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Abstract: Testing the simplifying assumption in high-dimensional vine
copulas is a difficult task. Tests must be based on estimated observa-
tions and check constraints on high-dimensional distributions. So far, cor-
responding tests have been limited to single conditional copulas with a
low-dimensional set of conditioning variables. We propose a novel testing
procedure that is computationally feasible for high-dimensional data sets
and that exhibits a power that decreases only slightly with the dimension.
By discretizing the support of the conditioning variables and incorporating
a penalty in the test statistic, we mitigate the curse of dimensionality by
looking for the possibly strongest deviation from the simplifying assump-
tion. The use of a decision tree renders the test computationally feasible
for large dimensions. We derive the asymptotic distribution of the test and
analyze its finite sample performance in an extensive simulation study. An
application of the test to four real data sets is provided.
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1. Introduction

Vine copulas [24, 4, 1] are a popular tool to model multivariate dependence. An
extensive literature concerning vine copulas has been based on the simplifying
assumption [11, 19, 25, 28, 34]. This assumption states that every conditional
copula in the vine copula does not vary in its conditioning arguments [21].
Multivariate distributions which can be represented as simplified vine copulas
have been identified in early papers [21, 44]. More recently, the simplifying as-
sumption has again attracted a lot of attention [10, 17, 18, 27, 32, 34, 43]. In
the context of (bivariate) conditional copulas non- and semiparametric tests
for the simplifying assumption have been developed [2, 17, 18]. See Derumigny
and Fermanian [10] for a survey. In these studies the simplifying assumption
is tested for one single conditional copula with a low-dimensional conditioning
vector. The assumption is not tested for a vine copula where several condi-
tional copulas with a possibly high-dimensional conditioning vector need to be
checked.

We propose a framework for testing the simplifying assumption in high-
dimensional vine copulas. By means of the partial vine copula, we introduce
a novel stochastic interpretation of the simplifying assumption which is useful
for testing it in high dimensions. We test the null hypothesis that the condi-
tional correlation of the partial probability integral transforms associated with
an edge of a vine is constant w.r.t. the conditioning variables. A rejection of this
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hypothesis implies that the simplifying assumption can be rejected as well. To
obtain a test which is still powerful in high dimensions, we discretize the support
of the conditioning variables into a finite number of subsets and incorporate a
penalty in the test statistic. To render the test computationally feasible in high
dimensions, we apply a decision tree to find the possibly largest difference in
the set of conditional correlations. The test can be applied in high dimensions
which is demonstrated in real data applications and in simulation studies with
up to 12-dimensional data sets. An accompanying R-package pacotest [29] is
publicly available and has been applied to even higher-dimensional data sets
[27]. The test can be used to detect building blocks of a vine copula where the
simplifying assumption does not seem to be adequate and the estimation of a
conditional copula that is varying in its conditioning variables can improve the
modeling [40]. It can also be applied to construct new methods for the structure
selection of vine copulas [27].

The organization of the paper is as follows. The partial vine copula and
stochastic interpretations of the simplifying assumption are discussed in Sec-
tion 2. In Section 3 we present the test for constant conditional correlations and
derive its asymptotic distribution. A decision tree algorithm for searching for
the largest deviation from the simplifying assumption is proposed in Section 4.
An extensive analysis of the finite sample performance of the test is provided
in Section 5. In Section 6 a hierarchical procedure to test the simplifying as-
sumption in vine copulas is presented and applied to simulated and real data.
Concluding remarks are given in Section 7.

Throughout the paper we use the following notation and assumptions. The
cdf of a d-dimensional random vector Xj.q is denoted by Fx, , = P(X; <
Z1,..., X4 < x4). The distribution function or copula of a random vector U4
with uniform margins is denoted by F}.q4 = Cy.4. For simplicity, we assume that
all random variables are real-valued and absolutely continuous. If X and Y are
stochastically independent we write X | Y. For the indicator function we use
T4y = 1if Ais true, and 14y = 0 otherwise. Jpg(f) denotes the gradient w.r.t.
6 and if h(7) is a d-dimensional function then 9;h(y) is the partial derivative
w.r.t. the i-th element. All proofs are deferred to the Appendix.

2. The partial vine copula and stochastic interpretations of the
simplifying assumption

In this section, we first introduce concepts that are required for the remainder
of this paper. Thereafter, we establish a new stochastic interpretation of the
simplifying assumption to check its validity.

Let (A, B, Z) ~ F4 p,z be a random vector where A, B are random variables
and Z is a vector of dimension at least 1. For z € supp(Z) let Fyz(-[2),
Fpiz(-|z), and Fy p|z(-,-|z) be the corresponding conditional distributions of
A, B, and (A, B) given Z = z, respectively.
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Definition 1. (CPIT, bivariate conditional and partial copula)

(i) Ua|z := Fajz(A|Z) is the conditional probability integral transform (CPIT)
of Awrt. Z.

(ii) For z € supp(Z), the bivariate conditional copula Ca g, z(-,-; z) of the
bivariate conditional distribution F4 g|z(-,|2) (Patton [37]) is defined as

C',47B;z(a7 b; z) := ]P(UA|Z < a, UB\Z <blZ = =z).
(iii) The bivariate partial copula CY p. 5 of Fla |z [5, 16, 41] is defined as
Cap.z(a,b) :=P(Uyz <a,Ugz <D).

While the bivariate conditional copula is the conditional distribution of a pair
of uniform CPITs, the partial copula is the bivariate unconditional distribution
of a pair of uniform CPITs. Sometimes, the function Cy p.z(:,-; z) is constant
for all z € supp(Z), e.g., if the distribution of (A, B, Z) is multivariate normal.
In this case, all conditional copulas Ca p.z(:,-; 2),z € supp(Z), are equal to
the partial copula C} p 5. The bivariate conditional copula Ca p;z (-, 2), 2z €
supp(Z), of the bivariate conditional distribution Fy pz(-,-|2) arises if one
expresses the cdf Fy p z as follows

FyB,z(a,b,z) = /

t<

= Ca.B:z(Faz(alt), Fp z (blt); t)dFz(t). (2.1)

t<z

Fy piz(a,blt)dFz(t)

A complete decomposition of the corresponding multivariate copula Ca B,z
into bivariate conditional copulas of bivariate conditional distributions is given
by an R-vine copula. The underlying graphical structure of an R-vine copula is
an R-vine.

Definition 2. (R-vine — Bedford and Cooke [3])
The sequence of trees V := (T, ..., Tq—1) := ((N1, E1),...,(Ng—1,E4-1)) is an
R-vine on d elements if

(i) Ty is a tree with nodes Ny = {1,...,d} and set of edges Fj.
(ii) For j =2,...,d — 1: T} is a tree with nodes N; = E;_; and set of edges

E;.

(iii) Proximity condition for j =2,...,d — 1: If two nodes in T} are joined by
an edge, the nodes (being edges in Tj_;) must share a common node in
ijl-

The complete union associated with the edge e = {a,b} € E; in tree Tj is
defined as

U :={n e Ny:3e1 € Er,...,3e;_1 € Ej_1, withn€e, €...€e;_1 €e}.

The conditioning set D, of the edge e = {a,b} € E; in tree T} is given by
D, := U, NU, and always consists of (j — 1) elements. The conditioned sets
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associated with the edge e = {a,b} € E; in tree T are defined as he :=U, \ D,
and i, := Uy, \ D, and are by construction singleton indices. We denote the set of
all edges of the R-vine V from tree 7} on as £ := U?;zl E; so that the constraint
set of the R-vine V is given as CV := {(he,ic; De) : e € EL}.

The representation of a multivariate copula Cy.4 in terms of an R-vine copula
arises if one assigns the corresponding bivariate copulas Cj,_ ;. ,e € Eq, of the
bivariate distributions Fj_ ;. to the edges of the first tree and the corresponding
bivariate conditional copulas C},_;..p,.,e € Ej,7 =2,...,d — 1, of the bivariate
conditional distributions Fy,_ ;, |p, to the edges of higher trees [3]. Using (2.1) for
uniform margins and multiple times for different dimensions of Z and taking all
partial derivatives to get the density, the following Proposition 1 can be shown.

Proposition 1. (R-vine copula representation — Bedford and Cooke
3])

Let d > 3 and Uy.q be a uniform random wvector with cdf Fy.q = Cy.q. Con-
sider an R-vine structure V (Definition 2). Define w,p, = Fi,|p,(u.|up,)
fore € &S, 1o = he,i. and denote the conditional copula of Fy, i.p. (5 -|lup,) by
Ch.,ie;D. (-, s up,) (Definition 1). For e € Ey we set uy,|p, = uj, withlo = he,ic
and Cy,_ ;..p. = Ch,_.i.. The density of Ci.q can be expressed as

C1:d(U1:d) = H Cheyie; De (uhc\Dcauie|Dc§ UD)-
eeé‘f

In general, the estimation of an R-vine copula density is a difficult task if
the dimension is not low. In order to simplify the modeling process and to over-
come the curse of dimensionality, it is commonly assumed that the simplifying
assumption holds for the data generating vine copula.

Assumption 1. (The simplifying assumption — Hobaek Haff, Aas and
Frigessi [21])

The R-vine copula in Proposition 1 satisfies the simplifying assumption if
Chyi:D, (+y 3 up,) does not depend on up, for all e € £.

Assumption 1 characterizes the simplifying assumption in terms of restric-
tions that are placed on the functional form of bivariate conditional copulas of
bivariate conditional distributions. That is, the simplifying assumption holds if
each (j 4 1)-dimensional' function cp_;,.p, (-, up,) only depends on its first
two arguments, but the other (j — 1) arguments up, have no effect for all edges
ecEj,j=2,...,d-1

Note that the building blocks of the R-vine copula in Proposition 1 are deter-
mined by C4.4. The other way round, we can assign arbitrary bivariate condi-
tional copulas to the edges of an R-vine to construct a multivariate copula. It is
also possible to assign bivariate copulas to the edges of an R-vine to construct a

1For e € Ej, c¢h,i,;D, is a (j + 1)-dimensional function because it maps
(“he\De»uie\De»uDE) to a value of the density of the conditional distribution of
(UhC|D€: Uic\De) given Up, = ugq,-
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multivariate copula. In this case, we call the resulting construction a simplified
vine copula which is given as follows.

Definition 3. (Simplified vine copula (SVC) or pair-copula construc-
tion — Joe [23], Aas et al. [1])

Let d > 3 and consider an R-vine structure V. For e € &{, let G, .p. be a
bivariate copula which we call a pair-copula.? Let ulsevl%e =y, foree Ey,l. =

he,ie. Fore € E;, j=2,...,d— 1, define ulse‘"%e recursively as
SvVC SvVC sSvC
up\p, = R0 o (WD Uy D) (2.2)

with e € E;_; and where mg € D, is selected such that (lg, me; De) = (le, me; De\
mg) € CV.3 The density of the resulting simplified vine copula is given by

e (ur.a) H ChvsieiD. ( he\ fevﬁi)e)
ec&d
Note that ulse"l%e for e € E;, j = 2,...,d — 1, in Definition 3 is a func-
tion of (u;,,up,)* and that the density is specified by j(j — 1)/2 pair-copulas
hei..p.€ € Ejj=1,...,d—1. From the second tree on, each of these pair-
copulab ie. C’SVC .p, fore€ Ej,j=2,...,d—1, together with (uzvch ,ufv‘% ),
specifies the condltlonal distribution Fj,_ ;_p, of U.q~C}Yf. Moreover, ,SL:’C% D.
determines the bivariate conditional copula Ch. i.;p. of the bivariate conditional
distribution Fj,, ;,|p, which is given by
P(Up,|p. < a,Us,\p, <blUp, =up,) =: Ch,i,;p,(a;b;up,) = Cp'5 . p_(a,b).
If the data generating R-vine copula does not satisfy the simplifying assump-
tion, a simplified vine copula can be used as an approximation. The partial vine
copula is a special simplified vine copula which minimizes the Kullback-Leibler
divergence from the data generating copula in a tree-wise fashion (Spanhel and
Kurz [43]). Moreover, it gives rise to a stochastic interpretation of the simplify-
ing assumption which is useful for testing the assumption in high dimensions.
In order to define the partial vine copula (PVC) we have to construct partial
probability integral transforms and higher-order partial copulas.

2We denote the building blocks C’SVC ,e€ Ej,j=1,...,d—1, of a simplified vine
copula as pair-copulas to avoid any Confuswn With the bivariate copulas C},, ;,,e € E1, in the
first tree of the vine, or the bivariate conditional copulas C, ;.;p.,e € Ej,j =2,...,d—1, of
bivariate conditional distributions Fj,_ ;.|p, in higher trees, where Fy,_; |p, is a conditional
distribution of Uy.q ~ CPVC.

J}By the proximity condition of the R-vine V (Definition 2) there exists a me € D, such
that either (le,me; De \ me) € CV or (me,le; De \ me) € CV with e € E;_; = N; and
w.l.o.g. the definition in equation (2.2) is restricted to the first case — otherwise one can use
the identity CSVC ., (a,b) = CVe 5 (ba).

heyie;
4Tt would be more ‘explicit to write ulsvl% ZSV|CD
e e e

ened notation is commonly used in the vine copula literature and simplifies the notation.

(uq,,up,) instead of u . However, the short-
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Definition 4. (Partial probability integral transforms and higher-order
partial copulas — Spanhel and Kurz [43])
Let d > 3 and Uj.4 be a uniform random vector with cdf Fy.q = Ci.4. Consider
an R-vine structure V (Definition 2). For e € E; we define the first-order
partial copula as

CPVC Ch

heyie; D

(2.3)

erie;De”

PVC

Define the partial probability integral transforms (PPITs) as LD, =
Ui, |p. for e € By with lo = he,i. and fore € Ej, j =3,...,d -1, as o

1. = 020 ;0. (UL Des Ui, ): (24)

with e € E;_; and where mg € D, is selected such that (Iz, me; De) = (le, me; De\
mg) € CV
Foree E;, j =3,...,d—1, the (j — 1)-th order partial copula is defined
as

CcrYe  p (a,b) :=P( PVI% <a,U\p, <D). (2.5)

heyie; De

Note that a first-order partial copula C}V5 1, in (2.3) equals the correspond-
ing partial copula Che,ze, p, for e € Es. However a higher-order partial copula
in (2.5) is, in general, not equal to the corresponding partial copula for e € E;,
j =3,...,d— 1. The partial vine copula is now constructed by assigning the
specific first-order and higher-order partial copulas to the edges of an R-vine.

Definition 5. (Partial vine copula (PVC) — Spanhel and Kurz [43])
Let d > 3 and Uj.4 be a uniform random vector with cdf Fi., = C.4. Consider
an R-vine structure V (Definition 2). CTV° denotes the partial vine copula
(PVC) of (C1.4,V) and its density is given by

PV PVC
g (ut:a) H Chusiei D, (Upy \D » Ui, | D, ),
ec&d

where ¢,V is the density of C}V§ . defined in (2.3) for e € E and (2.5)
forec Ej,j=3,...,d—1.Forec E; we set CiYS .p, = Chesie-

To illustrate non-simplified vine copulas, simplified vine copulas and the par-
tial vine copula, we consider a special case of Example 4.2 in Spanhel and Kurz
[43]. For this purpose, let us introduce the following notation. If Dy denotes a
parametric copula family with dependence parameter § € © and cdf Dy(a,b) we
write Ca .,z = Dgy(z), where g(z) € O, if Ca . z(a,b; 2) = Dy(z(a,b) for all
(a,b,z). Moreover, C4 g,z = D, where D is a bivariate copula with cdf D(a, b),
if C4 B, z(a,b; z) = D(a,b) for all (a,b, z).

Example 1.

Let C* be the product copula with cdf C+(a,b) = ab and Cy°M be the FGM
copula with parameter 6 € [—1,1] and cdf Cyj°M(a,b) := ab[1 +6(1 —a)(1 —b)].
The building-blocks of the four-dimensional vine copula are chosen to be

1 FGM GM 1
C12 = C123 = 034 = C 9 ClB;2 = 0171@7 024 3 — Cl 014;23 = C .

uz?
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Chy = CL Coa = O+ Coy = O+ Corye = ¢! crve — o crve — o
Ciz;2 = crey, Cos 3 = Ciey, Cpys =Ct g =0
12 23 34 12 23 34
. Chagos = CF .

(a) Vine copula Example 1. (b) PVC of Example 1.

Fig 1: The non-simplified vine copula in Example 1 and its PVC. The influence of
conditioning variables on the conditional copulas is indicated by dashed lines.

The density of the data generating R-vine copula defined in Example 1 is
given by

61:4(u1:4) = 612(U1,U2) C23(U27U3) 034(113,“4)

first tree 17

X 013;2(U1|27U3|2§ us) 624;3(U2\3, Ug|3; u3) X C14;23(U1|23,U4|23; u2:3)

second tree T third tree T3

= ci3;2(u1, us; u2) Coa;3(U2, Ua; u3z)

second tree To

= 1%, (w1, uz) €125, (uz, ua),

where the second equality holds because the copulas in the first and third tree
are product copulas. For this data generating process, all building blocks of
the vine copula are product copulas except for the second tree Ts. In tree T,
both ¢13.2(+, -; uz2) and ca4.3(+, -; ug) depend on the conditioning variables us and
ug, respectively. Thus, the simplifying assumption does not hold. The building
blocks of the non-simplified vine copula defined in Example 1 are illustrated in
the left panel of Figure 1.

In order to approximate the non-simplified copula by a simplified vine copula
one could assign arbitrary pair-copulas to the edges of the vine. For example the
corresponding partial copulas. One can easily check that the partial copulas in
the second tree are given by product copulas. Moreover, the partial copulas in
the other trees are also given by product copulas. Thus, the resulting simplified
vine copula model is the four-dimensional product copula with density given by

cin (ur4) = les;z(ul|2au3\2) 054;3(U2|3,U4|3) =1

second tree Ty

A better approximation, in terms of Kullback-Leibler divergence minimiza-
tion, is given by the PVC (see Example 4.2 in Spanhel and Kurz [43]) with
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density

cry (una) = Y 55(uq)as, ux)3) = ciiias(ur, ua) = 779" (u, ua),

third tree T3

where the second equality holds because the copulas in the first and second tree
of the PVC are product copulas. Note that the PVC approximates Cj3.2 and
Cay4.3 in the second tree by the first-order partial copula which, by definition,
always equals the partial copula. Thus, just like the previous approximation, the
second tree is modeled by product copulas. However, the second-order partial
copula C753 in the third tree T3 is a FGM copula with positive dependence
and not equal to the corresponding partial copula C7,. 53, which is the product
copula. Consequently, the four-dimensional approximation given by the PVC
is not the four-dimensional product copula. The building blocks of the PVC
corresponding to Example 1 are illustrated in the right panel of Figure 1.

The partial copula as well as the PVC give rise to the following stochastic
interpretations of the simplifying assumption.

Theorem 1. (Stochastic interpretations of the simplifying assump-
tion)

Let d > 3 and Uy.q4 be a uniform random vector. Consider a fired R-vine struc-
ture V and the corresponding R-vine copula decomposition stated in Proposi-
tion 1. The following statements are equivalent:

(i) The R-vine copula satisfies the simplifying assumption (Assumption 1).
(ii) Ve € &3 : (Un,|p.> Ui |p.) L Up,
(iii) Ve € EF : ( D> Z’e“’%e) 1 Up,

Theorem 1 highlights that the simplifying assumption is equivalent to (d —
1)(d — 2)/2 vectorial independence assumptions. Note that (U, |p,,Us,|p.) L
Up, in (ii) can be replaced by Ch, i.;p. = Cy,_ ;. . p, and that (UG, US\p, ) L
Up, in (iii) can be replaced by Cp, ;,.;p, = C}5 . p_. While the different stochas-
tic interpretations (ii) and (iii) are equivalent in theory, (iii) is much more useful
for testing the simplifying assumption. In practice, observations from the pair of
CPITs (Un,|p, Ui, |p.) or the pair of PPITs ( R Z“’ge) are not observable
and have to be estimated from data. Observations from the CPIT U, |p, can
be obtained by estimating the j-dimensional conditional distribution function
Fy,\p, of Uy, given Up,, which is not an easy task. Fore € E;, j =2,...,d—1,
the PPIT U ZYBC is a composition of j(j —1)/2 pair-copulas which belong to the
building blocks of the corresponding PVC given in equation (2.4) of Definition 4.
Thus, for observations from a PPIT one can sequentially estimate a sequence of
pair-copulas which is much simpler. Therefore, we use (iii) to construct a test
which is based on pseudo-observations from the PPITs.

To illustrate the practical advantage of testing the simplifying assumption
with PPITs ((iii) in Theorem 1) instead of CPITs ((ii) in Theorem 1) let us

reconsider Example 1. In this case, the simplifying assumption can be formulated
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either as

Tree 15 : (Ul‘g, U3|2) 1 Uy and (U2|37 U4|3) 1 U3
Tree T3 : (Ul‘gg, U4|23) L U2:37

or

Tree 15 : (Ul‘g, U3|2) 1 Uy and (U2|37 U4|3) 1 U3
Tree T : (Uﬁ\g’g, 4P|§§) 1 Uss.

For the four-dimensional Example 1, both formulations (ii) and (iii) consist of
three vectorial independencies, all of which must be true to be equivalent to the
simplifying assumption, see Theorem 1. In tree T5, the required conditions are
identical for both (ii) and (iii). Since the copulas in tree T5 are given by bivariate
FGM copulas with a varying parameter, these vectorial independencies do not
hold. Thus, the simplifying assumption does not hold according to both (ii)
and (iii). Note that the difference between (ii) and (iii) becomes only apparent
after the second tree. In the third tree, the vectorial independencies stated in (ii)
and (iii) are quite different. For the data generating vine copula (Example 1)
the statement in tree T3 is obviously true for (ii). However, it is false for (iii)
because Uflgg = U; and, as can be readily verified, U; 1 Us.3 is false.

If the data generating vine copula is unknown, it is more practical to base a
test on (iii) than on (ii). In order to check whether the pair of CPITs (Uy 23, Usj23)
are jointly independent from Us.3 in (ii), one has to estimate the unknown con-
ditional distribution functions Fijp3 and Fjyo3. The specification of a flexible
parametric model for such conditional distributions is difficult. Non-parametric
estimation might be sensible if the conditioning vector is very low-dimensional
but suffers from the curse of dimensionality if the conditioning vector is high-
dimensional. On the other side, (iii) just requires the estimation of pair-copulas,
irrespective of the dimension of the conditioning vector. That is because both
PPITs can be written as a composition of pair-copulas. For instance,

Uilys = 020135 (02C12(Us, Us), 01 Ca3(Us, Us)),
so that only the estimation of C12, C23 and C735 are required to estimate ﬁ‘z’g
In many applications, it might be feasible to find good parametric models for

these pair-copulas in order to obtain an appropriate estimate of U, I‘z’g

3. Constant conditional correlation (CCC) test for
Ho: (UyY5.,UYp.) L Up,

Before we consider testing the simplifying assumption, we first develop in this
and the next section tests for the null hypothesis Ho: (U3Y5p , Z“’BC) 1 Up,
for some e € Fj;,j = 2,...,d — 1. The main challenge is that the dimension
(j = 1) of Up, can be rather large so that the power of consistent tests is not
satisfying in higher trees. For instance, a consistent test could be obtained using

a Cramér-von Mises test for vectorial independence (Kojadinovic and Holmes
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[26] and Quessy [39]). However, as it is pointed out by Gijbels, Omelka and
Veraverbeke [17] and shown in our simulation, the power of such a consistent
test rapidly approaches the significance level if the dimension increases. Our
focus is on a test that exhibits a power that is high for alternatives that one
encounters in practical applications and that is quite robust to the dimension of
the data set. For this reason, we consider the null hypothesis that the conditional
correlation of the PPITs (UG, ,UrYp ) associated with one edge of a vine is
constant w.r.t. the conditioning variables Up,. A rejection of this hypothesis
implies that the simplifying assumption can be rejected as well. To obtain a
test whose power does not collapse substantially with the dimension of the
conditioning vector, we now discretize the support of the conditioning vector
into a finite number of subsets.

3.1. CCC test with known observations

For the ease of exposition, we introduce the main idea of the test without a
reference to vine copulas. Let A, B be uniform random variables and Z be a
random vector with uniform margins. We want to check the null hypothesis
Hy: (A,B) L Z. Let Ay := supp(Z), A1, Ay C Ag with Ay N Ay = 0, and
P(Z e AU AQ) = 1 with ]P)(Z S Al),P(Z S AQ) > 0. Wecall T := {Al,AQ} a
partition of the support Ay of Z into two disjoint subsets.” We are interested in
the correlation between A and B in the two subgroups determined by T, i.e.,

ri = Corr(A, B|Z € A)) = Cov(4, BIZ € Ay
a ’ VT /Nar(A|Z € A)Var(B|Z € Ay)

for I =1,2. Under Hy : (A, B) L Z, it follows that
Corr(A, B) =11 = ra,

i.e., the conditional correlations are constant w.r.t. the conditioning event. As
estimate for the correlation in the [-th group we use the sample version of the
conditional correlation which we denote by 7.

A statistic for testing the equality of the correlations in the two samples is
given by

Py — )2

THD) = np 1 =72

0 =G 1 52

where 62(7),l = 1,2, is a consistent estimator (see Appendix A.2) for the

asymptotic variance of \/n(#;—r;). By construction of the estimators, the asymp-
totic covariance between 71 and 75 is zero. Thus, under regularity conditions and

Hy it can be readily verified that T*(T') % x2(1).

5The idea of discretization has some similarity to the boxes approach of Derumigny and
Fermanian [10] but differs substantially. We only discretize the support of the conditioning
vector and the rejection of our null hypothesis is still a rejection of the simplifying assumption
which is not always true for the approach of Derumigny and Fermanian [10]. Moreover, we
present a data-driven approach to select the partition so that the idea of discretization can also
be applied in high-dimensional settings without the need to impose strong a priori assumptions
on the form of the partition.
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In a more general setting, one can also use a partition of the support Ag into
L € N pairwise disjoint subsets I' := {Ay,..., A} and test whether

Hy:ri=...=1rp VS. HA:311,126{1,...,[/},117&[2Z?"ll#Tb.

For this purpose denote the vector of sample correlations in the groups by
Rr = (#1,...,71)7. Further, define the diagonal L x L matrix E , with diagonal

elements i}}nl’ , = 6%(7) and a (L—1) x L first-order difference matrix A so that

(ARMT AR = Zf;ll(ﬁ —7111)%. A statistic to test the equality of correlations
in L groups is then defined by the quadratic form®

T3 (T) = n(ARF)T (S5, AT) AR},

with asymptotic distribution 75(T") A X3(L — 1) under Hy : (A, B) L Z.

3.2. CCC test with estimated pseudo-observations from the PPITs

In order to test the simplifying assumption, we have to test null hypotheses of the
form Ho: (UpY5.,U\p,) L Up, . In practice, if X1.q ~ Fx,, is the data gener-
ating process, we cannot directly observe a sample of ( ,‘:"%c, i ‘(Bc, Up,) but
have to estimate such observations on the basis of a sample of (X , X;., Xp,).
To obtain these pseudo-observations, we use a semi-parametric approach. First,
we use normalized ranks to obtain pseudo-observations from U; = Flx,(X;) for
t=1,...,d. We then consider a fixed R-vine structure V and assume that there
is a parametric simplified vine copula model {Cls\{’f@1 ., a1 € T} for the
PVC CTYC of (C1.q, V) with 01.4—1,0 € T so that Cls:‘;l‘felid7120 CTYE. Finally, we
use the common stepwise ML estimator [20] to construct pseudo-observations
from (U;:/I%e’ i Tl-%e’U p,)- The asymptotic distribution of the resulting test
statistic with these estimated pseudo-observations is stated in Proposition 2.

Proposition 2.
Let (Xf:d)k:17,__,n be n independent copies of X1.q and Ci.q be the copula of
X1.q. Consider a fized R-vine structure V (Definition 2) and assume there is a
parametric simplified vine copula model { T 0rg_y O1:a—1 € Y} for the PVC
1ol of (Criq, V) with 01.q-1,0 € T so that f:‘:ifelzd—l;[) =C777. Let e € EJ be
ﬁxed. Assume that the reqularity conditions stated in Theorem 1 in Hobek Haff
[20] hold” and that the partition T := {Ay,...,Ar}, where Ay,...,A C Ag =
supp(Up, ), satisfies

(Z) All OA12 = @, fOT ll 7é ZQ with 1 S ll,lg S L,

6The statistic 7% (T") also follows from (BR*)TBR* = ZzL:ll #1(# — 7)2, where 7 is the
average correlation, 7; is defined in Appendix A.2 as the fraction of data correspondlng to the
subset A; and with an appropriately defined matrix B.

"Note that the results in Hobaek Haff [20] are written up for D-vine copulas but can be
generalized to R-vine copulas [20]. The entries of the matrices needed to compute the standard
errors of the sequentially estimated parameters of R-vine copulas can for example be found
in Stober and Schepsmeier [45].
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(ii) P(Up, € Ury ) = 1 with P(Up, € Ay) >0 for all 1 <1< L.

Let R be the vector of sample correlatwns that are computed using the pseudo-
observations from the PPITs and ERF = E* —|—EPVC+ZT, where ERF is defined
in equation (A.8) in Appendiz A.2. Construct the test statistic

T, (D) = n(ARp)T (AS R, AT) T ARy (3.1)

Under Ho : (Uy"p_, ze|D)J-UD it holds that

T, (T) % x2(L - 1).

The matrices Ypye = plimn_woipvc and X, = plimn_wofb quantify the
change in the asymptotic covariance due to the estimation of pseudo-observations
from the PPITs. If the marginal distributions are known and we don’t have to
estimate ranks to obtain pseudo-observations from C7° it follows that 3, = 0.
If the PVC CTY° of (Ch.4,V) is known it follows that vac = 0. Note that, in
general, the off-diagonal elements of X . = plim,, Hoofl Rr, i-€., the asymptotic
covariances between estimated correlations in different groups, are no longer
zero if observations from the PPITs are estimated.

3.3. CCC test with a combination of partitions

The selected partition I' has an influence on how well a varying conditional
correlation is detected by the test. To illustrate this and to motivate a test
based on the combination of several partitions, we use the following Example 2.

Example 2
Let Cg" and C§* be the Clayton and Frank copula with parameter 6, respectively.
The building-blocks of the four-dimensional D-vine copula are chosen to be

Crz = Caz3 = C34 = Cf,
Ciz;2 = O35 = Caa;3 = O35 = Gy,
Cly;03 = CF

a(ug:3;M)?

o(ug:3;\) = 14 2.5\(1 — 1.5(ug + u3))?,

with 6 := 12_—TT and 6y := 1-9+191’ where 7 is the value of Kendall’s 7 of the

bivariate margins in the first tree.®

For the illustration we set in Example 2 7 = 0.4 and A = 1 and simulate a sam-
ple of size n = 1000. For instance, if we choose A1 = {(uz,u3) € [0,1]% : uz < ug}

8The parameter function is a generalization of the function 8(X) = 1+ 2.5(3 — X)? used
by Acar, Craiu and Yao [2] for a Frank copula with a one-dimensional conditioning set, where
the conditioning variable X is assumed to be uniformly distributed on the interval [2, 5]. The
parameters of the bivariate Clayton copulas in the first and second tree are specified in a way
that Example 2 can be considered as a four-dimensional Clayton copula where the copula in
the last tree is replaced by a Frank copula with varying parameter.
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Fig 2: The plots show 1000 random draws from Example 2. On the left hand side the
shaded background visualizes the conditional correlation r14)23 of C'14;23 as a function

of Uz and Us. In the middle and on the right hand side, realizations from the PPITs
(U155, Uyjss ) grouped according to I'y in the upper row and ' in the lower row are
shown. The black points are observations being assigned to the corresponding subset

and the light-gray points are observations which have been assigned to the other subset.

and A2 = Ag\ Ay, then r; = ro and the power of the test is asymptotically equal
to the level of the test. Instead, we could use partitions such as I'; := {A; =
[0,0.25] x [0,1], A2 = (0.25,1] x [0,1]} or Ty := {A; = [0,0.75] x [0,1], As =
(0.75,1] x [0, 1]}. In Figure 2, we illustrate the resulting tests T,,(I'1) and T,,(T'3).
The upper row corresponds to the first partition I'; where the difference of the
correlations in the two groups is 7o — 71 = 0.16, yielding a test statistic value of
T,(T'1) = 5.41. In contrast, if we consider the second partition I's shown in the
lower row of Figure 2, we get 7o — 71 = 0.39 and T,,(T'3) = 65.72.

In order to increase the probability that the test detects a varying conditional
correlation, it seems naturally to consider several partitions I'g, ..., Ty, M > 1,
where each partition I',, is a collection of L,,, > 2 subsets of the support Ag. A
test statistic using a combination of partitions is given by

0, = max{T,(To) + nAn, T0n(T1), ..., Tn(Tar) } — nAn, (3.2)

where ), is a penalty function and I'g is the base partition whose corresponding
test statistic T,,(T'g) is the only one that is not penalized. The construction of
such a test has some similarity to the approach of Lavergne and Patilea [30]. The
idea is that by choosing an appropriate penalty function, under Hy, the asymp-
totic distribution of ©,, and T},(Ty) should be equivalent. Moreover, if Hy is not
true, then ©,, should have more power than T,,(Iy) because, by construction,
©,, > T,,(Ty). Precise conditions are given in the following proposition.
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Proposition 3.

Assume that the conditions stated in Proposition 2 hold and that the partitions
Lo, ..., D fulfill the conditions stated for T' in Proposition 2. Additionally, let
At N = R* be a penalty function such that

(i) nA, — oo forn — oo,
(i) A — 0 for n — oo.

Set ©,, = max {T,(Ty) + n\,, T, (T1),...,Tn(Tx)} — nAn, where T,,(T,,),0 <
m < M, is defined like T,, (") in equation (3.1) in Proposition 2 with " replaced

by T'y,. Under Hy : ( }Z/ﬁjﬁ, Z‘l’f)e) 1 Up, it holds that

d
("‘)n — X2(L0 - 1)7

where Lo is the number of subsets of T'g. If there is a partition T'p,«,m* €
{0,..., M}, such that plim LT (e ) =: ¢ > 0 it follows that

n—oon

0, & .

Thus, the critical value of ©,, under Hy asymptotically (as n — oo, for fixed

M) only depends on the number of elements Ly in Ty but not on I'y,...,Ty.
In finite samples, however, the distribution of ©, under Hy also depends on
I'y,..., Ty and the usage of asymptotic critical values derived from the limiting

distribution x?(Lo — 1) may result in an empirical size that is not close to the
theoretical level.” Moreover, if there is a partition I',,« such that the correspond-
ing correlations are not identical, i.e., ¢ > 0, the power of the test approaches 1
if the sample size goes to infinity. Possible choices of the partitions I'g,...,I'ss
and their selection will be discussed in the next section.

4. A data-driven algorithm for testing with a high-dimensional
conditioning vector

Both constant conditional correlation (CCC) tests, T,,(T") and ©,,, are based on
partitions of Ag := supp(Up, ). We will first illustrate why an a priori determi-
nation of such partitions is problematic and then show how such partitions can
be selected in a data-driven fashion.

4.1. A priori defined partitions
(4)

As a naive approach one could use the sample median g, 5 of each conditioning
variable u; to split the observations into groups and then consider the partition

9In extensive simulation studies in Section 5 and Section 6.1 it is demonstrated that the
empirical size is often comparable to the theoretical level and the choice of the penalty function
is analyzed in a simulation study in Appendix A.6
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that results from the combinations of these groups. For instance, for Cj4.23 in
the third tree, we obtain the following four subsets forming a partition

A1y = {(uz,u3) € Ag: ug < q((f;,u?, < Q((f’s), )

Aag =1
Ay =1
A2,2) = {(u2,u3) € Ag: ug > q((fg,ug > q((fg .

2 3
€ Ag: ug > q((),g’u?) < ‘Ic(»s), )

2 3
€ No:us < q(()g,u?, > qé.% )

Uz, U3

( )
( )
(u2,us)
( )

Such an approach is however only feasible for a low-dimensional conditioning
vector, since the number of subsets increases exponentially with the dimen-
sion of the conditioning vector. Moreover, the number of observations that are
contained in a single subset might get too small. Alternatively, one could use
the mean up, = 3%1 Zi;ll upr of the conditioning variables up, for e € Ej,
j=2,...,d—1, and consider the sample median qg'ge of up, as split point to
obtain the following partition I'y,eq := {A1, A2} of the support Ag = supp(Up, ):

A= {up, € Ao siip, < g55 | and Az = Ao \ A, (4.1)

However, in practice, such an a priori definition of the partition is arbitrary
and might not detect a conditional variation. Therefore, we introduce now a
decision tree algorithm which selects the partitions in a more data-driven way
and is computationally feasible in high dimensions.

4.2. Data-driven choice of the partitions by means of a decision
tree algorithm

The test statistic ©,, can be rewritten in the following way
0, = max {Tn (FO) +nAn, Ty (Frnax)} — nAp,

with Diax = argmaxp cqr, 1,370 (L'm). The set I'imax denotes the partition,
excluding the base partition I'g, for which a possible violation of the Hy is most
pronounced. As base partition we set I'g = I'eq (see equation (4.1)). To find
INuax in a data-driven and computationally efficient way we use decision trees
with depth Jy.x = 2 like the one shown in Figure 3. The decision tree recursively
uses binary splits to partition the support Ag = supp(Up, ) into disjoint subsets
to obtain I'yax == {A(0,1,1), A0,,r)> A0,y A(o,r,r) }- The possible split points in
the first level are given by the empirical quartiles of each conditioning variable
and by the empirical quartiles of the mean of the conditioning vector. In the
second level, the split points for each leaf are chosen similarly but conditional
on the chosen subsets of the first level. Among these possible splits the split is
chosen that maximizes the statistic of the CCC test. For algorithmic details of
the decision tree with a general depth of J,, we refer to Appendix A.4.

We revisit Example 2 to illustrate how the decision tree adapts to the varia-
tion in the conditional correlation. For the same simulated sample that is used
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Fig 3: Partitioning of the support A¢ = supp(Up,. ) of the random vector Up, into
disjoint subsets {Aq,1,1y, A0,1,r)> A(o,r,1), A(o,r,r) } using a decision tree algorithm with
depth Jmax = 2.
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Fig 4: The plots show the same 1000 observations from Example 2 as Figure 2.
Shown is the decision tree-based grouping of the PPITs (Uy|35', Uyjys ) into four different
groups according to the partition I'max = {A(0,1,1), Ao,1,7)s A0,r1)> Ao,r,r) }- The black
points show observations being assigned to the corresponding subset of the support
Ao and the light-gray points correspond to the observations which have been assigned
to the other subset due to the binary split. The mean of the conditioning variables uz

and us is denoted by u2.3.

for Figure 2, the decision tree is applied to test Hp : (Uf‘\g’g, fl‘ég) 1 Uss.

The partitioning of Ay into I'yax is visualized in Figure 4 which shows the
grouping of the observations from the PPITs (Uﬂ;g, 4P|‘2’§) according to ['ax-
In each scatter plot the black observations have been assigned to this leaf
while the observations in light gray have been assigned to the other leaf. Fur-

thermore, the estimated correlations in each group, which are used for the
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CCC test, are shown. We see that the decision tree chooses a partition with
estimated correlations that are quite different and a maximal difference of

Corr(ULy5, ULss Uz € Aoiry) — Corr(URS, URSS Ui € Ago,rr)) = 0.60.

TABLE 1
The table refers to the same 1000 observations from FExample 2 as Figure 2. It lists the
subsets formed with a decision tree to find T'maz := {A(0,1,1)s A(0,1,r)> Mo,r,1)s Ao,r,r) }- The
first column contains the decision tree level J, the second column the subsets and the third
column the estimated correlations for the subsets.

J Subset A Corr (U yS, ULYS|Uz:3 € Ay)
0 Ao =[0,1]? 0.40
1 A(O,l) = [0,075} X [0, 1] 0.31
1 Ao,y = [0.75,1] x [0, 1] 0.70
2 A(O,l,l) = A(O,l) N {(ug,’ug) : %(uz + ug) < 0.59} 0.22
2 Ao = Aoy N{(uz,u3) : 3 (uz +us) > 0.59} 0.55
2 A,y = Mo, N {(u2,u3) : 3 (u2 + uz) < 0.78} 0.59
2 Ao,y = Ao,y N{(u2,us3) : %(uz +uz) > 0.78} 0.82

The subsets that are constructed by the decision tree to obtain the selected
IMnax partition are stated in Table 1 together with the corresponding estimated
correlations. The decision tree generates partitions which are no longer simple
one-directional splits as in Figure 2. Instead we now get more complex polygons
as subsets which are visualized as colored frames in Figure 5. On the left hand
side of Figure 5, the shaded area shows the variation in the correlation of C'4;23
as a function of U and Us. Areas with darker gray correspond to higher values of
the conditional correlation ry4)23. The right hand side of Figure 5 illustrates how
the dependence within the conditioning set, determined by the Clayton copula
Ca3 = (!, influences the variation of C14;23. Shown are the realized values of
(Us,Us) and their grouping into the subsets. The two plots on top correspond
to the first binary split, which is done according to the 75% quartile of Us. The
two plots at the bottom show the splits in the second level of the decision tree,
which is done according to quartiles of the mean of the conditioning variables Us
and Us. The adaption of the decision tree based partition to the variation in the
conditional correlation becomes clear when looking at the shaded background
which shows the conditional correlation 71423 of C14;23 as a function of Uz and
Usz. We see how Ay is partitioned into areas with relatively low (Ag,;)), medium
(Ao,1,ry and A(o,;)) and high correlation (A, ,y)-

In all simulations in Section 5 and Section 6.1, and the real data applications
in Section 6.2, we use decision trees with depth Jy.x = 2 and A, = Ln for
the penalty. The choice of the penalty function is analyzed and explained in
Appendix A.6. We further set I’y = I'yeq (See equation (4.1)) as base partition,
because we assume to have no a priori information about the relative impor-
tance of each conditioning variable and because the median of the mean of the
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Fig 5: The plots show the same 1000 observations from Example 2 as Figure 2. On the
left hand side the shaded background shows the conditional correlation ri4j23 of C14;23
as a function of Uz and Us. On the right hand side the realizations of the conditioning
variables Uz and Us are shown. The upper plots correspond to the first binary split of
the decision tree and the lower plots to the second and third binary split. The colored
frames show the different subsets {Ao,1), Ao,r), A0,1,0)> A(o,i,r)> Ao,r1)> Ago,r,ry } Of the
support Ag := [0, 1]%.

conditioning vector as split point guarantees well-balanced sample sizes in the
groups.'Y

5. CCC test: Simulation study

In the following, the finite-sample performance of the CCC test ©,, is analyzed
and compared to the performance of the vectorial independence (VI) test of
Kojadinovic and Holmes [26]. The simulation study is build around Example 2
using a ceteris paribus setup in order to analyze the different key drivers of
the empirical power. We will analyze the power of the CCC and the VI test
w.r.t. different variations of the conditional copula in Section 5.1, illustrate the
power gain of the CCC test due to the decision tree algorithm in Section 5.2,
and investigate the performance of both tests w.r.t. the dimensionality of the

101f the application at hand suggests a priori that Hp is likely to be false and a particular
partition I'y would result in a more pronounced difference between the resulting conditional
correlations, i.e., Tn(I'x) > Th(I'mea), then setting I'g = I'x instead of I'g = I'yeq would not
deteriorate but possibly improve the power of the test provided Hy is actually false. However,
as it is shown in Section 5.2 the choice of I'g is not crucial if the alternative partitions are
selected in a data-driven way using the decision tree.
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testing problem in Section 5.3. The effect of misspecified copula families in lower
trees is discussed in Section 5.4.

All results for the CCC test are computed with estimated pseudo-observations
from the PPITs. Since the asymptotic distribution of the VI test with estimated
pseudo-observations is unknown, we use the true observations from the PPITs
for the VI test to compute p-values on the basis of 1000 bootstrap samples [39].
Therefore, in simulations with possible misspecifications we do not show results
for the VI test.

5.1. Power study: The functional form of the conditional copula
The conditional copula Cjy.23 = Cg'(u“.)\) in Example 2 varies in wuo.35. To alter
the variation, we choose values between zero and one for the parameter A in the
function

alug.z; ) = 14+ 2.5\(1 — 1.5(ug + u3))?. (5.1)

For A = 0, (14,23 does not vary in us.3. Recall that the simplifying assumption is
satisfied in the second tree in Example 2, so that Hy : (Uﬁ;g, 5‘2’5) 1 Us.3is true
if A=0. For A > 0, Cy4;23 varies in ug.3 and Hy : (Ufl‘ég, 5‘2’5) 1 Us.3 is false.
For A = 1 the variation is most pronounced. In Figure 6, the variation of the
conditional correlation ry423 of C14;23 as a function of the mean .3 = %(uz +us)
is shown on the left hand side.!!

For the sample sizes n = 500, 1000, and A = 0,0.2,0.4,0.6,0.8, 1, we apply the
CCC test ©, and the VI test [26] for the hypothesis Ho : (Uf)y5, Ujns) L Uzis.
On the right hand side of Figure 6, empirical power values are plotted for dif-
ferent values of the parameter A. The numbers are based on 1000 samples for
each combination of A and n. The level of the tests is chosen to be 5%. For
both tests and sample sizes the empirical size (i.e. the case A = 0) is close to
the theoretical level of the test. The empirical power of both tests is clearly
increasing for all values of A if one doubles the sample size from 500 to 1000
observations. Furthermore, both tests are more powerful the more the variation
in Ch4;23 is pronounced, i.e., the larger the parameter A is. In terms of empiri-
cal power, the CCC test outperforms the VI test in all settings with a relative
improvement that often exceeds 300%. Both tests are implemented in an accom-
panying R-package pacotest [29] and are computationally feasible. For A = 1
and a sample size of n = 1000, the computational time for the CCC test is 2.25

seconds and for the VI test 0.88 seconds.?

HNote that we have already seen r14)23 for A = 1 as a function of uz and ug as shaded
background in the plots on the left hand side of Figure 2 and Figure 5.

12The reported computational times are the median from 20 repetitions on a single core of
an AMD Ryzen 7 PRO 4750U processor. Note that a major part of the computational time for
the CCC test is required for the computation of the asymptotic covariances that account for
estimated pseudo-observations from the PPITs. In a fair comparison of computational times,
the CCC test can, like the VI test, also be computed with known observations from the PPITs.
The computational time of the CCC test then drops to 0.01 seconds and is much shorter than
the 0.88 seconds of the VI test.
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Fig 6: On the left hand side the conditional correlation 1425 of the Frank copula
C'i4;23 as a function of the mean u2.3 of the conditioning variables us and us is shown
for different values of the parameter A\. The parameter function is stated in (5.1) and
the data generating process is defined in Example 2. The plot on the right hand side
shows the empirical power for different values of A and the theoretical 5% level of the
tests. Empirical power values are based on 1000 samples. The solid lines correspond
to the CCC test ©, and the dashed lines to the VI test. Different sample sizes are
shown color coded.

5.2. Power study: Improved power due to the decision tree algorithm

We now compare the CCC test based on the decision tree approach ©,, with the
CCC test T,,(I'g) which only considers the base partition T'g. By construction,
©,, > T, (o) always holds, meaning that if we reject on the basis of T,,(Tg), we
also reject on the basis of ©,,. As a consequence, the empirical power of ©,, is
never smaller than the empirical power of T;,(I'g). The improvement in power
due to the use of ©,, instead of T, (T'y) depends on the data generating process
and will be investigated in the following.

For the base partition we choose I'g = I'jeq as in Section 4. As data gener-
ating processes we consider Example 2 and the resulting vine copulas that arise
if the parameter a(ua.3; \) of CE"(uw;)\) in the edge of tree T3 of Example 2 is
given by

Oé](’lLQ;g; )\) =14+ 2.5)\(1 — 2UQ(U2 + 1L3))27 (52)

or

ap(ug.s; N) = 1+ 2501 — 2(ug — ug))?. (5.3)
Figure 7 shows the empirical power of the CCC tests ©,, and T, (Ty) for the
hypothesis Hy : (Uf|\2]§7 Zﬂ‘ég) L Us.3. For the case of Example 2 (left panel in
Figure 7), the test with the fixed partition T'g = T'yeq delivers a test T,,(Ty)
which performs almost as good as ©,,. That is because the parameter a(uz.3;\)

of C™ || in Example 2 can be written as a function of the mean of the
oz(’u.2:3,)\)
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Fig 7: Empirical power of the CCC tests ©, and T,(I'o) and the VI test for the
hypothesis Ho : (Uyys,Usss ) L Uzs in Example 2. The three panels correspond to
the parameter functions «a(+), az(-) and ap(-), respectively. Empirical power values are
based on 1000 samples and plotted against the parameter . The solid lines correspond
to the CCC test O, the dashdotted lines to the CCC test T (I'o) and the dashed lines

to the VI test. Different sample sizes are shown color coded.

conditioning variables ug.3 = %(U/Q +ug). Furthermore, the conditioning variables
are positively associated due to the Clayton copula with 753 = 0.4. As a result,
the decision tree rarely finds a partition I'},.x which in terms of the test statistic
T, (T max) improves over the base partition I'g = I'jpeq by an amount larger than
the penalty A,. Therefore, the test statistic ©,, often coincides with the test
statistic T,,(Tg) of the base partition.

For the other two cases, the partition I'yeq is not a good choice and the de-
cision tree algorithm finds substantially better partitions in a data-driven way.
The varying parameter aj(us.3;A) of Cgrl(uzm)\) (middle panel in Figure 7) in-
troduces an interaction effect between the two conditioning variables. Although
the test with the fixed I'yeq partition can detect some variation in CF;I(WZS; A
the decision tree finds better partitions which can increase the empirical power
by more than 20 percentage points. The gain of power is even more pronounced
if the parameter ap(ug.3; A) of Ci;(um;)\) (right panel in Figure 7) is a function
of the difference of the conditioning variables. Even if A = 1 and Cg‘é(uz:s; N is
strongly varying in ws.3, the test with the fixed partition I'j,eq, that is based
on the mean of the conditioning variables, cannot recognize the variation. As a
result, the empirical power is identical to the level of the test. On the contrary,
the data-driven selection of the partition results in a substantial power increase.
For A = 1 and n = 1000, the power increases from 5% to 99%.

In summary, the choice of the base partition I'g determines a lower bound for
the empirical power of the test ©,, and the decision tree can increase its power.
The magnitude of the improvement depends on the data generating process and
ranges from negligible, e.g., «(-), to huge, e.g., ap(-). For all data generating
processes, the power of the data-driven test ©,, is much better than the power
of the VT test. The difference is most pronounced for ap(-) where the empirical
power of the VI test is always approximately 5% while the empirical power of
the CCC test ©, can be 99%. In Appendix A.7 we investigate what kind of
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partitions are typically selected by the decision trees and how they adapt to the
different variations in the conditional correlation determined by «a(-), s (+), and

aD(-).

5.3. Power study: The dimension of the conditioning set

For high-dimensional vine copulas, the dimension of the conditioning set of a
conditional copula increases rapidly. Therefore, it is substantial that a test still
has power if the dimension of the conditioning set is not small. To investigate
the performance of the CCC test w.r.t. the dimension of the conditioning set, we
consider a up to twelve-dimensional Clayton copula where the Clayton copula in
the edge of the last tree is replaced by a Frank copula with varying parameter.

Example 3.
For d > 4, the building-blocks of the d-dimensional D-vine copula are chosen to
be

Ciitjittivi—1 = Cg, 1<j<d-21<i<d-j,
Cra:2:a-1 = Ciluggin)s
a(ug:3;0) = 14 2501 — 1.5(ug + u3))?,

0= ———r 2<j<d-2

0, =

For d = 4 Example 3 coincides with Example 2 and as before we set 7 = 0.4
and consider different values for A. For all dimensions, the functional form of
the parameter only depends on the conditioning variables U; and Us. Therefore,
the variation of Ci g.2.4—1 = O(};r(uz;s;/\) in ug.g—1 is always the same but the
dimension of the testing problem increases with d. Grouped by the dimension d,
the empirical power and size of the VI and the CCC test ©,, for the hypothesis
Hy : (Uﬂ\zlfjdfu U§|\2/Si71) 1 Us.q—1 are shown in Figure 8.

While the empirical power of the VI test decreases a lot if the dimension of the
conditioning set is increased, the empirical power of the CCC test decreases only
slightly for higher values of d. In particular, for the setup A = 1 and n = 1000,
the power of the VI test drops from 36% to 5% if the dimension is increased
from d = 4 to d = 12. On the contrary, the power of the CCC test for this setup
is always 100%. Moreover, even when the power of the CCC test is not 100%
for d = 4, the decrease in its power is still marginal. For instance, for A = 0.6
and n = 500, the power of the CCC test only decreases from 83% to 67% while
the power of the VI test quickly drops to approximately 5% if the dimension
is increased from d = 4 to d = 12. Thus, the introduction of a penalty in the
CCC test statistic ©,, and the data-driven selection of the partition I'yax by
means of a decision tree yields a test whose power decreases only slightly with
the dimension of the conditioning vector.
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Fig 8: Empirical power of the CCC and VI test for the hypothesis Hy
(Ut 554-1>Ud:g—1) L Uz:a—1 in Example 3. Empirical power values are based on 1000
samples and plotted against the parameter A. For A = 0 the plots show the empirical
size of the tests. Each plot corresponds to a specific dimension d of the D-vine copula
(Example 3). The solid lines correspond to the CCC test O, and the dashed lines to
the VI test. Different sample sizes are shown color coded.

5.4. Power study: Misspecification of the copulas in the lower trees

The true family of the five copulas in the first and second tree Cia,Cs3, Csy,
Ch3;2,C24;3 in Example 2 is the Clayton copula. To analyze the effect of mis-
specified copula families, we now vary the pairwise value of Kendall’s tau 193 =
Tia = T34 = T13 = To4 between 0 and 0.8 and estimate either survival Gumbel or
Gumbel copulas for all five copulas in the lower trees. The black lines in Figure 9
show the results for correctly specified Clayton copulas in the lower trees as a
benchmark. Since the strength of the variation of C'4,23 is more pronounced for
higher values of 753, the empirical power of the tests is also increasing in 7o3.
The empirical size of the tests (A = 0) is not influenced by 723 and always close
to the theoretical level of 5%.

The dark grey line in Figure 9 corresponds to a rather mild misspecification
where we estimate survival Gumbel copulas in the first and second tree. We see
that the empirical size is still very close to the theoretical level of 5% (A = 0).
Moreover, the power of the test with misspecified survival Gumbel copulas is
almost indistinguishable from the power of the test with correctly specified
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Fig 9: Empirical power of the CCC test ©,, for the hypothesis Hy : (Uﬁ\z/g, Uf,‘;g) 1
Us.3 in Example 2. Empirical power values are based on 1000 samples of size n = 1000
and plotted against the parameter A\. For A = 0 the plots show the empirical size of
the test. Each plot corresponds to a specific value of Kendall’s 723 for the true copulas
in the first and second tree. The black lines show the results where the PPITs are
estimated with the true Clayton copula family in the first and second tree. The two
grey lines correspond to the case where the PPITs are estimated with misspecified
copula families (survival Gumbel and Gumbel, respectively).

Clayton copulas. If the degree of misspecification is severe and we fit Gumbel
copulas (with upper tail dependence) to data generated from Clayton copulas
(with lower tail dependence), differences in the empirical power of the CCC
test become visible when comparing the light grey lines with the black lines
in Figure 9. In the majority of the considered scenarios the empirical power is
now a little smaller. In cases with high dependence, i.e., 703 = 0.4,0.6,0.8, the
empirical size is increased. This shows that the test might not control the size
if the copula families in the lower trees are severely misspecified. Note that we
misspecify five copula families and that the misspecification in the second tree
might be even worse because the data in the edges of the second tree is no longer
generated by Clayton copulas if the copulas in the first tree are misspecified.
Thus, the performance of the CCC test appears to be relatively robust w.r.t.
such a severe misspecification.
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6. A hierarchical procedure for testing the simplifying assumption
in vine copulas

Up to now, we have tested single building blocks of vine copulas, i.e., the hypoth-
esis Ho: (UpNG, . UPYS, ) L Up, for a fixed edge e € £F. To check the simplifying
assumption for a d-dimensional R-vine copula with fixed structure ), one has
to check this constraint for M = (d — 1)(d — 2)/2 edges. In order to control the
family-wise error rate «, we apply the Bonferroni correction and test the set of

hypotheses!'?
Ve e & : Hy: (UYD., UNB.) L Up,.

We use a hierarchical procedure and begin with testing the hypotheses in the
second tree. We then only check the hypotheses for the next tree Tj4; if the
validity of the simplifying assumption could not be rejected for tree T}, for
j=2,...,d— 2. The hierarchical procedure is stopped whenever an individual
hypothesis Hy: ( D, i\b.) L Up, is rejected at a level of a/M. As a result,
the hierarchical procedure detects critical building blocks of a vine copula model
where a pair-copula C3¥G . does not seem to be an adequate model for the
bivariate conditional copula C},_ ;. ,p. of the bivariate conditional distribution
Fy. i.|p.- The procedure is also in line with the common sequential specifica-
tion and estimation of simplified vine copulas and can be integrated in model
selection algorithms as demonstrated in Kraus and Czado [27].

6.1. Simulation study

In the following simulation study we test the simplifying assumption for the
four-dimensional Clayton, Gaussian, Gumbel, and Frank copula with pair-wise
values of Kendall’s 7 of 0.2,0.4,0.6,0.8. Since each copula is exchangeable an
arbitrary structure can be fixed. We fit a D-vine copula and select the copula
families of C75°, C55, C31°, C135, €515, Clis; using the AIC. The hierarchical
procedure is applied to test the simplifying assumption at a theoretical level of
5%. Thus, in tree T two conditional copulas are tested with an individual level
of 1.67%. If we do not reject the Hy for both copulas in tree T5, we continue in
tree T3 and test Hy : (Uﬁ\ég, fl‘ég) 1 Us.3 at an individual level of 1.67%.

The two upper panels in Figure 10 report the results for the four-dimensional
Clayton and Gaussian copula for which the simplifying assumption is satisfied
[44]. The empirical size of the hierarchical test procedure with the CCC test ©,,
is close to the theoretical level even under consideration of possibly misspecified
copula families. In the lower panels of Figure 10, the empirical power for the
four-dimensional Frank and Gumbel copula is plotted. The Frank and Gumbel
copula violate the simplifying assumption as long as 7 ¢ {0,1} [44]. Although

13For each hypothesis corresponding to a fixed edge e € Eg we use the same CCC test
settings as before, i.e., decision trees with depth Jmax = 2, Ay, = L for the penalty and

n
o = I'mea (see equation (4.1)) as base partition.
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Fig 10: Empirical power of the hierarchical procedure with the CCC test ©,, for the
four-dimensional Clayton, Gaussian, Frank and Gumbel copula. Vine copula models
are estimated using the AIC for selecting the copula families. Empirical power values
are based on 1000 samples and plotted against the pairwise value of Kendall’s .
Different sample sizes are shown color coded.

the variation in the conditional copulas induced by the four-dimensional Frank
and Gumbel copulas is rather mild (see Figure 11), the CCC test often rejects
the simplifying assumption. That the power has a minimum at 7 = 0.8 can be
explained by the fact that both copulas satisfy the simplifying assumption for
7 — 1 and the variation of the conditional correlations (see Figure 11) is less
pronounced than for 7 = 0.2,0.4,0.6.

How the decision trees adapt to the variation of the conditional correla-
tions can be seen by looking at the most frequently selected decision trees
and the resulting I'jax partitions. For the Frank copula (with n = 1000 and
7 =0.2,0.4,0.6,0.8) the most frequently selected decision tree in tree Ty of the
vine (selected in 21.28% of all simulated cases) consists of a first split according
to the 25% quartile and a second split at the 50% quartile in the left part and
at the 25% quartile in the right part, i.e.,

Ty = {A(O,u) = [0,0.125], A(gp) = (0.125,0.25], A(g ) = (0.25,0.4375],

Aoy = (04375, 1]}.
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Fig 11: Conditional correlations rigz = Corr(Uy |z, Usj2|Uz) of Cis;2 in tree T of the
Clayton, Gaussian, Frank and Gumbel copula.

Thus, the I' . partition is most granular for smaller values of the conditioning
variable. This is also the area where the variation of the Frank copula is most
pronounced as can be seen from Figure 11. In contrast, for the Gumbel cop-
ula (with n = 1000 and 7 = 0.2,0.4,0.6,0.8) the most common selected T'yax
partition in tree T5 (selected in 18.51% of all simulated cases) is

R {A(W) = [0,0.375], Aqo,.r) = (0.375,0.75], A(q.,.y = (0.75,0.875],
Aoy = (0.875, 1]}.

Comparing I'iyax with Figure 11, which shows the conditional correlation for
the Gumbel copula, we see that the decision tree adapts to the variation of the
conditional correlation by selecting the most granular splits for higher values of
the conditioning variable.

Two hypotheses are tested in tree T5 and, provided there is no rejection in
tree To, one additional hypothesis is tested in tree T3 when the hierarchical pro-
cedure for testing the simplifying assumption is applied to four-dimensional vine
copulas. In the simulation study, most of the rejections for the four-dimensional
Frank and Gumbel copula happen in tree T5. In Figure 12 we decompose the
empirical power of the hierarchical procedure with the CCC test ©,, into second
tree and third tree rejections. Over all considered scenarios 94.09% and 98.06%
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Fig 12: Empirical power of the hierarchical procedure with the CCC test ©,, for
the four-dimensional Frank and Gumbel copula. The tree of rejections is shown color
coded.

of the rejections occur in the second tree T5 for the Frank and Gumbel copula,
respectively.

Finally, we revisit the up to twelve-dimensional Example 3 from Section 5.3.
In Section 5.3 we only tested one hypothesis in the last tree and analyzed the
effect of an increasing dimensionality of the conditioning set on the empirical
power of the CCC test. Now we apply the hierarchical procedure to test the
simplifying assumption for the entire D-vine copula with fixed structure defined
in Example 3 for d = 4,6,8,10,12 and test the set of hypotheses

Vi=2,...,d—1Vi=1,...,d—j:
Hp : ( iszy-El:iJrj—lv iP—iYﬁi-i-lzi+j—1) L Uitriyj-1-

As mentioned before, the simplifying assumption for a d-dimensional vine copula
is equivalent to M = (d—1)(d—2)/2 hypotheses. This means that for Example 3
we might test M = 3,10, 21, 36, 55 hypotheses for d = 4,6, 8,10, 12 but only the
last hypothesis actually violates the simplifying assumption for A # 0.

The empirical size and power of the hierarchical procedure with the CCC
test ©,, to test the simplifying assumption for data generated from Example 3
is shown in Figure 13. For A = 0 the simplifying assumption is satisfied and the
empirical size is close to the theoretical level of 5%. Similar to Section 5.3, we



Testing the simplifying assumption 5255

d =4 d =6 d =28
1.00
0.80
0.60
0.40 4
0.20 4
-
o
E 0.05 1% 1
8 0.004 : ! ! : ! T
— 00 02 04 06 08 1.0
2
< d = 10 d =12
k=
2. 1.001 .
g Sample size
=
- 1000
0.80
500
0.60
Test type
0.404 — cce
0.20 4
0.05 A\
0.00 1

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
A

Fig 13: Empirical power of the hierarchical procedure with the CCC test ©,, for the
hypothesis that the simplifying assumption is satisfied for the vine copula defined in
Example 3. Empirical power values are based on 1000 samples and plotted against
the parameter X\. For A = 0 the plots show the empirical size of the test. Each plot
corresponds to a specific dimension d of the D-vine copula (Example 3). Different
sample sizes are shown color coded.

observe that the empirical power of the hierarchical procedure with the CCC
test ©,, is slightly decreasing in the dimension d. The effect is more pronounced
for the smaller sample size n = 500 as compared to n = 1000. Note that for
d = 12 only one of 55 building blocks of the vine copula violates the simplifying
assumption. This explains why for n = 500 and A = 1 the empirical power of
62% is lower than the empirical power of 94% when only the last building block
is tested (see Figure 8). However, a sample size of n = 1000 is sufficiently large
so that the empirical power of the hierarchical procedure with the CCC test ©,,
is still almost 100% in this scenario.

6.2. Real data applications

We now use the hierarchical procedure with the CCC test ©,, to test the simpli-
fying assumption for R-vine copulas fitted to four different real data sets. The
dimensionality of the data varies between 3 and 10 and the number of observa-
tions between 655 and 5032. On the one hand, we consider the data set uranium
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TABLE 2
Results for real data sets: The simplifying assumption is tested by applying the hierarchical
procedure with the CCC test Oy,.

Name uranium FF3F FF5F Ind10
Description Uranium Explo- Fama/French 3 ~ Fama/French 5 10 Industry
ration Data Set Factors Factors Portfolios
Source Cook and John- Kenneth R. Kenneth R. Kenneth R.
son [9], R-package French — Data French — Data French — Data
copula Library Library Library
Variables log concentration of SMB, HML, R,, — SMB, HML, RMW, 10 industry
Uranium, Lithium, Ry CMA, R,, — Ry portfolios
Cobalt, Potassium, formed accord-
Cesium, Scandium, ing to four-digit
Titanium SIC codes.
Period — 02-Jan-2001 to 02-Jan-2001 to 02-Jan-2001 to
31-Dec-2020 31-Dec-2020 31-Dec-2020
(daily) (daily) (daily)
Dimension 7 3 5 10
(21 pair-copulas) (3 pair-copulas) (10 pair-copulas) (45 pair-copulas)
n 655 5032 5032 5032
Test decision of The simplifying The simplifying  The simplifying The simplifying
the hierarchical assumption can be assumption can- assumption can- assumption can-
procedure (at a rejected in tree T>. not be rejected. not be rejected. not be rejected.
5% significance
level)
Smallest p-value < 0.01 0.20 0.21 0.10
[Bonferroni ad- [< 0.01] [0.20] [1.00] [1.00]

justed p-value] of
one hypothesis Hy :

PVC PVC
(Une1pe Uieipe) L+

Up, of the hierar-
chical procedure

[9] and obtain normalized ranks as pseudo-observations from the copula by
means of the rescaled ecdf. On the other hand, we consider three financial data
sets from the Kenneth R. French — Data Library (available under: http://mba.
tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html). We
apply ARMA(1,1)-GARCH(1,1)-filtering [12, 6] with t-distributed innovations
and apply the rescaled ecdf to the residuals to obtain pseudo-observations from
the copulas.'4

In order to test the simplifying assumption with the CCC test, the researcher
has to specify the vine structure V, which also determines the Hy, and the copula
families for the edges. The selection of the vine structure ¥V and copula families is
commonly based on the data, e.g., by using the algorithm of Difmann et al. [11].
If model selection and statistical inference is done on the same data, statistical
inference might no longer be valid (see Fithian, Sun and Taylor [13] or Lee et al.
[31] for a discussion of post model selection inference). Therefore, we randomly
split the samples into two parts so that the partial vine copula model is selected
on one half of the data and the other half of the data is used to apply the CCC

14 Copula modeling for GARCH-filtered return data has been studied in [8, 7] and [38]
provides a review of copula models for economic time series.
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Fig 14: Scatterplots of pseudo-observations from the PPITs (see equation (A.7)) corre-
sponding to the conditional copula of Scandium (Sc) and Cesium (Cs) given Titanium
(Ti) for the uranium dat set. The grouped scatterplots are formed according to the
decision tree and show the data points that are used for the CCC test ©,, to test the
simplifying assumption. The margins are transformed to be standard normal and the
contours are derived from copula kernel density estimates.

test. To obtain parametric models for the PVC we apply the standard R-vine
model selection algorithm proposed by Difimann et al. [11] which is implemented
in the R-package VineCopula [35]. The resulting vine structure ¥ and copula
families are then used to fit a model for the partial vine copula and conduct
tests on the other half of the data.

In Table 2 we provide information about all four data sets and report the
results of the hierarchical test procedure with the CCC test ©,,.1° For all cases
where the validity of the simplifying assumption is rejected, we show the first tree
in which we reject at least one null hypothesis of the form Hy : ( il;:\%e’ i ‘lfge) L
Up, and stop the hierarchical test procedure. Moreover, the smallest p-value of
one hypothesis of the hierarchical procedure is also depicted.

15Note that the CCC test ©,, is not a consistent test because the conditional correlation
can be constant if the simplifying assumption is false. Moreover, if the conditional correlation
is varying it may be possible that this variation is not detected by the proposed CCC test Oy,
with the decision tree based partitioning as described in Section 4.2.
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For the non-financial data example uranium we reject the simplifying as-
sumption already in tree T5. The rejection is in line with the results reported by
Gijbels, Omelka and Veraverbeke [17] and Kraus and Czado [27]. In Figure 14
we provide a visualization of the rejected building block for the uranium data
set. The grouped scatterplots are formed according to the decision tree used for
the CCC test O,,. For easier visual inspection the margins are transformed to
be standard normal and contours derived from copula kernel density estimates
(R-package kdecopula [33]) are shown. The plots show that the conditional cop-
ula of Scandium (Sc) and Cesium (Cs) given Titanium (Ti) is varying with an
estimated positive correlation of 0.20 for values of Titanium being smaller than
its median and a negative estimated correlation of —0.20 for larger values of
Titanium.

For the three filtered financial returns the simplifying assumption cannot be
rejected on the basis of the CCC test ©,, (Table 2). This indicates that the
possible violation of the simplifying assumption for the vine copulas selected by
Diimann’s algorithm might be less severe for this kind of data as compared to
uranium. This is consistent with the findings of Kraus and Czado [27] who also
use the CCC test and report that the simplifying assumption seems to be rather
appropriate for filtered financial returns.

7. Conclusion

In practical applications, a test for the simplifying assumption in high-
dimensional vine copulas must be computationally feasible and tackle the curse
of dimensionality. The introduced hierarchical procedure with the CCC test ©,,
addresses these two issues.

The asymptotic distribution of the CCC test statistic is derived under the as-
sumption of semi-parametrically estimated pseudo-observations from the partial
probability integral transforms. Since the test has a known asymptotic distribu-
tion and is based on the stepwise maximum likelihood estimator, it is compu-
tationally feasible also in high dimensions. To prevent suffering from the curse
of dimensionality, the CCC test utilizes a novel stochastic interpretation of the
simplifying assumption based on the partial vine copula. Moreover, we propose
a discretization of the support of the conditioning vector into a finite number
of subsets and incorporate a penalty in the test statistic. A decision tree algo-
rithm looks for the largest deviation from the simplifying assumption measured
in terms of conditional correlations and also contributes to a computationally
feasible test.

In a simulation study we provide a thorough analysis of the finite sample per-
formance of the CCC test for various kinds of data generating processes. The
CCC test outperforms the vectorial independence test by a large margin if the
conditional correlation is varying. Even more important for high-dimensional
applications, the simulation study demonstrates that the power of the test de-
creases only slightly with the dimension of the conditioning vector. A moderate
misspecification of the parametric copula families does not affect the power
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properties of the CCC test. We also investigate the performance of a hierar-
chical procedure that utilizes the CCC test to test the simplifying assumption.
An application to four real data sets demonstrates the usefulness of the test
and indicates that the validity of the simplifying assumption should be checked
individually for each data set.

The CCC test can also be utilized to improve the modeling of data with
vine copulas. Schellhase and Spanhel [40] make use of the CCC test to identify
building blocks of vine copulas where the simplifying assumption does not seem
to be adequate and the estimation of a conditional copula that is varying in
its conditioning variables can improve the modeling. Additionally, Kraus and
Crzado [27] use the CCC test to find alternative vine copula structures which
might be more in line with the simplifying assumption.

Appendix
A.1. Proof of Theorem 1

That (i) and (ii) are equivalent follows from the definition of the simplifying
assumption in Assumption 1 and the definition of the conditional and partial
copula in Definition 1.

Fore € &4, (U5, ULV, ) LUp, implies (URNG, . UFYS) = (Un.p., Ui 1p.)
by Lemma 3.1 in Spanhel and Kurz [43]. Thus, (U}L’;’l%e , UZT& ,Up,) and (Uy,|p. ,
Ui.|p.,Up,) are equal in distribution and (Uy,|p,, U, |p.) L Up,. This shows (ii)
< (iii).

To show (ii) = (iii), we use induction over the trees. By the definition of the
PPITs in the second tree T5 we have that

Ve€ Ey: (UpNG.,UNS) 2 (Un.p., Ui p,)-
Because (ii) implies that
Ve € E5 : (Uhe\Deine\De)J—UDea

it follows that
Ve € E5 : (U,‘;;"%c, ZP“/B) 1 Up,

and the base case of the induction is proved.
We now assume the induction hypothesis that for tree T;_;

VéEEj,l : (U;z;lché, ZTBE>J‘UDE
holds. Note that Lemma 3.1 in Spanhel and Kurz [43] then implies that
Ve € Ej_l : (U}FL);/‘CDé, zz\\/]%é) = (Uhg\Dév Uig|Dg)- (Al)
By (ii), we get for each e € Ej in tree T; and l. = h,, i, that
Ui ip. = 9201 me; 0 Ui Doy U pei Up.) (A.2)

a.s. P
- aQCla,ma;Da(Ulé\Dw Umé\Dé)v
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where € € E;_1 and mg € D, are chosen such that (Iz,me; De) = (le, me; De \
me) € CV.'° Note that Cf | ., is the distribution of (U |p,,Up,|p,) and

e

CrYe . p. the distribution’oi( Ve UPYe, ). By (A1) it follows that

&;me; De lz|Ds’ ¥ me|De
P __ (PVC
Clé7mé§Dé — Yle,me; De” Thus,

a.s. PVC
U.p, = %C; .. 0. Ui, D. Un. D)

= 8202\:7%5;Da (Ulpé\\/fc)é’ ;\;?DE) (4-3)
as. Uli\llgeﬁ (A4)

where (A.3) follows from (A.1) and (A.4) is the definition of 1D, - As aresult,
we have shown that

Vee B (UpY5,,Ui\5,) = (Unp, Ui ip,).
Finally, (ii) implies that
Vee E; . (Upp.,Uip.) L Up.,

which completes the induction to show (i) = (iii).

A.2. Proof of Proposition 2

We first prove the following lemma stating the asymptotic distribution of the test
statistic T (T") = n(ARf)T(AZEFAT)_lARIt under Hy : (U}i’;’l%e, Z‘l’ge) 1L Up,
and the assumption that observations from the PPITs are observable.
Lemma 1.
Let (Ull“:d)kzlm be n independent copies of Uy.q ~ Ch.q and Ay := supp(Up,).
Consider a fived R-vine structure V and let e € £ be a fired edge. Assume that
the partition T' := {Aq,..., AL} satisfies the conditions stated in Proposition 2.
Under Ho : (Uy" 5, U;\5.) L Up, it holds that

THT) S x2(L - 1).

Proof. We first derive the asymptotic distribution of ]%1’2 = (f1,...,71) under
Hj before showing that T)F(I") has an asymptotic chi-square distribution under
Hy. For this purpose, let e5 := (0,0,0,0,1)7, ® denote the Kronecker product,
17, be a L x 1 column vector of ones and I, be the L x L identity matrix,
so that (I, ® e5)T is a L x 5L matrix that can be used to extract every fifth
element from a 5L-dimensional column vector. The correlations are then given
by R; = (I ®es5)T &, with & being the unique solution of the estimating equation

1< . !
;ZgF(Uﬁd,ﬂ,a) =0, (A.5)
k=1

16By the proximity condition of the R-vine V (Definition 2) there exists a mgz € D, such
that either (le, me; De \me) € CV or (me,le; De \'mg) € CV with € € Ej_1 = N; and w.l.o.g.
we use the first case in (A.2).
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where the estimating function gr will be stated in the following.
Define

T
k
9r(Utq, ) = (771 - 1{U,’566A1}7---77TL - 1{U}3€eAL}> )

where 7 := 7.1, € (0,1)%. The solution # of L 37 | - (UF;, m) < 0 denotes the
random fraction of data corresponding to Ay, i.e.,

.1y
T = E;H{Ugee/\l}, l:177L

Define
N
¢1 — U'l;"’v‘%i
62~ U]
WU, ) = ¢s — (U5, — é1)? :

¢y — (UZTS;k — ¢2)?
65 — (Up 5k = 80U V5" — ¢2)(¢36a) 7

where ¢ := ¢1.5 € R®. For Ay € T' = {Ay,..., A} we set
FULam,0) = 7 gus, eaph(Uta, 0)-

The estimating function gr in (A.5) is given by

T
gF(Ulk;dv T, Oé) = <f(U1kd7 1, al)Ty (R f(U{Cda TL, QL)T> .

Let 7y be the unique solution of E[gﬂ(Ulk:d, )] = 0, ¢o be the unique solution of
E[h(Uf 4, 6)] = 0, and ag = (o8 ..., ¢%)T so that E[gr(UE ,, 7, ap)] = 0 for all
7 € (0,1)F under Hy because for each I-th block element of E[gr(UE ;, 7, ap)] it
holds that

(Elgr (U4, m 00)]), = ELf Uk gy, 60)] = B [m7 g, ennh(UL s 60)]

H, _
L E (77 g enny| EIR(ULg: 60)] = 0.
=0

Using the same steps it can be readily verified that E[0,rgr(UF,;, m, ag)] = 0
for all 7 € (0,1)* under Hy. Thus, under Hy, the standard theory of estimating
equations for two-step estimators, e.g., Theorem 6.1 in Newey and McFadden
[36], yields that

Vi(a — ag) % N5 (0, Go'r(GEHT), (A.6)
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where G := E|[0,7gr (Uf 4, m0, a0)], Qr := Cov[gr(Uf,, T, a)] and Ng(u,X)
denotes a d-dimensional normal distribution with mean vector p and covariance
matrix .

If we now extract every fifth element from & using R = (I, ® e5)T @, we
obtain the joint asymptotic distribution of the estimated correlations under Hy
as

\/ﬁ((fla ce e 772L)T - (Tl, “ee ”I"L)T) = \/ﬁ(ﬁi; — RF) i NL(O, Z*RF),
so that
She = (I ® e5)" GRlQr (G )T (I @ e5).

Under Hp it holds that r; = ... = rp = r = Corr( ho| D> Z“’Be) and

therefore it follows with the (L — 1) x L first-order difference matrix A and the
continuous mapping theorem, that

ViARE & N1 (0, A, AT).

To obtain the statistic of the CCC test when a sample from the PPITs is ob-
servable, the covariance matrix

She = Cov[(IL ® e5)T G gr (Ut 4, mo, a0)]

has to b/e\consistently estimated, e.g., by 27% = Cov|[(IL®es) TG lgr (U, 7, a)],
where Cov[X] denotes the sample covariance of the random vector X. By ap-
plying once more the continuous mapping theorem and Slutsky’s theorem, we
get

T3(1) = n(ARY)" (AZ}, AT) M ARE 5 (L — 1)
and Lemma 1 is proven. |

The remaining part of the proof of Proposition 2 requires the definition of
the pseudo stepwise maximum likelihood estimator of the vine copula param-
eters. This estimator can be obtained as the solution of estimating equations
(Hobeek Haff [20], Spanhel and Kurz [42], Tsukahara [46]). By extending these
estimating equations by the ones for the correlations defined in the proof of
Lemma 1 we derive the asymptotic distribution of the CCC test when pseudo-
observations from the PPITs are estimated. Consider a fixed R-vine structure
V and let { 1S:Vd?91;d,1 : 01.4—1 € T} be a parametric simplified vine copula such
that 301.a-1;0 € T so that O, = C1", where CT7" denotes the PVC
of (Cr.a, V). The density of CY7y s given by

S (ra) = T Y5 poa, . Wit ih, (01-1), u5 %, (615-1)),

ec&f

where C3V5 9;.c is a bivariate copula for each e € £ with parameter Oje-
For 1 <j <d—1, the vector 6; := (ej,e)eTeEj collects the parameters in tree T}



Testing the simplifying assumption 5263

and the vector 61.; := (61,... ,Hj)T collects all parameters up to and including
tree T;. The individual stepwise pseudo score functions for the copulas in tree
T} are given by

0,65(VE 015) = 0, 30 W (S, (Vi (0150, VI (0151) )
EEE]‘

j=1,...,d— 1. Here, the pseudo-observations of the PPITs for e € Ey, [, =
he, i are defined by

1
ok vk ._
Vilo! Oro) = Vil = — = 3 Tixpaxty
m=1

and for e € £4 as

Vvli\‘/];;k(alzjfl) = 82CISEY§15;DE;Gj,l,é(vljg;k(el:jf2)7 VTSn:TDk; (91:j72))ﬂ (A7)

where I, = he,i. and (Iz,mes; Dg) = (le,mg; D \ mg) € CV is selected as in
Definition 3.
Set 6 := 61.4—1 and define the estimating function

gS(Vllfda 9) = (69161(‘/1]?(1; 01)T7 s 769d71£d—1(‘/1k::d; elid—l)T)Ta

A 1
so that the solution 6 of £ ™7 | gg(V{,,0) = 0 is the pseudo stepwise maximum
likelihood estimator.
Moreover, gr(V}¥,, 7,0, a) denotes the estimating function of the correlations
when pseudo-observations from the PPITs are used, i.e.,

T
gF(Vllfda , 97 a) = (f(vllfda 1, 9, al)Tv ceey f(‘flkd7 TL, 97 aL)T) 5

where

1 — V,f:/‘%f(ehjfl)
¢2 = V5 (015-1)
FVE, m,0,6) = Wfl]l{U]g . ¢3 — (V;f:/\%f(el:jﬂ) — ¢1)?
‘ $s — (‘/Zi“’g;k(el:j—l) — ¢2)?
(VN O (015-1) =) (VY 5 (01-1) —¢2)
($3¢ha)?

5 —

Let B := (07, a™)T so that the estimating function of the vine copula param-
eters and the correlations is given by

. _( 9s(Vg,0)
g(‘/vlth,]T’ﬁ) - <g[‘(‘/1k;d77ru9ﬂa) .
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The rank approximate estimator 3 is then given as the solution of
% >ory g(Vllfd, #t, ) = 0 where 7 is given as in the proof of Lemma 1. To derive
the asymptotic distribution of B, introduce

W; == /3%9(%61;(1,7T0,ﬂo)]l{U,igu,-}dCLd(ul:d), i=1,...,d,
i d
2 := Cov (g(Uf:dﬂTo,ﬁo) + ZWi> ;
i=1

where o := (0,5 1.9, )" is the unique solution of E[g(UE ,, 7, Bo)] = 0 for all
7 € (0,1) under Hy. By the same reasoning as in the proof of Lemma 1 and
because gs(UF ;,0) does not depend on 7 it follows that E[ang(Uf:d, , Bo)] =0
for all m € (0,1)% under Hy. Thus, provided the regularity conditions in Theorem
1 in Hobaek Haff [20] are satisfied, it follows that

\/ﬁ(ﬁ - BO) i Nn9+5L(07 i)a

where ¥ = G7IQ(G™)T with G := —E[dgrg(U}y, 70, Bo)] and ng is the number
of vine copula parameters, i.e., the length of the vector 6.

To extract the estimated correlations f%p from ﬁ and to obtain the corre-
sponding asymptotic covariance matrix, we can exploit the block-structure of G
as follows

G — ( ]E[angs(Ulk:d,eo)] 0 )
E[0yr gr (UL 4, ™0, 00, a0)]  E[0yrgr (UF 4,70, 00, a0)]
_ ( ]E[angs(Ulk:d,eo)] 0 >
E[0pr gr (US4, m0,60,0)] Gr) -

Denote the ng x L matrix consisting of zeros by 0,,xz and define § := (Oz;exL,

(Ir ®e5)T)T so that Rr = 67 3. The asymptotic covariance matrix of \/ﬁ(Rp —
Ry) is then

d
Sre = Cov[6" G (9(Ur.g, mo, Bo) + Z W]

=1
=Yk + (COV[éTG_lg(ULd,ﬂ'o,ﬁo)] - }}T)
d
+ (Cov [67G~(g(Ut.a, 7o, Bo) + Z Wi]) = Cov[67 G g(Uy.a, o, Bo)])
i=1

=XY%k. + Beve + T

Thus, under Hy it follows that

Va(Br — Rr) % N (0, Sg,).
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With the same arguments as in the proof of Lemma 1 this implies under H
T (T) = n(ARp)T (AS R, AT) P ARr 5 (L — 1),

where
e d
Spy = Cov <6TG1(g<U{id,fr,6) + ZWz?) (A8)
i=1
is a consistent estimator of Xp..!"

A.3. Proof of Proposition 3

To obtain the asymptotic distribution of the test statistic ©,, we need the
following lemmas.

Lemma 2.
Let Y ~ Fy, where Fy is the cdf of a continuous probability distribution. Addi-
tionally, let A, be a penalty function satisfying the conditions stated in Propo-

sition 3. If Yy, LY it holds that Y, — nAn & —c0, i.e.,

VaeR: lim P(Y, —n\, <a)=1.

n—oo

Proof. Let o € R. Since nA,, — oo it holds that
V5>05|n16NVn2n1:Fy(a+n/\n)>1—%. (A.9)

By assumption Y,, converges in distribution to Y ~ Fy-, therefore
Ve > 0Vny € N3ng € NVn > ny : |Fy, (@ + nidn,) — Fy(a + nidn, )| < =

=
(A.10)

Moreover, Ing € N Vn > ng: nA, > niA,,. Thus, Ve > 0 Vn > max(ni, na,ns)
it holds that

P(Y, <a+n\,) >PY, <a+ni ) =Fy,(a+nA,,)
:FYn(a+n1/\n1) _Fy(a+n1>\n1)+Fy(a+nl)\n1)

(A.10) (A.9)
> Fy(a+nid,,) — g > 1—e.

Thus,
lim P(Y,, —n\, <a) =1. [

n—o0

17See Genest, Ghoudi and Rivest [15] for a consistent estimator of W; =

J 0us9(ur.a, 70, B0) 1 (17 <} AC1:a (U1:a).-
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In the following Lemma 3 the asymptotic behavior of §, := maX{YO” +
Ny, Y15, Y5 oo YA’}[} — nA, is analyzed.

Lemma 3.

Let (Y ke1my () ketiny - o (Yo ) k=10 be (M + 1) sequences of random vari-
ables and Y, ~ Fy, , 0 <m < M, random variables with continuous cumulative
distribution functions. Further let A, : N — R* be a penalty function satisfying
the conditions stated in Proposition 3.

Define 6, := max {YJ]" +nX,, Y7, Y3, ..., Y} —n,.

(i) If Y S Y, for each 0 < m < M, it holds that 6, 4 Yo.
(ii) If there is an m* € {0,..., M} such that plim Lyn, = yme >0 then

n—oon
P
Oy — 00.

Proof. Proof of (i). Let a € R, then

P, < «)

P (max {Yy" + nA,, Y%, ..., Y} — nA, < @)
P(max {Yy", Y —nA,,.... Y —n\} < «)
Py <a, Y —n\, <q,....Y5 —n\, < a).

Using the Fréchet-Hoeffding inequalities [14, 22] we have
M
PO, <a)> max{O,IP’(YO” <a)+ Z P! —n\, <a)-— M}
and

< < mi n< i
P, < a) < mm{IED Yy < a), 1§r¥1n1£M{

P(Y™ — nhn <a)}}.

Due to the continuity of the minimum and maximum as well as Lemma 2 it
follows that

M

i > i n< n_ < —

nl;rr;o P, <o) > nl;rréo max{O,IP(YO <a)+ Zl]P’(Ym nA, < a) M}
m=

M
= i n < i T, < @) —
maX{O,nILH;OP (Yo' <a)+ Z_l nlL)II;OP(Ym ni, < ) M}

- maX{O,Fyo(a) + ﬁ:l 1— M} = Fy,(a)
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and

nh_)rréo P, <a) < nh_)rr;C mln{]P’(YO <a), 1grfln1£M{P(Ym —nA\, < a) }}
= mm{ nl;rr;OP(Y}) <a), lgr?nlgM{ nILH;OP(Ym —nA\, < a) }}
(A.11)

1<m<M

—min{Fyo(a), min {1}}_Fy0(a).

Thus,
G 5 V5.
Proof of (ii). For m = 0,..., M, define Z}, := Y — nA,1{20. Because
A, = 0 it follows that plim Lzn . = ym=. Note that P(Z7. < a) "= 0 for

n—oon“m
1 P
all @ € R because - Z}. = ym+ > 0.

Thus, the Fréchet-Hoeffding upper bound implies that for any o € R,

lim P(6, < a) < lim min{IP’(Z;EL* < a), mi?/l}\ {]P’(Z;LT <) }}

n— oo n—o0o me{0,...

= min{ lim P(Z,. < «) min { lim P(Z,, <a) }}

n—00 7m€{0,...,M}\m* n—00

= min{O7 min { lim P(Z] < a) } } =0,

me{0,...,M}P\m* L n—oo

€[0,1]
and the proof is complete. |

Using Proposition 2 and setting Y,? = T,,(T',,) in Lemma 3 (i) it follows that
the statistic ©,, converges under Hy to a x?(Lo — 1) distribution.

Now assume that the correlations conditional on the subsets of the parti-
tion I'p« are not identical, i.e., plim,_, 27, (Tn+) = ¢ > 0 for some m* €
{0,..., M}. Setting Y, = T,,(I'y,) in Lemma 3 (ii) shows that the test statistic
O,, converges in probability to infinity.

A.4. The decision tree: Algorithmic details

Every leaf in the decision tree represents a subset of the support Ag of the
random vector Up_. The maximum depth of the decision tree is denoted by
Jmax and every leaf is assigned to a level J in the decision tree (0 < J < Jpax)-
The level of a leaf refers to the number of splits which have already been used
to arrive at the leaf, starting from the root leaf A (see Figure 15).

A leaf is denoted by A, ,, where the (J + 1)-dimensional vector vp.;y :=
(Y0,71, - - -5 v7) € {0} x {l,7}” is the unique identifier for a leaf in the J-th level
of the decision tree. That is, the two leaves in the (J 4+ 1)-th level of the decision
tree being connected via edges to the leaf v9.; = (v0,71,...,7s) in the J-th
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Ao
/ \
Aoy Ao 1

/N /

Ao Ao,ir) Ao, Ao,rr) 2

.

ANog,...n

/ \ /Am‘ v.v,m\

A0 Aod,.tir) e A©,r,nl) Ao,ryorr) Jimax

Jmax — 1

ry

Fig 15: Partitioning of the support Ag = supp(Up,) of the random vector Up_ into
disjoint subsets A, ,, where vo.7 := (y0,71,---,77) € {0} x {,,7}7, 0 < J < Jmax,
using a decision tree algorithm with maximum depth Jmax.

level are identified by vo.74+1 := (Y0.7, k) := (v0,71,---,77, k) with k € {l,r}.
The subsets assigned to the leafs in the (J + 1)-th level by a binary split are
given by

Atyos k) C Mo J >0, ke{lr}, Atyo.rn) N A (o s.m) = 0-

Y0:7 5

Every split is chosen out of a finite number M of possible splits. A possible

split ST¢  in the leaf 0. is defined as a pair of disjoint subsets of A,, ,, i.e.,
S = (AG 0 A, m) © Ayoy X Ay, with AT AAT = 0. From

these possible splits, the split is selected that maximizes the statistic of the CCC
test. Meaning that every split is defined as

S’YO:J = (A(’YO:J7Z)’A('YO:J77‘)) = arlgmax “ 1 (S";Z]) :
S5, €185, 5530, 1

Thus, the subsets that are transferred to leaf (vo.s, k), k € {l, 7}, after using the
optimal split S, ;, are given by A(,, ;) and A, ; . In the last level Jyax we
obtain a final partition of the support Ay into 2”/max disjoint subsets given by
Fhax = {A(O,l,...,l,l)a A(O,l,...,l,r)v s 7A(O,T,4..,r,l)a A(O,r,...,r,r)}' For the final parti-
tion we compute the value of the test statistic

0, = max{T,(To) + nAn, Tn(Tmax) } — n\,.

In all simulations in Section 5 and the real data applications in Section 6.2,
we choose \,, = ﬁ for the penalty and 'y = I'eq as base partition.'® Further
tuning parameters of the decision tree are the maximum depth Jy,ax of the tree
and the set of possible splits {S}m:.,, cee S’é‘gf‘] }. To keep the test computationally
feasible and because it performs well in simulations, we consider a maximum

depth of Ji,ax = 2 and the number of possible splits in each leaf . s is restricted

18The partition I'yeq is defined in equation (4.1) in Section 4.1.
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to be at most M = 3(j — 1+ 1y;>33) in tree Tj. The considered splits are
as follows: To obtain the sets Ay and A,y for the two leaves in level 1,
we consider the empirical 25%, 50% and 75% quartiles for each conditioning
variable Uy, k € D.. If j > 3, we additionally take the empirical 25%, 50%
and 75% quartiles of the mean aggregated conditioning variables into account,
resulting in 3 - j possible splits. A formal definition of the set of possible splits
is given in Appendix A.5. The sets {A(0,,1), Ao,i,r)} and {Ao,r1), Ay} for
the four leaves in level 2 are obtained in the same fashion except that we now
condition on Up, € A,y or Up, € Ao, respectively. Furthermore, we use
several restrictions in the decision tree algorithm to guarantee that the final
data sets do not become too small.!?

A.5. Formal definition of the set of possible splits for the decision
tree

If Q4[(Xi)iez] denotes the empirical g-quantile of the vector (X;);ez, the set of
possible splits in the leaf vq.7, for J = 0,1 and e € E;, j > 3 with (j — 1)-
dimensional conditioning set D, := D!~ is given by

Sisr.={s! ....8% 1

Yo:J Yo:J

B 1 1 hy 3
- {(A(’YO:JJ)’ A('YO:JJ“))’ Tt (A(i():.],l)’ A(io:.],’f‘))} ’

with
{“De € Ayg,y tupm < Q0425[(V52n)k6170j]} , 1<m<j-1
A B {UDe € Ayyy tupm < Q0A5[(V£m1 )kezwo:‘]]} ) J<m<2j -2
(vo:g5D) °
{“De € Aygy tupme < Q0.75[(Vka2)keI~,0:J]} ; 2j—1<m<3j—3
{up. € Aoy 1 9(up,) < Qo.25ms [(9(VE Nker,, |1}, 3i—2<m<3j
and AT = Ay, ATy We further used the notation my :=m —£(j — 1)

is defined as T

for 1 < ¢ < 3 and the index set Z, oy =1k € {1,...,n}:

VB, € Aoy b

0:J

A.6. Choosing the penalty function: A finite sample analysis

To apply the test based on the statistic ©,,, a penalty function A\, has to be
specified and any choice satisfying the conditions stated in Proposition 3 results
in an asymptotically valid test. However, the size and power for finite sample

19A decision tree with two or three splits is only applied if we have a certain amount of
data. This is implemented by introducing a tuning parameter which controls the minimum
sample size per leaf in the decision tree (the default value is 100 observations). As a result
we do not always use the 25%, 50% and 75% quartiles as thresholds but depending on the
available sample size we may only use the 50% quartile or even don’t apply any additional
split at all.



5270 M. S. Kurz and F. Spanhel

sizes depends on the chosen penalty function A,. In the following, the choice
of the penalty function in finite samples will be analyzed in a simulation study
under Hy, i.e., with a focus on the empirical size.

In all simulations in Section 5 and the real data applications in Section 6.2,
we choose \,, = ﬁ for the penalty and I'y = I'jeq as base partition.?? As
mentioned in Section 5.2, the test statistic T;,(T'g) (the CCC test with fixed
partition I'g) is related to the test statistic ©,, (the CCC test with a decision tree
selected partition) in the following way. For ©,, = max{T},(T'0), T0,(T'max) —nAn },
with ['iax == argmaxp cqr, 1,1 7n(T'm), it holds

Tn(FO) S @na

meaning that if we reject based on T, (I'g), we also reject based on ©,,. It follows
that the empirical size of ©,, is bounded from below by the empirical size of
T,.(Tp) when both tests are applied to the same collection of data sets in a monte
carlo simulation to compute the empirical size.

We now derive a condition on A, such that ©,, and T,,(Ig) result in equivalent
test decisions. This means that the test statistic ©,, is analyzed relative to
Tn(To).%! Let 7 := F>;21L071)(1 — a), where Ly is the cardinality of I, i.e., the

(
number of subsets forming the partition I'y. If the penalty function \,, satisfies

Ap > %(Tn(Fmax) - T) = by, (A.12)

it follows that ©,, = max{7T,(To), Tn(Tmax) — A} < max{T,(Ty),7}. There-
fore, if we cannot reject at a a-level based on T,,(I'g) and if A, satisfies (A.12),
we also cannot reject based on O, i.e., if A, > b, it holds

T,.Ty) <1t = ©6,<T
As a result, if \,, > b,, both tests result in the same a-level test decisions, i.e.,
T.0o)>17 & ©,>T7

Note that T;,(I") converges in distribution to a y2-distribution under Hy and
by Slutsky’s theorem it follows that b, - 0. Therefore, the lower bound b,, is
bounded in probability, i.e.,

YVe>03dB >0Vn>1: P(|b,] > B) <e.

Meaning that for any € > 0, we can choose A, such that P(|b,| > A\,) < ¢,
which restricts the probability of different test decisions (i.e., rejecting the Hy
with ©,, but not rejecting the Hy with T,,(Tg)) at a a-level to € because
PO, > 7,T,(To) < 7) = P(max{T,,(T0), Tn(Tmax) — nAn} > 7, Tr(Ty) < 7)
=P(T(Thax) — nAn > 7, T,(T0) < 7)
<P(T,(Thax) — X, > 7) =P(b, > A\p) < e

20The partition T'yeq is defined in equation (4.1) in Section 4.1.

21 An extensive simulation study of the finite sample performance of the proposed test ©,
is presented in Section 5 where the empirical size relative to the theoretical level of the test is
studied.
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Fig 16: The dots correspond to the maximum of the lower bound for the penalty
function in 1000 simulated samples each consisting of n observations. The data gen-
erating process is the four-dimensional D-vine copula defined in Example 2. The lines
correspond to different choices of the penalty function A, = c¢n™?. The solid line
corresponds to the default penalty function A, = Ln used in all simulations and ap-
plications. On the left hand side the dashed lines correspond to different choices of the

level ¢ of the penalty function A, and on the right hand side to different choices for
the power 8 of the penalty function.

This implies that for any € > 0, we can choose A, such that P(|b,| > \,) < &
and therefore

P(Tn(ro) > & 0,> 7)

= P(Tn(ro) > T, 0, > 7') +]P’(Tn(I‘0) <T71,0, < T)
=1-P(T,Ty) >7,0, <7)-PT,(T) <7,0, >7)>1—c¢.

=0

In practical applications, we are interested in the finite sample distribution
of the lower bound b,, of the penalty function A,. Using resampling techniques,
we can determine this lower bound for \,, under Hy.

To illustrate how one can use resampling techniques to determine the pa-
rameters ¢ and 3 of the penalty function \, = c¢n™?, we again consider the
data generating process given in Example 2. For A\ = 0, the null hypothesis
Hy: (U flgg’ 41"‘2’5(5) 1 Us.3 is true. For each considered sample size n we generate
1000 random samples of size n from the four-dimensional D-vine copula and
compute for each sample the lower bound b,, of the penalty function A,. In Fig-
ure 16, the maximum of all 1000 lower bounds in the different samples is plotted
for different sample sizes n as dots. By taking the maximum over all resampled
lower bounds we identify a lower bound for the penalty which would guarantee
that in every of the 1000 samples the asymptotic a-level test decisions are the
same, i.e., T,(Tg) > 7 << O, > 7. The level of the test is chosen to be 5%
and the lines correspond to different choices of the penalty function ), = cn=5.
The level ¢ of the penalty function is varied for a fixed power of 8 = 0.5 in the
plot on the left hand side of Figure 16 and the power § of the penalty function
is varied for a fixed level of ¢ = 1 on the right hand side. The solid line corre-
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sponds to the penalty function \,, = ﬁ which we use in all the simulations and
applications. One can see that the choice of the penalty function is reasonable
in comparison to the lower bounds obtained via resampling techniques for all
sample sizes between 250 and 2500 observations, as the penalty is for all sample
sizes considerably larger than the lower bounds.

A.7. An analysis of the typical partitions selected by the decision
trees

The following analysis complements the simulation study in Section 5.2 by an
analysis of the partitions typically selected by the decision trees. To investigate
what kind of partitions are selected by the decision trees and how they adapt to
the different variations in the conditional correlation determined by a(-), az(-),
and ap(-) (see (5.1), (5.2) and (5.3)), we focus on the case A = 1 and a sample
size of n = 1000. If the variation of the copula parameter is given by «f(:),
the first split is most often done with respect to the 75% quartile of Us.g :=
(U2 + Us) (in 93.6% of the simulated samples). The most frequently selected
Imax partition (in 40.6% of the samples) consists of two more splits with respect
to the quartiles of Us.5 in the next level. This partition is visualized in the left
panel of Figure 17. The adaption of the decision tree based partition to the

a(uzg s A) = 1 +2.50(1 - 1.5(uz +us) P ar(uzg s \) = 1+2.50(1 - 2u(uz +ug) )2

ap(uzs s ) = 14254 (1-2(uy—ug) P

Subsets

[ Aorn
0O Ao

Ao

0 Aew

T1423

0.75
0.50

0.25

0.25 0.5 0.75
uy uy

Fig 17: Visualization of the most frequently selected I'max := {A(0,1,1), Ao,1,r)s A0,r,1) s
Ao,r,ry} partitions with the decision trees in the simulation study for A = 1 and 1000
samples of size n = 1000. The three panels correspond to the parameter functions a(-),
ar(-) and ap(-), respectively. The shaded background shows the conditional correlation
r14)23 of Cl4;23 as a function of Uz and Us.

variation in the conditional correlation becomes evident when looking at the
shaded background which shows the conditional correlation ri423 of C14;23 as
a function of Uy and Us.

The middle panel in Figure 17 shows the most frequently selected I'},.x par-
tition (in 14.8% of the samples) if the variation of the copula parameter is given
by a(-) which contains an interaction effect between the two conditioning vari-
ables. In this case, the first split is most often done with respect to the 75%
quartile of Us (in 61.7% of the samples). The decision tree adapts to this vari-
ation in the conditional correlation, shown as shaded background, by choosing
splits with respect to the quartiles of Us.3 in the second level.



Testing the simplifying assumption 5273

The right panel in Figure 17 visualizes the most frequently selected I'yax
partition (in 22.7% of the samples) if the variation of the copula parameter
is given by ap(-). Here, the two conditioning variables have an opposite sign
in the definition of ap(+). In this case, the first split is most often done with
respect to the 75% quartile of Us (in 52.8% of the samples). Once again, the
decision tree adapts to the variation in the conditional correlation, shown as
shaded background, by choosing splits with respect to the quartiles of the other
variable Us in the second level.
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