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Abstract

This thesis contributes to the development of algorithms for the simulation of
different aspects of many-body physics with tensor networks.

In the context of classical statistical mechanics, we present a new algorithm
that combines tensor networks with Metropolis-Hastings Markov chain methods.
We demonstrate its performance in generating correlated updates for spin systems
and show that the new technique offers a powerful alternative to traditional Monte
Carlo methods, enabling more efficient sampling in complex systems.

A big challenge in tensor network simulations is their application for the
study of out-of-equilibrium dynamics of quantum systems. This thesis presents
two directions to overcome the limitations of current tensor network methods in
dynamical scenarios. By carefully examining the entanglement structures that
appear in the tensor networks that give rise to out-of-equilibrium expectation values,
we show that the timescales that tensor networks can simulate can be extended.

Beyond many-body physics, we also explore what tensor networks can say
rigorously about the impact of noise on the performance of near-term quantum
devices. In particular, we develop a method to compute certifiable lower bounds
on the minimum energy attainable by quantum circuits in the presence of different
noise models. This approach provides insights into the limitations of quantum
computers under realistic noise assumptions.

As a result of this work, we demonstrate how tensor network methods can be
further developed and combined with other techniques, and we contribute to their
role in solving complex computational problems in quantum and classical physics.
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Zusammenfassung

Diese Arbeit tragt zur Entwicklung von Algorithmen fiir die Simulation ver-
schiedener Aspekte der Vielkorperphysik mit Tensornetzen bei.

Im Kontext der klassischen statistischen Mechanik stellen wir einen neuen
Algorithmus vor, der Tensornetzwerke mit Metropolis-Hastings-Markov-Ketten-
Methoden kombiniert. Wir demonstrieren die Leistungsfahigkeit des Algorithmus
bei der Erzeugung korrelierter Zustandsaktualisierungen fiir Spinsysteme und zeigen,
dass der neue Ansatz eine leistungsstarke Alternative zu herkommlichen Monte-
Carlo-Methoden darstellt und effizienteres Monte-Carlo-sampling in komplexen
Systemen ermoglicht.

Eine grofle Herausforderung bei der Simulation mit Tensornetzwerken ist ihre
Anwendung fiir die Untersuchung der Dynamik von Quantensystemen auflerhalb
des Gleichgewichts. In dieser Arbeit werden zwei Wege aufgezeigt, die Grenzen
der derzeitigen Tensornetzwerkmethoden in dynamischen Szenarien zu iiberwinden.
Durch eine sorgféltige Untersuchung der Verschrankungsstrukturen, die in jenen Ten-
sornetzwerken auftreten, welche zu Erwartungswerten auflerhalb des Gleichgewichts
fihren, zeigen wir, dass die Zeitskalen, die Tensornetzwerke simulieren konnen,
erweitert werden konnen.

Uber die Vielkérperphysik hinaus untersuchen wir auch, was Tensornetzwerke
rigoros iiber die Auswirkungen von Rauschen auf die Leistung von Quantengeriten
in naher Zukunft sagen konnen. Insbesondere entwickeln wir eine Methode zur
Berechnung zertifizierbarer unterer Schranken fiir die von Quantenschaltkreisen
erreichbare Mindestenergie in Gegenwart verschiedener Rauschmodelle. Dieser
Ansatz bietet Einblicke in die Grenzen von Quantenschaltungen unter realistischen
Rauschannahmen.

Als Ergebnis dieser Arbeit zeigen wir, wie Tensornetzwerk-Methoden weiter-
entwickelt und mit anderen Techniken kombiniert werden kénnen und wie sie zur
Losung komplexer Berechnungsprobleme in der Quanten- und klassischen Physik
beitragen konnen.
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Chapter 1

Introduction

The development of computing in the last century has completely changed the
world. In a period of 70 years, we have passed from computers whose capabilities
are comparable to those of a single person with a pen and paper to widespread
devices with far larger computing capabilities than all humans combined. This
development has profoundly reshaped how we study all sciences, from mathematics
to economics or biology.

At the same time, physics has no shortage of hard computational problems.
When we want to study systems composed of many particles, classical or quantum,
textbooks tell us that we must solve well-posed mathematical problems in spaces
whose dimension grows exponentially with the number of constituents in the
system. For example, classical statistical mechanics deals with specific probability
distributions that live in those spaces, while quantum many-body physics requires
the study of linear algebra problems in them. This growth in dimensionality is
particularly limiting: in many cases, in order to make contact with real systems,
we are interested in the limit of a large or infinite number of particles.

This limitation calls for the development of numerical methods that can effi-
ciently deal with the relevant physical problems. This call does not come only
from being limited to studying only small systems exactly but also from the fact
that nature itself is performing these computations efficiently around us. It is only
our naive algorithms, classical or quantum, to simulate those problems that come
with an exponential overhead. Many powerful techniques have emerged from this
obstruction: Monte Carlo methods, dynamical mean field theory, series expansion
techniques, or, more recently, tensor networks or quantum algorithms. These
techniques come with an upside: as well as allowing precise studies of systems that
are outside the reach of exact descriptions, where the exponentially large space
is treated in full detail, they sometimes provide insight into the mathematical
structure of the underlying physical problems.

The main theme of this thesis is the study and development of numerical



algorithms for one of the previous techniques: tensor networks. Tensor networks
are a way to represent arrays with many indices in a compact fashion. In particular,
they are extremely useful when representing the coefficients of a quantum-many
body wavefunction. Initially, they were discovered in their one-dimensional version,
matrix product states. Although there had been algorithms formulated, explicitly
or implicitly, with them [1-4], it took some time until it was realized that they
presented a variational class of quantum many-body states with many desirable
properties for studying equilibrium states of one-dimensional systems [5-8]. Once
the ansatz and algorithms were understood for ground states, there was an explosion
of methods to tackle different aspects of quantum-many body systems: thermal
states [9-12], low-lying excited states [13, |14], closed or open system dynamics
[9, [10L |15], or extensions to target directly the thermodynamic limit [16, [17]. At
the same time, extensions were soon developed to address critical, continuous, or
higher-dimensional systems [18-20].

Thirty years after their inception, tensor networks are the go-to tool to simulate
lattice models in low-dimensional systems. They are used to study challenging
ground state or thermal phase diagrams [21-26], as well as dynamical phenomena
[27-29] or even the simulation of quantum circuits in near-term quantum devices
[30H32]. Nevertheless, they are an active area of research, with plenty of new
developments in recent years.

In this thesis, we will present three new directions in which we have tried to
expand the tensor network toolbox. Before diving into them, in Chapter [2, we will
introduce the tensor network knowledge and notation used in the rest of the thesis.
We will also present some basic ideas needed to understand the new applications of
tensor networks developed in our work.

Then, in Chapter [3, we will study how tensor networks can be combined
with Monte Carlo methods. In those methods, in order to study many-body
systems, stochastic processes are constructed whose long-time properties reproduce
a probability distribution of interest. However, the most extended methods to
construct those processes use dynamics that are local. At a given step, only the
state of a single or a few individual particles in the system is updated. This is
fine for systems where particles interact weakly but suffers from severe limitations
when the system in consideration is strongly correlated. In those cases, the times
needed for the stochastic process to reach the long-time behavior will scale with the
system size, even exponentially in the worst case. In our work, we will show how to
construct new Monte Carlo dynamics that can greatly speed up the timescales to
equilibration, and make possible the simulation of challenging many-body problems
via Monte Carlo methods.

In Chapters [ and [5, we will develop new algorithms to study dynamical
phenomena with tensor networks. While the technical aspects of it are understood,



that is, there exist algorithms to integrate the differential equations governing the
dynamics of a quantum many-body system using tensor networks, the techniques
are severely limited in practice. In the general case, the numerical resources needed
to keep an exact representation of the time-evolved state grow exponentially with
time. In the chapters mentioned we will explore two different directions to go
around this issue. In Chapter [4] we will study what happens if, instead of trying to
approximate the exact time-evolved state, we target just a single expectation value.
As we will see, we can write the dynamical expectation value as a tensor network
and compare different strategies to evaluate it. We will find new strategies with
different scalings or prefactors to the usual algorithms, signaling better ways to
use the resources when simulating out-of-equilibrium physics with tensor networks.
Chapter [5| follows a different strategy: out-of-equilibrium generic quantum-many
body systems are expected to thermalize. That means that if we start with a
state that is not an eigenstate of the Hamiltonian governing the dynamics or a
superposition of a small number of them, after evolving by a time long enough,
local expectation values will be captured by a thermal state compatible with the
initial state. It can be shown that tensor networks capture those states. This poses
a challenge: if the short and the long-time behavior is captured by tensor networks,
is it possible to say something about the intermediate time scales? We will tackle
this problem in Chapter [5| by studying the entanglement structures that appear in
the tensor network simulation of the dynamics.

Afterward, in Chapter [6] we will explore what tensor networks can tell us about
the impact of noise in the algorithms proposed for near-term quantum computers.
In recent years, the progress towards constructing devices capable of quantum
computation has been astonishing. Still, the present computers have sizes and
error rates that make them incapable of being used to run quantum algorithms
with a provable advantage. In the meantime, there have been plenty of proposals
of heuristic algorithms to try to outperform classical techniques. Most of these
proposals tackle physical problems; often, the task in consideration is finding the
ground state of a Hamiltonian. Thus, it is desirable to study the impact of noise in
the solutions found with the quantum device. In this cwhhapter, we will propose a
way to compute rigorous bounds on the performance of these devices using tensor
networks.

Finally, in Chapter [7} we present our conclusions and outlook, as well as new
directions for exploration originating from the new techniques in this thesis.






Chapter 2

Preliminaries

2.1 Overview

In this introductory chapter, we will present the unifying theme of this thesis:
tensor networks (TNs). First, we present them in their simplest setting: matrix
product states (MPSs). From there, we generalize them to higher dimensions and
discuss the physical ground for their success in many-body physics: area laws. In
the latter two sections, we briefly introduce two connected fields where we find
new applications of tensor networks in this thesis: Monte Carlo simulations in
many-body physics and near-term quantum computation.

2.2 Tensor Networks

2.2.1 The many-body problem

Let us consider a quantum system made up of N individual systems. For simplicity,
we assume that every single particle system has the same number of states, d. The
postulates of quantum mechanics specify that an arbitrary state of the system is
described by a vector living in the Hilbert space obtained by taking the tensor
product of the individual Hilbert spaces. Thus, a generic pure state of the system
has the form

d

U) = Y cipinlit, i), (2.2.1)

11, 0N

specified by d" amplitudes, the entries of ¢;, ;.. This consideration, which is
usually referred to as "the curse of dimensionality” in the context of quantum
many-body physics, makes apparent a limitation in the numerical study of these



2.2. TENSOR NETWORKS

systems: for large N, describing the state by storing or specifying the entries of
Ciy,..iy 18 going to be inefficient. Even if one is interested in physical properties of
the system, such as its local expectation values in equilibrium states, the storage
cost of keeping exactly all the entries of the tensor ¢;, _;, will limit the exact study
to a small number of particles.

This limitation calls for a way to circumvent the problem. The one on which
tensor networks are built on is the variational principle [33]. Its critical insight is to
disregard the exponentially large Hilbert space and consider a subfamily of states
in it, |¥(z)), parametrized by a manageable number k of parameters 2 € R*. The
subfamily has to be specified in such a way that it can be manipulated efficiently,
i.e., it allows for the computation of expectation values. Then, if we are interested
in finding out the energy and different physical properties of the ground state of a
many-body system, we can tune the parameters to find the best approximation to
the ground state inside the class by solving the following problem:

min, £, = min, (V(z)|H|V(x)). (2.2.2)

The resemblance of the obtained state to the actual ground state will be limited by
the ability of the variational class to capture the relevant physics. More sophisticated
schemes based on similar formulations exist for different tasks, such as simulating
dynamics of quantum systems or studying thermal physics [34-37].

As we will see in the next sections, tensor network states offer a physically
motivated class for the study of relevant many-body states in the Hilbert space.
Furthermore, due to their simple nature, as they are based on linear algebra,
they also offer a plethora of sophisticated techniques to manipulate and optimize
them. However, before we delve into them, we will briefly introduce some graphical
notation that will greatly help their formulation.

2.2.2 Tensor network diagrams

The main building block of tensor networks, as their name says, are tensors. Tensors
are multidimensional arrays, such as the coefficient ¢;,_;, in Eq. 2.2.1] In this
subsection, we will introduce a graphical notation that will simplify the presentation
of the algorithms and manipulations that we will present later.

Tensors are denoted by their rank, that is, the number of indices they contain:
a rank-0 tensor is a scalar, a rank-1 is a vector, and a rank-2 is a matrix. The
coefficients of the many-body wavefunction ¢;, _;, are a rank-N tensor. Graphically,
tensors can be denoted by geometrical shapes containing as many legs as indices
they have.

We say that two indices are contracted along a common index j to denote the
operation that takes two tensors, multiplies their entries, and sums along those

6



2.2. TENSOR NETWORKS

d) i, in

(a) (b) (c) (
Figure 2.2.1: Tensor network diagrams representing (a) a scalar, (b) a vector, (c)
a matrix, (d) the rank-N tensor representing the coefficients of the wavefunction

Ci17i27"'i]\/

Figure 2.2.2: Tensor network diagram representing the matrix multiplication of A
and B. In this diagram, we represent the indices explicitly but will omit them in
general.

where the value of the index is repeated. For instance, the multiplication of matrices
A and B, of sizes m x n and n x k respectively,

Ciw = Y _ AijBiy., (2.2.3)
J

corresponds to the contraction of two rank-2 tensors along the column index of the
first and the row index of the second matrix involved. The graphical notation for
their multiplication can be seen in Figure [2.2.2]

2.2.3 Matrix product states

Let us return to the state defined in Eq. [2.2.1] A state is said to be a matrix
product state of bond dimension D [38] 39|, in the finite setting with open boundary
conditions, if the wavefunction can be written as

d
U) = Y APAR AW i, i), (2.2.4)

i1, AN

where A" is a complex matrix for every possible value of 4,, and n. Alternatively,
we can view A, as three-legged tensors, with ,, the so-called physical index and

7



2.2. TENSOR NETWORKS

the matrix indices referred to as virtual indices or bond indices. The sizes of the
tensors are such that for a set of fixed indices i1, .. .7y, the wavefunction coefficient
is a scalar. The maximum size of the virtual indices, D, is the bond dimension of
the matrix product state. Using the graphical notation introduced in the previous
section, we can represent the state with the diagram in Fig. [2.2.3

Matrix product states exhibit a series of properties that make them very
interesting from a quantum information and many-body physics point of view.
Here below, we list some of the most relevant for this thesis:

e Efficient computation of local observables and overlaps

Compared to the general state of Eq. [2.2.1, computing properties of an MPS
does not involve a sum of exponentially many terms. As an illustrative
example, consider the computation of the norm of one:

d d
_ i pih iN\" i gio in gt g ,
=3 3 <A1A2 LAY ADAR AR i ).
ety U1 EN

(2.2.5)

If we regroup the items in the product and define the set of rank-4 tensors
E, = Ei Ain" @ Ain the norm’s value can be computed numerically by
contracting appropriately the tensors, as seen in Fig. (b) and (c).

(U|T) = BB, ... Ey. (2.2.6)

Thus, computing the product of the E, matrices gives us the norm of an
MPS. For the practical cost of the computation, it is convenient to use the
low-rank structure of the tensors E, explicitly [39]. An analogous scheme

can be used to compute local expectation values or overlaps between two
different MPSs.

e Translation invariance and extension to the infinite-system size limit

In many fields of physics, we are often interested in systems that display
translation invariance: the microscopic parameters of the Hamiltonian do
not depend on the specific position in consideration. Similarly, another
common theme in quantum many-body physics is the so-called thermodynamic
limit, where we are interested in systems with an extremely large number of
constituents in order to make contact with real materials. It is then useful,
both from a theoretical or a practical point of view, to take the limit of the
number of subsystems to infinity.
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Figure 2.2.3: (a) Tensor network diagram representing an MPS with open boundary
conditions. (b) Tensor network resulting from the computation of the norm of an
MPS. (c¢) Transfer matrix picture of the contraction of the norm of an MPS.

It turns out that it is possible to impose both in MPSs |16, 40]. Indeed, matrix
product states where the same tensor is repeated in all sites A" A2 A% .. or
a small number of tensors are repeated in a periodic fashion, A% B2 A% B4
give rise to states with built-in translation invariance properties. Similarly, if
we repeat the tensor an infinite number of times, they still allow for efficient
manipulations with them [40]. In this manner, they constitute a very powerful
ansatz to treat directly these scenarios.

e Bounded rank and entanglement

Consider the connected subsystem comprising the particles in R = {1,...n}
in a state described by an MPS of bond dimension D. If we compute its
reduced density matrix pg by tracing out the degrees of freedom outside of it,
it can be seen that the resulting rank of the matrix is at most D, the bond
dimension (see Fig. . This is the case regardless of the subsystem’s size
R. This result, consequently, bounds the entanglement entropyE] between
subsystem R and its complement R¢,

S(pr) = —Tr (prlog pr) < log D. (2.2.7)

LGiven a pure quantum state of a composite system, the entanglement entropy with respect
to a partition into a region R and its complement R€ is defined as the von Neumann entropy of
the reduced density matrix of R, pg [41].
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2

DG

AIQ\"E&@Aﬁ

Figure 2.2.4: Tensor network diagram representing the computation of the reduced
density matrix for the subsystem R = {1,2}. Using the tensor network notation
plus making use of the inequality for the rank of the product of two matrices,
rank(M; M;) < min(rank(M;), rank(Ms)), we can show that the rank of pg is
smaller or equal than D, the bond dimension.

Notice that this statement explicitly depends on the partition. If, instead, we
were to compute the reduced density matrix of subsystem R = {1,3,5...2n+
1}, the rank of the resulting reduced density matrix could grow exponentially
with the size of the region R, resulting in an entanglement entropy that
potentially grows with the size of the region R.

e Matrix product operators

The idea behind MPSs can be used to describe operators. The way to do so
is to include an extra leg in the tensors in every site to describe both the
bra and the ket indices of the operators. In this way, we can define matrix
product operators (MPOs),

d
O= " Wihwt LW iy, i) (@i (2.2.8)

i1,

MPOs can be shown to describe relevant operators of one-dimensional many-
body quantum systems: they capture exactly all short-range Hamiltonians
[42], and can be shown to efficiently approximate thermal states [9) 43].

The previous list of properties that matrix product states satisfy explains why
they are a very interesting class of states from the quantum information point of
view, as well as hints as to why they are successful in capturing the ground states
of gapped one-dimensional systems. In the next section [2.2.4] we will describe
the so-called area law, which is deeply connected to their success in describing
one-dimensional equilibrium states. Despite the incredible success of MPSs, early
researchers working on them quickly realized that their immediate application to
two-dimensional systems was not straightforward [44]. In section [2.2.5 we will
discuss their generalizations to that case.

10
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2.2.4 Area laws

Let us consider a thought experiment: pick a random pure state in a multipartite
Hilbert space and compute its entanglement entropy across a bipartition into two
subregions of equal size. It can be shown [45] that in the large size limit, the expected
entanglement entropy will be close to maximal: the entanglement entropy will grow
proportionally to the volume of the subregions. This is a reflection of something
that we have seen in section the Hilbert space contains exponentially many
states. However, it seems unlikely that the states we can observe or prepare in
nature, which are equilibrium states of simple Hamiltonians or states prepared after
evolving a quantum system for a short time, can exploit and span this exponential
complexity [46].

Indeed, it can be shown that many physical systems of interest exhibit what is
usually referred to as an area law [47]: certain correlation measures computed for
a region of the system do not depend on the size of the region, which would be
an upper bound to the dependence they can exhibit, but instead depend on the
size of the area that separates the region with the rest of the system. Examples
of this behavior are the ground states of gapped one-dimensional Hamiltonians,
which satisfy an area law for their entanglement entropy, or thermal states of local
Hamiltonians on lattices for the mutual information.

This justifies using the MPS approximation for the ground states of gapped
one-dimensional quantum systems, as it can also be shown that one-dimensional
states with an area law, albeit for the Rényi entropy with o < 1 [48], have an
efficient MPS description. Furthermore, it also provides the understanding of how
to generalize MPS to higher dimensions, namely, by constructing TN states that
can mimic the patterns of entanglement in those geometries.

2.2.5 Higher-dimensional Tensor Network states

In higher-dimensional systems, the one-dimensional structure of MPSs leads to a
mismatch between the locality of the state and the one of the Hamiltonian. The way
to generalize tensor network states to higher dimensions consists in constructing
tensor networks that mimic the locality of the Hamiltonian: for a lattice system, we
place a tensor on every vertex of the lattice with an index that describes the degrees
of freedom of the local system. At the same time, the tensor has virtual indices,
or legs, that connect it to the other neighboring tensors (see Fig. [2.2.5). This
generalization, which is called a Projected Entangled Pair State or PEPS [19], can
be shown to satisfy an area law for the entanglement entropy in higher dimensions.

Similarly to MPSs, PEPSs are an extremely interesting class of states both from
the many-body and the quantum information points of view. They represent many
relevant two-dimensional states, such as the toric code, the resonating valence bond

11



2.3. MONTE CARLO METHODS

Figure 2.2.5: Tensor network diagram of a PEPS in a square lattice: a set of tensors
are placed in the underlying lattice with virtual indices that connect them to their
nearest neighbors and a physical leg that describes the state of the quantum system
in each site.

state, or the two-dimensional cluster state [49} 50]. At the same time, they are an
indispensable ansatz for numerical simulations of challenging strongly correlated
systems [23, [24].

2.3 Monte Carlo methods

The many-body problem introduced in Subsection [2.2.1] calls for multiple approaches
to simulate strongly correlated systems: distinct methods might be limited by
different factors and provide results in complementary models. At the same time,
when two methods are applicable to a given model, they can provide confirmation
of the validity of the results if they agree.

In this section, we will introduce one of the most powerful approaches to deal
with challenging classical and quantum strongly correlated systems, the Monte
Carlo method [51}-53]. For concreteness, let us focus on the study of classical
many-body systems at finite temperature on a lattice. The central object of interest
in those systems is the partition function

Z(B) =) e M) (2.3.1)

w

where, § = 1/T is the inverse temperature of the system, H(w) represents the
Hamiltonian of the system as a function of the microscopical configuration w =
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{01,...0n} and the sum runs over all possible configurations of the system. A
paradigmatic example of a model described in this framework is the Ising model,
where classical spins 0; = {—1,1} are placed in the vertices of a graph, with
pairwise interactions between particles connected by an edge of the graph,

Hw)=—-J) o0 (2.3.2)
(4.5)
The partition function represents the normalization of the probability distribution
of a given microscopic state at thermal equilibrium, the Boltzmann distribution.
Consequently, computing the expectation value of an observable O in the system
corresponds to taking the average

(0) =) Ow)plw) = O(W)W. (2.3.3)

As in the previous section, computing this expectation value suffers from a di-
mensionality problem. The sum in the previous equation runs over a number of
configurations that grows exponentially with the number of constituents of the
system in consideration. This is extremely problematic, as we are interested in
studying systems in the thermodynamic limit if we want to draw conclusions about
the behavior of real materials. A possible way to overcome this limitation is based
on sampling. If we are capable of getting samples from the probability distribution
p(w), we can obtain an estimate for the expectation value of O by taking the
average over the obtained samples [54].

In the general case, sampling exactly from a given multi-dimensional distribution
can be a hard task. In practice, approximate heuristic results can be obtained using
Markov chains. In the rest of this section, we briefly introduce what a Markov
chain is and show different ways to construct them so that, asymptotically, we can

sample from the distribution in Eq. [2.3.3]

2.3.1 Markov chains

A Markov chain is a stochastic process in which the probability of each event
depends only on the result of the immediate previous event. Given the sequence of
stochastic events Xy, X1, Xo,..., a Markov chain satisfies the Markov property,

P(Xn‘Xo,Xl . -anl) = P(Xn|Xn,1> (234)

Let us consider a Markov chain over the configuration space of the Ising model:
at every time step n, the random variable X, takes values in the space of all
possible spin configurations w. As the configuration space is finite, we can write
the probability distribution at a given step n as a matrix-vector product between
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the transition matrix P(X,, = w|X,_1 = ') and the probability distribution at the
step before, P(X,,_1 = '),

P(X,=w) =) P(X,=uwX, 1 =u)P(X,; =u). (2.3.5)

In this manner, the state of the chain at a time n can be understood as applying
the n-th power of the transition matrix to the probability distribution of the
initial configuration X,. The spectral properties of the transition matrix will
then govern the long-time behavior of the Markov chain. By construction, the
transition probabilities P(X,, = w|X,,_1 = ') form a right stochastic matrix E] By
the Gershgorin circle theorem, its eigenvalues are contained in the unit circle. In
particular, it has at least an eigenvalue of value 1, whose left eigenvector is the flat
probability vector. Additionally, if this eigenvalue is unique, the right eigenvector
has nonnegative entries, which give the asymptotic probability of a configuration
for the Markov chain at large times [55]. The asymptotic probability distribution
is sometimes referred to as the ”fixed point” of the chain. Markov chain Monte
Carlo methods aim to construct processes whose long-time behavior is described
by a probability distribution of interest.

It turns out that there is a simple way of enforcing the unicity of the leading
eigenvector by imposing two conditions on the transition matrix: aperiodicity and
irreducibility. Aperiodicity guarantees that we do not move across the configuration
space in a periodic manner, while irreducibility ensures that it is possible to visit
all the points in the configuration space. For the reader interested in the details,
we refer them to [53] for a practical presentation and [55] for a more rigorous and
complete introduction.

In the next section, we will describe a useful way of constructing Markov chains
with transition matrices that have as unique fixed points the desired probability
distribution in high-dimensional configuration spaces.

2.3.2 Metropolis-Hastings filter

As described in the previous section, we can construct stochastic processes that
asymptotically sample a given probability distribution using Markov chains with
adequate transition matrices. The last issue is how to construct explicitly those
matrices. A possible way is to use the so-called detailed balance or reversibility
condition. Using the notation of the previous section, this condition reads:

2A right stochastic matrix has nonnegative entries and columns whose entries sum up to 1. In
the case of a transition matrix of a Markov chain, those conditions follow from the nonnegativity of
the probabilities and conservation of the probabilities: for any P(X,,_1 = w'), the corresponding
probabilities in P(X,, = w) have to be non-negative and normalized.
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P(X, =w|X,-1 = )pw') = P(X, = |X,-1 = w)p(w), (2.3.6)

where p(w) is the probability distribution of interest, which will be the Boltzmann
distribution in our case, and w is short-hand notation for a specific spin configuration
{o1,...0n}. Given a transition matrix of this form, it is straightforward to show
that p(w) is the leading right eigenvector of the matrix,

S P(Xy = wl Xt = )p() = 3 P(X, = /X1 = 0)p(w) = plw). (23.7)

In the first equality, we have used the detailed balance condition, while in the
second we have just used the normalization of the transition matrix.

A particular choice to fulfill the detailed balance condition is by using the
so-called Metropolis or Metropolis-Hastings filter [56]. In order to satisfy Eq. ,
the transition probability is split into two parts: the probability of proposing a
move g(w|w') times the probability of accepting the move, Pye.(w' — w),

P(X, =w|X,—1 =) = g(w|w) Paec(w = w). (2.3.8)

If the acceptance probability is given by

(2.3.9)

Pre(w' — w) = min {17 9(«'|w)p(w) }

g(wlw)p(w’)
the transition probability P(X, = w|X,_1 = ') satisfies detailed balance with
respect to the probability distribution of interest p(w), as can be seen by substituting
the previous acceptance probability in Eq.[2.3.6] This particular choice of transition
probability is usually referred to as the Metropolis-Hastings filter [56]. Furthermore,
it can be shown that the transition matrix is a valid stochastic matrix [53] for any
valid proposal probability g(w’|w). This last fact is very relevant, as configuration
spaces in many-body physics are exponentially large in the number of constituents
of the system, and thus, only simple proposal probabilities can be constructed.
Despite the algorithm being valid for any choice of proposal probability g(w|w’),
as convergence to the stationary distribution is guaranteed by the detailed balance
condition, the algorithm’s efficiency will completely depend on the choice of a
clever proposal probability. In practice, its efficiency is reflected in two quantities:
equilibration times and auto-correlation times. The former dictates the timescale
in which Markov chains reach the equilibrium distribution. The latter, the auto-
correlation time, is a heuristic quantity. From a practical point of view, Markov
chains in many-body physics are run for very long times after they have equilibrated,
in order to obtain many samples from the equilibrium distribution. This is less
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costly than equilibrating a chain starting from an initial configuration every time
we want to obtain a sample. However, successive configurations of a Markov chain
are correlated; they may differ only locally if we use proposal probabilities based
on local updates.

Knowing the two timescales is indispensable to estimate expectation values
accurately [52]: if our simulations have not equilibrated, the expectation values
are computed with respect to a different probability distribution. At the same
time, if we disregard the auto-correlation times, the samples obtained are not
independent, and potentially, the statistical errors might not decrease with the
number of samples. Thus, it is necessary to develop algorithms where the two
timescales are small, as they set the number of samples that we can obtain in a
given simulation for a fixed amount of computer time.

In many-body simulations, there are usually two situations where the two
timescales can potentially blow up: critical systems and frustrated systems. In
both cases, these timescales will grow with the system size, possibly even in an
exponential manner. Many techniques exist to alleviate these problems: cluster
algorithms [57, 58|, parallel tempering [59], replica exchanges [60, 61], etc.
However, these techniques have limited applicability: they have to be tailored to
a specific scenario, and they cannot be generalized beyond a single model. Thus,
there is a need for developing methods to simulate challenging models. In Chapter
B, we will see how tensor networks can be used to construct Markov chains that
equilibrate and decorrelate much faster than the usual techniques.

2.4 Quantum Computation and errors in near
term quantum computers

The complexity of classically simulating quantum mechanics we discussed in Section
2.2.T]poses at the same time an exciting question: if we do not know how to efficiently
simulate a quantum mechanical system made up of many particles, is it possible to
use those systems to encode and solve other problems which we also do not know
how to treat efficiently with classical methods? It turns out that the answer to this
question seems to be positive. There are problems that are believed to be intractable
by classical computers, for which there exist efficient quantum algorithms ﬂ As
well as quantum algorithms to simulate quantum mechanical systems [6264], there
exist methods for problems outside the realm of quantum mechanics: the most
remarkable ones are Shor’s algorithm [65], Grover’s algorithm [66], or the HHL

3We use the notion of efficiency in the computational complexity sense. An algorithm is
efficient when it runs in a time and uses a memory that grows at most polynomially with the size
of the problem’s input.
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algorithm [67].

In the rest of the section, we will present two basic ingredients to understand
some of the results in this thesis: the circuit model of quantum computation and
the impact of noise on quantum computation.

2.4.1 Circuit model of quantum computation

In the quantum circuit model of quantum computation [68], a computation is a
sequence in which the qubits are initialized to known values, followed by performing
unitary gates and measurements in the system. At the end of the circuit, a quantum
state of interest is obtained as an output, or a measurement is performed, which
are the outcome of the computation.

It can be shown that the circuit model is equivalent to other models of quantum
computation, like adiabatic quantum computation [69, 70| or measurement-based
quantum computation |71].

Two key theorems guarantee the soundness of the circuit model of quantum
computation: the Solovay-Kitaev [72] and threshold theorems [73]. The first one
guarantees that any unitary can be approximated with a discrete set of gates. The
second states that under general models of local noise, a threshold noise rate exists
below which any given circuit can be error-corrected. Both imply only a very mild
overhead in the computation.

2.4.2 Noise in quantum computers

Despite the theoretical promises and the huge recent theoretical efforts [74-76],
present-day quantum computers are still, mostly, in the so-called NISQ eraf’l The
number of qubits in them is still small, of the order of 50 to 100, yet they are
already too large to simulate classically. At the same time, the noise rate is still too
large to perform error correction. Only very recently, error-correcting codes that
decrease the probability of a logical error have been experimentally demonstrated
[78,79], with limited applicability, as the number of qubits can not grow too large
yet. Nonetheless, many heuristic algorithms have been proposed to run in NISQ
devices [80], so it is an interesting question to understand the impact of noise on
those circuits.

A common way to model the noise in the circuit setting is to consider that with
every unitary that is applied to a qubit, the qubit is also subjected to some noise
due to imperfections in the implementation of the unitary and interaction with
the environment. Several properties about the asymptotics of the circuit and the

4NISQ stands for Noisy Intermediate Scale Quantum (devices) [77].
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timescales in which the noise will make the computation useless can be proved in
this model.

Mathematically, the most general evolution of a quantum system is described
with a quantum channel [68, 81]. This class of maps can account, among others, for
the evolution of an isolated system, its interaction with an external environment,
or measurements performed on it. Some examples of relevant quantum channels
to model the effect of noise on a qubit are the depolarizing channel of strength p,
T(p) = (1 —p)p + pl/2, or the bit-flip channel T'(p) = (1 — p)p + pXpX. Some
quantum channels T satisfy so-called data-processing inequalities,

D(T(p)lIT(0)) < (1 =a)D(pllo), (2.4.1)

for the quantum relative entropy D(p||o) = Tr p(log p — log o), and for any two
states p and 0. Here 0 < a < 1 is a constant. The quantum relative entropy is
a measure of closeness between quantum statesﬂ These inequalities characterize
channels that drive states to a fixed point. Under repeated actions of the noise
channel, the relative entropy will behave as

D (T*(p)|[T*(0)) < (1~ a)*D (pllo) (24.2)

Thus, under the condition 0 < a < 1, any state that goes through the repeated
application of the channel will converge to the same state.

In the circuit case, where unitary gates are intertwined with the applications of
the noise in every qubit, our study has to be generalized. Still, as we will explain
in Section of Chapter [0, data processing inequalities can be proved for the
channels that describe the evolution of the noisy quantum circuit. Let us consider
a specific result to illustrate the power of this reasoning. As we have seen, the
action of depolarizing noise for a single qubit with noise strength p is described by
the channel

T(0) = (1 =)o+ v (24.3)

Its physical interpretation is simple: with probability p, we lose the qubit’s state
and it is replaced by the maximally mixed state. In the opposite case, the qubit
remains intact. When the qubits in the computer are subjected to this type of
noise, regardless of the unitary gates applied, the state after k£ unitaries are applied
in every qubit will satisfy

D(pil[1/2%) < (1 = p)** D(po|[L/2%), (2.4.4)

5Tt is not a proper distance in the mathematical sense, as it does not satisfy the triangle
inequality. However, its value can be used to value the trace norm between states through the
Quantum Pinsker inequality [81].
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where p;. is the state after k steps, pg is the initial state and N is the number of
qubits [82]. The relative entropy between a state and the maximally mixed state
can be directly translated into a statement about the entropy of the state,

D(pl|1/2") = N = S(p). (2.4.5)

N is the number of qubits in the system. Thus, assuming the state of the qubits is
initially pure, we get that after k applications of the channel

S(pr) = N (1—(1—p)*). (2.4.6)

The implications of this inequality are strong: algorithms whose quantum circuit
depth scales with the size of the input will be too sensitive to noise when run in a
NISQ device [83], as the output state of the circuit will be too close to the maximally
mixed state. Even algorithms for quantum mechanical tasks, for instance, ground
state preparation, will not improve over classical algorithms for depths that scale
faster than logarithmically with the system size |[83-85].

At the same time, results based on entropic or convergence to the fixed point
of the channel miss part of the story. Many NISQ algorithms prepare quantum
states variationally: a circuit that contains gates dependent on some parameters is
run with the goal of tweaking the parameters to obtain the desired output. Thus,
the algorithm’s results will not only be affected by the impact of the noise but
also the optimal circuit will not be known. Furthermore, the entropic bounds
presented before apply both to circuits that generate lots of entanglement as well
as to circuits that do not generate entanglement at all. It is expected that highly
entangled computations will be more sensible to noise than unentangled ones.

In light of these considerations, it is desirable to have good tools to study and
assess the impact of noise in quantum circuits, even tools that do not need to be
run on a quantum computer to give results, or tools that can work in a scalable
way. As we will see in Chapter [6] tensor networks offer a platform to study the
impact of noise in a quantum computer rigorously.
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Chapter 3

Collective Monte Carlo updates
with Tensor Networks

This chapter is based on the publication

Miguel Frias-Pérez, Michael Marién, David Pérez-Garcia, Mari Carmen Banuls,
Sofyan Iblisdir

Collective Monte Carlo updates through tensor network renormalization

SciPost Phys. 14, 123 (2023)

Structure, text, and figures have been adapted for this thesis

3.1 Overview

In this chapter, we present and explore a novel connection between tensor networks
and Monte Carlo methods. Our primary concern here will be sampling configu-
rations representative of the Boltzmann distribution of classical nearest-neighbor
Hamiltonians at finite temperature. To achieve this goal, we introduce a Tensor
Network Metropolis-Hastings (TNMH) Markov chain [54, 56|, where the asym-
metric prior, i.e. the distribution from which the new candidate configuration is
drawn at each step, is an approximation to the target distribution, obtained via
an inexpensive tensor network renormalization contraction. Our approach does
not oppose but genuinely combines TN and Markov Chain Monte Carlo ideas. In
this way, it features concrete advantages with respect to each strategy. The salient
properties of the scheme introduced here are the following.

(i) It is wniversal. That is, it works identically for all instances of a given
model. This is in contrast to other Monte Carlo algorithms where a powerful
prior choice can only be built by relying on a deep insight about the target
distribution and thus has limited applicability beyond the model for which
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it has specifically been tailored. That is, for instance, the case of Wolff’s
algorithm, which performs extremely well for ferromagnetic Ising models but
rather poorly for antiferromagnets or frustrated instances. In turn, we will
show that our method fares consistently well for a variety of models that are
all very different from one another.

(ii) The scheme produces collective updates. That is, the state of each degree
freedom of the considered system is susceptible to change at each Monte
Carlo step. We have found that the computational effort scales mildly with
increasing acceptance rates in a broad variety of instances. Presumably, as a
consequence, we have found that the number of Monte Carlo steps necessary
to reach convergence is between ~ 10! and ~ 10% shorter than those of other
well-established Monte Carlo algorithms for several instances of two and
three-dimensional models of the Ising type.

(iii) As compared to algorithms that purely rely on a tensor network renormaliza-
tion of the partition function, the shift to sampling results in the substitution
of systematic errors with statistical errors, since our TNMH scheme satis-
fies the classical sufficient conditions for convergence. Thus, modest tensor
network contraction schemes, too inaccurate for a direct evaluation of a
chosen observable, can be successfully used in our method, as they still enable
collective updates with sufficiently high acceptance rates.

We have tested our Markov chain systematically in a variety of instances of
the Ising model defined on finite square lattices: ferro- and antiferromagnetic,
frustrated, disordered, in two and three spatial dimensions. One may anticipate
that for systems with large, or even diverging, correlation length, our scheme
will perform increasingly poorly if the bond dimension is fixed. Our findings are
consistent with this expectation, with drops in acceptance rates actually signaling
phase transitions. But we have also observed that for ferro- and antiferromagnetic
instances, acceptance rates remain fairly high for systems of considerable size across
a phase transition, even with a bond dimension as low as D = 2. Equilibration and
decorrelation times in our TNMH scheme have been found to be systematically
lower than for Metropolis and Wolff’s algorithms. As expected, frustrated and
spin-glass instances have turned out to be challenging, not only for fundamental
complexity-theoretic reasons but also because their study is complicated by ill-
conditioning issues [86]. However, even in such cases, and without any optimization
of our renormalization procedure, we have observed that acceptance rates stay high
enough to be usable down to temperatures that can be considered low by nowadays
state-of-the-art standards.

The rest of this chapter is organized as follows. The new algorithm is described
in Section in general terms. In Section [3.3] we explore its performance for
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two-dimensional models. In particular, for a broad variety of instances of Ising
models, we explore the role of the bond dimension in the acceptance rates, also in
relation to the presence of critical temperatures. We further analyze equilibration
and autocorrelation times, and demonstrate how the method can be used to obtain
physical observables and chart phase diagrams. In Section we demonstrate
how the algorithm is also useful for three-dimensional systems, and illustrate it for
ferromagnetic and antiferromagnetic instances of the Ising model in cubic lattices
of up to 16 sites. Section [3.5]is a discussion of situations where our findings could
find further applications. An outlook is provided in Section |3.6|

3.2 Markov chains and tensor network renormal-
isation

In this section, we present a collective Monte Carlo update where, given a current
configuration, tensor network renormalization is used to propose a candidate and
to decide whether it should be accepted or not. For the sake of concreteness, and
with a view to the example computations that will be considered in the next two
sections, we will focus on the Ising model on a square lattice. Generalization to
other nearest-neighbor interactions, such as the Potts model, is immediate.

We start by fixing some notation. A lattice will be denoted as A = (V| E),
where V' stands for its vertices and F for its edges. We will focus on systems made
of two-state particles (classical spins) residing on the vertices. That is, the sample
space will be Q = {1, +1}/VI. A spin at location j € V will be denoted by 0.

The Ising Hamiltonian associated with a spin configuration w is defined as

H(w) = — Z hiai - Z Jijaiaj- (321)

2% (i,J)EE
Our aim is to sample according to the Boltzmann distribution
1B (w) = e PHW) 1 7(8) Yw € Q, (3.2.2)

where 3 denotes the inverse temperature, and

Z(B) =) e Mo (3.2.3)

19!

is the partition function.

A Markov chain is a sequence of configurations w(0),w(1),... where the proba-
bility that the t-th element of this sequence is in some state w only depends on the
state of the previous element w(t — 1), and on some random numbers. That is, a
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Markov chain is an evolution with short memory. If the process used to determine
the state at each time step satisfies some general requirements reminded below,
lim; . w(t) is a state drawn according to the target probability distribution (3.2.2]).
A very simple Markov chain is the celebrated Metropolis algorithm, where, at most,
one spin is flipped at each time step.

A powerful class of Markov chain is that introduced by Hastings in [56]. In
the context of Statistical Physics, this class can be described as follows. Given a
current spin configuration w, a candidate configuration w’ is proposed according to
some prior distribution ¢'®)(w'|w), from which we are able to draw. This candidate
is next accepted as the new current state with probability

g(ﬁ)(w|w/) " 71'(6)(&}/)
g(ﬁ)(w’|w) w(8) (w)

Prce(w = ') = min{1, (3.2.4)

As will be shown shortly, this acceptance rule allows to satisfy reversibility (a.k.a.
detailed balance), Eq., one of the conditions which, when met, guarantees
convergence to the target probability distribution. If the prior ¢/ is symmetric
in its arguments, the acceptance probability reduces to the celebrated
Metropolis algorithm formula. But in some situations, the generalization proposed
by Hastings allows encoding some information about the target distribution in
the possibly asymmetric prior ¢/? (w'|w), in a beneficial way. It can, for example,
result in a boosted exploration of the sample space along the iterations of the
Markov chain. The Swendsen-Wang and the Wolff cluster algorithms are examples
of Metropolis-Hastings construction |57, 5§|. Actually, an ideal prior is one where
g (W' |w) = 7 (w'), that is, the prior that consists in direct sampling according
to the target probability distribution 7®. Of course, for generic instances of the
Ising model, such an ideal prior is unavailable. But an approximation 7 to this
ideal prior might be good enough for Monte Carlo. We will be concerned with such
approximations that can be constructed through tensor network renormalization.

Let n = |V| represent the system size, and let {1,2,...,n} denote a certain
sequential labeling of the vertices (see, e.g., figure in App. . Using Bayes

formula, the Boltzmann distribution can be expressed as

n

7B (w) = 7T§B) (01) H W,(f)(ak|01 e Ok1), (3.2.5)
k=2
where ﬂﬁ ) stands for the marginal distribution of the first spin, and ﬂ,(f ) (‘loy...ok-1)

denotes the conditional distribution for the kth spin when the spins 1 through
k — 1 are fixed to values o4, ...0;_1. The marginal distribution for the first spin

W&ﬁ )(01) can be expressed as the ratio of two partition functions: 7.° )(01) =
Z(Blo1)/Z(B), where Z([3|o1) represents the partition function for a system with

24



3.2. MARKOV CHAINS AND TENSOR NETWORK RENORMALISATION

the same nearest-neighbor Hamiltonian as in Z(f) but where the first spin has
been fixed to the value ;. As mentioned in the introduction, the partition function
of any nearest-neighbor Hamiltonian can be expressed exactly as a tensor
network (TN), whose bond dimension is equal to the number of states accessible
by each local degree of freedom. For the Ising model, this number is equal to
two. In general, neither Z(/3|o1) nor Z(/3) can be evaluated exactly. But a TN
renormalisation scheme yields approximations Z(8|c,), and Z() for each of these
quantities (see Appendix . With them, one can construct an approximation
7Nr§ﬁ ) (01) = Z(B lo1)/ Z(B) to the true marginal distribution for the first spin. This
Bernoulli distribution is next sampled. Let s; be the outcome obtained. With this
fixed value for the first spin, one can compute an approximation Z(/3|sy,02) of the
partition function for each value oy for the second spin. These approximations
are then used to construct an approximation 75 (os|s1) = Z(B|s1,02)/Z(8|s1)
to the distribution for the second spin, conditioned on the value s; for the first
spin. This second Bernoulli distribution is then sampled. And so on. For all
other sites k > 2, the conditional probability distribution ﬂ,gﬁ )(O'k|51 ...Sk_1) can be
expressed as the ratio of two TN contractions Z(8|s1 ... sg_10k)/Z(B|s1 ... Sk_1),
and a TN renormalisation scheme provides approximations Z (Bls1...8x-1) and
Z(Bls1 ... s5_10%) to Z(B|s1...sp-1) and Z(B|s;...sp_10%) respectively. These

approximations are in turn used to compute an approximation %’ff ) (Ok|s1...Sk-1) tO

ﬂ,(f )(ok]sl ... Sk_1), which is sampled and yields an outcome si. Fig. illustrates
the first two steps of this sequential sampling. The configuration (si,...,s,)
obtained after the whole lattice is swept will have been drawn with probability

7B (sy,...,80) = %&B)(sl) H%,(f)(sk|sl e Sk—1)s (3.2.6)
k=2

which the identity (3.2.5) shows to be an approximation to 7 (s, ..., s,).
We will be interested in schemes where the Metropolis-Hastings probability to
select a candidate w’ reads:

gP (W' |w) = TP (W). (3.2.7)

As explained in Appendix , the approximate probability 7¥) (w) can be evaluated
for any configuration w, and the update rule (3.2.4)) can be implemented. Our
construction is summarized in Algorithm

Properties of the TNMH Markov chain

(i) The construction is universal in the sense that it is independent of the
magnetic fields and couplings that define the Ising instance being considered.
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Figure 3.2.1: Pictorial illustration of the first two steps of the TNMH sequential
sampling. White dots refer to sites where the spin value has been fixed.

(i)
(i)

Yet, it is adaptive in that the details of the Hamiltonian are taken into account
when the tensors are constructed.

The constitution of the candidate is independent of the current configuration.

The update is collective and correlated: in principle all spins of the
system could be refreshed in a single Monte Carlo step, and the spin values
proposed at different sites are conditioned by the correlations present in the
tensor network. We believe this feature is the principal cause for the high
acceptance rates and fast equilibration reported in the next section. Whereas
a local update rule could have a hard time overcoming energy barriers, we
expect our algorithm to be more capable of hopping between distant regions
of the configuration space and escaping local minima in a single iteration of
the Markov chain.

The transition matrix, i.e. the set of probabilities to transition from a
configuration w to a configuration w’, T(w — ') = TP (W) X Pree(w — '),
is reversible (i.e. it satisfies detailed balance):

(W) Tw = ') = 7P W) T(W — w). (3.2.8)
That is, the expression

70 (0 7B (o
W(ﬁ)(w)%(ﬁ)(w/) min{1, %(5)((0)’)) X W(ﬁ)iw))}

is manifestly symmetric in w and w’.
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Furthermore, when numerical errors are small enough that all the conditioned
partition functions Z(f|o; ... 0y) are strictly positive (see Appendix ,
the Markov chain is also irreducible:

Tw—=w)>0 Yw,uw €.

Thus, even if the distributions {W,iﬁ V ke V'} turned out to be poorly approxi-
mated by the TN renormalization scheme used, it is still possible to guarantee that
the Markov chain will eventually converge to the target probability distribution
[87]. This last point will be illustrated with three-dimensional Ising models.

Algorithm 1 TNMH Markov chain
1: Compute the tensors associated with the distribution (3.2.2)).
2: Set t = 0, and draw some initial configuration w(0) according to any distribution
over §).

3t If t > timax g0 to[8

4: Use the tensor network to draw a candidate configuration w’ according to Eq..
5: Evaluate the probabilities 7% (w(t)) and 78 (o).

6: Accept the change w(t) < w’ with probability min{1, ;EZ;EZJT:% X 7:(/;))((“:;))}.

7. t—t+1. Gotofd

8: End.

Before turning to applications of Algorithm [I], there are two points we would
like to stress. (i) Although the construction of a candidate at each iteration of the
Markov chain is actually independent of its current configuration, the decision to
accept this candidate does depend on the current state. That is, the transition
probability 7 (w — ') is not independent of w. This can be seen explicitly:

FOW) 7B

T (w — ') =78 (w) min{1, = () X () }.

(3.2.9)

Notice that a similar sampling scheme, based on Bayes’ chain rule, has been
proposed to directly sample an approximation to the Gibbs distribution [8§]. In
contrast, TNMH is not an approximate Gibbs sampler: the decision to accept
or reject the candidate, depending on the Metropolis-Hastings ratio, marks an
essential difference. (ii) Even though the tensor network contractions used in
TNMH are (inevitably) approximate, the reversibility condition is exactly satisfied.
This ensures the asymptotic convergence to the Gibbs distribution.
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Figure 3.3.1: Distribution of the couplings on the J’— .J model. Black lines indicate
bonds with a coupling of J’, while red and blue bonds have couplings —J and J,
respectively.

3.3 Two-dimensional Ising models

In order to assess the potential of the construction presented in the previous section,
we have run tests on instances of the two-dimensional Ising models chosen to cover
a broad range of cases (L x L square lattice):

e Ferromagnetic : J;; =1V (i,7), h; =0 Vi.
e Antiferromagnetic : J;; = —1V (4, j), h; constant across the whole lattice.

e J' — J model: In this model h; = 0 Vi and couplings alternate between even
and odd rows or columns (see Fig|3.3.1]):

Jojorp =, Jojp=J,
Jk,2jfl = Jl? Jk,Qj = _‘]7 j = 17 s 7L/2
The point J = J’, known as the fully frustrated square lattice Ising model

(or Villain model), is characterized by extensive ground state degeneracy and
maximal frustration.

e Edwards-Anderson spin glass: this disordered model is such that h; = 0 Vi,
and J;; are random couplings sampled from a Gaussian distribution with zero
mean and unit variance [89).

We will be interested in the following observables: the energy per spin,

= [ )

wEQ

the magnetization density,

"= |V|Z 2

wGQ

S

eV
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the staggered magnetization density [1]

Z sign(i) o; | e PHE),

eV

1
Ms = ————
VIZ) 2
where sign(i) is equal to £1 in a checkerboard manner. Finally, we will consider
also the magnetic susceptibility, defined for a system with a uniform magnetic field
as

X = 0m/0h.

Unless stated otherwise, we will be considering open boundary conditions.

Role of the bond dimension

A crucial ingredient of the algorithm described in the previous section is the
substitution of exact partition functions Z(f|oy...0—1) with approximations
A (Bloy ...ok—1) obtained by tensor network renormalization. Amongst all available
methods for this renormalization, we have used the matrix product state (MPS)
renormalization scheme described in [90] (see also Appendix [3.A)). It is a choice of
simplicity, which turned out to be sufficient for our purposes. We, however, would
like to stress that the analogous TNMH Markov chain can be defined using any
other contraction scheme, and some might yield better results than those presented
here. In MPS renormalization, both the accuracy of the approximation and the
computational effort increase with an integer parameter, the bond dimension,
commonly denoted D. We thus expect the total variation distance between the
target and the prior distribution,

~ 1 ~
|78 — FB|| py = 5 Z 17O (w) = 7O (W), (3.3.1)

we

to decrease with increasing values of D. As a result, Monte Carlo rejection rates
should decrease as the bond dimension grows large.

To characterize the behavior of our method, we have explored the interplay
between the bond dimension, the temperature, and the rejection rate for the four
different models mentioned above (Fig. [3.3.2). In all cases, we have verified that
the rejection rate decreases with increasing bond dimension, and even modest
values of the bond dimension may yield virtually rejection-free updates. At the
same time, for a fixed D, rejection rates increase in the vicinity of critical points.

'When the external magnetic field is uniformly naught, averaging over Monte Carlo samples
would result in zero (staggered) magnetization even at temperatures where the system is known
to exhibit a finite spontaneous magnetization. The absolute values appearing in our definition of
the (staggered) magnetization are meant to counter this artifact.
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This can be understood considering that, presumably, the distance ||7®) — 7|1y
for fixed D will increase with the true correlation length.
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Figure 3.3.2: TNMH rejection rates as a function of the temperature for four
different instances of the Ising model at a fixed system size: (a) Ferromagnetic,
(b) Antiferromagnetic with a constant magnetic field h = 2, (c¢) Fully frustrated,
(d) Gaussian spin glass. The geometry is that of a 32 x 32 square lattice with
open boundary conditions in all four cases. For each model, the rejection rate was
obtained by averaging over 40 independent chains, each run for a model-dependent
number of steps. For the fully frustrated and spin glass cases, the points at
temperatures where we believe our method starts to suffer from ill-conditioning
issues are indicated by empty markers. For the ferro- and antiferromagnetic
instances, the vertical lines indicate criticality in the thermodynamic limit.

Fig. demonstrates these features for the ferromagnetic case. This model
exhibits, in the limit of large system sizes, a second-order phase transition at
T. = 2/log(1 + v/2) ~ 2.269 from a magnetically ordered to a paramagnetic phase
[91]. Still, for the system size considered, 32 x 32, rejection rates remain remarkably
low (below 0.4) across the whole temperature range that surrounds the critical
temperature. Actually, even a bond dimension as low as D = 2 appears to already
be sufficient to achieve our goal of producing collective updates frequently. More
details regarding the vicinity of the critical point are provided in Fig. (3.3.3h, where

30



3.3. TWO-DIMENSIONAL ISING MODELS

we have plotted the rejection rate as a function of the system size for different bond
dimensions. Even for systems as large as 256 x 256, acceptance rates of about 0.4
can be obtained using only a bond dimension D = 4. As can be appreciated from
the inset of this figure, our data suggest that the bond dimension only needs to grow
logarithmically with the system size in order to maintain the acceptance rate above
a threshold value. Our observations for the antiferromagnetic case (Fig. [3.3.2b) are
similar.

For the fully frustrated case of the J' — J model (Fig. [3.3.2), we obtain lower
acceptance rates, as compared to the two previous cases, but still high enough that
the Markov chain is usable down to 7= O(107'). As expected, the rejection rate
increases when approaching the 1" = 0 critical point. Still, the minimal cost curve
D = 2 is sufficient to obtain decent acceptance rates down to at least T" = 0.2,
and increasing the bond dimension again suppresses rejection events. At very low
temperatures, acceptance rates drop dramatically and numerical instabilities typical
of frustrated systems pointed out in [86] set in. Some strategies exist to mitigate
these effects, but their discussion is beyond the scope of the present work. Again,
we have looked at the rejection rate as a function of the system size for different
bond dimensions (see Fig. [3.3.3p). Even though this instance is more challenging,
the example in the figure demonstrates that at 7" = 0.4 perfectly usable acceptance
rates of about 0.2 or higher can be obtained for systems of size up to 128 x 128
using a bond dimension, D = 6, for which computations are not too demanding.
Fig. provides additional data regarding the J' — J model, beyond the fully
frustrated point J = J’. It is remarkable that the observed maxima of rejection
rates are consistent with the predicted critical lines of this model.

Our findings for the Edwards-Anderson spin glass, Fig. [3.3.2d, are qualitatively
similar to those for the fully frustrated case, presumably because this spin glass is
also critical at T'= 0 [89).

Improved approximations of the contraction will generally result in a higher
acceptance rate. But actually, as far as this acceptance rate does not vanish and
scales well with the system size, the TNMH scheme should be applicable.

Equilibration and decorrelation

Equilibration and auto-correlation times are the two crucial time scales in Monte
Carlo simulations. The former controls the number of steps needed by the Markov
chain to decouple from the initial distribution (that is, the distribution from which
the first configuration of the chain is sampled) and reach the desired equilibrium
distribution. The latter determines the minimal time between two consecutive
sample extractions in order to guarantee statistical independence. Since these times
are typically difficult to bound, let alone calculate, rigorously, heuristic diagnostics
are commonly used to estimate them. We have used two such heuristics to provide
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Figure 3.3.3: (a) TNMH rejection rates near the ferromagnetic Ising phase transition
(T~ 2.27) as a function of the system size for different bond dimensions. Dashed
lines are simply a guide to the eye. Inset: Bond dimension needed to maintain a fixed
rejection rate (in this case 0.25, although the behaviour seems to be independent of
the value chosen) as a function of the system size. The fit shows that the increase
in the bond dimension seems to be only logarithmic. (b) TNMH rejection rates
for the fully frustrated Ising model at 7" = 0.4 as a function of the system size for
different bond dimensions.

evidence that these two time scales are relatively short for the TNMH scheme of
Section [3.2

Sophisticated equilibration diagnostics can be devised for specific problems. In
particular, for the Edwards-Anderson spin glass, we have run the following test,
discussed in 61} 93]. Let (X) stand for the thermal average of an observable X,
and [z],, denote the disorder average of a quantity = that might depend on the
coupling constants {.J;;}. We have considered the disorder averaged energy.

/ H Wap -1, /2ZJ” 0:05). (3.3.2)

At equilibrium, integrating by parts allows us to prove that

A= Gl + 7 B(1E1 = Sl ) =0 (3:3.3)

VI (i)

where 3, [(0i0;)?|ay 1s & quantity known as the link overlap. Starting configura-
tions of Markov chains, drawn according to an easy distribution, typically have high
energy and small link overlap. As a result, A typically has a non-zero value when
the Markov chain is started. As Monte Carlo steps are taken, this value decreases
in magnitude. It is a common heuristic to decide equilibration has occurred when
A is below a given threshold value.
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Figure 3.3.4: TNMH rejection rate for the J' — J model as a function of the
temperature and the value of one of the couplings (the other has been set to unity).
Computations made with a bond dimension D = 4. Rejection rates were obtained
as averages over 40 independent Markov chains, each run for 200 steps. Lattice
dimensions: 32 x 32. The phase separatrix predicted in [92] is shown in black.

We have implemented this heuristic test of convergence with 10* disorder
realizations using the TNMH Markov chain. We have observed that after a few
time steps, A drops drastically from its initial value before stagnating at a small
but finite value. For the vast majority of disorder realizations, the Markov chain
behaved well. That is, it shows frequent jumps between different configurations
from one time step to the next. However, for some disorder realizations, a few
Markov chains (typically less than a sixth of the chains we simulate for a given
disorder realization) remained stuck in their original configurations. This inertia is
what causes A to stagnate. Increasing the bond dimension did not help. Actually,
we believe the issue is rather related to an ill-conditioning of the tensor network
contraction, induced by frustration, an effect previously reported in Ref. .
As a result, the approximate probability weights can be off their true value by
orders of magnitude El As can be seen from Eq., this mismatch affects the
acceptance rates. That is when the Markov chain hits a configuration w such that
78 (w) /¥ (w) < 1, it may remain stuck for a long time, as we have observed.

Various strategies are possible to mitigate the effect of ill-conditioning. One
is to work with greater machine precision, using, for example, the techniques
described in Ref. [94]. Another is to consider a variation of the TNMH Algorithm
A very simple variation consists of interspersing spin flip Metropolis sweeps

2Interestingly, it is not clear that such configurations actually correspond to local minima or
maxima of the energy.
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A 0.25 0.15 0.05 0.025
Metropolis > 10° > 10° > 10° > 10°
PT >10° | >10° | >10° | >10°
PT + ICM 1.1-10° [ 1.6-10% | 3.2-10% | 4.3-10°
TNMH > 10° > 10? > 10° > 10°
TNMH -+ Metropolis 3 3 5 5

Table 3.3.1: First row: target value of A, as defined by Eq.. Next rows: each
entry represents the number of lattice sweeps necessary to decrease A below the
value indicated in the same column for the given algorithm. An entry of the form
"> a’ indicates that more than a iterations are needed to reach the desired value of

A. The system considered is the same as in Fig. |3.3.5]

in between TNMH moves. We have tested this possibility. Our findings are
reported in Fig. and in Table [3.3.1] where we compare our times with state-
of-the-art methods: parallel tempering (PT) and parallel tempering combined with
isoenergetic cluster moves (PT + ICM) |61}, 93]. This comparison clearly shows
that the combination of TNMH with single flip MC sweeps allows us to outperform
these methods by orders of magnitude. This result is interesting: whereas both
TNMH and the Metropolis algorithm show poor performance individually (for
different reasons; ill-conditioning in the case of TNMH, locality in the case of single
flip updates), their alternating use is drastically more efficient than either of them.

So far, we have counted equilibration times in steps of the Markov chain,
which has conceptual relevance. From a practical point of view though, it is also
interesting to know how the TNMH compares to other methods when looking at
program execution times. To make such a comparison fairly is a delicate issue
because we have not sought to optimize our code at all: a detailed comparison
with, e.g., Metropolis sweeps, which is simpler to optimize, is a project in itself. We
can, however, provide indicative times related to the data presented in Table |3.3.1}]
With our setup, the times to get to A < 0.025 are > 3.93 x 107 sec, 1.76 x 10° sec,
and 6.75 x 10* sec for the parallel tempering method, the parallel tempering method
supplemented with isoenergetic cluster moves, and TNMH respectively. We believe
that these estimates credibly signal the practical potential of the TNMH Markov
chain introduced here.

We next move to autocorrelation times, that is, after equilibration is reached, the
time needed between two sample extractions to guarantee (sufficient) independence.
Given an observable X, we study the time correlation function

(X(to) X (to +1)) — (X(to)) (X (to + 1))
(X2(t)) — (X(t0))? 7
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Figure 3.3.5: Difference between the (disordered averaged) energy per spin computed
from the Hamiltonian and computed from the link overlap, Eq. (3.3.3)), as a function
of the number of iterations for three algorithms: TNMH + Metropolis (blue), (PT
+ ICM) (orange) and PT (green). Bond dimension for the TNMH moves: D = 16.
Lattice dimensions: 32 x 32 (open boundary conditions). The symbol ¢ represents
the number of iterations for TNMH and the number of lattice sweeps for PT
and PT+ICM. The error bars, smaller than the symbols, have been computed by
estimating the variance of the disorder. The number of Markov chains used for the
thermal average is 30 in all cases, the number of different instances used for the
disordered average is 10%, and the temperature has been set to T' = 0.212.

where t( is assumed larger than the equilibration time. As discussed in [52], at
large t, we expect Cx(t) to decay exponentially, with a time scale set by the
decorrelation time. As the exponential tail has a fixed amount of noise, controlled
by the number of samples, a useful measure to determine that time scale is the
integrated correlation time

() =1+2 i Cx(t'). (3.3.5)

t'=1

It can also be shown that it is approximately the factor that enhances the variance
when averaging over samples that are not sufficiently decorrelated [52]. The two
quantities are plotted in Fig. for the magnetization of a Fully Frustrated Ising
model on a 32 x 32 lattice at 7' = 1. The motivation for choosing this observable is
that often the energy is a poor choice to measure the decorrelation of samples in a
Markov chain. At low temperatures, it is impossible to distinguish global changes
in a configuration of a Markov chain from local motion around a local minima
just by tracking the energy. In this particular case, choosing an observable that
breaks the global spin flip symmetry of the model in consideration allows us to
assess the ergodicity of the scheme, since for any configuration with energy E and
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magnetization m, there exists another with magnetization —m and same energy.
The data shown in Fig. |3.3.8a shows that TNMH outperforms a local algorithm
by almost two orders of magnitude. Furthermore, we expect that the difference in
performance can only increase as the temperatures are lowered or the system size
is increased.

To further illustrate sample-to-sample decorrelation in our algorithm, we have
considered the fully frustrated Ising model and represented in Fig. |3.3.8b snapshots
at different times for TNMH and for Metropolis sweeps starting from the same
configuration. The difference between both techniques is striking: while the
configurations appearing in our technique seem to bear no resemblance to one
another from one acceptance to the next, memory of the initial configuration can
still be appreciated visually after ten Metropolis sweeps.

10

—41 I
0 10 QUtIS() 40 50
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t

¢D=2 AD=4 wD=6 ¢$D=8 ¢ Spinflip
Figure 3.3.6: (a) Figure 3.3.7: (b)

Figure 3.3.8: (a) Integrated correlation time and (inset) decay of the
autocorrelation function of the magnetization as a function of time, for
different bond dimensions on a Fully Frustrated Ising model on a 32 x 32 lattice
with open boundary conditions at 7' = 1. The error bars have been computed by
estimating the variance of the observables using the same samples. (b) Snapshots of
the evolution of two different Markov chains starting from the same configuration,
for the fully frustrated Ising model on a 64 x 64 lattice at T = 0.5. The top
plots display the configuration obtained after three consecutive steps of the TNMH
method (with bond dimension D = 8), while those below show configurations after
Metropolis sweeps at times ¢t = 0, 1, 10.

Observables

We now turn to the estimation of observables from the samples output by the TNMH
Markov chain. We have focused on the ferromagnetic case and the antiferromagnetic
one with an external field. The absolute value of the magnetisation for the
ferromagnetic case is plotted on Fig. [3.3.11a (inset) and is in good agreement
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with the theory [91]. Fig. also shows estimates for the fourth order Binder
cumulant [51], ¢ = (3 — (m*)/(m?)?)/2. One can appreciate that the phase
transition point is correctly signaled by the locus where all data sets meet, as
expected. In Fig. [3.3.11p, we have represented the staggered susceptibility as a
function of the temperature and the external magnetic field for an antiferromagnet.
Our findings seem to be in good agreement with previous studies of this model
[95 [96]. When the external field is naught, the ferromagnetic phase transition
around T, = 2/In(1 + v/2) is recovered, as expected, since for a square lattice,
a local change of variables allows mapping between antiferro and ferromagnetic
instances of the Ising model. As the field increases, the temperature at which the
phase transition takes place decreases. The intuition for this fact is as follows: at
h = 0 and below the critical temperature one has antiferromagnetic order. In the
large h limit, at the same temperature, all spins would align with the external field
and one would have ferromagnetic order. Thus, some phase boundary must be
encountered when going from one to the other.
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Figure 3.3.11: (a) Binder ratio as a function of temperature for the two-dimensional
ferromagnetic Ising model obtained through TNMH with a bond dimension D = 6.
The data approximately cross at one point, signaling a phase transition, in great
concordance with the theoretical result T" ~ 2.269. Inset: Magnetisation of the
ferromagnetic Ising model on a square 64 x 64 lattice with open boundary conditions.
The error bars have been computed via a jackknife analysis for the Binder cumulant
and by estimating the variance for the magnetization, and are smaller than the
symbols. (b) Susceptibility x for an antiferromagnetic Ising model with an external
field, on a 64 x 64 square lattice obtained through TNMH with a bond dimension
D = 6. Black: theoretical prediction of the critical line in the thermodynamical
limit.
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Figure 3.4.1: TNMH rejection rates for the three-dimensional Ising model as a
function of the temperature. Plot (a) corresponds to a uniform ferromagnet and (b)
to a uniform antiferromagnet in a field h = 3. D denotes the PEPS bond dimension,
while x stands for the boundary bond dimension used when compressing the PEPS
associated with a plane of the lattice. A lattice of size 16 x 16 x 16 was used,
with open boundary conditions, and for each bond dimension and temperature, 50
chains were run for 150 steps each. The critical temperature is T, ~ 4.512 [100] for
the ferromagnetic Ising model, and T, ~ 4 [101] for the antiferromagnetic with this
field (We attribute the offset with respect to this value to finite size effects.).

3.4 Three-dimensional Ising models

Just as for planar systems, the partition function of a three-dimensional Ising model
can be expressed as a tensor network. As a consequence, our TNMH algorithm
immediately extends to three dimensions. The approximate contraction of a three-
dimensional TN is, however, a more demanding problem than its two-dimensional
analog. Still, TN renormalization schemes can be applied to find an approximation
to the contraction [97-99]. We have chosen an unsophisticated renormalization
scheme involving projected entangled pair states (PEPS). Two cutoff parameters
now govern the effort put in the TNMH for this implementation: a boundary PEPS
bond dimension D, and a boundary MPS bond dimension y (see Appendix for
details). We have considered two instances of the Ising model: ferromagnetic, and
antiferromagnetic with an external magnetic field. The upshot is that our TNMH
performs very well, even with rather low values for D and y.

Fig. [3.4.1] shows the interplay between the two parameters D and yx, the
temperature, and the rejection rate. Again, the peak in the rejection rate signals
the presence of a critical point (displaced due to finite-size effects). As this critical
point is approached, rejection rates increase much faster than in two dimensions, and
putting in more computational effort by increasing D and x now produces milder
drops in rejection rates. We attribute this situation to an increase in correlations
in the system due to a higher coordination number for each spin. Still, these
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Figure 3.4.2: Magnetisation (blue) and energy (orange) per spin of the ferromag-
netic Ising model (a) and staggered magnetization and energy per spin of the
antiferromagnetic Ising model in an external field (b) on a cubic 16 x 16 x 16 lattice
with open boundary conditions. The error bars are smaller than the symbols. The
largest bond dimensions used to obtain the curves were D =4,y = 8.

preliminary results are very encouraging, since using a non-optimized contraction
scheme, and modest values for the parameters D and Y, usable acceptance rates
(> 0.12 and > 0.05 for the ferro- and antiferromagnetic case respectively) have
been found across the whole temperature range considered, for systems as large as
16 = 4096 spins.

Since observables can also be expressed as a TN, it is possible to estimate them
using a direct contraction [90], and one might then wonder if the sampling procedure,
which in itself requires a TN contraction, provides an advantage with respect to
such a direct calculation. But, while the TNMH algorithm can succeed with a very
undemanding approximate TN contraction (i.e. using very low bond dimensions),
achieving a result of comparable quality by direct contraction generally requires
more computational effort. To make this point more concrete, we have compared
the value of the average energy in the three-dimensional ferromagnetic case, as
obtained with the TNMH scheme and with direct TN contractions with different
values of the bond dimensions (Fig. . We observe that, at temperatures where
the direct contraction with up to (D, x) = (8, 16) was not sufficient to obtain an
accurate estimate of the energy, the TNMH with (D, x) = (2,2) was successful,
since it produced decent acceptance rates, and eventually provided good samples
thanks to irreducibility and reversibility.

3.5 The XY model

In this section, we describe how to extend our scheme to models that have degrees
of freedom that are not discrete. For the sake of concreteness, we focus on a simple
instance, the XY model in the square lattice, and explicitly describe how to write
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Figure 3.4.3: Relative error € in the average energy per spin computed via different
techniques for different temperatures (near the phase transition) for the three-
dimensional ferromagnetic Ising model. The reference values are obtained using
Wolft’s algorithm, purple rhombi are obtained using samples from our algorithm
with (D, x) = (2,2), and the other results are obtained taking derivatives of the
logarithm of the approximate contraction of the TN representing the partition
function.

its partition function as a tensor network with finite bond dimension. The reader
interested in how this construction works for other models can consult the reference
[102].

In the absence of a vector potential, the XY model describes a lattice of planar
spins, interacting through the Hamiltonian

Hyy ==Y cos(f; — 0;), (3.5.1)
(4.5)

where the local variables are the angles {0 < 6; < 27 : ¢ € V}. Although these
variables are continuous, this model can be mapped into a system that allows
the use of a variation of the sampling method used for the Ising model. First, a
duality transformation establishes an equivalence between and a system of
integer variables residing on the (oriented) links of the lattice involved in four-body
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interactions [103H106]. That is, the partition function takes the form

N
Z(8) = lim_ ( Yo I )HF”J ’”é>, (35.2)
leEE

nj=—N eV
where ngi), ng), n:(;), nff) are the values for the links meeting at site i. I,,,(3) are the
modified Bessel functions of the first kind, and

2
T df
Fran / b (n1+na—nz—n4) _ 5K(n1 +ng — N3 — n4)7 (353)
0

ni,n2 27T

where dg denotes the Kronecker delta function.

At fixed B, I,,,(8) decays fast and truncating the sum in Eq. is a sensible
approximation. The partition function of the XY model can thus be approximated
by a tensor network where the degree of freedom at each bond takes value in a
finite set. In the language of Appendix [3.A] the tensor at each site ¢ would now be

1/2
n2n4n1n3 o (H ]nk ) Fgﬁﬁ;) (354)

and the contraction of the TN made up of these tensors would give an approximation
Z(B) to the partition function Z(f). Similarly, the marginal probability density of
the spin at a site i, 7% (6;), can be approximated by replacing the tensor at site i

with s
; ei@(n1+n2—n3—n4)
A%Q)nzlnlng <H [nk ) 27]' 9 (355)

and normalizing the contraction to the approximate partition function previously
obtained. Using renormalization to approximately contract tensor networks, and
the inverse sampling method, a candidate configuration w’ = {0} : ¢ € V'} can be
drawn and accepted or rejected, as we did for Ising models with Algorithm [1l A
vector potential could be included [104} |105], and other continuous variable systems
admit a similar construction [107].

On top of the bond dimension used for the renormalization, the number of
terms kept in the series expansion of the transfer matrix in Eq. is another
parameter that governs the accuracy of the contraction. As for the 3D Ising model
discussed above, a tensor network with a low value for this parameter may be
accurate enough to sample from and propose moves for a Markov chain, but not
precise enough to compute the observables with a single contraction.

A detailed study of the XY model is beyond the scope of this work. However,
we have made preliminary computations that show acceptance rates comparable to
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those of the ferromagnetic Ising model. In order to see how correlated the proposed
collective moves are, we have computed the mutual information between the updates
at different sites of the TNMH algorithm and compared it to that obtained from
a local algorithm, Figure [3.5.1. The instance chosen for the comparison is the
zero-field uniform XY model on a 16 x 16 lattice at a temperature 7' = 0.5. The
difference in the results is noteworthy and demonstrates that the TNMH algorithm
is indeed capable of producing global correlated updates.

2
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Figure 3.5.1: Mutual information in bits between the updates at different sites, that
is, in the changes of the angles after a sweep of the Markov chain, I(6;(t+1)—6;(t) :
0;(t+1) —0;(t)) for two schemes. Left: a local algorithm (a Metropolis single spin
ﬂlp where the proposed local updates were chosen from U (0, 27)). Right: TNMH.
The numerical experiment was conducted on a homogeneous XY model with no
external field on a 16 x 16 lattice at a temperature of T'= 0.5. The bond dimension
used in TNMH was D = 20, and the number of terms kept in the series of Eq.
(13.5.2) was N = 4, which gave a TN with a local dimension d = 9.

3.6 Discussion

The interplay between Monte Carlo and tensor network methods is a rich and vastly
unexplored subject. While various previous works have reported on using Monte
Carlo sampling for tensor network contractions, we have here presented an analysis
of the converse: a new class of Markov chain Monte Carlo algorithms for many-body
classical systems based on tensor network renormalization. This class belongs to
the family of Metropolis-Hastings schemes. Our construction produces collective
updates. It is also irreducible and reversible; as such, asymptotic convergence
towards the target probability distribution is guaranteed. We emphasize its universal
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nature: it works the same for any nearest-neighbor Hamiltonian with finite local
degrees of freedom.

We have benchmarked our scheme for a variety of instances of the two-dimensional
Ising model defined on a square lattice. For ferromagnets and antiferromagnets,
very high acceptance rates have been observed for larger systems, even with modest
values of the bond dimension. Besides, drops in acceptance rates have been shown
to signal criticality. Looking at equilibration and decorrelation times, the scheme
compares extremely well with single spin flip updates and Wolff algorithm. As
expected, the scheme’s performance is lower for frustrated and disordered instances
than for the ferro- and antiferromagnets. Still, our results are very encouraging. In
particular, for disordered instances, equilibration appears to be occurring orders of
magnitude faster than for state-of-the-art techniques such as parallel tempering
supplemented with isoenergetic cluster moves, both when time is counted in Monte
Carlo steps and in seconds.

We have also demonstrated the potential of the method for three-dimensional
systems, by testing it on ferromagnetic and antiferromagnetic instances. In this
case, we have observed faster equilibration as compared to Wolff algorithm and,
remarkably, even with a simple contraction strategy and small bond dimension, the
scheme can be shown to remain usable at near-critical temperatures, whereas a
much more costly direct TN contraction results in considerable errors.

We have used simple procedures to implement tensor network renormalization,
and we have made no particular effort to write an efficient code. For these reasons,
we believe the results presented here could be substantially improved. It would also
be very interesting to study what can be gained by using other renormalization
schemes for approximate contractions of tensor networks |108|. For example,
schemes involving disentanglers would be a natural option in this regard [109]. Also
for future work is the study of how TNMH Markov chains combine with parallel
tempering [59)].

A major advantage of our construction is its versatility. Our scheme can be
used to construct a collective update Markov chain in other settings, such as the
XY model, different lattices, or interaction terms. In principle, lattice systems
with long-range interactions could also be considered. For instance, given an Ising
Hamiltonian H where the interactions decay with the distance as a power law, one
can associate an auxiliary Hamiltonian H, where all interactions within some range
o are identical to H, and all interactions beyond p have been truncated. One can
next construct a tensor network prior from this Hamiltonian H,. Two parameters
would now govern the Markov chain: the bond dimension and the range 0. We
have also restricted ourselves to scalar degrees of freedom in this work. But similar
constructions to those presented in Section show that TNMH sampling should
also work for matrix models, in particular lattice gauge theories.
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A natural variation of our work would be to depart from tensor network
representations and use a quantum device to prepare Gibbs states and estimate
the probability of drawing a given configuration [110} 111]. Such a device would be
called as an external subroutine in (classical) Metropolis-Hastings iterations. Just
as our 3D computations have revealed that inaccurate contraction schemes could
still be useful for sampling, it would be very interesting to investigate how much
computational power such quantum devices retain when imperfect. These ideas
will be studied elsewhere.

Finally, it would be instructive to develop a mathematical perspective on the
schemes presented here. In particular, we believe it would be meaningful to identify
a non-trivial model for which the mixing time associated with our TNMH scheme
could be upper bounded, e.g. using a log-Sobolev inequality [112]. Tt would be
insightful to establish the dependence of the log Sobolev constant with the bond
dimension.

3.A MPS renormalisation

We here review the relation between tensor networks and partition function |90,
97,1108, 113, [114]. The setup is a slight generalization of that of Section . That
is, we consider a nearest-neighbor classical Hamiltonian

H(w) = Z%’j(%,%), (3.A.1)
(i,9)

on a lattice A = (V, E), where the local variables o; now take value in any finite
set, which size we are going to denote d. For the sake of simplicity, we will consider
square lattices, and first limit ourselves to two-dimensional systems for now. At
fixed inverse temperature (3, the partition function can be expressed as

zB)=>_ T[ Wilei, 0y, (3.A.2)
we (i,j)eE

where W;; is a d x d matrix, whose entries represent all possible contributions of
the bond (i, j) to the Boltzmann weight of the model, i.e. W;;(c,0’) = e (0,
As an example, for the Ising model without an external magnetic field, the energy

associated with a given bond (i, j) reads ¢;;(0,0’) = —J;;00’, and the 2 x 2 matrix
Wij is
eBlii =B
W, = (e% o > | (3.A.3)

We will use the diagrammatical notation in which a tensor is represented by a
vertex or a small shape, with as many legs sticking out as there are indices; and
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where joining two lines represents a contraction of the corresponding indices. For
example, a matrix W;; is represented as follows,

4.—. (3.A.4)

Z(B) can be expressed as a tensor network if we shift from a description in terms
of matrices associated with the bonds of the lattice to a description in
terms of tensors associated with its vertices. Let us consider some vertex ¢ with
four neighbors and let e(i) denote the vertex to its right. We decompose W; .(;)

d
Wiew(0,0") = Li(0, 1) Regiy (1, 0”). (3.A.5)

p=1

This can be achieved e.g. through a singular value decomposition (SVD) W, ;) =
Ui,e(i)zi,e(i)‘/ijfe(i); and by setting L; = Uy i)V i), Rer) = \/ii,e(i)VT

i e(z
if n(7),w(i), s(i) denote vertices located above, to the left, and below i respectively,

three additional SVD provide the decompositions

Graphically,

Similarly,

Wiy i Z L (v,0"), (3.A.7)

= Z Bi(o, ) Tagi)(p; o), (3.A.8)
=2 By (0. 1)T(7,0"). (3.A.9)

We associate a 4-index tensor A® (o) with each site i having four neighbours and
each spin value o, whose components are

,uupT Z L U /JJ )Bi(U, p)E(T, 0'>. (3A10>

In diagrammatic notation, Eq. [3.A.10] reads

+ aie )
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Figure 3.A.1: Graphical depiction of the construction of the TN associated with
the partition function of a nearest-neighbor classical Hamiltonian (4 x 4 lattice
in this illustration). (a) We start with a labeling of the vertices of the lattice in
consideration. (b) Diagrammatic representation of the Boltzmann weights (red
circles) associated with each edge; their contraction yields the partition function.
(c) and (d) Singular value decomposition of each W matrix, and regrouping into
tensors associated with each vertex of the lattice.

For a system with open boundary conditions, vertices with only three or two
neighbors are dealt with likewise. With these tensors, the partition function can
be expressed as

Z(8) = Cc({AV}), (3.A.12)

where C({A®¥}) denotes the contraction of all the tensors associated with all sites.
The entire process from (3.A.2)) to (3.A.12) is illustrated on Figure forad x4
lattice.

Similarly, one can construct a TN representation of the partition function
with some fixed value s for the degree of freedom at site i, Z(Blo; = s). It is
for instance sufficient that for each neighbour of i, j, we replace W, ;(o,0’) with
W (0, 0") = 6,,W; ;(0,0"). The ratio of the two quantities, Z(8|o; = s)/Z(8),

J
would exactly be the marginal probability 7ri(ﬁ )(s) of that spin being in state s,

that is, a ratio of two TN contractions. Similarly, one can express any conditional
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Figure 3.A.2: Graphical depiction of the process of contracting a two-dimensional
lattice. (a) Approximation to the contraction of the k—1 top most rows, |partial*~1).
(b) The approximation to |partia|(k)> is constructed by applying the MPO associated
with row &k, TMg, on the MPS obtained by approximate contraction of the £ — 1
first rows, |partial*"). The result of that MPO-MPS multiplication is a MPS
with a larger bond dimension. (¢) Using standard MPS techniques, the product
can be approximated by a MPS with lower bond dimension.
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Figure 3.A.3: Renormalisation of a black column of a PEPS. For the truncation of
the bond dimension of a given column, its tensors are singled out. The physical
bond dimension and the bond dimension that connects these tensors to other
columns, drawn in red in this diagram, are treated as the physical dimension of
an auxiliary MPS. The bond dimension of that MPS is reduced using a standard
truncation algorithm. The resulting tensors of the obtained MPS with lower bond
dimension are inserted back into the PEPS. While this procedure has no guarantee
of optimality, it is computationally cheap and works well in practice.

o—O

TMp1|partial,) = —_ — = |partialy, ;)

Figure 3.A.4: Renormalisation of a PEPS used to apply the TNMH algorithm to
three-dimensional systems. The bond dimension is first reduced along horizontal
bonds and next along vertical bonds.
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probability W,gﬁ ) (ok|s1...8k—1) as a ratio of two TN contractions:

Z(Bls1 ... sk_10%)
Z(ﬁ|$1 Ce Skfl) '

As explained in Section|3.2] if one were able to evaluate TN contractions exactly, one
would have the means to sample according to the Boltzmann distribution exactly. In

general, it is only possible to compute approximations to the contractions appearing
NE

(3.A.13)

W,(f)(ak|sl ce Sko1) =

in the ratio (3.A.13]) and as a result, get an approximation %,(f ) to 7T](f ). Instead of

using these approximations for direct sampling with systematic errors, one can use
them as a prior for a reversible Metropolis-Hastings Markov chain. The impossiblity
to carry out exact TN contraction then translates into more controllable statistical
errors.

For the approximate contraction of an L x L lattice, we have used one of the
simplest schemes available [38, |90]. We define [top) to be the tensor resulting
from contracting all the top row tensors along horizontal edges; the remaining
free indices after this contraction are legs pointing downward. Similarly, we will
call transfer matrix the tensor resulting from a contraction of the tensors along a
horizontal bulk row; the transfer matrix resulting from contracting the tensors of
row k will be denoted TMy, 2 < k < L. Finally, in analogy to |top), we will denote
|bot) the contraction of bottommost tensors. With these notations, the partition
function can be expressed as

Z(B) = (bot|TM_1 ... TMy|top). (3.A.14)

Both [top) and (bot| are matrix product states (MPS), whereas the transfer matrices
TMj, are matrix product operators (MPO), all with a bond dimension and a
‘physical’ dimension equal to d; their length is equal to L. Our approximation
of Z(B) is obtained by estimating the right hand side of sequentially.
We initialise |partial ™) = |top), and for k € {2... L — 1}, we define |partial®)) to
be an MPS approximation to TMk|partia|("’_1)> obtained by matrix product state
renormalisation, see Fig. Z(3) is finally approximated with (bot|partial©~1).
The cutoff parameter D sets the accuracy of the approximation. There are many
methods available for the renormalization. Throughout this work, we have mostly
used the scheme based on successive SVD [39]. Two-site variational compression
has been used to explore the equilibration of the two-dimensional Ising model with
Gaussian disorder [39].

The same method allows to approximate the partition function of a system where
some spins have been set to definite values, Z(8|o; ... ox). The only difference is
that for such a site ¢ with spin value o;, the tensor is replaced with

Li(O'l',,U/)RZ‘(I/, O'Z‘)Bi(O'i,p>ﬂ<T, O'i>. (3A15)
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As claimed in section , an approximate Boltzmann weight 7(w) can be evaluated
since, using Bayes theorem, this probability can be expressed as

—Z,(VB|O-1) X ... X ~Z(6|01 — Un) .
Z(ﬂ) 2(5‘0'1...0'n_1)

(3.A.16)

Two remarks are in order. First, if the tensors A® are well conditioned and
if D is high enough, the approximations to partition functions we construct will
be strictly positive. So will then be the approximated probabilities , and
the TNMH is irreducible. Second, if the tensors {A®}, the MPS [top), |bot) and
the transfer matrices TM, are stored, a TNMH update of the whole lattice can be
performed at a computational cost that scales linearly with the lattice size.

Plaquette interactions can be dealt with similarly. Using singular value decom-
position for the Boltzmann weights and regrouping all the matrices relating to a
given site, one obtains a (m/4 rotated) square lattice for the partition function.
Bayes formula can thus again be used for sampling.

We have dealt with three-dimensional models in a similar fashion. Assuming an
L x L x L lattice, the identity can again be obtained after a sequence of
SVD; A® is now a six-leg tensor (for a bulk spin). is also still valid, but
|top), |bot) are now projected entangled pair states (PEPS) instead of MPS, and
the transfer matrices TMy, projected entangled pair operators (PEPOs) instead
of MPOs. Just as in two dimensions, without any cutoff, the bond dimension of
TMy_1 ... TMyltop) would generically grow exponentially with L, and renormalisa-
tion is in order. There exists a plethora of methods to contract three-dimensional
tensor networks [97, |115]. We have not aimed at optimality and have opted for
simplicity. Again, denoting |partial,) the approximate contraction of the first k
layers of the TN, the core of the renormalization consists in constructing a PEPS
approximation |partial, ) for the contraction TMy|partial,). When a PEPO
is superimposed on a PEPS, the resulting state is a PEPS with a larger bond
dimension.

The bond dimension of TMy,|partial,) has been reduced by recycling the
technique used to compress the bond dimension of MPS. First, an index reshuffling
allows us to regard each column of the PEPS TMy|partial;) as an MPS, with
an effective physical index at each site given by lumping the original physical
index of the PEPS with the horizontal virtual indices at that site. The virtual
bonds of that MPS are the vertical virtual bonds of the corresponding column of
the PEPO. These ’thick’ bonds are compressed (or renormalized) as before. This
compression along columns is illustrated in Fig. [3.A.3] The resulting tensors from
the compression are then inserted back into the PEPS, and the same compression is
next performed on the horizontal bonds of the PEPS. See Fig. for a depiction
of this PEPS renormalization. Two parameters now govern the accuracy of the
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approximation: the bond dimension of the PEPS |partial,), D, and the cutoff for
the approximate contraction of two rows of a PEPS, x [115].

o1



3.A. MPS RENORMALISATION

52



Chapter 4

Light cone tensor network and
time evolution

This chapter is based on the publication

Miguel Frias-Pérez, Mari Carmen Banuls

Light cone tensor network and time evolution

Phys. Rev. B 106, 115117 (2022)

Structure, text and figures have been adapted for this thesis

4.1 Overview

Simulating the dynamics of out-of-equilibrium quantum systems is one of the
most challenging open problems for tensor networks and other techniques. In one-
dimensional systems, limitations of TN methods for dynamics are well understood:
in global quenches, the entanglement may grow fast [48} 116} [117], and the true state
can escape the descriptive power of the TN ansatz. This so-called entanglement
barrier limits the applicability of the MPS [5, [8, [118} |119] description, and makes it
difficult to predict the asymptotic long-time behavior, even when local observables
in this limit are expected to be well-described by a thermodynamic ensemble, itself
well approximated by an MPO [9] |10, |42, 43, 120, [121]. A number of methods
have been suggested to try to overcome this issue and extract information about
the long-time behavior of local properties [122H132]. While there is no universal
solution, understanding the entanglement structures in the evolution TN can be
crucial to identify the most adequate one for practical computations.

In particular, the transverse folding strategy [123, 133, |134] avoids the explicit
representation of the evolved state as a MPS and instead focuses on contracting
a TN that represents exactly (up to Trotter errors) the time-dependent observ-
ables. Instead of the standard evolution in time direction, the folding algorithm
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4.1. OVERVIEW
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Figure 4.1.1: (a, b) Schematic construction of the minimal TN for the expectation
value of a local operator O after a global quench in a translationally invariant
setting. At time ¢t = M0 the expectation value (V(¢)|O|¥(t)) corresponds to a two
dimensional TN. After folding, the exact light cone is obtained after removing the
mutually canceling gates. (c¢) Graphical notation for folded TN diagrams through
the paper.

contracts the TN along space. In some scenarios, this allows local observables
to be computed to longer times than other approaches , and it is an exact
strategy for certain models . Recently, there has been a rekindled interest
in this approach, triggered by the interpretation of the network in terms of an

influence functional [137H139].

In local lattice models, the velocity of propagation of information is upper-
bounded [140-142] and the exact TN for observables has a light cone structure.
While there have been proposals that exploit this fact to reduce the cost of the
numerical simulation of the evolved state with TN [143-148|, and with quantum
simulation [149], until now, the potential of combining it with the transverse
strategy has not been explored.

Here we propose a strategy to exploit this property, a transverse light cone
contraction of the TN (TLCC). As in the original transverse folding, the TLCC does
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Figure 4.1.2: Evolution after a global quench from the initial state |X+), for the
integrable [(a) g = 0.5, (b) g = 1] and non-integrable [(c) g = —1.05, h = 0.5]
Ising model. The main plots show the transverse magnetization (o,(t)) (a, b)
and the energy density (c¢) computed with different algorithms using respectively
bond dimension D = 128 (a,b) and 512 (c). Error bars represent the difference
with respect to the results obtained with D" = D/2. The TLCC contraction has
been obtained both with the standard MPS truncation (green squares) and the
hybrid truncation of [134] (dark blue circles). For comparison, we also show the
results of standard iTEBD (blue diamonds) and Heisenberg picture DMRG (purple
triangles) [ For the integrable case (a,b) we also show the analytic result (black
line). The insets show the scaling of the bond dimension required to keep constant
precision in each algorithm. In the integrable case, this is compatible (at the later
times) with a polynomial increase D ~ t*, consistent with observations in |133,
150]. In the non-integrable case, the increase is compatible with an exponential
growth for both truncation methods, but using the hybrid truncation exhibits a
slower rate than standard ones, such that longer times can be reached with the
same bond dimension. The left inset in (c¢) shows a zoom of the main plot to better
appreciate the differences.

not directly suffer from the entanglement growth in the state, and will be more
efficient than standard algorithms when entanglement in the time direction grows
slower than in the spatial one. But the TLCC improves the efficiency with
respect to the transverse folding in all cases, by reducing the computational effort
to that of approximating the minimal network describing the time-dependent
observables in a Trotterized evolution. We demonstrate explicitly its performance
for global quenches and different-time thermal correlators at infinite temperature,
and investigate how the strategy can make use of the (more efficient) physical light
cone determined by the Lieb-Robinson velocity [141]. We also discuss possible
extensions to other interesting quantities.

25



4.2. LIGHT CONE TENSOR NETWORK FOR GLOBAL QUENCHES

4.2 Light cone tensor network for global quenches

The one-dimensional global quench is a natural test bench for time-evolution TN
algorithms. At time ¢ = 0, the system is prepared in a state that can be written as
a MPS (e.g., a product state), and then it is let to evolve under a fixed Hamilto-
nian. For simplicity, we restrict the discussion to a nearest-neighbor model and a
translationally invariant case, but the construction generalizes straightforwardly
to any model with local (finite-range) interactions and some non-translationally
invariant scenarios.

The transverse folding proposal of [123] starts from a two-dimensional TN whose
contraction represents some time-dependent observable, such as a local expectation
value. This TN can be constructed from a Suzuki-Trotter approximation of
the evolution operator, where the evolution for a discrete step of time § can be
approximated as an MPO [9, |10] with a small bond dimension, constructed from
a product of two-body gates [42]. The TN for the observable at time ¢t = M is
obtained by applying M copies of this MPO with the initial state, which yields the
evolved state, and contracting the operator of interest between this and its adjoint.

While standard TN algorithms as TEBD or tMPS [9] |16, [151, [152] compute the
observable by contracting the network in the time direction, the transverse folding
strategy performs the contraction in the spatial direction, after folding the TN in
half, such that tensors for the same site and time step in the ket and the bra are
grouped together (see figure 4.1.1p). After folding, the growth of entanglement in
the time direction can be slower than in the spatial one, with the most dramatic
difference observed for integrable systems [133, |150], but occurring also in generic
cases, as the ones shown here. When this difference in growth is present, the
transverse strategy allows reaching longer times than standard algorithms.

For a translationally invariant system in the thermodynamic limit, the transverse
contraction reduces to an expectation value of the form (L(t)|Eo(t)|R(t)), where
(L(t)] and |R(t)) are the dominant left and right eigenvectors of the transfer operator
Elt)=>, A(t) ® Ai(t), and Eo(t) = > A(t) @ AI(t)(i|O]j) [119]. Here, Ai(t)
represents the concatenated [153] local tensor of the time-dependent state, itself a
MPO. In the transverse folding strategy, the boundary vectors (L(t)| and |R(t))
are approximated by MPS. This approximation can be found, for instance, via a
power iteration or a Lanczos algorithm, using repeated MPO-MPS contractions.

Such strategies do not take into account that the TN has a light cone structure.
Because the individual gates are local, outside the causal cone of the operator,
each gate cancels with its adjoint. This ensures that each of the required boundary
vectors (dominant eigenvectors of the transfer operator) corresponds precisely to the
contraction of a triangular network as depicted in fig. {.1.1] We can approximate
directly the contraction of such triangle in the space direction by a MPS. This
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4.3. LIGHT CONE TENSOR NETWORK FOR TRANSPORT COEFFICIENTS

strategy, which we call transverse light cone contraction (TLCC), allows us to obtain
(L(t)| and |R(t)) in a fixed number of steps (proportional to M). Furthermore,
once we have found the vectors for M time steps, we can directly obtain them for
M + 1 by applying a single MPO (as illustrated in the figure), which increases
the length by one, and approximating the result via a single truncation step. This
step can be performed using standard MPS truncation algorithms, which reduce
the bond dimension by minimizing the distance between the truncated vector
and the original one. However, for this particular problem, the hybrid truncation
algorithm proposed in [134], which effectively evolves the bond of the boundary
vector according to the real-time dynamics, yields a much more efficient use of the
available bond dimension (see also insets of fig. [1.1.2).

The TLCC strategy results in a more efficient algorithm than the originally
proposed folding, which required iterative MPO-MPS contractions until convergence
of the dominant eigenvectors, run independently for each different time step (in
particular, for the cases analyzed in this work, we find the power iteration required
several tens of MPO-MPS contractions per time step). Notice, nevertheless, that if
the bond dimension used is large enough, both the original folding algorithm and
the TLCC should result in the same boundary vector. What ultimately determines
the applicability of transverse strategies is thus the amount of entanglement present
in the transverse network.

To probe the performance of the method, we consider a quantum Ising chain,
initialized in a product state |X+) = limy_[(|0) + [1))/v/2]®N. We then apply
the Hamiltonian,

Hy = Z (Jojoi,, + gof + ho?), (4.2.1)

(2

and compute local expectation values after time evolution. In all the following we
fix J =1, and a Trotter step 6 = 0.1, and vary the parameters of the model to study
integrable (¢ = {0.5, 1}, h = 0) and non-integrable (¢ = —1.05, h = 0.5) regimes.
Figure [4.1.2] shows the results and demonstrates that the TLCC can efficiently
simulate the integrable quenches. In the non-integrable regime, the required bond
dimension grows much faster with time, but the method is still advantageous as
compared to standard evolution, much more so when the truncation is performed

as in [134] (see right inset of fig. ).

4.3 Light cone tensor network for transport coef-
ficients

The same idea can be adapted to the computation of other dynamical quantities.
It is the case of thermal correlators, of the form C45(¢, ¢, 5) = Tr(pﬂOg] )0 (0)),

57



4.3. LIGHT CONE TENSOR NETWORK FOR TRANSPORT COEFFICIENTS

T3,0,,0.(t) T3-0,0,,0.(t) - 2.0

e E e (45 ] =0 ol || (¢) [T e sl
)54 (b) B 2 =2 10 (C) LI R 1Y)
seeo 000 _ t 1 109 = =4 1.5 0t
= - L] B L]
os seoLhRiLS ¢ & NN I Py T 3
B B R3(49)) =r L) i é‘}};\, ) " H [ v
Cia(t =456, =0,p) 2 f / =10{ ¢ = y §
(Ls(49)] 533 . :QLQ ...... 20 o E?O
3 (Ls(26)] @ b 0.51 &
; P
& ;*‘*H - ° - O
} ) i::—- [R5(26)) L1 o 0.0 0 10
4 |Rs(49)) +* 0 5 10 15 0 5 10 15
ol e=2) V@ e=1 © t '

Figure 4.3.1: (a) Schematic construction of the minimal TN for two-point correlators
at infinite temperature for different times and distances. For more details, see
Appendix [4.A] (b) Energy autocorrelations Cgg(t,(,3 = 0) obtained from the
TLCC method at several distances as a function of time in the integrable (g = 0.5,
inset) and non-integrable (¢ = —1.05, h = 0.5, main plot) Ising chain at 5 = 0. The
error bars (smaller than the size of the marker) show the difference between results
with two different bond dimensions (D,D’) [for the inset (200, 100), for the main
plot (500, 200)]. In the inset, the black curves represent the results coming from
the analytical solution of the model. (c) Spatial variance of the normalized
autocorrelations (inset) and corresponding diffusion constant (main plot) in
the non-integrable case obtained from the TLCC (green squares) and TEBD (blue
diamonds) with D = 1024, with error bars showing the difference with respect to
D" = 512. The solid black line in the main plot shows a fit of the form Dy exp(b/t),
which predicts the asymptotic value D ~ 1.9 (red dotted line).

where pg = e P#/Z is the thermal equilibrium state at inverse temperature
B, Z = Tr(e PH) is the partition function, O,[f] (t) is a (local) operator act-
ing on-site £ at time ¢, and O(t) = U(t)TO,U(t) is the time-evolved operator
in Heisenberg picture. Since [pg, H] = 0, the thermal state is invariant un-
der the evolution, and using pg o pﬁ/Qp; o We can write (up to normalization),

Cha(t, ¢, B) Tr(U(t)Tp;/QOg]U(t)OgO]pg/Q). Using a MPO approximation to pg/,
(obtained with standard TN methods [9-11, [154]), and the Trotterized real-time
evolution as in the previous section, this quantity can be expressed as a two di-
mensional folded TN, which can be contracted in the temporal [155-157] or spatial
(transverse) [133] direction.

Due to the invariance of the thermal state, each local observable generates
also a light cone structure that can be exploited in the TLCC approach. Now the
cancellation of gates outside the causal cone of the operators occurs both at the
upper and the lower parts of the network (see figure 4.3.1a), and the minimal TN
has a rectangular form, resembling a pillow, a structure which was used in [15§]
to evaluate correlators in random quantum circuits. The TLCC strategy again
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4.3. LIGHT CONE TENSOR NETWORK FOR TRANSPORT COEFFICIENTS

requires contracting a triangular TN corresponding to the lateral corners of the
figure to obtain boundary vectors (Lg(t)| and |Rg(t)). E| If both operators act
on the same site (¢ = 0), the time-dependent correlators can be expressed as a
contraction (Ls(t)|T3,0,.0,(t)|Rs(t)), with a single MPO Tj 0, 0,(t) constructed
from concatenating the local tensors for the unitaries, the operators and the
states (see fig. |4.3.1a). For correlators at non-zero distance ¢ the minimal TN
becomes elongated (fig. , lower diagrams). To approximate its contraction,
the boundary vectors (Lg(t)| and |Rs(t)) for a certain time ¢ are first grown to
incorporate, respectively, O; at the bottom of the TN, and O, at the top. These
extended vectors contain the evolution steps up to time t+24, and can be contracted
together to obtain the correlators at £ = 1 for times ¢ + 30 and t + 4. The vectors
can be then evolved again, following the TN structure, which does not increase
their length, but allows access to correlators at any later time t + (2 + k)0 and
distances ¢ = k, k+1. Applying this systematically we can obtain all non-vanishing
correlators. This generalizes trivially to operators on more than one site, or with
MPO structure.

Here we illustrate the simplest case, infinite temperature, where pg—y o< I and
the contour of the TN becomes uncorrelated. We consider the energy density
operator

) z _z 9, = x h z z
OJ[EJ = Jojol  + 5(@ +o07,)+ 5(02- +074), (4.3.1)

which can be written as a MPO of range 2. Figure shows our results for
the correlators Cgg(t, ¢, 5 = 0) as a function of time for several distances in the
non-integrable (¢ = —1.05, h = 0.5, main plot) and integrable (¢ = 0.5, h = 0,
inset) cases.

Especially interesting is the possibility of ab initio calculations of transport
properties [159] in non-integrable models. In particular, diffusion constants can
be related to the spatial spreading in time of autocorrelations of a density [127,
160, [161]. Normalizing the correlators as Cyg(0,€) := Cgr(t, £)/ >, Crr(0,£), a
diffusion constant D(t) may be obtained from their spatial variance [160]

W2(t) == > Cpa(t, 00 - (Z Crsl(t, m) : (4.3.2)

as 86—‘/‘;2 = 2D(t). Figure shows the (linearly growing) variance W?2(t) (main
plot), and the corresponding diffusion constant (inset) obtained from the correlators
for the non-integrable case. The diffusion constant is well fitted by a function
D(t) = Dgrexp(b/t), compatible with saturation to a constant Dg &~ 1.9 in the

2Different from the global quench above, in this case, each iteration of the algorithm grows
the boundary vectors in two time steps.
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Figure 4.4.1: (a) The physical velocity defines a much narrower light cone than the
Trotterization (background). (b) Relative difference between (o,) computed with
the LR and Trotter light cones for the integrable global quench of fig. £.1.2h, for
which nt = 10 and different sizes of the subsystem L.g, with D = 200 in all cases.

asymptotic regime E| While TEBD (blue diamonds) produces close values for the
same quantities, the error is appreciable in the diffusion constant already at short
times.

4.4 The physical light cone

In general, we expect that the physical light cone is much narrower than the
trivial one from the Trotterization, used in the previous sections. We could thus
approximate the TN by a light cone one in which the slope corresponds to the
maximal physical velocity vpr. This can be achieved by implementing a more
efficient TLCC growing iteration, in which nt = 1/(vprd) time steps are applied at
once every time a space site is contracted (fig. [4.4.1p). Notice that this light cone is
not exact, but has (exponential) corrections. Thus it is convenient to consider the
light cone for a subsystem of size L.g that includes the support of the operatorﬁ

To probe this reduced light cone we choose an integrable instance, (g = 0.5,
h = 0), for which the Lieb-Robinson velocity is known (vrgr = 1, corresponding
to nr = 10 with our Trotter step), and simulate the global quench of fig. [£.1.2h.
Compared to TLCC for the full light cone with the same bond dimension, we

3The fit D(t) = Dgexp(b/t) is a heuristic choice that describes our data well over a range
of fitting windows and allows us to extrapolate to the limit of infinite time. We have also tried
successfully fits with polynomials of 1/¢, and found compatible results.

4Equivalently, we can insert in the middle of the column, corresponding to an earlier time.
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observe (fig. that the physical one, determined by wvpr, captures indeed the
correct evolution: while the narrower light cone deviates from full results, the
errors are reduced exponentially (until the level of original truncation error) by
considering a small window Leg.

4.5 Discussion

We have presented a strategy that builds on the transverse folding [123] to approxi-
mate time-dependent observables in a one-dimensional quantum system. Noticing
the exact light cone structure of the TN and implementing its transverse contrac-
tion, it is possible to compute long-time properties in a more efficient manner.
Combined with the hybrid truncation [134], this allows us to reach longer times
with a smaller bond dimension whenever the temporal entanglement grows slower
than the physical one, which, as we have seen, happens not only for integrable
systems. It is possible to use the physical upper bound of the Lieb-Robinson
velocity to further restrict the width of the relevant TN and define a more efficient
iteration.

We have evaluated the performance of the TLCC strategy for integrable and
non-integrable global quenches and for transport properties at infinite temperature.
With minimal changes, the method extends to other scenarios, such as finite
temperature or non-translationally invariant setups including impurities or a contact
between two chains. It is furthermore possible to adapt the strategy to other more
complex dynamical quantities.

The basic TLCC does not require additional hypothesis to truncate observables
or states. Its convergence can be systematically explored as the bond dimension is
increased. What ultimately limits the validity of the strategy is the entanglement
in the time direction, which strongly depends on the setup and the model |133,
150, 162]. The behavior of the TLCC can thus provide useful information to
determine optimal strategies for different problems. Another parameter in the
approximation is the Trotter step, which is known to affect the entanglement
growth in standard algorithms [152]. Since simulations with different § may be
necessary to extrapolate the exact results, it is also interesting to study how varying
0 affects our observations. Further interesting avenues for future investigation are
exploring the TN cut according to different velocities, to explore the propagation
of correlations in the TN and effectively measure vig.
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4.A. TENSOR NETWORKS FOR THERMAL RESPONSE FUNCTIONS

4.A Tensor networks for thermal response func-
tions

Figure 4.A.1: Schematic description of a TN algorithm to find the MPO approx-
imation of the Gibbs ensemble. (a) The MPS approximation of the thermofield
state found by iteratively applying small imaginary time steps onto the maximally
entangled state is equivalent to an MPO approximation of the exponential opera-
tor. (b) Tracing out the ancillary degrees of freedom is equivalent to considering
(e=PH/2)te=BH/2 which is guaranteed to be positive.

This section shows explicitly how to construct the TN of Fig. 3(a) in the
main text, for the case of arbitrary inverse temperature $. We are interested in
correlators of the form Cyo(, £, 8) = Tr(psU(H)1OY U (H)O), where ps = e #H /2
is the thermal equilibrium state at inverse temperature 8, Z = Tr(e ) is the
partition function, O,[f] is a (local) operator acting on-site £, and U (t) = e~ is the
time-evolution operator for time ¢. In order to write this quantity as the contraction
of the TN shown in the text, we start by finding an MPO approximation of the
thermal state. This can be achieved with several algorithms [9-11} [154]. Here
we illustrate (see Fig. the (possibly) most common algorithm, based on a
purification and a Trotter expansion of pg.

The purification approach is equivalent to considering a thermofield double
state, i.e. a pure state of the form

|W5) o e PH/2|®), (4.A.1)

where |®) is a maximally entangled state of the system and an ancillary copy of
it. Tracing out the ancillary system results (up to normalization) in the Gibbs
ensemble pg. For any basis {|n)} of the system, we can write

| ) oc e HH/2 Z |n,n). (4.A.2)

n

The most frequently used TNS algorithm for thermal equilibrium states proceeds
by approximating |¥z) by an MPS in a basis in which each system site is grouped
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Figure 4.A.2: TN for the thermal correlators. The left diagram shows the network
for the observable (the open dotted lines above are connected to the
corresponding ones on the lower edge). A folded version across the dotted horizontal
line, shown in the middle, can be written in terms of the same double tensors
defined in Fig. 1 of the main text with the thermal MPO tensors defining the
boundary. For local O, local unitaries cancel out, resulting in the light cone
structure on the right, analogous to the one for pure state quenches.

with an ancillary one (forming effective sites of dimension d?). To do so, the state
is initialized to the maximally mixed one between system and ancilla (equivalent
to the vectorized identity operator), i.e. a MPS with bond dimension one. The
exponential operator e #H#/2 can be discretized as the product of a finite number
M = /(267) of imaginary time steps of length é7. If the Hamiltonian is local,
each of them, can be approximated by a MPO (for instance, for nearest-neighbor
models, one can use an even-odd Trotter approximation) and successively applied
on the MPS, acting on the system degrees of freedom. After each step, a standard
truncation can be performed (using any of the algorithms for Trotterized time
evolution) such that after a fixed number of steps M = 5 5 , an MPS approximation
to is obtained. As sketched in Fig. 4.A.1|(a), this procedure is equivalent to
approximating the exponential by an MPO (with the Frobenius norm characterizing
the quality of the approximation in the operator level). Whereas this procedure
could be run for the full inverse temperature, to obtain an MPO approximation of
e PH  the truncation in MPO-MPS products does not preserve positivity. Instead,
an MPS approximation of the thermofield state results necessarily in a positive
density matrix (with purification structure) when tracing the ancillae, as shown
schematically in Fig. 4.A.1(Db).

The TN for the thermal response functions can be constructed by applying the
operator O followed by the Trotterized time evolution on this MPO, and finally
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T=0,0,,0,(t)
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Figure 4.A.3: TN for the thermal correlators at infinite temperature. In the
particular case § = 0, the thermal MPO is exact and proportional to identity, and
local unitaries cancel around local Oy, resulting in a diamond shape.

Figure 4.A.4: TN for the thermal correlators at finite temperature. In the general
case, the thermal MPO is not exact, and the diamond-shaped TN will approximate
the full one.

applying Oy (possibly on a different site) and taking the trace. This results in a
TN that is periodic in the time direction. Folding (or flattening) it results in a
doubled TN, similar to the one obtained for pure state evolution, as illustrated in
Fig. {.A2]

The simplest case is that of infinite temperature (8 = 0), when the thermal state
has an exact MPO representation with bond dimension one, since pg—¢ o< I. Then
the local unitary matrices that represent the real-time evolution cancel also around
O; exactly, and the TN to be contracted has a diamond shape (see fig. 4.A.3)).

At arbitrary temperature, the cancellation around O, is no longer exact, since
the MPO representation of the thermal state is only approximate, and local unitaries
do not commute exactly with it. Thus we can consider the diamond-shaped TN in
this case to be an approximation of the infinite one (see Fig. . We expect
this to introduce a small error. Notice that in more standard evolution algorithms
(i.e. those that evolve the MPS in real-time), exploiting this light cone structure
has also been shown to be useful in infinite systems, for instance by considering an
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Ci2(t=46,£=0,0)

Figure 4.A.5: Alternative construction of the TN for the thermal correlators using
the purification structure.

expanding window embedded in an infinite MPS [146148].
Finally, notice that the TN construction described above is not unique. If we
make use of the property

UO e PHUT = U0, e PHRUTU e AHI2T
= UQ,e PHRYTePH/2, (4.A.3)
which has been previously exploited for the simulation of real-time evolution of

thermal states [155-157], and apply also the cyclic property of the trace, we can
write the quantity of interest as (up to a normalization factor)

Cia(t, €, B) oc Tr (e PH2O,U (1) e PHPU (1)) . (4.A.4)

This results in a different TN, illustrated in Fig. in which the upper and
lower boundaries are given by the purification tensors. For infinite temperature,
both constructions are equivalent, but for the general case, they will give rise
to different approximation errors. A systematic analysis of these alternatives,
the approximation error, and its dependence on temperature will be carried out
elsewhere.

4.B Error estimates for the different approaches

In the insets of Figure 2 of the main text, we show the scaling of the bond dimension
needed with time to maintain fixed precision in the global quench scenario. Here in
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Figure 4.B.1: Scaling of the error measures for the different algorithms in the
non-critical integrable case (J = 1,¢ = 0.5,h = 0). The left plot shows the growth
of the sum of the squares of the discarded Schmidt weights for the different bond
dimensions simulated with TEBD, and the center and right plots show the deviation
of the expectation value of the identity from one as a function of time for the TLCC
algorithm with the standard MPS truncation (center) and hybrid truncation from
[134] (right). The black lines in each plot show the constant level of error we use
to make the scaling in the insets of Fig. of the main text.

this appendix, we provide some extra information on how the scaling is computed
and what we mean by fixed precision.

A standard way to bound the error in TN simulations is to sum the squares of
the discarded Schmidt weights in every truncation [152]. For the results from TEBD
and Heisenberg-picture DMRG, we use that as a measure of the growth in the
errors during the simulation. Notice that in the case of TEBD, as we are simulating
an infinite system that measure is only an heuristic, as it does not provide an upper
bound in the error that one can incur when evaluating some observable. For the
TLCC, both when we use the standard and the hybrid truncation from [134] to
truncate the boundary vectors, we keep track of the deviation of the expectation
value of the identity. As explained in the main text, knowledge of the boundary
vectors (L(t)| and |R(t)) gives access to out-of-equilibrium expectation values by
computing the expectation value (L(t)|Eo(t)|R(t)). That includes the possibility
of computing the expectation value of the identity, which should be one for any
properly normalized state. The deviation with respect to this value, when using
MPS approximations for (L(t)| and |R(t)), gives a good measure of the error of
the TLCC.

In order to perform the scaling analysis, we compute as a function of time the
quantities mentioned above for the different TN algorithms with simulations with
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Figure 4.C.1: Spatial variance (Eq. of the normalized autocorrelations (inset)
and corresponding diffusion constant (main plot) in the non-integrable Ising case
with (J =1,9 = 1.4,h = 0.9) obtained from the TLCC (green squares) and TEBD
(blue diamonds). The solid black line in the main plot shows an heuristic fit of the
form Dg exp(b/t), which predicts the asymptotic value Dy ~ 1.6 (red dotted line).
The bond dimensions used for both methods are 1024, and the error bars show the
difference with the results of bond dimension 512.

different bond dimensions. Setting a constant value of the precision, that is, of the
truncation errors in the TEBD and Heisenberg-picture DMRG cases and of the
deviation from the identity for the TLCC, we can keep track of the times when the
different bond dimensions exceed the desired precision threshold.

4.C Alternative values of the parameters

In the main text, for simplicity, we focused on a particular point in parameter
space in the non-integrable case. Here, we show results obtained in a different case,
described by the couplings (J =1,¢9 = 1.4, h = 0.9) and studied in [127} 161]. The
spatial variance and diffusion constant obtained with TLCC for this case are shown
in Fig. £.C.1] along with results obtained with TEBD. As seen in the main text,
the introduction of TLCC allows in this case as well to extend the range where it is
possible to reliably simulate out-of-equilibrium dynamics by a factor of around two.
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Chapter 5

Long-time evolution with tensor
networks

This chapter is based on the publication

Miguel Frias-Pérez, Luca Tagliacozzo, Mari Carmen Banuls

Converting Long-Range Entanglement into Mixture: Tensor-Network Approach to
Local Equilibration

Phys. Rev. Lett. 132, 100402 (2024)

Structure, text and figures have been adapted for this thesis

5.1 Overview

During the out-of-equilibrium evolution of quantum many-body systems, initially
localized correlations can propagate over arbitrarily large distances. As a result,
the entanglement in the system increases rapidly |116] 117, |163-166] and simple
TN ansatzes have limited applicability. By focusing on the local description of
the state, nevertheless, one can circumvent the exponential complexity originating
from such non-local correlations. Significant simplifications using this approach
have already been observed [123| [126-130}, (132, |167-170]. In this chapter, we
develop this idea and propose a new algorithm that explicitly identifies long-range
entanglement in the system and trades it for mixture (see also [129]). In particular,
our method focuses on separating fast and slow propagating degrees of freedom.
Already from an early time we observe that the fast degrees of freedom mediate
non-local correlations whose effect on local observables is that of a statistical
mixture. Using that knowledge, we devise a TN algorithm that provides an
effective description of the time-evolved state as a density matrix, represented by a
matrix product operator (MPO) with bounded bond dimension, and accurately
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5.1. OVERVIEW

L S R L . R
(a) (b) >

Figure 5.1.1: (a) A correlated QP pair initially located inside region S creates
long-distance (pure LR) entanglement when both QPs propagate outside of S. (b)
At that time, slower QPs (blue) can still contribute to entanglement between S
and its surroundings.

captures the long-time behavior of local operators.

To benchmark the algorithm, we simulate quenches in the transverse field Ising
model and its non-integrable generalization. We find that our results agree with
those dictated by, respectively, the analytical solutions and the prediction of the
diagonal ensemble [171-173].

5.1.1 Quenches and quasiparticles

We focus on quantum quenches [116}/174], in which a one-dimensional system in the
thermodynamic limit is prepared at ¢ = 0 in a product state |¢), and later evolved
with an entangling Hamiltonian H. Our aim is to compute the time-dependent
expectation value of a local observable O.

The initial state has a finite energy density above the ground state, and thus a
large occupation of excited states, often described as quasiparticles states (QP).
The subsequent dynamics can be described as the radiation of entangled pairs of
QPs [116]. In translational invariant systems indeed QPs possess a well-defined
dispersion relation €(k), and a QP wave-packet centered at ko propagates with group
velocity vy, = Oge(k)],,, while momentum conservation enforces equal occupation
of states that propagate with opposite momenta.

5.1.2 Identifying long-distance entanglement

In order to identify the long-distance contributions to the entanglement we need to
focus on a subsystem S of ¢ neighboring spins, and label L and R the remaining left
and right regions of the system (see Fig. . Entanglement across a bipartition
(e.g. Lvs SR) is created by correlated pairs of QPs with support on both sides of the
cut. We define as long-distance entanglement the contribution to the entanglement
generated by any QP pair supported on L and R, but not on S.
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5.1. OVERVIEW

Figure 5.1.2: First iteration in the transformation of long-range entanglement into
mixture in TN. (I.a) Decomposition for a block S, represented by a single
tensor; (I.b) The density matrix of the full state (left) can be written in terms of the
new tensors (middle) when we apply the decomposition to each block [black circles
represent the inverse Schmidt values matrix, inserted to compensate the central
gauge in (I.a)]. We then substitute each long-range component with the product
of its marginals, giving rise to a mixed description (right). (Il.a) The heuristic
algorithm directly searches for tensors that (approximately) preserve the reduced
density matrices for LS and SR. (Il.b) The density matrix for the full state is
replaced by a purification defined by the solution. The structure is analogous to
that in (I.b) (in each case we have indicated the relevant dimensions).

We can visualize this in the cartoon of Fig. |5.1.1(a), where we consider a quench
that excites a single pair of entangled QPs, initially located inside S, that later
travel with opposite velocities t-v. E| In this simple example, S becomes entangled
with the rest when one member of the pair leaves the region, but after ¢t ~ /v
both QPs have left, and the total state factorizes into the product of an entangled
state of LR and a state of S.

In a more general scenario such complete factorization is not possible, since S
and LR might contain other sources of entanglement. The simplest generalization
depicted in Fig. |5.1.1{(b) involves two pairs of QPs, one fast (orange) and one slow
(blue). When the former has left S the latter is still partially in S. At that stage,
it is still possible to disentangle a part of L and R from S. We can indeed identify
a factorization of the Hilbert spaces, L = Ly ® Ly and R = Rs ® Ry, such that
the subsystem Ly ® Ry is not entangled with S. In the simple scenario presented
above, Ly ® Ry is defined by the degrees of freedom that describe the fast pair, and
we can factorize the state as |@/J§-j(§v§§> ® |¢(ij?2), where the second factor captures
the pair of fast modes.

!This kind of simple dynamics is actually realized in a toy model of local unitaries [123} [133]
and in some concrete physical realizations such as the split quenches studied in [175] [176].

71



5.1. OVERVIEW

(a) Ly HI/bLO (b) o
(fast) — _i :i o
wf L O mm— 10! , =
< b n & 0.50
Z 1] = 25 5.0 Z ? 25 5.0
=T = ~
©n ’ N 1072 ° Jo=0.0
1072 oo, Jo = 0.1
g=05 =g=15""" Jo=02
1073+ g=1.0 ° g=2.0 *®000 10-3 Jo=0.3
2 3 4 5 2 3 4 5
t t

Figure 5.1.3: Entropy (main plots) and left-right logarithmic negativity (insets) of
the reduced density matrix for the fast degrees of freedom [see sketch in panel (a)],
computed from the decomposition in fig. [5.1.2[I.a) at different times (a) for several
integrable quenches (g # 0, J» = 0) and (b) non-integrable ones (g = 2, Jo # 0).

5.1.3 Trading long-distance entanglement for mixture

In a translationally invariant system, we can repeat the cartoon picture above for
each block of ¢ sites. When computing the expectation value of a local observable,
all the degrees of freedom are traced out, except those supporting the observable.
For fast entangled pairs separated by at least ¢ sites, one partner will necessarily
be traced out, leaving the other in a mixed state.

Thus, when focusing on local observables, we can describe the system as a

mixed state where, for each fast pair, we have substituted the entangled state p(Lfas}g

by p ijj;f, the product of the mixed states obtained by tracing out each partner in

the pair,

(fast) (fast) (fast) ~(fast fast fast
LfRf |¢LfRf><¢LfRf| — p(LfR)f = p( ) ®p( )7 (511)
where p(Lf?;t)) = Trgr() (p(Lf;St)) are the reduced density matrices of each QP. This

provides a more efficient local description in terms of entanglement, as the long-
distance components have been removed.

5.1.4 From the QP intuition to a TN algorithm

Standard MPS algorithms for this setup attempt to represent the time-evolved
state as a MPS, parametrized by one or few tensors A,, of size d x D x D, where
d is the physical dimension of the chain sites and D the bond dimension [16, |40,
177]. Since the half-chain entropy of the MPS is upper-bounded by log D |38
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119, [178|, the typical linear growth in time of entropy after a quench [116, 163]
requires an exponential increase of the dimensions of the tensors to maintains a
constant precision. As a result, given finite computational resources, standard TN
algorithms [152] only give reliable predictions for relatively short times (typically
of the order Jt ~ 10 with J the relevant energy scale).

Translating the QP intuition above to the TN setting we can however obtain
a more efficient TN description for the local observables. Let us, for simplicity,
assume that each MPS tensor represents precisely ¢ sites H

Singling out one subsystem, the whole state can thus be written as

) = Casleh)sa) | F), (5.1.2)

asyf3

where the sum is over orthonormal bases of the block and its left and right
environments {|®%/#)}, meaning that we use the gauge in which the tensor C2%
for the subsystem {|s)} is the orthogonality center of the MPS [16] 40, 119, [179).

If there are long-range entangled degrees of freedom that decouple from S, the
state will have a product structure, with one component completely disentangled
from the physical degrees of freedom. There will thus exist basis transformations
(disentanglers 18, [180]) on L and R identifying the decomposition L = Ly ® Ly
and R = Ry ® R;, such that

Uz RIs® V;‘\IJ> = |wLSSRS> ® |¢LfRf>7 (513)

as depicted in Fig. 5.1.2(1.a). If U, and Vg exist, they can be determined by mini-
mizing the Euclidean distance between the left and right-hand side of [181].
Namely, given the evolved state in the form , and for fixed dimension dg.
of the long-range component, we iteratively optimize each of the disentanglers Uy,
and Vg and the vectors [¢r, sr,) and ¢, r,) until the distance converges. Since
the dimension d,s of the fast factors Ly and Ry is unknown, the procedure needs
to be repeated for different trial values.

Assuming the above procedure succeeds, we can now transform the identified
long-range entanglement into mixture by applying the substitution to each
consecutive subsystem in the chain. As schematically shown in Fig. [5.1.2(1.b), this
exchanges the pure MPS description of the system by a mixed (purified) MPO with
smaller bond dimension D /dg,g, at the expense of additional (purification) indices.

When the decomposition (5.1.3)) is exact, this mixed state has the property
that the reduced density matrices for SyR (resp. LSy) are unchanged. As a
consequence, also the reduced density matrix for two adjacent blocks, and thus

2This can be always obtained by blocking together ¢ tensors of the original systems to yield a
single tensor.
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all expectation values and correlation functions with support on up to ¢ sites are
preserved. Larger supports can be achieved working with a larger ¢, at the cost of
longer disentangling times. We can then continue the evolution with the original
Hamiltonian acting on the physical indices. Fast degrees of freedom will continue
propagating entanglement through the subsystem .S. Thus, the step of finding and
mixing the long-range entangled components is repeated periodically.

5.1.5 An improved TN algorithm

In practice, the best decomposition we identify using this strategy retains some
residual entropy between fast and slow degrees of freedom S(pgst). We apply
the truncation when this entropy falls below a given threshold ng. This results
into small errors when building the mixed state that reflect in the evolution of
local observables [see Fig. [p.1.4a)]. Therefore we introduce an improved heuristic
TN algorithm in which, after solving (5.1.3)), if S(prst) < 7ns we propose an
effective purification ansatz, described by three rank-3 tensors My, B,, Nr with
fixed dimensions d,DD’, d*D" and d,D'D, where d,, is a chosen dimension for the
purification index and D' = D/d,, [see Fig. [p.1.2{c)].

The purification tensors are found variationally by minimizing the distance
between the reduced density matrices psg (and prg) obtained from the original
state and from the purification. As an initial guess, we use the tensors
obtained from solving , and we use gradient descent for the minimization
problem.

The dimension of the purification indices doubles after each mixing step. In
practice, after a few steps we keep it fixed by discarding the smallest eigenvalues of
its reduced density matrix since we observe that the error induced by this truncation
is negligible compared to other sources of errors in the simulation []

5.2 Numerical results

We benchmark the algorithm using the transverse field Ising model with an addi-
tional integrability-breaking next-to-nearest-neighbor interaction,

H == (0707, + 907 + J20707.) (5.2.1)

%

Initially in a product state | X+) = (X)\/L5 (|0) + |1)), corresponding to the g — oo
ground state, the system is quenched to finite values of g, and potentially Js.

30ther schemes would be possible to try and optimize the purification sites, for instance, in
the spirit of the optimal purification of [182].
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Figure 5.1.4: (a) Evolution of the transverse magnetization for the integrable
quench (g = 2, J, = 0) as obtained with the direct decomposition of fig. [5.1.2{T)
(orange) and the heuristic algorithm of fig. [5.1.2(II) (blue). For comparison, we
show the exact result (dashed black line), the equilibration value (dashed grey)
and the iTEBD result with D = 500 (pink). The lower insets show close-ups of
the short- and long-time regions. In the left one, the vertical dashed lines indicate
mixing steps, inducing jumps in the simple but not the heuristic algorithm. (b)
Same observable for the non-integrable quench (g = 2, Jo = 0.1) using the heuristic
algorithm. Different colors indicate different residual entropy thresholds ng. Our
simulations converge towards the diagonal ensemble value (o, )pg (dashed gray
line). This can be more clearly seen in the time average of the observable (lower
inset) or the value of the time average at time ¢t = 50 as a function of g (upper-left
inset). For both quenches, the upper (right) inset shows the bond dimension as a
function of time.

To explore systematically the structure of the time-evolved MPS, we simulate
accurately the short-time evolution using the infinite time-evolving block decimation
(iTEBD) algorithm [16] with a large enough bond dimension. We then probe the
disentangling of fast and slow degrees of freedom at different times solving
for a subsystem of ¢ = 2 sites for several quenches.

As shown in Fig. [5.1.3], after a certain time we can identify subsystems of L and R
that practically disentangle from the local region and carry long-range entanglement
between the environments, measured by the logarithmic negativity |183] [184] of
the reduced density matrix for the fast degrees of freedom Trp gg, |V)(¥|. For all
quenches, the residual entropy S(pr.s;) decays fast with time, with slower rate when
quenching into the ordered phase E| As expected, the time at which fast degrees

4This is consistent with the distribution of momentum excitations in the initial state, computed
in the exact free-fermionic formulation, which is peaked at finite velocities when the quench is
within the same phase, and at zero velocity otherwise (see the Appendix [5.D)).
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of freedom start decoupling from the local system depends linearly on ¢ [inset of
Fig. |5.1.3(a)].

We now use the TN algorithm described above and check its performance
simulating the long-time evolution of local observables. Fig. [5.1.4{(b) shows the
results for the integrable quench ¢ = 2, J, = 0 and the only non-vanishing
(due to the Zy symmetry) single-site observable (o,). Solving (5.1.3)) and trading
entanglement by mixture captures the qualitatively correct dynamics, but introduces
discontinuous jumps (orange line and lower-left inset) that we attribute to the
decomposition not being exact. The improved heuristic algorithm achieves much
better results (blue line and lower-right inset). While the approximation induces
some residual oscillations, these are very small and the results are close to the exact
equilibration even after considerably long times. In contrast, iTEBD results with a
maximal bond dimension D = 500 (pink line) start to severely deviate from the
exact solution at around t = 10.

Our algorithm uses instead a much smaller bond dimension: during the time
evolution steps, the required bond dimension of the purified MPS grows exponen-
tially, but each time we trade some of the entanglement for mixture, the bond
dimension gets halved E| As we iterate the procedure, the maximum required bond
dimension tends to a constant D ~ 100 (upper inset).

In Fig.|5.1.4(b) we repeat a similar analysis for the non-integrable quench g = 2,
Jo = 0.1. The different colors show the results for different thresholds for the
residual entropy ns. Smaller values require longer evolution between mixing steps,
and thus larger bond dimension, but improve the results systematically.

Our results systematically approach the long-time limit predicted by the diagonal
ensemble (o, )pr = 0.852 [

Even for the largest threshold, the relative error in the time-averaged value
after ¢ ~ 50 is below 1% (0.848). Also the time-averaged magnetization exhibits a
similar precision, as shown in the lower inset. Also in this case the largest bond
dimension saturates with ¢ (upper right inset).

In the appendices, we also repeat the calculations in the integrable case directly
using the free-fermionic formalism [185] where we can track the coherence we discard
in our simulation and confirm it does not play a relevant role in the long-time
dynamics of local observables.

5.3 Discussion

By identifying the long-range entanglement produced in the out-of-equilibrium
dynamics after a quantum quench and converting it into mixture, we have pro-

®We use d,, = 2 for our ansatz.
SExtrapolated from exact finite size results.
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posed an explicit approach to avoid the entanglement barrier and simulate the
out-of-equilibrium dynamics of an infinite quantum chain with MPS using finite
computational resources.

Our approach is inspired by the intuitive understanding of entanglement dy-
namics in terms of the radiation of QP. It relies on the hypothesis that fast degrees
of freedom propagate correlations to steadily growing distances, contributing to the
linear growth of entanglement across the system, but only as statistical mixture to
sufficiently local observables. Our numerical results for the Ising chain show that
the intuition is accurate in the free-fermionic case, which best fits the QP picture.

We have generalized our intuition to a heuristic algorithm that goes beyond
the QP picture and also performs well in non-integrable regimes of the model. It
is thus important to pursue further characterization of the algorithm in order to
chart its potential and limitations.

5.A Description of the algorithms

In the main text, we discussed a way to transform the long-range entanglement
generated in a quench into mixture using tensor networks. The transformation
is such that it reduces the bond dimension of the TN, while aiming to preserve
the local observables and their evolution. In this appendix, we provide a complete
description of the algorithms we use for that purpose. First, in order to set the
notation and introduce some useful concepts, we briefly describe the uniform MPS
formalism. For a more complete description, we refer the reader to the excellent
review [40], whose notation we follow here.

5.A.1 Uniform MPS

Uniform MPS (uMPS) are TN states that represent one-dimensional quantum
many-body states in the thermodynamic limit. These states are constructed by
repeating infinitely many times a tensor along a line (or repeating in a cyclic manner
a finite set of them, if we work with a unit cell larger than one). In graphical TN
notation,

[U(A)) = . e 0 0 (5.A.1)

Where A is a d X D x D tensor, d being the physical dimension of the sites of the
chain and D the bond dimension. A central object in uMPS simulations is the
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transfer operator, defined as the following four-legged tensor:

E(A) = . (5.A.2)

We can interpret this object as a D? x D? matrix (left vs. right indices). Many
of the important properties of the state are captured by the dominant left and
right eigenvectors of this matrix. For instance, they determine the reduced density
matrix of any (connected) subsystem and thus appear in the calculation of any
local expectation value. In the generic case, these dominant eigenvectors are non-
degenerate [119]. If the state is normalized, the largest eigenvalue is 1, and the
leading eigenvectors correspond to the fixed points of the transfer operator seen as
a map from the left to the right indices and vice-versa.

It is possible to exploit the gauge freedom in the TN to transform these
eigenvectors into a canonical form, which is particularly simple. In particular, in
the so-called left-canonical form, the MPS tensor for a normalized state satisfies

the conditions

where \? is a diagonal matrix with positive entries. Cutting | .1)) in half across
one cut defines D states for the left half-chain |®L), and the same number for the
right half-chain, indexed by the (now open) virtual leg. The first condition in
ensures that the D states on the left half-chain are orthonormal. Alternatively, one
can impose a right-canonical form Ag in which the conditions are the symmetrical
ones and orthonormality is satisfied by the states to the right of the cut.

In practice, it is instead common to work in a mized gauge, in which one can
define [40] a single central tensor Cjg = > (AL)s A, Where a (7) is the left
(right) virtual index of the tensor Ay, and s denotes its physical index. The state
can then be written as a half-chain of left-canonical tensors to the left of C' and a
half-chain of right-canonical ones to the right, such that both left and right virtual
bonds of C' are in orthonormal bases. Taking the tensor product of these two bases
with the single-site physical basis, the state can be written as,

= Coglob)]s)|@F). (5.A.4)

asf
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We can rewrite the full uMPS in terms of the single tensor C, as

(5.A.5)

In this work, we are interested in the long-range entanglement between distant
regions of the system L and R, separated by a block S of finite size £. Thus, it
is convenient to use the central canonical form with respect to the whole block
S, such that we can study the long-range entanglement at the level of the virtual
indices of the MPS.

After blocking the ¢ sites of the subsystem S, the wave function of the system

can be written as
) =D Cole)]se)|@f). (5.A.6)
asef
As we will see in the next three subsections, our study of the long-range
entanglement will allow us to construct a low-rank decomposition of the tensor C'
when partitioned between L and SR (or LS versus R), at the cost of introducing
indices that couple the tensors in the bra and the ket. This decomposition will be
such that the local expectation values and their evolution will be preserved, while
the long-range coherences will be discarded.

5.A.2 Detection of long-range entanglement

In this subsection we describe the algorithm that we use to identify the long-range
entanglement in our MPS.

As discussed in the main text, if there are long-range entangled degrees of
freedom that decouple from S, the state will factorize in a tensor product with
one component completely disentangled from the physical degrees of freedom in S.
There will thus exist basis transformations on L and R identifying the decomposition
L=L;®Lsand R = Ry ® R, such that the degrees of freedom in the Hilbert
spaces Ly and Ry are in a tensor product structure with the rest of the system.

Graphically,
4‘*. 5.A.7
vl a vil” ~ @ ( )

To look for such a decomposition we numerically minimize the square of the
Euclidean distance between the left and the right-hand side of the previous dia-
gram (5.A.7). The variables in the optimization problem are the unitary matrices
Uy, and Vg, which respectively determine the left and right basis transformations,
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and the two resulting vectors, [z, sg,) and |¢r,r,). The full optimization is a
complicated non-linear problem. However, as a function of each of the individual
pieces, the cost function is quadratic and can be solved using basic linear algebra.
Hence, to find the decomposition we use an alternating scheme, first used in |181]:
we fix all the variational tensors but one, and substitute the free piece by the one
that minimizes the value of the cost function. When the unitaries are fixed, the
optimal for the two vectors are just the leading left and right singular vectors across
the partition LySR, versus LyRy. For the case of the unitaries, after imposing
the unitarity constraint, the cost function is linear in each of them. That kind
of problem can also be easily solved with a singular value decomposition of the
environment [180].

The algorithm is efficient, with cost scaling as O(D?) with the bond dimension,
and we find that it shows a good performance. In particular, we find components
of the wave function that mediate long-range entanglement and decouple from the
slower degrees of freedom, as expected according to the intuition drawn from the
quasiparticle picture.

5.A.3 Simple truncation algorithm

In the previous section we have discussed the TN algorithm we use to identify the
degrees of freedom that contribute to the long-range entanglement in our MPS
representation of the time-evolved state. In practice, we combine the previous
algorithm with an iTEBD simulation that provides us with a faithful representation
of the state at short times and later allows us to evolve the local tensors in the
ansatz.

Starting from a pure state (uUMPS) description of the initial state, we evolve
unitarily with iTEBD. At periodic time intervals, we look for the above decom-
position of the simulated wave function. The extent to which our time-evolved
state has the sought structure can be characterized in several ways. We choose
to use the entanglement entropy between the fast and slow degrees of freedom,
which can be identified after we have transformed the basis of the bond dimension

indices according to the found unitaries. We thus need to compute the entropy

. = Trr.sr, |¥)(¥|, which can be graphically

of the reduced density matrix p;
represented as

(fast)
R

(5.A.8)

A vanishing entanglement entropy means that our state has, in the found virtual

80



5.A. DESCRIPTION OF THE ALGORITHMS

Figure 5.A.1: Graphical representation of the density matrices of the entire state
before (a) and after the truncation of the fast degrees of freedom (b).

bases, exactly the desired tensor product structure, |¥) = | 1‘?;23 ® |¢(ij$§ 2)- In

this case, it is possible to modify the state in such a way that local expectation
values are preserved while discarding some long-range correlations, as described
in the main text. More concretely, we substitute the density operator of the full
system | W) (W[, represented graphically in Fig. (left), by a mixed state (right)
that, in the basis of the virtual degrees of freedom in which the state factorizes,
corresponds to

(slow) (slow) fas fas
g ) (WEen,| @ p t) ® ply t), (5.A.9)

with p(Lf?IS;)) = Trp [pga,ft) } as defined in the main text.

The state on Fig. [5.A.1{(a) is an exact representation of the tensor C' in the
case in which the time-evolved state presents the exact sought structure. The
state on the right (Fig. [5.A.1|b)) has a different structure: it represents a mixed
state. Despite the two states being globally different, the two have the same
reduced density matrices on the subsystems LS, as graphically shown in Fig.
An analogous computation shows that the reduced density matrix for SR is also
preserved by this substitution. Furthermore, as can be seen from Fig. the
rank of the state (or bond dimension) across the cut L versus SR is reduced by a
factor which is given by the dimension of the fast degrees of freedom.

Because the state of the chain can also be explicitly written as a sequence of
blocks, using the form ((5.A.5)), we can perform the same transformation in all
blocks of the chain at the same time [i.e., we substitute all the tensors C' in
as shown in Fig. . After this substitution, it can be shown that the leading
left and right eigenvectors of the transfer operator for the block are unchanged
(see Fig. [5.A.2). This can be used to show graphically that the reduced density
matrices of up to two blocks (2¢ consecutive sites) are preserved (Fig. [5.A.3]).

In practice, as can be seen from Fig. 3 of the main text, the decomposition we
obtain variationally never reaches full separation between fast and slow degrees
of freedom and as a result the substitution is never exact. However, the fast-
slow entropy seems to decay fast with time. Our simple truncation consists
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(a)

(b)

Figure 5.A.2: Reduced density matrix on the subsystem LS before (a) and after (b)
the truncation. Using the unitarity of Vg, one can check that the reduced density
matrices are identical (right-hand side of the equalities). The state |¢(Lf?j%) is
normalized, and thus, the tensor contraction in the right-hand side of the equation
in (b) gives 1. This same diagram also shows that the fixed points are unchanged by
the mixing step: notice that by tracing subsystem R, we get a condition equivalent
to the second equality in (namely, that -, Co6C% 5 = (A\)a). Both the
state before and after the truncation give the same resulting tensor. A similar
argument can be made for the left fixed point.

Y

just on performing an iTEBD simulation, while monitoring the ”disentangling’
entanglement entropy. When it falls below a certain threshold, we substitute all the
C tensors on the present state by its tensor product approximation, and mix the fast
degrees of freedom according to the diagrams above. After that, because the last
step is not exact, we normalize again the state. The results from this evolution are
the orange line in Fig. 4(a) of the main text. In them, it can be appreciated that at
the times where the truncation is performed, we incur in an instantaneous error in
the local observable. However, as we evolve the state again the dynamics seems to
be correctly captured modulo the instantaneous shift introduced by the truncation.
The same phenomenon repeats itself as we perform more and more truncations in
the same simulation. A closer-up figure of the results for this truncation in the
main text can be seen in Fig. [5.A.5 The qualitative agreement with the true
dynamics of this simple algorithm corroborates the intuitive picture discussed in
the main text, and justifies using these tensors as starting point for an improved
method that corrects for those discontinuous jumps in a heuristic manner. We
discuss the improved technique in the next section.
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@

(b)

Figure 5.A.3: Reduced density matrices on two consecutive blocks of the system,
before (a) and after (b) the truncation of the fast degrees of freedom. As explained
in the text, the fixed points are also unchanged by the transformation. Using the
unitarity of the two basis transformations in the virtual degrees of freedom, one
can show that the expectation value for both is given by the same contraction (c).

Figure 5.A.4: After identifying the long range entanglement, we truncate the fast
degrees of freedom in all block simultaneously.

5.A.4 Heuristic truncation

Inspired by the results of our initial truncation, we present in this section a small
modification of the previous algorithm that attempts to correct the shifts induced
by the fact that we do not find an exact factorization between fast and slow degrees
of freedom.

Our improved heuristic algorithm takes advantage of this fact and tries to find
an alternative purification form that generalizes the one of the simple algorithm and
guarantees the correct marginals for LS and SR. The ansatz we use is composed
by three tensors My, B, and Nr. We initialize their values from the pieces of the
decomposition recovered by the simple algorithm and modify them to ensure the
desired property (see Fig. [5.A.6| and Fig. [5.A.7]).

In order to improve the purification, we minimize the sum of the Euclidean
distances between the new and previous reduced density matrices, namely we are
interested in

argmin,, g, np, (||pLS - ﬁLSH2 + [|psr — ﬁSR||2) )
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Figure 5.A.5: Evolution of the transverse magnetization for the integrable quench
(9 =2,J, =0) as obtained with the algorithm discussed in the section above, in
orange. The exact result is shown by the black dashed line. The inset shows a

close-up of the evolution. In the inset, the vertical gray dashed lines show the times
in which the truncation is performed.

where p denotes the new reduced density matrices obtained from the mixed state
defined by the tensors My, By and Ny, which are the variables in the optimization.
To minimize the cost function we use a gradient-descent scheme, as the optimization
contains terms which are of fourth order in the entries of the tensors. The dimensions
of the tensors, and the fact that they have purification legs guarantee that the
original pure state will be approximated by a mixed state with a lower bond
dimension.

The same as in the simple algorithm, we combine this decomposition with
an iTEBD simulation. As the evolution unfolds, we monitor the behavior of the
entanglement entropy between fast and slow degrees of freedom. Once it falls below
a pre-established threshold ng, we perform the truncation described by the direct
decomposition and group the pieces obtained in it into the tensors My, B, and Ng,
as can be seen in Fig. [5.A.6] Lastly, we use these tensors as a starting guess for
the heuristic optimization described in the paragraph above, which modifies them
slightly to correct for the small deviation in the reduced density matrices. Once
the optimization is stopped, we substitute the pieces for all the tensors C' in our
chain, normalize again the state and continue the evolution. After the tensors C'
are substituted by their lower-rank counterparts for the first time, the structure of
the uMPS describing the purification contains a sequence of tensors B, that carry
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B,

Figure 5.A.6: (a) Tensor C obtained from the uMPS dynamical simulation in the
mixed gauge. (b) Using the entanglement decomposition, we find an approximation
to the tensor C' in terms of the different pieces that mediate the fast and slow
degrees of freedom. (c¢) We group the pieces according to the dotted lines to
construct the new tensors My, By and Ng, which will be the starting point for the
heuristic optimization variables.

Figure 5.A.7: In order to improve our purification, we minimize the squares of the
euclidean distances between the left and the right hand side of the two approximate
equations above. We minimize the sum of the two distances, as we need a resulting
state that satisfies both.

the physical indices, separated by two purification tensors Nr and M|, themselves
connected by a diagonal of inverse Schmidt values. Notice that the subsequent time
evolution is applied only to the physical indices of each B, tensor, but not to the
purification ones. Nevertheless, these tensors mediate the entanglement between
physical sites, which in general will continue building up in time. We thus need to
continue monitoring the fast-slow entanglement entropy of the B, tensors in order
to apply further truncations as required.

Two extra aspects of the algorithm deserve a comment. The first one is that
with each truncation/mixing step, the number of purification sites between a pair
of blocks increases by two. In principle, since there is a large freedom in the
representation of the purification indices, it would be possible to look for a more
efficient description of this set of tensors (e.g. minimally entangled, in the spirit
of [182]). In this work, for simplicity, we group all the purification legs together
and work with a unit cell that has two tensors, one with the physical dimension
and another one with the purification dimension. The dimension of the purification
index would thus in principle grow exponentially with the number of truncations.
In order to efficiently deal with it, we perform a SVD of the purification tensor,
splitting virtual vs purification legs, and implement a hard cutoff on this dimension
(with a value of a dpurification = 1000, for our simulations). Then we continue the
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evolution while keeping the purification dimension fixed. The second aspect that
deserves a mention refers to the performance of the heuristic truncation without
using the input from the entanglement decomposition. We observe that whenever
we do not make use of it, the heuristic optimization results (i.e. the distance
between the correct marginals and the density matrices of the varitional mixed
state) are not good, and thus, we incur in errors that accumulate during the
simulation.

5.B Measure of long-range entanglement

In the main text we use the logarithmic negativity [183, [184] to quantify the
entanglement between the left part of the system L and the right part of the
system R that is mediated by the long-range degrees of freedom. In this section, for
the sake of completeness of our discussion, we briefly introduce its definition and
mention our motivation for using it to characterize the long-range entanglement.

Given a bipartite mixed state ppg, the logarithmic negativity is defined as

En(prr) = log, ik, (5.B.1)

where ||Alj; = Trv/ AtA is the trace norm of a matrix, i.e. the sum of its singular
values and pzﬁz denotes the partial transposition with respect to the subsystem L.
If we write ppgr in the tensor product basis

prr =Y pirst ([ (), © (B){I) g (5.B.2)

ijkl

then the partial transpose reads

PLk = Zpik,ﬂ (19D © (1D KD - (5.B.3)

A non-zero logarithmic negativity indicates that the state under consideration is
entangled, and it can be shown that it is a proper entanglement monotone [184].
In the main text we use it to characterize the entanglement mediated by the fast
degrees of freedom, as it is useful when the state under consideration is mixed.
This is the case in our study, as at finite times the fast degrees of freedom have not
decoupled completely from the rest of excitations present in the system and they
still carry some residual entanglement with the former.
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Figure 5.C.1: Decay of the entropies (main plot) and behavior of the logarithmic
negativity of the fast degrees of freedom (inset) as a function of time for different
sizes of the subsystem S, ¢. The parameters for the quench are g = 2, J, = 0, the
same phase diagram point that we use in the main text.

5.C Dependence on the block size

In this section, we show how the results presented in Fig. 3 of the main text depend
on the size ¢ of the subsystem S. As can be seen from Fig. [5.C.1] the larger the size
of S, the longer it takes for the fast degrees of freedom to disentangle. Increasing
the size of the subsystem S linearly leads to an apparently linear increase in the
timescale in which excitations disentangle from S. Still, the decay of the entropy
seems to be exponentially fast with time. In addition, if we wait for long enough,
the long-range entanglement found by our algorithm seems to saturate to the same
value for all £. This seems to indicate that the same excitations that have decoupled
from a subsystem S of size ¢ = 2 propagate and eventually decouple from larger
subsystems, provided we wait long enough.

5.D Free fermion calculations

In the integrable case (Jy = 0), the model can be mapped to an exactly solvable
free fermionic system. We can use this solution to perform the same calculations
as with the TN algorithm, and thus corroborate and gain a deeper understanding
of the observed numerical results.
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Figure 5.D.1: Occupation of the eigenmodes of the quench Hamiltonian (solid lines)
and their group velocity (dotted lines) as a function of their momentum in the
integrable quenches shown in figure 3(a) in the main text. Dashed lines show the
initial coherence between opposite momenta. In the leftmost plot (¢ = 0.5), the
coherence between opposite momenta and the group velocity are on top of each
other.

5.D.1 Disentangling the long-range components

Fig. 3(a) of the main text shows that, for quenches from the ground state at
g — 00, the residual entropy between fast and slow degrees of freedom decays
slower for smaller values of g, even though for all the cases studied the decay is
compatible with an exponentially fast decrease in time. At the same time, the
saturation value of the logarithmic negativity carried by the fast degrees of freedom
seems to grow as we scan the final value of the transverse field from g = 2 to
g = 0.5. In fact, at ¢ = 1, the logarithmic negativity seems to saturate to 1, the
maximal possible value for a bipartite state of two qubits [183].

We can relate this behavior to the distribution of quasi-particles in the initial
state, illustrated in figure for the studied quenches. As we scan from g = 2
to g = 0.5 in the phase diagram, the occupation number of the freely propagating
modes of the quench Hamiltonian grows. Something similar happens to the
coherences between opposite momenta. This is reminiscent of the behavior of
the logarithmic negativities in the TN computations and of the fact that as we
quench to smaller values of g, the energy of the initial state according to the
final Hamiltonian gets closer to the middle of the spectrum. Furthermore, by
analysing the group velocities one can get some intuition of the rates of decay of
the residual entropy. For a quench inside the paramagnetic phase, the maximum of
the occupation coincides with the maximal group velocity. In contrast, when we
quench to the ferromagnetic phase, the maximally occupied mode has vanishing
group velocity. This could be an explanation of the slower decay rate observed
when quenching to the ferromagnetic phase.
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Figure 5.D.2: We reproduce the TN calculations for an integrable quench using
the free fermionic formalism. For a system of size N = 800 we consider a block S
of 4 sites and identify a pair of modes, respectively in L and R, that disentangle
from S, as explained in the text. The residual fast-slow entropy (a) shows the same
behavior as in the TN calculation, as does the logarithmic negativity between the
L and R fast components (inset). (b) shows a heatmap of the contribution to the
spatial correlation matrix <azaj> of the coherences of this long-range pair when it
is identified at t = 5 (inset) and after an additional evolution for At = 20. Lastly,
(c) shows the sum of these contribution as a function of the distance between the
insertions of the operators in the correlation matrix.

5.D.2 Eliminating the long-range coherences

The free fermionic chain can also provide insight on the transformation performed
by the TN algorithm. A Jordan-Wigner transformation maps the spin chain
to a system of N fermionic modes, created by operators al, i = 1,...N, that

i
fulfill standard commutation relations {aI, aj} = 0, j, with ¢ the Kronecker delta.
Because the resulting Hamiltonian involves only quadratic terms in a;, a}, the
fermionic system is free, and ground states and their evolution are described by
Gaussian states. By virtue of Wick’s theorem, these are completely characterised by
two-point correlation functions, which can be organized in the 2N x 2N correlation
matrix [185] I'; ; = (aia;), where the operator-valued vector

_ Tt T
OLT— (CLl,CLQ,...,CLN,(Il,CL2,...,CLN

holds all creation and annihilation operators of the chain. Other sets of fermions
¢ = Ua can be defined through symplectic transformations, which conserve the
anticommutation relations.

We can now divide the system in three parts, namely a central region .S contain-
ing few fermions and playing the role of the local block in the above description,
and two regions L and R, containing respectively all the fermions to the left or
right of S. Because the state is Gaussian, all correlations of operators supported in
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one connected region are determined by the restriction of the correlation matrix to
the modes in that region. The symplectic transformation representing a unitary
that acts on the left (right) virtual leg of the MPS would in this setting act only
on the modes defined in L (R).

The free-fermionic equivalent of the TN algorithm should try to single out, after
some evolution time, at least one fermionic mode localized in L and entangled

only with modes in R. Namely we want to identify modes | = 3. Ul";af and
r=> Ufaff such that (X - aST> =(p- aST> = 0, where pf = (r,7"), AT = (1,11

and a®"f) is the restriction of a to the modes in S (L, R). To this end, after
discarding modes that are pure in either L or R, we optimize numerically the
linear combinations above that produce the lowest overlap with modes in .S. Once
these two modes are isolated, we can compute their joint reduced density matrix,
study its entanglement properties and compare them to those found in the TN
case. This reduced density matrix would be analogous to p(ijSI% In the context of
free fermions, converting the long-range entanglement to mixture is achieved by
setting the coherences of the modes, that is, the matrix elements (p - AT) to zero.
As in the TN case, after the truncation we can continue the evolution and check

the effect in the local observables.

In order to compare to the TN results, we have applied this procedure to different
quenches for a system of N = 800 fermionic modes, in which we singled out a
central region of four sites. Fig. [5.D.2|a) shows the residual entanglement between
the [, r pair and the modes in S (main panel) for several values of the quench
parameter, together with the negativity between the two modes [ and r (inset), to
be directly compared to the results in Fig. 3 in the main text. Both quantities
show good agreement with the TN results and confirm that in all scenarios, as time
passes, the identification of [, » becomes more and more accurate, and that both
modes keep being robustly entangled with each other. Notice that the agreement
is not only qualitative, but the magnitude of the entanglement quantities is very
similar to those found with the TN algorithm, which supports our interpretation of
the TN transformation as correctly identifying the quasiparticles that carry away
long-range entanglement.

For the quench g = 2, after time ¢ = 5, we track the effect of the long-range
coherences identified at that time in the observables. Fig. [5.D.2(b) shows (in
absolute value) the contribution of the coherences of this pair to the (afa part of
the) correlation matrix on the spatial basis (inset) as well as how this has evolved
after a time At = 20 has elapsed. The empty region around (0,0) corresponds
to our block S. As can be seen from the figure, the coherences only contribute
to matrix elements very far away from the diagonal, which correspond to very
non-local correlation functions. In contrast, the local expectation values, which are
represented in this matrix by the diagonals close to the main one, are practically
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zero. This fact indicates that the evolution of these coherences does not have an
effect on local expectation values, and thus they can be safely discarded, and the
state of these modes approximated by a mixture.

As a way to visualize how the contributions of the [ — r coherences drift to
more and more non-local observables, we show in panel (c), for several instants
of time, the sum of the n-diagonal of the coherence matrix in Fig. [5.D.2|(b) as a
function of n. This corresponds to the contribution of the [ — r coherences to the
quantity |<0Lf1 +20n)|, and shows how, as the evolution unfolds, the coherences
propagate towards more and more non-local expectation values, never affecting
the local ones, as can be seen from the location of the peaks in the figure and the
almost vanishing values around the origin.

These findings agree with the ones found by TN, and show that also in the
Gaussian formalism it is possible to decohere some of the long-range entanglement
generated during a quench while preserving the evolution of the local expectation
values.
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Chapter 6

Classically Computing
Performance Bounds on Noisy
Circuits

This chapter is based on the publication

Sattwik Deb Mishra*, Miguel Frias-Pérez*, Rahul Trivedi

Classically Computing Performance Bounds on Depolarized Quantum Circuits
PRX Quantum 5, 020317 (2024)

Structure, text and figures have been adapted for this thesis

* Equal contribution

6.1 Overview

Fault-tolerant quantum computers hold promise for outperforming classical com-
puters at several computational tasks. One of the most explored computational
tasks is the problem of finding the ground state of a given many-body Hamiltonian
— a problem that naturally arises in studying equilibrium properties of condensed
matter systems [186]. Moreover, classical optimization problems can also be framed
as finding ground states of commuting Hamiltonians [187]. Unsurprisingly, quantum
algorithms for finding Hamiltonian ground states have been extensively studied
[70, |11}, [188] in search of a possible quantum advantage [189H191] — algorithms
based on phase estimation and adiabatic evolution have been proposed for solv-
ing this problem, and have even been shown to be efficient for specific classes of
Hamiltonians [192} |193]. Furthermore, due to the constraints on available quantum
hardware, there has been intense activity in exploring hardware-efficient heuris-
tics for solving this problem such as quantum adiabatic algorithms or variational
quantum algorithms [80}, [194-196].

93


https://journals.aps.org/prxquantum/abstract/10.1103/PRXQuantum.5.020317

6.1. OVERVIEW

Current noisy-intermediate scale quantum devices, however, do not perform
quantum error correction and consequently noise places a severe constraint on
the performance of these quantum algorithms. From a theoretical standpoint,
it has thus become of interest to develop no-go results by providing theoretical
bounds on the minimum energy that a noisy quantum circuit can achieve for a given
Hamiltonian — if a classical algorithm [197-199] could obtain an energy better than
this lower bound, then we can conclude that a reduction in noise rate is necessarily
needed for a possible quantum advantage. An approach to assessing the impact of
noise on quantum algorithms is to directly simulate the circuit more so since the
presence of noise in quantum circuits is expected to make them easier to classically
simulate [200, 201]. In fact, there have been several recent demonstrations of noisy
quantum circuit simulations using tensor network methods 30} 32, 127]. However,
most of the tensor network methods lack rigorous accuracy guarantees and cannot
certify an accurate simulation of the quantum circuit. In particular, they are
expected to deviate significantly from the circuit output as the noise rate continues
to decrease and thus fall short of rigorously providing a no-go result for quantum
advantage.

Alternatively, this problem can be approached analytically using tools from
quantum information theory. For instance, Refs. [83, 85, 202] analyzed the increase
in entropy of the quantum state due to noise, and showed that it can allow for an
analytical lower bound on the attainable minimum energy. However, while providing
rigorous no-go results, these analyses were circuit-architecture independent and were
thus expected to underestimate the impact of noise. Certain circuit architectures
are expected to significantly worsen the impact of noise, and this phenomena has
been theoretically demonstrated in random quantum circuits models [84, [203].
However, it remains unclear if it is possible to provide an architecture-dependent
lower bound for a specific engineered quantum circuit.

In this chapter, we propose a method for efficiently computing rigorous bounds
on the performance of any specified quantum circuit in the presence of a constant
rate of depolarizing noise. The key insight behind our proposed method is the
formulation of a Lagrangian dual corresponding to the circuit dynamics, which
allows us to account for the circuit architecture in addition to the increase in the
entropy, or equivalently, the decrease in the purity of the quantum state. We show
that the Lagrangian dual yields a hierarchy of classically computable lower bounds
on energy, with respect to a specified Hamiltonian, obtained at the output of a
noisy quantum circuit. We provide numerical and analytical evidence that this
formulation can capture the circuit-architecture dependent propagation of errors
through the noisy quantum circuit and thus provide more stringent lower bounds
than currently available. Our work is, in part, motivated by the application of
Lagrangian duality to provide performance bounds on classical physical systems
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[204-209] and quantum optical devices [210, 211].

6.2 Notation

Given a finite-dimensional Hilbert space H, we use D;(H) to denote the set of all
density matrices on H, and M(#H) to denote the set of Hermitian linear operators
on H. Unless otherwise mentioned, for any linear operator A on H, || A|| will denote
its operator norm i.e. the maximum singular value of A and ||A|, = /Tr(ATA)
will denote its Frobenius norm.

We use the computer-science big-O notation for function asymptotics. In
particular, given two functions f, g : [0,00) — [0,00), f = O(g) if, for some ¢ > 0,
f(z) <cg(z) as x — oo and f = Q(g) if, for some ¢ > 0, f(x) > cg(x) as z — c©.

6.3 Duality based bounds

6.3.1 Single-qubit example

As a simple illustrative example of the Lagrangian dual formulation, we first
consider a single-qubit circuit [Fig.[6.3.1(a)] — consider a qubit initially in |0), with
a gate U = e~ being applied on it followed by depolarizing noise with probability
p. We would like to find the parameter 6 to minimize the energy corresponding to
the Hamiltonian H = AZ — in the absence of noise (p = 0), it is straighforward to
verify that this would be accomplished by setting = 7/2 to obtain an energy —A.

(b)

Al =p) {1 —— - With circuit constraint
~,
‘\\ === Circuit output
_§ _§ ‘\\\ = = Without circuit constraint
(a) =1 =} AN
Yo 2 2 h
— Yo _ - 07 A
0 —e ™) N T %
\
- E 2 N\
Depolarizing H — — NG
Noise \\
~._
RS R ECECEEEEEEECEE R R =
0 w/4 w/2
Rotation, 6

Figure 6.3.1: Comparison of bounds, with and without accounting for circuit
constraints, on the minimum energy corresponding to the Hamiltonian H = AZ
attainable by the output of the single qubit circuit shown in the schematic. The
circuit consists of a Y-axis rotation followed by depolarizing noise acting with
probability p.
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However, in the presence of depolarizing noise, the qubit will necessarily be in
a mixed state. The extent to which the state is mixed can be quantified with a
purity measure, for instance the von Neumann entropy of the qubit state, its trace
purity or even higher order Renyi Entropies [212]. For concreteness, we use the
trace purity measure of a state p: P(p) = Tr(p?) — P(p) = 1 if and only if p is a
pure state, else P(p) < 1. Now, since the state py at the output of the single-qubit
circuit in Fig. (a) is obtained by applying the depolarizing noise channel to a
single qubit pure state, P(pg) = Py := p?/4+ (1 —p/2)? < 1. Since py is necessarily
mixed, it cannot produce the pure ground state of the Hamiltonian H perfectly
irrespective of the choice of 6 — in fact, this simple observation can be used to lower
bound the energy that can possibly be obtained at the output of the circuit by
minimizing it with respect to states with purity at-most Fj i.e. solving the following
optimization problem

minimize Tr(H
PEDl(CQZ) ( P)

subject to  P(p) < P, (6.3.1)

where D;(C?) is the space of density matrices on the Hilbert space C?. The
optimization problem in Eq. is solved by p = (1—p/2)|1)(1]|+ (p/2)|0)(0] with
energy —A(1 — p). This bound clearly exhibits the intuitively expected dependence
on the noise rate p — if p = 0, then the energy attained coincides with the ground
state energy of —A, and if p = 1, it is simply the energy obtained by the maximally
mixed state.

However, this bound does not account for the unitary being applied on the
qubit, and a better bound can be obtained by explicitly accounting for the circuit.
To do so, we use the method of Lagrange duality [204} 213]. For this, we extend
the problem in Eq. by adding an additional constraint due to the circuit:

minimize Tr(H
ninimiz (Hp)

subject to  p = E(po),
P(P) < P, (6.3.2)

where py = |0)(0] and & is the channel corresponding to the unitary e~ followed
by the single-qubit depolarizing noise. Note that the purity constraint P(p) < Py is
redundant and is already implied by the circuit constraint p = & (po). However, as
we will see in the following discussion, while redundant constraints do not impact
the solution of an optimization problem, depending on the specific technique used
to obtain a lower bound on the problem, they can have a considerable impact.
To provide a lower bound on this optimization, we construct its Lagrangian
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L(o,\) by introducing Lagrange multipliers o € M(C?), and A > 0,

L(p, o, A) = Tr[Hp] + Tr[o(p — £(]0)(0]))]
+AP(p) — Py). (6.3.3)

L(p,0,\) can be considered to be a modified energy function which, in addition
to the energy Tr[Hp|, also penalizes violation of the two constraints: p = Ey(po)
imposed by the circuit and P(p) < P, on the purity of the state p. Minimizing the
Lagrangian with respect to p, we obtain the dual function,

g(o,\) =min L(p, 0, \), (6.3.4)
p

which is a function of o, A, the dual variables. It follows from the principle of
Lagrange duality that for any o and A > 0, g(o, \) is a lower bound on the energy
attained by the circuit. This can easily be seen from Eq. by noting that when
L is evaluated at the circuit output py = £y(|0)(0|), we obtain

L(pg, 0, \) = Tr[Hpg] + A(P(pe) — Fo) < Tr[H pg),

since P(pg) < Py and A > 0. Since from Eq. g(o, \) is the smallest attainable
value of L(p, o, \) on varying p, we obtain g(o, ) < Tr[H py]. We emphasize that
the dual function g(o, \), evaluated at any o, A > 0, is a lower bound on the energy
Tr[H pg] attained by the circuit, and the best lower bound can be obtained by
maximizing g(o, A) with respect to o, A. Furthermore, since the construction of
the dual function explicitly accounts for the circuit constraint, it gives a better
bound than obtained from the problem in Eq. i.e. by just accounting for the
final purity of the state. This is exhibited in Fig. [6.3.1(b), where maxg >09(0, A)
compared with —A(1 — p) and it can be seen that the dual function provides a
better lower bound for most values of . For the simple example of a single qubit,
the duality-based bound that we can compute coincides exactly with the circuit
output and thus models it exactly. As we will see in the next sections, this will not
be the case for circuits over a large number of qubits.

6.3.2 General formulation

We can now extend the duality lower bound to more general quantum circuits [Fig.
6.3.2] — consider a quantum circuit of depth d, consisting of unitaries Uy, U, ... Uy
that has been designed to approximate the ground state of a target Hamiltonian
H of N qubits. In the presence of noise, the state becomes increasingly mixed
as the unitaries are applied to it — while it is typically hard to compute exactly
how mixed the state is, an analytical upper bound on several purity measures can
be obtained. In particular, Refs. [83] 202 establish explicit upper bounds for two
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Figure 6.3.2: Schematic depiction of the problem setting considered in this paper.
The unitaries (colored boxes) implement a quantum algorithm to prepare an
approximation of the ground state of a target Hamiltonian H in the absence of
noise. Each layer of unitary is followed by single-qubit depolarizing noise (gray
circles) on the qubits applied with a probability p.

purity measures after ¢ time-steps — the information content of the quantum state,
as well as its trace purity.

Lemma 1. [Refs. [85], [202]] Suppose p; is the quantum state on N qubits obtained
from an initial pure state after applying t unitaries and single qubit depolarizing
channels, then

[(pt) =N+ Tr[pt log2<pt)] < N(l _ p)t,
Py(py) = Tr(p}) < 27 N2,

where p s the probability of applying the depolarizing noise at each time step
independently on each qubit.

Both the information content and trace purity can be viewed as measures of how
mixed the given state is. Both are largest for a pure state (I(|)¢|) = N and
P ([¢)ah]) = 1), and are lowest for the maximally mixed state (I(I/2") = 0 and
Py (1/2N) = 27N).

In the remainder of this subsection, we denote by P, an upper bound on the
purity of the state at ¢ time-step — we will formulate the results of this subsection
for general convex purity measures, and specialize them to concrete purity measures
(such as information content or trace purity) in the following sections. Now, as
with the single-qubit case, the energy attained at the output of the circuit can now
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be written as,
minimize Tr(Hpy)
P1,p2---PdES
subject to  pr = E(pe—1), t € {1,...,d},

where &;(+) is the quantum channel that applies the unitary U; for the t*® layer of
the circuit followed by depolarizing noise acting individually on the qubits, and
po is a fixed and known initial state. Importantly, in Eq. [6.3.5, S is the set of N
qubit operators over which we allow the states pi, ps...ps to vary — this set can
be chosen to be any set containing density matrices over N qubits Dy ((C?)®V)
since the circuit constraints (p; = E(p—1)) enforce py, pa ... pa to be valid density
matrices. For instance, § can be chosen to be just the set of N-qubit Hermitian
operators, or the set of N-qubit Hermitian operators with unity trace. As we will
see below, the choice of this set together with the purity measure determines the
form of the dual function.

To construct the dual function corresponding to Eq. — we introduce
the dual variables & = {o01,03...04}, which are N—qubit Hermitian operators,
corresponding to the circuit constraints and X = {A1, A2... Ay > 0} corresponding
to the purity constraints. The Lagrangian is now constructed by adding penalties
corresponding to the circuit constraints and purity constraints at each time step to
the output energy:

E(ﬁ, a, X) = Tr[de] + Z Tr |:0t (Pt - 5t(Pt—1))} +

S [rin- ]
= gTr(pth) + A {P(pt) - Pt:| : (6.3.6)

where Hy = H 4+ 04, Hy = 0, — Ejﬂ(atﬂ) for t € {1,2...d — 1} The dual function
is obtained by minimizing the Lagrangian with respect to p1,ps...pq € S i.e.
9(7,0) = min__L(7,G,),
P1,p2---PdES
d

= inégl [(Tr(pth) + )\tp(pt)> - )\tpt:|,
t=1""

- i <]—"57P(Ht, A) — A,ﬂ) (6.3.7a)
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where

Fsp(H,\) = mig (Tr[Hp] + )\P(p)). (6.3.7b)
pE

As with the single-qubit example, the duaquunction is a lower bound on the energy

produced at the circuit output for any &, A > 0 i.e.

9(3,X) < Tr[pgH] for all o, € M((C*)®N), A, > 0.

The function Fs p(H, A\) can be interpreted as a generalized free energy correspond-
ing to the Hamiltonian H at temperature A which depends on both the domain
S and the purity measure P. For instance, if the purity measure is taken to be
the information content I(p) = N — Tr[plog,(p)], then it reduces to the Gibbs free
energy with an offset of NA. However, by choosing different purity measures P
as well as different domains S, the dual function allows us to obtain a family of
bounds on the noisy quantum circuit. As we will see in the next section, certain
choices of P and S provide lower bounds that can be classically computed.
Consider first the best lower bound that can be obtained from the dual function.
In the following proposition, we show that the best lower bound attained by the
dual function is exactly equal to the energy attained by the quantum circuit, and
the choice of dual variables o1, 05 ... 0,4 that yields the largest value dual function
corresponds to the Heisenberg picture evolution of the Hamiltonian H.

Proposition 1. For the dual function defined in Ejq. it follows that its
maximum over the dual variables is equal to the output energy of the noisy circuit
i.e.
maximum 5’,X =Tr|HEE;1...E ,
01,02...od€M(((C?)®N)g( ) [HE&q-1 - .. E1(po)]
AL A2 Ag>0

and the mazimum is attained at
oq=—H,o,=—& &L, .. El(H),
and)\lz)\Qz...)\dzo.

Proof: The proof of this proposition follows simply by noting that, from the
definition,

Fs.p(0,0) = 0.
Now, if o4 = —H, and o, = —& &, ... EI(H), then H, = 0. Hence, we
obtain that at this value of @ and at X = 0, g(&,X) = Tr[po&l&S .. ENH)] =
Tr[HEE -1 ... E1(po)]. Since Tr[HEE4—1...E1(po)] is also an upper bound of
9(a, X), the proposition follows. O
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This proposition establishes that finding the best dual bound is equivalent
to exactly simulating the circuit, which we expect to be hard to do on classical
computers. This hardness fundamentally stems from the fact that the dual variables
01,09 ...04 are operators in an exponentially large space. However, since the dual
function g(&, X) is a lower bound on the output energy for any & X, a natural
approach to evaluate a lower bound would be restricted o; to subsets of M ((C?)®V)
where the dual function could be evaluated efficiently — the specific subset would
depend on the choice of the purity measure. In Section [6.4] we will see that the dual
function obtained on choosing the purity measure to be trace purity and the domain
S = M((C?)®N) of N-qubit Hermitian operators can be evaluated efficiently if
01,03 ...04 are chosen to be matrix product operators (MPOs) of bond-dimension
poly (V). In Section 6.5 we will consider the dual function obtained on choosing the
purity measure to be the information content of the state, in which case o1,05...04
can be restricted to the space of geometrically local Hamiltonians, allowing for an
exact evaluation of the dual function.

Restricting the dual variables o1,05...04 to a subset of M((C?) raises
the question of whether the maximum value that the dual function can attain
within this restricted set of dual variables gives a better lower bound on the energy
compared to neglecting the circuit constraints and just accounting for the purity
of the final state i.e. does the duality based bound still account for the circuit
architecture. Our next proposition answers this question affirmatively, and shows
that a better lower bound can be obtained as long as the restricted set of dual
variables contains 0.

®N)

Proposition 2. Suppose S, C M((C*)®N), such that 0 € S,, then

maximum ¢(&, A\) > minimize Tr(Hp)
01,02...04€Ss pES,P(p)<Py
A A2 Aa>0

Proof: Since 0 € S,,

maximum ¢({0...0},{0...A}) < maximum ¢(, X).
A>0 01,09...04€S8s
A1,A2...04>0

Now, we can note that
g({0...0},{0...A}) = Fsp(H,\) — \P,.

It can be noted that g({0...0},{0...)\}) is simply the dual function of the convex
problem
imize  To(H
minimize r(Hp)

subject to  P(p) < P;.
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Furthermore, this convex problem trivially satisfies the Slater’s conditions [213,
214]. This can be checked by noting that the Slater’s conditions are satisfied if
there is a p € S such that P(p) < P; — this follows by noting that P(I/2V) < P,
and I/2V € Dy((C?)®N) C S. Since Slater’s conditions are satisfied, this problem
is strongly dual and consequently the optimal duality-bound is equal to the solution
of the optimization problem i.e.

maximum ¢({0...0},{0...A}) = minimize Tr(Hp),

A>0 pES,P(p) <Py

which proves the proposition. O
While this proposition indicates that accounting for the circuit constraints while
constructing the lower bound results in an improvement over only accounting for
the final purity even with restricted space of dual variables, it says nothing about
the extent to which the bound improves. We expect the improvement to be strongly
dependent on the purity function P, the domain set S, and the dual set S, used in
formulating and evaluating the bound. In the next section, we consider a specific
formulation of the dual function that uses the trace purity measure, and show
that the lower bound obtained on accounting for the circuit constraints can be
exponentially better than if the circuit constraints were not accounted for.

6.4 'Trace purity-based lower bound

6.4.1 Formulation

In this section, we consider now a specific choice of the purity function and the
domain S that results in a dual function that can be computed exactly when the
dual variables are parametrized as matrix product operators with poly(N) bond
dimension. We choose the purity measure to be trace purity P(p) = Py.(p) = Tr(p?),
and the domain § in Eq. to be the space of Hermitian N-qubit operators
M((C?)®N). Tt then follows that Fs p(H,\) defined in Eq. evaluates to

Tr(H?)
a4\

Fsp(HN\) = —

and therefore, we obtain that

(7, X) = = Te[po&] (01)] = >

t=1

(Tr(HE)

P
0, + M t)a
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where H; = H 4+ 04 and H; = 0, — Ej +1(0¢+1). Furthermore, for this dual function,
it is possible to perform the maximization over A\ analytically to obtain

h(¢) = maximum g(&, ),
x>0

d
= — Tr[po&l(01)] Z P, Tr(H2). (6.4.1)

From the expression for h(5), we immediately notice that if o1,05...0,4 are re-
stricted to be matrix product operators with bond dimension D, then h(&) can be
evaluated classically in time NdD*. However, as we established in proposition 1,
the best lower bound is obtained k(&) when evaluating it at & corresponding to a
Heisenberg picture evolution of Hamiltonian H. While for most problems of interest
(e.g. where H is a local or spatially-local Hamiltonian), H can be represented as a
matrix product operator of a modest bond dimension, the unitaries involved in the
circuit can, in general, grow its bond dimension exponentially. A natural choice of
01,09 ...04 would then be to perform time-evolving block decimation (TEBD) [9,
118, 151}, 215|, 216] on the Heisenberg evolution and compress the operators in each

step into bond-dimension D i.e. at @P = {a}"" olP ... o"P
SD = —H and,
hD _ h.D
o 5+1(0t+1) fort € {1,2...d -1}, (6.4.2)

where 11, compresses an IN-qubit operator to an operator with a bond-dimension
D [3§].

Duality-bound and TEBD truncation errors. If a Heisenberg picture TEBD
simulation, for some bond dimension D, of the noisy quantum circuit is exact, then
by Proposition |1} the duality-based bound h(G"P) is exactly equal to the expected
energy at the output of the circuit. In practice, for small bond dimensions D, the
TEBD algorithm is not exactly correct but incurs an error. However, as shown
below, an upper bound on this error can also be efficiently computed for the TEBD
algorithm. Consequently, tracking the error incurred in the TEBD algorithm allows
us to calculate another lower bound on the output of the quantum circuit i.e. if the
TEBD algorithm produces an estimate Erggp the output energy E of the circuit
within an additive error ¢, then Etggp — 0 also lower bounds the energy FE. A
natural question to ask is if the duality-based bounds are more informative than
the bound obtained from just a TEBD simulation.

Consider now the problem of estimating the TEBD error following Ref. [9]. The
TEBD estimate of the energy at the circuit output, Erggp, can be expressed as

Bresp = Tr (51 (00) (ﬁnDsj ) (H)) |
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while the true energy at the circuit output can be expressed as

S Yl H el )

Denoting by p; the state of the qubits in the quantum circuit at time-step ¢,
Pt = gtgt—l C ((:1 (p()), we note that

E — Etesp
d d
:Tr(pl( SZ—HHD&T)(H)),
t=2 t=2
d t—1 d
= ZTr (pl(HE;r) (Sj — HD&T) ( H HD(C;;[) (H)>7
=2 s=2 s=t+1

where, in the last step, we have used the fact that, by definition, H; = ath If —

&l (o!"P)). Now, an upper bound on the error |E — Erggp| can be obtained via

d—1 d—1
|E — Erpp| <> [Tr(pHy)| < |1Hill e (6.4.3)
t=1 t=1

where || A||, = /Tr(ATA) and we have used the fact that, by the Holder’s inequality,
(Tr(pcH)| < lpully | Hl < 1Hil e since llofl, = 1 and | Hl < [[Hi] . We point out
that an important reason why we express the error bound in terms of the Frobenius
norm of H;, instead of its operator norm, is because the Frobenius norm can be
efficiently computed if H; is a matrix product operator of a small bond dimension
(which is the case while performing the TEBD simulation). The deviation bound
in Eq. implies a lower bound

d
E > Ergsp — 6 = — Tr[py&] (01)] Z \/ Te(H2). (6.4.4)

This bound is significantly worse than the duality-based bound in Eq. as
P, < 1 for all time steps t. The key reason why just accounting for a worst-case
accumulation of TEBD errors yields a loose lower bound is that the upper bound in
|E — Erepp| does not account for the decrease in the trace purity of the quantum
state in the presence of noise, which is explicitly factored into the formulation of
the dual.
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Figure 6.4.1: (a) Schematic of benchmark circuits considered for 1D spin systems:
colored boxes indicate unitaries and grey circles depolarizing noise. Two-qubit uni-
taries are chosen to be exp(—i6X ® X) and single-qubit unitaries are independently
Haar random. The Hamiltonian is chosen to be H = —UH( > Zi)UL, where Uy
is the first layer of unitaries, making H a 4-local commuting Hamiltonian. The
first layer of unitaries Uy thus transforms the initial state |0)*" into the ground
state of H. The last (d — 1)/2 layers are chosen to be the inverse of the previous
(d —1)/2 layers — in the absence of noise, the output of the circuit is the ground
state of H. (b) Plot shows trace purity-based dual bound (h(d"P) in Eq.
(solid lines, circular markers) and bound obtained by only considering the TEBD
errors (Erepp — 0 in Eq. [6.4.4]) (dotted lines, diamond markers) for the ground
state (G. S.) energy of the target Hamiltonian, as a function of circuit depth d for
a system of N = 40 spins, with two-qubit gate parameter § = 0.05, depolarizing
noise rate of p = 3% and varying MPO ansatz bond dimensions D. Grey dashed
line indicates G.S. energy, grey shaded area indicates region of trivial bounds (less
than G.S. energy), blue dashed line indicates energy of the completely mixed state
[/2N. The y-axis is scaled by a constant multiplicative factor in the trivial region
for visual clarity. The Hamiltonian is shifted and scaled such that its spectrum is
in [0, 1].

In Fig. [6.4.1 we numerically exhibit the difference between the bound in
Eq. and h(5"P) for a 1D circuit on N = 40 qubits [Fig. [6.4.1]a)], which is
chosen to find the ground state of a commuting 1D Hamiltonian (see the figure
caption for the exact circuit and Hamiltonian). As can be seen from Fig. [6.4.1(b),
the lower bound computed from the trace purity-based dual is significantly larger,
and thus more representative of the impact of noise on the output energy, than
the lower bound provided by Eq. [6.4.40 We point out that the dual variables
&"P obtained by TEBD in the Heisenberg picture are not necessarily the globally
optimal choice in the space of all MPOs with bond dimension D to evaluate the
dual function h(¢). The function h(&) can potentially be optimized beyond the
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Figure 6.4.2: Comparison of the trace purity-based dual bound (h(5"?) in Eq.|6.4.1)
and the bound based on just the information content of the output state (¢§ in

Eq.[6.4.6) for 1D many-body spin systems. Both bounds are lower bounds on the
ground state (G. S.) energy of the same target Hamiltonian as considered for the

results in Fig. |6.4.1] (see description of Hamiltonian in caption of Fig. [6.4.1]). Plots
show the bounds as a function of brick-wall quantum circuit depth d [Fig. [6.4.1{(a)]
for a system of N = 40 spins, varying MPO ansatz bond dimensions D, with
depolarizing noise rates of (a) p = 3%, (b) p = 5%, (c¢) p = 10%, and (d) p = 20%.
Note that at p = 10% and 20%, approximately the same duality-based lower bound
is obtained for different bond dimensions. Two-qubit unitaries in the brick-wall
circuit are chosen to be exp(—ifX ® X) with 6§ = 0.1 and single-qubit unitaries
are independently Haar random. Grey dashed line indicates G.S. energy, grey
shaded area indicates region of trivial bounds (less than G.S. energy), blue dashed
line indicates energy of the completely mixed state /2. The y-axis is scaled
by a constant multiplicative factor in the trivial region for visual clarity. The

Hamiltonian is shifted and scaled such that its spectrum is in [0, 1].

TEBD-based value to obtain better lower bounds. In practice, we observe that
local optimization of h(d) with a gradient-based method starting from the initial

point of & = & yields only a modest improvement over & (G"7).
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Next, we study the improvement that the duality-based bounds that account for
the circuit constraint provide over bounds in the existing literature that just account
for the information content at the circuit output. In particular, we numerically
compare the best lower bound /3@ that we can obtain by evaluating h(F) at
01,032 ...04 € MPOp (the space of all N-qubit MPOs of bond dimension D),

(&2l = maximize  h(5),
01,02...04€MPOp

to the lower bound ¢/ analyzed in Ref. [85],

¢" = minimize Tr(Hp),
p:I(p)<N(1—p)¢

i.e. where they accounted only for the decreased information content I(p) =
N — Tr[plog, p] of the final state as per Lemma 1. First, we show that there
exists a Hamiltonian and a 1D circuit where (5% with D = O(N), scales super-
exponentially with the depth of the circuit and thus captures the propagation of
errors through the circuit, while ¢/ scales at-most exponentially with the circuit
depth.

Proposition 3. There exists a 1D circuit and a N-qubit Hamiltonian H with
Tr(H) = 0 and |H|| = N, such that ' = —N(1 — p)°9D while (4 = —N(1 —
) L O(VN) for a choice of D < O(N).

Proof sketch (see appendiz[6.4] for details): Consider a Clifford circuit chosen at
random from the ensemble of entangle-unentangle circuits analyzed in Ref. [84] —
it was shown for this ensemble that, for a 1D circuit, on average, the energy of the
output state with respect to a 2-local Hamiltonian converges to the energy of the
maximally mixed state as ~ poly(N) x (1 — p)*@). Consider now the Hamiltonian
H=—Y"N 7 and initial state |0)*". In the Heisenberg picture, each Z; will be
mapped to exactly one Pauli string under the action of Clifford gates [217] 218].
Since a Pauli string is representable as an MPO of bond dimension 1, o; obtained
from Heisenberg picture evolution will be a sum of N MPOs of bond-dimension 1
and will thus be a MPO of bond-dimension at most N. Thus, from Proposition 1,
the purity-based dual exactly matches the energy of the output of the quantum
circuit, which will scale as —N (1 — p)®@) [84] 219]. As the bound without circuit
constraints is agnostic to the unitaries in a circuit, it is also a lower bound on the
circuit where all the unitaries are just the identity operation. For this trivial circuit,
the energy of the state after d layers of just depolarizing noise scales as —N (1 —p)?.
Hence, the lower bound without circuit constraints ¢/ = —N (1 — p)°@.
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6.4.2 Numerical studies

For non-Clifford circuits, MPO parametrization with bond dimension poly(N)
is no longer expected to fully capture Heisenberg picture evolution. Even so,
we numerically demonstrate for a 1D spin system that the circuit dual function
Eq. can be used to compute circuit-specific bounds that perform better than
bounds that only take into account the information content of the output state.
We compute the bounds by evaluating the dual function h(&) at the dual variables
obtained from TEBD on the Heisenberg picture as in Eq. [6.4.2] Fig. shows
numerical studies of the bounds h(6"?) computed in this manner — we consider a
1D spin system of size N = 40 and circuits designed to prepare the ground state of a
commuting local Hamiltonian (see figure caption for details). The plots in Fig. [6.4.2
show the bounds for MPO ansatzes with different bond dimensions D plotted
against the circuit depth d for circuits with noise rates p = 3% [Fig. [6.4.2(a)],
p = 5% [Fig. [6.4.2(b)], p = 10% [Fig. |6.4.2c)], and p = 20% [Fig. [6.4.2(d)].
However, for the lowest noise rate p = 3%, the circuit dual bounds at intermediate
depths are trivial i.e. lower than the ground state energy of H — this can be
attributed to the fact that the intermediate depth regime is the regime where the
MPO ansatz is least representative. For shorter depths, the bond dimension of
the Heisenberg picture operator would not have grown very much, while for very
long depths, the action of the depolarizing noise reduces the bond dimension of the
Heisenberg picture operator.

Figure [6.4.2| also compares the trace purity-based dual bound to the information
content-based bound. However, since the duality-based bound is exactly computable
on a classical computer, to make a fair comparison we need to use a certifiable
method for computing the information-content based bound. In particular, using
Lagrangian duality, the information content-based bound can be reframed in terms
of the Gibbs free energy of the problem Hamiltonian i.e.

¢' = minimize Tr(Hp)
pI(p)<N(1—p)?

= ma%grolize ASq+ G(H, ), (6.4.5)

where Sg = N — N(1 —p)? and G(H,\) = —Xlog Trexp(—H/)) is the Gibbs free
energy of H at temperature \. However, since H is generally a many-body Hamil-
tonian, an accurate evaluation of G(H, \) can only be guaranteed at sufficiently
high temperatures [220]. Thus, instead of evaluating the bound ¢/ in Eq. , we
introduce a lower bound A. on the temperature A\ and evaluate

0, = ma})\<i>r)r\11ze NSy +G(H, )N, (6.4.6)

For spatially local Hamiltonians, A. can be chosen depending on the norms of the
local terms in the Hamiltonian, the dimensionality of the lattice, and the interaction
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Figure 6.4.3: Trace purity-based dual bounds (h(6"?) in Eq. for a 1D system
of N = 32 spins, the same target Hamiltonian as considered for the results in
Fig. (see description of Hamiltonian in caption of Fig. [6.4.1]), and brick-
wall quantum circuits [Fig. [6.4.1](a)] where two-qubit unitaries are chosen to be
exp(—i#X ® X) and single-qubit unitaries are independently Haar random. Plots
show dual bounds as a function of noise rate p and circuit parameter 6 for circuit
depth d = 25 and bond dimensions (a) D = 32 and (b) D = 64. The Hamiltonian
is shifted and scaled such that its spectrum is in [0, 1].

range. In our calculations, we make the choice of A\, = 8e¢3 — this is based on
Ref. [220] which, to the best of our knowledge, provides the only rigorous algorithm
that works for evaluating G(H, \) at temperatures above ..

We see from Fig. that the dual provides a tighter lower bound on the
output than the bound based on just the information content of the output state.
The information content-based bounds shown in Fig. are also trivial (i.e. lower
than the ground-state energy) for intermediate and short depths — this is due to
the temperature lower bound that needs to be introduced to ensure computability of
the Gibbs free energy. We also observe that the separation between the information
content-based and circuit dual bounds increases with the bond dimension D as
the MPO ansatz becomes more expressive with increasing bond dimension. In the
limit of large circuit depth at non-zero depolarizing noise rates, the state of the
circuit approaches the completely mixed state, and we observe that both bounds
also approach the energy corresponding to the completely mixed state.

Finally, we demonstrate that the dual bounds are able to capture the extent
of entanglement being generated in a circuit. In the brick-wall quantum circuits
we consider, the two-qubit gates in the circuit exp(—ifX ® X) are parametrized
by an angle € which controls the entanglement being produced — for example, at
0 = 0,7/2, there is no entanglement at all. Fig. Shows the bounds as a function
of the angular parameter # and the noise rate p, for constant bond dimensions D
and circuit depths d, for a 1D system of N = 32 spins and Fig. [6.4.4)(d,e) show the
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Figure 6.4.4: (a) Schematic of quantum circuits considered for 2D spin systems
on a square lattice: colored boxes indicate unitaries and grey circles depolarizing
noise. Each unitary layer consists of two-qubit unitaries exp(—ifX ® X) (blue
boxes) followed by independently Haar random single-qubit unitaries (green boxes).
The first d/2 layers serve to increase the entanglement in the state. The remaining
layers invert the action of the previous d/2 such that, in the absence of noise,
the output of the circuit is the ground state of H = — ) (i) Z;Z; where Z; is the
Pauli-Z operator for the i*® spin and (i, j) indicates nearest-neighbors. (b) Circuits
considered have a brick-wall structure: two-qubit unitary layers cycle between
gates on odd horizontal edges (U;), even horizontal edges (Us), odd vertical edges
(Us), and even vertical edges (Uy). Single-qubit gates (Us) are applied on every
qubit after every two-qubit gate layer. (c) Structure of the MPO considered for
2D spin systems: yellow squares indicate tensors at each site in the 2D lattice and
lines emerging from them indicate tensor indices. Horizontal lines indicate bond
indices with dimension D and diagonal lines indicate physical indices. (d,e) Trace
purity-based dual bounds (h(c"?) in Eq. for the ground state energy of the
target Hamiltonian H as a function of noise rate p and circuit parameter 6 for a
system of N = 36 spins arranged in a 6 x 6 lattice, circuit depth d = 32 and MPO
bond dimensions (d) D = 64 and (e) D = 362. The Hamiltonian is shifted and
scaled such that its spectrum is in [0, 1].

same for a 2D system of N = 36 spins in a 6 x 6 lattice. For the 2D system, we
consider the MPO ansatz to have a ‘snake-like’ bond structure on the 2D lattice
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[Fig. [6.4.4](c)] — such a snake-like structure is a numerically convenient approach
for performing TEBD for 2D systems. This ansatz is useful for moderate system
sizes but due to gates along the vertical edges of the lattice the bond dimension
required grows rapidly. For larger system sizes, we expect that a tensor network
ansatz that matches the architecture of the circuit [221-223] would give better
bounds. For both the 1D and 2D systems, the target Hamiltonians are shifted and
scaled such that the ground state energies are zero and any bounds lower than
zero are considered trivial and represented as zero in the plots — the black regions
in the plots thus correspond to trivial bounds. We observe that, near § = 0, 7/2,
where the entanglement is small, the MPO ansatz of constant bond dimension used
for the bounds is able to capture it and we obtain non-trivial bounds for small
noise rates p &~ 6%. For values of # away from these limits, the region of triviality
is larger but non-trivial dual bounds can still be obtained for higher noise rates.

6.4.3 Non-depolarizing noise models

Up until now, we have modeled the noise present in the circuit as depolarizing.
However, noise in several experimental systems might have a more complex structure.
In this subsection, we consider these other noise models and show that the duality-
based bounding procedure can be reformulated slightly to provide informative
bounds even without the assumption of the depolarizing noise. The only assumption
that we make that the noise channel under consideration has a full Kraus rank
(i.e. the Kraus operators describing the noise channel span the entire space of
singe qubit operators). This assumption could be seen as a reasonable physical
assumption for sufficiently generic noise models — if the Kraus operators are
interpreted effectively as operators that randomly act on the qubit when it is
experiencing noise, the Kraus operators not spanning the full space of linear
operators would mean that the noise is special and does not apply an entire
subspace of operators on the qubit. Nevertheless, for channels that do not have
full Kraus rank, the methods presented in this section do not apply and we leave it
as an open problem for future work.

First, consider noise channels that are unital and primitive (i.e. have identity
as a fixed point) — in this case, the noise channel A/ with noise rate p can always
be expressed as

Np)=0—-p)p+ V( > pPPUpUTP) v, (6.4.7)

Pe{X,Y,Z}

for a single-qubit unitaries U, V' and px, py,pz € (0,1) with p = px + py + pz < 1.
In this case, as detailed in appendix, it follows from an application of a corollary of
Ref. [224] that Lemma 1| can be extended to this class of channels with the noise
rate being chosen as min(px, py,pz).

111



6.4. TRACE PURITY-BASED LOWER BOUND

Lemma 2 (Follows from Corollary 5.6 of Ref. [224]). Suppose p; is the quantum
state on N qubits obtained from an initial pure state after applying t unitaries

followed by single qubit noise channels of the form of Eq. then
Py(pr) = Tr(p}) < 27N Ommintpepyp))), (6.4.8)

The case of non-unital noise channels is more complex, and it is not possible
to get architecture independent bounds on the entropy or trace-purity of the
time-dependent state of the quantum circuit. We restrict ourselves to the case
where the non-unital noise channel under consideration has a unique fixed point
7 — this noise channel, then, tends to drive the output of a quantum circuit on
N qubits to the state 7®V. Therefore, instead of using a trace-purity constraint
while formulating the dual, as we have for unital noise channels, we instead use a
constraint on ||pt — 7'®NH?, where || X% = Tr(XTX) is the Frobenius norm of X.

To obtain a simple analytical upper bound on Hpt — 7N Hi, we assume that the
two-qubit gates in the quantum circuit are diagonal in the basis of eigenvectors of
7. This is the case, for e.g., if the non-unital noise channel is amplitude damping
and the two-qubit gates used in the quantum circuit are all control phase gates.
We point out that if prior information about the fixed point of the noise channel is
known (for e.g. from a previous noise tomography), then a universal gate set can
always be chosen such that the two-qubit gates satisfy this requirement.

More concretely, suppose that the unitary in time step ¢ has single-qubit gates
V;(i) We also assume that the noise channel, NV, is non-unital and has a full Kraus
rank, which we expect to be true for noisy systems if the noise is sufficiently generic.
Denoting the fixed point of N by 7, we show in appendix that if A" has a full Kraus
rank, then

N = A, N, (6.4.9)

for some channel N’ which also has 7 as a fixed point and A, ,(X) = (1 — ¢)X +
qTr(X)7 for 0 < ¢ < 1. The parameter ¢ can be interpreted as the probability
with which the noise channel traces out the qubit and replaces it with 7, and it
can be computed by solving the following semi-definite program

max ¢
q
st. Py—qgl®@T >0, (6.4.10)
qg>0qg<1.

where @, is the Choi state corresponding to N. For such noise channels and
unitary circuits,
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6.4. TRACE PURITY-BASED LOWER BOUND

Lemma 3. [Follows from Lemma 1 of Ref. [85]] Suppose p; is the quantum state
on N qubits obtained from an initial state py after applying t unitaries followed by
single qubit noise channel N of the form of Eq. then it follows that

D(peIm*") < D(polm*™)(1 — q)'+

t—1
23N (1 =) logy (|7 VotV 77 2) (6.4.11)

s=0 «

where D(p1]|p2) = Tr[p11logy p1 — p1logy pa] is the quantum relative entropy between
p1 and ps.

We outline a full proof of this lemma in appendix B. To translate the upper bound
on the quantum relative entropy to an upper bound on ||pt — 7O ‘ #» We note that

lor = 75 < 2]l = 7V, < [2D(pi]| 7)),

where we have used that |03 < [|O||, ||O]| and the Pinsker’s inequality ||p1 — pafl, <

sD(p1]lp2). We remark that our bounds become trivial (i.e.— 0o) when 7 is not
full rank which would also imply, by the quantum Perron-Frobenius theorem, that
the noise channel doesn’t have a full Kraus rank.
Following the same procedure as in Section [6.3, we can now formulate the
following optimization problem for the energy at the output quantum circuit.

minimize Tr(Hpy)
P1:p2---PdES

subject to  py = E(pe—1), t € {1,...,d},
lpe — 7&N|[7 < @2, t e {1,...,d}, (6.4.12)
where, instead of a trace purity bound as in Eq. we use an upper bound on
the Frobenius norm distance between p; and 7 with d, given by lemma . Again,

introducing the dual variables 01,09 ...05 € M((C*)®N) and A, Aa... \; > 0, we
can construct the Lagrangian

ZAtHPt—TMH?—H}- (6.4.13)
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Minimizing the Lagrangian over p and then maximizing it over X yields the dual
function h(c)

d
h(&) = —Tr(01&1(po)) + Z [Tr (H,w%N) d“/Tr(HtQ)],
=1

where, again, Hy = H 4+ o4 and H, = o, — £}, (0441) for t € {1,2...d — 1}.
Similar to the case in the previous sub-sections, due to Lagrangian duality, g(¢)
evaluated at any & provides a lower bound on the energy at the output of the circuit.
Following the strategy in the previous sections, we again evaluate g(&) at ¢" given
by a TEBD algorithm in the Heisenberg picture (Eq. . As an example, the
bounds obtained in a 1D circuit on N = 30 qubits, at a noise rate of 3%, with
noise modelled by the non-unital replacement channel N'(X) = (1—¢q)p+q Tr(X)T,
where we assume 7 = [/2+ €Z. Here € controls how “non-unital” the noise channel
is — e = 0 corresponds to the previously studied case of a depolarizing noise
channel and in the limit of € — +1/2, we obtain an amplitude damping channel
(which does not have a full Kraus rank). We also compute the bounds obtained
by considering only the quantum relative entropy of the circuit output (pg) with
respect to the noise channel fixed point 7%V as given by Eq. — to obtain
this, we note that given an upper bound on D(pg||7®"), we can translate it to an
upper bound on || pa — TN H1 via the Pinkser’s inequality i.e.

1
loa = 7|, <4/ 5 DCpall 7).

and therefore the expected energy Tr(Hp,) at the circuit observable can deviate
from 7®V by at-most ||H|| ||pa — 7%||,. Thus we obtain the lower bound

Te(Hpa) > Te(HrY) — | H|| g — 77|,

1
> Tr(HTN) — || H|| §D(pd||7'®N). (6.4.14)

We find that using the duality-based bound continues to give informative bounds
which are significantly better compared to the bounds attained by just accounting
for the distance between the noisy output state and the noise-channel fixed point
7®N  Specifically, as the noise channel becomes increasingly non-unital, then the
dual formulation continues to provide non-trivial bounds since it accounts for the
circuit architecture, and the bounds attained without accounting for the circuit
architecture become trivial for even slightly non-unital channels.
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Figure 6.4.5: Bounds on the output energy for the case of a non-unital noise channel.
The structure of the circuits are identical to those considered in Fig. [6.4.1[a) with
parameters N = 32, d = 102 and # = 0.1. The local noise after each layer of unitaries
is given by N (X) = (1 —q) X + ¢ Tr(X)7e, with 7. = (1/2+¢€)|0X0| + (1/2 — €)|1)1],
with ¢ = 0.03 in (a) and ¢ = 0.05 in (b). In orange, we show the bounds
derived on the output energy from our dual problem with an MPO ansatz with
D = 128 for the dual variables o1,05...04. The black lines show the lower
bound Tr(H7®N) — ||H||||pa — 7®V||; which is obtained by disregarding the circuit
architecture.

6.5 Using duality with Information content

In the previous sections, we have investigated the impact of noise using the trace
purity as a measure of the mixedness in the noisy circuit. The trace purity-based
dual function Eq. contains terms with Frobenius norms +/Tr(H?) which, in the
worst case, could grow exponentially with the system size N. Hence, the trace purity-
based dual tends to become trivial in the limit of large system size and intermediate
circuit depths. An alternative better conditioned purity measure is the information
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6.5. USING DUALITY WITH INFORMATION CONTENT

content based on the Von-Neumann entropy, I(p) = N — S(p) = N + Tr(plog,(p)).
In this section, we formulate a duality-based bound using the information content
as a purity measure. However, as we illustrate below, the duality bound here is
harder to compute than the one based on trace-purity for general spin model —
to still gauge the efficacy of this bound, we numerically study in the simpler but
physically relevant case of Gaussian fermions. While our results are suggestive that
using the information-content based bounds could be useful for spin models, the
associated dual function is harder to compute classically — we leave it as an open
problem to develop classical algorithms to compute informative bounds using this
strategy for spin models.

Considering the information content, the free energy defined in Eq.
becomes the Gibbs free energy with an offset,

Fsp(H,\) = inf CHWM+AHM)

p=0,Te(p)=1
— N+ inf  (Te(Hp) —AS(p)),

p=0,Tr(p)=1

= NX—AlogTrexp (—H/\), (6.5.1)
which together with Eq. yields,

§(3,X) = = Tr[po€{(01)]

+ Zl ( — M log Trexp (—Hy /) + M(N — ]t))7 (6.5.2)

where I; = N(1 — p)* is the analytical bound on the information content under
depolarizing noise defined in Lemma 1.

To benchmark the performance of the information content-based dual, we
consider Gaussian fermionic systems where the dual function Eq. can be
computed exactly. We study N fermions arranged on a lattice and choose H to be
a quadratic Hamiltonian,

. / /
H=i E e CaCars

o, .z’

2

where cl, ¢ are the Majorana operators for the fermion at point x on the lattice,

T X
and h;‘:ff,l are real numbers specifying H. We additionally assume the unitaries in
the circuit that prepares the ground state of H from an initial vacuum state to be
Gaussian unitaries.

Since both Gaussian unitaries and the depolarizing channel map a quadratic

Hermitian operator to another quadratic Hermitian operator, Proposition 1 indicates
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Figure 6.5.1: (a) Schematic of SSH model quadratic fermionic Hamiltonians with
alternating hopping strengths in 1D and 2D. (b,c) Comparison of information
content-based dual bounds with and without circuit constraints, and the output
energies of noisy Gaussian circuits for systems consisting of (b) N = 48 fermions
arranged in a 1D lattice, (¢) N = 49 fermions arranged in a 7 x 7 2D lattice. Dual
bounds are shown for ansatzes with varying interaction range r. The horizontal
axis represents the depth d of a Gaussian brick-wall circuit that outputs the ground
state of the SSH model. Fermions are independently subject to depolarizing noise
with probability p = 5% after every unitary layer. The Hamiltonians are shifted
and scaled such that their spectrum is in [0, 1].
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that the dual function is maximized for o; which themselves are quadratic Hermitian
operators. This motivates the following ansatz for oy

/ ’
s a,x (0N e
Oy =1 E Sm,z’;tcxcac’?

a,a x,x’
d(z,z")<r

!
for real 5% ,. In our study, we restrict o; to be local operators with interaction

range r while maximizing ¢(¢, X) to obtain the lower bound — when r ~ lattice
size, we expect to obtain the best possible lower bound but since the ansatz always
includes the point & = 0, we expect from Proposition 2 to obtain a bound better
than that predicted by only considering the information content of the output
state, even for small r. Choosing o; to be quadratic Hermitian operators allows
for exact, classically efficient computation of the Gibbs free energy terms in the
dual function and, furthermore, even the circuit output can be computed exactly
by considering the covariance matrix describing the state — see appendix B for
details. We obtain bounds by maximizing ¢(&, X) through a gradient-based local
optimization algorithm (L-BFGS-B), starting from the initial point where o; are
chosen to be the Heisenberg picture evolution of —H, but projected on to the space
of quadratic fermionic Hamiltonians with interaction range r after each time step —
much like the compression into MPOs of bond dimension D in Eq. [6.4.2]

Figure [6.5.1] shows a numerical study of the bounds that we obtain — we
consider systems with ~ 50 fermions arranged both on 1D [Fig. [6.5.1{(b)] and 2D
lattices [Fig. |6.5.1)(c)] and experiencing depolarizing noise at a rate of 5%. H is
chosen to be a SSH model, nearest neighbor Hamiltonian with alternating hopping
strengths [Fig. [6.5.1(a)]. For the 1D benchmarks, we choose

H = Z (va,balbm + Ub’abla/a;_Fl + h.c.) , (6.5.3a)

and for 2D benchmarks, we choose

H = Z ( Z (Up,qp:Tc,wa,y + Uq,pql,ypwﬂ,y + h.c.)
x7y

J2UIS

{(a:b),(e, )}

+ Z (vpvqp;yq%y + vq7pq;ypx7y+1 + h.c.) ) , (6.5.3b)
P

4

€
{(a,e), (6,1}

where we choose Vg p = Vef = Uy, Up g = Ve = Wy, Vge = Upf = Uy aNd Ve q = Vfp =
wy. For the numerical studies shown in Fig.|6.5.1,, H is shifted and scaled such that
the ground and highest excited state energies are zero and one, respectively. We
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consider circuits of depth d consisting of two-mode Gaussian unitaries arranged in
a brick-wall layout, where the first d/2 layers are composed of randomly generated
two-mode Gaussian unitaries that serve to increase the entanglement in the state.
The remaining layers invert the action of the previous d/2 such that, in the absence
of noise, the output state is the initial state, which is chosen to be the ground
state of H. In Fig. [6.5.1] for comparison, we also include the exact output of the
noisy Gaussian circuit, as well as the bound obtained by neglecting the circuit
constraints and only considering the information content of the output state. As
expected, we find that on accounting for the circuit constraint, we obtain bounds
that are more representative of the output. We also observe that the dual bounds
get closer to the output as the dual ansatz’s interaction range r increases, since
the ansatz becomes more expressive.

6.6 Discussion

In conclusion, we demonstrate a method to rigorously lower bound the performance
of any given quantum circuit subject to a constant rate of depolarizing noise. We
achieve this by constructing a Lagrangian dual specific to the circuit, which takes
into consideration not only the decreasing purity of the state through the circuit
due to noise, but also the details of the gates in the circuit, allowing the study of
the effect of entanglement generation in the circuit that can worsen the detrimental
effects of noise. We presented numerical studies in spin systems and showed that
it is possible to efficiently calculate circuit-specific lower bounds that are tighter
than bounds obtained by just considering the information content of the output
state. We provided an interpretation of the trace purity-based dual evaluated
at dual variables obtained from TEBD in the Heisenberg picture in terms of the
compression errors. We also showed that the dual can be formulated in terms of the
information content of the state instead of trace purity — we computed information
content-based circuit dual bounds for Gaussian fermionic systems where the Gibbs
free energy can be computed exactly.

Our method opens the door to promising avenues of future research. Larger-scale
tensor-network numerics can allow us to also study higher dimensional circuits, with
a number of qubits reaching state-of-the-art experiments. Numerical optimization
algorithms can be explored for obtaining better lower bounds than those from
evaluating the dual function at a specific point. Moreover, extensions of the methods
of this paper to continuous-time would better capture the experimental system, and
even allow us to apply this method for understanding quantum adiabatic algorithms
[70]. Finally, the Lagrangian dual formulation of lower bounds, apart from being
a numerical tool, could also shed rigorous theoretical insights in understanding
resilience of quantum circuit architectures to noise.
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6.A. PROOF OF PROPOSITION 4

6.A Proof of proposition 4

We first recall the main result of Ref. [84] which analyzed error propagation in
a family of random quantum circuits. Specifically, they considered brick-wall
quantum circuits of depth d (assumed to be even) with unitaries Uy, U, . ..Uy,
where

Ujasr = Uy o, Uapara = Uy Usjays = Ul y . Ug = UL

The unitaries Uy, U, . ..Uy, are chosen randomly depending on the circuit ar-
chitecture. We will specifically consider the 1D case, where Uy, Us, Us ... are
formed by applying random 2-qubit gates between qubits (1,2),(3,4)(5,6)...
and Uy, Uy, Ug ... are formed by applying random 2-qubit gates between qubits
(2,3),(4,5),(6,7).... All the two qubit gates are chosen independently at random
from an ensemble that forms a 2-design. Furthermore, we consider the noisy setting
where depolarizing noise with probability p is applied to each qubit after every
unitary layer. Ref. |[84] establishes the following result characterizing the average
energy of the output state for a 2-local Hamiltonian. While the result of Ref. [84]
holds for arbitrary two-local Hamiltonians, we will only consider the Hamiltonian

- = Zz]il Z;.

Lemma 4 (Ref. [84]). The expectation value E of the Hamiltonian H = — Y~ | Z;
with respect to the the output state of a circuit chosen randomly from the ensemble
described above satisfies,

Prob <‘E + N(1 Q(d ‘ < ao\/—> 2e~20%/2d

Proof of proposition 4: Consider the Hamiltonian H = — Zi:l Z;, and choose the
two qubit gates to be a Haar-random Clifford gate — since Haar-random Clifford
gates form a 2-design [225], we can use lemma A.1. H satisfies Tr(H) = 0 and
has operator norm ||H|| = N. We evaluate the dual function at the dual variables
obtained by Heisenberg picture evolution of —H,

= —H,o,=—& & ,...E(H).

Note that for Clifford circuits, Z; will be mapped to a single Pauli string [218],
which is expressible as an MPO with bond dimension 1, and consequently o; will
have a bond-dimension of at-most /N. Since the Heisenberg picture evolution can
be captured exactly with a MPO ansatz of bond dimension O(N), the dual bound
(el with D < O(N) is exactly equal to the energy E of the output of the noisy
quantum circuit. Now, from lemma A.1, it follows that there must exist at least
one 1D circuit such that

(5 = =N (1= p)*® + O(VN),
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with D < O(N).

We now consider the lower bound ¢/ obtained by only considering the information
content of the state at the output of the circuit and neglecting the circuit constraints:
¢' = minimize Tr(Hp).

p:I(p)<N(1—p)?
A negative upper bound on ¢/ which converges to Tr(H/2") = 0 exponentially
with d can be obtained by computing Tr(Hp) at

1\ &Y
p= (pd|0>(0| + (1 — pd)§) where pg = (1 — p)?.
Note that this p satisfies I(p) = N(1 — p)?, and consequently Tr(H p) is an upper
bound on ¢!, For H = Y., Z;, we then obtain Tr(Hp) = —N(1 — p)¢ which
implies ¢/ < —N(1 — p)°@. O

6.B Non-depolarizing noise channels

In this subsection, we obtain bounds on trace purity in the presence of non-
depolarizing noise channels. The bounds presented here are already contained in or
can be straightforwardly obtained from existing results (for e.g. in Refs. |85} 202,
224]). We include this appendix for a self-contained derivation of the results used
in the main text.

Unital noise channels. We first consider unital noise channels that are also
primitive. It is a standard result from the characterization of qubit channels that
such a noise channel can be expressed as

NX)=1-pX+ > pl(AV(X)A), (6.B.1)

ac{z,y,z}

where p = p, + p, + p. can be considered to be the noise rate, and V(-) =V - VT,
U(-) = U - U are unitary channels with V, U being unitaries. Furthermore, if N to
be primitive (i.e. have I/2 as the unique fixed point), then p,,p,,p, > 0. To obtain
a bound on the trace purity of the qubit’s state in a quantum circuit impacted
by such a noise, we need the following lemma from Ref. [224]. Here, | - [, ., of a
super-operator refers to the Schatten-2 norm i.e.

Tr(E(X)TE(X))
Tr(XTX)

Iz

2
€15, = sup
X
Furthermore, for o > 0, Dy(p||o) is the sandwiched 2-Renyi divergence that is
given by
Da(pllo) = log, Tr(o~ 200~ 2p).
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In particular, note that if p is a N—qubit density matrix and o = (I/2)%V, we
obtain that

Ds(pllo) = N + log Tr(p?).

Lemma 5 (Corollary 5.6 from Ref. [224]). Suppose A, ,, is the channel described
by Ao y(X) = (1 — @)X +qTr(X)o. For o >0, define I', to be the superoperator
I',(X) = 0Xo™'. Suppose N be a channel with o as its fized point, then If
||F_1/2NA 1I’1/2||2 , <1, then for any N > 0 and N—qubit density matriz p

Do(N®N(p)||o®™N) < aDs(p||o®N),
where o — 220-1e~ ™) loga(1-p)/ oga(lo )

Proof of lemma 2: We pick N to be the unital noise channel in Eq. and
= [/2. With this choice, we have that Apq(X) = (1 — ¢)X + ¢Tr(X)I/2

and T',(X) = 4X. Note that ||FH/12/2NA 11“%//22”2_)2 = [NA Mp“g and that
A 1

12p(X) =1 =p)~ '(X — pTr(X)I/2). Further analysis is simplified in the Pauli

basis — since both A" and AH_/l2 , are unital superoperators, it follows that, if written
as 4 x 4 matrices in the Pauli basis, they have the form

1 0 1 0
1 ~/ Y
Aoy & [O il } and N = [0 /\7] :

1/2,q

Furthermore we can explicitly calculate [\11_/; ‘ and N to obtain

~ 1 ~ ~ Pz — py — Pz 0 0 ~
A]I_/lz,q =1 q]I and N = (1-p)I+U 0 Py — Dx — D» 0 V,
0 0 Pz — Pz — Dy

where U is a 3 x 3 unitary matrix with matrix elements given by U, o = Tr(AU A'U")

for A, A" € {X,Y, Z}, and V is defined similarly. Now, ||NA]I/2q||2 ) = max(1, ||A]1/2qN||)
and

< 1

HAI[/2,qNH - —HN” —q 1- p+max<px_py_pz>py_px_pzvpz_px_py) :

Now, we clearly have that max(p, — py, — Dz, Py — Po — D2, P2 — Do — Dy) < P —

min(p,, py, p-) and thus ]|]~\H’/12q./\~/’H < (1 — min(py, py, p-))/(1 — q). Thus, choosing
q = min(p,, py, p.) yields that ||I’H_/;/2NA 1[’;//22”2 ) ||NAH/2q||2 <1 — thus,
we can now apply lemma 5| with ¢ = 1/2, ¢ = min(p, py, p.) Wthh yields a =
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1 — min(p, py, p.). In particular, if p is a N—qubit density matrix, we obtain from
lemma [5 that

®N

)

Now consider the setting where starting from a pure state py, a sequence of
N-qubit unitaries Uy, U, . ..Uy is applied interspersed with the noise channel A/
acting on each qubit. Since Dy(UspUj||(I/2)EN) = Dy(p||(1/2)%N), the final state
pa = NONUNENU; 1 .. . NENU,(po) satisfies

H®N ) d
D, (Pd Q—N) < (1 — min(pz, py, p2)) D2 <Po

]I®N

D, (N®N(p)’ 2—N> < (1 — min(pg, py, p-)) Do <p’

&N . d
2_N) = N(1 — min(p,, py, p2))"

This completes the proof. O

Non-unital noise channels. Next, we consider non-unital noise channels on C?
(where we are typically interested in d = 2) — we will restrict ourselves to noise
channels which have a full Kraus rank i.e. the Kraus operators Ky, K5 ... Kz span
the entire space of operators on C?. Given a noise rate p, we will assume that the
noise channel N is given by

d2
NX)=(1-p)X+p) KXK] (6.B.2)

=1

where Zfil K/K; =1. A common example of such a channel would be N(X) =
(1 —p)X + pTr(X)7, where 7 > 0 i.e. a channel that traces the qudit and replaces
it with a, generally non-identity, full rank state. Physically, this would be a good
model for an environment that disentangles the qubits in the quantum circuit, and
brings them to a finite temperature state.

For channels of the form of Eq. [6.B.2] the following lemma straightforwardly
follows.

Lemma 6. Suppose N is a channel of the form given in Eq. with unique fixed
point T > 0, 3 another channel N with fized point T such that N (X) = A, N'(X),
where Ar o(X) = (1—q¢)X +qTr(X)7, for some g € (0,1). Furthermore, the largest
such q can be computed by solving the semi-definite program

max q
q
st. Oy —qgl®7 =0, (6.B.3)
qg>0,qg<1.

where @, is the Choi state of N.
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Proof: Since N has a full Kraus rank, we can find linearly independent operators
d? 7t d? T

Ly,Ly...Lg such that > ;| LIL, = T and N(X) = > i, L, XL;. Furthermore,

since Ly, Ly ... Lg are linearly independent, it follows that for any M € C¥9,

Te(LIM) =0V ie{1,2...d%} implies that M = 0. Consequently, I\ > 0 such

that

d2
2
VM ey ’Tr(L}M)’ > A Tr(M'M). (6.B.4)
i=1

Now, suppose g € (0,1), and N = (N — ¢ Tr(-)7)/(1 — q). It is clear that N is
trace-preserving. We need to establish that N is also completely positive. For
that, consider the Choi State corresponding to N7, ®x:

O = (N’ ®id)(|2XP]),

<Z Z Lilj)k| L] & [5)(k| — qﬂ®r)

1—q<z Zk i il ><k’!®\y><k!—ql®r>

For N to be completely positive, it is necessary and sufficient for ®,~» = 0. To
impose this condition, consider a state |¢) € C? @ C?, then

(|0 15) = (Z Z Do s — qwrmﬂw)

i=1 j,k,j"k'=
d2

1
‘1—q<§

where U € C%* is the state |1)) reshaped as a matrix. Using Eq.[6.B.4, we obtain
that

Tr<L1w>]2 — gl mm),

_>\0—Q||7'H 2
= 2 P

(Wlsels) = T (T o)~ gl 110}

Thus, for ¢ = Ao/ ||7]|, we obtain that ®,~ > 0 and hence N is completely positive.
This establishes that there exists ¢ > 0 such that N' = (1 — ¢)N’ + ¢Tr(-)7.
Furthermore, it trivially follows that A7(7) = 7 from this definition of N’. It
therefore also follows that ' = A, ,A’. The optimization problem written for the
calculation of ¢ in Eq. is simply a reformulation of the condition that the
Choi state of N’ needs to be positive semi-definite. O
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6.B. NON-DEPOLARIZING NOISE CHANNELS

Finally, we now consider the setting of N —qubits which have unitaries Uy, Us ... U,
applied to them, along with noise A/ acting on each qubit at every time-step. As
described in the main text, we will assume that each unitary U; is composed of
two-qubit and single-qubit gates, with the gate set being chosen such that the
two-qubit gates leave 0®2 invariant (i.e. the two-qubit gate is diagonal on the basis
of eigenvectors of o).

Proof of lemma 3: Suppose p is a N—qubit density matrix, and consider the state
N®N(p). We will first establish that

DN®(p)l|7*") < (1= ) D(p]|7*") (6.B.5)

Expressing N' = A, N/, NOV = A?févj\/'@N. Suppose o/ = NN (p) and then
DNEN(p)||[TEN) = D(AZN (0')||7®Y). We point out that A, can be viewed as
generated from the Lindbladian £, = id—Tr ()7 with evolution time t = —log(1—gq).
It now follows from theorem 19 of Ref. [226] that if £, := S~ | L9 where £ is the
Lindbladian £, acting on the i'® qubit, satisfies D(e£!(p)[|[7®N) < e~tD(p/||7®N).
Setting t = —log(1 — ¢) in this inequality, we obtain that D(AZY (p")||7®") <
(1 —q)D(p'||7®Y). Now, this yields that

DNEN (p)||T2N) < (1 — q) DN (p)||77),
= (1= @) DN (p)|IN"(7%N)) < (1 — q)D(p||7*N).

Next, we consider one of the unitaries applied in the circuit, U;. The two-qubit
gates in this unitary, by assumption, leave 7®2 unchanged. Thus, if V® is a
two-qubit unitary that satisfies this condition, we have that

T T
DV v @[2Y) = D(pl|VE 7oV ) = D(pl[r°).

Furthermore, if V) is a single qubit gate, we obtain from the data processed
triangle inequality that

T T
DOV jr=) < D(pllr) + Do (VOrV ).

Suppose that the single qubits applied in U; are V;(;) for € {1,2,3...}, then
from the above two inequalities we obtain that

D(UpU/||72N) < D(p||7®N) +ZD Drvy HT). (6.B.6)

Recursing Egs. |6.B.5| and |6.4.7|, we obtain that p, = U,U;_4 . .. Ulpon . UtT_lU,;r
satisfies

D(pellT*") < (1= )" D(poll7™") +ZZ ) Dao(Vih aTVitilalIm)

s=0 «
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6.C. FREE FERMION FORMULATION

Finally, this bound can be translated to a bound on Hpt — 0’®NHF by a standard
application of Pinsker’s inequality as shown

o =727 < 2o = V|, < V2D(pu[75Y),

which completes the proof of the lemma. O

6.C Free fermion formulation

In this section, we describe our approach to numerical studies of Gaussian fermionic
systems. We describe the fermionic system model and how the energy of the state
at the output of the noisy circuit and the information content-based dual function
can be efficiently calculated by utilizing covariance matrices and quadratic
Hamiltonian transformations.

6.C.1 Model

We consider N fermions arranged in a lattice and define for each lattice site x the
Majorana operators c., ¢? as satisfying the following anti-commutation relations,

{Ci7 Ci:’} = {Civ C?y’ = 6:vac’
{cl, 2} =0, Va,2’ € lattice. (6.C.1)

We choose the target Hamiltonian H to be quadratic,
H=i Y e
o, x,x!
Defining the operator valued vector,

> (1 1 2 2 2\T
c=(cl, ¢, ..., ¢y, 4 & ..., &), (6.C.2)

the target Hamiltonian can be written as H = i¢ T hé where the matrix h specifying
the Hamiltonian H is real and anti-symmetric. The ground state energy of the target
Hamiltonian can be computed by diagonalization of its compact representation h
[185].

6.C.2 Calculation of the noisy circuit output

The output energy, with respect to the quadratic target Hamiltonian H, can be
computed from the covariance matrix of the state at the end of the circuit. We
define the covariance matrix of a state p as,

oo = iTr(pled, ), (6.C.3)
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6.C. FREE FERMION FORMULATION

where [.,.] denotes the commutator. The energy of a state p with respect to the
target Hamiltonian H is then [185],

Tr(hy)
o

The covariance matrix of the state after each instance of Gaussian unitary or noise
in the circuit can be calculated by evolving the covariance matrix v, of the vacuum
(7o can be analytically calculated [185]) using the following transformations,

Tr(pH) = — (6.C.4)

1. Unitary: Any Gaussian unitary can be expressed as U = exp(—iHy ), where
Hy = i¢ Thycis the generating quadratic Hamiltonian, and it transforms the
covariance matrix of the state as [185],

2hyr

v — e yem2hu (6.C.5)

2. Noise: Depolarizing noise with probability p acting on the fermion at lattice
site = transforms the covariance matrix in the following manner [185, [227],

v —=pY+(1—-p), (6.C.6)

where the matrix 7 is obtained from the input covariance matrix v by zeroing
out the rows and columns corresponding to the fermion at site z, i.e.,

/ 0, ife/ =xora”’ =z
5/;”3” = { a.of (6C7>
’ Vol gy €lse.
6.C.3 Calculation of the dual function
We choose the dual variables o1, 09, ...,04 to be quadratic Hamiltonians, i.e. we

consider the following ansatz,

oy =1 Z so"o‘,:tco‘ca,' =icTsc te{l,...,d},
a,o x,x’
d(z,x’)<r
where d(z, ') is a distance measure between two lattice sites and the coefficients
sg”j,/;t are real and can be arranged into an anti-symmetric matrix s;. o; are thus
local Hamiltonians with interaction range r.

In order to evaluate the circuit dual function , we calculate the effect
of the circuit channels on the dual variables first, i.e. & (¢;). Each such channel
is the composition of a Gaussian unitary channel and the depolarizing channel
and both the unitary and noise channels map quadratic operators to quadratic
operators. Hence, the channel’s action can be expressed as a transformation of
the compact Majorana representation s; of the dual variable o, using the following
transformation rules,
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6.C. FREE FERMION FORMULATION

1. Unitary: Any Gaussian unitary can be expressed as U = exp(—iHy ), where
Hy = ic¢ Thy € is the generating quadratic Hamiltonian. Conjugation of the
dual variable o, = i¢ Ts,¢ by U transforms it into another quadratic operator
6, = Uo,UT = i¢ T'5,¢, with the transformed Majorana representation 3,

5, = g e, (6.C.8)

This transformation can be derived by expanding the conjugation using the
Baker-Campbell-Hausdorff formula e?Ae™? = A + [B, A] + 5B, [B, A]] +

5B, [B,[B, A]]] + ..., and using the commutation relation,
o1 .2 03 .04 a1 a3 o1 0y
[le Cmg ) C:Eg Cr4] - Cxl ng 506210445$27$4 + Czl Cz4 6a27035$2,$3
a3 Qa2 Qg (2
- ng ng 60&1@4 5:21,934 + Cac4 Ca:g 50{1 ,&353317903' (609)

2. Noise: The noise channel N, corresponding to depolarizing noise on the
fermion at site x with probability p transforms the dual variable o; as,

Nalon) = (1= plow + pTralo) &3, (6.C.10

where Tr,(.) denotes partial trace over fermion at site . Expanding out the
partial trace term using linearity,

I ron ron I
TI'(O't) X 5 = Z Z’Sgl:?ll;t Tzr(Cg/ Cg//) & 57

T

a/7a//7x/7z//
: : . oo o
= st’,x”;t(]‘ - 6$,I’)(1 - (51‘733//)6?/ Cg//, (6011)
Oé/7a//7$/7xl/
. . . of oo’ o
where we obtain the second line by using Tr(cg,) = 0 and 5,7, = 0 V(2/, o).

Thus, the noise channel transforms the dual variable into another quadratic
operator o, = ic’ 5,¢ with the transformed Majorana representation,

St =psi+ (1 —p)z, (6.C.12)

where, using (6.C.11]), the matrix z; is obtained from s; by zeroing out the

rows and columns corresponding to the fermion at site z, i.e.,

o ’ 1" (6-C.13)

o L A o«
x/x! it

o {0, ife'=xora’ =z
z

S else.
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6.C. FREE FERMION FORMULATION

To calculate the dual function (6.5.2)), we need to calculate the Gibbs free energy of
H =0, — 8: . 1(0¢41) where Hy is a quadratic operator itself because, as mentioned
earlier, the channel StT ., maps quadratic operators to quadratic operators. Therefore,
H, = i¢ Th,¢ where the Majorana representation h; can be obtained using the
transformations described above. We calculate the free energy by diagonalizing H;.
This can be achieved by diagonalizing h; — as h; is anti-symmetric, it is possible
[185] to find an orthogonal transformation O such that,

T _ O Eac;t
0"n0 =P (_EW o )

We define the operator valued vector ¢ = OT¢ = (&, é,...,c4, 2, &,...,3)7T
and, due to the orthogonality of O, the operators ¢ satisfy the Majorana anti-
commutation relations . Using the newly defined Majorana operators, H,
can be written in a diagonal form as,

_ S1-2 =241
H, =1 g €t (cxcw — C;p%) .

x

Using the diagonal form, the Gibbs free energy for H, is,

F(Hy, M) = log Trexp (—)\it €ast (ol — 59266916))

— log [T Trexp (_% (e — aga;)) |

The operator exponentials above can be represented in the Fock space basis of the
fermion at site x,

/ie 4 ]9 91 eﬁm;t/)‘t 0
exp (_ ;t (chm - Cxcx)) = < 0 e—€wst/ M|

The free energy then simplifies to,

F(Hy, M) = Y log(et/ 4 /),

and therefore it can be calculated just from the diagonalization of the 2N x 2N
dimensional matrix h;.
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Chapter 7
Outlook

In this thesis, we have contributed to developing tensor network techniques. Despite
being a mature subject, they still prove to be a common theme when studying the
patterns of entanglement of many quantum particles interacting together, as well
as high-dimensional data in a more general setting.

In the first chapter of the thesis, Chapter [I, we have introduced the compu-
tational challenge posed by many-body systems. Then, in Chapter [2] we have
presented tensor networks in detail, outlining some of the techniques to manipulate
them, as well as commenting on their present use and their limitations. At the
same time, we have introduced the basics of two related fields where we find new
applications of tensor networks: Monte Carlo methods in statistical physics and
quantum computation.

In the next chapters, we have presented the new applications of tensor network
methods found in this thesis: in Chapter [3, we have shown how tensor networks
can generate collective updates for many-body Monte Carlo methods. Using cheap
tensor network contractions, we can sample probability distributions that approxi-
mate the multi-dimensional probability distribution of interest. By inserting this
procedure in a Markov chain, we can correct the bias of the imperfect contraction
and obtain unbiased estimates of the observables of the many-body system. Com-
pared to the usual cluster methods, the use of tensor network techniques presents
some advantages. First, the tensor network prior is "universal”, i.e. it includes all
the details of the Hamiltonian of interest. Usual methods rely on clever collective
updates that must be tailored for specific Hamiltonians. The advantages that
they offer might disappear when the interaction terms are slightly modified or the
dimensionality of the problem is changed. However, all this information goes into
the tensor network that we use to propose the samples, so it is naturally included
in our scheme. Secondly, our scheme proposes global updates: in a single step
of our method, all the ”spins” in the system are potentially updated. This is a
great advantage compared to the single-spin methods, which are still the workhorse
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behind many Monte Carlo studies. Lastly, our scheme presents an advantage com-
pared to schemes where expectation values are computed only via tensor network
contractions: using a Markov chain corrects the bias any finite bond dimension
contraction will have, and the results we obtain show only statistical error, which
decreases with the number of samples. Furthermore, our algorithm opens up new
possibilities for future research: it would be interesting to explore the models where
our algorithm can be applied. We believe that our technique is very competitive in
models with disorder, as in those models the usual TN and Monte Carlo techniques
fail. TN methods for statistical mechanics are best formulated with translation
invariance, which disordered models lack. At the same time, cluster methods are
hard to apply to those models, and algorithms with local updates might struggle
with very long equilibration and decorrelation times. In comparison, our method
naturally takes into account the disorder in the Hamiltonian and can still be used
without translation invariance.

In Chapters [4 and [5] we have tackled one of the bigger questions open in the
field of tensor networks. Their use for studying dynamical and out-of-equilibrium
phenomena. As explained in Chapter [2, standard out-of-equilibrium methods
suffer from a phenomenon that impedes the simulation of dynamics to long times,
the entanglement barrier. In this thesis, we have explored two different ways
to overcome this problem. In Chapter [d, we have abandoned the ambition of
having a tensor network representation of the time-evolved state or operator of
interest. Instead, we have written the simplest tensor network that gives rise to
the out-of-equilibrium expectation value when contracted, and we have examined
different ways to contract it. Remarkably, we have found that contracting those
tensor networks in the space direction, as opposed to the usual contractions carried
out in the time direction, gives rise to different scaling of the entanglement, from
which a different scaling of the bond dimension follows. In non-interacting and
integrable models, the growth of the temporal entanglement seems to be sub-linear
with time, allowing us to continue the simulations to much larger times. For the
non-integrable models we have tried, the entanglement growth still seems linear.
However, the prefactors are much milder than in the standard direction, allowing
us to simulate longer times before the exponential growth of the bond dimension
required kicks in. This increase in the accessible time scales allows us to study
better the out-of-equilibrium evolution of a quantum quench or the phenomenon
of diffusion in non-integrable models. In Chapter [5 we have explored a different
direction: in the scenario of a global quantum quench, ”generic” many-body systems
are expected to thermalize. At long times, local expectation values are expected
to be captured by thermal states compatible with the state’s initial conserved
charges. In many cases, it can be shown that these ensembles have tensor network
descriptions. This sets a challenge: at short and long times, there exists a tensor
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network description for the behavior of local expectation values. Is it possible to
develop methods that predict the behavior at intermediate times? In our work,
we have tackled this question, and shown, that in certain models, it is possible to
capture the thermalization process using tensor networks by correctly identifying
the patterns of entanglement present in the time-evolved state.

Lastly, in Chapter [6] we have focused on a more practical matter. The recent
spectacular advances towards constructing quantum computers have fueled the
expectations on the field of quantum computation. At the moment, there exist
devices that can carry out computational tasks that would take huge amounts
of effort to carry out on classical computers. Many people hope that this early-
stage quantum computer will be able to have practical uses, despite the noise
present in them and the heuristic nature of the algorithms presented for them.
In particular, there is hope that variational quantum circuits would outperform
classical algorithms, either for preparing ground states of complicated quantum
many-body systems or for some optimization tasks. In this chapter, we show how
to assess correctly these expectations with tensor networks. We construct a cost
function that can be evaluated classically with tensor networks and gives lower
bounds on the performance of the quantum circuit for the tasks mentioned before.
The main novelty of our work is that we can go beyond the bounds based on the
growth of the entropy predicted by the noise. We include information about the
specific gates and geometry of the circuit, which helps us outperform previous
bounds. Similarly, our new technique performs better for noise models that go
beyond the simple assumption of local independent depolarizing noise, which can
be relevant for some platforms where amplitude damping or qubit decay are the
most common sources of error.
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