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Output Feedback Model Reference Adaptive Control of Piecewise Affine
Systems With Parameter Convergence Analysis

Tong Liu

Abstract—In this article, the output feedback-based direct model
reference adaptive control of piecewise affine systems and its
parameter convergence are investigated. Under the slow switch-
ing assumption, it is shown that all the closed-loop signals are
bounded and the output tracking error is small in the mean square
sense. Built upon this result, the estimation error of controller
parameters is proved to converge to a residual set if the input
signal is sufficiently rich. The relationship between the size of this
residual set and the switching frequency is established. Moreover,
the convergence of the estimated controller parameters to their
nominal values can be achieved for a certain subsystem given
that this subsystem is activated for infinitely long time. Simulation
results validate the effectiveness of the proposed approach.

Index Terms—Adaptive control, output feedback, piecewise
affine (PWA) system.

|. INTRODUCTION

The systems in the real world are mostly hybrid and highly nonlinear.
The mixture of the continuous states and discrete modes as well as
the system nonlinearity complicates the analysis and control design.
Piecewise affine (PWA) system is a powerful tool to model the hybrid
systems and approximate nonlinearity. The state-input space of a PWA
system is partitioned into convex polytopes, in which the subsystem
dynamics are linear. The hyperplanes, which determine how the state-
input space is partitioned, characterize the switching mechanism of the
hybrid systems.

Since proposed, PWA systems have attracted significant interest.
Numerous applications in various areas have been explored like in [1]
and [2]. Meanwhile, exploration in theory has also made great progress
such as analysis of controllability and observability [3], model predic-
tive control [4], etc. Recent works introduce the adaptation mechanism
in PWA systems to counter uncertainties and disturbances. One aspect
is the adaptive identification. Due to the hybrid nature of PWA systems,
both the switching hyperplane estimation and the subsystem parameter
identification have been explored in [5] and [6], respectively. Another
aspect lies in adaptive control.

Various adaptive control approaches of switched systems are pro-
posed in the literature. Sang and Tao develop model reference adaptive
control (MRAC) of piecewise linear (PWL) systems for state track-
ing [7] and output tracking [8], respectively. Compared with PWL
systems, PWA systems are preferable because they require less prior
knowledge about the systems. MRAC approaches of PWA systems for
state tracking are studied by Bernardo et al. in [9] and Kersting and
Buss in [10]. The state or output tracking errors reported in the given
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references are either asymptotic convergent or small in the mean square
sense.

Apart from the tracking performance of the MRAC, studying the pa-
rameter convergence is also a topic of major interest [11]. Its importance
isdepicted in [12] and [13] by showing that a large parameter estimation
error may result in bad transient behavior. In light of this, much effort
has been devoted to the study of parameter convergence in MRAC
of PWL/PWA systems, In [7] and [14], the controller parameter con-
vergence of MRAC for PWL systems is proved under the persistently
exciting (PE) condition. For the MRAC of PWA systems shown in [10],
the controller and system parameters are proved to converge to the
nominal values for direct and indirect cases with PE inputs, respectively.

Note that the referenced previous works require full state feedback.
For the output feedback case, the MRAC of PWL systems for output
tracking is studied in [15]. Nevertheless, the convergence of the con-
troller parameters remains unexplored. To fill this gap, we investigate
the output feedback MRAC for PWA counterparts with special focuses
on the analysis of controller parameter convergence. It is a challenge to
analyze the effect of the special controller structure for PWA systems
on the excitation of the estimated parameters. Besides, the influence of
the tracking error, as well as the switching behavior on the parameter
convergence, needs to be evaluated. Our main contribution lies in the
analysis of parameter convergence in direct MRAC for PWA systems
with output feedback. To achieve this, we first extend the controller
proposed in [15] to the context of PWA systems and prove that the
tracking error is small in the mean square sense under slow switching.
Based on this result, we prove that the controller parameter estimation
error converges to a bounded set given a PE reference signal. We
establish the relationship between the size of the set and the switching
frequency. Finally, we show that the convergence of the controller
parameters to the nominal values can be achieved in a special case
where the trajectory is kept staying in one subsystem for infinitely long.

The rest of this article is structured as follows. The preliminaries
and the problem formulation is presented in Section II. In Section III,
our proposed control law is depicted. The tracking error as well as
parameter convergence are investigated. The approach is validated by
a numerical example presented in Section IV, and finally, Section V
concludes this article.

Il. PRELIMINARIES AND PROBLEM STATEMENT

This section gives the definition of the PWA systems. It is also
revisited how to derive a PWA system based on the linearization of
a nonlinear system at different operating points. The MRAC problem
of PWA with output feedback is also formulated.

Consider the piecewise affine system with s € N subsystems

&= A;x + Biu+ fi,
y=C"a, (1

i=1,...,s

where z € R™ and u € RP represent the state of the PWA system and
control input, and A; € R™*", B; € R™*P, and f; € R™ denote the
unknown system parameters of the ith subsystem. In PWA systems, the
state-input space [z7uT]T € R™*P is partitioned into s convex regions.
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We use a set of inequalities to define each convex region €2;

oo

where each element of < represents an operators < or <. The hyper-
plane is determined by each row of H;. The set of hyperplanes H;
determines the polyhedral region €2;.

The indicator function can be utilized to indicate which subsystem
is activated.

T

X
eER™™P|H; |u <0} ()
1

if (z(t),u(t)) €
otherwise.

3

The PWA system can be obtained by linearizing a nonlinear system at
multiple operating points. To compare the properties of PWL and PWA
systems, we revisit the derivation as follows. Consider the nonlinear
system

o(t) = g((t), u(t)) “
where x € R™ and u € R? represent the state and control input of
the nonlinear system, and g : R™*? — R™ denote a smooth nonlinear
function. Given a set of operating points (z}, u}), the linearization of
g around the operating points is

z~g(zi,ul)+ Ai(x —x) + Bi(u—uj) 5)
where A; = %\(%u:) and B; = %\(9@:7@). The following PWL
system can be obtained by assuming zero equilibrium operating points
g(z},u}) = 0 and prior knowledge of the operating points (z}, u})

T~ A;Azx; + BiAu; (6)
with Az; = = — z; and Au; = v — u,; denoting the local state and

input vector around the operating points. The PWA model can be
derived by
with f; = g(z},u}) — A;x — B;u}. Both PWL and PWA systems can
approximate the nonlinear systems given the same operating points and
partitioning of the state-input space. Comparing with PWL systems,
PWA systems utilize global state and input by introducing the affine
term f;. They allow nonzero g(x},u;) and do not require that the
operating points are known.

The input—output mapping of the PWA system when the system ¢ is
activated is given by

y(t) = Gpi(s)[u](t) + Gri(s)[1](2) ®)
where
Gpi(s) = kpi }Z%:E‘Z)) =CT(sI — A)'B;
Grie) =kp Z2T = CTGT - A) M O

The notation y(t) = G(s)[u](t) represents the output in time domain
at time ¢ of a system, which is characterized by the transfer function
G(s) and input u(t) [16]. Given a reference system

Zm(s)

y?’ﬂ(t) = Wm(s)[r}(t)v Ron(3)

where y,, is the reference output trajectory, W, (s) denotes the transfer
function of the reference system, and r(¢) represents reference input
signal.

The problem we would like to solve is formulated as follows: given a
PWA system (1) with known subsystem partition £2;, design a feedback
control law based on the output feedback, such that the plant output y(¢)
tracks the reference trajectory ., (t).

Assumption: The assumptions are summarized as follows, which
apply to the entire work.

1) Z,;(s) is a monic strict Hurwitz polynomial of degree m.

Wi (s) = ki (10)

2) The sign of k,;,7 € {1,2,..., s} is assumed to be known.

3) Zn(s) and R, (s) are monic strict Hurwitz polynomials.

4) Z,i(s)and Ry;(s),i € {1,2,..., s} are coprime.

5) Zi(s)/Zpi(s),i € {1,2,...,s} is proper.

6) The relative degree of the plant is equal to that of the reference
model.

7) The number of switches N(7') within time interval [t,¢+ T)
satisfies N (1) < C' + pT,Vt, T > 0 for some positive constants
C, p.

8) Each polyhedral region €2; only depends on y and « and is assumed
to be known.

Assuming Z,;(s) and Z,,(s) to be strict Hurwitz requires the
reference model and each subsystem of the PWA to be in minimum
phase. The reference model is also stable since R, (s) is assumed to
be strict Hurwitz. The term strict Hurwitz polynomial implies that the
real parts of the roots are strictly negative.

The assumption on the number of the switches N(7") over a time
interval with the length of 7" constraints the average frequency of the
switches among subsystems, which is characterized by p. A small p
reveals slow switching. Limiting the frequency of switches is essential
to ensure the closed-loop stability and is widely adopted in the area of
adaptive control for switched systems [7], [8], [15].

Definition (small in the mean square sense [17]). Let z : [0, 00)
R™ with x € L., and consider the set

T
S(u) = {x|/ 2T ()x(t)dr < couT + e Vt, T > 0}
t

for a given positive constant p, where cg,c; > 0 are some finite
constants, and c¢( is independent of p. x is said to be p-small in the
mean square sense, if x € S(u).

I1l. CONTROLLER DESIGN

In this section, the plant parameters are first assumed to be known in
order to derive the nominal controller. The nominal controller parame-
ters are determined by solving algebraic matching equations. Then, the
adaptive controller is discussed in case where the plant parameters are
unknown.

A. Nominal Control Design

Consider the feedback control law for the ith subsystem

() =037 1) + 05,7 O 10) + 5,9(0) + cour(e) + iy

T A(s) A(s)
(11
where ¢, dy;, 05 € RY, 05, 05, € R™! represent the nominal
controller parameters to be designed, a(s) = [s"72,s" 73, ..., s,1]7,

and A(s) is an arbitrary monic Hurwitz polynomial of degree n — 1,
which can be designed by user,e.g., A(s) = 8" L + A, 98" 2 4+ -+
A1S + Xo. Inserting the control law into (8) yields the closed-loop
behavior of the ith subsystem

Y(t) = Gei(s)[r](t) + Fei(s)[1](2) (12)
with
Gei(s) = . T = . T "
Ryi(A =017 o) = kpi Zpi (03 o+ 03;,A)
representing the transfer function that relates the input and output
signals and

13)

kpi Zpildy, + kpiZpi(A = 03,7 a)
Rpi(A - OL'TO‘) - kpini(eéiTa + 03,A)
denoting the behavior caused by the affine term. The control goal is that
the output of the closed-loop system tracks the output of the reference

model. So, we let the transfer function of the closed-loop system equal
to the one of the reference model and use the final value theorem to

F.(s) = (14)
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enforce the affine term to decay to zero

() = Zm(s)
GCZ( ) km Rm(s)

lin(l) F.(s)=0 (15)
which leads to the matching equation
Ryi(A = 03,7 @) — ki Zyi (03, @ + 03,A) = Zyio R
kpzszAd?)z + kuZfl(A - GiiTa)|S_>0 =0. (16)

2 and A(s) = Ao(8)Z,n(s). The
nominal control parameters are obtained by solving the algebraic
matching equations.

Remark 1: Since the relative degree of the plant is equal to that of
the reference model and Z,,;(s) and R,;(s) are coprime, the left and
right sides of the first equation in (16) have the same degree 2n — 1
without cancellation. This ensures the uniqueness of its solution.

Remark 2: Note that the final value theorem is utilized to eliminate
the biasing effect of the affine term. The conditions of the final value
theorem are that the nonzero roots of the denominator of F.; must have
negative real parts and it must not have more than one zero pole, which
requires that Z,,;, Ao, and R,,, are strictly Hurwitz polynomials.

Remark 3: The second equation of (15) can be expanded as
ki Zm, kpiZpi(A— 07,7 )

R kpiniA() Zm
Since Zy;/Z,; is proper, the second summand in the brackets is also
proper. To ensure the existence of the solution of dj;, it requires
that Z,,,|s0 # 0, Ryn|s—0 # 0 and ky; Zpi Ao Zp | s—0 # 0. These are
achieved by applying the assumptions Z,;, I, Z,, being strict Hur-
witz polynomials and designing A to be strict Hurwitz. Simplifying
(17) further gives the second equation of (16).

Here, cp; is chosen as cg; = k—m
pi

lim
s—0

(do; +

) =0. (17)

B. Error Model

We rewrite the nominal control law for the PWA system as

S
u(t) = xib;"w(t) (18)
1=1
where 0 = [0;,7,05,7, 05, ci;, d5;]7 is the control parameter vector
andw = [wi T, w T, y,r, 1]T with

a(s)

t), =
A( S) [U} ( ) w2
Applying the nominal controller, the closed-loop system can be written
in a state-space form as

z.c = Acixc + Bcir + fci
y=Cla.
where z. = [2T,w],wl]T and CT = [CT,07].

Lemmal: For the closed-loop system (20),
CTA}f.i =0holds Vi € {1,2,...,s}

Proof: The effect of the ith closed-loop affine term can be ex-
pressed by F.;(s) = CF(sI — Ac;) ™' foit. Recalling (15) yields
limg, .o CT(sI — An) ™ fei = O and it follows CT A} fo, = 0. O

We study the tracking error behavior when the nominal controller
is applied. The following theorem states the smallness property of the
tracking error.

Theorem 1: Let the PWA system (1) with known subsystem par-
titioning €2; be controlled by the output feedback nominal controller
(11). There exists po € RT such that Yy € (0, uo), the output track-
ing error e = y — y,,, € S(u). Furthermore, lim;_, sup,~, le(7)| <
cr + d for |r(t)| < 7 and some constants ¢,d € RT.

Theorem 1 reveals that the tracking error exists even if the nominal
control parameters are utilized and the matching equations for every
subsystem hold. Once the system switches, the output deviates from the
reference one, the deviation decays to zero provided that the trajectory

19)

w1 =

(20)

the equation

stays in the subsystem for sufficiently long time (characterized by 1)
until the next switch occurs.

C. Adaptive Control Design

Now consider the case where the plant parameters are unknown.
In this case, the nominal control parameters cannot be determined by
solving matching equations. The estimation of the controller parameters
is utilized to implement the adaptive controller

l
u(t) = xibi"w(t) @21
i=1

where 0; = [QliT, 0,7, 03, cos, do;]T denotes the estimated parameter
vector for the ith subsystem. The output of the system can then be
expressed by the output of the reference system perturbed by the error
of control parameters 6; = 6; — 0} and the transient terms 7, A (see
Appendix A for the detailed derivation) caused by switching.

y(t) = Wanlr)(0) + 3 xepi Won [Z A IOESTORNG

=W |1+ > xipif] w| (t) +n(t) + A(t) (22)
i=1
with pf = c*l, . Define the estimation error for the ith subsystem as
€i(t) = e(t) + pi(t)&:(t) (23)
where
&(t) = 07 (H)C(t) = Wi (s)[07 w] (1)
((t) = Win(s)[w](?), 24)

with e(t) = y — yn, the tracking error. The following update law is
proposed:

f:(t) = —xPr [Sig“[’fmlﬂext)ca)}

m?(t)
. yi€i ()& (t)
pilt) = —xiPr { o) } (25)
where Pr[-] is the projection operator to constraint the parameters within
abounded convex set, which is known as prior information. I'; = FiT >
Oand~; > 0are adaptation gains, m(t) is adynamic normalizing signal
defined by m? = 1 + m, with

my(t) = —Soms +u® + 4%, m4(0) =0 (26)
where Jy is a nonnegative constant. The following theorem describes
the property of the tracking error in adaptive case.

Theorem 2: Let the PWA system (1) with known subsystem parti-
tioning §2; be controlled by the output feedback controller (21) with the
adaptation law (25). There exists o € RT such that Vi € (0, o), the
output tracking error e € S(u).

Remark 4: Compared with the counterpart for PWL systems [15],
the controller (21) introduces a constant term in w to cancel out the
biasing effect caused by the affine term. Since the affine term can also be
viewed as input disturbance [18], nonequilibrium offset [19], actuator
failure [20], and system damage [21], the controller for each subsystem
has the common structure as the output feedback-based controllers
proposed in [18, section 4] and [20, chapter 4]. Note that these two
cases exhibit either no switching or switching only once, and thus, the
disturbance or actuator failure compensation error decays to zero as
t — oo. This further gives asymptotic output tracking. Different from
this result, the tracking error e in the PWA context is small in the mean
square sense due to the switch-dependent property of 77 as well as A,
as discussed in Theorem 1.

D. Control Parameter Convergence

Now we study the convergence of the control parameters. We extend
the analysis method for linear systems in [17, p. 757] to the PWA
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systems. In particular, the proposed controller (21) contains a constant
term, which is reflected in w or equivalently (. The effect of this
controller structure on the PE property of w, ¢ needs to be specifically
analyzed. Furthermore, the tracking error e is small in the mean square
sense, whose influence on the parameter convergence needs to be dis-
cussed. In addition, how the switching frequency affects the parameter
convergence remains to be explored. The following theorem shows our
result.

Theorem 3: Let the PWA system (1) with known subsystem parti-
tioning 2; be controlled by the output feedback controller (21) with the
adaptation law (25). If the reference signal r is sufficiently rich of order
2n with distinct frequencies and activates all the subsystems repeatedly,
ie,Vie{l,...,s}and Vt, € RT, there exists tq > t, and t € RT
such that x;(t) = 1 fort € [tq,tq + dt) and if the projection in (25) is
not activated, then |e| and |0;| converge to a residual set

89i = {6 c R, él S R2n+1||€| + |§z| < C()(VO + \//-7)}

for some positive constants cg, g € R™ and p € (0, po).

In our article, we first decompose ¢ into ¢,,, and .. (,,, can be further
decomposed into one component depending on input frequencies and
one constant term representing zero frequency. These constitute the
excitation source. (. contains all the error terms and is proved to be
S(p). We show that its effect on the excitation can be eliminated by
carefully balancing the switching frequency p and excitation level o
of (,,. Finally, we establish the relationship between the switching
frequency p and the size of the bounded set Sy, by expressing |6;] in
terms of an inequality of (.

Theorem 3 indicates that the bound of the residual set relates to the
switching frequency. Fast switching results in a large residual set. The
convergence to the nominal value is, however, possible and discussed
as follows.

Corollary 1: Let the PWA system (1) with known subsystem parti-
tioning €2; be controlled by the output feedback controller (21) with
the adaptation law (25) without projection. The reference signal r
is sufficiently rich of order 2n. If for a certain ¢ € {1,...,s} and
a certain time instant ¢y > 0, we have y;(t) = 1 V¢t € [to, o), then
e(t) = 0,0,(t) — Oas t — oo.

As Corollary 1 shows, if the output trajectory is kept staying in
a certain subsystem, the periodic deviations caused by switching are
avoided and this further results in both the convergence of the tracking
error and control parameter estimation error.

Corollary 1 depicts a special case of the PWA system, which can be
interpreted as the system with a sudden change in the dynamics such
as aircraft suffering from damage [21]. The controller parameters for
the new system can converge to the nominal values by superposing
proper PE probing signals to the reference signal. The convergence can
improve the transient behavior, and thus, the results of Corollary 1 are
of great importance for the real applications.

IV. NUMERICAL VALIDATION

A numerical example taken from [22] is utilized to validate the
proposed control algorithm. The plant parameters of the PWA system

are given by
0 1 0 1
-2 -1 -25 -1 -15 -1

0 0 0
[0.4}’ = 0.2]’ fs = {—0.3]

with the common input matrix B = [0, 1.5]7". The sign of each sub-
system is 1 and known as prior. The switching hyperplanes depend on
the system output and are given by

le{yER\72§y§2}
Q= {y € Ry > 2}
Qs ={y e Rly < -2}.

A 0 1

7A2: 7A3:

fi

o

A
2o s
:
o
0 100 200 300 400 500 600 700 800 900 1000
2 T T T T T T T T T

r%ﬂ%ruy—’;\r“—w%ﬂ—vﬂﬁﬂ‘ﬁﬂ‘—ww‘—w%ﬁ—ruﬂ%

tracking error{-]
\ o

w
o

1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
T T T T T T T T

ﬂ'ﬂ ﬂHﬂ'ﬂﬂ \ﬂ L

0 100 200 300 400 500 600 700 800 900

tls]

model[-]

1000

Fig. 1. Output tracking performance with input signal » = 4sin(0.05¢),
the nominal controller is applied.
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tracking error|-]
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o

1000

Fig. 2. Output tracking performance with input signal » = 4sin(0.05¢),
the proposed adaptive controller is applied.

The reference model is chosen as

1
Wiy = —.
T (s+1)2
The relative degree of the reference system is 2, which is equal to the
one of all the subsystems of the PWA system. Selecting A(s) = s-lu
and o = 1, the nominal control parameters are obtained by matching
equations (15)

0; = [-1,1.33,-0.67,0.67, —0.53]"

€2))

05 = [-1,1.67,1,0.67, —0.27]"
03 = [-1,1,0.33,0.67,0.4]”

Given an input signal = 4sin(0.05¢), the output tracking perfor-
mance of the closed-loop system by applying the nominal controller is
displayed in Fig. 1. It shows that the output tracking error exists even
when the nominal control parameters are employed. When the system
switches, the output of the closed-loop system deviates from the output
of the reference system, as depicted in (34). This deviation vanishes
given a sufficiently slow switching. The overall output tracking error
over the whole time interval is thus small in the mean square sense.

Given the adaptation gains I'; = v; = 10, the output tracking per-
formance of the adaptive system is displayed in Fig. 2. It can be seen
that the desired performance is achieved by applying the adaptive
controller. The deviation from the reference output occurs due to the
switches among subsystems. The smallness of the tracking error in
the mean square sense validates the theory derivation. Compared with
the adaptive controller, the nominal controller exhibits a better transient
performance. This motivates us to study the convergence property of the
controller parameters. To validate the control parameter convergence,
the input signal is required to be sufficiently rich of order 4. Define the
inputsignal r = sin(0.9¢) 4 sin(0.1¢) + 7, with a periodic offset signal

4, 1000 + kT <t < 3000 + kT's
—4, 4000+ kT <t < 6000 + KT's
0, otherwise

(1) = (28)
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s y over time interval [ty, tx41) is given by
1 e t
y(t) = / CT®(t,7) By, r(7)dT + CT O (t, tr)wo(tr)
05 tg
= t
0 + / CI®(t,7) feipdr (29)
ty

-0.5

0 1 2 3 4 6 7 8 9 10

5
t[s] x10°

—

Fig. 3. Control parameters converge to a residual set around the

nominal values with slow switching.

1.5

5 6 7 8 9 10
t[s] %10°

Fig. 4. Control parameters converge to the nominal values for x; =1
after 40000 s.

where k € Nand 7" = 6000s. 7 drives the trajectory into all subsystems
periodically. In Fig. 3, the dashed lines represent the nominal control
parameters and the solid lines the adaptive control parameters. It
reveals that the adaptive control parameters converge to a set around
the nominal values under slow switching. Since the convergence of 6,
is similar, so only 0, is displayed for clarity.

To show the parameter convergence stated in Corollary 1, the trajec-
tory of the closed-loop system must be kept within a certain subsystem
of the PWA system from a certain time instant £, on. Here, we remove
7 from r at tg = 40000s, which leads to x; = 1, x2 = x3 =0Vt €
[to, 00), the adaptive control parameters 6 converge to the nominal
control values 63, as shown in Fig. 4. The simulation validates the
theory derivation.

V. CONCLUSION

In this article, we have developed the output feedback-based direct
MRAC for PWA systems for output tracking and explored the controller
parameter convergence. With the proposed approach, all the signals in
the closed-loop are bounded and the output tracking error is small in the
mean square sense with sufficiently slow switching. If the input signal
is sufficiently rich, the control parameters converge to a residual set
around the nominal values for slow switches. The approach is based on
input/output information and is limited to be applied to the single-input—
single-output PWA systems. To overcome this limitation, future work
can be an extension to the general case, where partial state feedback is
available. It is also an interesting topic to study the problem, where the
region partitions depend on the system state, and thus, are unknown.
How to avoid frequent switching and sliding mode will also be studied
in future work.

APPENDIX A
PROOF OF THEOREM 1

Proof: Let (C., Ac;,, Bei,,, fei,) denote the active system over
time interval [tx, tx11), k € ZT, i € {1,2,...,s}. The trajectory of

where ®,. (¢, 7) denotes the associated closed-loop state transition ma-
trix. The matching equation (15) ensures

t t
/Czq:'c(t,T)BcikT(T)dT:/ C};Lq)m(t,T)BmT(T)dT 30)
ty t

which yields the tracking error at time ¢ € [tx, txt1)

e(t) = y(t) — ym(t)
= C’CT@C(t’ tk)xc(tk) - C»r’l;;q)m (t7 tk)xm(tk)

t
+ / CI®.(t, ) fes, dT.
ty

(€2))
The eigenvalues of A.; depend on A, Z,,;, R,,, so A,; is stable and

iy (t) £ CT @ (t, tr)ze(tn) — CF @ (t, t)Tm (tr) (32)
is exponentially decaying. Furthermore, because of the matching equa-
tion, we have

t

A, (t) = / CL®(t,7) fespdr (33)
tk

which is the deviation caused by the affine term, decays to zero

exponentially. The general expression of the tracking error e over an

arbitrary time interval [¢, ¢ + T') is

e(t) = n(t) + A1)

with n(t) = n;, (¢t) and A(t) = A;, (t) when ¢ € [tg, try1). It is
proved in [15] that there exists g1 > 0 such that Vu € [0, 1), n €
S(p). This indicates that if the switching is sufficiently slow, the error
term 7 is small in the mean square sense. Following the same concept,
there exists po > 0, such that Vi € [0, o), A € S(u), which together
with (34) leads to e € S(p) Vi € [0, p1o) with pg = min{pq, po}.
From (32)-(34), we have le|<|n|+|A] with |n| <
IC e | mak [ (ti)] -+ |Con 1@ | maxe 2 ()] and
|A] < maxy, f::“ |Ce|l|®ecl|]] fei||dT. Based on the slow switching
assumption and [23, Theorem 2], we have [®,(t)]| < A.e et
for some A.,a.>0. For the reference system, we have
@, (8)]| < Ame *m® for some A, > 0. These lead to
[T (t)] < T+ €rn  and |z (t)| < c.F+d.+e€. for some
Cm,yCe,de >0 and exponentially decaying terms e,,,€., Wwhich
in turn gives lim,_,.. sup,~, |e(7)| < ¢F + d for some ¢,d > 0. O

(34)

APPENDIX B
PROOF OF THEOREM 2

Proof: From (23) and (24), it can be derived that

€ = pi0] C+ ik +mi + Ay (35
Consider the Lyapunov function
V(0,p) = xi(Ip|07 T 0+, 57). (36)

i=1
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Taking the piecewise derivative of V' along the trajectories of (25) yields

. 5 261' 7 -
V== x5 (00 ¢+ i) 37)
i=1
Inserting (35) into (37) yields
S 2 S
. Xi€; Xi€i
V=-2%" = +2) (i D). (38)
=1 1=1

Integrating over an arbitrary interval [¢,¢+ T'), in which multiple
switching may occur, yields

T, 1 [T
[ Graswo-viesmy+ o [ mrar o9

with e = 377 | x;€;. Because n+ A € S(p), it follows < € S(p).
The rest of the proof can be divided into several steps as follows.

Step 1: Express the input and output signals in terms of ész w. Based
on (22), y over the time interval [t, tr11) is expressed as

y(t) = Winlr + 07, 67 ] (8) + 14, (8) + Aq, (). (40)

Ignoring the effect of the exponentially decaying terms 7;, , A;, , the
control signal u can be expressed by

u(t) = Goi Winlr + 03, 05, 0)(1) = G [Gra [N (4D)

G;}k Gy, and G;}k W, are stable and proper. Define a fictitious
normalizing signal m% = e °(""*)m(t;) + [Jul| + [|ly]?, it follows
from (40), (41), and [17, Lemma 3.3.2] that
m% < ¢+ ce *Im? (1) + | 0F w]? (42)

where || - || denotes, for the purpose of clarity, the £o5-norm over [t t),
0 € (0,d¢], ¢ > 0 denotes any finite constant.

_Step 2: Use the swapping lemma to establish the boundedness of
Hesz w||. The following inequality is obtained by applying the swapping
lemma [17]:

0% el < e m2 () + = (my + [, m )
0

+caf (el + 10smell + Ima | + 145, 1) 43)
for some oy > 0. Since 6 € (0, do], we have m < my, thus

~, C .
167 wl|| < ce™*t R Im?(ty,) + - (my + 163, my )
0

eik
m

mp |+ Gammgll + lnsgm |+ 1 Asmel])-
(44)

+eag (|

Step 3: Prove the boundedness of closed-loop signals. From (42) and
(44), it follows:

m?c <c+ cef‘m*t“mz(tk) + cag"* G, mf||2 (45)

for large o with g7, = (Sky2 4 02 +mn?2 + A? . Now consider an
arbitrary time interval [¢, ¢ + T'), within which switches occur at time
instants ¢ < tx,,tk,,...,lxy <t -+ T. The normalizing signal m
over this interval is then expressed by

+T
mj <c+ ce"‘STmi + c/t e 0t g2 (r)ym3(r)dr  (46)

where  mg = max{m(ty,),...,m(txy)} and §*=(5)*+
S X0 + 1%+ A% € S(u). Applying the Bellman—Gronwall
Lemma yields

T,
m? < Ce—tST(l +m3)66L g2 (r)dr

t+T t o
+ 65/ e"s(t’s)ecfs g g
¢

To obtain the boundness of my, ¢ < § should be hold for some
positive constant c. This condition can be achieved by letting x suffi-
ciently small, which implies slow switching. Since my € L, follow-
ing from [17, Lemma 6.8.1], it can be concluded that u, y,w, m € L.

Step 4: Study the property of the tracking error. It follows from (24)
and the boundedness of w that &;,(, € L. 5 € S(u) together with
m € L, yields € € S(u). From (23), we write the general expression
for e

47

€= Z Xi(€i — pi&) = €— Z Xipi&i- (48)
i=1 i=1

With the boundedness of p;,&; and € € S(u), we can conclude that
e € S(u). O

APPENDIX C
PROOF OF THEOREM 3

Proof: First, remove the subscript ¢ for simplicity and we show that
Cis PE.

(1) 2 [ (1)
fws] (8) Sl
C(t) =Wn(s) | [Wl(t) | =Wm(s) | [y(t) (49)
[r](t) [r](t)
(1](?) [1](2)
Inserting (8) into (49) and substituting u yields
C(t) =GCn +Ce (50)
where
LG, Wi (5) 0
LW (5) 0
Cm = Wi (s)( Wi (s) [r](t) + 0] [1](%))
1 0
0 1
—_— ~~
H(s) Hy(s)
Gy G, Gy
0 0
C=Was)(| 1 [O+| o |1 6D
0 0
0 0
(s)
He(s) Hye(s

To prove the PE property of ¢, we start by showing that z is PE. The
autocovariance of z is given by

2n

Ro(0) = o= Hy (O H 0 + 3= > Fo() H(—i) HGR)"
N— — =1

R;1(0) Ron(0)

(52)
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where F,.(€;) denotes the spectral peak associated with frequency
O, e{1,...,2n}. Note that the constant input 1 in w leads to an
unit spectral peak at zero frequency (see R.1(0)), while the frequencies
contained in 7 build 2n distinct peaks F,.(€2;) (see R.2(0)). We rewrite
H(s) as

H(s) H(S)] (53)
0
with
R Gy W (9)
H(s)=| A0ml) (54)
Wi (s)
1

It is proved in [17] that [H_ (),
early independent.
If R, (0) is positive definite, then equation

H_(§Q0),... H_(jQay)] are lin-
XTR.(0)X =0 (55)

only has solution X = 0, X € R2"*1 Because R.,(0) and R.5(0) are
positive semi definite, we have

XTR,1(0)X >0, XTR..(0)X >0 (56)
which together with (55) implies that
XTRL(0)X =0, XTR.,(0)X =0 (57)

only if X = 0. Suppose X = [CT,d]T with C € R®>",d € R. From
XTR.5(0)X = 0 follows

LTC =0 (58)
with L =[H_(§Q), H-(jQ2),... H_(j02,). Because L has full
rank, C' must be 0. From X7 R,;(0)X = 0 follows d must be 0,
which implies the positive definiteness of R, (0), thus z is PE, which
together with ¢,,, = W,,,[2](¢) yields (,,, being PE. Hence, there exists
To > 0, > 0 such that

1 t+Tp
7 G (T)G (T)dT > o1, ¥t > 0. (59)
0Jt
Next, we would like to prove that  is also PE. Note that
1 t+nTy T
T . C(r)¢" (r)dr
1 t+nTy - 1 t+nTy T
> N
s [ G- [ G
(60)

where n is an arbitrary positive integer. Because G, (s) and W,,(s)
have the same relative degree, W, (s)H.(s) is strictly proper. G's(s)
is also proper, which implies W, (s) H . (s) is strictly proper. Because
it is established that e € S(1), we have W,,,(s)H.(s)[e](t) € S(u).
Considering W, (s)He(s)[1](t) € L, we have (. € S(u), which
together with the PE property of ¢, yields

1 t+nTy

C
o C(r)CT (r)dr > %1 — (Kop +

0
T en

for some Cjp, K > 0. If n is chosen such that Cy < 2 nTp, then for
«
Kop < 52, we have
1 t+nTp

nTo J

Qg

()¢ (r)dr = 1. (62)

3713
So ( is PE.
Insert (35) into (25) yields
5 . PKCT 5 pi&iC (n: + Ay)C
92' (t) = fXZSIgn[km]FZ( m2 Qz —+ m2 + m2 ) (63)

The homogeneous part of (63) is exponentially stable and consider
¢

e L
m

5 ‘ pi&i il + A
|9’L| < ﬁoefﬁz(tftk) +ﬂ1/ efﬁg(t—f)(‘p f | + |77 ‘ +‘ |)d7'

h m m
t
. . A,
< Boe P2tt) 4 B4 51/ 6732(t77>(W)d7_ (64)
ty

1pi&il
m

where 8y, 1, B2 € RT are some positive constants, 3 = %supt
Because 7;, A; € S(u), we apply [17, Corollary 3.3.3] and have

t . .
B, / e*ﬂz(t*T)(W)dT <BWVC+ VEKp) (65)

ty

ef2
1-e P2

2
for some constants C;, K € Rt with 3/ = 2 % . This implies

that 0; converges to a residual set

10:] < c(v+ Vi) + e (66)

_ _B c

where | - | denotes any vector norm, p € (0, po), v = e TV R
¢ = B'VK, and ¢, is an exponentially decaying term. Invoking Lemma
3.3.2 of [17], we have from e = y — W,,,[r] and (22) that

lel < max |} Wi ()25 107 w25 + d (67)
with d = sup,(|n| + |A]) and ||W,,,(s)||2s denoting the §-shifted Hy
norm of W, (s) for some 6 > 0. Inserting (66) into the Lo5-norm
167 w||25 in (67) leads to

le| <@(c(v+ ) +d+¢€ (68)

supy w|

for @ = max; |p}[[[ Wi, (s)||l2s =5 and € being a decaying to zero

term. Combining (66) and (68), we have that |e| and |6;| converge to
the residual set

ng‘ = {6 e R, él (S R2n+1“€| + |él‘ < Co(l/() + \/lj)}
fOI‘Co:C(].+Q),I/0:I/+%. O
APPENDIX D

PROOF OF COROLLARY 1

Proof: Since the system output remains in the ith subsystem, we
focus on the ¢th subsystem and remove the subscript ¢ for simplicity.

Let n=mnc+nm with Ne = CcTCDc(tvtO)xc(tO) and Nm =
—CT®,,(t,to)Tm (to). N and 1, satisfy

We = Acwe, we(to) = zc(to)
Ne = CZ we (69)
and
Wi = ApWm, wWm(to) = Tm(to)
N = —CEwm (70
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respectively. Besides, A satisfies the equation

ws = Acws + F., ws(tg) =0
A= CTus. )
Define the Lyapunov-like function
V =[p"10TT70 + 7132 + wl Powe + Wl P
+ (ws — AP F) T Po(ws — AJ'FL). (72)

Since A,, and A, are stable, there exist positive definite matrices P,
and P,, such that

for some constants 7., ., > 0 to be chosen. Take the derivative of V'
and insert (35), (69), (70), (71), and (73), we have

. 2¢2 2€ 2¢

V= _72"" Zc _76‘w6|2+ 772m _7m|wm‘2
m m m
2eA

+ g @l (74)

where ws = ws — A1 F.. Substituting 7., 7,,,, and A with (69)~(71)
and invoking Lemma 1, it follows:

: 22 2 . s 2
Vs -5+ ﬁ'GHCC llwe| = Yelwe|® + ﬁ\GHC’mHWM
2 _ _
Al l? + 5 1dICT @] — el
62
:*ﬁ+¢1+¢2+¢3 (75)
where
€2 2
61 = oy + g lellOF el — el
€? + (e — 4|CT[|w|)? 4cr P
- o —lwel* (e = —5-) (76
€2 2
P2 = — Yy + W|€Hcﬁ\|wm‘ = Yim|wm|?
2 T 2 T2
= et Calonl) Pl - Ul )
and
€2 2 _ _
$3 = — m? + ﬁ|€||CCT||W6| — Yelws|?
€2+ (e — 4|CT||ws])? _ 41CcT|?
SR SR TN [ { S

We obtain ¢1, pe, p3 <0 by choosing 7. > 4|CT|? and ~,, >
4|CT |2, which indicates V < 0.

It follows that 5, p € Ly and = € Ly. Following the derivation of
Theorem 2 yields g € Lo and w,m, &, ( € L, which together with
(35)andn, A € L3N L givese € Lo N L. From (25), we have 6 €
Lo, and thus, £ € L,. It follows from (34) and €, & € Lo, p € L, that
e € L5, which combined with é € L, reveals e(t) — 0 as t — 0.

Since ¢ is PE, the homogeneous part of (63) is exponentially stable,
which together with £, 7,6 € Lo implies 6(¢) — 0 as t — occ. O

REFERENCES

[1] M. Vaezi and A. Izadian, “Piecewise affine system identification of a
hydraulic wind power transfer system,” IEEE Trans. Control Syst. Technol.,
vol. 23, no. 6, pp. 2077-2086, Nov. 2015.

M. Torchio, L. Magni, R. D. Braatz, and D. M. Raimondo, “Design of

piecewise affine and linear time-varying model predictive control strategies

for advanced battery management systems,” J. Electrochem. Soc., vol. 164,

no. 4, pp. A949-A959, 2017.

A. Bemporad, G. Ferrari-Trecate, and M. Morari, “Observability and con-

trollability of piecewise affine and hybrid systems,” IEEE Trans. Autom.

Control, vol. 45, no. 10, pp. 1864—1876, Oct. 2000.

[4] D. Q. Mayne and S. Rakovié¢, “Model predictive control of constrained

piecewise affine discrete-time systems,” Int. J. Robust Nonlinear Control:

IFAC-Affiliated J., vol. 13, no. 3-4, pp. 261-279, 2003.

S. Kersting and M. Buss, “An alternative approach to switching hyperplane

estimation in PWA systems,” in Proc. Amer. Control Conf., Jul. 2015,

pp. 4449-4454.

S. Kersting and M. Buss, “Recursive estimation in piecewise affine sys-

tems using parameter identifiers and concurrent learning,” Int. J. Control,

vol. 92, no. 6, pp. 1264-1281, 2019, Art no. 7179.

[7]1 Q. Sang and G. Tao, “Adaptive control of piecewise linear systems:

The state tracking case,” IEEE Trans. Autom. Control, vol. 57, no. 2,

pp. 522-528, Feb. 2012.

Q. Sang and G. Tao, “Adaptive control of piecewise linear systems: The

output tracking case,” in Proc. Amer. Control Conf., 2011, pp. 2000-2005.

M. di Bernardo, U. Montanaro, R. Ortega, and S. Santini, “Extended hybrid

model reference adaptive control of piecewise affine systems,” Nonlinear

Anal., Hybrid Syst., vol. 21, pp. 11-21, 2016.

[10] S. Kersting and M. Buss, “Direct and indirect model reference adaptive
control for multivariable piecewise affine systems,” IEEE Trans. Autom.
Control, vol. 62, no. 11, pp. 5634-5649, Nov. 2017.

[11] G. Tao, “Multivariable adaptive control: A survey,” Automatica, vol. 50,
no. 11, pp. 2737-2764, 2014.

[12] A. Datta and P. A. Ioannou, “Performance analysis and improvement in
model reference adaptive control,” IEEE Trans. Autom. Control, vol. 39,
no. 12, pp. 2370-2387, Dec. 1994.

[13] R. Ortega, “On Morse’s new adaptive controller: Parameter convergence
and transient performance,” IEEE Trans. Autom. Control, vol. 38, no. 8,
pp. 1191-1202, Aug. 1993.

[14] S. Yuan, B. De Schutter, and S. Baldi, “Adaptive asymptotic tracking
control of uncertain time-driven switched linear systems,” IEEE Trans.
Autom. Control, vol. 62, no. 11, pp. 5802-5807, Nov. 2017.

[15] Q. Sang and G. Tao, “Adaptive control of piecewise linear systems with
output feedback for output tracking,” in Proc. IEEE 5 1st Annu. Conf. Decis.
Control, 2012, pp. 5422-5427.

[16] G. Tao, Adaptive Control Design and Analysis, vol. 37. New York, NY,
USA: Wiley, 2003.

[17] P. A. Ioannou and J. Sun, Robust Adaptive Control, vol. 1. Upper Saddle
River, NJ, USA: Prentice-Hall, 1996.

[18] L. Wen, G. Tao, and Y. Liu, “Multivariable adaptive output rejection of
unmatched input disturbances,” Int. J. Adaptive Control Signal Process.,
vol. 30, no. 8-10, pp. 1203-1227, 2016.

[19] Y. Sheng and G. Tao, “Multivariable MRAC for a quadrotor UAV with a
non-diagonal interactor matrix,” in Proc. 11th Asian Control Conf., 2017,
pp. 495-500.

[20] G. Tao, S. Chen, X. Tang, and S. M. Joshi, Adaptive Control of Systems
With Actuator Failures. London, U.K.: Springer, 2013.

[21] J. Guo, G. Tao, and Y. Liu, “Multivariable adaptive control of NASA
generic transport aircraft model with damage,” J. Guid., Control, Dyn.,
vol. 34, no. 5, pp. 1495-1506, 2011.

[22] S. Kersting, “Adaptive identification and control of uncertain systems
with switching,” Ph.D. dissertation, Technische Univ. Miinchen, Munich,
Germany, 2018.

[23] J. P. Hespanha and A. S. Morse, “Stability of switched systems with
average dwell-time,” in Proc. 38th IEEE Conf. Decis. Control, vol. 3,
1999, pp. 2655-2660.

[2

—

3

—_

[5

—

[6

[}

[8

[t}

[9

—




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


