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Abstract

Population protocols are a model of distributed computation where a large number of
agents interact. These agents have limited computational capabilities; they have no
identities and are finite-state. They interact pairwise and stochastically. The goal of
the computation is to decide a global property of the initial configuration. The output
is given by stable consensus: At each point, every agent has an opinion on the output.
This opinion can change any number of times, but eventually all agents must have the
same opinion, and it must not be possible for any agent to change their opinion.

We analyse the space complexity of population protocols, which is the smallest number
of states necessary to decide a given family of predicates. We give the first general lower
bound on the family of flock-of-birds predicates φk(x) ⇔ x ≥ k, and then give a matching
construction, proving that the bound is tight. We also give a construction for arbitrary
Presburger predicates, which results in protocols that are both succinct and have optimal
time complexity.

In addition to making protocols more succinct, we also investigate fault tolerance. We
show that our succinct construction for flock-of-birds predicates is almost self-stabilising,
meaning that, essentially, it still works in a model with an adversary that can add agents
to the computation in arbitrary states. We also investigate robustness of protocols
against an adversary that can remove agents during the computation and show that any
threshold or modulo predicate can be decided in this model.

We also consider variants of population protocols, as well as related models. We
consider population protocols where the number of states is allowed to grow with the
number of agents n, and characterise their expressive power when using Ω(log n)∩O(n1−ε)
states, for any ε > 0.

In broadcast consensus protocols, population protocols are extended with a broadcast
transition. We determine their expressive power when limited to a polynomial number of
interactions. Finally, we consider a related family of models where finite-state agents
interact on a graph and determine their expressive power when the graph is chosen by
an adversary.
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1. Introduction

Complex systems can sometimes behave in ways
that are entirely unpredictable.

Lieutenant Commander Data,
Star Trek: The Next Generation

If air inside a balloon is heated, the balloon will expand.
This behaviour is predicted by the ideal gas law: the pressure
exerted by a gas is proportional to its temperature divided by
its volume. These properties, temperature, volume and pressure,
are emergent — they are collective properties of all molecules making up the gas, not
of any individual one. Indeed, one would find it nigh-impossible to understand the
behaviour of a balloon by only considering trajectories of individual molecules.

Similarly, many dynamics shaping our world arise from complex interactions between
a large number of simple parts. It is crucial that we understand, and are able to design,
such emergent behaviours.

Various approaches attempt to tackle these issues. In this thesis, we shall walk a path
less trodden, and consider systems through the lens of computation. While molecules in
the air interact aimlessly, many other systems are designed, or have evolved, to serve a
purpose.

• Chemical reactions use specially selected or even synthesised substances to elicit a
desired behaviour. For example, one might wish to detect the presence or absence
of a certain kind of molecule, and perform a reaction that indicates the results, by
assuming a particular colour.

• In a biological system, cells cooperate to form larger organisms. To do this, they
must communicate important information, such as availability of certain nutrients.

• Computers clearly perform computation. While many networks consist of parts
much more complex than a single molecule, many others obey severe resource
constraints, limiting the computational power of their parts. Examples include
mobile sensor networks, or passively powered devices such as smart cards.

By considering complex systems as processes of computation, we are able to employ tools
from theoretical computer science to understand how powerful they are, and where their
limits lie.
Weak models of distributed computing. In this thesis, I consider and analyse multiple
theoretical models of distributed computation. These models are simplified — their aim

6



is not to model specific real-world systems, but rather to abstract and generalise the
essential aspects, to understand the underlying dynamics. The following key properties
are shared amongst them, and distinguish them from the wider study of distributed
computing.

• Many participants. Computer networks often consist of merely a few hundred
participants, with the largest having perhaps a few billion, or tens of billions. In
contrast, a chemical reaction easily involves 1023 molecules.

• Participants are limited. In distributed computing, one often assumes the
ability for all participants to store data and perform arbitrary computations on it.
In contrast, here we assume strict limits on their computational capabilities. They
have only finitely many states, and cannot store additional information.

• Stochastic interactions. Participants cannot choose when and with whom to
communicate. Consider e.g. a chemical reaction, where molecules collide randomly.
Analogously, we assume that communication happens according to a stochastic
process.

• No identities. Two agents in the same state are indistinguishable in principle,
just like two molecules of the same kind.

• Global input. The input is a global property of the system, meaning that the
information is shared across all participants. For example, the input could be the
total number of participants (which is initially not known by any individual).

• Computation by consensus. At each point every participant stores its current
output. This output may change throughout the computation, but eventually all
participants must agree on one output, which must not change thereafter.

Population protocols. To make the above more concrete, let us consider the model
of population protocols [5], which has enjoyed immense popularity in the distributed
computing community. It is also the main focus of this thesis, occupying all but the last
section. I will only give a brief introduction here, a formal definition can be found in
Chapter 3.

We refer to the individual participants of the computation as agents, and to the group
of all agents in the computation as population. An agent is in one of finitely many states,
and has no other properties. For our first example, let Q := {A,B} denote the set of
states. Since an agent is described by only its state (in other words, two agents in the
same state are indistinguishable), all we need to describe a configuration, i.e. the state
of the computation at a given point in time, is the number of agents in each state. For
example, consider a configuration C = 5 · A + 7 · B, i.e. in configuration C there are 5
agents in state A and 7 agents in state B.

The computation proceeds via pairwise interactions. To execute one step, we pick two
(distinct) agents uniformly at random, yielding a pair of states. A transition function then
determines the result of the interaction, which is also a pair of states. In particular, the
total number of agents does not change. Continuing the example, we choose transitions
δ := {(A,B) 7→ (B,B)}, i.e. if two agents in states A and B meet, respectively, the former
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A B

Figure 1.1.: The first example protocol using graphical notation (see Section 3.1.1).

moves to state B as well. (Implicitly, we assume that all other interactions have no effect.)
This transition is illustrated in Figure 1.1.

If this interaction occurs in the configuration C = 5 · A + 7 · B from above, we end
up in a configuration with 4 agents in state A and 8 agents in state B. Continuing to
execute interactions eventually leads to a configuration where all 12 agents are in B.
Having interactions occur sequentially is a convenient viewpoint for analysis, but we
usually assume that a linear number of interactions (w.r.t. the number of agents) occur
independently in parallel. This does not affect the behaviour of the protocol, but it does
affect the speed — we say that a computation that takes T interactions runs in parallel
time O(T/n), where n is the total number of agents.

Finally, we must define input and output. For the former, we designate some states
as input states. The initial configuration consists only of agents in those states; their
amounts are the input to the protocol. For the output, there is an output function
assigning each state either 0 or 1. In the example, let us choose all states as inputs, and
let the output function be O := {A 7→ 0,B 7→ 1}.

A protocol computes a predicate if from any input configuration it will eventually
reach a stable consensus, that is, a configuration where all agents have the same output,
and no agent can reach a state with a different output. The protocol above decides the
predicate φ(A,B) ⇔ B ≥ 1. If all agents are in state A, the configuration cannot change,
while in any configuration with at least one agent in state B eventually all agents in state
A will move to B as well.
Research questions. In this thesis, I investigate the computational limits of population
protocols and related models. The lines of inquiry comprise the following:

• Space complexity. Given a predicate φ, what is the smallest population protocol
that decides φ?

• Time-space tradeoffs. Are small population protocols necessarily slow?
• Robustness. Is it possible to construct fault-tolerant population protocols — at

least for some fault models?
• Model variants. How do different parameters (such as varying the transition rule,

or locating agents in a graph) affect the computational power of the model?

1.1. Prior Work
The population protocol model was introduced by Angluin, Aspnes, Diamadi, Fischer
and Peralta in 2004 [5, 6], and they proved that it is possible to decide every Presburger
(or semilinear) predicate in this model. Subsequently, Angluin, Aspnes, Eisenstat and
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Ruppert [8] showed that the decision power of population protocols is precisely the
Presburger predicates, i.e. every predicate decided by a population protocol is Presburger.

In the two decades since the model was introduced, many results on both the basic
model as well as variants of it were obtained.

In the basic model, one can analyse the space complexity of some predicate φ, i.e.
the size of the smallest protocol deciding φ. Of particular interest is the asymptotic
space complexity of various families of predicates. This means that one investigates how
quickly the protocol must grow to handle predicates of increasing complexity. (This
is distinct from investigations in the non-constant state space model, described below,
where a single predicate — usually majority — is fixed, and the growth is w.r.t. the size
of the population.)

The simplest family that has been investigated in this context are the flock-of-birds
predicates, i.e. predicates of the form φk(x) ⇔ x ≥ k, where k ∈ N is a fixed parameter.
Their name comes from the original motivation for population protocols — modelling
mobile sensors, e.g. affixed to birds. The well-known flock-of-birds problem is for the
sensors to reach a consensus on whether at least k ill birds are part of the flock.1

It is known that all flock-of-birds predicates can be decided by population protocols
with O(log k) states [15]. If one extends the model with a leader, i.e. a unique designated
agent that can coordinate the computation, it is even possible to use only O(log log k)
states [15], an exponential advantage. No upper bounds are known for this problem.

This result was subsequently generalised, showing that for any Presburger predicate
φ (i.e. any predicate that can be decided by a population protocol) there is a succinct
protocol deciding φ. More precisely, a protocol with O(poly|φ|) states, where |φ| is the
length of the quantifier-free Presburger representation of φ, with coefficients in binary.
Non-constant state space. The most popular extension of population protocols —
perhaps more popular than the basic model even — allows the state space to grow slightly
with the number of agents n in the computation. When constructing protocols, one tries
to minimise both the running time of the protocol, ideally to O(polylog n) parallel time,
and the growth of the state space, ideally to O(polylog n) (though some constructions
even use only O(log log n) states).

The main motivation for the non-constant state space model is its ability to decide
many important predicates in polylogarithmic parallel time. This is not known to be
possible in the basic (i.e. constant state) model, and (under some technical assumptions)
it is proven to be impossible.

Two tasks are of particular interest: the majority predicate, i.e. constructing a protocol
that decides the predicate φ(A,B) ⇔ A ≤ B, and the task of leader election. For the
latter, the protocol must eventually reach a configuration where precisely one agent is in
a designated leader state. While not a predicate, leader election is an important subtask

— in particular, as will be discussed below, population protocols with a leader can quickly
compute arbitrary Presburger predicates.

In the non-constant state space model, lower bounds [1, 2] have been obtained for

1I remark that this problem would be better modelled by the predicate φ(x, y) ⇔ x ≥ k, though in
this context it does not make a difference.
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both majority and leader election, relating the growth of the state space to the time
complexity. In particular, their results also extend to the basic model, showing that
e.g. the majority predicate requires Ω(n/ polylog n) parallel time (under some technical
conditions). These results extend to “most” predicates, in particular to all predicates
which are not constant for sufficiently large inputs [9].

Subsequently, many constructions have explored the boundary between time and space
for both majority and leader election [1, 13, 2, 11, 41, 10, 12, 36] (see also [3, 37]).

The decision power of this model remains largely open. Consider protocols with f(n)
states, where f : N → N is a function (obeying some mild technical restrictions). It is
known that f ∈ Ω(n) implies that all predicates in SNSPACE(n log f(n)) can be decided,
i.e. the predicates decidable by a nondeterministic Turing machine with O(n log f(n))
space when the input is encoded in unary [22], while f ∈ o(log n) implies that only
Presburger predicates can be computed [8, 22], at least for certain subclasses of protocols2.
Model variants. As mentioned above, one variant considers the introduction of a leader,
a unique agent in a specially designated state that is part of the input configuration and
can help to synchronise the computation. This does not extend the decision power of the
model, but it enables exponentially faster computation [7].

In graph population protocols the communication structure is changed. While in the
basic model any two agents may interact, instead one executes the protocol on a connected
undirected graph G. The nodes of G correspond to the agents, and only adjacent agents
may interact. If the graph is chosen adversarially, the model can still decide precisely the
semi-linear predicates [6], though on specific classes of graphs the model becomes much
more powerful (e.g. on a line one can easily simulate a linear-space Turing machine).
Arbitrary protocols in the basic model can be converted to work on an adversarially
chosen graph, with time and space overhead bounded by the conductance of the graph [4].

Many related models also consider finite-state agents located on a graph, e.g. [23, 43, 38],
see also [48]. In [40], the authors identify four parameters along which such models
commonly differ. Combining these four parameters, they construct 24 variants of such
models, which collapse into 7 classes based on their expressive power.

Another way to modify the model is to add additional data to the agents. In community
population protocols [42], as well as the related homonym population protocols [18], agents
have identities and can store a constant number of identities of other agents they interact
with. Roughly speaking, these models are much stronger than population protocols in
terms of expressive power.

Population protocols with unordered data give each agent an additional piece of im-
mutable data from some infinite set, but transitions may only check whether the data from
the two agents are equal, i.e. the transition function has the signature δ : Q2×{0, 1} → Q2

and remains finite [17]. The expressive power of this model is open; however, it is known
that the verification problem is undecidable [52], suggesting that the model is strictly
more powerful than population protocols, where verification is decidable [39].

Finally, one can also add additional types of transitions. In [47], the model is extended
with absence detectors, which allow an agent to determine whether a state is currently

2This is related to uniformity. A detailed explanation can be found in Section 6.2.
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occupied by some agent. This extends the power to SNSPACE(log n). In a similar vein,
the model of broadcast consensus protocols can add broadcast transitions, allowing one
agent to issue a broadcast that all other agents react to [16]. This also increases the
expressive power to SNSPACE(log n).
Fault-tolerance. The basic model assumes that all agents work as intended, and agents
neither appear nor disappear throughout the computation. Relaxing this assumption
leads one to consider different notions of fault-tolerance.

In [35], the authors allow for two kinds of failures: agents may disappear, or change
state arbitrarily. However, the total number of failures is bounded by a constant, and
the actual number of failures must be low enough to not change the output of the initial
configuration. For example, if given the majority predicate φ(A,B) ⇔ A ≤ B, only
|A−B| failures may occur. Under these assumptions, the expressive power is not affected
and all Presburger predicates can be computed.

Robustness has also been considered in variants of the population protocol model. In
community population protocols, it is possible to tolerate a constant number of Byzantine
failures [42], i.e. agents that change their states arbitrarily often and are adversarial.

Self-stabilisation is a strong notion of fault-tolerance considered primarily in the non-
constant state space model. It states that the protocol stabilises to the correct output
regardless of the input configuration. It is known that this requires Ω(n) states (in
particular, it is impossible in the basic model) [21], and constructions using O(n) states
exist [21, 20].

1.2. Contributions
I briefly outline the main contributions of this thesis. Detailed descriptions can be found
in the corresponding chapters.
State complexity of flock-of-birds predicates. Consider the flock-of-birds predicates
φk(x) ⇔ x ≥ k. The state complexity of φk is the size of the smallest population protocol
deciding φk. In other words, we ask how many states a protocol needs to count to k — a
fundamental question about the power of the population protocol model.

In 2018, Blondin, Esparza and Jaax first considered this problem. While they provided
some upper bounds, they were unable to show any general lower bound, i.e. a lower
bound that holds for every k. This problem remained open until 2021, where we proved
that any protocol for φk needs Ω(log log log k) states [26]. We later improved this bound
to Ω(log log k) [29]. This is described in Section 4.2.

This leaves a gap to the best known construction with O(log k) states. Contrary to
prevailing opinion, I prove that the lower bound is tight, by describing a O(log log k)
construction in the basic model [25], described here in Section 4.3. To go beyond
O(log k) states, this construction needs to have certain properties that are unusual for
constructions in the literature — in particular, to the best of my knowledge it is the
first construction for flock-of-birds predicates that is not 1-aware, and the first for any
predicate that is intrinsically not silent. (Roughly speaking, a protocol is 1-aware if for
any accepted input at some point some agent “knows” that the protocol will accept. A
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protocol is silent if computation eventually ceases and no agent changes state after that
point.)

Due to these properties, the protocol exhibits certain fault-tolerance properties. In
particular, it is almost self-stabilising, meaning that it stabilises to the correct output for
any input configuration where a small number of agents start in the initial state. I detail
the fault-tolerance properties of this protocol in Section 5.1.
Arbitrary Predicates. Blondin, Esparza, Genest, Helfrich and Jaax showed in 2020
that succinct protocols exist for arbitrary Presburger predicates [14]. (Succinct means
that the protocol decides a predicate φ with O(poly|φ|) states, where φ is represented as
quantifier-free Presburger formula.) However, their construction produces protocols that
are slow — they can take exponential parallel time to reach a consensus.

We improve upon their result in 2022, proving that it is possible to construct succinct
protocols that run within linear parallel time [32, 33]. This is described in Section 4.4.
This time bound is optimal, since e.g. the majority predicate requires at least Ω(n)
parallel time [1, 9].

As a corollary, we also obtain protocols of size O(|φ|), i.e. linear instead of polynomial,
but they work only under the assumption that the number of agents is not too low. More
precisely, the protocols assume that n ∈ Ω(|φ|) agents are present — a mild assumption
in the context of natural computing.
Robustness. Similar to [35], we consider a model of fault-tolerance where agents
may disappear during the computation. As in their model, we restrict the number of
disappearances such that the output of the initial configuration cannot be changed by
removing that many agents. However, we do not bound it by a constant, so a single
protocol has to work for a potentially unbounded number of errors. We call a protocol
robust if it works in this model, i.e. a protocol that can tolerate disappearing agents.

We show that it is possible to construct robust protocols for arbitrary threshold
predicates [45], described in Section 5.2. These are predicates of the form φ(x1, ..., xl) ⇔
a1x1 + ... + alxl ≥ t, where a1, ..., al, t ∈ Z. While this is an important subclass that
covers predicates such as flock-of-birds predicates and majority, it remains open whether
all Presburger predicates can be computed in this model.
Other models. As mentioned above, the model of broadcast consensus protocols extends
population protocol by adding broadcast transitions. Previously, their expressive power
was determined to be precisely SNSPACE(log n) [16].

We consider their running time and show that any Presburger predicate can be
computed in parallel time O(log n), which is optimal [34]. Moreover, any randomised
Turing machine can be simulated with an overhead of parallel time O(log n) per step of
the Turing machine. This is described in Section 6.3.

In [40], Esparza and Reiter introduce a variety of models where agents are located on
nodes of a graph. They analyse their expressive power when both the initial states of the
agents and the graph structure itself form the input. Out of the 24 variants they define,
they identify 7 different equivalence classes, which they separate. However, they make
no statements about the precise expressive power of each of the 7 classes.

We consider the expressive power of their model under the assumption that both
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the graph and the locations of the agents on the graph are adversarially chosen. As in
population protocols, the input is then a multiset of input states and the protocol decides
a predicate.

With these assumptions, we precisely characterise the expressive power of all 7
classes [31]. We also strengthen the model by restricting the degree of the graph
to be bounded by a constant, a natural limitation in biological systems, and precisely
characterise 6 of the 7 resulting classes, while bounding the 7th. Details can be found in
Section 6.4.

1.2.1. Other contributions
The following results were also obtained during my doctoral studies, but they are not
included in this thesis. Nevertheless, I shall give a brief description here.
Interactive protocols. Automated reasoning tools, such as SAT-solvers, are both
increasingly complex and increasingly relied upon to ensure the correctness of safety-
critical systems. It is, therefore, paramount that we are able to check the output of
such tools. To this end, certification is used: in addition to the result (i.e. satisfiable or
unsatisfiable), the tool outputs a certificate, which an independent checker can verify. If
the certificate is valid, the output of the tool must be correct.

However, certifying that, say, a SAT-instance is unsatisfiable requires certificates of
exponential length3. This is a problem also in practice — certificates can be many TiB
in size, and verifying them takes asymptotically the same amount of computing power as
solving the instance.

One possible solution is suggested by the IP = PSPACE theorem, a famous breakthrough
result in complexity theory [51]. It considers a model with two parties:

• Verifier , running a polynomially time-bounded, randomised algorithm, and
• Prover , which is computationally unbounded, but untrusted.

While Prover can simply solve the instance and tell Verifier the output, Verifier cannot
trust Prover. Instead, Verifier sends a series of challenges to Prover to determine the
veracity of Prover’s claims. In particular, it must be impossible for Prover to convince
Verifier of a false output (except for some negligible failure probability).

The IP = PSPACE theorem then states that every problem in PSPACE, which contains
most practically relevant automated reasoning tasks, can be certified by such an interactive
protocol.

Note that Verifier is polynomially time-bounded, while solving the instance takes
exponential time4.

Though this seems promising, there is one major obstacle to applying such an approach
in practice: the algorithm for Prover proposed in [51] is not feasible to implement, since
it iterates through all possible assignments. Solving practical SAT-instances requires

3Unless NP = coNP, which is widely believed to be false.
4Or at least superpolynomial, unless P = PSPACE, which is very widely believed to be false.
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the use of clever heuristics which, while still exponential in the worst case, significantly
outperform brute-force methods.

We therefore consider binary decision diagrams (BDDs) — an approach that is still
widely used in practice for many different automated reasoning problems. We show that
it is possible to adapt existing BDD algorithms to yield an efficient implementation of
Prover [24]. In particular, our algorithm for Prover is guaranteed to take only constant-
factor overhead for both solving the instance and responding to Verifier’s challenges,
compared to simply solving the instance using the standard BDD algorithm.

This algorithm relies on a theoretical statement connecting the intermediate BDDs
computed in the standard BDD algorithm to the finite-field polynomials that are required
in the IP = PSPACE theorem.

We also implement our approach. In our measurements, the constant-factor overhead is
low (roughly 3), and the certification time is much faster than state-of-the-art approaches
(roughly 300 times faster, and improving with increasing instance size).

In follow-up work [27], we formalise the notion of competitive interactive protocols,
where Prover has low overhead compared to a given algorithm, and give a general
framework to construct such protocols. We also show that within the framework, an
interactive protocol competitive with the Davis-Putnam resolution procedure can be
constructed.
Regular abstraction frameworks. In regular model checking, one is given a regular
transition system (CI , δ), where CI ⊆ Σ∗ is a regular language over some alphabet Σ,
and δ ⊆ Σ∗ × Σ∗ is a regular relation over Σ. In particular, both are represented by finite
automata. This induces a transition system where the configurations are the words over
Σ, CI are the initial configurations, and δ determines the step relation.

An important property is safety: given a regular language CU ⊆ Σ∗ of unsafe config-
urations, decide whether it is possible to reach any configuration in CU in the system
(CI , δ).

It is easy to see that this problem is undecidable. Still, in practice many instances
can be solved with the help of inductive invariants, i.e. a set S ⊆ Σ∗ with CI ⊆ S and
δ(S) ⊆ S. However, depending on the instance different kinds of invariants might be
necessary to prove safety.

We propose a general approach and introduce the notion of regular abstraction frame-
works (RAFs) [28]. An RAF is simply a regular relation V ⊆ Γ∗ × Σ∗, where Γ is some
other alphabet. Each word w ∈ Γ∗ represents a potential invariant V(w). In this manner,
the RAF V encodes infinitely many possible invariants. We also develop an algorithm
that determines the inductive invariants of the RAF and determines whether these are
strong enough to prove safety of the regular transition system.
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2. Preliminaries

You’ll need to know chess notation before you
can read it.

Mr. Shaibel, The Queen’s Gambit

I define some basic notations used throughout the thesis.
We write N := {0, 1, 2, ...} for the natural numbers. Given

two sets A,B, we write BA for the set of functions f : A → B.
Multisets. We refer to elements of NA as multisets (over A).
Given two multisets C,D ∈ NA we write C +D for the multiset
defined as (C + D)(x) := C(x) + D(x) for all x ∈ A, and C ∩ D is the multiset with
(C ∩D)(x) := min{C(x), D(x)} for x ∈ A. We write C ≤ D if C(x) ≤ D(x) for all x. If
C ≤ D holds, we write D − C for the multiset fulfilling (D − C)(x) = D(x) − C(x) for
all x. We also write C ≤ k for k ∈ N if C(x) ≤ k for all x ∈ A, and use ≥ analogously
to ≤. Given k ∈ N, we define k · C via (k · C)(x) = k · C(x) for x ∈ A.

We sometimes abuse notation and, for x ∈ A, write simply x to refer to the multiset C
with C(x) := 1 and C(y) := 0 for y ∈ A \ {x}. If A ⊆ B and C ∈ NA, we also implicitly
consider C as a multiset C ∈ NB by extending with zero, i.e. C(x) := 0 for x ∈ B \ A.
Rarely, we will also consider a set S ⊆ A implicitly as the multiset given by its indicator
function, i.e. the multiset C with C(x) := 1 for x ∈ S and C(x) := 0 otherwise.

For a set S ⊆ A we write C(S) := ∑
x∈S C(x) for the number of times an element of S

appears in A. Given f : A → B, we set f(C) ∈ NB to the multiset with (f(C))(y) :=∑
f(x)=y C(x) for x ∈ A. The size of a multiset C ∈ NA is |C| := C(A) = ∑

x∈A C(x). Its
support is JCK := {x ∈ A : C(x) > 0}.
Predicates. In this thesis we only consider predicates over multisets, i.e. predicates
of the form φ : NA → {0, 1} for some finite A. We sometimes consider φ as a function
with |A| arguments over N instead. For example, given A := {x, y} we would write
φ(x, y) ⇔ x ≤ y for x, y ∈ N instead of φ(C) ⇔ C(x) ≤ C(y) for C ∈ NA.
Graphs. A (simple) undirected graph is a pair G = (V,E) where V is a finite set of nodes
and E ⊆ {{u, v} : u, v ∈ V, u ≠ v} is a set of edges. The neighbourhood of a node v ∈ V
is the set Γ(v) := {u : {u, v} ∈ E}. We extend this to sets S ⊆ V as Γ(S) := ⋃

v∈S Γ(v).
A graph is connected if Γ(S) = S implies S ∈ {∅, V }.
Digital readers. Please note that most named mathematical objects are clickable links
to their definitions. They are not coloured, to reduce distraction.
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3. Population Protocols

I just wanted to see how they would interact
and function in tandem. You see, in my
experiment, I had proposed a theory that by
working together they could combine their skills
and increase their usefulness.

Wesley Crusher,
Star Trek: The Next Generation

In this chapter, I introduce the formal definition of population
protocols and give a few examples.

3.1. The Model
Definition 1. A population protocol is a tuple (Q, δ, I, O), where

• Q is a finite set of states,
• δ ⊆ Q2 ×Q2 is a set of transitions,
• I ⊆ Q are the input states, and
• O : Q → {0, 1} is an output mapping.

We will use the simple protocol Pmaj := (Q, δ, I, O) for the majority predicate
φ(A,B) ⇔ A ≤ B as an example. We set Q := {A,B, a, b}, I := {A,B} and O(q) := 1
for q ∈ {B, b} and O(q) := 0 otherwise.

The idea of the protocol is that each agent has an opinion regarding the output —
states A, a want to reject, and states B, b want to accept (this is reflected in the choice
of O). To come to a consensus, it must be possible for agents to convince other agents of
their opinion. To that end, we separate agents into “active” agents in states A,B, and
“passive” agents in a, b.

When two active agents with different opinions meet, they keep their opinions but
become passive. This is effected by the following transition:

A,B 7→ a, b 〈cancel〉

For transitions, we write (p, q 7→ p′, q′) instead of ((p, q), (p′, q′)), where p, q, p′, q′ ∈ Q.
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Figure 3.1.: A run of Pmaj.

We then allow passive agents to change their opinion,
which happens whenever they meet an active agent. In
this case, the passive agent adopts the opinion of the active
agent.

A, b 7→ A, a

B, a 7→ B, b
〈convince〉

The resulting protocol is almost correct. For example, if we run the protocol starting
from the configuration C = A+ 2 ·B, we get the following execution:

A+ 2 ·B →〈cancel〉 a+ b+B →〈convince〉 2 · b+B

The latter configuration then repeats infinitely often. Since it is a 1-consensus, the
protocol accepts. This run is also illustrated in Figure 3.1.

However, the protocol does not work correctly in the case of a tie, as eventually all
agents will become passive and no consensus can be reached. Since we want to accept
that case, we allow the passive accepting agents to convince passive rejecting agents.

a, b 7→ b, b 〈tiebreak〉

This completes the description of Pmaj; as we will show later, the protocol is correct. But
first, we must formally define how a population protocol is executed, and what it means
for it to be correct.

Definition 2. Let P = (Q, δ, I, O) denote a population protocol. We refer to elements of
NQ as configurations, and to elements of NI as initial configurations. A configuration C
with JCK ⊆ O−1(b) is a b-consensus, with b ∈ {0, 1}.

Let t = (q, p 7→ q′, p′) ∈ δ denote a transition and C,C ′ ∈ NQ configurations. If
C ≥ q + p then t is enabled at C and we write C →t C

′, if C ′ = C − q − p+ p′ + q′. We
write C → C ′ if there are t1, ..., tk ∈ δ with C →t1 ... →tk

C ′ (allowing k = 0, in which
case C ′ = C) and say that C ′ is reachable from C.

We say that C is terminal if C → C ′ implies C = C ′.

Executing a single transition p, q 7→ p′, q′ is simple. One must ensure that agents in
states p, q are present (otherwise the transition may not be executed), then remove those
two agents, and finally add two agents in states p′, q′. To run the protocol, we execute
arbitrary transitions infinitely often.

Definition 3. Let σ = (Ci)i denote a (finite or infinite) sequence of configurations. We
say that σ is an execution, if for all i we have Ci →t Ci+1 or Ci = Ci+1. We write
inf(σ) := ⋂

i{Ci, Ci+1, ...} for the configurations appearing infinitely often in σ and call σ
a run, if it is an infinite execution and inf(σ) is closed under →.

Intuitively, we model the interactions of a population protocol by having one Poisson
process for each pair of agents, with the same constant rate. Equivalently, one can

18



q

q

p

q′

p′

q

p

q′

p′
qq

(a) (b) (c) (d) (e)

Figure 3.2.: Graphical notation. (a) A state. (b) An initial state. (c) A state with
output 1. (d) A transition (q, p 7→ q′, p′). (e) Same transition with alternative notation.

consider transitions to occur in sequence, and choose the next interaction by picking two
distinct agents uniformly at random. Since in the Poisson process model we execute Θ(n)
interactions within one unit of time (n being the number of agents), we measure the time
complexity in terms of parallel time, i.e. the number of interactions divided by n.

However, when we are not interested in the time complexity of a population protocol,
we can simplify the model further, as in the definition above. The stochastic scheduler
(i.e. picking two agents uniformly at random) is replaced by a fairness condition: in any
run σ the set inf(σ) is closed under reachability.

This fairness condition is sometimes referred to as “strong fairness”. It ensures that
every configuration that can be reached infinitely often is reached infinitely often.

Definition 4. Let P = (Q, δ, I, O) denote a population protocol and φ : NI → {0, 1} a
predicate. A run σ = C0C1... stabilises to b ∈ {0, 1}, if inf(σ) contains only b-consensuses.

We say that P decides φ, if for all C ∈ NI any run starting from C stabilises to φ(C).

3.1.1. Graphical notation

A B

a b

Figure 3.3.: Pmaj.

We visualise population protocols using the graphical notation from
Petri nets. States are drawn as ellipses, transitions are drawn as
rectangles, and they are connected by arcs. More precisely, given
a population protocol P = (Q, δ, I, O), let t = (q, p 7→ q′, p′) ∈ δ
denote a transition. Then we draw arcs (q, t), (p, t), (t, q′), (t, p′).

Initial states are highlighted by a triangle next to the state, and
states q with O(q) = 1 have a double border.

Sometimes, we have many arcs to the same state and, instead of
drawing them, draw outgoing and incoming dashed arcs that are
not connected.

The graphical notation is illustrated in Figure 3.2, and the protocol Pmaj is drawn in
Figure 3.3.

3.1.2. Proving correctness
In the sequel, we will prove correctness of various population protocols. It is thus
instructive to look at a correctness proof of the simple protocol Pmaj here which both
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illustrates the definitions above, and demonstrates important techniques that also feature
in the proofs of more complicated protocols.

• We use invariants to relate reachable configurations to the corresponding initial
configurations. Roughly, this is a function val : NQ → S, for some set S, which
remains unchanged by executing transitions, i.e. C → C ′ implies val(C) = val(C ′)
for all configurations C ∈ NQ. Crucially, this can be checked locally, by simply
considering all possible transitions in isolation.
Usually, our invariants will assign a numeric value to a configuration, so we have
S = Z.

• To show that a protocol terminates, we use potential functions. These are functions
pot : NQ → N which can never increase by executing a transition, so pot(C) ≥
pot(C ′) for C → C ′. Again, this can be checked locally.
If we have two configurations C,C ′ with C → C ′ and pot(C) > pot(C ′), then we
know C ′ ̸→ C. But we get even more: Let σ denote a run, so (by Definition 3) we
know that inf(σ) is closed under →. From this we derive C /∈ inf(σ), as C ∈ inf(σ)
would imply C ′ ∈ inf(σ), but since C ′ ̸→ C we cannot visit both infinitely often.
In other words, we will eventually reach a configuration from which the potential
cannot be reduced further.

Now, let us prove that Pmaj does indeed decide the majority predicate.

Lemma 5. Pmaj decides φ(A,B) ⇔ A ≤ B.

Proof. Let (Q, δ, I, O) := Pmaj, and let C0 ∈ NI be arbitrary, and let σ = C0C1... denote
a run from C0. Following Definition 4 we have to show that σ stabilises to φ(C0). Again
by definition this means that every configuration C ∈ inf(σ) is a φ(C0)-consensus. Before
we show that, we make two observations.

First, we note that val(Ci) := Ci(B) − Ci(A) is an invariant, so it remains constant
(i.e. does not depend on i). We can verify this claim by inspecting the transitions:
〈cancel〉 reduces both Ci(B) and Ci(A) by 1, while 〈convince〉 and 〈tiebreak〉 leave either
unchanged.

Second, we can observe that the value of pot(Ci) := Ci(A) + Ci(B) cannot increase,
again by inspecting all transitions.

Now, pick some configuration C ∈ inf(σ). Our goal is to show that C is a φ(C0)-
consensus. We consider the following five cases. The first three deal with the situation
that C is not a consensus, the fourth considers the special case of a consensus consisting of
only a. These four will lead to a contradiction. The last case then handles the remaining
consensuses.

Case 1: C(A) > 0, C(B) > 0. Then transition 〈cancel〉 is enabled at C, and with
C ′ := C − A − B + a + b we have C → C ′. However, pot(C) > pot(C ′), so C ′ ̸→ C,
contradicting the fact that inf(σ) is closed under →. Hence this case cannot occur.

Case 2: C(A) > 0, C(B) = 0, C(b) > 0. Similarly to the previous case, we can
now execute transition 〈convince〉 to move to configuration C − b+ a. By executing that
transition C(b) times, we move to C ′ := C − C(b) · b+ C(b) · a. In particular, in C ′ all
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agents are in states A or a and no transition can be executed at C ′. Hence C ′ ̸→ C; a
contradiction.

Case 3: C(A) = 0, C(B) + C(b) > 0, C(a) > 0. Now we can execute 〈tiebreak〉 for
C(a) times, and reach a terminal configuration C ′ ̸= C, another contradiction.

Case 4: JCK = {a}. Let i be maximal such that Ci(A) + Ci(B) > 0. (Since it holds
for i = 0, such an i must exist.) In particular, we have Ci+1(A) + Ci+1(B) = 0, so Ci+1
results from Ci after executing 〈cancel〉. Hence JCi+1K = {a, b}. After step i, 〈cancel〉 is
never enabled (since, e.g. pot(Cj) = 0 for j > i), so the number of agents in state a can
never increase. This contradicts Cj → C.

Case 5: C is a β-consensus, JCK ̸= {a}. We get

β = 1
⇔ val(C) ≥ 0 (C is a consensus and JCK ̸= {a})
⇔ val(C0) ≥ 0 (val is constant)
⇔ C0(A) ≤ C0(B) (definition of val)
⇔ φ(C0)

3.2. Basic Properties
Let us collect some basic technical properties, which will become useful later. Fix some
population protocol P = (Q, δ, I, O).

First, we are going to show that the reachability relation is monotonic, i.e. adding
agents to a configuration does not limit which transitions can be executed.

Lemma 6. Let C,C ′, D,D′ ∈ NQ with C → C ′ and D → D′. Then C +D → C ′ +D′.

Proof. It suffices to prove the special case D = D′, since one obtains the general case by
applying the statement twice.

By there are transitions t1, ..., tk ∈ δ with C →t1 ... →tk
C ′. We proceed by induction

on k. In the base case k = 0, C = C ′ and the statement is trivial.
Otherwise, let C ′′ such that C →t1 ... →tk

C ′′ →tk+1 C
′, and let tk+1 = (p, q 7→ p′, q′).

By induction hypothesis, C+D → C ′′ +D. Since C ′′ ≥ p+q, we also have C ′′ +D ≥ p+q.
Moreover, C ′ = C ′′ − p− q + p′ + q′ implies C ′ +D = C ′′ +D − p− q + p′ + q′ and thus
C ′′ +D → C ′ +D.

The next lemma shows that a run exists from any configuration. Actually, it is even true
that if one executes transitions uniformly at random (from the set of enabled transitions,
say), then the resulting infinite execution will be a run with probability 1.

Lemma 7. Let C0 ∈ NQ. Then there is some sequence σ = C0C1... with C1, ... ∈ NQ,
such that σ is a run.
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Proof. To make the following more convenient, we write C →1 C
′ for configurations

C,C ′ if either C = C ′ or there is a t ∈ δ with C →t C
′.

We choose the sequence σ as follows. At index i, let S := {C ∈ NQ : Ci →1 C}. We
observe that S is finite and nonempty (since Ci ∈ S).

Let f : NQ → N be defined as f(C) := max({0} ∪ {j ≤ i : Cj = C}) for all C.
Intuitively, f(C) is the last index i at which configuration C appears so far.

Pick some configuration C ∈ S where f(C) is minimal and set Ci+1 := C. We repeat
the above procedure to generate an infinite sequence. Clearly, the resulting sequence σ is
an execution.

Assume for contradiction that σ is not a run. Then inf(σ) is not closed under →. In
particular, there exist C,C ′ ∈ NQ with C → C ′, but C ∈ inf(σ) and C ′ /∈ inf(σ). Due
to C → C ′, there is a sequence D1, ..., Dk with D1 = C, Dk = C ′ and D1 →1 ... →1 Dk.
Clearly, we can find some j with Dj ∈ inf(σ) and Dj+1 /∈ inf(σ), so we assume wlog
C →1 C

′

Since there are only finitely many choices for C ′, we can pick one where i := max({0}∪
{j ≤ i : Cj = C ′}) is maximal. (Note that C ′ appears only finitely often in σ, so the
maximum exists.)

As C appears infinitely often in σ, fix some index j > i with Cj = C and inf(σ) ⊆
{Ci+1, ..., Cj}. Consider the choice of configuration Cj+1 and let S and f as above. In
particular, we have f(C ′) = i. For any D ∈ inf(σ) our choice of j implies f(D) > i, so
Cj+1 ̸= D. But if Cj+1 /∈ inf(σ), then Cj+1 ∈ S implies C = Cj →1 Cj+1, and we either
have Cj+1 ̸= C ′, and i is not maximal, or Cj+1 = C ′, contradicting the definition of i.

In either case we have a contradiction; therefore, σ is a run.

Finally, we give a different characterisation of which inputs are accepted, using the
notion of stable consensuses.

Definition 8. Let C denote a b-consensus. We say that C is stable, if for all configura-
tions C ′ with C → C ′ we have that C ′ is a b-consensus as well.

Intuitively, a configuration is a stable consensus if all agents have the same opinion,
and it is not possible for any agent to change their opinion.

Lemma 9. Assume that P decides a predicate φ. Let C0 ∈ NI denote an initial
configuration and b ∈ {0, 1}. Then C0 reaches a stable b-consensus iff φ(C0) = b.

Proof. “⇒”: Let C denote a stable b-consensus with C0 → C. Using Lemma 7 there is a
run starting from C. By adding a prefix we obtain a run σ = C0C1... with Ci = C for
some i. Since we have C → Cj for every j > i, Cj is a b-consensus and inf(σ) contains
only b-consensuses. By Definition 4, φ(C0) = b.

“⇐”: Let σ = C0C1... denote a run and pick some C ∈ inf(σ). Let C ′ ∈ NQ be
arbitrary, with C → C ′. As inf(σ) is closed under → we have C ′ ∈ inf(σ). Using
Definition 4, we obtain that C ′ is a φ(C0)-consensus, i.e. a b-consensus. Hence C is a
stable b-consensus.
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4. State Complexity of Population
Protocols

They seem to be getting smaller, Charlie. Are
you sure you wouldn’t like some more?

Michael Collins, Apollo 11, 1969

Given a predicate φ, what is the size of the smallest protocol
deciding φ? This is the essential question of space complexity
of population protocols. Here, the size of a population protocol
is simply the number of states.

Minimising the number of states is of particular importance
in the application of chemical computing, where the total number of agents is enormous
(e.g. roughly 1023 molecules participating in a reaction), but the number of states is
limited to perhaps 100-1000. Similar discrepancies, albeit not as stark, exist in other
areas of natural computing.

In addition to its practical relevance, state complexity is also one of the fundamental
measures in theoretical computer science (the other being time complexity). Analysing
the ability of population protocols to succinctly express predicates gives us fundamental
insights into the power of the model.
Definition 10. Let φ denote a Presburger predicate. The space complexity of φ is the
largest k ∈ N, such that every population protocol deciding φ has at least k states.

Note that space complexity is well-defined since every Presburger predicate can be
decided by a population protocol.

As always, it is less interesting to consider just a single instance (i.e. one specific
predicate), and determine the exact space complexity of that one predicate. Instead, we
look at the asymptotic space complexity of families of predicates.

Of particular interest are flock-of-birds predicates, which are threshold predicates of
the form φk(x) ⇔ x ≥ k. They are introduced in Section 4.1, together with some simple
protocols deciding them.

For these predicates, I present lower bounds on their space complexity in Section 4.2,
i.e. impossibility results ruling out sufficiently small protocols. Matching these bounds,
Section 4.3 describes a construction that is exponentially smaller than the simple con-
structions presented in the section preceding it.

Finally, in Section 4.4 I turn towards arbitrary Presburger predicates and give a general
construction that constructs population protocols which are:
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• fast — they stabilise within linear parallel time. Since this (almost) matches a
known lower bound for population protocols, we refer to it as fast in this context.

• succinct — the number of states is polynomial relative to the length of the predicate
decided by the protocol.

4.1. Flock-of-Birds Predicates
To analyse space complexity, we need some family of predicates to consider. A natural
choice are flock-of-birds predicates, which are defined as follows.

Definition 11. The family (φk)k∈N with φk(x) ⇔ x ≥ k are the flock-of-birds predicates.

Throughout the remainder of this chapter, we will always write φk to refer to the
corresponding flock-of-birds predicate.

Note that the number of agents present in the computation does not change. Since
φk has only one input, the value of that input is equal to the number of agents n — so
intuitively the predicate φk can be restated as “Are there at least k agents?”.

These predicates are, arguably, the simplest possible infinite family of Presburger
predicates. As such, determining their space complexity is an important stepping stone
towards the analysis of space complexity of arbitrary Presburger predicates. In fact, the
results on flock-of-birds predicates presented in this thesis have already led to advances
both for general predicates (see Section 4.4), as well as areas unrelated to space complexity
(see Section 5.1).
Token counting. Let us begin with a population protocol Ptok := (Q, δ, I, O) to decide
φk, for some arbitrary k ∈ N. This construction can be considered as a special case of
the construction of [5], already proposed in 2004.

The idea of the protocol is that every agent holds some number of tokens, up to k.
Hence, the states are Q := {0, ..., k}. Initially, each agent holds one token, so we set
I := {1} as initial states.

There are only two types of transitions. First, if two agents meet and the total number
of tokens carried by them is below k, then one agent takes all tokens (and the other
leaves empty-handed).

i, j 7→ i+ j, 0 for i+ j < k 〈collect〉

Conversely, if they have at least k tokens in total, they both leave with k tokens.

i, j 7→ k, k for i+ j ≥ k 〈accept〉

Finally, we set k as the only accepting state, i.e. O(k) := 1 and O(q) := 0 for q ∈
{0, ..., k − 1}.

The protocol works in two phases. First, agents collect tokens until one agent has
collected at least k. Once that happens, that agent “knows” that at least k agents exist
and can accept. Since every interaction with an agent in state k results in both agents

24



being in state k, this will spread throughout the population until every agent is in state
k and the population accepts.

On the other hand, if fewer than k agents are present, eventually all tokens are held
by a single agent and the configuration becomes terminal, with all agents rejecting.
Lemma 12. Ptok decides φk.
Proof. For a configuration C we define

val(C) := min{k,
∑

q∈Q

C(q) · q} pot(C) := maxJCK

Note that executing transitions does not change the value of val and can never decrease
the value of pot.

Let σ = C0C1... denote a run and let C ∈ inf(σ).
Case 1: val(C) < k. Clearly, C(k) = 0 by the definition of val, so C is a 0-consensus,

and k > val(C) = val(C0), implying φk(C0) = 0.
Case 2: val(C) = k. If in C one agent is in a state q < k, then another agent must be

in a state p > 0 (as val(C) = k could not hold otherwise). These two agents can interact,
resulting in one agent moving to state min{q + p, k} > q. In particular, if pot(C) < k,
then we find a configuration C ′ with pot(C ′) > pot(C) and C → C ′. However, C ′ ̸→ C,
a contradiction (Definition 3).

Therefore, C must have at least one agent in state k. Since interacting with that agent
increases the number of agents in state k, and that number cannot decrease, we find that
all agents are in state k. Hence C is a 1-consensus, and k = val(C) = val(C0) implies
φk(C0) = 1.

Succinct protocols for flock-of-birds predicates. While Ptok is simple to describe, it
uses Ω(k) states to decide φk. Going back to our motivation of chemical reactions, we
can consider, say, the case k = 1023, where Ω(k) requires 1023 states, clearly too many.
Definition 13. Let (Pk)k∈N denote a family of population protocols, where Pk decides
φk. We say that Pk is succinct if it has O(polylog k) states.

With the above definition, we can formalise the search for a smaller protocol: Does a
succinct population protocol for φk exist?

As it turns out, this is the case, and it is not difficult to see why. Essentially, we take
the protocol from above and restrict the number of tokens held by each agent to be a
power of two.

More precisely, let k = 2p be a power of two, with p ∈ N. We will construct a succinct
protocol Ptok2 := (Q, δ, I, O) for φk. (It is possible to generalise this construction to
arbitrary k, see [15].)

As states we use the powers of two up to k, as well as 0, so Q := {0} ∪ {20, 21, ..., 2p}.
Input and output are as for Ptok: I := {1}, O(k) := 1 and O(q) := 0 for q < k.

For the transitions, we simply take all transitions of Ptok that are still valid:
i, i 7→ 2i, 0 for 2i < k 〈collect〉
i, j 7→ k, k for i+ j ≥ k 〈accept〉

25



Lemma 14. Ptok2 decides φk.

Proof (sketch). Since Ptok2 results from taking Ptok and deleting transitions, most of the
arguments from the proof of Lemma 12 still apply. Intuitively, it remains to argue that
Ptok2 can always make progress towards reaching state k if at least k agents are present.

Consider any configuration C with at least k tokens in total. We have

∑

q∈Q\{0,k}
q =

p−1∑

i=0
2i = 2p − 1 < k

Therefore, if every state in Q \ {0, k} had at most one agent, the total number of tokens
is less than k. Since we assume the contrary, there must be at least one state q ∈ Q with
0 < q < k and C(q) ≥ 2. Hence two agents in state q can execute transition 〈collect〉.

The protocol Ptok2 uses only O(log k) states to decide φk. In particular, it is a succinct
protocol, and e.g. for k ≈ 1023, it would use roughly 77 states. This provides our first
nontrivial upper bound on the space complexity of flock-of-birds predicates.

Theorem 15 ([15]). φk has space complexity O(log k).

4.2. Lower Bounds
As we have seen in the previous section, it is relatively easy to construct succinct protocols
for flock-of-birds predicates. It is entirely unclear, however, how one could improve further
upon this construction, and it seems difficult to do so, if not impossible.

In this section we will endeavour to prove this impossibility, and provide lower bounds
on the state complexity. We start by discussing an existential lower bound proved in [15],
which applies only to infinitely many φk, before moving to one of the main results in this
thesis: a general lower bound on the state-complexity of flock-of-birds predicates.
Existential lower bound. The first lower bound relies on a simple counting argument:
a population protocol P = (Q, δ, I, O) with m := |Q| states can be described using
O(m4) bits (the most expensive part being δ ⊆ Q4). So there is at least one number
k ≤ 2O(m4) such that φk is not decided by any protocol with m states. (There are not
enough protocols to decide all such k.)

Theorem 16 ([15]). There are infinitely many k such that φk has space complexity
Ω(log1/4 k).

So in some sense the construction of the previous section is already optimal. This
is not very satisfying, however, since it does not exclude the possibility of certain φk

having much lower space complexity — and in practice, one often is not concerned with
determining whether a specific threshold is met. Instead, it suffices to check a threshold
that has roughly the right order of magnitude.

Therefore, we look for a general lower bound, which applies to all φk.
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4.2.1. General lower bound
We prove the following:

Theorem 17 ([26, 29]). φk has space complexity Ω(log log k)

The proof is technically involved and makes use of results from the theory of Petri nets
and integer linear programming. In this section, I will sketch the main ideas of the proof,
focusing on the parts as they relate to population protocols.
Notation. To ease presentation, I will simplify all polynomials of m to be just m. For
example, instead of m! ·m2m I write 2m, and instead of 2m22m log m I write 22m .

Let us also recall some notation regarding multisets. In particular, for a multiset
C ∈ NQ and k ∈ N we write C ≥ k if C(q) ≥ k for each q ∈ Q, and kC denotes the
multiset with (kC)(q) = k · C(q) for q ∈ Q.
Overview. Let P = (Q, δ, {qinit}, O) be a population protocol deciding φk, where
k > 22m , with m := |Q|. For technical reasons, we assume wlog that all states of P are
reachable. Our overall goal is to derive a contradiction by showing that P rejects some
input x ≥ k.

The proof proceeds as follows.
• We start with an initial configuration C0 := (k − 1)qinit, which is the largest inputs

that should be rejected.
• We show that C0 → Cmany → Ccons, for some configuration Cmany ≥ 2m and a

stable 0-consensus Ccons.
• We find a (nonempty) configuration D fulfilling two properties:

(a) Cmany + |D| · qinit → Cmany +D, and
(b) Ccons +D is a stable 0-consensus.

• Overall, we have (k − 1 + |D|)qinit → Ccons + D (see Lemma 6). But this is a
contradiction, since Ccons +D is a stable 0-consensus, but the initial configuration
has k − 1 + |D| ≥ k agents and must be accepted (see Lemma 9).

Many agents in every state. First, we consider the configuration Cmany. Its main fea-
ture is that every state has at least 2m agents. It is possible to reach such a configuration:

Lemma 18 ([29, Lemma 5.4]). There is some configuration Cmany with Cmany ≥ 2m and
C0 → Cmany.

Proof. In the configuration C0, some transition to a state q1 /∈ JC0K = {qinit} must be
enabled. We can execute that transition |C0|/4 times, reaching a configuration C with
C(q) ≥ |C0|/4 = 22m−2 for q ∈ {q1, qinit}.

Again, some transition to a state q2 /∈ JCK must be enabled, and the above process can
be repeated, until all states have agents. Since this requires up to m repetitions, and the
number of agents is divided by 4 in each iteration, we end up with at least 22m−2m ≥ 2m

agents in each state.
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Moreover, from Cmany we can reach some stable 0-consensus. This is simply a conse-
quence of the fact that P decides φk and Cmany has fewer than k agents.
Lemma 19 ([29, Lemma 5.4]). Cmany → Ccons, for some stable 0-consensus Ccons.
Proof. Since C0 → Cmany by construction and φk(C0) = 0, we can take some execution
from C0 to Cmany and extend it to a run σ. As P decides φk, the (nonempty) set inf(σ)
contains only 0-consensuses. Fix some Ccons ∈ inf(σ). Since σ is a run, the set inf(σ) is
closed under →, so Ccons is stable as well.

Invisible agents. We have found some stable 0-consensus Ccons. We are going to argue
a remarkable fact: there is some state q ∈ Q, such that the configuration Ccons + q is still
a stable 0-consensus. In fact, any state q with Ccons(q) ≥ 22m is suitable, and we set S
to be the set of such states. This insight comes from the theory of Petri nets and, in
particular, Rackoff’s theorem [50]. Essentially, it states that in a stable consensus, the
protocol can “count” only up to 22m .

Our goal is to “smuggle” one or more agents into S. We deliberately construct a
sequence of transitions that will move agents from the initial state into S, while the
remaining agents still reach Ccons. Once it has moved to Ccons + D, for some nonzero
D ∈ NS, it is too late for the protocol — that configuration is a stable 0-consensus, so
the protocol has rejected an input with at least k agents. This would contradict the
assumption that the protocol decides φk.
Lemma 20 ([29, Lemma 3.2]). Let S := {q ∈ Q : Ccons(q) ≥ 22m}, and D ∈ NS. Then
Ccons +D is a stable 0-consensus.
Smuggling. Lemma 20 gives us a set S such that adding an agent to any state in that
set keeps Ccons a 0-consensus. However, we still need to “smuggle” some agents into S,
i.e. construct an execution that reaches Ccons +D. Intuitively, we need to prove that it is
possible to execute transitions to move agents from the initial state qinit to precisely S —
if we have one agent anywhere else, Ccons +D need no longer be a stable 0-consensus.
However, the only thing we know about S is that it is possible to put “many” agents
into those states.

As it turns out, this is enough, and one can prove the following:
Lemma 21 ([29, lemmata 5.1, 5.8]). There is some D ∈ NS with Cmany + |D| · qinit →
Cmany +D.
Proof (sketch). The proof first considers a relaxed notion of reachability, where the num-
ber of agents is allowed to go negative temporarily. Under this assumption, reachability
can be described by an integer linear program. We then use a theorem due to Pottier [49],
showing that every solution to this integer linear program can be decomposed into “small”
parts. Using the fact that C0 → Ccons also yields a solution, we find a configuration
D ∈ NS and a solution that moves agents from the initial state into D — under the
relaxed notion of reachability.

Hence, in the relaxed execution, the number of agents in some states might become
negative. However, one can prove that it never drops below −2m, and, using Cmany ≥ 2m,
we get Cmany + |D| · qinit → Cmany +D.
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This concludes the proof of Theorem 17.

4.3. Very Succinct Protocols
With the lower bound of the previous section, and the construction in the section before
that, we have now determined that the space complexity of φk lies in Ω(log log k) ∩
O(log k).

This raises a new question: Are there “very succinct” flock-of-birds protocols? I.e. can
we find infinitely many k for which φk can be decided by a protocol with o(log k) states?
There are several reasons why this seems unlikely.

• While there is a very succinct construction in population protocols with leaders, it
relies on leaders in a crucial way, making it unlikely that the same construction
would work in the basic model. (An explanation of leaders is given below.)

• There is a conditional lower bound, showing that very succinct, 1-aware protocols are
impossible [15]. Essentially, 1-aware means that accepting runs can be characterised
by the protocol reaching a certain state (see Definition 45). All existing constructions
for flock-of-birds predicates, including the very succinct construction using leaders,
are 1-aware.

• Most steps of the lower bound also apply to succinct flock-of-birds protocols. Only
the use of Rackhoff’s theorem does not. Since Rackhoff’s theorem is a general
result for Petri nets, there is hope that a more precise bound specific to population
protocols can improve on it.

• Building on the previous point, one can improve the lower bound for silent popula-
tion protocols, i.e. protocols which eventually reach a terminal configuration. In
this case, Rackhoff’s theorem is not needed, so we could show that very succinct,
silent protocols are impossible. All existing constructions, for any predicate, are
silent.

This led to the prevailing opinion at the time that very succinct flock-of-birds protocols
were impossible. As the reader might suspect, however, it turns out that they do, in fact,
exist — and since they must evade the conditional impossibility results mentioned above,
they have certain interesting properties not seen in previous constructions.

In [25], I prove the following:

Theorem 22 ([25]). For infinitely many k, the space complexity of φk is O(log log k),
i.e. there is a population protocol Ptiny deciding φk with O(log log k) states.

The proof of this theorem is technically involved.
• First, I introduce population programs, a small structured programming language

with loops, procedures and branches.
• Within the model of population programs, I construct a very succinct program that

can decide φk. This program builds upon an earlier construction by Lipton [44],
but has to work under much weaker guarantees.
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• I then show how to convert population programs into population protocols, via an
intermediate model. This involves a leader election, trading one set of guarantees
(agents start in a proper initial configuration) for another (the existence of a unique
leader).

Over the next two sections, we will try to gain some intuition about the last two
steps. In particular, in Section 4.3.1 we are going to look at population protocols with
leaders, an extension of the population protocol model which is related to population
programs. I then sketch how it is possible to perform a leader election, which imposes
strong restrictions on the remainder of the protocol. Metaphorically speaking, the leader
election leads to “unrest”, meaning that the states of the non-leader agents become, in
some sense, arbitrary.

Building on those restrictions, we then consider a simplified model in Section 4.3.2 and
discuss the high-level ideas of construction, which strengthens a construction by Lipton
to still work under the weak guarantees provided here.

4.3.1. Elections cause unrest
A common extension of population protocols adds a leader to the model — a unique
agent in the initial configuration which can help synchronise the computation. It was
already shown by [15] that the equivalent of Theorem 22 holds in the model with leaders.
This result is not used in the proof of Theorem 22, but it is still instructive to look at
the model with leaders and how it relates to the leaderless case.

Definition 23. A population protocol with leaders is a tuple P = (Q, δ, I, O, qldr), where
(Q, δ, I, O) is a population protocol and qldr ∈ Q \ I is the initial leader state.

The initial configurations of P are precisely the configurations in qldr + NI (i.e. all
configurations C with JCK ⊆ I∪{qldr} and C(qldr) = 1). All other notions in Definitions 2
to 4 are defined analogously.

A B

a b

lB lA

Figure 4.1.: Pldr.

Let us consider an illustrative example for a population protocol
with leaders Pldr := (Q, δ, I, O, qldr) deciding the majority predicate
φ(A,B) ⇔ A ≤ B.

We use states Q := {A,B, a, b, lA, lB}, initial states I := {A,B}
and outputs O(q) := 1 for q ∈ {B, b, lB} and O(q) := 0 otherwise.
The initial leader state is qldr := lB, and we have transitions

lB, A 7→ lA, a

lA, B 7→ lB, b
〈advise〉

lB, a 7→ lB, b

lA, b 7→ lA, a
〈follow〉

The protocol is drawn in Figure 4.1. As in the protocol Pmaj from Chapter 3, we have
“active” agents in states A,B and “passive” agents in states a, b. Additionally, here we
have a leader, either in state lA or lB. The state of the leader indicates the leader’s
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Split(i):
goto s2

s1: xi−1 := xi−1 − 1
xi := xi + 1
xi := xi + 1

s2: if xi−1 ≥nd 1: goto s1

Main:
x0 := x0 + 1

s0: Split(1)
...

Split(m)
goto s0

Figure 4.3.: The counter machine Mpow. (left) The macro Split(i), i ∈ N. (right) The
instructions of Mpow.

opinion on which side has the majority. Any active agent of the opposing side can change
the leader’s opinion using 〈advise〉, becoming passive in the process. So eventually the
leader will have the correct opinion. After that point, all passive agents will follow the
leader’s opinion using transition 〈follow〉.

1: x := x+ 1
2: y := y + 1
3: if x≥nd 1: goto 1
4: y := y − 1
5: if y ≥nd 1: goto 4
6: goto 6

Figure 4.2.: The counter
machine Mex.

Counter machines. One of the main uses of leaders is the
simulation of (a restricted kind of) counter machines. Grossly
simplifying, these counter machines are equivalent to the model
of population programs mentioned above.

For example, consider the counter machine Mex with two
registers x, y holding values in N, as depicted in Figure 4.2.
We always start our counter machines from an empty initial
configuration, so we have x = y = 0 initially. The instructions
of the counter machine can increment or decrement a register
(instructions 1, 2 and 4, respectively), or execute a conditional
jump (instructions 3 and 5). The test “y ≥nd 1” is always false if
y = 0, and it nondeterministically returns true or false if y ≥ 1. Essentially, the counter
machine can “detect” agents: if they are present it is possible (but not guaranteed) that
they are found, but if they are absent, then they will certainly not be found.

Due to this nondeterminism, the loop on lines 1-3 will eventually terminate, and
the loop on lines 4-5 might terminate “prematurely”, i.e. while y > 0. Overall, Mex
will end up in a configuration with x = l1, y = l2, for some values l1 ≥ l2 chosen
nondeterministically.

Please note that this is an instructive example and the behaviour of Mex is not useful
to us. Moreover, the counter machine model here has been simplified slightly for the
benefit of presentation, and would not suffice for the proof of the full construction.
Counting with counter machines. Even with this limited set of primitives, these
counter machines can decide large flock-of-birds predicates with a small number of
instructions and registers. One such construction is shown in Figure 4.3, describing a
counter machine Mpow.

The machine Mpow uses registers X = {x0, ..., xm}, for some m ∈ N. Initially, all
registers have value 0. Then we run the counter machine, i.e. the instructions in Main.
The first instruction sets x0 to 1. We then execute the macro Split(i) for i ∈ {1, ...,m}
some number of times in a loop. Whenever this happens, the machine tries to decrement
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xi−1 and increase xi by 2.
As a result, the initial value x0 = 1 will eventually be doubled between each register,

until we end up in the configuration with x0 = ... = xm−1 = 0 and xm = 2m.
We shall now try to formalise this notion. Consider some counter machine with l

instructions and registers X. We define a configuration to be a pair D = (i, C) ∈
{1, ..., l} × NX , where i is the index of the instruction that is currently being executed,
and C maps each register to its current value. We say that D is terminal if the i-th
instruction is “goto i”. The size of D is |D| := |C|.
Observation 24. Mpow reaches a terminal configuration C ∈ NX with |C| = 2m.

Let me remark that the construction of the counter machine is very similar to the
protocol Ptok2 in Section 4.1.

So in some sense Mpow “counts” up to 2m, using O(m) instructions (and thus O(m)
registers as well). Intuitively, it stands to reason that such a counter machine can be
used to succinctly decide the predicate φ2m — in a moment, we will discuss this in more
detail. First, let us turn towards the construction of Lipton, which can be seen as an
improvement to Mpow:
Theorem 25 ([44]). There is a counter machine Mlip with O(m) instructions, such that
Mlip reaches a terminal configuration C ∈ NX with |C| = 22m.

Note also that this is the best possible result, according to Rackoff’s theorem [50].
Simulating counter machines. Now, let us see how the counter machine Mex could
be implemented using a protocol with leaders. While only an example, the construction
readily generalises to arbitrary counter machines.

Let Pcm := (Q, δ, I, O, qldr), with states Q := {x, y,R} ∪ {l1, ..., l6} and input I := {R}.
The state R functions as a “reservoir” — when incrementing and decrementing registers,
the agents are taken from and returned to R, respectively. Initially, all registers are 0, so
R is the only initial state.

The leader stores the index of the current instruction. So we set qldr := l1. Executing
increment and decrement instructions is simple:

l1,R 7→ l2, x “1: x := x+ 1” 〈1-incr〉
l2,R 7→ l3, y “2: y := y + 1” 〈2-incr〉
l4, y 7→ l5,R “4: y := y − 1” 〈4-decr〉

We assume that the “reservoir” R holds a sufficiently large number of agents. Hence
we can increment and decrement registers by moving agents to and from the reservoir,
respectively. If this assumption is not met, the protocol will get “stuck” at one of the
increment instructions.

The conditional jumps are slightly more involved.
l3, x 7→ l1, x

l3,R 7→ l4,R
“3: if x≥nd 1: goto 1” 〈3-cond〉

l5, y 7→ l4, y

l5,R 7→ l6,R
“5: if y ≥nd 1: goto 4” 〈5-cond〉
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In 〈3-cond〉, the leader tries to meet an agent in state x. If it does, then the check returns
1 and we have to jump to instruction 1. However, if no agent is in state x then the first
transition can never occur. To ensure that progress is made, the leader can also interact
with an agent in R. Since we assume that R contains sufficiently many agents, the second
transition is always enabled and will eventually be executed, if x is empty.

Clearly, it is also possible that x is nonempty, but the second transition is still executed.
This is fine, since “x≥nd 1” is allowed to nondeterministically return 0 in that case.

Finally, the unconditional jump in instruction 6 remains. However, unconditional
jumps do not require any transitions. Instead of jumping from instruction i to instruction
j, we can identify li and lj. Here, this results in identifying l6 with itself, which results
in the desired behaviour of an infinite loop once instruction 6 is reached.

Overall, the number of states is linear in the number of instructions used by the counter
machine. Using the above method to simulate Mlip, one can thus already prove the
existence of very succinct protocols in the model with leaders.

Theorem 26 ([15]). For infinitely many k there exists a population protocol with leaders
P with O(log log k) states deciding φk.

Proof (sketch). We use the construction sketched above to simulate the counter machine
Mlip of Theorem 25. In that construction, R is the initial state, so the counter machine
starts with a reservoir of n agents, where n is the size of the initial configuration of the
population protocol.

Based on the guarantees provided by Theorem 25, there is a number k ≥ 22m such
that one of two things will happen:

• If n ≥ k, the reservoir R is sufficiently large to accommodate the counter machine
simulation and it will eventually reach a terminal configuration.

• Otherwise, at some point the counter machine simulation becomes stuck when
incrementing a register and will not reach the terminal configuration.

To decide the predicate φ22m it thus suffices to distinguish between the two cases. This
can easily be done: as soon as the leader enters a terminal configuration, it moves itself,
and every agent it meets, to some accepting state. All other states are rejecting.

However, it should also be noted that [15] does not prove the theorem in this way.
Leader election. Seeing how one can simulate counter machines using leaders, and
construct very succinct protocols in that way, the obvious next step would be to build a
(leaderless) population protocol that first executes a leader election, and simulates the
counter machine after the leader election has finished.

To make this more concrete, let us modify the protocol Pcm = (Q, δ, I, O, qldr) from
above. We define P ′

cm := (Q, δ′, I ′, O, l1). As new initial state we choose I ′ := {l1}
(instead of I = {R}), and we set δ′ := δ ∪ 〈elect〉, with the new transition defined as
follows:

li, lj 7→ l1,R for i, j ∈ {1, ..., 6} 〈elect〉

33



So in the initial configuration we now have a large number of agents occupying state l1.
But whenever two leaders meet, one moves to the reservoir R, and the other resets back
to state l1, restarting the counter machine. We can formalise this as follows:

Lemma 27. Let C0 ∈ NI′ denote a nonempty initial configuration of P ′
cm. Then any

run from C0 reaches some C ∈ NQ with C(l1) = 1 and C(l2) = ... = C(l6) = 0.

Proof. Recall that for a set S ⊆ Q we write C(S) := ∑
q∈S C(q). Let L := {l1, ..., l6}.

Let σ = C0C1C2... denote a run starting from C0 and C ′ ∈ inf(σ). We first note that
Ci(L) can never increase, and can only decrease via 〈elect〉, but that transition cannot
decrease it to 0. Since C0(L) = |C0| > 0 and C0 → C ′, we find that C ′(L) ≥ 1. If we
had C ′(L) ≥ 2, then 〈elect〉 would be enabled at C ′ and we could, irreversibly, reduce
the number of agents in L, contradicting that inf(σ) is closed under →.

So C ′(L) = 1. If C0(L) = 1, then the statement already holds (note that l1 is the only
initial state), so assume C0(L) ≥ 2. Hence there is some minimal i with Ci(L) = 1, and
we have Ci−1(L) = 2. Therefore, Ci−1 →〈elect〉 Ci and Ci(L) = Ci(l1) = 1 while l2, l3, l4
are empty in Ci, proving the lemma.

To summarise, without much trouble we can build a leader election and will eventually
end up with exactly one leader, and that leader will even be in its initial state. However,
there is one important drawback: in the configuration C from Lemma 27 we no longer
have the guarantee that C(x) = C(y) = 0, as we would have for the initial configuration
of the protocol with leaders, Pldr.

To emphasise: adding a leader election to our counter machine simulation means
that the counter machine no longer starts from an initial register configuration (i.e. all
registers set to 0), but instead starts from an arbitrary register configuration.

The problem is easy to see. Before the configuration with exactly one leader is reached,
multiple leaders are already present and may start execution of the counter machine. In
doing that, agents can be moved between the non-leader states x, y and R. When two
leaders eventually meet, the state of the leader is reset, but the registers remain as they
were.1

There are two obvious approaches for solving this problem, neither of which works:
• We could try delaying the start of the counter machine simulation until the leader

election has finished. Unfortunately, this is impossible within a population protocol.
Consider e.g. an execution C0 → C, where C is due to Lemma 27. In particular,
the leader election has finished in C and we can reach some configuration C ′ where
the counter machine simulation has started. But now C0 → C ′, which implies
C0 + l1 → C ′ + l1 (see Lemma 6).

• Instead, perhaps we do not simply reset the leader back to its initial state, but
either “undo” the prior computation, or “merge” the states of the two simulated
counter machines. This faces a similar issue as before, in that a leader cannot

1Admittedly, this does not show that an arbitrary configuration can be reached; and one could indeed
slightly restrict the possible register configurations after the leader election concludes. However, I
believe that these restrictions would be too weak to help.
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track the values of the registers, having only finitely many states, and there is no
way to determine conclusively whether a register is empty. Consider also that the
two counter machines that have been running in parallel have not been running
independently, but rather operate on the same set of registers.

4.3.2. Making Lipton’s construction robust
Instead of restoring the guarantees on the initial configuration, we can strengthen Lipton’s
construction to deal with the weaker guarantees provided by the leader election. In this
section, I will attempt to sketch the main ideas of the construction in a simplified model.
A new primitive. Consider the counter machine model from the previous section. It
used the primitive “x≥nd 1”, which nondeterministically returns true or false if x ≥ 1,
and always returns false otherwise.

We now assume that we have a counter machine with registers X = {x0, ..., xm}, and
we augment the model with the primitives “xi ≥lip 22i” and “xi>lip 22i”, for i ∈ {0, ...,m}.
They function analogously to x≥nd 1, i.e. they nondeterministically return true or false
if xi ≥ 22i and xi > 22i , respectively, and always return false otherwise.

It should be intuitive that it is possible to construct a very succinct population
protocol for φk given this primitive. However, there is a catch: the checks “xi ≥lip 22i” and
“xi >lip 22i” are only guaranteed to work correctly if the precondition xi−1 = 22i−1 holds
and if “xi−1 >lip 22i−1” works correctly, for i ∈ {1, ...,m}. The case i = 0 is guaranteed
to always work. If the precondition is not met, the primitive might return an arbitrary
value, and it also might not terminate within finite time.

Lipton’s construction, essentially, shows how this primitive can be implemented in
our counter machine model, and this leads to the machine Mlip of Theorem 25. In that
context, one can ensure that the precondition always holds. However, since we are trying
to design a counter machine that is able to run from any initial configuration, we cannot
do the same.

I will not describe Lipton’s construction in detail, so we shall assume that the primitive
works as stated above (and later on, we will have to make further assumptions). In the
remainder of this section, we will construct a counter machine Mchk that, starting from
a configuration (1, C), always terminates if there is an i ∈ {0, ...,m} with C(xi) ̸= 22i ,
and otherwise it is possible (but not guaranteed) that it does not terminate. This is
an error checking routine — if a deviation from the expected configuration is detected,
computation is terminated to indicate the error. We allow for false positives — even if C
is as desired, Mchk may terminate.

Now, it is not clear how we would go from Mchk to a very succinct population protocol
deciding φk, and this is another point I will not elucidate here. Suffice it to say that Mchk
enables us to implement the xi ≥lip 22i primitive, and from there only a few technicalities
remain.
The checking procedure. The overall structure of the error-checking routine Mchk is
shown in Figure 4.4. To improve readability, it uses ¬ as a macro to simply invert the
output of a condition; of course, this is straightforward to implement.
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s0: if ¬(x0 ≥lip 220): goto t
...

sm: if ¬(xm ≥lip 22m): goto t

r0: if x0 >lip 220: goto t
...

rm: if xm >lip 22m: goto t
goto r0

t: goto t

Figure 4.4.: The error checking
routine Mchk.

For the moment, let us assume that ≥lip and >lip work
as intended, regardless of whether the precondition holds.
Then, to check whether xi = 22i holds, we essentially split
the check into two parts:

• First, we check xi ≥lip 22i once and terminate if it
returns false. If this returns true, we know that
xi ≥ 22i holds, and conversely, if the latter holds, it
is possible (though not guaranteed) that the former
returns true.

• Second, we check xi > 22i infinitely often, and ter-
minate if it is true. Since we already know xi ≥ 22i ,
we either have xi = 22i and this is guaranteed to
always return false. Otherwise, it will eventually
return true.

Failure conditions. Of course, we have to show correctness without the simplifying
assumption that ≥lip and >lip work as intended. But before dropping it entirely, we
consider the case where ≥lip and >lip are guaranteed to return in finite time, and otherwise
behave as described above.

Let i be minimal with xi ̸= 22i . (Clearly, if no such i exists, it is possible that Mchk
does not terminate.) In particular, this means that the primitives xi ≥lip 22i and xi>lip 22i

work as intended. So if xi < 22i , line si will immediately move to t and terminate.
Otherwise, xi > 22i . Since we assume that ≥lip and >lip return in finite time, line ri is
executed infinitely often, and must eventually move to t.

All that remains is ensuring that ≥lip and >lip always return in finite time. For this, the
following observation is crucial: in the case xi < 22i , no care is needed, since line si will
always move to t, and lines s0, ..., si−1 only operate on x0, ..., xi−1, where the precondition
holds.

So we are left with the case xi > 22i . Here we indeed have a problem: already line si+1
might never terminate. We solve this by modifying the implementation of ≥lip and >lip,
such that checks on variables xj with j > i run the same check as line si infinitely often.
(Naturally, we do not know i, so we do it for all i ∈ {1, ...,m}.) In other words, when
executing e.g. xi+1 ≥lip 22i+1 , we also check xi >lip 22i infinitely often, and if one of these
checks returns true, we immediately terminate.
Summary. Overall, we get the following:

Theorem 22 ([25]). For infinitely many k, the space complexity of φk is O(log log k),
i.e. there is a population protocol Ptiny deciding φk with O(log log k) states.

Proof (idea). Let m ∈ N. We start with a counter machine Mvs, using the ideas sketched
in this section. Running Mvs on an arbitrary configuration C will result in one of two
things: either Mvs terminates, or it runs infinitely long and in some way indicates
whether |C| ≥ 22m holds. In the first case, we nondeterministically move agents around
and restart Mvs. This ensures that eventually the second case occurs.
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We then construct a population protocol Ptiny simulating Mvs with the above restarting
behaviour, by using a counter machine simulation with an added leader election, similar
to the description of Section 4.3.1. The leader election is guaranteed to eventually result
in a single leader in its initial state (Lemma 27). After that point, the counter machine
simulation decides the predicate.

4.4. Arbitrary Predicates
Now that we have thoroughly discussed the space complexity of threshold predicates, let
us turn towards arbitrary Presburger predicates. To do that, we will formally specify what
a Presburger predicate is, and then extend the notion of succinct population protocols to
predicates other than flock-of-birds predicates.
Presburger predicates. Presburger predicates, sometimes also called semilinear predi-
cates, are precisely the properties expressible in Presburger arithmetic, the first-order
theory of the natural numbers with addition. As is well-known, Presburger arithmetic
admits a quantifier elimination procedure. Since the resulting quantifier-free fragment
is a natural representation of Presburger predicates, which is well-suited to use in
constructions of population protocols, this is the representation we will use.

Definition 28. Let X = {x1, ..., xt} and φ : NX → {0, 1}. We say that φ is a threshold
predicate if there exist a1, ..., at, k ∈ Z with

φ(x1, ..., xt) ⇔
t∑

i=1
aixi ≥ k

We say that φ is a modulo predicate, if there are a1, ..., at, k,m ∈ N with m > 0 such that

φ(x1, ..., xt) ⇔
t∑

i=1
aixi ≡ k (mod m)

Finally, a quantifier-free Presburger representation (QFPR) is a boolean combination of
threshold and modulo predicates, with coefficients encoded in binary. Any φ representable
in this way is a Presburger predicate, and its size |φ| (of φ) is the smallest length of
such a representation.

For example, the flock-of-birds predicate φk(x) ⇔ x ≥ k is a threshold predicate, and
it has size |φk| = Θ(log k).2

Using the size of a predicate, we can extend the definition of succinctness from above
(Definition 13) to arbitrary Presburger predicates.

Definition 29. Let (Pk)k∈N denote a family of population protocols and ψk a family of
Presburger predicates, where Pk decides ψk. We say that (Pk)k∈N is succinct if it has
O(poly|ψk|) states.

2This is not entirely trivial — one must prove that the standard representation is the shortest.
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Succinct protocols for Presburger predicates. Population protocols decide exactly
the Presburger predicates, so it is possible to construct a population protocol for any
such predicate [5]. But is it also possible to construct a succinct protocol? This question
is resolved in the affirmative by [14]:

Theorem 30 ([14]). There is a succinct family of population protocols deciding all
Presburger predicates.

This marks an important step towards practical constructions of population protocols.
However, their construction has one glaring drawback: the protocols are slow, needing
exponential (!) parallel time to stabilise.

We improve on their result and show that it is possible to construct succinct protocols
that stabilise within linear parallel time [33] — matching a known lower bound for the
majority predicate [1, 9].

Theorem 31 ([33]). There is a succinct family of population protocols (Pk)k∈N deciding
all Presburger predicates, such that each Pk stabilises in parallel time O(n).

So far, we have only defined parallel time intuitively. A formal definition can be found
in Section 4.4.4.
Major obstacles. Before we discuss how these constructions work, we will consider
two major obstacles to producing succinct protocols. We are already familiar with the
first: since the numbers are represented in binary, a coefficient k uses log k bits, and the
protocol can only have O(polylog k) additional states for this coefficient. This is also
the essential problem when constructing succinct flock-of-birds protocols, and it can be
solved in the same way here as before, by having states represent different powers of two
(see e.g. Ptok2 in Section 4.1).

The second problem appears as a result of boolean combinations. The standard
construction for a boolean combination in population protocols is the parallel composition,
analogous to the product construction for finite automata.

In particular, given two protocols with m1 and m2 states, respectively, this construction
will result in a protocol with m1 · m2 states. Since a predicate φ may contain Ω(|φ|)
boolean combinations, parallel composition results in protocols with exponentially many
states. Clearly, this would not be succinct, so a new procedure for boolean combinations
is needed.
Overview of the construction. The constructions of theorems 30 and 31 both follow
the same overall structure.

• Represent the predicate φ as a boolean combination of threshold and modulo
predicates φ1, ..., φs. We refer to φ1, ..., φs as subpredicates.

• Construct a succinct (sub-)protocol for each subpredicate φi. It does not decide
the subpredicate “fully”, i.e. it does not try to reach a consensus. Instead, on input
C0 it will reach a terminal configuration C, and based on JCK one can determine
the value of φi(C0). (Recall that JCK := {q : C(q) > 0} is the support of C.)
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• Compose the subprotocols for the subpredicates by taking them “side by side”,
i.e. taking the union of their states and transitions. Then add new states and
transitions that distribute the inputs into the subpredicates. A single agent in an
input state will be split into multiple agents, such that it is represented in each
subprotocol.

• Finally, determine the outputs of the subprotocols and combine them according to
the boolean combination in φ.

These steps are implemented differently in the two constructions, and both are intricate.
In this section, I will illustrate how to construct succinct subprotocols, which is a
foundational idea present in both constructions. I will also demonstrate our version of
the input distribution, which is the key idea allowing for linear time protocols. The
presentation here is simplified in multiple ways:

• Instead of giving a general construction, I will focus on convenient special cases
and one particular working example.

• An important technique present in both constructions is the use of multiway
transitions, an extension of population protocols that allows more than two agents
to interact at the same time. We will avoid these entirely here.

• As in the subprotocols, from an initial configuration C0 the construction eventually
reaches a terminal configuration C, and the output can be determined based on
JCK. In our construction, we show how to obtain a stable consensus from this kind
of output condition. This is technically involved, so for us it will suffice to prove
that JCK can be mapped to the correct output in some fashion.

• Instead of proving that the protocols stabilise in linear time, we only prove that
they stabilise in quadratic time. (Though both are true.)

• We also adjust some minor technical details of the construction.
We take the predicate φ(x, y) ⇔ (x + 2y ≡ 1 (mod 5)) ∧ (2x − y ≥ 3) as running

example, and write φ1(x, y) ⇔ x+ 2y ≡ 1 (mod 5) and φ2(x, y) ⇔ 2x− y ≥ 3 for the
two subpredicates.

The remainder of this section is structured as follows. In Sections 4.4.1 and 4.4.2 we
will construct the subprotocols for the subpredicates φ1 and φ2, respectively. We combine
those two in Section 4.4.3 into a protocol for φ, and finally prove its time complexity in
Section 4.4.4.

4.4.1. Remainder Predicates
Let us start by sketching the construction for a general modulo predicate ψ(x1, ..., xt) ⇔∑

i aixi ≡ k (mod m). We fix h := max{i : 2i < m} such that 2h is the largest power of
two below m. We make the following simplifying assumptions:
(A1) 0 ≤ k < m, ai is a power of two with 0 < ai < m for each i, and
(A2) 2h+1 −m = 2a + 2b for some a, b ∈ N.
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Assumption (A1) can be justified to not lose generality; however, (A2) cannot. We still
assume it here, as it avoids the use of multiway transitions.

The protocol P1 := (Q1, δ1, I1, O1) uses similar ideas as Ptok2 from Section 4.1. We
use Q1 := {0} ∪ {20, 21, ..., 2h} as states, with I1 := {a1, ..., ak} (note that (A1) ensures

4

1

2

0

Figure 4.5.: The φ1
subprotocol.

a1, ..., ak ∈ Q). The idea is that every agent holds some value, and
the total value of the agents is preserved during the computation.

q, q 7→ 2q, 0 for q ∈ {20, ..., 2h−1} 〈double〉

So if two agents meet, one takes the entire value. Of course, we need
a special case if two agents in state 2h meet:

2h, 2h 7→ 2a, 2b for a, b as in (A2) 〈modulo〉

Applying the above to φ1(x, y) ⇔ x + 2y ≡ 1 (mod 5) yields the
subprotocol shown in Figure 4.5. (Recall that the dashed arrows all
go to state 0.) Since the subprotocol does not stabilise to a consensus,
we do not define an output. Instead, we can determine the output in
the following manner, which depends on the support of the terminal configuration.

Lemma 32. Let C0 ∈ NI1. Then every run from C0 reaches a terminal configuration
Cterm with ψ(JCtermK) = ψ(C0).

Proof. Let pot(C) := ∑
q q · C(q) − C(0), for any C ∈ NQ1 . We observe that executing

any transition strictly reduces pot, and it is bounded below by |C0|. So the protocol must
reach some terminal configuration Cterm in any run. Again, by inspecting the transitions
we observe ∑

q q ·Cterm(q) ≡ ∑
q q ·C0(q) (mod m). The statement then follows by noting

Cterm(q) ≤ 1 for all q ̸= 0, since otherwise Cterm would not be terminal.

This way of computing an output is not very useful by itself. But, importantly, the
output now only depends on the set — not the multiset — of states in the configuration.
As we show in the paper [33], it is possible to embed a component into the protocol
that determines for each state whether it is present or not and can execute an arbitrary
boolean circuit based on those results.

More concretely, we take some circuit, where the inputs correspond to the states Q,
and which contains standard ∧,∨,¬ gates, with one designated output gate. Given a
boolean assignment a : Q → {0, 1} to the states (indicating whether those states are
present, i.e. a(q) ⇔ Cterm(q) > 0), the circuit will output ψ(JCtermK) = ψ(C0). For each
gate of the circuit, we designate one agent to simulate that gate. The agent responsible
for the output gate will thus eventually stabilise to the correct output, and broadcast
this to all other agents. (It remains to show that a small boolean circuit can decide ψ for
binary inputs, but that is easily done.)
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4.4.2. Threshold Predicates
Moving on, we consider the case of threshold predicates, i.e. we fix some ψ(x1, ..., xk) ⇔∑k

i=1 aixi ≥ t. Similar to modulo predicates, we set h := min{i : 2i ≥ 2m}, where
m := max{|a1|, ...|ak|} ∪ {|t|}. (The precise choice for h is not obvious at this point, but
will later become clear when we prove correctness.) We again assume that a1, ..., ak are
powers of two (but t need not be).
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Figure 4.6.: P2, the subpro-
tocol for φ2.

Let us define the protocol P2 := (Q2, δ2, I2, O2). The states
are Q2 := {−2h, ...,−20}∪{0}∪{20, ..., 2h}, with initial states
I2 := {a1, ..., ak}. We only have one kind of transition.

q, p 7→ q + p, 0 for q, p, q + p ∈ Q2 〈collect〉

This is a general transition rule, stating “if two agents meet,
one collects the total value, if that total can be represented
within the state space”. We can also look at it more concretely,
and enumerate the possible transitions that may occur.

2i,−2i 7→ 0, 0 for i ∈ {0, ..., h}
2i, 2i 7→ 2i+1, 0 for i ∈ {0, ..., h− 1}

2i+1,−2i 7→ 2i, 0 for i ∈ {0, ..., h− 1}
The result of applying this construction to the predicate

φ2(x, y) ⇔ 2x− y ≥ 3 from above is depicted in Figure 4.6.
We can prove the correctness in the same style as before, i.e. eventually the protocol

will reach a terminal configuration, where the support of the configuration indicates the
output of the predicate.

Lemma 33. Let C0 ∈ NI2. Then every run from C0 reaches a terminal configuration
Cterm with ψ(JCtermK) = ψ(C0).

Proof. Clearly, every transition strictly increases the number of agents in state 0. (To be
precise: some transitions instead leave the configuration unchanged, but those can be
disregarded without issue.)

Hence eventually the protocol reaches a terminal configuration Cterm. Observe that
we can no longer argue ∑

q q · Cterm(q) = ∑
q∈JCtermK q, as in the proof of Lemma 32, since

it is possible that Cterm(q) ≥ 2 for some q ̸= 0. In particular, this can happen for
q ∈ {2h,−2h} — and no other state, since every state p with 0 < |p| < 2h has a transition
(p, p 7→ 2p, 0) ∈ δ2.

Let us assume that Cterm(2h) ≥ 2. (The case Cterm(−2h) ≥ 2 is analogous.) Then
Cterm(−2h) = Cterm(−2h−1) = 0, as otherwise a transition would be enabled. We find

∑

q∈Q

q · Cterm(q)
(1)
≥

∑
JCtermK

(2)
≥ 2h −

h−2∑

i=0
2i ≥ 2h − 2h−1 = 2h−1

(3)
≥ k

where for step (1) we note that every state q < 0 has Cterm(q) ≤ 1; (2) follows from
Cterm(2h) ≥ 1 and Cterm(−2h) = Cterm(−2h−1) = 0; and (3) is due to our choice of h.
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Overall, we have

ψ(C0) ⇔
k∑

i=1
ai · C0(ai) ≥ k

⇔
k∑

i=1
ai · Cterm(ai) ≥ k (each transition preserves total value)

⇔
∑

JCtermK ≥ k (both are true, due to Cterm(2h) ≥ 2)
⇔ ψ(JCtermK)

4.4.3. Input Distribution
Now that we have the two subprotocols for the subpredicates φ1(x, y) ⇔ x + 2y ≡ 1
(mod 5) and φ2(x, y) ⇔ 2x− y ≥ 3, it is time to combine them towards a protocol for
φ ⇔ φ1 ∧ φ2.

As a first step, we put the two protocols P1 and P2 “side-by-side”, i.e. we consider the
population protocol (Q1 ⊎Q2, δ1 ⊎ δ2, I, O) — inputs and outputs do not matter at this
point, and we take the disjoint union of all states and transitions.

However, we do not want a fully disjoint union — the state 0 should be shared between
all subprotocols and we will use it later. The idea is that each subprotocol “produces”
agents in state 0 and that they can be consumed by any subprotocol, as well as the
initialisation routine. Hence we will merge all 0 states of all subprotocols and rename
the resulting state R, similar to the reservoir from Section 4.3.

So formally, we construct a population protocol Pfas := (Q, δ, I, O), with Q := f1(Q1)∪
f2(Q2) ∪ Q′, where Q′ are states that we describe later, fi(q) := qi for i ∈ {1, 2},
q ∈ Qi \ {0}, and fi(0) := R. For example, f1 renames the state 4 to 41, and 0 to R. We
extend fi to transitions in the obvious way and set δ := f1(δ1) ∪ f2(δ2).

To get to a working protocol, we need two things:
• We need to distribute the input, i.e. have one common input state x that is

distributed to the states 11, 21 and one state y that is distributed to 21,−12 (the
states correspond to the coefficients of the variables in the subpredicates).

• The output of the subprotocols needs to be determined, combined, and turned into
a consensus. As mentioned above, we will not do this here.

The running example has been carefully chosen so that the input distribution can be
implemented without the use of multiway transitions. To simplify things further, we
shall not give a general construction here (not even in a special case), and just focus on
the example.
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Input distribution. We start by adding states x, y to Q′. Based on the description
above, the following transitions present themselves.

x, 0 7→ 11, 22

y, 0 7→ 21,−12
〈distribute〉

The idea is to distribute the input agents into the subprotocols using an additional agent
in state R. While this decreases the number of agents in R, the agents in the subprotocols
will interact with each other and generate more.

For example, we can have the following transition sequence.

2 · x+ 2 · R → 2 · 11 + 2 · 22 → 21 + 42 + 2 · R

However, there is one glaring problem: at the beginning of the execution, state R is empty
and no input can be distributed. But without any input distribution, the subprotocol
cannot generate any agents in R.

To resolve this issue, we allow the input distribution to “kickstart” itself. We define
Q′ := {x, y,X, Y }. Intuitively, one agent in X represents two agents in x. In the following
transition, two input agents are combined in this way:

x, x 7→ X,R
y, y 7→ Y,R

〈combine〉

This will generate enough R agents to start the computation. Of course, we then also
need to distribute the agents in X and Y .

X, 0 7→ 21, 42

Y, 0 7→ 41,−22
〈distribute〉

Finally, as input states we define I := {x, y}. The resulting protocol is sketched in
Figure 4.7.
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Figure 4.7.: Input distribution for φ(x, y) ⇔ (x+ 2y ≡ 1 (mod 5)) ∧ (2x− y ≥ 3).
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Small inputs. One final caveat remains. Consider e.g. the input x = y = 1. In this case
states X, Y cannot be reached, and no agents in R can be generated. So we again have
the problem that the computation cannot start at all.

However, this problem occurs only for “small” inputs. More precisely, there is some
constant µ such that every input with at least µ agents can distribute its entire input.

This issue is also encountered by [14]. They solve it by constructing a protocol
specifically for small inputs and combining it with the other construction. Since the time
complexity of a protocol depends only on the speed on large inputs, we can simply re-use
their small-input construction unchanged.

4.4.4. Time Complexity
We now turn towards the final task: proving that the above protocols are fast, i.e. they
stabilise in linear time. To do this, we must first define the concept of time. Afterwards,
we show that the protocol in the example stabilises in quadratic time, illustrating the
techniques used in the time complexity analysis in the paper.
Definition of stabilisation time. To define the concept of parallel time, we introduce a
particular random process, modelling how the agents interact. For this to make sense, it
is best if a pair of agents can execute at most one transition — otherwise, we would also
have to define how the agents choose between the possible transitions.
Definition 34. A population protocol P = (Q, δ, I, O) is deterministic if δ is a partial
function, i.e. for (q, p) ∈ Q2 there exists at most one pair (q′, p′) ∈ Q2 with (q, p 7→
q′, p′) ∈ δ. In this case we write δ(q, p) := (q′, p′); and if no such pair exists, we set
δ(q, p) := (q, p).

The idea is that we execute one step of the protocol by picking two distinct agents
uniformly at random. Those two agents execute a transition, if one exists, otherwise
nothing happens.
Definition 35. Let P = (Q, δ, I, O) be a deterministic population protocol. Fix some
configuration C ∈ NQ. Let q, p denote Q-valued random variables, where q is obtained
from sampling the distribution C/|C|, and p from sampling (C − q)/(|C| − 1). Then we
define step(C) as step(C) := C − q − p+ δ(q, p).

The random run (starting in C0 ∈ NQ) is the homogeneous Markov chain σ = C0C1...
with initial state C0 and transition probabilities corresponding to step.

In other words, step(C) is a NQ-valued random variable with distribution

P(step(C) = C ′) =
∑

(q,p)∈S(C,C′)

C(q) · (C − q)(p)
|C|(|C| − 1) , where

S(C,C ′) := {(q, p) ∈ Q2 : q + p ≤ C ∧ C ′ = C − q − p+ δ(q, p)}
for C ′ ∈ NQ. An example illustrating the computation of step(C) is given in Figure 4.8.

So step is a random variable assigning a probability to the next configuration. By
repeatedly moving according to this process, we get a (homogeneous) Markov chain, from
which we can sample executions of the protocol.
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x, x 7→ u, v

x, y 7→ v, v

y, x 7→ v, v

y, y 7→ y, y

step(C)C − qC q, p 7→ q′, p′

Figure 4.8.: Example for step(C), with δ = {(x, x 7→ u, v), (x, y 7→ v, v), (y, x 7→ v, v)}
and configuration C = 3 · x+ 2 · y.

Definition 36. Assume that P decides φ. Let C ⊆ NQ, C0 ∈ NI and let σ = C0C1...
denote a random run. Let T := min{t : Ct ∈ C}. We say that P reaches C in (parallel)
time f(n), if for all C0 with |C0| = n the expectation of T is at most n · f(n). We say
that P stabilises in (parallel) time f(n) if it reaches a stable consensus in time f(n).

At first glance, it might be unclear how the above definition is connected to Definition 4,
i.e. the definition of how a protocol decides a predicate. Essentially, any trace of the
random run is an infinite execution by the definition of step, and with probability 1 it is
a run. Moreover, every run of P must eventually reach a stable φ(C0)-consensus (see
Lemma 9). In particular, after reaching a stable consensus, the output can no longer
change, and we could stop the execution of the protocol at that point.

Note that the above definition allows for n · f(n) steps to occur in time f(n) (instead
of, say, f(n) steps). This is the standard definition, since one assumes that n interactions
occur “in parallel”.
Proving quadratic stabilisation time. As mentioned above, our construction stabilises
in linear parallel time. However, we will not prove this here and instead content ourselves
with quadratic parallel time. Still, both proofs are based on the use of linear potential
functions, and so I hope to also give some insight into the challenges faced by the
linear-time proof.

The concept of potential functions was introduced in Section 3.1.2, and we have used
them in many correctness proofs since. For the following time-complexity analysis, we
use potential functions with two additional properties:

• They are a linear function of the configuration, and
• they are strictly decreasing, so every transition must strictly reduce the potential.

Definition 37. Let (Q, δ, I, O) denote a population protocol. A function Φ : NQ → N is
a strong potential, if

(1) Φ is linear, i.e. there is a w : Q → N and Φ(C) = ∑
q∈Q w(q)C(q) for C ∈ NQ, and

(2) Φ(q + p) > Φ(q′ + p′) for all (q, p 7→ q′, p′) ∈ δ.
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Figure 4.9.: Strong potentials for (a) P1 and (b) Pfas

As an example, consider P1 = (Q1, δ1, I1, O1). We can define a strong potential Φ by
choosing the weights w(q) := 2q+ 1 for q ∈ Q1 \ {0} and w(0) := 0. This is illustrated in
Figure 4.9(a). Executing any transition strictly reduces the potential of a configuration:
〈double〉 preserves total value but increases the number of agents in state 0, and 〈modulo〉
reduces total value.

Constructing a strong potential for P2 and Pfas is similarly straightforward. The latter
is drawn in Figure 4.9(b).

Observation 38. There are strong potentials for P1, P2, and Pfas.

Clearly, the existence of a strong potential proves that any run reaches some terminal
configuration (which must be a stable consensus, if the protocol decides some predicate).
But we can make an even stronger statement, namely that a terminal configuration
is reached within quadratic parallel time. Essentially, we use that every non-terminal
configuration enables some transition. This transition occurs after linear expected time
and strictly decreases the (at most linear) potential.

Lemma 39 ([33, Proposition 24]). Let P = (Q, δ, I, O) denote a deterministic population
protocol with a strong potential Φ. Then, from any initial configuration, P reaches a
terminal configuration within O(n2) parallel time.

Proof. Let C0 ∈ NQ and n := |C0|. We prove that C0 reaches a terminal configuration
within Φ(C0) ·n parallel time, for any configuration C0. This implies the overall statement
due to Φ(C0) ∈ O(n).

Clearly, the statement holds for all terminal C0. For the non-terminal configurations,
we show it by induction on Φ(C0). Assume that C0 is not terminal and that we have
already shown the statement for all C ′

0 with Φ(C ′
0) < Φ(C0).

Let σ = C0C1... be a random run, and T minimal such that CT ̸= C0. In particular,
we have Φ(C0) > Φ(CT ), since Φ is a strong potential. Moreover, T is geometrically
distributed with success probability p, where p is the probability of C0 ̸= C1.
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As C0 is not terminal, there is some t = (q, p 7→ q′, p′) ∈ δ and C ∈ NQ with C0 →t C
and C0 ̸= C. We thus get C0 ≥ q + p, implying that step(C0) = C with probability at
least 1/n(n− 1). Hence p ≥ 1/n(n− 1), and the expectation of T is at most n(n− 1).

By induction hypothesis, CT reaches a terminal configuration in parallel time Φ(CT ) ·n,
and thus C0 does so in time

Φ(CT ) · n+ n(n− 1)
n

≤ (Φ(C0) − 1) · n+ n− 1 ≤ Φ(C0) · n

Towards linear time. As we have shown above, the mere existence of a strong potential
proves quadratic stabilisation time. Intuitively, the reason for this is that the proof
only makes use of the fact that some agents can interact and lower the potential. But
it is possible that there is precisely one pair of agents that can do so, and the entire
population has to wait until those two meet.

In other words, the existence of a strong potential does not exclude the existence of
“bottlenecks”, long periods of time where the protocol is waiting for specific interactions
to occur.

In the paper [33], we introduce the concept of rapidly decreasing strong potentials.
This additional property guarantees that “many” agents in a configuration can interact
to decrease potential.

Let us make this slightly more precise and consider a configuration C and a terminal
configuration Cterm with C → Cterm. Then µ(C) := Φ(C) − Φ(Cterm) quantifies the
amount of work that still needs to be done, i.e. it is the reduction in potential until a
terminal configuration is reached.

For Φ to be rapidly decreasing in C we then essentially require that there are states
q, p with C(q), C(p) ∈ Ω(µ(C)).

This guarantees that the probability of decreasing the potential grows quadratically
with µ(C). Very roughly, this means that we need parallel time n/µ(C)2 for the potential
to decrease once, and the total parallel time is at most ∑∞

i=1 n/i
2 ∈ O(n).
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5. Fault-Tolerant Population Protocols

A student of history wouldn’t look at the
failures of the past and conclude that nothing
could be done about them. They would instead
learn lessons from those failures and correct for
them.

Amaryllis Penndraig, Worth the Candle

We imagine population protocols as modelling systems with
a large number of participants, e.g. millions, billions, or even
1023. Such systems will inevitably encounter individual failures simply due to their
size. Additionally, we want to model natural systems, such as chemical reactions, where
contamination cannot be excluded.

As such, I consider the question of how the presence of errors affects the power of the
population protocol model. I focus on two types of errors:

• Addition of agents. In a population protocol (Q, δ, I, O) we start with some
initial configuration C0 ∈ NI , and thereafter the number of agents is fixed. Our
first type of error has an adversary add agents to the computation, in arbitrary
states. It executes contamination transitions, which move from a configuration
C ∈ NQ to a configuration C + q, with q ∈ Q.

• Removal of agents. Conversely, one can imagine agents disappearing from the
computation. Again, the adversary selects which agents to remove and at which
point, executing snipe transitions, moving from a configuration C ∈ NQ to a
configuration C − q, with q ∈ JCK.

In both cases, giving the adversary unlimited access to these errors makes the problem
trivial. Hence we will define common-sense restrictions, which — we believe — allow for
a realistic level of errors to occur, but exclude degenerate cases.

We start in Section 5.1 with contamination transitions, where we shall find a — perhaps
unexpected — connection to state complexity. In particular, we are going to show that
it is still possible to construct protocols for flock-of-birds predicates.

In Section 5.2, we then consider the other kind of error, snipe transitions. We again
look at flock-of-birds predicates, and show that they can still be decided. Finally, we
extend this construction to arbitrary threshold or modulo predicates (see Definition 28).

Before we do either, let us briefly make the above notions formally precise.
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Definition 40. Let (Q, δ, I, O) denote a population protocol and C,C ′ ∈ NQ. For any
q ∈ Q we write C +→ C + q and refer to this as contamination transition, and for any
q ∈ JCK we write C −→ C − q and call this snipe transition. For ⇝∈ { +→,

−→} and k ∈ N
we say C ⇝k C ′ if there exist D,D′ with C ⇝k−1 D ⇝ D′ → C ′. For k = 0 we instead
set ⇝0:=→.

In particular, we write e.g. C +→k C ′ if there is some sequence of transitions, normal
or contamination, from C to C ′, and that sequence contains precisely k contamination
transitions.

5.1. Addition of agents
Imagine a chemical reaction. Two carefully chosen substances x and y are poured into a
container and then begin to react in a sophisticated way, forming new substances in the
process. Does the initial configuration of this reaction contain only agents in states x
and y? Clearly not! Trace amounts of essentially any molecule will be present and can
possibly contaminate the reaction.1

To model this, we allow an adversary to add agents to the computation at arbitrary
points in time. However, it is easy to see that this is equivalent to adding all of the
agents at the beginning of the computation.

Lemma 41. C +→k C ′ iff C +D → C ′ for some D ∈ NQ with |D| = k.

Proof. We prove by induction on k. The base k = 0 is trivial. In the induction step,
assume C +→k C ′. By definition, there are D,D′ ∈ NQ with C

+→k−1 D
+→D′ → C ′. By

induction hypothesis, we find some D′′ ∈ NQ with |D′′| = k − 1 and C +D′′ → D.
Using the definition of +→, we get D′ = D + q for some q ∈ Q. By Lemma 6 we have

C + (D′′ + q) = (C +D′′) + q → D + q = D′ → C ′

In the remainder of this section, we will first consider how to define fault-tolerance in
the presence of contamination transitions, i.e. what it means for a protocol to be correct.
Afterwards, we will see that this is possible to achieve, at least in a special case.
Contamination fault-tolerance. Let P = (Q, δ, I, O) denote a population protocol. We
would like to execute P with the addition of contamination transitions, and still have
the protocol arrive at a “correct” consensus. But it is not entirely clear what the correct
consensus should be. If we consider e.g. the majority predicate φ(x, y) ⇔ x ≤ y and add
some agent in a state q ∈ Q \ {x, y} — does that agent count towards x, or towards y?

In this thesis, we are going to dodge this question by focusing only on flock-of-birds
predicates (see Definition 11), which have only one input.

So we fix some predicate φk(x) ⇔ x ≥ k and set I := {x}. Consider some initial
configuration C0 ∈ NI .

1cf. https://en.wikipedia.org/wiki/Disappearing_polymorph
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The strongest possible version of fault-tolerance would require any configuration C ′

with C0
+→sC ′ for some s ∈ N to stabilise to φk(|C ′|). Using Lemma 41, we find a C ∈ NQ

such that this is equivalent to C0 + C stabilising to φk(|C|). This matches the notion of
self-stabilisation from the literature.

Definition 42. P is self-stabilising if for any C0 ∈ NI and C ∈ NQ any run from C0 +C
stabilises to φk(|C0 + C|).

Of course, the C0 in the above definition is superfluous, since C can be an arbitrary
configuration. Self-stabilisation is known to be a strong requirement; too strong, in fact.

Lemma 43. There is no self-stabilising protocol P.

Proof. Let C denote some configuration with |C| = k. Since P is self-stabilising, any run
from C stabilises to 1, and C reaches some stable 1-consensus C ′ by Lemma 9.

There exist q ∈ Q, D ∈ NQ with C ′ = D + q.2 Since |D| < k and P is self-stabilising,
we can reach a stable 0-consensus D′ from D, via the same argument as before. By
Lemma 6, C ′ = D + q → D′ + q, but D′ + q is not a 1-consensus, contradicting the fact
that C ′ is a stable 1-consensus.

Intuitively, self-stabilisation is such a strong requirement because it places no limits
on the amount of contamination that may occur. However, one would imagine that in
a practical reaction the amount of contamination is “small” relative to the intended
reactants. Our formalisation of this allowance is quite modest: we still allow for arbitrary
amounts of contamination C, we merely place a lower bound on the size of C0.

In other words, instead of requiring for any C0 ∈ NI any C ′ with C0
+→s C ′ stabilises

to φk(|C ′|), we only require this for |C0| ≥ |Q|, where Q are the states of the protocol.

Definition 44. P is almost self-stabilising, if for C0 ∈ NI and C ∈ NQ with |C0| ≥ |Q|
any run from C0 + C stabilises to φk(|C0| + |C|).

Admittedly, this notion seems artificial. However, if the protocol is succinct, it is very
strong: the contamination C can be arbitrarily large, much larger than C0 even, and it
can be added at arbitrary points in the computation, and in arbitrary states. The only
requirement is a minimum number of agents in the initial state, but since |Q| ∈ O(log k)
for a succinct protocol, the number of agents needed is very modest compared to the
property that we are trying to decide.
Almost self-stabilisation is difficult. Recall the simple protocol Ptok, the first example
deciding a flock-of-birds predicate. In particular, let us instantiate the protocol specifically
for the predicate φ64(x) ⇔ x ≥ 64 and consider a run starting with states 1, 1, 64. A
sample execution is shown in Figure 5.1.

2One can get into technicalities if k ≤ 2, but we shall simply ignore those.
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Figure 5.1.: A run of Ptok with
contamination.

Even though only 3 agents are present, much fewer
than the threshold of 64, the single agent in state 64
will cause all other agents to move to that state as well,
making the protocol accept. The same thing happens
in the succinct version of the protocol Ptok2 as well as
to many other constructions.

The reason for this is a common property shared by
these constructions, which [15] refers to as 1-awareness.

Definition 45. Let P = (Q, δ, I, O). P is 1-aware, if there is a state q1 ∈ Q such that
any run σ = C0C1... stabilises to 1 iff Ci(q1) > 0 for some i.

Essentially, this property states that there is some state q1 such that agents in it “know”
that the computation will accept. So any accepting run must have an agent in q1 at some
point, and any rejecting run must avoid q1 altogether. To the best of my knowledge,
prior to this thesis all known constructions for flock-of-birds predicates were 1-aware.

Of course, a succinct 1-aware protocol can never be almost self-stabilising, since the
adversary can put an agent into q1 and make arbitrarily small configurations accept.
Almost self-stabilisation is possible. As it turns out, we need not look far to find an
almost self-stabilising population protocol. In fact, the protocol Ptiny of Theorem 22 in
Section 4.3 is already self-stabilising!

Recall that in Section 4.3 we construct a “very succinct” protocol, i.e. a protocol Ptiny
deciding φk with only O(log log k) states. This construction was not originally intended
to also provide fault-tolerance guarantees, but they arise naturally from the requirements
placed on very succinct protocols. This again relates to the notion of 1-awareness: a
1-aware protocol cannot be very succinct [15], so our construction, by necessity, is not.

Theorem 46. Ptiny is almost self-stabilising.

Proof (sketch). While we have not described the construction of Ptiny in detail, the
argument for it being almost self-stabilising only relies on the implementation of the
leader election. So we instead consider the protocol P ′

cm (see Lemma 27), for which the
argument is analogous.

Inspecting the proof of Lemma 27, we find that it also works for an initial configuration
C0 + C, where C ∈ NQ, as long as |C0| ≥ 1.

Since we want to show that Ptiny is almost self-stabilising, we have |C0| ≥ |Q| ≥ 1.

5.2. Removal of agents
Let us now turn towards snipe transitions, i.e. an adversary that is able to remove agents
from the computation. For contamination transitions we showed that multiple such
transitions in a larger execution can be replaced by a single “contamination event” at
the beginning. For snipe transitions we will be able to get a similar result, the difference
being that the single “snipe event” happens at the end of the execution.
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Lemma 47. C −→k C ′ iff C → C ′ +D for some D ∈ NQ with |D| = k.

The proof is analogous to the proof of Lemma 41.
So far, there appears to be a symmetry between the contamination and snipe transitions.

However, as we will see shortly, the models are quite different. Similar to before, we start
by developing a notion of robustness, i.e. fault-tolerance under snipe transitions, that is
strong but also achievable.

In Section 5.2.2 we then consider flock-of-birds predicates and show that the construc-
tions we have already seen are not robust. We proceed to give a simple construction
that does work, though it is not succinct. To simplify proofs of robustness, we develop a
sufficient condition in Section 5.2.3, which can be shown in almost mechanical fashion and
is a novel contribution of this thesis. Finally, in Section 5.2.2 we present a construction
for a much larger class of predicates, although we fall short of being able to decide all
Presburger predicates.
Robustness. Fix some population protocol P = (Q, δ, I, O) deciding a predicate φ.
Our goal is to define a notion of robustness, i.e. say that P should still give the correct
output even with an adversary who can execute snipe transitions. For this, we first have
to decide on what the output of the protocol should be.

The obvious choice would be to require that when started in initial configuration
C0 ∈ NI the protocol still stabilises to φ(C0), regardless of snipe transitions. But this
clearly cannot work, as the adversary would be able to snipe agents before any transitions
have taken place, and the protocol will never know that these agents existed. The
following lemma formalises this intuition, and makes an even stronger statement.

Lemma 48. Let s ∈ N, C0, C ∈ NI with |C| ≤ s and C ≤ C0. Then C0
−→s C ′ for some

stable φ(C0 − C)-consensus C ′.

In other words, we have some initial configuration C0 and an adversary that executes
exactly s snipes. Then the adversary can make the protocol output any value that would
be correct for an initial configuration that results from removing at most s agents from
C0. (Of course, the same holds for an adversary that is allowed at most s snipes.)

Proof (of Lemma 48). We have C0
−→|C| C0 − C. Since C0 − C ∈ NI is still an initial

configuration, there is some stable φ(C0 − C)-consensus D reachable from C0 (see
Lemma 9). Let C ′ ∈ NQ denote some configuration that results by removing s − |C|
agents from D, i.e. C ′ := D −D′ for some D′ ≤ D with |D| = s− |C|. Overall, we have
C0

−→s C ′, so it remains to show that C ′ is a stable φ(C0 − C)-consensus.
Assume the contrary. Then there is some C ′′ ∈ NQ with C ′ → C ′′ which is not a

φ(C0 − C)-consensus. But this would yield D = C ′ +D′ → C ′′ +D′ (Lemma 6) since
C ′′ +D′ is not a φ(C0 − C)-consensus either, this contradicts the choice of D.

Consider for a moment some fixed initial configuration C0 ∈ NI and an adversary that
is allowed precisely s snipe transitions. This induces a region of initial configurations
that are “close” to C0, in particular the set S := {C0 − C : C ∈ NI , |C| ≤ s}. The above
lemma states that it is always possible to make P stabilise to any value in φ(S). Our
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definition of robustness will then result immediately from this: we simply require that
the protocol only stabilises to values in φ(S).

Definition 49. For a run σ which stabilises to b ∈ {0, 1} we set out(σ) := b, and other-
wise set out(σ) := ⊥. For C ∈ NQ we write out(C) := {out(σ) : σ is a run from C}.

We say that P robustly decides φ if for any s ∈ N, C0 ∈ NI and C ′ ∈ NQ with C0
−→sC ′

we have out(C ′) ⊆ {φ(C0 − C) : C ≤ C0, |C| ≤ s}.

As an example, consider the majority predicate φ(x, y) ⇔ x ≤ y with input x := 100,
y := 120. Then a robust protocol must output 1 for any number s ≤ 20 of snipes, since
one has to remove at least 21 agents to change the value of the predicate.

Let me remark that in the paper [45], we give a slightly different definition of robustness
— the difference is that the above definition requires that the protocol stabilises to some
output in all cases. So the definition here is slightly stronger. However, it does not
matter for the construction considered in the following sections, and I believe that one
can even generically convert a protocol that is robust based on the paper’s definition to
a robust protocol with the above definition.

5.2.1. Constructing robust protocols is difficult
Many protocols in the literature work by centralising information. The most obvious
example is leader election, which we find e.g. in the almost-stabilising construction
discussed in Section 5.1. In that construction, the leader stores the instruction that is
currently executed by the counter machine, and without the leader, the counter machine
simulation cannot continue.

In other protocols there is no explicit leader, but the protocol still centralises infor-
mation. An example of this is Ptok, which we discussed in Section 4.1. In that protocol,
each agent starts with one token. Whenever two agents meet, one of them takes both
their tokens, and the other leaves empty. Hence the tokens will accumulate in a small
number of agents.

This centralisation of information limits the applicability of protocols, since compu-
tations in chemical or biological contexts are inherently unreliable. A single leader can
easily disappear during the computation.

In [35], the authors allow for a constant number of failures l. However, the protocol
is allowed to depend on l, so in their construction they can simply elect l + 1 leaders,
leading to the same lack of meaningful redundancy as before. (Unless one chooses l to
be quite large, but then the protocol would have an impractical number of states.)

Conversely, robust protocols have to tolerate an unbounded number of failures. Intu-
itively, this forces the protocols to keep information decentralised.

We can see how this plays out for Ptok, which is not robust. Fix k := 3 and the
input x := 4. A sample execution with a single snipe transition is shown in Figure 5.2.
Initially, all tokens are collected by one agent, then that agent is removed. As a result,
the remaining agents are in states 0, 0, 1; a stable 0-consensus.

But robustness requires that the protocol output either φ(4) or φ(3), since we have
one snipe transition here. As φ(4) = φ(3) = 1, this is violated.
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Figure 5.2.: A run of Ptok with one snipe transition.

As we will see, this requirement that information remains decentralised at all times is
quite strong, and protocols must be carefully designed to achieve robustness.

5.2.2. Flock-of-birds Predicates
We consider flock-of-birds predicates φk(x) ⇔ x ≥ k. As just discussed, Ptok is not
robust.

None of the other constructions we have seen so far are robust either. In particular,
Ptok2 also has agents collect tokens and fails in the same way, and the very succinct
construction Ptiny performs a leader election. The adversary can simply remove one
leader and the computation never starts, regardless of the input.
A robust flock-of-birds protocol. There is a different construction for flock-of-birds
protocols, which does not suffer the same issues. We now construct a population protocol
Plvl := (Q, δ, I, O) to decide the predicate φk. As states we choose Q := {1, ..., k}, and
the initial state is I := {1}. However, instead of imagining that an agent holds a certain
number of tokens, we think of an agent in state i as occupying level i, in a tower with k
levels.

Whenever two agents on the same level meet, one of them moves to the next level.

i, i 7→ i+ 1, i for i ∈ {1, ..., k − 1} 〈elevate〉

This ensures that one agent remains at every level. If one agent reaches level k, they
convince the others to accept.

k, i 7→ k, k for i ∈ {1, ..., k − 1} 〈accept〉

Correspondingly, the output is defined as O(i) := 0 for i ∈ {1, ..., k − 1} and O(k) := 1.
This construction is sketched in Figure 5.3.

31 2 kk − 1

Figure 5.3.: The Plvl construction, deciding the predicate φk.
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Lemma 50. Plvl robustly decides φk.

We will defer the proof to the following section.
This protocol Plvl is a nice variation on the simple Ptok construction. But it is not

succinct — it uses Ω(k) states, a stark contrast to the very succinct protocol we saw
for the case of almost self-stabilisation. Are there protocols that are both succinct and
robust? We do not know.

5.2.3. Proving Robustness
Proving robustness by directly using the definition above, perhaps in conjunction with
Lemma 47 is quite possible. However, in this section we are going to develop a sufficient
condition that is easier to check. In particular, the condition can be checked locally, in
some sense, by considering the possible transitions one by one.

Let P = (Q, δ, I, O) denote a population protocol. We will now give the intuition for
the property, which we will refer to as locally robust. Roughly speaking, in the definition
of robustness we have C0

−→s C ′, for some C0, C
′, s. To prove robustness, we have to find

a configuration C, such that C0 − C and C ′ stabilise to the same output.
Note that, using Lemma 47, C0

−→s C ′ is equivalent to C0 → C ′ +D, for some D ∈ NQ

with |D| ≤ s. Our idea is that we can prove the above inductively, by considering the
execution C0 → C ′ +D one transition at a time. In particular, we essentially execute one
transition in reverse, and try to adjust C ′, D accordingly. If we can reach the beginning
of the execution, i.e. C0 = C ′ +D, we have found our C by simply taking C := D.

Now, the crucial insight is that the only interesting transitions are those where one of
the interacting two agents ends up in C ′, and the other in D. Intuitively, a protocol is
locally robust if it is possible to adjust C ′, D for any such transition.

Definition 51. We say that P is locally robust, if for any C ′ ∈ NQ, b ∈ out(C ′),
t = (q1, q2 7→ q′

1, q
′
2) ∈ δ, and q′ := q′

1 + q′
2 ∩ C ′ ∈ {q′

1, q
′
2} there is q ∈ {q1, q2, q1 + q2}

such that b ∈ out(C ′ − q′ + q).

Recall that for multisets C,D ∈ NQ we write C∩D for the multiset with (C∩D)(q) :=
min{C(q), D(q)} for q ∈ Q. So the notation “q′ := q′

1 + q′
2 ∩ C ′ ∈ {q′

1, q
′
2}” means “C ′

contains exactly one of q′
1, q

′
2, namely q′”.

As mentioned above, the notion of local robustness is a novel (albeit minor) contribution
of this thesis and does not appear in our paper [45]. We now prove that this property is
sufficient to prove robustness.

Lemma 52. If P is locally robust and decides φ, then P robustly decides φ.

Proof. To prove robustness, let s ∈ N, C0 ∈ NI , C ′ ∈ NQ with C0
−→s C ′, and let

b ∈ out(C ′). We need to show that there is a C ≤ C0 with |C| ≤ s such that φ(C0−C) = b.
Also, from Lemma 47 we get a D with C0 → C ′ +D. We choose a D which minimises
the length of the execution C0 → C ′ +D.
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We proceed via induction on the length of this execution from C0 to C ′ +D. In the
base case, the length is 0, i.e. C0 = C ′ + D, so we can choose C := D (using that P
decides φ).

For the induction step, let t = (q1, q2 7→ q′
1, q

′
2) ∈ δ be the last transition of the

execution, so there is some C ′′ ∈ NQ with C ′′ →t C
′ + D. Due to the induction

hypothesis it suffices to show that there is some D′ with |D′| ≤ s and b ∈ out(C ′′ −D′).
Case 1: q′

1 +q′
2 ≤ D. We choose D′ := D−q′

1 −q′
2 +q1 +q2, which yields C ′′ −D′ = C ′.

Case 2: q′
1 + q′

2 ≤ C ′. Here we can set D′ := D, yielding C ′′ − D′ →t C
′, and thus

out(C ′′ −D′) ⊆ out(C ′).
Case 3: q′ := q′

1 + q′
2 ∩C ′ ∈ {q′

1, q
′
2}. From local robustness we get q ∈ {q1, q2, q1 + q2}

where some run from C ′ − q′ + q stabilises to the same value as σ′. We then define
D′ := D−p′ +p, where p := q1 +q2 −q and p′ := q′

1 +q′
2 −q, giving b ∈ out(C ′ −q′ +q).

The protocol Plvl is robust. Now we return to the protocol Plvl of the previous section
and prove its robustness. We start with an important helper lemma that characterises the
output of every configuration. I remark that this lemma is, by itself, entirely unconnected
to robustness. It merely makes a statement on how certain configurations stabilise.

Lemma 53. Let C ∈ NQ be a configuration of Plvl. Then out(C) = {1} if there is some
i ∈ {1, ..., k} with ∑k

j=i C(j) > k − i, and out(C) = {0} otherwise.

Proof. Let σ be a run from C and C ′ ∈ inf(σ). Any transition moves agents to higher
states, so only finitely many transitions can be executed on any run, and thus C ′ is
terminal. Hence we may proceed by induction on the length of the shortest execution
from C to some terminal configuration.

In the base case, C = C ′. If C(k) > 0, then all agents in C must be in state k, since
otherwise 〈accept〉 would be enabled. We thus have out(C) = 1, and ∑k

j=i C(j) > k − i
holds for e.g. i := k. Otherwise C(k) = 0 so out(C) = 0 (noting that k is the only state
with output 1). Let i ∈ {1, ..., k} be arbitrary. If ∑k

j=i C(j) > k − i, then there are
more than k − i agents among states i, ..., k − 1. By the pigeonhole principle, one state
j ∈ {i, ..., k − 1} has C(j) > 1, enabling 〈elevate〉 and contradicting the fact that C is
terminal.

For the induction step, let C ′ ∈ NQ with C →t C
′ for some t ∈ δ. It suffices to show

∃i :
k∑

j=i

C(j) > k − i ⇔ ∃i :
k∑

j=i

C ′(j) > k − i

If t ∈ 〈accept〉, both sides must be true (with i := k), so assume t = (q, q 7→ q, q + 1) ∈
〈elevate〉. Clearly, “⇒” holds. For “⇐”, fix i to make the right-hand side true. If i ≠ q+1,
then ∑k

j=i C(j) = ∑k
j=i C

′(j), and we are done. Finally, in the case i = q + 1 we have

k∑

j=q

C(j) (1)=
k∑

j=q

C ′(j)
(2)
≥ 1 +

k∑

j=i

C ′(j)
(3)
> 1 + k − i = k − q

where (1) is due to C →t C
′, (2) uses that C ′(q) ≥ 1 after the transition, and (3) is

implied by the choice of i.
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At this point we have all the ingredients necessary to prove robustness, and the proof
is rather simple. Essentially, we use the characterisation provided by Lemma 53 to check
for all possible transitions that local robustness holds.

Lemma 50. Plvl robustly decides φk.

Proof. From Lemma 53 we immediately get that Plvl decides φk, so by Lemma 52 it
suffices to show local robustness.

Let C ′ ∈ NQ, b ∈ out(C ′), t = (q1, q2 7→ q′
1, q

′
2) ∈ δ, and q′ := q′

1 + q′
2 ∩ C ′ ∈ {q′

1, q
′
2}.

We need to find q ∈ {q1, q2, q1 + q2} such that b ∈ out(C ′ − q′ + q).
If t ∈ 〈accept〉, we can choose q := q′ and are done. So assume t = (p, p 7→ p, p+ 1) ∈

〈elevate〉. If q′ = p we can again choose q := q′, so q′ = p+1. We can now use Lemma 53 to
see that in the case b = 0 the choice q := p works, since ∑k

j=i(C ′ − q′ + q)(j) ≤ ∑k
j=i C

′(j)
for all i.

Finally, the case b = 1 remains. Here we use Lemma 53 to fix an i with ∑k
j=i C

′(j) > k−i
and set q := p + p. We then get ∑k

j=i−1(C ′ − q′ + q)(j) = ∑k
j=i C

′(j) + 1 > k − i + 1,
implying out(C ′ − q′ + q) = 1.

5.2.4. Threshold and Modulo Predicates
Let us now turn our attention towards predicates other than flock-of-birds predicates. As
defined in Section 4.4, there are two major subclasses of Presburger predicates, namely
the threshold and the modulo predicates. (One obtains the class of Presburger predicates
by taking an arbitrary boolean combination of these two subclasses.)

In our paper [45], we show that robustness can be achieved for all threshold and
modulo predicates, significantly generalising the construction we have seen above.

Theorem 54 ([45]). Let φ denote either a threshold or a modulo predicate. Then there
is a population protocol robustly deciding φ.

Here, I will attempt to highlight the main ideas of the threshold construction. As the
modulo construction already appears in the literature [35], albeit in a different context,
it will not be covered here.

Let φ(x1, ..., xt) ⇔ ∑t
i=1 aixi ≥ k denote a threshold predicate. On a high level, we

identify two subclasses of threshold predicates:
• Upwards-closed threshold predicates. In this case, we require all coefficients

to be positive, i.e. ai > 0 for i ∈ {1, ..., t}. This class can be seen as a generalisation
of flock-of-birds predicates. In particular, they are upwards-closed: if φ(C) = 1,
then φ(C ′) = 1 for all C ′ ≥ C.

• Homogeneous threshold predicates. Here, we have k = 0. This is a generalisa-
tion of the majority predicate φ(x, y) ⇔ x ≤ y ⇔ x− y ≤ 0.

We give one construction for each of the above. As we show in the paper, it is then
possible to combine the two constructions into a single one for general thresholds.
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Figure 5.4.: An execution of Plvl2 for the predicate φ(x, y) ⇔ 3x + 2y ≥ 6, with input
x = 1, y = 2, i.e. C0 = {1, 2, 3} + 2 · {1, 2}.

Upward-closed threshold predicates. We generalise the protocol Plvl from above.
Again, we imagine a tower with k levels. Instead of having each agent occupy a single
level of the tower, however, we have them occupying an interval of levels. For an agent
starting in state xi, this interval will have size ai.

Let us assume that φ is as defined above, and ai > 0 for i ∈ {1, ..., t}. Wlog we also
assume ai ≤ k. We define a population protocol Plvl2 := (Q, δ, I, O). The states are
Q := {{i, ..., j} : 1 ≤ i ≤ j ≤ k}. (Note that we denote the intervals simply as sets of
integers.) The input states are I := {{1, ..., ai} : i ∈ {1, ..., t}}, meaning that at the
beginning, an agent in input ai occupies levels 1, ..., ai.

As before, we have two kinds of transitions. When two agents sharing a level meet, one
of them moves upwards by one level, i.e. we shift the entire interval by 1. There is one
important detail: we must take care which agent to move, so that we avoid introducing
“gaps” in the tower.

q, p 7→ q + 1, p for q, p ∈ Q with k /∈ p ∪ q, q ∩ p ̸= ∅,min(q) ≥ min(p) 〈elevate〉

We write q + 1 with the obvious meaning, i.e. q + 1 := {i+ 1 : i ∈ q}. As soon as one
agent occupies level k, the protocol accepts.

q, p 7→ q, p+ k − max(p) for q ∈ Q, k ∈ q 〈accept〉

Consequently, we choose the output function O(q) := 1 for q ∈ Q with k ∈ q, and
O(q) := 0 otherwise. A sample run of this construction is shown in Figure 5.4.

Lemma 55 ([45, Theorem 4.1]). Plvl2 robustly decides φ.

The proof is omitted here. The lemma can be proven analogously to Lemma 50, by
generalising the property of Lemma 53. The key idea is the same: as long as the total
size of the intervals is at least the height of the tower, but the top has not yet been
reached, there must be two intervals that are not disjoint, enabling a transition.
Homogeneous threshold predicates. As we mentioned above, homogeneous threshold
predicates can be seen as generalisations of the majority predicate. Conveniently, Pmaj —
the majority protocol described in Section 3.1 — is already robust, as is its straightforward
generalisation to arbitrary coefficients.
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Figure 5.5.: An execution of Phom for the predicate φ(x, y) ⇔ 3x − y ≥ 0, with input
x = 1, y = 3.

Let φ be as above, with k = 0. Wlog we assume a1 ≤ a2 ≤ ... ≤ at. We construct
the protocol Phom := (Q, δ, I, O). As states we choose Q := {a1, a1 + 1, ..., at} ∪ {−ε}. If
we recall the states of Pmaj (which are {A,B, a, b}), deciding the predicate A ≤ B, this
might appear confusing at first glance. However, Pmaj will still result from the following
construction as a special case, with the following mapping:

A 7→ −1, B 7→ 1, a 7→ −ε, b 7→ 0

The protocol will follow the same basic principle as Pmaj. The opinion of an agent is
given by its sign, so we define O(q) := 1 for q ∈ Q if q ≥ 0, and O(q) := 0 otherwise. In
particular, O(−ε) := 0.

Agents that have a nonzero value, i.e. agents in states Q \ {0,−ε}, are “active” and
try to cancel their values if they have opposing signs.

i, j 7→ i+ j,−ε for i, j ∈ Q \ {0,−ε}, i > 0 > j 〈cancel〉

I remark that the −ε is only for consistency with Pmaj — it could be changed to 0.
States {0,−ε} are “passive” — their opinion is changed whenever they meet an active

agent with a different opinion.

i,−ε 7→ i, 0 for i ∈ {1, ..., at}
i, 0 7→ i,−ε for i ∈ {a1, ...,−1} 〈convince〉

Finally, to resolve ties we allow agents in state 0 to convince agents in state −ε.

0,−ε 7→ 0, 0 〈tiebreak〉

For the following proofs, we refer to agents in states {0, ε} as passive, and all other
agents as active.

Lemma 56. Let C ∈ NQ and val(C) := ∑
q∈Q∩Z q · C(q). Then out(C) = {β}, with

(a) β = 1, if val(C) > 0,
(b) β = 1, if val(C) = 0 and JC ′K ̸= {−ε},
(c) β = 0, if val(C) = 0 and JC ′K = {−ε}, and
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(d) β = 0, if val(C) < 0.

Proof. Let Ca, Cb, Cc, Cd ⊆ NQ denote the configurations fulfilling conditions (a), (b), (c),
and (d), respectively. Let i ∈ {a, b, c, d} with C ∈ Ci. First, we argue that Ci is closed
under →.

For i ∈ {a, d} this follows from the fact that val is an invariant, i.e. that val(D) =
val(D′) for every D → D′. For i = b we simply observe that any transition produces at
least one agent in a state other than −ε; and if i = c, then C ′ is already terminal.

Fix some C ′ ∈ inf(σ). From the above, we now have C ′ ∈ Ci. We observe that the
number of passive agents does not decrease when executing any transition, and strictly
increases when executing 〈cancel〉. So 〈cancel〉 cannot be enabled at C ′ (otherwise inf(σ)
would not be closed under →), and thus all active agents in C ′ must have the same sign.

If i ∈ {a, d}, that sign must match val(C ′). So we can find one active agent in a state
q with O(q) = β. Let p ∈ {0,−ε} with O(p) = O(q). By executing 〈convince〉 some
number of times with an agent in q, we can move to a configuration C ′′ where all passive
agents are in p. Since 〈tiebreak〉 is not enabled at C ′′, we have that C ′′ is terminal and
thus C ′ = C ′′ by closure of inf(σ). Hence C ′ is a terminal β-consensus.

If i = b, then there are no active agents in C ′ (due to val(C ′) = 0 and 〈cancel〉 not
being enabled). So we have C ′(0) > 0, and we can execute 〈tiebreak〉 sufficiently often to
reach a terminal configuration C ′′ with all agents in 0. Again we get C ′ = C ′′, and C ′ is
a terminal 1-consensus.

Finally, for i = c the configuration C ′ is already a terminal 0-consensus, since all agents
are in state −ε.

Lemma 57. Phom robustly decides φ.

Proof. From Lemma 56 we have that P decides φ, using that φ(C0) = 1 holds iff
val(C0) > 0, for any C0 ∈ NI . Using Lemma 52 it suffices to show that P is locally
robust.

Let C ′ ∈ NQ, b ∈ out(C ′), t = (q1, q2 7→ q′
1, q

′
2) ∈ δ, and q′ := q′

1 + q′
2 ∩ C ′ ∈ {q′

1, q
′
2}.

We need to find q ∈ {q1, q2, q1 + q2} such that b ∈ out(C ′ − q′ + q).
If t ∈ 〈tiebreak〉 we choose q := q′. If t ∈ 〈cancel〉, we have val(q1) > val(q′) > val(q2).

Choosing q := q1 if b = 1 and q := q2 otherwise, we get out(C ′ − q′ + q) = b by
Lemma 56(a,d).

So let t ∈ 〈convince〉. If q′ = q′
1, we can choose q := q′ and are done, so assume

q′ ∈ {0,−ε}. If val(C ′) ̸= 0, we set q := q′ ∈ {0, ε}, and get out(C ′ − q + q) = b by
Lemma 56(a,d). Otherwise, we either have q′ = 0, implying b = 1 (Lemma 56(b)) and
choose q := q1, or q′ = −ε and choose depending on b. If b = 1, we set q := q2 = 0, and
if b = 0 we set q := q1 < 0.
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6. Other Models

Well, this isn’t just about modeling, though.

Serena van der Woodsen,
Gossip Girl

So far, this thesis has been focused entirely on the population
protocol model, as well as restrictions to it. In this section we
will finally turn towards extensions and variants of the model.
Admittedly, one of the extensions is simply population protocols
with a non-constant number of states. In the other two, however,
we will encounter new kinds of properties:

• Communication structure. So far, all pairs of agents were able to interact with
each other, modelling the case of e.g. a “well-stirred” chemical reaction. Now we
consider agents that are located on a graph, where only neighbouring agents can
interact with each other.

• Broadcast transitions. Instead of just two agents interacting, in a broadcast
transition a single agent sends a signal that is then received by all other agents,
which react in some way.

• Neighbourhood transitions. The agents now act fully independently (instead of
in pairs). They observe the states of the adjacent agents and react to those states
in some manner.

• Fairness. In population protocols, the scheduler is assumed to be stochastic (or
behave as though it were). Here, we are also going to look at weaker requirements.

In particular, I will present results on three different models. First, we have population
protocols with non-constant state space in Section 6.2. Second, we have broadcast
consensus protocols, which are essentially population protocols augmented with broadcast
transitions. These are discussed in Section 6.3. Third, in Section 6.4, I consider distributed
graph machines, a family of models where agents are located on a graph and interact via
neighbourhood transitions.

To avoid the overhead of defining three different formal models, Section 6.1 starts by
defining a general model which then contains the three models as special cases.
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6.1. Transition Systems
For the general model, we start with an arbitrary set of configurations, and consider a
transition relation on those configurations. This is simply a transition system. Since we
are usually interested in the expressive power of the model, we also define input and
output.

Definition 58. An (input-output) transition system (TS) is a tuple P = (C,→1, I,∼inp
, O), where

• C is a set of configurations,
• →1⊆ C × C is a transition relation,
• I is a finite set of inputs,
• ∼inp⊆ NI × C is an input relation, and
• O : C → {0, 1,⊥} is an output function.

Finally, we require that the connected components of →1 are finite.

I remark that the transition relation →1 is the “one-step” relation, and we will define
→ as its reflexive-transitive closure. The requirement that the connected components
of →1 are finite is not strictly necessary, but holds in all models we consider and
simplifies matters. For example, in a population protocol we have that the size of the
population does not change, ensuring that any configuration can reach only finitely many
configurations.

The output function maps each configuration to an output, or to ⊥ if there is no
output. (In a population protocol, the latter would correspond to configurations that are
not a consensus.)

Let P = (C,→1, I,∼inp, O) denote a TS. We now generalise the definitions we had for
population protocols.

Definition 59. Let C,C ′ ∈ C. We write C → C ′ if C = C ′ or there is a sequence
C0, ..., Ck ∈ C with C = C0, C

′ = Ck and Ci−1 →1 Ci for i ∈ {1, ..., k}. We say that C is
initial, if D ∼inp C for some D ∈ NI , reachable if C0 → C for some initial C0 ∈ C, and
terminal if C → C ′ implies C = C ′.

Next are the definitions of runs and of the predicate decided by a TS. These are
analogous to the definitions of population protocols.

Definition 60. Let σ = C0C1... denote an infinite sequence of configurations. We set
inf(σ) := ⋂

i{Ci, Ci+1, ...}. We say that σ is a run, if inf(σ) is closed under →, and that
it stabilises to b, for b ∈ {0, 1}, if O(inf(σ)) = {b}. For D ∈ NI we say that σ has input
D if D ∼inp C0.

Let φ : NI → {0, 1} denote a predicate. The protocol P decides φ, if for D ∈ NI any
run with input D stabilises to φ(D).
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TSs are very general — we are not going to use them directly. Instead, we will define
models of protocols that then induce a TS, and use the notions defined for the induced
GDP. In particular, if we define a protocol P and say that it induces some TS P ′, then
we implicitly extend all definitions of P ′ to P as well. For example, we could then say
“P decides a predicate φ” to mean that P ′ decides φ.

6.2. Non-constant State Space
Population protocols can decide the majority predicate φ(x, y) ⇔ x ≤ y, but not within
polylogarithmic parallel time [1, 2]. Indeed, they need almost linear parallel time, and
it is known that the same holds for “most” Presburger predicates [9]. Since we usually
consider population protocols to operate in a setting with a large number of agents, linear
parallel time is too slow for many applications.

Loosening the restriction that the states do not depend on the size of the input is one
way to address this issue. In this popular extension of the population protocol model, it is
possible to construct protocols that stabilise in logarithmic parallel time, using O(log n)
states, where n is the number of agents [36].

Let S : N → N denote the space bound, i.e. for an input with n agents we may use
up to S(n) states. The idea is that we know an upper bound N ≥ n on the number of
agents, and can choose a protocol based on S(N). There are multiple variants on how
exactly this choice happens:

• Weakly-uniform population protocols (WUPPs). These are also referred to
as “non-uniform” in the literature. This is the strongest model, where the protocol
can depend on S(N) in arbitrary ways, i.e. we have a family of protocols P1,P2, ... .
Contrary to what the name “non-uniform” might suggest, the family of protocols
can usually still be generated by a single Turing machine.

• Strongly-uniform population protocols (SUPPs). Here we are given a single,
infinitely large protocol with states Q := N. When run on an input with n agents,
it will only use states 1, ..., S(n). This is usually referred to as “uniform” in the
literature.

• Bounded-uniform population protocols (BUPPs). This variant is similar
to SUPPs, in that we have one infinitely large protocol P∞. Instead of requiring
P∞ to restrict itself to S(n) states at runtime, we require that removing all but
the first S(N) states from P∞ results in a protocol that works for all inputs with
n ≤ N agents.

I remark that BUPPs have not (yet) appeared in the literature. However, I argue that
they are a more natural model than SUPPs and better suited to explore the expressive
power of population protocols with S ∈ o(log n) states. In SUPPs, a protocol must be
able to restrict the amount of states used by itself. However, in practice space bounds
are usually imposed externally, e.g. by the amount of memory available in a device or the
number of compounds that can be synthesised. Moreover, as discussed in Section 6.2.2,
the SUPP requirement simply excludes all protocols with ω(1) ∩ o(log n) states, while
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being equivalent to BUPP outside that interval. Hence, I believe that the notion of
uniformity is best expressed by BUPPs.

In the remainder of this section, we first define the three models above in Section 6.2.1.
In Section 6.2.2, I compare the two notions of uniformity in the SUPP and BUPP models.
Then Section 6.2.3 discusses the expressive power for S ∈ Ω(log n) and presents our
results in this area, and finally in Section 6.2.4 we make a conjecture about the case
S ∈ o(log n) and relate it to our results from Section 4.3.

6.2.1. Definition
For all of the following definitions we assume Q ⊆ N, i.e. the name of every state is simply
an integer. We also implicitly assume that all space bounds S(n) are “well-behaved” in
some manner. In particular, S(n) should be space-constructible and monotonic.
WUPPs. We start by defining WUPPs, from which we will then obtain SUPPs and
BUPPs as special cases.

Definition 61. A weakly-uniform population protocol (WUPP) is a tuple (Q, δ, I, O),
where

• Q = N, I ⊆ Q is finite, O : Q → {0, 1},
• δ = (δi)i∈N with δi ⊆ Q2 ×Q2 for i ∈ N, and
• δ can be computed by a Turing machine.

It induces the TS (NQ,→1, I,∼inp, O
′), where

• for C,C ′ ∈ NQ we have C →1 C
′ if C →t C

′ for some t ∈ δ|C|,
• ∼inp:= {(C,C) : C ∈ NI} is the identity, and
• O′(C) := b if O(JCK) = {b} for b ∈ {0, 1} and O′(C) := ⊥ otherwise.

So a WUPP has an infinite sequence of transition functions, where δn is used for inputs
of size n. This is ensured by the definition of →1.

Next, we define what it means for a WUPP to only use a certain number of states.

Definition 62. Let P = (Q, δ, I, O) denote a WUPP and S : N → N. We set JδiK :=
{q, p, q′, p′ : (q, p 7→ q′, p′) ∈ δi}. We say that P is S(n)-bounded if δi = δj for all i, j ∈ N
with S(i) = S(j) and JδiK ⊆ {0, ..., S(i)} for all i ∈ N.

Intuitively, δn is the transition function that is used for populations with n agents.
The requirement JδiK ⊆ {0, ..., S(i)} ensures that δn can only use S(n) states. If this
were the only restriction, the protocol would be able to use different transition functions
depending on the precise value of n, i.e. the transitions get a precise estimate of n as
“advice”. This is undesirable; instead, we want the transitions to only have the value of
S(n); we ensure this by requiring δi = δj for S(i) = S(j).

Still, as defined above the transitions δi only have to work for n with S(n) = i, and
not for smaller populations. To ensure that the protocol fulfils this as well, we require
monotonicity:
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Definition 63. Let P = (Q, δ, I, O) denote a WUPP deciding a predicate φ. We say
that P is monotonic, if for every i ∈ N the WUPP (Q, δ′, I, O) with δ′

j := δmax{i,j} also
decides φ.

All results in this section apply equally to monotonic and non-monotonic protocols.
BUPPs. In a BUPP, we do not have a family of transition functions δ0, δ1, ... — instead,
there is a single transition function δ, which induces δi by deleting all transitions that
involve states outside of the state bound. Consequently, the definition of a BUPP already
involves a space bound.

Definition 64. Let S : N → N. An S(n)-bounded uniform population protocol (BUPP)
is a WUPP (Q, δ, I, O), if there is a δ∞ ⊆ Q × Q such that δi = {(q, p 7→ q′, p′) ∈ δ∞ :
q, p, q′, p′ ≤ S(i)} for all i ∈ N.

I remark that δ∞ = ⋃
i∈N δi.

SUPPs. For strong uniformity, we take a BUPP and further restrict it by requiring
that it is impossible to reach states outside of the space bound. More precisely, if we
have an initial configuration C with |C| = n agents, and we execute transitions according
to the (unrestricted) transition function δ∞, then we cannot reach any state q > S(n).

Definition 65. Let S : N → N. A S(n)-bounded strongly uniform population protocol
(SUPP) is an S(n)-bounded BUPP (Q, δ, I, O), if in the WUPP (Q, (δ∞)i∈N, I, O) any
reachable configuration C fulfils JCK ⊆ {0, ..., S(|C|)}.

Note that SUPPs are always monotonic.

6.2.2. The right notion of uniformity
In the previous section, we have defined two different notions of (non-weak) uniformity:
BUPPs and SUPPs. In both cases, the family of size-bounded population protocols is
induced by a single infinitely-large protocol. The difference is, essentially, that a SUPP
must not exceed the state bound even when more states are available, while a BUPP is
limited to use only states within the state bound. In this section, I will compare these
two models.

In Turing machines, the latter case would be analogous to having markers on the tape
denote the amount of space the machine is allowed to use. There, such an assumption
can easily be made for the kinds of space bounds that are commonly considered, since
the Turing machine is able to, by itself, compute how much space it can use and place
markers accordingly.

For population protocols I believe that the same principle can be applied to space
bounds S(n) with S ∈ Ω(log n). In particular, I believe that it is possible to give a
generic conversion from BUPP to SUPP. One can construct a counter that stores that
precise number of agents n in binary using O(log n) states, and use it to calculate the
number of bits that may be used by each agent to store its state. Each agent stores
this number, incurring a O(logS(n)) overhead, and only executes transitions where the
resulting states do not exceed the allowed number of bits.
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Conjecture 66. Any BUPP with S(n) states with S ∈ Ω(log n) can be converted to a
SUPP with O(S(n) logS(n)) states, deciding the same predicate.

So apart from a log n factor, the two models coincide for space bounds S ∈ Ω(log n).
If S ∈ o(log n), however, it is known that WUPPs decide only Presburger predicates, i.e.
the same as constant-state population protocols [22]. Essentially, this bound generalises
the observation that in a population protocol every reachable state can be reached from
an input configuration with roughly 2|Q| agents (see Lemma 18). So either finitely many
states are reachable, or S ∈ Ω(log n).

Conversely, the BUPP model mostly coincides with SUPPs for S ∈ Ω(log n), and,
as we will discuss in Section 6.2.4, exhibits interesting behaviour in the o(log n) region.
In other words, there simply are no SUPPs that are o(log n)-space bounded, but not
O(1)-space bounded.

Hence we have to ask whether the requirement imposed by the SUPP model is a
reasonable one. I believe not — space restrictions are usually imposed externally by the
environment e.g. by the available memory in a chip or the need to synthesise compounds
with particular properties. This is precisely the BUPP model.

Therefore, I believe BUPPs to be the “right” notion of uniformity.

6.2.3. Expressive power with Ω(log n) states
To discuss the expressive power of population protocols with ω(1)-states, we usually use
the classes SNSPACE(g(n)) [46], which are defined as the set of predicates φ : Nk → {0, 1}
which can be decided by a O(g(n))-space bounded nondeterministic Turing machine
(NTM), with input in unary. (So an input (x1, ..., xk) ∈ Nk would be represented as the
word 1x1#...#1xk , with length O(x1 + ...+ xk).)

So SNSPACE(g(n)) is similar to NSPACE(g(n)), but only considers predicates. Con-
fusingly, in the literature the class SNSPACE(g(n)) is often referred to as “predicates
in NSPACE(g(n))”, or even just NSPACE(g(n)). The same holds for the class SNL :=
SNSPACE(log n) and NL.

Additionally, we use PA for the set of Presburger predicates.
Expressive power. Consider the class of S(n)-bounded population protocols, either
WUPP, BUPP or SUPP. If S ∈ Ω(n), then exactly the predicates in SNSPACE(n logS(n))
can be decided [22].

However, population protocols with Ω(n) states are considered impractical. Most
constructions in the literature have O(polylog n) states instead.

In our paper [30], we investigate precisely this region, and prove that the precise space
complexity for population protocols with Ω(log n) ∩ o(n1−ε) states, for any ε > 0, is
SNSPACE(log n · S(n)). Combined with the aforementioned bound, we get the following.

Theorem 67 ([22, 30]). Let S ∈ Ω(log n) denote a space bound, and ε > 0. Then
S(n)-bounded SUPPs, BUPPs, or WUPPs, have expressive power

(a) SNSPACE(log(n) · S(n)), for S ∈ O(n1−ε), and
(b) SNSPACE(n · log(S(n))), for S ∈ Ω(n).
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Figure 6.1.: Expressive power of population protocols.

This is illustrated in Figure 6.1, where the x-axis denotes the space bound S(n), and
the y-axis denotes expressive power — either in terms of SNSPACE, or using PA for the
set of Presburger predicates. In the region S ∈ ω(1) ∩ o(log n), expressive power is known
only for the SUPP model (since, as discussed above, there are no SUPP protocols in this
region), indicated by the dashed line.

Part (b) of the above theorem is due to [22], part (a) is our contribution. For this, we
prove both upper and lower bounds on the expressive power.
Upper bound. Essentially, we simulate a population protocol inside a space bounded
NTM, representing the number of agents in a state via a binary counter. This leads
immediately to the log(n) · S(n) bound, since there are S(n) states, each needing log(n)
bits. The difficult part is detecting whether the population protocol has reached a stable
consensus, which makes use of the Immerman–Szelepcsényi theorem.
Lower bound. The lower bound is proven via construction, and is more involved. On a
high level, our result uses the assumption S ∈ Ω(log n) to create a binary counter that
will eventually store the number of agents n. This is done by counting agents one by one.
While the protocol cannot determine whether that process has finished, it can restart
subsequent computations whenever a new agent is found. So eventually the counter will
be correct. Once the value of the counter stabilises, the protocol can use it to perform
zero-tests, i.e. detecting whether a state is empty.

Using zero-checks, the protocol then simulates a counter machine with S(n) counters.
Each of these counters is represented by a single state, and the value of the counter
corresponds to the number of agents in the state. By distributing the agents uniformly
across the counters, each counter can count up to n/S(n).1

6.2.4. Expressive power with o(log n) states
As shown in Figure 6.1, for space bounds S ∈ ω(1) ∩ o(log n) the expressive power is
still open. We know it to lie between PA (i.e. the Presburger predicates) and SNL :=
SNSPACE(log n), since that is the power of protocols with Θ(1) and Θ(log n) states,

1As a technical aside, this is not quite enough. But we can instead use kS(n) counters, for some
constant k ∈ N, which count up to n/kS(n).
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respectively. However, this is a large gap: Presburger predicates contain only simple
arithmetic, and cannot decide, for example, whether a number is prime, square, or a
power of two. It also cannot multiply by non-constant terms, so e.g. the predicate
φ(x, y, z) ⇔ xy = z is not in PA. Conversely, all of these predicates are in SNL.

So in some sense, we know that a “phase transition” occurs in population protocols
somewhere in the S ∈ ω(1) ∩ o(log n) region, where they go from only Presburger
arithmetic to arbitrary space-bounded computations. Where exactly does that phase
transition occur? We do not know — but I suspect that the answer is related to our
results on the space complexity of flock-of-bird predicates, discussed in Sections 4.2
and 4.3.

A pattern that emerges from multiple results is the importance of the ability of a
protocol to perform a deterministic zero-test, i.e. check whether some specific state is
empty. This has been considered in the literature [47], showing that adding zero-tests
to population protocols allows them to decide any predicate in SNL. We also see their
importance in the construction in Section 4.3, which is built around constructing virtual
registers that do allow for such a check, in the construction of Section 6.2.4, in the lower
bound of the previous section, as well as the constructions we will discuss in Sections 6.3
and 6.4.

In particular, in the lower bound of the previous section, this zero-test was implemented
using a simple binary counter with O(log n) states. I conjecture that it is possible to
instead use the very succinct flock-of-birds construction of Section 4.3 to implement the
zero-test. Conversely, I speculate that the lower bound of Section 4.2 can be extended to
show that protocols with o(log log n) states decide only PA, though this seems less clear.

Conjecture 68. Let S ∈ O(log n) denote a space bound. Then S(n)-bounded BUPPs or
WUPPs have expressive power

(a) PA, for S ∈ o(log log n), and
(b) SNSPACE(log(n) · S(n)), for S ∈ Ω(log log n).

6.3. Broadcast Consensus Protocols
For the next model we return to having a constant state space, and instead allow for
broadcast transitions. Given a state space Q, a broadcast transition has the form q 7→ q′, f ,
where q, q′ ∈ Q and f : Q → Q. So one agent in state q initiates the transition, moving
to state q′. Intuitively, this agent broadcasts the signal f — all other agents react to that
signal and change states accordingly. More concretely, another agent in state p would
move to state f(p).

Definition 69. A broadcast consensus protocol (BCP) is a tuple (Q, δ, I, O), where
• Q is a finite set of states,
• δ ⊆ Q×Q×QQ is a set of transitions,
• I ⊆ Q are input states, and
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• O : Q → {0, 1} is an output mapping.
It induces the TS (NQ,→1, I,∼inp, O

′), where ∼inp:= {(C,C) : C ∈ NI}, O′(C) := b if
O(JCK) = {b} for b ∈ {0, 1} and O′(C) := ⊥ otherwise, and

C →1 f(C − q) + q′ if (q 7→ q′, f) ∈ δ, C ∈ NQ, C(q) > 0,

Recall that the notation f(C), for a multiset C ∈ NQ and f : Q → Q, denotes
the multiset that results from C if every agent in state q moves to state f(q). So
(f(C))(q′) = ∑

q∈f−1(q′) C(q). Note also that the definition of ∼inp and O′ are precisely
identical to WUPPs (see Definition 61).

The BCP model was first proposed in [16], as an extension of population protocols
with broadcasts. They also allow for so-called rendezvous transitions, which are the
transitions of the population protocol model. However, as we show in our paper [34],
one can simulate rendezvous transitions using only broadcast transitions, so I have not
included them in the definition above.

The expressive power of the model is settled in [16] to be precisely SNL. Our paper
continues this investigation and analyses the time complexity of the model. To keep this
section brief, I will not give a formal definition of time complexity here. (It would be
analogous to the definitions in Section 4.4.4.) We consider a scheduler that repeatedly
picks agents uniformly at random (recall Definition 58); when picked, an agent initiates a
broadcast. The resulting sequence of configurations is almost surely a run, so the protocol
will eventually enter a stable consensus. The time complexity then is the expected
number of interactions until this occurs.

In a population protocol, we measure parallel time, i.e. we assume that Θ(n) interactions
are executed in one time step (n being the number of agents). This assumption relies on
the locality of the interactions, each involving only two agents, meaning that executing
linearly many of them in parallel is both feasible and expected in the settings we are
considering. However, in BCPs a single transition involves all agents, since every agent
potentially changes state according to the broadcast. Hence we will not use parallel time
here, and instead refer to the number of interactions directly.

Our paper has two main results:
• BCPs decide all Presburger predicates within O(n log n) expected interactions,

which is optimal.
• Within a polynomial number of interactions, BCPs decide precisely SZPL, i.e. the

predicates that can be decided by a randomised log-space Turing machine, when
input is encoded in unary.

The second result is proven by simulating the execution of the Turing machine, going
over multiple intermediate models. As such, the construction is quite technical and
will not be presented here. Instead, the following section describes the first result, on
Presburger predicates.
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6.3.1. Presburger predicates
Let us start by considering the majority predicate, φ(x, y) ⇔ x− y ≤ 0. We construct
the protocol P = (Q, δ, I, O), where Q := {x, y,R} × {0, 1}. Intuitively, each agent stores
two things: up to one token corresponding to the initial state, and the value of a global
counter. We will ensure that the second value is always the same in all agents.

As initial states we thus choose I := {x, y} × {0}, and the output is defined as
O((q, c)) := 1 for (q, c) ∈ Q with c ≤ 0, and O((q, c)) := 0 otherwise.

There is only one kind of transition, which consumes the token held by an agent and
updates the global counter accordingly.

(x, 0) 7→ (R, 1), {(q, 0) 7→ (q, 1) : (q, 0) ∈ Q}
(y, 1) 7→ (R, 0), {(q, 1) 7→ (q, 0) : (q, 1) ∈ Q} 〈count〉

It is easy to see that this protocol is correct.

Lemma 70. P decides φ.

Proof. Let σ denote a run from some initial configuration C0. As the number of agents
in states {R} × {0, 1} is nonincreasing, and decreases strictly with each transition, it
suffices to prove that any configuration C reachable from C0 is a φ(C0)-consensus or can
execute a transition.

First, we observe the invariant that for any reachable configuration C and states
(q1, c1), (q2, c2) ∈ JCK we have c1 = c2. So we can define ctr(C) := c1 as the value of that
global counter.

Next, we set val(C) := [C]((x, ·)) − [C]((x, ·)) + ctr(C), and observe that this value
is not changed by any transition. In particular, for any C reachable from C0 we get
val(C) = val(C0). Further, we have φ([C0]) ⇔ val(C) ≤ 0.

If in C there is an agent in a state (x, ctr(C)), and ctr(C) = 0, then 〈count〉 is enabled.
Conversely, the same holds for state (y, ctr(C)) and ctr(C) = 1. So we are left with two
cases.

Case 1: [C]((x, ·)) > 0 ∧ ctr(C) = 1. Using ctr(C) = 1, we can conclude that C is a
0-consensus. Since 0 < val(C) = val(C0), we also have φ([C0]) = 0.

Case 2: [C]((y, ·)) > 0 ∧ ctr(C) = 0. This case is analogous to case 1.

We can generalise this construction to arbitrary Presburger predicates. We proceed in
the usual fashion: first, we define constructions for both threshold and modulo predicates,
then we give a construction for arbitrary boolean combinations. The boolean construction
we use in the paper [34] is the standard product construction (first used by [5]), and
the constructions for threshold and modulo are straightforward variants of each other.
Therefore, in this thesis I will only give the construction for modulo predicates.
Modulo predicates. Let φ(x1, ..., xk) ⇔ a1x1 + ...+akxk ≡ t (mod m) denote a modulo
predicate. We proceed similarly to the example from above and construct the BCP
P = (Q, δ, I, O) with Q := ({x1, ..., xk} ∪ {R}) × {0, ...,m − 1}, I := {x1, ..., xk} × {0},
and for (q, c) ∈ Q we set O((q, c)) := 1 if c = t, and O((q, c)) := 0 else.
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As transitions we have the following.

(xi, c) 7→ (R, c′), {(q, c) 7→ (q, c′) : (q, c) ∈ Q}
for i ∈ {1, ..., k}, c′ ≡ c+ ai (mod m)

〈count〉

The principle is exactly the same as before: each agent holds up to one token indicating
its input, and can consume that token in a transition to update the global counter.

Lemma 71. P decides φ.

The proof is omitted here, since it is analogous to the proof of Lemma 70. In fact,
for modulo predicates correctness is easier to prove, since eventually all tokens will be
consumed.

Finally, let us briefly consider time complexity. The protocol needs to execute exactly
n 〈count〉 transitions to stabilise, since every agent initiates precisely one transition.
Moreover, at any point in time all agents holding a token can initiate a transition. The
time bound then results from a coupon-collector analysis: In the beginning, n agents
can initiate a 〈count〉 transition. After the first transition, n− 1 agents can do so. This
continues until stabilisation.

So the expected number of transitions until the first 〈count〉 is n/n, the second takes
n/(n− 1), and so on, leading to

n∑

i=1

n

i
= n

n∑

i=1

1
i

∈ Θ(n log n)

Conversely, Ω(n log n) transitions are needed for every agent to initiate one transition
(by the same analysis), and for some predicates, the output depends on the value of
every input agent (e.g. φ(x, y) ⇔ x ≡ 0 (mod 2)). So the protocol achieves an optimal
running time in expectation.

6.4. Distributed Graph Machines
So far, we have only seen variants of the population protocol model. In this section, we
consider models that deviate in two fundamental aspects:

• The computation no longer operates on the clique (which allows all pairs of agents
to communicate), but on an arbitrary connected graph.

• Instead of executing the rendezvous transitions of population protocols, agents
receive information about the states of their neighbourhood, and move to a new
state based on that information. We refer to these as neighbourhood transitions.

This model was introduced in [40]. The authors attempt to unify many different models
that have appeared in distributed computing into one common framework, to enable
principled comparisons between those models. To this end, their model is not fully
specified, but leaves open four different parameters, giving rise to 24 possible model
variants. Those parameters are as follows.
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• Detection. Transitions are executed based on the states of neighbouring agents.
For each state, the agent learns how many neighbours are in that state. However,
the agent does not learn the exact number — there is a counting bound β ∈ N,
and the agent gets min{x, β}, where x is the true count. The detection parameter
x ∈ {d, D} determines β: if x = d, β = 1, and otherwise the protocol can fix any
β ∈ N (independent of the input).

• Acceptance. The protocol always accepts by consensus. The parameter y ∈ {a, A}
controls whether agents are allowed to change their opinions. If y = a, the protocol
must be halting, meaning that an agent ceases further computation once it assumes
an opinion. It must not change state afterwards. Otherwise no restrictions are
applied, as for population protocols.

• Selection. Agents can either execute their transitions exclusively, i.e. only one
agent executes a transition at a time (and they do so atomically), synchronously,
meaning that all agents move at the same time, or liberal, which means that some
subset of agents moves.

• Fairness. The final parameter z ∈ {f, F} controls the scheduler. If z = f the
scheduler is only weakly fair. Under weak fairness each agent must execute infinitely
many transitions, but there are no further guarantees. With z = F we have strong
fairness, and every possible finite sequence of transitions must occur infinitely
often.

The six possible combinations of the acceptance and selection parameters are known to
collapse into two equivalence classes [40]. In particular, it is sufficient to consider the two
combinations (1) synchronous selection and weak fairness, and (2) exclusive selection
and strong fairness.

Models are thus identified by a three-letter word xyz ∈ {d, D} × {a, A} × {f, F}. Since
the selection parameter can be inferred from the fairness condition, it is omitted. Upper-
case letters indicate fewer restrictions, so DAF is the most powerful model, while daf is
the least powerful.

In our paper [31], we determine the expressive power of each of the eight classes. We
also investigate the expressive power along an additional axis. Inspired by biological
systems, we consider the assumption that the degree of the graph is bounded, i.e. there
is a constant k such that the protocol need only be correct on graphs with maximum
degree at most k (and the protocol may depend on the value of k).

Section 6.4.1 will introduce the model formally and present two examples. I then
present our results on expressive power in Section 6.4.2, and highlight some of the main
technical ideas in Section 6.4.3.

6.4.1. Formal definition
Let us now give a formal definition.

Definition 72. A distributed graph machine (DGM) is a tuple P = (Q, β, δ, I, O,S),
where
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• Q is a finite set of states,
• β ∈ N is a counting bound,
• δ ⊆ Q× {0, ..., β}Q ×Q is a set of transitions,
• I ⊆ Q are input states,
• O : Q → {0, 1,⊥}, is an output function, and
• S ∈ {one, all} is a selection rule.
Before defining the TS induced by a DGM, let me first give the underlying intuition and

define the necessary notation. We want to execute DGMs on graphs, so a configuration
is going to be an undirected, Q-labelled graph G = (V,E, λ), i.e. V,E are nodes and
edges, respectively, and λ : V → Q are the labels. We write [G] for the multiset of labels,
i.e. [G](q) := |λ−1(q)| for q ∈ Q.

A single node v ∈ V executes a transition depending on the states of its neighbours.
In particular, it determines N := [λ ↾ Γ(v)] ∩ B, where ↾ denotes function restriction
and B(q) := β, for q ∈ Q. In other words, N(q) = min{s, β}, where s is the number
of neighbours of v that are in state q. Then, if there is a transition (q,N 7→ q′) ∈ δ, v
moves to state q′. We write this concisely as follows:
Definition 73. Let G = (V,E, λ), v ∈ V , λ′ : V → Q. We write λ⊢vλ

′ if there is
(q,N 7→ q′) ∈ δ with λ(v) = q, N = [λ ↾ Γ(v)] ∩ B, and λ′(v) = q′, or if no such
transition exists and λ′(v) = q. We further write (V,E, λ)⊢S(V,E, λ′) if λ⊢vλ

′ for v ∈ S
and λ(v) = λ′(v) for v /∈ S.

Finally, we have S. If S = one, the DGM makes a transition by selecting precisely one
agent and having that agent execute a transition. Conversely, if S = all, a transition of
the DGM involves all agents moving simultaneously.
Definition 74. The DGM P = (Q, β, δ, I, O,S) induces the TS (G,→1, I,∼inp, O

′),
where G is the set of all connected, Q-labelled graphs2, [C] ∼inp C for C ∈ G, O′(C) := b
for b ∈ {0, 1} if O(J[C]K) = {b}, and O′(C) := ⊥ otherwise. Let C = (V,E, λ), C ′ ∈ G. If
S = one, we have C →1 C

′ if C⊢{v}C
′ for some v ∈ V , and if S = all, we have C →1 C

′

if C⊢VC
′.

Note that our definition of DGMs does not allow for different fairness conditions — it
will always use strong fairness (cf. Definition 60). This is not an issue, as we only need
weak fairness in combination with synchronous selection, and for synchronous selection
there is no difference between strong and weak fairness.

Finally, we define the 8 classes based on the three parameters described above.
Definition 75. Let xyz ∈ {d, D} × {a, A} × {f, F}. We say that P is a xyz-protocol, if

• x = d implies β = 1,
• y = a implies O(q) = ⊥ for all (q,N 7→ q′) ∈ δ, and
• z = f implies S = all.

We write xyz for the set of predicates that can be decided by a xyz-protocol.
2There are some corner cases when graphs have fewer than 3 nodes, which we ignore here.
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Figure 6.2.: A run of the first example P1.

First example. Let us start with a simple example. We construct a DAF-protocol
P1 = (Q, β, δ, I, O, all), with states {x, y}, counting bound β = 1, inputs I = {x, y} and
output O(x) := 0, O(y) := 1. The only transition is

x,N 7→ y for N(y) > 0 〈infect〉

So an agent in state x can move to y if it has a neighbour in state y. This is an
“epidemic” — if there is at least one agent in state y, this spreads through adjacent
agents until eventually all agents are in state y. Hence the protocol decides the predicate
φ1(x, y) ⇔ y > 0.

Clearly, this is a DAF-protocol, since DAF does not impose any further restrictions. But
this is also a dAf-protocol: the counting bound is 1, and we are using all as selection.
It is not, however, a daf-protocol, as state x has O(x) ̸= ⊥, but there is a transition
initiated by x.

Can we adjust the protocol to be daf? A first try would be to change O(x) to ⊥.
Unfortunately, the protocol would no longer be correct, since an input consisting only of
agents in x would no longer be rejected. In fact, it is not possible to give a daf-protocol
for φ1 — as [40] proves, daf-protocols can only decide the two trivial predicates, true
and false.
Second example. The second example intends to illustrate the difference between
strong and weak fairness. We construct a DAF-protocol P2 = (Q, β, δ, I, O, one), with
states {x, y, T, x′, y′, y∗}. The initial states are I := {x, y}, the output is O(T ) := 1, and
O(q) := 0 for q ̸= T . The counting bound is β = 2.

Our goal is to decide the predicate φ2(x, y) ⇔ y ≥ 2 — this turns out to be significantly
more difficult to decide than φ1.

State T indicates that we have found two agents in y and so the protocol should accept.
We start with a transition that does exactly that.

q,N 7→ T for (q +N)(y) ≥ 2 ∨N(T ) ≥ 1 〈accept〉

This transition alone is not sufficient, as the two agents in y might be far apart in the
graph. Therefore, we design transitions that let states y “move around”. To this end,
we define f : NQ → Q ∪ {⊥} to yield the unique agent in x′, y′ or y∗, if it exists, and ⊥
otherwise. Formally, f(N) := q for q ∈ {x′, y′, y∗} if N(q) = N(x′) +N(y′) +N(y∗) = 1
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Figure 6.3.: An accepting run of P2, with exclusive selection. Dashed arrows indicate
which agents execute transitions.

and f(N) := ⊥ otherwise.

y,N 7→ y′ for f(N) = ⊥
x,N 7→ x′ for f(N) = y′

y′, N 7→ y∗ for f(N) = x′

x′, N 7→ y for f(N) = y∗

y∗, N 7→ x for f(N) = ⊥
q′, N 7→ q for f(N) = ⊥, q ∈ {x, y}

〈swap〉

These transitions intend to take two agents in states y and x, respectively, and “swap”
their states. This is done by a sequence of actions: (1) y moves to y′, indicating that
it intends to start a swap; (2) x sees y′ and moves to x′, signalling its intention to
participate in the swap; (3) y′ moves to y∗, confirming the swap; (4) x′ moves to y, y∗

moves to x, completing the swap.
Importantly, these steps ensure that there is only one possible candidate for the swap.

For example, if multiple x indicate interest in participating in the swap, step (3) will
not proceed, and instead y′ moves back to y via the last transition. This then eventually
causes the x′ to revert to x, cancelling the transaction.

Eventually, this protocol causes two agents in state y to move next to each other.
Hence P2 decides φ2.

However, this relies on strong fairness and exclusive selection. If we instead used
synchronous selection (i.e. S = all), it is possible that no swap is ever completed. For
example, consider a triangle with two nodes in state y and one node in state x, as
depicted in Figure 6.4. The first transition would move both y nodes to y′. In the second

y y

x

y′ y′

x

Figure 6.4.: A run of P2 with synchronous selection.

75



transition, x does not change state (since it sees two neighbours in state y′) and the two
nodes in y′ move back to y. This repeats infinitely often.

Indeed, the results of our paper [31], discussed in the next section, show that φ2
requires strong fairness — it can only be decided by DAF- and dAF-protocols.

6.4.2. Expressive power of DGMs
DAF

DaF dAF

DAf

Daf dAf

daf

Figure 6.5.: The
seven models.

We are interested in the expressive power of the DGM model, so
we want to characterise which predicates can be decided by DGMs.
While not directly investigated by [40], its analysis does have impli-
cations for expressive power. As already mentioned, it shows that
the selections can be assumed to be exclusive, and we do so here.
Further, it is shown that daf and daF have the same expressive
power, so we disregard the latter and seven classes remain. (More
precisely, those two classes can only decide the two trivial predicates,
true and false.)

They also prove inclusions between the classes, which are illustrated
in Figure 6.5. Using this as the starting point of our analysis, we are
able to show the following [31]

• All classes with halting acceptance, i.e. daf, Daf, DaF, can only decide the two trivial
predicates.

• Classes missing one of detection and strong fairness can only count up to a finite
bound. More precisely, the classes dAf and DAf decide predicates φ where φ(C)
depends only on JCK, for C ∈ NI . And for any φ ∈ dAF there is a B ∈ NI with
φ(C) = φ(C ∩B) for all C.

• The strongest model, DAF, decides exactly SNL.
With these results, we characterise the power of all classes precisely, as shown in Fig-
ure 6.6(a), using classes of predicates defined as follows:

Definition 76. Let I denote a finite set of inputs.
• φ ∈ Trivial if there is a b ∈ {0, 1} with φ(C) = b for all C ∈ NI .
• φ ∈ Cutoff(k) for k ∈ N if φ(C) = φ(C ∩B) for all C ∈ NI , with B ∈ NI defined

as B(x) := k for x ∈ I.
• Cutoff := ⋃∞

k=1 Cutoff(k).
• Maj contains all homogeneous threshold predicates, i.e. predicates φ of the form
φ(x1, ..., xk) ⇔ ∑k

i=1 aixi ≥ 0 for a1, ..., ak ∈ Z (cf. Section 5.2.4),
• φ ∈ ISM if for all C ∈ NI and k ∈ N we have φ(C) = φ(kC).

Bounded-degree graphs. In applications where agents occupy a permanent position in
space, it makes sense to consider only communication graphs that have bounded degree.
This makes the model stronger, as the adversary must now choose from a limited set of
graphs. Formally, we define this as follows.
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Figure 6.6.: Expressive power of DGMs on (a) arbitrary and (b) bounded-degree graphs.

Definition 77. Let k ∈ N. A k-bounded DGM is defined analogously to a DGM, except
that in the induced TS G is limited to graphs with maximum degree at most k.

Let xyz ∈ {d, D} × {a, A} × {f, F}. We write xyz(k) for the set of predicates decided
by k-bounded DGMs that are xyz-protocols, and set xyz∗ := ⋃∞

k=1 xyz(k).

The results from [40] still hold in the bounded-degree setting, so daf∗ = daF∗ = Trivial
and we have the same implications, as depicted in Figure 6.5.

In our paper [31] we almost obtain a full characterisation:
• With halting acceptance, the bounded-degree assumption does not change the

expressive power, and we again get daf∗ = Daf∗ = DaF∗ = Trivial.
• We also have dAf = dAf∗ = Cutoff(1), same as before.
• The class dAF has the most dramatic uplift: while dAF = Cutoff, we have dAF∗ =

SNSPACE(n), i.e. dAF∗ contains all predicates decidable by a linearly space-bounded
nondeterministic Turing machine. This is the maximum, and so DAF∗ = dAF∗ as
well.

• Finally, the class DAf∗ is interesting. We are unable to provide a full characterisation,
but we show DAf∗ ⊆ ISM. This severely limits the predicates that can be decided
within the class. In terms of lower bounds, we show that the majority predicate is
included in DAf∗, as well as all other homogeneous threshold predicates.

These results are drawn in Figure 6.6(b).

6.4.3. Selected results
In this section we highlight some of the main ideas necessary to prove the results above.
Limitations of synchronous selection. Consider Figure 6.7(a). In the graph G, the
two nodes in state y are symmetric, i.e. there exists an automorphism mapping one to
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Figure 6.7.: Graph symmetries. (a) A graph G with one pair of symmetric nodes. (b) A
graph H without symmetries. (c) A clique with the same labels as H. (d) H connected
to a copy of itself by swapping the ends of one edge.

the other. Under synchronous selection, it is easy to see that those two nodes will always
be in the same state.

Since the protocol has to work on an arbitrary graph, we can deliberately choose
graphs that exhibit such symmetries. For example, take the graph H in Figure 6.7(b).
While it has no symmetries, we can instead choose the clique H ′ with the same labels,
and the protocol must stabilise also on H ′. This observation would already be enough to
prove dAf = Cutoff(1).

We can also identify symmetries between two different graphs. For example, we obtain
the graph H(2) by taking two copies of H, and then adjusting one edge to “cross-over”
and bridge the two copies. In the resulting graph, every node is symmetric to the
corresponding node in the other copy of H. Additionally, the states in the neighbourhood
of a node are identical to its neighbourhood in the original graph H. So if we take
two runs, one of H and one of H(2), then any node of H will traverse exactly the same
sequence of states as each of the corresponding two nodes in H.

In particular, this means that both runs stabilise to the same value, so a protocol must
either accept both H,H(2), or neither of them. Generalising this argument, we find that
any model with synchronous selection can only decide predicates in ISM.
Limitations of halting acceptance. The problem lies in the requirement that a node v
has to commit to an output in some finite time t. Consider again the graph H(2), but
now with exclusive selection. Let σ denote some finite execution, which we generate by
selecting first an arbitrary node, and then the corresponding node in the other copy of H.
After these two transitions, the two nodes will be in the same state — so we can create
an arbitrarily long execution with the same symmetry as before.

Crucially, we cannot continue this pattern for an infinite number of repetitions to
obtain a run, since it contradicts the fairness criterion of Definition 60. But a finite
execution shall suffice, since we can induce a node to commit to the wrong output in
finite time — with halting acceptance, this is fatal.

Roughly, let t denote the number of steps after which the protocol terminates when run
on H. We then generalise the construction of H(2) to obtain a graph H(2t+4), for some
k ∈ N. The nodes of H(2t+4) will still be symmetric to H and traverse the same states
in an execution, but the graph now has diameter at least t + 2. So we can find some
nodes u, v with that distance, and modify the state of v. After t steps, this modification
cannot result in a change to the state of u, since information propagates at a maximum
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speed of one edge per step. So u will still halt with the same output.
This line of argument can be used to derive a contradiction from any protocol with

halting acceptance that decides a non-trivial predicate, showing Daf = DaF = Trivial.
More powerful transitions. Many of our constructions rely on simulation results, where
we show that certain DGM models can emulate more powerful kinds of transitions. We
use three different kinds of transitions, which have all appeared in some form in previous
sections of this thesis.

• Rendezvous transitions. These transitions, employed by population protocols,
allow two agents to perform an atomic, pairwise interaction. The fact that the
transition is executed by a pair of agents atomically is particularly useful. For
example, the second example protocol of Section 6.4.1 uses the six-part transition
〈swap〉 to implement the rendezvous transition x, y 7→ y, x. Our construction to
simulate rendezvous transitions is a straightforward generalisation of that example,
but it only works in DAF-protocols.

• Weak broadcasts. Similar to the broadcast transitions introduced in Section 6.3,
an agent broadcasts a signal to which other agents react. However, weak broadcasts
provide weaker guarantees. In particular, multiple weak broadcasts may be executed
at the same time. If that happens, we only guarantee that every agent receives
some broadcast. We give a construction to simulate weak broadcasts in all DGM
models.

• Weak zero-tests. We have discussed the importance of zero-tests in Section 6.2.4,
and they also appear in the literature [47]. We model a zero-test as a kind of inverse
broadcast: all other agents remain in their states, but the initiator transitions based
on the set of states occupied by the others. Similar to weak broadcasts, in our
weak zero-tests it is possible that multiple tests occur at the same time, in which
case the agents are partitioned and each initiator moves based on the states of one
of the partitions. We implement weak zero-tests only in the bounded-degree case
and only for models with detection, but we believe that it is possible to generalise
the construction somewhat.

Flock-of-bird predicates. Using weak broadcasts, let me sketch the construction that
we use to prove dAF = Cutoff. To simplify, we consider a flock-of-bird-style predicate
φ(x, y) ⇔ x ≥ k. Note that a protocol for φ is already sufficient: using different k and
renaming inputs, every predicate in Cutoff can be written as a boolean combination of
φ-like predicates.

We use states Q := {0, 1, ..., k}, with inputs {0, 1} (identifying 0 with y and 1 with x)
and output O(q) := 1 for q = k and O(q) := 0 otherwise. The transitions are as follows.

i 7→ i, {i 7→ i+ 1} ∪ {j 7→ j : j ̸= i} for i ∈ {1, ..., k − 1} 〈elevate〉

Syntactically, the transition matches the broadcast transitions of Section 6.3. The idea
of this protocol is the same as for Plvl of Section 5.2.2 — if we have two agents in state i,
one of them moves to state i+ 1. As long as k nonzero agents are present, state k will
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eventually be reached, and then the following transition causes the protocol to accept.

k 7→ k, {j 7→ k : j ∈ Q} 〈accept〉

Since we have not defined weak broadcasts formally, we also cannot formally prove the
correctness of this protocol. Intuitively, correctness relies on the fact that executing
the broadcasts partially causes no harm. Due to strong fairness, eventually a correct
broadcast will be executed, and the protocol will make progress.

In Section 5.2.2, we used essentially the same protocol to decide flock-of-bird predicates
with robust population protocols, i.e. protocols that still work under an adversary that
removes agents. Is there a connection between weak broadcasts and robustness? We do
not know — but if so, this could open an exciting avenue for designing robust population
protocols, by using the weak broadcast model.
Simulating population protocols. Using our construction for rendezvous transitions,
it is straightforward to simulate population protocols (on graphs). It is known that
population protocols on bounded-degree graphs decide exactly SNSPACE(n) [19], and
DAF′ = dAF′ was shown in [40]. This yields our DAF′ = dAF′ = SNSPACE(n) result.
Simulating BCPs. We have discussed BCPs in Section 6.3. While the results in this
thesis focus on their running time, prior literature shows that BCPs decide exactly the
predicates in SNL [16]. To simulate BCPs we cannot use weak broadcasts directly, but
we can combine them with rendezvous transitions. More precisely, we use rendezvous
transitions to implement a leader election, resulting in a unique leader token. This token
is allowed to move around, and broadcasts are restricted to agents holding the leader
token. In this manner, we ensure that only one weak broadcast is executed at a time,
restoring the guarantees of the BCP model.

x x

y yy

x x

Figure 6.8.: Graph
with symmetries.

Majority without symmetry breaking. As mentioned above, all mod-
els with synchronous selection, including DAf∗, can only decide pred-
icates in ISM. Except for Daf∗, we can combine this restriction with
others, to show that only predicates in Cutoff(1) are possible. This
notably excludes the majority predicate φ(x, y) ⇔ x ≤ y.

For DAf∗, however, we are unable to prove further restrictions, so we
only know DAf∗ ⊆ ISM — still, this is a severe limitation. In particular,
it relies on the inability of the protocol to perform “symmetry breaking”.
Consider e.g. the graph in Figure 6.8. As discussed above, the nodes
in each of the highlighted groups are symmetric, and the synchronous
selection will ensure that they always stay in the same state.

However, the majority predicate is included in ISM, and we prove that it is also included
in DAf∗. While the construction is the most technically involved one of this paper, its
high-level ideas can be explained succinctly. The protocol has two “layers”:

• On the bottom layer, we run a kind of diffusion process. Each agent holds a number
of tokens, which are either x or y tokens. Agents with “many” tokens distribute
some to those of their neighbours that have “few” tokens. The two types of tokens
cancel out, so an agent will never hold both types at the same time. We prove that
this process can be implemented with finitely many states and always terminates.
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• On the top layer, we use weak zero-tests to wait until the diffusion has terminated
and then send a weak broadcast for each agent to double the number of tokens
held by the agent. This doubles the size of the gap between x and y. We start the
diffusion again, and repeat this process. After enough repetitions, only one type of
token remains and we have determined the majority.

This is only a rough sketch — for example, the full construction also has to deal with
the case of a tie, which causes the process to run infinitely long. Additionally, we have to
simulate weak zero-test and weak broadcasts, and we have to deal with the intermediate
states used for the simulation. (In particular, when the weak broadcast is executed it is
possible that a zero-test is currently in progress.)

6.4.4. Outlook
Of the 14 classes we set out to analyse, we have found exact characterisations for
13, and given upper and lower bounds for the DAf∗, the remaining one. There, a
gap remains: we know that it can decide majority, as well as all other homogeneous
threshold predicates, and that it is limited to predicates that are invariant under scalar
multiplication. This excludes many, perhaps even all, other Presburger predicates. In
particular, non-homogeneous threshold predicates and all modulo predicates.

However, DAf∗ may also include non-Presburger predicates that happen to be invariant
under scalar multiplication. One example would be the divisibility predicate φ(x, y) ⇔
(∃k : x = ky). Can DAf∗ break the Presburger barrier? I do not know.

As we have shown, of the other classes only DAF = SNL and DAF∗ = dAF∗ = SNSPACE(n)
achieve significant computational power. None of the others can decide even the ma-
jority predicate. While this result may be interpreted to mean that those classes are
uninteresting, too limited to perform interesting computations, I would caution that our
setting features a strong adversary.

In ongoing work, we investigate a different setting, namely the emptiness problem:
Given a DGM P , does there exist a labelled graph G on which P accepts?

We show that this problem is undecidable for all classes except for and ∗, even given
the promise that P either accepts or rejects any G.

So even the “weaker” classes are able to execute complex computations, as long as the
communication structure is suitable. I thus believe that it would also be interesting to
investigate different restrictions similar to the bounded-degree restriction.
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7. Conclusions

Look at that date. It’s over two years ago.

Linus Torvalds, 2015

Weak models of distributed computing, such as population
protocols or distributed graph machines, are a rich field of study.
To close out this thesis, I would like to again highlight a few
connections between the results described above, as well as the
most exciting directions for further research.

We have shown that population protocols can decide flock-of-
birds predicates very succinctly. It would be interesting to see whether the same can be
done for other families of predicates.

There is a connection to the area of fault-tolerant population protocols. The very
succinct construction is unusual in that it is not 1-aware, making it almost self-stabilising.
So far, the property of almost-self-stabilisation has not been investigated apart from this
observation, but I believe that almost-self-stabilisation is both a strong guarantee and
possible to achieve, at least in some cases. Many questions arise: What is the expressive
power of almost self-stabilising protocols? Can this property be achieved by less complex
(and not necessarily succinct) constructions?

For robustness, our results also leave much space to cover still. Is it possible to decide
flock-of-birds predicates succinctly with robust protocols? What is the expressive power
of robust population protocols? There is an intriguing connection to distributed graph
machines — in both cases, the same idea was used to construct flock-of-birds protocols.
Of course, this might very well be superficial, but I speculate that weak broadcasts could
be helpful for achieving robustness.

In this thesis, I have discussed two notions of robustness, which correspond to adding
and removing agents, respectively. Is it possible to construct protocols that are robust
against both? In my opinion, this requires a careful definition of which kinds of additions
and removals are allowed, since doing this naively quickly makes the problem impossible.

Returning to the very succinct construction for flock-of-birds protocols, I believe that it
will be useful in determining the expressive power of non-constant state space population
protocols in the “phase transition” region of ω(1) ∩ o(log n) states. Looking further, I
hope that the construction can be used in the construction of fast population protocols
with o(log n) states. While there are known impossibility results in that case, they are not
unconditional — it is possible that the very succinct construction evades these bounds
as well.
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Finally, the model of distributed graph machines is an interesting sandbox to explore
how different distributed computing models relate to each other. While our results on
expressive power suggest that many of these models are quite weak, this depends a lot on
how the graphs are chosen. In ongoing work, we consider the emptiness problem where
the graph is part of the input — i.e. deciding whether there exists a labelled graph on
which the protocol accepts. We believe that this problem is undecidable for all but one
class. I take this to indicate that even the weaker classes exhibit interesting behaviours,
in the right circumstances.
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8. Publication Summary

8.1. Lower bounds on the state complexity of population
protocols

It is known that population protocols decide all Presburger predicates; however, little is
known about their space complexity. We define the space complexity of a predicate φ
as the smallest number of states of any protocol deciding φ. In particular, while some
constructions exist and provide upper bounds for each Presburger predicate, no general
lower bounds are known.

We consider the family of flock-of-birds predicates, which are the predicates of the
form φk(x) ⇔ x ≥ k, for k ∈ N. We prove two lower bounds, one for the basic model,
and one for population protocols extended with leaders.

In the basic model, we show that the state complexity is Ω(log log k), for all k, leaving
only an exponential gap to the best known upper bound O(log k). This is the main
technical contribution of this paper.

If leaders are allowed, we prove a lower bound of Ω(ack−1(k)) for the state complexity,
where ack is some Ackermann-type function. The best known upper bound is O(log log k)
in this case, leaving a large gap.
Own contributions. I contributed the first version of the lower bound for the leaderless
case, proving an Ω(log log log k) bound. This version already included many of the
technical innovations of the published proof. In particular, it used the technique of
first moving to a configuration with many agents in every state, followed by subsequent
exploitation of the fact that the behaviour of the population protocol can then be captured
by an integer linear program (in some sense). It also included the use of Rackhoff’s
theorem to argue that adding agents to particular states in a stable consensus does not
create instability. The major difference to the final version lay in the proof that the
integer linear program has a suitable solution — this part was much simplified by Jérôme
Leroux, also improving the overall bound.

84



8.2. Breaking Through the Ω(n)-Space Barrier:
Population Protocols Decide Double-Exponential
Thresholds

I consider the space complexity of population protocols, i.e. the space complexity of a
Presburger predicate φ is the smallest number of states of any protocol deciding φ.

It is possible to represent any such predicate φ in quantifier-free Presburger arithmetic
— a natural representation commonly used in the context of population protocols.
Encoding coefficients in binary, we define its size |φ| as the length of the smallest such
representation.

For example, the flock-of-birds predicates φk(x) ⇔ x ≥ k would be represented by
“x ≥ k”, i.e. |φk| ∈ O(log k).

Prior research has shown that the space complexity of φk lies in Ω(log|φk|) ∩ O(|φk|),
and that the space complexity of any predicate φ is in O(|φk|). From a simple counting
argument, one can also see that the space complexity of “most” predicates φ is roughly
Ω(|φ|).

Is it possible to break this barrier? More concretely, can we find any infinite family of
predicates such that every φ in the family has space complexity o(|φ|)?

I answer this question affirmatively and show that this can already be done for flock-
of-birds predicates. In particular, I show that the space complexity of φk is Θ(log log k)
for infinitely many k.

My construction evades previously known conditional impossibility results, by being
the first construction for flock-of-birds predicates that is not 1-aware. Partly due to this,
it also exhibits interesting fault-tolerance properties, making it almost self-stabilising.

To give the construction, I develop population programs, a small structured program-
ming language, which allows for the construction of small population protocols. Using
this model, I show that it is possible to extend a construction due to Lipton, to make it
work in a setting where the initial values of the registers are not known. I then give a
conversion procedure from population programs to population protocols.
Own contributions. As the sole author, all contributions in this paper are my own.
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8.3. Fast and Succinct Population Protocols for
Presburger Arithmetic

Already in 2004, when population protocols were introduced, it was shown that they
can decide all Presburger predicates φ, by giving a construction to this effect. However,
this construction, while simple and fast, produces protocols with an exponential number
of states relative to the size of the predicate |φ|. As usual, we represent predicates via
quantifier-free Presburger arithmetic, with coefficients encoded in binary.

For example, the protocol for φk(x) ⇔ x ≥ k would have Ω(k) states, while the
protocols for φk1,...,kl

(x) ⇔ x = k1 ∨ ... ∨ x = kl would have Ω(k1 · ... · kl) states.
This was improved upon in 2020, showing that for any Presburger predicate φ there is a

protocol with O(poly|φ|) states. However, their construction is slow, needing exponential
time to stabilise.

This suggests the existence of a time-space tradeoff, where protocols can either be large
and fast, or succinct and slow. However, we prove that this is not the case, by giving a
construction which achieves the same size as the 2020 construction, while matching (and
even slightly improving) the time of the 2004 construction. Essentially, the resulting
protocols are both succinct and optimally fast (for a general construction).

Additionally, as corollary we also obtain a construction with only linear size, i.e. O(|φ|)
states for a predicate φ, which is only guaranteed to work for inputs with at least
O(|φ|) agents. Considering that the coefficients in φ are of size 2O(|φ|), this is a modest
assumption.
Own contributions. I suggested the method of ensuring that the entire input is dis-
tributed, which relies on allowing higher powers of two in the subprotocols, and thus
compute a more efficient representation of the input. I also proposed the restriction of
k-way transitions to having at most two distinct input states, which allows the transitions
to be executed quickly, and the method of handling output by including a circuit into
the model. Additionally, I developed the technique of using rapidly-decreasing poten-
tial functions to analyse time complexity. Finally, I also contributed to aspects of the
presentation and overall writing, in particular in the time complexity analysis.
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8.4. The Black Ninjas and the Sniper: On Robust
Population Protocols

We investigate how population protocols can deal with removal of agents. In our fault
model, there is an adversary (a “sniper”) which is allowed to remove agents from the
configuration at any point throughout the computation. However, we restrict the number
of removed agents to be at most k − 1, where k is the input tolerance — the smallest
amount of agents one has to remove from the initial configuration to change the output
of the predicate.

For example, for the majority predicate φ(x, y) ⇔ x ≤ y and input x = 5, y = 7 we
would get k = 3.

We refer to protocols that always return the correct output even under this adversary as
robust. In the paper, we show that the standard construction for flock-of-birds predicates
is not robust, and describe an alternative construction that is. The standard construction
for majority is already robust — we prove this, and then combine a generalised version of
this construction with our construction for flock-of-birds predicates to construct a robust
protocol for an arbitrary threshold predicate. Additionally, we give a robust construction
for any modulo predicate.
Own contributions. The idea for generalising the tower protocol to arbitrary upwards-
closed threshold predicates by considering agents as intervals was suggested by me, as
was combining this protocol with the generalised majority protocol by having the positive
coefficients first climb the tower. I also contributed to aspects of the presentation and
overall writing.
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8.5. Brief Announcement: The Expressive Power of
Uniform Population Protocols with Logarithmic
Space

A popular extension of population protocols allows the state space to depend on the
number of agents n. Usually, constructions use O(polylog n) states. However, the
expressive power of the non-constant state space model was only known for the case of
having either Ω(n) states, or for a restricted class of protocols and O(log n) states. This
fails to capture most protocols proposed in the literature.

We fill this gap by characterising the expressive power of protocols with f(n) states for
f ∈ Ω(log n)∩O(n1−ε), for any ε > 0. Let SNSPACE(S(n)) denote the number predicates
that can be decided by a nondeterministic S(n)-space bounded Turing machine, with
input encoded in unary. Then the expressive power is precisely SNSPACE(log(n)f(n)).

The upper bound relies on a straightforward simulation with a Turing machine, invoking
the Immerman–Szelepcsényi theorem to determine whether the protocol has stabilised.
For the lower bound we construct a protocol that determines the precise value of n by
storing it in a binary counter (using log n states), and then use this value to implement
a zero-test and simulate a counter machine.
Own contributions. The construction hinges on the ability to represent the state of the
counter machine within the population protocol. I suggested using population splitting
to have O(f(n)) counters each with O(n/f(n)) agents, which is necessary to achieve the
desired bound. (The standard method of equipping each agent with one bit per counter
needs 2k states to store k counters, each of which is n-bounded. This is less efficient and
would not suffice here.) I have also contributed to the presentation of the construction,
by developing notation and simplifying certain aspects.
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8.6. Running Time Analysis of Broadcast Consensus
Protocols

Many different extensions of the population protocol model have been considered in the
literature. Here, we equip agents with broadcasts, a kind of transition where one agent
sends a signal that is received by all other agents. We refer to this model as broadcast
consensus protocols (BCPs).

This model has already been considered previously, and it was shown that its expressive
power is precisely SNL, i.e. the number predicates that can be decided by a log-space
nondeterministic Turing machine, when input is encoded as unary.

We consider the time complexity of the BCP model. We show that BCPs can decide all
Presburger predicates within O(n log n) interactions, and prove that this is optimal. The
main idea is the use of a global counter, which is shared across all agents and updated
via the use of broadcasts.

Our main contribution is a characterisation of polynomial-time BCPs: we show that
they correspond exactly to SZPL, meaning the number predicates decidable by randomised
Turing machine with logarithmic space and polynomial time. Again, inputs are encoded
in unary.

To prove this result, we give a construction that simulates a counter machine equipped
with multiplication and division by a constant. Such a counter machine can efficiently
simulate a Turing machine. The multiplications and divisions are implemented using
broadcasts in combination with ordinary (rendezvous) transitions. The former updates all
values stored in the agents across the population at once, while the latter then distributes
those values among the agents.

It is possible that the next step of the computation is started before the distribution has
finished. However, in this case the broadcast will cause one agent to enter an error state,
eventually restarting the computation. As this happens only with negligible probability,
the expected running time is not affected.
Own contributions. I developed all of the theoretical results. I also contributed to the
presentation and overall writing, particularly in the technical parts.
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8.7. Decision Power of Weak Asynchronous Models of
Distributed Computing

We consider weak models of distributed computing, where a large number of computa-
tionally limited agents interact. Many such models have been proposed in the literature,
and these models are often merely slight variations on each other. In 2018, Esparza and
Reiter proposed a classification of many of these models. They defined a framework
for a distributed computing model, which has four different parameters. Via different
combinations of these parameters, 24 models can be obtained.

These models operate on graphs, which provide both communication structure and
input. Each node in the graph is one agent, occupying one of finitely many states. Initially,
the graph is labelled, and the labels determine the initial states of the agents. The
computation proceeds via neighbourhood transitions, where an agent receives information
about the states present in adjacent agents, and moves to a new state accordingly.

In their analysis, a protocol decides a language of labelled graphs. In this framework,
they prove that the 24 classes collapse into 7 different ones.

We build on their analysis by characterising the expressive power of the 7 classes. To
do this, we consider the graph as adversarially chosen, so the input is now just a multiset
of labels. We give precise characterisations of all 7 classes.

Many e.g. biological systems have agents with limited mobility and a fixed location in
space. In such a setting, it makes sense to only consider bounded-degree graphs as inputs.
We also analyse expressive power under this restriction and give full characterisations for
6 of the 7 classes, while providing upper and lower bounds for the remaining one.
Own contributions. I proposed the notion of extending the model with different
types of transitions, which became an integral part of many constructions in the paper.
This includes the formalisation of extensions using reorderings, which provide a sound
framework in which we can give precise proofs. I contributed to many individual results,
most notably the proof that dAF decides all predicates in Cutoff. Finally, I also co-
developed the most technically involved result together with Roland Guttenberg, giving
a construction for all homogeneous threshold protocols in DAf for the degree-bounded
case, and contributed the final presentation of this result, using a diffusion process with
layered absence detection and weak broadcast transitions.
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Abstract
Population protocols are a model of computation in which an arbitrary number of indistinguishable finite-state agents interact
in pairs. The goal of the agents is to decide by stable consensus whether their initial global configuration satisfies a given
property, specified as a predicate on the set of configurations. The state complexity of a predicate is the number of states of a
smallest protocol that computes it. Previous work by Blondin et al. has shown that the counting predicates x ≥ η have state
complexity O(log η) for leaderless protocols and O(log log η) for protocols with leaders. We obtain the first non-trivial lower
bounds: the state complexity of x ≥ η is �(log log η) for leaderless protocols, and the inverse of a non-elementary function
for protocols with leaders.

Keywords Population protocols · State complexity

1 Introduction

Population protocols are a model of computation in which
an arbitrary number of indistinguishable finite-state agents
interact in pairs to decide if their initial global configuration
satisfies a given property. Population protocols were intro-
duced in [5, 6] to study the theoretical properties networks
ofmobile sensors with very limited computational resources,
but they are also very strongly related to chemical reaction
networks, a discrete model of chemistry in which agents are
molecules that change their states due to collisions.

Population protocols decide a property by stable con-
sensus. Each state of an agent is assigned a binary output
(yes/no). In a correct protocol, all agents eventually reach
the set of states whose output is the correct answer to the
question “did our initial configuration satisfy the property?”,
and stay in it forever. An example of a property decidable by
population protocols is majority: initially agents are in one of
two initial states, say A and B, and the property to be decided
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is whether the number of agents in A is larger than the num-
ber of agents in B. In a seminal paper, Angluin et al. showed
that population protocols can decide exactly the properties
expressible in Presburger arithmetic, the first-order theory of
addition [8].

Assume that at each step a pair of agents is selected
uniformly at random and allowed to interact. The parallel
runtime is defined as the expected number of interactions
until a stable consensus is reached (i.e. until the property is
decided), divided by the number of agents. Even though the
parallel runtime is computed using a discrete model, under
reasonable and commonly accepted assumptions the result
coincides with the runtime of a continuous-time stochastic
model.Many papers have investigated the parallel runtime of
population protocols, and several landmark results have been
obtained. In [6] it was shown that every Presburger property
can be decided in O(n log n) parallel time, where n is the
number of agents, and [7] showed that population protocols
with a fixed number of leaders can compute all Presburger
predicates in polylogarithmic parallel time. (Loosely speak-
ing, leaders are auxiliary agents that do not form part of the
population of “normal” agents, but can interact with them
to help them decide the property.) More recent results have
studied protocols for majority and leader election in which
the number of states grows with the number of agents, and
shown that polylogarithmic time is achievable by protocols
without leaders, even for very slow growth functions, see e.g.
[2–4, 16, 19].
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However, many protocols have a high number of states.
For example, a quick estimate shows that the fast protocol
for majority implicitly described in [7] has tens of thou-
sands of states. This is an obstacle to implementations of
protocols in chemistry, where the number of states corre-
sponds to the number of chemical species participating in
the reactions. The number of states is also important because
it plays the role of memory in sequential computational mod-
els; indeed, the total memory available to a protocol is the
logarithm of the number of states multiplied by the number
of agents. Despite these facts, the state complexity of a Pres-
burger property, defined as the minimal number of states of
any protocol deciding the property, has received compara-
tively little attention1. In [11, 12] Blondin et al. have shown
that every predicate representable by a boolean combina-
tion of threshold and modulo constraints (every Presburger
formula can be put into this form), with numbers encoded
in binary, can be decided by a protocol with polynomially
many states in the length of the formula. In particular, it is
not difficult to see that every property of the form x ≥ η,
stating that the number of agents is at least η, can be decided
by a leaderless protocol with O(log η) states. A theorem of
[11] also proves the existence of an infinite family of thresh-
olds η such that x ≥ η can be decided by a protocol (with
leaders) having O(log log η) states. However, to the best of
our knowledge there exist no lower bounds on the state com-
plexity, i.e. bounds showing that a protocol for x ≥ η needs
�( f (η)) states for some function f . This question, which
was left open in [12], is notoriously hard due to its relation
to fundamental questions in the theory of Vector Addition
Systems.

In this paper we first show that every protocol, with or
without leaders, needs a number of states that, roughly speak-
ing, grows like the inverse Ackermann function, and then
prove our main result: every leaderless protocol for x ≥ η

needs �(log log η) states. The proof of the first bound relies
on results on the maximal length of controlled antichains of
Nd , a topic in combinatorics with a long tradition in the study
of Vector Addition Systems and other models, see e.g. [1, 9,
18, 23, 26]. The double logarithmic bound follows from Pot-
tier’s small basis theorem, a useful result of the theory of
Diophantine equations [24].

The paper is organised as follows. Section2 introduces
population protocols, the state complexity function, and its
inverse, the busy beaver function, which assigns to a number
of states n the largest η such that a protocol with n states

1 Notice that the time-space trade-off results of [2–4, 16, 19] refer to a
more general model in which the number of states of a protocol grows
with the number n of agents; in other words, a property is decided by
a family of protocols, one for each value of n. Trade-off results bound
the growth rate needed to compute a predicate within a given time. We
study the minimal number of states of a single protocol that decides the
property for all n.

decides x ≥ η. Instead of lower bounds on state complex-
ity, we present upper bounds on the busy beaver function for
convenience. Section3 presents some results on the math-
ematical structure of stable sets of configurations that are
used throughout the paper. Section4 shows anAckermannian
upper bound on the busy beaver function, valid for protocols
with or without leaders, and explains why this very large
bound might be optimal. Section5 gives a triple exponen-
tial upper bound on the busy beaver function for leaderless
protocols.

2 Population protocols and state complexity

2.1 Mathematical preliminaries

For sets A, B we write AB to denote the set of functions
f : B → A. If B is finitewe call the elements ofNB multisets
over B.We sometimeswritemultisets using set-like notation,
e.g. �a, b, b� and �a, 2 · b� denote the multiset m such that
m(a) = 1, m(b) = 2 and m(c) = 0 for every c ∈ B\{a, b}.
Given a multiset m ∈ NB and B ′ ⊆ B, we define m(B ′) :=∑

b∈B′ m(b). The size of m is |m| := m(B); in other words,
the total number of elements ofm. The support ofm is the set
�m� = {b ∈ B | mb) > 0}. Abusing language we identify
an element b ∈ B with the one-element multiset containing
it, i.e. with the multiset m ∈ NB given by m(b) = 1 and
m(b′) = 0 for b′ �= b.

We call the elements of ZB vectors over B of dimension
|B|. Observe that every multiset is also a vector. Arithmetic
operations on vectors in ZB are defined as usual, extending
the vectors with zeroes if necessary. For example, if B ′ ⊆ B,
u ∈ ZB , and v ∈ ZB′

, then u + v ∈ ZB is defined by
(u + v)(b) = u(b) + v(b), where v(b) = 0 for every b ∈
B \B ′. For u, v ∈ ZB wewrite u ≤ v if ui ≤ vi for all i ∈ B,
and u � v if u ≤ v and u �= v. Given a vector v ∈ Zk , we
define ‖v‖1 = ∑k

i=1|vi | and ‖v‖∞ = maxki=1|vi |.

2.2 Population protocols

We recall the population protocol model of [6], with explicit
mention of leader agents. A population protocol is a tuple
P = (Q, T , L, X , I , O) where

• Q is a finite set of states;
• T ⊆ Q2 × Q2 is a set of transitions, where Q2 denotes

the set of multisets over q of size 2;
• L ∈ NQ is the leader multiset;
• X is a finite set of input variables;
• I : X → Q is the input mapping; and
• O : Q → {0, 1} is the output mapping.
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Wewrite p, q �→ p′, q ′ to denote that the pair (�p, q�, �p′, q ′�)
is a transition.We assume that for every multiset �p, q� there
is at least one transition of the form p, q �→ p′, q ′.
Inputs and configurations An input to P is a multiset m ∈
NX such that |m| ≥ 2. A configuration is a multiset C ∈
NQ such that |C | ≥ 2. Intuitively, a configuration represents
a population of agents where C(q) denotes the number of
agents in state q. The initial configuration for input m is
defined as

IC(m) := L +
∑

x∈X
m(x) · I (x).

When P has a unique input x , i.e. X = {x}, we abuse lan-
guage andwrite IC(i) instead of IC(i · x) to denote the initial
configuration for input i ∈ N.

The output O(C) of a configuration C is b if C(q) ≥ 1
implies O(q) = b for all q ∈ Q, and undefined otherwise.
So a population has output b if all agents have output b.
Executions A transition t = p, q �→ p′, q ′ is enabled at a
configuration C if C ≥ p + q, and disabled otherwise. As
|C | ≥ 2 by the definition of configuration, every configura-
tion enables at least one transition. If t is enabled atC , then it
can befired leading to configurationC ′ := C−p−q+p′+q ′,
which we denote C t−→ C ′. We write C −→ C ′ if C t−→ C ′
for some t ∈ T . Given a sequence σ = t1t2 . . . tn of tran-
sitions, we write C σ−→ C ′ if there exist configurations
C1,C2, . . . ,Cn such that C

t1−→ C1
t2−→ C2 · · ·Cn

tn−→ C ′, and
C ∗−→ C ′ if C σ−→ C ′ for some sequence σ ∈ T ∗. For every
set of transitions T ′ ⊆ T , we write C T ′−→ C ′ if C t−→ C ′ for
some t ∈ T ′; we write C T ′∗−−→ C ′, and say that C ′ is reach-
able from C , if C σ−→ C ′ for some sequence σ ∈ T ′∗. Given
a set C of configurations, C ∗−→ C denotes that C ∗−→ C ′ for
some C ′ ∈ C.

An execution is a sequence of configurations σ =
C0 C1 . . . such that Ci −→ Ci+1 for every i ∈ N. The
output O(σ ) of σ is b if there exist i ∈ N such that
O(Ci ) = O(Ci+1) = ... = b, otherwise O(σ ) is undefined.

Executions have themonotonicity property: IfC0 C1 C2 . . .

is an execution, then for every configuration D the sequence
(C0+C) (C1+C) (C2+C) . . . is an execution too.We often
say that a statement holds “by monotonicity”, meaning that
it is a consequence of the monotonicity property.
Computations An execution σ = C0 C1 . . . is fair if for
every configuration C the following holds: if C is reach-
able from Ci for infinitely many i ∈ N, then C j = C
for infinitely many j ∈ N. In other words, fairness ensures
that an execution cannot avoid a reachable configuration for-
ever. We say that a population protocol computes a predicate
ϕ : NX → {0, 1} (or decides the property represented by the
predicate) if for every v ∈ NX every fair execution σ start-
ing from IC(v) satisfies O(σ ) = ϕ(v). Two protocols are
equivalent if they compute the same predicate. It is known

that population protocols compute precisely the Presburger-
definable predicates [8].

Example 2.1 Let Pk = (Q, T , 0, {x}, I , O) be the protocol
where Q := {0, 1, 2, 3, ..., 2k}, I (x) := 1, O(a) = 1 iff
a = 2k , and the set T of transitions contains a, b �→ 0, a+b
if a + b < 2k , and a, b �→ 2k, 2k if a + b ≥ 2k for every
a, b ∈ Q. It is readily seen that Pk computes x ≥ 2k with
2k +1 states. Intuitively, each agent stores a number, initially
1. When two agents meet, one of them stores the sum of their
values and the other one stores 0, with sums capping at 2k .
Once an agent reaches 2k , all agents eventually get converted
to 2k .

Now, consider the protocol P ′
k = (Q′, T ′, 0, {x}, I ′, O ′),

where Q′ := {0, 20, 21, ..., 2k}, I ′(x) := 20, O ′(a) = 1 iff
a = 2k , and T ′ contains 2i , 2i �→ 0, 2i+1 for each 0 ≤ i < k,
and a, 2k �→ 2k, 2k for each a ∈ Q′. It is easy to see that
P ′
k also computes x ≥ 2k , but more succinctly; while Pk has

2k + 1 states, P ′
k has only k + 1 states.

Leaderless protocols A protocol P = (Q, T , L, X , I , O)

has a multiset L of leaders. If L = 0, then the protocol is
leaderless. Protocols with leaders and leaderless protocols
compute the same predicates [8]. For L = 0 we have

IC(λv + λ′v′) = λIC(v) + λ′IC(v′)

for all inputs v, v′ ∈ NX and λ, λ′ ∈ N. In other words,
any linear combination of initial configurations with natural
coefficients is also an initial configuration.

2.3 State complexity of population protocols

Informally, the state complexity of a predicate is the minimal
number of states of the protocols that compute it. We would
like to define the state complexity function as the function
that assigns to a number � the maximum state complexity of
the predicates of size at most �. However, defining the size of
a predicate requires to fix a representation. Population proto-
cols compute exactly the predicates expressible in Presburger
arithmetic [8], and so there are at least three natural rep-
resentations: formulas of Presburger arithmetic, existential
formulas of Presburger arithmetic, and semilinear sets [20].
Since the translations between these representations involve
superexponential blow-ups, we focus on threshold predicates
of the form x ≥ η, for which the size of the predicate is the
size of η, independently of the representation. We choose to
encode numbers in unary, and so we define STATE(η) as the
number of states of the smallest protocol computing x ≥ η.

The inverse of STATE(η) is the function that assigns to
a number n the largest η such that a protocol with n states
computes x ≥ η. Recall that the busy beaver function assigns
to a number n the largest η such that a Turing machine with n
states started on a blank tape writes η consecutive ones on the
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tape and terminates. Due to this analogy, we call the inverse
of the state complexity function the busy beaver function,
and call protocols computing predicates of the form x ≥ η

busy beaver protocols, or just busy beavers.

Definition 1 The busy beaver function BB : N → N is
defined as follows: BB(n) is the largest η ∈ N such that
the predicate x ≥ η is computed by some leaderless pro-
tocol with at most n states. The function BBL(n) is defined
analogously, but for general protocols, possibly with leaders.

In [12] Blondin et al. give lower bounds on the busy beaver
function:

Theorem 2.2 ([12]) For every number of states n: BB(n) ∈
�(2n) and BBL(n) ∈ �(22

n
).

However, to the best of our knowledge no upper bounds
have been given.

3 Mathematical structure of stable sets

We define the stable configurations of a protocol:

Definition 2 Let b ∈ {0, 1}. A configuration C óf a protocol
is b-stable if O(C ′) = b for every configurationC ′ reachable
from C . The set of b-stable configurations is denoted SCb,
and we let SC = SC0 ∪ SC1.

It follows easily from the definitions that a population
protocol computes a predicate ϕ : NX → {0, 1} iff for every
input v and configuration C with IC(v)

∗−→ C the condition
C ∗−→ SCϕ(v) holds.

Moreover, given a protocol computing ϕ, ϕ(v) = b for an
input v iff IC(v)

∗−→ SCb.
A set C of configurations is downward closed if C ∈ C

and C ′ ≤ C implies C ′ ∈ C. The sets SC0, SC1, and SC are
downward closed:

Lemma 3.1 Let P be a protocol with n states. For every b ∈
{0, 1} the set SCb is downward closed.

Proof Assume C ∈ SCb and C ′ ≤ C . We prove C ′ ∈ SCb

by contradiction, so assume that C ′ ∗−→ C ′′ for some C ′′
such that O(C ′′) �= b. By monotonicity, C = C ′ + (C −
C ′) ∗−→ C ′′ + (C − C ′), and since O(C ′′) �= b we have
O(C ′′ + (C − C ′)) �= b. So C ′ ∈ SCb. ��

Given a downward closed set C, a pair (B, S), where B
is a configuration and S ⊆ Q, is a basis element of C if
B + NS ⊆ C. A base of C is a finite set B of basis elements
such that C = ⋃

(B,S)∈B(B + NS). We define the norm of a
basis element (B, S) as ‖(B, S)‖∞ := ‖B‖∞, and the norm
of a basis as the maximal norm of its elements.

It is well-known that every downward-closed set of con-
figurations has a base. We prove a stronger result: the sets
SC0, SC1, and SC have bases of small norm.

Lemma 3.2 Let P be a protocol with n states. Every C ∈
{SC0, SC1, SC} has a basis of norm at most 22(2n+1)!+1 with
at most ϑ(n) := 2(2n+2)! elements.

Proof For the bound on the norm, let β := 22(2n+1)! and fix
a b-stable configuration C . Let S := {q ∈ Q | C(q) > 2β},
and define B ≤ C as follows: B(i) := C(i) for i /∈ S and
B(i) := 2β for i ∈ S. Since B ≤ C andC is b-stable, so is B.
We show that (B, S) is a basis element of SCb, which proves
the result for SC0 and SC1. Assume the contrary. Then some
configuration C ′ ∈ B + NS is not b-stable. So C ′ ∗−→ C ′′ for
some C ′′ satisfying C ′′(q) ≥ 1 for some state q ∈ Q with
O(q) �= b; we say that C ′′ covers q.

By Rackoff’s Theorem [25], C ′′ can be chosen so that
C ′ σ−→ C ′′ for a sequence σ of length 22

O(n)
; a more precise

bound is |σ | ≤ β (see Theorem 3.12.11 in [17]). Since a
transition moves at most two agents out of a given state, σ

moves at most 2β agents out of a state. So, by the definition
of B, the sequence σ is also executable from B, and also
leads to a configuration that covers q. But this contradicts
that B is b-stable. This concludes the proof for SC0 and SC1.
For SC, just observe that the union of the bases of SC0 and
SC1 is a basis of SC.

To prove the boundon the number of elements of the bases,
observe that the number of pairs (B, S) such that B has norm
at most k and S ⊆ Q is at most (k + 2)n . Indeed, for each
state q there are at most k + 2 possibilities: q ∈ S, or q /∈ S
and 0 ≤ B(q) ≤ k. So ϑ ≤ (22(2n+1)!+1 + 2)n ≤ 2(2n+2)!. ��

From now on we use the following terminology:

Definition 3 We call β := 22(2n+1)!+1 the small basis con-
stant for the protocolP . A small basis of SCb or SC is a basis
of norm at most β (guaranteed to exist by Lemma 3.2). Its
elements are called small basis elements.

4 A general upper bound on the busy beaver
function

We obtain a bound on the busy-beaver function BBL(n).
Fix a protocol Pn = (Q, T , L, {x}, I , O) with n states

computing a predicate x ≥ η. Observe that the unique input
state is x , and so IC(a) = a · x + L for every input a.

Observe that for every input i we have IC(i) ∗−→ Ci for
some configuration Ci ∈ SC, and so Ci ∈ Bi +NSi for some
basis element (Bi , Si ) of SC. If i < η, then Ci ∈ SC0, and if
i ≥ η thenCi ∈ SC1. Lemma 4.1 below uses this observation
to provide a sufficient condition for an input a to lie above η.
The rest of the section shows that for a protocol with n states
some number a < f (n) satisfies the condition, where f (n) is
a function from the Fast Growing Hierarchy [18]. While the
function f (n) grows very fast, it is a recursive function. So,
contrary to Turing machines, the busy-beaver function for
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population protocols does not grow faster than any recursive
function.

Lemma 4.1 If there exist a, b ∈ N, a basis element (B, S) of
SC, and configurations Da, Db ∈ NS satisfying

1. IC(a)
∗−→ B + Da, and

2. b · x ∗−→ Db,

then η ≤ a.

Proof We first claim that IC(a + λb) ∗−→ B + Da + λDb

holds for every λ ≥ 0. Observe that

IC(a + λb) = (a + λb) · x + L = IC(a) + λb · x .

We have:

IC(a) + λb · x ∗−→ B + Da + λb · x by (1)
∗−→ B + Da + λDb by (2)

and the claim is proved.
Assume now that η > a, i.e.Pn rejects a. Since Da ∈ NS ,

we have B + Da ∈ SC, and so B + Da ∈ SC0 because Pn

rejects a. Since Db ∈ NS , we have B+Da +λDb ∈ B+NS ,
and so B + Da + λDb ∈ SC0 for every λ ≥ 0. So Pn rejects
a+λb for every λ ≥ 0, contradicting thatP computes x ≥ η.

��
We now start our search for a number a satisfying the

conditions of Lemma4.1. Firstwe identify a sequence of con-
figurations C2,C3,C4 . . . of SC satisfying conditions close
to 1. and 2. in Lemma 4.1.

Lemma 4.2 There exists a sequence C2,C3,C4 . . . of config-
urations of SC satisfying:

1. IC(i) ∗−→ Ci for every i ≥ 2, and
2. Ci + j · x ∗−→ Ci+ j for every j ≥ 0.

Proof Since Pn computes x ≥ η, for every i ≥ 2 every
fair run ofP starting at IC(i) eventually reaches SC0 or SC1,
depending onwhether i < η or i ≥ η, and stays there forever.
We define C2,C3,C4, . . . as follows. First, we let C2 be any
configuration of SC reachable from IC(2). Then, for every
i ≥ 2, assume that Ci has already been defined and satisfies
IC(i) ∗−→ Ci . Observe that IC(i + 1) = IC(i) + x . Since
IC(i) ∗−→ Ci , we also have IC(i + 1) = IC(i)+x ∗−→ Ci +x .
This execution can be extended to a fair run,which eventually
reaches SC.We letCi+1 be any configuration of SC reachable
from Ci + x .

Let us show that C2,C3,C4 . . . satisfies1.and 2.. Prop-
erty 1. holds for C2 by definition, and for i ≥ 2 because
IC(i + 1) = IC(i) + x ∗−→ Ci + I (x) ∗−→ Ci+1. For property

2., bymonotonicity and the definition ofCi we have for every
2 ≤ i ≤ k:

Ci + j · x ∗−→ Ci+1 + ( j − 1) · x
∗−→ · · · ∗−→ Ci+ j−1 + x ∗−→ Ci+ j

��

We can now easily prove the existence of a number a
satisfying the conditions of Lemma 4.1.We start by recalling
Dickson’s Lemma:

Lemma 4.3 (Dickson’s lemma) For every infinite sequence
v1, v2, . . . of vectors of the same dimension there is an infinite
sequence i1 < i2 < . . . of indices such that vi1 ≤ vi2 ≤ . . ..

ByDickson’s lemma, the sequenceC2,C3,C4 . . .of configu-
rations of SC constructed in Lemma 4.2 contains an ordered
subsequence Ci1 ≤ Ci2 ≤ Ci3 · · · . Since SC has a finite
basis, by the pigeonhole principle there exist numbers k < �

and a basis element (B, S) such that Cik ,Ci� ∈ B + NS .
Since Ck ≤ C�, we have Ck −C� ∈ NS , and so we can take:

a := k; b := � − k; Da := Ck − B; Db := C� − Ck .

However, the proof of Dickson’s lemma is non-constructive,
and gives no bound on the size of a. To solve this problem
we observe that, in the terminology of [18], the sequence
C2 C3 · · · is linearly controlled: there is a linear control
function f : N → N satisfying |Ci | ≤ f (i). Indeed, since
I nCi ∗−→ Ci , we have |Ci | = |IC(i)| = |L| + i , and so we
can take f (n) = |L|+n. This allows us to use a result on lin-
early controlled sequences from [18]. Say a finite sequence
v0, v1, · · · , vs of vectors of the same dimension is good if
there are two indices 0 ≤ i1 < i2 ≤ s such that vi1 ≤ vi2 .
The maximal length of good linearly controlled sequences
has been studied in [9, 18, 23]. In particular, this lemma fol-
lows easily from results of [18]:

Lemma 4.4 [18] For every δ ∈ N and for every elementary
function g : N → N, there exists a function Fδ,g : N → N
at level Fω of the Fast Growing Hierarchy satisfying the
following property: For every infinite sequence v0, v1, v2 . . .

of vectors of Nn satisfying |vi | ≤ i + δ, there exist i0 < i1 <

. . . < ig(n) ≤ Fδ,g(n) such that vi0 ≤ vi1 ≤ · · · ≤ vg(n).

We do not need the exact definition of the Fast Growing
Hierarchy (see [18]); for our purposes it suffices to know that
the level Fω contains functions that, crudely speaking, grow
like the Ackermann function. From this lemma we obtain:

Theorem 4.5 Let Pn be a population protocol with n states
and � leaders computing a predicate x ≥ η for some η ≥ 2.
Then η < F�,ϑ (n), where ϑ(n) is the function of Lemma 3.2.
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Proof By Lemma 4.4 there exist ϑ(n) + 1 indices i0 < i1 <

. . . < iϑ(n) ≤ F�,ϑ (n) such that Ci0 ≤ Ci1 ≤ · · · ≤ Ciϑ(n)
.

By the definition of ϑ and the pigeonhole principle, there
are indices k < � and a basis element (B, S) of SC0 such
that Cik ,Ci� ∈ B + NS and Cik ≤ Ci� . By Lemma 4.1,
η ≤ ik ≤ F�,ϑ (n). ��

4.1 Is the bound optimal?

The function F�,ϑ (n) grows so fast that one can doubt that
the bound is even remotely close to optimal. However, recent
results show that this would be less strange than it seems. If
a protocol P computes a predicate x ≥ η, then η is the
smallest number such that IC(η)

∗−→ SC1. Therefore, letting
BBP(n) denote the busy beaver protocols with at most n
states, and letting SCP

1 and ICP denote the set SC1 and the
initial mapping of the protocol P , we obtain:

BBL(n) = max
P∈BBP(n)

min{i ∈ N | ∃C ∈ SCP
1 : ICP(i) ∗−→ C}

Consider now a deceptively similar function. Let All1 be the
set of configurations C such that O(C) = 1, i.e. all agents
are in states with ouput 1. Further, let PP(n) denote the set of
all protocols with alphabet X = {x}, possibly with leaders,
and n states. Notice that we include also the protocols that
do not compute any predicate. Define

f (n) = max
P∈PP(n)

min{i ∈ N | ∃C ∈ AllP1 : ICP(i) ∗−→ C}

Using recent results in Petri nets and Vector Addition Sys-
tems [14, 15, 21, 22] it is easy to prove that f (n) grows faster
than any primitive recursive function.2 However, a recent
result [10] by Balasubramanian et al. shows f (n) ∈ 2O(n)

for leaderless protocols.
These results suggest that a non-elementary bound on

BBL(n) might well be optimal. However, in the rest of the
paper we prove that this can only hold for population proto-
cols with leaders. We show BB(n) ∈ 22

O(n)
, i.e. leaderless

busy beaverswith n states can only compute predicates x ≥ η

for numbers η at most double exponential in n.

2 The paper [21] considers protocols with one leader, and studies the
problem of moving from a configuration with the leader in a state qin
and all other agents in another state rin , to a configuration with the
leader in a state q f and all other agents in state r f . Combined with [14,
15, 22], this shows that the smallest number of agents for which this
is possible grows faster than any elementary function in the number of
states of the protocol.

5 An upper bound for leaderless protocols

Fix a leaderless protocol Pn = (Q, T ,∅, {x}, I , O) with
|Q| = n states computing a predicate x ≥ η. Observe that
the unique input state is x , and so IC(a) = a·x for every input
a. We prove that η ≤ 2(2n+2)! ∈ 22

O(n)
. We first introduce

some well-known notions from the theory of Petri nets and
Vector Addition Systems.

5.1 Potentially realisable multisets of transitions

The displacement of a transition t = p, q �→ p′, q ′ is the
vector�t ∈ {−2,−1, 0, 1, 2}Q given by�t := p′+q ′− p−
q. Intuitively, �t (q) is the change in the number of agents
populating q caused by the execution of t . For example, if
Q = {p, q, r} and t = p, q �→ p, r we have �t (p) = 0,
�t (q) = −1, and�t (r) = 1. The displacement of a multiset
π ∈ NT is defined as �π := ∑

t∈T π(t) · �t . We use the
following notation:

C π�⇒ C ′ denotes that C ′ = C + �π.

Intuitively, C π�⇒ C ′ states that if C enables some sequence
t1 t2 . . . tk ∈ T ∗ such that �t1, . . . , tk� = π , then the exe-
cution of σ leads to C ′. However, such a sequence may not
exist. We call the multiset �t1, . . . , tk� the Parikh mapping
of t1 t2 . . . tk .

Say a configurationC is j-saturated ifC(q) ≥ j for every
q ∈ Q, i.e. if it populates all states with at least j agents. We
have the following relations between σ−→ and π�⇒:

Lemma 5.1 (i) If C σ−→ C ′ then C π�⇒ C ′, where π is the
Parikh mapping of σ

(ii) If C π�⇒ C ′ and C is 2|π |-saturated, then C σ−→ C ′ for
any σ with Parikh mapping π .

Proof (i): Easy induction on |σ |.
(ii): By induction on |π |. The basis case π = ∅ is trivial.
Otherwise, let σ be any sequence with Parikh mapping π .
Since this sequence is non empty, it can be decomposed as
tσ ′ where t is a transition and σ ′ is a sequence with Parikh
mapping π ′ defined by π ′(t) = π(t) − 1 and π ′(t ′) = π(t ′)
for every t ′ �= t . As C is 2|π |-saturated, we have C t−→ C ′′
for some configurationC ′′. Further,C ′′ is 2|π ′|-saturated and
C ′′ π ′�⇒ C ′. By induction hypothesisC ′′ σ ′−→ C ′. It follows that
C σ−→ C ′, and we are done. ��
We introduce the set of potentially realisable multisets of
transitions of a protocol:

Definition 4 Amultiset π of transitions is potentially realis-
able if there are i ∈ N and C ∈ NQ such that IC(i) π�⇒ C .

The reason for the name is as follows. If π is not potentially
realisable, then by Lemma 5.1(i) no sequence σ ∈ T ∗ with
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Parikhmappingπ can be executed from any initial configura-
tion, and so π cannot be “realised”. In other words, potential
realisability is a necessary but not sufficient condition for the
existence of an execution that “realises” π .

5.2 Structure of the proof

We can now give a high-level view of the proof of the bound
η ≤ 2(2n+2)!. The starting point is a version of Lemma 4.1 in
which, crucially, the condition IC(b) ∗−→ Db is replaced by
the weaker IC(b) ∗�⇒ Db.

Lemma 5.2 If there exist a, b ∈ N, a basis element (B, S)

of SC, configurations Da, Db ∈ NS, and a configuration D
satisfying

(i) IC(a)
∗−→ D ∗−→ B + Da, and

(ii) IC(b) π�⇒ Db for some π ∈ NT such that D is 2|π |-
saturated,

then η ≤ a.

Proof We first claim that

IC(a + λb) ∗−→ B + Da + λDb

holds for every λ ≥ 0. To prove this, observe first that
IC(b) π�⇒ Db implies D + IC(b) π�⇒ D + Db. Since D is
2|π |-saturated so is D + IC(b), and, by Lemma 5.1(ii), we
have D + IC(b) σ−→ D + Db where σ is any sequence with
Parikh mapping π . With an induction on λ, we immediately
derive

D + λIC(b) σλ−→ D + λDb. (∗)

Since Pn is leaderless, IC(a + λb) = IC(a) + λIC(b)
holds, and:

IC(a) + λIC(b) ∗−→ D + λIC(b) by(i)
∗−→ D + λDb by(∗)
∗−→ B + Da + λDb by(i).

This proves the claim.
Assume now that η > a, i.e.Pn rejects a. Since Da, Db ∈

NS ,wehave B+Da+λDb ∈ SC, and so B+Da+λDb ∈ SC0

for every λ ≥ 0. So, by the claim,Pn rejects a+λb for every
λ ≥ 0, contradicting that it computes x ≥ η. ��

In the next sections we show that a := 2(2n+2)! satisfies
the conditions of Lemma 5.2. We proceed in three steps:

(a) Section 5.3 proves that for every j ∈ N and inputa ≥ j3n

the initial configuration IC(a) can reach a j-saturated
configuration D. We remark that this result is only true
for leaderless protocols.

(b) Let S ⊆ Q. Section5.4 proves that IC(a)
∗�⇒ B + Da ,

for a ∈ N, Da ∈ NS and a configuration B, implies
IC(b) ∗�⇒ Db for some b ∈ N, Db ∈ NS , provided that a
is “large” relative to |B|.

(c) Section5.5 puts everything together, and gives the final
bound.

5.3 Reaching j-saturated configurations

Recall our assumption that for every state q ∈ Q there exists
an input iq such that IC(iq)

∗−→ Cq for some configurationCq

such that Cq(q) > 0. By monotonicity, we have IC(i) ∗−→ C
for the input i := ∑

q∈q iq and the 1-saturated configuration
C := ∑

q∈Q Cq . We show that we can choose i < 3n and

that IC(i) σ−→ C for some σ such that |σ | ≤ 3n . It follows
that for every j ∈ N the input j3n can reach a j-saturated
configuration by executing j times σ .

Lemma 5.3 Let C be a configuration satisfying x ∈ �C� ⊂
Q. There exists a transition p, q �→ p′, q ′ such that {p, q} ⊆
�C� and {p′, q ′} � �C�.

Proof Since �C� is strictly included in Q, there exist i ∈
N, a word σ ∈ T ∗, a configuration C ′ such that IC(i) σ−→
C ′ and �C ′� � �C�. Assume w.l.o.g. that σ has minimal
length. If σ = ε then �C ′� ⊆ {x} contradicting �C ′� � �C�.
So σ = σ ′t for some transition t = p, q �→ p′, q ′, and
IC(i) σ ′−→ C ′′ t−→ C ′ for some configurationC ′′. FromC ′′ t−→
C ′ we derive {p, q} ⊆ �C ′′� and �C ′� ⊆ �C ′′� ∪ {p′, q ′}. By
minimality of σ and |σ ′| < |σ |, we deduce that �C ′′� ⊆ �C�.
In particular {p, q} ⊆ �C�, and �C ′� ⊆ �C� ∪ {p′, q ′}. As
�C ′� � �C�, we deduce that {p′, q ′} � �C�. ��
Lemma 5.4 There exists a word σ ∈ T ∗, a 1-saturated con-
figuration C and a sequence σ of length at most 3n such that
IC(3n)

σ−→ C.

Proof We build a sequence σ0, σ1 . . . of words in T ∗ and a
non decreasing sequence C0,C1 . . . of configurations such
that for every j ≥ 0 we have (with the convention C−1 = 0)

• IC(3 j )
σ j−→ C j ;

• �C j−1� is saturated, or �C j−1� ⊂ �C j �, and
• |σ j | = (3 j − 1)/2.

Since Pn has n states, some C j with 0 ≤ j ≤ n is saturated.
The sequence is built inductively. ChooseC0 = IC(1) and

σ0 = ε. Assume that σ0, . . . , σk has been built. If Ck is satu-
rated, then chooseCk+1 := 3Ck and σk+1 := σ 3

k . AssumeCk

is not saturated. Since x ∈ �C1� we have x ∈ �Ck� ⊂ Q. By
Lemma 5.3 there exists a transition t = p, q �→ p′, q ′ such
that p, q ∈ �Ck� and {p′, q ′} � �Ck�. Since IC(3k) σk−→ Ck

and Pn is leaderless, we have IC(3k+1)
σ 3
k−→ 3Ck . Since

p, q ∈ �Ck�, transition t is enabled at 2Ck . We choose
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Ck+1 := Ck + C ′
k where C ′

k is the configuration satisfying

2Ck
t−→ C ′

k . Now, just set σk+1 := σ 3
k t . ��

5.4 Reaching�-concentrated stable configurations

This section contains the core of the proof. We want to find
some b ∈ N and a configuration Db ∈ NS with IC(b) ∗�⇒ Db,
where S ⊆ Q is given by a basis element (B, S). We start by
noting that any sequence IC(a)

∗−→ B+Da , againwith a ∈ N
and Da ∈ NS , already fulfils this condition approximately if
a is large and (B, S) is a small basis element, i.e. B is “small”
relative to Da . The next lemma formalises this notion.

Definition 5 Let 0 < ε ≤ 1 and S ⊆ Q. A configuration C
is ε-concentrated in S if C(S) ≥ (1− ε)|C | or, equivalently,
C(Q\S) ≤ ε|C |.

Lemma 5.5 Let k ≥ 1, let a := knβ, where β is the con-
stant of Definition 3, and let D denote a configuration with
IC(a)

∗−→ D. There exists a small basis element (B, S) of
SC, and a Da ∈ NS s.t.

1. IC(a)
∗−→ D ∗−→ B + Da, and

2. B + Da is
1
k -concentrated in S.

Proof As D is reachable from an input configuration, it can
reach a configuration B + Da , where Da ∈ NS and (B, S) is
a small basis element of SC. The latter implies ‖B‖∞ ≤ β,
so we have |B| ≤ nβ = a/k = |B + Da |/k, and B + Da is
1
k -concentrated in S. ��

In the remainder of this section we use another small
basis theorem, Pottier’s small basis theorem for Diophantine
equations, to extend the above result: not only can we reach
ε-concentrated configurations for arbitrarily small ε > 0, we
can also potentially reach a 0-concentrated configuration, i.e.
a configuration in which all agents populate S.

For this, we observe that the potentially realisable mul-
tisets π (see Definition 4) are precisely the solutions of the
system of |Q| − 1 Diophantine equations over the variables
{π(t)}t∈T given by

∑

t∈T
π(t)�t (q) ≥ 0 for q ∈ Q \ {x}.

Let A · y ≥ 0 be a homogeneous system of linear Dio-
phantine inequalities, i.e. a solution is a vector m over the
natural numbers such that A ·m ≥ 0. A set B of solutions is a
basis if every solution is the sum of a multiset of solutions of
B. Formally, B is a basis if for every solution m, there exists
a multiset M ∈ NB such that m = ∑

b∈B M(b) · b. It is easy
to see that every system has a finite basis. Pottier’s theorem
shows that it has a small basis:

Theorem 5.6 ([24]) Let A · y ≥ 0 be a system of e linear
Diophantine equations on v variables. There exists a basis
B ⊆ Nv of solutions such that for every m ∈ B:

‖m‖1 ≤
⎛

⎝1 + e
max
i=1

v∑

j=1

|ai j |
⎞

⎠

e

.

Since the potentially realisable multisets are the solutions
of a system of Diophantine equations, by applying Pottier’s
theorem we obtain:

Corollary 5.7 Let ξ := 2(2|T | + 1)|Q|. There exists a basis
of potentially realisable multisets such that every element π
of the basis satisfies |π | ≤ ξ/2. Moreover, IC(i) π�⇒ C for
some i ≤ ξ and some C such that C(Q) ≤ ξ and C(x) = 0.

Proof The potentially realisable multisets are precisely the
solutions of a system of |Q| − 1 Diophantine equations on
|T | variables. The matrix A of the system satisfies |ai j | =
|� j (qi )|, and so |ai j | ≤ 2 for every 1 ≤ i < |Q| and every
1 ≤ j ≤ |T |. The result follows from Theorem 5.6.

ForC(x) = 0, note that IC(i) π�⇒ C implies IC(i − C(x)) π�⇒
C − x · C(x). ��

Recall thatDefinition3 introduced the small basis constant
β. Analogously, we now introduce the Pottier constant:

Definition 6 We call ξ := 2(2|T |+1)|Q| thePottier constant
for the protocol P .

Remark 1 For a deterministic population protocol (i.e. a pro-
tocol such that for every pair of states there is at most one
transition) we could instead use ξ = 2(|Q| + 2)|Q|.

The following lemma is at the core of our result. Intu-
itively, it states that if some potentially realisable multiset
leads to a (1/ξ)-concentrated configuration in S, then some
small potentially realisablemultiset leads to a 0-concentrated
configuration in S.

Lemma 5.8 Let IC(i) ∗�⇒ C and S ⊆ Q. If C is (1/ξ)-
concentrated in S, then IC( j) θ�⇒ C ′ for some number j ,
potentially realisable multiset θ ∈ NT , and configuration C ′
such that |θ | ≤ ξ/2, j ≤ ξ and C ′ is 0-concentrated on S,
i.e. C ′ ∈ NS.

Proof If x /∈ S then we take θ as the empty multiset and are
done. Otherwise let l := C(x) and set i∗ := i − l and C∗ :=
C−l ·x . Clearly,C∗(S) < i∗/ξ follows fromC(S) < i/ξ . It
therefore suffices to prove the lemma in the case of C∗ = C
and i∗ = i , i.e. l = 0.

Since IC(i) ∗�⇒ C , we have IC(i) π�⇒ C for some poten-
tially realisable multiset π . By Corollary 5.7 there exist
potentially realisable multisets π1, . . . , πk ∈ NT s.t. π =
π1 + · · · + πk , numbers i1, . . . , ik ∈ N and configurations
C1, . . . ,Ck (not necessarily distinct) such that
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• i = ∑k
j=1 i j , π = ∑k

j=1 π j , and C = ∑k
j=1 C j .

• IC(i j )
π j�⇒ C j .

• i j ≤ ξ and C j (Q) ≤ ξ for j ∈ {1, .., k}.

Let J = { j ∈ {1, . . . , k} | i j > 0}. We have

i =
k∑

j=1

i j =
∑

j∈J

i j ≤ ξ · |J |.

Since i > ξ ·C(S) by hypothesis, we deduce that |J | > C(S).
Assume that C j (S) > 0 for every j ∈ J . Then C(S) =∑

j∈J C j (S) ≥ |J |, a contradiction. So C j (S) = 0 for some
j ∈ J , and we take θ := π j . ��

5.5 The upper bound

We have now obtained all the results needed for our final
theorem.

Theorem 5.9 LetPn be a leaderless population protocolwith
n states, and let β and ξ be the constants of Definition 3 and
Definition 6. If Pn computes a predicate x ≥ η, then

η ≤ ξnβ3n ≤ 2(2n+2)!.

Proof AssumePn computes x ≥ η.We first prove that η ≤ a
holds for a := ξnβ3n . It suffices to show that a satisfies the
conditions of Lemma 5.2 for a suitable choice of b, (B, S),
Da , Db, D, and π .

Lemma 5.4 shows that a 1-saturated configuration C with
IC(3n) → C exists. Choose D := ξnβ · C . Observe that D
is (ξnβ)-saturated and reachable from IC(a).

Now choose (B, S) and Da as the configurations and basis
element of Lemma 5.5, where k := ξ3n and D is chosen as
above. With this choice of k Lemma 5.5 yields:

1 IC(a)
∗−→ D ∗−→ B + Da ; and

2 B + Da is (1/ξ)-concentrated in S.

(Regarding 2., note that (1/ξ3n)-concentrated implies (1/ξ)-
concentrated.) Property 1. coincides with condition (i) of
Lemma 5.2. Finally, we choose b, Db ∈ NS , and π so that
condition (ii) of Lemma 5.2 holds as well. In particular, b,
Db, and π must satisfy:

IC(b) π�⇒ Dbfor someπs.t.Dis2|π |-saturated.

By 1. we have IC(a)
∗�⇒ B + Da . Applying Lemma 5.8 with

i := a and C := B + Da , we conclude that IC( j) θ�⇒ C ′
for some 0 < j ≤ ξ , some multiset θ such that |θ | ≤ ξ/2,
and some configurationC ′ 0-concentrated in S, i.e. satisfying
C ′(Q \ S) = 0.

Using b := j , π := θ , and Db := C ′, we have IC(b) π�⇒
Db, which fulfils condition (ii) of Lemma5.2 aswell. Further,
since D is (nβξ)-saturated and nβξ ≥ 2(ξ/2) ≥ 2|π |, the
configuration D is 2|π |-saturated. Applying the lemma we
get η ≤ a, concluding the first part of our proof.

We now show that ξnβ3n ≤ 2(2n+2)!. Since ξ = 2(2|T |+
1)|Q| and β = 22(2n+1)!+1, we deduce (for n ≥ 2):

η ≤ 2 (2|T | + 1)n n 22(2n+1)!+1 3n

≤ 4 (2n4 + 1)n n 22(2n+1)! 22n

≤ 4 · 3nn4nn22(2n+1)! 22n

≤ 4 · 3nn4n+122(2n+1)! 22n

and so

2η ≤ 2 + 2n + (4n + 1) log2 n + 2(2n + 1)! + 2n

≤ 2(2n + 1)! + (2n + 1)(2 + 2 log2 n)

≤ (2n + 2)!

Therefore η ≤ 2(2n+2)!. ��

6 Conclusion

We have obtained the first non-trivial lower bounds on the
state complexity of population protocols computing count-
ing predicates of the form x ≥ η, a fundamental question
about the model. The obvious open problems are to close the
gap between the �(log log η) lower bound and the O(log η)

upper bound for the leaderless case, and the even larger gap
between O(log log η) and (roughly speaking), the �(α(η))

lower bound for protocols with leaders, where α(η) is the
inverse of the Ackermann function.
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1 Introduction

Population protocols are a distributed model of computation where a large number of
indistinguishable finite-state agents interact randomly in pairs. The goal of the computation
is to decide whether an initial configuration satisfies a given property. The model was
introduced in 2004 by Angluin et al. [4, 5] to model mobile sensor networks with limited
computational capabilities (see e.g. [28, 22]). It is also closely related to the model of chemical
reaction networks, in which agents, representing discrete molecules, interact stochastically [17].

A protocol is a finite set of transition rules according to which agents interact, but it can
be executed on an infinite family of initial configurations. Agents decide collectively whether
the initial configuration fulfils some (global) property by stable consensus; each agent holds
an opinion about the output and may freely change it, but eventually all agents agree.

An example of a property decidable by population protocols is majority: initially all
agents are in one of two states, x and y, and they try to decide whether x has at least as
many agents as y. This property may be expressed by the predicate φ(x, y) ⇔ x ≥ y.

In a seminal paper, Angluin et al. [7] proved that the predicates that can be decided
by population protocols correspond precisely to the properties expressible in Presburger
arithmetic, the first-order theory of addition.
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To execute a population protocol, the scheduler picks two agents uniformly at random
and executes a pairwise transition on these agents. These two agents interact and may
change states. The number of agents does not change during the computation. It will be
denoted m throughout this paper.

Population protocols are often extended with a leader – an auxiliary agent not part of the
input, which can assist the computation. It is known that this does not increase the expressive
power of the model, i.e. it can still decide precisely the predicates expressible in Presburger
arithmetic. However, it is known that leaders enable an exponential speed-up [6, 1] in terms
of the time that is needed to come to a consensus.

Space complexity. Many constructions in the literature need a large number of states.
We estimate, for example, that the protocols of [6] need tens of thousands of states. This
is a major obstacle to implementing these protocols in chemical reactions, as every state
corresponds to a chemical compound.

This motivates the study of space complexity, the minimal number of states necessary
for a population protocol to decide a given predicate. Predicates are usually encoded as
quantifier-free Presburger formulae with coefficients in binary. For example, the predicates
φn(x) ⇔ x ≥ 2n have length |φn| ∈ Θ(n). Formally we define space(φ) as the smallest
number of states of any protocol deciding φ, and spaceL(φ) as the analogous function for
protocols with a leader. Clearly, space(φ)L ≤ space(φ).

The original construction in [4] showed space(φ) ∈ O(2|φ|) – impractically large. For
the family of threshold predicates τn(x) ⇔ x ≥ n Blondin, Esparza and Jaax [14] prove
space(τn) ∈ O(|τn|), i.e. they have polynomial space complexity. For several years it was open
whether similarly succinct protocols exist for every predicate. This was answered positively
in [13], showing space(φ) ∈ O(poly(|φ|)) for all φ.

Is it possible to do much better? For most predicates it is not; based on a simple counting
argument one can show that for every family φn with |φn| ∈ O(n) there is an infinite
subfamily (φ′

n)n ⊆ (φn)n with spaceL(φ′
n) ∈ Ω(|φn|1/4−ε), for any ε > 0 [14].

This covers threshold predicates and many other natural families of protocols (e.g.
φn(x) ⇔ x ≡ 0 (mod n) or φn(x, y) ⇔ x ≥ ny). But it is not an impenetrable barrier, even
for the case of threshold protocols: it does not rule out constructions that work for infinitely
many (but not all) thresholds and use only, say, logarithmically many states. Indeed, if
leaders are allowed this is known to be possible: [14] shows spaceL(τ ′

n) ∈ O(log|τ ′
n|) for some

subfamily τ ′
n of threshold predicates.

Recently, general lower bounds have been obtained, showing space(τn) ∈ Ω(log1−ε|τn|)
for all ε > 0 [19, 20]. The same bound (up to ε = 1/2) holds even if the model is extended
with leaders [24].

For leaderless population protocols, these results leave an exponential gap. In this paper
we settle that question and show that, contrary to prevailing opinion, space(τ ′

n) ∈ O(log|τ ′
n|)

for some subfamily τ ′
n of threshold predicates. In other words, we construct the first family of

leaderless population protocols that decide double-exponential thresholds and break through
the polynomial barrier.

Robustness. Since population protocols model computations where large numbers of agents
interact, it is desirable that protocols deal robustly with noise. In a chemical reaction, for
example, there can be trace amounts of unwanted molecules. So the initial configuration of
the protocol would have the form CI + CN , where CI is the “intended” initial configuration,
containing only agents in the designated initial states, and CN is a “noise” configuration,
which can contain agents in arbitrary states.
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Table 1 Prior results on the state complexity of threshold predicates φ(x) ⇔ x ≥ k, for k ∈ N.
Upper bounds need only hold for infinitely many k. We elide exponentially dominated factors from
lower bounds.

year result type ordinary with leaders

2018 Blondin, Esparza, Jaax [14] construction O(|φ|) O(log|φ|)
2021 Czerner, Esparza [19] impossibility Ω(log log|φ|) Ω(ack−1|φ|)
2021 Czerner, Esparza, Leroux [20] impossibility Ω(log|φ|)
2022 Leroux [24] impossibility Ω(log|φ|)
2024 this paper construction O(log|φ|)

For threshold predicates, specifically, we want to decide whether |CI | + |CN | exceeds
some threshold k ∈ N, under some reasonable restrictions to CI , CN . However, all known
threshold protocols fail even for the case |CN | = 1. Is it possible to do better?

If CN can be chosen arbitrarily, then the protocol has to work correctly for all input
configurations. This property is known as self-stabilisation, and it has also been investigated
in the context of population protocols [8, 16, 15]. However, it can only be achieved in
extensions of the model (e.g. on specific communication graphs, or with a non-constant
number of states). This is easy to see in the case of threshold predicates: if any configuration
is stably accepting, then any smaller configuration is stably accepting as well. In particular,
there is a stably accepting configuration with k − 1 agents.

While full self-stabilisation is impossible, in this paper we show that one can come
remarkably close. We prove that our construction is almost self-stabilising, meaning that it
computes the correct output for all CI , CN with |CI | ≥ n, where n is the number of states
of the protocol. We do not constraint CN at all. Since n ∈ O(log log k) in our protocol,
this means that one can take an arbitrary configuration CN one wishes to count, add a tiny
amount of agents to the initial state, and the protocol will compute the correct output.

Related work. We consider the space complexity of families of protocols, each of which
decides a different predicate. In another line of research, one considers a family of protocols
for the same predicate, where each protocol is specialised for a fixed population size m.

In the original model of population protocols (which is also the model of this paper), the
set of states is fixed, and the same protocol can be used for an arbitrary number of agents.
Relaxing this requirement has opened up a fruitful avenue of research; here, the number of
states depends on m (e.g. the protocol has O(log m) states, or even O(log log m) states). In
this model, faster protocols can be achieved [3, 26, 27].

It has also led to space-efficient, fast protocols, which stabilise within O(polylog m)
parallel time, using a state-space that grows only slowly with the number of agents, e.g.
O(polylog m) states [1, 12, 2, 10, 9, 11, 21]. These protocols have focused on the majority
predicate. Moreover, lower bounds and results on time-space tradeoffs have been developed
in this model [1, 2].

2 Main result

We construct population protocols (without leaders) for an infinite family of threshold
predicates φn(x) ⇔ x ≥ kn, with k1, ... ∈ N, proving an O(log|φn|) upper bound on their
state complexity. This closes the final gap in the state complexity of threshold predicates.

DISC 2024



17:4 Population Protocols Decide Double-Exponential Thresholds

As in prior work, our result is not a construction for arbitrary thresholds k, only for an
infinite family of them. It is, therefore, easier to formally state by fixing the number of states
n and specifying the largest threshold k that can be decided by a protocol with n states.

▶ Theorem 1. For every n ∈ N there is a population protocol with O(n) states deciding the
predicate φ(x) ⇔ x ≥ k for some k ≥ 22n .

Proof. This will follow from theorems 3 and 5. ◀

The result is surprising, as prevailing opinion was that the existing constructions are
optimal. This was based on the following:

It is intuitive that population protocols with leaders have an advantage. In particular,
one can draw a parallel to time complexity, where an exponential gap is proven: for some
predicates protocols with leaders have O(polylog m) parallel time, while all leaderless
protocols have Ω(m) parallel time.
The O(log log k)-state construction from [14] crucially depends on having leaders.
The technique to show the Ω(log log k) lower bound could, for the most part, also be used
for a Ω(log k) bound. Only the use of Rackoff’s theorem, a general result for Petri nets,
does not extend.
There is a conditional impossibility result, showing that Ω(log k) states are necessary for
leaderless 1-aware protocols. [14] (Essentially, protocols where some agent knows at some
point that the threshold has been exceeded.) All prior constructions are 1-aware.

Regarding the last point, our protocol evades the mentioned conditional impossibility
result by being the first construction that is not 1-aware. Intuitively, our protocol only
accepts provisionally and continues to check that no invariant has been violated. Based on
this, we also obtain the following robustness guarantee:

▶ Theorem 2. The protocols of Theorem 1 are almost self-stabilising.

Overview. We build on the technique of Lipton [25], which describes a double-exponential
counting routine in vector addition systems. Implementing this technique requires the use of
procedure calls; our first contribution are population programs, a model in which population
protocols can be constructed by writing structured programs, in Section 4. Every such
program can be converted into an equivalent population protocol.

However, population programs provide weaker guarantees than the model of parallel
programs used in [25]. Both models access registers with values in N. In a parallel program
these are initialised to 0, while in a population program all registers start with arbitrary
values. This limitation is essential for our conversion into population protocols.

A straightforward implementation is, therefore, impossible. Instead, we have to adapt
the technique to work with arbitrary initial configurations. Our second contribution, and the
main technical difficulty of this result, is extending the original technique with error-checking
routines to work in our model. We use a detect-restart loop, which determines whether
the initial configuration is “bad” and, if so, restarts with a new initial configuration. The
stochastic behaviour of population protocols ensures that a “good” initial configuration is
reached eventually. Standard techniques could be used to avoid restarts with high probability
and achieve an optimal running time, but this is beyond the scope of this paper.

A high level overview of both the original technique as well as our error-checking strategy
is given in Section 5. We then give a detailed description of our construction in Section 6.
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To get population protocols, we need to convert from population programs. We split this
into two parts. First, we use standard techniques to lower population programs to population
machines, an assembly-like programming language. In a second step we simulate arbitrary
population machines by population protocols. This conversion is described in Section 7.

Finally, we introduce the notion of being almost self-stabilising in Section 8, and prove
that our construction has this property.

To start out, Section 3 introduces the necessary mathematical notation and formally
defines population protocols as well as the notion of stable computation.

3 Preliminaries

Multisets. We assume 0 ∈ N. For a finite set Q we write NQ to denote the set of multisets
containing elements in Q. For such a multiset C ∈ NQ, we write C(S) :=

∑
q∈S C(q) to

denote the total number of elements in some S ⊆ Q, and set |C| := C(Q). Given two
multisets C, C ′ ∈ NQ we write C ≤ C ′ if C(q) ≤ C ′(q) for all q ∈ Q, and we write C + C ′

and C − C ′ for the componentwise sum and difference (the latter only if C ≥ C ′). Abusing
notation slightly, we use an element q ∈ Q to represent the multiset C containing exactly q,
i.e. C(q) = 1 and C(r) = 0 for r ̸= q.

Stable computation. We are going to give a general definition of stable computation not
limited to population protocols, so that we can later reuse it for population programs and
population machines. Let C denote a set of configurations and → a left-total binary relation
on C (i.e. for every C ∈ C there is a C ′ ∈ C with C → C ′). Further, we assume some notion
of output, i.e. some configurations have an output b ∈ {true, false} (but not necessarily all).

A sequence τ = (Ci)i∈N with Ci ∈ C is a run if Ci → Ci+1 for all i ∈ N. We say that τ

stabilises to b, for b ∈ {true, false}, if there is an i s.t. Cj has output b for every j ≥ i. A run
τ is fair if ∩i≥0{Ci, Ci+1, ...} is closed under →, i.e. every configuration that can be reached
infinitely often is.

Population protocols. A population protocol is a tuple PP = (Q, δ, I, O), where
Q is a finite set of states,
δ ⊆ Q4 is a set of transitions,

I ⊆ Q is a set of input states, and
O ⊆ Q is a set of accepting states.

We write transitions as (q, r 7→ q′, r′), for q, r, q′, r′ ∈ Q. A configuration of PP is a
multiset C ∈ NQ with |C| > 0. A configuration C is initial if C(q) = 0 for q /∈ I (one might
also say C ∈ NI instead). It has output true if C(q) = 0 for q /∈ O, and output false if
C(q) = 0 for q ∈ O. For two configurations C, C ′ we write C → C ′ if C = C ′ or if there is a
transition (q, r 7→ q′, r′) ∈ δ s.t. C ≥ q + r and C ′ = C − q − r + q′ + r′.

Let φ : NI → {true, false} denote a predicate. We say that PP decides φ, if every fair run
starting at an initial configuration C ∈ NI stabilises to φ(C), where fair run and stabilisation
are defined as above.

4 Population Programs

We introduce population programs, which allows us to specify population protocols using
structured programs. An example is shown in Figure 1.

Formally, a population program is a tuple P = (Q, Proc), where Q is a finite set of registers
and Proc is a list of procedures. Each procedure has a name and consists of (possibly nested)
while-loops, if-statements and instructions. These are described in detail below.

DISC 2024



17:6 Population Protocols Decide Double-Exponential Thresholds

1: procedure Main
2: OF := false
3: while ¬Test(4) do
4: Clean
5: OF := true
6: while ¬Test(7) do
7: Clean
8: OF := false
9: while true do

10: Clean

1: procedure Test(i)
2: for j = 1, ..., i do
3: if detect x > 0 then
4: x 7→ y

5: else
6: return false
7: return true

1: procedure Clean
2: if detect z > 0 then
3: restart
4: swap x, y

5: while detect y > 0 do
6: y 7→ x

Figure 1 A population program for φ(x) ⇔ 4 ≤ x < 7 using registers x, y, z. Main is run initially
and decides the predicate, Test(i) tries to move i units from x to y and reports whether it succeeded,
and Clean checks whether z is empty and moves some number of units from y to x. If Clean detects
an agent in z, it restarts the computation. As every run calls Clean infinitely often, this serves to
reject initial configurations where z is nonzero; eventually the protocol will be restarted with z = 0.
This is an illustrative example and some simplifications are possible. E.g. the instruction (swap x, y)
in Clean is superfluous; additionally, instead of checking z > 0 one could omit that register entirely.

Primitives. Each register x ∈ Q can take values in N. Only three operations on these
registers are supported.

The move instruction (x 7→ y), for x, y ∈ Q, decreases the value of x by one, and increases
the value of y by one. We also say that it moves one unit from x to y. If x is empty, i.e.
its value is zero, the programs hangs and makes no further progress
The nondeterministic nonzero-check (detect x > 0), for x ∈ Q, nondeterministically
returns either false or whether x > 0. In other words, if it does return true, it certifies that
x is nonzero. If it returns false, however, no information has been gained. We consider
only fair runs, so if x is nonzero the check cannot return false infinitely often.
A swap (swap x, y) exchanges the values of the two registers x, y. This primitive is not
necessary, but it simplifies the implementation.

Loops and branches. Population programs use while-loops and if-statements, which function
as one would expect.

We also use for-loops. These, however, are just a macro and expand into multiple copies
of their body. For example, in the program in Figure 1 the for-loop in Test expands into i

copies of the contained if-statement.

Procedures. Our model has procedure calls, but no recursion. Procedures have no argu-
ments, but we may have parameterised copies of a procedure. The program in Figure 1, for
example, has four procedures: Main, Clean, Test(4), and Test(7).

Procedure calls must be acyclic. It is thus not possible for a procedure to call itself, and
the size of the call stack remains bounded. We remark that one could inline every procedure
call. The main reason to make use of procedures at all is succinctness: if our program
contains too many instructions, the resulting population protocol has too many states.

Procedures may return a single boolean value, and procedure calls can be used as
expressions in conditions of while- or if-statements.

Output flag. There is an output flag OF , which can be modified only via the instructions
OF := true and OF := false. (These are special instructions; it is not possible to assign
values to registers.) The output flag determines the output of the computation.
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Initialisation and restarts. The only guarantee on the initial configuration is that execution
starts at Main. In particular, all registers may have arbitrary values.

There is one final kind of instruction: restart. As the name suggests, it restarts the
computation. It does so by nondeterministically picking any initial configuration s.t. the sum
of all registers does not change.

Size. The size of P is defined as |Q| + L + S, where L is the number of instructions and
S is the swap-size. The latter is defined as the number of pairs (x, y) ∈ Q2 for which it is
syntactically possible for x to swap with y via any sequence of swaps. 1 For example, in
Figure 1 the swap-size is two: (x, y), (y, x) can be swapped, but e.g. (x, z) cannot. If we add
a (swap y, z) instruction at any point, then (x, z) can be swapped (transitively), and the
swap-size would be 6.

Configurations and Computation. A configuration of P is a tuple D = (C, OF , σ), where
C ∈ NQ is the register configuration, OF ∈ {true, false} is the value of the output flag, and
σ ∈ (Proc × N)∗ is the call stack, storing names and currently executed instructions of
called procedures. (E.g. σ = ((Main, 3), (Test(4), 1)) when Test is first called in Figure 1.) A
configuration is initial if σ = ((Main, 1)) and it has output OF . For two configurations D, D′

we write D → D′ if D can move to D′ after executing one instruction.
Using the general notion of stable computation defined in Section 3, we say that P

decides a predicate φ(x), for k ∈ N, if every run started at an initial configuration (C, OF , σ)
stabilises to φ(|C|). Note that this definition limits population programs to decide only
unary predicates.

Notation. When analysing population programs it often suffices to consider only the register
configuration Let C, C ′ ∈ NQ, b ∈ {false, true} and let f ∈ Proc denote a procedure. We
consider the possible outcomes when executing f in a configuration with registers C. Note
that the program is nondeterministic, so multiple outcomes are possible. If f may return b

with register configuration C ′, we write C, f → C ′, b. For procedures not returning a value,
we use C, f → C ′ instead. If f may initiate a restart, we write C, f → restart. If f may
hang or not terminate, we write C, f → ⊥. Finally, we define post(C, f) := {S : C, f → S}.

5 High-level Overview

We give an intuitive explanation of our construction. This section has two parts. As
mentioned, we use the technique of Lipton [25] to count to 22n using 4n registers. We will
give a brief explanation of the original technique in Section 5.1. Readers might also find the
restatement of Liptons proof in [23] instructive – the Petri net programs introduced therein
are closer to our approach, and more similar to models used in the recent Petri net literature.

A straightforward application of the above technique only works if some guarantees
are provided for the initial configuration (e.g. that the 4n registers used are empty, while
an additional register holds all input agents). No such guarantees are given in our model.
Instead, we have to deal with adversarial initialisation, i.e. the notion that registers hold
arbitrary values in the initial configuration. Section 5.2 describes the problems that arise, as
well as our strategies for dealing with them.

1 Unfortunately, without restrictions we would convert swaps to population protocols with a quadratic
blow-up in states, so we introduce this technical notion to quantify the overhead.

DISC 2024
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5.1 Double-exponential counting

The biggest limitation of population programs is their inability to detect absence of agents.
This is reflected in the (detect x > 0) primitive; it may return true and thereby certify that
x is nonzero, but it may always return false, regardless of whether x = 0 actually holds. In
particular, it is impossible to implement a zero-check.

However, Lipton observes that if we have two registers x, x and ensure that the invariant
x + x = k holds, for some fixed k ∈ N, then x = 0 is equivalent to x ≥ k. Crucially, it is
possible to certify the latter property; if we have a procedure for checking x ≥ k, we can run
both checks (x > 0 and x ≥ k) in a loop until one of them succeeds. Therefore, we may treat
x as k-bounded register with deterministic zero-checks.

This seems to present a chicken-and-egg problem: to implement this register we require a
procedure for x ≥ k, but checking such a threshold is already the overall goal of the program.
Lipton solves this by implementing a bootstrapping sequence. For small k, e.g. k = 2, one
can easily implement the required x ≥ k check. We use that as subroutine for two k-bounded
registers, x and y. Using the deterministic zero-checks, x and y can together simulate a
single k2-bounded register with deterministic zero-check; this then leads to a procedure for
checking z ≥ k2 (for some other register z).

Lipton iterates this construction n times. We have n levels of registers, with four registers
xi, yi, xi, yi on each level i ∈ {1, ..., n}. For each level we have a constant Ni ∈ N and ensure
that xi + xi = yi + yi = Ni holds. These constants grow by repeated squaring, so e.g. N1 = 2
and Ni+1 = N2

i . Clearly, Nn = 22n . (Our actual construction uses slightly different Ni.)
We have not yet broached the topic of initialising these registers s.t. the necessary invariants

hold. For our purposes, having a separate initialisation step is superfluous. Instead, we check
whether the invariants hold in the initial configuration and restart (nondeterministically
choosing a new initial configuration) if they do not.

5.2 Error detection

Our model provides only weak guarantees. In particular, we must deal with adversarial
initialisation, meaning that the initial configuration can assign arbitrary values to any register.
This is not limited to a designated set of initial registers; all registers used in the computation
are affected.

Let us first discuss how the above construction behaves if its invariants are violated. As
above, let x, x denote registers for which we want to keep the invariant x + x = k, for some
k ∈ N. If instead x + x > k, the “zero-check” described above is still guaranteed to terminate,
as either x > 0 or x ≥ k must hold. However, it might falsely return x = 0 when it is not.
The procedure we use above, to combine two k-bounded counter to simulate a k2-bounded
counter, exhibits erratic behaviour under these circumstances. When we try to use it to
count to k2 we might instead only count to some lower value k′ < k2, even k′ ∈ O(k).

If the invariant is violated in the other direction, i.e. x + x < k holds, we can never detect
x = 0 and will instead run into an infinite loop.

The latter case is more problematic, as detecting it would require detecting absence. For
the former, we can ensure that we check x + x ≥ k + 1 infinitely often; if x + x > k, this
check will eventually return true and we can initiate a restart. For the x + x > k case the
crucial insight is that we cannot detect it, but we can exclude it: we issue a single check
x + x ≥ k in the beginning. If it fails, we restart immediately.
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A simplified model. In the full construction, we have many levels of registers that rely on
each other. Instead, we first consider a simplified model here to explain the main ideas.

In our simplified model there is only a single register xi per level i ∈ {1, ..., n} as well as
one “level n + 1” register R. For i ∈ {1, ..., n} we are given subroutines Check(xi ≥ Ni) and
Check(xi > Ni) which we use to check thresholds; however, they are only guaranteed to
work if x1 = N1, x2 = N2, ..., xi−1 = Ni−1 hold.

Our goal is to decide the threshold predicate m ≥ ∑
i Ni, where m :=

∑
i xi + R is the

sum of all registers. For each possible value of m we pick one initial configuration Cm and
design our procedure s.t.

every initial configuration different from Cm will cause a restart, and
if started on Cm it is possible that the procedure enters a state where it cannot restart.

The structure of Cm is simple: we pick the largest i s.t. we can set xj := Nj for j ≤ i and
put the remaining units into xi+1 (or R, if i = n). The procedure works as follows:
1. We nondeterministically guess i ∈ {0, ..., n}.
2. We run Check(xj ≥ Nj) for all j ∈ {1, ..., i}. If one of these checks fails, we restart.
3. According to i = n we set the output flag to true or false.
4. To verify that we are in Cm, we check the following infinitely often. For j ∈ {1, ..., i} we run

Check(xj > Nj) and restart if it succeeds. If i < n we also restart if Check(xi+1 ≥ Ni+1)
or one of xi+2, ..., xn, R is nonempty.

Clearly, when started in Cm and i is guessed correctly, it is possible for step 2 to succeed,
and it is impossible for step 4 to restart. If i is too large, step 2 cannot work, and if i is
too small step 4 will detect xi+1 ≥ Ni+1. So the procedure will restart until the right i is
guessed and step 4 is reached.

Consider an initial configuration C ̸= Cm, |C| = m. There are two cases: either there is
a k with C(xk) < Cm(xk), or some k has C(xk) > Cm(xk). Pick a minimal such k.

In the former case, step 2 can only pass if i < k, but then one of xi+2, ..., xn, R is nonempty
and step 4 will eventually restart.

The latter case is more problematic. Step 2 can pass regardless of i (for i > k the
precondition of Check is not met). In step 4, either i < k and then xi+1 ≥ Ni+1 or one of
xi+2, ..., xn, R is nonempty, or i ≥ k and one of the checks Check(xj > Nj) will eventually
restart, for j = k.

This would be what we are looking for, but note that we implicitly made assumptions
about the behaviour of Check when called without its precondition being met. We need
two things: all calls to Check terminate and they do not change the values of any register.
The second is the simpler one to deal with: later, we will have multiple registers per level
and our procedures only need to move agents between registers of the same level. This keeps
the sum of registers of one level constant, this weaker property suffices for correctness.

Ensuring that all calls terminate is more difficult. It runs into the problem discussed
above, where a zero-check might not terminate if the invariant of its register is violated. In
this simplified model it corresponds to the case xi < Ni.

However, we note that Check(xi ≥ Ni) and Check(xi > Ni) are only called if
(x1, ..., xi−1) ≥lex (N1, ..., Ni−1), where ≥lex denotes lexicographical ordering. So if the
precondition is violated, there must be a j < i with (x1, ..., xj−1) = (N1, ..., Nj−1) and
xj > Nj . This can be detected within the execution of Check by calling itself recursively.
In this manner, we can implement Check in a way that avoids infinite loops as long as the
weaker precondition (x1, ..., xi−1) ≥lex (N1, ..., Ni−1) holds.
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Our actual construction follows the above closely; of course, instead of a single register
per level we have four, making the necessary invariants more complicated. Additional issues
arise when implementing Check, as registers cannot be detected erroneous while in use.
Certain subroutines must hence take care to ensure termination, even when the registers
they use are not working properly.

6 A Succinct Population Program

In this section, we construct a population program P = (Q, Proc) to prove the following:

▶ Theorem 3. Let n ∈ N. There exists a population program deciding φ(x) ⇔ x ≥ k with
size O(n), for some k ≥ 22n−1 .

Full proofs and formal definitions of this section can be found in the full version of the
paper [18].

We use registers Q := Q1 ∪ ... ∪ Qn ∪ {R}, where Qi := {xi, yi, xi, yi} are level i registers
and R is a level n + 1 register. For convenience, we identify x with x for any register x.

Types of Configurations. As explained in the previous section, x and x are supposed to
sum to a constant Ni, for a level i register x ∈ {xi, yi}, which we define via N1 := 1 and
Ni+1 := (Ni + 1)2. If this invariant holds, we can use x, x to simulate a Ni-bounded register,
which has value x.

We cannot guarantee that this invariant always holds, so our program must deal with
configurations that deviate from this. For this purpose, we classify configurations based on
which registers fulfil the invariant, and based on the type of deviation.

A configuration C ∈ NQ is i-proper, if the invariant holds on levels 1, ..., i, and their
simulated registers have value 0. This is a precondition for most routines. Sometimes we
relax the latter requirement on the level i registers; C is weakly i-proper if it is (i − 1)-proper
and the invariant holds on level i.

If C is (i − 1)-proper and not i-proper, then there are essentially two possibilities. Either
C ≤ C ′ for some i-proper C ′ and we call C i-low, or C(x) ≥ C ′ for a weakly i-proper C ′

and we call C i-high. Note that it is possible that C is neither i-low nor i-high – these
configurations are easy to exclude and play only a minor role. We can mostly ensure that
i-low configurations do not occur, but procedures must provide guarantees when run on
i-high configurations.

Finally, we say that C is i-empty if all registers on levels i, ..., n + 1 are empty.

x1 x1 y1 y1 ... xi−1 xi−1 yi−1 yi−1 xi xi yi yi ...

i-proper 0 N1 0 N1 ... 0 Ni−1 0 Ni−1 0 Ni 0 Ni ...
weakly i-proper 0 N1 0 N1 ... 0 Ni−1 0 Ni−1 3 Ni − 3 Ni − 7 7 ...
i-low 0 N1 0 N1 ... 0 Ni−1 0 Ni−1 0 Ni − 3 0 Ni ...
i-high 0 N1 0 N1 ... 0 Ni−1 0 Ni−1 3 Ni 7 Ni − 5 ...
i-empty 2 4 8 3 ... 5 3 0 7 0 0 0 0 ...

Figure 2 Example configurations exhibiting the different types.

Summary. We use the following procedures.
Main. Computation starts by executing this procedure, and Main ultimately decides the
predicate φ(x) ⇔ x ≥ 2

∑n
i=1 Ni.
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Algorithm AssertEmpty.

Parameter: i ∈ {1, ..., n + 1}
Effect: If i-empty, do nothing, else it may re-

start
1: procedure AssertEmpty.(i) [i ≤ n]
2: AssertEmpty(i + 1)
3: for x ∈ Qi do
4: if detect x > 0 then
5: restart
6: procedure AssertEmpty.(i) [i = n+1]
7: if detect R > 0 then
8: restart

Algorithm AssertProper.

Parameter: i ∈ {1, ..., n}
Effect: If i-proper or i-low, do nothing, else

it may restart.
1: procedure AssertProper.(i)
2: AssertProper(i − 1)
3: for x ∈ {xi, yi} do
4: if detect x > 0 then
5: restart
6: Large(x)
7: if detect x > 0 then
8: restart

Algorithm Zero Check whether a register is
equal to 0.

Parameter: x ∈ {xi, xi, yi, yi}
Output: whether x = 0

1: procedure Zero(x)
2: while true do
3: AssertProper(i − 1)
4: if detect x > 0 then
5: return false
6: if Large(x) then
7: return true

Algorithm IncrPair Decrement a two-digit,
base β := Ni + 1 register.

Parameter: x ∈ {xi, xi}, y ∈ {yi, yi}
Effect: βx + y (mod β2) decreases by 1

1: procedure IncrPair(x, y)
2: if Zero(y) then
3: swap y, y

4: if Zero(x) then
5: swap x, x

6: else x 7→ x

7: else y 7→ y

AssertEmpty.. Check whether a configuration is i-empty and initiate a restart if not.
AssertProper.. Check whether a configuration is i-proper or i-low, initiate a restart if not.
Large. Nondeterministically check whether a register x ∈ Qi is at least Ni.
Zero. Perform a deterministic zero-check on a register x ∈ Qi.
IncrPair. As described in Section 5.1, we use two level i registers (which are Ni bounded) to
simulate an Ni+1-bounded register. This procedure implements the increment operation
for the simulated register.

Procedures AssertEmpty., AssertProper.. The procedure AssertEmpty. is supposed to de-
termine whether a configuration is i-empty, which can easily be done by checking whether
the relevant registers are nonempty.

Similarly, AssertProper. is used to ensure that the current configuration is not i-high. If
it is, it may initiate a restart. We remark that calls to AssertProper.(0) have no effect and
can simply be omitted.

Procedure Zero. This procedure implements a deterministic zero-check, as long as the
register configuration is weakly i-proper. To ensure termination, AssertProper. is called
within the loop.
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Algorithm Large Nondeterministically check whether a register is maximal.
Parameter: x ∈ {xi, xi, yi, yi}, x ̸= y

Output: if x ≥ Ni return true and swap
units of x − Ni and x; or return false

1: procedure Large(x) [for i = 1]
2: if detect x > 0 then
3: x 7→ x

4: swap x, x

5: return true
6: else
7: return false

8: procedure Large(x) [for i > 1]
9: if ¬Zero(xi−1) ∨ ¬Zero(yi−1) then

10: restart
11: while true do
12: CheckProper(i − 2)
13: if detect x > 0 then
14: x 7→ x

15: IncrPair(xi−1, yi−1)
16: if Zero(xi−1) ∧ Zero(yi−1) then
17: swap x, x

18: return true
19: else
20: if Zero(xi−1) ∧ Zero(yi−1) then
21: return false
22: if detect x > 0 then
23: x 7→ x

24: IncrPair(xi−1, yi−1)

Procedure IncrPair. This is a helper procedure to increment the “virtual”, Ni+1-bounded
counter simulated by x and y. It works by first incrementing the second digit, i.e. y. If an
overflow occurs, x is incremented as well. It is also be used to decrement the counter, by
running it on x and y.

As we show later, IncrPair is “reversible” under only the weak assumption that the configur-
ation C ∈ NQ is i-high. More precisely, C, IncrPair(x, y) → C ′ implies C ′, IncrPair(x, y) → C.
Using this, we can show that Large, which calls IncrPair in a loop, terminates.

Procedure Large. This is the last of the subroutines, and the most involved one. The
goal is to determine whether x ≥ Ni, by using the registers of level i − 1 to simulate a
“virtual” Ni-bounded register. To ensure termination, we use a “random” walk, which
nondeterministically moves either up or down. More concretely, at each step either x is
found nonempty, one unit is moved to x and the virtual register is incremented, or conversely
x is nonempty, one unit moved to x, and the virtual register decremented. If the virtual
register reaches 0 from above, Large had no effect and returns false. Once the virtual register
overflows, a total of Ni units have been moved. These are put back into x by swapping x

and x and true is returned.
As mentioned above, IncrPair is reversible even under weak assumptions. This ensures

that the random walk terminates, as it can always retrace its prior steps to go back to its
starting point.

Procedure Main. Finally, we put things together to arrive at the complete program. The
implementation is very close to the steps described in Section 5.2 in the simplified model,
but instead of guessing an i we iterate through the possibilities.

As mentioned before, Main considers a small set of initial configurations “good” and may
stabilise. The following lemma formalises this.

▶ Lemma 4. Main, run on register configuration C ∈ NQ, can only restart or stabilise, and
(a) it may stabilise to false if C is j-low and (j + 1)-empty, for some j ∈ {1, ..., n},
(b) it may stabilise to true if C is n-proper, and
(c) it always restarts otherwise.
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Algorithm Main Decide whether there are at least 2
∑

i
Ni agents.

1: procedure Main
2: OF := false
3: for i = 1, ..., n do
4: while ¬Large(xi) ∨ ¬Large(yi) do
5: AssertProper(i)
6: AssertEmpty(i + 1)
7: OF := true
8: while true do
9: AssertProper(n)

7 Converting Population Programs into Protocols

In the previous section we constructed succinct population programs for the threshold
predicate. We now justify our model and prove that we can convert population programs
into population protocols, keeping the number of states low. We do this in two steps; first we
introduce population machines, which are a low-level representation of population programs,
then we convert these into population protocols. This results in the following theorem:

▶ Theorem 5. If a population program deciding φ with size n exists, then there is a population
protocol deciding φ′(x) ⇔ φ(x − i) ∧ x ≥ i with O(n) states, for an i ∈ O(n).

Population machines are introduced in Section 7.1, they serve to provide a simplified
model. Converting population programs into machines is straightforward and uses standard
techniques, similar to how one would convert a structured program to use only goto-statements.
We will describe this in Section 7.2. The conversion to population protocols is finally described
in Section 7.3. Here, we only highlight the key ideas of the conversion. The details can be
found in the full version of the paper [18].

7.1 Formal Model
▶ Definition 6. A population machine is a tuple A = (Q, F, F , I), where Q is a finite set of
registers, F a finite set of pointers, F = (Fi)i∈F a list of pointer domains, each of which
is a nonempty finite set, and I = (I1, ..., IL) is a sequence of instructions, with L ∈ N.
Additionally, OF , CF , IP ∈ F , FOF = FCF = {false, true} and FIP = {1, .., L}. For x ∈ Q ∪
{□} we also require Vx ∈ F , and x ∈ FVx

⊆ Q. The size of A is |Q|+ |F |+∑
X∈F |FX |+ |I|.

Let x, y ∈ Q, x ̸= y, X, Y ∈ F , i ∈ {1, ..., L} and f : FY → FX . There are three types of
instructions: Ii = (x 7→ y), Ii = (detect x > 0), or Ii = (X := f(Y )).

A population machine has a number of registers, as usual, and a number of pointers.
While each register can take any value in N, a pointer is associated with a finite set of values
it may assume. There are three special pointers: the output flag OF , which we have already
seen in population programs and is used to indicate the result of the computation, the
condition flag CF used to implement branches, and the instruction pointer IP, storing the
index of the next instruction to execute. To implement swap instructions we use a register
map; the pointer Vx, for a register x ∈ Q, stores the register x is actually referring to. (V□ is
a temporary pointer for swapping.) The model allows for arbitrary additional pointers, we
will use a one per procedure to store the return address.

There are only three kinds of instructions: (x 7→ y) and (detect x > 0) are present
in population programs as well and have the same meaning here. (With the slight caveat
that x and y are first transformed according to the register map. The instructions do not
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operate on the actual registers x, y, but on the registers pointed to by Vx and Vy.) The third,
(X := f(Y )) is a general-purpose instruction for pointers. It can change IP and will be used
to implement control flow constructs.

A precise definition of the semantics can be found in the full version of the paper [18].

7.2 From Population Programs to Machines
Population machines do not have high-level constructs such as loops or procedures, but these
can be implemented as macros using standard techniques. We show only an example here, a
detailed description of the conversion can be found in the full version of the paper [18].

procedure Main
while detect x > 0 do

x 7→ y

swap x, y

⇝

1: detect x > 0
2: IP :=

{ 5 if CF
3 else

3: x 7→ y

4: IP := 1
5: V□ := Vx

6: Vx := Vy

7: Vy := V□

Figure 3 Conversion to a population machine.

Control-flow, i.e. if, while and procedure calls are implemented via direct assignment to
IP, the instruction pointer, as in lines 2 and 4 above. The statements (detect x > 0) and
(x 7→ y) are translated one-to-one, but note that in the population machine their operands
are first translated via the register map. For example, (detect x > 0) in line 1 checks
whether the register pointed to by Vx is nonzero. Correspondingly, swap statements result
in direct modifications to the register map: lines 5-7 swap the pointers Vx and Vy (and leave
the registers they point to unchanged).

7.3 Conversion to Population Protocols
In this section, we only present a simplified version of our construction. In particular, we
make use of multiway transitions to have more than two agents interact at a time. Our actual
construction, described in the full version of the paper [18], avoids them and the associated
overhead.

Let A = (Q, F, F , I) denote a population machine. To convert this into a population
protocol, we use two types of agents: register agents to store the values of the registers, and
pointer agents to store the pointers. For a register we have many identical agents, and the
value of the register corresponds to the total number of those agents. They use states Q. For
each pointer we use a unique agent, storing the value of the pointer in its state; they use
states {Xv : X ∈ F, v ∈ FX}.

Let X1, ..., X|F | denote some enumeration of F with X|F | = IP, and let vi denote the
initial value of Xi. We use X1 as initial state of the protocol. To goal is to have a unique
agent for each pointer, so we implement a simple leader election. We use ∗ as wildcard.

X∗
i , X∗

i 7→ Xvi
i , X

vi+1
i+1 IP∗, IP∗ 7→ Xv1

1 , x

with i ∈ {1, ..., |F | − 1}. If two agents store the value of a single pointer, they eventually
meet and one of them is moved to another state. When this happens, the computation is
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restarted – but note that the values of the registers are not reset. Eventually, the protocol
will thus reach a configuration with exactly one agent in Xvi

i , for each i, and the remaining
agents in Q.

Starting from this configuration, the instructions can be executed. We illustrate the
mapping from instructions to transitions in the following example:

1: x 7→ y

2: detect x > 0
3: IP :=

{ 1 if CF
4 else

4: OF := ¬CF

⇝
IP1, V v

x , V w
y , v 7→ IP2, V v

x , V w
y , w for v, w ∈ Q

IP2, CF∗, V v
x , v 7→ IP3, CF true, V v

x , v for v ∈ Q

IP2, CF∗, V v
x , w 7→ IP3, CF false, V v

x , w for w ̸= v

IP3, CF true 7→ IP1, CF true

IP3, CF false 7→ IP4, CF false

IP4, OF∗, CF true 7→ IP5, OF false, CF true

IP4, OF∗, CF false 7→ IP5, OF true, CF false

Figure 4 Converting instructions into transitions.

For example, in line 1 we want to move one agent from x to y and set the instruction
pointer to 2 (from 1). Recall that the registers map to states of the population protocol via
the register map, stored in pointers Vx, where x ∈ Q is a register. We thus have the following
agents initiating the transition:

IP1; the agents storing the instruction pointer currently stores the value 1,
V v

x ; the register x ∈ Q is currently mapped to state v ∈ Q,
v; an agent in state v, i.e. representing one unit in register x,
V w

y ; register y is mapped to state w.
The transition then moves v to state w, and increments the instruction pointer.

The above protocol does not come to a consensus. For this to happen, we use a standard
output broadcast: we add a single bit to all states. In this bit an agent stores its current
opinion. When any agent meets the pointer agent of the output flag OF , the former will
assume the opinion of the latter. Eventually, the value of the output flag has stabilised and
will propagate throughout the entire population, at which point a consensus has formed.

8 Robustness of Threshold Protocols

A major motivation behind the construction of succinct protocols for threshold predicates is
the application to chemical reactions. In this, as in other environments, computations must
be able to deal with errors. Prior research has considered self-stabilising protocols [8, 16, 15].
Such a protocol must converge to a desired output regardless of the input configuration.
However, it is easy to see that no population protocol for e.g. a threshold predicate can
be self-stabilising (and prior research has thus focused on investigating extensions of the
population protocol model).

In our definition of population programs, the program cannot rely on any guarantees
about its input configuration, so they are self-stabilising by definition. However, when we
convert to population protocols, we retain only a slightly weaker property, defined as follows:

▶ Definition 7. Let PP = (Q, δ, I, O) denote a population protocol deciding φ with |I| = 1.
We say that PP is almost self-stabilising, if every fair run starting at a configuration C ∈ NQ

with C(I) ≥ |Q| stabilises to φ(|C|).
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So the initial configuration can be almost arbitrary, but it must contain a small number
of agents in the initial state. In many contexts, this is a mild restriction. In a chemical
reaction, for example, the number of agents (i.e. the number of molecules) is many orders of
magnitude larger than the number of states (i.e. the number of species of molecules).

In particular, this is also much stronger than any prior construction. All known protocols
for threshold predicates are 1-aware [14], and can thus be made to accept by placing a single
agent in an accepting state.

▶ Theorem 2. The protocols of Theorem 1 are almost self-stabilising.

9 Conclusions

We have shown an O(log log n) upper bound on the state complexity of threshold predicates
for leaderless population protocols, closing the last remaining gap. Our result is based on
a new model, population programs, which enable the specification of leaderless population
protocols using structured programs.

As defined, our model of population programs can only decide unary predicates and it
seems impossible to decide even quite simple remainder predicates (e.g. “is the total number
of agents even”). Is this a fundamental limitation, or simply a shortcoming of our specific
choices? We tend towards the latter, and hope that other very succinct constructions for
leaderless population protocols can make use of a similar approach.

Our construction is almost self-stabilising, which shows that it is possible to construct
protocols that are quite robust against addition of agents in arbitrary states. A natural next
step would be to investigate the removal of agents: can a protocol provide guarantees in the
case that a small number of agents disappear during the computation?

Threshold predicates can be considered the most important family for the study of space
complexity, as they are the simplest way of encoding a number into the protocol. The precise
space complexity of other classes of predicates, however, is still mostly open. The existing
results generalise somewhat; the construction presented in this paper, for example, can also
be used to decide φ(x) ⇔ x = k for k ≥ 22n with O(n) states. As mentioned, there also exist
succinct constructions for arbitrary predicates, but – to the extent of our knowledge – it is
still open whether, for example, φ(x) ⇔ x = 0 (mod k) can be decided for k ≥ 22n , both
with and without leaders.
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In their 2006 seminal paper in Distributed Computing, Angluin et al. present a construction 
that, given any Presburger predicate, outputs a leaderless population protocol that decides 
the predicate. The protocol for a predicate of size m runs in O(m · n2 log n) expected 
number of interactions, which is almost optimal in n, the number of interacting agents. 
However, the number of states is exponential in m. Blondin et al. presented at STACS 
2020 another construction that produces protocols with a polynomial number of states, 
but exponential expected number of interactions. We present a construction that produces 
protocols with O(m) states that run in expected O(m7 · n2) interactions, optimal in n, 
for all inputs of size �(m). For this, we introduce population computers, a generalization 
of population protocols, and show that our computers for Presburger predicates can be 
translated into fast and succinct population protocols.

© 2023 Elsevier Inc. All rights reserved.

1. Introduction

Population protocols are a model of computation in which indistinguishable, mobile finite-state agents, randomly interact 
in pairs to decide whether their initial configuration satisfies a given property, modelled as a predicate on the set of all 
configurations [5]. The decision is taken by stable consensus; eventually all agents agree on whether the property holds or 
not, and never change their mind again. Population protocols are very close to chemical reaction networks, a model in 
which agents are molecules and interactions are chemical reactions.

In a seminal paper, Angluin et al. proved that population protocols decide exactly the predicates definable in Presburger 
arithmetic (PA) [7]. One direction of the result is proved in [5] by means of a construction that takes as input a Presburger 
predicate and outputs a protocol that decides it. The construction uses the quantifier elimination procedure for PA: every 
Presburger formula ϕ can be transformed into an equivalent boolean combination of threshold predicates of the form �a · �x≥ c
and remainder predicates of the form �a ·�x≡θ c, where �a is an integer vector, c and θ are integers, and ≡θ denotes congruence 
modulo θ [21]. Slightly abusing language, we call the set of these boolean combinations quantifier-free Presburger arithmetic
(QFPA).1 Using that PA and QFPA have the same expressive power, Angluin et al. first construct protocols for all threshold and 
remainder predicates, and then show that the predicates computed by protocols are closed under negation and conjunction.

✩ Funding. This work was supported by an ERC Advanced Grant (787367: PaVeS) and by the Research Training Network of the Deutsche 
Forschungsgemeinschaft (DFG) (378803395: ConVeY).

* Corresponding authors.
E-mail addresses: czerner@in.tum.de (P. Czerner), guttenbe@in.tum.de (R. Guttenberg), helfrich@in.tum.de (M. Helfrich), esparza@in.tum.de (J. Esparza).
URLs: https://nicze.de/philipp (P. Czerner), https://rolandguttenberg.de (R. Guttenberg), https://martinhelfrich.de (M. Helfrich), 

https://www7.in.tum.de/~esparza (J. Esparza).
1 Remainder predicates cannot be directly expressed in Presburger arithmetic without quantifiers.

https://doi.org/10.1016/j.jcss.2023.103481
0022-0000/© 2023 Elsevier Inc. All rights reserved.



P. Czerner, R. Guttenberg, M. Helfrich et al. Journal of Computer and System Sciences 140 (2024) 103481

Two fundamental parameters of a protocol are the expected number of interactions until a stable consensus is reached 
(that is, a consensus that cannot be broken by any possible continuation of the execution that leads to it), and the number 
of states of each agent. The expected number of interactions divided by the number of agents, also called the parallel 
stabilisation time, is an adequate measure of the runtime of a protocol when interactions occur in parallel according to a 
Poisson process [6]. The number of states measures the complexity of an agent. In many natural computing applications, 
where a state corresponds to a chemical species, it is difficult to implement protocols with many states (see [15] for a 
particularly simple example and, in general, the literature on programming chemical reaction networks, a model very close 
to population protocols [24]).

Given a formula ϕ of QFPA, let m be the number of bits needed to write ϕ with coefficients in binary, and let n be 
the number of agents participating in the protocol. The construction of [5] yields a protocol with O(m · n2 log n) expected 
interactions. Observe that the protocol does not have a leader (an auxiliary agent helping the other agents to coordinate), 
and agents have a fixed number of states, independent of the size of the population. Under these assumptions, which 
are also the assumptions of this paper, every protocol for the majority predicate needs �(n2) expected interactions [1], 
and so the construction is nearly optimal.2 However, the number of states is �(2m). This is well beyond the only known 
lower bound, showing that for every construction there exists an infinite subset of predicates ϕ for which the construction 
produces protocols with �(m1/4) states [12]. So the construction of [5] produces fast but very large protocols. The same 
happens with the constructions of [6], where protocols simulate register machines and the state of an agent stores (among 
other information) one bit for every register, and with those of [22], which embed the other two.

In [12,11] Blondin et al. exhibit a construction that produces succinct protocols, that is, protocols with O(poly(m)) states. 
However, they do not analyse their stabilisation time. We demonstrate that they run in �(2n) expected interactions. Loosely 
speaking, the reason is the use of transitions that “revert” the effect of other transitions. This allows the protocol to “try 
out” different distributions of agents, retracing its steps until it hits the right one, but also makes it very slow. So [12,11]
produce succinct but very slow protocols.

Is it possible to produce protocols that are both fast and succinct? We give an affirmative answer. We present a construc-
tion that yields for every formula ϕ of QFPA of size m a protocol with O(poly(m)) states and stabilizing after O(m7 · n2)

expected interactions. So our construction achieves optimal parallel stabilisation time in n, and, at the same time, yields 
protocols that are as succinct as the construction of [11]. Moreover, for inputs of size �(m) (a very mild constraint when 
agents are molecules), the protocols have O(m) states.

Our construction relies on population computers, a carefully crafted generalization of the population protocol model of [5]. 
Population computers extend population protocols in three ways. First, they have k-way interactions between more than two 
agents (but these are limited to involve at most two types of agents). Second, they have a more flexible output condition, 
defined by an arbitrary function that assigns an output to every subset of states, instead of to every state.3 Finally, population 
computers can use helpers: auxiliary agents that, like leaders, help regular agents to coordinate themselves but whose 
number, contrary to leaders, is not known a priori. The construction proceeds in three steps. First, we exhibit succinct 
population computers for all Presburger predicates in which every run is finite, that is, every run reaches a configuration 
at which no transition can occur. We call these computers bounded. In a second step we prove a very general conversion 
theorem: Any bounded computer of size m can be translated into a population protocol with O(m2) states and stabilizing 
in 2O(m2 logm) · n3 expected interactions.

An important ingredient of the proof is a novel simulation of interactions between an arbitrary number of agents (com-
mon in chemical reaction networks) by binary interactions. In previous work this simulation required to introduce “reverse” 
interactions that “undo” the effect of others, which led to a large slowdown [11]. We limit ourselves to interactions between 
two types of agents (but an arbitrary number), and provide a new simulation that avoids the use of “reverse” interactions.

Finally, we exploit that our computers for Presburger predicates are not only bounded, but satisfy an additional property, 
called rapidness, to improve the stabilisation time bound to O(m7 · n2) interactions.

Related work. Our results are for the canonical population protocol model of [4,5], where (a) agents have a constant number 
of states, independent of the size of the population; (b) there are no leader agents; (c) time complexity is measured in terms 
of the expected number of interactions until stabilisation; and (d) protocols decide the predicate with probability 1 for all 
inputs. As mentioned above, in this model every protocol for the majority predicate needs �(n2) expected interactions [1], 
i.e. �(n) parallel stabilisation time, and so our construction is optimal. However, there is a vast body of work concerning 
variants of the model in which one or more of (a)-(d) are relaxed in order to find faster protocols for specific tasks. We 
briefly discuss some of this work.

If condition (a) is relaxed, then protocols running in O(polylog(n)) instead of �(n) parallel stabilisation time have been 
proposed for specific tasks like majority or leader election. In the first such protocol, presented in [3], the number of states 
still grew very rapidly in the number of agents. Much subsequent work led to protocols where the number of states grows 
much more slowly; for example, in 2018 two surveys were published devoted only to this question [2,18]. An asymptotically 
optimal protocol for majority with �(log n) states and expected �(n log n) interactions was given in [17], and an optimal 

2 See the related work section for other results when these assumptions are given up.
3 Other output conventions for population protocols have been considered, see e.g. [14].
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protocol for leader election with �(log log n) states per agent and expected �(n log n) interactions was presented in [10]. 
However, the properties of the model in which the number of states can grow in the size of the population are very 
different from the canonical one. In particular, the decision power of the model may go beyond Presburger arithmetic, 
depending on the rate at which the number of states is allowed to grow with the size of the population, on whether the 
agents “know” an upper bound on the size of the population or not, etc. (For example, if agents know an upper bound on 
the size of the population and have enough memory to implement a counter that can count up to that number, then they 
can elect a leader, and then let the leader simulate a broadcast population protocol with only one broadcasting agent [13]. 
To simulate a broadcast, the leader counts the number of agents it interacts with until the bound is reached. These protocols 
can compute all predicates lying in the complexity class NL, which properly contains Presburger arithmetic.) To the best of 
our knowledge, the expressive power of many variants is not even known, and so the question of generic constructions 
yielding a protocol from a specification of the predicate cannot even be formulated. Our results might be used to produce 
succinct protocols for Presburger predicates in some of these variants, but this question is beyond the scope of this paper.

Angluin et al. consider in [6] a model that relaxes (b) by allowing one leader agent, (c) by measuring time in terms of 
the number of interactions until convergence (loosely speaking, an execution converges after t interactions if all configura-
tions reached during the execution after t steps exhibit the same consensus, observe that at that point t it might still be 
theoretically possible to reach non-consensus configurations), and (d) by allowing a small probability of error. They exhibit 
a construction that, given any Presburger predicate, produces a protocol running in O(polylog(n)) parallel convergence time. 
Further, they show that zero probability of error can be achieved by suitably combining a fast protocol with small prob-
ability of error and a slow but exact backup protocol (a technique later used in other works, like [9]). Our work provides 
the first succinct backup protocol. In future work we plan to investigate if there also exist succinct protocols running in 
O(polylog(n)) parallel convergence time, with small probability of error.

Kosowski and Uznánski improve the construction of [6] by showing that O(polylog(n)) parallel convergence time can 
also be achieved without a leader, i.e. by relaxing only (c) and (d) [22]. Further, using the exact protocols of [6], they 
provide protocols that run in O(nε) parallel convergence time for arbitrary ε (i.e. only (c) is relaxed). Again, an interesting 
question for future work is whether these constructions can be made succinct, and, again, our results can be seen as a first 
step that exhibits a succinct backup protocol.

Organization of the paper. We give preliminary definitions in Section 2 and introduce population computers in Section 3. 
Section 4 describes why previous constructions were either not succinct or slow. Section 5 gives an overview of the rest 
of the paper and summarises our main results. Section 6 describes bounded population computers for every Presburger 
predicate. Section 7 shows that every bounded computer can be converted into a succinct population protocol. Section 8
shows that the protocols obtained for the bounded computers of Section 6 are not only succinct but also fast.

2. Preliminaries

Multisets. Let E be a finite set. A multiset over E is a mapping E →N , and N E denotes the set of all multisets over E . 
We sometimes write multisets using set-like notation, e.g. �a, 2 · b� denotes the multiset v such that v(a) = 1, v(b) = 2 and 
v(e) = 0 for every e ∈ E \ {a,b}. The empty multiset �� is also denoted ∅.

For E ′ ⊆ E , v(E ′) :=∑
e∈E ′ v(e) is the number of elements in v that are in E ′ . The size of v ∈N E is |v| := v(E). The 

support of v ∈N E is the set supp(v) := {e ∈ E | v(e) > 0}. If E ⊆Z, then we let sum(v) :=∑
e∈E e · v(e) denote the sum 

of all the elements of v . Given u, v ∈N E , u + v and u − v denote the multisets given by (u + v)(e) := u(e) + v(e) and 
(u − v)(e) := u(e) − v(e) for every e ∈ E . The latter is only defined if u ≥ v (i.e. u(e) ≥ v(e) for all e ∈ E).

Multiset rewriting transitions. A multiset rewriting transition, or just a transition, is a pair (r, s) ∈N E ×N E , also written 
r �→ s. A transition t = (r, s) is enabled at v ∈N E if v ≥ r, and its occurrence leads to v ′ := v − r + s, denoted v →t v ′ . We 
call v →t v ′ a step.

Let δ ⊆N E ×N E denote a finite set of transitions. The following definitions depend on δ. In the paper it will always 
be clear from context which δ is meant, hence we leave this dependence implicit. The multiset v is terminal if it does not 
enable any transition t ∈ δ. An execution is a finite or infinite sequence v0, v1, ... of multisets such that v →t1 v1→t2 · · ·
for some sequence t1, t2, ... ∈ δ of transitions. A multiset v ′ is reachable from v if there is an execution v0, v1, ..., vk with 
v0 = v and vk = v ′; we also say that the execution leads from v to v ′ . An execution is a run if it is infinite or it is finite and 
its last multiset is terminal. A run v0, v1, ... is fair if it is finite, or it is infinite and for every multiset v , if v is reachable 
from vi for infinitely many i ≥ 0, then v = v j for some j ≥ 0.

Presburger arithmetic and QFPA. Presburger arithmetic is the first-order theory of addition [21]. A formula ϕ(x1, ..., xv ) of 
Presburger arithmetic with x1, ..., xv as free variables induces a predicate Pϕ :N v → {0, 1} defined by: Pϕ(n1, ..., nv) = 1
iff ϕ(n1, ..., nv) is true. A predicate N v → {0, 1} is definable in Presburger arithmetic or just a Presburger predicate if it is 
induced by some formula of Presburger arithmetic. Presburger predicates are known to be the same as the semilinear
predicates [21]. Using the quantifier elimination procedure of Presburger arithmetic, one can show that every Presburger 
predicate is equivalent to a boolean combination of threshold and remainder predicates, defined as follows: A predicate 
ϕ :N v → {0, 1} is a threshold predicate if ϕ(x1, ..., xv) = (∑v

i=1 ai xi ≥ c
)
, where a1, ..., av , c ∈ Z, and a remainder predicate

if ϕ(x1, ..., xv) = (∑v
i=1 ai xi ≡θ c

)
, where a1, ..., av ∈Z, θ ≥ 1, c ∈ {0, ..., θ−1}, and a ≡θ b denotes that a is congruent to b

modulo θ [21].
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We call the set of boolean combinations of threshold and remainder predicates quantifier-free Presburger arithmetic, or 
QFPA. We define the size of a Presburger predicate as the number of bits of a shortest formula of QFPA representing it, with 
coefficients written in binary. As mentioned in the introduction, Angluin et al. showed that population protocols can decide 
exactly the Presburger predicates, or, by the above, the predicates definable in QFPA [7].

3. Population computers

Population computers are a generalization of population protocols. They allow us to give very concise descriptions of 
protocols for Presburger predicates.

Syntax. A population computer is a tuple P = (Q , δ, I, O , H), where:

– Q is a finite set of states. Multisets over Q are called configurations.
– δ ⊆NQ ×NQ is a finite set of multiset rewriting transitions r �→ s over Q such that |r| = |s| ≥ 2 and |supp(r)| ≤ 2. 

Further, we require that δ is a partial function, i.e. if (r �→ s1), (r �→ s2) ∈ δ then s1 = s2. The arity of a transition r �→ s
is the size of the multiset r (or s). A transition is binary if it has arity two. A population computer is binary if all its 
transitions are binary.

– I ⊆ Q is a set of input states. An input is a configuration C such that supp(C) ⊆ I .
– O  : 2Q → {0, 1, ⊥} is an output function. The output of a configuration C is O (supp(C)). An output function O is a 

consensus output function if there is a partition Q = Q 0 ∪ Q 1 of Q such that O (Q ′) = 0 iff Q ′ ⊆ Q 0, O (Q ′) = 1 iff 
Q ′ ⊆ Q 1, and O (Q ′) =⊥ otherwise, for all Q ′ ⊆ Q .

– H ∈NQ \I is a multiset of helper agents or just helpers. A helper configuration is a configuration C such that supp(C) ⊆
supp(H) and C ≥ H .

In particular, note that δ is restricted in that a transition can only involve two types of agents. For example, �p, p, q� �→
�p, q, o� (which in the following is written simply as p, p, q �→ p, q, o) is allowed, but p, q, o �→ p, p, q is not.

Semantics. Intuitively, a population computer decides which output (0 or 1) corresponds to an input C I as follows. It adds 
to the agents of C I an arbitrary helper configuration C H of agents to produce the initial configuration C I + C H . Then it starts 
to execute a run and lets it stabilise to configurations of output 1 or output 0. Formally, the initial configurations of P for 
input C I are all configurations of the form C I + C H for some helper configuration C H . A run C0 C1... stabilises to b if there 
exists an i ≥ 0 such that O (supp(Ci)) = b and Ci only reaches configurations C ′ with O (supp(C ′)) = b. An input C I has 
output b if for every initial configuration C0 = C I + C H , every fair run starting at C0 stabilises to b. A population computer 
P decides a predicate ϕ :N I → {0, 1} if every input C I has output ϕ(C I ). Observe that, crucially, the protocol has to work 
for any helper configuration C H .

Terminating and bounded computers. A population computer is bounded if no run starting at any initial configuration C is 
infinite, and terminating if no fair run starting at C is infinite, i.e. every fair run ends at a terminal configuration.4

Example 1. Consider a population computer with states {q, p}, input state q, and transitions t = �2 · q� �→ �2 · q� and u =
�2 · q� �→ �2 · p�. The computer is not bounded, because, for example, there is an infinite run from the initial configuration 
C = �2 · q�, namely C C C C .... However, it is terminating because every fair run eventually reaches a terminal configuration 
of the form �n · p� or �q, n · p� for some n ≥ 0.

Graphical notation. We visualise population computers as Petri nets (see e.g. the left part of Fig. 1 in page 10). Places 
(circles) and transitions (squares) represent respectively states and transitions. The number of agents currently occupying a 
state is written within the place representing the state. For example, the computer on the left of Fig. 1 has states 0,1,2,4,8,16 
and �4 · 16� �→ �2 · 0, 1, 8� is one of its transitions. Currently, there are 12 agents in state 0 and no agents elsewhere.

Size and adjusted size. Let P = (Q , δ, I, O , H) be a population computer. We assume that O is described as a boolean circuit 
with size(O ) gates. For every transition t let |t| be the arity of t . The size of P is size(P) := |Q | + |H | + size(O ) +∑

t∈δ |t|. 
If P is binary, then (as for population protocols) we do not count the arities and define the adjusted size size2(P) :=
|Q | + |H | + size(O ). For a binary computer P we have 

∑
t∈δ |t| = 2|δ| ≤ 2|Q |2, and so in particular size(P) ≤ 2 size2(P)2. 

Observe that both the arity of a transition r �→ s and the size of the helper multiset H are defined as the number of elements 
of the multisets r and H , respectively, and not as the number of bits of these numbers. In other words, we consider their 
size in unary. This makes our result about the existence of succinct population computers stronger.

Population protocols and speed of a protocol. A population computer P = (Q , δ, I, O , H) is a population protocol if it is 
binary, has no helpers (H = ∅), and O is a consensus output. It is easy to see that this definition coincides with the one of 
[5].

4 This is the classical notion of termination under fairness in concurrent systems [19]. It differs from recent notions of termination in the literature on 
population protocols, e.g. the one of [16].
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The speed of a binary population computer without helpers, and so in particular of a population protocol, is defined as 
follows. We assume a probabilistic execution model for a population protocol P in which at a configuration C two agents 
are picked uniformly at random and execute a transition, if possible, moving to a configuration C ′ (by assumption two 
agents enable at most one transition). This is called an interaction. Repeated occurrences of interactions, starting from an 
input C0, produce an execution C0 C1 C2.... An execution stabilises at time t if every configuration C reachable from Ct satisfies 
O (supp(C)) = O (supp(Ct)), and converges after t interactions if Ct′ satisfies O (supp(C ′t)) = O (supp(Ct)) for every t′ ≥ t . Let 
P be a protocol that decides a given predicate ϕ . Given an input C I , we say that P decides ϕ(C I ) within k interactions if the 
expected value of the earliest stabilisation time of the executions starting at C I is at most k. (The earliest stabilisation time 
is the random variable that assigns to each execution the smallest time at which it stabilises.) Let T :N→N . We say that 
P decides ϕ within T interactions if it decides ϕ(C I ) within T (n) interactions for every n ≥ 0 and for every input C I of size 
n. See e.g. [6] for more details. Notice that in this paper we study the stabilisation time, and not the convergence time [22].

Population computers vs. population protocols. Population computers generalise population protocols in three ways:

– They have non-binary transitions, but only those in which the interacting agents populate at most two states.
– They use a multiset H of auxiliary helper agents, but the addition of more helpers must not change the output of 

the computation. Intuitively, contrary to the case of leaders, agents do not know any upper bound on the number of 
helpers, only the multiset H . Since, by definition, the initial configurations contain at least H helpers but possibly more, 
the agents only know a lower bound.

– They have a more flexible output condition. A population protocol accepts or rejects by moving all agents to accepting 
or rejecting states, respectively. In contrast, population computers look at the states that are present in the current 
configuration, and then choose an output based on that set.

Fast and succinct population protocols. As announced in the introduction, the goal of this paper is to show that every 
Presburger predicate has a fast and succinct population protocol. We formalise these notions.

Definition 2. Let F be a function that assigns to every predicate ϕ ∈ QFPA a population protocol F(ϕ) deciding ϕ .

– F produces succinct protocols if there exists a constant a ≥ 0 such that for every ϕ ∈ QFPA the protocol F(ϕ) has 
O(|ϕ|a) states.

– F produces fixed-parameter fast protocols if there exists a function f :N→N and a constant b ≥ 0 such that for every 
ϕ ∈ QFPA the protocol F(ϕ) decides ϕ within O( f (|ϕ|) · nb) interactions.

– F produces fast protocols if there exist constants a, b ≥ 0 such that for every ϕ ∈ QFPA the protocol F(ϕ) decides ϕ
within O(|ϕ|a · nb) interactions.

We call an effectively computable function F a construction or a procedure. The formalization of “every Presburger pred-
icate has a fast and succinct protocol” is “there exists a construction that produces fast and succinct protocols”. The next 
section explains why none of the constructions in the literature produces fast and succinct protocols. The rest of the paper 
describes a new construction that produces fast and succinct protocols.

4. Previous constructions: Angluin et al. and Blondin et al.

We show by means of some examples that the construction by Angluin et al. [5] does not produce succinct protocols, 
and the construction of Blondin et al. [11] does not produce fast protocols, not even fixed-parameter fast.

Example 3. Consider the protocol of [5] for the predicate ϕ = (x − y ≥ 2d). The states are the triples (�, b, u) where � ∈
{A, P }, b ∈ {Y , N} and −2d ≤ u ≤ 2d . Intuitively, � indicates whether the agent is active (A) or passive (P), b indicates whether 
it currently believes that ϕ holds (Y) or not (N), and u is the agent’s wealth, which can be negative. Agents for input x are 
initially in state (A, N, 1), and agents for y in (A, N, −1). If two passive agents meet their encounter has no effect. If at least 
one agent is active, then the result of the encounter is given by the transition (∗, ∗, u), (∗, ∗, u′) �→ (A, b, q), (P , b, r) where 
b = Y if u + u′ ≥ 2d else N; q =max(−2d, min(2d, u + u′)); and r = (u + u′) − q. The protocol stabilises after O(n2 log n)

expected interactions [5], but it has 2d+1 + 1 states, exponentially many in |ϕ| ∈�(d).

Example 4. We give a protocol for ϕ = (x − y ≥ 2d) with a polynomial number of states, very similar to the protocol of [11]. 
The protocol is defined in two steps. First, we remove states and transitions from the protocol of Example 3, retaining only 
the states (�, b, u) such that u is a power of 2, and some of the transitions involving these states:

(∗,∗,2i), (∗,∗,2i) �→ (A, N,2i+1), (P , N,0) for every 0≤ i ≤ d− 2
(∗,∗,2d−1), (∗,∗,2d−1) �→ (A, Y ,2d), (P , Y ,0)

(∗,∗,−2i), (∗,∗,−2i) �→ (A, N,−2i+1), (P , N,0) for every 0≤ i ≤ d− 1
(∗,∗,2i), (∗,∗,−2i) �→ (A, N,0), (P , N,0) for every 0≤ i ≤ d− 1

5
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This protocol is not yet correct. For example, for d = 1 and the input x = 2, y = 1, the protocol can reach in one step the 
configuration in which the three agents (two x-agents and one y-agent) are in states (A, Y , 2), (P , Y , 0), (A, N, −1), after 
which it gets stuck. In [11] this is solved in a second step that adds the following “reverse” transitions:

(A, N,2i+1), (P , N,0) �→ (A, N,2i), (P , N,2i) for every 0≤ i ≤ d− 2
(A, Y ,2d), (P , Y ,0) �→ (A, N,2d−1), (P , N,2d−1)

(A, N,−2i+1), (P , N,0) �→ (A, N,−2i), (A, N,−2i) for every 0≤ i ≤ d− 1

The protocol has only �(d) states and transitions, but runs within �(n2d−2) interactions. Consider the inputs x, y such that 
x − y = 2d , and let n := x + y. Say that an agent is positive at a configuration if it has positive wealth at it. The protocol 
can only stabilise if it reaches a configuration with exactly one positive agent with wealth 2d . Consider a configuration with 
i < 2d positive agents. The next configuration can have i − 1, i, or i + 1 positive agents. One can see that the probability 
of i + 1 positive agents is �(1/n), the probability of i − 1 positive agents is only O(1/n2), and the expected number of 
interactions needed to go from 2d positive agents to only 1 is �(n2d−1). Let use see why. First, let us analyse the probabilities 
of i + 1 and i − 1 positive agents:

– i → i + 1. This happens whenever a non-zero agent with wealth different from 1 or −1 meets a zero agent. Since i is 
the number of positive agents, the configuration C has n − i > n − 2d zero agents. Further, since the total wealth is 2d

and there are less than 2d non-zero agents, at least one agent has wealth bigger than 1. So the probability is at least 
p+ := 2(n − 2d)/n(n − 1), and so �(1/n).

– i → i − 1. This can only happen if two non-zero agents meet. Since there are less than 2d non-zero agents, p− :=
2d(2d − 1)/n(n − 1) is an upper bound, and so the probability is O(1/n2) for fixed d.

So we obtain a random walk with states {2d, 2d−1, . . . , 1}, initial state 2d , target 1, and probabilities p1 := p+ ∈ O(1) of 
moving towards 2d , and probability p2 := 1 − p+ ∈�(1) of moving towards 1. The expected time to state 1 underapproxi-
mates the expected stabilisation time of the protocol, because in the walk one cannot stay in a state and must instead move 
towards 1. Standard results on the Gambler’s Ruin problem yield E[T2d ] ∈�(n2d−2) [25].

Recall that predicates of quantifier-free Presburger arithmetic are boolean combinations of threshold and remainder 
predicates. Therefore, the size of a predicate depends on the number d of bits of the largest coefficient, and the number 
s of predicates of the boolean combination. Examples 3 and 4 show that in the constructions of [5] and [11] the number 
of states, respectively the expected number of iterations, grows exponentially in d. The next example shows that the same 
holds for the parameter s.

Example 5. Given protocols P1, P2 with n1 and n2 states deciding predicates ϕ1 and ϕ2, Angluin et al. construct in [5] a 
protocol P for ϕ1 ∧ ϕ2 with n1 · n2 states. (The states of P are all possible pairs of states (q, r), where q and r are states of 
P1 and P2, respectively.) It follows that the number of states of a protocol for ϕ := ϕ1 ∧ · · · ∧ ϕs grows exponentially in s, 
and so in |ϕ|.

Blondin et al. give an alternative construction with polynomially many states [11, Section 5.3]. However, the protocol 
contains transitions that, as in the previous example, reverse the effect of other transitions, and make the protocol very slow. 
The problem is already observed in the toy protocol with states q1, q2 and transitions q1, q1 �→ q2, q2 and q1, q2 �→ q1, q1. 
(Similar transitions are used in the initialisation of [11].) Starting with an even number n ≥ 2 of agents in q1, eventually all 
agents move to q2 and stay there. We show that the expected number of interactions is �(2n/10).

Let (C0, C1, . . . ) be the stochastic process induced by the toy protocol, where Ci indicates the configuration after i
interactions. Since at every step agents are chosen independently and uniformly at random, the process is a Markov chain. 
We can identify the state space of the chain with the set {0, 1, 2, . . . , n} via the mapping Ct �→ Ct(q1). At state i, three 
transitions can happen, leading to states i + 1, i and i − 2. The probabilities of moving to i + 1 and i − 2 are i(n−i)

n(n−1)
and 

i(i−1)
n(n−1)

, respectively. The goal is to reach state 0 from state n.
In order to obtain a lower bound on the number of steps, let us reduce the states to {0, . . . , �n/5�}, replacing the 

transition �n/5� �→ �n/5� + 1 by a self-loop at �n/5�, and starting at state �n/5� instead of n. This only reduces the number 
of steps to the goal. In this new chain, the quotient of the probabilities of moving to i + 1 and i − 2 is i(i−1)

i(n−i) ≤ i
n−i ≤ 1

4 for 
all states i such that i + 1 and i − 2 exist. It is easy to see that we can simplify the chain further, without increasing the 
number of steps to the goal, into a chain with probability 4/5 and 1/5 of moving to from i to i +1 and to i −2, respectively. 
The expected number of steps to the goal in this chain is the same as for a random walk with states {0, . . . , �n/10�}, biased 
by a factor of 2 in the “wrong” direction. (Indeed, the fact that in the chain we move from i to i − 2, while in the random 
walk we move from i to i − 1, is compensated by the probability in the chain being lower by a factor of 4). This biased 
random walk needs �(2n/10) steps in expectation until it reaches 0 from �n/10� [25].

6
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5. Constructing fast and succinct protocols: overview

Given a predicate ϕ ∈ QFPA, in the rest of the paper we show how to construct a fast and succinct protocol deciding 
ϕ . We give an overview of the procedure, which first constructs a population computer for a different predicate, called 
double(ϕ), and then transforms it into a protocol for ϕ . We start by defining double(ϕ).

Definition 6. Let ϕ ∈ QFPA be a predicate over variables x1, ..., xv . The predicate double(ϕ) ∈ QFPA over variables 
x1, ..., xv , x′1, ..., x′v is defined as follows: For every i ∈ {1, ..., v}, replace every occurrence of xi in ϕ by xi + 2x′i .

For example, if ϕ = (x − y ≥ 0) then double(ϕ) = (x + 2x′ − y − 2y′ ≥ 0). Observe that size double(ϕ) ∈O(sizeϕ). The 
procedure consists of the following steps:

1. Construct a succinct bounded population computer P deciding double(ϕ).
2. Convert P into a fixed-parameter fast and succinct population protocol P ′ deciding ϕ for inputs of size �(|ϕ|).
3. Prove that P ′ is not only fixed-parameter fast, but even fast.
4. Convert P ′ into a fast and succinct protocol deciding ϕ for all inputs.

Remark 7. The restriction to inputs of size �(|ϕ|) is mild. Indeed, in the intended applications of population protocols, like 
molecular programming, the number of agents is typically much larger than |ϕ|. In these applications the behaviour of the 
protocol for small inputs is irrelevant, and so Step 4 is of little interest. We include it for completeness.

We describe each of the steps in some more detail, and the results we obtain.

Step 1 (Section 6). We exhibit a procedure that constructs succinct and bounded population computers for all Presburger 
predicates (and so, in particular, for any predicate of the form double(ϕ)). More precisely, the section proves the following 
theorem:

Theorem 8. For every predicate ϕ ∈ QFPA there exists a bounded population computer of size O(|ϕ|) that decides ϕ .

Step 2 (Section 7). Loosely speaking, the section shows that every succinct bounded computer for double(ϕ) can be trans-
formed into a fixed-parameter fast and succinct protocol for ϕ . Formally, it proves the following theorem:

Theorem 9. Every bounded population computer of size m deciding double(ϕ) can be converted into a terminating population protocol 
with O(m2) states that decides ϕ within 2O(m2 logm) n3 interactions for all inputs of size �(m).

Observe that this theorem relates boundedness, a qualitative property of population computers that can be proved using 
classical techniques like ranking functions, to the quantitative property of stabilising in 2O(m2 logm) n3 expected interactions. 
This greatly simplifies the task of designing fixed-parameter fast protocols. The theorem is proved by means of a sequence 
of conversions enforcing the conditions that make a population computer a population protocol: only binary transitions, no 
helpers, and consensus output.

Step 3 (Section 8). Theorem 9 does not yet prove the existence of succinct and fast protocols, because of the 2O(m2 logm)

term. On the other hand, it holds for arbitrary bounded population computers, not only the ones defined in Section 6. So we 
trade generality against speed. We show that for the protocols of Section 6 the conversion of Section 7 yields fast protocols; 
more precisely, we reduce the 2O(m2 logm) term to m7. Moreover, we also reduce the dependence on n. It is known that 
population protocols deciding majority need �(n2) interactions in expectation [1]5 and so, since Theorem 9 only gives a 
O(n3) upper bound, there is still a gap. Our refined analysis closes the gap. Formally, Section 8 proves:

Theorem 10. For every predicate ϕ ∈ QFPA there exists a terminating population protocol of size O(|ϕ|) that decides ϕ in O(|ϕ|7 n2)

interactions for inputs of size �(|ϕ|).

So Theorem 10 shows that our construction is optimal in n. Regarding the number of states, an �(|ϕ|1/4) lower bound 
was shown in [12], which leaves a polynomial gap. We conjecture that the lower bound of [12] can be improved, but this 
question exceeds the scope of this paper and is left for future research.

Step 4. It remains to obtain succinct protocols that are fast for all inputs not only for those of size O(m). This step is carried 
out by direct application of a technique of [11] that, given a predicate ϕ and a constant � ∈O(|ϕ|3), constructs a succinct 

5 In fact, �(n2) interactions are required for “most” semilinear predicates [8].
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protocol deciding ϕ for inputs of size at most � (see Section 6 of [11]). This protocol can be combined with the one obtained 
in Step 3 to yield a succinct protocol that decides ϕ for all inputs (see Section 3 of [11]), and has speed O(|ϕ|7 n2) for all 
inputs of size �(m), and so O(|ϕ|7 n2) asymptotic speed. Applying Theorem 10 we directly obtain the following result:

Theorem 11. For every ϕ ∈ QFPA there exists a succinct terminating population protocol of size O(|ϕ|a), for some constant a ≥ 0, that 
decides ϕ in at most O(|ϕ|7 n2) interactions.

6. Succinct bounded population computers for Presburger predicates

This section is structured as follows. Section 6.1 introduces a generic method to construct succinct computers for 
predicates whose coefficients are powers of 2. Section 6.2 and Section 6.3 apply the method to remainder and thresh-
old predicates, respectively. Section 6.4 shows how to generalise the construction to remainder and threshold predicates 
with arbitrary integer coefficients, and how to construct computers for boolean combinations of remainder and threshold 
predicates.

6.1. A generic method to construct succinct computers

We introduce a method to construct computers for remainder predicates 
∑v

i=1 ai xi ≡θ c and threshold predicates ∑v
i=1 ai xi ≥ c. We call {a1, ..., av} the set of coefficients of the predicate.
The states of the computer for a predicate ϕ are a finite set of integers, including the coefficients of ϕ and 0. The initial 

states are the coefficients of ϕ , and all helpers (in a number to be determined) are initially in state 0. With this choice, 
a configuration C is a multiset of integers, and we define its value as sum(C). For example, a configuration that puts one 
agent in state 8, three agents in state 2, and two agents in state 0 has value 8 + 3 · 2 + 2 · 0 = 14. Observe that helpers have 
value 0, and so all initial configurations C I + C H for a given input C I have the same value.

We introduce some terminology. A configuration C satisfies a remainder predicate 
∑v

i=1 ai xi ≡θ c if sum(C) ≡θ c, and a 
threshold predicate 

∑v
i=1 ai xi ≥ c if sum(C) ≥ c. For initial configurations C , this definition coincides with ϕ(C) = 1, hence 

the terminology “satisfies”. However, this definition of satisfying a predicate is now also applicable if C includes states other 
than the coefficients of ϕ . While this is the obvious way to perform this extension, it is important to highlight that with 
this definition, whether a configuration C satisfies a predicate ϕ is independent of the coefficients of ϕ . Instead satisfying a 
predicate only depends on the modulus θ or threshold c.

Satisfying a predicate induces an equivalence relation: two configurations are equivalent with respect to ϕ if both of them 
satisfy ϕ , or none of them does. (When ϕ is clear from the context, we just say that the configurations are equivalent.) In 
particular, two configurations with the same value are equivalent with respect to any predicate.

Recall that supp(C) is the configuration given by supp(C)(q) = 1 if C(q) ≥ 1 and supp(C)(q) = 0 otherwise. A configu-
ration C is well-supported w.r.t. ϕ if it is equivalent to supp(C). Loosely speaking, whether well-supported configurations 
satisfy ϕ or not depend only on their supports. In particular, if C = supp(C), i.e. if C puts at most one agent in each state, 
then C is well-supported. However, the converse does not hold:

Example 12. Consider the predicate ϕ =∑v
i=1 ai xi ≥ c, and assume a1 ≥ c. The configuration C = �a1, a1� is well-supported 

w.r.t. ϕ . Indeed, we have sum(C) = 2a1 and sum(supp(C)) = a1, and so both of them satisfy ϕ . However, we have supp(C) =
{a1}, and so C �= supp(C).

Our generic method for constructing computers is based on the following simple fact:

Proposition 13. Let ϕ be a remainder or threshold predicate. Let P be a computer with integers as states, the coefficients of ϕ as initial 
states, and all helpers initially in state 0. If P satisfies the following four properties, then it decides ϕ:

1. P is bounded.
2. Transitions preserve equivalence, i.e. if C �→ C ′ then C and C ′ are equivalent w.r.t. ϕ .
3. Terminal configurations are well-supported.
4. The output function O is given by O (S) = 1 iff S satisfies ϕ .

Proof. Since P is bounded, every run starting at an initial configuration C0 = C I + C H reaches a terminal configuration CT , 
and we have:

C I satisfies ϕ
iff C0 satisfies ϕ (sum(C0)= sum(C I ) because helpers have value 0)
iff CT satisfies ϕ (CT is equivalent to C0 w.r.t. ϕ by (2))
iff supp(CT ) satisfies ϕ (by (3))
iff O (supp(CT ))= 1 (by (4))
iff P returns 1. �
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In the next two sections, we apply this method to remainder and threshold predicates whose coefficients are positive or 
negative powers of 2. Given such a predicate, we define a computer satisfying the properties of Proposition 13.

6.2. Population computers for remainder predicates

Since every equivalence class modulo θ has a representative r with 0 ≤ r ≤ θ −1, every remainder predicate with integer 
coefficients is equivalent to a remainder predicate with coefficients in this range, hence we only consider this case. For 
example 7x −2y ≡7 11 can be rewritten to 5y ≡7 4. Further, we assume in this section that the coefficients are powers of 2, 
a restriction lifted later in Section 6.4. So we let Pow+ = {2i | i ≥ 0}, and for the rest of the section fix a remainder predicate

ϕ :=
v∑

i=1

ai xi ≡θ c where {a1, ...,av} ⊆ Pow+ ∩ {1, ..., θ−1}

Let d := �log2 θ�. We define the computer Pϕ = (Q , δ, I, O , H) as follows.

States and initial states. The set of states of Pϕ is Q := Pow+d ∪ {0}, where Pow+d = {2i | 0 ≤ i ≤ d}. The initial states are the 
coefficients of ϕ , i.e. I := {a1, ..., av}.
Transitions. The transitions of Pϕ transform configurations into equivalent configurations “closer” to being well-supported. 
Configurations C that put at most one agent in each state of Pow+d satisfy sum(C) = sum(supp(C)), hence are well-
supported.6 So for each state 2i ∈ Pow+d \ {2d} we add to δ a transition that reduces the number of agents in 2i , if there are 
more than one:

– For 2i ∈ {20, ..., 2d−1}, we add to δ a transition that takes two agents from state 2i , and puts one agent each in the 
states 2i+1 and 0:

2i,2i �→ 2i+1,0 for 0≤ i ≤ d− 1 〈combine〉

We still need a transition that reduces the number of agents in 2d . So we add to δ a transition that replaces an agent in 
2d by a multiset of agents r satisfying sum(r) = 2d − θ , preserving equivalence:

– Let bd−1bd−2...b0 be the binary encoding of 2d − θ , and let {i1, ..., i j} ⊆ [0, d − 1] be the set of positions at which the 
binary encoding has a 1. We add to δ a transition

2d,0, . . . ,0︸ ︷︷ ︸
j−1

�→ 2i1 , . . . ,2i j

〈modulo〉

For example, if θ = 19, then d = 5, 2d −m = 13, bd−1bd−2...b0 = 1101, {i1, ..., i j} = {0, 2, 3}, and 〈modulo〉 is 25, 0, 0 �→
23, 22, 20.

As shown below, transitions 〈combine〉 and 〈modulo〉 are enough for correctness. However, in order to make the protocol 
faster we also add to δ a last transition that takes d agents from state 2d and replaces them by a multiset of agents with 
total value d · 2d mod θ :

– Let bdbd−1...b0 be the binary encoding of d · 2d mod θ , and let {i1, ..., i j} ⊆ [0, d − 1] be the set of positions at which 
the binary encoding has a 1, i.e. bi1 = · · · = bi j = 1. We introduce the transition:

2d, . . . ,2d︸ ︷︷ ︸
d

�→ 2i1 , . . . ,2i j ,0, ...,0︸ ︷︷ ︸
d− j

〈fast modulo〉

Note that d agents in 2d can always represent their combined value modulo θ .

Helpers. We set H := �3d · 0�, i.e. state 0 initially contains at least 3d helpers. (As shown in the proof of Lemma 15, with 
3d helpers all terminal configurations are well-supported.)

Output function. For every set S of states, O (S) := 1 if S satisfies ϕ , else O (S) := 0.

Example 14. Fig. 1 shows the population computer for ϕ = (8x + 2y + z≡11 4).

6 Observe that C and supp(C) may differ on the number of agents they put in state 0, but such agents have value 0.
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Fig. 1. Graphical Petri net representation (see Section 3) of the population computer for the predicate ϕ = (8x + 2y + z ≡11 4). Recall that circles and 
squares represent states and transitions, respectively. Initial states are shown in darker colour: state 8 for input x, state 2 for input y, and state 1 for input 
z. We have θ = 11, d = �log2 θ� = 4, and c = 4. State 0 contains initially 3d = 12 helpers. The top right transition is 〈modulo〉, the bottom right transition 
is 〈fast modulo〉 and the four transitions in the left column are 〈combine〉. The output function returns 1 for the supports S such that sum(S) ≡11 4, i.e. 
O (S) = 1 for S = {4} and S = {1, 2, 4, 8}. A decision diagram for this function is shown on the right. For the support S = {2, 4, 8}, the decisions are: left 
(because 8 ∈ S), right (because 4 ∈ S), right (because 2 ∈ S), and down (because 1 /∈ S) leading to false as 2 + 4 + 8 = 14 �≡11 4.

Lemma 15. Let θ ∈ N , and let d := �log2 θ�. Let ϕ :=∑v
i=1 ai xi ≡θ c be a remainder predicate such that ai ∈ Pow+d−1 for every 

1 ≤ i ≤ v and 0 ≤ c ≤ θ − 1. The computer Pϕ described above satisfies the conditions of Proposition 13, and so decides ϕ . Further, 
Pϕ has size O(d).

Proof. Let us prove that Pϕ satisfies the conditions of Proposition 13.

(1) Pϕ is bounded. Let C0 be an initial configuration with n agents. We first claim that every run starting at C0 contains 
at most n occurrences of 〈modulo〉 or 〈fast modulo〉 transitions. Recall that, given a configuration C , we have sum(C) =∑d

i=0 C(2i) ·2i . So, since d := �log2 θ�, we have 0 ≤ sum(C) ≤ θn. Further, if C �→ C ′ , then sum(C) ≥ sum(C ′); moreover, if C ′
is obtained from C by executing a 〈modulo〉 or a 〈fast modulo〉 transition, then sum(C) ≥ sum(C ′) + θ , i.e. the sum decreases 
by at least θ . This proves the claim.

Since an occurrence of 〈combine〉 decreases the number of agents occupying the states 20, ..., 2d by one, there are at most 
n occurrences of 〈combine〉 transitions between any two consecutive occurrences of 〈modulo〉 or 〈fast modulo〉 transitions. 
So, by the claim, every run starting at C0 reaches a terminal configuration after O(n2) steps, and we are done.

(2) Transitions preserve equivalence w.r.t. ϕ . Inspection of 〈combine〉, 〈modulo〉, and 〈fast modulo〉 shows that C �→ C ′ implies 
sum(C) mod θ = sum(C ′) mod θ . So sum(C) ≡θ c holds iff sum(C ′) ≡θ c holds.

(3) Every terminal configuration CT of Pϕ is well-supported.
First of all, observe that every configuration C s.t. C(q) ≤ 1 for all q �= 0 is well-supported. This follows because it would 

imply supp(C)(q) = C(q) for all q �= 0, and the state 0 trivially does not influence sum(C) and well-supportedness. Hence 
our strategy to prove (3) is to prove that every terminal configuration fulfils this stronger property.

We have CT (2i) ≤ 1 for 0 ≤ i ≤ d − 1, because all 〈combine〉 transitions are disabled in CT . It remains to prove C(2d) = 0. 
If it were the case that CT (2d) ≥ d, then 〈fast modulo〉 would be enabled, hence CT (2d) ≤ d − 1. Since the number of agents 
is at least the number of helpers, i.e. at least 3d, we have CT (0) + CT (2d) ≥ 2d, hence CT (0) ≥ d. This implies that if we had 
1 ≤ CT (2d), then 〈modulo〉 would be enabled. So CT (2d) = 0, and the claim is proved.

(4) O (S) = 1 iff S satisfies ϕ . Holds by definition.

It remains to prove that Pϕ has size O (d). The computer has O(d) states and helpers. It has d 〈combine〉 transitions with 
size 2; further, |〈modulo〉| ≤ d + 2 and |〈fast modulo〉| ≤ d. So the total size of the transitions is also O(d). For the size of 
the output function, observe that for every set S ⊆ Q we have sum(S) ≤ 2d+1. So, since 2d ≤ θ ≤ 2d+1 by our choice of d, 
either sum(S) mod θ = sum(S) or sum(S) mod θ = sum(S) − θ . Since sum(S) and c have d + 1 bits, whether sum(S) = c
or sum(S) − θ = c can be decided by a boolean circuit with O (d) gates. Thus, size(Pϕ) := |Q | + |H | + size(O ) +∑

t∈δ |t| ∈
O(d). �
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6.3. Population computers for threshold predicates

We construct a population computer Pϕ for a threshold predicate ϕ :=∑v
i=1 ai xi ≥ c. Observe that, contrary to the 

case of remainder predicates, not every threshold predicate is equivalent to another one with positive coefficients. We also 
restrict ourselves to the case in which the coefficients are powers of 2, i.e. elements of Pow := {2i, −2i | i ≥ 0}.

Let d0 :=max{�log2 c� +1, �log2|a1|�, ..., �log2|av |�}. We define a protocol Pϕ for each d ≥ d0. (This is used in Section 6.4, 
where we construct computers for boolean combinations of predicates.). The computer Pϕ has Powd ∪ {0} as set of states, 
where Powd := {2i, −2i | 0 ≤ i ≤ d}.

The following lemma identifies a set of well-supported configurations w.r.t. ϕ , i.e. a set of configurations C such that 
sum(C) ≥ c⇔ sum(supp(C)) ≥ c. We design Pϕ so that every terminal configuration belongs to this set.

Lemma 16. Let ϕ and d0 be defined as above and fix d ≥ d0 . Every configuration C over states Powd ∪{0} satisfying the following three 
conditions is well-supported w.r.t. ϕ:

1. C(2i) ≤ 1 and C(−2i) ≤ 1 for every 1 ≤ i ≤ d − 1;
2. C(2i) = 0 or C(−2i) = 0 for every 1 ≤ i ≤ d;
3. C(2d) = 0 or C(−2d−1) = 0, and C(−2d) = 0 or C(2d−1) = 0.

Before proving the lemma, observe that the third condition is necessary. Let c = 5 and d = 3. The configuration C =
�23, 23, −22, −21� satisfies conditions 1 and 2, but is not well-supported; indeed, sum(C) = 10 ≥ 5, but sum(supp(C)) =
2 < 5. On the contrary, the configuration �23, 23, −21� is well-supported.

Proof. Let C be a configuration fulfilling the conditions. We prove that C satisfies ϕ iff supp(C) satisfies ϕ , i.e. that 
sum(C) ≥ c holds iff sum(supp(C)) ≥ c holds. For clarity, in the rest of the proof we abbreviate supp(C) to C S . We con-
sider three cases:

– C(2d) > 0. We prove sum(C) ≥ sum(C S ) ≥ c, which shows that C and C S satisfy ϕ . By definition we have C(q) ≥ C S (q)

for every state q. Further, by conditions 1 and 2 and C(2d) > 0, we have C(q) = C S (q) for every state q �= 2d . So 
sum(C) ≥ sum(C S ). Now we prove sum(C S ) ≥ c:

sum(C S)=
d∑

i=1

C S(2i) · 2i −
d∑

i=1

C S(−2i) · 2i

≥ 2d −
d∑

i=1

C S(−2i) · 2i (C(2d) > 0, and so C S(2d)= 1)

≥ 2d −
d−2∑
i=1

C S(−2i) · 2i (conditions 2 and 3)

≥ 2d−1 (condition 1)

≥ c (definition of d)

– C(−2d) > 0. Symmetric.
– C(2d) = 0 = C(−2d). By condition 1 we have sum(C) = sum(C S ), and we are done. �

We proceed to the formal description of the computer Pϕ = (Q , δ, I, O , H) for a predicate

ϕ :=
v∑

i=1

ai xi ≥ c where ai ∈ Pow for every 1≤ i ≤ v and c ∈N

and for a fixed d ≥ d0, where d0 :=max{�log2 c� + 1, �log2|a1|�, ..., �log2|av |�}.
States and initial states. The set of states of Pϕ is Q := Powd ∪ {0}. The initial states are the coefficients of ϕ , i.e. I :=
{a1, ..., av}.
Transitions. Since configurations that are not well-supported violate at least one of the conditions of Lemma 16, we define 
transitions that “repair” these violations. For every i ∈ [0, d − 1] we add to δ the following transitions, which intuitively 
“repair” a violation of conditions 1, 2, and 3, respectively:

11



P. Czerner, R. Guttenberg, M. Helfrich et al. Journal of Computer and System Sciences 140 (2024) 103481

40

1 −1

2 −2

4 −4

8 −8

16 −16

2

2

2

2

2

2

2

2

2

2

2

2

2

t f

else16
∈ S

−
16 ∈

S

−
8 ∈

S8
∈ S

else

4
∈ S

else

−
4 ∈

S

el
se

−2 ∈
Sel

se

2 ∈
S

else1 ∈ S

Fig. 2. Graphical Petri net representation (see Section 3) of the population computer for the predicate ϕ = (−2x+ y ≥ 5) with d = 4. Initial states are 
shown in darker colour: state −2 for input x, and state 1 for input y. State 0 contains initially d = 4 helpers; all dashed edges leaving transitions implicitly 
lead to this state. Observe that the number of agents in 0 can only increase. The two transitions 16, −8 �→ 8, 0 and −16, 8 �→ −8, 0 at the top are the 
〈cancel 2nd highest〉 transitions. The rest of the transitions are organized in three columns. The middle column contains the 〈cancel〉 transitions. The left 
and right columns are the 〈combine〉 transitions. The output function O returns 1 for the supports S such that sum(S) ≥ 5. A decision diagram accepting 
these supports is shown on the right. For S = {8, −4, 2} the decisions are: centre (because 16 /∈ S and −16 /∈ S), left (because 8 ∈ S), right (because −4 ∈ S), 
and left (because 2 ∈ S) leading to true as 8 − 4 + 2 = 6 ≥ 5.

2i ,2i �→ 0 ,2i+1 −2i ,−2i �→ 0 ,−2i+1 〈combine〉
−2i ,2i �→ 0 ,0 −2d ,2d �→ 0 ,0 〈cancel〉

2d ,−2d−1 �→ 0 ,2d−1 −2d ,2d−1 �→ 0 ,−2d−1 〈cancel 2nd highest〉
Helpers. We set H := �d ·0�, i.e. state 0 initially contains at least d helper agents. (While the computer works correctly even 
with no helpers, the helpers in H are used later in Section 6.4 when constructing computers for boolean combinations of 
remainder and threshold predicates.)

Output function. For every set S of states, O (S) := 1 if S satisfies ϕ , else O (S) := 0.

Example 17. Fig. 2 shows the population computer for ϕ = (−2x+ y ≥ 5) with d = 4.

Lemma 18. Let ϕ :=∑v
i=1 ai xi ≥ c, where ai ∈ {2 j, 2− j | j ≥ 0} for every 1 ≤ i ≤ v. For every d ≥max{�log2 c� + 1, �log2|a1|�, ...,

�log2|av |�}, the computer Pϕ described above satisfies the conditions of Proposition 13, and so decides ϕ . Further, Pϕ has size O(d).

Proof. We first prove that Pϕ satisfies the conditions of Proposition 13.

(1) Pϕ is bounded. Every transition increases the number of agents in state 0. Therefore, every run starting at an initial 
configuration with n agents has length at most n.

(2) Transitions preserve equivalence w.r.t. ϕ , i.e. if C → C ′ , then sum(C) ≥ c ⇐⇒ sum(C ′) ≥ c. In fact, even the stronger 
property sum(C) = sum(C ′) holds by simple inspection of the transitions. For example for 〈combine〉 we check −2i+(−2i) =
0 + (−2i+1).

(3) Every terminal configuration CT of Pϕ is well-supported. Terminal configurations satisfy all conditions of Lemma 16, 
because every configuration violating at least one condition enables at least one transition.

(4) O (S) = 1 iff S satisfies ϕ . Holds by definition.

It remains to prove that Pϕ has size O(d). Observe that Pϕ is binary and has O(d) transitions. Thus, size(Pϕ) := |Q | +
|H | + size(O ) +∑

t∈δ |t| ∈ (2d + 3) + d + size(O ) +O(d) ⊆ O(d) + size(O ). So it remains to describe a boolean circuit of 
size O (d) that decides whether a given terminal configuration CT with support S satisfies ϕ , i.e. whether sum(S) ≥ c. 
For this, abbreviate pi := S(2i) and ni = S(−2i). We have pi, ni ∈ {0, 1}, and so sum(S) is the difference of the binary 
numbers pd pd−1...p0 and ndnd−1...n0. Whether this difference is bigger than or equal to c can be decided by a circuit with 
O(log c) =O(d) gates. �
6.4. Population computers for all Presburger predicates

We present a construction that, given threshold or remainder predicates ϕ1, ..., ϕs over a common set X = {x1, ..., xv } of 
variables, yields a population computer Pϕ deciding an arbitrary given boolean combination ϕ = B(ϕ1, ..., ϕs) of ϕ1, ..., ϕs . 
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Fig. 3. Graphical Petri net representation (see Section 3) of the population computer for the predicate ϕ = (8x+ 5y ≡11 4)∨(−2x+ y ≥ 5). The left and right 
parts correspond to the computers for 8x + 5y ≡11 4, and −2x + y ≥ 5 (see Figs. 1 and 2; while Fig. 1 depicts a population computer for 8x + 2y + z≡11 4, 
we can reuse its states and transitions). The common reservoir state is shown in the centre, and the input states above and below it. All dashed edges lead 
to or from it. The output function returns 1 for a support S iff sum(S) ≡11= 4, i.e. O (S) = 1 for S = {4} and S = {1, 2, 4, 8}. A decision diagram can be 
obtained as the conjunction of the diagrams in Figs. 1 and 2.

The construction has a number of technical details, but its essence is simple: The computer “distributes” a given input to 
“subcomputers” P1, ..., Ps deciding ϕ1, ..., ϕs , and lets them run concurrently. Each subcomputer, say P j , reaches a terminal 
configuration with support S j such that O j(S j) = 1 iff the input satisfies ϕ j . The output function of the computer is defined 
as the boolean combination of the output functions of the subcomputers, i.e. O (S) := B(O 1(S1), ..., O s(Ss)), modulo some 
technical details.

We remark that our notion of subcomputers is similar to the technique of population splitting (see e.g. [2]). However, 
while the eventual goal is the same (to have multiple subpopulations that work on distinct tasks), our construction differs 
in that every agent must be distributed. This must hence occur concurrently with the rest of the computation. In contrast, 
population splitting is usually employed as a separate phase in the beginning, and it suffices to distribute “most” agents 
into “roughly equal” parts.

Example 19. We use ϕ1 = (8x+ 5y ≡11 4), ϕ2 = (−2x+ y ≥ 5) and ϕ = ϕ1 ∨ϕ2 as running example. Observe that the coef-
ficient 5 of ϕ1 is not a power of 2; in fact, the construction also shows how to deal with general remainder and threshold 
predicates. The Petri net representation of the computer for ϕ is shown in Fig. 3. The input is placed in states x and y. 
Intuitively, the two transitions directly below the place x and respectively directly above y distribute it to subcomputers 
for ϕ1 (left) and ϕ2 (right). Helpers help to run the subcomputers, but also to distribute the input. For example, the top 
pink transition takes only one agent from the input state x, but sends two agents to the subcomputers, hence it needs one 
helper. Careful choice of the exact set of states of each subcomputer and the number of helpers guarantee that the computer 
distributes all the input, i.e. that no terminal configuration puts agents in any input state.

Let us now give a more detailed, but still informal description of the construction, which proceeds in six steps:

1. Rewrite the remainder and threshold predicates. The constructions of Sections 6.2 and 6.3 only work for predicates 
where all coefficients are powers of 2. We transform each predicate ϕ j into a new predicate ϕ′j where all coefficients are 
decomposed into their powers of 2. In our example, ϕ′1 := ϕ1 because all coefficients are already powers of 2. However, 
ϕ2(x, y) = (8x+ 5y ≡11 4) is rewritten as ϕ′2(x, y1, y2) := (8x+ 4y1 + 1y2 ≡11 4) because 5 = 4 + 1. Note that ϕ2(x, y) =
ϕ′2(x, y, y) holds for every x, y ∈N .

2. Construct subcomputers. For every 1 ≤ j ≤ s, if ϕ′j is a remainder predicate, then let P j be the computer defined in 
Section 6.2, and if ϕ′j is a threshold predicate, then let P j be the computer of Section 6.3, with d = d0 + �log2 s�. The 
computers P1 and P2 are shown in Figs. 1 and 2, respectively.

3. Combine subcomputers. Take the disjoint union of P j , but merge their 0 states. More precisely, rename all states q ∈ Q j
to (q) j , with the exception of state 0. Construct a computer with the union of all the renamed states and transitions. We 
call the combined 0 state reservoir state, as it holds agents with value zero needed for various tasks like input distribution.

4. Distribute the input. For each variable xi ∈ X , add a corresponding new input state xi and a distribution transition that 
takes one agent from state xi and helpers from 0, and sends them to the input states of the subcomputers P1, ..., Ps . The 
destinations of the agents sent to P j are determined by a j

i , the coefficient of xi in ϕ j . In Example 19, the predicates ϕ1
and ϕ2 have two variables x, y, and so we add to the computer two new states x and y. Further, the coefficients of x in 
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ϕ1 and ϕ2 are 8 and −2, respectively, and so we add the distribution transition x, 0 �→ (8)1 , (−2)2. In words, this transition 
takes one agent from x and one helper agent, and sends them to state 8 of P1 and state −2 of P2. More interestingly, 
the coefficients of y in ϕ1 and ϕ2 are 5 and 1, and so we add the distribution transition y, 0, 0 �→ (1)1 , (4)1 , (1)2. This 
transition takes one agent from x and two helpers, and sends two of these agents to the states 4 and 1; in this way, P1
receives agents with a total value of 5. The third agent is sent to state 1 of P2. Observe that the input is distributed to the 
subcomputers one agent at a time, and the distribution ends when the input states x and y become empty.

5. Set the number of helpers. As we have seen, distribution transitions need helpers. The initial number of helpers is chosen 
in order to guarantee that every run of the computer distributes all the input, i.e. eventually reaches a configuration where 
the input states are empty. Let r be the maximum arity of the distribution transitions for the input variables. In our example, 
the distribution transitions for x and y have arity two and three, respectively, and so r = 3. Intuitively, with r − 1 helpers 
the computer can distribute one agent from any of the input states x1, ..., xv . Initially, we put in the combined state 0 all 
helpers from all subcomputers, plus r − 1 additional helpers. In Example 19, the subcomputers for ϕ1 and ϕ2 have 12 and 
4 helpers, respectively, and r = 3. So the final number of helpers is 12 + 4 + 2 = 18. Lemma 21 proves that this number of 
helpers guarantees the complete distribution of the input.

6. Combine the output functions. Recall that Pϕ combines the outputs of the subcomputers P1, ..., Ps according to 
B(ϕ1, ..., ϕs). In Example 19, we set the output to 1 if and only if the output of P1 or P2 is 1.

6.4.1. Formal definition
We define the population computer Pϕ for a boolean combination of threshold or remainder predicates ϕ1, ..., ϕs . For-

mally, ϕ := B(ϕ1, ..., ϕs), where B(ϕ1, ..., ϕs) is a boolean formula over variables ϕ1, ..., ϕs , e.g. (ϕ1 ∧ϕ2) ∨ (ϕ3 ∧ (ϕ1 ∨ϕ4)). 
We assume w.l.o.g. that each ϕ j is a predicate over the same set X = {x1, ..., xv } of variables, and that it is either a remain-

der predicate 
(∑v

i=1 a j
i xi ≡θ j c j

)
, where 0 ≤ a j

i < θ j and 0 ≤ c j < θ j , or a threshold predicate 
(∑v

i=1 a j
i xi ≥ c j

)
.

Rewriting the predicates We give the formal definition of the predicates ϕ′j for every 1 ≤ j ≤ s. We use an auxiliary 
function bin(x) that maps an integer x to the multiset over Pow corresponding to the binary representation of x. For 
example, bin(−13) = �−23, −22, −20� and bin(10) = �23, 21�. Formally, let sign(x) : Z → {−1, 0, 1} be the function that 
assigns −1, 0, 1 to the negative integers, 0, and the positive integers, respectively, and define

bin(x) := �sign(x) · 2i | i-th bit in the binary encoding of |x| is 1.�
Note that sum(bin(x)) = x for all x ∈Z. We rewrite each predicate ϕ j into:

ϕ′j :=
⎧⎨
⎩

∑v
i=1

∑
e∈supp(bin(a j

i ))
e · xi,e ≥ c j if ϕ j is a threshold predicate∑v

i=1
∑

e∈supp(bin(a j
i ))

e · xi,e ≡θ j c j if ϕ j is a remainder predicate

Construction of subcomputers We define the population subcomputer P j = (Q j, δ j, I j, O j, H j) for each ϕ′j as follows:

– If ϕ′j is a remainder predicate, we use the construction in Section 6.2, setting Q j := Pow+d j
∪ {0} for d j := �log2 θ j�.

– If ϕ′j is a threshold predicate, we use the construction in Section 6.3, setting Q j := Powd j ∪{0} for d j :=max{�log2 c j� +
1, �log2(s · a j

max)�} + 4, where a j
max :=max{|a j

1|, ..., |a j
v |}. (The addition of 4 is not necessary for correctness, but we will 

later use it to show that the protocol is fast.)

Definition of Pϕ We proceed to formally define the computer Pϕ = (Q , δ, I, O , H).

States and initial states. Define for each subcomputer P j a mapping ν j that renames the states of Q j as follows: ν j(0) = 0
and ν j(q) = (q) j for every q �= 0. After renaming, the states of P1, ..., Ps are pairwise disjoint, with the exception of the 
common reservoir state 0. The set of states of Pϕ is Q := X ∪⋃s

j=1 ν j(Q j) ∪ {0}. The set of initial states is I := X .

Transitions. The set δ of transitions of Pϕ contains:

– For each subcomputer P j , all transitions of P j , suitably renamed:

ν j(r) �→ ν j(s) for every (r �→ s) ∈ δ j 〈subcomputer〉
– Given a multiset M ∈ NQ j , let ν j(M) be the result of renaming the agents in M according to ν j , and let bi :=∑s

j=1 | bin(a j
i )|. For each variable xi ∈ X , the computer Pϕ contains a transition that distributes agents in state xi to 

the states of the subcomputers:

xi,0, ...,0︸ ︷︷ ︸
bi−1

�→∑s
j=1 ν j(bin(a j

i )) if bi > 1

xi,0 �→∑s
j=1 ν j(bin(a j

i )),0 if bi = 1

〈distribute〉
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Helpers. Let r :=maxv
i=1

∑s
j=1

∣∣bin(a j
i )

∣∣. We set H := (max(r, 2) − 1) · �0� +∑s
j=1 H j . So, loosely speaking, we put in state 0

at least the total number of helpers of all subcomputers plus max(r, 2) − 1 additional helpers. This number of helpers guar-
antees that every run from a configuration that populates the initial states eventually enables some 〈distribute〉 transition, 
and so that terminal configurations do not populate the initial states (see Lemma 21).

Output function. The output function is the boolean combination of the output functions of the subcomputers. Formally, 
O (S) := B(O 1(S ∩ (ν1(Q 1))), ..., O s(S ∩ (νs(Q s)))).

6.4.2. Correctness and size
We prove that Pϕ decides ϕ = B(ϕ1, ..., ϕs). We use the method that will be described in Proposition 20. This requires 

to generalise some notions of Section 6.1 which were defined only for computers whose states are numbers (which is not 
the case for Pϕ , because the initial states are the variables in X and these have no value), and only for remainder and 
threshold predicates, not for their boolean combinations.

Given a predicate ϕ j of the boolean combination, let us first define when a configuration C of Pϕ satisfies ϕ j . Let 
C | j denote the projection of C onto ν j(Q j) ∪ {0} (recall that Q j is the set of states of the subcomputer for ϕ j ). Define 
sum(C) j := sum(C | j) +∑

xi∈X a j
i C(xi). Intuitively, this takes into account that at C the input may not have been completely 

distributed yet, and for the j-th subcomputer each agent in xi has value a j
i . We say that C satisfies ϕ j if ϕ j is a remainder 

predicate 
∑v

i=1 a j
i xi ≡θ j c j and sum(C) j ≡θ j c j , or if ϕ j is a threshold predicate 

∑v
i=1 a j

i xi ≥ c j and sum(C) j ≥ c j . Similar 
to Section 6.1, this extends satisfying ϕ j to states which are not variables. One important difference however is that in 
this case, sum(C) j (and hence C satisfying ϕ j ) is not independent of the coefficients of ϕ j , because of the 

∑
xi∈X a j

i C(xi)

summand.
We can now generalise the definitions of Section 6.1 as follows:

– C satisfies ϕ if B(b1, ..., bs) = 1, where b j = 1 if C satisfies ϕ j and b j = 0 otherwise.
– Two configurations C, C ′ are equivalent w.r.t. ϕ if both C and C ′ satisfy ϕ , or none does.
– A configuration C is well-supported w.r.t. ϕ if C is equivalent to supp(C) w.r.t. ϕ .

We have the following result, proved exactly the same as Proposition 13:

Proposition 20. Let ϕ = B(ϕ1, ..., ϕs) be a boolean combination of remainder and modulo predicates ϕ1, ..., ϕs . If Pϕ satisfies the 
following properties, then it decides ϕ:

1. P is bounded.
2. Transitions preserve equivalence.
3. Terminal configurations are well-supported.
4. The output function O is given by O (S) = 1 iff B(O 1(S ∩ Q 1), ..., O s(S ∩ Q s)) = 1.

In the rest of the section we show that the protocol Pϕ of Section 6.4.1 satisfies the four properties of Proposition 20. 
The key of the proof is the following technical lemma, showing that every terminal configuration distributes the input 
completely.

Lemma 21. Let Cterm be a terminal configuration of Pϕ reachable from some initial configuration. Then Cterm(X) = 0.

Proof. Let Q ′j = {(2d j ) j, (−2d j ) j, ..., (20) j, (−20) j} be the states of P j with non-zero value. Further, let 
 be the number of 
occurrences of 〈distribute〉 transitions in the run leading from C0 to Cterm. We proceed in three steps.

(1) Cterm(Q ′j) ≤ H j(0) + 

s holds for each subcomputer P j . Intuitively, this states that the number of agents in Q j is at most 

the number of helpers of P j plus a “fair share” (i.e. 1
s ) of the processed agents. For the proof, observe that the projection 

Cterm| j is a terminal configuration of ϕ j . If ϕ j is a remainder predicate, then Cterm(Q ′j) ≤ 3d j = H j(0) because otherwise 
Cterm| j enables some transition of P j (see the proof of Lemma 15), and we are done. If ϕ j is a threshold predicate, then we 
proceed as follows. Observe that

Cterm(Q ′j)= Cterm( (2d j ) j )+ Cterm( (−2d j ) j )︸ ︷︷ ︸
α j

+
d j−1∑
i=0

Cterm( (2i) j )+
d j−1∑
i=0

Cterm( (−2i) j )

︸ ︷︷ ︸
β j

We show that α j ≤
/s and β j ≤ H j(0).
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– α j ≤
/s. Let a j
max be the absolute value of the maximum coefficient of ϕ j . Every occurrence of a 〈distribute〉 transition 

increases the total absolute value of the agents in Q ′j by at most a j
max. Since this absolute value is initially equal to 

zero, we have sum(Cterm| j) ≤
 · a j
max. Further, Cterm populates at most one of the states (2d j ) j and (−2d j ) j , because 

otherwise it enables the 〈cancel〉 transition, contradicting that Cterm is terminal. Assume Cterm populates only (2d j ) j

(the other case is similar). Since each agent in this state has value 2d j ≥ a j
max and the total absolute value of Cterm| j is 

at most 
 · a j
max, at most 
/s agents of Cterm populate (2d j ) j .

– β j ≤ H j(0). We have β j ≤ d j because, by Lemma 16, terminal configurations of the computer for a threshold predicate 
put at most d j agents in the states of Powd j−1, and d j ≤ H j(0) by definition of the computer for a threshold predicate.

(2) Cterm(0) ≥max(r, 2)−1. We start by collecting two facts:

a. By definition of Pϕ , the initial configuration C0 puts at least max(r, 2)−1 +∑s
j=1 H j(0) helpers in state 0.

b. Cterm(X) = Cterm(Q ) − C0(0) −
. This is a consequence of Cterm(X) = C0(X) −
, which holds because each occurrence 
of a 〈distribute〉 transition removes one agent from X , and C0(X) = C0(Q ) − C0(0).

Now we proceed as follows:

Cterm(0)= Cterm(Q )− (
Cterm(X)+

s∑
j=1

Cterm(Q ′j)
) {0} = Q \ (X ∪⋃s

j=1 Q ′j)

= C0(0)+
−
s∑

j=1

Cterm(Q ′j) by (b)

≥max(r,2)−1+
s∑

j=1

H j(0)+
−
s∑

j=1

Cterm(Q ′j) by (a)

≥max(r,2)−1+
s∑

j=1

H j(0)+
−
s∑

j=1

(
H j(0)+ 


s

)
by (1)

≥max(r,2)−1

(3) Cterm(X) = 0. By contradiction. Assume Cterm(xi) ≥ 1 for some xi ∈ X . Then by (2) the 〈distribute〉 transition for xi is 
enabled, contradicting that Cterm is a terminal configuration. �

We are now able to prove our first main result.

Theorem 8. For every predicate ϕ ∈ QFPA there exists a bounded population computer of size O(|ϕ|) that decides ϕ .

Proof. By definition, ϕ is a boolean combination ϕ = B(ϕ1, ..., ϕs) of remainder and threshold predicates. Let Pϕ be the 
population computer of Section 6.4.1. We show that Pϕ satisfies the conditions of Proposition 20 (and so decides ϕ) and 
has size O (|ϕ|). We begin with the conditions of Proposition 20.
(1) Pϕ is bounded. The execution of a 〈distribute〉 transition strictly reduces the number of agents in the input states, and 
no 〈subcomputer〉 transition puts agents in them. It follows that every run from an input configuration executes 〈distribute〉
transitions only finitely often. Further, by Lemma 15 and Lemma 18, each subcomputer P j is bounded. So runs of Pϕ also 
execute 〈subcomputer〉 transitions finitely often, and we are done.

(2) Transitions preserve equivalence w.r.t. ϕ . We have to show that if C �→ C ′ then both C and C ′ satisfy ϕ , or none 
does. We prove a stronger property: for every 1 ≤ j ≤ s, C satisfies ϕ j iff C ′ satisfies ϕ j . Let 1 ≤ j ≤ s. It suffices to 
prove sum(C) j = sum(C ′) j . If C �→ C ′ by a 〈subcomputer〉 transition the result follows from the corresponding result for 
subcomputers. If C �→ C ′ by a 〈distribute〉 transition xi, 0, ..., 0 �→∑s

j=1 ν j(bin(a j
i )), then we have

sum(C ′) j − sum(C) j = (sum(C ′| j)− sum(C | j))+
∑
xk∈X

a j
k(C ′(xk)− C(xk))

=
s∑

j=1

bin(a j
i )− a j

i = 0

(3) Terminal configurations are well-supported. This is the part requiring an application of Lemma 21. Let Cterm be a terminal 
configuration. We prove that Cterm and supp(Cterm) are equivalent w.r.t. ϕ j for every 1 ≤ j ≤ s, which implies that Cterm is 
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equivalent to supp(Cterm) w.r.t. ϕ . Pick 1 ≤ j ≤ s, and assume ϕ j is a threshold predicate 
∑v

i=1 a j
i xi ≥ c j ; the remainder case ∑v

i=1 a j
i xi ≡θ j c j is analogous.

Let Cterm| j be the projection of C onto the subcomputer Pϕ j . By definition, Cterm satisfies ϕ j iff sum(Cterm) j ≥ c j , 
and supp(Cterm) satisfies ϕ j iff sum(supp(Cterm)) j ≥ c j . So it suffices to show sum(Cterm) j ≥ c j ⇔ sum(supp(Cterm)) j ≥ c j . 
We have sum(Cterm) j = sum(Cterm| j) +∑

xi∈X a j
i Cterm(xi) by definition, and so, since Cterm(X) = 0 by Lemma 21, we get 

sum(Cterm) j = sum(Cterm| j). Analogously, sum(supp(Cterm)) j = sum(supp(Cterm)| j) = sum(supp(Cterm| j)). So it suffices to 
show sum(Cterm| j) ≥ c j ⇔ sum(supp(Cterm| j)) ≥ c j , i.e. that Cterm| j is a well-supported configuration of P j w.r.t. ϕ j . But 
this holds by Lemma 18.

(4) O (S) = 1 iff B(O 1(S ∩ Q 1), ..., O s(S ∩ Q s)) = 1. By definition.

Now we show that Pϕ has size O (|ϕ|). By definition, the size of Pϕ is size(Pϕ) := |Q | + |H | + size(O ) +∑
t∈δ |t|. We show 

that each of |Q |, |H |, size(O ) and 
∑

t∈δ |t| is O(|ϕ|).
For Q , recall that Q := X ∪⋃s

j=1 ν j(Q j) ∪ {0}. If ϕ j is a remainder predicate, then |Q j| = d j := �log2 θ j�. If ϕ j is a 
threshold predicate, then |Q j | = 2d j = 2d0 j + 2�log2 s� ∈O(|ϕ j| + log2 s). So |Q | ∈O(|ϕ| + s log2 s). Since ϕ is a boolean 
formula over variables ϕ1, ..., ϕs , and each variable appears at least once in the formula, ϕ has size �(s log2 s), and so 
|Q | ∈O(|ϕ|).

For H , recall that H := (max(r, 2) − 1) · �0� +∑s
j=1 H j , where r := maxv

i=1

∑s
j=1

∣∣bin(a j
i )

∣∣ and |H j | ≤ 3 · d j for every 
1 ≤ j ≤ s. So |H | ∈ O (|ϕ| + s log2 s) =O(|ϕ|).

For O , observe that given boolean circuits for functions O 1, ..., O s , with γ1, ..., γs gates, and a circuit γ for a boolean 
formula B(x1, . . . , xs) with γ gates, there is a circuit for B(O 1, . . . , O s) with 

∑s
j=1|γ j | + |γ | +O(1) gates.

For 
∑

t∈δ |t|, observe that 
∑

t∈δ j
|t| =O(d j) for every subcomputer P j , and that the distribution transition for xi has arity ∑s

j=1|bin(a j
i )|. So the total size is

s∑
j=1

O(d j)+
∑
xi∈X

s∑
j=1

|bin(a j
i )| =

s∑
j=1

O(d j)+
s∑

j=1

∑
xi∈X

|bin(a j
i )|

=O(|ϕ| + s log2 s)+
s∑

j=1

|ϕ j| =O(|ϕ| + s log2 s)+O(|ϕ|)=O(|ϕ|) �

7. From bounded population computers to fixed-parameter fast population protocols

We prove Theorem 9, i.e. we show that for every predicate ϕ , any bounded population computer of size m deciding 
double(ϕ) can be converted into a population protocol of size O(m2) that decides ϕ in 2O(m2 logm) · n3 interactions for 
inputs of size �(m).

We start in Section 7.1 by proving that every bounded binary computer with no helpers terminates in 2O(m logm) · n3

expected interactions. This relates to the bound in Theorem 9 by replacing m by O(m2), the size of the computer we will 
use the statement on.

Hence it suffices to convert a bounded population computer for double(ϕ) into a bounded population protocol for ϕ , 
with only a quadratic blow-up in size. We achieve this by applying a sequence of five conversion steps. For most of these 
conversions we have to prove that they preserve the decided predicate, and for this reason before presenting the steps we 
introduce a technique to prove equivalence of computers in Section 7.2. The rest of Section 7 describes the five steps:

– Section 7.3 converts a bounded computer P for double(ϕ) into an equivalent bounded computer P0 of size O(size(P))

satisfying two additional technical conditions. This is a very simple step that also serves as warm-up for the next ones.
– Section 7.4 converts P0 into an equivalent binary bounded computer P1 of size O(|Q 0| · size(P0)), where Q 0 is the set 

of states of P0.
– Section 7.5 converts P1 into an equivalent binary bounded computer P2 with a marked consensus output function (a 

notion defined in the section) of adjusted size O(size2(P1)).
– Section 7.6 converts P2 into a binary bounded computer P3 for ϕ — not double(ϕ) — with a marked consensus output 

function and no helpers of adjusted size O(size2(P2)).
– Section 7.7, converts P3 into a binary and terminating (not necessarily bounded) computer P4 for ϕ with normal 

consensus output function and no helpers of adjusted size O(size2(P3)).
– Section 7.8 puts all steps together to show that P4 has the number of states and number of interactions given by 

Theorem 9.

Sections 7.3 to 7.7 are self-contained and can be read in any order.
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7.1. A 2O(m logm) · n3 bound on the expected number of interactions

We prove that a bounded binary computer with no helpers of size m terminates within 2O(m logm) · n3 expected interac-
tions.

To prove this bound, we first introduce potential functions in Definition 22. A potential function assigns to every configu-
ration a non-negative potential, with the property that executing any transition strictly decreases the potential. In this paper 
we only consider linear potential functions.

Then, we show in Lemma 23 that bounded population computers have (linear) potential functions, which allows us to 
show that every run of a bounded computer executes at most 2O(m logm) · n transitions. However, not every interaction 
between agents executes a transition. For example, consider a computer with states q, q′, q′′ , a single transition �q, q′� �→
�q′′, q′′�, and a configuration with one agent in each of q and q′ and n − 2 agents in state q′′ . If we choose two agents 
uniformly at random, the probability that one of them is in state q and the other in state q′ is 2/n(n − 1). In general, all we 
can say is that a transition is executed after O(n2) interactions in expectation. This leads to 2O(m logm) · n3 interactions in 
expectation for the execution of the complete run.

Definition 22. A function � :NQ →N is linear if there exist weights w : Q →N s.t. �(C) =∑
q∈Q w(q) · C(q) for every 

C ∈NQ . A potential function (for P) is a linear function � such that �(r) ≥�(s) + |r| − 1 for all (r �→ s) ∈ δ.

Observe that k-way transitions reduce the potential by k −1, binary transitions by 1. In this section we consider only binary 
computers, but in Section 8 we will consider general ones.

If a population computer has a potential function with maximal weight W := maxq∈Q w(q), then every run executes 
at most W · n transitions, and so the computer is bounded. We prove that the converse holds for computers in which 
every state can be populated. That is, if a computer is bounded and every state can be populated, then the computer has a 
potential function. Observe that the condition that every state can be populated is very mild, since states that can never be 
populated can be deleted without changing the behaviour of the computer.

Lemma 23. Let P be a computer of size m with set of states Q such that for every q ∈ Q some reachable configuration populates q. 
Then P is bounded iff there is a potential function �(C) =∑

q∈Q w(q) · C(q) for P such that W :=maxq∈Q w(q) ∈ 2O(m logm) .

Proof. Let the incidence matrix of P be the matrix A ∈ Zδ×Q s.t. the t-th row is At := s − r, for t = (r �→ s) ∈ δ. In 
particular, given a vector y ∈Nδ which assigns each transition a count, A� y is the change in the number of agents of each 
state after executing a sequence of transitions containing y(t) times the transition t . In the following we write 1 for the 
all-ones vector of appropriate dimension. We prove the existence of a (linear) potential function for P by showing that the 
following statements are equivalent:

(a) P is bounded.
(b) A� y �= 0 for all y ∈Nδ with y �= 0.
(c) A� y �= 0 for all y ∈Rδ≥0 with y �= 0.

(d) Ax ≤−1 for some x ∈RQ .
(e) There is a potential function � for P .

(Afterwards, we show the size bound on �.)
Let us first give some brief intuition. Essentially, (a) states that P does not have a loop, i.e. no sequence of transitions 

leading from a configuration to itself. This is strengthened in (b), which says that no loop exists, even when the protocol is 
allowed to execute transitions at any time (i.e. the number of agents is allowed to go negative). It is further strengthened in 
(c), where the computer is also allowed to execute transitions “fractionally”; for a transition r �→ s, the computer can now 
for example remove 0.5 agents from each state in r and add 0.5 agents to each state of s. Statement (d) then says that 
one can find real weights for each state s.t. the total weight of a configuration decreases with each transition. Finally, (e) 
strengthens this by requiring the weights to be natural numbers.

“(a)⇒ (b)”: Assume that (b) does not hold, so there is a nonempty multiset y ∈Nδ with A� y = 0. Let t1, ..., tk ∈ δ

denote an enumeration of y. Due to the definition of A, A� y = 0 means that executing the sequence t1t2...tk has no 
effect. Formally, for any C, C ′ with C →t1 ... →tk C ′ we get C = C ′ . It suffices to find such a configuration C which is 
reachable; as then we can clearly construct an infinite run, contradicting (a). By assumption, for every state q there exists 
an initial configuration C Iq and a configuration Cq reachable from C Iq such that Cq(q) > 0. It follows that the configuration 
C :=∑

q∈Q Cq is reachable from the initial configuration C I :=∑
q∈Q C Iq , and satisfies C ′(q) > 0 for every q ∈ Q . Multiplying 

C and C I by adequate constants, if necessary, we can assume w.l.o.g. that C(q) ≥ kλ, where λ is the maximum arity of any 
transition. A single transition moves at most λ agents, and so the sequence t1, ..., tk can be executed at C .

“(b)⇒ (c)”: We argue by contraposition and assume that {y ∈Rδ≥0 \ {0} : A� y = 0} is not empty. Then there is some 
ε ∈Q with ε > 0 s.t. {y ∈Rδ≥0 : A� y = 0 ∧ 1� y ≥ ε} is not empty either. This is a satisfiable system of linear inequalities 
and thus has a rational solution y∗ ∈Qδ . As y∗ ≥ 0 we can find a μ > 0 with μy∗ ∈Nδ , showing the negation of (b).
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“(c)⇒ (d)”: Due to y ≥ 0 the condition y �= 0 is equivalent to 1� y > 0. In other words, the system {y ∈Rδ≥0 : A� y = 0 ∧
−1� y < 0} has no solution. Applying one of the numerous versions of Farkas’ lemma (in this case [20, Proposition 6.4.3iii]), 
we obtain that the system {x ∈RQ : Ax ≤−1} does have a solution.

“(d)⇒ (e)”: Since Ax ≤ −1 is a system of linear inequalities, if it has a solution it also has a rational solution and so, 
after scaling with an adequate factor, also an integer solution z∗ ∈ZQ . Let w ∈NQ be the vector of natural numbers or 
weights given by w := λ(z∗ − z∗min1), where z∗min :=minq∈Q z∗(q) and λ is the maximum arity of a transition. We define �
as the linear function induced by w , that is, �(x) := w · x.

We show that � is a potential function. Let C, C ′ be configurations such that C → C ′ . Let t = (r �→ s) ∈ δ be the transition 
whose execution leads from C to C ′ . We prove �(C) −�(C ′) > |r|. By definition of C ′ = C − r + s, and so �(C ′) −�(C) =
�(s) −�(r). Let At be the t-th row of A. By the definition of the incidence matrix A we have

�(s)−�(r)= (s− r) · w = At · w = At ·
(
λ(z∗ − z∗min1)

)= λ
(

At · z∗ − z∗min At · 1
)

Since z∗ is a solution of Ax ≤−1, we have At · z∗ ≤ −1. Further, since |r| = |s|, we have At · 1 = 0. So �(C ′) −�(C) ≤−λ ≤
−|r|, and we are done.

“(e)⇒ (a)”: For any initial configuration C0 we have �(C0) ≤ W · n as � is a linear function (Definition 22). Since, by 
definition, �(C) ≥ 0 for all configurations C and any transition strictly reduces �, a run starting at C0 can execute at most 
�(C0) transitions.

It remains to prove W ∈ 2O(m logm) . Recall that the vector of weights is w := λ(z∗ − z∗min1), where z∗ ∈ZQ is a solution 
of the system Ax ≤−1 of linear inequalities. By definition of A, each entry has absolute value at most λ. Using well-known 
results (see e.g. [23, Lemma 1]), we have |z∗(q)| ∈ O((λ|Q |)2|Q |) ⊆ O(24m log2 m), hence w(q) ∈ O(25m log2 m) ⊆ 2O(m logm) , 
and we are done. �
Proposition 24. Let P be a bounded binary computer with no helpers of size m. Then P terminates within 2O(m logm) ·n3 interactions.

Proof. Without loss of generality we assume that every state can be populated, since removing states which cannot be 
populated preserves boundedness, correctness and speed. Applying Lemma 23 we obtain that P has a linear potential 
function �(C) =∑

q∈Q w(q) · C(q). Let W :=maxq∈Q w(q) be the maximal weight of �. Since an initial configuration C0
with n agents fulfils �(C0) ≤ W · n, and every transition reduces � by at least 1, P terminates after executing at most 
W · n transitions. At every non-terminal configuration, at least one (binary) transition is enabled. The probability that two 
agents chosen uniformly at random enable this transition is �(1/n2), and so a transition occurs within O(n2) expected 
interactions. Hence P terminates within O(W · n3) expected interactions. By Lemma 23 we have W ∈ 2O(m logm) , and we 
are done. �
7.2. Refinement: a technique for proving equivalence

We present a general framework for proving that two computers are equivalent, that is, decide the same predicate.

Definition 25. Let P = (Q , δ, I, O , H) and P ′ = (Q ′, δ′, I ′, O ′, H ′) be population computers. P ′ refines P if there is a map-
ping π :NQ ′ →NQ satisfying the following properties:

1. For all reachable configurations C, D ∈NQ ′ , if C→ D then π(C) → π(D).
2. I = I ′; further, for every initial configuration C of P ′ the configuration π(C) is an initial configuration of P such that 

π(C)(q) = C(q) for q ∈ I (i.e. C and π(C) coincide on all initial states).
3. For every reachable terminal configuration C ∈ NQ ′ , the configuration π(C) is terminal and O (supp(π(C))) =

O ′(supp(C)).

Usually π is chosen as a linear function of the form π(C)(q) = λqC(q) for adequate coefficients λq . Intuitively, by choos-
ing λq = 0 the function π discards information about the number of agents in q, and so in this sense P ′ is a refinement of 
P : the configuration C ′ contains all the information of C , and more.

We prove that if P ′ is terminating and refines P , then P and P ′ are equivalent. (Recall that a population computer is 
terminating if every fair run is finite, and bounded if every run, fair or not, is finite.)

Lemma 26 (Refinement lemma). Let P, P ′ denote population computers. If P ′ is terminating and refines P , then P ′ decides the same 
predicate as P .

Proof. Let C0 ∈NQ ′ denote an arbitrary initial configuration of P ′ . We decompose C0 =: C I+C H into an input configuration 
C I ∈N I ′ and a helper configuration C H ∈Nsupp(H ′) , C H ≥ H . As P ′ is terminating, there is a terminal configuration C with 
C0 → C . It now suffices to show O ′(supp(C)) = ϕ(C I ). For this, we use properties 1-3 of the definition of refinement. By 
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property 2, π(C0) is an initial configuration of P and π(C0) = C I + D H , where D H ∈NH , D H ≥ H is a helper configuration 
of P . So we now only need to show that P outputs O ′(supp(C)) on C I , i.e. that there is a terminal configuration D ∈NQ

reachable from π(C0) with O (supp(D)) = O ′(supp(C)). We set D := π(C). By property 1 we have π(C0) → π(C), and by 
property 3 we get that π(C) is terminal. Finally, property 3 also implies O (supp(π(C))) = O ′(supp(C)). �

In the next sections we prove that some protocol P ′ is equivalent to P by exhibiting a suitable refinement function, and 
showing that P ′ is terminating or bounded (recall that bounded computers are terminating).

7.3. A preprocessing step

For translating a bounded population computer into an equivalent population protocol it is convenient to assume that 
the computer satisfies some technical conditions. We describe a conversion Preprocess that, given any bounded population 
computer, outputs an equivalent bounded computer satisfying the conditions. The conversion is particularly simple, and 
so we also use it to illustrate how we will proceed in the coming sections. After giving a brief high-level overview, we 
describe the specification of the conversion, i.e. the assumptions on the input computer and the properties that the output 
computer must satisfy. Then we present Preprocess, and finally we prove that Preprocess satisfies the specification. Among 
other properties, the specification of the conversion requires the input and output computers to be equivalent. For the 
equivalence proof we use the notion of refinement introduced in Section 7.2.

Let P = (Q , δ, I, O , H) denote a bounded population computer deciding a predicate double(ϕ). We need two additional 
conditions, namely that states in I have no incoming transitions, and that every configuration in N I is terminal. To achieve 
this, the idea is to add two types of information.

1. Every agent gets an additional flag. As long as the flag is not set, the agent is not allowed to perform any transition of 
P .

2. Add a helper state h which gives a start signal to any agent q it meets (i.e. sets the flag), allowing q to start computing.

Without the helper, the computation cannot start, showing that C ∈N I is always terminal. The new input states have no 
incoming transitions since the flag can never be unset. The refinement π in this case removes the extra information in form 
of the flag, and disregards helpers in h entirely.

7.3.1. Specification

Specification: Preprocess

Input: Bounded population computer P = (Q , δ, I, O , H).
Output: Equivalent bounded population computer P ′ = (Q ′, δ′, I ′, O ′, H ′) of size 

O(size(P)) such that

1. states in I ′ have no incoming transitions,
2. all configurations in N I ′ are terminal and
3. r(q) ≤ 1 for every q ∈ I ′ and (r �→ s) ∈ δ′.

7.3.2. Conversion Preprocess
Given a population computer P = (Q , δ, I, O , H), we define the computer P ′ = (Q ′, δ′, I ′, O ′, H ′) as follows:

– Q ′ := Q ∪ {h} ∪ {x∗ : x ∈ I},
– δ′ := δ ∪ {tx := (x∗, h �→ x, h) : x ∈ I},
– I ′ := {x∗ : x ∈ I},
– O ′(S) := O (S ∩ Q ), for S ⊆ Q ′ , and
– H ′(q) := H(q) for q ∈ Q and H(h) := 1.

7.3.3. Correctness

Proposition 27. Preprocess satisfies its specification (page 20).

Proof. We proceed in several steps.

Claim 1. P ′ refines P .
We define the refinement π as follows: π(q) = q for every q ∈ Q , π(h) = 0 and π(x∗) = x for every x ∈ I . We prove that π
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Fig. 4. Simulating the 5-way transition �3 · p,2 · q �→ a,b, c,d, e� by binary transitions.

satisfies the three properties of Definition 25. For property 1, observe that the new transitions tx = (r �→ s) we added fulfil 
π(r) = π(s), and for all old transitions the result is clear because of π(q) = q for all q ∈ Q . Property 2 follows immediately 
from the definition. For property 3, let C ∈NQ ′ be a reachable terminal configuration. Since the helper cannot leave h, we 
have C(h) > 0. If C(x∗) > 0 for any x ∈ I , then tx is enabled, contradiction to C being terminal. So C(x∗) = 0 for every x ∈ I . 
Since π(h) = 0 and π(q) = q for all q ∈ Q , we obtain π(C) = C |Q . Since C is terminal in P ′ , the smaller configuration C |Q
is also terminal in P ′ . Then C |Q is terminal in P , since δ ⊆ δ′ . The outputs agree by definition of O ′ .

Claim 2. P ′ is bounded.
Every occurrence of some tx reduces the number of agents in I ′ , therefore tx occurs finitely often. Between any two of these 
occurrences, only finitely many other steps can occur, since P is bounded.

Claim 3. P ′ decides ϕ .
By claims 1 and 2, and the Refinement lemma (Lemma 26).

Claim 4. P ′ has size O(size(P )) and satisfies properties 1.-3. of the specification.
By direct inspection of the transition function. �
7.4. Removing multiway transitions

We transform a bounded population computer with k-way transitions r �→ s such that |supp(r)| ≤ 2 into a binary 
bounded population computer. Let us first explain why the conversion introduced in [12, Lemma 3], which works for 
arbitrary transitions r �→ s, is too slow. In [12], the 3-way transition t : q1, q2, q3 �→ q′1, q′2, q′3 is simulated by the transitions

t1 : q1,q2 �→ w,q12 t2 : q12,q3 �→ c12,q′3 t3 : c12, w �→ q′1,q′2 t1 : w,q12 �→ q1,q2

Intuitively, the occurrence of t1 indicates that two agents in q1 and q2 want to execute t , and are waiting for an agent 
in q3. If the agent arrives, then all three execute t2t3, which takes them to q′1, q′2, q′3. Otherwise, the two agents must be 
able to return to q1, q2 to possibly execute other transitions. This is achieved by the “revert” transition t1. The construction 
for a k-way transition has “revert” transitions t1, ..., tk−2. As in Example 4 and Example 5, these transitions make the final 
protocol very slow.

We present a gadget without “revert” transitions that works for k-way transitions r �→ s satisfying |supp(r)| ≤ 2. Fig. 4
illustrates it, using Petri net notation, for the 5-way transition t : �3p, 2q� �→ �a, b, c, d, e�. In the gadget, states p and q are 
split into (p, 0), ..., (p, 3) and (q, 0), ..., (q, 2). Intuitively, an agent in (q, i) acts as representative for a group of i agents in 
state q. Agents in (p, 3) and (q, 2) commit to executing t by executing the binary transition 〈commit〉. After committing, 
they move to the states a, ..., e together with the other members of the group, who are “waiting” in the states (p, 0) and 
(q, 0). Note that 〈commit〉 is binary because of the restriction |supp(r)| ≤ 2 for multiway transitions.

To ensure correctness of the conversion, agents can commit to transitions if they represent more than the required 
amount. In this case, the initiating agents would commit to a transition and then elect representatives for the superfluous 
agents, before executing the transition. This requires additional intermediate states.

The rest of this section is split into three parts. We first describe the formal specification of the conversion. Section 7.4.1
describes the conversion itself, which we call Binarise, formally. Section 7.4.2 shows that Binarise satisfies the specification.
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Specification: Binarise

Input: Bounded population computer P = (Q , δ, I, O , H).
Output: Equivalent bounded binary population computer P ′ = (Q ′, δ′, I ′, O ′, H ′) with ad-

justed size O(β · size(P)), where β ≤ |Q |. Additionally:

1. If every state of P but one has at most 2 outgoing transitions, then β ≤ 3.
2. If no state in I has incoming transitions, then neither do states in I ′ .
3. If all configurations in N I are terminal and r(q) ≤ 1 for q ∈ I and (r �→ s) ∈ δ, 

then all configurations in N I ′ are terminal.

7.4.1. Conversion Binarise
Given a bounded population computer P = (Q , δ, I, O , H), we construct a binary population computer P ′ = (Q ′, δ′, I ′,

O ′, H ′). Let m(q) :=max{r(q) : (r �→ s) ∈ δ} denote the maximum multiplicity of any outgoing transition of q. For each state 
q we allow up to m(q) agents to “stack” in q.

Formally, we add states {(q, i) : q ∈ Q , i = 0, ..., m(q)} to Q ′ , and the following transitions, for q ∈ Q , i, j ∈ {1, ..., m(q) −
1}, to δ′:

(q, i), (q, j) �→ (q, i + j), (q,0) if i + j ≤m(q)

(q, i), (q, j) �→ (q,m(q)), (q, i + j −m(q)) if i + j ≥m(q).
〈stack〉

Intuitively, an agent in state (q, i) “owns” i agents in state q, meaning that it certifies that i − 1 additional agents are in 
(q, 0). Consider a transition t = (r �→ s) ∈ δ of P with supp(r) = {q, p}. Executing t in P requires |r| agents. In P ′ , the 
transition is simulated by a sequence of binary transitions. The simulation is started by any pair of agents that together own 
at least r agents. Assume these agents are in states (q, i) and (p, j) with i + j ≥ |r|. The transition 〈commit〉 initiating the 
simulation designates one of the agents, say q, as primary agent, and p as secondary agent. The primary agent is responsible 
for executing the rest of the simulation. Transition 〈commit〉 moves the primary agent from (q, i) to (q, i − r(q), t) and the 
secondary agent from (p, j) to (p, j − r(p)); intuitively, the agents together “designate” |r| agents to execute t .

Formally, we add states {(q, i, t) : i = 0, ..., m(q)} to Q ′ . For every q, p in Q , if q �= p we add transitions

(q, i), (p, j) �→ (q, i − r(q), t), (p, j − r(p)) for i ≥ r(q), j ≥ r(p) 〈commit〉
to δ. If p = q then for every i, j with i + j ≥ r(q) we add transitions

(q, i), (q, j) �→ (q, i + j− r(q), t), (q,0) if i + j − r(q)≤m(q)

(q, i), (q, j) �→ (q, i + j− r(q)−m(q), t), (q,m(q)) else
〈commit〉

After the execution of 〈commit〉, the primary agent transfers ownership of its remaining agents (if any) to another agent 
by means of a transition 〈transfer〉. Formally, we add to δ′ transitions

(q, i, t), (q,0) �→ (q,0, t), (q, i) for i = 1, ...,m(q) 〈transfer〉
The primary agent now proceeds with the simulation of the execution of t . Formally, we add states {(t, i) : i = 1, ..., |r|} to 
Q ′ . Let s1, ..., sl denote an enumeration of the multiset s of t , with l := |s|. Intuitively, an agent in (t, i) moves one agent 
into (si, 1), and then goes to (t, i + 1). Instead of moving an agent into (t, 1) via a transition, we identify (q, 0, t) with (t, 1)

directly. Additionally, we identify (t, l) with (sl, 1), so that we do not have to create a special transition for the last agent. 
Accordingly, we formally define the last set of transitions added to δ′ as follows, for i = 1, ..., l − 1.

(t, i), (p,0) �→ (t, i + 1), (si,1) if i ≤ r(p)

(t, i), (q,0) �→ (t, i + 1), (si,1) if i > r(p)
〈execute〉

(Observe that, as specified above, P ′ is not deterministic. For some of the transitions 〈stack〉 and 〈commit〉 it may be the 
case that e.g. 〈stack〉 = (r �→ s1) and 〈commit〉 = (r �→ s2) for the same r and s1 �= s2. However, if that happens we delete all 
but one of these transitions to ensure that the protocol is deterministic. When choosing which transition to keep, we prefer 
〈commit〉 to 〈stack〉, but otherwise pick an arbitrary one.)

We retain the original input states and helpers, by identifying each q ∈ Q with (q, 1). For the output function we define 
O ′(S) := O ({q : (q, i) ∈ S}) for any S . Note, however, that a circuit for O grows by at most a factor of 3, as (q, i) ∈ supp(C) ⇒
(q, 0) ∈ supp(C) for i ≥ 2 and any reachable configuration C and state q, so it suffices to check for (q, 0) and (q, 1).
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7.4.2. Correctness

Proposition 28. Binarise satisfies its specification (page 22).

Proof. We first show that P ′ refines P .

Claim 1. P ′ refines P .
To begin, let us introduce the mapping between configurations of P ′ and P describing the refinement. We define π : Q ′ →
NQ by setting

π((q, i)) := q · i
π((q, i, t)) := q · i + s for all q ∈ Q , t = (r �→ s) ∈ δ and i

π((t, i)) := si + ...+ sl

This uses the same enumeration of s as above. Clearly, π is well-defined, as π((q, 0, t)) = s = π((t, 1)) and π((t, l)) = sl =
π((sl, 1)). Finally, we extend π to a linear mapping π :NQ ′ →NQ in the obvious fashion. Now we prove that π fulfils the 
properties required by Definition 25:

1. Note that π is invariant under execution of 〈stack〉, 〈transfer〉 and 〈execute〉. Additionally, for a t ∈ δ and a corresponding 
〈commit〉 transition t′ , we find that C→t′ C ′ implies π(C) →t π(C ′) for all C, C ′ ∈NQ ′ .

2. We identified q ∈ Q with (q, 1) and set π((q, 1)) := q, so I = I ′ and π(C) = C for all C ∈NQ follows.
3. Let C ∈NQ ′ be a reachable terminal configuration. We have to show that π(C) is terminal and satisfies O (supp(π(C))) =

O ′(supp(C)). The latter condition follows immediately from the definition of O . To show that π(C) is terminal, we first 
observe that transition 〈transfer〉 is always enabled if an agent is in state (q, i, t), with t = (r, s) ∈ δ and i ≥ 1, as that 
state “owns” i + r(q) agents in q. Hence there must be i + r(q) − 1 ≥ i ≥ 1 agents in (q, 0). By the same line of argument, 
〈execute〉 is always enabled if an agent is in (t, i), for t ∈ δ and 1 ≤ i < |s|. Now, assume π(C) is not terminal, so there is 
some transition t = (r �→ s) ∈ δ which is enabled at π(C). As we have just argued, all agents of C are in states (q, i), for 
q ∈ Q and i ∈ {0, ..., m(q)}. Transition 〈commit〉 is not enabled at C , wherefore one of the states q ∈ Q used by t fulfils 
i < r(q) for all i with C((q, i)) > 0. But t is enabled at π(C), so π(C)(q) ≥ r(q) and, by definition of π , there are i, j > 0
s.t. C contains both an agent in (q, i) and one in (q, j). Due to our choice of m, we have r(q) ≤ m(q), and therefore 
0 < i, j < m(q), wherefore transition 〈stack〉 is enabled, contradicting that C is terminal. So π(C) is terminal.

Claim 2. P ′ is bounded.
Assume an infinite run C0, C1, ... of P ′ exists. If transition 〈commit〉 is executed infinitely often in that run, at steps i0, i1, ... ∈
N , then π(Ci0 ), π(Ci1 ), ... would be an infinite run of P , contradicting that P is bounded. Hence there is an infinite suffix 
of C0, C1, ... in which 〈commit〉 is never fired.

In this suffix the number of agents in a state (q, i, t) ∈ Q ′ with i > 0 cannot increase, but decreases whenever 〈transfer〉
is executed. Hence this also happens only finitely often and the number of agents in a state (t, i) cannot increase beyond 
a point. As 〈execute〉 increases i, it too must occur only finitely often. The only transition left is 〈stack〉, which always 
increases the number of agents in either (q, 0) or (q, m(q)), for some q ∈ Q .

Claim 3. P ′ decides ϕ .
By claims 1 and 2, and the Refinement lemma (Lemma 26).

Claim 4. P ′ has adjusted size O(β · size(P)) for some β ≤ |Q |.
Let βq denote the number of transitions t ∈ δ for which q ∈ Q is the primary agent, and set β := max{βq : q ∈ Q }. It 
suffices to show |Q ′| ≤ (β + 2) size(P). We begin by bounding the total value of m(q). Clearly, m(q) ≤∑

(r �→s)∈δ r(q) for 
q ∈ Q , and thus 

∑
q∈Q m(q) ≤∑

t∈δ |t|. For every q ∈ Q we create m(q) + 1 states and for every t ∈ δ we create |t| states. 
Additionally, we create states for every transition t using state q as primary agent, so at most βm(q). In total, we create at 
most (β + 2) 

∑
t∈δ |t| + |Q | states.

Claim 5. P ′ satisfies conditions 1.-3. of the specification.
For condition 1., let q ∈ Q denote the state with the most outgoing transitions. For our conversion, we can simply not 
choose q as primary agent, for all transitions that also use a different agent. There is at most one other transition (using 
only agents in q), so every state is chosen as primary agent of at most 3 transitions and β ≤ 3. Condition 2. is obvious from 
the conversion. For condition 3., note that the condition implies m(q) ≤ 1 for all q ∈ I . Therefore the only transition using 
an agent in I ′ is 〈commit〉, which is not enabled at C if π(C) is terminal. �
7.5. Converting output functions to marked-consensus output functions

We convert a computer with an arbitrary output function into another one with a marked-consensus output function. An 
output function is a marked-consensus output function if there are disjoint sets of states Q 0, Q 1 ⊆ Q such that O (S) := b if 
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S ∩ Q b �= ∅ and S ∩ Q 1−b = ∅, for b ∈ {0, 1}, and O (S) := ⊥ otherwise. Intuitively, for every S ⊆ Q we have O (S) = 1 if all 
agents agree to avoid Q 0 (consensus), and at least one agent populates Q 1 (marked consensus).

Our starting point is some bounded and binary computer P = (Q , δ, I, O , H), e.g. as constructed in Section 7.4. Let 
(G, E) be a boolean circuit with only NAND-gates computing the output function O . We simulate P by a computer P ′ with 
a marked consensus output and O(|Q | + |G|) states. This result allows us to bound the number of states of P ′ by applying 
well-known results on the complexity of boolean functions.

Intuitively, P ′ consists of two processes running asynchronously in parallel. The first one is (essentially, see below) the 
computer P itself. The second one is a gadget that simulates the execution of G on the support of the current configuration 
of P . Whenever P executes a transition, it raises a flag indicating that the gadget must be reset (for this, we duplicate each 
state q ∈ Q into two states (q, +) and (q, −), indicating whether the flag is raised or lowered). Crucially, P is bounded, 
and so it eventually performs a transition for the last time. This resets the gadget for the last time, after which the gadget 
simulates (G, E) on the support of the terminal configuration reached by P .

Specification: Focalise

Input: Bounded binary population computer P = (Q , δ, I, O , H).
Output: Equivalent bounded binary computer P ′ = (Q ′, δ′, I ′, O ′, H ′) with adjusted size 

O(size2(P)) using a marked consensus output. Additionally:

1. If no state in I has incoming transitions, then neither do states in I ′ .
2. If all configurations in N I are terminal, then so are all configurations in N I ′ .

7.5.1. Conversion Focalise
Formally, the intuition above corresponds to a partition of the state space into four parts, Q = Q orig ∪ Q supp ∪ Q gate ∪

Q reset, with the crucial property that no transition allows agents to change partition. The only exceptions are leader elections 
producing/removing reset agents. In the following we first describe these different parts of the partition, followed by the 
transitions. The set Q orig := Q × {−, +} essentially executes P as was already described in the intuitive explanation above.

The output gadget is designed to be operated by one state-helper for each q ∈ Q , with set of states Q supp(q), and a 
gate-helper for each gate g ∈ G , with set of states Q gate(g), defined as follows:

– Q supp(q) := {q} × {0, 1, !}. These states indicate that q belongs/does not belong to the support of the current configura-
tion (states (q, 0) and (q, 1)), or that the output has changed from 0 to 1 (state (q, !)).

– Q gate(g) := {g} × {0, 1, ⊥}3 for each gate g ∈ G , storing the current values of the two inputs of the gate and its output. 
Uninitialised values are stored as ⊥.

The sets Q supp and Q gate are now the disjoint union of the above over all states/gates, in total we therefore obtain Q supp :=
Q × {0, 1, !} and Q gate := G × {0, 1, ⊥}3.

Recall that a population computer must also remain correct for a larger number of helpers. This is ensured by letting all 
helpers populating one of these sets, say Q supp(q), perform a leader election; whenever two helpers in states of Q supp(q)

meet, one of them becomes a non-leader, and a flag requesting a complete reset of the gadget is raised. All resets are 
carried out by a reset-helper with set of states Q reset := {0, ..., |Q | + |G|}, initially in state 0. Whenever a reset is triggered, 
the reset-helper contacts all other |Q | + |G| helpers in round-robin fashion, asking them to reset the computation.

We now specify the required transitions. First, we need to refine the original protocol, requesting to recompute the 
support with each transition. Different occurrences of ± need not match.

(q,±), (p,±) �→ (q′,+), (p′,−) for (q, p �→ q′, p′) ∈ T 〈execute〉
It suffices to reset once, so for the purpose of speed we clear superfluous flags.

(q,+), (p,+) �→ (q,+), (p,−) for q, p ∈ Q 〈denotify〉
To keep the protocol deterministic, we remove all 〈denotify〉 transitions which could also initiate another transition (in par-
ticular 〈execute〉). The support is computed by setting the stored bit to ‘!’ once the corresponding state has been observed.

(q,0), (q,−) �→ (q, !), (q,−) for q ∈ Q 〈detect〉
To define the transitions for Q gate, we need to introduce some notation. First, we write nand for the NAND function, i.e. 
nand(i, j) := ¬(i ∧ j) for i, j ∈ {0, 1} and nand(i, j) := ⊥ otherwise. We also use E1, E2 to denote the first and second 
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Fig. 5. Figure visualising the conversion to marked consensus output for a population computer with states {p, q, r}, a single transition p, q �→ r, r and 
output function ¬(r ∧¬(p ∧ q)).
State names are abbreviated: xy and xy are used instead of (x, y), and only the last two components of states in Q gate are shown. Transitions are drawn 
using Petri net notation. The same state may appear multiple times. Occurrences beyond the first are drawn with a dashed border.
Hexagons indicate wildcards. Each hexagon is associated with a group of states (indicated by shaded areas). Used as input to a transition, it denotes that 
any agent of that group can be used (i.e. they create multiple copies of the transition). Transition may use hexagons as both input and output, in which case 
the output hexagon refers to the state corresponding to the state used for the input hexagon. For example, transition 〈denotify〉 takes two agents x+, y+ , 
with x, y ∈ {p, q, r} and produces an agent in x− and one in y+ .
We omit 〈leader〉 transitions and the third case of 〈init-reset〉 from the drawing. Please note, however, that the resulting computer is still correct under the 
assumption that no superfluous helpers are provided. (This is equivalent to using leaders instead of helpers.)

component of E , and write Sb
g for the set of states indicating that gate g ∈ Q ∪G has truth value b ∈ {0, 1}, i.e. Sb

q := {(q, b)}
for q ∈ Q and Sb

g := {g, b} × {0, 1}2 for g ∈ G . We add the following transitions, for any gate g ∈ G and b, i ∈ {0, 1}.
(g,⊥,⊥,⊥),q �→ (g,⊥,b,⊥),q for q ∈ Sb

E1(g)

(g,⊥, i,⊥),q �→ (g,nand(i,b), i,b),q for q ∈ Sb
E2(g)

〈gate〉

These transitions perform the computation of the gate, by initialising the first and then the second input. Once the second 
input is initialised, the output of the gate is set accordingly. We now specify the required transitions. An example of the 
resulting protocol is depicted in Fig. 5.

There are two kinds of resets; depending on whether the agents in Q supp are affected. (The gates are always reset.) 
Both resets are executed by an agent in Q reset, who goes through the other agents one by one. Let q1, ..., q|Q | denote an 
enumeration of Q . For G any enumeration is not enough, input gates have to be reset first. Therefore let g1, . . . , g|G| be a 
topological sorting of G .

i − 1, (qi,b) �→ i, (qi,0) for (qi,b) ∈ Q supp

|Q | + i − 1, (gi,b1,b2,b3) �→ |Q | + i, (gi,⊥,⊥,⊥) for (gi,b1,b2,b3) ∈ Q gate
〈reset〉

There are three ways to initiate a reset:

(q,+), i �→ (q,−),0 for (q,+) ∈ Q orig, i ∈ Q reset

(q, !), i �→ (q,1),min{i, |Q |} for (q, !) ∈ Q supp, i ∈ Q reset

i, j �→ 0, (qh,−) for i, j ∈ Q reset

〈init-reset〉
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First, an agent in Q orig may indicate that the support has changed, and everything will be reset. Second, an agent in Q supp
will request that all gates be reset whenever it changes its output. Third, if two agents are in Q reset , the computation so far 
must be discarded, and we continue with only one of them. The other moves into an arbitrary state qh ∈ Q with H(qh) > 0, 
so it is given back to P to use for its computations. Picking a state with H(qh) > 0, i.e. a helper state, ensures that this does 
not affect the correctness of P .

Finally, all states in Q supp and Q gate also participate in a leader election, to ensure that there is only one agent in Q supp

for each q ∈ Q , and only one agent for each gate.

q,q′ �→ q,0 for q,q′ ∈ Q supp s.t. q1 = q′1
g, g′ �→ g,0 for g, g′ ∈ Q gate s.t. g1 = g′1

〈leader〉

These transitions indirectly cause a reset, by producing an agent in Q reset .
It remains to define the inputs, helpers and outputs. For this, we identify a state q ∈ Q with (q, −) ∈ Q orig. We define 

I ′ := I , as well as H ′(q) := H(q) for q ∈ Q and H(q) := 1 for q ∈ Q × {0} ∪ G × {(⊥, ⊥, ⊥)} ∪ {0}. To define the marked 
consensus output, we pick the special states Q 0 = {(g|G|, 1)} × {0, 1}2 and Q 1 := {(g|G|, 0)} × {0, 1}2.

7.5.2. Correctness

Proposition 29. Focalise satisfies its specification.

Proof. We first show that P ′ refines P , which by Lemma 26 implies that they decide the same predicate. We introduce a 
mapping π :NQ ′ →NQ to describe the configuration that P ′ is representing. For all C we define

π(C) :=
∑
q∈Q

q · C((q,±))+ qh · (C(Q supp ∪ Q gate ∪ Q reset)− |Q | − |G| − 1)

Recall that qh ∈ Q is the state to which superfluous agents are moved, as defined in 〈init-reset〉. Eventually, we have exactly 
one agent for each state in Q , to detect the support, exactly one agent for each gate, and exactly one reset agent, so 
|Q | + |G| + 1 in total. Everything beyond that is superfluous and will be returned to qh at some point. We prove the 
following claim:

Claim 1. Let C denote a reachable configuration of P ′ . Then C(Q reset) ≥ 1, C({q} × {0, 1, !}) ≥ 1 for q ∈ Q , and C({g} ×
{0, 1, ⊥}3) ≥ 1 for g ∈ G . If C is terminal, the above hold with equality.
Let Sq := {q} × {0, 1, !} for q ∈ Q and G g := {g} × {0, 1, ⊥}3 for g ∈ G . First, note that the sets of states Q reset , Sq and G g

each contain at least one agent in an initial configuration (due to the choice of H ′). Additionally, they cannot be emptied, 
as every transition removing agents from one of these sets also puts at least one agent back. (Using Petri net terminology, 
they are traps.)

If two agents are in Q reset, the third part of 〈init-reset〉 is active and C is not terminal. Similarly, if two agents are in Sq , 
for some q, or two agents are in G g , for some g , then 〈leader〉 can be executed.

Claim 2. P ′ refines P .
We show that π fulfils the properties required by Definition 25. The first two are simple.

1. Observe that π(C) is changed only via transition 〈execute〉, and that this happens according to a transition t ∈ T .
2. I = I ′ holds by construction and the remainder follows from H(qh) > 0 and the definition of π .

Property 3 will take up the remainder of this proof. Let C denote a reachable, terminal configuration of P ′ . Using Claim 1 
we get π(C) =∑

q∈Q q · C((q, ±)). Therefore, if a transition t ∈ δ is enabled at π(C), the corresponding 〈execute〉 transition 
is enabled at C . As C is terminal, so is π(C).

Finally we have to argue O ′(supp(C)) = O (supp(π(C))). Due to Claim 1 we know that in C we have exactly one agent 
in either (q, 0), (q, 1), or (q, !). It cannot be in (q, !), as then transition 〈init-reset〉 would be enabled.

If it were in (q, 0) but π(C)(q) > 0, then transition 〈detect〉 would be enabled, so that cannot be the case either. Con-
versely, if it were in (q, 1) but π(C)(q) = 0, then we also arrive at a contradiction: after the last agent left (q, ±) via 
〈execute〉, it must have triggered a reset, which moved the agent to (q, 0) (or, if there were multiple agents in q × {0, 1, !}, 
〈leader〉 would have triggered another reset later). But after that reset π(C)(q) = 0, so it is impossible to leave (q, 0).

Therefore we find that the agents in Q supp precisely indicate the support of π(C). Whenever an agent in Q supp changes 
its opinion (either due to a 〈reset〉 or 〈detect〉), all gates will be reset. So there is some point at which the opinions of 
agents in Q supp have stabilised (in particular, all inequalities of Claim 1 are tight, else there would be another reset) and the 
unique agent in Q reset is in state |Q |, i.e. it is in the process of resetting all gates. As the gates are reset in order of some 
topological sorting (so a gate is reset after its inputs are), a gate will only assume a value after its inputs have stabilised and 
therefore compute the correct value according to the circuit. As the circuit computes O (supp(π(C))), the statement follows.
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Fig. 6. Illustration in graphical Petri net notation (see Section 3) of the conversion that removes helpers. Initial states are highlighted.

Claim 3. P ′ is bounded.
Due to Claim 2 we know that π(C) can change only finitely often, as P is bounded, and thus transition 〈execute〉 can be 
executed only finitely often. After that, the number of agents in a state Q × {+} ⊆ Q orig cannot increase, but can always 
decrease using the first 〈init-reset〉 transition. So eventually no agents remain in those states.

Parallel to that, both C(Q supp) and C(Q gate) cannot increase. Whenever C(Q supp) > |Q | or C(Q gate) > |G|, 〈leader〉 is en-
abled and decreases one of them, until C(Q supp) = |Q | and C(Q gate) = |G|. Afterwards, 〈leader〉 cannot fire again (note Claim 
1), and C(Q reset) cannot increase. If C(Q reset) > 1, the third case of 〈init-reset〉 will reduce this number, until C(Q reset) = 1.

To summarise, eventually no agents remain in Q × {+} and all inequalities of Claim 1 become tight. At that point, the 
first and third case of 〈init-reset〉 are disabled, and it is not possible for the agent in Q reset to lower its value to below |Q |. 
Via 〈reset〉, it will thus eventually arrive at |Q |, and the first part of 〈reset〉 cannot be executed again.

Once that happens, agents cannot enter states Q × {0} ⊆ Q supp, such that 〈detect〉 can never occur any more. This then 
causes 〈init-reset〉 to eventually be fully disabled, and then 〈reset〉 as well. Finally, transition 〈gate〉 can then fire only finitely 
often, and the protocol terminates.

Claim 4. P ′ decides ϕ .
Follows from claims 2 and 3, and the Refinement lemma (Lemma 26).

Claim 5. If no state in I has incoming transitions, then neither do states in I ′ .
Note that I ′ = I × {−} by definition. If no state in I has incoming transitions, then it is not possible to put an agent into 
I × {+}, as that happens only via 〈execute〉. Therefore transitions 〈denotify〉 or the first part of 〈init-reset〉 cannot move an 
agent from (q, +) to (q, −), for q ∈ I . Finally, note that qh /∈ I ′ , as supp(H) ∩ I = ∅ by the definition of population computers. 
(So, to be precise, the statement only holds once we modify our construction to delete unused states and transitions.)

Claim 6. If all configurations in N I are terminal, then so are all configurations in N I ′ .
Note that the only transition which can execute from a configuration in N I ′ is 〈execute〉, but that requires a transition in P
which can execute in a configuration in N I . �
7.6. Removing helpers

We convert a bounded binary computer P deciding the predicate double(ϕ) over variables x1, ..., xk, x′1, ..., x′k into a 
computer P ′ with no helpers deciding ϕ over variables x1, ..., xk . In [11], a protocol with helpers and set of states Q is 
converted into a protocol without helpers with states Q × Q . We provide a better conversion, called Autarkify, that avoids 
the quadratic blowup.

Let us give some intuition first. All agents of an initial configuration of P ′ are in input states. P ′ simulates P by 
liberating some of these agents and transforming them into helpers, without changing the output of the computation. 
For this, two agents in an input state xi are allowed to interact, producing one agent in x′i and one “liberated” agent, 
which can be used as a helper. This does not change the output of the computation, because double(ϕ)(..., xi, ..., x′i, ...) =
double(ϕ)(..., xi − 2, ..., x′i + 1, ...) holds by definition of double(ϕ).

Fig. 6 illustrates this idea. Assume P has input states x, y, x′, y′ and helpers H = �q1, q2, q3, q4�, as shown on the left-
hand side. Assume further that P computes a predicate double(ϕ)(x, y, x′, y′). The computer P ′ is shown on the right of 
the figure. The additional transitions liberate agents, and send them to the helper states H . Observe that the initial states of 
P ′ are only x and y. Let us see why P ′ decides ϕ(x, y). As the initial configuration of P ′ for an input x, y puts no agents 
in x′, y′ , the computer P ′ produces the same output on input x, y as P on input x, y, 0, 0. Since P decides double(ϕ) and 
double(ϕ)(x, y, 0, 0) = ϕ(x, y) by the definition of double(ϕ), we are done. We make some remarks:

– P ′ may liberate more agents than necessary to simulate the multiset H of helpers of P . This is not an issue, because 
by definition additional helpers do not change the output of the computation.

– If the input is too small, P ′ cannot liberate enough agents to simulate H . Therefore, the new computer only works for 
inputs of size �(|H |) =�(|ϕ|).
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– Even if the input is large enough, P ′ might move agents out of input states before liberating enough helpers. This is 
where the assumption that all configurations in N I are terminal is used: Before the first full batch of liberated agents 
is dispatched, P cannot execute any transition.

Recall the definition of double(ϕ) for some ϕ ∈ QFPA (Definition 6): for every variable xi in ϕ create copies xi and x′i ; 
afterwards replace every occurrence of xi by xi + 2x′i . The specification of the construction is as follows:

Specification: Autarkify

Input: Bounded binary population computer P = (Q , δ, I, O , H) with marked consensus 
output deciding double(ϕ) for some ϕ ∈ QFPA; further, states in I have no incoming 
transitions and every configuration in N I is terminal.

Output: Bounded binary population computer P ′ = (Q ′, δ′, I ′, O ′, ∅) of adjusted size 
O(size2(P)) without helpers and with a marked consensus output deciding ϕ for 
inputs of size at least |I| + 2|H |.

7.6.1. Conversion Autarkify
If P ′ did not have to be binary, we could just add to P a state h and transitions

x, x �→ x′,h for x ∈ I 〈double〉
|H| · h �→ H 〈helper〉

Instead, we inline the conversion from Section 7.4 (simplified slightly), and define P ′ as follows. We add to P states 
Q helper := {�i, �i : i = 0, ..., |H |}, and identify �1 with h and �1 with h1; here, h1, ..., hm is an enumeration of H . For 
i, j ∈ {1, ..., |H | − 1} we also add transitions

�i,� j �→ �i+ j,�0 if i + j < |H|
�i,� j �→�|H|,�i+ j−|H| if i + j ≥ |H|

�i+1,�0 �→�i,hi+1

〈helper〉

Finally, we set I ′ := I and O ′(S) := O (S ∩ Q ) for all S ⊆ Q ′ (note that Q ⊆ Q ′).

7.6.2. Correctness

Proposition 30. Autarkify satisfies its specification (page 28).

Proof. As for the other conversions, we define a linear map π :NQ ′ →NQ to translate configurations of P ′ to ones of P . 
Here, we simply choose π(C)(q) := C(q) for q ∈ Q . We do not, however, show that P ′ refines P , as that does not hold: 
transitions 〈double〉 and 〈helper〉 change π(C) in a way that is not compatible with an execution of P . Instead, we start by 
showing that it suffices to consider only certain transition sequences, where the 〈double〉 and 〈helper〉 transitions occur only 
in the beginning. After that point, our proof proceeds just as for the refinement results.

Let σ1, σ2, σ3 ∈ (δ′)∗ denote (finite) sequences of transitions, where σ1 contains only 〈double〉 transitions, σ2 only 〈helper〉
transitions, and σ3 ∈ δ∗ . We call such a sequence σ := σ1σ2σ3 good. We first make the following claim:

Claim. If C ∈NQ ′ is reachable from an initial configuration C0 ∈N I , then there is a good sequence σ ∈ (δ′)∗ with C0→σ C .
Let us prove the claim. Since states x ∈ I have no incoming transitions (precondition of the specification), the number 
of agents in x is monotonically decreasing during a run. Hence a 〈double〉 transition can always be moved to any earlier 
position in a transition sequence. Similarly, the states used as input by a 〈helper〉 transition only have incoming 〈double〉 or 
〈helper〉 transitions, so if a 〈helper〉 transition is preceded by a δ transition, their order may be swapped. This proves the 
claim.

Let C ∈NQ ′ denote a terminal configuration reachable from an input configuration C0 with at least 2|H | + |I| agents. 
By the claim there are configurations C1, C2 with C0 → C1 → C2 → C , s.t. going from C0 to C1 executes only 〈double〉
transitions, going from C1 to C2 only 〈helper〉 transitions, and from C2 to C only transitions in δ. We now consider two 
cases.

If 〈double〉 is not enabled at C1, then C1(h) ≥ |H |, as there can be at most |I| agents left in C1(I). It is not possible to 
remove agents from Q helper without executing 〈helper〉, so at some point at least |H | agents in C1(h) will be distributed to 
h1, ..., h|H | and we get C2 ≥ H
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Else, 〈double〉 is enabled at C1 (but not at C ), thus some transition removing agents from C(I) must have occurred 
between C2 and C (as 〈helper〉 transitions cannot do so). Since every configuration of N I is terminal in P (precondition 
of the specification), we get C2(supp(H)) > 0, which, due to the construction of transition 〈helper〉, implies C2 ≥ H . (In 
particular, helpers are distributed in batches of H .)

So in both cases we have C2 ≥ H and therefore find that π(C2) is an initial configuration (of P). Between C0 and C2, 
only transition 〈double〉 affects states I ∪ I ′ , and it preserves the value of double(ϕ). (Also note ϕ(C0) = double(ϕ)(C0), as 
only agents in I are present.)

As C can be reached from C2 by executing only transitions in δ, we also get that π(C) is a reachable configuration of 
P . Moreover, C is terminal w.r.t. δ′ ⊇ δ, so π(C) is a terminal configuration of P . We have defined O ′ s.t. O ′(C) = O (π(C))

and thus get the correct output.
To argue that P ′ is bounded, we note that δ′ \ δ is acyclic. So if P ′ has arbitrarily long runs, then, by the claim, P has 

as well. But this contradicts that P is bounded. �
7.7. Converting to consensus output

The final step to produce a population protocol is to translate computers with marked-consensus output function into 
computers with standard consensus output function.

Specification: Distribute

Input: Constant k, function f , bounded binary population computer P = (Q , δ, I, O , ∅)
without helpers with marked consensus output function, and deciding a predicate 
ϕ for all inputs of size at least k in O( f (n, |ϕ|)) interactions.

Output: Terminating population protocol P ′ with 4|Q | states deciding ϕ for all inputs of 
size at least k in O(n2 + f (n, |ϕ|)) interactions.

7.7.1. Conversion Distribute
Let a marked agent be an agent in a state q ∈ Q 0 ∪ Q 1, where Q 0 ⊂ Q and Q 1 ⊂ Q are the sets of states as in the 

definition of marked consensus output. The obvious approach for the procedure Distribute would be to add an extra bit to 
every state, which will be the opinion of the agent, and is set whenever the agent meets a marked agent. As soon as the 
actual computation is done, all agents will be convinced of the correct opinion. However, convincing the i-th agent takes 
roughly n2/(n − i) steps (the inverse of the probability that the single marked agent meets one of the remaining n − i agents 
with the wrong opinion); in total, this sums to n2 log n steps. We give a slightly different procedure that achieves O(n2). 
Whenever an agent meets a marked agent, besides assuming the correct opinion, it will receive a token, which it can use 
once, to convince another agent.

Formally, let Q 0, Q 1 ⊆ Q denote the states defining the marked consensus output O , and set Q⊥ := Q \ (Q 0 ∪ Q 1). The 
set of states of P ′ is Q ′ := Q × {0, 1}2, where the second component denotes the current opinion of the agent, and the 
third whether it has a token.

Let q, p ∈ Q . We want to execute P simultaneously to the following transitions. To write this down, we choose q′, p′ as 
the result of a transition (q, p �→ q′, p′) ∈ δ, if such a transition exists, else we set q′ := q, p′ := p.

For convenience, we write ∗ if the component does not matter. A ∗ in the result of the transition indicates that this 
component is left unchanged. Based on our definitions the agents of a transition have no order, so (q, p �→ q′, p′) and 
(p, q �→ q′, p′) are the same transition. Let i ∈ {0, 1}.

If an agent meets a marked agent, then the former assumes the latter’s opinion and receives a token.

(q,∗,∗), (p,∗,∗) �→ (q′, i,1), (p′, i,1) if {q′, p′} ∩ Q i �= ∅ 〈certify〉
If an agent with token meets a non-token agent of opposite opinion, the latter is convinced and the token consumed. 
Similarly, if two tokens held by agents with opposing opinions meet, the tokens are simply dropped.

(q, i,1), (p,1− i,0) �→ (q′, i,0), (p′, i,0) 〈convince〉
(q, i,1), (p,1− i,1) �→ (q′, i,0), (p′,1− i,0) 〈drop〉

Otherwise, nothing happens.

(q,∗,∗), (p,∗,∗) �→ (q′,∗,∗), (p′,∗,∗) if (q, p) �= (q′, p′) 〈noop〉
As defined above, our transitions are not deterministic. If multiple transitions are possible, we will pick a 〈certify〉 transition, 
or (if there are none) a 〈convince〉 or 〈drop〉 transition.

Finally, we choose O ′ as the consensus output given by the partition O ′i := Q × {i} × {0, 1}, for i ∈ {0, 1} and I ′ := I , 
where we identify q ∈ I with (q, 0, 0).
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7.7.2. Correctness

Proposition 31. Distribute satisfies its specification (page 29).

Proof. As for the other conversions, let π :NQ ′ →NQ denote a mapping from configurations of P ′ to ones of P . We 
choose π(C)(q) := C(q × {0, 1}2), so π simply projects onto the first component.

Claim 1. P ′ refines P (Definition 25).
Properties 1 and 2 of Definition 25 follow immediately from the definition of Autarkify. For the third property, let C denote 
a reachable, terminal configuration of P ′ . If a transition of P were enabled at π(C), the corresponding 〈noop〉 transition 
would be enabled at C , so π(C) must be terminal as well.

As P has a marked consensus output, there is an agent in a state q ∈ Q i , where i ∈ {0, 1} is the output of P and 
π(C)(q) > 0. By definition of π this implies that there is a q′ ∈ {q} × {0, 1}2 with C(q′) > 0.

We now claim supp(C) ⊆ Q ′i , so assume the contrary and pick a p′ ∈ Q ′ \ Q ′1−i with C(p′) > 0. But agents q′, p′ can 
now execute transition 〈certify〉, which contradicts C being terminal. Thus the claim is shown and our choice of O ′ yields 
O ′(supp(C)) = i.

Claim 2. P ′ is terminating.
Let C denote a reachable configuration of P ′ . As P ′ refines P , π(C) is reachable in P ; as P is bounded, π(C) can reach 
some terminal configuration D . We can execute a corresponding sequence of transitions in P ′ and find a configuration C ′
with C → C ′ and π(C ′) terminal. At this point, π(C)(Q i) > 0 and π(C)(Q 1−i) = 0 for an i ∈ {0, 1}, which corresponds to 
the output of P . By executing at most n −1 〈certify〉 transitions, we can reach a configuration where all agents have opinion 
i and a token; the resulting configuration is terminal. To summarise, we have argued that any reachable configuration can 
reach a terminal configuration. Hence any infinite run can reach terminal configurations infinitely often and any fair run 
will eventually terminate.

Claim 3. P ′ decides ϕ for inputs of size at least k.
To show that P ′ decides ϕ for inputs of size at least k we would like to apply the Refinement lemma (Lemma 26), together 
with Claims 1 and 2. However, this does not work, as we would need to assume that P decides ϕ for all inputs. Fortunately, 
the proof can trivially be adapted to consider only inputs of size at least k.

Claim 4. P ′ runs in O(n2 + f (n, |ϕ|)) interactions for inputs of size �(k).
An inspection of Distribute shows that a configuration C1 with π(C1) terminal is reached after O( f (n, |ϕ|)) steps. It remains 
to argue that C1 reaches a terminal configuration within O(n2) steps.

Let C1 denote a configuration s.t. π(C1) is terminal. In C1, we have at least one marked agent for the correct answer 
b := O (supp(C1)), and no marked agents for the wrong answer, and this will not change during the remainder of the 
computation.

Let f i j := C(Q × {i} × { j}), for i, j ∈ {0, 1} denote the number of agents with opinion i and holding j tokens. Then 
F := fb1 − f(1−b)0 − 2 f(1−b)1 counts the agents with correct opinion and a token, subtracting both the agents with the 
wrong opinion and the tokens held by agents with the wrong opinion. It is easy to see that this number cannot decrease, 
and will increase whenever a marked agent meets an agent that either has the wrong opinion, or does not have a token.

If F ≤ 2
5 n, we have fb1 ≤ 4

5 n, so in expectation we have to wait 5n steps for F to increase. As F ≥−2n by definition, we 
need 5n( 2

5 n + 2n) ∈O(n2) steps until we have F ≥ 2
5 n.

As noted, F cannot decrease, so after that point we always have fb1 ≥ F ≥ 2
5 n. Whenever an agent with opinion 1 − b

meets an agent in fb1, the value f(1−b)0 + 2 f(1−b)1 decreases. As long as agents with the wrong opinion exist, this has to 
happen after at most 5

2 n steps in expectation. Noting f(1−b)0 + 2 f(1−b)1 ≤ 2n we find that after O(n2) steps no agents with 
opinion 1 − b remain. �
7.8. Proof of Theorem 9

Applying the conversions of the previous sections in sequence, we obtain the final result of the section:

Theorem 9. Every bounded population computer of size m deciding double(ϕ) can be converted into a terminating population protocol 
with O(m2) states that decides ϕ within 2O(m2 logm) n3 interactions for all inputs of size �(m).

Proof. Let ϕ be a Presburger predicate, and let P be a bounded population computer of size m deciding double(ϕ). We 
have:

– Applying Preprocess to P yields a computer P0 of size O(size(P)) for double(ϕ). Moreover, P0 satisfies the precondi-
tions of Binarise and has size O(size(P)). Additionally, states in I have no incoming transitions, all configurations in N I

are terminal and r(q) ≤ 1 for every q ∈ I and (r �→ s) ∈ δ, where I are the initial states and δ is the transition function 
of P0 (Proposition 27).
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– Applying Binarise to P0 yields a binary computer P1 of adjusted size O(|Q | · size(P)) ⊆ O(size(P)2) for double(ϕ)

that satisfies the preconditions of Focalise, with Q being the states of P1. Additionally, states in I have no incoming 
transitions and all configurations in N I are terminal, where I are the initial states of P1 (Proposition 28).

– Applying Focalise to P1 yields a binary computer P2 of adjusted size O(size(P2)) = O(size(P)2) for double(ϕ) that 
satisfies the preconditions of Autarkify (Proposition 29).

– Applying Autarkify to P2 yields a binary computer with marked consensus output P3 of adjusted size O(size(P)2) that 
satisfies the preconditions of Distribute (Proposition 30).

– Applying Distribute to P3 yields a terminating population protocol P4 for ϕ with O(size(P)2) states (Proposition 31).

By Proposition 24, P3 decides ϕ in 2O(size(P3) log(size(P3))) · n3 = 2O(m2 logm) · n3 interactions, and so P4 does as well. �
8. Fast and succinct population protocols

Applying Theorem 9 to any bounded population computer yields a fast population protocol stabilising within 2O(m2 logm) ·
n3 expected interactions. This protocol is fixed-parameter fast, but not fast. We improve on this result for the fam-
ily of bounded population computers constructed in Section 6. We show that applying the sequence of conversions 
Binarise-Focalise-Autarkify-Distribute defined in Section 7 to these computers yields fast protocols that stabilise in O(m7n2)

expected interactions.7 For this we continue to use potential functions, as introduced in Section 7.1, but improve our analysis 
as follows:

– We introduce rapidly decreasing potential functions (Section 8.1). Recall that the execution of any transition decreases 
the potential, but not every interaction executes a transition. Indeed, interactions may be silent, and change neither the 
states of the agents involved, nor the potential. Intuitively, rapidly decreasing potential functions certify that, at every 
non-terminal configuration, executing a transition is not only possible, but also likely. We introduce rapid population 
computers as the computers with rapidly decreasing potential functions that also satisfy some technical conditions.

– We prove that the computers of Section 6 are rapid (Section 8.2).
– Finally, we show that applying our conversions to rapid population computers results in population protocols that sta-

bilise within O(αm4n2) interactions, where α is a constant of a rapid computer (Sections 8.3 to 8.7). Loosely speaking, 
each of these sections shows that rapidness is preserved by one of the conversions.

8.1. Rapidly decreasing potential functions

In order to define rapidly decreasing potential functions, we need a notion of “probability to execute a transition” that 
generalises to multiway transitions and is preserved by our conversions. At a configuration C of a protocol, the probability 
of executing a binary transition t = (p, q �→ p′, q′) is C(q)C(p)/n(n − 1). Intuitively, leaving out the normalisation factor 
1/n(n − 1), the transition has “speed” C(q)C(p), proportional to the product of the number of agents in p and q. But for a 
multiway transition like q, q, p �→ r1, r2, r3 the situation changes. If C(q) = 2, it does not matter how many agents are in p
– the transition is always going to take �(n2) interactions (the time until the two agents in q meet). We therefore define 
the speed of a transition as min{C(q), C(p)}2 instead of C(q)C(p).

It is important to note that this is only an approximation for the sake of analysis. Up to constant factors, it always 
underestimates the “true” speed of the protocol (i.e. the speed in the standard execution model for population protocols, 
after the conversions have been applied), but the estimate is strong enough to show O(n2) stabilisation time.

For the remainder of this section, let P = (Q , δ, I, O , H) denote a population computer. We define formally the speed of 
a configuration and rapidly decreasing potential functions.

Definition 32. Given a configuration C ∈NQ and some transition t = (r �→ s) ∈ δ, we let tmint(C) :=min{C(q) : q ∈ supp(r)}. 
For a set of transitions T ⊆ δ, we define speedT (C) :=∑

t∈T tmint(C)2, and write speed(C) := speedδ(C) for convenience.

Definition 33. Let � denote a potential function for P and let α ≥ 1. We say that � is α-rapidly decreasing at a configuration 
C if speed(C) ≥ (�(C) −�(Cterm))2/α for all terminal configurations Cterm with C→ Cterm.

Essentially, a potential function is rapidly decreasing at a configuration if the probability of reducing the potential is 
quadratic relative to the amount of potential which still has to be removed. In the formula, �(Cterm) describes the potential 
that will be left when the protocol terminates, the potential which still has to be removed is hence the difference to this 
term.

Initially, the potential is at most linear in the number of agents n. (Recall that we only consider linear potential func-
tions in this paper.) So, if the potential function is rapidly decreasing in all configurations, we get the rough estimate ∑∞

i=1 αn2/i2 ∈O(αn2) for the total amount of time until a terminal configuration has been reached.

7 In the proof of Theorem 9 we also used the conversion Preprocess, but now it is no longer necessary.
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Fig. 7. Overview of Section 8.

However, no potential function is rapidly decreasing for all configurations of our protocols. Fortunately, we are able to 
overcome this problem. We show that, for computers satisfying some mild syntactic conditions, we only need the potential 
function to be rapidly decreasing for well-initialised configurations:

Definition 34. C ∈NQ is well-initialised if C is reachable and C(I) + |H | ≤ 2
3 n.

(Observe that an initial configuration C can only be well-initialised if C(supp(H)) ∈�(C(I)), i.e. the protocol has received 
a number of helpers linear in the sum of the input.)

We are now ready to present the structure of the rest of the paper. First, we introduce rapid population computers 
as those satisfying some syntactic conditions, as well as having a rapidly decreasing potential function for well-initialised 
configurations:

Definition 35. P is α-rapid if

1. it has a potential function � which is α-rapidly decreasing in all well-initialised configurations,
2. every state of P but one has at most 2 outgoing transitions,
3. all configurations in N I are terminal, and
4. for all transitions t = (r �→ s), q ∈ I we have r(q) ≤ 1 and s(q) = 0.

In the rest of the paper we prove the following two theorems:

Theorem 36. The population computers constructed in Section 6 are O(|ϕ|3)-rapid.

Theorem 37. Every α-rapid population computer of size m deciding double(ϕ) can be converted into a terminating population proto-
col with O(m) states that decides ϕ in O(α m4n2) expected interactions for inputs of size �(m).

which together immediately lead to our last main result:

Theorem 10. For every predicate ϕ ∈ QFPA there exists a terminating population protocol of size O(|ϕ|) that decides ϕ in O(|ϕ|7 n2)

interactions for inputs of size �(|ϕ|).

Proof. By Theorem 36 there exists a construction producing population computers of size O(|ϕ|) which are O(|ϕ|3)-rapid. 
Concatenating this with the conversion procedure of Theorem 37 gives a construction for population protocols of size O(|ϕ|)
which decide ϕ in O(|ϕ|3|ϕ|4n2) =O(|ϕ|7n2) expected interactions for inputs of size �(|ϕ|). �

Fig. 7 gives a graphical overview of Section 8. Theorem 36 is proved in Section 8.2. The proof of Theorem 37 is more 
involved. Recall that a population computer P = (Q , δ, I, O , H) is a population protocol if (a) it is binary, (b) has no helpers 
(H = ∅), and (c) O is a consensus output. In Sections 7.4, 7.5, 7.6, and 7.7 we introduced the Binarise, Focalise, Autarkify and 
Distribute conversions, which together transform a population computer deciding double(ϕ) into one satisfying conditions 
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(a), (b), and (c), and deciding ϕ . In Sections 8.3-8.7 we show that these conversions have small impact on α-rapidness, 
which proves Theorem 37. Section 8.3 proves the result for Binarise. Section 8.4 generalises the notion of potential function. 
Sections 8.5-8.7 apply the generalisation to prove the result for Focalise, Autarkify and Distribute, respectively.

8.2. The population computers of Section 6 are rapid

We prove Theorem 36 by showing that the four conditions of the definition of an α-rapid protocol (Definition 35) hold. 
The first condition, existence of a rapidly decreasing potential function for P , is the key one. While we already know that 
some potential function exists — P is bounded, so Lemma 23 applies — we need to construct one that is rapidly decreasing.

The potential function � Let P be the computer for a given predicate constructed as in Section 6. We give a potential 
function for P . Recall that P consists of a number of subcomputers, say s, deciding threshold and remainder predicates. 
The sets of states of these subcomputers are disjoint, apart from a shared helper state 0. A state of P is either an input state, 
a state of one of the subcomputers, or the helper state 0. For each initial state there is a distribution transition that takes 
one agent from the state and s −1 helpers from state 0, and sends one agent to an input state of each of the subcomputers. 
This is all we need to define the potential function:

Definition 38. Let P be the computer for a given predicate ϕ constructed as in Section 6, and let Q be its set of states. The 
function � : Q →N is defined as follows, with q ∈ Q :

– If q = 0, then �(q) := 0.
– If q is an initial state and �q, (k −1) ·0� �→ r is its corresponding distribution transition, then �(q) := k −1 +∑

q′∈r �(q′).
– If q is a state of a subcomputer for a threshold predicate, then �(q) := 1.
– If q is a state of a subcomputer for a remainder predicate, then �(q) is defined as follows. As described in Section 6, 

apart from the shared state 0 the states of this subcomputer are {20, 21, ..., 2d} for some d ≥ 0. Let d′ := d − �log2 6d�. 
For every i ∈ 0, ..., d′ − 1 we set �(2i) := 2, and for every j ∈ {0, ..., d − d′} we set �(2d′+ j) := 2 j + 1.

We extend � to configurations NQ by choosing the unique linear function with weights �. We show that � is a 
potential function for P .

Proposition 39. The function � is a potential function for P . Additionally, �(0) = 0 and �(q) ∈O(|ϕ|) for all q ∈ Q .

Proof. It follows immediately from the definition of � and from Section 6 that distribution transitions and transitions of 
threshold subcomputers decrease the potential. It remains to prove the same for transitions of remainder subcomputers. For 
〈combine〉, we need to show �(2i) +�(2i) > �(2i+1), which, depending on i, reduces to either 2 +2 > 2 or 2 j+1 +2 j+1 >
2 j+1 + 1 for some j ≥ 0. In the case of 〈modulo〉, we note that 2θ ≥ 2d (as d = �log2 θ�), so 2d − θ ≤ 20 + 21 + ... + 2d−2. It 
thus suffices to show �(2d) ≥∑d−2

i=0 �(2i) + (d − 2), and we get

d−2∑
i=0

�(2i)= 2d′ + (d− d′ − 2)+ 2d−d′−1 − 1≤ 2d+ 2d−d′−1

So �(2d) −∑d−2
i=0 �(2i) ≥ 2d−d′ + 1 − (2d + 2d−d′−1) which is at least d − 2 if 2d−d′−1 ≥ 3d − 3. The latter then follows from 

our choice of d′ . Finally, 〈fast modulo〉 obviously reduces the potential as well. �
The potential function � is O(|ϕ|)3-rapidly decreasing Let P be the computer of Section 6 for a predicate ϕ . Recall that it 

consists of s subcomputers, each of which corresponds to either a remainder or a threshold predicate ϕ j . Subcomputer j
has a degree d j , for j = 1, ..., s, corresponding to the bits of the representation it encodes. Further P has a helper state 0, 
shared by all subcomputers. We introduce some notations.

– We need to reference specifically the highest bits of threshold subcomputers, and so we define Q d := {(2d j ) j, (−2d j ) j :
ϕ j is threshold predicate}.

– Furthermore, we are interested in the states q for which a transition using only agents in q exists. The set of these 
states is Q self := Q \ (I ∪ Q d ∪ {0}).

– We denote by value j(q) the value of state q for the j-th subcomputer. Formally, for q ∈ Q and a subcomputer j ∈
{1, ..., s} we define value j((q) j) := q for each q ∈ Q j , value j(0) := 0 and value j(xi) := a j

i for input i ∈ {1, .., v}, where a j
i

is the coefficient of the variable xi in the predicate ϕ j .

Note that 
∑

q value j(q)C(q) is invariant for configurations C of a run, if j is a threshold predicate. (For remainder 
predicates it would be invariant modulo θ j , but that is not relevant for this section.) Also, the sum 

∑
q|value j(q)|C(q)

is non-increasing, for all j.
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We show that � is O(|ϕ|)3-rapid in all well-initialised configurations. First, we prove a lemma bounding the number of 
agents in the states of Q d in reachable configurations.

Lemma 40. Let P be the computer of Section 6 for a predicate ϕ , and let C be a reachable configuration of P . We have:

1. C(Q d) ≤ |C |/8, and
2. Let t j := ((2d j ) j, (−2d j ) j �→ 0, 0) ∈ 〈cancel〉, where j is the index of a threshold subcomputer, and let C → C ′ . Then C(Q d) −

C ′(Q d) ≤ 2 
∑

j tmint j (C) + C(I) + C(Q self).

Proof. For part 1., let j denote the index of the threshold predicate, q = (±2d j ) j ∈ Q d one of its largest states, and p ∈ I an 
input state. We then have

|value j(p)| ≤ a j
max ≤ 2d j

16s
= value j(q)

16s

due to the choice of d j . As C is reachable from some initial configuration C0, and 
∑

q|value j(q)|C(q) cannot increase, we 
sum over p to get

|value j(q)|C(q)≤
∑
p∈I

|value j(p)|C0(p)≤
∑
p∈I

|value j(q)|C0(p)/16s= |value j(q)|C0(I)/16s

So we have C(q) ≤ C0(I)/16s and summing over q yields the desired statement.
For part 2., let D ∈NQ d with D(q) :=max{C(q) − C ′(q), 0} for q ∈ Q d . Note that D(q) is a lower bound on how many 

agents leave state q in any run from C to C ′ , and that C(Q d) − C ′(Q d) ≤ D(Q d). Let j be the index of a threshold subcom-
puter. As the only ways to leave Q d are 〈cancel〉 and 〈cancel 2nd highest〉, we know that∑

q∈Q j+
|value j(q)|C(q)≥ 2d j−1

(
D((2d j ) j)+ D((−2d j ) j)

)

where Q j+ := {q ∈ Q : value j(q) > 0}. The same inequality holds when replacing Q j+ with Q j− := {q ∈ Q : value j(q) < 0}. 
From these, we derive

2 C((∼2d j ) j)+ 2
∑

q∈Q \Q d

2−d j |value j(q)|C(q)≥ D((2d j ) j)+ D((−2d j ) j)

for ∼∈ {+, −}, as Q \ Q d ∪ {(∼2d j ) j} ⊇ Q j∼ . We can combine the two inequalities into

2 tmint j (C)+ 2
∑

q∈Q \Q d

2−d j |value j(q)|C(q)≥ D((2d j ) j)+ D((−2d j ) j)

Summing over j then yields

2
∑
t∈Td

tmint(C)+ 2
∑

q∈Q \Q d

⎡
⎣C(q)

∑
j

2−d j |value j(q)|
⎤
⎦≥ D(Q d)

If 
∑

j 2−d j |value j(q)| ≤ 1
2 were to hold for all q ∈ Q \ Q d , then we would get the desired statement (noting value(0) = 0), 

so it remains to show this claim. For q ∈ Q j \ Q d for some j we have |value j(q)| ≤ 2d j−1 and value j′ (q) = 0 for j′ �= j, and 
for q ∈ I it follows from |value j(q)| ≤ a j

max ≤ 2d j /16s for all j ∈ {1, ..., s}. �
We now show that � is O(|ϕ|3)-rapidly decreasing. The proof uses the following inequality, which follows immediately 

from the Cauchy-Bunyakovsky-Schwarz inequality.

Lemma 41. Let x1, ..., xn ∈R. Then 
(∑n

i=1 xi

)2 ≤ n 
∑

i x2
i .

Proposition 42. The function � is a O(|ϕ|3)-rapidly decreasing potential function for P in all well-initialised configurations.

Proof. Let C be a well-initialised configuration and let Cterm be a terminal configuration such that C → Cterm. Let C ′ :=
C − Cterm and let W :=maxq∈Q �(q) denote the largest weight of �. Then

�(C)−�(Cterm)=�(C ′)≤W · C ′(Q \ {0})
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Applying Lemma 40(2), as well as C ′ ≤ C , yields

C ′(Q \ {0})= C ′(Q d)+ C ′(I)+ C ′(Q self)≤ 2
∑
t∈Td

tmint(C)+ 2C(I)+ 2C(Q self) (∗)

where Td := {t j : ϕ j threshold predicate} with t j as for Lemma 40(2). Since C is well-initialised we have C(I) ≤ 2(C(Q self) +
C(0) + C(Q d)), and Lemma 40(1) implies C(Q d) ≤ C(Q \ Q d)/7. We use both to derive

C(I)≤ 2C(Q self)+ 2C(0)+ 2
7

(
C(I)+ C(Q self)+ C(0)

)
⇒ 5

7 C(I)≤ 16
7 (C(Q self)+ C(0))

⇒ C(I)≤ 16
5

(
C(Q self)+ C(0)

)≤ 4
(
C(Q self)+ C(0)

)
It follows that C(I) ≤ 4C(Q self) + 4 min{C(0), C(I)} holds. Writing T I := 〈distribute〉, and using min{C(0), C(I)} ≤∑

q∈I min{C(0), C(q)} we get

C(I)≤ 4C(Q self)+ 4
∑
t∈T I

tmint(C)

Every state q ∈ Q self has a (unique) transition using only agents in q; we use To to denote this set and set T := T I ∪ To ∪ Td . 
We can now insert the previous inequality into (∗) to get C ′(Q \ {0}) ≤ 8 

∑
t∈T tmint(C). Noting |T | ≤ 2|Q | and applying 

Lemma 41 we get:

�(C ′)2 ≤
(

8 W
∑
t∈T

tmint(C)
)2 ≤ 128 W 2|Q | speed(C)

The desired statement then follows from |Q |, W ∈O(|ϕ|). �
Proof of Theorem 36 We are now ready to prove:

Theorem 36. The population computers constructed in Section 6 are O(|ϕ|3)-rapid.

Proof. We show that the computers satisfy the conditions of the definition of α-rapid protocols (Definition 35) for α ∈
O(|ϕ|3).

Condition 1 follows immediately from Proposition 42. Conditions 2-4 are easy to check: For condition 2, we note that 
only the reservoir state 0 (shared by all subcomputers) has more than two outgoing transitions. Condition 3 is ensured by 
transition 〈distribute〉 always taking at least one agent from the reservoir 0 /∈ I . Similarly, this transition is the only transition 
affecting the input states I , so Condition 4 is met. �
8.3. Removing multiway transitions preserves speed

We show that, loosely speaking, the Binarise conversion of Section 7.4 preserves the speed of configurations. Formally, 
we prove that if the input to the conversion has a rapidly decreasing potential function with parameter α, then the output 
also has a rapidly decreasing potential function, and its parameter is not much larger than α.

Proposition 43. Let P = (Q , δ, I, O , H) denote a bounded population computer satisfying conditions 2 and 3 of the output specifi-
cation of Binarise (page 22). If some potential function for P is α-rapidly decreasing in all well-initialised configurations, then some 
potential function for Binarise(P) is O(|Q |2k2α)-rapidly decreasing in all well-initialised configurations, where k is the maximal arity 
of the transitions of P .

Proof. Let � be a potential function for P that is α-rapidly decreasing in all well-initialised configurations, and let P ′ :=
Binarise(P). We first construct a potential function �′ for P ′ . Intuitively, the potential of a state corresponds directly to the 
original potential of states it owns, with some additional accounting to pay for overhead of executing a multiway transition. 
At this point it becomes important that our definition of potential function requires a transition of arity k to reduce the 
potential by k − 1, as this means that we have to increase the total potential by only a constant factor.

We first adjust � by multiplying it with 5, so that �(r) ≥ �(s) + 5(|s| − 1) for all transitions (r �→ s) ∈ δ. Now, let 
q, p ∈ Q , t = (r �→ s) ∈ δ a transition where supp(r) = {q, p} and q is primary, and let s1, ..., sl denote the enumeration of s
from Section 7.4.1. We define �′ as
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�′((q,0)) := 0

�′((q, i)) := i�(q)+ 1 for i ∈ {1, ...,m(q)− 1}
�′((q,m(q))) :=m(q)�(q)

�′((q, i, t)) := i�(q)+�(s)+ 2l+ 2 for i ∈ {1, ...,m(q)}

�′((t, i)) :=
l∑

j=i

(�(s j)+ 2) for i ∈ {1, ..., l− 1}

Claim 1. �′ is a potential function for P ′ .
For most transitions, it is easy to see that �′ decreases. However, we need to verify that 〈commit〉 does so as well. If q �= p, 
we have to prove the inequality

i�(q)+ j�(p)+ 2≥ (i − r(q))�(q)+�(s)+ 2l+ 2+ ( j − r(p))�(p)+ 1

which boils down to �(r) ≥�(s) +2l +1. This then follows from �(r) ≥�(s) +5(l −1). The case q = p is shown analogously. 
This concludes the proof of the claim.

The next three claims show technical properties that are needed for the proof that �′ is rapidly decreasing. The first 
gives a relation between the potential of P ′ and of the refined computer P (recall Section 7.4.2). Let π :NQ ′ →NQ be the 
mapping relating configurations of P ′ and P defined in Section 7.4.1.

Claim 2. �(π(C)) ≤�′(C) ≤�(π(C)) + 2C(S) for S := Q ′ \ {(q, m(q)), (q, 0) : q ∈ Q }.
For the first inequality we simply observe �(π(q′)) ≤�′(q′) for each q′ ∈ Q ′ . Each state q′ = (q, m(q)), for q ∈ Q , satisfies 
�′(q′) =�(π(q′)). For each other state q′ ∈ S we show �′(q′) −�(π(q′)) ≤ 2c, where c is the amount of agents “owned” by 
an agent in state q′ . E.g. q′ = (q, i) for q ∈ Q and 0 < i < m(q) has �′(q, i) −�(π(q, i)) = 1 and c = i. For (q, i, t), we have 
c = |s| + i, and require 2c ≥ 2|s| + 2. The respective inequalities follow immediately, which concludes the proof of the claim.

In Section 8.2 we have seen that states which can initiate a transition by themselves are useful to show speed bounds. 
More precisely, states q such that there exists a transition t = (r �→ s) with supp(r) = {q}, implying tmint(C) = C(q) for 
all C . The next claim shows that most states q can be assigned a transition with the same useful property on reachable 
configurations (even if not all of them use only a single state).

Claim 3. Let S := Q ′ \ {(q, m(q)), (q, 0) : q ∈ Q }. There is an injection g : S→ δ′ , s.t. C(q′) = tming(q′)(C) for any reachable 
configuration C and q′ ∈ S .
Let q ∈ Q , and t = (r �→ s) ∈ δ.

If q′ = (q, i) for i < m(q), then there is a 〈stack〉 transition using only agents in q, which we use as g(q′). If q′ = (q, i, t), 
then we know that C(q′) ≤ C((q, 0)), as q′ owns at least |r| ≥ 1 agents, so we can pick the 〈transfer〉 transitions for g(q′). 
Finally, if q′ = (t, i), for i < |s|, then q′ owns |s| − i ≥ 1 agents other than itself, and we choose the corresponding 〈execute〉
transition. This proves the claim.

In the end, we want to show that �′ is rapidly decreasing in all well-initialised configurations if � is. For this, we need 
to argue briefly that being a well-initialised configuration corresponds.

Claim 4. If C is well-initialised, then so is π(C).
Due to Condition 3 in the specification of Binarise, m(q) = 1 for each q ∈ I . In combination with Condition 2 we get 
C((q, 1)) = π(C)(q) for all q ∈ I . This implies C(I ′) = π(C)(I). Noting |H | = |H ′|, the statement follows immediately.

Finally, we prove that �′ is rapidly decreasing. Let k be the maximal arity of the transitions of P . We show that �′ is 
O(αk2|Q |2)-rapidly decreasing in C if � is α-rapidly decreasing in π(C), for all reachable configurations C and α ≥ 1. Let 
Cterm denote a terminal configuration reachable from C . Using Claim 2 we get �′(C) −�′(Cterm) ≤�(π(C)) −�(π(Cterm)) +
2C(S). We know that π(Cterm) is reachable from π(C), and, as shown in the proof of Proposition 28, Claim 1, it is terminal 
as well. Hence we can use that P is α-rapidly decreasing in π(C) to get 

(
�(π(C)) −�(π(Cterm))

)2 ≤ α speed(π(C)).
Let us now estimate speed(π(C)). Let t∗ be the 〈commit〉 transition corresponding to t ∈ δ using agents in states 

(q, m(q)), (p, m(p)) for q, p ∈ Q . Additionally, let Hq :=∑
q′∈S C(q′)π(q′)(q) for q ∈ Q denote the contribution of agents 

in states S to π(C)(q), for q ∈ Q . We have

π(C)(q)= Hq +m(q)C((q,m(q)))≤ Hq + kC((q,m(q))) .

Now, let t = (r �→ s) ∈ δ and q, p ∈ Q with supp(r) = {q, p}. Then the above (together with the well-known inequality 
stating that min{x1 + x2, y1 + y2} ≤min{x1, y1} + x2 + y2 holds for non-negative x1, x2, y1, y2) yields

tmint(π(C))=min{π(C)(q),π(C)(p)} ≤ k tmint∗(C)+ Hq + H p
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Squaring the right-hand side gives at most 3(k2 tmint∗ (C)2 + H2
q + H2

p), and so summing over t and applying Lemma 41 we 
get a first bound for speed(π(C)):

speed(π(C))≤ 3k2
∑
t∈δ

tmint∗(C)2 + 6|Q |
∑
q∈Q

H2
q .

Let us bound 
∑

q∈Q H2
q . We have 

∑
q∈Q Hq = |π(C S )|, where C S(q) := C(q) for q ∈ S and 0 otherwise. Moreover, the 

definition of π yields |π(q)| ≤ 2k, and so |π(C S )| ≤ 2k|C S |. Finally, by Claim 3 we obtain |C S | ≤∑
t′∈g(S) tmint′ (C). Putting 

this together we get 
∑

q∈Q H2
q ≤

(∑
q∈Q Hq

)2 ≤ 4k2
(∑

t′∈g(S) tmint′ (C)
)2

. Applying Lemma 41, we finally get

speed(π(C))≤ 3k2
∑
t∈δ

tmint∗(C)2 + 24k2|Q |2
∑

t′∈g(S)

tmint′(C)2 ≤ 24k2|Q |2 speed(C)

We are now ready to complete the proof (note C(S) = |C S |):(
�′(C)−�′(Cterm)

)2 ≤ 2
(
�(π(C))−�(π(Cterm))

)2 + 8C(S)2

≤ 2α speed(π(C))+ 8|Q | speed(C)

≤ 49αk2|Q |2 speed(C) �
8.4. Generalised potential function analysis

We generalise the notion of potential function (described in Section 7.1) to better analyse the conversions Focalise and 
Autarkify. We start by briefly recalling the main definitions of Sections 7.1 and 8.1.

Definition 22. A function � :NQ →N is linear if there exist weights w : Q →N s.t. �(C) =∑
q∈Q w(q) · C(q) for every 

C ∈NQ . A potential function (for P) is a linear function � such that �(r) ≥�(s) + |r| − 1 for all (r �→ s) ∈ δ.

Definition 32. Given a configuration C ∈NQ and some transition t = (r �→ s) ∈ δ, we let tmint(C) :=min{C(q) : q ∈ supp(r)}. 
For a set of transitions T ⊆ δ, we define speedT (C) :=∑

t∈T tmint(C)2, and write speed(C) := speedδ(C) for convenience.

Definition 33. Let � denote a potential function for P and let α ≥ 1. We say that � is α-rapidly decreasing at a configuration 
C if speed(C) ≥ (�(C) −�(Cterm))2/α for all terminal configurations Cterm with C→ Cterm.

Definition 34. C ∈NQ is well-initialised if C is reachable and C(I) + |H | ≤ 2
3 n.

While the above definitions can be applied to all of our conversions, they lead to large constants in the final speed. These 
are merely the result of a loose analysis – they do not reflect the actual speed of our protocols. Mainly, this is due to a single 
potential function being unable to model computations that consist of multiple phases efficiently. A concrete explanation of 
this problem in the context of Focalise is given in Section 8.5. In this section we introduce the formal machinery necessary 
to better adapt our technique to those constructions, leading to better constants and easier proofs.

We start by extending the definition of rapidly decreasing to handle linear functions which are not potentials. Here, we 
do not need to deal with multiway transitions, so let P = (Q , δ, I, H, O ) denote a binary population computer.

Definition 44. Let � : NQ →N be linear, let δ> := {(r �→ s) ∈ δ : �(r) > �(s)} be the transitions decreasing �, and let 
α > 0. If speedδ>

(C) ≥ (�(C) −�(Cterm))2/α for a configuration C and all terminal configurations Cterm with C→ Cterm, we 
say that � is α-rapidly decreasing in C .

The only change compared to Definition 33 is that the speed considers only transitions which reduce the given linear 
function. If � is a potential function, we have δ> = δ and �(C) > �(Cterm) for all non-terminal configurations C , making 
this definition coincide with Definition 33.

To model phases, the general idea is that we construct a family of linear functions �1, ..., �e . For each configuration C , 
one of these will be rapidly decreasing (we refer to it as “active”). That alone would not be enough to guarantee a quadratic 
number of interactions (or any time bound at all), as it would not prevent the other functions from increasing their value. 
So we require the stronger property that a �i cannot increase once it has been active. We also need that �i can decrease 
at C , which certifies that some progress can be made. Otherwise, �i might be “rapidly decreasing” but already at its lowest 
point.

Definition 45. A tuple � = (�1, ..., �e), where �1, ..., �e :NQ →N denote linear maps, is a potential group (of size e). A 
potential group � is α-rapidly decreasing in a configuration C , for α ≥ 1, if C is terminal or there is some i ∈ {1, ..., e} s.t. �i
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is α-rapidly decreasing in C , some transition reducing �i is enabled at C , and no transition increasing �i can be executed 
at any configuration reachable from C . We then call �i active at C .

The definition places no restrictions on the order in which the �i are listed. However, in our proofs we will generally 
order them in the same fashion as they would become active in a run. Further, our potential groups have the additional 
property that they decrease lexicographically with each transition.

To close out the section, we show that the above notion does actually lead to a strong speed bound when applied to 
population protocols.

Proposition 46. Let P denote a population protocol and � a potential group for P of size e which is α-rapidly decreasing in all reach-
able configurations with at least m agents. Then P reaches a terminal configuration after O(e(

√
α|Q | + α) n2) random interactions 

in expectation for all initial configurations with at least m agents.

Proof. Let σ = C0C1... denote a fair run of P , and pick the smallest l s.t. Cl is terminal. We define

Xc
i := |{ j : �i is active at C j and �i(C j)−�i(Cl)= c}|

We observe that l ≤∑
i,c Xc

i holds and will now proceed to prove a bound on the expected value E(Xc
i ), for all i, c, if σ is 

generated via random interactions.
Consider P (Xc

i ≥ k + 1 | Xc
i ≥ k), for k ≥ 1. We note that σ is generated by a (homogeneous) Markov chain and the index 

τ of the k-th configuration counting towards Xc
i is a stopping time. By the strong Markov property, the above probability 

is equal to the probability that P reaches some configuration C counting towards Xc
i when started in the configuration Cτ . 

This is at most 1 − γ , where γ is the probability that P executes a transition reducing �i at Cτ , as an active �i cannot 
increase at any later point.

First, we know that �i is active at Cτ , so some transition reducing �i is enabled at Cτ and γ ≥ 1/n(n − 1). However, if 
c is large enough we can get a better bound due to the fact that �i is rapidly decreasing at Cτ .

Let δ> ⊆ δ denote the transitions reducing �i . Let ξ := tmint(Cτ ) for some t = (q, p �→ q′, p′) ∈ δ> . By definition, we have 
Cτ (q), Cτ (p) ≥ ξ and thus the probability of executing t at Cτ is at least ξ(ξ − 1)/n(n − 1) (note that q = p is possible). As 
ξ(ξ − 1) ≥ ξ2/2 − 1, we find n(n − 1)γ ≥ speedδ>

(Cτ ) − |δ>| by summing over t . Since |δ>| ≤ |Q |2, and rapidly decreasing 
implies speedδ>

(Cτ ) ≥ c2/α, we get γ ≥max{1, c2/α − |Q |2}/n(n − 1).
From P (Xc

i ≥ k + 1 | Xc
i ≥ k) ≤ 1 − γ for all k ≥ 1 we get E(Xc

i ) ≤ 1/γ (similar to the geometric distribution). Summing 
over i and c and using c2/α − |Q |2 ≥ c2/2α for c ≥√2α|Q |, we get:

E(l)≤
e∑

i=1

∞∑
c=0

E(Xc
i )

≤ en(n− 1)

∞∑
c=0

1

max{1, c2/α − |Q |2}

≤ en(n− 1)
(√

2α|Q | + απ2

3

) �
8.5. Converting to marked consensus preserves speed

We prove that Focalise, the conversion of Section 7.5 is fast (we use the notion of potential groups introduced in Sec-
tion 8.4):

Proposition 47. Let P = (Q , δ, I, O , H) be a bounded binary population computer fulfilling the specification of Focalise (page 24), 
and let � denote a potential function for P which is α-rapidly decreasing in all well-initialised configurations.

Then P ′ := Focalise(P) has a potential group of size 5 which is O(α + size2(P)2)-rapidly decreasing in all well-initialised con-
figurations.

Proof. We construct a potential group �′ = (�′1, ..., �′5) and show that it is rapidly decreasing in all well-initialised config-
urations. So let C denote such a configuration, and let Cterm denote a terminal configuration reachable from C .

For the sake of readability we defer the definition of the �′i until they are used. However, note that the definition will 
be independent of C .

The proof proceeds via case distinction based on the properties of C . For the i-th case we show that �′i is active. We 
implicitly assume that prior cases are excluded, so the proof for case i assumes that the conditions for cases 1, ..., i − 1 are 
not being met.
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Case 1. C(Q supp ∪ Q gate ∪ Q reset) > |Q | + β + 1. For �′1, the goal is to show that the “leader elections” for each state 
happen quickly. We set �′1(q) := 2 for q ∈ Q supp ∪ Q gate, �′1(q) := 1 for q ∈ Q reset, and �′1(q) := 0 for q ∈ Q orig. Clearly, the 
only transitions that affect �′1 are 〈leader〉 and the third part of 〈init-reset〉, both of these reducing the potential by 1. It is 
thus not possible for �′1 to increase. One of these transitions is enabled, so �′1 can decrease at C .

In particular, note that for each q ∈ S , where S := {q ∈ Q ′ :�′1(q) > 0} are the states with positive potential, there is a 
transition reducing �′1 using two agents in q. Using T to denote these transitions, we get �(C) ≤ 2C(S) ≤ 2 

∑
t∈T tmint(C)

and thus (via Lemma 41), (�(C) −�(Cterm))2 ≤�(C)2 ≤ 4|T | speedT (C). Finally, we note |T | = |Q | + β + 1.

Case 2. π(C) is not terminal. In this case, we will argue that the refined transitions of P are likely to occur. We define 
�′2((q, ±)) := �(q) for q ∈ Q (recall that � is the potential function of P), and set �′2 to 0 elsewhere. �′2 is reduced 
precisely by the 〈execute〉 transitions, and increased only by the third case of 〈init-reset〉.

As we exclude Case 1, we have C(Q supp ∪ Q gate ∪ Q reset) = |Q | + β + 1. This implies �(π(C)) = �′2(C) (we even get 
π(C)(q) = C((q, ±)) for q ∈ Q ) and ensures that the third case of 〈init-reset〉 cannot be executed by any configuration 
reachable from C . Having π(C)(q) = C((q, ±)) for q ∈ Q then ensures that for a transition of P enabled at π(C), there is a 
corresponding 〈execute〉 transition enabled at C .

We now want to show that π(C) is well-initialised.

π(C)(I)
(1)= C(I ′)

(2)≤ 2
3 |C | − |H ′| = 2

3 |C | − |H| − |Q | − β − 1
(3)≤ 2

3 C(Q orig)− |H|
At (1), we use that states in I have no incoming transitions in P , so I×{+} has no incoming transitions in P ′ and is always 
empty. (2) follows from C being well-initialised. For (3) we use C(Q ′ \ Q orig) = C(Q supp ∪ Q gate ∪ Q reset) = |Q | + β + 1. 
Finally, due to C(Q orig) = |π(C)| we derive that π(C) is well-initialised.

This allows us to use that � is α-rapidly decreasing:

(�′2(C)−�′2(Cterm))2 = (�(π(C))−�(π(Cterm)))2 ≤ α speed(π(C))

It remains to show speed(π(C)) ≤ speedT (C), where T are the 〈execute〉 transitions. For each transition t ∈ T we have 
four corresponding transitions t1, ..., t4 ∈ T , one for each choice of ±. The bound tmint(π(C)) ≤∑

i tminti (C) then fol-
lows from the well-known inequality stating that min{∑i xi, 

∑
i yi} ≤∑

i, j min{xi, y j} holds for any non-negative numbers 
x1, ..., xk, y1, ..., yk .

Case 3. C(Q × {+}) > 0. Here, we show that all “+” flags are eliminated quickly. We set �′3((q, +)) = 1 for q ∈ Q and 0
elsewhere. We know that π(C) is terminal (else we would be in Case 2), and it must remain so. Hence 〈execute〉 is disabled 
and no transition increases �′3. Also, the first case of 〈init-reset〉 is enabled and can reduce the potential.

For every q ∈ Q ′ with �′3(q) > 0 we have a 〈denotify〉 transition which decreases �′3 and uses only agents in q. Similarly 
to �′1, we use T to denote the set of these transitions, and find (�(C) −�(Cterm))2 ≤ |T | speedT (C), noting |T | ≤ |Q |.

Case 4. C({0, ..., |Q | − 1}) > 0 or C((q, 1)) �= 1 for some q ∈ supp(π(C)). In this case, we show that the agents in Q supp

stabilise quickly. We use the potential

�′4((q,0)) :=�′4((q, !))+ 1 := 2 for q ∈ Q

�′4(i) := 3(|Q | − i) for i = 0, ..., |Q |
Again, �′4 is 0 elsewhere. Due to the conditions on Cases 1 and 3, the only transition producing a state {0, ..., |Q | −1} is the 
first part of 〈reset〉, which decreases �′4. Otherwise, state Q × {0} cannot be produced. The only other transitions affecting 
the potential are 〈detect〉 and the second case of 〈init-reset〉, which both decrease �′4. One of the above transitions, which 
we again denote by T , is always enabled, so speedT (C) ≥ 1. Additionally, we have C(Q supp) = |Q | and C(Q reset) = 1, so 
�′4(C) ≤ 5|Q | ≤ 5|Q | speedT (C).

Case 5. C is not terminal. Finally, we consider the speed at which gates stabilise and the computer terminates.

�′5((g,b1,b2,b3)) := 1⊥(b2)+ 1⊥(b3) for g ∈ G

�′5(|Q | + i) := 3(β − i) for i = 0, ..., β

where 1⊥(⊥) := 1 and 1⊥(0) := 1⊥(1) := 0. At this point, only transitions 〈gate〉 and the second part of 〈reset〉 are active, 
and both reduce �′5. We denote them by T and, analogous to Phase 4, we get the estimate �′5(C) ≤ 5β speedT (C) and find 
that one of these transitions is always enabled. �
Remark 48. While it is possible to provide a potential function for P ′ based on a potential function for P , this results in 
large constants for the speed of the protocol. The reason lies in the nature of our computation, which proceeds in multiple 
phases. As an example, take transition 〈execute〉. One of the resulting agents has its flag set to +, which may initiate a reset 
of every agent in Q supp ∪ Q gate. To pay for this work, every transition of P would have to reduce the potential by |Q | + β . 
However, most of this cost would be wasted; only the last reset needs to be executed fully, and the other resets are likely 
to be interrupted before completion.
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8.6. Removing helpers preserves speed

We now show that Autarkify, the conversion of Section 7.6, is fast.

Proposition 49. Let P = (Q , δ, I, O , H) denote a bounded binary population computer with marked consensus output, and let �
denote a potential group of size e for P which is α-rapidly decreasing in all well-initialised configurations.

Then P ′ := Autarkify(P) (see Section 7.6) has a potential group of size e + 1 which is O(α+ size2(P)3)-rapidly decreasing in all 
reachable configurations of size at least 6|I| + 10|H |.

Proof. Let (�1, ..., �e) :=�. We define �′ := (�′1, �1, �2, ..., �e), where:

�′1(q) := 2 for q ∈ I

�′1(�i) := i + 1 for i ∈ {1, ..., |H| − 1}
�′1(�i) := i for i ∈ {2, ..., |H|}

As usual, other states have potential 0, and we extend �i to NQ ′ by setting the weight of states in Q ′ \ Q to 0.
Clearly, transitions Double and Helper decrease �′1, while transitions in δ cannot increase it due to the input specification 

of Autarkify (page 28).
Now, let C denote a configuration reachable from an input of size at least 2|H | +|I|. To show that �′ is rapidly decreasing 

in C , we differentiate between two cases.

Case 1. If either Double or Helper is enabled at C , we show that �′1 is active. It has already been shown that �′1 cannot 
decrease. To show that �′1 is rapidly decreasing, let S := {q ∈ Q ′ :�′1(q) > 0} denote the states with positive potential. For 
each state q ∈ I ∪ {�1, ..., �|H |−1} ⊆ S we have a transition using only agents in q. For each other state, i.e. q = �i ∈ S for 
some i, we observe C(�0) ≥ C(�i), as the construction guarantees that enough agents in �0 exist. So in total we have 
�(C) ≤ |H |C(S) and C(S)2 ≤ |S| speedδ>

(C) by Lemma 41. Using |S| ≤ |I| + 2|H |, �′1 is (|I| + 2|H |)|H |2-rapidly decreasing 
in C .

Case 2. Otherwise, C(I) ≤ |I|, C(Q helper) < |H | and, due to our construction, C(I ′) ≤ |C |/2. From the second, we derive 
C(Q ) > |C | − |H |, which we combine with the other two to get C(I ∪ I ′) ≤ |I| + |C |/2 < |I| + (C(Q ) + |H |)/2. Rearranging 
terms yields C(I ∪ I ′) + |H | ≤ C(Q )/2 + |I| + 3

2 |H |.
Now, we use |C | ≥ 6|I| + 10|H | to get C(Q ) > |C | − |H | ≥ 6|I| + 9|H |, so C(I ∪ I ′) + |H | ≤ |I| + 3

2 |H | + C(Q )/2 ≤ 2
3 C(Q ). 

Noting C(Q ) = |π(C)|, we find that π(C) is well-initialised, so � is α-rapidly decreasing in π(C). This extends directly to 
�′ . �
8.7. Converting to consensus output preserves speed

Finally, we prove that speed is preserved by Distribute, the conversion of Section 7.7.

Proposition 50. Let P = (Q , δ, I, O , ∅) denote a bounded binary population computer with marked consensus output, and let �
denote a potential group of size e for P which is α-rapidly decreasing in all reachable configurations of size at least k.

Then on inputs of size at least k, P ′ := Distribute(P) stabilises in O(e(
√

α|Q | + α)n2) interactions in expectation.

Proof. By Proposition 46, P reaches a terminal configuration after O(e(
√

α|Q | + α) n2) interactions in expectation. So it 
suffices to show that P ′ can broadcast the result to all agents also in O(e(

√
α|Q | + α) n2) interactions. We prove a more 

general result: If P ′ reaches a configuration C with π(C) terminal within f (P ′, n) random interactions in expectation, them 
P ′ stabilises after O( f (P ′, n) + n2) random interactions in expectation. This was already shown in Section 7.7.2. �
8.8. Proof of Theorem 37

We collect the results of the previous sections to prove:

Theorem 37. Every α-rapid population computer of size m deciding double(ϕ) can be converted into a terminating population proto-
col with O(m) states that decides ϕ in O(α m4n2) expected interactions for inputs of size �(m).

Proof. Let P = (Q , δ, I, O , H) be an α-rapid population computer of size m deciding double(ϕ). Since Binarise satisfies its 
specification (page 22) and P satisfies the input specification, the computer P1 := Binarise(P) satisfies the postcondition. 
In particular, P1 is binary. Further, the postcondition contains a conjunction of three implications, stating that if P satisfies 
additional conditions, then P ′ enjoys additional properties. By the definition of α-rapid computers (Definition 35), P satis-
fies the premises of these three implications, and so P1 satisfies their consequences. This shows that: size(P1) ∈O(size(P))
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(because we have β ≤ 3); no initial state of P1 has incoming transitions; and all configurations that only populate the initial 
states of P1 are terminal.

Now, let P2 := Focalise(P1), P3 := Autarkify(P2), and P4 := Distribute(P3). Proceeding exactly as in the proof in Sec-
tion 7.8, we obtain that P4 is a population protocol of adjusted size O(m), and so with O(m) states, that decides ϕ for 
all inputs of size �(m). It remains to prove that P4 stabilises within O(αm4n2) expected interactions, which we achieve in 
several steps:

– By Proposition 46, there is a potential function for P1 that is O(|Q |2k2α)-rapidly decreasing for every well-initialised 
configuration, where k is the maximum arity of the transitions of P . So, in particular, P1 has an α1 ∈O(m4α)-rapidly 
decreasing potential function.

– By Proposition 47, there is a potential group of size 5 for P2 that is O(α1+m2)-rapidly decreasing, and so α2 ∈O(m4α)-
rapidly decreasing, in all well-initialised configurations.

– By Proposition 49, there is a potential group of size 5 + 1 = 6 for P3 that is O(α2 +m3)-rapidly decreasing, i.e. α3 ∈
O(m4α)-rapidly decreasing in all reachable configurations of size �(m).

– By Proposition 50, P4 stabilises in O((
√

m4α m +m4α)n2) =O(αm4n2) interactions in expectation. �
9. Conclusions

We have shown that every predicate ϕ of quantifier-free Presburger arithmetic has a population protocol with O(|ϕ|)
states and O(|ϕ|7 · n2) expected interactions to stabilisation for all inputs of size �(|ϕ|). Therefore, every Presburger pred-
icate has a protocol that is at the same time fast and succinct. Our construction is close to optimal. Indeed, for every 
construction there is an infinite family of predicates for which it yields protocols with �(|ϕ|1/4) states [12]; further, it is 
known that every protocol for the majority predicate requires �(n2/ polylog n) interactions.

Our construction is very modular. We have introduced population computers, a model that extends population protocols 
with three very useful features: interactions of arbitrary arity, helpers, and generalised output functions. We have designed 
conversions that, loosely speaking, allow us to transform an arbitrary computer into an equivalent protocol by eliminating 
each of these features. The conversions are independent of each other. Further, we have proved a powerful theorem showing 
that in order to prove quantitative properties about the speed of the protocol it suffices to prove qualitative properties of 
the computer.

In future work we plan to study the existence of succinct protocols with O(polylog(n)) convergence time, either in 
the presence of leaders, as in [6], or using the construction of [22]. As mentioned in the introduction, our work can be 
considered a first step in this direction.

Declaration of competing interest

The authors declare the following financial interests/personal relationships which may be considered as potential com-
peting interests:

Philipp Czerner reports financial support was provided by European Research Council. Philipp Czerner reports finan-
cial support was provided by German Research Foundation. Roland Guttenberg reports financial support was provided by 
European Research Council. Martin Helfrich reports financial support was provided by European Research Council. Martin 
Helfrich reports financial support was provided by German Research Foundation. Javier Esparza reports financial support 
was provided by European Research Council. Javier Esparza reports financial support was provided by German Research 
Foundation.

Data availability

No data was used for the research described in the article.

Acknowledgments

We thank the anonymous reviewers for many helpful remarks. In particular, one remark led to Lemma 23, which in turn 
led to a nicer formulation of Theorem 9, one of our main results.

References

[1] Dan Alistarh, James Aspnes, David Eisenstat, Rati Gelashvili, Ronald L. Rivest, Time-space trade-offs in population protocols, in: SODA, SIAM, 2017, 
pp. 2560–2579.

[2] Alistarh Dan, Rati Gelashvili, Recent algorithmic advances in population protocols, SIGACT News 49 (3) (2018) 63–73.
[3] Dan Alistarh, Rati Gelashvili, Milan Vojnovic, Fast and exact majority in population protocols, in: PODC, ACM, 2015, pp. 47–56.
[4] Dana Angluin, James Aspnes, Zoë Diamadi, Michael J. Fischer, René Peralta, Computation in networks of passively mobile finite-state sensors, in: PODC, 

ACM, 2004, pp. 290–299.

41



P. Czerner, R. Guttenberg, M. Helfrich et al. Journal of Computer and System Sciences 140 (2024) 103481

[5] Dana Angluin, James Aspnes, Zoë Diamadi, Michael J. Fischer, René Peralta, Computation in networks of passively mobile finite-state sensors, Distrib. 
Comput. 18 (4) (2006) 235–253.

[6] Dana Angluin, James Aspnes, David Eisenstat, Fast computation by population protocols with a leader, Distrib. Comput. 21 (3) (2008) 183–199.
[7] Dana Angluin, James Aspnes, David Eisenstat, Eric Ruppert, The computational power of population protocols, Distrib. Comput. 20 (4) (2007) 279–304.
[8] Amanda Belleville, David Doty, David Soloveichik, Hardness of computing and approximating predicates and functions with leaderless population 

protocols, in: Ioannis Chatzigiannakis, Piotr Indyk, Fabian Kuhn, Anca Muscholl (Eds.), 44th International Colloquium on Automata, Languages, and Pro-
gramming, ICALP 2017, July 10–14, 2017, Warsaw, Poland, in: LIPIcs, vol. 80, Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2017, pp. 141:1–141:14.

[9] Petra Berenbrink, Robert Elsässer, Tom Friedetzky, Dominik Kaaser, Peter Kling, Tomasz Radzik, Time-space trade-offs in population protocols for the 
majority problem, Distrib. Comput. 34 (2) (2021) 91–111.

[10] Petra Berenbrink, George Giakkoupis, Peter Kling, Optimal time and space leader election in population protocols, in: STOC, ACM, 2020, pp. 119–129.
[11] Michael Blondin, Javier Esparza, Blaise Genest, Martin Helfrich, Stefan Jaax, Succinct population protocols for Presburger arithmetic, in: STACS, in: 

LIPIcs, vol. 154, Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2020, pp. 40:1–40:15.
[12] Michael Blondin, Javier Esparza, Stefan Jaax, Large flocks of small birds: on the minimal size of population protocols, in: STACS, in: LIPIcs, vol. 96, 

Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2018, pp. 16:1–16:14.
[13] Michael Blondin, Javier Esparza, Stefan Jaax, Expressive power of broadcast consensus protocols, in: CONCUR, in: LIPIcs, vol. 140, Schloss Dagstuhl -

Leibniz-Zentrum für Informatik, 2019, pp. 31:1–31:16.
[14] Robert Brijder, David Doty, David Soloveichik, Democratic, existential, and consensus-based output conventions in stable computation by chemical 

reaction networks, Nat. Comput. 17 (1) (2018) 97–108.
[15] Luca Cardelli, Attila Csikasz-Nagy, The cell cycle switch computes approximate majority, Sci. Rep. 2 (2012), https://doi .org /10 .1038 /srep00656.
[16] David Doty, Mahsa Eftekhari, Efficient size estimation and impossibility of termination in uniform dense population protocols, in: PODC, ACM, 2019, 

pp. 34–42.
[17] David Doty, Mahsa Eftekhari, Leszek Gasieniec, Eric E. Severson, Przemyslaw Uznanski, Grzegorz Stachowiak, A time and space optimal stable popu-

lation protocol solving exact majority, in: 62nd IEEE Annual Symposium on Foundations of Computer Science, FOCS 2021, Denver, CO, USA, February 
7–10, 2022, IEEE, 2021, pp. 1044–1055.

[18] Robert Elsässer, Tomasz Radzik, Recent results in population protocols for exact majority and leader election, Bull. Eur. Assoc. Theor. Comput. Sci. 126 
(2018).

[19] Nissim Francez, Fairness, Texts and Monographs in Computer Science, Springer, 1986.
[20] Bernd Gärtner, Jirí Matousek, Understanding and Using Linear Programming, Universitext, Springer, 2007.
[21] Christoph Haase, A survival guide to Presburger arithmetic, ACM SIGLOG News 5 (3) (2018) 67–82.
[22] Adrian Kosowski, Przemyslaw Uznanski, Brief announcement: population protocols are fast, in: Calvin Newport, Idit Keidar (Eds.), Proceedings of the 

2018 ACM Symposium on Principles of Distributed Computing, PODC 2018, Egham, United Kingdom, July 23–27, 2018, ACM, 2018, pp. 475–477, https://
dl .acm .org /citation .cfm ?id =3212788.

[23] Christos H. Papadimitriou, On the complexity of integer programming, J. ACM 28 (4) (1981) 765–768.
[24] David Soloveichik, Matthew Cook, Erik Winfree, Jehoshua Bruck, Computation with finite stochastic chemical reaction networks, Nat. Comput. 7 (4) 

(2008) 615–633.
[25] Frank Spitzer, Principles of Random Walk, vol. 34, Springer Science & Business Media, 2013.

42



D. The Black Ninjas and the Sniper:
On Robust Population Protocols

Title The Black Ninjas and the Sniper: On Robust Population Protocols
Authors Benno Lossin, Philipp Czerner, Javier Esparza, Roland Guttenberg,

Tobias Prehn
Venue Principles of Verification: Cycling the Probabilistic Landscape, Part

III, 2024
Publisher Springer
DOI 10.1007/978-3-031-75778-5_10

Reproduced with permission from Springer Nature

171

https://doi.org/10.1007/978-3-031-75778-5_10


The Black Ninjas and the Sniper: On
Robust Population Protocols

Benno Lossin(B) , Philipp Czerner , Javier Esparza ,
Roland Guttenberg , and Tobias Prehn

Technical University of Munich, Munich, Germany
{lossin,czerner,esparza,guttenbe}@in.tum.de

Abstract. Population protocols are a model of distributed computa-
tion in which an arbitrary number of indistinguishable finite-state agents
interact in pairs to decide some property of their initial configuration.
We investigate the behaviour of population protocols under adversarial
faults that cause agents to silently crash and no longer interact with
other agents. As a starting point, we consider the property “the num-
ber of agents exceeds a given threshold t”, represented by the predicate
x ≥ t, and show that the standard protocol for x ≥ t is very fragile: one
single crash in a computation with x := 2t − 1 agents can already cause
the protocol to answer incorrectly that x ≥ t does not hold. However, a
slightly less known protocol is robust : for any number t′ ≥ t of agents,
at least t′ − t + 1 crashes must occur for the protocol to answer that the
property does not hold.

We formally define robustness for arbitrary population protocols, and
investigate the question whether every predicate computable by popula-
tion protocols has a robust protocol. Angluin et al. proved in 2007 that
population protocols decide exactly the Presburger predicates, which can
be represented as Boolean combinations of threshold predicates of the
form

∑n
i=1 ai · xi ≥ t for a1, ..., an, t ∈ Z and modulo prdicates of the

form
∑n

i=1 ai · xi mod m ≥ t for a1, . . . , an, m, t ∈ N. We design robust
protocols for all threshold and modulo predicates. We also show that,
unfortunately, the techniques in the literature that construct a protocol
for a Boolean combination of predicates given protocols for the conjuncts
do not preserve robustness. So the question remains open.

For Joost-Pieter, Honorary Sensei of the Black Ninjas.

1 Introduction

The Black Ninjas were used in [5] to provide a gentle introduction to population
protocols, a model of distributed computation introduced by Angluin et al. in
[3] and since then very much studied. We quote (with some changes) the first
lines of the introduction to [5]:
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The Black Ninjas are an ancient secret society of warriors, so secret that its
members do not even know each other or how many they are. When there
is a matter to discuss, Sensei, the founder of the society, sends individual
messages to each ninja, asking them to meet.
As it happens, all ninjas have just received a note asking them to meet in
a certain Zen garden at midnight, wearing their black uniform, in order
to attack a fortress of the Evil Powers. When the ninjas reach the garden
in the gloomy night, the weather is so dreadful that it is impossible to see
or hear anything at all. This causes a problem, because the ninjas should
only attack if they are at least 64, and there are always no-shows: Some
ninjas are wounded, others are under evil spells, and others still have tax
forms to fill.

Is there a way for the ninjas to find out, despite the adverse conditions, if at
least 64 of them have shown up?

A First Protocol. Yes, there is a way. Sensei has looked at the weather forecast,
and the note sent to the ninjas contains detailed instructions on how to proceed
after they reach the garden. Each ninja must bring pebbles in their pockets, and
a pouch initially containing one pebble. When they reach the garden, they must
start to wander randomly around the garden. When two ninjas with n1 and n2

pebbles in their pouches happen to bump into each other, they compute n1 +n2

and proceed as follows:

– If n1 + n2 < 64, then one ninja gives her pebbles to the other, that is, after
the encounter their pouches contain n1 + n2 and 0 pebbles, respectively.

– If n1 + n2 ≥ 64, both ninjas put 64 pebbles in their pouches.

Formally, at every moment in time each ninja is in one state from the set Q :=
{0, 1, . . . , 64}, representing the number of pebbles in her pouch. The possible
transitions are

n1, n2 �→
{

n1 + n2, 0 if n1 + n2 < 64

64, 64 otherwise

The protocol can be visualized as a Petri net with one place for each state,
and one Petri net transition for each transition of the protocol. The Petri net
representation of the protocol for attack threshold 4 instead of 64 is shown on
the left of Fig. 1.

Sensei reasons as follows: If at least 64 ninjas show up, then eventually two
ninjas with at least 64 pebbles between them interact. These ninjas move to
state 64, and from then on word quickly spreads, and eventually all ninjas are in
state 64, and stay there forever. If, on the contrary, less than 64 ninjas show up,
then no ninja ever reaches state 64. In both cases, the ninjas eventually reach
a consensus: all of them are in state 64, or none is, and that consensus does
not change, it is stable. Further, since Sensei knows that the society consists of
200 ninjas—a fact the ninjas themselves ignore—and she is good at math, she
computes that after 10min the consensus has been reached with high probability
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Fig. 1. Petri nets for the first (left) and second (right) protocols with attack threshold 4.
Accepting states are shaded in blue, rejecting states in red. The number of pebbles (left)
or the level (right) of a state are written next to its corresponding place in boldface.
The tokens in the places show configurations reachable from the initial configuration
with 5 ninjas. The accumulation transitions are colored in blue. (Color figure online)

(ninjas move very fast!). So her final instruction to the ninjas is: Execute the
protocol for 10min, and then attack if you are in state 64.

1.1 The Sniper and a Second Protocol

The ninjas use the protocol to successfully attack several fortresses of the Evil
Powers. However, a spy finds out the point of their next gathering, and the
Evil Powers send a sniper equipped with a night vision device and a powerful
gun whose bullets can silently vaporize a ninja leaving no trace. No less than 126
ninjas show up at the gathering, but the sniper manages to prevent the attack by
eliminating one single ninja! The sniper lets the ninjas wander around, executing
the protocol, until they reach a configuration in which two ninjas have pouches
with 63 pebbles each, and all other pouches are empty. Right before these two
ninjas bump into each other, the sniper eliminates one of them. The other ninjas,
unaware of this, are left in a configuration in which one ninja has 63 pebbles in
her pouch, and the pouches of the other 124 ninjas are empty. The ninjas keep
interacting, but none ever reach state 64.

When Sensei finds out about the sniper, she initially despairs. But then she
realizes: munitions are expensive, and the sniper can carry only a few rounds,
so perhaps there is a remedy. So she searches for a robust protocol. If n ≥ 64
ninjas reach the garden, the sniper can only prevent an attack by eliminating
more than n − 64 ninjas. Clearly, this is the best she can achieve, because if the
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sniper succeeds in removing more than n− 64 ninjas, then the ninjas should not
attack anyway.

Sensei is a capable leader, and she finds a robust protocol! The states are
now the numbers 1 to 64. Sensei visualizes these numbers as the floors or levels
of a tower with 64 levels, and visualizes a ninja in state � as occupying the �-th
level. Initially all ninjas are in the first level. When two ninjas bump into each
other, they interact as follows:

– if they are both in the same level, say the �-th, and � < 64, then one of them
moves to level � + 1, and the other stays at level �.

– if one of them is in level 64, then the other moves to level 64 too (if not yet
there);

Formally, at every moment in time each ninja is in a state from the set
Q := {1, 2, ..., 64}. The possible transitions are

�1, �2 �→

⎧
⎪⎨
⎪⎩

�1 + 1, �2 if �1 = �2, and �1 < 64

64, 64 if �1 = 64 or �2 = 64

�1, �2 otherwise

Again, Sensei asks the ninjas to execute the protocol for a certain time, and then
attack if they are in level 64. The protocol can again be visualized as a Petri
net, shown on the right of Fig. 1.

Sensei first shows that the protocol works correctly in the absence of the
sniper. Eventually, each level is populated by at most one ninja; indeed, any two
ninjas in the same level eventually interact and one of them moves up. Therefore,
if there are at least 64 ninjas, then one of them eventually reaches the top of the
tower, and eventually brings all other ninjas to the top.

To prove that the protocol is robust, Sensei observes that the argument above
works not only for the initial configuration with all ninjas in the ground level, but
for any configuration with at least 64 ninjas. Indeed, in any such configuration
either one ninja is already at the top, or, by the pigeonhole principle, eventually
one ninja moves one level up. Therefore, unless the sniper brings the number of
ninjas below 64, the ninjas attack.

Sensei’s Question. Sensei is not satisfied yet. At some meetings, the ninjas must
decide by majority if they attack or not, that is, they attack only if they are at
least 64 and a majority wants to attack. Sensei has a majority protocol for this;
in her jargon she says that the protocol decides the predicate Q2(ny, nn) ⇔ ny+
nn ≥ 64∧ny > nn (instead of the predicate Q1(n) ⇔ n ≥ 64 of the first protocol).
She also has protocols for qualified majority (i.e., the ninjas attack only if at
least 2/3 of them are in favour, corresponding to the predicate Q2(ny, nn) ⇔
2ny ≥ 3nn), and for whether the number of ninjas showing up is a multiple of
7, corresponding to Q3(n) ⇔ ∃k : n = 7k.1 In fact, Sensei has read [4], in which

1 Ninjas are superstitious.
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Angluin et al. introduced this kind of protocols and showed how to construct
a protocol for any predicate expressible in Presburger arithmetic. She has even
read the improved version [6], which shows how to construct protocols slightly
faster than those of [4] and, more importantly, with polynomially instead of
exponentially many states in the size of the Presburger formula (assuming it
is quantifier-free). However, these protocols are not robust. For example, the
protocol of [6] for the predicate x ≥ 64 is the first protocol of the introduction.
Since these protocols are very dangerous in the presence of snipers, Sensei has
the following question:

Is there a robust protocol for every Presburger predicate?

We do not know yet. In this paper we give a positive partial answer. We con-
struct robust protocols for threshold predicates of the form

∑k
i=1 aixi ≥ b, where

a1, . . . , ak, b ∈ Z, and for modulo predicates of the form
∑k

i=1 aixi ≡c b, where
a1, . . . , ak ∈ Z, c ∈ N, and 0 ≤ b ≤ c − 1.

Related Work. The literature on fault-tolerance and robust distributed algo-
rithms is very large, and so we consider only work on population protocols or
closely related models. In [7], Delporte-Gallet et al. initiated the study of popula-
tion protocols with essentially the same fault model as ours. The paper provides
a construction that, loosely speaking, yields robust protocols with respect to a
given number of failures, independent of the number of agents. The construction
we give for modulo protocols is an immediate consequence of this idea. Delporte-
Gallet and collaborators have published many other papers on fault-tolerant
consensus and leader election algorithm in different kinds of message-passing
networks.

There also exists previous work on other fault models. In [8], Guerraoui and
Ruppert study community protocols, a model that extends population protocols
by assigning unique identities to agents. They present a universal construction
that, given a predicate in NSPACE(log n), outputs a community protocol decid-
ing it. The construction is robust with respect to Byzantine failures of a constant
number of agents. More recently, Alistarh et al. have studied robustness of pop-
ulation protocols and chemical reaction networks with respect to leaks [1,2].
Loosely speaking, this is a failure model in which agents can probabilistically
move to adversarially chosen states.

Structure of the Paper. Section 2 introduces the syntax of population protocols
and their semantics in the presence of a sniper. Section 3 formalizes the notion
of robustness, and formally proves that the first and second of Sensei’s protocols
are not robust and robust, respectively. Sections 4 and 5 give robust popula-
tion protocols for all threshold and modulo predicates, respectively. Section 6
explains the problem with robustness of the standard construction for Boolean
combinations.
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2 Generalized Protocols and Population Protocols
with Sniper

After some basic notations, we introduce the syntax and the semantics in the
presence of a sniper of population protocols. For convenience, we introduce the
model as a particular instance of a slightly more general model called generalized
protocols.

Preliminaries: Multisets and Intervals. Given a finite set Q, a multiset is a
function M : Q → N. We denote the set of multisets over Q by NQ. Multisets
can be added, subtracted and compared componentwise. We define the size of a
multiset M as |M | :=

∑
q∈Q M(q). The set of multisets of size k is denoted by

NQ
k . The support of a multiset is �M � := {q ∈ Q : M(q) �= 0}. We use a set-like

notation to write multisets explicitly: �x, y, y, 3 · z� denotes the multiset M with
M(x) = 1, M(y) = 2, M(z) = 3 and otherwise 0. When the set Q contains
natural numbers, we write the numbers from Q in bold to differentiate them
from their multiplicity: �1, 2 · 3�.

We write [a, b) to denote the set {x ∈ Z : a ≤ x < b}. We define the length
of an interval as len([a, b)) := b − a.

Generalized Protocols: Syntax. A generalized protocol is a tuple: P = (Q, δ, I,
O) where

– Q is a finite set of states,
– δ ⊆ NQ

2 × NQ
2 is the transition relation,

– I ⊆ Q is the set of initial states,
– O : NQ → {1, 0,⊥} the output function.

Elements of NQ are called configurations and elements of δ transitions. Con-
figurations consist of agents, which are in a specific state q ∈ Q. We also
call agents ninjas. Intuitively, the output function assigns to each configura-
tion either a decision (1 or 0), or no decision (⊥). We let p, q �→ p′, q′ denote that
(�p, q�, �p′, q′�) ∈ δ. The preset and poset of a transition t = (p, q �→ p′, q′) are
pre(t) := �p, q� and post(t) := �p′, q′�. We call a transition t with pre(t) =
post(t) silent.

Additionally we assume that for every pair of states p, q ∈ Q, there exists a
transition t with pre(t) = �p, q�. If the protocol does not define such a transition
explicitly, we add the respective identity transition (such a transition is silent
and does not change the behavior of the protocol).

Steps, Snipes, and Moves. Let C,D ∈ NQ be two configurations.

– We write C → D if C = D or there exists some transition t s.t. pre(t) ≤ C
and D = C + post(t) − pre(t). We call C → D a move of the protocol.
A configuration C is terminal if there is no configuration D �= C such that
C → D.
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– We write C ↪→ D if C = D + S for some configuration S such that |S| = 1.
We call C ↪→ D a snipe.

– We write C ⇒ D if either C → D or C ↪→ D, and call C ⇒ D a step. That
is, a step is either a move of the protocol, or a snipe.

– We let →∗, ↪→∗, and ⇒∗ denote the reflexive and transitive closure of →, ↪→
and ⇒, respectively.

– If C →∗ D and E ≤ D, we say that C covers E.

i-executions, i-reachability, Fairness. Fix i ≥ 0. Loosely speaking, an i-execution
is an infinite sequence of steps containing at most i snipes. Formally, an i-
execution is an infinite sequence π = {Cj}j∈N of configurations such that Cj ⇒
Cj+1 for every j ≥ 0, and Cj ↪→ Cj+1 for at most i values of j. The output of
π is

out(π) :=

⎧
⎪⎨
⎪⎩

1 if ∃n ∈ N : ∀i ≥ n : O(π(i)) = 1

0 if ∃n ∈ N : ∀i ≥ n : O(π(i)) = 0

⊥ else

An i-execution π is fair iff for every configuration D ∈ NQ the following holds: if
D can be reached from infinitely many configurations of π by executing sequences
of moves, then D appears in π. It is easy to see that fairness can be equivalently
defined as follows: if D can be reached in one move from infinitely many con-
figurations of π, then D appears infinitely often in π. Formally, for every config-
uration D, if π(j) → D for infinitely many j ∈ N, then π(j) = D for infinitely
many j ∈ N.

Predicate Decided by a Generalized Protocol. Fix i ≥ 0. Given a configuration
C ∈ NQ we define its i-output, denoted outi(C), as follows:

outi(C) :=

⎧
⎪⎨
⎪⎩

0 if ∀π fair i-execution, π(0) = C : out(π) = 0

1 if ∀π fair i-execution, π(0) = C : out(π) = 1

⊥ else

A generalized protocol i-decides a predicate ϕ : NI → {1, 0} if outi(C) = ϕ(C)
for every C ∈ NI .

Consensus Output Functions, Population Protocols. An output function O :
NQ → {1, 0} is a consensus function if there is a partition of Q into two sets
Q+ and Q− of accepting and rejecting states such that for every configuration
C we have: O(C) = 1 if�C � ⊆ Q+, O(C) = 0 if �C � ⊆ Q−, and O(C) = ⊥
otherwise. A generalized protocol is a population protocol if its output function
is a consensus function.

Intuitively, if we interpret Q+ and Q− as the set of states in which ninjas
have accept and reject opinions, respectively, then a configuration of a population
protocol has output b ∈ {1, 0} iff all ninjas currently have the same opinion, i.e.,
have currently reached a consensus, and ⊥ otherwise.
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Example 2.1. We restate the first protocol from the introduction using this for-
malism for an arbitrary threshold t:

Protocol Pebbles.
States. Q = [0, t]

Input. I = {1}
Output. O(x) = 1 if x = t, and O(x) = 0 otherwise
Transitions. δ = {(x, y) �→ (x + y, 0) : x, y ∈ Q ∧ x + y < t} ∪

{(x, y) �→ (t, t) : x, y ∈ Q ∧ x + y ≥ t}

3 Robustness

Recall the first protocol from the introduction. Even if the initial number of
ninjas is 126, the sniper can still prevent the attack by taking one single ninja
down. However, this is the case only because the sniper can intervene at any
moment. Indeed, if the sniper can only intervene before the protocol starts, she
must take at least 62 ninjas down to prevent the attack. We say that the initial
configuration with 125 ninjas has an initial tolerance of 62, but a global tolerance
of 1. It is easy to see that the initial tolerance for an arbitrary configuration with
n ≥ 64 is n − 64, while the global tolerance is � n

63� − 2. However, in the second
protocol, the initial and global tolerance of any initial configuration with n ≥ 64
ninjas coincide, and are equal to n − 64.

Observe that the initial tolerance of an initial configuration with n ninjas is
n − 64 for any protocol deciding whether n ≥ 64 holds. Intuitively, it gives an
upper bound on how fault-tolerant a protocol for this predicate can be. On the
contrary, the global tolerance depends on the protocol. This suggests to define
the class of robust protocols as those protocols whose global tolerance is equal
to the initial tolerance of all initial configurations. We proceed to formalize this
notion.

Definition 3.1. Let P be a well-specified generalized protocol, and let C ∈ NI

be an initial configuration of P .

– The initial tolerance of C, denoted InTol(C), is the largest number i such
that out0(C) = out0(D) for every configuration D with C ↪→i D.

– The global tolerance of C, denoted Tol(C), is the largest number i such that
outi(C) = out0(C).

P is robust in C if Tol(C) = InTol(C). We call P robust if it is robust in
every initial configuration.

We note a couple of useful facts about robustness:

Remark 3.2. – Negating a population protocol via changing accepting states to
be rejecting states and vice-versa, the protocol still remains robust. This is
because neither the initial tolerance nor the global tolerance change.
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– Sniping agents in initial states that have never interacted cannot change the
output when considering snipes less than the initial tolerance. This follows
directly from the definition: when sniping a agent in an initial state, it is as
if the initial configuration was different to begin with.

3.1 Examples

We show that with our notion of robustness, the original population protocol for
threshold predicates by Angluin et al. [3] is not robust.

Proposition 3.3. The protocol of Example 2.1 is not robust for any t ≥ 3.

Proof. Assume the protocol is robust. Let q := t − 1 ∈ Q denote the last non-
accepting state and consider the following fair 1-execution:

�(t + 1) · 1� →∗ �q,2, (t − 1) · 0� ↪→ �2, (t − 1) · 0� → ...

The first configuration is an initial configuration with an initial tolerance of 1.
Without sniping, it is accepted. However, the last configuration is terminal and
rejecting. This contradicts the assumption that the protocol is robust. ��

Remark 3.4. We can say even more about the robustness of this protocol. If the
sniper is only permitted to snipe a single ninja, then we know that they can
at worst snipe a ninja with t − 1 pebbles. Thus if the input configuration has
t − 1 additional ninjas, then the output is still correct. In other words, if the
initial tolerance of a configuration is i, then the global tolerance of the protocol
is � i

t−1�.

In this paper, we focus our attention on robust protocols and as such we do
not need a fine-grained analysis of protocols that fail to be robust. But if one
wants to analyze non-robust protocols, it is useful to define robustness with a
parameter that is the ratio of initial and global tolerance.

We give the formal definition of Sensei’s second protocol, which we call the
Tower protocol.

Protocol Tower.
States. Q = [1, t]

Input. I = {1}
Output. O(x) = 1 iff x = t

Transitions. δ = {(x, x) �→ (x, x + 1) : x ∈ Q ∧ x < t} ∪
{(x, t) �→ (t, t) : x ∈ Q,x < t}

Let us prove that the Tower protocol is robust.

Proposition 3.5. The Tower protocol is robust for every t.
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Proof. Let C ∈ NI be an initial configuration. If |C| < t, then out0(C) = 0 and
C cannot cover the accepting state, i.e. it cannot put an agent into t. Since the
transition relation is monotonic (C1 →∗ C2 implies C1 + D →∗ C2 + D for all
C1, C2,D ∈ NQ), sniping cannot lead to reaching the accepting state. Therefore
outi(C) = 0 for all i.

If |C| ≥ t, then we know that |C| ≥ t + InTol(C) by definition of the initial
tolerance. To show InTol(C) = Tol(C), we show that the protocol accepts any
configuration with at least t agents.

First, we note that each transition increases the value of
∑

q∈Q q · C(q), so
only finitely many transitions can be executed. Thus the protocol eventually
reaches a terminal configuration D with |D| ≥ t. If there is an agent in state t,
then all other agents must be in state t as well - otherwise the second transition
could be executed. So D is accepting in this case. If there is no agent in the t
state, then we have at least t agents distributed among t − 1 states, so there is
some state x < t with at least two agents. But this is a contradiction to D being
terminal, since those two agents can initiate a transition. ��

4 Robust Threshold Protocols

In this section we construct robust protocols for threshold predicates, that is,
predicates of the form,

ϕ(x) =

( n∑

i=1

ai · xi ≥ t

)

where a1, ..., an, t ∈ Z. We proceed in three steps. Section 4.1 constructs robust
protocols for threshold predicates with positive coefficients ai and an arbitrary
threshold t. Section 4.2 does the same for predicates with arbitrary coefficients
and threshold 1; we call them generalized majority predicates, because they
generalize the majority predicate x − y ≥ 1 ⇐⇒ x − y > 0. Finally, Sect. 4.3
combines the protocols of the two previous sections to present protocols for
arbitrary threshold predicates.

4.1 Threshold Predicates with Positive Coefficients

In this section we study the case ai > 0. We can wlog assume that t ≥ ai for all
i: If t < 0, then ϕ is equivalent to true, and we are done. Otherwise, since all
coefficients ai > 0, we replace every ai by min(ai, t) to obtain a new predicate
ϕ′: Clearly if some ninja for a coefficient ai which was decreased occurs, then
both ϕ and ϕ′ are automatically true. Since changing a coefficient which does
not occur does not change satisfaction either, ϕ and ϕ′ are equivalent.

The Black Ninjas have recently recruited a cohort of rookie ninjas. In battle,
two veterans are as good as three rookies. When the ninjas meet, the question
to decide is whether their battle power is at least 192 (the power of 64 veterans).
In other words, the ninjas must conduct a protocol to decide if 3v + 2r ≥ 192,
where v and r are the numbers of veterans and rookies, respectively.
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The protocol of [3] for this case is an easy generalization of the protocol
for n ≥ 64. Each ninja brings a pouch, but veterans put three pebbles in it,
while rookies only put two. Otherwise the protocol works as before: when ninjas
interact, one gives her pebbles to the other, until two interacting ninjas observe
that their joint number of pebbles is at least 192. The protocol fails to be robust,
for the same reason as the previous one.

Sensei comes up with a generalization of the Tower protocol. She visualizes
again a Tower with 192 floors. However, veterans now occupy three consecutive
floors, e.g. floors 100, 101, and 102, and rookies occupy two consecutive floors,
e.g. 101 and 102 (see Fig. 2). If two ninjas that interact share at least one floor,
then the ninja with the higher lowest floor moves one floor up. For example,
if the two ninjas just mentioned interact, then the rookie moves one floor up,
occupying now the floors 102 and 103 (if both ninjas have the same lowest floor,
then any one of them moves up). The other ninja stays where she is. Initially, all
veterans occupy the floors 0, 1, and 2, and all rookies occupy the floors 0 and 1.

Sensei’s reasoning is similar to the previous case: eventually each floor is
occupied by at most one ninja (although she has to think a bit to establish this).
Therefore, a ninja eventually reaches the top floor iff 3v +2r ≥ 192. As before, a
ninja that reaches the top floor tells any other ninja she interacts with to move
to the top floor too. We call this protocol InhomTower, and proceed to define
it formally.

Protocol InhomTower.

The states of the protocol are intervals of natural numbers. For convenience
we use semi-closed intervals [s, e). A ninja in state [s, e) occupies the floors
s, s + 1, . . . , e − 1. The initial states are the intervals starting at zero. Formally
we set

States. Q = {[s, s + ai) : i ∈ [1, n] ∧ 0 ≤ s ∧ s + ai ≤ t + 1}
Input. I = {[0, ai) : i ∈ [1, n]}
Output. O([s, e]) = 1 iff e = t + 1

Transitions.

– For every two non-disjoint intervals [s1, e1), [s2, e2) ∈ Q such that s1 ≤ s2

and e1, e2 < t + 1 the second interval moves one step “upwards”:

[s1, e1), [s2, e2) �→ [s1, e1), [s2 + 1, e2 + 1) 〈step〉

– For two intervals [s1, t + 1), [s2, e2) ∈ Q with e2 ≤ t, i.e. the first interval has
reached the top, the second moves to the top as well.

[s1, t + 1), [s2, e2) �→ [s1, t + 1), [t + 1 − (e2 − s2), t + 1) 〈accum〉
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Fig. 2. Two steps using the 〈step〉 transition between a veteran (dark blue) and a rookie
(light blue, striped) in the InhomTower protocol. (Color figure online)

Theorem 4.1. InhomTower computes ϕ and is robust.

Proof. Given an agent in state [s, e) ∈ Q, we say that it occupies levels s, ..., e−1.
Let C ∈ NI denote an initial configuration and let k := InTol(C). We show

out0(C) = ϕ(C) (i.e. the protocol has the correct output on C) and outk(C) =
out0(C) (i.e. the protocol is robust on C).

Case 1:
∑

q∈Q len(q)C(q) < t. This implies ϕ(C) = 0. Here, we claim that no
agent reaches a state [s, t + 1) and 〈accum〉 is never executed, which implies
out0(C) = 0. To see that this is true, note the invariant that the set of levels in
[0, t] occupied by at least one agent is contiguous and contains level 0. Formally,
for any D 0-reachable from C we have

⋃
D(q)>0 q = [0, i] for some i. We prove

this invariant by induction. The base case follows from the definition of I, and for
the induction step we use that 〈accum〉 is never executed, and that in transition
〈step〉 we have s2 ∈ [s1, e1), so no hole is created, and s1 ≤ s2, so 0 remains
occupied.

This proves out0(C) = ϕ(C). To show outk(C) = out0(C) we again use
a monotonicity argument similar to the proof of Theorem 3.5. We have already
shown that C cannot cover a state with t+1 as the upper bound without snipes,
and this extends to arbitrary k-executions.

Case 2:
∑

q∈Q len(q)C(q) ≥ t. Note that any transition leaves
∑

q∈Q len(q)C(q)
invariant. Let D denote any configuration k-reachable from C.

If
∑

q len(q)D(q) < t, then this observation would imply that it is possi-
ble to snipe k agents from C (without executing any moves) and end up in a
configuration with output 0. But this contradicts k = InTol(C).

Again similar to the proof of Theorem 3.5, transitions 〈step〉 and 〈accum〉
can only be executed finitely often, so we assume wlog that D is terminal. We
now argue that D has output 1. If level t is occupied, i.e. in D there is some
agent in a state [s, t + 1), then all other agents must be in such a state as well
(otherwise 〈accum〉 could be executed) and the protocol accepts. Otherwise we
use

∑
q∈Q len(q)D(q) ≥ t: an agent in state q occupies len(q) levels and only
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levels in [0, t − 1] are occupied, so at least one level is occupied by two agents.
However, these agents could execute 〈step〉, contradicting that D is terminal. ��

4.2 Threshold Predicates with Threshold 1

We design a robust protocol for predicates of the form

ϕ(x) =

( n∑

i=1

ai · xi ≥ 1

)

Since they are generalizations of the majority predicate x−y ≥ 1 ⇐⇒ x−y > 0,
we call them generalized majority predicates. In this section, we first introduce
weak population protocols. Intuitively, in a weak consensus protocol not all states
must be accepting or rejecting, but can can also be neutral. Then we present a
very simple and yet robust weak population protocol for generalized majority.
Finally, we present a conversion procedure that transforms a weak population
protocol into a population protocol for the same predicate that also preserves
robustness.

Weak Population Protocols for Generalized Majority. Recall that popu-
lation protocols reach a decision by consensus. States can be split into accepting
or rejecting. A configuration is a consensus if either all ninjas are in accepting
states or all ninjas are in rejecting states. The output function assigns a decision
to each consensus configuration, and only to them. We present weak popula-
tion protocols in which states can also be neutral. Intuitively, ninjas in neutral
states have no opinion. A configuration is a weak consensus if no two ninjas have
conflicting opinions. The output function assigns a decision to each consensus
configuration, and only to them, as follows: accept if at least one ninja wants
to accept and no ninjas wants to reject, and reject otherwise. Observe that, in
particular, if no ninja wants to accept, then the decision is reject.

Definition 4.2. An output function O : NQ → {1, 0} is a weak consensus func-
tion if there is a partition of Q into three sets Q+, Q=, Q− of accepting, neutral,
and rejecting states such that for every configuration C:

– O(C) = 1 if �C � ⊆ Q+ ∪ Q= and �C � ∩ Q+ �= ∅;
– O(C) = 0 if �C � ⊆ Q− ∪ Q=; and
– O(C) = ⊥ otherwise (that is, O(C) = ⊥ if �C � ∩ Q+ �= ∅ �= �C � ∩ Q−).

A generalized protocol P = (Q, δ, I,O) is a weak population protocol if O is
a weak consensus function, and every 1-consensus is stable.

Notice that the output function is determined by the partition Q+, Q=, Q−.
Let us now give weak population protocols for generalized majority predicates.
We consider the predicate x1 − 2x2 ≥ 1, which is already representative. It
corresponds to the following situation. Sensei wants that the ninjas conduct a
vote to decide whether they want to attack or not. The ninjas will only attack
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if more than 2/3 of them vote for it. Letting x1 and x2 be the number of ninjas
in favor of and against attacking, respectively, the ninjas will attack if x1/(x1 +
x2) > 2/3 or, equivalently, x1 − 2x2 ≥ 1. Intuitively, a negative vote has the
same effect as two positive votes.

Sensei asks the ninjas to bring a pouch containing one positive pebble if they
want to attack, and two negative pebbles otherwise. If two ninjas with pebbles
of the same kind interact, nothing happens. If the pebbles are of opposite kinds,
one ninja gives her pebbles to the other. However, when a positive and a negative
pebble touch each other, they magically disappear, and so after an interaction
between two ninjas with a positive and b negative pebbles one ninja has |a − b|
pebbles and the other 0. We visualize this protocol in Fig. 3.

The possible states of the protocol are {1, 0,−1,−2}, which gives the number
of pebbles in the pouch and their kind. The partition of states is the natural one:
Q+ = {1}, Q= = {0}, and Q− = {−1,−2}. The only non-silent transitions are
1,−2 �→ 0,−1, and 1,−1 �→ 0, 0. Observe that, in particular, 1, 1 �→ 2, 0 or
−2,−2 �→ −4 are not transitions, because the pebbles of the interacting ninjas
are of the same kind.

Let us informally argue that the protocol is correct and robust. Consider a
configuration C in which x1 ninjas want to attack, and x2 ninjas do not. Observe
first that the total number of pebbles never increases, and it decreases when-
ever two ninjas carrying pebbles of opposite kinds interact. Therefore, starting
from C the protocol eventually reaches a terminal configuration C ′ in which all
remaining pebbles (if any) are positive or all are negative. In the first case only
states of Q+ ∪ Q= are populated, and in the second only states of Q− ∪ Q=.
So C ′ is a weak consensus. Further, it is easy to see that the cases occur when
x1 − 2x2 ≥ 1 and x1 − 2x2 < 1, respectively. To prove robustness, observe that
the argument above holds for any configuration C, and so for the sniper all
configurations are equally good.

Let us now give the precise definition of the protocol for the predicate∑n
i=1 ai ·xi ≥ 1. Let amin , amax be the minimum and maximum of {a1, . . . , an}.

We assume amin < 0 < amax , the case of predicates in which all coefficients have
the same sign was already considered in the previous section. The protocol is:

Protocol GenMajority.
States. Q = [amin , amax ]

Input. I = {a1, . . . , an}
Output. Given by Q+ = [1, amax ], Q= = {0}, and Q− = [amin ,−1].
Transitions. δ = {x, y �→ x + y, 0 : x, y ∈ Q ∧ x < 0 < y}

From Weak Population to Population Protocols. In order to use weak
population protocols in practice, we provide an algorithm that given a weak
population protocol deciding a predicate, under the assumption that the protocol
is terminating, i.e. every fair execution terminates, outputs a population protocol
for the same predicate. Further, the algorithm preserves robustness.
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Fig. 3. Weak population protocol for x1 − 2x2 ≥ 1. Red states are rejecting, the blue
state is accepting and the gray state is neutral. (Color figure online)

The construction to obtain a population protocol P ′ from a weak population
protocol P is rather simple: Every ninja remembers a state of P, and in fact runs
the protocol P as normal. In addition, neutral ninjas A, i.e. in a state q ∈ Q=,
get an output bit {+,−}, which they set as follows: Whenever they meet a ninja
B with an active opinion, i.e. with state p ∈ Q+ ∪ Q−, A updates her bit to the
opinion of B. Since by definition of weak consensus eventually only one opinion
remains, every neutral ninja eventually gets the opinion of the remaining ninja.
A slight difficulty, where we need the assumption of termination of P, is the case
of only neutral ninjas remaining: We add a transition which takes neutral ninjas
with output bits set to + and − respectively and sets both bits to −.

Construction 4.3. Given a weak population protocol P = (Q, δ, I,O) with
partition Q+, Q=, Q−, we construct a population protocol P ′ = (Q′, δ′, I ′, O′):

Protocol WeakConvert.
States. Q′ = Q+ ∪ Q− ∪ Q= × {+,−}
Input. I ′ = {q : q ∈ I ∩ (Q+ ∪ Q−)} ∪ {(q,−) : q ∈ I ∩ Q=}

Output. O′(q′) =

{
1 if q′ ∈ Q+ or q′ = (q,+) with q ∈ Q=

0 if q′ ∈ Q− or q′ = (q,−) with q ∈ Q=

Transitions.

– First we need a transition to simulate P, given agents in states p, q in P ′,
they 1) disregard their sign if they are in Q=, 2) perform δ on the so obtained
projected states ppr, qpr, and 3) readd a negative sign if they end in Q=.
Formally, let pr: Q′ → Q, q′ �→ q′ if q′ ∈ Q+ ∪ Q− and q′ �→ q if q′ = (q, s) ∈
Q= × {+,−}. Also let inj : Q → Q′, q �→ q if q ∈ Q+ ∪ Q− and q �→ (q,−)
otherwise. For every non-silent transition (ppr, qpr �→ p′

pr, q
′
pr) ∈ δG , we add

for all states p, q with pr(p) = ppr,pr(q) = qpr, the following transition:

p, q �→ inj(p′
pr), inj(q′

pr) 〈derived〉
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– Additionally, for q+ ∈ Q+ and q= ∈ Q= we add the following transition:

q+, (q=,−) �→ q+, (q=,+) 〈witnessPos〉

– Dually, for q− ∈ Q− and q= ∈ Q= we add the following transition:

q−, (q=,+) �→ q−, (q=,−) 〈witnessNeg〉

– And for every q, q′ ∈ Q= we add:

(q,−), (q′,+) �→ (q,−), (q′,−) 〈convince〉

Given an execution π on P ′, we define the induced execution π̃ on P via
π̃(i) = pr(π(i)) where pr((q, s)) = q. Moving from π to π̃ intuitively replaces
〈derived〉 by their respective transition and 〈witnessPos〉/〈witnessNeg〉/ 〈convince〉
by silent identity transitions. If π is fair, π̃ is also fair.

In the following, a positive voter is a ninja with a state in Q+, a negative
voter a ninja with a state in Q− and an active voter is either a positive or
negative voter. Essentially there is only one type of configuration of P ′ where
assigning the output as above will fail: If there are no active voters, and neither
is a ninja in Q= × {−} to convince the others. Hence we call a configuration C
dangerous if �C � ⊆ Q= × {+}, and harmless otherwise.

Lemma 4.4. Let C ′
0 be a harmless configuration of P ′ such that all fair execu-

tions starting at pr(C ′
0) ∈ NQ terminate with output b in P.

Then all fair executions starting at C ′
0 terminate with output b in P ′.

Proof. Let π = (π0, π1, . . . ) be a fair execution in P ′ starting at C ′
0. We have to

show that π has output b. First consider the induced execution π̃ in P. Since P is
terminating and π̃ is fair, π̃ terminates in some configuration C ′

pr. Clearly using
〈witnessPos〉/〈witnessNeg〉 and potentially 〈convince〉, π then also terminates in
some configuration C ′, and we know that pr(C ′) = C ′

pr. Because π̃ is also fair,
the output of C ′

pr is b. If an active voter exists in C ′
pr and hence in C ′, it will even-

tually convert everyone to the correct output via the 〈witnessPos〉/〈witnessNeg〉
transitions, and hence π again has output b.

If C ′ does not contain an active voter, then C ′
pr has output 0 by definition,

and we have to show the same for the execution π. We first show that the con-
figuration C ′ contains an agent in Q= ×{−}. We prove this via case distinction:

Case 1: No 〈derived〉 transition ever occurred. Then we have πi(Q+) = 0 for
all i, and since C ′

0 is harmless, initially an agent was in Q= × {−}. The only
transition which could remove the agent from Q= × {−}, namely 〈witnessPos〉,
was never enabled.

Case 2: 〈derived〉 did occur. Then consider the configuration πi directly after
the last occurrence. It contains an agent in Q= × {−} by definition of 〈derived〉.
We can now argue as in case 1.

It follows that 〈convince〉 moves all agents from Q= × {+} to Q= × {−}, and
π terminates with output 0. ��
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Theorem 4.5. Given a terminating weak population protocol P deciding a pred-
icate ϕ, the above construction outputs a population protocol P ′ deciding ϕ. Addi-
tionally, if P is robust, then P ′ also is.

Proof. Applying Lemma 4.4 to all initial configurations, we conclude that P ′

decides the same predicate ϕ as P. Observe that initial configurations are harm-
less since agents start in Q= × {−} by definition.

It remains to prove that P ′ is robust. Hence let C ′
0 ∈ NI′

be an initial
configuration. We have to show that Tol(C ′

0) = InTol(C ′
0). Hence let π be a

fair i-execution starting at C ′
0 with i = InTol(C ′

0). We have to show that π has
output ϕ(C ′

0).
Observe that since P is terminating, P ′ is also terminating. Hence π′ eventu-

ally becomes constant, we call the reached terminal configuration C ′′. Even if an
agent was sniped earlier in π, we can wlog assume it was sniped directly before
C ′′, and simply did not participate in transitions before that. I.e. there exists
C ′ ∈ NQ′

such that C ′
0 →∗ C ′ and C ′ ↪→i C ′′. To show that π has output ϕ(C ′

0),
it suffices to show that C ′′ has output ϕ(C ′

0). We want to apply Lemma 4.4 on
the configuration C ′′, hence we have to check its assumptions.

First, since P and P ′ compute the same predicate, we have InTolP′(C ′
0) =

InTolP(pr(C ′
0)). Since P is robust, and the projected execution π̃ contains at

most i = InTolP(pr(C ′
0)) snipes, π̃ has output ϕ(C ′

0). Therefore pr(C ′′) has
output ϕ(C ′

0). Since pr(C ′′) is terminal, this shows the assumption about all fair
executions of the projection having correct output. It remains to prove that C ′′

is harmless.
Assume for contradiction that C ′′ is dangerous. In particular pr(C ′′) is

rejected. Similar to the case reasoning in Lemma 4.4, observe that the only tran-
sition outputting agents in Q=×{+} is 〈witnessPos〉. Hence to reach a dangerous
configuration, in some configuration between C0 and C ′ some agent must have
been in Q+ and got sniped. We denote the latest (i.e. closest to C ′) configuration
that has a positive voter by C+.

Note that no agent in C ′′ participated in a transition since C+, since after
C+ no positive voters exist and hence all enabled transitions set the output
bit to −. We now consider the configuration C ′′

+ = C ′′ + �q+� where q+ is a
positive voter in C+. We can reach C ′′

+ from C+ via sniping exactly those agents
that are sniped from C ′ to C ′′ except for the positive voter. Since C ′′ does not
contain negative voters, C ′′

+ does not, and hence C ′′
+ is an accepting consensus.

By assumption on weak population protocols, any accepting consensus is stable,
hence C ′′

+ is accepted. Hence pr(C ′
0) has an accepting execution via C ′′

+, and
a rejecting execution via C ′′, despite both executions sniping ≤ InTol(pr(C ′

0))
many agents. Contradiction to robustness of P. ��

Example 4.6. We now apply this construction to the protocol that we gave above
for x1 − 2x2 ≥ 1 and visualized in Fig. 3. We write +0 and −0 instead of (0,+)
and (0,−) for clarity.



Robustness of Population Protocols 223

Protocol SignedNumbers.
States. Q = {1,−1,−2,+0,−0}
Input. I = {−2, 1}

Output. O(q) =

{
1 if q = 1 or q = +0

0 if q = −1 or q = −2 or q = −0

Transitions.

−2, 1 �→ −1, +0 coming from 〈derived〉
−1, 1 �→ −0, −0 coming from 〈derived〉
−0, 1 �→ +0, 1 coming from 〈witnessPos〉
+0, −2 �→ −0, −2 coming from 〈witnessNeg〉
+0, −1 �→ −0, −1 coming from 〈witnessNeg〉
+0, −0 �→ −0, −0 coming from 〈convince〉

4.3 Arbitrary Threshold Predicates

In this subsection we again consider the threshold predicate from the beginning
of this section:

ϕ(x) =

( n∑

i=1

ai · xi ≥ t

)

Now we also allow for ai, t ∈ Z. We again will create a tower-esque protocol,
however this time it will be a weak population protocol. Ninjas representing
inputs with negative coefficients will have to cancel positive ninjas. We assume
t ≥ 1 wlog, since we can rewrite

∑n
i=1 ai · xi ≥ t as

∑n
i=1(−ai) · xi ≤ −t, which

is the negation of
∑n

i=1(−ai) · xi ≥ −t + 1. Negation preserves robustness, see
Remark 3.2.

Protocol InhomTowerCancel.

States are intervals of integers as well as non-positive integers. We identify
0 with all empty intervals. Initial states are intervals starting at zero as well as
negative integers.

States. Q = Qtower ∪ Qcancel ∪ {0} where
Qtower = {[s, e) : 0 ≤ s < e ≤ T}
Qcancel = {x : mini ai ≤ x < 0}
T = max{t, a1, . . . , an}

Input. I = {[0, ai) : ai > 0} ∪ {ai : ai < 0}
Output. Given by the following partition:

Q+ = {[s, e) ∈ Qtower : t ≤ e},
Q= = {[s, e) ∈ Qtower : e < t} ∪ {0},
Q− = Qcancel

Transitions.
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– For every two non-disjoint intervals [s1, e1), [s2, e2) ∈ Qtower with e1, e2 < T
and s1 ≤ s2 the transition

[s1, e1), [s2, e2) �→ [s1, e1), [s2 + 1, e2 + 1) 〈step〉

– When a negative agent meets an agent above level t, they both reduce their
absolute value by one. For all 0 ≤ s < e ≤ T with t ≤ e and x ∈ Qcancel the
transition

[s, e), x �→ [s, e − 1), x + 1 〈cancel〉
note that we identify empty intervals i.e. [s, s) with the state 0.

Theorem 4.7. InhomTowerCancel computes ϕ and is robust.

Proof. This proof is similar to that of Theorem 4.1. Given an agent in state
[s, e) ∈ Qtower, we say that it occupies levels s, ..., e − 1.

Let C0 ∈ NI be an initial configuration and let k = InTol(C0). Additionally,
let Sum(C) :=

∑
q∈Qtower

len(q)C(q)+
∑

q∈Qcancel
qC(q) for any configuration C.

Observe that any transition leaves Sum invariant. Since Sum(C) ≤ t is ϕ, initial
tolerance ensures that sniping does not change Sum(C) ≤ t.

Additionally, we note that the protocol produces an output for every fair
n-execution for arbitrary n. Since eventually no agent reaches a level above or
equal to t, or no negative states contain agents. We now show out0(C0) = ϕ(C0)
and outk(C0) = out0(C0).

Case 1: Sum(C0) < t. This implies ϕ(C0) = 0. For contradiction, we consider
a fair i-execution starting at C0 that is accepting with minimal i ≤ k. Since the
protocol is bounded, we can equivalently consider configurations C0 →∗ C ↪→∗

D →∗ Cterm where Cterm is terminal.
We now show that we can assume that the snipes from C to D do not snipe

agents that are in Qtower. Let Δ denote the agents in Qtower that were sniped in
C ↪→∗ D. Now consider C ′ = D + Δ: we have C ↪→∗ C ′ →∗ Cterm + Δ. The last
configuration is again accepting, since it does not contain any agents in Qcancel.
While it is not terminal, it cannot become rejecting, since agents in Qcancel can
never again exist. If |Δ| > 0, then we have a smaller counterexample.

In the same manner as in the proof of Theorem 4.1, we show that the set
of occupied levels in a configuration D k-reachable from C without sniping in
Qtower is contiguous and contains 0. We show by induction that

⋃
D(q)>0 q =

[0, i] for some i. The base case follows from the definition of I, in the step case
we must consider the two transitions: 〈step〉 does not introduce holes, since
s2 ∈ [s1, e1) and s1 ≤ s2, so 0 remains occupied. 〈cancel〉 either reduces the
upper bound of an interval at or above t by one, this also does not create a hole
and leaves 0 occupied.

Now we consider the output of Cterm . If there are agents in Qcancel, then
the levels [t, T ) cannot be occupied, since otherwise 〈cancel〉 could be executed.
If no agents are in Qcancel, then we also know that [t, T ) cannot be occupied,
since Sum(Cterm) =

∑
q∈Qtower

len(q)Cterm(q) < t and the occupied levels are
contiguous and include 0.
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Case 2: Sum(C0) ≥ t. This implies ϕ(C0) = 1. Let D be a configuration k-
reachable from C0.

If Sum(D) < t, then by the observation above it would be possible to snipe k
agents in C0 and obtain an initial configuration with Sum < t. By the previous
case, it would reject, thus contradicting that k = InTol(C0).

We again, similar to the proofs Theorem 3.5 and Theorem 4.1 use the fact
that 〈step〉 and 〈cancel〉 can only be executed finitely often. So wlog D is ter-
minal. We show that D has output 1: if level t or any above is occupied, then
since D is terminal, there cannot exist any agent in D that is in a state from
Qcancel. Therefore D has output 1. In the case that no agent occupies level t
or above, we know from Sum(D) ≥ t that

∑
q∈Qtower

len(q)D(q) ≥ t and thus
at least one level is occupied by two agents. This means that 〈step〉 could be
executed contradicting that D is terminal. ��
Corollary 4.8. Giving InhomTowerCancel as input to Construction 4.3 we
obtain a robust population protocol computing ϕ.

Proof. Clearly InhomTowerCancel is terminating, and Theorem 4.7 shows it
is robust. Every accepting consensus is stable: Namely no agent is in Qcancel
since these are negative voters, wherefore 〈cancel〉 is permanently disabled. On
the other hand 〈step〉 can only cause additional agents to become positive voters.
Hence we can apply Theorem 4.5. ��

5 Robust Modulo Protocols

Throughout this section, fix a modulo predicate not equivalent to true or false:

ϕ(x) =

( n∑

i=1

ai · xi mod m ≥ t

)

With ai, t ∈ Z and m ∈ N. Without loss of generality, we can assume that
0 < ai, t < m, because the sum is calculated modulo m.

When the Black Ninjas attack fortresses of the Evil Powers on nights with a
full moon, they only do so if the number of ninjas modulo 7 is equal to 4, 5 or 6.
Therefore, Sensei is searching for a robust population protocol for x mod 7 ≥ 4.
Sensei finds an important difference between threshold and modulo predicates:
Threshold predicates allow for arbitrarily large initial tolerance, for modulo pred-
icates however there exists an upper bound on the initial tolerance.

Proposition 5.1. For any population protocol computing ϕ, we have for any
initial configuration C ∈ NI that InTol(C) < m.

Proof. Using at most m − 1 snipes, the value of the sum can be changed by at
least m − 1, thus allowing to change the output. ��
Using this fact, we will first construct a protocol for sufficiently large inputs
in Sect. 5.1. Then we will combine that protocol in Sect. 5.2 with an Inhom-
Towerand a protocol for small inputs to obtain a robust population protocol
for all inputs.



226 B. Lossin et al.

5.1 A Modulo Protocol for Big Inputs

After proving Proposition 5.1, Sensei comes up with a robust population protocol
that can handle sufficiently large initial configurations. The sniper snipes at most
m−1 ninjas, allowing Sensei to take advantage of a principle common with error-
correcting codes: to achieve a fault tolerance of r, 2r+1 copies of a fault intolerant
code are used in parallel. Then one can decide the correct value via majority.
Sensei applies this principle to protocols: she thinks that it will be sufficient to
have 2(m−1)+1 = 2m−1 copies of any protocol for a modulo predicate running
in parallel. For combining with small inputs, which will become clear later, we
need an additional copy, so we will use 2m copies in total.

To compute x mod 7 ≥ 4, Sensei gives the following instructions to the ninjas:
Each ninja must bring 14 differently colored pouches, each containing a magic
pebble. Whenever 7 magic pebbles are in the same pouch, they annihilate each
other. Thus the pebbles are added modulo 7. In the beginning, each ninja must
choose a color. After doing so, they become a leader for that color. When a
leader and any other ninja that is not a leader for the same color interact, the
leader steals all pebbles from the other’s pouch with the chosen color. When two
leaders for the same color interact, one of them retires and gives all the pebbles
of that color to the other. The retired leader then again chooses a color where
she still has some pebbles left and can again become a different leader. If she has
no pebbles left, she remains a non-leader. Additionally, every ninja remembers
for every color the number of pebbles in the pouch of the last seen leader of that
color. The ninjas decide to attack via majority: if a majority of leaders agree
that there at least 4 pebbles in their pouch, then they attack.

Sensei argues that the protocol works for sufficiently large configurations
(where x ≥ 14): every ninja can at most be a leader for a given color once. At
least one leader for every color will remain and since there are more than 14
ninjas, every color will have a leader. Every leader correctly computes the value
x mod 7 via the magic pebbles and without a sniper, they all will agree. In the
case of a sniper, for every snipe at most one color can be disturbed. Since a
sniper can at most snipe 6 times, the majority of 14 leaders will remain correct.

We now give the formal definition of the BigModulo population protocol,
where we write 1A for the indicator function of the set A:

Protocol BigModulo.
States. Q = [0, 2m] × Z2m

m × {0, 1}2m

Input. I = {(0, ai · 1[1,2m],0) : 1 ≤ i ≤ n}
Output. O(_,_, r) = 1 ⇐⇒ |{j : rj = 1}| > m

Transitions.

– We need to distribute the agents in the different copies. For this, we use non-
determinism, for all (0, v, r), q ∈ Q and 1 ≤ i ≤ 2m with 1 ≤ v(i) we add the
following transition:

(0, v, r), q �→ (i, v, r), q 〈distrib〉
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– When two agents meet that are in different copies, both steal the tokens
from their respective copy from the other. For all (i, v, r), (j, w, s) ∈ Q with
1 ≤ i, j ≤ 2m and i �= j we add the following transition:

(i, v, r), (j, w, s) �→ (i, v′, r), (j, w′, s) 〈steal〉

Where

v′ = v − vj · 1{j} + wi · 1{i} w′ = w − wi · 1{i} + vj · 1{j}

– When two agents from the same copy meet, one of them takes all tokens from
the other and the other retires. For all (i, v, r), (i, w, s) ∈ Q with 1 ≤ i ≤ 2m
we add the following transition:

(i, v, r), (i, w, s) �→ (i, v + wi · 1{i}, r), (0, w − wi · 1{i}, s) 〈retire〉

– Lastly we need a transition that updates the last component to keep track of
the overall output of the protocol. For all (i, v, r), (j, w, s) ∈ Q with 1 ≤ i ≤
2m and 0 ≤ j ≤ 2m we add the following transition:

(i, v, r), (j, w, s) �→ (i, v, r′), (j, w, s′) 〈result〉

Where

r′(l) =

{
vi ≥ t if l = i

r(l) else
s′(l) =

{
vi ≥ t if l = i

s(l) else

We call agents with a non-zero first component leaders, and call the j-th copy
of Zm the j-th subprotocol.

Proposition 5.2. For every initial configuration C0 ∈ NI with |C0| ≥ 2m,
BigModulo decides ϕ.

Proof. Let C0 be an initial configuration. We first claim that every subprotocol
will eventually have exactly one associated leader.

Proof of claim: When two leaders meet via 〈retire〉, only one of them remains
a leader and the other gives away their tokens in that subprotocol. Since 〈distrib〉
only makes agents leaders that have tokens in the respective subprotocol, that
agent will never again be a leader for that subprotocol. Since we have at least
2m agents, every subprotocol will eventually end up with a leader.

Now it is easy to see that each leader will eventually hold all the tokens in
their respective subprotocol. Namely they accumulate them via 〈steal〉 .

Since the j-th sum Sumj(C) :=
∑

q=(i,v,r)∈Q v(j) · C(q) is invariant modulo
m, the leader for every subprotocol has exactly Sumj(C0) mod m many tokens,
hence obtaining the correct output. This output is then broadcasted via the
〈result〉 transition to every non-leader. ��

Proposition 5.3. For every initial configuration C0 ∈ NI with |C0| ≥ 3m,
BigModulo is robust.
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Proof. Let C0 be such an initial configuration. First observe that even after
sniping we then have at least 2m agents left. Intuitively the argument will be
along the following lines: Case 1: If an agent has not interacted in a copy j yet,
then sniping it falls into the initial tolerance. Case 2: If an agent has value 0 in
a copy, it can also be sniped without issue. Case 3: Neither case 1 nor 2 is the
case. We have to show that for every agent, case 3 happens for at most one copy.
Then the number of copies damaged is at most the number of sniped agents, i.e.
at most m − 1, and the majority of copies remains correct.

Hence let ρ = (C0, C1, . . . ) be a fair k-execution with k = InTol(C0). For
every agent a we define

J(a, n) := {j ∈ [1, 2m] :

a has interacted in the j-th copy of Zm before step n

∧ vj(a) �= 0}

L(a, n) :=

{
{j} if a is a leader in the j-th copy of Zm at step n

∅ else

We claim that if Cn fulfills that for all agents J(a, n) ⊆ L(a, n), then also Cn+1

does. Comparing with the outline, this states exactly that case 3 occurs only for
the copy j in which agent a is the leader. To see that this property is actually
inductive, we inspect every transition: 〈steal〉 and 〈retire〉 set the value of agent
a in a copy j to 0 on the non-leader, 〈result〉 does not influence these values.
〈distrib〉 can only be taken if vj(a) �= 0 and we thus have J(a, n + 1) = ∅.
Importantly, the condition is in fact even preserved by snipes, since properties
of the form “For all agents . . . ” become easier by removing agents. Additionally
note that the condition holds in any initial configuration.

Next we prove that cases 1 and 2 are non-problematic. We first claim that ρ
ends in a terminal configuration.

Proof of claim: wlog we reorder ρ s.t. ρ is of the form C0 →∗ C ↪→∗ D →∗

Cterm , i.e. such that all snipes happen at once and it reaches a terminal config-
uration. To ensure this, we commute the snipes past other transitions towards
the last snipe. This is possible since a non-interacting agent might as well not
exist. Transitions 〈steal〉 and 〈retire〉 reduce the total number of non-zero entries
in the copies of Zm and this number cannot be increased. Hence they become
permanently disabled eventually. Then all non-leaders have all entries equal to
0, and 〈distrib〉 is hence also disabled. Now 〈result〉 provides every agent with
some output for every subprotocol, and afterwards becomes disabled.

Hence ρ is of the form C0 →∗ C ↪→∗ D →∗ Cterm . Let j be one of the copies
such that no leader for this copy was sniped (i.e. such that no case 3 occurred
for this copy). We prove that the projection prj of ρ to the j-th subprotocol has
the correct output. For all agents which were sniped before ever interacting, we
assume they were sniped at the start, and hence consider the initial configuration
C ′

0 with those agents removed. C ′
0 still has at least 2m agents. Consider the

execution ρ′ starting at C ′
0 and otherwise mirroring prj(ρ), which is possible



Robustness of Population Protocols 229

since the removed agents never interacted in the j-th subprotocol. We prove
that the j-th subprotocol has the correct output in ρ′, and hence also in ρ.

By choice of j, the only agents which are sniped in ρ′ fulfilled v(j) = 0,
and were non-leaders for this copy. In particular after the first 〈distrib〉, every
configuration in ρ′ always had at least one leader, in particular the terminal
configuration pr(Cterm). Since the configuration is terminal, we have exactly one
leader. The j-th sum Sumj(C) :=

∑
q=(i,v,r)∈Q v(j) ·C(q) is invariant modulo m,

and is not impacted by sniping of agents with v(j) = 0. Hence we in particular
have Sumj(pr(Cterm)) ≡ Sumj(C

′
0) mod m. In pr(Cterm) this value is fully

stored by the leader of the j-th subprotocol, since otherwise 〈steal〉 would be
enabled. Hence the leader has the correct output, and therefore using transition
〈result〉 every agent eventually has the correct output in the j-th subprotocol.

We have therefore seen that only copies j where a leader gets sniped are
damaged. Since every agent is leader in at most one subprotocol, and at most
InTol(C0) many agents are sniped, it follows that at most k ≤ m−1 subprotocols
have the wrong output. The majority m+1 of subprotocols hence remain correct.
Therefore the whole protocol has the correct output. ��

5.2 Handling Small Inputs

Sensei is not fully satisfied with her modulo protocol. At the moment the ninjas
have a lot of members (thanks to the many new rookies), but that can change at
any moment. Therefore it is important for the modulo protocol to also handle
small inputs. She thinks of the following idea: a tower computes the predicate
ψ′ :=

∑n
i=1 xi ≥ 2m to detect if there are enough ninjas to successfully use

the BigModulo protocol. If there are not enough ninjas, she would want to
determine the exact modulo value by the highest ninja in the tower, which is not
correct with this choice of ψ′, since the coefficients were ignored. Hence instead
she uses ψ :=

∑n
i=1 aixi ≥ 3m2, which is a sufficient condition that there are at

least 3m ninjas, though not a necessary condition.
Since the ninjas do not know how many of them will show up, in particular

they do not know whether their number will be large or small. We solve this prob-
lem by suitably combining the protocols for the two cases. Intuitively, the ninjas
execute both protocols simultaneously, that is, at every moment in time they are
in a state for each protocol. Further, each ninja maintains an estimate of their
remainder modulo m. Formally, we let PT = (QT , δT ,_, OT ) = InhomTower
for the predicate ψ and PM = (QM , δM ,_, OM ) = BigModulo. The Modu-
loCombined population protocol is defined as follows:

Protocol ModuloCombined.
States. Q = QT × [0, 3m2] × QM

Input. I = {([0, ai), ai, (0, ai · 1[1,2m], 0)) : 1 ≤ i ≤ n}

Output. O((qT , h, qM )) =

{
h mod m ≥ t if h < 3m2

OM (qM ) else
Transitions.
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– For all (q1, q2 �→ q′
1, q

′
2) ∈ δT and (p1, p2 �→ p′

1, p
′
2) ∈ δM and h1, h2 ∈ [0, 3m2]

we add the following transition:

(q1, h1, p1), (q2, h2, p2) �→ (q′
1, h, p′

1), (q
′
2, h, p′

2) 〈parallel〉

Where h = max{h1, h2,end(q′
1),end(q′

2)} with end([s, e)) = e.

Theorem 5.4. ModuloCombined computes ϕ and is robust.

Proof. Let C0 be an initial configuration, and ρ = (C0, C1, . . . ) a fair k-execution
with k = InTol(C0). Since every fair execution of both BigModulo and
InhomTower terminates, every fair execution of ModuloCombined termi-
nates. Let Cr be the terminal configuration reached. Since 〈parallel〉 in particular
updates the values of h1 and h2 to the maximum, the fact that Cr is terminal
implies that every agent has the same value h in this component. Since we
chose the threshold of ψ to be 3m2, which is a multiple of m, we have that
InTolPT

(C0) ≥ InTolPM
(C0). By this argument the following case distinction

does not depend on snipes:

Case 1: h < 3m2. Then no agent in the tower component is at the top, and
the output of ModuloCombined is determined by OT . Let C ′

0 be the initial
configuration if the agents sniped in ρ had been sniped at the start. The height h
has to be in the interval

[∑
q∈Q len(qT ) ·C ′

0(q),min(
∑

q∈Q len(qT ) ·C0(q), 3m2)
]
.

By definition of initial tolerance, in fact ϕ is constant even on the larger interval[ ∑
q∈Q len(qT ) · C ′

0(q),
∑

q∈Q len(qT ) · C0(q)
]
. Hence no matter which of these

values h actually has, using it we obtain the correct value of ϕ.

Case 2: h = 3m2. Then the output is fully given by OM (qM ). Since h = 3m2,
and every coefficient ai is at most m, initially we must have had at least 3m
agents. Hence C0 is a large enough initial configuration that we can use Propo-
sition 5.3 which states BigModulo is robust for C0, wherefore the projection
of ρ to QM and therefore also ρ itself gives the correct output. ��

6 Future Work: Boolean Combinations

Recall that every Presburger predicate can be represented as a boolean combi-
nation of threshold and modulo predicates. Given protocols for two predicates
ϕ1, ϕ2, there is a simple construction that yields protocols deciding ϕ1 ∧ ϕ2 or
ϕ1 ∨ϕ2. Intuitively, agents execute both protocols simultaneously. In particular,
their states are pairs of states of the protocols for ϕ1 and ϕ2, and their output
function is the conjunction of disjunction of the output functions for ϕ1 and ϕ2

[3]. If this construction would preserve robustness, that is, if the protocol for
ϕ1 ∧ ϕ2 or ϕ1 ∨ ϕ2 would be robust whenever the protocols for ϕ1 and ϕ2 are,
then we would have proved that every predicate has a robust protocol.

Unfortunately, the construction does not preserve robustness. While applying
the construction for conjunction to our InhomTower protocol from Sect. 4.1
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yields a robust protocol, this is not the case for the InhomTowerCancel pro-
tocol from Sect. 4.3.

Consider an initial configuration where the first protocol accepts and the
second protocol rejects. Additionally, via sniping within the initial tolerance,
it is possible to make the first protocol reject and the second accept. Now the
sniper can wait until the first protocol accepts and then snipe such that the
second protocol also accepts.

Example 6.1. We consider the two predicates ϕ1(x, y) = (2x − y ≥ 3) and
ϕ2(x, y) = (y − x ≥ 1) and their conjunction ϕ(x, y) = (ϕ1(x, y) ∧ ϕ2(x, y)).
The reachable states of our InhomTowerCancel protocol instantiated with
the two predicates are:

Q1 = {[0, 2), [1, 3),−1, 0} Q2 = {[0, 1),−1, 0}

Where the initial states corresponding to x are [0, 2) for ϕ1 and −1 for ϕ2. For
y we have −1 and [0, 1) respectively.

In order to show that the construction is not robust, we search for an initial
configuration that is rejected by ϕ1 and accepted by ϕ2, and which can be sniped
such that ϕ1 accepts and ϕ2 rejects. From such a configuration we can have an
execution that first stabilizes in the second protocol, then a snipe follows, and
then the first protocol also stabilizes, leading to an overall accepting configura-
tion that should have been rejected. To find such a configuration, we draw the
plot in Fig. 4. Colors indicate the values of both predicates (see the legend of
the figure). Sniping corresponds to moving left or down in the plot, and so we
search for a blue square from which we can reach a red square by moving down
or left, and from which we cannot reach a black square with the same number
of moves. This last condition corresponds to the tolerance condition: the sniper
is only allowed to snipe when the output of the initial configuration does not
change.

The plot shows that C = �3 · x, 4 · y� is a suitable configuration. Its initial
tolerance is 6, since all configurations D ≤ C are rejected. We now consider the
following fair 1-execution (state changes are highlighted in bold):

�3 · ([0, 2),−1), 4 · (−1, [0, 1))� (1)

→∗ �3 · ([0, 2),0), 3 · (−1,0),1 · (−1, [0, 1))� (2)

↪→ �3 · ([0, 2), 0),2 · (−1, 0), (−1, [0, 1))� (3)

→∗ �1 · ([0, 2), 0), 2 · ([1,3), 0), 2 · (−1, 0), (−1, [0, 1))� (4)

→∗ �([0, 2), 0), 2 · ([1,2), 0), 2 · (0, 0), (−1, [0, 1))� (5)

→∗ �([0, 2), 0), 2 · ([2,3), 0), 2 · (0, 0), (−1, [0, 1))� (6)
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Fig. 4. Plot of the predicates ϕ1(x, y) = (2x − y ≥ 3) and ϕ2(x, y) = (y − x ≥ 1) on
initial configurations. The color indicates the value of the predicates: it is red if ϕ1

accepts, blue if ϕ2 accepts, black if both accept and white if both reject. (Color figure
online)

→∗ �([0, 2), 0),1 · ([2, 3), 0),3 · (0, 0), (0, [0, 1))� (7)

From (1) to (2) only the second protocol executes a non-silent transition: three
of the (−1, [0, 1)) agents annihilate with ([0, 2),−1) in the second protocol. Then
in (3), we proceed to snipe a single (−1, 0) agent. This does not influence the
second protocol, since it already is finished. In (4), the ([0, 2), 0) agents move
upwards in the first protocol and after that in (5), we annihilate ([2, 3), 0) with
(−1, 0) twice. In (6) we again move the agents in the first protocol upwards and
in (7) we do a final annihilation.

The last configuration is accepting and terminal, thus we have shown that
the product construction applied to our protocol is not robust.

This example only shows that the simple construction for conjunction does
not preserve robustness. But there could be a more sophisticated construction,
or a procedure that directly constructs a robust protocol for any predicate, for
example from a finite automaton for the predicate. Currently, the simplest pred-
icate for which we have not been able to find a robust protocol is

ϕ(x, y) = (x ≥ y ∨ (x + 1 ≥ y ∧ x mod 5 = 0))

The problematic initial configurations are of the form �5k · x, n · y� with 5k > n.
The initial tolerance of these configurations is 5k − n, but the robustness of the
majority protocol only gives correct results for up to 5k − n − 1 snipes.
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1 Introduction

Population protocols are a model of computation in which indistinguishable mobile agents
randomly interact in pairs to decide whether their initial configuration satisfies a given
property. The decision is taken by stable consensus; eventually all agents agree on whether
the property holds or not, and never change their mind again. While originally introduced
to model sensor networks [4], population protocols are also very close to chemical reaction
networks [23], a model in which agents are molecules and interactions are chemical reactions.

Originally agents were assumed to have a finite number of states [4, 5, 6], however
many predicates then provably require at least Ω(n) time to decide [21, 7, 1], as opposed to
recent breakthroughs of O(log n) time using O(log n) number of states (in some cases even
O(log log n) states) for important tasks like leader election [9] and majority [19]. Limiting
the number of states to logarithmic is important in most applications, especially the chemical
reaction setting, since a linear in n number of states would imply the unrealistic number of
approximately 1023 different chemical species. Therefore most recent literature focusses on
the polylogarithmic time and space setting, and determines time-space tradeoffs for various
important tasks like majority [3, 1, 2, 22, 8, 19], leader election [1, 22, 9] or estimating/counting
the population size [20, 16, 10, 17, 18].
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This leads to the interesting open problem of characterizing the class of predicates which
can be computed in polylogarithmic time using a logarithmic or polylogarithmic number of
states. There is however a fundamental problem with working on this question: Despite the
focus on O(log n) number of states in recent times, the expressive power for this number of
states (regardless of time) is still unknown.

More precisely, there is a gap in the existing literature: protocols with f(n) ∈ Ω(n) states
are known to have expressive power SNSPACE(n log f(n)) [14], i.e. symmetric predicates in
NSPACE(n log f(n)), while a subclass of protocols with o(log n) states can only compute
semilinear predicates [6, 14]. The latter result applies only to uniform population protocols,
i.e. protocols where the transitions are independent of the size of the population.

However, many constructions in the literature have e.g. Θ(log n) or Θ(polylog n) states.
This important case is not covered by the existing results. To the best of our knowledge,
the only research in this direction is [12], where the expressive power is characterised for
polylog(n) number of states for a similar model – not population protocols themselves. Most
importantly, their results do not lead to a complete characterization for Θ(log n) states since
they lose some log factors in their characterization of polylog(n).

In this paper, we fill the gap by proving that for functions f(n) ∈ Ω(log n) ∩ O(n1−ε),
where ε > 0, population protocol with f(n) states compute exactly SNSPACE(f(n) · log n),
i.e. the symmetric predicates computable by a non-deterministic Turing machine using
O(f(n) · log n) space. This result applies to both uniform and non-uniform protocols. (The
function f needs to fulfil some technical conditions.)

With this result, the expressive power of uniform population protocols is characterised in
all cases, and for non-uniform protocols it is characterised in the case of Ω(log n) states. (A
slight gap between O(n1−ε) and Ω(n) remains.)

2 Preliminaries

▶ Definition 1. A protocol scheme P is a 5-tuple (Q, Σ, δ, I, O) of
a (not necessarily finite) set of states Q,
a finite input alphabet Σ,
a (partial) transition function δ : Q × Q → Q × Q,
an injective input mapping I : Σ → Q,
an output mapping O : Q → {0, 1}.

A configuration of P is a finite multiset C ∈ NQ, which represents a collection of agents
with states in Q. A step C → C ′ in P occurs by choosing two agents from C and letting
them interact via δ, i.e. if their states are p, q in C, then their new states in C ′ will be δ(p, q).

We write →∗ for the reflexive and transitive closure of →, and say that a configuration C ′

is reachable from C if C →∗ C ′. The input to P consists of a multiset w ∈ NΣ. Every input
w can be mapped to its corresponding initial configuration by applying I to every letter in w

A configuration C is a b-consensus for b ∈ {0, 1} if O(q) = b for all q such that C(q) ̸= 0,
i.e. if every state which occurs in the configuration has output b. A configuration C is stable
with output b if every configuration C ′ reachable from C is a b-consensus.

A run ρ is an infinite sequence of configurations ρ = (C0, C1, . . . ) such that Ci → Ci+1
for all i ∈ N. A run is fair if for all configurations C which occur infinitely often in ρ, i.e.
such that there are infinitely many i with Ci = C, every configuration C ′ reachable from
C occurs infinitely often in ρ. A run has output b if some configuration Ci along the run is
stable with output b (and hence all Cj for j ≥ i are also stable with output b).
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An input w ∈ NΣ has output b if every fair run starting at its corresponding initial
configuration Î(w) has output b. The protocol scheme P computes a predicate φ : NΣ → {0, 1}
if every input w has output φ(w).

Let us provide an example which also shows how to treat infinite sets Q.

▶ Example 2. Consider Q := {0}∪{2i | i ∈ N}, and define δ(2i, 2i) = (2i+1, 0). Let Σ = {x},
and let x 7→ 20 be the input mapping. Then a configuration is initial if every agent is in state
20. Intuitively this protocol will eventually end up with the binary representation of the
number of agents. Namely each transition preserves the total sum of all agents’ values, and
every transition increases the number of agents in 0, so this protocol in fact always reaches a
terminal configuration.

Regarding the infinite state space, intuitively the protocol uses ⌊log n⌋ + 2 states, namely
⌊log n⌋ + 1 powers of two and 0. The other states cannot be reached with n agents.

Accordingly we now define the state complexity of a protocol scheme. A state q ∈ Q is
coverable from some initial configuration C0 if there exists a configuration C reachable from
C0 which fulfils C(q) > 0. The state complexity S(n) of P for n agents is the number of
states q ∈ Q which are coverable from some initial configuration with n agents.

▶ Example 3. In the scheme of Example 2, let Cn be the unique initial configuration with n

agents, i.e. Cn(20) = n and Cn(q) = 0 otherwise. For n ≥ 2, the states coverable from Cn

are exactly {0} ∪ {2i | i ≤ log n}. Hence the state complexity is S(n) = ⌊log n⌋ + 2.

As defined so far, protocol schemes are not necessarily computable. Hence actual
population protocols require some uniformity condition.

▶ Definition 4. A uniform population protocol P = (Q, Σ, δ, I, O) is a protocol scheme
together with a bijection Q → {0, 1}∗ to represent Q via binary strings, such that the functions
δ, I, O are computable by linear space Turing-machines (TMs).

We remark that “linear space” then in terms of our n, the number of agents, is O(log S(n))
space (since the input of the machine is a representation of a state).

In the literature on uniform population protocols, e.g. [13, 14, 20, 16], often agents are
defined as TMs and states hence automatically assumed to be represented as binary strings.
We avoid talking about the exact implementation of a protocol via TMs because it introduces
an additional logarithm in the number of states and potentially confuses the reader, while
most examples are clearly computable.

▶ Example 5. In the protocol scheme of Example 2 we represent states by the binary
representation of the exponent. Clearly incrementing natural numbers or setting the number
to a fixed value are possible by a linear space TM, hence this is a uniform population protocol.

Next we define a more general class of population protocols, which we call weakly uniform.
This class includes all known population protocols, and our results also hold for this class,
which shows that having a different protocol for every n does not strengthen the model.

▶ Definition 6. A finite population protocol is a protocol scheme with a finite set Q.
A population protocol P is an infinite family (Pn)n∈N = (Qn, Σ, δn, In, On)n of finite

population protocols. The state complexity for inputs of size n is S(n) := |Qn|.
P is weakly uniform if there exist TMs Mδ, MI , MO using O(S(n)) space which compute

δn, In and On, respectively, taking n as additional input.

DISC 2024
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The configurations of P with n agents are exactly the configurations of Pn with n agents,
and accordingly the semantics of steps, runs and acceptance are inherited from Pn.

The protocol for a given population size n is allowed to differ completely from the protocol
for n − 1 agents, as long as TMs are still able to evaluate transitions, input and output.
Usually this is not fully utilised, with the most common case of a non-uniform protocol being
that log n is encoded into the transition function [19].

Clearly uniform population protocols are weakly uniform. Namely let P = (Q, Σ, δ, I, O)
be a protocol scheme. Then for every n ∈ N we let Qn be the set of states coverable by some
initial configuration with n agents, similar to the definition of state complexity, and define
Pn := (Qn, Σ, δn|Q2

n
, I, O|Qn

), where f |A is the restriction of f to inputs in A. This protocol
family computes the same predicate, and is weakly-uniform with the same state complexity.

Next we define the complexity classes for our main result. Let f : N → N be a function.
f is space-constructible if there exists a TM M which computes f using O(f(n)) space.
Given a space-constructible function f : N → N, we denote by NSPACE(f(n)) the class
of predicates computable by a non-deterministic Turing-machine in O(f(n)) space, and
by SNSPACE(f(n)) the class of symmetric (i.e. only depending on the count of letters)
predicates in NSPACE(f(n)). Similarly, let UPP(f(n)) be the class of predicates computable
by uniform population protocols with O(f(n)) space, and WUPP(f(n)) be the class of
predicates computable by weakly-uniform population protocols with O(f(n)) space.

3 Main Result

We give a characterisation for the expressive power of both uniform and weakly uniform
population protocols with f(n) states, where f ∈ Ω(log n) ∩ O(n1−ε), for some ε > 0. For
technical reasons, we must place a few limitations on f(n) (see the full paper [15] for details).
We will refer to a function f fulfilling these requirements as reasonable.

Our bound applies to uniform and weakly uniform protocols. As mentioned in the previous
section, the latter includes, to the best of our knowledge, all non-uniform constructions from
the literature.

▶ Theorem 7. Let ε > 0 and let f ∈ Ω(log n) ∩ O(n1−ε) be reasonable. Then

UPP(f(n)) = WUPP(f(n)) = SNSPACE(f(n) · log n)

Proof. This will follow from Proposition 8 and Theorem 9. ◀

In particular, we have UPP(log n) = WUPP(log n) = SNSPACE(log2 n).

▶ Proposition 8 (Upper Bound). Let ε > 0 and let f ∈ Ω(log n) ∩ O(n1−ε) be space-
constructible. Then

UPP(f(n)) ⊆ WUPP(f(n)) ⊆ SNSPACE(f(n) log n)

Proof (sketch). UPP(f(n)) ⊆ WUPP(f(n)) is trivial/was explained in Section 2.
WUPP(f(n)) ⊆ SNSPACE(f(n) log n) can be shown using a reduction to a reachability
problem in the configuration graph as in [11]. ◀

Our main contribution is the proof of the lower bound:

▶ Theorem 9 (Lower Bound). Let ε > 0 and let f ∈ Ω(log n) ∩ O(n1−ε) be reasonable. Then

SNSPACE(f(n) log n) ⊆ UPP(f(n))
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Proof (sketch). We construct a uniform population protocol P = (Q, Σ, δ, I, O), simulating
a counter machine with |Σ| input counters using space O(2f(n) log n), which is equivalent to a
O(f(n) log n) space-bounded Turing machine.

Initialisation. Our first goal is to reach a configuration where the number of agents n is
known. By this we mean, that we want to have ⌊log n⌋ + 1 uniquely indentifiable “counter
agents”, each of which stores one bit of the binary representation of n. We use a similar
approach as in Example 2 to achieve this:

(Ctr, i, 1), (Ctr, i, 1) 7→ (Ctr, i + 1, 1), (Ctr, i, 0) for i ∈ N
(Ctr, i, 0), (Ctr, i, b) 7→ (Ctr, i, b), (Ldr, i + 1) for i ∈ N

〈counter〉

Here (Ctr, i, 1) encodes that the i-th bit in the binary representation of n is set, while (Ctr, i, 0)
represents an unset bit. The first transition is analogous to Example 2, but instead of simply
sending the second agent to state 0, it also remembers which bit it represents. The second
transition gets rid of additional agents storing the same bit.

Among the remaining agents we now want to elect one leader, who knows how many bits
n has. We will refer to all agents which are neither counters nor a leader as free:

(Ldr, i), (Ldr, j) 7→ (Ldr, j), Free for i, j ∈ N, i ≤ j

(Ldr, i), (Ctr, j, b) 7→ (Ldr, j), (Ctr, j, b) for i, j ∈ N, i ≤ j
〈leader〉

The first transition here is a standard leader election, the second informs the leader of the
number of bits required to store n.

At some point a configuration will be reached, where the binary counting and leader
elections have been completed. Note that there is no way of telling for certain when this is
the case. For now, we will assume that we have reached such a configuration and describe
how to solve this problem later on.

Once n is known, we gain the ability to loop over all agents: each of the counter agents
stores an additional, initially unset, bit. Every agent stores a marker flag. The Leader can
then apply operations to all agents by sequentially interacting with them and setting the
marker flag. Each time the leader interacts with an agent which has the marker flag unset,
it increments the second value stored in the counter agents. If at some point both values
match, then, as the first value is n, all of the agents must have been marked. In particular
this allows the leader to check if an agent with a certain state does not exist. Normally this
is quite difficult for population protocols, as agents in the queried state might not take part
in any interactions for an arbitrarily long time.

Simulating Counter Machines. Often, when population protocols need to simulate some
type of counter, either a unary [5], or binary encoding [12], is used. Neither approach works
for us, as we need to be able to count up to 2f(n) log n, but a unary encoding with n agents is
bounded by n, and a binary encoding with f(n) distinguishable digits is bounded by 2f(n).
Instead we use a mixed-radix positional encoding with the base bi ∈ Ω( n

f(n) ) for every digit
i. To achieve this, the leader evenly divides the remaining free agents into Ω(f(n)) groups,
each encoding one digit. Recall that the leader can detect when no free agents remain, so it
will know when this process is finished. Within each digit unary counting is used, that is,
each agent in that digit stores one counter bit and the overall value of the digit is the sum of
all counter bits. The commands of the counter machine involve manipulating these digits, by
either incrementing, or decrementing the encoded values, as well as checking whether they
are zero. For the latter, the leader again uses the ability to detect whether a state is present
in the population.
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Resets. The counter machine simulation described in the previous section relies on the
looping and absence checks enabled by the data structures set up during initialisation.
However, there is no way of being certain that the initialisation has finished. We solve this
by raising a dirty flag each time a transition from the initialisation phase occurs. When seen
by the leader, this will trigger a reset, where the leader will move all agents back to state
Free, once again relying on being able to count the number of agents. When the last reset
occurs, the counter agents must encode the correct value of n, and the leader is thus able to
iterate over all agents. Care must be taken s.t. other agents do not interact with agents in
Free while the reset is ongoing, e.g. when only half of the agents have moved to Free, and the
others are still some intermediate states. ◀
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Abstract. Broadcast consensus protocols (BCPs) are a model of com-
putation, in which anonymous, identical, finite-state agents compute by
sending/receiving global broadcasts. BCPs are known to compute all
number predicates in NL = NSPACE(log n) where n is the number of
agents. They can be considered an extension of the well-established
model of population protocols. This paper investigates execution time
characteristics of BCPs. We show that every predicate computable by
population protocols is computable by a BCP with expected O(n log n)
interactions, which is asymptotically optimal. We further show that every
log-space, randomized Turing machine can be simulated by a BCP with
O(n log n·T ) interactions in expectation, where T is the expected runtime
of the Turing machine. This allows us to characterise polynomial-time
BCPs as computing exactly the number predicates in ZPL, i.e. predicates
decidable by log-space, randomised Turing machine with zero-error in ex-
pected polynomial time where the input is encoded as unary.

Keywords: broadcast protocols · complexity theory · distributed com-
puting

1 Introduction

In recent years, models of distributed computation following the computation-by-
consensus paradigm attracted considerable interest in research (see for example
[9,25,26,8,13]). In such models, network agents compute number predicates, i.e.
Boolean-valued functions of the type Nk → {0, 1}, by reaching a stable consen-
sus whose value determines the outcome of the computation. Perhaps the most
prominent model following this paradigm are population protocols [5,6], a model
in which anonymous, identical, finite-state agents interact randomly in pairwise
rendezvous to agree on a common Boolean output.

Due to anonymity and locality of interactions, it is an inherent property of
population protocols that agents are generally unable to detect with absolute
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certainty when the computation has stabilized. This makes sequential composi-
tion of protocols difficult, and further complicates the implementation of control
structures such as loops or branching statements. To overcome this drawback,
two kinds of approaches have been suggested in the literature: 1.) Let agents
guess when the computation has stabilized, leading to composable, but merely
approximately correct protocols [7,24], or 2.) extend population protocols by
global communication primitives that enable agents to query global properties
of the agent population [13,8,26].

Approaches of the first kind are for the most part based on simulations of
global broadcasts by means of epidemics. In epidemics-based approaches the
spread of the broadcast signal is simulated by random pairwise rendezvous,
akin to the spread of a viral epidemic in a population. When the broadcasting
agent meets a certain fraction of “infected” agents, it may decide with reasonable
certainty that the broadcast has propagated throughout the entire population,
which then leads to the initiation of the next computation phase. Of course, the
decision to start the next phase may be premature, in which case the rest of
the execution may be faulty. However, epidemics can also be used to implement
phase clocks that help keep the failure probability low (see e.g. [7]).

In [13], Blondin, Esparza, and one of the authors of this paper introduced
broadcast consensus protocols (BCPs), an extension of population protocols by
reliable, global, and atomic broadcasts. BCPs find their precursor in the broad-
cast protocol model introduced by Emerson and Namjoshi in [17] to describe
bus-based hardware protocols. This model has been investigated intensely in
the literature, see e.g. [18,19,15,28]. Broadcasts also arise naturally in biological
systems. For example, Uhlendorf et al. analyse applications of broadcasts in the
form of an external, global light source for controlling a population of yeasts [12].

The authors of [13] show that BCPs compute precisely the predicates in
NL = NSPACE(log n), where n is the number of agents. For comparison, it is
known that population protocols compute precisely the Presburger predicates,
which are the predicates definable in the first-order theory of the integers with
addition and the usual order; a class much less expressive than the former.

An epidemics-based approach was used in [7] to show that population pro-
tocols can simulate with high probability a step of a virtual register machine
with expected O(n log5(n)) interactions, where n is the number of agents. This
result stimulated further research into time bounds for classical problems such
as leader election (see e.g. [21,1,16,29,11]) and majority (see e.g. [4,2]). In their
seminal paper [5], Angluin et al. already showed that population protocols can
stably compute Presburger predicates with O(n2 log n) interactions in expecta-
tion. Belleville et al. further showed that leaderless protocols require a quadratic
number of interactions in expectation to stabilize to the correct output for a
wide class of predicates [10]. The aforementioned bounds apply to stabilisation
time: the time it takes to go from an initial configuration to a stable consensus
that cannot be destroyed by future interactions. In [24], Kosowski and Uznanski
considered the weaker notion of convergence time : the time it takes on average
to ultimately transition to the correct consensus (although this consensus could
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in principle be destroyed by future interactions), and they show that sublinear
convergence time is achievable.

By contrast, to the best of our knowledge, time characteristics of BCPs have
not been discussed in the literature. The NL-powerful result presented in [13] does
not establish any time bounds. In fact, [13] only considers a non-probabilistic
variant of BCPs with a global fairness assumption instead of probabilistic choices.
Contributions of the paper. This paper initiates the runtime analysis of
BCPs in terms of expected number of interactions to reach a stable consensus.
To simplify the definition of probabilistic execution semantics, we introduce a
restricted, deterministic variant of BCPs without rendezvous transitions. In Sec-
tion 2, we define probabilistic execution semantics for the restricted version of
BCPs, and we provide an introductory example for a fast protocol computing
majority in Section 3.

In Section 4, we show that these restrictions of our BCP model are incon-
sequential in terms of expected number of interactions: both rendezvous and
nondeterministic choices can be simulated with a constant runtime overhead.

In Section 5, we show that every Presburger predicate can be computed by
BCPs with O(n log n) interactions and with constant space, where n denotes the
number of agents in the population. This result is asymptotically optimal.

In more generality, in Section 6, we use BCPs to simulate Turing machines
(TMs). In particular, we show that any randomised, logarithmically space-bound,
polynomial-time TM can be simulated by a BCP with an overhead of O(n log n)
interactions per step. Conversely, any polynomial-time BCP can be simulated by
such a TM. This result can be considered an improvement of the NL bound from
[13], now in a probabilistic setting. We also give a corresponding upper bound,
which yields the following succinct characterisation: polynomial-time BCPs com-
pute exactly the number predicates in ZPL, which are the languages decidable
by randomised log-space polynomial-time TMs with zero-error (the log-space
analogue to ZPP).

Bounding the time requires a careful analysis of each step in the simulation
of the Turing machine. Thus, our proof diverges in significant ways from the
proof establishing the NL lower bound in [13]. Most notably, we now make use
of epidemics in order to implement clocks that help reduce failure rates.

2 Preliminaries

Complexity classes. As is usual, we define NL as the class of languages decid-
able by a nondeterministic log-space TM. Additionally, by ZPL we denote the
set of languages decided by a randomised log-space TM A, s.t. A only terminates
with the correct result (zero-error) and that it terminates within O(poly n) steps
in expectation, as defined by Nisan in [27].
Multisets. A multiset over a finite set E is a mapping M : E → N. The set
of all multisets over E is denoted NE . For every e ∈ E, M(e) denotes the
number of occurrences of e in M . We sometimes denote multisets using a set-
like notation, e.g. Hf, g, gI is the multiset M such that M(f) = 1, M(g) = 2 and
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M(e) = 0 for every e ∈ E\{f, g}. Addition, comparison and scalar multiplication
are extended to multisets componentwise, i.e. (M + M ′)(e)

def
= M(e) + M ′(e),

(λM)(e)
def
= λM(e) and M ≤ M ′

def⇐⇒ M(e) ≤ M ′(e) for every M,M ′ ∈ NQ,
e ∈ E, and λ ∈ N. For M ′ ≤ M we also define componentwise subtraction, i.e.
(M−M ′)(e) def

= M(e)−M ′(e) for every e ∈ E. For every e ∈ E, we write e
def
= HeI.

We lift functions f : E → E′ to multisets by defining f(M)(e′)
def
=

∑
f(e)=e′ M(e)

for e′ ∈ E′. Finally, we define the support and size of M ∈ NE respectively as
JMK def

= {e ∈ E : M(e) > 0} and |M | def
=

∑
e∈EM(e).

Broadcast Consensus Protocols. A broadcast consensus protocol [13] (BCP)
is a tuple P = (Q,Σ, δ, I, O) where

– Q is a non-empty, finite set of states,
– Σ is a non-empty, finite input alphabet,
– δ is the transition function (defined below),
– I : Σ → Q is the input mapping, and
– O ⊆ Q is a set of accepting states.

The function δ maps every state q ∈ Q to a pair (r, f) consisting of the
successor state r ∈ Q and the response function f : Q −→ Q.
Configurations. A configuration is a multiset C ∈ NQ. Intuitively, a configu-
ration C describes a collection of identical finite-state agents with Q as set of
states, containing C(q) agents in state q for every q ∈ Q. We say that C ∈ NQ
is a 1-consensus if JCK ⊆ O, and a 0-consensus if JCK ⊆ Q \O.
Step relation. A broadcast δ(q) = (r, f) is executed in three steps: (1) an agent
at state q broadcasts a signal and leaves q; (2) all other agents receive the signal
and move to the states indicated by the function f , i.e. an agent in state s moves
to f(s); and (3) the broadcasting agent enters state r.

Formally, for two configurations C,C ′ we write C −→ C ′, whenever there
exists a state q ∈ Q s.t. C(q) ≥ 1, δ(q) = (r, f), and C ′ = f(C − q) + r is the
configuration computed from C by the above three steps. By ∗−→ we denote the
reflexive-transitive closure of −→.

For example, consider a configuration C def
= Ha, a, bI and a broadcast transition

a 7→ b, {a 7→ c, b 7→ d}. To execute this transition, we move an agent from state
a to state b and apply the transition function to all other agents, so we end up
in C ′ def

= HbI + Hc, dI.
Broadcast transitions. We write broadcast transitions as q 7→ r, S with S
a set of expressions q′ 7→ r′. This refers to δ(q) = (r, f), with f(q′) = r′ for
(q′ 7→ r′) ∈ S. We usually omit identity mappings q′ 7→ q′ when specifying S.

For graphic representations of broadcast protocols we use a different notation,
which separates sending and receiving broadcasts. There we identify a transition
δ(q) = (r, f) with a name α and specify it by writing q !α−→ r and q′ ?α−→ r′ for
f(q′) = r′. Intuitively, q′ ?α−→ r′ can be understood as an agent transitioning
from q′ to r′ upon receiving the signal α, and q !α−→ r means that an agent in
state q may transmit the signal α and simultaneously transition to state r.
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As defined, δ is a total function, so each state is associated with a unique
broadcast. If we do not specify a transition δ(q) = (r, f) explicitly, we assume
that it simply maps each state to itself, i.e. q 7→ q, {r 7→ r : r ∈ Q}. We refer to
those transitions as silent.

Executions. An execution is an infinite sequence π = C0C1C2... of config-
urations with Ci −→ Ci+1 for every i. It has some fixed number of agents
n

def
= |C0| = |C1| = ... . Given a BCP and an initial configuration C0 ∈ NQ,

we generate a random execution with the following Markov chain: to perform
a step at configuration Ci, a state q ∈ Q is picked at random with probability
distribution p(q) = Ci(q)/|Ci|, and the (uniquely defined) transition δ(q) is exe-
cuted, giving the successor configuration Ci+1. We refer to the random variable
corresponding to the trace of this Markov chain as random execution.

Stable Computation. Let π denote an execution and inf(π) the configurations
occurring infinitely often in π. If inf(π) contains only b-consensuses, we say that
π stabilises to b. For a predicate ϕ : NΣ → {0, 1} we say that P (stably) computes
ϕ, if for all inputs X ∈ NΣ , the random execution of P with initial configuration
C0 = I(X) stabilises to ϕ(X) with probability 1.

Finally, for an execution π = C0C1C2... we let Tπ denote the smallest i s.t. all
configurations in CiCi+1... are ϕ(X)-consensuses, or∞ if no such i exists. We say
that a BCP P computes ϕ within f(n) interactions, if for all initial configurations
C0 with n agents the random execution π starting at C0 has E(Tπ) ≤ f(n) <∞,
i.e. P stabilises within f(n) steps in expectation. If f ∈ O(poly(n)), then we call
P a polynomial-time BCP.

Global States. Often, it is convenient to have a shared global state between all
agents. If, for a BCP P = (Q,Σ, δ, I, O) we have Q = S×G, I(Σ) ⊆ Q×{j} for
some j ∈ G, and f((s, j)) ∈ Q× {j′} for each δ((q, j)) = ((r, j′), f), then we say
that P has global states G. A configuration C has global state j, if JCK ⊆ Q×{j}
for j ∈ G. Note that, starting from a configuration with global state j, P can
only reach configurations with a global state. Hence for P we will generally only
consider configurations with a global state. To make our notation more concise,
when specifying a transition δ(q) = (r, f) for P, we will write f as a mapping
from S to S, as q, r already determine the mapping of global states.

Population Protocols. A population protocol [5] replaces broadcasts by local
rendezvous. It can be specified as a tuple (Q,Σ, δ, I, O) where Q, Σ, I, O are
defined as in BCPs, and δ : Q2 → Q2 defines rendezvous transitions. A step
of the protocol at C is made by picking two agents uniformly at random, and
applying δ to their states: first q1 ∈ Q is picked with probability C(q1)/|C|,
then q2 ∈ Q is picked with probability C ′(q2)/|C ′|, where C ′ def

= C − Hq1I. The
successor configuration then is C − Hq1, q2I + Hr1, r2I where δ(q1, q2) = (r1, r2).

Broadcast Protocols. Later on we will construct BCPs out of smaller building
blocks which we call broadcast protocols (BPs). A BP is a pair (Q, δ), where Q
and δ are defined as for BCPs. We extend the applicable definitions from above
to BPs, in particular the notions of configurations, executions, and global states.



Running Time Analysis of Broadcast Consensus Protocols 169

3 Example: Majority

x, 0
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initial states

accepting states

Fig. 1. A fast broadcast consensus protocol computing the majority predicate.

As an introductory example, we construct a broadcast consensus protocol for
the majority predicate ϕ(x, y) = x > y. Figure 1 depicts the protocol graphically.
We have the set of states {x, y, �} × {0, 1}, with global states {0, 1}, where the
states O def

= {(x, 1), (y, 1), (�, 1)} are accepting, and I(x) = (x, 0) and I(y) =
(y, 0). The transitions are

(x, 0) 7→ (�, 1), ∅ (α)
(y, 1) 7→ (�, 0), ∅ (β)

Note that we use the more compact notation for transitions in the presence
of global states, written in long form (α) would be

(x, 0) 7→ (�, 1), {(x, 0) 7→ (x, 1), (y, 0) 7→ (y, 1), (�, 0) 7→ (�, 1)} (α)

To make the presentation of the following sample execution more readable,
we shorten the state (i, j) to ij . For input x = 3 and y = 2, an execution could
look like this:

Hx0, x0, x0, y0, y0I α−→ H�1, x1, x1, y1, y1I β−→ H�0, x0, x0, �0, y0I
α−→ H�1, �1, x1, �1, y1I β−→ H�0, �0, x0, �0, �0I α−→ H�1, �1, �1, �1, �1I

Intuitively, there is a preliminary global consensus, which is stored in the
global state. Initially, it is rejecting, as x > y is false in the case x = y = 0.
However, any x agent is enough to tip the balance, moving to an accepting global
state. Now any y agent could speak up, flipping the consensus again.

The two factions initially belonging to x and y, respectively, alternate in this
manner by sending signals α and β. Strict alternation is ensured as an agent will
not broadcast to confirm the global consensus, only to change it.

After emitting the signal, the agent from the corresponding faction goes
into state �, where it can no longer influence the computation. In the end, the
majority faction remains and determines the final consensus.

Considering these alternations with shrinking factions, the expected number
of steps of the protocol until stabilization can be bounded by 2

∑n
k=1 n/k =
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O(n log n). To see that this holds, we consider the factions separately: let n0

denote the number of agents the first faction starts with (i.e. agents initially in
state (x, 0)), and n1 the number at the end. When we are waiting for the first
transition of this faction all n0 agents are enabled, so we wait n/n0 steps in
expectation until one of them executes a broadcast. For the next one, we wait
n/(n0 − 1) steps. In total, this yields

∑n0

k=n1+1 n/k ≤
∑n
k=1 n/k steps for the

first faction, and via the same analysis for the second as well.
In contrast to the O(n log n) interactions this protocol takes, constant-state

population protocols require n2 interactions in expectation for the computation
of majority [4]. However, these numbers are not directly comparable: broadcasts
may not be parallelizable, while it is uncontroversial to assume that n rendez-
vous occur in parallel time 1.

4 Comparison with other Models

To facilitate the definition of an execution model, we only consider deterministic
BCPs, in the sense that for each state there is a unique transition to execute.
Blondin, Esparza and Jaax [14] analysed a more general model, i.e. they al-
low multiple transitions for a single state, picking one of them uniformly at
random when an agent in that state sends a broadcast. Additionally, as they
consider BCPs as an extension of population protocols, they include rendez-
vous transitions. We now show that we can simulate both extensions within a
constant-factor overhead.

4.1 Non-Deterministic Broadcast Protocols

The following construction allows for two broadcast transitions to be executed
uniformly at random from a single state. This can easily be extended to any
constant number of transitions using the usual construction of a binary tree
with rejection sampling.

Now assume that we are given a BCP (Q,Σ, δ0, I, F ) with another set of
broadcast transitions δ1 and we want each agent to pick one transition uniformly
at random from δ0 or δ1 whenever it executes a broadcast.

We implement this using a synthetic coin, i.e. we are utilising randomness
provided by the scheduler to enable individual agents to make random choices.
This idea has also been used for population protocols [1,3]. Compared to these
implementations, broadcasts allow for a simpler approach.

The idea is that we partition the agents into types, so that half of the agents
have type 0 and the other half have type 1. Additionally, there is a global coin
shared across all agents. To flip the coin, a random agent announces its type
(the coin is set to heads if the agent is type 0, tails if it is type 1) and a second
random agent executes a broadcast transition from either δ0 or δ1, depending on
the state of the global coin that has just been set. These two steps repeat, the
former flipping the coin fairly and the latter then executing the actual transitions.
Figure 2 sketches this procedure.
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Fig. 2. Transition diagram for implementing multiple broadcasts per state, for q ∈
Q, with (q, i, j) written as qi

j . Dashed nodes represent multiple states, with j ∈ T .
Transitions resulting from executing the broadcasts in δ0, δ1 are not shown.

Intuitively, we start with no agents having either type 0 or 1. When such
a typeless agent is picked by the scheduler to announce its type (to flip the
global coin) it instead broadcasts that it is searching for a partner. Once this
has happened twice, these two agents are matched, one is assigned type 0 and
the other type 1. Thus we ensure that there is the exact same number of type
0 and type 1 agents at all times, meaning that we get a perfectly fair coin.
Additionally we make progress regardless of whether an agent with or without
a type is chosen.

To describe the construction formally, we introduce a set of types T def
=

{?,+,−, 0, 1}, and choose the set of states Q′ def
= Q × T × {∗, 0, 1}, with global

states {∗, 0, 1} used to represent the state of the synthetic coin. We use (q, ?) as
initial state instead of q ∈ I, and start with global state ∗. To pick types, we
need transitions

(q, ?, ∗) 7→ (q,+, ∗), {(r, ?) 7→ (r,−) : r ∈ Q} for q ∈ Q (seek)

(q,−, ∗) 7→ (q, 1, ∗), {(r,−) 7→ (r, ?) : r ∈ Q}
∪ {(r,+) 7→ (r, 0) : r ∈ Q} for q ∈ Q (find)

So an agent of type ? announces that it seeks a partner, moving itself to type
+ and the others to type −. Then any type − agent may broadcast that a match
has been found, moving itself to type 1 and the type + agent to type 0. The
other type − agents revert to type ?. This ensures that the number of type 0
and 1 agents is always equal. Note that there may be an odd number of agents,
in which case one agent of type + remains.

The following transitions effectively flip the global coin, by having an agent
of type 0 or 1 announce that we now execute a broadcast transition from respec-
tively δ0 or δ1. Here, we have q ∈ Q, ◦ ∈ {0, 1}.

(q, ◦, ∗) 7→ (q, ◦, ◦), ∅ (flip ◦)
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Then we actually execute the transition δ◦(q) = (r, f), for each (q, i) ∈ Q× T .

(q, i, ◦) 7→ (r, i, ∗), {(s, j) 7→ (f(s), j) : (s, j) ∈ Q× T} (exec ◦)

As the number of type 0 and 1 agents is equal, we select transitions from
δ0 and δ1 uniformly at random. It remains to show that the overhead of this
scheme is bounded.

Executing transition (exec 0) or (exec 1) is the goal. Transitions (flip 0) and
(flip 1) ensure that the former are executed in the very next step, so they cause at
most a constant-factor slowdown. Transitions (seek) and (find) can be executed
at most n times, as they decrease the number of agent of type ?. All that remains
is the implicit silent transition of states (q,+, j), which occurs with probability
at most 1/n in each step.

Hence, to execute m ≥ n steps of the simulated protocol our construction
takes at most (2m+ 2n) · n/(n− 1) ≤ 8m steps in expectation.

4.2 Population Protocols

Another extension to BCPs is the addition of rendez-vous transitions. Here we
are given a map R : Q2 → Q2. At each step, we flip a coin and either execute a
broadcast transition as usual, or pick two distinct agents uniformly at random,
in state q and r, respectively. These interact and move to the two states R(q, r).

Again, we can simulate this extension with only a constant-factor increase
in the expected number of steps. Given a BCP (Q,Σ,B, I, F ), the idea is to
add states {q̃ : q ∈ Q} ∪ {rq : r, q ∈ Q} and insert “activating” transitions
q 7→ q̃, {r 7→ rq : r ∈ Q} for q ∈ Q and “deactivating” transitions rq 7→ s, {q̃ 7→
t} ∪ {uq 7→ u : u ∈ Q} for each R(q, r) = (s, t). So a state q first signals that it
wants to start a rendez-vous transition. Then, any other state r answers, both
executing the transition and signalling to all other states that it has occurred.

Each state in Q has exactly 2 broadcast transitions, so (using the scheme de-
scribed above) the probability of executing any “activating” transition is exactly
1
2 , the same as doing one of the original broadcast transitions in B. After doing
an activating transition we may do nothing for a few steps by executing the
broadcast transition on q̃, but eventually we execute a “deactivating” transition
and go back. The probability of executing a broadcast on q̃ is 1/n, so simulating
a single rendez-vous transition takes 1 + n/(n− 1) ≤ 3 steps in expectation.

5 Protocols for Presburger Arithmetic

While Blondin, Esparza and Jaax [14] show that BCPs are more expressive than
population protocols, they leave the question open whether BCPs provide a run-
time speed-up for the class of Presburger predicates computable by population
protocols. We already saw that Majority can be computed within O(n log n)
interactions in BCPs. This also holds in general for Presburger predicates:

Theorem 1. Every Presburger predicate is computable by a BCP within at most
O(n log n) interactions.
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We remark that the O(n log n) bound is asymptotically optimal: e.g. the
stable consensus for the parity predicate (x = 1 mod 2) must alternate with
configuration size, which clearly requires every agent to perform at least one
broadcast in the computation, and thus yields a lower bound of

∑n
k=1

n
k =

Ω(n log n) steps like in the coupon collector’s problem [20].
It is known [22] that every Presburger predicate can be expressed as Boolean

combination of linear inequalities and linear congruence equations over the in-
tegers, i.e. as Boolean combination of predicates of the form

∑
i αixi < c, and∑

i αixi = c mod m, where the αi, c and m are integer constants. In Section 5.1
we construct BCPs that compute arbitrary linear inequalities, before we sketch
the construction for congruences and Boolean combinations in Section 5.2.

5.1 Linear Inequalities

Proposition 1. Let α1, . . . , αk, c ∈ Z and let ϕ(x1, . . . , xk)
def⇐⇒ ∑k

i=1 αixi <
c denote a linear inequality. There exists a broadcast consensus protocol that
computes ϕ within O(n log n) interactions in expectation.

Proof. We assume wlog that αi 6= 0 for i = 1, ..., k and that α1, ..., αk are
pairwise distinct. Let A def

= max{|α1|, |α2| . . . , |αk|, |c|}. We define a BCP P =
(Q×G,Σ, δ, I, O) with global states G, where

Q
def
= {0, α1, ..., αk} Σ

def
= {x1, . . . , xk}

G
def
= [−2A, 2A] O

def
= {(q, v) : v < c}

As inputs we get I(xi)
def
= (αi, 0) for each i = 1, ..., k. The transitions δ are

constructed as follows. For every v ∈ [−2A, 2A] and every αi satisfying v+αi ∈
[−2A, 2A], we add the following transition to T :

(αi, v) 7→ (0, v + αi), ∅ (αi)

Intuitively, in the first component of its state an agent stores its contribution
to

∑
i αixi, the left-hand side of the inequality. The global state is used to store a

counter value, initially set to 0. Each agent adds its contribution to the counter,
as long as it does not overflow. The counter goes from −2A to 2A, which allows
it to store the threshold plus any single contribution. The final counter value
then determines the outcome of the computation.
Correctness. Let ctr(C) denote the global state (and thus current counter
value) of configuration C. Further, let

sum(C)
def
=

∑

(α,v)∈Q
C(α, v) · α+ ctr(C)

denote the sum of all agents’ contributions and the current value of the counter.
Every initial configuration C0 has ctr(C) = 0 and thus sum(C) =

∑
i αxi. Each
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transition α increases the counter by α but sets the agent’s contribution to 0
(from α), so sum(C) is constant throughout the execution.

Recall that our output mapping depends only on the value of the counter, so
our agents always form a consensus (though not necessarily a stable one). If this
consensus and ϕ(C0) disagree, then, we claim, a non-silent transition is enabled.

To see this, note that the current consensus depends on whether ctr(C) < c.
If that is the case, but ϕ(C0) = 0, then sum(C) ≥ c and some agent with positive
contribution α > 0 exists. Due to ctr(C) < c, transition α is enabled. Conversely,
if ctr(C) ≥ c and ϕ(C0) = 1, some transition α with α < 0 will be enabled.

Finally, note that each non-silent transition increases the number of agents
with contribution 0 by one, so at most n can be executed in total. So the exe-
cution converges and reaches, by the above argument, a correct consensus.
Convergence time. Each agent executes at most one non-silent transition. To
estimate the total number of steps, we partition the agents by their current
contribution: for a configuration C let C+ def

= C � {(q, v) ∈ Q : q > 0} denote
the agents with positive contribution, and define C− analogously. We have that
either ctr(C) < 0 and all transitions of agents in C+ would be enabled, or
ctr(C) ≥ 0 and the transitions of C− could be executed.

If C+ is enabled, then we have to wait at most n/|C+| steps in expectation
until a transition is executed, which reduces |C+| by one. In total we get n/|C+

0 |+
n/(|C+

0 |−1)+ ...+n/1 ∈ O(n log n). The same holds for C−, yielding our overall
bound of O(n log n).

5.2 Modulo Predicates and Boolean Combinations

Proposition 2. Let ϕ(x1, ..., xk)
def⇐⇒ ∑k

i=1 αixi ≡ c (mod l) < c denote a
linear inequality, with α1, . . . , αk, c, l ∈ Z, l ≥ 2. There exists a broadcast con-
sensus protocol that computes ϕ within O(n log n) interactions in expectation.

Proof (sketch). The idea is the same as for Proposition 1, but instead of taking
care not to overflow the counter we simply perform the additions modulo l.

Proposition 3 (Boolean combination of predicates). Let ϕ be a Boolean
combination of predicates ϕ1, ..., ϕk, which are computed by BCPs P1, ...,Pk,
respectively, within O(n log n) interactions. Then there is a protocol computing
ϕ within O(n log n) interactions.

Proof (sketch). We do a simple parallel composition of the k BCPs, which is the
same construction as used for ordinary population protocols (see for example [5,
Lemma 6]). A detailed proof can be found in the full version of this paper.

6 Protocols for all Predicates in ZPL

BCPs compute precisely the predicates in NL with input encoded in unary,
which corresponds to NSPACE(n) when encoded in binary. The proof of the NL
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lower bound by Blondin, Esparza and Jaax [14] goes through multiple stages of
reduction and thus does not reveal which predicates can be computed efficiently.
We will now take a more direct approach, using a construction similar to the one
by Angluin, Aspnes and Eisenstat [7]. A step of a randomised Turing machine
(RTM) can be simulated using variants of the protocols for Presburger predicates
from Section 5, which we combine with a clock to determine whether the step
has finished, with high probability.

Instead of simulating RTMs directly, it is more convenient to first reduce
them to counter machines. Here, we will use counter machines that are both
randomised and capable of multiplying and dividing by two, with the latter
also determining the remainder. This ensures that the reduction is performed
efficiently, i.e. with overhead of O(n log n) interactions per step.

We first show the other direction: simulating BCPs with RTMs.

Lemma 1. Polynomial-time BCPs compute at most the predicates in ZPL with
input encoded in unary.

Proof. An RTM can store the number of agents in each state as binary counters.
Picking an agent uniformly at random can be done in O(log n) time by picking a
random number between 1 and n and comparing it to the agents in the different
states. Simulating a transition can also be done with logarithmic overhead. It can
further be shown that stabilization of the execution is decidable in time O(log n)
(see the full version of this paper for details). As the BCP uses only O(poly n)
interactions (in expectation) the RTM is also O(poly n) time-bounded.

Theorem 2. Polynomial-time BCPs compute exactly the predicates in ZPL with
input encoded in unary.

The proof of Theorem 2 will take up the remainder of this section.

Counter machines. Let Cmd
def
= {mul2, inc, divmod2, iszero} denote a set of

commands, and Ret
def
= {done0, done1} a set of completion statuses. A multi-

plicative counter machine with k counters (k-CM) A = (S, T1, T2) consists of a
finite set of states S with init, 0, 1 ∈ S and two transition functions T1, T2 map-
ping a state q ∈ S to a tuple (i, j, q′0, q

′
1) where i ∈ {1, ..., k} refers to a counter,

j ∈ Cmd is a command, and q′0, q′1 ∈ S are successor states (q′1 is not used for
mul2 and inc operations). Additionally, we require that T1, T2 map q ∈ {0, 1} to
(1, iszero, q, q), effectively executing no operation from those states.

The idea is that A, starting in state init, picks transitions uniformly at random
from either T1 or T2. Apart from this randomness, the transitions are determinis-
tic. Eventually, A ends up in either state 0 or 1, at which point it cannot perform
further actions, thereby indicating whether the input is accepted or rejected.
Step-execution function. A CM-configuration is a tuple K = (q, x1, ..., xk) ∈
Q× Nk. We define the step-execution function step as follows, with x ∈ N:

– step(mul2, x)
def
= (done0, 2x),

– step(inc, x)
def
= (done0, x+ 1),
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– step(divmod, 2x+ b)
def
= (doneb, x), for b ∈ {0, 1}, and

– step(iszero, x)
def
= (doneb, x), where b is 1 if x > 0 and 0 else.

For two CM-configurations K = (q, x1, ..., xk) and K ′ = (q′, x′1, ..., x
′
k) where

T◦(q) = (i, j, q′0, q
′
1) for ◦ ∈ {1, 2} we write K ◦−→ K ′ if step(j, xi) = (doneb, x

′
i),

q′ = q′b for some b ∈ {0, 1}, and xr = x′r for r 6= i. Note that for each K and ◦
there is exactly one K ′ with K ◦−→ K ′.

The reasoning for introducing the step-execution function is that we want to
construct a broadcast protocol (BP) which simulates just one step of the CM.
Later on we can use this BP as a building block in a more general protocol.
Computation. Let ϕ : Nl → {0, 1} denote a predicate, for l ≤ k, and C ∈
Nl an input to ϕ. We sample a random (CM-)execution π = K0K1K2... for
input C, where K0, ... are CM-configurations, via a Markov chain. For the initial
configuration we have K0

def
= (init, C(1), ..., C(l), 0, ..., 0), and Ki is determined as

the unique configuration with Ki−1
◦−→ Ki, where ◦ ∈ {1, 2} is chosen uniformly

at random. (So π is the random variable defined as trace of the Markov Chain.)
We say that A computes ϕ within f(n) steps if for each C ∈ Nl with |C| = n

the random execution for input C reaches a configuration in {ϕ(C)}×Nk after at
most f(n) steps in expectation. Finally, A is n-bounded if the random executions
for inputs C with |C| = n can only reach configurations in Q× Nk≤n.

Theorem 3. Let ϕ be a predicate decidable by a log-space bounded RTM within
O(f(n)) steps in expectation with unary input encoding. There exists an n-
bounded CM that accepts ϕ within O(f(n) log(n)) steps in expectation.

Proof (sketch). This can be shown by first representing the Turing machine by
a stack machine with two stacks that contain the tape content to the left/right of
the current machine head position. In this representation, head movements and
tape updates amount to performing pop/push operations on the stack. Moreover,
we can simulate an c · n-bounded stack by c many n-bounded stacks. An n-
bounded stack, in turn, can be represented in a counter machine with a constant
number of 2n-bounded counters. The stack content is represented as the base-2
number corresponding to the binary sequence stored in the stack. Popping then
amounts to a divmod2 operation, and pushing amounts to doubling the counter
value, followed by adding 1 or 0, respectively.

A detailed proof can be found in the full version of this paper.

We formally define two types of BPs, ones that simulate a step of the CM,
and ones behaving like a clock.

Definition 1. Let BP P = (Q × G, δ) denote a BP with global states G where
0, 1,⊥∈ Q and Cmd,Ret ⊆ G. We define the injection ϕ : G×N≤n → NQ×G as
ϕ(j, x)

def
= x · H(1, j)I + (n − x) · H(0, j)I. The configurations in ϕ(Cmd × N) are

called initial, the ones in ϕ(Ret× N) final. We call a configuration C failing, if
C(⊥, i) > 0 for some i ∈ G.

We say that P is CM-simulating if the sets of final and failing configurations
are closed under reachability, and from every initial configuration ϕ(j, w) the
only reachable final configuration is ϕ(step(j, w)), if both are well-defined.
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Definition 2. Let P = (Q, δ) denote a BP with 0, 1 ∈ Q and Time(P) the
number of steps until P, starting in configuration H0, ..., 0I, reaches H1, ..., 1I, or
∞ if it does not. If Time(P) is almost surely finite and no agent is in state 1
before Time(P), then we call P a clock-BP.

Now we begin by constructing a CM-simulating BP. The value of a given
counter is scattered across the population: each agent stores its contribution to
this counter value in its state. The counter value is the sum of all contributions.
Usually, an agent’s contribution is either 1 or 0, thus n agents can maximally
store a counter value equal to n, which is not problematic, since the counter ma-
chine is assumed to be n-bounded. The difficult part is multiplying and dividing
the counter by two. Besides contributions 0 and 1, we will also allow interme-
diate contributions 1

2 and 2. By executing a single broadcast, we can multiply
(or divide) all the individual contributions by 2, by setting all contributions of
value 1 to 1

2 , or 2, respectively. Then, over time, we “normalise” the agents to all
have contribution 0 or 1 again in a manner which is specified below. This process
takes some time, and we cannot determine with perfect reliability whether it is
finished, so we only bound the time with high probability. Here and in the follow-
ing, we say that some event (dependent on the population size n) happens with
high probability, if for all k > 0 the event happens with probability 1−O(n−k).

In this and subsequent lemmata we use G(p), for 0 < p < 1, to denote
the geometric distribution, that is the number of trials until a coin flip with
probability p succeeds, which has expectation 1/p. We start with a statement
about the tail distributions of sums of geometric variables.

Lemma 2. Let n ≥ 3 and X1, ..., Xn denote independent random variables with
sum X and Xi ∼ G(i/n). Then for any k ≥ 1 there is an l s.t.

P(X ≥ l · n lnn) ≤ n−k

Proof. See the full version of this paper.

Lemma 3. There is a CM-simulating BP s.t. starting from an initial configura-
tion it reaches a final configuration within O(n log n) steps with high probability.

Proof. Let P = (Q × G, δ) denote our BP, with Q
def
= {0, 1

2 , 1, 2, ∗} and G
def
=

Cmd ∪ Ret ∪ {high}. The following transitions initialise the computation, with
b ∈ {0, 1}:

(b,mul2) 7→ (2b, done0), {1 7→ 2, 0 7→ 0} (α1)

(b, divmod2) 7→ ( b2 , done0), {1 7→ 1
2 , 0 7→ 0} (α2)

(b, inc) 7→ (b, high), ∅ (α3)

Additionally, we need transitions that move agents back into states 0 and 1.

(0, high) 7→ (1, done0), ∅ (β1)
(2, done0) 7→ (1, high), ∅ (β2)

( 1
2 , done0) 7→ (0, done1), ∅ (β3)

( 1
2 , done1) 7→ (1, done0), ∅ (β4)
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This requires some explanation. Basically, we have the invariant that for a con-
figuration C the current value of the counter is b+

∑
i∈Q,j∈G i ·C((i, j)), where

b is 1 if the global state is high and 0 else. There is a “canonical” representation
of each counter value, where b = 0 and the individual contributions i ∈ Q are
only 0 and 1. The transitions (α1-α3) update the represented counter value in
a single step, but cause a “noncanonical” representation. The transitions (β1-
β4) preserve the value of the counter and cause the representation to eventually
become canonical.

This corresponds to final configurations from Definition 1: as long as the
representation is noncanonical, i.e. an agent with value 1

2 , 2 or ∗ exists, the
configuration is not final. Conversely, once we reach a final configuration our
representation is canonical, and, as the value of the counter is preserved, we
reach the correct final configuration.

(1, iszero) 7→ (1, done1), ∅ (α4)
(0, iszero) 7→ (0, done0), {1 7→ ∗} (α5)
(∗, done0) 7→ (1, done1), {∗ 7→ 1} (β5)

For iszero we do something similar, but the value of the counter does not change.
If the initial transition is executed by an agent with value 1, we can go to the
global state done1 directly. Otherwise, we replace 1 by ∗ and go to done0, so if no
agents with value 1 exist, we are finished. Else some agent with value ∗ executes
(β5) and we move to the correct final configuration.

Final configurations can only contain states {0, 1} × Ret. As we have no
outgoing transitions from those states, they are indeed closed under reachability.

It remains to be shown that starting from a configuration C0 we reach a final
configuration within O(n log n) steps with high probability. Note that transitions
(α1-α5) are executed at most once. Moreover, these are the only transitions
enabled at C0, so let C1 denote the successor configuration after executing (α1-
α5), i.e. C0 → C1. From now on, we consider only transitions (β1-β5).

Let M def
= { 1

2 , 2, ∗} × G denote the set of “noncanonical” states, and, for a
configuration C, let Φ(C)

def
= 2

∑
q∈M C(q) + b denote a potential function, with

b being 1 if the global state of C is high and 0 else. Now we can observe that
executing a (β1-β5) transition strictly decreases Φ, and that 0 ≤ Φ(C) ≤ 2n for
any configuration C. So after at most 2n non-silent transitions, we have reached
a final configuration.

Fix some transition (βj), let q ∈ Q × G denote the state initiating (βj),
and let C,C ′, C ′′ denote configurations with C βj−→ C ′ ∗−→ C ′′, meaning that
C ′′ is a configuration reachable from C after executing (βj). Then, we claim,
C(q) > C ′′(q).

To see that this holds for transitions (β2-β5), note that for i ∈ { 1
2 , 2, ∗} the

number of agents with value i can only decrease when executing transitions (β1-
β5). For (β1) this is slightly more complicated, as (β3) increases the number of
agents with value 0. However, (β1) is reachable only after (α1) or (α3) has been
executed, while (β3) requires (α2). Thus, our claim follows.
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Fig. 3. State diagram of the clock implementation. Nodes with i agents in state c3 are
labelled i or i+, the latter denoting that the other agents are in states c+1 and c+2 . The
final state ∗ has all agents in state 1. Arcs are labelled with transition probabilities.

Let Xk denote the number of silent transitions before executing (βj) for the
k-th time, k = 1, ..., l, and let rk denote the number of agents in state q at that
time. Then n ≥ r1 > r2 > ... > rl ≥ 1 and Xk is distributed according to
G(rk/n). So we can use Lemma 2 to show that the sum of Xk is O(n log n) with
high probability. There are only 5 transitions (βj), so the same holds for the
total number of steps until reaching a final state.

Our next construction is the clock-BP, which indicates that some amount
of time has passed (with high probability). Angluin, Aspnes and Eisenstat used
epidemics for this purpose [7], as do we. The idea is that one agent initiates an
epidemic and waits until it sees an infected agent. Similar to standard analysis
of the coupon collector’s problem, this is likely to take Θ(n log n) time.

Lemma 4. There is a clock-BP P = (Q, δ) s.t. E(Time(P)) ∈ O(n log n) and
Time(P) ∈ Ω(n log n) with probability 1−O(n−1/2).

Proof (sketch). For a clock we use states {0, 1, c1, c2, c3, c+1 , c+2 } and transitions

0 7→ c+1 , {0 7→ c+2 } (α)

c+2 7→ c3, {c+2 7→ c2, c
+
1 7→ c1} (β)

c3 7→ c3, {c2 7→ c+2 , c1 7→ c+1 } (γ)

c+1 7→ 1, {c+2 7→ 1, c3 7→ 1} (ω)

State 0 is the initial state, 1 the final state. States c1 and c2 denote “unin-
fected” agents, state c3 “infected” ones. The former can become activated (moving
to c+1 and c+2 ), causing one of them to become infected. Transition (α) marks a
leader c1, once they are infected the clock ends (via (ω)). In (β), a single acti-
vated agent becomes infected, deactivating the other agents. They get activated
again via transition (γ). The state diagram is shown in Figure 3.

It remains to show that this protocol fulfils the stated time bounds. We prove
E(Time(P)) ∈ O(n log n) by using that, in expectation, the protocol spends at
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most n/j steps in state j and at most n/(n− j) in state j+. For the lower bound
we make a case distinction: either state b√nc is not visited (i.e. the leader is one
of the first

√
n agents to be infected), or the total number of steps is at least

X1 + ...+Xb√nc, where Xj is the number of steps the protocol spends in state i.
As Xj is geometrically distributed with mean n/j, we apply a tail bound from
Janson [23] to get the desired result.

A detailed proof can be found in the full version of the paper.

While the above clock measures some interval of time with some reliability,
we want a clock that measures an “arbitrarily long” interval with “arbitrarily
high” reliability. Constructions for population protocols use phase clocks for this
purpose, but broadcasts allow us to synchronise the agents, so we can directly
execute the clock multiple times in sequence instead.

Lemma 5. Let k ∈ N denote some constant. Then there is a clock-BP P s.t.
E(Time(P)) ∈ O(n log n), and Time(P) < kn log n with probability O(n−k).

Proof (sketch). The idea is that we run 28k2 clocks in sequence, in groups of
2k. Then it is likely that at least one clock in each group works, yielding the
overall minimum running time. A detailed proof can be found in the full version
of this paper.

As mentioned earlier, we combine the clock with the construction in Lemma 3.
While we cannot reliably determine whether the operation has finished, we can
use a clock to measure an interval of time long enough for the protocol to termi-
nate with high probability. The next construction does just that. In particular,
in contrast to Lemma 3, it uses its global state to indicate that it is done.

Lemma 6. There is a CM-simulating BP s.t. starting from an initial configura-
tion it reaches either a final or a failing configuration C almost surely and within
O(n log n) steps in expectation, and C is final with high probability. Additionally,
all reachable configurations with global state in Ret are final or failing.

Proof. Fix some k ∈ N and let P = (Q × G, δ) denote the BP we want to
construct. Further, let P1 = (Q1 × G1, δ1) denote the BP from Lemma 3 and
choose some c s.t. P1 reaches a final configuration after at most cn log n steps
with probability at least 1− n−k.

Now we use Lemma 5 to get a clock P2 = (Q2, δ2) that runs for at least
cn log n steps with probability at least 1− n−k.

We do a parallel composition of P1 and P2 to get P. In particular, Q def
=

Q1 × Q2, G
def
= {j◦ : j ∈ G1} ∪ Ret, where for Q we identify (i, 0) with i for

i ∈ {0, 1 ⊥}, and for G we identify j with j◦ for j ∈ Cmd.
Intuitively, we use ◦ to rename the global states of P1, meaning that the

global state j ∈ G1 of P1 is now called j◦ in our protocol. We want P1 to start
with the same initial state we have, which is why we identified j with j◦ for
j ∈ Cmd. However, we only want to enter a final configurations once the clock
has run out, so the completion statuses of P1 are renamed into j◦ for j ∈ Ret
and we enter a final configuration by setting to global state to a j ∈ Ret.
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For each (q1, j) ∈ Q1 × G1 and q2 ∈ Q2 with δ1(q1, j) = ((r1, j
′), f1) and

δ2(q2) = (r2, f2) we get the transition

(q1, q2, j◦) 7→ (r1, r2, j
′
◦), {(t1, t2) 7→ (f1(t1), f(t2)) : t1 ∈ Q1, t2 ∈ Q2} (α)

These transitions, together with the way we identified states, ensure that P1

and P2 run normally, with the input being passed through to P1 transparently.
However, note that the final configurations of P1 are not final for P, meaning
that the protocol never ends. Hence, for q1 ∈ Q1, j ∈ Ret we add the transition

(q1, 1, j◦) 7→ (q1, 0, j), {(b, 1) 7→ (b, 0) : b ∈ {0, 1}}
∪ {(i, 1) 7→ (⊥, 0) : i ∈ Q1 \ {0, 1}}

(β)

This terminates the protocol once the clock has run out. If P1 was in a final
state, we will now enter a final state as well, else we move into a failing state.

Finally, we use the above BP to simulate the full l-CM.

Lemma 7. Fix some predicate ϕ : Nk → {0, 1} computable by an n-bounded
l-CM within O(f(n)) ⊆ O(poly n) steps. Then there is a BCP computing ϕ in
O(f(n)n log n) steps.

Proof (sketch). For each counter we need n agents, so ln in total, but we can
simply have each agent simulate a constant number of agents. To execute a step
of the CM, we use the BP from Lemma 6. It succeeds only with high probability,
but in the case of failure at least one agent will have local state ⊥, from which
that agent initiates a restart of the whole computation.

As the CM takes only a polynomial number of steps, we can fix a k s.t. a
computation of our BCP without failures (i.e. one that succeeds on the first try)
takes O(nk) steps. A single step succeeds with high probability, so we can require
it to fail with probability at most O(n−k−1). In total, the restarts increase the
running time by a factor of 1/(1−O(n−1)), which is only a constant overhead.

A detailed proof can be found in the full version of this paper.

This completes the proof of Theorem 2. By Theorem 3, each predicate in
ZPL (with input encoded in unary) is computable by a bounded l-CM. Lemma 7
then yields a polynomial-time BCP for that predicate.

We remark that our reductions also enable us to construct efficient BPPs for
specific predicates. The predicate PowerOfTwo for example, as described in
[14, Proposition 3], can trivially be decided by an O(log n)-time bounded RTM
with input encoded as binary, so there is also a BCP computing that predicate
within O(n log2 n) interactions.
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ABSTRACT
Esparza and Reiter have recently conducted a systematic compar-
ative study of models of distributed computing consisting of a
network of identical finite-state automata that cooperate to decide
if the underlying graph of the network satisfies a given property.
The study classifies models according to four criteria, and shows
that twenty-four initially possible combinations collapse into seven
equivalence classes with respect to their decision power, i.e. the
properties that the automata of each class can decide. However, Es-
parza and Reiter only show (proper) inclusions between the classes,
and so do not characterise their decision power. In this paper we do
so for labelling properties, i.e. properties that depend only on the
labels of the nodes, but not on the structure of the graph. In particu-
lar, majority (whether more nodes carry label 𝑎 than 𝑏) is a labelling
property. Our results show that only one of the seven equivalence
classes identified by Esparza and Reiter can decide majority for
arbitrary networks. We then study the expressive power of the
classes on bounded-degree networks, and show that three classes
can. In particular, we present an algorithm for majority that works
for all bounded-degree networks under adversarial schedulers, i.e.
even if the scheduler must only satisfy that every node makes a
move infinitely often, and prove that no such algorithm can work
for arbitrary networks.
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1 INTRODUCTION
A common feature of networks of natural or artificial devices, like
molecules, cells, microorganisms, or nano-robots, is that agents
have very limited computational power and no identities. Tradi-
tional distributed computing models are often inadequate to study
the power and efficiency of these networks, which has led to a large
variety of new models, including population protocols [3, 4], chem-
ical reaction networks [30], networked finite state machines [16],
the weak models of distributed computing of [21], and the beeping
model [1, 14] (see e.g. [18, 28] for surveys and other models).

These newmodels share several characteristics [16]: the network
can have an arbitrary topology; all nodes run the same protocol;
each node has a finite number of states, independent of the size
of the network or its topology; state changes only depend on the
states of a bounded number of neighbours; nodes do not know their
neighbours, in the sense of [2]. Unfortunately, despite such substan-
tial common ground, the models still exhibit much variability. In
[17] Esparza and Reiter have recently identified four fundamental
criteria according to which they diverge:

• Detection. In somemodels, nodes can only detect the existence
of neighbours in a certain state, e.g., [1, 21], while in others
they can count their number up to a fixed threshold, e.g.,
[16, 21].

• Acceptance. Some models compute by stable consensus, re-
quiring all nodes to eventually agree on the outcome of the
computation, e.g. [3, 4, 30]; others require the nodes to pro-
duce an output and halt, e.g. [21, 23].

• Selection. Some models allow for liberal selection: at each
moment, an arbitrary subset of nodes is selected to take
a step [16, 29]. Exclusive models (also called interleaving
models) select exactly one node (or one pair of neighbouring
nodes) [3, 4, 30]. Synchronous models select all nodes at each
step e.g.,[21] or classical synchronous networks [25].

• Fairness. Some models assume that selections are adversarial,
only satisfying the minimal requirement that each node is
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Figure 1: The seven distributed automata models of [17]; their decision power w.r.t. labelling predicates for arbitrary networks,
and for bounded-degree networks. ISM stands for invariant under scalar multiplication. The other complexity classes are
defined in Section 5.

selected infinitely often [19, 24]. Others assume stochastic
or pseudo-stochastic selection (meaning that selections sat-
isfy a fairness assumption capturing the main features of
a stochastic selection) [3, 4, 30]. In this case, the selection
scheduler is a source of randomness that can be tapped by
the nodes to ensure e.g. that eventually all neighbours of a
node will be in different states.

In [17], Esparza and Reiter initiated a comparative study of the
computational power of these models. They introduced distributed
automata, a generic formalism able to capture all combinations of
the features above. A distributed automaton consists of a set of
rules that tell the nodes of a labelled graph how to change their
state depending on the states of their neighbours. Intuitively, the
automaton describes an algorithm that allows the nodes to decide
whether the graph satisfies a given property. The decision power
of a class of automata is the set of graph properties they can decide,
for example whether the graph contains more red nodes than blue
nodes (the majority property), or whether the graph is a cycle. The
main result of [17] was that the twenty-four classes obtained by
combining the features above collapse into only seven equivalence
classes w.r.t. their decision power. The collapse is a consequence
of a fundamental result: the selection criterion does not affect the
decision power. That is, the liberal, exclusive, or synchronous ver-
sions of a class with the same choices in the detection, acceptance,
and fairness categories, have the same decision power. The seven
equivalence classes are shown on the left of Figure 1, where D and
d denote detection with and without the ability to count; A and a
denote acceptance by stable consensus and by halting; and F and f
denote pseudo-stochastic and adversarial fairness constraints. So,
for example, DAf corresponds to the class of distributed automata
in which agents can count, acceptance is by stable consensus, and
selections are adversarial. (As mentioned above, the selection com-
ponent is irrelevant, and one can assume for example that all classes
have exclusive selection.) Intuitively, the capital letter corresponds
to the option leading to higher decision power.

The results of [17] only prove inclusions between classes and
separations, but give no information on which properties can be
decided by each class, an information available e.g. for multiple
variants of population protocols [3, 6, 7, 11, 20, 26]. In this paper, we
characterise the decision power of all classes of [17] w.r.t. labelling
properties, i.e. properties that depend only on the labels of the

nodes. Formally, given a labelled graph 𝐺 over a finite set Λ of
labels, let 𝐿𝐺 : Λ → N be the label count of 𝐺 that assigns to each
label the number of nodes carrying it. A labelling property is a set
L of label counts. A graph𝐺 satisfiesL if 𝐿𝐺 ∈ L, and a distributed
automaton decides L if it recognises exactly the graphs that satisfy
L. For example, the majority property is a labelling property, while
the property of being a cycle is not.

Our first collection of results is shown in the middle of Figure 1.
We prove that all classes with halting acceptance can only decide the
trivial labelling properties ∅ and NΛ. More surprisingly, we further
prove that the computational power of DAf, dAf, and dAF is very
limited. Given a labelled graph𝐺 and a number 𝐾 , let ⌈𝐿𝐺 ⌉𝐾 be the
result of substituting 𝐾 for every component of 𝐿𝐺 larger than 𝐾 .
The classes DAf, dAf can decide a property L iff membership of 𝐿𝐺
in L depends only on ⌈𝐿𝐺 ⌉1, and dAF iff membership depends only
on ⌈𝐿𝐺 ⌉𝐾 for some 𝐾 ≥ 1. In particular, none of these classes can
decide majority. Finally, moving to the top class DAF causes a large
increase in expressive power: DAF can decide exactly the labelling
properties in the complexity class NL, i.e. the properties L such
that a nondeterministic Turing machine can decide membership of
𝐿𝐺 in L using logarithmic space in the number of nodes of 𝐺 . In
particular, DAF-automata can decide majority, or whether the graph
has a prime number of nodes.

In the last part of the paper, we obtain our second and most
interesting collection of results. Molecules, cells, or microorganisms
typically have short-range communication mechanisms, which puts
an upper bound on their number of communication partners. So we
re-evaluate the decision power of the classes for bounded-degree
networks, as also done in [3] for population protocols on graphs.
Intuitively, nodes know that they have at most 𝑘 neighbours for
some fixed number 𝑘 , and can exploit this fact to decide more
properties. Our results are shown on the right of Figure 1. Both DAF
and dAF boost their expressive power toNSPACE(𝑛), where 𝑛 is the
number of nodes of the graph. This is the theoretical upper limit
since each node has a constant number of bits of memory. Further,
the class DAf becomes very interesting. While we are not yet able
to completely characterise its expressive power, we show that it
can only decide properties invariant under scalar multiplication
(ISM), i.e. labelling properties L such that 𝐿𝐺 ∈ L iff 𝜆 · 𝐿𝐺 ∈ L
for every 𝜆 ∈ N, and that it can decide all properties satisfied by
a graph 𝐺 iff 𝐿𝐺 is a solution to a system of homogeneous linear
inequalities. In particular, DAf can decide majority, and we have
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the following surprising fact. If nodes have no information about
the network, then they require stochastic-like selection to decide
majority; however, if they know an upper bound on the number of
their neighbours, they can decide majority even with adversarial
selection. In particular, there is a synchronous majority algorithm
for bounded-degree networks.

Related work. Decision power questions have also been studied
in [21] for a model similar to Daf, and in [13] for a graph version of
the mediated population protocol model [26]. The distinguishing
feature of our work is the systematic study of the influence of a
number of features on the decision power.

Further, there exist numerous results about the decision power
of different classes of population protocols. Recall that agents of
population protocols are indistinguishable and communicate by
rendez-vous; this is equivalent to placing the agents in a clique
and selecting an edge at every step. Angluin et al. show that stan-
dard population protocols compute exactly the semilinear pred-
icates [6]. Extensions with absence detectors or cover-time ser-
vices [27], consensus-detectors [7], or broadcasts [11] increase the
power to NL (more precisely, in the case of [27] the power lies
between L and NL). Our result DAF = NL shows that these features
can be replaced by a counting capability. Further, giving an upper
bound on the number of neighbours increases the decision power
to NSPACE(𝑛), a class only reachable by standard population pro-
tocols (not on graphs) if agents have identities, or channels have
memory [20, 26].

Structure of the paper. Section 2 recalls the automata models and
the results of [17]. Section 3 presents fundamental limitations of
their decision power. Section 4 introduces a notion of simulating an
automaton by another, and uses it to show that distributed automata
with more powerful communication mechanisms can be simulated
by standard automata. Section 5 combines the results of Sections 3
and 4 to characterise the decision power of the models of [17] on
labelling properties (middle of Figure 1). Section 6 does the same
for bounded-degree networks (right of Figure 1).

Due to the nature of this research, we need to state and prove
many results. To stay within the page limit, each section concen-
trates on the most relevant result; all others are only stated, and
their proofs are given in the full version of this paper [15].

2 PRELIMINARIES
Given sets 𝑋,𝑌 , we denote by 2𝑋 the power set of 𝑋 , and by 𝑌𝑋
the set of functions 𝑋 → 𝑌 . We define a closed interval [𝑚 :𝑛] B
{𝑖 ∈ Z : 𝑚 ≤ 𝑖 ≤ 𝑛} and [𝑛] B [0 :𝑛], for any𝑚,𝑛 ∈ Z such that
𝑚 ≤ 𝑛.

A multiset over a set 𝑋 is an element of N𝑋 . Given a multiset
𝑀 ∈ N𝑋 and 𝛽 ∈ N, we let ⌈𝑀⌉𝛽 denote the multiset given by
⌈𝑀⌉𝛽 (𝑥) := 𝑀 (𝑥) if 𝑀 (𝑥) < 𝛽 and ⌈𝑀⌉𝛽 (𝑥) := 𝛽 otherwise. We
say that ⌈𝑀⌉𝛽 is the result of cutting off 𝑀 at 𝛽 , and call the function
that assigns ⌈𝑀⌉𝛽 to𝑀 the cutoff function for 𝛽 .

Let 𝛬 be a finite set. A (𝛬-labelled, undirected) graph is a triple
𝐺 = (𝑉 , 𝐸, 𝜆), where 𝑉 is a finite nonempty set of nodes, 𝐸 is a set
of undirected edges of the form 𝑒 = {𝑢, 𝑣} ⊆ 𝑉 such that 𝑢 ≠ 𝑣 , and
𝜆 : 𝑉 → 𝛬 is a labelling.

Convention. Throughout the paper, all graphs are labelled, have at
least three nodes, and are connected.

2.1 Distributed automata
Distributed automata [17] take a graph as input, and either accept
or reject it. We first define distributed machines.

Distributed machines. Let 𝛬 be a finite set of labels and let 𝛽 ∈
N+. A (distributed) machine with input alphabet 𝛬 and counting
bound 𝛽 is a tuple 𝑀 = (𝑄, 𝛿0, 𝛿, 𝑌 , 𝑁 ), where 𝑄 is a finite set
of states, 𝛿0 : 𝛬 → 𝑄 is an initialisation function, 𝛿 : 𝑄 × [𝛽]𝑄 →
𝑄 is a transition function, and 𝑌, 𝑁 ⊆ 𝑄 are two disjoint sets of
accepting and rejecting states, respectively. Intuitively, when𝑀 runs
on a graph, each node 𝑣 (or agent) with label 𝛾 is initially in state
𝛿0 (𝛾) and uses 𝛿 to update its state, depending on the number of
neighbours it has in each state; however 𝑣 can only detect if it has
0, 1, ..., (𝛽 − 1), or at least 𝛽 neighbours in a given state. We call 𝛽
the counting bound of𝑀 .

Transitions given by 𝛿 are called neighbourhood transitions. We
write 𝑞,N ↦→ 𝑞′ for 𝛿 (𝑞,N) = 𝑞′. If 𝑞 = 𝑞′ the transition is silent
and may not be explicitly specified in our constructions. Sometimes
𝛿0, 𝑌 , 𝑁 are also irrelevant and not specified, and we just write
𝑀 = (𝑄, 𝛿).
Selections, schedules, configurations, runs, and acceptance.
A selection of a graph 𝐺 = (𝑉 , 𝐸, 𝜆) is a set 𝑆 ⊆ 𝑉 . A schedule is
an infinite sequence of selections 𝜎 = (𝑆0, 𝑆1, 𝑆2, ...) ∈ (2𝑉 )𝜔 such
that for every 𝑣 ∈ 𝑉 , there exist infinitely many 𝑡 ≥ 0 such that
𝑣 ∈ 𝑆𝑡 . Intuitively, 𝑆𝑡 is the set of nodes activated by the scheduler
at time 𝑡 , and schedules must activate every node infinitely often.

A configuration of𝑀 = (𝑄, 𝛿0, 𝛿, 𝑌 , 𝑁 ) on𝐺 is amapping𝐶 : 𝑉 →
𝑄 . We let 𝑁𝐶𝑣 : 𝑄 → [𝛽] denote the neighbourhood function that
assigns to each 𝑞 ∈ 𝑄 the number of neighbours of 𝑣 in state 𝑞 at
configuration 𝐶 , up to threshold 𝛽 ; in terms of the cutoff function,
𝑁𝐶𝑣 = ⌈𝑀𝐶𝑣 ⌉𝛽 , where 𝑀𝐶𝑣 (𝑞) =

��{𝑢 : {𝑢, 𝑣} ∈ 𝐸 ∧𝐶 (𝑢) = 𝑞}
��. The

successor configuration of 𝐶 via a selection 𝑆 is the configuration
succ𝛿 (𝐶, 𝑆) obtained from 𝐶 by letting all nodes in 𝑆 evaluate 𝛿
simultaneously, and keeping the remaining nodes idle. Formally,
succ𝛿 (𝐶, 𝑆) (𝑣) = 𝛿

(
𝐶 (𝑣), 𝑁𝐶𝑣

)
if 𝑣 ∈ 𝑆 and succ𝛿 (𝐶, 𝑆) (𝑣) = 𝐶 (𝑣)

if 𝑣 ∈ 𝑉 \ 𝑆 . We write 𝐶 → 𝐶 ′ if 𝐶 ′ = succ(𝐶, 𝑆) for some selec-
tion 𝑆 , and →∗ for the reflexive and transitive closure of →. Given
a schedule 𝜎 = (𝑆0, 𝑆1, 𝑆2, ...), the run of 𝑀 on 𝐺 scheduled by 𝜎
is the infinite sequence (𝐶0,𝐶1,𝐶2, ...) of configurations defined
inductively as follows: 𝐶0 (𝑣) = 𝛿0 (𝜆(𝑣)) for every node 𝑣 , and
𝐶𝑡+1 = succ𝛿 (𝐶𝑡 , 𝑆𝑡 ). We call 𝐶0 the initial configuration. A config-
uration 𝐶 is accepting if 𝐶 (𝑣) ∈ 𝑌 for every 𝑣 ∈ 𝑉 , and rejecting if
𝐶 (𝑣) ∈ 𝑁 for every 𝑣 ∈ 𝑉 . A run 𝜌 = (𝐶0,𝐶1,𝐶2, ...) of 𝑀 on 𝐺 is
accepting resp. rejecting if there is 𝑡 ∈ N such that 𝐶𝑡 ′ is accepting
resp. rejecting for every 𝑡 ′ ≥ 𝑡 . This is called acceptance by stable
consensus in [4].

Distributed automata. A scheduler is a pair 𝛴 = (𝑠, 𝑓 ), where 𝑠
is a selection constraint that assigns to every graph 𝐺 = (𝑉 , 𝐸, 𝜆) a
set 𝑠 (𝐺) ⊆ 2𝑉 of permitted selections such that every node 𝑣 ∈ 𝑉
occurs in at least one selection 𝑆 ∈ 𝑠 (𝐺), and 𝑓 is a fairness constraint
that assigns to every graph 𝐺 a set 𝑓 (𝐺) ⊆ 𝑠 (𝐺)𝜔 of fair schedules
of 𝐺 . We call the runs of a machine with schedules in 𝑓 (𝐺) fair
runs (with respect to 𝛴).
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A distributed automaton is a pair 𝐴 = (𝑀, 𝛴), where 𝑀 is a
machine and 𝛴 is a scheduler satisfying the consistency condition:
for every graph 𝐺 , either all fair runs of𝑀 on 𝐺 are accepting, or
all fair runs of𝑀 on𝐺 are rejecting. Intuitively, whether𝑀 accepts
or rejects 𝐺 is independent of the scheduler’s choices. 𝐴 accepts 𝐺
if some fair run of𝐴 on𝐺 is accepting, and rejects𝐺 otherwise. The
language 𝐿(𝐴) of 𝐴 is the set of graphs it recognises. The property
decided by 𝐴 is the predicate 𝜑𝐴 on graphs such that 𝜑𝐴 (𝐺) holds
iff 𝐺 ∈ 𝐿(𝐴). Two automata are equivalent if they decide the same
property.

2.2 Classifying distributed automata.
Esparza and Reiter classify automata according to four criteria:
detection capabilities, acceptance condition, selection, and fairness.
The first two concern the distributed machine, and the last two the
scheduler.
Detection. Machines with counting bound 𝛽 = 1 or 𝛽 ≥ 1 are
called non-counting or counting, respectively (abusing language,
non-counting is considered a special case of counting).
Acceptance. Amachine is halting if its transition function does not
allow nodes to leave accepting or rejecting states, i.e. 𝛿 (𝑞, 𝑃) = 𝑞 for
every 𝑞 ∈ 𝑌 ∪𝑁 and every 𝑃 ∈ [𝛽]𝑄 . Intuitively, a node that enters
an accepting/rejecting state cannot change its mind later. Halting
acceptance is a special case of acceptance by stable consensus.
Selection. A scheduler 𝛴 = (𝑠, 𝑓 ) is synchronous if 𝑠 (𝐺) = {𝑉 } for
every 𝐺 = (𝑉 , 𝐸, 𝜆) (at each step all nodes make a move); exclusive
if 𝑠 (𝐺) = {{𝑣} | 𝑣 ∈ 𝑉 } (at each step exactly one node makes a
move); and liberal if 𝑠 (𝐺) = 2𝑉 (at every step some set of nodes
makes a move).
Fairness. A schedule 𝜎 = (𝑆0, 𝑆1, ...) ∈ 𝑠 (𝐺)𝜔 of a graph 𝐺 is
pseudo-stochastic if for every finite sequence (𝑇0, ...,𝑇𝑛) ∈ 𝑠 (𝐺)∗
there exist infinitelymany 𝑡 ≥ 0 such that (𝑆𝑡 , ..., 𝑆𝑡+𝑛) = (𝑇0, ...,𝑇𝑛).
Loosely speaking, every possible finite sequence of selections is
scheduled infinitely often. A scheduler 𝛴 = (𝑠, 𝑓 ) is adversarial if
for every graph 𝐺 , the set 𝑓 (𝐺) contains all schedules of 𝑠 (𝐺)𝜔
(i.e. we only require every node to be selected infinitely often),
and pseudo-stochastic if it contains precisely the pseudo-stochastic
schedules.

Whether or not a schedule 𝜎 of a graph 𝐺 = (𝑉 , 𝐸, 𝜆) is pseudo-
stochastic depends on 𝑠 (𝐺). For example, if 𝑠 (𝐺) = {𝑉 }, i.e. if the
only permitted selection is to select all nodes, then the synchro-
nous schedule 𝑉𝜔 is pseudo-stochastic, but if 𝑠 (𝐺) = 2𝑉 , i.e. if all
selections are permitted, then it is not.

This classification yields 24 classes of automata (four classes of
machines and six classes of schedulers). It was shown in [17] that
the decision power of a class is independent of the selection type
of the scheduler (liberal, exclusive, or synchronous). This leaves 8
classes, which we denote using the following scheme:

Detection Acceptance Fairness

d: non-counting a: halting f: advers. scheduling
D: counting A: stable consensus F: pseudo-stoch. sched.

Intuitively, the uppercase letter corresponds to the more powerful
variant. Each class of automata is denoted by a string 𝑥𝑦𝑧 ∈ {d, D}×
{a, A} × {f, F}. Finally, it was shown in [17] that daf and daF have

the same decision power, yielding the seven classes on the left of
Figure 1.

In the rest of the paper, we generally assume that selection is
exclusive (exactly one node is selected at each step). Since for syn-
chronous automata there is only one permitted selection, adver-
sarial and pseudo-stochastic scheduling coincide, and we therefore
denote synchronous classes by strings 𝑥𝑦$; for example, we write
DA$.

3 LIMITATIONS
Our lower bounds on the decision power of the seven classes follow
from several lemmata proving limitations of their discriminating
power, i.e. of their ability to distinguish two graphs by accepting
the one and rejecting the other. We present four limitations. We
state the first three, and prove the last one, a non-trivial limitation
of dAF-automata. Recall that 𝜑𝐴 denotes the property decided by
the automaton 𝐴.

Automata with halting acceptance cannot discriminate cyclic graphs.
Automata with halting acceptance necessarily accept all graphs
containing a cycle, or reject all graphs containing a cycle. Intuitively,
given two graphs 𝐺 and 𝐻 with cycles, if one is accepted and the
other rejected, one can construct a larger graph in which some
nodes behave as if they were in𝐺 , others as if they were in 𝐻 . This
makes some nodes accept and others reject, contradicting that for
every graph the automaton accepts or rejects.

Lemma 3.1. Let 𝐴 be a DaF-automaton. For all graphs 𝐺 and 𝐻
containing a cycle, 𝜑𝐴 (𝐺) = 𝜑𝐴 (𝐻 ).
Automata with adversarial selection cannot discriminate a graph
and its covering. Given two graphs 𝐺 = (𝑉𝐺 , 𝐸𝐺 , 𝜆𝐺 ) and 𝐻 =
(𝑉𝐻 , 𝐸𝐻 , 𝜆𝐻 ), we say that 𝐻 covers 𝐺 if there is a covering map
𝑓 : 𝑉𝐻 → 𝑉𝐺 , i.e. a surjection that preserves labels and neighbour-
hoods by mapping the neighbourhood of each 𝑣 in 𝐻 bijectively
onto the neighbourhood of 𝑓 (𝑣) in 𝐺 . Automata with adversarial
selection cannot discriminate a graph from another one covering it.
Intuitively, if 𝐻 covers 𝐺 then a node 𝑢 of 𝐻 and the node 𝑓 (𝑢) of
𝐺 visit the same sequence of states in the synchronous runs of 𝐴
on𝐺 and 𝐻 . Since these runs are fair for adversarial selection, both
nodes accept, or both reject.

Lemma 3.2. Let 𝐴 be a DAf-automaton. For all graphs𝐺 and 𝐻 , if
𝐻 is a covering of 𝐺 , then 𝜑𝐴 (𝐺) = 𝜑𝐴 (𝐻 ).

Let 𝐿𝐺 : 𝛬 → N assign to each label ℓ ∈ 𝛬 the number of nodes
𝑣 ∈ 𝑉 such that 𝜆(𝑣) = ℓ . We call 𝐿𝐺 the label count of 𝐺 . Recall
that a labelling property depends only on the label count of a graph,
not on its structure. Based on the existence of a 𝜆-fold covering
graph for every 𝐺 and 𝜆 ∈ N, we immediately get the following.

Corollary 3.3. Let 𝐴 be a DAf-automaton deciding a labelling
property. For all graphs 𝐺 and 𝐻 , if 𝐿𝐻 = 𝜆𝐿𝐺 for some 𝜆 ∈ N>0,
then 𝜑𝐴 (𝐺) = 𝜑𝐴 (𝐻 ). This also holds when restricting to 𝑘-degree-
bounded graphs.

Automata with adversarial selection and non-counting automata can-
not discriminate beyond a cutoff. Our final results show that for
every DAf- or dAF-automaton deciding a labelling property there is
a number 𝐾 such that whether the automaton accepts a graph𝐺 or
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not depends only on ⌈𝐿𝐺 ⌉𝐾 , and not on the “complete” label count
𝐿𝐺 . In such a case we say that the property admits a cutoff. For
DAf-automata, the cutoff 𝐾 is simply 𝛽 + 1, where 𝛽 is the counting
bound.

Lemma 3.4. Let𝐴 be a DAf-automaton with counting bound 𝛽 that
decides a labelling property. For all graphs 𝐺 and 𝐻 , if ⌈𝐿𝐺 ⌉𝛽+1 =
⌈𝐿𝐻 ⌉𝛽+1 then 𝜑𝐴 (𝐺) = 𝜑𝐴 (𝐻 ), i.e. 𝜑𝐴 admits a cutoff.

The proof that dAF-automata also cannot discriminate beyond
a cut-off is more involved, and the cutoff value 𝐾 is a complex
function of the automaton. The proof technique is similar to that
of Theorem 39 of [6].

Lemma 3.5. Let 𝐴 be a dAF-automaton that decides a labelling
property. There exists 𝐾 ≥ 0 such that for every graph 𝐺 and 𝐻 , if
⌈𝐿𝐺 ⌉𝐾 = ⌈𝐿𝐻 ⌉𝐾 then 𝜑𝐴 (𝐺) = 𝜑𝐴 (𝐻 ), i.e. 𝜑𝐴 admits a cutoff.

Proof (sketch). Let 𝐴 be a dAF-automaton, and let 𝑄 be its set
of states. In this proof we consider the class of star graphs. A star
is a graph in which a node called the centre is connected to an
arbitrary number of nodes called the leaves, and no other edges
exist. Importantly, for every graph 𝐺 , there is a star 𝐺 ′ with the
same label count. We consider labelling properties (which do not
depend on the graph), so if the property has a cutoff for star graphs,
then the property has a cutoff in general. A configuration of a star
graph 𝐺 is completely determined by the state of the centre and
the number of leaves in each state. So in the rest of the proof we
assume that such a configuration is a pair 𝐶 = (𝐶ctr,𝐶sc), where
𝐶ctr denotes the state of the centre of 𝐺 , and 𝐶sc is the state count
of𝐶 , i.e. the mapping that assigns to each 𝑞 ∈ 𝑄 the number𝐶sc (𝑞)
of leaves of 𝐺 that are in state 𝑞 at 𝐶 . We denote the cutoff of 𝐶 at
a number𝑚 as ⌈𝐶⌉𝑚 := (𝐶ctr, ⌈𝐶sc⌉𝑚).

Given a configuration 𝐶 of 𝐴, recall that 𝐶 is rejecting if all
nodes have rejecting states. We say that 𝐶 is stably rejecting if 𝐶
can only reach configurations which are rejecting. Given an initial
configuration𝐶0, it is clear that𝐴must reject if it can reach a stably
rejecting configuration 𝐶 from 𝐴. Conversely, if it cannot reach
such a 𝐶 , then 𝐴 will not reject 𝐶0, as there is a fair run starting
at 𝐶0 which contains infinitely many configurations that are not
rejecting.

In the full version we now use Dickson’s Lemma to show that
there is a constant𝑚 s.t. a configuration 𝐶 of 𝐴 on a star is stably
rejecting iff ⌈𝐶⌉𝑚 is. For this it is crucial that for stars stable re-
jection is downwards closed in the following sense: if such a 𝐶 is
stably rejecting and has at least two leaves in a state 𝑞, then the
configuration 𝐶 ′ that results from removing one of these leaves is
still stably rejecting.

Now, let 𝐶 = (𝐶ctr,𝐶sc) denote a configuration of 𝐴 on a star
𝐺 = (𝑉 , 𝐸), and let 𝑞 denote a state with𝐶sc (𝑞) ≥ |𝑄 | (𝑚−1) +1. We
will show: if 𝐴 rejects 𝐶 then it must also reject the configuration
𝐶 ′ = (𝐶 ′

ctr,𝐶
′
sc) which results from adding a leaf 𝑣new in state 𝑞 to

𝐺 , i.e. 𝐶 ′
ctr := 𝐶ctr, 𝐶

′
sc (𝑞) := 𝐶sc (𝑞) + 1, and 𝐶 ′

sc (𝑟 ) := 𝐶sc (𝑟 ) for
states 𝑟 ≠ 𝑞.

We know that𝐴 rejects𝐶 , so there is some stably rejecting config-
uration𝐷 reachable from𝐶 . Our goal is to construct a configuration
𝐷 ′ reachable from 𝐶 ′ which fulfils ⌈𝐷⌉𝑚 = ⌈𝐷 ′⌉𝑚 , implying that
𝐷 ′ would also be stably rejecting. For this, let 𝑆 ⊆ 𝑉 denote the
leaves of 𝐺 which are in state 𝑞 in 𝐶 . There are |𝑄 | states and

(𝑚 − 1) |𝑄 | + 1 nodes in 𝑆 , so by the pigeonhole principle there is a
state 𝑟 ∈ 𝑄 s.t. in configuration 𝐷 at least𝑚 nodes in 𝑆 are in state
𝑟 . Let 𝑣old denote one of these nodes.

To get 𝐷 ′, we construct a run starting from 𝐶 ′, where 𝑣new be-
haves exactly as 𝑣old , until 𝐷 ′ is reached. Afterwards, the nodes
may diverge because of the pseudo-stochastic scheduler. However,
this does not matter as 𝐷 ′ is stably rejecting.

Let 𝜌 = (𝑣1, ..., 𝑣ℓ ) ∈ 𝑉 ∗ denote a sequence of selections for 𝐴 to
go from 𝐶 to 𝐷 . We construct the sequence 𝜎 ∈ 𝑉 ∗ by inserting a
selection of 𝑣new after every selection of 𝑣old , and define 𝐷 ′ as the
configuration which 𝐴 reaches after executing 𝜎 from𝐶 ′. We claim
that 𝐷 ′ is the same as 𝐷 , apart from having an additional leaf in
the same state as 𝑣old .

This follows from a simple induction: 𝑣old and 𝑣new start in the
same state and see only the root node. As they are always selected
subsequently, they will remain in the same state as each other.
For the centre we use the property that 𝐴 cannot count: it cannot
differentiate between seeing just 𝑣old , or seeing an additional node
in the same state. We remark that 𝐺 being a star is crucial for this
argument, which does not extend to e.g. cliques.

To summarise, we have shown that for every rejected star𝐺 and
state 𝑞 with 𝐿𝐺 (𝑞) ≥ (𝑚 − 1) |𝑄 | + 2 (note the centre), the input
𝐻 obtained by adding a node with label 𝑞 to 𝐺 is still rejected. An
analogous argument shows that the same holds for acceptance, and
by induction we find that 𝐾 :=𝑚( |𝑄 | − 1) + 2 is a valid cutoff. □

Since the majority property does not admit a cutoff, in particular
we obtain:

Corollary 3.6. No DAf- or dAF-automaton can decide majority.

4 EXTENSIONS
We introduce automata with more powerful communication mech-
anisms, and show that they can be simulated by standard automata
with only neighbourhood transitions. We first present our notion
of simulation (Definitions 4.1-4.3), and then in Sections 4.1-4.3 ex-
tend automata with weak versions of broadcast (a node sends a
message to all other nodes) and absence detection (a node checks
globally if there exists a node occupying a given state), and with
communication by rendezvous transitions (two neighbours change
state simultaneously).

Definition 4.1. Let𝐺 = (𝑉 , 𝐸, 𝜆) be a labelled graph and let𝑄,𝑄 ′
denote sets of states, with𝑄 ⊆ 𝑄 ′. For configurations𝐶1,𝐶2 : 𝑉 →
𝑄 ′ we define the relation ∼𝑄 as 𝐶1 ∼𝑄 𝐶2 iff 𝐶1 (𝑣) = 𝐶2 (𝑣) for all
𝑣 with 𝐶1 (𝑣) ∈ 𝑄 and 𝐶2 (𝑣) ∈ 𝑄 . Let 𝜋, 𝜋 ′ denote runs over states
𝑄 and 𝑄 ′, respectively. We say that 𝜋 ′ is an extension of 𝜋 if there
exists a monotonically increasing 𝑔 : N→ N with 𝜋 (𝑖) = 𝜋 ′(𝑔(𝑖))
for all 𝑖 ∈ N, and 𝜋 ′( 𝑗) ∼𝑄 𝜋 ′(𝑔(𝑖)) or 𝜋 ′( 𝑗) ∼𝑄 𝜋 ′(𝑔(𝑖 + 1)) for
all 𝑔(𝑖) ≤ 𝑗 ≤ 𝑔(𝑖 + 1).

To implement complicated transitions in an automaton without
extensions, we decompose them into multiple standard neighbour-
hood transitions. Instead of performing, say, a broadcast atomically
in one step, agents perform a sequence of neighbourhood transi-
tions, moving into intermediate states in the process. As mentioned
in Section 2, the results of [17] allow us to use liberal or exclusive
selection without changing the decision power. We assume that
selection is exclusive, unless stated otherwise.
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Definition 4.2. Let 𝐺 = (𝑉 , 𝐸, 𝜆) be a labelled graph. Let 𝜋, 𝜋 ′
denote runs of an automaton induced by schedules 𝑠, 𝑠 ′ ∈ 𝑉𝜔 ,
respectively. Let 𝐼 , 𝐼 ′ denote the set of indices where 𝜋 or 𝜋 ′, respec-
tively, execute non-silent transitions, i.e. 𝐼 := {𝑖 : 𝜋𝑖 ≠ 𝜋𝑖+1}. We
say that 𝜋 ′ is a reordering of 𝜋 if there exists a bijection 𝑓 : 𝐼 → 𝐼 ′
s.t. 𝑠 (𝑖) = 𝑠 ′(𝑓 (𝑖)) for all 𝑖 ∈ N, and 𝑓 (𝑖) < 𝑓 ( 𝑗) for all 𝑖 < 𝑗 where
the nodes 𝑠 (𝑖) and 𝑠 ( 𝑗) are adjacent or identical. If that is the case,
we also write 𝜋𝑓 := 𝜋 ′ for the reordering induced by 𝑓 .

While an extension of a run can execute a single complicated
transition in many steps instead of atomically, steps of different
transitions, or of different phases of a transition, should not “inter-
fere”. Ideally all the neighbourhood transitions simulating, say, a
broadcast, should be executed before any of the transitions simu-
lating the next one. However, in distributed automata this cannot
be guaranteed. This is where we make use of reorderings: We will
guarantee that every run can be reordered into an equivalent run in
which transitions do not “interfere”. We will only allow reordering
of nodes that are not adjacent, thus ensuring that the reordered run
yields the same answer as the original one.

Lastly, we now introduce a generic model encompassing all of
our extended automata, which allows us to define our notion of
simulation for all extensions simultaneously.

Definition 4.3. We say that 𝑃 = (𝑄, Run, 𝛿0, 𝑌 , 𝑁 ) is a generalised
graph protocol, where 𝑄 are states, 𝛿0, 𝑌 , 𝑁 are initialisation func-
tion, accepting states and rejecting states, respectively, and Run is
a function mapping every labelled graph𝐺 = (𝑉 , 𝐸, 𝜆) over a given
alphabet 𝛬 to a subset Run(𝐺) ⊆ (𝑄𝑉 )𝜔 of fair runs. We define
accepting/rejecting runs and the statement “𝑃 decides a predicate𝜑”
analogously to distributed automata. Further, let 𝑃 ′ be an automa-
ton with states 𝑄 ′ ⊇ 𝑄 . We say that 𝑃 ′ simulates 𝑃 , if for every fair
run 𝜋 ′ of 𝑃 ′ there is a reordering 𝜋 ′

𝑓
of 𝜋 ′ and a fair run 𝜋 ∈ Run

of 𝑃 , s.t. 𝜋 ′
𝑓
is an extension of 𝜋 . If 𝑃 ′ simulates 𝑃 , we refer to the

states in 𝑄 ′ \𝑄 as intermediate states.

We will apply this general definition to simulate broadcast, ab-
sence-detection, and rendezvous transitions by automata with only
neighbourhood transitions. In the full version [15] we show that
if 𝜋 ′ is a reordering of 𝜋 and 𝑣 is the node satisfying 𝑠 (𝑖) = 𝑣 =
𝑠 ′(𝑓 (𝑖)), then the neighbourhood of 𝑣 in 𝜋 at time 𝑖 and the neigh-
bourhood of 𝑣 in 𝜋 ′ at time 𝑓 (𝑖) coincide. Furthermore, we show
that an automaton 𝑃 ′ that simulates 𝑃 can be easily transformed
into an automaton 𝑃 ′′ that also simulates 𝑃 and is equivalent to 𝑃 ,
i.e., decides the same property as 𝑃 .

Lemma 4.4. Let 𝑃 = (𝑄, Run, 𝛿0, 𝑌 , 𝑁 ) denote a generalised graph
protocol deciding a predicate 𝜑 , and 𝑃 ′ an automaton simulating 𝑃 .
Then there is an automaton 𝑃 ′′ simulating 𝑃 which also decides 𝜑 .

The automaton 𝑃 ′′ constructed in the proof of this lemma is
basically 𝑃 ′, except that nodes remember the last state 𝑞 ∈ 𝑄 they
visited, in addition to their current state 𝑞′ ∈ 𝑄 ′. This allows us
to define the accepting/rejecting states of 𝑄 ′′ as the pairs (𝑞′, 𝑞) ∈
𝑄 ′ ×𝑄 such that 𝑞 is an accepting/rejecting state of 𝑃 .

Notation. Because of Lemma 4.4, in simulation proofs we often
leave out the accepting and rejecting states of generalised graph
protocols and automata.

4.1 Weak Broadcasts
Intuitively, a broadcast transition 𝑞 ↦→ 𝑟, 𝑓 models that an agent
in state 𝑞, called the initiating agent or initiator, sends a signal to
the other agents, and moves to state 𝑟 ; the other agents react to
the signal by moving to new states, determined by their current
state and by 𝑓 , a mapping from states to states. Broadcasts are
weak, meaning that multiple broadcasts can occur at the same time.
When this happens, all initiators send their signals and move to
their new states, and for every other agent the scheduler decides
which signal it receives and reacts to. It is only guaranteed that
every non-initiator receives exactly one signal, and that this signal
has been sent.

Definition 4.5. A distributed machine with weak broadcasts is
defined as a tuple𝑀 = (𝑄, 𝛿0, 𝛿,𝑄𝐵, 𝐵, 𝑌 , 𝑁 ), where (𝑄, 𝛿0, 𝛿, 𝑌 , 𝑁 )
is a distributed machine, 𝑄𝐵 ⊆ 𝑄 is a set of broadcast-initiating
states, and 𝐵 : 𝑄𝐵 → 𝑄 × 𝑄𝑄 describes a set of weak broadcast
transitions, one for each state of 𝑄𝐵 . In particular, 𝐵 maps a state
𝑞 to a pair (𝑞′, 𝑓 ), where 𝑞′ is a state and 𝑓 : 𝑄 → 𝑄 is a response
function. We write broadcast transitions as 𝑞 ↦→ 𝑟, 𝑓 , where 𝑓 is
usually given as a set {𝑟 ↦→ 𝑓 (𝑟 ) : 𝑟 ∈ 𝑄}. (Mappings 𝑟 ↦→ 𝑟 , and
silent transitions 𝑞 ↦→ 𝑞, id, id being the identity function, may be
omitted.) Given a configuration𝐶 and a selection 𝑆 ⊆ 𝑉 of initiators
such that 𝐶 (𝑣) ∈ 𝑄𝐵 for every 𝑣 ∈ 𝑆 , the machine can move to any
configuration 𝐶 ′ satisfying the following conditions:

• If 𝑣 ∈ 𝑆 , then 𝐶 ′(𝑣) = 𝑞′, where 𝑞′ is the state such that
𝐵(𝐶 (𝑣)) = (𝑞′, 𝑓 ).

• If 𝑣 ∉ 𝑆 , then 𝐶 ′(𝑣) = 𝑓 (𝐶 (𝑣)), where 𝐵(𝐶 (𝑢)) = (𝑞′, 𝑓 ) for
some 𝑢 ∈ 𝑆 , i.e., 𝑓 is the response function of an initiator 𝑢.

A valid selection is a nonempty independent set of nodes of 𝑉 . The
set of valid selections is denoted I. A schedule of𝑀 is a sequence
𝜎 ∈ ({𝑛,𝑏} ×I)𝜔 ; intuitively, 𝜎 (𝑖) = (𝑛, 𝑆) means that at time 𝑖 the
scheduler asks the agents of 𝑆 to perform a neighbourhood transi-
tion, and 𝜎 (𝑖) = (𝑏, 𝑆) that it asks the agents of 𝑆 to initiate weak
broadcasts. Given a schedule 𝜎 , we generate a run 𝜋 = (𝐶0,𝐶1, ...)
as follows. For each step 𝑖 ≥ 1 either 𝜎 (𝑖) = (𝑛, 𝑆) for 𝑆 ⊆ 𝑉 and
we execute a neighbourhood transition for 𝑆 ′ := 𝑆 \𝐶−1

𝑖 (𝑄𝐵), or
𝜎 (𝑖) = (𝑏, 𝑆) for 𝑆 ⊆ 𝑉 and we execute a weak broadcast transition
on 𝑆 ′ := 𝑆∩𝐶−1

𝑖 (𝑄𝐵). In either case, if 𝑆 ′ is empty we set𝐶𝑖+1 := 𝐶𝑖 .
A schedule 𝜎 is adversarial if there are infinitely many 𝑖 with

𝜎 (𝑖) = (𝑏, 𝑆) for some 𝑆 , or for all 𝑣 ∈ 𝑉 there are infinitely many 𝑖
with 𝜎 (𝑖) = (𝑛, 𝑆) and 𝑣 ∈ 𝑆 . It is pseudo-stochastic, if every finite
sequence of selections 𝑤 ∈ ({𝑛,𝑏} × I)∗ appears infinitely often
in 𝜎 . Given 𝑥𝑦𝑧 ∈ {d, D} × {a, A} × {f, F}, an 𝑥𝑦𝑧-automaton with
weak broadcasts is a tuple (𝑀, Σ) defined as for an 𝑥𝑦𝑧-automaton,
except that 𝑀 is a distributed machine with weak broadcasts. In
particular, we extend the definitions of fair runs, consensuses, and
acceptance to automata with weak broadcasts.

A strong broadcast protocol is a tuple 𝑃 = (𝑄, 𝛿0, 𝐵, 𝑌 , 𝑁 ) that
is defined analogously to a dAF-automaton with weak broadcasts
(𝑄, 𝛿0, ∅, 𝑄, 𝐵,𝑌 , 𝑁 ), except that the set of valid selections is I :=
{{𝑣} : 𝑣 ∈ 𝑉 }. In other words, only one agent can broadcast at
a given time. This model corresponds to the broadcast consensus
protocols of [11].1

1The protocols of [11] also contain rendez-vous transitions, but they can be removed
without affecting expressive power.
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Figure 2: (a) Prefix of a run of the automaton of Example 4.6. on a line with five nodes. (b) An extension of the same run, where
■ denotes intermediate states; only the first 12 steps are shown. (c) A reordering of the run of (b); only four steps are shown.

Additionally, to simplify our proofs we assume that all selections
(𝑛, 𝑆) satisfy |𝑆 | = 1, i.e. at each step the scheduler selects one single
agent to execute a neighbourhood transition. Observe that we can
assume |𝑆 | = 1 without loss of generality. Indeed, since 𝑆 is an
independent set by definition, it only contains non-adjacent nodes,
and so after the agents of 𝑆 execute a neighbourhood transition, be
it simultaneously or sequentially, they reach the same states.

Example 4.6. Consider a dAF-automaton 𝑃 with states {𝑎, 𝑏, 𝑥},
a neighbourhood transition 𝑥, 𝑁 ↦→ 𝑎 for every neighbourhood
𝑁 : 𝑄 → [1] with 𝑁 (𝑎) > 0 (i.e. an agent moves from 𝑥 to 𝑎 if it
has at least one neighbour in 𝑎), and weak-broadcast transitions

𝑎 ↦→ 𝑎, {𝑥 ↦→ 𝑎} and 𝑏 ↦→ 𝑏, {𝑏 ↦→ 𝑎, 𝑎 ↦→ 𝑥} .
Figure 2 shows sample runs of 𝑃 on the graph consisting of a line
with five nodes. Note that the simultaneous broadcasts at both ends
of the line are executed simultaneously, and are received by three
and two nodes, respectively. However, the next (and last) broad-
cast, which is initiated by the bottom node, reaches all nodes. The
reordering depicted in (c) shows the interleaving of two different
transitions: while the two ends have already initiated broadcasts,
the information has not reached the middle node, and it can execute
a neighbourhood transition.

Of course, our model of weak broadcasts would be of limited
use if we were not able to simulate it. For this we use a con-
struction similar to the three-phase protocol of Awerbuch’s alpha-
synchroniser [8]. Instead of simply using it to synchronise, we will
propagate additional information, allowing the agents to perform
the local update necessary to execute the broadcast.

Lemma 4.7. Every automaton with weak broadcasts is simulated
by some automaton of the same class without weak broadcasts.

Proof (sketch). Let 𝑃 = (𝑄, 𝛿0, 𝛿,𝑄𝐵, 𝐵) denote an automaton
with weak broadcasts. We define an automaton 𝑃 ′ = (𝑄 ′, 𝛿 ′0, 𝛿

′)
simulating 𝑃 . The automaton 𝑃 ′ has three phases, called 0,1, and 2.
A node moves to the next phase (modulo 3) only if every neighbour
is in the same phase or in the next. The states of 𝑃 ′ are 𝑄 ′ :=
𝑄 ∪𝑄 × {1, 2} ×𝑄𝑄 . Intuitively, an agent of 𝑃 ′ in state 𝑞 ∈ 𝑄 is in
phase 0, and simulates an agent of 𝑃 in state 𝑞; an agent of 𝑃 ′ in
state (𝑞, 𝑖, 𝑓 ) ∈ 𝑄 × {1, 2} ×𝑄𝑄 is in phase 𝑖 , and simulates an agent
executing 𝑃 in state 𝑞, and initiating or responding to a broadcast
with response function 𝑓 .

Let 𝛽 denote the counting bound of 𝑃 . To specify the transi-
tions, for a neighbourhood 𝑁 : 𝑄 ′ → [𝛽] we write 𝑁 [𝑖] :=∑
𝑞,𝑓 𝑁 ((𝑞, 𝑖, 𝑓 )) for 𝑖 ∈ {1, 2} and 𝑁 [0] :=

∑
𝑞∈𝑄 𝑁 (𝑞) to de-

note the number of adjacent agents in a particular phase, and

choose a function 𝑔(𝑁 ) ∈ 𝑄𝑄 ∪ {□} s.t. 𝑔(𝑁 ) = 𝑓 ≠ □ implies
𝑁 ((𝑞, 1, 𝑓 )) > 0, and 𝑔(𝑁 ) = □ implies 𝑁 [1] = 0. The function 𝑔
is used to select which broadcast to execute, if there are multiple
possibilities. We define the following transitions for 𝛿 ′, for all states
𝑞 ∈ 𝑄 and neighbourhoods 𝑁 : 𝑄 → [𝛽].

𝑞, 𝑁 ↦→ 𝛿 (𝑞, 𝑁 ) if 𝑞 ∉ 𝑄𝐵 and 𝑁 [0] = |𝑁 | (1)

𝑞, 𝑁 ↦→ (𝑞′, 1, 𝑓 ) if 𝑞 ∈ 𝑄𝐵 and 𝑁 [0] = |𝑁 |,
with (𝑞′, 𝑓 ) := 𝐵(𝑞) (2)

𝑞, 𝑁 ↦→ (𝑓 (𝑞), 1, 𝑓 ) if 𝑔(𝑁 ) = 𝑓 ≠ □ (3)
(𝑞, 1, 𝑓 ), 𝑁 ↦→ (𝑞, 2, 𝑓 ) if 𝑁 [0] = 0 (4)
(𝑞, 2, 𝑓 ), 𝑁 ↦→ 𝑞 if 𝑁 [1] = 0 (5)

If all neighbours are in phase 0, the agent either executes a neigh-
bourhood transition via (1) or it initiates the broadcast in (2), depend-
ing on the state of the agent. For the latter, the agent immediately
performs the local update. Once there is a phase 1 neighbour, the
agent instead executes the broadcast of one of its neighbours via (3)
(if there are multiple, 𝑔 is used to select one). Note that (2) and (3)
are indeed well-defined, as 𝑁 [0] = |𝑁 | holds iff 𝑔(𝑁 ) = □. Finally,
transitions (4) and (5) move agents to the next phase, once all of
their neighbours are in the same or the next phase. □

4.2 Weak Absence Detection
Absence detection, introduced in [27], enables agents to determine
the support of the current configuration, defined as the set of states
currently populated by at least one agent. More precisely, an agent
that executes an absence-detection transition moves to a new state
that depends on the current support. We consider a weaker mech-
anism where, as for weak broadcasts, multiple absence-detection
transitions may occur at the same time. In this case, each agent
executing an absence-detection transition moves according to the
support of a subset of the agents. However, it is ensured that every
agent belongs to at least one of these subsets.

While it is possible to define and implement a more general
model involving absence-detection, we limit ourselves to a special
case to simplify our proofs. In particular, we define amodel in which
scheduling is synchronous. Further, we implement a simulation
only for graphs of bounded degree.

Definition 4.8. A distributed machine with weak absence-detection
is defined as a tuple (𝑄, 𝛿0, 𝛿,𝑄𝐴, 𝐴,𝑌 , 𝑁 ), where (𝑄, 𝛿0, 𝛿, 𝑌 , 𝑁 ) is
a distributed machine, 𝑄𝐴 is a set of initiating states or initiators,
and 𝐴 : 𝑄𝐴 × 2𝑄 → 𝑄 a set of (weak) absence-detection transitions.
Given a configuration 𝐶 , a selection 𝑆 ⊆ 𝑉 of initiators such that
𝐶 (𝑣) ∈ 𝑄𝐴 for every 𝑣 ∈ 𝑆 , and a set 𝑆𝑣 ⊆ 𝑉 for every 𝑣 ∈ 𝑆
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satisfying 𝑣 ∈ 𝑆𝑣 and
⋃
𝑣∈𝑆 𝑆𝑣 = 𝑉 , the machine can move to

any configuration 𝐶 ′ with 𝐶 ′(𝑣) := 𝐴(𝑣,𝐶 (𝑆𝑣)) for 𝑣 ∈ 𝑆 and
𝐶 ′(𝑣) := 𝐶 (𝑣) for 𝑣 ∉ 𝑆 . (Notice that the 𝑆𝑣 need not be pairwise
disjoint.) We write 𝑞, 𝑆 ↦→ 𝑞′ to denote that𝐴(𝑞, 𝑆) = 𝑞′ for 𝑞 ∈ 𝑄𝐴 ,
𝑞′ ∈ 𝑄 and 𝑆 ⊆ 𝑄 .

We use the synchronous scheduler, so the only valid selection
is 𝑉 . A step at a configuration 𝐶 is performed by having each
agent execute a neighbourhood transition simultaneously, moving
to 𝐶 ′, followed by an absence-detection with 𝑆 := 𝐶−1 (𝑆𝐴) as set
of initiators, to go from 𝐶 ′ to 𝐶 ′′. If 𝑆 is empty, the computation
hangs, and we instead set 𝐶 ′′ := 𝐶 . A DA$-automaton with (weak)
absence-detection is defined analogously to a DA$-automaton.

As for broadcasts, absence detection is implemented using a
three phase protocol. To allow the information to propagate back,
we use a distance labelling that effectively embeds a rooted tree for
each initiating agent.

Lemma 4.9. Every DA$-automaton with weak absence detection is
simulated by some DAf-automaton, when restricted to bounded-degree
graphs.

4.3 Rendez-vous transitions
In rendez-vous transitions two neighbours interact and move to
new states according to a joint transition function. They are the
communication mechanism of population protocols [4]. In fact,
population protocols on graphs have also been studied previously
[3], and we use exactly the same model.

A rendez-vous transition 𝑝, 𝑞 ↦→ 𝑝 ′, 𝑞′ allows two neighbouring
nodes 𝑢 and 𝑣 in states 𝑝 and 𝑞 to interact and change their states
to 𝑝 ′ and 𝑞′, respectively. Like neighbourhood transitions, rendez-
vous transitions are local, i.e., they only involve adjacent nodes.
They are useful to model transactions such as transferring a token
from one node to another. A population protocol on graphs, or graph
population protocol, is a pair (𝑄, 𝛿) where 𝑞 is a set of states and
𝛿 : 𝑄2 → 𝑄2 is a set of rendez-vous transitions, and 𝑝, 𝑞 ↦→ 𝑝 ′, 𝑞′
denotes 𝛿 (𝑝, 𝑞) = (𝑝 ′, 𝑞′). The formal definition can be found in
the full version [15].

Lemma 4.10. Every graph population protocol is simulated by some
DAF-automaton.

5 UNRESTRICTED COMMUNICATION
GRAPHS

We prove the characterisation of the decision power of the different
classes as presented in the introduction. The classes are defined as
follows. For a labelling property 𝜑 : NΛ → {0, 1} we have

• 𝜑 ∈ Trivial iff 𝜑 is either always true or always false,
• 𝜑 ∈ Cutoff(1) iff 𝜑 (𝐿) = 𝜑 (⌈𝐿⌉1) for all multisets 𝐿 ∈ NΛ,
• 𝜑 ∈ Cutoff iff there exists a 𝐾 ∈ N s.t. 𝜑 (𝐿) = 𝜑 (⌈𝐿⌉𝐾 ) for
all multisets 𝐿 ∈ NΛ, and

• 𝜑 ∈ NL iff 𝜑 is decidable by a non-deterministic Turing-
Machine using logarithmic space.

The proof proceeds in the following steps:
(1) DaF and therefore all automata-classes with weak accep-

tance have an upper bound of Trivial and thus decide exactly
Trivial. This proof also works when restricted to degree-
bounded graphs.

(2) DAf and therefore also dAf can decide at most Cutoff(1).
(3) dAf and therefore also DAf can decide at least Cutoff(1).
(4) dAF can decide exactly Cutoff.
(5) DAF can decide exactly the labelling propertis in NL.
In this section we sketch the hardest proof, the characterisation

for DAF. All other proofs can be found in the full version [15]. We
start with some conventions and notations.

Conventions and notations. When describing automata of a given
class (possibly with weak broadcasts or weak absence detection) we
specify only the machine; the scheduler is given implicitly by the
fairness condition and selection criteria of the class. Further, when
the initialisation function and the accepting/rejecting states are
straightforward, which is usually the case, we only describe the sets
of states and transitions. So, for example, we speak of the automaton
(𝑄, 𝛿), or the automaton with weak broadcasts (𝑄, 𝛿,𝑄𝐵, 𝐵). We
even write (𝑄, 𝛿) +𝐵; in this case𝑄𝐵 is implicitly given as the states
of 𝐵 initiating non-silent broadcasts, i.e. 𝑄𝐵 := {𝑞 : 𝐵(𝑞) ≠ (𝑞, id)}.

Given an automaton 𝑃 (possibly with weak broadcasts or absence
detection) with set of states𝑄 and a set𝑄 ′, we let 𝑃 ×𝑄 ′ denote the
automaton with set of states𝑄 ×𝑄 ′ whose transitions leave the𝑄 ′
component of the state untouched. In other words, if a transition
makes a node move from state (𝑞, 𝑞′) to state (𝑝, 𝑝 ′), then 𝑞′ = 𝑝 ′.
The definition of the transitions is straightforward, and we omit it.

We often combine the two notations above. Given an automaton
𝑃 ′, we write for example 𝑃 = 𝑃 ′ ×𝑄 ′ + 𝐵 to denote the automaton
with weak broadcasts obtained by first constructing 𝑃 ′ ×𝑄 ′, and
then adding the set 𝐵 of weak broadcast transitions.

Lemma 5.1. DAF-automata decide exactly the labelling properties
in NL.

Proof (sketch). First, we argue why DAF-automata can decide
only labelling properties in NL. Let 𝑃 be a DAF-automaton deciding
a labelling property 𝜑 . We exhibit a log-space Turing machine that
given a labelled graph 𝐺 = (𝑉 , 𝐸, 𝜆) decides whether 𝑃 accepts
𝐺 . Since 𝜑 is a labelling property, 𝜑 (𝐺) = 𝜑 (𝐺) for the unique
clique 𝐺 with set of nodes 𝑉 and labelling 𝜆. The Turing machine
therefore ignores 𝐺 and simulates 𝑀 on 𝐺 . A configuration of 𝐺
is completely characterized up to isomorphism by the number of
agents in each state; in particular, it can be stored using logarithmic
space. In [11, Proposition 4] it is shown that any class of automata
whose configurations have this property, and whose step relation is
inNL (i.e., there is a log-space Turing machine that on input (𝐶,𝐶 ′)
decides if the automaton can move from 𝐶 to 𝐶 ′), can only decide
properties inNL. Since the step relation of DAF-automata on cliques
is certainly in NL, the result follows.

Now we show the other direction. It is known that strong broad-
cast protocols decide exactly the predicates in NL [11, Theorem 15].
Therefore, it suffices to show that for every strong broadcast pro-
tocol there is an equivalent DAF-automaton. By Lemma 4.7 DAF-
automata can simulate weak broadcasts, and so, loosely speaking,
the task is to simulate strong broadcasts with weak ones.

Let 𝑃 = (𝑄, 𝛿, 𝐼 ,𝑂) be a strong broadcast protocol. We start with
a graph population protocol 𝑃token := (𝑄token, 𝛿token), with states
𝑄token := {0, 𝐿, 𝐿′,⊥} and rendez-vous transitions 𝛿token given by

(𝐿, 𝐿) ↦→ (0,⊥), (0, 𝐿) ↦→ (𝐿, 0), (𝐿, 0) ↦→ (𝐿′, 0) 〈token〉
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Now we construct a DAF-automaton 𝑃 ′token = (𝑄 ′
token, 𝛿

′
token) simu-

lating 𝑃token using Lemma 4.10, and combine it with 𝑃 by setting
𝑃step := 𝑃 ′token × 𝑄 + 〈step〉 , where 〈step〉 is a weak broadcast
defined as

(𝐿′, 𝑞) ↦→ (𝐿, 𝑞′),
{(𝑡, 𝑟 ) ↦→ (𝑡, 𝑓 (𝑟 ))
for (𝑡, 𝑟 ) ∈ 𝑄 ′

token ×𝑄

}
〈step〉

for each broadcast 𝑞 ↦→ 𝑞′, 𝑓 in 𝛿 . Finally, let 𝑃 ′step = (𝑄 ′
step, 𝛿

′
step)

be a DAF-automaton simulating 𝑃step, which exists by Lemma 4.7.
Intuitively, agents in states 𝐿, 𝐿′ have a token. If we could ensure

that initially there is only one token in 𝐿, 𝐿′, then we would be done.
Indeed, in this case at each moment only the agent with the token
can move; if in 𝐿, it initiates a (simulated) rendez-vous transition,
and if in 𝐿′, a weak broadcast. Since no other agent is executing a
weak broadcast at the same time, the weak broadcast is received by
all agents, and has the same effect as a strong broadcast.

We cannot ensure that initially there is only one token, but if the
computation starts with more than one, then two tokens eventually
meet using transition 〈token〉 and an agent moves into the error
state ⊥. We design a mechanism to restart the computation after
this occurs, now with fewer agents in state (𝐿, · ), guaranteeing
that eventually the computation is restarted with only one token.
For this we again add an additional component to each state and
consider the protocol 𝑃reset := 𝑃 ′step ×𝑄 + 〈reset〉, where 〈reset〉 are
the following broadcast transitions, for each 𝑞, 𝑞0 ∈ 𝑄 .

((⊥, 𝑞), 𝑞0) ↦→ ((𝐿, 𝑞0), 𝑞0),
{(𝑟, 𝑟0) ↦→ ((0, 𝑟0), 𝑟0)
for 𝑟 ∈ 𝑄 ′

step, 𝑟0 ∈ 𝑄

}
〈reset〉

For 𝑃reset we define the input mapping 𝐼reset (𝑥) := ((𝐿, 𝐼 (𝑥)), 𝐼 (𝑥))
and the set of accepting states 𝑂reset := {((𝑟, 𝑞), 𝑞0) : 𝑞 ∈ 𝑂,𝑞0 ∈
𝑄, 𝑟 ∈ {0, 𝐿}}. Using Lemma 4.7 (and Lemma 4.4) we get a DAF-
Automaton equivalent to 𝑃reset, so it suffices to show that 𝑃reset is
equivalent to 𝑃 .

In the full version [15], we show that a run of 𝑃reset starting
with more than one token will eventually reset and restart the
computation with strictly fewer tokens, until only one token is left.
After this moment, 〈reset〉 is never executed again, and so we are
left with a run of 𝑃step, which stabilises to a correct consensus.

□

6 BOUNDED-DEGREE COMMUNICATION
GRAPHS

We characterise the decision power of the models when the degree
of the input graphs is at most 𝑘 for some constant 𝑘 ∈ N. Many
results for the unrestricted set of graphs continue to hold, in par-
ticular Corollary 3.3, proving that DAf-automata can only compute
properties invariant under scalar multiplication (called ISM in Fig-
ure 1), as well as the result that automata with halting acceptance
can only decide trivial properties. The new results are:

(1) For every 𝑘 ≥ 3 the expressive power of dAf is precisely
Cutoff(1).

(2) DAF- and dAF-automata decide exactly the labelling proper-
ties in NSPACE(𝑛).

(3) DAf can decide all homogeneous threshold predicates, in
particular majority. This is a proper subset of ISM (the latter

contains e.g. the divisibility predicate 𝜑 (𝑥,𝑦) ⇔ 𝑥 |𝑦), so
there is a gap between our upper and lower bounds for DAf.

We describe the DAf-automata for homogeneous threshold pred-
icates. All other proofs can be found in the full version [15].

6.1 DAf decides all homogeneous threshold
predicates on bounded-degree graphs

Let 𝜑 : N𝑙 → {0, 1}, 𝜑 (𝑥1, ..., 𝑥𝑙 ) ⇔ 𝑎1𝑥1 + ... + 𝑎𝑙𝑥𝑙 ≥ 0 denote an
arbitrary homogeneous threshold predicate, with 𝑎1, ..., 𝑎𝑙 ∈ Z, and
let 𝑘 denote the maximum degree of the communication graph.
Local Cancellation. We first define a protocol that performs local
updates. Each agent stores a (possibly negative) integer contribution.
If the absolute value of the contribution is large, then the agent
will try to distribute the value among its neighbours. In particular,
if a node 𝑣 has contribution 𝑥 with 𝑥 > 𝑘 , then it will “send” one
unit to each of its neighbours with contribution 𝑦 ≤ 𝑘 . Those
neighbours increment their contribution by 1, while 𝑣 decrements
its contribution accordingly. (This happens analogously for 𝑥 < −𝑘 ,
where −1 units are sent.) Agents may receive multiple updates in a
single step, or may simultaneously send and receive updates.

We define a DA$-automaton with weak absence detection 𝑃cancel
:= (𝑄cancel, 𝛿cancel, ∅, ∅), but use only neighbourhood transitions
for the moment. We use states 𝑄cancel := {−𝐸, ..., 𝐸}. Here 𝐸 :=
max{|𝑎1 |, ..., |𝑎𝑙 |} ∪ {2𝑘} is the maximum contribution an agent
must be able to store: any agent with contribution 𝑥 s.t. |𝑥 | ≤ 𝑘
may receive an increment or decrement from up to 𝑘 neighbours,
so 𝐸 ≥ 𝑘 + 𝑘 . The transitions 𝛿cancel are

𝑥, 𝑁 ↦→
𝑥 − 𝑁 [−𝐸,−𝑘−1]
+ 𝑁 [𝑘+1, 𝐸] for 𝑥 = −𝑘, ..., 𝑘

𝑥, 𝑁 ↦→ 𝑥 − 𝑁 [−𝐸, 𝑘] for 𝑥 = 𝑘+1, ..., 𝐸
𝑥, 𝑁 ↦→ 𝑥 + 𝑁 [−𝑘, 𝐸] for 𝑥 = −𝐸, ...,−𝑘−1

〈cancel〉

Here we write 𝑁 [𝑎, 𝑏] := ∑𝑏
𝑖=𝑎 𝑁 (𝑖) for the total number of adja-

cent agents with contribution in the interval [𝑎 : 𝑏]. As we use the
synchronous scheduler, at each step all agents make a move. It is
thus easy to see that 〈cancel〉 preserves the sum of all contribu-
tions

∑
𝑣 𝐶 (𝑣) for a configuration 𝐶 , and that it does not increase∑

𝑣 |𝐶 (𝑣) |.
We can now show that the above protocol converges in the

following sense:

Lemma 6.1. Let 𝜋 = (𝐶0,𝐶1, ...) denote a run of 𝑃cancel with∑
𝑣 𝐶0 (𝑣) < 0. Then there exists 𝑖 ≥ 0 such that either all config-

urations 𝐶𝑖 ,𝐶𝑖+1, ... only have states in {−𝐸, ...,−1}, or they only
have states {−𝑘, ..., 𝑘}.

Convergence and Failure Detection. The overall protocol waits
until 𝑃cancel converges, i.e. either all agents have “small” contribu-
tions, or all contributions are negative. In the latter case, we can
safely reject the input, as the total sum of contributions is negative.
In the former case we perform a broadcast, doubling all contribu-
tions. As we only double once all contributions are small, each agent
can always store the new value. This idea of alternating cancelling
and doubling phases has been used extensively in the population
protocol literature [5, 9, 10, 22].
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To detect whether 𝑃cancel has already converged, and to perform
the doubling, we elect a subset of agents as leaders. A “true” leader
election, with only one leader at the end, is impossible due to weak
fairness, but we can elect a “good enough” set of leaders: whenever
two leaders disagree, we can eliminate one of them and restart the
computation with a non-empty, proper subset of the original set of
leaders.

We use weak absence-detection transitions to determine whether
𝑃cancel has converged. Set 𝑄𝐿 := {0, 𝐿, 𝐿double, 𝐿□} and let (𝑄, 𝛿) :=
𝑃cancel×𝑄𝐿 . (Recall the notation from Section 5.)We define 𝑃detect :=
(𝑄 ∪ {⊥,□}, 𝛿,𝑄cancel × {𝐿}, 𝐴), where 𝐴 are the following ab-
sence-detection transitions, for 𝑥 ∈ 𝑄cancel, 𝑠 ⊆ 𝑄 ∪ {⊥,□}.

(𝑥, 𝐿), 𝑠 ↦→ ⊥ if □ ∈ 𝑠
(𝑥, 𝐿), 𝑠 ↦→ (𝑥, 𝐿double) if 𝑠 ⊆ {−𝑘, ..., 𝑘} × {0}
(𝑥, 𝐿), 𝑠 ↦→ (𝑥, 0) if ⊥ ∈ 𝑠
(𝑥, 𝐿), 𝑠 ↦→ (𝑥, 𝐿□) if 𝑠 ⊆ {−𝐸, ...,−1} × {0}

〈detect〉

Intuitively, ⊥ and 𝑄cancel × {𝐿, 𝐿double, 𝐿□} are leader states, and □
is the (only) rejecting state. State⊥ is an error state: an agent in that
state will eventually restart the computation. Via Lemma 4.9 we
get a DAf-automaton 𝑃 ′detect = (𝑄 ′

detect, 𝛿
′
detect) simulating 𝑃detect.

We want our broadcasts to interrupt any (simulated) absence-
detection transitions of 𝑃 ′detect, by moving agents in intermediate
states 𝑄 ′

detect \𝑄detect to their last “good” state in 𝑄detect. To this
end, we introduce the mapping last : 𝑄 ′

detect → 𝑄detect, which
fulfils last(𝐶𝑖 (𝑣)) ∈ {last(𝐶𝑖−1 (𝑣)),𝐶𝑖 (𝑣)} for all runs 𝜋 = 𝐶0𝐶1 ...
of 𝑃 ′detect and 𝑖 > 0, where 𝐶0 has only states of 𝑄detect. It is, of
course, not true that last exists for any simulation 𝑃 ′detect of 𝑃detect.
However, one can extend any simulation which does not, by having
each agent “remember” its last state in 𝑄detect.

We construct a DAf-automaton with weak broadcasts 𝑃bc by
adding the following transitions to 𝑃 ′detect.

(𝑥, 𝐿double) ↦→ (2𝑥, 𝐿), (
{(𝑦, 0) ↦→ (2𝑦, 0) : 𝑦 ∈ {−𝑘 + 1, ..., 𝑘 − 1}}
∪ {𝑞 ↦→ ⊥ : 𝑞 ∈ 𝑄cancel × {𝐿, 𝐿double, 𝐿□}}) ◦ last

〈double〉

(𝑥, 𝐿□) ↦→ □,
(

{(𝑦, 0) ↦→ □ : 𝑦 ∈ {−𝐸, ...,−1}}
∪ {𝑞 ↦→ ⊥ : 𝑞 ∈ 𝑄cancel × {𝐿, 𝐿double, 𝐿□}}) ◦ last

〈reject〉

These transitions arewritten somewhat unintuitively. Recall that we
write a weak broadcast transition as𝑞 ↦→ 𝑞′, 𝑓 , where𝑞, 𝑞′ ∈ 𝑄 ′

detect
are states and 𝑓 : 𝑄 ′

detect → 𝑄 ′
detect is the transfer function. Usually,

we specify 𝑓 as simply a set of mappings {𝑟 ↦→ 𝑓 (𝑟 ) : 𝑟 ∈ 𝑄 ′
detect}.

Here, our transition essentially is𝑞 ↦→ 𝑞′, (𝑓 ◦last), where ◦ denotes
function composition, and 𝑓 is given as a set of mappings. This
means that broadcasts first move all agents to their last state in
𝑄detect, and then apply the other mappings as specified.

Before extending 𝑃bc with resets that restart the computation
from an error state, we analyse the behaviour of 𝑃bc in more detail.
To talk about accepting/rejecting runs, we define the set of rejecting
states as {□}. (All other states are accepting.) Let 𝜋 := (𝐶0,𝐶1, ...)
denote a fair run of 𝑃bc starting in a configuration 𝐶0 where all

agents are in states {−𝐸, ..., 𝐸} × {0, 𝐿}, and at least one agent is in a
state ( · , 𝐿). We refer to the agents starting in ( · , 𝐿) as leaders. Note
that it is not possible to enter a state in 𝑄 × {𝐿, 𝐿double, 𝐿□} ∪ {⊥}
without being a leader. We usually disregard the first component
(if any) while referring to states of leaders.

To argue correctness, we state two properties of 𝑃bc. First, it is not
possible for all leaders to enter⊥, which ensures that a reset restarts
the computation with a proper subset of the leaders. Second, 𝑃bc
works correctly if no agent enters an error state. Here, 𝐿𝐺 : 𝑋 → N
denotes the label count of the input graph, i.e. 𝐿𝐺 (𝑥𝑖 ) = |𝐶−1

0 (𝑎𝑖 ) |
for 𝑖 = 1, ..., 𝑙 .

Lemma 6.2. Assuming that no agent enters state ⊥, 𝜋 is accepting
iff 𝜑 (𝐿𝐺 ) = 1. Additionally, 𝜋 cannot reach a configuration with all
leaders in state ⊥.

Resets. Finally, we can add resets to the protocol, to restart the
computation in case of errors. We use Lemma 4.7 to construct
a DAf-computation 𝑃 ′bc = (𝑄 ′

bc, 𝛿
′
bc) simulating 𝑃bc, and then set

𝑃reset := 𝑃 ′bc ×𝑄cancel + 〈reset〉, where the broadcasts are defined
as follows, for 𝑞0 ∈ 𝑄cancel.

(⊥, 𝑞0) ↦→ ((𝑞0, 𝐿), 𝑞0),
{(𝑟, 𝑟0) ↦→ ((𝑟0, 0), 𝑟0)
for (𝑟, 𝑟0) ∈ 𝑄 ′

bc ×𝑄cancel

}
〈reset〉

To actually compute 𝜑 , we add the initialisation function 𝐼 (𝑥𝑖 ) :=
((𝑎𝑖 , 𝐿), 𝑎𝑖 ) and the set of rejecting states 𝑁 := {□} to 𝑃reset (all
other states are accepting).

Proposition 6.3. For every predicate 𝜑 : N𝑙 → {0, 1} such that
𝜑 (𝑥1, ..., 𝑥𝑙 ) ⇔ 𝑎1𝑥1 + ... + 𝑎𝑙𝑥𝑙 ≥ 0 with 𝑎1, ..., 𝑎𝑙 ∈ Z there is a
bounded-degree DAf-automaton computing 𝜑 .

7 CONCLUSION
We have characterised the decision power of the weak models of
computation studied in [17] for properties depending only on the la-
belling of the graph, not on its structure. For arbitrary networks,the
initially twenty-four classes of automata collapse into only four; fur-
ther, only DAF can decide majority. For bounded-degree networks
(a well-motivated restriction in a biological setting, also used in
e.g. in [3, 12]), the picture becomes more complex. Counting and
non-counting automata become equally powerful, an interesting
fact because biological models are often non-counting. Further,
the class DAf, which uses adversarial scheduling, substantially in-
creases its power, and becomes able to decide majority. So, while
majority algorithms require (pseudo-)random scheduling to work
correctly for arbitrary networks, they can work correctly under
adversarial scheduling for bounded-degree networks. In particular,
there exist a synchronous deterministic algorithm for majority in
bounded-degree networks.
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