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Abstract

Developing fully autonomous driving systems requires addressing demanding
driving situations such as high speeds, operation at the vehicle’s dynamic limits,
and rapidly changing environments. These challenges, along with the rise of
autonomous racing series, have led to the emergence of a dedicated research
field in trajectory planning for autonomous racing. This thesis highlights the
limitations of state-of-the-art methods and presents three planning approaches
designed to overcome them. As the approaches are applied in the autonomous
racing series of the Indy Autonomous Challenge (IAC) and the Abu Dhabi
Autonomous Racing League (A2RL), particular emphasis is placed on their
practical application.

First, a hybrid planning approach is introduced, which combines elements
from sampling-based and graph-based methods. This thesis focuses on the
sampling-based part and demonstrates improved vehicle performance and stabil-
ity compared to an existing pure graph-based approach. The hybrid approach
was applied to a full-scale race car, enabling high-speed overtaking in two-vehicle
races on oval tracks. Second, a pure sampling-based planning approach is intro-
duced. Unlike existing methods that are limited to oval tracks, this approach can
be applied to arbitrarily complex race tracks. Three-dimensional track effects,
such as banking and slope, are incorporated, and the impact of online racing
line generation on local planning is investigated. The approach was applied to a
full-scale race car in races with up to four vehicles on a complex road course.
Finally, an interaction-aware approach based on Reinforcement Learning (RL)
is presented and compared with a conventional and a game-theoretic approach
in an interactive blocking scenario. Additionally, a safety layer is introduced
that intervenes when an invalid trajectory is detected, generating a similar
but valid alternative. Simulative results show improved success rates for the
RL-based approach, and necessary extensions for future real-world applications
are discussed.
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1 Introduction

Throughout this thesis, key challenges in planning for autonomous racing are
investigated, and various solutions to overcome them are explored. This chapter
provides an overview of the research contributions presented in this work.
Section 1.1 motivates research in autonomous racing in general and establishes
the background in which this work was developed. Subsequently, Section 1.2
explains the specific task of planning and its associated requirements. Section 1.3
then offers a comprehensive review of existing planning approaches, highlighting
their strengths and drawbacks. Building on this review, Section 1.4 identifies
limitations in the current state of the art and outlines the contributions of this
thesis that aim to address these limitations.

1.1 Motivation and Background

The potential benefits of autonomous driving (AD) for the transport sector’s
future are manifold. AD promises a better user experience, increased mobility for
mobility-impaired people, increased road safety, and reduced energy consumption
as well as emissions [1, 2]. Regarding road safety, the survey in [3] states that
human error is the cause of 94 % of all crashes, allowing AD to reduce the
number of accidents significantly. Meanwhile, the impact of autonomous vehicles
on the environment is unclear. However, a reduction in energy consumption
and greenhouse gas emissions - possibly by up to 80% - is likely through
several factors, including efficient traffic flow, less congestion, and vehicle weight
reductions enabled by increased safety standards [4]. In the United States alone,
these factors could lead to $800 billion in annual consumer and societal benefits
by 2050 [5]. In addition to the benefits mentioned, it can generate significant
value in the automotive industry, with a potential revenue of $300 to $400 billion
in the passenger car market alone by 2035 [6].
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Table 1.1: SAE levels of AD systems according to [7]

Driving task

Longitudinal and Object and event

Level lateral control detection /response Fallbacl ODD
0 Driver Driver Driver -
1 Driver & System Driver Driver Limited
2 System Driver Driver Limited
3 System System Driver Limited
4 System System System Limited
5 System System System  Unlimited

In [7], the Society of Automotive Engineers (SAE) classifies different levels of
AD systems based on the degree of automation. For this, the driving task is
divided into the subtasks of lateral and longitudinal vehicle motion control, as
well as the detection and the appropriate reaction to objects and events. Also,
a fallback is defined for the driving task to bring the vehicle into a minimal
risk condition if required. Depending on the SAE level, this fallback may
be performed by the driver or an alternative functionality of the AD system.
Further, the operational design domain (ODD) defines the operating conditions
for which an AD system is designed. With these definitions, the SAE levels
are listed in Table 1.1. While in levels 0 to 2, the driver must perform at least
one subtask, in levels 3 to 5, the AD system performs the entire driving task.
While in level 3, the driver still serves as a fallback that must be prepared if the
AD system requires an intervention, in level 4, the AD system also handles the
fallback. Finally, in level 5, the AD system performs the driving task and the
fallback under all conditions, i.e., with an unlimited ODD.

Currently, automotive manufacturers have achieved level 3 autonomy for
the consumer market. In 2021, Honda became the first company to receive
approval for a level 3 AD system in Japan, although only a limited number of
cars were made available for lease [8]. Mercedes-Benz was the first manufacturer
to sell level 3 cars, with approval in Germany and selected states in the United
States [9]. Beyond the consumer market, level 4 vehicles are already used in
driverless taxis and delivery services [10]. Nevertheless, transitioning to level 5 is
particularly difficult, as it requires the handling of all potential edge cases arising
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from the unlimited ODD. Such edge cases occur especially in highly dynamic
environments and at the vehicle’s handling limits, which are characterized by
high speeds and accelerations. Autonomous racing competitions provide a
controlled and safe environment where these edge cases frequently occur. Here,
the AD software can be systematically tested and developed under extreme
conditions, thus further narrowing the gap to level 5 AD systems [11, 12].

The challenges of the Defense Advanced Research Projects Agency (DARPA)
are often regarded as the predecessors of the current autonomous racing series.
The first competition was the DARPA Grand Challenge 2004, in which an off-
road course had to be completed within a limited time [13]. None of the teams
could complete the route, so the competition was repeated similarly the following
year at the DARPA Grand Challenge 2005, with 5 out of 23 finalists reaching
the finish line [14-17]. Whereas in the 2004 and 2005 challenges, the vehicles
drove in isolation, in the DARPA Urban Challenge 2007, the focus shifted to
structured road environments and traffic rules. An urban area course had to be
covered in compliance with all traffic regulations, making detection and evasion
of other vehicles necessary. In this challenge, 6 out of 11 finalists completed the
course [18-23]. After the DARPA challenges, several other AD competitions
emerged. In addition to many applications with 1:10 scale cars [24, 25], racing
competitions with full-scale vehicles and high speeds evolved. The Roborace
racing series [11, 26, 27] was held in various seasons from 2015 to 2021. The
electric, autonomous race cars reached speeds of up to 220 km /h in single-vehicle
laps on complex race tracks. In addition to high-speed single-vehicle driving,
simplified overtaking maneuvers were also performed. In 2017, the Formula
Student Driverless competition [28, 29] was introduced, in which the teams
had to create both the mechanics and the software of the car for single-vehicle
driving on a race track outlined by cones with speeds below 100 km /h. The Indy
Autonomous Challenge (IAC) racing series [30-33] was launched in 2021 and has
since included several single-vehicle and passing competitions on high-speed oval
tracks. The passing competitions involved overtaking maneuvers between two
vehicles at speeds of up to 270km /h. The latest racing series is the Abu Dhabi
Autonomous Racing League (A2RL). Its first race took place in April 2024,
featuring a four-vehicle race on a Formula 1 track. Additional races have been
announced.
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(a) Race of the IAC (7 January 2022) at  (b) Race of the A2RL (27 April 2024) at
the Las Vegas Motor Speedway. the Yas Marina Circuit in Abu Dhabi.

Figure 1.1: Vehicles (blue) of the TUM Autonomous Motorsport team competing
in the TAC and A2RL. Image Credits: Indy Autonomous Challenge / Technical
University of Munich

The challenges and competitions have different focuses, and the participating
teams use individual conceptual approaches. Nevertheless, the various AD
software approaches can fundamentally be divided into the sequential structure
of perception, planning, and control.! In the perception module, the vehicle’s
sensor data is processed to perceive the surrounding world. This includes the
state estimation of the vehicle to be controlled, the extraction of relevant road
information, and the detection of other cars. This information is forwarded to
the planning module, where the decision-making process is executed, i.e., the
intended movement of the vehicle is planned. This plan is then passed to the
control module, which realizes the planned movement by appropriately selecting
the car’s control inputs (steering angle, throttle, and brake).

The work presented in this thesis was developed from 2020 to 2024 within
the TUM Autonomous Motorsport research team, which participates in the
autonomous racing series IAC (Figure 1.1a) and A2RL (Figure 1.1b). This thesis
discusses the limitations of existing planning approaches and presents three
algorithms that address the challenges of planning for autonomous racing. These
challenges include planning at the vehicle’s handling limits on complex race
tracks, solving non-convexity, considering interaction in multi-vehicle scenarios,
and enabling fast reactions through low computation times.

IEnd-to-end approaches, in which the vehicle’s control inputs are calculated directly from
the sensor data, are excluded here, as they have not been utilized in previous competitions.
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1.2 Planning for Autonomous Racing

The planning module is responsible for decision-making and, for instance, deter-
mines the braking point at the entrance to a turn or when and how to initiate
an overtaking maneuver. This section introduces the basic planning terminology
in Subsection 1.2.1, classifies the planning task within the overall AD software
architecture in Subsection 1.2.2, and describes the division of the planning
module into submodules to realize the planning task in Subsection 1.2.3.

1.2.1 Terminology

The following terms and distinctions are used throughout this thesis.

Single-Vehicle and Multi-Vehicle Racing Single-vehicle racing involves only one
vehicle on the race track, corresponding to a qualifying lap. By contrast, two or
more vehicles are simultaneously on the track in multi-vehicle racing, requiring
overtaking and evasive maneuvers.

Ego Vehicle and Opponent Vehicles The ego vehicle is the vehicle controlled
by the AD system under consideration. In this work, this is always the vehicle
controlled by the proposed planning algorithms. In multi-vehicle racing, the
remaining cars (controlled by the software of opposing teams in a competition)
are referred to as opponent vehicles.

Oval Track and Road Course An oval track is an oval-shaped closed race track
with turns in only one direction. Such tracks are characterized by their geometric
simplicity, their usually banked turns, and the consistently high speeds that
can be achieved. Meanwhile, road courses are closed race tracks of any complex
geometry. They are characterized by the diversity of their turns and straights,
resulting in strong variations in the driven speed profile.

Path and Trajectory A path is a sequence of spatial positions without time
information, i.e., a spatial curve parameterized by its arc length. It may also
contain additional geometric details, such as the orientation or curvature. A
trajectory is a path with additional time stamps for each position, i.e., a spatial
curve parameterized by time. Due to the temporal dimension, higher-order time
derivatives such as velocity, acceleration, and jerk can also be provided.
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Feasible and Collision-Free Trajectory A trajectory is considered feasible if it
can be traversed by the ego vehicle, assuming the absence of opponent vehicles
and track restrictions. Internal constraints indicate whether the vehicle can
execute the trajectory under its kinematic and dynamic limitations. Additionally,
a trajectory is collision-free if no collision occurs with the track boundaries or
opponent vehicles when traversing the trajectory, taking into account the vehicle
geometry. These limitations are also referred to as external constraints.

Planning Horizon The planning horizon specifies the spatial or temporal horizon
of the trajectory to be planned. A sufficiently long planning horizon is necessary
to ensure the availability of a feasible solution in every planning cycle. If the
planning horizon is too short, for instance, a turn may be accounted for too
late, causing the necessary braking point to be missed.

Racing Line The racing line is the time-optimal trajectory around the entire
race track in the absence of opponent vehicles. The spatial planning horizon of
the racing line corresponds to the track length, and the start and end states of
the trajectory coincide.

1.2.2 Software Architecture and Planning Task

The vehicle is equipped with sensors to perceive the environment and actuators
to control the system as desired. Commonly installed sensors include Global
Navigation Satellite System (GNSS) units, Inertial Measurement Units (IMUs),
cameras, Light Detection and Ranging (LiDAR), and Radio Detection and
Ranging (RADAR) sensors. The control inputs consist of the steering angle,
throttle position, and brake pressure.

Figure 1.2 shows the architecture of the AD software, which computes the
control inputs from the sensor signals. As outlined in Section 1.1, the AD
software can be divided into three sequentially executed modules: perception,
planning, and control. The sensor data is used in the perception module to
estimate the ego vehicle’s state (state estimation) and to generate an object list
consisting of the states of the opponent vehicles (detection). This information
is forwarded to the planning module, along with the map of the race track
and the racing flags. In contrast to the other planning inputs, the map can be
generated offline before driving, as the race track is known in advance in the



1.2 Planning for Autonomous Racing

Flags Map

Estimated
ego state

State
estimation
Object list
Detection

Sensor Control

signals % inputs
Sensors d Actuators

Figure 1.2: Software architecture with modules (blue) and vehicle interfaces (gray).

Trajectory

racing series IAC and A2RL.? The racing flags are external inputs sent by the
race control during a race to announce the current track conditions and are,
therefore, not part of the AD software. According to the race regulations, the
vehicle must adhere to specific rules, such as the maximum speed, depending on
the active flags. Based on the four inputs, the planning module must generate
a feasible and collision-free trajectory that minimizes lap time while adhering
to the racing rules specified by the racing flags. Finally, the planned trajectory
is realized within the control module by the proper choice of the control inputs.

All modules are executed regularly and asynchronously with the latest input
data, allowing the system to react to unexpected environmental changes. In this
context, a single execution of a module is referred to as a cycle. The planning
module, therefore, generates a trajectory in each planning cycle based on the
latest ego vehicle state, object list, and racing flags. For efficiency, the planning
horizon is finite, resulting in a receding horizon (RH) execution similar to the
concept of Model Predictive Control (MPC) [35]. Execution in an RH fashion
requires that a solution exists in every planning cycle. This requirement is
referred to as recursive feasibility. In single-vehicle racing, it is theoretically

2For the sake of completeness, it should be mentioned that approaches such as [34] also
exist in which local maps are regularly generated online based on the current sensor data.
However, this has the disadvantage of increased computational effort and lower accuracy
and is, therefore, not pursued further in this thesis.
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guaranteed by a sufficiently long planning horizon so that deceleration to a valid
state, e.g., standstill, is possible within the horizon. In multi-vehicle racing,
however, recursive feasibility cannot be guaranteed due to the unpredictable
movement of the opponent vehicles. In practice, the choice of the planning
horizon is a trade-off, as increasing the horizon also increases the computational
effort. However, short execution times are required to react quickly to changes
in the highly dynamic environment.

1.2.3 Planning Procedure

The task of time-optimal trajectory planning, subject to internal (feasibility) and
external (collision avoidance) constraints, constitutes a non-convex long-horizon
optimization problem. Since solving this complex optimization problem in one
step is time-consuming, it is usually divided into the subtasks of local and global
planning. Additionally, local planning can be performed either in a conventional
or interaction-aware manner. This subsection explores both the division into
global and local planning, as well as the distinction between conventional and
interaction-aware approaches. It concludes with an overview of the resulting
planning structures.

Global and Local Planning

The planning module is generally divided into the subtasks of global and local
planning [36]. In global planning, the racing line, i.e., the time-optimal closed tra-
jectory for the entire race track without considering opponent vehicles, is gener-
ated. This step can be executed offline, as the race track map is known in advance,
and the racing line is independent of the ego state. In local planning, a trajectory
with a shorter planning horizon starting from the current ego state is generated in
each cycle according to the RH concept. The trajectory is then transferred to the
control module as a target. The fundamental idea of the division into global and
local planning is that the trajectory generated by local planning should match
the racing line whenever possible and deviate from it if it is blocked by static
objects or slower opposing vehicles. The racing line generated by global planning
thus specifies the long-term feasible behavior, allowing a shorter planning horizon
and, therefore, reduced computation times for local planning, which is crucial for
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online execution. Local planning then incorporates the local environment, i.e., it
plans necessary evasion and overtaking maneuvers based on the current inputs.

The division into global and local planning is used in all proposed methods
throughout this thesis. For the sake of completeness, it should be noted that
behavioral planning is often mentioned in the literature as a third category
in addition to global and local planning. This involves planning high-level
maneuvers, such as driving to the left, straight, or right, and accelerating,
braking, or driving at a constant speed. However, this category is not considered
in this thesis, as it is not employed in the presented planning approaches.

Conventional and Interaction-Aware Local Planning

Local planning can be performed either conventionally or interaction-aware. In
conventional planning, the local planning task is divided into the prediction
of opponent vehicles and the actual planning of a feasible and collision-free
trajectory. In the prediction subtask, a trajectory is predicted for each opposing
vehicle for at least the duration of the planning horizon. Subsequently, in the
actual local planning task, a trajectory is planned that avoids collisions based
on the predictions of other vehicles. The effectiveness of this division depends
on the validity of the prediction. For example, suppose an opponent vehicle
strictly follows the outer line of a turn but is predicted to pull onto the inner
line. In that case, the ego vehicle may initiate an overtake on the outer line,
which could result in a collision. The sequential execution of prediction and
planning, therefore, is only reasonable if the opponent’s movement can be well
predicted, for example, by strict racing rules.

Another fundamental problem with the conventional approach is that no
interaction between the ego and the opponent vehicles can be accounted for. If
the opponent vehicle does not strictly follow a predefined trajectory as in the
example above but interacts with the ego vehicle, an exact prediction might not
be possible. An example of such an interaction is an opponent vehicle trying to
block the ego vehicle behind it on a sufficiently wide straight. If the opposing
vehicle is predicted to drive straight, the ego vehicle may initiate an overtaking
maneuver. In response, the opponent vehicle reacts with a blocking maneuver
and thus deviates from the initial prediction. In this case, the prediction of the
opponent vehicle is not possible since the prediction impacts the ego vehicle’s
behavior, which, in turn, affects the behavior of the opponent vehicle. This
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Figure 1.3: Structures of conventional (a) and interaction-aware (b) planning ap-

proaches. The submodules framed with dashed lines run offline.

motivates interaction-aware local planning approaches that do not perform the
split into prediction and planning and instead plan the trajectory in one step.

Planning Structure

With the two divisions described in this subsection, the planning module shown
in Figure 1.2 can be represented by its internal submodules, as depicted in
Figure 1.3. While in conventional planning, the prediction submodule generates

the prediction for local planning based on the object list, in interaction-aware

planning, the object list is fed directly as input for local planning.

10
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1.3 Related Work

This section provides an overview of global planning approaches in Subsec-
tion 1.3.1, followed by conventional local planning approaches in Subsection 1.3.2
and interaction-aware local planning approaches in Subsection 1.3.3. In addition
to methods designed specifically for racing, methods for road traffic are also
addressed, as the fundamental concepts are similar and can be adopted. Here,
some terms and concepts are introduced broadly and explained in more detail
in the subsequent chapters.

This overview outlines only selected publications relevant to the context of
this thesis. For a complete overview, please refer to the numerous surveys
on trajectory planning for racing [36] and road traffic [37-40]. Overviews
explicitly based on machine learning, particularly Reinforcement Learning (RL),
are provided in [41-43]. Approaches for predicting opposing vehicles are not
covered, as the subtask of prediction is not the subject of this work. For an
overview and categorization of current prediction approaches, please refer to [44].

1.3.1 Global Planning

Global planning approaches calculate the time-optimal closed racing line for the
entire race track. A distinction is made between fixed-path methods, where the
time-optimal velocity profile is optimized for a predefined path, and free-path
methods, where the path is determined as part of the optimization problem
solution.

Fixed-Path Methods

These approaches are based on a fixed path, and only the velocity profile is
optimized. Since the path leading to the time-optimal trajectory is not known
in advance, an approximation, such as the minimum curvature path, must be
selected, which may lead to suboptimality. The velocity profile is then often
calculated based on the quasi-steady-state (QSS) assumption. In this, it is
assumed that the racing line consists of discrete points at which the vehicle is in
a state of equilibrium. This assumption neglects the transient vehicle dynamics
between the discrete points, but the resulting error can be minimized with a finer
spacing of the points. Based on the QSS assumption, simple gg-diagrams can be

11
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created that limit the vehicle’s combined longitudinal and lateral acceleration.
The gg-diagrams were first introduced in [45] and can be generated from an
arbitrarily complex vehicle model or real-world experiments.

On two-dimensional (2D) race tracks, the gg-diagrams are speed-dependent.
For this case, the velocity profile of the racing line is generated in [46] by
determining the local curvature maximum (apex) for each turn of the predefined
path. Assuming that the longitudinal acceleration is zero at these points, the
velocity profiles before and after the apex can be calculated without exceeding
the limits of the gg-diagrams. The overall time-optimal velocity profile for the
track is then obtained as the minimum of all partial velocity profiles of the
individual turns. In [47], the time-optimal velocity profile is instead generated
using a forward-backward solver based on [48, 49].

In [50], the fixed-path approach is generalized to three-dimensional (3D)
race tracks, including elevation changes and inclinations. While the basic
principle remains similar to the apex search in [46], the gg-diagrams are no
longer dependent only on the speed but also on the vertical acceleration with
which the vehicle is pushed onto the track surface.

Free-Path Methods

With the free-path methods, the path of the racing line is not predefined.
In [51], the racing line is optimized by iteratively modifying the path and the
corresponding velocity profile obtained by a fixed-path approach. Otherwise,
free-path methods are mainly based on nonlinear optimal control problems
that can be solved numerically using direct or indirect methods [52]. The cost
functional to be minimized is the lap time, subject to the system dynamics of a
vehicle model and the input and state constraints such as track boundaries.

Examples of lap time optimization on 2D race tracks with a dynamic single-
track or double-track vehicle model are [53-56]. By incorporating these vehicle
models within the optimal control problem, the transient vehicle dynamics
are captured. In contrast, the authors of [57] use a simple point-mass model
whose acceleration is limited by speed-dependent gg-diagrams according to the
QSS assumption. Even though no transient dynamics are considered here, the
racing line path is optimized, potentially yielding better results than fixed-path
methods.

12
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The described approaches can again be generalized to 3D race tracks. In [58,
59], a double-track model for a laterally flat 3D track is derived and used within
the lap time optimization. The same laterally flat 3D track model is used in [60],
along with a point-mass model constrained by gg-diagrams that depend on the
vehicle’s velocity and vertical acceleration. An extension to laterally curved 3D
race tracks is provided in [61].

Comparison

Fixed-path methods are easy to implement and require short computation times.
However, they rely on a predefined path, potentially leading to suboptimal solu-
tions. In contrast, free-path methods optimize the racing line path and velocity
simultaneously, generally resulting in shorter lap times. However, increased
computation times are required, which depend heavily on the complexity and
order of the system dynamics.

1.3.2 Conventional Local Planning

In conventional local planning, a feasible trajectory is planned online in each
planning cycle. Compared to global planning, the trajectory starts in the current
ego state, and the planning horizon does not cover the entire race track. In
multi-vehicle racing, the collision restrictions are based on predictions of the
opponent vehicles.

There are various ways to categorize conventional local planning approaches.
In this thesis, the approaches are classified into optimization-based, graph-
based, incremental, and sampling-based methods. At the end of this subsection,
the categories are compared, and hybrid methods that cannot be uniquely
categorized are presented.

Optimization-Based Methods

Optimization-based methods (also known as variational methods) are based on
the numerical solution of an optimal control problem, i.e., the minimization of
a cost functional subject to the vehicle dynamics and other constraints. Usually,
gradient-based methods are used to solve the optimization problem, converging
to a local minimum of the cost functional. However, due to the non-convex

13
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Figure 1.4: Illustration of an optimization-based method, where two different initial-
izations, A and B, lead to distinct local minima. Track boundaries and the obstacle
to be avoided are shown in black, and the vehicle position is depicted as a red circle.

nature of the local planning problem, the solution strongly depends on the
initialization of the optimization problem, and finding the global minimum is
not guaranteed. A simple example is a static obstacle that can be overtaken on
the left or right, with both possibilities corresponding to a local minimum, as
illustrated in Figure 1.4. Additionally, dynamic opponent vehicles increase the
non-convexity, with local minima representing decisions such as overtaking the
opponent vehicle or letting it pass. The problem’s complexity and the solver’s
efficiency depend on the nonlinearity and order of the vehicle model, so the
choice of vehicle model is a trade-off between accuracy and efficiency.

Many optimization-based methods have been applied to road traffic. In [62],
an optimization problem using a kinematic single-track model with speed and ac-
celeration constraints is formulated as part of the DARPA Grand Challenge 2005.
Static and slow-moving (quasi-static) obstacles are avoided by reducing the
speed limit in these areas, resulting in increased costs for these paths. The
planning approach used in [63] for the Bertha Benz Memorial Route [64], in
which the 100 km route from Mannheim to Pforzheim was completed, can also
account for dynamic obstacles. These are not incorporated using a speed limit,
as in [62], but through hard external polygonal constraints. The non-convexity
is resolved by determining the overtaking side based on the opponent’s driving
direction and extending its shape to the opposite track boundary. In [65], a
kinematic single-track model is used, but it is assumed that a drivable corridor
is given. This eliminates the need to consider obstacles entirely.

For racing applications, advanced vehicle models such as the dynamic single-
track model [66, 67] or, under the QSS assumption, a point-mass model con-
strained with gg-diagrams [68, 69] are used. These approaches either do not

14
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account for any obstacles or only for static ones. In the case of static obstacles,
it is assumed that the overtaking side is known in advance. In [69], only the
velocity profile is optimized for a given path obtained from the graph-based
path planning approach described in [70]. While the mentioned approaches
exclusively consider 2D race tracks, a local optimization-based approach for
single-vehicle racing on 3D tracks is proposed in [71]. It is based on the laterally
flat race track model from [58] and the point-mass model from [60] that is
constrained by gg-diagrams dependent on the vehicle’s velocity and vertical
acceleration.

Graph-Based Methods

In graph-based methods, the state space is discretized using a graph, and the
optimal solution is determined within it. A graph consists of nodes, which
usually represent discrete points in the state space, and edges linking the nodes.
The edges are weighted according to a desired cost functional and checked for
feasibility and collision avoidance. The optimal (cost-minimal) sequence of valid
edges, starting from a start node to a target node, is searched using graph search
algorithms. In contrast to optimization-based methods, the non-convexity is
solved by searching the entire state space, so no prior selection of the overtaking
side is necessary. However, only the discrete-optimal solution can be found, i.e.,
the optimal solution within the discrete graph.

The number of nodes increases exponentially with each dimension of the
discretized state space. This leads to significantly increased computational
effort during the search and is referred to as the curse of dimensionality. To
keep the computation time tractable, many graph-based approaches use only a
spatial graph with no temporal dimension. The velocity profile is subsequently
generated based on the resulting discrete-optimal path. While this path-velocity
decomposition (PVD) [72] is sufficient for static environments and low velocities,
it is too conservative for highly dynamic multi-vehicle racing scenarios since
most of the edges in the spatial graph must be blocked to avoid collisions with
the predictions. An application for racing using a PVD can be found in [70] as
part of the Roborace racing series. Nodes, including spatial information, are
arranged in layers perpendicular to a reference path. Cubic polynomial edges
connect the nodes of one layer to the nodes of the next layer, resulting in a closed
spatial graph around the entire race track. This graph structure is visualized in
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Figure 1.5: Illustration of the spatial graph structure used in the graph-based
approach from [70]. The graph consists of four layers perpendicular to the reference
path (dashed line), with each layer containing four nodes (orange circles) that are
connected by edges (blue and gray lines). Track boundaries and the obstacle to be
avoided are shown in black, with colliding edges depicted in gray.

Figure 1.5 for a straight segment of a track. The path obtained from the graph
search is completed by a velocity profile generated by the forward-backward
solver proposed in [47].

Approaches without PVD include the search in a spatio-temporal graph.
However, due to the additional dimensions and the associated computation
time demand, only coarse graph discretizations and simple edges are employed.
Such approaches are often used for road traffic, as the road network allows for
coarse discretizations, and the smoothness requirements for the trajectories are
lower due to the reduced speeds. However, no approach with a spatio-temporal
graph exists for racing, as driving at the vehicle’s handling limits imposes
increased requirements on the trajectory. For road traffic, a spatial graph is
extended in [73] by discrete values for the time and velocity dimensions. The
authors of [74] use a spatial graph that consists of nodes arranged in layers
along a reference path, similar to [70]. The edges connecting the layers are cubic
polynomials in curvature, based on [75]. The temporal extension, however, is not
performed with discrete velocity and time values. Instead, the time and velocity
dimensions are divided into intervals, resulting in a time-velocity grid. Edges
that end in the same cell of the grid are classified as similar, and all edges except
the edge via which the cell can be reached at the lowest cost are discarded.
This limits the number of edges, counteracting the curse of dimensionality.
The spatio-temporal edges are based on constant acceleration and, therefore,
exhibit discontinuities in the acceleration profile. There are also approaches
in which the system dynamics are utilized to generate a graph, resulting in
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feasible trajectories. For instance, in [76], constant values of the input space are
evaluated, linking relative equilibria of the single-track kinematic model.

If a graph exists, the optimal sequence of edges can be searched for, beginning
from a start node (ego state) and ending in a goal node (usually a goal position
or a minimum horizon). Besides an exhaustive search of the entire graph, there
are advanced graph search algorithms that find the solution more efficiently. The
best known is the Dijkstra algorithm [77], where the node that can be reached
from the start node with the lowest cumulative cost (cost-to-come) is expanded.
In this context, expansion refers to the process in which the child nodes of
the expanded node are examined according to its outgoing edges. The A*
algorithm [78] extends the Dijkstra search by a heuristic function that estimates
the remaining costs to the goal node (cost-to-go) for each node. Accordingly,
the node with the lowest sum of cost-to-come and the estimated cost-to-go
is expanded. Further variants have been developed, such as the Weighted A*
algorithm [79] featuring a run time reduction or the D* algorithm [80] for
dynamically changing environments.

Incremental Methods

In incremental methods, the vehicle’s state or input space is randomly sampled
repeatedly. Each sampled state is connected to existing nodes, resulting in a
tree-like structure consisting of sampled nodes and edges. Compared to graph-
based methods, where the graph structure is fixed, the tree becomes larger or
finer with each sample, providing solutions that cannot be found with a fixed
graph structure.

Most approaches of this kind are variants of the Rapidly Exploring Random
Tree (RRT) originally proposed in [81, 82]. In each step, a point in the state
space is sampled, and the nearest node within the tree (neighbor) is selected
according to a distance metric. The system’s input is then determined such that
forward integration of the system dynamics starting from the neighbor ends
in a state that minimizes the distance to the sampled point. If the resulting
trajectory is valid (collision-free), the reached state is added to the tree as a
node, and the process is repeated. An example tree used to search for a path to
a goal region is shown in Figure 1.6. The RRT algorithm is probabilistically
complete, i.e., the probability of finding a valid solution, if one exists, approaches
one as the number of samples increases. However, the authors of [83] show
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Figure 1.6: RRT for path planning of a holonomic robot, i.e., one that can move in
any direction. The tree consists of nodes (orange and red circles) and edges (blue and
red lines). Track boundaries and the obstacle to be avoided are shown in black, and
the goal region to be reached is shown in green. The resulting solution from the start
node (robot position) to the goal node is depicted in red.

that the original RRT algorithm may only converge to a suboptimal solution.
Therefore, they propose the RRT* algorithm, which is asymptotically optimal,
meaning that it converges to the optimal solution as the number of samples
increases. The essential procedure of the RRT is retained, but the edges within
the tree can be rewired. Sufficient conditions for asymptotic optimality under
differential constraints are given in [84]. Another extension is RRT* [85], which
can handle dynamic environments (e.g., moving obstacles) by rewiring the tree
when changes occur.

For road traffic applications, a closed-loop variant of the RRT is used in [86],
in which the inputs are not generated for the open-loop system but for the
stable closed-loop systems. Using this approach, speeds of up to 25 m/s were
achieved in the DARPA Urban Challenge 2007. A planning approach with
RRT for several vehicles simultaneously is presented in [87]. Splines are used to
smooth the suboptimal RRT solution. In [88], biased sampling perpendicular
to a reference path is used to reduce the computation time, whereby speeds of
nearly 17m/s were achieved in a static environment. As a racing application,
in [89], RRT is used for path planning. The resulting path is smoothed using
parametric cubic splines, and a speed profile is subsequently calculated within
the vehicle’s dynamic limits. Racing applications using RRT* are given in [90,
91].

18



1.3 Related Work

Figure 1.7: Jerk-optimal trajectory candidates (blue and gray lines) based on the
approach in [92], connecting the vehicle state (red circle) with deterministically
sampled end states (orange and gray circles). Track boundaries and the obstacle to be
avoided are shown in black, with colliding trajectories depicted in gray. The solution
would be the minimum-cost valid trajectory based on a desired cost functional.

Sampling-Based Methods

In sampling-based methods, no incrementally growing tree is constructed. In-
stead, they usually sample deterministically in the state space and connect the
ego state with the sampled states, producing a set of trajectory candidates.
Valid trajectory candidates are weighted according to a cost functional, and
the minimum cost trajectory is selected. Although such methods are similar
to graph-based methods, the approaches differ in two main aspects. First, the
graph is usually precomputed offline in graph-based methods, while in deter-
ministic sampling, the trajectory candidates are generated online. Secondly,
in contrast to the graph-based methods, no advanced graph search must be
performed since only the trajectory with the minimum cost can be selected.
Many approaches for road traffic and racing are based on the generation of
jerk-optimal trajectory candidates, i.e., the minimization of the time derivative
of the acceleration. Jerk optimality leads to smooth trajectories that avoid the
excitation of high-frequency dynamics neglected in the controller design, thus
improving vehicle stability. At the same time, an efficient calculation is possible,
as quintic (fifth-order) polynomials represent the jerk-optimal solution [93].
For road traffic, the authors of [92, 94] use jerk-optimal connections in the
longitudinal and lateral direction of the vehicle to connect the ego state with
the sampled end states. This approach is exemplarily illustrated in Figure 1.7.
In [95], snap-optimal® trajectories (seventh-order polynomials) are utilized for

3Snap denotes the time derivative of the jerk, i.e., the fourth time derivative of the position.
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even smoother transitions. The jerk-optimal trajectory candidates are also
used in racing applications, for example, by various teams participating in the
TAC [31, 32, 96]. However, jerk-optimal trajectories are only suitable for simple
oval tracks, as the simple polynomials do not reflect the complexity of the
time-optimal racing line to be followed on complex road courses. There are
alternative approaches to the generation of trajectory candidates in racing, such
as [97, 98], but these have not yet been evaluated on full-scale vehicles.

Comparison and Hybrid Methods

The main difference between optimization-based methods, on one side, and
graph-based, incremental, and sampling-based methods, on the other side, is
that in the former, no discretization of the state space by a graph, a tree, or
trajectory candidates is involved. As a result, the graph-based, incremental, and
sampling-based methods can only find the optimal solution within the given
discretization.* The challenge with these methods is thus to discretize the state
space such that it contains solutions as close as possible to the optimal solution.
However, the computation time increases with finer discretization and more
dimensions. At the same time, non-convexity poses a problem for optimization-
based methods since the frequently used gradient-based solvers only converge
to a local optimum. In addition, there is less flexibility in the design of the cost
functional, as the solver depends on it. In contrast, a more flexible cost design
is possible for the graph-based, incremental, and sampling-based methods.

Since the methods have contrasting properties, they are often combined. A
common approach is to first solve the non-convexity of the problem using graph-
based, incremental, or sampling-based methods. Coarse discretizations are
sufficient since the only objective is to find the global optimum without higher
accuracy requirements. Subsequently, an optimization-based method initialized
with the discrete-optimal solution refines the solution. Applications of such
hybrid approaches for road traffic can be found in [99-103]. A variant for multi-
vehicle racing is described in [104], where the search in a coarse spatio-temporal
graph finds the global optimum, and a numerical optimization improves this
solution.

4Although the discretization in incremental methods becomes finer over time, it is limited
by the finite computation time.
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1.3.3 Interaction-Aware Local Planning

Conventional planning methods are based on the prediction of opponent vehicles.
Assuming that the opponent vehicles follow their predictions strictly, a trajectory
is planned for the ego vehicle that does not collide with the predictions. However,
even in simple scenarios, such as merging onto a high-traffic highway, this can
lead to situations where no collision-free trajectory is available apart from
a standstill, also known as the freezing robot problem [105]. This reactive
and conservative behavior is particularly undesirable in racing and has led to
greater attention on interaction-aware planning approaches in recent years [106].
These approaches eliminate the sequential execution of prediction and planning,
allowing the incorporation of interaction between the ego and the opponent
vehicles.

As surveyed in [107], numerous supervised learning approaches exist for road
traffic based on data sets with real traffic scenarios. Neural networks (NNs) are
trained, which, depending on the past trajectories of all participants, output the
future trajectory for the desired planning horizon, imitating human behavior.
However, such approaches are currently unsuitable for racing, as required large
racing data sets are unavailable. Therefore, this subsection does not address
supervised learning approaches in detail and instead focuses on the commonly
used methods based on game theory and RL.

Game-Theoretic Methods

Game theory deals with decision-making problems (games) that involve several
participants (players). The intention of each player is defined by its cost
functional, which incorporates the states of the other players. Depending on
the cost functional design, this results in a cooperative or competitive game.
In contrast to a classic optimal control problem, a simple minimization of the
cost functionals is not applicable due to the coupling within them. Instead,
equilibrium states are usually determined in which, under certain assumptions,
no player intends to change their strategy.

In [108], a two-vehicle non-cooperative racing game is formulated and solved,
with particular attention given to the difference between the open-loop and
feedback solution. In the open-loop solution, the sequence of actions is predeter-
mined, whereas in the feedback solution, players follow a strategy that enables
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them to adjust their actions based on the current state at each stage of the game.
The authors of [109] discretize the joint state and input space and use dynamic
programming to solve a two-vehicle merging and blocking game. They follow a
hierarchical two-step approach consisting of a long-term high-level and a short-
term low-level planner for more efficient computation. Despite this two-step
approach, the application is limited to only coarse discretizations. A cooperative
and a blocking racing game with two vehicles are analyzed in [110]. A set of
trajectory candidates is generated for both players, and the costs are calculated
for each trajectory combination. Within the resulting cost matrix, different
equilibria are analyzed. In [111], a two-vehicle blocking scenario is investigated,
in which the ego vehicle in front tries to block the car behind it. As in [110], a
set of trajectory candidates is generated for both vehicles, and a corresponding
cost matrix is calculated. Instead of searching for an equilibrium within this
matrix, different level-K strategies are determined based on level-K reasoning.
In this context, a level-K strategy is the optimal strategy when the opponent
behaves according to the level-(K-1) strategy, whereas the level-0 strategy does
not reflect any interaction. After determining the level-K strategies, the level
of the opponent vehicle is estimated, and the ego vehicle’s trajectory is chosen
optimally according to the level-K reasoning. In [112, 113], a set of trajectory
candidates is generated exclusively for the ego vehicle, and the other players are
categorized as leaders or followers. The leaders are predicted with a behavior
model independent of the ego vehicle. For each trajectory candidate of the
ego vehicle, the followers’ response is then simulated using a reactive behavior
model, and the candidate with the best outcome is selected. An alternative
game-theoretic approach follows the iterative best response scheme, which is
applied to racing in [114-116]. In this scheme, the trajectory for all players is
iteratively replanned while the trajectories of the other vehicles are kept fixed.
If this procedure converges, an equilibrium is reached.

RL-Based Methods

RL is a subfield of machine learning and comprises several algorithms that tackle
decision-making problems using the trial-and-error principle. The agent (decision
instance) interacts with the environment according to a policy and receives
feedback in the form of a scalar reward at each time step. The policy maps the
state space (information accessible to the agent) to the action space (executable
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actions). RL algorithms aim to maximize the cumulative reward over time by
adapting the policy. A more detailed, formal description follows in Section 5.1.

RL can learn complex policies in highly interactive and high-dimensional
environments, making it a promising approach for interaction-aware planning [43].
While it already outperforms optimal control approaches [117] and reaches the
level of human world champions [118] in autonomous drone racing, comparable
successes are still pending for full-scale autonomous vehicles. The following
overview covers various RL-based approaches for AD on highways or race tracks
and emphasizes the different options regarding the action and state space. The
methods described here are not limited exclusively to trajectory planning, as
many approaches directly select the vehicle’s control inputs, thereby combining
the planning and control tasks. Additionally, although the reward function
fundamentally influences the overall performance, this aspect is not discussed
further here, as its choice depends on the individual task. For a detailed
discussion of the differences and characteristics in reward design, please refer
to [119, 120]. Also, multi-agent RL approaches [121] that simultaneously train
multiple agents are not addressed.

There are various options for defining the action space. First, there are low-
level approaches in which the vehicle’s control inputs are selected directly. Most
applications focus on highway overtaking [122] or highway merging scenarios [123—-
125]. There are also extensive studies on single-vehicle racing, which naturally
do not include any interaction with other agents. The state space consists of
either ego state and track information [126, 127], point cloud data [128, 129],
the camera image [130, 131], or combinations of these [132-134]. Applications
for multi-vehicle racing are available for the game Gran Turismo Motorsport.
In [135], built-in game agents that follow predefined trajectories are overtaken.
The state space consists of state information about the ego vehicle, point cloud
data, and the upcoming curvature profile of the center line. A curriculum learn-
ing scheme is used for more efficient training, i.e., the task’s difficulty is increased
iteratively from single-vehicle to multi-vehicle racing scenarios. The trained
agent outperforms the built-in agent and performs similarly to an experienced
human driver. In [136], the opponent vehicles are controlled by the built-in
game agent and earlier versions of the RL agent. The state space contains track
information about the upcoming section and state information about the ego and
opponent vehicles. With this approach, the RL agent outperforms even human
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expert drivers. Approaches with a low-level action space are not restricted in the
executable maneuvers, as the control inputs are selected directly. However, train-
ing may be more complex and time-consuming, as the agent must additionally
learn the vehicle dynamics. In addition, a real-world application on full-scale
vehicles is safety-critical, as inaccuracies between the training model and the
actual vehicle can lead to unsafe behavior, especially at the handling limits.

In contrast to low-level approaches, there are high-level approaches in which
high-level maneuvers, such as left/straight/right and accelerating/constant
speed /braking, define the action space. Based on the selected high-level ma-
neuver, a corresponding underlying trajectory is executed. The real-world
application of high-level approaches is less safety-critical, as the actual selection
of the control inputs can be performed by a conventional controller tuned to the
respective vehicle. However, the definition of a discrete, finite set of maneuvers
is only suitable in structured environments. Therefore, high-level approaches
are mainly used in highway applications, as in [137-139]. In contrast, they
are rarely used in unstructured environments like racing, as representing all
necessary maneuvers with a finite action space is challenging. A single simulative
racing application is given in [140], where the opponent vehicle follows a fixed
trajectory or behaves randomly. The state space contains the relative positions
and velocities between the ego and opponent vehicle.

Besides the low-level and high-level approaches, a third option is to generate
the trajectory without the additional step of high-level maneuver selection,
which is referred to as direct trajectory generation. Compared to low-level
approaches, they are superior regarding safety, as the generated trajectory
can be realized by a conventional controller, as in high-level approaches. At
the same time, they are not limited to predefined maneuvers, allowing for
a greater diversity of driving maneuvers. The most straightforward option
is to select a set of intermediate states as the action space, which together
form the trajectory. However, an underlying structure is often used instead
to reduce the complexity of the trajectory generation. In [141], a set of jerk-
optimal trajectory candidates is generated using the sampling-based approach
from [92]. The action space consists of the weighting parameters in the cost
functional that is used to determine the optimal trajectory candidate. The
authors show that this approach increases the success rate in the examined
road traffic scenarios due to the adaptation of the cost functional. However,
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the executable maneuvers are limited to the given set of trajectories candidates,
which restricts more sophisticated maneuvers that would be desirable in racing
scenarios. In [142] and [143], only a single trajectory is generated instead of
a set of trajectory candidates. In [142], the reachable gaps on the highway
represent the action space, and the selected gap is chosen as the endpoint of
the jerk-optimal trajectory. A more flexible trajectory generation is provided
in [143], with the endpoint of the jerk-optimal trajectory being specified by the
RL agent. However, the feasibility of the trajectory is not guaranteed, and the
examined scenario ends unsuccessfully in the case of an infeasible trajectory.

In addition to the three categories described for defining the action space,
there are various other options that will not be discussed further. Noteworthy
are emerging approaches such as [144, 145], in which the cost parameters of an
MPC represent the action space of the RL agent, achieving higher success rates
than classical MPC.

Comparison

Compared to conventional approaches, both game-theoretic and RL-based
methods are able to incorporate interaction with opposing vehicles into the
planning process. However, both approaches make certain assumptions. Game-
theoretic approaches assume that all participants behave according to the
defined cost functionals and the chosen equilibrium. If the actual intention
of the opposing vehicles deviates from this, the success rate may decrease.
Meanwhile, in RL-based approaches, the opponent vehicles are assumed to
behave as modeled in the training. If the trained agent is evaluated in a different
environment with behaviors not included in the training, the success rate may
also decrease. However, for RL-based approaches, generalization can be achieved
by including different behaviors in the training environment.

With game-theoretic approaches, a complex game must be solved in each cycle,
limiting their application to coarse discretizations and usually only two vehicles.
RL-based approaches, by contrast, require increased offline computation due to
the training process but enable efficient online execution. Another drawback is
their lack of explainability and safety, as most approaches involve an NN with
no feasibility guarantees. However, RL-based methods scale to multiple vehicles
without online computational losses, provided that a suitable state space, such
as camera images or point cloud data, is used.
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1.4 Research Contributions and Outline

The state of the art presented in Section 1.3 categorizes local planning into differ-
ent methods, each with distinct strengths and limitations. This thesis focuses on
graph-based, sampling-based, and RL-based methods, while optimization-based,
game-theoretic, and incremental methods are not covered due to their specific
challenges for real-world applications. Optimization-based and game-theoretic
methods involve significant computational complexity, making them challenging
for real-time planning with limited computational resources. Incremental meth-
ods are excluded due to their inherent randomness and the associated highly
variable computation times. While these methods are valuable in other contexts,
they are discussed as potential directions for future research in the outlook.

The remaining graph-based, sampling-based, and RL-based local planning
methods exhibit the following limitations, among others:

Limitation 1 Graph-based local planning approaches suffer from the curse of
dimensionality. For multi-vehicle racing, therefore, only approaches based on
PVD are used, where an optimal path is first planned with a spatial graph,
followed by the velocity profile. However, since the temporal component is
not considered in the path planning step, large areas on the race track must
be blocked to ensure collision avoidance with the prediction. PVD, therefore,
leads to conservative and defensive planning behavior, which is particularly
undesirable in competitive racing. Approaches with spatio-temporal graphs
exist for road traffic but use coarse discretizations and a simple edge structure
for efficient generation. However, this is disadvantageous regarding performance
and vehicle stability, especially at the vehicle’s handling limits.

Limitation 2 Current local planning methods for multi-vehicle racing assume
flat race tracks and neglect 3D effects such as banked turns and elevation
changes. Depending on the actual 3D track geometry, this leads to over- or
underestimation of the dynamic vehicle limits, resulting in infeasibility issues or
reduced performance.

Limitation 3 Many local planning methods for racing are based on the generation
of a set of jerk-optimal trajectory candidates following the sampling-based
approach from [92]. While this is sufficient for simple race tracks, such as
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oval tracks, it is unsuitable for complex road courses since the jerk-optimal
trajectories cannot represent the complexity of the time-optimal racing line.

Limitation 4 The division into global and local planning is valid if the ego vehicle
follows the offline-generated racing line. However, if the ego vehicle deviates
from the racing line, e.g., due to an overtaking maneuver, the racing line loses
its validity, as the current vehicle state is not incorporated into the racing line.

Limitation 5 Most interaction-aware RL-based planning approaches use either
low-level or high-level action spaces. However, direct trajectory generation
would simultaneously lead to high maneuver diversity and potentially a safer
real-world vehicle application. While RL-based direct trajectory generation is
occasionally employed for road traffic, there exists no application for racing.

Limitation 6 RL-based methods have no safety guarantees due to the NNs
involved, so a generated trajectory may be infeasible or not collision-free. In
such a case, current approaches terminate the scenario unsuccessfully, preventing
a real-world application.

The aim of this thesis is the development of local planning algorithms that
address the mentioned limitations and, at the same time, are suitable for real-
world application. Based on the limitations, the following contributions are
provided:

Contribution 1 Limitation 1 is addressed by proposing a hybrid trajectory
planning approach for oval tracks that combines the advantages of sampling-
based and graph-based approaches. It utilizes the fact that only the initial
segment of the trajectory is actually traversed due to repeated planning according
to the RH scheme. While the beginning of the trajectory should, therefore, be
sufficiently smooth, the remaining part of the trajectory can be planned more
coarsely. Accordingly, a spatio-temporal graph with variable discretization and
edge structure is used. The edges, which connect the ego vehicle state with
the graph and thus represent the beginning of the trajectory, are generated
jerk-optimal and in sufficient numbers by sampling. The remaining edges are
generated with a lower discretization and exhibit a constant acceleration profile
for efficient calculation. This approach enables a sufficiently long planning
horizon on oval tracks while simultaneously ensuring the smoothness of the
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traversed part of the trajectory. The graph used is based on the spatial graph
from [70], extended with the temporal dimensions according to [74]. The
sampling is based on the approach from [92].

Contribution 2 A sampling-based local trajectory planning approach for 3D race
tracks is presented that overcomes limitations 2 and 3. Instead of generating jerk-
optimal trajectory candidates according to [92], a modified trajectory generation
method is proposed, which allows for racing line following on arbitrarily complex
road courses. The 3D effects are incorporated in the feasibility checks based
on [60] using gg-diagrams dependent on the speed and vertical acceleration.
Furthermore, limitation 4 is addressed by examining the impact of replanning
the time-optimal racing line from the current vehicle state on the performance
of the sampling-based local planning approach. This is compared with the use
of a racing line generated offline using global planning approaches.

Contribution 3 The last contribution deals with limitations 5 and 6 in a highly
interactive overtaking scenario with an actively blocking opponent vehicle. An
RL-based planning approach is proposed, which directly generates a trajectory
and solves the scenario with a high success rate, even at high levels of interaction.
Concerning limitation 6, a fallback instance is introduced, which intervenes
in the event of an infeasible or colliding trajectory. In this case, the feasible
and collision-free trajectory that is closest to the initially planned trajectory is
selected from a set of trajectory candidates.

The three contributions were not developed independently but rather built
on each other over time and were motivated by the participation of the TUM
Autonomous Motorsport team in the TAC and A2RL. The team’s previous
planning approach consisted of graph-based path planning [70] with subsequent
velocity generation [47], sufficient for the single-vehicle races at the Roborace
competition. However, multi-vehicle racing was only possible to a limited
extent for the reasons mentioned above. The hybrid planning approach from
contribution 1 thus corresponds to the continuation of the previous approach
and was used by the team from 2021 to early 2023 at different oval tracks.
The first race on a road course, the Autodromo Nazionale di Monza, took
place in June 2023. This necessitated developing the sampling-based approach
from contribution 2, as the hybrid planning approach is limited to oval tracks.
Since this race, the team has used the sampling-based approach with slight
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modifications. The RL-based planning approach from contribution 3 was not
tested on a real vehicle and is regarded as a fundamental concept to be further
developed.

The remainder of this thesis is structured according to the three contributions.
Chapter 2 introduces preliminaries that provide the common foundation of all
contributions without addressing the planning process itself. These preliminaries
include the race track representation, the vehicle model, and the specification
of the planning module interfaces. The actual contributions 1 to 3, consisting
of their methodology, the results, and a discussion, follow in Chapters 3 to 5.
Chapter 5 additionally contains an introduction to RL theory, which is not
relevant to Chapters 3 and 4. Chapter 6 concludes with a summary and an
outlook for future research directions.
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2 Preliminaries for Planning in
Autonomous Racing

This chapter describes the common foundation of the planning approaches in the
subsequent chapters. Mathematical notations and conventions are explained in
Section 2.1, and the basics of rigid body kinematics are described in Section 2.2.
This is followed by the 3D track model in Section 2.3 and the vehicle model in
Section 2.4. Lastly, Section 2.5 provides a mathematical description of the local
planning module’s inputs and outputs, which have already been introduced
informally in Figure 1.3.

2.1 Notations and Conventions

The mathematical notations and conventions described here are employed in
the remainder of this thesis to ensure a clear and consistent description.

Coordinate Frames

All coordinate frames are right-handed and are indicated with calligraphic
symbols, e.g., the inertial frame is denoted as Z.

Vectors and Matrices

Vectors and matrices are represented in bold font, while scalars are not bold.
Examples are the unit matrix I, the zero vector 0, the basis vector e, and, as
a scalar, the time t. Further, as primary kinematic quantities, positions are
denoted by «x, velocities by v, and accelerations by a. The frame in which a
vector is expressed is indicated by an upper left index, while the lower right index
indicates the quantity to which the vector refers. For instance, Tv 45z denotes
the velocity of frame B relative to the frame A, expressed in the coordinates
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Table 2.1: Sets of numbers

Notation Set Description
N {1,2,3,...} Set of natural numbers
Ny {0,1,2,3,...} Set of natural numbers including 0
R (—o0, 00) Set of real numbers
R>o [0, 00) Set of non-negative real numbers
Ryq (0, 00) Set of positive real numbers
R<o (=00, 0] Set of non-positive real numbers
Roo (—00,0) Set of negative real numbers

of Z. As another example, Ze, 4 represents the basis vector in the direction of
the z-axis of frame A, again expressed in the coordinates of Z.

Mathematical Sets

In this work, the sets of numbers listed in Table 2.1 are used. In the case of
vectors, R" represents the space of n-dimensional vectors with n € N, where
each element of the vector is a real number. Similarly, R"*™ represents the
set of matrices of dimension n x m with n,m € N, where each element of the
matrix is a real number.

Differentiation

The derivative of a scalar function f(¢) € R with respect to the time ¢ € R is
denoted as f(t) = %Sf). Similarly, the derivative of f(s) € R with respect to the

progress s € R is denoted as f'(s) = %f:), where s is introduced in Section 2.3.
T
Further, for the function f(x) € R with & = [xl Ty ... xn} € R”,
where n € N, the gradient is abbreviated as
0 T
flx) _ [Bf(w) of@) Bf(m)} _ (2.1)
aw o0x1 0z Oxn

In the context of RL, however, the gradient is denoted using the nabla oper-
ator, V,f(x) = %(;), as this is the standard notation in the corresponding
literature. While mathematically equivalent, both notations are used contextu-

ally in this thesis to align with the conventions of their respective fields.
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Trigonometric Functions

For the sake of brevity, trigonometric functions are sometimes abbreviated
as sin((J) = sg and cos(0J) = cp.

2.2 Fundamentals of Rigid Body Kinematics

This section is based on the derivations from [58] and [146]. It begins with a brief
review of skew-symmetric matrices and the cross product in Subsection 2.2.1,
followed by an introduction to rotation matrices in Subsection 2.2.2.

2.2.1 Skew-Symmetric Matrices and Cross Products

A square matrix A € R™*" of order n € N is called skew-symmetric if
AT = A (2.2)

For the special case of n = 3, any skew-symmetric matrix A can be parameterized

7
by a single vector a = {al as a3} € R? with

0 —das a9
A= S((I) = as 0 —ay| . (23)
—Aa9 ay 0

The representation in (2.3) can be used to express the cross product of
T T
two vectors a = [al Qo (13} € R® and b = {bl by bg} € R? as a matrix
multiplication:

Clgbg - CL3b2
axb= S(a) b= (lgbl — a1b3 . (24)
albg — agbl

The vector resulting from the cross product a x b is orthogonal to a and b
following the right-hand rule.
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2.2.2 Rotation Matrices

A three-dimensional rotation matrix R € SO(3) C R**3 is an orthogonal square
matrix with a determinant of 1, i.e., it belongs to the special orthogonal group
defined by

SOB3)={ReR™|R'R=RR' =1, det(R) =1}. (2.5)

Basic Properties

The cross product is invariant under rotation matrices [146], i.e, for two vec-
tors a, b € R?, it holds that

(Ra) x (Rb) =R(a xb). (2.6)
This can be rewritten using (2.4) as
S(Ra)Rb = RS(a)b. (2.7)
Therefore, for an arbitrary vector b, the following relation applies:
S(Ra) = RS(a)R'. (2.8)

Further, a time-varying rotation matrix R(t) € SO(3) is considered, which
changes dependent on the time ¢t € R>y. As introduced in Section 2.1, all
derivatives with respect to t are denoted as % = [J. Due to the orthogonality
property of rotation matrices, it follows that

dR(t)R' (1)

dt = R(H)R () + (12@)12—'—(15))T =0. (2.9)

By rearranging (2.9) into the form of (2.2), it becomes evident that R(t)R" (t)
is skew-symmetric. Similarly, applying the same procedure with reversed matrix
order, it can be concluded that R' (t)R(t) is also skew-symmetric:

dR' (t)R(t)

a (RT(t)R(f))T +R'()R(t) = 0. (2.10)
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Kinematic Relations

Consider two right-handed coordinate frames, denoted with Z and B, sharing
the same origin. While the inertial frame Z is fixed, the moving frame B rotates
relative to the inertial frame. The basis vectors Ze, 5(t), ey 5(t), 7€, 5(t) € R?
of frame B expressed in the inertial frame Z form together the rotation ma-
trix Rzp(t) = [Iexlg(t) Te, 5(t) Zezﬁ(t)} € SO(3). If the position of a particle

-
expressed in frame B is now given by Pz (t) = {Bxx(t) B, (t) sz(t)} € R3,
its coordinates relative to the inertial frame Z can be computed using the
rotation matrix:

Tz(t) = Texs(t) Pac(t)+7 ey 5(t) Pay(t) +7 e, 5(t) P, (t) = Rzs(t) Px(t). (2.11)
Since rotation matrices are orthogonal, the converse relation can be stated as
Bx(t) = Ri5(t) Tx(t) = Rpz(t)Lx(t). (2.12)

From (2.11), it becomes evident that even if there is no movement relative to
frame B, i.e., Bx(t) is constant, a movement still exists relative to frame Z due
to the rotation. For this specific case, the velocity of the particle Zv(t) € R?
expressed in frame Z can be derived as follows (subsequently, the index ZB is
omitted for the rotation matrix):

(2.12)

To(t) =Ta(t) = R(t)Bz(t) = R(t)R'(t)Tx(1). (2.13)

As shown using (2.9), the matrix R(t)R"(t) is skew-symmetric and can be
parameterized according to (2.3) by a vector of dimension 3. This vector is
defined as the angular velocity Twzs(t) € R3 of the rotating frame B relative
to Z and, as shown later, it is expressed in the inertial frame Z:

S (Fwzs(t)) = RE)R' (1), (2.14)

Using (2.4) and (2.14), the relationship between particle velocity and position
from (2.13) can be expressed as a cross product:

To(t) = Twrp(t) x Tx(t). (2.15)
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Since the cross product inherently produces a vector Zv(t) perpendicular
to Zwzp(t) and Tx(t), Twzp(t) must be perpendicular to the plane in which
the particle rotates. Consequently, Zwzs(t) corresponds to the axis of rota-
tion around which frame B rotates relative to Z. Additionally, the magni-
tude szzg(t)H2 corresponds to the angular rate of rotation.

Further, (2.13) can be extended by multiplying from the left with I =
R(t)R'(t) to obtain

Tu(t) = R(t) (RT(t)R(t)) R" () " (). (2.16)

As shown using (2.10), also the matrix R (t)R(t) is skew-symmetric and can
analogously to (2.14) be parameterized using the vector Pwzp(t), containing the
angular velocity of the rotating frame B expressed in itself:

S (Pwzs(t)) = RT(HR(). (2.17)
Finally, substituting (2.17) in (2.16) and using the relation (2.8) yields
To(t) = S (R(t) Pwrs(t)) " (t). (2.18)

Comparing (2.18) with (2.14) substituted in (2.13), it becomes evident that
the parameterizations of the matrices R(t)R'(t) and R' (t)R(t) are indeed
expressed in the Z and B frames, respectively, and are correspondingly related
to each other:

Zwﬂg(t) = R(t) BwI3<t>. (219)

Euler Angles

Due to the constraints imposed by the orthogonality property and the deter-
minant being 1, a rotation matrix R € SO(3) can be locally parameterized
with only three parameters. One possibility for this parameterization is the
use of Euler angles, which decompose the whole rotation into three elementary
rotations, Ry, Ry, R, € SO(3), around the z-, y-, and z-axes:

1 0 0 ¢y 0 sy ce —sg O
R(p)=10 c, —su|, Ry(u)=1]0 1 0, R, (0)=1s9p cop 0. (2.20)
0 s, ¢ s 0 ¢y 0 0 1
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Although different conventions can be used to order the elementary rotations,
the focus here is on the intrinsic ZYX Euler angles convention. In this convention,
the rotation is first performed around the z-axis by angle § € R, then around
the resulting y-axis by angle p € R, and finally around the resulting z-axis by
angle ¢ € R, yielding the following composition:

R(0,p1,0) = R,(0) Ry (1) R () (2.21a)
CoCu  CeSuSe — SeCy  CaSuCyp T SeSy
S0Cu  S05uSe + CoCp  SpSuCy — CoSy | - (2.21b)
—s, CuSe CpuCy

If, again, a time-varying rotation matrix R(t) = R, (6(t)) Ry (11(t)) Rx (¢(t)) €
SO(3) is considered, the angular velocity Bwzs(t) can be expressed in terms of
the change of the Euler angles ¢(t), fu(t), and 6(t) using (2.17). When omitting
the arguments, the relation can be derived as follows:

S (Swrs) =R'R (2.22a)
“ZY RIR]R] (R,R,R. + R,R,R, + R,R,R,) (2.22b)
=R/R/R,R,R R, + R,R] R R, + R R, (2.22¢)

"2V RIR]S (6%, 5) RyRy + RIS (jiBeys) R + S (pPexs) (2.224)

28 g (9 ‘R/R/ Bezﬁ) + S (p : R;rBey,zg) + S <¢ : Bex,6> (2.22€)

=S (0-RIR] Pe,5+ji- R ey +¢-Peun). (2.22f)

2.3 Track Representation

A laterally flat 3D track is used to describe the race track geometry, meaning
that variations along the cross section of the track are not modeled. The
formal analytical description is provided in Subsection 2.3.1, while the numerical
modeling is detailed in Subsection 2.3.2.
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2 Preliminaries for Planning in Autonomous Racing

Figure 2.1: Illustration of a closed, counterclockwise orientated 3D race track with
negative banking (¢ < 0°) and without slope (u = 0°).

2.3.1 Analytical Model

For the description of a 3D race track, the representation introduced in [58] is
used, which is based on a spine and a lateral offset to it. The spine, hereafter
referred to as the reference line, is a 3D curve

R={"c(s) eR* | s € [0,5]} (2.23)

of length s; € R+, parameterized with respect to its arc length s. As introduced

in Section 2.1, all derivatives with respect to this arc length are denoted as

dC(s
di ) Te(sr)

applies. A moving coordinate frame associated with the reference line is now
introduced, as depicted in Figure 2.1. This frame, referred to as the road

= [I'(s). Since closed race tracks are specifically considered, Z¢(0) =

frame R, is spanned by the three basis vectors Tey z(s), Tey = (s), Te,r(s) € R?
and has its origin Zzzz(s) € R? on the reference line, i.e., Zzrz(s) = Ze(s).
The basis vector Ze, z(s) = “c/(s) is tangential to the reference line :t. The
y-axis Te, z(s) is orthogonal to Ze,r(s) and lies in the plane of the race
track. The road frame is completed with Ze,z(s) = e, r(s) x Tey r(s), which
thus points orthogonally out from the track surface. The orientation of the
road frame R relative to the inertial frame Z is described by the rotation

matrix Rzg(s) = {IexyR(s) Tey, r(s) IezyR(s)} € SO(3). It is parameter-
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2.3 Track Representation

ized using the intrinsic ZYX Euler angles convention introduced in Subsec-
tion 2.2.2:

o The orientation angle (s) corresponds to the rotation around the z-axis
and specifies the orientation direction of the track from a bird’s eye view.

o The slope angle u(s) corresponds to the rotation around the resulting
y-axis and indicates the inclination of the track, i.e., whether it is an
uphill (1 < 0°) or downhill (x> 0°) section.

o The banking angle ¢(s) corresponds to the rotation around the resulting
z-axis and indicates the banking, i.e., the tilting of the track to the
left (¢ < 0°) or right (¢ > 0°).

The change in orientation of the road frame R relative to Z is described by
the spatial curvature vector *Qzr(s) = {Qx(s) Q(s) Qz(s)}T € R®. While
the angular velocity ®wzr(t) € R?® (introduced in Subsection 2.2.2 and further
described in Section 2.4) indicates the change in orientation with respect to
the time t, the spatial curvature vector RQIR(S> corresponds to the change
in orientation with respect to the arc length s and is, therefore, not explicitly
dependent on time. The time-independent track geometry, taking into account
all 3D effects, is therefore described by the three elements of *Qzx(s):

o (),(s) is the geodesic curvature, which describes the curvature around the
z-axis of R. It is the only curvature that is also present on a flat track
and indicates how tight a turn is.

o Q,(s) is the normal curvature, which describes the curvature around the
y-axis of R. This curvature is effective when driving over a hill or through
a dip.

o Q(s) is the geodesic (or relative) torsion, which describes the curvature
around the z-axis of R. For instance, it indicates the curvature that is
caused by the angular change within a banked turn.
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2 Preliminaries for Planning in Autonomous Racing

Analogous to the angular velocity in (2.22f), the spatial curvature vector
RQIR(S) can be expressed using the Euler angles’ derivatives with respect to s:

¢'(s)
RQrr(s) = [Rewr Ri(o(s) Reyr RI(p(s))RY (u(s) Rer| [1(s)|  (2.240)
0'(s)
1 0 —sin(u(s)) ¢'(s)
P2V M0 cos(i(s)  cosuls)) -sin(p(s)) | | #(s)] - (2.24D)

)

Given the width between the reference line and the track boundaries, denoted
as d)(s) € Ry and d,(s) € R for the left and right sides, respectively, the
track surface & can now be defined as

0 —sin(p(s) cos(u(s)) - cos(p(s))] [0'(

»

& = {Tr(s,d) ="c(s) + Teyr(s) - d € R®

2.25
|5 €0, 5], d € [de(s), c(s)]}- (2.25)

While s represents the progress along the reference line, d corresponds to the
lateral offset on the race track’s plane from the reference line.

A 2D track results as a special case of the 3D model described here. For this,
¢(s) = p(s) = 0° must apply for s € [0, s¢], resulting in 2 (s) = Qy(s) = Orad/m
according to (2.24b). Consequently, only the orientation angle 6(s) and the
geodesic curvature 2,(s) are effective.

2.3.2 Numerical Model

It is assumed that discrete points of the left bj[k] € R? and right “b.[k] €
R? track boundary of equal number Ny, € N are available, where k €
{0,1,..., Nmap}. The data points are identical for k¥ = 0 and k¥ = Nyap,
resulting in a closed track. Furthermore, let the discrete points of the reference
line Zc[k] be given, lying on the respective line connecting by[k] and Zb,[k].!
The discrete arc lengths are obtained from the cumulative Euclidean distance

Uf the reference line is not specified, a possible line can be determined as Ze[k] = 1/2(bi[k] +
Lb,[K]), ensuring that c[k] lies on the respective line connecting Zby[k] and “b,[k]. However,
the point pairs must be sufficiently close to ensure that the reference line remains within
the track boundaries.
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2.3 Track Representation

between adjacent points of the reference line:

0 for k =0,
s[k] = (2.26)
{s[k — 1)+ |[Pelk] = Telk — 1], for k€ {1,2,..., Nuap} -

The basis vectors Te, z[k], ey r[k], and Te,r[k] at the discrete points are
determined similarly to [58] based on forward finite differentiation:

Lelk+1]—ZLc[k] o
ro ) — | TR, for k€ {0, Lo Ny =1}y o0
Te, r[0] for k = Npap,
z T
bilk] — "c[K]
T 1
e = for k€ {0,1,..., Npap}, 2.28
orll = gk { ) (2.28)
2
Te,r[k] =Te.r[k] x Teyr[k]  for k€ {0,1,..., Nuap} - (2.29)
The rotation matrices Rzg[k] = {Iexﬁ[lﬁ] Te, r[k] ZeZ,R[kﬂ can be con-

structed using the basis vectors. The corresponding Euler angles ¢[k], u[k], and
0[k] can be computed by comparison of Rzg[k| with (2.21b). The derivatives of
the Euler angles, which are needed in (2.24b) for the calculation of the spatial
curvature vector *Qzr [k], are again obtained by forward finite differentiation:

¢'[k] =

SRHI=ER gor ke 10,1, ..., Nyap — 1
{s[kﬂ]sw or {0, 1, Nmap — 1} with &€ {p,p,0}. (2.30)

¢'[0] for k = Npap

Similarly to (2.30), the derivative of the spatial curvature vector ¥ zz[k] is
computed using finite differencing. Finally, the track widths are obtained as:

k] = |["bi[k] = Telk]|, and di[k] = — |["b,[k] — Telk]| - (2:31)
Due to potentially noisy track boundary data £bj[k] and b.[k], the track

smoothing procedure proposed in [58] is applied. It is based on an optimization
scheme that reduces the noise in the data while preserving track closure.
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2 Preliminaries for Planning in Autonomous Racing

2.4 Vehicle Model

In the literature, models of varying accuracy exist to describe the dynamics of
a vehicle. On the one hand, these include simple models such as point-mass
and single-track models, characterized by their simplicity and computational
efficiency. On the other hand, higher-fidelity two-track and multi-body models
involve fewer assumptions and, therefore, better represent the actual vehicle
behavior. A detailed introduction to the various models can be found in existing
literature, such as [147].

A further division is made into kinematic and dynamic vehicle models. Kine-
matic vehicle models only incorporate the kinematic relations of the vehicle
quantities, such as position, velocity, and acceleration. Since these models do
not explicitly account for the forces that cause acceleration, the accelerations
are not inherently limited, potentially resulting in infeasibly high values. To
ensure physical realism, it is thus necessary to impose external constraints on the
acceleration. Dynamic vehicle models, in contrast, consider the forces acting on
the vehicle, e.g., by establishing the balances of forces and moments. In addition
to forces such as drag force and aerodynamic downforces, the forces acting on
the tires are decisive for the vehicle’s behavior. The lateral and longitudinal
tire forces primarily depend on the lateral and longitudinal slip and the vertical
wheel load. Various complex and accurate tire models exist for calculating
tire forces based on these quantities, including linear models or the empirically
determined Pacejka tire model (Magic Formula) [148].

Within this thesis, a point-mass model introduced in Subsection 2.4.1 is
used for trajectory planning due to its computational efficiency. Since it is a
kinematic vehicle model, constraining the vehicle’s acceleration is essential. For
this, gg-diagrams, which are introduced in Subsection 2.4.2, are used. These
diagrams are generated with a higher-fidelity model, allowing the complex
vehicle behavior to be captured despite the simplicity of the used point-mass
model. For a more realistic behavior, this section also introduces a maximum
curvature allowed to be driven by the point mass.

2.4.1 Point-Mass Model

The point-mass model is frequently used for planning and is characterized by its
simplicity. It is based on a point mass that lies in the vehicle’s center of gravity
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2.4 Vehicle Model

Figure 2.2: Inertial Z, road R, and velocity V frames illustrated on a straight twisting
track segment with € > Orad/m. The point mass (red circle) lies in the origin of V.
Due to the twisting of the track, its total velocity (red arrow) is not fully aligned with
the z-axis of V, leading to a vertical velocity component in the velocity frame.

projected onto the laterally flat 3D track. This section introduces the relevant
coordinate frames of the point-mass model and its physical quantities. However,
the ordinary differential equations that describe its system dynamics are not
derived, as they are not needed in the planning approaches presented in this
thesis. For a derivation of the system dynamics, please refer to [60] and [61], on
which the following descriptions are based.

Subsection 2.3.1 introduces the road frame R to represent the race track. It
is a frame that is oriented with the reference line R at the corresponding track
progress s. However, no temporal processes that are required to describe the
vehicle’s movement have yet been defined. This is now accounted for by moving
the road frame R along the reference line so that the point mass always lies
on the normal vector Zey » (s(t)). The relation between R and the point mass
is shown exemplarily in Figure 2.2, with the point mass lying in the origin of
the velocity frame V, which is specified in more detail later. This definition of
the road frame allows the position Z&r,(t) = {x(t) y(t) z(t)]T € R? of the
point mass (or the origin of V) to be determined via the reference line Zc(s(t))
at progress s(t) and a lateral offset d(t) along the normal vector of R:

Tazy (s(1), (1)) = Te (s(8)) + Tey (s(1)) - d(2). (2.32)
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Due to the motion of the point mass on the track, the road frame moves
along the reference line with the speed s(t). Consequently, the angular veloc-
ity Rwzr(t) of the road frame (change in orientation with respect to t) can be
determined using the chain rule by multiplying $(¢) with the spatial curvature
vector “Qz(s(t)) (change in orientation with respect to s):

wy (1) Qx(s(t)) - 8(¢)
Rwrr(t) = |wy(t)| = RQzr(s(t) - 5(t) = |Q(s(t)) - 5(t)| - (2.33)
wy(t) Q,(s(t)) - 5()

The aforementioned velocity frame V originates in the point mass position and
is partially aligned with the point mass velocity. More precisely, the orientation
of V results from R by a pure rotation around its z-axis such that no lateral
velocity occurs in the velocity frame. The rotation matrix Rzy(t) € SO(3)
describes the orientation of V relative to R, and the angle between the two
frames is called the relative orientation X(t), i.e., Rgy(t) = R,(X(t)). With this
definition of V, the velocity Yvry(t) € R? of the point mass (or the origin of V)
expressed in the velocity frame itself has no lateral velocity component:

vpy(t)=| 0 |. (2.34)

V'(t) thus corresponds to the collective speed of the point mass in the z-y plane
of R and V but not to the total speed |/V?2(t) + w?(t) due to the existing
vertical speed component w(t), as illustrated in Figure 2.2. For simplicity in
the calculations, the velocity frame is not defined as fully aligned with the total
speed, i.e., such that the z-component in (2.34) would also be 0. Instead, as
in [60], it is assumed that the vertical velocity w(t) is sufficiently small so that
V() lies approximately in the road plane.

The acceleration Yary(t) € R? of the point mass (or the origin of V) resulting
from the motion along the 3D track surface is denoted as

Vam(t) = |a(1)| . (2.35)
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The accelerations introduced here are labeled with [ and are referred to as
kinematic accelerations, as they result solely from the kinematics of the 3D
motion. However, no gravitational acceleration components are taken into
account that an accelerometer in a moving vehicle would additionally measure.

=
The actual measured accelerations Yary(t) = [(zx(t) ay(t) g(t)} € R? are
labeled with O and referred to as apparent accelerations. They are composed
of the kinematic accelerations Yary (t) and the components resulting from the

a
gravitational acceleration vector Zg = {O 0 g] € R3 expressed in the velocity
frame V with g = 9.81 m/s*

dev(t) = v&zy(t) -+ Vg(t) (236&)
=Yazy(t) + Rry(t)Rir(s(t) 7g. (2.36b)

Substituting the rotation matrices Rzr(s(t)) = R(0(s(t)), u(s(t)), p(s(t))) and
Rzy(t) = R,(x(t)) into (2.36b), the following relations follow, neglecting the
arguments:

g - (cos(p) sin(y) sin(X) — sin(p) cos(X))
ary = |ay| = |ay| + |g- (cos(u)sin(ep )cos(f()—k n(u)sin(x
J a, g+ (cos(u) cos(y))

The third component of Yazy(t) is the acceleration orthogonal to the track
surface and is labeled g(¢) in analogy to the gravitational acceleration g, which
acts orthogonally on 2D tracks. More generally, for 2D tracks with p(s(t)) =
©(s(t)) = 0°, the relations in (2.37) yield ax(t) = ax(t), ay(t) = ay(t), and
g(t) = g with a,(t) = 0m/s?.

In summary, the road R and velocity V frame share the same s-coordinate.
While V originates in the point mass, R originates in the reference line Ze(s(t))
evaluated at the progress s(t). The orientation of R relative to Z is determined
by the Euler angles 6(s(t)), u(s(t)), and ¢(s(t)) introduced in Subsection 2.3.1.
The orientation of V then results from R rotated around its z-axis by the relative
orientation X(t).
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2.4.2 Model Constraints

Since the point-mass model is highly simplified, the physical quantities intro-
duced in Subsection 2.4.1 may reach values that cannot be realized in practice.
It is, therefore, essential to introduce kinematic and dynamic constraints.

Kinematic Constraints

A real vehicle has a minimum realizable turning radius and, thus, a maximum
drivable curvature Rp.x € Rsg. Therefore, the curvature &(t) € R of the path
traversed by the point mass must be constrained:

A(t)] < Amasx- (2.38)

On a 2D track, the driven path is described by only one scalar curvature value,
which corresponds to the required curvature 4(t). In contrast, the driven path
on a 3D track is represented by the spatial curvature vector Yz, € R? of the
velocity frame V. In this case, the scalar curvature of the path projected onto
the z-y plane of V, i.e., the third component of Y7y, is utilized in (2.38).

Dynamic Constraints

As the point-mass model is a kinematic vehicle model, the vehicle accelerations
must be constrained. For this purpose, gg-diagrams are used, which restrict the
vehicle’s combined longitudinal ay(¢) and lateral ay(t) acceleration. Exceeding
the gg-diagram limits corresponds to undesired driving states, such as excessive
oversteer or understeer. Typically, the gg-diagrams are utilized for 2D tracks,
but since 3D tracks are also considered in this thesis, the generalization of [60]
is introduced.

Various vehicle and track quantities influence the size and shape of the di-
agrams. On a 2D race track, the main dependency is the vehicle’s velocity V'(t),
which enters quadratically into the drag force and aerodynamic downforces.
This dependency is visualized in Figure 2.3 (left). With higher velocities V (¢),
the combined acceleration that can be realized increases due to the higher aero-
dynamic downforce. At the same time, the longitudinal acceleration potential
decreases due to the increased drag force. As a result, the vehicle is limited by
the tire-road contact at low speeds and by the engine power at high speeds.
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Figure 2.3: Influence of velocity V and apparent vertical acceleration § on gg-
diagrams. Left: gg-diagrams for different values of V' with a fixed apparent vertical
acceleration § = g. Right: gg-diagrams for different values of § with a fixed velocity
V =50m/s.

The velocity-dependent gg-diagrams are extended for 3D tracks in [60] by
adding the dependence of the apparent vertical acceleration g(t) orthogonally to
the track surface. While g(¢) on 2D tracks always corresponds to the gravitational
acceleration g, different track geometries result in accelerations not equal to g,
which can significantly affect the gg-diagrams. One example of this is driving
through a dip or over a hill, which causes g(t) to increase or decrease. As shown in
Figure 2.3 (right), for a constant velocity V' (), higher vertical accelerations g(t)
allow higher combined accelerations to be realized.

The balance equations of forces of the 3D vehicle model, which is used to
generate the gg-diagrams, contain the apparent accelerations ay(t) and ay(t).
In the apparent accelerations, the gg-diagrams are symmetrical with respect
to the ay-axis. The influence of the 3D effects only becomes evident when the
gg-diagrams are expressed in terms of the kinematic accelerations ay(t) and
ay(t). Figure 2.4 shows gg-diagrams converted into kinematic accelerations for
a flat, a downhill, and a right-banked straight. The downhill straight causes
gravity to support acceleration and counteract braking. The track inclined to
the right supports acceleration to the right (negative sign) and counteracts
acceleration to the left (positive sign).
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/s*

ay in m

Figure 2.4: Influence of the slope p(s) > 0° and banking angle ¢(s) > 0° on gg-
diagrams expressed with kinematic accelerations for a fixed velocity V' = 50m/s. The
orientation angle 6 is 0°, and all Euler angles are constant, resulting in a flat (solid
line), a downhill (dashed line), and a right-banked (dotted line) straight.

The true gg-diagrams can have arbitrarily complex shapes. However, the
parameterization of such a shape is difficult, and checking a combined accelera-
tion pair (ax(t), ay(t)) within the shape is computationally time-consuming. In
this thesis, therefore, the diamond-shaped representation presented in [71] is
used, which requires only four parameters and is faster to check. The following
inequalities are used for the check, with the time argument neglected:

dx S dX,Hl&X(‘/) g)a (2398’)
|ay| < Gy max(V, §), (2.39b)
G, 79 o)
|a’x‘ S ’dx,min(v7 §)| 1 - [gl}m‘| . (239C)
y,max 9

As depicted in Figure 2.5, the first two parameters, ayxmin(V,d) € R<g and
Gy max(V, §) € Rx, correspond to the corner points of the diamond. The third
parameter, dymax(V,§) € Rsg, constrains the positive acceleration and thus
represents the limited motor power. The last parameter, p(V,g) € [1,2], is
a shape factor that allows the diamond shape to be varied from a rhombus
with p(V,g) = 1 to an ellipse with p(V,g) = 2. Since the diamond-shaped
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Figure 2.5: Diamond-shaped representation of the gg-diagram with the fixed param-
eters dy min = —20m/s?, Qy max = 15 m/s?, and @y max = 10m/s?. Varying p between
1 and 2 results in shapes between a rhombus and an ellipse with the same corner
points.

representation of the gg-diagrams only approximates the real shape, the four
parameters must be chosen appropriately. On the one hand, the diamond shapes
must underapproximate the real shape to avoid infeasible areas within the gg-
diagrams. On the other hand, for better performance, the underapproximation
should fill as much of the real shape as possible.

The gg-diagrams can be generated either through simulation using a high-
accuracy dynamic vehicle model or experimentally with the actual vehicle.
In this work, they are generated in simulation and adapted experimentally,
although the generation process is not detailed here. Instead, refer to [57] or [60]
as examples of simulative generation. The parameters ay min(V, §), @y max(V. ),
axmax(V, §), and p(V, g) are given for discrete value pairs of velocity V' and
apparent vertical acceleration g. Linear interpolation is used to evaluate the
gg-diagrams between the given data points of V and g.

2.5 Local Planning Interfaces

In each planning cycle of the local planning module, the trajectory output
is generated based on inputs that are informally illustrated in Figure 1.3.
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With the definition of the coordinate systems in Sections 2.3 and 2.4, these
quantities can now be formulated mathematically. The local trajectory planning
approaches presented in this thesis operate in the Curvilinear coordinates s(t)
and d(t). However, the model constraints in Subsection 2.4.2 are defined in
Cartesian coordinates, and the adjacent modules of local planning operate
in Cartesian coordinates. Therefore, the transformation from Curvilinear to
Cartesian coordinates

s, 8,8, d,d, d’} (t) = [2,y, 2, V, w, by, Gy, 45, X, A] (1) (2.40)

and the reverse transformation are required, which are both stated in Appendix A.
Since a transformation is possible in both directions, the inputs and outputs in
this section are only specified in Curvilinear coordinates. Nevertheless, specific
Cartesian quantities will be used in the local planning approaches presented in
this thesis.

2.5.1 Inputs

The inputs of the local planning module are the offline-generated race track
map, the state estimation of the ego vehicle, the racing line, and the racing flags.
For multi-vehicle racing, these inputs are supplemented either by the object list
(interaction-aware planning) or the prediction (conventional planning) of the
opponent vehicles.

Map

The map of the race track is available as Nyap, + 1 discrete data points, whereby
the data of the first and last points are identical except for the progress s.
According to the track model in Subsection 2.3.2, the data points are available
in the following format:

{ (s[k], 7c[k], Rzr[K], ®Qur k], 'zr[k], di[K], d.[K])

[k €{0,1,. ., Nuap} }- 241)

A data point consists of the progress s, the reference line Ze, the rotation
matrix Rzg, the spatial curvature vector ~zz, its derivative with respect
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to the progress RV 7r, and the left and right track widths d; and d,. For
an evaluation between the discrete data points, there are different options,
as compared in [149, 150]. In this thesis, linear interpolation is used, which
leads to straight-line segments connecting the discrete points while avoiding
discontinuities at the segment transitions.

Estimated Ego State

The estimated state of the ego vehicle zo € R® is provided as a vector:
. . . e
zZy = [80 So  So do d() do] . (242)

All Cartesian quantities associated with the estimated state zy are also labeled
with the index 0.

Racing Line

The racing line (sq(t), du(t)) , t € [0, Ty] is a curve parameterized with respect
to time ¢ with the temporal horizon T}; € R+g. It is available as N, € N discrete
data points:

{(trl[k]v Srl[k]a 51‘1%]7 érl[k]v drl[k]a drl[k]a drl[k]) ‘ k S {17 27 R er}}’ (24?))

All Cartesian quantities corresponding to the racing line are also indexed with
rl. Linear interpolation is used to evaluate the racing line within the discrete
data points. To evaluate the racing line at the ego progress sg, the progress of
its first data point must be less than or equal to s, i.e., $1[0] < s¢. In addition,
the horizon T, must be sufficiently large to allow the racing line to be evaluated
at the s-coordinates of any trajectory that may be generated.

Object List / Predictions

The number of detected opponent vehicles Ny, € Ny may vary in each planning
cycle. For interaction-aware planning, an object list containing data for each
opponent vehicle indexed by [ is provided:

{ (Sopp.ts Sopp.ts doppts doppt) [ 1€ 1,2, Nopp }}. (2.44)
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All Cartesian quantities associated with the state of the opponent vehicle [ are
also labeled with the index opp, (. If specifically only one opponent vehicle is
considered, the index [ is omitted. The opponent data is limited to the first
time derivative, as higher-order derivatives are unsuitable due to the available
detection sensors and the resulting estimation noise. For conventional planning,
a prediction (sp (%), dpri(t)), t € [0, T} of time horizon T}, € R+ is given for
each opponent vehicle. Each prediction consists of N, € N discrete data points:

{Cora k), spralk]s $pea k], dpr[K], dpra[K])

(2.45)
| ke{l,...,Ny},le {1,2,...,N0pp}}.

Linear interpolation is used to evaluate the predictions between the discrete
points.

Flags

The racing flags are transferred to the planning module as integer variables.
According to the racing rules, the flags are translated in a dedicated state
machine into corresponding planning signals, such as a speed limit Vi () € Rxo,
whether overtaking is allowed, or whether the vehicle should start, stop, or pit.
A detailed description of the flag logic and the conversion into the planning
signals is not provided in this thesis but is available in [151].

2.5.2 Output

The sole output of the local planning module is the trajectory (s(t),d(t)), t €
[0, Tiraj] to be followed with the temporal planning horizon Ti.; € Rso. It is
a curve parameterized with respect to time ¢ and is represented by Ni.; € N
discrete data points with information up to the second time derivative:

{ (1K), s[k], s[k], 8[K), d[k], d[k], d[k]) | k € 1,2, N} }. (2.46)

Since the feasibility is only checked for the discrete points, interpolation within
the points can lead to infeasibility issues. These are is addressed by using safety
margins in the checks and selecting a sufficiently large Ni,;. Additionally, the
planning horizon must not exceed the prediction horizon, i.e., Tiyaj < Ty

52
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Two-Dimensional Oval Tracks

This chapter presents a hybrid local trajectory planning approach for 2D oval
tracks, addressing limitation 1 from Section 1.4. In existing graph-based planning
approaches without PVD, spatio-temporal graphs with coarse discretization
and simple edge structures are used to counteract the curse of dimensionality.
However, trajectories generated from such graphs are difficult for the controller to
track accurately, restricting the ability to reach the vehicle’s handling limits and
potentially affecting stability. The edges connecting the ego vehicle state to the
graph are particularly crucial, as, according to the RH execution, they contain
the trajectory segment that is actually traversed by the race car. Therefore, the
main idea of the hybrid approach is to use a coarse spatio-temporal graph with
a small number of simple-structured edges. In contrast, the edges connecting
the ego vehicle’s state to the graph are generated in larger numbers and with
increased smoothness through sampling. The combination of fine sampling
with a coarse spatio-temporal graph allows a sufficiently long planning horizon
while ensuring high smoothness of the traversed trajectory segment. The spatio-
temporal graph consists of the spatial graph from [70], previously used by
the TUM Autonomous Motorsport team, with the extension by the temporal
dimensions of [74]. The sampling is based on the approach from [92] using
jerk-optimal curves in Curvilinear coordinates.

Within the hybrid planning approach, tracks are considered in 2D, although
the actual track may include 3D effects. This means that in the planning process,
o(s) = p(s) = 0° and Qx(s) = Qy(s) = Orad/m are assumed. Consequently,
ax(t) = ax(t), ay(t) = ay(t), a,(t) = 0m/s?, §(t) = g, and the gg-diagrams
depend only on velocity V. In addition, the curvature of a path is characterized
solely by its geodesic curvature, which is simply referred to as curvature.
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3 Hybrid Planning on Two-Dimensional Oval Tracks

This chapter is based on the author’s publications [152] and [151] and addition-
ally contains a more detailed classification and description, e.g., the selection of
the initial layer. The planning concept is described in Section 3.1, and simulative
as well as experimental results are presented in Section 3.2. A discussion in
Section 3.3, outlining the approach’s limitations, concludes this chapter.

3.1 Methodology

The spatio-temporal graph underlying the hybrid planning approach is described
in Subsection 3.1.1, followed by a breakdown of the approach into subtasks in
Subsection 3.1.2. The three subtasks of start state determination, initial edge
generation, and graph search are detailed in Subsections 3.1.3, 3.1.4, and 3.1.5,
respectively. The validity check of the edges is introduced in Subsection 3.1.6,
and the cost functional used for the graph search in Subsection 3.1.7.

3.1.1 Graph Structure

The spatio-temporal graph consists of a spatial graph extended by the temporal
dimensions of velocity V' and time t. The spatial graph is based on the layered
graph structure proposed in [70] for path planning in racing. The extension by
the temporal dimensions is similar to the principle introduced in [74]. However,
the hybrid concept presented in the following subsections can also be applied to
other graph structures with minor modifications.

Spatial Graph

As illustrated in Figure 3.1, the spatial graph comprises Ny € N layers £; posi-
tioned along the reference line at certain progressions s;, where i € {1,2,..., Ny}
denotes the index of the discrete longitudinal coordinate. Here, the choice of
layer spacing Dy = s;11 — s; € Ry is a trade-off, as larger layer spacings result
in fewer layers to be searched and, thus, in shorter computation times. However,
denser layer coverage is required in turns to better replicate the changing racing
line in these segments.

A layer £, is a set of Ng € N nodes n;; € £; arranged along the normal
vector Zey z(s;) of the road frame at the corresponding progress s;, where
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Figure 3.1: Illustration of the spatial graph for a curved track segment consisting
of three layers. Each layer comprises five spatial nodes (black circles) arranged
perpendicular to the reference line SR. The spatial nodes of a layer are connected to
those of the following layer by spatial edges (gray lines).

Jj € {1,2,...,Nq} denotes the index of a node within its layer. A node n;;,
referred to as a spatial node, is described by the tuple (s;, d;j, Xi;j) or (Z4j, Yij, Xij),
consisting of its position (s;,d;;) or (x;;,y;;) and its relative orientation x;;. To
be able to plan trajectories that match the racing line, a spatial node labeled
with the index j; € {1,2,..., Ngq} is placed on the racing line in each layer,
i.e., dij, = du(s;). The remaining nodes are placed to the left and right of the
racing line with a fixed lateral spacing D4 € R-g up to the track boundaries in
the interval [d,(s;) + Pw/2 + Dgag, di(s;) — Pw/2 — Dgyg|, considering the vehicle
width Dy, € R5( and a safety distance Dg,s € R>(. Thus, the spatial nodes of a
layer £; have the same longitudinal position s; but varying lateral positions d;;.
The relative orientation of a node X;; is determined depending on its lateral
position by linear interpolation between the relative orientation of the according
track boundary and the racing line. Consequently, the node on the racing line
is oriented like the racing line itself, i.e., X;;, = Xx(si), and the remaining nodes
tend towards the racing line while avoiding pointing into the track boundaries.

Edges of the spatial graph, referred to as spatial edges, connect each node of
a layer £; with each node of the subsequent layer £;,;, as depicted in Figure 3.1.
The last layer is connected to the first layer, creating a cyclic graph that covers
the entire race track. The spatial edges are cubic polynomials in the Cartesian
coordinates z(s) and y(s) with s € [s;, s;41]. The boundary conditions of the
polynomials are selected such that the position and relative orientation of
the origin and destination nodes are adhered to, resulting in a C'-continuous
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3 Hybrid Planning on Two-Dimensional Oval Tracks

transition between two consecutive edges. However, a curvature continuity
cannot be guaranteed at the transition of the edges. Using the polynomials,
the corresponding relative orientation Y(s) and curvature %(s) profiles can be
determined analytically.

The spatial graph can be calculated offline, as the race track and racing line
are known in advance. Further, each spatial edge is checked offline to determine
whether it satisfies the kinematic condition (2.38) and lies within the track
boundaries. If invalid, the edge is removed from the graph. Subsequently, all
edges that originate in nodes without parents or end in nodes without children
are iteratively removed, avoiding an online check of the kinematic constraint.

Spatio-Temporal Graph

The temporal part of the graph results from the extension of the spatial nodes
by the velocity V' and time ¢ dimensions. Following the approach in [74],
these additional dimensions are segmented into Ny € N and N; € N intervals,
respectively, resulting in spatio-temporal nodes, as illustrated in Figure 3.2.
Thus, a spatio-temporal node consists of an underlying spatial node n;; and
a range of velocities [V,, V,41) and times [t,,t,4+1), which are indexed by p €
{1,2,..., Ny} and q € {1,2,..., N}, respectively. Due to the division into
intervals, a spatio-temporal node does not represent one specific discrete state.
Instead, infinite states with the same position and similar temporal values are
assigned to a single spatio-temporal node.

In the following, the start state refers to the state from which the planning
process begins for a given planning cycle. In each cycle, a trajectory composed
of several spatio-temporal edges must be generated starting from this start state
and having a minimum planning horizon 7},;. As illustrated in Figure 3.2, the
spatio-temporal edges can be divided into two sets. The first set &y consists of
the initial edges, which connect the start state to the offline-calculated graph
and are required since the start state is not necessarily located on a spatial
node. The second set &; comprises the remaining edges, which connect the
layers of the graph. The layer chosen to generate the initial edges & is referred
to as the initial layer £, with the index ¢ € {1,2,..., N;} and may change at
each planning cycle. Since the start state varies in each planning cycle and
the spatio-temporal nodes do not represent discrete states, the spatio-temporal
edges cannot be precomputed.
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Figure 3.2: Illustration of the spatio-temporal graph for a straight track segment
consisting of three layers. The spatial part of the graph consists of three spatial nodes
(black circles) per layer, which are connected by spatial edges (gray lines). Each
spatial node is extended by 25 spatial-temporal nodes (cells in grids). The start state
Zo (blue circle), from which the graph search begins, is connected to the initial layer
£, by initial edges €y (blue lines). The remaining spatio-temporal edges €, (orange
lines) connect the spatio-temporal nodes, though not all are shown for clarity.

3.1.2 Planning Procedure

The hybrid local planning approach consists of the three steps shown in Figure 3.3.
The first step is to determine the start state from which to start the actual
planning process. Here, the start state does not necessarily correspond to the
ego vehicle’s state zy. In the second step, the start state is connected to the
graph structure by creating initial edges &,. Since the initial edges cover a longer
time horizon than the computation time of a whole planning cycle, according to
the RH execution, they include the trajectory segment that is actually traversed
by the race car. Thus, the initial edges are elementary for vehicle stability and
race performance. As a third step, the remaining edges &; are generated, and
the optimal valid spatio-temporal edge sequence is determined using a suitable
cost functional and an efficient graph search algorithm.

In [74], all spatio-temporal edges are generated based on constant acceleration,
enabling efficient computation. In this approach, referred to as the uniform
acceleration approach, additional spatial edges are generated online that connect
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Figure 3.3: Procedure of the hybrid planning approach.

the start state to the spatial nodes in the initial layer £,, complementing the
spatial edges precomputed offline. Subsequently, several uniform acceleration
profiles are applied along the fixed spatial edges, resulting in spatio-temporal
edges. Thus, the initial edges from the start state to a given spatial node have
the same underlying path and uniform acceleration profiles, meaning that the
acceleration of the start state does not serve as the initial condition for the
edges. These coarse edges in space and time cannot cover the entire state space
and are difficult for the controller to track, preventing the vehicle from being
pushed to its handling limits.

Instead of treating the initial edges &, the same as the remaining edges €,
in the proposed hybrid planning approach, more variable initial edges are
generated through a sampling-based step. However, the remaining edges &;
are still based on the efficient constant acceleration calculation, allowing the
minimum planning horizon to be achieved with sufficiently short computation
times. In contrast to the uniform acceleration approach, the hybrid planning
approach achieves smooth acceleration transitions for the initial edges, taking
into account the initial conditions. Another advantage of the approach is that it
generates individual paths for each initial edge. Unlike in [74], where different
acceleration profiles are based on the same underlying path, each path is unique
in the hybrid planning approach since the spatial and temporal information
are generated simultaneously. This adjusts the path to match the temporal
information, resulting in lower lateral accelerations and enabling driving closer
to the handling limits.
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Figure 3.4: Illustration of the start state determination (not to scale). First, the
estimated ego state zgp (red circle) is projected onto the trajectory planned in the
previous planning cycle ey (black line), resulting in a projected state zop (black
circle). The start state Zy (blue circle) is then obtained by advancing along Tprev by
an estimate of the required computation time beginning from Zz.

The remainder of this section deals with the start state determination (Subsec-
tion 3.1.3) and, in particular, the generation of the initial edges (Subsection 3.1.4).
In contrast, the graph search (Subsection 3.1.5), including the generation of
the remaining edges &, is only briefly discussed, as this is not relevant to the
general hybrid planning concept. The validity checks (Subsection 3.1.6) and the
cost functional (Subsection 3.1.7) are presented in separate subsections, as both
the initial and remaining edges are validated and assigned costs. Since both
subsections relate to the initial edge generation and the graph search, they are
also not depicted as individual steps in Figure 3.3.

3.1.3 Start State Determination

The selection of the start state 2o = |5, §, $o do jo jO}T € RS is crucial for
the overall race performance. All variables associated with Z, are indicated with
a tilde next to the index 0, distinguishing them from the quantities corresponding
to the estimated state of the vehicle zy. Since the planned trajectory serves
as the reference for the tracking controller, zy cannot be used directly as the
start state zy,. This would cause the reference trajectory to follow the actual
vehicle state, preventing a control error from accumulating and thus providing
no incentive for the controller to follow the trajectory. Instead, as shown in
Figure 3.4, the estimated state is projected onto the trajectory planned in the
previous planning cycle Ty, Tesulting in a projected state zg € R® and allowing
a control error to accumulate.
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3 Hybrid Planning on Two-Dimensional Oval Tracks

In addition, the computation time of the planning cycle must be compensated
for, as the vehicle follows the trajectory 7,y While the new trajectory ey is being
generated. If, for example, the projected state z, is selected as zj, the newly
planned trajectory 7,ew can deviate from 7., along the same track segment
that lies in the vehicle’s past at the end of the planning cycle. Consequently,
switching the reference of the controller from Tpey t0 Thew Would result in a
sudden change in the control error, which could affect vehicle stability. At the
same time, the start state Z; should not be selected too far ahead on the race
track, as this would result in delayed responsiveness. Therefore, it is desirable
to incorporate the actual progress of the vehicle at the end of the planning cycle
when determining the start state. However, since the required computation
time and possible control errors are unknown at the beginning of a cycle, an
estimate is obtained by advancing along 7., by the estimated computation
time beginning from z;, as shown in Figure 3.4.

The part of Tpey located to the rear of 2y is discarded, as this segment lies
in the vehicle’s past. The part between z, and z; is retained, as the actual
vehicle state at the end of the planning cycle may lie in this segment. Starting
from z,, the initial edges are generated, and the graph search is executed. The
final trajectory is, therefore, a concatenation of the retained part and the new
solution of the graph search.

3.1.4 Initial Edge Generation

The proposed concept for generating the initial edges utilizes a sampling-based
approach that connects the start state 2z, = [,’9“0 S0 5 do jo jor to the
spatio-temporal graph, specifically to the chosen initial layer £,. Several end
states and end times are sampled in the Curvilinear coordinates and then con-
nected to the start state 2y through jerk-optimal curves, resulting in a set of
lateral and longitudinal curves. Jerk optimality is employed, as jerky trajectories
can excite neglected high-frequency dynamics in the tracking controller, poten-
tially reducing vehicle stability. Once generated, the lateral and longitudinal
curves are combined into pairs, forming the set of initial edges &.
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3.1 Methodology

Selection of the Initial Layer

The initial layer £, is chosen as the first layer whose distance to the start
position As; = s; — 59 € R exceeds a speed-dependent minimum distance
Asmin(Vo) € Ryp in the direction of travel:

v =argmin As; subject to  As; > Aspin (Vo). (3.1)
i
The minimum distance Asmm(%) increases with rising speed V, to prevent
high curvature values and the associated infeasible lateral accelerations. The
distance values are determined empirically for discrete values of Vj, and linear
interpolation is used for an evaluation between the data points.

Jerk-Optimal Curves

The lateral d(t) and longitudinal curves s(t) are each generated based on a
jerk-optimal movement, which reduces abrupt acceleration changes and has a
beneficial effect on vehicle stability. Additionally, Appendix B (case 1) proves
that for a third-order integrator chain with position £(¢) € R, a simple quin-
tic (fifth-order) polynomial minimizes the jerk-optimal cost functional

TEm) = [ & (32

. . T
subject to the initial condition {5(0) £(0) 5(0)] at the start time tp = 0s

and the fixed end condition {é(te) E(te) £(te)} " at the end time te € Rog. The
parameters of the polynomial can be efficiently computed, allowing real-world
operation.

When applied to the generation of the initial edges, the start conditions of
the lateral and longitudinal curves are defined by the start state 2z:

[500) 50) 50)] =[5 % | (3.32)

[a0) d) d©)]" =[dy dy do) - (3.3b)

The following paragraphs define the lateral and longitudinal end conditions and
the end time to produce the set of initial edges. First, the choice of end positions
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3 Hybrid Planning on Two-Dimensional Oval Tracks

and velocities is described to integrate all initial edges into the introduced graph
structure. This is followed by the selection of the end accelerations to improve
the racing performance.

Integration into Graph Structure

Since the quintic polynomials must be integrated as initial edges within the graph
structure, the end conditions must be sampled such that the edges terminate in
the initial layer £, at the correct individual positions (s,, d,;) and headings X,; of
each spatial node n,;. As depicted in Figure 3.1, the spatial nodes in the initial
layer are arranged perpendicular to the reference line and, therefore, have the
same longitudinal position s,. Hence, the end position of the longitudinal curve
has to be chosen accordingly without sampling, i.e., s(t.) = s,. To ensure that
the edges terminate in the spatial nodes n,;, the lateral end position must be
sampled according to the lateral position of each spatial node, i.e., d(t.) = d,;.

In addition to the position, the individual headings X,; of the spatial nodes
at the end of an edge must also be guaranteed. This is achieved by appropri-
ately specifying the end conditions of the lateral and longitudinal velocity d(te)
and 5(t,), respectively. Instead of specifying the velocities directly, the global
end velocity V() is sampled to cover the entire possible velocity range. To
address the lower engine power at high speeds, finer sampling is applied in
this region. Thus, the complete velocity range is divided into two fixed in-
tervals, each containing a different number of equidistant distributed velocity
samples: [Vi,..., Vg, ..., Vaying]. Here, Ny € N represents the number of
samples in the low-speed range, while Ny € N denotes the number in the
high-speed range. To ensure the individual heading of a node, each velocity
sample V,,, is then transformed into the corresponding lateral and longitudinal
velocity djm and $;,,, where m € {1, 2,..., Ny + N(,} indicates the index of the
respective velocity sample. According to the relations in (A.11b), the lateral
and longitudinal velocities are obtained by

Vm -+ COS (XLj)
1— QZ(SL)dLj7

d(te) = djm = Vi - sin (%) - (3.5)

$(te) = $im = (3.4)
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Thus, for the j-th spatial node in the initial layer £, and the m-th velocity
sample, a unique pair of lateral and longitudinal velocities is established. With
this specification, the end conditions for position and velocity are fully defined,
and the end conditions for time t, and acceleration §(t,) and d(t.) remain to be
determined.

Performance Improvement for Racing

In sampling-based methods for road traffic, the lateral and longitudinal accelera-
tions at the end time . are often set to 0 m/s? for comfort reasons. However, this
approach is unsuitable in a racing context. For instance, during an acceleration
maneuver, initial edges must adapt early to meet the end conditions, which can
lead to a loss of racing performance. Further, simple equidistant sampling of end
acceleration and end time is impractical due to the curse of dimensionality and
the associated computational time. Therefore, the goal is to keep the number
of samples low without compromising race performance.

The problem is addressed by determining a suitable pair of end accelera-
tion dy jm and end time %, ;,,, for each spatial node n,; combined with a velocity
sample V,,, avoiding additional sampling in the acceleration and time dimensions.
The determined accelerations in Cartesian coordinates dx_j, are then transformed
into the corresponding Curvilinear accelerations 5j,, and d;,,, which serve as
the end conditions for the lateral and longitudinal curves. Rearranging (A.15)
to (A.22) results in the required transformation:

.. . 1 a % R '
$(e) = Sim = 71530 (Beam <0si) = FVnd 36)
20, (8)8jmdjm + U (5:)di ).
Gimd; V
d(te) = djpm = 7" 4 T (B Vi — Qu(5)8jm
(te) J Sjm COS(XLJ)( ’ (5)3m) (3.7)

— tan(%y;) (Q;<3L)dLjs§m + Qz(sb)djms'jm) .

These equations indicate that a curvature £,; must be defined at the end of
an edge. However, as discussed in Subsection 3.1.1, spatial edges with a C!-
continuous transition are used, meaning the curvature at a spatial node is not
unique. Consequently, the curvature €2,(s,) of the reference line at progress s,
is chosen, independent of the lateral position d,; of the node being considered.
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3 Hybrid Planning on Two-Dimensional Oval Tracks

It now remains to determine the end acceleration ay ;, and the corresponding
end time t. j, for each combination of spatial node n,; and velocity sample V,,,.
To avoid fluctuations in the acceleration profile and thus further minimize jerk, a
constant acceleration is preferred. Consequently, the initial edges are generated
close to a uniformly accelerating edge by selecting the uniform acceleration
and the corresponding end time as end conditions. In contrast to the uniform
acceleration approach with fixed spatial edges and uniform acceleration profiles,
this method retains the advantage of individual paths, accounts for the start
acceleration, and achieves jerk optimality, reducing the load on the tracking
controller.

The uniform acceleration and time duration required to traverse a path of
length [;,,, € R from the velocity Vp of the start state to the desired velocity
sample V,,, can be derived using the equations of uniformly accelerated motion.
Accordingly, the end acceleration and the corresponding end time are determined

by

Vm_vb

te,jm

2, 4.
e Jgm — an Qx jm =

Vi + Vo

For the evaluation of ? ;,, the length [;,, of an edge is required. However, the

(3.8)

length of an edge is not known before its generation, requiring an approximation
to be determined. Since the paths of edges ending in the same spatial node
tend to be of similar length, only one length per spatial node n,; is determined
and utilized for all velocity samples V,,. A single edge is generated for each
spatial node n,;, with its length serving as an approximate value for [;,,. These
edges are used solely to estimate the path lengths and are discarded after their
generation. The end conditions of these temporary edges are chosen so that
they terminate at the pose of the corresponding spatial node n,; and with the
maximum velocity VN\_,Jr Ny Further, the end acceleration is set to zero, and the
end time is calculated according to (3.8), with the Euclidean distance between
the position of the start state Z; and the considered spatial node n,; as length.
The exact selection of these values is not crucial, as only the length of the edge
is used.

The described choice of end accelerations ay j, and end times t. j,, leads
to initial edges exhibiting uniformly accelerated motion characteristics while
adhering to the initial conditions and maintaining jerk optimality, as illustrated in
Figure 3.5. The velocity profiles of edges with similar start and end accelerations
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Figure 3.5: Comparison of the initial edges velocity profiles generated by the uniform
acceleration approach and the hybrid planning approach, which is based on jerk-
optimal curves. For illustration, ten end velocities V,,, are sampled equidistantly from
the interval [0,80] m/s. The start state Zo exhibits a velocity Vp of 50m/s (blue circle)
and an acceleration of 10m/s?.

closely approximate uniform acceleration. However, as the start acceleration
differs from the end acceleration, the velocity profile deviates increasingly from
the uniform acceleration in order to fulfill all boundary conditions.

The computation time for the proposed sampling-based initial edge generation
can be reduced by precalculating the transformation of all sample points. Since
the spatial nodes n;; of the graph and the velocity samples V,, are known
offline, for each pair, the end conditions for position and velocity in Curvilinear
coordinates can be precomputed using (3.4) and (3.5). In contrast, the end
acceleration ay j, and end time f. j,, from (3.8) cannot be precomputed as
the start velocity Vj is not known offline. However, due to the computational
complexity of (3.6) and (3.7), the end conditions ,, and dj,, are precalculated
offline for equidistantly sampled Cartesian accelerations at each pair of spatial
node n;; and velocity sample V,,,. Since the sampled acceleration values do
not exactly match ay j,, calculated online from (3.8), the end conditions of the
sample that is closest to dy jm, are used.
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3 Hybrid Planning on Two-Dimensional Oval Tracks

3.1.5 Graph Search

The third and final step, subsequent to the start state determination and the
generation of the initial edges, is the graph search, in which the remaining
edges €; are created, and the optimal sequence of spatio-temporal edges is
searched for. As this step is not the focus of this thesis, only the core idea is
explained. A detailed description and results showing the computation time
improvements of the used method are provided in [153].

As illustrated in Figure 3.2, the graph search involves creating spatio-temporal
edges of the set &, starting from the initial layer £,. Following the approach
in [74], these edges are generated by applying uniform acceleration profiles
along the outgoing spatial edges of the corresponding spatial node n,;. The
start velocity and time of a spatio-temporal edge correspond to the V-t pair
reached by the corresponding incoming spatio-temporal edge. The resulting
discontinuity in the piecewise constant acceleration profile of the trajectory is
not critical, as this trajectory segment is not traversed by the vehicle. To limit
the computation time, only the zero acceleration and the feasible minimum
and maximum accelerations are applied to a spatial edge, resulting in a coarse
graph.

All edges, including the initial edges, are checked for validity according to
Subsection 3.1.6. If an edge passes the checks, it is added to the graph and costs
are assigned to it using the cost functional defined in Subsection 3.1.7. Rather
than performing an exhaustive search that generates all possible spatio-temporal
edges in a layer, a graph search based on Dijkstra’s algorithm is employed,
reducing the number of edges. Accordingly, the state with the lowest cumulative
cost from the start state to itself (cost-to-come) is expanded. The search ends
when the state with the lowest cost-to-come fulfills the goal condition of the
minimum planning horizon Ti,,;. Furthermore, to reduce computation time,
spatio-temporal edges whose end state lies within the same spatio-temporal
node are considered similar. Of these edges, only the edge with the lowest
cost-to-come is retained, and the rest are discarded.

3.1.6 Validity Checks

To ensure the validity of an edge, it is checked for feasibility, collision, and
racing rule compliance. The checks may result in an insufficient number of valid
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edges to compose a trajectory with the desired planning horizon. In such cases,
a soft-checking concept becomes crucial, ensuring that a solution is available to
guide the vehicle into a viable state. For instance, the trajectory with the fewest
limit violations can be selected, or the violations can be penalized within the cost
functional. As the detailed concept is not relevant to the results presented in
this thesis, no further details are provided. For more information, refer to [151].

Feasibility Checks

As described in Subsection 3.1.1, each spatial edge within the graph is checked
offline for kinematic feasibility according to (2.38). Therefore, only the initial
edges require online verification. In contrast, each spatio-temporal edge is
checked online for dynamic feasibility according to (2.39).

Collision Checks

Each spatio-temporal edge is checked for collision with the track boundaries
and the respective temporal part of the predictions. As the spatial edges within
the graph are known offline, the collision check with the track boundaries is also
performed offline for these edges. Since the computation time is not decisive
here, the vehicle geometry is accurately represented by oriented rectangles. To
avoid a time-consuming check in Cartesian coordinates for the initial edges
generated online, a simplified check is conducted in Curvilinear coordinates
using the vehicle width D,,:
Dy, Dy,
d.(s(t)) + - + Dgar < d(t) < di(s(t)) — 5 = Dygyt. (3.9)
Since this check only considers the lateral position and vehicle width, it neglects
the vehicle’s relative orientation and the resulting change in its occupied area.
Therefore, the check is only exact when the vehicle’s orientation along the initial
edge matches that of the reference line, i.e., Y(t) = 0°. However, this assumption
can be compensated for by adding the safety distance Dgs.
In addition to the described collision check with the track boundaries, a
collision check between an edge and an opponent’s prediction must also be
performed. This check follows a hierarchical structure that avoids an exact,
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computationally expensive check of each edge. The check is divided into the
following three stages, which increase in accuracy and thus computation time:

1. Spatial stage: Check whether the paths of the examined edge and the
respective prediction segment collide. Each path, including the vehicle
geometries along it, is overapproximated by a single oriented rectangle.

2. Coarse temporal stage: Check whether there is a collision at any point in
time along the examined edge between the ego and opponent vehicle, with
both being overapproximated with circles.

3. Exact temporal stage: Check whether there is a collision at any point in
time along the examined edge between the ego and opponent vehicle, with
both being accurately represented by oriented rectangles.

All stages are performed with the safety distance Dg,¢. If no collision is detected
in one stage, the more computationally demanding subsequent stages are skipped.
While this reduces the average computation time for the collision checks, the
required time in a single planning cycle can vary depending on the prediction.
In the worst case, all three stages must be executed for each edge, potentially
leading to excessive computation times. To mitigate this, instead of checking for
collisions over the entire planning horizon Ti.,;, the check is performed only for
a shorter horizon Ty, € (0, Tira5]. Beyond this horizon, the edges solely consider
the prediction through the cost functional in the following subsection, avoiding
discarding an edge.

Racing Rule Compliance Checks

To ensure adherence to the rules, the edges are checked for compliance with
racing regulations. These include adhering to the speed limit Vi, (¢) and
avoiding overtaking in designated no-passing zones. To comply with the speed
limit, only edges with a velocity profile below the current limit are retained.
However, if an edge’s initial velocity already exceeds the limit, the edge is also
preserved, provided the average acceleration of the edge is negative, i.e., it is
a decelerating edge. To prevent overtaking in no-passing zones, edges with
an end progress greater than the prediction’s end progress but a smaller start
progress are discarded. Additionally, to maintain a target distance to the front
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opponent vehicle, the target velocity Vionow(t) € Rsg in the cost functional is
varied depending on the actual distance, as described in Subsection 3.1.7.

3.1.7 Cost Functional Design

If a spatio-temporal edge with the start time ty € [0, Ti,s;) and the end time
te € (0, Tiry is valid, it is assigned a cost that forms the foundation of the
search for the optimal edge sequence. The used cost functional is introduced in
detail in [153] and is briefly repeated here for the sake of completeness. The cost
functional is designed so that the resulting trajectory follows the racing line and,
if necessary, overtaking or evasive maneuvers are carried out. Accordingly, the
cost functional J € R consists of four terms, each weighted by a parameter
¢ € Rsg, which allow for balancing between racing line following and collision
avoidance:

NODP

J = /tte (Cd A+ ey - AVE(E) + e B Fepe s D Jpnl@)) dt. (3.10)

=1

The first term penalizes lateral deviations Ad(t) = dy(t) — d(t) € R from
the racing line. Instead of dy(t), dy(t) is used, representing the racing line
lateral position not at the corresponding racing line progress s,(t) but at
the progress s(t) of the edge. This decouples the penalty for lateral position
deviations from a possible velocity deviation, which is penalized in the next
term. Further, while all other terms enter the cost functional quadratically,
the lateral deviation only has a linear influence, as this reduces the costs for
larger deviations, providing greater flexibility for overtaking maneuvers. The
second term penalizes deviations AV () = Viarget(t) — V(£) € R from the target
velocity Viarget(t) € Rsg. Here, Viaeet(t) is calculated as the minimum of the
racing line velocity V;i(t), the speed limit Vit (t), and, if overtaking is not
permitted, a velocity Vionow(t), which is selected such that a longitudinal target
distance to the opponent vehicle in front is maintained. If the actual distance is
less than the target distance, Viow(t) is set to be lower than the opponent’s
average velocity. Conversely, if the actual distance exceeds the target distance,
Viollow (t) is set to be greater. The exact calculation of Viow(t) is not described
further in this thesis, as it is not decisive for the results. For details, please refer
to [151] instead. The third term penalizes the curvature of an edge, resulting in
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Figure 3.6: Visualization of the elliptical prediction cost distribution aligned with
the heading of the opponent vehicle for a single point in time. Left: Illustration of the
cost distribution on a straight. Right: Cost distribution for py = 12m and py = 3m.

trajectories with low lateral motion and, thus, low lateral accelerations. Lastly,
the fourth term becomes effective if a deviation from the racing line is required
due to opposing vehicles indexed by [. It relates to an elliptical cost distribution
Jpri(t) € Rxg that covers the prediction of the respective opponent vehicle at
each point in time ¢, penalizing edges close to the prediction:

(B 20 )
Tora(t) = {1 <p}2((t) + pi(t)>’ 0} h(t). (3.11)

dyi(t) € Rso and dy (t) € Rso correspond to the longitudinal and lateral
distance between the ego and the prediction of opponent vehicle [ from the

opponent vehicle’s perspective. This causes the elliptical cost distribution to
be aligned with the opponent, as shown in Figure 3.6. The boundary of the
cost distribution is defined by the time-varying parameters p,(t) € Ry and
py(t) € Ryg. Outside the ellipse parameterized by these values, the costs are
bounded below by 0, meaning that no costs arise in this region. Generally,
px(t) > py(t) is selected due to the higher uncertainty in the prediction of the
longitudinal movement. Furthermore, the values py(t) and py(t) and, thus, the
size of the ellipses increase with the planning horizon to reflect the increasing
uncertainty of the prediction. However, since the elliptical distributions enlarged
with the horizon can cover a large part of the track, conservative behavior arises,
preventing aggressive overtaking maneuvers. To counteract this, the costs are
scaled with h(t) € Rsg, which decreases linearly with the horizon.
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Figure 3.7: Layout of the LVMS. The arrow indicates the direction of travel and
the s = 0m position. One grid cell equals 200m in width and height.

3.2 Results

Before the actual results, Subsection 3.2.1 provides computational details on the
numerical realizations of the hybrid local planning approach and the concepts of
the adjacent modules. This is followed by simulative results in Subsection 3.2.2,
in which the presented sampling-based initial edge generation is compared with
the uniform acceleration approach regarding performance and vehicle stability.
Finally, Subsection 3.2.3 gives experimental results from the final race of the
IAC on 7 January 2022, demonstrating the general idea of the proposed hybrid
planning approach.

All experiments are carried out on the Las Vegas Motor Speedway (LVMS),
visualized in Figure 3.7. It is a 2480 m long oval track with a curved frontstretch,
a straight backstretch, and four turns banked up to 20°. However, as mentioned
at the beginning of this chapter, the three-dimensionality of the track is not
accounted for in this approach.

3.2.1 Computational Details

The hybrid local planning approach is implemented in Python with individual
C-functions of computationally time-consuming operations such as collision
checks. As described in Subsection 2.5.2; each planned trajectory is represented
by Nimj equidistantly distributed discrete points in time. These points serve as
integration points for the numerical approximation of the cost functional (3.11)
using the rectangle method. The validity checks are performed only for the
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Table 3.1: Parameters for the results of the hybrid planning approach (descriptions
are provided in the list of symbols on page xvii)

Parameter  Value  Unit Parameter Value Unit
Dy, 1.93 m D¢ 0.5 m
Dy 75 m Rrnax 0.1 m~!
Dy 1.4 m dymax(V) 18 t0 40 m/s?
Ny 20 - Axmin(V) —13to —7 m/s?
N, 10 - Uxmax(V)  3to54 m/s?
Ny 20 - p(V) 1 -
Ny 30 - cq 5 -
VNY 25 m/S Ccy ) -

ij\[y_H\/\7 85 m/s Ci 5 - 105 -

Asmin(Vo) 10to 50 m Cpr 1-10° -
Nigaj 50 - Px(t) 30 m
Thraj 5 S Dy (%) 4t05 m
Tcol 2 S

discrete points, and the velocity-dependent parameters representing the gg-
diagrams are determined through simulation and adjusted empirically. All
parameters used for the experiments are listed in Table 3.1.

All results in this section are obtained using the sequential asynchronous soft-
ware architecture shown in Figures 1.2 and 1.3a as part of the TUM Autonomous
Motorsport team’s software stack. The Kalman filter proposed in [154] based
on a 2D point-mass model is used for state estimation. For object detection,
various pipelines exist from different sensor modalities. In the races of the
experimental data shown here, only LiDAR clustering and a RADAR pipeline
for long-range detection were used [155]. The different object lists are merged
using the multi-modal sensor fusion and tracking method from [156]. It utilizes
an extended Kalman filter built on a point-mass model, assuming a constant
turn rate and velocity. The prediction of the opponent vehicles is essentially
based on the assumption of a constant lateral distance to the track boundaries
and a constant velocity [157]. For global planning, the free-path approach based
on a two-track model from [55] is used. Finally, the planned trajectory is tracked
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Table 3.2: Lap time comparison for a standing start and a flying lap on the LVMS

Lap time
Approach Standing start lap Flying lap (mean / variance)
Uniform acceleration 47.814 s 30.431 s / 0.001 2
Hybrid planning 51.854 s 30.001 s / 0.004 s?

by a hierarchical controller consisting of a high-level Tube-MPC and low-level
PI controllers, including a feed-forward law. The Tube-MPC, described in [158],
is based on a point-mass model and reoptimizes the planned trajectory within a
safe! spatial tube. The resulting longitudinal and lateral acceleration profiles
are tracked by the low-level controllers tuned to the specific race car. A more
detailed description of the modules and the vehicle hardware can be found
in [30].

3.2.2 Simulative Results

The proposed hybrid planning approach is compared with the uniform acceler-
ation approach from [74], where the initial edges &, are generated identically
to the other edges €,. For comparability, Ny 4+ Ny, = 50 constant acceleration
profiles are applied for each generated spatial edge in the uniform acceleration
approach, resulting in the same number of initial edges as in the hybrid planning
approach. The influence of both approaches on performance and vehicle stability
is evaluated through experiments involving single-vehicle driving, as well as
braking and evasive maneuvers.

Single-Vehicle Driving

Single-vehicle driving along the racing line without speed restrictions is a crucial
element in an autonomous racing series and a suitable performance indicator.
Starting from a standstill and proceeding with twenty flying laps, the resulting
lap times are summarized in Table 3.2. Figure 3.8 shows the velocity and lateral

IThe collision-free condition of the tube is ensured by artificially enlarged vehicle geometries
in the collision check.
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Figure 3.8: Comparison between the hybrid planning and uniform acceleration
approach for a standing start and flying laps on the LVMS.

acceleration profiles for the standing start and the first flying lap (beginning
at the second occurrence of s = 0m). The hybrid planning approach performs
worse than the uniform acceleration approach at the standing start, resulting
in a higher lap time. This is due to the uniform acceleration approach’s
capability to immediately generate high acceleration profiles despite the initial
zero acceleration. In contrast, the hybrid planning approach adheres to the
initial condition and gradually transitions from zero to higher accelerations.
However, as the races of the IAC only involve flying starts, this limitation in
standing starts is not further addressed.

For flying laps, the hybrid planning approach achieves higher speeds, partic-
ularly in turns, leading to reduced lap times. This advantage stems from the
simultaneous generation of spatial and temporal information, which allows for
higher speeds for a given lateral acceleration. The lateral acceleration profile
further indicates that the hybrid planning approach provides smoother vehicle
handling in turns. Notably, at the exit of the fourth turn at s = 2200 m, the
uniform acceleration approach exhibits sharp deflections, even causing negative
lateral accelerations in a turn with positive curvature. Since the uniform accel-
eration approach leads to higher lateral accelerations for a given speed, edges of
higher curvature are infeasible, leaving only slightly curved edges.
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Figure 3.9: Comparison between the hybrid planning and uniform acceleration
approach for a braking maneuver on the frontstretch of the LVMS.

Braking Maneuver

Decelerating to a complete stop or a lower speed is crucial to race track operations.
For instance, after a high-speed lap, it is necessary to reduce speed in order
to safely enter the pit lane. At the same time, controlled braking is also
essential for safety reasons, e.g., to avoid collisions. Figure 3.9 illustrates the
resulting velocity, curvature, and lateral acceleration profiles in an example
braking maneuver, where the target speed Viarget is abruptly reduced from 75 to
30m/s. While the velocity profiles during deceleration appear similar for both
approaches, the uniform acceleration method exhibits significant oscillations in
the curvature and lateral acceleration profiles. These lateral deflections grow
as the start and end speed difference increases, potentially leading to unstable
vehicle behavior.

Further investigations show that the lateral oscillations are noticeably reduced
when performing this maneuver with idealized tracking rather than using a
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tracking controller. This indicates that the oscillations are not inherently
planned by the uniform acceleration approach but instead emerge from the
interference between the planned trajectories and the Tube-MPC, which has
difficulty tracking the coarse trajectories even with reoptimization. In contrast,
the hybrid planning approach generates smoother initial edges that are easier
for the controller to track, resulting in more stable vehicle behavior.

Object Evasion

Static obstacles on the race track require rapid and precise planning of evasive
maneuvers to avoid collisions. This relates not only to stopped opponent
vehicles but also to objects intentionally placed on the track as part of the racing
competition format. Part of the IAC race on 23 October 2021 was to navigate
around two static obstacles at a minimum speed of 28 m/s. The two obstacles
were positioned longitudinally at a distance of 100 m and blocked opposite sides
of the track. This evasive scenario is replicated below on the straight backstretch
of the LVMS using the hybrid planning and the uniform acceleration approach.
The backstretch is 15m wide, and the objects are placed 5.5 m away from the
respective track boundaries. As the object evasion difficulty increases with
higher ego velocities, the scenario is tested at speeds ranging from 25 to 65m/s
in increments of 5m/s. To account for the simulation’s non-determinism caused
by hardware-related variations in module execution times, each run is repeated
twenty times. Additionally, the detection range plays a critical role in the
complexity of the maneuver. To assess this, behaviors are compared at lower
and higher detection ranges of 100 m and 200 m, respectively. It is important
to note that the racing line is laterally on one side of the track, requiring an
outward and inward movement.

All evasive maneuvers tested were successful, meaning they were collision-
free. Beyond this success rate, the average absolute control error between the
reoptimized target from the Tube-MPC and the actual lateral acceleration a, is
an important metric, indicating vehicle stability. Figure 3.10 shows this error
for the different ego velocities and sensor ranges. Notably, the mean absolute a,
error increases with higher speeds. Moreover, with a detection range of 200 m,
the hybrid planning approach results in lower control errors than the uniform
acceleration approach, particularly at higher speeds. However, with a detection
range of 100 m, although the hybrid planning approach still leads to lower errors
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Figure 3.10: Comparison between the hybrid planning and uniform acceleration
approach for an evasion maneuver on the backstretch of the LVMS.

at lower speeds, this changes at velocities above 45m/s. This shift is due to the
faster computation time of the uniform acceleration approach, enabling quicker
reactions to environmental changes. In contrast, the higher computation time of
the hybrid planning approach reduces the available distance for reaction, leading
to higher lateral accelerations and larger control errors. It should be noted
that these results are specific to the particular evasion scenario and cannot be
generalized across all maneuvers. The behavior depends on the relative positions
of the obstacles and the fixed layers in the spatial graph, which may influence
the overall planning outcome.

3.2.3 Real-World Application

The proposed hybrid planning approach was deployed on a full-scale autonomous
race car in various IAC races across different oval tracks from 2021 to early
2023. The competitions included single-vehicle and two-vehicle racing, along
with showcases with up to three vehicles. Across all races, the Dallara AV-21
race car (Figure 1.1a), based on a modified Indy Lights chassis, was used. The
vehicle hardware included an Intel Xeon E-2278GE CPU with 8 cores and 64 GB
RAM, with the local planning approach utilizing a single core. With this setup,
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Figure 3.11: Executed velocity and lateral acceleration of the last two overtaking
maneuvers during the final of the IAC competition on 7 January 2022 at the LVMS.
The permitted passing period is marked in red. The black vertical line indicates the
planning cycle shown in Figure 3.12.

the hybrid planning approach demonstrated an average computation time of
95 ms per planning cycle using the discretization stated in Table 3.1.

This subsection presents only results from the final race of the TAC competition
on 7 January 2022 at the LVMS. In this final, two vehicles alternated in
performing overtakes at progressively higher speeds. The vehicle to be overtaken,
referred to as the defender, had to drive at a certain speed on the inside of the
oval track. The overtaking vehicle, referred to as the attacker, had to maintain a
longitudinal distance of more than 30 m from the defender. Once the designated
overtaking zone has been entered, the overtaking maneuver must be completed
within two laps. After the first team completed an overtake, the roles were
swapped, and the second team was required to perform an overtake at the same
defender speed. Once both teams completed the overtake, the defender’s speed
was increased until an overtaking maneuver was unsuccessful or one of the teams
gave up.

Figure 3.11 shows the velocity and lateral acceleration profiles executed during
the last two overtaking maneuvers by the TUM Autonomous Motorsport team.
The figure also indicates the speed limit Vjj,;; and the zones where overtaking
is allowed. Before the two overtaking maneuvers, the defender is followed at
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the respective speed, which prevents reaching the speed limit. When passing is
permitted, the vehicle initiates the overtaking maneuver and accelerates to the
speed limit Vijit.

Figure 3.12 presents the planned trajectory at the time step marked in Fig-
ure 3.11. The defender is predicted to have a constant velocity of approximately
65m/s along the inner part of the track. Since the relative progress between
the determined start state and the next layer is smaller than Asmin(ffo), the
second next layer is selected as the initial layer £,. The initial edge connects the
start state to the chosen initial layer over a horizon of 1.7s, and the minimum
planning horizon of Ti,,; = 5 is achieved by the subsequent edges obtained from
the graph search. The resulting trajectory initiates an overtaking maneuver,
influenced by the cost functional, which penalizes paths close to the prediction.
For the initial edge, a smooth transition of the longitudinal acceleration profile is
evident, which leads to the advantageous behavior in terms of performance and
vehicle stability shown in Subsection 3.2.2. In contrast, the trajectory beyond
1.7s shows a rough course with discontinuities in the acceleration profile caused
by the uniformly accelerated edges.

3.3 Discussion

The hybrid local trajectory planning approach represents the continuation of
the previous planning approach of the TUM Autonomous Motorsport team.
While the previous approach consisted of graph-based path planning [70] with
a subsequent velocity profile generation [47], the proposed hybrid planning
approach is the first graph-based planning approach for racing without PVD.
The simultaneous consideration of the spatial and temporal domain enables
planning without the predictions blocking large areas of the track, leading to
more competitive behavior. The hybrid approach of sampling-based initial edge
generation and a subsequent coarse graph search allows for a long planning
horizon and simultaneously high smoothness of the traversed trajectory segment,
improving performance and vehicle stability.

Despite the advantages offered by the hybrid planning approach, certain
limitations remain. Firstly, the spatial graph is fixed, meaning the local plan-
ning depends on the vehicle’s relative position to the layers. Thus, different
trajectories can be planned at various locations on the race track, even though
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(a) Planned and predicted path. One grid cell equals 50 m in width and height. The
spatial nodes of the graph are depicted in black.

w (D
E /
= 70 /
~ 65
2
3 |
e \
& 0 - \_
[ [ [ [
0 1 2 3 4 5
tins

(b) Predicted opponent velocity as well as planned ego velocity and longitudinal
acceleration.

Figure 3.12: Planned overtaking maneuver on the frontstretch of the LVMS. The
trajectory is from the planning cycle marked in Figure 3.11. The start state zg is
indicated by blue circles. The poses along the prediction and the planned path are
visualized in Figure 3.12a for the beginning of the trajectory, the end of the initial
edge, and the minimum planning horizon of T};,; = 5s. The corresponding times are
marked as black vertical lines in Figure 3.12b.
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Figure 3.13: Spin at the final of the TAC competition on 7 January 2022 at the
LVMS. Image Credits: Indy Autonomous Challenge

the scenario remains the same. Also, since only the end conditions of the initial
edges can be specified, stopping is only possible at the spatial nodes without
further modification of the concept. Secondly, the approach is not suited for road
courses with sharply curved sections. These sections involve significant changes
in acceleration, requiring smaller layer spacings to avoid infeasibility issues
with the constant acceleration edges €;. However, this would require searching
through more layers for the same planning horizon, leading to insufficiently
high computation times. Thirdly, as mentioned at the beginning of this chapter,
the 3D effects of the track are not taken into account. The gg-diagrams are
only speed-dependent and are, therefore, the same on the flat frontstretch and
the 20° banked turns. To avoid any performance loss, the gg-diagrams were
adjusted to the banked turns, resulting in an overestimation of the real dynamic
potential on the flat sections. However, problems can arise in critical, unforeseen
situations when infeasible accelerations are planned. For instance, in the final
race of the IAC competition on 7 January 2022, several opponent vehicles were
mistakenly detected near the ego vehicle on the frontstretch. The planning
module initiated a highly dynamic evasive maneuver, resulting in the spin shown
in Figure 3.13. Fourthly, the racing line does not incorporate the current state
of the ego vehicle, potentially leading to suboptimal decisions. Deviating from
the offline-generated racing line results in a new time-optimal trajectory, which
is potentially better suited as a reference for local planning. Lastly, the vehicle
interaction is not accounted for due to the conventional planning structure of
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sequential prediction and planning from Figure 1.3a. As the strict racing rules
in the previous TAC races allowed only limited interaction, a reliable prediction
of the opponents was possible. However, interaction-aware planning may be
required if the racing rules become more relaxed in future competitions.
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4 Sampling-Based Planning on
Three-Dimensional Road
Courses

This chapter introduces a sampling-based local trajectory planning approach for
3D road courses, addressing limitations 2, 3, and 4 from Section 1.4. In existing
sampling-based approaches for racing, such as [31, 32, 96], jerk-optimal trajectory
candidates are generated, according to [92]. These approaches have been used
successfully on simple oval tracks in the IAC. However, they are unsuitable
for road courses, as the simplicity of the jerk-optimal trajectory candidates
prevents the replication of the more complex racing line geometry. Therefore,
the planning approach presented here includes a revised trajectory candidate
generation method that enables tracking of the racing line on any road course.
Also, in contrast to the hybrid planning approach, the 3D effects of the race
tracks are accounted for through the gg-diagrams, preventing underestimation
or overestimation of the actual dynamic limits. Furthermore, the impact of
online replanning of the racing line, starting at the current ego vehicle state, on
overall behavior is investigated. For this, the offline-executed global planning
submodule from Figure 1.3a is replaced by an online local planning approach
with a limited horizon and without accounting for opponent vehicles.

The last two mentioned contributions of 3D effect consideration and online
replanning of the racing line could also be applied to the hybrid planning
approach from Chapter 3. However, comparisons with the hybrid planning
approach are not evaluated, as the approach is not applicable to real vehicles
on road courses due to the excessive computation times that would be required.
Instead, experiments are carried out using the proposed sampling-based approach
with and without 3D effect consideration and online replanning of the racing
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line. In addition, the sampling-based approach presented here is compared with
the widely used sampling-based approach from [92].

This chapter is based on the author’s publication [159]. In addition, it contains
a more detailed description of the racing line adaption and the reference line
choice. Moreover, it provides additional results from the A2RL competition
from 27 April 2024. The sampling-based approach is explained methodologically
in Section 4.1, followed by simulative and experimental results in Section 4.2
and a brief discussion in Section 4.3.

4.1 Methodology

Subsection 4.1.1 explains the underlying planning procedure of the sampling-
based approach. This is followed by the individual subtasks of trajectory
generation in Subsection 4.1.2, trajectory validation in Subsection 4.1.3, and
trajectory selection in Subsection 4.1.4.

4.1.1 Planning Procedure

The sampling-based local trajectory planning approach consists of the subtasks
depicted in Figure 4.1. The first step is to determine the start state zy from the
estimated ego vehicle state 2z, for the current planning cycle. This step is the
same as in the hybrid planning approach in Subsection 3.1.3 and is therefore not
repeated here. Second, a set of trajectory candidates is generated by sampling
several end states and connecting them with the determined start state. In the
third and fourth steps, each trajectory candidate is checked for validity, and
the optimal one is selected from the valid trajectory candidates using a cost
functional.

In the subtask of trajectory generation, candidates must be generated that
are valid and, ideally, minimize the cost functional used for selection. Since the
cost functional penalizes deviations from the racing line (s,1(t), du(t)), trajectory
candidates must be generated that at least resemble it. On oval tracks, the
racing line usually has constant velocities and small curvatures, so the jerk-
optimal trajectory candidates used in [31, 32, 92, 96] can sufficiently replicate
it. However, performance and validity issues can arise on complex road courses
since the jerk-optimal candidates do not replicate the racing line or are not even
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Figure 4.1: Procedure of the sampling-based planning approach.

valid. Therefore, the proposed sampling-based approach includes racing line
information in the trajectory generation.

4.1.2 Trajectory Generation

Given the start state 2y = [50 S0 S0 do Cjo jo "ofa planning cycle, multiple
end states are sampled. The start state is then connected to the sampled end
states with a fixed horizon Ti,,j, resulting in a set of trajectory candidates. The
generation process is divided into creating a set of longitudinal curves %o,
followed by a set of lateral curves ¥1,;. The respective curves are then combined
in pairs, forming the set of trajectory candidates.

Longitudinal Curve Generation

The set Tyong consists of 2- Ny € N longitudinal curves s;(t), t € [0, Tiy;] indexed
by i€ {1,2,...,2- Ng}. Since all trajectory candidates originate from the start
state 2z, they share the same initial conditions:

[5:0) 5000 50)] =[50 3 &) . (4.1)
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Sampling the quantities at the end time 7},,; poses a trade-off. On the one
hand, sampling should be applied to each dimension so that many diverse
trajectory candidates are available for trajectory selection. On the other hand,
generating trajectory candidates that would not be selected should be avoided
to reduce the computation time. Since the specification of an exact progress
on the race track is not decisive in racing, the longitudinal end position $(7ia;)
is not fixed but is chosen to be free. Hence, the end state is constrained to a
manifold, and the end position is set automatically, avoiding sampling in this
dimension. Instead, the naturally more essential velocity dimension is sampled.
For this, N; equidistantly distributed samples are generated in the interval
Sei € {O, max (§0, 501 (Ttraj)) . Ké], additionally containing the end racing line
velocity 8y (Tir;). To allow for necessary deviations from the racing line, the
range is expanded by the factor Ky > 1. For computation time reasons, however,
no further sampling is carried out in the acceleration dimension, and instead,
an acceleration value ., is determined for each velocity sample $.;. The
acceleration 5, ; associated with the velocity sample on the racing line should
correspond to the acceleration of the racing line $,(7i,aj) to enable tracking of
it. However, if the examined curve deviates significantly from the racing line,
the racing line acceleration may be unsuitable as the end condition. To generate
reasonable trajectories even for larger deviations, the end acceleration is linearly
interpolated between 0m/s? and (7T}, ) based on the proximity of $y to $,(0)
and Se; to $;1(Tiraj). Therefore, the end conditions for the longitudinal curves
are . .

$(Tirag) free  and [S(Ttraj) é(ﬂraj)} = [Sez Sez:| ) (4.2)

The initial condition (4.1) must now be connected to the sampled end condi-
tions (4.2). For this, jerk-optimal curves are often used as in [31, 32, 92, 96].
As proven in Appendix B (case 2), the jerk-optimal connection corresponds to
quartic (fourth-order) polynomials for the present case of a free end position.
The resulting jerk-optimal curves reduce abrupt acceleration changes, positively
impacting subsequent tracking control and vehicle stability. However, these
curves have a simple structure and generally cannot capture the geometry of
a complex racing line. As a result, tracking performance degrades on road
courses, limiting the practical application of jerk-optimal trajectories to simpler
tracks, such as ovals, where polynomials can closely approximate the racing line.
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Therefore, an alternative method to connect the start state and the sampled
end states is required.

In the proposed approach, jerk-optimal deviations to the racing line are
generated and then added to the racing line. This enables exact tracking of the
racing line while allowing smooth, jerk-optimal deviations, e.g., for overtaking
or braking maneuvers. To achieve this, the racing line start conditions are
subtracted from the actual start conditions (4.1):

[0 = 5a(0) 30— $a(0) 50— 5a(0)] - (4.3)

Analogously, the racing line end conditions are subtracted from the sampled
end conditions (4.2):

T
{Se,i - érl(ﬂraj) <§e,i - érl(ﬂraj)} . (44)

The adjusted states (4.3) and (4.4) are then connected using the quartic polyno-
mials, representing jerk-optimal deviations from the racing line. To comply with
the original boundary conditions (4.1) and (4.2), the racing line profile is finally
added to the resulting polynomials. This curve generation method is referred
to hereafter as relative curve generation and the resulting curves as relative
curves. A comparison with the jerk-optimal curves is given in Figure 4.2. Even
if the start state coincides with the racing line, the jerk-optimal edges cannot
replicate its geometry. By contrast, the relative edges exhibit the racing line’s
fundamental geometry, allowing exact replication.

The relative curves can effectively replicate the racing line and maneuvers
similar to it. Other maneuvers, such as pure acceleration maneuvers, are only
possible to a limited extent, as the relative curves depend on the racing line.
If, for example, the racing line exhibits a strong deceleration, as in Figure 4.2,
the relative curves decelerate more strongly than the jerk-optimal curves. In
such sections of the race track, this prevents reaching the racing line velocity if
the start velocity is lower. Therefore, for each sampled end state (4.2), both
a jerk-optimal and a relative curve are generated, resulting in 2 - N; different
longitudinal edges in the set Top,.
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Figure 4.2: Comparison of jerk-optimal and relative trajectory generation with
Ns =6, Ks = 1.2, and Ti;a5 = 3s. The start state 2o matches the racing line with
50 =39m/s and 59 = —7m/s?, and its velocity is visualized as a blue circle.

Lateral Curve Generation

The set of lateral curves %, is generated analogously to %n,. However, the
lateral racing line profile d;(t) cannot be used directly in the relative curve
generation, as the lateral profile to traverse the racing line path changes with
varying longitudinal curves. An example of this for a longitudinal curve s;(t)
with a lower velocity $;(¢) than the racing line $,(¢) is shown in Figure 4.3. As
a specific progress s is reached at a later point in time for the given longitudinal
curve, the lateral racing line position profile dy)(t) is temporally stretched. While
the same values of the lateral racing line position d,(¢) are reached only at a later
point in time, the derivatives dy(t) and dy(t) are entirely different, as the same
path is traversed with a different time profile. Therefore, for each longitudinal
curve s;(t), the corresponding adapted lateral profile dy;(t) is calculated, which
is required to traverse the racing line path. A detailed description of this racing
line adaptation is given in Appendix C.! Jrl’i(t) is then used as the reference for
the relative lateral curves instead of the original racing line d,;(¢). This implies

INote that the racing line adaption is not required for the hybrid planning approach from
Chapter 3, as the racing line’s time derivatives do not enter the edge generation or the
cost functional.
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Figure 4.3: Illustration of the racing line adaptation. Left column: Longitudinal
profiles of the racing line s;(¢) (orange dashed line) and a longitudinal curve s;(t)
(blue solid line). Right column: Lateral profile of the racing line d,(t) (orange dashed
line) and the lateral profile dy(t) needed to traverse the racing line path with the
given longitudinal curve (black solid line).

that Ty, needs to be created after Tjong. Furthermore, due to this dependency,
the Cartesian product Tiong X Tia¢ cannot be used to generate all trajectory
candidates, as done in [92].

With this, each longitudinal curve s;(t) is completed with 2 - Ny € N lateral
curves d;;(t), t € [0, Tir;] indexed by j € {1,2,...,2- Nq}. Again, each curve
originates in the start state 2y, yielding the initial conditions:

. T

[dis(0) diy(0) dy(0)] = [do do do] - (45)

Since the lateral position on the race track is decisive, the end position is
sampled, unlike in the generation of longitudinal curves. For this, Nq equidis-
tantly distributed samples de;; € [di(Sei) + Pv/2 + Dgat, di(Sei) — Pv/2 — Daat]
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are generated within the track boundaries, additionally including the end racing
line position Jrl’i(Ttraj). Here, the sampling interval is narrowed by half of the
vehicle width Dy, and a safety distance Dy, as trajectory candidates directly
at the boundary would be invalid according to the trajectory validation in
Subsection 4.1.3. The velocity and acceleration dimensions are not sampled
for computation time reasons. Instead, the velocity deﬂ-j corresponding to a
position sample d,;; is determined to align the trajectory candidates with both
the racing line and track boundaries. To achieve this, linear interpolation is
performed based on the lateral position d,;; between the relative orientations x
of the track boundaries and the racing line. The associated d,; is then deter-
mined using (A.8). The corresponding acceleration d.e,ij is selected by linear
interpolation depending on the lateral position d,;; between 0 m/s? on the track
boundaries and cirl,i(Ttraj) on the racing line. The end conditions for the lateral
curves are thus:

. . . T

(A(Tig) d(Ti) d(Torg)] " = [dosy duy o] (4.6)

The connection of the initial condition (4.5) with the end conditions (4.6)
using jerk-optimal and relative curves is performed analogously to the procedure
described for the longitudinal curves, which is not repeated here in detail.
However, fifth-order instead of fourth-order polynomials are used, as these are
jerk-optimal for a fixed end position, according to Appendix B (case 1). In
addition, the adapted racing line profile dNrLl-(t), instead of the original one dy (1),
is used for the relative curve generation. For increased maneuver diversity of the
trajectory candidates, both a jerk-optimal and a relative curve are generated for
each sampled end position. This results in 2 - Nq lateral curves per longitudinal
curve, yielding a total of 4 - Ng - Ng trajectory candidates.

Choice of Reference Line

After generating the trajectory candidates in Curvilinear coordinates, they are
transformed into Cartesian coordinates, as described in Appendix A. Since
Curvilinear coordinates are defined based on a reference line Z¢(s), the choice
of Z¢(s) significantly impacts the resulting trajectories in Cartesian coordinates.

The described curve generation methods are based on either jerk-optimal
transitions (jerk-optimal curves) or jerk-optimal deviations from the racing
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line (relative curves). However, jerk optimality applies only in Curvilinear
coordinates. According to (A.11b), larger d(t) and x(t¢) values distort the velocity
profile V'(t) of a trajectory compared to its s(t) profile. As a result, trajectories
whose paths deviate from the reference line may exhibit a distorted V' (¢) profile
despite a smooth 5(t) profile, potentially leading to increased accelerations and
infeasibility. To address this, the path to be driven should ideally serve as the
reference line, ensuring d(t) = Om, x(¢) = 0°, and V(t) = $(¢). However, in
multi-vehicle racing, the driven path is unknown before the race. Since the
racing line is followed most of the time and overtaking maneuvers usually involve
a similar orientation, the offline-generated racing line is selected as the reference
line, i.e., dy(t) = 0m.

With the described choice of the reference line, the jerk-optimal and relative
curve generation methods result in the same curves in the lateral direction when
offline racing line generation is used. Consequently, relative curve generation can
be skipped in the lateral direction in this case. However, it becomes necessary
again when using the online racing line generation, as the online racing lines
can deviate from the reference line. In contrast, relative curve generation is
always required in the longitudinal direction.

4.1.3 Trajectory Validation

All trajectory candidates are subjected to a validity check of feasibility, collision,
and racing rule compliance. As discussed in the validity checks for the hybrid
planning approach from Subsection 3.1.6, a soft-checking concept is essential. If
all trajectory candidates fail a particular check, the trajectory with the fewest
limit violations is selected.

Feasibility Checks

Each generated trajectory is checked for kinematic feasibility according to (2.38)
and dynamic feasibility according to (2.39). In contrast to the dynamic feasibility
check of the hybrid planning approach from Subsection 3.1.6, the gg-diagrams
here depend on the vertical acceleration g to account for the 3D effects of the
race tracks.
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Collision Checks

The trajectory’s path is validated to ensure it lies within the track boundaries,
considering the vehicle’s geometry. As for the initial edges in the hybrid planning
approach in Subsection 3.1.6, this check is performed efficiently in Curvilinear
coordinates using (3.9), incorporating the vehicle width Dy, and the safety
distance Dgys.

A collision check between the trajectory candidates and the prediction of
opponent vehicles is not performed. Instead, collisions are avoided by the
corresponding term in the cost functional, as introduced in Subsection 4.1.4.
This approach is sufficient for the scenarios and races analyzed in this thesis,
offering the benefits of reduced computational effort and ensuring that infeasible
states caused by opponent vehicles within the safety distance are avoided.

Racing Rule Compliance Checks

Compliance with the speed limit Vit (t) is verified as in the hybrid planning
approach from Subsection 3.1.6. In contrast to the hybrid planning approach,
avoiding overtaking when it is not permitted and maintaining a target distance
to the vehicle in front is realized solely by varying Vinow (f) in the cost functional,
as described in Subsection 4.1.4. This has proven sufficient in the TAC and A2RL
races to date, offering the advantage of fewer checks and reduced computational
overhead.

4.1.4 Trajectory Selection

All trajectory candidates valid according to Subsection 4.1.3 are feasible, lie
within the race track, and comply with the speed limit. Among these candidates,
one must be selected that follows the racing line as closely as possible, if necessary,
avoids opposing vehicles, and, if overtaking is not permitted, maintains a target
distance from the front opposing vehicle. For this, a cost functional assigns
a scalar cost to each trajectory candidate (s;(t),d;;(t)), and the one with the
lowest cost is selected. The cost functional comprises three terms, each weighted
by a parameter cg:

AVZ(1) o )ar

Ttraj
J:/1 (~Aft el OB A7
o\ (t) +ev V() +¢p ; prt (1) (4.7)
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Figure 4.4: Visualization of the elliptical prediction cost distribution aligned with the
reference line R for a single point in time. Left: Illustration of the cost distribution on
a straight. Right: Cost distribution for ps = 0.015, pq = 0.5, and s,;; = dpp;; = Om.

The cost functional is structured similarly to the one used in the hybrid plan-
ning approach from Subsection 3.1.7. The first term penalizes lateral position
deviations Ad(t) = dy(t) — d;;(t) from the racing line. While the lateral devia-
tion enters the cost functional (3.10) of the hybrid planning approach linearly,
it is included quadratically in this design. Empirical tests are still pending to
determine whether a linear influence would also lead to better behavior for
the sampling-based planning approach. The second term weights the deviation
AV (t) = Viarget (t) — Vi;(t) from the target velocity Viarget. By normalizing the

deviation with V2

target (1), the relative velocity deviation is penalized so that the

costs are consistent across different velocity ranges. This becomes necessary with
the transition from oval tracks to road courses, as significant velocity differences
occur due to the tight turns. The target Viaget is chosen as the minimum of the
racing line velocity Vi, the speed limit Vi, and, if overtaking is not permitted,
the speed Vignow to follow an opponent at a desired distance. The third term
penalizes trajectories close to the prediction of the opposing vehicles to avoid
collisions. The expression Jp,,(t) is formulated as

Tora(t) = oxp (=ps - [spra(t) = si(0)]* = pa - [dpra(t) = diy(B)]) . (48)

It corresponds to an elliptical cost distribution parameterized by ps € R+ and
pa € Ry that covers the prediction of the opposing vehicle indexed by [, as
visualized in Figure 4.4. Unlike the design in (3.11), the ellipse is not aligned
with the heading of opposing vehicles. Instead, the ellipse is aligned with the
reference line due to the formulation in Curvilinear coordinates. This prevents
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the ellipse from blocking the entire width of the race track, as illustrated in
Figure 3.6 (left), which could otherwise happen at sharp turn entries or due to
uncertainties in the heading estimation of the opposing vehicles. Additionally,
the exponential progression provides a smooth transition, avoiding sudden
changes in trajectory planning between successive planning cycles. Furthermore,
unlike in (3.11), the ellipses do not increase with the planning horizon and
are therefore not scaled with h(t). While this may be considered for future
applications, it is not required for the results presented here and is omitted to
simplify implementation. A fourth cost term for weighting the curvature, as
formulated in (3.10), does not exist due to the necessary high curvatures on
road courses.

4.2 Results

Subsection 4.2.1 contains computational details on the sampling-based local
trajectory planning approach. Simulative results comparing the jerk-optimal
with the proposed relative trajectory generation method and planning with and
without consideration of 3D effects follow in Subsection 4.2.2. Additionally,
this subsection demonstrates the impact of online racing line generation on
the sampling-based planning approach compared to using an offline racing line.
Finally, Subsection 4.2.3 provides experimental results from the final of the
A2RL on 27 April 2024.

The simulations are performed on the LVMS and the Mount Panorama Circuit
in Bathurst (MPCB). While the LVMS is an oval track (Figure 3.7), the MPCB
is a complex road course, as shown in Figure 4.5 (left). The MPCB is 6250 m
long, has a maximum height difference of 175 m, a maximum slope of 13°, and
a maximum banking of 8°. The final race of the A2RL took place at the Yas
Marina Circuit in Abu Dhabi (YMCA), a 5285 m long road course, visualized in
Figure 4.5 (right). Compared to the MPCB, it has only slight height differences
and low slope and banking angles, both of which are less than 3°.

4.2.1 Computational Details

The sampling-based planning approach is implemented in Python. The planned
trajectories are represented by Ni.,; equidistant time points, with feasibility
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Figure 4.5: Layouts of the MPCB (left) and YMCA (right). The arrows indicate
the direction of travel and the respective s = 0m position. One grid cell equals 200 m
in width and height. The orange and green circles on the MPCB mark the positions
of the static objects mentioned in Subsection 4.2.2. The red circle on the YMCA
indicates the turn shown in Figure 4.8.

checks performed only at these points. The discrete points also serve as integra-
tion points for the numerical approximation of the cost functional (4.7) using
the rectangle rule.

The procedure proposed in [71] is applied for racing line generation. It supports
both offline generation of a closed racing line for the entire race track and online
generation for a desired spatial horizon H,3 € R<y. The generated racing line is
available in each planning cycle as N, discrete points that are guaranteed to be
feasible. However, interpolation at the Ny.,; points required for local planning
can lead to a violation of the limits. Additionally, correcting deviations from
the racing line in local planning becomes challenging if the same limits are used
for the feasibility checks in both local planning and racing line generation. To
address these issues, the limits used in the feasibility checks of the sampling-
based approach are set slightly higher than those of the racing line. This is
realized by applying a larger safety margin Dgar 1 > Dgag for the racing line in
the collision checks. Furthermore, the extreme values Gy min(V, §), Gxmax(V; 9),
and Gy max(V, g) of the gg-diagrams in (2.39) are scaled by a factor as € (0, 1]
for the racing line. However, if the absolute acceleration limits are low, the
relative margin caused by the scaling ay; may not be sufficient. Therefore,
an additional absolute margin @, € R> is introduced, ensuring a minimum
margin regardless of the absolute limit values.

All results were generated using the sequential software architecture from
Figures 1.2 and 1.3a. However, for the online racing line generation results,
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Table 4.1: Parameters for the simulative results of the sampling-based planning
approach (descriptions are provided in the list of symbols on page xvii)

Parameter Value Unit Parameter Value Unit
Dy, 1.93 m aymax(V,3)  0to4s m/s?
N, 40 - dxmin(V,g) —55to 0 m/s?
K, 1.2 - Axmax(V,g)  0to21 m/s?
Ny 15 - p(V,q) 1to 2 -

Niraj 30 - Asel 0.9 -
Tiraj 3 S Qmgn 0.8 m/s?
Hrl 500 m Cq 0.1 -
Atsim 0.1 S Cy 100 -
Dy 200 m Cpr 5000 -
D¢ 0.2 m Ps 0.015 -
Dsaf,rl 0.5 m Pa 0.5 -
Rmax 0.1 m~!

the offline-executed global planning submodule from Figure 1.3a is replaced
by an online submodule. The simulations employ ideal state estimation, de-
tection, prediction, and control, with a simulation time step Atgm, € Rog and
opposing vehicles detected within a sensor range Dg,, € Rsg. The modules
are executed synchronously, neglecting the influence of different computation
times. Accordingly, the estimated state also represents the start state of local
planning, i.e., 2y = 2o. The generation of the gg-diagrams follows the method
presented in [57], where the actual limit shape is determined using a double-track
model combined with a Pacejka tire model. To perform the computationally
advantageous check (2.39), a diamond-shaped underapproximation of the actual
diagram shape is derived, following the method outlined in [71]. All parameters
used for the simulations are provided in Table 4.1.

For the experimental results, the software stack of the TUM Autonomous
Motorsport team described in Subsection 3.2.1 was used, except for the afore-
mentioned generation of the racing line. However, since the used Tube-MPC
is designed for 2D tracks, the 3D quantities of the planned trajectory must

96



4.2 Results

Table 4.2: Lap time comparison using jerk-optimal and relative curve generation

Lap time Number of
in s violations
# Mode LVMS MPCB LVMS MPCB
1 Offline racing line 2712 125.96 - -
2 Jerk-optimal curve generation  27.12  135.70 0 58
3 Relative curve generation 2712  125.95" 0 0

“The slightly lower lap time compared to the offline racing line is due to numerical
inaccuracies in the lap time calculation.

be transformed into the z-y plane using appropriate rotation matrices. The
gg-diagrams have been optimized empirically.

4.2.2 Simulative Results

The presented sampling-based planning approach is compared with the concepts
commonly used in the literature. First, a comparison is made between the
jerk-optimal and relative curve generation. Next, planning with and without
consideration of the 3D effects of the race track is analyzed. Finally, the impact
of offline versus online racing line generation on local planning is evaluated.

Jerk-Optimal and Relative Curve Generation

To highlight the necessity of relative curve generation, a flying solo lap is analyzed
using both jerk-optimal and relative curve generation. Therefore, the objective of
the local planning approach is to follow the offline-computed racing line without
considering other vehicles. Table 4.2 presents the resulting lap times, with the
lap time of the corresponding racing line serving as a baseline for comparison.
Additionally, the number of planning cycles in which no valid solution could be
found, triggering the soft-checking concept from Subsection 4.1.3, is specified.
On the LVMS, both curve generation methods achieve the racing line’s lap
time. However, on the MPCB, the lap time is significantly higher when using
jerk-optimal curve generation due to the race track’s more complex geometry
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Figure 4.6: Comparison of an overtaking maneuver on the LVMS in Curvilinear
coordinates using 2D and 3D friction checks. The points in time at which the ego
and opponent vehicle have the same s-coordinate are indicated by squares (3D) and
circles (2D).

and the associated racing line, which the jerk-optimal curves fail to replicate
accurately. Additionally, completing a full lap on the MPCB without feasibility
violations is not possible with jerk-optimal curves, primarily due to poor racing
line tracking and the associated high speeds at turn entrances.

Planning in 2D and 3D

The 3D features of a race track described in Section 2.3 cause a variation
of § and a reduction or increase in the dynamic potential. If the 3D effects
are not incorporated into planning, the actual potential is overestimated or
underestimated, leading to feasibility issues or conservative behavior. The
latter is demonstrated by a scenario on the LVMS involving an opposing vehicle
following the racing line at a constant speed of 70 m/s and an ego vehicle behind
it attempting to overtake. The scenario starts with the opponent vehicle on the
backstretch at progress s = 1250 m. The ego vehicle starts 140 m behind the
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opponent on the racing line path at the racing line speed of 90 m/s. This scenario
is executed once considering the 3D effects and once assuming a 2D race track.
For the 2D case, a flat track (u(s) = ¢(s) = 0° and Qx(s) = Qy(s) = Orad/m)
is assumed in the friction checks (2.39), resulting in ax(t) = ax(t), ay(t) = a,(t),
and g(t) = g.

Figure 4.6 shows the scenario for both cases. In the 3D case, an overtaking
maneuver is initiated at the first opportunity in turn T3, as the negative banking
of the left turn supports accelerations to the left (ay(t) > 0m/s?), providing
sufficiently high dynamic potential for the maneuver. In the 2D case, however,
the accelerations to the left are underestimated, preventing an overtake in the
turns. Instead, the overtaking maneuver is delayed on the frontstretch, as lower
lateral accelerations are sufficient due to the lower geodesic curvature €2,(s).
The lateral oscillations observed just before the maneuver stem from planning
inconsistencies between consecutive planning cycles due to the limited planning
horizon. Overall, the overtaking maneuver can be achieved approximately 9s
earlier by incorporating the 3D effects into planning.

Offline and Online Racing Line Generation

In the above results, an offline-calculated racing line is used, which does not
consider the ego vehicle’s estimated state. This is compared to an online racing
line generation, in which the time-optimal trajectory for a limited spatial horizon
H, is replanned in each planning cycle starting from the start state 2. The
comparison is conducted for both single- and multi-vehicle racing.

A flying lap is considered for single-vehicle racing, with the resulting lap times
given in entries #2 and #3 in Table 4.3. As previously noted in Table 4.2 (entries
#1 and #3), the lap time of the racing line can be reached for both the LVMS
and the MPCB using offline racing line generation. In contrast, online racing
line generation results in increased lap times, as the time-optimal solution for
the entire race track is not sufficiently approximated by the recursive online
optimization with a limited spatial horizon according to the RH principle.

For multi-vehicle racing, flying laps are conducted with opposing vehicles on
the offline-generated racing line, requiring a deviation from it. On the LVMS,
twelve opponent vehicles are placed with a spacing of 200 m, following the racing
line at 70 % of its speed. On the MPCB, nine static objects are placed along
the racing line on the progressions shown in Figure 4.5 (left). Static obstacles
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Table 4.3: Lap time comparison using offline and online racing line generation

Lap time Number of
in s violations
Mode LVMS MPCB LVMS MPCB
Offline racing line 2712 125.96

Single with offline racing line ~ 27.12  125.95" 0
Single with online racing line ~ 27.17  126.13 0
Multi with offline racing line 2774 127.59 0
Multi with online racing line 27.41 126.99 0 0

“The slightly lower lap time compared to the offline racing line is due to numerical
inaccuracies in the lap time calculation.

S IIJURE NS S
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are used on the MPCB for reliable lap time comparison, as the difficulty of
overtaking maneuvers on road courses depends heavily on the position of the
opposing vehicles. Although the exact obstacle placement still affects the
absolute lap times, this evaluation allows for a comparison between the lap
times arising from offline and online racing line generation. Entries #4 and
#5 in Table 4.2 present the resulting lap times. Contrary to the single-vehicle
case, the application of online racing line generation yields reduced lap times on
both tracks. This lap time difference is mainly due to the deviations from the
racing line speed required during overtaking. As the vehicle operates close to its
limits, planning a trajectory that quickly recovers the speed of the racing line is
challenging, especially when the solution space is discretized using trajectory
candidates. When using the offline-generated racing line, many of the finite
trajectory candidates that regain the racing line speed quickly are infeasible. In
contrast, when using online racing line generation, the time-optimal trajectory
is replanned at each planning cycle without discretizing the solution space. As
the updated racing line is used for relative curve generation, more trajectory
candidates that return to maximum speed quickly are feasible, leading to lower
lap times.

Figure 4.7 demonstrates the relationship between online racing line generation
and local planning. In the first planning cycle, the racing line collides with the
opposing vehicle, leading to an evasive maneuver being planned. In the next
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Figure 4.7: Overtaking maneuver of a static obstacle (green circle in Figure 4.5) with
online racing line generation on the MPCB. The solid and dashed lines correspond to
two different planning cycles over time. One grid cell equals 10 m in width and height.

planning cycle shown, the newly calculated racing line corresponds to a shorter
path, which is followed by local planning. If the offline-generated racing line
were used instead, local planning would result in a trajectory that deviates from
the actual time-optimal solution, leading to increased lap times.

4.2.3 Real-World Application

The sampling-based local planning approach has been used on various oval
tracks and road courses within the IAC and A2RL since mid-2023. Due to the
high computational demands of online optimization, only offline racing line
generation was employed for the races. Since the racing line also served as the
reference line, the generation of jerk-optimal curves in the lateral direction was
sufficient. In addition, when generating the relative curves in the longitudinal
direction, finer sampling near the racing line velocity was used to better approach
the racing line. There were also minor changes to the cost design, which are not
detailed here. For the A2RL, the Dallara EAV24 race car (Figure 1.1b), which
is an autonomous version of the Super Formula car, was used. The hardware
consists of an AMD EPYC 7313P CPU with 16 cores and 256 GB RAM, with
one core available for the local planning approach. Using this setup, an average
computation time of 105 ms per planning cycle was achieved.

To demonstrate the application of the sampling-based planning approach,
this subsection covers the final race of the A2RL competition on 27 April 2024
at the YMCA. Unlike an oval track such as the LVMS, the YMCA features
various straight and curvy sections, which lead to more significant variations
in speed and lateral acceleration, requiring the generation of relative curves.
The final race involved four vehicles, with starting positions determined by a
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Figure 4.8: Planned and predicted path during the final overtaking maneuver of
the A2RL competition on 27 April 2024 at the YMCA. The position of the turn is
marked in Figure 4.5 (right). The start state 2y is indicated by a blue circle. The
poses along the prediction and the planned path are visualized for three points in
time. For clarity, only 25 % of the generated trajectory candidates are depicted. One
grid cell equals 20 m in width and height.

preceding time trial. The winner was the first vehicle to complete a predefined
number of laps. Vehicles in trailing positions were equipped with a push-to-pass
feature, temporarily unlocking increased engine power.

Figure 4.8 shows the path of the planned trajectory for the final overtaking
maneuver of the TUM Autonomous Motorsport team. Additionally, a subset of
the trajectory candidates generated in this planning cycle is depicted, closely
resembling the racing line. Based on the opponent’s deviation from the racing
line, it is predicted that the opponent will not take the inside line through the
turn but will leave space instead. Accordingly, the selected trajectory candidate
primarily follows the racing line, enabling an inside overtaking maneuver through
the turn. However, trajectory candidates with a similar path but higher speeds
were not selected due to their infeasibility. While the ego vehicle completed the
planned maneuver, the opposing vehicle stopped in the turn for technical issues.
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4.3 Discussion

The sampling-based local trajectory planning approach overcomes many of the
limitations of the hybrid planning approach mentioned in Section 3.3. First,
there is no fixed graph structure, making the planning independent of the
vehicle’s positioning on the track. Instead, the end states of the trajectory
candidates are sampled online. Second, the racing line can be followed on race
tracks of arbitrarily complexity and not just on oval tracks. Third, the 3D
effects of the race track are considered, providing a better representation of
the vehicle’s actual limits and avoiding infeasibility or poor racing performance.
Fourth, the online racing line generation allows the vehicle to reach its limits
earlier, as the time-optimal trajectory is replanned starting from the vehicle
state without discretizing the state space. Although the last two aspects can
also be incorporated into the hybrid planning approach, it remains unsuitable
for many current TAC and A2RL races due to its restriction to oval tracks.
However, one disadvantage of the sampling-based approach is the limited
variety of maneuvers that can be planned due to the discretization of the
state space by trajectory candidates. Maneuvers that deviate from the jerk-
optimal or relative curves cannot be planned, motivating improved trajectory
generation methods. Furthermore, unlike the hybrid planning approach, it is
not possible to plan a trajectory that initially moves away from the racing line
and then returns to it, as only the end state of the trajectory candidates is
sampled. Instead, such a maneuver can only be executed across several planning
cycles. An improvement would be a multi-stage sampling concept, in which
intermediate states are additionally sampled. This brings the concept closer to
the hybrid planning approach without fixed layers but at the cost of increased
computational time. Another limitation arises in the real-world application of
online racing line generation. While it has proven methodologically beneficial
in simulations, its lack of robustness and increased computation time have
so far prevented its real-world application. These problems primarily arise in
multi-vehicle racing, where the time-optimal solution between adjacent planning
cycles can differ due to different start states. Accordingly, initializing the
optimization problem with the solution from the previous cycle does not always
lead to rapid convergence. Lastly, as in the hybrid planning approach, the
interaction between the vehicles is not accounted for. Instead, the planning
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approaches only react to the predicted movement of the opponent according to
the conventional planning structure shown in Figure 1.3a. However, incorrect
predictions already led to collisions within the more relaxed rules of the A2RL,
motivating interaction-aware planning approaches.
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This chapter addresses interaction-aware planning with a focus on limitations 5
and 6 outlined in Section 1.4. Most existing RL-based planning approaches
for racing use either low-level control inputs from a vehicle model or high-
level behaviors as action space. However, while low-level action spaces pose
safety risks in real-world applications due to modeling inaccuracies, the use of
discrete high-level maneuvers can result in reduced maneuver diversity. The
RL-based approach presented here directly generates trajectories, avoiding both
disadvantages. However, since an NN is used for action selection, no safety
guarantees are given, meaning that the resulting trajectories may be invalid. To
still provide a valid trajectory in such cases, a safety layer (SL) is introduced,
which generates a valid trajectory closely resembling the original invalid one.

The RIL-based planning approach and the SL are tested in an interactive
simulative blocking scenario involving an ego vehicle and an actively blocking
opponent vehicle that operates based on a control law designed explicitly for
blocking. In contrast, the ego vehicle is controlled by the RL-based planning
approach under the assumption of perfect tracking. To demonstrate the limita-
tions of the conventional planning structure consisting of sequential prediction
and planning, the RL-based approach is compared with the sampling-based
planning approach presented in Chapter 4. In addition, a game-theoretic ap-
proach is included in the comparison, in which the exact model knowledge of
the opponent vehicle is utilized to determine the individual reaction for each
trajectory candidate.

This chapter is based on the author’s publication [160]. It additionally
includes an introduction to the necessary RL theory, the game-theoretic approach
used for comparison, and more details and results on the training of the RL-
based approach. The RL theory is covered in Section 5.1, while the scenario
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description, including the opponent vehicle’s blocking behavior, is provided in
Section 5.2. Section 5.3 explains the RL-based approach with the SL as well as
the conventional and game-theoretic approaches used for comparison. Evaluation
results for all three approaches and the SL are presented in Section 5.4 and
discussed in Section 5.5, along with further research directions.

5.1 Reinforcement Learning Theory

RL is an area of machine learning focused on decision-making. Unlike supervised
or unsupervised learning, RL does not rely on pre-existing datasets. Instead,
an agent learns by interacting with an environment in a trial-and-error fashion,
generating its data through experience. For each decision, the agent receives a
reward signal that serves as feedback for the action taken. RL algorithms aim
to maximize the expected cumulative reward over time.

Conceptually, RL is closely related to optimal control, where the goal is
to find a controller that minimizes or maximizes a cost functional. While
optimal control typically assumes a known system model and focuses on solving
mathematical optimization problems, RL extends this approach to problem
formulations where the system dynamics or reward structure may be unknown,
relying on data-driven exploration.

This section provides a brief introduction to the theory of RL, covering fun-
damental terms, concepts, and training algorithms. The content is primarily
based on the textbook from Sutton and Barto [161]. Subsection 5.1.1 defines
the RL problem in general and the objective of RL algorithms. Next, Subsec-
tion 5.1.2 introduces the concept of value functions, which are employed in the
RL algorithms described in Subsection 5.1.3. Finally, Subsection 5.1.4 presents
further RL concepts relevant in the context of this thesis.

5.1.1 Problem Formulation

The RL problem is formalized by a Markov Decision Process (MDP), which
consists of an agent interacting with an environment, as shown in Figure 5.1. The
agent acts as the decision-maker, while the environment encompasses everything
outside the agent. In each discrete time step tq4 € Np, the environment’s
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Figure 5.1: Schematic diagram of an MDP consisting of an agent acting with an
environment.

configuration is represented by its state S;, € s." Based on this state, the agent
selects an action A;, € a that influences the environment and thus transitions it
to a new state Sy 41 € § in the next time step. In addition, the agent receives a
scalar reward R;,+1 € t C R in response to the selected action. This reward can
be positive to encourage desirable behaviors or negative to punish undesirable
ones. s, a, and v are the respective sets of all possible states, actions, and
rewards.

So far, the interface between the agent and the environment has been intro-
duced, but the two entities themselves have not yet been detailed. On one side,
the agent’s probability of choosing an action o € a in a given state o € s is
defined by its policy 7 € [0, 1]:

m(a|o)=Pr{A, =a|S, =0}. (5.1)

On the other side, given a specific state 0 € s and action « € a, the probability
of transitioning to a new state ¢’ € s and receiving a reward r € v is described
by the environment’s dynamics P € [0, 1]:

P(o',r|o,a) =Pr{S;, =0d Ry, =7r|Syy-1=0,A,1=a}. (5.2)

In an MDP, the transition probability (5.2) depends only on the immediately
preceding state and action, Sy,—1 and A;,_;, and not on earlier ones. Therefore,
the state space must contain all information from the past that influences the
transition. If this Markov property is not satisfied, the state space can be
extended accordingly.

IDeviating from the standard notation in the literature, ¢4 is used to denote the discrete time
steps in MDPs, distinguishing it from the continuous time ¢ used in trajectory planning.
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This thesis considers only episodic MDPs, where the number of time steps tq
is finite. Therefore, the process of the agent selecting an action according to 7
and the environment changing its state according to P continues until a terminal
state is reached or a predefined maximum number of time steps has elapsed.
Such a run starting in an initial state Sy until termination is called an episode.
It results in a sequence of state, action, and reward up to the terminal time
step Nep € N:

SOu AOJ Rb Sl7 A17 R27 827 A27 s 7RNcp*17 SNcp*h ANcp*h RNcp7 SNcp' (53)

The goal in RL is to find the optimal policy 7* that maximizes the return
Gy, € R, which is the discounted sum of all future rewards starting from the
current time step tq up to the terminal time step N, of the episode:

Gry = Riyp1 +VRiyp2 + 7V Regys + -+ 7" " Ry, (5.4a)
= th+1 + VthJrl- (54b)

With the discount factor v € [0, 1], the rewards can be weighted based on
their temporal distance. For v = 0, only the current reward is considered,
ie., Gy, = Ry 41, while for v = 1, all rewards are weighted equally. Note
that, despite starting from the same initial state Sy, the sequence in (5.3) and,
consequently, the return (5.4) may vary across different episodes due to the
stochastic nature of the policy m and dynamics P.

5.1.2 Value Functions

With the definition of the return Gy, in (5.4), value functions can be introduced
that indicate how beneficial it is to be in a particular state o or to perform an
action « in that state. As the return depends on the selected actions, the value
functions are given for a specific policy m(« | o).

The state-value function v, (o) € R specifies the expected return Gy, when
being in state o and then following policy 7:

vr(0) = E; [Gyy | Sty = 0] (5.5)
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It is defined as an expected value, as different episodes can result in varying
returns. The index 7 indicates the dependency on the policy. Due to the
recursive nature of the return Gy, in (5.4b), a recursive form for the state-value
function, known as the Bellman equation, can also be established:

vr(0) = Ex [Rig41 + y0n(0”) | Sty = 0] (5.6)

It states that, in expectation, the return G;, is composed of the immediate
reward Ry, .1 and the expected return from the state o’ at the subsequent time
step tq + 1. For a formal derivation, please refer to [161, Section 3.5].

Similarly, the action-value function ¢, (o, a) € R specifies the expected return
G, when being in state o, selecting action « (which may deviate from the
policy), and then following policy

qr(o,0) =B, [Gyy | Sty = 0, A, = . (5.7)

Therefore, the two value functions differ solely in the choice of the immediate
action A;,. While for v, (), this action is selected according to the policy, for
¢-(0, ), it is set to the specific action a. From time step t4 + 1 onward, the
actions are chosen according to the policy for both functions.

5.1.3 Reinforcement Learning Algorithms

RL algorithms aim to find the optimal policy 7* that maximizes the return Gy,.
They are divided into value-based, policy-based, and actor-critic methods.

Value-Based Methods

With valued-based methods, the optimal state-value function v, or action-value
function ¢, is learned first, and the optimal policy 7* is derived from it. As
it is not possible to determine 7* from v« without knowing the environment’s
dynamics P, most value-based algorithms learn the optimal action-value function
¢-+- The optimal policy 7* results directly from it:

1 if @ = argmax ¢.«(0, @),
™| o) = aca (5.8)
0 otherwise.
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The most fundamental value-based algorithm is policy iteration, where ¢~
is learned through repeated policy evaluation and policy improvement. The
algorithm begins with a randomly initialized policy. In the policy evaluation
step, the action-value function associated with the current policy is estimated
based on data collected by interacting with the environment. In the subsequent
policy improvement step, a new policy is derived from the estimated action-value
function by selecting the action with the highest value, as done in (5.8). These
steps are repeated iteratively until the action-value function converges or a
maximum number of iterations is reached. With policy iteration, one step is
completed before the next step is performed. However, the two steps do not
need to be executed sequentially or until full convergence. The general idea of
iterative policy evaluation and improvement, regardless of how both steps are
executed, is referred to as generalized policy iteration. Alternative value-based
algorithms are based on this idea, with Q-learning [162] and its variants [163]
being the most widely used.

For low-dimensional state and action spaces, the algorithms can be imple-
mented using tables that store action values for each state-action pair. However,
this approach is no longer feasible as the state space grows or becomes continuous.
In such cases, function approximators like NNs can be used, which take the state
and action space as inputs and output the corresponding action value. Although
this approach sacrifices many convergence guarantees, it remains practical for
real-world applications. However, value-based methods are generally unsuitable
for high-dimensional action spaces since computing the maximum value over all
possible actions, as must be done in (5.8), becomes computationally intractable.

Policy-Based Methods

Policy-based methods parameterize the policy 7 rather than deriving it from
a learned value function. This approach allows for the direct optimization
of the policy, even in continuous action spaces. The policy 7(a | 0,0) is
parameterized using the parameter vector 8 € R™¢, where Ny € N is the number
of parameters. Any differentiable function approximator can be applied for this,
i.e., Vom(a | 0,0) must exist. However, NNs are widely used.

By adjusting the parameter vector 8 and thus the policy 7(« | 0, 8), policy-
based methods aim to maximize a performance criterion J,(0) € R, typically
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defined as the expected return starting from a given state o:

J:(0) = v (0) DK, (G, | S, = 0] (5.9)
To maximize J.(0), gradient ascent can be applied, i.e., the parameters are

iteratively updated in the direction of the gradient Vg J(0o1q). With the step
size 1y € R+, the update rule is

Onew = eold + 7o - V@ J7r(001d)- (510)

However, it is not possible to determine the gradient directly, as the expected
value of the return GG, depends on the state distribution, which in turn depends
on the unknown dynamics P of the environment. Therefore, a reformulation of
the gradient is needed, which is provided by the policy gradient theorem proved
in [161, Section 13.2] (the symbol o denotes “proportional to”):

Vg W(Atd ’ Std,e)

Vo (0) oc E; [119Gy,
? ( ) ! ' 7T(Atd | Std70)

(5.11)

The policy gradient theorem (5.11) leads to an expectation that cannot be
determined exactly. However, it can be estimated by executing episodes and
using the collected data. At the end of an episode, the return G,, can be
calculated for each time step tq, and since both the gradient of 7 and the
policy 7 itself are accessible, multiple samples of the expected value in (5.11)
can be generated. Averaging over all collected samples yields the REINFORCE
algorithm [164] with the following update rule:

N,
= Vo W(At | St aeold)
Orew = Ooia + 19 - @ 4 "H 5.12
o NGP tdz=:17 e 7T(Atd | Std7001d) ( )

Intuitively, the quotient in (5.12) determines the direction in the parameter
space for updating @ to increase the likelihood of selecting action A;, in state Sy,.
The return Gy, in contrast, defines the magnitude and sign of the update: a
positive return increases the probability of selecting A;, in state S, while a
negative return decreases it.
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The return Gy, can vary significantly across different episodes, a property
known as high variance. This should generally be avoided, as it may lead to
slow convergence and unstable learning. One way to reduce the variance of the
gradient estimate is by introducing an appropriately chosen baseline b(c) € R,
which is subtracted from the return Gy, in the update rule (5.12). As long as
the baseline is not dependent on the action, it does not change the expected
value in (5.11), as proven in [161, Section 13.4]. The resulting algorithm is
called REINFORCE with baseline and uses a slightly modified update rule:

N,
= Vo m(As, | Sty Oo1a)

0w = 0419 + E Gy — S d d . 5.13

1d T 7Tlg - ep = 17 ( tq td)) 7T<Atd | Std,eold) ( )

A commonly used baseline is an estimate o, of the state-value function v,
which can be generated using the policy evaluation techniques from the value-
based methods. To handle high-dimensional state and action spaces, typically a
differentiable function approximator 9, (o, @) is used, where ¢ € R4 is the pa-
rameter vector, and N4 € N represents the number of parameters. The vector ¢
is adjusted to minimize the expected squared error E, { (vr(0) — Or (0, ¢))2].
As with updating @, multiple samples of the expected error can be generated at
the end of an episode from the received returns G;,. These samples are then
averaged to estimate the expected error. Using stochastic gradient descent with
the step size 1, € Ry yields the following update rule:

1 N q

2
d)new ¢old - nqﬁ N Z VO {th (Std7 ¢old)} (514&)
ep ty= 12
Nep
= Gaa + 106 57— 2 |Gra = 0x(Sty, bora)| - Vo0 (St Pota).  (5.14b)
ep tq=1

For both algorithms, namely REINFORCE and REINFORCE with baseline,
it is necessary to wait until the end of an episode to compute the returns Gy,
required for the update rules (5.12), (5.13), and (5.14b). This is data inefficient
and leads to slow learning. Moreover, the use of returns, which may significantly
vary between episodes, still can lead to increased variance despite the introduced
baseline b(c). Both of these issues are addressed by the following actor-critic
methods.
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Actor-Critic Methods

Actor-critic methods combine aspects of value-based and policy-based methods
and consist of two instances: the actor and the critic. As with the policy-based
methods, the actor is a parameterized policy 7(« | o, 8) that selects the actions.
Similar to value-based methods, the critic is a parameterized estimate of a value
function, usually the state-value function 0, (o, ¢), which is used to assess the
actor’s actions. It may appear that the REINFORCE with baseline algorithm
could also be classified as an actor-critic method, as it involves learning both
a policy and a state-value function. However, this algorithm uses the state-
value function solely as a baseline by evaluating the current state S;,. This
contrasts with actor-critic methods, where the value function assesses the actor’s
chosen actions. As will be discussed shortly, this is achieved by evaluating the
value function in the state at time step tq + 1 or later, indirectly assessing the
action A, that leads to Sy, 41.

The basic idea is that the return Gy , which is only known at the end of an
episode, is replaced at each time step tq of the episode by an estimate based
on Bellmann’s equation (5.6). Thus, in each time step, the return Gy, can
be approximated by R 11 + 70:(St 41, @), and an update can be performed
analogously to (5.13) and (5.14b). This approximation is referred to as the
one-step return, and the general idea of using collected rewards together with
the estimated state-value function 9, to approximate the return Gy, is called
bootstrapping. Using the one-step return instead of GG;, can accelerate conver-
gence as updates can be performed at each time step. Also, it reduces variance,
as [ 41 is the only random variable, thus involving fewer random variables
compared to using the entire return G;,. However, the reduced variance comes
at the cost of high bias, which refers to the systematic error introduced when an
estimate, such as 0, is used instead of the actual value G;,. A trade-off between
high variance and bias can be achieved if bootstrapping is performed from a
later time step. For instance, in the case of a two-step return, Gy, is replaced
by Ri,i1+ YRiys2 + V?0r(Si 12, @). In a generalized form, the n-step return is
defined, where bootstrapping is applied starting from the n-th step after t4. An
approach that uses the weighted average of all n-step returns, referred to as
Generalized Advantage Estimation (GAE), is described in [165].

In the Asynchronous Advantage Actor-Critic (A3C) algorithm [166], multiple
agents operate asynchronously, each collecting data over a specified number
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of time steps while following a shared policy. Once an agent has completed
the time steps, the longest possible n-step return is calculated for each time
step, and these are used to update the shared policy.? A synchronous variant
of A3C, called Advantage Actor-Critic (A2C), waits for all agents to complete
their steps before applying the collected data in a joint update step.

All introduced policy-based and actor-critic methods use each collected data
sample only once for an update and then discard it. While performing multiple
update steps with the same data samples could accelerate training, there is a risk
of excessively large policy updates that could lead to instability. The Proximal

Policy Optimization (PPO) algorithm [167] addresses this by clipping the ratio
ﬂ'(At ‘St 70new)
W(Ati|5ti,901d)
small even when updates are applied multiple times using the same data samples.

to values near 1, ensuring that the policy changes remain sufficiently

Since, after the first update iteration, the policy used to collect the data and
the policy to be updated no longer align, importance sampling is applied. This
is a method for evaluating the expected value of a particular distribution while
only samples from another distribution are available. Additionally, the GAE is
utilized to approximate the return G,. PPO is widely used due to its simplicity,
efficiency, and robustness, and it will also be employed in this chapter.

5.1.4 Further Concepts

Many RL algorithms lack convergence guarantees or provide them only under
assumptions that are often not met in practice. Consequently, the success of
training depends on the definition of the MDP, the choice of the policy function
approximator, and the selection of hyperparameters. Additionally, various
techniques can be employed to make training more robust and efficient.

One challenge in RL, particularly for long episodes, is the occurrence of
sparse rewards, where the agent only receives rewards at the end of an episode
or sporadically. This delayed feedback makes it difficult for the agent to
attribute specific actions to the outcome, known as the credit assignment
problem, potentially slowing down or preventing successful training. Reward
shaping addresses this issue by breaking the problem into sub-problems, allowing
the agent to receive more immediate feedback for its actions, such as a reward

2Typically, actor-critic methods are implemented using gradient-based optimization tech-
niques, which are more advanced than the gradient ascent approach in (5.10).

114



5.2 Blocking Scenario

at each time step ty. These direct rewards, called dense rewards, can enable
faster and more robust training. However, reward shaping introduces human
domain knowledge into the problem formulation, which might cause the agent
to converge to a local optimum [168].

RL algorithms are also combined with curriculum learning to tackle complex
tasks [169, 170]. This approach divides the learning process into multiple tasks
of increasing complexity. Instead of allowing the agent to act directly in the
final MDP, it is first trained in simpler MDPs that represent less challenging
versions of the task. The policy learned in each stage is then transferred to the
next stage, progressively guiding the agent toward the final MDP.

Lastly, when using an NN as a function approximator, the state and action
spaces should be normalized to values within the interval [—1,1]. One reason is
that normalized data tends to lower estimation errors and reduce computation
times in NNs [171]. Additionally, most RL algorithms with continuous action
spaces use a Gaussian distribution from which the action is sampled. The NN
outputs the mean, initialized to 0, and the standard deviation, initialized to 1.
Normalization of the action space ensures that the NN operates within the
desired range [172].

5.2 Blocking Scenario

The interactive blocking scenario, including the objective of the ego vehicle, is
described in Subsection 5.2.1. The system dynamics of the opponent vehicle
and its control law intended for blocking are covered in Subsection 5.2.2.

5.2.1 Scenario Description and Goal

The blocking scenario takes place on the straight race track illustrated in
Figure 5.2, with a width of 15m and a length of 1500 m. The center line serves
as the reference line R, i.e., di(s) = 7.5m and d;(s) = —7.5m hold for the
distances to the track boundaries. The race track is completely flat, meaning
that ¢(s) = p(s) = 0° and Q(s) = Qy(s) = 0rad/m apply. Additionally, this
leads to ay(t) = ax(t), ay(t) = ay(t), a,(t) = 0m/s?, and g(t) = ¢, implying that
the gg-diagrams depend solely on the velocity V. Since the reference line is
straight, 6(s) = 0° and §2,(s) = Orad/m also hold. Nevertheless, both quantities
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Figure 5.2: Initialization of the blocking scenario with the ego vehicle (blue)
at position (Segoinit = 0M, degoinit = Om) and the opponent vehicle (green) at
(Sopp,inits dopp,init)- Both vehicles are initialized with the relative orientation Xini; = 0°
and the velocity Vipy > 0m/s.

are incorporated in the subsequent equations, allowing adaptation to curved
tracks in future work.

The scenario consists of an ego vehicle and a blocking opponent vehicle,
initialized as shown in Figure 5.2. The ego vehicle, whose variables are labeled
with the index ego, begins at the start of the track with the progress sego init = 0m
and the lateral position dego init = 0m. The opponent vehicle, whose variables
are labeled with the index opp, is positioned ahead of the ego vehicle at progress
Sopp.init > 0m and lateral position dopp init € [dy, di]. Both vehicles are initialized
with the relative orientation i, = 0° and the velocity Vi, > 0m/s.

The objective of the ego vehicle is to overtake the blocking opposing vehicle
without colliding. The scenario is considered successful if the ego vehicle has
completed an overtaking maneuver without a collision by the end of the race
track. An overtaking maneuver is considered complete when the ego vehicle
achieves a longitudinal lead of five times the vehicle length D), € R, which is
satisfied if

Sego(t) > Sopp(t) + 5 - D (5.15)

However, the scenario ends unsuccessfully if a collision occurs, no overtaking
maneuver can be completed by the end of the race track, or a planned trajectory
is infeasible.
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5.2.2 Opponent Vehicle Dynamics

While the ego vehicle is controlled by the corresponding planning approach under
the assumption of perfect tracking, the opponent vehicle’s blocking behavior
is realized by a vehicle model controlled by a PD controller. For the vehicle
model, the kinematic single-track model in Curvilinear coordinates derived in
Appendix D is used. Omitting the index opp for clarity, the system dynamics
are given by

. 1
5(t) =V (t) - cos(x(t)) =) G0 (5.16a)
d(t) = V(1) - sin(3(t)), (5.16D)
0 = Y1 sinG(0) - Vo) - con(i) - D (569
V(1) = ax(t), (5.16d)
6(t) = w(?), (5.16¢)

with the body slip angle (t) = arctan (lrﬂ;lf -tan(é(t))) € R. The state

vector Zopp(t) = [sopp(t) dopp(t)  Xopp(t)  Vopp(t) (50pp(zf)}T € R® contains
the opponent’s longitudinal position s.p,(t), lateral position dopy (%), relative
orientation Yopp(t), absolute velocity Vi, (t), and steering angle dopp(¢). The
input vector wgpp(t) = [wopp(t) dx,opp(zf)}T € R? is composed of the steering
rate wepp(t) and the longitudinal acceleration @y opp(t). The distances from
the center of gravity to the rear and front axles, denoted by [, € R, and
Iy € R, define the vehicle’s wheelbase. Additionally, the steering angle |0qpp(2)]
is constrained by 0max € Rsg, and the steering rate |wopp(t)| is limited to
Wmax € Rsg. For simplicity, an additional dynamic limitation using gg-diagrams
is omitted, as the primary goal of the presented simulations is to provide a
basic comparison between the different planning approaches rather than to
accurately model the dynamics of blocking behavior. However, future research
could incorporate more realistic dynamic vehicle models to enhance the accuracy
of the simulations.

The longitudinal and lateral control of the single-track model operate inde-
pendently. For the longitudinal motion, axpp(t) = 0m/s? is applied, which
prevents the opponent vehicle from simply driving ahead and thereby allows
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the ego vehicle to overtake. For the lateral movement, the steering rate wopp(t)
is determined by an empirically designed PD controller with the proportional
gain Kp € R and the derivative gain K € R:

Wopp(t) = Kp - e(t) + Kp - é(t). (5.17)

The control error e(t) € R to be minimized is defined as the difference between
the desired Xoppa(t) € R and the actual relative orientation Xopp(t) of the
opponent vehicle:

e(t) = Xopp.a(t) — Xopp(t)- (5.18)

The desired relative orientation Xoppa(t) is the heading the vehicle must have to
close a lateral gap Ad(t) € R at a longitudinal look-ahead distance K, € R.y.
These two distances form a right-angled triangle in front of the opponent vehicle,

which yields an expression for the desired angle Xopp.a(%):

Xopp,d(t) = arctan (A;it)> . (5.19)

The lateral deviation Ad(t) naturally includes the lateral position difference
dego(t) — dopp(t) between the ego and opponent vehicle, as minimizing this
difference aligns with the objective of a blocking maneuver. Additionally, the

lateral velocity difference dogo(t) — dopp(t) is incorporated to react early to any
initiation of lateral movement by the ego vehicle:

Ad(t) = dego(t) — dopp(t) + dego(t) = dopp(?)- (5.20)

In particular, the look-ahead parameter K, has a decisive influence on the
opponent vehicle’s behavior. The step responses shown in Figure 5.3 demon-
strate that smaller look-ahead distances Kj, reduce the settling time, indicating
a more aggressive blocking behavior. This is because, with smaller values
of Kj,, the desired heading Xopp.d(t) becomes larger for the same lateral devi-

ation Ad(t), resulting in greater control errors e(t) and, consequently, higher
steering rates wopp(1).
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Figure 5.3: Step responses of the opponent vehicle for different look-ahead distances
K1,. The remaining controller parameters are fixed to Kp = 0.6 and Kp = 0.05s~ L.

5.3 Methodology

While the opponent vehicle behaves according to the single-track model (5.16)
with the control law (5.17) to (5.20), the ego vehicle is controlled by one of
the following three planning algorithms. The conventional and game-theoretic
planning approaches are described in Subsections 5.3.1 and 5.3.2, respectively.
The RL-based planning approach follows in Subsection 5.3.3.

5.3.1 Conventional Planning Approach

The sampling-based approach described in Chapter 4 is used as the conventional
planning approach. The racing line path is set as the center line of the straight
track, and the racing line velocity is specified as the maximum vehicle speed
Vimax € Rso, leading to dy(t) = Om and $,(t) = Vi(t) = Vipax. Since these
constant racing line profiles can be represented by jerk-optimal curves, jerk-
optimal trajectory generation is sufficient, and relative trajectory generation can
be omitted. This leads to the following differences compared to the description
in Chapter 4.
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Trajectory Generation

The set of longitudinal curves %oy, is generated by sampling N; equidistantly
distributed end velocities within the interval §(Tirj) € [0, Vinax). The corre-
sponding end acceleration is fixed to §(Ti,a;) = 0m/s®. Since no relative curve
generation is performed, and the track widths di(s) and d,(s) are fixed, the set
of lateral curves T, can be generated independently of the longitudinal curves.
Tlat 1s created by sampling Ny equidistantly distributed end positions within the
interval d(Tiy.;) € [dy 4+ Pw/2, di — Pw /2] and setting the corresponding velocity
and acceleration to d(Tiwa;) = 0m/s and d(Ti;) = 0m/s?, respectively. The
trajectory candidates are then formed by combining each element of both sets
using the Cartesian product Tiong X Tias.

Trajectory Selection

With d,i(t) = 0m, V3i(t) = Vinax, and a single opponent, the cost functional (4.7)
for assigning costs to a trajectory candidate (s;(t),d;(t)) simplifies to

7= e (0 B0 + v Vo = Vi OF + - Jlt) )t (5.21)

The third cost term remains with the prediction (spy, d,,) of the opponent vehicle
as

Jonlt) = exp (=py - [5pe(8) = 5O — pa- [d(D) — ,(OF) . (5.22)

Prediction

The prediction of the opponent vehicle’s motion is performed separately for
its longitudinal s, (t) and lateral movement d,(t). The prediction of the
longitudinal motion is based on the assumption of constant velocity, as the
opponent vehicle’s acceleration is 0 m/s?, according to Subsection 5.2.2. In the
lateral direction, the interaction between both vehicles results in an individual
reaction of the opponent vehicle for each trajectory candidate, which cannot
be captured with a fixed prediction. Since a reliable prediction is not possible,
commonly used prediction methods are considered, assuming either a constant
lateral position (CLP) or constant heading (CH), with the prediction being
clipped to stay within the track boundaries.
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5.3.2 Game-Theoretic Planning Approach

The game-theoretic approach is similar to the conventional approach, with the
difference that the behavior of the opponent vehicle is not predicted based on
any assumptions. Instead, following the leader-follower principle in [112, 113],
for each trajectory candidate, the individual reaction of the opponent vehicle
is determined through forward simulation of the system dynamics (5.16) using
the control law (5.17) to (5.20). Finally, the valid trajectory candidate with
the best outcome is selected using (5.21) and (5.22) but with the opponent’s
individual response instead of the fixed prediction (spy, dpy).

Depending on the definition, such approaches are sometimes not considered
game-theoretic in the literature, as the opponent’s behavior is predefined using a
controlled vehicle model, meaning the actions of both players are not optimized
simultaneously. In this work, it is nevertheless classified as a game-theoretic
approach as it resembles a Stackelberg game [173], where the ego vehicle acts
as the leader and the opponent vehicle as the follower. This provides a clear
distinction from the conventional approach, where the same fixed prediction
is used for all trajectory candidates. However, it should be noted that this
approach is not representative of all game-theoretic planning methods found in
the literature.

5.3.3 Reinforcement Learning-Based Planning Approach

The RL-based planning approach employs the same jerk-optimal trajectory
generation as the conventional and game-theoretic approach. However, instead
of sampling the end state to produce a set of trajectory candidates, the end
state is determined directly by the RL agent, similar to [143]. By connecting the
vehicle’s current state to the selected end state, only one trajectory is generated,
eliminating the need for trajectory selection. After generating the trajectory,
the same validity checks as in the other approaches are applied.

Once the agent has been trained, the generated trajectory is not guaranteed
to satisfy the validity constraints. To prevent the episode from being terminated
unsuccessfully in these cases, as done in [143], an SL is introduced. It produces
a valid trajectory that closely resembles the original invalid one. Further details
on the MDP formulation, training, and SL are provided below.
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MDP Formulation

The state space s of the MDP consists of two parts. It includes the ego vehicle’s

. . T
state [sego Sego  Sego ego dego  dego )Zego} and its deviation from the op-
. . T
, . ) - N
ponent’s state [sego — Sopp  Sego — Sopp  dego — dopp  dego — dopp  Xego — Xopp

The relative orientation x is redundantly included, as it can be derived from
the Curvilinear coordinates using (A.8). However, experiments have shown
that direct integration into the state space results in more efficient training.
Additionally, as stated in Subsection 5.1.4, all quantities are normalized by
dividing them by their respective maximum values, ensuring they lie in the
range [—1,1].

The action space a contains the end state {d(Ttraj) d(ﬂraj) d(ﬂmj) S(Ttmj)} '
of the jerk-optimal trajectory at time Ti,,;. As with the state space, all variables
are normalized. The end time T},,; is fixed and not determined by the agent,
ensuring a consistent planning horizon. Furthermore, the longitudinal end accel-
eration §(Tir;) is not included in the action space and is instead set to 0 m/s?.
Otherwise, negative end accelerations would be selected by the agent, which
enable increased initial accelerations but result in undesirable high acceleration
variations.

The dynamics P of the MDP include the state transition from the current t4
to the next discrete step tq + 1 and the corresponding received reward [ ;.
Each step tq represents a planning cycle, and the next state is determined
under the assumption of perfect control of the planned trajectory for the ego
vehicle, combined with forward integration of the system dynamics (5.16) for
the opponent vehicle using the step size Atg,.

The received reward R, i consists of sparse rewards, obtained at the end of
an episode, and dense rewards R, 441 € R, received at each discrete step. For
sparse rewards, Rguccess € Rsq is granted if the episode ends successfully, while
Reatwre € R is assigned if it ends unsuccessfully:

Rguccess  if episode ends successful,
Riy41 = { Reaiture  if episode ends unsuccessful, (5.23)

R 1 otherwise.
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The dense reward R, 4+1 incentivizes high relative speeds and large lateral
distances to guide the agent toward successful overtaking maneuvers. It is
empirically designed to

Rii1 = (A% — Admax) - 1 (A8 — Adpayx > 0)
1 (5.24)
+ 2 (|dego — dopp| — ksaDyw) - 1 (Sego € [Sopp — D1, Sopp + Dil)
where the ego and opponent vehicle variables correspond to the quantities from
step tq + 1, whose dependence is omitted here for clarity. Further, the indicator

1(0) specifies whether the condition O is fulfilled:

1(0) = (5.25)

1 if O is True,
0 if O is False.

The first term in (5.24) rewards high relative speeds As = Se¢go — Sopp € R. To
continuously encourage higher speeds, the maximum speed difference As,.x € R
achieved up to the current step is subtracted. Also, to ensure the term does
not act as a penalty, e.g., during braking maneuvers, it is only active when its
value is positive. The second term rewards large lateral distances |dego — dopp|
and is only active during an overtaking maneuver, i.e., when there is an overlap
in the longitudinal direction between the two vehicles of length D). Since
|dego — dopp| Tepresents the distance between the centers of the vehicles, the
vehicle width Dy, is subtracted to determine the effective lateral distance. This
ensures that a lateral overlap, indicating a potential collision, results in negative
rewards, while positive rewards are given only when the vehicles are sufficiently
separated laterally. Additionally, since the vehicle size is varied in the curriculum
learning procedure described below, the vehicle width D, is scaled by the
factor ks € (0, 1].

Training

The PPO algorithm is used for training due to its simplicity and ability to
effectively handle continuous state and action spaces. It is an actor-critic method,
as detailed in Subsection 5.1.3, and both the policy and state-value functions
are approximated using fully connected NNs. The policy network maps the
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state space to the action space, with an input layer dimension of 12 and an
output layer dimension of 4. The four outputs of the policy network correspond
to the means of individual Gaussian distributions, and the respective standard
deviations are treated as learnable parameters. As in [167, 174], these standard
deviations are initially set to 1 and are optimized together with the parameters
of the NN. During training, actions are sampled from these distributions to
facilitate exploration. After training, the mean of each distribution is selected as
the action to ensure deterministic evaluation. Similarly, the state-value function
network maps the state space to the state value, with an input layer dimension
of 12 and an output layer dimension of 1. Both networks have two hidden layers,
each containing 256 neurons. Each neuron uses a tanh activation function.

Additionally, curriculum learning with six progressively more complex stages
is used for more efficient training. In the first stage, the agent is trained in
single-vehicle driving to generate valid trajectories. Accordingly, collision checks
are omitted, and the lateral distance term in the reward function (5.24) is
excluded. In the subsequent five stages, the opponent vehicle is introduced, and
the agent learns to overtake. The width and length of the vehicles are scaled
by a factor ks € {0.2,0.4,...,1.0}, which increases with each stage. This
progressive scaling raises the difficulty of the overtaking task until the actual
vehicle dimensions are used in the final stage.

Safety Layer

The trajectories generated by a trained RL agent are not guaranteed to be
valid, meaning they might be infeasible or collide with the track boundaries.
Particularly in situations not encountered during training, there is an increased
probability of this. To prevent the episode from being terminated unsuccessfully
due to an invalid trajectory (Sinvalia(t), dinvaiia(t)), the SL intervenes in the
corresponding planning cycle by generating a valid trajectory that resembles
the invalid one. For this, the same set of jerk-optimal trajectory candidates as
used in the conventional and game-theoretic approaches is constructed. Each
candidate (s;(t),d;(t)) is checked for validity, and the valid one minimizing the
cost functional

J= /O o (Isimvatia (1) = s5(8)) + [dimara(t) — ;(O)]*) At (5.26)
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Table 5.1: Parameters for the results of the planning approaches (descriptions are
provided in the list of symbols on page xvii)

Parameter Value Unit Parameter Value Unit
D, 1.93 m Atgim 0.1 S
D, 4.9 m Vinax 85 m/s
I, 1.72 m Rmax 0.2 m~!
l¢ 1.25 m Omax 0.43 rad
N, 40 - Winax 0.39 rad/s
Ny 20 - dymax(V)  13t039 m/s?

Niraj 51 - dxmin(V) —12to —5 m/s?

71traj 2.5 S dx,maX(V) 3tod IIl/82
Rsuccess 10 - p(V) 1.5 -
Rfailure —1 -

is selected. This provides a valid trajectory resembling the invalid one, allowing
the intended maneuver to be carried out. With this, an episode is only terminated
if all trajectory candidates are invalid. Note that the SL is inactive during
training, as the agent is supposed to independently learn the generation of valid
trajectories. Therefore, the SL is only active during the evaluation of a fully
trained agent, improving robustness and increasing the success rate.

5.4 Results

All results presented here were generated through simulation. Details on the
implementation of the three planning approaches are given in Subsection 5.4.1,
and the evaluation method of the approaches is described in Subsection 5.4.2.
The actual evaluation results of the conventional, game-theoretic, and RL-based
approaches are presented in Subsections 5.4.3, 5.4.4, and 5.4.5, respectively.
Additionally, Subsection 5.4.5 presents the training results of the RL-based
approach before the evaluation results.

125



5 Interaction-Aware Planning using Reinforcement Learning

Table 5.2: Environment parameters for the evaluation and training (descriptions are
provided in the list of symbols on page xvii)

Parameter Evaluation Training #1 Training #2 Unit

Soppimit 120,22,...,100}  [20,100] 20, 100] m

doppimit {—6,—4,...,6} [—6, 6] [—6, 6] m
Vinit 50 50 50 m/s
K1, {40,60, . .., 140} 80 {40,80,120} m
Kp 0.05 0.05 0.05 st
Kp 0.6 0.6 0.6 -

5.4.1 Computational Details

All three planning approaches are implemented in Python, and the planned
trajectories are represented by Ni.,; points distributed equidistantly in time.
Feasibility checks are performed only at these discrete points, which are also used
for the numerical integration of the cost functional (5.21) using the rectangle rule.
For the RL-based approach, the Gymnasium library [175] is used to implement
the environment, while the PPO implementation from Stable-Baselines3 [176] is
employed with default parameters.

While the conventional approach uses the conventional planning structure
shown in Figure 1.3a, the game-theoretic and RL-based approaches rely on the
interaction-aware planning structure depicted in Figure 1.3b. In both cases, all
modules are executed synchronously, allowing differences in computation times
to be neglected and aligning the estimated ego state with the start state of the
planning process, i.e., 2o = zp. Further, ideal state estimation and opponent
detection are assumed. The forward Euler method is used with a step size of
Atgm to integrate the opponent vehicle dynamics (5.16). The ego vehicle is
propagated forward using the same step size, assuming perfect tracking of the
planned trajectory. Most parameters of the simulation are listed in Table 5.1.
Additional parameters for the environment and the cost functional are provided
in separate tables below, as they are varied for the evaluation.
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Table 5.3: Cost functional parameters of the conventional and game-theoretic ap-
proaches (descriptions are provided in the list of symbols on page xvii)

# Approach Ellipse  Prediction c¢q cy Cpr Ds Pd

1 Conventional Small CH 0.08 0.28 5000 0.08 0.5
2 Conventional Small CLP 0.0 0.04 5000 0.08 0.5
3 Conventional  Medium CH 0.0 0.08 5000 0.02 0.18
4 Conventional  Medium CLP 0.72 1.0 5000 0.02 0.18
5  Conventional Large CH 0.36 0.24 5000 0.01 0.1
6  Conventional Large CLP 0.8 0.28 5000 0.01 0.1
7 Game-theoretic ~ Small - 0.0 0.24 5000 0.08 0.5
8 Game-theoretic Medium - 0.0 096 5000 0.02 0.18
9 Game-theoretic  Large - 0.0 1.0 5000 0.01 0.1

5.4.2 Evaluation Method

The three planning approaches are evaluated in the blocking scenario described
in Section 5.2, using the parameters listed in the second column of Table 5.2. To
investigate the impact of the opponent vehicle’s behavior on the approaches, each
approach is examined for the six look-ahead distances K7, shown in Figure 5.3,
ranging from K = 40m to Ky = 140m. While a high K, corresponds to a
conservative blocking behavior, implying less interaction, a low K7, represents
an aggressive blocking behavior, resulting in higher interaction.

For each interaction level, i.e., look-ahead distance K7, the opponent vehicle’s
initial position (Seppinits dopp,nit) 1S varied according to Table 5.2. With 41
options for sqpp it and 7 options for dopp i, & total of 287 episodes result per
look-ahead distance. The percentage of successful episodes out of these 287 is
referred to as the success rate and is used to assess the impact of interaction
and to compare the approaches.

5.4.3 Conventional Planning Approach

The behavior of the conventional approach depends on the prediction method
and the parameters of the cost functional (5.21) and (5.22). While CH and
CLP predictions are employed, identifying the parameters cq, cv, cpr, ps, and pq,
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Figure 5.4: Elliptical prediction cost distribution Jp, for different parameterizations.
Left: Small ellipse with p; = 0.08 and pg = 0.5. Center: Medium ellipse with ps = 0.02
and pq = 0.18. Right: Large ellipse with ps = 0.01 and pq = 0.1.

which maximize the mean success rate, is challenging. A full factorial search
is impractical due to the number of parameters, so the six variants listed in
Table 5.3 (#1 to #6) are evaluated. These variants were derived using the two
predictions and the three ellipse sizes shown in Figure 5.4, defining ps and pq.
Since the remaining parameters cq, cv, and cp, serve as cost term weights, only
their relative ratio is relevant, and cp, is fixed across all variants. For the other
two weights, a full factorial search is performed within the interval [0, 1] using a
step size of 0.04.

The success rates for the six variants are shown in Figure 5.5. Higher success
rates are observed for larger values of K7i,, as the prediction reflects the actual
behavior of the opponent vehicle more accurately with less interaction. Overall,
the highest success rates occur with the small ellipse, as fewer areas of the track
have high costs, allowing overtaking maneuvers to be initiated immediately.
Additionally, the CH prediction mostly results in higher success rates than the
CLP prediction, as it captures the opponent vehicle’s short-term behavior more
accurately, ensuring that a larger lateral distance is maintained. Therefore,
variant #1, which uses the small ellipse and CH prediction, achieves the highest
average success rate, reaching nearly 100 % for all values of K1, > 60 m. However,
for the highest interaction level with K7, = 40 m, the success rate drops to 0%,
as the simple strategy of immediately overtaking leads to collisions due to the
aggressive blocking behavior. For other variants, the success rate at K, = 40m
is also low, reflecting the challenges posed by high interaction.
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Figure 5.5: Success rates of the conventional approach (variants #1 to #6 from
Table 5.3) for different look-ahead distances Kp,. The size of the elliptical prediction
cost distribution and the prediction method used are stated in brackets.

5.4.4 Game-Theoretic Planning Approach

As with the conventional approach, the game-theoretic approach’s behavior
depends on the parameters cq, ¢y, ¢y, ps, and pq of the cost functional (5.21)
and (5.22). Therefore, the three variants listed in Table 5.3 (#7 to #9) are
evaluated, which differ in the size of the elliptical prediction cost defined by
ps and pg. The remaining three parameters are determined following the same
procedure as for the conventional approach. However, due to significantly longer
execution times, ¢q is set to 0 for the full factorial search.

One might expect a success rate of 100 % for each variant of the game-theoretic
approach, as the exact response of the opposing vehicle is exploited. However,
this is not the case due to the limited maneuver options among the available
trajectory candidates. The jerk-optimal candidates only represent simple left,
straight, or right movements, which can be counteracted by aggressive blocking
of the opponent vehicle. Instead of the simple trajectory candidates, candidates
that correspond to a feinting maneuver would be necessary, where the opponent
is first pulled to one side of the track before being overtaken on the other. With
the jerk-optimal candidates, however, such a maneuver can only be executed
across multiple planning cycles, which is not utilized in either the conventional
or game-theoretic approach.
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Figure 5.6: Success rates of the game-theoretic approach (variants #7 to #9 from
Table 5.3) for different look-ahead distances K7,. The size of the elliptical prediction
cost distribution used is stated in brackets.

Figure 5.6 shows the success rates of the three game-theoretic variants. Com-
pared to the conventional approach shown in Figure 5.5, the success rates do not
improve, and in some cases, the success rate is even lower. This is because, in
the conventional approach with the CH prediction, there is typically a free side
of the track, allowing a trajectory to be planned for overtaking. In contrast, the
game-theoretic approach assigns high costs to all trajectories, as it accounts for
the opponent’s specific reactions. As a result, with the conventional approach,
the ego vehicle adopts a more offensive overtaking behavior, which can lead to
collisions when faced with aggressive blocking. In contrast, the game-theoretic
approach leads to more conservative behavior, with the ego vehicle sometimes
not initiating an overtaking maneuver to avoid a collision.

5.4.5 Reinforcement Learning-Based Planning Approach
This subsection first presents the training of the RL-based approach, followed
by its evaluation. Finally, the SL is examined.

Training

To avoid overfitting, the scenario described in Section 5.2 is stochastically
initialized at the beginning of an episode during training. Further, to investigate
the influence of different environment initializations on the RL-based approach,
the two training variants in the third and fourth columns of Table 5.2 are
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Figure 5.7: Mean cumulative reward per episode during training of the RL-based
approach, averaged over the last 100 completed episodes every 4096 time steps (variant
#2 from Table 5.2). The black dashed lines separate the six curriculum learning
stages.

evaluated. In both variants, the opponent vehicle’s position (Seppinit; @opp,init) 15
randomly initialized within the intervals specified in the table. The difference
between both variants lies in the involved look-ahead distances K71, i.e., opponent
behaviors. In training variant #1, only a single K7, value is included, requiring
generalization to the remaining blocking behaviors during evaluation, which
comprises six K7, values. In contrast, in training variant #2, the opponent is
randomly initialized with one of three different K7y, values, reducing the need for
generalization to only three additional behaviors.

The average cumulative reward per episode during training is exemplarily
shown for training variant #2 in Figure 5.7. At the beginning of the training, no
valid trajectories could be generated in the first time step of an episode, resulting
in negative average rewards of Rpuwe = —1. In the first stage of training, the
agent learned to create valid and accelerating trajectories. In the subsequent
stages, it learned to overtake the opponent with progressively larger vehicle
sizes. However, training exclusively in stage 6 without curriculum learning or
transitioning directly from stage 1 to stage 6 proved unsuccessful.
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Figure 5.8: Success rates of the RL-based approach (training variants #1 to #2
from Table 5.2) for different look-ahead distances K.

Evaluation

Figure 5.8 shows the success rates for both training variants. For all values
of Ki,, except K7, = 40m, the success rates are nearly 100 %. For K, = 40 m,
representing the most aggressive blocking behavior, the success rates are 73 %
for training variant #1 and 92 % for training variant #2, highlighting the
importance of the variety of opponent behavior included in the training.

Compared to the conventional and game-theoretic approaches, similar success
rates are achieved for higher Kp, values. However, for K7, = 40 m, the RL-based
approach yields significantly higher success rates. This can be attributed to the
following two key factors:

1. More complex trajectories can be generated with the RL-based approach
as the agent’s action space is continuous, and the end conditions d(ﬂmj)
and d(ﬂraj) can be freely chosen. In contrast, due to computation time
constraints, d(Tiza;) and d(Tiy;) are fixed to 0m/s and 0m/s?, respectively,
in the conventional and game-theoretic approaches. Additionally, the
remaining end conditions can only take discrete values through sampling.

2. The RL-based approach can exploit the interaction with the opponent
vehicle across multiple planning cycles, allowing the execution of feinting
maneuvers, as shown in Figure 5.9. The blocking behavior is exploited by
first driving to the right side of the track, causing the opponent vehicle to
move laterally. The freed-up left side can then be used for an overtaking
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Figure 5.9: Overtaking maneuver in Curvilinear coordinates using the RL-based
approach (variant #2 from Table 5.2). The opponent vehicle is initialized at sopp init =
50m and dopp,init = 0 m, with a look-ahead distance of K7, = 40m. The point in time
at which the ego and opponent vehicle have the same s-coordinate is indicated by
circles. In the lower plot, the track boundaries are depicted as black lines.

maneuver. In contrast, the conventional and game-theoretic approaches
select the optimal trajectory candidate within a single planning cycle and
neglect that more complex maneuvers could be executed by composing
the trajectories across multiple cycles.

The individual impacts of the two factors on the results are not investigated
further in this thesis. Future studies could analyze this by evaluating the RL-
based approach with an action space that is restricted to the sampled end states
used in the conventional and game-theoretic approaches.

Safety Layer

The SL intervenes when the trajectory planned by the RL agent is invalid,
generating a valid trajectory similar to the original. In the evaluation above,
the RL agent did not generate an invalid trajectory in any planning cycle, so
the SL was not triggered. This is because the states occurring in the evaluation
are similar to those during training. To still examine the SL, the evaluation is
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Figure 5.10: Success and invalidity rates of the RL-based approach (variant #2
from Table 5.2) with and without SL for different look-ahead distances Kp,. Additive
Gaussian noise with a mean of 0m/s and a standard deviation of 0.7 m/s is applied
to the opponent’s longitudinal velocity Sqpp.

repeated with additive Gaussian noise applied to the opponent’s longitudinal
velocity $opp. Such noise could, for example, arise in real-world applications
due to sensor uncertainties. By varying the opponent’s velocity, states not seen
during training occur, increasing the probability of invalid trajectories.

Figure 5.10 shows the success and invalidity rates for the RL-based approach
with training variant #2, both with and without the SL. Analogous to the
success rate, the invalidity rate indicates the percentage of episodes that ended
unsuccessfully due to an invalid trajectory. Without the SL, the invalidity rate
ranges between 10 % and 20 %, causing a corresponding drop in the success rate.
With the SL, however, all invalid trajectories are replaced, reducing the invalidity
rate to 0 %. Moreover, the trajectories generated by the SL approximate the
invalid ones closely enough to achieve the same success rates as in evaluations
without added noise.

In the analysis conducted here, the noise is chosen such that the trajectories
planned by the agent are invalid but still represent meaningful motion. However,
if the discrepancy between the states encountered during training and evaluation
becomes too large, there is a risk that the agent plans trajectories that are
fundamentally unrealistic or ineffective. In such cases, the SL could reduce the
invalidity rate, but the success rate would likely remain similarly low.
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5.5 Discussion

The conventional, game-theoretic, and RL-based approaches each exhibit differ-
ent characteristics. The conventional approach relies heavily on cost parame-
terization and the selected prediction method. It enables aggressive overtaking
behavior when well-configured, yielding high success rates in scenarios with lim-
ited interaction, i.e., at high look-ahead distances K7,. However, the conventional
approach is unsuitable for high levels of interaction, as the prediction deviates
more from the actual opponent behavior, leading to an increased collision rate.
Generally, the conventional approach is suitable for a large variety of opponent
behaviors but results in a conservative behavior or an increased collision rate
for high-interaction scenarios.

With the game-theoretic approach, there is no mismatch between the opponent
behavior incorporated in the planning process and the actual opponent behavior,
as the individual opponent reaction is determined for each trajectory candidate.
Therefore, when dealing with aggressive blocking behavior, the ego vehicle
tends to follow the opponent vehicle instead of trying to overtake it. This
reduces the collision rate compared to the conventional approach, but the
success rate remains comparable. Both approaches only consider the trajectory
candidates within the respective planning cycle and cannot perform more
complex maneuvers by composing the simple trajectories across several time
steps. Therefore, incorporating more sophisticated trajectory candidates or using
a more advanced game-theoretic approach without discretizing the state space
could improve the success rate. However, key limitations of the game-theoretic
approach considered here are the need for precise knowledge of the opponent’s
behavior and the increased computational demand, as the dynamics of the
controlled opponent vehicle must be simulated for each trajectory candidate. If
the opposing vehicle behaves differently than simulated, however, higher collision
rates may result than with the conventional approach. This fundamental problem
also exists with alternative game-theoretic approaches, in which the behavior
of both vehicles is optimized simultaneously based on a specific equilibrium. If
the opposing vehicle does not behave according to the assumed equilibrium,
performance can decrease significantly.

The RL-based approach presented here yields the highest success rates. Espe-
cially with the most aggressive blocking behavior, significantly higher success
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rates can be achieved compared to the other two approaches, as the long-term
behavior is exploited across several planning cycles. Unlike other RL-based
approaches, the trajectory is generated directly by selecting the end state, sim-
plifying real-world application compared to low-level action spaces and enabling
more complex maneuvers compared to high-level action spaces. The proposed
SL ensures a valid solution even when an invalid trajectory is generated. Addi-
tionally, the computation times are significantly reduced compared to the other
two planning approaches - at least in the planning cycles without an active SL -
as only one trajectory is generated and validated. However, before evaluation,
the approach requires time-intensive offline training, often involving empirical
tuning of the reward function and training parameters. Another fundamental
challenge of RL-based methods is the generalization to unseen opponent behav-
ior. If the opponent vehicle behavior in the evaluation differs significantly from
the behavior contained in the training, the success rate can decrease accord-
ingly. Therefore, as demonstrated by the two training variants examined in this
chapter, diverse opponent behavior during training is essential for the success
of RL-based approaches in the real world. Generalization improvements could
involve adapting the state space or employing a more advanced NN architecture
to incorporate opponent history.

The RL-based approach is limited to a straight, flat race track with a single
opponent and is, therefore, not a fully developed planning approach for real-
world use. Nonetheless, the comparison carried out here highlights the potential
of RL in highly interactive scenarios if the associated challenges are addressed.
Extending the state space could enable applications on closed race tracks or
with multiple opponents. Furthermore, multi-agent RL is conceivable, involving
simultaneous training of multiple agents in a shared environment. This allows
game-theoretic equilibria to be reached by learning instead of solving a complex
game online.
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Local trajectory planning for AD has been an active research topic for decades.
To address edge cases on the progression from SAE level 4 to 5, supported by
the rise of autonomous racing series, a dedicated research direction focusing on
trajectory planning for autonomous racing has emerged.

This thesis presents three approaches that tackle different challenges of local
trajectory planning for autonomous racing. In Section 6.1, these approaches
are summarized, contextualized, and compared. Building on these, Section 6.2
explores potential extensions and identifies promising new research ideas. While
detailed discussions of the three approaches are provided in Sections 3.3, 4.3,
and 5.5, the key aspects are reiterated in this chapter.

6.1 Conclusion

Based on the related work in Section 1.3, six limitations of existing planning
approaches were derived in Section 1.4. Accordingly, this thesis aimed to develop
planning approaches that address these limitations. Since an essential aspect of
this work is the participation in the IAC and A2RL racing series, the focus was
also on real-world application. With this aim, three approaches were presented,
treating the six limitations separately. The hybrid planning approach from
Chapter 3 and the sampling-based approach from Chapter 4 have been applied
to a full-scale race car in various IAC and A2RL races. Meanwhile, the RL-
based approach from Chapter 5 is not yet suitable for real-world application
and requires further work.

The hybrid planning approach from Chapter 3 addresses limitation 1, dealing
with the curse of dimensionality in graph-based planning approaches. To keep the
computation time low, existing approaches use a PVD, i.e., perform the planning
of path and temporal profile separately, leading to a conservative multi-vehicle
behavior. Alternative approaches without PVD use a spatio-temporal graph
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but employ coarse discretization and simple edge structures, preventing driving
at the vehicle’s handling limits. In contrast, the presented hybrid approach uses
a spatio-temporal graph with variable discretization and edge structure. The
beginning of the trajectory, which is traversed according to the RH principle, is
generated by sampling with increased smoothness. The remaining part of the
trajectory is generated by a graph search with low discretization and simple edge
structure, allowing short computation times despite a sufficiently long planning
horizon. Various experiments have demonstrated increased vehicle stability and
performance. However, the hybrid planning approach is only applicable for oval
tracks as sufficiently low computation times are only achieved with high layer
distances, which is ineffective with high curvatures. In addition, no 3D effects
of the race track are considered, and the offline-generated racing line used does
not incorporate the current ego vehicle state.

The sampling-based planning approach from Chapter 4 tackles limitations 2,
3, and 4, i.e., the missing consideration of 3D race track effects, the insufficient
jerk-optimal trajectory candidates for road courses, and the use of an offline-
generated racing line. The introduced relative trajectory generation allows the
planning of more complex trajectories, enabling the following of the racing line
on arbitrarily complex race tracks. Further, by extending the gg-diagrams with
the vertical acceleration g, the race track’s banking and slope can be accounted
for, thus avoiding infeasibility and improving performance. Finally, it has been
demonstrated that the online generation of the racing line in each planning cycle
slightly degrades performance in single-vehicle racing due to the limited horizon.
However, in multi-vehicle racing, it enhances performance by guiding the local
planning using discrete trajectory candidates faster to the vehicle’s limit.

The hybrid and sampling-based approaches are based on the conventional
planning architecture consisting of sequential prediction and planning. While
this has been sufficient in the previous IAC and A2RL races due to the strict
racing rules, with future more relaxed rules, the vehicles will be able to interact
more with each other. This may result in a mismatch between the prediction
and actual opponent behavior, potentially leading to collisions and requiring
the development of interaction-aware planning approaches.

In Chapter 5, the sampling-based approach from Chapter 4 is evaluated as a
representative of conventional planning approaches in an interactive blocking
scenario. It is compared with two interaction-aware approaches: a simple
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game-theoretic approach and the RL-based one proposed here. The evaluation
demonstrates an increase in the collision rate of the conventional approach
with more aggressive blocking behavior of the opposing vehicle, i.e., increasing
interaction. The game-theoretic approach, in which the individual opponent
reaction is simulated for each trajectory candidate, reduces the collision rate.
However, the success rate remains roughly the same, as in some cases, no
attempt of overtaking is made. This is because only the available trajectory
candidates are considered as possible trajectories, and none of them represents
a successful overtaking maneuver in the case of aggressive blocking. Meanwhile,
the presented RL-based planning approach achieves high success rates even
for the most aggressive blocking behavior by performing more sophisticated
maneuvers by composing the trajectories across several planning cycles. Also,
the presented RL-based approach addresses limitations 5 and 6, which existing
RL-based approaches for racing exhibit. Instead of using a low-level or high-level
action space, as described in limitation 5, the action space in the proposed
approach is designed to generate the trajectory directly. This increases maneuver
diversity and enables a safer real-world application. Limitation 6 is the lack of
safety guarantees of NNs, potentially resulting in invalid trajectories generated
by the RL agent. In these cases, the introduced SL generates a valid trajectory
similar to the original one, thus improving robustness.

6.2 Outlook

This section discusses the three approaches presented and offers suggestions for
future work. As the approaches deal with the six limitations separately, concepts
that combine the techniques are also explored. Furthermore, the potential of
planning methods mentioned in the related work but not covered in this thesis
is examined.

Efficient Implementation and Multi-Stage Sampling

The hybrid and sampling-based approaches discretize the state space, making
the maneuver diversity and computation time significantly dependent on the
generated edges or trajectory candidates. A more efficient implementation could,
therefore, enable finer discretization and new capabilities for generating these
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edges or candidates. In particular, the maneuver diversity of the sampling-
based approach is currently limited, as the employed trajectory candidates only
represent an outward or inward movement from the racing line. More complex
maneuvers, such as overtaking an opponent vehicle and returning to the racing
line, must instead be executed across multiple planning cycles. However, since
only the current trajectory candidates are considered in each cycle, planning
over multiple cycles is not utilized effectively. A multi-stage sampling concept,
in which intermediate states are sampled in addition to the trajectory’s end
state, could enhance maneuver diversity. However, this would require not only
a more efficient implementation but also a concept for the effective generation
of these stages. For instance, inspired by the hybrid planning approach, a lower
discretization could be used after the first stage. This would align with the
fundamental idea of the hybrid approach but without a fixed layer structure or
the assumption of constant acceleration for the subsequent layers.

Relative Trajectory Generation in the Spatial Domain

In the relative trajectory generation method of the sampling-based approach,
jerk-optimal deviations are created, and the racing line profile is then added to
them at the corresponding points in time. As a result, the generated trajectory
candidates behave similarly to the racing line at each time point. For instance,
when approaching a turn, the trajectory candidates start decelerating at nearly
the same point in time as the racing line. However, if the speed profile of a
trajectory candidate differs from that of the racing line, it may reach certain
locations earlier or later. Consequently, the braking point location will be
shifted compared to the braking point of the racing line, potentially leading to
infeasibility issues.

Instead of generating the trajectory candidates in the temporal domain, using
the spatial domain would be more effective. This approach captures braking
points and other critical maneuvers more accurately by aligning the trajectories
with specific locations on the track rather than time points of the racing line.

Real-World Application of Online Racing Line Generation

Online racing line generation guides the sampling-based local planning approach
back to the vehicle limit faster after a deviation. In addition, the replanning
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would simplify the race track testing process, as the acceleration limits could be
adjusted online to efficiently approach the actual vehicle limit. However, the
online racing line generation [71] used here still exhibits robustness issues and
increased computational demands, preventing operation in the real world. A
more advanced initialization of the optimization problem could address these
issues. Alternatively, as an intermediate step toward the final solution, a simpler
fixed-path optimization might be performed, where only the temporal profile of
the racing line is replanned.

Additionally, an analysis of the impact of online racing line generation with
a continuous local planning approach would be valuable. Without discretiz-
ing the state space, local planning is expected to return more quickly to the
offline-generated racing line, potentially reducing the demonstrated performance
benefits of online racing line generation.

Continuous Local Planning

With the hybrid and sampling-based approaches, only local planning approaches
that discretize the state space have been considered in this thesis. Instead of
further reducing the computation time to refine the discretization and generating
suitable edges or trajectory candidates for each possible scenario, a continuous
local planning approach would be a promising alternative. The main challenges
lie in robust implementation and resolving non-convexity, especially in multi-
vehicle racing. A potential strategy for the latter, as utilized by certain hybrid
local planning approaches mentioned in Subsection 1.3.2, could involve a coarse
graph search with simplified validity checks, whose solution initializes the
optimization.

Interaction-Aware Planning

Considering vehicle interaction is a fundamental step toward human-like racing.
While conventional planning methods reach their limits even in simple interactive
scenarios, game-theoretic and RL-based approaches offer promising solutions.
However, the demonstrated superiority of the RL-based approach over the
game-theoretic approach discussed in Section 5.4 does not lead to a universally
valid conclusion. A game-theoretic approach without state space discretization
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could achieve comparable or superior success rates to the RL-based approach,
motivating the following broader outlook.

The primary limitation of game-theoretic approaches is their rapidly increasing
computational demand with each additional player, restricting most methods
to two vehicles or requiring prioritization mechanisms. In contrast, RL-based
approaches exhibit better scalability and, with appropriate state space design,
remain independent of the number of opponents. However, this advantage comes
at the cost of time-intensive and potentially sensitive training requiring manual
tuning.

A significant drawback of RL-based methods is the lack of safety guarantees
and explainability. This can be mitigated by techniques such as the SL intro-
duced in this work or hybrid approaches where the RL agent parameterizes
conventional methods, as explored in [141] and [144].

Further, both approaches face challenges regarding assumptions about op-
ponent behavior. Game-theoretic approaches assume that the opponents act
according to a specific equilibrium, while RL-based methods rely on the assump-
tion that opponents behave similarly to the training data. These assumptions
may not always hold, especially in the early development stages of many teams
competing in racing series. However, RL-based methods possess the potential
for generalization. Therefore, incorporating diverse opponent behaviors during
training represents a key challenge for advancing RL-based approaches.

Given the high computational cost of solving games with more than two players,
game-theoretic approaches are unlikely to be viable for real-world applications
in the near future, leaving RL-based methods as the more practical alternative.
Extending the RL-based approach presented in this thesis to road courses and
multiple opponent vehicles could be a potential next step. Additionally, as more
data becomes available, supervised learning approaches, commonly used for
trajectory planning in road traffic, could become feasible for autonomous racing.

Optimization of Planning Parameters

The cost functionals in the hybrid and sampling-based planning approaches and
the reward function in the RIL-based approach contain tuning parameters that
significantly influence the planning behavior. In this thesis, these parameters
were tuned manually based on empirical results. However, manual tuning is
time-consuming, relies on trial and error, and is subjective, as it depends on the
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intuition and experience of the person performing the tuning. These drawbacks
motivate a detailed parameter analysis and the application of systematic pa-
rameter optimization methods. However, optimization brings the challenge of
defining a suitable objective that leads to the desired planning behavior. One
approach is to formulate the optimization problem based on a set of predefined
scenarios that the planning algorithm must handle effectively. By evaluating the
planning performance in these scenarios, the optimization process aims to find
parameter values that perform best across all situations. Nevertheless, covering
all relevant situations with a finite set of scenarios remains challenging.

Opponent Behavior Identification

Vehicles on the race track can exhibit varying behaviors, especially when racing
rules are relaxed. Accordingly, regardless of the chosen planning method,
identifying the opponents’ individual behavior has the potential to reduce
collisions and enhance performance. For instance, in conventional methods, a
basic prediction model could be adapted for each opponent vehicle based on
its observed past movements. Similarly, in game-theoretic approaches, the cost
functional guiding the behavior of opponent vehicles could be estimated. In
RL-based approaches, the state space could be augmented to include either the
past motions of opponent vehicles or dedicated estimated behavioral parameters.

Enhanced Degree of Realism

With more efficient implementations and algorithms, the approaches can be
extended to better reflect reality. For a more accurate consideration of the
vehicle dynamics, the actual geometry of the gg-diagrams could be incorporated
into the planning process rather than relying on the computationally efficient
underapproximation used here. Also, laterally curved race tracks, as shown in
[61], could be used instead of the laterally flat tracks employed in this work.
Furthermore, instead of using a point-mass model with the QSS assumption,
more complex dynamic vehicle models could be employed, capturing transient
vehicle behavior. However, the benefits should always be carefully weighed
against the increased computational demands for higher levels of detail.
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Adaption to Road Traffic

The methods developed for racing can be adapted for road traffic to enhance
road safety. By considering 3D effects, particularly the slope angle, the vehicle’s
dynamic limits could be better exploited, which is especially important in edge
cases such as emergency braking or evasive maneuvers. Furthermore, following
the principles of hybrid planning or multi-stage sampling, a planning approach
could be designed to meet high smoothness requirements and a long planning
horizon, enhancing vehicle stability while simultaneously enabling far-sighted
decision-making. Additionally, the RL-based approach incorporating the SL
could be utilized to address interaction dynamics in road traffic.
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Appendix A

Coordinate Transformations

This chapter contains the transformation from Curvilinear to Cartesian coordi-
nates in Section A.1 and the inverse transformation in Section A.2.

A.1 Transformation from Curvilinear to
Cartesian Coordinates

For the derivation of the transformation

(58,5, d,d,d| (t) = [2,y,2,V,w, by, by, a4, %, ] (£), (A1)

the position Ty (t) = [x(t) y(t) z(zf)}T of the point mass (or the origin
of V) is first expressed in the inertial frame Z, and its velocity vy (t) and
acceleration “azy(t) are determined by repeated differentiation. Both variables
are then expressed by corresponding rotations in the desired velocity frame V),
resulting in the desired quantities Yvry(t) = [V(t) 0 w(t)}T and Yagy(t) =

[&X(t) ay (1) dz(t)} " Afterward, the angular velocity of V is used to determine
the curvature 4(t) of the path traversed by the point mass projected onto the
road plane. Finally, the singularities of the transformation are analyzed. For
better readability, the arguments are neglected in the remainder of this chapter.

For the derivation, some physical quantities must be expressed as a function
of the desired Curvilinear coordinates, which is particularly easy to do in the
road frame R. Since R and V share the same s-coordinate by definition, the
distance between their origins is solely d in the direction of the normal vector of
R. Furthermore, R is defined such that the x-axis is tangential to the reference
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line. Therefore, the velocity of R relative to the inertial frame only includes $
in the direction of the tangential vector of R. The following expressions can,
therefore, be stated and must be integrated into the subsequent equations:

0 S
RCCRV = |d y R’UI'R = (0] . (A2)
0 0

Position

The first desired relationship is between the Curvilinear coordinates s,d and
the position Zxzy of the point mass. As introduced in (2.32), the position of V
can be calculated by the reference line Z¢(s) evaluated at progress s and the
displacement d in the normal direction Zey z(s) of the road frame R:

Ty =Te(s) + ey r(s) - d. (A.3)

Velocity and Relative Orientation

For the derivation of the velocity relations, a more general representation of
(A.3) is beneficial. The position T, of the point mass can be described as the
sum of the position of R and the position of V relative to R:

ey ="xrR + TRy (A.4a)
="x1r + Rzg Rary. (A.4b)

With that, the velocity of V expressed in the inertial frame Z can be derived by
the differentiation of (A.4b):

Togy =iy (A.5a)
= I'UZR -+ RIR RIB’RV + RIR RdSRV (A5b)

2.17 .
( = ) RIR R’UIR + RIRS (R(AJIR) RCL'RV + RIR RZB'RV. (A5C)
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A.1 Transformation from Curvilinear to Cartesian Coordinates

To express the velocity in V), a corresponding rotation is needed:

Yv1y = Ry Ry oy (A.6a)

= Ry “vrr + RpyS (RwIR) Rory + Ry Rary. (A.6Db)

Inserting (A.2), (2.33), and Rgy = R,(X) into (A.6b) gives the following
expressions for the velocity:

Vv dsin (%) + 5 cos (%) (1 — Q,d)
Yoy = 0| = |deos(R) — $sin(R) (1 — Q,d) | . (A.7)
w O, ds

Since the lateral velocity must be zero by definition of V., an expression for y
can be derived by setting the second line of (A.7) to zero:

X = arctan (s(l—dQZd)> . (A.8)

Further, using cos (arctan (z)) = m%ﬂ and sin (arctan (z)) = == vields:
. $(1—Q,d
cos () = -0l (A9
V& + 82 (1—0,d)
d
sin (Y) = (A.10)

V& + 82 (1-0,d)°

Finally, by combining (A.9) and (A.10) together with the first line in (A.7),
multiple expressions for the velocity V' can be stated:

V= Jd + 52 (1 — Q,d)° (A.11a)
Cs(1-Qd)  d
 cos(x)  sin(R) (A.11b)
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Acceleration

A further differentiation of the velocity Zvy results in the acceleration of V
expressed in the inertial frame Z:

; : d
ICLIV = I’UIV = a (RIV V’UIV) (A12a)
= RIV V’UIV + RIV V’i)Iy (A12b)
2.17 .
( = ) RIVS (szv> V’UIV + RZV V’UIV. (AlQC)

Again, a rotation needs to be performed to express the acceleration in the
velocity frame V:

V&IV = R;:rv IdIV (A 13&)

= V'i)zv +S (vav) V'vzv. (Al?)b)

Here, the angular velocity Ywzy, € R? of the velocity frame V appears. It is
composed of the angular velocity of the road frame R and the angular velocity
of the velocity frame V relative to the road frame R:

VQJIV = VwIR + VUJRV (A14a)

= RﬂTw RwIR + waw. (A14b)

Since the orientation of V' differs from the orientation of R only by a rotation

around the z-axis by the angle y, it follows that the relative angular velocity
AT

is Ywpry = [O 0 )2} . Plugging this, (2.33), and Rzy = R,(X) into (A.14b)

yields:

W (cos () Qx +sin (x) Qy) - 8
Ywry = |&y| = |(cos (%) Qy — sin'(f() Q) s (A.15)
W, Q.84+ X

Evaluating (A.13b) now gives the acceleration as a function of the angular
velocities Wy, @y, and @, of V, as well as the point mass velocities V' and w and
their derivatives:

Oy V + @yw
Vary = |ay| = |@,V — O] . (A.16)
i, W — &,V
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A.1 Transformation from Curvilinear to Cartesian Coordinates

The angular velocities @y, @y, and @, can be specified as a function of the
Curvilinear coordinates using (A.15) together with (A.8), (A.9), and (A.10).
The needed expressions for V' and w are provided by (A.11la) and the third line
of (A.7). The occurring derivatives L, V, and @ can be specified analytically by
differentiation of (A.8), (A.11a), and the third line of (A.7), whereby Q, = Q- §
is used according to the chain rule:

ds — ds + Q,8d? + QLdds? + Q,dds — Q,dds

5 : , AT
X &+ 52 (1— ,d)° (A-17)
. 73 Sa .2 '_ .3 / o . 23 / 2 .2 H 2 2...
V= dd + 35 — Q,5%d — ds°(, ‘ 2Q,d35 + Q,d*$°Q, + Q2ds*d + Qd ss’ (A.18)
V& + 52 (1 - Q,d)°
W = QLds® + Qyds + Quds. (A.19)
Curvature

The last relationship to be derived is the curvature % of the path traversed by the
point mass projected on the road plane. This corresponds to the z-component
of the spatial curvature vector Y7y, of V, which represents the change in
orientation with respect to the driven arc length s,.! For this, the angular
velocity Ywzy, which represents the change in orientation with respect to time
t, is used and converted to the spatial curvature vector YQ7y. To transform a
change in orientation with respect to the time ¢ to a change with respect to the
driven arc length s, the chain rule can be applied:

d dt d 1 d
S S A.20
dsy dsydt V24 w2dt ( )
Therefore, for the spatial curvature vector, it follows that
1% 1 v
QIV = Y W1y. (A21)

The third component of Y7y corresponds to the curvature on the road plane
 and results by substituting (A.11a), (A.17), and the third lines of (A.7) as

s, is different from s, as s represents the progress along the reference line, which does not

necessarily correspond to the driven path.
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well as (A.15):
1

T (s +X). (A.22)

>
I

Singularities of the Transformation

Since the vehicle remains close to the reference line due to the track boundaries,
1 —Q,d > 0 holds. Consequently, singularities arise only for the relative
orientation in (A.8) when s = 0m/s and the curvature in (A.22) when V = w =
Om/s. These can be avoided by imposing a lower limit on .

A.2 Transformation from Cartesian to

Curvilinear Coordinates

The reverse transformation
[, 9,2, V, g, g, X1 (1) = [5,5,5,d,d, d] (¢) (A.23)

can be stated in closed form by inverting the equations from Section A.1 except
for the progress s. Assuming s is known, the lateral position d is obtained
by inverting (A.3), and the velocities d and § are determined from (A.11b).
As intermediate variables, w can be calculated from the third line of (A.7),
and ¥ from the second line of (A.16) and the first and third lines of (A.15).
Additionally, V' can be derived from the first line of (A.16) and the second line
of (A.15). With these, d and & are obtained by solving (A.17) and (A.18).

No analytical expression can be stated for s, since the reference line Zc(s)
is only available as a set of discrete points, as described in Subsection 2.3.2.
Instead, s is obtained by numerically solving the following optimization problem:

s = argmin HIchV ~Te (3’)H : (A.24)

s 2

Determining the progress s can be ambiguous, as multiple points on the reference

Tx1y,. However,

line Z¢(s) can have the same distance to the vehicle’s position
for the race tracks considered here, the curvatures of the reference line and the
track widths are sufficiently small, causing the normal vectors of the reference

line to intersect outside the track, thereby avoiding ambiguities.
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Jerk-Optimal Curve Generation

Section B.1 presents the general solution of an optimal control problem based
on Follinger [177]. In Section B.2, this solution is then applied to an integrator
chain, proving that quintic (fifth-order) or quartic (fourth-order) polynomials
are jerk-optimal when the end state is fixed or constrained to a manifold. For
an introduction to optimal control theory, please refer to [178].

B.1 General Optimal Control Solution

Consider a system &(t) = f(&(t), u(t)) with the state vector £€(t) € R™ and the
input vector u(t) € RP. The optimal solution of the system in terms of the cost
functional

T = b0+ [ g€, ult). ) de (B.1)

within the fixed time interval [ty t.] with &(tg) = & must satisfy the following
Hamilton equations (the time dependency is neglected):

H(E Y, u,t) = g(&u,t) + 9 f(€ ), (B.2)
0
0= %H(€a¢>u7t)a (BS)
. 0
'l,b = —%H(SJﬁ,U,t), (B4)
: 0
§= %H(€7¢7u7t> = f(&u). (B.5)
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The costate vector 1(t) € R™ is a Lagrange multiplier required to account for
the system dynamics. If the end state &(t.) is fixed to &, the end condition
&(t.) = &. also applies. However, if the end state &(t.) is constrained to a
manifold described by the equations 0 = m(§(t))|,_,, € R™ with 0 <m < n,
the following transversality condition must apply instead (again, the time
dependency is neglected):

Oh(€,t)
¢

p=0. (B.6)

t=te

am@))T
B3

+9(te) — (

t=te

The vector p € R™, again, is a Lagrange multiplier required to account for the
manifold.

B.2 Jerk-Optimal Solution for Integrator Chain

The third-order integrator chain

' &i(t) &2(t)
€(t> = §2<t) = 53(75) (B-7)
&s(1) u(t)

is now given with the position & (t), the velocity & (t), the acceleration £3(t),
and the jerk u(t) as input. The jerk-optimal solution is sought, i.e., the solution
that minimizes the cost functional

J= ;/Ot G2(t) dt (B.8)

in the fixed time interval [0,%,] with the initial state £(0) = &. Two cases
are considered for the end state &(t.). In the first case, the end state is fixed,
ie., £(te) = &, and in the second case, the end position & (t.) is free, while
& (te) and &3(te) are fixed. With this problem definition and the costate vector

P(t) = [wl (t) () wg(t)} T, the Hamilton function follows according to (B.2):

HE ,u) = 202(0) + (0) 6(0) +62(8) - &(0) + s(t) -u(t). (B
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Evaluation of (B.3) results in an expression for the optimal input:

u(t) = —s(t). (B.10)

Further, the evaluation of (B.4) and (B.5) gives a coupled ordinary differential
equation in (t) and &():

[ 0
P = [da(t)]| = |~ui(t)] (B.11)
Y3 (t) —1o(t)
y _51 t (t B 10 <t)
) = |G| = |aw| =" | &0 (B.12)
&5(t) u(t) Y3(t)

By integrating the first line from (B.11), it follows that ;(¢) is constant.
Inserting this solution into the next hne and integrating it gives the solution for
19(t). Repeating this process yields all solutions with the integration constants

c1 to cg:
Pi(t) = —cs, (B.13a)
Pa(t) = cot + c5, (B.13h)
1
1/13<t) = _§CGt2 — C5t — Cy4, (B13C>
1 1
fg(t) = 666t3 + §C5t2 -+ C4t -+ Cs, (BlSd)
1 1 1
&(t) = ﬂc@‘* + 6c5t3 + 2c4t2 + cst + (B.13¢)
1 1 1 1
gl(t) 12006t + ﬂ65t4 + 6C4t3 + 503252 + Cgt +c1. (Bl?)f)

The unknown integration constants c; to c¢g remain to be determined by
utilizing the boundary conditions. Subsequently, two cases are considered: first,
for a fixed end state &(t.) = & (case 1), and second, for a free end position
&1(te), such that the end state is constrained to a manifold (case 2).
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Case 1: Fixed end state

If the end state is fixed, there are three conditions for the initial state &£(0) =

T T
€ =[S0 o &o| and three for the end state £(te) = & = |€1e &2e Goe| -
Applying these conditions to (B.13d) to (B.13f) gives the following system of
equations:

&0l Lo 0o 0 0o 0] [a

§2,0 0O 1 0 0 0 0 Co

&30 00 1 0 0 0 c3

Le e 32le Gle 24le T20le C4

2.0 0 1 t 22 L2 Ll |os

Ge) (000 1t gtz gt ] |
Ml(te)

Solving the system of equations (B.14) by inversion of M; (t.) yields the unknown
constants ¢; to cg:!

¢, | [ §1,0

Co 52,0

3 3.0

eo| | B (20600 12000 + 3200 — 20610+ Bleboe — 2650) | (B1P)
Cs %(3051,0 + 16620 + 315253,0 —30&1,e + 14t:8oe — 2t353,e)

| Cé | i —%(1251,0 + 6telon + 12830 — 1261 ¢ + Oteboe — t263) |

As the constants generally do not equal 0, the jerk-optimal solution for the
position &;(t) is a quintic (fifth-order) polynomial according to (B.13f).

!The matrix Mj(t,) is regular for t, # 0, as det(M;(t.)) = t2/s640.
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Case 2: End state is constrained to a manifold

If the end position & (t.) is free, the end state &(t.) is constrained to a manifold
specified by

(B.16)

0=m(&())|—, = Fz(t) _ 527‘*]

53 (t) - 53,e
Since h(&(t),t) = 0, it follows from the transversality condition (B.6) that

t=te

wl(te) 0 0 0
dalt)| = |1 0 H |l (B.17)
Gslte)] [0 1 ¥

The first line of (B.17), combined with (B.13a), shows that ¢ = 0. Using this

with the three conditions for the initial state £(0) = &, = {5170 £2.0 5370}T and
the two conditions for the end state, »(te) = &0 and &3(te) = &3¢, the following
system of equations is derived from (B.13d) to (B.13f):

_51,0_ 10 0 0 O c
2,0 010 0 0 Cs
&ol =10 01 0 0]-|csf- (B.18)
2 0 1 to 3t2 ¢t3] |
&Gel (00 1 & 32| [os]
M2(te)

Solving (B.18) by inversion of My (t,) gives the unknown constants c; to cs:

1 1,0

C2 52,0

c3| = £3.0 . (B.19)
C4 —%(352,0 + 2tel30 — 382, + el

G5 ] | %(252,0 +tes0 — 2800 +tel3e) |

Since ¢g = 0 holds, the jerk-optimal solution for the position & () is a quartic
(fourth-order) polynomial according to (B.13f).

2The matrix My (t,) is regular for t, # 0, as det(M;(t.)) = t¢/12.
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Appendix C

Racing Line Adaption for
Sampling-Based Planning

This chapter describes the determination of the lateral profile cfrl(t) and its
derivatives required to replicate the racing line path for a given longitudinal
curve s(t). As illustrated in Figure 4.3, the same progress is reached by sy (t)
and s(t) at different points in time. The time £ at which s,(¢) reaches the
corresponding progress s(t) can be formulated as £ = s;' (s (¢)). The adapted
racing line curve dy(t) is finally obtained by evaluating dy(t) at #:

da(t) = dn(f) = du(sy’ (s ()))- (C.1)
The first time derivative is obtained by applying the chain rule:

dalt) = o)~ (53") (5(0)) - 506). (©2)

Remind that, following the convention in this thesis, [0 = ‘il—? denotes the
derivative with respect to time ¢t and [0’ = % the derivative with respect to
progress s. By applying the product rule and chain rule, the second derivative
is given by

a0 =5 @) [(s37) )] - #20

L@ (sa")" (s(0)) - 20 (€3)

+ jfdﬂ(f) (sat) (s(8)) - (1),
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Appendix C Racing Line Adaption for Sampling-Based Planning

Since the derivatives of the inverse of the longitudinal racing line profile are
not known, these terms have to be reformulated. As the longitudinal racing line
velocity $,1(¢) is naturally positive, s,;(t) is a monotonically increasing and thus
bijective function, allowing the application of the inverse function rule [179]:

(s2) () = = (.

(% Srl(t)

Furthermore, the application of the chain rule leads to
RN 1 d? - N/
(sa') (s() = ———— - = suld) - (sa") (s(¢)) (C.5a)

Substituting (C.4) and (C.5b) into (C.2) and (C.3) finally leads to the desired

expressions:

Aalt) = da(0), (C.6)

o) = 2 0, ©1)
4 @)L @) — Ldn(D L sa@) Fdu(t)

doy(t) = di di I/ di . §2 (). C38

! [ 5000) A ORI

5(t) and §(t) are the derivatives of the longitudinal curve s(¢) and are thus
known. The expressions of the racing line, depending on the time #, represent
the original racing line quantities at the longitudinal curve positions s(t). They
can be obtained by interpolating the given racing line data (2.43) at the desired
positions s(t).
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Appendix D

Kinematic Single-Track Model in
Curvilinear Coordinates

The following assumptions are made for the derivation of the kinematic single-
track model introduced in (5.16):

o The vehicle travels on the z-y plane. The center of gravity is at road level.

o Both wheels of an axle are combined into one wheel, and only the front
wheel is steered.

e Only the kinematic relationships are considered. Thus, there is no side
slip, i.e., the velocities of the rear and front tires are aligned with the tires.

Figure D.1 illustrates the resulting vehicle model. The input vector u(t) =

-
[w(t) dx(t)} comprises the steering rate w(t) and the longitudinal acceleration

dx(t). The state vector z(t) = {s(t) d(t) x() V(t) (5(75)}T consists of the
longitudinal position s(t), the lateral position d(t), the relative orientation x(t)
to the reference line 2R, the absolute velocity V' (¢), and the steering angle 6(¢).

The first two lines of the system dynamics, i.e., (5.16a) and (5.16b), result
directly by rearranging (A.11b). The fourth line, i.e., (5.16d), follows from
(A.16) for the 2D case. The fifth line, i.e., (5.16e), results from the integral
relation between the steering angle §(¢) and steering rate w(t). Thus, only the
third line, i.e., (5.16¢), remains, requiring an expression for x(t).

The relative orientation x(¢) is defined as the difference between the car
orientation O¢(t) and the reference line orientation 6(s(t)) at progress s:

$0t) = Be(t) — (s (1)), (D.1)
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Appendix D Kinematic Single-Track Model in Curvilinear Coordinates

i

Figure D.1: Illustration of the kinematic single-track model. The dashed lines
perpendicular to the velocity vectors (orange arrows) intersect at the instant center
of rotation O.

" §
L

X

Differentiating with respect to time and applying the chain rule gives

X(t) = c(t) — 0'(s(t)) - $(2) (D.2a)
B2 g0(t) — Qu(s(t)) - 4(1). (D.2b)
Note that according to (2.24b), the relationship 6'(s) = Q,(s) holds only in the

2D case. An expression for the longitudinal velocity s$(¢) is given with (5.16a).
The rate of absolute vehicle orientation 6¢(t) can be expressed as

V()
 Ro(t)

fo(t) . (D.3)

Furthermore, sin(3(t)) = &/R.(¢) applies in the right-angled triangle with the
hypotenuse Rs(t) from Figure D.1. Inserting this into (D.3) yields an expression
for f¢(t) in dependence on the body slip angle 3(t):

= 2 sin(B(1). (D.4)
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Inserting (5.16a) and (D.4) into (D.2b) gives the third line of the system dy-
namics, i.e., (5.16¢):

$(t) = Vz(f) -sin(B()) = V(1) - cos(%(1)) - 7— d%)(fg)z)(s(t))‘

However, an expression for the body slip angle 5(¢) must still be determined.
From the right-angled triangle with the hypotenuse R3(t), it follows that

(D.5)

_lr+lf

=50 (D.6)

tan(5(¢))

Finally, the desired expression for the body slip angle is obtained from the
right-angled triangle with hypotenuse Ry (t):

B(t) = arctan (Rf?t)) (D.7a)
(29 - tan : :
=" arctan ( 7 t (5(25))) (D.7b)
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