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Abstract

This thesis is concerned with skew parallelogram nets, a system of lattice equations that
may be formulated for any unit associative algebra. The system comes with charac-
teristic features of an integrable system such as multidimensional consistency and an
associated family. We obtain many objects of discrete differential geometry as reduc-
tions, in particular, K-nets, Voss nets, cross-ratio systems and integrable dynamics like
the bicycle transformation and polygon recutting.

The Lax representation is linear in the spectral parameter, and paths in the lattice
give rise to polynomial dependencies. We discuss factorization of such polynomials and
argue that skew parallelogram nets encompass all systems with a generic polynomial
representation.

We provide the factorization explicitly for discrete constant curvature surfaces and
reveal that they are slices in certain 4D cross-ratio systems. Encompassing the discrete
DPW method, this interpretation constructs such surfaces from given discrete holomor-
phic maps. We discuss a second factorization of CMC nets for which the associated
family gives rise to CMC nets in space forms.

Moreover, we introduce a hierarchy of discrete curves by requiring an integer number
of Backlund transformations to induce an isometry on the curve. We propose versions of
this hierarchy in Fuclidean space and in 2-dimensional space forms. We identify discrete
elastic rods in space and (constrained) elastic curves in the plane as elements of the
hierarchy.
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1. Introduction

In this thesis we aim to unify many 2-dimensional integrable systems studied in discrete
differential geometry into reductions of a common lattice equation system.
Let us start by introducing the fundamental equations. Consider a map

p : {directed edges of Z"} — A (1.1)

into a unit associative algebra A for which the values q,r, s, t at the four edges of every
elementary quad (as in Figure 1.1) fulfill the two simple equations

qg+r=s+t, rq =ts. (1.2)

We are interested in geometric objects that can be described by such a map p. In fact, in
discrete differential geometry maps of this kind appear in the context of discrete surfaces
and in the context of transformations of discrete curves and polygons. The specific
geometric object depends on the algebra A and further constraints on the map p. For
example, for the algebra of quaternions this equation system describes parallelograms
folded along a diagonal, in other words, skew parallelograms. Thus, we call the map p
an (n-dimensional) skew parallelogram net.

Figure 1.1.: Four values ¢,r,s,t € A associated to the directed edges of an elementary
quad of Z2.

Let us introduce some important concepts. First, observe that (1.2) is equivalent to
AN +7)(A1+¢q) = (A1 +1t) (A1 +s) (1.3)

holding for every scalar A € A. Such a description of the equation system via this
simple parameter-dependent condition is called a Lax representation and X is called the
spectral parameter. We will see that one can use the Lax representation to construct
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a l-parameter family of associated solutions of (1.2) to a given solution and we call
this the associated family. For example, for a discrete surface described by a skew
parallelogram net this implies that the surface comes with a deformation which preserves
some elementary properties.

Also, we will see that generically the values ¢, s determine the values r, ¢ uniquely and
that one can, therefore, construct a (patch of a) two-dimensional skew parallelogram net
from initial values. If we extend the construction to higher dimension there is the ambi-
guity that (1.2) on different quads yields multiple candidates for some values of p. Now,
for skew parallelogram nets all of these candidates coincide and this remarkable property
is called multidimensional consistency. It implies that (patches of) n-dimensional skew
parallelogram nets are constructible from initial data as well. Layers in such a net are
(n — 1)-dimensional skew parallelogram nets. Neighboring layers are related by (1.2) on
corresponding quads and we say that they are related by a Bdacklund transformation.

The aforementioned properties of skew parallelogram nets are characteristic features
of a class of equation systems called integrable systems. Many such integrable systems
come with Lax representations that are polynomial in the spectral parameter. Clearly,
our Lax representations (1.3) assigns a linear factor to each edge and, thus, we consider
this Lax representation to be linear.

The aim of this thesis is a systematic study of skew parallelogram nets and their
geometric applications. We will unify many 2-dimensional integrable systems studied in
discrete differential geometry into reductions of this system. In particular, by factorizing
polynomial Lax representations into linear factors we will describe some systems of higher
order in terms of skew parallelogram nets. We will argue that such a factorization is
generically possible and that, therefore, skew parallelogram nets are fundamental to
integrable systems of this kind.

Related work

First, let us point out some publications in which we find elementary properties of (1.3)
as they are directly concerned with the equation without additional constraints. Skew
parallelogram nets for the algebra of quaternions have been studied in [98] as discretiza-
tion of the (Pohlmeyer-)Lund-Regge equation. In this paper we find extensive study
of permutability and multidimensional consistency of (1.3). An associated family ob-
tained by a Sym-formula is introduced. The same nets have also been studied in [55]
and [87] in the context of Bécklund transformations of space curves and the discrete
Hashimoto flow. This discrete flow induces a dynamic by evolving periodic curves. Also,
the linear Lax representation and its connection to a discrete non-linear Schrodinger
equation (NLSE) are observed. Building on the quaternionic case, the observation that
the Lax representation and multidimensional consistency of the equation generalize to
unit associative algebras has been made in [24, Exercise 6.19 and 6.20].

Next, let us turn to some types of discrete surfaces for which (1.3) appears. Discrete



K-nets (also called pseudospherical surfaces) are discretizations of surfaces with constant
negative Gaussian curvature. They are built from skew parallelograms and constitute a
special case of quaternionic skew parallelogram nets. Their fundamental equation has
historically been presented in a slightly different (gauge-equivalent) manner. Work on
discrete K-nets from the geometric perspective dates back to [90, 107]. The integrable
perspective including their Lax representation and associated family is due to [16, 17].
Backlund transformations have originally been studied as natural transformation of K-
nets and the sine-Gordon equation (see, for example, [89]). Nets parallel-reciprocal to a
K-net are called (discrete) Voss nets and they discretize surfaces in conjugate geodesic
parametrization [92, 107]. They have a well-known isometric deformation [70, 99, 67]
but its explicit description in terms of an associated family has been unknown.

Now, (1.3) is also fundamental for the flat connection of (discrete) isothermic nets
which are nets with factorizing real cross-ratio[15, 49, 39, 30]. Isothermic nets in arbitrary
dimension [95] and in various geometries such as sphere geometries [23] are all described
by Moutard nets in quadrics. Moutard nets is quadrics also describe other types of
surfaces, for instance, discrete s-CMC nets [57, 71, 12]. Nets with (possibly complex)
factorizing cross-ratio in the complex plane are called cross-ratio systems and, again,
their Lax representation has been shown in [81] to be of the form (1.3). Periodic solutions
for cross-ratio systems [3, 4, 52] and isothermic nets [36] induce a dynamic on an initial
solution.

For some discretizations of surfaces with constant curvature the relation to (1.3) is
more involved since their Lax representation is quadratic in the spectral parameter. For
instance, circular K-nets [60] are related to 4D cubes of K-nets. Also, for constant mean
curvature (CMC) nets [17] the specific relations have not been known. However, remark-
ably, a combinatoric flip allows for a description of the associated family of CMC nets in
terms of equally folded parallelogram cubes [62] - which can be understood as factoriza-
tion on the geometric level since the edges of the CMC nets correspond to diagonals of
the skew parallelograms. Smooth CMC nets can be constructed from holomorphic data
using the DPW method [40] which generalizes the well-known Weierstraf representation
of smooth minimal surfaces. Discrete analogues of Weierstrafl representations [85] and
the DPW method [53, 84] exist as well. Smooth CMC nets in Euclidean space are known
to correspond to minimal surfaces on the sphere S? via the Lawson correspondence [74].
A discrete version is introduced in [19].

Skew parallelogram nets can also describe transformations of curves. We already
mentioned two dynamics obtained by imposing periodicity on quaternionic parallelogram
nets or cross-ratio systems. They have a common special case which is a dynamic on
curves in the plane related to the trace of front and rear wheel of a bicycle and is, thus,
known as the discrete bicycle transformation [105]. It is built from anti-parallelograms
(or Darbouz butterflies) which are described by (1.3). Anti-parallelograms also give rise
to polygon recutting [2] where the dynamic can be described in terms of refactorization of
quaternionic polynomials [68] and the relation to (1.3) is apparent. In fact, quaternionic
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polynomials come with a well-known factorization theory [45, 83|. Factorization of such
polynomials is also extensively studied in the field of linkage kinematics [76] where it is
used to realize rational motions with closed linkages. This has been studied for Euclidean
motions [48], hyperbolic motions [94, 93] and, recently, conformal motions [77].

We will also be interested in special curves, specifically (constrained) elastic curves
and elastic rods. The study of elastica orginally stems from Bernoulli and Euler [42]
who described the shape of elastic rods by curves minimizing a bending energy under
constrained length. Elastic curves have many interesting properties [37, 42, 73, 106]. In
particular, they belong to a hierarchy of commuting energy functionals [72]. This point
of view naturally leads to the class of area-constrained elastic curves, which are critical
values of the bending energy under constrained length and oriented area [5, 26, 86].

The symplectic gradients of the energy functionals constitute a hierarchy of com-
muting flows of space curves [35] which serves as geometric approach to the non-linear
Schrodinger hierarchy. This hierarchy is also studied in centro-affine space [34]. Every
other flow is contained in a plane (if applied to a planar curve) and this sub-hierarchy
is known as the modified Korteweg-de Vries (mKdV) hierarchy [44, 78]. Elastic curves
are the invariant curves of the Hashimoto flow, while constrained elastic curves are the
invariants of the mKdV flow.

A discrete notion of elastic curves in Euclidean space has been introduced in [21].
This integrable discretization relies on the variational approach. Further studies, based
on discrete Frenet formulas, can be found in [108]. The latter also demonstrates the
relevance of elastic curves in applications by using them for fairing planar curves (see [28]
for a smooth version of this algorithm). As indicated in [27, 47], elastic curves are
also useful in the design of curved surfaces, and, as demonstrated in [7], for physical
simulation of elastic material.

Discrete elastic curves are known to be invariant under a semi-discrete Hashimoto
flow [21]. Similarly, discrete area-constrained elastic curves in Euclidean space, char-
acterized as curves that are invariant under a semi-discrete mKdV-flow, have been
introduced in [59]. One can also discretize the flow direction. As mentioned above,
in [55, 87] a discrete Hashimoto flow for space curves is built from pairs of Béacklund
transformations. The invariant curves of this discrete flow are, again, discrete elastica.
Béacklund and Darboux transformations of discrete curves are also known to provide
a (semi-)discrete potential mKdV equation closely related to the discrete sine-Gordon
equation [38, 66].

Note that the study of constrained elastic curves has relevance in surface theory since
such curves foliate isothermic surfaces with a family of spherical curvature lines in both
the smooth [11, 37] and discrete [65] case.

Finally, our discussion of polynomial two-dimensional integrable systems is limited to
the scope of discrete differential geometry. It shall be noted there is plenty of literature
revolving around polynomial integrable equations that have motivation elsewhere, for
instance, in physics. Among others, examples are the motion of a rigid body [80] or



the Ablowitz-Ladik hierarchy [1, 102]. Both are directly connected to the theory of
elastic rods and Bécklund transformations through the discrete NLSE and the discrete
Heisenberg magnet [54, 55]. For a comprehensive treatment of this topic, see [103].

Contribution to research

We present the first comprehensive theory of skew parallelogram nets in unit associative
algebras. While some properties are straight-forward generalizations from the quater-
nionic version we provide an in-depth analysis revealing new insights. For instance,
we explain how the associated family indeed partitions the set of skew parallelogram
nets into 1-parameter families and how the associated family is affected by different
parametrizations of the Lax representation.

We then present the systems discussed above (and others) as reductions of skew par-
allelogram nets. Indeed, the main objective of this thesis is the development of this
unified perspective. While some of the systems are well-known, this perspective is new
and reveals some previously unknown connections.

First, let us highlight some observations about well-known systems that do not seem
to be written in the existing literature:

e By realizing a planar limit of the classical K-net associated family, we observe
that every K-net can be unfolded from a net of anti-parallelograms in a plane (see
Figure 4.6). This net of anti-parallelograms is a special cross-ratio system and can
be seen as geometric interpretation of the Lax representation of K-nets. Also, initial
data for periodic K-nets is given by quasi-periodic nets of anti-parallelograms and
such nets arise as orbits of polygon recutting or the bicycle transformation. For
example, initial data for the pseudosphere can be obtained by polygon recutting
applied to a zig-zag.

e We present a formula (5.78) for the construction of the isometric deformation of
Voss nets by encoding its kinematic behavior with dual quaternions. Here, the
deformation parameter is the spectral parameter. This algebraic description is
directly related to the algebraic description of K-nets and initial data for a Voss
net is obtained by equipping initial data for a K-net with an additional dual part.

e In Theorem 5.2.1 we present a deformation of nets of anti-parallelograms into non-
Fuclidean space forms via a Sym-formula. This deformation preserves the local
geometry at each vertex. As such it can be related to a fundamental theorem for
space form curves since it preserves their curvature. The theorem also immediately
yields space form versions of polygon recutting and the bicycle correspondence and
it is connected to the Lawson correspondence for discrete CMC surfaces.

e Although algebraic representations of Moutard nets in quadrics in terms of Clifford
algebras are known (see [95], [24, Section 6.9]), our construction of an associated
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family for such a net and its relation to the Calapso transformation seem to be
new.

Also, we will be concerned in detail with discrete surfaces of constant curvature. We
will describe them by skew parallelogram nets with special combinatorics:

e We show that surfaces of constant Gaussian curvature (positive or negative) can
be described in terms of special 4D cross-ratio systems. These arise as unique
extensions of initial 2D cross-ratio systems. By choosing the initial 2D cross-ratio
system as a discrete holomorphic map we find a method for the construction of
discrete CMC surfaces which simplifies the discrete DPW method. We can also
apply this method to construct lattices of breather transformations of negative
K-surfaces or lattices of Darboux transformations of CMC surfaces.

e We extend the geometric observation that the associated family of CMC surfaces
consists of equally folded parallelogram cubes after a combinatoric flip [62]. We
show how this associated family coincides with the associated family of skew par-
allelogram nets and how this algebraic description yields discrete CMC surfaces in
space forms as well.

Finally, we contribute to the theory of flows and elastica by discussing a hierarchy of
discrete curves:

e We introduce some elementary discrete curve theory in space forms using a matrix
model. It extends known geometric concepts from Euclidean geometry. We propose
a notion of discrete (constrained) elastic curves in space forms.

e We propose the hierarchy of n-invariant curves which are invariant under an in-
teger number of Backlund transformations. Specifically, this means that the n-th
transform of the curve is related to it by an isometry. Differently speaking, these
nets arise as parameter lines of skew parallelogram nets with periodicity. We pro-
pose versions of this hierarchy for curves in Euclidean space and for plane curves.
The second approach directly extends to non-Euclidean geometry. We show how
to construct n-invariant curves.

e We show how n-invariant curves describe discrete elastica. Specifically, we find
(constrained) elastic curves in space forms as elements of the hierarchy in the
plane while we find helices (even in general parametrization) and elastic rods as
elements of the hierarchy in space. Our findings extend a result in [55] which
already states that curves invariant under a double Bécklund transformation are
elastic rods. We also show the converse, meaning that we show how to construct
the invariant sequences of Bécklund transformations to a given curve.



Overview of chapters

In Chapter 2 we establish notation and some important concepts and definitions of
Discrete Differential Geometry.

Chapter 3 introduces skew parallelogram nets in the general setting of unit associative
algebras. Sections 3.1, 3.2 and 3.3 contain the main definition and elementary properties
such as the Cauchy problem, multidimensional consistency, the Lax representation and
the associated family. In Section 3.4 we give some details about the structure of the
associated family and in Section 3.5 we discuss skew parallelogram nets with a periodicity
condition.

Chapter 4 is devoted to the study of our equation system for the algebra of quaternions.
Here, our nets consist of skew parallelograms in Euclidean space. By applying the
concepts of Chapter 3 to this case, Section 4.2 motivates many notions introduced for
our general theory. In Section 4.3 we investigate the interplay of geometry and algebra for
skew parallelograms. In the remaining sections we discuss how several known geometric
concepts arise as special cases of our theory. This includes K-nets, the curve dynamics
of polygon recutting and the bicycle transformation and its generalization to space via
quasi-periodic Backlund transformations. As we observe in Section 4.7, quaternionic
skew parallelogram nets can also describe Moutard nets on the sphere.

Chapter 5 discusses examples of our system in algebras different from the quaternions.
We start with the matrix algebra C2*? which naturally extends the quaternions. In
Section 5.2 we use this algebra to describe Moutard nets in hyperbolic space and we find
that one can use the associated family to deform nets of anti-parallelograms into Moutard
nets in space forms (Theorem 5.2.1) while preserving the local geometry at the vertices.
Next, in Section 5.3 and 5.4 we review a natural description of cross-ratio systems in
this algebra and an analogous description of isothermic nets in the algebra H?*2. As
presented in Section 5.5, one can describe any Moutard net in a quadric using skew
parallelogram nets in Clifford algebras and this description comes with an associated
family that agrees with the Calapso transformation in the case of isothermic nets. In
Section 5.6 we discuss the algebra of dual quaternions for which parallelogram nets
include a natural description of Voss nets which also encompasses a formula for the
kinematic behavior of their isometric deformation. Finally, in Section 5.7 we remark on
two more systems with linear Lax pairs.

The Lax representation of skew parallelogram nets assigns polynomials to paths on
the lattice. In Chapter 6 we discuss factorization of such polynomials. We introduce
some general theory and provide more details for polynomials over the quaternions and
over the matrix algebra C?*2. We motivate the factorization of polynomial systems
into skew parallelogram nets. In the remaining chapters we discuss systems of higher
order factorized into skew parallelogram nets and, thus, these chapters can be seen as a
demonstration of the concept of factorization.

Chapter 7 discusses description of some types of discrete surfaces in terms of skew
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parallelogram nets. We consider surfaces with constant Gaussian or constant mean
curvature (CMC). Their Lax representations can be interpreted as quadratic in the
spectral parameter and we present factorized versions. In particular, the factorization
corresponding to surfaces of constant Gaussian curvature yields 4D cross-ratio systems
with special properties (which we call C* and C~ lattice). We introduce these cross-ratio
systems in Section 7.2 and relate them to corresponding surfaces in Section 7.3 and 7.4.
For positive Gaussian curvature and CMC surfaces our construction corresponds to the
DPW method. In Section 7.5, we give another description of CMC surfaces in terms of
quaternionic parallelogram nets using a combinatoric flip. We can apply our framework
to find an associated family which yields surfaces in non-Euclidean space forms and this
construction corresponds to a Lawson correspondence.

In Chapter 8 we introduce the hierarchy of n-invariant curves in Euclidean space which
are curves for which there exist a sequence of Bécklund transformations that preserve the
shape of the curve. Alternatively, one can characterize n-invariant curves as parameter
lines of a quasi-periodic skew parallelogram net. We motivate the connection to flow
theory by interpreting the sequence of transformations as discrete flow of the curve.
In Section 8.3 we show that l-invariant curves are discrete helices, an observation that
extends to curves in general parametrization. In Section 8.4 we show that 2-invariant
curves are exactly elastic rods.

In Chapter 9 we discuss a planar version of the hierarchy of n-invariant curves which
naturally extends to space forms. We start with discrete curve theory in space forms
and propose a notion of discrete constrained elastic curves. We show that curves are
constrained elastic if and only if they are 3-invariant (Theorem 9.4.11) by proving this
result in Euclidean space in Section 9.5 and extending the result to space forms using
the associated family in Section 9.6.

Submitted preprints and contribution in collaboration

The investigation of skew parallelogram nets as general equation system encompassing
many other systems has been part of a project joint with Tim Hoffmann and Andrew O.
Sageman-Furnas. Some parts of this thesis are summarized in the submitted preprint [61]
and parts of the preprint have significant overlap with corresponding parts of this thesis.
The present author’s work on this project builds on known properties of skew paral-
lelogram nets together with initial ideas of his co-authors. His contribution lies in the
systematic incorporation of old and and new systems along with their respective details
into one framework. With input and advise from the co-authors the author formulated
the theory of skew parallelogram nets and wrote the manuscript. During this process
the author found new perspectives such as the explicit relations to polygon recutting
and kinematics, the description of K-nets that unfold from anti-parallelograms in the
plane and the connection between discrete surfaces of constant curvature, 4D cross-ratio
systems and the DPW method.



The introduction of discrete constrained elastic curves in space forms and its relation to
the hierarchy of n-invariant curves in the plane has been joint work with Tim Hoffmann
and Gudrun Szewieczek and a submitted preprint is available [64]. Chapter 9 of this
thesis is a shortened version of the preprint. The contributions of the present author are
the introduction of the matrix model (contained in Section 9.1, 9.2) for discrete curves
in space forms and the investigation of the hierarchy of n-invariant curves (Section 9.4,
9.5 and 9.6). In the preprint we also prove some results using a light-cone model. The
corresponding sections have been written by Gudrun Szewieczek and are, thus, only
summarized (as in the case of Section 9.3) or not contained at all in this thesis.






2. Preliminaries: Discrete nets

In this thesis we describe discrete curves and surfaces by maps f : Z™ — V where V is
some vector space. We call such maps (discrete) nets. For example, a map f : Z — R?
describes a polygonal chain in the plane and we interpret it as a discrete curve. Similarly,
amap f : Z*> — R3 describes a discrete surface. In this chapter, we introduce our
notation for such nets and discuss combinatorics. We also introduce some well-known
types of nets and some important concepts in Discrete Differential Geometry.

2.1. Notation

Throughout, we consider (subsets of) the n-dimensional integer lattice Z" as a graph.
We identify Z™ with its vertex set V(Z"). Its set of undirected edges is given by

EZ™)={{z,x+ e} |z el e [n]} (2.1)

where e; € Z" denotes the i-th unit vector. We will also consider the set of directed
edges

—

E7Z") ={(x,x+e) |z e€Z",iec[n]}. (2.2)

Consider a vertex based map f : Z" — V. Often, we will be interested in its local
properties, for example, properties that only depend on values of f at a vertex and
its neighbors. For this we use shift notation as in Figure 2.1: For the value f(x) at
an arbitrary vertex x we simply write f. The value f(x + e;) at the adjacent vertex
x + e; is denoted by f;. Similarly, we write f; short for f(x — e;). We can also encode
multiple shifts. For example, fj; = fj; is short for f(x + e; +€;) and fiijik 1s short for
flx —2e; + €5 + 2ey,).

Now, consider an edge based map p : 5(2”) — V. We write p = (p',---,p") where
P/ (x) := p(z, z+e;) denotes the value of p at the edge heading from = € Z" in direction j.
As also exemplified in Figure 2.1, we use shift notation for edge based maps as well: For
an arbitrary x € Z™ we write p’ short for p/(z) and denote p’(z + ¢;) and p/(z — ¢;)
by p! and p% respectively. Often, we will discuss nets of dimension n < 3. To simplify
notation in such cases we denote u := p!, v := p?,w := p? (see, e.g., Figure 3.2).

An (elementary) quad or face of our graph is given by four vertices x,x + e;,x + e; +
ej, +ej. Many equations will be formulated in terms of values at vertices f, f;, fij, f; or

11
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Figure 2.1.: Some examples of shift notation. On the left is an elementary quad.

of values at edges p*, p’, p;-, p] at a quad. Here, we assumed ¢ # j. Throughout, we will
always assume that different indices ¢, j are distinct. More formally, the set of oriented
faces is

F(ZM) = {(z,x +ei,x+e;+ej,x+ej) |z €Zi,j€[n],i#j} (2.3)
For a face based map a : F(Z") — V, we write a¥ for each value a(z,z + e;, = + e; +
ej, ¢ + €;). Usually, the two values at a face a and a’/? will be related, for example, by
alt = —a¥.

Sometimes we will discuss global properties and constructions. Then, the origin of the
lattice plays a special role and we denote it by 0 := (0,--- ,0) € Z".

Often, we investigate nets mapping to a unit associative K-algebra V = A. For
example, we will be interested in nets mapping to the quaternions or to matrix algebras.
We denote the unit element of the algebra A by 1 and identify scalars A € K with the
corresponding multiple of the unit element A1 € A. In particular, this defines addition
of scalars with elements of the algebra.

2.2. Special nets

Some types of nets appear several times throughout this thesis.

Definition 2.2.1 A map f : Z" — R™ is called a circular net if the four points
fs fi, fij, [ of every quad lie on a common circle.

This implies that the four points are also co-planar. Circular nets Z? — R3 describe

discrete surfaces in curvature line parametrization. For an overview of circular nets see
[24, Section 3.1].

Definition 2.2.2 A map f : Z" — R™ is called a Moutard net if there exists a face
based map a : F(Z") — R such that for alli,j € [n] with i # j we have

fij— f=a"(f; — f). (2.4)

12
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Clearly, we have a/* = —a%. Equation (2.4) is called the Moutard equation. It means
that the diagonals of the quad are parallel. Note that the quads are self-crossing.
Moutard nets are also called T-nets. For an overview of Moutard nets see [24, Sec-
tion 2.3].

Remark 2.2.3 In Discrete Differential Geometry, an important question is whether one
can take a smooth limit of a discrete equation. Equation (2.4) does, in fact, not have
a smooth limit. However, in dimension n = 2 we can define a net f by flipping every
second point of f in one lattice direction, for example, by f(k,l) = (=1)'f(k,1). Then,
this flipped net f fulfills

fiz+ f=ad(fi+ f2) (2.5)

which is also called a discrete Moutard equation and has a smooth limit. We will en-
counter such a flip for normal maps to discrete surfaces.

Can a quad be both circular and fulfill a Moutard equation? This happens in two
cases: There is the degenerate case where one diagonal vanishes (i.e., f; = f; or fi; = f).
Often, this case will be excluded from our considerations. The other case is the case of
the anti-parallelogram as in Figure 2.2 on the left. For such a quad the perpendicular
bisectors of the diagonals agree and form an axis of symmetry. Therefore, any three
points of an anti-parallelogram determine the fourth point uniquely: Two of the points
determine one of the diagonals which determines the axis of symmetry and the fourth
point can then be obtained by reflecting the third point along this axis.

e

Figure 2.2.: Left: An anti-parallelogram with its axis of symmetry. Right: A combina-
torial cube of which every quad is an anti-parallelogram.

An important property is that opposite edges of an anti-parallelogram have the same
length. This property is known as the Chebyshev property:

13



2. Preliminaries: Discrete nets

Definition 2.2.4 A map f : Z" — R? is called a Chebyshev net if opposite edges of
each elementary quad have the same length, i.e., if

1fi5 = fill = I1F5 = f1I- (2.6)
This property of the edge-lengths is also called labelling property:

Definition 2.2.5 A map « : E(Z") — V is said to have the labelling property if its
values on opposite edges of each quad agree, i.e., if for i # j

o = ol (2.7)
We also call such a map an edge labelling.

A quad of a Chebyshev net is not necessarily planar. In fact, it is planar if and
only if it is a parallelogram or an anti-parallelogram. All Chebyshev quads (short for:
quads of a Chebyshev net) are obtained by folding a parallelogram into space along its
diagonal. This is a geometric interpretation in three dimensions since rotation around
an axis is a three-dimensional operation. Thus, we consider Chebyshev nets only in
three-dimensional ambient space, even though the definition can be extended to higher
dimensions as well. We also call Chebyshev quads skew parallelograms. A main geometric
object studied throughout this thesis will be the quaternionic skew parallelogram net
(introduced in Chapter 4) which is an algebraic description of Chebyshev nets which
fulfill an additional property.

We will now introduce some concepts studied in Discrete Differential Geometry using
nets of anti-parallelograms as an example. How can we construct such a net from given
initial data? This is called the initial value problem or Cauchy problem for this net. For
example, suppose we want to construct a two-dimensional net f : Z? — R™ consisting
of anti-parallelograms from given values f(k,0) and f(0,1) on the axes. Then, we can
iteratively construct the net using the fact that three points of a quad determine the
fourth point. Thus, the values on the axes are independent variables that uniquely
determine the net. Such initial data is also called Cauchy data.

If we want to extend this to three-dimensional nets f : Z3 — R™ of anti-parallelograms
we find an obstruction in the construction of elementary cubes as in Figure 2.2 on the
right: Four initial points f, f1, fo and f3 determine fi2, fi3 and fo3 uniquely by complet-
ing the corresponding three anti-parallelograms. Completing the remaining three anti-
parallelograms gives three more points. Remarkably, one can show that these points all
coincide and, thus, give a well-defined eighth point fi23 of the cube. A proof can be found
in [24, Theorem 4.3] and we will also find it as a consequence of Proposition 3.2.1. From
this, we conclude that we can construct three-dimensional nets of anti-parallelograms
by prescribing values on the axes. This property is called 3D-consistency and is an
indicator of the concept of integrability of the corresponding equations. Since cubes of
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dimension n > 3 consist of three-dimensional cubes one can check that 3D-consistency
implies consistency in any dimension, also called multidimensional consistency. Thus,
one can construct nets of anti parallelogram nets in any dimension f : Z" — R™ from
initial data on the axes.

For circular nets and Moutard nets the Cauchy problem and consistency are slightly
more complicated since the fourth point of a quad is not uniquely determined by the
other three. Still, such nets can be constructed in higher dimension using the fact that,
in both cases, seven points of a cube determine a unique eighth point. Chebyshev nets
do not have this property: There is no unique eighth point that completes a cube of
a Chebyshev net for arbitrary initial values. For this, observe that a suitable eighth
point fio3 is given by intersecting the three spheres around fio, fi3 and fo3 with radii
lfs — fll, || f2— fll and || f1 — f|| respectively. However, the intersection of three spheres
generically contains two points or no point at all. For the special case of quaternionic
skew parallelogram nets (as introduced in Chapter 4) the fourth point of each quad will
be unique and applying a result of Section 3.2 will show 3D-consistency of this system.

Finally, consider a net consisting of anti-parallelograms f : Z"*' — R™. For each
fixed k € Z the map Z" — R™ given by = — f(x,k) describes a layer of f. Each
such layer is a net of anti-parallelograms as well. Neighboring layers are related by anti-
parallelograms and are, thus, not independent of each other. One considers two such nets
to be related by a Bdcklund transformation or Darbouz transformation. We will stick
to the name Béacklund transformation since they are strongly related to the well-known
Bécklund transformation of K-nets which we consider in Section 4.4. Similarly, other
types of nets like circular nets and Moutard nets also have a natural transformation
defined by the condition on two nets to be neighboring layers in a corresponding net
of higher dimension. For a detailed discussion on these transformations see [24] and
references therein.
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3. Skew parallelogram nets

In this chapter, we introduce skew parallelogram nets and their properties in unit as-
sociative algebras. For the simplest geometric application of this theory the author
recommends the reader to also study Section 4.2.

3.1. The skew parallelogram equations and evolution

Let A be a unit associative algebra over the field K, with K being the real or complex
numbers. Sometimes, we will discuss the case of a matrix algebra since all algebras
considered in this thesis can be represented as (subalgebras of) matrix algebras.

—

Definition 3.1.1 An n-dimensional skew parallelogram net is a map p : E(Z") — A
such that its values at the four edges of each elementary quad fulfill

P+l =p +p (3.1)
and
plp' = plp’. (3.2)

We can interpret these equations as both addition and multiplication (in the right
order) being path-independent. For brevity we refer to p as a parallelogram net. Often we
will consider 2-dimensional parallelogram nets for which the equations read u+vy = v+us
and viu = usv.

A primitive map of p is a vertex based map f : Z" — A generated by p and an initial
point f(0). In this thesis we consider

e the additive primitive map generated by fi := f + p',
e the multiplicative primitive map generated by f; := p'f and

e primitive maps generated from a sandwich product by f; := p’f(p*)~'.

Here, we call the operation z — axa™' sandwich product to avoid confusion with

conjugation of complex numbers and quaternions.
Equation (3.1) implies that the additive primitive map is well-defined. Provided p’
is invertible, equation (3.2) implies that the other two primitive maps are well-defined.
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3. Skew parallelogram nets

Throughout this thesis we relate primitive maps f to various geometric objects, in par-
ticular, to curves and surfaces. Nets in Fuclidean geometry are usually obtained from the
additive primitive map while the other primitive maps can generate nets in quadrics, for
example, normals to a surface or nets in a non-Euclidean geometry. The specific objects
we get depend on the choice of A and further constraints on the parallelogram net p. In
many examples, p can be seen as a discrete derivative of f which motivates the name
primitive map.
One can easily construct a new parallelogram net p from a given solution p:

e By a sandwich product: p/ = eplc!, ¢ € A invertible.
e By scaling: p/ = sp/, s € K\ {0}.
e By adding a scalar: 3/ = p/ +r, r € K (recall that we identify r € K with r1 € A).

If two parallelogram nets can be obtained from each other by these operations, we call
them primarily equivalent. In many cases, primarily equivalent parallelogram nets will
describe geometric objects which are immediately related, for example, by a rigid motion.
Primary equivalence partitions the set of parallelogram nets and, sometimes, it will be
useful to consider representatives of an equivalence class that have special properties .

Proposition and Definition 3.1.2 We call a parallelogram net p evolvable if its diag-
onals p/ —p* = Pl —pé» for i # j are invertible. An evolvable parallelogram net p satisfies
the evolution equations

pi= 0 - -p)"! (3.3)
and
P = (p] — 1)) "0l — pl). (3.4)

Proof. Eliminating p{ by plugging (3.1) into (3.2) yields

(v —p)p' =i - p) (3.5)

and, equivalently,
(P! =PI =pi(p] — p}) (3.6)
0

In the simplest case, where A is commutative, this evolution is the identity. The non-
commutative case is more interesting and, thus, we will only consider non-commutative
algebras. Still, the evolution has many invariants. For example, if A is a matrix alge-
bra, the matrices p? and p] are similar, implying that their characteristic polynomials
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3.1. The skew parallelogram equations and evolution

coincide. Hence, the coefficients of the characteristic polynomial are invariants of the
evolution. In the case where A is the algebra of quaternions these invariants are (for-
mulas of) the real part and the length. In all cases, every such invariant « is an edge
based map &£(Z") — K which has the labelling property meaning that o only depends
on the i-th coordinate or, equivalently, that 043 = a' for i # j.

Remark 3.1.3 Consider a matriz algebra A and assume that the values of p are di-
agonalizable.  As observed in [98], the evolution (3.3) can be linearized: If we write
pt = Y'D{(Y)) ™! for a diagonal matriz D' then D' has the labelling property and the
evolution for Y is

Y] =YD - pYl. (3.7)

.
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Figure 3.1.: Initial data for two-dimensional parallelogram nets: From a zig-zag (left)
we can construct all values of p while from the axes (right) we can only
construct the values of p on two quadrants.

Let us turn to the Cauchy problem of parallelogram nets. Consider an evolvable two-
dimensional parallelogram net and its values p’(k, —k) on a zig-zag path as in Figure 3.1
on the left. Now, all values of p to the top right of the path can be obtained from the
values on the path using the forwards evolution (3.3). Similarly, all values on the bottom
left are determined by values on the path using the backwards evolution (3.4). Therefore,
the values on the zig-zag determine the parallelogram net. One can also consider the
values on the axes as in Figure 3.1 on the right. Then, only the top right and the
bottom left quadrant are determined. This extends to n-dimensional parallelogram nets
where, also, only two quadrants are determined. To reconstruct all quadrants from the
values on the axes we need a sidewards evolution formula to determine p’, p! from P, pz
Surprisingly, this needs special properties of the algebra A and turns out to be strongly
related to the factorization of polynomials as discussed in Chapter 6.
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3. Skew parallelogram nets

Remark 3.1.4 The reason why the sidewards evolution does not exist in the general
setting is that the values of p live on directed edges. It is desirable to find a way to
redirect the edges in such a manner that versions of (3.1), (3.2) still hold. In some
algebras there is a canonical candidate: Assume there exists a linear involution f — f*
with the properties f+ f* € K, ff* € K and (fg)* = g*f* (for example, for quaternions
this is the quaternionic conjugate). For evolvable parallelogram mets one can compute
that r* := p* + (p*)* and s' := p'(p)* are invariants of the evolution (3.3) and, hence, if
s' # 0 we have

) +p =r —p o p =gl — =l + () (3.8)
P ‘

Thus, it is reasonable to define p(x + e;,x) := p(z,x + €;)* since these values fulfill
redirected versions of (3.1) and (3.2). The natural extension of the additive primitive
map defined by f(y) = f(x) + p(x,y) for adjacent x,y € Z" is only well-defined up to
addition of a scalar since going back and forth along an edge or going around closed loops
produces such a scalar. Analogously, the natural extension of the multiplicative primitive
map is only defined up to scalar multiplication.

= é(P§)*P§pj(pi)* = =) plp' (') = (0))"p] (3.9)

==

VA

The evolution equations allow us to construct (quadrants of) a two-dimensional paral-
lelogram net from generic values on the initial zig-zag or on the axes. For this, we verify
that the values on a quad obtained from evolution (3.3) indeed fulfill (3.1) and (3.2):

Py =00 =)+ @ =))W ) = () - ) )
= (@) -0 -p) = =p +p] (3.10)
and
i = =W -p) =0 -0+ ) D)
=@ =)W - ) =" (3.11)
For (3.4) similar calculations can be made. Many examples in this thesis have been
computed in this manner by prescribing initial data on the axes. We saw that the axes
and the zig-zag serve as Cauchy data for (quadrants of) two-dimensional parallelogram
nets. We will see that this concept extends to more dimensions using the 3D-consistency
of parallelogram nets which we discuss in the next section.

As a bibliographic remark, note that the parallelogram equations and evolution have
been studied before. We will see throughout this thesis that they appear in different
contexts. For example, for the algebra of quaternions they appear as discrete flows on
curves in [87, 55] and as discrete Lund-Regge surfaces in [98]. Our approach of presenting

a unifying theory in unit associative algebras is new, however, it shall be noted that some
of its elementary properties have already been observed in [24, Exercise 6.19 and 6.20].
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3.2. Multidimensional consistency and Bécklund transformations

3.2. Multidimensional consistency and Backlund
transformations

Multidimensional consistency of parallelogram nets is already well-understood. In par-
ticular, in [98] we find a detailed discussion on consistency from the perspective of per-
mutability for parallelogram nets in the quaternions. Another permutability result can

be found in [87]. We review a result for unit associative algebras given in [24, Exercise
6.19]:

Proposition 3.2.1 The evolution (3.3) is 3D-consistent in the following sense: Let
(u,v,w) be initial values on a cube as in Figure 3.2. Then, applying (3.3) to the faces
of this cube yields two possible formulas for each value uss, v13, wis respectively and the
results of both formulas coincide.

V13

A1
v J—ug*——
A U1

u

Figure 3.2.: Notation around a cube.

Proof. Consider some initial values u,v,w on three edges in a three-dimensional cube.
Assuming invertible diagonals we can use the evolution (3.3) to find two values w2 and
w12 which are candidates for wqs:

vy = (v —uwv(v—u) ", wy = (w — w)w(w —u) ",
Wiz = (wy — vi)wi (w1 —v1) " = (w1 —v1)(w — w)w((wr —v1)(w —u))~",
uy = (v — w)u(v —u) L, wy == (w — v)w(w —v) L,
g = (wo — ug)wa(wy — uz) ™ = ((wg — uz)(w — v))w((we —uz)(w — )"t (3.12)

To prove Wiy = W12 it suffices to show (w; — v1)(w — u) = (we — ug)(w — v). We have

(w1 —v1)(w — ) = (w —ww — (v —wo(v —u) " (w —u)
= (v — u)(zuw — vay),

(w2 — ug)(w —v) = (

= (

w—v)w — (v —u)u(v —u) " Hw —v)
v —u)(Tyw — uxy), (3.13)
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3. Skew parallelogram nets

where z,, := (v — u)"'(w — u) and z, := (v — u)~}(w — v). Note that z, — 2, = 1 and
hence

Ty — 0Ty = (1 + x)w — v(1 + x) = Tpw — V2 + (W — V)

= Tyw — VT, + (V— U) Ty = TpW — Uy, (3.14)
OJ

This statement on 3D-consistency implies that (quadrants of) three-dimensional nets
can be constructed from generic Cauchy data. Note that this also extends to dimension
n > 3 and, thus, we consider parallelogram nets to be multidimensionally consistent.

The evolution (3.3) requires invertibility of diagonals of p and we can make a statement
about consistency without this requirement:

Proposition 3.2.2 Consider invertible values u,v,w € A on the edges of a cube as in
Figure 3.2. If the parallelogram equations (3.1),(3.2) are fulfilled on five faces of the cube
then they are also fulfilled on the sixth face.

This result is straight-forward but does not seem to appear in existing literature.

Proof. We can obtain the equations on the top face from the equations on the other
faces:

U3 + Ugg = (—w + v + wa) + (—wa + ug + wi2)

=(—w+u+w)+ (—wy; +v1 +wiz) = uz + v13 (3.15)
and
U93V3 = quvgwwfl = quwngfl = wlgugvufl
= wigviuw ' = viswiuw ! = visus. (3.16)
Other faces work analogously. O

Finally, we define a natural transformation for parallelogram nets:

Definition 3.2.3 Two n-dimensional parallelogram nets p and p are said to be related
by a Bécklund transformation if there exists a map v : Z™ — A, such that at every edge

—

in E(Z™) we have
P v =v+p and vipt = po. (3.17)

Consider an (n + 1)-dimensional parallelogram net p and two neighbouring layers of
7"+ for example, the layers given by points (z,0) for € Z" and by points (z,1) for
x € Z respectively. Then, the two n-dimensional parallelogram nets at these layers are
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3.3. Lax representation and associated family

related by a Bécklund transformation where v(x) = p((z,0), (z,1)). In this way every
Bécklund transformation is just a two-layered (n + 1)-dimensional parallelogram net.
We call p a Bdcklund transform of p. Generically, 3D-consistency implies that one can
construct a Bécklund transform of a given parallelogram net p from p and one initial
value v(0).

3.3. Lax representation and associated family

Linear Lax representations for parallelogram nets in the quaternions have appeared in
[98, 87, 55] and an associated family is introduced in [98]. For unit associative algebras we
find a Lax representation in [24, Exercise 6.20]. In this section, we present a generalized
unified approach to the Lax representation that includes these known representations.

Many systems of discrete equations can be formulated in terms of an edge based map
P depending on additional parameters: Such a map is called a Lax representation if the
systems of equations is equivalent to the compatibility condition

P/P = PipPi. (3.18)

Lax representations (or Lax pairs) are an important tool in the theory of integrable
systems [75]. Throughout this thesis, we will relate many Lax pairs studied in the field
of Discrete Differential Geometry to the following Lax representation of parallelogram
nets:

—

Definition 3.3.1 (Lax representation) 7o an edge based map p : E(Z") — A we
assign the map P : E(Z™) x K2 — A defined by

P(d, A\ 1) == A+ up(d). (3.19)

Again, recall that addition of scalars and elements of the algebra is defined by identi-
fying A € K with \1 € A.

Proposition 3.3.2 An edge based net p is a parallelogram net if and only if the Lax
representation (3.19) fulfills the compatibility condition (3.18) for all A\, n € K.

Proof. Simply expand

PIP = (A + ppl) (A + pp') = N+ Au(p’ + pl) + p’plp',
PiP? = (A + up§) (A + pp’) = N+ Aup? + pl) + 1°pp’. (3.20)

Hence, Pij Pt = P]?'Pj for all A, u € K is equivalent to the parallelogram equations (3.1)
and (3.2). O

23



3. Skew parallelogram nets

A key property of parallelogram nets is that this Lax representation is K-linear in
A and p. It means that the Lax representation plays the role of a linear factor of a
polynomial as we will discuss in Chapter 6. Also, note that if p is a parallelogram net
then P(-, A\, p) is primarily equivalent to p for any fixed A, u (with p # 0).

Treating A and p as independent variables allows for a global rescaling of P that does
not affect the compatibility condition (3.18). Thus, it is reasonable to consider Lax
representations that only depend on a single variable such as A + p*, 1 + up® or A + %pi.
However, committing to a specific choice of the representation has some implications on
the associated family (defined below). Instead, as a unifying approach, we will consider
(3.19) and treat A and p as differentiable functions of a parameter ¢t € R. Then, P is a

—

map E(Z") x R — A with
Pi(t) = A(t) + p(t)p'. (3.21)

For brevity, the dependence of the variables A, i, P* and ® (defined below) on the pa-
rameter ¢ will usually not be stated explicitly. The implication of the specific choice of
functions A, u will be discussed in Section 3.4. We will denote by (P!) := )\ + u'p’ the
formal derivative with respect to ¢.

Definition 3.3.3 Let p be a parallelogram net and let A\, i : R — K be two differentiable
functions with X' u—Au' # 0 for allt € R and assume that P'(t) is invertible at every edge.
Then, for any initial invertible ®(0,t) € A we call the vertex based map ® : Z" xR — A
given by

d; = P'® (3.22)
a (moving) frame of p. We call the family of edge based nets py given by
pi=o1(P)® (3.23)
the associated family of p.

The name associated family for p; will be motivated below where we will show that p;
is indeed a family of parallelogram nets containing p. The name frame for ® is motivated
by relations of ® to frames of curves and surfaces which we will uncover throughout this
thesis.

The regularity condition My — Ay’ # 0 will ensure that members of the associated
family do not degenerate. Note that it implies that the derivative of the ratio % does
not vanish.

Also, note that for any fixed ¢ the edge based nets P defined by P’ = \ + up’ and P’
defined by (P?) = N +p/p’ are parallelogram nets primarily equivalent to p. Throughout
this thesis we will assume ®(0,¢) = 1 unless stated otherwise. Choosing a different initial
®(0,t) only effects the associated family by a global sandwich product and, thus, the
resulting nets are primarily equivalent to the corresponding nets in the original family.

24



3.3. Lax representation and associated family

Remark 3.3.4 If Pi(t) is non-invertible for some t € R the frame and the associated
family are not defined at this value t. In our examples this will occur only at a zero-
set of points: In a matriz algebra A invertibility of P' is equivalent to non-vanishing
determinant

det P* = det(\ 4 up®) (3.24)

This determinant vanishes if and only if —% is an eigenvalue of p*. Therefore, the
associated family is only not defined for the countable set

At)

{t e R| — =% is eigenvalue of p'(x) for some i € [n],z € Z"} C R. (3.25)

p(t)

We will mostly ignore such cases.

Remarkably, as shown in [98, Theorem 7] for the quaternionic case, the associated
family preserves the parallelogram equations:

Proposition 3.3.5 FEvery net p; in the associated family (for some A, ) of a parallel-
ogram net p is a parallelogram net. An additive primitive map f; for ps is given by

fr=0o"1o". (3.26)
For any invertible ¢° € A a multiplicative primitive map g; of py is given by
g = & 1oy (3.27)

where ® denotes the frame of p defined by replacing P in (3.22) with P* := (P')' =
)\/ +Mlpz

Proof. Consider the vertex based net f; = ®~1®’. It is an additive primitive map of p;
since

(f)i = fr = @71 (P)TH(P'O + (P @) — 0710 = &7 (P)'® = p]. (3.28)
Similarly, the vertex based net g; = @‘1@90 is a multiplicative primitive map of p; since
(91)igi ' = @100 10 = &7 P'D = pl. (3.29)

The existence of these primitive maps already imply (3.1) and (3.2) for p; respectively
and, therefore, p; is a parallelogram net. ]

Taking the logarithmic derivative (3.26) to obtain a family of surfaces from its Lax
representation is known as the Sym formula [104, 9] (also, Sym-Tafel or Sym-Bobenko
formula).
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3. Skew parallelogram nets

Note that we can rewrite (3.23) as
pr =07 (PHTHPY e = o7 (P (P) Ty (3.30)

Hence, the values of p; at edges adjacent to a common vertex x only depend on local
variables and one common sandwich product with ®(z). In our geometric examples this
will imply local rigidity at vertices throughout the associated family (see Proposition
4.2.3).

Remark 3.3.6 Similar to Remark 3.1.4, we comment on the missing symmetry of our
definitions which is induced by edges being directed. On the directed edge d = (x,x +

—

ei) € E(Z") lives the linear Lax representation P(d) = X+ up(d). If all components of

x = (x1,..,2) € Z"™ are non-negative we find a path of directed edges dy, ...,dy, € E(Z™)
connecting 0 to x and we have

®(z) = P(dy)--- P(dy) (3.31)

—

which is a polynomial in A and . To a reversed directed edge (v +e;,x) ¢ E(Z™) we can

naturally assign the inverse P(z + e;,x) := (P(x, 2+ ¢;))~! which is not linear in \ and

w. If x has negative components ®(x) is no polynomial since such an inverse appears.
Howewver, if we have an involution f — f* as in Remark 3.1.4 we have

_ At pple,x +ei))”

(P(a;x-i-@i))_l Pi. (Pl)*

(3.32)

since P (PY)* = N2+ \u(p'+ (p')*) + p?p'(p?)* is scalar valued. Hence, a scalar multiple
of ®(x) is still a polynomial.

For a symmetric definition of the transport of the frame along an edge one could set
Pz + e;,z) = A+ p(p(z,x + €;))" and define the frame by ®(y) = P(x,y)®(z) for
adjacent vertices. Then, the frame ® is only defined up to scalar multiples since going
back and forth along an edge produces a scalar function in A, u.

We conclude this section with a discussion that, generically, any linear Lax represen-
tation is equivalent to (3.19) under a gauge:

Lemma 3.3.7 Let P : £(Z") xK2 — A be an edge based map with P'(\, 1) = NA'+ uB'

—

for two maps A, B : E(Z™) — A such that the compatibility condition
Pipi = p/p! (3.33)

holds on each quad. Let W : Z" X K? — A be a corresponding frame defined by the
transport W; = P'W. If every value of A is invertible then

O:=G¥  with G:=¥\=1,p=0)" (3.34)

is a frame of a parallelogram net, meaning that P’ := ®;®~1 is of the form (3.19).
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3.4. Structure of the associated family

Proof. We have
O, = GV = G(A)TNA" + uBYG'® = (A + up")® (3.35)
with p' := G(A")~!B*G~!. Note that p is a parallelogram net. O

Such a transformation ¥ +— ® = GV is called a gauge. For an associated family we,
again, assume A, u to be functions R — K. The Sym formula is not affected by the gauge
since GG does not depend on t and, hence,

o' = v lgTlqU = v (3.36)

Therefore, the associated family is independent of the gauge. This principle will be
useful many times throughout this thesis.

3.4. Structure of the associated family

In this section we investigate how our generalized approach of considering the Lax rep-
resentation (3.19) for different functions A and p affects the associated family. Also, we
will see that associated families partition the set of parallelogram nets. Since we have the
functional freedom of choosing A and p it might appear as if we can get a lot of different
nets from our construction. However, we can show that, up to primary equivalence, each

net py, is already determined by the ratio :Eigg (see Figure 3.3 on the left):

Proposition 3.4.1 For arbitrary functions X\, i consider py, in the associated family of

a parallelogram net p. If u(to) = 0 the net py, is primarily equivalent to p. If u(to) # 0
A(to)

the net py, is primarily equivalent to p, where r = (to)

of p defined by \(t) = t, iu(t) = 1.

and py is the associated family

Ptq
)\: H A Pty =4 R
i primarily equivalent A, A fb
p i Alto) _ A(h)
N\ u(to) p(te) p ———> p‘“t =q
A, K Y A, na’
Pty

Figure 3.3.: Left: Members of the family depend only on the ratio % Right: Transitivity
of the associated family given by (3.39).

Proof.  First, consider to with p(tp) = 0. The nets p and py, are primarily equivalent
since Pz(to) = )\(to) implies (I)(:L‘, to) = )\(f())xl+"'+xn c K for z = (5517 .. ’;pn) € Z™ and,
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3. Skew parallelogram nets

hence, at t = ty we have

/ !/
pi, = ®7 (P @ = Tt %pz- (3.37)
Now, consider to with u(tg) # 0. Note that we have P'(t) =t + p' and (P")(t) = 1.
Then, we have P'(tg) M(to)(iggg +pY) = p(to)(r + p') = u(te)P'(r) and, hence,

D (z,t9) = p(to)*t o ®(x, 7). Now, py, and p, are primarily equivalent, since

. o 1. -
Pi, = ;1 (P)® = AL YN+ p'ph

1. . B / N —ru
= o (WP N ) = 2T (3.38)

M M K
Here, A\, i, P, ® are evaluated at ¢y and P, ® are evaluated at r. ]

Thus, for K = R the associated family is a one-parameter family and different choices
of A and p correspond to different parametrizations of (subsets of) this family. For
K = C the associated family depends on the path of the ratio % in the complex plane
and we will usually choose this path to be the real axis, the imaginary axis or the unit
circle. The next proposition shows that if we apply the associated family twice we still
end up in the associated family of the original net parametrized by different functions. It
also shows that we can go back to the original net. Thus, we can consider the associated
families as equivalence classes within the set of parallelogram nets: Proposition 3.4.1
shows reflexivity while Proposition 3.4.2 shows transitivity and symmetry.

Proposition 3.4.2 Let g = p, be a member of the associated family of a parallelogram
net p given by the functions A,y and let g, be the associated family of q gwen by the
functions X\, i (see Figure 3.3 on the right). Then,

1. the associated family q; of q agrees with the associated family p; of p given by the
functions

M) = ADAt) + AN (to),  lt) = A(E)p(to) + () (to), (3.39)

2. if A(t1) — ' (

to) . . . .
Gy (ko) for some t1 € R then q, is primarily equivalent to p.

Proof. The second statement directly follows from the first statement and Proposition
3.4.1 since fi(t1) = 0. For the first statement consider the moving frames

e & of p given by the functions A and p, in other words, fulfilling

Oy = (A + up')® = P'® (3.40)
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3.4. Structure of the associated family

e U of ¢ given by the functions \ and i, in other words, fulfilling

;= (A + ig") @ (3.41)

e ® of p given by the functions A and /i, in other words, fulfilling

;= (A + ap')® (3.42)

In the following consider A, u, P,® to be evaluated at ty, and ;\,ﬂ,\ll,j\,ﬂ,é to be
evaluated at t. We calculate

WU = A+ fipj, = A +

SO+

=

;71 (PY® = o7 (AP + u(PY))®
1

PP =0, 10,0710 = (0 1d,)(d D)} (3.43)

1

I
>

Therefore, the transport of ¥ and the vertex based map ® '@ along each edge agree.
Also, we have ®(0) = ¥(0) = i)(O) = 1 and, hence, both maps also agree at x = 0 and
we can conclude ¥ = &1,

Also, we have

N ipl, =N+ (PYo =0 (NP + i/ (P))® =0 (N + i'p')®.  (3.44)
These two observations yield

g = U7 N+ {/lpl )0 =07 e (N + flph) e = 7 (N + ilp)® = 5. (3.45)

O

Some choices of functions will appear throughout this thesis and we can apply the
proposition:

Example 3.4.3 With A(t) = At) = 1 and u(t) = i(t) = t we have A\(t) = 1 and
a(t) =t +to.

Example 3.4.4 With \(t) = A(t) = cos(t) and p(t) = j(t) = sin(t) we have A(t) =
cos(t + to) and fi(t) = sin(t + to).

Example 3.4.5 If we choose \(t) = e%t, p(t) = e~e! and At) = €' and fi(t) = ce™t for
some constant ¢ # 0 we have \(t) = e%to(et +e7t) and p(t) = e~ cto (el —e™t). With
to = t1 = 0 equation (3.37) implies py,—o = p. We will use these functions to parametrize
special families of parallelogram nets (see Propositions 4.3.4, 5.1.8 and Theorem 5.2.1).
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3. Skew parallelogram nets

3.5. Periodicity

We turn to parallelogram nets which fulfill a periodicity condition. Periodic solutions
appear in the study of closed curves and surfaces. Also, they appear in the context of
integrable dynamics since periodicity often implies the existence of invariants. An exam-
ple of such a dynamic is the discrete bicycle transformation [105] of curves in the plane
and the discrete Hashimoto flow which is its analogue in space [87, 55]. This dynamic
is obtained by constructing periodic Bécklund transformation of periodic curves. The
results presented in this section generalize parts of this technique to unit associative
algebras. We will review this dynamic again in Section 4.6. Another example of such an
integrable dynamic is polygon recutting [2, 68| as presented in Section 4.5.

Definition 3.5.1 Let p be a parallelogram net. We call it quasi-periodic with period
T e7™\ {0} if

p(x+T)=E'p'(x)E (3.46)
for some invertible constant E € A. We call it periodic if £ = 1.

The associated family preserves quasi-periodicity:

Proposition 3.5.2 Ifp is quasi-periodic with period T' and constant E then every mem-
ber of the associated family p; is quasi-periodic with period T and constant

E; = o Y (2)E®(x +T). (3.47)

Here, ’constant E;’ means that E; does not depend on z.

Proof. Note that we have P(z +T) = E~'Pi(z)E and (P")(z + T) = E~Y(P!)'(x)E.
First, we show that E; (which is well-defined at every vertex) does not depend on the
vertex x. This follows from the fact that it is invariant under a shift since

Yo+ e)E®(x+e;+T) =0 Yz)(Pi(z) 'EP (z + T)®(x + T)
Y2)E®(x 4+ T) = E;. (3.48)

(Et); =

>
>
Then, using ®(x + T) = E~1®(x)E:, periodicity of p; follows from

pix+T)=0  z+e+T)P) (z+T)P(x+T)
= FE o Yz + ;) EE7Y(PY (2) EE~'®(2) By = E; 'pi(x)Ey. (3.49)

d
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3.5. Periodicity

From now, we assume that all components of T' = (T1,...,T,,) € Z" \ {0} are non-

—

negative. Then, there exists a path of directed edges dy,---d,, € E(Z™) between x and
z + T and we have

E; =0 Y2)E®(x +T) = & Yx)P(dy,) - - - P(dy)® (). (3.50)

Remember that this is well-defined since the product P(d,,)--- P(d;) agrees for all pos-
sible paths from x to = + T. Now, we set A\(t) = ¢, u(t) = 1 and consider the Lax
representation P =t + p’ as linear polynomial in ¢. Then, to each point we assign the
polynomial

P(z) := ®(2)Fr®(2) ' = E®(x + T)®(x) ' = B(t + p(dp)) --- (t +p(dy)).  (3.51)

This polynomial stores information about the periodic net and we will see in Section 4.6
that it plays the role of a monodromy map. We will investigate some of its properties.

First, observe that this polynomial has many invariants: If A is a matrix algebra the
determinant det P(t) = det E; and the trace tr P(t) = tr E; are scalar polynomials which
do not depend on the vertex. Therefore, all of their coefficients are invariants.

Next, we find that neighboring polynomials are related by a sandwich product since

P(x +e)(t+p'(x)) = Bt +p'(x +T)E'P(z) = (t + p'(z))P(x) (3.52)
implies
Pi=(t+p")P(t+p)". (3.53)
We can investigate the coefficients C* of P given by
P(t) = t"CO+ " 1C 41" 20 - 400, (3.54)

Note that C° = E. Expanding (3.52) in powers of ¢ gives us equations for these coeffi-
cients:

"t 0¥ ="
t": C+Ep'=C'+)p'E

t"h CF 4+ Ofp' = CMT 4 piC”

0. Crp' =pic” (3.55)
The first n 4+ 1 equations already determine the polynomial by
c)=c’
Ch = CF ypioht — k1l (3.56)
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3. Skew parallelogram nets

It is remarkable that this evolution of the polynomial does not need any requirements
on the parallelogram net (such as evolvability). From the last equation (which is C7'p’ =
p'C™) we can obtain a very local condition on P and p’: We can eliminate all coefficients
CF by iteratively plugging in (3.56)
picn — Czn (A Cnpi +picn—1pi _ Cil—l(pi)Q — ...
— Cnpi _i_picnflpi o Cnfl(pi)Z _ piCn72(pi>2 4 Can(pi)?) 4. (357)

This can be rearranged to

pZ(Cn o Cnflpi 4 CmfZ(pi)2 4 (_1)n00(p1)n)

=(C" = C"p O — -+ (1) CO () (3.58)

In Section 4.6 we will use this condition to reconstruct p’ from P using special proper-
ties of the quaternions. In fact, we will see that this condition determines quasi-periodic
Backlund transformations of quasi-periodic parallelogram nets. We will present another
application of periodicity in Chapter 8 and 9.
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4. Quaternionic skew parallelogram nets

4.1. Quaternions

Here, we give a brief overview over the division algebra of quaternions. For a more exten-
sive treatment see, for example, [41]. The quaternions H are the real four-dimensional
unit algebra generated by the four basis elements 1,14, 7, k and the multiplication rules

i’ =42 =k*=ijk=—1. (4.1)

The multiplication is associative but not commutative. Every quaternion can be written
as ¢ = a+bi+cj +dk and, similar to the complex numbers, has a real and an imaginary
part given by

Req =a, Img =bt+cj + dk. (4.2)

The real part is a real number but, unlike for complex numbers, the imaginary part, also
called vector part, is a quaternion itself. Thus, we will use the short notation ¢ := Im q.
A quaternion with zero real part is called an imaginary quaternion. The conjugate of a
quaternion ¢ is given by

Gg=a—"bi—cj—dk. (4.3)
This also implies the relations
2Req=q+q, 27=q—q (4.4)
and, after a slightly longer computation,
97 =g =a* + b+ + d* = ||q|? (4.5)

where | - || denotes the Euclidean norm of R*. Remarkably, the norm is multiplicative,
i.e., fulfills ||pg|| = ||pllll¢l|- We will often consider the two and three dimensional unit
spheres given by

§*={gemH|[lq| =1},  §*={geH][q] =1} (4.6)

Equation (4.5) implies that the inverse of a non-zero quaternion is given by

g
T =l (4.7)
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4. Quaternionic skew parallelogram nets

and, thus, the quaternions are a division algebra. We can also find the Euclidean scalar
product (-,-) of R* as

1, _ _
(91, 92) = 5(611% +q2q1) = Re q1¢o. (4.8)
Often, we will identify imaginary quaternions with vectors ImH 22 R3 by bi +cj + dk <
(b, ¢, d). Many notions of three-dimensional Euclidean geometry can be written in terms
of quaternions. For instance, the product of two imaginary quaternions qi,qs € ImH
can be expressed in terms of the three-dimensional scalar product and cross-product as

a1q2 = —(q1,q2) + q1 X 2. (4.9)
Also, a rotation can be expressed using the sandwich product
x> qrg! (4.10)

of an imaginary quaternion x € ImH with some non-zero quaternion ¢ € H: The vector
x gets rotated around the axis Im g by an angle determined by Re ¢ and ||¢]|. Specifically,
if ¢ is of the form ¢ = cos § +sin§q € S? for some unit imaginary quaternion § € S?
then « is the angle of rotation. Therefore, for a general quaternion the angle of rotation
« is given by

a _ |4
tan — = ——. 4.11
2  Regq ( )
Note that for any two quaternions x,q € H a sandwich product as in (4.10) preserves
real part and norm of x.
Finally, we will often write quaternions as complex matrices. This is possible since

the quaternions are isomorphic to a real sub-algebra of the complex matrix algebra C2*?2
via the isomorphism

. . a—di —c—0bi 2% 2
a—l—bz—l—cg—l—dk:'—><c_bi a+di)€c (4.12)

We will identify each quaternion with the corresponding matrix. Then, the real part is
related to the trace of the matrix while the norm is related to the determinant:

trq = 2Reg, det g = ||q||*. (4.13)

The basis elements are identified via 1 = o0¢,4 = —io1,J = —iog, k = —iog where the
matrices o; are the well-known Pauli matrices

10 0 1 0 —i 1 0
0'0:<0 1>, 0‘1:<1 0), 0'2:<i 0), 0'3:<0 _1>. (414)
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4.2. Geometric skew parallelogram nets

4.2. Geometric skew parallelogram nets

We call a (skew) parallelogram net p : £(Z") — H quaternionic if it maps to the algebra
of quaternions. In this section, we investigate the notions of Chapter 3 for quaternionic
parallelogram nets and we study the geometry of their additive primitive maps. More
specifically, if f : Z™ — H is such a primitive map we are interested in the geometry of
its projection f : Z" — ImH = R3 which is a net in three-dimensional Euclidean space.
Nets of this kind have been studied in the context of discrete Lund-Regge surfaces [98]
and Bécklund transformations of discrete curves [87, 55] and, thus, most results presented
here are not new. For brevity, we will refer to f as the primitive map instead of the
projected additive primitive map.

A diagonal p/ — p* of an edge-based net p is only non-invertible if p* = p/. Hence,
the only non-evolvable solution of (3.1), (3.2) in the quaternions is the trivial solution
p' = p’ and pé» = p]. Thus, we will mostly discuss evolvable nets. For a first geometric
observation, we can consider the invariants of the evolution (3.3). This evolution is
given by a sandwich product and, hence, preserves real part and norm. Therefore, for
an evolvable quaternionic parallelogram net p these have the labelling property given by

Rep’ = Repj,  [Ip'l = [pll. (4.15)

For non-evolvable nets we will still assume real part and norm to be invariants. Non-
evolvable nets with this property can be considered as limit cases of evolvable nets.

Proposition 4.2.1 The primitive map f of a quaternionic parallelogram net p is a
Chebyshev net.

Proof. The length of each edge is given by ||f; — f]|2 = |72 = ||Ip'||> — (Re p’)? which
is an invariant of the evolution (3.3) and, hence, has the labelling property. O

Thus, quaternionic (skew) parallelogram nets indeed describe nets consisting of skew
parallelograms/Chebyshev quads. The converse is not true: Not all Chebyshev nets are
primitive maps of a parallelogram net, in other words, such Chebyshev nets need to
fulfill an additional condition. We will describe this condition in Section 4.3.

Note that the parallelogram net p only defines f up to translation since we can choose
the initial point f(0) of the additive primitive map. If a second parallelogram net p is
primarily equivalent to p their corresponding primitive maps are related by a similarity
transformation: A sandwich product of p with a quaternion acts as a rotation on f,
scaling p also scales f, and adding a scalar does not affect f

We can complete the solution of the Cauchy problem for quaternionic parallelogram
nets. In fact, we can make the observation of Remark 3.1.4 more explicit:
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4. Quaternionic skew parallelogram nets

Figure 4.1.: Three quaternionic parallelogram nets which belong to a common associated
family.

Proposition 4.2.2 Let p be an evolvable parallelogram net where the second diagonal
pé» — 9/ does not vanish. Then, it fulfills the sidewards evolution

p' = — )P — '),

pl =i — ) —7) " (4.16)

Proof. Since real part and norm have the labelling property equations (3.1), (3.2) are
equivalent to (compare (3.8), (3.9))

P+ =ph+ P,
p'v =iy} (4.17)
Analogously to (3.3), (3.4), these are solvable into (4.16). O

Thus, we know how to reconstruct quaternionic two-dimensional parallelogram nets
from initial values on the axes.

Next, we investigate how the geometry evolves in the associated family. Recall that
the associated family is a real one-parameter family and different choices of the functions
A and p correspond to different parametrizations of (subsets of) the family.

Now, an (oriented) line in Euclidean space is parametrized by t — a+td where a € R?
is a point and d € S? is the direction of the line. Consider the line connecting adjacent
points f and f; on our net (which we will call geodesic edge in Chapter 9). The direction

P _ _fi—f

of this line is given by T = 171

and, hence, such a direction is associated to every

edge.

Proposition 4.2.3 At each vertex the associated family acts as a common rotation on
the set of directions of edges incident to this vertex.
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%

Figure 4.2.: A skew parallelogram and its associated family.

In a sense, the geometry at each vertex is rigid throughout the associated family. In
particular, all angles between edges stay the same. In Figure 4.2 we can see a single
skew parallelogram and its associated family. The edge-lengths change but the angles
between edges stay the same.

Proof. The associated family (3.23) at edges incident to a common vertex x € Z" can
be written (equivalently to (3.30)) as

pp=07 (PP, ()y =07 (P (P (4.18)

which is a combination of a sandwich product with ® = ®(z) and a logarithmic deriva-
tive. Expanding the logarithmic derivative of P! = \ 4 up’ yields

(PH=H P = (P (P)~!

_ (At pRep )N + @' Rep’) + i [|7]]* M o—pN
(A +pRep’)? + p2|p"||? (A + nRep’)? + p2|[p"?
(4.19)

Therefore, the logarithmic derivative does not affect the direction (except for the global
sign of A/ — p) which we disregard for brevity) and the direction of an edge in the
family is given by the original direction of this edge rotated by ®. O
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4. Quaternionic skew parallelogram nets

For example, if the directions incident to a point are coplanar the net is said to have
planar vertex stars. Parallelogram nets with this property turn out to be K-nets (see
Section 4.4) and Proposition 4.2.3 implies that K-nets stay K-nets in the associated
family (for example, see Figure 4.6). While this has been known for K-nets, Proposition
4.2.3 for our more general class of nets seems to be new.

For later use, note that (4.19) implies

A+ pRep)(X + p' Rep') + pyd/||7"]?
(A + puRep)? + p2|pt||?

Rep} = (4.20)

and

||—'LH _ ’/\:U’I_M)‘/‘

Pl = 5 iRepy 5 2

We conclude this section with the geometric interpretation of (quasi-)periodicity.

Proposition 4.2.4 If a quatermomc parallelogram net p is quasz -periodic with period
T then its primitive map f s quasi-periodic in the sense that f and f defined by f( ) =
f(:n + T) are related by a Euclidean motion.

Proof. 1f p is quasi-periodic then p ‘(x+T) = E~1p'(z)FE for some non-zero E € H ~and,
hence, the edges of f and f are related by a common rotation with E. Therefore, f and
f are related by a Euclidean motion. O

Example 4.2.5 A screw motion is a combination of a rotation around an axis and a
translation in direction of the axis. A screw motion around the k-axis can be written
as f — qfq ' + hk with ¢ = cos § +sin gk. Two such screw motions given by qi,hy
and qs, ha commute since they share an axis. Thus, we can define a two-dimensional net
f:7% - ImH 2R3 from an initial point f(0) by the condition that each point f(m,n)
is obtained by applying a first screw motion m times and a second screw motion n times
to f(0):

fm,n) = ggq" f(0)q; " qa " + (ham + hon)k. (4.22)
This gives a discrete cylinder as in Figure 4.3. We define an edge-based net p = (u,v)
by

hl h2
= — i f, o= —2 o (4.23)

tan 5 tan 5

One can compute that this fulfills the parallelogram equations (3.1), (3.2) and that

w=qug',  vi=qugs ue =qougy ', v = qougy (4.24)
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4.3. Skew parallelograms

Figure 4.3.: A cylinder and members of its associated family. The rightmost net consists
of anti-parallelograms.

Hence, the parallelogram net p is doubly quasi-periodic with periods Ty = (1,0) and
Ty = (0,1) and so are the members of its associated family. Note that each parameter
line m — f(m,n) becomes a closed regular polygon on a circle if hy = 0 and oy = %
for k € N. The circle breaks and becomes a heliz in the associated family. Also, note that

there exists a member in the associated family consisting entirely of anti-parallelograms.

In the next section we dive deeper into the geometry of skew parallelograms.

4.3. Skew parallelograms

The geometry of a skew parallelogram is well understood. For previous work, we refer,
again, to [98, 87, 55] and, for skew parallelograms in the context of K-nets, to [24, Chapter
4.2.1]. For example, as stated in [24, Lemma 4.7], a skew parallelogram is symmetric
under a 180° rotation around the line that connects the midpoints of its diagonals. Here,
we will review an algebraic description of skew parallelograms in R? 22 Im H.
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4. Quaternionic skew parallelogram nets

One can take a parallelogram and fold it along a diagonal. The resulting quad is
not necessarily planar but one important property of the parallelogram gets preserved:
Opposite edges have the same length, in other words, it is a Chebyshev quad. In fact,
all generic Chebyshev quads can be obtained this way. We can describe such a quad
£, f1, fi2, fo using quaternions: Its edge vectors fis — fo and fi2 — f1 are obtained by
rotating fi — f and fo — f around the diagonal fo — f1 and, hence, we have

fa—fo=(+fo—f)(fr— F)r+ fa— f1) 7"
fu—fi=@+fo—f)fa—Hlr+fo— f1)7 (4.25)

for some r € R. If r = 0 we rotate by an angle of 7 and we get an anti-parallelogram.

Figure 4.4.: Folding a parallelogram.

By defining

u=a+fi—f, uw=a+fiz—fo, v=b+fo—f vi=b+fi—f (4.26)

for some a,b € R with » = b — a these equations become

v1 = (v —u)v(v —u)! (4.27)

which is just the evolution (3.3) for a single quad. This is, by the same argumentation
as in Section 3.1, equivalent to the parallelogram equations

U+ vy = v+ ug, V1U = UV (4.28)

for this quad. Thus, generically, quads with such an algebraic description and Cheby-
shev quads are the same. There are a few special cases which we exclude from our
considerations:

e Actual parallelograms do not have such an algebraic description as they arise in
the limit » — oo.
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4.3. Skew parallelograms

e All points of the quad can be collinear. In this case r is not unique and some geo-
metric arguments fall apart. Still for a prescribed number » many of the algebraic
formulas still hold. Note that in this case all edge values (4.26) commute.

e In the degenerate case fi = f our argumentation falls apart. This case corresponds
to non-evolvability and, as in Section 4.2, Chebyshev quads of this type can be
considered a limit case.

To understand how r can be calculated from the points we can rewrite (4.25) to

r(fie—fo—fi+[f)=(fo— f1)(fr = )= (friz = fo)(f2 — f1)
=Im(—(f2 — fi)f — fi2(f2 — f1)) (4.29)

Here, the second equality follows from the fact that the LHS is imaginary and, hence,
taking the imaginary part does not affect the equation. We can use (4.9) to get

r(fiz—fo— fi+ f)=—(fiz—f) x (f2— f1), (4.30)

which is the equation governing Chebyshev nets given by [98, Equation (3.5)]. It allows
us to characterize Chebyshev nets coming from parallelogram nets:

Proposition 4.3.1 Let f : Z" — R3 be a Chebyshev net and r : f(Z") — R be the face
based map fulfilling

rfy—fi— i+t H)=—(fij— ) x(fi = f). (4.31)

The net f is the projected additive primitive map of a quaternionic parallelogram net if
and only if there exists an edge labelling r : E(Z"™) — R such that

P =yt (4.32)
and in this case such a parallelogram net p is given by p* =r* + f; — f.

Recall that 7% denotes the value of r at the quad (f, f;, fij, f;). Clearly, we have
ri = —pit,

Proof.  This follows directly from above argumentation: If we assume (4.32) then the
edge-based map p given by p' = 7 + f; — f is a parallelogram net. Conversely, if f is the
primitive map of a parallelogram net p then on each quad (4.25) is just the evolution
(3.3) and we have r/ = Rep’ — Rep'. O

For example, for a two-dimensional parallelogram net this condition is equivalent to

ris 4 1% = % 4 22 (4.33)
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4. Quaternionic skew parallelogram nets

This system is equivalent to the system defined by [98, Equation (3.16)] which Schief
also calls a generalized discrete Lund-Regge system.

We now turn to a special choice of the real parts. Again, consider a single Chebyshev
quad. We have the one-parameter freedom of choosing a,b with r = b — a. For r # 0
there is one particularly interesting choice: There is a unique a such that |ju| = ||v||
since

a® + || = [[ul® = |[v]]* = (r + a)* + |3]* = a® + 2ra +r* + ||7]]° (4.34)
is equivalent to

_ lal? - ie)? -
2r

(4.35)

Such u,v with o := ﬁ = ﬁ allow for a remarkable construction of vertex normals
to the quad: Choose an initial g € Im(H) orthogonal to the edges @ and ¥ and with

llgll> =1 (i.e., g € S?). These properties determine g up to sign. Now, define

g1:=o0ug,  g2i=0vg,  gi2:= OU2g2 = OVIg1. (4.36)

By construction, we have |[g1]| = [|g2|| = [|g12]| = 1. Now, g; is imaginary and orthogonal
to u and vy since

Regi = —o(u,g) =0 (4.37)
and
(u,g1) = Reugy = %Reg =0 (4.38)
and
(v1,91) = —Re(vig1) = —o Re((v — u)v(v — u) 'ug) (4.39)
_ _aRe((v — u)(vou — vuu)g) _ Re((v — u)%g) _ (v —u)?,g) _0
[l — ul? ollv —ul? ollv —ul? '

The last equation follows from the fact that for any quaternion ¢ we have ¢ € spang{1, ¢}

and, therefore, since g € ImH is orthogonal to v — u it is also orthogonal to (v — u)?.

Analogously, one can show that g2 and g2 are imaginary and orthogonal to incident

edges. Now, since ¢! = —¢ for ¢ € S? we can rewrite (4.36) into
1 1 1 1
u=——09, v =——09, u2 = ——g1292, vl = ——g1201- (4.40)
o o o o
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4.3. Skew parallelograms

Taking the imaginary part gives

1 1
fi—f=——g1xg, fo—f=——g2xg,
o o
1 1
fi2 — fa = — 912 % g2, fio—fi= — 912 X g1 (4.41)

This is a called Lelieuvre representation. One can find such a representation for all
nets where every point shares a plane with all adjacent points (also called A-nets, see
[24, Theorem 2.42.] and references therein). Note that, so far, we have only considered
this representation for a single quad.

Figure 4.5.: The normals g of a parallelogram.

One can consider the dihedral angle at an edge of the tetrahedron given by the four
points. We measure it as the angle § € [0, 7] between adjacent normals:

51 = 4(9)91)7 62 = <Z(.97.92)7 5% = <Z(927912)7 5% = <[(.91)912) (442)
The real parts of (4.40) give

1 1 1 1
a = =cosd" = —cosds, b= —cosd® = — cos b} (4.43)
o o o o

and, therefore, these angles agree for opposite edges, i.e., 6! = 63 and 62 = 62. The
norm of (4.41) gives
_ sin ot sind?

o= = (4.44)
lall Il

The value o is called the folding parameter of the skew parallelogram (see [55, 62]). This
quantity also plays a role in mechanism science where it is known as the Bennett ratio
(see, e.g., [79, equation (11.69)]).

Let us investigate how these observations extend to some special cases:

e [f all points of the quad are collinear there is no unique initial normal g. Instead
there is a one-parameter family of normals to this quad. All other arguments
extend to this case.
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4. Quaternionic skew parallelogram nets

e The important case of an anti-parallelogram can be considered to be the limit
case r — 0. We have a,b — oo and |ju|| = ||v|| — oo and, thus ¢ — 0. All
normals g, g1, g2, g12 agree up to sign and, thus, 6,62 € {0,7}. The Lelieuvre
representation (4.41) does not work anymore, however, (4.44) holds trivially.

We have assigned a special real part to each edge of the quad. Now, consider a
parallelogram net where the real part Rep’ at each edge is this special real part. This
is equivalent to o = m being constant everywhere. Thus, we can rescale the net to
o=1

Definition 4.3.2 We call a quaternionic parallelogram net p equally folded if ||p|| = 1
for all edges. We call it zero-folded if Rep’ = 0 for all edges.

Equally folded parallelogram nets have already been introduced in [98, Equations
(3.16), (3.17)] where they are called discrete Lund-Regge surfaces.

Equally folded nets have constant folding parameter ¢ = 1. Zero-folded nets have
constant folding parameter ¢ = 0 and every quad is an anti-parallelogram. In fact, zero-
folded nets describe nets of anti-parallelograms in R? which we discussed in Section 2.2.
Nets which are primarily equivalent to an equally folded or zero-folded net also have
constant folding parameter. However, the converse is not true: The folding parameter

1

only determines the real parts up to sign (via 2 = a® + [|@]|?) and, hence, the special

real parts induced on an edge by incident faces do not need to agree.

Remark 4.3.3 Often, it is reasonable to prescribe the sign of the real parts in each
lattice direction: Consider a quad of an equally folded parallelogram net with small edge
lengths ||@||, ||9]|. This situation naturally appears if one takes a smooth limit. Then, the
squared real parts a®,b* approzimately agree with 0—12 = 1. Now, if the real parts a,b have
the same sign then r = b—a s very small and the quad is close to an anti-parallelogram.
If the real parts have opposite sign then r = b — a is very big compared to the diagonal
v—u and the quad is close to a parallelogram. This second case is desirable on a discrete
version of a surface. On the other hand, the first case can also be reasonable, for example,
for Bicklund transformations that discretize flows of curves as in Section 4.6.

Finally, note that (4.43) implies that for positive real part neighboring normals g, g;
along this edge almost agree while for negative real part they only almost agree after
swapping the sign of one normal g; — —g;. Thus, a sign swap along edges with negative
real part is natural to obtain a normal map admitting a limit (compare Remark 2.2.3).

Equally folded nets come in families:

Proposition 4.3.4 Using the functions \(t) = e, u(t) = ce™" for some ¢ € R\ {0}
each net q; in the associated family of a zero-folded net q is equally folded. Every equally
folded net p with p* # 0 can be represented this way.
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4.4. K-nets

This result seems to be new. In particular, [98, Theorem 7] states that members
of the family of a generalized Lund-Regge surface (in our language: a quaternionic
parallelogram net) are again generalized Lund-Regge surfaces. Now, our result shows
that, using the right parametrization, (almost all) members of the family of a Lund-Regge
surface (in our language: an equally folded parallelogram net) are again Lund-Regge
surfaces.

Proof. If q is a zero-folded parallelogram net we calculate that

_ ||6t _Ce—tqz‘HQ - 62t+c2€—2t”qz‘”2 -

712 —1 i\ —1 \/ 2
= [ (P PH'o|* = — = = 1. 4.45
gl | (P (P) et +Ce_tq’H2 o2t _|_Cze—2t||qz”2 ( )

If p is equally folded we can find a zero-folded net ¢ in its associated family: Consider
q = pi,=0 in the associated family obtained from A(t) = e%t,u(t) — e ¢'. The net q
is zero-folded which can be observed by plugging ||p‘||?> = 1 into (4.20). Next, consider
the net g;,—o in the family of ¢ with A(t) = e, ji(t) = ce™ (compare Example 3.4.5).
It is primarily equivalent to p which is a direct application of the second statement of
Proposition 3.4.2. More explicitly, the functions in (3.39) are A(t) = e'+e~t, ji = el —e ™
and, hence, equation (3.37) yields ¢t,—o = p. Thus, we found p in the associated family
of the zero-folded net ¢. The condition ' # 0 excludes some very degenerate cases where
the associated families are not well-defined. O

We will use this to parametrize associated families of equally folded nets. Note that,
depending on the sign of ¢, we only obtain positive or negative ratios 288% and, thus, we
only parametrize ’half’ of the associated family. In both cases we are missing the special

ratio 282; = 0 which corresponds to a second zero-folded net: Plugging A(tp) = 0 and

Re ¢’ = 0 into (4.20) shows that Re ¢}, = ’ZL/ ((fg)) is constant and, therefore, g, is primarily
equivalent to a zero-folded net.

4.4. K-nets

K-nets, also known as pseudospherical nets are a well-known discretization of surfaces
with constant negative Gaussian curvature. They have originally been studied in [107,
90] and have been developed further in [16, 17]. We will study their close relation
to parallelogram nets. We will rediscover many known properties of K-nets from the
perspective of parallelogram nets. Also, we present a Lax representation for K-nets
which is natural from the perspective of parallelogram nets. It is different from the
classical Lax pair but related to it by gauge equivalence.

Definition 4.4.1 A K-net (or pseudospherical net) is a Chebyshev net f : Z" — R3
with planar vertex stars, i.e., where every point f and all its adjacent points f;, f; lie in
a common plane.
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4. Quaternionic skew parallelogram nets

As before, we assume that the four points of each quad are not collinear and that no
quad is an actual parallelogram. Parallelogram nets provide an algebraic description for
K-nets:

Proposition 4.4.2 The additive primitive map of a quaternionic parallelogram net p is
a K-net if and only if p has planar vertex stars in ImH = R3 meaning that at every vertex
x € Z" all incident values p'(x) and p(x) for i € [n] lie in a common two-dimensional
subspace of R3. Every K-net is the primitive map of a parallelogram net p and (up to
primary equivalence) p is equally folded or zero-folded.

Proof.  The first statement immediately follows from the fact that the points of a
vertex star lie in a common plane if and only if their differences lie in a two-dimensional
subspace. For the second statement, let f be a K-net. The quads are skew parallelograms
and induce a special real part on edges as in Section 4.3. We will show that different
quads induce the same real part on a common edge. For this, consider two neighboring
quads of f. We consider normals and a folding parameter g,o and §,& to each quad
respectively as explained in Section 4.3. Then, (4.41) for their common edge reads

1 1.
fi—f=——gixg=—=Gi%xg§ (4.46)
o o

Since the K-net has planar vertex stars the vertex normal at each point is given by the
direction orthogonal to this star and, thus, we have § = +¢g and §; = £g;. Since o > 0
equation (4.46) implies 6 = o and §; = ¢;, = g or §; = —¢;, g = —g. In both cases
the real part assigned to this edge (4.43) agrees for both quads. Denoting this real part
by r the net p given by p' = r® + f; — f is a parallelogram net. Also, since o agrees
for neighbouring quads it is constant everywhere and, thus, p is equally folded (up to a
global rescaling). For the special case of anti-parallelograms, note that the vertex stars
at both points define two planes. Both planes coincide if and only if one of the quads
is planar which is the case of an anti-parallelogram. Then, the other quad is also an
anti-parallelogram and we find the net p defined by p' = f; — f to be a zero-folded
parallelogram net. O

Thus, quaternionic parallelogram nets with the special property explained in the
proposition describe K-nets and, for brevity, we will refer to them as K-nets as well.

For a global view on the normal map, note that the planar vertex stars of a K-net
define each normal g up to sign and using (4.36) we can choose the signs such that
gi = op'g holds along each edge. Thus, the normal map is a multiplicative primitive
map of the (scaled) K-net and we will study this normal map in Section 4.7.

As discussed in Section 4.2, Proposition 4.2.3 directly implies

Proposition 4.4.3 Fach member of the associated family of a K-net is, again, a K-net.
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From Proposition 4.3.4 we know that every K-net can be found as member of the
associated family of a zero-folded K-net p. Now, remarkably, a zero-folded K-net has
planar quads and planar vertex stars and is, therefore, completely contained in a plane.
Without loss of generality we can assume this plane to be the ¢, j-plane of the quater-
nions. If we use the matrix representation (4.12) for quaternions each value p’ has only
off diagonal entries and, with A\ = ! and p = e, the Lax representation (3.19) takes
the form

. 1y
Pl = (_ ;ai AA“ > D — (4.47)

This is a Lax representation for K-nets. While the original net p is zero-folded and
consists of anti-parallelograms, the equally folded nets in the family unfold into non-
planar K-nets as exemplified in Figure 4.6. To compare this representation with the
classical K-net representation we denote its two-dimensional version (for K-nets Z? —

R3) by
_ A %a (A %b o

where U, a are defined on edges (z,x + e1) and V,b are defined on edges (z,z + e2).

Figure 4.6.: A zero-folded K-net unfolds into its associated family. This example shows
an Amsler surface.

We will show that our Lax representation (4.48) is gauge equivalent to the classical
K-net Lax representation. This implies that our associated family coincides with the

47



4. Quaternionic skew parallelogram nets

known associated family. The classical Lax representation for K-nets given by [17,
equation (45),(46)] is of the form

AR (1 % o
() (D) e o

If ¥ is a solution ¥; = LU, Uy = MU then a K-net is given by the Sym formula
f=2Im(v-10).

Proposition 4.4.4 The classical K-net Lax representation (4.49) is gauge equivalent to
the Laz representation (4.48).

Proof. In the Lax representation L, M given by (4.49) we can replace A\ = e! with
A2 = €2t and rescale L and M with A\ and %, respectively. We obtain

L:= lL(V) (% ), are= A2 = (2 A (4.50)
D) SN 3 ) o A\ ) ’
. L (0 —i\" .
A gauge with G(k,l) =" = i o) sives
7 -1 AX cam1_ (A%
U=GILG " = | _; , V=GMG =\ _; , (4.51)
=a =b A
A A
where for even k we have a = —iZ,b = y and for odd k we have a = —ix,b = —gy. This

is exactly (4.48).

None of these transformations affects the compatibility condition, i.e., Lo M = ML is
equivalent to UsV = ViU. Also the Sym formulas coincide up to scaling and real part,
since 2ITm(¥~10') = Im(®~19’), where ¥ belongs to the pair L, M and ® belongs to
U,V. O

We already discussed that the normal map arises as multiplicative primitive map. In
fact, with ®(0) = 1 formula (3.27) with ¢;(0) = ¢° = k produces the normal map g; for
K-nets f; in the associated family since k is, by construction, normal to the vertex star
of f; at the origin 0. Now, for the Lax representation (4.47) we have

(PYk = (' —e'p)k = k(e + e 'p') = kP (4.52)
and, hence, the normal map is also given by
g =0 kd (4.53)

which justifies calling ® a frame. In the classical Lax representation (4.49) the nor-
mal map is given by §; = U~ 'kWU. The two normal maps are related by g (k,1) =
(=1)*gy(k,1). This swap of signs corresponds to the swap of signs in Remark 4.3.3 and
gi is the geometric normal map which admits a smooth limit.
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Figure 4.7.: The pseudosphere and members of its associated family. The right-most
member is zero-folded and contained in a plane.

Example 4.4.5 Using our representation we can construct (all) K-nets by prescribing
a net of anti-parallelograms in the plane. Such a two-dimensional net p = (u,v) is
determined by its values u(m,0),v(0,n) on the azxes. For example, choosing constant
u(m,0) = a and v(0,n) = b for two quaternions a,b € spang{é,j} (with |la| # ||b]|)
yields the associated family of the Amsler surface shown in Figure 4.6.

Example 4.4.6 We call a K-net rhombic if all edge-lengths || f; — f]| coincide. In this
case, the quads are rhombi folded along a diagonal. Let p = (u,v) be a two-dimensional
net of anti-parallelograms in the plane such that ||u|| =1 and ||v|| = } for some constant
[ € R. Then, as consequence of (4.21), the member pi—g of the associated family (with

A=c¢t pu=e")is a rhombic K-net with edge-length || f; — f]| = 1%2.

Some well-known K-nets arise as Bécklund transformations of other, very simple, K-
nets. For example, Figure 4.7 shows the associated family of the pseudosphere which
is a Backlund transformations of the straight line. Here, the straight line is the trivial
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4. Quaternionic skew parallelogram nets

Figure 4.8.: The Kuen surface and members of its associated family. The right-most
member is zero-folded and contained in a plane.

K-net given by u(m,n) = r + at and v(m,n) = s + bi for some constants r, s,a,b € R.
A second Backlund transformation applied to the pseudosphere yields the Kuen surface
as in Figure 4.8.

Here, there is an ambiguity with Bécklund transformations: In Definition 3.2.3 we
define a Béacklund transformation via the parallelogram equations. However, unless
explicitly stated, we will only consider two n-dimensional K-nets to be related by a
Bécklund transformation if they are adjacent layers of an (n+1)-dimensional K-net. This
means that the condition of planar vertex stars constitutes an additional requirement
on the transformation.

Constructing Backlund transformations of K-nets is particularly simple on the level
of zero-folded nets: If the original zero-folded net and initial edges of Backlund transfor-
mations are contained in a common plane the resulting zero-folded net yields Backlund
transformations of K-nets in the associated family. In particular, the zero-folded straight
line is given by u(m,n) = at¢ and v(m,n) = bi for constants a,b € R and a Bécklund
transformation is determined by one initial edge in the 2, j-plane.

Finally, one can consider K-nets that fulfill a periodicity condition. For example, the
pseudosphere is periodic as it is a surface of revolution. Periodic K-nets have been studied
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extensively in [16]. Note that Proposition 3.5.2 implies that the zero-folded planar K-net
corresponding to a periodic K-net must be quasi-periodic as well. Such quasi-periodic
nets of anti-parallelograms in the plane also appear in the following section, however,
the geometric motivation will be completely different.

4.5. Polygon recutting

Polygon recutting has been introduced in [2]. Its algebraic description has been inves-
tigated in [68] and we will show how it fits into the theory of parallelogram nets. The
results within the framework of polygon recutting are not new, however, we point out
a connection to periodic K-nets which, to the knowledge of the author, has not been
observed.

VE4-2

> v3

I p3(1,1,0) :Z3j
A

l— _— V2

dl pQ(laOa 0) = Z2j

Figure 4.9.: Left: Polygon recutting at vertex k. Right: The orbit of the finite polygon
vg, .-, V3 corresponds to a three-dimensional parallelogram cube.

Polygon recutting is an action on a polygon in the plane: A polygon is given by a
sequence (v; € C);ez. Now, recutting at vertex k is defined by replacing (v;);cz with a
new polygon (v});ez such that 1. v] = v; for all i # k and 2. the new value v}, is obtained
by reflection of the point vg on the perpendicular bisector of the diagonal (vg_1, vki1).
As shown in Figure 4.9 on the left, the four points vy_1, vk, vg41 and vy, form an anti-
parallelogram. Thus, our equations for the description of anti-parallelograms in a plane
also describe polygon recutting.

We will review the algebraic description given in [68] and see how it matches our
description. Polygon recutting at a vertex k can be expressed in terms of its edges
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4. Quaternionic skew parallelogram nets

zl, = v — Vg1 by (see [68, equation (19)])

/ /
Zk‘ + Zk‘-i—l = Zk + Zk_|_1,
/=t _
22541 = ZhZht1- (4.54)

If we identify C with spang{1, k} C H this is equivalent to

(1 + p2g1d) (1 + pzd) = (1 + pzend) (1 + pzeg). (4.55)

After a conjugation, which reverses the order, and with ¢ = —pu this equation agrees
with [68, equation (9)]. If one defines p' = z;j,... as in Figure 4.9 on the left (4.55)
becomes our compatibility condition (3.18) (with A = 1) for quaternionic parallelogram
nets in the %, j-plane.

With more involved combinatorics one can express polygon recutting in terms of par-
allelogram nets even globally. For a finite sequence vy, . .., v, consider an n-dimensional
cube in a parallelogram net such that

pk(€1++ek71) = 21]. (456)

Recutting of the polygon then corresponds to taking different paths through the n-
dimensional cube in the parallelogram net (see, e.g., Figure 4.9 on the right). In other
words, the n-dimensional cube corresponds to the orbit of the polygon under recutting.
Computing this orbit from the initial polygon can be achieved using the sidewards evolu-
tion (4.16) or the concept of factorization of polynomials which we discuss in Chapter 6.

This system becomes more interesting if one requires quasi-periodicity of the poly-
gon: Consider an infinite sequence (v; € C);ez where for some n € N the vertex vty is
related to v; by a Euclidean motion v, i.e., where v;1,, = 1 (v;) for all i. In the quater-
nionic setting we write this quasi-periodicity as viynj = E~'v;j E 4+ F for some constant
quaternions E, F'. Then, consider an n-dimensional parallelogram net with (4.56) and
the quasi-periodicity p*(xz 4+ T) = E~'p*(z)E with the period T = e; + --- + e,. Now,
polygons obtained by recutting (vy) correspond to periodic paths in this parallelogram
net.

Note that recutting acts as the identity if the edges adjacent to the vertex have the
same length. Indeed, if |2;| = |241| we have v}, = v;. This has a strong implication on
the dimension of the smallest parallelogram net that can cover the orbit of recutting.
In fact, this dimension is the number of edge-lengths of the polygon M = #{|z| |k €
Z}. For example, recutting of a polygon with M = 2 generates a two-dimensional
parallelogram net. Remarkably, the initial data (as described in the previous section) of
a periodic K-net with constant edge-lengths is of this type. Conversely, recutting of a
polygon with M = 2 corresponds to the construction of initial data for a quasi-periodic
K-net. Figure 4.10 shows a parallelogram net obtained by recutting of a zig-zag. Up to
tweaking initial parameters, this net agrees with the zero-folded net in Figure 4.7 on the
right and its associated family contains the pseudosphere.
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Figure 4.10.: A zig-zag path (red) with alternating edge-lengths and a part of its orbit -
which forms a two-dimensional parallelogram net in a plane.

4.6. Backlund transformations of curves

Periodic Backlund transformations of discrete curves with periodicity have been studied
in the context of discrete flows [87, 55] and, for planar curves, in the context of a discrete
bicycle transformation [105]. We review the well-known algorithm which constructs such
transformations. In particular, we present a slightly generalized version since we study
quasi-periodic transformations of quasi-periodic curves in space. This generalization is
motivated by its application in Chapter 8 and 9 where we use it to construct a special
hierarchy of curves.

We will be concerned with a two-dimensional quaternionic parallelogram net p =
(u,v) : £(Z%) — H and its additive primitive map f : Z2 — H. We interpret each
parameter line k — f(k,lo) as discrete curve in H. We will say that neighboring curves
are related by a Backlund transformation since the corresponding parameter lines of the
parallelogram net k — u(k,ly) (which, trivially, are 1-dimensional parallelogram nets)
are related by a Backlund transformation as in Definition 3.2.3.

Let us begin with some initial observations about such Béacklund transformations. To
avoid some degenerate cases we will assume that at no quad we have both Reu = Rew
and |lu|| = ||lv||. In particular, this implies that the parallelogram net is evolvable and
we can consider the evolution (3.3) which reads

v v = (u—v)w(u—ov) L (4.57)

We will write the quaternion v as v = r + g with r = Rev, n = ||7]| and ¢ € S%
Both r and n are invariant under the evolution and we call these quantities the Bdcklund
parameters. We can express the evolution of the imaginary unit quaternion g by the
fractional linear map

. S§? 582,
¢~ qu=(u—v)q(u—v)"" = (u—7—ng)q(u—7r—ng)"
= ((u—=r)g+mn)(=ng+u—r)~" (4.58)

1
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Thus, the unit quaternion g evolves by
a = T;"(q). (4.59)

The map T3, is linear when written in homogeneous coordinates in HP!, i.e., by iden-
tifying HP! 5 (p,q) = pg~' € H. Then, the map is given by

= (3) = (“__777“ . " T) (‘f) =~ T7(q). (4.60)

We will make no distinction between the map T, and its matrix representation in HP!.
The matrix T, belongs to the set of matrices of the form

(_AB i) € H?*2. (4.61)

As described with more detail in [87], this set becomes an algebra isomorphic to the
biquaternions C2*? when equipped with the scalar multiplication

AM = Rec(WN)T +Tme(\)J)M,  A€C, I— (é ?) T = <_01 é) L (462)
The matrix J corresponds to the imaginary unit i € C and, in particular, commutes
with all elements of the set. Complex trace and determinant are given by

1 (A B\ _ . A B\ e oo :
2tr<_B A)—ReA—l—ReB1, det(_B A>—|A] — |B|* 4 2(A, B)4i. (4.63)

where (A, B)4 = Re(A - B) denotes the standard scalar product of the quaternions. The

A B\. (A B : : -
trace free component of M = ( B A) is B /f) and we will denote it by M.

Note, that det M = 0 is equivalent to either B~'A € S? or A= B =0. If det M # 0,
the matrix M defines a map S? — S?:

g (g) - M (3) =~ (A — Bg)q(A— Bg)~' e % (4.64)

It is well defined, since A = Bq for a ¢ € S? implies det M = 0. If M = 0 this map
acts as the identity. If B = 0 it acts as a conjugation: ¢ — AgA~'. In particular, our
evolution T}, defines such a map since det 7,7 = ||u — 7[|> — 7% + 2(Reu — r)i # 0.

Matrices with B = 0 are isomorphic to the quaternions. Our map T," is just a
representation of (—r + in) + u. Hence, it fulfills the parallelogram equations (3.1)
and (3.2). Also, note that the Lax matrix for Bécklund transformations presented in [87]
is a representation of A + iu and, thus, coincides with our Lax representation (3.19).
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4.6. Backlund transformations of curves

Now, we are interested in quasi-periodic parallelogram nets (as in Section 3.5) with
period T' = (n,0) and we express the periodicity by

u(k+n,1) = E'u(k,)E,  v(k+n,l)=E vk, )E. (4.65)
for some E € H. This corresponds to a quasi-periodicity of each curve f(-,ly) given by
f(k+n,lo) = E~ f(k,l0)E + Er (4.66)

for some E, Er € H. In most applications we will project to Euclidean 3-space Im H =
R3 for which quasi-periodicity is exactly periodicity of p = (u,v) up to rotation or,
equivalently, periodicity of f up to Euclidean motion.

Now, lets us fix some initial /[y and consider the curve f(k) := f(k,ly) and the corre-
sponding (1-dimensional) parallelogram net w(k) := wu(k,lp). The rotation given by E
composed with the evolution of ¢(k) along each edge of the curve can be written as a
linear map in HP' by

. A B E 0\, y
M™T = <—B A) = (O E) Tu(ZL—l) . 'Tu(?)) (4.67)

and we call it the monodromy of the curve. It transports q(k) := q(k,lp) along the
curve. The central observation is that the quasi-periodicity implies that ¢(0) is a fixed
point of the monodromy. Conversely, any fixed point of the monodromy gives rise to a
quasi-periodic Backlund transformation of the curve.

To make a statement about existence and uniqueness of such transformations we
exclude some degenerate cases. For this, we call a pair of numbers r € R and n € R>g
an admissible pair of Backlund parameters if det M™" # 0 and det M7 # 0. Here, the
conditions det M # 0 ensures that M gives a well-defined map S? — S? which (as argued
in [55]) is a Mdbius transformation of S2. The condition det M # 0 excludes cases where
this Mo6bius transformations has only one or infinitely many fixed points.

Theorem 4.6.1 Let f : Z — H be quasi-periodic (as in (4.66)). Then, for any admis-
sible pair of Backlund parameters r,n there exist exactly two Backlund transformations

of [ that preserve its quasi-periodicity.

The proof immediately follows from our considerations above together with the fol-
lowing lemma applied to the monodromy M™".

Lemma 4.6.2 Consider a fractional linear map S*> — S? defined by the matriz

_ A B 2X2
M = <_B A) cH (4.68)
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4. Quaternionic skew parallelogram nets

Figure 4.11.: Periodic Backlund transformations of an ellipse. On the right, the trans-
form is contained in a plane (see Remark 4.6.7).
with det M # 0 and det M # 0. It has exactly two fized points and they are given by

¢=(8+B) ! (a+4), (4.69)

where o, B € R fulfill « + i = £V det M.
Proof. We need to find every ¢ € S? such that
(A= Bq)q = q(A — Bq). (4.70)

Two quaternions commute if and only if their imaginary parts are parallel. This means
that there exists «, 8 € R such that

A—Bq=(ReA—a)+ (8 —ReB)q, (4.71)

which can be solved into (4.69). The equations Req = 0 and ||g|| = 1 can be written as

-,

0=8+ B|*Req=Re((8 - B)(a + A)) = Ba + (B, A),
0=+ B|? — o+ A|? = g2 — o* + || B|* - | 4|2 (4.72)

These are equivalent to the complex equation

-,

(a+iB8)% = | B||> — || A||? — 2i(B, A) = det M. (4.73)
Hence ¢ is a fixed point if and only if it fulfills (4.69) with «, 8 of this form. O

Let us clarify some relations to our investigation of quasi-periodic parallelogram nets
in Section 3.5. By using our identification with the biquaternions we saw that the matrix
T corresponds to the biquaternion (—r+in) +wu. Thus, by treating the monodromy as
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4.6. Backlund transformations of curves

polynomial in the complex parameter ¢ = —r +in it coincides with the polynomial (3.51)
and we can write M"™" = P(0,ly). Equation (3.53) now reads

My" = Ty M (T~ (4.74)

where My" is the monodromy of the Béacklund transform f(-,lp + 1). Thus, as in
Section 3.5, we can observe that the polynomials det P = det M™" and trP = tr M™"
are invariant under a Béacklund transformation. Expanding the polynomial P = M™" =
S o t'C™ " in terms of coefficients we find that the coefficients evolve by (3.56).

Remark 4.6.3 As observed in [55], in the case of a closed curve this evolution of the
coefficients yields a geometric invariant: We have C' = E =1 and C* = >"}_ju(k) = 0.
Thus, (3.56) implies that the coefficient C? is constant. This coefficient is called area
vector since for any N € R3 the quantity <62,N>3 can be computed to be the enclosed
area of the closed curve fpmjected into the plane N-*.

For the case r = 0 (which can always be achieved using primary equivalence) it is
straight-forward to relate the entries A and B of the monodromy to the coefficients C*
of the polynomial: They are given by taking real and imaginary part of the biquaternion
P(t=in) = M™ = A+iB and we have

A=0C"— 772011—2 + 774Cn—4 -
B=nC" ! —pPCn3 4 pPCm 5 — (4.75)

It becomes apparent that the central condition relating the monodromy to the fixed point
(4.70) is exactly (3.58) which we computed for general quasi-periodic parallelogram nets.

Now, from an initial curve f one can iterate the construction of periodic Backlund
transformations to obtain a quasi-periodic parallelogram net. In each step one can choose
between the two possible transformations. An interesting question is whether one of the
choices is more natural. In fact, if we choose the same Béacklund parameters in every
step it turns out that one of the Béacklund transformations goes back to the previous
curve. Thus, going forward’ yields a unique evolution of the curve:

Theorem 4.6.4 (Algorithm) Let f(-,0) : Z — H be quasi-periodic (as in (4.66)), set
u(k,0) := f(k+1,0) — f(k,0) and let r,n be an admissible pair of Bdacklund parameters
of the monodromy of f. Then, we obtain an evolution of f by iterating the following
steps, starting from [ = 0:

1. If 1 =0, choose q(0,0) as one of the two fized points of the monodromy of f(-,0).
If 1 > 0, choose q(0,1) as the unique fized point of the monodromy of f(-,1) which
is distinct from —q(0,1 —1).

2. Use the evolution (3.3) to construct the subsequent curve u(-,l + 1) (and corre-
sponding f(-,1 + 1)) from the initial v(0,1) := r 4+ nq(0,1).
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Figure 4.12.: The evolution in Theorem 4.6.4 applied to a discrete ellipse.

Proof. The assumptions of Theorem 4.6.1 on admissibility of the Bécklund parameters
r,n are always fulfilled since det M"™" and det M"" are invariant. Thus, in every step the
monodromy has two fixed points. Now, one of the fixed points must be —q(0,— 1) since
going back to the previous curve yields a Backlund transformation with parameters r,n
fulfilling all requirements. We conclude that there is one unique fixed point distinct from
—q(0,1 — 1) in every step. O

Together with the analogous construction for [ < 0 (starting from the other fixed point)
this evolution constructs a quasi-periodic two-dimensional parallelogram net p = (u,v)
with additive primitive map f. As exemplified in Figure 4.12, one can apply this to a
closed curve to obtain a discrete surface with the topology of a cylinder.

For implementation of the algorithm and for some applications presented in Chapter 8

and 9 the following lemma will be helpful since it allows us to compute the fixed point
in each step explicitly from (4.69):

Lemma 4.6.5 Throughout the evolution described in Theorem 4.6.4 the quantities «, 3
determining the fized point as in (4.69) are constant.

Proof.  Since det M™" is constant we only have to show that the sign of V det M7
that corresponds to going 'forward’ is constant as well. For this, consider a Béacklund
transformation with initial fixed point ¢ of the monodromy M"™". We will show how in
the next step —q is obtained from (4.69) as a fixed point of the monodromy M.

The off-diagonal entries of (4.74) yield Ay + Bag = ¢B + A. By writing ¢ as in (4.69)
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4.7. Moutard nets and spherical geometry

we obtain

Ay 4+ Byg=qReB+B)+A+a—a+ReAd=qReB+B)+ (f+B)g—a+ReA
=¢B+Bq+ (B+Reb)g—a+ReA=(B+ReB)g+ (a+Red), (4.76)

where in the last step we use qé + Bq = 2Re(§q) = 2. Comparing both sides of this
equation yields

—q = (—5+§2)_1(—a+g2) (4.77)

and, hence, the pair —a, —f gives us the fixed point —g which corresponds to the Béack-
lund transformation going back to the previous curve. The other fixed point of My
must then be obtained from (4.69) by as = «, f2 = f. O

For the case where the Backlund parameters are not constant we review [87, Theo-
rem 2| which directly follows from our considerations in Section 3.2.

Proposition 4.6.6 (Permutability) If fo is a Backlund transform of a curve f with
parameters r,n and fs is a Backlund transform of f with parameters 7,1 then there exists
a unique Bdcklund transform fos of fo with parameters v,7 which is also a Bdcklund
transform of fs with parameters r,n. This curve faz can be computed from f, fo and f3
using the evolution (3.3).

We conclude this section by remarking that our construction for periodic Backlund
transformations has a reduction to the plane (see Figure 4.11 on the right). This is
known as the discrete bicycle transformation [105] and we will be concerned more with
this planar reduction in Chapter 9.

Remark 4.6.7 Assume that we have a quasi-periodic curve contained in the 1, j-plane
which is given by u(-,0) € spang{i,j} and E € spang{l,k} or E € spangp{i,j}.
We find that each coefficient C* of the monodromy is in contained in spang{1,k} or
spang{t,j} depending on the parity of k. Then, by (4.75) we get A € spang{1,k} and
B € spang{s,j} (or the other way around) and we find det M = ||A||2 — ||B]|2 € R to
be real. Depending on the sign of det M either a or B vanish and in one of those cases
we have q € spang{i,j}. Hence, for Bdcklund parameters r = 0 and n for which the
sign of det M yields this aforementioned case the corresponding Bdcklund transform is
contained in the plane as well.

4.7. Moutard nets and spherical geometry
We have mostly been concerned with the additive primitive map and Euclidean geometry.

However, we already saw that the multiplicative primitive map corresponding to a K-
net is its normal map, which is spherical. In fact, it is known that the normal maps of
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4. Quaternionic skew parallelogram nets

K-nets are Moutard nets on the sphere S? (see [24, Theorem 4.8]). More generally, with
g(0) € S? the multiplicative primitive map of an equally folded net is a map g : Z" — S?
and has also been related to Moutard nets [98]. In this section, we review this close
relation between equally folded parallelogram nets and Moutard nets on the sphere. As
a consequence of Proposition 4.3.4 we find that one can interpret the associated family
as a deformation of Euclidean anti-parallelograms into spherical anti-parallelograms and
this interpretation seems to be new.

First, we introduce some basics about Moutard nets on a sphere. These can also
be found in [24, Section 4.1]. Recall Definition 2.2.2 of Moutard nets via the Moutard
equation

fig = =a"(f; = fi)- (4.78)
If all points of a Moutard net are contained in a sphere, we have || f|| = 1 and, hence,
U= {fij, fig) = {f +a(f5 = f), [ +a?(f; = fi)
= 14 2a7(f, f; = fi) + (@)*(f; = fis f; = fi). (4.79)

We will assume that diagonals in every quad do not vanish which implies a”/ # 0. Then,
a¥ is uniquely given by the equation

2 fi—fo i fi— 1) (4.80)

implying that the fourth point f;; of every quad is determined by the other three points
by

fo = 1+ - 1. (481)
On a Moutard net on the sphere the scalar products (f, f;) have the labelling property:
() = 40,5+ LB (i) = (1.5, (1.52)

This scalar product encodes the spherical distance between two points and, hence, the
distance between neighboring points has the labelling property as well. Also, diagonals
of each quad are parallel and, thus, we can interpret each quad as a spherical anti-
parallelogram (see Figure 4.14 on the left for an anti-parallelogram on S?). Now, we will
give an algebraic description of such Moutard nets using quaternions.

Lemma 4.7.1 A net f:7Z" — S? C H is a Moutard net if and only if

(fis = D5 = fo) = =2(f, f; = fa)- (4.83)
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4.7. Moutard nets and spherical geometry

Proof. 1f f is a Moutard net we use the Moutard equation (4.78) and (4.80) to compute

(fis = N5 = F) = a7 (f; — f)(f; — fi)

= a"(f; = fi, fj = fi) = =2(f. i — fi)- (4.84)
Conversely, (4.83) directly implies that the diagonals f;; — f and f; — f; are parallel and,
hence, f is a Moutard net. O

Now, we describe the Moutard net as a parallelogram net.

Proposition 4.7.2 A net f : Z" — S® C H is a Moutard net if and only if it is the
multiplicative primitive map of an equally folded quaternionic parallelogram net.

Proof. Consider the edge based net p defined by p’ = f;f~! = f;f. For this net the
multiplicative equation (3.2) always holds since

plp' = fiififif = fiif = FiFifif = plp’. (4.85)
For the additive equation (3.1) consider f;f + ffi = 2Re(fif) = 2(f;, f) which yields

P+ = fuli+ Fif = (fig = ) fi + 205, ),

pH ' = figfi+ fif = (Fig = DFi + 208, ). (4.86)
Hence, (3.1) is equivalent to (4.83). We conclude that f is a Moutard net if and only if
p is a parallelogram net which yields the claim. O

Thus, equally folded parallelogram nets connect objects in Euclidean and spherical
geometry: They have an additive primitive map with Euclidean interpretation and a
multiplicative primitive map with spherical interpretation.

Figure 4.13.: Members in S? of the associated family of the cylinder under a stereographic
projection.
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4. Quaternionic skew parallelogram nets

Example 4.7.3 The parallelogram net describing the cylinder discussed in Example
4.2.5 is primarily equivalent to an equally folded net q. Thus, the multiplicative primitive
map g of q is a Moutard net on S3. In Figure 4.13 we see this map g and members of its
associated family under a stereographic projection. Here, we also applied a flip of signs
g(k,1) = (=1)kg(k,1) of every second point. As explained in Remark 2.2.3, such a flip
s necessary to describe surfaces with a smooth limit.

Now, we will apply our theory of parallelogram nets to spherical geometry. First, note
that two equally folded nets p and p are primarily equivalent if p° = ap’a™! for some
a € S3. We will show that isometries interact with primary equivalence of parallelogram
nets in a similar manner to the Euclidean case. An isometry of S? is given by a map

S? = §3, frafb (4.87)

for some a,b € S3. If two Moutard nets f and f in S* are related by an isometry via
f = afb we have

P=fift=afibb e = apla! (4.88)

and, hence, the corresponding parallelogram nets are primarily equivalent. Conversely,
if equally folded parallelogram nets p and p are primarily equivalent via §' = ap’a™!
then respective multiplicative primitive maps f, f are related by the isometry f =afb
with b = f~a~!f. For this, note that b is constant since

bi=fta o= ) T B = ) T apla T f =0 (4.89)
Proposition 4.7.4 A Moutard net f : Z" — S? is quasi-periodic with period T € 7"

in the sense that f(x + T) = af(x)b for some a,b, € S if and only if the corresponding
parallelogram net p is quasi-periodic with p'(x +T) = ap’(x)a~!.

Proof.  This follows directly from our considerations above by considering the Moutard
net f defined by f(x) = f(z + T) and the parallelogram net p defined by p'(x) =
pl(z+T). O

Now, remember that the associated family given in Proposition 4.3.4 assigns a family of
equally folded nets to a zero-folded net. Via the corresponding primitive maps it relates
nets of Euclidean anti-parallelograms to nets of spherical anti-parallelograms. We can
show that the Euclidean case arises in the limit ¢ — oo (meaning % = ce 2 = 0)

obtained in the associated family p; if we rescale the sphere S? — —%S?’. Indeed, (3.27)
(with ®(0) = ®(0) = £;(0) = 1) under this rescaling becomes f; = —62—2;@*143 and with
Pt =t + ce_tpi and P! = el — ce_tpi we get

e 1z 15 APy NG
(ft)i—ft:—%(éi P, — @):—%@ (P*—P")®
=e'® D —— pf (4.90)
t—o00
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4.7. Moutard nets and spherical geometry

since e tP? — 1 and e ?P? — 1. This allows for an interpretation of the associated fam-
ily as deformation of Euclidean anti-parallelograms into spherical anti-parallelograms.
We will expand on this connection and its relevance in Theorem 5.2.1 and an application
can be found in Chapter 9.

Let us turn to the special case of the normal map (4.53) to a K-net. It arises in the
case where all points are contained in the two-dimensional sphere S?.

Proposition 4.7.5 A net g : Z" — S3 C ImH is a Moutard net in S* (i.e., Reg = 0)
if and only if it s the multiplicative primitive map of an equally folded parallelogram net
corresponding to a K-net.

Proof. If g is a Moutard net in S? then the map p given by p' = ¢;g = —gig is a
parallelogram net by Proposition 4.7.2. The edges of its projected additive primitive
map f are given by

fi— f=Imp' = —Imgig=—g; x g. (4.91)

Therefore, at every vertex all incident edges of f are orthogonal to g and, hence, f has
planar vertex stars and is a K-net. Conversely, the multiplicative primitive map of an
equally folded parallelogram net belonging a K-net is its normal map in S? and it is a
Moutard net by Proposition 4.7.2. U

Figure 4.14.: Left: A spherical anti-parallelogram on S?. Middle: The normals of an
Amsler surface. Right: Flipped normals of an Amsler surface.

Note that (4.91) is the well-known Lelieuvre representation of K-nets. In Figure 4.14
in the middle and on the right we see the normal map of an Amsler surface on S%. As
before, a flip of the form g(k,1) ~— (—1)¥g(k,1) produces consistently oriented normals
that admit a limit.

We conclude this section by reviewing an observation from [98] which shows how an
equally folded parallelogram net p (which does not belong to a K-net) also gives rise
to a net f : Z™ — R3? with planar vertex stars: For this, consider a the multiplicative
primitive map ¢ of p which is a Moutard net in S3. Note that the conjugate net § := g is
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4. Quaternionic skew parallelogram nets

Figure 4.15.: Left: Two cylinders and their mid-surface. Right: A larger piece of the
same mid-surface.

also a Moutard net in S? giving rise to a second parallelogram net p with p* = §;9 = gig.
The projected additive primitive maps f, f : R* — R3 of p and p respectively are given
by

fi— f=Tmp' =1m(g;g) = +(Reg)d; — (Regi)G — §; X g,
fi— f=Imp' =Im(gig) = —(Reg)di + (Reg;)§ — G x §. (4.92)
Hence, their mid-surface
F=dts (4.93)
2
is given by
fi—F=-d %3 (4.94)

At every vertex the vector § is perpendicular to every edge of f and, therefore, f has
planar vertex stars with a normal map given by g. An example can be seen in Figure
4.15.
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algebras

5.1. The matrix algebra C>*?

Here, we investigate parallelogram nets in the matrix algebra C2*? which, in this gen-
erality, have not been considered before. This algebra is a natural extension of our
previous considerations since it arises as complexification of the quaternions: Quater-
nions with complex coefficients, also called biquaternions, are isomorphic to C2*2 and
an isomorphism is given by (4.12). We will extend some quaternionic results to this
more general algebra and apply this to two geometric examples in Section 5.2 and 5.3.
Generally speaking, most results of the quaternionic setup can be stated almost analo-
gously as long as they do not rely on invertibility of non-zero elements. For example,
the invariants of the evolution (3.3) are given by the characteristic polynomial of p* and
are, hence, given in terms of its eigenvalues or in terms of the trace and determinant

trp’ = trpé-, detp’ = detpg. (5.1)

Note that trace and determinant generalize the notion of (two times) the real part and
(squared) norm of quaternions. We will still denote the trace-free part of a matrix by
A:=A- %tr Al. Similarly, the adjugate matrix

adj (Z Z) = <_dc _ab> (5.2)

generalizes the quaternionic conjugate ¢ — ¢. As extension of (4.4), (4.5) it fulfills
A+adjA=1trA1l, AadjA =adjAA =det A1. (5.3)

Provided invertibility of diagonals we have the forwards and backwards evolution
(3.3), (3.4). Similarly, the sidewards evolution for quaternions (4.16) also extends to
C?%2 by replacing the quaternionic conjugate with the adjugate matrix. Recall that for
quaternions non-invertibility of a diagonal p* — p’ (or p§~ — adjp?) always implied that
the quads are of a special degenerate form, i.e. fulfill p = p/ (or p§ = adjp’). In C2*2
this is not the case and more complicated non-evolvable cases can appear.
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5. Skew parallelogram nets in other algebras

Example 5.1.1 For a trivial ezample of a non-evolvable parallelogram net consider an
arbitrary map f : Z" — C. It can be described by the non-evolvable parallelogram net p

given by
pi:<8 fz‘af) (5.4)

One can calculate that the associated family acts as identity in the sense that every p; is
primarily equivalent to p.

The following notions from the quaternionic theory work analogously, although the
geometric interpretation becomes less clear:

Definition 5.1.2 We call a parallelogram net p : 5(Z”) — C?*2 equally folded if
det p’ = 1 for all edges. We call it zero-folded if trp? = 0 for all edges.

Differently phrased, equally folded nets are parallelogram nets in the matrix group

SL(2,C) = {AcC¥?|det A =1} (5.5)
For an evolvable zero-folded quad the evolution (3.3) implies (using adjA = —A if
tr A = 0) that
% _ (a0 ot ot _ )1 (.
pi+pi =0 )+ @ - )P —p) der —piy PP (66)

This implies that diagonals of the quad are multiples of each other and we can interpret
quads of the additive primitive map as complexified anti-parallelograms. An almost
literal copy of Proposition 4.3.4 also holds in C?*2:

Proposition 5.1.3 Using the functions A(t) = et, u(t) = ce™" for some ¢ € C\ {0} a
net in the associated family of a zero-folded net is equally folded. Every equally folded
net p with det ' # 0 can be represented this way.

Note that the condition det p* # 0 stronger than p* # 0.

Proof. The proof is also almost a literal copy of the proof of Proposition 4.3.4 if one
replaces each real part with half the trace and each squared norm with the determinant.
For this, note that (4.19) and (4.20) also hold in C?*2. Again, the condition det p* # 0
excludes some cases where the associated family is not defined. O

Now, consider a multiplicative primitive map f : Z" — SL(2,C) of an equally folded
parallelogram net p and observe that tr(f; adj f) = trp’ has the labelling property. This
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value can be seen as an inner product of f and f;: The Euclidean scalar product of
quaternions extends to the complex-valued symmetric bilinear form

1
(A,B)c = 5 tr(Aadj B). (5.7)
The geometry of f is described by the following generalization of Proposition 4.7.2:

Proposition 5.1.4 A net f : Z" — SL(2,C) with invertible diagonals f; — f; is the
multiplicative primitive map of an equally folded parallelogram net p : g(Z”) — C2%2 4f
and only if it fulfills a Moutard equation

fij = f=a"(f; = i) (5.8)
for some map a¥ : {faces of Z"} — C.

Proof. All considerations leading up to Proposition 4.7.2 and its proof itself translate
directly by replacing the scalar product with (-, -)¢ and the quaternionic conjugate with
the adjugate matrix. In particular, the algebraic characterization (4.83) of Moutard nets
now reads

(fij — fadj(f; — fi) = =2{f, f — fi)c (5.9)
Note that, unlike in the quaternionic case, the requirement for f; — f; to be invertible is
stronger than the requirement for f; and f; to be distinct. O

5.2. Moutard nets and hyperbolic geometry

Moutard nets on the sphere S® and their spherical geometry as in Section 4.7 can be
considered as special case of Proposition 5.1.4. Similarly, we will now consider Moutard
nets on the hyperboloid and their hyperbolic geometry. While Moutard nets in quadrics
are well-known (see, also, Section 5.5), we introduce a deformation of nets of anti-
parallelogram from Euclidean space into spherical and hyperbolic space (Theorem 5.2.1)
which seems to be new.

For this, consider the real vector space of Hermitian matrices

SpanR{O'(),O'l,O'Q,O'g} = {A S C2X2 | A= AT} - C2X2 (510)

where o; are the Pauli matrices (4.14). The determinant

=a? - -2 - d? (5.11)

det(aog + boy + cog + dog) = det (a +d b a)

b4+cl a—d
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5. Skew parallelogram nets in other algebras

defines a real quadratic form and the corresponding real symmetric bilinear form given
by (5.7) has signature (1,3,0). A two-sheeted hyperboloid is then given by

H3:={AcC?>?|A=AT detA=1} (5.12)

The forward sheet is given by the points with tr A > 0 and the backward sheet by
tr A < 0. To each pair of points A, B € H? we assign the distance

d(A, B) = arcosh(A, B)c. (5.13)

This is the hyperboloid model of three-dimensional hyperbolic geometry. The map

H> - ImH=R3 A (tr A — 24) (5.14)

i
~ 2+trA
is a stereographic projection mapping the forward sheet of the hyperboloid to the
Poincaré ball model of hyperbolic space.

We are interested in Moutard nets on the hyperboloid. By Proposition 5.1.4 they
arise as multiplicative primitive maps of equally folded parallelogram nets. The la-
belling property of % trp' = %tr( fiadj f) = (fi, f)c implies that opposite edges have the
same hyperbolic length. We will refer to them as hyperbolic anti-parallelograms and an
example of such a quad is visible in Figure 5.1. In Chapter 9 we will dive deeper into

their hyperbolic geometry.

Figure 5.1.: A quad of a Moutard net on H? in the Poincaré disc model.

Recall that nets in the associated family of a parallelogram net p depend on the ratio %
If we consider the quaternions as special complex matrices we can also consider members
of the associated family of p for complex parameter % ¢ R. These are parallelogram
nets but not quaternionic. Remarkably, in this manner, the associated family can map
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to hyperbolic space. As motivation, observe that the matrix a + ibg for an imaginary
quaternion ¢ and a,b € R is Hermitian. Hence, the Lax representation P! = e! + ie~!p
of a zero-folded quaternionic parallelogram net is Hermitian.

Now, let p; be the associated family of a parallelogram net p given by functions
At) = et, u(t) = ce”t. Remember (3.27), stating that the multiplicative primitive map
fr with f;(0) =1 of p,; is given by

fi=0""% (5.15)

where @ denotes the frame of p defined by replacing P’ = et + ce~tp’ with P := (P?) =

el — ce~tp’. For imaginary c € iR the map f; turns out to live in hyperbolic space H3:

Theorem 5.2.1 Consider a zero-folded quaternionic parallelogram net p and its asso-
ciated family py given by functions \(t) = €', u(t) = ce™" for some c # 0 and ®(0) = 1.
For every t € R the multiplicative primitive map fi of pr given by (5.15) is

1. a Moutard net on the sphere S® for ¢ € R and
2. a Moutard net on the hyperboloid H? for ¢ € iR.

All Moutard nets f on S® and H? with f(0) = 1 and non-vanishing edges and diagonals
can be described in this manner.

Proof. There is nothing to show for S3 since every operation stays within the quaternions
and the result already follows from Proposition 4.3.4 and our considerations in Section
4.7. For H? we need to show that f;(x) is Hermitian for € Z". For this, consider a
path of neighbouring vertices g = 0,x1,...,2x = € Z" and the corresponding path
of edges di = (zg, 1), ...,dx, = (xx_1, ) connecting the origin to z. We assume w.l.o.g.

that all edges are directed forwards, i.e., that d; € £(Z") (for edges directed backwards
the argument still holds if we invert corresponding quantities). Then, (5.15) reads

fe(x) = P(d1)~" - P(dy) "' P(dy) - - P(dy)

1 - - - .

=————P(dy) - P(dp)P(dy)--- P(d 5.16

Gotam ) PPl - P (5.16)

where we used adj P(d;) = et — ce tp(d;) = P(d;). Now, since P(d;) is Hermitian for

¢ € iR we can conclude ftT(x) = fi(z) and, hence, f;(x) € H3. Proposition 5.1.3 and
5.1.4 imply that f; is a Moutard net.

Also, these propositions imply that any such Moutard net can be obtained in such a
manner (with some ¢ € iR) as multiplicative primitive map f; in the associated family
p¢ of a zero-folded parallelogram net p.We have to show that p is quaternionic. We will
make an iterative argument. Consider a vertex x and a path di,...,d; from 0 to x as
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5. Skew parallelogram nets in other algebras

above and assume that p(dy),...,p(dx—1) € H are quaternions. Then, (5.16) holds and
fi(x) and P(dy), ..., P(di_1) are Hermitian and, hence,

P(dy)P(dy) _ (€* — P det p(dy))1 — 2cp(dy,)
det P(dy) et + c2e—2t det p(dy)

(5.17)

is also Hermitian. Now, the trace being real implies that det p(dy) is real as well and,
therefore, the trace-free matrix cp(dy) is Hermitian. Then, p(dy) is a quaternion. Iterat-
ing this argument proves that all values of p are quaternions. Note that, again, for edges
directed backwards the argument works analogous if we invert corresponding quantities.

O]

Figure 5.2.: The anti-parallelograms belonging to an Amsler surfaces (compare Fig-
ure 4.6) deformed into hyperbolic and spherical geometry.

Thus, we can deform nets of Euclidean anti-parallelograms into spherical and hyper-
bolic space. Remember Proposition 4.2.3 which states that the local geometry at each
vertex stays rigid in the Euclidean associated family (given by the additive primitive
map). We will show a similar statement for the associated family in Theorem 5.2.1.

For this, we need to discuss some space form geometry. Three points lie on a common
geodesic in S? or H? if they are linearly dependent. We define the geodesic edges of a
Moutard net f in S* or H? to be the geodesics connecting adjacent points f and f;. A
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5.2. Moutard nets and hyperbolic geometry

parametrization of the geodesic edge connecting f to f; is given by

7
a— (cosa+sina ——) f (5.18)
+\/ det p*
in the spherical case and by
P
a +— (cosh a + sinh « (5.19)

\/—detpi)f

in the hyperbolic case. Here, the quantity p'f is an element of the tangent space of
the space form at f and can be interpreted as direction of the geodesic edge. Our inner
product (-, -)¢ induces the corresponding Riemannian metric on S* and H? and the angle
between adjacent geodesic edges connecting f to f; and f; respectively is given by

VP Hc@ 7 fc

Clearly, an analogous formula holds for ’backwards’ geodesic edges connecting f to f;.

(5.20)

cosa¥ =

Proposition 5.2.2 The associated family in Theorem 5.2.1 preserves the angle between
adjacent geodesic edges.

Proof.  Since det f = 1 we have (7'f, 7 f)c = %tr(ﬁfadj ) = (@, p)c. Now, as
discussed in the proof of Proposition 4.2.3, throughout the associated family p* and
7 get scaled and are subject to a common sandwich product with the frame ®. The
sandwich product does not affect our inner product and the scaling gets eliminated in
(5.20) as well. Thus, the angle remains constant. O

This thesis contains two applications of this associated family: In Section 7.5 we will
apply this to nets of constant mean curvature (CMC) and in Chapter 9 we will apply
this to discrete curves and relate it to a corresponding fundamental theorem.

We also remark that this can be applied to other constructions built from anti-
parallelograms like initial data for K-nets (see Figure 5.2) or the curve dynamics of
the bicycle transformation and polygon recutting. In particular, we have seen that the
associated family preserves quasi-periodicity (see Proposition 3.5.2 and 4.7.4 for S3, an
analogous statement can be made for H?) and, thus, the associated family immediately
yields space form versions of both curve dynamics.

Finally, note that in the spherical case all operations happen within the algebraically
closed set of quaternions. This makes the hyperbolic case more complicated since Her-
mitian matrices are not closed under multiplication. In Chapter 9 we will model two-
dimensional hyperbolic space H? by Hermitian matrices with no o3 component. These
belong to the algebra of split-quaternions which is closed under multiplication making
the corresponding parallelogram net split-quaternionic.
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5.3. Cross-ratio systems

We will give an overview over cross-ratio system and the corresponding Hirota systems
which are well known [22, 82, 14]. The cross-ratio of four points a,b,c,d € C is defined
as

a—bec—d
b—cd—a’

cr(a,b,c,d) = (5.21)
We consider vertex based maps z : Z" — C in the complex plane and their edge vectors

d' := z; — z. For simplicity, we will assume the four points of each quad to be pairwise
distinct.

Definition 5.3.1 A map z : Z" — C is called an (n-dimensional) cross-ratio system if
there exists an edge labelling o : E(Z™) — C, 1i.e., aé =o' fori# j such that

( y= 24 _ o) (5.2

Cr\z, zi, Zij, %5) = — - = g .
did] ()

A two-dimensional cross-ratio system with cr(z,z1, z12,22) = EZ;%; = —1 15 called a

discrete holomorphic map.

The edge labelling (5.22) is sometimes called factorizing. A cross-ratio system is a
map with factorizing cross-ratios.

Example 5.3.2 A grid of parallelograms is given by z(I,m) := hl + km for constant
h,k € C. It is a cross-ratio system with constant cross-ratio Z—i With h =1,k =1 we
obtain the discrete holomorphic square grid. Mdébius transformations x +— ‘CL;”IS preserve
the cross-ratio and, thus, cross-ratio systems. A Mdbius transformation of the square

grid can be seen in Figure 5.8 on the left.

Example 5.3.3 Similarly, for constant h,k € C the discrete exponential map z(l,m) =

elthm s g cross-ratio system with constant cross-ratio 1:282%2 A periodic example with

h = arcosh(2 — %) (where ¢ is the golden ratio) and k = 2%i can be seen in Figure 5.3
on the right.

In a cross-ratio system, we have

(@) (@) (&d)? i o (@)
- 3 = T d dZ = - Z. d] =
o T @ B (di +d") i (dj +d’)
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5.3. Cross-ratio systems

Figure 5.3.: Two-dimensional cross-ratio systems with cross-ratio —1.

Hence, a map z* : Z" — C is defined up to translation by

(o)

d*i: VL .
(@) =z -2 =%

(5.24)

This map z* is called the dual of z and it is a cross-ratio system with the same labelling
a. We will often express cross-ratio systems in terms of a special vertex based map:

Lemma and Definition 5.3.4 For each cross-ratio system z there exists a unique map
s: 2" — C with s(0) =1 and

d' = a's;s. (5.25)

and we call this map o Hirota system.

Proof. The Hirota system is well-defined if the transport s; = % is path-independent.
I o di i L .

For each quad this condition reads %%s = EJZ’%S which is exactly (5.22). Hence, s is

well-defined for cross-ratio systems. O

Note that the dual z* is given by (d')* = ;"—; Also the closing condition di—i—dg =d +d§»
written in terms of s reads

j i
&_oﬂsj—asi (5.26)
s als; —alsj '

Some reductions of cross-ratio systems have an elegant formulation in terms of the
Hirota system:
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Example 5.3.5 Consider a two-dimensional cross-ratio system z with cross-ratio —1
and labelling o' = 1,0% = i. Also, consider a partition of Z* into black and white
vertices such that each edge connects a black and a white vertex. Now, assume that

s(l,m) € R at black vertices, s(l,m) € S at white vertices. (5.27)

Then, at every black vertex x there is a circle with center z(x) and radius |s(z)| contain-

Figure 5.4.: An orthogonal circle pattern.

ing every neighbouring white points z(y): The length of incident edges is |z(y) — z(x)| =
l[d(z,y)| = |a(x,y)s(z)s(y)| = |s(z)|. Similarly, one can see that at every white point
opposite pairs of circles touch and that the two pairs of touching circles intersect orthog-
onally. This is called an orthogonal circle pattern (see [100, 13]) and an example can
be seen in Figure 5.4.

Now, we will write cross-ratio systems as a reduction of parallelogram nets:

Proposition 5.3.6 An edge based map

- . 0 d
p:E(Z") — C*2 pl= <_(ai)2 ) (5.28)

18 an evolvable parallelogram net if and only if d is the edge map of a cross-ratio system
with labelling o.

Here, we only consider maps o with o # 0 and o # o for i # j which for a cross-ratio
system already follows from the fact that no two points in a quad coincide.
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Proof. The multiplicative parallelogram equation (3.2) reads

. d{ L dE o d' i
(a )QJ = (o/)Qd*; and (O“Z)Zg = (aj)

2@ 5.29

z (529)
If a has the labelling property both agree with (5.22). Hence, for a cross-ratio system
the parallelogram equations are fulfilled and we can calculate evolvability using z; #
zj. Conversely, in a parallelogram net the labelling property of o follows from the
fact that o := y/detp? is an invariant of the parallelogram evolution. The additive
parallelogram equation (3.1) implies that d can be integrated into a vertex based map
and the multiplicative equation implies (5.22). O

We will often write the parallelogram net (5.28) in terms of the Hirota system s:

) 0 alss;
p'= (_(ai) 0 ) (5.30)

884

Let us apply some of our theory to cross-ratio systems. First, note that the map

fo (_02* g) (5.31)

is an additive primitive map of the parallelogram net p. Also, our Lax representation
(3.19) (with A = 1) is gauge equivalent to the original linear Lax representation for cross-
ratio systems established in [81]. For the asssociated family, note that p is zero-folded
and, thus, Propositions 5.1.3 and 5.1.4 apply: Its associated family consists of equally
folded nets and their multiplicative primitive maps are Moutard nets in SL(2,C). Now,
we make a remarkable observation: The Lax representation P' = X + %pi of (5.28) is
nothing but a complexified (i.e., biquaternionic) version of the K-net Lax representation
(4.47): A parallelogram net p : g (Z™) — C%%2 corresponds to a cross-ratio system if and
only if it lives in the ¢, j-plane of the biquaternions. In this sense, one can understand
its quads as complexified anti-parallelograms. Then, the additive primitive map of a
member of the associated family p; can be interpreted as a complexified K-net. Many
observations for K-nets extend naturally to cross-ratio systems in this manner. For
example, a natural normal (4.53) still arises from (3.27) as multiplicative primitive map
of p;. Each such normal g; is orthogonal to the vertex star in the sense that (g, p’)c = 0
holds for all incident edges. This interpretation of an associated family of cross-ratio
systems seems to be new.

As converse to our observation, we can also interpret K-nets as associated family of
special cross-ratio systems: If the net (5.28) is quaternionic it corresponds to a K-net.
As visible in (5.30), this reduction is very elegant in terms of the Hirota map: p is
quaternionic if and only if

ocR and seSh (5.32)
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This relation will be crucial for our study of the connection of cross-ratio systems to
further discrete surfaces in Chapter 7.

5.4. lIsothermic nets

Isothermic nets are a well-known generalization of cross-ratio systems (with real cross-
ratio) into higher dimensional space [15, 51, 95]. We will review their Lax representation
which belongs to parallelogram nets in H?*2. In particular, this Lax representation is
known to play a role in the construction of a Calapso transformation for isothermic nets
[49, 50, 33, 31].

By defining the notion of a cross-ratio for quaternions we can consider nets of factor-
izing cross-ratio in R? = ImH or R* = H. Many concepts of Section 5.3 extend to this
case. The cross-ratio of four quaternions a, b, c,d € H is defined as

cr(a,b,e,d) = (a —b)(b—c) (c—d)(d—a)"t € H. (5.33)

It is real if and only if the four point lie on a circle (see, e.g., [46]). In this case,
cr(a,b, c,d) agrees with the cross-ratio obtained by identifying the plane containing the
points with the complex plane C and can also be computed with the reordered formula

(d—a) Y ec—d)(b—c) " (a—b) =cr(a,b,c,d) €R. (5.34)

We will consider vertex based maps f : Z" — H and, again, we denote their edge

vectors by d' := f; — f. We will assume the four points of each quad to be pairwise
distinct.

Definition 5.4.1 A net f : Z" — H is called an isothermic net if there exists an edge
labelling o : E(Z™) — RUIR, i.e., aé- =a' fori# j such that

. . ) 7\2
er(f, fir figs 1) = di(d?) "\l (&)Y = Ej; cR. (5.35)

By requiring o’ to be real or imaginary we require the cross-ratio to be real. If all
points lie in a common plane we have a cross-ratio system as in Section 5.3 with real
cross-ratio.

The isothermic (non-commutative) version of (5.23) is given by

(0?)2(d) "1 + ()2 (di) ™! = (a?)2(d) "M (d] + d')(d])
= ()2 (d)H(dL + ) (d]) 7 = (a2 (d)7H + (of)2(d]) 7L (5.36)
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In the last step, we use the reordered version (dj)_ldé (dg)_ldi = ég;;z of (5.35). Hence,

amap f*:Z"™ — H is defined up to translation by

*\ 1 (ai)Q
Y =fr—fr=-—
(@) = - ="%
This map f* is called the dual of f and it is an isothermic net with the same labelling

«a. Analogous to cross-ratio systems, we can write isothermic nets as a reduction of
parallelogram nets:

(5.37)

Proposition 5.4.2 An edge based map

- 4 0 d
p:E(Z") — HP?,  pl= (_ (o2 0) (5.38)
dt

— —

fora: E(Z™) — RUIR and d : E(Z™) — H is an evolvable parallelogram net if and only
if d is the edge map of an isothermic net with labelling o.

Again, we only consider maps a with o # 0 and of # o/ for i # j. Also, note that

the inverse of a matrix A = (2 8) € H?*? exists if b,c # 0 and is given by A =

-1
<b01 CO > The Study determinant det A = [|b||?||c||? is invariant under a sandwich
product A — BAB~!. A more general inverse is explained in Remark 5.4.3.

Proof. This is analogous to the proof of Proposition 5.3.6. Here, (3.2) reads
N2 77 giN=1 (G270 (77— 1 N2( gi\=1 i _ (iN2(7i\—1 7
(@)°di(d) ™" = (o )°dj(d”) and  (07)*(d) " d" = (af)*(dj) ") (5.39)

If o has the labelling property then the first equation agrees with (5.35) and the second
equation is the reordered version. Hence, for an isothermic net (5.38) is a parallelogram
net. For the converse, we again have that o is an edge labelling since it is an invariant
of the evolution. Equation (3.1) implies that d can be integrated into a vertex based
map and it is isothermic due to (3.2). O

Remark 5.4.3 As explained in [50], the inverse of a matriz A = (i 2) € H2*2

generically exists: Specifically, one can assign the so-called Study determinant
det A = |a|?|d|* + |b|?|c|* — abdc — edba. (5.40)
If det A # 0 the inverse of A is given by

- 1 (|df*a—cdb |b*c—abd
1 = 7 5 —_ —
A= Gwa <c|2b —dca |a|?d—bac)" (5.41)
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A natural Lax representation for isothermic nets is given by (3.19) with A = 1 and
p — —pu which becomes

, 0 —d
P'=1+ " ((ai)2 ) . (5.42)
dt 0

One can easily check that this is gauge equivalent to the Lax representation for isothermic
1

0
nets given in [15]. On the other hand, after a gauge with G = (\6‘7 f) we get
w

i iv—1 0 —d’
dt
with £ := p?. This is known to be a flat connection of discrete isothermic nets. It

is still a linear Lax representation for isothermic nets, however, it is not of the form

(3.19). We can define a moving frame ¥ by the transport ¥; = P'¥ and by setting
1 —f(0 A 1

U (0) = (0 fl( )> For another gauge we set G = U1, = <0 {) Note that

this is an an application of our general approach (3.34) for gauging of a general linear

Lax representation into the form (3.19). We get

GP'G T =1+4 <__f(£ld)) f(;d))ff> —1+4 <{) (d)* (=1 f) =1+ pp (5.44)

and p is a parallelogram net. This parallelogram net p is called a retraction form since
its image and kernel are given by

imp’ = ({) H,  kerp' = <{> H. (5.45)

These are homogeneous coordinates of the points f; and f in HP' respectively: The
projective line over the quaternions HP! is defined by equipping H? \ {(0,0)} with the
equivalence relation

(fx) ~ (Z) e (2) = <Z> = <Zg> for some ¢ € H\ {0}. (5.46)

The elements of HP! are the equivalence classes and they yield homogeneous coordinates

of HU oo via
a\ ~ 3-1 1 ~
<b) >~ ab T, <0) = o0. (5.47)
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Now, note that the second column of \I!l;io contains the homogeneous coordinates (ch)

of the isothermic net f. In fact, remarkably, this second column of ¥~! contains ho-
mogeneous coordinates of an isothermic net for every i € R as well. The family of
isothermic nets f; obtained this way is called the Calapso transformation of f. We will
find another version of the Calapso transformation in Section 5.5.

Further investigation of the connection between isothermic nets and parallelogram
nets can be a subject of future work. For example, it should be possible to relate work
on periodic Darboux transformations [36] to quasi-periodic parallelogram nets as we
discussed in Section 3.5.

5.5. Moutard nets in quadrics and Clifford algebras

We have already explored Moutard nets in S in Section 4.7 and in H? in Section 5.2.
We described them by parallelogram nets in the quaternions and biquaternions. Here,
we present a more general setting: Moutard nets in quadrics can by described by par-
allelogram nets in Clifford algebras. We will see that they arise naturally as additive
or multiplicative primitive maps. While related linear Lax representations for Moutard
nets in terms of Clifford algebras exist (see [95] or [24, Section 6.9]), this description
seems to be new. This section has some overlap with Section 4.7 since a lot of the theory
works completely analogous to the quaternionic setting.
We consider nets in the space RP¢ which is RPT¢ equipped with the inner product

() =291 + -+ TpYp — Tp1Ypr1 — ** — TpiqYptq- (5.48)

A net f:Z" — RPY is in a quadric if (f, f) = k for some global constant x € R.

Recall Definition 2.2.2, stating that f : Z" — RPY is called a Moutard net if its
quadrilaterals fulfill a Moutard equation, i.e., if there exists a : F (Z"™) — R such that
for all i, j € [n]

fis— f=a"(f; = f). (5.49)

For simplicity, we will only consider nets where no diagonal f;; — f or f; — f; vanishes.
Now, consider a Moutard net in a quadric. Plugging (5.49) into k = (f;j, fi;) yields

a’ (k= (fi, ;) = (f> fi — fi)- (5.50)

Hence, generically (i.e., if (f;, fj) # ) the fourth point f;; of every quad is determined
by the other three points by

fij=F+ M(fj — fi)- (5.51)
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Note that (f, f;) has the labelling property since

R = <f’L7 f]>

For an algebraic description we turn to the Clifford algebra C1i, ,(R) which we intro-
duce briefly. For a more elaborate overview see, for example, [6]. Consider multiplication
of vectors in the standard basis ey, ..., ep44 of RP? subject to the relations

(fis fig) = (f5, /) + (fis fi = fa) = ([, fa)- (5.52)

eiej = —eje; for i # j, e? = —(e;,e;). (5.53)

This generates a unit associative algebra which is the Clifford algebra Cl, 4(R). Its
dimension is 2°%¢ and a basis is given by elements of the form e;, - - e, for 1 <y <
ig < -+ < i < n. This includes the empty product which is the unit element 1. Clifford
algebras are graded algebras. For example, scalars are multiples of 1 and have grade
zero. Similarly, vectors in RPY are contained in the algebra as linear combinations of
€1, ..., ept+q and have grade one. Two such vectors a,b € RP? fulfill

—a® = (a,a), ab+ba = —2(a,b). (5.54)

We can use the Clifford product to describe Moutard nets.

Lemma 5.5.1 A net f in a quadric is a Moutard net if and only if
(fis = D5 = fi) = 2(f, f; = fi)- (5.55)

Proof. 1f f is a Moutard net we get this equation from (5.49), (5.50) and —(f; — fi)* =
2(k — (fi, fj))- Conversely, if the product of the diagonals of f is a scalar the diagonals
are parallel and f is a Moutard net. ]

Now, we describe the Moutard net as a parallelogram net.

Proposition 5.5.2 A net f in a quadric of RP? is a Moutard net if and only if p :
E(Z™) — RPY C Cly 4(R) defined by p' = f; — f is a parallelogram net in Cl, 4(R).

Proof. ~ While the additive equation (3.1) holds by construction, the multiplicative
equation (3.2) reads

0=’ —plp' = (fis = )5 = ) = (fis = ) (fi = )
= fiy(f = fo) + (fy = fi) f = (fig = D)5 — fo) = 20, f5 — fa) (5.56)
and is equivalent to (5.55). Here, we used f? = sz = —K. O

The Lipschitz group is the group of products a = a1---ar € Cl, 4(R) of invertible
vectors a; € RP4. These are exactly the elements of the algebra which preserve the grade
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5.5. Moutard nets in quadrics and Clifford algebras

of a vector b under the sandwich product b — aba™!. Any element of the Lipschitz group
is either graded even or odd, depending on the number of vectors in the product.

Since p’ = f; — f is of grade one the Lax representation A+ up’ is not in the Lipschitz
group. The associated family (3.23) does not preserve the grade and p! is not in the
vector space which makes geometric interpretation difficult. However, there is a more
natural construction which resolves this issue: We can also assign a parallelogram net
to a Moutard net where p’ is a bi-vector, i.e., an element of grade two.

I:roposition 5.5.3 A net f in a quadric of RP? is a Moutard net if and only if p :
E(Z™) — RP4 C Cly, 4(R) defined by p' = fif is a parallelogram net in Cl, 4(R).

If Kk # 0 every f is invertible and we have
ip—1 L
fi=p'f ==t (5.57)

and f is a multiplicative primitive map of —%p.
Proof. The multiplicative equation (3.2) always holds, since

pip' = fiififif = —kfiif = fijfifif = pip (5.58)
For the additive equation (3.1) consider

Pi+p = fili+ fif = (fg— ) fi = 2(f. f3)
L+ 0 = fisfi+ fif = (fig = D i = 2(F fi)- (5.59)
Hence, (3.1) is equivalent to (5.55). O

Now, the Lax representation A + up' is a bi-vector in the Lipschitz group. We can
consider the edge values p! in the associated family (3.23). The frame ® is in the
Lipschitz group and, hence, a sandwich product with ® preserves the grade. Then,
pi = @ 1(P)~L(P)'® is indeed a bi-vector again. As corresponding vertex based net
we define the vector valued map f; := @~ f®.

Proposition 5.5.4 Let f be a Moutard net in a quadric and let p be the parallelogram
net defined by p* = f;f with a frame ®. Then, the family of nets defined by f; := ®~1f®
1 a family of Moutard nets in the same quadric as f.

Proof. Since ® is in the Lipschitz group f; is of grade one, i.e., in the vector space RP/4,
Also, we have f2 = ®1f2® = —k and, hence, f; is in the same quadric as f. We will
show that the edge based net ¢; defined by ¢ = (f;);f; is a parallelogram net. Then, by
Proposition 5.5.3, f; is a Moutard net. Specifically, it will turn out that ¢ is of the form
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qi = r + spi where p; is in the associated family of p and s, € R are globally constant.
Then, ¢; is primarily equivalent to p; and, hence, also a parallelogram net.
We calculate

g = (fo)ifs = O] i® @7 fO = O fi(A+ pfi /) [P = ®;H(uw® + Afi )@ (5.60)
and
7+ spp = r®; PO + 507N (PY® =37 ((rA + sN) + (ru+ sp!) fif) . (5.61)
AN — g 12 _ p2R2N2

These coincide if we choose r = Sy v and s = N Note that r and s are
globally constant, but depend on the parameter ¢. ]

Clearly, each member f; of the associated family only depends on the fraction %
and, hence, we can set A(t) = 1 and u(t) = t. Note that r and s in the proof simplify to
r=tk? and s = 1 — t?s2%.

We will demonstrate that this associated family is the Calapso transformation as dis-
cussed in Section 5.4 by turning to the representation of isothermic nets in the lightcone
of R*%!: Let g : Z?> — R? be an isothermic net with edge labelling o. It is known (see,

e.g., [24, Section 4.3.5]) that there is a map s : Z? — R such that

g
iR, =B+ ]gl?) (56
L1+ lgl?)

is a Moutard net in the lightcone which is the quadric given by (f, f) = 0. The net f is
called the Moutard lift of g. It fulfills f2 = —(f, f) = 0 and

L 2 )
Fif 1= —2(f ) = 15917 iy, (5.63)

S84

Conversely, every Moutard net in the light-cone corresponds to an isothermic net.
Thus, Proposition 5.5.4 assigns a family of nets to each isothermic net and its members
are isothermic again.

Proposition 5.5.5 Let f be the Moutard lift of an isothermic net g with labelling .
Then, the family g; of isothermic nets obtained from f; = ®~1f® as in Proposition 5.5.4
with ®; = (1 +tf;f)® has the following properties:

1. The isothermic nets g; have cross-ratio

(@) 1+ t(ad)?
(@9)? 1+ t(a?)?’

(5.64)
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2. Each vertex star of g; is obtained by applying the common Mébius transformation
®(t) to the corresponding vertex star of g.

Here, by vertex star we mean a point g and its neighbours g;, g;. These properties
characterize the Calapso transformation (see [50]). It coincides with the transformation
described in Section 5.4. Note that the following proof extends to nets in the lightcone
of other vector spaces as well and, thus, analogous statements can be made.

Proof. The inverse of each transport 1 + ¢ f; f is given by

1 i
(L+tfif) ' = 1++th)2 (5.65)
This implies
(fo)ife =@ A+ tfif)  H(L+tfif) f@ SO fif® (5.66)

T I+t
and taking the scalar part yields

_ . ai 2
(@) = 2((f00 £) = ol = 5 (5.67)

This implies (5.64).

Also, for a point and its neighbours we have

fi=2071fo,
1
(i = @7 i = @7 A i) i+ 1) = g i
R I S | N\ £ N—1gd 1 —1g
(f)i=0; [; 2= (A +tffi)i(L+tff;) = T 2ol —|—t(a§)2@ f;®. (5.68)

Note that scalar multiples in this model are identified and that a sandwich product with
a member of the Lipschitz group acts as a Mobius transformation. This implies the
second statement. O

5.6. Voss nets and kinematics

In this section, we investigate parallelogram nets in the dual quaternions DH. While
quaternions describe rotations in three dimensional space, dual quaternions describe
Fuclidean displacements. Thus, parallelogram nets in the dual quaternions can be con-
sidered as nets of displacements. We will consider a special case where the associated
family yields an isometric deformation of a surface. Our observations are based on the

83



5. Skew parallelogram nets in other algebras

description of linkages in [48]. As canonical example we will discuss Voss nets. While the
kinematic properties of the deformation of Voss nets are well-known [92, 91] we obtain
an algebraic description of this deformations that does not seem to exist in the literature.

We will briefly introduce dual quaternions. For more context on dual quaternions and
line geometry see [8, 88]. A dual quaternion is of the form ¢ = a + €b where a,b € H are
quaternions and € is a scalar fulfilling €2 = 0. Addition is defined componentwise and
the associative multiplication of two dual quaternions ¢ = a1 + €by and g3 = as + €bs is
given by

q1q2 = a1a2 + €(arbs + braz) (5.69)

One can extend many properties of quaternions to dual quaternions. Consider a dual
quaternion ¢ = a + eb with a,b € H. Then, a is called the primal part and b is called
the dual part of q. The conjugate is given by ¢ = a + eb. The scalar part of ¢ is given
by Req =Rea+eReb= %(q—i—(j) and the vector part is given by ¢ = d + b = %(q —q).
A quantity analogous to the squared norm of quaternions is given by qq = gq = aa +
e(ab + ba) = ||a||?> + €2(a, b). If this squared norm does not vanish ¢ has an inverse given
by

¢ l=at(1—-eba™) (5.70)

Also, we call g. := a — €b the e-conjugate.

We are mostly interested in quaternions where the squared norm is real, called Study
quaternions: In fact, the set DH* := {q € DH|¢q € R\ {0} } is a group under multipli-
cation.

We will describe a line through two points fi, fo € R3 = ImH by the dual quaternion

L= fa— fi+e(fr x f2) (5.71)

These are called Pliicker coordinates for the straight line. They fulfill | € DH* and
Rel = 0. In fact, every dual quaternion with these properties describes a straight line
and the Pliicker coordinates of a straight line are unique up to multiplication with a real
number. A point f lies on the line given by a dual quaternion [ if and only if

(1+ef)le = 11+ €f) (5.72)

To us, the most important property of dual quaternions is that they can be used to
describe rigid motions in Euclidean space. In fact, if we embed Euclidean space R? into
the dual quaternions by f +— 1 + €f then a dual quaternion ¢ € DH* acts as a rigid
motion on R? via the map

1—|—ef»—>q6(1—|—ef)q_1 (5.73)
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and all rigid motions can be described in this manner. Remarkably, composition of two
rigid motions corresponds to multiplication of corresponding dual quaternions. The rigid
motion induced by ¢ = a + eb € DH* is a translation if a € R. It is a rotation if a ¢ R
and Reb = 0 and the axis of the rotation is the line given by ¢ = a + eb. Analogously
to (4.11), the angle of rotation depends on Rea. We denote the set of dual quaternions
inducing rotations by

R:={¢q=a+ebeDH|qi € R,ad+#0,Reb=0} (5.74)

Now, consider a two-dimensional parallelogram net p : & (Z?) — R. The sandwich
product  — gzqg~' of dual quaternions preserves Re x and zZ. Therefore, the invariants
of the evolution (3.3) are the scalar part Rep’ and the squared norm p’p’ and they
have the labelling property. Note that, the evolution (3.3) is closed in the set R since
the condition to be in R can be expressed in terms of the invariants. Hence, such
parallelogram nets can be constructed from initial data. Also, note that the primal part
of p is a quaternionic parallelogram net.

Let us turn to a kinematic interpretation. Consider the Lax representation (3.19)
given by Pi(t) = A(t) + u(t)p’ for two functions A, 1 : R — R. Then,

L+ef = (PHH1 +ef)P (5.75)

describes a rotation around the axis 7' and the angle of rotation depends on t. The
compatibility condition P;Pj =p/ P? implies that composition of these rotations along
paths on the lattice is path-independent. The corresponding moving frame & with
®; = P'® and ®(0) = 1 assigns a motion to every point which is given by

I4ef » O 11 +ef)® (5.76)

One can build a physical realization of this by realizing each rotation with a rotational
joint. In fact, the combination of such rotational joints along a path from 0 to z € Z?
realizes the motion ®(z) as a linkage. A realization of two distinct paths from 0 to
xr € Z? yields a closed linkage. With the parametrization P* = t — p' (i.e., A\(t) =
t,u(t) = —1) the frame ®(z) becomes polynomial in ¢ and, thus, ®(x) is called a motion
polynomial. Realization of such polynomial motions as closed linkages by splitting them
into compositions of rotation is investigated in [48].

As discrete differential geometric application we are interested in the case where the
lines serving as axes of rotation make a discrete surface. For this, we will consider a
two-dimensional parallelogram net p = (u,v) such that at each quad the four lines given
by u, v, us, v intersect in one point F12. The resulting discrete surface F : F (Z?) — R3
is combinatorially dual to our lattice Z2: A point F'?2 = F?! of the surface belongs to
a quad of the parallelogram net. As a motivation for this construction note that this
condition on p is consistent with the evolution (3.3):
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Lemma 5.6.1 The evolution (3.3) preserves incidence in the following sense: If two
lines given by dual quaternions u and v intersect in a point F' then the line given by
0= (v—u)u(v —u)~! also intersects F.

Proof. This can be shown by repeated application of (5.72) and its e-conjugated version

(I—ef)l =1(1—€f):

(14 €F)te = (14 €F)(ve — ue)ue(ve — ue) ' = (v — u)(1 + eF)ue(ve — ue) !
= (v~ wu(l + eF)(ve — ue) " = (v~ wul(ve — ue)(1 — eF)) ™
= (v —wu((1 = eF)(v—u) ™" = (v —wu(v —u) " (1 +€F)
=u(l+€F). (5.77)

d

Our frame ®(z) defines a motion at every vertex x € Z? which we can apply to the
corresponding quad of the surface F'. In this manner, four motions ¢, ®1, Py, 1o are
assigned to each point F''2. These motions are related by rotation around the respective
axes 1,7, 1o, ¥; which intersect in the point F'2. Hence, these motions agree on the
point F'2. Thus, applying ® yields a deformation F; of the surface which is given by
the non-symmetric formula

1+ eFP2=d7 1+ eF?)® (5.78)
with

O 1+ eF2)D = (1) 11 + eF12) D,
= (B2) (1 4 eF12) Dy = (B19) 71 (1 + eF'2)D1s. (5.79)

Every quad remains rigid under this deformation and, in this sense, the deformation is
1sometric.

Generally, the construction of such parallelogram nets from initial data still has to be
investigated. Instead, we will turn to an interesting subclass: For this, we denote the
set of dual quaternions describing 180°-rotations around an axis in the %, j-plane by

O :={ai +bj + cek € DH |a,b,c, € R, a®> + b* # 0} C R. (5.80)

Elements of this set correspond to lines in the ¢, j-plane and up to multiplication with
a scalar each such line determines an element of O.

Now, consider a parallelogram net p = (u,v) : £(Z2) — O. For regularity, we will
assume that lines given by adjacent values of p are not parallel. Then, adjacent lines
intersect and Lemma 5.6.1 implies that the four lines of each quad intersect in a common
point F12. Therefore, using the evolution (3.3) one can construct examples of such
parallelogram nets from any generic initial data on the axes or on a zig-zag.
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5.6. Voss nets and kinematics

Figure 5.5.: An isometric deformation given by (5.78) of an anti- Voss-net which is a net
where opposite angles at every vertex are supplementary.

The discrete net F' defined by the intersection points is contained in the plane, however,
under the deformation (5.78) this net unfolds into three-dimensional space (see Figure
5.5). By construction, the quads of F' are planar and, hence, the quads of F} are planar as
well. Note that the primal part of p contains the information about the direction of each
line. As we discussed in Section 4.4, the quads of the additive primitive map of this primal
part are anti-parallelograms. Opposite inner angles of anti-parallelograms are equal
and, hence, opposite angles at every point F''? are equal or supplementary (depending
on the position of neighboring intersection points Fim, F;m). Let us summarize these
observations:

Proposition 5.6.2 Let p: g(Z2) — O be a parallelogram net. Then, the corresponding
net of intersection points F' and the nets Fy given by the isometric deformation (5.78)

1. have planar faces

2. and opposite angles at every vertex are equal or supplementary.

In the special case where all pairs of opposite angles are equal (and not supplementary)
they belong to a well-known class of nets:

Definition 5.6.3 A discrete net F : Z? — R3 is called a Voss net if it has planar faces
and if opposite angles at every vertex are equal.

Such discrete Voss nets are known as discretization of surfaces in conjugate geodesic
parametrization [92]. Their isometric deformation (see [70, 99, 67, 69]) and their con-
nection to K-nets (see [107]) are well-understood. In particular, the primal part of our
parallelogram net describes a K-net as in Section 4.4. The Voss net is parallel-reciprocal
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to this K-net and it is only uniquely determined from the K-net if one prescribes ad-
ditional information about the position of each edge. In our setup, this information is
stored in the dual part of the parallelogram net. Matching our observations, the def-
inition of discrete Voss nets has a natural generalization that includes vertices where
opposite angles are supplementary [69] (called anti-V-hedral vertices). A net consisting
of such vertices is seen in Figure 5.5.

The author believes that all (generalized) Voss nets and their deformations can be
described by a parallelogram net as in Proposition 5.6.2. We will sketch a possible
proof without giving details: Voss nets are flat-foldable meaning that their deformation
contains a planar member F'. The edges of F' are lines in a plane and by representing the
lines by dual quaternions we obtain a net p : g (Z?) — O. The lines define each value of
p up to a scalar multiple. Since F' is reciprocal parallel to a K-net (in this case: a net of
anti-parallelograms) we can scale each value of p in a way such that its primal part gives
the edges of the K-net. This already implies that the primal part is a parallelogram net.
The parallelogram equations (3.1),(3.2) are invariant under a translation in the plane.
Translating the intersection point F' of four lines corresponding to a quad into the origin
yields that (3.1),(3.2) hold for the full dual quaternions. Hence, p is a parallelogram net
and it determines the Voss net and its deformation as in Proposition 5.6.2.

Finally, since parallelogram nets are multidimensionally consistent we can extend our
considerations to a lattice of higher dimension, for example, we can consider a parallelo-
gram net p : g (Z3) — O. The three-dimensional lattice consists of elementary cubes and
since the corresponding net of intersection points F' is defined on the faces of the cubes
the net F' consists of elementary octahedra. The faces of each elementary octahedron
of F stay rigid in our isometric deformation. An octahedron which allows for such a

deformation is called a Bricard octahedron as discovered in [29] (for more details, see
[101, 43]).

5.7. Other linear Lax pairs

In this section, we showcase two more examples of linear Lax pairs which can be gauged
into our Lax representation (3.19) for parallelogram nets. Exploring their connection to
our theory in a more meaningful manner remains the subject of future work.

Discrete O surfaces have been established in [96] and constitute a class of surfaces
which includes many well-known integrable surface classes, in particular, isothermic
nets, minimal nets and nets of constant (Gaussian or mean) curvature. The Lax pair
for discrete O surfaces is given in [96, Theorem 6.2] by the A-dependent pair (U, V) :
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g(ZQ) N R(3+n)><(3+n) with

B 2 aAXXT NXH (3+n)x (3+n)
U=1+7"0 <HTXT AHTH) <F

_ 2 (BAYY"T A\YK (3+n) % (3+n)

where X,Y € R? are column vectors, H, K € R” are row vectors and o, 8 € R have
the labelling property. Each O surface corresponds to a solution of the compatibility
condition V1U = U,V for (5.81). Now, observe that (1 —aX)U and (1 — S\)V are linear
in A and, thus, of the form

1—aNU=a+X, (1-BNV=c+\ (5.82)

for a,b,c,d € RGTM*B+n) haged on corresponding edges. Then, by application of
Lemma 3.3.7 we see that the Lax pair (5.81) of O surfaces is gauge equivalent to our
Lax representation (3.19) of parallelogram nets.

The theories of parallelogram nets and O surfaces both unify a large class of integrable
systems and, thus, a better understanding of their connection is a natural goal for future
research.

A similar gauge equivalence can be observed for indefinite affine spheres which have
been introduced in [20]. Discrete indefinite affine spheres are maps f : Z2 — R3 with
the following properties:

1. Vertex stars are planar, i.e., every point f and its neighbours f3, f5, f1, fo are in a
common plane and

2. On all faces the discrete affine normal line defined by connecting the midpoints of
diagonals 3(fi2 + f) and 1(f1 + f2) intersect the origin 0 € R3.

At each point consider the matrix

(fL—1)"
R=|(f2 ;Tf)T € R3%3, (5.83)

This can be considered as a frame of the surface. The transport of this frame given
in [20, Theorem 3.3] comes with a natural dependence on a parameter A. Writing this
transport in terms of a pair (U, V) : £(Z%) — R3*3 fulfilling Ry = UR, Ry = VR yields

M-l 04 ANALH N24,

(H-1)H,
U= H-1 H 2(H —1) | =1a+Ab,
1 0 1
H H-1 2(H —1) .
V=374l gitnm 3B 32B2 | = (et Ad) (5.84)
0 1 1
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where H = H'? is a face based map and A and B are vertex based maps.

Note that b and ¢ are matrices with rank equal to 1 and, as such, not invertible.
Thus, Lemma 3.3.7 cannot be applied immediately. However, after a reparametrization
A= A=\ —1 the lemma can be applied to the pair

U=a+b+Xb, A =c+d+ A (5.85)

and, hence, the Lax pair for indefinite affine spheres (5.84) is gauge equivalent to the
Lax pair (3.19) for parallelogram nets.
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A general oberservation made several times throughout this thesis is that on every path

—

of consecutive edges di, ..., d; € E(Z™) lives the product

(A +p(dr)) -+ (A +p(d1)). (6.1)

which is a polynomial in A. The coefficients are elements of the non-commutative algebra
A while the variable A is a scalar and commutes with elements of A. In this chapter, we
discuss factorization of such polynomials and relate it to (skew) parallelogram nets.

6.1. Polynomials over rings

Here, we present some known general theory following [76]. We consider polynomials
F=%", tFay, in an indeterminate t where the coefficients ay, lie in some ring R. We
assume that ¢ commutes with all elements of the ring. We define the sum and product
of two polynomials F' = >"7_,t*ay, G = 31 t*b; by

max{m,n}

F+G= Z tk(ak + bi) (6.2)
k=0
and
m+n
FG = Z t*ey, ck = Z a;b; (6.3)
k=0 it+j=k

respectively. With these two operations the polynomials form a ring. In our applications
R = A is a unit associative algebra and ¢ will be a scalar (in R or in C). Scalars commute
with all elements and, hence, are contained in the center Z(R) of the ring. Thus, the
assumption on the variable ¢ to commute with the coefficients is reasonable.

We want to be able to evaluate the polynomial for elements of the ring. Following the
notation of [68], we define left evaluation eVlF and right evaluation ev}, of F' at x € R by

evia(z) == Z z*ay, evip(x) == Z apz® (6.4)
k=0 k=0
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For elements of the center € Z(R) we have evh.(r) = evi.(z) =: evy(z) and the
evaluation is a ring homomorphism:

ovpg(z) = evp(zlevg(e),  evpig(r) = evp(r) +evg(@). (6.5)

For general elements x € R of the ring right and left evaluation are not homomor-
phisms.

Now, consider F' = 3"} t*ay, with a, # 0. Then, a, is called the leading coefficient
and if a,, = 1 the polynomial is called monic. The number n is the degree of F' which
we denote by deg F' = n. We turn to polynomial division:

Proposition 6.1.1 Let F,G be polynomials with deg G < deg F' such that the leading

coefficient of G is invertible. Then, there exist unique polynomials Q., R, and Q, R;
with deg R, deg R; < deg G such that

F=QiG+ R =GQ, + R, (6.6)

Proof. One proves this using the well-known Euclidean division for polynomials: We
will demonstrate this for left division, right division works analogously. For this, let g
be the leading coefficient of G and set )y := 0 and Ry := F. We define polynomials
Q;, R; by iterating the following steps as long as deg R; > deg G:

1. define s; := tde8 Ri_deggmg_l where r; is the leading coefficient of R;,
2. Qiy1:= Qi + si,
3. Ri—i—l = Rl — SZ'G.

In every iteration we have F' = Q;G + R; and deg R; is strictly decreasing. Hence, this
algorithm stops after k& < oo iterations and we set Q; := Qr, R; := Rj. These fulfill
the requirements of the theorem. For uniqueness, assume that Q; and R; also fulfill the
requirements. Then, we have

(Q— Q)G =R — Ry (6.7)

Now, if Q; — Q % 0, then the degree of the LHS is larger or equal to deg G which
contradicts the assumption that the degree of the RHS is smaller than degG. Hence,
we have Ql = Ql and Rl = Rl. ]

Division with remainder is an important tool for factorization. We call G a right factor
of F' if there exists a polynomial () such that F' = QG. This is equivalent to a vanishing
remainder R;. We call h € A a right root of F if evi,(h) = 0. Of course, left factors and
roots can be defined analogously. Linear right factors are closely related to right roots:
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Proposition 6.1.2 The polynomial t — h is a right factor of F' if and only if h is a right
root of F.

Proof. If t — h is a right factor of F we can write F' = Q(t — h) for some Q = > t'q;.
We have

n

F = En: Pgi(t—h) =Y tHg - En: tq;h (6.8)
=0 =0

=0

and, therefore,
evip(h) = ZqihiH — Zqihhi = 0. (6.9)
i=0 i=0

Now, for the converse, assume that h is a right root of F. Using polynomial division we
can find @, R such that F = Q(t — h) + R and deg R = 0, meaning that R = t’rg is a
constant polynomial. Right evaluation yields

0 =evp(h) = evg_p(h) +evi(h) =0+ o (6.10)

since Q(t —h) has t —h as a right factor and, thus, h as a right root by above argumenta-
tion. Hence, F' = Q(t —h) and ¢ — h is a right factor of F'. This proof works analogously
for left factors and roots. O

In the following sections, we will discuss existence and uniqueness of a factorization
of a polynomial F' ="} t*ay, into linear factors

F=an(t—hy)-(t—h), hi€R. (6.11)

Specifically, we will review well-known results for quaternions and introduce a new result
for the complex matrix ring C?*2. Similar factorization results exist for dual quater-
nions [48], split quaternions [94, 93] and, recently, conformal geometric algebra [77].

6.2. Quaternionic polynomials

If the coefficients ay, of the polynomial F' = >}, t*ay, are quaternions, i.e., if aj € H,
we call F' a quaternionic polynomial. In this section, we review the well-known theory
of factorization of such polynomials which has originally been studied in [45, 83] (see
also [68]).

First, we consider the special case of real polynomials R[t]: Since real numbers are
contained in the quaternions real polynomials are contained in the quaternionic polyno-
mials. The set of roots of a real polynomial consists of real roots and pairs of complex
roots related by complex conjugation. The real roots correspond to real linear factors
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while each pair of complex roots p, i € C corresponds to a (monic) real quadratic factor
X € R[] of the form

X=(t—p(t—p) =t>—=2Rep+ |u (6.12)

The complex linear factors ¢t — p and ¢ — i are not quaternionic polynomials. However,
a quaternionic factorization of X is given by

X = (t—h)(t—h)=t>—2Reh + ||h|? (6.13)

for any quaternion h contained in the set {h € H| Reh = Rep, |h|| = |p|}. This
set contains the quaternionic roots of X and forms a two-dimensional sphere. Thus,
if a quaternionic polynomial F' has a quadratic factor of the form (6.13) then h,h are
called spherical roots of F. We conclude that factorization of real polynomials over the
quaternions can be highly non-unique. However, spherical roots are a special case which
we can avoid if we assume a quaternionic polynomial to not have real polynomial factors.

To a general quaternionic polynomial F', we assign the norm polynomial FF € R]t].
If F has a factorization of the form (6.11) then the norm polynomial is

FF = |la,|? X, - X1 (6.14)
where X; = (t — h;)(t — h;) € R[t] is the norm polynomial of the linear factor ¢ — h;.
On the other hand, since the norm polynomial of a general polynomial F' is real it can
be factorized into n quadratic factors of the form (6.12). For this, note that every real
root of FF must be a root of F and F and, hence, it is a double root. Every quadratic
factor of the norm polynomial corresponds to a right factor of F:

Theorem 6.2.1 Let F' be a quaternionic polynomial with no real polynomial factors.
Then, for every monic quadratic real factor X of the norm polynomial F'F there exists
a unique right factor t —h of F with X = (t — h)(t — h).

Proof. Using polynomial division we know that there are polynomials ), R such that
F =QX + R and deg R < 1. We compute (using X € R[t])

FF=(QX+R)(XQ+R)=(QQX + QR+ RQ)X + RR. (6.15)

Since, by assumption, X is a factor of FIF it is also a factor of RR (unless R = 0 but this
contradicts the assumption that F' has no real factor). Therefore, we have deg R = 1 and
we can write R = c(t — h) for some ¢, h € H. Overall, we have RR = cé(t — h)(t — h) =
llc|[?X and

F=QX+R=Q(t—h)({t—h)+c(t—h). (6.16)
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6.2. Quaternionic polynomials

Therefore, t — h is a right factor of F. For uniqueness, note that every common right
factor t —h of F and X must be a right factor of R and, hence, must agree with t —h. [

By iterative application of the theorem we can factorize the polynomial F' into the
form (6.11). There are n! possible orders of the n quadratic factors X; of FF and every
order yields one factorization of F. If the quadratic factors X; are different then the
factorizations are different as well.

As we will motivate below, we are also interested in factorizations of the form

F:ao(l—thn)"-(l—thl), h; € H. (6.17)

Such factorizations are covered by Theorem 6.2.1 as well. In fact, either we can apply
the result directly by using the observation that 1 — th is a right factor if and only if
t —h~!is aright factor (for h # 0) or we can apply a reparametrization: A factorization
of F into the form (6.17) corresponds to a factorization of G(t) := ¢"F () into the form
(6.11).

Now, we are interested in polynomials where all values h; as in (6.17) lie in a common
plane, by convention, the ¢, j-plane. Then, the polynomial F' belongs to a special sub-
ring of the ring of quaternionic polynomials:

Definition 6.2.2 We call a quaternionic polynomial special if all its odd coefficients
are in the t, j-plane while its even coefficients are in the 1, k-plane.

An equivalent characterization for a polynomial F' to be special is the condition
F(—t) = —kF(t)k. We are concerned with factorization into the form (6.17) since a
linear factor 1 — th can be special itself (if A is contained in the ¢, j-plane). A factor of
the form ¢t — h cannot be special. Factorization of special polynomials is explained in
[68]:

Proposition 6.2.3 A special quaternionic polynomial F' with no real polynomial factors
has a factorization of the form (6.17) into special linear factors if and only if all roots
wu € C of the norm polynomial FF € R[t] lie on the imaginary axis.

Proof. If F has such a factorization, then FF consists of quadratic factors of the form
X; =1+ t?||h;]|? and, thus, its roots P2 = iim € iR C C are on the imaginary axis.

The converse follows from the fact, that our construction of a right factor remains
in the sub-ring of special polynomials and, thus, by iterative application we can find
a special factorization. For this, note that polynomial division of special polynomials
produces a quotient and remainder which are special. Specifically, the proof of Theorem
6.2.1 states that a right factor t —h~! is obtained from each monic quadratic factor X of
FF by applying polynomial division to obtain FF = GX + R with R = ¢(t — h™!). Now,
in our case the roots of X are imaginary and, hence, X = t> + W is special. Then,
R = —ch™!(1 — th) is special and, therefore, 1 — th is a special right factor of F. ]
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6.3. Matrix polynomials

In this section, we present a factorization result for the complex matrix algebra C?*?
which does not seem to appear in the literature. We, then, obtain the well-known
Theorem 6.2.1 for quaternions as a consequence. There is one advantage: The right
factor is given as an explicit formula (instead of as a result of polynomial division). This
can be useful in application.

We call a polynomial F' =Y}, tFay, with coefficients a;, € C**2 a matriz polynomial.
A B
C D
the complex numbers A, B,C, D € CJt] as entries. Note that we, again, identify scalars
¢ € C with the corresponding multiple of the identity ¢1 € C?*2. In this manner, we
also identify the indeterminate ¢ for complex polynomials and matrix polynomials.

For a preliminary computation consider a matrix polynomial F with a right root
h € C?*2 such that F' = G(t — h). Then,

Equivalently, a matrix polynomial is a matrix F = < > with four polynomials over

Fadj(t — h) = G(t — h) adj(t — h) = G det(t — h). (6.18)

The eigenvalues 1, pus € C of h are the roots of det(t — h) and by plugging in pu; we
obtain

(i — h)adj F(u;) =0, i=1,2. (6.19)

Thus, non-vanishing columns of adj F'(u;) are eigenvectors of h. Each matrix adj F'(u;)
yields at most one eigenvector (up to scaling) since det F'(u;) = det G(p;) det(u; —h) = 0.
If taking a column of each matrix determines a basis of eigenvectors Y we can write h
in its diagonalized form

h=Y <“1 0 ) y! (6.20)

We formulate the existence of such a basis for a general matrix polynomial F':

Definition 6.3.1 Let F' be a matriz polynomial. We call two roots uy, po € C of det F'
independent if ker F'(11) Nker F'(u2) = {(0,0)}.

Independence means that the four rows of the two matrices F'(u1), F'(u2) are not all
multiples of each other. Then, for two independent roots we find linear independent
columns y; and yy of adj F'(u1) and adj F'(u2) respectively and the matrix ¥ = (y1 yg)
is invertible.

Remark 6.3.2 Note that if u1 = us the pair is not independent and a corresponding
right root of F' cannot be reconstructed using (6.20). This includes all non-diagonalizable
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right roots. On the other hand, if such a right root is diagonalizable then it is a multiple
of the identity and we have F(u1) = F(u2) = 0. Thus, the scalar puy = pg is not only
a root of det F' but also of F' itself. In particular, if p; is a scalar root of F it is not
independent of any other root ji; of det F.

Theorem 6.3.3 Let F' be a matrix polynomial with two independent roots u1, po € C of
det F'. Then, F has a unique right root h such that u1, uo are the eigenvalues of h. For
a corresponding basis Y it is given by (6.20).

Proof.  Uniqueness follows from the above argumentation since any right root h with
independent eigenvalues p1, o is determined by (6.20). Note that since the columns of
each adj F'(u;) are linearly dependent the specific choice of the basis Y does not affect
h.

For existence we need to show that (6.20) determines a right factor. We have the
eigenvalue equations hy; = p;y; which immediately imply (6.19). Therefore, the poly-
nomial F adj(t — h) vanishes at u1, p2 and, hence, has det(t — h) as scalar factor. This
defines a polynomial G with

Fadj(t —h) = Gdet(t —h) = G(t — h)adj(t — h) (6.21)
and we conclude F' = G(t — h) which implies that h is a right root of F. O

This theorem allows us to find right factors of the polynomial as long as the inde-
pendence condition is met. We can factorize the polynomial into linear factors if the
condition is met in every step. Under the (possibly strong) condition that every pair of
roots is independent in every step of the factorization we have (222)! possible factoriza-
tions belonging to the possibilities of choosing the pairs of roots. In most applications we
only consider refactorizations which respect the pairs of roots of det F', in other words,
which are obtained by reordering a prescribed set of pairs of roots. Then, as in the
quaternionic case, there are n! such factorizations.

For example, a generic quadratic polynomial F' has a total of six factorizations, belong-
ing to the different possibilities to choose pairs out of the four roots of its determinant
det F'. If one such factorization is given by

F = ay(t — ho)(t — hy) (6.22)
then there is a unique refactorization
F = ay(t — ho)(t — hy) (6.23)

obtained by permuting the two pairs of roots of det F'. This means that h1 has the same
eigenvalues as hy and that ho has the same eigenvalues as hq. In fact, it can be explicitly
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computed to be

hy = (hy — adj hy)ha(hs — adj hy) 7L,
ha = (ha — adj h1)hi (ha — adjhi)~". (6.24)

We will discuss the obvious connection to the evolution (4.16) in the next section.

By identifying quaternions with corresponding complex matrices as in (4.12) we can
consider quaternionic polynomials to be a special case of matrix polynomials. We can
write a quaternionic polynomial as

A-Di —C- Bi
F_<C'—Bi A+Di> (6.25)

where A, B,C, D € R[t] are real polynomials. Then, the determinant polynomial is the
norm polynomial det ' = FF = A? 4+ B2 + C? + D? and its roots come in pairs related
by complex conjugation. Using Theorem 6.3.3, we give a second proof of Theorem
6.2.1. This proof implies that every right root of a quaternionic polynomial with no real
polynomial factors can be calculated using (6.20).

Proof. [of Theorem 6.2.1] Each monic quadratic factor of det F' is of the form (6.12) and
we set 1 = p and puo = . We will show that these are independent roots of det I’ by
finding a basis Y given by a column of adj F'(i) and adj F'(i2) respectively. For this, note
that

adj F = (é - g; _AC+_DBi i) . (6.26)
Consider the matrices
<A° ~ Dot —Co B@) , <C° ~Boi Ao+ DO?) (6.27)
Co— Boi Ay + Dyi Ag+ Doi  —Cy + Boi
where Ag := A(p), By := B(u),.... The first matrix consists of the first column of

adj F'(u) and the second column of adj F'(f1) while the second matrix consists of the
second column of adj F'(u1) and the negative of the first column of adj F'(z1). Both matrices
are quaternions. Also, one of them does not vanish: If both vanish we have Ag = By =
Co = Dy = 0 and, therefore, yu, i are scalar roots of F'. Then, X = (t —u)(t — 1) is a real
factor of F' which contradicts our assumptions. We define Y to be this non-vanishing
matrix. As a quaternion, it is invertible. Therefore, 1 = p and ps = & are independent
and Theorem 6.3.3 gives a unique right factor ¢t — h. Since h is given by (6.20) and Y is
a quaternion the right root h is also a quaternion. ]

We conclude this section with an example showing how one can also consider non-
quaternionic factorizations of quaternionic polynomials.
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Example 6.3.4 As a consequence of the two factorization theorems, we look at the
quaternionic polynomial

F =1+t <g _02> + <_02 _02> . (6.28)

We know that we can find a quaternionic factorization, e.g.,

F—(t— (_11 D)(t— (j _11)). (6.29)

By a different pairing of the roots we can also find a factorization which is not quater-

nionic, e.g.,
0 1+1 0 1—1i
Pz(t—(_l_i . ))(t—<_1+i . )). (6.30)

While this second factorization is not quaternionic it has the shape (5.28) of a Lax matriz
of a cross-ratio system. We will present an application of these different factorizations
in Section 7.3.

6.4. Skew parallelogram nets and universal factorization

Factorization of polynomials as a tool in discrete geometry has been used many times,
for example, for polygon recutting [68], for discretization of the motion of a rigid body
[80] or for finding closed linkages in kinematics [48]. Here, we relate our theory of
parallelogram nets to factorization and sketch some applications. First, note that by
setting A(t) =t and p = —1 the compatibility condition (3.18) of the Lax representation
of a parallelogram net reads

(t—p)(t—p') = (t—ph)(t —p)). (6.31)

The two sides correspond to two factorizations of the same quadratic polynomial. Simi-
larly, on an n-dimensional cube there are n! paths of consecutive edges dy, ..., d, € g (z")
connecting (0,...,0) € Z" to (1,...,1) € Z™. If a parallelogram net p is defined on this
cube then the product of linear factors P! = ¢ —p’ along each path yields a factorization

of the same polynomial
®(1,...,1)2(0)7" = (t = p(dn)) -+ (t = p(d1)) (6.32)

and this polynomial is the transport of the frame ®. Over the quaternions these are
exactly the n! possible factorizations:
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Corollary 6.4.1 A quaternionic polynomial F of degree n with no real polynomial fac-
tors has n! possible factorizations of the form (6.11). The linear factors can be assigned
to the directed edges of an n-dimensional cube such that each path from (0,...,0) to
(1,...,1) corresponds to one factorization of F' and such that the corresponding roots h
fulfill the parallelogram equations (3.1) and (3.2). If all roots u € C of det F' are distinct
then all n! factorizations are different and the parallelogram net defined on the cube is
evolvable.

An analogous statements holds for the factorization of generic matrix polynomials
over C?*2 if we only consider the n! factorizations corresponding to a prescribed pairing
of the roots of det F'. Thus, generally speaking, different paths on a parallelogram net
correspond to different factorizations of a polynomial and vice versa.

Sometimes (for example in Sections 4.4, 4.5, Chapter 9), we are concerned with par-
allelogram nets in the quaternionic ¢, j-plane and we have seen that the corresponding
quaternionic polynomials are special in the sense of Definition 6.2.2. In [68] factorization
of such polynomials is used to show that polygon recutting is integrable.

Let us consider other applications of this connection. First, (re-)factorization of
polynomials gives us another perspective on the Cauchy problem. Specifically, the re-
factorization (6.24) is completely analogous to the sidewards evolution (4.16). Recall
that sidewards evolution depends on properties of the specific associative algebra. In
fact, the sidewards evolution corresponds exactly to re-factorization of quadratic poly-
nomials in this algebra. Also, remember that a diagonalization as in (6.20) linearizes
the evolution (3.3) as stated in Remark 3.1.3.

Second, note that the coefficients of a polynomial can have geometric interpretation.
For example, as we saw in Section 4.6, a result from [87] states that the t"~2-coefficient
corresponding to a closed curve is the area-vector of the curve. In Chapter 8 and 9, we
will see that one can assign a polynomial to a special class of curves which describes a
flow of the curve. Factorization of the polynomial then gives a discrete version of this
flow as a sequence of Bécklund transformations.

Finally, consider a polynomial Lax pair, i.e., a pair L, M of polynomials in a variable ¢
where L is assigned to edges (z, 2+ e1) € £(Z2) and M is assigned to edges (z,z +e3) €
£ (Z?). This Lax pair is supposed to fulfill the compatibility condition LoM = MjL on
every quad. Many integrable systems have a description in terms of such a pair (see
[24]) and we will explore some of them in Chapter 7. Now, let us assume that deg L = n,
deg M = m and that the polynomials are quaternionic such that F':= LoM = M; L has
no real polynomial factors. Then, each polynomial L (or M) defines an n-dimensional
(or m-dimensional) cube of a parallelogram net. On each quad the polynomial F' defines
an (n + m)-dimensional parallelogram cube. In fact, the whole system is contained in
a two-dimensional sub-lattice of an (n 4+ m)-dimensional parallelogram net. Thus, our
theory introduced in Chapter 3 can be applied and yields a notion of multidimensional-
consistency, an associated family and results for quasi-periodic nets.
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Generically, this concept can be extended to polynomial Lax pairs in other algebras
in which similar factorization results exist (like C?*2?). However, in non-generic cases
factorization may be impossible. For example, if a polynomial has a factorization of the
form (6.11) with a non-invertible leading coefficient a,, then all of its coefficients a; are
non-invertible. Hence, by contraposition, if a polynomial has a non-invertible leading
coefficient a,, while some other coefficient a; is invertible then it does not have such a
factorization. Such a polynomial is given by the transition matrix for minimal surfaces
in [58] which is a special case of the CMC transport matrix (which we will discuss in
Section 7.4). Thus, we cannot find a factorization which relates minimal surfaces to
parallelogram nets as special case of the CMC net factorization presented in Chapter 7.
Sometimes an issue of this type can be repaired by a reparametrization of the polynomial
(as we have seen in Section 5.7). Possible relations of minimal surfaces to parallelogram
nets (using, e.g., reparametrization) remain the subject of future research.

In Chapter 7 we will present explicit factorizations of some examples of surfaces in
which L and M are quadratic matrix polynomials. To every edge we will associate a quad
of a parallelogram net and to every quad of the surface we will associate a 4-dimensional
cube.

We conclude this chapter with the remark that the idea to factorize polynomial systems
(appearing in Discrete Differential Geometry) into one unifying linear system seems to
be new. The following chapters of this thesis all present polynomial systems factorized
into skew parallelogram nets and can, thus, be interpreted as application of this universal
factorization.
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7. Discrete surfaces of constant curvature

In this chapter, we discuss how several discrete surface classes of constant curvature
can be described by parallelogram nets. We have already explored this for K-nets in
Section 4.4. Here, the surface classes will be, in a sense, of higher order: Edges of the
surface will correspond to diagonals in our parallelogram nets. The corresponding Lax
representation is quadratic since it arises as product of two linear factors (3.19). This
leads to more involved combinatorics of the parallelogram nets: In Sections 7.2 - 7.4
we find surfaces described by slices of 4D cross-ratio systems and in Section 7.5 we see
how two-layered three-dimensional parallelogram nets give rise to pairs of surfaces after
a combinatoric flip.

7.1. Definitions

First, we review some well-known types of surfaces of constant curvature. Note that there
is not one unique way of defining curvature for a discrete quad net. However, for nets
with special properties discrete curvatures have been defined (for example, in [97, 18]).
We will use the theory of edge-constraint nets introduced in [62] since it encapsulates all
surfaces considered in this chapter. For a short summary we follow [60, Definition 9]:

Definition 7.1.1 The pair (f,n) given by two maps f : Z> — R3 and n : 72 — S? is
called an edge-constraint net if the values along each edge fulfill

fi—f Lni+n. (7.1)

We call n the Gaufl map or (vertex) normal map of f. A face normal is a unit vector
N L spang{nis — n,ne — n1}. For a quad with face normal N we define the Gaufl
curvature K by

_det(ni2 —n,n2 —n1, N)

o det(le _f7f2 _flaN)

(7.2)

and the mean curvature H by

_ ldet(flg — f,no —nl,N) —i—det(mz —n, fo — flvN)
2 det(fi2 — f, fa — f1,N)

The curvatures are invariant under the choice of N.

H :
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It is known (see [62, Theorem 3.37]) that K-nets with their (flipped) normal map have
constant negative Gaufl curvature K < 0 if their edge-lengths || f1 — f|| and || fa — f|| are
constant. Due to having planar vertex stars, K-nets are considered to be in asymptotic
line parametrization.

On the other hand, circular nets (as in Definition 2.2.1) are considered to be discrete
surfaces in curvature line parametrization. They are naturally equipped with an edge-
parallel Gaufl map: Consider a normal map n such that neighbouring normals along
an edge n and n; are related by a reflection in the perpendicular bisector plane of the
edge (f, fi). For circular nets, such a Gaufl map is well-defined for any initial normal
n(0) € S%. Then, the pair (f,n) is edge-constraint (due to the symmetry) and the maps
f and n are edge-parallel, i.e., they fulfill n; —n || f; — f.

We can define a discrete analogue of surfaces of constant negative Gaufl curvature in
curvature line parametrization:

Definition 7.1.2 A circular net (with a corresponding normal map n) is called a cir-
cular K-net (short: cK-net) if every quad has the same negative Gaufl curvature K < 0.

Figure 7.1.: A quad of a cK-net given by diagonals of a rhombic K-net.

Example 7.1.3 We follow [60, Example 2J: Let f : Z? — R3 be a rhombic K-net, i.e., a
K-net for which all edge-lengths coincide. Now, consider a partition of Z? into black and
white vertices such that each edge connects a black and a white verter. If we connect the
black (or white) vertices by diagonals of the K-net they form an new lattice which yields
a cK-net: As exemplified in Figure 7.1, the four black vertices of a quad are neighbours
to a common white vertex in the K-net. Now, the property of planar vertex stars implies
that this quad is planar. Since the K-net is rhombic all black vertices have the same
distance to the white vertices and, thus, the quad is also circular. The (flipped) K-net
normals at the black vertices are circular normals: Neighbouring normals are connected
by a diagonal of the K-net and due to the symmetry of a skew rhombus they are mirrored
along this diagonal. One can calculate that the resulting edge-constraint net has constant
curvature K < 0.
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We find cK-nets as special parallelogram nets in Section 7.3.
We will also be interested in CMC-nets. Here, we give a geometric definition (see
[17, 33]). For this, recall the definition of isothermic nets in Section 5.4.

Definition 7.1.4 An isothermic net f is called a constant mean curvature net (short:
CMC-net) if it has an isothermic dual f* at constant distance to f.

Thus, there is a constant H € R\ {0} such that ||f* — f|| = £. CMC nets are circular
and the natural corresponding normal map is given by n = H(f* — f). As indicated by
the notation, the constant H is the mean curvature (7.3) of the surface. The theory of
discrete CMC surfaces also encompasses circular nets with constant positive Gaussian
curvature: For every pair of primal and dual CMC surfaces the middle surface %( f+r
has constant Gaussian curvature K > 0. Thus, these two types of constant curvature
surfaces are described within one system of equations.

Finally, note that the definition of CMC nets naturally extends to spherical and hy-
perbolic geometry (see [10, 32, 84]). If we represent points in S® by quaternions as in
Section 4.7 and points in H? by Hermitian matrices as in Section 5.2 we can compute
the cross-ratio of four points via

er(a,b,c,d) = (a —b)(b—c) (c—d)(d—a) . (7.4)

Analogous to Section 5.4, an isothermic net f : Z? — S? (or H3) is a net with factorizing
12
cross-ratio cr(f, f1, fi2, fo) = % Then, Definition 7.1.4 extends to non-Euclidean

space forms: The net f is called a CMC net if it has a dual f* : Z? — S? (or H?) (in
the sense of (5.37)) at constant distance of f. Here, the distance between f and f* is
encoded in the quantity (f, f*)c and, thus, this quantity is constant for CMC-nets. If it
vanishes one can consider f to be a minimal net with normal n := f*. A corresponding
curvature theory can be developed.

In Sections 7.4 and 7.5 we will see that CMC nets arise from parallelogram nets in
two different ways.

7.2. Surfaces from 4D cross-ratio systems

We will now turn to surfaces that appear in the associated family of cross-ratio systems.
In Section 5.3, we saw that computing the associated family p; of the parallelogram net p
associated to a cross-ratio system (5.28) yields a parallelogram net of complex matrices.
We argued that one can interpret its additive primitive map f; as complexified version
of a K-net with a corresponding normal map (4.53). We discussed that actual K-nets
correspond to the case where p is quaternionic. In this case, all points and all normals
of the associated family are quaternions as well.
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In this section we introduce two reductions of the cross-ratio system that, at some
points, give quaternions in the associated family. To the knowledge of the author, these
reductions are new. They are motivated by the factorization of polynomials correspond-
ing to surfaces as will be explained in Section 7.3 and 7.4.

The combinatorics of our system become more involved: We consider a 4D cross-ratio
system z : Z* — C. The vertices of the form (4,7,i,j) € Z* form a new Z2, which we
call the diagonal net D C Z*. Naturally, as shown in Figure 7.2, on its edges live the
Lax matrices

_ 14 14
L=(\+ )\pl)()‘+ N )
1 1
M = (>\+Xp%)(A+Xp2) (7.5)

Figure 7.2.: A combinatoric 4D cross-ratio cube with the Lax representation L, M of its
diagonal net D.

We introduce two cases where the additive primitive map f; of the associated family
will turn out to be quaternionic for points of the diagonal net, i.e., where f;(x) € H for
z € D.

Definition 7.2.1 Let z : Z* — C be a cross-ratio system with edge labelling o such that
the corresponding Hirota system s fulfills

s1(z)ss(z) =1, so(x)s4(z) =1 (7.6)
for every x € D. We call f

e o O lattice if for all x € D
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We will see that these CT and C~ lattices correspond to discrete surfaces of constant
positive and negative Gaussian curvature respectively.
We will use the following important property of the Hirota system s:

Lemma 7.2.2 On a C* lattice we have real s(z) € R for allx € D. On a C~ lattice
we have unitary s(z) € St for all x € D.

Proof. We use (5.26) for a CT lattice and its first diagonal direction: If s € R, we have

=1z =3z i S 1 3

_ _ S§1 — (783 a3s3 alsy " S1 — (7S3

813 = 8—— —— = 85— —1 =57 5 = S13. (7.9)
a~S3 — (°Sq — a~S3 — (°Sq

adsy alss

and, hence, s13 € R. The second direction works analogously and, therefore, from
s(0) = 1 the claim follows for all x € D.
Similarly, using (5.26) for a C~ lattice and s € S! yields

—1 = —_2_ O[3 CYl
o 181—a383_1g—§_1a331—a183_ 1 71
8513 = S—7= —3- T .3 T T _ 3 1 = (O)
oS3 — Q°Sy s et o Sa°s3 — 81 S13

and, hence, s13 € S' and the claim follows with the same argumentation as for the C+
lattice. O

So far, we do not know that examples of O and C~ lattices actually exist. With the
next proposition we solve this problem by showing how to construct such lattices from
initial data. For this, we will call the set

{zeZ*\z,=0for k+#i,j} CZ* (7.11)

for i # j € [n] the (i,7)-coordinate plane. Our result will imply that the C* and C~
lattice reductions are consistent in the following sense: If the conditions (7.6) and (7.7)
(or (7.8)) hold on the (1,3)- and the (2,4)-coordinate plane then they hold on the whole
lattice. Note that these coordinate planes correspond to the coordinate axes of the
diagonal lattice.

Proposition 7.2.3 FEvery two-dimensional cross-ratio system can be extended into a
unique CT and a unique C~ lattice.

Proof. Consider a two-dimensional cross-ratio system z(4, j,0,0) in the (1, 2)-coordinate
plane with labelling o', a? and Hirota system s. We will construct a C~ lattice from
this initial data. First, the labelling property of « together with (7.8) determines v on

the whole net: For example, for o we have

o3(i, 5, k1) = a3(k,0,k,0) = a'(k,0,k,0) = a*(k,0,0,0). (7.12)
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S3 \\

L 4
L 4

s(0) Ts1

\\

Figure 7.3.: In the (1,3)-coordinate plane one can construct the map s only from
5(4,0,0,0) (blue) by using (7.6) as indicated by the arrows (orange) and
(5.26) to complete each quad.

Next, equations (7.6) and (5.26) determine s on the (1, 3)-coordinate plane, as seen in
Figure 7.3, and, analogously, on the (2, 4)-coordinate plane. Then, s is determined on
all four axes of Z* and can be evolved to the whole 4D lattice. Now, the corresponding
4D cross-ratio system z is determined via (5.25) by «, s and z(0).

Finally, we need to prove consistency of (7.6). Consider a point = € D where

ss=1, 5351 =1, 5459 = 1. (7.13)
Then, one step of (5.26), using the available replacement rules just as in (7.9), yields
513513 = S34512 = S14523 = 1, (7.14)
and a second step yields
$1235134 = S1245234 = 1. (7.15)

Hence, (7.6) is consistent.
The construction of a C lattice and its consistency proof work exactly the same using
(7.7) in place of (7.8). Here, after one step we have

513 = 513, S34 = 512, S14 = 523. (7.16)
O

Now, we prove that we can indeed get real surfaces in the associated family (3.23)
for special functions . For this, we show that L, M as in (7.5) and their derivatives
L', M’ with respect to ¢ are quaternions, possibly after a gauge. For ®(0), f;(0) € H this
implies that ®(x) and f;(x) are quaternions for all x € D since ®13 = L® and

(f)13— fi =3 ®ly — @10 =0 (L + L'® — L) = & L'® € H. (7.17)
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7.2. Surfaces from 4D cross-ratio systems

Here, we only consider the first lattice direction of the diagonal net since both directions
work the same. Consequently, we will only investigate L and L’. For this, we compute

351381 alsys )\2 1 3 1s13 1 3
= A T AR S (M e B oailats b atse)) g
o A & A (&= + AT — zatar

AS1351 As18 513

Also, note that (5.26) implies
si(ats 4+ a’s13) = s3(a’s 4+ alsz). (7.19)

Proposition 7.2.4 In a C~ lattice the points fi(x) for © € D on the diagonal net of
the associated family with A = ¢! € R are quaternions.

Proof. Here, L as in (7.18) is a quaternion. This can be seen using (7.6),(7.8),
5,513 € S! and, for the off-diagonal entries, (7.19). Also, if L is a quaternion for all ¢, so
is its derivative L'. O

Proposition 7.2.5 In a CT lattice the points fi(x) for x € D on the diagonal net of
the associated family with A = e € S' are quaternions.

Proof. A gauge ® := G® of the frame ® defined by L and M as in (7.18) with
G = <(1) 2) and multiplication with % defined by % := —ala® € S! does not affect

the compatibility condition or the associated family. We get

(7.20)

1
_%(&4_%) %sis_i_%

S13 s

- 1 B
L= BGlgLG 1 (

2B 1 3

Trat  Allsta 813)> |
1

We see that this is a quaternion using s,s13 € R, A, 8 € S! and, for the off-diagonal

entries, (7.19). Again, its derivative L’ is also a quaternion. ]

Thus, in both cases the projected additive primitive map ﬁ :D — ImH = R? can
be interpreted as a discrete surface. The natural normal map n; := ®'k® as in (4.53)
also maps to the quaternions n; : D — S?: This is clear for the C'~ lattice since ® is a
quaternion. For the C lattice this follows from the fact that the gauge ® = G® does
not affect n; since G commutes with k (both are diagonal matrices). In both cases,
an even better candidate for a geometric normal is obtained if we first apply another
gauge ®(i,j,i,7) — "7/ ®(i,7,4,5): This yields - similar to K-nets - a flipped normal
ne(i, §,i,4) = (—=1)"Iny(4, 4,4,1). Under this gauge the transport matrix (7.18) becomes
independent of \ in its diagonal entries. Then, [62, Theorem 5.1] shows that f; with this
new normal map is edge-constraint.

In the next sections, we explore the surfaces obtained from this construction.
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7. Discrete surfaces of constant curvature

7.3. Circular nets with constant negative Gaussian curvature

Now, we will see how cK-nets can arise as special parallelogram nets. They will turn
out to be of two types: The short edge case which will correspond to a special 4D K-net
(as discussed in [60]) and the long edge case which will correspond to the C'~ lattice.
We will need to prove gauge equivalence of our Lax representation with the known Lax
representation for cK-nets. The latter is given in [62, 60] by

I— %%—i—t(l)lﬁ i\ — %)
- . 1 1 r 1 9
’L()\ — ) il + t(l)f

Arry Irq
Mo %% + t(g)mTQ i()\ — %) - 91
- ’L()\ _ 1 ) 1 r 1t 1 ) ( . )
AT t<2) m (2) mra

where 7 € S! is a function on vertices, t(1),t2) € C are edge labellings which are either
real or unitary and where [, m € C are functions on edges such that

\/cos(arg r; — argt(;)) + cos(argr — argt(;) (7.22)

cos(argr; + argt(;)) + cos(argr + argt(;)

is the absolute value of [ and m for ¢ = 1, 2 respectively. If L and M fulfill M1 L = Lo M
they define a frame ® by ®; = L®, &3 = M. This defines a family of nets and
corresponding normals by

fi =01 ne =& kd, A =el. (7.23)

Then, fy is a cK-net and the members of its family f; still have constant negative
Gaussian curvature. All cK-nets have such a description.
This algebraic description corresponds to a special 4D cross-ratio system:

Proposition 7.3.1 The Laz representations (7.21) for cK-nets and (7.5) for 4D cross-
ratio systems are gauge equivalent where, specifically,

1. the case of real t(;) corresponds to a cross-ratio system with unitary s € St, real
a' € R and where for all x € D

a3(z) = , ot(z) = (7.24)

2. the case of unitary t(; corresponds to a C~ -lattice with unitary al.
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7.3. Circular nets with constant negative Gaussian curvature

Proof.  We only consider one lattice direction, since both directions are analogous.
Gauging the Lax matrix L in (7.18) with G(4,4,4,7) = (—4)""7 and A2 — X yields that
G13LG~! is of the form (7.21) with

(7.25)

1 3 _Js, foreveni+j, - é, for even i + j,
o ;=91 = :
57

ty = —7 =« o . o
for odd i + j is; for odd i+ j

Note that (7.22) is equivalent to (5.26) for the cross-ratio quad corresponding to the
cK-net edge. Now, the case of real t(;) corresponds to o' € R, s € S which is the case
of a product of K-net Lax matrices. The case of unitary {(;) corresponds to a C lattice

since (7.8) is fulfilled.
For the converse, we can apply the same gauge backwards. O

The first case corresponds to a 4D K-net where the additional condition (7.24) means
that the skew parallelogram corresponding to each edge of the cK-net is a rhombus (com-
pare this to rhombic K-nets as in Example 4.4.6). Recall that (up to global rescaling)
the parallelogram net p corresponding to a K-net f is equally folded, i.e., ||p*|| = 1. This
induces an upper bound [|f; — f]| = |||l < 1 on the edge-lengths of the K-net and,
hence, an upper bound || ﬁj — f_ﬂ < 2 on each diagonal. Edges of the cK-net correspond
to diagonals of the K-net and, therefore, the edge-lengths of the cK-net are bounded and
we call this case the short edge case.

On the other hand, the edge-lengths in the second case exceed this bound and we call
it the long edge case.

The proposition implies that the associated family (3.23) of the 4D cross-ratio system
agrees with the cK-net family and, hence, we found a description of cK-nets in terms of
cross-ratio systems (and, thus, parallelogram nets).

Remark 7.3.2 Note that we only covered cK-nets where all edges belong to the first
case or where all edges belong to the second case. The statement naturally extendeds
to mized cK-nets as well. Such a cK-net corresponds to a cross-ratio system where the
corresponding reductions are mized. Such a mized reduction is still consistent with the
cross-ratio evolution (as, e.g., given for the Hirota system by (5.26)). With a calculation
similar to the proof of Proposition 7.2.3 one can show that the short edge reduction stays
preserved under evolution along a long edge and vice versa.

It shall be noted that numerical experiments suggest that cK-nets with long edges do
not have a smooth limit to a surface of constant Gaussian curvature. However, they
can be used for the construction of special Backlund transformations, so called breather
solutions (see [96, 60] or, for a treatment in the continuous setting, [89]). Every edge
of such a cK-net yields one breather transformation and Proposition 7.2.3 allows us to
construct lattices with such edges from given 2D cross-ratio systems. This means that
we can construct lattices of surfaces where neighboring surfaces are related by breather
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7. Discrete surfaces of constant curvature

transformations. Specifically, application of this lattice of transformations to a K-net
(or cK-net) yields a 6D (or 8D) cross-ratio system. In particular, for its construction
we use the mixed consistency explained in Remark 7.3.2. Figure 7.4 on the left shows
a lattice of transformations of the straight line generated by the square grid as discrete
holomorphic map.

Remark 7.3.3 We can find an equation on our lattice which is remarkably similar to
the sine-Gordon equation for discrete K-nets given in [24, Theorem 4.19]. For this, we
assign to a 4D cross-ratio system a map h based on edges of the diagonal net by h'3 = ‘;—f
and h?* = 224 Here, h¥ denotes the value at an edge (z,x +e; +e;) of the diagonal net.

Now, (5.26) yields

s;s adhi3 — ol

—_— = 7.26
s a® — alpl3 (7.26)
and with Kk := g—; the equation #1234 218 — 51234324 cqp be written in terms of h as
13 S 524 S
13 13
MU (7.27)
137 _ kpl3 1 — khi3

In the case of a 4D K-net we have real k € R and unitary h € S*. If we write e’ = p13
and €9* = h2* the equation can be written as

s A13 s A3
1—keY 1 — ke P2

pl(Pistet?—p®t—pid) _ - —.
1 — ke ¥ 1 — kel¥21

(7.28)

While this equation is clearly related to the sine-Gordon equation, it is, in a Sense,
weaker. Indeed, the sine-Gordon equation is one quad based equation for a vertex based
map and, as such, determines the values of this map from initial data on the azes. On
the other hand, (7.28) is one quad based equation for the edge based map h and, as such,
does not determine the values of h from initial data on the axes.

Finally, note that our results can be understood as application of factorization as
discussed in Chapter 6. However, for this we did not use a factorization theorem since
the factors are explicitly given as Lax matrices of cross-ratio systems. Still, from the
perspective of factorization we can make an interesting observation: For this, note that
in the C~ lattice the Lax matrix L as in (7.18) is a quaternionic polynomial in the
real parameter A. Besides the factorization into cross-ratio edges presented here, we
know from Theorem 6.2.1 that there must also be a quaternionic factorization of L. We
saw the phenomenon of these different factorizations in Example 6.3.4. An implication
is that between a surface and its breather transformation there exist two real surfaces
belonging to the two possible quaternionic factorizations. These surfaces are additive
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Figure 7.4.: Left: A lattice of breather transformations. Right: Factors of a breather
transformation.

primitive maps of quaternionic parallelogram nets (and, as such, Chebyshev nets) and
further geometric properties are still being investigated. As far as we know, this is the
first time one has been able to factorize a breather transformation into real solutions,
albeit with different surface geometry. In Figure 7.4 on the right we see the two real
surfaces that combinatorially lie between the straight line and a breather transform.

7.4. CMC nets and a DPW method

Similar to the previous section, we will prove gauge equivalence of our Lax representation
for the C'F lattice to a known Lax representation of CMC nets. Again, this implies that
a O lattice represents a CMC net and that the associated families of C* lattices and
CMC nets coincide. The Lax representation for CMC as in [17] is given by the matrices

b+ L 1 .
=, TR\ - (_Ed \ Ae} Ae> A=l (7.29)
X b a N @

If they fulfill the compatibility condition ML = Ly M they define a frame ® by &1 = L,
Py = M® and a family of nets f; = ®~1®’ with normals n; = ®'k®. Then, the net f,
has constant positive Gaussian curvature and fy=+ %no is a pair of primal and dual CMC
nets in isothermic parametrization. For ¢ # 0 they are still nets of constant curvature in
different parametrizations.
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7. Discrete surfaces of constant curvature

Proposition 7.4.1 The Lax representations (7.29) for CMC' and positive Gaussian cur-
vature nets and (7.5) for the CT lattice are gauge equivalent.

Proof.  Again, we only consider one lattice direction as both work the same. A gauge
of the C* lattice matrix L as in (7.20) with G(4,7,,j) = 77t/ and A2 — X yields that
=_G3LG ! is of the form (7.29) with

S13

1 \/§§1 3 ol s, 14 j even
b=—, a=—— a’S13+ —), §:= 7.30
Bv/5135 \/8135( BTG ) 1 i+jodd (7.30)

Conversely, from a solution to (7.29) we can recover « from the fact that +ia!, +ia® are
the zeroes of det L. They can be chosen such that (7.7) holds. The values of s can be
recovered from (7.30) and yield a CT lattice. O

Remark 7.4.2 As a continuation of Remark 7.3.3, observe that (7.27) also holds for
the C* lattice with real negative k € R~ and real positive h € RT (here, h** > 0 can be
obtained using (5.26)). With " = h'3 and "' = h?* the equation can be written as
T,%él+7.13_,r.24 13 1-— I€€T13 1-— lie_r%i’

i = . (7.31)

13 13
1—ke™" 1 — ge2a

(&

This seems to be an ingredient for a discrete sinh-Gordon equation holding on the CT
lattice. However, as in the sine-Gordon case, (7.31) does not determine h from initial
data on the axes. A further investigation of this equation will be the subject of future
work.

By Proposition 7.2.3 we can construct CMC nets by uniquely extending a 2D cross-
ratio system, in other words, a discrete holomorphic map. An example can be seen in
Figure 7.5. Constructing surfaces and harmonic maps from holomorphic maps is usually
achieved with the DPW method [40]. Our method appears to be equivalent to the
discrete DPW method for CMC nets given in [84, 53]. We do not give a proof of this,
however, we give an overview of the discrete DPW method and sketch the connection:

Theorem 7.4.3 (Discrete DPW [84, 53]) Any isothermic CMC net f : Z?> — R3
can be obtained by the following method:

1. Choose a holomorphic map z : 72 — C with corresponding labelling |af| # 1 and

1\2
cross-ratio EgT;Q < 0 and set

Ly

1
L7::1+Xp, M~ =1+ —p?

P (7.32)

for p given by (5.28).
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7.4. CMC nets and a DPW method

Figure 7.5.: A CMC surface and members of its associated family obtained from the
exponential map in Example 5.3.3 as initial data.

2. Solve the initial value problem

U =L"UT, Uy =MU", 0,0 =1 (7.33)

3. Split

U~ =BTy, (7.34)
4. Use the Sym-Bobenko formula to define
fr =TIm(¥~ 10 + %\If‘lk\ll), A=t (7.35)
and set f = fq.

Step 3. needs further explanation: Clearly, ¥~ is a Laurent polynomial, i.e., ¥~ () =
> e AEC,. Projectivizing a subset of Laurent polynomials with special properties
(for details, see [84, 53]) yields a group. ¥~ belongs to the subset of this group with
n = 0 and BT belongs to the subset with m = 0. ¥ belongs to the subset where each
value W()) for A € S! is a quaternion. Splitting ¥~ into Laurent polynomial with these
properties is known as a discrete version of an Iwasawa decomposition.

Performing this split has two main ingredients which directly correspond to the con-
struction of a C'" lattice as in the proof of Proposition 7.2.3: First, applying a resplitting
of the form B~ BT = Bt B~ corresponds to taking different paths in the 4D lattice which
can be achieved by the evolution of cross-ratio systems, e.g., in terms of the Hirota sys-
tem (5.26) or in terms of the parallelogram evolution (4.16). Second, extension of the
form B~ = BT B where B()) is a quaternion corresponds to condition (7.6).
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7. Discrete surfaces of constant curvature

Thus, understanding the discrete DPW method in terms of a reduction of cross-
ratio systems on a 4D lattice yields new insights into this method. In particular, the
application of our version of this method seems to be much simpler and more constructive
than previous versions. Instead of explicit re-splitting of the matrices we simply evolve
the holomorphic map directly into a 4D cross-ratio system.

Finally, the reduction to a O lattice is 3D consistent: Proposition 7.2.3 states that
the evolution (5.26) preserves the reduction through the lattice and, hence, one can
naturally extend any 3D cross-ratio system to a 6D cross-ratio system that has C*
lattices as four-dimensional layers. The corresponding diagonal net is three-dimensional
and in its associated family the layers constitute CMC surfaces related by a natural
Darboux transformation (as in [51]). Consequently, a lattice of Darboux transformations
can be obtained by extending a 4D cross-ratio system into an 8D lattice and such an
example is visible in Figure 7.6.

Figure 7.6.: A lattice of transformations of the cylinder.

7.5. CMC nets via flip-over combinatorics

A different connection between CMC nets and parallelogram nets has already been estab-
lished in [62]: A 3D-cube of a CMC net and its dual form an equally folded quaternionic
parallelogram cube after a combinatoric flip. The isothermic case corresponds to a zero-
folded cube, i.e., to a cube of anti-parallelograms. This connection was an important
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7.5. CMC nets via flip-over combinatorics

motivation to research skew parallelogram nets. Here, we expand on this connection
and, in particular, cover CMC nets in non-Euclidean geometry.

We will consider a primal CMC net f and its dual f* to form a two-layered three-
dimensional net f : Z?x{0,1} — R? and in accordance with our shift notation we denote
f3 = f*= f(-,-,1). In slight disagreement with our previous use of shift notation we
will only use the short notation f for points of the first layer f(,-,0). Such a two-layered
net consists of elementary cubes where each cube consists of a primal and dual CMC
quad. We can obtain a second two-layered net g : Z2 x {0,1} — R3 by a combinatoric
flip as in Figure 7.7 on the left: We define

f(k,1,0), if k+11is even
f(k,1,1), ifk+41isodd ’

f(k,0,1), if k+11is even

g(k,l,O) = . . .
f(k,1,0), if k+1is odd

g(k,1,1) = {

-
u

(7.36)
923 = J2 9123 = J123 Uss
93 = Js 1 913 =|/1
4
92‘\= f23J_ 1 1 o
— el ) =
> 912 = 12

g=F = gq=fis
Figure 7.7.: Combinatoric flip at a point f = f(k,[,0) with even k + .

Both nets consist of the same points but edges of one net correspond to the diagonals
of the other. In this section, we always consider nets f and g to be related by this flip.
Recall that quads of a Moutard net in S? and H? can be considered to be non-Euclidean
versions of anti-parallelograms since diagonals are parallel and opposite edges have the
same length. In this section, we refer to such quads as anti-parallelograms. In Chapter 9
we will call them Darbouz butterflies.

Proposition 7.5.1 A two-layered net f forms a pair of primal and dual isothermic
CMC surfaces in Fuclidean, spherical or hyperbolic space if and only if all quads of the
corresponding net g are anti-parallelograms in the corresponding space form.

Before proving this we compute the cross-ratios of f given that g consists of anti-
parallelograms. As before, we identify Euclidean space with imaginary quaternions R? 22
Im H, spherical space S? with unit quaternions and hyperbolic space H? with Hermitian
matrices with determinant 1. Remember that in every case there is a parallelogram net
p corresponding to ¢: In Euclidean space it is given by p’ = ¢; — ¢ and it is zero-folded
and in non-Euclidean space it is given by p* = ¢*¢g~! and it is equally folded.
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g
f3 i f123 1

[f23

f2 f1 923

f g

Figure 7.8.: Left: A cube f with of primal and dual CMC quads. Right: The corre-
sponding cube g (at even k + ) of anti-parallelograms.

Proposition 7.5.2 Let g be a cube of anti-parallelograms in Euclidean or non-Fuclidean
space and let p = (u,v,w) (as in Figure 7.7 on the right) be the corresponding parallel-
ogram net. Then, the cross-ratio of the top and bottom faces of f are given by

detu — det w

er(fy f1, fiz, f2) = er(f3, f13, fi2s, f23) = e doim (7.37)

in Fuclidean space and by

(u — w)

er(f i fizo Jo) = erlfs, s, s, fos) = g(v—w) (7.38)
in spherical space S® and hyperbolic space H>.
Proof. We will calculate the cross-ratio
cr(g, 913, 912, 923) = (9 — 913) (913 — 912) (912 — 923) (923 — 9) " (7.39)

which corresponds to the bottom or top quad of f depending on if k + [ is even or odd.
The other quad works analogously. We will use that both in the Euclidean and in the
non-Euclidean case the cross-ratio in terms of p = (u, v, w) is given by

cr(g, 913, 912, g23) = (w1 — adju)(vy — wl)_l(ug — wa)(wy — ad] v)_l. (7.40)

To see this, note that in the Euclidean case we have adjp’ = —p’ and in the non-Euclidean
case we have (p')~! = adjp’ and

cr(g, 913, 912, g23) = (u_lwf1 - 1)(1- vlwfl)_l(uzwgl - 1)(1- v_lwgl)_l. (7.41)
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Now, the evolution (3.3) for w; reads w1 = (w — v)w(w — u)~! and yields (using
2

w* = (trw)w — det w)
(v1 — wy)(wy; —adju) ™! = (v (w —u) — (w — v)w)((w — v)w — adju(w — u))~*

= ((u+ v))w — w? — vyu)(detu — det w + tr(w — u)w) L.
(7.42)

Analogously, we get
-1

(ug — wo)(we — adjv) ™! = ((v 4 uz)w — w? — ugw)(det v — det w + tr(w — v)w) L.
(7.43)

The first factors of both equations coincide and, hence, we have
-1

cr(g, 913, 912, g23) = (detu — det w + tr(w — u)w)(det v — det w + tr(w — v)w) ™.
(7.44)

Now, using trp’ = 0 in the Euclidean case and det p’ = 1 in the non-Euclidean case the
formula simplifies to (7.37) and (7.38).
O

Another ingredient in the proof of Proposition 7.5.1 will be the well-known concept
of a Koenigs net as in [25]: A net f is called a Koenigs net if there exists a second dual
net f* such that corresponding edges and non-corresponding diagonals of the nets are
parallel:

A= 0Vh-f K- lf~f fMf-fIlAi-Ffo H-FfIl—-Ff (745)

Isothermic nets are a special case and the isothermic dual is a Koenigs dual. Now, we
will use the following important observation: A two-layered net f consists of a primal
and dual Koenigs net if and only if the corresponding net g is a Moutard net.

Proof. [of Proposition 7.5.1] If f consist of a primal and dual isothermic CMC net
we know that ¢ is a Moutard net. In non-Euclidean geometry this already proves the
statement. In Euclidean geometry it remains to be shown that the edge-lengths of g
have the labelling property. However, the points of a each cube are known to lie on a
common sphere [17, Proposition 8] and, as discussed in Section 4.7, edge-lengths of a
Moutard net on a sphere have the labelling property.

Conversely, if all quads of g are anti-parallelograms Proposition 7.5.2 implies that both
layers of f are isothermic. Since the layers are Koenigs dual they are also isothermic dual.
Now, since corresponding points have constant distance they form a pair of isothermic
primal and dual CMC nets. O

Remember that the associated family of a zero-folded net g yields a family of equally
folded parallelogram nets. Indeed, as explored in Theorem 5.2.1, the associated family
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7. Discrete surfaces of constant curvature

deforms nets of Euclidean anti-parallelograms into spherical and hyperbolic space. We
can apply this to our two-layered nets:

Corollary 7.5.3 Let f be a Euclidean isothermic CMC net and g the corresponding two-
layered net of anti-parallelograms. Application of the associated family as in Theorem
5.2.1 to g yields families of isothermic CMC nets in spherical and hyperbolic space. All
spherical and hyperbolic isothermic CMC nets can be obtained by this construction.

This connection between Euclidean and non-Euclidean CMC nets is closely related
to the Lawson correspondence which states that to every minimal surface in S? there
exists an isometric Euclidean CMC net (see [74]). Indeed, our family contains a minimal
surface in S?: The net f; in the spherical associated family of a Euclidean CMC net
f is minimal if (f;, ff) = Rew; = 0 (with w; = fFf; ' or wy = fi(f#)~' depending
on the vertex). Now, in the associated family as in Theorem 5.2.1 we have \(t) = e,

w(t) = ce. Then, (4.20) implies

(fu: f{) = Rewy = 5 (7.46)

it VA I RS =
R e N

and this vanishes for ¢ = %log % A discrete Lawson correspondence can be found
in [19]. In [19] and [84] we find two more constructions of non-Euclidean CMC nets
from a Euclidean CMC net. In both cases the nets are obtained by integration of the
Lax representation (7.29). The similarity of their integration formulas to (5.15) and the
gauge equivalence of the Lax representations (which we will show in Proposition 7.5.5)
suggest that both constructions coincide with our associated family. We will not give
explicit proof of this.

Note that we can apply Proposition 5.2.2 to our construction, which states that angles
between geodesic edges are preserved. Under the combinatoric flip (7.36) these invariant

angles at a point f; are of two types:

e the angle between the geodesic edge connecting f; to f; and the geodesic edge
connecting f; to (f;)i,

e the angle between the geodesic edge connecting f; to (f); and the geodesic edge
connecting f; to (f{);.

Obviously, we can also consider geodesic edges ’going backward’ by replacing (f;); with
(ff)i-

Finally, the additive primitive map of the associated family of a Euclidean isothermic
CMC net yields nets in FEuclidean space which are generally not isothermic. Propo-
sition 7.5.5 will show that this family coincides with the known associated family of
discrete CMC in Euclidean space. In [62] it is shown that the non-isothermic nets in
this family still have constant mean curvature.
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7.5. CMC nets via flip-over combinatorics

Remark 7.5.4 FEquation (7.40) has another interpretation for the Euclidean associated
family (given by the additive primitive map). A comparison with the evolution equations
(3.3), (4.16) shows that the normal transport quaternions as introduced in [62, Definition
3.26] of the CMC' quad are given by

th=u—adjw;, t2=vi—wy, ty=us—we, t>=v—adjws. (7.47)

Thus, we have

1 tr(u—w)

12y —1d ) 12
adjt (t7) ty(adjt”) ™ = P

(7.48)
In [63] this quantity is called the spin cross-ratio of the quad. Unlike the normal cross-
ratio it stays real and factorizing throughout this associated family.

We will show that our Lax representation and the classical Lax representation of
CMC are gauge equivalent. This implies that the associated families obtained by ap-
plying the Sym formula f; = ®~'®’ to the respective frames coincide. For this, recall
Proposition 3.4.1 which states that the specific choice of functions A and p does not af-
fect the associated family (up to primary equivalence). For our zero-folded two-layered
three-dimensional parallelogram net p = (u, v, w) we consider the Lax representation

U = cos(t) +sin(t)u, V =cos(t)+sin(t)v, W = cos(t)+ sin(t)w. (7.49)

Proposition 7.5.5 The representation (7.49) and the classic representation for CMC
(7.29) are gauge equivalent.

gs = f* gi3 = fl gi113 (1)3, \113 L3’ U3 (pl?n \1113
us U3
G Gt
w|=n W= 1974 ‘I),‘i’A(I)l’(I)l %%
wi|= —ni L,L
G G-1
g=1r g = fr gu o, 0 LU &,

Figure 7.9.: Left: Combinatorics of the two-layered parallelogram net g and the corre-
sponding CMC net f at even k + [. Right: Combinatorics at even k + [ of
the various frames and Lax matrices used in the proof.

Proof. First, consider a frame ® defined by the Lax matrices (7.29) with A = e’*. From
it, we also get the CMC net f with normal map n and dual f*. The corresponding
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7. Discrete surfaces of constant curvature

two-layered net g has the CMC net as diagonals (see Figure 7.9). The net g has edges
u,v,w € Im(H), where w = (—1)**'n. We introduce a two-layered frame ® by

~ G~'®, if k+1is even ~ GP, if k41 is even
Q= . . ) 3= _1 . . ) (750)
GO, if k+11is odd G7®, ifk+1isodd
A0 5 .
where G = \OF 1| = e ?ﬁ . Now, it is easy to check the equality g = &~ 1@’
sy 0 e 2
and, hence, ® is a frame for g. At even k + [, we can calculate
S A Ab+ 4
p=®ét=cro= ¢, Viw
X b A
_)\+§ a b+ ¢ +>\—% e ib—3
2 —b—% a 2i \ib—¢ —ia
= cos(t)L(1) + sin(t)L(q). (7.51)
With similar calculations we can show
L = cos(t)L(1) +sin(t)L(i), M = cos(t)M (1) + sin(t) M () (7.52)
at all points of both layers. Also, for the third direction, we have
B! — G? ; = cos(t) + s?n(t)k, %f k+1 %s even (753)
G™* =cos(t) —sin(t)k, if k+1is odd
We can normalize the coefficient of cos(t) of L, M with the gauge ¥ := ®(1)"'®:
U := U0 ! = cos(t) +sin(t)®(1)] ' L(3)®(1) = cos(t) + sin(t)u,
V = WUt = cos(t) + sin(t)®(1); ' M (i) ®(1) = cos(t) + sin(t)v,
W= 007! = cos(t) + (=1)*sin(t)®(1) L k®(1) = cos(t) + sin(t)w. (7.54)

The last equality for U and V follows from the fact that the Sym formula at ¢ = 0
applied to ¥ gives g which has u, v as edges, but we can also directly compute the Sym
formula for a Lax matrix of the form cos(t) + sin(t)x to give z and, thus, = needs to
agree with u (or v).

Hence, we have shown that ¢ is a two-layered zero-folded parallelogram net and that
its Lax representation can be directly obtained from the CMC Lax matrices.

For the converse, consider a two-layered zero-folded parallelogram net g, such that
n = (=1)w € S? with a two-layered frame ¥ given by the Lax representation U, V, W.
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7.5. CMC nets via flip-over combinatorics

The gauge ® := (k + n)¥ yields

P30 = (k4 n)(cos(t) + (—1)*sin(t)n)(k +n)~*

G? if k411
— COS(t) _|_ (_1)k+l Sln(t)k — { 9 1 + 1S even

, 7.55
G2, ifk+1isodd ( )

with G as above. Also the A-dependency of L can be expressed as

L h N S N Na+id A+ 1de
L=0,0"1= (k+ A4 A (k+n)t = JUAT TR (756
! (ot m)(— 2 Wkt “15 ta4ad) (79

At even k + [ the Lax matrix assigned to the diagonal u + w; is the product

G’L = (d + 5ed > (7.57)

—b— A%
At t =0 we have G = 1 and we can use the Sym formula to compute

I S
-
Q| O

+
+

D1 (G 2L)k® = D13(G2L)' D 1 Dkd = (ug + w)w
= wy(u+wy) = —01kd P13(G?L) D = ~01k(G2L)®.  (7.58)

Now, at ¢t = 0, we have (G 2L)k = —k(G2L)’ which implies that (G2L) is purely
off-diagonal, i.e., d=0.

Now we can introduce the one-layered frame ® := G® for even k + [ and d:=G1o
for odd k£ +[. This yields Lax matrices of the form

PO a Ab - d A+ 1 f
L=2o9 1:( _ ) M:(_lé_)\f JAf>' (7.59)
A

EVY:
The A2 coefficient of ﬁgM = Mlﬁ yields Bgf = ¢1¢ and é96 = fll; which implies that a

Ve 0)@

. . _ oz .z _ -
vertex variable ¢ with x; = b T2 = 57 I8 well-defined. A final gauge @ : ( 0 Vi

1+
>,\,_.

yields
1
_ 0\;(>x O a Ab+ 17
L:q><p1:<\/"?1 _)L v :( . T 7.60
! o var)Flo )= a (7.60)
where a : f d b:= % The same calculation can be done for M = ®,®~! and L, M
have exactly the form (7.29). O
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8. Discrete flows and their invariant curves

In this chapter, we are concerned with discrete curves in Euclidean space. We will
consider discrete flows of such curves built from Bécklund transformations and study
their invariant curves. This includes the discrete Hashimoto flow and its invariants
which are known to be elastic rods [55].

We introduce a new perspective by showing that elastic rods belong to a hierarchy of
curves which is directly related to the construction of quasi-periodic parallelogram nets
in Section 4.6.

8.1. Discretization of curves and flows

In this section, we review some known theory for curves and flows.

We briefly introduce some notions from smooth theory as they give important context
for the discrete theory. A curve is a smooth map 7 : R — R3. For some diffeomorphism
o the curve ¥ = v oo is called a reparametrization of ~ since both curves share the
image set v(R) = 4(R). A curve is called regular if ||4'|| # 0. Such a curve can always
assumed to be parametrized by arc-length which means ||7'|| = 1 since there is always
a reparametrization with this property. Note, that this will not be possible for discrete
curves since reparametrization is not defined. Now, consider a family of curves given by
a smooth map 7 : R x (—¢, €) — R3. We call this a flow of the curve ~(-,0). One studies
a flow in terms of the vectorfield

4= (s 1) (8.1)

We always denote the derivative in flow direction by %4 and the derivative in curve
direction by v = d%'y(s, t).
Examples of flows are the tangent flow of the curve given by

y=7 (8.2)

and the Hashimoto flow (also called smoke-ring, Heisenberg or vortex filament flow)
given by

=" x5" (8.3)

Both flows are known to preserve arc-length parametrization and commute.
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8. Discrete flows and their invariant curves

In a similar manner we define a discrete curve as a map f : Z — R3 = ImH. We call
it regular if any three consecutive points are pairwise distinct. An edge tangent vector is
given by the difference vector v := f1; — f and we call the curve arc-length parametrized if
7 := ||ul is constant. Unlike in the smooth case a non arc-length parametrized curve can
not be reparametrized into an arc-length parametrized curve. Studying general curves
is more difficult than studying arc-length parametrized curves and, thus, in most cases
we restrict ourselves to arc-length parametrized curves.

We introduce a vertex tangent vector for arc-length parametrized curves (see [56]) by
the harmonic mean

T =2 +ut) ! = 1 (ug + u) (8.4)

B 772+ (Ui,u>'

A flow of a discrete curve can again be defined by a vector field along the curve. The
tangent flow for the discrete curve is given by

f=FT.=T (8.5)

This is semi-discrete setting with a discrete curve and a smooth flow direction, i.e., the
points of the discrete curve evolve smoothly under the flow.

Similarly, the semi-discrete Hashimoto flow (see [21]) is given by

; H._ -1 —1\—1,, _ nug X u
f=F":=2Im(u; +u"") u_772+<u1,u>' (8.6)
Again, both flows preserve arc-length parametrization and commute.

One can discretize the flow direction as well by using sequences of Béacklund trans-
formations. For this, we will consider the curves and their Backlund transforms to be
parameter lines in a two-dimensional quaternionic parallelogram net p = (u,v) : g (72) —
H. Specifically, we consider a (projected) additive primitive map f : Z? — ImH = R3
and the curves are its parameter lines f(-,ly). As above, u = f; — f € ImH is the edge
tangent vector and, thus, we have vanishing real part Reu = 0 in curve direction. How-
ever, in transformation direction the real part Rev does not necessarily vanish. Note
that this setting is identical to Section 4.6 (before we introduce periodicity) with the
additional condition Reu = 0.

A Biécklund transformation of a curve f(-,lp) is determined by one initial quater-
nion v(0,lyp) € H. This initial freedom makes the construction of a discrete tangent or
Hashimoto flow for an arbitrary curve difficult since the initial direction for these flows
should not be arbitrary. However, we can consider curves with special properties, for
instance, curves with periodicity. Recall Theorem 4.6.1, stating that there are in general
two Bécklund transformations that keep the periodicity of the curve for given Backlund
parameters r := Rev, A = ||7||. In [87, 55] it is shown that such Bécklund transforma-
tions can approximate the tangent and Hashimoto flow. Specifically, it is argued that
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8.2. The hierarchy of n-invariant curves

Figure 8.1.: Discrete Hashimoto flow (smoke-ring flow) of an ellipse.

for a single Béacklund transformation the tangent flow component is dominant while
for a double-step consisting of two Béacklund transformations with opposite parameters
r,A and —r, A the tangent flow components cancel and the Hashimoto flow becomes
dominant. This discrete Hashimoto flow of an ellipse can be seen in Figure 8.1.

In this chapter, we will not be concerned with such flows for general curves but with
special curves that are invariant under discrete flows built from general sequences of
Béacklund transformations.

8.2. The hierarchy of n-invariant curves

We will now investigate quasi-periodic sequences of Backlund transformations by con-
sidering quasi-periodic parallelogram nets p = (u,v) with a period T' = (0,n) (as in
Definition 3.5.1). Compared to our considerations in Section 4.6 (where the period was
T = (n,0)) there is a shift in perspective. We consider different sets of parameter lines as
discrete curves. In fact, now, the curves themselves do not necessarily have periodicity
but instead the sequence of Backlund transformations has periodicity. If one interprets
the sequence of Backlund transformations as a discrete flow, then the quasi-periodicity
of this sequence means that the curve is an invariant curve of the flow. While the original
perspective presented in Section 4.6 was known, this shift of perspective seems to be new
and we will see that it yields a hierarchy of discrete curves related to elastica theory.
We will now apply the techniques developed in Section 4.6. In complete analogy to
(4.67) we define the monodromy of a quasi-periodic sequence of Béacklund transformation
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8. Discrete flows and their invariant curves

at the vertex k as

A
I B L

where E encodes the periodicity and 77 is defined as in (4.58).

We will consider a quasi-periodic sequence of Backlund transformations of the curve
f to be regular if every edge-length 1 (together with r = 0) is an admissible pair of
Biicklund parameters of M, i.e., if det M7 (k) # 0 and det M7 (k) # 0 for all k and every
edge-length 7. Recall that det M"(k) # 0 and det M (k) # 0 are invariant along the
curve and, thus, it suffices to check this condition at k = 0.

Now, we can define the hierarchy of curves.

Definition 8.2.1 We call a curve f : Z — R3 n-invariant if there exists a sequence of
Bdécklund transformations of f that is quasi-periodic with period T = (0,n) and reqular.

Clearly, these are exactly the curves that arise as parameter lines in the second lattice
direction by iterative application of Theorem 4.6.1 (with » = 0). Remarkably, regu-
lar arc-length parametrized n-invariant curves are exactly the curves arising from the
Algorithm in Theorem 4.6.4 (with » = 0). In particular, note the nice implication of
Proposition 4.6.6 for the construction of n-invariant curves in general parametrization:
Permuting some edge-lengths does not affect succeeding curve points (if the correct fixed
points are chosen).

A fundamental piece of the sequence of transformations consists of n Backlund trans-
formations such that the n-th transform is related to the original curve by a Euclidean
motion. The existence of n transformations with this property for a curve is analogous
to Definition 8.2.1 and we will often use this formulation.

Let us discuss some properties of n-invariant curves.

First, note that while we always require neighboring curve points to be distinct, i.e.,
n # 0 we did not exclude the case v = 0 which means that a curve and its Backlund
transform coincide. We call this the identity transformation. In Chapter 9 we will see
that it is reasonable to allow this special case. Trivially, the existence of the identity
transformation implies that an n-invariant curve is also (n + 1)-invariant.

Next, we can consider the associated family f; of an n-invariant curve f. Now, gen-
erally we have Rewu; # 0 and, therefore, f; is not a curve as considered in this chapter.
However, if f is arc-length parametrized we have Reu; = const. (see (4.20)) and, hence,
using primary equivalence of the underlying parallelogram net we can still consider f;
to be a curve.

Proposition 8.2.2 If an arc-length parametrized curve f is n-invariant then the curves
ft in its associated family are n-invariant as well.
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8.2. The hierarchy of n-invariant curves

Figure 8.2.: Arc-length parametrized n-invariant curves with corresponding Béacklund
transformations for n = 4,5. The first and last curve (orange and red) are
related by a screw-motion.

Proof. This is a consequence of Proposition 3.5.2 since n-invariant curves are defined
as parameter lines in quasi-periodic parallelogram nets.

We will show that regularity of the sequence of Backlund transformations is preserved
as well. For this, recall that the monodromy (8.7) coincides with the polynomial P(x =
(0,n)) = E®(0,n) introduced in (3.51). Similarly, the monodromy Mg)to of a member of
the associated family f, is given by E;,¥(0,n) = E®(0,n)¥(0,n) with Ey, as in (3.47)
and where VU is a moving frame of f;,. Now, in the proof of Proposition 3.4.2 we have
shown that ®(0,7)¥(0,n) = ®(0,n) for a frame ® of f parametrized by functions as in
(3.39). Thus, the monodromy of f;, is a reparametrization (in the spectral parameter)
of the monodromy of f.

In particular, by plugging in Re uy, and 7, (as in (4.20) and (4.21)) we find MZZ;O (k) =
M" (k). It follows immidiately that regularity of the sequence of Bécklund transforma-
tions is preserved. ]

Remark 8.2.3 One can also consider n-invariant curves that are contained in the plane.
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8. Discrete flows and their invariant curves

Figure 8.3.: A 5-invariant curve and its sequence of Backlund transformations contained
in a plane (see Remark 8.2.3). The first and last curve (orange and red) are
related by a rotation.

It is natural (but not necessary) to require their corresponding Backlund transformations
to be contained in a plane as well. Such curves are then constructed by the reduction
of our algorithm to the plane mentioned in Remark 4.6.7. It also turns out natural to
make a distinction between the case where the axis of the screw motion describing this
periodicity is in the plane and the case where it is orthogonal to the plane. We will
exemplify this distinction in the next section.

8.3. Helices and 1l-invariant curves

We start with our geometric investigation of the hierarchy of m-invariant curves by
showing that l-invariant curves are discrete helices. Curves this low in the hierarchy
are still relatively simple to study and, thus, we will even consider the case of general
parametrization (i.e., variable edge-length).

A discrete arc-length parametrized helix can be defined by sampling a smooth helix,
for instance, by a map

r cos(pk)

Z—R3 ks | rsin(pk) (8.8)
sk
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8.3. Helices and 1-invariant curves

for some ¢,r,s € R. In this case, the axis of the helix is the z-axis (or k-axis in
ImH =2 R?) and all points are contained in the cylinder around this axis with radius
r. Note that for any two points f, g on this cylinder there exist unique a;,h € R and a
screw-motion

o}

R:R?® — R3, p +— (cos | sin %k:)p(cos 5

5 + sin %k)—l + hk (8.9)

such that ¢ = R(f). More generally, for two point on any cylinder there exists a
unique corresponding screw-motion around the axis of the cylinder. One can characterize
discrete arc-length parametrized helices as curves inscribed in a cylinder such that the
screw-motion relating consecutive points is constant.

To define helices in general parametrization we introduce the slope of the screw motion
R by

s(R) = —— (8.10)

Definition 8.3.1 We call a discrete curve f : Z — R3 a discrete helix if its points are
contained in a common cylinder and if the slope s(R) of the screw motion R relating
consecutive points by R(f) = f1 is constant.

Note that the curve points generally do not lie on a common smooth helix anymore.

We can construct skew parallelograms on a cylinder by using the fact that two screw
motions Rp, Ry around the same axis commute (also compare Example 4.2.5). As dis-
cussed in Section 4.3, such quads are described by our algebraic framework if we find
the correct real part r as (4.25).

Lemma 8.3.2 Consider two screw motions R', R? with a common azis and a quad
defined by an initial point f and fi := RY(f), fo := R%(f) and f12 := R'(f2) = R?(f1).
Then, the real part r such that u := f1 — fius := fio — fo and v =1+ fo — f,v] =
r+ fi2 — f1 fulfill the parallelogram equations (4.28) is given by

r = s(R*) — s(RY). (8.11)

Proof. Up to a common Euclidean motion (mapping the axis to k-axis) the points can
be explicitly written as

r rcos(aq) r cos(az) rcos(ag + )
f=10],fi={|rsin(a1) |, fo=|rsin(ae) |, fiz= [ rsin(a1 +a2) [ . (8.12)
0 hy ha h1 + ho
Then, the statement is shown directly by plugging these points into (4.30). O

We can turn to our main observation.
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8. Discrete flows and their invariant curves

Figure 8.4.: A l-invariant curve is a discrete helix. On the left the curve is arc-length
parametrized and on the right it is not.

Proposition 8.3.3 A discrete curve is a discrete heliz if and only if it is 1-invariant.

Proof. Consider a discrete helix f and denote the screw-motions relating consecutive
points by R'. We can define a second curve f, by applying a screw motion R? around
the axis of the helix to each curve point. This second curve is a Backlund transform of
the helix since Lemma 8.3.2 implies that p = (u,v) with v = s(R?) — s(R') + fo — f is
a skew parallelogram net. Hence, the curve is 1-invariant.

Conversely, consider a l-invariant curve and a corresponding parallelogram net p =
(u,v) with quasi-periodicity described by a quaternion E. We will first show that all
points are contained in a cylinder. For this consider the points X := f+ %E‘lEv. They

lie on a common line with direction vector E since

1~ 1~
X —X=u+ 5E*IE(U1 —v) =u+ 5E*l(uE — Eu)
1= - . -
=u+ §E’1(2 Re(uE) — 2Eu) = Re(uE)E ™! (8.13)

To compute the distance of the points to this line consider

E~'Ev (8.14)
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8.3. Helices and 1-invariant curves

These vectors have constant length since v has constant length. Now, due to the evolution
vi —v = E7'wE — u the real part and the E—component of v are constant. Therefore,
this holds for the two vectors X — f, X — fo as well. Hence, the length of the two vectors
projected into the El—plane is constant and this is exactly the Euclidean distance of the
points to the axis. Hence, the points of both curves lie on a common cylinder.

Now, the second curve is related to the first curve by a screw motion R? around the
axis of the cylinder. Thus, every quad is a quad as considered in Lemma 8.3.2 and we
have Rev = s(R?)—s(R'). Hence, s(R!) is constant and the curve is a discrete helix. [J

Figure 8.5.: 1-invariant curves in a plane.

We finish this section by considering, again, the case of curves contained in a plane.

Remark 8.3.4 Following up on Remark 8.2.3, observe that there are two distinct cases
for which the discrete helix and its transform are contained in a plane: First, both curves
can be inscribed in a circle, as visible in Figure 8.5 on the left. This case has a smooth
analogue: smooth helices contained in a plane are smooth circles. In this case, the axis
of the heliz (and the screw-motion) is orthogonal to the plane and the motion relating
the curves is a rotation. Thus, the restriction of the motion to the plane is orientation
preserving.

Second, it can be a ’zig-zag’, as visible in Figure 8.5 on the right and this case has
no smooth analogue. In this case the axis of the helix is contained in the plane and the
motion relating both curves is a combination of a reflection and a translation and, thus,
its restriction to the plane is orientation reversing.

This phenomenon extends to higher n: Alternating between orientation preserving
(axis orthogonal to plane) and orientation reversing (axis in the plane) motions, only
one case has a smooth analogue. In Chapter 9, we will discuss a hierarchy of n-invariant
curves. We will be interested in curves with a smooth analogue and, thus, include this
condition on the orientation of the motion in the definition.

This creates some ambiguity: For instance, curves belonging the the ’false’ planar
limit (like the ’zig-zag’) are not considered to be n-invariant anymore. Instead, they are
(n+ 1)-invariant. Also, we have seen that n-invariant curves are (n+ 1)-invariant since
we can add in an identity transformation. In the planar version this is not the case
since the motion relating first and last curve does not change its orientation. Instead,
n-invariant curves will be (n + 2)-invariant.
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8.4. Elastic rods and 2-invariant curves

In this section, we show that 2-invariant curves are exactly elastic rods as given in [21].
For this, we restrict ourselves to arc-length parametrized curves with 7 = ||u|| = 1 (thus,
we have u € §?).
First, for n = 2, the entries A and B of the monodromy (8.7) are
A= FEvv—FE,
B = E(v + v2). (8.15)

We can write the evolution for A and B along the curve as

Ay = E(vigv — 1) = E(ﬁvgvu_l —1)=E(E 'wBvv —1+1)u"! =1)

= wAu"' +uBu™ — F, (8.16)
By = E(v; +v12) = BE(~u+v + vy + ) = BE(~u+v + vy + E'uFE)
= B+uE - Eu. (8.17)

We know that arc-length parametrized 2-invariant curves are constructed as in Theo-
rem 4.6.4 (recall, that we swapped the lattice directions). In fact, each u € S? is a fixed
point of the monodromy (8.7) and, hence, (4.69) reads u = (8 + B)"*(a + A) for o, 8
(which are constant due to Lemma 4.6.5). We define

A=a+ A, B:=5+B (8.18)

which simplifies our formulas to

~ N ~

u=BTA, w=AB"! = u=B'uiB=A"luA (8.19)

Note, that we have (Re(Bu), Re(B)) = (o, 8) # (0,0) since the contrary would imply
det M = 0.
We can now formulate a simplified algorithm.

Theorem 8.4.1 (Simplified algorithm for 2-invariant curves) Let E, B(0) e H\
{0}, u(0) € S?, such that at k = 0, we have (Re(Bu),Re(B)) # (0,0). We can iterate
the following steps, starting from k = 0:

1. Calculate B(k+1) := B(k) + u(k)E — Eu(k).
2. Calculate u(k 4+ 1) := B~ (k)uB(k).

Then, the curve f given (up to translation) by u = fi1 — f is a 2-invariant curve. Any
2-tnvariant curve can be constructed this way.
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8.4. FElastic rods and 2-invariant curves

Remarkably, as we will see in the proof, recovering the Backlund transformations turns
out to be an application of factorization.
Proof. If we have a 2-invariant curve, we know it fulfills the evolutions for B and u.
Therefore, it can be constructed by this algorithm.

For the converse, if we have a curve constructed by this algorithm, we can define
A := Bu. A evolves as in (8.16) by

Al = Elul = uBl = uB + u?E — uFu = udAu' — E + uEBu . (8.20)
. A B ~ . .
Unfortunately, for M := 5 A we have det M = 0, and, hence, this is not a valid

monodromy map. But we can alter the real parts, i.e., we can define A :=a + /1, B =

b+ B with a,b € R, such that det M # 0 for M := <jB i). The new A and B

still fulfill (8.16) and (8.17). Now, we can apply the factorization theorem 6.2.1 to the
polynomial

P :=t*E +tB(0) + (A(0) + E) (8.21)
to obtain a quaternionic factorization
P=E(t+v(0,1))(t+v(0,0)) (8.22)

The factors v are not in S2, since this would have implied det M (0) = 0. Also, since
0 = det M (0) = (a +i8)2 4 det M (0), we have det M (0) # 0.

We can apply algorithm in Theorem 4.6.4 to the quasi-periodic curve (in H) in trans-
formation direction given by E,v(0,0),v(0,1),u(0) to obtain a 2-invariant curve. The
quantities © and A, B must agree with the corresponding values of the new curve, since
their evolution agrees and their initial values agree. Hence, our curve u is 2-invariant. [J

The freedom in choosing a,b means that there are many Bicklund transformations
that leave the curve invariant. There is the third freedom to also choose Re E' (which
does not affect the curve) which corresponds to choosing the angle of rotation of the
Euclidean motion between f and f .

We will now show that 2-invariant curves are precisely elastic rods as described in [21].
Elastica are usually described as curves minimizing bending energy under certain con-
straints. However, one can equivalently characterize them as curves that stay invariant
under certain flows. In [21] it is shown that discrete elastic rods can be characterized as
discrete curves that stay invariant under a combination of the tangent flow (8.6) and the
Hashimoto flow (8.6). A curve stays invariant under a flow if f is the vector field of a Eu-
clidean motion which in this case means that there exist constant (a, 3) € R?\ {(0,0)},
e,z € R3, such that

f=aFT +BFf = e x f 4. (8.23)
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8. Discrete flows and their invariant curves

Figure 8.6.: Elastic rods and their corresponding Béacklund transformations. On the
right all curves are in a common plane and the first and last curve (orange
and red) are related by reflection and translation.

Theorem 8.4.2 A reqular arc-length parametrized discrete curve is a 2-invariant curve
if and only if stays invariant under a combination of tangent and Hashimoto flow, i.e.,
if it is an elastic rod as in [21].

Since Bécklund transformations can be seen as discrete flows this just means that
curves invariant under the smooth flow are also invariant under the discrete flow and
vice versa.

In [55] it is already shown that curves that stay invariant under two Bécklund trans-
formations are elastic rods. Here, we also prove the converse and, in particular, know
from Theorem 8.4.1 how one can reconstruct the Backlund transformations for a given
elastic rod.

Proof. First, we express the two flows in terms of quaternions:

F' = =2(up +u)™,
ug X u— (14 (ug,w)) _ uju+u?

FT_1=2 —
lug + ul? lug + ul?

= —2(ug + u)_lu. (8.24)

Now, assume f is 2-invariant. Then, there exists A, B fulfilling (8.16), (8.17) and
(8.19). Now, we can calculate B from u:
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(ui + u)B = (BuB™! + u)B = Bu + uB = 2o + 28u, (8.25)

where in the last step, we use uB + Bu = 2Re(§u) = 2a. Then,

B =2(ui + u) Yo+ pu) = f—aFT — gFH, (8.26)
The evolution for B is
Bl —B=uFE—Eu=—2E xu=—2E x (fi — f), (8.27)
which implies that there exist = € Im(H), such that for e = 2E
1 T " = 1
—5(204F + BF ):B:—i(exf+a:). (8.28)

This implies (8.23) and the curve is an elastic rod.

For the converse, assume there exist o, 3 € R and e,z € R? fulfilling (8.23). Define
B:=p8—aFT — BFH and A := Bu. By assumption, we have Bi — B = uFE — Eu for
E € H with E = le. Also,

B =2(uj +u) a + pu). (8.29)

implies uié = Bu and, hence, the curve can be obtained from Theorem 8.4.1 and is,
thus, a 2-invariant curve. ]

If & = 0 the curve is known to be an elastic curve. By (8.19), ui, u, A are all orthogonal
to B. A and B become tangent and binormal vector:

A||FT,  B|F". (8.30)

If, additionally, B is also orthogonal to E, the curve is a planar elastic curve.

We conclude this section by remarking that we believe 2-invariant curves in genereal
parametrization to be discrete elastic rods in general parametrization. However, finding
geometric characterizations such as Theorem 8.4.2 is difficult in this general case.
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9. Curve theory in space forms and
n-invariance

This chapter contains a major part of the submitted preprint [64] which has been joint
work with Gudrun Szewieczek and Tim Hoffmann. In the paper we also prove results
using a light-cone model. The corresponding sections have been written by Gudrun
Szewieczek and are, thus, only summarized (as in the case of Section 9.3) or not contained
at all in this thesis. Still, we use some results and we point to the preprint [64] for proof.

The paper is self-contained and some language and notation differs from the rest of
this thesis. Therefore, let us point out some important connections between this paper
and the rest of this thesis.

In this chapter we consider curves and Backlund transformations in the plane. Due to
the restriction to the plane we are able to introduce Backlund transformations in a more
geometric manner via anti-parallelograms or Q-Darboux butterflies (Definition 9.4.3).
The curve points live on vertices and we consider corresponding edge-based quantities
which we call transport matrices. In the language of this thesis, the transport matrices
form a skew parallelogram net and the curves arise as primitive maps. Specifically,
analogous to other parts of this thesis (e.g., Section 5.2), the curves arise as additive
primitive maps in Euclidean geometry and as multiplicative primitive maps in non-
Euclidean geometry.

The associated family for curves (Proposition 9.2.1) and their Bécklund transfor-
mations (Proposition 9.6.2) coincides with the special case of our general associated
family (3.23) described in Theorem 5.2.1.

Clearly, our Definition 9.4.6 for n-invariant curves is a planar version of Defini-
tion 8.2.1. We have pointed out the motivation behind restricting to orientation pre-
serving or reversing isometries (and some ambiguities created by this) in Remark 8.3.4.
Once more, we will introduce some concepts such as the polynomial (9.42) (which cor-
responds to the polynomial (3.51) and the monodromy (8.7)). Also, we have seen in
Section 8.2 that n-invariant curves are constructed by the algorithm for closed Backlund
transformations in Section 4.6. Here, this construction is hidden in Lemma 9.5.1 and we
explain the connection in Remark 9.5.4.
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9. Curve theory in space forms and n-invariance

9.1. Space forms

We study discrete curves in 2-dimensional connected, geodesically complete Riemannian
manifolds Q of constant sectional curvature kg, so-called space forms. Depending on
the sign of the sectional curvature, we obtain three types which can be represented by
the following standard models:

e Euclidean space forms (kg = 0) modeled as the Euclidean plane E?;

e hyperbolic space forms (kg < 0) represented either by the Poincaré half-plane, the
disc model or the unit hyperboloid

H? = {(z,y,2) e R¥| —z? —¢? + 22 =1}
together with the Minkowski bilinear form induced by (z,vy,2) — —2% — y? + 22.
e spherical space forms (kg > 0) canonically considered as the unit sphere
S?={(z,y,2) e R3 |22 +9° + 22 =1}

equipped with the standard scalar product.

The aim of this section is to provide a framework for discrete curve theory in 2-
dimensional space forms, which extends established concepts for discrete curves in Eu-
clidean space. Throughout the paper we will restrict to discrete curves parametrized by
arc-length.

Our intention is to define the basic concepts, such as tangent line congruences and
curvature circles, in the most geometric manner possible. These will be followed by
a detailed description of the geometric objects in the light cone model as well as in a
matrix model.

Matrix model for space forms

Here, we consider standard models for each space form as subsets of the complex matrix
algebra C2*2. We represent points in the Euclidean plane E? and in spherical space
(modelled by the unit sphere S?) by quaternions while we represent points in hyper-
bolic space (modelled by the unit hyperboloid H?) by split-quaternions. Thus, we only
consider spherical space with € := kg = 1 and hyperbolic space with ¢ := kg = —1.
Other curvatures can be obtained by rescaling the metric. Both the quaternions and
split-quaternions arise as real sub-algebras of C?*2. For this, consider the basis of C2*?2
given by the Pauli matrices

1 0 01 0 —i 1 0
oy = (0 1> , 01 = <1 0) , 09 = <Z 0 > , 03 = <0 _1> € (szz. (91)
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9.1. Space forms

The real sub-algebra generated by 1 = 0¢,4 = —t01,j = —io9, k = —i03 is isomorphic
to the quaternions. We identify the Euclidean plane with a plane in the quaternions via

—y —iT

E? 5 (z,y) ¢ 21+ yj = (y Cin 0 ) € spanp{¢,j} (9.2)

and the unit sphere with imaginary unit quaternions via

S? 3 (x,y,2) ¢ i +yj + 2k = (y__zjx v ““) € {F € spang{i, j,k}| det F = 1}.
(9.3)
Now, the real sub-algebra generated by 1 = o0¢,01,09,k = —io3 is isomorphic to

the split-quaternions and we identify the unit hyperboloid with imaginary unit split-
quaternions via

9 _f —iz x—iy _
H* > (z,y, 2) <> o1 + yo2 + zk = (:1; iy iz ) € {F € spang{o1,09,k}| det FF = 1}.

(9.4)

To each matrix F' = <(Z Z) € C?*2 we denote the adjugate matrix by
d —b
* -1 _
F*=(det F)F " = (_c a > . (9.5)
The complex symmetric bilinearform (F,G) := %tr FG* induces the usual Euclidean

scalar product with signature (4,0) on the quaternions while it induces a real inner
product with signature (2,2) on the split-quaternions. Also, the metric in each space
form arises from this scalar product:

Space form Points f, g Signature of (-, ) distance of f and g
Euclidean F,G c E? (2,0) V(G- F,G—-F)
Spherical F,Gc§? (3,0) arccos(F, G)
Hyperbolic F,G € H? (1,2) arcosh(F, G)

Note that the hyperboloid H? has two sheets which can be distinguished by the sign
of the k-component of any F € H?. The distance between two points F,G is only
well-defined if both points lie on the same sheet and, hence, fulfill (F,G) > 1.

A geodesic in Euclidean space E? is the solution set of the equation (N, F) = d for a
unit imaginary quaternion N and normal distance d. The geodesic through two distinct
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9. Curve theory in space forms and n-invariance

points F' and G is given by

N = _k(G-F) and d— _ (kG F) (9.6)

\/det(G — F) V/det(G — F)
Similarly, a geodesic in a non-Euclidean space form is the solution set of the equation

(N, F) = 0 for a trace-free normalized (split-)quaternion N. The geodesic through two
distinct points F, G is given by

FC

N=——-"_ (9.7)

VadetFéij

_)
where € := kg = £1 and where M = M — %tr M1 denotes the trace-free component of

a matrix. Note that in hyperbolic case we have |(F,G)| > 1 and det FC <0 and, thus,
we normalize to det N = —1.

Isometries in Euclidean space can be expressed by maps of the form
F s EFE™! + Er, (9.8)

where either E, Ep € spang{¢,j} (orientation reversing) or E € span{l,k} and Er €
spang{%, j} (orientation preserving). Isometries in non-Euclidean space can be expressed
by maps of the form

F s —EFE™! (orientation reversing), (9.9)
or

F s EFE™! (orientation preserving), (9.10)
where E is a quaternion in the spherical case and an invertible split-quaternion in the
hyperbolic case.
9.2. Discrete curve theory in space forms

Let G = (V,€) be a 1-dimensional graph with vertices V and directed combinatorical
edges £. A discrete curve is a map f : V — Q that assigns to each vertex of the
graph a point in some space form Q. As illustrated in Figure 9.1, we will use the shift
notation fi, fo, f1 for three consecutive curve points that are then connected by the two
combinatorial edges egy and ep;.

When we need a distinguish initial vertex, we specify one vertex to € V and write
f(to) for the initial point of the curve.
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9.2. Discrete curve theory in space forms

Figure 9.1.: Notation convention used for discrete curves.

Definition 9.2.1 A discrete curve f : V — Q 1is said to be parametrized by constant
arc-length, if the distance (with respect to the metric of Q) between any two consecutive
points of f is constant.

Throughout the paper, we consider reqularly arc-length parametrized discrete curves
in a distinguished space form Q: that is, any three consecutive curve points are pairwise
distinct and, additionally,

e if Q is a hyperbolic space form, all curve points lie inside or outside the hyperbolic
boundary;

e if O is a spherical space form, then two consecutive points are not antipodal.

Definition 9.2.2 Suppose that f : V — @Q is a discrete regular curve in the space
form Q. The unique distance-minimizing geodesic go1 in Q) that connects two consecutive
curve points fo and f1 is called the geodesic edge between fy and f1.

Moreover, we say that an orientation for the geodesic edges is consistent if, for any
two neighbouring oriented geodesic edges gig and go1, there exists a circle in oriented
contact with them at the curve points fi and fi.

Note that a choice of orientation for one geodesic edge uniquely determines a global
orientation for the discrete curve. As we will see below, those oriented geodesic edges
encode first order information about the geometry of the curve (see Figure 9.2).

Thus, in what follows, we will consider discrete curves together with their consistently
oriented geodesic edges.

Definition 9.2.3 The space of all regular and consistently oriented discrete curves that
have constant arc-length in the space form Q is denoted by Co.

In some models it is more convenient to work with the complete geodesics rather than
with the geodesic edges. Thus, in analogy with the smooth case, we define a tangent
line congruence for discrete curves:

Definition 9.2.4 For a discrete curve f € Cg, the map
t: & — Eg = {complete oriented geodesics in Q}

1s called the tangent line congruence of f if it extends the oriented geodesic edges.
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9. Curve theory in space forms and n-invariance

Figure 9.2.: Arc-length parametrized discrete curves in Euclidean, hyperbolic and elliptic
space with their geodesic edges (orange), curvature circles (dark blue) and
double-curvature circles (light blue).

We are now prepared to introduce a notion of curvature for planar discrete curves
in space forms. Our definition naturally generalizes the notion of curvature circle as
discussed in [56] for discrete arc-length parametrized curves in Euclidean space: suppose
that f € Cg2 has constant Euclidean arc-length given by |fo — f1|? = n? € R*. Then the
Euclidean curvature at the curve point fj is defined as kg := %, where rq is the radius
of the circle ¢y tangent to the oriented edges gi, and go; at the midpoints of these two
edges (see Figure 9.2 Left).

We observe that the Euclidean curvature of the circle ¢ is exactly twice the Euclidean
curvature of the circle tangent to the oriented edges g7y and go1 at the curve points fi
and f;. As illustrated in Figure 9.2, this fact inspires our curvature notion for discrete
curves in space forms:

Definition 9.2.5 Suppose that f € Co is a discrete curve in the space form Q. Its
geodesic curvature kg at the curve point fy is defined as two times the geodesic curvature
of the double-curvature circle which is the circle tangent to the geodesic edges gip and
go1 at the curve points f1 and fi.

In what follows, we point out how those basic geometric objects for discrete curves in
space forms are represented in the two models under consideration.

Discrete curves in the matrix model

Here, we consider curves in Co(n) for the standard models Q@ = E2, S?, H? and identify
every curve point f with a complex matrix F' as explained above.

The first order information is encoded in an edge based transport matriz u : € — C?*2
which we have to define separately for Euclidean and non-Euclidean space forms: In the
Euclidean plane we define

ugl - — F1 - FQ. (911)
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Since the curve has constant arc-length we have that /detug; = 7 > 0 and trug; =
0 are constant. The geodesic connecting neighboring points is given by the equation
(No1, G) = dp; for Ny = %kum and a corresponding normal distance dp;.

For a spherical or hyperbolic space form we define

ugl - — FlF(;l = —FlFo. (912)

Since the curve has constant arc-length we have that

1
S trugr = (Fo, F1) = 14+¢e(fo, f1) =1 — e € (1.00) for Q= H? (9.13)

n? e (-1,1) for 9 =§?
2 2

is constant. We introduce the conserved quantity

C = \/edet ﬁm = \/6(1 — <F0,F1>2) =/ 1-— EZQ (9.14)

which is the sin (or sinh) of the distance between consecutive points. Then, the geodesic
connecting neighboring points is given by the equation (Ny;, G) = 0 where Ny, = %1201.

Both quantities n and ( encode the arc-length. In the Euclidean case we set ( = n
and their relation (2 = n?(1 — 8%) still holds (with e = kg = 0).

Note that in this model the curve direction induces a consistent orientation on the
geodesic edges. Thus, the tangent line congruence is determined by Ng; = %71’01 (and
dp; in the Euclidean case).

As motivated in [56] for the Euclidean case, we will introduce the harmonic mean

Ty = 2(tiyy + ;)" (9.15)

as a vertex tangent vector T : V — C?*2. A quick computation shows that

L S _ 1., _ Lo _ L
tigy To = 2(ii, o1 + 1) = 2(—C—2u10u01 + 1) = 2(iggiig, + 1) = Totiy, . (9.16)

Thus, we can define a second vertex based map H : V — C?*? by

Hy = iig; Ty = Tyiiy, - (9.17)
Both T and H transport u by
uUg1 = TOUiOT()_l = H(]uioHo_l. (9.18)

The vector Hy encodes the curvature kg at each curve point Fy:

Proposition 9.2.6 In Fuclidean space we have Hy = 1+g,‘<&0k. In non-FEuclidean space
we have Hy =1 + %KOFO.
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9. Curve theory in space forms and n-invariance

Proof. ~We obtain the curvature from the equation Niy — No1 = % (F1 — Fy). Here,
again, N denotes the normalized matrix describing the geodesic edge. For details on
this, see the preprint [64].

In Euclidean geometry we have Ny = % and, therefore,

K _ _
1+ 77’430 =1+ nk(Nig — Not)(Fy — F1) ™' =1 — (uig — uo1)(ugg + uo1) "
= 2ug1 (ujp + uo1) "+ = Ho. (9.19)

In non-Euclidean geometry we have Ny, = % and, therefore,

K _ * * —
1+ CEOFO =1+ ((Nyg — Not)(Fy — Fy) ' Fy = 1+ (ugg — uon)(Fg Fy — F§Fy) ™!

= (ugy — uip + uip — 1) (ufy — ugp) "' = —2iio1 (—io1 — Uz)”" = Ho.
(9.20)

O

Associated family of curves

As in the smooth case, a discrete curve with constant arc-length in a space form is, up to
space form motions, uniquely described by its curvature function and we can formulate
a fundamental theorem.

Theorem 9.2.7 To every space form Q, an admissible arc-length given by n and each
map k : V — R there exists a curve f € C(n) that has k as curvature function. This
discrete curve f is unique up to motions in Q.

Geometrically, it is clear that the curve can be iteratively constructed. We exemplify
this by explaining the construction of the curve in the matrix model. In Euclidean space
Hy = 1 + Skok is already determined from the curvature and after prescribing two
initial points with distance n we construct the curve by iterating ug1 = HougoH, L and
Fy = Fy+wupp. Similarly, in spherical and hyperbolic space we also obtain the curve from
two initial points with distance given by n by iterating Hy = 1+ %/i(]Fo, ugy = HouioHo_l
and Fl = u01F0.

To a given curve we will now compute associated curves with the same curvature
function (up to global scaling) in other space forms. This is an application of the
associated family presented in [61] and, therefore, closely related to other associated
families of curves and surfaces [17]. The associated family provides another way of
integrating the curvature function to a non-Euclidean space form by first integrating it
into Euclidean space and then applying the associated family. We will also show that
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_—

Figure 9.3.: Curves obtained from k(t;) = ai for some constant a € R form discrete Euler
spirals/clothoids in Euclidean space E?, hyperbolic space H? (the Poincaré
disc) and spherical space S2.

applying the associated family is reversible. Thus, we can go back and forth between
non-Euclidean and Euclidean space. In Section 9.4, we will apply this to generalize some
Euclidean statements to space forms.

Here, we consider the curves f € C for @ = E2,S%, H? in the matrix model and use
that all space forms are contained in the common complex algebra C2*2. We will also
fix the initial point to F'(ty) = 0 for curves in Euclidean space and to F(tp) = k for
curves in non-Euclidean space. This is always achievable by applying an isometry. Now,
the curve F' is completely determined by its transport matrix .

To a curve F' € C and each A € C (such that 1 + Aug; is invertible) we assign a map
@ 1 YV — C2*2 defined by ®*(tg) = 1 and &9 = (1 + \ug1)®). Also, we define an edge
based map v : € — C2*2 by

uyy = (®) 711 — Augy) D} (9.21)

Proposition and Definition 9.2.1 For f € Cga(n) the transport matriz v defines a
curve

1. in Cs2 for each X € R\ {0},
2. in Cyz for each \ € iR with |A| € (0, %)

which we denote by T f. Its points can be computed by T F = (@M k®*. Similarly,
the transport matriz

1. u! for a curve f € Cs2, or
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9. Curve theory in space forms and n-invariance

2. iu' for a curve f € Cyp

defines a curve in Cg2 which we denote by T'f. We call the set of curves obtained by
these operations from a curve f € C the associated family of f.

Proof. First, let us state the general equation
ugy = (®)) 1L + Auor) THL = Aupn) @) = (1) 71D + Auor) THL = Augn) D7 (9.22)

Now, let f € Cg2(n) be a Euclidean curve. First, we prove the equation 7T *F =
(@M ~1k®* iteratively: If it holds at some point Fy then it also holds at the next point
Fy since

TAF, = Trugn T Fy = (99) 711 — Augy) B (9)) " kd)
= (&) (1 + Augy ) D) = (O7) kD7, (9.23)

Analogously, one can iterate backwards. The equation holds at ty and, hence, it holds
everywhere. For A € R each ®" is a quaternion and, therefore, 7*f € S? is a spherical
curve. Similarly, for X € iR each ®" is a split-quaternion and 7*f € H? is a hyperbolic
curve. From (9.22) and

(1 — )\U01)2 (1 — )\2772)1 - 2)\U01

1 11— = = .24
( +)‘u01) ( AuOl) 1 +)\2772 1 +)\2772 (9 )

we conclude that the arc-length of 7*f is given (with ¢ = +1 depending on the space
form of T2 f) by

B 4eN?n?
1+ A2

2[A|n

1
A A
T2 and T2 = 2e(1 — = trug,)

TAC = Jedet @), = 5

(9.25)
which is constant along the curve. Regularity of 7* f follows from regularity of f and the
stated restrictions on \. For instance, for imaginary A the condition |A| € (0, %) ensures
that neighboring points are distinct and lie on the same sheet of the hyperboloid. We
conclude T f € C for Q = S? and Q = H? respectively.

Now, let f € C(n) for @ = S? or Q = H?. We will show that the transport matrix
is a quaternion in spang{¢,j}. We have (1 £ ugy)Fo = Fo + F1 = £F1(1 £ up1) and,
therefore, ®1 F(tg) = F®!'. With F(ty) = k we have

ugrk = ()71 — ug) Fo®) = — (@) T FL(1 — up1) @) = —ku},. (9.26)

If @ = S? then u}, is a quaternion anti-commuting with k and, thus, we have ul; €
spang{i,j}. If Q = H? then u}; is a split-quaternion anti-commuting with k and, thus,
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we have ju}; € spang{i,j}. In both cases T'f is a well-defined Euclidean curve and
from (9.22) and (with e = 41 depending on the space form of f)
(1 + ugl)(l — um) B uél — UQ1 —21

= = 9.27
(1+ %trum)Q—i—detﬁOl 2+ trugy 4 —en? (9-27)

(1 +uo1) M (1 —up1) =

we conclude that the arc-length of 7 f is given by

/ 2( UR

1, _ 1 _ _

J'n=/edetuy = yp———T (9.28)
which is constant. Regularity follows from regularity of f and we conclude that 7' f €

Crz. O

The associated family preserves the curvature (up to a constant):
Proposition 9.2.8 The curvature of T f is given by Tk = ck for the constant ¢ = TLAC
where

1. c= 121\/\2"72 for f € Cr2(n) and

2. c=2(1 —i—s%) for f € Cs2(n) or f € Cy2(n) with A = 1.

Proof.  From (9.22),(9.24) and (9.27) we see that T ug = (®)) " (x + yiin1)®) =
(@)~ (x + yiio1)P7 holds in all cases for some constant scalar quantities z,y. From
this, we obtain 7T H = (®*)"!H®*. We use the identities in Proposition 9.2.6 for H
and T*H and in the Euclidean case we write ¢ = n: For f € Cg this yields

T ¢

1+ TTAF;T’\F =T H = (®")'H®* =1+ 5/{7-’\17 (9.29)

while for f € Cs2 or f € Cy this yields (using F®! = ®'k)
1+ T;Tlnk =T'H= (@Y 'Ho' =1+ g/{k. (9.30)
In both cases we have T*k = =5k and with (9.25),(9.28) the claim follows. O

T
By rescaling the metric of a space form by a factor one scales the curvature with the
inverse factor. Therefore, if we scale the metric of the space form containing 7> f by the
factor ¢ we find that f and 7*f have the same curvature.
For suitable A1, Ao applying the associated family to a curve f twice yields a curve
T22TM f in the original space form of f.

Proposition 9.2.9 The associated family is reversible in the following sense:

149



9. Curve theory in space forms and n-invariance

1. T'oT' =id on Cs2 and
2. T7oT! =id on Cye.

Proof. Let f € C be a curve in a non-Euclidean space form and set A = 1 in the
spherical case and A\ = —i in the hyperbolic case. Then, in both cases AT ug; = utln.
Therefore,

14+ M ug = 1+ udy = (@)1 +uor + 1 — ugy) @ = 2(@) 71},
1 AT ugr =1 —udy = (@) 711 +ugr — 1+ ug1)®5 = 2(P1)  ug1 @, (9.31)

The frame ¥ = T'® of T'f fulfils U3 = (1 + A\T'ug1)¥) and, hence, WA(t;) =
2F(®1(t,))~" where t; € V denotes the k-th vertex. The transport matrix 7 7 u of
the curve 72T f is given by (9.21) applied to 7'u and we compute

TAT = ()11 — AT ugr) TG = %@i(l — AT ug)(®g) ! = wor- (9.32)

Hence, TA o T f = f. O

Remark 9.2.10 Using similar techniques one can also show that T'oT» = ¢ id on Cpz
for some constant ¢ € R.

9.3. Discrete constrained elastic curves in space forms

In this section we introduce discrete elastic and area-constrained elastic curves in various
space forms via a curvature equation. This definition generalizes the known discrete
notion of (area-constrained) elastic curves in Euclidean space as discussed in [21, 55, 59,
108].

Based on this definition, we show that these curves satisfy discrete versions of several
properties well-known from smooth theory such as the existence of a straight or circular
directrix and a certain proportionality condition for the curvature. These observations
will then be key to prove in Section 9.4 that discrete constrained elastic curves in space
forms are invariant curves of discrete flows built from Béacklund transformations.

Throughout this section we consider regular discrete curves, f € Cg, which are
parametrized by arc-length in the space form Q of constant sectional curvature € = k.

Definition 9.3.1 A discrete curve f € Cg(n) is said to be constrained elastic in the
space form Q if it satisfies the following curvature equation
o Eko+ 0

= , (9.33)
1+ %m%

K+ K1
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9.3. Discrete constrained elastic curves in space forms

Figure 9.4.: A discrete elastic curve in Euclidean space and a discrete area-constrained
elastic curve in hyperbolic space with their directrices (dotted) and some
double-curvature circles (gray). The latter intersect the directrix at a con-
stant angle.

where (% :=n?(1 — 5%) and &, € R are suitable constants.
More specifically, the curve is called elastic if § = 0 and area-constrained elastic,
otherwise.

As a first simple example we see that discrete circles, that is, curves with non-vanishing
constant curvature, satisfy the curvature equation. In particular, in this case the choice
of the constants £ and d is not unique. To avoid case studies, in what follows we will
consider discrete circles as area-constrained elastic curves.

Smooth constrained elastic curves in space forms can be characterized by the existence
of a special tangential circle congruence, which gives rise to a distinguished directrix for
each such curve [37]. In our preprint [64] we prove the existence of a similar circle
congruence in the discrete case, the double-curvature circle congruence. As illustrated
in Figure 9.2, this double-curvature circle associated to the curve point fy is in oriented
contact to the two adjacent tangent lines ¢7, and ¢9; and goes through the curve points

fi and f1.

For smooth elastic curves in Euclidean space, it is well-known that they may be char-
acterized as curves whose curvature is proportional to the distance of a line, its directrix.
As discussed in [5], also smooth area-constrained elastic curves can be described in a
similar way: their curvature is proportional to the squared tangential distance to a fixed
circle.
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9. Curve theory in space forms and n-invariance

Figure 9.5.: A discrete (area-constrained) elastic curve in Euclidean space: its curvature
and orthogonal (squared tangential) distance to the corresponding directrix
are proportional (see Corollary 9.3.2).

The tangential distance d in Euclidean space of a point f € R? to a circle with center
c € R? and radius r is given by

d:=/|f —cl]* =r2 (9.34)

For r € R and the point f outside the circle this is the distance of f to a point on the
circle such that the line through f and this point is tangent to the circle. However, we
extend this definition to include imaginary radii and points inside the circle and, thus,
d can be imaginary.

As a consequence of [64, Proposition 18] in our preprint, we obtain these characteri-
zations also in the discrete case (cf. Figure 9.5):

Corollary 9.3.2 (i) A curve f € Cgz is elastic in E? if and only if there is a line such
that the signed orthogonal distance d of each curve point to the line is proportional
to the curvature at this verter: d = ck for a constant ¢ € R.

(ii) A curve f € Cgz is area-constrained elastic in E? if and only if there exists a circle
such that the squared tangential distance d of each curve point to this circle is
proportional to the curvature, that is, d*> = ck for a constant c € R.
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9.4. Backlund transformations and n-invariant curves

0.4. Backlund transformations and n-invariant curves

We will now apply an integer number of Bécklund transformations to a discrete curve
which we can interpret as a step of a discrete flow of the curve. The invariant curves of
each flow give rise to a hierarchy of curves and, as we will see in Theorem 9.4.11, this
hierarchy contains elastic and constrained elastic curves.

In this section we investigate transformations of curves built from elementary quads.
For each quad (a, b, ¢, d) we will assume the regularity condition of non-vanishing diago-
nals a # ¢ and b # d. However, we will encounter some special cases where neighboring
points can coincide.

Definition 9.4.1 We call a quad (a, b, c,d) a Q-Darboux butterfly if there is a reflection
in a geodesic of the space form Q interchanging the pairs a <> ¢ and b <> d.

a a

Figure 9.6.: An E?- H?- and S?-Darboux butterfly with its axis of reflection (green).

The name Darbouz butterfly is adopted from [105]. In Euclidean geometry these quads
are anti-parallelograms. Any Q-Darboux butterfly is circular and opposite edges have the
same length in Q. On the other hand, adjacent edges of the quad do not have the same
length: If a would have the same distance to b and d then the reflection interchanging
b +» d would map a to itself violating the regularity assumption. A @-Darboux butterfly
is uniquely determined by any three of its points. We study these quads in the matrix
model. For Q = S? and @ = H? we assume neighboring points not to be antipodal.
Many equations can be translated to the light cone model using a Moutard equation
(see [24, Section 2.3]).

Proposition 9.4.2 A quad (a,b,c,d) is a Q-Darboux butterfly if and only if its matriz
representations A, B,C, D fulfil

1. (C—=B)(B—-A)=(C—-D)(D—A) for Q=E or
2. CB+BA=CD+ DA for Q=S and Q = H.
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9. Curve theory in space forms and n-invariance

Proof. In Euclidean geometry the statement is translation invariant and we can assume
that the fixed line of the reflection interchanging B <> D intersects the origin. This
implies det B = det D and the equation reads

0=(C—-B)(B-A)—(C-D)D—-A)=C(B-D)+ (B—-D)A. (9.35)
This is equivalent to
C=—(B—D)A(B—D)"'=(k(B—D))A(k(B - D))" (9.36)

which is exactly the condition that the pair A, C gets interchanged by the same reflection
as the pair B, D. Similarly, in non-Euclidean geometry the equation is equivalent to

C=—(B-D)A(B-D)™! (9.37)
which, again, is the condition that the pair A, C' gets interchanged by the same reflection

as the pair B, D. O

Definition 9.4.3 Two curves f,f € C are said to be related by a Béacklund transfor-
mation if each quad (fo, f1, f1, fo) forms a Q-Darboux butterfly.

This transformation is also a special Darbouz transformation since all quads have the
same cross-ratio (which is positive) and, in the Euclidean case, it is known as the discrete
bicycle transformation [105].

Figure 9.7.: A Béacklund transformation of an equally sampled geodesic in a space form
(blue) yields a discrete Euler loop (orange). Since its reflection (red) along
the geodesic is also a Backlund transform of the geodesic the Euler loop is
2-invariant.

One initial point f (t02 already determines the Bécklund transformation of a curve
f € C. Here, the point f(tp) can be any point (distinct from the antipodal f(¢g) point
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9.4. Backlund transformations and n-invariant curves

fo= 15" fr=1" ;
i+1
A LI
o, A 0} L
: : oo
e — % o ——> — — | (2) |
" - Yo1
fo= éo) f1—f1(0)

Figure 9.8.: Notation convention for a sequence of curves (left) and, in particular, the
transport matrices at one quad (right).

in the non-Euclidean cases) that does not have the arc-length of the curve as distance
to f(to). . .

In particular, if f(tg) = f(to) we obtain the trivial case where f = f holds for all
vertices and we call this the identity transformation. This is the only case for which
different points of a quad can coincide.

Now, we consider a sequence of curves f(O, ..., f(") € C. We consider this sequence f
to live on the directed graph G, = (V,,&,) with vertices V,, = V x {0,...,n} and Z>
combinatorics (see Figure 9.8). The edge set &, consists of edges directed in curve
direction and edges directed in transformation direction. Analogous to the transport
matrix v in curve direction we define the transport matrix v in transformation direction
by v(()i) = Féiﬂ) — Féi) in Euclidean space and by v((]i) = Féiﬂ) (Féi))_1 in non-Euclidean
space.

We are interested in sequences of Backlund transformations, i.e., in the case where
consecutive curves f( and f0+1) are related by a Bécklund transformation. As a direct
consequence of Proposition 9.4.2 we have

Corollary 9.4.4 A sequence of curves fO, ..., f") is a sequence of Béicklund transfor-
mations if and only if the corresponding map p = (u,v) : & — C2*? defined by the
transport matrices fulfills

4o o) 039
and
viz’)uéil) _ u(()ilﬂ)v(()z’) (9.39)

at every quad.

One can also consider general maps p = (u,v) : &, — C?*2 (not necessarily coming
from transport matrices).
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9. Curve theory in space forms and n-invariance

Definition 9.4.5 An edge based map p := (u,v) : &, — C**2 is called a skew parallel-
ogram net if it fulfills (9.38) and (9.39) at every quad.

Thus, the transport matrices of a sequence of Backlund transformations form a skew
parallelogram net. Skew parallelogram nets are studied in [61] as lattice equation system
encompassing many integrable systems studied in discrete differential geometry.

Figure 9.9.: Backlund transformations of an equally sampled circle in Euclidean space
(top row) and hyperbolic space (bottom row). The figures on the right show
a sequence of the transformations seen on the left which causes the orange
curve to be 3-invariant.

Now, consider a sequence of Bicklund transformations f = f©, fM . () = f that
preserves the shape of the curve f, meaning that the first and last curve f and f are
related by an isometry. We express the action of the isometry on the transport matrices
by g1 = E~'ug E for an invertible (split-)quaternion E.
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9.4. Backlund transformations and n-invariant curves

Equations (9.38) and (9.39) yield
1+ 2@+ 2l = @+ 2y + Aol (9.40)

for any A € C and at every quad. Thus, multiplication of such linear factors built from
the transport matrices is path-independent. In particular, we have

@+ M) @4+ Al @+ Mugr) = (1 + Naor) (X + Mol (14 2?)

=B (14 M) E(L 4 Mol"™) - (1 + 2l (9.41)
and, therefore, the vertex based polynomial
Po(A) := B+ M) (1 4+ 2) = CO+ ACL + -+ A"Cy (9.42)
fulfills
P1(1 4 Auor) = (1 + Augr)Po. (9.43)

Other examples can be obtained by going back and forth (e.g., by f, f1, f&) ) #)
or by using permutability of Backlund transformations (see [87, 98]). All these special
sequences can be identified by the fact that the polynomial P is scalar, i.e., by P = 0.
On the other hand, we call a sequence of Backlund transformations regular if it fullfils
B0

Finding such a regular sequence of transformations is more complicated and, in fact,
it only exists for a special class of curves:

Definition 9.4.6 A curve f € C is called n-invariant if there exists a reqular sequence
of n Béicklund transformations f = fO, ..., f) = f such that the n-th transform f is
related to f by an isometry of Q which is

1. orientation preserving if n is odd and

2. orientation reversing if n is even.

A corresponding version of this hierarchy for curves in Euclidean 3-space is given by
[61, Definition 3.2] where the isometry is a screw motion. By restriction to the plane one
needs to distinguish the two cases of the axis of the screw motion being contained in the
plane or being orthogonal to the plane. For each n only one case yields interesting curves
and this depends on the parity of n, thus, motivating our condition on the orientation
of the isometry.

Note that by adding two identity transformations to a sequence of Béacklund trans-
formations we can observe that every n-invariant curve is also (n + 2)-invariant. Also,
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9. Curve theory in space forms and n-invariance

Figure 9.10.: Elastic and area-constrained elastic curves in each space form and their
corresponding Bécklund transformations. The first and last curve (orange
and red) are isometric in the respective space form.

by adding one identity transformation, we can observe that curves invariant after a se-
quence of n Backlund transformations with the isometry having 'wrong’ orientation (i.e.,
reversing for odd n, preserving for even n) are (n + 1)-invariant.

One can interpret the n transformations as fundamental piece of a (bi-)infinite se-
quence of Backlund transformations with period n. In fact, one could analogously define
n-invariant curves via the existence of such a periodic infinite sequence. This observation
also shows that the intermediate curves f(), ..., f("=1) are n-invariant as well. Note that
in this way we can interpret the n Backlund transformations as step of a discrete flow
(as in [55, 87] for n = 2) and the n-invariant curves as the invariant curves of this flow.

Example 9.4.7 A Bdicklund transform of an equally sampled circle with initial point on
the circle (as seen in Figure 9.9 on the left) is a rotated version of the original curve and,

as such, 1-invariant. Such discrete circles (and lines) are the only 1-invariant curves.

Example 9.4.8 A Bdcklund transform of an equally sampled straight line yields a dis-
crete Euler loop as seen in Figure 9.7. Reflecting this construction along the line yields a
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9.4. Backlund transformations and n-invariant curves

Figure 9.11.: An elastic curve is 2-invariant (left) and 3-invariant (right). Observe that
the last curve of the sequence (red) is obtained from the first curve (orange)
by reflection and translation on the left but only by translation on the right.

second Fuler loop which is related to the first Fuler loop by two Bédcklund transformations
and by reflection. As such, the FEuler loop is 2-invariant.

Proposition 9.4.9 A Bdcklund transform f of an m-invariant curve f is (n + 2)-
nvariant.

Proof. There is a curve f related to f by a regular sequence of n Bicklund transfor-
mations and by an isometry ¢ (i.e., f= ¥(f)). Then, application of the isometry to
the curve f yields a curve ¢(f) which is related to f by the regular sequence of (n + 2)
Biicklund transformations f, f = f©, ... f™ = F = (f), v(f). O

Example 9.4.10 A Bdacklund transform of an equally sampled circle with an arbitrary
wniatial point is 3-invariant as seen in Figure 9.9 on the right. This includes closed
Darbouz transforms of discrete circles as studied in [36].

We are prepared to state the main theorem of this section:

Theorem 9.4.11 A curve f € C is 2-invariant if and only if it is a discrete elastic
curve in Q. It is 3-invariant if and only if it is a discrete constrained elastic curve in

Q.

In particular, as demonstrated in Figure 9.11, elastic curves are both 2- and 3-
invariant, however, the relation between the corresponding sequences of Backlund trans-
formations is not obvious.

In Section 9.5, we will prove this theorem for curves in Euclidean space. In Section
9.6, we will extend the result to space forms using the associated family.
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9. Curve theory in space forms and n-invariance

9.5. Euclidean n-invariant curves in the plane

We will now consider n-invariant curves f € Cgz(n). First, we discuss how the coefficients
C7 of the polynomial P given by (9.42) contain invariants along the curve and how they
are related to the curvature and tangential vector of the curve.

Note that in the case of an identity transformation the transport matrix v(()l) vanishes
and the corresponding linear factor becomes trivial. Thus, the polynomial P can have
degree smaller than n and some of the higher coefficients can vanish.

Now, each coefficient CY is a product of E with j transport matrices v(*. Recall that
v € spang{t,j} and E € spang{i,j} for even n and FE € spang{1,k} for odd n and,
therefore, we have

C™,C" 2 ... € spang{i,j} and C"7' C"73, .. € spang{1,k}. (9.44)

From (9.43) we see that the real polynomials trP and detP remain constant along
the curve and their coefficients are invariants. The coefficients of tr’P are given by

rji= %tr C7 and vanish for j = n,n — 2,.... Also, we have

det P = det BE(1 + A2 det o™ V) ... (1 + A2 detv®) (9.45)

and, hence, all coefficients of det P are given by det £ and detv® which we already
knew to be constant. For later use, recall that non-vanishing diagonals of the Darboux
butterflies implies det v(9 % n? and, therefore, we have det 73(%) £ 0.

Invariants contain information about the curve and the Bécklund transformations.
The coefficients of the invariant polynomial det P =detP - (trP)? = —(?)2 will turn
out to only depend on the curve. The M coefficient is given by

min{j,n}
0;:= Y (CKCIH) (9.46)
k=max{0,j—n}

We have that C* L C! if k and [ have different parity and, hence, 6; = 0 holds for odd
j. For n < 3 the invariants 0; are given by the following table:

n=1 n=2 n=3
0o | det C° det C° det C°
0y | det C1 det C! +2(C°,C2)  det C' + 2(C°, C?)
0, det C2 det C2 + 2(C*, C3)
96 det CS

The following lemma shows how the polynomial contains information about the curve.
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9.5. Euclidean n-invariant curves in the plane

Lemma 9.5.1 Let f € Cg2(n) be n-invariant with polynomial P given by (9.42). Then,
the vertex based quaternions

A:=C" —p?C" 2 4 p*Cc™ ™t — .. € spang{i, j}

B:=C" ! - 20" 4 'C"5 — L € spang {1, k} (9.47)
and an invariant B € R given by % = —(—n*)""1det 3(%) # 0 have the following
relations to the curve:

1. A is related to the tangential vector via A = BT and

2. B encodes the curvature via 08— B = BH and, thus, B = —m%k.

Proof. Expanding (9.43) in powers of A gives us equations for the coefficients C*:
A C) =0 (=E)
N O+ Clugy = Ch +upiCF, 1<i<n (9.48)
)\n+1 : CIL’LL(H = ung

The equations for 0 < i < n already determine P; from Py and ug1. Plugging these into
the last equation provides a condition relating Py and wug;:

up1Cf = Cugr = CJugr + ug1 O tugr — OF 1udy = -
= Cluor +uo1Cf tugr — CF udy — uo1 O~ udy + Co2ud, + - - (9.49)
With u; = —n? this can be rearranged to
up1 (CFf — CF tugy — n*Cl 2+ -++) = (CF — CF gy —n*Cl 2+ Jugr — (9.50)
which reads
uo1 (Ao — Bouo1) = (Ao — Bouo1)uor. (9.51)

Two imaginary quaternions commute if and only if they are multiples of each other and,
hence, there exists § € R with Ay — Bougr = (8 — %tr By)up1 which is equivalent to
Ay = (B + By)ugr. We can also obtain Ay = —(3 + By)ug for some 3 € R since —ug,
must fulfil the same equations as ug; due to the symmetry of the construction. Taking

the determinant on both sides of these equations and using (—in)”P(%) = A—inB yields
3% = n?B% = det A — n? det B = det(A — inB) = (—n?)" det ?(E) (9.52)

n
Since the curve is regular —uj, and wg; are distinct and, thus, we have B =—-06#0

and Ay = (8 — Bo)ujy = uio(8 + By). Note that a quaternion X € spang{l,k} is
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9. Curve theory in space forms and n-invariance

determined up to scaling by the equation ug; = X ~tug,X. Both quaternions 3+ By and
Hj =1- H, fulfill this equation and, hence, 5 + By = BH and Ag = BHjug1 = 1o
show both statements.

Finally, we prove that /3 is constant (not only up to sign). At neighboring vertices we
write

- 1
Ao + up1Bo = (Bo + Bo)uor + uo1Bo = (o + 3 tr Bo)uor,

= 1
A1 + Biugy = U(n(ﬁl + Bl) + Biugs = (51 + B tr Bg)u()l. (9.53)

Both of these terms agree which follows from (9.43) with A = % which reads

(A1 — inB1)(1 + ;um) _ 1+ ;um)(Ao — inBy). (9.54)

Thus, we have 81 = (. O

Remark 9.5.2 There is one special case which, for brevity, is mot mentioned in the

Lemma: If Ay = go = 0 or, equivalently, 0(%) = 0 at some point fy there is no

condition on u. In this case we have det 3(%) = 0 and since this is an invariant along
the curve we have ?(%) = 0 at every point. Therefore, 1 + \°1? is a factor of ?

and the unique polynomial Q defined by B = (1 + X%k Q with Q(%) = 0 still fulfils
(9.43). Thus, the statement of the Lemma still holds true if we replace P with the reduced
polynomial Q. Factoring of such real polynomials until the polynomial has no divisors
as in Proposition 9.5.5 (2b) also allows us to find the minimal n such that the curve is
n-invariant.

Example 9.5.3 For a 1-invariant curve, we have that B = C° = E is constant. Hence,
its curvature is constant and the curve is a discrete circle or a line (cf. Example 9.4.7).
Specifically, with normalized E = k the center of the circle turns out to be the point
X = F — 3kC' (which can be shown to be constant, see (9.62)) and its squared radius
s given by

1 1
|F — X||?> = det(F — X) = 7 det o= 102. (9.55)

The evolution formula (9.48) allows us to make some initial observations about the
coefficients C*. Clearly, C° = E is constant and contains information about the isometry.
As exemplified in Figure 9.12, we can interpret the coefficients as flow vector fields. For
example, the coefficient C! evolves by C% — C& = unE — Fugr = 2ug1 X E. TFor
odd n it describes the Euclidean motion induced by the isometry. This interpretation
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9.5. Euclidean n-invariant curves in the plane

extends to even n if we consider our Euclidean plane as plane in Euclidean 3-space
R3 2 spang {3, j, k}: We have ct | k and the flow leaves the plane. As a second example,
observe that the vector field kC® € spang{i,j} evolves by kC? = —ug1kCiug; which
is a reflection along the perpendicular bisector of each edge. As such, it is a parallel
normal field to the curve and, in particular, has constant length.

7 N nea "" - . ;\ e
' ™ A \ “TNN
/ ’ /1 \\\\ ¥ " ’ ‘ J \ﬁ f/ J
VR \ \ ~ \
fﬂf; } ™ ﬁ o TN }

| |

Figure 9.12.: Flow vector fields for m-invariant curves: The vector field C! induces a
rotation which stays inside the plane for odd n (left) and leaves the plane
for even n (middle). The vector field kC? constitutes an edge-parallel
normal map (right).

Remark 9.5.4 Using Lemma 9.5.1 we can construct an n-invariant curve iteratively
from E € H\ {0} and initial points f(to) = f©O(to), ..., f)(to) in transformation direc-
tion. Indeed, this initial data determines an initial polynomial P(tg) which determines
T(to), H(to) as stated in the lemma and, due to (9.17), it determines u(to,t1) for a
neighboring vertex t1 as well. Then, the points fO)(t1) are determined and we can it-
erate the process to obtain an n-invariant curve. By interpreting f® (to) as an initial
polygon with a monodromy given by E we see that our construction is analogous to the
construction of periodic Backlund transformations [55, 87]. In our planar case, this is
known as discrete bicycle transformation [105] and constitutes a special case of cross-
ratio dynamics [3, 4, 52] on the twisted polygon f¥)(ty). Note that if the curve itself and
its transformations are periodic we find this dynamic in both lattice directions.

We have investigated the polynomial (9.42) determined by the Béacklund transfor-
mations corresponding to an n-invariant curve. For the converse direction, we will
now reconstruct the Backlund transformations from a given polynomial. We will need
some results about the factorization of quaternionic polynomials which are polynomials
Yoo M C? in a scalar variable A with quaternions C? as coefficients.

Proposition 9.5.5 1. Any quaternionic polynomial can be factorized into linear fac-
tors.

2. Let 1 + A\q be right (or left) divisor of a quaternionic polynomial and denote the
set of quaternions with the same trace and determinant as q by [q]. Then, either
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9. Curve theory in space forms and n-invariance

a) any right (or left) divisor 1 + A\§ with § € [q] agrees with 1 + A\q or

b) 1+ A is a right/left divisor for all ¢ € [q]. This is the case if and only if
1+ Mtrq + A det ¢ divides the polynomial.

3. A quaternionic polynomial is called special if C* € spang{i,j} for odd i and
C* € spang{1,k} for even i. A special quaternionic polynomial can be factorized
into special linear factors if and only if all roots of the determinant polynomial are
1maginary.

Proof and more context can be found in [68, Section 4.1]. Such factorization results
are also currently studied for other algebras in the context of kinematics (see, e.g., [76]).
Note, that for an n-invariant curve E~!P is a special polynomial.

Lemma 9.5.6 A curve f € Cg2(n) is n-invariant if and only if at every vertex there
exists a quaternionic polynomial of the form P = C° + AC! 4 ... + A\"C™ fulfilling

1. C",C"2, ... € spang{i,j} and C"~1 C"3, ... € spang{1,k} and C° # 0,
2. equation (9.43) and

3. det P has only imaginary roots distinct from %

Proof.  If the curve is n-invariant the polynomial P given in (9.42) fulfills (1)-(3).
Conversely, consider a polynomial P fulfilling (1)-(3). We will iteratively construct a
factorization at every point. Initially, with E := C° consider E~!P(to) which is a
special polynomial with the same roots as P(tp) and, therefore, Proposition 9.5.5 (3)
implies the existence of a factorization

E7'P(to) = (1 + 2™ D (tg)) - (1 4+ 20 (ty)) (9.56)

with v (ty) € spang{i,j}. These transport matrices are initial data for a sequence
of Bécklund transformations which we denote by f = f(©, ... f(® = f.  Note that if
deg P < n the sequence is completed by n — deg P identity transformations (for which
@) = 0)
v .
Now, we show that the equality P = E(1+ X o™ 1) ... (1+ Xv(®) (which holds at ty)
gets preserved along the curve. If it holds at some point fy we have

(14 Adge) (1 + Aol ) o (1 20l”) = (1 4+ A" - (14 Ao§) (1 + Augg)
= E7'Po(1 + Mugg) = E7H1 + Mugg)Pr = (1 + AE ugoBYE~YPr =: Q (9.57)

The determinant of Q is not divided by (1 + A?1?)? since, by (3), 1 + A?n? does not
divide det P. Therefore, 1+ A?p% does not divide Q and by Proposition 9.5.5 (2) the left

(nfl)) .. (]_ + )\U%O)) By

divisor is unique implying @1y = E~'ujE and P; = E(1 + Avg
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9.5. Euclidean n-invariant curves in the plane

symmetry of the construction, the same argument works in the other curve direction.
Now, g1 = E~'ug1 E implies that the curve is n-invariant with isometry given by £. [

Note that addition of a real polynomial to P does not affect (9.43). Thus, by changing
the real part of P (in a manner that preserves condition (1) and (3) as well) we will
be able to find different sequences of Backlund transformations that make the curve
n-invariant.

Now, we have the tools to characterize n-invariant curves geometrically.

Example 9.5.7 One can check that for an equally sampled circle with center X the
polynomial given by the coefficients

CY:=E :=ry+k,
Ch=2(Fy — X)k (9.58)

fulfills the conditions of Lemma 9.5.6 for almost all rg € R.

The following statement is a version for plane curves of a known result for elastic rods
[55, 61].

Proposition 9.5.8 A curve f € Cr2 is 2-invariant if and only if it is an elastic curve.

Proof.  Let f € Cgz2(n) be 2-invariant and let f = f© f) 5@ = F ¢ Cp be a
corresponding sequence of Bicklund transformations with g1 = E 'ug E for some
E € spang{é,j} with det E = 1. We will find the directrix as the line of reflection
belonging to the orientation-reversing isometry: All points %(F + F) lie on a line with
direction vector E since

-1

. 1, . FE
(Fo + Fp) = 5(’&01 +up1) = T(UmE + Eug)

= —(E,ug))E™! = (E,ug)E. (9.59)

1 - 1
NF + Fy) — =
2(1~|— 1) 5

Now, the signed distance dy of a point Fy to this line is given by

1 . 1
do = (kE. Fy — J(Fo + Fy)) =~ (kE, ol + of)

1 0, W) _ 1 _ Bn

=1 (tr kE(vy’ + vy )) =1 tr(kBy) = 1 o (9.60)

where we used Lemma 9.5.1 and, in particular, B = C' = E(v(® + v(1)). We conclude
that f is elastic by Corollary 9.3.2.

Conversely, consider an elastic curve f € Cg2(n) and its directrix with normalized
direction vector E such that the signed distance of each curve point to the directrix
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9. Curve theory in space forms and n-invariance

fulfills dy = %no for some 8 # 0. We define a polynomial Py of degree 2 at each vertex
by the coefficients

cY = F,
C& =r — ﬂﬁg,
C3 .= BTy +n°E (9.61)

for some constant r; € R. We need to check the conditions (1)-(3) of Lemma 9.5.6.
Condition (1) is clearly fulfilled. A calculation (see Appendix) shows that condition (2)
holds as well and that condition (3) holds for some values r1. Hence, by Lemma 9.5.6,
the curve is 2-invariant. O

Figure 9.13.: Different sequences of Béacklund transformations for an elastic curve (or-
ange). The last curve (red) can be obtained from the first curve (orange)
by reflection in (and translation along) the directrix.

As visible in Figure 9.12 in the middle, the flow vector field C'= B = —8H for a
2-invariant curve induces a motion in Euclidean 3-space. In fact H is the semi-discrete
Hashimoto flow defined in [21] and, hence, (as discussed in [21, 55, 61]) discrete elastica
are the invariant curves of the Hashimoto flow.

Proposition 9.5.9 A curve f € Cgz is 3-invariant if and only if it is a constrained
elastic curve.

Proof. We will distinguish the case where there isometry is a rotation (E # 0) from
the special case where it is a translation (E = 0). We will show that the case of a
rotation corresponds to an area-constrained elastic curve while the case of a translation
corresponds to an elastic curve or a circle.

First, if the curve is 3-invariant with a rotation as isometry we can assume normalized
E = k. Consider the point X = F — %kCl. This point is in fact constant and will turn
out to be the center of the directrix:

1 1
X1 — Xo = ug1 — 5k:(cl1 —C}) =up — 5 k(uork — kuor) = 0. (9.62)
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9.5. Euclidean n-invariant curves in the plane

We calculate
1
|F = X|* = det(F - X) = S det C! = (92 —2(C°,C?) = (92 —2(k, B+ 1°k))
1
= 1(92 —20° + BnK). (9.63)

Now, with r? := %(92 — 2n?), the squared tangential distance of F' to the circle with
center X and radius r is

o = |F - X202 = P

(9.64)
Note, that 22 and r? can be negative. The curve is area-constrained elastic by Corollary
9.3.2.

For the converse, let f € Cg2 be an area-constrained elastic curve fulfilling (9.64)
for some circle with center X, radius r and some constant 3 € R. We will define a
polynomial P by

CY:=F:=ro+k,

Cl=2(Fy — X)k,

C3 :=ry — BHy + 1k,

C§ = BTo +1°Cy. (9.65)

for some constants 7o, 72 € R. We need to check the conditions (1)-(3) of Lemma 9.5.6.
Analogous to the 2-invariant case, condition (1) is clearly fulfilled and a calculation (see
Appendix) shows that condition (2) holds as well and that condition (3) holds for some
ro, 2. Hence, the curve is 3-invariant.

Now, consider an elastic curve. We know it is 2-invariant with corresponding polyno-
mial P given by (9.61). To show that the curve is 3-invariant consider the polynomial
Pi=rg +r2/\2+)\3 which fulfills conditions (1) and (2) of Lemma 9.5.6 for any ro,r2 € R
with 79 # 0. Applying Lemma A.1 (2) (in the Appendix) to the constant real polynomial
det P yields that P also fulfills condition (3) for some rg, 7. Hence, the elastic curve is
3-invariant as well.

Conversely, consider a curve which is 3-invariant with a corresponding polynomial P,
isometry given by E € R (i.e., the isometry is a translation) and C! # 0. To show that
the curve is 2-invariant consider the polynomial P := ri\+ 1 ﬁ which fulfills conditions
(1) and (2) of Lemma 9.5.6 for all 11 € R. Again, applymg Lemma A.1 (1) (in the
Appendix) to the constant real polynomial det P yields that P also fulfills condition (3)
for some r1. Hence, the curve is 2-invariant and, thus, elastic.

Finally, in the special case of a 3-invariant curve with £ € R and C' = 0 analogous
argumentation to above for the polynomial P := ro + %B shows that the curve is
l-invariant and, thus, a circle. O
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9. Curve theory in space forms and n-invariance

Figure 9.14.: Different sequences of Béacklund transformations for an area-constrained
elastic curve (orange). The last curve (red) can be obtained from the first
curve (orange) by rotation around the center of the directrix.

In [59], constrained elastic curves are introduced as invariant curves of a semi-discrete
mKdV flow. Indeed, the vector field C! induces a Euclidean motion on the curve and we
will relate it to the mKdV flow given in [59]. For this consider the discrete Schwarzian
derivative

2
Sor == H H; = (1 + gmk)(l - gnok) = 1+ T rimo)l + 2wy — wo)k.  (9.66)

4 2
The semi-discrete tangent flow and mKdV flow are then given by
1
Fl'.=1,  FpEV .= 5 (10 + So1)Th. (9.67)

Proposition 9.5.10 An area-constrained elastic curve f € Cgz is invariant under a
linear combination of mKdV flow and tangent flow.

Proof. The curve is 3-invariant and the coefficient C' of the corresponding polynomial
is the flow vector field which induces a rotation around the center of the directrix (see
Figure 9.12 on the left). A long calculation (see the Appendix) shows that

_ﬁ KdVv 1 4 6 T
cl=_Lfm 0 — nt0y + 205600 F, 9.68

which is a linear combination of mKdV and tangent flow with constant coefficients. [

9.6. Associated family and n-invariant curves

We will now show that the associated family preserves the property of a curve of being
n-invariant allowing us to complete the proof of Theorem 9.4.11. For this, we extend
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the associated family to sequences of Bicklund transformations f = f(©, ... 0 As
in Section 9.2, we will assume a fixed initial point F(9)(¢y) = 0 for curves in Euclidean
space and F(©) (to) = k for curves in non-Euclidean space. Thus, the curve f and its
transformations f() are completely determined by the transport matrices u and v.

Recall (9.40), stating that multiplication of linear factors is path-independent for A €
C. We consider the value A to be admissible if it fulfills the assumptions of Proposition
9.2.1 and if 1 + Ao is invertible. For admissible A € C the map ®* given by

BONm) =1, 0N = (Ll A= (1 a)al (96s)

is well-defined. It extends the map ®* : V,, — C?*2 given in Section 9.2 in transformation
direction. Analogous to (9.21), we also define

v = (@I L1 — aof) a0 (9.70)
The pair p* = (v}, v?) defines a map &, — C?*2,

Lemma 9.6.1 Let fO, ... (™ be a sequence of Béicklund transformations. Then, the
pair p* = (u*,v) is a skew parallelogram net for admissible A € C.

Proof. We will use that p = (u,v) is a skew parallelogram net. The multiplicative
condition holds since

i)A (@ i AN — i i i),
of M) = @)@ - wf) (@ -l el

and the additive condition holds since

ud? 400 — (@M1 (1 4 D)@ = aal)) + (1= 2l (@ + aul))) @A
= 2@ (1 — N2l )y (9.72)

coincides with

op? g™ = (@) ((1+A “*”)(1%8')”(1fAuéﬁ*”)(l+Avé“>>¢><“vk

g

Now, we extend the associated family to Backlund transformations.

Proposition 9.6.2 Let f©), ... f(") ¢ C be a sequence of Béicklund transformations of
the curve f = f©. The transport matrices
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9. Curve theory in space forms and n-invariance

1. w0 for Q = E? and admissible \,
2. ub, vl for Q =82,
3. iut, vt for Q = H?

define a sequence of curves T O, ., TAf(") € Cg, (with Co, as in Proposition 9.2.1)
which is again a sequence of Bicklund transformations of T f = T f©).

Proof. The transport is closed around every quad since p* = (u’\,v/\) is a skew
parallelogram net (Lemma 9.6.1). Therefore, 7> f () is well-defined. The same arguments
as in the proof of Proposition 9.2.1 show that 7> f() e Co,. Now, the property of p*
being a skew parallelogram net also implies that the curves constitute a sequence of
Backlund transformations. One can easily check that our regularity assumptions stay
preserved as well. O

Proposition 9.6.3 The associated family preserves n-invariance.

Proof. Let f € C be n-invariant with a sequence of Bécklund transformations f =
fO ™ = fand a (split-)quaternion E fulfilling g1 = E~'up E. We will show
that the sequence of Bécklund transformations 72 f(1), ..., T2 f(™ preserves the shape
of T*f and, thus, causes T*f to be n-invariant. For this, observe that the matrix
E* := (®) ' E® (with & = (A and &* = &™) is constant along the curve since

(@) EDY = (95) (1 + Augr) T E(L + Mgy ) g = (95) ' E®p. (9.74)
First, if @ = E we have
TAF = (M) 'kd* = (N 'ERED = £(EN) ' TAFEN (9.75)

The sign depends on whether E commutes with k (orientation preserving E € spang{1, k})
or anti-commutes with k (orientation reversing E € spang{i,j}). Now, T f € Cq, is
n-invariant and the new isometry is given by

1. the quaternion E* if A € R (and, hence, Q = S?).

2. the split-quaternion E* if A € iR (and, hence, Qo = H?) and F € spang{1, k}.
3. the split-quaternion iE* if A € iR (and, hence, Qo = H?) and E € spang{i,j}.
On the other hand, if @ =S or @ = H we have T'f € Cg2 and

ag = (21) (1~ d01) @ = (91) BT (1 — uor) B®G = (BY)ug B (9.76)
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9.6. Associated family and n-invariant curves

and it only remains to show that E' (or a scalar multiple) is a quaternion in spang{%, j }
or spang{1, k}. Indeed, using 'k = FO®O:1 and F = + E~'FE, we have

E*k = (@Y 'EF®! = £(0Y) ' FED! = +kE (9.77)
and, hence, 7' f € Cg2 is n-invariant with the isometry given by
1. the quaternion E! € spang{1, k} for orientation preserving F and Q = S or Q = H.
2. the quaternion E' € spang{i,j} for orientation reversing F and Q = S.
3. the quaternion iE' € spang{4,j} for orientation reversing £ and Q = H.

In all cases, one can also check that regularity of the sequence of transformations is
preserved. ]

Thus, n-invariant curves and their Backlund transformations in space forms can be
obtained from corresponding n-invariant curves in Euclidean space. For example, the
n-invariant curves in different space forms visible in Figure 9.10 are related by the
associated family.

Finally, we combine our observations to prove our main Theorem.

Proof. [Proof of Theorem 9.4.11.] In Proposition 9.5.8 and 9.5.9 we have shown the
statement for curves in Euclidean space. Note that the associated family preserves the
curvature equation 9.33 of constrained elastic curves since T*(T*x = (x (Proposition
9.2.8).

Now, if a curve f in a non-Euclidean space form is 2-invariant then the associated Eu-
clidean curve T!f is also 2-invariant (Proposition 9.6.3) and, therefore, elastic (Propo-
sition 9.5.8). Then, every curve 7* o TLf is elastic and, since the associated family is
reversible (Proposition 9.2.9), this includes f.

For the converse, we can use the same results in the other direction: If f is elastic
the associated Euclidean curve 7' f must be elastic and, therefore, it is 2-invariant. All
curves 7» o T f are 2-invariant and this includes the original curve f.

Analogously, using Proposition 9.5.9, we can show that 3-invariant curves are exactly
constrained elastic curves. O
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A. Polynomials and Euclidean elastica

We provide some calculations for elastic and area-constrained elastic curves in E2. We
start with two statements that we will use to show condition (3) of Lemma 9.5.6.

Lemma A.1 1. For any 60y,02,0, € R with 6y,0, > 0 there exist infinitely many
r1 € R such that the real polynomial

0o + N (r] + 62) + A0,
has only imaginary roots.

2. For any 60,02,04,06 € R with 6 > 0 there exist infinitely many combinations
ro, T2 € R such that the real polynomial

2+ 0 + N2(2rore + 02) + A1 (12 + 04) + 200
has only imaginary roots.

Proof.  For the first statement, consider the quadratic polynomial Q := 6y + u(rf +
62) + 120, We will show that for sufficiently large 72 it has only real negative roots,
which proves the claim of the lemma. In fact, the quadratic discriminant

(77 + 62)% — 46,04

is positive for large r? and, hence, the roots of Q are real. Now, since the coefficients of
Q are positive its roots are necessarily negative.
For the second statement, consider the cubic polynomial Q := rg + 6y + p(2rore +
02) + p?(r3 + 04) + p30s and its cubic discriminant
18(96(7‘3 + (94)(27‘07“2 + (92)(7‘(2) + 90) — 4(7“% + 94)3(7“(2) + 90)
—F(T% + 94)2(2T0T2 + 92)2 — 406(2rora + 92)3 — 279%(7“3 + 90)2.
We write rg = Rro and will show that for sufficiently large R and ry the polynomial Q

has only real negative roots which, again, proves the claim of the lemma. With ro = Rro
the discriminant becomes a polynomial of degree six in ro with leading coefficient

—400 + 405 R — 40, R? + 404 R>
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A. Polynomials and Euclidean elastica

which is positive for sufficiently large R. Thus, if ro is sufficiently large as well, the
discriminant is positive and @ has only real roots. Now, since the coefficients of Q are
positive its roots are necessarily negative. O

Proof. [Calculations for polynomial (9.61) for an elastic curve.] Consider an elastic curve
and the polynomial P with coefficients given by (9.61). We will check (9.43) using its
expanded version (9.48). Clearly, C? is constant. Also, we have

Cl — ¢} = —p(H, — Hy) = —%(m — o)k
= —2(dy — dp)k = —2(up1, kE)k = (up1 kE + kFEuo1)k = upt E — Fug;
and, using (9.17), we have
C} — C3 = B(Ty — Tp) = B(Hiuor — up1 Ho) = up1 C§ — Ctugs
and
Ciuor = n*(=BH1 + Fugy) = n*(—BHo + uo1 E) = up C§.-

Hence, the polynomial P fulfills (9.43) and, therefore, condition (2) of Lemma 9.5.6.
Then, det P is constant along the curve and by denoting (as in (9.46)) the coefficients
of det P by 6; it is a polynomial as discussed in Lemma A.1 (1). Thus, it has only
imaginary roots (also, det ’P(%) # 0 is true for almost all r;). We conclude that there
exists r1 such that for our polynomial P all conditions of Lemma 9.5.6 are met. O
Proof. [Calculations for polynomial (9.65) for an area-constrained elastic curve.] Con-
sider an area-constrained elastic curve and the polynomial P with coefficients given
by (9.65). Again, we will check (9.43) using its expanded version (9.48). Clearly, C°
is constant and we have C’l1 - C& = 2ugrtk = ug1®F — Fupy. From this, by writing
Clupr =: ag + bok for ag, by € R we obtain Clug = ag + (bp + 2n*)k and, thus, we can
compute

C? —C? = —B(H, — Hy) = f%(m — ko)k = —2(2? — 22)k

= —2(det(F; — X) — det(Fp — X))k = —%(det C] —det C)k

- —21772(6% (b0 + 22) — a2 — BR)k = —2(by + 1)k
= ag — bok — ag — (bo + 20*)k = up1C3 — Clug:.
Next, using (9.17), we calculate
C} — CF = B(Ty — Ty) + n*(C} — C}) = BHyuo1 — Buor Ho + 2n*uoik
= (BHy — n*k)uo1 — uo1(BHo — n’k) = up1C§ — Ciuoy
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and
Ciuor = n*(=BH1 + Cluor) = n*(CF + Clugs — 2 — B — n°k)
= 1°(C§ + u01Cy — ra — B — n’k) = 1°(—BHo + u01Cy) = uo1Cy.

Hence, the polynomial P fulfills (9.43) and, therefore, condition (2) of Lemma 9.5.6.
Analogous to the 2-invariant case, det P is constant along the curve and by denoting (as
in (9.46)) the coefficients of det P by 6; it is a polynomial as discussed in Lemma A.1
(2). Thus, it has only imaginary roots (also, again, det P(;;) # 0 is true for almost all
r0,72). We conclude that there exists g, 7o such that for our polynomial P all conditions
of Lemma 9.5.6 are met. O

Proof. [Calculation of the coefficients of the flow C! written as linear combination of
FmEdV and FT]
In this calculation we will use (9.17), Proposition 9.2.6 and the relations in Lemma
9.5.1 for 3-invariant curves multiple times.
First, we have
1 det T
Kdv — - 0
FyidV = §(Hiku011 + Hyuy T3 = le(umﬂi + Hiugg).
Now, the curve is 3-invariant and we consider a corresponding polynomial P. Using
(9.48), we get

—BH; = By = By +u01C¢ — Clugr = —BHy + up1 Cy — Cuor — 20*E

We combine

det To = r7
BEPA = == 5 or (= 8H) + (=B usg — Hluior + o))
det T i
- _T;)(—ﬁumﬂo — BHousg + 2uo1Couig — (uoruig + uiguor)Co + 20 E(uor — usp))
det T[)

2 (=BT + (uo1Ciuig — n*Co) + (0* + (w01, uig))Ch + n*E(uor — uip)).

Each term is a multiple of C'' or T since
uo1Couig —1°Cy = (ToHy ' Cg + Co Hy ' To)uig
_ —2(Ty, C})
1y* )
= (Hy )" (ToCy + CyTo)ugg = THOO
and, with E =: ek,

e N enK
—  k(H,— H)Tp = — Tp.
det H, (Ho = Hy)To det Hy °

E(um — UTO) = 6k(ToH61 — HJITO) =
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A. Polynomials and Euclidean elastica

We have n? det Hy = det Ty = Woium and, hence, we can combine
det T a
BEMEAV — 57720% + 2(Tp, Cy)To — 20°Cy + en*kTy = —20*C + B—;QFOT

with coefficient ag := B%det Ty + 28n*(Ty, CL) + eBn°k. We need to show that a is
constant. For this, we express it in terms of our invariants 6; as

ag = det Ag + 2<A0, T]2Cé> - 2<U4E, §0>
= (C§ —°C5, C§ +1°Cg) — 20"(E, C§) + 20°(E, E)
= det C3 — ntdet C} — 2 (C0, C?) + 2% det C° = 05 — 1*65 + 216y,

Thus, we showed that the flow vector field C! (which only induces a Euclidean motion)
can be written as constant linear combination of mKdV- and tangent flow. O
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