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Zusammenfassung

Der thermische Freeze-out Effekt der dunklen Materie im frithen Universum gehort
zu einer der am weitverbreitetsten Mechanismen, die darauf abzielen, eine natiirliche
Begriindung fiir die experimentell beobachtete Reliktdichte der dunklen Materie zu
geben. Diese Arbeit widmet sich der theoretischen Studie zur chemischen Entkop-
plung schwerer nichtrelativistischer dunkler Materie und der anschlieBenden zeitlichen
Entwicklung in einem expandierenden thermischen Milieu, welches den dunklen Sektor
des Universums in seinen frithen Stadien abbildet. Insbesondere bedienen wir uns der
Methoden der effektiven Quantenfeldtheorien bei endlicher Temperatur, um die rele-
vanten thermischen Wechselwirkungsraten und die entsprechenden Raten im Vakuum
innerhalb bestimmter Hierarchien von Energieskalen zu identifizieren und zu berechnen.
Wir ermitteln die entsprechenden Observablen in verschiedenen Bezugssystemen in rig-
oroser Weise und heben die Genauigkeit der erhaltenen Ergebnisse hervor, welches von
grofter Bedeutung fiir eine préazise Bestimmung der gegenwértigen Energiedichte der
dunklen Materie ist. Diese Raten sind die Schliisselkomponenten in den Evolutionsgle-
ichungen, die die chemische Entkopplung verursachen aber auch das numerische Ergebnis
der Ausbeute an dunkler Materie stark beeinflussen. Unser Ziel ist es daher, eine um-
fassende Forschung verschiedener Beitrdge wie des Riickstofleffekts des Massenschwer-
punkts oder des Debye-Masseneffekts zu liefern und jeden von ihnen entsprechend seiner
Bedeutsamkeit fiir die kosmische Reliktdichte miteinander zu vergleichen. Wir leiten die
Quanten-Mastergleichungen fiir den reduzierten Dichteoperator beziiglich Paaren von
dunkler Materie mit Hilfe der Konzepte offener Quantensysteme her und analysieren
den semiklassischen Grenzwert, der schliefflich zu den phanomenologisch gut etablierten
Boltzmann-Gleichungen fiihrt, und gewinnen auf diese Weise ein tieferes Verstédndnis der
zugrundeliegenden Néherungen und den darausfolgenden Verlust von gewissen Quanten-
effekten, die jenseits des Bereichs der semiklassischen Behandlung des dunkle-Materie-
Systems liegen.

Abstract

The thermal freeze-out effect of dark matter in the early universe is one of the most
prominent mechanisms that aims to come up with a natural answer for the experimen-
tally observed dark matter relic abundance. This thesis is devoted to the theoretical
study of the chemical decoupling of heavy non-relativistic dark matter states and its
subsequent time evolution within an expanding thermal environment modeling the dark
sector of the universe in its early stages. In particular, we scrutinize the methods of
effective quantum field theories at finite temperature in order to identify and compute
in a systematic manner the relevant thermal and in-vacuum interaction rates within spe-
cific hierarchies of energy scales. We calculate the corresponding observables in different
reference frames in a rigorous way and highlight the accuracy of the obtained results
that is of paramount importance for a precise determination of the present dark matter
energy density. Those rates are the key ingredients entering the evolution equations



which induce the chemical freeze-out but also strongly affect the numerical outcome of
the dark matter yield. Our aim therefore is to provide a comprehensive study of various
contributions, like the center-of-mass recoil effect or the Debye-mass effect, and compare
for each of them the corresponding impact on the cosmic relic abundance. We derive
the quantum master equations for the reduced density operator of dark matter pairs
using the concepts of open quantum systems and analyze the semi-classical limit leading
ultimately to the phenomenologically well-established Boltzmann equations, in this way
gaining a deeper understanding of the underlying approximations and the consequent
disappearance of certain quantum effects, that are beyond the realm of a semi-classical
treatment of the dark matter system.
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Part 1

Introduction



Chapter 1

The fate of dark matter in the
early universe

In the field of cosmology and particle physics, the concept of dark matter (DM) stands
as one of the most intriguing and compelling mysteries. Despite its invisible nature,
the profound influence of dark matter on the large-scale structure and dynamics of the
universe is unmistakable: from experimental observations it turns out that about 80% of
the matter in the universe is unknown and hence can be characterized as DM affecting
ordinary matter from the Standard Model (SM) via gravitation. A significant effort
within theory and experiment is directed towards uncovering the identity and properties
of this elusive substance. Among the various hypotheses seeking to explain the nature
of dark matter [17], the notion of a thermal particle-like dark matter holds particular
prominence. Within a theoretical framework it is assumed that dark matter particles
were once in thermal equilibrium with the primordial plasma during the early stages
of the universe’s evolution. Due to the spatial expansion of the thermal plasma and
its subsequent cooling, the dark matter underwent a phase transition via the chemi-
cal decoupling from the thermal bath and therefore freezed out retaining a steady relic
abundance that ultimately shapes the cosmological landscape. The most accurate deter-
mination for the dark matter energy density at present day is provided by anisotropies in
the cosmic microwave background (CMB) and amounts to 2py k% = 0.1200 4 0.0012 [8],
where h is the reduced Hubble constant.

The thermal freeze-out mechanism has been widely adopted to infer the present-
day relic abundance of a DM candidate, and many models have been developed that
introduce a new dark degree of freedom beyond the known particles of the SM, which
undergoes the freeze-out. We refer the reader to some extensive reviews, e.g. refs. [9,/10].
The various models have usually the following paradigm in common: Assuming a dark
heavy particle X of large mass M, its chemical freeze-out, usually induced by dark mat-
ter annihilation processes, occurs once the temperature T of the thermal bath drops
below ~ M /25. Hence, since T' < M at freeze-out and thereafter, the dark particle can
be considered to evolve non-relativistically, which calls for the exploitation of the effec-
tive field theory (EFT) formalism within the concept of quantum field theories (QFTs)



in particle physics. Non-relativistic and potential non-relativistic effective field theories,
dubbed as NREFTs and pNREFTSs, respectively, can be adopted for a systematic de-
scription of the non-relativistic dark matter dynamics in the expanding thermal bath,
by isolating and emphasizing the relevant physical events at each temperature stage (i.e.
time period) in a consistent way [11]. Under the condition that the intrinsic and extrinsic
energy scales, or at least a few of them, can be hierarchically ordered, EFT techniques
allow one to effectively disentangle the contribution from each scale and highlight its
range of validity. The better the scale separation, the better the EFT predictions. As
mentioned above, in most of the models proposing the thermal DM freeze-out as a vi-
able explanation for the observed DM abundance, the scale arrangement M > T follows
necessarily. If we consider more specific theories, where the dark particles interact via
long-range mediators (either with the SM bath or with themselves, |12H14]) with a weak
coupling «, then many more energy scales will appear due the combination of M or T
and «. But M and T can produce another scale as well, as we will see in the following.
Despite chemical equilibrium is lost at the freeze-out regime, kinetic equilibrium is usu-
ally assumed to be kept for longer since dark matter is yet embedded as an ingredient
in the hot thermal medium, which means that the momenta px of the dark particles
follow a thermal distribution. This is quite often a key assumption within practical
phenomenological applications, in order to be able to write down integrated Boltzmann
equations (as particularly simplified evolution equations) for the DM number density.
They can be solved numerically and hence enable one to obtain a first theoretical es-
timate of the relic abundance associated to the underlying dark matter model [15-45];
allowing one to link the particle model parameters, such as couplings and the DM mass,
with the observed relic density, or possibly rule out the model under study. Under the
assumption of kinetic equilibrium, thermalized heavy particles have a kinetic energy of
the order of the bath temperature, hence the modulus of the particle momentum scales
as |[px| ~ vV MT. Such a scale is much larger than the temperature around and after the
freeze-out, vV MT =T+/M/T > T for M > T, and at the same time it is much smaller
than M, VMT = M+\/T/M < M for M > T. The emergence of the scale vV MT out of
an intrinsic hard scale M and a thermal scale T' is a peculiar property for thermalized
dark matter. Typically in heavy quark or quarkonium physics, the heavy quarks or the
heavy quarkonium produced in a quark-gluon plasma (QGP) may be treated as external
probes, which are indeed not, or just partly, thermalized with the plasma constituents.
In such a scenario, the momentum can be taken to be of the order of the thermal scale
T, as opposed to vV MT that is induced by kinetic equilibrium. In any case, we presume
that any physical model may have several emergent energy scales, perhaps hidden at first
sight, that need to be taken into consideration when exploiting the EFT framework.

The discussion so far shall give the reader a first glimpse of what this work will be
build on: After choosing a specific model of interest, the first step consists of identify-
ing the energy scales of the physical system and exploring if the scales do arrange in a
hierarchical order during the passing of time around and after the freeze-out. If so, we
will construct the (p)NREFTs to the associated model, that will effectively describe the
dynamics of the relevant degrees of freedom. We will determine the power counting of



the effective interactions and compute the relevant thermal rates underlining the level of
accuracy. The ultimate goal is to analyze its effects on the dark matter relic abundance.
In particular, this work is divided into several parts: We begin with a more precise spec-
ification of the freeze-out mechanism that sets the present relic density of dark matter
(sec. [2). We consider as a particular example the dark U(1) model that features the
freeze-out effect, classify the internal and thermal scales and the associated hierarchical
ordering among them [46(-49], construct the appropriate EFTs at finite temperature (sec.
4]), and compute systematically the in-vacuum and thermal interaction rates (sec.
@ that are the necessary ingredients for an accurate theoretical determination of the
relic abundance via semi-classical Boltzmann equations (sec. . We also inspect the
relative impact of the several processes and its contributions with respect to the present
dark matter energy density. In the sections we reiterate the computation, however
in a purely dark SU(N) theory at finite temperature [50], in order to compare possible
differences in the results to the abelian analogue. The sections are devoted to
an out-of-equilibrium study of the dark matter evolution in terms of a reduced density
operator within the framework of open quantum systems (OQS), in this way gaining a
more thorough theoretical picture of the dark quantum system and providing a better
understanding and control of the underlying assumptions that need to be taken into
account in order to justify the semi-classical treatment of the dark matter dynamics. In
the appendices [AHF] we provide diverse complementing material that is used throughout
the main body of this work. Finally, conclusions and outlook are in chapter [V}

This thesis is partly based on previously published articles in [51}[52], conference
proceedings [53},54], and recent work that is under preparation for publication [55].
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Chapter 2

Thermal freeze-out mechanism

The thermal freeze-out of dark matter, a conceptual phenomenon belonging to the in-
tersection field between cosmology, i.e. physics at the largest observable length scales,
and particle physics, i.e. physics at distances below the subatomic range, can be char-
acterized by a time phase where thermal dark matter, hypothesized to be particle-like,
decouples from the residual hot thermal bath that models the early stages of the pri-
mordial universe. Hence, it freezes out. The rest of the thermal bath, to which the
dark matter particles cease to interact, can be classified as the ordinary baryonic matter
built up by the fundamental degrees of freedom from the Standard Model, but it can
also constitute other, yet unknown, components such as dark radiation or other dark
particles, which have comparatively smaller masses than the dark matter particle that
decouples. In this sense we distinguish the dark matter, which undergoes the freeze-out
process, from the residual dark degrees of freedom by its much heavier mass M; we call
it the heavy dark matter, the others the light dark particles of mass m; < M, where the
index 7 denotes the different species in case there are more than onell]

In order for the heavy dark matter subsystem to deviate from its thermal equilibrium
state, the underlying interactions with the thermal bath need to go out-of-equilibrium,
such that an initial detailed balance situation, among processes that change the dark
matter particle number, is lost. In the models that we scrutinize in this work, those
number-changing processes are the annihilation (creation) of heavy dark matter into
(from) the dark light constituents. Since the universe expands in space and time and
it consequently cools down, the initial symmetry between the reaction rates of the for-
ward (annihilation) process and reverse (creation) process breaks down. By thermal
freeze-out we thus understand the chemical freeze-out of dark matter, while it is still in
kinetic equilibrium with the bath, where the particle momenta are distributed according
to a time-independent phase space density function. All the other bath particles, both
from the Standard Model sector as well as the dark sector, stay in chemical and kinetic
equilibrium throughout the freeze-out period and for long times afterwards. The early

Tn this work, we will encounter both situations where m; # 0 and m; = 0. The latter will correspond
to dark radiation, for instance dark photons. As for the heavy DM particle, we will consider masses of
around M ~ TeV.
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expanding universe drives the thermal heavy DM system into a non-equilibrium state,
reducing the interaction rate for the creation of the heavy DM particle below the expan-
sion rate. This happens to be the case as soon as the temperature of the universe drops
below the rest mass of the heavy dark matter, T < M, such that it cannot be produced
anymore, while the annihilations can still happenﬂ Hence, the thermal freeze-out hap-
pens at some critical time, the freeze-out time tg, that can be related to the freeze-out
temperature T, at which the creation process becomes ineffective.

Similarly as in the heavy ion collisions, where the temperature evolution of the
quark-gluon plasma is modeled as an expanding medium that progressively cools down,
for the thermal environment that models the early universe, the temperature evolution
is determined by the expansion rate of the universe, namely the Hubble rate. In the
Standard Model of cosmology, the Lambda-CDM model with a Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric, it is defined as H = a(t)/a(t), where a is time-
dependent scale factor. The equation that relates time with temperature can be obtained
by combining the concepts of general relativity and thermodynamics. Assuming a flat
universe, where the curvature « is put to zero in the FLRW metric, one finds [56]

dI' 24w s(T)
dt — Mp o(T)

o(T), (2.1)

where s(T'), p(T) and ¢(T') = T'(ds/dT) are the entropy density, energy density and heat
capacity, respectively, and Mp; ~ 1.22 x 10" GeV is the Planck mass. It is convenient
to determine the speed of sound ¢4(T") in order to derive a more compact form for the
time dependence of the temperature,

cZ( )_@_ S(T)
S 0p ()

(2.2)

where p is the pressure in the bath, related to p and s via the thermodynamic equation
p=Ts— ,0E| Since the freeze-out is certainly happening during the radiation dominated
epoch for large M ~ TeV, it follows that ¢ ~ 1/3 for the thermal bathﬁ and we can

write
dT 87 3¢2(T)
— = T4/ == ~-TH(T 2.3
dt 3 ]\4’1:)1 \/IB ( )7 ( )

2Since T' < M, at freeze-out and in the subsequent time evolution, the heavy dark particle is non-
relativistic, while all the other particles in the bath are relativistic as long as T > m; or T > m$™M:,
where m$™- denotes to the masses of the Standard Model degrees of freedom.

3Equation p = T's — p comes from the fundamental thermodynamic relation for quasistatic processes,
E =TS — pV + uN, divided by the volume V and where the last term does not contribute since the
chemical potential p for antiparticles comes with an opposite sign compared to the one for particles.
Hence in sum the p/N-term cancels out for models with a dark matter-antimatter symmetry.

*The Friedmann equation in flat space is given by H? = 871Gp/3, where G = 1/M%, is Newton’s
gravitational constant. In a radiation dominated universe, the energy density is p = geg(T)m>T*/(30), the
entropy density is s = heg(T)272T3 /(45) and the heat capacity is ¢ = io(T)272T? /(15), where gefr, ho
are temperature-dependent functions accounting for the number of effective degrees of freedom in the
thermal bath that contribute to the energy and entropy, respectively, and ieg = heg+ 1 (dhes/dT) /3 |57].

12



where we inserted the Hubble rate

8w /P T2
H(T)=14/—--—~1.66 T)—. 2.4
1) =\ sonT) 3 (2.4
Assuming that geg, heg and hence also ¢; = [(1/3) X [1 + (T'/heg)(dheg/dT) /3]]'/? vary
slowly with TE| then as a solution to the differential equation ([2.3)), it follows that the
temperature changes with time asﬁ

15
1+28(t — to)T¢’

(2.5)

where £ = 1.669;42 /Mpy and tg, Ty the integration constants for time and temperature,
respectively. Choosing them to be the initial values, then from eq. we can verify
that at at later times, i.e. t > tp, the temperature decreases, i.e. T' < Ty. Hence, the
universe indeed cools down with the passing of time, and by we have a one-to-one
correspondence between time and temperature. In the main body of this work we will
show some numerical results for the interaction rates of interest, plotted as functions of
M/T for fixed values of M. These results can straightforwardly be related to as functions
over time upon using , in this way we can always visualize the interaction rates as
evolving in time. We remark that, since the temperature scales with time as T ~ t~1/2

®Since we assume the dark sector to be in thermal equilibrium with the Standard Model sector (or
at least in the early stages of the universe evolution), in geg we need to take into account the relativistic
degrees of freedom from both sectors. In case the two sectors were not in thermal equilibrium, and
therefore do not necessarily share the same temperature, one would need to take into account only the
relativistic degrees of freedom from the dark sector to which the heavy dark matter is coupled. In case
of a dark abelian U(1) or non-abelian SU(N) gauge theory, which will be the models of interest in this
work, with ny charged dark light fermions, we have

ggﬂu) =2+2x 2gnf,

where the dark photon has two physical polarizations and the dark light Dirac fermions get a factor of
four accounting for the spin and antiparticle degrees of freedom, and

gfg(m:2><(N271)+N><2><2><gnf,

where N2 —1 counts the different dark color charges of the dark gauge field in the adjoint representation,
and N the dark color charges of the light dark fermions in the fundamental representation.

5We can compare the solution with Bjorken’s result for the temperature evolution of a spatially
homogeneous and isotropic thermal medium that extends to infinity and where heavy nuclei collide only

centrally [58]:
to)
T:R(f)7

where at high T the speed of sound squared is ¢2 & 1 /3 in the deconfined plasma. It may give a first
qualitatively accurate estimation for the temperature behaviour of the quark-gluon plasma (QGP) with
evolving time, at least at zeroth order in the approximations. Since T ~ t='/3 we can justify that the
temperature evolution is quasi-static at late times [59].
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according to equation (2.5, with increasing time the temperature changes only slowly
and therefore, to a certain degree of accuracy, we may neglect the time dependence and
the evolution is then called to be quasistatic at large t; in agreement with the speed of
sound ¢ = /1/3 < 1 being subluminal [58,/60].

We turn back to the study of the freeze-out mechanism of the heavy dark particle,
where in this work we will consider it to be a Dirac fermion that is charged under an
internal gauge group. One can usually inspect the loss of detailed balance between dark
matter annihilation and creation processes, which in turn impacts the evolution of the
heavy dark matter particle number in the thermal bath, by a rate equation which takes
the form of a Boltzmann equation for the particle number density n [57,61} 62HZ|

1
(0 +3H)n = —§<Uannvrel>(n2 — ngq) , (2.6)

where v,¢] = |v1 — 2| is the relative velocity of the annihilating pair in the center-of-mass
frame and neq is the number density in thermal, i.e. kinetic and chemical, equilibrium
and is given by

d3p E g9x M
— 2 - X/T = — 2 B
Neq QX/ (27r)3€ 7r21 M 2 T

3/2
2gx <W> e*M/T, (2.7)
2T

Q

where the gx = 2 for the two spin configurations of the fermion. The result in the first
line of in terms of the modified Bessel function of the second kind, K>, is for a
relativistic particle with energy Ex. For a DM particle of mass M, from the numerical
solution of and the phase at which n starts to deviate from neq, one can infer that
the chemical freeze-out occurs at a temperature Ty ~ M/25. Therefore, at freeze-out
the dark matter particles are non—relatz’m’sticﬁ We can therefore expand the result in
the first line of up to leading order in 7' <« M, which gives the analytic expression
in the second line’
It is convenient to recast the Boltzmann equation in terms of the yield Y = n/s,
where its time derivative can be written as
v="-2s-"i3H", (2.8)
s s s s

"The heavy dark matter number density n = 2nx is the sum of the particle and antiparticle densities
nx and ng, respectively, where ng = nx since we do not consider any initial asymmetry between the
number of particles and antiparticles. In the case of annihilation of identical particles, e.g. Majorana
fermions, the factor 1/2 on the right-hand side of eq. should be replaced by 1.

8The freeze-out temperature can also be estimated by equating the expansion with the annihilation
cross section H ~ neq(0annvype]), namely T2 /Mpy ~ (%) 3/2 e M/T o2 /M2 where « is some fine structure
constant depending on the specific dark matter model.

?One can, alternatively, obtain the second line of equation by expanding Ex ~ M + p®/(2M)
and performing the Gaussian integral over the particle momentum p.

14



Laboratory frame Center-of-mass frame

Figure 2.1: Schematic representation of the laboratory frame (left) vs the center-of-mass
frame (right). The blue and orange shaded circular areas depict the heavy fermion-
antifermion pair and the thermal bath, respectively.

where in the second equality we used the fact that the total entropy per comoving volume
S = a?s is constant, which gives § = —3Hs. Dividing eq. (2.6 by the entropy density
s, and substituting the time derivative by a derivative over z = M/T, we obtain [57]

O O ) (V7 V2 29)
where the yield at equilibrium is Yoq = neq/s = 45 gx22Ka(2)/(47*heg). Equation
can be solved numerically up to late times (in particular we solve it up to the smallest
temperature value considered in this work: 7' = M/10°), and the numerical solution of
the present DM yield can eventually be related to the present-day relic density of dark
matter, Qpn = MsoYo/ perit,0, Where Yy, so and perit,0 denote the present yield, entropy
density and critical energy density, respectivelyH The values for sg and perit,0 can be
taken from e.g. [63,/64], and one obtains Qpyh? = (M/GeV)Yy/(3.645 x 107%), where
h is the reduced Hubble constant.

It is crucial to calculate (Gannvrel) accurately because the present-day DM energy
density Qpnh?, as predicted by a given model, depends on it through the solution of
eq. . The DM mass is in turn fixed as a function of the other model parameters to
reproduce Qpyh?. A solid prediction for DM mass benchmarks compatible with the relic
density is needed to establish the viability of models, guide the experimental searches
and put DM phenomenology on a sound theoretical ground. In chapters [7] and we

10We can assume that the present DM relic abundance is the one of the heavy DM species only, if the
other dark degrees of freedom are considered to have negligible rest masses, i.e. m; < M, which is the
case for the DM theory models considered in this work.
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will provide contour plots for the numerical solutions in the parameter space for the
exemplary gauge theories U(1)pym and SU(N)pwm, respectively. However, determining
{(GannUrel) by including the full features of each model, and the thermal environment, is
not straightforward. In the particular models U(1)pym or SU(N)pwm of the dark sector,
the charged heavy dark matter particle self-interacts via long-range dark gauge fields.
It leads to non-perturbative phenomena such as the Sommerfeld-effect [65,/66], or the
formation of heavy dark meta-stable bound states [15,/67], that in turn will impact
significantly the annihilation rate (Ganntrel), extend the usual single evolution equation
or into a network of coupled Boltzmann equations (for more details, see
chapter @, and therefore alter the present relic abundance [68]. By exploiting the
methods of effective field theories (EFTs) at finite temperature, we will be able to
account for these effects in a systematic manner.

As a final remark, we want to highlight that the rates, for instance the annihilation
cross section times relative velocity oannvre] and its thermally averaged version, that
enter in the evolution equations for the DM number density, but also the DM energy
density itself, are in general frame-dependent, and here written in the center-of-mass
frame of the annihilating pair. In a general reference frame, however, the expressions
change, e.g. vre] = UMgl, but more on it will come in the subsequent chapters. Hence, one
always needs to specify first the particular reference frame for the coordinates, on which
the outcomes for the rates or densities are then based. In this work, we will consider
two coordinate systems for the annihilating DM particle-antiparticle pair with respect to
the thermal environment. We call laboratory frame (lab) the reference frame where the
thermal bath is at rest. In this case, the center of mass of the fermion-antifermion pair
is moving with velocity v ~ P/(2M). The laboratory frame is sometimes also called
cosmic comoving frame. In addition we are going to consider the aforementioned center-
of-mass frame of the heavy DM pair, where the thermal bath is moving with velocity
about —P/(2M). The center-of-mass and laboratory frame are shown in figure for
the case of a dark matter fermion-antifermion pair moving in a thermal bath.
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Part 11

Physical setup: scale hierarchies,
tower of EFT's
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Chapter 3

U(1)ppr: hierarchies of energy
scales

There exists a variety of models for the dark sector, that can be classified according
to the long-range interactions between bosonic or fermionic heavy dark particlesE] A
particularly simple renormalizable and hence UV-complete model is U(1)ppr, i.e. where
the dark sector consists of a dark Dirac fermion X of large mass M that is charged under
an abelian gauge group [74-78]. We denote the corresponding dark photon with «. The
Lagrangian density reads

o 1 DA
Ligy,, = XD —M)X - L Euw "+ > Fi(iD — ma) fi + Lportal (3.1)

i=1

where the covariant derivative is D, = 0, + igA,, with A, the dark photon field and
F., = 0,A, — 0,A,; we define the fine structure constant as o = g%/(47). The term
Lportal comprises additional interactions coupling the dark photon with the SM degrees
of freedom, for example through a mixing with the neutral components of the SM gauge
fields, also called kinetic mixing [79-81]. Such interactions are responsible for the even-
tual decay of the dark photons, in this way avoiding that their number density dominates
the universe at later stages. For the purpose of this work, we do not consider the effect of
portal interactions when computing the cross sections and decay widths of dark matter
particles, however we still assume they are responsible for keeping the Standard Model
and dark sector at the same temperatureEI From now on we set L,orta1 = 0. Moreover,

'For instance in refs. [69,[70] the authors consider different models involving either a scalar or a Dirac
fermion field as possible candidates for a heavy dark matter particle, that couples to a massive vector
mediator. For a coupling between a fermionic dark particle and a massless or massive scalar mediator,
see e.g. ref. |[31}/71H73]. In these models the mass of a long-range mediator is usually considered to be
generated by the Higgs mechanism of a spontaneously broken gauge theory; otherwise the considered
models would be non-renormalizable at large energies.

2Since the dark photon acquires a non-vanishing coupling with the Standard Model fermions, the
dark and Standard Model sector are maintained in thermal equilibrium through the portal interaction
even for very small values of the mixing parameter, see e.g. |14]. In our work, we assume the dark
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additional fermionic degees of freedom are coupled to the dark photon. We consider n
dark light Dirac fields f; with masses m;, which can be distinguished from each other
by the index 2E| In practice, when evaluating the self-energy of the dark photon, see
appendix we will put m; = 0 for all the light dark fermionsﬁ At temperatures
T <« M, they are responsible for quantum corrections to the dark photon propagator,
whose pole develops a real and an imaginary part [49,82, 83]E| The real part introduces
a screening (Debye) mass mp of order ¢gT' for the temporal dark photon, whereas the
imaginary part of the pole originates from 2 — 2 scatterings (i.e. bath-particle scatter-
ings) with plasma constituents, also referred to as Landau damping [20,[22} 23|27} 29].
There is an additional contribution to the imaginary part due to 1 — 3 and the reversed
3 — 1 processes, involving an off-shell dark-photon decay into a f; — f; pair and vice
versa. We will cope with these phenomena in the next chapter and in appendix

The Lagrangian describes also processes involving two dark fermions close to
threshold, i.e. processes where the fermions are non-relativistic and move with an ab-
solute value of the relative velocity vy < 1. For v, ~ «, (ladder) photons exchanged
between the pair contribute with a relative factor of order /vy ~ 1 and need to be
resummed. The resummation generates bound-state poles of order Ma? at negative
energies and a continuous scattering spectrum at positive energies. The typical momen-
tum exchanged between the pair when v, ~ « is M«, which is of the order of the
inverse Bohr radius of the bound state. The dynamically generated scales Ma and Ma?
are the more separated the smaller o is: M > Ma > Ma?. We call them soft and
ultrasoft scales, respectively, to distinguish them from the hard scale associated with the
mass M. These energy scales affect significantly various processes in the near thresh-
old momentum region, like dark fermion pair annihilation, formation and transition via
emission or absorption of photons. The use of the full Lagrangian to compute
near threshold observables is in general unpractical as all energy scales get entangled in
the amplitudes. It is more convenient, instead, to take advantage of the fact that the
energy scales are hierarchically ordered and replace systematically with a hierarchy
of (non-relativistic) effective field theories along what has been done for near threshold
fermion pairs in QED and QCD [11,46,47].

Another relevant energy scale is the inverse correlation length characterizing the me-
dium made of the dark fermions, dark photons and SM particles. The bath medium is
thermalized and we identify the inverse of its correlation length with the temperature Tﬁ
The relativistic dark photons and light fermions, that form the dark sector of the thermal

gauge coupling to be much larger than the mixing-induced coupling, hence we practically neglect portal
interactions when computing the cross sections and widths of dark matter particles.

3We could in principle add also some light dark scalars to the Lagrangian , which couple to the
gauge field A, as well. But we drop them in this work.

“In ref. [82] the the photon self-energy in QED for a finite electron mass is derived. For the purpose
of our work, it is not crucial to retain the light fermion masses in the calculation.

5The situation is somewhat different in the non-abelian case, where quantum corrections to the dark
gluon propagator may be induced also by dark gluon self interactions [48}50,84}(85], cf. chapters

5Tn the literature one sometimes finds the temperature scale with an additional 7 attached, i.e. 771
By nT ~ T we approximate the two scales to be of the same order and thus equivalent. We can drop .
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bath, have thus energies and momenta of order T'; except the non-relativistic dark matter
particle X where, despite chemically decoupled from the bath after the the freeze-out, it
has kinetically equilibrated velocities following a Maxwell-Boltzmann distribution, from
which it follows that v ~ /T/M < 1. Then there is the aforementioned dynamically
generated Debye mass scale, explicitly written in eq. , which vanishes if we remove
the light fermions from the dark sector by putting ny = 0 contrarily to mp in the
non-abelian model, cf. . We assume T > mp, which leads to the requirement
yTfa < 1. Hence, whenever we consider light fermions in the theory, we keep the
coupling as well as ny sufficiently small, with o $ 0.1 and ny € {1,2}. The smaller the
coupling, the better the approximation. Otherwise we can relax the upper boundary for
the coupling constant to somewhat larger values as long as a remains week, i.e. a < 0.5
as has been considered in ref. [51], in return of ejecting the Landau damping phenomenon
from the theory.

The aim of the following sections is to compute near threshold observables affecting
the evolution of the dark matter density in the early universe, cf. eq. . In partic-
ular, we compute annihilation, dissociation and formation cross sections of dark matter
fermion-antifermion pairs. We compute these quantities by means of the tower of non-
relativistic effective field theories depicted in figure While the scales M, Mo, Ma?
are inherently separated for non-relativistic dark matter, there is an ambiguity between
the order of some of these internal scales and the thermal scales T' and mp when time
proceeds along the thermal freeze-out era.

3.1 Far-off from freeze-out: Ma > VMT > Ma? > T > mp

If we assume that T is about the ultrasoft scale Ma? or smaller, the typical momentum
of the thermalized dark fermions is then Muwvye ~ vV MT < Ma, which implies v < a.
Then it also holds that v MT > Ma?. These conditions qualify Muv,e as a soft scale
and Mv2, ~ T as an ultrasoft scale. Our ensemble of thermalized heavy dark fermions
and antifermions realizes, therefore, the following hierarchy of energy scales

M> Ma 2 VMT > Mo* 2T > mp. (3.2)

The hierarchy is of phenomenological interest for the study of near threshold ef-
fects in the minimal dark matter model under consideration [15,36]. Indeed, since the
decoupling from chemical equilibrium happens at around Ty ~ M /25 according to the
discussion in the preceding chapter, the condition ([3.2) may be fulfilled for most of the
time after the decouplingm The case Ma? > T has been extensively studied in [51].

7If, more conservatively, we identify the absolute value of the ground state energy, Ma?/4, with the
ultrasoft scale, the condition Ma?/4 > T is fulfilled for all times after decoupling if o > 0.4. For such
large values, however, we spoil the assumption 7' > mp, and the hierarchy arrangement in now
instead would read as follows

M > Ma > VMT > Mo?> 2T ~mp.

In ref. [51] we considered the ny = 0 case, resulting in mp = 0 for the abelian case, hence the hierarchy
of energy scales was more simple, i.e. M > Mo > VMT > Ma? > T.
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Figure 3.1: Hierarchy of energy scales and effective field theories considered in this
chapter for the DM Lagrangian density defined in eq. . A similar tower of EFTs
applies for the non-abelian model given in eq. and the corresponding hierarchies
of energy scales considered in section [§. The red bar denotes the energy range for the
thermal Debye mass scale mp ~ g7

Although interactions with light dark fermions were not considered there, for small T'
their contributions to the rates near threshold are suppressed, as we are going to show in
the subsequent chapters. The information about the bath-particle scatterings also enters
in the running of the coupling constant, which was absent in ref. [51] for the U(1)pm
model because of ny = 0. As a solution to the renormalization group equation at
one-loop order with the first coeflicient of the beta function in U(1)pm, fo = —4ny/3,
it reads
B a(2M)

1+ g—ga(QM) log (547) ’
where a(2M), renormalized at the hard scale 2M, is taken as a free parameter in the
abelian model , together with the DM mass M and number ny of light fermion
species. In the U(1)py case in [51]: o = const, which can be immediately seen from

(3.3) upon setting n to zero.

a(n) (3.3)

3.2 Close to freeze-out: VMT > Ma > T > Mao?> ~ mp

At temperatures larger than the ultrasoft scale Ma? but smaller than the soft scale Mo,
which in the early expanding universe corresponds to a time window prior to the one
considered in section the thermal and internal energy scales arrange as follows

M > VMT > Ma > T > mp, Ma?. (3.4)

This hierarchy is realized to a good extent at the thermal freeze-out and shortly afterﬂ

8The condition Ma > Tr ~ M /25 requires for the values of the coupling to be larger than 0.04. Then
we can safely assume that the freeze-out of a bound dark fermion pair happens at a scale lower than its
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The two hierarchies in and enable us to integrate out from the parent
QEDpy model the energy scales starting from the highest scale, the hard scale M,
where we obtain a non-relativistic effective field theory (NREFT) for the dark sec-
tor, here dubbed NRQEDpy, followed by a potential NREFT (pNREFT), denoted as
pPNRQEDpy, upon integrating out the subsequent soft scale by means of a multipole
expansion. From now on, by ultrasoft scales we mean the energy scales below the soft
scale, to which the temperature belongs to according to the hierarchical arrangement
of the scales in and in . Only modes of the order of the ultrasoft scale are
dynamical degrees of freedom in pNRQEDDME Since T' <« M«, the matching can be
done as in vacuum, and the matching coefficients of the effective theory can be even-
tually written in terms of potentials. There is, however, a small caveat that one needs
to take into account for the case in (3.4). The second largest scale is not the soft but
the v MT scale, which may have an impact on the pPNRQEDpy Lagrangian. We have
carefully inspected the contributions of the energy and momentum modes at the scale
VMT, and we found that they are either zero or exponentially suppressed for the dark
photon, heavy and light fermion propagators, as well as for the heavy fermion-dark pho-
ton vertex. Non-vanishing contributions will appear in the heavy fermion-antifermion
scatterings eventually giving thermal corrections to the potentialsm In , we did
not specify further the order between the two lowest scales, which are yet entangled. It
comprises the two limiting cases mp > Ma? and mp < Ma?. For an exemplary study
of (muonic) hydrogen atom in QED within an analogous EFT-framework as above, we
refer the reader to refs. [49,82]. As an application of NRQED to the computation of ra-
diative corrections for the hyperfine splitting of positronium or muonium, we recommend

refs. [86}87].

soft Bohr-momentum scale. Instead for the case of smaller couplings than 0.04, the freeze-out certainly
happens at a temperature scale above M, and can not be captured within the hierarchies (3.2)) and
(13.4). We will not consider such small parameter values for the coupling in this work. Together with
the constraint from 7" > mp on «, we choose the following range on the allowed parameter values for
the coupling constant in the subsequent chapters for the dark abelian model: 0.05 < « < 0.1. Instead,
whenever we set ny = 0 or consider only annihilations (where mp effects are negligible), we enlarge the
benchmark values to 0.05 < a < 0.5.

9Only for very small couplings a < 0.04, the freeze-out temperature T ~ M /25 can not be ultrasoft
and hence the freeze-out not be described by pNRQEDpym as the multipole expansion would be spoiled.
Therefore pPNRQEDpMm would need to be discarded and instead NRQEDpwMm retained.

0\More precisely, we expect the thermal corrections to the potentials, from the matching of four-
fermion Green functions with loop momenta of order v MT, to stem from the vacuum part of the
internal propagators in the loops, since the thermal part is exponentially suppressed because of the
distribution functions ng/r(VMT) = exp (—/M/T) < 1.
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Chapter 4

Effective field theories for the
dark sector

4.1 NRQEDpuy

At energies much smaller than M, the effective degrees of freedom in the thermal bath
are non-relativistic heavy dark fermions and antifermions, low energy dark photons and
massless fermions, and the SM particles. The effective field theory that follows from
by integrating out dark photons and fermions of energy or momentum of order M
has the form of NRQED [46]. It is organized as an expansion in 1/M and « and its
Lagrangian density up to O(1/M?) readq|

‘CNRQEDDM
D? o-gB V.- gE oc-(DxgE—-gExD
e B g gE . gE—g
=Y (ZDO Mo to o T T M2 v
D? o-gB V - gE oc-(DxgE—-gExD
N B g JgE . gE—g
(ZDOJFM oM~ Ton T TS Ve X
L da totey o B0t t Si7
— T 3p v Mzw xx'v+qpetexxov+ ) filbfi.

i=1

(4.1)
Here, 1 is the two-component Pauli spinor that annihilates a dark matter fermion, x'
is the Pauli spinor that annihilates an antifermion, o’ are the Pauli matrices, E is the
(dark) electric field, E? = F°  and B is the (dark) magnetic field, B' = —¢;;,F7*/2. The
first two lines in eq. describe how non-relativistic dark fermions and antifermions
propagate and interact with low-energy dark photons of energy smaller than M. The
third line describes the propagation and effective self interaction of the photons; it also

LAt order 1/M? also local four-fermion operators like (171 + xTx) Z fifi + h.c. appear which are

=1
responsible for heavy-light DM scatterings. We do not write those terms explicitly in as they do
not develop an imaginary part and hence do not account for annihilation processes.
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contains two four-fermion operators and the ny dark massless fermions f; with thermal
energies and momenta of order T" < M.

To keep track of the thermalization of the physical fields, we do not redefine the
fermion and antifermion fields ¢ and x to reabsorb their mass terms, which we leave
explicit. In the matching, the thermal scales and any other energy scale below M can
be set to zero. Hence, upon our assumption M >> T, no finite temperature effect enters
the EFT Lagrangian .

The one-loop expressions of the matching coefficients cp, cp, cs and dy in the MS
scheme can be found in ref. [88] taking the abelian limit. They are regularized in dimen-
sional regularization, and the p dependence cancels against low-energy matrix elements
when computing observables in the EFTs. The coefficients of the kinetic operators are
fixed to be one at all orders in the coupling by reparametrization (Poincaré) invari-
ance [89,90]. As for the four-fermion dimension-six operators, the matching coefficients
ds, d, at order a? can be inferred from e.g. [91]. Its imaginary parts inherit the informa-
tion about the annihilation processes that are non-dynamical in NREFTs as they happen
at the hard scale 2M. More details will be provided in the next chapter. Here we only
comment that the four-fermion operators shown in eq. encode the annihilation of
S-wave fermion-antifermion pairs, where the annihilation of the heavy pairs with non-
vanishing orbital angular momentum comes from the higher-dimensional four-fermion
operators. For instance, dimension-eight four-fermion operators encode the annihilation
of P-wave fermion-antifermion pairs but also the first relativistic correction to the S-wave

annihilations, cf. eq. ((5.12).

Consistently with the hierarchies of energy scales in and , the next degrees
of freedom to integrate out to describe threshold phenomena at the ultrasoft scale are
dark photons of energy or momentum of order Mwv,e, which encompasses the scales M«
and VMT. At energies much smaller than Muv,q the dynamical degrees of freedom are
dark fermions and antifermions with energy of order M vfel, and ultrasoft dark photons
with energy and momentum of order M Ufel, which encompasses the scales Ma? and TE|
The Lagrangian term for the massless thermal fermions does not change since T' < M a.
The effective field theory is pPNRQEDnpyy, i.e. the dark version of pNRQED [92,93]. We
integrate out the soft scale by setting to zero all lower energy scales. The matching
is done at weak coupling, i.e. order by order in «, although the EFT is suited to
accommodate a non-perturbative framework as well [11,94].

Threshold phenomena affect the heavy fermion-antifermion pairs, hence it is con-
venient to project the EFT on the fermion-antifermion Hilbert space and express it in
terms of gauge singlet fermion-antifermion bilocal fields ¢(¢,r, R), where r = r1 — ro

2We remark that for excited Coulombic states, further distinctions of scales due to the principal
quantum number may turn out to be necessary, as M o> /n2 < Ma? and similarly for the Bohr momentum
Ma/n < Ma. Nevertheless, to keep the analysis of the results simple, we refrain in this paper to put
stronger constraints on the excited Coulombic states.
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is the distance between a fermion located at r; and an antifermion located at r9 and
R = (r1 4+ r2)/2 is the center of mass coordinateﬂ In order to ensure that the photons
are ultrasoft, photon fields are multipole expanded in r. Hence the pNRQEDpy La-
grangian density for the dark matter theory is organized as an expansion in 1/M,
inherited from NRQEDpy, » and a (at weak coupling). In the laboratory frame, up to
leading order in 7 and in the center-of-mass momentum P of the heavy pair, it reads

ﬁpNRQEDDM - /d?),r {(ﬁT(t,T‘,R) [280 - H(T7p7 P7 51752)] (b(t,’l",R)
+ r P
+¢(t,’l",R) TgE(t,R)+§ mxvgB(taR) ¢(t,T,R)
1 A
= " + ) filbfi, (42)
i=1
where {...,...} stands for the anticommutator. The Hamiltonian reads
p2 P2
H(T,p,P,Sl,SQ) =2M + M + m +V(’I‘,p,P,Sl,SQ) +..., (43)

where the dots stand for higher order relativistic corrections of the kinetic term. The
fermion-antifermion potential can be expanded as

1) (2)
V(r,p,P,S1,8:) =V ¢ ve.v

Tt T (4.4)

and S1 = 01/2 and Sy = 02/2 are the spin operators acting on the fermion and an-
tifermion, respectively. The static potential is the Coulomb potential:

v — _

«
T

(4.5)

If T ~ Ma?, cf. hierarchy , the potential does not get, by construction, thermal
contributions at any order. The power counting of the EFT goes as follows: the inverse
of the relative coordinate r scales like Mw,., whereas the inverse of the center-of-mass
coordinate R can at most change by Ma? or T, if the DM fermion-antifermion pair
recoils against ultrasoft dark photons. The fact that the variation in R is larger than
r guarantees the validity of the multipole expansion. Hence, pNRQEDpy; is valid as
long as T' < Ma. The dots in eq. stand for irrelevant operators of higher order

3The Hilbert space of a fermion-antifermion pair is spanned by the vector
6) =3 [ d'rid'ra 6 ra) (rad (ra)l0)
iJ

where ¢;; is the spin-dependent heavy-pair wavefunction, to be distinguished from the heavy-pair field
operator ¢ in eq. (4.6]), which is spectrally divided into a bound-state and scattering-state configuration
via the Fourier-decomposition.
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Figure 4.1: Feynman diagrams for electric and magnetic-dipole transitions between
fermion-antifermion scattering states (double line) and bound states (single line). The
wavy lines stand for the photon external fields. The circle with a cross denotes
the electric-dipole vertex ir - gFE and the square denotes the magnetic-dipole vertex
ir - {Px, gB} /(4M) due to the Rontgen term [90]. The momentum P is the sum of
the center-of-mass momentum of the incoming fermion-antifermion pair and the momen-
tum of the incoming photon. The vertices follow from the Lagrangian .

in the 1/M expansion. The relative momentum p = —iV,. and the center of mass mo-
mentum P = —iV g are the conjugate variables of » and R, respectivelyﬁ We refer
to appendix [A] for more details about the center-of-mass coordinates and its Lorentz
boost transformation relations among different reference frames. At order r, the term
proportional to the dark electric field is an electric-dipole interaction term; it provides
the leading ultrasoft interaction between fermion and dark photon fields in pNRQEDpy.
The term proportional to the dark magnetic field provides the leading ultrasoft inter-
action between DM fermion and photon fields in pNRQEDpys that is proportional to
the center-of-mass momentum P. It is sometimes also called Rdntgen term [98]. The
Rontgen term originates form the Lorentz force F = v X gBEL and it shows up as a man-

“The potential [#.4)) gets affected from the center-of-mass motion as well as the relative motion of
the heavy pair. For example at dimension six, we can write the center-of-mass-momentum dependent
corrections entering V' [90,95/97]:

0y 0y
VO, Py =L PVOE) + Lo P D L) (00

where V() is the derivative of the static potential, o1 the Pauli matrix acting on the fermion and
o3 the Pauli matrix acting on the antifermion. Of the same order is also the kinetic energy correction
—P*/(64M?) — (p- P)*/(AM?) — p*P*/(8M?).

5There is an additional magnetic interaction term proportional to the relative momentum and R,
which we drop since we are interested only at dipole interactions of order . We get this term together
with the Rontgen term by computing the corresponding part in the Hamiltonian H O —(r1 - Fi +7r2- F2),
where the Lorentz forces acting on the fermion and antifermion are Fy = v X gB(r1) and F» =
v2 X (—g)B(r2), respectively. Then we switch to the center-of-mass coordinates, cf. and (A22),
from which it follows that v1 /2 = 71/2 = (V £v1a1/2), where V' = R is the spatial center-of-mass velocity
of the pair. Next, we multipole expand the magnetic field to zeroth order,

B(t,r1);) = B(t, R+r/2) = B(t,R) £ (r - Vr)B(t,R)/2+ -~ B(t,R) = B.

Finally, putting everything together we obtain H D —g[r-(V x B)+ R (vl X B)], where the first term
corresponds to the Rontgen interaction. We symmetrize it in quantum theory according to the Weyl
ordering, which results in —gr - {V' x,B}/2, and V = P/2M at leading order in the non-relativistic
limit.
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ifestation of the Poincaré invariance of QED [90]. It is suppressed in the center-of-mass
velocity v compared to the electric-dipole term. The matching coefficient of the electric
dipole and Rontgen interaction has been taken equal to one.

At order r¥ in the multipole expansion, cf. first line in , the equation of motion of
the fermion-antifermion pair is a Schrodinger equation with potential V (7, p, P, S1, S2).
Hence the leading order fermion-antifermion propagator in pNRQEDpy automatically
accounts for bound-state effects and multiple Coulomb rescatterings, called the Sommer-
feld enhancement, in physical observables. This can be seen explicitly in T, where
V enters through the Hamiltonian as a pole in the heavy-pair propagator’| Fermion-
antifermion pairs above threshold form scattering states of positive energy and fermion-
antifermion pairs below threshold form bound states of negative energy. It may be
therefore convenient to decompose the bi-local field ¢(¢,r, R) into a scattering compo-
nent and a bound-state component [99],

d3 . .
¢ij(t,r, R) :/(2753 Ze—zEnt+zP~qun(r) Si; én(P)
d’ —i iP-
+S%;l/(27r])936 Ept+PR\I]p(T)Sij¢p(P) , (46)

where ¢},(P) creates a Coulombic bound state, |n, P) = ¢},(P)|0), with center of mass
momentum P, quantum numbers nﬂ energy E, and wavefunction ¥, (r).S;;, whereas
(é,TD(P) creates a scattering state, |p, P) = gb}L,(P)]O), with center of mass momentum
P, relative momentum p, energy £, and wavefunction W, (r)S;;. The indices i,j are
spin indices. In particular, S-wave dark fermion-antifermion pairs may be either in a
spin-singlet state, in which case S;; = d;;/ V2, or in a spin-triplet state, in which case
Sij = (o - €)ij/V/2, where o are the Pauli matrices and € is the polarization vector of
the spin-triplet pair. The sum over spin in the second line of eq. is a sum over all
spin configurations; in the first line, this sum is included in the sum over the quantum
numbers n. If the dark fermion-antifermion pair is bound we may call it darkonium,
which, in the S-wave case, we may further distinguish into a spin-singlet paradarkonium
state, and a spin-triplet orthodarkonium state. Various transitions between scattering
and bound states are induced by the dipole vertices from the terms in the second line of
, which are shown in figure We discuss these dipole interactions in chapter @
As a final remark, the spectrum of bound states below the mass threshold in the center-
of-mass frame is given at order a? by

(Ep)em = 2M + E? (4.7)

5The expression of the potential V (r,p, P, 81, S2) in the center of mass frame including V@, v
and V? can be found in ref. [47].

"With n we comprise the principal quantum number n, the orbital angular momentum quantum
number ¢ and the magnetic quantum number m. Then ¥,,(r) = Ry,¢(r)Y;"(#) where R,.(r) is the radial
part of the bound-state wavefunction, cf. , and Y;"(7) the spherical harmonics.
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with binding energy E% = —Ma?/(4n?) = —(Ma3n?)~! and Bohr radius ap = 2/(Ma).
In the center-of-mass frame, the continuum spectrum of scattering states above the mass
threshold is given at leading order in the relative momentum by

2

b
(Bpem = 2M + 77 (4.8)
In the laboratory frame, the spectrum and wavefunctions get corrections that depend
on the center-of-mass momentum P. The leading-order correction to the spectrum is
the center-of-mass kinetic energy P2?/(4M), which is of the same order as E? or p?/M

if P~ p~+MT and Ma? ~ T. Higher order corrections are computed in appendix
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Interactions: cross sections and
widths, Boltzmann equations
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Chapter 5

Annihilations in EFT's

5.1 Free annihilations in NRQEDpnm

We are interested in describing the annihilation processes of heavy dark matter pairs.
Annihilations happen at the hard scale 2M and the corresponding energy modes are
integrated out in the non-relativistic EFT, here NRQEDDME] The local four-fermion
operators of dimension six, listed in the third line of the Lagrangian ([4.1)), encode the
annihilation of S-wave fermion-antifermion pairs. The leading order contribution to the
imaginary part of these irrelevant operators comes from the two-photon and two-fermion
annihilation processes XX — vy and XX — f;f;, respectively for a spin-singlet and
spin-triplet configuration, see figure The four-fermion matching coefficients ds and
d, at leading order (LO) read

Im[ds]0 = ra?, Im[dy0 = ﬂwaz, (5.1)

where they are obtained by cutting the loop diagrams along the internal photon or light
fermion propagators [100,101]. The matching procedure can be systematically performed
at higher order in the coupling. The four-fermion Wilson coefficients are known up to
next-to-next-to leading order (NNLO), see refs. [91,102] and the review [103]. At NLO,

'EFTs, suitable to describe a physical system effectively at scales <« M, where p denotes the
energy scale at which only the light degrees of freedom (l.d.o.f.) are dynamical, have the following
general structure of the Lagrangian density:

Lepr(ldof) = L0Ldof) + ﬁo ,

where £(l.d.o.f.) denotes the subset of the parent renormalizable relativistic theory, £, comprising only
the dynamical l.d.o.f., whereas the irrelevant operators O; are generated due to the non-relativistic
expansion in u/M. The dimensionless Wilson coefficients ¢; encode the physics at the large scale M and
the radiative corrections at that scale.
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Figure 5.1: Annihilation processes for a heavy dark fermion-antifermion pair (thick lines)
into a light dark fermion-antifermion pair (thin lines), cf. left diagram, or into two dark
photons (wavy lines), cf. middle and right diagram, at leading order in «. Radiative
corrections to these processes, but also annihilations with more products in the final
state, for instance three outgoing photons, happen at least at O(a?).

the expressions in (5.1)) are modified due to the radiative corrections as follows:

[0 7T2
n a (4712 -9

From the optical theorem, it follows that the spin-averaged annihilation cross section,
Oann, can be written in full generality asE| [57,63]

Uann'UM;zl = Im[MNR(lgx - qu)] ) (54)

where Myg(1hx — ¥x) is the 2 — 2 scattering amplitude with initial and final states
normalized non—relativisticallyﬂ and wvy,, is the so-called Mgller velocity, which is the
flux of incoming particles divided by the energies of the two colliding particles carrying
four-momenta p; = (E;, p;),

(pl ‘p2)2 — M
Unmgl =
EEs

(5.5)

The Mgller velocity has a simple expression in terms of the particle velocities v; = p;/ E;:
UI%IQ)I = Ur261 — (v1 % 'U2)27 (5.6)

where v, = |v] — vo| is the relative velocity of the colliding particles. Note that in
the non-relativistic limit, the relative velocity is of order 1/M, whereas |v1 X wva| is of

2Cross sections are computed by summing over the final state polarizations and averaging over the
initial state ones. In the case of annihilation cross sections and bound state formation cross sections
(cf. sec. , the initial state polarizations are the 4 = 2 X 2 spin orientations of the incoming fermion-
antifermion pair. In the case of ionization cross sections (sec. , the initial state polarizations are the
4 = 2 x 2 spin orientations of the incoming fermion-antifermion pair and the two polarizations of the
incoming photon (or 2 x (N2 — 1) polarizations in case of non-abelian gauge fields, cf. section .

3The relation between a relativistically normalized state, |R), and a non-relativistically normalized
one, |[NR), is |R) = v2E |[NR), E being the energy of the state.
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Figure 5.2: Matching between annihilation diagrams in the relativistic theory at one loop
(upper three diagrams) and the corresponding four-fermion interactions in NRQED )
(lower two diagrams). The associated imaginary parts of the matching coefficients dj
and d, at order o are given in . They correspond to S-wave spin-singlet and
spin-triplet annihilations, respectively. The thick solid lines denote the incoming and
outgoing heavy DM particle and antiparticle, whereas wavy lines stand for the dark
photon and thin solid lines for light dark fermions. The imaginary part of the matching
coefficients encode the annihilation processes depicted in figure

order 1/M?. We can write p; = p+ P/2 and ps = —p + P/2, where p is the relative
and P the center-of-mass momentum, cf. section From this it follows that in
the center-of-mass frame (cm) of the dark fermion-antifermion pair, where P., = O,

(pl)cm = _(pQ)Cm = Pcm and (El)cm - (EQ)cm =V Pgm + M2’ it holds that

(vl)cm = _(UQ)Cm = & (57)

VP2, + M2’

and from relation ([5.6)) in the center-of-mass frame, where (v1)cm X (v2)em = 0, it follows

[Pe| Pém Pém
(UM(DI)CHI = (Urel)cm - 2’(’01)(3111‘ =2 M 1- 2M2 + O M4 : (58)

We see that (vr(g))cm = 2|pem|/M is the relative velocity at leading order in the non-
relativistic expansion. In the center-of-mass frame of the fermion-antifermion pair, the
thermal bath is moving with velocity about —P/(2M), where P is the center-of-mass
momentum in the thermal bath frame, cf. fig.

We turn back to the computation of the spin-averaged annihilation cross section.
Accounting only for the lowest-order dimension-six four-fermion operators written ex-
plicitly in , that are momentum independent, from the optical theorem we
obtain for the S-wave annihilation cross section at zeroth order in the momenta in the
center-of-mass frame (in fact, it is the same in any reference):

NR Im[d,] + 3Im[d,]

OannUrel = M2 ) (59)
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where v = (vr(eol))Cm is the relative velocity used in the literature for heavy composite
systems. Computing next-to-leading order (NLO) annihilation cross sections has been
for long pursued in a variety of models, e.g. [104H111]. The expression at NLO in « of
the S-wave annihilation cross section in the abelian dark matter model reads

ma? a (19
(Tannvrel)xro = 75 [1 +ng+— (127r2 — 17— 4nf>] : (5.10)

™

At leading order, one recovers the well known result (cf. ref. [112] for the specific case
ng =0, i.e. the free annihilation of a fermion and an antifermion into two photons)

71'052

R (5.11)

(CannUrel)o = (1 + ny)
Whether or not we set ny =0 in , the NLO corrections are negative and make the
cross section smaller. Taking o = 0.4, the NLO cross section is reduced by about 17%
with respect to the LO cross section (even larger couplings have been considered in the
literature, see e.g. [15]). If we keep one light fermion in the model (ny = 1), then the
NLO cross section decreases by about 34% with respect to the LO cross section, for
the same value of the coupling; by about 40% for ny = 2 and by more than a half if
we would add more than ten light fermions. We see that radiative corrections can have
a significant impact on the observable, and it is therefore crucial to state the order of
accuracy by the power counting whenever a result is provided.

We can increase the order of precision not only by considering loop corrections to
the matching coefficients, like it was done for Im[ds] and Im[d,] up to NLO in « in egs.
and , but also by adding irrelevant four-fermion operators of dimension higher
than six to the Lagrangian , in this way accounting for the velocity corrections of
S-wave annihilations at higher order. Higher dimensional four-fermion operators also
account for the annihilation of fermion-antifermion pairs with higher orbital angular
momentum, i.e. P-waves, D-waves and so on. Effective field theories provide a straight-
forward framework to compute higher-order corrections to the annihilation cross section,
either in terms of the aforementioned « corrections to the matching coefficients of the
four-fermion operators, or by including higher dimensional four-fermion operators to the
NRQEDpy Lagrangian, and eventually provide the relativistic and radiative corrections
to the associated interaction rate, here the annihilation cross section, in terms of veloci-
ties and the coupling, respectivelyﬂ The irrelevant four-fermion operators of dimension
eight ard’| [115,[116]

“In this respect, we refer the interested reader to the following refs. [113,/114], where EF T-methods
were exploited for dark matter models involving neutralino fields in the context of the Minimal Super-
symmetric Standard Model (MSSM), or ref. [100] for the case of heavy quarkonium in QCD.

5Four-fermion operators of dimensionality seven are forbidden because of parity conservation. At
dimension eight there are two additional four-fermion operators that couple to a soft dark magnetic field
(at dimension nine they couple to a soft dark electric field), and one of them develops an imaginary part
in the associated matching coefficient at O(a?) [115]. We do not consider such interactions in this work,
as for instance XX 4 ysore — fifi-
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dim.8
5£NRQEDDM

9(*So) [w <_;?) i xx' + .

( 1) [%/JT (_?>QUX.XTU¢+h.c.

2M4 WL
3
n (3\,4191) [¢TJszTUJ (_2> NAQv£) ¥+ hec.
+ BVl V(o) + LRV - (0o V - (o) + LRV TN - VxTY)
f(P) i fCR) i i
+ M41 P! <—2?> x-x! < ?) ¥+ 3M2 Pl (—2?-0> xx (—2?-(1) P

+f(3P1 < ?xa)xx(—?xoj
f(3P2)¢T < ?(z‘aﬂ) o (_;?ugﬁ) y
(5.12)

and encode the first correction to the S-wave annihilation in the relative velocity (second
and third line) and in the center-of-mass velocity (fourth line), but also the first non-
vanishing contribution to the P-wave annihilation (last three lines). In eq. - ) the

gradient ? acts on both directions, ? = ? — % with = V, and we use the
conventional notation T%) = (T% 4 T79%) /2 — T*%§% /3. The terms in are obtained
from more general operators, where the gradient V is replaced by the spatial covariant
derivative D. We characterize the fermion-antifermion pair as in atomic spectroscopy by
25415, i.e. by its total spin S = (0, 1), total orbital angular momentum L = (0,1,...)
and the total angular momentum quantum number J = S+ L. One can then compute the
annihilation cross section upon using the optical theorem in any reference frame,
and from the operators in one would obtain the leading relative and center-of-mass
momentum-dependent corrections to the S-wave annihilation in , and in addition
a non-vanishing contribution from the P-wave annihilation. The imaginary parts of the
matching coefficients in at order o are given by [115,117,/118]

4 4
m [g('So)] = —§7ra2, Im [g(3S1)] = —§nf7ra2, Im [g(*S1,°D1))] = —%W@Q, (5.13)

Im [f('P)] =Im [f(*P)] =0, Im [f(*Ry)] = 3na?, Im [f(*P)] = %77042, (5.14)

1 1
Im [gaem] = —ZIm [dy] , Im [ghem] =0, Im[geem] = —Zlm [ds] , (5.15)

where we dropped the subscript LO since we will not go to higher order in « for the
annihilations of order 1/M*. Those matching coefficients in - that depend
on ny, incorporate the annihilation into two massless fermlons the others are generated
from the annihilations into two photons. The matching coefficients in and -
account for spin-singlet and spin-triplet S-wave annihilations, the ones in ([5.14)) for spin-
singlet and spin-triplet P-wave annihilations. The relations in are exact, i.e. valid
at all orders, and follow from (reparametrization) Poincaré invariance of QED.

34



If we consider only the dimension-eight four-fermion operators listed in the fourth
row of eq. , then we get the spin-averaged S-wave annihilation cross section in the
laboratory frame at order P?/M? in the center-of-mass momentum and at zeroth order
in the relative momentum:

Im[ds] + 3Im|[d,] p? p?
(Tann Vo) 1ap, (P) = WE 1- A2 = OpnnUrel [ 1 — AM2 ) (5.16)

which does not depend on the relative momentum, since the other operators in
are dropped. The result in eq. could also have been derived by Lorentz-boosting
OannVne from the center-of-mass frame to the laboratory frame. In particle physics, the
cross section is defined in such a way to be Lorentz invariant, cf. equation (F.1|) where do
is expressed in terms of Lorentz-invariant factors, hence boosting canntm, just means
boosting vy,. According to its definition , the Mgller velocity transforms under
a Lorentz transformation as the inverse of an energy square since the flux is Lorentz
invariant. In particular, transforming from the center-of-mass to the laboratory frame
we get

N (p1 - p2)* — M* _ ('UMasl)cm
Hellab Y(VPE+ M2 —p-v)y(VPP+ M2 +p-v) (11— (p v)?/(p*+ M?))
2
= (U]\/IQI)Cm <1 — % 4 .. ) s (517)

where v = 1/v/1 —v? is the Lorentz factor, v is the center-of-mass velocity, p the
relative momentum in the center-of-mass frame, P the center-of-mass momentum in

the laboratory frame and the dots stand for higher-order terms in the 1/M expansion.
Therefore, Lorentz-boosting eq. ([5.9)) to the laboratory frame leads precisely to eq. (5.16)).

5.2 pNRQEDpy: Sommerfeld-enhanced annihilations and
decays

Concerning the annihilation of dark fermions and antifermions, we accounted only for ve-
locity suppressed operators and radiative corrections in a(2M) to the annihilation cross
section so far, but not for the multiple soft photon rescatterings, which is important near
threshold. Multiple soft dark photon exchanges between the annihilating dark fermion-
antifermion pair modify the fermion-antifermion wavefunction near threshold and lead
to a significant change in the annihilation cross section. These soft photon exchanges
are already encoded in pNRQEDpy; in the potential . The fermion-antifermion
wavefunction in pNRQEDpy, which at leading order in the multipole expansion is the
solution of the Schrodinger equation with the potential , accounts by construction
for the effect of multiple soft photon rescattering. The four-fermion operators responsible
for annihilation in NRQEDpy; give rise to contact potentials in pPNRQEDpyy,

LoNRQEDp,, O — / &Br ot (t,r, R) SV ¢(t, 7, R), (5.18)
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and the annihilation process of S- and P-wave fermion-antifermion pairs is described by
the imaginary local potential [116]

ann] _ 753(7’) Q2 .
Im [V Ve [2Im [d,] — S (Im [d;] — Im [d,])]
+ T [0 Vi [FCSHP)]] + S5 (Vi 60} T [g(25+1 )]
3(p ) . .
+ 5]&4) ZRV;% [2 Im [gccm] 5ij - 82 (Im [gccm] —Im [g&Cm]) 5ij + 5'S7Im [gb CmH )

(5.19)
where an implicit summation over the total spin S and total angular momentum J index
is understood, and the operators Sf,, QZS]J are written in terms of the spin as [116}/119)

O =592 - 8%, Qf = 98%, (51, Dy) = S's7 - 8,
. g 1 P , 1 ..
Tl =092 = 8%, T = 28's7, T = kv snge | Ts = 20,

Ti = | S (ase + otast) - 15“5@‘] [1(5ﬂ'ksa toiegh) - Lohagi| = Lyig2 i Lgigi,
2 3 2 3 2 6

(5.20)
In equation , the expression in the first line encodes the S-wave annihilation at
leading order, the second expression in the second row its correction at first order in
the relative momentum and the expressions in the third line its correction at first order
in the center-of-mass momentum. The first expression in the second line describes the
P-wave annihilation at leading order.

5.2.1 Radiative vs. velocity corrections

The resummation of multiple soft photon exchanges within the dark fermion-antifermion
pair leads to a modification of the pair wavefunction close to threshold from free to either
a bound-state wavefunction or a scattering wavefunction. This modification ultimately
alters the annihilation cross section and decay width. The spin averaged annihilation
cross section may be computed from the optical theorem analogously to eq. :

OannUmgl = Im[MNR2(¢ - ¢)} ’ (521)

where the amplitude Myr(¢ — ¢) describes the propagation of the fermion-antifermion
field ¢ projected on scattering states. The amplitude is given by the expectation value of
—Im [6V*""] on the fermion-antifermion wavefunction for scattering statesﬁ Considering

5To be more explicit:

Im[MNR(¢ — (b)} = - Z z /dJT <p7 P7 Sy m5|¢T(r7R7 t) Im [5‘/31“1] ¢(T7R7 t)|p7PaS7 ms> .

5=0,1mg=0,%+1
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all terms listed in ([5.19)), we obtain for the spin-averaged annihilation cross section at
leading order in «(2M) in the laboratory frameﬂ

(O'ann'UMwl)lab (pa P) = Im[dS]LO ks 3Im[d”]LO (|\PP(0)|2)1 b

M2
41 it PO)];]—;: /CP)] /dgrlab 8 (P1an) [V s(r)] - [V p(r)]
mla(l mla(3
- DloCSESILCINL [ s, (rv) [[8,0500], ((),

(1), [Ar T (7] |

/ dgrlab 53 (rlab) (\Ij:),P (T7 R7 t))lab [AR‘IIp,P(Ta Ra t)]lab

(5.22)
where we drop the subscript LO in the matching coefficients of the associated dimension-
eight operators, and show only terms with non-vanishing Wilson coefficients at O(a?), cf.
eqs. f. Terms involving the imaginary matching coefficient Im [g(?’Sl, 3D1))]
cancel out once we evaluate the spin operators projected on the scattering state, cf.
footnote @ We compute the integrals over the relative distance rlabﬁ and the spin-
averaged S-wave annihilation cross section in the laboratory frame at leading order in
o and at order p?, /M? and P%/M? in the relative and center-of-mass momentum,
respectively, reads thereforeﬂ

Im [gc cm] +31Im [gacm]
_ e

"The full spatial scattering-state wavefunction in the laboratory frame, cf. , is Up p(r,R,t) =
e Bt PRy (). Hence it follows that U}, p(r, R,t) [ArUp p(r, R, t)] = (—P?) |¥p(r)|*.

81n order to evaluate the integrals in the second line, we can perform the partial-wave decomposition
of the wavefunction and use the vector spherical harmonics UJ*(#) = 7 V,.Y;"(7), together with the
completeness relations

‘
[ 0TG- (T )" = €0+ 161G > e (Fw) = 211
As for the integrals in the third and fourth line of , we can use the Schrédinger equation with
respect to the relative motion at leading order in the potential and in the energy of the scattering state,
and substitute AU, (r) = (—=p®> — Ma/r)¥,(r). The integration of the first term is straightforward,
however the second term involving the Coulomb potential is infrared divergent. If we regularize the
three-dimensional integral in dimensional regularization, then we can show that it vanishes:

i T47r 4
/d3r53( W (r)?= = /d3 8 ()| W ()| /d3k ik = |\I/p(0)|2/d3kﬁ =0,

because the integral in k is scaleless. Dimensional regularization is the correct choice, since the matching
between the EFTs is done in this particular scheme.

9Since the terms in eq. involving the integrals in 71,1, are already of order 1/M4, we can approx-
imate those integrals by the ones in the center-of-mass frame, since corrections due to this substitution
would be of higher order than O(p?,,/M?, P?/M?). It simplifies the computation, because we can use
the analytic expression for the wavefunction of the scattering state in the center-of-mass frame.
More information about Lorentz-boost transformations of heavy-pair wavefunctions between different
reference frames is given in sec.
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(O'ann'UM@l)lab (pv P)

=1+ nf)i;\;j <’\Ilp0(0)‘2>lab (P) <1 - 41;422>
2

T 4p? Tp? 1+ (ag|pem|) 2
+(1+ng) 5 (|%0(0)|2)Cm [_ s T3 . +n? . (5.23)

where the index 0 in the squared wavefunctions denotes that only the partial wave with
¢ = 0 contributes at the origin » = 0 (note that the information about the P-wave
annihilation is encoded in the term involving the prefactor (14 (ag|pem|)~2). According

to eq. (A.32)), we can replace <|\pr0(0)]2)1 . (P) with the corresponding quantity in
a

the center-of-mass frame, ( |W,0(0 2 = Sann(C), where Sann () is called Sommerfeld
j2

factor [65] and reads (see e.g. [120,12?1)l
2m¢ o(ps) 1
Samn(¢) = — > = - . 5.24
(C) 1-—- e—Qﬂ'C C Urel aO‘pcm‘ ( )

where a(us) is evaluated at the soft scale ps ~ Ma, and we remind that a = «a(2M).
Hence, the spin-averaged S-wave annihilation cross section in the laboratory frame at
leading order in a and at order P2/M?, p?/M? can be written as

(UannUMcﬂ)lab (p, P) = (Ugr?nvrel)LO Sann(¢)

P! aph, | Tk, (1+<ao|pcm|>—2)} (5.25)

1—
S Y VERRE ) VERANEV VE 1+ny

where pem = [Pem| and (015 Vrel)ro has been defined in eq. . In the above expres-
sion, the center-of-mass relative momentum p.,, in the Sommerfeld factor is expressed
in terms of the relative momentum in the laboratory frame through eq. , while
the pcy in the square brackets in can be substituted directly by the relative
momentum in the laboratory frame.

In the center-of-mass frame, instead, the spin averaged annihilation cross section at
O(a?,v%)) becomes (note that the subscript cm and lab on the left-hand side of
and , respectively, means that the momenta are taken in that specific reference
frame)")

5 7 02 —
(TannVrel)em (P) = (Ugr?nvrel)LO [(1 - 247)3e1> Sann(€) + 121 T 711)“ Sﬁnr}(C) , (5.26)

where S=1(¢) = (1+4¢?)Sann(€) is the Sommerfeld enhancement for a scattering state in
a P-wave [120,{121]. We observe that even at leading order in the non-relativistic velocity

ONote that in order to obtain the result from the previous eq. (upon switching to the
center-of-mass frame, i.e. P = 0 — Plab = Pem, (UMgl)1ab = (UMgl)em), one has to insert for
the Mgller velocity in the center-of-mass frame, expand the whole equation up to order (pem/M)*, and
finally rewrite pem = Mvye1/2 in terms of the relative velocity in the center-of-mass frame.
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expansion (upon neglecting the local potentials of higher order in pPNRQEDp\ (second
and third row in ) that arise from the associated dimension-eight four-fermion op-
erators in NRQEDpy;) where only S-waves do annihilate, the corresponding annihilation
cross section is p-dependent due to the Sommerfeld factor being still persistent, i.e.

NR

(Uannvrd)CIﬂ(p) = (U;?nvrel) Sann(<> s (527)

where we consider the momentum-independent free S-wave annihilation cross section
(0N vyel), defined (B.9)), to encompass also radiative corrections of order a3. Equa-
tion shows manifestly the factorization of the different energy scales: the hard dy-
namics is contained in the NRQEDpy matching coefficients Im(ds) and Im(d, ), whereas
the soft dynamics is contained in the wavefunction squared |¥po(0)|?. For v,e < «, the
annihilation cross section is significantly enhanced by the Sommerfeld factor and the
prediction from the Boltzmann equation on the DM particle density n changes
accordingly@

Our aim in the following is to examine the relative importance of NLO radiative
corrections to the hard matching coefficients Im[ds] and Im[d,], which are corrections
of order o, with respect to the leading relativistic corrections in the relative and total
velocity of the dark fermion-antifermion pair@ In the center-of-mass frame, it means
that we compare the annihilation cross section , which is of order o and vfel and
hence comprises S- and P-wave annihilations at leading order in the coupling, with the
S-wave annihilation cross section of order a® and v?el. In the left panel of fig.
we plot the annihilation cross section in the center-of-mass frame at different orders of
accuracy as a function over M /T from regions around the freeze-out (here "= M /10)
up to late times, where T = M/10°. The coupling is fixed at the hard scale, a =
a(2M) = 0.1, and runs at one loop. The cross section is thermally averaged according to
, because the thermal motion of the bath can be neglected at the hard annihilation
scale, and normalized by ma?/M?, which corresponds to the free annihilation cross
section into two photons at LO in « and zeroth order in the velocity in the center-of-
mass frame. As expected, the NLO correction to the matching coefficients decreases
the annihilation cross section (dashed lines are below the dotted lines), while velocity
corrections increase it (solid lines are above the dotted lines). The cross sections grow
monotonically with decreasing temperature due to the Sommerfeld enhancement, and
increasing the number ny of light fermions in the model increases the cross section due
to the additional annihilation channels (black lines above orange lines). Then on the

1A derivation of the Sommerfeld enhancement for S-wave pair annihilation that includes the regime of
very small momenta (velocities) for the unbound pair has been presented in [66l122//123]. The main result
is a saturation of the Sommerfeld factor and a regular behaviour for v.e; — 0. Diagrammatically this
amounts to resum the annihilation term, namely the local four-fermion interactions shown in figure [5.1
(right). In this work, we assume to be away from such regime for unbound states. For bound states this
resummation is never needed because the momentum of the particle in the pair is constrained to be of
order M«. Finally, it is worth noticing that the thermally averaged cross section removes the
singularity at vanishing vye.

2Relativistic corrections also affect the dark fermion-antifermion pair wavefunctions. We do not
consider these corrections here.
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Figure 5.3: (Left) Thermally averaged annihilation cross section in the center-of-mass
frame, normalized by ma?/M?, at different orders in the radiative a-expansion and
relativistic vye-expansion; plotted as a function of M /T and the coupling runs at one
loop with starting value o = «(2M) = 0.1. Orange lines are for ny = 1, black lines for
nyg = 2. (Right) Ratios of the present relic densities, showing either radiative corrections
(black lines) or velocity corrections (orange lines); as a function of « = a(2M). Dashed
lines are for ny = 1, solid lines for ny = 2.

right panel of fig. [5.3] we visualize the numerical impact of the a- and v, -corrections
on the present DM energy density Qpmh?. We therefore plot the ratio Royp,, of Qpmh?,
as obtained from the S-wave annihilation cross section with matching coefficients at
O(a?), over the present energy density when the matching coefficients are of order o?
(black lines). We do the same for the velocity corrections and matching coefficients at
LO (orange lines), and plot the ratios over the coupling o = «(2M). In order to get
the present relic density, we solve the Boltzmann equation up to T = M/10%, and
relate the numerical result for the yield Y to the present relic abundance Qpyh? ~ Yp.
As already elaborated before, the NLO corrections to the matching coefficients make
the cross section smaller, and hence a more abundant dark matter population is found
for each value of a; with the largest increase by almost a factor of two for a = 0.5 and
ng = 2 (black solid line). Accordingly, we find Rq.,, > 1, as shown in the plot. As for
the velocity corrections, the trend is different. The corrections to the cross section make
it larger for each «, and accordingly we find a smaller DM energy density that results in
Rqp,, < 1. The P-wave contribution overcomes the negative correction of the velocity
dependent S-wave correction, especially at large values of «; the largest decrease is by
about 10% for a = 0.5 and ny = 1. Hence, we conclude that the radiative corrections
to the annihilation process have a stronger impact on the present relic abundance than
the relativistic velocity corrections. In the weak-coupling regime up to a(2M) < 0.1,
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however, the individual corrections on the present relic density are of the more or less
of same order and do barely depend on the number ny of the light fermions. The a-
corrections increase Qpyh? up to 7-10%, while the v, -corrections decrease it by about
5%. Hence it seems that at the level of the present relic abundance the radiative and
relativistic velocity corrections partly balance each other as long as the couplings are
sufficiently small. We checked that the results have a rather mild dependence on the
specific value of the DM mass, and for the right plot in fig. it is set to the specific
value M =1 TeV.

As a final remark, if we discard the resummation of the soft scale, i.e. neglect
the Coulomb rescattering effects from multiple soft photon exchanges by setting ¢ to
zero, from which it follows that San,(0) = S.-1(0) = 1, we recover the result
in appendix which corresponds to the annihilation cross section one would obtain
in NRQEDpy from the dimension-six and dimension-eight four-fermion operators, cf.
, by applying the optical theorem in the center-of-mass frame. Appendix
is devoted to an alternative study of the annihilation processes without the usage of
the EFT-formalism, especially in sec. we follow the Bethe-Salpeter approach to
incorporate the Sommerfeld effect at the diagrammatic level, while in pNRQEDpy, cf.
eq. (4.2), it is already built-in due to the emergence of the potential and Coulombic
wavefunctions.

5.2.2 Lorentz-boost behaviour among reference frames

At the order of P?/M? and p?/M? in the non-relativistic velocity expansion, and by
comparing the annihilation cross section in the laboratory frame, eq. (5.25)), with the
annihilation cross section in the center-of-mass frame, cf. eq. (5.26]), we observe that

2
(UannUMgl)lab (pa P) = (UannUMol)Cm (p) <1 - 4—Pw> ) (528)

which represents again the Lorentz transformation property of the Mgller velocity with
respect to boosts from the center-of-mass to the laboratory frame, cf. equation .
Hence Lorentz-boost invariance of the annihilation cross section o,y is not violated by
the soft-photon resummation and therefore by the Sommerfeld effect, and the Lorentz-
boost relation between the two reference frames equals the relation in
NRQEDpy.

Apart from annihilation processes of scattering states, in pNRQEDpy heavy dark
fermion-antifermion bound pairs can annihilate as well. At leading order in «, spin-
singlet bound states, paradarkonia, decay via annihilation into two dark photons, while
spin-triplet bound states, orthodarkonia, decay into two light dark fermions. The decay
width can be computed from

I‘ann - 2IHI[-/\/INR(¢ — ¢)] ) (529)

which is analogous to eq. ([5.21]), but now we do not average over the spin of the initial
states as we project ¢ onto the specific bound state that is decaying. Proceeding like
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in the case of the annihilation cross section, it follows that the paradarkonium S-wave
annihilation width in the laboratory frame at order P?/M?, «a(2M)? and a(us)? (the
latter coming from the 1/M* local potentials with respect to the relative motion) is
given by

(Tain ™ ap (P) = ZlImj\L[d?S]LO (’\IIHOO(O)F)lab (P) <1 - 41]7422)

ke (o) 5 (“92), .

where the term in the second line comes from the local potential involving the imaginary
matching coefficient Im [g(1Sp)], that has been rewritten as —4Im [d;].0/3 according to
eq. (5.13). In a similar way we obtain for the orthodarkonium S- and P-wave annihilation
width

<P§r’l‘ffth°>lab (P) = W (’\Pnoo(o)’Q)lab (P) (1 - 41;;2>

A (aor),, () ] e

where in the second line the first term in the square brackets comes from the local poten-
tial involving the imaginary matching coefficient Im [9(351)] rewritten to —4 Im [dy].0/3
according to eq. , and the second term in the square brackets accounts for the
spin-triplet P-wave annihilations (that vanishes for the ground state, where n = 1). Us-

ing eq. (A.31]), we can replace (\\I/ngo(O)\Q)l . (P) with ~ (\\IJnOO(O)\2> ~ (1+v%/2)
a cm
<|111n00(0)\2> = (1+ P?%/(8M?)) (\\Ilngo(O)\2> . We then get for the paradarkonium
cm cm

S-wave annihilation width in the laboratory frame at leading order in «(2M) and at
order P?2/M? and a(us)? (terms proportional to a(jus)? x (P%/M?) are of higher order)

m LO 2 ol s 2
(Lo ap (P) = Am [dsro <|‘I’n00(0)\2)cm [1 P +1 < (1 )> ] , (5.32)

M2 C8M2 3\ 2n

and similarly for the orthodarkonium decay Widthﬁ

(rere), Py = Tl (19, 0))

x [1 - 81;2 +é (O‘é’:)f <1+7”2n; 1)] , (5.33)

13We notice that there is a profound connection between the v,e1-corrections to the annihilation cross

section, cf. eq. (5.25), and the a(jus)-corrections to the decay widths (5.32)) and (5.33). One can relate
at leading order in quantum mechanics the relative momentum of a scattering state with the Bohr

Ma(ps)
2n

momentum of a bound state through the correspondence pem < @ , 1.e. vrel > ta(ps)/n.

42



which is now expressed in terms of the square of the bound-state wavefunction in the

center-of-mass frame at the origin, (]\IanO(O)|2> = |Ry0(0))? /(47r)
cm

2
Since

1
;\}O; (|\Ifn00(0)|2>cm [1 + 3 (a(us)/(Qn))ﬂ is the paradarkonium annihilation
width in the center-of-mass frame, (Tain' ) oms €4- (0-32)) simply states the expected
Lorentz dilation of time intervals (upon neglecting Ola(us)? x (P?/M?)] terms):

["para P) = (Fgﬁll)lara)cm ~ (T-Para 1— pP? 5.34
( ann )lab( )_ ~ N( ann )cm sSM2 /) ( : )

The same relation also holds for the orthodarkonium decay width. We remark that
the results for the decay widths and are valid only for bound states with
quantum numbers n, ¢ = (0,1), m = (0,£1), i.e. only for S- and P-waves. D-wave
annihilations are generated from four-fermion operators of higher dimensionality than
eight.

In computing annihilation cross sections and widths we have neglected the thermal
distribution of the photons in the final state. This is justified by the fact that the energy
of the final state photons is of order M. Therefore, according to the two hierarchies
and considered in this work, the corresponding Bose—Einstein distribution is
exponentially suppressed: ng(M) ~ e M/T,

“For the ground state it holds |Ri0(0)|*> = 4/a3 = (Ma)?/2, which leads to (F;;&am)lab (P) =
Ma(2M)2 o ps)? 1 p?
2 8M?

tion width at LO in the center-of-mass frame.

+ a(,us)2/6), where Ma(2M)?a(ps)?/2 is the 1S paradarkonium annihila-
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Chapter 6

Dipole transitions at finite
temperature

In the laboratory frame, i.e. in the reference frame where the thermal bath is at rest and
the center of mass of the dark fermion-antifermion pair is moving, near-threshold pro-
cesses such as the formation of bound states or their dissociation into scattering states
are due at order r in pPNRQEDpy to the two dipole interaction operators in the second
line of eq. . The corresponding vertices are shown in figure The photons emit-
ted or absorbed in the bound-state formation (bsf) and bound-state dissociation (bsd)
processes respectively are below the soft scale, i.e. they carry energy and momentum of
order smaller than M «, which justifies the multipole expansion for a system that fulfills
the hierarchy of energy scales for temperatures close to the freeze-out, cf. eq. , and
for lower temperatures, cf. eq. .

Under the two hierarchies and , the electric-dipole operator is the leading
operator responsible for bound-state formation and bound-state dissociation. Together
with kinetic energy corrections to the electric-dipole vertex, the magnetic-dipole vertex
accounts for the leading correction to bound-state formation and bound-state dissocia-
tion due to the center-of-mass motion of the dark fermion-antifermion pair relative to
the thermal bath. Its effect is suppressed by P/M ~ v ~ /T /M (if P ~ vV MT) with
respect to the effect of the electric-dipole vertex. The dipole vertices induce bound-state
to bound-state and scattering-state to scattering-state transitions as well, which amount
to (de-)excitation processes and thermal (emission) absorption processes, respectively.
Transitions among continuous scattering states of unbound pairs count as elastic pro-
cesses, and thermal emissions are known under the name of bremsstrahlung processes.

The laboratory frame may be a convenient frame where to compute recoil effects,
because thermal distributions have there a particularly simple form. For instance, the
thermal distribution of photons in a thermal bath at rest is the Bose—Einstein distribu-
tion

_ 1
CeB/T 1

The Bose-Einstein distribution for a moving thermal bath is given in eq. (6.65) and

np(E) (6.1)

44



requires the introduction of a velocity-dependent effective temperature. We will discuss
the treatment of dipole transitions in the center-of-mass frame in more detail in section
for the bsf process, and in section for the bsd process. We will mention it
briefly also in case of (de-)excitation processes in sec.

All these dipole processes among bound and scattering states happen at energy
scales below the soft scale, and hence can be summarized to as near-threshold or close-
to-threshold processes, where the threshold can be understood as the energy barrier
separating unbound scattering states from bound states with negative binding energy.
We will compute the associated interaction rates to these dipole processes at finite tem-
perature, which involves propagators in the real-time formalism. The explicit expression
of the photon propagator in Coulomb gauge at leading order is written in f
and can be found in ref. [124], whereas the expression of the dark fermion-antifermion
pair propagator, cf. , can be found in [51]. The light-fermion propagator is given
in (D15

6.1 Formation of bound states

We begin with the study of the bound-state formation process due to the dipole transi-
tions in a dark thermal bath. In sec. [6.1.1] we will neglect the recoil effect by discarding
the Rontgen term from the Lagrangian . In this way the formation of a bound
state can only happen via the electric-dipole operator. In the subsequent sec. we
will reinstate it again, which allows additionally for the bound-state formation via the
magnetic-dipole operator.

6.1.1 Cross section in the laboratory frame without recoil

We derive the bound-state formation cross section in the laboratory frame where the
medium is at rest. This choice made, the cross section depends on the center of mass
momentum P. The center of mass momentum in the thermal average of the cross
section times v, scales like v MT', which is the momentum scale in the Boltzmann
distribution. Since v MT < M, we may systematically expand the rates in the center
of mass momentum P /M, and if we retain the leading order term, this amounts to set
P = 0 in the cross sectionﬂ which is our choice in the following sections and
(6.1.1.2).

In real-time formalism, propagators are 2 x 2 matrices. However, the fermion-antifermion propagator
gets a particularly simple form in the heavy-fermion limit, as thermal corrections are exponentially
suppressed and the 12-component vanishes [48]. The interaction rates can be computed either from the
imaginary part of the 11-component or from the 21-component of the associated self energy. In case of
bound-state formation, the corresponding self-energy is depicted in fig.

2We come to the same conclusion if we choose the reference frame of the center of mass of the dark
fermion-antifermion pair. In this case, the velocity of the medium is about /7'/M, which is much
smaller than one, the velocity of light. Expanding in it, the thermal distribution of the dark photons
reduces at leading order to the thermal distribution of the medium at rest, i.e. eq. [125).
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Po—qo

Figure 6.1: Self-energy diagram of the scattering state at dipole order 72 and at zeroth
order in velocity expansion (left-hand side). The diagram on the left-hand side involves
a resummed dark electric-electric correlator (grey shaded loop), which can be expanded
in the weakly coupled abelian model, here up to next-to-leading order in «, where the
first diagram on the right-hand side is of order o and the second diagram is of order
a?. The external double solid lines represent the unbound pair, the internal single solid
lines represent a bound state. The wavy lines denote the dark photon, the n; light
dark fermions in the loop are represented by single arrowed lines. These diagrams are
generated by the electric-dipole interaction only, cf. left vertex in fig.

6.1.1.1 Heavy-pair self-energy up to next-to-leading order

The bound-state formation cross section in the laboratory frame at leading order in r and
at zeroth order in P can be determined from the self-energy diagram of the scattering
state in figure [6.1\°] From the optical theorem it follows that

(obst vueD1ab(P) = —2(pIm[E" (p0)]|P h1ab = (PI[—E>! (0)]|P )1ab - (6.2)

where in the second equality we used the cutting rules at finite 7', cf. ref. |[126], in
order to relate the imaginary part of the time-ordered self-energy to the 21-component
of the self-energy 2!, E| We refer the reader to appendix |§| for more details about the
Schwinger-Keldysh contour and the associated CTP indices {1,2}, which lead to the
four combinations {£7, 3>, X<, %7 = (X7)*} of the self-energy (and similarly for the
propagators).

Since in this section we consider the incoming scattering state with vanishing total
momentum, P = 0, its energy (pp)iap and relative momentum (p)yap, equal the expres-
sions in the center-of-mass frame, and (vnig))iab = Vrel. We will drop the subscript lab
from now on. Hence py = E, = 2M + p?/M at leading order, and in the laboratory
frame where the thermal bath is static, we can freely choose the center-of-mass coordi-
nate to be at the origin R = 0. In dimensional regularization D = 4 — 2¢, the physical

3In case of dissociations and bound-to-bound transitions, one has just to invert the double- and
single-line heavy pair propagators in figure [6.1} or consider only single-line propagators, respectively.
The photonic part and the vertices remain unchanged. For scattering-to-scattering transitions, only
double-solid lines need to be considered.
More explicitly, employing the cutting rules we get
Im[2''] = —i(2> +3%) = iy
2 2 ’

where the 12-component ¥ < is exponentially suppressed due to the off-diagonal structure of the DM

pair propagator, cf. (D.14]).
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11-component of the self-energy reads

S (pe) = —ig? / dt rie W= Mri(E(t, R)EI (0, R'))"
0
_ —ig® [ i it(po—H),.i 11
= dt r'e r*(E(t,0)E(0,0))
D—1J,
- 2 0 D
=g i it(po—H) 4D/ d”q gt i 11
= dt — EFE
S [ e [ e (B )
4-D D ~
.o H d“q ; G i 11
= — FFE .
i | G e BB . (63

where in the second equality we used the rotational symmetry in case of vanishing
center-of-mass momentum of the heavy pair, and in the third equality we transformed
the electric-electric correlator into momentum space. The time-ordered DM propagator
enters as i[pg —qo— H +i€] ™! in the last line of , and the dark electric field correlator
can be written in terms of the dark photon two-point function

(Ei(2)E;i(0)) = (=00gui + 9igu0)(Oogui — 0iguo) (A" (2) A7 (0))

6.4
= —33 Dii(x) — V*Doo(z) , (64)

or equivalently in the momentum space
(EiE:)(q) = (iq09ui — 19i9u0)(—iq09vi + 1¢iguo) (A" A”)(q) (6.5)

= ¢5Dii(q) + @°Doo(q) -

Projecting the imaginary part of equation onto a scattering state |p) and inserting
a complete set of bound states with quantum numbers n in between the DM propagator
and one of the quantum-mechanical relative position operators r?, one can determine
the bound-state formation cross section:

4—D D 11
(Outta)(p) = =205 S lnlrp)? [ 5yt | EE A (g

po — qo — Ey, +ie

where H|n) = E,|n), E, = 2M — Ma(us)?/(4n?) is the eigenenergy of the bound
state n, and the energy scale us is of order of the Bohr momentum. Alternatively,
according to equation , it may be equivalently extracted from the 21-component of
the scattering-state self—energy, eventually leading to

1
(Gont ) () = o Z\nwp\? [ BB OB )

The bound-state formation cross section depends on the quantum-mechanical electric
dipole matrix element (n|r|p), whose general expression can be inferred from appendix
and on the D — 1 dimensional integral of the 21-component of the dark electric-
electric correlator with fixed energy AE} = E, — E, = p*/M + Ma(us)?/(4n?) > 0.
The latter quantity is the key subject to be studied in the following.
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If we stay at leading order in the coupling «, hence neglect the two-loop self-energy
diagram in fig. [6.1] we insert the free dark photon propagator in Coulomb gauge, cf.

eqs. and (| -, into , and obtain
(EE)7(AE}, q) = (AE})* D" (AE}, q) + q° Do (AEY, q)

o (ABDRS(AED? — L+ mp(AED)], )

which upon plugging in into and integrating over the three-momentum q gives

(obst vrel) " (P) = Z(Ubsf”rel = *O‘Z‘ (nlr|p)|* (AER)® [1 + np(AER)], (6.9)

n

where a = ¢?/(4r). The bound-state formation cross section at leading order in the
coupling is already known since a while |15]. It corresponds to the electric-dipole process

(XX)p =7+ (XX)n, (6.10)

where a bound state (X X),, is formed from a scattering state (X X), via the emission
of an ultrasoft dark photon. As a specific example of the above expression, we con-
sider the formation of the lowest-lying 1S bound state, whose wavefunction is (r|1S) =
Rio(r)/(4m). In this case, only scattering states in the partial wave £ = 1 contribute,
whose wavefunction is (r|pl) = ¥y (7). The bound-state formation cross section reads

2
9
(Tpatvrel)(P) = 37[1+nB(AEf)]\(15\7“!171)!2(AE§’)3
7.2 910 -
QT 2 e Vrel Vrel
= 2N 2 —og o [1 +nB(AE{7)] ) (611)
(e ) 1
with p = My /2 and AEY = MU (1 + 5 ) The squared dipole matrix element is

written in eq. (C.19). By rewrltmg the result in in terms of ( = /vy, we
recover in the zero temperature limit, i.e. by setting the Bose—Einstein distribution to

zero, the expression derived in refs. |[15/127], and also the abelian limit of the non-abelian
version given in eq. [50]. We also agree with the finite temperature expression
presented in ref. [29]. The formation cross section for the first excited bound state 2S,
with quantum numbers n = 2 and £ = m = 0, is given by

2
9
(ofsire) °(P) = o~ [1+np(AED)][(28|r(p1)[*(AED)?

_q_o et
27 2 7 <1+ Qel> e 4'0 larCC0t<2v 1)

_ 1+ ns(AED)], (6.12)
3M? vrel (1 + le a2 )3 1- 6_2WT€31 [ ( 2)}

2
Vel

where the squared dipole matrix element is written in eq. (C.21)), and for the 2P state,
with n = 2, £ = 1 and with a summation over the orbital magnetic quantum number
m = (0,+£1), it reads
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m=1

(Jgg,fvrel)Lo (p) = Z (Jgg’fm Urel)LO (p)

m=—1

2 2 2 2 2 2
pr2e0 (1o 41+ &) +2(1+ g +2/1+5)

33 2 \4
MzUZel (1 + ﬁé)
ei4ﬁel arccot (2;’;81) .
e (AR (6.13)

where the squared dipole matrix elements for m = (0,+1) are written in eq.(C.23) and
(C-25). Since at O(a?) the binding energies depend only on the principal quantum
number n, the states 2S and 2P,,—¢ +1 have the same binding energy ES = —Ma?/16.
The formation cross section of a 3S bound state, that has quantum numbers n = 3,
¢ =m =0, and binding energy E = —Ma?/(4 - 32), reads

2
9102 o’ (1+ 5; 1+ 752‘;‘; o Lpe ARt <73vfel>
_ rel rel [1 + (AEP)]
= 34 M2¢° | (1 n o2 )5 1 e—27rui1 np 31
re — re

2,2
3 Urel

(o35vr01) ™ (D)

(6.14)
Our results agree with the ones in ref. [17]. In figure left, we plot the bound-state
formation cross section normalized by wa?/M? for the 1S (orange solid line), 2S (brown
dotted line), 2P (purple dashed line) and 3S (red dash-dotted line) state, thermally
averaged according to , for a = 0.1.E| As a reference, we plot also the thermally
averaged Sommerfeld enhancement factor @D, presented by the black solid line, where
we see that only the 1S-bsf is larger than S,n, (by a factor of two to three for the whole
temperature range 10 < M/T < 10°), while the 2P-bsf (summed over m = 0,41) is
of the same order and the 2S-, 3S-bsf cross sections are suppressed. We can therefore
truncate the summation in n in up to the first few excited states, where the forma-
tion of the ground state dominates over all the other bound states. We remark that in
the dipole limit, if we select the spin of the final state, the bound-state formation cross

section for paradarkonium in general is given by all)ssf’para = aéssf/ 4 and for orthodarko-

nium it is Uésf’ortho = 30%&/ 4. Despite that the near-threshold processes are spin-blind

at order 72, we will need to split them into its spin-singlet and spin-triplet parts when
plugging them into the coupled Boltzmann equations that we will show in sec.

In the derivation of the bound-state formation cross section we have implicitly as-
sumed that the dark pair propagator and electric-field correlator are the ones in kinetic
equilibrium, and of encompasses therefore the Bose-enhancement factor [1 + ng] in
due to the emitted photon. The result does not apply if the thermal bath is out
of kinetic equilibrium. However, as argued in chapter [2| at freeze-out the thermal envi-
ronment evolves rather slowly and hence can be assumed to be quasistatic to a certain

5Note that we thermally average in the laboratory frame where the bath is at rest. But since we omit
the center-of-mass motion in this section, the relative velocity in the laboratory frame coincides with the
one in the center-of-mass frame.
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Figure 6.2: (Left) Ratios of the thermally averaged formation cross sections of the first
few excited bound states at leading order, cf. eq. , over ma?/M?, as functions of
M/T. As a comparison, we plot also the thermally averaged Sommerfeld factor. (Right)
Ratios of the 1S, 2S, 2P and 3S dissociation widths and 1S <+ 2P (de-)excitation widths
over Mo’ /2 at leading order in the coupling. The vertical lines mark the position where
T = Mo?, i.e. the regime where the temperature is of order of the ultrasoft scale.

degree of accuracy. Hence we can rely on the Maxwell-Boltzmann- and Bose-statistics of
the fermion-antifermion meson and the dark photons, respectively, and therefore use the
corresponding thermal propagator expressions (here , and at leading
order). Even though detailed balance is lost with respect to annihilation and creation
processes, it is maintained between bound-state formation and bound-state dissociation
as long as the bath is hot enough, called the ionization-equilibrium regime [23], and for
instance for the ground state it holds that

1S 2 _ plS  para 3 1S 2 _ 1S ,ortho
<O'bsf'Urel> neq = FbSdnlS,eq and T6<Ubsfvrel> neq = Fbsd nlsyeq . (615)
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We can compute the dissociation width from the detailed balance conditions in (6.15]),
for the first three excited states and plot the results in the right panel of fig. We
will show the analytic results for the widths in the next chapter, where they will be
derived in a direct way. There is also a detailed balance relation between excitation and
de-excitation processes, which for two discrete bound states n and n/, with n > n’, reads
nB(En) Ddeex. = nB(En) T ™, (6.16)

and for the particular example of n = 2P and n’ = 1S, we add the corresponding bound-
state to bound-state widths in the right panel of fig. Bound-to-bound transitions
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will be treated in more detail in sec. Hence, from now on kinetic equilibrium is
always presupposed.

At next-to-leading order in the coupling, one needs to take into account the two-loop
self-energy displayed in figure hence we need to compute the next-to-leading order
correction to the 21-component of the electric-field correlator :

HEE)30(9) = 605" (0) + ¢*Dgg™(q)
R,LO A R,LO R,LO A RLO
201+ np(a0)] Im | DS (@)Y (0)055(@) + ¢° D (@1 (9) Dy a)

HEE)we=(q) + S(EE)T(q),

(6.17)
where gy = AE}, and in the last line we separated the electric correlator into two terms
according to the splitting of the retarded polarization tensor into a vacuum (ng(qo) = 0)
and a thermal (np(qp) # 0) part as in H

We insert the retarded photon propagator at LO, cf. egs. and , and the
vacuum part of the retarded polarization tensor , renormalized in the MS scheme,
and we obtain for the ng(go) = 0 part of the 21-correlator

NEE)E ()
= 201+ np(g0)]Im |GG D (I (@) D (0) + 2 D (@I (@) D1 (0)|

R,MS pi R,MS p0
2 2/ 9 2 . N2 2
neg q°(q” — 3q3) (g0 +i€)2 — g 5
=1 I 1 —_— = | == .
[14 nB(qo)] 62 m {((QO Tie)? — q2)2 n — 2 3

(6.18)

Inserting this expression into (6.7)) and integrating over q using the residue theorem,
we obtain the next-to-leading order correction to the bsf cross section coming from the

nr(qo) = 0 part ,

n P2
(Tbst Vrel Jnp 20 (P) = Z(Uﬁsfvrel)m(?)??;a [hl <4(A:§)) - 130] : (6.19)

n

where (o Ure1)"© can be read off from eq. . At first sight the bsf cross section ([6.19))

seems to depend on the renormalization scale u. However, from the one-loop running of

the coupling in (3.3) we deduce thatﬂ

afp) = —— ) y =t - Mo (S5)] . 60

2
1-— f—ga(uus) In <‘;‘§S 3m

5In order to make the notation more transparent, note that while we distinguish contributions to the
21-electric correlator coming from either a vanishing or non-vanishing Fermi—Dirac distribution in Hj‘f(q)7
the Bose-Einstein distribution ng(qo) is included in §(EE)3;"E =" (q) as well as in 6(EE)§L%F#O(q).

"We can expand the expression in because the coupling is weak at the ultrasoft scale ps, and
the electric-field correlator has been computed in dimensional regularization at a scale u of the
order of 5.
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where s is chosen to be at the ultrasoft scale at which the bsf process happens, s &
Ma?. Substituting the coupling in by the expression (6.20f), then it follows that
the sum of the bsf cross section at LO, , and the NLO correction term (6.19) gives

(Tbst Vrel )iy (D) = (Tbst Vrel) " (D) + 0 (Tbst Vrel )y peo(P)

= Slewernae) {1+ Gt [ (M57) - ] .

Has
(6.21)
that now is scale independent and the NLO correction is suppressed if nra(p,s) < 1.
We notice that this condition is certainly fulfilled for the considered hierarchies

and (3.4), where T > mp implies \/nsa(T) < 1

Next, we compute the np(qg) # 0 part in (6.17)), that depends on the thermal retarded
polarization tensor given in (D.21]), and obtain

NEE) ()
R, R,LO R, R,LO
— 2[1 + np(a0)]Im | 263 Ao (TR (0) Ao () + DG (@115 () D5 (a)]

Bk np(|k|)
(27)? |k|lk + g

3 09700/ 4% ky=c1 |K|

Im
qo + o1|k| + o2]k + q| + i€

= nsg*[1 + np(q)] /

o01,2=%1

1 Z 022%2)Ttrans’k0:ol|k:|

+ : :
(o= a2 \ | 2=, w0+ oulk] + oalk + gl + ie

(6.22)
where A (q), H(]]%T7é0(q), HR’T#)(q), Tho/trans are given in egs. (D.9), (D.24)), (D.25) and

trans

(D.23)), respectively. We insert (6.22)) into (6.7]) and first integrate over the momentum
q using the residue theoremﬂ7 then add up the individual terms and integrate over the

angular coordinate § = <(q, k), and end up with a single integral expression in |k| that

8The coupling, that enters in the Debye mass expression , is evaluated at the energy scale of
the order of the temperature. As discussed in sec. if we require that T' > mp, i.e. /nra(T) < 1,
then for non-vanishing ny =1 or ny = 2 we consider sufficiently small couplings a(2M) < 0.1. Since in
the U(1) model the coupling decreases with decreasing energy scale, it holds that nra(us) < /nfa(T).

9Equation has two single poles at |g|+ = —|k| cos 0 & 1/k2 cos ©2 + ¢Z + 201 qo| k|, which would
physically correspond to putting the light dark fermions on-shell and hence belongs to the process of bsf
via bath-particle scattering as well as the off-shell decay of the intermediate dark photon into a light
dark particle and antiparticle. Moreover equation has a double pole at |g| = go and corresponds
to putting the dark photon on-shell, which corresponds to bsf via on-shell photo-emission.
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is finite and numerically solvabld'%]

n nyo 0
O (obst Urel)g;;)éo(p) = zn:(absfvrel)LO(P)W/o dlk| 2nr(|k|) [ — 2|k|AES
k%2 — (AED)? k| + AEL

+ 2|k|AEE In + [2|k|]* + (AEE)?]In

(AER)?

6.23)
The complete bsf cross section up to NLO in the coupling is given by the sum of ([6.21))
and (6.23)), and can be written as

k| — AED
(

(Ubsf Urel)LO+NLO (p) = (Ubsf vrBl)Z(;:EI)LO (p) + 5(Ubsf Urel)zggéo (p)

= 3 st OB 1+ L) e AR ) + A AEL/T)] |

(6.24)
where Xy, can be read off from (6.21]) and A}y, is written as an integral over a dimen-
sionless variable ¢t = |k|/T, and reads [29,/128]

2 2

2 [ dt t+x
Xth(x):x?’/o T [(2t2+w2)ln’”‘+2t:ﬂn

poml 2£L’t:| , (6.25)
which can be integrated numerically. The bound-state formation at NLO may proceed
via different mechanisms in addition to the thermal photo-dissociation in . For
ny # 0, the scattering state can collide inelastically with the constituents from the
thermal bath that turns it into a bound state. Or the emitted photon can decay into a
light fermion-antifermion pair. These additional processes can be inferred from cutting
the two-loop diagram in fig. [6.1]through the light-fermion loop and we can relate it to the
Landau damping phenomenon in a QED plasma, that is known for the reverse process
of bound-state dissociation through these bath-particle scattering processes. While the
in-vacuum loop corrections in are suppressed for small couplings, the thermal loop
corrections nyaXs/m may become large if the temperature exceeds the typical ultrasoft
energy scale AEL. Hence for the hierarchy of energy scales shown in , the thermal
loop corrections need to be resummed, which is displayed by the grey shaded loop in
figure It is the topic in the next section.

6.1.1.2 Thermal Debye-mass resummation

At temperatures close to the thermal freeze-out regime, where it holds that T > AEL
for weak coupling o < 0.4, we can calculate the 11-component of the self-energy in
eq. by splitting the loop integral into various energy regions according to the
hierarchies among them, given in (3.4). We start with the largest dynamical scale in the
pPNRQEDpy model, namely the temperature, and integrate over energy and momentum

OFollowing the arguments in [29][128], potential collinear divergences from the individual terms
in (6.23)) cancel each other when summing them up.
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modes in the loop of the order of T', i.e. {qo,|q|} ~ T, by expanding the heavy DM pair
propagator in the energy difference operator AE = pg— H < g9 ~ T up to zeroth order,

. . o
' = [1+(9<p° )] (6.26)
po— H —qo+ie —qo+ie 90

We insert it into (6.3)), that now reads

4-D

dPyq i
sl _ .2 M 2/ 2 pli 2pl1 ) 6.27
(r)(p0) = —ig" T m)D 0 T ic [95D5i (@) + a” Do (q)] (6.27)

The subscript (T") for the self-energy denotes the corresponding energy region. If we
insert the leading order expression for the dark photon propagator in Coulomb gauge
given in f into eq. , we obtain a vanishing integralﬂ Instead, if we
insert the next-to-leading order expression for the dark photon propagator into ,
which we can expand since ¢ ~ T > mp, we obtairB

il (po) = —ig? pt=P rg/ dPq 78(qo) q2D11,NLo(q) (6.28)
() D—-1 (2m)D 00 ’

and hence the imaginary part reads

4-—D D
w d”q ,
[ f})| =~ 55— 1’"2/ 2m)p™ (@) @ Re 26 a)]
S p D s (6.29)
_ 9K rz/ 9 8(g0) g2 —Hoo(®)
2D—1 (2m)P q

where in the second line we split the dark photon propagator according to (D.7)) into its
real symmetric and imaginary antisymmetric parts. Since ((6.29)) is non-zero for gy = 0,
it follows that |g| ~ T > qo, and we use the appropriate symmetric polarization tensor

in eq. (D.34)) to obtain

4—D dD—lq 1 00
Im |23 | = —4g%n,Tr2 L / / d|k| |k |ng |k
=th)] TP 51 | @op s J,,, Welline (kD)

@ om o |1 2 ¢(2) T
= Sr2Tm? | - 2 4mm2-2 —In{—
6 "D |:6+7E+3 " ¢(2) " Tu? )|’

where ((2) = 72/6 is Riemann’s zeta function. The quantity in eq. (6.30) is infrared
divergent and scale dependent. However, at this stage, this is not a concern. It is in

(6.30)

"1n fact the vacuum part of the free dark photon propagator results in a scaleless integral for all
terms in the expansion in . As for the thermal part, contributions up to the third order in the
expansion of the heavy pair propagator can be shown to either vanish in dimensional regularization or be
real and hence they do not contribute to the bsf cross section in . Further terms of higher order in
AFE/T in can be omitted, since the potentially non-vanishing contributions to the scattering-state
self-energy scale less than ar?(AFE)* and hence below our accuracy of interest [129)].

2Gince the electric-electric correlator is even in go, only the even part of the zeroth order expression
of the DM pair propagator contributes.
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fact the manifestation, or an artifact, of the separation of energy scales and indicates
that the result in is not valid in the energy region much below the temperature
scale. As soon as we add the contribution from the lower scales, the divergence and the
renormalization scale p will, and must, cancel out.

Higher order corrections, coming from the contributions to the heavy pair propagator
beyond the zeroth order expansion (comprised in the O(...)-term in the expanded prop-
agator (6.26))), are suppressed by a factor ar’m}T x (AE/T)? < ar*m}T. Similarly,
corrections to the dark photon propagator are suppressed by arzm%T x (mp/T)? <
aerQDT and hence beyond the accuracy of this work. In a similar manner, one could
calculate the real part of the self-energy, which gives thermal corrections to the potential
of the heavy DM pair, see for instance ref. [130] in case of heavy quarkonium in a QGP
or refs. [49,82] for hydrogen and muonic atoms.

In the next step, we need to look at the lower energy region, where the energy and
momentum modes in the loop are the order of the Debye mass or the ultrasoft energy
difference, i.e. {qo,|q|} ~ mp ~ AE. Since we consider contributions from the modes
simultaneously of the order of mp and AFE, we cannot expand the DM pair propagator
as in and must therefore keep both the transversal and longitudinal parts of
electric-field correlator. Moreover, the resummation of the loop corrections to the dark
photon propagator is essential, since ¢ ~ mp. Instead of computing Im[¥!!], we choose
to evaluate the 21-component of the scattering-state self-energy,

/’L4_D ) qu .
Sinp~am (po) = ig? rt / amyp 2m(AE — 40)[a° Doy (q) + 45 D7 ()]

D-1 2m)D (6.31)
71 3
= S B0) + T IR (o)

First, we compute the longitudinal part. We abbreviate the resummed longitudinal
retarded /advanced dark photon propagator in (D.50)) as

R/A {
D =
o0 (4) g +1(q) £il'(q)’

where [(q) = Re {H&/A’Tio(q)}, cf. (D.35), and +I'(¢) = Im {H?O/A’Tio(q)}, cf. (D.36]).
Then it follows for the resummed longitudinal 21-propagator that

(6.32)

7T m?0(—q?)

Di(q)=[14+n DE(q) — Dy (q)] =~ — , 6.33
OO(Q) [ B(qO)] [ OO(q) OO(Q)] ‘q‘ [q2 + l(q)]2 + l/(q)2 ( )
and the corresponding longitudinal part of ¥~ reads
4-D D
,lon . ,U 7 d q 7
oy m0) = i ' [ G amS(AR ) Digfa)r
4-D D 2 2
o i d“q ol myHO(—q°) ;
= 2nd(AE — — .
i | A~ e e e
(6.34)
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The above expression is ultraviolet divergent, which signals that its validity is spoiled at
energy regions much larger than mp or AE. However, as mentioned before, it cancels

the IR-divergence in E(>T) = —2¢ Im [E%%F)}, cf. (6.30). In order to see the cancellation

explicitly, we extract the divergent part out of (6.34) by writing
4-D D
>, long .o i d q _ ﬂ 9 9
E(mDNAE)(pO) =19 D— 17" / (QW)D2715(AE qO)‘q‘SmD@( q )
y {1 Il L OV [l’(q)/q2]2] i (6.35)
1 +Ua)/a?]* + ['(q)/a*

v, long, div >, long, fin
- (mDNAE)( ) + (mDNAE)( 0) .

The integration of the first term in the square bracket in the second line of ((6.35)), which
contains the UV-divergence, gives

. 4-D 9 ﬁD—l  foo )
E>,long7 div AE) = 2 2 2 T 2 M 7 / d D—5, 1

« 1 8 (AE)? ,
:ngm%rZ 6—7E+3—1n< e rt.

(6.36)

The integration of the second term in the square bracket is finite and can be done
numerically. We write the expression as

,long, fin .2 i ~ylon AFE i
E?mDNgAE)(AE) = zga Tm%r ' g (mD> rt, (6.37)

where we define the dimensionless finite integral

long, [ dt (at)* — [(xt)? + 1(t)]> = I'(t)?
Vi (=) = /1 o (@2 IR +T)2 (6.38)

with the dimensionless integration variable ¢ = |g|/AFE and the functions

, U(x)

l(z)=1+—1In

‘ l-e (6.39)

1+

T
2x
Hence, summing (6.36)) and (6.37)), the longitudinal part of the scattering-state self-
energy reads

>, long _ @ 2 i }_ §_ (AE)Z long ﬁ i
Smpam) (AE) = iz Tmpr L e+ 3 ln< o + 2V mp )| " (6.40)

. 11, long, di
= —2i Tm |S{L " (AE) |

Note that in the limit AE/mp — oo, where the function yg’f‘g vanishes, eq. ([6.40)

agrees with the abelian version of the result in ref. [84]. Hence the correction term 2);0"®
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accounts for the less strict relation AE ~ mp compared to the hierarchy AE > mp
considered in that reference.
Now we consider the finite transversal part in (6.31)),

2

> trans .9 d4q 2> i
S mp~AR) (po) = e / o) 218(AE — qo)qyD;; (q)r" . (6.41)

Starting from the 21-component of the dark photon propagator
D7 (g) = [1+nr(9)] [Df(a) — Dg(@)] (6.42)
and using the resummed retarded/advanced propagators in (D.51]), we obtain

7
(AE)? — g2 +t(AE,q) +it'(AE, q) + ic

soms gy 2 eping 4
(mp~AE) 39 (27)3

i i
 (AE)? - @> +t(AE,q) — it'(AE,q) — ie} T

(6.43)
where we define #(¢) = Re [Hﬁgfo(q)], cf. (D.37), and +t'(q) = Im [Hgifo(q)},
cf. (D.38). Equation (6.43)) can be written as

2 ) AE\ .
ZaginASE)(AE) = iga Tmdriygans (mD) r
(6.44)

= 20 Tm [T (AE)|

where we define the dimensionless finite integral

Vi (@)

4 [T 2 ? 1
=" /0 det [(1 " — i) 1) +ie  (1—2)22 —i(t) — () - ZJ

_ gx4 b 811 — 222 — § X2 2t (t)
-2 [/0 dt £2275[(1 — £2) t(t)]+/1 dt t [(1_t2)$2_£(t)]2+£/(t)2] ,

(6.45)

with the dimensionless integration variable ¢ = |g|/AFE and the functions

1 1 )
t(x):w[l %(1 z“) In

1+zx

1—z

} , P(z) = é(aﬁ ~1)0(2-1).  (6.46)

In the last equality in eq. , the integral is split into two integration regions, that
can be associated with distinct physical processes that contribute to heavy-pair transi-
tions. For example, by considering bound-state formation, the first term in eq.
contributes to the radiative formation via the emission of an on-shell timelike dark pho-
ton with momentum |q| < AF, namely (XX), — (XX), + 7% it is timelike because
the photon is corrected with a light-fermion loop, which slows it down below the speed

o7



of light. The second term in eq. contributes to the 2 — 2 scattering process with
light dark fermions from the plasma, the process being (XX), + fi = (XX), + f; (and
similarly with antifermions f;). In this case, the interaction is mediated by an off-shell
spacelike dark photon with momentum |g| > AE. The 1 — 3 process, where an interme-
diate off-shell timelike dark photon decays into a massless dark fermion-antifermion pair,
is not captured here, since l%(x) # 0 only for z > 1. This is a more general statement
for T > AF, irrespective of the relative size between the Debye mass scale and AFE.
One may see this by expanding the Heaviside functions in egs. and (D.29)) for
large temperatures T > AFE, at all orders, it always leads to ©(—¢?), cf. eqs. (D.36)
and . Therefore, in the large temperature regime, the 1 — 3 process involving an
intermediate off-shell photon with timelike momentum, ¢? > 0, cannot occur.

Similar arguments apply to the reversed 3 — 1 process in the situation of a bound-
state dissociation. However, at temperatures T' ~ AF, the 1 — 3 interaction channel
can give a finite contribution to the bsf process. But at this temperature regime the
1 — 3 off-shell photo-decay as well as the 2 — 2 Landau damping process appear as
small next-to-leading order effects and are therefore suppressed compared to the leading
order bound-state formation via an on-shell dark photon emission, as will be seen in
fig. [6.3] upon plotting the thermally averaged cross section as a function of the inverse
temperature, M/T.

Summarizing the result for the total self-energy, the sum of eqs. (6.40) and (6.44])
leads to

SCons) (AE)

Ne’ i 1 8 (AE)Q lon, AFE rans AE )
= ngm% r |:6 —YE + g —1In <7‘(‘M2 + 2yth & miD + sth miD T

= =20 Tm Sl ap (AB)]
(6.47)
and adding the contribution in (6.30) coming from the scale T', we eventually end up
with

Im [2'(AE)] = Im [2%},)} +Im [zﬁw N E)(AE)}

_« 2 i - _C’(Q) AE __ qylong & __ qjtrans & i
= 3TmDr [7E 1 @) +1In T th - th - .

(6.48)

We compute the bound-state formation cross section from the optical theorem, cf.
eq. (b.21)), taking into account the resummation of the Debye-mass scale in (6.48)), and

neglect the in-vacuum correction at NLO, cf. Xyac in (6.24)), since npo(us) < v/nya(T)
for the considered parametric values of ny and a(2M) in this work (we refer to the
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Figure 6.3: (Left) Ratios of the thermally averaged formation cross sections of the first
few excited bound states at leading order, cf. eq. , over w2 /M?, as functions of
M/T. As a comparison, we plot also the thermally averaged Sommerfeld factor. (Right)
Ratios of the 1S, 2S, 2P and 3S dissociation widths and 1S <+ 2P (de-)excitation widths
over Ma® /2 at leading order in the coupling. The vertical lines mark the position where
T = Ma?, i.e. the regime where the temperature is of order of the ultrasoft scale.

discussion in footnote |8 in the previous subsection). It reads

(Ubsf vrel)resum. (p) = Z(Ugsf Urel)LO (p)

n T>AEL
2 ’ P2 D /4
mp ¢'(2) (AEY) lone [ AER AE;
2-2 2 —In | —%5— 2 & Qyfrans [ 2
8 <2AE£) [ 7B+ ¢(2) n 1672 + 2V mp +2Vih mp )

(6.49)

where (07 Vre1)"° (D) ’T>>AE£ ~ (4a/3)|(n|r|p)|PT(AER)? is the bsf cross section at lead-
ing order for a given bound state |n) with specific quantum numbers n, cf. eq. , in
the limit of large temperatures T > AFE}. We are now able to compare quantitatively
the corrections from the mp-scale to the result obtained at leading order, cf. ,
but also to the result truncated at NLO, cf. . We integrate the expressions in
and numerically and, similarly as in the left plot of fig. we show the
thermally averaged bsf cross sections for the ground state at LO (dashed line for ny =1
and ny = 2), up to NLO (dotted lines) and with resummation effects (solid lines) on the
left panel of fig. Orange lines are for ny = 1, black lines for ny = 2, and we choose
again a = 0.1 at the hard scale 2M, and run the coupling at one loop. The solid and
dotted lines approach the dashed line with decreasing temperature. This indeed meets
the expectations, since at small 7" the dominant bsf process is via on-shell emission of
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a thermal dark photon. However, for large temperatures, where the thermal scale mp
becomes important and eventually needs to be resummed, we observe a corresponding
smaller cross section (solid line) with respect to the cross section at fixed NLO (dotted
curve). In order to see more closely the amount of discrepancy between the naive trun-
cation of the loop corrections at NLO, and the resummation of the scale mp, we plot the
ratio between the two cross sections for the ground state (black lines) as well as the first
excited states 2S and 2P (orange lines) in the right panel of figure Since the excited
states 2S and 2P have the same binding energy, the ratio does not change. We observe an
overestimation of the bsf cross section at NLO compared to the resummed cross section
by a factor up to 4-7 in the large temperature region, depending on the number ny of
light fermions. The more fermions species the larger the NLO- and resummation effects
due to the screening of the photon in the thermal bath. The screening effect, however,
disappears in the small-T" limit, independently of the value of ny. But, as will be shown
in the follow-up chapter, the discrepancy will have an impact when studying the dark
matter density evolution in the early universe.

6.1.2 Center-of-mass recoil effects

In this section, we compute the bound-state formation cross section in pNRQEDpy,
within the hierarchy of energy scales , at leading order in the coupling expansion
and first order in the temperature and recoil energy over M ratio. It generalizes the
process in (6.10)), i.e. (XX), — 7+ (XX),, where the thermal motion of the center-
of-mass of the incoming scattering state (XX )p is now reinstated. It is the dominating
process in the ultrasoft temperature regime . We make use of the optical theorem
and express the rate in terms of self-energy diagrams whose vertices are shown in
figure It follows that the self-energy of the scattering state at leading order in «,
corresponding to the first diagram in fig. and , is now extended to four self-energies
depicted in fig. We will check explicitly that the cross section obtained in the
laboratory frame agrees with the one derived by boosting the cross section obtained in
the center-of-mass frame.

6.1.2.1 Bound-state formation in the laboratory frame

The self-energy diagrams shown in fig. depend on four correlators:
the electric-electric correlator

d4]€ —3 0 ik !
(Ei(t, R)E;(0, R)) :/(%)4(3 Witik-(R=R) 12 Dy (k) + kik;Doo(K)] . (6.50)
the magnetic-magnetic correlator
d4]€ i ik-(R— R’
(Bi(t, R)B;(0, B)) = €ipmejns / e WD, (), (651
the electric-magnetic correlator
d*k ~ /
(Bi(t, R)E;(0, R)) = —¢im / (%)4@—@’“0””"'(3—3>klk0ij(k), (6.52)
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Figure 6.4: Self-energy diagrams in pNRQEDpy with an initial scattering state (solid
double line) and an intermediate bound state (solid line) contributing up to relative
order T/M in the laboratory frame. The electric electric diagram on the upper left
contains the leading-order diagram, cf. one-loop diagram in fig. The other diagrams
are suppressed by T'/M or AEL /M. Since the dark photon in the loop carries a spatial
momentum k, the bound fermion-antifermion pair recoils by a spatial momentum P — k.
Electric and magnetic couplings are as in figure

and the magnetic-electric correlator

d4k i ik- R’
(Ei(t,R)B;(0, R')) = —€jim / o Wottik (R=R) ko D (k) | (6.53)

where D, is the dark photon propagator at leading order in the real-time formalism;
we use the expressions — in Coulomb gauge and drop the superscript LOH
The correlators are gauge invariant and therefore may be evaluated in any gauge. The
bound-state formation cross section can be computed from the imaginary part of the 11-
componentd of the four self-energies, which is the approach that we follow in this section.
In the laboratory frame, the dark fermion-antifermion pair moves with momentum P.
After emitting a dark photon of spatial momentum k, the fermion-antifermion pair
recoils by a spatial momentum P —k. Therefore, the propagator of the recoiling fermion-
antifermion pair is in pNRQEDpu;
i

E,+ P2/(4M) — (Ep, + (P — k)?/(4M)) — ko + i€

i
- AEL + (2P -k — Kk2)/(4M) — ko +ic’
(6.54)

where we have defined™]
AE} = (AE})iab = (Ep)iab — (En)iab > 0 (6.55)

13We remark that at large temperatures close to the freeze-out, where bath-particle scattering effects
need to be taken into account, the Debye-mass resummation alters the dark photon propagator signifi-
cantly from its expression at leading order. The computation of recoil effects within the hierarchy
may be of interest in future works.

Tn the energy difference (AFER)i, one needs to add the center-of-mass correction terms to the
potential and kinetic energy, given in footnote [4] in sec. [4.2] since these corrections may contribute
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the energy difference between the scattering state and the bound state in the laboratory
frame. The time-ordered 11-component of the electric-electric self-energy diagram (up-
per left diagram in fig. , projected onto a scattering state with relative momentum
P = Prap and center-of-mass momentum P, reads

d4k i
(— ZEH) _922/ N 2P-k—k2

< [[nlrlp) kg — (nlr - klp)[] [

0+ e (6.56)

+27r5(k2)n13(|1€0|) )

k.Q

where we have summed over all intermediate bound states. The time-ordered 11-
component of the magnetic-magnetic self-energy diagram (upper right diagram in fig.

reads

_2271711771 (pv P) = — 7775 Cijk€imn€krsEntu / !
k k ; m ksku ) 2
«(r-%)(n- 2)<p|rf|n><n|r |p>krkt(5su - k) [ o+ 28 ko)
(6.57)
The time-ordered 11-component of the electric-magnetic self-energy diagram (lower left

diagram in fig. is given by

(~iSh) (5. P) - [ (-5 Z’
—1 ——€;ik€kim
em) \P» TR AL + 2BEB gy e

: , keskom i ,
(Bl )l )ik (5sm— o )[k2+i6+27r5(k sl

(6.58)
and the time-ordered 11-component of the magnetic-electric self-energy diagram (lower

right diagram in fig. reads

(=i%h.) (p, P) = Ez]kfklm E / d' i > <R _ kl)
me 2M AE” QPZXZk — ko + i€ )
x (plr*[n) (| p) kiko <6sm - kskm) [ - +2W5<k2>n3<|kol>] -
k2 k2 + ie

(6.59)
The term (2P -k — k?)/(4M), that enters the heavy-pair propagator in each of the egs.
(6.56)—(6.59)), is a recoil correction to the kinetic energy. It is indeed a correction, since
the term P - k/(2M) is suppressed by /T/M and the term —k?/(4M) by T/M with

at order T'/M and AEL /M through the electric-electric self-energy diagram in the upper left corner
of fig. [6.4] and the insertions into the other diagrams lead to corrections of higher order. As for the
electric-electric diagram, the leading recoil correction due to §V (v, P) is proportional to the energy shift
(p|oV (v, P)|p) — (n|6V (r, P — k)|n). Terms that do not depend on k are absorbed into AEZL, terms
linear in k give rise to odd integrands in k, while terms proportional to k? give rise to corrections of order
(AE?/M)?, which are beyond our accuracy. A similar reasoning holds for the kinetic energy correction.
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respect to AEL and T. Hence, the expansion of the propagator (6.54) up to terms of
relative order T'/M reads

i i
AES 4+ (2P -k — k2)/(AM) — ko +ie  AEL — ko + ie

i 2P -k — k? i P-k\?
+ D B 2 - + D “\3 + ceey
(AEL — ko + ie) 4M (AEy — ko + ie€) 2M
(6.60)
where the dots stand for higher-order terms. We expand the heavy-pair propagators in

(6.56)(6.59) according to (6.60), and integrate over the four-momentum k. The sum
of the imaginary parts of the four self-energies, upon using the optical theorem ([5.21]),

gives the bound-state formation cross section

(Ubsf UMQl)lab(pa P) = Z(Ugsf UMlZﬂ)lab(pv P)
. (6.61)

= —2Im [(ZY) (p, P) + (Smn) (P, P) + (Z4,) (0, P) + (Z1) (P, P)] -

Including all corrections of relative order P2/M? ~ T/M and AEL /M, the bound-state
formation cross section in the laboratory frame reads

(ot tnaian (B, P) = 50 (ALY (14 n(AED))

. ) (6.62)
X <!<nlr\p>1abl2Ff(p, P) + {{nlr - o3z |phan| F2'(p, P)>,
with
. 3AEL P? AER AER
HeP)=1=3737 + oo T B8 37 7
6.63)
P AEL[. AEl 2 AED (
_ P _ _ - P
ne(AEL) 3T [1 57 5 R(AE) T } ’
and AP
1 E?
Fop P) =1 — S np(amr) BE (1L onamy)). (6.64)

10 T2

Note that AEL /T may be of order one according to our hierarchy of energy scales .
The statistical factor 1+ ng(AEL) in reflects the fact the dark photon is emitted
into the thermal bath. From the recoil factors and we deduce that the recoil
corrections can be split into in-vacuum and thermal contributions, and that even in the
zero-total-momentum-limit a residual recoil correction remains, since F{*(p, P = 0) # 1.
Contrarily to the result in eq. , due to the appearance of the quantum-mechanical
matrix element involving the scalar product r - P/(2M), cf. second term in the second
line of eq. , rotational invariance is broken because of the aligned center-of-mass
momentum vector.
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Figure 6.5: (Left) Ratios of thermally averaged cross sections in the laboratory frame
with recoil corrections and the corresponding thermally averaged cross sections without
recoil corrections plotted as a function of M /T for coupling v = 0.1. The black dash-
dotted line follows from the annihilation cross section , and the brown solid and
red dashed lines from the bound-state formation cross section for the 1S and
2S state, respectively. (Right) Thermally averaged bsf cross sections for the 1S (black
lines), 2S (orange lines) and 2P state (purple lines), normalized by ma?/M?2. Dashed
lines are for the results at LO, cf. , solid lines as obtained from . The coupling
a = a(2M) = 0.1 runs at one loop and ny = 1. The vertical lines mark the position
where T = Ma?.

In order to quantify the effect of the recoil corrections due to the center-of-mass
motion on the bsf cross section, we compare the result with the corresponding
leading-order expression without recoil corrections in . In the left plot of fig.
we show the ratio R, of the the thermally averaged bsf cross sections and ,
for the 1S and 2S state (denoted by the brown solid and red dashed line, respectively).
The thermal average in the laboratory frame has been defined in appendix [B} Similarly,
for dark matter fermion pair annihilation (black dash-dotted line), we take the ratio of
the thermal average of in the laboratory frame and the corresponding thermally
averaged annihilation cross section without center-of-mass momentum dependence in
(5.27)). For the coupling a = 0.1, the effect of the center-of-mass recoil corrections to
the bound-state formation cross section is up to 3% at temperatures such that M /T 2
1/a? = 100. The recoil corrections increase for larger couplings, for instance for a = 0.5
they are around 20-25% around the thermal freeze—outﬁ We checked that for the whole
range of considered couplings up to a = 0.5, recoil corrections are larger for bound-state

5We remind that for such large coupling, the condition Ma® > T is fulfilled even at freeze-out
temperature.
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formation cross sections than for annihilation. The reason is that processes happening at
the hard scale, like annihilations, depend weakly on the thermal mediumE In general,
it holds that the ratio is R, < 1, since the annihilation and bound-state formation cross
sections are both Lorentz contracted in the laboratory frame, although to a different
degree.

In order to have a direct comparison between the recoil corrections due to the center-
of-mass motion and the corrections coming from the resummation of the Debye-mass
scale, we show in the right panel of figure 6.5 the 1S-, 2S- and 2P-bsf cross sections at LO
(dotted lines), cf. eq. (6.9), and the resummed expressions (solid lines), cf. eq. (6.49),
for ny = 1. We can see two main differences. While the recoil effect seems independent
of the specific internal quantum numbers n of the outgoing bound state (the brown solid
and red dashed lines overlap), the mp-resummation increases the formation cross section
of the higher excited states more than the ground state at large temperatures, and hence
the scale mp has a strong influence on the internal motion of the heavy pair. The second
difference lies in the size of the corrections, where we see that the resummation increases
the rate by orders of magnitude with increasing T', while the recoil corrections are only
of the order of percentageﬂ In chapter |7, we are going to contrast again the recoil with
resummation effects, but then on the level of the DM relic abundance.

6.1.2.2 Bound-state formation in the center-of-mass frame

In the following, we consider the dark-matter pair at rest, while the thermal bath moves
with constant velocity —wv; see fig. for a pictorial illustration@ We provide the
bound-state formation cross section in the center-of-mass frame of the dark-matter
fermion-antifermion pair. In the following, the relative momentum, p, and distance,
7, in quantities marked with the subscript cm are to be understood as measured in the
center-of-mass frame. The Bose—Einstein distribution for thermal dark photons in the

For the Coulombic bound states considered in this work, the leading thermal correction to the
annihilation cross section or width comes from a loop diagram with two electric dipole vertices and the
insertion of an imaginary contact potential . This is suppressed by at least a(aoT)2 < aT/M with
respect to the leading width.

"We have to remark, however, that the recoil effect has been considered only for the bsf process given
in 7 which is fine as long as the temperature is at most ultrasoft, i.e. if for the hierarchy It
remains to check how large the recoil corrections become if we go to larger T', cf. hierarchy [3.4] where
the thermal motion of the heavy particles become faster in the bath, and where the Landau-damping
phenomenon becomes important.

8 A general formula for the center-of-mass velocity of the heavy pair with respect to the moving
thermal medium as seen from a generic laboratory frame is given by [131]

—Pw + Z;”er(Pf%w)\/lwa
PO—P.w ’

v =

where P° and P are the total energy and center-of-mass momentum of the dark-matter pair with respect
to the laboratory frame, respectively, and w is the velocity of the thermal medium with respect to the
laboratory frame. If the laboratory frame coincides with the center-of-mass frame of the pair, then
P =0 and v = —w. Instead, if the laboratory frame coincides with the frame where the medium is at
rest, then w = 0 and v = P/P°.
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moving bath reads [125,|132]

1

np(|k uyl) = Sl /T — 1

(6.65)
where u# = (1,—v)~, and, as in the rest of the paper, v = 1/v/1 — v? is the Lorentz
factor. In the laboratory frame, where the bath is at rest (v = 0), we have ktu, = KO,
and the distribution (6.65)) reduces to (6.1)). For on-shell thermal dark photons from the

bath, we can write

kru, kY — |v||k[cosf k|1 —|v|cos® _ |k

T TV1 — 02 T V1—2 T’

where 0 is the angle between the medium velocity —v and the dark photon momentum
k. The effective temperature, Teg, is defined as [133]

TV1 —v?
Te(|v], ) = 1= Jo[cos0” (6.67)

(6.66)

It may be understood as the temperature experienced by an observer at rest; it is different
from T because of the Doppler effectm Expanding the distribution function (6.65)) for
small medium velocities |v| < 1 up to order v?, we ge

2 2
(k) = ) [1+ 14 i) (22 - B B ey + 1) .

(6.68)
In the center-of-mass frame, the dark fermion-antifermion pair recoils by a spatial mo-
mentum —k when emitting a photon of spatial momentum k. The resulting propagator,
when the incoming pair is in a scattering state and the outcoming one in a bound state,
can be expanded in the center-of-mass kinetic energy k2/(4M), which is suppressed by
T /M with respect to AEL and T, leading to

i i i k2

(AED)om — K2/(AM) — ko +ie  (AED)em — ko + ic + ((AER)em — ko + i€)2 4M ?6' 69)

Higher-order terms are beyond our accuracy. The bound-state formation cross section
in the center-of-mass frame up to relative order v2, which in our case is about 7//M and

¥Depending on the angle 6, i.e. whether the medium moves towards the observer (0 < § < 7/2) or
away from the observer (7/2 < 6 < 7), the temperature measured by the observer is larger or smaller
than T, T being the temperature of the thermal bath in the medium rest frame. The maximum and
minimum temperature is for 6 = 0 and 6 = 7, respectively,

1—
Tmin =T "U‘

Tmax =T , .
1—|v| 1+ |v|

20Because of the hierarchy (3.2), we consider here only the case of a thermal bath moving at small
velocity. For the case of a thermal bath of photons moving at high velocity, see ref. [125].
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AEL/M, can be again computed by cutting the four self-energy diagrams in fig.
and reads

(UbstMal)Cm(pav) =—2Im [(Eié) (pav) + (E}r}m) (pv ’U) + (Egn) (p’v) + (Eir}e) (pa ’U)]

= 2o YA, (Lt ns((AE)en)(|nlrlphen L (0. 0) + |l - olphen FE (p,0))

(6.70)
with
Fpo) =1 - 28I o (am ) BPen (B
— i (AB ) 2 2 Eem [; - B ?nB((AEg)Cm)M]’j)““] |
(6.71)
and
~ P\2
Ey'(p,v) = —%0 nB((AE})em) (MTj’;)Cm (1+2n((AER)em)), (6.72)

where we have made explicit in which reference frame the matrix elements and the energy
difference are computed, and we have neglected relative corrections smaller than v? and
AEL /M.

6.1.2.3 Boost-invariance of the cross section at finite T

So far we have computed the bound-state formation cross section in the laboratory
frame as well as in the center-of-mass frame directly from the imaginary part of the four
self-energy diagrams in fig. by means of the optical theorem. We can show that
the two results for the bsf cross section can be related to each other by transforming
the matrix elements and the energy difference from the center-of-mass frame to the
laboratory frame:

,02
|(n|r[P)em|” = | (P [Phab|* [ 1+ = ) + (nlr - v[P)1a]”
2
[(n|r - v|p)em|® = [(n]7 - v|P)1ab| (6.73)

2
(3FDho =038 = 350 (1)

which follow from egs. and upon expanding up to order v2. We insert
them into eq. (6.70), set v = P/(2M) and keep only terms up to order P?/M?. Then
the relation between the bound-state formation cross section in the laboratory frame
and the bound-state formation cross section in the center-of-mass frame is

2
(Tbst UMal)1ab (P, P) = (Obst UMgl)em (P, P/(2M)) <1 — 41;42> : (6.74)

This relation is consistent with the discussion in section[5.2.2k the cross section is Lorentz
invariant and the transformation ([6.74)) just reflects the Lorentz transformation ([5.17))
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of the Mgller velocity. Hence, Lorentz-boost invariance of the cross section is not broken
by the thermal medium. We remind that the relative momentum in (opst Unigl)1ab (P, P)
is measured in the laboratory frame, the one in (opst Unigl)em (P, P/(2M)) is measured
in the center-of-mass frame and the center-of-mass momentum P is measured in the
laboratory frame.

6.2 Dissociation of bound states

6.2.1 Results at LO, NLO and with Debye-mass resummation in a
static medium without recoil

In the previous section we introduced briefly the dissociation of bound states as the
reversed process to the bound-state formation, and that the interplay between both
processes keeps the heavy pairs in ionization equilibrium at large 7. Moreover, from
the detailed balance relations we have shown how the corresponding dissociation
width may be related from the bsf cross section, and have plotted the result in the right
panel of fig. One can verify the detailed balance condition by computing the
width directly within pNRQEDpy at finite T', as was done for the bsf cross section. If
we neglect the center-of-mass motion of the heavy pair and exchange the double solid
lines with the single solid lines in fig. , then from the optical theorem we can relate
the bsd width of an incoming bound state with quantum numbers n and energy E,, to
the imaginary part of the self-energy via

[hea = =2 (n|Im[SM (By)][n) = (nl[-iS2H (En)]|n) . (6.75)

At leading order in the coupling « and projecting on intermediate unbound fermion-
antifermion pairs of relative momentum p, which selects the part of Im[%!(E,)] or
Y2 E,) with negative AE = E, — E, = —AEL, we get

2 3
ot = 9 [ AP (ABD) |(nlrlp)? (AED)? (6.76)
bsd R (271')3 n n/

corresponding to the photo-dissociation process through the reaction

YA (XX — (XX),. (6.77)

It is a purely thermal width, because it depends on the Bose-Einstein distribution
np(AEYL) that vanishes in the 7 = 0 limit, which reflects the fact that the decay of
a bound state into an unbound pair is kinematically forbidden in vacuum. Hence, as
the plasma temperature decreases, fewer darkonium states can be ionized. The thermal
width can be also understood in general as an integral over a temperature-dependent
bound-state dissociation cross section, of_;, or as a convolution of the in-vacuum ion-

ization (ion) cross section of the bound-state, which we denote o} , with the thermal
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distribution of the incoming photon, here at LO:

o o dgp n,LO —9 dgp AEP) g™
wi = 2 [ (oot (P22 [ Gy e (AE) hsa (P)

d?’k n,LO
= 2 G R A R (6.78)

where 2 is the number of final state photon polarizations and the relative velocity between
the darkonium and the photon from the bath has been set equal to one. The bound-state
formation and ionization cross sections are related via the temperature-dependent Milne
relation [51]
O'{én(p) _ M2Ur261 1 (6 79)
oly(p)  8(AER)?1+np(AEL)’ '
which reduces to the in-vacuum Milne relation in ref. [15] in the 7' = 0 limit at fixed
relative velocity vyel.
We provide some explicit expressions for the dissociation widths for the ground state
and the first few excited states. For photo-dissociation of the lowest-lying darkonium,

eq. (6.76]) can be equivalently written as an integral over the momentum k of the absorbed
dark photon{”]

Wlw

d*k 4 M
o=, s (i) 30 5 [kl /Il + B 11l

>0 (27)3 2

[pl=+/M([k[+E})
(6.80)

where E? = E,, —2M; in particular, E? = —Ma?/4 is the binding energy of the 1S state.
Note that the photon needs to have a threshold momentum to trigger the breaking of the
bound state. The result agrees in the abelian limit with the gluo-dissociation width of a
color singlet quark-antiquark bound state in the temperature regime 7 ~ Ma? [50,/134],
which we will reproduce in sec. cf. eq. . The gluo-dissociation width of a
heavy quarkonium in the static limit was obtained in ref. [48] and for a hydrogen atom in
QED in ref. [49]. Comparing the above equation with eq. and using the expression
of the dipole matrix element in the center-of-mass frame given in appendix [C] we obtain

4
092 |03 ¢~ i erctantun (k)

18,10
g . (’k‘) =« s 9y
3 M|k 1 — o~ wiHD

ion

(6.81)

with wy(|k|) = \/|k|/|E}| — 1. The result in eq. (6.81)) agrees with the ionization cross

section given in ref. [15], where it was obtained through the Milne relation@ Here, we
did not rely on an explicit use of the Milne relation, but on thermal field theory alone.

Z1Due to the selection rule of the electric dipole matrix element, only a transition into a scattering
state with orbital angular momentum quantum number £ = 1 is possible.

220ne has to express eq. in terms of the momentum of the scattering state, |p| = Mv.q)/2, i.e.
|k| = M (v, + a?)/4 = AE? and wi (|k|) = vea /o

69



Thermal field theory provides, by construction, the dissociation width with the correct
temperature dependence. For the excited states 2S, 2P and 3S, with binding energies
Eg = —Ma?/16 and Eg = —Ma?/36, respectively, the widths are

3 4 M3
rE0 = [k 3o L k1 B | oS P ,
ki3 (27) [pl=/M(k[+EB)
(6.82)
AR Dl L LN R
d =3 ng —Q
3 St ke (27)° 3 2 ?
2
x| Y (2P |r|pl) , (6.83)
=0

|pl=v/M(|k|+E3)

@k 4 M3
3S,LO b 2
= __/L:>Eﬂ(2wy3”B(Mﬂ)3 5 Ikl Ikl + BS 1GSIrpO ] s e
=13
(6.54)

where we averaged the thermal dissociation width of the 2P state over m. The associated
ionization widths are

122 b4~ woiwn arctan(wz(|k[))
52S.LO 2 m oy [E5|* e w2RD
k 4+ wo(|k , 6.85
Oion (‘ |) 3 ( 2(‘ |) )M‘k‘g) 1_671”24(7';6') ( )
8
2127.‘_2 9 ‘Eb‘5 e wa(IRD arctan(wa (|k|))
oo (1K) = (VRN +1 = 4y/wa(k])? +4) 175 :
10nLO 33 M‘k‘G 1—6_ﬁ
(6.86)
— oo arctan(wa(|kl))
2P, _ 2 |EB|5 e wal®D ¢
2 (k) = 02 (aoal KR+ 1+ 2/ (R 4) L2 —,
k| 1— e w2dkD
(6.87)

2 ‘Eg‘ e wg(\k\) arctan(ws(|k|))
MIk[™  q _ wmie
(6.88)

where we define wa(|k|) = \/|k|/|ES| — 1 and ws(|k|) = \/k|/|E% — 1. One can check
explicitly that each of the expressions in and —, once numerically
integrated over k, satisfies the detailed balance relation in upon plugging in the
thermally averaged bsf cross sections, written explicitly in egs. f. The same
applies to the ionization widths in and 7, which satisfy the Milne

relation (6.79)).

In the right panel of figure we have plotted the corresponding photo-dissociation
widths. At very small temperatures the thermal width for the 1S state (orange solid line)

oOk]) = 02753 + wa(K1)) (§ + wallk)?)

70



vanishes faster than the one for the 2S state (brown dotted line), 2P state (purple dashed
line) and 3S state (red dot-dashed line), whereas at higher temperatures the 1S thermal
width is larger than the ones of the excited states. Hence, at large T' the dissociation
of the 1S state is dominating over all excited states by at least a factor of four, and at
small T" the widths are all negligible due to the exponentially suppressed Bose-Einstein
distribution function. It is therefore sufficient to take only the dissociation of ground
state and the first few excited states into consideration, when studying the dynamics of
meta-stable darkonium in a thermal bath.

The bsd width at higher order in the coupling, corresponding to at least the two-loop
self-energy displayed in figure but with double solid and single solid lines exchanged,
can be computed in an analogous way as for the bsf cross section in the preceding
section, and the modification compared to the result at LO, cf. is through the

more involved electric-field correlator, i.e.

4—D 3 D—1
ba= o5 [ aloirelP [ Gpt (BB (-ABLa. (659

which reduces to (6.76]) upon plugging in the simple leading order expression , where
1+np(—AEL) = —np(AEL). Up to next-to-leading order, the dissociation width reads

3
1 =2 [ S {1+ ™ a() e (ABR ) + X AEL/T)] |
T T
(6.90)

where the dimensionless functions Xyac, X can be inferred from and , re-
spectively The bsd cross section at LO, ags’zo, has been defined in the first line
of eq. (6.78)). As in the bsf case, the vacuum contribution X, is suppressed, since
n fa(,uus) < 1 in this work, and hence can be neglected, while the thermal part A}y,
becomes large if T' > AEL, such that mp ~ AEL. Perturbation theory breaks down for
loop momenta of the order of the Debye mass scale, and the series needs to be resummed.
Similarly as in the case of bound-state formation, cf. eq. , the mp-resummed bsd
width is

dsp LO
(O =2 [ (o500
S . (271')3 bsd N

2
mp . C,(2)_ (AE£)2 long AEﬁ trans AE?I;
(sam) [2-mwr ey - (S ) ot () e (50
(6.91)

where o1 (p) ‘T>>AE£ ~ (4a/3)|(n|r|p) P T (AEY)?/2 is the spin-averaged and tempera-
ture dependent bound-state dissociation cross section at leading order, which can be read
off from the integrand in , in the limit of large temperatures 7' > AE}. The di-
mensionless functions ytl‘;lng and ygﬁns are defined in eqgs. and , respectively.

2The functions Xyac(z) and Xin(z) are symmetric upon the change of the argument x — —z that
occurs when switching from bound-state formation to bound-state dissociation.
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Figure 6.6: (Left) Ratios of the thermally averaged formation cross sections of the first
few excited bound states at leading order, cf. eq. , over ma?/M?, as functions of
M/T. As a comparison, we plot also the thermally averaged Sommerfeld factor. (Right)
Ratios of the 1S, 2S, 2P and 3S dissociation widths and 1S <+ 2P (de-)excitation widths
over Mo’ /2 at leading order in the coupling. The vertical lines mark the position where
T = Mo?, i.e. the regime where the temperature is of order of the ultrasoft scale.

In the left panel of fig. we plot the bsd width, normalized by Ma®/2, for the
ground state at leading order (black dashed line for ny = {1,2}), including next-to-
leading order corrections at fixed order (orange and black dotted lines for ny = 1 and
ny = 2, respectively) and with Debye mass resummation (orange and black solid lines for
ng = 1 and ny = 2, respectively). We choose again a(2M) = 0.1 for the running coupling
at one loop. At low temperatures, of the order of the ultrasoft scale or smaller, the curves
approach each other and are exponentially suppressed. The dominant process is via
photo-dissociation. At larger T, the bath-particle scattering starts becoming relevant,
eventually being the dominant process enhancing the width by at least two orders of
magnitudes for the largest temperatures that we consider, T = M/10. However, as
in the case of the bsf process, see figure [6.3] left, the width at fixed NLO leads to an
overestimation by a factor up to five compared to the Debye-mass resummed width. In
figure right, we add the widths of the first excited states 2S (orange lines) and 2P
(purple lines) for ny = 1, where we have averaged the 2P-bsd width over the magnetic
quantum number m = {0,£1} of the incoming bound state. Dotted lines are for the
width at LO, only accounting for the photo-dissociation process, solid lines are when
incorporating the Debye mass resummation. At low 7', the widths of the excited states
are larger than the one of the ground state because it is more likely to dissociate a bound
pair with a smaller (closer to threshold) binding energy. However, at larger temperatures,
the widths of the excited states still are larger compared to the 1S width, contrary to the
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results at LO. The resummation of the Debye mass has a greater impact on the excited
states than on the ground state, as we already observed in the bound-state formation
process, see the right plot in fig.

6.2.2 Width in different reference frames: recoil correction, Lorentz
contraction

For the particular hierarchical arrangement of the energy scales according to ,
bound-state dissociation happens most likely when a bound state (X X),, absorbs a ther-
mal dark photon from the bath and dissociates into a scattering state (XX )p through
the reaction v + (X X), = (XX)p, cf. (6.77). The bound-state dissociation width with
recoil corrections can be determined from the imaginary parts of the self-energy diagrams
shown in figure with the propagators of the scattering states (double line) and bound
states (single line) exchanged, because now the incoming and outgoing pair is bound,
while the pair in the loop is unbound. We project the self energies onto bound states
with quantum numbers n and center-of-mass momentum P in the laboratory frame, and
label them accordingly. The dissociation width can then be computed in the laboratory
frame, up to corrections of relative order T'/M and AEL /M, as

(Thsa)tab(P) = —2Im [(28) (0, P) + (Z5) (0, P) + (Zep) (0, P) + (Sac) (0, P)]
(6.92)
The propagator of the recoiling unbound fermion-antifermion pair in the loop reads

En+ P2J(AM) — (E, + (P — k)2/(4M)) — ko + ic

Z. (6.93)

T CAEE+ (2P -k — k2)/(4M) — ko + ic’

where we notice the sign difference in front of AE} with respect to eq. . The
recoil term, (2P -k — k?)/(4M) < AEY, is the same as in the bound-state formation
process, and we can the propagator in the recoil correction to the kinetic energy as in sec.
Including all corrections of order P?/M? ~ T/M and AE} /M, the bound-state
dissociation width in the laboratory frame reads

(I'Bsa)1an (P)
4 d3p . P 2
:3“/ (2@3<AE£>3nB<AE£>(\<nrrrp>1abr2D1 (p, P) + |(nlr - 57 |Phan D2<P7P>>’
(6.94)
with
3AEL P2 AES AES
Di(p,P)=1+° S AEP

— (1 4+ np(AEL))

n

AM?2 T

P2 AE? AER 2 AEL
_ =z D
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and

1 (AED)?
” =1- = P
Dy(p,P)=1 10 (1+np(AEL)) T2

The statistical factor ng(AEL) in reflects the fact the dark photon is absorbed
from the thermal bath. As elaborated in the previous sections, the dissociation width
does not contain a vacuum part because bound-state dissociation is kinematically for-
bidden in vacuum. Hence, the bound-state dissociation width is a purely thermal width
also when including the recoil effect.

We can compute the bsd width in the center-of-mass frame, following similar steps
as in sec. for the bsf cross section, where we set P = 0 and the thermal bath is
moving with velocity —v. At relative order v? and AEL /M, we get

(I'bsd)em ()

3 - ~
— 30 [ A (B (0l p)en DY, 0) + ol olp)en D 0,0)).

(1+2np(AEP)). (6.96)

3
(6.97)
with
Dipov) = 1+ 2B 1y (amm),)) B (B
(0 (A S |54 BT 2 1 (B en) T
(6.98)
and
» P2
Dy (p,v) = —% (1+ ng((AEP)cm)) (A?;)cm (1+ 2n5(AEP) ) . (6.99)

where we have made explicit in which reference frame the matrix elements and the
energy difference are computed. The momentum integral in is over the relative
momentum in the center-of-mass frame.

The relation between the bound-state dissociation width in the laboratory frame
and the bound-state dissociation width in the center-of-mass frame is

(I'psd)em (V)

(T'bsaan(P) = -

~ChaanP/n) (1-0) 0 (6100)

if we transform the matrix elements and the energy difference according to , the
momentum-space volume as d*pem = d>prap /7y (see eq. (A21)), set v = P/(2M) and
keep only terms up to order P?/M?. Equation expresses the Lorentz dilation of
time intervals, and is independent of the presence of the thermal bath (cf. the Lorentz
contraction of the in-vacuum decay width for paradarkonium in (5.34))). In order to grasp
the impact of the recoil on the dissociation width, we plot in figure the ratios of the
1S- and 2S-bsd widths to be inferred from , thermally averaged in the laboratory
frame according to (B.9), and the associated widths at LO, cf. egs. (6.80) and (6.82),
as functions of M /T with ov = 0.1. We also plot the ratios Rr of the thermally averaged
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Figure 6.7: Ratios of thermally averaged widths in the laboratory frame with recoil
corrections and the corresponding thermally averaged widths without recoil corrections
plotted as a function of M /T for coupling o = 0.1. The black dash-dotted line denotes
the ratio when taking the thermal average of , the brown solid and red dashed
lines when taking the thermal average of for the 1S and 2S state, respectively, the
orange solid line when taking the thermal average of for the transition 2P — 1S,
and the green dashed line when taking the thermal average of for the transition
1S — 2P. The vertical line marks the position where T = Ma?.

1S and 2S paradarkonium decay widths in the laboratory frame with recoil corrections,
cf. , and the corresponding ones without recoil corrections. We observe that the
recoil effect is independent of the discrete quantum number 7 of the bound states (brown
solid and red dashed lines overlap for the 1S and 2S bsd) as in the bsf case, and that
the recoil corrections are slightly larger for the dissociation than the annihilation (black
dot-dashed line for the 1S and 2S state), with values up to 10% at the largest considered
temperature. Again Rr < 1 because of the Lorentz contraction of the widths when going
from the center-of-mass to the laboratory frame, inducing the known time dilatation
effect for time intervals.

6.3 Bound-state to bound-state transitions:
(de-)excitations

In this section, we derive the transition rates between two dark matter bound states.
Bound-state to bound-state transitions include de-excitations of excited bound states
into bound states of lower energy by emission of a dark photon, (X X), — v+ (X X),,
and ezcitations of bound states into bound states of higher energy due to the absorption
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of a dark photon from the bath, v + (XX), — (XX)W@ At higher order in the
coupling, thermal interactions with the bath particles may induce (de-)excitations as
well, and for large temperatures, such that the hierarchy is fulfilled, those bath-
particle scattering processes need to be resummed. Since these processes are mediated
by the dipole operator, the angular momentum of the bound state must change by one
unit, |Af| = 1, whereas the spin is left unchanged. In pNRQEDpy, both excitation
and de-excitation processes can be described by cutting the same self-energy diagrams
as for scattering-state to bound-state transitions shown in figures and except
that the matter states inside and outside the loop are bound states (i.e. we replace the
external double solid with a single solid line). The computation of the de-excitation
transition width goes like the computation of the bound-state formation cross section
done in section [6.1] whereas the computation of the excitation transition width goes like
the computation of the bound-state dissociation width done in section [6.2] The results
may be read directly from the results listed in those sections by replacing the scattering
state |p) with the bound state |n) in the case of the de-excitation transition width and
with the bound state |n’) in the case of the excitation transition Widthﬁ

At large temperatures and omitting the recoil corrections due to the center-of-mass
motion, the result for the de-excitation width I'j, ., = Z Fge_’e’}{/ up to fixed NLO and
with Debye mass resummation equals the expressions f%f T‘éhe bsf cross section at fixed
NLO, eq. , and with Debye mass resummation, eq. , respectively, but with
the energy difference AEY and (opstvrel)2° (p) replaced by AE", an

7o zga > (AER)’ (1+ns (AEL)) ()| (6.101)

de-ex.
T'L/,En/ <En

respectively, where we have specified the quantum numbers, n = (n, ¢, m), of the decay-
ing bound state and the quantum numbers, n’ = (n/, ¢/, m’), of the final bound state. A
similar treatment can be done for the excitation process, where we can take the result
for the bsd width at fixed NLO, eq. , and the one with Debye mass resummation,

eq. (6.91), and replacing AE} and [ (ng)jg, ogsflo(p) by AE", Tei and

4 / /
PR =ga Y0 (AE) ne(AEY) [(|rn)] (6.102)
TL’,En/>En

24The energy of the incoming photon is not large enough to break the bound state into an unbound
DM pair, thus the excitation process can be distinguished from the thermal break-up process by requiring
the energy E, + E, to be negative.

25Gince de-excitation transitions resemble the bound-state formation process, they may happen both
in vacuum and in the thermal medium, although in the thermal medium they are enhanced by the
stimulated emission. On the other hand, excitation transitions resemble the bound-state dissociation
process, and hence the can happen only in a thermal bath.

26The dark photon carries an energy AE", = E, — E,, = (Ma?/4) (l/n'2 — 1/n2) at leading order

in the coupling and at zeroth order in the non-relativistic expansion of the total velocity, which is the
energy difference (AE},)cm in the center-of-mass frame.
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respectively, where I'z"° is the leadlng—order result of the excitation width I'y, ., =
Z Fg;g(l Note that in eqgs. (6.101]) and ( we have summed over the two polar-

n'>n
izations of the dark photon either if the photon is emitted into or absorbed from the
medium.

Instead for lower temperatures of the order of the ultrasoft scale or smaller, the NLO
corrections are suppressed and the de-excitation width can be well approximated to be
simply the leading order result . If we consider the motion of the center of mass
P of the incoming bound state, then for the hierarchy the total de-excitation width
in the laboratory frame reads up to relative order T/M and AEh /M

(Fge-ex.)lab(P) = Z (Fg;a?(l.)lab(P)
n' B, 1<En
= foz >« (14 np(AE™)) (6.103)
n' B 1<En

2

P
<"’|T : m|p>lab

: <|<n’lrln)1abl2F{“(n, P)+ F3'(n, P)> ,

where the form factors FJ* (n, P) and F3' (n, P) are defined as in eqs. (6.63) and (6.64)),
respectively, but with the energy difference AE} replaced by AE",. The total excitation
width in the laboratory frame reads up to relative order T/M and AEL/M

Cr)n(P) = > (T )an(P)

n’,En/ >En

4 / /
= 3o > (AEY )P np(AEY) (6.104)
n’,En/>En
2

(-

X <!<n'!7‘|n>1ab!2D?(n'7P) + m\”)lab

Dy (n, P)) ,

where the form factors D} (n/, P) and D3 (n/, P) are defined as in eqs. (6.95]) and (6.96)),
respectively, but with the energy difference AEL replaced by AE;‘/. In the center-
of-mass frame, where the bath is moving With velocity —wv, the de-excitation width,
(T4 ox Jem(V), has the same expresswn as (6.103)), but w1th P /(2M) replaced by v and
form factors F?¥ (n,v) and F3(n,v) deﬁned as in egs. and (6.72)), respectively,
but in terms of (AE )em. The excitation width, (I'y; )Cm( ) has the same expression
as (6.104)), but Wlth P/(2M) replaced by v and form factors DY (n, v) and DY (n,v)
defined as in egs. and , respectively, but in terms of (AE” em-

Upon using the Lorentz-transformation relation (A.23|) and (A.33) for the energy
difference between two bound states and the bound-state to bound-state matrix element,
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respectively, which up to first order in v? are

(0|7 |0 Ve & [(]7 0" Y1an | + [ (n]7 - o0 )1an]

2 2
‘<n|r ’ U‘n/>cm‘ ~ |<n"l" : v|n/>1ab} , (6.105)
/ ’ ’ ’U2
(AEY Jem = 1(AE b ~ (AEL ya <1 + 2> ,

we can check that the behaviour of the (de-)excitation width under Lorentz boosts is the
same as for the in-vacuum annihilation width, cf. , and for the thermal dissociation,
cf. . We can visualize the recoil corrections for the bound-to-bound transitions
between the ground state and the 2P state, by plotting in fig. the ratios Rr of the
(de-)excitation widths with recoil, thermally averaged according to @D, and the ones
at leading order and without recoil, which can be computed from (6.101f) and (6.102]

and ard2’|

7 5
152p 20 Mo

x.LO = 37 a2 (6.106)
e 16T — 1
9P 1S 2T Mab
o = (6.107)

de-ex.,LO — 378 1 _ 3Ma?2
— e 16T

Comparing with the decay and bsd widths, we observe that the most significant recoil
corrections are for the 1S «» 2P transition widths at large temperatures (orange solid
and dark green dashed lines), with a correction of about 25% for T = M/10. Hence,
especially for bound-state to bound-state transitions the contribution from the motion of
the center of mass should be taken into account whenever doing precision computations.

As for the NLO or resummation corrections, in figure [6.8] left, we plot the excitation
width for the 1S — 2P process at leading order (black dashed line for ny = {1,2}),
including next-to-leading order corrections (orange and black dotted lines for ny =1
and ny = 2, respectively) and with Debye mass resummation (orange and black solid
lines for ny = 1 and ny = 2, respectively). In the right panel, we plot the results for the
de-excitation process 2P — 1S. We normalize by Ma® /2, and choose a(2M) = 0.1 which
runs at one loop. The results are comparable to the ones for the bound-state dissociation
in figure left, i.e. at large temperatures we again observe an overestimation of the
fixed NLO widths by a factor up to five as compared to the widths accounting for the
resummation of the Debye mass scale.

6.4 Scattering-state to scattering-state transitions:
bremsstrahlung, thermal absorption

Similarly to what happens for bound-state to bound-state transitions, scattering states
can undergo processes of thermal emission, called bremsstrahlung, and thermal absorp-
2"The widths in (6.106) and (6.107) have already been shown in fig. right by the black solid and

dashed lines, respectively, and can be checked to satisfy the detailed balance relation in (6.16]). While
in the limit T — 0 the ground state cannot be excited, the 2P state can still deexcite.
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Figure 6.8: Excitation (left plot) and de-excitation (right plot) widths for the 1S < 2P
process, at leading order (dashed lines), up to next-to-leading order (dotted lines) and
with Debye mass resummation (solid lines), for ny = 1 (orange lines), ny = 2 (black
lines), running coupling with a = «(2M) = 0.1, normalized by Ma®/2. The vertical
dashed lines mark the position where T' = Ma?.

tion of an ultrasoft thermal photon. At large T', the Landau damping needs to be taken
into account as well. The corresponding diagrams encompassing these scattering-to-
scattering processes can be taken from figure by just replacing the single solid lines
in the loop with double solid lines. The recoil effect can be computed from the self-
energy diagrams in fig. [6.4] again replacing the single with a double solid line. In the
center-of-mass frame and at leading order in perturbation theory, the thermal absorption
and emissions correspond to transitions from a scattering state of relative momentum p
to a scattering state of relative momentum p’ mediated by an electric-dipole vertex. For
the differential cross section of the bremsstrahlung process, we obtain for |p/| < |p|

d(a mivrel)(p, p/) g2
By = g B By) (14 e (B — Ey)] [prip) (6.108)

On the other hand, for the differential cross section of the thermal absorption process,
we obtain for |p/| > |p|

d(Uabsvrel)(p7p/) :} 92
d3p/ 2 2471'4

|Ep — EyPns(1E, — By )|(P|rp) 1%, (6.109)

where we have averaged over the polarizations of the incoming dark photon. The emis-
sion width follows from integrating (gemivrel)(p, P’) over the momenta p and p’. The
absorption width follows from integrating (capstrel)(p, p’) over the momenta p and p/,
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and summing over the two photon polarizations. Notice that the absorption process
cannot happen in vacuum. In particular, for an incoming S-wave we get

(Cemitrel)r=0(P) = ga /p/@ dp’ (p)*(p+1)° (0 —p)? [1 +np (AEI’,’/)] |(p'1]7|p0) [,
(6.110)
(oustrcop) = 5o [ @) 0= o (AE) 1 rip0) 2,
(6.111)

which in principle can be integrated upon inserting the continuum dipole matrix ele-
ment in eq. . The matrix element contains, however, a few divergences. They
come from p’ — 0 (IR singularity) which is cured by the polynomial factors inside the
integral in (6.110), from p’ — oo (UV singularity) which however vanishes due to the
Bose-Einstein distribution function in , and p’ — p (collinear singularity) which
may pose a problem. We refer the reader to appendix[C.3] which is devoted to the study
of the collinear divergence, that can be extracted from the matrix element and is written
in egs. (C.57) and (C.58). One could introduce a cutoff § = p — p', and split the inte-
grals in (6.110)) and (6.111]) into momentum regions close to the singularity, and regions
far away. Performing the integrals numerically, the divergences between those two mo-
mentum regions should cancel out and the numerical results, that would depend on the
cutoff parameter §, should converge in the limit § — 0. We expect the bremsstrahlung
and thermal absorption processes, which count as elastic processes since the unbound
heavy pairs remain in the scattering-state configuration throughout the reactions, to be
responsible for keeping the dark fermion-antifermion pairs in kinetic equilibrium with
the thermal bath. Hence the rates in f should dominate over the thermal
rates that have been considered so far in the previous sections, which correspond to the
bound-state formation and dissociation processes as well as the bound-to-bound transi-
tions. However, since elastic collisions do not change the dark particle number n, they
will not enter in the integrated coupled Boltzmann equations, which will be shown in
the following chapter.
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Chapter 7

Consequences for the dark matter
energy density

In this chapter, we collect the numerical results obtained so far for the in-vacuum and
thermal rates that enter in the evolution equations for the heavy dark matter and study
their impact on the present DM relic abundance. Since the dark particles are assumed
to be kinetically equilibrated during the thermal freeze-out, the evolution equations can
be reduced to a network of coupled Boltzmann equations for the bound state number
densities n?** and no™*°, where the subscript n comprises the internal quantum numbers
of a specific bound state, and the sum of the dark matter particle and antiparticle number
densities n = nx + ng = 2nx above threshold. The standard rate equation for
the single dark matter particle that is dictated by particle-antiparticle annihilations
only, generalizes to a tower of semi-classical equations because of the near-threshold
phenomena that allow for the formation of bound states before the particles annihilate.
In the following, we are going to present the rate equations and study them from a
phenomenological perspective, whereas in the subsequent chapters we aim to provide
a derivation of these equations starting from the open quantum systems formalism,
showing the several approximations that need to be done along the derivation and the
corresponding limitations that are induced by them.

Although for Coulombic systems the maximum number of bound states is not limited
as opposed to the spectrum of bound states for theories with massive-mediator interac-
tions, the formation and dissociation rates are suppressed for higher excited states as
we have shown in the previous chapter, see the numerical results in figure Hence
for practical purposes we will consider only bound states up to n = QE] If we include
the Sommerfeld-enhanced annihilations and decays, as well as the thermal bound-state

!This is not quite true for the Debye-mass resummed rates at large temperatures, cf. the right plots
in figure for the bound-state formation cross section and figure for the dissociation width, where
the rates are larger for the excited states than the 1S. However, for most of the times after thermal
freeze-out, where T < Ma?, the contribution from the ground state dominates, cf. fig.

?We remark that also the decay widths in egs. (5.32)) and for the nS and nP discrete states
are suppressed for large principal quantum number n, since ¥, (r) ~ n=3/2.
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formation and bound-state dissociation rates and also the (de-)excitations among the
bound states, then the evolution equations readE|

(8t + BH)TL = —§<Uann UM¢1> (n2 - ngq)
1
~5 D (ofgme)n® +2 ) (Theg) (nB™ + ngrt™) (7.1)
n=1,2 n=1,2
1
(O + 3H)ny™ = —(Lai™) (™ = nieq) — (Thsa) ™ + 15 (TharUMol)7 n?
(- S ) (S ). e
n'<n n/>n n'>n n'<n
3
(01 -+ BEET™® = —(T50r) (g — ngrthe) — (T )n™ + = (ol oy
(e e e (i ¢ o )t a
n'<n n'>n n'>n n'<n

where eqs. and are for each bound state, i.e. (n,n’) € {1S,2S,2P}. Since
the Boltzmann equations f are frame-dependent, one needs to choose from
beginning on a specific reference frame when computing the individual rates and their
thermal averages, and solve the equations with respect to that reference frame. One
typically considers the cosmic comoving frame where the thermal bath is at rest. Note
that 715425 = 125¢2F — () at the dipole order and that 2P = 0 if we neglect the velocity
corrections. Since we have already studied the impact of the relative velocity corrections
to the Sommerfeld-enhanced annihilations and the present relic density, see fig. we
decide to drop from now on the corresponding four-fermion operators of dimension eight
and keep only the dimension-six terms and the dimension-eight operators associated to
the center-of-mass motion, corresponding to the terms in the fourth line of eq. .

We may use an approximation, first introduced in ref. [68] and commonly adopted
in the literature, that is based on an effective treatment of dark matter bound states.
In a typical cosmological setting, the annihilation and dissociation rate of bound states
is pretty efficient, i.e. I'ann, I'bsqa => H, so that they quickly adjust to their equilibrium
number densities. Using the detailed balance conditions at equilibrium between bound-
state formation and dissociation as well as excitations and de-excitations, cf. egs.
and , respectively, one obtains a single Boltzmann equation that depends only on
the density n of scattering states, and is governed by an effective cross section oeg. The
latter comprises the effects of dark matter annihilation via unbound pairs and bound
states, but also bound-state formation cross sections, dissociation widths and bound-to-
bound transition widths [41,/135]. The single effective rate equation reads

1
(0 + 3H)n = — (oo ongt) (n* = ndy) (7.4)

3The dark matter number densities in thermal equilibrium for the para- and orthodarkonium are
Nhieq = (20 + D(MT/m)3?e En/T and nﬁ’f,fego = 3nb’q, respectively, and neq has been written in eq.

21
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where

1 3
(Teft UMgl) = (TannVMgl) + Z <4 (o UMgl) RE® 4+ Z(aﬁsf UMgl) R%rtho)
n

< mn + 5 otcon) SE
ann Y“Mg — 4 bsf 9 <F2ﬁ%ara> + <1—\ng> 4 bsf @ (Fgﬁ%r"tho> + <ngd> )

(7.5)
where the result in the second line is valid if the bound-state to bound-state transitions
are much smaller than I'}, and I'L,, also referred to as the no-transition limit [41].
The result in the first line of eq. is, however, more general as it includes the
information of the (de-)excitations, which, as was shown in ref. [51], strongly affect the
numerical result of the Boltzmann equations and hence the DM relic abundance. From
the right plot in figure it can also be seen that at sufficiently small temperatures, the
bound-state to bound-state transitions become as large as or larger than the dissociation
widths. We will, therefore, not neglect the transitions among the 1S and 2P state when
truncating the number of bound states at n = 2 as in f. The general expression

of R,, can be found in refs. [41}|135], which in our particular case reduces to

(DIS)) — S (DI8=2Pmy(D3Pmy /(D2Pm)
m=0,£1

RYA* — 1 — , (7.6)
. (DlS) = > (L&720my(Tom 19) /(T5ie)
m=0,%+1
S,par
RPA — ! = (it ™) (7.7)
P 1 28 FZS,para - F2S,para 28 ’ :
+ (Migq)/(Tann™ ) (Tamn ) + (TEg)
< 2P0—)18> <F2PO>
RPara =14+ de-ex. 1— Rpara _ bsd 7 (78)
o ey R k)
< 2Pi1—>18> <F2Pil>
RO =1+ Ldeex. 7 (1—RY™) — Absd 1 (7.9)
- (Tpaii') ey

and similarly for R, In the eqs. (7.6)(7.9) we have defined the total width of a
bound state,

gara/ortho = F;Lr,lpr)lara/ortho + ngd + Z Fn—)n’ . (710)
o

We remark that at late times in the evolution of the universe, i.e. at temperatures

such that the heavy dark particles are very diluted, DM particle interactions become

negligible with respect to the universe expansion rate H that dominates the evolution

equation . The effective Boltzmann equation can be recast in terms of the
yield Y =n/s as in , and then be solved numerically.

The main advantage of the EFT framework is to allow for a rigorous derivation and

a systematic inclusion of corrections to the relevant observables entering the thermally

averaged effective cross section in . We refer to the scheme in figure to pictori-

ally illustrate the different corrections. As for the scattering states, which are integrated
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Figure 7.1: Schematic representation of the different corrections to the cross sections
and widths considered in this work. The left plot is for scattering states, whereas the
right plot is for bound states.

over all momenta, we can improve cross sections and widths by adding relativistic cor-
rections. This amounts at including higher-dimensional operators in both NRQEDpy;
and pNRQEDp,;. Furthermore, we can add radiative corrections to the matching co-
efficients of the effective field theories, as was done in chapter [5], but also to the dipole
diagrams, cf. figure[6.1] which need to be resummed in the large temperature regime. As
for the bound states, the situation is similar. Higher-dimensional operators account for
higher-order relativistic corrections, which at the same time may open new decay chan-
nels through annihilations of heavy pairs of higher orbital quantum number. Radiative
corrections at the hard scale improve the matching coefficients and at the ultrasoft scale
they improve the near-threshold thermal rates. Moreover, we add a fourth dimension to
the scheme that accounts for the number of bound states to be included in the analyses
consistently with the other corrections. The inclusion of excited states can be seen as
a further improvement towards an accurate description of the actual physical system,
and hence a correction to the simplest possible situation, when only the ground state
is considered. As explained above, in this work we include the first excited 2S and 2P
states. In the following sections, we aim to assess the relative importance of the recoil
and Debye-mass corrections on the effective cross section and eventually on the DM relic
abundance.

7.1 Numerical results for the effective cross section
We would like to quantify the impact of the resummation of the Debye mass scale

on the thermally averaged effective cross section, at zeroth order in the center-of-mass
momentum. In figure left, we plot the the effective cross section ([7.5)), thermally
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Figure 7.2: (Left) Thermally averaged annihilation (black dashed line), 1S bsf at LO
(red dashed line) and mp-resummed 1S bsf (red solid line) cross sections, as well as
the effective cross sections at LO (orange dotted line) and resummed (orange solid line)
for the 1S state. The thermally averaged effective cross section for up to 2P states at
LO and resummed is shown by the black dotted and black solid line, respectively. We
normalize by ma?/M? and « runs at one loop with a(2M) = 0.1 and ny = 1. (Right)
Ratios of the thermally averaged effective cross sections up to NLO (dashed lines) or

with mp-resummation (solid lines), over the expression at LO. We consider both the
ny =1 and ny = 2 case.

averaged according to , for the ground state where the individual rates are either
at leading order in the coupling or mp-resummed, and as a reference we plot also the
1S bound-state formation cross section (at LO and resummed), divided by 7a?/(2M),
and the Sommerfeld annihilation factor, where o runs at one loop with one light fermion
flavour and starting value a(2M) = 0.1. In the next step, we include excited states
up to 2P into the effective cross section. We observe that, although the resummation
drastically increases the bsf cross section at T' > Ma?, the effective cross sections are
not enhanced but close to the annihilation cross section at large temperatures. In order
to extract quantitatively the corrections due to the resummation effect on the effective
cross section, we plot in the right panel of fig. [7.2)the ratio of the resummed o over the
expression obtained from the rates at LO (solid lines). As a comparison, we plot also
the ratio when radiative corrections are not resummed but truncated at NLO (dashed
lines). We see that for temperatures close to the freeze-out and far away, the ratios
are close to one, reflecting the fact that in the 7' — 0 limit the radiative corrections are
suppressed, and that at large T one reaches the ionization-equilibrium regime, where the
dipole processes, despite being large, balance each other, such that the net effect on the
annihilations is small. The peak values for the deviations from the leading order effective
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Figure 7.3: Ratios of thermally averaged effective cross section in the laboratory frame
with recoil corrections, cf. , and the corresponding thermally averaged effective cross
section without recoil corrections plotted as a function of M/T for couplings o = 0.1
(black solid line) and o = 0.5 (orange dashed line).

cross section are from about 5% to 20% at T' &~ M /200 — M /100 for the resummed case,
depending on n s and the number of excited bound states in oeg. As a comparison, for the
NLO case the correction is up to around 38% for ny = 2 and excited states up to 2P. The
treatment of thermal effects at fixed next-to-leading order results in an overestimation
of the effective cross section, which originates from a systematic overestimation of the
individual rates. At small temperatures, the solid and dashed lines eventually approach
each other and stay constant at a value close to one. Here, the processes that involve a
thermal incoming/outgoing dark photon are dominant and are fully accounted for by the
individual rates at leading order. We summarize that, despite at large temperatures the
Landau damping phenomenon leads to an enhancement of about two orders of magnitude
for the bound-state formation cross section, the bound-state dissociation width and the
(de-)excitation widths, at the level of the effective cross section we observe just a small
enhancement due to the Debye-mass resummation that ranges only from 5% to 20%.

Next, we would like to make a comparison with the recoil corrections due to the
thermal motion of the center of mass of the interacting heavy pairs in the thermal bath.
In figure we plot the ratio of , thermally averaged in the laboratory frame,
with recoil corrections taken into account in the individual rates, and the corresponding
effective cross section without recoil correction, which is thermally averaged according
to . The ratio decreases with increasing temperature, and for large T' there is a
reduction in the thermally averaged effective cross section due to the recoil corrections
by about 15-25% for both choices of coupling that we display. Hence, the contribution
of the recoil corrections to the effective cross section, and, therefore, the Boltzmann
equations, is significant for increasing 1" even for small couplings.
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7.2 Boltzmann equations with recoil or Debye-mass effects

Finally, we quantify the recoil effect but also the corrections coming from the additional
thermal processes, that are captured by the fixed NLO rates and the corresponding ones
with a Debye mass resummation, to the dark matter relic density. We begin with the
latter, i.e. analyze first the effect of the radiative corrections to Qpyih?, while neglecting
the center-of-mass motion of the heavy pairs.

In the left panel of figure we show the energy density contours for Qpyh? =
0.1200 in the model parameter space (M, «), where a = a(2M), and when considering
bound states up to 2P. The orange lines correspond to an abelian model with only one
light fermion, whilst the black lines are for ny = 2 light fermion species. The black
lines are systematically below the orange curves because of the additional annihilation
channel into the second light fermionic particle. The dashed lines are always above the
solid and dotted lines within each color, because the NLO corrections (dotted lines) or
the mp-resummation corrections (solid lines) make the effective cross section in eq.
larger, so that the same energy density is reproduced for smaller o, and the dotted lines
are below the solid lines due to the naive overestimation when truncating the radiative
corrections two-loop order, cf. fig. m (see also the right plot in fig. where the
dashed lines are always above the solid lines for each color). The radiative corrections
can be visualized more quantitatively if we plot the ratio of the DM energy densities
at NLO or from mp-resummation, over Qpyh? as obtained from considering the near-
threshold processes only at leading order. The corresponding plot, as a function of the
coupling « at the hard scale 2M and for fixed dark matter mass M = 1 TeV, is shown
on the right panel of figure As we can see, if we vary the coupling from smaller to
larger values up to 0.12, the ratio due to the resummation of the Debye mass scale (solid
lines) decreases up to about 6.8% (8.7%) for ny =1 (ny = 1) when adding bound states
up to 2P, represented by the purple (black) solid line. If we consider only scattering
states and the ground state 1S, then the corrections are up to 3.5% for ny = 1 (orange
solid line) or 4.7% for ny = 2 (red solid line). If we, therefore, include more bound states
to the network of coupled Boltzmann equations, then the radiative corrections deplete
the present relic abundance to lower values for fixed coupling and DM massﬁ which has
a more drastic effect if we do not resum the thermal radiative contributions but stay at
next-to-leading order (dotted lines). For instance, as can be seen in the right plot in fig.
for ny = 2 and a(2M) = 0.12, the correction increases from 8.7% to around 15%
upon adding the 2S and 2P states to the ground state. Hence, a model with more light
fermions which gives rise to the Landau damping phenomenon, together with inclusion
of more excited states, allows even smaller values of « or larger values of the DM mass
M to reproduce the observed energy density because of the additional channels for DM
annihilations.

We now consider the recoil corrections with respect to the DM energy density. We
remove the light fermions from the model, since they do not affect the study of the

4We checked explicitly, that in fact the corrections on the relic abundance stay almost constant when
varying the dark matter mass from 0.1 TeV to 10 TeV. Here we choose M =1 TeV.
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Figure 7.4: (Left) Contours in the parameter space (M, «) that correspond to the ob-
served DM energy density obtained from different approximations of the effective cross
section, when including bound states up to 2P. Orange lines are for ny = 1, black lines
for ny = 2. (Right) Ratio of the present relic density with mp-resummed effective cross
section (solid lines) or with oeg incl. radiative corrections at NLO (dashed lines), over
QOpamh? as obtained from the near-threshold processes at leading order; plotted as a
function of aw = a(2M) that runs at one loop, and for fixed DM mass M =1 TeV.

recoil for the hierarchy , where the Landau damping phenomenon is suppressed.
Then we enlarge the range of parameter values for a(2M) up to 0.5, cf. footnote [§] in
section for more details. In the two panels of figure we show the ratio of the
present dark matter energy density, Rq,,,,, obtained with center-of-mass recoil effects in
the laboratory frame and the one obtained without recoil effects plotted as a function
of a (left panel) and M (right panel). The left plot shows the ratio for a fixed dark
matter mass of 1 TeV. For a wide range of couplings from 0.05 to 0.5, we observe that
when considering the evolution of dark matter unbound pairs and only the ground state
1S, the ratio Rqp,, (orange solid line) is larger than one, reflecting the fact that the
dark matter relic abundance is less depleted in the laboratory frame due to the inclusion
of center-of-mass recoil effects. For values of the coupling up to a = 0.2, the recoil
correction stays constant around 2.5%. For stronger couplings the recoil correction starts
increasing, eventually reaching the maximal value of about 4.5% for o = 0.5. Including
the contribution from the first excited state 2S in the effective cross section , the
ratio Rqy,,,, now represented by the green dashed line, is nearly the same as the ratio
obtained from only the 1S state. Finally, we add the excited state 2P and allow for
transitions between 1S and 2P, represented by the black dash-dotted line in the left
plot of fig. The recoil correction amounts to an effect between 2.5% and 4.5%.
The dark matter energy abundance is monotonically increasing with increasing «, since
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Figure 7.5: (Left) Ratio of the present dark matter relic abundance in U(1)py, where
we put ny to zero, as seen from the laboratory frame including center-of-mass recoil
corrections and the relic abundance computed without recoil corrections plotted as a
function of the coupling « for fixed dark matter mass M = 1 TeV. The orange solid line
is for the ratio obtained by only considering the 1S bound state, the green dashed line
by including the 2S state, the black dash-dotted line by including 2P states beyond the
no-transition approximation. (Right) Ratio of the present dark matter relic abundance
as a function of the dark matter mass for two benchmark values of the coupling a.. Black
solid and orange solid lines are for @« = 0.1 and «a = 0.5, respectively, and obtained by
considering only the 1S state. Black dashed and orange dashed lines are for « = 0.1 and
a = 0.5, respectively, and obtained by including the excited states 2S and 2P beyond
the no-transition approximation.

the effective cross section (7.5 is a decreasing function with increasing coupling, see
figure Moreover, the recoil correction on the dark matter relic abundance seems to
be independent of whether considering only the ground state or adding higher excited
states and also transitions among them for the whole range of considered values for a.
Hence, one can quantify the recoil correction on the relic energy density, to a good degree
of precision, already including only the ground state in the evolution equations.

The right plot in figure[7.5[shows Rq,, for a wide range of dark matter masses from
0.1 TeV to 10 TeV. In the considered range, the recoil effect on the energy density is
almost independent of the dark matter mass M. The black solid and orange solid lines
include only the ground state contribution to the evolution equations for the specific
values a = 0.1 and a = 0.5, respectively. The black dashed and orange dashed lines also
include bound-state effects from the 2S and 2P states.

We conclude that the correction due to the motion of the center of mass of the heavy
dark matter pairs is above the 1% accuracy of the present measurement of the dark
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matter energy density, with values ranging between 2.5% and 4.5% for the considered
values of a from 0.05 to 0.5. In the laboratory frame, the recoil leads to less depletion
of the energy density due to a decreased effective cross section, and is independent of
the particular value of the dark matter mass and the inclusion of bound-state effects
from higher excited states. We obtain similar results for the recoil corrections to the
dark matter relic abundance in the dark non-abelian model, which we are going to study
in the next chapter. In the unbroken non-abelian gauge theories SU(2) and SU(3), for
coupling «(2M) = 0.03 and at one-loop running, we get a small correction to the relic
density coming from recoil corrections of about 2%.

Finally we remind that, when T approaches M «, the multipole expansion for thermal
dark photons breaks down and one has to treat them at the level of NRQEDpy;. However,
for all the couplings considered in this work to compute the DM energy density, it
holds that T' < M« after freeze-out. The numerical results for the DM energy density
presented in this section are based on the single effective Boltzmann equation . If
instead we solve the coupled Boltzmann equations f numerically, we get results
that differ at most by 1% from the ones presented here, and so are within the uncertainty
of the measured DM relic abundance.
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Weakly-coupled non-abelian dark
sector
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Chapter 8

PNREFTpp, thermal scale
hierarchies

The preceding sections were dedicated to a comprehensive dark matter study for the
exemplary case of a heavy dark fermion species of mass M coupled to a dark abelian
gauge field A, where, in addition to the Lagrangian model studied in previous works [51,
52|, also ny light (practically massless) dark fermions of same charge where included
into the model. The underlying theory of the dark sector was an abelian gauge theory,
U(1)pm, as an equivalent version to the familiar QED. In this chapter, we work out
the same step-by-step construction as for the abelian theory, however for a heavy DM
fermion of mass M together with n; massless dark fermions to be in the fundamental
representation of a non-abelian dark SU(NV) gauge group, SU(N )py, with N > 2F_-I

We compute the cross sections and widths for particle-antiparticle heavy-pair annihi-
lations in section and discuss the dipole-transition processes for specific hierarchies
of energy scales in section Finally, in the follow-up chapter we provide some
numerical results from solving the Boltzmann equations, which aim to show the impact
of bound-state effects as well as corrections due to the recoil on the DM energy density.

First of all, we begin by writing the dark-sector Lagrangian for a heavy Dirac fermion

X = X2 (o = 1,...,4 Dirac spinor index; a = 1,..., N color index in fundamental
representation) and n s light Dirac fermions f; coupled to SU(N) gauge fields A, = TAA/‘?
in adjoint representation, where A =1,..., N2 — 1:
1 &l
Lsuwypy = X (i = M)X = 2GLG + 3 fi(il) —mi) fi + Lpontar,  (8:1)
i=1

where D, = 0,, + igA;‘T A T4 are the group generators in the adjoint representation,
G;‘V = 8#14‘”4 — (’J?,,A;1 + ngBCAEAg the field strength tensor and fABC the totally
antisymmetric fine structure constants of the underlying algebra; o = ¢%/(4n) is the
dark fine structure constant, g the dark non-abelian gauge coupling. Moreover it holds

!Throughout this work, the notation SU(N) is meant to be the same as SU(N)pwm, and denotes the
dark non-abelian sector.
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that G,‘?VGA“” = 2 Tr [G,,G"], with G, = (i/g) [Dy, Dy]. As in the abelian case in
the previous sections, we set Lyortal = 0E|u

Contrarily to the U(1) model, additional loop corrections due to gauge-field self-
interactions (and couplings to the ghost fields in the path-integral formalism), lead to a
significantly different running of the coupling compared to the abelian equivalent in eq.
, where the first coefficient of the beta function at leading order now reads

5() = %N — %Tpnf, (82)

where T = 1/2 is the Dynkin index (T7 = 1in U(1)). Since [ is positive for all different
kinds of numerical combinations between N = {2, 3,4} and ny = {1, 2} used in this work,
asymptotic freedom is approached at high energies or temperatures, like in the QCD
gauge theory, whereas perturbation theory is spoiled in the low-energy /temperature limit
due to antiscreening effects of the gauge fields. The non-perturbative scale, at which the
weak-coupling expansion in « breaks down, is denoted by A and can be computed by
solving the renormalization equation for «,

0} a2
"~ apla) = —5- o+ 0(Y), )

dlog,u:

which at one-loop accuracy and for the boundary condition «(A) = oo reads

2
While in QCD, which corresponds to the SU(3) case and is relevant to describe the effects
of a moving quark-gluon plasma on quarkonium formation and dissociation in heavy-ion
collisions [131}/140], the scale A is about 200 MeV and hence of the order of the pion
masses, in our dark non-abelian SU(N)py model we would like to keep the value for
the coupling sufficiently small in order not to endanger the weak-coupling expansion
in the lowest temperature region, 7' ~ 107°M, that is considered in this work. This
temperature regime sets the magnitude of the ultrasoft scale. Hence, if we require that
the coupling at the ultrasoft scale is weak, then we need to require that, in particular,
a(1075M) < 1. This condition is fulfilled for the SU(4) theory at one-loop running if
we choose a(2M) < 0.03 at the hard scale of non-relativistic heavy-pair annihilations,
2M, and by somewhat larger values of a(2M) for smaller gauge groups: a(2M) < 0.04
for the SU(3) theory and a(2M) < 0.06 for the SU(2) theory’| For these values of the

2We remark that, at variance with the abelian model, for SU(N)pMm a portal interaction via kinetic
mixing with the Standard Model is not viable because of gauge invariance. A possible workaround can
be achieved by including non-renormalizable operators [136({138|, a Higgs portal [139], or introducing
vector-like fermions [137]. We assume these portal interactions to keep the dark sector at the same
temperature as the Standard Model and, at the same time, the portal couplings to be much weaker than
the dark gauge coupling g, such that effects from Lportal can be practically ignored with respect to the
freeze-out process within the dark sector.

3These benchmark values for a(2M) represent only approximate upper numbers, since the coupling
depends also on the number ny of massless fermions that run in the loop.
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gauge couplings, the absolute value of the binding energy of the dark fermion-antifermion
bound states, ||, is smaller than the freeze-out temperature T ~ M/25. Hence, it is
not possible to satisfy A < M/10% and Tr < |E?| at the same time; the latter condition
would require stronger couplings «(2M) ~ 0.1 that we, however, avoidﬂ

We are interested in very similar temperature regimes as the ones discussed in chapter
but now extended by the additional non-perturbative scale A taken to be the lowest
energy scale, and we consider again two different arrangements for the temperature 7":
The hierarchy corresponding to later times in the universe expansion,

M> Ma > VMT > Mao? > T > mp > A, (8.5)

and the hierarchy related at earlier times close to the thermal freeze-out of the dark
maftter,

M > VMT > Ma > T > mp,Ma®> > A. (8.6)

The Debye mass, mp ~ gI' < T is not only generated by the massless dark fermions
running in the loop, but also by the self-interactions of the gauge fields. More details will
be shown in section (9.2l Both of these two choices of hierarchies for the energy scales in
eqs. and allow us, like in the abelian case, to integrate out modes associated
with the hard and soft scale by setting to zero the temperature characterizing the thermal
distribution of the dark gauge fields. Moreover, computations at the hard, soft and
ultrasoft energy scale may be done in weak-coupling perturbation theory, since we choose
the coupling at the hard scale to be sufficiently small, a(2M) < 0.05. The ultimate
effective field theory is a pNRQCD-like EFT [92,94] for DM fermion-antifermion bi-
local fields and an SU(N) dark gauge groupﬁ We dub it pN REFTDMH The Lagrangian

“In the abelian case, where numerical values up to a(2M) = 0.5 have been considered, for such large
values it turns out that the freeze-out temperature is below the ultrasoft scale. Physics at thermal
freeze-out can therefore be described fully within pNRQED, cf. sections On the other hand,
for the non-abelian theory it may be, in dependence of the coupling and the particular model, that also
the soft scale becomes smaller than or of the same order as the freeze-out temperature, which signals
the break down of the multipole expansion for thermal gauge fields at freeze out. This happens for the
SU(2), SU(3) and SU(4) theories considered here at a(2M) < 0.03, where the freeze-out temperature
M /25 is slightly larger than the soft scale Ma. We will not account for this issue in this work, where
we assume that the multipole expansion holds also at freeze-out.

50One can make a one-to-one correspondence between the pPNREFTpy model, that will be scrutinized
in the following sections, and pNRQCD. In pNRQCD, the non-relativistic degrees of freedom of mass M
are the heavy quarks and antiquarks like the bottom or the top, and a fermion-antifermion bound-state
of heavy quarks of the same flavor is called quarkonium in analogy to positronium [141H143]. Those
bosonic states, that are frequently observed in collider experiments, are charmonium (charm-anticharm
pair) and bottomonium (bottom-antibottom pair). The latter is known as the Y(1S)-meson, if it is in
the lowest energy configuration with a mass of around 2M; =~ 9.5 GeV [144]. Its Bohr momentum is
about Muv,e; ~ 1.5 GeV and the ultrasoft scale about Mv2, ~ 0.5 GeV, that is the typical splitting
between the binding energies of the two lowest bound states. Hence the relative velocity of the bottom-
antibottom meson, v2, & 0.1, can be safely considered to be non-relativistic, while for charmionium with
vZ) =~ 1/3, a non-relativistic expansion in the velocities may be less secure [101]. The coupling in QCD,
with a(Mp) ~ 0.2, is by an order of magnitude larger than the values for the dark coupling constant
that we consider in this work.

5The reason for not calling the non-relativistic EFT, emerging from the SU(N)py model considered
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at order r in the multipole expansion readsﬂ

LONREF Ty, = /dBT’ {Tl" [ST (idy — Hy) S + OF (iDy — H,) O

Vp(r)
2

+Tr [VA(r)g(STr -EO +O'r - ES) + g(Ofr - EO +0O'Or - E)] }

1 G
- ZGZ‘VGAW + ) fifi,
i=1

(8.7)
where the trace is over color indices. The field S = STy /v N is an SU(N) singlet
field made of a dark fermion and antifermion and O = O%T%//TF is the corresponding
SU(N) adjoint field; they depend on time ¢, the relative coordinate r and the center
of mass coordinate R. The non-abelian electric field E; = TAE;4 = 0;Ag — OvA; +
g fABCTAA? Ag depends only on t and R. The temporal covariant derivative acting
on the adjoint field is DyO = 9hO + ig[Ap, O]. The Hamiltonians, Hs and H,, can be
written as in (4.3) and with the leading order potentials given respectively byﬂ

VS(O) — —Cpg, () a
r

= . (8.8)

The Casimir of the fundamental representation is Cr = (N? — 1)/(2N). The adjoint
field O is a color octet field for N = 3, which is the QCD case. The Lagrangian term
for the ny massless dark fermions remains unchanged.

The electric dipole terms in the second line of eq. , with the associated matching
coefficients V4 (r) = Vi(r) = 1 at leading order, allow for transitions between an unbound
adjoint dark fermion-antifermion pair and a bound or unbound singlet pair. Such tran-
sitions are responsible for bound-state formation and dissociation. Moreover, they allow
for scattering-state to scattering-state transitions among dark fermion-antifermion pairs
in the SU(N) adjoint representation. A crucial difference with respect to the abelian
model is that color-singlet transitions in SU(/V), either involving bound states or scat-
tering states, cannot happen in this model because of the SU(NN) charge conservation.
The electric-dipole vertex between a color-singlet bound state and an color-adjoint state
resembles the abelian electric-dipole vertex, cf. figure left, except that an additional
factor \/Tr /NP needs to be taken into account, where the indices A and B connect
the vertex with the electric correlator and color-adjoint propagator, respectively. The

in this chapter, simply pNRQCDpu, is because we do not restrict to only N = 3, like in QCD, but keep
N wvariable in this work.

"Like in the abelian case, additional interactions involving the Réntgen terms appear at leading order
in r and in the center-of-mass momentum P, which we do not write explicitly in , They are of the
same form as the electric-dipole terms in the second line, one just needs to replace the operator r - E by
r/(4M) - {Px, B}, involving the dark non-abelian magnetic field B; = T B = —€;;,Gjx/2, in every
single term.

8Notice that, due to the positive sign of the potential VO(O) and hence its repulsive nature, color-adjoint
bound states cannot exist.
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Figure 8.1: The first two vertices are exclusive in non-abelian theories: The vertex on
the left connects a color-singlet heavy pair (solid line) with a color-adjoint heavy pair
(double solid line), the vertex in the middle of the figure connects two heavy adjoint
pairs. The vertex on the right comes from the covariant derivative Dy that acts only on
the adjoint field O(¢, R). Dashed (wavy) lines represent the longitudinal (transversal)
gauge fields, whereas the latin capital letters denote the color indices. More vertices can
be found in ref. [141].

constant factor comes from taking the color trace of the generators in . There is an
additional electric-dipole vertex connecting two color-adjoint propagators, with a factor
gdABC /2, but also three more vertices that are depicted in figure [8.1/°| From left to
right, they read ig® \/mfABcr, ngdABCfCDEr/2 and —ig /" When including
interactions at leading order in the center-of-mass momentum P, then there are more
vertices compared to the one shown on the right in fig. in the abelian case, that
come from the self-interacting term in the dark non-abelian magnetic field within the
Réntgen dipole interaction. Diagrams involving such interaction vertices of order g2
are disregarded in this work, because we stay at leading order in the coupling when
computing the leading recoil corrections to the dipole processes in section [9.2

We can replace the temporal covariant derivative Dy by the partial time derivative
0o in the pPNREFTpy Lagrangian , if we make the following substitutions for the
adjoint field,

O(r, R,t) = W(r),(Roto)) O(Ts B, 1) Wi(R 1), (R1)] » (8.9)
and for the dark electric field,
E'(R,t) = Wi(R)(Rio) E' (R, ) Wi(Roto)(R)] » (8.10)
where now the new fields are dressed by the temporal Wilson line
D[ fjo dt’ Ag(R,t")

WIR 1), (R to)] = : (8.11)

where P denotes path-ordering, which for fixed R can be replaced by the time ordering
operator 7. The initial time ¢y can be chosen arbitrarily, since it cancels out in concrete

9The first two vertices stem from the self-interacting term in the non-abelian electric field, whereas
the vertex on the right in fig. [3.1| comes from the covariant derivative Do.
19T he totally symmetric tensor d*Z¢ is defined by the anticommutator {7, T?} = 642 /N +d*P°T°.
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calculations. The Lagrangian in terms of these new fields now readgl]

LONREFTpy 2 /d37“ {Tl“ [ST (00 — Hs) S + o (i0y — H,) C)]
(8.12)
+ gTr [(ST’P -EO + h.c.) + %(()Tr -EO + OTOT . E)} } ,

which implies that the interaction term in the covariant derivative Dy has now been
resummed. The Lagrangians and will generate the same diagrams in per-
turbation theory, once we expand the exponential in up to the desired order in
the coupling.

Due to the running of the coupling constant, cf. equation , a will certainly
approach different numerical values when computing processes occurring at the hard,
soft and ultrasoft scale. We typically renormalize the gauge coupling at the hard scale
2M in annihilation processes, at a soft scale of order M« in the wavefunction and at
a scale of order Ma? or T when considering gauge bosons at the ultrasoft scale. A
further scale, |p| = Mw/2, can be associated to the coupling of gauge bosons with
non-relativistic scattering statesB Because of asymptotic freedom, it follows for the
coupling constant that a(2M) < a(Ma),a(Muvye) < a(Ma?). Finally, we briefly
remark that the scale vV M T, generated by the thermal motion of the heavy dark matter
particles, may give possible non-vanishing thermal contributions to the color-singlet and
color-adjoint potentials if v MT > Ma, which is the case for the particular hierarchy
written in eq. . Like in the abelian case, we do not address those specific thermal
corrections in this work.

" The equality between and (8.12)) can be straightforwardly verified by inserting and (8.10)
into eq. (8.12]), then using the Leibniz integral rule whenever 9y acts on the Wilson line, and the cyclicity

property of the trace.
2The coupling constant « in the potentials (8.8) as well as in the color-singlet and color-adjoint
wavefunctions typically runs at a soft scale of the order of the inverse Bohr radius 1/ao.
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Chapter 9

Thermal rates in SU(N)pnm

9.1 Color-singlet and color-adjoint pair annihilations

Similarly to U(1), also in SU(V) the heavy DM particles can annihilate into the dark light
degrees of freedom, i.e. the gauge fields and the massless fermions. In the non-abelian
theory, however, there are two more four-fermion dimension six operators contributing
to fermion-antifermion annihilations than in the abelian case due to the SU(NV) ad-
joint configurations, such that the four contact-interaction terms responsible for S-wave
annihilations read

Jr)(*S0)) Sy (®S1))

SLNREFTpy = ——a—thTx X1 + Yoy - xtow
T s M as) 81)
+ -2 J]}wz Lty T+ 22 J]]\/p P o x - XIT ).

The dimension eight operators, that will depend on the heavy-particle momenta and
incorporate the P-wave as well as the first relativistic corrections to the S-wave anni-
hilations, can be viewed in refs. [141},[145]. Then for the effective field theory at lower
energies, the four-fermion dimension six operators in are inherited in the local
potentials in the pNREFTpy Lagrangian, where its imaginary parts capture the anni-
hilation processes of heavy fermion-antifermion pairs [116]:

ann _
0L NREFTp,, =

# /d%« Tr{sfaf*(r)zv [2Im [ f1)(* So)] — 8% (Im [fia1(*So)] — Im [f11(*S1)])] S

+ O163(r) Ty [2Im [ fraag (*S0)] — 8% (Im [ flaasy (*S0)] — Im [ fiaaj (*S1)])] O} :
9.2)
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At order o, the imaginary parts of the singlet matching coefficients read [100] 102]E|

2 _
Im [f[]l](ls())] = N4N2 17’(04(2M)2
1 2 7 5 8
At (0-5) v (Fowm)a]) oo
_ 2 _
Im [y (°S1)] = g(wz _g 8§3N D 08 4y a(2M)? (1 - CF143> (9.4)

and the imaginary parts of the SU(N) adjoint matching coefficients are [100,102, 146]E|
77 a(2M)?

T (i b o

n o |13
Im [flaqy (°s1)] = Ff” a(QM)Q{l T [SN

415 2 w2 5 73 67 5
N(—+Zlog2—~—)—-= - —n2) =t 9.6
* (72+3 4) 9"f+< T 36" )nf]} (9:6)

At order o2, taking the matching coefficients from eqs. (0.3) and (9.4)), and the
SU(N) equivalent of eq. (5.25)), it follows that the Sommerfeld-enhanced SU(N)-singlet
annihilation cross section, at leading order in the coupling, reads

Im [ffaq;)(*So)] =

>HQ

(O w0 () = (0N vra)le [H1(0)]7, (9.7)

with the free annihilation cross section at leading order in the gauge coupling given by

1 Cr Ta(2M)?
(oN8 veel) o = ( 5 +3N”f> Iz (9.8)
The Sommerfeld factor for the color-singlet scattering-state wavefunction at leading
order is o Ce ()
a2 . 4TOFG _ s
|‘I’p (0)| - 1— 6*27TCF< ) C— Urel . (99)

Similarly, for the annihilation cross section of a pair in the adjoint representation we

find
[adj] [adj]

(amve)is” () = (Xhue)is” |75 (O, (9.10)

' The matching coefficients Im(f};)(*S1)) reported in [100] and [102] agree for N = 3, however they
do not for N # 3, as the factor 1/54 in [100] reads 1/(18N) in [102|. Equation (9.4)) is the one that can
be found in [102].

?Contrarily to the SU(IN) model considered in refs. [51,52], the matching coefficient Im(ffaqj(*S1))
does not vanish at order a? because now the gauge bosons in couple to the dark light fermions.
At order o, the expression in is the one reported in ref. [146|, while the expression in ref. [102] is
three times larger.

99



where

(o

2 2
sw o, oladi] _ (N° =4 np) ma(2M) 9.1
ann rel)LO - < SN + 4 > M2 ) ( : )

and we have averaged over the N? — 1 configurations of the incoming dark fermion-
antifermion pair in the adjoint representation of SU(/N). The Sommerfeld factor iﬂ

fadj] )2 — _ T/
with ¢ defined as in . The total Sommerfeld-corrected cross section reads
oNR 4 (1] + (N2 = 1) (™R o [ad]j]
(O—gr?nvrel)LO(p) _ ( ann rel)L() (p> ( 7 )( ann rel)L() (p) ’ (913)
whereas the free total annihilation cross section, at order a?, is
1 dj
o o = (a0 + (V7 — D (od v
OannVrel)Jro = N2
3ng  Cp , ma(2M)?
— 4+ —(N“—2+2N —_— 14

The Sommerfeld factor has a different impact on the cross sections. For the attractive
singlet channel, the Sommerfeld factor is larger than one and increases the cross
section, whereas for the adjoint repulsive channel, the Sommerfeld factor is smaller
than one and consequently decreases the cross section. At O(a?) our results in egs.
and agree with those in ref. [147], once the cross sections in ref. [147] are expanded
N Vpel.

Bound states are sustained only by the SU(V)-singlet configuration. The annihilation
width of a spin- and SU(N)-singlet pair in an nS wave reads at LO in Im(fpy;(*So))

M 3a(2M)?
FnS,para C;l? a(/’LSj: ?( ) , (915)
n

ann,LO —

where we distinguish between the coupling coming from the four-fermion matching co-
efficient, which is renormalized at the scale 2M, and the coupling coming from the
wavefunction, which is renormalized at a scale us of the order of the soft scale. The
decay width neither includes relativistic corrections to the bound-state wavefunc-
tion nor radiative corrections to the matching coefficients, where the former corrections,
as we have remarked, may be as much important as or more important than the O(a?)

3The expressions and for the Sommerfeld factors do not include relativistic corrections
to the wavefunctions. It is important to realize that in a non-abelian theory these corrections may
eventually turn out to be more important than considering corrections at next-to-leading order in «
to the free annihilation cross section, as the first ones are governed by the coupling at the soft scale,
whereas the latter ones are governed by the coupling at the hard scale 2M.
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corrections to the four-fermion matching coefﬁcientﬁ At leading order, the decay width
of a spin-triplet SU(N)-singlet pair in an nS wave reads

Nn
Fimto” = 53 CiMa(us)’a(2M)”, (9.16)

which vanishes for all nS bound states upon removing the dark light fermions from the
model, i.e. ny = 0. We considered such a theory without thermal light Dirac particles
in refs. [51}/52], and computed the annihilation cross sections of color-singlet and adjoint
unbound pairs, as well as the para- and orthodarkonium decay widths up to next-to-
leading order in the matching coefficients.

The results for the annihilation rates, that we obtained so far in this section, are
valid in both the laboratory and in the center-of-mass frame of the annihilating pair,
because we neglected the center-of-mass momentum-dependent dimension eight contact
terms in as well as in . Once we include them, we can compute the spin- and
color-averaged annihilation cross section in the laboratory frame up to second order in
the center-of-mass momentum of the annihilating pair, which is given by

1 0 1
(anm UMo)1ab (P, P) - = N2 [(Ugfnvfef)[ﬂ] (WE(O)F)M (P)
2
2 y(anr (O [adi] ((gladil/ 2 _*
+(N 1)(Uannvrel) <|\I’p (0)| )lab (P)} (1 4M2>
P2
- o (® (1- 5 ) (0.17

where we remind the reader that on the left hand side of eq. @ the Mgeller velocity
appears instead of the relative velocity. In the last line of (]9__]_7[) we have replaced
the squared SU(NV)-singlet and SU(N)-adjoint scattering wavefunctions at the origin
in the laboratory frame with the ones in the center-of-mass frame using the Lorentz
transformations derived in appendix in analogy to the abelian case. Eq.
holds also at higher order in the radiative corrections. Furthermore, the decay widths
for para- and orthodarkonia in the laboratory frame can be inferred from the annihilation
widths in the center-of-mass frame using the Lorentz contraction formula , which
is independent of the underlying gauge symmetry, here U(1) or SU(N).

9.2 Dipole transitions in SU(N)pm

In this section, we compute the formation and dissociation of bound states at leading
order in the multipole expansion, i.e. in the dipole limit, where the vertices are depicted
in fig. but now augmented with appropriate color factors. In addition, there are
two new vertices, the left and right one in fig. that would need to be taken into

4A simple analytic expression, that approximates the NLO correction to the bound-state wavefunc-
tion, can be found in ref. [148]. In ref. [51], we provide an analytic result for the paradarkonium
decay width up to order o in the matching coefficients, with n ¢ = 0, and the wavefunction correction
from [14§].
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Figure 9.1: Self-energy diagram of the bound state at dipole order 2 and at zeroth
order in velocity expansion (left-hand side). In the weakly coupled SU(N) theory, it is
expanded up to NLO in the coupling, where the first diagram in the second line is of order
a and the rest of the depicted diagrams is of order . The external solid lines represent
the color-singlet bound state, the double solid lines the color-adjoint state. The wavy
(dashed) lines denote transversal (longitudinal) gauge fields, whereas the curly lines the
full (transverse + longitudinal) gauge field propagator.

account; the left vertex, however, is of higher order in the coupling. Similarly as in the
abelian case, we first neglect the center-of-mass motion of the interacting heavy DM
pair, and draw the diagrams at order r? and up to NLO in a. In figure we show the
sum of the self-energy diagrams of the bound state up to the desired accuracy, where its
imaginary part comprises all kind of processes that lead to the dissociation of that heavy
singlet bound pair into a color-adjoint unbound state. One can draw similar diagrams
for the self-energy of the adjoint pair, whose imaginary part contains the reverse process,
namely the formation of a singlet bound stateﬂ

At leading order in perturbation theory, we have to compute only the first electric-
dipole diagram in the second line in fig. Switching the single solid with the double
solid line and using the optical theorem as in the abelian case, we obtain for the cross
section accounting for bound-state formation via on-shell gauge-field emission

(o) (6) = 5 ias) S (1 n(ABD) (atmlrlp) o (AER), (0.18)

nd,m

where |nfm) is the eigenstate of the Hamiltonian H, describing a bound state with
quantum numbers n, ¢ and m, |p) [adj] ig the eigenstate of the Hamiltonian H, labeled

SHereby one just needs to switch the solid with the double solid lines, and keep in mind that the
dashed lines cannot connect with the single solid lines representing the bound state.
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by the relative momentum p = Mwv,e/2 of the unbound dark fermion-antifermion pair,
and we have averaged over the N? — 1 configurations of the incoming dark fermion-
antifermion pair in the adjoint representation of SU(N). Although the result is at LO
in a, we have made explicit in eq. that the natural renormalization scale of the
electric-dipole coupling in such a process is a scale p,s of the order of the ultrasoft
scale. The formation of a bound state out of an unbound singlet state by emission
of a gauge boson is not possible in a non-abelian theory due to the SU(NN) charge
conservation, i.e. (O’bsf’l)re]>[n] (p) = 0. The total bound-state formation cross section

(Obstrel) (P) = D (07 vre1) (P), defined similarly to eq. (9-13)), is then just (N? —1)/N?

n
times (O'bsf’l]re])[adj] (p). It is the total bound-state formation cross section that can be
found in the literature [21,41].
For the reverse process, namely bound-state dissociation via absorption of an incom-
ing thermal gauge field, the thermal dissociation width of a bound pair with quantum
numbers n = (n, ¢, m) is given by

FnaLO = 9 N2 -1 ﬁ n,LO
bsd - ( ) (271_)30-[)5(1 (p)

3
= AN /k|>|Eb| (gﬂ];3 i (k] Uﬁ)ﬁo(k) 7 (9.19)

where Jﬁs’w (p) is the temperature-dependent dissociation cross section defined similarly
as in eq. (6.78) for the abelian case, E} = —M(Cpa)?/(4n?) is the binding energy and
the in-vacuum ionization cross section is

[adj]

3
. 1 M2
osO (k) = o aljue) ~5- [kl Ikl + BL |(nmlr|p) (9.20)

2
on (B) =35 ‘

Ipl=v/ M (|k|+E})

In the ionization cross section we have averaged over the N? — 1 degrees of freedom of
the incoming dark gauge field.

As for the abelian model, the remaining computational effort is in the electric dipole
matrix element, where we can take the general analytic result in the center-of-mass frame
given in appendix For the particular case of the ground state, the electric dipole
matrix element is given in (C.42)), which we insert into (9.18)) and (9.19) to compute the
formation of the ground state and its dissociation into an unbound SU(XN) adjoint pair.

The total bsf cross section for the ground state, at leading order in the electric dipole
coupling a(pys), is

4CF 2
(otarvra) (P) = 55 alptus) [1+ np(AED)] | (18[r(p) 24| (AED)?
2 «@
27208 Ok , 1t <72 = el) ¢ Nowgy arccot C;Fel
= a(ﬂus)mm (2Cr + N) ;3 E= 1+ np(AEY)],
rel |:1 + (CFQ> :| eN vrel — 1
Urel

(9.21)
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with p = M, /2 the incoming relative momentum of the adjoint pair, and

Muv? 2
AEP = 2Vl [1 + (CFO‘> ] . (9.22)

4 Urel

Our result agrees with the outcome of ref. [21]E|

Like in the abelian case, we thermally average the bsf cross section over the incoming
momenta of the adjoint pair following the Maxwell-Boltzmann distribution . In
the left panel of figure we plot the thermally averaged leading-order annihilation
and bsf cross section for the particular case of N = 2 (i.e. dark SU(2) gauge theory),
normalized by the thermally averaged free annihilation cross section at LO of an unbound
pair, cf. equation , as a function of M/T. We show the behaviour of the cross
sections with running coupling at one loop with one massless dark fermion (dashed lines)
and two massless fermions (solid lines). The benchmark value «(2M) = 0.03 is taken at
the hard scale, and it runs down to the smaller soft and ultrasoft scales, where one finds
a(2M) < a(ps) < a(uys) for typical non-relativistic velocities. We take ps = Muye/2
and fiys = Mv2,/4. We plot the annihilation of the singlet pair (orange lines), adjoint
pair (red lines) and the total annihilation cross section (brown lines). Comparing with
the abelian case in figure left, we see that the annihilation processes for the pair in a
color singlet show a similar behaviour, namely a Sommerfeld enhancement that increases
for smaller temperatures. However, the contribution for the adjoint pair annihilations
is suppressed by a Sommerfeld factor smaller than unity. This is due to the repulsive
potential experienced by the adjoint pair, which becomes more relevant for smaller T', and
thus lower velocities. The Sommerfeld effect, however, leads to an overall increase of the
total annihilation cross section (brown lines). The effect of a repulsive potential appears
also clearly in the bsf process (black lines). At variance with the abelian case, the rising
of the bsf cross section is saturated by the repulsive potential at small temperatures, and
the bsf process becomes progressively less likely. This is signaled by the fact that for
small vy, whereas the right-hand side of eq. goes like 1 /vy, the right-hand side of
eq. (9.21) is exponentially suppressed. The running coupling with ny = 2 light fermions
decreases the bsf cross section by a factor two with respect to a running with only one
light fermion for the full range of M /T shown in the plot. Instead for annihilations there
is almost no effect of whether « is running with only one or two fermions, because the
dependence of o on ny becomes more significant only at lower energies than the soft
scale, at which the Sommerfeld factors and are evaluated. We obtain similar
results for SU(N) with N > 2.

The dissociation width of an SU(N)-singlet ground state into an unbound adjoint
state is

3k
1S,L0 2 18,L0
e R = ) (9.2

SIn ref. [21], the authors distinguish between the coupling coming from the bound-state wavefunction,
renormalized at a soft scale of order M «, and the coupling coming from the scattering-state wavefunction,
renormalized at a soft scale of order Mwv,). In this work, however, we do not make a distinction between
these two soft scales at the level of the running of «, but we keep track of the ultrasoft scale in the
electric dipole coupling.
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Figure 9.2: (Left) Ratios of the thermally averaged cross sections at leading order over
the free LO annihilation cross section in the dark non-abelian model SU(2). The
orange (red) lines denote the ratio for the color-singlet (-adjoint) annihilation, the brown
lines for the total annihilation and the black lines for the 1S bsf. (Right) Thermal
dissociation widths over the 1S paradarkonium decay width at LO in the dark SU(2)
(black lines), SU(3) (orange lines) and SU(4) (brown lines) theory. Solid lines depict the
ratios for running coupling a, starting from a(2M) = 0.03, with ny = 2; dashed lines
for ny = 1.

where the ionization cross section, averaged over the incoming SU(N) gauge fields, is

2arctan(wi (|k]))
e NOpwi(kD

2372 |E|* (2CF + N)?
3 MIk[> N4C3

Ufgr%o(|k|) = a(ﬂus) [1 + (QNCFIU1(“<3D)2]

s )
e NCpwi (R —

(9.24)

with wi(|k|) = /|k|/|E}| —1. The expression is in agreement with the result of

ref. [50]. The right panel of figure shows the behaviour of the dissociation width,
normalized to the paradarkonium decay width at LO for the ground state, Figf ara
CEMa(us)3a(2M)? /4 with pg = Ma/2 and pus = Ma?/4, as a function of M/T for
different non-abelian models. Compared to the temperature-independent decay width,
the thermal bsd width falls off exponentially with decreasing 7" due to the dependence on
the Bose—Einstein distribution in eq. . Contrarily to the bsf cross section, varying
the flavor number ny has a negligible impact on the bsd width.

At next-to-leading order in the electric dipole coupling, we would need to compute the
self-energy diagrams at two loops, which corresponds to calculating all the subsequent
diagrams in figure We do not show the derivation in this work, but refer the reader
to the ref. |149], where the authors computed all diagrams contributing to the non-
abelian electric-electric correlator up to NLO in the real-time formalism. In the abelian
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model only one diagram shows up at next-to-leading order, corresponding to the second
diagram on the right-hand side in fig. [6.I, whose imaginary part captures the on-shell
dark photon emission, the bath-particle scattering and the one-to-three off-shell decay
process that has been extensively scrutinized in the sections [6.1.1.1) and [6.1.1.2, In
SU(N), this diagram, which matches with the second diagram in the second row in fig.
[0.1] gets augmented by the other two diagrams on the right. Hence from now on, by
a bath particle we understand the ny light fermions together with the dark gauge fields
that can self-interact. In this work, we disregard the diagrams depicted in the third,
fourth and fifth row in fig. We compute the imaginary part of the diagrams in the
second row with single solid and double solid lines interchanged, following closely the
computational steps done for the abelian case in sec. Then from the optical
theorem we obtain for the total bound-state formation cross section

N2 -1 " 4
= 7 2 Ohtre) it e (P)

n

4(AER)? w) [(149 72 5
= ;(Ugsfvrel)LO(p){l - %O‘(Mus) log ( ( 1215 ) ) + 06(/; ) [(36 + 7;) N — gnf}

L () ovs (CE)) o

where the a-suppressed terms in the second line survive at T' = 0, and the terms in the
third line correspond the thermal contributions. The function th;, that stems from the
massless thermal fermions in the loop, equals the AXjp-function derived in the abelian
case, cf. eq. . The term thh, that does not appear in the dark U(1) model,
originates from the contributions of the gauge bosons in the loop, i.e. the last two
diagrams in the first line in fig. with single solid and double solid lines exchanged.
It can be written, similarly as A}} , as an integral over a dimensionless variable t = |k|/T,
and reads

2 [ dt
thh(x) = 333/0 1 {(t2 + a:2) log

LO+NLO* (

(Jbsf vrel) p)

2 2

et — t—=x 22

t
H‘—l—twlog

- 2xt] . (9.26)

By the subscript NLO* we recall that the result in does not contain the complete
next-to-leading order corrections in «, since the two-loop diagrams in the third to fifth
row in fig. have been discarded. Hence, the index NLO* means that we consider
only a subset of the NLO self-energy diagrams, which encapsulates the Landau damping
phenomenon and the on-shell gauge field emission process.

The bound-state dissociation width at NLO* can be computed in a very similar way,
and the result is

n * d3p n BO 4 AE?L 2
Fbéz()+NL() = 2(N2 - 1)/ (27T>30bs7]£1()(p){1 - 70‘(#%) log ( M2 )

4 s
a(ps) [ (149 ﬂj 5 a(fhus) ¢ (AEY y (AEL
+——= [(36 + 3 N " + — nrX, T + NX,, — .(9.27)
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Like in the abelian theory, we observe that the higher-order terms in egs. and
remain suppressed for the particular hierarchy of energy scales given in eq. ,
where T < Ma?. However, despite the fact that the vacuum correction term is always
suppressed by a factor of « irrespective of the value of the temperature, the thermal
corrections increase with increasing T', and as soon as the scale hierarchy is realized,
perturbation theory breaks down signaling that the thermal parts of the diagrams in the
second row of fig. need to be resummed, as it was done in the U(1) model. The
contribution from the scale T' to the self-energy of the heavy pair can be inferred from
refs. [1291130,/150]. Hence, the imaginary part of the heavy-pair self-energy reads
a 1 2 (2 AT)? 2N log 2

Im [Z%r})] = CFETQTWQD |:€ + e + g — 22;2)) — log <(7rug > N Tinf:| , (9.28)
which shares the same infrared divergence with the abelian analogue in . Eq. -
contains a constant, given by the last term in the square bracket, that appears only in
non-abelian theories and is zero in the U(1) model. In order to get the contributions
from the scales mp ~ AE, we follow closely the analysis done in section for the
abelian case, and obtain

I (S, am)(AB)| = —Cp% TmDT

X [1 —YE + § — log <(AE) > 2ylong (AE> + Qytrans (AE>:| Ti ’ (9'29)
€ 3 T2 m mp

where the closed expressions for the dimensionless functions Y,"® and V7™ can be

taken from egs. (6.38) and 1) respectively. Eq. (9.30) is ultraviolet divergence. It
cancels the IR divergence in once we sum up the results (9.28)) and (9.30)), i.e.

Im [SY(AE)] = CF TmDr
1 CI(2) AE Nlog2 __ qlong ﬁ _ trans & i
X {'yE 1 ) + log 7t W Ten; Vin oo i oo r*.(9.30)

The Debye mass, that enters in ({9.30]), is not the same as the one in the abelian model,
cf. eq. (D.39)). Because of the gauge boson self-interactions, in SU(N) now reads

1
mp = \/ ;(NJFTan) aT. (9.31)

For the hierarchy given in , employing the optical theorem we eventually extract
the Debye-mass resummed bound-state formation cross section

(Ubsf vrel)resum4 (p) == Z (O-{)Lsf Urel)Lo (p)

~ T>AEP,

B 4(AED)? (tus) [ (149 2 5
{ = fatmos (U5 ) o 20 [ (B84 ) v - F

+ % (AEP>2 {1 TET 2/((22)) ~ log (Aﬁg) L (AmEp) SR (AEPH }2)
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and the Debye-mass resummed bound-state dissociation width

() = 2087 1) [ 82 0020(p)
' (2m) T>AE,

B 4(AER)? w) [(149 =2 5
x{—@?a(ﬂus)log< (MQ ) >+Ol(/; ) {<36—|—7;)N—9nf]

1/ mp \? ¢'(2) AEP long [ AER ans (AEP
+2<AE£> [1_”“@(2)_10g ar ) e G ) 000 G )|
(9.33)

where the thermal factors [1 + ng(AER)] and ng(AEL), that enter in the expressions
(of ’Urel)L()(p)’T>> AEP and agéfio(pMT» AED respectively, are approximated to leading
order in (AER)/T, which is T/(AEY) in both cases.

We neglect the suppressed T-independent corrections, do the dimensionless inte-
grations in th;, xt y,}‘ff‘g and Y numerically, and plot the total 1S bound-state
formation cross sections for the exemplary SU(2) model, thermally averaged according
to (B.15), at LO (dashed lines), up to NLO* (dotted lines) and with Debye-mass re-
summation (solid lines) in the left panel of figure The observables are normalized
by the free annihilation cross section at leading order, cf. eq. . Orange lines are
for the particular case of one massless dark fermion in the model, black lines for two
massless fermions. The coupling runs at one loop, with «(2M) = 0.03. On the right
panel we show the results for the dissociation widths of the ground state, normalized by
the 1S paradarkonium decay width at LO in eq. , with the same line properties
and colors as in the left panel. The rates share the same behaviour as the ones in the
abelian theory, cf. figures[6.3]and [6.6f At low temperatures of the order of the ultrasoft
energy scale, the lines approach each other, because the bath-particle scatterings become
insignificant compared to the on-shell thermal gauge-boson dissociation/absorption pro-
cesses. The bsf cross sections decrease due to the repulsive potential taking its effect
at low particle momenta. The bsd widths fall off due to the exponential decrease of
the Bose-Einstein distribution for T < AFEL. At earlier times close to the freeze-out,
however, the bath-particle scatterings become the dominating process, which increases
both the bsf cross section and bsd width by several orders of magnitude compared to
the processes induced via on-shell light-like gauge boson emissions or absorptions. As
in U(1)pm, if we treat the Landau screening processes only up to fixed NLO* instead of
resumming them properly, we notably overestimate the rates. Moreover, including more
massless dark fermions to the model leads to a decrease in the ratios of the observables
depicted in fig. over the full temperature range down to 10~°M, in our case going
from one to two fermion species corresponds to a reduction by a factor between 1.5
and 2. We obtain very similar results in the non-abelian gauge models SU(3)pn, which
resembles the QCD subgroup of the Standard Model in the weakly-coupled regime at
sufficiently large temperatures 7' < 500 MeV of the QGP, and SU(4)pn.

We remind the reader, that we did not consider the two-loop diagrams in the third
to fifth row in fig. which seem to have a particularly different structurial form
compared to the diagrams in the first row due to the additional vertex interactions
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Figure 9.3: (Left) Thermally averaged total bound-state formation cross sections for the
1S state at LO (dashed lines, cf. (9.21])), up to NLO=NLO* (dotted lines, cf. (9.25))
and with Debye mass resummation (solid lines, cf. (9.32)), plotted over M /T for ny =1
(orange lines) and ny = 2 (black lines) and running coupling with starting value o =
a(2M) = 0.03; normalized by the free LO annihilation cross section ([9.14)). (Right)
1S bound-state dissociation widths, normalized by the leading-order 1S paradarkonium
decay width . Both panels depict the rates for the particular SU(2) theory.

shown in figure 8.1l Despite the fact that the computation of the remaining diagrams
has been completed in ref. |[149] and thus we could in principle add the contributions to
the thermal rates in egs. and and in this way write down the results up
to full next-to-leading order, we did not study so far if any of these terms may become
large for large 7' in a similar way as the three two-loop diagrams in the second row in
fig. Hence, it remains to check if any of these diagrams needs to be resummed as
well, and if it shares any similarities with the familiar physical understanding behind
the Debye mass resummation.

We have neglected the non-relativistic motion of the center of mass of the heavy pair
so far. We would like to study quantitatively impact of the leading recoil corrections on
the bsf cross section and bsd width (9.23) for the ground state. At leading order
in perturbation theory, the total bound-state formation cross section in the laboratory
frame from dark heavy fermion-antifermion pairs charged under an SU(NN) gauge group
is given up to relative order P?/M? ~ T/M and AE}L/M by

4CF

= 5 () > (AER)? (14 np(AED))

n

a 112 n
x <1<n\rrp>{a§ﬂ\ F(p, P) +

(Ubsf UM(DI){:Sb (pv P)

P adj
(nlr - m\ml[abﬂ

2
2 (p, P)) . (9.34)
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Figure 9.4: (Left) Ratios of thermally averaged cross sections in the laboratory frame
with recoil corrections and the corresponding thermally averaged cross sections without
recoil corrections plotted as a function of M/T for the non-abelian model . The
orange solid and green dashed lines denote the ratios when taking the thermal average
of in SU(2) and SU(3), respectively, the brown solid and red dashed lines when
taking the thermal average of for the 1S state in SU(2) and SU(3), respectively.
(Right) Ratios of thermally averaged widths in the laboratory frame with recoil correc-
tions and the corresponding thermally averaged widths without recoil corrections plotted
as a function of M/T for the non-abelian model (8.1). The black dash-dotted line is
for the para- and orthodarkonium decay width, which is valid in any SU(N) model, the
brown solid and red dashed lines are for taking the thermal average of for the 1S
state in SU(2) and SU(3), respectively. The coupling runs at one loop, starting from
a(2M) = 0.03. The vertical lines mark the positions where T = M (Cra)?.

The functions F'(p, P) and FJ'(p, P) are defined in (6.63)) and (6.64)), respectively.
Similarly, the thermal bound-state dissociation width in the laboratory frame is given
up to relative order P?/M? ~ T/M and AEL/M by

d3

S (AED) (M)

CL(P) = Crain) [ 55

[adj]

[ad, n
x ()wr\p = Dy, P) + |tk - oI

Dg(p, P)) . (9.35)

The functions DY (p, P), D5 (p, P) are defined in (6.95) and (6.96), respectively. Now
in order to quantify the effect of the recoil corrections on the annihilation cross section

and bound-state formation cross section as well as on the decay width and bound-state
dissociation width, we follow the same procedure as in the abelian case and divide
those observables obtained in the laboratory frame with c.m. momentum dependence
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(thermally averaged according to (B.I)) or (B.9)), for instance (9.17)) or (9.34)), by the

corresponding ones that have been obtained at leading order in the coupling without
center-of-mass motion (thermally averaged according to ), e.g. or .
As for the cross sections, we show the ratios in the left panel of figure[9.4] and the ratios
for the bound-state annihilation and dissociation width in the right panel of figure
The coupling is taken to be o = 0.03 at the hard scale 2M and runs down to the lower
energy scales at one loop, and we choose ny = 1. We observe that the size of the
recoil corrections does not change much from SU(2) to SU(3). At high temperatures,
the relative effect of the recoil corrections is largest for the bound-state formation cross
section. Nevertheless, we observe that the radiative corrections, generating the Landau
damping effect at large T', have a much bigger impact on each of the thermal dipole
rates than the center-of-mass recoil corrections.

We have completed the study of the color-singlet bound-state to color-adjoint tran-
sitions at the dipole order in SU(N)py. As for color-adjoint to color-adjoint as well as
color-singlet scattering-state to color-adjoint transitions, that generate the continuum
dipole processes such as thermal emissions and absorptions, the corresponding cross
sections resemble those written in f in the abelian model. The only differ-
ences lie in the different color prefactors and in the different quantum-mechanical dipole
matrix elements, where the analytic expressions are collected in appendix [C]
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Chapter 10

Bound-state effects on the dark
matter relic density

In the following, we aim to solve the coupled Boltzmann equations for the dark SU(NV)
theory. Differently from the abelian case, the number density of scattering states com-
prises now the unbound pairs in both the SU(N) singlet and adjoint configurations. We
consider the simple case where we include the ground state only. The coupled equa-
tions can be traded with a single effective Boltzmann equation in the form of eq.
for unbound pairs. Since bound-state to bound-state transitions are zero in the SU(N)
models under study, the thermally averaged effective cross section does not get
modified by them. We work in the laboratory frame, where the thermal medium is at
rest, but do not account for the thermal motion of the center of mass of the heavy pairs,
because we checked that, as in the abelian case, the corrections on the dark matter relic
density due to the recoil are small, i.e. at the level of a few percent. At variance with
the relic-density study in ref. [51]E] we consider annihilations and decays at order o? in
the coupling. We use for the annihilation cross section the thermal average of eq. (9.13
and for the bsf cross section the thermal average of eq. if we stay at LO, eq. (9.25
if we work up to NLO* or eq. (9.32) if we do the resummation of the Debye mass scale
mp. We do it likewise for the dissociation widths at LO, cf. , up to NLO*, cf.
, or with resummed mp-scale, cf. E] For the annihilation widths we take
eqgs. (9.15) and (9.16]). We recall that the widths do not depend on any momentum, and
therefore they do not need to be thermally averaged.

In figure we plot the thermally averaged, Debye-mass resummed effective cross
section normalized to for the SU(2) (black solid line), SU(3) (orange solid line)

Tn ref. [51], we did not add light dark fermions to the model, but instead we analyzed the contribution
from the spin-triplet annihilation channel on the DM relic abundance by considering the annihilation
matching coefficients at O(a3), such that the orthodarkonia can still annihilate, although with an a-
suppressed rate compared to the spin-singlet bound states.

In the special case of N = 3, eq. can be associated with the dissociation width for heavy
quarkonium in pNRQCD, and in each of the two limits mp > AE and AE > mp it agrees with the
analytic expressions for the inelastic-parton scattering processes obtained in refs. [129//150]. On the other
hand, eq. matches with the gluo-dissociation width in ref. |151].
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Figure 10.1: Thermally averaged effective cross sections over in the SU(2), SU(3)
and SU(4) theory (black, orange and brown solid lines, respectively). The coupling, with
a = «a(2M) = 0.03, runs at one loop. Dashed lines represent the Sommerfeld-enhanced
annihilations in the three gauge models. The left panel is for ny = 1, the right panel for
ny = 2 massless fermions.

and SU(4) (brown solid line) theory. Dashed lines correspond to the thermally averaged,
Sommerfeld-enhanced annihilation cross section divided by . The coupling
runs at one loop, with a(2M) = 0.03. The left panel shows the ratios for ny = 1,
the right panel for ny = 2. The bell shape originates from the bound-state formation
and decay contribution, (o{5v.e) L5 /(TS + 15, being dominant with respect to
the annihilation term, (Ganntrel), for some N-dependent temperature regions. The solid
lines approach the dashed lines in the low-T' limit, because of the repulsive interaction
between the color-charged heavy DM fermion and antifermion that starts to dominate
at very small velocities, hence avoiding the heavy pair to form a bound state. Note
that the curves for ny = 1 (left panel) are above the curves for ny = 2 (right panel)
in the temperature region around the bell shape, i.e. increasing the number of light
fermions in the model decreases the ratio of the thermally averaged effective cross section
over the free annihilation cross section. The decrease in (TegVrel)/(Tanntrel) s, however,
significantly smaller than for the individual bsf and bsd rates, cf. the orange and black
lines in the left and right plots in fig. We do not show the plots for the effective
cross section at leading order or up to NLO*, because they barely deviate from the
Debye-mass resummed curves in fig. We checked that, like in the abelian case, the
correction on the dark matter relic density coming from the Landau damping processes
indeed turns out to be only of order of a few percent, despite the fact that these processes
increase the dipole rates by several orders of magnitude at high temperatures, cf. fig.
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Figure 10.2: Ratio of the DM energy density obtained from the effective cross section incl.
the ground state 1S, cf. eq. , over the density obtained from only the Sommerfeld-
enhanced annihilations, cf. eq. (9.13)); in SU(2) (black lines), SU(3) (orange lines) and in
SU(4) (brown lines). Rq,, is plotted as a function over av = a(2M) for fixed DM mass
M =1 TeV and ny =1 (solid lines) or ny = 2 (dashed lines) massless DM fermions.

[0.3] The reason is that at large T the dipole rates are in ionization equilibrium. Hence,
the net effect on the relic density is quite small, with corrections of order of a few percent,
i.e. of similar magnitude as the corrections coming from the center-of-mass recoil effect.
Therefore, from now on, we approximate the bound-state formation cross section and
bound-state dissociation width for the 1S state by the analytic expressions at LO, i.e.
and , respectively.

We would like to quantify the numerical impact on the DM energy density Qpaih?
when including bound-state effects from the 1S state, compared to the energy density as
a result of considering only the Sommerfeld-enhanced annihilation cross section
in the effective Boltzmann equation . In figure we plot the ratio of the present
energy density with bound-state formation and dissociation processes for the ground
state over the the one where only annihilations are taken into consideration. We plot
the ratio Rq,,, as a function of o = a(2M) for fixed DM mass M = 1 TeV in SU(2)
(black lines), SU(3) (orange lines) and in SU(4) (brown lines)ﬂ We observe that the
bound-state effects are more significant in SU(NN) models with increasing N, and that
Rqy,,, decreases approximately linear with increasing a(2M). For the largest considered
value «(2M) = 0.05 and only one dark massless fermion species included in the theory,
the present DM energy density is reduced, due to the presence of the ground state 1S,
down to about 27% with respect to the value it would have if the 1S would have been

3We checked numerically, that the ratio stays almost constant when varying the DM mass for fixed
coupling and N = (2,3,4).
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Figure 10.3: Contours in the parameter space (M, «), with a = a(2M), that correspond
to the observed DM energy density obtained from Sommerfeld-enhanced annihilations
only (dotted lines), or upon including the bound-state formation effect of the 1S ground
state (dashed lines). The left panel is for ny = 1, the right panel for ny = 2. The black,
orange and brown lines are for the SU(2), SU(3) and SU(4) model, respectively.

removed entirely from the effective Boltzmann equationﬁ As a comparison, in SU(2)
and SU(3) the value of Qpyh? is scaled down to about 81% and 52%, respectively. Since,
by comparing the solid lines on the left panel in fig. with the curves (with same
color) on the right panel, the ratio (oefvrel)/{(Tanntrel) decreases with increasing number
of dark massless fermion flavors in the temperature region around 1072M — 1074M. As
a consequence, the present relic-abundance ratio Rq,, increases, which can be seen in
fig. where the dashed lines for ny = 2 are always above the corresponding solid
lines (ny = 1). For a(2M) = 0.05, the increase is about 5-10% depending on N.
Despite the fact that Rqp,, increases with increasing ny, the present energy density
does not. On the contrary: if we increase the number ny of light fermions, the heavy
DM particles will annihilate more likely because of the additional annihilation channels
into these light particles, which can be seen the two plots in fig. We perform an
entire parameter scan for o and M, see the left panel in fig. for ny = 1 and the
right panel for n;y = 2, for which the numerical value of Qpyh<, obtained from solving
the Boltzmann equations up to the present time, equals 0.12, namely the measured relic
abundance. Upon increasing the number of light dark particle species, from fig.
we deduce, by comparing the contour lines on the left panel (ny = 1) with the ones on

4As a cross check for the validity of the numerical results obtained by solving the single effective
Boltzmann equation, we numerically evaluate also the coupled evolution equations. We observe a < 1%
difference to the obtained energy density in the SU(2), SU(3) and SU(4) model, which is within the
uncertainty of the measured relic density.
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the right panel (ny = 2), that for a fixed value of the coupling, let us pick for instance
a(2M) = 0.05, one needs a larger DM mass in order to secure that Qpyh? = 0.12,
e.g. M =5 TeV instead of M = 4 TeV in SU(3). In the opposite parametric case we
come to the following conclusion: For fixed DM mass, one needs a smaller value for the
coupling in order to maintain Qpyh? = 0.12 constantﬂ We therefore understand that
increasing the particle number ny increases (decreases) the effective cross section (the
ratio (TetVrel)/(Tanntrel), cf. fig. and hence decreases (increases) the present relic

density Qpyh? (the ratio Rop,,, cf. fig. H

5As an example: For M = 5 TeV, one requires a(2M) ~ 0.048 for ny = 1 and «a(2M) ~ 0.044 for
ny = 2 in the SU(4) theory.

5The reason why the observable oeg, and hence Qpmh?, behaves oppositely to the corresponding
ratio (Tefvrel)/(Canntrel), and hence Rqp,,, with increasing ny, is because the (Sommerfeld-enhanced)
annihilation cross section in ((9.13)) increases more strongly than the bound-state formation
cross section with growing number of light fermions, such that in overall the ratio (Tegtrel)/{TannUrel)
decreases. If we would decide to normalize the effective cross section by wa?/M?, as in the abelian case,
then the ratio would increase instead.
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Part V

Open quantum system approach

117



Chapter 11

Dark matter viewed as a reduced
open system

In this chapter, we discuss the interpretation of the heavy DM particles, in particular
the fermion-antifermion pairs, in a thermal bath as an open quantum system (OQS).
Our aim is to pursue a time-dependent out-of-equilibrium treatment to describe the
dynamics of the dark bound and scattering states during the freeze-out in the early
universe. As we have shown in the preceding chapters, many reactions near threshold
induce a quite complicated dynamics. On the one hand darkonium can dissociate via
interactions with the thermal medium, due to on-shell photo-absorption or due to bath-
particle scatterings, on the other hand the bound state may form e.g. through emission
of a dark gauge field at leading order in a. De-excitations of excited bound states can
also populate the lower-lying states, and together with the reverse process, i.e. the
thermally induced excitations, these transitions redistribute the relative abundance of
bound states within the thermal bath. All of these close-to-threshold transitions give
rise to a network of rate equations that are coupled, cf. egs. f. The dipole
reactions conserve the number of heavy particles, as can be seen upon summing up
the egs. f. Conversely at the hard scale, heavy-pair annihilations into highly
energetic light degrees of freedom effectively deplete the dark matter particles.

We stress that, so far, the numerical analysis of bound-state effects, center-of-mass
recoil and Debye-mass resummation corrections on the DM energy density in the chapters
and 10| for the dark U(1) and SU(/V) model, respectively, relied on the semi-classical
Boltzmann equations stated in eqs. 7, where kinetic equilibrium was taken for
granted and bound states were implemented from beginning on as on-shell degrees of
freedom. One may, however, question if these assumptions are reliable because bound
states do not exist as probes “injected” in the medium. It may take some time for the
dark fermions and antifermions to form a bound state configuration and, hence, inserting
bound states as on-shell degrees of freedom in a network of Boltzmann equations can
lead to an inaccurate description. We stress that the results based on spectral function
calculations and classical kinetic approaches leading to Boltzmann equations put the
emphasis on static and stationary aspects. Also, extracting the spectral functions from
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equilibrium correlators and using them for late-time out-of-equilibrium annihilations can
be questionable [23].

In general terms, an open system can be understood as a quantum system that is
coupled to another quantum system much larger in size, the latter representing the ther-
mal bath. Hence, the open quantum system is just a subsystem of the combined total
system (which most of the time is assumed to be closed and hence it follows a Hamil-
tonian unitary dynamics). The state or density operator of the open quantum system
evolves due to its internal dynamics as well as the interactions with the surroundings;
the latter may lead to certain system-environment correlations so that the corresponding
changes in time of the open system cannot be represented, in general, with a unitary
dynamics. Sometimes the open system is referred to as the reduced system, or simply
system as in the following sections. It is one of the main aims of the OQS theory to
derive the evolution equation for the density operator of the reduced system, denoted as
the reduced density operator, which is then called a quantum master equation. Once the
density of states of the system is known, one is able to extract all observables of interest
that indeed refer to the system only. It is then said that the environment has been
traced out and its initial correlation effects are encoded in the non-unitary evolution of
the system, that manifests through decoherence effects and dissipation.

We shall build on recent developments in heavy-ion phenomenology, where the time
evolution for the heavy-quarkonium number density has been recast in an OQS frame-
work [99}/152,|153]. Here the system is made of heavy quark-antiquark pairs, either in a
color-singlet or color-octet configuration, and the quark-gluon plasma represents the en-
vironment. We follow, in particular, the derivation in pNRQCD given in refs. |[152,/153],
and adapt it to the dark abelian model E| For the problem at hand in this work,
the early universe plasma plays the role of the environment, whereas the DM pairs cor-
respond to the reduced system. A critical aspect will however be treated differently in
the present case. We have to consider the dark fermion-antifermion annihilations, at
variance with the evolution of quark-antiquark pairs in the QGP. Since the hot QCD
medium lives for typical time scales smaller than the inverse annihilation rate, it follows
that heavy-quarkonium annihilations are practically irrelevant for the number density
evolutionﬂ In the dark SU(/V) model, however, annihilation processes need to be taken
into account since the primordial thermal universe is sustained at much longer time
scales. But the analysis that we are going to develop in the following sections for the
U(1)pm model, can be straightforwardly generalized to the weakly-coupled dark non-

abelian theory ({.1J) E|

LAs for the weakly-coupled SU(N)pm model and its EFTs developed in chapter one can
directly adopt the results from refs. [99}|152}153].

2The typical life-time of the thermal medium established in heavy-ion collisions is about 10-20 fm™!,
which is much shorter than the typical time scale set by heavy quark-antiquark annihilations, e.g. by at
least a factor of 100 for the Y(1S)-meson.

30ne has to be more cautious here, since this statement is only true if we consider in SU(N)pm
only the subset of diagrams at next-to-leading order associated to the bath-particle scatterings, which
correspond to the two-loop diagrams in the second row in fig. [0.1] If, however, we study the dynamics
at lower temperatures such that the hierarchy is realized, then the statement is correct to a good
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Of primary importance are the time scales that characterize the environment, the
system and the system-environment correlations. Such scales and their relative size are
at the base of the approximations that lead to tractable quantum master equations. We
recall from the chapters that the temperature scale T' (or 77, see the discussion in
Chapter footnote@ characterizes the thermal medium, whereas the binding and kinetic
energies Ma? and M vg(, respectively, define the energy scale of the dark matter systemﬁ
The intrinsic time scales of the system and environment are accordingly estimated as
s ~ {1/(Mv?),1/(Ma?)} and 75 ~ 1/T), respectively. Finally, the relaxation time 7p
defines the time-scale of the system evolution under the influence of the environment.
In analogy with the heavy-quarkonium case, the relaxation time is proportional to the
inverse self-energy of a heavy fermion-antifermion pair, that is driven by the electric-
dipole transitions as the dominant force in the dipole limit. Hence for T < Ma? (cf.
hierarchy in ), which is realized for most of the time after the thermal freeze-out,
we can estimate it by Tgip ~ 1/(cadT?), where ag is the Bohr radius In addition,

bound state annihilations proceed with Tgnn’b ~ 1/Tapn ~ M?a3/a? (see also sec.
footnote . We typically find T;nn’b > Tdip, meaning that bound-state formation and
dissociation processes happen much faster than heavy-pair annihilationsﬁ

In the following, we are going to consider the dynamics of the dark heavy-pair system
at temperatures of the order of or smaller than the ultrasoft scale, such that the hierarchy
of energy scales written in is certainly fulﬁlledﬂ and we will include annihilations

and the thermal motion of the center of mass, in this way extending the analysis done
in ref. [152/153].

11.1 Warm-up: Lindblad equation for annihilations exclu-
sively

Let us focus for the moment only on the dark fermion-antifermion annihilation reactions
and exclude the dipole transitions such as the formation of bound states. According
to the refs. [154,/155], non-relativistic annihilation processes can be incorporated into a
quantum master equation for the reduced density operator p of the annihilating dark
matter, that takes the form of a Lindblad equation [156L|157],

dp . il
E - 71[Heff’ ,0] + ; <Cnpcn - 5 {Cncnap}> ) (111)

degree of accuracy.

4If the dark matter system is in kinetic equilibrium with the thermal bath, which we always assumed
in this work so far, then the kinetic energy Mv% of the heavy dark fermion is of order T.

5We can infer the estimate of T;ip from the bsf cross section at LO in , where the squared dipole
matrix element is of order a3 and AE?, ~ T for the hierarchy of energy scales given in .

5At late times the situation changes for the dissociations, which are then exponentially suppressed
and hence I'lyqy < 'Ly, see the right plot in fig.

"Since for the hierarchy the interesting dynamics for the dark particles occurs when they are
non-relativistic, their abundance can be assumed to be diluted in the thermal plasma due to e M/IT « 1.
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where H.g is a hermitian operatorﬁ and the collapse operators C,,, also referred to
as the Lindblad operators, are responsible for the non-unitary evolution of the open
systemﬂ Eq. , where the right-hand side is called the Lindblad superoperator that
is only valid for an evolution in positive-time direction, is a linear Markovian differential
equation in p and fulfills the fundamental properties of a density operator: hermiticity
(p = p'), conserved probability (Tr[p] = 0) and positivity ((¢|p|d) > 0 V¢ € H, where H
denotes the Hilbert space of the reduced system).

The Lindblad equation has been applied to a single heavy-particle decay, for instance
an unstable muon, but also to deeply inelastic processes in ultracold atom systems [158].
In the latter example, the corresponding Lindblad equation reads [155]

500 = Haropo) = i3 [ @ [0 @) @)ps + 0yt (@)* (@) - 26%@py (@)
(11.2)
where the field ¢ annihilates a non-relativistic atom in the specific hyperfine state [1).
Equation describes the evolution for the reduced density operator p, of the heavy
cold atoms that trap to form a molecule, and the highly energetic degrees of freedom
¢ produced in the process, which escape the system after the deep-inelastic collision
P — @@, have been integrated outE
From the Lindblad equation we can derive the rate of change of the probability
P,(t) for finding n cold atoms 9 in the system,

Po(t) = (Aalpu(t)|An), (11.3)

An

that equals the partial trace of py over the multiparticle states |\,), where A,, comprises
the quantum numbers, for the n heavy atoms. We do the same for the terms on the
right-hand side of eq. (11.2)), for instance one of the anticommutator terms becomes

[ aloavt @t @ v = YD @ (o o @0 @)

=020 [ ol = " i (1)

where in the first and second equality we used the properties of the creation and an-
nihilation operators. We get the same result for the other anticommutator term. The
Lindblad term becomes

[ @ Ol @pen @) = D

% (Ant2]pplAnsa) (11.5)

8The effective Hamiltonian H.g usually consists of the internal Hamiltonian H of the reduced system,
augmented by an induced mass shift from the thermal medium.

9As can be seen, for C,, < Hegr, the Lindblad equation reduces to p &~ —i[Hes, p] and hence describes
an effective unitary evolution of the open quantum system, see also footnote [1] in appendix

"Note that the dimension of the continuous Lindblad operator C(z) = 9(x)? is three, hence the
width T has to scale as 1/M? accordingly, which has the dimension of a cross section, i.e. indeed the
pair-annihilation cross section.
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where again one factor of volume survives. The commutator term vanishes. The rate
equation for P,(t) therefore is

G Pult) =~ [n(n — DPa(t) — (0 1)(n+2)Paalt) (11.6)

We define the number operator

Ny = [ vt @), (11.7)

and the normal ordered squared number operator

N2 = / P / By () (y) o (w) () (11.8)

The number of cold atoms Ny, can be written in terms of the probability as
Ny =T [Nupe] = 30300 [ dovi(@i@) o h)
n o Ap
0 Y e ) = S, (11.9)
n An n
and hence the rate equation for IV, reads

in antpn :——Zn (n—1)Py(t) — (n+ 1)(n + 2) Pyya2(t)]

Zn (n—1)Pu(t) = > (n—2)(n — )nPu(t)
n=2

Zn (n—=1)Pa(t) = Y (n—2)(n— )nPy(t)

n=0

2
= —7 n(n— I)Pn(t), (11.10)

n

where in the first line we inserted eq. (11.6]), and in the second line we shifted the sum
of the second term. On the other hand, for the number squared Ni we obtain

N[N ] = S0l [ @ [yl @l @)ewve) sl
n  An
= Y - alpgh) = Ynle - VB0, (1L11)

n An n

Combining eqgs. (11.10) and (11.11)) we end up with

d

SN, =—2
dt Y

VNw, (11.12)
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or in terms of the number density, ny = Ny /V, eq. (11.12)) becomes
d
= —2an (11.13)

Defining the total number density n = 2n,, of two atoms that are lost in the process, we

finally geﬁ

%n = —I'n?, (11.14)
which resembles the standard Boltzmann equation for particle-antiparticle annihi-
lation, since I' is related to the annihilation cross section due to a dimensional analysis,
cf. footnote [10] in this section[

We now consider the case of heavy dark fermion-antifermion free annihilation pro-
cesses in NRQEDpy;, and apply similar methods we learned so far from the study of
inelastic collisions of ultracold atoms. If we neglect the dark light fermions, then an-
nihilations proceed via ¥y — v at leading order in the coupling. Hence the imag-
inary part of the matching coefficient ds of the dimension-six four-fermion operator
in provides the anti-hermitian part of the Lagrangian, that will be connected to
the Lindblad operators as we shall see in a moment. At variance with the previous
situation, we now have a system with two types of states: the particle ) and the an-
tiparticle y. Accordingly, we have two subsystems for the heavy dark matter species,
namely Sy for the 1-sector and S for the yx-sector. To be more precise, we define the
tensor-product state vector | X,,Y,,) = Z NN |1y, Xom ) = Z Mb)@ Z AX|xm) of the

tensor-product space H = Hy @ H, of the two 1ndependent subsystems Sy and S,
where {[¢,,)} and {|x,)} form an orthonormalbasis for #H, and H,, respectively, and
(WUl X [tn Xm) = Onnt Ommr 0 (W' —10)d(X' —x), where the eigenvalues 1, x shall comprise
the continuous as well as discrete quantum numbers like the momentum and the spin,
respectively, and n (m) denotes the number of (anti-)fermions in the state |¢,) (|xm))-
The Lindblad evolution equation for the density operator of the composite system can
be written in a matrix form,

4 < o Pux ) _ < [Hy, py] 0 ) _ ’L'F< 0 {Kpx pux} >

dt \ Pxy  Pxx 0 [Hy, pxx] 1K s Pxw} 0
, 0 Lo X" py wa>
il x X : 11.15
< Lo X1 pyy T x 0 ( )

where Hy and H, are the effective Hamiltonians, comprising the bilinear terms from
the first and second line of ({.1]), respectively, I' ~ Im[ds] 0 /M? and the anti-hermitian

HYWe remark that in an annihilation process the particle number can change only if the two annihilating
particles approach the same location point in space, thus the rate of change is proportional to the squared
of the number density, n?, instead of a single ny in the case of a decaying particle.

12The Boltzmann equation contains the recombination term on the right-hand side, which is
absent in eq. because heavy-pair creation processes have been excluded and hence do not appear

in the Lindblad equation (|11.2)).
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term reads

wa=/w*xx%, (11.16)

where we abbreviate [ = [d*z. We notice the following differences to the pair-
annihilation process of two cold atoms ¢ — ¢¢ considered in the previous case taken
from refs. |155/158]. First, we find four different combinations for the relevant heavy-
particle sector

(XnYm|pyy | XnYm) ,  (XnYm|pyy | XnYm) (11.17)
(XnYomloxw| XnYm) ,  (XnYmlpyx | XnYm) (11.18)

where the state |X,Y,,) contains n particles and m antiparticles. Then, because in
U(1)pwm there is no operator, and hence an associated process, that allows for particle-
particle or antiparticle-antiparticle annihilations, the corresponding entries in eq.
are zero. It means that py, and p,, evolve in time according to the unitary evolution,
where the number of heavy species does not deplete through processes that annihilate
two particles (or two-antiparticles) at the same time. Instead, the number of the heavy
species changes because of particle-antiparticle annihilations. One particle is removed
only if one antiparticle is also removed at the same time, and hence the process is
incorporated through the off-diagonal elements in eq. (11.15)).

We now proceed with the evaluation of the terms in the evolution equation for py,, in
(I1.15)). Recalling that x' is the field operator that annihilates an antiparticle, namely
X XnYm) = \/T|XnYm-1), we obtain

T
(XY [{ Ky, oy HXnYm) = 2V (X Yom | oy | Xn Yom) (11.19)
whereas from the Lindblad term one finds

r
[(X0 Yo / Xjrw Pyx ¢TX‘XnYm> = —=(n+1)(m+ D)(Xns1Yns1lppy | Xnt1Ynt1) -
€T

v
(11.20)
We define the joint probability to find n fermions and m antifermions similarly as in eq.

(L3,

Pom(t) = Z Z(Xnym|P¢x|XnYm> : (11.21)
Xn an
Then from the 12-matrix element of the Lindblad equation (|11.15)) it follows that
d r
@Pmm(t) =y [nm Py — (n+1)(m 4+ 1) Ppy1m1] - (11.22)

We define the normal ordered number operator for a particle-antiparticle pair similarly
as in eq. ([11.8]). Then for the number of heavy fermion-antifermion pairs we get

Nox =T [ Nuw o] = 3 30 (vl | [ wl@nund @) Xav

n7m X”l’Ym

= > nmPoym(t). (11.23)
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In the next step, we compute the number of fermions Ny and of antifermions N, in a
similar way. For the particle sector we obtain

Nw:Tr{prwx} = Z Z XY|/T/’Jr ) | XnYim)

n,m X, Ym

=ZZX|/wT 2)pu|X,)
n X,

= > 0> (XulpylXn) ZnP (11.24)
n Xn

where in the second line we recognize the partial trace

P = > (Vinlpyx|Yom) (11.25)

m Y,

and in the last line the particle probability

Pa(t) = (Xnlpy| Xn) - (11.26)
Xn

For the antiparticle sector we obtain analogously

Nx:Tr[priﬂx} = Z Z XY‘/ ) P | XnYom)

n,m X, Ym

= L0l [ @ @nvi)
m Y

= > m> VuloglYm) =D mPp(t), (11.27)
m Yo m

where the partial trace over the particles gives

Py = D> (Xnlpyxl Xn) (11.28)

n Xy

and the antiparticle probability is

Pm(t) = Z(Ym‘pX‘Ym> . (11'29)
Ym

We remark that the definitions above are consistent with the general notion of marginal
probabilities P, = Z Py and Pp, Z Py, m, since

> Pom = ZZZ (Xn Yol P XnYin) = > (Xnlpy| Xn) = P, (11.30)

m X, Ym Xn
an,m = ZZZ<XnYm|pwx’XnYm> = Z<Ym‘px‘ym> =P, (11.31)
n n Xn Ym Ym
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where we used eqs. ([11.21)), (11.25)) and (11.28]). Then from the rate equation (|11.22])
for the joint probability, upon summing over m and using relation (|11.30)), it follows

d d r
%: T Pm = Pi= %: [nm Py — (04 1)(m + 1) Pyt mea] (11.32)

and if we multiply by >  n, we then have
n

d r
- ] nP, = - % [an Py —n(n+1)(m+ 1)Pn+1,m+1]

r
= —VanPmm, (11.33)

where we have shifted the indices n and m in order to obtain the expression in the second

line. Plugging eqs. (11.23) and (11.24)) into (11.33]), we eventually get the rate equation
for the fermion particle number N,

Ny =——Ny, . (11.34)

We obtain the evolution equation for the antiparticles in a similar way, by summing eq.

(11.22)) over n and using (|11.31)),

d d r
En: %pn,m - %Pm =7 ] [nm Py — (n 4+ 1) (m 4+ 1) Py 1mi1] (11.35)

and multiplying by > m, which gives
m
d r 9
% Z um = —V [nm Pn,m — (TL + l)m(m + 1)Pn+1’m+1:|
m

n,m
r
n,m

If we insert (11.23) and (11.27) into (11.36]), we finally get

d r

We conclude with the following observation. As we already anticipated, the number of
particles Ny, (antiparticles N,) can change only by pair-annihilation with antiparticles
(particles). Hence, as we can read-off from egs. (11.34) and (11.37)), the rate of change
for Ny and N, depends on the fermion-antifermion number Ny,. The abundance for
the particles (antiparticles) depends on the number of particle-antiparticle pairs Ny, .
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Summing eqs. ((11.34]) and (11.37)) and dividing by the volume, we eventually obtain the
rate equation for the fermion-antifermion number density n = (Ny, + Ny)/V,

%n = —2%1\% = -2l nyn, = —%FnQ, (11.38)
where in the second equality we factorized Ny, = NyNN,, since we consider the fermion
and antifermion as free scatters and hence independent from each other prior to their
annihilation. In the last step we assumed an absence of asymmetry between the particles
and antiparticles, thus ny = n, = n/2. The rate equation can be compared with
the Boltzmann equation in ({2.6]).

The study so far applies to free S-wave heavy-pair annihilations at leading order
within NRQEDpy. It can be straightforwardly extended to annihilations of higher or-
der in the coupling, but also in the non-relativistic expansion by including four-fermion
operators of higher order than six. We did not consider soft Coulombic photon exchanges
that, as explained in the previous chapters, are of paramount importance when study-
ing the dark matter dynamics precisely at and after the thermal freeze-out. Instead of
implementing the analysis we gained so far within the pNRQEDpy theory, which then
accounts for the Sommerfeld enhancement effect, we rather pursue a different method
via a diagrammatic reformulation of the annihilations, together with the dipole pro-
cesses, within the real-time formalism in the next chapter. We aim to derive the comple
quantum master equations for the dark matter density operator, that encompass the
in-vacuum annihilations but also all the near-threshold processes at finite temperature
at one time.
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Chapter 12

Diagrammatic derivation of the
master equations

In this chapter, we aim to establish a diagrammatic out-of-equilibrium derivation of the
quantum master equations for the dark matter dynamics at times after the DM thermal
freeze-out according to the hierarchy given in , extending the formalism developed
in ref. [153] by accounting for the leading recoil effect in the laboratory frame, but also
by including the heavy-pair annihilation process.

The central object for the practical calculation is the reduced density operator of the
dark matter fermion-antifermion pairs, that can be either in a continuous scattering-state
or discrete bound-state configuration. It can be defined in terms of the corresponding
fields of pNRQEDpw, cf. eq. , in the real-time formalism. The doubling of the
degrees of freedom, giving rise to quantum fields of type-two on the lower time branch,
cf. appendix [D| for more details on the closed-time-path contour, is essential to build
the relevant correlator representing the reduced density matrix, which for a single dark
heavy pair is given by [152,(153]

(1t 7', RoY(t, 7, R)) = (', R|p(t;t)|r, R), (12.1)

where we do not consider mixed terms of bound and scattering states of the form cbZ(bs,
but only diagonal ones in eq. . In eq. , the density operator p has been
projected into position space in terms of center-of-mass coordinates, but one can also
project p on any state of interest, for instance on momentum states, where the correlator
on the left-hand side would then be with respect to the momentum space.

The main advantage of the present approach is to allow for a diagrammatic derivation
of the relevant in-vacuum and thermal processes: annihilations and decays, bound-state
formation and dissociation, excitations and deexcitations of bound heavy pairs as well
as thermal emissions and absorptions of unbound DM pairs. The diagrams can be
organized over exploiting the power counting of the operators in pNRQEDpy;, namely
as an expansion in 1/M, multipole expansion in 7 and in the coupling constant a. In
particular for the evolution of the bound-state density operator py(t';t), in the dipole
limit and at leading order in the center-of-mass momentum P and coupling «, the
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Figure 12.1: Diagrammatic expression of the evolution equation for the reduced bound-
state density operator pp in the real-time formalism, that corresponds to the propagator
((ﬁll’(t’,r’,R’)gf)g’T(t,r,R)) in position space. It is expanded up to O(r2?, P?/M?), and
consists of the diagrams on the right-hand side with electric-electric, magnetic-magnetic,
electric-magnetic and magnetic-electric correlators at leading order in «. Single solid
lines represent the bound-state propagator, double solid lines the scattering-state prop-
agator. The local vertex coming from the dimension-six four-fermion operators, denoted
by a cross in the last two diagrams of the first line, has an imaginary part that encom-
passes the decay of the bound pair into the dark light degrees of freedom. The black-dot
vertices in the self-energy diagrams in the second and third line denote one of the two
dipole vertices in fig. The numbers 1 or 2 near the vertices stand for insertions of
fields from the upper or lower branches of the closed-time path, respectively.

relevant diagrams are shown in figure We will consider only the dominant S-wave
annihilations and hence exclude the four-fermion operators of higher dimension than
six. We will take the imaginary parts of the matching coefficients ds and d,, at leading
order in «, cf. egs. , which are represented by the local cross vertex in the last two
diagrams of the first line in fig. The bound-state dissociation process and bound-
state to bound-state transitions are inherited in the self-energy diagrams in the second
and third row, respectively, where the black-dot vertex comprises the electric-dipole and
Rontgen vertex, cf. fig. As for the evolution equation for the scattering-state density
operator pg, one obtains the very similar structure of diagrams, by just replacing the
single solid lines by double solid lines in fig. [I2.1]
At order 1/MY and 7°, the only relevant diagram is the tree-level diagram

= e U0 gy (gt e IO (12.2)

2 1
and similarly for ps, where H = 2M +p? /M +P?/(4M) is the Hamiltonian of the reduced
dark matter system at leading order in the laboratory frame, cf. eq. (4.3)). The expression
in (T2.2)) indeed defines the reduced density matrix py(t,t) = e~ *HE=t0) g, (1g: ) et (t—to)
at leading order in the OQS formalismﬂ Our ultimate goal is to obtain a quantum

"Whenever there is no need for distinguishing two different time arguments, we will abbreviate
p(t,t) = p(t) for any time t.
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master equation for the system of the formE|

D) — it p(0)] + FL (1)), (12.3)

where the first term on the right-hand side describes the usual unitary evolution, whereas
the non-unitary dynamics is comprised in the second term. The density matrix p contains
both bound and scattering states, and we take it in a diagonal form p = diag(ps, ps)-
The effective Hamiltonian Hg is in general different from H due to interactions with the
thermal environment. We shall obtain in the next sections the explicit form of H.g and
F(t, p(t)), by including the effects of bound- and scattering-state annihilations and the
dipole transitions. In order to have a more simple and transparent overview, we treat
the reaction processes once at a time according to the power counting in pNRQEDpy,
and combine them into the quantum master equation comprising all interactions
at the end of this chapter.

12.1 Annihilations in a diluted system

As elaborated in chapter [2 the freeze-out dynamics is induced by the interplay between
the universe expansion rate and the pair-annihilation rate. The DM particles are in
equilibrium at high temperatures 7' > M at some initial stage of the universe evolution.
Then, the expanding universe cools down and the heavy dark particles depart from
equilibrium once T < M/ 25E| The Sommerfeld- and bound-state effects enlarge the
annihilation rate with decreasing T" and hence smaller DM velocities, but eventually at
late times all reactions fall out of equilibrium with respect to the expanding medium
and, although annihilations may still occur, they are almost inefficient.

In the diagrammatic framework, the annihilation of heavy pairs is implemented via
the last two diagrams in the first row of fig. for bound states, and similarly for scat-
tering states (by replacing single solid with double solid lines). We sum the contributions
from pp, and ps into p = diag(pp, ps). The 211-type diagram reads

t
/ dt, e—iH(t—tl) (7Z~5Vann) 6—iH(t1—to)p(to)eiH(t—to) , (124)
t

0

whereas the 221-type diagram is the complex conjugate, i.e.

t
/ dt, efiH(tfto)p(tO)eiH(tl7t0) (_iévann)T eiH(tftl) 7 (125)
t

0

2Notice that if no interactions with the thermal environment are present, the master equation
for the reduced system reduces to the von-Neumann equation for a standard closed quantum system, cf.
footnote [T] in appendix E
‘We can compare again the situation with heavy quarkonium in a quark-gluon plasma. Bottomonium
states in heavy-ion collisions will never experience a thermal freeze-out due to the short lifetime of the
QGP. Indeed, if we approximate the hadronization temperature of the hot QCD medium and the bottom
quark mass by T. =~ 200 MeV and M, ~ 5 GeV, respectively, then the smallest temperature-over-mass
ratio is T, /My ~ 1/25, and hence T is of the same order as the freeze-out temperature Tr ~ M /25.
However, the thermal QGP itself ceases to exists at this point.
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where the imaginary part of the local potential §V#"™ can be read-off from eq. (5.19). If

we inspect only S-wave annihilations at order 1/M?, V3™ = — 5;/([2) [2d5 - 8% (ds — dv)].

Taking into account the free diagram ((12.2)) and taking the time derivative according to
the Leibniz integral rule, we find
dp(t .
D~ i, ple)
+ (_iévann) e—iH(t—to)p(tO)eiH(t—to) + e—iH(t—to)p(tO)eiH(t—to) (_,L-(svann)’f . (12.6)

If we make the replacement e~ (=%0)p(tg; tg)et(t=10) 5 p(t:t) as in ref. [153] and
split the local potential into its real and imaginary part, we obtain

dp(t)

dt

which can already be compared with the Lindblad equation written in . Some
comments are in order. First, the Hamiltonian H gets augmented by the real part of the
local potential, giving rise to an effective Hamiltonian H.g as already anticipated in the
previous chapter. Hence Re[0V?*™] contributes only to the unitary evolution of the re-
duced system. Second, the anticommutator term in ([12.7)), which can be compared with
the anticommutator term in the Lindblad equation , implements the annihilation
of the heavy pairs and induces a non-hermitian evolution as opposed to the commutator
term. We will see in the subsequent chapter |13|that it indeed will correspond to the loss
term of DM heavy-pair states. The anticommutator term {Im[dV*™], p(t)} contributes
to F(t,p(t)) in eq. (12.3). There is, however, a caveat in (12.7)), because the right-hand
side violates the conservation of probability of the single heavy-pair state, i.e. Tr[p] = 0is
not consistent with eq. . A proper quantum master equation should be compatible
with the basic properties of the density operator and its probabilistic interpretation.

In order to circumvent this issue, we consider multi-pair density operators. In this
way one can follow the probability flow between sectors with different number of dark
matter pairs. In the context of NREFTSs, a similar discussion can be found in refs.
[155,|158]. In this work, we give a diagrammatic interpretation to multi-particle states
and the associated density operator within pNRQEDpy;. The key observation is that
the annihilation vertex in , as applied to a two-pair state, still generates one-
pair statesﬂ We consider a composite density matrix pryr made of two one-pair density
matrices pr and pyr, each of them of the form pyr) = diag(pp,1(5,11)5 p571(8711)) in the reduced
one-particle systems I and II respectively. Generalizing the definition in eq. , we
write for the density of a two-pair state priir = pr ® pn

(pra(th, 71, RY) diia (th, vh, BY) ¢ 5(t1, 71, R1) ol 5(t2, 72, Ra))
= (v}, Ry; 75, Ro|pryn(t',t) |71, Ri; 72, Ry)

= —i [H + Re[5V™™], p(t)] + {Im[sV™™], p(t)} , (12.7)

(12.8)

“We can approximate e~ (=10) p(¢y: to)eiH“*tO) = p(t;t), since corrections are of higher order than
1/M?2.

®The simultaneous annihilation of two heavy pairs would be an effect of order 1/M* that we do not
consider in this work.
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1I:

Figure 12.2: Diagrams at order r% in the multiple expansion and O(1/M?) in the local
potential, contributing to the two-pair density operator piii1 = p1 ® prr -

where in the last line we define t; = to =t and ¢} = ¢}, = ¢. Diagrammatically, we have
two disconnected graphs which are shown in fig. at order ¥ and 1/M?. We have
considered just one insertion at a time for the annihilation vertex, because two insertions
would give a suppressed correction of order 1/M*. Moreover, we work at order 7° and
do not include dipole diagrams in this section, since dipole transitions will be treated in
the subsequent section. The resulting evolution equation, that generalizes the one given

in eq. (12.6)) to a two-pair state, reads

%PHH(t) = {—i [H, pr(t)] + (=i6Vi™) p1(t) + pr(t) (—i5V1ann)T} ® pr(t)

o pu(t) @ { =i [Hr, pua(0)] + (=i0VE™) pua(t) + pur(t) (o™ | . (12.9)

Our goal is to arrive at an evolution equation for a one-pair density matrix. We take the
system I as the dark matter heavy-pair system of interest, but clearly the treatment at
this stage is symmetric with respect to system II. We perform the trace of equation
over system II and get

dpi(?)
dt

= —i [Hy + Re[6V{™™], pr ()] + {Im[6V;™™], pr(8) } + p1(8) Trrr [{Im[6ViT™ ], pri(8) }]
(12.10)
where Tryr [prr(t)] = 1, and the commutator vanishes under the trace. Tracing instead

(112.9) over system I, which leads to a quite similar evolution equation for pry, solving
for the anticommutator {Im[6V;{™"], prr(t)} and substituting it in (12.10)), leads to

dpi(t)
dt

— i [Hy + Rel6V™™], pr(8)] + {Im[0Vi*™, py(£)} — 201(¢) Trr [Em[Vie™] pr(1)]
(12.11)
and the equation for system I is now uncoupled from system II. The physical meaning of
the last term in eq. can be understood as a feed down of the composite two-pair
state into the one-pair sector due to the annihilation of a single heavy pair at order
1/M?. In other words, it injects a probability flow from a higher multi-pair state to a
state with lower DM pairs. The trace in implies that one has to sum over all
possible annihilations of a one-pair system, namely for both bound and scattering states.
As a crucial consistency check, we can perform the trace over system I of the right-hand
side of eq. , and observe that it vanishes (at variance with eq. ) The
evolution equation is, therefore, consistent with the probabilistic interpretation
of the one-pair density matrix. There is, however, an essential difference between
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and the Lindblad equation in , the latter being a linear differential equation in p.
The third term on the right-hand side of eq. is indeed quadratic in the one-pair
density matrix. The master equation does not acquire a Lindblad form, and,
hence, is not linear in the density operator.

There is a fundamental physical reasoning behind the difference between the evo-
lution equations (12.11) and (11.1)). First of all, the single closed Lindblad equation
accounts for the evolution of a general reduced density operator of the full multi-pair
state in the reduced heavy dark matter system, which in principle consists of an ensemble
of N dark heavy pairs. Instead, if we want to extract the time evolution of the one-pair
density operator, whose knowledge may be sufficient in order to calculate certain observ-
ables like the number density (that in turn is related to the DM relic abundance) or the
pressure of the heavy pairs in the thermal bath, by marginalizing/integrating over the
N —1 heavy pairs, one would encounter a network of coupled equations: the evolution of
the one-pair density is given by a self-term plus a sum over two-pair terms, the evolution
of the two-pair density is given by a self-term plus a sum over three-pair terms, and so on,
which in classical kinetic theory is known as the Bogoliubov-Born-Green-Kirkwood-Yvon
(BBGKY) hierarchy [159-162] ]

Second, in this work we have truncated the number of heavy pairs to only two, and
assumed the two-pair density operator pri11 to be decomposable into a direct product
of two one-pair densities p; and pry, which we expect to be adequate for diluted dark
matterﬂ Our procedure is closely related to the molecular chaos approximation in
kinetic theoryﬁ but built in from the start at the diagrammatic level, cf. fig. by
the separation of the two mutually non-interacting systems I and II, where the reduced
Hilbert space of the composite system I411I is a tensor product space Hit11 = Hi @ Hir,
such that for a pure state we can indeed write p = |p1¢11) (111 = |61)(P1| @ |P11) (11| =
P1 & pI11.

Since the quantum master equation is a closed evolution equation for a single
annihilating heavy dark matter pair, we will drop from now on the index I for the ease
of notation.

5We remark that the BBGKY hierarchy for the one-body, two-body, ..., distribution functions, that
one recovers by marginalizing the Liouville equation for the multiparticle joint phase-space distribution
function, is usually done for a closed system. In our case, the starting point would not be the von-
Neumann equation, but instead the Lindblad equation since the thermal environment has already been
traced out. But we expect there to be a, yet to be checked, consistency between the hierarchy obtained
in a closed quantum system and in an open quantum system.

"We assume a diluted system for the heavy dark matter pair evolution around freeze-out, and hence
expect the individual non-relativistic pairs to be localized at regions sufficiently far apart from each
other, such that their mutual wavefunctions do not overlap and hence any exchange density vanishes.
There is, therefore, no need to symmetrize the spatial wavefunctions and the bosonic quantum nature of
the fermion-antifermion pairs becomes irrelevant. The systems I and II, each representing a heavy DM
pair, are then distinguishable and obey a classical statistical behaviour.

8The assumption of molecular chaos is based on the hypothesis that the incoming velocities of colliding
particles are uncorrelated, and eventually allows to reduce the open network of linear evolution equations,
i.e. the BBGKY hiearchy, to a closed set of non-linear Boltzmann equations, in turns of loosing the time-
reversibility of the evolving system.
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12.2 Contributions from the dipole transitions

We focus now on the dipole interactions shown in the second and third row of fig.
that are generated by the dipole vertices depicted in fig. [£.I} and we recall that they
give rise to several reactions, that conserve the number of heavy pairs, and govern the
dynamics of the transitions between scattering and bound states. In other words, they
determine the relative populations of above- and below-threshold states. The self-energy
diagrams, that will contribute to the dissociation of the bound pairs within the bound-
state density evolution, are shown in figure As for bound-state to bound-state
transitions, we take into account the same diagrams upon replacing the double solid
lines in the loops by single solid lines. We do not display explicitly the one-loop self-
energy diagrams inheriting the bound-state formation as well as the continuum dipole
transitions that enter the evolution equation for pg, since they can be straightforwardly
obtained by replacing single with double solid lines in each of the self-energy diagrams
for the density py.

In close analogy with the analysis carried out in refs. [152,153], the full set of one-loop
dipole diagrams implement the following near-threshold observables that are dominant
for the hierarchy of energy scales in : (i) a thermal decay width of bound states
into scattering states by photo-dissociation; (ii) a correction to the mass of the bound
as well as scattering states; (iii) the generation of bound states through the emission
of dark photons from an above threshold scattering state. In addition, we include the
bound-to-bound transitions and the analogue process for the scattering states as well
as the recoil effect due to the relative motion of the center of mass of the heavy pairs
with respect to the thermal bath. Our derivation of the evolution equations follows
closely the steps given in ref. [153]. However, some differences hold that need to be
clarified. In ref. [153|, the dynamics via electric-dipole transitions involves color-singlet
and colored-octet quarkonia, that are described by different potentials, written in (8.8|)
at leading order, and hence different Hamiltonians. In the abelian case that is considered
in this chapter, there is no such distinction since bound and scattering states are both
included in the spectrum of the very same Hamiltonian. Only when projecting the
operators onto the Hilbert space of interest, i.e. either on bound or scattering states,
the corresponding self-energies, which are formally the same, acquire a clear meaning
for each of the two distinct parts of the heavy-pair energy spectrum. The projection of
the density operators on the Hilbert states of the dark matter pairs will be the subject
of the subsequent chapter

In the following, we shall label the self-energy diagrams in such a way that one can
still appreciate at this stage the processes for the bound- and scattering-state configu-
rations of a single heavy dark matter pair. Moreover, if we include a second heavy-pair
system II in analogy to the preceding section, we observe that it will not play a role for
the dipole transitions, i.e. the system II decouples entirely once we integrate it out, as
opposed to the annihilation processes. We will elaborate on this important point at the
end of this section. In the case of the dipole transitions, bound and scattering states can
turn into each other. For this reason we find it more convenient to directly start with
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Figure 12.3: One-loop self-energy diagrams contributing at order 72 and P2/M? to the
reduced bound-state density operator p,. In addition, there is a second set of diagrams
involving only single solid lines, that inherit the transitions among bound states, which
we do not display explicitily though. The tree-level diagrams have been already included

in fig.

two separate equations for the corresponding reduced density operators, and we give the
result for the evolution equations for p, and ps as followsﬂ

dpy(t)
dt

o 0)

+ (=i %s — %) pu(t) + po(t) (=i %ps — i%0) T 4 Zps(ps(2), ) + Epn(pp(t), 1)
(12.12)

for the bound-state density evolution, and

dps(t)
dt

—1i [Ha Ps (t)]

+ (_izsb - Z'Ess)ps (t) + ps(t)(_izsb - Z.Ess)Jr + Esb(pb(t)a t) + Ess(ps (t)v t) ’
(12.13)

for the scattering-state density evolution, where each of the self-energies s, 2y, Zsp,
Yiss and Zps, Zpp, =sb, —ss cOmprises several diagrams, namely@

) = X 4 R g yem 4 yyme (12.14)

9We remark that the leading order term, i.e. the first diagram on the right-hand side of fig. has
been already included in the preceding section when dealing with the annihilations. We add it also to
the egs. and to make the unitary commutator term noticeable. Later on, when summing
up the contributions from annihilations and dipole transitions, we take it into account only once.

1%We remind that the four ¥’s are all equal before we project on either bound or scattering states;
similarly for the =’s.

135



(1]
(1]

ee + Emm + Eem + Eme , (1215)

where we use the index notation in analogy to the self-energy expressions written in

section cf. eqgs. (6.56)—(6.59). The self-energies readﬂ

_isee(t) = (ig)? / dty ¥ B (1, R)e—1H(—12)y [ (1, RY)eiH(=12) (12.16)
to
~mm (ig)* [ —iH(—t2) N H (E—t2)
—ix (t):(4M)2 dtar - {Px,B(t,R)}e r-{Px,B(ty, R))}e ,
to
(12.17)
SN2t ) '
—inem(t) = (5\)4 dtyr - {Px,B(t,R)}e =)y E(ty, R)e 1) (12.18)
to
vme (ig)* [ —iH (t—t2) N i H (t—t2)
—iS"(t) = | di2r - E(t R)e 2Dy {Px,B(ty, R)}e 2) (12.19)
to

t
Eee(t) = ig(—ig) / dt [riEi(tz,R’)p(t)e*m@*tz)rjEﬂ‘(t,R)eiH(t*@+h.c.] . (12.20)

to

. _. t . )
gy = 919 [ T Px, B(ts, R)Yp(t)e H=t)p (P B(t, R)}etH(t-t2)
(4M)?
to

+hel, (12.21)

zem(t) = ngu\;g) / dt [r-{Px,B(tz,R’)}p(t)e—lH@—h)r.E(t,R)elH@—fﬂ+h.c.} ,
to

(12.22)

. s t ) .
=me(t) = nguv.;g)/t dts [r-E(tQ,R’)p(t)eﬂH(t*tZ)r-{Px,B(t, R)}ezH(t*tQ)Jrh.c.} .
0

(12.23)

The physical interpretation of the expressions above, its real and imaginary parts re-
spectively, is a thermal mass shift to the heavy pair mass on the one hand, a thermal
width and a thermal cross section on the other hand. When considering the self-energy
diagrams that involve both bound and scattering states, the imaginary parts implement
the photo-dissociation of a bound state into an unbound pair, whereas the loss of a scat-
tering state can be interpreted as a bound state forming together with the emission of
a dark photon. Excitations and de-excitations together with bremsstrahlung processes
correspond to Y, and Y44 respectively. For example, Zs implements the reverse process
of the one induced by the imaginary part of ¥, namely the formation of a bound-state
and a dark photon from a “decaying” scattering state. An explicit one-to-one corre-
spondence between the operators — appearing in the evolution equations
f and the thermal dipole rates will be shown in the next chapter.

Owing to the conservation of the probability for the sum of bound and scattering
states (in this section we exclude processes that annihilate away the heavy pairs), one

11n order to obtain the evolution eqs. (12.12) and (12.13), we have used the Leibniz integral rule,

followed by the replacement e™# (0 p(ty: o)™ (E710) x p(t;t) as in ref. [153].
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can find two relations among the various »’s and Z’s. Summing up egs. (12.12)) and
(12.13)), and taking the trace we obtain

T [ py(=i0s + (=i%06)! = i + (=iZ)1)| = Tr {Zas(pu(t,),8) + Eunlp (2 1), )}
(12.24)
Tr [ps(_izsb + (_Z.Esb)Jr - Z'Ess + (_izss)T)} =Tr {Ebs(pS(tv t)) t) + Ess(pS(ta t)7 t)} .
(12.25)

Such conditions reflect the optical theorem, which will manifest once we project them
onto either bound or scattering states in the subsequent chapter.

Since we invoked a second system II to derive a consistent master equation when
treating diagrammatically the annihilation process in the previous section, it comes
natural to ask whether the inclusion of the second system alters the derivation of the
evolution equation from the dipole diagrams. In fact, one finds that this is not the case.
Since we are working at order 2, there are two different sets of diagrams to be discussed.
The first set involves the dark photon to be always attached on either the heavy pair
in system I or the one in system II. Hence, the systems I and II are diagrammatically
disconnected. The second set corresponds to diagrams where the dark photon connects
the heavy pair in system I with the one in system II. For the first set of diagrams it
can be straightforwardly shown that, when tracing over the system II and reducing the
evolution equation for the composite density operator priir to pr for a single heavy-pair
state, one finds exactly the relations in eq. and for the system II. This
guarantees the first set of disjoint self-energy diagrams to vanish. As for the second set
of diagramms, where a dark photon connects the two single heavy-pair states, which
we call the dipole exchange diagrams (cf. fig. where we display only the electric-
transition exchange diagrams between the systems I and IT), we also find them to vanish
when tracing over the system II, see the detailed derivation in appendix [E] A more
intuitive argument is that this latter set of diagrams does not introduce any imaginary
part, and therefore does not induce a contribution to the non-unitary evolution of the
density operators.

12.3 Summary: quantum master equations

So far we have treated separately the processes that govern the evolution of the heavy
dark matter pairs at order 70, i.e. the annihilations, and at order r2, i.e. the dipole
transitions, in section [I2.1] and respectively. We combine now the individual results
into the overall evolution equations for the scattering- and bound-state density operators
ps and pp, respectively. They read in a compact form as follows:

dpdbit) = —i[Hoem pp(t)] + Fo(pn(t), ps(t)) (12.26)
dpc;ft) = i Haem ps(B)] + Fs(pn(t), ps(t)) (12.27)
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where the effective Hamiltonians are

Hbyeff = Hy+ Re[(SVba““] + Re[ZbS] + Re[Ebb] , (12.28)
Hs o = Hs+ Re[6VI"] + Re[Xg] + Re[Xss] , (12.29)

and the non-unitary evolution is dictated by Fj, = F™ + ]'—,fl ip, with

Ty (oo(0), ps(8)) = {Im[dVi™ ], po(8)} — 24 (¢) Tr [Lm[oV*™] p(8)] . (12.30)
Fo®(op(t), ps(t) = {Im[Sps], pp} + {Tm[Ses), o} + Za(ps) + Znn(pp) , (12.31)

for the bound-state density operator, and similar expressions hold for the scattering-state
density operator as well, with Fy = F&"" 4 F P

FM (oo(t), ps(t)) = {Im[0VE™], ps(£)} — 2p4(8) Tr [Im[0V*™] p(2)] ,  (12.32)
fgip(pb(t), ps(t)) = {Im[zsb], ,03} + {Im[zss], ,Os} + Esb(pb) + Ess (pS) . (1233)

The quantum master equations and do not look like a Lindblad equation,
cf. eq. (L1.1). However, following the derivation in ref. [152], it can be shown that in
the limit 7> Ma? the terms implementing the dipole transitions may be brought into
a Lindblad form, by extracting explicitly the expressions of the collapse operators from
the >’s and =’s. In this chapter we consider, however, the hierarchy , where the
temperature is ultrasoft and supposed to be related to most of the times after the DM
freeze-out. We neither pursue to match the master equations to a Lindbladian form nor
we aim to solve them directly in this work. Instead we want to determine the coupled rate
equations in the Boltzmann limit out of the equations of motion in ((12.26]) and (12.27)
for the reduced density operators pp and ps, respectively, in this way justifying the raison
d’étre of the Boltzmann equations that have been used in the previous chapters in order
to calculate the dark matter relic abundance.
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Chapter 13

Semi-classical limit: reduction to
Boltzmann-like equations

We would like to understand how the rate equations f together with the various
thermally averaged observables in the laboratory frame that have been computed in
this work, such as the bound-state formation cross section in , the bound-state
dissociation width (6.94), the transitions between different bound states (cf. (6.103) and
(6.104)), but also the annihilation cross section and decay widths — @
emerge from the quantum master equations and . In particular, we shall
highlight under which approximations the semi-classical limit in terms of the Boltzmann
transport equations can be approached.

A similar derivation has been put forward for heavy quarkonia in a hot QCD medium,
see e.g. refs. [99,|163H165]. We shall derive the evolution equations for the Wigner-
Weyl transform of the density matrix, known as the Wigner distribution function [166]E]
This is an object that generalizes the classical Boltzmann distribution function to the
quantum realm. The Wigner function is often dubbed a quasi-probability distribution,
most notably by the fact that it can take negative or even complex values due to the
uncertainty principle [171}(17 2]EI however only on compact regions of size i in phase
space. It is entirely positive semi-definite in the classical limit 2 — 0, or at regions in
phase space much larger than 7 (i.e. the semi-classical limit, where the phase space is
coarsered). We Wigner-transform the quantum master equations (12.26) and (12.27)
between a bra and a ket with the same discrete quantum numbers. Whenever it is

'The mapping between density operators and semi-classical distribution functions, which allows to
present the quantum nature of the system as a statistical theory on a classical phase space, is not unique
[167]. In fact, besides the Wigner distribution, common choices for the quasi-probability distribution,
arising because of different possibilities of operator orderings, involve the Glauber—Sudarshan (cf. refs.
[168,/169]) or Husimi functions (cf. ref. [170]) frequently used e.g. in the field of quantum optics. These
functions are related to each other in terms of Weierstrass transforms.

2To be more rigorous in terms of the notion of pseudo-differential operators, the Wigner function
corresponds to the symbol of the density operator (similarly to as H(x,p) denotes the Weyl-symbol
of the Hamiltonian operator H(&,p) in ordinary quantum mechanics), while the classical phase space
distribution function is the principal symbol.
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possible, we adopt the abbreviation (n, £, m) = n and (S, mg) = S. The quasi-probability
distribution function of a bound state with internal quantum numbers (n, S) 15EH€|

b s(t,P,R) = / P B(P 4+ P'/2;n; S|py|P — P'/2;n; S) (13.1)
and similarly for a scattering state, i.e.

fé(t,P,R,p,r)E/ ei”"”/ P R(P L P 2:p+ /2, S|ps|P — P'J2;p —D'/2;S) .

(13.2)
In case the quantum numbers in the bra and ket are not the same, we will note them
in the subscript of the Wigner functions (e.g. f ' SS’) Moreover, on the left-hand side
of eq. -, the subscript n has to be understood comprising the orbital and magnetic
quantum numbers, and the index S includes the total spin quantum number S and
the magnetic spin quantum number mg of the heavy-pair system. Next, we define the
Wigner transformation of a generic operator as

wT / ¢P"R(P + P'/2;n; S|O|P — P'/2;0; ) (13.3)

(and analogously for a projection onto scattering states) that we will use in the follow-
ing. It is important to note that the state vectors used in the definition of the Wigner
transforms f represent time-independent eigenstates of the Hamiltonian H,
cf. eq. at leading order. In the following calculations, we will project the energy
eigenstates into position space in order to create the wave functions of bound and scat-
tering states. For instance in the case of a para- or orthodarkonium, the projection gives
at leading order

(R,7|P;n; S) = PRy, (r)|S), (13.4)

where the residual ket refers to the spin. Moreover, we will use the completeness relations
for the position eigenstates and the bound and scattering states:

1 = //R|r;R><r;R\, (13.5)
1 = P;n;SY{(P;n; S P;p;SY(P;p;S|| . 13.6
Esj/P[D ) |+/p|p><p|] (13.6)

3Note that the Wigner distribution functions are dimensionless. Since [py] = [ps] = 0, [|P;n;S)] =
-3/2, [|P; p; )] = -3, it follows that [f2¢] = [f$] = 0. Integrating the Wigner functions, then
ny(R,t) = Z ny = Z [p f2.s corresponds to the bound-state number density, while n,(r, R,t) =

Z f Jp [§is the bcattermg state number density. Then Ny(t) = [ s and Ny(t) = [ [ ns count the

numbers of bound and unbound pairs, respectively.

“From now on we abbreviate [ = [ dz for position-space integrals and f I (2 > for integrals in
momentum space.
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We perform the Wigner transformations like in (13.1)) and ((13.2)) on the equations of mo-
tion (|12.26]) and (12.27)), respectively. The left-hand sides can be transformed straight-
forwardly, whereas

/

P P
—z' / PR P 5 1y o (0] 1P = i )
P 27 2

/ /

: / / / P P
= —i/ e R <E5+P /2 —Effp/Q) (P + <51 S]pp(0)| P = =35 5)

2
P o P P
- 5. PP RipyZ . P—_——n:
ZQM pr € < + ) ,7’L,S|pb(t)| 2 ,n,S)
__P-Vr [ PR L P
— 2M //6 <P+7,R,S’pb(t)yp 7)”7S>
P b

and similarly

P/ p/

/ / Ry p Vi o] 1P - Eip - i)
On the other hand, the commutator term —i [Re[0V*""], p| transforms in case of the

bound state with annihilation operators at order 1/M? as follows:

/ /

L P P
< [ PR o i S| RSV (6] [P - i)

= 3 [2Re[ds] — (S + 1)(Re[ds] — Re[d,)

< [ AR B (P - 050 1P - sz

= 3 [2Re[ds] — S(S + 1) (Re[ds] — Re[d,)

<X e (100 (P Timislanip - Toncs)

/

w0y, 0) (P+ 2

P/
s SlP - i)

5 [2Re[d,] = S(S +1)(Re[d,] — Re[d, )]
> (W5(0) W, (0)fh, 5t P, R) = W3, (0)0,(0) /L, 5(t, P, R)) , (13.9)

M

where in the first equality we used §?|S) = S(S+1)|S), in the second equality we inserted
the complete sets ((13.5) and (13.6)), where (p|py|n) = 0, and subsequently applied the
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identity [P = (27)363(P), which then cancels the momentum integral from the
completeness relation.

We may understand the semi-classical limit to be approached at late times. Hence,
in order to grasp the connection with the semi-classical transport equations, we write

/ /

P P
(P + —;n;S|pp(t)| P — 7;7%’;5)

2
P . . P’
~ (P + =5 Sle™ " py (0)e ™| P — —-sn'; 8)
: P P’
~ e BB P 4 31 Slpp(0)| P — 73”/;S> ; (13.10)

where in the second line we used the approximation already discussed in the previous

chapter, cf. footnote [ and in the last line we extracted the phase involving AE =
P4P'/2 P—P'/2

En -K,

can be understood of the form e~ ®/7s where the time scale of the bound-state system

is indeed 7¢ ~ 1/(Ma?). If we follow the system evolution for times ¢ > g, the
exponential phase oscillates very fast except for the case n’ = n and |P’| < |P|. This
is close in spirit to the rotating-wave approximation, and we call it the diagonal limit of
the density operator and evolution equationﬁ Hence, in the diagonal limit, upon setting
n; =nin , we observe that the Wigner transform of the commutator involving
Re[0V#""] vanishes. In fact, the cancellation between the two terms in the commutator
happens also when including higher dimensional annihilation operators in 1/M as well
as for —i[Re[X], p]. As for scattering states, the diagonal limit implies |p/| < |p| and

|P'| < |P|. Thus the master equations (12.26]) and (12.27)), upon applying the Wigner
transformations, reduce in the diagonal limit to

= MT’IZ (n’ 2 nQ) + 1;'—]\1;/ at leading order. The exponential factor

o P \
(82& + m : VR) fms(taPa R) - ]:b(pbaps) wr’ (1311)
0 P p s _
(815 + m : VR + 2M . Vr> fs(t,P,R,p,T) - fs(pbaps) WT’ (1312)

where on the left-hand sides we recover the familiar free-streaming terms that implement
the unitary evolution part, manifesting as a total time derivative acting on the distri-
butions, and since we omit higher-order center-of-mass dependent terms in H except
the leading-order kinetic energy P?/(4M), there is no diffusion term proportional to the
gradient V p.

We now focus on the non-unitary evolution part, and compute the right-hand side
of that may be superficially understood as a kind of collision term. We consider
first the dipole transitions and Wigner-transform the dipole term (—iXps — i34p)pp(t) +

5One may understand the diagonal limit by looking at the solution of the evolution equation,
(p(1)) ~ e~ 2Ep(0), at late times: (p(t — 00)) ~ [ dt e 2E (p(0)) = (p(0)) [, dt O(t)eAFt =
(p(0))(md(AE) —i/AFE), which has a non-vanishing real part only for AE = 0. Rotating-wave or secular
approximations are frequently used when solving Lindblad equations, see ref. [173] for a more pedagogical

introduction.
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pu(t)(—1Xps — i¥y)t in , which for the electric-dipole self-energy , after
inserting the completeness relations f and performing some manipulations
together with the Markov approximation and the kinetic equilibrium assumption for the
dark photons, results inP|[

¢ [ v | (j ’; (KD, (k) + K87 DY (k)|

7 . 3
X3 > — — (n|r|ng) (na |1 na)
ol AET2 4 W — ko + e
24 P
X (P + 7;n2;S|Pb(t)|P - S)
- ; (n1[r7|n2) (no|ri|n)
AER: + 2APPRRE g e

/

P P’
<P+ D S0P - i) )

+ / - (nlr ) plr )
p nzl AE}}I + —2(P+P4]/\3) kok? ko + ie
P’ P’
X (P + 7;n1;5|pb(t)|P - S)
— e (na|r?|p)(p|r'|n)
AEp 4 2E=PVRRE g e

/

P P
S0P - 5 s s) )

P
><<+2

(13.13)

The expression above simplifies further in the diagonal limit, where we set either n; = n

5The Markov approximation has been implemented via the variable substitution s = ¢t —to in 7
followed by the assumption that the time difference ¢t — ¢y is much larger than any other time scale,
such that f:o dtaf(t2) ~ [ dsf(t — s) [153]. Moreover, in chapter |2 we have clarified that, although
the expanding universe evolves in overall as an out-of-equilibrium system, the time dependency of the
temperature is rather mild at late times, and we can assume the thermal bath to be quasistatic to a
good degree of accuracy. Then we may approximate the time-ordered electric-field correlator as follows:

. . 4 . . .. . .
(B (R 0B (Raut = 5)) ~ [ e e R (DY () + K D)

"The heavy-pair propagators in (I3.13)) appear once we perform the integration over time, for instance

/ ds exp P+P /2—k EP+P /2+k) ]
/ i
= lim / dsexp ( P+P/2 k E5+P/2+k0—ie)s}: y ; .
e—0t 2 E52+P /2_E51+P /Z_k—k0+i€
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or ng = n, such that the density matrices factorize, i.e.
pr P’ P’ d*k o
—g? / / (P R(p oy 5 Slpp(t)| P — 2;n;S>/ ( [koDijl(k) + k’k]D??(k)}

2m)4
X{ > (afrdn’) (0’ |r|n)

n/

1 1
X / - i
(AE” APHP2RR: _joic  AER 4 AP=PU2koRE g ie)

4M
+/nWprm
P

(3 (3
X 7 L T __pr I i 9
<AEg 4 2PEPUDRRE _ popie  AEp 4 APPRRE g 26) }
(13.14)

and expand the heavy-pair propagators up to zeroth order in |P’|/M, resulting in

d*k
(2m)*

x{ > (nlr7 [y (n[r¥n) 2i Tm

/

~ig? 1% (0P, R) [ RO+ 4 DY)

1

AET, + 2ERE g+ e

n'
1
AED R e R R

+ [ Gl ) plr )20 1

}. (13.15)

Since in the diagonal limit the off-diagonal matrix elements of the density operator are
discarded, we loose the information of quantum superposition or quantum coherence of
the open dark matter system. At this stage, the Wigner distribution has been entirely
factorized out and we can compute the remaining terms in . Upon inserting
the time-ordered dark photon propagator at leading order, cf. egs. 7, we
recognize the terms in eq. to resemble the self-energy expressions we have al-
ready encountered in chapter [f], where we aimed to compute the individual thermal
dipole rates. We expand the recoil term in the propagators in eq. according
to , and evaluate the integrals analytically up to order P?/M? and AEL/M in
the recoil corrections as in chapter [ff The other self-energy expressions involving the
dark magnetic-magnetic, electric-magnetic and magnetic-electric correlators (cf. egs.
7, respectively) can be computed in the very same way. Summing up all
contributions, we eventually obtain

[(—izbs — i) pp(t) + pu(t)(—iZps — izbb)q ‘WT

(13.16)
= — [(TEa)tab(P) + (The-cx )1ab(P) + (T iab(P)] f2 5(t, P, R)
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where the bound-state dissociation width, de-excitation width and excitation width can
be read-off from the egs. (6.94), (6.103) and (6.104), respectively. We can call the ¥’s
altogether as the depletion term as it leads to a loss of the bound state (n,.S).

Next, we Wigner-transform Zps(ps(f),t) in eq. (12.12)), which for the electric-electric
part (cf. eq. ), upon applying the same approximations and manipulations as for
the ¥’s, reads

92//6“3/'12/ éj:; /pl /p2 { [ngzﬂ(k) +k"ksz?(1)(/<:)} (n|r?|p1)(pa2|r’|n)

) P’ P
XAEglJr?(l’JrlZW_ko_i_ie(P—i—k—lr2,p175’Ps(t)|P+k—2,p275>+h.c.}
Citpr—prr [ AR o _ Z,

gt [eswernr [ SR ]3 [BDE®) K DR (al )l o)
T (2’”) P1 J P2
i P1L+ P2
g P+k —_ h.c. 13.1
XAE£1+2PZ§\;’“2—kO+z‘efS<t’ kR ”')* C}’ (13.17)

where we first expanded the heavy-pair propagator to zeroth order in |P’|/M and then
used the following relation |163H§|

-, P’ P’ 4
[ e P Sl 0P~ apai) = [ em gy (t,P,R, BB ;pz,r) .
/ r
(13.18)
In the next step, we expand the scattering-state Wigner function around rg and in

k| < |P|, i.ef]

55 (e P R PP ) g (1P R PP )

+(7'—T0)'Vr0fg' (t’P7R7pl_;p2ar0> +kka§’ (taPaRaW7TO> Ty

2
(13.19)
and keep only the zeroth order term from now on. This simplifies the expression (13.17
significantly, since [ e~ P1=P2)" — (27)35%(p, —py), hence py = p; = p, and eq. (13.17

8The relation (I3.18)) can be straightforwardly proven by rewriting the Wigner function on the right-
hand side of ([13.18) according to , integrating over =, which in turn generates a delta function
that puts a constraint on the integral over the relative momentum.

9Truncating the Taylor-expanded distribution function in , known as the gradient expansion,
works if f* varies slowly on distances of the order of the Bohr radius a¢ of the heavy DM pair, i.e. if the
diffusion length v/ D7 > ap. On distances r much larger than the typical size of the fermion-antifermion
pair, the dipole matrix elements are quite suppressed due to a small overlap integral between bound-
and scattering-state wavefunctions. Moreover, we can expand in |k| < |P)| since recoil corrections are
small for non-relativistic dark matter.

145



d4k ij 11.] j % s
¢ [ ot [ [P0 + KEDR®)| tals ) plr o) 75 ¢, P R p.70)
p

X

(3 (3
(AEﬁ+W—ko+ie AE£+M—ko—ie>
= —2/Im [(28) (p, P)] f&(t,P,R,p,T0) , (13.20)
P

and adding up the Wigner transforms of (12.21)—(12.23)), we obtain

Z4(ps(6),1)

WT

= =2 [ (1w [(21) (9. P)] + o0 [(S3) 5 P)
+Im [(5,) (p, P)] +Im [(S5,,) (. P)]) f5 (8, P, R, p, m0)

= /(Jbsf’UMQSl)lab(p7 P)fé (tv P7R7p7 TO) )
P

(13.21)
where the bound-state formation cross section can be read-off from (6.62)). An analogous
computation gives

Zw(po(0).1)] = [Z( Bt ian(P) + D (T8 an(P) | S 5(t. P.R) . (13.22)

n'>n n'<n

We can call the Z’s altogether as the recombination term, since it creates a bound state
(n,S) out of a scattering state or via (de-)excitation of another bound state (n’,.S),
and we sum over all of them. We have worked out all contributions from the dipole
transitions, so that in total we get

Fy®(p(0), ps(t))‘ = — [(Thea)1ab(P) + (Dlecex 1ab(P) + (T 1ab(P)] fr s (t, P, R)

WT
+ /(Gbsf UMl )1ab(P, P) f$ (1, P, R, p,70)
p

+ 1 D CEan(P) + Y (Ce hun(P) | frs(t, P, R).

n'>n n'<n

(13.23)
Indeed, the non-unitary evolution of a specific bound state of interest, with quantum
numbers (n, S), is governed by all processes at order r2, and we have already calculated
all individual interaction rates in chapter [f] On the one hand, in the first line of eq.
one sees the processes that deplete the bound state: photo-dissociation and exci-
tations or de-excitations. On the other hand, in the second and third line, the processes
responsible for the regeneration of the bound state are the bound-state formation from
a scattering state and excitations as well as de-excitations into the bound state of refer-
ence. The two classes of processes determine the loss and gain term in a Boltzmann-like
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semi-classical transport equation, respectively. We now consider the annihilation terms
in eq. . An important difference with respect to the dipole transitions is that an-
nihilation processes are sensitive to the total spin S of the heavy DM pair. We perform
the same steps as outlined so far for a generic spin state S, and the Wigner transform
of the anticommutator {Im[6V,*""], pp(t)}, with

ann 53(T) 2
Im [§V*™"] = — e [2Im [d,] — S (Im [d;] — Im [d,])]
3 r . ; ..
+6]\£[4) "V% [21m [geem) 6ij — S% (Im [geem] — Im [gacm]) 655 + S°S? Tm [9bem]
3 T
- _5]\22) [2Im [ds] — S? (Im [d,] — Im [d,])] <1 + ﬁ\;‘g) : (13.24)

where in the second equality we used the relations (5.15)) from reparametrization invari-
ance, becomes

_% [QIm[dS] — S(S + 1)(Im[ds] - Im[dv])]

/ /

L P P
XZ//eZP T ¢ (0)¢s,(0) 1—4Mg> (P A+ <im1; S|pp(t)| P — =5 m5.5)

A 2
* (P_ %) P’ P
+wn1(0)¢n(0) l1-—-— <P+?;n§S|Pb(t)|P—?;n1;S>

(13.25)

In the diagonal limit, where we single out the bound state contribution with n; = n and
expand the factors to zeroth order in P’, the density matrix factorizes (and so does the
Wigner distribution function), and we obtain

3V, (0} || =~ 2] = §( + 1)(Imd,] — Tl )]
2
< (1= oz ) O Res(e. PRy (13:20)

=~ (I%) 1 (P) fr s(t, P, R),

ann

where the decay width corresponds either to the para- or orthodarkonium decay width
for S =0or S =1, respectively (cf. first lines in (5.30) and (5.31)), respectively). Hence,
the anticommutator term leads to a depletion of the bound state (n,S), in agreement
with the general behaviour of the anticommutator term in the Lindblad equation (]E .

We finally Wigner-transform the trace term —2p,(t) Tr [Im[6V "] p(t)] in eq. (12.30
where we recall that p(t) = diag(py(t), ps(t)), and get

—20,(t) Tr [V (1)) | = =2f2 (8, P, R) Te [V ple)] . (13.27)
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Splitting the trace as Tr[0] = Y [p (Z(P;n;S\O\P;n; S) + fp<P;p;S\(’)\P;p; S)),

S n
plugging in ([13.24) and inserting complete sets (13.5)—(13.6)), we obtain after some ma-
nipulations

~2pp(t) Tr [ml6V*™ p(1)] | = 2f2 s(t, P, R)

. SZ g [2mld] — $1(S1 -+ 1)(Imld] — Tm[d,]) /P (1 B 41;}2>

{ > (0)(Pr; na; Si|py(t)| Py my; St)
/ / (0)(P1; p2; S1lps(t )P1;p1;51>}. (13.28)

In the next step, we insert, similarly as in ref. [99], the identity 1 = fP,(27r)353(P’) =

Ip I e’ into (13.28) and shift the ket and the bra by the momentum P’/2, i.e.
|P; — P’'/2) and (P; + P’/2| in order to make the density matrices appear as in the

definition of the Wigner distributions, cf. eqs. (13.1)—(13.2)). Using the relation ({13.18))
for the scattering-state density matrix, eq. (13.28]) becomes

—~2p5(t) T [V p(0)]| = 2f% 5(t, P, R)

1 p}
XZW [2m(dy] — S1(S1 + 1)(Tm[dy] — Tm[d,])] /P (1_ 4M2>

/ / TR, )<P1+P 12 Sl\Pb()!Pl—g'anl)
R — 2% 2 b
+ / , / / T}, (0)¥p, (0) / PPy (t,Pl,R’,pl";p?,r’) }
P1 v P2 T
(13.29)

We take the diagonal limit by setting ne = n; and perform the gradient expansion of the
Wigner distribution of the scattering state up to zeroth order in 7’ around some value
ro (cf. eq. ), which enables us to do the 7’ integration straightforwardly, yielding
the constraint po = p;. Renaming R’ = R;, we end up with

~2pp(t) T [0V p(0)] | = f1 5(t, P, R)

A%
: Z/ /R { FZIlthl)lab (Pl)fgl,sl (t7 Pl’Rl)
Sl 1

ni

+4/ (CannVnia)iy, (P1, P1) £5, (t, P1, Ry, p1,70) } ;
P1

(13.30)
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where the superscript S7 in the spin-averaged annihilation cross section, cf. eq. ,
denotes that we pick up only the S; spin state. Together with the contribution from the
anticommutator in , the non-unitary collision operator, induced by dark fermion-
antifermion annihilations, reads

F(ot).ps(0)] = = (i) (P) 5t P. )

4 fz,su,P,R)SZl /P 1 /R 1 {Z (Tn5) (P f, s, (1, Py Ry)

ni

+ 4/ (O'annUM(zl)iilb (plapl) fg‘l (t7P1,R1ap1,7‘0) } .
P1

(13.31)
As can be seen, the first line implements a depletion of the bound state (n,.S), whereas
the second and third line correspond to the feed-down from the heavy two-pair states,
which come from both bound- and scattering-state configurations. Our initial assump-
tion for a composite density operator pr411 of a two heavy-pair system to be decomposable
into a direct product p; ® prr, translates into factorized Wigner distribution functions in
eq. (13.31), i.e. fg,s fg1,S1 and fg s/§,- However, in case of a more general, entangled
density operator pri11 # p1® prr, we would expect an outcome involving a two heavy-pair
distribution function like f(¢, P, R, P;, R;) to appear, that is not separable in general.
It would make an attempt to solve the Boltzmann transport equations tremendously
difficult, since the coupled equations are not closed, i.e. we would need an additional
equation of motion for the two-pair distribution, which in turn depends on a three-pair
distribution, and so on. Instead, the outcomes in and result in a set
of coupled but closed Boltzmann equations, which, upon plugging them into ,
eventually leads to the following bound-state evolution equation:

(aat + % ' VR) fz,s(tvpv R)
= — (T3 1 (P) + Tha)an(P) + (Tieex )1ab(P) + (T 1ab (P)] 1 5(t, P, R)

ey ) ), { D (T2, (PO f 5, (0P )

ni

+ 4/ (JannUMgl)ilb (Pla Pl) fg‘l (ta P, Ry, p, T‘O) }
p1
+ /(Ubsf UMQ)l)lab(pv P)fg’ <t7P7 R7 P, TO)
p

+

> T (P)+ ) (Fgc._m)lab(P)] fs(t, P R),
n'>n n’'<n

(13.32)
which is a partial integro-differential equation, and, hence, still difficult to solve in gen-

eral. Besides the dipole approximation, we recall the various approximations that have
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been made along the reduction from the full quantum master equation to the
semi-classical transport equation : (i) In the dilute limit we truncate the system
to only two heavy dark matter pairs, i.e. systems I and II, and consider only diagrams
at leading order in the density operator, cf. fig. (ii) We discard quantum entan-
glement by decomposing pri11 = p1 ® pr1, known as molecular chaos approximation. (iii)
We implement the Markov approximation in order to pass from a two-times dependence
in the ¥’s and =’s in eqs. f to a single time variable. (iv) In the rotating-
wave approximation, we omit the off-diagonal density-matrix elements, enabling us to
factorize the distribution function from the interaction rates in return of loosing the
quantum superposition property of the DM system. It is closely connected to the gradi-
ent expansion and to what we have called as the diagonal limit. In order to relate
to the familiar integrated Boltzmann equation for the bound-state number density, cf.
eqs. 7, three additional assumptions are required: (v) Another molecular chaos
approximation, where f¢ (¢, P, R,p,r0) = fx(t,p1,71)fx(t,p2,72). (vi) Isotropy of the
thermal bath, i.e. neglect the r, R dependence in the distribution. (vii) Assume the
dark matter pairs to be kinetically equilibrated with the thermal bath, such that

b,eq e
fhs(t, P) = fn’ssiqp‘)ni(t), fx(t,p1) = Mnx(t), (13.33)
' n,eq NX eq

with n(t) = nx(t) + ng(t) = 2nx(t), and where the bound-state number densities in
equilibrium, n;?eq, have been written chapter m footnote (see also the definition of n3
in footnote 3 at the beginning of this chapter), and the particle number density in equi-
librium, neq, can be read-off from eq. . Taking into account all those approximations
and the expansion rate of the universe, integrating the bound-state transport equation
over the total momentum P and summing over the total spin S = {0, 1}, where
we recognize the thermal-average expressions of the observables in the laboratory frame,

we end up with
(01 + 3H )ny(t)

= —(|(Tmparay o4 (Tmortho) 0 + (T tab + (Tecex )ab + (FZX.)lab} Nab T ()

—

=

+ (st Mot )b 7 (1) + | D ((Thd abhab + <(Fg¢.—m)lab>lab] s (t)

n’'>n n'<n
(13.34)
where we have dropped the recombination term with respect to annihilations, since it
is quadratic in the distribution function and hence suppressed. We finally recover the
rate equation for the bound pair, upon summing egs. and , that we have
used throughout this work whenever we were interested in the computation of the dark
matter relic abundance[[%]

10Tn the familiar Boltzmann equations 7 there are additional terms (F:;li)nf;,eq, which do
not appear in eq. . The reason is that such a recombination term corresponds to the creation of
a heavy dark fermion-antifermion pair out of the light degrees of freedom, but those reversed processes
to the annihilations have not been included in the present treatment.
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So far we have derived explicitly and step-by-step the Boltzmann transport equation
for the Wigner distribution function of a dark matter bound state. We will not reiterate
the calculation, but in a very similar way and under the same approximations one
may compute the transport equation for the Wigner distribution of a scattering state,
to which eq. is ultimately coupled. Hence, in the semi-classical limit one may
recover the Boltzmann equation that has been extensively used in this work in order
to obtain a numerical solution for the present dark matter energy density. However, since
we identified and elaborated thoroughly all the underlying approximations, it would be
desirable to examine quantitatively the order of uncertainty on Qpnh? induced by these
simplifications, in this way establishing a better control of the full accuracy from the
theoretical side on the precise value of the DM relic abundance.
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Part VI

Summary and conclusions
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Unveiling the dark matter identity from the hidden sector, which so far manifests
only through its gravitational effects on large scales such as galaxies or galaxy clusters,
has been one of the essential ambitions in astrophysics, cosmology and particle physics
since over several decades. Because the dark sector contributes to the total abundance
of the universe by a factor of five compared to the visible sector, it is indispensable to
uncover the fundamental DM properties in order to have a more profound understanding
of the cosmos. A viable and well motivated possibility consists of extending the Standard
Model of particle physics by additional novel particles that are not charged with respect
to the SM gauge group, which qualifies them as dark degrees of freedom, but imposing a
new dark gauge symmetry to which they couple. As prototypical dark matter models, we
have considered a QED-like dark sector made of dark Dirac fermions and dark photons,
dubbed as QEDpy; or U(1)py in this work, and the corresponding non-abelian version
featuring an SU(N)py gauge group. We allow for several dark fermion flavors, where,
however, one of the species is assumed to be much heavier than the others. Hence it
accounts for most of the mass within the dark sector and dominates the present DM relic
abundance, which is set by the thermal freeze-out of the heavy particle during the early
expanding universe. Since U(1)py or SU(N )py resemble strongly the gauge symmetries
within the SM, there has been a considerable effort in transferring and extending known
techniques adopted in atomic and heavy-quarkonium physics to dark matter models in
the recent years, both at zero and finite temperature. Indeed, whenever the massive
dark particles experience self-interactions through a massless or light vector mediator,
the dark particle dynamics shares some similarities with the one of positronium in QED,
or even heavy quarkonium in a quark gluon plasma. In fact, the generation of bound
states of dark fermion-antifermion pairs, that we call darkonia to make a close connection
to e.g. positronia or bottomonia, turns out to have a strong impact on the DM relic
density evolution. It is therefore of paramount importance to determine the relevant
processes and the associated reaction rates at a precise level as well as to keep possible
theoretical uncertainties under systematic control.

In the context of the freeze-out mechanism, the relevant interactions, that determine
the non-equilibrium dynamics of the non-relativistic dark matter particles, and the rel-
ative strengths among them are mainly dictated according to the hierarchy of energy
scales, where we find two distinct scale arrangements given in and . In par-
ticular, in U(1)pm and SU(N)py the DM number-changing processes are induced by
particle-antiparticle annihilations and decays, augmented by the bound-state effects such
as the formation and dissociation of bound states, dubbed bsf and bsd, respectively, as
well as the transitions among the bound states; the latter only realized in U(1)py. Since
the thermal and internal energy scales are hierarchically ordered for each arrangements
in and , we can systematically replace the full relativistic theories U(1)py and
SU(N)pm, with all the scales intertwined resulting in a pretty cumbersome computa-
tion of corresponding physical quantities, by a tower of simpler non-relativistic effective
field theories for the effective degrees of freedom that describe the physics of interest
at the Lagrangian level, where long- and short-range contributions are factorized for
any observable and hence the contribution from each scale becomes transparent. In
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this way one can systematically improve the accuracy of the physical observables by
including radiative corrections in the coupling and relativistic corrections in the particle
momenta, cf. fig. guided by the power counting of the effective theory. In this
work, we have scrutinized the implementation of non-relativistic effective field theories
at finite temperature, i.e. abelian and non-abelian (p)NREFTspy, cf. chapters [4] and
respectively, in order to address the dynamics of heavy dark matter in the thermal
environment provided by the dark sector of the early expanding universe. The main aim
has been to provide a detailed step-by-step computation of the aforementioned relevant
reactions. We refer to part [[T]] for the study of the abelian model, and to part [[V] for
the non-abelian case. We have emphasized the differences between the two theories, the
corresponding processes and results in the associated sections.

We have accounted for the multiple soft photon exchanges that lead to the Som-
merfeld enhancement affecting the soft dynamics prior to the annihilation process, and
calculated the corrections to the S-wave annihilation in the particle momenta at next-
to-leading order and, together with the annihilation of P-waves at LO, we contrasted
the momentum-corrections to the radiative corrections at NLO inherited in the Wilson
coefficients of the dimension-six four-fermion operators, cf. chapter Moreover, we
have computed the leading recoil corrections and higher-order radiative effects to the
near-threshold processes induced by the dipole operators (the corresponding vertices are
depicted in fig. , cf. chapter @ Since under certain circumstances the radiative cor-
rections may not be suppressed, they need to be resummed. We have correctly accounted
for the HTL resummation of the Debye mass scale mp in the temperature regime above
the ultrasoft scale, and studied its impact on the present relic abundance, cf. chapter
for the abelian case. Although the resummation effect has a strong dependence on the
individual thermal dipole rates, it reduces the DM energy density only by a few percent-
age, and it diminishes even more when taking into account the recoil effect due to the
relative motion between the thermal plasma and the center-of-mass of the dark matter
pairs. In addition, we have studied the recoil effect on the thermal rates with respect to
two different reference frames, where we have chosen the laboratory and the center-of-
mass frame of the heavy pair, and verified explicitly the Lorentz-boost transformation
behaviour of cross sections and widths up to first order in the non-relativistic expansion,
thereby proving that Lorentz-boost symmetry is not spoiled due to the presence of the
thermal bath.

Among the differences between abelian and non-abelian models, we remark that,
while in an abelian model a small value of the coupling at the hard scale is enough to
guarantee a weak-coupling treatment for threshold observables, in a non-abelian dark
matter model a weak-coupling treatment requires that the coupling remains small also
at the ultrasoft scale. If we take the ultrasoft scale to be of the order of the temperature,
then the smallest scale considered in this work is 7"~ 107°M. At one-loop running,
a(2M) needs to be quite small to keep «(T) < 1. For instance, in the SU(3) non-abelian
model the weak-coupling condition requires a(2M) < 0.04. This should caution about
computing at weak coupling the bound-state formation cross section and dissociation
width entering the network of Boltzmann equations for the extraction of the DM en-
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ergy density, whenever dealing with QCD-like charged particles in coannihilation dark
matter scenarios. Nevertheless, the EFT framework holds also if the ultrasoft scale is
strongly coupled, which is a situation familiar to QCD [11,174], as long as the multipole
expansion is not spoiled, that is if the thermal wavelength ~ 1/T of the gauge fields is
sufficiently larger than the typical size of the fermion-antifermion pair. Consequently,
at large temperatures, T' ~ Ma, the multipole expansion breaks down. Estimating
DM formation and dissociation in this situation requires computing thermal effects in
NREFTpy and matching to a version of pNREFTpy; that does not contain thermal
gauge fields as dynamical degrees of freedom, but encodes them in a temperature depen-
dent potential. Similar situations have been examined in QED [49,[82] and QCD [48|[34].
A quantitative assessment of such scenarios may be needed in order to solve the Boltz-
mann equations over a range of couplings that include values making M« smaller than
the freeze-out temperature, i.e. @ < 0.04. This range encompasses coupling values typi-
cal of the electroweak SM sector, which may be relevant for genuine WIMP dark matter
particles, with or without coannihilating partners, e.g. supersymmetric model realiza-
tions [16,/113,|122,/175-177] and the inert doublet model [178-181].

Bound-state formation and dissociation rates are routinely used in the network of
Boltzmann equations in order to extract the dark matter energy density, where however
the thermal rates are just ingredients to be computed independently to fix the dynamics
of the rate equations. A more accurate treatment of the out-of-equilibrium evolution
for dark matter particles from non-relativistic effective field theories can be realized
within the framework of open quantum systems. As for similar systems in the SM or
the QCD theory, where Lindblad-like equations [99,/152}/153}|155.|182184] were derived,
we aim to obtain the quantum master equations for the reduced dark density operator,
whose solution provides the present relic energy density of dark matter. The final part
[V]in this work has been devoted to the out-of-equilibrium treatment of the heavy dark
matter evolving as an open quantum system, where we present the quantum master
equations in the abelian case, which we eventually reduce to the set of coupled Boltz-
mann equations in the semi-classical limit, that have finally been solved numerically in
the preceding chapter [7] The results can be straightforwardly adopted to dark matter
charged under SU(N)py. Along the Boltzmann reduction of the evolution equations,
several approximations have been made which are required in order to approach the
familiar coupled rate equations for the DM particle densities. A main drawback of the
semi-classical rate equations, though phenomenologically useful since numerically solv-
able and hence of practical purpose, is that several pure quantum physical phenomena
have been discarded due to the underlying approximations. It would be desirable to
examine possible consequences on the dark matter relic abundance due to the ignored
quantum effects such as the coherence and decoherence of states along the quantum
evolution. Moreover, the integrated Boltzmann equations inherit the notion of kinetic
equilibrium throughout the entire time evolution, but it may be interesting to study how
and when thermalization is approached, if at all possible.

A possible approach to track the full quantum evolution of the reduced dark matter
system, which requires solving the master equations directly, could consist for instance
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in using the quantum trajectories algorithm QTraj, which has been developed in recent
years in order to find a numerical solution to the Lindblad equations for heavy quarko-
nium in a hot thermal bath, cf. refs. [185-187]. The QTraj method enables one to evolve
a large set of independently sampled quantum evolutions of the heavy-pair wave func-
tion. The corresponding observables, like the dark matter particle density, may then be
computed along each sampled quantum trajectory, and upon averaging them over the
many quantum paths, one can eventually make predictions for the time evolution of the
particular observable [18§].
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Appendix A

Lorentz boost transformations

A.1 Coordinates, momenta and internal energies

Let 71 and 79, p1 and po, and E; = \/M? + p} and Ey = \/M?2 + p3 be the positions,
momenta and energies, respectively, of two particles 1 and 2 with equal mass M in a
reference frame S, and | and %, pj and p), and B} = \/M?2 + p? and E} = \/M? + pf}
the positions, momenta and energies, respectively, of the two particles in a reference
frame S’ moving with respect to S with velocity v. We can define the center-of-mass
coordinates and momenta in the two reference frames. In the following, we consider
the special case where the reference frame S’ is the center-of-mass frame (cm) of the
two particles. We call then S the laboratory frame (lab), see figure for a pictorial
illustration. In general, the relative distances are defined as

r=r—7ry, r=r -1}, (A1)

whereas the position vectors of the center-of-mass in the reference frames S and S’ are

RET1+T2, R’EM. (A.2)
2 2
The relative momenta of the pairs in the two reference frames are defined as
/ /
P1—p2 b, — D
==5 p="_=2 5 2 (A.3)

and the total momenta as
P=p, +ps, P’ =p| +p). (A4)

The Lorentz transformations relating momenta and energies in the two reference frames
are

v
pi=p1+(—1(p:- v); —vEv, (A.5)
v
ph=p2+(v—1)(p2- v)ﬁ —vEyv, (A.6)
Ey=y(E1 —p1-v), (A7)
Ey = (B2 —p2-v), (A.8)
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Figure A.1: Positions and momenta of two particles, dubbed 1 and 2, with respect to the
reference frames S and S’. S’ is moving with velocity v with respect to S. S’ coincides
with the center-of-mass frame, whereas .S is the laboratory frame.

where v = 1/4/1 — v? is the Lorentz factor. Then from (A.3) and (A.4) it follows that

the Lorentz transformations relating the relative and center-of-mass momenta between
S and S’ read

P=p+(r-1)p-v) 5~ (B - Eav, (4.9)
and
P’:P—i—(v—1)(P-v)%—7(E1+E2)v. (A.10)

Now in our case, where S is the lab frame and S’ the cm frame, the total momentum in
S is

Py, = (p1)1ab + (P2)1ab (A.11)
whereas in the center-of-mass frame it is, by definition,
Pcm = (pl)cm + (p2)cm =0. (A12)

Using eq. (A10) in (A13), we get
v
0= Pcrn = Rab + ('7 - 1)(Hab ' v)ﬁ - 7((E1)lab + (E2)1ab)v . (Al?’)

This equality fixes v as a function of the center-of-mass momentum and energy of the
pair in the laboratory frame. Its solution reads

Hab
(E1)1ab + (E2)1ab
If the two particles are non relativistic, which implies 1 ~ M and E3 =~ M, then we get

v & Pp,p/(2M). This is the value of v used in the main body of the paper to compute
the leading relativistic corrections to the various observables.

(A.14)

v =
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Furthermore, the condition (A.12]) fixes the energies of the two particles in the center-
of-mass frame to be equal:
(E1)em = (F2)em- (A.15)

Using egs. (A.7) and (A.8) in , we obtain a relation between the relative mo-

mentum in the laboratory frame, pjap,, the velocity v and the energy difference in the
laboratory frame (E1)1ap — (E2)1ab, i-€.

(E1)1ab — (E2)1ab
5 .

Plab "V = (A.16)

Then, by trading (E1)iap — (E2)1ap for 2 prap, - v, the Lorentz transformation (A.9)) can
be rewritten as

1—
Pem = Plab + Tv;/(plab : 'U)'U . (Al?)

Selecting the component of the relative momentum along the direction of v, eq. (A.17))
implies

Plab - U =Y Pcm " VU, <A18)

which shows that the relative momentum component parallel to v gets larger by a
factor v in the laboratory frame with respect to the center-of-mass frame. Only the
momentum component along v gets modified. This can be made explicit by decomposing
the momentum p into a component parallel to v, p; = (p - v)v/v?, and a component
orthogonal to it, p; = p — pj, and rewriting eq. accordingly:

Pem = (P1)1ab + (py)lab : (A.19)

The square of the relative momentum changes from one frame to the other as

’(p||);ab|2 ' (A.20)

Pem|® = [(PL)1ab]* +
From eq. (A.19)) it follows that the momentum volume element gets also larger by a
factor v in the laboratory frame with respect to the center-of-mass frame:

3
o = LPlab (A.21)

y

Next we derive the Lorentz boost relations for the total energy of the two particles,
Ecm = (E1)em + (E2)cem in the center-of-mass frame and Fiap = (E1)iab + (F2)1ap in the
laboratory frame. From ({A.7) and (A.8)) it follows that

FE
Ecm = ’Y(Elab - -Plab ' U) = /lyab y (A22)
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where in the last equality we have used eq. , i.e. v = P/ FElb, which implies
1/ = 1 — (Pap/Erap)?. While the center-of-mass energy increases by a factor 7 in
the laboratory frame with respect to the center-of-mass frame, the opposite happens to
the energy difference of two two-particle states, AFE, for a suitable choice of the center-
of-mass frame. The reason is that the Lorentz factor v depends on the total energy of
the pair and therefore it changes by Ay = —3 P2, (AE),/Ey, from one state to the
other. Fixing the center-of-mass frame to be just the center-of-mass frame of one chosen
state, and computing the relative velocity v and the Lorentz factor with respect to it,
we get

(AE)em = Y(AE)ap - (A.23)

Since AE may be understood as a frequency, the above relation expresses the Lorentz
dilation of the time intervals measured from transition frequencies in the laboratory
frame with respect to the center-of-mass frame.

Similarly to the relative momentum, we may decompose the relative distance, 7,
between the two particles into a component parallel to v, r| = (r - v)v/v?, and a
component orthogonal to it, 7; = r — 7. The Lorentz transformation of r reads

—1
Tem = Tlab + 77(7’12110 0)v = (rL)1ab + (7| 1ab 5 (A.24)

where we understand 7,1, as determined from the coordinates of the two particles taken
at the same time in the laboratory frameﬂ The square of the relative distance changes
from one frame to the other as

rem|® = (7 L)1an|* + 72’(T||)lab’2- (A.25)

From eq. ({A.24)) it also follows that the volume element gets contracted by a factor 1/7
in the laboratory frame with respect to the center-of-mass frame:

d37“cm =7 d37‘1ab . (A26)

A.2 Wavefunctions and matrix elements

In quantum mechanics a Lorentz transformation may be represented by a unitary trans-
formation U(v), with U(v)" = U(v)~!. The explicit form of the transformation is not
relevant here, but its action on a generic discrete energy eigenstate |n), scattering energy
eigenstate |p), and on the relative distance operator r is

UT('U) ’n>cm = ‘n>lab; (A.27)
UT('U) ’p>cm = N(U) ‘p>1ab ) ’N('U)P =7, (A'28)
U (0) e U(0) = i+ (i, 0). (A.29)

!The difference between this condition and eq. (A.15) is at the origin of the contraction of the
distance along the motion direction in the laboratory frame in eq. (A.24) and the dilation of the relative
momentum along the motion direction in the laboratory frame in eq. (A.19)).
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Equation follows from the invariance of the normalization of discrete states under
Lorentz transformations: (n|m)jp, = (n|m)em = Onm. In the following, the notation
(n|Alm)1ap ((n]A|m)cm) means that the observable A as well as the bra and the ket are
in the laboratory (center-of-mass) frame; the same notation applies to scattering states.
Equation follows from the fact that the non-relativistic normalization of scattering
states is not Lorentz invariant. The normalization factor N(v) is then necessary to keep
both |p)em and |p)iap non-relativistically normalized: (p|q)ap, = 62(Plab — lap) and
(P|@)em = 63 (Pem — Gem)- It can be computed from

|N(U)|2 <p|q>lab = <p|q>cm = 53(pcrn - qu)

L
= ¢ (plab — Qap, + W((Plab — qlab) - U)”)

1 /1— n
- Z n! < ;I((plab — quap) " V) (V- VPmb)) 53(plab ~ Qlab)

n=0 Tv
- 1 1_7 " 2\n n 3

= 7;)M<7”2> n! (v7)" (=1)" 6°(P1ab — Qian)

= ;53(17113—(11 b) =76 (Plab — Qiab) (A.30)
L—(v=1)/y ’

where we used eq. ((A.17)) in the second line, performed the Taylor expansion of the Dirac
delta function in the third line and recognized the geometric series in the last lineE| From
eq. ([A.30)), it follows |N(v)|?> = 7. Equation (A.29)) expresses at the operator level the

transformation ({A.24)).

The relevant quantum-mechanical matrix elements appearing in this work may be
boosted in the different reference frames using eqgs. (A.27)—(A.29). Let us first consider
the bound-state wavefunction at the origin:

(\\I/ngm(O)F)CIn = (n€m|53('r)|n€m>cm = (nfm|U(v) UT(’U)CSP’(T)U('U) UT(v)|n€m>Cm
= (nfm|s® (r +(y=1(r- v)v/vQ) |nlmian
- / P11y 8 (1 + (7 — 1) (b 0)0/0) ([Tt (1) %),

1 ‘\I/Mm(o)|2
= /dsrlab ;53 (Tlab) (‘\Ilném(rlab)P)lab = ( ~y )lab 5 (A31)

where we have specified the principal, orbital and magnetic quantum numbers. In the
last line, we have rewritten the delta function using an argument similar to the one in
(A.30)). Instead, due to the different normalization, for the scattering state wavefunction

2In the fourth line, the property z"¢™ (z) = (—=1)"n! 6(x), which can straightforwardly be generalized
to higher dimensions, has been used to evaluate the gradients. 8™ (z) denotes the nth derivative acting
on the delta function.
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at the origin, we obtain

(12pe(0)1%) oy = (U (P)[PE)ern = (PUU (0) UT (0)6° (r)U () UT (0) [Pl exn
= [N(@)(pl® (r + (v = D(r - v)v/v?) [Pl

= ’Y/dBTlab 8% (r1ab + (7 = 1) (71ap - ©)v/0%) (|[Vpe(r1an)[?)
= ’Y/d37"13b ’1Y53 (P1ab) ([9pe(P1an)*) 1, = (19pe(0) ), - (A32)

Dipole matrix elements between generic bound states are related in the different reference
frames by

(nlrim)an = (0|U() U (0)rU (v) Ut (v)[m)em
= (nlr+ (v = 1)(r - v)v/v*|m)p

v—1
= (n|r|map + o2 (n|(r - v)v|m)1ap

~ {alrbmhia, + 5l v)olmi (A.33)

where in the last line we have expanded the Lorentz boost factor up to quadratic order
in small v, i.e. 7~ 1+ v2/2. Finally, dipole matrix elements between a generic bound
and scattering state in different reference frames are related by

(nfr|p)em = (M|U(v) UT(0)rU(v) U'(v)|p)em
N(){n|r+ (y = 1)(r - v)v/v*|P)1ap

= N@)lrlp)as + N(@) L (0l(r - v)vlp)ia

Q

v? 1
(145 ) Glriph + g lal(r- 0)olph (A.31)

where in the last line we have expanded in v up to order v?, with N(v) = /7 ~ 1+v?/4.
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Appendix B

Thermal averages in different
reference frames

Along this work we dealt with different kinds of scattering processes like annihilations
or the formation of bound states, involving the computation of the corresponding cross
sections and widths in two particularly different frames, the lab and the cm frame.
However, for the sake of determining its impact on the dark matter relic abundance,
it is necessary to compute the thermally averaged versions of those observables that
eventually enter the coupled evolution equations, taking the statistical average over
the incoming momenta of the dark matter particles and antiparticles with respect to
the chosen reference frame. Hence let us consider a generic cross section involving the
scattering of two incoming particles with center-of-mass momentum P, = (p1)iab +
(p2)1ap and relative momentum piap = ((P1)1ab — (P2)1ab)/2 times Moller velocity in the
laboratory frame, (o vngl)iab(Plab, Plab). The thermal average in the laboratory frame is
defined as

@ (p1)1ap & (P2)lab — EDian Eiay
/ 2rp  (xp ¢ ¢ 7 (0 vMol )1ab (Plab, Plab)

, (B.1)

& (p1)ab *(P2)1ab _ Eian JCT
(2m)?  (2m)3

where e~ (Fan/T and e~ (F2han/T are the Maxwell-Boltzmann distributions of the in-
coming particles in the laboratory frame, i.e. the frame where the bath is at rest,
and ((E1)1ab, (P1)1ab), ((F2)1ab, (P2)1ab) are the four-momenta of the two incoming par-

(0 Ora)1ab)1an = /

ticles. For unbound particles of mass M on mass shell, (E1)iap = 1/ (p1)3, + M? and

(E2)1ap = \/(pg)%ab + M?2. We average over Maxwell-Boltzmann distributions because
we assume M /T > 1, which is certainly fulfilled for all times at and after the thermal
DM freeze-out.

The numerator on the right-hand side of ,

d(p1)1ab @ (P2)1ab _— EDb  _ B2
/ (27T)3 (27T)3 € T € T (UUM(al)lab(plabaHab)’ (BQ)
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is Lorentz invariant [57], which is the reason for the use of the Mgller velocity. For
each pair of momenta pj,;, and P, in the laboratory frame, we may identify a center-
of-mass frame such that with respect to it the particles move with relative momentum
Pem, center-of-mass momentum P, = 0, and the laboratory frame moves with relative
velocity —v. From egs. (A.9) and (A.10)), it follows that the two pairs of kinematical
variables are related by the Lorentz transformations

= Pem + (7 = 1) (Perm - v)—5
Piab Pcm Y Pcm 02’ (B3)

P, = 'VEcm'U 5

where Ecyy = ((B1)1ab+ (E2)1ab) /7 = 24/ P2, + M? is the total energy of the two particles
in the center-of-mass frame. The Jacobian of the transformation from the kinematical
variables (p)iap and (P)1ap t0 pem and v is

6 3 (Pem - v)?
2 (Pem - U)2 . .
The factor v* [ 1 — m cancels against the transformation factor of the Mgller

velocity, see eq. (5.17)), so that the integral (B.2)) can be eventually written in terms of
the center-of-mass kinematical variables p.,, and v as

1 d3p YEcm
— d3 M AAE3 e em (Pem, ) - B.
(27)3 /IUSI v(2w)37 om @ T (700 em (P, ) (B-5)

The result agrees with an analogous expression that can be found in ref. [189]. Note

that e~ 7Eem/T may be also rewritten as e_‘(pl)gm““‘/Te_Kp?)gm“”'/T, where e~ P*unl/T ig

the small T limit of the particle distribution in the moving thermal bath defined in .
The thermal average in the center-of-mass frame is defined as

3 d3pcm 4 3 _2Ecm
it ampp Y B T (o 161 )em (Pem, v)
Vs

d3p YEcm
d3 cm 4E3 -
/|u|§1 ! (2m)? T Fem

(B.6)

<(J UMQ’l)cm)cm =

While the numerators in the right-hand sides of egs. (B.1)) and are Lorentz in-
variant, the denominators, which are up to a degeneracy factor the products of the
particle number densities at equilibrium, 11 eq and no¢q, are not. Hence the conversion
factor from (0 Vnie1)1ap) 10 10 (0 Vnol) o) e 15 given by the ratio of the particle number
densities at equilibrium in the two frames. An explicit calculation gives

M1 eqM2,eq

(0 vva)iabhab = Tab —Tab (@ Vnst)em)om
nl,eqn2,eq

-1 K3(M/T)

2 K3(M/T)

9 > <(‘77)M¢1)cm>cm ) (B.7)
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where K; are modified Bessel functions of the second kind. The above expression was
first derived in ref. [57].

As an application, we consider the thermal average of the annihilation cross section
derived in eq. . In the laboratory frame at order T'/M, it reads

[1— (]\37;)3 / d®prab, d°Pap _1;%13 - ﬁ;;‘% Pliib R

<(Uann01\/1¢1)1ab>lab (2r)3 (271_)36 AM2 OannVrel

3T o
= <1 - 2M> oMo (B.8)

where we have expanded (E1)b + (E2)lap = 2M + pi, /M + P2, /(4M) + ... . The
result is consistent with eq. (B.7) in the limit M > T, as a consequence of o) e

ann

being independent of the momenta. Concerning the absolute accuracy of the therni;ll
average in and the other thermal averages considered in this work, we remark that
corrections proportional to the center-of-mass momentum P due to the motion of the
dark fermion-antifermion pair in the laboratory frame, or equivalently corrections due
to the motion of the thermal bath in the center-of-mass reference frame, give corrections
to the thermal averages of relative order 7'/M at low temperatures. These are of the
same order as the corrections due to the relative momentum p that are of relative order
p?/M?, which have not been considered here.

Similarly, the thermal average of a bound-state decay width in the laboratory frame

is defined as AP
lab _ (En)iab
[ G e DBl

/ dgplab _ (En)iap
e T
(2m)?

and related to the thermal average of the decay width in the center-of-mass frame through

/ B 75 67% (D)em(v)
lv|<1

Y Iem
(i) = () o e
[v|<1

where F, is the energy of the bound state. In the center-of-mass frame, it is given in
eq. . In the laboratory frame, it may be computed either from ~y(E),)em, which
amounts at boosting the energy from the center-of-mass frame, or directly from the
bound-state potentials and kinetic energy corrections listed in section footnote [}
The result is the same and reads

(Mhab)1ap =

, (B.9)

Ma? + Ijlib + Ma? IDI?ab _ Plib ‘ (B.11)
4n? 4M 4n? 8M?2  64M3

(En)lab =2M —
The first two terms drop out in the thermal average, as they do not depend on the

momentum; the last two terms are suppressed with respect to P2, /(4M) by E/M or
T/M. The first equality in eq. (B.10|) follows from the Lorentz transformation P}, =
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Y(Ep)emv, whose Jacobian is 4°(E,)2.,, from (E)ap = Y(En)em and (T)iap(Plab) =
(T)em(v)/7y. Note that (Ej)em is a constant that does not depend on the integration
variables.

As an application, we consider the thermal average of the annihilation widths com-
puted in eq. and following. If we neglect thermal corrections affecting the annihi-
lation width in the center-of-mass frame (cf. chapter [6] footnote [L6]), then (Tann)em is v

independent and factorizes outside the integral, leading to

/ dS’U 74 eiW(E;Lﬂ)cm
lv[<1 K1((En)em/T)

1_‘ann a = 1_‘ann cm — - N I 1_‘ann cm
<( )1 b>lab / d31} ,.Y5 G,W(E%)cm ( ) KZ((En)Cm/T) ( )
lv]<1

(1 - 2(;’5)1) (Tamn Jem - (B.12)

Finally, we summarize the steps that we followed in this work to compute consistently
thermal averages in the laboratory frame at first order in the center-of-mass momentum.

(i) Thermal averages of cross sections and decay widths in the laboratory frame are
defined as in eqs. and , respectively.

(ii) Since matrix elements are most easily computed in the center-of-mass frame, see
for instance ref. [51], they are first boosted in the center-of-mass frame according to the
transformation formulas derived in appendix Then the relative momentum in the
center-of-mass frame is re-expressed in terms of the momentum in the laboratory frame
by means of the Lorentz transformation , as this is our integration variable. We
may follow the same procedure with the energy differences, or compute them directly in
the laboratory frame.

(i4i) All expressions inside the thermal average integrals are expanded in powers of
P in accordance with the power counting. In particular, the Maxwell-Boltzmann dis-
tributions for scattering states entering the cross section thermal averages are expanded
as

_ (E)lab
T

(& (&

(B)1ap oM Phy, _ Phy RQ pi P} (Pl - 1 b)2
T T —e Te Mre aMmT |1 abXlab lab a a .

©c e e < MY Ve ARV VEy MY VEy L &

(B.13)

and the Maxwell-Boltzmann distribution for bound states entering the decay width

thermal averages is expanded as

(&

(En)1ab oM Mao? P2, Ma? 1312 Pt
T —e T ean?Te AMT — ab lab . B.14
¢ remre ( dn? SM2T © 64MPT 7)) (B-14)

where we display only the relevant terms, i.e. those that depend on the center-of-mass
momentum and contribute to the thermal average at order T'//M or E/M according to
the power counting Piap, ~ plap, ~ vV MT. Constant factors, like e 2M/T and eMO‘Q/(4"2T),
drop out in the thermal averages. Also the number densities in the denominators of the
thermal averages are expanded in powers of T'/M or E /M up to first order.
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The integrals in and simplify a lot if we neglect the center-of-mass momen-
tum P in the integrands, and similarly omit the velocity dependence v in the observables
in and . Then the cross sections times Mgller velocities and widths, together
with their corresponding thermal averages, become equal in the two reference frames,
since the laboratory frame coincides with the center-of-mass frame for P = 0 = v. In
this case there is no need to thermally average the widths, since they do not depend on
any momentum and thus can be pulled out of the integrals. The result of those integrals
cancels between the numerator and denominator in each of the egs. and .
If we neglect P in the laboratory frame, or equivalently v in the center-of-mass frame,
then it follows that (vnei )i, = (Vaiel) o = Urel = 2|p|/M. Hence, in the thermal average
the integral over P factorizes and cancels against the normalization. We are left with

T \5 d3p 2
{ovma) = 8(MT>2/ (2m)%° 7 otalp)

3
2 (M\2 [ M2
= “7T<2T> / dvrelvfele 4T Yrel g Vo] (Vrel ) (B.15)
0

where the last line applies only to rotationally invariant cross sections.
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Appendix C

General dipole matrix elements

C.1 General expressions in U(1)pym

The analytic expression for the dipole matrix element (n|r|p) in a (non-)abelian model
derived in ref. [51] in the center-of-mass frame holds for a coordinate system in which the
relative momentum p of the dark matter unbound pair is chosen along the z-direction.
In this work, we put the center-of-mass momentum P in the laboratory frame (or equiv-
alently the thermal bath velocity v in the center-of-mass frame) along the z-direction,
P = Pe,. The relative distance and momentum in spherical coordinates are given
by 7 = (cos ¢sinf,sin ¢sinf, cos§)r and p = (cos ¢, sin b, sin ¢, sin 6, cos 6,,)p, respec-
tively. Moreover p = Mvr(gl)/Z and ag = 2/(Ma), such that a/vﬁgl) = (agp) L.

The Coulomb wavefunction for a dark matter bound state |n) = [nfm) in U(1)p,
with quantum numbers n, £ and m, reads

\I/ném(r) = <7‘]n€m> = Rnﬁ(T)Yzm(Qr), (Cl)

with Y™ (€,) being the spherical harmonics

Y(6,6) = <—1>m\/ P cos )™, (©2)

PP (z) = (1—x2)™/? dd:;;" Py(z) the associated Legendre polynomials and the radial func-
tions given by

1 2\*  (n+0)
Ry(r) = (2£+1)!\/<7mo> 2n(n — £ —1)!

or \¢ __r or
X|{— ) e m0 ([ [ L4+1—n,20+2,— | . (C3)

nag nag

The scattering wavefunction for a dark matter unbound state |p) in U(1)pm, where p
points into an arbitrary direction, can be expanded into partial waves Wpo(r) = (r|pl)
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as

(e - ep)e™”

- 21/ (aop)
_ _ Z
=2 V) = T e ZZ
=0 £=0
w P (ee1— o0y o oipr VrZ + (ap)-2 . (C.A
11<+ wp Lt p)H + (aop)~2 , (C.4)
k=1

where e, = 7 = r/r and e, = p = p/p are the radial unit vectors in spherical coordi-
nates, 1F (a,b,c) is the confluent hypergeometric function and Py(x) are the Legendre
polynomials. It holds that

4

V4
Piler-ep) = g D Yi'(e)Y""(ey)
m=—/

l
= Py(cos 0) Py(cosbp) + 2 Z (6= P (cos0) P (cos b)) cos (m(¢p — ¢p)) . (C.5)

m)!

|

— ({+m)!

The computation of the electric dipole matrix element (ném|r|p) in the center-of-mass
frame, based on previous works in refs. [190}/191], results in

(ntmlrip) = Y / Bre U, (1) W (1)

=(+1,0'>0
- nfm(p)Xné(p)G}LZ(p)

5m,71 . 5m,71
X {(f + 1)Pp11(cos b)) [E <5m71 — 0w+ 1)> e, — il <5m,1 + Wt 1)) ey, + 25m,06z]

/+1
+ > (€= + 1) P (cosBy) [(£ = m!)(Chypea — iCY

fmm
m/=1

l+1
— Z Pﬁll(COS ep) [Cfmm/em + ZCgmm/ey} }

m/=1

’ey) + QCme’ez]

+ Nt (0) X724 (0) Gy (p) X {EPZ—l(COS tp)

X [—(6 +1) <5m71 _ Om > ex +i(l+1) <5m L+ Om,—1 ) e, + 25m70ez}

(l+1) 144 + 1)
-1
+ Z (ﬁ + m/)PEnzll (COS ep) [(@ + m' + 1)(_Cgmm’e$ + ic’é/mm’ey) + QCEme’ez]
m/=1
-1 ~ ~
+ 3 P (cos ) [Cfmm,ex +iC’é”mm,ey} } (C.6)
m/=1

where e, e, and e, are the unit vectors in Cartesian coordinates. Due to the selection
rule for electric-dipole transitions, only the partial waves ¢/ = £ 41 give a non-vanishing
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contribution. In (C.6)), we have defined the following prefactors

Nog(p) = T2 JO2 NP a0 (2N 2w/ (aop)
ntm\P) = (2€ + 1)| nag 2n(n /- 1)! nag 1 — e—27/(aop)
()l e ) arctan (neap)
20+ 1 (£ +m)! Pt (1 + (nagp)=2)°
—2z arctan (nagp) 41

Xno(p) = e 72 H VK% + (aop)~ (C.8)

p* (1 + (nagp)~

; (C.7)

k=1

€2£+
x2,(p) = 0l H\/nz (aop) - (C.9)

2% (1 + (naop) -

whereas G} ,(p) and G2 ,(p) are combinations of hypergeometric functions, 2 (a, b, ¢, d),

. y
Guelp) = 2F1 <5+2— Z,€+1—n,2€+2,2?“0pg>
aop (1 + inagp)

_ Aiarctan (nagp) oF (¢ — L,K—i—l—n, 2@4_27% , (C.10)
aopp (1 + inagp)?
] 4inagp
G,ZL = oF] <E—l,€+1—n,2€,>
lp) = 2B aopp (1 + inagp)?
‘ . A
_ 64zarctan (naop) o F1 <€ _ L’g — 1= n, 26’ Z?’LUJOPZ> . (Cll)
aopp (1 + inapp)
The constants C’Zn/l %,z, C’Z{L gn, in (C.6) are defined as:
i/ i/ ’ f— m' — 1)'

CF vy = €O 0y e, —1 mi+1{ C.12
Imm € ,m—1T¢€ m/, (m+1)( ) (€+m,+1)|7 ( )
—Z im/ m’ (€ — m’ - 1)'

Y =€ S 1 — €M P8 iy (1) C+m + 1) (C.13)

N / : / / £ - / !
ijm’ — e~im ¢p5m,7m + et ¢P5m/’_m(—1)m M ) (C.14)
A im/ im/ / L—m' + !

L fzm(;ﬁpé , zm¢>p5/ _1m71( 1
Clmm =€ m/;m+1 + € m’ —(m—1)(—1) T =) (C.15)
—im/ m’'—1 (E_m/_{—l)'

Cé/mm =e ¢P(5m/ m+1 — 6 ¢P(5m 7(m 1)( 1) (ﬁ T m! — 1)' (016)

Equation (C.6|) reduces to the expression given in ref. [51] for polar angle 6, = 0, which
corresponds to putting the relative momentum along the z-direction. Moreover, for the
particular case of nS-states, for which £ = m = 0, the squared matrix elements are
(nSirlp)* = [{nSirlp = pe.) o
|(nS|z[p)[* = [(nS|7|p)|* cos® (6,) -
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For excited states with non-vanishing orbital angular momentum, it holds that

L

Z [(ntmlrp)* = > |(ntml|r|p = pe.)|*. (C.18)

m=—/{ m=—/

We provide some analytic expressions for the squared matrix elements in the center-of-
mass frame for the particular bound states 1S, 2S and 2P used in this work:

4
29 2 4 ~20p arctan(aogp)
(1S[r[p)? = A T (C.19)
p(l—F(CLop) ) 1 —e aor
4
9924 —a arctan(aop)
(1Slelp)* = o cos?(6y), (C-20)

p(L+ (aop)®)® 1 _ o aop
182 4 14+ a4 arctan (2aop)
osiripyp — Ut (eop)) e on TR (C.21)
p (1 + (2a0p)?) 1—¢ aor
18.2,4 (1 + (aop) e agp arctan (2aop)
(28]2lp)[* = o NG ) ———cos® (6)), (C.22)
p(L+Cap)?)®  1_e %

2P ol [P} 2 = [4(1+ (a0p)2)(3cos? (6,) + 1) + 1 + (2a0p) 2
—4y/T + (aop)—2\/1 + (2a0p)~2(3 cos? (ep)—1)}

94,2, GOP arctan (2agp)

X (C.23)

32a8p'3(1 + (2agp)—2)7 (1 —e fgp) 7
2
[2Pmeolzlp)? = (VT+ (agp) 2~ 2/1+ (ap) *(3cos? (6,) ~ 1))

94,2, aép arctan (2aop)

2m Y
Baipt®(1+ (2a0p) )7 (1 - ")

X

(C.24)

%(1 1 (aop)2)(20 — 12cos? (6,)) + 1+ (2agp) 2

—2v/1 + (agp)~2/1 + (2agp)~2(1 — 3 cos® (Gp))}

4
24 2 aop arctan (2agp)
x ¢ " ., (C.25)
32a8p'3(1 + (2agp)—2)7 (1 - efﬁ)

[(2P—s1]2|p)|> = 18cos®(6,)sin® (6,) (1 + (agp) )

94,20 ‘;01? arctan (2aop)

(2P lrlp)? = [

X

53 (C.26)
3agpt3(1 + (2a0p)2)7 (1 - ¢ 700 )

Next we consider the quantum-mechanical matrix element (ném|r|n’¢'m’) between two
bound states with quantum numbers n and n’/. Its solution in the center-of-mass frame
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reads [51]

(ndm|r|n't'm’y = /d3rr\11nem( YWt gt (1)

B (0’ + 0 +1)! 1
= ,/\/'{ - 5@,5'—1\/( ——2)! \/477(24 +3)

[ (¢ +m)!

T—mto) T =m+1)(0—m+2)0mpi1(—ex +iey)

/€+m+2 [ (0 +m+1)!
E ) Omm/—1(€z + i€y) + g m 1) (L—m+1) mm/ezlg

n+€—1 20—-1(204+1)¢
4 2(2¢0—1)

T 2)
\ /L(z bm— 1)+ m)bpmsr (€0 — iey)

+ 5g7g/+1nn/

X
[ (+m)! . (L+m—1)!
E m—2)! mm—l Zey)+2 M_l)!(€+m)5m,m'€z]gz},
(C.27)
where
N = ( n 522£+4 20 +1 E m)' n—n' n+n’
B Mo 2041 A (L+m)! \n+n/
(n+£)! 1 ntn't (C.28)
(n—0—1)1 (204 1) (n —n')26+2° '
2F1(£+2—n’,£+1—n,2£+2,—%>
G = n’n? (=)
! (n—mn')?
o F (Z—n’,€+1—n,2€—|—2,— %71,”2>
) C.29
B (n+n')? ’ (C.29)
/
Go = | o (041—n0—n 20— 20T
(=P

n—n"\? 4n'n
- <n—|—n/) 2F]_ (6— 1 —n,f—n/,Qf,—(n/_n)Q>] . (CSO)

As a special example, the transition matrix element squared between the ground state
and the excited 2P state, which is used in this work, is

217 1

[(18[r[2Pm=0)|* = [(18|r|2Pp—s1)|* = 310 202

(C.31)
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We finally provide an analytical formula for the electric dipole matrix element between
an incoming and outgoing scattering state entering the elastic scattering processes among
unbound DM pairs. We rotate the coordinate system such that the relative momentum
p=M vggl) /2 of the incoming scattering state is oriented along the z-direction. Then the
outcoming relative momentum p’ of the unbound pair in the final state can be written as
p' = (cos (¢ ) sin (6,),sin (¢,) sin (0, ), cos (6, )) M rel /2 The matrix element (p|r|p’)
read

(lrip) = / & U (7 U ()

—MZAE{ e (e

P€1+1(COS (0p))

Pyyq(cos (6,))es + 1

[cos (¢pr)es + sin (cbpf)ey]] <2> 2 X

Vel + Urel
202
Ullfelvrel K + (a/vrel)

X |:Pg_1(COS (6y))e. + %Pgl_l(COS (0)) [cos (¢ )es + sin (gﬁp/)ey]] Xg} ,

(0.32)
with
M N 27Ta/vr01 27ra/vrel 7%04(”1/;1 +vrlel)
- 1 — e—Qﬂ'a/Urel 1 — 727ra/vrel €
Es 11 ! Z'0‘(v/1 _111 )
o2 e % e (0.33)
Urel Urel
920+4,- ol
A = MA(20)! (v!,, iev r(: 2012 H V2 + (a/vra)? H +(a/vg)? (C.34)
and

40! Urel
Xi= oF; (£42— il 1 4i— 2042, vl
Urel Urel ( Ulel + Urel)

v +v 2 o 4v' v (035)
_</e11> 2F1<f—i,,€+1+z , 20+ 2, e11>
Urel — Urel Utel Urel ( v + Urel)
e e 40! [ Vrel
Ay = 2F1<€+1+z ,E—z/,zg’relm>
Urel Vel ( | + Urel) (C 36)
/ 2 ) .
Upel + Urel e e 4v; 1Vrel
_<felre> 2 Fy <£—1+z,£—z/,zg,/relrez _
’Urel — Urel Urel vrel (Urel + Urel)
'We abbreviate v( 1> = Vrel and v (?) = v}, in order to simplify the notation in the final result.
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C.2 General expressions in SU(N)pym

The dipole matrix element in a non-abelian SU(/N) model in the center-of-mass frame,
(nfm|r|p)l2%4] where |nfm) is the bound state of a color-singlet dark matter pair and
|p)[243] is the color-adjoint state with arbitrary relative momentum vector p = M ”531) /2,
has the same analytic structure as the abelian equivalent in ; they only differ in
the factors Npsm(p), X272 (p) and Gi’f(p), which now read

nt

su itBl(—nynttm [ 9 NS (n4 )l [2m/(N? = 1agp)
NG = J(2) gy =

ném (20 +1)! nag n—+{—1)! e NT Dagp _ 1
2 14 - (f . m)' em[lfi(f+lfn)(N2fl)aop] arctan (naop)
X | — ' , (C.37
(na()) 20+1(L+m)! p (14 (nagp)~2)" ( )
. —2iarctan (nagp) ¢+l
X:L,ESU(N)(p) _ e ; H VA2 + (N2~ Daop)—2, (C.38)

X250 () = 2p3a(olni(?i;:);))_2) H VRZ T (V2 ~ Dagp)2, (C.39)

k=1

N 1 4inagp )
—(1+ Fle+24—— 0 4+1-n20+2,— 0
( 2CFCL()p) 2 < (N? = 1)agp (1 + inagp)?
N 5 arctan (naop) < { dinaop )
T 2iarctan Flev1+—"  f41-n20to 0P
Craop 201 (N2 —1)agpp (1+ inaop)2
(1= iN 642' arctan (naop)
2Craop
1 4inagp >
XoFi [+ ———+—{+1—n,20+2, ————
o < (N2 —1)agp (14 inagp)?
(C.40)
2,8U(N
Gng ( )(p)
Nn 1 4inagp )
=(1-— ) o |{l+———l+1-—n2, ————
( ch> o ( (N2~ T)agp (1+ inagp)’
. ; 4i
+N0i621arctan(naop) o F) (E + (N2 ? l)a p,f —n20, (1 +27‘”La0p )2>
F — 1ao inagp
N - ' 44
o (1 + 202) e4zarctan (naop) 2F1 (E + 7(]\72 Zl)aopjz —1- n, 267 (1 _’_”.%aop )2> )
- inagp
(C.41)

2The color-singlet bound-state wavefunction in SU(NN) has exactly the same analytic expression as
the abelian analogue in (C.1)—(C.3)), except the replacement o — Cra.
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with ap = 2/(CrpMa). As a special case, in ref. [51] we provide an analytic expression
for the dipole matrix element that holds for a coordinate system in which the relative
momentum p of the dark matter pair in a color-adjoint state is chosen along the z-
direction. The squared matrix element for the ground state is

2

2 11,3 .6 2 2 arccot(CFa>
2 C (QCF-i-N) [1+ ( 1 « ) ] e Nvrel Vrel
M 11 6

M5 erel |:1 + (CvFla)z:| 2N Urel

(18| [p)=d|? =

T _«
eN'Urel —1

(C.42)
which is in agreement with the result in ref. [50].

We complete the list by providing the analytic results for the scattering-state to
scattering-state transitions corresponding to thermal absorption and bremsstrahlung
processes, which in non-abelian theories are twofold. Those processes can happen be-
tween color-singlet, |p>m, and color-adjoint scattering states but in addition there
are also transitions among color-adjoint configurations only. For color-adjoint to color-
adjoint transitions, the dipole matrix element 24 (p|r|p/)adl in the center-of-mass
frame, where p points along the z-direction, is simply eq. with a — —a/(2N),
whereas for the color-singlet to color-adjoint transitions it is

[adil (| [p') ! / & v ryw) (r)

— MU ZA { 2@111\/(“1) + (Cra/v,)?

Py (cos (By))

Pyii(cos (0y))es + i1

2
[cos (¢pr)es + sin (¢p/)ey}] <2> XISU(N)

Vel + Urel
202
/ 2 7 \2
UrelUrel \/£ + (CFa/Urel)

[ Pieteos 8- + {74005 0)) [eos (0 s+ sn ()] xgw} ,

(C.43)

3The color-singlet scattering-state wavefunction in SU(N) equals the abelian version in (C.4), except
the replacement a — C'ra. The color-adjoint wavefunction can be inferred from (C.4]) by replacing the
coupling @ — —a/(2N), and reads

> ¢
[ad.l [adJ _ ’/TOZ/(NUre]) Y (2]97’) o
Z v o ema/(Nvee) — 1 Pi(er-ep)e

¢ 2
_ 2 @
< (£+1+12N Urel 2€+2 22p71> H A <2erel> '

k=1
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with

MU 2rCra/vy ma/(Nvgel) e*%a(%*wirel)
- 1 ewa/(N'Urel) — 1

_ e—27ro¢/vrel
. Cr 1
w| ——+
(U;cl QNUrEI)

xe_ga(%-i_ﬁ“rel) sign (Vg ~rel) viel + Urel (C 44)
Uéel — Urel ’ '
_— 920+4 ol ¢
) _ YrelVre 2
A= A0, (0L + Vrel) 22 H Vit + (/2N va))? Hl \/ * (Cra/va)?,
s'=
(C.45)
and
SU)
1
N C 4! v
2 rel vrel 2N rel ( 1+ 'Urel)
Navl |+ vl ( Cra 40! Urel
PR Y S L Ly S 2049, Vrellel
Ullrel Ullrel — Urel 1,rel 2N Urel ( 1/"el + vrel)2
— (14 Na U;el + Vrel ?
2rUrel vllrel — Urel
Cra 4o’
><2F1<£ LA - ze+2,,”relvfel2), (C.46)
rel 2Nvrel (vrel + Urel)
X2SU(N)
N C 4! v
_ <1—i2 O‘) o F) <£+1—22N 0 — I g, “Trellrdl )
Urel Urel Vel ( Vel + Urel)
L NO Ve (z L& OR gy AUt >
Urel Uéel — Urel 2N vrel7 Ullrel Y (Uéel + Urel)2
B 1+iNa Vi) + Vrel 2
2rUrel Ul/rel — Urel
, Cra 40! | Vrel
X2F1 <€—1—Z ,E—z ,26, e . C.47
2Nyl véel ( (e Ure1)2 ( )

We recall that bound-state to bound-state and scattering-state to scattering-state transi-
tions among color-singlet configurations cannot happen due to the non-abelian nature of
the gauge fields. Moreover, we remind that in the abelian and non-abelian bound-state
and scattering-state wavefunctions as well as in all the dipole matrix elements listed in
this section and in section the natural renormalization scale of the coupling « is us,
which is of the order of the soft scale.
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C.3 Continuum dipole matrix element: collinear diver-
gence

The resulting abelian scattering-state to scattering-state transition matrix element in
turns out to behave singular in the limit of vanishing incoming or outgoing relative
velocity vper, vl — 0, the infrared divergences, but also if the absolute values of the
relative velocities approach each other, i.e. v/ — vy, called collinear divergence (also
referred to as the diagonal singularity [192-196]). The infrared singularity for vanishing
v}, does not pose a problem, since it cancels out once the squared matrix element
multiplies the rest of the integrand in the cross sections (6.110) and (6.111). Also the
other infrared divergence, v, — 0, is cured once we thermally average the cross sections,
since only those quantities enter in the evolution equations, cf. 7E|
The collinear singularity, however, still persists and on the first sight it is not clear
how it can be removed. In fact, this peculiar divergence in the continuum dipole matrix
element seems to be an artifact coming from the multipole expansion of the gauge fields in
the center-of-mass frame of the heavy DM pair and, according to ref. [197], even exists in
all higher mulipole matrix elementsﬁ We build our analysis of this particular singularity
on refs. [192,/193], and extract the divergence using proper analytical regularization
techniques.

We reconsider the first line in eq. -, which contains an integral over the scat-
tering state wavefunctions Vp(r) = Z Z i* Ry o(r)Y,"(P)Y;™(p), with the real radial

(=0m=—¢

partial wavefunction R, ,(r) that can be inferred from ({ H Once the angular inte-

4Notice that possible contributions coming from taking the limits vrer, v%e; — 00, though not physically
of interest since the underlying (p)NREFTs developed in this work are inherently valid only for non-
relativistic DM particles, are always exponentially suppressed due to the statistical distribution functions.

5To be more precise, in [197] the authors claim that after multipole expanding the gauge fields A(R)
in powers of small relative distances over large wavelengths, 7/R < 1, the collinear divergence arises
once the center-of-mass position dependence R of the gauge fields is put to zero, i.e. A(0). Hence it
would be desirable to check quantitatively if the diagonal divergence is absent in a general reference
frame, where R # 0.

GRp,g D e’ 1F1

- p, ) omitting the real prefactor, can be shown to be real by

using the Cauchy product (Z anm") (Z ﬁnm") => z" (Z akﬂn_k), with z = —2ipr:
n=0 n=0

n=0 k=0

oo

* —ipr 74 . ipr —2i
Ry, De " | F €+1+—,2€+2,22r>—6p pr
) 1 1( a0 p E

(C+1+1d/( aop))(") (2ipr)™
(2¢ + 2)(n!

ior [~ (=2ipr)™ \ (= (041 +i/(aop)™ (=)™ .. ..
- (Z( nI!)) )(Z( (2/4(—2;)()"))71!( )(_2””")>

n=0 n=0

=y o v [N C+ T/ (aop)™ (1P s oo (204 1)! (E+ 71 —i/(aop))!
- ;(_2””“) <kz3 20+ 2)Bk! (n— k)] )‘e ;0(_2“‘”) (€ —i/(aop)) n! (20 +n + 1)

) (13 t1- Y 20y, —2ip7“) .
aop
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gration has been done, it can be written as follows:
(plrlp) = / & U () Uy (r)
=21% Z { (L+1)

P} 0,
Pyy1(cos (6,))e. + M

l+1

[Cos (¢p )€z + sin (¢p’>ey]] M;:z(j)

+/ [Pg_l(cos (Op))e. + %P},l(cos (6,)) [cos (¢ )es + sin (gbp/)ey]] Mﬁ:;,/_)} ;

(C.48)
where the radial integrals are comprised in
0(+) & ’ / 1
Mo = CZCéJrl lim dr e=Tp2tttertr) g (041 — — 2042, —2ipr
p.p P’ e—0t Jo aopp
x 1 ( ! - ,Qip’r) , (C.49)
aopp
o .
MZ’(,_) = CECZ ! lim dr e~ rp2t2erte) gy (041 — L, 20+ 2, —2ipr
p.p e—0t+ Jo aop
x 15 ( ,—Qip,T> y (050)

where we introduced a dimensionfull regulator e and|

ol+1 —-1/2

14
¢ p (aop
C, = CTE] o) | | V' s% + (agp)~ (C.51)

In the following, we focus on ((C.49)), which can be written aﬂ

o+ _ (27)° '
Mpm/ - ' p3 5(]7 - )
26+ 2)(/22 + S)CKCKJrl lim dr e~ Tp2t2eirtr’) | By <£ +1-— L, 2042, —2ipr>
(2ip’) Yot app

<o (o4 )

7 . +1 _ e 2py/ (E+1)24(agp) ~2 0—1 0 20(20+1)
Notice that Cp CPW and Cp C W

®Hereby we use two-times the recurrence relation 1 Fi (a,b+1,2) = 2[1F1 (a,b,2) — 1F1 (a —1,b, 2)]

and the orthogonality relation [ dr >R, ¢(r)Ry o(r) = (QPLZP(S(;D -p').
0

)| e
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Following the notation in ref. [193], we define |19§]

[0.9]
T(s,a,d') = / dr e r* e=s" | Fy (a,20 + 2, —2ipr) 1 Fy (a',% + 2, —Qip’r)
0

I'(2¢042 ata’—(20+2) Ay
__L@+2)(e+s) LR <a,a’,2£+2, P _ ) (C.53)
(e + s+ 2ip)~%(e+ s+ 2ip/)~ (e + s+ 2ip)(e+ s+ 2ip/)

where s = —i(p + p’) and the result of the integral in the second line can be found for
example in [199]. Then

o
T(s,a,d") = / dr e” TP Ry (a,20+2,—2ipr) 1Fy (a’,% + 2, —Qip'r)
0

2' 2‘//
2042 P TP V7 (s.4,d). (C54)
€E+s+2ip €+ s+ 2ip

0
=——7 N =
g Le(s:a,0) = ——

In the collinear limit of the incoming and outgoing momenta, p’ — p, we expand the
Gaussian hypergeometric function and obtainﬂ

L7E <_,L(p+p,)7 : ’ ! ,)
aop aop
(i —p) T P e—ifpr gt D1 (5 - ) T+ 2y
(4pp)€+1 i/(aop) F( a(fp’)r(€+1+$>
(et i) T ity DT (1= (- 7)) TR+ 2P
/\l+2—i/(aop’) _ i 5 )
(4pp’) oP)(e+i(p' —p)) F(€+1_@)F(£+aop'>
(C.55)
and
Z(—z(p+p'),€+1—l,€— Z,)
aop aop
(e =ity —p) S e itp 1 ) ) T (145 (7 - 5)) T+
(g7 P T (2 )
o 1= (1-) —aw G D (—14+ L (- L)) (20 +2)?
—i—(e‘f‘l(p —p)) cor ¥ (e—z(p+p)) o0 p ¥ p P
4 l+1—i/(aop) (¢ — _ i
(4pp') (e—i(p' —p) (£+1+m)r(£—w)
(C.56)
In the limit z — oo it holds that
I(a —a)(20+2) 1 T(a—a)T(20+2)

2P (0,05,2042.2) = e Tt 2—a) T (o) T@T @l T2 —a)
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Finally, taking the limit € — 0, we can extract the collinear singularity from eq. (C.52]),
which reads

4,(+) i | (@2n)? . (2042)(2043) g 0in
M, /+1 _ ) _ 1 ;
nr p'—p ‘ " +CL0P p3 (" —p)+ 61_>I8+ (Qip/)Q Cpcp
. / 7 i . , i i
x[je(—2(p+}7),€+1—@,€+2—a0p/>+L7e<—z(p+p),€+1—m,£_aop,ﬂ
p'—p
| (20)
:‘€+1+Z (7;) 5(p/_p)
app| P
(2m)? {4+ 1+ o5 i [ i o
+ ) 1_7p_p 10 €+Z’Ure_vre
{p2 414 L] (it = p))? aop? P ™ P 1og (€4 (0 = via)
ag
o . . 3
+p p[llog(2vrel)_Z’YE—
p aop aop 2
_ (\Ilo<£+1—>+\110<€+1+>
2a0p app aopp
. =2
+2(e+1)‘z+1+l )”H,C}
aopp
2 . . .
- W;LO »Z, <€+2)'€+1+l +cc g, (C.57)
p* e+i(p' —p) aop aop

where € = Mé/2 and, as a reminder, p = Mu,e/2 and p’ = Mwv] /2. One can factor out
the collinear singularity from (C.50) in a similar way, and we obtain

_ i | (2m)3
e ‘£+Z ) 50— p)
P aop| P
(27r)2 _a(l)ip i [ i / -
- . 1-— - 1 + rel = Yre
{ P*ole— L (e+ily' = p)® P 7P 08 (€ #(tier = trat))
ao

, . )
p—p| 1 {
+ [ log (2vre1) = —E — 5
p aop a

a0 (o) + () )+ o)

2 . . .
T (é— 1 Z) ‘£+ 2 lyee . (C.58)
p® e+i(p —p) aop aop

First of all, we notice that the divergence appears in a distributional sense in terms of a
delta function and its derivative, since

1 1 1 . e
(+iw-pP  (@-p—i? {(p/_p)z] +ind'(p' —p).  (C59)
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Second, we observe a deviation of the results (C.57) and (C.58)) compared to those found
in ref. [193], namely a mismatch in the constant terms —3/2 (—1/2) in the fifth (third)
line of (C.57) ((C.58)) compared to the analogous expressions in [193], but also the
terms in the last line of each (C.57) and (C.58)) are missing in [193]. Hence it remains to
be checked, by how much those missing terms contribute to the overall integral result.
Third, the results derived so far can be also directly used for color-adjoint to color-adjoint
transitions in non-abelian gauge theories, cf. section by replacing & — —«/(2N) in
the Bohr radius ag = 2/(M«), that enters at several places in and (C.58). Finally,
we do not write explicitly the result for the collinear singularity in the color-singlet to
color-adjoint continuum dipole matrix element, cf. eq. , since it shares a similar
structure as (C.57) and (C.58) with the same kind of divergence in terms of the Dirac
delta function and its first derivative.
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Appendix D

Thermal field theory: real-time
formalism

This section is devoted to the cataloguing of the various two-point functions of the
bosonic DM heavy pair and gauge fields as well as the fermionic fields of the dark light
particles and, in addition, the computation of the radiative self-energy corrections of the
dark photon propagator at zero and finite temperature for different hierarchies of energy
scales, that are the basic ingredients used for the calculation of the interaction rates
throughout this work. For a general introduction to quantum field theories (QFTSs) at
finite temperature, especially an extensive treatment of the fundamentals of the imag-
inary time formalism (also referred to as the Matsubara formalism) and the real-time
formalism, we direct the reader to appropriate literature such as the following review
papers [56,200], or well-established textbooks (e.g. [201,202]). The basic idea is to make
a close connection between the principles of statistical mechanics and QFTs, due to the
interpretation of the Boltzmann factor e /7 where H is the Hamiltonian operator of
the whole quantum system in a canonical ensemble, as a time evolution operator e~*/t,
i.e. by relating temperature with imaginary time, t = —i/ TE] This work is based on the
real-time formalism, where the expectation value of an observable A,

(A) = Tr [Ae*H/T] (D.1)
Tr [e=H/T] 7 '

is evaluated on the complex Schwinger-Keldysh contour [203204], cf. figure[D.1] starting

from an initial time ¢; along the path C; to ty, then along Cy back to t; — i€, where it

finally evolves on an imaginary time axis to the final time ¢; — 7T, because of the product
of A and e~ /T within the trace in (D.1))

!The Boltzmann factor equals the density operator of the full system in a canonical ensemble, p =
e H/T that solves the von-Neumann equation 2p = —i [H, p| with the solution p(t) = e~ p(0)e"*'".

*In general, evaluating matrix elements (¥|.A|¥) in QFTs, like in eq. (D-I)), with the same state |¥)
at equal times on the left and on the right of an operator A, goes under the name of the in-in formalism
suited for thermal out-of-equilibrium processes, as opposed to the in-out (S-matrix) formalism used for
in-vacuum scattering processes in QFTs at zero T
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Figure D.1: Schwinger-Keldysh contour in the complex time-plane in the real-time for-
malism. According to the contour ordering t; — t; — t; — /T, time points on the lower
branch Cy are always after those on the upper branch C;.

D.1 Greens functions on the Schwinger-Keldysh contour

In the real-time formalism, we evolve the system along the Schwinger-Keldysh contour,
cf. figure which leads to a doubling of the degrees of freedom, since the quantum
fields can live either on the upper time-ordered branch C;, corresponding to the physical
time axis, or on the lower anti-time ordered branch Co. We denote accordingly the fields
on the upper branch with a subscript 1, which are the physical fields, and the ones
on the lower branch with a subscript 2, which are unphysical and can only enter via
internal propagators within any Feynman diagram under considerationﬁ In the real-
time formalism, the general procedure to determine and draw all Feynman diagrams
is to assign all external lines to be of type 1, i.e. to consist only of fields of type 1,
whereas the internal lines can be of type 1 or 2, and one needs to sum over all possible
combinations of those assignments. Also the vertices can be either of type 1 or 2, where
the type-1 vertices are those related to the familiar vertices in QF'Ts at zero temperature.
The type-2 vertices differ by an additional negative sign.

Due to the doubling of the fields, there are four different kinds of two-point functions
that can be constructed. In momentum space, the dark photon two-point function can
be written in a matrix form as

11 12 T <
Do) = (o) D) = (e o). o2

where Di},(q) is the time-ordered two-point function, Dii(q) the anti-time-ordered two-
point function and the off-diagonal elements are the Wightman functions, with mixed
fields of each type 1 and 2 in the CTP-index space, that in case of a system in thermal
equilibrium satisfy the KMS-relation

D5 (@) =e /"D (q). (D.3)

3The additional subscript (1 or 2) on the fields in order to distinguish the two different time branches
C1 and C2 to which the fields can belong to, is sometimes referred to as the CTP-index (CTP = Closed-
time-path). The Schwinger-Keldysh formalism is also known as the closed-time-path formalism.
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In the abelian theoryﬁ the free (i.e. at leading order, superscript LO) thermal propagator
in Coulomb gauge readsﬂ

L0
Wia) = |7 L] o
° 7
DO (q) (5 qz'qj> ﬁ O(~00)2m(c")
(] = iJ —
J q|? ©(q0)276(q) g2 —ie
+276(¢*) na(lqo|) G 1)] ’ (D)

where ng(E) = 1/(e®/T — 1) is the Bose Einstein distribution. In Coulomb-gauge it
holds that Dy;(q) = Dio(q) = 0. The 21- and time-ordered two-point functions, that
are used in this work to determine the rates like the bsf cross section or the bsf width,
can be derived from the retarded and advanced two-point functions D, (¢) and Dl‘fy(q),
respectively, via

Difa) = [1+ (@)D (a) — Djb(a)
= 201+ ni(a0)RelDE (0)]] (D.6)
Dyy(a) = Dj(a)+ Dy,(a) = Dpy(a) + Dy, (a)
R A
- D PP (D ()| 1D (0) - Do)
= S[DE@ + D) + D). (D.7)

where in the last line we split the terms into a sum of symmetric, Dgl,(q), and anti-
symmetric, Dﬁf (q) = Df,,(q) + D;‘V (g), functions which are real and imaginary, respec-
tively. The retarded and advanced free propagators in Coulomb gauge are

R/A i
oo/Lo(\QD = ? ’ (D-8)
DRIA (N _ qzqg i L D S
Z],LO(Q) ( s ze) P 0ij q? ) ¢* £ isign(qp)e
qiq R/A
- <5ij - q2j> AL(/) (q)- (D-9)

“In the SU(N) case, we need to multlply the color matrix 642 to the expressions in and -,
where the trace of 5AB is 644 = N2 —

5Throughout this work, thermal propagators are assigned to particles that are in kinetic equilibrium
with the thermal environment.
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At higher order in perturbation theory, the free dark photon propagator gets modified
by loop corrections due to interactions with the light dark fermions f; from the thermal
bath, cf. section for more explicit detailsﬁ

The two-point function can be expanded as a series in terms of the free propagator
and one-loop polarization tensor,

Dyula) = DEO(g) + DE(g) [i1™(q)| DEX () + ... (D.10)

An analogous series can be written for all other functions, e.g. DfV/A(q), as well. If the
series cannot be truncated, it needs to be resummed, and, using the geometric series,

for the retarded and advanced functions it results in

i
D) = ——— (D.11)
 + 1055 (g)
R/A qiq) i
D;i"(q) = (51“— > : (D.12)
! T@ ) (i - g+ T ()

where the transverse retarded/advanced polarization tensor is defined as Hﬁéﬁs(q) =

(64 — g'q?/ q2)H§/ A(q) /2. The 21-Wightman function in an expanded form is given as

D;,(a) = 201 + np(a0)] Re | DE () + DI (a) [i¢ (0)| DES () + ... |

q0>0
_ R,LO R,LO Ap R,LO
— 201+ np(a0)] Re [DEMO(q)] |+ 2[1 + ni(q0)] Im [ DRI (0) D ()|
q0>0 qo>0
+ ...
= D" @) + DN (@) + (D.13)

In the subsequent section we derive explicitly analytic expressions of the retarded
thermal polarization tensor and give the results for the resummed dark photon propa-
gator that were used in the main body of this work.

The free thermal bosonic propagator of the DM heavy fermion-antifermion field ¢ in
pNRQEDp); readd]

1

po — H + ie 0 1 1
G(po) = - o i +2m6(po — H)np(po) {
m(po — H) po — H —ic
o 0
~ | po—H +ie L , (D.14)
2mé(po — H —_—
73 (po ) po — H —ic

5Loop diagrams, which involve the heavy DM (anti-)particles X, X in the loop, are negligible (because
of the decoupling theorem in the limit of very large DM masses) and hence can be neglected.

“In the non-abelian theory, the color-adjoint heavy-pair propagator is x 048 whereas the
color-singlet heavy-pair propagator is simply .
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where pg is the energy of the dark fermion-antifermion pair and in the heavy mass
limit, recalling that H = 2M + ..., ng(H) is exponentially suppressed as e 2M/T,
The real-time formalism is convenient when dealing with heavy fields, since the type-
2 fermion-antifermion fields decouple from the type-1 fields due to the vanishing off-
diagonal element in the matrix propagator in the second line of eq. , and hence
may be ignored in the heavy-mass limit [48].

Finally, for the n; dark fermionic fields f; charged under U(1)py with small masses
m;, the corresponding free thermal Dirac propagators ar (in SU(N): multiply by 6°)

1

2 _ 2.
SLOR) = (F+m) WE =y e
2m sign (ko )S (k% — m?)

0

k2 —m? —ie
27 sign (ko) (k2 — m2)np (ko) G }) ] ., (D.15)

where np(E) = 1/(e®/T +1) is the Fermi-Dirac distribution and in practice we neglect
the mass dependence for temperatures T' > m;. Hence, upon setting m; = 0 in ,
each of the n light particles has parametrically the same thermal propagator expression,
and we can omit the subscript ¢. The same relations among the different two-point func-
tions, like the ones given in f for the bosonic case, apply also for the fermionic
fields, except that one needs to replace the distribution function ng by —ng. In partic-
ular, the symmetric massless fermion propagator is S°(k) = [1 — 2ng(|ko|)]27 k5 (K2).

D.2 Thermal gauge-boson polarization tensor

In this section, we consider radiative corrections and resummation effects entirely in the
abelian theory. The retarded dark photon self-energy, its diagram depicted in figure
that enters in the next-to-leading order term of the 21-dark photon propagator in ,
with n; massless dark particles in the loop, reads [205]

17, (q) = I, (q) + 10,2 (q)

— 2 ﬂ 11 o 11 . 21 o 12
s | ooy (Tr [vuS™ (k= ST (K)] = Tr [7,5 (k — )7 ST (F)])

2 4
— —iLn; / Ak (Tr [v.5°(k = @)1 S™(K)] + Tr [v,5" (k — 9)3 5% (k)]

2 (2m)4
+Tr (1,5 (k — @) S (k)] + Tr [1,8% (k — @) (k)]) ,
(D.16)
where the terms in the last line vanish after the integration over kg using the residue
theorem. Shifting the momentum k — k + ¢ in the first term and £ — —k in the second

8We do not consider self-energy corrections to the light fermionic propagator in (D.15)), that would
involve dark photons in the loop, and hence we can omit the superscript LO in (D.15).
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term, and using the explicit form of the massless fermion propagators (i.e. eq. (D.15)
with m; = 0), we get

. 2
Hﬁy(q) = anQ/ ((2171_];3 [1 = 2np (|ko )] Ty kv (K + ¢)] (k + q)2 _|_62'(§g11(k:0 + qo)e

= ILE () + I 7(a)
(D.17)
where the vacuum polarization tensor, HE,LTZO(q), stems from the first term in the
square bracket and in the MS scheme it reads

2 - N2 2
RT=0, \ _ 2\ 1Y (qo +1i€)* — g 5
HW,WS (@) = (quav — 9 a )W [ln <—M2 — 3| (D.18)
The thermal retarded polarization tensor is
Ak 3(k?)
ET70(q) = —2 2/ Jeo|) T v
w o (g) ngg (2ﬂ)3nF(| o) Tr[yu kv (K + ¢)] (k + q)2 + isign(ko + qo)e

3k nr(|k|)

2

- / (2r)° [k

y ( Ty, kv (g + 8)]lko=k) N Tr(yukv (4 + )] |ro—— |k )
(qo+ [k)? = |g + k> +iey.  (qo — |k])? — |q + K[> +ic_
(D.19)
where we define ey = sign(=£|k| 4 qo)e. Alternatively, using the relationﬂ

1 _/dk() O(ky) — O(—k) , s
(k4 q)2 + isign(ko + qo)e 21 ko + qo — ki) + ie

it can be written as

(k¢ =k +4ql*),  (D.20)

Hf},’,TiO(q)znff/ d3k nF(‘kD Z UQTr['Yuk'YV(k"‘g)”ko=01\k| . (D.21)

@) 2k + allk] \ | 2=, 0+ o1lk] + oalk + [ + e

which now contains poles only of first order. In the next step, we evaluate the trace
appearing in the numerator,

T = Tr['V,u%"Yz/(ﬂ + k)]
= 4[’%(‘1 + k), + k(g + k)u - gwk(q + k)],
and in terms of its temporal and spatial components it becomes
Too = 4(koqo + kg + |kllg| cos 0 + |k|*)
T = 4[2]?2']{7]‘ + kigj + kjq; + 5Z‘j<k2 ~+ kogo — ’qu‘ cos 9)] ,
1/ .. tad D.23
ﬂransz<52]_qg>n' ( )
2 q

A(k2 + kogo — |k||q| cos 6 — k2 cos® 6)

(D.22)

9Equation (D-20) follows from the relation S¥(z —y) = ©(z0 — o) [S” (z — y) — S<(z — y)] between
the retarded fermionic propagator and the fermionic Wightman functions in coordinate space.
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k—q
Figure D.2: One-loop self-energy diagram of the dark photon propagator. The polariza-
tion tensor is denoted by II#¥(g). Only the ny dark light fermions run in the loop.

where 6 denotes the angle between the momentum vectors q and k. The longitudinal
component of the thermal retarded polarization tensor in (D.19) reads

Hé%T#O(‘J):_megQ/(;ljr];nFl(k‘f') [ 2 |k|qoi2’§2_+|k”qycose ;
@ + 2q0lk| — g% — 2|K||q| cos 0 + ey

—|k|qo + 2k? + |k||q]| cos O }

a5 — 2qo0lk| — q* — 2|K||q| cos 6 + i€

g [ 4k? + ¢* 4 4qo k| ¢° + 2qo|k| — 2|ql|k| + iey
=yt [ i k) | ()

4k? + ¢ — 4qo K| N <q2 — 2qo0|k| — 2|q||k| + i€> 2]

4kl q| g% — 2qok| + 2|ql| k| + ie_ ’

D.24)
and the transversal component is

(0= —tnyg [ 58D [ 4l = el ond o
trans (27-[-)3 ‘k| qg+2q0|k| —q2 —2|k’|q|COS€+i€+
k? — |k|qo — |k||q| cos @ — K? cos? 0 ]
a2 — 2qolk| — g% — 2|k||q| cos 0 + ie_

2 o) 2 2
g 45 +4q
=gy [ dwll (i) | -2

N Aq*(K* + [klgo) + a* — (45 + 2a0lk])* | <q2 + 2ol k| — 2|q]|k| + i6+>
8|k||q|? q* + 2qo|k| + 2|q||k| + ey

| 44°(K? — [Klgo) +a* — (43 — 2q0[k])* | (q2 — 2qolk| — 2|qllk| + ie—)]
8|k|lq|? q* — 2qolk| + 2|q||K| +i6(—D

We split (D.24]) and (D.25) into its real and imaginary parts,

2 oo 4k% + ¢* + 4qolk| | | ¢ + 2q0|k| — 2|q||k|
R [HRvT#O }: 9/ d|k||k|ne (|
© 00 (Q) nf,n_Q 0 | || |’I’LF(| |) 4|k:|\q| q2+2q0|k| —|—2|q|‘ki|

2 _ 2q0|k| — 2|q||k
q¢° — 2qo|k| — 2|q]|K| 2],
(D.26

4Kk? + ¢% — 4qo|K|

+
4lk|lq|

q% — 2qolk| + 2|q||k]
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2 o]
, g
tm 1570 @)] = s [ el )

2 2
[4k +4c’]kT;|4QO|k| sign(e;) [O(2/k| (g0 + lal) + ¢%) — O2/k| (g0 — |al) + ¢°)]
2 2
- +4(,Iqu‘4q@\k\ sign(e-) [O(2|k|(g0 + lal) — ¢*) — ©(2lkl(q0 — lq]) — qz)]] |

(D27)

and

RT#0 g % +4a
Re [:Htranzé (Q)} = nf77'2/0 d‘k”k|np(’k‘) |:—0q2

q*(K* + |klgo) + q* — (a5 + 2q0lk)* | |4® + 2qolk| — 2|q|%|

8|k||q|3 q? + 2qo0l k| + 2|q||k|
n 4¢°(k? — |klqo) + q* — (g2 — 2q0|k|)? . q* — 2q0|k| — 2|q||K|
8[klqf? !

a* — 2qolk[ +2|q||k||]| ’
(D.28)

2 00
R, g
t (20 @)] = s [ dllpor k)

4q% (k% + |k|q0) + q* — (g2 + 2q0|k|)?
sign(e
[ e ()

x [0(2[k|(q0 + |al) + a*) — ©(2[k| (90 — |a]) + a*)]

2 2 4 2 2
q°(k* — |klqo) + g* — (g5 — 2q0lk|)* .
sign(e_
e (&)

x [0(2lk[(g0 + lal) — a*) — ©(2lkl(g0 — |al) — a*)]
(D.29)
The advanced polarization tensor can be obtained from the general relations Re [ ff ] =
Re [II,] and Im [If | = —Im 1T} ].

D.2.1 Hierarchy T ~ |q| > ¢

We take the spatial loop momentum k in the photon self-energy, cf. figure to be
of the order of the temperature T of the thermal bath, because we consider dark light
fermions to be the constituents that form the thermal bath. Then for the particular
hierarchy 7' ~ |q| > qo, which corresponds to interaction processes involving space-like
dark photons, we may expand the egs. m ) for small g, resulting in

2 oo 4k? — g% ||q| — 2|k|
Re [8770(g)] = n 9/ d|k||k|np(|k [2— In } ; D.30
@] = s bl ED [2 = S g o] P

, 9 q [
tm [11G57(0)] =20y T4ar | el (D, (D31)
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> e # 4 lal - 2K
Re [ITR120()] = g/ d|k||k|np |k [ —1}, D.32
M’ @] =nsly | dkllklng (b)) | o |2 (D.32)
R,T+£0 P [™
tm [T (@)| = ng =L [ dlkl Il (K] (D.33)
7 1ql Jiq/2

The egs. (D.30) and (D.31)) are in agreement with the abelian versions of the expressions
in [130,/150]. The thermal longitudinal symmetric polarization tensor then is

155 *(a) = [1+ 208 (a0)] 115577 () ~ 1135"7°()| = 2i[1 + 208 (q0)}lm |T15577° (q)

¢ T [ o ST£O
1 d|k||k|nF(|k|) - 2I_Itlrams (Q)v
7 1ql Jiq/2

= 8iny

(D.34)
where we expanded the Bose-Einstein distribution up to leading order in qo/T, i.e.
ne(qo) = T'/qo + ... , and the second equality in the second line of (D.34) shows the
relation between the longitudinal and transverse part.

D.2.2 Hierarchy T > q,|q|

If the absolute value of the spatial momentum vector q is of the same order as ¢y, we can

expand the integrands in (D.26)—(D.29) both in |q| and ¢g, and perform the integration
over the loop momentum |k|. The analytic results are

Re [I7720()] = m2 |14 20 1|0 —lal]] D.35
Mo () DL 20al a0 + gl (D5
[ | mq0
Im {1557 (q)| = mZDT!Q! (—¢%), (D.36)
- - 2 2
RT#0 q 40 q q0 + |q|
Re [TI{57%(g)| = —szQT;]Q [1 " 3ql <1 - qz) In o —d ] ;. (D.37)
B - 0
r A 3 2
R,T#0 4, q
Im l_Itrans7é (Q) = _sziog <1 - 2> @(—QQ), (D38)
- - 4[q| 90

where we computed the integral [;* d|k|/k|nr(|k|) = 7272 /(12), and introduced the

Debye mass
4
mp = \/%gQTQZ \/gnfa T, (D.39)

which depends on the coupling «, the temperature 7" and the total number n; of massless
dark particles. The thermal retarded polarization tensor develops an imaginary part only
for space-like dark photons, where ¢ < 0. The results are in agreement with the abelian
analogues in refs. [129}/130}/150,[206]. Finally, we give the analytic expressions for the
longitudinal and transversal symmetric polarization tensors:

S ) T
Mo 7°(g) = 2immb; - O(=0°) (D.40)
2 2
5,740 . Tq, q
W) = i (1—q2) o(—¢?). (D.41)
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D.2.3 Hierarchy T > |q| > qo

The hierarchy T' > |q| > qo is a special case of the one considered in section
therefore we expand the expressions in (D.35)—(D.38|) up to first order in ¢y < |q|,

Re |57 7%(q)] = m}, (D.42)
- - 2
q
Re [I720(g)] = m%xo(q‘)), (D.43)
I [T5770(g)| = m3 22, (D.44)
: : 2|q|
(TR, T#0, ] 4o
I [ 2) | = mb (D.45)

If the momentum |g| of the dark photon is of the order of the Debye mass, T' > |q| ~
mp > qo, then the thermal loop corrections contributing to the dark photon propagator
need to be resummed, which is known as the Hard Thermal Loop (HTL) resummation.
For the particular hierarchy considered in this section, after performing the resummation
which leads to the dressed propagators written in egs. and , we obtain for
the longitudinal part

. . 2 2

R/A i i T qo mé a
Dy (a) = . = i+0<) ., (D.46)

oo (@) g% + m} +im} ;r|(£10| g’ +md — 2lq| (g% +m3)? q?

and for the transverse part

R/A qiq; {
D = (6. —
i (@ < Y ) (90 £ ie)? — g2 £ imp 7t

. 2 2

4, i T qo mp a6
= | 0;5 — —_— 4+ - : +0 ()} . (D47
< q> > [(CJO +i€)2 —q? 4 |q| ((qo £i€)? — ¢?)? q? (D.47)

In fact it turns out that, by comparing (D.46[) with , only the longitudinal part
gets dressed by the Debye mass, which removes the infrared divergence for g> — 0 at
finite 7', hence justifying the screening property of mp. On the contrary, the spatial
part in , upon expanding up to zeroth order in gop/|q|, reduces to the familiar
leading-order expression in .

Then, using the relations in eq. and in egs. —, the resummed longi-

tudinal dark photon propagator becomes

i 1 0 T m? 11
D S — +7TD< ) , D.48
00(0) q? +my <0 —1> la| (¢ +mp)? \1 1 (D-48)

and the resummed longitudinal symmetric propagator reads

S _ _ngO(Q) o ﬂzmi%
Pold) = iR )@ + i@ - e @ e P
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On the other hand, for the less strict hierarchy considered in section if the dark
photon energy qo is of the order of the Debye mass, such that g, |g| ~ mp, both the

longitudinal and transversal polarization tensors in ([D.35)—(D.38|) need to be resummed
and one obtains

R/A i
D —
00 (q) 2 4 2 [l—i-q—oln QO—|Q|H + imm2 Q709<_ 2)
q D 2lq| qo+]dq| D 2]q] q
B 2 : qo—lal£ic ]’ (D-50)
q 0—|q|+ie
q+md 1+ 5 n (e )|
and
R/A
D(q)

o v 9 2@ [+ w0 (1 _ @ q0+1q| 2 4 ( j) 2
(q0 £ i€)* = q* — mpy g4 [1 2|q|( qg>1n w0 lal } Fimmp g (1 — 4z ) ©(=¢%)
_ qiq; i
a 6ij B ? 2 R md [ g q .2 go+|g|+ic ’
¢* £ isign(qo)e — > [?_ 2lqrd 10 (q0—|Q|ii€)}

(D.51)
from which one may compute the dressed symmetric propagator and, eventually, the full
matrix-valued dark photon two-point function

19We remind that, according to (D.7), one can deduce that D%, (q) = [1 + 2ns(q0)] D/, (q) — Db (q))-
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Appendix E

Heavy two-pair system in OQS:
dipole exchange diagrams

In this section, we address the impact of the dipole exchange diagrams, which connect
a heavy particle-antiparticle pair (system I) with another heavy pair (system II) by an
exchange of a dark photon via dipole interactions, on the evolution of the single-heavy
pair reduced density pr in the open quantum system (OQS) formalism. It follows up the
discussion at the end of section and underpins the arguments provided there with
some concrete calculations. We consider a subset of the dipole exchange diagrams given
in figure where only the electric dipole interactions are shown, and denote the four
66 ee

diagrams by 5¢, D§¢ and Dg° respectlvelyﬂ
In the center of—mass frame neglectmg the thermal bath motion, they are given byE]

D — (ig)? /t dty e~ iHI=t0) i —iHi(ti=t0) ) (403 (i (1=10)
to
/t dty e~ H=t2)p] emiHu(t2=t0) oy (1) e H=10) (B (11, 0) B (t2, 0))11
=_g / dtl/ dty Ti(t, t1, to, 1) Tu(t, ta, to, i) (Ei(t1) EY (t2))11 (E.1)
pee — (Zg)lg/ dty e~ HHI=10) ) (40) i (ti=to) i i (1=10)
to

/tdtz o—iH(t— tQ)TH —iHyr(ta— tO)PII(tO) iHyy (t— tO)<E’L(t17 )E{I(t2,0)>21
t

0

t t X . .
= 92/ dt, | dty IIT(t,tl,to,rf)IH(t,tg,to,rf1)<Ef(t1)E{I(t2)>21, (E.2)
to to

!The other set of diagrams, at order 72, includes exchanges between system I and system II through
magnetic dipole interactions, cf. the Rontgen vertex in fig. right, but also mixed exchanges between
an electric and magnetic vertex.

2We adopt the notation used in the main body of this work, where the subscript I (IT) denotes that
the operators are with respect to system I (II).
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Figure E.1: Electric dipole exchange diagrams between a heavy DM pair (system I), the
upper solid lines, and another heavy DM pair (system II), corresponding to the lower
solid lines. The CTP-indices 1 or 2 denote that the fields and vertices are either along
the temporal path C; or Cq, cf. figure for the Schwinger-Keldysh contour.

t
Dge _ ig(ig)/ dt, e—zHI(t—tl),r_ie—zHI(tl—tg)pI(tO)ezHI(t—to)
to

t . . .
X/ dts eiZHH(t*tO)pH(to)eZHH(t?*tO)T%IeZHH(t*t?)(Ef(tl,O)EI]I(tQ,0)>12
t

0

t t . . .
= / dty [ dts Tu(t, 1, to, vYTh (¢, ta, to, 1) (B (01 B (£2))12 (F.3)
t

0 to

and

t
Dze _ (ig)2/ dt e—iHI(t—to)pI(to)eiHI(tl—to),riieiHI(t—tl)
t

0

t . . .
X/ dts eiZHH(t*tO)pH(to)eZHH(tQ*tO)T%IeZHH(t*t?)(Ef(tl,O)EI]I(tQ,0)>22
t

0

t t . . .
_g? / dty [ dts T (t 1, to, v T (8 o, to 1) (B0 B (£2)) 2 (.A)
t

0 to

Using a relation among the four dark photon propagators in the Schwinger-Keldysh
formalism ] it follows for the electric-electric correlators that

(E'E9) 11 = (E"E7)19 + (B'E7)g1 — (E'E)9s, (E.5)
such that the sum of the four terms in (E.1))—(E.4) can be written as
t t . . . .
Dfe 4 D5+ D5+ D5 =~ [ dty [ da [ (T - T) (i) Bt
to to

+ (IIZ - II“) Z{1<Ef(t1)E{I(t2)>21 - (IIiIIjI - Ili’TIffT> <E1i(t1)E{1(t2)>22} . (E.6)

3In the closed-time-path formalism, the time-ordered photon propagator can be split into a combi-
nation of the anti-time ordered propagator and the Wightman functions as follows, here in momentum
space,

DY (q) = D15 (q) + D57 (q) — D55 (q) s

which can be straightforwardly shown to be valid for the propagators at leading order given in eqgs. (D.4))

and .
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The first two terms in eq. (E.6]), which contain the factors IIjI - IIjI’T = 2iIm {Iljl] and

If — 701 = 2iIm [Iﬂ, respectively, can be shown to vanish. We proof it for the first
term

Im |:IIJI:| — Im _e—’iHH (t—tg)T{Ie—iHH(tQ—to)pH (to)eiHH(t—to)]

= Im e*’iHH(tftg)T,{IefiHH(tgfto)eiHH(tfto)efiHH(tfto)

o (to)eiHH (t*to)}

— Im -e_iHII (t—t2)T{I etHI (t—t2)pH (t)}

= Im <Tf1 - 2]]\.51@ - t2)> PH(t)] =0, (E.7)

—iHy1(t—to) iHy1(t—to)

where in the third line we used pri(¢,t) = e pri(to,to)e , which is exact
within the accuracy of order r2. New terms arise at O(r*), hence are beyond the dipole
approximation [153]. All operators in the last line of are hermitian, hence the
imaginary part is zero. A similar computation gives Im [II’] =0.

Concerning the last term in eq. , we will show that it vanishes once the partial
trace over system II has been done, since we are eventually interested to proof that the
mixed diagrams in fig. do not contribute to the evolution equation for the reduced
density pr of system I. Taking the partial trace of Zj|, we obtain

Trn [Iljl} = Tru e_iHH(t_tQ)’"{Ie_iHH(tZ_tO)PH(to)eiHH(t_tO)}
— ’I‘I-H ?”{Ie_iHH(tQ_to)pH(to)eiHH(t_tO)e_iHH(t_t?)}

—iHiy(t2—to)

pit (to)eiHII(t2*t0)i|

_ [
= Tryg e

= T T{Ipﬂ(t2)] : (E.8)

where in the second line we used the cyclicity of the trace. Following the same steps as
in (E.8)), but now for ZI]I’T, we obtain

Tryq [Iljﬂ = Trqp [rflpn(tg)} = Trpy {I{I] . (E.9)

Therefore, when taking the partial trace of the sum of the exchange diagrams, eq. (E.6)),
over system II, we end up with the temporal integrals of the residual term

s (If - IfT) Tri [Iljl} (Ef(t1) B (t2))22

= 2i92 Im [Iﬂ TI‘H |:II]I] <Ef(t1)EI]I(t2)>22 = 0, (ElO)

“In order to get from the third to the fourth line in eq. , we use

—iHpp(t—t2),J  _ —iH(t—t2) .Jj J —iHp(t—t2) _ _ - 0 —iHy(t—t2) J —iHp(t—t2)
e o= e T |+ e = —1 e + i€

apfl
: 2p? i _
(Tfl I 4l (t _ tz)) e iHpp(t—to) )
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and hence we conclude with our statement that the dipole exchange diagrams decouple
from system I, once we take the partial trace over system II, i.e.

Tryy [DS° 4 DS + DS +D5e] = 0. (E.11)

We expect the results shown in this section, that were derived in the center-of-mass
frame without recoil effects, to be valid also when the motion of the thermal bath is
included.
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Appendix F

Annihilations: alternative
viewpoint

Throughout the main body of this work, the observables have been computed by means
of the the optical theorem, where the information about a specific scattering process can
be extracted from the imaginary part of the corresponding forward scattering amplitude.
In QFTs, it is closely connected to the sum of all possible Feynman diagrams that emerge
due the cutting through internal propagators on the basis of the Cutkosky rules and the
extended rules appropriate for diagrams in the real-time field theory [126,[207]. In this
appendix, however, we aim to provide a different point of view on how to compute the
interaction rates without the usage of the EFT-framework. We focus on annihilation
processes in the U(1)py model only, and compute the corresponding free annihilation
cross section in section [F.1] and in section [F.2] we show how the Sommerfeld effect can be
tackled by means of the Bethe—Salpeter approach [208]; it should serve as an alternative
to the EFT techniques scrutinized in e.g. chapter

F.1 Free annihilations in QEDpy

In section we inferred the dark matter pair annihilations in the non-relativistic limit
from the matching coefficients of the irrelevant four-fermion operators in NRQEDpy,
which at leading order in the coupling encode the diagrams in fig. But we can
compute the annihilation cross section also directly, using the Feynman rules from the
parent U(1)py model. From Fermi’s golden rule generalized to QFTs, we have for the
annihilation into two dark photons X + X — vwE]

1 &3k, d3ky  (2m)*64 (k1 + ko — p1 — p2)

- Maml?, F.1
2 (2m)32kY (2m)32k3 4y/(p1p2)* — M4 | | Y

doann =

where My, is the dimensionless annihilation S-matrix amplitude and in the center-of-
mass frame the incoming DM momenta are p1/2 (E,+p), with E = /M? + p? and

'In this section, we put ny = 0 and consider only annihilations at leading order in « for simplicity.
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p = (p1 — p2)/2; the outgoing photon momenta are kf , = (E,£k), and |k| = E due to
energy-momentum conservation. The differential annihilation cross section then reads

doann | Mann | o’ |3M? + p*(3+cos’f) (M2 — p? sin2c9>2

dQ  5122E[p|  16E|p| M? + p2sin2 0 M2 + p2sin? 6

(F.2)

In the non-relativistic limit, upon expanding the terms in the square bracket in
up to first order in p*/M?, we get [...] ~ 2 + 4p*/M? = 2 + v2,, where p = |p| =
Muye1/2. We expand also the energy up to first order, E ~ M + p?/(2M) = M(1 +
v2,/8). In this limit, the dependence on the scattering angles vanishes in , hence
the angular integration can be done straightforwardly and the annihilation cross section
up to O(a?,v2)) reads

2
g’ 3
O-gr?nvrel = W <1 + 8’U§el> . (F3)

We should get this result from the dimension eight four-fermion operators, with matching
coefficients at order a?, in the NRQEDpy; model as well. We can take a different path,
and use the result we obtained for the annihilation cross section, up to order 1/M%, in
the pNRQEDpy theory, cf. , where we take the scattering wavefunction of the
pair to be the one of a plane wave in the center-of-mass frame, i.e. 1p(7) = exp (ip - 1),
and hence discard the Sommerfeld effect, since |1, (0)|? = 1E| We obtain
2 2 2 2 2

(o h UMgl)em = % + 31]\)44 (3ma? + 4ma?) + % (—§Wa2> = % (1 + A%) . (F.4)
We finally insert the Mgller velocity in the center-of-mass frame, written in eq. ,
into the left-hand side of , expand up to order vfel and hereby verify that the
result from a direct computation in the parent QEDpy model agrees with the
free annihilation cross section (F.4) in the lower EFT, that is a sum of S- and P-wave
annihilations. We can go in a similar manner to higher order in the coupling o =
a(2M) and consider processes with more than two dark photon productions, or include
non-relativistic corrections of higher order than vfel, or compute the cross section with
respect to another reference frame. However, we will not be able to encounter the
Sommerfeld effect. Despite the weak coupling «, it is a non-perturbative effect, where
the perpetual t-channel soft-photon exchanges between the fermion and antifermion
prior to its annihilation are enhanced if the pair is close to threshold. At this point one
needs to resum the infinitely many ladder diagrams, which is not feasible in standard
perturbation theory. In pNRQEDpy, cf. section the resummation is done at the
Lagrangian level due to a multipole expansion of the soft dark photon fields, which
in turn leads to a distortion of the plane wave function into a Coulombic scattering-
state wavefunction , together with the emergence of bound-state configurations.
In the next section, we pursue instead the resummation of the ladder diagrams at the
diagrammatic level.

2The gradient and Laplace operator acting on a plane wave are V., é,*)(r) = :I:ipl/}é,”(r) and

A, ,(,*)('r') = —pzwz(,*)(r), respectively. Eq. (5.22)) reduces to the result in the center-of-mass frame,
once we set P = 0.
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Figure F.1: Annihilation of a heavy fermion-antifermion dark matter pair into two dark
photons in the center-of-mass frame. The grey shaded loop denotes that the resummation
of the infinitely many ladder diagrams has been taken into account.

F.2 Sommerfeld-effect: Bethe—Salpeter ansatz

We consider once again annihilations at order a? and ny = 0 in the center-of-mass
frame, but now we resum the ladder diagrams with soft-photon exchanges, see the grey
shaded loop in figure by means of the Bethe—Salpeter equation for the composite
fermion-antifermion four-point Green function. The result for the S-matrix amplitude
in momentum space reads

d3p/

M k) = [ G5E

where the superscript Se denotes that the resummation has been taken into account, and
M (P', k) is the S-matrix for annihilations without resummation - it corresponds to
the amplitude My, defined in section— and the relative momentum p’ of the internal
propagators is taken on-shell. [73,209] From eq. it can be seen that the Sommerfeld-
enhanced annihilation amplitude is written as a convolution of the free annihilation
amplitude and the Bethe-Salpeter wavefunction, which in the non-relativistic limit is
the momentum-space Coulomb wavefunction of the heavy pair above threshold, first
derived in ref. [210]. It is the Fourier transform of the scattering-state Wavefunction,ﬁ

) = [

Mann(p/a k)\llp(p,) (F5)

00 ¢ 0o
= Y Y ») [4w | dr iRy

(=0 m=—¢ 0

9 ¢
= DD V@Y B R, (F.6)

=0 m=—¢

3In order to get to the last line of (F.6)), we inserted in the first line of eq. (F.6) the partial-wave
o0 4
decomposition of the scattering-state Wp(r) = > 3. R, (r)Y,"(#)Y;"(p) and of the plane wave

£=0m=—¢
. 0o I3 0o I3
errT=>% > isz,g(r)|a:0ng A (P)=4r > S i%Ge(pr) Y™ (7)Y (P), and used the orthonor-
=0m=—¢ =0m=—¢

mality relation [ dQs Y[m(f‘)Yeml(f*) = 80O for the spherical harmonics.
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which is now expanded into partial waves, and j;(pr) are the spherical Bessel functions of
the first kind. From the definition of R, ¢(p’) in (F.6)), it follows for the radial scattering-
state wavefunction thatff]

o0 dp/ ]
Roalr) = [ 355 023l Rl (k.7

We can decompose the free annihilation amplitude in a similar way, i.eﬂ

Mann (P, k) Z Z Y (k)Y (B ) M (P F) (F.8)
=0 m=—¢

and obtain for the resummed annihilation amplitude, upon inserting (F.6) and .
into equation (F.5) the following decomposition in partial-wave amplitudes{’|

o0 /
M (p. ZMﬁEﬁ Y R ) | s 1 M- Ry )
=0 m=—¢ o (2m)

(F.9)
where we have performed the angular () -integration using the orthonormality rela-
tion for the spherical harmonics Y;"(p’). One could in principle drop the k = |k|-
dependence in the partial scattering amplitude M¢_ inside the integral in eq. ,
since k = E = \/M? +p? = k(p') due to energy-momentum conservation at the ver-
tices. Likewise for the k-dependence on the left-hand side, i.e. MS¢ = M3 (p k). It
can be advantageous to decompose the S-matrix into partial-wave amplitudes as in ,
because the entire angular dependencies are then factored out, which is only possible
for rotationally symmetric potentials, and the remaining effort is in the computation of
the one-dimensional momentum integral as soon as M4, and R, are known. This,
however, can be a difficult task. In case of the Coulomb potential, it is known that the
radial scattering-state wavefunction in momentum space possesses a collinear singularity
due to the long-range behaviour of the massless dark photon [210]. This holds also for
the individual partial waves in momentum space, i.e. R, ¢(p’), which can be shown by
rewriting the spherical Bessel function of the first kind in terms of the confluent hyperge-
ometric functionﬂ and inserting it together with the £th radial wavefunction in position

“Equation (F.7) can be proven to be consistent by inserting it into the definition for R, .(p’) and
using the orthogonality relation [ dr 240 (pr)je(p’r) = w6 (p' — p)/(20°).
Equation can be checked straightforwardly to hold if soft-scale resummation is discarded:

e () =/ ds?‘ Yp=0(r)e —hr [ dr elp=P) — (27)38%(p — p'), which, upon plugging into (F.5)),
gives a cons1stency check M382=% = Mnn.

50ne can check that the decomposition in is consistent when long-range interactions are absent,
i.e. by setting o to zero: R;‘jo(p') = 47 fooo drr2jg(p'7‘)Rp7g(r)}a 0 (47)? fooo drr2je(p'r)je(pr) =
(27)38(p’ — p)/p?, then plugging into the integral in gives M382=0 = M.

"To be more explicit, we use the relation

VT (ﬂ) * exp (ip'r)

.
5 5 T(0 +3/2) 1Fi(0+1,204+2,—2ip'r).

je(p'r) =
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space (to be read out from eq. (C.4))) into R . It reads

47r)? 27 /(agp T
Ryalp) = i)y |2 o) e HW

L (¢+3) 2 2£+1'

X / dr P22 P B (041,204 2, —2ipr) 1FL (04 1 — i/ (aop), 20 + 2, —2ipr)
0
(F.10)

where the 1ntegral in the second line of (F.10 resembles one of the two integrals in equa-
tion E| The analytic result of the mtegral in can be read off directly from
the egs. (|C 53) and (C.54)), and hence the Coulomb Wavefunction in momentum space
possesses the very same collinear divergence as the continuum dipole matrix element for
a transition between two scattering states of momenta p and p’. It can therefore be
regularized in the very same manner as the matrix element, and we can expand around
the collinear singularity p’ ~ p, and obtain similar divergent terms ((p’ — p) — de)~*
and ((p' — p) — i€)~2. We refer the reader to the following refs. [211-213], where the
authors regularize the momentum-space Coulomb wavefunction and partial waves with
equivalent methods.

There is, however, a way to circumvent the collinear singularity p’ ~ p in R, ¢(p’) that
would spoil the integration over p’ in . Following the arguments in refs. [209,214],
we assume that the free partlal—wave amphtude M. (p') can be Taylor expanded in
powers of the relative velocity v/, ~ p//M < 1 of the annihilating non-relativistic
fermion-antifermion pair [

74 10+
¢ p Coy2 P Coton
Man () = ey + Z e (F.11)

where the dimensionless coefficients Cyy9, depend on the coupling o and on the spin
or polarization, but we are not interested in the explicit form of them. Instead we
recognize that the polynomials p’**2" can be of help in transforming the integral in
into a higher order derivative acting on the fth radial wavefunction in position
space. According to ref. [209], we can write

/OO dp/ /ZME ( / k)R ( /) _ i Cﬂ—i—?n /oo dp, /€+2n+2R ( /)
0 (27_[_)3 p ann\P » pl\P ) = A2 0 (271')3 p p,\D

n=0

. (F12)

Coyon Q”n' 20+ 2n + 1)1, 92
27T 3 Z =0

M2 _ ) (£+2n) s or r+2anf( )

8In fact the integral in differs from the first integral in only because of the first entry
in the confluent hypergeometric function in the first term of the third line in , ie. £4+1+—
£+ 2 —1i/(aop’).

°In we take into account that for a Coulombic potential the £th partial amplitude scales as v’
at zeroth order in the non-relativistic expansion. Then for fixed orbital quantum number ¢, higher order
corrections come with powers of 2n in v, where n is a positive integer counting the order of accuracy
in the expansion.

203



which can be checked straightforwardly upon inserting (F.7) into the second line of

(F12), and

9t opom 0T ovon | (=1)"(€+ 2n)! /

— / — e — / —
81"“2"]6(10 ) =p 8(p’7“)€+2nﬂ(p r)=p 27n!(2n + 20+ 1)!! +Or)

(F.13)

Finally, we can write for the Sommerfeld-resummed amplitude (F.9)), corresponding
to the annihilation of a non-relativistic fermion-antifermion pair above threshold with
relative momentum p in the center-of-mass frame:

M (p k) =D MES(p, k)
=0
o] l 0o
£\ A Coton (—1)" (20 + 2n + 1)II 9¢H2n
;;mzze R (p)nZ:;)MHQn " (¢ + 2n)! 8r€+2”Rp’Z(T) =0
(F.14)

which is now regular. Once the coefficients C;1 9, are known, the residual computational
task is on the derivatives on the fth radial wavefunction, evaluated at r = 0, and one
can include relativistic corrections up to the desired accuracy in n for each partial wave.
The absolute value squared of , |MSe |2 can eventually be inserted into or
in order to derive the Sommerfeld-enhanced annihilation cross section.
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