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Abstract

Recurrence is a fundamental characteristic of dynamical systems with complex behav-
ior, yet understanding its structure is challenging. We develop an algebraic topological
signature to identify and classify elementary recurrent motions. These signatures are
computable from sampled trajectories and their statistics provide coarse global infor-
mation about the structure of recurrent behavior. We demonstrate this through several
examples.
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1 Introduction

Dynamical systems theory is the mathematical study of time-dependent systems. Such
systems appear throughout nature, including neural activity, weather, molecular dy-
namics, and many other complex phenomena. At an abstract mathematical level, a
dynamical system describes the evolution of states over time. A state can be simple,
such as the position and velocity of a pendulum suspended from a string, or complex, like
the weather on Earth at a given moment. Classically, one often assumes that the state
evolution is described by a model, typically in terms of ordinary or partial differential
equations.

Nowadays, data is ubiquitous in the study of dynamical systems [KS04, BPK16, Sch10,
BMM12]. Furthermore, when precise models are unknown or they are not amenable to
direct computation, data is all that is available. A key problem is therefore the extraction
of meaningful dynamical behavior directly from data.

A fundamental property of complex dynamical systems is recurrence; typical trajecto-
ries repeatedly return close to previous states. Understanding this recurrence is difficult,
especially if the system has many degrees of freedom and visualization is limited.

Recurrent systems are often studied using statistical methods, which provide insight
into a system’s ‘typical’ behavior through concepts like invariant measures and almost-
invariant sets [DJ99]. Even for dynamics with highly complex trajectory structure,
these methods enable coarse-grained, macroscopic descriptions of dynamics. However,
powerful as they are, these statistical descriptions offer little insight into how trajectories
evolve or how they are organized in phase space. This naturally leads to the question of
coarse descriptors of recurrent sets which are more revealing about the dynamics.

A natural approach to characterizing recurrence is to identify trajectories which return
to their initial state, i.e., periodic orbits. In fact, simple chaotic dynamics are often
described in terms of a scaffolding based on periodic orbits [GH13]. The advantage of
periodic orbits is that, at least abstractly, they are simple objects — closed trajectories
that have the topology of a circle. However, in the context of data driven dynamics they
are difficult to identify, especially if the system is high-dimensional and the data has
noise [AAS22].

The starting point of our approach is a suitable weakening of the notion of period-
icity using tools from topological data analysis. Topological data analysis (TDA) is a
fairly recent and active research area focused on applying topological concepts to data.
Persistent homology [EHO08, Car09, Ghr07], its most prominent tool, is often applied by
assigning a filtered geometric complex to point cloud data. This allows one to obtain
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a stable description of large-scale topological features in the underlying data. By now,
persistent homology has successfully been applied to time-dependent data in a variety
of contexts, including bifurcation analysis [GMK22], the analysis of flow field patterns
[KLT*16], biological aggregation models [TZH15], and others [PH14, CS24].

Contribution In this thesis, we use methods from topological data analysis to identify
global structures, which we refer to as cycling motions, in time series sampled from
dynamics. More precsiely, we define the cycling signature, a topological descriptor for
segments in sampled dynamics. Statistics of these signatures can be used to obtain
qualitative and quantitative description of cycling motions in the data. The resulting
analysis is global in nature; clusters of cycling motions are detectable and transitions
between cycling motions can be analyzed. Using this method, we analyze three example
datasets, one of which is a hyperchaotic attractor in a 4d system of ordinary differential
equations. We see this as a promising approach to revealing coarse-grained dynamical
information in high-dimensional systems.

Summary

Consider a time-continuous dynamical system given by a smooth flow ®: R x X — X
on a state space X C R%, meaning that

(i) ®(0,p) =p for all p e M, and
(i) ®(t+ s,p) = ®(t,P(s,p)) for all t,s € R and p € M.

Assume that we do not know ® but only have access to a (possibly perturbed) sample
from this system. This means that we are given a time series I' = (x;);=0,... n together
with sampling times 7" = (¢;);=1,...n such that

xp = Pt — tiz1, Ti—1), i=1,..., N,

where zg € X is an initial point, the sampling times are assumed to satisfy tg < t1 <
-+ < ty, and x; are measurements from the underlying flow that may be perturbed by,
e.g., measurement errors or numerical integration.

If I is sampled from a recurrent set with complicated dynamics, then, given a suf-
ficiently long time span and sampling density of I', the time series will closely return
to certain states, i.e., there are tuples (i, j) such that z; ~ z;, but also points z, with
t < £ < j far away from both z; and x;. We will later define certain segments containing
such a ’recurrence point’ x; as cycling (Definition 3.1.8).

A time series may have an abundance of cycling segments. Often these cycling seg-
ments can be structured into a small number of different qualitative classes or cycling



motions. Our goal is to identify these cycling motions and understand their global
structure.

Figure 1.1: Cycling segments in the classical Lorenz attractor. The black points come from
numerical integration of the system. Three segments are highlighted. The orange
and blue segments belong to the same cycling motion which should be different
from the cycling motion of the green segment.

Motivating Example Figure 1.1 shows a time series I' and some segments which are
colored orange, blue and green. The time series I' is sampled from the Lorenz system
with classical parameters [Lor63]. Three cycling segments are highlighted (heuristically,
they are seen to be cycling since they trace an almost-closed path). The orange and
blue segments wrap around the left ‘hole’ of the attractor, while the green segment
wraps around the right ‘hole’. This suggests that the orange and blue segments belong
to the same cycling motion, distinct from the cycling motion of the green segment.
More generally, we want to detect that, at a coarse level, there are two macroscopic
cycling motions, one corresponding to segments wrapping around the left hole, one
corresponding to segments wrapping around the right hole.

Cycling Signatures To capture these cycling motions, we define the cycling signature
(Definition 3.3.1), a topological descriptor of a time series segment. A time series segment
is called cycling if it is ‘non-trivially almost-closed’ in a topological sense. Its cycling
signature captures the types of ‘cycling’ dynamics that the segment contains. More
precisely, it assigns to a segment v of I' a filtered vector space which captures the cycling
motions v can contain. Since all these vector spaces are subspaces of the vector space
assigned to the entire time series, we can compare these spaces for different segments
of I'. Of particular interest are segments that produce a cycling signature of dimension
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one (for suitable filtration parameters). Such segments capture a unique feature which
is identified by its cycling signature. Cycling motions can then be identified through
cycling signatures that often appear in the time series: Referring back to Fig. 1.1, all
segments wrapping around the left hole are identified as belonging in the same cycling
motion which differs from the cycling motion of all segments wrapping around the right
hole. If a segment attains a higher-dimensional cycling signature, the signature does not
immediately reveal which one-dimensional signatures give rise to it since vector spaces
do not canonically decompose into subspaces. However, such segments can still be used
to relate the aforementioned elementary cycling motions via subspace inclusion.

On a technical level, the cycling signature is the image persistence module of a map
in homology whose domain is the offset filtration of the segment of interest and whose
codomain is the constant filtration of a comparison space. A comparison space (see
Definition 3.2.1) is a space that corresponds to the entire time series I'. In our examples,
we construct the comparison space by first lifting the time series data to a suitable space
and then covering the resulting points with coarse cubes.

Time Series Analysis using Cycling Signatures We provide a computational
pipeline [Hie24] to analyze cycling motions in (multivariate) time series data. The
pipeline is based on a subsampling approach; for a given time series, we extract seg-
ments of varying time spans and compute their cycling signatures. We introduce sum-
mary statistics to analyze the resulting collection of signatures. We demonstrate this
approach through three time series which are generated by numerical integration of
three differential equations. In particular, we identify and analyze cycling motions in a
four-dimensional system with a hyperchaotic attractor.

Persistent Homology of Distance Matrices of Time Series We observe a rela-
tionship between the persistent homology of a time series and the persistent homology
of its distance matrix which provides an alternative method for computing cycling sig-
natures (see Section 5.3) and also offers information which extends the cycling signature
analysis (see Section 6.4).

Thesis Structure

Chapter 2 contains some background on topological data analysis. In Chapter 3, we
define the cycling signature. In Chapter 4, we provide a discretization of the cycling sig-
nature and present an algorithm to compute it. In Chapter 5, we explore the connection
between persistent homology of a time series and the persistent homology of its distance
matrices. In Chapter 6, we introduce summary statistics and apply the cycling signature
to three example systems. Finally, in Chapter 7, we offer some concluding thoughts.
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2 Preliminaries on Topological Data
Analysis

We introduce some notions on topological data analysis and refer to [Oud15] for a text-
book reference.

2.1 Filtered Topological Spaces and Simplicial Complexes

In the following, we regard any poset P as a category with an object for each element in
P and a morphism p — g whenever p,q € P and p < q. We denote by Top the category
whose objects are topological spaces and whose morphisms are continuous maps. To
study topological properties accross different scales, the notion of a topological space is
augmented by one or more parameters.

Definition 2.1.1. A P-filtered (topological) space is a functor X : P — Top such that
if p <gq, then X, ,: X, — X is an inclusion.

The collection of all P-filtered topological spaces form a category Top” whose ob-
jects are functors P — Top and whose morphisms are natural transformations of such
functors. Explicitly, we have the following.

Definition 2.1.2. A morphism ¢: X — Y of P-filtered spaces X and Y is a collection of

continuous maps ¢,: X, — Y, for each p € P such that the following diagram commutes

X,
Xp P;q Xq

|2 I

Y;
}/p P,q Yq

for all p,q € P with p <gq.

Example 2.1.3. Let X be a topological space. The constant P-filtered space AX has
(AX), = X for all p.

Example 2.1.4 (Sublevel filtration). The sublevel filtration of a (not necessarily con-
tinuous) function f: X — Ris F: R — Top, F, = f~((—o0,7]).
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Example 2.1.5 (Offset Filtration). The offset filtration of a subset X C M of a metric
space (M, d) is the R-filtered space O(X) where

O, (X)={meM|dm,X)<r}.

We sometimes write O,(X,d) to emphasize the metric. Note that the offset filtration is
a sublevel filtration with respect to f(z) = d(z, X).

In practice, one often consideres filtered spaces arising from discrete objects like sim-
plicial complexes. In the following, we recall some basic notions and refer the reader to
[Mun84] or [Hat02] for details.

Definition 2.1.6. An (abstract) simplicial complex K is a collection of finite sets such
that if o € K and 7 C o is nonempty, we have 7 € K. An element o € K is called
a simplex. Its dimension is one less than its cardinality, i.e. dimo = cardo — 1. The
k-skeleton of K is the collection K*) of all simplices ¢ in K with dimension dimo < k.
A simplex 7 C o is a face of o, we then call o a coface of 7. A map f: K — L between
simplicial complexes K and L is a simplicial map if for any o = {vp,v1,...,vx} € K the
simplex 7 = {f(vo), f(v1),..., f(vx)} is in L and f(o) = 7. We denote by Simp the
category of simplicial complexes and simplicial maps.

Every simplicial complex K has a geometric realization |K|, that is, there is a geo-
metric simplicial complex with K as vertex scheme (see [Mun84] for details). Note that
‘geometric realization’ is functorial, i.e. it also applies to simplicial maps. We can thus
use geometric realization to regard Simp as a subcategory of Top.

A flag in a simplicial complex is a chain o9 C 01 C -+ C 0. The collection of all flags
of a simplicial complex K is again a simplicial complex. It is called the (first) barycentric
subdivision of K and denoted sd K.

Definition 2.1.7. A P-filtered simplicial complex is a functor K : P — Simp such that
if p < ¢, then X, C X, and K,,,: K, — K, is the inclusion map.

We will sometimes slightly abuse notation and denote by K the filtered complex as
well as J, K.

Nerves and Cech complexes

A common way to associate a simplicial complex to a family of sets U = (U;);e; is the
Nerve complex N (U) whose simplices are the finite collections J C I of elements of
U with nonempty intersection (1),c; U;. Typically, the collection U covers a topological
space X of interest. Nerve theorems then yield some form of topological equivalence
between X and N (U), provided the cover is ‘good’ enough. A recent overview of the
literature is given in [BKRR23], which also includes the Nerve theorem for compact
convex sets that we describe next.



2.1 Filtered Topological Spaces and Simplicial Complexes

The nerve of an offset filtration is equivalently expressed as follows.

Definition 2.1.8. The Cech complex C,.(X) at radius r of a finite set of points X € M
in a metric space (M, d) is the simplicial complex

Cr(X) =0 #QCX|Q finite and () B(g,r) #0 ¢,
q€Q

where B(q,7) is the ball with center ¢ and radius 7 in M. We sometimes write C,.(X, M, d)
to highlight the metric space. The Cech filtration of X is the R-filtered simplicial complex
with C(X): R — Simp, r — C,.(X).

Given a finite set of points X C R™, there are now two filtrations associated to it: the
filtration of metric thickenings O(X) and the Cech filtration C(X). In the following we
state a nerve theorem from [BKRR23| that guarantees topological equivalence of these
two filtrations.

Description of the homotopy equivalence. Let K, = sd C,(X) be the barycentric
subdivision of the Cech complex of X and K the corresponding filtered simplicial com-
plex. We now define a map f: |[K| — O(X) from this filtration to the offset filtration
O(X). We start by defining f on the 0-skeleton of X, i.e., the filtration of 0-skeletons.
For this, fix any vertex v in K. Since v is in the barycentric subdivision of C,(X), it
corresponds to a flag of length one, i.e. a simplex o = {xq,...,z,} in C,(X) spanned by
vertices xg, ..., T, in X. In particular, the birth radius of v in K is equal to the birth
radius of ¢ in C(X) which, by definition of the Cech complex, is the smallest radius
rp, > 0 such that

() Blai,m) #0.
1=0

Fix any point y in this intersection. We set f.(v) =y for all r > 7, see Fig. 2.1. After
repeating this for the entire 0-skeleton, we extend f, via linear interpolation to all of
| K|, i.e., for any simplex o = {zg,...,z,} in K,, we set, in barycentric coordinates,

fr()\OfEO +---+ )\nxn) = )‘Of(:EO) + -+ Anf(xn) (2'1)
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Figure 2.1: Illustration of the map f, (cf. [BKRR23]).

Theorem 2.1.9. For any point cloud X C R™, the map f: |K| — O(X) constructed
above is a morphism of filtered topological spaces such that each f, is a homotopy equiv-
alence.

Proof. For any fixed r, the map f, is precisely the map I' from [BKRR23] Theorem
3.1, therefore it is a homotopy equivalence. Furthermore, by Theorem 3.11 in the same
paper, this homotopy equivalence is natural with respect to morphisms of pointed covered
spaces. By Example 1.6 therein, these include the setting of barycentric subdivisions of
Cech complexes. O

Vietoris—Rips Complexes

Definition 2.1.10. The Vietoris—Rips complex at radius r of a metric space (X,d) is
the simplicial complex

VR, (X)={0 # 0 C X | o finite and diamo < r}.

where diam o denotes the diameter of o with respect to the metric d. The Vietoris—Rips
filtration is the R-filtered simplicial complex with C(X): R — Simp, r — VR, (X).

The Vietoris—Rips complex [Vie27] is a popular tool in topological data analysis and
commonly used to compute persistent homology of point sets [Bau2l]. The Vietoris—
Rips complex is a clique complex which means that it is completely determined by its
1-skeleton. To compute it, it is enough to check all pairwise intersections of balls centered
at X which is is preferrable to checking all possible interesections which is required for
computing the Cech complex. From a persistent point of view, for a subset X C R™,
there is a chain of inclusions VR,/(X) C C.(X) C VR, (X) for //r > \/2m/(m + 1)
(see [dSGO7, Theorem 2.5]) which justifies its use in applications.

2.2 Persistent Homology

Persistent homology is one of the major tools of topological data analysis. In the follow-
ing, we denote by Vect the category of vector spaces.

10



2.2 Persistent Homology

2.2.1 Persistence Modules

Definition 2.2.1. A persistence module indexed by a poset P is a functor M: P —
Vect. The maps M, , for p < g are called structure maps. A peristence module is called
pointwise finite-dimensional if M, is finite-dimensional for all p € P.

In case all structure maps of a persistence are inclusions, we obtain a filtered vector
space.

Example 2.2.2. A P-filtered vector space is a functor V': P — Vect such that if p < ¢,
then V,, C V; and V, 4: V,, = V; is the inclusion map.

A morphism f: M — N of persistence modules M and N is a natural transformation
of the functors M and N. Since Vect is an abelian category, so is the category Vect!
of P-indexed persistence modules and the required kernels, cokernels and images are
constructed pointwise (see [BS14]).

Definition 2.2.3. Let f: M — N be a morphism of persistence modules. Its kernel,
image and cokernel are the persistence modules ker f, im f and coker f, where ker, f =
ker fp, im, f = im f, and coker,, f = coker f, for all p € P.

Filtered vector spaces have a canonical notion of filtered basis.

Definition 2.2.4. Let V be an [-filtered vector space. A (filtration compatible) basis B
of V is a collection of subsets B, C V,., r € I, such that

e B, C B; forr <s, and

e B, is a basis for V, for all r € I.

2.2.2 Structure

From now on, we restrict to the setting of one-parameter persistent homology, meaning
that P C R.

Definition 2.2.5. Let be I C P be an interval. The interval module of I is the persis-
tence module

F ifzel, idy ife<yel,
(F])x = (Fl)x,y =
0 else, 0 else.

In the special case that I = [a,b), we write I(a,b) = FY.

Persistence modules often decompose into interval modules.

11
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Theorem 2.2.6 (Structure of Persistence Modules [BCB20, CB15]). If M s p.f.d. P-
indexed persistence module where P is totally ordered, then there exists a unique multiset
B(M), called the barcode of M, of intervals in P, such that

M = @ F!.
)

TeB(M

Some persistence modules arising naturally in practice are not p.f.d. but satisfy the
weaker notion of finiteness called g-tameness. A persistence module M: P — Vect is
called g-tame, if im M, , is finite dimensional for all p,q € P. While these persistence
modules do not have a barcode in the sense of the preceeding theorem, one can pass
to the observable category to get a slightly weaker notion of a barcode. A persistence
module is called ephemeral if all its structure maps are zero. Given a g-tame persistence
module M, one can find a p.f.d. persistence module N together with a map M — N
which has ephemeral kernel and cokernel (i.e. is a weak isomorphism in the observable
category [CCBAS16]). One can then define the observable barcode for M as the barcode
for N where the information about the endpoints of the intervals is ignored.

2.2.3 Stability

A foundational result in the theory of persistent homology is the stability of bar-
codes [CSEH06]. We now recall some relevant notions of distances and stability. The
Hausdorff-distance of a metric space (X,d) is a metric for the compact subsets of a
metric space. For subsets A, B C X, it is given by

di (A, B) = max{supd(z, B),sup d(z, A)}.
z€A z€B

Algebraic objects that arise in the study of persistent homology can be related using
interleavings. To define these, we denote the e-shift of a functor F': R — C by Feyc: R —
C, (Fete)r = Frye. Let G: P — C be another functor. Furthermore, fix ¢ > 0 and define
fiFe = Fotoe, fr = Frryoc and g: Go — Geyae, gr = Grri2.. An e-interleaving of F
and G consists of natural transformations a: Fy — Geic and B: G4 — Feyc such that
aof = fand Boa=g. The interleaving distance of two functor is then given by

dr(F,G) = inf{F and G are e-interleaved}.
€
The Hausdorff-distance of two metric spaces can equivalently be expressed using the

interleaving distance of their offset filtrations.

Lemma 2.2.7. Let (X,d) be a metric space, A,B C X closed and f(z) = d(z,A),
g(z) = d(z, B). Then the following are equivalent:
7’) dH(AaB) <€

12



2.3 Cubical Complexes

@) |If — 9l <
i) dr(O(A),O0(B)) < e.

Now, given two subsets A, B of a metric space (X, d), we can apply the homology func-
tor to their offset filtrations. Clearly, the composition of a functor with an e-interleaving
gives another e-interleaving, we thus obtain d;(H(O(A)),O(B)) < du(A, B). The last
step in showing stability of the persistent homology pipeline is the algebraic stability the-
orem which was introduced in [CASGO16]. It states that passing through the structure
theorem is a 1-Lipschitz map with respect to the interleaving distance for persistence
modules and the bottleneck distance on barcodes. We omit a statement here, since this
will not be used in the remainder of this thesis.

Rather, we state the following stability result for kernels, images and cokernels which
generalizes a stability result from [CSEHMO09].

Theorem 2.2.8 (Stability theorem for kernels, images and cokernels [BS14]). Leth: X —
Y be a continuous map of topological spaces. Let f, f': Y — R and g,¢9': X — R be (not
necessarily continuous) maps, such that

9(h(y)) < f(h(y)) and g'(h(y)) < f'(h(y)), for ally €Y. (2.2)

Let F: R — Top be the filtered space given by F, = f~'(—o0,al, and define F', G, G’
similarly. By 2.2, the map h induces maps a: F — G and B: F' — G’ of filtered
spaces. Let A be an abelian category and H: Top — A be some functor. Finally, let

e =max{|[f = f'llc, g = 9'lloc}- Then,

dr(ker Ha, ker Hf3), dr(im Hea,im Hf3), dr(coker Ha, coker Hf3) < e.

2.3 Cubical Complexes

In the following, we introduce cubical (grid) complexes, a type of complex that is well-
suited for computations [KMMO04].
An elementary interval is an interval of the form I = [k, k] or I = [k, k + 1] where
k € Z. 1t is called non-degenerate if it has length one and degenerate otherwise. We
sometimes write [k] instead of [k, k] for degenerate intervals. An elementary cube in R™
is a set of the form
Q:IIXIQX"-XId

where the [ are elementary intervals. The dimension of ¢ is the number of non-
degenerate intervals I. The set of all k-dimensional unit cubes in R™ is denoted
Cubg(R™) and Cub(R™) = Ui:o Cubg (R™) is the set of all elementary cubes in R™.

Given P, @ € Cub(R™), we call P a face of Q if P C @ and write | @ for the set of all
faces of Q. For K C Cub(R™) we set | K = Jgex + @- A set K C Cub(R™) is called a
cubical (grid) complex if K = | K. Its geometric realization is |K| = Jgex @-

13
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Fix a coefficient ring R and let K be a cubical complex. We denote by C'(K) the free R-
module generated by the k-dimensional elementary cubes in K. To define the boundary
operator, fix a k-dimensional elementary cube Q = I X - x I with I, = [a, bg]. Let
11 < 19 < --- < i} be the indices such that L;j is non-degenerate and let

Q; = [Tt xla) < [T 1 and @ = T i ) [T 2=

1<t 25 <1 1<tj 25 <1

be the cubes where the j-th nondegenerate elementary interval of @) is replaced by its
lower/upper boundary. The boundary operator 9: Cy(K) — Ci_1(K) is the linear
extension of

0Q = fj(—l)j (07 - @)
j=1

Together with the Cy(K), this defines the cubical chain complex of K. We note that the
homology of a cubical complex is canonically isomorphic to cellular homology of |K|.

14



3 A Topological Signature for Sampled
Dynamics

The cycling signature is a topological descriptor for a time series segment. In Section 3.1
we define the notion of cycling which is a suitable generalization of periodicity. In
Section 3.2, we explain how cycling segments can be classified using homology. This
leads to the notion of the cycling signature which we define in Section 3.3.

This chapter is joint work with Ulrich Bauer, Oliver Junge and Konstantin Mischaikow
and is part of [BHJM23].

3.1 Cycling Segments

The definition of cycling is motivated by the observation periodic orbits can be identified
using homology.

Proposition 3.1.1. Let ¢: Rx X — X be a dynamical system in a metric space (X, d)
and ¢ = ¢(la,b],x) an orbit segment. Then the following are equivalent:

(i) ¢ contains a full periodic orbit,
(7i) ¢ is homeomorphic to a circle,
(i) H1(C) # 0 for homology in an arbitrary coefficient ring.

Proof. (i) = (ii): Let T > 0 be the (minimal) period of the periodic orbit. Then
h:R/Z — X, h(s) = ¢(x,a + sT) is well-defined, bijective and continuous. Let
I C R be open and note that K = h(S'\ I) is compact as an image of a compact
set. As a metric space, X is Hausdorff. Thus, for any = € h(I) we can find disjoint
neighborhoods U, of x and V, of K. Since U = |J{U, | = € h(I)} is a neighbor-
hood of h(I) that is disjoint from K, h([) is relatively open. Since I was arbitrary,
h is a homeomorphism.

(i) = (vii): This is a basic fact from algebraic topology.

i) = (i): oes not contain a full periodic orbit, it deformation retracts onto zg

): If ¢ d tain a full periodic orbit, it def ti tracts ont
via hs(t) = ¢(x,a + st(b — a)). This implies that ¢ is homotopy equivalent to a
point and therefore Hi(¢) = 0 in any coefficient ring. O
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3 A Topological Signature for Sampled Dynamics

We want to generalize this criterion to capture how far a segment is from being pe-
riodic. Furthermore, we want a notion that is applicable to sampled trajectories, i.e.
multivariate time series.

Definition 3.1.2. By a time series I' in a metric space (X, d), we mean a collection of
points zo, ..., zn € X with sampled times T' = (t;);=1,.. n such that ¢, < t; <--- < ty.

We often identify I with the point cloud {zg,...,zn}. A segment v of T is a consecutive
subsequence xg, Tgi1, ..., ¢ for some k < £. The time span of a segment is 7(y) = tp—ty.
For time series segments v = (xg, Tk41,...,2¢), the criterion in Proposition 3.1.1

cannot be applied directly, even if z, = xj, since a finite sample carries the discrete
topology.

Using ideas from topological data analysis, we now derive a meaningful generalization
of the criterion H;(¢) # 0. For this, we consider thickenings of . By the r-thickening
of a subset G of a metric space (M, d) we mean

O0,(G)={zx e M |dz,G) <r}, 0<r. (3.1)

The thickened set O, () in X can be interpreted as the set that contains all segments 4
that are 'r-perturbations’ of v with respect to the metric d.

a b

Figure 3.1: a. A periodic orbit is a topological circle. b. Almost periodic time series segment
(black) with thickening (blue). Only the thickening has nontrivial Hj.

Example 3.1.3. Let v be the time series segment shown as black dots in Fig. 3.1b.
This segment represents what we want to detect as cycling. Clearly, Hi(vy) = 0. How-
ever, thickening  with respect to the Euclidean metric (indicated by the blue balls
in Fig. 3.1b), we detect nontrivial homology H;(O,(y)) # 0 for r in some interval
(7’0,7‘1). O

The example demonstrates how thickening almost-periodic segments generalizes the
criterion Hy(y) # 0. However, in general, a metric which incorporates only spatial
information may not be able to distinguish relevant homological features of a time series
from features that arise due to sampling. This is illustrated in the following example.
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3.1 Cycling Segments

_ SRR

Figure 3.2: Periodic segment (black) with thickening (blue) sampled from a squished periodic
orbit (gray).

Example 3.1.4 (Squished periodic orbit). Suppose we have an ellipse-shaped periodic
orbit E = {z € R? | (z1/a)? + (z2/b)? = 1} with b < a, as the grey curve in Fig. 3.2.
Using the metric space R? with the metric induced by the Euclidean norm, we have

H1(0.(B)) = I(0,b).

Even though we consider a periodic orbit, for b much smaller than a only correspondingly
small thickening radii r lead to nontrivial H; since the center of the ellipse quickly closes
up with increasing r. This poses a problem when passing to a time series I' sampled
from the periodic orbit (black points in Fig. 3.2), as it may not be possible to distinguish
a relevant homological feature from a feature induced by sampling. Many thickened
segments v of I" have holes and thus fulfill the criterion H;(O,(7)) # 0. For example,
we would erroneously detect the segment consisting of the seven leftmost points in the
sampling as ‘cycling’. This should be regarded as sampling artifact, since, in this time
series, only segments that wrap around most of the ellipse should be detected as ‘cycling’.

In order to be able to detect the relevant homological features, we lift the sampling
data to the unit tangent bundle.

The tangent bundle T(X) of X C R™ is the set of all tuples (z,v) € X xR™, where z is
a point in X and v is the velocity of some curve through x. Any point x € X that is not
an equilibrium point of ® has an associated nonzero tangent vector v(z) = %@(t, x)|¢=0-
For our purpose, it is more appropriate to consider the direction of motion at each non-
equilibrium point (and ignore the speed), thus we normalize the second component and
pass to the unit tangent bundle

UT(X) = {(z,v) € T(X) [[Jv]l, = 1}
Let Xg be the set of equilibria of ® and consider the section
p: X\ X0 = UT(X\ Xp), z~ (z,v(x)/||v(x)|2) (3.2)

of the unit tangent bundle induced by the flow. For time series data, we recover v
through finite differences (which imposes a condition on the sampling density). We use
the (approximated) section p in order to lift the time series data zg,...,zy from X to
UT(X \ Xo) € UT(X), i.e., we consider the lifted time series p(I") := {p(x0),...,p(zn)}
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3 A Topological Signature for Sampled Dynamics

in UT(X). Then, instead of considering distances between points z,y € X directly, we
measure the distance between p(z) and p(y) in UT(X) which incorporates spatial as well
as directional information.

Definition 3.1.5. The dynamic UT-metric déy" with parameter C > 0 is given by

di" ((z,0), (y,w)) = max {|z — y[l,, Cllv —wl,}, where (z,v),(y,w) € UT(X).
(3.3)

It is imporant to note that C' needs to be chosen with respect to the scales present in
the system. If C is too small with respect to relevant thickening radii r, the lift to the
unit tangent bundle does not affect the distance between points that move into different
directions. Indeed, if r > 2C, the tangent component does not affect the thickening
with respect to dgyn since the inequality [[w — v||, < r is fulfilled for any v,w € se.
Conversely, if C is too large, the spatial information may be lost altogether.

The following example demonstrates that by this lifting to the unit tangent bundle,
we recover natural dynamical features of segments.

Figure 3.3: Periodic time series segment (black) with unit tangent vectors (blue) sampled from
a squished periodic orbit.

Example 3.1.6 (Squished periodic orbit revisited). The situation in Example 3.1.4
changes if we lift to the unit tangent bundle (see Fig. 3.3). Again, we first consider the
periodic orbit E. Consider the lifts (z,v) and (y,w) of two points that are opposite
on the ellipse. Their distance dgy" is the maximum of ||z — y||, and C|lv —wl|, = 2C.
While the first term may be small if # ~ (0,+a), the second term is independent of a,
therefore any thickening radius » < 2C' leads to nontrivial Hj.

This change has important consequences for the sampled segment. Now, the dis-
tance between two consecutive points is small compared to the distance between points
opposite on the ellipse. A computation shows that suitable C yields

H1(0;(7)) = 1(5,20)

where s is the smallest distance such that two consecutive balls intersect. In particular,
we obtain a robust criterion for detecting ‘cycling’ segments. Furthermore, no segments
that wrap around less than half the ellipse are detected. O

The importance of the lift to the unit tangent bundle is further illustrated in the
Lorenz dataset.
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3.2 Classification of Cycling Segments

Example 3.1.7 (Cycling segments in the Lorenz system). Consider segments in the
time series in Fig. 1.1 that wrap around the left wing and can be thickened, using the
Fuclidean distance, to have nontrivial degree 1 homology. Segments that come close
to the equilibrium at the center of the left wing have nontrivial H; only for a small
range of thickening parameters. Moreover, one can generate cycling segments close to
the equilibrium with an arbitrarily small range of parameters where H; is nontrivial.
In contrast, thickenings in the unit tangent bundle take into account the different
tangent directions close to the equilibrium. This allows robust detection of segments
that cycle around the two equilibria at the center of the wings of the Lorenz attractor.

The lift to UT(X) and the metric déy" on UT(z) for some suitable C' > 0 allow us to
make the following definition.

Definition 3.1.8. A segment v is r-cycling if H1(O,(p(7))) # 0, where p(v) is the
r-thickening of p(y) in UT(X) with respect to the metric dgy".

3.2 Classification of Cycling Segments

While the highlighted segments in Fig. 1.1 are detected to be r-cycling for suitable r,
we have not yet identified the qualitative similarity and dissimilarity of these segments.
In the following, we explain how a comparison space can be used to classify cycling
segments.

Definition 3.2.1. A comparison space for a time series I' C X is a neighborhood
Y C UT(X) of p(I') where p is the section of UT(X) defined in (3.2).

Note that there exists a possibly infinite rg = ro(Y") > 0 such that for any r < r¢ and
for any segment « of I, we have an inclusion map i, : O.(p(v)) — Y. By functoriality
of homology, the map i, , induces a linear map

Hi(iy,r): Hi(Or(p(7))) = Hi(Y)

in homology. The image of this map is a subspace im Hi (i) of H1(Y). We compare
different cycling segments by their induced subspaces of the vector space Hy(Y).

Definition 3.2.2. The r-cycling space of a segment v with respect to the comparison
space Y is the subspace
Cyc, (77 Y) = im H; (i'y,r)

of Hi(Y). We write Cyc, () for Cyc,(,Y) in case the comparison space is clear from the
context. The r-cycling rank is the dimension of Cyc,(v). We call H1(Y) the homological
comparison space.
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3 A Topological Signature for Sampled Dynamics

In the following, we illustrate the concept of comparison spaces and the cycling space
using a time series from a stochastically perturbed double well system.

Example 3.2.3 (Double well system without unit tangent bundle). To illustrate this
idea, consider the time series in Fig. 3.4. For clarity, we initially disregard the unit
tangent bundle (i.e., C' = 0 in the metric (3.3)) and let the union of the boxes, denoted by
Z, take the role of the comparison space. Since Z has two holes, we have dim H(Z) = 2.

Figure 3.4: Time series with (simplified) comparison space. The time series (black dots) is
covered with boxes, the union of the boxes is the comparison space Y. Three
cycling segments are highlighted (dark blue, dark green dark purple) together with
a thickening (light blue, light green, light purple). The comparison space classifies
these into two different classes, one containing the blue, the other containing the
green and purple segments.

Three segments of the times series (black) are highlighted: a green segment v, and a
purple one v, which only loop around the left hole, as well as a blue one 73, which orbits
the right and the left hole.

For a suitable range of r, the thickenings of these segments have the topology of a
circle and therefore one-dimensional Hp, where the homology is generated by a curve
that loops exactly once around the circle. By inclusion, these curves also give rise to
homology classes in Z and, with slight abuse of notation, we have

Cycr(’ng Z) = CyCT(FYpa Z) 7é CyCT(Fybv Z)a

Therefore, we detect that the green and purple segments are qualitatively similar while
the blue segment is qualitatively different. O

Example 3.2.4 (Double well system with unit tangent bundle). As in the previous
example, we consider the time series in Fig. 3.4 though this time, we lift the time series
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3.2 Classification of Cycling Segments
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Figure 3.5: Comparison space in the unit tangent bundle. We use the S unit tangent bundle
instead of SJ in this figure (and for computations), since S1 is easier to cover with
boxes than Si. Each cluster of boxes corresponds to the cover of @ x SL, where Q
is a box in Fig. 3.4. The comparison space is the union all the black boxes.

to the unit tangent bundle before constructing a cubical cover. In the tangent space,
we then consider boxes centered on a grid and take these to cover the lifted data. In
our example, we consider boxes of the form By (p,7/2) x Boo(q,1/2) where p € rZ% and
q €7

The resulting comparison space Y in the tangent bundle is visualized in Fig. 3.5. Every
black box in this figure is to be understood as the product of a box from Fig. 3.4 with a
box in the tangent component. As we can see, over all boxes but one of the boxes from
Fig. 3.4, a contractible segment of the sphere is covered. Only in the center of the picture,
the entire sphere is covered with boxes, since the center box in Fig. 3.4 contains points
moving in all directions. This additional “hole” leads to dim H;(Y) = 3. The double
well system (without perturbation) has a hyperbolic equilibrium at the origin, which is
precisely where this extra ‘hole’ in the comparison spaces Y is located. The appearance
of this extra ‘hole’ is therefore expected, since close to a hyperbolic equilibrium, all
tangent directions occur. Having explained the difference between Y and Z, we now use
Y to compare the three highlighted segments. Writing ~,, v, and 74 as in the previous
example, we have three 1-dimensional cycling spaces with

CyCr('Yg7 Y) = Cycr(f)/pa Y) - Cycr(%, Y)
As expected, the segments are classified in accordance with our intuition. O

In the previous example, we only considered one-dimensional cycling spaces. In gen-
eral, the dimension of a cycling space may be as large as the dimension of the homological
comparison space.
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3 A Topological Signature for Sampled Dynamics
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Figure 3.6: Segments with higher-dimensional cycling spaces.

Example 3.2.5 (Higher-dimensional cycling space). We consider the segments shown
in blue and green in Fig. 3.6, which we denote by ;2 and 742, respectively.

For exposition, we again start in the simplified setting where the union of boxes Z in
Fig. 3.4 takes the role of the comparison space. In this case, the cycling spaces of both
segments in Fig. 3.6 are two-dimensional and we have

Cyc, (Y2, Z) = Cyc,(v42, Z) = H1(Z)

Note that we do not detect the qualitative difference of the segments: -y does not
contain a subsegment which wraps only around the left hole in the dataset, while 42
does. This is an instance of the general fact that a vector spaces does not have a canonical
decomposition into lower-dimensional subspaces.

However, with the comparison space Y in the unit tangent bundle, the cycling space
Cyc,(V2,Y") has dimension 2 while dim Cyc, (v42,Y) = 3. Indeed, the cycling space of
“Yp2 does not contain the cycling space of segment «, from Fig. 3.4 as a subspace since
no curve in the blue set wraps around the left hole but not the center hole.

While the cycling spaces alone do not allow us to conclude that 742 contains a sub-
segment with cycling space Cyc,.(7p,Y), we can infer from Cyc,(yp,Y) Z Cyc,(y25,Y)
that 52 does not contain a subsegment with that cycling space. O

Remark 3.2.6 (Comparison Space for the Lorenz time series). We return to the Lorenz
time series from Fig. 1.1. A comparison space to detect and distinguish the cycling
segments on the wings should have a hole at the center of each wing. Covering the time
series directly, i.e., without lifting to the unit tangent bundle, would require impractically
small boxes that result in a box cover with a very large amount of boxes. Such a cover
would furthermore form a hole on the outside of the right wing as an artifact of the time
series not reaching this part of the attractor.

In contrast, the lifted dataset can be covered with rather coarse boxes without losing
the holes at the centers of the wings. This is because a closed curve can have arbitrarily
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3.3 The Cycling Signature

small length in space, while its length in the unit tangent bundle is bounded from
below by 27C' (as a consequence of Fenchel’s theorem [Fen29], which states that the
total curvature of any closed curve is at least 27). The unit tangent bundle is therefore
crucial in order to construct a comparison space that allows us to distinguish the different
classes of cycling segments.

3.3 The Cycling Signature

A priori, it is not clear how to appropriately choose the thickening radius r in the
construction of the cycling space. Clearly, the cycling spaces of the segments under
consideration will depend on r, and different choices of r may be relevant depending on
the scales in the system. We adopt the viewpoint of persistent homology and argue that
we should be interested in the entire range of possible thickening radii.

From a persistent homology perspective, the cycling signature can be expressed more
conceptually as follows. By collecting the maps i, for r € I = [0,79(Y")), we obtain a
morphism

iv: O(p(7)) = AY

of I-filtered topological spaces, where AY = (AY;)qcr,AY, =Y for all r € I, is the
constant filtration of Y. Passing to homology induces a morphism

Hi(iy): Hi(O(p(7))) = Hi(AY) (3-4)

of persistence modules. The cycling signature is then the image of this morphism. Since
the structure maps of Hi(AY') are monomorphisms, so are the structure maps of Hj (i~ ).
Since furthermore im Hy (i,,) C Hi(iy) for all r, im H; (i) is a filtered vector space.

Definition 3.3.1. The cycling signature of a segment v of I' in Y is the I-filtered vector
space
Cyc(v,Y) = im Hy (i)

where I = [0,7(Y")) is the interval of admissible radii. We write Cyc(7y) for Cyc(v,Y)
in case the comparison space is clear from the context. The cycling rank function of ~
is the function

r +— dim Cyc,.(v,Y).

We note that this strategy of using image persistence to match features has been
employed successfully in several other contexts [CSEHMO09, SPS*23, RB23].

Example 3.3.2 (Rank and thickening radius). Consider the segment in Fig. 3.7 and
the comparison space Y from Example 3.2.5. From the figure, it is clear that small
thickenings lead to rank 0, while larger thickenings lead to rank 1. This is captured in
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3 A Topological Signature for Sampled Dynamics

Figure 3.7: Segment with different thickenings. The light green set in a has rank 0, and the
one in b has rank 1.

the cycling rank: there is a threshold 7 such that

0, ifr<r,

dim C YY) =
m Cye,(7,¥) {1, it 7 <r <r(Y).

O]

Remark 3.3.3. As of now, the cycling signature is defined as degree one homology of
a map of filtered topological spaces. However, it can be extended to include higher
homological degrees. Invariant tori in Hamiltonian systems provide one example where
trajectories are organized in an object which has nontrivial homology in degree greater
one.

3.4 Stability

We show a basic stability result for cycling signatures. Let TS(X) denote the set of
all time series (see 3.1.2) in the metric space (X, d) and let Int(R) denote the poset of
all intervals in R, ordered by inclusion. Given a time series I' = (z;)Y; with sampling
times 7' = (t;)~; and an interval J € Int(R), we write Iy for the segment (z;){_, where
k = min{i | t; € J} is the first, and ¢ = max{i | t; € J} is the last index corresponding
to times in J.

Definition 3.4.1. For I',T € TS(X) define

dis(T,T) = dg (T, T
ts(I, ) jomax a(Ty,Ty)

where dg is the Hausdorfl distance.
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3.4 Stability

Lemma 3.4.2. (TS(X),dss) is a metric space.

Proof. Let T' and T' be time series indexed by T and T, respectively. For one point
intervals t = {t}, I'; is the empty set if ¢t € T, or a single point otherwise. Therefore,
dis(I',T) = 0 if and only if T =T and Ty = I; for all t € T. Symmetry and the triangle
inequality follow readily from the fact that dy is a metric. O

The metric dis captures pointwise perturbations of a given time series. Let I' =
{x0,...,2,} be a T-indexed time series. Suppose I' = {yo,...,yn} is a pointwise per-
turbation, by which we mean max; d(x;, y;) < € for an € > 0. Then dys(T,T) < e.

In the following, we investigate stability of the cycling signature as a map from TS(X)
to filtered vector spaces. To compare cycling signatures of two time series I' and T, we
want some more flexibility with comparison spaces.

Definition 3.4.3. A generalized comparison space for a time series I' C X is a map
f:T =Y where (X',d’) is some metric space and Y C X’ is a neighborhood of f(T").
The interval of admissible radii for J is [0,70(f)), where ro(f) is the supremum over
radii r such that O,s(f(I')) C Y. In case Y C X and f is the inclusion map, we call
Y a simplified comparison space. Let v be a segment of I'. Its cycling signature of with
respect to a generalized comparison space f: I' — Y is defined as

Cyc(y, f) = im Hi(f).

Note that a simplified comparison space is basically a neighborhood. We say that two
time series have a joint (generalized) comparison space, if it is a (generalized) comparison
space for both time series. Its interval of admissible radii is the intersection of the
intervals of the individual time series.

Theorem 3.4.4. Let T,T be time series in a metric space (X,d) with joint simplified
comparison space Y. Let I be its interval of admissible radii. Fiz J € Int(R) and set
y=ILjyandy=Ty. Then

dr(Cyc(v,idy), Cyc(¥,idy)) < du(v,7) < dis(T,T) (3.5)

where we regard the cycling signatures as I-indexed filtered vector spaces.

Proof. The left inequality in (3.5) follows from Theorem 2.2.8 as follows. Define f,g: Y —
R via f(x) = d(x,v) and g(x) = d(x,7). We have the sublevel filtrations F, =
fY(~o0,7] and G, = g1 (—o0,r]. The identity map i: ¥ — Y induces maps a: F —
AY and B: G — AY of filtered spaces. This is precisely the setting of Theorem 2.2.8
which implies

dy (im iy (), im B (8)) < f — gl (3.6)

Now, we have O,(y) = F, and O,(5) = G(r) and thus Cyc(y,idy) = im H;(«) and
Cyc(v,idy) = im H;(f8). Thus we have that the lefthand side of (3.6) is equal to
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3 A Topological Signature for Sampled Dynamics

dr(Cyc(v,idy), Cyc(7,idy)). Furthermore, by Lemma 2.2.7, we have|| f — g|| .. = du(7,7).
This proves the left inequality in (3.5). The right inequality in (3.5) directly follows from
the definition of ds. ]

Stability for (ordinary) comparison spaces require us to take into account the lift into
the unit tangent bundle. We will need the following lemma.

Lemma 3.4.5. Let A and B be finite sets, fi, fo: A — R and g1,92: B — R. Suppose
for every a € A, there is a b € B such that | fi(a) — gi(b)| < € fori=1,2. Symmetrically,
suppose for every b € B, there is an a € A such that |fi(a) —gi(b)| < € fori=1,2. Then

T = 21211;‘1 max{ f1(a), fo(a)} — Ibréiél max{g1(b), g2(b)}

satisfies |T'| < e.

Proof. By symmetry, we can assume 7" > 0. Suppose b = argmin g max{g1(b), g2(b)}.
By symmetry, we can furthermore assume g1(b) > g2(b). By assumption, we have a, € A
such that |fi(ap) — gi(b)| < € for i = 1,2. Now

0 < T < max{fi(a), f2(ap)} — 91(b)

The choice of a;, implies, fi(ap) < g1(b) + € and fa(ap) < g2(b) + € < g1(b) + € which
finishes the proof. O

We can now present a stability result for cycing signatures

Theorem 3.4.6. Let T and T be time series in R™. LetY be a joint comparison space
for T,T and I its interval of admissible radii. Let p and p be the lifts to the unit tangent
bundle UT(R™) and L, L their Lipschitz constants. Furthermore, let C be the constant
in the dynamic metric. Let J € Int(R) be an interval and define v =T'; and 5 = L.
Then

dr(Cyc(1,Y), Cye(3,Y)) < Cmin{L, L} dpr (7. 5) + Clip — fll (3.7)

and thus also
di(Cyc(7,Y),Cye(3,Y)) < Cmin{L, L} ds(T, T) + Cllp = pl (3.8)
where we regard the cycling signatures as I-indexed filtered vector spaces.

Proof. Without loss of generality, can assume L < L. Set f(y) = dgy"(y,p('y)) and
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3.4 Stability

g(y) = ddcy"(y, p()). Since v and # are finite, we have

1 = glloe = sup [d¢" (g, p(7)) = d&" (2, 5(3))| = sup | min d&¥"(y, ) — min d&"(y,7)|

yey yey z€p(7) zep(y)

= sup | min max{lp =gl Cllo — wl} = min wax {5~ glly, 1o~ wl} |
(quw)ey (pv)ep(v) p,0)€p(Y)

Now fix (¢, w) € Y and note that Lemma 3.4.5 applies to the term inside the maximum
in the last line. Fix = (p,v) € p(). Choose & = (p,w) € p(7) such that déyn(m,i) <
dr(p(7), p(7)). We have

llp = ally = 15— ally| < llp = Blly < d&" (=, 2).
Note that v = p(p), © = p(p). Thus
[Cllv—wlly = Cl|o — wll,|
= 1c||p<p> —w112 ~C)l(3) - wll,
< Cllp(p) = )|, < C|lp(p) = p(®B)|, + C||p(B) - p(B)]],

~ ~ d ~ ~
< CLlp = plly + Clip+ pllo < CLd™ (2, 8) + Cllp + pllo =

We claim that we can now apply Lemma 3.4.5. For this, set A =, B = 4. As in the
lemma, define fi(z) = |[p —qll, f2(z) = Cllv —wl, 91(%) =P — qll, f2(2) = Cl[o — w]|.
We have shown that for every a € A, there is b € B such that |f;(a) — gi(b)| < € for
= 1,2. The analogous statement for b € B follows by exchanging v and 4 in the
previous argument.
In summary, we now have

di(p(7), 63)) =f = glloo < CL A" (@, 7) + Clip + fll (3.9)

We can now regard p(7) and p(7) as time series in the unit tangent bundle with simplified
comparison space Y. It now follows from Theorem 3.4.4, that

dr(Cyc(p(v),idy), Cyc(p(7),1dy)) < du(p(v), p(7))- (3.10)

Combining (3.9) and (3.10) with our assumption L < L finishes the proof. O
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4 Computation of Cycling Signatures

In this chapter, we describe an algorithm to compute the cycling signature of a segment
~ of a time series I'. The cycling signature is a filtered vector space over a finite field F
that we fix throughout this section. Given a segment 7, we compute a basis of Cyc,.(7)
in the sense of Definition 2.2.4.

Our algorithm for computing cycling signatures requires (i) the construction of a
comparison space Y, (i) a discretization of the map Hi (i) that appears in the definition
of the cycling signature (see Eq. (3.4)), and, (7i) an algorithm to compute the image of
this map. Before going into details, we first give a brief overview.

Cubical Comparison Spaces A cubical comparison space (see Definition 4.1.3) for a
time series T' C RY is constructed by first lifting all points of I" to the unit tangent bundle
UT oo (R?) with respect to the I, norm and then covering the resulting point cloud with
boxes on a specified grid. Strictly speaking, a cubical comparison space Y, is not quite
a comparison space in the sense of Definition 3.2.1 since it is a neighborhood of a lift in
UToo (R?) and not in UTy(R?). However, we show that Y, is homotopy equivalent to a
comparison space Y through radial projection. The reasons for working in the modified
setting is that cubical grid complexes in UT., are convenient to work with and cubical

covers in UT(R?) lead to cubical complexes with fewer cubes than cubical covers in
UTs(R%).

Discretization of the Cycling Signature The cycling signature is the image of the
map in the top row of the following diagram, the bottom row contains the corresponding
discretizations which we introduce in the following.

Hl(i’y)

H1(0(p(7))) Hi(AY)

Hi(C(p(7))) — 2y Hy(AY)

In the previous paragraph, we outlined the construction of the comparison space Y using

a cubical comparison space Y. Since Y, is a cubical complex, we use it directly as the
discretization of Y.
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4 Computation of Cycling Signatures

As often in topological data analysis, the offset filtration is discretized using the Cech
filtration. We show equivalence of these two filtrations using a functorial Nerve theorem
2.1.9 for closed convex subsets of Euclidean space. The reason for using this theorem is
that it yields an explicit and simple description of the homotopy equivalence | C(p(7))| —
O(p(7)). To apply this theorem, we have to ensure convexity of the cover elements in the
offset filtration. We do this by passing from internal thickenings (where the thickened
subsets are contained in the unit tangent bundle) to external thickenings where the
thickened subsets are subsets of the tangent bundle.

Using the discretizations, we now have a sequence of maps

|Clp())] — O(p(y)) — AY — AlY,|

where the first and last maps are the homotopy equivalences from the discretization
and the middle map comes from the definition of the cycling signature. To obtain the
map on the bottom of Eq. (4.1), we apply an acyclic carrier theorem to this sequence of
maps. We explicitly construct an acyclic carrier from the Cech filtration to the cubical

comparison space and use this to compute a chain map ¢: C1(C(p(7))) = C1(AY)
which induces the map in homology on the bottom of Eq. (4.1).

Images of Maps of Filtered Vector Spaces This can be done using a simple
variation of the standard algorithm from persistent homology.

This chapter is structured as follows. In Section 4.1, we introduce the bottom row
of diagram 4.1. In Section 4.2, we explain how the image of a map of filtered vector
spaces can be computed. In Section 4.3, we describe our algorithm for computing cycling
signatures and discuss our implementation.

4.1 Discretization of the Cycling Signature

In this section, we introduce the bottom row of diagram 4.1 and the respective homotopy
equivalences.
4.1.1 Internal and External Thickenings

We now treat the left vertical arrow of the diagram (4.1). In the definition of the cycling
signature, the thickenings of segments v were taken internally in the unit tangent bundle,
i.e. we considered

07 (p(7)) = Or(p(7)) = {p € UT(X) | de(p, p(~)) < 7},
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4.1 Discretization of the Cycling Signature

where I indicates that the thickening is internal and C' is the metric parameter. To
apply Theorem 2.1.9, we want to work with external thickenings, where the balls are
taken in T(R?) = R??, i.e.

07 P(p(7)) = {p € T(X) | dp(p, p(v)) < 7}
As it turns out, the two filtrations are equivalent up to a rescaling.

Proposition 4.1.1. Let v C R? be finite. With C > 0, r € [0,C) and D, =
r/(CO(r/C)), the map

ar: OFP (p(7)) = 07 (p(0),  (p,0) = (pv/|[v]],)

is a homotopy equivalence. The collection of maps « is furthermore a map of filtered
topological spaces.

Proof. See Proposition 4.4.6. O

Corollary 4.1.2. Let v C R? finite, C > 0 and D, = r/(CO(r/C)). There is a
commutative diagram of [0, C)-indezed filtered topological spaces

O1€(p(y)) 2 0P (o))

| C(~, UT, do)| —"—— | C(~, T, dp,)]

where for fized filtration value all maps are homotopy equivalences. We write Do to
emphasize that the parameter depends on r.

Proof. Note that C,(y,UT,d¢) = C,(v,T,dp,) for r € [0,C), since intersections of
internal balls with radius r and metric do are nonempty if and only if external balls
with radius r and metric dp ) are nonempty (see Corollary 4.4.7). Thus, we can choose
the same geometric realization for both of them.

Since OFP+(p(7)) is a family of subsets of R??, by Theorem 2.1.9, the right vertical
map can be chosen to be a map f = (f,), of filtered topological spaces where each com-
ponent is a homotopy equivalence. For the map «, this follows from Proposition 4.1.1.

We can thus construct the left vertical map as g, = «, o f,. o id,. ]

Applying homology to the map g from the corollary, we get an isomorpism for the left
vertical arrow in diagram (4.1).
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4 Computation of Cycling Signatures

4.1.2 Cubical Comparison Spaces

We now treat the right vertical arrow in diagram (4.1) and explain how we construct
the comparison space Y. For this, we introduce the unit tangent bundle with respect to
the [,o-norm

UToo(R?) = {(p,v) € T(R?) :Jv], = 1}

and note that there is a homeomorphism n: UT2(R?) — UTs(R?), (p,v) = (p,v/||v] )
We can thus obtain a comparison space Y by finding a neighborhood U of n(p(I")) and
then taking Y = n~'(U). Computationally, this is convenient, since spheres S% are
much easier to cover with boxes than spheres S9.

Given a point p € R? and a radius r € Rsq, we write Q,(p) = H?:l [pi — 5.pi + 5]
for the box with side lengths r centered at p. To construct the comparison space, we use
boxes of the form Q,.x(p,q) = Qr(p) x Q1/x(q) C Too (RY) where 7,k € Ry, p € rZ% and
q € 1/kz7°.

Note that the collection of these boxes covers R??. To cover the unit tangent bundle
we fix two parameters: the space box size r € R5( and the sphere box size 1/k, where
k € Nsg, and consider the following cover of UT,(R%)

Q! ={Qrr(p,q) Ip €rZ%, q € 1/KZY, |gll,, = 1}. (4.2)
We can obtain comparison spaces by covering a neighborhood of n(p(I")), e.g.
Yoo ={Q € Q11 | QN0(Oc(p(I)) # B}, for some € > 0,
and then taking 77! (poo(|Yao|)), Where poo: T(RY) \ (R x {0}) — UToo(RY), (p,v)
(p,v/||v] ) and we write |Yoo| = |J Yoo-

Definition 4.1.3. A cubical comparison space is a set Yo, C Qik for some r > 0 and
k € N such that Y = 97 (poo(|Yao|)) is a comparison space for I' C R,

Proposition 4.1.4. For any K C fo’k, where r > 0 and k € Nsg we have a homotopy
equivalence ps (| K|) ~ |K]|.

Proof. See Proposition 4.4.13 O

Any Q € Qik is a polytope and thus has faces of all dimensions < d, we denote the
collection of all faces by | Q. Given K C Q;l,k’ we write | K = UQE k1 Q.

4.1.3 Discretization of the Map

In this section, we introduce the map on the bottom row of the diagram (4.1).
Throughout this section, let I' € R? be a time series, 7 a segment of I' and Y, a
cubical comparison space for I' with respect to d¢ and admissible radii I C [0,C). We

furthermore denote by R € I the largest critical point of (C,(p(7)))rer in I.
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4.1 Discretization of the Cycling Signature

Proposition 4.1.5. Consider the map
0: |sdC(p(7))| = AYs, ©=noaof,

where ao f is as in Corollary 4.1.2 and n as in Definition 4.1.53. There is a subdivision

Kr of sdCgr(p(v)) such that

F(o) = 1{Q € Yo | QN On(0) £ 1)
is an acyclic carrier (see [Mun84], Theorem 15.3) from Kg to Yoo.

Proof. Step 1: We claim that there is a subdivision K of sd Cg(p(v)) with the property
that for any face H of the lo unit ball Bs(0,1) C R% the set Ox'(R? x H) is a
subcomplex of Kp.

The set v := Og’DR (p(7)) is compact and does not intersect the zero section R? x
{0} C T(X) since, with respect to dc, the distance between RY x {0} and UT(R?) is
exactly C while R < C' by assumption. Thus there are constants 71,72, 73 such that

7E C Boo(0,71) X (Bog(0,72) \ Boo(0,73)) = A C T(X).

We claim that A is the geometric realization of a simplicial complex L. In fact, the
set A can be decomposed into sets Ay = AN (R? x {rH | r > 0}) where H is a face
of Boo(0,1) € RY. Each of the Ay is a convex polyhedron since, pictorially, it is the
product of the cube Boo(0,71) with the pyramid {rH | » > 0} that has the corner at
the origin chopped off. Furthermore, the intersection of two such sets is either empty, or
a face of either of the polyhedra. Therefore, A has a natural cell structure that can be
subdivided into a simplicial complex L such that A = |L|, see e.g. Prop. 2.9 in [RS72].

By (2.1), fr: |sdCr(p(v))| = vE C |L| is a linear map on each simplex. Thus, there
are simplicial subdivisions K of sd Cg(p(7)) and L’ of L such that fg is a simplicial map
with respect to these simplicial complexes (Lemma 2.13 in [RS72]). We turn Kp into a
filtered simplicial complex in the obvious way, i.e. by K, = {0 € Kg | |o| | Cr(p(7))]}.

Step 2: We need to show that F(o) is nonempty and acyclic, and that F(¢) C F(o)
if 6 is a face of 0. Since the latter property is clear by definition, we now focus on the
former.

Let 0 € Kp and set 7 = Or(0). By above subdivision, we have 7 C R? x H for a facet
H of By(0,1). Therefore, restricted to o, the map ©p is given by the composition of
the linear map fr with 1 o agr, which in the tangent component is the radial projection
onto H. Both of these maps preserve compactness and convexity, thus 7 is compact and
convex. It thus follows from Corollary 4.4.16 that F(o) is acyclic. O
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Corollary 4.1.6. There is a commutative diagram

. H1(0)
Hy(|sd C(p())]) ———— Hi(A[Yal)

H1(¢1)/{ Hi(12)
Hy(K) Hil) Hi(AYa)

where K is a subdivision of sd C(p(7y)) and 1 and v are chain maps that induce the
isomorphism between singular and cellular homology.

Proof. Let K be the subdivision and F' be the acyclic carrier from Proposition 4.1.5.
We get an algebraic acyclic carrier by setting G(o) = C(F(0)) to be the cellular chain
complex of F (o). By the acyclic carrier theorem, there is a chain map ¢r: C(Kg) —
C(Y) carried by G. We turn this into a filtered map by the appropriate restrictions.

Let C(©Fg) denote the chain map induced by ©r. We now claim that the chain map
19 0 C(OR) o 9 is also carried by G. To see this, recall that the isomorphism between
singular and cellular homology has the property that for any subcomplex Lr of Kg, and
any subcomplex Z of Yo, we have ¥1(Lr) C ¥1(|Lgl), ¥2(]Z|) C 12(Z). By construction,
we have Or(|o|) C |F(0)| for any simplex o € K and thus

20 C(OR) 0 91(C(0)) C1ha 0 C(OR)(C(lo])) C ¥a2(Or(lo])) C P2(|F(0)]) € C(F(0)).

Thus, 19 o C(OR) o 1 is chain homotopic to ¢r. We can turn ¢ o C(OR) o 91 into
a filtered chain map using the appropriate restrictions to obtain the top map of the
diagram. Furthermore, we note that the chain homotopy between 1 o C(©g) o )1 and
¢Rr respects the acyclic carrier, which implies that appropriate restrictions of those give
a chain homotopy between 19 o C'(0,) o ¢; and ¢, for every r. Therefore, the above
diagram is a commutative diagram of persistence modules. O

Corollary 4.1.7. Let Y = n ' (poo(|Yao|)). There is a commutative diagram

Hi(0(p(7))) — 25 py(AY)

Hi(C(p(7))) — 2y by (AY)

Proof. Each space in this diagram is isomorphic to the corresponding space in the pre-
ceding corollary. For the top left and top right spaces, this follows from the Nerve
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theorem 2.1.9 and Proposition 4.1.4. For the bottom row, this follows from topological
invariance of barycentric subdivision. O

4.2 Maps of Filtered Vector Spaces

We now explain how to compute a basis for the image of a map from a persistence
module into a filtered vector space. Throughout this section, all persistence modules
are pointwise finite dimensional (i.e. all V; are finite dimensional) and indexed by T =

{0,1,...,q}.

Definition 4.2.1 (c.f. [BS23]). Let V be a persistence module. Its immortal part is the
persistence module V> = (V;*°);cr where

Ve = {v e Vil v =00 Viglv) £ 0},

its mortal part is the persistence module V1 = (V;)ieT where

Vil = {v € Vi | Vig(v) =0},
and the structure maps are the appropriate restrictions.

A filtered vector space is equal to its immortal part and has trivial mortal part. More
generally, the immortal part of any persistence module V is isomorphic to a filtered
vector space.

The cycling signature is expressed as the image of a morphism form a persistence
module into a filtered vector space. In the following, we show that, computationally, it
is enough to consider the case of a map between filtered vector spaces.

Proposition 4.2.2. Let ¢: V — W be a morphism of persistence modules. If W is a
filtered vector space, then

1. im ¢ is a filtered vector space, and
2. im ¢ = im @|yo.
Proof. For the first claim, we need to show im¢; C im¢; for 7 < j. Note that post-

composition with an inclusion W; ; does not change the image, thus im ¢; = im W, ; o ¢;.
The claim now follows from

imae; = imWi,j o¢p; = im¢j o ‘/i,j C 1m¢j

For the second claim, note that a persistence module is a direct sum of its mortal and
immortal part. It is therefore enough to show that im ¢+ = 0. For this, fix ¢ € T" and
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4 Computation of Cycling Signatures

note that for an arbitrary v € ViT

9i(v) = Wig o ¢i(v) = ¢g o Vig(v) =0
where we again use that W, is an inclusion map. O

As a consequence of the above proposition, the image of a morphism ¢: V — W of
a persistence module into a filtered vector space can be computed by considering the
restriction ¢|y e which is a map of filtered vector spaces. In the setting of vector spaces,
the image of a linear map can be computed using matrix reduction as described in the
following. Recall that I is some fixed field.

Definition 4.2.3. The pivot pivot(v) € N of a vector v € F™ is the largest i € 1 : m
such that v; # 0 or zero if no such i exists. A matrix is called reduced if all non-zero
pivots of its columns are distinct.

Any matrix M € F™*" can be reduced, i.e. there is an invertible and upper triangular
matrix U € Gl,,(F) such that R = MU € F™*" is reduced (see e.g. [EH08]) Suppose
we have a decomposition R = MU. Since R is reduced, a basis for im M is given by
{R; | pivot R; # 0}. A different basis can be obtained from the columns of M.

Lemma 4.2.4. Suppose R = MU with M € F"™*", R € F™*" reduced and U € G, (F)
upper triangular. Then a basis of im M is given by {M; | pivot(R;) # 0}.

Proof. Let Ry.; and M.; be the matrices consisting of the first ¢ columns of R and M, re-
spectively. Since U is invertible and upper triangular, im R;.; = im M;.; for all ¢. In par-
ticular, a column R;y; is linearly independent from im Rj.; if and only if a column M;
is linearly independent from im M;.;. The claim now follows, since {R; | pivot(R;) # 0}
is a basis for im M. O

Given a linear map ¢: V. — W of (unfiltered) vector spaces, a basis v1,...,v, of V
and a basis aq, ..., q,, of the dual space W* of W, a basis of im ¢ can be computed by
reducing the matrix M = [a;(¢(v)))]i;. If R = MU as above, a basis for im ¢ is given
by

{o(v;) | pivot(R;) # 0},

since the map w — (a1 (w), ..., am(w)) induces an isomorphism W = F™.

This algorithm readily generalizes to the setting of a map ¢ : V. — W of filtered vector
spaces by reducing the matrix of ¢,: V; — Wy, i.e. at the final index. The only added
requirement is that the basis elements need to be ordered by birth.

Proposition 4.2.5. Let ¢: V. — W be a map of filtered vector spaces. Let furthermore
BV and BV be bases for V and the dual space W* of W, respectively, and suppose

1. B;/ = {v1,...,vp}, with birth(v;) < birth(v;) for ¢ < j,
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2. BgV* = {o,...,am}, with birth(a;) < birth(e;) for ¢ < j.

Let M = [0 (¢4(v))))i,; and suppose R = MU with R reduced and U invertible and upper
triangular. Then, a basis B for im ¢ is given by

BZ‘ = {qbl(v]) |] <1 and Rj 7& 0}.

Proof. Clearly, B; C Bj for ¢ < j. Now fix ¢ € T and let Ri; and My; be the
matrices consisting of the first ¢ columns of R and M, respectively. Since the map

w — (a1(w),. .., (w)) induces an isomorphism W = F™, it is enough to show that
B; ={M; | j <iand R; # 0} is a basis of im My.;. This follows from Lemma 4.2.4 since
we have Ry; = M1;Uv:i 1. =

Remark 4.2.6. In the context of persistent homology, the use of the pairing between
homology and cohomology is sometimes referred to as annotation [BCCT12, DFW14].

We can now use this result in order to compute the cycling signature in the following
way: Let I' be a time series, Y a comparison space for I' and v a segment of I'. Consider
the Cech filtration C(v). Since 7 is a finite point cloud, there is a finite number of critical
points 0 = rg < r; <19 < ... where the filtration changes. Let ¢ be the largest integer
with r4 < 79(Y’) and define a filtered vector space via

Vi = (Hi(C())®)

Tk

i.e. by evaluating the filtered vector space H;(C(7))* at the critical point r;. We then
get a map ¢: V — AH;(Y) of filtered vector spaces indexed over T' = {0, 1,...,q} to
which we can apply Proposition 4.2.5 to get a basis B of im¢ = Cyc(y,Y). We then
set B, = B’i, where i is the largest integer such that r; < r. This yields a basis B of

Cyc,(v,Y).

o0

4.3 Algorithm and Implementation

To compute a cycling signature Cyc(, Yo ) using Proposition 4.2.5, we need to compute
and reduce the matrix M; ; = [a;(¢(v;))]i; where

e the oy are a basis of H 1(YOO) for some cubical comparison space Y, of I', and

o the v; are a basis for H1(C(p(7)))-

In the following, we explain how we these steps are implemented in [Hie24]. The compu-
tation furthermore requires a choice of metric dg and knowledge of the maximal filtration
radius 79 which determines the interval of admissible radii I = [0,79). In Section 4.3.5
we provide heuristics for choosing these two values.

37



4 Computation of Cycling Signatures

4.3.1 Computation of Cubical Comparison Spaces and their
Cohomology

In practice, we construct the cubical comparison space Y., by fixing parameters r, k €
N and collecting all boxes in Q,; that contain a point from I".  While this does not
guarantee that the map ©, from Proposition 4.1.5, and thus also the chain map ¢ from
Corollary 4.1.7, is well-defined for r > 0, we have implemented computational heuristics
that enable us to construct the necessary map in homology (see Section 4.3.6). We then
compute a basis ai,...,a, of H'(Y,) using a version of the coreduction algorithm
[MBO8]. Since the computation of the basis only depends on I', but not on any specific
segment, we can do this once and reuse it for all segments in I'.

4.3.2 Computing the Persistent Homology of Segments

Instead of the Cech filtration, it is common practice in computational topology, to com-
pute using the Vietoris-Rips filtration

VR, (P) ={o C P |diamo < r}.

We adopt this heuristic in the following way. First, a persistence code (in our case
Ripserer [Cu20], a Julia implementation of Ripser [Bau21]) is used to compute a barcode
(bi,d;); and generators G = (g;); for H1(VR(p(7)))>°. Later, in Section 5.3, we present
an alternative to obtain such a generating set. Second, we make use of the fact that
the 1-skeleta of Cech and Vietoris-Rips complexes are identical. Therefore, any chain

in G is also a chain in C1(C(p(y))). We can thus regard the set G as an approximate

generating set for H;(C(p())). We note that this is a heuristic, since in general the
map C1(VR(p(7))) = C1(C(p(7)) does not induce a well-defined map in homology.

We then let G to be all generators in G that correspond to bars (b;, d;] that contain
the maximal filtration radius rg, i.e. with b; < rg < d;, to obtain an ’approximate basis’

for the immortal part of Hy(C(p(7)).

4.3.3 Computation of the Map in Homology

We now explain how we compute ¢(c) for some chain ¢ € C1(C(p(y)) where ¢ is the map
from Corollary 4.1.7. By definition, ¢ = ), Arer, Ay € F, for some edges ej, in Clp(7)).
By linearity, it is thus sufficient to compute the images ¢(ey) for all k.

So, fix some edge e € C(p(7)). Formally, the map ¢ is the composition of a subdivision
and the map induced by the acyclic carrier from Proposition 4.1.5. Computationally, we
subdivide e such that two consecutive vertices of the subdivision lie in adjacent boxes
and each segment lies on the same face of 9By (0,1) in the unit tangent component.
We note that this takes care of the subdivision that is necessary because of the nerve
theorem 2.1.9. We then construct a 1-chain as follows: each vertex in the subdivision is
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mapped to a distinguished point of a box in Y5, that contains it. Each edge e = [v, w] in
the subdivision is then mapped to a chain that is contained in the union of the boxes and
has ¢(w)—¢(v) as its boundary (this is how a chain map is induced by an acyclic carrier,
see [Mun84]). The sum of all these chains is then the image of the edge in C(Yy).

4.3.4 Computation of the Image Barcode

Both, the previously computed basis o, . . ., oy, of H!(Ys) and the chains ¢(c1), ..., ¢(cn),
where Goo = {c1,...,cp}, are represented as vectors in F¥ where k is the number of edges
in Y. The entries of M; ; = [ai(¢(vj))];,; are then computed simply by taking the in-
ner product of the previously computed vectors corresponding to «; and ¢(v;). In our
examples, the matrix dimensions of M are less than 5, thus we reduce M using a basic
implementation of the standard reduction algorithm and then read off a basis of the
cycling signature as explained in Proposition 4.2.5 and the paragraph following it.

4.3.5 Heuristics for the metric d- and the maximal filtration radius rg

To compute a cycling signature, we need to specify values for the constant C of dz and
the maximal filtration radius ro(Y). Given a cubical comparison space Yoo C Q, k, We
suggest C = rk and rg = r as default values. We now give a heuristic explanation
for these choices. Our choices are motivated by Proposition 4.4.17 which states that
a cubical complex consisting of radius R cubes can be thickened by r < R without
changing its homotopy type.

Suppose Y., is constructed as above, i.e. consists of all boxes in Q;f , that intersect
with p(T"). Similar to Proposition 4.4.17, we can consider ’

VEC ={0:(Q.dc) | Q € Yoo}

where all the individual cubes are thickened with respect to d¢o. Recall, that the cubes
in Qﬁ,k are of the form Q,(p) x Q1/1(g). Thus, to have a thickening that preserves the
nerve, the first component should be thickened less than r, the second component should
be thickened by less than 1/k. For the two components of the metric d¢ from Eq. (3.3),
this yields the equations s < r and C's < 1/k. Thus, with C' = rk, we have that any
thickening with s < r preserves the nerve of YOSO’C. Furthermore, any other thickening
that has this guarantee is contained in |Y§;C|, in this sense our choices are therefore
optimal.

4.3.6 Heuristics for the Map in Homology

As described in Section 4.1.3, the construction of the chain selector does not take into
account the thickened boxes but only works with the original box cover. It thus may
happen in the computation of the map in homology that a segment e of an edge in
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C(p(v)) is contained in a box that is not contained in Y. By our choice of parameters,
this segment is contained in the union of the thickened boxes. As a heuristic, we then
use the collection of these boxes in the chain map construction.

4.4 Auxiliary Results

4.4.1 Covers of Convex Compact Sets

The outer cubical cover of a set X C R? is the cubical set
K(X) =1 {Q € Cuby(R?) | o N X # 0}

We write K,,(X) for the set of p-dimensional cubes in K(X).

Proposition 4.4.1. The outer cubical cover K(o) of a convex compact set o is acyclic.

The proof of Proposition 4.4.1 will proceed by induction on the number of maximal
cubes in K (o). In the induction step, a layer of cubes will be cut off via a Mayer-Vietoris
argument.

We need several lemmas in preparation for proving the proposition.

Definition 4.4.2. A convex, compact set 0 C R? is in general position with respect to
Cuby(R%) if o NInt Q # 0 for all Q € Ky(o).

As an example, 0 = {0} C R is not in general position, since it does not intersect the
interior of the interval [0,1] € K(o). As it turns out, any compact convex set can be
enlarged slightly to another compact convex set that is in general position and has the
same outer cover. We prove this in the next two lemmas.

Lemma 4.4.3. Let 0 C R? be convex and compact. Then there is € > 0 such that for
all e € [0, €),
K(o) = K(o°),

Proof. Let L = [(Cub(R?) \ K(c)) be the cubical complex of all boxes that do not
intersect 0. Any box ) € L has positive distance from o, i.e., it is d2(Q,0) > 0.
Furthermore, given any C' > 0, there are only finitely many boxes with d(Q,c) < C. In
particular, there is a minimal distance from o to L, i.e. the minimum

€ = min{dist(0,Q) | Q € L}

exists. Let € € [0,€). By the triangle inequality, any box in L has positive distance to
o€, thus K(o) = K(o°). O
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Lemma 4.4.4. Let 0 C R? be convex and compact. Then there is an € > 0 such that
1. K(o) = K(c), and

2. 0¢ is in general position.

Proof. The previous lemma implies the existence of a € such that that the first condition
is satisfied for all € € [0,€). We now fix any such e.

For the second condition, let Q € K(o) be arbitrary. We pick any point z € 0N Q # ()
and note that () # B(z,¢) NInt @ C o€ NInt Q. Thus, o¢ is in general position. O

Proof of Proposition 4.4.1. By Lemma 4.4.4, we can assume that o is in general position.

We prove the claim by induction on the number of top-dimensional cubes in (o).
The case n = 1 is simple, since a single cube is contractible. Now suppose K (o) contains
n + 1 top-dimensional cubes. Let d denote the dimension of the top-dimensional cubes.
Since n > 1, there must be a k € N such that projection on the k-th coordinate satisfies
pr(K(0)) = [m1, me] with ma —my > 2. Now let I = mg — 1.

We will now ‘cut’ k(o) at the hyperplane H = p; '({I}). Setting A = [{Q € K4(0) |
pk(Q) C (—o0,l]} and B = [{Q € Kq(o) | pp(Q) C [l,00)}, we have the short exact
sequence of chain complexes

0—-CANB)—=C(A)®C(B) - C(AUB) =0

where the last term is equal to C(K(0)). Its long exact sequence is the Mayer-Vietoris
sequence in homology. It thus suffices to show that the left and middle term in this
sequence are acyclic.

We start by showing that A and B are acyclic. In order to apply the induction
hypothesis, we argue that A and B are outer covers of compact convex sets. By general
position, for any @) € K4(o), we can fix a point g € o NInt Q). Define

1 1
da = 5 max{l — py(zq) | Q € A}, and 0 = 5 min{py(zq) — 1| Q € B}.

Since the z¢ are contained in the interior of maximal cubes, we have py(zq) ¢ Z and
thus 04,05 > 0. We set 04 = o N p,. ' ((—00,l —d4]) and o5 = o N p; ([l + dp, 00) and
claim A = K(o4) and B = K(op).

To show A C K(o4), fix a d-dimensional cube @ € A. We have previously fixed a
point g € o NInt Q. An elementary estimate shows py(zg) < [ — d4, thus we have
g € o4. Since @ is the unique cube with zg in its interior, we must have Q € IC(04).
Conversely, if Q € K(04), we have @ € K(o), by the definition of outer cubical covers.
Since 04 C p; *((—00,1 — 64]), we must have Q C p; *((—o0,1]) and thus @ € A. This
shows that also A D K(o4). Similar arguments work to show B = K(op).
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We now have that A and B are outer covers of compact convex sets. As we show
next, both sets have less than n + 1 top-dimensional cubes. To see this, note that any
d-dimensional cube ) € K (o) is either contained in A or in B and that, by the definition
of [, both sets contain at least one d-dimensional cube. By induction, C'(A) and C(B)
are therefore acyclic.

It is left to show that A N B is acyclic. For this, note that 6 = o N H is compact and
convex. Furthermore, 6 C AN B. Now let

Tk Rd%Rdil, (1,22, ..., 2q) = (T1,.. ., Tk, ..., Tq)

be the projection omitting the k-th component. Then 7(d) is compact, convex, and
covered by

C={m(Q) Qe AnB}.

We claim C' = K(m(5)). This follows from convexity of o as follows: Fix @ € K(C). To
it corresponds a unique d — 1-dimensional elementary cube P in R? that is in A N B.
In particular there are d-dimensional elementary cubes Q4 € A and Qg € B that have
P as their face. This means that there are points x4 € Qa4 No and xp € @pNo. By
convexity of o, the line segment between them lies in ¢ and intersects P at some point
x. This point satisfies m;(x) € Q. Thus the claim follows.

Furthermore, since any d—1 cube of K(C) is adjacent to a d-dimensional cube in each
of A and B, we have that 2# K4_1(C) < n where # K4_1(C) denotes the cardinality of
K4q-1(C). Thus, by induction, C is acyclic, and since C' and A N B are homeomorphic,
so is A N B. With the Mayer-Vietoris argument from above, this finishes the proof. [

4.4.2 Internal and External Covers of Spheres

Let X C Sg_l be a point cloud on the ¢2-unit sphere in R?. Any point p € S;l_l has an
external (closed) ball
B(p,r) = {z e R? |||z —pll, <r}

and an internal (closed) ball
B®(p,r) ={z € 857" |[lz — plly < r}.

The goal of this section is to show that the external and internal thickenings of X are
equivalent, or more precisely, that we have

2
U B%(p,r) ~ | Blp,0(r)), where 6(r) =1/1— (1 — TQ) : (4.3)

2
peX peX

Fig. 4.1a shows that the rescaling is indeed necessary.

42



4.4 Auxiliary Results

19
1 1Y

a b

Figure 4.1: a) Internal and external balls at p and ¢ with radius r. Since the external balls
intersect while the internal balls do not, the two sets are not homotopy equivalent.
b) Illustration for 7 and ¥. The map = projects B(p,0(r)), indicated in blue,
radially onto S*. The map v projects projects B*(p, r), indicated in orange, radially
onto the pink sphere with radius 2?2. The resulting arc is a deformation retract
of B(p,d(r)) via a straight-line homotopy.

Proposition 4.4.5. Let 0 <r < 1. The maps

T

= | Bp.o(r) - | B*pr), z— (4.4)

et et [E4PS

and 5 )
o U Bwr) » U B.b6(r), v —5—v. (4.5)

peX peX

are homotopy equivalences and homotopy inverses to each other.

Proof. We first consider the setting of a single ball, i.e., X = {p} with p € S§~ 1.
Claim: 7 is well-defined: Fix = € B(p,0(r)). Let A = (z,p)/|z||3 and note that
(x,p — Az) = 0. This implies
2 2
lz = plly =1 = Nz + Az - p|[;
2
= [ = Nzl = 201 = N, Az = p) + Az~ pll3
2
=[|(1 = N/ + Az — pll; = [|Az —pl5 -
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Using ||p||, = 1 and again (z,p — Az) = 0, we furthermore have

1Az — pll; = Az]l3 — 20z, p) +lpl; =|Azll; — 2(Az,p — Ax + Az) + 1 =1~ Az]3.

Combining the last two calculations, we get

2
,
Il = 1= 1% =5l 2 1o —pl 2 1- 000 = (1- 1)

We estimate the distance of m(x) to p using the preceding inequality

() = p|> = |7(@)|2 = 2(m (), p) +]Ip]2 =1 - 2?@@ 1

2
=2-Aally<2-2|1- = 72
which implies 7(z) € B%(p,r).

Claim: 1 is well-defined. Fix y € B%(p,r). Note that

2 2 2
ly —pll3 =llyllz — 2(y. p) +pll5 = 2 — 2(y, p).

We calculate

2 2 2 2
W(y)—PH;—H2 5 y—pH = <(2 5 )> lyllz = (2 = 72){y, p) + (p. D)
2
2
_ (2 —47’2)2 - (2 _ T2)<y,p> +1= (2 —47"2)2 o (2 o 7,2) (2 _”y2_p||2) +1
< (2 —41")2 0 —r2)2 —2r2 tl=14 (2 —4r2)2 B (2 —21"2)2 1 (2 —4r2)2
= 6(r)*

Claim: 7o is the identity. It is clear by definition that 7 o ¢ = id.
Claim: ¢ o7 = id. The straight-line homotopy H: B(p,0(r)) x [0,1] — B(p, (r))
2

H(z,t) = (1 — )z + tpom(z) = (1— )z + o
2|z

is well-defined since Euclidean balls are convex.
The general case: All constructions so far extend to the setting of multiple balls.

O]
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4.4.3 Equivalence of Internal and External Thickenings

To construct the cycling signature, we consider metric thickenings of segments ~y in the
unit tangent bundle UT(R?). These thickenings are with respect to a metric

de((p,v), (¢, w)) = max{llp — gfly, Cllv — wlly}-

With an internal cover, we mean the sets O,(y)". This is comprised of internal balls
of the form B} (z,r) = {y € UT(RY) | dc(y,x) < r} and has the form

O,(y) = | BL(x, 7).

rey

The external cover consists of balls BE(z,r) = {y € T(R?) | dp(y,z) < r} and has the

form
U BE(z,r).
xey

The goal of this section is to show that internal and external covers are equivalent. This
will use the results from the previous appendix. Recall the definition of 6 in Eq. (4.3).

Proposition 4.4.6. Let C > 0,r € [0,C) and D =r/(CO(r/C)). Then fory € UT(R?)
finite, the map

a: | J BE(@,r) = | BL(z,r),  (p,v) = (p,v/|v]ly)
rey ey
is a homotopy equivalence.

Proof. Recall the maps m and v from Egs. (4.4) and (4.5). Using these, we have
a((p,v)) = (p,7(v)). Define furthermore

B: | J BE(x,r) = | Bh(x,r), (p,v) = (0,¢(v)).
xrey rey

We now claim that « and g are well-defined and homotopy inverse to each other. By
definition of the d¢, we have

BE((p,v),7) = B(p,7) x B(v,r/D) = B(p,r) x B(v,0(r/C))

and similarly

BL((p,v),r) = B(p,r) x BS(v,r/C).

Thus, by Proposition 4.4.5, both maps are well-defined. We furthermore have 8 o

~

a(p,v) = (p,moP(v)) = (p,v) and ¥ o = id where a homotopy is given by the
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straight line homotopy in the second component, i.e.

H((p,v)),t) = (p, (1 = t)v + 1 o m(v)).
g

Corollary 4.4.7. Let C > 0, r € [0,C) and D = r/(CO(r/C)). Then for v € UT(R?)
finite,

ﬂ BE(z,r) #0 — ﬂ Bé(x,r) £ 0

xey xey

Proof. Fix x € ~. It follows from the proposition and its proof that
y € BE(z,r) = a(y) € BL(z,r), and ye€ Bl(z,r) = B(y) € BE(z,r).

The equivalence now follows by mapping the intersection points using o and . O

4.4.4 Cubical Comparison Space Induces Comparison Space

Throughout this section, fix d,k € N5 and let moo: R4\ {0} — SL, 2 — z/|z .
The goal of this appendix is to prove Proposition 4.1.4. The proof will make use of the
following cover of the relevant cubes. For any cube Q = Q1/,(p), where p € 1/kZ? with
llkll.o =1, and any ¢ = 1,...,d, we define

Dec;(Q) — {{z € Q[ |ai| = || for j #i}} if [pi] =1,

0 else.
and Dec(Q) = Ule Dec;(Q). For an example, see Fig. 4.2 where Dec(Q) is visualized
for all cubes with radius 1/2 centered on 1/27Z<.

Lemma 4.4.8. For any cube Q = Qq/,(p) C RY, where p € 1/kZ% and |p||, = 1, we
have @ C | Dec(Q)|.

Proof. Note that any z € @ can be written as = p + v with |[v[|, = 5. Thus, if
lpi| =1, it is |z;]| = |p; +v;] > 1 — 5. Otherwise, |p;| # 1 and we have |z;| = [p; + v;| <
(k—=1)/k+ 5 =1— 5.

Thus, for any « € @, there is an ¢ such that |z;| > |z;| for j # 4 and |p;| = 1. For this

index, we have z € | Dec;(Q)|. O

Definition 4.4.9. Let H = {x € R? | z; = a} with a # 0 be a hyperplane. The radial
projection (from the origin) to H is the map

p: RN\ {z e R? | 2; =0} — H, x>—>a§.
(2
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Figure 4.2: Illustration of Dec for a cubical cover of Sk .

Lemma 4.4.10. Let H = {x € R? | 2; = a} with a # 0 be a hyperplane and p the radial
projection from the origin onto H. Let K be a convex set with K N H = (). Then p(K)
18 convez.

Proof. Fix ,y € R? and note that for A € [0,1]

A\T; ax 1-=Ny; ay
Am+%1—Mwmi+Am+(L—Mwyi a(AN)p(z) +b(AN)p(y),

Az + (1= A)y)

where we define a(\) and b(\). Note that a and b are well-defined, since either z;,y; > 0
or z;,y; < 0. Furthermore, a(\) + b(A) = 1 and a(0) = b(1) =0, a(1) = b(0) = 1. The
image of A — p(Az 4+ (1 — \)y) is thus the straight line between p(z) and p(y). From
this observation, we see that p(K) is convex. O

Lemma 4.4.11. Let Q = Qy,(p) C R? be a cube where p € 1/kZ* with||p||,, = 1. For
anyi=1,...,d, and any R € Dec;(Q), it is

1. R; is compact and convex,

2. To(R) C {z € R? | z; = p;/|pi|}, and

3. Teo(R) is compact convex.
Proof. (1): R; is compact since it is the intersection of a compact cube with a (closed)
halfspace. Convexity follows from the observation that r; is the intersection of the convex

sets Q and {z | |x;| > |x;| for j # i}.
(2): Let © = 7(y) € moo(R;i). We need to show that z; = p;/|p;|. We have

Y Y

v =mly) = L= L
m lulloe  luil
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Note that y = p + v for a v € [~1/(2k),1/(2k)]%. Furthermore, since R € Dec;(Q), we
have |p;| = 1. Therefore, p; + v; and p; have the same sign and thus z; = (p; + v;)/|p; +

vi| = pi/|pil.
(3): By (2), the restriction of ps to R is a radial projection onto a hyperplane. Thus,
convexity is preserved and R; is compact as the image of a compact set. O

Lemma 4.4.12. Fiz P C {p € 1/kZ% |||p||., = 1}. Then
1. mpEP Q1/k(p) # 0 if and only if ||p — ¢|, < % for all p,q € P,
2. If pep Qur(p) # 0, then Ny q A # 0 for A =, p Dec(Qu/x(p)),

3. For any A C (J,cp Dec(Qq/x(p)) it is

(1 A=0 = [ px(4)=0.

AeA AcA

Proof. (1): This is a simple calculation.
(2): Set a; = min{p; | p € P} and b; = max{p; | p € P}. By (1), either a; = b; or
a; = b; — 1/k. Define

etk if a; # b; and |b;| # 1,
Ly = b — sign(b;)

ok else.

We claim 2 € (44 A Fix A € A. Then A € Dec(Q /x(p)) for some p € P. For all 4,
it is either p; = a; or p; = b;. Using this, it is easy to check that |z; — p;| < 1/(2k) and
therefore z € Qy 1, (p). Furthermore, if |p;| = 1, it is |z5] = 1 — 5. If otherwise |p;| < 1,
it is [z;] < 1— 3. From this, we have that |p;| = 1 implies that |z;| > |2;| for i # j and
thus, z € A for any A € Dec(Q1/(p))-

(3): Suppose (Ngena A = 0. By (1) and (2), there are A, B € (44 A with A €
Dec(Q1/x(p)) and B € Dec(Q/,(q)) such that p,q € P and|[p — ¢, > 1/k.

Fix i such that |p; — ¢;| > 2/k. We will show

max{a; | a € moo(A)} < min{b; | b € 10(B)} (4.6)

which implies that 7. (A) and 7. (B) can be separated by a hyperplane and therefore
Too(A) N 7o (B) = 0.
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For z € Q1/1(p) and y = 7oo () = z/||7|| o, elementary estimates yield

{2kpifl 2]€Pi+li| if p; > 1/k

el ) 21
_1 1 .
yi € [ﬁ m] if p; = 0,
2kp;+1 2kp;—1 .
[ T 2R } if p; < —-1/k.

By relabelling p and ¢ if necessary, we can assume p; + 2/k < ¢;. After substituting
the relevant interval bounds into Eq. (4.6), we check that the inequality is satisfied for
all relevant values of p; and ¢;: See here if p;,q; > 1 (or, by symmetry, if p;,¢; < —1),
here if p; = 0 (or, by symmetry, ¢; = 0). In case p; < 0 and 0 < ¢;, the inequality can
easily seen to be true by comparing signs. O

We are finally able to prove the relevant proposition.

Proposition 4.4.13. For any K C Qﬁ,k, where r > 0 and k € Nsg we have a homotopy
equivalence poo (| K1) ~ |K|.

Proof. Let S = {(p,k) | Qr(p) X Qu/x(q) € K}. Welet C = {Qr(p) x A | (p,q) €
S, A € Dec(Qq/1(q))}- By Lemma 4.4.8, each cube in K is covered by its corresponding
elements in C. Thus, the union of these cubes |K]| is covered by C. This implies that
D = {m(X) | X € C} is a cover of moo(|K|). By Lemma 4.4.11, the covers C and D
consist of compact convex sets.

We now claim that these two covers have the same Nerve. For this, we need to show
for any X;,..., X, €C

(X #0 <= [\poo(Xi) #0

The implication ‘=" is obvious. The implication ‘<’ follows from (3) in Lemma 4.4.12
together with the observation that the product of two cubes intersects if and only if the
component cubes intersect.

We want to apply the Nerve theorem from [BKRR23|, Theorem 3.11 to above covers.
For this, we turn the covers into pointed covers by choosing any point x4 € A for A € C
and the point po(z4) for peo(A). We then have that ps, induces a morphism of pointed
covers, each of which satisfies the assumptions of the Nerve theorem. This yields that
Do 18 @ homotopy equivalence between the covered spaces. O

4.4.5 Covering Compact Convex Sets in the Unit Tangent Bundle

We define outer cubical covers with respect to grids that are slightly more general than
Z%. For A € GLg4(R), we set

Q4 = {4Q | Q € Cub(R?)} (4.7)
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where AQ = {Av | v € Q} and note that all notions from Section 2.3 carry over to this
generalization.

Definition 4.4.14. The outer cubical cover of X C R? with respect to Q4 (R?) is the
cubical complex

KA(x) = 1{Q e Qa®) |Qn X £0},

Proposition 4.4.15. Let A € GL(d) and suppose o is convex and compact. Then
K (o) is acyclic.
Proof. Linear automorphisms preserve compactness, convexity and homology. By Propo-

sition 4.4.1, the outer cubical cover K(A~'o) is acyclic. The claim now follows from
[Ka(o)| = AIK(A™0)]. O

The following is the corollary that is used in the construction of the acyclic carrier in
Proposition 4.1.5. Recall the notation Q;‘f’ ;. from Section 4.1.2.

Corollary 4.4.16. Let 0 C UTo(R?) be compact and convexr. For any r € R,k € Z,
the set

L=U{Qe gl |Qna#0}

is acyclic.

Proof. Let v € R?? be the vector with first d entries 7 followed by d entries % Let
furthermore A € R?¥*2¢ bhe the diagonal matrix with v on the diagonal. Define 7 =
{w—v/2 | w € o}. By Proposition 4.4.15, the outer cubical cover K 4(7) is acyclic.

We now claim that |L| and |K4(7)| differ only by a translation by v/2. For this,
fix Q € Ks(7) and set Q = {w+v/2 | w € Q}. Clearly, QN o # 0. We thus only
need to show that Q is contained in Qik. It is easy to see that Q = Qr(p) x Q1/x(q)
for some p € rZ% and ¢ € 1/kZ%, thus it is only left to show that [|g|| ., = 1. To
see this, it is enough to show that whenever ||q||,, # 1, we have Q;/;(q) N Sl =0.
Pictorially, the box Q;/;(q) is a box of side length 1/k centered at ¢ € 1/kZ%, thus we
have ¢ — 1/(2k) < |zl < g+ 1/(2k) for all z € Q;/;(¢q). In particular, [[z[|,, # 1 if
q € 1/kZ% with ||q||, # 1.

Since translation is a homeomorphism, it now follows that |L| is acyclic. O

4.4.6 Thickenings of Cubical Complexes

Recall the notation Qg from Eq. (4.7).

Proposition 4.4.17. Let A be a positive multiple of the identity matriz, i.e. A = rly
for some r >0, and K C Q% (R?). Set

K*={0:(Q) | Q € K}
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where 0 < s < r/2 and the thickening is with respect to the Euclidean metric. Then
UQeKS Q = ‘K|

Proof. Note that thickenings of two non-adjacent boxes in Q4 (R?) only intersect if s >
r/2. Thus, for s < r/2, we have that Qo,...,Qr € K have nonempty intersection if
and only if Os(Qo), . .., O0s(Qk) € K* have nonempty intersection. Therefore, the nerves
of the covers K* of Jgeps @ and K of |K| are isomorphic. By the nerve theorem for
closed convex sets ([BKRR23]), the spaces are therefore homotopy equivalent. O
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5 Time Series, Distance Matrices and
Persistent Homology

An entry D;; = d(x;,x;) in the distance matrix of a point cloud X = {xzg,...,z,}
naturally corresponds to an edge of length D; ; between x; and x; in the Vietoris—Rips
or Cech complex of X. In an ordered point cloud, like a time series, this edge can be
completed to a cycle by following the order of the point cloud, i.e. if ¢ < j, we have
a cycle [z, zip1] + [Tit1, Tiva] + - + [zj—1, 2] + [z, zi] (see Section 5.1 for a detailed
example). Now suppose DC(X) is a filtered complex whose vertices are precisely pairs
(4,7) with birth D; ;. We can then assign to any such vertex, and thus to any 0-cycle of
DC(X), a 1-cycle of the corresponding ordered point cloud.

Carrying out this construction yields a chain map ¢: C(DC(X)) — C(VR(X)) of
degree 1 with the property that the induced map Hy(%) is an epimorphism. In the
context of cycling signatures, the map 1 is useful for two reasons: Not only does it
provides an alternative algorithm to compute cycling signatures, it also offers information
complementary to the cycling signature. Constructions similar to ¢ also work with the
Cech complex as codomain and for the offset filtration of smooth curves, though in the
latter case we only show that the cokernel of the resulting map is ephemeral.

The chapter is structured as follows: In Section 5.1, we present a detailed example
to illustrate the connection between distance matrix and Vietoris—Rips complex. In
Section 5.2 we define the complex DC(X) and the aformentioned chain map v, as well
as a variant which has the Cech complex as its codomain, and study their properties.
A result of interest is that Hy(t) is an epimorphism, the consequences of which are
explored in Section 5.3. In Section 5.4, we present analogous constructions for the
setting of continuous curves and use an interleaving argument to show that the induced
map of persistene modules has ephemeral cokernel.

5.1 Motivating Example

We start with an example that illustrates the relationship between persistent homology
of a curve and sublevelset persistence of its distance matrix. Let T' = {x1,...,241} be
the time series in Fig. 5.1a; it traces a curve that comes close to itself after some time.
Its distance matrix M is visualized as a heatmap in Fig. 5.1b.

The degree 1 persistent homology of I' consists of one feature that captures the ‘hole’
in the right part of the time series. More precisely, it is Hi(VR(I")) = I(b,c) where b
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and c are as indicated, a corresponding generator is drawn in green.

.»}\i 1 1
I . e
) 22
[ ]
o U
20 20
«* T35
o ® 40 40
1 20 40 1 20 40
0 1 0 a b c d 1
] ——
C

a b

Figure 5.1: Time series with distance matrix. a. Time series. The distance between consecutive
points is a. b. Heat map of the (normalized) distance matrix of the time series. The
points in the distance matrix are ordered as in the time series. c. Some level sets
of the heatmap in b. The colormap is as follows: The ‘zeroth’ level set is colored
black and corresponds to distance 0. Distances in (0, a] are purple, distances in
(a,b] are dark blue, etc.

We now turn to the distance matrix M of I'. For this, let G = (G,), denote the
sublevelset filtration of the heatmap in Fig. 5.1b. We make this precise later, for now,
we let G, be the union of the ‘pixels’ in Fig. 5.1b with value less or equal r. Its connected
components (i.e. homology in degree zero) evolve roughly as follows (see also Fig. 5.1¢):

1. For 0 < r < b, G, has one connected component around the diagonal.

2. For b < r < d, where d > c is as indicated in Fig. 5.1c, connected components
emerge at (7,35) and (35, 7).

3. For d < r, all connected components have merged to a single component.

We relate this to H;(VR(I")): The first point is due to the fact that I' is sampled
from a curve, i.e. a discrete point set where consecutive points are close. The second
point is where things get interesting: In the Vietoris—Rips filtration, r = b is the birth
index for the non-trivial 1-cycle (green in Fig. 5.1a). At the same time, the edge of
length b corresponds precisely to the entries (7,35) and (35,7) where the new connected
components in G appear. Furthermore, the location of this new connected component
identifies the non-trivial 1-cycle in the Vietoris—Rips complex: Provided the curve is
sampled densely enough, we can start with the edge [z35,27] and then follow the time
series via [x7,xs], [Ts, 9], ..., [*34,%35] to x35. Applying the same procedure to neigh-
boring entries (e.g. (7,34)), or generally, entries in the same connected component yields
1-cycles that are easily seen to be homologous to the previously constructed one. The
same procedure also works for pixels in the diagonal component, this will produce cycles
that are boudaries. Increasing the filtration parameter further, we see that the cycle
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5.2 The Distance Complex of a Time Series

specified by (7,35) dies at filtration value ¢ in the Vietoris—Rips filtration, while its con-
nected component in the distance matrix filtration merges with the diagonal at filtration
value d.

In summary, we observed that pixels define 1-cycles with the property such that pixels
of the distance matrix that are in the same connected component give cycles in the
same homology class. However, cycles may in VR(T") can die before their corresponding
connected components in the distance matrix.

In the remainder of this chapter, we formalize versions of this connection in the form
of a degree 1 chain map and study its properties.

5.2 The Distance Complex of a Time Series

In this section we describe the first instance of the connection between persistent homol-
ogy of a time series I' and persistent homology of its distance matrix. We assign a filtra-
tion to a distance matrix using a construction that, in the context of image analysis using
persistent homology is sometimes called the V-construction [BGH™22, SPST23, RWS11].
Throughout this section, we fix a metric space (X, d).

Definition 5.2.1. The distance complex DC(I") of a time series I' = {z¢, ..., z,} C X
is the filtered cubical complex where DC,.(T') is the full subcomplex of Cub(R?) spanned
by the vertices V, = {(4,4) | 0 <4 < j < n with d(z;,z;) <r}.

To relate the distance complex and the Vietoris—Rips complex of a time series, we
need the following notion that captures how ‘curve-like’ a time series is.

Definition 5.2.2. A time series I' = {z;}7"_, is R-tight if R = max; d(x;, x;—1).
Suppose I' = {xg, z1,...,2,} is an R-tight time series. A curve chain of T' is a chain
J
er(i,j) = > [wp—1, zx).
k=i+1
By R-tightness, we have cp(i,j) € C(VR,(I")) for all » > R. Note that dcr(i,j) =

(2] = [wi].
In the following, for any r > R, we define a chain map of degree 1

Yri C(DC(T)) = C(VR(T)). (5.1)
For any vertex v = (i, ) in DC,(T"), we set

¢r(v) = Cr(i,j) - [$i7xj]7 (5'2)
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5 Time Series, Distance Matrices and Persistent Homology

for any edge e in DC,(I"), we set

1/1r(€) _ [xiaxj7$i+l]7 1f6: [Zvl—i_l]x [j)]L (53)
[xiuxﬁmj-‘rl]a lfe:[Zaz] X [.77.7+1]7
for any square ¢ = [i,i 4+ 1] x [j,j + 1] € DC,(I"), we set
¥(q) = [@3; g1, 5, T3], (5.4)

In these formulas, we make the implicit assumption that any degenerate simplex is
identified with 0. We then extent v, via linearity.

Lemma 5.2.3. ¢ is a well-defined degree 1 morphism of graded [R,c0)-filtered modules.

Proof. 1t follows straight from the definitions that i respects the grading. To show
compatibility with the filtrations, we first show that ¢, is well-defined for fixed r > R,
i.e. that we have 1, (Cy(DC,(I'))) C Cry1(VR,(I")) for all & > 0. By linearity, it is
enough to show ,.(c) € C(VR,(T")) for all elementary chains ¢ in C(DC,(I")).

Let v = (4,7) be a vertex in DC,(I'). This implies d(x;,x;) < r and thus [z;, z;] €
VR, (T"). As remarked earlier, by R-tightness, cr(j,4) is an elment of C(VR,(I")), thus
Pr(v) = cr(i,j) — x4, z;] is a sum of elements in C(VR,(I")).

By 5.3 and 5.4, if 7 is an edge or square of DC,.(T"), then ¢,.(7) is a chain supported
on a single simplex 0. The edges of o are between points (z;, ;) such that (i,7) is a
vertex of DC,(I"). Thus, their lengths are bounded by r and all edges of o are in VR(T").
Since Vietoris—Rips complexes are clique complexes, this implies ¢ € VR,.(T") and thus
Un(r) € C(VR(T)).

Lastly, to show that (¢,),>r is a map of filtered modules, we need to show that for
r < s, the restriction of 95 to C'(DC,(I')) is ¢,. This is immediate from the definition,
since the right hand sides of Egs. (5.2) to (5.4) are independent of r. O

As an immediate consequence, we can omit the subscript of v, as long as we tacitly
assume r > R.

Lemma 5.2.4. We have 90 = 0t and ¢ is a chain map.
Proof. Any vertex v = (i,7) in DC,(I") trivially has ¢(9(v)) = 0. We calculate
A (v)) = d(er (i, 7)) — [wi, z5]) = ([5] = [wi]) — ([z] = [2i]) = 0,

thus, by linearity, 1)(0c) = 9 (c) for all O-chains.
For 1-chains, we start with an edge e = [i,7 + 1] x [4,j] in DG, (T"). With v = (4, 5)
and w = (i +1,7), we get

P(0e) = P(w) = ¥(v) = cr(i+1,J) = [wir1, 2] — er (i, ) + [xi, ;]
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5.2 The Distance Complex of a Time Series

Similarly, if e = [i,4] x [7,7 + 1] we get, with u = (i,7 + 1),
¥(0e) = ¢p(u) —(v) = er(i,j + 1) — (@5, xj4a] — er (i, J) + [@i, z5].
Simplifying the resulting terms yields

[xja'l"iJrl} - [mial‘iJrl] + [ZL‘i,l‘j], if e= [Z7Z + 1] X []a]]?
[xj,xj_H] — [xi,$j+1:| + [xi,mj], ife= [Z,Z] X [],] + 1]

$(9e) = {

Above expression is seen to be equal to

a(w(e)) _ {8[$iaxj7xi+l]ﬂ if e = [Z72 + 1] X [JaJL

Olwi,xj,xj41], ife=[i,i x[j,j+1],

which, by linearity, shows 1)(dc) = 0(c) for all 1-chains.
For squares g = [i,i + 1] x [4,j + 1] € DC,(T"), we calculate

Y(0q) = (i + 1] x [§,5 + 1] = [i] x [j,5 + 1] = [i;d + 1] x [j + 1] 4 [3,5 + 1] x [5])
= [Tiv1, ), wj01] — [0, 25, w501] — [0, Tjr, Tiga] + [0, 25, Tiga]

= [$i+17l‘ja$j+1] - [xi,$j7$j+1] + [$i7xi+17$j+1] - [$i71‘i+1a33j]
which is equal to

0((q)) = O, Ti1, 5, Tj41]

= [-Ti—',-l,xjaxj—i-l] - [xz‘,%j,iﬂjﬂ} + [xi,wi+1,l‘j+1] - [ﬂﬁi,flfiﬂ,%j]-

Since all other chain groups of DC(T") are trivial, ¢ commutes with 9. This, together
with Lemma 5.2.3, implies that v is a chain map. O

We now relate the connected components of DC(I") with Hy(VR(I)).

Theorem 5.2.5. Let I' = {x;}I', be an R-tight time series in a metric space (X,d)
and I = [R,00). The map ¢ in Eq. (5.1) is a degree 1 morphism of I-filtered chain
complexes. It induces an epimorphism Hy(vy): Ho(DC(T')) — H1(VR(T)) of I-indexed
persistence modules.

Proof. By Lemma 5.2.4, ¢ is a degree 1 chain map of filtered simplicial complexes. To

show surjectivity, let
m

c= Zai[xki,xli] € Cl(VRr(F))

i=1
be a cycle. By changing the signs of the «;, we can assume k; < [; for all i. Set
v; = (ki,l;) and @ = Y ;" oyu;. Since [z, 2;,] € VR, (T), we have d(zy,,x;,) < r and
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5 Time Series, Distance Matrices and Persistent Homology

therefore v; € DC,.(I") which implies a € C(DC,(I")). We calculate
W(a) =Y app(vi) = > ailer(ki, i) = [wn, @) = > aier(kili) —c=b—c.
i=1 i=1 i=1

where we set b = > " aier(ki, ;). Note that 9b = dc — 9y(a) = dc — (d(a)) = 0.
Thus b is a cycle that is supported on the line graph with nodes {0,...,n}. Since the
line graph has no nontrivial 1-cycles, we must have b = 0. Thus ¥ (a) = ¢ which shows
that Hy(1)) is surjective. O

Clearly, Hp(v) is not injective. Indeed, the essential homology class corresponding
to the diagonal of the distance matrix is always in the kernel of Hp(¢). Furthermore,
even the map flo(q/}) in relative homology is not necessarily injective. This can be
observed in the introductory example where Ho(v)) is a map from Hy(DC(T)) = Kip,d)
to H;(VR(I)) = Kpp,c)- Since ¢ < d, this map fails to be injective for filtration values in
[c,d).

For k > 2, the maps Hy(1) are trivial because the homology of the distance complex
is trivial in dimension two and greater. Thus, besides k = 0, the only case of interest
is k = 1. We now present two examples. The first demonstrate that H;(y) can be
nontrivial, the second that, contrary to Hy(v)), it is not always surjective.

1

20

40

60

80
20 40

100
60 80 100
9

0 . 100
1 20 40 60 80 100 1
0.0 0.5 1.0 1.5 2.0 0 X 2
] e
a b c

Figure 5.2: Spiral time series with distance matrix. a. Time series sampled from a curve that
spirals upwards on the surface of the unit 2-sphere. b. Distance matrix as heatmap.
Note the ridges parallel to the diagonal. c. Sublevel set of b with non-trivial H;.

Example 5.2.6. Consider the time series v in Fig. 5.2a. It lies on the surface of a unit
2-sphere and spirals from south pole to north pole. A persistence computation shows
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5.2 The Distance Complex of a Time Series

Ho(VR(v)) =2 1(0.899, 1.650).

The distance matrix of -y is visualized as a heatmap in Fig. 5.2b; the levelset in Fig. 5.2¢
reveals that the distance complex has nontrivial homology in degree 1. A computation
shows that

Hy(DC(v)) = 1(0.899,2.00) @ I(1.35,2.00) & I(1.67,2.00) & 1(1.94,2.00).

We furthermore compute a cohomology generator « corresponding to the bar in
H>(VR(7v)) and homology generators vy, . .., vs4 corresponding to the bars in H;(DC(7)).
We compute the time series to be R-tight with R = 0.254, thus ¢, is defined for r > R.
A computation (using coefficients in Fy3) yields

a@(v)) = -1, a@(n)) =-1, a@()) =2, a(P(vs))=0.

If Hy(v) were trivial, all Kronecker pairings above would be zero. Therefore Hi(v)) is
nontrivial.

Example 5.2.7. Let v = {z} = (cos(27k/6),sin(27k/6)) | k = 0,...,5} be the vertices
of a regular hexagon. The distance matrix of ~ is

2 G 0 1 V3 2 V3 1
1 0 1 3 2 V3

. 3 . o D \/§ 1 0 1 \/3 2
2 V3 1 0 1 3

- s V3 2 V3 1 0 1

° ° 1 V3 2 V3 1 0

It is not hard to see that
Hy(DC(v)) =2 1(0,00) @ I(0, 1)@5 @®I1(1,2) and H;(DC(v)) 0.

The map ¥, is defined for r > /3. Furthermore, Hi (1)) is trivial since its domain is
H1(DC(v)) = 0. Since VR,.(y) = S? for r € [v/3,2) by [AA17], Theorem 7.6, the map
H, () fails to be surjective. Furthermore, this is another example where the kernel of
Hy() contains more than the essential class of Ho(DC(7)).

The construction of ¥ can be modified to have the Cech filtration as its codomain.

Definition 5.2.8. The Cech distance complex CDC(T') of a time series I' is the cubical
complex

CDC(T) = {[i, k] x [4,]] € DC(T') | {4, zj, vk, 2} € C(T)}.

n this example, all computed values are rounded to 3 decimals
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5 Time Series, Distance Matrices and Persistent Homology

We have the following version of Theorem 5.2.5.

Theorem 5.2.9. Let I' = {z;}I', be an R-tight time series and I = [R,00). The
restriction () = Y epo(ry of the map from Eq. (5.1) is a degree 1 morphism C(CDC(I)) —
C(C(I)). It induces an epimorphism Hy(v): Ho(CDC(T')) — Hi(C(I')) of I-indexed
persistence modules.

Proof. 1t follows straight from the definition that im v ¢pory C C(T), thus ¢ is well-

defined. Since CDC” (T') = DCO(I) as well as C(l)(F) = VRM(I), the construction of
preimages in the proof of Theorem 5.2.5 carries over to this setting. 0

5.3 Application to Cycling Signature Computations

The relationship between degree zero homology of a distance matrix and degree one
homology of a time series can be used to compute (most of) the cycling signature of a
time series segment.

Distance Matrix Algorithm Recall that the cycling signature of a segment ~ is
computed as the image of the map Hi(¢): Hi(C(v)) — Hi(Y), which arises from dis-
cretizing the map in the definition of the cycling signature (see Definition 3.3.1 and the
last paragraph of Section 4.2). Given an R-tight segment -, the map ¥ from Theo-
rem 5.2.9, which relates the Cech distance complex with the Cech complex of the curve,
is an epimorphism of [R, co)-indexed persistence modules. For these filtration values,

computing im H;(¢) is therfore equivalent to computing the image of

Ho(CDC(y)) & Hy(C(r)) & Hy(Y).

While the information on Cyec, () for r € [0, R) is lost with this approach, this loss is
minor if R is small enough. Additionally, the cycles in the image of ¥ contain additional
information on the dynamics (see Section 6.4).

Implementation Using the notation from Section 4.3, the distance matrix algorithm
amounts to applying the standard reduction algorithm to the matrix M with entries
M; ; = [ai(p(¥(w;)))] where the w; are a basis for the immortal part of Ho(CDC(v)). In
our implementation, we employ the heuristic of using Vietoris—Rips filtrations, meaning
that we compute a filtration compatible generating set of H;(VR(I"))* using ¢ and then
proceed as described in Section 4.3.2.

Runtime Considerations From a runtime perspective, the distance matrix algorithm
has the advantage that no reduction of a degree 1 coboundary matrix is necessary. Given
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a time series with n points, this reduces the worst-case complexity of the persistence
algorithm, which is cubic in n [Mor], to the worst-case complexity of finding connected
components in a graph with n(n + 1)/2 nodes, which is quadratic in n. The direct
method has the advantage that ¢: H;(C(y)) — Hi(Y) is evaluted less often, since a
basis for H;(C(7)) contains at most as many elements as a generating set.

Using our implementation, we observe that the distance matrix algorithm is faster
than the direct method for lower dimensional systems and shorter segments. For higher-
dimensional spaces, the situation is less clear and the direct method sometimes outper-
forms the distance matrix algorithm even though, especially for longer segments, the
computation of Ho(DC(I")) is significantly faster than the computation of H;(VR(I")).
Some of the overhead can potentially be mitigated since the current implementation
computes ¢(1p(w)) for all w in a basis of Hy(DC(I'))>*. An improvement would be
to stop the computation, once the computed image spans the homological comparison
space, since the remaining elements do not influence the cycling signature.

5.4 Distance Landscape of a Curve

In this section, we consider (smooth) curves : [0,1] — R? in Euclidean space. We will
slightly abuse notation and write «y for im~y. As before, we relate the topology of 7 to the
topology of its ‘distance matrix’. The latter is made precise in the following definition.

Definition 5.4.1. The distance profile of a curve ~: [0,1] — RY is the function

FT R (sit) o g ]a() (0]

where T = {(s,t) € [0,1]? | s < t}. Its subslevel sets define a filtered topological space
DL, (v) = f~'((—o0,r]) which we call the distance landscape of f.

The chain map relating the distance landscape with the offset filtration can be ex-
pressed conveniently using cubical singular homology. We recall some basic definitions
and refer to [Mas80] for a comprehensive treatment.

Let I denote the closed interval [0,1]. A singular n-cube in a topological space X
is a continuous map o: I"™ — X. It is degenerate if it does not depend on one of
its coordinates, i.e. for all xi,...,x,, the map t — o(z1,...,2i—1,t,Tigx1,...,2p) I8
constant. Otherwise, it is nondegenerate. The n-th singular cubical chain group of
CS"(X) is the quotient of the free abelian group generated by all singular n-cubes in
X by the subgroup generated by all degenerate singular n-cubes in X. We note that
this normalization by degenerate cubes is necessary, since otherwise even a single point
would have nontrivial homology in all degrees.

To define the boundary operator, for any singular k-cube o: I*¥ — X, we define its
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front i-face A;o: I — X and its back i-face Bjo: I""! — X via

AiO'(ﬂfl,. . .,:Enfl) = O'(.Tl, . ,$i,1,0,$i+1, e ,:Enfl), and

BiU(Il)- . 'a$n—1) = O-(xla sy Ti—1, 1,'/177;4-17 tee )In—l)

The boundary operator dy,: CS"(X) — CS*(X) is induced by the linear extension of

n

00 = (~1)'(4i0 - Bo).
i=1
We define a chain map 6: C{*’(DL(y)) — CE"(O(T)). Let o: [0,1]F — DL(v) be
a singular k-cube in Cj(DL(v)). Its birth is at filtration value R = max,¢(x f © 0.
Writing o(x) = (01(x), 02(z)), we define singular k + 1-cubes

e po: 0, 1]’“ x [0,1] = O-(I), (z,A) = v((1 — N)o1(z) + Aoa(z)), and
e ot [0,1F % [0,1] = O(D), (2, 2) = (1 = Ny(oa(2) + M1 (02(2)).

We now set 0,(0) = py — 1, for all r > R and extend the map by linearity. Note that
po is a boundary for dimo > 0.

Proposition 5.4.2. The map 6 defined above is a chain map of filtered chain complexes.

Proof. We first ensure that 6 is filtration compatible. Let o be a singular n-cube in
C(DL,(T")) and note that this implies

P> max fo@) = max (o) = 1(oaa)].

Therefore the distance between any pair y(o1(z)) and v(o2(z)) is at most 2r. Because
of this, the line segment connecting these points is contained in the r-thickening of I"
and we have 7, € C(O,(I")). Since, trivially, p, € C(O,(I")), we get 8(c) € C(O,(I")).

We now show that 6 commutes with the boundary operator. Again, fix a singular
n-cube o € C(X). For 00, we calculate

0(00) =60 | Y (=1)*(Aro = Bro) | =D (=1)* (paye = Nawe — pBio + NByo) -

k=1 k=1

The term 06(c) = 9(ps — 1) is slightly more complicated. We have

n+1 n+1
0ps — 0o = > (=¥ (Apps — Brpo) = > _(—1)F (Apns — Brne) .
st Pt
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In both sums, the last term simplifies to y(o1(x)) — v(o2(z)) while for 1 < k < n we
have Axne — Brle = NA,0 — NByo and Arps — Bipoe = pA,o — pPB,o- Collecting all terms,
we therefore get

n

890 - 8/)0 - 8(770) = Z(_l)k (pAkO' — PBro — NAyo + anO') .
k=1

This completes the proof that 06 = 60. O

We now relate the distance landscape of a curve to the distance complex of a sample.
A sample of ~ is a time series I' = y(t) = {y(t;) | ¢ = 0,..., N} with sampling times ¢
where 0 < tg < t1--- < ty. Its mesh size is At := max; |t; — t;—1].

We construct a geometric realization of CDC(T) that will be useful in the following.
For this, let py: R? — R? denote the piecewise linear homeomorphism with pz(i,j) =
(tiytj) for all 0 <4, < N. The Cech distance landscape CDL(I") is the union

¢pL(r) = J{p(@) | @ € CDC.)}.

Lemma 5.4.3. CDL,(T') is homeomorphic to | CDC,.(T)|.

Proof. A homeomorphism is given by the appropriate restriction of p;. O

Lemma 5.4.4. Let v: [0,1] — R? be a curve. Then
ds (CDL(fy(ﬂ), DL(fy)) 0, as AT 0.

Proof. Fix € > 0. By uniform continuity of the distance profile, there is § > 0 such that
If(z) — f(y)| < 2¢/3 for all 2,y € T with ||z —yll, < v/25. Assume At < § and set
L=~@). )

Claim: CDL,(T") C DL,1(v). For any = € CDL,(T"), there is a cube @ € DC,(T")
with = € pz(Q). Let v be any vertex of that cube. Since At < §, we have |z — vi| <4,
|2 — vo| < & and therefore |z — v|| < v/25. Now

f(@) <|f(@) = fo) + )] < [f(2) = )|+ [f(0)] <2€/34+7 <7 +e€

where the last step uses uniform continuity and that v € p;(Q) € CDC,.(T"). This shows
x € DLy 4c(7y)- )

Claim: DL,(y) C CDL,4(T"). For any = € DL,(y), there are i,5 such that ¢; <
I < ti+1 and tj < x9 < tj+1' NOW, Q = [tiatiJrl] X [tj,tj+1] is an elementary cube (IlOt
necessarily of dimension 2), such that any vertex v of @ satisfies |z — v|| < v/25. By
uniform continuity, we therefore have

f) <[f(w) = fl2) + f@)] < |f(v) = fFWI+ [f W) < 2¢/3+7 <71 +e (5.5)
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Let p1 = y(ti), p2 = y(ti+1), p3 = ¥(t;), and ps = ¥(tj+1). To show pp(Q) € DCpy(I),
we need to show ﬂi:l B(pg,r+¢€) #0. Let 2 = (p1 + p2 + p3 + pa) /4. We have

4
Iz = pall == = 5@ < 3 X llow — (8]
k=1

% (I Eigr) = @) || + || (E5) = v @) || + || (Ej+s) — 2(8)]))
= % (f (tiv1, ta) + Ft5,8:) + ftjen, i) < % <23€ + (r + %) + (r + 2;)) =r+e

The last step uses uniform continuity of f for the first term and Eq. (5.5) for the other
two. Similar arguments show ||z — pg|| < r + € for k = 2,3,4. We thus have pz(Q) €
CDC,4(T") and thus z € Q € CDL,;(I). O

Lemma 5.4.5. Let v: [0,1] — R? be a curve. For any ¢ > 0 and R > 0, there is a
d > 0, such that for all samplings T of v with sampling times t satisfying At < 6, there
is a commutative diagram of [R,00)-indexed persistence modules

Ho(CDCWo(T)) ——2—— Hy(Ca(T))

Ho(DLase(7)) ——"—— Hi(Ouse())

where o and B are e-interleaving morphisms.

Proof. We construct a diagram

C(CDC, (T (0a(I))
C(|CDC \ \ ote(7))
COU(CDL,(T)) ——2—— CY(DLqyc (7)) ———— C(Ofr (7))

and show that it commutes for 0- and 1-chains in CDC,(T").
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By Lemma 5.4.4, there is 6; > 0 such that all samplings I' of v with sampling times
t such that At < 41, satisfy dy ((VJDL(’y(f)),DL(’y)> < €. By compactness of v, there is

a 0y > 0 such that ¢ < dy implies d;(O(T"), O(v)) < €. By uniform continuity, there is d3
such that At < d3 implies R'-tightness for R* < R. Fix furthermore d; > 0 such that
] 80 < ¢ ana ], % < c. _ _
Set = mind; and fix a sample I" of v with sampling times ¢ satisfying At < §. By
the choice of §, we can find e-interleaving morphisms a and b as in the diagram above.
We describe the remaining maps:

g maps a k-dimensional elementary cube @ to the singular cube I¥ — @ where
the i-th copy of I is mapped linearly and increasing onto the i-th non-degenerate
interval [a,b]. In the following, we will slightly abuse notation and identify an
elementary cube @) with the singular cube ¢(Q).

pg is given by the homeomorphism in Lemma 5.4.3.

s is given by a composition C'(Ce(T)) = C(| Co(T')|) = C(O4(T)). The first map is
the equivalence of simplicial and singular homology (see [Mun84, Theorem 34.3]).
Since this isomorphism passes through ordered simplicial homology, its description
is somewhat convoluted: Let o = [Xy,...,X,] be a simplex in C(T) such that
Xi = {x;,} and i9p < 43 < --- < i,. Then o is mapped to the singular simplex
(Aos -, An) = > Ai| X|. The first chain map is then the linear extension of this
map. Note that it is important that the vertices of ¢ are ordered, we choose the
total order on I' induced by the time series. The second map is induced by the
homotopy equivalence Theorem 2.1.9 and maps a singular simplex (Mg, ..., A,) —
>k Ail Xi| to the singular simplex (Ao, ..., An) = >, AgZi,, where, again the order
is important. In the following, we abuse notation and identify the 0-simplex {z}
with z3 as well as the simplicial simplex o = [zg,z1,..., 2] with the singular
chain s(o). This allows us express s succinctly as s([zi, ..., %)) = [Tigs - -+, Tiy]
iy <o <ip

1 is the inclusion map.

f is a chain equivalence (see [EM53, Section 8]) between simplicial singular and
cubical singular homology where a singular k-simplex is mapped to

folpa, ..o pk) = o(Ao, .-, Ag)

where

M=1—p1, N=pr...pi(1—pip1) for 1 <i<k, Ig=p1...

We define a and 8 via composition as indicated in the diagram. Since these are com-
positions of an e-interleaving morphisms with chain equivalences, the maps « and 5 are
again e-interleaving morphisms (the inverse interleaving morphisms can be constructed
by the corresponding composition of inverses).
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5 Time Series, Distance Matrices and Persistent Homology

We now construct a chain homotopy H: C(CDC4(T")) — CC“ (041 (7)) in degrees
0 and 1 between 0 o o and o ¢. Note that this is a map of degree 2. For a vertex
[i] x [j] € CDC,(T"), we define the singular 2-cube

(1 — p1)ppgsij—1)(2) + ppp ) (2) ifi#j
T[i]X[J'](/LhM?):{O =1l L] olse.

We show 7, € CY®(0,4.(v)) for all vertices in CDCT(QI) (I'). It is enough to consider
vertices [i] x [j] with ¢ # j. We have

#3%2 Tl x (5] (1415 12) = Ppijx[j] (MQ)HOO
= max ||(1 — p1)ppxpi—1(B2) + ppux) (B2) = Plx (-1, (MQ)H
1elo,1]2 o
o
~ max ny (1= s + pay) = y(1 = i+ p)]|
relo,1]

< (1 =t | SOV [| o <€

where the inequality at the start of the last line is obtained by applying the intermediate
value theorem to each component of v and observing that the arguments are at most
(tj+1 —t;) apart. Since py;)x[; is supported in O;(y), this shows that 7, is supported in
Orte(7)- )

We set H([i] % [1]) = >%_; 11 Tlijx [k for all vertices and extend the map by linearity.
To show o v — B oty = OH + HO, we fix a vertex v = [i] x [j] and calculate

j—1
0(a(v)) = B(©)) = pu =m0 — er iy §) + iy 23] = po = Y [wh, a1,
k=i
where we use [z;,z;] = n,. To calculate 7, |x), We note
Ay () = prigx i) (1) By (1) = plixe11 (1),

Ao (1) = (1= p)wg — pwg = 23, Bamyxp () = (1 — p)ag—1 — pwg = [T1, 78]

Since As is degenerate, this yields 8T[k]><[k+1} = P[i]x[k+1] (1) — Pli] x [k] (1) — [z, Tpa1]-
Using this, we obtain

j—1
OHv = 013« 5] Z OTl ] = Po — D ks Tat1]
k—it1 p
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5.4 Distance Landscape of a Curve

which implies the desired equality for all vertices and by linearity for all 0-chains.
For an edge e € CDCS,I)(F) we set

To(pan, pias 113) = {(1 — 1) (i1, o) + 3 (1= p2) i + pa((1 = pn)aj + puxjp))  if e = [i] x [4,5 + 1],
R (1= p3)ne(pas p2) + p3 (1= p2) (1 = pa)2i + pazia) + pox;)  if e = [i,i+ 1] x [5].

We verify 7, € CC" (O, (7)) for all edges e in CDC,(T"). For an edge e = [i] x [j,j +1],
we have

17e = Nell oo = max, 13| me (i, p2) — (1= p2)ws + pa((1 — ) + i)

= ugf%?H(l = p2)y(ts) + p2y (1 = )ty + patjn) — (1= p2)as + pa((1 = p)a + i) ||

e}

- Mg{lﬁ%”ﬂﬂ((l — )ty + patjen) — pa((L = pa)v(t) + v (tie))|

(e}

= Mrg[%ﬁ]!h((l — Wty + ptjn) — (1= p)y(ty) + py(tio)|| o

(tip1 —t;)? 52
< e £ S e S e

where the first inequality in the last line follows from the approximation error for poly-
nomial interpolation (see e.g. [SB02, Theorem 2.1.4.1]). A similar calulation works for

edges e = [i,i + 1] x [j]. Since 7, is supported on O,(7), the support of 7. must be
contained in Oy4¢(7).

Since pe is supported on v and H{"?(y) = 0, there is a chain ¢, such that dc, = pe.
We now set He = ¢, + 7. — d, for all edges in CDC(T), where d, will be specified later,
and extend the map by linearity. To verify 6 o — o = OH + HO, we fix an edge
e = [i] X [J,7 + 1] and note that

Te(p1, o, p3) = (1= pz)nepn, p2) + ps (1 — p2)ai + pa((1 — pa)xj + paxjgn))
= (1= p3) (1= p2)y(ti) + poy((1 = p)t; + patj1))
+ 3 (1 = p2)ws 4+ pa((1 — p)zj + paxji1))
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5 Time Series, Distance Matrices and Persistent Homology

Therefore,

Arre(pa, ) = (1 — p3) (1 — p2)y(ts) + pay(t5)) + ps (1 — p2)y(ti) + pay(ty))
1 — p2)y(ti) + pay(ty))

(
1—ps3 ) (1 = p2)y(ts) + poy(tjg1)) + pa (1 — p2)y(t) + pay(tjs1))
(
1-—

BlTE(Ml) ,U’3)

1 — p2)y(ti) + pay(tj1))
p3)y(ti) + pay(ts) = v(t;)

(
(
(
(
(

AoTe(p1, p3)
Bote(p1, p13)
AsTe(p1, p2)
B37e(p1, p2) =

(1= p3)y (1 = pua)ty + 1) 4+ p3 (1 — )y (t5) + pay(ti1)) = Trgxj1 (1, 13)
Ne (b1, p12)
(1 = p2)y(t:) + p2((1 = pa)v(t5) + pay(tj41))-

Note that the first three singular cubes are degenerate. We furthermore have Hde =
H([d] x [j]) = H([&] x [ +1]) = =75 [j+1), thus

OHe + Hde = (pe = Tl x[j+1] — e + B31, — 8de) + Tl [j+1] = Pe — Te + B371, — 0d,.
Starting with the other side of the equation, we have
fo a(e) —po ¢(6) = Pe —Ne — ﬁ([xla $j7$j+1])7

where B([z;, x5, v541]) (1, p2) = (1 — pa)z; + pa (1 — p2)xj + paperjp. Since

A1 Bste(p) = (1 — p)z; + pzy = A2q(p),
B1Bste(p) = (1 — p)xi + pajpr = Bag(p),
AgBste(p) = z; = A1q(p),

ByBste(p) = (1 — p)zj + paji1 = Big(p).

We have 0(Bs7.+([xs, 2, 2j41])) = 0. Since both simplices are supported in the acyclic
set ||z, 24, xj41]|, we can find a chain d, such that dd. = Ba. + B([z, z;, z41]). With
this choice, we have foa(e) — fot(e) = OHe+ HOe. Similar calculations work for edges
of the form [, + 1] x [j], we thus have constructed the desired chain homotopy. O

Theorem 5.4.6. The cokernel of Ho(6): Ho(DL(y)) — H1(O(v)) is ephemeral.

Proof. To show that V = coker Hy(#) is ephemeral, we need to show that all structure
maps are zero. We show V,. .19, =0 for 7 > 0, € > 0 and treat the case r = 0 later. By
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5.4 Distance Landscape of a Curve

Lemma 5.4.5 we can find a sample I' of v such that there is a commutative diagram

« ¢ «
Ho(CDC,4(1) ———— Hi(Crie(l)) ——5—— Hi(Ox(7))
o g H1 (O 2e(2)
"

Ho(DLr12e(7)) ————— Hi(Ort2¢(7))-

Now fix h € H1(Or(7)). Since ¥ is surjective, there is h € Hy(CDC,,(T)) such that
Yrie(h) = BL(h). Thus, with k& = ay4c(h), we have H1(Orrr2¢(7))(h) = Org2c(k).
Therefore, H1(Oy r42:(7))(h) is an element in im 6,5, and therefore trivial in V. This
shows that all structure maps V., = 0 for r > 0. In case r = 0, we choose s € (0,¢)
and observe Vo, =V, .0V, =0 since V, . = 0 by the previous argument. ]
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6 Time Series Analysis using Sampled
Cycling Signatures

The notions on cycling introduced in Chapter 3 apply to a single segment of a given time
series. In order to obtain an overview on the cycling properties of different segments
from a (long) time series, we carry out a sampling approach.

This chapter is structured as follows. In Section 6.1, we introduce the sampling setup
and three example times series. In Section 6.2, we define summary statistics to analyze
the resulting collection of sampled segments. This allows us to give a heuristic definition
of cycling motions as ‘prevalent’ one-dimensional cycling signatures. In Section 6.3, we
experimentally explore stability of this analysis. The analysis of cycling signatures is
augmented in Section 6.4 using the observations in Chapter 5. In particular, we analyze
the relationship between different cycling spaces and transitions. Finally, in Section 6.5
we explore the relationship between cycling signatures and unstable periodic orbits in a
chaotic attractor.

Sections 6.1 to 6.3 are joint work with Ulrich Bauer, Oliver Junge and Konstantin
Mischaikow and part of [BHJM23].

6.1 Example Systems: Lorenz, double well, Dadras

We generate example datasets (see Fig. 6.1) by numerically integrating three systems of
differential equations. We then choose a (finite) set of time spans 7 C [0, 00), a sample
size N € N and randomly sample N segments of time span 7 for each 7 € 7. We then
compute the cycling signature for these N - |T| segments as described in Chapter 4. All
cycling computations are carried out using coefficients in Fys.

6.1.1 Lorenz System

The Lorenz system [Lor63] is the system of differential equations

'jj:o—(y_x)v
yzx(p—z)—y,
Z=uxy— Bz
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6 Time Series Analysis using Sampled Cycling Signatures

LT 0 -0 0 10 X

¥

Figure 6.1: Time series for the Lorenz system (left), a stochastically perturbed Hamiltonian
system with a double well potential (center) and the Dadras system projected to
the first three coordinates (right). The color of the z; changes gradually with time
t; to visualize time evolution.

We consider the system at the classical values ¢ = 10, p = 28 and g = % where it is
known to exhibit a chaotic attractor that resembles the shape of a butterfly.

Time Series Generation We integrate the system numerically, from time 0 to 10000,
using the Tsit5 scheme [Tsill] with initial condition (0, 10,0) and step size 0.1. For each
time series point, we compute the lift to the unit tangent bundle using the explicit
formula for the vector field. We sample additional points to ensure that the dynamic
UT-metric dg of two consecutive points is less than 1. The resulting dataset 'y, set is
shown on the left of Fig. 6.1.

Signature Computations We construct a cubical comparison space Yy, for I'y, using
boxes with box size (r,k) = (8,1). It has dim H;(Yz) = 2. We sample N = 1000
segments for each time span 7 € 7 = {10,20,...,1000} and for each segment 7, we
compute the cycling signature Cyc(vy, Y) using the metric do with C' = 8 and maximal
filtration value 8.

6.1.2 Double Well System
Consider the stochastic differential equation
dx = f(z)dt + odW, (6.1)

r = (q,p) € R%, with W denoting the Wiener process. For the vector field f : R? — R2,
we choose an asymmetric double well Hamiltonian system with two homoclinic orbits,
given by
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6.1 Example Systems: Lorenz, double well, Dadras

where h(z) = (2% — 2)/2 and
H(q,p) =p*/2+¢*/8 — ¢*/2 — ¢° /15 — ¢/10.

Time Series Generation We generate two time series by integrating the system
numerically using the SRIW1 scheme [R610] with initial value x = (1,0.75), step size
0.01 and noise level ¢ = 0.015. One, with a = 0.02, is used throughout the remainder
of this chapter (see the middle figure in Fig. 6.1). The other, with a = 0, is used in
Chapter 3. In both cases, we lift the data to the unit tangent bundle using forward
finite differences, i.e. we approximate the unit tangent vector at x; € I' by normalizing
Tit1 — Ti-

Signature Computations We construct a cubical comparison space Yy, for I'g,, using
boxes with box size (0.2,1). It has dim Hy(Yg,) = 3. We sample N = 1000 segments
for each time span 7 € T = {10,20,...,1000} and for each segment v, we compute the
cycling signature Cyc(v, Yg,) using the metric do with C' = 0.2 and maximal filtration
value 0.2.

6.1.3 Dadras System

In [DMQW12], a 4d system of differential equations with a 4 wing (hyper)-chaotic at-
tractor is introduced. The equations are

=ar — Yz +w,
xz — by,
=2y —cz + xw

=Y,

SRR ST S
|

where we set (a,b,c) = (8,40,14.9) as suggested in the original article. The system
posesses a unique equilibrium at the origin, the eigenvalues of the Jacobian at the origin
are 0, a, —b, —c.

Time Series Generation We integrate the system numerically, from time 0 to 100000
using the Tsith scheme [Tsill] with initial condition (10,1, 10,1) and step size 0.01. In
the resulting time series, the wings are quite large compared to the distance of their
centers to the origin. To ensure that the cubical comparison space does not have too
many boxes, we shrink the wings by applying the nonlinear rescaling x — z//||z||5 to
all time series points. As before, we compute the lift to the unit tangent bundle by
explicitly using the vector field (and the rescaling). We then sample additional points
such that the Euclidean distance of two consecutive points lifted to the unit tangent
bundle is less than 0.8. The resulting dataset I'p, is shown on the right of Fig. 6.1.
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6 Time Series Analysis using Sampled Cycling Signatures

Signature Computations We construct a cubical comparison space Yy, for I'y, using
boxes with box size (4,1/3). It has dim Hq(Yy,) = 5. We sample N = 1000 segments
for each time span 7 € T = {10,20,...,1000} and for each segment v, we compute the
cycling signature Cyc(7, Yy,) using the metric dg with C' = 12 and maximal filtration
value 4.

6.2 Summary Statistics for Cycling Signatures

Throughout this section, let I' be a time series with sampling times 7'. Furthermore, let
7T C R denote a (finite) set of time spans and S = (S;)re7 be a collection of segments
with time span 7 sampled from I'.

In the following we introduce summary statistics for cycling segments and illustrate
them using the previously introduced example systems.

6.2.1 Cycling Rank Distribution

A simple way to analyze sampled segments is to focus on their cycling ranks.

Definition 6.2.1. We define the (empirical) rank distribution of S = {S:}re7 to be
rkDist: 7 x R — Ny, rkDistg(7,7) = #{y € S | dim Cyc,(vy) = 1}.

The empirical cycling rank distributions for the example datasets are shown in Fig. 6.2.
Rank 0 is detected if either the thickening radius r the segment time span 7 is small.
For small thickening radii, this is expected since a small thickening of a (discrete) point
cloud has no degree 1 homology. Regarding the segment time span, we actually gain
insight into the systems: the time span at which the number of rank 0 segments begins
to decrease suggests the minimal time span of a cycling segment (Lorenz ~60, double well
~80, Dadras ~40). Furthermore, in all three systems, for large enough thickening radius
and segment time span, all segments have positive cycling rank, i.e. any sufficiently long
segment in the time series is cycling. This means that in all systems cycling is a typical
phenomenon.

6.2.2 Cycling Space Distribution

Cycling spaces offer a significantly more fine-grained view than the cycling rank.

Definition 6.2.2. Let V' C H;(Y) be a subspace of the homological comparison space.
The (empirical) cycling space distribution of V' with respect to S = {S; }re7 is

VDisty: T x R — Ny, VDisty(r,7) = #{y € S; | Cyc,(y) = V}. (6.2)
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Figure 6.2: Empirical cycling rank distributions for the Lorenz, double well and Dadras
datasets. For each system, the rank distributions for all ranks between zero and
the dimension of the homological comparison space are shown.

Often, it is easier to analyze the (empirical) radius distribution of V with respect to S,
i.e.
rVDisty : R — No, rVDisty(r) = ) _ sigDisty (7, 7)
TET
which counts the total number of segment that exhibit V' at a given radius, and the
(empirical) time span distribution of V with respect to S

tVDisty: T — No, tVDisty (1) = #{y € S; | Ir : Cyc,(v) =V},

that, for each time span, counts the total number of segments that exhibit V. We further-
more define the total persistence of V with respect to S to be tpV(V) = [ rVDisty (r) dr.

75



6 Time Series Analysis using Sampled Cycling Signatures
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Figure 6.3: Radius distribution (left column) and time span distribution (right column) for
1d cycling spaces in the example systems. We highlight the 3, 3 and 6 cycling
spaces in Lorenz, double well and Dadras, respectively, that have the largest total
persistence. In Dadras, we only show the 40 most persistent of the 1395 cycling
spaces that appear in the sample. Note that the time span distribution is less
smooth than the radius distribution.

Remark 6.2.3. In general, tVDisty (7) is not equal to fooo VDisty (7, r) dr since the former
counts the number of segments that express a given cycling space, while the latter can be
interpreted as a weighted count where the weight is given by the measure of the interval
where the cycling space is expressed. It follows that generally also tpV (V) is not equal

to > cgtVDisty (7).

1d Cycling Spaces

One-dimensional cycling spaces capture a single type of cycling, which is uniquely iden-
tified by its cycling space. In total, we detect 37 1d cycling spaces in the Lorenz dataset,
8 in the double well dataset and 1395 in the Dadras dataset. Note that this observa-
tion does not conflict with the fact that the comparison spaces for the Lorenz and the
Dadras system have dimensions 2 and 5, respectively, as the rank 1 cycling spaces may
be linearly dependent.

76



6.2 Summary Statistics for Cycling Signatures

Radius distribution of cycling spaces In the left column of Fig. 6.3, the radius
distribution of cycling spaces is visualized. This gives immediate information about the
cycling spaces that can be expected for given thickening parameters. In Lorenz, we see
that for » Z 4 only V; and Vs appear. For 2 T r < 4, we additionally detect V3. The
other cycling spaces are detected only for even smaller r. In double well, all frequent
subspaces appear for r =~ 0.02 and appear with similar frequency for all greater r. In
the Dadras time series, for large thickening radii, there appear to be six cycling spaces
that are detected frequently, though we detect two qualitatively different distributions:
While V3 to Vg are approximately monotonically increasing, all other cycling spaces peak
for some radius and then fall off quickly. This is particularly noticeable for Vi and Vs
and the sharp peark suggests that many of these segments have cycling rank greater
than one for larger thickening radius. In all systems, this suggests that are there are a
small number of ‘macroscopic’ cycling motions despite the larger number of 1d cycling
spaces that are detected.

Time span distribution of cycling spaces The time span distribution of cycling
spaces (see right column of Fig. 6.3) is particular interesting for small time spans since it
provides insight into the minimal time span of a cycling space to be detected. Both, the
Lorenz and the double well system possess two cycling spaces with small 7,,;, compared
to a third cycling space, whereas in Dadras, four spaces V3, Vy, Vs, Vg have small 7,5,
compared to V4 and Vb, see Table 6.1.

System Tmin(V1) | Tmin(V2) | Tmin(V3) | Timin(Va) | Tmin(Vs) | Tmin(Vs)

Lorenz 50 60 150 (230) (230) (300)
Double Well | 210 70 90 (130) (30) (110)

Dadras 70 70 40 40 40 40

Table 6.1: Values of 7y, for cycling spaces in the example systems.

In the Lorenz system this is expected, since the third type of cycling, the longer one,
is the “sum” of the two shorter ones on the individual wings and traces out both wings
as shown in Fig. 6.4.
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6 Time Series Analysis using Sampled Cycling Signatures

Figure 6.4: Rank 1 segments in the Lorenz system. The full time series I' is shown in black.
The red points in each plot highlight a segment with cycling space Vi, V5 and V3,
respectively.

Especially in Lorenz and Dadras, new cycling spaces appear for larger time span.
Referring back to the rank distribution, segments with longer time span typically have
cycling rank 1 only for small thickening radii. This suggests additional structure in the
data that is smaller in scale than the ‘macroscopic’ cycling spaces we highlighted so far.
In Section 6.5, we link these cycling spaces to unstable periodic orbits.

Cycling Motions

Using the summary statistics for one-dimensional cycling spaces, we now give a heuristic
definition of cycling motions.

Definition 6.2.4. A cycling motion in a time series is a ‘prevalent’ one-dimensional
cycling space.

Higher-dimensional Cycling Spaces

More complicated cycling behavior is captured by segments with cycling rank greater
than one. As mentioned in Example 3.2.5, the cycling space itself does not reveal which
one-dimensional cycling spaces give rise to it, since vector spaces do not canonically
decompose into one-dimensional subspaces. However, cycling spaces with dimension
two or greater can still be used to relate lower dimensional cycling spaces with each
other via subspace inclusion. For example, prominent higher-dimensional cycling spaces
can reveal clusters of 1d cycling spaces where the time series stays for extended periods.

A phenomenon of interest are transitions between one-dimensional cycling spaces,
i.e. segments that consecutively visit different one-dimensional cycling spaces. Any
segment with a transition has a signature with dimension two or greater that contains
the corresponding one-dimensional cycling spaces as subspaces. Conversely, there cannot
be transitions between two specific 1d cycling spaces if there is no segment with a higher-
dimensional cycling space that contains these two 1d spaces. These observations allow
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Figure 6.5: Radius distribution of 2d cycling spaces in the example systems.

us to make preliminary statements about transitions between certain cycling spaces. We
present a more thorogh analysis of transitions in Section 6.4.

2d Cycling Spaces In the Lorenz system, the homological comparison space is of
dimension two, therefore all rank 2 segments have the same cycling space, and all three
of the frequent one-dimensional cycling spaces are subspaces of this space.

In the other two systems, rank 2 segments provide insight into the transitions between
cycling spaces: We cannot rule out any transition between the three prominent cycling
spaces in the double well system. To see this, note that the statistics of the 2d cycling
spaces, depicted in Fig. 6.5, reveal three prominent 2d cycling spaces. It can be seen in
Fig. 6.6 that any pair of 1d cycling spaces is contained in a 2d cycling space (for example
V1 and V3 are contained in W3).

For transitions that occur we obtain quantitative statements: As can be seen from
Fig. 6.5, the spaces W1 and Wy appear much more frequently than Ws. The inclusion
graph in Fig. 6.6 (center) reveals that W; and W5 contain V3, the space with large 7,,in,
and one of the others V4 and V5, whereas W3 contains both of the spaces with small
Tmin. An interpretation of this is that transitions between V; and V5 are less likely than
transitions involving V3.

In the Dadras system, we detect two prominent 2d cycling spaces which organize the
six one-dimensional cycling spaces into two clusters. These are defined by W7 and Ws,

79



6 Time Series Analysis using Sampled Cycling Signatures

and consist of V1, Vs, V5 € Wy and Vi, V3, Vg C Wa, ie., each contains two subspaces
with smaller, and one with larger 7,,;,. Note that Wi and W5 are disjoint, therefore
direct transitions between cycling spaces in the same cluster are frequent while direct
transitions between cycling spaces from different clusters are rare.

Lorenz
dimension

double well
dimension

Dadras
dimension

Figure 6.6: Hasse diagram of the inclusion order of cycling spaces. In each diagram, the nodes
in the bottom and top rows correspond to frequent rank 1 and 2 cycling spaces,
respectively. Node colors correspond to the ones in Fig. 6.3 for 1d spaces and
Fig. 6.5 for 2d spaces. An edge indicates that the rank 1 cycling space is a subspace
of the rank 2 cycling space.

3d/4d/etc. Cycling Spaces Since our comparison spaces for the Lorenz and double-
well time series are two-dimensional and three-dimensional, respectively, we detect no
cycling space with dimension three or greater in the Lorenz dataset and only one in the
double well dataset. In contrast, in the Dadras dataset, a large number of such cycling
spaces are detected. The radius and length distributions of the 3d and 4d cycling spaces
are depicted in Fig. 6.7a and Fig. 6.7b, respectively. These figures reveal that, compared
to the 1d and 2d cycling spaces, there is no separation of frequent and infrequent cycling
spaces. Some structure becomes apparent when looking at the Hasse diagram of the
subspace relation in Fig. 6.7c: Most 3d cycling spaces are a sum of Wy or W5 and some 1d
cycling space. This can be interpreted as an indicator for chaos in the underlying system
since, after spending time in a 2d cycling space, it seems unpredictable which 1d cycling
space is visited afterwards. Lastly, it is interesting to note that in the distribution of 4d
cycling spaces, a green curve stands out in radius and length distribution. By Fig. 6.7c,
this curve corresponds to the cycling space which is the direct sum of W; and Ws.
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Figure 6.7: Radius distribution, time span distribution and subspace inclusion for 3d and 4d
cycling spaces in the Dadras time series. a, b The 30 cycling spaces of dimension
3 and 4, respectively, with the largest total persistence. In both figures, each
cycling space has the same color in radius and time span distribution and the most
persistent 8 have a color different from gray. In the time span distributions, points
corresponding to the same cycling space are connected for better visibility. ¢ Hasse
diagram of the subspace relation. The colors of the vertices are consistent with the
colors in Figs. 6.6, 6.7a and 6.7b. Edges between non-consecutive dimensions are
dotted and colored for better visibility only and have no other meaning.
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Comparing Lorenz, double well and Dadras

Visually, there are similarities between the time series of the Lorenz and the double well
system (see Fig. 6.1); they both have two centers (‘holes’) around which trajectories
cycle. The dimensions of the comparison spaces differ (2 for Lorenz, 3 for double well),
but in and of itself this does not necessarily imply significant differences in the dynamics.
However, we can quantify differences using the statistics of cycling signatures.

In both systems, three 1d cycling spaces stand out (see Fig. 6.3). Furthermore, the
time span distribution reveals that, in both systems, one cycling space has 7,,;, approx-
imately twice as large as the other two. In Lorenz, the two shorter 1d cycling spaces
have almost identical radius and time span distribution; the longer one is different in
both distributions. Its radius distribution increases for smaller radii than the other two
but also falls off much more quickly which suggests, that at the coarsest level the Lorenz
system only has two cycling motions. Furthermore, its time span distribution is fairly
constant once it is detected while the other two are monotonically falling.

The double well system also has two prominent 1d cycling spaces with similar 7y,
though the slight shift in the time span distribution suggests that V3 is slightly longer
than V5. Furthermore, the radius distribution shows that V3 is detected less often than
V5. This shows that the shorter cycling motions are less symmetric than the ones in the
Lorenz time series. The structure of the third cycling motion is different in the systems.
In the Lorenz system, this third space is observed infrequently, whereas in the double
well system, it dominates in frequency once it appears at a time scale of 7,,;, = 210.

Cycling behavior in the Dadras time series is very different from the other examples
since we find six 1d cycling spaces while the other two systems only have three.

Cycling Signatures in the Dadras system

The Dadras system is a 4d system of ordinary differential equations, which appears
to exhibit a (hyper)chaotic attractor [DMQW12]. As the system is four-dimensional,
visualization is limited to projections that necessarily omit some spatial information.
Cycling signatures allow us to analyze the dynamics in the Dadras system without
visualizations.

As stated above, Fig. 6.3 indicate six 1d cycling spaces. Our analysis of rank two
segments (Fig. 6.6) reveals that these 1d cycling spaces are organized in two Lorenz-like
clusters, each of which comprises two spaces with smaller 7,,;, than the third which they
span.

While the 1d and 2d cycling spaces indicate a degree of order in the system, the
3d and 4d cycling spaces show quite the opposite. Indeed, the large number of these
cycling spaces indicates that transitions into and out of the 2d ‘clusters’ are unpredictable
through cycling signatures. This is an indicator for chaos or randomness in the system.

Together, the V;, i = 1,...,6, span a four-dimensional subspace of the homological
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6.3 Stability

comparison space. Similar to the double well system, there is a hyperbolic equilibrium
at the origin that generates a nontrivial homology class in the homological comparison
space. This generator, together with the four 1d cycling spaces Vi, Vs, V3, V4, generates
the 5 dimensional homological comparison space.

6.3 Stability

The computation of cycling signatures depends on the choice of comparison space and
unit tangent bundle metric. From a practical point of view it is important that the com-
putation of cycling signatures is stable with respect to these choices. Lacking a thorough
theoretical understanding of the stability of cycling signatures, we experimentally inves-
tigate the effect of small parameter changes on the presented results.

To experimentally investigate stability of our results, we repeat the experiment with
different parameters. More precisely, we choose (r, k,C) = (8,2, 16) as reference param-
eter values and vary the parameters 7, k, C as follows:

e r=17,8 9 with k=2 and C = 16,
e k=1,2, 3 withr=8and C =16,
e ('=16,17, 18 with r =8 and k£ = 2.

For each parameter combination, we sample 1000 segments for segment time spans
{10,20,...,500}. Thus, changes in the cycling signatures arise not only from changes
in parameters but also due to sampling. To simplify visualization, we evaluate all cy-
cling signatures at radius 2 which should adequately capture the three most prominent
cycling motions. As we can see in Fig. 6.8 and Fig. 6.9, changes in the statistics of rank
distribution and are small in the tested range of parameters.

rank 0 rank 1 rank 2
1000 —ww 1000 1000 A
8001 800 . 800 o
600 - 600 - o 600 s~
E *, g \"\. 4
- 400 A '._ 400 - g o 400 f
200 2004 * M| 2001 N
\, -~
0 - T T T T T T 0 - | T T T T 0 - T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
| r=7 r=9 k=1 k=3 C=15 C=17 e reference

Figure 6.8: Rank distribution versus segment time span for a variety of parameter choices. All
cycling signatures are evaluated at r = 4.
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Figure 6.9: Distribution of 1d cycling spaces versus segment time span for a variety of parameter
choices. All cycling signatures are evaluated at r = 4.

6.4 Curve Cycles

Higher-dimensional cycling spaces allow us to relate lower-dimensional cycling spaces
using subspace inclusion. However, this is not sufficient to determine for an individual
segment the elementary oscillations that it is composed of and the transitions that hap-
pen in the segment. In the following, we refine the analysis of cycling signatures using
our observations on persistent homology and distance matrices from Chapter 5.

Let T be a time series with sampling times ¢ = (tk)gzl and let 1 be the chain map
defined in Eq. (5.1).

Definition 6.4.1. A chain ¢ (v) where v = (7, ) is a vertex of DC(v) is called a curve
cycle for v. We call the interval [t;, ;] its time domain and the homology class [c] a
curve homology class for ~.

As illustrated in Fig. 5.1a, curve cycles have the property that they follow the time
series for all but a single edge. If this ‘extra’ edge is short, then, intuitively, the curve
cycle represents an almost-periodic segment of the time series.

Given a tight enough time series, by Theorem 5.2.5, any homology class in the cycling
signature is a linear combination of curve homology classes. The collection of curve
cycles therefore contains at least as much information as the cycling signature. In the
following, we use additional information provided by the curve cycles carry to further
study the relationship of different cycling motions.

6.4.1 Curve Cycles and Topological Sums

As a first application of curve cycles, we revisit the observation that the longer cycling
motion in Lorenz is the ‘sum’ of the shorter ones. In Fig. 6.4 this seems like a plausible
claim, though so far we were able to deduce that the cycling space V3 is contained in
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V14 Vs, which is a vacuous statement since the dimension of the homological comparison
space is two.

Using curve cycles, we strengthen this to a statement on the level of homology. More
precisely, Table 6.2 contains computational results confirming the following: For each
1 = 1,2, 3 there is a nontrivial homology class v; € V; such that: most segments v with
Cyc,,(v) = Vi have a curve cycle ¢ € v; with birth b, such that

{[d} ifb. <71 <y,
B, =
0 else,
is a filtration compatible basis for Cyc(y). Furthermore, we have vz = v1 + va.
Note that rg = ro(Y7) is the maximal radius for which the cycling signature is defined
meaning that we only consider segments that have at most cycling rank 1.

Vi v; #segments with v; | #segments with V; | percentage
%1 {ﬂ mod 43 19353 19353 100%
Vs [_01] mod 43 19127 19167 99.8%
Vs [_11] mod 43 12722 17620 72.2%

Table 6.2: Output of computations to experimentally verify that most occurences of V; are
generated by a curve class v; and that v 4+ v = vs.

6.4.2 Transition Analysis

Intuitively, a transition from a cycling space into another cycling space in a time series
should mean that a segment that generates the first signature is ‘followed’ by a segment
that generates the second signature. We now define such a notion of transition between
cycling spaces using curve cycles.

We use the following order relation for intervals.

Definition 6.4.2. Let [ and J be intervals. If for all s € I there is a t € J such that
s < t, then I bounds J above. If for all t € J there is a s € I such that s < ¢, then J
bounds I below.

Suppose 7 is a segment of I" with curve cycles ¢ and ¢’ that have time domains I and
I’, respectively.

Definition 6.4.3. The segment v has a transition from ¢ to ¢, if I bounds I’ from
below and I’ bounds I from above.
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We now use transitions of curve cycles to define transitions of 1d cycling spaces.

Definition 6.4.4. A segment v has a transition from cycling space V; to V5 if it has a
transition of curve cycles ¢; and co such that [c1] generates V; and [co] generates Va.

A segment v that attains a cycling rank greater or equal two can have any number of
transitions between 1d cycling spaces. A naive (and computationally expensive) way to
compute all transitions of v would be to compute all curve cycles of a segment and then,
for each pair, check if it is a transition between 1d cycling spaces. In our examples, we
used the following heuristic approach:

1. Compute a filtration-minimal vertex for each connected component in DC,, (7).

2. Compute the 1d cycling space for each such vertex.

3. For each pair of cycling spaces, check if there is a transition using the previously
computed curve cycles.

While this may not find all possible transitions, it proved to be sufficient for our examples.

Transitions in the Double Well System

We strengthen the previous claim on transitions in the double well system. For each of
the cycling spaces Wi, W5 and W3, we want to confirm that they ‘typically’ contain a
transition between the respective 1d cycling spaces from Fig. 6.6.

For each of the cycling spaces W;, i = 1,2,3, we therefore compute all segments
with Cyc, (v) = W; and check if there are transitions between the relevant 1d cycling
spaces using the simplified procedure described above.

As can be seen in Fig. 6.10, almost all segments with Cyc, (v) = W; for i = 1,2,3
contain a transition of the respective frequent 1d subspaces. Furthermore, transitions
in both directions occur with similar frequency, e.g. for Wi, we have transitions from
V1 to V3 and vice versa. Interestingly, with increasing segment length we see that both
transitions start to occur for W7 and Wy, whereas for W3 this is not the case.

Transitions in the Lii system

Transitions between cycling spaces provide an additional way to qualitatively distin-
guish time series. As another example, we consider the following system of differential
equations

p=T 4 (et a)a® —p) + 2paa—2) ~ S - )+ L
i=5((c—a)a— (a+2)p) + 53((a = )6 — ) + 2pala+ )
z= ;qu — %q?’ — bz
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Figure 6.10: Transitions in the double well dataset.

where M = /p? + ¢ and the parameters are (a,b,c) = (36,3,13). This system, which
we call the Lii3 system, was derived in [ABPO08] by replacing the twofold symmetry of
the two wing Lii system [LCO02] with a threefold symmetry, as was previously done for
the Lorenz system [MS93].

We obtain a time series by numerically integrating this system with initial condition
(1,0,4.5) and step size 0.01. As before, we generate cycling signatures by sampling 1000
segments for time spans {10, 20,...,500} using a cubical comparison space Yz,3 C Q51
with dim H'(Y7,3) = 3.

An analysis of cycling signatures reveals that, similar to the double well dataset, we
detect three frequent 1d cycling spaces and three frequent 2d cycling spaces such that
each pair of frequent 1d cycling spaces generates one of the 2d cycling spaces (see left
side of Fig. 6.11).

As for the double well system, for each of the cycling spaces W;, i = 1,2, 3, we compute
all segments v with Cyc,, (v) = W; and check if there are transitions between the relevant
1d cycling spaces using the procedure described above.

The transition analysis reveals that, similar to the double well system, most of these
segments contain a transition between the respective 1d cycling spaces. However, we also
see that transitions tend to happen in one direction only, namely V; — Vs, Vo — V3 and
V3 — V1. This is a qualitative difference from the double well system where transitions
in both directions can be found.
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Figure 6.11: Cycling and transitions in the Li3 system.




6.5 Cycling Signatures and Unstable Periodic Orbits

6.5 Cycling Signatures and Unstable Periodic Orbits

Unstable periodic orbits (UPOs) play a central role in the study of chaotic attractors.
Especially in the physics literature, the set of unstable periodic orbits in a chaotic at-
tractor is often referred to as the skeleton of the attractor. The evolution of a typical
trajectory within a chaotic attractor is described as following along unstable periodic
orbits and occasionally hopping between them [ACET87, Cvi91, BM02, ZS06].

Now, suppose < is a sufficiently densely sampled time series segment that follows a
given UPO. Then v and the UPO are close in interleaving distance, and we expect
their cycling signatures to be similar. In particular, the homology class induced by the
periodic orbit should generate the cycling space Cyc, () for a range of small » > 0. In
a long time series, we expect the UPO to be visited repeatedly. Therefore, we expect
these periodic orbits to be revealed through 1d cycling spaces that appear frequently for
small thickening radii.

In Fig. 6.12 we plot a segment of minimal time span for the 16 1d cycling spaces
with the largest total persistence in the Lorenz dataset. For each segment, we further-
more compute a curve cycle and express its homology basis in terms of the curve cycles
corresponding to Vi and V5.

It is well known that in the Lorenz system, a Poincaré section can be used to associate
a word in the free group with two generators to any periodic orbit. A basic description
of this symbolic dynamic is that looping around the left wing corresponds to the symbol
A, looping around the right wing corresponds to the symbol B. Every periodic orbit can
then be described by a finite sequence of the A and B.

We visually compare Fig. 6.12 with the rigorously computed short periodic orbits
from [GTO08]. Every segment in Fig. 6.12, other than the ones corresponding to [0, 1]
and [1, 0], appears to match a short periodic orbit in the Lorenz system. However, not all
UPOs are captured. This can be explained as follows. Passing from symbolic dynamics
to homology amounts to passing from the free group with two generators to the free
abelian group with two generators. As a result, the order of the symbols is lost. In
[GTO08], distinct UPOs for the words AAABB and AABAB are approximated. Both
map to the vector [3,2] in the comparison space. Thus, our approach cannot distinguish
them.

One could attempt to remedy this using a more thorough transition analysis along
the lines of Section 6.4, though we leave this for future work.
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Figure 6.12: Segments for the 16 most persistent 1d cycling spaces. The title of each plot is the
homology class of a curve cycle in the comparison space, expressed in the basis
indicated by the first two plots.
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7 Conclusion

We presented an approach to identify coarse clusters of cycling motions and transitions
between these coarse clusters in sampled dynamics. This approach is based on the
cycling signature, a topological descriptor for time series segments.

A key ingredient in computing cycling signatures is the construction of the comparison
space Y. Here, we constructed Y from an extrinsic cubical covering of a thickening of the
given time series. The advantage of this is that typically the number of cubes is much
smaller than the number of points in the given time series so that the computation of
H1(Y) becomes feasible. Furthermore, this construction is applicable to general time
series data and provides a certain amount of flexibility through the box size parameters.
Of course, other constructions are possible and some applications might need comparison
spaces which are adapted to the system and data of interest.

In this work, we presented a preliminary stability analysis of the cycling signatures
approach. While the cycling signature of a segment is stable with respect to small per-
turbations of the segment, a comprehensive stability analysis in the context of sampled
dynamics is still an open problem.

The cycling signature can be viewed as a three parameter persistence module, where
two parameters specify start and end of a segment in a given time series, and the third
parameter is for the thickening. Such a three-parameter filtration was already considered
in the work of [KM20] in the context of dynamic metric spaces. A high-level difference to
our work is that their focus is on multi-agent systems and their structure at a single time
point, while we are interested in interactions of a single ‘agent’ at disjoint time periods.
We think that the three-parameter persistence view on the cycling signature offers several
paths for interesting future research. For one, it could provide a suitable setting in which
to investigate stability of our statistical invariants with respect to small perturbations of
the data. Furthermore, preliminary computations using the two-parameter persistence
software [BLL23] for the time parameters with fixed radius suggest that finer invariants
can be computed using this approach.
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