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Abstract

As one of the meshless methods, smoothed particle hydrodynamics (SPH) can be
formulated in both Lagrangian and Eulerian frameworks for flow simulations. Com-
pared to the former, the latter reduces numerical errors and offers higher computa-
tional efficiency as its fixed and optimal particle distribution. The Eulerian SPH
method is a potential meshless alternative to a traditional Eulerian mesh-based finite
volume method (FVM) in computational fluid dynamics (CFD). While previous re-
search has analyzed the differences between these two methods, a rigorous compar-
ison of their performance and computational efficiency is limited by constraints re-
lated to the normal direction of interfaces. To address this limitation, the first part of
this thesis focuses on developing a certain form of the Eulerian SPH method, which
introduces kernel gradient correction to release the directional constraints. This ap-
proach allows for the algorithmic equivalence between the Eulerian SPH and FVM.
Besides, the mesh-based FVM using a shared solver is implemented within a unified
SPH codebase by developing a parser to extract relevant information from mesh files
exported in the ".msh" format using the commercial software ICEM. Consequently, a
rigorous comparison between these two methods is achieved. Several cases, includ-
ing compressible and incompressible flows, are tested, demonstrating that while the
Eulerian SPH method produces smoother results and, when employing the high-
order kernels, achieves a faster convergence rate, it requires more computational
effort. Despite achieving algorithmic equivalence between these two methods, no-
table differences remain in boundary treatment. The second part of this thesis aims
to further enhance algorithmic equivalence and pave the way for the strong cou-
pling of these methods within a unified framework. Incorporating the FVM bound-
ary algorithm into the Eulerian SPH method is a critical step to achieving this strong
coupling. This is accomplished by allocating additional storage space for particles
in the boundaries to meet FVM’s boundary treatment, with flux contributions from
the boundary surface relying on the zero-order consistency. Numerical examples
involving complex geometries and various boundary conditions have been tested,
demonstrating the method’s accuracy and reliability. To improve the numerical ac-
curacy of the Eulerian SPH method, the third part of this thesis introduces a high-
order scheme, i.e., the Weighted Essentially Non-Oscillatory (WENO) reconstruc-
tion. The key idea is to construct a four-point stencil along each interacting particle
pair and apply WENO reconstruction to determine particle interactions with the
Riemann solver. This construction is applied to the Riemann-based Eulerian SPH
method with dissipation limiters. Several numerical examples demonstrate that the
method can produce smooth results while significantly reducing numerical dissipa-
tion. Another approach for improving numerical accuracy is the implementation of
high-order kernel methods. This is achieved using kernels characterized by non-
monotonic, non-positive regions and high-order vanishing moments for reduced
smoothing errors with sufficiently large compact support for decreased integration
error. To avoid excessive computational cost from large compact supports, the 4th-
order Laguerre-Gauss kernel with an appropriate gradient magnitude is employed.
The fourth part of this thesis analyzes the error of the Laguerre-Gauss kernel with



Vi

the same compact support as the widely used Wendland kernel. This high-order
kernel achieves significantly smaller relaxation residue and truncation errors than
other second and fourth-order kernels. Furthermore, a comprehensive set of 2D and
3D benchmark cases validate that the 4th-order Laguerre-Gauss kernel improves the
numerical accuracy without compromising the computational efficiency.
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Chapter 1

Introduction

1.1 Numerical methods for fluid dynamics

Fluid dynamics is crucial across industries, from aerospace or other industrial ap-
plications to biological fields. Typical examples include the transport plane, atmo-
spheric forecast, rocket engine nozzles, and carotid arteries, as shown in Figure 1.1.
With the continuous development of high-performance computers, computational
fluid dynamics (CFD) has been recognized as a promising approach to solving prac-
tical problems in the real world and also to augment the understanding of many
longstanding flow problems [1, 2].

One common approach in CFD is the classical mesh-based methods, such as the
Finite Difference Method (FDM) [3], Finite Element Method (FEM) [4], and Finite
Volume Method (FVM) [5]. These methods have achieved significant success. How-
ever, these face challenges when simulating applications involving significant topo-
logical changes. A primary limitation of mesh-based approaches is their reliance on
mesh structures, which require computationally intensive processes to generate or
regenerate high-quality meshes.

As an alternative, meshless methods, such as the smoothed particle hydrody-
namics (SPH) [6, 7], the moving particle semi-implicit (MPS) [8] and the discrete ele-
ment method (DEM) [9], have gained significant attention over the past few decades.
These numerical techniques utilize arbitrarily distributed particles to represent the
computational domain and its boundaries, allowing for the construction of govern-
ing equations across the entire domain without the need for a predefined mesh.
This topological flexibility makes meshless methods particularly advantageous for
addressing complex problems and tracking time-dependent field variables at spe-
cific material points. Furthermore, these approaches excel in multi-physics prob-
lems [10], enabling different materials to be represented by distinct sets of particles,
enhancing their versatility for various applications. This thesis focuses on the SPH
method, which was chosen for its strong theoretical foundation and well-established
principles.

1.2 Review on SPH

The SPH method, initially introduced by Lucy [6] and Gingold and Monaghan [11]
for astrophysics, has been widely applied in structural mechanics [12], and other
scientific and engineering applications [13, 14, 15]. Extensive reviews have covered
its theoretical foundations and principles, as well as diverse applications [11, 16, 17,
18]. Given the key role of SPH in this thesis, a concise overview of its methodology
is provided here.
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FIGURE 1.1: Typical examples of fluid: (a) Russian II-76 transport plane, (b) Atmo-
spheric forecast, (c) Rocket Engine Nozzles, (d) Carotid artery.
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FIGURE 1.2: Schematic view of a 2D SPH particle approximation for particle i using
neighbouring particles within the support domain of the kernel function W.
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In the SPH method, partial differential equations (PDEs) are formulated in inte-
gral form, with the approximation achieved via Gaussian-like kernel function [11,
6]. Once particles discretize the computational domain, its approximation is fur-
ther conducted, i.e., the integration in the integral representation is replaced by fi-
nite summations over values of neighbouring particles within the compact support
domain, as illustrated in Figure 1.2 [19]. Specifically, SPH can be applied in both
Lagrangian and Eulerian frameworks for flow simulations. In the Lagrangian SPH
method, particles move with the flow, offering advantages in cases of topological
changes and material interfaces, such as violent free-surface flows, multi-phase in-
teractions, and fluid-structure interaction (FSI) with flexible or rigid bodies [20, 21,
22, 23]. However, such flexibility can result in irregular particle distributions and
numerical inaccuracies, necessitating particle regularization techniques [24, 25, 26,
27]. On the other hand, the Eulerian SPH method, with its fixed particle positions,
maintains the initial optimal distribution, reducing the large numerical errors [28,
29]. This improves overall accuracy as shown in recent studies [30, 31, 32] and typ-
ically offers higher computational efficiency due to the fixed particle configuration
[33]. For additional details on SPH theory and fundamentals, see Section 2.2. In the
Lagrangian SPH framework, particle approximations are recalculated at each advec-
tion time step based on the evolving local particle distribution [34], whereas in the
Eulerian SPH framework, these approximations are performed only once [35, 32].

Many researchers have studied the numerical aspects of the Eulerian SPH method,
including its accuracy, stability, convergence, and efficiency [17]. Despite significant
advancements, several issues within the Eulerian SPH method still require attention.
Firstly, in the SPH community, it is recognized that the pairwise particle interac-
tion relying on kernel formulation in SPH discretization can be seen as analogous to
the numerical flux at the interface of two computational cells in traditional Eulerian
mesh-based methods, such as FVM [36, 26, 37]. Neuhauser [38] provides a detailed
analogy, allowing an FVM discretization to utilize the Riemann solver developed for
the arbitrary-Lagrangian-Eulerian (ALE) SPH framework within the same software.
However, the extent of this analogy between the Eulerian SPH and FVM remains
unexplored, and the rigorous comparison between these two methods requires in-
vestigation. Secondly, while both FVM and Eulerian SPH methods in Wang et al. [39]
utilize the same discretized conservation equations along with unified techniques,
the handling of boundary conditions differs between particle-based and mesh-based
approaches. Consequently, incorporating the FVM boundary algorithm into the Eu-
lerian SPH method is essential, as it not only aligns the Eulerian SPH method more
closely with FVM but also plays a pivotal role in developing a unified SPH frame-
work that enables strong and robust coupling between these two methods. Thirdly,
enhancing the numerical accuracy in the Eulerian SPH method remains a critical
objective.

1.3 Aims and objectives

The main objective of this thesis is to tackle the challenges mentioned above in the
Eulerian SPH method for fluid dynamics.

To enable a rigorous comparison between the FVM and the Eulerian SPH meth-
ods, the first task is to present a certain form of the Eulerian SPH method that incor-
porates a kernel gradient matrix [40], which mitigates constraints related to interface
normal directions, achieving algorithmic equivalence with FVM. Additionally, the
second task is to implement the traditional FVM formulation within an open-source
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SPH library [41]. This is achieved by developing a parser that extracts necessary in-
formation from the ".msh" mesh file format generated by ICEM. Finally, a rigorous
comparison between these two methods can be conducted by facilitating a shared
solver for both methods within a unified codebase. This work is detailed in Paper I
[39]

¢ Zhentong Wang et al. “FVM realization in Eulerian SPH: A comparative study within
unified codebase”. In: Computer Physics Communications (2025), p. 109683

which has been attached in Appendix A.1.

To enhance algorithmic consistency between these two methods, it is essential
to incorporate the FVM’s boundary algorithm into the Eulerian SPH method. By
examining the boundary treatment in FVM, which maintains the zero-order consis-
tency for the cells in the boundaries, we develop a new boundary algorithm tailored
for the Eulerian SPH framework. The key idea is that when incorporating the FVM
boundary algorithm into the SPH codebase, additional storage is allocated for the
particles in the boundaries, ensuring the necessary data is retained to meet FVM’s
boundary requirements. This work is detailed in Paper II [42]

¢ Zhentong Wang, Oskar ] Haidn, and Xiangyu Hu. “An algorithm for the incorporation
of relevant FVM boundary conditions in the Eulerian SPH framework”. In: Computer
Physics Communications 307 (2025), p. 109429

which has been attached in Appendix A.2.

While the methods proposed in Paper I [39] and Paper II [42] introduce the
dissipation limiters for enhancing numerical accuracy, further improvements are
anticipated by employing a higher-order reconstruction scheme. The key idea in-
volves constructing a 4-point stencil for each interacting particle pair and applying
the weighted essentially non-oscillatory (WENO) reconstruction [43] to determine
particle interactions using the Riemann solver with dissipation limiters. Although
reconstruction has been implemented in the Lagrangian approach, its use within the
Eulerian framework remains unexplored. This work is detailed in Paper III [44]

¢ Zhentong Wang et al. “An Eulerian SPH method with WENO reconstruction for com-
pressible and incompressible flows”. In: Journal of Hydrodynamics 35.2 (2023), pp. 210-
221

which has been attached in Appendix A.3.

Although the high-order WENO scheme in Paper III [44] improves numerical
accuracy, it comes at the cost of increased computational effort. An alternative ap-
proach for increasing accuracy is to employ high-order kernel methods [45, 26],
which utilize kernels with non-monotonic and non-positive regions, as well as high-
order vanishing moments, to reduce smoothing errors while providing sufficiently
large compact support to minimize integration errors. To address the much compu-
tational cost associated with large compact support, a fourth-order Laguerre-Gauss
kernel, with the same compact support as the second-order Wendland kernel, has
been analyzed and implemented [32]. This kernel provides a substantial improve-
ment in numerical accuracy without compromising computational efficiency. This
work is detailed in Paper IV [32].

¢ Zhentong Wang et al. “A fourth-order kernel for improving numerical accuracy and
stability in Eulerian SPH for fluids and total Lagrangian SPH for solids”. In: Journal of
Computational Physics (2024), p. 113385

which has been attached in Appendix A .4.
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1.4 Outline

The structure of the remainder of this thesis is as follows: Chapters 2.1 to 2.3 in-
troduce the conservation equations of fluid dynamics, the fundamentals of the SPH
method, and compressible and weakly-compressible SPH formulations, including
the equation of state (EOS), Riemann-based SPH discretization equations, and time
integration schemes. Chapter 2.4 elaborates on the Eulerian SPH extension covering
dissipation limiters, a kernel correction matrix, and a particle relaxation technique.
Chapters 2.5 to 2.6 examine the similarities and differences between the FVM and
Eulerian SPH methods, as well as the implementation of FVM in the SPH codebase
for the rigorous comparison. Chapter 2.7 presents typical wall boundary treatments
and a new FVM-equivalent boundary treatment. Moreover, Chapters 2.8 and 2.9
detail the high-order WENO scheme and the fourth-order Laguerre-Gauss kernel,
respectively. Finally, Section 3 summarizes the publications associated with this the-
sis, and Section 4 provides the conclusions and outlook.






Chapter 2

Governing equations and methods

In this chapter, we briefly summarize the governing equation of fluid dynamics and
introduce the theory and fundamentals of the SPH method. Subsequently, we dis-
cuss both the compressible and weakly-compressible SPH methods, including EOS,
Riemann solvers, and time integration. We also explore the Eulerian SPH extensions,
which incorporate dissipation limiters, a kernel correction matrix, and a particle re-
laxation technique. Following this, we present the rigorous comparison between the
Eulerian SPH and FVM, and realize the latter in the former framework. Addition-
ally, we propose a new FVM-equivalent boundary treatment within the Eulerian
SPH framework, which aims to enhance algorithmic equivalency with traditional
FVM. Finally, we introduce and elaborate on techniques designed to improve nu-
merical accuracy, including the implementation of WENO reconstruction and the
fourth-order Laguerre-Gauss kernel.

2.1 Governing Equations

The conservation equation in the Eulerian framework is described as:

ou
where U represents the vector of conserved variables, and F(U) denotes the corre-

sponding fluxes. Specifically, these can be expressed as:

© pu po pw
pu pu®+p pou pwu
U= | pv |, F= puv + pvz +p |+ pwo , (2.2)
ow puw pow pr +p
E u(E+p) v(E+p) w(E+p)

where 1, v, and w denote the velocity components, while p and p refer to the density
and pressure, respectively. The total energy per unit volume is expressed as E =

2
£ + pe, where e represents the internal energy. For viscous flows, a viscous force
term is incorporated into the momentum equation as:

v)
f(V) = <Z‘;> = Vv (2.3)

to the momentum equation. Note that the energy equation is turned off in incom-
pressible flows.
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2.2 Theory and fundamentals of the SPH method

Before detailing the governing equations” discretization, the SPH method’s funda-
mentals and theory are first summarized.

2.2.1 Integral interpolation and particle approximation

The SPH method begins its kernel approximation of a function f(r) based on the
following fundamental identity:

fe) = [ f0s(s —ryr, 4)

where f(r;) denotes f(r) at a position r;, (r; — r) the Dirac delta function and Q) the
volume of the integral domain. When using the Dirac delta function, this integral in-
terpolation ensures the exact reproduction of f(r). However, Eq. (2.4) is unsuitable
for constructing numerical models since the Dirac delta function is only defined at
a single point. If the Delta function é(r; — r) is substituted with a smoothing func-
tion W(r; — r, h) of finite spatial size , the kernel approximation [7] of f(r;) can be
expressed as

fr) ~ [ FEW -5 mav ), @5)

where h denotes the smoothing length, which determines the effective area of the
smoothing kernel. If the computational domain is discretized into N neighbouring
particles (points) 1y, 1y, - - - ry, and the value of f(r;) is only available at these parti-
cles, its approximation can be expressed as:

M-

Il
—

/Q FEOW (@ — 1, h)dV(e) ~ Y F)W(x — 1, h)dV, (2.6)

J

where j represents a neighboring particle, and dV; is the differential volume. When
the differential volume element dV; is replaced with m;/p;, the approximation be-

comes:
N

£(x) / FEOW(E —1,h)dV () ~ Y L f(5)W(x; — 1, h). 2.7)
j=1 Pj
The summation considers particles within a circle of radius kh centred at particle i
with position r;, as illustrated in Figure 2.1.
Using the SPH kernel approximation from Eq. (2.5), the gradient of a scalar func-
tion f can be expressed as:

Vf(r) ~ /Q VF(O)W(r; — 1, h)dV (x). (2.8)

The right-hand side of Eq. (2.8) is integrated by parts and applying Gauss’s theorem
and can be expressed as

/Vf(r) (t; — 1, h)dV (r /f (t; — 1, h)ndS(r) /f VW (t — 1, h)dV (),
Q

(2.9)
where n represents the unit outward vector normal to the surface S. Given that the
smoothing function W typically has compact support, will be noted in Eq. (2.17),
the value of W at the boundary of the integral in Eq. (2.9) is zero. Consequently,
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FIGURE 2.1: Sketch of particle approximation of SPH method. Here, xh presents the
support length of the smoothing kernel W. The green particles are searched for the
particle i, and the orange particles are not the neighbouring particles.

the surface integral on the right-hand side of Eq. (2.8) becomes zero. Therefore, the
kernel approximation for the derivatives can be expressed using Eq. (2.8) as

VF(r) ~ — /Q FOVW(r; — 1, h)dV (x). (2.10)

Applying particle approximation, described by Eq. (2.5) to Eq. (2.7), Eq. (2.10) can
be rewritten as

N

V() ~ —/Qf(r)VW(ri 5 h)dV(r) ~ Z%Zf(rj)VW(ri—rj,h). @.11)
=

Here, VW(r; —1j,h) = VW;; = il where e;; = W

r; — 1j denoting the displacement pointing from particle j to i.
Similarly, the SPH approximation of divergence of a vector function F(r) at a
position r; can be derived as

—1‘1']'/}’1']' with I‘Z']' =

VF(r) ~ /Q V-FO)W(r — 1t h)dV(r) = /Q F(r) - VW(r; — r, h)dV (x)
N (2.12)
=~ —F(r]) : VW(I'Z' - I'j,h).
j=1 Pj
The first step in the approximation process is the smoothing approximation, wherein
a smooth kernel function replaces the Dirac delta function, and introduces the smooth-
ing error E;. The second step involves integration by parts, assuming that the kernel
function vanishes at the domain boundary. The third step is the integration approx-
imation, achieved by performing a summation over all neighbouring particles, and
introduces the integration error E,. Consequently, the truncation error E; is obtained
by E; = E; + E,. To simplify notation, f(r) at positions r; and r; will henceforth be
denoted as f; and f;, respectively. Following Ref. [46], Eq. (2.11) can be reformulated
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in a strong form as

Vﬁ = Vfl - ﬂVl ~ Zﬂ]VWUV], (2.13)
j
with fj; = f; — f;. Also, the modification in a weak form as

Vfi= Vi V1~ 2 DV, 214
i

with fi; = (fi + f;) /2.

2.2.2 Kernel properties

In the SPH method, a smoothing function is employed to approximate a given func-
tion and its derivatives while meeting fundamental requirements. Following Refs.
[47,17, 48], a kernel function adheres to three key conditions:

¢ The normalization (unity) condition, which requires the kernel function to sat-
isfy:
/W(ri 5 h)dV = 1. (2.15)
14

¢ As the smoothing length approaches zero, the kernel function must exhibit the
Dirac delta function property:

Him W(r; —r,h) = 6(r; — 1). (2.16)
h—0

¢ The compact support condition, which ensures that:
W(r;—r,h) =0, when |r;—r| > «h, (2.17)

where x determines the size of the compact support.

2.2.3 Kernel functions

The smoothing kernel plays a crucial role in determining the consistency and accu-
racy of SPH approximations. Below is a summary of the most widely used smooth-
ing kernels [48, 16, 11, 49, 50, 51]. In the initial SPH study by Lucy [6], a bell-shaped
kernel was utilized, given by:

1+3g)(1—¢q)° ifg<1
Wigh) =a,q FIVU—07 A ST (2.18)
0 ifg>1
where g = |r; —1;|/h, and &, represents the normalization coefficient, with d de-

noting the dimensionality of space. Specifically, a; = 5/(4h), aa = 5/(7wh?), and
wz = 105/ (167th3).

In another foundational SPH work by Gingold and Monaghan [11], the Gaussian
kernel was employed to model non-spherical stars, expressed as:

W(gq,h) =ay exp(—qz), (2.19)

where a1 = 1/(71'/2h), ay = 1/(7th?) and a3 = 1/(71%/?h®). The Gaussian kernel of-
fers high smoothness, even for higher-order derivatives, making it a "gold standard"
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for stability and accuracy, particularly with disordered particles. However, the inter-
polation of the Gaussian kernel extends across the entire computation domain since
it does not have a compact support. While the contribution from distant particles
quickly diminishes, this characteristic limits its practicality for many applications
[52].

Monaghan [51] introduced the cubic spline kernel to enhance computational effi-
ciency by providing a compact support similar in shape to the Gaussian kernel. The
expression for this cubic spline kernel is given by:

S-q* 43 if0<g<1
W(gh)=az4 L2-¢q)°® if1<q<2, (2.20)
0 if2<g

where a1 = 1/h, ap = 15/(77th?) and a3 = 3/(27th3). Due to its similarity to the
Gaussian kernel but with narrower compact support, this kernel has found exten-
sive use in SPH applications. However, this kernel may lead to the so-called tensile
instability in which particles tend to appear pair clumping [53, 54].

Wendland [47] proposed a class of smoothing kernels for SPH method to mitigate
problems such as particle clustering and numerical instability. The Wendland kernel
is expressed as follows:

—g)* fo<g<
(m@—wz{“+2”& 97 if0sq<2 (221)
0 if2 <g,

where a, = 7/(647h?) and az = 21/(2567th%).

Typically, the accuracy of the SPH method [24, 26] is influenced by the smoothing
error Es; and integration error E,. The smoothing error is determined by the vanish-
ing moments of the kernel function, whereas the integration error arises from the
particle summation over neighbouring particles within the cut-off radius. To inves-
tigate the smoothing error of these kernels, function f(r) is expanded using Taylor
series expansion and is rewritten Eq. (2.5) as

/ FOW(r — £ h)dV(r) =
0O

f(ri)/W(r—r,',h)dV )+ Vf(x / r—r) —1;,h)dV(r) + O(h?).
“ . (2.22)

With the normalization condition and even function condition, it is easy to derive
J FEW =5 mdv = f () + 00, e23)
Q

indicating that these kernels remain 2nd-order smoothing error.

2.3 Compressible and weakly-compressible SPH methods

In this section, the SPH approach is applied to solve the compressible and incom-
pressible flow problems, and the discretized formulation of the governing equations
is presented.
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X

FIGURE 2.2: Construction of Riemann problem along the interacting line of particles i
and j where the interface is assumed to pass the middle point and the normal of that
is along the interaction line (left panel); Simplified Riemann fan with two intermediate
states (right panel).

2.3.1 Equation of state
To close the Eq. (2.1), the EOS is included

_ { p(y—1)e For compressible flows (2.24)

?(p—po) For incompressible flows

where 1y represents the heat capacity ratio and py is the reference density. Following
the ideal gas equation in compressible flows and the weakly-compressible assump-
tion in incompressible flows, the speed of sound is given by

2 For compressible flows
c= e , (2.25)
10Uyax  For incompressible flows

where Upnax represents the maximum velocity in the flow field, ensuring density
variation is controlled below 1%.

2.3.2 Riemann-based discretization equations

In the SPH formulation, pairwise particle interactions are represented using a flux-
based approach. Specifically, the flux of mass, momentum, and energy across the
interface between interacting particles is computed by solving a one-dimensional
Riemann problem along the interaction line, denoted as e;;, as shown in Figure 2.2
(left panel). For the Riemann solution, the left (U;) and right (U,) states, shown in
Figure 2.2 (right panel), of the Riemann problem are defined as [37]

(Pl/ plrul/ El) - (Pi/ pz‘/Vi . eij/ EZ)
, 2.26
{ (0r, prour, Ev) = (0j, pj, V- €, Ej) (2.26)
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assuming that the discontinuity or interface is located at the middle point f;; = (r; +
rj) /2. Then, the Euler equation of Eq. (2.1) can be discretized as [36, 37]

i (Vipi) +2Vi 5 V(pv) ;- VWi = 0
& (Vipivi) +2V; ¥V [(PV RV)E;i+ PE,z‘jH} VWi =0, (2.27)
& (ViE) +2Viy, v [(EV)EJ]‘ + (PV)E;‘]} VWi =0

Here, V represents the particle volume, I the identity matrix, and terms ()%1] the

solution of Riemann problem [36]. For the viscous flows, the viscous term in Eq.
(2.3) can be discretized as follows:

Ih. 4. 7
™ pi i Irij

17 Vi) OWij

(2.28)

with v;; = v; — v; and r;; denoting the velocity difference and the distance between
particles i and j, respectively.

The solution of the Riemann problem results in three waves emanating from the
discontinuity, denoted by (o}, u, p;, E;) and (o}, u;, p;, E;) as shown in Figure 2.2
(right panel). Two waves, which can be shock or rarefaction waves, travel with the
smallest wave speed S; or the largest wave speed S,. The middle wave S, is a con-
tact discontinuity and separates two intermediate states. Toro [55, 56] has proposed
the Harten—-Lax—van Leer contact (HLLC) solver based on the Harten-Lax—van Leer
(HLL) scheme [57] for the more accurate and robust approximation of the Riemann
problem for compressible fluid flows. In the HLLC scheme, the wave speeds S; and
S, estimate for the left and right regions, respectively, are

S =1—¢S, =1ii+§ (2.29)

where i and ¢ denoting the average particle and sound speed detailed in Refs. [55,
56]. Then, the intermediate wave speed S, is calculated as

oty (S — uyp) + pguy (U — Sp) + pr — pr

S, = 2.30
Or (Sr - ur) ‘|‘Pl (ul - Sl) ( )

Furthermore, other states in the star region can be derived as

p*=pi+p (w—Sp) (u —u*) = pr+pr (S —ur) (u* —uy), (2.31)

1 1
v = u*eii + E(Vl + Vr) — E(ul + ur)eij , (2.32)

* (Sl/? ul/i’)
0 = 0y, T 2.33
ir i/r (Sl/r - u*) ! ( )

S _ E _ L PPE
Ej, = (S1yr = t1/r) Sl/r Purtiyy (2.34)
I/r — U

with u* = S,.
For incompressible fluid flows, under the assumption that the intermediate states
tulfil p; = p; = p* and uj = u; = u*, a linearised Riemann solver [58] can be

formulated as
{ ut — uthur + %(Pt*lﬂr)

pe , (2.35)
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where p and ¢ represent interface-particle averages.

2.3.3 Time integration

To enhance computational efficiency during the integration of fluid equations, the
dual-criteria time-stepping approach is utilized. As described in Refs. [34, 41, 59, 60],
this method incorporates two distinct time-step size criteria: the advection criterion,
denoted as At,;, and formulated as

h
Atud - CFLadm, (236)
a

where the particle advection speed |v/|,4 is given by

v
V] = max(|v]max,max(ﬁ, Urer)), (2.37)

and the acoustic criterion, indicated as At,., is defined as

h

Atac — CFLaC W,
max

(2.38)

with CFL,; = 0.25and CFL,. = 0.6. Here, |V|ax, v, and U,, £ represent the maximum
particle fluid speed, kinematic viscosity, and reference velocity, respectively.

2.4 Eulerian SPH with extensions

2.4.1 Dissipation limiters

To address the excessive numerical dissipation in Riemann problems, a variety of
high-order techniques have been developed, such as the second-order Monotone
Upwind-centered Scheme for Conservation Laws (MUSCL) [61] and the third-order
Piecewise Parabolic Method (PPM) [62] [46]. Despite their effectiveness, these ap-
proaches tend to impose substantial computational burdens due to the time-consuming
data reconstruction processes. To balance computational efficiency and numerical
accuracy, an effective dissipation limiter has been integrated into the HLLC Riemann
solver for compressible flow simulations [59]. The middle wave speed and pressure
in the star region are given by:

ut = PIUICI+PrUrCy Pi—pr 2
&ClerrCE pici+prer PHLLC . (239)
p* =5 4 2Buic lorer (W —uy) — prcp (uy — u*)]

Here, the limiter [59] is defined as:

. u —u
BrrLc = min <TIHLLC max (-~ z r,O),1> : (2.40)

For expansion waves (u; < u,), there is no dissipation, while during compression
waves (u; > u,), the dissipation is modulated by the parameter Ny c. Numerical
experiments suggest Ny c = 1 to ensure stability and accuracy for compressible
flows in the Eulerian SPH framework.
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For incompressible flows, the middle wave speed and pressure in the linearized
Riemann solver are calculated as:

x _ ujtu l(Pz—Pr) 2
w=-"5"+3 pc linearisd (2.41)
p* — pl+Pr ’ :

-2

+ %,Blinearisdpé (ul - ur)

where the limiter is defined as

. U —u
,Blineurisd = min <nlineurisd max( l z 7,0), 1) . (242)

Based on numerical experiments, 1jinesrised = 15 is recommended to maintain stabil-
ity and accuracy for incompressible flows. Unlike the limiter used in the Lagrangian
SPH framework [37], the limiter in velocity term is also incorporated within the Eu-
lerian SPH approach to mitigate excessive dissipation from the convection term in
the momentum equation. Additionally, the value of Ny c = 1 for compressible
flows is different form i, enrises = 15 for incompressible flows, as the compressible
framework has additional numerical dissipation in the energy equation compared
to the incompressible framework.

2.4.2 Kernel correction matrix

To further improve numerical accuracy, a kernel gradient correction [59, 40, 63] is
also introduced:

-1
E:—<ZW®VWM> . (2.43)
j

To maintain the conservative property, the kernel correction in a conservative form

is defined as: B.+B
i j
> VWi,

to replace the original kernel gradient VW;; in Eq. (2.27).

V' Wi =

(2.44)

2.4.3 Particle relaxation technique

It is well established that the distribution of particles plays a critical role in determin-
ing numerical accuracy [24]. In the SPH method, particles are initially arranged in a
lattice pattern, which often proves inadequate for accurately conforming to the sur-
faces of complex geometries in real-world applications. Therefore, a straightforward
and effective method proposed by Zhu et al. [64] is adopted to generate the body-
fitted particle distribution. In this method, the geometry is imported before particle
relaxation. The initial particles with lattice distribution are physically moved under
a constant background pressure, expressed as

m:—EZva, (2.45)
B

When the acceleration a; is zero, particles that are not in the boundaries reach sta-
ble positions, satisfying the zero-order consistency condition } ; V;VW;j; = 0, which
indicates that a constant field is being reproduced. Although kernel gradient cor-
rection is important for improving numerical accuracy, it has implications for zero-
order consistency. Therefore, integrating kernel gradient correction is essential for
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TABLE 2.1: Error analysis of SPH approximation for df /dx with a constant function
f = 1 using the Wendland kernel without and with the kernel gradient correction in the
relaxed distribution.

Without-B With-B
Li(df/dx) 2.9693 x 107% 2.9636 x 10~*
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FIGURE 2.3: Flux Integration: Over neighbouring particles in SPH method (left panel);
Over neighbouring cells in finite volume method (right panel).

the error analysis related to zero-order consistency. For this error analysis, L; nor-
malization is employed, given by:

Li(df/dx) = %2 Vfi— 22ﬁjvwijvj , (2.46)
]

1

where 2 2]' f_ijVWijVj is the weak form [46] of the SPH approximation, with f_ij =
i+ fi), ensuring conservation as described in Eq. (2.14). In this study, we ana-
lyze a circular geometry with a diameter of D = 2 and a resolution of dp = D/20.
A relaxed particle distribution is applied using the Wendland kernel [47], and an
error analysis is conducted for df /dx with f = 1 to assess zero-order consistency.
The L; error, presented in Table 2.1, is analyzed under two conditions: without and
with kernel gradient correction. The results indicate that applying the kernel gradi-
ent correction has minimal impact on the approximation error. Thus, the Eulerian
SPH method, coupled with the kernel gradient correction, still maintains zero-order
consistency.

2.5 Comparison between Eulerian SPH and FVM

To explore the Eulerian SPH formulation and compare it with FVM, a 2D graphical
illustration of both methods is provided in Figure 2.3.

Regarding the similarities between the two approaches, both update the con-
served variables by calculating the interacting flux between pairwise particles or
cells across all neighbouring elements. In addition, by analogy with the form of the
SPH discretization of Eq. (2.27), both methods can be written uniformly [59] as
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0
o (wiU;) + ZFU (U)-A; =0. (2.47)
]

Here, A;; is a vector representing the interface area along the normal direction to the
interface.

Furthermore, we can evaluate the differences between the two methods in terms
of the Eq. (2.47). The representations of A;; differ and are indicated respectively as

ALSPH = | Ay nSPH = 2V, VW, = 2vvf’avf’f ESPH  In Eulerian SPH

A= AijM = | Ay nFVM = SnfVM In FVM

(2.48)
where §;; represents the interface size between cell i and j, with the interface unit
normal vector between particles i and j denoted as nisjp H for the Eulerian SPH, and
nf;VM for cells i and j in FVM. In the SPHinXsys library [41], which is an open-

source repository utilized in our study, the kernel gradient VIWj; is represented by

storing separately the gradient magnitude and the unit dlsplacement vector,

4 ar /

SPH

]
distance ‘rfjp H ‘

SPH

Additionally, the dlsplacement = SPH| oSPH

i | S
and eS}P H Tn FVM, the mesh center is referred to as the centroid,

r is stored using both the

and the displacement between centroids i and j, denoted as rf;VM = |1 e,

is represented along the direction eF]VM However, fluxes through the interface are

FVM| JFVM

aligned with the unit normal vector nI;VM as depicted in Figure 2.3 (right panel). It is
FVM ;
i

Thus, a significant distinction between Eulerian SPH and

SPH
ij

important to note that in FVM, the interface unit normal vector n_;

of the direction of eF]VM

is independent

FVM is that in Eulerian SPH, the interface normal vector n;" " must align with the

displacement direction ef}p H138].

To establish equivalence between these two methods, the kernel correction ma-
trix in Eq. (2.43) is applied to release the constraint and adjust the direction normal
to the interface along (e ( SPH)' as depicted in Figure 2.3 (left panel). The modified
normal direction is given by

V'W;;

SPH\’
€)= 1wy

ij

(2.49)

The interface between two particles in the Eulerian SPH is conceptually similar to
the one between cells in FVM, despite being virtual. After releasing the constraint,
a virtual mesh structure emerges, which can be considered as generated by the SPH
approach. This mesh structure has the property that (e?”")" is orthogonal to the
corresponding virtual interface, analogous to the conventional mesh produced by
mesh-generation software. Therefore, (e SJP H)" is analogous to the traditional nfj-VM
in mesh-based FVM.

As shown in Figure 2.3 and Eq. (2.48), the interface size, denoted by ‘A" ,
neighbouring cells in the FVM are determined using pre-defined grid information,
which typically includes three or four neighbours in two or three-dimensional spaces,
respectively. On the other hand, in the SPH method, both the interface size and
neighbouring particles depend on the kernel gradient and the smoothing length 5.
Typically, the number of neighbouring particles is around 20 in two dimensions and
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approximately 70 in three dimensions, considering a kernel cutoff radius of 2/, with
h defined as h = 1.3dp, where dp denotes the initial particle spacing. Moreover,
in FVM, each cell represents a completely enclosed control volume that inherently
satisfies ) ; AFVMjj = 0. Conversely, in the Eulerian SPH method, due to relaxation

residues, particles not in the boundaries result in Zj Afjsp H ~ o, introducing consis-

tency errors [38], as discussed in Section 2.4.3.

2.6 Mesh-based FVM realization in Eulerian SPH

This section presents the implementation of the mesh-based FVM within the Riemann-
based Eulerian SPH framework. To achieve this, a parser is developed to extract
essential data from an external mesh file produced by ICEM, a commercial soft-
ware tool, thereby facilitating the integration of FVM with the SPH codebase. The
mesh file provides direct access to information on node positions and mesh topol-
ogy. Utilizing this data, other necessary properties, such as interface size, interface
unit normal vectors, and distances between centroids, can be computed.

Based on the relation between two methods in Eq. (2.48), it can be deduced that

an] . SZ]
arij  2V;V;’

(2.50)

To adapt the traditional mesh-based FVM within the SPH framework, following the
SPHinXsys data structure, we represent the FVM’s storage analogous to the SPH
method. This includes two components: the interface unit normal vector nZVM and

. . Sij
the magnitude of kernel gradient ﬁ where niFjVM and §;; are calculated from the

mesh information. It is crucial to note that T,UV] in FVM is labeled as the magnitude
of the kernel gradient but is solely influenced by the interface size, independent of
the kernel itself. This ensures data structure consistency and allows compatibility
in the SPH codebase, thus enabling the realization of both mesh-based FVM and
SPH methods. Additionally, we store rf;VM within the storage of r;;, which is used
in calculating the viscous force in Eq. (2.28). With this equivalence between the
Eulerian SPH and FVM, as outlined in Section 2.4.2, the same Riemann solver and
dissipation limiters from Eqgs. (2.39) and (2.41) can be consistently applied across
both methods.

2.7 Boundary treatment

2.7.1 Wall boundary treatment

Handling wall-boundary conditions is one of the most challenging aspects of the
SPH method, and numerous approaches have been developed to address this prob-
lem [65, 66]. Below, we provide a brief summary of three techniques from the litera-
ture for treating wall-boundary conditions:

¢ The ghost particle technique, illustrated in Figure 2.4 (left panel), is extensively
employed in particle-based methods to enforce boundary conditions. This ap-
proach involves introducing artificial particles with specified physical proper-
ties, such as pressure and velocity, to occupy the empty space within the kernel
support near boundaries. This approach efficiently mitigates nonphysical be-
haviours. However, implementing it in three-dimensional complex geometries
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FIGURE 2.4: Solid boundary treatment: ghost particles (left panel), dummy particles
(middle panel), repulsive force (right panel).

o

remains challenging, primarily due to difficulties associated with accurately
positioning ghost particles.

¢ The dummy particle method, developed by Adami et al. [65], represents bound-
aries with multiple layers of fixed particles, spaced identically to the initial
fluid particles to ensure proper convolution of the surrounding fluid particles,
as illustrated in Figure 2.4 (middle panel). These dummy particles are gov-
erned by the same continuity and momentum equations as the fluid particles.

* Monaghan and Kajtar [66] introduced a method utilizing a single layer of fixed
particles interacting with fluid particles via radial forces to enforce solid wall
boundary conditions, illustrated in Figure 2.4 (right panel). This approach is
computationally efficient and straightforward to apply, particularly for com-
plex boundaries. However, it struggles to keep stationary particles stable un-
der hydrostatic conditions.

Beyond these boundary treatments, several novel methods have been proposed,
such as the unified semi-analytical boundary approach [67]. Specifically, in the
Riemann-based SPH framework, the fluid-wall interaction is modelled by solving
a one-sided Riemann problem [68], which is one of the boundary methods imple-
mented in our work, along the direction normal to the boundary. Wall particles are
incorporated as predefined elements of the contact configuration, effectively com-
plementing the inner fluid particle configuration. In the one-sided Riemann prob-
lem, the left state is determined by the fluid particle that corresponds to the normal
direction of the local boundary, and defined as follows:

(Pl/ up, pl/ El) — (Pf/ —Ny - Vf/ pf/ Ef)/ (251)

where the subscript f refers to fluid particles, and n,, indicates the direction normal
to the wall, as depicted in Figure 2.5. The right-state velocity u, is obtained based on
the physical boundary conditions of the wall as follows:

U, = 2y — U, (2.52)
where 1, is the wall velocity. Besides, the pressure [65] in the right state is given by:
Pr =PI+ 08 Tfu, (2.53)
where g is the gravity force, r fw = Tw — If, and the right-state density is obtained by
applying the artificial equation of state.
2.7.2 FVM-equivalent boundary treatment

As previously mentioned, both SPH and FVM methods can be expressed as illus-
trated in Eq. (2.47). To improve clarity, we categorize all cells in FVM and particles
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FIGURE 2.5: Sketch of fluid particles interacting with fixed wall boundary particles
along the wall normal direction through the one-side Riemann problem.

zoom-in view

FIGURE 2.6: Mesh (top panel) and particle (bottom panel) distributions and their zoom-
in views in FVM and Eulerian SPH, respectively, for a circular geometry.

in SPH into two groups: those in the boundaries and those not in the boundaries.
For cells or particles in the boundaries, we distinguish the flux contributions into
two components: from neighbouring cells/particles (denoted by jV) and from the
boundary surface (denoted by j°). For the cells or particles not in the boundaries,
iN represents all neighbouring particles within the whole compact support or all
neighbouring cells.

In FVM, cells not in the boundaries completely form closed control volumes, as
described in Refs. [59, 38]. These volumes inherently and strictly meet the condition
Y Ag.VM = 0, representing the zero-order consistency. For cells in the boundaries,

such as cell i"VM shown in Figure 2.6 (top panel), the control volume requires to

incorporate the boundary surface to ensure closure. Consequently, all cells adhere
to the zero-order consistency. For a better understanding, the zero-order consistency
for cells in the boundaries can be reformulated as

ZAfj.VM = ;AZKM + Ag.ZM =0. (2.54)
] j
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In a two-dimensional unstructured mesh with N = 1 or 2, as depicted by j! and j2 in
Figure 2.6 (top panel), the flux contribution from neighbouring cells is represented
by ¥in AF M=y ]N Siin F VM. Similarly, the flux contribution from the boundary

surface 1s given by AF VM = S;is nF] YM_ The boundary term AF] YM can be directly

computed within the FVM framework since both the interface size S;;s and the unit

VM

normal vector nF] are from the mesh file.

In the Eulerian SPH, the approximation is based on locating neighbouring par-
ticles within the compact support [11]. Once the particle relaxation process in Eq.
(2.45) is completed, it is assumed that particles not in the boundaries satisfy the
zero-order consistency. However, particles in the boundaries, such as particle i£5PH
shown in Figure 2.6 (bottom panel), have an insufficient number of neighbours, lead-
ing to a failure in fulfilling the zero-order consistency condition. To address this is-
sue, similar to Eq. (2.54), strict zero-order consistency is enforced in the Eulerian
SPH method, formulated as

ZAESPH ZAESPH 4 AESPH 0, (255)

where v AESP " = 2V;Viy ¥jv VWjjv represents the flux contribution from all neigh-
bouring partlcles Addltlonally, Agssp H denotes the flux contribution from the bound-

ary surface. Unlike Ag.‘s/M in the FVM, calculating Afj;SP H directly is challenging
due to the difficulty of obtaining the boundary surface size within the Eulerian SPH

method. Consequently, Afjgp H js computed through Eq. (2.55) as presented below:
ARM = =) AR (2.56)
]’N

Thus, particles not in the boundaries achieve approximate zero-order consistency
with minimal error, as discussed in Section 2.4.3, while particles in the boundaries
strictly adhere to the zero-order consistency. With this consistency satisfied, the flux
contribution from the boundary surface is obtained accurately, thus avoiding insta-
bilities like the one-sided flux problem.

2.8 WENO reconstruction

The WENO reconstruction is employed effectively for improving the numerical ac-
curacy. Following Ref. [43], a 4-point stencil is constructed with an incremental size
defined along each interacting particle pair, as shown in Figure 2.7. For each stencil,
the mid-point variable is expressed as

/2 = Z Wi\, (2.57)

where

1 1 1 2 1 3
‘75/)2 =510 + XA 5]5/)2 =511 + 540/

qg/)Z 3q0 + 6q1 qZ

(2.58)
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FIGURE 2.7: Four-point stencil and candidate stencils for the incremental-stencil WENO
reconstruction.

are the candidate stencils and wy represent the corresponding non-linear weights

calculated as
X

3 7
Y &

s=1

Wy =

(2.59)

with

Ty T4 Ty Ty
4 :d C+ ),0( :d <C+ )/
! 1( B1+e€pBin+e 2 2 B2+e€Pi2+e (2.60)

where d| = %, dr, = %, dy; = %, e =10%and Cisa physicallymotivated scale-

separation parameter. Besides, a global reference smoothness indicator 74 given by
T = [q,1(547q,1 — 2522(]0 + 19ZZQ1 — 4946]2)
+ 90(3443q0 — 596641 + 16024>) (2.61)
+41(2843q1 — 164245) + 2674292 /240

is introduced to improve the overall accuracy [69, 70]. Note that the smoothness
indicators in Eq. (2.60) are given as:

Bi=(m—1q)% B2=(q0—q-1)%
_ 1 2 13 2 2
Pr2= 7 (q-1—q1)" + 35 (@-1 =240 +q1)7, (2.62)
13 1
Bs = 1590 =201+ 32)" + 7 (340 — 4q1 + 2)°.

For each interacting particle pair i and j, the variable values at the stencil point are

defined as:

g1= 0~V 1y, =, q=3; (2.63)
g2 = CI)] —+ Vq)] : rij/

where -
Vo, =Y p%(q — ;) VW (2.64)
Ji ]

is the gradient of primitive value ®; with a standard SPH approximation. After-
wards, the left state of the Riemann problem is ®; = g7/, and the corresponding
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TABLE 2.2: Truncation errors of the SPH approximation for df /dx with f = 1 and
f = sin(27x) using the Wendland and Laguerre-Wendland kernels with different x
without the kernel correction matrix.

- Ly(df/dx Linfinity (df /dx
Truncation errors K F=1 56 J; sin)(27rx) F=1 J?’(: J; . (2)7tx)

Wendland 13 0.034 0.123 0.259 0.400
Laguerre-Wendland ~—  0.070 0.673 1.880 3.506
Wendland 0 0.014 0.073 0.027 0.150
Laguerre-Wendland ~ 0.010 0.018 0.028 0.046
Wendland 25 0.018 0.078 0.032 0.161
Laguerre-Wendland ~  0.005 0.009 0.017 0.030

right state ®r can be calculated from Eq. (2.57) with the mirrored stencil defined as:

-1 =P+ VP15, go=Pj, 1=,

(2.65)
q2 = CDi - VCI)I‘ . I‘i]'.

2.9 A fourth-order Laguerre-Gauss kernel

2.9.1 Revisit of Laguerre-Wendland kernel

Following Litvinov et al. [26], both the Laguerre-Wendland and Laguerre-Gauss
kernels exhibit a second vanishing moment and a fourth-order smoothing error. The
Laguerre-Wendland kernel [26] is defined as:

W (s) = Crw (1 — €%s* + €*s*/6) (1 — 5)%. (1 + 65 + 35/352), (2.66)

where (-)y = max(0,-), s = |r| /h, with the normalization constant Cpyy ~ 7.591
and the scaling factor € ~ 2.821 for the range s € [0,1]. The Laguerre-Wendland
kernel has not seen extensive practical use due to its significantly larger integration
error than the widely employed second-order Wendland kernel. In this work, we
revisit the Laguerre-Wendland kernel to explore the reason for the large integration
error. Analysis and comparison of kernel profiles and their derivatives, as shown
in Figure 2.8, reveal that the gradient magnitude of the Laguerre-Wendland kernel
is significantly larger than that of the Wendland kernel. Thus, we utilize various «,
including x = 1.3, 2.0, and 2.5, representing different total numbers of neighbouring
particles to investigate the integration error. To facilitate quantitative analysis, L;-
norm and Linginity-norm, i.e., Linginity (df /dx) = max Vfi+2Y, fi VW;;V; ‘, errors are
given.

This study employs a circular domain with a diameter of D = 2 with the resolu-
tion of dp = 1/60. We assess the SPH approximation of the derivatives for two
distinct functions: a constant function f = 1 and a trigonometric function f =
sin (27tx). These evaluations are performed using both Wendland and Laguerre-
Wendland kernels, with and without the kernel correction matrix. The particle dis-
tributions resulting from the different kernels are depicted in Figure 2.9. Truncation
errors corresponding to varying values of « are listed in Tables 2.2 and 2.3. The
analysis indicates that truncation errors for the Laguerre-Wendland kernel exhibit
similar characteristics to those of the Wendland kernel. Specifically, the errors de-
crease for k < 2 and stabilize at k = 2.5. This finding suggests that the smoothing
error dominates for ¥ > 2, while the integration error becomes dominant at x = 1.3.
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TABLE 2.3: Truncation errors of the SPH approximation for df/dx with f = 1 and
f = sin (27rx) using the Wendland and Laguerre-Wendland kernels with different «
with the kernel correction matrix.

. Ll d /dx Linﬁnit d /dx
Truncation errors K =1 ; ]; sin) 2] =1 fY(: £ in ( 2)7”)

Wendland 13 0.039 0.052 0.209 0.187
Laguerre-Wendland 0.077 0.067 2.334 2.319
Wendland 0 0.014 0.042 0.026 0.067
Laguerre-Wendland ~  0.011 0.007 0.029 0.028
Wendland 25 0.018 0.043 0.033 0.068
Laguerre-Wendland ~  0.005 0.003 0.017 0.015

When the smoothing error is dominant (x > 2), the truncation error of the Laguerre-
Wendland kernel is smaller than the Wendland kernel, as shown in Table 2.3. This
outcome corresponds well with the smoothing order characteristics of these kernels.

2.9.2 Kernel profile

The Laguerre-Gauss kernel, another fourth-order kernel illustrated in Figure 2.8,
presents a smaller gradient magnitude than the Laguerre-Wendland kernel. This
characteristic makes it a promising alternative for reducing significant integration
errors. The Laguerre-Gauss kernel is defined as given in [26]:

2

w(s) = 71_1L§1)(sz)e_S , (2.67)
where Lgl) represents the generalized Laguerre polynomial, characterized by a non-
negative Fourier transform and vanishing second-order moment. For practical im-
plementation, the kernel’s domain is truncated to 24, and the truncated Laguerre-
Gauss kernel is given by:

1—£ 485 if0<s<?2
w(s):ad{( 7 ) mvss= , (2.68)

0 ifs >2

with a1 = 8/(5 x \/71), ay = 3/7, and a3 = 8/7%/2. The truncated Laguerre-Gauss
kernel and its derivative are compared with the Wendland and Laguerre-Wendland
kernels in Figure 2.8 where the gradient magnitude of the truncated Laguerre-Gauss
kernel is larger than that of the Wendland kernel but smaller than that of the Laguerre-
Wendland kernel, and the kernel’s function value at 2% is close to zero. In simula-
tions, a compact support of 2k with i = 1.3dp ensures comparable computational
efficiency for the truncated Laguerre-Gauss and Wendland kernels.

2.9.3 Performance in stability

To investigate the properties of the truncated Laguerre-Gauss kernel, we start by an-
alyzing the relaxed particle distributions generated using the Wendland, Laguerre-
Wendland, and truncated Laguerre-Gauss kernels within the aforementioned cir-
cular domain. Figure 2.9 depicts the variation of relaxation residue ranging from
3.4 x 107° to 4.0 x 1072 using the Wendland, Laguerre-Wendland, and truncated
Laguerre-Gauss kernels in the final iteration of the relaxation process. Although it
was anticipated that the truncated Laguerre-Gauss kernel, given its resemblance to
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TABLE 2.4: Truncation errors of the SPH approximation for df/dx with f = 1 and
f = sin (27tx) using the truncated Laguerre-Gauss kernel with different x without the
kernel correction matrix.

. Li(df/dx Lininity (df /dx
Truncation errors =1 Ec /; sin) o) =1 fY(Z JSC in 2)7rx)

1.1 0.021 0.259 0.614 1.253

Laguerre-Gauss 1.3 0.004 0.123 0.011 0.204

1.6 0.007 0.210 0.822 0.817

TABLE 2.5: Truncation errors of the SPH approximation for df /dx with f = 1 and f =
sin (27tx) using the truncated Laguerre-Gauss kernel with different x with the kernel
correction matrix.

. Ly(df/dx Lininity (df /dx
Truncation errors F=1 Sf j; sin)(27rx) F=1 ;y(: ]SC 0 (2>7Tx)

1.1 0.021 0.061 0.603 0.448

Laguerre-Gauss 1.3 0.004 0.004 0.011 0.009

1.6 0.006 0.024 0.784 0.364

the original truncated Gaussian kernel, might exhibit pair-instability at x = 1.3, the
results indicate that such instability does not occur. Furthermore, employing the
truncated Laguerre-Gauss kernel ensures improved numerical stability while ob-
taining an optimal particle distribution.

2.9.4 Performance in accuracy

In this section, we evaluate the SPH approximation for the derivatives of the men-
tioned functions with the truncated Laguerre-Gauss kernel, which aims to further
confirm the kernel’s accuracy. Specifically, the truncation error for the derivative of
the function f = 1 matches the relaxation residue presented in Eq. (2.45).

Tables 2.4 and 2.5 display the truncation errors for the truncated Laguerre-Gauss
kernel. The results indicate that at x = 1.1, the truncation error is relatively large
due to the insufficient neighbouring particles. Conversely, at x = 1.6, large errors
are attributed to the pair-instability issue caused by an excessive number of neigh-
bouring particles. To avoid excessive computational costs, k = 1.3 is typically ap-
plied in practice. For x = 1.3, the truncation errors of the truncated Laguerre-Gauss
kernel in Table 2.4 and of the Wendland kernel in Table 2.2 are comparable when
the kernel correction matrix is not applied. However, the proposed kernel with the
kernel correction matrix shown in Table 2.5 significantly reduces the truncation er-
ror compared to both the Wendland and Laguerre-Wendland kernels shown in Ta-
ble 2.3, indicating its considerably improved accuracy. Furthermore, the truncated
Laguerre-Gauss kernel outperforms the other two kernels regarding average relax-
ation residue and the range of maximum and minimum residue variations.

2.9.5 Convergence analysis

In this section, we conduct a convergence analysis using the circular geometry. The
scalar field is initially defined by the following function:

fx) = e /0L (2.69)
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FIGURE 2.10: Convergence study using the Wendland and Laguerre-Gauss kernel with
different resolutions by comparing the different theoretical order curves.

Following Ref. [71], the Ly-norm error for the estimated gradient operators can be
described by

Z ’ (vfi)Theoretical _ (Vfi)Numerical ‘2

1

Ly(df /dx) = \/ , (2.70)

\/Z ’ (vfz) Theoretical ‘2

where (V f;)Numerical i the strong form as Eq. (2.13).

Figure 2.10 presents the convergence analysis involving the Wendland and trun-
cated Laguerre-Gauss kernels across different particle resolutions with a constant
parameter of x = 1.3. Without the kernel correction matrix, as resolution increases,
the Wendland kernel initially converges at a second-order rate and gradually de-
generates to saturation, where the integration error dominates. In contrast, the trun-
cated Laguerre-Gauss kernel exhibits significantly greater accuracy at lower resolu-
tions compared to the Wendland kernel, however, its accuracy degenerates to satu-
ration quickly with increasing resolution. This behaviour suggests that the truncated
Laguerre-Gauss kernel obtains higher accuracy at low resolution due to the smaller
smoothing error, and its integration error is still larger than that of the Wendland
kernel.

Using the kernel correction matrix, the Wendland kernel consistently maintains
a second-order convergence rate. Conversely, the truncated Laguerre-Gauss ker-
nel demonstrates fourth-order convergence at lower resolutions but degenerates to
second-order as resolution increases. This behaviour aligns with expectations: for
the Wendland kernel, both smoothing and integration errors result in second-order
convergence. In the case of the truncated Laguerre-Gauss kernel, the fourth-order
smoothing error dominants at low resolutions, whereas at higher resolutions, the
second-order integration error becomes dominant.

The convergence study highlights that the truncated Laguerre-Gauss kernel con-
sistently produces significantly lower errors compared to the Wendland kernel, re-
gardless of particle resolution, when using the kernel correction matrix. Note that
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such improvement is achieved with the same compact support and kernel correc-
tion matrix as the Wendland kernel. Additionally, at high resolutions, the truncated
Laguerre-Gauss kernel reaches equivalent accuracy with a small fraction of particles
(approximately 1/16 in two dimensions, as indicated in Figure 2.10).

2.10 Summary

This chapter presents the fundamental and theoretical concepts of the SPH method,
integral interpolation and particle approximation. Compressible and weakly com-
pressible SPH methods, encompassing the equation of state, Riemann-based SPH
discretizations of conservation equations, and time integration, are discussed. Ad-
ditionally, a brief overview of the Eulerian extensions is provided, covering dissi-
pation limiters, a kernel correction matrix, and a particle relaxation technique. A
rigorous comparison between the Eulerian SPH and FVM, as well as the realization
of FVM within the SPH codebase, are also investigated. To enhance equivalence be-
tween these two methods, a detailed discussion of the FVM-equivalent boundary
algorithm is included. Furthermore, numerical accuracy enhancements, including
WENO reconstruction and the fourth-order Laguerre-Gauss kernel, are elaborated
upon.
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Chapter 3

Summaries of Publication

In this chapter, the relevant publications of this thesis are briefly summarized.

3.1 FVM realization in Eulerian SPH: A comparative study
within unified codebase

Zhentong Wang, Oskar ]. Haidn, Nikolaus A. Adams, Xiangyu Hu

3.1.1 Summary of the publication

In the CFD community, the Eulerian SPH method based on kernel function can be
considered as a mesh-based FVM [36, 26, 37]. The analog has been detailed by
Neuhauser [38] where a FVM discretization can leverage the Riemann solver for
the ALE SPH method within the same software. However, to which level can such
analog reach between the Eulerian SPH and FVM has not been explored yet.

In this paper, we first introduce a form of the Eulerian SPH method where the
kernel gradient matrix [40] given by

(ePH) — VWi
VWi

ij (3-1)

is introduced to release the constraints associated with the normal direction of in-
terfaces. Once the constraint is released, a virtual mesh structure emerges, which
can be regarded as being generated by the SPH method, with (ef’jp H)" orthogonal
to the corresponding virtual interface, analogous to the traditional mesh produced
by mesh-generation software. Consequently, (el.sjp H)" is analogous to nEVM in tra-
ditional mesh-based FVM. Additionally, the second task is to implement the tra-
ditional FVM formulation directly within the open-source SPH library, SPHinXsys
[41]. This is achieved by developing a parser to extract essential data from the
".msh" mesh file generated by ICEM. A rigorous comparison can finally be con-
ducted by using a shared solver for both methods within a unified SPH codebase.
As shown in Figure 3.1, the Eulerian SPH method has the obvious advantage of ob-
taining much smoother outcomes as its kernel’s isotropic property compared with
the mesh-based FVM. Moreover, a faster convergence rate is achieved by Eulerian
SPH method using the fourth-order Laguerre-Gauss kernel compared with FVM, as
demonstrated as Figure 3.2. Furthermore, the computational efficiency listed in Ta-
ble 3.1 has been conducted, indicating that the computational efficiency using the

Eulerian SPH method is lower than that in FVM.
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TABLE 3.1: Lid-driven semi-circular cavity flow with Re = 1000: Computational effi-
ciency comparison between FVM and ESPH for the physical time t = 30.

Element/Particle number CPU wall-clock time Iteration number «

FVM 6608 68.99s 197677 0.394
ESPH 6529 174.78s 108768 '
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3.1.2 Individual novelty of the author

The article [39] was published in the internationally peer-reviewed Computer Physics
Communications. My contribution included developing the method and the corre-
sponding implementation code. I conducted the simulations, performed result anal-
ysis, and drafted the manuscript for the publication.
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3.2 Analgorithm for the incorporation of relevant FVM bound-
ary conditions in the Eulerian SPH framework

Zhentong Wang, Oskar ]. Haidn, Xiangyu Hu

3.2.1 Summary of the publication

The integration of mesh-based methods like the FVM with meshless approaches
such as SPH plays a vital role in addressing complex fluid dynamics challenges.
However, it is acknowledged that weak coupling between these different techniques
presents inherent challenges. Wang et al. [39] utilized a unified solver and codebase
to compare accuracy and efficiency for FVM and SPH methods, yet the handling of
boundary conditions remains distinct between the particle-based and mesh-based
frameworks. Consequently, incorporating the FVM boundary algorithm into the Eu-
lerian SPH method is essential for enhancing the algorithmic equivalency and prov-
ing the foundation for establishing the strong coupling between these two methods.

In this study, we analyze the FVM boundary algorithm, which ensures zero-
order consistency for cells in the boundaries, and propose a new FVM-equivalent
boundary algorithm into the Eulerian SPH method. During the implementation of
the boundary algorithm within the SPH codebase, additional storage space is allo-
cated for particles in the boundaries to retain necessary information, thereby ful-
filling the FVM’s boundary requirements. In the original boundary approach [65,
39, 44] within the SPH framework, boundary conditions, such as the wall boundary
condition [65], are typically applied to predefined particles within the contact config-
urations, in addition to the fluid particles within the inner configuration. In contrast,
the present algorithm requires only the inner configuration. As shown in Figure 3.3,
numerical simulation of the classic benchmark case of Poiseuille flow shows both
method’s velocity and error analysis, validating that the new boundary algorithm is
accurate and exhibits an enhanced convergence rate.

3.2.2 Individual novelty of the author

The article [42] was published in the internationally peer-reviewed Computer Physics
Communications. My contribution included developing the method and the corre-
sponding implementation code. I conducted the simulations, performed result anal-
ysis, and drafted the manuscript for the publication.
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3.3 An Eulerian SPH method with WENO reconstruction for
compressible and incompressible flows

Zhentong Wang, Chi Zhang, Oskar ]. Haidn, Xiangyu Hu

3.3.1 Summary of the publication

To improve the numerical accuracy in the Riemann-based SPH method, the high-
order reconstruction was introduced to decrease the integration error. High-order
reconstruction, i.e., weighted essentially non-oscillatory (WENO), used in the Eule-
rian Godunov method, can achieve higher accuracy and less numerical dissipation
[72]. A one-dimensional fifth-order WENO reconstruction extending to simulate the
multi-dimensional problem in the WCSPH framework is developed with its sim-
ple and computational efficiency [43]. However, this method is only applied to the
Lagrangian WCSPH, making its study in the Eulerian SPH for compressible and in-
compressible flows imperfect and different effects of the WENO reconstruction in
the smooth region and contact discontinuity region lacking.

In this paper, we first exploit low-dissipation linearised and HLLC Riemann
solvers for incompressible and compressible flows. Then, a kernel gradient correc-
tion is introduced to achieve first-order consistency and a one-dimensional WENO
reconstruction is adopted to improve the overall numerical accuracy further and the
shock-capturing performance in the contact discontinuity. The different effects of
the WENO reconstruction on smooth region and contact discontinuity are also ex-
plored. Figure 3.4 shows the density profile using the WENO compared with a high-
resolution scheme [73], showing the ESPH-WENO exhibits a much sharper density
profile and less dissipation, implying that the WENO reconstruction effectively im-
proves the numerical accuracy, especially at contact regions where the limiter has
little effect.

3.3.2 Individual novelty of the author

The article [44] was published in the internationally peer-reviewed Journal of Hydro-
dynamics. My contribution included developing the method and the corresponding
implementation code. I conducted the simulations, performed result analysis, and
drafted the manuscript for the publication.

Reference
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FIGURE 3.4: Shu-Osher problem: Density profile (left panel) and the zoom-in view
(right panel).
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3.4 A fourth-order kernel for improving numerical accuracy
and stability in Eulerian SPH for fluids and total Lagrangian
SPH for solids

Zhentong Wang, Bo Zhang, Oskar |. Haidn, Xiangyu Hu

3.4.1 Summary of the publication

Generally, two factors determine the accuracy of the SPH method, i.e. smoothing
and integration errors [24, 26]. To achieve higher accuracy of SPH approximation,
one can resort to the high-order kernel methods [45, 74] using kernels character-
ized with non-monotonic, non-positive regions and high-order vanishing moments
for less smoothing error and sufficiently large compact support for less integration
error. However, to avoid the excessive computational effort for extensive compact
supports, the current mainstream kernel functions used in SPH, such as B-spline,
Wendland, truncated Gaussian (for compact support) and others, are monotonic and
give 2nd-order smoothing error as only the first moment vanishes. Litvinov et al.
[26] found that, under relaxed particle distribution, the convergence rate of integra-
tion error (8th-order respected to support radius) can be much higher than that of
smoothing error. Therefore, two non-monotonic, namely truncated Laguerre-Gauss
and Laguerre-Wendland, kernels with 4th-order smoothing error, have been con-
sidered for improving the overall accuracy of SPH approximations. However, these
kernels have not been applied for practical SPH algorithms because, for moderate
compact support, the actual integration error of the Laguerre-Wendland kernel is
much larger than that obtained by the original 2nd-order Wendland kernel. Note
that the truncated Laguerre-Gauss kernel has not been tested in Ref. [26], probably
due to the pair-instability problem of the original truncated Gaussian kernel.

In this work, the extensive integration error of the Laguerre-Wendland kernel
in moderate compact support is revisited, and the source of the error has been an-
alyzed. Furthermore, the truncation error of the truncated Laguerre-Gauss kernel
is investigated and is chosen to improve the overall accuracy of SPH approxima-
tions. The truncated Laguerre-Gauss kernel exhibits fourth-order convergence at
low resolution but degenerates to second-order with increasing resolutions. Besides,
independent of particle resolution, with the kernel correction matrix, the truncated
Laguerre-Gauss kernel always introduces much less errors than the Wendland ker-
nel. In the benchmark case of flow around a cylinder, Figure 3.5 shows the velocity
contour ranging from 1.8 x 1072 to 1.5 using the Wendland and Laguerre-Gauss ker-
nels with the Reynolds number Re = 100 under the resolution dp = 1/6 at t = 300.
It can be seen that the method using the Laguerre-Gauss kernel efficiently captures
the vortex street while that using the Wendland kernel fails to present the same phys-
ical phenomenon, indicating that the proposed kernel is more effective in reducing
numerical errors and thus obtaining more accurate results. The computations were
conducted on an Intel Core i7-10700 2.90 GHz 8-core desktop computer. The CPU
wall-clock times for the Eulerian SPH method, using the Wendland and Laguerre-
Gauss kernels with a spatial resolution of dp = 1/10, were 4604.81s and 4818.91s,
respectively. This indicates that the computational efficiency of both kernels is com-
parable.
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FIGURE 3.5: Flow around a cylinder: Velocity contour using the Wendland (left panel)
and Laguerre-Gauss (right panel) kernels with Re = 100.

3.4.2 Individual novelty of the author

The article [32] was published in the internationally peer-reviewed Journal of Com-
putational Physics. My contribution included developing the method and the cor-
responding implementation code. I conducted the simulations, performed result
analysis, and drafted the manuscript for the publication.
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Conclusions and outlooks

Four primary motivations drive this thesis: to achieve a rigorous comparison by im-
plementing the FVM within the Eulerian SPH codebase; to enhance the consistency
between the FVM and Eulerian SPH methods through the development of the FVM-
equivalent boundary in the Eulerian SPH method; to improve the accuracy by incor-
porating the WENO reconstruction scheme into the Eulerian SPH; and to enhance
accuracy by employing the fourth-order Laguerre-Gauss kernel in the Eulerian SPH.
These objectives have been successfully accomplished across multiple applications.
Here, I summarize this thesis and provide discussions and future research remarks.

4.1 Conclusions

To explore the similarities and differences between FVM and Eulerian SPH methods,
Neuhauser [38] provides an in-depth analysis of their analogies, demonstrating that
FVM discretization can effectively reuse the Riemann solver developed for the ALE
SPH method within the same software package. However, the rigorous comparison
remains unachievable due to the limitation in the Eulerian SPH method: the flux
direction must align with the positional direction.

In Paper I, the kernel gradient correction matrix is applied to release the con-
straint in the Eulerian SPH method, facilitating the adjustment of flux properties.
Then, the Eulerian SPH method can achieve algorithmic equivalence to the FVM,
particularly in zero-order consistency, interface flux direction, and flux weighting
from neighbouring particles. Additionally, the mesh-based FVM is realized in the
same SPH codebase using a shared solver, encompassing consistent discretized con-
servation equations, flux data structures, Riemann solvers, dissipation limiters, and
time integration schemes. These approaches enable a rigorous comparison of com-
putational efficiency and performance between these two methods. Tests on com-
pressible and incompressible flows validate that while the mesh-based FVM achieves
higher computational efficiency due to fewer neighbours, Eulerian SPH excels in
producing smoother results due to the kernel’s isotropic characteristics and a faster
convergence rate when employing the high-order kernel. Note that computational
time and iteration count in mesh-based FVM are influenced by mesh quality, as the
minimum distance between grid nodes limits the time step size.

Although the FVM has been incorporated into the SPH codebase and allows for
a comparison between the two methods, the boundary implementation differs. To
enhance the equivalence between these methods, a consistent boundary algorithm
is required. In Paper II, we introduce a particle relaxation technique to generate a
body-fitted particle distribution where particles not in the boundaries meet zero-
order consistency. By analyzing FVM’s boundary algorithm, we incorporate a FVM-
equivalent approach within the Eulerian SPH framework, ensuring that particles
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in the boundaries achieve strict zero-order consistency. Furthermore, several nu-
merical tests, including both compressible and incompressible flows, validate the
stability, accuracy, and improved convergence rate of the proposed boundary algo-
rithm compared to the original. An additional benefit is enhanced computational
efficiency.

While the Lagrangian SPH method provides topological flexibility, which results
in poor particle distribution, the Eulerian SPH method mitigates this issue by keep-
ing particles fixed, preserving the optimal initial distribution throughout the simu-
lation [28, 29]. Enhancing numerical accuracy can be effectively achieved through
high-order techniques. While WENO has been applied within the Lagrangian frame-
work, its use in the Eulerian method remains unexplored. In Paper III, we present a
WENO reconstruction to enhance the accuracy of the ESPH method. This approach
involves constructing a high-accuracy WENO reconstruction of the Riemann states,
achieved by introducing a one-dimensional 4-point stencil along interacting particle
pairs. Several numerical examples of compressible and incompressible flows are an-
alyzed and have validated the proposed method’s improved accuracy, robustness,
and versatility.

Although WENO reconstruction enhances numerical accuracy, it significantly in-
creases computational costs. Alternatively, an effective and simple method to im-
prove the accuracy of SPH approximations is employing high-order kernel methods
[45]. These kernels feature non-monotonic and non-positive regions with high-order
vanishing moments, reducing smoothing error, and have sufficiently large compact
support to minimize integration error. However, such high-order kernels also lead
to increased computational demands due to their extended support. Among these,
a fourth-order Laguerre-Gauss kernel remains untested. In Paper IV, the excessive
integration error of the Laguerre-Wendland kernel is revisited, and the analysis of
the truncated Laguerre-Gauss kernel revealed that it introduces substantially less
truncation error and relaxation residue compared to the Wendland and Laguerre-
Wendland kernels, resulting in notable improvements in stability and accuracy. Fur-
thermore, several 2D and 3D numerical tests for fluid dynamics have validated that
the proposed kernel achieves significantly higher accuracy than the Wendland ker-
nel, with comparable computational efficiency.

4.2 Qutlook

The present work can be further investigated in the following aspects:

¢ This study conducts a rigorous comparison between the FVM and Eulerian SPH meth-
ods with second-order accuracy. Expanding this comparison using high-order schemes
is necessary for a more in-depth evaluation of their performance.

¢ The current codebase supports both mesh-based FVM and meshless SPH methods.
Developing a strong coupling between mesh-based and mesh-free methods using a
shared solver within a unified framework is significantly beneficial as it improves
stability and computational efficiency.

¢ The fourth-order Laguerre-Gauss kernel has demonstrated high numerical accuracy
without compromising computational efficiency, though its use is restricted to the Eu-
lerian SPH framework. Extending its application to the Lagrangian framework is nec-
essary and essential.

¢ Given the promising numerical performance of the Laguerre-Gauss kernel, it becomes
crucial to explore whether other high-order kernels demonstrate comparable or im-
proved characteristics.
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Eulerian smoothed particle hydrodynamics (Eulerian SPH) is considered a potential meshless alternative to a
traditional Eulerian mesh-based finite volume method (FVM) in computational fluid dynamics (CFD). While
researchers have analyzed the differences between these two methods, a rigorous comparison of their performance
and computational efficiency is hindered by the following two challenges: Firstly, the Eulerian SPH framework
faces a constraint related to the normal direction of interfaces in pairwise particle interactions, which prevents
achieving an equivalent algorithm of FVM; Secondly, there is no unified solver available that can be applied to
both Eulerian SPH and FVM methods. To address the former constraint, this paper implements a certain form of
Eulerian SPH method, where a kernel gradient correction is introduced to release the constraint. To address the
latter constraint, the paper realizes the mesh-based FVM within an open-source SPH library using a shared solver,
i.e. single algorithm for two methods, through developing a parser that extracts necessary information from the
“.msh” format file exported from a commercial pre-processing tool, ICEM (Integrated Computer Engineering
and Manufacturing). Several 2D and 3D numerical simulations using both methods within a unified codebase
demonstrate that compared to the mesh-based FVM, the Eulerian SPH achieves smoother results and, when using
a high-order kernel, a faster convergence rate, but at the cost of lower computational efficiency.

Keywords:

Eulerian smoothed particle hydrodynamics
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Rigorous comparison

Kernel gradient correction

Algorithmic equivalency

1. Introduction SPH can be formulated both in the Lagrangian and Eulerian frame-
works for flow simulations. While the particle position is updated with
velocity in Lagrangian SPH, it is fixed in Eulerian SPH. The former shows
obvious advantages in simulating the flows associated with topology
changes and involving material interfaces, e.g. violent free-surface flow

[10], multi-phase flow [11] and fluid-structure interaction (FSI) with

With the continuous development of high-performance computer,
computational fluid dynamics (CFD) has been recognized as a promis-
ing approach to solve a wide range of industrial problems, and also to
augment the understanding of many longstanding flow problems, from

microfluidics to hydrodynamics and hypersonics [1,2]. While classical
mesh-based CFD methods have achieved great success, the generation of
high-quality meshes remains a major challenge in particular for complex
geometries used in practical applications. As an alternative, the mesh-
less method has attracted considerable attentions owing to its numerical
formulation is based on particles and independent of the topology de-
fined by a mesh. As one typical example, smooth particle hydrodynam-
ics (SPH), whose numerical approximations are based on Gaussian-like
kernel function [3,4], has been widely applied in CFD [5], structural
mechanics [6], and other scientific and engineering applications [7-9],
when difficulties present for the classical mesh-base methods.

* Corresponding author.

rigid or flexible structures [12,13]. While the Lagrangian particle intro-
duces topological flexibility, it can lead to poor distribution, and hence,
large numerical errors to be handled by elaborate particle regularization
techniques [14-17]. With the compensation of topological flexibility,
however, Eulerian SPH alleviates this problem as the particles are fixed
and the initial optimal distribution is unchanged during the simulation
[18,19]. Therefore, it is easier to obtain more uniform, or overall less nu-
merical errors. For example, Noutcheuwa et al. [20], Lind et al. [21,22]
and Wang et al. [23] have recently demonstrated high accuracy of Eule-
rian SPH for incompressible flows using a high-order smoothing kernel
for interpolation. Another advantage of Eulerian SPH is that the com-
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putational efficiency can be much higher than that of its Lagrangian
counterpart due to the fixed particles [24].

On the other hand, it is known in SPH community that the pair-
wise particle interaction using kernel-based particle formulation in SPH
discretization can be considered as an analog of the numerical flux
between the surface of two computational cells in the main-stream
Eulerian mesh-based method, i.e. the finite volume method (FVM)
[25,16,26]. Such analog has been detailed in Neuhauser [27] so that a
FVM discretization is able to reuse the Riemann solver developed for the
arbitrary-Eulerian-Lagrangian (ALE) SPH method in the same software
package. Following this work, Wang et al. [28] proposed a new bound-
ary algorithm that meets FVM’s boundary requirements in the Eulerian
SPH method for the improved computational efficiency and potential
strong coupling. However, to which level can such analog, especially
flux properties, reach between Eulerian SPH and FVM has not been ex-
plored yet. Furthermore, baring with the similarities and differences in
the level of discretization and topology relations [27], the performance
and computational efficiency between Eulerian SPH and mesh-based
FVM is still unclear. To quantitatively assess this aspect, it is essen-
tial to implement both methods by achieving algorithmic equivalence
and using a shared solver, including discretized conservation equations,
zero-order consistency, flux properties, Riemann solutions, dissipation
limiters and time integration, within the same codebase. Although many
techniques have combined mesh-based and meshless methods [29-34]
or be achieved in commercial softwares, they rely on their separate al-
gorithms and solvers, with data transferred through a designed coupling
method. To the best of our knowledge, no implementations enable the
individual realization of both mesh-based and meshless methods using
a shared solver within a unified framework.

In this paper, to achieve the rigorous comparison between these
two methods, the first task is to introduce a form of the Eulerian SPH
method where the kernel gradient matrix [35] is introduced to alleviate
the constraints associated with the normal direction of interfaces, thus
achieving the algorithmic equivalence to the FVM. Besides, the second
task is that the traditional FVM formulation can be exactly implemented
within an open-source library SPH, SPHinXsys [36], by developing a
parser to extract necessary information from the “.msh” format mesh
file generated from ICEM. By enabling a shared solver for both methods
within a unified codebase, i.e. single algorithm for two methods, a rigor-
ous comparison can be effectively performed. Note that the unstructured
mesh in FVM is considered as it better accommodates complex geome-
tries compared to the structured mesh [37,38]. In addition, to improve
numerical stability and accuracy in both methods, the shared solver in-
corporates Riemann solutions [39,40], dissipation limiters [26,23], and
dual-timestep integration [41].

This paper is structured as follows: in Section 2 the Riemann-based
Eulerian SPH formulation together with the dissipation limiters is given.
Additionally, we elaborate the kernel gradient correction matrix’s role in
the Eulerian SPH for achieving algorithmic equivalence with FVM. Be-
sides, the detailed procedure for implementing mesh-based FVM within
the framework of Eulerian SPH is presented. Rigorous comparisons on
the performance between the Eulerian SPH with kernel gradient correc-
tion and FVM methods are given in Section 3 and Section 4 presents
brief concluding remarks. All the computational codes employed in this
study have been made openly accessible via the SPHinXsys repository
[36,42], which can be accessed through the following URLs: https://
www.sphinxsys.org and https://github.com/Xiangyu-Hu/SPHinXsys.

2. Methodology

In this section, the governing equations for fluid dynamics are briefly
summarized and the corresponding discretizations for Riemann-based
Eulerian SPH as well as the dissipation limiters are presented. Then, the
FVM implementation within the framework of Eulerian SPH is detailed.
Finally, the rigorous comparison between the Eulerian SPH with the
kernel gradient correction and FVM is elaborated.

Computer Physics Communications 314 (2025) 109683

2.1. Governing equations

The Euler equation can be described by the following equation as

U _
S, +VFU)=0, @)

where U and F(U) are the vector of conserved variables and the corre-
sponding fluxes, respectively. In two dimensional, they are given by

p ém pU
u=| " . F= pu-+p + pzvu ’ @
pU puv pUv-+p
E u(E + p) v(E + p)

respectively. Here, u and v are the components of velocity, p the density,

2
p the pressure and E = Z- + pe the total energy with e being the internal
energy. For compressible flow, we apply the equation of state (EOS)

p=p(y — De, 3)

to close the system of Eq. (1). Here, y is the heat capacity ratio and the
speed of sound is given by

2=
p

For incompressible flow, we follow the weakly compressible assumption
by applying the artificial EOS

(4

p=c*(p - py). 5)

Here, p, is the reference density. To limit the density variation within
1%, we set ¢ = 10U,,,, with U,,,, denoting the maximum anticipated
velocity of the flow field. Note that the energy conservation equation in
Eq. (2) is neglected in the weakly compressible formulation. To simulate

the viscous flow, a viscous force given by

f@=nviv (6

is added to the momentum equation.
2.2. Riemann-based Eulerian SPH method

In the present Eulerian SPH, the pairwise particle interaction is writ-
ten in the flux form. Specifically, the mass, momentum and energy
flux through the interface between a pair of particles is determined by
solving an one-dimensional Riemann problem constructed along the in-
teracting line e;;, as shown in Fig. 1 (left panel).

The left and right states of the Riemann problem are respectively
defined as [26]

{ (plsplsu1)=(ﬂi7pi,vi 'e[j) %)

(> pyru,) = (Pj,Pj,Vj : e;j) ’

assuming that the discontinuity or interface is located at the middle
point F;; =(r; +r;) /2. Then, the Euler equation of Eq. (1) can be dis-
cretized as [25,26]

(wipi) +2w; Zj wj(pv)*E’,.j -VW,; =0
(w;piv;) + 2w, W [(pV ® V)Z’ij +pz’ij|]] -VW;; =0, (8)
(w,E;) +20; 3, w, [(Ev)*EJ.j + (pv);’l.j] YW, =0

t

t

o ¥l ¥

U

t

Here, w is the volume of particle, v the velocity, [ the identity ma-

. Wy
trix, VW}; = o €

VW,
vector e; = —
VW

the gradient of kernel function with the unit

. The terms (pv)*EJ.j, [(/’V®V)2,i,-+pfs,ij“] and

(Ev)*E’u + (pv)*EJ.j] , representing mass, momentum and energy flux, re-

spectively, are determined from the solution of Riemann problem. For
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-
X

Fig. 1. Construction of Riemann problem along the interacting line of particles i and j where the interface is assumed passing the middlepoint and the normal of
that is along the interaction line (left panel); Simplified Riemann fan with two intermediate states (right panel).

the viscous flows, the viscous term in Eq. (6) can be discretized as fol-
lows:

f(v) =2 Z

J

nvaW

)
I’,l’, ij 01‘

with v;; =v; —v; and r;; denoting the velocity difference and the dis-
tance between particles i and j, respectively.

The solution of the Riemann problem results in three waves ema-
nating from the discontinuity, denoted by (p;“,u;‘, pf) and (p;,u;,p;) as
shown in Fig. 1 (right panel). Two waves, which can be shock or rar-
efaction wave, travel with the smallest wave speed .S, or largest wave
speed S,. The middle wave S, is always a contact discontinuity and
separates two intermediate states. Toro [39,40] has proposed the HLLC
solver based on the HLL scheme [43] for more accurate and robust ap-
proximation of the Riemann problem for compressible fluid flows. In
the HLLC scheme, the wave speeds .S; and S, estimate for the left and
right regions respectively, are

S;=i-¢,S,=i+é, (10)
where i and ¢ denoting the average particle and sound speed detailed

in Refs. [39,40]. Then, the intermediate wave speed .S, is calculated as

S, = pruy <Sr_ur) o (ul _Sl) +P1_Pr. an
pr (Sy =) +py (=)

Then other states in the star region can be derived as following

p=p+o <“1 =8)) (4, —u") =p, +p, (S, ~u,) (“* —u). 12)
v =ute; + [%(v, +v,)— %(u, +u,)eij] , 13)
(Sl/r _”I/r)
=y ————, (14)
Py ="P1y (Sl/r _ u*)
B = (Sl/r_ul/r) El/r_Pl/rul/r +P*”*, 15)
I/r— Sl/r —u*

where u* = S,.

For weakly compressible fluid flows, with the assumption that the
intermediate states satisfy p; = p; = p* and u} = u; = u", a linearized
Riemann solver can be derived as [44]

* _ u1+u, 1 (P[*I’r)
{ ) =2 +p + e ? 16)
pr=H ’+2pc‘<u,—u)

where p and ¢ represent interface-particle averages. With the HLLC or
linearized solution to the Riemann problem, the corresponding interface
flux in Eq. (1) can subsequently be written as

F, ifS>0
F* ifS <0<S

F={"! ! - a7
F* ifS,<0<S,
F, ifS <0

Following Refs. [26,23], dissipation limiters are introduced for the
HLLC and linearized Riemann solvers to decrease the numerical dissi-
pation. In particular, we implement a low-dissipation HLLC Riemann
solver, where the wave speed and pressure in the star region of Egs.
(11) and (12) are re-evaluated as

= ey 4 Pz g2
picj+ppc prcj+pyc, ,ﬂHLLC (18)
I+Pr 1§ * )17
= +3PuLLc e, (u* =) = prey (w —u*)]

by lntroducmg a dissipation limiter

By rrc =min (ﬂHLLc maX( -,0), 1) 19

Note that we suggest that ;- =1 in Eulerian SPH framework and
Nurrc = 10 in FVM framework according to the numerical cases, and
apply its squared value in the signal speed term for intensive dissipation
control.

For the linearized Riemann solver, we also introduce a dissipation
limiter to the both velocity and pressure terms and the linearized Rie-
mann solver with the limiter [26] can then be derived as

w _ w1 (PL=PR) 2
{ w= 2 +3 % pc ﬁlmearlvd (20)
¢ — Prtp ’
p* ) -+ Eﬁlinearisdpc (ul - ur)

where the dissipation limiter ﬂ,,-nw,- sq [26] is defined as

r.0), 1) @D

ﬁlineari.&d min (nlmearud max(

Here, we suggest the parameter 1y;,.,,is4 = 15 in both Eulerian SPH and
FVM frameworks. Note that while many state-of-the-art techniques, such
as high-order schemes [45-50], can achieve higher numerical accuracy,
the differing implementations of these advanced techniques applied to
Eulerian SPH and FVM make a rigorous comparison between these
two methods challenging. Additionally, achieving higher accuracy us-
ing these advanced techniques is not our primary objective.

2.3. Comparison between Eulerian SPH and FVM

To understand the SPH formulation in Eulerian framework and its
comparisons with FVM, we present a graphical illustration in two-
dimensional between them in Fig. 2.

For the similarities between the both methods, they update the con-
served variables by calculating the pairwise particle or cell interacting
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Fig. 2. Flux Integration: Over neighboring particles in SPH method (left panel); Over neighboring cells in finite volume method (right panel).

flux of all the neighbors. In addition, by analogy with the form of the
SPH discretization Eq. (8), the both methods can be written uniformly
as

0

> (0,U;) + ZFU U)-A;; =0. (22)
J

Here, A;; is a vector representing the interface area along the normal

direction to the interface.

Also, we can compare the differences between the two methods in
terms of the Eq. (22). The expressions of A; ; are different and denoted,
respectively, as

ow;
AS.SPH |A ) nSPH = =200, VW,; = 20,®; m"eSPH

A in Eulerian SPH
by AFVM ) A

in FVM

nFVM _ FVM - (23)
ij ‘ S’J nlj

where S;; is the interface size between cell i and j, and the interface unit

SPH

normal vector between particles i and j is n; in Eulerian SPH or cells

iand jis n’j VM in FVM. In SPHinXsys library, the gradient of the kernel
VW,

ment unit vector C‘SJ‘PH

pSPH _ |pSPH|oSPH
u u ij
unit vector eiP H 1n FVM, we denote the center of the mesh as cen-

FVM _ )erM eV M
ij ij

is along egVM , but the fluxes through the 1nterface in Eq. (1) is along

FVM

shown in Fig. 2 (left panel) and the displacement

SPH‘

is stored as the distance |r | and displacement

troid and the displacement of centroids i and j r;

n; shown in Fig. 2 (right panel). Note that interface unit normal
vector ngVM is independent with eiF.VM in FVM. Therefore, a clear dif-

ference between Eulerian SPH and FVM is that in former the interface
normal vector nS PH must be aligned displacement direction ef.P " 1271.
A certain form of Eulerian SPH method is proposed later in section 2.4 to
release this constraint between n‘j PH and eS PH and thus achieve the ef-
fect rigorously equivalent to FVM. Besides, as is shown in Fig. 2 and the
Eq. (23), the interface area ‘Ai 5 ) and the way to determine neighbors be-
tween cells in FVM are given from the known grid information (three or
four neighboring cells in two or three dimensions, respectively), while
those in SPH method is related to the gradient and the smoothing length
h of the kernel (approximately 20 or 70 neighboring particles in two or
three dimensions, respectively, when the kernel’s cutoff radius is typi-
cally set as 2h where h = 1.3d p with dp representing the initial spacing).

Furthermore, each cell as a completely closed control volume naturally
obeys Y, j Af;VM =0 in FVM, while the original Eulerian SPH method
with approximation errors leads to 3", AESPH 0, i.e. with consistency
error [27], which will be fixed by the particle relaxation and be further
analyzed by coupling together with kernel gradient correction in sec-
tion 2.4. Note that the similarities and differences between these two
methods are general, while the specific flux properties depend on the
particle distribution in the Eulerian SPH method and the mesh file in-
formation in FVM.

2.4. Kernel gradient correction

In the pursuit of a certain of Eulerian SPH method algorithmically
equivalent to FVM where the direction n;; is independent with e;; dis-
cussed in Section 2.3, a crucial step is the introduction of the kernel
gradient correction expressed as

-1
<Zr,j®VVVuwj> , 249)

which has the properties of enhancing the numerical accuracy and meet-
ing the first-order consistency as previously investigated [35,51]. Then
the gradient of kernel can be rewritten as

. Bi+B;
VW, = VW, (25)

to guarantee the momentum conservation. Note that while Egs. (24) and
(25) have also been implemented in Refs. [51,23,52,28] to decrease in-
tegration errors, the correction introduced here is specifically intended
to release constraints, which has not been previously discussed [52,28].

As is mentioned above, interface unit normal vector n‘j PH in Eule-

rian SPH has to be along the displacement unit direction ef.P H . Based
on this, the kernel correction matrix in Eq. (24) is implemented to re-
lease the constraint and to adjust the normal direction of interface along
(ef;P Hy! shown in Fig. 2 (left panel) expressed as

V'W;,
(e = — Y (26)

Note that the interface between a pair of particles in Eulerian SPH is
analogous to that between cells in FVM, but is virtual. Once the con-
straint is released, there exists a virtual mesh structure, which can be
regarded as being generated by the SPH method and has the property
of (e;jp HY orthogonal to the corresponding virtual interface, analogous
to the traditional mesh produced by mesh-generation softwares. Based
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Table 1

Error analysis of SPH approximation for d f /d x with a constant
function f = 1 without and with the kernel gradient correction
in the given relaxed particle distribution.

Without-B With-B
L,(df/dx) 2.9693 x 104 2.9636 x 10~
on this, (e,.S.P Hy g analogous to nf.VM in traditional mesh-based FVM,

thus making Eulerian SPH a certain version of FVM. Then the modified

unit normal vector of interface (ei.P Hy is used to replace the original

vector el.SjP Hin Eq. (8).

It is worth noting that, in practical applications containing complex
geometry, the lattice particle distribution is insufficient, so particle re-
laxation [53] given by

2

apyi=—;i;povw,.jwj 27)
with p, denoting the constant pressure is implemented to make the par-
ticles fit precisely on the surface of the complex geometry, which also
makes the particles satisfy the zero-order consistency [53], i.e. gradient
of the constant function equal to zero. However, while the kernel gradi-
ent correction plays a pivotal role for Eulerian SPH method in achieving
the FVM algorithm, it unavoidably impacts the zero-order consistency.
Consequently, the incorporation of the kernel gradient correction be-
comes imperative for error analysis related to zero-order consistency.
For the error analysis, L; normalization is given by

Ll(df/dx)z%z Vf,.—zzﬁjvwijwj , (28)
J

i
where f is a function field and 2 )] j fi ;VW,;w; represents the weak

form [7] of SPH approximation with f, ;= %( fitf) due to the conser-
vation property in Eq. (8). In this case, we examine a circular geometry
with a diameter of D =2 using a resolution of dp = D/20. Employing a
relaxed particle distribution based on the Wendland kernel [54], we con-
duct an error analysis of the SPH approximation for d f /dx concerning
a constant function f =1 to assess zero-order consistency. The results
in Table 1 present the L, error under two scenarios: one without and
one with the utilization of kernel gradient correction, validating that
employing the gradient kernel correction has a negligible effect on the
approximation error compared to not using it. Consequently, Eulerian
SPH, combined with kernel gradient correction, achieves algorithmic
equivalence to the mesh-based FVM regarding the zero-order consis-
tency, flux direction of the interface as well as flux weight from the
neighbors.

2.5. Mesh-based FVM within Eulerian SPH framework

We have previously explored the utilization of a certain form of Eu-
lerian SPH method to attain an algorithm equivalent to FVM and in this
section we delve further into implementing the mesh-based FVM within
the framework of the original Riemann-based Eulerian SPH method, all
within the same SPH codebase. By constructing a parser, we read the
external mesh file format generated by the commercial software ICEM
to obtain all necessary information to implement mesh-based FVM in
SPHinXsys. In the mesh file, the node positions and the topological re-
lations of all meshes can be obtained directly, and then other required
information including the size of the interface, its normal unit vector
and the distance between centroids can further be calculated. Note that
for cells adjoining the boundary surface in the mesh file, while topo-
logical relationships still include all neighboring cell indexes, one cell
index is labeled as “0,” signifying the boundary surface for all boundary
conditions. This complicates the implementation of periodic boundary
conditions in mesh-based FVM, as periodic information cannot be ob-
tained from the mesh file.
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In the original Eulerian SPH, we store the kernel gradient as interface
unit normal vector ef;P H and the magnitude of kernel gradient ‘VVV,- j‘
separately mentioned in Section 2.3. Based on the relation between two
methods in Eq. (23), it can be deduced that
oW, S,

ij ij (2 9)

ori; 2w,

To implement the traditional mesh-based FVM in SPH method, follow-
ing the data structure of SPHinXsys, we analogize the storage form of
FVM to SPH method as also two parts including the interface unit nor-

FV Sij
ij

mal vector n VM and the magnitude of kernel gradient where

0;®;
nf;.VM and S;; are calculated from the mesh information. Therefore, the
flux properties of the both methods are stored in the same data struc-

S..
- in FVM, even stored and labeled

ture. It is important to clarify that 3

as magnitude of the kernel gradient,l ajctually is only determined by the
interface size and is not related to the kernel, thus ensuring equivalence
in the data structure and algorithms of SPHinXsys and facilitating the
realization of both mesh-based FVM and SPH methods. Also, we store
rf;VM , the distance of centroids i and j, in SPHinXsys storage space r;;
which is used for solving the viscous force in Eq. (9). Following this
procedure, the SPH code is endowed with the capability to simulate
traditional mesh-based FVM, and the algorithmic equivalency between
a certain form of Eulerian SPH and mesh-based FVM methods enables
their seamless integration using the shared solver, including the flux
data structure, Riemann solutions and dissipation limiters as well as the
time integration, within the same SPH codebase, i.e. single algorithm for
two methods. Furthermore, in the Eulerian SPH method, a wall bound-
ary condition using the one-sided Riemann solver [55,26] is applied
within the predefined solid particles. In addition, after calculating the
distance between the centroid of the cell and the boundary surface from
the mesh information, the one-sided Riemann solver is also introduced
in the mesh-based FVM within the SPH code.

2.6. Time integration

For the time integration, we apply the Verlet scheme [13] where the
total energy and density are first updated to the half time step n + % by

1
n+5 1 dE: \"
2 _gny 1 i
E. =E; +251(—m>

i

1

n+5 1 dp; \"
2 n P,

p, “=pl+ 561(—(]")

(30)

At this point, the internal energy and pressure are evaluated accordingly.
Then, the change rate of momentum is calculated and applied to update
the momentum to new time-step with

n+l
d(pv); ) 2 (1)

1_
(o) —(pV)f‘+5t( i

After that, the change rates of mass and energy are calculated. Finally,
the energy and density for the new step are updated by

+1 \n+l
Ef =E 24 %51(%)
(32)
r_l+1 —

! 1
n+> 1 dp; n+

P! p; T+ 36t (d—r')
In order to ensure numerical stability, the time step size is determined

by

At,.=CFL [%] , (33)

d(cy+U
where CFL = 0.6 in Eulerian SPH method and CFL = 0.4 in mesh-
based FVM, d and U, represent the dimension and the maximum par-

ticle speed in the fluid field, respectively. Here, L denotes the smoothing
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Fig. 3. Double Mach reflection of a strong shock: Density contour and its zoom-in view ranging from 1.3 to 23.0 obtained by ESPH (top panel) with the resolution
dp=1/128, i.e. the total particles number approximately N = 6.5 x 10*, and by FVM (bottom panel) with the total elements number approximately N = 6.4 x 10*

with the dissipation limiter at the finial time r =0.2.

length of kernel in Eulerian SPH or the minimum distance between mesh
nodes in mesh-based FVM.

3. Numerical results

In this section, a set of numerical examples including both compress-
ible and weakly compressible flows are considered herein to investigate
the accuracy and stability of a certain form of Eulerian SPH method
and its rigorous comparisons with mesh-based FVM. For all tests, the
Laguerre-Gauss kernel [23] with a smoothing length of h = 1.3dp is
employed in the Eulerian SPH method due to its high numerical accu-
racy without requiring additional implementation and computational
cost. For clarity, the Riemann-based Eulerian SPH method with the
dissipation limiters and the kernel gradient correction is denoted as “ES-
PH”. Also, mesh-based FVM with the same algorithm including Riemann
solvers and dissipation limiters is denoted as “FVM”. Note that we visual-
ize the mesh information by changing the VTK file in SPHinXsys and the
numerical results in Post-processing software called Paraview. In all the
figures presented in the numerical examples, the zoom-in view figures
with “under surface representation” indicate that they are displayed in a
surface representation mode within Paraview. Here, we define the com-
putational efficiency rate, denoted as a, which is the ratio of the CPU
wall-clock times of “FVM” to “ESPH”, i.e., a = %'
A lower « value indicates greater computational efficiency of using
“FVM”.

3.1. Double Mach reflection of a strong shock

In this section, we test a two-dimensional problem namely double
Mach reflection of a strong shock to rigorously compare ESPH with FVM
in the compressible flow. Following Ref. [56], the computational do-
main is (x,y) € [0,4] X [0, 1] and the initial condition is given by

(1.4,0,0,1)
(p,u,v,p) =

y < 1.732(x — 0.1667)
(8,7.145,-4.125,116.8333) ’

otherwise

(34

the final time is ¢ = 0.2. Besides, a right moving Mach 10 shock is ini-
tially located at (x, y) = (0.1667,0) and keeps a 60-degree angle with the
x-axis. The bottom boundary is the reflective wall boundary beginning
x =1/6 to x =4, the left-hand boundary is the post-shock boundary
condition and zero-gradient condition is applied for the right boundary
x =4. In the case, the spatial resolution is dp = 1/128 with the total par-
ticles number approximately N = 6.5 x 10* in ESPH and the maximum
element seed size is 0.012 with the total elements number approximately
N =6.4x10* in FVM to discretize the computational domain.

In Fig. 3, top panel is the density contour and its zoom-in view rang-
ing from 1.3 to 23.0 obtained by ESPH with the resolution dp =1/128
at the finial time # = 0.2 and bottom panel presents that obtained by
FVM with the total elements number approximately N = 6.4 x 10* and
the mesh visualization and its zoom-in view using FVM are also given. It
can be observed that the main flow features including the Mach stem and
the near-wall jet can be captured well in both methods. In the meantime,
compared to the FVM, where unstructured meshes introduce anisotropic
characteristics from three neighboring cells, ESPH exhibits a distinct ad-
vantage of producing smooth density contours due to its reliance on
isotropic kernels and 20 neighboring particles, which naturally possess
isotropic properties. Furthermore, to avoid the effect of the dissipation
limiter on smoothness in FVM, we also calculate the density contour
without using the limiter, as shown in Fig. 4. This demonstrates that
even with excessive numerical dissipation, the density contour obtained
by FVM is not as smooth as that obtained by the ESPH method.

3.2. Lid-driven cavity flows with different shapes

In this section, we consider two-dimensional lid-driven cavity flows
with different shapes to compare ESPH with FVM further. Firstly, a sim-
ple square cavity is applied and the results calculated by both methods
are compared with the results from Ghia et al. [57] to verify its correct-
ness. Besides, a semi-circular cavity is tested to validate the capacity
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visualization without mesh nodes
under surface representation

Fig. 4. Double Mach reflection of a strong shock: Density contour and its zoom-in view ranging from 1.3 to 23.0 obtained by FVM with the total elements number
approximately N = 6.4 x 10* without the dissipation limiter at the finial time ¢ = 0.2.
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Fig. 5. Lid-driven cavity flows with different shapes: Geometries and boundary conditions.

to deal with complex geometry by comparing with the reference result
from Glowinski et al. [58]. The geometries and boundary conditions are
shown in Fig. 5 where the upper moving wall is set as a given velocity
U, a1 = 1.0 and other boundaries are non-slip wall conditions, and the
finial time 7 = 30.

3.2.1. Lid-driven square cavity problem

For the square cavity, the computational domain is a square with a
length of L =1 and the Reynolds number Re =400 in the case. In ESPH,
the spatial resolutions dp =1/33, 1/65 and 1/129 are applied with to-
tal particles numbers N = 1089, 4225 and 16641, respectively, to verify
the convergence study. Correspondingly, in FVM, the maximum element
seed sizes are set as 0.05, 0.024 and 0.012 with the total elements num-
bers N =1094, 4110 and 16096, respectively.

Fig. 6 presents the horizontal velocity component u along x = 0.5L
and the vertical velocity component v along y = 0.5L, obtained by FVM
with total element numbers N = 1094, 4110, and 16096, and ESPH with
spatial resolutions of dp = 1/33, 1/65, and 1/129, corresponding to total
particle numbers N = 1089, 4225, and 16641, respectively. Comparisons
are made with reference results from Ghia et al. [57], indicating that
the results are in good agreement with the reference data. Note that the
convergence of the ESPH method using the high-order kernel is much
faster than FVM, across resolutions ranging from low to high, clearly
shown in right panel of Fig. 6. Additionally, Fig. 7 illustrates the hor-
izontal and vertical velocity components obtained using both Eulerian
SPH and FVM with and without (labeled as ‘ESPH-NL’ and ‘FVM-NL,’
respectively) limiters. The results indicate that the limiter substantially

reduces numerical dissipation in both methods, achieving greater reduc-
tions in FVM than in SPH. Besides, Fig. 7 also demonstrates the results
converge even at higher resolutions.

For further quantitative error analysis, Fig. 8 illustrates the conver-
gence rate of the L;-norm error at the extreme points, indicating that
both methods attain approximately second-order convergence rate. As
expected, the convergence rate at the extreme point is lower than the
fourth order in ESPH [23] at low resolution as its much extra dissipa-
tion from the Riemann problem and limiters. Besides, Fig. 9 shows the
velocity contour and its zoom-in view ranging from 2.0 x 107> to 0.97
obtained by ESPH with the total particles number N = 16641 and FVM
with the total elements number N = 16096 under the Reynolds num-
ber Re =400 in a square cavity, implying that ESPH enables obtaining
smooth velocity contour while results obtained by FVM are not smooth
shown in zoom-in figure of visualization without mesh nodes under sur-
face representation. This is due to the same reason explained in the
previous example, i.e. FVM with its unstructured mesh has anisotropic
properties and Eulerian SPH relying on the isotropic kernel naturally
has the isotropic characteristic. In the present study, the computations
are all performed on an Intel Core i7-10700 2.90 GHz 8-core desktop
computer and the total CPU wall-clock times required by ESPH with the
total particles number N = 16641 and FVM with total elements number
N = 16096 in whole process ¢ = 30 are listed in Table 2, indicating that
FVM is computationally much more efficient than ESPH with a = 0.387.
Note that the iteration number of FVM is significantly higher than that
of Eulerian SPH due to the fact that the acoustic time step depends on
the minimum distance between nodes in the mesh.



Z. Wang, C. Zhang, O.J. Haidn et al.

Computer Physics Communications 314 (2025) 109683

0.2 0.8

0 0.6
. >
0.4
| . Reference K
02 FyMN=1094 -
R ~ FVM N=4110 3
i FVM N=16096 0.2
i ESPH N=1089 s
o4l — - - - ESPHN=a225 L

ESPH N=16641
T - T - T - P

Reference

— — — - FVM N=1094
— - FVM N=4110
FVM N=16096
ESPH N=1089
ESPH N=4225
ESPH N=16641

0.4
X

0.5
u

Fig. 6. Lid-driven square cavity flow with Re =400: The horizontal velocity component u along x = 0.5L (left panel) and the vertical velocity component v along
y=0.5L (right panel) obtained by ESPH with the spatial resolutions as dp=1/33, 1/65 and 1/129, i.e. the total particles numbers N = 1089, 4225 and 16641, and
by FVM with the total elements numbers N = 1094, 4110 and 16096, as well as the comparisons with the reference obtained by Ghia et al. [57].
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Fig. 7. Lid-driven square cavity flow with Re =400: The horizontal velocity component u along x = 0.5L (left panel) and the vertical velocity component v along

y=0.5L (right panel) obtained by ESPH with N = 16641 and N = 66049, and FVM with total elements numbers
dissipation limiter, as well as the comparison with the reference obtained by Ghia et al. [57].
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Fig. 8. Lid-driven square cavity flow with Re =400: Convergence rate of L -norm error of vertical velocity at the extreme point.
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Fig. 9. Lid-driven square cavity flow with Re = 400: The velocity contour and its zoom-in view ranging from 2.0 X 10~ to 0.97 obtained by ESPH with the total
particles number N = 16641 (left panel) and FVM with the total elements number N = 16096 (right panel).
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Fig. 10. Lid-driven semi-circular cavity flow with Re = 1000: The horizontal velocity component u along x = 0.5L (left panel) and the vertical velocity component
v along y = —0.25L (right panel) obtained by ESPH with the resolutions as dp =1/65, 1/129 and 1/257, i.e. the total particles number N = 1656, 6529 and 25922
respectively, and FVM with the total elements number N = 1496, 6608 and 25344, and the comparison with the reference obtained by Glowinski et al. [58].

Table 2
Lid-driven square cavity flow with Re = 400: Computational efficiency compar-
ison between FVM and ESPH for the physical time 7 = 30.

Table 3
Lid-driven semi-circular cavity flow with Re = 1000: Computational efficiency
comparison between FVM and ESPH for the physical time ¢ = 30.

Element/Particle CPU wall-clock Iteration a Element/Particle CPU wall-clock Iteration a
number time number number time number
FVM 16096 190.38 s 229625 0.387 FVM 6608 68.99 s 197677 0.394
ESPH 16641 491.53 s 108924 ’ ESPH 6529 174.78 s 108768 ’

3.2.2. Lid-driven semi-circular cavity problem

For semi-circular cavity, the diameter of cycle is L =1 and the
Reynolds number is Re = 1000 in the case, with the resolutions dp =
1/65, dp=1/129 and dp = 1/257, i.e. the total particles number N =
1656, N = 6529 and N = 25922 respectively in ESPH or the total el-
ements number N = 1496, N = 6608 and N = 25344 in FVM, respec-
tively.

Fig. 10 shows the horizontal velocity component u along x = 0.5L
and the vertical velocity component v along y = —0.25L obtained by
ESPH and FVM as well as the comparison with the reference [58] in a
semi-circular cavity, proving that both methods can obtain the accurate
and consistent results which are agreement with the reference. Consis-
tent with the findings from the previous example, the convergence rate
of the ESPH method using the high-order kernel demonstrates a faster
rate compared to the FVM, as shown in Fig. 10. Besides, Fig. 11 presents
the velocity contour and its zoom-in view ranging from 2.0x 1073 to 0.97
obtained by ESPH with the spatial resolution dp = 1/129 and FVM with

the total elements number N = 6608, showing that, similarly with the
square cavity results, the result calculated by ESPH is much smoother
that by FVM with its anisotropic characteristics in unstructured mesh-
based method. Furthermore, for the computational efficiency analysis,
the total CPU wall-clock times required by ESPH with the particle num-
ber N = 6529 and FVM with the total element number N = 6608 in
whole process ¢ = 30 are listed in Table 3, showing that the computa-
tional time cost in ESPH method is much longer.

3.3. Vortex spin-down
In the vortex spin-down simulation, the vortex is confined within

a unit square bounded by four solid walls [59-61]. The flow field is
initialized with a smooth, clockwise-rotating vortex defined as:

u=U,, (y-05),v=U0,,.(0.5 -Xx), (35)
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Fig. 11. Lid-driven semi-circular cavity flow with Re = 1000: The velocity contour and its zoom-in view ranging from 2.0 X 107> to 0.97 obtained by ESPH with the
spatial resolution dp =1/129, i.e. the total particles number N = 6529 (top panel), and FVM with the total elements number N = 6608 (bottom panel).
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Fig. 12. Vortex spin-down with Re = 100: The velocity contours obtained by ESPH (left panel) and FVM (right panel) with N =4225 and N = 4110, respectively, at

t=1.

where U,,,, = 1 represents the fluid maximum velocity. The Reynolds
number for this case is set to Re = 100.

Fig. 12 displays the velocity contours ranging from O to 0.26 us-
ing ESPH with N = 4225 (left panel) and FVM with N = 4110 (right
panel). Consistent with prior results, the Eulerian SPH method yields
the smoother contour compared to FVM. For the quantitative validation,
Fig. 13 (left panel) presents the vertical velocity profiles computed by
ESPH and FVM with N =4225 and N =4110, respectively. Both meth-
ods achieve accuracy consistent with the benchmark result obtained by
Xu et al. [60] for the comparable resolution. To further assess energy
conservation and numerical dissipation, Fig. 13 (right panel) shows the
kinetic energy decay over time for various resolutions using both meth-
ods, alongside a high-resolution solution labeled as “Reference”. The
results confirm that while both methods exhibit convergence with par-
ticle/mesh refinement, the Eulerian SPH method demonstrates lower
numerical dissipation as the results closer to the reference than FVM at
the same resolution.
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3.4. Flow around a circular cylinder

Furthermore, to rigorously compare ESPH and FVM in fluid-solid
interaction, we investigate a case of flow around a circular cylinder as a
benchmark case. For assessing numerical results quantitatively, the drag
and lift coefficient are defined as

2F, ¢, - 2F,
PootiZ, A PootiZ A

CD—

(36)

where Fj, and F; are the drag and lift forces on the cylinder respec-
tively. For unsteady cases, the Strouhal number St = fD/u,, with f
and D denoting the vortex shedding frequency and the cylinder diam-
eter, respectively. In the case, the computational domain is [40D,40D]
where the cylinder center is located at (12.5D,20D) and the Reynolds
number Re =u p., D/p is 100 with the velocity u =1, density p,, =1
and the cylinder diameter D = 2. Besides, all boundary conditions are
the far-field boundaries and the finial time is 300.
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Fig. 13. Vortex spin-down at Re = 100: The vertical velocity component v along y = 0.5, computed using ESPH and FVM with N = 4225 and N = 4110, respectively,
is compared against the similar solution from Xu et al. [60] at # = 1 (left panel). The right panel shows the kinetic energy decay over time for both methods at various
resolutions, along with the reference.
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Fig. 14. Flow around a circular cylinder (Re = 100): Particle distribution and zoom-in view as well as velocity contour ranging from 0 to 1.32 obtained by ESPH
with the spatial resolution dp = 1/10 with total particle number N = 644492 at the time ¢ = 300.
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Fig. 15. Flow around a circular cylinder (Re = 100): Time evolution of the drag coefficient C;, (left panel) and lift coefficient C; (right panel) obtained by ESPH
with the spatial resolutions dp=1/10, 1/20 and 1/30.
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Fig. 16. Flow around a circular cylinder (Re = 100): Unstructured mesh and corresponding particle distribution as well as velocity contour obtained by FVM ranging

from O to 1.32 with the total element number N = 639543 at the time ¢ = 300.

Table 4

Flow around a circular cylinder (Re = 100): The converged drag and lift coeffi-
cients obtained by ESPH and FVM as well as other experimental and numerical
results.

Parameters Cp C, S,
White [62] 1.46 - -
Chiu et al. [63] 1.35 + 0.012 +0.303 0.166
Le et al. [64] 1.37 £ 0.009 +0.323 0.160
Brehm et al. [65] 1.32 £ 0.010 +0.320 0.165
Russell et al. [66] 1.38 + 0.007 +0.300 0.172
Quetal. [67] 1.32 +0.225 0.165
ESPH 1.36 + 0.011 +0.340 0.167
FVM 1.36 + 0.006 +0.270 0.164
Table 5

Flow around a circular cylinder (Re = 100): Computational efficiency compar-
ison between FVM and ESPH for the physical time 7 = 300.

Element/Particle CPU wall-clock Iteration a
number time number
FVM 639543 6521.02 s 103267 0.554
ESPH 644492 11772.82s 108768 :

In ESPH, the spatial resolutions dp = 1/10, 1/20 and 1/30 are ap-
plied. Fig. 14 shows the particle distribution and the zoom-in view
around the cylinder as well as velocity contour ranging from 0 to 1.32
obtained by ESPH with the resolution dp = 1/10 at the final time ¢ = 300,
indicating that the velocity distribution calculated by ESPH is very
smooth because of its isotropic characteristics. Besides, Fig. 15 depicts
the drag coefficient Cj, and lift coefficient C; obtained by ESPH with
the spatial resolutions dp = 1/10, 1/20 and 1/30, showing that the drag
coefficients reach a stable mean value after a period of fluctuation at the
beginning while the lift coefficient oscillates around zero. The deviations
of the drag and lift coefficients with the spatial resolutions dp = 1/20
and dp =1/30 are less than 3 percent, and the frequencies and ampli-
tudes of the lift coefficient are roughly consistent, which means that the
results are convergent. The convergent results [63-68] are listed in Ta-
ble 4 which contains other experimental and numerical, including SPH
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and FVM, results under the Reynolds number Re = 100, showing that
the results of the drag and lift coefficients obtained by ESPH agree well
with other references and can be seen as correct.

Correspondingly, in FVM, the maximum element sizes are 0.15, 0.076
are applied with the total elements numbers are 639543 and 2534663,
respectively. Fig. 16 portrays the visualization of unstructured mesh, ve-
locity contour and its zoom-in view around the cylinder ranging from 0
to 1.32 obtained by FVM with the total elements number N = 639543
at the time 7 = 300. The velocity distribution appears generally smooth
when observed globally, yet upon closer inspection in the zoomed-in vi-
sualization without mesh nodes, it reveals non-smoothness owing to the
anisotropic property of the mesh-based FVM. Also, the convergent result
obtained by FVM with the total elements number N = 2534663 is also
listed in Table 4, implying that the drag and lift coefficients obtained by
FVM are well agreement with the references. Furthermore, the total CPU
wall-clock times required by ESPH with the particle number 644492 and
FVM with the total element number N = 639543 in whole process are
listed in Table 5, indicating the higher computational efficiency of the
FVM.

3.5. Flow around the NACA5515 airfoil

In this section, more challenging scenario, flow around the
NACAS5515 airfoil with a sharp angle, is considered. The computational
domain is defined as a square cavity, with the airfoil’s chord length des-
ignated as L = 1. The left boundary is positioned two chord lengths
upstream of the leading edge, while the upper and lower boundaries
are three chord lengths from the airfoil surface [69]. The right bound-
ary is located three chord lengths downstream of the trailing edge. The
left and right boundaries are defined as inlet and outlet conditions, re-
spectively, while the upper and lower boundaries are treated as far-field
conditions. The airfoil surface is subjected to a no-slip boundary condi-
tion. The Reynolds number for the case is set as Re = 420 and simulation
time is t = 15.

Fig. 17 displays the velocity contours, including zoom-in views with
particle or mesh distributions, obtained using ESPH with total particle
number N = 2618626 (left panel) and FVM with total element num-
ber N =2652573 (right panel) at r = 15, demonstrating that the former
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Fig. 17. Flow around the NACAS5515 airfoil (Re = 420): Velocity contours and their zoom-in views ranging from 0 to 1.2 obtained by ESPH (left panel) with the
resolution dp = 1/250, i.e. total particle number N =2618626, and by FVM (right panel) with total element number N = 2652573 at the time 7 = 15.
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Fig. 18. Flow around the NACA5515 airfoil (Re = 420): Pressure coefficients on
the surface obtained by ESPH with total particle number N = 2618626 and FVM
with total element number N = 2652573 at the time ¢t = 15.
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Fig. 19. 3D lid-driven cavity flow: Geometries and boundary conditions.

yields the smoother flow contour compared to the latter. Furthermore,
Fig. 18 presents the pressure coefficients on the surface using ESPH and
FVM as well as the numerical result by Huang et al. [69], showing both
methods achieve the accurate results even in the challenging scenario.
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Table 6
3D lid-driven cavity flow with Re = 100: Computational efficiency comparison
between FVM and ESPH for the physical time ¢ = 10.

Element/Particle CPU wall-clock Iteration a
number time number
FVM 128418 589.60 s 49803 0.19
ESPH 132651 3113.95s 21862 :

3.6. 3D lid-driven cavity flow

This section presents a further comparison of the performance of
ESPH and FVM in a three-dimensional case, namely 3D lid-driven
square cavity flow, using a cube of unit length. Following Refs. [70,71],
similar to the 2D lid-driven cavity flow, the upper surface is designed
as a moving boundary with U = (1.0, 0.0, 0.0), while the remaining sur-
faces are set as stationary non-slip boundaries, as shown in Fig. 19. In
this case, the Reynolds number is Re = 100 and the final time is ¢ = 10,
with the total particles N = 132651, 1030301 and 2146289 in ESPH or
total elements N = 128418, 1031317 and 2108628 in FVM to discretize
the computational domain.

Fig. 20 presents the velocity contour of the block after the middle
plane using ESPH and FVM, alongside the reference result from [70].
This validates that the velocity contour obtained by ESPH is smoother
than that obtained by FVM. Additionally, Fig. 21 shows the velocity
profiles of the horizontal and vertical centerlines of the middle plane
using ESPH with the total particle number of N = 2146289 and FVM
with the total element count of N = 2108628, proving the results us-
ing both methods are consistent with the reference results and proving
that the mesh-based FVM realization in SPH code in three dimensional
situation is also convincing and accurate. Besides, consistent with the
findings from the two-dimensional cases, the convergence rate of the
ESPH method using the high-order kernel is significantly faster com-
pared to that of the FVM, as shown in Fig. 21. Furthermore, we test the
computational efficiency of both methods. The total CPU wall-clock time
required by ESPH with N = 132651 particles and FVM with N = 128418
elements in whole process is listed in Table 6, demonstrating that the
higher computational efficiency of the FVM in 3D even significantly
higher 2D.

4. Summary and conclusion

In this paper, the kernel gradient correction matrix is implemented
to release the constraint on the Eulerian SPH method for adjusting flux
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Fig. 20. 3D lid-driven cavity flow with Re = 100: The velocity contour and its zoom-in view of the block after the middle plane ranging from 0.0 to 1.0 obtained by
ESPH with the total particles number N = 2146289 (left panel) and FVM with the total elements number N = 2108628 (right panel).
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Here, the results are obtained by ESPH with the

total particles number N = 132651, 1030301 and 2146289, and FVM with the total elements number N = 128418, 1031317 and 2108628 and the comparison with

the reference obtained by Ku et al. [70].

properties. After comparing Eulerian SPH and FVM, the algorithmic
equivalence including the zero-order consistency, flux direction of the
interface and flux weight from the neighbors can be achieved. Besides,
the mesh-based FVM is realized in the same SPH program SPHinXsys us-
ing the shared solver, including the consistent discretized conservation
equation, flux data structure, Riemann solutions, dissipation limiters
and time integration scheme, and therefore both methods’ computa-
tional efficiency and performance can be compared rigorously. Several
fully and weakly compressible examples are tested, and the results have
validated that while the mesh-based FVM has higher computational ef-
ficiency due to significantly fewer neighbors, the Eulerian SPH has a
clear advantage in producing smoother outcomes owing to the kernel’s
isotropic properties and in achieving a faster convergence rate with
the employment of the high-order kernel. It is crucial to acknowledge
that the computational time and iteration number using the mesh-based
FVM is significantly affected by the mesh property, as the time step
is determined by the minimum distance between grid nodes. For fu-
ture work, the rigorous comparison between these two methods will be
extended to high-order schemes such as the implementation of slope
limiters [72,73] and periodic boundary by developing efficient iden-
tification algorithms in FVM. Additionally, the strong coupling of the
Eulerian SPH and FVM methods with a shared solver within a unified
framework will be explored, providing enhanced stability and compu-
tational efficiency.
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Keywords: The finite volume method (FVM) is widely recognized as a computationally efficient and accurate mesh-based
Boundary algorithm technique. However, it has notable limitations, particularly in mesh generation and handling complex boundary
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interfaces or conditions. In contrast, the smoothed particle hydrodynamics (SPH) method, a popular meshless
alternative, inherently circumvents the challenges of mesh generation and yields smoother numerical outcomes.
Nevertheless, this approach comes at the cost of reduced computational efficiency. Consequently, researchers
have strategically combined the strengths of both methods to investigate complex flow phenomena, producing
precise and computationally efficient outcomes. However, algorithms involving the weak coupling of these two
methods tend to be intricate and face challenges regarding versatility, implementation, and mutual adaptation to
hardware and coding structures. Thus, achieving a robust and strong coupling of FVM and SPH within a unified
framework is essential. A mesh-based FVM has recently been integrated into the SPH-based library SPHinXsys.
However, due to the differing boundary algorithms between these methods, the crucial step for establishing a
strong coupling of both methods within a unified SPH framework is to incorporate the FVM boundary algorithm
into the Eulerian SPH method. In this paper, we propose a straightforward algorithm within the Eulerian SPH
method, which is algorithmically equivalent to that in FVM and based on the principle of zero-order consistency.
Moreover, several numerical examples, including compressible and incompressible flows with various boundary

conditions in the Eulerian SPH method, demonstrate the stability and accuracy of the proposed algorithm.

1. Introduction

In the context of rapidly advancing high-performance computing,
computational fluid dynamics (CFD) has emerged as a highly effective
approach in addressing industrial challenges and has proven instrumen-
tal in elucidating longstanding flow phenomena across a wide range of
scales, ranging from microfluidics to hydrodynamics and hypersonics
[1,2]. While traditional mesh-based CFD methods have achieved signif-
icant accomplishments, they face limitations when addressing complex
practical problems. These challenges pertain to generating high-quality
meshes and modeling intricate interfaces, such as solid-fluid moving
boundaries [3] and violent deformations (e.g., wave breaking). For-
tunately, to address the latter constraint, traditional mesh-based tech-
niques, such as the finite volume method (FVM), can be coupled with
other numerical techniques, including both mesh-based [4-7] and mesh-
less [8-13] methods, to achieve convincing and accurate results. Never-
theless, the former challenge is inherent to complex geometric settings

* The review of this paper was arranged by Prof. Andrew Hazel.
* Corresponding author.

in mesh-based methods. By avoiding mesh generation and accommo-
dating large deformations during simulations, meshless methods have
attracted significant interest since their numerical formulation is based
on particles and independent of a mesh-defined topology. Among the
typical meshless methods, the smoothed particle hydrodynamics (SPH)
method is characterized by numerical approximations using Gaussian-
like kernel functions [14,15] and has found widespread application in
diverse fields including CFD [16-18], structural mechanics [19], and
various scientific and engineering domains [20,21], particularly in sce-
narios where traditional mesh-based methods encounter challenges.

As previously indicated, numerous researchers have combined FVM
with meshless approaches to tackle intricate flows characterized by
complex interfaces or boundaries. Similarly, they have also combined
SPH with traditional mesh-based methods to improve computational
efficiency and address complex boundary conditions [9,10,22]. Conse-
quently, the fusion of mesh-based methods such as FVM and meshless
methods such as SPH is crucial for solving complex fluid dynamics prob-
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lems. Nevertheless, it is recognized that the weak coupling of these
multiple methods introduces inherent limitations. Firstly, there is the
potential for reduced numerical stability when combining two distinct
methods, compared to using a single method, due to the need for tai-
lored algorithms to manage data transfer or exchange within overlap-
ping regions or interfaces [8,10,23,24]. Secondly, the implementation
and generalization of coupling algorithms present significant challenges
[25], primarily due to the inherent divergence in the fundamental char-
acteristics of the coupled models. Thirdly, apart from variations in for-
mulations, another notable challenge arises when attempting to couple
methodologies that are designed or highly optimized for distinct types of
hardware acceleration and coding constructs [25]. Hence, introducing
a unified framework for computing complicated CFD problems becomes
essential to address these limitations. Wang et al. [26] have proposed
a certain form of the Eulerian SPH method that is equivalent to FVM
and have implemented the mesh-based FVM within the open-source
SPHinXsys [27,28], paving the way for the strong coupling of these two
methods within a unified SPH framework. While both methods in Wang
et al. [26] share the same discretized conservation equations and other
techniques for improving stability and accuracy, it is essential to note
that the treatment of boundary conditions differs between the particle-
based and mesh-based approaches. Based on this, the incorporation of
the FVM boundary algorithm into the Eulerian SPH method becomes a
critical issue demanding a solution, as it not only enhances the equiva-
lence between the Eulerian SPH and FVM but also constitutes a crucial
component in establishing a unified SPH framework for achieving the
robust and strong coupling of these two methods.

In this paper, by analyzing the boundary algorithm in FVM, which
ensures that each cell in the boundaries adheres to zero-order consis-
tency, we propose a new boundary algorithm adapted to the Eulerian
SPH framework. While implementing the boundary algorithm in FVM
within SPHinXsys, we allocate additional storage space for particles in
the boundaries to ensure that the necessary data is stored to meet the
requirements of FVM’s boundary treatment. Additionally, a series of nu-
merical examples with various boundary conditions, including reflect-
ing, inflow, outflow, moving, non-reflecting, non-slip wall, and far-field
boundary conditions, are tested in the Eulerian SPH framework to vali-
date the stability and accuracy of the proposed algorithm.

The structure of this article is as follows: Section 2 presents the
governing equations and their discretization, together with a low-
dissipation limiter proposed by Zhang et al. [29] for a Riemann-based
SPH scheme [30,31] to reduce numerical dissipation, and a kernel cor-
rection method [32,33] for the gradient operator to further enhance
numerical accuracy. This section also discusses a particle relaxation
method developed by Zhu et al. [34], which uses a background pressure
to physically move and generate body-fitted particles while maintaining
zero-order consistency. Additionally, Section 3 details the implementa-
tion of the new boundary algorithm in the Eulerian SPH method through
a comparison with the corresponding approach in FVM. Finally, Sec-
tion 4 evaluates the performance of the proposed algorithm through
several examples with various boundary conditions. The computational
codes used in this study are readily available through the SPHinXsys
repository and can be accessed at https://www.sphinxsys.org or https://
github.com/Xiangyu-Hu/SPHinXsys.

2. Governing equations and Eulerian SPH method
2.1. Governing equations

The conservation equations within the Eulerian framework can be
described as follows:

%+V-F(U)=0, e8]

where F(U) represents the fluxes corresponding to U, which denotes
the vector of conserved variables. In a two-dimensional case, these are
expressed as:
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p é)u pu

U= pu . F= pu+p + pzuu . @)
pU puv pv-+p
E u(E + p) v(E + p)

where u and v are the components of velocity, p and p denote the density

2.2
and pressure, respectively, and E = w + pe is the total energy,
where e represents the internal energy. The equation of state (EOS) is
introduced to close Eq. (1) and is given by:

b= ply — De
c(p— po)

Here, y represents the heat capacity ratio, p, and c are the reference
density and speed of sound, respectively. For compressible flows, the
speed of sound is derived from the ideal gas equation as follows:

For compressible flows
P ®

For incompressible flows

2=" )
p

In the case of incompressible flows, the weakly compressible assumption
is adopted by employing an artificial EOS expressed in Eq. (3). To restrict
density variations to within 1%, the speed of sound is defined as ¢ =
10U,,,,, where U,,,, is the anticipated maximum velocity within the
flow field. Notably, in this weakly compressible formulation, the energy
conservation equation in Eq. (2) is disabled. To simulate viscous flows, a
viscous force is incorporated into the momentum equation and is defined
as:

FO =2y, )

where # and v denote the dynamic viscosity and fluid velocity, respec-
tively.

2.2. Low-dissipation Riemann-based Eulerian SPH discretization

Following Vila [30], the discretized form of Eq. (1) can be expressed
as follows:

(wipi) +2w; X w;(pV)y, - VWi =0
(wipiv;) +2w,; ¥ w; [(l"’@")*g,;j +p*EJ__|]] “VW,; =0, 6)

t

1 J

(i) + 2, 3, w0y [(EV)y vy | - VW =0

Yo oo

In this formulation, w and [ denote the particle volume and the iden-
tity matrix, respectively. Here, the gradient of the kernel function,

ow; . . .
VW, = ar_,.je"f’ is represented with the unit vector e;; = —r;; /r;;, where
r;; is the displacement vector from particle j to particle i, and r;; de-

notes the corresponding distance |r;;|. Note that |r;;| can also represent
the distance between the particles in the boundaries and the physical
boundary surface, which will be detailed in Section 3. Moreover, the
terms denoted by ()’E’ij correspond to the solutions of the Riemann prob-
lem [30]. For viscous flows, the viscous term is discretized as follows:
fi(U)zzzwjlvi%, @
; Pi Tij or; j

where v;; =v; — v; represents the velocity difference between particles
i and j.

To solve the Riemann problem, where the initial left and right states
are on particles i and j, respectively, and the / and r states are given by:

{ (plaul’phEl) = (phvi : eij7piaEi)

, (8)
(Pr,M,,P,, Er) = (pjvvj “€ijsPj» Ej)

three waves with varying speeds are employed: the smallest denoted
as .S, the middle as S, and the largest as .S,. Note that the mid-
dle wave distinguishes between the two intermediate states, defined by
(p;k, u;*, p;*, El*) and (p},u;, p;, E). For compressible flows, the HLLC Rie-
mann solver [35,36] is employed due to its effectiveness in capturing
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shock discontinuities. The estimation of the smallest and largest wave
speeds is given by:
S, =i—-¢.S8,=i+¢, )

where & and ¢ denote the density-average particle and sound speed,
respectively, and are calculated by:

H =2t g _ Etee g pHite H,
! _€1 T 2 prtor (10)
~ u u -~ 7 ~ ’
g= 2t a— V= D(H -0.52)
pItey

where H denotes the enthalpy and H the density-weighted average
enthalpy. The middle wave speed is further obtained using:
_ priy (Sr - ur) + oy (ul - SI) +p—p

Pr (Sr - ur) +p (ul - Sl)

Subsequently, the remaining states within the star region can be de-
duced as follows:

(1)

*

p=p+p (u, —Sz) (”1 —”*) =prt o, (Sr _”r) (”* _”r) ’ 12
vi=u el-j+[z(v,+v,)—§(u,+u,)e,-j], (13)
(Sl/r_ul/r)
* = - 14
p//r Piyr (Sl/r_u*) as
« (Sl/r_ul/r) E//r_PI/ruI/r+P*u*
Eyp= Sy —u* ’ 1%

Here, u* = S,. For incompressible fluid flows, assuming that the in-
termediate states satisfy p;‘ =p; =p* and u;* =u; = u*, a linearized
Riemann solver [37] can be expressed as

w _ Utu, 1 (m—p,)
{ W=t i (16)

P = WTP’ + %ﬁc‘(u, —u,)

where p and ¢ represent density-weighted averages.

To decrease the numerical dissipation in the Riemann problem,
some high-order methods, such as second-order Monotone Upwind-
centered Scheme for Conservation Laws (MUSCL) [38]), weighted essen-
tially non-oscillatory (WENO) [39] and third-order Piecewise Parabolic
Method (PPM) [40], have been developed [20]. However, these meth-
ods significantly increase the computational load due to the need for
time-consuming data reconstructions. To maintain computational effi-
ciency and enhance numerical accuracy, a low-dissipation limiter in the
HLLC Riemann solver for compressible flows is introduced [26], and the
middle wave speed and pressure in the star region can be given by

ut = pruicitppupcy Pi—Pr ﬂz
pici+prcy prej+ppe, T HLLC an
s _ PItpr 1
Pr="" 4 Buric [pre, (u* —u,) = pye; (uy —u*)]
Here, the limiter [26] is defined as:
. u —u
Brrrc =min (TIHLLC max( Z ~,0), 1) . (18)

Note that there is no dissipation when the fluid undergoes an expansion
wave, i.e., when u; < u,, whereas the parameter n; ; - modulates dissi-
pation during a compression wave, i.e., when u; > u,. Here, ng;c =1
is suggested according to the numerical experiment to ensure overall
numerical stability and accuracy for compressible flow cases within the
Eulerian SPH framework.

As for the incompressible flows, the middle wave speed and pressure
in the linearised Riemann solver can be calculated as

v _ w1 (2=py)
{u ) +2 pc ﬁlineari.yd (19)

_ pitp 1 P ’
p* ) -+ Eﬁlinearisdpc (ul - ur)
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where the limiter is defined as

uy—

. u
ﬂlineari.&'d =min (nlinearisd max( . ’ 0)’ 1) . (20)

C

Here, 1};,04riseq = 15 is recommended based on numerical experiments
and overall numerical stability and accuracy for incompressible flow
cases. Note that, unlike the limiter used in the Lagrangian SPH frame-
work [29], the limiter in the velocity term is also introduced within
the Eulerian SPH framework. This addition aims to reduce the extra
numerical dissipation arising from the convection term in the momen-
tum equation. Moreover, the value of ng; ;- =1 in compressible flows
differs from the value of ;4,5 = 15 in incompressible flows, as the
compressible framework induces additional numerical dissipation in the
energy equation compared to the incompressible framework. To further
improve numerical accuracy, a kernel gradient correction [26,32,33] is
also introduced:

-1
Bi=—<2rf/‘®vwijwj> : (21)
J

To maintain the conservative property, the kernel correction in a con-
servative form is defined as:

B, +B,

7 Wi
to replace the original kernel gradient VI, in Eq. (6). Details regarding
implementing the kernel correction will be explained in Section 3.

VW, = (22)

2.3. Particle relaxation technique

It is widely acknowledged that particle distribution significantly in-
fluences numerical accuracy [41]. In the SPH method, the initial particle
setup is typically a lattice distribution, which in practical applications
often fails to accurately fit the surface of complex shapes. One approach
to overcome this limitation is to use very fine spatial resolution [42],
which results in significant computational demands. Although some
methods [43-45] have been developed to achieve optimal particle distri-
bution, they still face challenges with highly complex geometries owing
to either algorithmic complexity or increased computational burden.
This paper adopts a straightforward and effective method proposed by
Zhu et al. [34] to generate the body-fitted particle distribution.

In this method, the geometry is imported before particle relaxation.
The initial particles with lattice distribution are physically moved under
a constant background pressure, expressed as

a=-= > w, VW, (23)
pi 5
When the acceleration a; reaches zero, the particles not in the bound-
aries attain stable positions and approximately satisfy the condition
Zj w;VW,; = 0, with errors kept within a small percentage range.
Consequently, the relaxed particle distribution is considered to have
achieved zero-order consistency of ¥ w;VW;; =0, i.e., reproducing
the constant field. Furthermore, the impact of kernel correction on the
zero-order consistency of particles not in the boundaries within the
relaxed particle distribution is investigated. A quantitative analysis is
conducted on a circular geometry with a diameter of D = 2, using a
resolution of dp = D /20, to perform the L,-norm error analysis of the
SPH approximation of df/dx with a constant function f = 1, both
with and without kernel correction. Here, the L;-norm error is de-
fined by Ll (df/dx) — % Zz]il |(Vfl_)TheoreI[cal _ (Vfi)Numerical I’ where
(V f;)Theoretical and (V f,)Numerical denote the analytical and SPH approx-
imated results, respectively. The L,-norm error is 2.9693 x 10~* without
the kernel correction and 2.9636 x 10~* with the kernel correction.
This indicates that the kernel correction exerts minimal influence on
zero-order consistency within the relaxed particle distribution, thereby
maintaining the zero-order consistency of particles not in the bound-
aries. Note that particles in the boundaries do not meet the zero-order
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zoom-in view

zoom-in view

Fig. 1. Mesh (top panel) and particle (bottom panel) distributions and their zoom-in views in FVM and Eulerian SPH, respectively, for a circular geometry. Note that

the red circular line is the surface of the geometry. (For interpretation of the colors i

consistency criteria due to the lack of neighboring particles within the
compact support. The solution to this issue will be elaborated in the
forthcoming Section 3. Besides, following khayyer et al. [46], the error
Li(p)= % SN 15 — po|, where 5, = Y. w;W,; represents the normal-
ized density [46], is further analyzed to assess the normalization con-
dition property, i.e., Y, ; w;W,; = 1. The error is approximately 0.28%,
within the allowable range of 1% [46], confirming that the normaliza-
tion condition is well-maintained.

3. Boundary algorithm in Eulerian SPH framework

In this section, we elaborate the boundary algorithm in Eulerian SPH
framework through a comparison with boundary properties in the mesh-
based FVM.

The discretized conservation Eq. (6) in both methods [26,47] is ex-
pressed as follows:

%(a),.Ui) + ZFU (U)-A;; =0, 24
J

with A;; defined as:

AESPH = ‘A,-j|n55PH :2w,-ijVV,-j In Eulerian SPH

|nF.VM =S, nfVM In FVM '
ij J i

A=A —a,
ij ij
(25)

where |A,- j| represents the interface size, with S;; specifically denoting

the interface size between cell i and j in FVM. Here, n£5”# and n/™

are the unit normal vectors at the interface in Eulerian SPH and FVM,
respectively. For clarity, in the following content, we categorize all cells
in FVM and all particles in Eulerian SPH into two groups: those in the

n the figure(s), the reader is referred to the web version of this article.)

boundaries and those not in the boundaries. For the former, we further
differentiate the flux contributions from two components: neighboring
cells or particles (labeled as j Ny and the boundary surface (labeled as
75). For the latter, jV represents all neighboring particles within the
whole compact support or all neighboring cells.

In FVM, cells not in the boundaries form completely closed con-
trol volumes [26,47], naturally and strictly adhering to the condition
> ; ASVM =0, i.e., the zero-order consistency. However, for cells in the
boundaries, i.e., connecting the boundary surface, such as cell i¥¥M in
Fig. 1 (top panel), the control volume must be enclosed by the bound-
ary surface. Therefore, all cells strictly satisfy the zero-order consistency.
To enhance understanding, the zero-order consistency of the cells in the
boundaries can be rewritten as
D ALVM =N APYM 4 AFYM <, (26)

- J ij ij

J N
Here, in a two-dimensional unstructured mesh where N =1 or 2, as
shown by j! and j? in Fig. 1 (top panel), ¥ ;n ASKM =XN S,»anSI‘CM
determines the flux contribution from all neighboring cells. Similarly,
AS M =g, S ng VM determines the flux contribution from the boundary

surface. Note that AF¥M can be calculated directly within the frame-
ij

work of FVM, as the interface size .S;;s and the unit normal vector ng &
can be obtained from the mesh file.

In Eulerian SPH, the SPH approximation relies on identifying neigh-
boring particles within the compact support [14]. Once the particle re-
laxation process in Eq. (23) is completed, particles not in the boundaries
can be assumed to satisfy zero-order consistency. However, particles in
the boundaries, like particle iZSPH as depicted in Fig. 1 (bottom panel),

lack neighboring particles and thus fail to meet the zero-order consis-
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(just involving fluid particles)
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(involving fluid contacting the boundary part)

I k

Compute contribution from
all fluid neighbouring particles

Compute contribution from
the boundary part

I |

l Summation

Compute contribution from all neighbouring
fluid particles and the boundary

Only fluid part ‘

I

’ Inner configuration

Relyingon V- r; ,[O.7Sd and the search algorithm

V. >0.75d

Update all variables of particles

Fluid particles not in the 1
boundary |

Fluid particles in the h
boundary |

! |

lThrough the boundary information in additional storagei.

Compute contribution from all l
neighbouring fluid particles |

Compute contribution from the boundary surface N
(based on the zero-order consistency) "

X oy l _______________________________ 4|

l Summation

Compute contribution from all neighbouring
fluid particles and the boundary

Fig. 2. Flowcharts of the configurations in Eulerian SPH method with the original algorithm labeled as “Original” in the top panel and the proposed algorithm
labeled as “Present” in the bottom panel are presented in the case of fluid flows with designed boundary conditions. These flowcharts depict the process of computing
contributions and updating variables based on the calculated contributions at the new time step.

©, 1) Shockwave motion boundary 1)

shock wave

Inflow Outflow

0,0) (1/6,0) Reflecting boundary 4,0)

Fig. 3. Double Mach reflection of a strong shock: The geometry and boundary
conditions.

tency criteria. To address this issue, similar to Eq. (26), we introduce
the strict zero-order consistency in Eulerian SPH, expressed as

ESPH _ ESPH | AESPH _
Z ALSPH =% AP+ AESPH =0, 27)
J N
where Y ;v Agﬁp A =2w0;8 ;N VW;n determines the flux contribu-
tion from all neighboring particles. Additionally, AESPH determines the
ij
flux contribution from the boundary surface. Note that, unlike A; IS’M

in FVM, Afg PH cannot be calculated directly as the boundary surface

size cannot be easily obtained in Eulerian SPH. Thus, Aﬁg PH can be
calculated from Eq. (27) as follows:

(28)

AggPH __ JZNAEf’PH'
Note that Eq. (28) is applied twice in the present boundary algorithm
as follows: Firstly, after completing the particle relaxation process and
achieving a relaxed particle distribution, regardless of whether it is a
Cartesian or non-Cartesian distribution, particles not in the boundaries
approximately satisfy zero-order consistency. However, particles in the
boundaries do not satisfy this consistency. At this stage, Eq. (28) is ap-
plied for the first time to obtain AiEijqP H  ensuring these particles in
the boundaries adhere to zero-order consistency. Secondly, to enhance
numerical accuracy, the kernel correction is implemented within the
relaxed particle distribution, updating the kernel gradient of Eq. (22).
Consequently, ¥ v Agf,” H is updated, and this update can potentially
cause Eq. (28) to deviate from strict satisfaction. To address this, Eq.
(28) is applied a second time to recalculate Ag*sgp H ysing the updated

YnAL SPH Thus, particles not in the boundaries achieve approximate
ij
zero-order consistency with minimal error, as discussed in Section 2.3,
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Fig. 4. Double Mach reflection of a strong shock: 19 equally spaced density
(p/py) contour obtained by the original (top panel) and present (bottom panel)
boundary algorithms ranging from 1.1 to 23 with the spatial resolution dp/ L, =
1/128 in the Eulerian SPH method at the time tU,/L, =0.2.
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Fig. 5. Double Mach reflection of a strong shock: The density (p/p,) contour,
ranging from 1.1 to 23, obtained by FVM with the unstructured mesh consist-
ing of a total cell number N = 64162, along with a zoom-in view for clearer
visualization of the unstructured mesh distribution, at the time tU,/L, =0.2.
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Fig. 6. Double Mach reflection of a strong shock: The density (p/p,) profiles obtained using the original and present boundary algorithms, and FVM methods along

y/Ly=0,y/L,=0.35,and x/L,=1.5.

2 Inflow boundary Reflecting boundary Outflow boundary
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0.6 2.4

Fig. 7. A Mach 3 wind tunnel with a step: The geometry and boundary condi-
tions.

while particles in the boundaries strictly adhere to zero-order consis-
tency. With this consistency satisfied, the flux contribution from the
boundary surface is obtained accurately, thus avoiding instabilities like
the one-sided flux problem.

Having established the algorithm for particles in the boundaries in
Eulerian SPH, we now proceed with its implementation. The initial step
is to accurately identify and label the particles in the boundaries. To
accomplish this, we introduce the divergence of position [48,49], ex-
pressed as:

29

where j represents all neighboring particles, i.e., j = jV. Fluid particles
within the full kernel support size satisfy V - r; ~ d, with d denoting the
dimension, and are classified using Eq. (29) and a threshold value of
y =0.75d as either forming or not forming the surface. Particles are cat-
egorized as forming the surface if their position divergence is below this
threshold value and subsequently labeled as “red”. Most “red” particles
identified using Eq. (29) and the threshold value are located in the first
outer layer along the boundary surface. However, relying exclusively
on Eq. (29) is insufficient and leads to the failure to detect certain par-
ticles, especially in corner regions and complex geometries. To address
this limitation, we implement a search algorithm proposed by Zhang et
al. [49]. In this approach, all particles, except those already labeled as
“red”, search for their neighboring particles within the cutoff radius of
kh with k = 1, as illustrated by the green circle in Fig. 1 (bottom panel).
If any neighboring particles are labeled as “red”, these particles are also
labeled as “red”. Based on this criterion, particles in the outer two lay-
ers, colored by red particles in Fig. 1 (bottom panel), are identified as
particles in the boundaries. It is worth noting that the surface of the
physical boundary is represented consistently in both FVM and Eulerian
SPH frameworks, as depicted by the red circular line in Fig. 1, where
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Fig. 8. A Mach 3 wind tunnel with a step: 30 equally spaced density (p/p,) contour ranging from 0.2 to 6.5 obtained by the original (left panel) and present (right)
boundary algorithms with the spatial resolution dp/L, =1/200 at the different time instants including tU,/L, =1, 2, 3 and 4.
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Fig. 9. Supersonic flow past a circular cylinder: The geometry and boundary
conditions.

rESPH Fvm

and r represent the displacement from particles and cells
in the boundaries to the boundary surface in the Eulerian SPH and FVM,
respectively. One difference is that while, in FVM, the cells having the
flux contribution from the boundaries are those that connect directly to
the surface of the physical boundary, the particles in Eulerian SPH hav-
ing the flux contribution from the boundaries are those labeled as “red”,
i.e., two outer layer particles.

The second step involves the computation of AIE*; PH for the particles

in the boundaries. In the original boundary approach [50,26,51] within
the SPH framework, boundary conditions, such as the wall boundary
condition [50], are typically applied to predefined particles within the
contact configurations, in addition to the fluid particles within the in-
ner configuration. Then, the total flux is calculated from both inner and
contact configurations to update all particle variables at each new time
step. In contrast, the present algorithm requires only the inner configu-
ration. Fig. 2 provides flowchart diagrams detailing the configurations
and the computation of flux contributions for updating particle variables
using the original and present algorithms in Eulerian SPH method. In the
present algorithm, ¥ v Asf,P H can be calculated after the particles in

the boundaries are identified in the initial step. Subsequently, Af;g PH

can be obtained from Eq. (28). Finally, after Y, N Aﬁf,P H is updated

with introducing the kernel gradient correction, AlEﬁ PH is recalculated

using Eq. (28), as highlighted in the red dashed square in Fig. 2.

The third step involves allocating additional data storage space for
the particles in the boundaries. This storage is designed to retain es-
sential information, including the magnitude of flux contribution from
the boundary surface,

AESFH

AEg PH |, the normal unit vector of the flux con-
ij

tribution,

p—p the distance between the particle and the physical
S

)
boundary surface, [r£57# | such as rFSPH ‘ and |rFSPH | inFig. 1 (bot-
tom panel), and the specified boundary condition values. This additional
storage is employed to calculate the flux from the boundary surface for
updating particle variables. In SPHinXsys, between a pairwise particle
i and j, the kernel gradient VW;; multiplying the neighboring particle
volume, meaning the flux contribution from the particle j to particle i,

. . oW
is stored separately as the magnitude of 5 =

w; and the displacement

ij

unit vector of e;;. Based on this data structure, the flux contribution
from the boundary surface, Aif PH 'is separately stored as the magni-

AESPH
. oW, . S
tude |AE§ PH | in data storage of ——w); and normal unit vector

ij AESPH

in data storage of e;;. Additionally, the distance between these patl'jticles
and the boundary surface |rES PH |, which is utilized to calculate the vis-
cous force from the boundary surface in Eq. (7), can be easily obtained
in SPHinXsys and is stored in the data storage of )r,- j |

The fourth step entails the implementation of boundary conditions.
The proposed algorithm is compatible with various boundary condi-
tions, such as reflecting, inflow, outflow, moving, non-reflecting, non-
slip wall, and far-field boundaries. The designated values are input into
the additional storage for each boundary condition. For instance, if a
time-independent inflow boundary condition with a given constant den-
sity and velocity is applied, these values are retained in the additional
storage for density and velocity throughout the simulation. For time-
dependent boundary conditions with variable values, such as a rigid wall
boundary condition (following the one-sided Riemann problem [50]),
the density, pressure, and velocity in the additional storage are adjusted
based on updated particle variables at each new time step. Since the ad-
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Fig. 10. Supersonic flow past a circular cylinder (Mach 2): The pressure (p/p,) contour ranging from 0.0 to 4.2 and density (p/p,) contour ranging from 0.1 to 3.2 and
velocity magnitude (U /U,)) distribution ranging from 0 to 2.5 using the original (left panel) and present (right panel) boundary algorithms at the spatial resolution

dp/D =1/40.

ditional storage contains the specific boundary condition and AFfP H
ij

the total flux can therefore be calculated from all neighboring particles
and the boundary surface, facilitating the update of particle variables at
each new time step. Note again, compared with the original algorithm,
the boundary conditions are stored and used in the additional storage
within the inner configuration in the present algorithm. This approach
reduces the need for neighboring particles in the boundaries, thereby
decreasing computational effort. While both the original and present al-
gorithms use the Verlet scheme [51,52,26] for time integration, there is
a slight difference: for time-dependent boundary conditions, the data in
the additional storage, such as velocity in the rigid wall boundary, must
be updated at each time step in the present algorithm after all particle
variables have been updated.

4. Numerical results

This section examines several numerical examples involving com-
pressible and incompressible flows with complex geometries to validate
the stability and accuracy of the proposed boundary algorithm under
different boundary conditions in the Eulerian SPH method. In all cases,
the Wendland kernel [53] with a smoothing length & = 1.3dp is ap-
plied, where dp is the initial particle spacing. For clarity, the original
and present boundary algorithms, denoted as “Original” and “Present”
for curves among the figures, are applied across all numerical results to

analyze the proposed method straightforwardly and clearly. The refer-
ence density p, the reference velocity Uy, and the reference length L,
are used in simulations.

4.1. Double Mach reflection of a strong shock

In this section, an inviscid compressible flow, i.e., double Mach re-
flection of a strong shock, is tested using both the FVM and Eulerian SPH
to assess the performance of the boundary algorithm for handling var-
ious boundary conditions. In this case, the traditional FVM is utilized
in SPHinXsys [26] with an unstructured mesh. Following Woodward
et al. [54], the computational domain is defined as (x/L,y/L,) €
[0,4] x [0, 1], with boundaries including inflow, outflow, shock wave
motion, and reflecting boundary conditions, as shown in Fig. 3. Specif-
ically, the bottom boundary is defined as a reflecting wall, initiating
at x/Ly = 1/6 where the shock, with a specific heat ratio y of 1.4,
is inclined at a 60-degree angle with respect to the x-axis. It extends
vertically to the top of the domain at y/L, = 1. The initial post-shock
input boundary condition is applied from x/Ly =0 to x/Ly=1/6. The
left-hand boundary is set as the assigned value as the initial post-shock
boundary condition, while the right-hand boundary is set as the zero-
gradient condition. Specifically, reference parameters are set as follows:
po = 1.165 kg/m3, Uy =294.9 m/s, L, =1 m, and the corresponding
reference pressure p, = 101315 Pa for compressible flow cases [55,56].
Moreover, a motion boundary condition for the initial Mach 10 shock is
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Fig. 11. Supersonic flow past a circular cylinder (Mach 3): The pressure (p/p,) contour ranging from 0.0 to 9.0 and density (p/p,) contour ranging from 0 to 4.5 and
velocity magnitude (U /U,) distribution ranging from 0 to 3.1 using the original (left panel) and present (right panel) boundary algorithms at the spatial resolution

dp/D =1/40.

applied to the top boundary. Besides, the initial condition specified as
follows:

(p/pg>u/Uy,v/Uy,p/ o)

1.4,0,0,1 Ly <1.732(x/Lg—0.1
={( ,0,0,1) ¥/Ly S 1T32x/ Lo = 01667) 0

(8,7.145,-4.125,116.8333)  otherwise

with the time tU,/ L, = 0.2. In the Eulerian SPH method, the resolution
is dp/Ly = 1/128, corresponding to approximately 6.5 x 10* particles,
whereas, in FVM, the computational domain is discretized with N =
6.4 x 10* cells.

Fig. 4 presents the density contour obtained by the original (also im-
plemented in Refs. [51,26]) and present boundary algorithms with the
resolution dp/L, = 1/128, validating that both boundary algorithms’
results are smooth and consistent. Fig. 5 shows the density contour ob-
tained by FVM with a total cell number N = 64162, and a zoom-in view
for clearer visualization of the unstructured mesh distribution, at the
computed time tU/ L, = 0.2. By comparing Fig. 5 with Fig. 4, the result
can demonstrate that the Eulerian SPH method, coupled with the pro-
posed boundary algorithm, effectively reproduces the result obtained by
traditional FVM, characterized by the consistent shock fronts and shear
layer. Furthermore, Fig. 6 presents a quantitative comparison of density
profiles along y/Ly =0, y/Ly=0.35, and x/L, = 1.5, as indicated by
the orange dashed lines in Fig. 5. The results demonstrate that the out-
comes using the proposed algorithm are consistent with other results,

validating the accuracy of the proposed boundary algorithm for simu-
lating compressible flows. It is worth noting that the slight differences
between the Eulerian SPH and FVM methods may be attributed to the
anisotropic properties of the mesh-based FVM and the isotropic charac-
teristics of the particle-based Eulerian SPH, as discussed by Wang et al.
[26].

4.2. A Mach 3 wind tunnel with a step

In this section, we examine a Mach 3 inviscid compressible flow
around a forward-facing step to validate the effectiveness of the pro-
posed algorithm. As in Refs. [54,57-59], the wind tunnel is one unit in
width and three units in length. A step is positioned within this tunnel,
located 0.6 units from the tunnel’s left-hand extremity, with a height of
0.2 units. The left and right boundaries are set as inflow and supersonic
outflow conditions, respectively, and the top and bottom boundaries are
set as reflecting boundary conditions, as shown in Fig. 7.

Fig. 8 illustrates the density contours obtained using the original
and present boundary algorithms with a spatial resolution of dp/L, =
1/200 at various time instants. This figure demonstrates the remarkable
smoothness of the results obtained by the proposed boundary algorithm,
affirming the robustness of the algorithm. For a quantitative analysis,
the Mach stem, located around x/L, = 0.8 displayed with a red dashed
line in Fig. 8, is approximately 0.04 units long, and the reflected wave-
front strikes the bottom wall, labeled as “s”, at about x/L, = 1.715 at
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Fig. 12. Supersonic flow past a circular cylinder: The illustration of the shock
standoff distance.

Table 1

Supersonic flow past a circular cylinder: The non-dimensional shock
standoff distance §/D obtained from the original and present bound-
ary algorithms, alongside the theoretical solution and other numerical
results [62].

5/D

Theoretical [62] Sinclair et al. [62] Original Present
Mach=2  0.65 0.68 0.66 0.66
Mach=3  0.37 0.34 0.35 0.35

tUy/ Ly = 2. These results are in good agreement with those presented
by Villodi et al. [60], where the Mach stem is 0.04 units long and the re-
flected wavefront is located at x /L = 1.71, indicating that the proposed
boundary algorithm accurately captures the shock waves.

4.3. Supersonic flow past a circular cylinder

In this section, we further explore supersonic compressible flow with
complex geometry, namely supersonic flow past a circular cylinder, to
evaluate the performance of the proposed algorithm in handling intri-
cate geometries with boundary conditions, including non-reflecting and
reflecting boundaries. The reflecting boundary condition is imposed on
the cylinder surface, while non-reflecting boundary conditions, includ-
ing supersonic inflow and outflow, are enforced at the other bound-
aries [61,62]. The pressure and density inflows are set to p, = p and
Peo/Po = 1/y with y = 1.4, respectively. Additionally, the computational
domain is defined by a semi-circular geometry with a radius of 5.5D,
where D =2L, represents the cylinder diameter. The center of the in-
ner cylinder is located 3.5D from the inflow boundary, as illustrated in
Fig. 9. In this case, the spatial resolution of dp/D = 1/40 is applied to
discretize the computational domain.

Figs. 10 and 11 show the pressure, density and velocity contours
using the original and present boundary algorithms with Mach =2
and Mach = 3, respectively. These results demonstrate the stability of
the proposed boundary algorithm, which effectively produces smooth
results and captures shock properties consistent with the original
boundary algorithm and reference results [61,62]. For the quantita-
tive analysis, the non-dimensional shock standoff distance 6/D, dis-
played in Fig. 12, obtained from the original and present boundary
algorithms, as well as the theoretical solution [62] and other numer-
ical results [62], are listed in Table 1, demonstrating the proposed
boundary algorithm is accurate. Here, the code for this case is avail-
able at https://github.com/Xiangyu-Hu/SPHinXsys/tree/master/tests/
2d_examples/test_2d_eulerian_supersonic_flow_new_BC.

10
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4.4. Poiseuille flow

In this section, the 2D Poiseuille flow, a fully developed incompress-
ible flow in a channel, is used as a benchmark for the quantitative
assessment of the accuracy of the proposed boundary algorithm. For
the incompressible flow cases, reference parameters are set as follows:
po =103 kg/m3, Uy =1 m/s, and L, = 1 m. Following Liu et al. [63],
the Reynolds number Re =U,,,, H /v, with v denoting kinematic viscos-
ity, is defined with the channel height H = L, the maximum velocity
U,ax = Uy, and the pressure gradient is set as dp/dx = —8pvU,,,../ H>.
Additionally, the analytical solution is defined as

2
Uanalytical = Umax(1 - %)’ 3D
where y represents the distance from the horizontal centerline at 0.5H .
A periodic boundary is employed along the x-axis, while a non-slip
boundary is applied to the remaining boundaries with the original and
present boundary algorithms.

Fig. 13 shows the velocity distribution using the original and present
boundary algorithms, demonstrating the smoothness of the results. Be-
sides, Fig. 14 presents the velocity profile along the x-axis direction as
a function of the y position, showing good agreement with the analyt-
ical solution for both algorithms. Furthermore, Fig. 15 presents the L,
error [64], defined by

A\ 12
(Zi Uanatyticat = Unumericai )
L= i , (32)
<Zi Usnaiytical >

with U, erica Tepresenting the SPH approximated result, and the con-
vergence analysis. The theoretical error convergence rate of the SPH
approximation with a smooth kernel is second-order. However, in prac-
tice, the observed convergence rates often decrease to 1.5 or lower [65].
In Fig. 15, the original boundary algorithm maintains a convergence
rate of approximately 1.5. In contrast, the present boundary algorithm
achieves a second-order convergence rate at high resolutions, indicat-
ing an enhancement in the convergence rate. Furthermore, the present
boundary algorithm demonstrates numerical accuracy comparable to or
surpassing the original algorithm’s.

4.5. Lid-driven cavity flows with different shapes

In this section, we investigate incompressible lid-driven cavity flows
characterized by different shapes to assess the stability and accuracy
of the proposed boundary algorithm in complex geometries. We begin
by examining a simple square cavity, comparing results obtained using
both the original boundary algorithm (as implemented in Refs. [51,26])
and the present approach against the reference results from Ghia et al.
[66] to verify numerical accuracy. Additionally, a semi-circular cav-
ity is tested to investigate the algorithm’s capability in identifying and
implementing boundaries within complex geometries by comparing it
with the reference result from Glowinski et al. [67]. For the bound-
ary conditions, the upper moving wall is assigned a prescribed velocity
of U,,.; = Uy, while non-slip conditions are applied to the remaining
boundaries.

4.5.1. Lid-driven square cavity flow

For the square cavity, the computational domain is a square of
length L = L, with the Reynolds number Re =400. Fig. 16 displays the
velocity magnitude distribution obtained by the original and present
boundary algorithms at a resolution of dp/L = 1/129. The results re-
veal that the velocity fields obtained with both algorithms exhibit good
smoothness. Besides, Fig. 17 presents the horizontal velocity component
u/U, along x = 0.5L and the vertical velocity component v/U, along
y=0.5L, using the original and present boundary algorithms with dif-
ferent resolutions, and the comparisons with the reference by Ghia et al.
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Fig. 13. Poiseuille flow: The velocity magnitude (U /U,) distribution using the original (left panel) and present (right panel) boundary algorithms ranging from 0 to

1 with the spatial resolution dp/H =1/80.
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Fig. 14. Poiseuille flow: The velocity magnitude (U /U,)) profile obtained by the original (left) and present (right) boundary algorithms with the spatial resolutions

asdp/H =1/10, 1/20, 1/40 and 1/80 as well as the analytical solution.
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Fig. 15. Poiseuille flow: L, error and convergence analysis using the original and present boundary algorithms.

[66]. The outcomes demonstrate that the present algorithm achieves nu-
merical accuracy comparable to the original algorithm and the reference
result and that the results converge rapidly with increasing resolutions.

4.5.2. Lid-driven semi-circular cavity flow

Following Glowinski et al. [67], the circle’s diameter is L = L), and
the Reynolds number is set as Re = 1000 for the semi-circular cavity
flow case. Fig. 18 shows the velocity contours using the original and
present boundary algorithms with the spatial resolution dp/L =1/129,
both demonstrating the velocity fields’ smoothness. Additionally, Fig. 19
presents the horizontal dimensionless velocity component u/U, along
x =0.5L and the vertical dimensionless velocity component v/U, along
y=—0.25L using the original boundary algorithm with the resolution

11

of dp/L =1/129 and the present boundary algorithm with the resolu-
tions of dp/L =1/129 and 1/257, as well as the reference results [67].
This comparison confirms that both boundary algorithms achieve com-
parable accuracy. Furthermore, due to the introduction of the Riemann
problem, the results using the resolution of dp/L = 1/257 are consistent
with the reference results.

4.6. Flow around a circular cylinder

In this section, we investigate the impact of the proposed bound-
ary algorithm in a viscous incompressible flow, i.e., the flow around a
circular cylinder. This problem is characterized by complex geometry
and incorporates the boundary conditions, including non-slip wall and
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Fig. 16. Lid-driven cavity flow (Re = 400): The velocity magnitude (U /U,) contour using the original (left panel) and present (right panel) boundary algorithms

ranging from O to 0.96 with the resolution as dp/L =1/129.
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Fig. 17. Lid-driven cavity flow (Re = 400): The horizontal velocity component u/U, along x = 0.5L (left panel) and the vertical velocity component v/U,, along
y=0.5L (right panel) using the original boundary algorithm with the resolution of dp/L = 1/33 and the present boundary algorithm with the resolutions of
dp/L=1/33,1/65 and 1/129, and the comparisons with the reference by Ghia et al. [66].

Fig. 18. Lid-driven semi-circular cavity flow (Re = 1000): The velocity magnitude (U /U,)) contour using the original (left panel) and present (right panel) boundary

algorithms ranging from 0 to 0.97 with the spatial resolution dp/L =1/129.

far-field boundary conditions. As illustrated in Fig. 20, the circular cylin-
der is assigned a no-slip wall boundary condition, while the remaining
boundaries are set as far-field boundary conditions. A computational do-
main size of [25D, 15D] is employed, where the center of the cylinder
is positioned at (7.5D,7.5D) and a cylinder diameter of D =2L,. To
quantitatively analyze the accuracy of the results, we employ the drag
and lift coefficients, which are defined as:

2F,

o o 2h
P ATt

, 33
PootiZ A ©3)

12

where Fj and F; represent the drag and lift forces on the cylinder,
respectively, and A, equal to D, is a reference area. Besides, a constant
far-field velocity is u,, = U and density p,, = py, and the Strouhal num-
ber St= fD/u,,, where f is the frequency in the unsteady cases. In the
case, the Reynolds numbers Re = p u,, D/p are set as 20, 100 and 200,
and the computational time is set as tU /L, = 300.

Fig. 21 portrays the velocity distributions using the original (also
implemented in Wang et al. [51]) and present boundary algorithms for
Reynolds numbers of Re =20, 100 and 200 at the final time tU,/L, =
300. The results demonstrate smooth and consistent outcomes for both
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Fig. 19. Lid-driven semi-circular cavity flow (Re = 1000): The horizontal velocity component u/U,, along x = 0.5L (left panel) and the vertical velocity component
v/U, along y = —0.25L (right panel) using the original with dp/L = 1/129 and present boundary algorithms with dp/L =1/129 and 1/257, and the comparison

with the reference obtained by Glowinski et al. [67].
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Fig. 20. Flow around a circular cylinder: The geometry and boundary condi-
tions.

Table 2

Flow around a cylinder: Drag
and lift coefficients from differ-
ent experimental and numerical
results with Re = 20 and the
result using the present bound-
ary algorithm with the resolution

dp/D =1/60.
Cp
Tritton [68] 2.09
Taira and Colonius [69] 2.06
Tafuni et al. [70] 2.29
Negi et al. [71] 2.32
Present 2.32

Table 3

Flow around a cylinder: Drag and lift coefficients
from different experimental and numerical results
with Re = 100 and the result using the present bound-
ary algorithm with the resolution dp/D = 1/60.

Cp Co S,

White [72] 1.46 - -

Chiu et al. [73] 1.35 + 0.012 +0.303 0.166
Le et al. [74] 1.37 £ 0.009 +0.323 0.160
Brehm et al. [75] 1.32 £ 0.010 +0.320 0.165
Liu et al. [76] 1.35 £ 0.012 +0.339 0.165
Zhang et al. [49] 1.61 £ 0.005 +0.448 0.171
Present 1.46 + 0.009 +0.349 0.176
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Table 4

Flow around a cylinder: Drag and lift coefficients from
different experimental and numerical results with Re =
200 and the result using the present boundary algorithm
with the resolution dp/D = 1/60.

Cp Cp S,
Taira et al. [69] 1.35 +0.048 +0.68 0.196
Tafuni et al. [70] 1.46 +0.693 0.206
Negi et al. [71] 1.524 + 0.05 +0.722 0.210
Jin and Braza [77] 1.532 + 0.05 +0.744 0.210
Zhang et al. [49] 1.63 + 0.05 +0.84 0.212
Present 1.48 + 0.055 +0.806 0.208

algorithms. Besides, the converged results are listed in Tables 2, 3
and 4, which contains a series of numerical and experimental results
for different Reynolds numbers Re = 20, 100 and 200, respectively.
The observations show that the converged results agree with the ref-
erences, validating that the proposed algorithm is reliable and accurate.
As GPU acceleration has not been implemented in the present version
of SPHinXsys, the comparison of computational efficiency is limited to
CPU performance. This study executed the computations on a desk-
top computer with an Intel Core i7-10700 processor featuring eight
cores and a clock speed of 2.90 GHz. The total CPU wall-clock time
for the original boundary algorithm [26], with the spatial resolution of
dp/D =1/20 and the Reynolds number of Re = 100, amounts to 4141.94
seconds. However, the wall-clock time required by the present boundary
algorithm is 3600.63 seconds, demonstrating its greater computational
efficiency.

5. Summary and conclusion

In this paper, we implement a particle relaxation technique to
generate a body-fitted particle distribution in which particles not in
the boundaries satisfy zero-order consistency, and also introduce low-
dissipation limiters and the kernel correction to enhance numerical ac-
curacy. By analyzing the boundary algorithm in FVM, we propose an al-
gorithmically equivalent approach within the Eulerian SPH framework,
ensuring that particles in the boundaries strictly achieve zero-order con-
sistency. Moreover, several numerical cases, including compressible and
incompressible flows, have been tested, validating the comparable sta-
bility and accuracy as well as an enhanced convergence rate of the
present boundary algorithm compared with the original algorithm. An-
other supplementary advantage is the improvement in computational
efficiency.
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Fig. 21. Flow around a circular cylinder: The velocity magnitude (U /U, distribution using the original (left panel) and present (right panel) boundary algorithms
ranging from O to 1.5 with the different Reynolds numbers at the final time U, /L, = 300.
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Abstract: While Eulerian smoothed particle hydrodynamics (SPH) method has received increasing attention in scientific and
industrial communities owing to its high spatial accuracy, it exhibits excessive numerical dissipation due to the fact that the flux is
derived in particle pair pattern. In this paper, we adopt a one-dimensional weighted essentially non-oscillatory (WENO)
reconstruction to reduce the numerical dissipation and improve the overall accuracy particularly in capturing the contact discontinuity.
The underlying principle is to construct a 4-point stencil along the interacting line of each particle pair and then the WENO scheme is
applied to reconstruct the initial states of the Riemann problem which determines the flow flux. A set of benchmark tests for both
compressible and incompressible flows are studied to investigate the accuracy, robustness and versatility of the proposed Eulerian

SPH method with the WENO reconstruction (ESPH-WENO).

Key words: Eulerian smoothed particle hydrodynamics (SPH), compressible flows, incompressible flows, Riemann problem

0. Introduction

Smooth particle hydrodynamics (SPH) is a pure
meshless method and was originally proposed by
Lucy'", Gingold and Monaghan'® for astrophysical
applications. Since its inception, the SPH method has
also been effectively applied in fluid dynamics?,
structural mechanics[4], fluid-structure interaction
(FSI)*7 and more details are referred to recent com-
prehensive review papers™”..

Depending on whether the particle position is
fixed, the SPH method is characterized by Eulerian or
Lagrangian framework. The Lagrangian framework
has natural advantages for handling large deforma-
tions such as violent free-surface evolution, multiphase
interface and FSI. Although the Lagrangian SPH
method has the flexibility of topological variation, it
also leads to the problem of poor quality of particle
distribution. On the contrary, the Eulerian framework
can effectively alleviate this issue due to fixed particle
position and obtain high spatial accuracy''*'?, mean-
while greatly reduce the computational effort" as
neighboring particle search is avoided.

For both Eulerian and Lagrangian SPH formula-

Biography: Zhentong Wang (1993-), Male, Ph. D. Candidate,
E-mail: zhentong.wang@tum.de

Corresponding author: Chi Zhang,
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tion, numerical dissipation is essential for stabilized
simulation. One common approach is to introduce
artificial viscosity in the momentum!'*'*)] while this
approach leads to excessive dissipation which affects
the physical flow characteristic and needs tuning para-
meters. Another common approach is to impose the
Riemann problem along the particle interacting line
and the numerical dissipation is intrinsically intro-
duced. To achieve higher accuracy, a dissipation
limiter is usually applied to reduce the numerical
dissipation!'®. Furthermore, numerical schemes to
achieve first-order consistency are also developed to
improve the numerical accuracy. A kernel correction
technique is introduced to ensure the accurate evalua-
tion of the gradient approximation and achieve first-
order consistency'”"™®. However, both the low-
dissipation Riemann solvers and the kernel correction
technique provide limited improvement in numerical
accuracy for the simulation of both incompressible
and compressible flows, and even more limited
improvement for the contact discontinuity region. This
issue is a particular bottleneck for the Eulerian SPH as
it has compromising potential in the precise simula-
tion of incompressible and compressible flows.
Therefore, reducing the overall numerical dissipation
especially for the contact discontinuity is one grand
challenge to the Eulerian SPH method. For the
Riemann-based FEulerian SPH method where the
Riemann problem is solved in each interacting particle
pair to determine the flux, introducing high-order

@ Springer



reconstruction is a natural choice. Second-order linear
reconstruction such as the monotonic upstream-
centered scheme for conservation laws'"** (MUSCL)
has been studied, but attempts at higher-order recon-
structions have increased substantially to achieve
higher accuracy. A one-dimensional fifth-order
weighted essentially non-oscillatory (WENO) recon-
struction is introduced® and then promoted to multi-
dimensional WENO reconstruction at the cost of very
low computational efficiency*”. Afterwards, a one-
dimensional fifth-order WENO reconstruction exten-
ding to simulate the multi-dimensional problem in the
weakly-compressible SPH (WCSPH) framework is
developed with its simple and computational effi-
ciency'>. However, this method is only applied to the
Lagrangian WCSPH, making its study in the Eulerian
SPH for compressible and incompressible flows
imperfect and different effects of the WENO recon-
struction in the smooth region and contact discon-
tinuity region lacking.

In this paper, we first exploit low-dissipation
linearised and Harten-Lax-van Leer contact (HLLC)
Riemann solvers for incompressible and compressible
flows, respectively. Then, a kernel gradient correction
is introduced to achieve first-order consistency and a
one-dimensional WENO reconstruction is adopted to
improve the overall numerical accuracy further and
the shock-capturing performance in the contact discon-
tinuity. A set of benchmark tests for compressible and
incompressible flows are studied to investigate the
importance of the WENO reconstruction for higher
numerical accuracy through comparisons with the
theoretical solutions and experimental data. The
different effects of the WENO reconstruction on
smooth region and contact discontinuity are also ex-
plored.

1. SPH methodology

In this section, the governing equations for fluid
dynamics in the Eulerian framework are first pre-
sented and then the corresponding discretizations by
using the Riemann-based Eulerian SPH as well as the
kernel correction matrix are given. Furthermore, the
low-dissipation Riemann solvers and the WENO
reconstruction are presented in detail. Last but not
least, the time integration scheme is elaborated.

1.1 Governing equations

The conservation equations for inviscid flow can
be written in the Eulerian framework as

6—U+V-F(U)=0 (1)
ot

where U and F(U) are the vector of the con-
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served variables and the corresponding fluxes, respec-
tively, given by:

p pu pv
u u? + vu
v=|""1, F=| " TP 7 2
you% puy pv- +p
E u(E+ p) v(E + p)

in two dimension. Here u, v  are the components
of velocity, o is the density and p the pressure.

Also, E=pv’/2+ pe is the total energy with e

denoting the internal energy. For the compressible
flows, the system of Eq. (1) is closed by the equation
of state (EOS) of

p=p(y—De 3)

where y is the heat capacity ratio and the speed of
sound is derived by

=1L (4)
yo,
For the incompressible flows, the EOS is written as

p=c(p-p,) )

where p, is the reference density. Following the

weakly-compressible assumption for modeling the
incompressible flow, we set the sound speed c¢=

10U, where U, denoting the maximum velocity

in the flow field to ensure the density variation is less
than 1%. To simulate the viscous flow, the viscous
force

1O =09 (6)
is added to the momentum equation.

1.2 Riemann-based Eulerian SPH method

To discretize the system of Eq. (1), we apply the
Riemann-based Eulerian SPH where the flux is
determined by solving a one-dimensional Riemann
problem constructed along the interacting line of each
particle pair, as shown in Fig. 1. The discontinuity

locates at the middle point r; =(r, +r;)/2, and the

ij
left and right states are initially set at particles i and
j , respectively, as:

(p/:p/:u/): (pi:pi:vi 'eij) s
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(pr:pr:”r):(pj:pj:vj'e,-j) (7)
Y,
Imex"face
v | v,
i e,/ll J
l
1
1
r r[ \
0 X

Fig. 1 (Color online) Construction of Riemann problem along
the interacting line of particles i and j

Following Ref. [19], Eq. (1) can then be discre-
tized in the Riemann-based Eulerian SPH framework
as

0 :
E(Wipi) + Wizwjz(pv)E,ij VW, =0,
J
a * *
a(mpivi) + Wizwjz[(pv ® v)E,ij +pE,ijI] : V,'VV,-]- =0,
J

a * *
= OWED + w2 W, 20(Ev)y + (p¥)iey 1 VI, =0 (8)
J

where w is the volume, v is the velocity and I is
the identity matrix. Also, VW, =(0W, /or,)(r, 11;)

is the gradient of the kernel function with r, =r, —r,

and the term ();ij is the solution of the particle pair

Riemann problem. To achieve first-order consistency,
we introduce a kernel correction matrix to compensate
for the error caused by particle irregular distribution
and kernel truncation. Following Ref. [26], the kernel

correction matrix B, reads

B =[S(r,-r)@V W] ©)

g
Then, we rewrite the kernel gradient as

VI, =— (B, + BV, (10)

N |-

to ensure the conservation property of the SPH
discretization

1.3 Riemann solver with dissipation limiter
For the incompressible flows, we use the
linearised Riemann solver and assume that the interme-

diate states satisfy p, =p =p" and uw, =u =u",
as shown in Fig. 2. Following Ref. [27], the low-
dissipation Riemann solver reads

.1 Lp—p
u =— tu,)+t———" B eaisd »
2 ( 1 r ) 2 _CO ﬂhneamsd

. 1 1 __
p :5(p1 +pr)+5pclglinearisd(ul _ur) (11)

with ¢ denoting the average sound speed. Note that
the dissipation limiter A, . " is defined as

u

lBlinearisd = min {ﬂlinearisd max ( 1 : ur 4 Oj H 1] (12)
C

with the constant parameter 7, ..., =15.

]
<

U/’
pipw’

oo

Fig. 2 Simplified Riemann fan with two intermediate states

For the compressible flows, we implement the
HLLC Riemann solver™>"! which takes the advan-
tage of capturing shock waves. In the HLLC Riemann

solver, the smallest and the largest wave speed S,
and S, characterize the expansion and compression
wave, respectively. The contact discontinuity with
wave speed S. separates the middle state into
(p,,p;,u;) and (p.,p.,u ). Then, the solutions in
the star region are given by:

u* — plulcl +prurcr + p[ _pr

plcl +prcr plcl +prcr ,
« _ptp 1 . .
p :1—+_[prcr(u _ur)_plcl(ul —u )])
2 2
x S =,
Pur = Pur S, )
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E = Sy, —490.)E), — Py, +pu’
Sy — u’

(13)

Ir

where ¢, isthe magnitude of the velocity. Note that

a dissipation limiter is also applied in the HLLC
Riemann solver. With the star states in hand, the
corresponding flux of the HLLC solution to the
Riemann problem can be expressed as:

Fy..=F, 0<s, (14a)
F,..=F 6 5<0<s. (14b)
F, .=F,, s.<0<s, (14c)
Fyc =F, 025, (14d)

1.4 WENO reconstruction

Following Ref. [25], the 4-point stencil with the
incremental size is constructed along each interacting
particle pair as shown in Fig. 3. For each stencil, the
variable of the mid-point is defined as

_x ()
4y, = kzzlwk%/z (15)
where

1 1 1 3
9 XA 9 RS AR

1 5 1
O =Ly +2g —— 16
ER I a8 (16)

are the candidate stencils and w, represent the corres-
ponding non-linear weights calculated as

a,

W, = — (17)
2.,
s=1
with
a, dl{C+ T j
Bitepf,te
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a3=d{C+ % j (18)

Bite

where d,=1/3, d,=1/6, d,=1/2, ¢=10"°
and C is a physically-motivated scale-separation
parameter. Besides, a global reference smoothness
indicator 7, given by

t, =[q ,(547q , —2522q,+1922q, —494q,) +
g,(3443¢, — 5966, +16024, ) +

q,(2843¢, —16429,) +2674,q,]1/ 240 (19)

is introduced to improve the overall accuracy*>?.

Note that the smoothness indicators in Eq. (18) are
given as:

181 = (% _qO)Z s 182 = (qo _CL1)2 5

1 13
B =Z(q71 _%)2 +—(q., — 24, +Q1)2:

12
13 , 1 )
183 :_(% _26]1 +CI2) +_(3% _46]1 +Q2) (20)
12 4

For each interacting particle pair i and j, the vari-
able values at the stencil point are defined as:

CI—IZQ_VQ‘"}]': QO:¢i3 QI:¢

j b

4 =DtV 1 21)
where
"
VO =3 @ -D)V I, (22)
J J

is the gradient of primitive value @, with a standard
SPH approximation. Afterwards, the left state of the
Riemann problem is @, =¢,,, and the corresponding
right state @, can be calculated from Eq. (15) with
the mirrored stencil defined as:

4. =D VD 1y, 4 =D, =D,

i

%:@_V@i'

i

~

: (23)

=
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Ve

Fig. 3 (Color online) Four-point stencil and candidate stencils
for the incremental-stencil WENO reconstruction

1.5 Time integration

For the time integration, we apply the verlet
scheme™ to achieve 2nd-order accuracy. We denote
the value at the beginning of a time-step by super-
script n, the mid-point by n+1/2 and the end by
n+1. At first, total energy and density are updated to
the mid-point by:

Ei"H/Z —E +l§[ % i pin+l/2 =g’ +15[ %
2 dt 2 dt
(24)

Accordingly, the pressure and internal energy are also
calculated. Then, the momentum flux at the new time
step is updated as

y ) d . n+1/2
(pv)" = (pw; + 5t {%} (25)

Afterwards, mass and energy change rates are calcu-
lated. Finally, the energy and density at the new step
are updated as:

n+l
Ein+l — Ein+l/2 +lé‘[[£j ,

2 dt
d . n+l
pinH — pin+l/2 _’_%51[(1_?) (26)

For numerical stability, the time step size is obtained
by

At = CFL [L] (27)
CO + Umax

with U, denoting the maximum flow speed and
CFL=0.6/d ,where d isthe dimension.

2. Numerical results
In this part, a set of numerical examples for com-

pressible and incompressible flows are studied to
investigate the accuracy, robustness and versatility of
the proposed Riemann-based Eulerian SPH method. It
is worth noting that the linearised and HLLC Riemann
solvers are for the incompressible and compressible
flows, respectively. The Wenland C27) kernel func-

tion with a smoothing length h=1.3d,, d, deno-

ting the initial particle spacing is applied. In the
subsequent numerical examples, with the application
of the correction matrix and the dissipation limiter
through all the examples, the Eulerian SPH with the
Riemann solver is denoted as “ESPH” and the
Eulerian SPH with the Riemann solver and WENO
reconstruction is denoted by “ESPH-WENO”, for
clarity.

2.1 Shock-tube problems

Following Refs. [36-37], we simulate two
shock-tube cases including the Sod and Lax problems
where the heat capacity ratio is y=1.4 and the

domain size is x €[0,1]. For the convergence study,
three different spatial resolutions of d, = 1/100,
1/200 and 1/400 are investigated. The initial condition

of the Sod problem is:

(psu,v,p)=(1,0,0,1), 0<x<05 (28a)

(p.u,v, p) =(0.125,0,0,0.1), 0.5<x<1.0  (28b)

and the final time is ¢#=0.2. The initial condition for
the Lax problem is:

(p,u,v, p) = (0.445,0.698,0,3.582), 0<x<0.5
(29a)

(p,u,v, p) = (0.5,0,0,0.5710), 0.5<x<1.0  (29b)

and its final timeis ¢=0.14.

Figures 4-6 show the present density and velocity
profiles of the numerical results for both Sod and Lax
problems and the comparisons against the analytical
solution. With the spatial resolution of 1/100, the
ESPH-WENO exhibits improved accuracy by signifi-
cantly reducing the numerical dissipation. More im-
portantly, the dissipation in the contact discontinuity
region is more reduced by the present WENO recon-
struction than those in the continuous expansion and
the shock region. This is due to the fact that the
WENO reconstruction with the 4-point stencil gives a
more accurate and physically-driven solution in the
contact discontinuity region. With the increase of the
spatial resolution, the result is rapidly convergent to
the theoretical solution.
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Fig. 4 (Color online) The Sod problem: The present results and their comparisons against the analytical solution
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Fig. 5 (Color online) The Lax problem: The present results and their comparisons against the analytical solution
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Fig. 6 (Color online) Shock-tube problem

2.2 The Shu-Osher problem

In this section, the Shu-Osher problem of a Mach
3 shock wave interacting with a sine entropy wave is
studied to validate the accuracy and robustness of the
proposed ESPH-WENO method. The domain is
x €[0,10] and the initial condition reads:

(p.u,v, p) = (3.857,2.629,0,10.333), x<1  (30a)

(o,u,v, p) =(0.5,0,0,0.5710) otherwise (30b)
and the final timeis 1=1.8.

Figure 7 show the density profile of the present
results and their comparisons with reference data
obtained by a high-resolution scheme®®. The overall
density distribution is well captured by the ESPH
method with or without the WENO reconstruction.
Compared with the result of the original ESPH
method, the ESPH-WENO exhibits a much sharper
density profile and less dissipation, implying that the
WENO reconstruction effectively improve the nume-
rical accuracy especially at contact region where the
limiter has little effect. Also, the convergence study
shows that the result is rapidly convergent with the
increase of spatial resolution.

2.3 Double Mach reflection of a strong shock
In this part, we consider a two-dimensional dou-
ble Mach reflection of a strong shock to demonstrate

=}
= 2.5F Reference
= ESPH dp=1/200
20k ESPH-WENO dp=1/200
: ESPH-WENO dp=1/400
ESPH-WENO dp=1/800
1.5F
wr ./\/.
o1 2 3 4 5 6 7 8 9 10

x
(a) Density profile

(b) Zoom-in view

Fig. 7 (Color online) Shu-Osher problem

the robustness of the It[)roposed ESPH-WENO method.
Following Woodward™", the initial condition is:

(p.u,v, p) = (1.4,0,0,1), y<1.732(x—0.1667) (3la)

(o,u,v,p)=(8,7.15,—4.13,116.83) otherwise (31b)
In this study, the domain size is (x,y) €[0,4]x][0,1]
and the final time is ¢=2. Initially, a right-moving
Mach 10 shock wave is activated at (x,y)=(0,1)

with a sixty-degree angle along the x-axis. The bottom
and left-hand boundary are the reflection wall boun-
dary from x=1/6 to x=4 and the post-shock
condition, respectively. The top boundary is under
exact motion condition and the right boundary at
x=4 is zero-gradient condition.

Figure 8 portrays the shock propagation with the
density contour obtained by the ESPH and the ESPH-
WENO methods. It can be observed that the Mach
stem and the near-wall jet flow features are well cap-
tured in both methods with a spatial resolution of
1/240. Without the WENO reconstruction, the curve
of the near-wall jet is very flat, as shown in Fig. 8(a),
indicating that there is relatively large numerical
dissipation. By introducing the WENO reconstruction,
the curve of the near-wall jet becomes much sharper,
as shown in Fig. 8(b). These results demonstrate that
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(a) Density contour obtained by the ESPH

(b) The ESPH-WENO

Fig. 8 (Color online) Double Mach reflection of a strong shock

using only the dissipation limiter to reduce the dissi-
pation is not enough to capture the strong shock wave
propagation which is well captured by introducing the
WENO reconstruction.

2.4 Taylor-Green vortex flow

In this section, we consider an example of incom-
pressible flow, viz. Taylor-Green vortex flow, to inves-
tigate the performance of the proposed ESPH-WENO
method in the simulation of incompressible flow.
With the periodic boundary in x- and y -directions,

the velocity field reads
u(x, y,t) = —exp” cos(2mx)sin(2my) ,
v(x, y,t) = exp” sin(2mx)cos(2my) (32)

where h=8n’/Re is the decay rate with Re the
Reynolds number. The initial velocity distribution is
defined at #=0. Note that the corresponding total

kinetic energy decay rate is —16n° / Re. Also, the
domain size is (x,y) €[0,1]x[0,1] and three different

resolutions d, = 1/25, 1/50 and 1/100 are applied for

the convergence study.

Figure 9 presents the time decay of the kinetic
energy obtained by the ESPH and the ESPH-WENO
methods and their comparisons with the analytical
solution. With the WENO reconstruction, the ESPH-
WENO exhibits improved accuracy by decreasing

numerical dissipation. While the ESPH shows 1st-
order convergence, the ESPH-WENO achieves appro-
ximate 2nd-order convergence. It can be concluded
that the introduction of the WENO reconstruction is
not only to greatly reduce the numerical dissipation
but also to raise the convergence order of the ESPH
method.

L Exact
0r “™ .. ESPH dp=1/25
ESPH dp=1/50
--------- ESPH dp=1/100
----- ESPH-WENO dp=1/25
-—-— ESPH-WENO dp=1/50
10—2 L — ESPH-WENO dp=1/100
10°f
LL}& 0.0064 |-
107 f oot RN
¥
0.0060
10°F
0.0058
% PED 740
10° i : i L 1
0 1 2 3 4

t

Fig. 9 (Color online) Taylor-Green vortex flow (Re=100):

Decay of the kinetic energy obtained by the ESPH and
the ESPH-WENO methods and the comparisons against
analytical solution

2.5 Double shear-layer flow
In this part, we consider an inviscid incom-
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pressible flow of double shear-layer to demonstrate
the low-dissipation feature of the proposed ESPH-
WENO method. For this test, the domain size is a
square with unit length and all boundaries are set as
periodic boundary conditions. The initial moment of
the double shear-layer flow is represented on a shear
layer of finite thickness giving a perturbation with a
small vertical velocity, and the velocity field is:

u, = tanh[y_—o'zsj for y<0.5 (33a)
P

u = tanh[m—_y] for y>0.5 (33b)
P

u, = o'sin(2mx) (33¢)

where p=1/30, 6=0.05. To discretize the system,
the spatial resolution is setas d, =1/64.

Figure 10 presents the vortex contours at di-
fferent time instants obtained by the ESPH and the
ESPH-WENO methods. As expected, the ESPH me-
thod exhibits excessive numerical dissipation and fails
to correctly capture the vortex structure. On the other
hand, the ESPH-WENO method reasonably captures
the vortex structure, implying the numerical accuracy is
significantly improved with the WENO reconstruction.

2.6 Lid-driven cavity flow

Here, we consider an incompressible flow of a
square lid-driven cavity with a length of L where all
boundaries are wall boundary conditions. The upper
wall is moving with a given velocity U, along the

x - direction, as shown in Fig. 11, to initialize the
cavity. Two different Reynolds numbers including
Re=400, Re=1000 are considered to validate the

proposed method by comparing with the results of
Ghia*",

Figure 12 portrays the velocity profile obtained
by the present methods and their comparisons with the
reference data reported by Ghial*”. Compared with
the results of ESPH, those obtained by the ESPH-
WENO show improved accuracy and exhibit a low-
dissipation feature. It is worth noting that the present
ESPH-WENO achieves approximate 2nd-order accu-
racy as shown in the convergence study in Fig. 12.

2.7 Flow around a circular cylinder

To demonstrate the versatility of the proposed
ESPH-WENO method, we consider a FSI problem of
flow around a cylinder. In this case, the drag and lift
coefficients can be derived by:

2F 2F
C,=—=L—, ¢, =—L
P, A

- 34
bopuld 9

()

(d)

Fig. 10 (Color online) Flow of double shear layer: The vorticity contour ranging from —16 to 16 obtained by the ESPH at 7 =0.8
(a), The vorticity contour ranging from —21 to 21 by the ESPH-WENO at 7=0.8 (b), The vorticity contour ranging from
—16to 16 by the ESPH at 7 =1.2 (c) and The vorticity contour ranging from —21 to 21 by the ESPH-WENO at =12

(d)
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Fig. 11 Lid-driven cavity flow: Geometry and boundary con-
ditions
where F, is the drag force, F, the lift force and
A the contact area. Note that the Reynolds number
Re=u_p D/ u is set as 100 with velocity u, =1
and density p, =1 as well as the cylinder diameter
D =2. Also, the Strouhal number Sr is defined as
fD/u, with f the vortex shedding frequency. We
consider in this study the domain size as [12.5D,
7.5D] where the centre of a cylinder is located at

1.0r

0.8F

0.6F

=
04F Reference
— — — ESPH dp=1/3

ESPH-WENO dp=1/33
ESPH-WENO dp=1/65

0.2F ESPH-WENO dp=1/129

(©)
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[7.5D,7.5D] and the boundary condition is defined

as the far-field boundary condition.

Figure 13 shows the flow field with the velocity
contour at dimensionless time ¢=300 obtained by
the ESPH (a) and the ESPH-WENO (b) methods. It is
easy to observe that the vortex structure is over-
dissipated by the ESPH method, while reasonably
captured by the ESPH-WENO method. For quantita-
tive validation, Table 1 presents the drag and lift
coefficients obtained by the present simulation and the
data in the literature®' ™. In general, a good agree-
ment with the reference data is noted. It can be con-
cluded that the proposed ESPH-WENO paves the way
for the SPH simulation of complex FSI applications in
engineering within the Eulerian framework.

3. Conclusion

In this paper, we introduce a WENO reconstruc-
tion to further improve the accuracy of the ESPH
method. The underlying principle is to obtain a high-
accuracy WENO reconstruction of the Riemann states
which determines the flow flux by introducing a one-
dimensional 4-point stencil along each interacting
particle pair. A set of numerical examples for the com-
pressible and incompressible flows are studied to
investigate the accuracy, robustness and versatility of
the proposed method.

041

0 0.2 0.4 0.6 0.8 1.0
X
(d)

Fig. 12 (Color online) Lid-driven cavity flow: The horizontal velocity component # along x=0.5L for Re=400 (a), The
vertical velocity component v along y=0.5L for Re=400 (b), The horizontal velocity component u along

x=0.5L for Re=1000 (c)and The vertical velocity component v along y =0.5L for Re=1000 (d)
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(a) The velocity contour obtained by the ESPH

(b) The ESPH-WENO

Fig. 13 (Color online) Flow around a cylinder with Re =100
at dimensionless time ¢ =300

Table 1 The drag and lift coefficients in the literature

Parameters C, C, S,

White!*!! 1.46 - -
Chiuetal.™  1.35+0.012 +0.303 0.166
Le et al.™] 1.37+0.009 +0.323 0.160
Liuetal®  1.35+0.012 +0.339 0.165
ESPH 1.46+0.010 +0.320 0.171
ESPH-WENO  1.4340.011 +0.360 0.174
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Dataset link: https://www.sphinxsys.org The error of smoothed particle hydrodynamics (SPH) using a kernel for particle-based approxima-
tion mainly arises from smoothing and integration errors. The choice of the kernel significantly
impacts numerical accuracy, stability and computational efficiency. Currently, the most popular
kernels, such as B-spline, truncated Gaussian (for compact support), and Wendland kernels, have
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Truncated Laguerre-Gauss kernel munity due to its stability and accuracy. Since the particle distribution after relaxation can achieve

Fourth-order fast convergence of integration error with respect to support radius, it is logical to choose kernels

gmt?'?'rical accuracy with higher-order smoothing error to improve the numerical accuracy. In this paper, the error
tability

of the 4th-order Laguerre-Wendland kernel proposed by Litvinov et al. [1] is revisited, and an-
other 4th-order truncated Laguerre-Gauss kernel is further analyzed and considered to replace the
widely used Wendland kernel. The proposed kernel has the following three properties: One is that
it avoids the pair-instability problem during the relaxation process, unlike the original truncated
Gaussian kernel, and achieves much less relaxation residue than the Wendland and Laguerre-
Wendland kernels; One is the truncated compact support size is the same as the non-truncated
one of the Wendland kernel, which leads to both kernels’ comparably computational efficiency;
Another is that the truncation error of this kernel is much less than that of the Wendland kernel.
Furthermore, a comprehensive set of 2D and 3D benchmark cases on Eulerian SPH for fluid dy-
namics and total Lagrangian SPH for solid dynamics validate the considerably improved numerical
accuracy of the truncated Laguerre-Gauss kernel without introducing extra computational effort.

Computational efficiency
Eulerian SPH
Total Lagrangian SPH

1. Introduction

Smoothed particle hydrodynamics (SPH) is a meshless method initially proposed by Lucy [2], Gingold and Monaghan [3] and has
been widely used in fluid dynamics [3], solid mechanics [4], and other scientific and industrial applications [5-8]. Since the particle-
based approximation in SPH is formulated with a Gaussian-like smoothing kernel function with compact support [9], the proper
choice of the latter is crucial, as already found and explored in Refs. [10-12], for the numerical accuracy, stability and computational
efficiency. Generally, two factors determine the accuracy of the SPH method, i.e. smoothing and integration errors [13,1]. While
the leading vanishing moments of the kernel function define the smoothing error, the particle summation on neighboring particles
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within the cut-off radius defines the integration error. In order to achieve higher accuracy of SPH approximation, one can resort to the
high-order kernel methods [14,15] using kernels characterized with non-monotonic, non-positive regions and high-order vanishing
moments for less smoothing error and sufficiently large compact support for less integration error. However, to avoid the excessive
computational effort for large compact supports, the current mainstream kernel functions used in SPH, such as B-spline, Wendland,
truncated Gaussian (for compact support) and others, are monotonic and give 2nd-order smoothing error as only the first moment
vanishes. Although the truncated Gaussian kernel is a natural choice for SPH, it has yet to be widely used compared to other non-
truncated, such as B-spline and Wendland, kernels. One reason is that, to achieve a sufficiently small integration error, the truncated
compact support is much larger than that of other non-truncated kernels, resulting in lower computational efficiency. The other
reason is that, similarly to the B-spline kernel, it causes the pair-instability problem in which particles tend to appear pair clumping
[16,11]. In recent years, the Wendland kernel has gained popularity in the SPH community due to its moderate compact support for
sufficient accuracy and ability to overcome the pair-instability problem.

With a given smoothing kernel, besides increasing the size of the compact support, one way to decrease the integration error is
using the kernel-correction methods such as higher-order differential operator [17,18], kernel gradient correction [5,19-22], weighted
essentially non-oscillatory (WENO) [23-25], moving least squares (MLS) [26-30] and radial basis function (RBF) [31-33]. It has also
been found that the integration error strongly relies on particle distribution [13]. Litvinov et al. [1] found that particles relaxed from
the random initial position and constant background pressure can achieve the same accuracy as those on uniform lattice positions.
Since relaxed particle distribution can be obtained for complex geometries, it is more applicable than uniform lattice distribution
for practical applications. Another finding in Ref. [1] is that, under relaxed particle distribution, the convergence rate of integration
error (8th-order respected to support radius) can be much higher than that of smoothing error. Therefore, two non-monotonic, namely
truncated Laguerre-Gauss and Laguerre-Wendland, kernels with 4th-order smoothing error, have been considered for improving the
overall accuracy of SPH approximations. However, these kernels have not been applied for practical SPH algorithms because, for
moderate compact support, the actual integration error of the Laguerre-Wendland kernel is much larger than that obtained by the
original 2nd-order Wendland kernel. Note that the truncated Laguerre-Gauss kernel was not tested in Ref. [1], probably due to the
pair-instability problem of the original truncated Gaussian kernel as mentioned.

In the present work, the large integration error of the Laguerre-Wendland kernel in moderate compact support is revisited, and the
source of the error has been analyzed according to the kernel profiles. Based on this, the truncated Laguerre-Gauss kernel is chosen
to improve the overall accuracy of SPH approximations. Quite counterintuitively, further numerical tests show that the chosen kernel
with moderate compact support avoids the pair-instability problem in the original 2nd-order counterpart and achieves much less
relaxation residue than the Wendland kernel. The chosen kernel has been applied to Eulerian and total Lagrangian SPH formulations
for fluid and solid dynamics problems. The numerical tests show that considerably higher accuracy has been achieved compared with
that of the original Wendland kernel without introducing extra computational effort.

The structure of this paper is as follows: Section 2 gives the preparation of error analysis and revisites the Laguerre-Wendland
kernel. Also, the errors of the Laguerre-Wendland and truncated Laguerre-Gauss kernels are analyzed, and the formulation and
properties of the latter are discussed in detail. Section 3 introduces standard Eulerian formulation with extensions and total Lagrangian
SPH formulation. The extensions include the incorporation of dissipation limiters to decrease numerical dissipation, as well as the
utilization of particle relaxation and kernel correction matrix to ensure zero-order and first-order consistency, respectively. Moving
on to Section 4, a series of numerical examples are employed to demonstrate the performance and computational efficiency of the
proposed kernel. All computational codes utilized in this study have been made publicly available through the SPHinXsys repository
[34], accessible at both https://www.sphinxsys.org and https://github.com/Xiangyu-Hu/SPHinXsys.

2. Kernel analysis
2.1. Preparation of error analysis

The SPH approximation of gradient of a function field f(r) at a particle position r; can be derived as following steps

Vi) / VfOW (@, —r,h)dV =— / FOVW @, —r,hdV ~— Z faHVW,V,, )
V V J

where V; is the volume of the neighboring particle j respect to particle i, W (r; —r, h) is a smooth kernel function with & denoting the
smoothing length and the gradient of the kernel function VW;; = VW (r; —r;, h). The first step is the smoothing approximation, where
a smooth kernel function replaces the Dirac delta function and introduces the smoothing error E;. The second step is integration by
parts following the assumption that the kernel function is zero at the domain boundary. The third step is the approximated integration
by summation over all neighboring particles, which introduces the integration error E,. Afterwards, the truncation error E, is given
by E, = E; + E,. For simplicity of writing, we simplify f(r) at position r; and r; to f; and f; respectively in the following. As in
Ref. [35], Eq. (1) can be modified in a strong form as

VIi=VIi= V1% Y [, VWV, @
J

with f;; = f; — f. Also, the modification in a weak form as
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Fig. 1. Laguerre-Gauss kernel and the comparison with the Wendland and Laguerre-Wendland kernels with compact support as 24 : kernel functions (left panel) and
their derivatives (right panel). Here, C;j, ~ 1.898 within s € [0,2] according to the kernel normalization condition. Note that the shallow negative region in the
Laguerre-type kernels is for vanishing second-order moment.
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with f; ;= (f; + f;)/2. Since the weak form is applied in the momentum conservation equations, we employ Eq. (3) to investigate
the error estimation in the later section. As is mentioned, the particle distribution plays a crucial role in influencing the integration
error [1,36]. Therefore, to achieve a high-quality particle distribution in practical applications and ensure zero-order consistency, i.e.
Y ; V;VW,; =0, we employ particle relaxation [37] before the error analysis and the acceleration in the process is calculated by

== Y vvw, @
Pi Jj

a

with p denoting the density. Note that the SPH approximation for the derivative of the kernel function directly influences the flux
calculation in conservation equations, we further employ the kernel correction matrix [5] given by

-1
B,-:—(Zrij@VI/VijVj) )
J

to compensate for the error and satisfy the first-order consistency, which achieves second-order convergence of integration error.
Note that there are kernel gradient corrections for even higher-order consistency, such as the mentioned Refs. [19,20,22]. However,
they are not employed here due to the high computational cost.

2.2. Error analysis using Laguerre-Wendland kernel

As shown in Litvinov et al. [1], the Laguerre-Wendland and Laguerre-Gauss kernels have the second vanishing moment and
4th-order smoothing error. The former, given by

w (5)=Cpry (1 - *s* + €5 /6)(1 — )8 (1 + 65+ 35/35%), (6)

where (), =max(0,-) and s = |r| /h, a normalization factor C;y, ~ 7.591, and a scaling factor ¢ ~ 2.821, within s € [0, 1], had been
studied in Litvinov et al. [1] but has not been employed in practice due to its much larger integration error than the widely used
Wendland kernel. Here, we revisit this kernel to explore the reason for the excessive integration error. By comparing the profiles of the
kernels and their derivatives, as shown in Fig. 1, we find that the gradient magnitude of the Laguerre-Wendland kernel is much larger
than that of the Wendland kernel. Note that the SPH approximation highly relies on the size of compact support, which is usually
adopted as 2h in practice where smoothing length & = xdp with dp denoting the initial particle spacing and « determining the
number of neighboring particles. With these observations, it is straightforward to consider that the possible reason for the Laguerre-
Wendland kernel introducing a larger integration error is that the number of neighboring particles is insufficient to resolve the large
gradient magnitude within moderate compact support. Based on this, we apply different x including x = 1.3, 2.0 and 2.5, meaning
different total number of neighboring particles for analyzing the integration error. Note that the corresponding resolutions are adopted
according to the different « to keep the smoothing length constant, i.e. the smoothing error is unchanged. For quantitative analysis,
following Eq. (3), Lj-norm and Lipg;r,-norm errors are given by

Li(df/dx)= % z )Vfi +2%, fijVWijVj|

_ ) )
Lininiey(@f /dx) = max [V f; + 2 %, f, VW, V|
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Fig. 2. Particle relaxation residue ranging from 3.4 x 107® to 4.0 x 102 using the Wendland (top left panel), Laguerre-Wendland (top right panel) and truncated
Laguerre-Gauss (bottom panel) kernels at the final relaxation iteration with the spatial resolution dp = 1/60. In the case, the boundary particles are not considered due
to their not relying on kernel approximation. Based on this, the average relaxation residue and the variation between the maximum and minimum relaxation residues
using the truncated Laguerre-Gauss kernel are approximately 0.004 and 0.011, respectively, which are approximately one-tenth and one-twentieth of the values using
the Wendland kernel. Meanwhile, the average relaxation residue of 0.07 when employing the Laguerre-Wendland kernel is approximately twenty times larger than
that of using the truncated Laguerre-Gauss kernel and the maximum relaxation residue of 1.88 appears to be unreasonable. (For interpretation of the colors in the
figure(s), the reader is referred to the web version of this article.)

Table 1

Truncation errors of the SPH approximation for d f /dx with f =1 and f =sin(2zx)
using the Wendland and Laguerre-Wendland kernels with different x without the ker-
nel correction matrix.

Truncation errors Lidf/d» Lintniey (/)
f=1 f =sin(2zx) f=1 f =sin(2zx)
Wendland 13 0.034 0.123 0.259 0.400
Laguerre-Wendland ’ 0.070  0.673 1.880  3.506
Wendland 2.0 0.014 0.073 0.027 0.150
Laguerre-Wendland ’ 0.010 0.018 0.028 0.046
Wendland 25 0.018  0.078 0.032  0.161
Laguerre-Wendland ’ 0.005 0.009 0.017 0.030

with N and df/dx denoting the total number of particles and the derivative of the function field, respectively. Here, the errors
obtained in Eq. (7) are the truncation errors.

The study applies a circular geometry of a diameter D =2 with the resolution dp = 1/60. We test the SPH approximation for
the derivatives of a constant function f =1 and a trigonometric function f = sin(2zx) using the Wendland and Laguerre-Wendland
kernels without and with the kernel correction matrix in this domain under the respective particle distributions obtained by their
respective kernels shown in Fig. 2, and Tables 1 and 2 list the truncation errors with different k. Note that the boundary particles are
not considered in the kernel analysis because these particles are given the assigned values and do not evaluate the kernel gradient.
From the results, the truncation errors using the Laguerre-Wendland kernel exhibit similar behavior to those obtained with the
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Table 2

Truncation errors of the SPH approximation for d f /dx with f =1 and f =sin(2zx)
using the Wendland and Laguerre-Wendland kernels with different x with the kernel
correction matrix.

Truncation errors K Lidf/dx) Li“ﬁ“i‘y(df/ ax)
f=1 f =sin(2zx) f=1 f =sin(2zx)
Wendland 13 0.039  0.052 0.209  0.187
Laguerre-Wendland ’ 0.077  0.067 2.334 2319
Wendland 20 0.014  0.042 0.026  0.067
Laguerre-Wendland ’ 0.011  0.007 0.029  0.028
Wendland 25 0.018 0.043 0.033 0.068
Laguerre-Wendland : 0.005 0.003 0.017 0.015

Wendland kernel, declining with « < 2 and remaining relatively unchanged at k = 2.5. These results suggest that, while the smoothing
error dominates at k¥ > 2, the integration error takes the lead at « = 1.3. For the condition of smoothing error dominant with x > 2, it is
implied that the truncation error of the Laguerre-Wendland kernel is less than the Wendland kernel, as shown in Table 2, which agrees
with the property of kernels’ smoothing order. In addition, given the reasonable truncation errors, while the impact of the kernel
correction matrix on reducing the truncation error with the derivative of f =1 is not as apparent, this matrix can further minimize
the error with that of f = sin (27 x) effectively, suggesting that the kernel correction matrix has distinct effects on higher-order terms.

2.3. Truncated Laguerre-Gauss kernel

Another 4th-order kernel, as shown in Fig. 1, the Laguerre-Gauss kernel, with a smaller gradient magnitude than the Laguerre-
Wendland kernel, is considered a potential option for not introducing excessive integration errors.

2.3.1. Kernel profile
The expression of the Laguerre-Gauss kernel [1] is given by

w(s)=7"" LV (e, ®)

where L denotes the generalized Laguerre polynomial with a non-negative Fourier transform and vanishing second-order moment.
For implementing the kernel in practice, we truncate the compact domain to 24 and give the expression for the truncated Laguerre-
Gauss kernel as
52 sy L2 .
(I1—=+>)e™* if0<s<2

w(s)=ay 26 , ; ©)]
0 ifs>2

where a, is the normalized coefficient in d dimensional space with the value of a; = 8/(5 \/;), ay =3/x and ay = 8/x%/2. Also,
the truncated Laguerre-Gauss kernel and its derivative and the comparisons with the Wendland, as well as the Laguerre-Wendland
kernels, are presented in Fig. 1, which shows that its gradient magnitude is larger than that of the Wendland kernel but smaller than
that of the Laguerre-Wendland kernel and the value of kernel function at 24 is close to 0. In numerical simulations, to avoid adding
extra computational effort, we apply the compact support as 24 with smoothing length 4 = 1.3dp, meaning that the computational
efficiency using the truncated Laguerre-Gauss kernel is the same as that using the Wendland kernel.

2.3.2. Performance in stability

To exploit the properties of the truncated Laguerre-Gauss kernel, we first investigate and compare the relaxed particle distribution
using the Wendland, Laguerre-Wendland and truncated Laguerre-Gauss kernels in the same circular domain mentioned above. Fig. 2
shows the relaxation residue ranging from 3.4 x 107 to 4.0 x 10~2 using the Wendland, Laguerre-Wendland and truncated Laguerre-
Gauss kernels at the final relaxation iteration. Utterly contrary to our intuition that the truncated Laguerre-Gauss kernel is similar
to the original truncated Gaussian kernel in that it suffers from the pair-instability problem with « = 1.3, it can be observed that
the particle relaxation using the truncated Laguerre-Gauss kernel does not exhibit this problem. Similarly with the kernel analysis
in section 2.2, the particles in the boundary are also omitted in the following analysis. Based on this, the truncated Laguerre-Gauss
kernel yields an average relaxation residue of 0.004, and a variation between the maximum and minimum relaxation residues of
0.011 and these values represent roughly one-tenth and one-twentieth of those obtained using the Wendland kernel. Besides, the
Laguerre-Wendland kernel results in an average relaxation residue of 0.07, approximately twenty times larger than that observed
with the truncated Laguerre-Gauss kernel. However, the maximum relaxation residue of 1.880 using the Laguerre-Wendland kernel
is unacceptable and unreasonable. Therefore, the truncated Laguerre-Gauss kernel ensures numerical stability and obtains higher-
quality particle distribution. As widely acknowledged, utilizing high-order kernels with negative regions can lead to stability issues
[11, particularly for updated Lagrangian SPH methods. Nevertheless, employing these kernels in the Eulerian or total Lagrangian SPH
methods mitigates this issue, as demonstrated in Fig. 2, owing to the fixed and high-quality particle configuration. Further validation
of its stability will be carried out through a series of fluid and solid cases in Section 4.
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Table 3

Truncation errors of the SPH approximation for d f /dx with f =1 and f =sin(2zx)
using the truncated Laguerre-Gauss kernel with different x without the kernel cor-
rection matrix.

Truncation errors K Li@f/dx Li“ﬁ“ity(df/dx)
f=1 f =sin(2zx) f=1 f =sin(2zx)

1.1 0.021 0.259 0.614 1.253

Laguerre-Gauss 1.3 0.004 0.123 0.011 0.204

1.6  0.007 0.210 0.822  0.817

Table 4
Truncation errors of the SPH approximation for d f /dx with f =1 and f =sin(2zx)
using the truncated Laguerre-Gauss kernel with different k with the kernel correction

matrix.
Truncation errors  k Lidf/dx) Lintniy (@1 /%)
f=1 f =sin(2zx) f=1 f =sin(2zx)
1.1 0.021 0.061 0.603  0.448
Laguerre-Gauss 1.3 0.004 0.004 0.011 0.009
1.6 0.006 0.024 0.784  0.364

2.3.3. Performance in accuracy

Similarly, with the analysis of the Laguerre-Wendland kernel, we test the SPH approximation for the derivatives of the same
functions using the truncated Laguerre-Gauss kernel to further verify the approximation accuracy. Specifically, the truncation error
using the derivative of function f = 1 equals the relaxation residue in Eq. (4).

Tables 3 and 4 list the truncation errors using the truncated Laguerre-Gauss kernel. From the results, the truncation error in
the case of the insufficient number of neighboring particles with « = 1.1 is still relatively large. Besides, the large errors obtained
with k¥ = 1.6 are due to the pair instability when the number of neighboring particles is too large. Note that x = 1.3 is applied in
practice to avoid extra computational effort. In the case of k = 1.3 with the derivative of the trigonometric function, we observe
that the truncation errors using the truncated Laguerre-Gauss kernel in Table 3 and Wendland kernel in Table 1 are comparable
without the utilization of the kernel correction matrix. However, the truncation error using the truncated Laguerre-Gauss kernel in
Table 4 is significantly smaller than the errors using the Wendland and Laguerre-Wendland kernels in Table 2, demonstrating that
the former kernel’s cooperation with the kernel correction matrix offers much higher accuracy. This finding suggests the integration
error using the truncated Laguerre-Gauss kernel is smaller than the other two kernels as the integration errors are dominant in using
the Wendland and Laguerre-Wendland kernels with x = 1.3. Furthermore, the proposed kernel exhibits superior performance with
respect to the average relaxation residue and the variation of the maximum and minimum residue. Specifically, in Tables 3, the
average relaxation residue and the variation are 0.004 and 0.011, respectively, which are approximately one-tenth and one-twentieth
of the values listed in Tables 1 for the Wendland kernel, proving that the truncated Laguerre-Gauss kernel enables obtaining much
less average relaxation residue and the variation than those using the other two kernels and these results agree with the particle
distribution shown in Fig. 2. Note that we choose the compact support of 24 for the Laguerre-Gauss kernel, on the one hand, to match
that of the Wendland kernel for the same computation efficiency. On the other hand, such a choice is nearly optimal because our
primitive numerical experiments (not shown here) suggest generally inferior results if larger compact supports are used. This may be
because the relaxed particle distribution with large compact supports resembles that obtained by the Wendland kernel, as shown in
Fig. 2, other than the lattice-like one.

2.3.4. Convergence analysis
In this section, we employ the same circular geometry mentioned earlier to conduct a convergence study, initializing a scalar field
according to the function expressed as

fx)=e* /01, (10)

Following Refs. [23,38], the L,-norm error of the approximated gradient operators can be defined as

\/Z |(Vfi)Theoretical _ (Vfi)Numerical |2
L,(df/dx)= ! ’ .
\/Z |(Vfi)Theorerical |2

where (V fi)N umerical jq the strong form as Eq. (2).

Fig. 3 illustrates the convergence study utilizing the Wendland and truncated Laguerre-Gauss kernels across various particle
resolutions with k = 1.3 unchanged. It is observed that, without the kernel correction matrix, as resolution increases, the convergence
rate of the Wendland kernel begins at second-order and gradually degenerates to saturation, where the integration error dominates.
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Fig. 3. Convergence study using the Wendland and Laguerre-Gauss kernel with different resolutions by comparing the different theoretical order curves.

It is also observed that while the truncated Laguerre-Gauss kernel gives considerably higher accuracy than the Wendland kernel at
low resolution, its accuracy degenerates to saturation quickly with increasing resolution. Such behavior indicates that the truncated
Laguerre-Gauss kernel obtains higher accuracy at low resolution due to the smaller smoothing error, and its integration error is still
larger than that of the Wendland kernel.

With the kernel correction matrix, it is observed that while the Wendland kernel sustains second-order convergence, the truncated
Laguerre-Gauss kernel exhibits fourth-order convergence at low resolution but degenerates to second-order with increasing resolu-
tions. Such behaviors are expected since both the smoothing and integration errors of the Wendland kernel, in this case, convergence
at second order, and, for the truncated Laguerre-Gauss kernel, the fourth-order smoothing error dominants at low resolution and the
second-order integration error at high-resolution.

The significance of the convergence study is that, as shown in Fig. 3, independent of particle resolution, with the kernel correction
matrix, the truncated Laguerre-Gauss kernel always gives much smaller errors than the Wendland kernel. Note that such improvement
is achieved with the same support and kernel correction matrix as the Wendland kernel. Furthermore, at high resolution, the truncated
Laguerre-Gauss kernel requires only a small fraction of particles (about 1/16 in two dimensions, as shown in Fig. 3) to achieve the same
accuracy as the Wendland kernel does. Also note that our objective here is to improve numerical accuracy simply by using a different
kernel without increasing computational cost, other than the approaches aiming at sustained high-order (higher than second-order)
convergence rate, which may achieve even higher accuracy but require much more elaborated efforts and computational cost.

3. Governing equations and SPH methods

Here, we consider an extended Eulerian SPH method for fluid dynamics [3] and the standard total Lagrangian SPH method for
solid mechanics [4,39].

3.1. Extended Eulerian SPH

3.1.1. Governing equations
The conservation equations in the Eulerian framework can be described by

%+V-F(U)=O, (12)

where U is the vector of the conserved variables, F(U) the corresponding fluxes. Here, they can be expressed specifically as

p pu pv pw
pu put +p pou pwu
U=| pv |, F= puv +| p?+p |+ pwu s 13)
pw puw pow pw2 +p
E u(E + p) v(E + p) w(E + p)

2
where u, v and w are the components of velocity, p and p denote the density and pressure, respectively. Here, E = % + pe is the

total energy per volume with e the internal energy. The equation of state (EOS) is added to close the Eq. (12) by
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_ { p(y — 1)e  For compressible flows (14)

c*(p—p,) For weakly-compressible flows

where y is the heat capacity ratio, p, the reference density. Following the ideal gas equation in compressible flows and the weakly-
compressible assumption in incompressible flows, the speed of sound is derived by

W For compressible flows
c= 4 . (15)

10U,,,c For weakly-compressible flows

Here, U,,,, the maximum velocity in the flow field to control the density variation less than 1%. Note that the energy equation is

turned off in weakly-compressible flows. In the viscous weakly-compressible flows, we add a viscous force given by
ov ) @) 2
— =nVv 16
( ot 1 (16)
to the momentum equation.

3.1.2. Standard Eulerian SPH discretization
Following Ref. [40], the discretization form of the Eq. (12) can be written as

(Viei) +2V, X2, Vi (oW)y ;- VWi =0
(Vi) + 2V, 5.V, [y @y, + 7 1] - VW, =0, a7
(ViE)+2V. 5, V, [(Ev)y,, + 0w, | - VW, =0

t

t

lo 2l ¥

=%

t

. . . . . . oW,
where v represents the velocity, [ the identity matrix and terms ()7, ; are solution of the Riemann problem [40]. Here, VWV}; = > Le, !
, T

denotes kernel gradient where e;; = —r;; /r;; with r;; the displacement pointing from particle j to i.

To obtain the solution to the Riemann problem, three waves with the smallest speed .S;, middle speed .S, and largest speed S, are
utilized. Note that the middle wave distinguishes the two intermediate states as (p;‘,u;", p;‘) and (p;,u;, p;). For compressible flows,
we employ the HLLC Riemann solver [41,42] because of its ability to capture the shock discontinuity, with the three wave speeds
estimated as

Sp=u—¢
D, Sr=llr+Cr . (18)
S = prtty (Sp=ttr) oy (w=S1)+p1=pr
=

pr(Se=uy)+p; (u=S;)

L

Then, the intermediate states can be calculated as

pr=prtp (w =) (w—u*)=p,+p, (S, —u) (u* —u)
1 1
Vi =ute; + [E(VI +v,)— E(ul +u,)e;
4 . (S17r=ai/r) s 19
p//r = pl/r (S//r—u*)
g = Sy Byt
I/r S[/,—M*

where g represents the velocity magnitude and u* = .S,.. In weakly-compressible flows, the intermediate states follow the assumption
satisfying py = p; = p* and u] =u’ =u* and then a linearised Riemann solver can be expressed as [43,25]

s _ Wtu 1 (pL—rRr)
{” =5 Ty (20)

p*=@+%ﬁé(u,—u,)’

with g and ¢ interface-particle averages.

3.1.3. Eulerian SPH extensions

In this section, we implement the particle relaxation following Eq. (4) and kernel correction matrix following Eq. (5) and detail the
dissipation limiters, which are used to improve the stability and accuracy of the Eulerian SPH method. To maintain the conservation
property, the corrected kernel gradient can be re-evaluated as

v BtB

=T YWy 1)

to replace the original kernel gradient VW;; in Eq. (17).
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In order to reduce the numerical dissipation introduced by the Riemann problem, dissipation limiters [25,44] are implemented
and can significantly improve numerical accuracy. In the HLLC Riemann solver, the middle wave speed and pressure in Eq. (19) with
the limiter can be rewritten as

{u*= prucitppurcy + Pi=pr ﬂz

ﬂzCI+ﬂrC{ piei+ppe, " HLLC (22)

s

pr= @ +5PuLrc [re, (u* —u,) = pre; (w —u*)]
with the limiter as

u, —

u
- ’,0),1), (23)
C

Brrrc =min (ﬂHLLC max(

where g ;c = 1.0 according the numerical tests. Also, the linearised Riemann solver in Eq. (20) with the limiter can be rewritten
as

N R ) (pL=Pr)

w= 2 + zﬂlineart’sd e (24)
* = brtey 1 5 (u; — u,) ’

p = 2 2ﬁ1inearisdpc up—u,

with the dissipation limiter £};,,.4is4 aS

. U —u,
ﬂlinearisd = min <nlinearisd maX( z ’0)’ 1> . (25)

where 1;;,4ri5a = 15.0.
3.2. Total Lagrangian SPH

In total Lagrangian SPH framework for elastic solid dynamics, the mass and momentum conservation equations can be expressed
as

p=J7"1p°
048, _ 0 pT> (26)
{p dr_v P

with p° and p the initial and current density, respectively. Here, J = det(F) with F denoting the deformation gradient tensor, v
represents the solid velocity, and PP as well as T are the first Piola-Kirchhoff stress tensor and the matrix transposition operator,
respectively. Also, [P can be derived as P = FS with S the second Piola-Kirchhoff stress tensor where the constitutive equation [34]
when the material is linearly elastic and isotropic is given by

S = Atr(E)l + 2GE, (27)

with A and G denoting the Lame parameter and the shear modulus, respectively.
Then, the momentum equation in Eq. (26) with the weak form [34] of the SPH particle approximation can be discretized as

dv; T T
04bli _ 0 0 0 0
L= Y (P +PBY ) VOW Y, 28)
J
a (r?,, )
where VOW, ;= TO’ e?j and B are the kernel gradient and correction matrix in the initial configuration, respectively. In addition,
ij
the deformation change rate is updated with the strong form of the SPH particle approximation as follows:
dr 0 0 0
=2V (=) VOW,BY. (29)
J

4. Numerical results

In this section, a set of numerical simulations, including fluid dynamics and elastic solid dynamics, are tested to verify the accuracy
and computational efficiency of the truncated Laguerre-Gauss kernel (denoted as Laguerre-Gauss) and comparison with the Wendland
kernel [45] (denoted as Wendland). For clarity, the cut-off radius of both kernels is 2.6d p.

4.1. The Shu-Osher problem

In this part, a one-dimensional Shu-Osher problem is studied to investigate the accuracy of the Laguerre-Gauss kernel in the
compressible flow. The initial condition is given by

27 4V35 () 31
puwop=1{ 7 o 03 xsho (30)
(1+0.25in5x,0,0,1) otherwise
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Fig. 4. The Shu-Osher problem: Density profile (left panel) and zoom-in view (right panel) using the Wendland and Laguerre-Gauss kernels and their comparisons
against the reference data [46].

with the domain x € [0, 10] and final time 7 = 1.8. Also, to facilitate a convergence analysis, three spatial resolutions dp = 1/200,
1/400 and 1/800 are applied across each segment of the domain length.

Fig. 4 shows the density and zoom-in view profiles using the Wendland and Laguerre-Gauss kernels and the comparisons with
the reference data [46]. It can be observed that the Laguerre-Gauss kernel can significantly improve the accuracy compared to the
Wendland kernel at the resolution dp = 1/200. Also, the results converge rapidly as the resolution increases, and there is roughly
first-order convergence at the extremities and second-order convergence in regions other than the extremities. Note that, even though
there is a non-positive region in the profile of the Laguerre-Gauss kernel, the solution is quite stable, and no noticeable oscillations
or the Runge or Gibbs phenomena [47] observed. This may be due to the numerical dissipation introduced by the Riemann solvers.
Such numerical stability is further validated in the next section by the classic double Mach reflection problem.

4.2. Double Mach reflection of a strong shock

In this section, we test a two-dimensional phenomenon, the double Mach reflection of a strong shock. Following Ref. [48], we
define the computational domain as (x, y) € [0,4] X [0, 1]. The initial condition is specified as follows:

(1.4,0,0,1) x21+L
(pu,v,p) = 6V, (31)
(8,8.25 cos(%), -8.25 sin(%), 116.5) otherwise

and the simulation is executed until the final time 7 = 0.2. A right-moving Mach 10 shock is situated initially at (x, y) = (%, 0), forming
a 60-degree angle with the x-axis. The bottom boundary is a reflective wall boundary, extending from x = 1/6 to x = 4. The left-hand
boundary is characterized by the post-shock boundary condition, while a zero-gradient condition is enforced on the right boundary
at x = 4. For this simulation, the spatial resolution is set to dp = 1/256 to discretize the computational domain.

Fig. 5 displays the density contours, ranging from 0.9 to 24.0, utilizing the Wendland (top panel) and Laguerre-Gauss (bottom
panel) kernels. It is observed that, again, both kernels yield stable and smooth density profiles, suggesting quite good numerical
stability, and the Laguerre-Gauss kernel obtains significantly more accurate results characterized by the sharper shock fronts and
shear layer.

4.3. Taylor-Green vortex flow

This section considers the two-dimensional viscous Taylor-Green vortex flow to validate the proposed kernel in the weakly-
compressible flow. Following Ref. [49], the initial velocity in a unit domain with the periodic boundary conditions in x— and y—
directions is given by

{ u(x, y,t) = —exp? cos(2Qnx)sin(2zy) (32)

v(x,y,1) = exp” sin(Qrx)cos(2xy)

where the decay rate is b = —8z2/ Re, the Reynolds number Re = 100, the total kinetic energy decay rate —16z2/Re and the finial
time ¢ = 5. Also, we apply three resolutions, including dp = 1/25, 1/50 and 1/100, to test the convergence study.

Fig. 6 portrays the kinetic energy decay using the Wendland and Laguerre-Gauss kernels and the comparison with the theoretical
solution (denoted as “Exact”). From the curves of kinetic energy decay, the method using the Laguerre-Gauss kernel shows improved
accuracy by reducing the numerical dissipation more effectively at a resolution of dp=1/25, and the results achieve second-order
convergence as the resolution increases.

10
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Fig. 5. Double Mach reflection of a strong shock: Density contour ranging from 0.9 to 24.0 obtained by the Wendland (top panel) and Laguerre-Gauss (bottom panel)
kernels with the resolution dp = 1/256 at the finial time 7 =0.2.
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Fig. 6. Taylor-Green vortex flow (Re = 100): Decay of the kinetic energy using the Wendland and Laguerre-Gauss kernels and the comparisons with the theoretical
solution (denoted as “Exact”).

4.4. Flow around a cylinder

In this section, flow around a cylinder case containing complex geometries is studied to investigate the versatility of the proposed
kernel. In order to assess the numerical results quantitatively, the drag and lift coefficients are given as

2F, 2F;

CD = —,CL =
PooltiZ A PooliZ A

(33
where Fj, and F; denote the drag and lift force on the cylinder, respectively, and velocity u , as well as density p, in the far-field
are set as 1. Also, the Strouhal number St = fD/u,, in the unsteady cases and the Reynolds numbers Re = pu,, D/u is 100 with
the cylinder diameter D =2 in the case where the far-field boundary conditions are applied in all boundaries and the computational
time is ¢t = 300. To alleviate the effects of far-field boundary conditions on the simulations, the large computational domain size is
set as [25D, 15D], where the location of the cylinder center is (7.5D, 7.5D). The final time is # = 300, and the spatial resolutions are
applied as dp=1/10, 1/20, and 1/30 for the convergence study.

Fig. 7 shows the velocity contour ranging from 1.8 x 1073 to 1.5 using the Wendland and Laguerre-Gauss kernels with the Reynolds
number Re = 100 under the resolution dp = 1/6 at t = 300. It can be seen that the method using the Laguerre-Gauss kernel efficiently

11
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Fig. 7. Flow around a cylinder: Velocity contour ranging from 1.8 x 10~ to 1.5 using the Wendland (left panel) and Laguerre-Gauss (right panel) kernels with Re = 100
under the resolution dp =1/6 at t = 300.
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Fig. 8. Flow around a cylinder: Drag (left panel) and lift (right panel) coefficients with the time using the Laguerre-Gauss kernel with Re = 100.

Table 5

Flow around a cylinder: Drag and lift coefficients from different ex-
perimental and simulation results at Re = 100 and the result using
the Laguerre-Gauss kernel with the resolution dp = 1/30.

Parameters Cp C; S,
White [50] 1.46 - -
Khademinejad et al. [51] 1.30 + - +0.292 0.152
Chiu et al. [52] 1.35 + 0.012 +0.303 0.166
Le et al. [53] 1.37 + 0.009 +0.323 0.160
Brehm et al. [54] 1.32 + 0.010 +0.320 0.165
Liu et al. [55] 1.35 + 0.012 +0.339 0.165
Present 1.33 + 0.009 +0.340 0.169

captures the vortex street while that using the Wendland kernel fails to present the same physical phenomenon, indicating that the
proposed kernel is more effective in reducing numerical errors and thus obtaining more accurate results.

We further verify the correctness of the proposed kernel with three resolutions by comparing convergent drag and lift coefficients
with other experimental and simulation results listed in Table 5 where the result of using extended Eulerian SPH with the Laguerre-
Gauss kernel is denoted as “Present”. Fig. 8 presents the drag and lift coefficients calculated by the Eulerian SPH method using
the Laguerre-Gauss kernel under three resolutions from dp =1/10 to dp = 1/30 until the final time ¢ = 300, showing that the drag
coefficients reach a stable value after a period of fluctuation at the beginning while the lift coefficient oscillates around zero. From
Fig. 8 and Table 5, it can be obtained that the drag and lift coefficients have converged and are in agreement with other references,
indicating that the results can be considered correct. In the present study, the computations are all performed on an Intel Core i7-10700
2.90 GHz 8-core desktop computer and the CPU wall-clock times obtained by extended Eulerian SPH method using the Wendland
and Laguerre-Gauss kernels with the spatial resolution dp = 1/10 are 4604.81 s and 4818.91 s in the whole process, respectively,
indicating that the computational efficiency of using both kernels is comparable.

12
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Fig. 9. Lid-driven semi-circular cavity flow with Re = 1000: The velocity magnitude contours ranging from 0 to 0.97 obtained with the Wendland (left panel) and
Laguerre-Gauss (right panel) kernels with the resolution dp =1/129.
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Fig. 10. Lid-driven semi-circular cavity flow with Re = 1000: The horizontal velocity component u along x = 0.5L (left panel) and the vertical velocity component v
along y = —0.25L (right panel) using the Wendland and Laguerre-Gauss kernels with different resolutions and the comparison with the reference obtained by Glowinski
et al. [56].

4.5. Lid-driven semi-circular cavity problem

In this section, we explore two-dimensional lid-driven cavity flows characterized by a semi-circular shape, aiming to assess the
stability, accuracy, and capability to handle irregular geometries of the proposed kernel. For the boundary conditions, a prescribed
velocity of U,,,;; = 1.0 is assigned to the upper moving wall, while non-slip wall conditions are applied to the remaining boundaries.
The simulation time is set to = 30 and Reynolds number as Re = 1000.

Fig. 9 displays the distribution of velocity magnitude obtained with the Wendland (left panel) and Laguerre-Gauss (right panel)
kernels at a resolution of dp =1/129. The results reveal that the velocity fields obtained with both kernels exhibit good smoothness.
Additionally, as shown in Fig. 10, the obtained velocity profiles indicate considerably improved accuracy and good convergence with
the Laguerre-Gauss kernel.

4.6. 2D oscillating plate

In 2D solid dynamics, following Refs. [39,57,58], the oscillating plate with the length L = 0.2 m and the thickness H = 0.02 m,
where one edge is fixed, and the other edges are free, is studied to verify the accuracy of the Laguerre-Gauss kernel. In this case, the
density p, = 1000.0 kg/m>, Young’s modulus E =2 MPa, physical time ¢ = 2 s and Poisson’s ratio v is changeable. Also, the initial
velocity is perpendicular to the plate strip given by

f(x)
ERANTTIN 349
with v ’ denoting a constant and f(x) written as
f(x) =(sin (kL) + sinh (kL))(cos (kx) — cosh (kx))— 35)
35

(cos (kL) + cosh (kL))(sin (kx) — sinh (kx)) .
Here, k is derived by
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Fig. 11. 2D oscillating plate: The Mises stress contour ranging from 0.1 MPa to 1.0 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with v, = 0.15 and
Poisson’s ratio v =0.3975 under the spatial resolution H /dp = 10.
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Fig. 12. 2D oscillating plate: The vertical position y located at the midpoint of the plate strip end [39] using the Laguerre-Gauss kernel with the v, = 0.05 and
Poisson’s ratio v = 0.3975 under the spatial resolution as H /dp = 10,20 and 40, and the comparison with the result using the Wendland kernel at H /dp = 10. In this
case, the theoretical oscillation period Topeoreical = 0-254 and the oscillation periods using the truncated Laguerre-Gauss and Wendland kernels are T;; = 0.271 with
Error;; = 6.7% and Ty, = 0.282 with Error, = 11.0%, respectively.

cos(kL)cosh(kL)= -1, (36)
with kL = 1.875. Also, the theoretical frequency w is given by

2 EH?*Kk*
0= —
12p(1 —v2)
To keep the results reasonable, the largest spatial resolution is set as H /dp = 10 in the case of discretizing the computational domain
and the other two spatial resolutions H /dp = 20 and 40 are applied for the convergence study [39,57,58].

Fig. 11 presents the Mises stress contour ranging from 0.1 MPa to 1.0 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels
with v, = 0.15 and Poisson’s ratio v = 0.3975 as well as the resolution H /dp = 10, indicating that the results obtained by both kernels
are smooth. Also, Fig. 12 shows the vertical position y at the midpoint of the plate strip end using the Laguerre-Gauss kernel among
the three resolutions and the comparison with that using the Wendland kernel with H /dp = 10. As the resolution increases, the gap
between the different resolutions decreases, indicating the results are convergent and achieve second-order convergence. Additionally,

(37)
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Table 6

2D oscillating plate: The oscillation period using the Wendland and Laguerre-
Gauss kernels with various v, and v under the spatial resolution H /dp =10 and
the comparisons with the theoretical results.

Uy v TThecrelical TW ErrorW TLG Err Ol g

0.05 0.22 0.27009 0.29792 10.3% 0.28824 6.7%
0.1 0.22 0.27009 0.29721 10.0% 0.29016 7.4%
0.05 0.3 0.26412 0.291416 10.3% 0.28184 6.7%
0.1 0.3 0.26412 0.29130 10.3% 0.28138 6.5%
0.05 0.4 0.25376 0.28012 10.4% 0.27072 6.9%
0.1 0.4 0.25376 0.28065 10.6% 0.27134 6.5%

the Laguerre-Gauss kernel demonstrates the ability to attain a more precise oscillation period than the Wendland kernel. However, it is
worth noting that the improvement in accuracy achieved is relatively modest compared with previous simulations. This is primarily
attributed to the fact that the outcomes obtained by the latter kernel at lower resolutions are already in close proximity to the
theoretical oscillation period. For quantitative analysis, two kernels are applied to calculate the oscillation period T separately at low
resolution H /dp = 10 to verify the performance. Table 6 lists the oscillation period and errors using the Wendland (denoted as Ty,
and Erroryy, respectively) and Laguerre-Gauss (denoted as T; and Error; g, respectively) kernels with different v, and v compared
with the theoretical oscillation period (denoted as T-peqretical) Under the resolution H /dp = 10, clearly showing that the errors of
using the Laguerre-Gauss kernel are much smaller than that of using the Wendland kernel. Furthermore, the CPU wall-clock times
obtained by total Lagrangian SPH using the Wendland and Laguerre-Gauss kernels at the spatial resolution dp = 1/40 in the whole
process are 537.68 s and 530.25 s, implying that the computational efficiency of using both kernels is comparable.

4.7. 2D colliding rubber rings

In order to assess the stability and accuracy in cases with irregular initial particle distributions in more complex geometries, this
section simulates the well-known benchmark case of the collision of two rubber rings, which was first simulated by Swegle et al.
[11] and also investigated in Refs [57,59-61]. In this case, two rings, each with an inner radius of 0.03 and an outer radius of 0.04,
approach one another at an initial velocity magnitude denoted by v,, and a preliminary center-to-center gap of 0.09. The rings are
characterized by material properties: a density of p, = 1200, Young’s modulus E = 1 x 107, and Poisson’s ratio v = 0.4. The setup
employs an initial particle spacing of 0.001 and an initial velocity value of vy = 0.06¢, and conducts trials using the Wendland and
Laguerre-Gauss kernels, respectively.

Fig. 13 depicts the Mises stress contours, generated using the Wendland (a) and Laguerre-Gauss (b) kernels with an initial particle
spacing of 0.001 and initial velocity magnitude of v, = 0.06¢, at different moments. Although the quantitative comparison is not easy
due to the lack of convergent numerical results, one can still observe that the particle distribution, as shown in the inserts of Fig. 13,
obtained by the latter kernel is more uniform than that by the former one.

4.8. 3D oscillating plate

In this section, we simulate the oscillation of a 3D thin plate to validate the robustness and accuracy of the truncated Laguerre-
Gauss kernel in 3D dimensions. Following Refs. [62-64], a square plate is set as the length L = 0.4 m, width W = 0.4 m and height
H =0.01 m with the density p, = 1000.0 kg/m?, Young’s modulus E = 100.0 MPa and Poisson’s ratio v = 0.3 and the simulation time
is t = 0.07 s. Under the condition that the support effect is applied on the centerline of lateral faces, i.e. the corresponding particle is
fixed in the z-direction, the initial velocity v, along the z-direction is given as

mzx . nry ’ (38)
w

where m and n control the x— and y— directional vibration modes, respectively. Also, the theoretical vibration period of the plate is
given by

Z2[mpy npt [eH
r=2 |+ VS (39)

with the flexural rigidity D= EH?/ [12(1 — v*)|. Also, we apply three spatial resolutions H /dp=5,7 and 9 in the case.

Fig. 14 presents the Mises stress contour ranging from 0 MPa to 0.28 MPa with the vibration mode of (m,n) = (2,1) at t =0.00279 s
and (m,n) = (2,2) at t = 0.00219 s using the Laguerre-Gauss kernel with the spatial resolution H /dp =9, showing the proposed kernel
enables obtaining smooth results of Mises stress. Also, Fig. 15 illustrates the oscillation period of the kinetic energy for the vibration
modes (m,n) =(2,1) and (2,2) using the Laguerre-Gauss kernel at three different resolutions, the comparison to the results obtained
using the Wendland kernel and the kinetic theoretical solution with H /dp =5, shows that the Laguerre-Gauss kernel can obtain
higher accuracy. Also, in both vibrational modes, the elastic strain and total energy using the Laguerre-Gauss kernel with H /dp=9
are displayed in Fig. 15, the magnitude and duration of the kinetic energy remain unchanged and the current elastic strain energy,
calculated from the deformation gradient, exhibits a slight disparity in amplitude compared to the kinetic energy, as anticipated [39].

v,(x,y) =sin
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Fig. 13. 2D colliding rubber rings: The Mises stress contour ranging from 0 MPa to 2.0 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with the initial
particle spacing of 0.001 and initial velocity magnitude v, = 0.06¢, at various time instants ¢ = 0,0.002,0.005,0.008 and 0.012.
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Fig. 14. 3D oscillating plate: The Mises stress contour ranging from 0 MPa to 0.28 MPa with the vibration mode of (m,n) = (2,1) at t = 0.00279 s (left panel) and
(m,n) =(2,2) at t = 0.00219 s (right panel) using the Laguerre-Gauss kernel with the spatial resolution H /dp=9.

This confirms that quite good energy-conservation property [63,64] is obtained using the proposed kernel. Besides, it is observed
that with the increase in spatial resolutions, the results are convergent. The wall-clock time for simulation of the vibration mode of
(m,n) = (2,1) obtained by total Lagrangian SPH using the Wendland and Laguerre-Gauss kernels with spatial resolution H /dp =9
in entire process are approximately 21910.9 s and 21906.0 s, respectively, showing that the computational efficiency of using the
Laguerre-Gauss kernel is at the same level as that of using the Wendland kernel.
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Fig. 15. 3D oscillating plate: The oscillation period of the kinetic energy for the vibration mode of (m,n) = (2,1) (upper panel) and (2,2) (bottom panel) using the
Laguerre-Gauss kernel with the spatial resolution as H /dp=15,7 and 9, and the comparisons with the results using the Wendland kernel and the kinetic theoretical
solutions with H /dp = 5. Besides, the elastic strain energy and total energy obtained by the Laguerre-Gauss kernel are also displayed with H /dp=9.

4.9. 3D bending column

We also consider a bending-dominated problem called bending column to investigate the robustness and accuracy of the Laguerre-
Gauss kernel further. Following Refs. [65,39], a rubber-like material with a length of L = 6 m, a height of H =1 m and a square
cross-sectional area which is fixed at the bottom is applied in the numerical simulations. At the same time, the initial velocity

conditions are given as v, = 10(73, %,O)T, density py = 1100 kg/m?>, Young’s modulus E = 17 MPa and Poisson’s ratio v = 0.45. Also,

three spatial resolutions, including dp=1/6, dp=1/12 and dp = 1/24, are applied for the convergence study.

Fig. 16 displays the Mises stress contour, generated through the Wendland (a) and Laguerre-Gauss (b) kernels with the resolution
H /dp =12 at different time instants. This illustrates that the stress distribution is smooth when applying the proposed kernels,
and the outcomes from both kernels exhibit consistency. Besides, Fig. 17 portrays the vertical position z observed at the top of the
column [39] using the Laguerre-Gauss kernel at three different resolutions dp=1/6,1/12 and 1/24, and their comparisons with the
Wendland kernel at the resolution dp = 1/6 as well as the result obtained by Aguirre et al. [66], showing that the Laguerre-Gauss
kernel can improve accuracy significantly compared to the Wendland kernel as expected and the results converge rapidly with the
increase of the spatial resolutions. Also, Fig. 18 illustrates the z-axis velocity at the top of the column [67], utilizing the Wendland
and Laguerre-Gauss kernels across three distinct resolutions. The observation confirms that both kernels yield consistent results at
higher resolutions dp = 1/24. Moreover, at lower resolutions dp = 1/6, the velocity profile obtained using the Laguerre-Gauss kernel
is significantly more accurate than that using the Wendland kernel.
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Fig. 16. 3D Bending column: The Mises stress contour ranging from 0 MPa to 2.8 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with the spatial resolution
H /dp =12 at different time instants.
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Fig. 17. 3D Bending column: The vertical position z located at the top of the column [39] using the Wendland and Laguerre-Gauss kernels with three different
resolutions and the comparisons with the reference data from Aguirre et al. [66].

5. Summary and conclusion

In this paper, the error of the truncated Laguerre-Gauss kernel is analyzed, and the results show that the proposed kernel intro-
duces much less truncation error and relaxation residue after particle relaxation than the Wendland and Laguerre-Wendland kernels,
indicating its considerably improved accuracy and stability. Furthermore, a set of 2D and 3 D numerical examples for fluid dynamics
and solid dynamics are tested and have demonstrated that using the proposed kernel enables obtaining considerably higher accuracy
than the Wendland kernel with comparable computational efficiency. Note that although we here focus on the 4th-order Laguerre-
Wendland and Laguerre-Gauss kernels, it is also interesting to study whether other high-order kernels, such as those proposed in Refs.
[20,14,15,22], have similar properties as future work. Also note that the truncated Laguerre-Gauss kernel studied here is limited in
the Eulerian SPH method for fluids and total Lagrangian SPH method for solids, as a choice for general numerical discretization, it
can be applied for more complex problems, such as multi-phase flows. However, its applicability and numerical stability within the
updated Lagrangian framework still necessitates further investigation.
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Fig. 18. 3D Bending column: The velocity along the z-axis at the top of the column [67] using the Wendland and Laguerre-Gauss kernels with three different resolutions.
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