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�is paper studies the impact of Value at Risk (VaR) constraints on investors with hyperbolic absolute risk aversion (HARA) risk
preferences. We derive closed-form representations for the “triplet”: optimal investment, terminal wealth, and value function, via
extending the Bellman-basedmethodology from constant relative risk aversion (CRRA) utilities toHARAutilities. In the numerical part,
we compare our solution (HARA-VaR) to three critical embedded cases, namely, CRRA, CRRA-VaR, and HARA, assessing the
in�uence of key parameters like the VaR probability and �oor on the optimal wealth distribution and allocations. �e comparison
highlights a stronger impact of VaR on aCRRA-VaR investor compared to aHARA-VaR (HV).�is is in terms of not only lower Sharpe
ratios but also higher tail risk and lower returns on wealth. �e HV analysis demonstrates that combining both, capital guarantee and
VaR, may lead to a correction of the partially adverse e�ects of the VaR constraint on the risk appetite. Moreover, the HV portfolio
strategy also does not show the high kurtosis observed for the PV strategy. A wealth-equivalent loss (WEL) analysis is also implemented
demonstrating that, for a HV investor, losses would bemore serious if adopting a CRRA-VaR strategy as compared to a HARA strategy.

1. Introduction

More than �fty years ago, [1] derived the famous Merton
approach to unconstrained portfolio optimization by using
the Bellman principle in the context of a Geometric
Brownian motion (GBM) and a hyperbolic absolute risk
aversion (HARA) utility. By setting up the Hamilton-Jacobi
Bellman (HJB) equation, Merton derived the investment
strategy given the investor’s risk preferences in closed-form.
However, the global evolution of �nancial markets and the
professionalisation of the asset management industry within
the last decades have brought up a multitude of additional
requirements to the process of portfolio optimization.

Evidence of this is the increasingly quantitative regulatory
environment for �nancial institutions, which are usually
enforced via risk measures. For instance, as early as 1998, the
Basel I Capital Accord Market Risk Amendment was
implemented by the U.S. �nancial supervision authorities and
required commercial banks to measure their market risk
using the Value at Risk (VaR) risk measure (e.g., [2]). Other
examples are the European insurance sector regulatory system
Solvency II (see [3]) and banking regulation Basel III (e.g.,

[4]). Both require market risk measurements by VaR, whereas
the Swiss banking regulation requires the use of Expected
Shortfall (ES) as risk measure (e.g., [5]).

In parallel, the emergence of new �nancial products,
guaranteeing the investor a minimum level of wealth during
or at the end of the investment period, has called for academic
contributions capable of re�ecting the �nancial engineering of
these product features. Dynamic investment strategies with
protection and guarantee features such as Constant Pro-
portion Portfolio Insurance (CPPI), Dynamic Proportion
Portfolio Insurance (DPPI), Option-Based Portfolio Insur-
ance (OBPI) (see [6]), and others have been proposed, as they
capture the guarantee element of such product innovations.

Our research work re�nes the well-known CPPI invest-
ment strategy introduced by [7, 8] by incorporating risk
measure (RM) constraints such asVaR.�esemulticonstraints,
i.e., a risk measure constraint combined with a minimum
capital guarantee, are implemented in a continuous Black-
Scholes (BS) �nancial market using stochastic control
methods. We extend the work of [9] to HARA utilities
obtaining closed-form representations for the optimal in-
vestment strategy and wealth. In addition, we perform a
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thorough comparative statistical, suboptimality, and empir-
ical analysis of the derived investment strategies to compare
the different strategies with each other.

Whereas the CPPI approach has been analyzed extensively
with regard to dominance criteria (e.g., [6, 10] examine sto-
chastic dominance criteria of CPPI vs. OBPI strategies) and
risk measures [11] and against other portfolio insurance
strategies [12, 13], the literature has largely ignored the joint
constraints due to risk measures and portfolio insurance. 'e
exception is the work of [14], which investigates the potential
effect of a VaR constraint in the context of anOBPI setting, i.e.,
VaR constraint in combination with a minimum capital re-
quirement (MCR) at maturity. 'ey provide evidence that a
combination of VaR and portfolio insurance constraint limits
the size of losses which the standaloneVaR is by nature “blind”
against. In this case, the floor constraint FT represents a
comprehensive and not costly insurance against losses, ex-
cluding gambling strategies that would occur in the standalone
VaR case (see the VaR gambling behavior suggested by [15]).
In addition, [14] suggests that the criticism of limited upside
potential of a portfolio insurance strategy resulting from a
reduced exposure regarding risky assets compared to the
Merton solution is less severe: in fact, the proportion invested
in the risky asset is larger than under a standalone MCR
regulation. 'ey conclude that an investment under the
combined constraints can be seen as “the best from both
worlds,” hence complementing both standalone constraints.

Although [14] investigates the combination of the VaR and
general portfolio protection criteria, there is yet no examination
of the incorporation of risk measures such as VaR into the
heavily usedCPPI framework. ACPPI limits the portfolio value
frombelow due to the dynamic capital guarantee with the value
(floor) e− r(T− t)FT throughout the investment horizon [0, T]

but may lead to a used-up cushion in volatile markets and
hence has less room for risky investments thereafter. Also, in
bullish markets, the capital guarantee translates to a less risky
behavior, which means that the investor must give up a certain
share of performance. 'e idea behind the implementation of
VaR constraints for a HARA investor is to limit the frequency
of the portfolio value to fall short of a certain portfolio value K

(soft-floor) greater than the hard-floor FT. 'ere are multiple
reasons for this: 'e HARA investor might want to limit his
risk to deplete his cushion Ct, i.e., the distance of the portfolio
value to the floor, too fast in bad market cycles. Also, the
investors might not like their wealth falling below the “soft-
floor” K too frequently. HARA investors are typically long-
term oriented pension investors that undergo bullish as well as
bearish cycles. In the latter HARA investors may become pure
cash account investors for the rest of their (long-term) in-
vestment period. As previous contributions suggest that a CPPI
strategy underperforms especially in market cycles which are
first bearish and later bullish, the VaR could improve this
problem of CPPI strategies by limiting the probability of a
diminished cushion. Additionally, an investor might not only
be interested in limiting the absolute losses but also want to
control the volatility of his wealth or VaR capital provisions
due to regulatory requirements.

Summarizing, the contributions of this paper are as
follows:

(i) We use a combination of HJB and financial de-
rivatives to find a mathematical representation for
the optimal CPPI strategy and its value function
under VaR constraints. We call it HARA-VaR so-
lution. 'is allows us to investigate the impact of
VaR on capital guarantee strategies popular among
financial institutions.

(ii) We examine the performance of the newly found
HARA-VaR solution in a comparison to a plain
HARA solution (CPPI strategy) as well as to CRRA-
VaR solutions, highlighting the benefits and pitfalls
of VaR on CPPI investors.

(iii) Our analysis demonstrates that combining both,
capital guarantee and VaR, leads to a correction of
the adverse effects of VaR constraint on risk ap-
petite. Moreover, the HARA-VaR portfolio shows
lower kurtosis than the CRRA-VaR portfolio.

(iv) A wealth-equivalent loss (WEL) analysis demon-
strates that losses would be more serious for a
HARA-VaR investor if taking a CRRA-VaR rather
than a plain HARA strategy.

'e paper is structured as follows: In Section 2, we describe
and solve various problems of interest combining VaR and
minimum guarantee constraints. Section 3 compares the
commonly applied portfolio constraints with the uncon-
strained investment strategy as well as the individual minimum
guarantee and VaR constraint. We examine the expected
performance of all derived investment strategies from an ex-
ante view and derive the sensitivities to major input parameters
(i.e., financial market and portfolio constraint parameters)
using the four (centralized) moments of the terminal return
distributions as well as the Sharpe ratio (SR) asmeasures for the
performance of the strategies. In Section 4, we investigate the
adverse effects that trading strategy restrictions such as risk or
minimum guarantee constraints have on a previously un-
constrained investor. We derive the equivalent percentage of
wealth that an investor would sacrifice in order to be able to
follow the unconstrained (or less constrained) portfolio
strategy compared to the otherwise constrained investment
strategy and show the relationship between the Wealth-
Equivalent Loss (WEL) and major input parameters.

2. Dynamic Investment Strategies under
Combined VaR and Minimum
Guarantee Constraints

'is section summarizes the optimal dynamic investment,
terminal wealth, and value function for the well-known cases
CRRA (P) and CRRA-VaR (PV), both based on a Power
utility and HARA (H), and also derives this optimal triplet
for a HARA investor with an additional VaR constraint
(HV). In contrast to the HARA case, the HV constraints on
terminal wealth cannot be simply implemented into the
utility function u(v) itself. Hence, we follow the approach of
the VaR in [9] to derive the optimal triplet: value function
ΦHV

t , investment strategy πHV
t , and investor wealth VHV

t for
the HV case, all to be introduced next.
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Let (Ω,F, (Ft)t∈[0,T],P) represent a complete filtered
probability space with a standard Ft-adapted one-dimen-
sional Brownian motion W � (W(t))t∈[0,T]. F denotes the
augmented filtration, where Ft: � σ(W(s): 0≤ s≤ t)∀ t
∈∈[0, T] is the filtration generated by W. Under these
conditions, the equation for the bank account (risk-free
asset) Bt for t ∈ [0, T] is given by

dBt � rBtdt, Bt � b0 > 0, (1)

where r is the risk-free interest rate. Furthermore, the stock
(risky asset) with the corresponding price process St evolves
according to the following SDE:

dSt � St μ dt + σ dWt( 􏼁, S0 � s> 0, (2)

where the drift rate is μ> r and the volatility rate is σ > 0.
Now, consider an investor with an initial investment amount
v ∈ R. Based on our financial market assumptions, we
suppose that both securities B and S can be traded con-
tinuously and without transaction costs by any small in-
vestor. 'e investor can participate in the market by
allocating his funds v towards the risky and riskless asset.
'e process π � (πB, πS) � (πB(t), πS(t))t∈[0,T] with π(t): �

(πB(t), πS(t))′ ∈ R2 is assumed to be a self-financing rela-
tive portfolio process. It describes the fraction of wealth
invested in the single assets. 'en, the fraction invested in
the bank account is given by πB(t) � 1 − πS(t). For
t ∈ [0, T], the wealth process Vt: � Vt(π) with initial wealth
V0(π) � v evolves according to the following SDE:

dVt � Vt r + πS(t)(μ − r)dt + πS(t)σdWt􏼂 􏼃, V0 � v. (3)

2.1. CRRA, CRRA-VaR, and HARA. 'e CRRA uncon-
strained maximization problem was examined by [1]; it is
given by

ΦM
(t, v) � sup

π∈Λ′(t,v)

E u VT( 􏼁|Vt � v􏼂 􏼃

� sup
π

E
1
c

V
c

T|Vt � v􏼢 􏼣,

(4)

whereΛ′(t, v) is the set of admissible strategies and c≤ 1 and
c≠ 0 capture the level of risk aversion of the investor. 'e
solution is given next.

Proposition 1. *e triplet optimal value function ΦM
t , in-

vestment strategy πM
t , and investors wealth VM

t are given by

ΦM
(t, v) �

1
c

v
c

· g(t), g(t) � e
c θ2/2(1− c)( )+r( )(T− t)

,

πM
t �

μ − r

σ2(1 − c)
�

θ
σ(1 − c)

, θ �
μ − r

σ
,

V
M
t � V

M
0 exp r +

θ2

1 − c
−
1
2

θ2

(1 − c)
2􏼠 􏼡t +

θ
1 − c

Wt􏼢 􏼣.

(5)

A HARA utility function can be interpreted in the way
that the investor requires his terminal wealth at the end of
the investment horizon T to exceed a certain threshold FT

with certainty; i.e., the investor must serve financial obli-
gations at the end of the investment period and thus
measures his satisfaction in terms of the surplus of
CT � VT − FT, also called the cushion. 'e optimization
problem for a HARA investor was investigated in [16] and
states

ΦH
(t, v) � sup

π∈Λ′(t,v)

E u VT( 􏼁􏼂 􏼃

� sup
π

E
VT − FT( 􏼁

c

c
􏼢 􏼣.

(6)

Proposition 2. *e optimal value function ΦH
t , investment

strategy πH
t , and investors wealth VH

t for the (unconstrained)
HARA investor are given by

ΦH
(t, v) �

1
c

v − Ft( 􏼁
c

· g(t),

πH
(t, v) � πM

t

v − Ft

v
,

V
H
t � V

M
0 exp r +

θ2

1 − c
−
1
2

θ2

(1 − c)
2􏼠 􏼡t +

θ
1 − c

Wt􏼢 􏼣 + Ft

� V
M
t + Ft,

(7)

with Ft � FTe− r(T− t), θ, g, and πM
t as in proposition (1), and

VM
t denoting the optimal Merton wealth given by Proposition

1 and determined via the relation VM
0 � VH

0 − F0.

Lastly, we present the CRRA-VaR utility portfolio op-
timization problem:

Advances in Operations Research 3
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ΦPV
(t, v) � sup

π∈Λ′(t,v)

E u VT( 􏼁|Vt � v􏼂 􏼃

� sup
π

E
1
c

V
c

T|Vt � v􏼢 􏼣

Subject to P VT <K( 􏼁≤ ϵ􏼈 􏼉.

(8)

First, let us denote by P(t, vM, K, r, σ) the price of an
European Put Option with interest rate r, volatility σ, and
strike K, given that the price of its underlying is vM at time t.
Furthermore, let N(·) denote the cumulative distribution
function of the normal distribution, and

d
Q
2 t, v

M
, kϵ􏼐 􏼑 �

log v
M
t /kϵ􏼐 􏼑 + r − θ2/ 2(1 − c)

2
􏼐 􏼑􏼐 􏼑􏼐 􏼑(T − t)

(θ/(1 − c))
�����
T − t

√ ,

d
Q
1 (·) � d

Q
2 (·) +

θ
1 − c

�����
T − t

√
,

d
P
2 t, v

M
, kϵ􏼐 􏼑 �

log v
M
t /kϵ􏼐 􏼑 + r + θ2/(1 − c)􏼐 􏼑 − θ2/2 1 − c

2
􏼐 􏼑􏼐 􏼑􏼐 􏼑(T − t)

(θ/(1 − c))
�����
T − t

√ ,

d
P
1 (·) � d

P
2 (·) +

θ
1 − c

�����
T − t

√
.

(9)

'e next proposition presents the solutions as described
in [9], Proposition 2; this result follows from the main
theorem in the aforementioned paper which we reproduce
in (A.1) for completeness; see also [15] for an alternative
representation.

Proposition 3. *e optimal value function ΦPVt , investment
strategy πPV

t , and investor wealth VPV
t are given by

ΦPV t, v
M

􏼐 􏼑 �
1
c
e
􏽥r(T− t)

v
M

􏼐 􏼑
c

+ P t, v
M

􏼐 􏼑
c
, K

c
, 􏽥r,

cθ
1 − c

􏼠 􏼡 − P t, v
M

􏼐 􏼑
c
, k

c
ϵ , 􏽥r,

cθ
1 − c

􏼠 􏼡􏼠 􏼡 −
1
c

K
c

− k
c
ϵ + cλϵ( 􏼁N − d

P
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑,

πPV t, v
M

􏼐 􏼑 � πM
t ·

v
M 1 + N d

Q
1 t, v

M
, K􏼐 􏼑􏼐 􏼑 − N d

Q
1 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑 + K − kϵ( 􏼁e

− r(T− t)
((1 − c)/θ) N′ d

Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑􏼐 􏼑/ v

M
�����
T − t

√
􏼐 􏼑􏼐 􏼑􏼐 􏼑

v
M

+ P t, v
M

, K, r, (θ/(1 − c))􏼐 􏼑 − P t, v
M

, kϵ, r, (θ/(1 − c))􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

N − d
Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑

,

V
PV
t � v

M
+ P t, v

M
, K, r,

θ
1 − c

􏼠 􏼡 − P t, v
M

, kϵ, r,
θ

1 − c
􏼠 􏼡 − K − kϵ( 􏼁e

− r(T− t)
N − d

Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑,

(10)

with θ, πM
t as in (3) and the investor’s wealth at t � T given by

V
PV
T � V

M
T + K − V

M
T􏼐 􏼑1 kϵ <VM

T
<K{ }, (11)

where the required unconstrained wealth vM
t as well as the lower

strike kϵ and the penalty term λϵ throughout the whole investment
horizon [0, T] are given as the solution to the equation system:

Table 1: Sensitivities for comparative analysis.

Sensitivity Description Minimum Maximum Step size Settings j
ϵVaR,Ty VaR probability 0.5% 50% 1.2% 42
μ1y BS risky asset drift 4% 20% 1.4% 12
σ1y BS risky asset volatility 10% 60% 5% 11
T Investment horizon 1Y 25Y 1Y 13
K VaR barrier 10% of v0 90% of v0 5% of v0 18
FT Minimum guarantee at T 25% of v0 75% of v0 3.2% of v0 16

4 Advances in Operations Research
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N
ln kϵ( 􏼁 − lnv

M
t + r + θ2/(1 − c)􏼐 􏼑 − (1/2) θ2/(1 − c)

2
􏼐 􏼑􏼐 􏼑(T − t)􏼐 􏼑

(θ/(1 − c))
�����
T − t

√⎛⎝ ⎞⎠ − ϵ � 0,

v
M
t + P t, v

M
t , K, r,

θ
1 − c

􏼠 􏼡 − P t, v
M
t , r, kϵ,

θ
1 − c

􏼠 􏼡 − K − kϵ( 􏼁e
− r(T− t)Φ

ln kϵ( 􏼁 − ln v
M
t + r − (1/2) θ2/(1 − c)

2
􏼐 􏼑􏼐 􏼑(T − t)􏼐 􏼑

(θ/(1 − c))
�����
T − t

√⎛⎝ ⎞⎠ − v � 0,

K − kϵ( 􏼁ck
c− 1
ϵ − K

c
− k

c
ϵ( 􏼁􏼐 􏼑

1
c

− λϵ � 0,

(12)

and 􏽥r � c(r + (1/2)(θ2/(1 − c))), c ∈ (0, 1). 2.2. *e HARA-VaR Solution. Here we study the following
Value at Risk HARA utility portfolio optimization problem:

ΦHV
(t, v) � sup

π∈Λ′(t,v): P VT <K( ) ≤ ϵ
E u VT( 􏼁􏼂 􏼃 � sup

s.t.π: P VT <K( )≤ ϵ
E

VT − FT( 􏼁
c

c
􏼢 􏼣. (13)

'e main proposition in this work, yielding the solution
to this optimization problem, is provided next. 'e solution
is built along the lines of [9]; see Appendixes A.1. 'e VaR
constraint is satisfied given the conjecture fHV(VM

T ). 'e
investor wealth v0 is linked to the present valueΠ(0, vM

0 ) of a
contingent claim with payoff fHV(VM

T ). 'e process un-
derlying this claim, VM

t , is the solution to the unconstrained
expected CRRA utility problem, and its price must be equal
to the initial investor wealth v0.

'e intuition here is that we find a derivative with
terminal payofff(VM

T ) and priceΠ(t, vM
t ) at time t such that

if a condition holds (see equation (A.3)) Π(t, vM
t ) is the

optimal wealth in the constraint optimization problem and
πt is the optimal investment strategy.

Proposition 4. *e optimal value function ΦHVt , investment
strategy πHV, and investors wealth VHV

t for the HV case are
given by

ΦHV
t, v

M
􏼐 􏼑 �

e
􏽥r(T− t)

c
v

M
􏼐 􏼑

c
+ P t, v

M
􏼐 􏼑

c
, K

c
, 􏽥r,

cθ
1 − c

􏼠 􏼡 − P t, v
M

􏼐 􏼑
c
, k

c
ϵ , 􏽥r,

cθ
1 − c

􏼠 􏼡􏼢 􏼣 −
1
c

K
c

− k
c
ϵ( 􏼁N − d

P
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑

− λϵ N − d
P
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑1 kϵ <K− FT{ } + N − d

P
2 t, v

M
, K − FT􏼐 􏼑􏼐 􏼑1 kϵ ≥K− FT{ }􏼔 􏼕,

πHV
t, v

M
􏼐 􏼑 � πM

t ·
v

M 1 + z/zv
M

􏼐 􏼑P t, v
M

, K􏼐 􏼑 − z/zv
M

􏼐 􏼑P t, v
M

, kϵ􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

z/zv
M

􏼐 􏼑Qt,vM V
M
T < kϵ􏼐 􏼑􏼐 􏼑

v
M

+ Ft + P t, v
M

, K􏼐 􏼑 − P t, v
M

, kϵ􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

Qt,vM V
M
T < kϵ􏼐 􏼑

,

V
HV
t � v

M
+ Ft + P t, v

M
, K, r,

θ
1 − c

􏼠 􏼡 − P t, v
M

, kϵ, r,
θ

1 − c
􏼠 􏼡 − K − kϵ( 􏼁e

− r(T− t)
N − d

Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑,

(14)

with θ, πM
t as in (3), Ft � FTe− r(T− t) , and where P(t, vM, K)

is short for P(·, vM, kϵ), and the investor’s wealth at t � T is
specifically given by

V
HV
T � V

M
T + FT + K − V

M
T􏼐 􏼑1 kϵ <VM

T
<K{ }, (15)

Table 2: Default parameters for the sensitivity analysis.

ϵVaR,1y μ1y σ1y r1y c T K FT

5% 7% 20% 2% 0.45 1y 85% of v0 75% of v0
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and the required unconstrained wealth vM
t as well as the lower

strike kϵ and the penalty term λϵ are given as the solution to
the equation system:

N
ln K − Ft( 􏼁 − ln v

M
t + r + θ2/(1 − c)􏼐 􏼑 − (1/2) θ2/(1 − c)

2
􏼐 􏼑􏼐 􏼑(T − t)􏼐 􏼑

(θ/(1 − c))
��
T

√⎛⎝ ⎞⎠1 kϵ ≥K− Ft{ }

+N
ln kϵ( 􏼁 − ln v

M
t + r + θ2/(1 − c)􏼐 􏼑 − (1/2)θ2/(1 − c)

2
􏼐 􏼑(T − t)􏼐 􏼑

θ/(1 − c)
�����
T − t

√⎛⎝ ⎞⎠1 kϵ <K− Ft{ } − ϵ � 0,

(16)

v
M
t + Ft + P t, v

M
t , K, r,

θ
1 − c

􏼠 􏼡 − P t, v
M
t , kϵ, r,

θ
1 − c

􏼠 􏼡

− K − kϵ( 􏼁e
− r(T− t)

N
ln kϵ( 􏼁 − lnv

M
t + r − (1/2) θ2/(1 − c)

2
􏼐 􏼑􏼐 􏼑(T − t)􏼐 􏼑

(θ/(1 − c))
�����
T − t

√⎛⎝ ⎞⎠ − v � 0,

(17)

k
c− 1
ϵ K − kϵ( 􏼁 − (1/c) K

c
− k

c
ϵ( 􏼁

N′ d
Q
2 ·, v

M
0 , K − FT􏼐 􏼑􏼐 􏼑􏼐 􏼑/ N′ d

Q
2 ·, v

M
0 , kϵ􏼐 􏼑􏼐 􏼑􏼐 􏼑􏼐 􏼑1 kϵ ≥K− Ft{ } + 1 kϵ <K− Ft{ }

− λϵ � 0. (18)
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Figure 1: First four moments of sensitivity to ϵVaR for Merton (Power), Merton-VaR (Power-VaR), HARA, and HARA-VaR.
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For the proof, see the appendix.

3. Sensitivity Analysis of the
Investment Strategies

So far, we have derived the closed-form solutions of the
investment strategies Power unconstrained (P), Power-VaR
(PV), HARA (H), and HARA-VaR (HV) by maximizing
expected utility from terminal wealth. Analyzing the be-
havior and performance of the different strategies, we start
by investigating the sensitivities of the solutions with respect
to the main input parameters.

Table 1 provides an overview of the parameters, their
value ranges, and their step size for which we compute
sensitivities. We follow the notation for the sensitivity pa-
rameters in Table 1 but denote the financial market pa-
rameters (μ1y, σ1y, r1y) explicitly as 1-year (annual) figures.
Furthermore, let ϵVaR,Ty denote the terminal (T-year) VaR

probability.As the investment strategies constitute solutions
to expected terminal utility maximization, for every indi-
vidual specification, we apply Monte Carlo (MC) simula-
tions to simulate NMC � 100.000 paths and compute the
triplets to allow for a sufficiently precise optimization. In
particular, we simulate 42 parametric settings for different
VaR probabilities to examine its impact on the optimal
strategies. We interpolate between the data points (with one
resulting data point for each setting and each strategy) by
applying cubic spline fitting methods for illustrative
purposes.

We measure the impact of three parameters of the in-
vestment strategies, i.e., ϵVaR,1y (VaR probability), K (soft-
floor), and F (floor), on the first four (centralized) moments
of the return of the terminal wealth (denoted rj(V∗T) for
every setting j). Specifically, we investigate the expected
return E[rj(V∗T)]), the standard deviation (volatility),
σ[rj(V∗T)], the skewness c[rj(V∗T)], and the kurtosis
κ[rj(V∗T)]. We also compute the Sharpe ratio (SR) of the
corresponding investment strategy, using the mean and
standard deviation of the terminal return distribution, for
every scenario j, denoted SRj.

Further, let ri,j(V∗T) denote the total investment period
return within [0, T] for simulation i and setting j and V∗T,i

the terminal wealth of strategy ∗ and MC trajectory i. 'en,
SRj is given by

SRj �
E rj V

∗
T( 􏼁􏽨 􏽩 − e

rT

σ rj V
∗
T( 􏼁􏽨 􏽩

�
1/NMC( 􏼁 􏽐

NMC
i�1 ri,j V

∗
T,i􏼐 􏼑􏽨 􏽩 − e

rT

����������������������������������������������

(1/(N − 1)) 􏽐
NMC
i�1 ri,j V

∗
T,i􏼐 􏼑 − (1/N) 􏽐

NMC

i�1 ri,j V∗T,i􏼐 􏼑􏽨 􏽩􏼐 􏼑
2

􏽱 . (19)

'e standard specifications for the analysis are provided
in Table 2. We set the Black-Scholes market parameters
(μ1y � 7%, σ1y � 20%, r � 2%) to represent long-term av-
erage values for a stock index such as the S&P 500. Note that
the VaR barrier K and the capital guarantee FT are expressed
relative to the initial wealth v0. We choose FT � 75% of
initial wealth, as we consider such a hard level of capital
guarantee as a reasonable proxy over a one-year period of
time to protect against severe financial distress. Further-
more, choosing K � 85% reflects the idea of the additional
soft VaR barrier limiting the probability with which the
wealth may hit K from above. 'e resulting combined

constraints ensure that the wealth cannot undergo 75% of
initial wealth and undergoes 85% of initial wealth in less than
ϵVaR,1y � 5% of times. We examine the investment strategies
for T � 1 to ensure easy interpretations of the results and
avoid the need for annualizing the measures. Finally, we set
the risk aversion c � 0.45 to assume moderately risk-averse
investor preferences.

We start by investigating the effect of the VaR probability
ϵVaR,1y. For small VaR probabilities, the VaR and capital
guaranteed investor HV naturally underperforms the
standalone capital guaranteed HARA investor H, and PV
underperforms P. For very low VaR probabilities, the

0.5
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Figure 2: Sharpe ratio sensitivity to ϵVaR.

Table 3: Numerical results for variations in ϵVaR,1y, HV case.

Risk
measure

Merton
wealth

Put
strike Protection ratio Punishment

ϵVaR,1y vM
0 kϵ ((vM

0 − kε)/vM
0 ) λHV

ϵ
1% 41,510 6,162 85.16% 499
2% 41,867 8,349 80.05% 375
5% 42,009 10,898 74.06% 315
10% 43,340 15,519 64.42% 216
20% 51,981 23,820 54.18% 136
30% 61,672 37,612 39.01% 71.6
50% 70,447 70,598 0.00% 0.48
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expected returns are even negative: in the HV case, this result
holds for ϵVaR,1y < 2.5%; in the PV case, this even holds for
moderate VaR probabilities of ϵVaR,1y < 12.5%. For larger
VaR probabilities, the VaR constraint becomes less fre-
quently binding and HV is converging to H and PV is
converging to P. However, note that HV converges much
faster to H than PV converges to P. 'is result holds for two
reasons: one reason is that H is less risky and hence realizes a
lower expected return than P, such that the convergence is
naturally faster. Nevertheless, the sensitivity analysis indi-
cates that the combination of VaR and minimum guarantee
constraints improves the relative (and in this setting abso-
lute) expected performance (as seen at t � 0) compared to a
standalone VaR constraint. One explanation could be that
the problem of CPPI strategies (i.e., underperforming in
markets transitioning from bearish to bullish) is less severe
for a HV compared to the PV investor: Given that the risky
asset decreases in value at the beginning of the investment
horizon, with the risk appetite of a PV strategy initially being
comparably larger than an additionally constrained HV
strategy, the PV strategy must take more risk in order to
satisfy the VaR constraint, hoping that the risky asset drift is
realized within the remaining time (T − t).

'is is what [15] describes as risk transition periods. In
contrast, the HV strategy initially has lower risk appetite and

a decline in the risky asset value is less painful. 'is potential
mechanism is confirmed by a very high kurtosis of the PV
strategy, compared to both HV and P. Although the ex-
pected return is negative in the PV case for a strictly con-
strained PV investor, the terminal wealth distribution shows
less standard deviation in the final VPV

T values.'e VaR-
induced gambling behavior as described by earlier research
seems to be confirmed here for the PV case. Furthermore,
the results indicate that there exist scenarios in which the
optimal PV strategy may take more risk than the uncon-
strained P strategy in individual trajectories, depending on
the path of the stochastic process VM

t of the PV portfolio
problem. Within the HV scenarios, we do not observe this
very effect indicating that combining both constraints may
lead to a correction of the partially adverse effects of the VaR
constraint on the risk appetite. 'e HV portfolio strategy
also does not show the high kurtosis observed for the PV
strategy.

In summary, Figure 1 reads as follows: an investor who
wants to preserve 75% of his initial capital guaranteed over a
1-year horizon and additionally does not want to fall short
15% of his initial capital in more than ϵ � 5% of the cases
must “exchange” an increasing amount of his portfolio
return for ensuring the VaR constraint and experiencing
considerably lower volatility of terminal portfolio returns.
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Figure 3: First four moments of sensitivity to K for Merton (Power), Merton-VaR (Power-VaR), HARA, and HARA-VaR.
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For low values of the VaR probability, this “price” in terms of
less return naturally is larger than for large VaR probabil-
ities. Also, given any level of VaR probability, the HV
strategy is less risky than the PV strategy, measured by
terminal return distribution, and in some cases
(ϵVaR,1y < 15%), the returns are even higher in the HV case.
'is dominance of HV against PV certainly requires further
analysis to be confirmed. Finally, it seems that the con-
vergence of moments is faster for a HV compared to a H
investor than for a PV compared to a P investor (except
possibly for σ), indicating that the minimum capital con-
straint already captures parts of the VaR constraint.

In terms of risk-adjusted performance, in our financial
market setting, the SR convergence is also faster for HV to H
than for PV to P, although the level of risk-adjusted per-
formance is similar for both. Most importantly, we observe
that for low levels of VaR probability, i.e., strict VaR con-
straints, the SR even becomes negative, indicating that, from
a risk-adjusted performance view, a sufficiently restrictive
regulatory environment of an already capital guaranteed
portfolio further declines the risk-adjusted performance.

As the sensitivity of the strategies to the VaR probability
ϵVaR,1y is central to this paper, we further investigate the
downward protection of our portfolio in the optimal so-
lution (see Figure 2): remember that (15) is the represen-
tation for the optimal terminal wealth VHV

T of the HV
portfolio problem. We hedge the portfolio against adverse
movements from K until kϵ (first-loss protection). Let kϵ
denote the lower Put strike for the unconstrained Merton
wealth VM

T for the HV case, with vM
0 (different than the

initial wealth v0) computed at t � 0 by the system of
equations (16)-(18). Hence, the ratio ((vM

0 − kε)/vM
0 ) indi-

cates what portion of the Merton equivalent wealth is first-
loss protected. 'is shows the amount of wealth that can be
potentially insured against adverse portfolio movements by
the VaR constraint.

Table 3 shows that both, the equivalent Merton wealth
vM
0 and the lower strike kϵ, decrease with a more restrictive
VaR. As the lower strike kϵ represents the amount from
which the VaR does not seek downward protection, we
observe that, from comparing vM

0 and kϵ, we have a direct
measure of how much of the vM

0 is downward protected. We
observe that the more restrictive the VaR is, the higher the
relative protection of the equivalent Merton wealth vM

0 is.
Finally, for a very unrestrictive VaR probability (here
ϵ≥ 35%), we observe that the floor plus the equivalent
Merton wealth converges to the initial capital, i.e.,
limϵ⟶1(F0 + vM

0 )⟶ v0.
'e sensitivity analysis with respect to the VaR barrier

(soft-floor) K, in Figure 3, confirms the expectation that the
higher the VaR barrier K and hence, the more strict the VaR
constraint, the lower the resulting terminal portfolio return
expectations. Please note that the capital guarantee FT is now
modified to 2% of initial wealth (instead of 75% as per the
table), as it must hold that FT ≤K. In consequence, H and P
converge as the minimum guarantee constraint diminishes.
Interestingly, the combined capital and risk constraint leads
to a worse terminal wealth return in the HV case compared
to the standalone risk constraint (VaR), even if the floor is set

extremely low and hence HV and PV should coincide. 'is
relation also holds for the distribution of the terminal
returns. Higher moments indicate that skewness and kur-
tosis heavily increase for higher VaR barriers. We observe
that the price that an investor must pay for reducing the
spread of the terminal wealth is a decrease in performance as
measured by the expected return.

'e effect of the decrease in performance in the HV case
is also reflected in the SR of the terminal wealth as displayed
in Figure 4; the risk-adjusted performance for the HV
strategy decreases with an increasingly large VaR barrier K.
'e PV strategy also shows the tendency, but the magnitude
of a decreasing SR is less severe.

4. Wealth-Equivalent Loss Analysis

Suboptimality analysis investigates the effects of trading
strategy restrictions (reflected in the admissible trading
strategies Λ(v)) on the resulting optimal wealth Vt of
portfolio optimization problems. 'e resulting (c: con-
strained) admissible trading strategies now ensure that our
risk and capital constraints are met, but the resulting optimal
constrained strategy πc leads to a lower (or same) level of
expected utility Φc(t, vt) compared to the corresponding
Φ(t, vt) of the unconstrained investment strategy. Put an-
other way, constraints lead to a lower value Φc(t, vt) of the
investment strategy:

Φc
(t, v)≤Φ(t, v). (20)

Given we are interested in the degree of how much the
constrained portfolio problem is worse than the uncon-
strained problem, we cannot simply compare
(Φ(t, v) − Φc(t, v)) since this distance is not stable to
positive affine transformations of the utility functions. In-
stead, we follow an approach first investigated on inter-
temporal allocation problems by [17] and adapted to

×104
9876

K

Sensitivity of Sharpe Ratio to K

543210

0.5

0

-0.5

Sh
ar

pe
 R

at
io

-1

-1.5

-2

Merton
Merton-VaR

HARA
HARA-VaR

Figure 4: Sharpe ratio sensitivity to K for Merton (Power),
Merton-VaR (Power-VaR), HARA, and HARA-VaR.
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constrained investment strategies by [18]. Let lt be the
wealth-equivalent loss (WEL) defined implicitly by

Φ t, v · 1 − lt( 􏼁( 􏼁 � Φc
(t, v). (21)

'e parameter lt,∀t ∈ [0, T] can be interpreted as the
amount of money the investor would have to sacrifice at time
t if implementing the suboptimal strategy πc instead of the
optimal unconstrained strategy π∗. Hence, it follows that, to
reach the same level of utility from the optimal investment
strategy, the investor requires (1 − lt) of the wealth v at time
t. We can also interpret lt as the wealth-equivalent utility loss
from implementing risk measure or capital guarantee
constraints.

In the following section, we will investigate the impact of
a VaR constraint on a HARA utility investor from t � 0. 'e
corresponding objective is to find the wealth-equivalent
utility loss l0 � L from the VaR constraint on the HARA
utility function:

ΦH
(0, v · (1 − L)) � ΦHV

(0, v). (22)

'e investigated effect will be a result of additionally im-
posing the VaR constraint on the already existing minimum
capital guaranteed portfolio optimization problem (HARA)
from Definition 2.2.

In addition, we can also investigate the effect of imposing
the minimum capital guarantee FT on a CRRA (power)
investor following a VaR constraint:

ΦPV(0, v · (1 − L)) � ΦHV
(0, v). (23)

We follow Section 3 and provide WEL analysis for all
previously investigated sensitivities. 'e red line shows the
percentage loss L from imposing the VaR constraint on a
HARA investor (22), whereas the blue line shows the per-
centage loss L from imposing the capital guarantee (i.e.,
changing the utility function from Power to HARA) on a
VaR portfolio problem (23).

We start our WEL analysis by investigating the sub-
optimality loss with regard to ϵVaR,1y, depicted in Figure 5.
For very low levels of ϵVaR,1y, we observe a large WEL
compared to the standalone minimum capital guarantee
constraint strategy H. With increasing ϵVaR,1y, the WEL
linearly declines and then remains on a constant level from
ϵVaR,1y ≥ 10%, indicating that from this VaR probability
there is some remaining WEL of 10% in our setting, which
persists for less restrictive VaR settings. Hence, the WEL
from a combined constraint is substantial for restrictive VaR
levels and its magnitude tends to behave linearly across
10%≥ ϵVaR,1y ≥ 0%. On the other hand, the WEL from the
minimum capital guarantee constraint HV to PV increases
substantially within the region 2%≥ ϵVaR,1y ≥ 0, in our case
by 80%, while being even negative for extremely restrictive
ϵVaR,1y levels. 'is means that given a very restrictive VaR
constraint as, e.g., applied in reinsurance risk management,
where a typical VaR probability below the default level of
ϵVaR,1y � 0.5% is applied, the combination of capital guar-
antee and VaR risk measure constraint may even lead to a
wealth-equivalent gain. To handle such tail risk events, a
commonly applied set of constraints may be preferred over a
standalone VaR constraint. However, as the VaR constraint
becomes less restrictive, the WEL increases dramatically
even for low VaR levels of 2%≤ ϵVaR,1y ≤ 5% and converges
in our case to roughly 75%.

'e WEL relationship of the VaR and capital guarantee
constraints with respect to the risky asset drift μ1y is depicted
in Figure 6: the influence of a decrease in risky asset drift μ1y

on the value of the constrained investment strategy is
negative for both, the VaR constraint and the minimum
capital constraint. However, a low risky asset drift leads to
generally much larger WEL for the minimum capital con-
straint (blue line) than for the VaR constraint (red line). 'e
WEL fromHV to PV shows to be much larger than theWEL
between HV and H, indicating that even for very high μ1y up
to 15%, the additional capital constraint comes with positive
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WEL costs. In contrast, an additional VaR constraint on an
already capital guaranteed portfolio constraint comes rela-
tively cheap as measured by WEL: for a risky asset drift of
μ1y ≥ 6.5%, the WEL is zero in this scenario. However, we
expect this attachment point fromwhichWEL is zero to shift
towards a higher μ1y; the more restrictive the VaR con-
straint, the shorter the time horizon T, the higher the VaR
barrier K, and the lower the minimum capital protection FT.
'e latter holds because for already well capital-insured
portfolios the additional costs of a VaR constraint should be
lower than for a less well-protected portfolio. Please have in
mind that the riskless asset drift r � 2% and that we rather
must interpret these results in terms of relative returns, i.e.,
excess return μ1y − r1y. Hence, the larger the excess return is,
the cheaper it is to impose an (additional) constraint.

Figure 7 illustrates the relationship betweenWEL for the
examined portfolio constraints and the risky asset volatility
σ1y: the results indicate that a higher stock volatility in-
creases the WEL for both strategies. 'is is natural as one
should expect that risk or capital constraints become more
costly as the need for insurance increases. 'e loss mag-
nitude is generally much lower between HV and H than
between HV and PV: imposing an additional capital
guarantee to an already existing VaR constraint results in a
WEL of more than 30% even for very small volatilities of
σ1y � 10%. For stock index investors such as S&P investors,
given a long-term index volatility of σS&P,1y ≈ 15% p.a., the
WEL would be already 60%. In contrast, when a VaR
constraint is added to an already existing capital constraint,
as in the HV vs. H case, we observe that the WEL for the
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same index would still be almost zero, unless the stock
volatility exceeds 20%. However, even then, the WEL does
not exceed 30% in this setting, indicating that the capital
guarantee element of the investment strategy deals well with
increasing volatility and that the VaR does not influence
WEL as strongly as the capital guarantee. 'is is equivalent
to claiming that the VaR constraint is naturally cheaper on
an already capital protected portfolio.

'e effect of the time horizon T on capital and risk
constraints must be generally interpreted with care: as the
VaR as probabilistic risk constraint as well as the mini-
mum capital guarantee as terminal wealth protection
becomes by their definitions less restrictive with an in-
creasing time horizon T, the results in Figure 8 should
only be interpreted in a way that theWEL is declining with
an increasing investment period T. Whereas imposing a
capital constraint on a VaR-protected portfolio (blue line)
translates into a relatively large WEL even for longer
periods of time, imposing the VaR constraint on a capital
protected portfolio only leads to a WEL for shorter time
horizons of T≤ 5y. Interestingly, when adding a capital
protection element which is expected to be more easily
fulfilled for long investment horizons the WEL changes
almost linearly in time but takes very long until the WEL
effect vanishes.

Figure 9 illustrates the relationship between the
portfolio constraint WEL and the VaR barrier: there is
some WEL ≈5% between the HV and the PV strategy in
this setting for K≤ 60% (note the capital guarantee FT is
2% of v0, instead of 75%, as FT ≤K must hold), reflecting
the loss from the capital guarantee constraint. However,
interestingly, the additional WEL, although observed on
modest levels, increases with a more restrictive VaR
constraint from an increased barrier K> 70% of initial
capital. 'is is surprising, as both the PV and HV must
obey this constraint. Hence, the increased WEL for
K≥ 70% may also come from an interaction with the
capital guarantee constraint, as otherwise, both portfolios
obey the same VaR constraint. In contrast, comparing HV
and H, the WEL only picks up an increasingly large
K≥ 60% and is zero for low VaR barriers.

Figure 10 depicts the resulting WEL from imposing a
capital guarantee FT on a VaR constrained portfolio (blue
line). 'e results confirm the natural expectation that, given
a larger degree of capital guarantee (a larger FT), the WEL
increases to very high values (e.g., an FT � 80% results in a
WEL of 80%). On the other hand, given that we impose a
VaR on an already capital guaranteed solution, we would
expect a generally smaller impact of WEL as the capital
guarantee FT grows; hence the portfolio risk is already re-
duced and the higher the guarantee level FT, the lower the
probability that the VaR constraint does not hold. However,
we observe the opposite: for low guarantee levels FT ≤ 60%,
there is no additional WEL from imposing the VaR con-
straint (red line), whereas with a sufficiently large FT ≥ 70%,
we observe minor WEL. 'is means that the cost as mea-
sured by WEL of imposing an additional VaR constraint is
larger for an already largely protected portfolio in this
setting.

5. Conclusions

Reference [9] introduces an elegant way to incorporate risk
constraints into the dynamic programming principle ap-
proach and to derive closed-form solutions to various op-
timization problems such as minimum capital guarantees
and risk constraints. We apply their methodology to a
setting of a HARA investor with VaR constraints, producing
closed-form representations for the three objects keys in the
analysis, namely, the optimal strategy, the optimal terminal
wealth, and the value function.

We conduct numerical analyses to improve the under-
standing of this joint application of risk and capital guar-
antee constraints. In general, the analysis confirms that
adding a VaR to an already existing capital guarantee
(HARA-VaR) leads to a worse performance compared to the
case of solely capital guarantee (HARA). On the other hand,
VaR without capital guarantees (CRRA-VaR) could lead to
even worse performances in terms of Sharpe ratios, kurtosis,
variance, and expected returns. 'is gives evidence that
capital guarantees mitigate the increase of risk of a stand-
alone VaR constraint as described by [15]. Moreover, the
more restrictive the soft-floor (K), the better the perfor-
mance of HARA-VaR versus CRRA-VaR.

We also identify circumstances in which the imple-
mentation of a VaR constraint to an already minimum
capital guarantee portfolio comes with little additional cost
and hence provides a relatively “cheap” protection against
tail risks. For example, a HARA investor with a one-year
terminal VaR constraint and ϵVaR,1y � 10% would only
experience a 10% WEL if the capital guarantee is 75% of his
initial wealth (losses could be much higher for lower ϵVaR,1y).
Similarly, adopting a strategy with a minimum capital
guarantee, VaR could come with huge additional cost to a
VaR-protected CRRA investor, highlighting the cost of
protection against tail risks. For example, a CRRA investor
with a one-year terminal VaR constraint and ϵVaR,1y � 10%
would experience a 70% WEL if he modifies the strategy to
accommodate a capital guarantee of 75% of his initial wealth,
providing large additional downward protection against
extreme events such as financial crises. Finally, an extension
to multidimensions is derived theoretically in the Appendix.

Appendix

A. Complementary

A.1. Reminder of Main Result from [9]. Let the price of a
contingent claim f(.) on VM be denoted as

Π t, v
M

􏼐 􏼑 � e
− r(T− t)

E
Q

f V
M
T􏼐 􏼑|V

M
t � v

M
􏽨 􏽩, Π 0, v

M
􏼐 􏼑 � v.

(A.1)

'e expected utility of the claim, based on utility u(.), is

U t, v
M

􏼐 􏼑 � E u f V
M
T􏼐 􏼑|􏼐 􏼑V

M
t � v

M
􏽨 􏽩. (A.2)

Reference [9] demonstrates that the wealth of a con-
strained problem can be represented in terms of the price Π
of a contingent claim on the wealth of the unconstrained
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problem VM, and the value function Φc can be represented
in terms of the utility U on the contingent claim. 'e
theorem next, 'eorem 1 in [9], provides a condition such
that the PDEs and terminal conditions associated with
Φc(t,Π(t, v)) and U(t, v) coincide.

Theorem 5. Let the following condition hold:
vUvv

Uv

−
vΠvv

Πv

� −
1 − c

v
. (A.3)

'en, Φc(t,Π(t, v)) � U(t, v). Moreover the optimal
stock allocation can be represented as

π∗ �
vθ

σ(1 − c)

Πv

Π
. (A.4)

A.2. Proofs

Proof. of Proposition 4. We derive the optimal triplet for the
HV case: We start by defining the auxiliary utility function
using the simplified HARA utility function.

􏽥u
HV

(v) �
1
c

v − FT( 􏼁
c

− λϵ1 v<K{ }, (A.5)

with the Lagrangian multiplier λϵ as a punishment to the
resulting utility function implemented by the use of the
indicator function 1 v<K{ }. FT represents the floor of the CPPI
strategy. In case the Lagrangian λϵ � 0, the auxiliary utility
function coincides with a HARA (CPPI) investor utility
function (and hence, the concavification argument is not
required for an optimal solution).

We conjecture the claim function fHV(vM) to be
characterized by

f
HV

v
M

􏼐 􏼑 � v
M

+ FT + K − v
M

􏼐 􏼑1 kϵ < vM <K{ }. (A.6)

'e idea behind this conjecture is that the VaR can be
interpreted as a combination of two Put options: Entering a
long position in the higher strike Put with strike denoted as
K and entering a short position in a lower strike Put with
strike denoted by kϵ. 'e smaller the VaR confidence level
(1 − ϵ), the higher the strike kϵ of the short Put, and the less
the coverage for (extreme) losses. 'is interpretation of the
VaR means that if the confidence level is below 100%, sharp
(but very unlikely) losses below the confidence level (1 − ϵ)
are not considered to be relevant for the investor. 'e claim
function now rewards the investor c.p. When the optimal
unconstrained wealth vM is below the upper strike K and
above the lower strike kϵ as the long Put option would be
exercised. By nature of construction, the parameter K is
above the floor FT, as the CPPI portfolio value is bounded
from below by the barrier FT . Hence, FT <K. 'e rela-
tionship between FT and kϵ is more difficult to illustrate as
FT is the floor relative to the total portfolio value VHV

t

whereas kϵ corresponds to the Merton wealth VM (claim).
To validate the conjecture of fHV(vM), we will now first

derive ΠHV(t, vM) and 􏽥u(fHV(vM)) to derive UHV(t, vM).
'en, we will verify under which conditions'eorem I of [9]
will hold to secure an optimal solution. Since the numerical
solution of the conditions is nontrivial, we provide a detailed
examination. Finally, we compute the optimal investment
strategy πHV and substitute πHV into the portfolio dynamics
to receive a representation for the optimal wealth dynamics
dVHV

t .
Deriving the optimal investors wealth ΠHV(t, vM), we

start with

ΠHV
t, v

M
􏼐 􏼑 � E

Q

t,vM e
− r(T− t)

f V
M
T􏼐 􏼑􏽨 􏽩 � E

Q

t,vM e
− r(T− t)

V
M
T + FT + K − V

M
T􏼐 􏼑1 kϵ <VM

T
<K{ }􏼒 􏼓􏼔 􏼕

� v
M

+ E
Q

t,vM e
− r(T− t)

FT + K − V
M
T􏼐 􏼑1 VM

T
<K{ } − K − V

M
T􏼐 􏼑1 VM

T
< kϵ{ }􏼒 􏼓􏼔 􏼕

� v
M

+ Ft + P t, v
M

, K, r,
θ

1 − c
􏼠 􏼡 − P t, v

M
, kϵ, r,

θ
1 − c

􏼠 􏼡 − K − kϵ( 􏼁e
− r(T− t)

Qt,vM V
M
T < kϵ􏼐 􏼑

� v
M

+ Ft + P t, v
M

, K, r,
θ

1 − c
􏼠 􏼡 − P t, v

M
, kϵ, r,

θ
1 − c

􏼠 􏼡 − K − kϵ( 􏼁e
− r(T− t)

N − d
Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑,

\eqno{\tf="OT310e2d14"{{(A.7)}}}

with Ft � FTe− r(T− t)), dQ
2 (t, vM, kε) as defined in 9,

P(t, vM, r σ, K) denoting the price of an European Put op-
tion with interest rate r, volatility σ, and strike K, given that
the price of its underlying is vM at time t.

'e last step holds since, in the Black-Scholes regime,
N(− dQ

2 (t, vM, kϵ)) represents the risk-neutral probability of
a Put option being exercised (see [19] for a detailed dis-
cussion). Hence, Qt,vM (VM

T < kϵ) � N(− dQ
2 (t, vM, kϵ)).
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Specifically, at time t � T it holds that

ΠHV
T, v

M
􏼐 􏼑 � V

M
T + FT + P T, V

M
T , K, r,

θ
1 − c

􏼠 􏼡 − P T, V
M
T , kϵ, r,

θ
1 − c

􏼠 􏼡 K − kϵ( 􏼁e
− r(T− T)

Qt,vM V
M
T < kϵ􏼐 􏼑

� V
M
T + FT + K − V

M
T􏼐 􏼑

+
− kϵ − V

M
T􏼐 􏼑

+
− K − kϵ( 􏼁1 VM

T
< kϵ{ }

�
(A.7)

V
M
T + FT + K − V

M
T􏼐 􏼑1 K>VM

T
> kϵ{ } � V

HV
T .

(A.8)

'e last simplifications hold since

V
M
T + FT +

K − V
M
T − 0 − K − kϵ( 􏼁0, kϵ ≤V

M
T ≤K

0 − 0 − K − kϵ( 􏼁0, V
M
T >K

K − V
M
T − kϵ + V

M
T − K − kϵ( 􏼁, V

M
T < kϵ

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

�

V
M
T + FT + K − V

M
T􏼐 􏼑, kϵ ≤V

M
T ≤K

V
M
T + FT, V

M
T >K

V
M
T + FT, V

M
T < kϵ

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� V
M
T + FT + K − V

M
T􏼐 􏼑1 K>VM

T
> kϵ{ }{ }.

(A.9)

Further, the derivative of ΠHV(t, vM) with respect to vM

is given by

ΠHV
vM t, v

M
􏼐 􏼑 � 1 +

z

zv
M

P t, v
M

, K, r,
θ

1 − c
􏼠 􏼡 −

z

zv
M

P t, v
M

, kϵ, r,
θ

1 − c
􏼠 􏼡 − K − kϵ( 􏼁e

− r(T− t) z

zv
M
Qt,y V

M
T < kϵ􏼐 􏼑. (A.10)

To compute the optimal investment strategy, we plug in
the functions ΠHV(t, vM) and ΠHV

vM (t, vM) into the optimal
implicit investment strategy representation of 'eorem 1 in
[9]:

πHV
t, v

M
􏼐 􏼑 �

1
1 − c

v
MΠvM t, v

M
􏼐 􏼑

Π t, v
M

􏼐 􏼑

θ
σ

�
θ

σ(1 − c)
·
v

M 1 + z/zv
M

􏼐 􏼑P t, v
M

, K􏼐 􏼑 − z/zv
M

􏼐 􏼑P t, v
M

, kϵ􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

z/zv
M

􏼐 􏼑Qt,vM V
M
T < kϵ􏼐 􏼑􏼐 􏼑

v
M

+ Ft + P t, v
M

, K􏼐 􏼑 − P t, v
M

, kϵ􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

Qt,vM V
M
T < kϵ􏼐 􏼑

�
θ

σ(1 − c)
·
v

M 1 + N d
Q
1 t, v

M
, K􏼐 􏼑􏼐 􏼑 − N d

Q
1 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑 + K − kϵ( 􏼁e

− r(T− t)
((c − 1)/θ) N′ d

Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑􏼐 􏼑/ v

M
�����
T − t

√
􏼐 􏼑􏼐 􏼑􏼐 􏼑

v
M

+ Ft + P t, v
M

, K􏼐 􏼑 − P t, v
M

, kϵ􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

N − d
Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑

.

(A.11)

We start deriving the value function by plugging in the
claim function fHV(vM) into the auxiliary utility function of
the HV problem:
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􏽥u f
HV

v
M

􏼐 􏼑􏼐 􏼑 �
1
c

f
HV

v
M

􏼐 􏼑 − FT􏼐 􏼑
c

− λϵ1 fHV vM( )<K{ }

�
1
c

v
M

+ FT + K − v
M

􏼐 􏼑1 kϵ < vM <K{ } − FT􏼒 􏼓
c

− λϵ1
vM+FT+ K− vM( )1 kϵ < vM <K{ }<K􏽮 􏽯

�
1
c

v
M

+ K − v
M

􏼐 􏼑1 kϵ < vM <K{ }􏼒 􏼓
c

− λϵ1
FT+ K− vM( )1 kϵ < vM <K{ }<K− vM􏽮 􏽯

�
1
c

v
M

􏼐 􏼑
c

+ K
c

− v
M

􏼐 􏼑
c

􏼐 􏼑1 k
c
ϵ < vM( )

c <Kc{ }􏼒 􏼓 − λϵ1 vM <min kϵ,K− FT{ }{ }.

(A.12)

'e last simplification holds due to

1
FT+ K− vM( )1 kϵ < vM <K{ }<K− vM􏽮 􏽯

� 1
FT <K − v

M
, v

M < kϵ

FT + K − v
M <K − v

M
, kϵ ≤ v

M ≤K

FT <K − v
M

, v
M >K

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� 1
FT <K − v

M
, v

M < kϵ

FT < 0, kϵ ≤ v
M ≤K
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, v
M >K

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

�

1 vM <K− FT{ }, v
M < kϵ

0, kϵ ≤ v
M ≤K

0, v
M >K

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� 1 vM <K− FT{ }1 vM < kϵ{ } � 1 vM <min kϵ ,K− FT{ }{ }.

(A.13)

'us, the expression for the value function
ΦHV

t � UHV(t,Π(t, vM)) becomes

U
HV

t, v
M

􏼐 􏼑 � E
P
t,vM 􏽥u f

HV
V

M
T􏼐 􏼑􏼐 􏼑􏽨 􏽩

� E
P
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1
c
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M
T􏼐 􏼑

c
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− V
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T􏼐 􏼑
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􏼐 􏼑1 k
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�
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(A.14)
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with dP
2 (t, vM, K − FT) as defined in 9. Now, we check

whether 'eorem 1 in [9] holds by verifying that the fol-
lowing equation holds:

U
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􏼐 􏼑 � h(t) v

M
􏼐 􏼑

c− 1
ΠHV

vM t, v
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􏼐 􏼑. (A.15)

'e derivatives of U(t, vM) and Π(t, vM) are given by
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(A.16)

We again check whether 'eorem 1 holds by verifying
that condition 9 of [9] holds with h(t) � e􏽥r(T− t):
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(A.17)

It remains to solve the numerical equations in order to
guarantee an optimal solution under 'eorem 1 of [9]. 'e

numerical equations are given by the VaR constraint, in-
vestor wealth, and condition (A.17), respectively:

P0,vM
0

f
HV

V
M
T􏼐 􏼑<K􏼐 􏼑 − ϵ � 0

Π 0, v
M
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k
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ϵ K − kϵ( 􏼁 − (1/c) K

c
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c
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Q
2 ·, v

M
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Q
2 ·, v

M
0 , kϵ􏼐 􏼑􏼐 􏼑􏼐 􏼑􏼐 􏼑1 kϵ ≥K− FT{ } + 1 kϵ <K− FT{ }

− λϵ � 0.

(A.18)

'e VaR constraint is satisfied given the conjecture
fHV(VM

T ).'e initial investor wealth v0 is linked to the value
of the claim function Π(0, vM

0 ). Note that Π(0, vM
0 ) en-

capsulates the idea of a risk-neutral pricing depending on the
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stochastic process VM
t and its price at t � 0 must be equal to

the initial investor wealth v0. Finally, equation (A.17) rep-
resents the link between kϵ and the concavification pa-
rameter λϵ. 'e equation system shows that we must find kϵ
and λϵ such that the VaR constraint of equation (A.17) is
met. Please note that it is sufficient to solve this equation

system at t � 0: Equation (A.17) is derived from 'eorem 1
in [9]. As the concavification parameter λϵ is set at t� 0, we
plug in vM

0 into equation (A.17).'e solution to the equation
system (vM

0 , kϵ, λϵ) ensures the correct representations of
Proposition 4 for all t ∈ [0, T].

'e VaR can be simplified to

P0,vM
0

f
HV

V
M
T􏼐 􏼑<K􏼐 􏼑 − ϵ � P0,vM

0
V

M
T + FT + K − V

M
T􏼐 􏼑1 kϵ <VM

T
<K{ }<K􏼒 􏼓 − ϵ

�

P0,vM
0

V
M
T + FT <K􏼐 􏼑, V

M
T ≤ kϵ

P0,vM
0

FT < 0( 􏼁 � 0, kϵ ≤V
M
T ≤K

P0,vM
0

V
M
T + FT <K􏼐 􏼑 � 0, V

M
T ≥K

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

− ϵ

� P0,vM
0

V
M
T <K − FT􏼐 􏼑1 kϵ ≥K− FT{ } + P0,vM

0
V

M
T < kϵ􏼐 􏼑1 kϵ <K− FT{ } − ϵ � 0,

(A.19)

for our application with FT ≤ kϵ <K and FT ≥ 0. We can further simplify the results using the distribution
of the Merton wealth dynamics. Hence, the equation can be
simplified to

P0,vM
0

V
M
T <K − FT􏼐 􏼑1 kϵ ≥K− FT{ } + P0,vM

0
V

M
T < kϵ􏼐 􏼑1 kϵ <K− FT{ } − ϵ � 0

⇔P0,vM
0

ln V
M
T􏼐 􏼑< ln K − FT( 􏼁􏼐 􏼑1 kϵ ≥K− FT{ } + P0,vM

0
ln V

M
T􏼐 􏼑< ln kϵ( 􏼁􏼐 􏼑1 kϵ <K− FT{ } − ϵ � 0

⇔N
ln K − FT( 􏼁 − μlnVM

T

σ ln VM
T( )

⎛⎝ ⎞⎠1 kϵ ≥K− FT{ } + N
ln kϵ( 􏼁 − μlnVM

T

σ ln VM
T( )

⎛⎝ ⎞⎠1 kϵ <K− FT{ } − ϵ � 0

⇔N
ln K − FT( 􏼁 − lnV

M
0 + r + θ2/(1 − c)􏼐 􏼑 − (1/2) θ2/ (1 − c)

2
􏼐 􏼑􏼐 􏼑􏼐 􏼑T􏼐 􏼑

(θ/(1 − c))
��
T

√⎛⎝ ⎞⎠1 kϵ ≥K− FT{ } − ϵ

+ N
ln kϵ( 􏼁 − lnV

M
0 + r + θ2/(1 − c)􏼐 􏼑 − (1/2) θ2/ (1 − c)

2
􏼐 􏼑􏼐 􏼑􏼐 􏼑T􏼐 􏼑

(θ/(1 − c))
��
T

√⎛⎝ ⎞⎠1 kϵ <K− FT{ } − ϵ � 0.

(A.20)

Furthermore, equation (A.7) leads to

V
M
0 + e

− rT
FT + P 0, V

M
0 , K, r,

θ
1 − c

􏼠 􏼡 − P 0, V
M
0 , kϵ, r,

θ
1 − c

􏼠 􏼡 − K − kϵ( 􏼁e
− rT

N
ln kϵ( 􏼁 − ln V

M
0 + r − (1/2) θ2/ (1 − c)

2
􏼐 􏼑􏼐 􏼑􏼐 􏼑T􏼐 􏼑

(θ/(1 − c))
��
T

√⎛⎝ ⎞⎠ − v0 � 0.

(A.21)

Finally, the three equations can be solved using a
nonlinear equations solver in the corresponding environ-
ment (we use ‘lsqnonlin’ in MATLAB). □ □

A.3. Multidimensional Extension. Consider a vector of n

risky assets with price process St evolving according to

dSt � diag St( 􏼁 μdt + ΣdWt( 􏼁, S0 � s> 0, (A.22)

with μ � (μ1, . . . , μn)′, μi > r, i � 1, . . . , n, Wt is a n-di-
mensional vector of independent Brownian motions, and Σ
is a positive definite matrix. 'e investor allocates her funds
v towards the risky assets and riskless asset. Let the process
π � (πB, πS)′ � (πB(t), πS(t))t ∈ [0,T]

′ with
π(t): � (πB(t), πS(t)′)′ ∈ Rn+1 be a self-financing relative
portfolio process with πB(t) � 1 − πS(t)′1. For t ∈ [0, T], the
wealth process Vt: � Vt(π) with initial wealth V0(π) � v

evolves according to the following SDE:
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dVt � Vt r + πS
′(μ − r1)dt + πS

′ΣdWt􏼂 􏼃, V0 � v. (A.23)

'e optimal allocation in risky assets (πS) for HARA is
well known:

πH
(t, v) � πM

(t, v)
v − Ft

v
, (A.24)

where Ft � FTe− r(T− t) and πM(t, v) is the CRRA solution
with

πM
(t, v) � ΣΣ′( 􏼁

− 1μ − r1
1 − c

. (A.25)

'e solution in the presence of VaR constraints can be
produced similarly to the 1-dimensional case, via theMerton
solution, this is:

V
HV
T � V

M
T + FT + K − V

M
T􏼐 􏼑1 kϵ <VM

T
<K{ }, (A.26)

hence, similar to the proof of Proposition 4,

Π � V
HV
t � v

M
+ Ft + P t, v

M
, K, r,

θn

1 − c
􏼠 􏼡 − P t, v

M
, kϵ, r,

θn

1 − c
􏼠 􏼡 − K − kϵ( 􏼁e

− r(T− t)
N − d

Q
2 t, v

M
, kϵ􏼐 􏼑􏼐 􏼑, (A.27)

where θ2n � (μ′ − r1′)(Σ′Σ)− 1(μ − r1) . In terms of the
optimal allocations, this leads to

π∗ � πHV
t, v

M
􏼐 􏼑 � πM

·
vΠv

Π
, (A.28)

where

vΠv

Π
�

v
M 1 + z/zv

M
􏼐 􏼑P t, v

M
, K􏼐 􏼑 − z/zv

M
􏼐 􏼑P t, v

M
, kϵ􏼐 􏼑 − K − kϵ( 􏼁e

− r(T− t)
z/zv

M
􏼐 􏼑Qt,vM V

M
T < kϵ􏼐 􏼑􏼐 􏼑

v
M

+ Ft + P t, v
M

, K􏼐 􏼑 − P t, v
M

, kϵ􏼐 􏼑 − K − kϵ( 􏼁e
− r(T− t)

Qt,vM V
M
T < kϵ􏼐 􏼑

, (A.29)

and P(t, vM, K) is short for P(t, vM, K, r, (θn/(1 − c))). As a
reminder, the triple (vM, kϵ, λϵ) must solve the VaR con-
straint, investor wealth, and condition (A.17), respectively:

P0,vM f
HV

V
M
T􏼐 􏼑<K􏼐 􏼑 − ϵ � 0,

Π 0, v
M

􏼐 􏼑 − v � 0,

k
c− 1
ϵ K − kϵ( 􏼁 − (1/c) K

c
− k

c
ϵ( 􏼁

N′ d
Q
2 ·, v

M
, K − FT􏼐 􏼑􏼐 􏼑􏼐 􏼑/ N′ d

Q
2 ·, v

M
, kϵ􏼐 􏼑􏼐 􏼑􏼐 􏼑􏼐 􏼑1 kϵ ≥K− FT{ } + 1 kϵ <K− FT{ }

− λϵ � 0.

(A.30)
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