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Rational curves on lattice-polarised K3 surfaces

Xi Chen, Frank Gounelas and Christian Liedtke

ABSTRACT

Fix a K3 lattice A of rank 2 and a big and nef divisor L € A that is suitably positive. We
prove that the generic A-polarised K3 surface has an integral nodal rational curve in the
linear system |L|, in particular strengthening previous work of the first-named author.
The technique is by degeneration and also works for many lattices of higher rank.

1. Introduction

In [Che99], the first-named author proved the existence of integral nodal rational curves in |nL|
on a generic K3 surface with Picard group generated by L for all n > 0 and L? > 4. In this paper,
we follow a similar strategy and prove the following (see Section 3 for a more precise statement).

THEOREM A. Let a,b € Z and d € Z~q satisfy 4bd — a® < 0, and let A be a lattice of rank 2
with intersection matrix

2d a

[a 2b] '

Fixing L € A with L? > 0, let M, be the moduli space of A-polarised K3 surfaces such that L
is ample on a general X € M. Then there exists a Zariski-open dense subset Up, of My such
that there is an integral nodal rational curve in |L| on X € Uy, if L is the sum of three ample
divisors on X.

The method of proof of Theorem A is a sequence of two degenerations. One first proceeds
by degenerating to a smooth K3 surface of higher Picard rank that contains several (—2)-curves.
The main technical difficulty is that one must distinguish between rank 2 lattices of even and
odd discriminant, and each case requires a different degeneration, which significantly adds to the
length of the argument. In particular, we prove that any rank 2 K3 lattice embeds primitively
into one of the lattices

—2 and —2 (1.0.1)

-2 -2

of size r1 x r1 and 19 X ro for some r; < 7 and ro < 5, respectively.
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To prove the existence of integral nodal rational curves in |L| for L a big and nef class in one
of the above two matrices, we degenerate further, like in [Che99], to unions of smooth rational
surfaces a la Ciliberto—Lopez—Miranda. One now constructs reducible, limiting rational curves
with prescribed singularities in such log K3 surfaces, in the sense of Iitaka [[it79], which now
deform out to integral and nodal rational curves on the general K3 with lattice as above.

The technique in fact works to produce many nodal rational curves for a general K3 with
Picard lattice which embeds into one of the lattices in (1.0.1). At the end of this paper, we show
how this can work for the two special rank 4 lattices of Nikulin [Nik87], for which the K3 in
question has finite automorphism group and is not elliptic.

The above results will be used in a follow-up paper [CGL19], whose main result completes
the project (initiated by Bogomolov—Mumford) of showing that every complex projective K3
surface contains infinitely many rational curves. More specifically, Theorem A will be used in
two ways in [CGL19]. First, it will be used in the proof of regeneration theorem: Given a family
of K3 surface X/ B, if there is an integral rational curve C on a fibre Xj, then there is a curve C’
on X, such that the union C' U C’ can be deformed to an integral rational curve on a general
fibre of X/B. Second, combined with a technique called marked point trick, Theorem A will be
generalised to every K3 surface of Picard rank 2 as long as L is indivisible in A.

Notation. A K38 surface X will be a geometrically integral, smooth, proper and separated scheme
of relative dimension 2 over the complex numbers, so that wx = Ox and H'(X,Ox) = 0. Let S
be a connected base scheme. Then a morphism

X — S

is a smooth family of surfaces if f is a smooth and proper morphism of algebraic spaces of
relative dimension 2 whose geometric fibres are irreducible. In particular, a family of K3 surfaces
is a family of surfaces where every fibre is a K3 surface as above. We say that a property holds for
a general point in a set if it holds for all points of a Zariski-open subset, whereas a very general
point will be one in the complement of countably many Zariski-closed subsets.

2. Degenerations of type 11

In this section, we discuss degenerations of K3 surfaces that are of type II in the sense of
Kulikov [Kul77]; see also [Per77, PP81]. We will need these degenerations in order to produce
nodal rational curves in the next section.

DEFINITION 2.1. A degeneration of type II (in the sense of Kulikov) of K3 surfaces is a flat and
proper family m: 2" — S, where S is the spectrum of a discrete valuation ring with residue field
C and where the geometric generic fibre 27, is a K3 surface and the special fibre 2 is a union
YiUYsU---UY,, such that

(1) each Y; is a smooth surface for all i;

(2) Y;nY; =0 for |i—j| # 0,1 and Y; and Y;;1 meet transversally along a smooth elliptic curve
D;, where all D; are isomorphic to a fixed smooth elliptic curve D;

(3) we have anti-canonical divisors Fy and E,,—1 in Y7 and Y,,;

(4) each Y; for 1 <i < m is a ruled surface over D.

It follows from item (3) that Y; and Y,, are rational surfaces. We note that the chain
Yo U---UY,,_1 of ruled surfaces can be contracted to a family 2/ — S that has the same
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generic fibre but whose special fibre has the form 2 := Y{UY;, where Y/ and Y; are smooth ra-
tional surfaces meeting transversally along a smooth anti-canonical curve D. In this case, (Y/, D),
for ¢ = 1,2 are two genuine log K3 surfaces.

Conversely, given a union of Y] U Ys of two smooth rational surfaces meeting transversely
along a smooth anti-canonical curve D, one may ask whether it can be deformed to a K3 surface.
We refer the interested reader to [CLM93], where this question is studied.

More generally, let Y = Y7 U Y, be the union of two smooth projective varieties meeting
transversely along a smooth hypersurface D in each Y;. That is, étale locally around D, the
union is given by zy = 0. In particular, Y is reducible. The Picard group Pic(Y) is given by the
exact sequence

0 —— Pic(D) =2 Pic(Y1) @ Pic(Ya) —— Pic(Y) —— 0,

where 12;: D < Y; denotes the embedding of D into Y; for ¢ = 1,2. In other words, an invertible
sheaf £ on Y is given by a pair of invertible sheaves .Z; € Pic(Y;) satisfying

Zigl = Z;gg . (2.0.1)

(For the reader that wants to avoid this descent construction, we have an alternative realisation
of Y given below.) In particular, Y is projective if and only if there exists an ample invertible
sheaf .Z € Pic(Y) if and only if there exists a pair of ample invertible sheaves .Z; on Y; that satis-
fies (2.0.1). If such an .Z exists, then we can embed Y into some P" via |.Z®™| for m sufficiently
large.

Alternatively, we may start with two smooth projective varieties Y; and Y3, embeddings
1;: D <= Y; of a smooth hypersurface D in Y; and two ample line bundles .%; € Pic(Y;) satis-
fying (2.0.1) for ¢ = 1,2. Let us choose m sufficiently large such that the .,?j;@)m are very ample
and the maps H° (Yi,iﬁ@m) — HO (D,i”z@m) are surjective for ¢ = 1,2. We choose a basis
{(s15,525): 7 =0,1,...,n} for the kernel of the map

HO(Y1, 4) @ HO(Ya, %) ——2 HO(D,11.4) =—— HO(D,13.%)

and define the maps ¢;: Y; — P" to be (s;0,8i1,---,8in) for i = 1,2. Then we see that Y =
$1(Y1) U ¢2(Y2) is the union of two smooth projective varieties meeting along ¢1(D) = ¢2(D)
such that ¢; «Tp, = @141y, pN 02,1y, p for the tangent spaces of Y; and D at p € D, as subspaces
of Tpn7¢(p) .

The first-order embedded deformations of Y C P := P" are classified by H(Y, .45), where .45
denotes the normal sheaf of Y C P. We note that these deformations of Y preserve the line
bundle .£®™. We want to deform Y to a smooth variety, that is, to “smooth” out D, which is
the singular locus of Y. This is governed by the map

HY(Y, A4y) —— HY(Y,Ty) , (2.0.2)

where Tll, is the sheaf of Oy-modules
Tg/ = é”xt(Qy, Oy) = =/VD/Y1 (%9 JVD/Y2 ,

where 4p/y, denotes the normal bundle of D in Y;. A general deformation of Y C P smooths
out D if the embedded deformations of ¥ C P are unobstructed and if the image of the
map (2.0.2) is base-point-free on D.

Let 2~ C P x A be a deformation of Y given by some ¢ € H(Y, 4y) with 25 = Y,
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where A = {|t| < 1} is the unit disk. Then 2" is singular along the vanishing locus z(p(§)) of
p(&), where p is the map (2.0.2). If z(p(§)) is smooth as a closed subscheme of D, then 2" has
singularities of type

Cllx1,x2y ...y Tp, t]]/(z122 — tz3)
at z(p(§)) and hence the generic fibre 2Z;, is smooth. So a general deformation of Y C P smooths
out D under the above hypotheses.

A general deformation of Y C P, a priori, only preserves .Z®™. For the above family 2,
the restriction of 7 = 04 (1) to Y is obviously .£®™. On the other hand, in our application,
H2(Y,Z) is always torsion-free; by the Mayer—Vietoris sequence, this is guaranteed if H'(Y;) = 0
and H'(D,Z) and H?(Y;,Z) are torsion-free. By deformation retraction, H%(2",Z) = H%(Y, Z) is
torsion-free. Consequently, (1/m)c1(#) € H3(2',Z), and £ extends to a line bundle on 2". In
conclusion, a general deformation of Y preserves . if H2(Y, Z) is torsion-free.

Moreover, if we construct Y with arbitrary Picard rank r := p(Y'), we can deform Y to
preserve Pic(Y') as follows. We choose very ample line bundles /7, ..., .74 on Y which generate
Picg(Y') and embed Y into P =P x P™ x ... x P via the complete linear systems |.7|. If the
embedded deformations of Y C P smooth out D, we can deform Y to a smooth variety while
preserving Picg(Y). In addition, as commented above, if H*(Y, Z) is torsion-free, then Pic(Y) is
preserved when Y deforms in P. Using the techniques in [CLM93, Section 1], we can prove the
following theorem on the deformation of Y C P.

THEOREM 2.2 (Ciliberto-Lopez—Miranda + ¢). Let Y = Y; U Y2 be a union of two smooth
projective varieties meeting transversely along a smooth hypersurface D in Y;. Suppose that Y
is embedded into P = P™ x P"2 x ... x P" by very ample line bundles J4, ..., € Pic(Y)
satisfying that JA4, ..., . are linearly independent in HY1(Y7).
(1) The sheaf TL is isomorphic to the cokernel of the inclusion Ny, — Ny @ Oy, for i = 1,2;
that is, the sequence

Ny y Ty > 0 (2.0.3)

Y;
is exact for i = 1, 2.

(2) We have H'(Y, .A445) = 0, and the map (2.0.2) is surjective if

H'(Y;, #5) = H' (Y1, (=D)) = 0,

HY(ADv,) = B (Apjyvy @ Npyy,) =0, (2.0.4)
H*(Oy,) = H*(Ty;) = B*(Ty, (=D)) = 0,
fori=1,2 and j = 1,2,...,r and, moreover,
either H?*(Oy,(-D)) =0, or Ky,+D=0 and dimY =2. (2.0.5)

Proof. In [CLM93], this was proved for r =1 and dimY = 2.
We basically follow the same argument as in [CLM93]: the exactness of (2.0.3) is a consequence
of the commutative diagram

Tp| —— My, —— 0

.

Tp

— My y Ty

~
o

Y;

i

446



RATIONAL CURVES ON LATTICE-POLARISED K3 SURFACES

which shows that coker (A5, — Ay ® Oy;) surjects onto T3-. And since coker (A5; — A5 @ Oy;)
and T}I, are line bundles supported on D, the surjection must be an isomorphism and we ob-
tain (2.0.3).

To prove H'(Y,.#5) = 0 and the surjectivity of (2.0.2), we combine (2.0.3) with the exact
sequence

0 —— M ® Oy, (—D) > Ny » Ny @Oy, —— 0.

With these two exact sequences, it suffices to prove

H' (51 (=D)) = HY(A,) = HY (M) = HY (Ap)y,) = H (Ty) = 0.
The vanishing of these cohomological groups mostly follows from (2.0.4). Let us say something
about H!(A5, (=D)) = 0.

If H2(Oy, (—D)) = 0, then the vanishing of H!(.45; (—D)) follows from (2.0.4) and the exact
sequences

0 >Ty1 Tp®0y14>,/‘/yl—>0,

0 —— O;‘?f — Z%ﬂi@("iﬂ) —— Tp® Oy, — 0.
i—1

If we instead have Ky, + D = 0 and dimY = 2 in (2.0.5), then the vanishing of H!(.45, (—D))
follows from (2.0.4) and the injectivity of the map

H'(Qp) H'(Qy,)

HY(Tp ® Ky, )" —— HY(Ty, ® Ky,)V

HY(Tp ® Oy,(-D))" —— H'(Ty,(-D))",

where the injectivity of H'(Qp) — H(Qy,) is a consequence of the hypothesis that J4, ..., ./
are linearly independent in HY!(Y7). O

If Y = Y] UY5s is a degeneration of type II of K3 surfaces with Y; Fano varieties (that is,
del Pezzo surfaces) for i = 1,2, then the hypotheses (2.0.4) and (2.0.5) are clearly satisfied. In
this case, Y can be deformed to a smooth projective K3 surface of Picard rank r = p(Y). Thus,
we conclude the following.

THEOREM 2.3. Let Y = Y7 UY5 be the union of two smooth rational surfaces Y; meeting trans-
versely along a smooth anti-canonical curve D in Y; for i = 1,2 satisfying that

dngVD/yl —I—deg,/VD/yz = K}Q/I +K§2/2 2 1 and
dngVD/YQ = K%/Q 2 1.
Suppose that there exist £, %, ..., % € Pic(Y) such that the .%; are linearly independent
in H2(Y1) and the subgroup of Pic(Y) generated by the .%; contains an ample line bundle on Y.

Then'Y can be deformed to a projective K3 surface of Picard rank r. More precisely, there exists
a flat projective family w: 2 — SpecC|[t]] such that its central fibre is Zy = Y, its generic
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fibre Z;, is a projective K3 surface of Picard rank r and the image of Pic(Z") — Pic(Y') contains
L Ly L

Proof. Let us choose sufficiently ample J4, 75, ..., 5, € Pic(Y) such that
Span@{glwi/ﬂQv s 737‘} = Span@{%v%) s 7%!’}

in Pic(Y). We embed Y into P = P x P"2 x ... x P" by |.7|. By Theorem 2.2, the embedded
deformations of Y C P are unobstructed, and a general deformation Y’ C P of Y smooths
out Dj; hence Y is a projective K3 surface of Picard rank at least r. To see that p(Y') = r, we
compute hY(A5) = 20 — r + h%(Tp) and conclude that the image of HY(45) — Ext(Qy, Oy)
has dimension at least 20 — 7.

Let 2 C P x CJ[t]] be the family given by a general deformation of ¥ C P. Then for ev-
ery .%;, the line bundle m;.Z; lies in the image of Pic(2") — Pic(Y) for some integer m; # 0;
since H2(Y,Z) is torsion-free, .%; lies in the image of Pic(2") — Pic(Y) fori = 1,2,...,r. O

Let Z be the family given by a general deformation of Y in Theorem 2.3. Then 2 has
rational double points at x1,xs,...,zs € D for s = K32”1 + K12’27 which are the vanishing locus of
a section in HY(Ty:). Clearly, the z; satisfy

(’)D(azl +xo+ - —i—xs) = ’/VD/Yl ®’/VD/Y2 = OD(—Kyl — KYQ) . (206)

For a general deformation of Y, the points x1,x2,...,xs are s general points with only the
relation (2.0.6) on D.

Even if Y is not projective, we can still deform Y to a K3 surface, although the resulting
family is obviously non-projective. The issue of projectivity is purely technical.

THEOREM 2.4. Keep the hypotheses of Theorem 2.3, except that instead of assuming that the
subgroup of Pic(Y) generated by the .%; contains an ample line bundle and KY + Ky2 > 1,
we assume that K2 + K%, > 2. Then Y can be deformed to a projective K3 surface of Picard
rank r + 1. More prec1se]y, there exists a flat proper (possibly non-projective) family w: 2 —
Spec C[[t]] such that its central fibre is Zy =Y, its generic fibre %, is a projective K3 surface
of Picard rank r + 1 and the image of Pic(Z") — Pic(Y) contains L1, %, ..., 2.

Proof. We choose an ample line bundle M; on Y; and an ample line bundle M on Y. Let
m; = M;D on Y] for i = 1,2 and m = ged(my, me). Let a; and ag be positive integers such that
aimi — asms = m, and let p be a point on D such that

OD(alMl) = OD((IQMQ) X OD(mp) .
Let us choose M; and p such that (’)D(Qp) #* (’)D( KY1 KY2) Let Y; be the blowup of Y;

at p. We can construct a union of Y = Y1 U Y2 meeting transversely along D such that there is
a morphism ¢: ¥ — Y such that ¢ly, is the blowup map Yi — Y7 and ©ly, =

For a; sufficiently large, a1¢9™M; — mE is ample on Yl, ~where E' is the exceptional divisor
of Y1 — Y7. Therefore, there exists an ample line bundle M on Y whose restriction to Yl is
a1¢9*M; — mE and whose restriction to Y3 is asp™ M.

Applying Theorem 2.3 to Y with ]\7, O A, 0L, ..., 0* %, we obtain a flat projective family
% — SpecC[[t]] such that %) =Y, that % is a K3 surface of Picard rank r + 1 and that the
image of Pic(@) — Pic(f/) contains ]\/4\, L, L, 0L

For a general choice of %/, it has at worst rational double points on D satisfying (2.0.6). We
may assume that % is smooth along E. As a complex manifold, % admits a small contraction
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of E. Let us still use ¢ to denote this map:

y —L 7

| /

Spec C[[t

Clearly, Zo =Y and %, is a projective K3 surface of Picard rank r + 1, while 2" is flat and
proper but possibly non-projective over Spec C[[t]]. The image of Pic(Z") — Pic(Y) contains
A, Loy L O

In this paper, we mainly use this degeneration to construct rational curves on generic K3
surfaces. Let m: 2~ — Spec C[[t]] be the family constructed in Theorems 2.3 and 2.4. Suppose
that 2" has rational double points x1,x9,...,xs on D satisfying (2.0.6). We are going to find
integral (nodal) rational curves in |.Z| on % for some .Z € Pic(Z"). In order to do that, we
construct some I' € |.Z| on £y = Y, which we call “limiting rational curves” and show that I’
can be deformed to an integral (nodal) rational curve on 2;,.

We consider I' = f,C' as the image of a stable map f: C' — Y. Instead of deforming I', we
try to deform the map f. Actually, we can construct “deformable” stable maps f: C' — Y of
arbitrary genus g, up to the arithmetic genus of .#Z, as follows:

o Let h9(2,, %) = hO(Y, %), where H(Y, %) is the kernel of the map

HO(Yl,Dgl) (&) HO<Y2,$2) w) H0<D,$1)

HY(D, %)

with % the restriction of £ on Y; for i = 1, 2.
e Take D ¢ T € PH'(Y,.%).
e The map f sends each irreducible component G C C birationally onto its image:
f+xG = f(G) for all irreducible components G C C'. (2.0.7)
e Let Cy« be the set of points of C' lying on two distinct components of C. Then
foreachpe G1 NGy C Cx, f(p) € D\{z1,22,...,25},
f(G1) c Y1, f(G2) CYa,
fe, =fle,: Gr = Y1, fa, = flgy: G2 — Y2
and Up(félD) = Up(fégD) )

where G and Go are two irreducible components of C' meeting at p and v, ( félD) is the
multiplicity of p in f¢. D

(2.0.8)

e Outside of f(Cx), the curves I" and D only meet at x1,zo,...,xs. More precisely,

foreachqef_l(D)\CX, f(Q)E{x17x27"'a$s}>
fea=flg:G—=Y; and v, (feD)=1,

where G is the irreducible component of C' containing gq.

(2.0.9)

Using the deformation theory of curves on 2 as explained in [Che99], we can deform f to the
generic fibre 27,. The above statement includes several improvements over [Che99]. For example,
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we do not assume that f.C; has simple tangency with D in (2.0.8). The difficulties caused by
loosening these restrictions on I' can be overcome by studying the deformation of the stable map
f: C — Z instead of the deformation of I' C 2", which is carried out in the same way as in the
case that 2 is a smooth family of K3 surfaces. On the other hand, these assumptions do not
guarantee that I' can be deformed to a nodal curve on Z7; for that to happen, we do need the
same restrictions on I' as in [Che99].

We will make one more improvement over [Che99]. Instead of only considering |.Z|, we will
also consider the “twisted” linear series |.Z + mYi| on 2. Note that 2" is smooth outside of
xj so Yy is a Cartier divisor on 2°° = 27\{z;}; the linear system |.Z + mY;| is interpreted as
PHO(2°°, % + mY}). The restrictions of .Z + mY] to the Y; are

(Z+mY)ly, = —mD and (Z+mYi)|ly, =2 +mD,
respectively, where the .%; are the restrictions of .Z to Y; for i = 1,2. Although m can be chosen

to be an arbitrary integer, we take m > 0 for simplicity.

The restriction of v € HO(.Z + mY1) to Y consists of 71 € H(Z — mD) on Y7 and 7 €
H%(% + mD) on Ya. Furthermore, the image of the restriction

HY(2°, & +mY;) —— H'(Ya\{zi}, £ + mD) == H(Ys, % +mD)
is actually contained in the subspace
H?(Oy, (% + mD) ® Oy, (—mx1 — mag — - - — may)),

where Oy, (—x;) is the ideal sheaf of the point z; and Oy, (—mzx;) is the mth symmetric product
of Oy, (—x;) for j =1,2,...,s. That is,

Yo € H0<0y2 <$2+mD—mij>>.

This is easy to see after we resolve the double points of £ by blowing it up along Y5. In
summary, the restriction of H(.Z + mY]) to Y lies in the kernel, denoted by H(Y,.Z + mY}),
of the map

HY(Oy, (L — mD)) @ HY(Oy, (L + mD — my. xj))

!

HO(OD(.,%Q +mD — mZx])) ES HO(OD(gl — mD))
sending (71,792) to 71 — 72. We summarise the above discussion in the following theorem.

THEOREM 2.5. Let w: & — B = SpecC[[t]] be a flat proper family of surfaces whose generic
fibre Z,, is a K3 surface and whose central fibre 2y =Y = Y7 UY3 is the union of two smooth
rational surfaces Y; meeting transversely along a smooth anti-canonical curve D in'Y; fori =1, 2.
Suppose that Z is smooth outside of the s distinct points x1,z2,...,xs € D satisfying (2.0.6).
Let & € Pic(Z'), let f: C — 'Y be a stable map of genus g, and let m be a non-negative integer
satisfying
W2y, L) = WY, £ +mY1),
D¢ T = f.CcPH (Y, Z +mY1)

and (2.0.7)—(2.0.9). Then after a finite base change, there exists a family of stable maps

¢: ¢/B — Z' /B such that ¢9 = f and ¢.€, is an integral curve of geometric genus g in
|-Z| on Z;,.
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If faov: G — Y, is an immersion for the normalisation v : G — G of every component G C C,
that is,

T- (fgov)«

G f&Ty, is injective for every irreducible component G C C,

(2.0.10)
fa = fle: G — Y;and normalisation v: G — G,

then ¢, : 6, — 2, is an immersion.

If in addition to (2.0.7)—(2.0.10), we assume that f.C; has normal crossings on Y;\D for
Ci = f~YY;) and i = 1,2, f(p1) # f(p2) for all p1 # pa € Cx and f(Gy) and f(G3) meet
transversely at x1,x2,...,2s onY; for all pairs of distinct components G with f(G;) C Y;, then
¢+, Is nodal.

3. Nodal rational curves on generic K3 surfaces

In this section, we use degenerations of type II of K3 surfaces as considered in the previous
section to construct nodal rational curves on generic surfaces inside moduli spaces of A-polarised
K3 surfaces, generalising a result of the first-named author [Che99] to the higher-rank case
(cf. [KLV21] for similar type II degenerations from higher-rank lattices).

THEOREM 3.1. Let A be a lattice of rank 2 with intersection matrix

2d a
) -
for some a,b € Z and d € 7T satisfying 4bd — a® < 0. Let My be the moduli space of A-polarised
complex K3 surfaces and L € A such that L is big and nef on a general K3 surface X € Mjy.
Then there exists an open and dense subset U C My (with respect to the Zariski topology),
depending on L, such that on every K3 surface X € U, the complete linear series |L| contains
an integral nodal rational curve if one of the following holds:

Al. The determinant det(A) is even.
A2. We have L = Ly + Lo + Lg for some L; € A satisfying LL; > 0 and L? > 0 for i =1,2,3.

A3. We have L = Ly + Ly for some L; € A satisfying LL; > 0 fori = 1,2, L? > 0, L3 = -2,
L1 ¢2A, L1 — Lo &€nA for alln € Z and n > 2, and L% +2L1Lo > 18.

Remark 3.2. Every even lattice of signature (1, 1) (the signature is dictated by the Hodge index
theorem) is of the form (3.0.1). For some special lattices of rank 2, namely where a is even and
b =0, the above is due to Lewis and the first-named author [CL13].

Of course, the existence of rational curves on general K3 surfaces of Picard rank 2 implies the
same on general K3 surfaces of Picard rank 1. More precisely, Theorem 3.1 implies the existence
of nodal rational curves in |[nL| on a general K3 surface with Picard lattice [Qd] for alln € Z7.
This is due to the first-named author when d > 2; see [Che99]. Theorem 3.1 also resolves the
case d = 1 in Picard rank 1.

Case A3 is a technical extension required for the main theorem of [CGL19] so can be ignored
by the casual reader.

3.1 The proof of Theorem 3.1

We prove the theorem in three steps:
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(1) First, we embed a rank 2 K3 lattice (3.0.1) into that of a K3 surface with many (—2)-curves:
When det(A) is even, that is, a is even in (3.0.1), we embed A into a lattice with intersection
matrix

—2 (3.1.1)

L _2- (r+1)x(r+1)

for some r < 6. When det(A) is odd, that is, a is odd in (3.0.1), we embed A into a lattice
with intersection matrix

—2 (3.1.2)

L —2] (r+1)x(r+1)

for some 1 < 4. The existence of the embedding is itself a purely arithmetic problem. How-
ever, for our purposes, we also require the embedding to have the additional property that
the image of a “designated” ample divisor L remains (at least) big and nef, that is, preserves
a given polarisation. This introduces some extra complexity.

(2) Second, we use the degeneration of K3 surfaces in Section 2 to show the existence of nodal
rational curves in almost all big and nef linear systems on a general K3 surface with Picard
lattice (3.1.1) or (3.1.2).

(3) Third and finally, we deform a K3 surface Xy with Picard lattice (3.1.1) or (3.1.2) to K3
surfaces X, with Picard lattice (3.0.1) such that a nodal rational curve on X, deforms to
a nodal rational curve on X,,.

In summary, our argument involves two degenerations: the degeneration of K3 surfaces of
Picard rank 2 to K3 surfaces with Picard lattices (3.1.1) or (3.1.2) and the degeneration of the
latter to unions of rational surfaces.

In order to embed the lattice (3.0.1) to (3.1.1) or (3.1.2), we will make use of the classical
result of Lagrange that every non-negative integer can be written as the square sum of four
integers and that of Legendre that every non-negative integer not of the form 4%(8b + 7) can be
written as the square sum of three integers. However, in order to obtain a primitive embedding,
as we will see, we require these integers to be coprime. This is not possible in general, but we
can choose these integers such that their greatest common divisor is a power of 2, a fact not in
the standard formulation of these two theorems but implied by Dirichlet’s proof of Legendre’s
theorem. So let us restate their theorems as follows.
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THEOREM (Lagrange-Legendre-Dirichlet). Every positive integer n not of the form 4*(8b + 7)
for any a,b € N! can be written as

n =m? +m3 +m3 (3.1.3)
for some my, ma, m3 € N with ged(mq, ma, m3) = 2!, where | € N satisfies 4' | n and 4+ { n. As
a consequence, every positive integer n can be written as

n:m%—i-m%—i-m%—i—mi

for some my, ma, m3, mq € N with ged(my, ma, m3, my) = 2!, where | € N satisfies 22! | n and
2243 t n. Furthermore, every positive integer can be written as the square sum of five coprime
integers.

Dirichlet’s proof of Legendre’s 3-square. Let us outline Dirichlet’s proof. It is enough to prove
(3.1.3) for n =1,2,3,5,6 (mod 8). The key is to find a ternary quadratic form

X

F(z,y,z)=[z y z]A|y
z

such that A is a 3 x 3 positive definite symmetric integral matrix with det(A) = 1 and F(z,y, z)
= n has an integral solution (zo, o, 20). If we can find such an A, then there exists a matrix
P € SL3(Z) such that A = PT P, and hence

mi Zo
ma| =P |yo (3.1.4)
ms3 Z0

is a solution of (3.1.3) with ged(my, me, ms) = ged(xo, Yo, 20). It turns out that we can choose

a1 a2 1

A= a1 a2 0
1 0 n
with integers a;; satisfying
a1 >0, d=aj1a2 — CL%Q >0 and axp=dn-—1. (315)

The corresponding F(z,y,z) = n has an obvious solution (x,y,z) = (0,0,1). So the m; given
by (3.1.4) are coprime, as required.

To find a,; satisfying (3.1.5), we use the quadratic reciprocity law and Dirichlet’s theorem on
arithmetic progressions. We will skip this part of the proof. O

We start with the embedding of the lattice (3.0.1) into (3.1.1) when det(A) is even. In the
following, by a primitive lattice embedding, we mean an injective lattice homomorphism with
torsion-free cokernel.

LEMMA 3.3. For every even lattice A of rank 2, even determinant and signature (1, 1), there
exists a positive integer v < 6 such that A can be primitively embedded into a lattice ¥, with
intersection matrix (3.1.1).

We use N for the set of non-negative integers.
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Proof. Such a lattice A has intersection matrix

[;;ﬁ} (3.1.6)

for some integers a, b, m satisfying m? > ab. We claim that there exists a basis of A such that
a>0,m>=0andb<0in (3.1.6). It is easy to make a > 0 and m > 0. If b < 0, we are done.
Otherwise, let us consider all bases of A whose intersection matrix (3.1.6) satisfies a > 0, m > 0
and b > 0. Let us choose a basis {F], Fo} among these bases that minimises the trace 2(a + b) of
the matrix (3.1.6). Without loss of generality, let us assume that b > a > 0. Since m? > ab, we
have m > a = FZ. Then the intersection matrix of {Fy, F» — Fy} is
2a 2(m — a)
2(m—a) 2a+2b—4m

with b > a + b — 2m. By our choice of {F}, F»}, we must have 2a + 2b — 4m < 0, which proves
our claim.

Let us assume that A is generated by F} and F5 such that
F}=2a>0, FiF;=2m>0 and F;=2b<0.

When 2t a, we let

5
(A—E¢)+ Es, o(Fy)=m(A—Eg)—> mE
=1

a+1
2

o(F1) =

with —b = Z?Zl m? and ged(mq,ma, mg, m4,ms) = 1 be the embedding o: A — Y4, where
A,Eq, Es, ..., E, are the generators of 3, with intersection matrix (3.1.1).
When 2 | a, we let

5
a—+2
o(F) = ——(A—E¢) = By + B, o(F2) = (m+m)(A— E) - > miE;
i=1
with —b = Z?:l m? and ged(my, ma, m3, ma, ms) = 1. O

Remark 3.4. A K3 surface X with Picard lattice (3.1.1) can be realised as a double cover p: X —
S, where S is a del Pezzo surface of degree 9—r and ¢ is ramified along a general curve in |—2Kg].

We have the pullback map ¢*: Pic(S) = Pic(X) on the Picard groups such that (¢*L)? =
2L2 for all L € Pic(S). Therefore, ¢* induces an isomorphism of nef cones of S and X. Recall
that the effective cone of curves on S is generated by (—1)-curves for 2 < r < 8. Correspondingly,
the effective cone of curves on X is generated by (—2)-curves. It is also useful to us that there
are lattice automorphisms oy,;,,, of Pic(X) given by

Oiiigis (A) =2A — Eil — Ei — Eig s

Tivigis(Eiy) = A — Eiy — Ejy
Oiyigis (Elz) =A- Ei3 Ei1 s
Oiyigig (EZ ) =A- Ei1 - Eig ,

Oi1i9i3 (E,) = EZ' when 1 ?é il,iQ,ig

for 1 < i3 < ig < ig < r. These are induced by the Cremona (or quadratic) transformations
of Pic(S). Together with the symmetric group acting on {E;}, the 0., generate the subgroup

Aut(Pic(X))" C Aut(Pic(X))

454



RATIONAL CURVES ON LATTICE-POLARISED K3 SURFACES

that preserves the nef cone of X. The action of Aut(Pic(X))™ on the set of (—2)-curves on X is
transitive for 2 < r < 8.

Although it is possible to construct many rational curves on X using this double cover
[BHT11], it is very hard to construct rational curves of every ample class in this way. Namely,
we cannot prove Theorem 3.1 in its full generality along this line of argument.

Remark 3.5. The bound r < 6 in Lemma 3.3 is optimal. For example, in the case 8 | a, b =0
and 4 | m in (3.1.6), a primitive embedding o: A — ¥, must be of the form

r—1
o(F) =m (A= E,)+mE, =Y miE;, o(Fy)=A-E,
i=1
with 2mm, — m? —a = =y 11m and ged(mq, ma,...,my—1) = 1 after composing o with an
action of Aut(X,). Since 8 | (m? + 2mm, — a), we have the inequality ged(mi,mo,...,my_1)

# 1 if r < 5. So we need r = 6.

On the other hand, there are situations when we can embed A into X5. For example, when
81 b, we can always write —b as the square sum of four coprime integers. So the construction in
the proof works for » = 5 when 8 1 b.

Next, let us embed the lattice (3.0.1) into (3.1.2) when det(A) is odd.

LEMMA 3.6. Every even lattice A of rank 2, odd determinant and signature (1,1) can be primi-
tively embedded into a lattice 3, with intersection matrix (3.1.2) for some r < 4.

Proof. As in the proof of Lemma 3.3, we can find a basis {F1, F»} of A such that
F2=2a>0, FiFo=m>0 and F;=2b<0

for some integers a, b, m with 2 { m. We can always find an m; € Z™ such that (m —bmi)m; > a
and (m — bmy)my — a is not in the form of 4%(85 + 7) for any «, 8 € N. Then we let

o(F1) = (m —bm1)A+mi(A+ Ey) Zml i o(B) =bA+ (A+ Ey)

with (m — bmi)m; —a = Z?:Q m? and ged(ma, m3, my) = 2!, where A, Ey, Es,...,E, are the
generators of ¥, with intersection matrix (3.1.2). O

Remark 3.7. Let X be a K3 surface with Picard lattice (3.1.2). We claim that the effective cone
of X is generated by the (—2)-curves

Eiand Pj=A—-FE; forl<i<rand2<j<r (3.1.7)
and L = dA+m1E; — E:ZQ m; F; is nef if and only if LE; > 0 and LPj > 0 or, equivalently,
d>2my >4m; >0 for2<j<r (3.1.8)

when 2 <7 < 5.

Clearly, all curves in (3.1.7) are (—2)-curves, and the inequalities in (3.1.8) are necessary
for L = dA+ m1Ey — > m;E; to be nef. On the other hand, (3.1.8) guarantees that L% > 0.
Therefore, X does not contain (—2)-curves other than those in (3.1.7), and the inequalities
n (3.1.8) are also sufficient for L to be nef.

Neither of Lemmas 3.3 and 3.6 produces an embedding ¢ preserving a given polarisation L.
It turns out that we can always compose an existing o: A — Y with a lattice automorphism
a € Aut(X) such that a0 o(L) is big and nef.
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LEMMA 3.8. Suppose that there exists a primitive embedding A — 3. between K3 Picard lat-
tices A and X. Then for each L € A with L? > 0, there is a primitive embedding o: A < ¥ such
that (L) is big and nef on X, when ¥ is identified with the Picard lattice of a projective K3
surface X. Moreover, fixing another class C € A, we can choose o such that o(NL — C) is big
and nef on X for N sufficiently large.

Proof. Fixing an ample divisor D on X, we consider all primitive embeddings o: A < 3 satisfy-
ing o(L).D > 0. We choose ¢ among these embeddings such that o(L).D achieves the minimum.
So (L) is pseudo-effective. By the Zariski decomposition, we can write

o(L)y=P+ N,

where P is a nef Q-divisor, N is a Q-effective divisor whose components have negative self-
intersection matrix and PN = 0. If o(L) is nef, that is, o(L) = P, we are done. Otherwise, there
exists an integral curve R C X such that o(L).R < 0. Then R C supp(XN) is a (—2)-curve on X.

We let a: ¥ — ¥ be the group homomorphism given by
a(F)=F+ (F.R)R

for ' € . Note that o = id and (a(F))? = F? for all F € ¥. So « is a lattice automorphism.

Let ¢ = a oo. Since ¢(L).P = P?> > 0 and L? > 0, the divisor 5(L) is big and hence
o(L).D > 0. On the other hand, since o(L).R < 0,

o(L).D =0(L).D+ (o6(L).R)RD < o(L).D,

which contradicts our hypothesis that o minimises o(L).D. So o(L) = P is big and nef.

Let E = o(C), and let Ry, Ra, ..., R; be the integral curves on X such that PR; = 0 for
i=1,2,...,1. Let us consider the set

IT = {¢: A < ¥ primitive embedding | £(L) = P and
£(C)=E+miR; +maRy + --- + myR; for some m; € Z} .

Since Ry, Ra, ..., R; have negative definite self-intersection, there are only finitely many (m1, ma,
...,my) € Z satisfying

(E+miRy + maRs + ---+mlRl)2 = E?.

Therefore, there exists a £ € II maximising {(C).D. We claim that (C).R; < 0. Otherwise,
suppose that £(C).R > 0 for some R = R;. Then { = a0 € Il and

£(C).D = £(C).D + (£(C).R)RD > £(C).D,
which contradicts our choice of £. Therefore, £(C).R > 0 for all integral curves R with PR = 0.
Replacing o with £, we see that o(NL — C) is big and nef for N sufficiently large. O

Now we have embedded the lattice (3.0.1) into (3.1.1) or (3.1.2). Next, we want to prove the
existence of nodal rational curves on K3 surfaces with Picard lattices (3.1.1) and (3.1.2). Here
we use the type II degeneration of K3 surfaces introduced in Section 2. It turns out that in order
to produce rational curves on a general K3 surface, we need to construct rational curves on a log
K3 surface with some tangency conditions. More precisely, we want to find rational curves on a
del Pezzo surface satisfying some tangency conditions with a fixed anti-canonical curve.

DEFINITION 3.9. For a Cartier divisor A on a projective surface X, we use the notation V4 4 to
denote the Severi variety of integral curves of geometric genus ¢ in |A|. For a curve D C X and

456



RATIONAL CURVES ON LATTICE-POLARISED K3 SURFACES

a zero cycle a = mip1 +mapa + - - -+ myp; € Zy(D), we use the notation Va4 p o to denote the
subvariety of Vj , consisting of integral curves C' € |A| of genus g with the properties that C
meets D properly and that there exist ¢; € v~ 1(p;) and n; > m; such that q1, ¢o, . . ., ¢; are distinct
and v*D = n;q; when v is restricted to the open neighbourhoods of p; and ¢; for i = 1,2,...,1,
where v: C' — X is the normalisation of C, my,mo,...,my € Nand py,po,...,p are points on D
such that D is locally Cartier at each p;.

The variety V4, g.D.m1pi+maps+--—+myp, Parametrises the curves of fixed tangencies with D. We
can also define the subvariety of V4 4 of curves of moving tangencies with D by letting some of
the p; move. For example, with p1, p2, ..., ps moving, these curves are parametrised by

U VA,9.Dm1pr+mapat-tmip; »
(P1,p2,--sps) E(D5)*

where (D?®)* is the open set of D* = D** of points p; # p; for 1 <i < j < I. In the following, we
write A > B or B< Aif A— B is effective.
THEOREM 3.10. Let X be a smooth projective complex rational surface containing a smooth
anti-canonical curve D € |—Kx|. Let Ay, Aa, ..., A, be divisors on X such that

L] AID 2 1 and AlD 2 2,

° (Al +A2+"‘+Aj)Aj+1 > 1 and

o Vao#0

fori =1,2,...,n and j = 1,...,n — 1. Then for A = Ay + Ay + -+ + Ay, all distinct points
D1,P2,...,p on D satisfying

there does not exist an integral curve B C X such that A > B and
BND C {p17p27 cee 7pl}

and all mi,ma,...,m; € N satisfying m = > m; < AD — 1, there exists an effective divisor G
on X such that DG = 0 and

(3.1.9)

VA-G.0,D.mipy+mapa-t-tmp 7 0

Moreover, for V.= VaA_G.0,D,mipi+maps+—+mp, aid a general member C' in V, the following
hold:

(1) We have dimV = AD —m — 1.

(2) If m < AD — 2, the normalisation v: C — X of C induces an injection vy: T — v* T,
and (CD),, =m; fori=1,2,...,1L

(3) If m = AD — 1, item (2) holds for p; € D general.
(4) If m < AD — 3, the curve C' meets a fixed reduced curve F' C X transversely outside of

{p1,p2, ..., pi}-
(5) If m = AD — 3 + s for some s € N, item (4) holds for pi,ps,...,ps € D general and
mi,ma,..., Mg cZt.

(6) If m < AD — 4, all singularities of C' are of type C|[x, y]]/(z® — y*), that is, ordinary.

(7) If m = AD — 4 + s for some s € N, item (6) holds for pi,ps,...,ps € D general and
ml,mg,...,ms€Z+.

(8) If m < AD — 5, the curve C' is nodal.
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(9) If m = AD — 5 + s for some s € N, item (8) holds for p1,p2,...,ps € D general and
mi,ma,...,ms € ZT.

Proof. By the standard deformation theory of curves on surfaces [HM98, § 3.B], the variety Vg, o
has the expected dimension A;D—1. Since dim V4, o = A1 D—1 > 1, a general member C € Vy, o
meets a fixed reduced curve F' C X transversely (see, for example, [Ded20, Theorem 1.4.1]). In
particular, for a fixed Cy € V4,0, the curve Co meets the normalisation of C; transversely. Let
us consider C' = C7 U Cy and the stable map v: C¥ — X that normalises all singularities of
C except one point among Cy N Cy. The deformation space of the genus 0 stable map v has
dimension at least

—KX(Cl + CQ) +dimX -3 = D(Al + Ag) -1,
which is simply the virtual dimension of the moduli space of rational stable maps to X. We give
a quick proof of this fact in this case for lack of a precise reference. Suppose that C* = CY U CY,
where the C¥ are the normalisations of the C;. Let p = CY N C¥, and let ¢: C¥ — X x P!
be the morphism whose restrictions to C} are the maps v x ¢;, where the ¢;: Cy — P! are
isomorphisms satisfying ¢1(p) = ¢2(p). For a general choice of ¢; and ¢9, the morphism ¢ is a
closed embedding. So the deformation space of ¢ is the same as the embedded deformation space
of I' = ¢(C%) in X x PL. Since I is a local complete intersection in X x P!, its normal sheaf is
locally free and its deformation space in X x P! has dimension at least

ho((fr/fg)v) - hl((IF/I%)V) = —Kxypr.I'= —Kx(C1 +C2) +4,

where Ir is the ideal sheaf of I" in X x P! and the first equality comes from adjunction and the
Riemann—Roch theorem. Among these deformations, those with mx o ¢ constant have dimen-
sion 5, where mx: X x P! — X is the projection to X. So we arrive at the above lower bound
for dim Def(v).

On the other hand, we have
dim VA1,0 + dim VA2’0 = (Al + AQ)D —2.

Hence C deforms to an integral rational curve in |A; + As|. Consequently, V4, 44, 0 is non-empty
of the expected dimension dim V4, 4,0 = (A1 + A2)D — 1. We may continue to apply the same
argument to C12 U C3, where (2 is a general member of V4,4 4,0 and C3 € Vy, 9. Eventually,
we conclude that V4 o is non-empty of the expected dimension AD — 1.

Next let us prove Va_g,0,0,mipi1+mopottmp; 7 () by induction on m. There is nothing to do
when m = 0. Suppose that

V' = Va-G,0,0.mipi+mapat-tmp 7 0

for some m < AD — 2. It suffices to show that

VA—G—G’,O,D7(m1+1)p1+m2p2+~~-+m1pz # 0 (3.1.10)
for some G’ > 0 and DG’ = 0.

Note that V has the expected dimension AD —m — 1. Let V be the closure of V in |[A — G].
Let g: I' < V be an integral projective curve passing through a general point of Va-G,0,D,mp-
After a finite base change, there exists a family f: ¥ — X of stable maps of genus 0 over I' such
that f,%, = g(b) for every point b € I'. We may also choose f such that f~!(D) is a union of
sections over I' and some “vertical” components. That is,

*D=miPi+maPy+ - +myP +n1Q1 +n2Q2 + - +naQa + W,
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where the P; and Q; are sections of 7: € — I, f(P;) = p; and m, W = 0. Since all components
of €, are rational and D is a smooth elliptic curve, fu W = 0.

On the other hand, every connected component of f~!(D) must dominate D. Since f.P; = 0,
the section P; must lie on the same connected component as some ;. Therefore, there exists
a W' C W such that P, UW’ U Q) is connected. So P; and ); are joined by a chain of compo-
nents contained in f~!(p;) N % for some point b € T'. In an open neighbourhood U C %, of the
connected component of f~1(p1) N %, containing P; N %}, we have

(f*UD)m >mq1+1.
Let us write
[ = mCr + 0y + -+ + 1, Cr + G (3.1.11)

where G’ is supported on the components of f,%; that are disjoint from D and the C; are the
components satisfying C; € Vi, 0,D,q, for effective 0-cycles a;; on D satisfying

suppa; C {p1,p2,...,m} and

.
> pje = (my+ 1)py+ maps + -+ + mupy -
j=1

Due to our choice of p1,pa,...,p; in (3.1.9), the points p1, po, ..., p; cannot be the only intersec-
tions between C; and D. Therefore, dega; < C;D — 1.

Since T is an arbitrary curve in V passing through a general point of V', the above argument
shows that there is a codimension 1 subvariety Z of V' parametrising the curves (3.1.11):

Z—{Mlcl+u202+~-+mcr+c:’ eV:DG =0,

Cj S VCj,O,D,aja degaj < CjD —1forj=1,2,...,r,
T

Zﬂjaj Z (m1 + 1)p1 + map2 +"'+mlpl},

j=1

dimZ =dimV —1=AD —m — 2.

Since deg a; < CjD—1, we obtain dim Vi 0.p,a; < CjD—deg a;—1. There are at most countably
many rational curves that are disjoint from D, so G’ is rigid. Therefore,

s
AD —m—2=dimZ <Y _dim Vg, 0,00
j=1

T T
< Z,uj dim Ve, 00,0, = Z,uj(C'jD —dega; — 1)
j=1 j=1

T T T
:AD—Zujdegaj—Z,uj gAD—m—l—Z,u,j.
j=1 j=1 j=1
Then we must have ) p; = 1. That is, > p;C; contains only one component C' = C; with
multiplicity one. Clearly,
C' € VA-G-6,0,D,(m1+1)p1-+mapa-t-—tmp; »

and (3.1.10) follows. Once we have VA_G.0.D,mipi+mapst-+mp, 7 0, all the other statements
follow from the standard deformation theory of curves on surfaces [HM98, § 3.B]. O
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COROLLARY 3.11. Let X be a complex del Pezzo surface and D € |—Kx| be a smooth anti-
canonical curve on X. Then for all big and nef divisors A on X, all points p1,p2,...,p1 € D
satisfying (3.1.9) and all my, ma,...,m; € N satisfying m = > m; < AD — 1,

VA,O,D,mlpl+m2p2+~~+m1pz e 0.

Proof. By Theorem 3.10, it suffices to show that V4 ¢ # ). Note that D is ample and there does
not exist a G > 0 with G # 0 and DG = 0.

It should be a well-known fact that every big and nef complete linear series on a del Pezzo
surface contains an integral rational curve, but we include a simple argument proving this. It
suffices to write A = A; + Ay + --- + A, such that 4;D > 1, 41D > 2 and Vy,0 # 0 as in
Theorem 3.10.

We may assume that A is ample. Otherwise, we simply blow down the (—1)-curves disjoint
from A to obtain f: X — Y. Then f.A is ample on Y and A = f*(f.A).

Let A, E1, Es, ..., E, be the effective divisors generating Pic(X) with A2 = 1, AE; = 0 and
E? = —1fori=1,2,...,7. When r = 0, we have A = dA for some d € Z* with AD = 3 and
Va0 # 0, obviously. So V4o # 0. When r = 1, we have A = dA +m(A — Ey) for some d,m € Z*
with Voo # 0 and Va_p, 0 # 0. So Vao # 0. When r > 2, the effective cone of curves of X is
generated by (—1)-curves on X. Therefore, there exists an m € Z* such that A —mD = G is
nef while A — (m + 1)D is not. It is not hard to see that Vp o # 0.

If G? > 0, then by our choice of m, we have GR = 0 for some (—1)-curve R. We can blow
down the (—1)-curves disjoint from G to obtain an f: X — Y such that f.G is ample and
G = f*(f«G). So by induction on rank Pic(X), we conclude that Vi o # (0. Obviously, GD > 2
by the Hodge index theorem. Therefore, V4 # 0.

If G # 0 and G? = 0, then G = aF for some indivisible F' € Pic(X) with F base-point-free
and F? = 0. It is not hard to see that Vg # 0 and FD = 2. Therefore, V4 # 0.

If G =0 and D? > 2, we can again derive Vs # 0 from Vp g # 0. So the only case left is
that A =mD and D? = 1, that is, r = 8 and A = —mKx for some m > 2. In this case, we can
write

7 7
2D = <3A—2E1—ZE¢>+<3A—ZEZ-—2E8>,

i=2 i=2
R Ry
where Ry and Rp are (—1)-curves with Rj Ry = 3. By deforming the union R; U Ry, we conclude
that V2D70 #* 0. Thus, VA70 =+ 0. O

The appearance of the effective divisor G in Theorem 3.10, which we will call a (—2)-tail,
is quite inconvenient for us. In the case that X is a del Pezzo surface, we automatically have
G = 0 due to the ampleness of —Kx. However, we also need to apply the theorem to the case
that —Kx is big and nef. Namely, we need to work with singular del Pezzo surfaces. In this
case, every connected component of G, if non-zero, is supported on a tree of smooth (—2)-curves.
Fortunately, the following proposition guarantees that (—2)-tails do not appear in the flat limits
of integral rational curves.

PROPOSITION 3.12. Let 2" be a smooth proper family of surfaces over B = SpecC[[t]] and
f:€/B — Z /B be a family of stable maps over B such that

e the geometric generic fibre ?77 of ¢/ B is connected and smooth, and f maps € birationally
onto its image;
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e the image of the central fibre of ¢ of ¢ /B under f is
[+6 = Co +m1Cr +m2Cy + - + m, Cy

where m; € N, C1,Cy, ..., C, are smooth rational curves satisfying C’i2 < —2and C1 4+ Cy+
-+ -+ C} has simple normal crossings and Cy is a (possibly reducible and non-reduced) curve
meeting Cy + Cy + - - - + C,. transversely on X = Zy;

e cach curve C; deforms in the family 2" /B fori=0,1,...,7;
o 6o— fTHCLUCU---UC,) and 6y have the same arithmetic genus.

Then mi =mg=---=m, = 0.

Proof. Let M =%y — f~1(CLUCsU---UC,). The fact that M and %, have the same arithmetic
genus is equivalent to the fact that every connected component T of f~1(C;UCyU---UC,) is
a tree of smooth rational curves and TM = 1.

Suppose that at least one of the m; is positive. We will construct a (possibly infinite) sequence
Iy, I'1,...,Ty,... such that

e ['g = M and each I'; is either M or an irreducible component of %y dominating one of
C1,Co, ..., Ch

e for each ¢ € N, we have I'; # I';11, and there exist a point p € C; UCoU---UC, and a
connected component T; of f~1(p) satisfying T; N T; # ) and T; N T4y # 0;

o T; #1T; 1 forall i € N;

e the sequence terminates at n > 2 if and only if I';, = M.

Once we have such a sequence, we must have I'; = I'; for some j —¢ > 2. Then it is easy
to see that the dual graph of %y contains a path G1Gs...G,, such that G1,Go,..., G, are
distinct components of €y for some m > 2, G; C 6o — M for 1 < i < m, G; NGy # 0 for
j=1,2,...,m—1 and either G1G5 ... Gy, is a circuit, or G; and G, are two distinct components
of M. Either way, this contradicts the hypothesis that M and %) have the same arithmetic genus.
So it suffices to produce the sequence {I';} with the above properties.

Let C = C, for some 1 < a < r. Let 21 be the blowup of 2" along C. The central fibre
of 3&”0[1] of 2”1 over B is the union of the proper transform of X, which we still denote by X, and
the exceptional divisor R; meeting transversely along X N Ry = D;. One of the key hypotheses
is that C' deforms in the family 2" /B. So the normal bundle of C' in 2 splits as

Neyzr = Nxjz| ,® Neyx = Oc @ Oc(—na)

where C? = C’g = —ng < —2. Consequently, Ry =, for n, > 2. And since D% = n, on Ry, the
divisor R; contains a section Dy over C' with D% = —ng and Dy N Dy = 0.

We continue to blow up 2 [ along Dy to obtain 2°?l. Then the central fibre %”0[2] of Z12/B
is the union X UR1 UR,, where X is the proper transform of X C 27, the divisor Ry is the proper
transform of Ry ¢ 211, and Ry is the exceptional divisor, X and R; meet transversely along
D; = X N Ry, the divisors R; and Ry meet transversely along Do = R; N Ry and X N Ry = .
Here we again abuse the notation by using X, R;, D; for the subvarieties of all 2 K], Again, we
have Ry = F,,, and a section D3 of Ry/C with D2 = —ng on Ry and Dy N D3 = (. We may
continue to blow up 22 along D3 to obtain 273/, So we have a sequence of blowups

2 =20 _ Wl . _ g0 ce 4 pAUR (3.1.12)
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where %[l] =XUR;URyU---U Ry, such that

X is the proper transform of X = Zy;

R, =F,, fori=1,2,...,1

RiNRj=0for0<i<j—1<l—1land Rp=X

R;_1 and R; meet transversely along D; = R;_1 N R; and DZ»2 = —n, on R;_1 and D? =ng
on R, fori=1,2,...,1.

Over a general point ¢ € C, the map f: %9 — X is finite and unramified onto its image if
C C f(%). Therefore, the proper transform of f(%) under 2Y — 2" does not contain D; for
i=1,2,...,0. And since f(%) is irreducible and Cy # C, for [ large enough, the proper transform
of f(¥) does not contain Djyq either, where Dj;q is the section of Rl/C’ with Dl+1 = —n,. Let

us choose [ with this property and also lift f: € — 2 to a family f - € — 2’ of stable maps
with the diagram

Ml

;

R - R,

—
SN
after a base change.

For every component I' of %, that dominates C via f, our choice of [ implies that ]?(f) lies
in R; for some 1 < ¢ <! and D;,Dj1 ¢ f(f), where T' C CKAO is the proper transform of I'
under ¢. Let us define two things using f

(1) We define a partial order among the components of € that dominates C' via f. Let I' and I’
be two components of 6y dominating C. Let [ and IV C (50 be their proper transforms
under ¢. Suppose that f( ) C R; and f(F’) C Rj for some 1 < i,j <. We say that I' < IV
orIV=Tifi<jand T AT or IV ¥ Tifi>j

(2) Let I' be a component of 6y that dominates C' via f and Tc CKAO be its proper transform.
Suppose that f(f) C R; for some 1 < ¢ < [. We define &1 to be the effective 0-cycle on I’
given by

{F = QO*((f*RZ_l)f) .

Note that f(f) is an integral curve on R; = F,,, meeting D;_; and D; properly. Therefore,
we have

deggl" - (f* ) i—1 2 Mg degF(f) 2 2degF(f)a (3113)
where degp(f) is the degree of the map f: I' — C.

One of our basic tools is the following observation:

(%) Let V ¢ 2 be an étale/analytic/formal open neighbourhood of a point p € D; =
R;,_1 N R; for some 1 < ¢ <[ such that

V =2 (Clx, v, z,t]]/(xy — tm) )
Let U C € be a connected component of f_l(V). We write
Up=W,1 +W;
with f(Wi_1) C Ri_1 and f(W;) C R;. Then
FWii1.Ri = fWiRi_y .
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We will construct the sequence {I';} inductively such that for each i € ZT, either I'; = M,
or I'; dominates some C, via f and

supp(¢r,) € Ti-1.- (3.1.14)

We have I'g = M. Let us first find I'y. Since %) is connected, there exist a point p € CyNC, for
some 1 < a < r, a connected component Ty of f~!(p) and a component 'y of 6y dominating C,,
such that Ty N Ty # 0 and Ty N Ty # B. Since Cy meets C, transversely at p, we must have

UQ(§F1) =1

by (*), where ¢ = Top NI’y and vy(&r,) is the multiplicity of ¢ in the O-cycle &r,. By (3.1.13), the
support supp(ér,) contains at least another point ¢ # ¢. So (3.1.14) holds for ¢ = 1. We have
found I'; with the required property.

Suppose that we have found I';. If I'; = M, the sequence terminates and we are done. Suppose
that I'; dominates C, for some 1 < a < 7. By (3.1.14), there is a point g € supp(¢r,) such that
q € T;_1. Let T; be the connected component of f~1(f(q)) such that ¢ = T; N T;. There are three
cases:

(1) We have M NT; # (). In this case, we simply let T';11 = M.
(2) There is a component I' of ¢y dominating C, such that TNT; # () and T' < T';. Then we let
I'i41 =T since we have supp(&r) ¢ T; by ().
(3) Cases (1) and (2) both fail. By (x), there must be a component G of 4, dominating C for
some 1 < b # a < r such that G NT; # (. This case requires more effort.
Now let us deal with case (3). Since cases (1) and (2) both fail, M NT; = ( and for all
components I' # I'; of ¢y dominating C, and satisfying I' N T; # (), we have I' £ T';.
Let P be the union of the components I" of 4 dominating C, and satisfying I' N T; # (), and
let @ be the union of the components G of 4 dominating Cj, and satisfying GNT; # (). We let U
be an étale open neighbourhood of T; in € and let fiy be the restriction of f to U. Then by (x),
we have

degp(fu) < degq(fu), (3.1.15)
where degp(f) and degy(fu) are the degrees of the maps

f:PNU—-C,NfU) and f: QNU — Cyn f(U),
respectively. We claim that there exists at least one component G C @ such that

supp(éc:) ¢ T - (3.1.16)

Otherwise, suppose that supp(g) C T; for all components G C @. And since G and T; meet at
a unique point s, this implies that supp({g) consists of the single point s, the map f: G — C}
is totally ramified at s and

vs(€q) = degéa = 2degq(f) (3.1.17)
by (3.1.13).

Then by (3.1.17) and by applying (*) to the blowup sequence (3.1.12) over C' = Cj, we
conclude that

degp(fu) = Y vs(€a) > 2degq(f) = 2dego(fu) (3.1.18)

GcQ
S:GmTi
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where degg(f) = degg(fu) since the map f: G — Cp is totally ramified at G NT; for all
components G C Q. Clearly, (3.1.15) and (3.1.18) contradict each other. This proves (3.1.16) for
some component G C Q. So it suffices to take I';11 = G. O

COROLLARY 3.13. Under the hypotheses of Theorem 3.10, we further assume that DP > 0 for
all nef and effective divisors P  D. Then Theorem 3.10 holds for G = 0.

Proof. Let ¥ be the union of all rational curves R C X such that DR = 0. We claim that X is
a union of smooth rational curves with negative definite self-intersection matrix.

Suppose that Ry, Ro,..., R, C X are rational curves whose self-intersection matrix is not
negative definite. We may choose { Ry, Ra, ..., Ry} such that every proper subset of { Ry, Ra, ...,
R, } has negative definite self-intersection matrix. Since the self-intersection matrix of { R, Ra,
..., Ry} is not negative definite, we can find c1,co,...,c, € Z not all zero such that (c;R; +
coRo + -+ + can)2 > 0. We may choose ¢; such that at least one of the ¢; is positive. Let us
write

Ry +caRe+ -+ Ry = Z ciRi — Z(—Ci)Ri :

c; >0 c; <0
—_—— ——
A B
We claim that B = 0; otherwise, A2 < 0, B2 < 0 and AB > 0 by our hypothesis on R; and hence
(A — B)? < 0. Therefore, B = 0 and ¢y, ¢a,...,c, > 0. In other words, there exists an effective

divisor A = Y ¢;R; supported on Ry + Ry + --- + R,, such that A2 > 0. Let us choose A such
that B2 < 0 for all 0 < B < A. Clearly, A is nef; otherwise, AR; < —1 for some i and then

(A-R)> =A% -24AR, + R? > A* +2-2=A*>0.
So A is nef and hence DA > 0, which gives a contradiction.
In conclusion, all subsets {R1, Ra, ..., R,} C X have negative definite self-intersection matri-
ces. This actually implies that ¥ is a union of finitely many smooth rational (—2)-curves with
simple normal crossings.

In the proof of Theorem 3.10, the support of G’ in (3.1.11) is contained in . Hence G’ = 0
by Proposition 3.12. Thus, Theorem 3.10 holds for G = 0. ]

THEOREM 3.14. For a general complex K3 surface X with Picard lattice (3.1.1), r < 8 and a big
and nef divisor L on X, there exists an integral rational curve C' € |L| such that the normalisation
v: C — X of C induces an injection vy: Tz — v*Tx. In addition, if r < 6, then C' can be chosen
to be nodal.

Proof. We consider a type II degeneration Y = Y] U Y3, where the Y; are two del Pezzo surfaces
whose Picard groups are generated by effective divisors A;, Ei1, Eso, ..., E; with intersection
matrix

L _1- (r+1)x(r+1)

for : = 1,2 and Y7 and Y2 meet transversely along a smooth anti-canonical curve D = Y] N Ys.
Let 2;: D — Y, be the inclusion. We further require

11(A1) =153(A2) and JE1j; = 15Fy; (3.1.19)
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in Pic(D) for j =1,2,...,7.

For a general choice of such a Y, the relations from (3.1.19) are the only relations among
1 A; and of E;; in Pic(D). If these are satisfied, then Pic(Y') is freely generated by A and Ej,
for j =1,2,...,r, whose restrictions to Y; are A; and Ej;, respectively. By Theorem (2.3), the
surface Y can be deformed to a K3 surface with Picard lattice (3.1.1). Clearly, the E; deform to
disjoint (—2)-curves, and A deforms to a big and nef divisor orthogonal to E; correspondingly.

Let m: 2~ — SpecC[[t]] be such a family with 25 = Y. Now we use A, F1, Es, ..., E, to
denote the effective divisors on 2~ whose restrictions to Y; are A;, E;1, Fio, .. ., Eyy, respectively,
for i = 1,2. Meanwhile, the big and nef divisor L on the generic fibre .27, extends to a divisor,
which we still denote by L, on 2. We let L; be the restriction of L to Y; for ¢ =1, 2.

Clearly, the 3-fold 2" has 18 — 2r rational double points x1, o, ..., T18_2, on D satisfying
Op(r1+x2+ -+ 218-2r) = Np/v; @ Ny,
= Op(—Ky,) ® Op(—Ky,) (3.1.20)
= Op(6A — 2B, — 2Ey —--- — 2E,),
which is the only relation among x1, 2o, ..., r18_ 2, for a general choice of Z .

To find a rational curve in |L| on the generic fibre 27, of 27, it suffices to locate a “limiting
rational curve” I' in |L| on %p.

Suppose that LD > 2. By Corollary 3.11, we have Vi, 0.pmp # 0 for p € D general and
m = LD — 1. And since z; is a general point on D, we can find rational curves I'; € |L;| for
i = 1,2 such that I';,D = x1 + mp on Y;, that I'; is smooth at p and that the normalisation
v: Iy = Y; of I'; induces an injection v,: T — v*Ty;; that is, v is an immersion.

By Theorem 2.5, the union I' = I') UT'; can be deformed to a rational curve %, on the generic
fibre Z;, of 2 after a finite base change. The normalisation v: 4;, — %, of ¢, is an immersion
since the same holds for I';, the point 21 € I'y NI’y deforms to a node, and the point p € I'1 NIy
deforms to m — 1 nodes of €.

If LD = 1, this only happens when r = 8 and L; = —Ky, = D. For a general del Pezzo
surface Y; of degree 1, there exists a nodal rational curve I'; in |- Ky;| that meets D transversely
at a unique point p. Then it is easy to see that I' = I'y UI'y can be deformed to a nodal rational
curve ¢, on the generic fibre 27,

Suppose that r < 6. By the Hodge index theorem, LD > 3.

If LD < 4, it is easy to see that (Ky, + L;)L; < 0. Namely, the arithmetic genus of L; is at
most 1. Then a general member of V7, o must be nodal since its normalisation is an immersion. So
there is a nodal rational curve in | L;| passing through the a = LD —1 general points z1, z2, . .., Z4
on D. Thus, we may find I' = T’y UT'; such that T'; are nodal rational curves in |L;| satisfying

iD=z +22+ - -+x4+D
on Y; for i =1,2. Then I' = I'y UT'3 can be deformed to a nodal rational curve %, on the generic

fibre 2.

If LD > 5, then by Theorem 3.10 and Corollary 3.11, we have Vi, 0. p.mp # 0, and a general
member of Vi, o.p mp is nodal for m = LD — 4 and a general point p € D. And since 1, x2, 23,
x4 are four general points on D by (3.1.20), we can find nodal rational curves I'; € V1, 0.p.mp
such that

I'vD=x14+x3+x3+24+mMmp
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onY; for t = 1,2. Then I' = I'; UT's can be deformed to a nodal rational curve ¢;, on the generic
fibre 2;,. O

THEOREM 3.15. Let X be a general complex K3 surface with Picard lattice (3.1.2) generated by
effective divisors A, E1, Eo, ..., E,. for r <5, and let L be a big and nef divisor on X satisfying

{LA>3,

g , (3.1.21)
LE; <2 ifr=5.

Then there exists an integral nodal rational curve I' € |L|. Moreover, there exist integral nodal
rational curves P and Q) in |A| and |[4A+2Ey — Ey — - - - — E,|, respectively, such that T'+ P + Q
has normal crossings on X.

Proof. By the description of the nef cone of X (see Remark 3.7) and (3.1.21), we have

L=dA+m1E1 —moEy —---—m,E,. ford,m,m; €N,
d>2m1 >4 n<1ax m;, and m; > 3, (3.1.22)
<igr

ms <1ifr=5.

We let Y7 be a smooth projective rational surface with Picard lattice

0 1
1 -2
-1
-1

-1

L < 2rx2r
generated by effective divisors A1, By, G1,Ga,...,Go.—o and let D be a smooth anti-canonical
curve on Yi. We further require

Op(A1) = Op(G1 +G2) = Op(G3+Gy) = --- = Op(Gar—3 + Gor—2) .
Such a Y7 can be realised as the blowup of Fo at 2r — 2 points p1, p2, ..., p2r_o such that po; 1
and po; lie on the same fibre of Fy over P! for i =1,2,...,r — 1.

We let Y 2 P! x P! with Pic(Y3) generated by two rulings As and By and let D be a smooth
anti-canonical curve on Ys.

Let Y = Y7 U Y5 be the union of Y7 and Y3 glued transversely along D satisfying
Op(1141) = Op(1542),

where 1;: D < Y; is the inclusion for ¢ = 1, 2.

Note that such a Y = Y1 UY5 is not projective. But we can deform it to a projective K3 surface
whose Picard lattice has rank r+2 and contains the lattice (3.1.2) as a primitive sublattice. That
is, there exists a flat and proper (but non-projective) family 7: 2~ — Spec C[[t]] of surfaces such
that 2o =Y and the generic fibre 2, of 2" is a K3 surface whose Picard lattice has rank r + 2
and contains (3.1.2) as a primitive sublattice. This follows from Theorem 2.4.

There are effective divisors A, E1, Es, ..., E,. on 2 such that

Oy, (4) = Oy, (A1), Oy, (4) = Oy, (A2),
0Y1 (El) = OY1 (Bl) s OYz(El) = OYQ s
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Oy, (E;) = Oy, (Gai—3 + Gai—2), Oy,(E;) = Oy,(A2) fori=2,...,r.
The 3-fold 2" has 18 — 2r rational double points z1,x, ..., T15_9 on D satisfying

Op(z1+x2+ -+ 718-27) = Np/v; @ Ny,
= Op(—Ky,) ® Op(—Ky,)
=0p((T—1)A) ® Op(2Bs),

which is the only relation among x1,xo, ..., x18 9, for a general choice of Z .

Let L be the divisor on 2" defined by (3.1.22). As before, to prove the existence of rational
curves in |L| on the generic fibre 2, it suffices to find a limiting rational curve in |L| on Zp =Y.
However, due to the fact that L is not big when restricted to Ys, we cannot construct such a curve
in |L| on Y. To overcome this, we need to work with the “twisted” linear series |L + Y7| on Z .

As explained in Section 2, the group HY(Y, L + Y1) is the kernel of the map

HO(Oy, (L1 — D)) @ H)(Oy, (L2 + D = Y~ ;)

|

H(Op(Ly + D — Y zj)) === H(Op(L; — D))

sending (71,72) to 71 — 72, where the L; are the restrictions of L to Y; for i = 1,2 and are given
explicitly by

T
Ly =L}y, =dA; +m By — ij(Gyf:s + Gaj_2),
=

Ly = L]y, = <d—2mj)A2.

Jj=2

By a direct computation, we see that h®(2;, L) = h°(Y, L+Y1). So every (y1,72) in HO(Y, L+
Y1) can be deformed to a section in H°(L) on the generic fibre 2. It suffices to find a limiting
rational curve I' C Y cut out by such ~;.

Without loss of generality, let us assume that mo > --- > m,. Suppose that m; =0 for i > a
and m; > 0 for 7 < a. We have

L1 —D= (d — 4)141 + (m1 — 2)31 — (mj — 1)(G2j73 + ngfg)
j=2

=M + Z (G2j—3 + G2j-2),
j=a+1

Ly+D=(d+2- ij)Ag + 2B,
j=2
for M = (d — 4)A1 + (m1 — 2)31 — Z(m] — 1)(G2j_3 + ng_g) .
=2
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Sinced —4 >2(m1 —2) > 4(me—1) = --- > 4(mg — 1) by (3.1.22), we can write

M = (mg —1) (2A1 + By — Z sz_3> + (mg —1) <2A1 + By — ZGQJ'_Q)

=2 i=2
a—1 7 a—1
+ Z(mz — Mit1) <2A1 + By — Z G2j3> + Z — Miy1 <2A1 + B — Z Gaj— 2)
=2 7j=2 1=2 7j=2

+ (ml — 2m2)(2A1 + Bl) + (d — 2m1)A1
(3.1.23)
and conclude that Vas o # 0. Similarly, Vi,4p—ca,0 # 0 for all ¢ < 4. We let

A=min(4, MD —1) and m=MD — .

If MD < 4, it is easy to see by (3.1.23) that the arithmetic genus of M is at most 1.
So a general member of Vi is nodal, and there exists a nodal rational curve in |[M| passing
through X\ general points on D. If M D > 5, by Corollary 3.13,

Va,0,0,mp 7 0 and Vi, p—44,,0,0,mp # 0

and general members of V0. p.mp and Vi,+p_44, 0 0,mp are nodal for p € D general. So we may
find a I' C Y such that

F=T1UTlU---Ul\UT\11 U2 U3,
where
Iy, Toy.. Ty, Tage C Y, Dayp, a3 C Y,
Iat1 € Vao.pmp, T'i,T2,...,Tx € Ao,
Iai2 € Vit D-2A2,0,D,mp >
Lyt =G2a-1UGo—2U---UGoy_3U G2,
hW.D=x1+y1, I'e.D=x2+ys, ..., I'n.D=2x)\+yr,
Cyxpi.D=y1+y2+ - +yx+mp,
Iy D =mp+wi +we + -+ wWor—24 + Try1 +Trp2 + -+ T1s—2r,
[ai3.D =wy +wa + -+ + war_2q4 -
Here we choose I'y 1 and 'y 2 to be the general members of Vi 0.pmp and Vi, p_xa,,0,D,mps

respectively. So they are nodal, as explained above, in both cases MD < 4 and MD > 5.
Therefore,

e ''y1+Iyy3and 'y + T2 +--- + 1"y + I'x12 have normal crossings on Yj,
e '\y1+yysand 'y + Ty + -+ + '\ + I'x12 meet D transversely outside of p on Y;, and

e ' 1+Ty3and 'y + T2 + -+ + 'y 4+ ['yyo have simple tangencies with D at p on Y; for
1=1,2.

By Theorem 2.5, we see that I' can be deformed to a nodal rational curve in |L| on £;. To
construct a nodal rational curve in |A|, we let

P=PUP,,
where

Plel, PQC}/Q, P1 S |A1‘, PQG ‘A2|,P1.D:ZE)\+1+(], PQ.D:ZII)\+1+q.
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Again by Theorem 2.5, we see that P can be deformed to a nodal rational curve in |A| on Z5,.
To construct a nodal rational curve in |44 4+ 2E; — Ey — -+ — E,|, we let

Q=0Q1UQ2U---UQs—r

where
Q1CYr, Q2,...,Q¢— C Yo,
Q1€ [4A1+2B1 — Gy — -+ — Gop 2|, Q2 € |Az],
Q1D =s3+s3+ -+ S6-r,
Q2.D =x)y2+ 52, Q3.D=2x)\13+53, ..., Qo—r.D =2r16-1+ S6-r,
where @)1 is a nodal rational curve in |[44; +2B; — G — - - - — Ga,_2| passing through the general
points sa, ..., s_r. Again by Theorem 2.5, we see that ) can be deformed to a nodal rational
curve in [4A+2E, — Ey —--- — E,| on Z;,.
Also it is easy to check that I' + P 4 ) has normal crossings on Y] and Ys, and p &€ P U Q.
So its deformation on 27 has normal crossings as well. O

Now we have produced nodal rational curves on K3 surfaces with Picard lattices (3.1.1)
and (3.1.2). Theorem 3.1 follows more or less easily.

Proof of Theorem 3.1 when det(A) is even. Let Y be a general K3 surface with Picard latti-
ce (3.1.1) for r = 6. By Lemma 3.3 and 3.8, we can find a primitive lattice embedding o: A —
Pic(Y') such that o(L) is big and nef on Y. Then there is a nodal rational curve C € |o(L)| by
Theorem 3.14.

There is a smooth proper family m: 2~ — Spec C[[t]] of K3 surfaces such that 2y =Y, the
fibre 27, has Picard lattice A and L extends to a divisor .2 on 2" with %y = o(L). Then C can
be deformed to a nodal rational curve in |.Z| on the generic fibre 2Z;, of 2. O

Proof of Theorem 3.1 when det(A) is odd. We are going to prove the theorem under hypothe-
sis A2 or A3. Let Y be a general K3 surface with Picard lattice (3.1.2) for some r < 5. In both
cases A2 and A3, it suffices to find a primitive lattice embedding o: A < Pic(Y) such that o(L)
is big and nef on Y and

{O’(L)-A >3, (3.1.24)

o(L).Bs <2 ifr=5,
where A, E1, Es, ..., E, are the effective generators of Pic(Y’) with intersection matrix (3.1.2).

Suppose that L satisfies condition A2. By Lemmas 3.6 and 3.8, there is a primitive lattice
embedding o: A < Pic(Y) for r = 4 such that o(L) is big and nef on Y. In this case, we have
L =1L+ Ly + L3 such that LL; > 0 and L% > 0 for i = 1,2,3. Let us write

O'(L) :U(L1)+U(L2)+U(L3) = My + My + Mg (3125)

for M; = o(L;). We claim that M;A > 1 for all nef divisors A # 0 on Y.
Since (L) is nef and o(L).M; = LL; > 0, we have h?(M;) = h®(—M;) = 0. Therefore, by the
Riemann—Roch theorem,

M? L
RO(M;) = b (M;) + =L +2 >

2
L 492>9,
5 5 +2>
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Hence the linear system |M;| has a non-zero moving part. Let I" be an irreducible component of
the moving part of |M;|. Then

M;A>TA>0.
If TA > 0, then M;A > 0 follows. Otherwise, I'A = 0. And since both I and A are nef, A2 =0

and I is numerically equivalent to aA for some a € QT by the Hodge index theorem. This holds
for all components I' of the moving part of |M;|. So we have

M;=adA+ F,
where F' is the fixed part of [M;|. If FA > 0, we again have M; A > 0. Otherwise, F'A = 0; then
F? = a?A% 4+ 20AF + F? = (aA+ F)> = M? > 0.
Since F is effective and F2 > 0, we again have h’(F) > 2 by the Riemann-Roch theorem. This

contradicts the fact that F is the fixed part of |M;].

In conclusion, M;A > 1 for all nef divisors A # 0 on X and ¢ = 1,2,3. By (3.1.25), we have
o(L).A > 3. This proves (3.1.24) for case A2.

Suppose that L satisfies condition A3. In this case, L = Lj + Ly which LL; > 0, L? > 0,
L%:—Z, Ly €2A, L1 — Lo € nA for all m € Z and n > 2, and
L4201 Ly, >18<a+b>9, (3.1.26)

where we let L% = 2a and L1Ls = b.

Let us first assume that A = ZLi @ ZL,. In this case, we will use the numerical condi-
tion (3.1.26) to explicitly construct a primitive embedding o: A < Pic(Y) for r = 5 such that
o(L) is a big and nef divisor on Y satisfying (3.1.24).

When b =0 (mod 3), we let

042
a+9+46 a
a(Ll):3A+3E1—;E,~ for5:3+3bj—a,
b
O'(LQ):gA—EQ.
When b =1 (mod 3), we let
6+2
1349 1
U(Ll):uA+3E1—2E2—ZEZ‘ for5:2—|—3{a+ J—a,
3 P 3
b—4
o(Lsg) = TA +Es.
When b = 2 (mod 3), we let
042
1 0 1
g(Ll):%A+3E1—E2—ZEi foréz2—i—3{a+ J—a,
b—2 =3

O'(Lz) = TA+E2

It is easy to check that o(L) = (L1 + L2) is big and nef divisor on Y satisfying (3.1.24).
This settles the case A = ZL{ @ ZLs.

Now assume that
N#£ZL1 ®ZL,. (3.1.27)
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Let 0: A — Pic(Y) be a primitive lattice embedding for » = 4 such that o(L) is big and nef
on Y. It suffices to prove that o(L).A > 3. We write

O'(L) :O'(Ll—l—Lg) = My + M,

for M; = o(L;). Since LL; > 0 and L% > 0, we have M1 A > 1 by the same argument as before.
Since LLy > 0 and L% = —2, the divisor Ms is effective by the Riemann-Roch theorem. So
MsA > 0. If My A+ M3yA > 3, then o(L).A > 3 and we are done. Otherwise, we have three cases:

o MiA=1and MyA = 0;

o MiA=2and MyA = 0;

o M4 A= MA=1.
We will show that none of these cases are possible.

Suppose that M;A = 1 and MsA = 0. Since M, is effective, M22 = —2 and MyA = 0,
we necessarily have My = mA £+ E; for some 2 < j < 4. And since M1 A = 1, it easy to

see that M; and My generate a primitive sublattice of Pic(Y). Then L; and Lo generate A,
contradicting (3.1.27).

Suppose that M1 A = 2 and M>A = 0. Again, we have My = mA £ E;. Then one of following
must hold:
(1) M; and M generate a primitive sublattice of Pic(Y);
(2) My = 2D for some D € Pic(Y); or
(3) My — My = 2D for some D € Pic(Y).
As pointed out above, the first case is equivalent to A = ZL; @ ZL9, contradicting (3.1.27).

The second and third cases are equivalent to Ly € 2A and L1 — Lo € 2A, respectively, both
contradicting our hypotheses on L;.

Suppose that M1 A = MyA = 1. Then

(1) either M; and Mj generate a primitive sublattice of Pic(Y'), or
(2) My — My =nD for some D € Pic(Y),n € Z and n > 2.

Again, the former contradicts (3.1.27) and the latter is equivalent to L — Ly € nA, contradicting
our hypotheses on L;. This finishes the argument for case A3.

In conclusion, we can find a primitive embedding o: A < Pic(Y) such that o(L) satisfies the
hypotheses of Theorem 3.15. So there is a nodal rational curve C € |o(L)| on Y.

There is a smooth proper family 7: 2~ — Spec C[[t]] of K3 surfaces such that 2y =Y, that
Ay has Picard lattice A and that L extends to a divisor £ on 2~ with %4y = o(L). Then C can
be deformed to a nodal rational curve in |Z| on the generic fibre 2Z;, of 2. O]

3.2 Higher-rank lattices

It is natural to expect the above techniques to apply to various lattice of higher rank; for the
purposes of [CGL19], however, we will carry this out for the following two specific rank 4 lattices.

THEOREM 3.16. Let A be one of the following lattices of rank 4:

2 -1 -1 -1
-1 -2 0 O
-1 0 -2 0}’
-1 0 0 =2

(3.2.1)
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12 -2 0 0
-2 -2 -1 0
0o -1 -2 -1
0o 0 -1 -2

(3.2.2)

Then for a general K3 surface X with Pic(X) = A, there is an integral rational (respectively,
geometric genus 1) curve in |L| if L is a big and nef divisor L on X with the property that

L=1Li+ Ly+ Ly for some L; € A satisfying that LL; >0 and L? > 0 fori =1,2,3. (3.2.3)

Proof. We claim that there is a primitive embedding o: A — X, for ¥, given by (3.1.2) and
r < 5.

When A is (3.2.1), we let r = 4 and

O'(B) :2A+E1,
0(C) = —-A+FEy, o(Cy)=-A+E;, o(C3)=—A+ Ey,

where {B,C1,Cs,C3} and {A, E,..., E,} are the bases of A and ¥,, respectively, with the
corresponding intersection matrices.

When A is (3.2.2), we let r =5 and

O'(B) =12A+6F; —4FEy — 3E3 — 2E, — E5,
o(C1)=A—-Ey, o(Cy)=—-E;, o(C3)=A-E;.

This proves our claim. So there exists a flat proper family 7: 2" — Spec C[[t]] of K3 surfaces
such that %2y is a general K3 surface with Picard lattice X, that 2, is a K3 surface with Picard
lattice A and that there is a divisor .Z on 2" with %) = o(L).

We may choose o such that %4y = o(L) is big and nef on Zj. By the same argument as in
the proof of Theorem 3.1, we can show that

o(Li)A>21=0(L)A>23< LHA>3
on Zy by (3.2.3).

When A is (3.2.1), we have r = 4. Then the existence of nodal rational curves in |.Z5| on 2o
is directly given by Theorem 3.15. Therefore, there are integral rational (respectively, geometric
genus 1) curves in |.Z| on Z,.

When A is (3.2.2), we have r = 5. Theorem 3.15 only gives the existence of nodal rational
curves in |.%| if % additionally satisfies mingc;<5 Z0F; < 2. So some extra work is needed.
Suppose that

5
Z =dA+m1Ep — Zszl
i=2
for some d, m; € Z. Without loss of generality, let us assume that mo > ms3 > my4 > ms. Since %
is nef and %A > 3, we have

d>=22m1 =24mo =2 4mg > 4dmy > 4ms >0 and mq = 3.

If ms < 1, then there is a nodal rational curve in |-%p| by Theorem 3.15, and we are done. Let
us assume that ms > 2.
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We write
5
L = (d —4dms + 4)A + (m1 —2ms + 2)E1 — Z(ml —ms5 + 1)Ez
=2

s (3.2.4)
+ (T)’L5 - 1)(4A+2E1 _ZE1> =P+ (m5 — 1)F
1=2
if mqy —2ms > 1 and
5
2o = (d—4ms)A + ms <4A +2F7 — Z EZ> = (d—4ms)A+ msF (3.2.5)

i=2
if mq = 2ms, which implies mq = 2mo = 2mg = 2my = 2ms.

Suppose that mj — 2ms > 1. That is, we have (3.2.4). Since P is big and nef and PA > 3,
there exists an integral rational (respectively, geometric genus 1) curve I' € | P| by Theorem 3.15.
There is also an integral nodal rational curve R € |F| such that I" and R meet transversely. As
F? =0, the curve R has a unique node ¢. Let

TURURy U URpy 1 —1s 2
be a stable map given as follows:
o f: I - T and f: R; — R are the normalisations of I' and R, respectively, for i =
1,2,...,m5 — 1;
e [' and R; meet at one point, R; and R;;; meet at one point for ¢ = 1,2,... ,ms — 2, and
there are no other intersections among I' and R;;
e [ maps the point ['N Ry to one of the intersections in T' N R, and it is a local isomorphism
at I' N Ry onto its image;
e f maps the point R; N R;11 to the node g of R, and it is a local isomorphism at R; N R;41
onto its image for : = 1,2,...,m5 — 2.
By a local isomorphism at rn R; and R; N R;11, we mean that f maps an étale/analytic/formal
neighbourhood of the point on the curve isomorphically onto its image.

It is clear that f deforms in the expected dimension on Zg. So it deforms to Z;. On the
other hand, the divisor class F' does not deform in the family 2~ over Spec C[[t]] since % is
not elliptic. Therefore, f extends to a family of stable maps to 2" over Spec C[[t]], still denoted
by f: ¢ — 27, such that €, is smooth and f.% is an integral rational (respectively, geometric
genus 1) curve on Z;. We are done.

Suppose that m; = 2ms. That is, we have (3.2.5). There is a nodal rational curve D € |A]
such that D and R meet transversely at two points. Clearly, D has a unique node p. Let

DyUDy U+ UDy gms URLURy U+ U Ry —— 2

be a stable map given as follows:
e f:D; — D and f: Rj — R are the normalisations of D and R, respectively, for i =
1,2,....,d—4msand j =1,2,...,ms;
e D; and D;y1 meet at one point, Dy_4,,; and R meet at one point, R; and R;;1 meet at

one point for 1 <7< d—4ms —1 and 1 < j < ms — 1, and there are no other intersections
among D; and R;;
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e f maps the point Dgj_4,,, N R1 to one of the intersections in D N R, and it is a local
isomorphism at Dg_4,,, N R onto its image;

e f maps the point D; N D;y1 to the node p of D, and it is a local isomorphism at D; N\ D; 1
onto its image for t =1,2,...,d —4ms — 1;

e f maps the point R; N Rj;1 to the node ¢ of R, and it is a local isomorphism at R; N R;11
onto its image for j =1,2,...,ms — 1.

Again f deforms in the expected dimension on Zj. So it deforms to 7. On the other hand,
neither A nor F deforms in the family 2~ over SpecC|[t]] since 27 is not elliptic. Therefore,
f extends to a family of stable maps to 2 over Spec C[[t]], still denoted by f: ¢ — £, such
that €, is smooth and f,%;, is an integral rational curve on %,,.

To see that there is also an integral geometric genus 1 curve in |.Z| on %Z;, welet s€ DN R
be the intersection such that s # f(Dg—_4m; N R1). Obviously, there are points s’ € Dg_ypm,
and s” € Ry such that f(s') = f(s”) = s. Therefore, f(%),) has a singularity where it has two
branches. Then it is well known that f(%;,) can be deformed to an integral genus 1 curve on 2
(see, for example, [CGL19, Lemma 6.5]) so we are done. O
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