIVYVS—1 2
nSIC—EZNZ (s,ta : ) (8.25)

s=1 t=1

— 7ls
= Iy sic

i.e., write the SIC rate as a sum of S rates of each stage. The expression (8.25) suggests
the receiver in Fig. 8.5 with S stages, each with a symbol-wise APP detector and decoder.
In SIC stage s, the detector computes the APPs

P(vgly,#7"), t=1,...,N (8.26)

~ s—1
where V' is the vector of decoded symbols from previous stages.
Next, suppose Vg is encoded with a rate less than the limiting rate [11, Sec. III a)]

[é% = ngnoo [J(\??SIC' (8-27)

This allows reliable decoding as the block length grows, and we may assume V; = V, and
the rates of the individual stages are non-decreasing

1 2 S
Ige < I < - Il (8.28)
By (821)*(823) we have [SDD S ]SIC S IJDD. We also have

511_{130 ISIC = _[JDD. (829)

We remark that the length of the component codes in a SIC scheme is given as n/S
in contrast to the full length n in a SDD scheme. We know from information theory
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(c.f. [145,146]) that decreasing the block length of a code deteriorates the achievable rate.
Alternatively, one could increase the block length in a SIC scheme by a factor of S as
compared to a SDD scheme at the cost of also increasing the decoding latency by a factor
of S. This leads to a trade-off for the number of SIC stage, even though the rate expressions
above suggest to choose S as large as possible.

To mitigate the effect of shorter component block lengths, we use polar codes with
multistage list decoding as described in Sec. 4.3 where a list of possible codewords is
passed across decoding stages.

8.3. Binary Codes for SIC

The previous section derived rates achieved by JDD, SDD, and SIC. The rates and their
expressions are based on symbols and would require channel codes based on symbols. Most
practical codes are binary. This section combines SIC with binary codes and describes
the corresponding rates. We use the notations for bit labelings of symbols as defined in
Sec. 2.4.1. We use the same constellation alphabet A with | A| = M across all SIC stages.
The number of bits per symbol is then m = log, M. Note that it is also possible to use
different constellation sizes, e.g., a smaller constellation size in the first SIC stages.

8.3.1. SIC Receiver

The structure of a SIC receiver based on symbols is depicted in Fig. 8.5. A demapper
calculates APPs for all symbols of the current decoding stage and passes them to a symbol-
wise decoder. We extend this scheme to work with binary codes. Consider the following
inequalities that result in three different binary schemes:

Ioop =1, (V;Y) (8.30)
= H, (V) - H, (V]Y) (8.31)
=H, (V —iiH(V v, v (8.32)
=H,(V 1§j§jH(b, VIIY, Vol (vy) (8.33)

L

S m
>H, (V) - i 2.2 > H (Ve Y, Vo (vy)) (8.34)

o ,b-SIC

> H, (V) - 52305 H (VoI VI LE () (8.35)

=I, sic=In,s1c-MSD
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ZiZH(bl Vi)Y,V 1) (8.36)

s=1[=1t=1

=Iy s1c-BMD

b-SIC Receiver

We have the bit-wise successive interference cancellation (b-SIC) rate I,, 1, gic in (8.34) that
is at least the SIC-rate I, s1c in (8.25) based on symbols. The idea is to extend the SIC
scheme to work with bits instead of symbols. We have another m detecting and decoding
stages within each of the S SIC decoding stages that are successively detected and decoded.
The bit-wise detectors compute the APPs

P (bi(veg)ly, 9° ", 07 (0,)) (8.37)

i.e., the detector computes the probability of the [-th bit of symbol V;; based on knowing
all the symbols 9** from previous SIC stages and based on knowing bit-level one to [ — 1
of all symbols v, of the current SIC stage. The APPs are passed to a decoder and the
resulting maximum a posteriori probabilit (MAP) bit estimates b;(v,) are then passed to
the next detector.

We rewrite the rate (8.34) and obtain

Lsio = 5 303 ST (V) Y.V (V) (8.33)

s=11[]=1 t=1

(s,0)
=IN)ysic

where I z(\i’ll))-SIc is the information rate of bit level [ in SIC stage s. Encoding the bit level [
of SIC stage s with rate less than

s,l . s,l
Ib SI)C = 11_1}100 I](V,b)-SIC (8.39)
allows reliable decoding of b;(V ) as the block length grows. By successively decoding over

the bit-levels [ = 1,...,m and SIC stages s = 1,...,S, we assume that EZ(VS) =b(Vy)

A~ s—1

and V' = V* ! and thus b-SIC achieves the limiting rate
Lysic = lim Ip,1,_sic > Isic. (8.40)
S—o0

SIC-MSD Receiver

For the SIC-MSD receiver, instead of conditioning on the previous bit-levels 1,...,l —1 of
all symbols V', of the current SIC stage as in (8.37), we limit the conditioning to previous
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bit-levels of the current symbol V,, i.e., we calculate the APPs

P (bi(vs, )y, 971 57 (vs0) ) - (8.41)

One advantage of this scheme is that conditioning on one symbol does not introduce
memory of the other symbols of the current stage into the APP, resulting in a lower
complexity to compute the APPs. Basically, one can calculate the symbol-wise APPs
P (U57t|y, @5—1) and marginalize them after each decoding step to obtain the bit-wise APPs.
This does not require additional runs of a complex detector per bit stage.

We rewrite (8.35) in terms of MI and obtain

1 LU Rl
I, sicomsp = g SN N I (bl(vs,t); Y, vl bi”(‘/s,t)) : (8.42)

s=11=1 t=1

::IN,SIC-MSD(SJ)

By the same arguments as for the b-SIC receiver, we obtain the limiting rate

Isicomsp = nll_{{)lo I, sic-MsD- (8.43)

SIC-BMD Receiver

For the SIC-BMD receiver, we neglect the dependencies between the bit-levels. This results
in fewer detecting and decoding stages, as we jointly detect all bit-levels of one SIC stage
and jointly decode them. The detector computes the APPs

P (b(vs)ly, ") . (8.44)

We rewrite (8.36) in terms of MI and obtain

S m N
I, sio-BMD = é, SN ]17 I (bl(Vs,t); Y, Vs—l) _ (8.45)
=

s=11=1 t=

By the same arguments as for the b-SIC receiver, we obtain the limiting rate
Isicemp = lim I, sic-Bmp- (8.46)
n—oo

We do not provide rate results for SIC-BMD in this thesis but mention them here for the
sake of completeness.

8.3.2. SIC Transmitter

Fig. 8.6 shows the basic encoder structure for SIC. A binary source provides k < n-m
u.i.i.d. bits D. The S/P converter partitions D into S strings D, ..., Dg for each stage
where D, has length k,. Each Dy is encoded to a length Nm bit string By, so the code
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D, B, | bits to vV

o g [Loc 1 " symbols 12

~ ~

2) =)

T =

= D, B, bits to Vy =

= . N N U i

D— 2 Enc. 2 symbols f}fl .| Diff - X

ol S Enc.
S s

s 2

S =

% Dg .. - Bg | bits to Vs X Dc:é

symbols

Figure 8.6.: SIC encoder for binary codes.

rate per stage is ks/(Nm). The bits B, are mapped to the length N string V', of symbols
from the modulation alphabet A. The information rate in bpcu for SIC stage s is

Rs = ks/ N [bpcu] (8.47)
and the overall information rate is
13 k
RSIC = g Z RS = — [prU_]. (848)
s=1 n

Finally, the strings V,..., Vg are passed to a parallel-to-serial (P/S) converter that
reverses (8.20) and produces U.

In case of b-SIC and SIC-MSD, we have M encoders per SIC stage, i.e., each Dy is split
into M strings D, for | = 1,..., M. The block length in bits of the underlying channel
codes is n/S = N in case of b-SIC and SIC-MSD and nm/S = Nm for SIC-BMD.

8.4. Achievable Rate Computations

In this section, we show how the rates from the last sections can be calculated.

8.4.1. JDD Rate

For JDD, we must calculate the MI

) (8.49)
= ho(Y) = ho (Y] X) (8.50)

)
O b (Y) = ho(N) (8.51)
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where (a) follows from X being a function of U given the initial state and (b) holds since
the statistics of Y given the channel input X depend only on the noise vector IN. The
term h,(IN) is easy to compute for AWGN. It remains to compute the term h,,(Y). We
can approximate this term by Monte-Carlo simulations as described in [64]:

ha(¥) =~ log, p(y) (5.52)

where y is a realization of Y obtained in the Monte-Carlo simulation. The approximation
becomes exact in the limit n — oo since Y comes from an ergodic and cyclostationary
process with period Ny = 2.

We calculate the density p(y) by the BCJR or FBA [65,80]. Define the channel state at

time K as
Sp_1 = (xﬁ_l?, . ,:L’K_I) : (8.53)

The density p(y) can be computed from the state metrics in the forward path of the FBA
as

H(s2)
p(y) = Z Z "'ZZP(SO) p(x1,y?, y®, s1l50) (@2, U5, y®, sals1) - (8.54)
Sp  Un u2 Ul
Sn—1 S1 S0

f(s1)

with the state metrics ji(s.) = p(y?, y®, s.) Since the state metrics quickly approach zero
as k grows, we normalize as described in [64]. The product terms from (8.54) can be
decomposed as

p (Im y,<§>7 y/?? 3n|35—1) =p (y,?a y:|wm Sn—1> P (8k|Trs Sk—1) P (TrlSk—1) - (8.55)
(a) (b) (c)

The term (a) is

(U8, y s se1) = p (ulsk-1) - p (Y 55-1) (8.56)

with
p (U2 1ss1) = pv (yﬁ} — 0,270, 2se1,0] -q)Tf) (8.57)

and
P (y¥l7x, 56-1) = P (yf w7 0y e, 0, -tI)T\Q) (8.58)

with the channel vector ¢ from (8.8).
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The term (b) describes if there is a state transition between state s,_; and s, for the
channel input X, = z,. The term (b) takes the value one if the state transmission exists
and zero otherwise. The evaluation is straightforward with the state definition in (8.53).
The term (c) evaluates to

P (Txlsk—1) = p(wk) (8.59)

due to independent and identically distributed (i.i.d.) signaling.

8.4.2. Rates for SIC and SDD

To compute achievable rates for SDD and the described variants of SIC, we must compute
the entropy terms in (8.23), (8.34), (8.35), and (8.36). Since our channel model represents
an ergodic and stationary process, the entropy terms are independent of the time index,
e.g., for SDD, we have H(U,|Y) = H(U,|Y) = H(U|Y) with k # 7. We can approximate
this term with samples from a Monte-Carlo simulation as

n

1
H{U|Y) ~ - Z —logy, P(ukly). (8.60)
k=1
For the variants of SIC, we have a similar behaviour. The entropy terms within one
SIC-stage and bit-level are independent of the time index ¢, e.g., we have

H (b(V )Y, Vo 07 (V) = H (Ve [Y, V00 (V) (8.61)

for b-SIC.

It remains to show how the APPs needed for the approximations can be calculated. In
Sec. 8.5, we propose a detector based on the FBA and in Sec. 8.6, we suggest a detector
based on Gibbs sampling that can approximate the APPs.

8.4.3. Mutual Information Rates under Mismatched Decoding

Calculating the forward metrics in (8.54) requires marginalizing over all states s.. The

number of states for an alphabet of size M and a channel with length K is MK , which grows
exponentially and is often not feasible. To reduce complexity, we use the concept of mis-
matched decoding; see [38, Ex. 5.22], [147-150]. We replace the true channel model (8.12)
with

q(yle) = N (y - |92 ; pq. Caq) - (8.62)

where the Toeplitz matrix ¥’ is constructed the same way as ¥ in Sec. 8.1.2 but with a
channel memory K smaller than the actual channel memory K, i.e., we remove samples
from the edges of the channel vector (8.8). The mean pg and covariance matrix Cqq are
optimized as described in [80, Sec. III.C] with a diagonal matrix Cqq.
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Let q(y) = >, P(u)q(y|u) and consider the mismatched rates

1 q(Y|U)]
I,,(U;Y):=—-E |lo 8.63
oo (U3 5= 18 flog, 200 (863
1
Lgaop = lim —ly, (U3Y) (8.64)

where the expectation is over the actual P(u)p(y|u). We have (see [80, Sec. I11.B] and [64])
Iy (U;Y) <1, (U;Y),  Igopp < Iipp. (8.65)

To approximate the JDD rate, we do the same as in (8.52) but with ¢(y) instead of p(y),
i.e., we have

1
hyn(Y) =~ = logy q(y) (8.66)

where the realizations y must be drawn from the actual channel model P(u)p(y|u) since
the expectation in (8.63) is also over the actual channel P(u)p(y|u). In the same way, we
compute the limiting rates I, spp, Igsic = Igsic-msp and I p.sic as lower bounds on the
respective Ispp, Isic = Isicomsp, and I_sic. We refer to Table 8.1 for the rates discussed
in this chapter.

8.5. Forward-Backward Detector

In Sec. 8.4.1, we show how the forward path of the FBA can compute p(y). We can use the
full FBA to calculate the APPs needed for SDD, SIC, b-SIC, and SIC-MSD. We describe
the method in this section based on SDD.

For SDD, we need to calculate the symbol APPs P(u,|y). We have

Plugly) ~ p(ux, y) (8.67)

because p(y) is a constant with respect to the decisions on u,. We can obtain p(u.,y) by
the marginalization

Plus,y) = > p(so, u, y) (8.68)

S0 u\usk

where we marginalize over all possible initial states and all possible input vectors w with
the x-th entry being fixed to u,. This marginalization can be efficiently calculated by
the FBA [65], [151, Sec. IV.A]. We compute the metrics on the forward (FW) path as
described in Sec. 8.4.1:

:J(SK) = Z p(mﬁv yga y,?, 51{15571) : /j(sn—l) (869)

Uk ;Sk—1
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where z,, is a function of u,, and s,_; from differential encoding. Additionally, we have the
metrics of the backward (BW) path:

Ti(ss-1) = Y p(we, ue yR, selse1) - i(sw). (8.70)

Uk Sk

The forward and backward metrics are initialized with ji(sg) = P(so) and fi(s.) = P(sx).
The FW and BW path metrics are normalized after every iteration to avoid numerical

problems.
The SDD APPs can be calculated from the FW and BW metrics as follows [151]:
(e, y) Z Z,u Sk-1) xﬁ,yg,y:, SiclSk—1) - (k) (8.71)

The APPs for SIC and the binary variants can be obtained by the FBA by applying changes
to the underlying trellis. Fixing values from previous stages corresponds to removing edges

from the underlying trellis or setting the corresponding (b) from (8.55) to zero. The same
can be done based on bits for b-SIC.

8.6. Gibbs Sampling Detector

The complexity of the FBA is exponential in the channel memory K and must be greatly
reduced in the mismatched model to be feasible to perform the APP calculations. Gibbs
sampling reduces the complexity to quadratic in K, see Table 8.2, by generating samples
from the joint PMF's

P(vly)
P(vs|y, o
P(
P(

A S— 1)

bu(e)ly, o B (v,))
bu(vs)ly, o*")

for SDD, SIC, b-SIC, and SIC-BMD, respectively.
Using Gibbs sampling for SIC-MSD requires to sample from the joint densities

P(by(vy)|y, o571 b (vgy)), VE=1,...,N, (8.72)

i.e., we must sample from a different large density for each t = 1,..., N. We therefore
focus on b-SIC with Gibbs sampling in the following.

8.6.1. Gibbs Sampling with b-SIC

During Gibbs sampling, we sample all bits that have not yet been decoded in one of the
previous SIC stages or bit-levels of the current SIC stage. Consider SIC stage s and bit
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Algorithm | Multiplications per Iteration | Iterations
FBA O (n-S-|AFH) 1
Gibbs (b-SIC) O(n-S-m-K* Ny 60

Table 8.2.: Algorithmic complexity for channel memory K. The parameter Npar refers to
the number of parallel samplers.

stage [ for t = 1,...,N. To approximate the APPs (8.37), we sample from the joint
posterior PMF of the bits that are not yet decoded:

P (b |y, b(®° "), 07 (v,)) (8.73)

where
bey = (0" (vs), b(v5,,)) (8.74)

has a total of W = nm — (s — 1)Nm — N(l — 1) bits, namely the (m — [ + 1)N bits of
bit-levels [, ..., m of SIC stage s and the (S — s)mN bits of SIC stages s + 1,...,S. The
permutation 7w sorts the bits in the order they are transmitted over the channel, and this
reflects our choice of sampling order; see (8.76). Empirically, this ordering results in faster
convergence than other orderings.

To simplify notation, assume that s,l are fixed and replace l~)s7l with b. We further
assume the conditional values are fixed and define

®(b) := P(b|y, o', b (v.)). (8.75)

At iteration ¢ = 0, we initialize with a realization E(O) of u.i.i.d. bits. At iteration i, 7 > 1,
the sampler successively draws realizations from the distributions

buy (i) ~ @ (b6 (1), by (i — 1) (8.76)
for w =1,..., 1. Observe that we use samples from iteration 7 for fl;wfl(i) and samples
from iteration ¢ — 1 for b}, (i — 1) when sampling b,,(7). This sampling structure is the

reason for choosing the permutation 7 in (8.74). The samples of b*~1(i), bV, (i — 1) are

ordered as the bits affect the channel. The algorithm stops after N, iterations. Note that
we sample from the marginal distributions of ®(b) in (8.76). Nevertheless, for N — 00
the distribution of B(Niter) tends to the joint density @(5) [109, Ch. 29.5].

In the following, we show how to compute the sampling probabilities (8.76). We start
with an example illustrated in Fig. 8.7 since a general description would require many
index transformations resulting in complex notations. We consider n = 12, m = 3 bit-
levels and S = 2 SIC stages and a channel \p € CX of length K = 2K + 1 = 5. The first

SIC stage and the first bit-level of the second SIC stage are already decoded (highlighted
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Figure 8.7.: Gibbs sampling example.

in green). Currently, the second bit-level of the second SIC stage is sampled. We are in
iteration ¢ and within this iteration the bits b3(V21) and by(Va2) are already sampled ((i)
in Fig. 8.7). The samples marked with (i — 1) are taken from the last iteration. We now
sample the bit by(Va3) = bs.

We have the vector b of length W = 12 with all bits that are not yet decoded with the
bit ordering depicted in Fig. 8.7. We draw a sample from the distribution

D (bs|b(2), b2 (i — 1)) (8.77)
@ P (Bsly, o1, bu (02).B1(0). B2 — 1)) (8.78)
9 2 (yln b (02),5100), B, B2 — 1) (8.79)
2 %p (ylin, @a(i), s, 14(i), 15, g (bs ), 7, s (i — 1), ... (8.80)
@ 1

o <y|x1(i),x2(i), (i), Fo(Bs), 9O (i — 1), PP (i — 1), .. ) (8.81)
We add conditions that are neglected in the definition of ®(b) in (8.75) in (a). We use
Bayes’ rule in (b) where A is a normalization constant that is independent of the value of
bs. In (¢), we transform the bits or symbols into the corresponding u,,, where i, are already
fixed from the last SIC stage and do not change their value in the Gibbs sampling process.
@, (i) and (i — 1) are defined from the i-th or (i — 1)-th iteration and still undergo a
sampling process, but their values are the same for b5 = 0,1 in the current sampling step.
The value of ﬁ6(55) has different values for b5 = 0,1. Differential encoding is applied in
(d) where z,(i) and x.(i — 1) denote the value of the transmitted symbol in the i-th and
(i—1)-th iteration. We assume the initial state is known for applying differential encoding.
Note that different values of bs might change the phase of 4g(bs). This phase change affects
the phase of all subsequent transmitted symbols denoted by the phase change /(%) i.e.

to compute the probabilities in (8.76) for by = 0, 1, it seems that we must consider different
values for all transmitted symbols that are transmitted after the symbol that is currently
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sampled, resulting in massive complexity.

In the following, we return to a general notation by denoting the bit that is currently
sampled by b, and the index of the symbol in the sequence uj that corresponds to this
bit as v, i.e., changing the bit b,, also changes the value of u,. We show that we need not
consider the full sequence of transmitted symbols to calculate (8.81) for by =0, 1.

We consider the quotient of the probabilities from (8.81) where b,, = 0 and by = 1 in
the nominator and denominator, respectively. We have

OO0 (i), bW, (i — 1)) P (ylat (i), 20 (b = 0), /02ty 1 (i = 1)) (8.82)
OB (@), 0 (i = 1)) p(ylay (), B (b = 1), @910, (i — 1))
~0 ~0 ~0
p(y|$1,:172, 7$n)
- Olpl 41 51 a1l 1 ~1 (8-84)
r=1 pN( n‘xth?"'?xn)pN( n’xtha"'amn)

where we use a new notation in (a) to denote the sequence of transmitted symbols in
case of b, = 0,1 and use that the noise samples are independent in (b). Similar to (8.57)
and (8.58) in the FBA, the noise densities in (8.84) can be written as

DN (yg|xl{w,...,x2’”>:p]\f <y,?—bew O,...,x?,...,O,xbb -d)T

H—I?/Q’ /{-‘r}?/?

2) (8.85)

)

bu b\ bu b b T
PN (y,ﬂxl fe ey T ) = pNn <y: — H(),xﬁ_%/%rl,o,...,xn ’“"x%f(/?’o} P

(8.86)
We can distinguish three cases for the index . For k < v — K /2, we have
0 0 0 _ |1 1 1
[Inf(/z’ 0,...,2.,... ,O,xn+1~(/2 = {xﬁg/Q,O, R ’O’xn+l~</2] (8.87)
0 0 0 _ 1 1 1
0,22 iy 0oad ,xlﬁf(/z,O} = |02t .00, ,xm...,xlﬁf(/w()} (888)

i.e., terms in the nominator and denominator of (8.84) are the same and can be removed.
For k > v + K /2, we have

xﬁ_g/z,oy.--,xi,--.,07x2+g/2] _ pileo—n) [xi_f{/z,o,...,x;,...,o,x;m (8.89)
0o _ 0 0 _ o] = eiteoen g 4t - ! L
[0’$nK/2+1"“’xn""’$n+K/2’0] — el(po—p1 [O’xﬂK/QH,...,xﬁ,...,xHK/TO].
(8.90)

Since we take the absolute value in (8.85) and (8.86), the resulting density has the same
value for both, b,, = 0 and b,, = 1 and the corresponding terms can be removed from (8.84).
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To conclude, we have
B (b |0 (1), b1 (0 = 1)) =

1 V—I—K/2 o 7 - 7
_ w b2 b .
, H~ [pN (yN H:zcl‘i_f(/y(),...,x,{,...,O,xmrf(/2
k=rv—K/2

- - - 2
) bw buw buw T
. <yﬁ _ Ho,xﬂ_mﬂ,o,...,xm ,...,x%m,o] - )] (8.91)
where A, is a normalization constant chosen so that
@ (b = OB (0), Diia (= 1) + @ (b = 1 (@) B0 (=) =1 (8.92)

8.6.2. APP Estimation and Stalling

The bit-wise APPs may be written as

® (bu) = Zcp =E |[®(by|Bpu)| - (8.93)

bfu)

One can approximate the expectation from the sampling strings E(O), e ,E(Niter) via em-
pirical PMF estimation or importance sampling [71]. A simple estimate is

@ (o) ~

The estimate (8.94) is accurate at low SNR, and decoding achieves near-MAP perfor-
mance [71]. However, the estimate can be inaccurate at high SNR if the sampling stalls
because the conditionals (8.76) are overconfident, e.g., due to poor initialization or a bad
current state of the Gibbs sampler [71,152-154]. For instance, consider ®(b, = 0) ~ 1
and ®(b,, = 1) ~ 0 so the iterations in (8.76) are nearly deterministic. In this case, a large
Niter is Tequired to obtain good APP estimates.

Nlter

> @ (bulbu () (8.94)

iter ;=1

To address stalling, one may use several samplers in parallel that are initialized with
different bit strings. This makes stalling less likely but increases computational complexity.
Alternatively, one can reduce confidence by increasing the variance of the channel likeli-
hood; see [152, Sec. III] and [71,155,156]. Consider sampling from a modified posterior

~ 1 ~ ~ ~ 1
2b) = —-p(ylb, bv), b (vs))7 (8.95)
where 1 € [1,00) is a confidence parameter and A, is a normalization constant. For

Gaussian channels, 7 is a multiplicative factor for the noise variance.



8.7. Numerical Results 93

The conditionals of (8.95) for Gibbs sampling are

Qb5 0.8 (0= D) = - (o (vl (b)) (8.96)

where Aj is again a normalization constant. We may insert the modified conditionals (8.96)
into (8.76). As Njer — 00 the distribution of b(Nlter) b(NlterH) . tends to Q(b) We use
importance sampling to estimate (8.93) as

1 Niter (I)(g[w] (Z))

Niter i=1 Q(b[w} (7’))
N——o
Importance weights

B (by) ~ P (b |bruy (1)) (8.97)

where the E(z) are provided by the sampler and approximate Q(g) and not the true posterior
PMF. The importance weights resolve the mismatch. For n = 1, (8.97) becomes (8.94).
For n > 1, one can avoid stalling at high SNR and the estimate (8.97) is significantly better
than (8.94) in general [152, Fig. 2]. Finally, one may optimize 7 for every SNR by a line
search with the corresponding rate expression as the cost function.

8.7. Numerical Results

If not stated otherwise, we simulate blocks with n > 20 x 10 transmit symbols over
L = O0km or L = 30km of SSMF without attenuation (0dB/km). The symbol rate is
B = 35 GBaud in the C band at carrier wavelength 1550 nm. The group velocity dispersion

is By = —2.168 x 1072 s?/km. The average transmit power is
p. — Bl 8.98
' Con T, ( )

and the variance of the noise samples after filtering is NgB = 1 so we define SNR = P;
see [80, Sec. V]. The SE of FD-RC pulses is

SE = R/(1+a) [bit/s/Hz] (8.99)

where R is the information rate in bpcu. We estimate R using I, jpp, I, sic, and I, p-sic,
that we compute via Monte Carlo simulation. The channel state s (cf. Sec. 8.4.3) is
known at the receiver.

We use the M-ary modulation formats M-PAM, M-ASK and M-SQAM as defined in
Sec. 2.2. We approximate the combined filter ¥(f) with a discrete filter 1, with K =

Nys- 10141 taps, resulting in a system memory of K = 101. This choice has v}, containing
99.8% of the energy of ¥(t).
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—4-PAM | e ———

—— QPSK 1.32 dB
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Figure 8.8.: Mismatched JDD rates I, jpp with L = 30km, o = 0, and K, = [3,5,7,9).

8.7.1. JDD Rates for Different Channel Sizes

First, we compare JDD rates for different Eq of the auxiliary channel model in Fig. 8.8. We
simulate a fiber of length 30 km and transmit sinc pulses (o = 0). We make three observa-
tions. First, increasing K, improves the mismatched rates I, ypp and should approach I;pp
for large Eq. Second, if }A(/q is small, i.e., we have a large model mismatch, unipolar 4-PAM
performs best since bipolar and complex constellations need a more accurate model to
retrieve the phase of the transmitted symbols. Third, bipolar and complex constellations
outperform unipolar PAM by around 1.32dB at a rate of 1.5 bpcu. The distances between
the different PAM curves suggest that PAM is already approaching Ijpp whereas it seems
that the ASK and quadrature phase shift keying (QPSK) rates can be further increased
by increasing K.

8.7.2. SDD Rates with and without Differential Encoding

We introduced differential coding in Sec. 8.1 to avoid phase ambiguities. Phase ambiguities
are also discussed in Appendix A.2. Fig. 8.9 shows SDD rates I, spp with and without
differential coding. We observe that differential coding is necessary for SDD.

8.7.3. SDD, SIC, JDD with FBA

Fig. 8.10 shows the rates I, ;pp and I, gic for L = 30km of fiber and with sinc pulses.
Note that SDD corresponds to SIC with only S = 1 SIC stage. The rates increase with
the number S of SIC stages. Observe that K, =9 suffices to achieve nearly 2 bpcu for all
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S ‘ 3 JDD ‘
. --- SDD with diff. coding . SDD with diff. coding
s | SDD without diff. coding > SDD without diff. coding
[oN joN
L2 2 2 20 :
@) @)
2 2
~ ~
g1 s 10 .
S =
<5 ~
0 .’..'-T"”[ ‘‘‘‘‘ | | | | 0 1 I | | |
—2 0 2 4 6 8 10 —2 0 2 4 6 8 10
SNR [dB] SNR [dB]
(a) 8-ASK (b) 8-SQAM

Figure 8.9.: JDD rates I, ;pp and SDD rates I, spp with and without differential coding
with L = 30km, a = 0, and K, = 7.

4-ary alphabets and large SNR; see also [80, Fig. 8a]. For M = 4, SDD achieves rates
close to 2 bpcu for large SNR values and especially for PAM. The losses of SDD compared
to JDD in the medium SNR range are relatively small for unipolar PAM but around 2 dB
or more for bipolar and complex signaling.

For M = 8 and fq = 7, the rates are limited by interference and saturate before
3bpcu. The interference cannot be resolved due to the inexact auxiliary channel model.
Increasing K, would thus achieve higher rates. Likewise, SDD shows large losses for ASK
and 8-SQAM for medium SNR due to the small auxiliary memory.

Fig. 8.10 shows that SIC can close the gap between JDD and SDD and approach the
JDD rates as the number of SIC stages S grows. The results confirm the inequalities
in (8.22). The performance with S = 4 agrees with JDD at low-to-medium SNR. For large
S, the energy gains for ASK, PAM, and SQAM are similar to those in [80].

Fig. 8.11 shows the difference between I, sic and I, 1.sic as described by the inequality
in (8.35). The rates are simulated using 4-ASK constellations with sinc pulses, L = 30 km
and K, = 9. The rates are computed with the FBA. The curves in Fig. 8.11 confirm the
inequality in (8.34), i.e., the b-SIC with S SIC stages are higher than the SIC rates with
S SIC stages. The difference is higher at S = 1 SIC stage and decreases as the number of
SIC stages increases.

8.7.4. SIC Rate Approximation Using Gibbs Sampling

This section presents results for I, ,.sic where the APPs are approximated by Gibbs sam-
pling. The results are compared to I, .sic where the APPs are computed via the FBA.
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Figure 8.10.: Comparison of JDD, SIC and SDD (I, jpp, Igsic, I4spp) rates for S =
1,2,3,4 stages, L = 30km, K, = 9 and K, = 7 for M = 4 and M = 8,
respectively.
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Figure 8.11.: Comparison of I, gic and I, gic for 4-ASK via FBA with sinc pulses, L =
30km, K, =9,and S =1,2,3.

To avoid stalling at high SNR, we use Np,, = 20 parallel samplers and perform Nje, = 60
iterations per sampler. The first ten iterations per sampler are discarded (the so-called
burn-in period). For every SNR, we use a line search with a training set of 10 x 10* symbols
to optimize the confidence parameter n with respect to I,1,sic. We use a binary reflected
Gray code to label the elements in the alphabet A.

Fig. 8.12 shows results for L = 30km and sinc pulses and plots the SIC rates I, sic
obtained via Gibbs sampling and FBA for 4-ASK and S = 1,...,4. The Gibbs sampler
approximates the APPs. In terms of information theory this is another model mismatch.
Thus, the rates obtained via Gibbs sampling are at most the FBA rates. This can be
observed in Fig. 8.12 where the FBA rates (solid lines) are slightly higher than the Gibbs
rates (dashed lines). At low SNR values, the rates obtained by Gibbs sampling are close
to the FBA rates. At high SNR values, the Gibbs sampler suffers from stalling. As S is
chosen large enough, the rates I, .sic via Gibbs sampling can approach the JDD rates at
low and medium SNR values, but not at high SNR. Remedies for this behavior include
more iterations and parallel samplers.

Fig. 8.13 shows the b-SIC rates I, .sic obtained by Gibbs sampling with f(/q = 9 for
M-ary constellations with M = 8,16, 32. We use FD-RC pulses with a = 0.2. Complexity
requirements, especially RAM limitations, prohibits using the FBA to create reference
plots. ASK and PAM constellations achieve the maximum SE of log, M /(1 + «) for M =
8,16. For M = 32, both curves saturate due to ISI; this can be resolved using K, > 9 and
possibly more iterations to avoid stalling. ASK gains up to 2.6 dB over PAM for M = 32.
M-SQAM saturates at lower rates, likely because it is difficult to distinguish the phases.
Two options to improve performance are increasing K, and using modulations that avoid
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Figure 8.12.: Comparison of I, gic via Gibbs sampling and via FBA for 4-ASK with sinc
pulses, L = 30km, and K, = 9.

phase ambiguities.

Fig. 8.14 shows b-SIC rates for S = 4, ,I?q =9, and 4-ASK when using Gibbs sampling
with Ny = 1,2,5,10, 20, 50 iterations after the burn-in period. Observe that only a few
iterations are needed to get good results in the low SNR regime. At high SNR values,
more iterations are needed. We conclude that the number of iterations Ny, can be used
to adopt the complexity of detector at the cost of lower rates.

8.7.5. Polar-Coded SDD and SIC with the FBA

Multilevel polar codes with MSD for memoryless channels are discussed in chapter 4. The
multilevel structure of polar codes fits the SIC scenarios discussed in this chapter. We
show that the rates presented in the previous sections can be achieved with polar codes.
We consider the SIC-MSD scheme but polar codes may also be used with the b-SIC scheme
or the SIC-BMD scheme.

Consider transmitting 4-ASK/PAM with n = 1024, S = 1 (SDD), and S = 2,4. In
general, we need Sm component codes, one for each SIC and bit-level. The length of the
component codes is n/S bits. For our 4-ary example, this results in component codes of
length 1024, 512 and 256 for S = 1,2, 4, respectively. We use multistage list decoding as
described in Sec. 4.3 with a maximum list size of eight and an outer 16-bit CRC code. The
polar codes are designed using the Monte Carlo method described in Sec. 3.6.1, and the
code rate of all component codes (S SIC levels, m bit levels) is simultaneously optimized.
We simulate 10° frames that each have 1024 4-PAM/ASK symbols with FD-RC pulses
with @ = 0.2 over a fiber of length 30 km. We use the FBA to compute the APPs needed
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Figure 8.13.: b-SIC rates I, gic approximated by Gibbs sampling using FD-RC pulses
with @ =0.2, L =0km, K, =9, and S = 4.
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Figure 8.14.: SIC rates I, .gic via Gibbs sampling vs. number of Gibbs sampler iterations
for 4-ASK, L = 30km, a = 0, K, =9, S = 4 and Np,, = 20 parallel samplers.
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(b) FER at a SE ~ 0.83 bit/s/Hz for PCM.

Figure 8.15.: SIC rates and polar-coded FER for 4-ASK/PAM, K, = 5, FD-RC (a = 0.2)

and L = 30 km.

by the polar decoders. We use a mismatched model with f(/q = 5. We transmit at a rate
of one bit per channel use resulting in a SE of 0.83 bit/s/Hz.

Fig. 8.15a shows I, sic-msp around the target SE. For SDD, the 4-ASK and 4-PAM rates
almost coincide. Using SIC with S = 2,4, ASK gains approximately 0.59dB and 0.75dB
in SNR over PAM, respectively, at 0.83bit/s/Hz. Comparing SIC with S = 4 to SDD
(S =1), PAM and ASK gain 1.14dB and 1.86dB in SNR, respectively. Fig. 8.15b shows
the FERs for which the SNR gains closely match those of Fig. 8.9a at FER 1073.

We remark that fiber-optic applications often require end-to-end FERs below 107*°. One



8.7. Numerical Results 101

can achieve this by serially concatenating a soft-decision inner code, such as a LDPC or
trellis code, with an interleaver and a powerful outer code to reduce the FER to the desired
level, e.g., a Reed-Solomon code, a BCH code, or a staircase code; see [157-159]. Serial
concatenation with a soft-decision inner code is also part of the 5G wireless standard, e.g.,
with a polar inner code and a CRC outer code as described above; see [160].






Conclusions

We extended PAS [40] to MLC and MSD to enable the combination of PCM [7] and
PAS. We derived a coding scheme for polar codes based on dynamically frozen bits such
that systematic encoding of polar codes meets the requirements of PAS. A multistage
list decoding algorithm is proposed where lists of possible codewords are passed across
decoding stages. Additional outer CRC codes [15] and a type check [125] in case of PAS
with a CCDM [95] soften the multistage structure. The multilevel code structure can also
be interpreted as one large code. Our PC-PAS schemes exhibit excellent FER performance
for short block lengths and outperform state-of-the-art LDPC codes.

We presented results for BMERA coded modulation and for MLHY [29] based proba-
bilistic shaping with BMERA codes instead of polar codes as in [30,37]. We showed that
BMERA codes for distribution matching result in lower rate losses than polar codes. Nev-
ertheless, when used with list decoding and outer CRC-codes, the performance difference
between polar and BMERA codes are small and come at the cost of increased complexity.

We showed that 6-PAM exhibits PSNR gains compared to 4-PAM and 8-PAM in certain
SNR regions when transmitting over AWGN channels with a peak power constraint. We
proposed using PAS to obtain 6-ary constellations. In addition, we suggested a sub-
optimal scheme based on 32-QAM constellations. The scheme is based on mapping the
two-dimensional points of the 32-QAM constellation to 6 one-dimensional PAM symbols.
We optimized the shape of the 32-QAM constellation and obtained a framed cross shaped
constellation that outperforms classical 32-QQAM as proposed in [55,56]. Experiments on
IM/DD links confirmed the gains.

We suggested several receiver architectures for DD receivers based on JDD, SDD, and
SIC. The JDD rates show that one can transmit signals where the phase carries information
like in ASK or QAM. The rates are higher than the rates obtained with traditional IM.
Practical receivers based on SDD with oversampling cannot approach these rates. We
suggested SIC with MLC and MSD. SIC approaches the JDD performance within only a
few SIC stages. We proposed Gibbs sampling as a detector that approximates the metrics
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needed for SIC. Gibbs sampling reduces the complexity as compared to detectors like
the FBA. Gibbs sampling also allows adapting the complexity by modifying the number
of iterations. Simulations showed that only a few iterations are required at low SNR to
perform close to the JDD rates. Simulations with PCM and FBA confirm the gains of
ASK transmission as compared to PAM transmission in over-sampled DD systems.



Appendix

A.1. Decoding Metrics for BMERA codes

This section shows how the decoding metrics for BMERA codes can be computed. Fig. A.1
shows a cutout of the BMERA transform.

A
Usi_z —» fos P A G —yW
UQZ-,Q CD T21—2 Az‘—l—l
Upiy —27
Uy — 2 b
Usisr Thita o B; Gn/2 Y
UQH_Q @ T2i+2 Bi+1

Figure A.1.: BMERA Decoding

A.1.1. Polar Decoding Recursion

We attempt to develop the same recursions as for polar decoding. Consider decoding
Usi_o, i.e., a bit with an even index. We assume that Ufl_:3 is known. From Uf’_g, we can
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compute 7273 A% and Bi™?, i.e., they are also known. We do not explicitly state in the
following derivations that they are a function of U#~® and assume they are known. We

derive the APP of Uy;_5 as

Py _apyuzi=3 (U2i72’yvu%73) (A.1)

= Z Pyzi-1yp2i-s <U2i72>u2i71‘y,ufi_3) (A.2)
Uz

- au; Prai-1ypai-a <U2i73>u2i—2 @U%buzm‘y,t%i%) (A.3)

= *1%:”22: Prai ypois (Uais, Unioa @ i1, Usi 1, tory, 11" (A.4)

= E,ZMZ Py yogioe (tnies ® tnios @ uniy, unioy @ty a™?) (A5

PB;;71|y<2)B;'—2 (UZi—Q D i1, tai|y?, 511_2) . (A.6)
For polar codes, we can recursively compute the APP of a bit Usy; from the APP of a single
bit of the upper code and from the APP of a single bit of the lower code. In (A.6), we
observe a different situation for BMERA codes. The APP of an even bit in U is a function
of the APPs of two bits of the upper and lower code. This means we cannot follow the
same recursion as for polar codes. The same can be shown for decoding of Us;_1, i.e., bits
with an odd index.

One can show that to compute the two-bit APPs in (A.6), we need 3-bit APPs from
the next upper and lower code. Luckily, one can compute the three-bit APPs from other
three-bit APPs, as we show next.

A.1.2. Recursion for Three-bit APPs

We show how 3-bit APPs can be computed from 3-bit APPs from the previous layer. We
first consider the 3-bit APP of U¥_,, i.e., the triplet starts with an even index.

_ 2i 2i—3
_ 7+1
- Z Pyzittjyy2i-s (U2z ’y, ) (A.8)
u21+1
2i—4
= — Z PT21+1|YT121'—4 (UQi—s, Ugj—2 D Ugi—1, Uzi—1, U2 D U2iy1, U2z‘+1‘y, Uy ) (A-9)
1 U2i+1

2i—4
= — Z Z PT21+2|YT1211—4 (u2i—3a Ugi—2 D Uzi—1, U2i—1, U2 D Ugit1, u2i+17t2i+2‘y7 Uy )

€1 tyrp0 uzita
(A.10)

1
= — Z Z PAEJ_rHyu)AifZ (U2i73 D Ugi—2 D Ugi—1, U2i—1 D U2 D U2i41,
‘1 t2i+2 U2i4+1
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Ugit1 D t21+2‘y ai” 2)

P]_:;;‘J_ri|y(2)B;‘f2 (U2i72 D ugi—1, Uz D U241, t2¢+2‘y(2)7 5372) ] (A-H)

This equation if valid for i € ZA2 < i < n/2—1. The special case with i = n/2 is derived
in section A.1.3.

Next, consider the 3-bit APPs of U2}, i.e., the triplet starts with an odd index:

2i+1 2i—2
PU2H'1|YU21 (u2z 1"!_],1,1,1 ) (A12)
1 .
2i—4
=z PT21+1|YT21 <U2i—3» Ugi—2 D Ugi—1, U2i—1, Ui D U441, U2i+1‘y, " ) (A.13)
1

y. 1)

(A.14)

= Z PT22;+2‘YT2Z <u2i73> Ugi—2 D Ugi—1, Ui—1, Ui D Uiy, Uiq1, L2iyo
1 toi+2

= — Z Az+1 Yy A4i=2 (U2z 3 D Ugi—2 D Ui—1, U2i—1 D Ug; D U241,
‘1 t2iy2

Ugi+1 D t21+2‘y ai” 2)

Png}|Y(2>B;‘—2 <U2i—2 D ugi—1, U2 D Ui+, t2¢+2’y(2)7 bzi_z) ] (A-15)

This equation is valid for i € Z A 2 <i < n/2—1. The special case with i = 1 is discussed
in section A.1.3.

A.1.3. 3-bit APPs at the borders of the transform

Consider (A.11) with i = n/2. We have (Uy;_2,Us;_1,Us;) = (U,y—2,Un — 1,U,), i.e., the
last three bits in that layer. Fig. A.2 illustrates this scenario. In this case, we drop the
two marginalizations from (A.8) and (A.10) and obtain

Pyn_yur—s (U ( n—2|Y, Uy 3) (A.16)
1 ,
= EPT:;_3|YTI"—4 (unf?n Up—2 D Up—1, Un—1, Un D ul‘ya t? 4) (A17)
1

1 n/2—2
= EPAnéz [y () 47/2-2 (’LLn_3 D Up—2 D Up_1,Up—1 D Uy, D ul‘y( ), a, )
n/2—1

PBn/g Ly (un,g DB Up_1, U, P ul‘ bn/2 2) (A.18)

Consider (A.15) with i = 1. We have (Uy;_1, Us;, Usiy1) = (U, Us, Us), i.e., the first three
bits in that layer. Fig. A.3 illustrates this scenario. Since there are no previous bits to
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Figure A.2.: Cutout from the BMERA transform for the last bits

consider, we skip the application of Bayes’ rule in (A.13) and obtain

Pysy (u?’y) (A.19)
Prsjy (t?‘y) (A.20)
=> Prayy (w1, us @ usz, us, tay) (A.21)

tyq
= Z PA%|Y(1> (U1 D U9 D U2, U3 D t4’y(1)) PB%|Y(2) (Ug ) Uz, t4‘y(2)) . (A.22)

tq

The 2-bit APPs needed for (A.18) and (A.22) can be obtained by marginalizing 3-bit APPs,
except in the case where the size of the layer is only n = 2. We discuss this initialization
case in the next section.

A.1.4. Initialization with n =2

For the initialization with n = 2 at the beginning of the decoding algorithm, we have

Py (1, u2|y) = Peypy, (ue|yr) Poy)yv, (u1 @ ualys) (A.23)

as can be seen from Fig. A.4.
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Figure A.3.: Cutout from the BMERA transform for the first bits
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Figure A.4.: BMERA transform of size n = 2



110 Appendix A. Appendix

A.2. Phase Ambiguities for DD channels

This appendix treats phase ambiguities for pulses symmetric about ¢ = 0, such as FD-RC
with CD, and symbol alphabets A with phase symmetries, such as M-ASK [80, Appendix].
A similar discussion can be found in [58, Sec. II]. Our main interest is high SNR, so consider
the noise-free SLD output

2
y/(t) = ZXK gtx(t - ’{Ts) (A24)
At t =0, we have
Y (0) = | Xo|* - |gix(0)? (A.25)
and similarly for all even samples; at ¢t = T, /2 we have
2
Y (T,/2) = > X 9x(T/2 — KT)
" 2
= > (X + Xi1) gic(T3/2 — KT) (A.26)
k>1

and similarly for all odd samples. One loses the phase information in the even sam-
ples (A.25) and there is symmetric ISI in the odd samples. This symmetry can be prob-
lematic if A4 has a +1 phase symmetry, for example.

To illustrate, consider BPSK with A = {£1} and a mismatched receiver that accounts
for only the first pulse values g (£7%5/2) in (A.26). Suppose the initial and final states are
xo and x, 1, respectively. The resulting approximation of (A.26) is

y/(Ts/2) ~ 2 (1 + XOXI) |gtx<Ts/2)|2 (A27)

and we obtain the string of normalized odd samples

n+1
v (kTs + Ts/2) } *
—1 %QC()Xl,XlXQ,...,Xn{Un 1- (A28)
{ 2|gu(T5/2)? k0 "

The expression (A.28) shows that the SLD operates similarly to a differential detector
on the odd samples, which explains why differential coding is useful. In fact, without
differential coding, SDD is useless if zop = 2,41 = 0 because P,y (aly) = 1/2 for a = £1.
Moreover, SDD is hampered for large n if g € {£1} and 2,41 € {1}, since SDD must
first detect X7 or X,,, and then successively the remaining symbols.
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A.3. CRC-Polynomials

Table A.1 lists the CRC polynomials used in this thesis for different CRC sizes in bits. The
notation of the polynomials is in implicit +1 notation, i.e., the corresponding polynomial
for the 8 bit CRC is 28 + 27 + 2% + 23 + 2% + 2! + 1 with the +1 not explicitly written in
OxeT.

H CRC size (bits) ‘ CRC polynomial H

3| 0x5
4 | 0x9
5 | 0x12
6 | 0x33
7

8

0x65
Oxe7

9] 0x119

10 | 0x327

11 | 0xbdb

12 | 0x987

13 | Oxlabf
14 | 0x27cf
15 | 0x4£23
16 | 0x8d95
17 | Ox16fa7
18 | 0x23979
19 | 0x6fb57
20 | 0xb5827
21 | 0x1707ea
22 | 0x308£fd3
23 | 0x5404£f0
24 | 0x8f90e3

Table A.1.: CRC polynomials from [126].






List of Acronyms

32-C-QAM cross shaped QAM-32
32-FC-QAM framed-cross shaped 32-QAM

APP
ASK
AWG
AWGN
B-DMC
b-SIC
B2B
BCJR
BCH
BEC
biAWGN
BICM
BMD
BMERA
bpcu
BPSK
BRGC
BW
CCDM
CD
CRC
DD

DM
DMC
DSO

a posteriori probabilities

amplitude shift keying

arbitrary waveform generator

additive white Gaussian noise

binary-input discrete memoryless channel
bit-wise successive interference cancellation
back-to-back

Bahl-Cocke-Jelinek-Raviv
Bose-Chaudhuri-Hocquenghem

binary erasure channel

binary-input additive white Gaussian noise
bit-interleaved coded modulation
bit-metric decoding

branching multi-scale entanglement renormalization ansatz
bits per channel use

binary phase shift keying

binary reflected Gray code

backward

constant composition distribution matcher
chromatic dispersion

cyclic redundancy check

direct detection

distribution matcher

discrete memoryless channel

digital storage oscilloscope
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FBA
FD-RC
FEC
FER
FW
HD
i.i.d.
IM

ISI
JDD
LDPC
LLR
MAP
MB
MI
MLC
MLHY
MSD
MZM
NBC
OOK
P/S
PAM
PAS
PC-PAS
PCM
PD
PDF
PMF
PSNR
QAM
QPSK
RV
S/P

SCL
SD
SDD
SE

SIC
SLD
SMD
SMDM

forward-backward algorithm
frequency-domain raised-cosine
forward error correction

frame error rate

forward

hard-decision decoding
independent and identically distributed
intensity modulation
intersymbol interference

joint detection and decoding
low-density parity-check
log-likelihood ratio

maximum a posteriori probabilit
Maxwell-Boltzmann

mutual information

multilevel coding

multilevel Honda-Yamamoto
multistage decoding
Mach-Zehnder modulator
natural binary code

on-off keying

parallel-to-serial

pulse amplitude modulation
probabilistic amplitude shaping
polar coded PAS

polar coded modulation
photodiode

probability density function
probability mass function

peak signal-to-noise ratio
quadrature amplitude modulation
quadrature phase shift keying
random variable
serial-to-parallel

successive cancellation
successive cancellation list

soft decoding

separate detection and decoding
spectral efficiency

successive interference cancellation
square-law device

symbol-metric decoding
shell-mapping distribution matcher

Appendix B. List of Acronyms
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SNR
SPS
SQAM
SSMF
SU
TDD
wi.i.d.
VOA

signal-to-noise ratio

sample per symbol

star-QAM

standard single mode fiber
symmetric-ultracomposite

turbo detection and decoding

uniform, independent, and identically distributed
variable optical attenuator
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