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Abstract

As one of the meshless methods, smoothed particle hydrodynamics (SPH) can be
formulated in both Lagrangian and Eulerian frameworks for flow simulations. Com-
pared to the former, the latter reduces numerical errors and offers higher computa-
tional efficiency as its fixed and optimal particle distribution. The Eulerian SPH
method is a potential meshless alternative to a traditional Eulerian mesh-based finite
volume method (FVM) in computational fluid dynamics (CFD). While previous re-
search has analyzed the differences between these two methods, a rigorous compar-
ison of their performance and computational efficiency is limited by constraints re-
lated to the normal direction of interfaces. To address this limitation, the first part of
this thesis focuses on developing a certain form of the Eulerian SPH method, which
introduces kernel gradient correction to release the directional constraints. This ap-
proach allows for the algorithmic equivalence between the Eulerian SPH and FVM.
Besides, the mesh-based FVM using a shared solver is implemented within a unified
SPH codebase by developing a parser to extract relevant information from mesh files
exported in the ".msh" format using the commercial software ICEM. Consequently, a
rigorous comparison between these two methods is achieved. Several cases, includ-
ing compressible and incompressible flows, are tested, demonstrating that while the
Eulerian SPH method produces smoother results and, when employing the high-
order kernels, achieves a faster convergence rate, it requires more computational
effort. Despite achieving algorithmic equivalence between these two methods, no-
table differences remain in boundary treatment. The second part of this thesis aims
to further enhance algorithmic equivalence and pave the way for the strong cou-
pling of these methods within a unified framework. Incorporating the FVM bound-
ary algorithm into the Eulerian SPH method is a critical step to achieving this strong
coupling. This is accomplished by allocating additional storage space for particles
in the boundaries to meet FVM’s boundary treatment, with flux contributions from
the boundary surface relying on the zero-order consistency. Numerical examples
involving complex geometries and various boundary conditions have been tested,
demonstrating the method’s accuracy and reliability. To improve the numerical ac-
curacy of the Eulerian SPH method, the third part of this thesis introduces a high-
order scheme, i.e., the Weighted Essentially Non-Oscillatory (WENO) reconstruc-
tion. The key idea is to construct a four-point stencil along each interacting particle
pair and apply WENO reconstruction to determine particle interactions with the
Riemann solver. This construction is applied to the Riemann-based Eulerian SPH
method with dissipation limiters. Several numerical examples demonstrate that the
method can produce smooth results while significantly reducing numerical dissipa-
tion. Another approach for improving numerical accuracy is the implementation of
high-order kernel methods. This is achieved using kernels characterized by non-
monotonic, non-positive regions and high-order vanishing moments for reduced
smoothing errors with sufficiently large compact support for decreased integration
error. To avoid excessive computational cost from large compact supports, the 4th-
order Laguerre-Gauss kernel with an appropriate gradient magnitude is employed.
The fourth part of this thesis analyzes the error of the Laguerre-Gauss kernel with
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the same compact support as the widely used Wendland kernel. This high-order
kernel achieves significantly smaller relaxation residue and truncation errors than
other second and fourth-order kernels. Furthermore, a comprehensive set of 2D and
3D benchmark cases validate that the 4th-order Laguerre-Gauss kernel improves the
numerical accuracy without compromising the computational efficiency.
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Chapter 1

Introduction

1.1 Numerical methods for fluid dynamics

Fluid dynamics is crucial across industries, from aerospace or other industrial ap-
plications to biological fields. Typical examples include the transport plane, atmo-
spheric forecast, rocket engine nozzles, and carotid arteries, as shown in Figure 1.1.
With the continuous development of high-performance computers, computational
fluid dynamics (CFD) has been recognized as a promising approach to solving prac-
tical problems in the real world and also to augment the understanding of many
longstanding flow problems [1, 2].

One common approach in CFD is the classical mesh-based methods, such as the
Finite Difference Method (FDM) [3], Finite Element Method (FEM) [4], and Finite
Volume Method (FVM) [5]. These methods have achieved significant success. How-
ever, these face challenges when simulating applications involving significant topo-
logical changes. A primary limitation of mesh-based approaches is their reliance on
mesh structures, which require computationally intensive processes to generate or
regenerate high-quality meshes.

As an alternative, meshless methods, such as the smoothed particle hydrody-
namics (SPH) [6, 7], the moving particle semi-implicit (MPS) [8] and the discrete ele-
ment method (DEM) [9], have gained significant attention over the past few decades.
These numerical techniques utilize arbitrarily distributed particles to represent the
computational domain and its boundaries, allowing for the construction of govern-
ing equations across the entire domain without the need for a predefined mesh.
This topological flexibility makes meshless methods particularly advantageous for
addressing complex problems and tracking time-dependent field variables at spe-
cific material points. Furthermore, these approaches excel in multi-physics prob-
lems [10], enabling different materials to be represented by distinct sets of particles,
enhancing their versatility for various applications. This thesis focuses on the SPH
method, which was chosen for its strong theoretical foundation and well-established
principles.

1.2 Review on SPH

The SPH method, initially introduced by Lucy [6] and Gingold and Monaghan [11]
for astrophysics, has been widely applied in structural mechanics [12], and other
scientific and engineering applications [13, 14, 15]. Extensive reviews have covered
its theoretical foundations and principles, as well as diverse applications [11, 16, 17,
18]. Given the key role of SPH in this thesis, a concise overview of its methodology
is provided here.
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FIGURE 1.1: Typical examples of fluid: (a) Russian II-76 transport plane, (b) Atmo-
spheric forecast, (c) Rocket Engine Nozzles, (d) Carotid artery.

FIGURE 1.2: Schematic view of a 2D SPH particle approximation for particle i using
neighbouring particles within the support domain of the kernel function W.
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In the SPH method, partial differential equations (PDEs) are formulated in inte-
gral form, with the approximation achieved via Gaussian-like kernel function [11,
6]. Once particles discretize the computational domain, its approximation is fur-
ther conducted, i.e., the integration in the integral representation is replaced by fi-
nite summations over values of neighbouring particles within the compact support
domain, as illustrated in Figure 1.2 [19]. Specifically, SPH can be applied in both
Lagrangian and Eulerian frameworks for flow simulations. In the Lagrangian SPH
method, particles move with the flow, offering advantages in cases of topological
changes and material interfaces, such as violent free-surface flows, multi-phase in-
teractions, and fluid-structure interaction (FSI) with flexible or rigid bodies [20, 21,
22, 23]. However, such flexibility can result in irregular particle distributions and
numerical inaccuracies, necessitating particle regularization techniques [24, 25, 26,
27]. On the other hand, the Eulerian SPH method, with its fixed particle positions,
maintains the initial optimal distribution, reducing the large numerical errors [28,
29]. This improves overall accuracy as shown in recent studies [30, 31, 32] and typ-
ically offers higher computational efficiency due to the fixed particle configuration
[33]. For additional details on SPH theory and fundamentals, see Section 2.2. In the
Lagrangian SPH framework, particle approximations are recalculated at each advec-
tion time step based on the evolving local particle distribution [34], whereas in the
Eulerian SPH framework, these approximations are performed only once [35, 32].

Many researchers have studied the numerical aspects of the Eulerian SPH method,
including its accuracy, stability, convergence, and efficiency [17]. Despite significant
advancements, several issues within the Eulerian SPH method still require attention.
Firstly, in the SPH community, it is recognized that the pairwise particle interac-
tion relying on kernel formulation in SPH discretization can be seen as analogous to
the numerical flux at the interface of two computational cells in traditional Eulerian
mesh-based methods, such as FVM [36, 26, 37]. Neuhauser [38] provides a detailed
analogy, allowing an FVM discretization to utilize the Riemann solver developed for
the arbitrary-Lagrangian-Eulerian (ALE) SPH framework within the same software.
However, the extent of this analogy between the Eulerian SPH and FVM remains
unexplored, and the rigorous comparison between these two methods requires in-
vestigation. Secondly, while both FVM and Eulerian SPH methods in Wang et al. [39]
utilize the same discretized conservation equations along with unified techniques,
the handling of boundary conditions differs between particle-based and mesh-based
approaches. Consequently, incorporating the FVM boundary algorithm into the Eu-
lerian SPH method is essential, as it not only aligns the Eulerian SPH method more
closely with FVM but also plays a pivotal role in developing a unified SPH frame-
work that enables strong and robust coupling between these two methods. Thirdly,
enhancing the numerical accuracy in the Eulerian SPH method remains a critical
objective.

1.3 Aims and objectives

The main objective of this thesis is to tackle the challenges mentioned above in the
Eulerian SPH method for fluid dynamics.

To enable a rigorous comparison between the FVM and the Eulerian SPH meth-
ods, the first task is to present a certain form of the Eulerian SPH method that incor-
porates a kernel gradient matrix [40], which mitigates constraints related to interface
normal directions, achieving algorithmic equivalence with FVM. Additionally, the
second task is to implement the traditional FVM formulation within an open-source
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SPH library [41]. This is achieved by developing a parser that extracts necessary in-
formation from the ".msh" mesh file format generated by ICEM. Finally, a rigorous
comparison between these two methods can be conducted by facilitating a shared
solver for both methods within a unified codebase. This work is detailed in Paper I
[39]

• Zhentong Wang et al. “FVM realization in Eulerian SPH: A comparative study within
unified codebase”. In: Computer Physics Communications (2025), p. 109683

which has been attached in Appendix A.1.
To enhance algorithmic consistency between these two methods, it is essential

to incorporate the FVM’s boundary algorithm into the Eulerian SPH method. By
examining the boundary treatment in FVM, which maintains the zero-order consis-
tency for the cells in the boundaries, we develop a new boundary algorithm tailored
for the Eulerian SPH framework. The key idea is that when incorporating the FVM
boundary algorithm into the SPH codebase, additional storage is allocated for the
particles in the boundaries, ensuring the necessary data is retained to meet FVM’s
boundary requirements. This work is detailed in Paper II [42]

• Zhentong Wang, Oskar J Haidn, and Xiangyu Hu. “An algorithm for the incorporation
of relevant FVM boundary conditions in the Eulerian SPH framework”. In: Computer
Physics Communications 307 (2025), p. 109429

which has been attached in Appendix A.2.
While the methods proposed in Paper I [39] and Paper II [42] introduce the

dissipation limiters for enhancing numerical accuracy, further improvements are
anticipated by employing a higher-order reconstruction scheme. The key idea in-
volves constructing a 4-point stencil for each interacting particle pair and applying
the weighted essentially non-oscillatory (WENO) reconstruction [43] to determine
particle interactions using the Riemann solver with dissipation limiters. Although
reconstruction has been implemented in the Lagrangian approach, its use within the
Eulerian framework remains unexplored. This work is detailed in Paper III [44]

• Zhentong Wang et al. “An Eulerian SPH method with WENO reconstruction for com-
pressible and incompressible flows”. In: Journal of Hydrodynamics 35.2 (2023), pp. 210–
221

which has been attached in Appendix A.3.
Although the high-order WENO scheme in Paper III [44] improves numerical

accuracy, it comes at the cost of increased computational effort. An alternative ap-
proach for increasing accuracy is to employ high-order kernel methods [45, 26],
which utilize kernels with non-monotonic and non-positive regions, as well as high-
order vanishing moments, to reduce smoothing errors while providing sufficiently
large compact support to minimize integration errors. To address the much compu-
tational cost associated with large compact support, a fourth-order Laguerre-Gauss
kernel, with the same compact support as the second-order Wendland kernel, has
been analyzed and implemented [32]. This kernel provides a substantial improve-
ment in numerical accuracy without compromising computational efficiency. This
work is detailed in Paper IV [32].

• Zhentong Wang et al. “A fourth-order kernel for improving numerical accuracy and
stability in Eulerian SPH for fluids and total Lagrangian SPH for solids”. In: Journal of
Computational Physics (2024), p. 113385

which has been attached in Appendix A.4.
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1.4 Outline

The structure of the remainder of this thesis is as follows: Chapters 2.1 to 2.3 in-
troduce the conservation equations of fluid dynamics, the fundamentals of the SPH
method, and compressible and weakly-compressible SPH formulations, including
the equation of state (EOS), Riemann-based SPH discretization equations, and time
integration schemes. Chapter 2.4 elaborates on the Eulerian SPH extension covering
dissipation limiters, a kernel correction matrix, and a particle relaxation technique.
Chapters 2.5 to 2.6 examine the similarities and differences between the FVM and
Eulerian SPH methods, as well as the implementation of FVM in the SPH codebase
for the rigorous comparison. Chapter 2.7 presents typical wall boundary treatments
and a new FVM-equivalent boundary treatment. Moreover, Chapters 2.8 and 2.9
detail the high-order WENO scheme and the fourth-order Laguerre-Gauss kernel,
respectively. Finally, Section 3 summarizes the publications associated with this the-
sis, and Section 4 provides the conclusions and outlook.
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Chapter 2

Governing equations and methods

In this chapter, we briefly summarize the governing equation of fluid dynamics and
introduce the theory and fundamentals of the SPH method. Subsequently, we dis-
cuss both the compressible and weakly-compressible SPH methods, including EOS,
Riemann solvers, and time integration. We also explore the Eulerian SPH extensions,
which incorporate dissipation limiters, a kernel correction matrix, and a particle re-
laxation technique. Following this, we present the rigorous comparison between the
Eulerian SPH and FVM, and realize the latter in the former framework. Addition-
ally, we propose a new FVM-equivalent boundary treatment within the Eulerian
SPH framework, which aims to enhance algorithmic equivalency with traditional
FVM. Finally, we introduce and elaborate on techniques designed to improve nu-
merical accuracy, including the implementation of WENO reconstruction and the
fourth-order Laguerre-Gauss kernel.

2.1 Governing Equations

The conservation equation in the Eulerian framework is described as:

∂U
∂t

+∇ · F(U) = 0, (2.1)

where U represents the vector of conserved variables, and F(U) denotes the corre-
sponding fluxes. Specifically, these can be expressed as:

U =


ρ

ρu
ρv
ρw
E

 , F =


ρu

ρu2 + p
ρuv
ρuw

u(E + p)

+


ρv

ρvu
ρv2 + p

ρvw
v(E + p)

+


ρw

ρwu
ρwv

ρw2 + p
w(E + p)

 , (2.2)

where u, v, and w denote the velocity components, while ρ and p refer to the density
and pressure, respectively. The total energy per unit volume is expressed as E =
ρv2

2 + ρe, where e represents the internal energy. For viscous flows, a viscous force
term is incorporated into the momentum equation as:

f (ν) =
(

∂v
∂t

)(ν)

= η∇2v (2.3)

to the momentum equation. Note that the energy equation is turned off in incom-
pressible flows.
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2.2 Theory and fundamentals of the SPH method

Before detailing the governing equations’ discretization, the SPH method’s funda-
mentals and theory are first summarized.

2.2.1 Integral interpolation and particle approximation

The SPH method begins its kernel approximation of a function f (r) based on the
following fundamental identity:

f (ri) =
∫

Ω
f (r)δ(ri − r)dr, (2.4)

where f (ri) denotes f (r) at a position ri, δ(ri − r) the Dirac delta function and Ω the
volume of the integral domain. When using the Dirac delta function, this integral in-
terpolation ensures the exact reproduction of f (r). However, Eq. (2.4) is unsuitable
for constructing numerical models since the Dirac delta function is only defined at
a single point. If the Delta function δ(ri − r) is substituted with a smoothing func-
tion W(ri − r, h) of finite spatial size h, the kernel approximation [7] of f (ri) can be
expressed as

f (ri) ≈
∫

Ω
f (r)W(ri − r, h)dV(r), (2.5)

where h denotes the smoothing length, which determines the effective area of the
smoothing kernel. If the computational domain is discretized into N neighbouring
particles (points) r1, r2, · · · rN , and the value of f (ri) is only available at these parti-
cles, its approximation can be expressed as:

∫
Ω

f (r)W(ri − r, h)dV(r) ≈
N

∑
j=1

f (rj)W(ri − rj, h)dVj, (2.6)

where j represents a neighboring particle, and dVj is the differential volume. When
the differential volume element dVj is replaced with mj/ρj, the approximation be-
comes:

f (ri) ≈
∫

Ω
f (r)W(ri − r, h)dV(r) ≈

N

∑
j=1

mj

ρj
f (rj)W(ri − rj, h). (2.7)

The summation considers particles within a circle of radius kh centred at particle i
with position ri, as illustrated in Figure 2.1.

Using the SPH kernel approximation from Eq. (2.5), the gradient of a scalar func-
tion f can be expressed as:

∇ f (ri) ≈
∫

Ω
∇ f (r)W(ri − r, h)dV(r). (2.8)

The right-hand side of Eq. (2.8) is integrated by parts and applying Gauss’s theorem
and can be expressed as∫

Ω
∇ f (r)W(ri − r, h)dV(r) =

∫
S

f (r)W(ri − r, h)ndS(r)−
∫

Ω
f (r)∇W(ri − r, h)dV(r),

(2.9)
where n represents the unit outward vector normal to the surface S. Given that the
smoothing function W typically has compact support, will be noted in Eq. (2.17),
the value of W at the boundary of the integral in Eq. (2.9) is zero. Consequently,
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FIGURE 2.1: Sketch of particle approximation of SPH method. Here, κh presents the
support length of the smoothing kernel W. The green particles are searched for the
particle i, and the orange particles are not the neighbouring particles.

the surface integral on the right-hand side of Eq. (2.8) becomes zero. Therefore, the
kernel approximation for the derivatives can be expressed using Eq. (2.8) as

∇ f (ri) ≈ −
∫

Ω
f (r)∇W(ri − r, h)dV(r). (2.10)

Applying particle approximation, described by Eq. (2.5) to Eq. (2.7), Eq. (2.10) can
be rewritten as

∇ f (ri) ≈ −
∫

Ω
f (r)∇W(ri − r, h)dV(r) ≈

N

∑
j=1

mj

ρj
f (rj)∇W(ri − rj, h). (2.11)

Here, ∇W(ri − rj, h) = ∇Wij =
∂Wij
∂rij

eij, where eij = − ∇Wij

|∇Wij| = −rij/rij with rij =

ri − rj denoting the displacement pointing from particle j to i.
Similarly, the SPH approximation of divergence of a vector function F(r) at a

position ri can be derived as

∇ · F(ri) ≈
∫

Ω
∇ · F(r)W(ri − r, h)dV(r) =

∫
Ω

F(r) · ∇W(ri − r, h)dV(r)

≈
N

∑
j=1

mj

ρj
F(rj) · ∇W(ri − rj, h).

(2.12)

The first step in the approximation process is the smoothing approximation, wherein
a smooth kernel function replaces the Dirac delta function, and introduces the smooth-
ing error Es. The second step involves integration by parts, assuming that the kernel
function vanishes at the domain boundary. The third step is the integration approx-
imation, achieved by performing a summation over all neighbouring particles, and
introduces the integration error Er. Consequently, the truncation error Et is obtained
by Et = Es + Er. To simplify notation, f (r) at positions ri and rj will henceforth be
denoted as fi and f j, respectively. Following Ref. [46], Eq. (2.11) can be reformulated
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in a strong form as
∇ fi = ∇ fi − fi∇1 ≈ ∑

j
fij∇WijVj, (2.13)

with fij = fi − f j. Also, the modification in a weak form as

∇ fi = ∇ fi + fi∇1 ≈ −2 ∑
j

f̄ij∇WijVj, (2.14)

with f̄ij = ( fi + f j)/2.

2.2.2 Kernel properties

In the SPH method, a smoothing function is employed to approximate a given func-
tion and its derivatives while meeting fundamental requirements. Following Refs.
[47, 17, 48], a kernel function adheres to three key conditions:

• The normalization (unity) condition, which requires the kernel function to sat-
isfy: ∫

V

W(ri − r, h)dV = 1. (2.15)

• As the smoothing length approaches zero, the kernel function must exhibit the
Dirac delta function property:

lim
h→0

W(ri − r, h) = δ(ri − r). (2.16)

• The compact support condition, which ensures that:

W(ri − r, h) = 0, when |ri − r| > κh, (2.17)

where κ determines the size of the compact support.

2.2.3 Kernel functions

The smoothing kernel plays a crucial role in determining the consistency and accu-
racy of SPH approximations. Below is a summary of the most widely used smooth-
ing kernels [48, 16, 11, 49, 50, 51]. In the initial SPH study by Lucy [6], a bell-shaped
kernel was utilized, given by:

W(q, h) = ad

{
(1 + 3q)(1 − q)3 if q ≤ 1
0 if q > 1

, (2.18)

where q = |ri − rj|/h, and αd represents the normalization coefficient, with d de-
noting the dimensionality of space. Specifically, α1 = 5/(4h), α2 = 5/(πh2), and
α3 = 105/(16πh3).

In another foundational SPH work by Gingold and Monaghan [11], the Gaussian
kernel was employed to model non-spherical stars, expressed as:

W(q, h) = ad exp(−q2), (2.19)

where α1 = 1/(π1/2h), α2 = 1/(πh2) and α3 = 1/(π3/2h3). The Gaussian kernel of-
fers high smoothness, even for higher-order derivatives, making it a "gold standard"
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for stability and accuracy, particularly with disordered particles. However, the inter-
polation of the Gaussian kernel extends across the entire computation domain since
it does not have a compact support. While the contribution from distant particles
quickly diminishes, this characteristic limits its practicality for many applications
[52].

Monaghan [51] introduced the cubic spline kernel to enhance computational effi-
ciency by providing a compact support similar in shape to the Gaussian kernel. The
expression for this cubic spline kernel is given by:

W(q, h) = ad


2
3 − q2 + 1

2 q3 if 0 ≤ q ≤ 1
1
6 (2 − q)3 if 1 ≤ q ≤ 2,
0 if 2 ≤ q

, (2.20)

where α1 = 1/h, α2 = 15/(7πh2) and α3 = 3/(2πh3). Due to its similarity to the
Gaussian kernel but with narrower compact support, this kernel has found exten-
sive use in SPH applications. However, this kernel may lead to the so-called tensile
instability in which particles tend to appear pair clumping [53, 54].

Wendland [47] proposed a class of smoothing kernels for SPH method to mitigate
problems such as particle clustering and numerical instability. The Wendland kernel
is expressed as follows:

W(q, h) = ad

{
(1 + 2q)(2 − q)4 if 0 ≤ q ≤ 2
0 if 2 ≤ q,

, (2.21)

where α2 = 7/(64πh2) and α3 = 21/(256πh3).
Typically, the accuracy of the SPH method [24, 26] is influenced by the smoothing

error Es and integration error Er. The smoothing error is determined by the vanish-
ing moments of the kernel function, whereas the integration error arises from the
particle summation over neighbouring particles within the cut-off radius. To inves-
tigate the smoothing error of these kernels, function f (r) is expanded using Taylor
series expansion and is rewritten Eq. (2.5) as∫

Ω

f (r)W(ri − r, h)dV(r) =

f (ri)
∫
Ω

W (r − ri, h) dV(r) +∇ f (ri)
∫
Ω

(r − ri)W (r − ri, h) dV(r) +O(h2).

(2.22)
With the normalization condition and even function condition, it is easy to derive∫

Ω

f (r)W(ri − r, h)dV = f (ri) +O(h2), (2.23)

indicating that these kernels remain 2nd-order smoothing error.

2.3 Compressible and weakly-compressible SPH methods

In this section, the SPH approach is applied to solve the compressible and incom-
pressible flow problems, and the discretized formulation of the governing equations
is presented.
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FIGURE 2.2: Construction of Riemann problem along the interacting line of particles i
and j where the interface is assumed to pass the middle point and the normal of that
is along the interaction line (left panel); Simplified Riemann fan with two intermediate
states (right panel).

2.3.1 Equation of state

To close the Eq. (2.1), the EOS is included

p =

{
ρ(γ − 1)e For compressible flows
c2(ρ − ρ0) For incompressible flows

, (2.24)

where γ represents the heat capacity ratio and ρ0 is the reference density. Following
the ideal gas equation in compressible flows and the weakly-compressible assump-
tion in incompressible flows, the speed of sound is given by

c =

{√
γp
ρ For compressible flows

10Umax For incompressible flows
, (2.25)

where Umax represents the maximum velocity in the flow field, ensuring density
variation is controlled below 1%.

2.3.2 Riemann-based discretization equations

In the SPH formulation, pairwise particle interactions are represented using a flux-
based approach. Specifically, the flux of mass, momentum, and energy across the
interface between interacting particles is computed by solving a one-dimensional
Riemann problem along the interaction line, denoted as eij, as shown in Figure 2.2
(left panel). For the Riemann solution, the left (Ul) and right (Ur) states, shown in
Figure 2.2 (right panel), of the Riemann problem are defined as [37]{

(ρl , pl , ul , El) = (ρi, pi, vi · eij, Ei)
(ρr, pr, ur, Er) = (ρj, pj, vj · eij, Ej)

, (2.26)
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assuming that the discontinuity or interface is located at the middle point r̄ij = (ri +
rj)/2. Then, the Euler equation of Eq. (2.1) can be discretized as [36, 37]

∂
∂t (Viρi) + 2Vi ∑j Vj(ρv)∗E,ij · ∇Wij = 0
∂
∂t (Viρivi) + 2Vi ∑j Vj

[
(ρv ⊗ v)∗E,ij + p∗E,ijI

]
· ∇Wij = 0

∂
∂t (ViEi) + 2Vi ∑j Vj

[
(Ev)∗E,ij + (pv)∗E,ij

]
· ∇Wij = 0

. (2.27)

Here, V represents the particle volume, I the identity matrix, and terms ()∗E,ij the
solution of Riemann problem [36]. For the viscous flows, the viscous term in Eq.
(2.3) can be discretized as follows:

f (ν)i = 2 ∑
j

Vj
η

ρi

vij

rij

∂Wij

∂rij
, (2.28)

with vij = vi − vj and rij denoting the velocity difference and the distance between
particles i and j, respectively.

The solution of the Riemann problem results in three waves emanating from the
discontinuity, denoted by (ρ∗l , u∗

l , p∗l , E∗
l ) and (ρ∗r , u∗

r , p∗r , E∗
r ) as shown in Figure 2.2

(right panel). Two waves, which can be shock or rarefaction waves, travel with the
smallest wave speed Sl or the largest wave speed Sr. The middle wave S∗ is a con-
tact discontinuity and separates two intermediate states. Toro [55, 56] has proposed
the Harten–Lax–van Leer contact (HLLC) solver based on the Harten–Lax–van Leer
(HLL) scheme [57] for the more accurate and robust approximation of the Riemann
problem for compressible fluid flows. In the HLLC scheme, the wave speeds Sl and
Sr estimate for the left and right regions, respectively, are

Sl = ũ − c̃, Sr = ũ + c̃, (2.29)

where ũ and c̃ denoting the average particle and sound speed detailed in Refs. [55,
56]. Then, the intermediate wave speed S∗ is calculated as

S∗ =
ρrur (Sr − ur) + ρlul (ul − Sl) + pl − pr

ρr (Sr − ur) + ρl (ul − Sl)
. (2.30)

Furthermore, other states in the star region can be derived as

p∗ = pl + ρl (ul − Sl) (ul − u∗) = pr + ρr (Sr − ur) (u∗ − ur) , (2.31)

v∗ = u∗eij +

[
1
2
(vl + vr)−

1
2
(ul + ur)eij

]
, (2.32)

ρ∗l/r = ρl/r
(Sl/r − ul/r)

(Sl/r − u∗)
, (2.33)

E∗
l/r =

(Sl/r − ul/r) El/r − pl/rul/r + p∗u∗

Sl/r − u∗ , (2.34)

with u∗ = S∗.
For incompressible fluid flows, under the assumption that the intermediate states

fulfil p∗l = p∗r = p∗ and u∗
l = u∗

r = u∗, a linearised Riemann solver [58] can be
formulated as {

u∗ = ul+ur
2 + 1

2
(pl−pr)

ρ̄c̄

p∗ = pl+pr
2 + 1

2 ρ̄c̄ (ul − ur)
, (2.35)
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where ρ̄ and c̄ represent interface-particle averages.

2.3.3 Time integration

To enhance computational efficiency during the integration of fluid equations, the
dual-criteria time-stepping approach is utilized. As described in Refs. [34, 41, 59, 60],
this method incorporates two distinct time-step size criteria: the advection criterion,
denoted as ∆tad, and formulated as

∆tad = CFLad
h

|v|ad
, (2.36)

where the particle advection speed |v|ad is given by

|v|ad = max(|v|max, max(
ν

h
, Ure f )), (2.37)

and the acoustic criterion, indicated as ∆tac, is defined as

∆tac = CFLac
h

|v|max + c
, (2.38)

with CFLad = 0.25 and CFLac = 0.6. Here, |v|max, ν, and Ure f represent the maximum
particle fluid speed, kinematic viscosity, and reference velocity, respectively.

2.4 Eulerian SPH with extensions

2.4.1 Dissipation limiters

To address the excessive numerical dissipation in Riemann problems, a variety of
high-order techniques have been developed, such as the second-order Monotone
Upwind-centered Scheme for Conservation Laws (MUSCL) [61] and the third-order
Piecewise Parabolic Method (PPM) [62] [46]. Despite their effectiveness, these ap-
proaches tend to impose substantial computational burdens due to the time-consuming
data reconstruction processes. To balance computational efficiency and numerical
accuracy, an effective dissipation limiter has been integrated into the HLLC Riemann
solver for compressible flow simulations [59]. The middle wave speed and pressure
in the star region are given by:{

u∗ = ρlulcl+ρrurcr
ρlcl+ρrcr

+ pl−pr
ρlcl+ρrcr

β2
HLLC

p∗ = pl+pr
2 + 1

2 βHLLC [ρrcr (u∗ − ur)− ρlcl (ul − u∗)]
. (2.39)

Here, the limiter [59] is defined as:

βHLLC = min
(
ηHLLC max(

ul − ur

c̄
, 0), 1

)
. (2.40)

For expansion waves (ul < ur), there is no dissipation, while during compression
waves (ul > ur), the dissipation is modulated by the parameter ηHLLC. Numerical
experiments suggest ηHLLC = 1 to ensure stability and accuracy for compressible
flows in the Eulerian SPH framework.
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For incompressible flows, the middle wave speed and pressure in the linearized
Riemann solver are calculated as:{

u∗ = ul+ur
2 + 1

2
(pl−pr)

ρ̄c̄ β2
linearisd

p∗ = pl+pr
2 + 1

2 βlinearisdρ̄c̄ (ul − ur)
, (2.41)

where the limiter is defined as

βlinearisd = min
(
ηlinearisd max(

ul − ur

c̄
, 0), 1

)
. (2.42)

Based on numerical experiments, ηlinearised = 15 is recommended to maintain stabil-
ity and accuracy for incompressible flows. Unlike the limiter used in the Lagrangian
SPH framework [37], the limiter in velocity term is also incorporated within the Eu-
lerian SPH approach to mitigate excessive dissipation from the convection term in
the momentum equation. Additionally, the value of ηHLLC = 1 for compressible
flows is different form ηlinearised = 15 for incompressible flows, as the compressible
framework has additional numerical dissipation in the energy equation compared
to the incompressible framework.

2.4.2 Kernel correction matrix

To further improve numerical accuracy, a kernel gradient correction [59, 40, 63] is
also introduced:

Bi = −
(

∑
j

rij ⊗∇WijVj

)−1

. (2.43)

To maintain the conservative property, the kernel correction in a conservative form
is defined as:

∇′
Wij =

Bi + Bj

2
∇Wij, (2.44)

to replace the original kernel gradient ∇Wij in Eq. (2.27).

2.4.3 Particle relaxation technique

It is well established that the distribution of particles plays a critical role in determin-
ing numerical accuracy [24]. In the SPH method, particles are initially arranged in a
lattice pattern, which often proves inadequate for accurately conforming to the sur-
faces of complex geometries in real-world applications. Therefore, a straightforward
and effective method proposed by Zhu et al. [64] is adopted to generate the body-
fitted particle distribution. In this method, the geometry is imported before particle
relaxation. The initial particles with lattice distribution are physically moved under
a constant background pressure, expressed as

ai = − 2
ρi

∑
j

Vj∇Wij. (2.45)

When the acceleration ai is zero, particles that are not in the boundaries reach sta-
ble positions, satisfying the zero-order consistency condition ∑j Vj∇Wij = 0, which
indicates that a constant field is being reproduced. Although kernel gradient cor-
rection is important for improving numerical accuracy, it has implications for zero-
order consistency. Therefore, integrating kernel gradient correction is essential for
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TABLE 2.1: Error analysis of SPH approximation for d f /dx with a constant function
f = 1 using the Wendland kernel without and with the kernel gradient correction in the
relaxed distribution.

Without-B With-B
L1(d f /dx) 2.9693 × 10−4 2.9636 × 10−4

FIGURE 2.3: Flux Integration: Over neighbouring particles in SPH method (left panel);
Over neighbouring cells in finite volume method (right panel).

the error analysis related to zero-order consistency. For this error analysis, L1 nor-
malization is employed, given by:

L1(d f /dx) =
1
N ∑

i

∣∣∣∣∣∇ fi − 2 ∑
j

f̄ij∇WijVj

∣∣∣∣∣ , (2.46)

where 2 ∑j f̄ij∇WijVj is the weak form [46] of the SPH approximation, with f̄ij =
1
2 ( fi + f j), ensuring conservation as described in Eq. (2.14). In this study, we ana-
lyze a circular geometry with a diameter of D = 2 and a resolution of dp = D/20.
A relaxed particle distribution is applied using the Wendland kernel [47], and an
error analysis is conducted for d f /dx with f = 1 to assess zero-order consistency.
The L1 error, presented in Table 2.1, is analyzed under two conditions: without and
with kernel gradient correction. The results indicate that applying the kernel gradi-
ent correction has minimal impact on the approximation error. Thus, the Eulerian
SPH method, coupled with the kernel gradient correction, still maintains zero-order
consistency.

2.5 Comparison between Eulerian SPH and FVM

To explore the Eulerian SPH formulation and compare it with FVM, a 2D graphical
illustration of both methods is provided in Figure 2.3.

Regarding the similarities between the two approaches, both update the con-
served variables by calculating the interacting flux between pairwise particles or
cells across all neighbouring elements. In addition, by analogy with the form of the
SPH discretization of Eq. (2.27), both methods can be written uniformly [59] as
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∂

∂t
(ωiUi) + ∑

j
Fij (U) · Aij = 0. (2.47)

Here, Aij is a vector representing the interface area along the normal direction to the
interface.

Furthermore, we can evaluate the differences between the two methods in terms
of the Eq. (2.47). The representations of Aij differ and are indicated respectively as

Aij =

AESPH
ij =

∣∣Aij
∣∣nESPH

ij = 2ViVj∇Wij = 2ViVj
∂Wij
∂rij

eESPH
ij In Eulerian SPH

AFVM
ij =

∣∣Aij
∣∣nFVM

ij = SijnFVM
ij In FVM

,

(2.48)
where Sij represents the interface size between cell i and j, with the interface unit
normal vector between particles i and j denoted as nSPH

ij for the Eulerian SPH, and
nFVM

ij for cells i and j in FVM. In the SPHinXsys library [41], which is an open-
source repository utilized in our study, the kernel gradient ∇Wij is represented by

storing separately the gradient magnitude, ∂Wij
∂rij

, and the unit displacement vector,

eSPH
ij . Additionally, the displacement rSPH

ij =
∣∣∣rSPH

ij

∣∣∣ eSPH
ij is stored using both the

distance
∣∣∣rSPH

ij

∣∣∣ and eSPH
ij . In FVM, the mesh center is referred to as the centroid,

and the displacement between centroids i and j, denoted as rFVM
ij =

∣∣∣rFVM
ij

∣∣∣ eFVM
ij ,

is represented along the direction eFVM
ij . However, fluxes through the interface are

aligned with the unit normal vector nFVM
ij , as depicted in Figure 2.3 (right panel). It is

important to note that in FVM, the interface unit normal vector nFVM
ij is independent

of the direction of eFVM
ij . Thus, a significant distinction between Eulerian SPH and

FVM is that in Eulerian SPH, the interface normal vector nSPH
ij must align with the

displacement direction eSPH
ij [38].

To establish equivalence between these two methods, the kernel correction ma-
trix in Eq. (2.43) is applied to release the constraint and adjust the direction normal
to the interface along (eSPH

ij )
′
, as depicted in Figure 2.3 (left panel). The modified

normal direction is given by

(eSPH
ij )

′
=

∇′
Wij∣∣∇′Wij
∣∣ . (2.49)

The interface between two particles in the Eulerian SPH is conceptually similar to
the one between cells in FVM, despite being virtual. After releasing the constraint,
a virtual mesh structure emerges, which can be considered as generated by the SPH
approach. This mesh structure has the property that (eSPH

ij )
′

is orthogonal to the
corresponding virtual interface, analogous to the conventional mesh produced by
mesh-generation software. Therefore, (eSPH

ij )
′

is analogous to the traditional nFVM
ij

in mesh-based FVM.
As shown in Figure 2.3 and Eq. (2.48), the interface size, denoted by

∣∣Aij
∣∣, and

neighbouring cells in the FVM are determined using pre-defined grid information,
which typically includes three or four neighbours in two or three-dimensional spaces,
respectively. On the other hand, in the SPH method, both the interface size and
neighbouring particles depend on the kernel gradient and the smoothing length h.
Typically, the number of neighbouring particles is around 20 in two dimensions and
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approximately 70 in three dimensions, considering a kernel cutoff radius of 2h, with
h defined as h = 1.3dp, where dp denotes the initial particle spacing. Moreover,
in FVM, each cell represents a completely enclosed control volume that inherently
satisfies ∑j AFVMij = 0. Conversely, in the Eulerian SPH method, due to relaxation
residues, particles not in the boundaries result in ∑j AESPH

ij ≈ 0, introducing consis-
tency errors [38], as discussed in Section 2.4.3.

2.6 Mesh-based FVM realization in Eulerian SPH

This section presents the implementation of the mesh-based FVM within the Riemann-
based Eulerian SPH framework. To achieve this, a parser is developed to extract
essential data from an external mesh file produced by ICEM, a commercial soft-
ware tool, thereby facilitating the integration of FVM with the SPH codebase. The
mesh file provides direct access to information on node positions and mesh topol-
ogy. Utilizing this data, other necessary properties, such as interface size, interface
unit normal vectors, and distances between centroids, can be computed.

Based on the relation between two methods in Eq. (2.48), it can be deduced that

∂Wij

∂rij
=

Sij

2ViVj
. (2.50)

To adapt the traditional mesh-based FVM within the SPH framework, following the
SPHinXsys data structure, we represent the FVM’s storage analogous to the SPH
method. This includes two components: the interface unit normal vector nFVM

ij and

the magnitude of kernel gradient Sij
2ViVj

where nFVM
ij and Sij are calculated from the

mesh information. It is crucial to note that Sij
2ViVj

in FVM is labeled as the magnitude
of the kernel gradient but is solely influenced by the interface size, independent of
the kernel itself. This ensures data structure consistency and allows compatibility
in the SPH codebase, thus enabling the realization of both mesh-based FVM and
SPH methods. Additionally, we store rFVM

ij within the storage of rij, which is used
in calculating the viscous force in Eq. (2.28). With this equivalence between the
Eulerian SPH and FVM, as outlined in Section 2.4.2, the same Riemann solver and
dissipation limiters from Eqs. (2.39) and (2.41) can be consistently applied across
both methods.

2.7 Boundary treatment

2.7.1 Wall boundary treatment

Handling wall-boundary conditions is one of the most challenging aspects of the
SPH method, and numerous approaches have been developed to address this prob-
lem [65, 66]. Below, we provide a brief summary of three techniques from the litera-
ture for treating wall-boundary conditions:

• The ghost particle technique, illustrated in Figure 2.4 (left panel), is extensively
employed in particle-based methods to enforce boundary conditions. This ap-
proach involves introducing artificial particles with specified physical proper-
ties, such as pressure and velocity, to occupy the empty space within the kernel
support near boundaries. This approach efficiently mitigates nonphysical be-
haviours. However, implementing it in three-dimensional complex geometries
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FIGURE 2.4: Solid boundary treatment: ghost particles (left panel), dummy particles
(middle panel), repulsive force (right panel).

remains challenging, primarily due to difficulties associated with accurately
positioning ghost particles.

• The dummy particle method, developed by Adami et al. [65], represents bound-
aries with multiple layers of fixed particles, spaced identically to the initial
fluid particles to ensure proper convolution of the surrounding fluid particles,
as illustrated in Figure 2.4 (middle panel). These dummy particles are gov-
erned by the same continuity and momentum equations as the fluid particles.

• Monaghan and Kajtar [66] introduced a method utilizing a single layer of fixed
particles interacting with fluid particles via radial forces to enforce solid wall
boundary conditions, illustrated in Figure 2.4 (right panel). This approach is
computationally efficient and straightforward to apply, particularly for com-
plex boundaries. However, it struggles to keep stationary particles stable un-
der hydrostatic conditions.

Beyond these boundary treatments, several novel methods have been proposed,
such as the unified semi-analytical boundary approach [67]. Specifically, in the
Riemann-based SPH framework, the fluid-wall interaction is modelled by solving
a one-sided Riemann problem [68], which is one of the boundary methods imple-
mented in our work, along the direction normal to the boundary. Wall particles are
incorporated as predefined elements of the contact configuration, effectively com-
plementing the inner fluid particle configuration. In the one-sided Riemann prob-
lem, the left state is determined by the fluid particle that corresponds to the normal
direction of the local boundary, and defined as follows:

(ρl , ul , pl , El) = (ρ f ,−nw · v f , p f , E f ), (2.51)

where the subscript f refers to fluid particles, and nw indicates the direction normal
to the wall, as depicted in Figure 2.5. The right-state velocity ur is obtained based on
the physical boundary conditions of the wall as follows:

ur = 2uw − ul , (2.52)

where uw is the wall velocity. Besides, the pressure [65] in the right state is given by:

pr = pl + ρg · r f w, (2.53)

where g is the gravity force, r f w = rw − r f , and the right-state density is obtained by
applying the artificial equation of state.

2.7.2 FVM-equivalent boundary treatment

As previously mentioned, both SPH and FVM methods can be expressed as illus-
trated in Eq. (2.47). To improve clarity, we categorize all cells in FVM and particles
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FIGURE 2.5: Sketch of fluid particles interacting with fixed wall boundary particles
along the wall normal direction through the one-side Riemann problem.

FIGURE 2.6: Mesh (top panel) and particle (bottom panel) distributions and their zoom-
in views in FVM and Eulerian SPH, respectively, for a circular geometry.

in SPH into two groups: those in the boundaries and those not in the boundaries.
For cells or particles in the boundaries, we distinguish the flux contributions into
two components: from neighbouring cells/particles (denoted by jN) and from the
boundary surface (denoted by jS). For the cells or particles not in the boundaries,
jN represents all neighbouring particles within the whole compact support or all
neighbouring cells.

In FVM, cells not in the boundaries completely form closed control volumes, as
described in Refs. [59, 38]. These volumes inherently and strictly meet the condition
∑j AFVM

ij = 0, representing the zero-order consistency. For cells in the boundaries,
such as cell iFVM shown in Figure 2.6 (top panel), the control volume requires to
incorporate the boundary surface to ensure closure. Consequently, all cells adhere
to the zero-order consistency. For a better understanding, the zero-order consistency
for cells in the boundaries can be reformulated as

∑
j

AFVM
ij = ∑

jN

AFVM
ijN + AFVM

ijS = 0. (2.54)
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In a two-dimensional unstructured mesh with N = 1 or 2, as depicted by j1 and j2 in
Figure 2.6 (top panel), the flux contribution from neighbouring cells is represented
by ∑jN AFVM

ijN = ∑ jNSijN nFVM
ijN . Similarly, the flux contribution from the boundary

surface is given by AFVM
ijS = SijS nFVM

ijS . The boundary term AFVM
ijS can be directly

computed within the FVM framework since both the interface size SijS and the unit
normal vector nFVM

ijS are from the mesh file.
In the Eulerian SPH, the approximation is based on locating neighbouring par-

ticles within the compact support [11]. Once the particle relaxation process in Eq.
(2.45) is completed, it is assumed that particles not in the boundaries satisfy the
zero-order consistency. However, particles in the boundaries, such as particle iESPH

shown in Figure 2.6 (bottom panel), have an insufficient number of neighbours, lead-
ing to a failure in fulfilling the zero-order consistency condition. To address this is-
sue, similar to Eq. (2.54), strict zero-order consistency is enforced in the Eulerian
SPH method, formulated as

∑
j

AESPH
ij = ∑

jN

AESPH
ijN + AESPH

ijS = 0, (2.55)

where ∑jN AESPH
ijN = 2ViVjN ∑jN ∇WijN represents the flux contribution from all neigh-

bouring particles. Additionally, AESPH
ijS denotes the flux contribution from the bound-

ary surface. Unlike AFVM
ijS in the FVM, calculating AESPH

ijS directly is challenging
due to the difficulty of obtaining the boundary surface size within the Eulerian SPH
method. Consequently, AESPH

ijS is computed through Eq. (2.55) as presented below:

AESPH
ijS = −∑

jN

AESPH
ijN . (2.56)

Thus, particles not in the boundaries achieve approximate zero-order consistency
with minimal error, as discussed in Section 2.4.3, while particles in the boundaries
strictly adhere to the zero-order consistency. With this consistency satisfied, the flux
contribution from the boundary surface is obtained accurately, thus avoiding insta-
bilities like the one-sided flux problem.

2.8 WENO reconstruction

The WENO reconstruction is employed effectively for improving the numerical ac-
curacy. Following Ref. [43], a 4-point stencil is constructed with an incremental size
defined along each interacting particle pair, as shown in Figure 2.7. For each stencil,
the mid-point variable is expressed as

q1/2 =
3

∑
k=1

wkq(k)1/2, (2.57)

where
q(1)1/2 =

1
2

q0 +
1
2

q1, q(2)1/2 = −1
2

q−1 +
3
2

q0,

q(3)1/2 =
1
3

q0 +
5
6

q1 −
1
6

q2

(2.58)
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FIGURE 2.7: Four-point stencil and candidate stencils for the incremental-stencil WENO
reconstruction.

are the candidate stencils and wk represent the corresponding non-linear weights
calculated as

wk =
αk

3
∑

s=1
αs

, (2.59)

with

α1 = d1

(
C +

τ4

β1 + ϵ

τ4

β12 + ϵ

)
, α2 = d2

(
C +

τ4

β2 + ϵ

τ4

β12 + ϵ

)
,

α3 = d3

(
C +

τ4

β3 + ϵ

)
,

(2.60)

where d1 = 1
3 , d2 = 1

6 , d3 = 1
2 , ϵ = 10−6 and C is a physicallymotivated scale-

separation parameter. Besides, a global reference smoothness indicator τ4 given by

τ4 = [q−1(547q−1 − 2522q0 + 1922q1 − 494q2)

+ q0(3443q0 − 5966q1 + 1602q2)

+q1(2843q1 − 1642q2) + 267q2q2] /240
(2.61)

is introduced to improve the overall accuracy [69, 70]. Note that the smoothness
indicators in Eq. (2.60) are given as:

β1 = (q1 − q0)
2, β2 = (q0 − q−1)

2,

β12 =
1
4
(q−1 − q1)

2 +
13
12

(q−1 − 2q0 + q1)
2,

β3 =
13
12

(q0 − 2q1 + q2)
2 +

1
4
(3q0 − 4q1 + q2)

2.

(2.62)

For each interacting particle pair i and j, the variable values at the stencil point are
defined as:

q−1 = Φi −∇Φi · rij, q0 = Φi, q1 = Φj,

q2 = Φj +∇Φj · rij,
(2.63)

where
∇Φi = ∑

j

mj

ρj
(Φj − Φi)∇iWij (2.64)

is the gradient of primitive value Φj with a standard SPH approximation. After-
wards, the left state of the Riemann problem is ΦL = q1/2 and the corresponding



2.9. A fourth-order Laguerre-Gauss kernel 23

TABLE 2.2: Truncation errors of the SPH approximation for d f /dx with f = 1 and
f = sin (2πx) using the Wendland and Laguerre-Wendland kernels with different κ
without the kernel correction matrix.

Truncation errors κ
L1(d f /dx) Linfinity(d f /dx)

f = 1 f = sin (2πx) f = 1 f = sin (2πx)
Wendland

1.3
0.034 0.123 0.259 0.400

Laguerre-Wendland 0.070 0.673 1.880 3.506
Wendland

2.0
0.014 0.073 0.027 0.150

Laguerre-Wendland 0.010 0.018 0.028 0.046
Wendland

2.5
0.018 0.078 0.032 0.161

Laguerre-Wendland 0.005 0.009 0.017 0.030

right state ΦR can be calculated from Eq. (2.57) with the mirrored stencil defined as:

q−1 = Φj +∇Φj · rij, q0 = Φj, q1 = Φi,

q2 = Φi −∇Φi · rij.
(2.65)

2.9 A fourth-order Laguerre-Gauss kernel

2.9.1 Revisit of Laguerre-Wendland kernel

Following Litvinov et al. [26], both the Laguerre-Wendland and Laguerre-Gauss
kernels exhibit a second vanishing moment and a fourth-order smoothing error. The
Laguerre-Wendland kernel [26] is defined as:

wLW(s) = CLW(1 − ϵ2s2 + ϵ4s4/6)(1 − s)6
+(1 + 6s + 35/3s2), (2.66)

where (·)+ = max(0, ·), s = |r| /h, with the normalization constant CLW ≈ 7.591
and the scaling factor ϵ ≈ 2.821 for the range s ∈ [0, 1]. The Laguerre-Wendland
kernel has not seen extensive practical use due to its significantly larger integration
error than the widely employed second-order Wendland kernel. In this work, we
revisit the Laguerre-Wendland kernel to explore the reason for the large integration
error. Analysis and comparison of kernel profiles and their derivatives, as shown
in Figure 2.8, reveal that the gradient magnitude of the Laguerre-Wendland kernel
is significantly larger than that of the Wendland kernel. Thus, we utilize various κ,
including κ = 1.3, 2.0, and 2.5, representing different total numbers of neighbouring
particles to investigate the integration error. To facilitate quantitative analysis, L1-
norm and Linfinity-norm, i.e., Linfinity(d f /dx) = max

i

∣∣∣∇ fi + 2 ∑j f̄ij∇WijVj

∣∣∣, errors are

given.
This study employs a circular domain with a diameter of D = 2 with the resolu-

tion of dp = 1/60. We assess the SPH approximation of the derivatives for two
distinct functions: a constant function f = 1 and a trigonometric function f =
sin (2πx). These evaluations are performed using both Wendland and Laguerre-
Wendland kernels, with and without the kernel correction matrix. The particle dis-
tributions resulting from the different kernels are depicted in Figure 2.9. Truncation
errors corresponding to varying values of κ are listed in Tables 2.2 and 2.3. The
analysis indicates that truncation errors for the Laguerre-Wendland kernel exhibit
similar characteristics to those of the Wendland kernel. Specifically, the errors de-
crease for κ ≤ 2 and stabilize at κ = 2.5. This finding suggests that the smoothing
error dominates for κ ≥ 2, while the integration error becomes dominant at κ = 1.3.
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TABLE 2.3: Truncation errors of the SPH approximation for d f /dx with f = 1 and
f = sin (2πx) using the Wendland and Laguerre-Wendland kernels with different κ
with the kernel correction matrix.

Truncation errors κ
L1(d f /dx) Linfinity(d f /dx)

f = 1 f = sin (2πx) f = 1 f = sin (2πx)
Wendland

1.3
0.039 0.052 0.209 0.187

Laguerre-Wendland 0.077 0.067 2.334 2.319
Wendland

2.0
0.014 0.042 0.026 0.067

Laguerre-Wendland 0.011 0.007 0.029 0.028
Wendland

2.5
0.018 0.043 0.033 0.068

Laguerre-Wendland 0.005 0.003 0.017 0.015

When the smoothing error is dominant (κ ≥ 2), the truncation error of the Laguerre-
Wendland kernel is smaller than the Wendland kernel, as shown in Table 2.3. This
outcome corresponds well with the smoothing order characteristics of these kernels.

2.9.2 Kernel profile

The Laguerre-Gauss kernel, another fourth-order kernel illustrated in Figure 2.8,
presents a smaller gradient magnitude than the Laguerre-Wendland kernel. This
characteristic makes it a promising alternative for reducing significant integration
errors. The Laguerre-Gauss kernel is defined as given in [26]:

w(s) = π−1L(1)
1 (s2)e−s2

, (2.67)

where L(1)
1 represents the generalized Laguerre polynomial, characterized by a non-

negative Fourier transform and vanishing second-order moment. For practical im-
plementation, the kernel’s domain is truncated to 2h, and the truncated Laguerre-
Gauss kernel is given by:

w(s) = αd

{
(1 − s2

2 + s4

6 )e
−s2

if 0 ≤ s ≤ 2
0 if s > 2

, (2.68)

with α1 = 8/(5 ×
√

π), α2 = 3/π, and α3 = 8/π3/2. The truncated Laguerre-Gauss
kernel and its derivative are compared with the Wendland and Laguerre-Wendland
kernels in Figure 2.8 where the gradient magnitude of the truncated Laguerre-Gauss
kernel is larger than that of the Wendland kernel but smaller than that of the Laguerre-
Wendland kernel, and the kernel’s function value at 2h is close to zero. In simula-
tions, a compact support of 2h with h = 1.3dp ensures comparable computational
efficiency for the truncated Laguerre-Gauss and Wendland kernels.

2.9.3 Performance in stability

To investigate the properties of the truncated Laguerre-Gauss kernel, we start by an-
alyzing the relaxed particle distributions generated using the Wendland, Laguerre-
Wendland, and truncated Laguerre-Gauss kernels within the aforementioned cir-
cular domain. Figure 2.9 depicts the variation of relaxation residue ranging from
3.4 × 10−6 to 4.0 × 10−2 using the Wendland, Laguerre-Wendland, and truncated
Laguerre-Gauss kernels in the final iteration of the relaxation process. Although it
was anticipated that the truncated Laguerre-Gauss kernel, given its resemblance to
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FIGURE 2.8: Laguerre-Gauss kernel and the comparison with Wendland as well as
Laguerre-Wendland kernels with compact support as 2h: Kernel functions (left panel)
and their derivatives (right panel).

FIGURE 2.9: Particle relaxation residue using the Wendland (top left panel), Laguerre-
Wendland (top right panel) and truncated Laguerre-Gauss (bottom panel) kernels at the
final relaxation iteration with the spatial resolution dp = 1/60.
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TABLE 2.4: Truncation errors of the SPH approximation for d f /dx with f = 1 and
f = sin (2πx) using the truncated Laguerre-Gauss kernel with different κ without the
kernel correction matrix.

Truncation errors κ
L1(d f /dx) Linfinity(d f /dx)

f = 1 f = sin (2πx) f = 1 f = sin (2πx)

Laguerre-Gauss
1.1 0.021 0.259 0.614 1.253
1.3 0.004 0.123 0.011 0.204
1.6 0.007 0.210 0.822 0.817

TABLE 2.5: Truncation errors of the SPH approximation for d f /dx with f = 1 and f =
sin (2πx) using the truncated Laguerre-Gauss kernel with different κ with the kernel
correction matrix.

Truncation errors κ
L1(d f /dx) Linfinity(d f /dx)

f = 1 f = sin (2πx) f = 1 f = sin (2πx)

Laguerre-Gauss
1.1 0.021 0.061 0.603 0.448
1.3 0.004 0.004 0.011 0.009
1.6 0.006 0.024 0.784 0.364

the original truncated Gaussian kernel, might exhibit pair-instability at κ = 1.3, the
results indicate that such instability does not occur. Furthermore, employing the
truncated Laguerre-Gauss kernel ensures improved numerical stability while ob-
taining an optimal particle distribution.

2.9.4 Performance in accuracy

In this section, we evaluate the SPH approximation for the derivatives of the men-
tioned functions with the truncated Laguerre-Gauss kernel, which aims to further
confirm the kernel’s accuracy. Specifically, the truncation error for the derivative of
the function f = 1 matches the relaxation residue presented in Eq. (2.45).

Tables 2.4 and 2.5 display the truncation errors for the truncated Laguerre-Gauss
kernel. The results indicate that at κ = 1.1, the truncation error is relatively large
due to the insufficient neighbouring particles. Conversely, at κ = 1.6, large errors
are attributed to the pair-instability issue caused by an excessive number of neigh-
bouring particles. To avoid excessive computational costs, κ = 1.3 is typically ap-
plied in practice. For κ = 1.3, the truncation errors of the truncated Laguerre-Gauss
kernel in Table 2.4 and of the Wendland kernel in Table 2.2 are comparable when
the kernel correction matrix is not applied. However, the proposed kernel with the
kernel correction matrix shown in Table 2.5 significantly reduces the truncation er-
ror compared to both the Wendland and Laguerre-Wendland kernels shown in Ta-
ble 2.3, indicating its considerably improved accuracy. Furthermore, the truncated
Laguerre-Gauss kernel outperforms the other two kernels regarding average relax-
ation residue and the range of maximum and minimum residue variations.

2.9.5 Convergence analysis

In this section, we conduct a convergence analysis using the circular geometry. The
scalar field is initially defined by the following function:

f (x) = e−x2/0.1. (2.69)
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FIGURE 2.10: Convergence study using the Wendland and Laguerre-Gauss kernel with
different resolutions by comparing the different theoretical order curves.

Following Ref. [71], the L2-norm error for the estimated gradient operators can be
described by

L2(d f /dx) =

√
∑
i
|(∇ fi)Theoretical − (∇ fi)Numerical |2√

∑
i
|(∇ fi)Theoretical |2

, (2.70)

where (∇ fi)
Numerical is the strong form as Eq. (2.13).

Figure 2.10 presents the convergence analysis involving the Wendland and trun-
cated Laguerre-Gauss kernels across different particle resolutions with a constant
parameter of κ = 1.3. Without the kernel correction matrix, as resolution increases,
the Wendland kernel initially converges at a second-order rate and gradually de-
generates to saturation, where the integration error dominates. In contrast, the trun-
cated Laguerre-Gauss kernel exhibits significantly greater accuracy at lower resolu-
tions compared to the Wendland kernel, however, its accuracy degenerates to satu-
ration quickly with increasing resolution. This behaviour suggests that the truncated
Laguerre-Gauss kernel obtains higher accuracy at low resolution due to the smaller
smoothing error, and its integration error is still larger than that of the Wendland
kernel.

Using the kernel correction matrix, the Wendland kernel consistently maintains
a second-order convergence rate. Conversely, the truncated Laguerre-Gauss ker-
nel demonstrates fourth-order convergence at lower resolutions but degenerates to
second-order as resolution increases. This behaviour aligns with expectations: for
the Wendland kernel, both smoothing and integration errors result in second-order
convergence. In the case of the truncated Laguerre-Gauss kernel, the fourth-order
smoothing error dominants at low resolutions, whereas at higher resolutions, the
second-order integration error becomes dominant.

The convergence study highlights that the truncated Laguerre-Gauss kernel con-
sistently produces significantly lower errors compared to the Wendland kernel, re-
gardless of particle resolution, when using the kernel correction matrix. Note that
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such improvement is achieved with the same compact support and kernel correc-
tion matrix as the Wendland kernel. Additionally, at high resolutions, the truncated
Laguerre-Gauss kernel reaches equivalent accuracy with a small fraction of particles
(approximately 1/16 in two dimensions, as indicated in Figure 2.10).

2.10 Summary

This chapter presents the fundamental and theoretical concepts of the SPH method,
integral interpolation and particle approximation. Compressible and weakly com-
pressible SPH methods, encompassing the equation of state, Riemann-based SPH
discretizations of conservation equations, and time integration, are discussed. Ad-
ditionally, a brief overview of the Eulerian extensions is provided, covering dissi-
pation limiters, a kernel correction matrix, and a particle relaxation technique. A
rigorous comparison between the Eulerian SPH and FVM, as well as the realization
of FVM within the SPH codebase, are also investigated. To enhance equivalence be-
tween these two methods, a detailed discussion of the FVM-equivalent boundary
algorithm is included. Furthermore, numerical accuracy enhancements, including
WENO reconstruction and the fourth-order Laguerre-Gauss kernel, are elaborated
upon.
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Chapter 3

Summaries of Publication

In this chapter, the relevant publications of this thesis are briefly summarized.

3.1 FVM realization in Eulerian SPH: A comparative study
within unified codebase

Zhentong Wang, Oskar J. Haidn, Nikolaus A. Adams, Xiangyu Hu

3.1.1 Summary of the publication

In the CFD community, the Eulerian SPH method based on kernel function can be
considered as a mesh-based FVM [36, 26, 37]. The analog has been detailed by
Neuhauser [38] where a FVM discretization can leverage the Riemann solver for
the ALE SPH method within the same software. However, to which level can such
analog reach between the Eulerian SPH and FVM has not been explored yet.

In this paper, we first introduce a form of the Eulerian SPH method where the
kernel gradient matrix [40] given by

(eSPH
ij )

′
=

∇′
Wij∣∣∇′Wij
∣∣ (3.1)

is introduced to release the constraints associated with the normal direction of in-
terfaces. Once the constraint is released, a virtual mesh structure emerges, which
can be regarded as being generated by the SPH method, with (eSPH

ij )
′

orthogonal
to the corresponding virtual interface, analogous to the traditional mesh produced
by mesh-generation software. Consequently, (eSPH

ij )
′

is analogous to nFVM
ij in tra-

ditional mesh-based FVM. Additionally, the second task is to implement the tra-
ditional FVM formulation directly within the open-source SPH library, SPHinXsys
[41]. This is achieved by developing a parser to extract essential data from the
".msh" mesh file generated by ICEM. A rigorous comparison can finally be con-
ducted by using a shared solver for both methods within a unified SPH codebase.
As shown in Figure 3.1, the Eulerian SPH method has the obvious advantage of ob-
taining much smoother outcomes as its kernel’s isotropic property compared with
the mesh-based FVM. Moreover, a faster convergence rate is achieved by Eulerian
SPH method using the fourth-order Laguerre-Gauss kernel compared with FVM, as
demonstrated as Figure 3.2. Furthermore, the computational efficiency listed in Ta-
ble 3.1 has been conducted, indicating that the computational efficiency using the
Eulerian SPH method is lower than that in FVM.
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FIGURE 3.1: Lid-driven semi-circular cavity flow: The velocity contour and its zoom-in
view obtained by ESPH (top panel), and FVM (bottom panel).
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FIGURE 3.2: Lid-driven semi-circular cavity flow: The horizontal velocity component
u along x = 0.5L (left panel) and the vertical velocity component v along y = −0.25L
(right panel) obtained by ESPH and FVM.

TABLE 3.1: Lid-driven semi-circular cavity flow with Re = 1000: Computational effi-
ciency comparison between FVM and ESPH for the physical time t = 30.

Element/Particle number CPU wall-clock time Iteration number α

FVM 6608 68.99s 197677
0.394

ESPH 6529 174.78s 108768
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3.1.2 Individual novelty of the author

The article [39] was published in the internationally peer-reviewed Computer Physics
Communications. My contribution included developing the method and the corre-
sponding implementation code. I conducted the simulations, performed result anal-
ysis, and drafted the manuscript for the publication.
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3.2 An algorithm for the incorporation of relevant FVM bound-
ary conditions in the Eulerian SPH framework

Zhentong Wang, Oskar J. Haidn, Xiangyu Hu

3.2.1 Summary of the publication

The integration of mesh-based methods like the FVM with meshless approaches
such as SPH plays a vital role in addressing complex fluid dynamics challenges.
However, it is acknowledged that weak coupling between these different techniques
presents inherent challenges. Wang et al. [39] utilized a unified solver and codebase
to compare accuracy and efficiency for FVM and SPH methods, yet the handling of
boundary conditions remains distinct between the particle-based and mesh-based
frameworks. Consequently, incorporating the FVM boundary algorithm into the Eu-
lerian SPH method is essential for enhancing the algorithmic equivalency and prov-
ing the foundation for establishing the strong coupling between these two methods.

In this study, we analyze the FVM boundary algorithm, which ensures zero-
order consistency for cells in the boundaries, and propose a new FVM-equivalent
boundary algorithm into the Eulerian SPH method. During the implementation of
the boundary algorithm within the SPH codebase, additional storage space is allo-
cated for particles in the boundaries to retain necessary information, thereby ful-
filling the FVM’s boundary requirements. In the original boundary approach [65,
39, 44] within the SPH framework, boundary conditions, such as the wall boundary
condition [65], are typically applied to predefined particles within the contact config-
urations, in addition to the fluid particles within the inner configuration. In contrast,
the present algorithm requires only the inner configuration. As shown in Figure 3.3,
numerical simulation of the classic benchmark case of Poiseuille flow shows both
method’s velocity and error analysis, validating that the new boundary algorithm is
accurate and exhibits an enhanced convergence rate.

3.2.2 Individual novelty of the author

The article [42] was published in the internationally peer-reviewed Computer Physics
Communications. My contribution included developing the method and the corre-
sponding implementation code. I conducted the simulations, performed result anal-
ysis, and drafted the manuscript for the publication.
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FIGURE 3.3: Poiseuille flow’s velocity profile using original and new boundary algo-
rithms, L2 error and convergence analysis.
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3.3 An Eulerian SPH method with WENO reconstruction for
compressible and incompressible flows

Zhentong Wang, Chi Zhang, Oskar J. Haidn, Xiangyu Hu

3.3.1 Summary of the publication

To improve the numerical accuracy in the Riemann-based SPH method, the high-
order reconstruction was introduced to decrease the integration error. High-order
reconstruction, i.e., weighted essentially non-oscillatory (WENO), used in the Eule-
rian Godunov method, can achieve higher accuracy and less numerical dissipation
[72]. A one-dimensional fifth-order WENO reconstruction extending to simulate the
multi-dimensional problem in the WCSPH framework is developed with its sim-
ple and computational efficiency [43]. However, this method is only applied to the
Lagrangian WCSPH, making its study in the Eulerian SPH for compressible and in-
compressible flows imperfect and different effects of the WENO reconstruction in
the smooth region and contact discontinuity region lacking.

In this paper, we first exploit low-dissipation linearised and HLLC Riemann
solvers for incompressible and compressible flows. Then, a kernel gradient correc-
tion is introduced to achieve first-order consistency and a one-dimensional WENO
reconstruction is adopted to improve the overall numerical accuracy further and the
shock-capturing performance in the contact discontinuity. The different effects of
the WENO reconstruction on smooth region and contact discontinuity are also ex-
plored. Figure 3.4 shows the density profile using the WENO compared with a high-
resolution scheme [73], showing the ESPH-WENO exhibits a much sharper density
profile and less dissipation, implying that the WENO reconstruction effectively im-
proves the numerical accuracy, especially at contact regions where the limiter has
little effect.

3.3.2 Individual novelty of the author

The article [44] was published in the internationally peer-reviewed Journal of Hydro-
dynamics. My contribution included developing the method and the corresponding
implementation code. I conducted the simulations, performed result analysis, and
drafted the manuscript for the publication.

FIGURE 3.4: Shu-Osher problem: Density profile (left panel) and the zoom-in view
(right panel).
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3.4 A fourth-order kernel for improving numerical accuracy
and stability in Eulerian SPH for fluids and total Lagrangian
SPH for solids

Zhentong Wang, Bo Zhang, Oskar J. Haidn, Xiangyu Hu

3.4.1 Summary of the publication

Generally, two factors determine the accuracy of the SPH method, i.e. smoothing
and integration errors [24, 26]. To achieve higher accuracy of SPH approximation,
one can resort to the high-order kernel methods [45, 74] using kernels character-
ized with non-monotonic, non-positive regions and high-order vanishing moments
for less smoothing error and sufficiently large compact support for less integration
error. However, to avoid the excessive computational effort for extensive compact
supports, the current mainstream kernel functions used in SPH, such as B-spline,
Wendland, truncated Gaussian (for compact support) and others, are monotonic and
give 2nd-order smoothing error as only the first moment vanishes. Litvinov et al.
[26] found that, under relaxed particle distribution, the convergence rate of integra-
tion error (8th-order respected to support radius) can be much higher than that of
smoothing error. Therefore, two non-monotonic, namely truncated Laguerre–Gauss
and Laguerre–Wendland, kernels with 4th-order smoothing error, have been con-
sidered for improving the overall accuracy of SPH approximations. However, these
kernels have not been applied for practical SPH algorithms because, for moderate
compact support, the actual integration error of the Laguerre–Wendland kernel is
much larger than that obtained by the original 2nd-order Wendland kernel. Note
that the truncated Laguerre–Gauss kernel has not been tested in Ref. [26], probably
due to the pair-instability problem of the original truncated Gaussian kernel.

In this work, the extensive integration error of the Laguerre–Wendland kernel
in moderate compact support is revisited, and the source of the error has been an-
alyzed. Furthermore, the truncation error of the truncated Laguerre–Gauss kernel
is investigated and is chosen to improve the overall accuracy of SPH approxima-
tions. The truncated Laguerre-Gauss kernel exhibits fourth-order convergence at
low resolution but degenerates to second-order with increasing resolutions. Besides,
independent of particle resolution, with the kernel correction matrix, the truncated
Laguerre-Gauss kernel always introduces much less errors than the Wendland ker-
nel. In the benchmark case of flow around a cylinder, Figure 3.5 shows the velocity
contour ranging from 1.8× 10−3 to 1.5 using the Wendland and Laguerre-Gauss ker-
nels with the Reynolds number Re = 100 under the resolution dp = 1/6 at t = 300.
It can be seen that the method using the Laguerre-Gauss kernel efficiently captures
the vortex street while that using the Wendland kernel fails to present the same phys-
ical phenomenon, indicating that the proposed kernel is more effective in reducing
numerical errors and thus obtaining more accurate results. The computations were
conducted on an Intel Core i7-10700 2.90 GHz 8-core desktop computer. The CPU
wall-clock times for the Eulerian SPH method, using the Wendland and Laguerre-
Gauss kernels with a spatial resolution of dp = 1/10, were 4604.81s and 4818.91s,
respectively. This indicates that the computational efficiency of both kernels is com-
parable.
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FIGURE 3.5: Flow around a cylinder: Velocity contour using the Wendland (left panel)
and Laguerre-Gauss (right panel) kernels with Re = 100.

3.4.2 Individual novelty of the author

The article [32] was published in the internationally peer-reviewed Journal of Com-
putational Physics. My contribution included developing the method and the cor-
responding implementation code. I conducted the simulations, performed result
analysis, and drafted the manuscript for the publication.
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Chapter 4

Conclusions and outlooks

Four primary motivations drive this thesis: to achieve a rigorous comparison by im-
plementing the FVM within the Eulerian SPH codebase; to enhance the consistency
between the FVM and Eulerian SPH methods through the development of the FVM-
equivalent boundary in the Eulerian SPH method; to improve the accuracy by incor-
porating the WENO reconstruction scheme into the Eulerian SPH; and to enhance
accuracy by employing the fourth-order Laguerre-Gauss kernel in the Eulerian SPH.
These objectives have been successfully accomplished across multiple applications.
Here, I summarize this thesis and provide discussions and future research remarks.

4.1 Conclusions

To explore the similarities and differences between FVM and Eulerian SPH methods,
Neuhauser [38] provides an in-depth analysis of their analogies, demonstrating that
FVM discretization can effectively reuse the Riemann solver developed for the ALE
SPH method within the same software package. However, the rigorous comparison
remains unachievable due to the limitation in the Eulerian SPH method: the flux
direction must align with the positional direction.

In Paper I, the kernel gradient correction matrix is applied to release the con-
straint in the Eulerian SPH method, facilitating the adjustment of flux properties.
Then, the Eulerian SPH method can achieve algorithmic equivalence to the FVM,
particularly in zero-order consistency, interface flux direction, and flux weighting
from neighbouring particles. Additionally, the mesh-based FVM is realized in the
same SPH codebase using a shared solver, encompassing consistent discretized con-
servation equations, flux data structures, Riemann solvers, dissipation limiters, and
time integration schemes. These approaches enable a rigorous comparison of com-
putational efficiency and performance between these two methods. Tests on com-
pressible and incompressible flows validate that while the mesh-based FVM achieves
higher computational efficiency due to fewer neighbours, Eulerian SPH excels in
producing smoother results due to the kernel’s isotropic characteristics and a faster
convergence rate when employing the high-order kernel. Note that computational
time and iteration count in mesh-based FVM are influenced by mesh quality, as the
minimum distance between grid nodes limits the time step size.

Although the FVM has been incorporated into the SPH codebase and allows for
a comparison between the two methods, the boundary implementation differs. To
enhance the equivalence between these methods, a consistent boundary algorithm
is required. In Paper II, we introduce a particle relaxation technique to generate a
body-fitted particle distribution where particles not in the boundaries meet zero-
order consistency. By analyzing FVM’s boundary algorithm, we incorporate a FVM-
equivalent approach within the Eulerian SPH framework, ensuring that particles
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in the boundaries achieve strict zero-order consistency. Furthermore, several nu-
merical tests, including both compressible and incompressible flows, validate the
stability, accuracy, and improved convergence rate of the proposed boundary algo-
rithm compared to the original. An additional benefit is enhanced computational
efficiency.

While the Lagrangian SPH method provides topological flexibility, which results
in poor particle distribution, the Eulerian SPH method mitigates this issue by keep-
ing particles fixed, preserving the optimal initial distribution throughout the simu-
lation [28, 29]. Enhancing numerical accuracy can be effectively achieved through
high-order techniques. While WENO has been applied within the Lagrangian frame-
work, its use in the Eulerian method remains unexplored. In Paper III, we present a
WENO reconstruction to enhance the accuracy of the ESPH method. This approach
involves constructing a high-accuracy WENO reconstruction of the Riemann states,
achieved by introducing a one-dimensional 4-point stencil along interacting particle
pairs. Several numerical examples of compressible and incompressible flows are an-
alyzed and have validated the proposed method’s improved accuracy, robustness,
and versatility.

Although WENO reconstruction enhances numerical accuracy, it significantly in-
creases computational costs. Alternatively, an effective and simple method to im-
prove the accuracy of SPH approximations is employing high-order kernel methods
[45]. These kernels feature non-monotonic and non-positive regions with high-order
vanishing moments, reducing smoothing error, and have sufficiently large compact
support to minimize integration error. However, such high-order kernels also lead
to increased computational demands due to their extended support. Among these,
a fourth-order Laguerre-Gauss kernel remains untested. In Paper IV, the excessive
integration error of the Laguerre-Wendland kernel is revisited, and the analysis of
the truncated Laguerre-Gauss kernel revealed that it introduces substantially less
truncation error and relaxation residue compared to the Wendland and Laguerre-
Wendland kernels, resulting in notable improvements in stability and accuracy. Fur-
thermore, several 2D and 3D numerical tests for fluid dynamics have validated that
the proposed kernel achieves significantly higher accuracy than the Wendland ker-
nel, with comparable computational efficiency.

4.2 Outlook

The present work can be further investigated in the following aspects:

• This study conducts a rigorous comparison between the FVM and Eulerian SPH meth-
ods with second-order accuracy. Expanding this comparison using high-order schemes
is necessary for a more in-depth evaluation of their performance.

• The current codebase supports both mesh-based FVM and meshless SPH methods.
Developing a strong coupling between mesh-based and mesh-free methods using a
shared solver within a unified framework is significantly beneficial as it improves
stability and computational efficiency.

• The fourth-order Laguerre-Gauss kernel has demonstrated high numerical accuracy
without compromising computational efficiency, though its use is restricted to the Eu-
lerian SPH framework. Extending its application to the Lagrangian framework is nec-
essary and essential.

• Given the promising numerical performance of the Laguerre-Gauss kernel, it becomes
crucial to explore whether other high-order kernels demonstrate comparable or im-
proved characteristics.
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Eulerian smoothed particle hydrodynamics (Eulerian SPH) is considered a potential meshless alternative to a traditional Eulerian mesh-based finite volume method (FVM) in computational fluid dynamics (CFD). While researchers have analyzed the differences between these two methods, a rigorous comparison of their performance and computational efficiency is hindered by the following two challenges: Firstly, the Eulerian SPH framework faces a constraint related to the normal direction of interfaces in pairwise particle interactions, which prevents achieving an equivalent algorithm of FVM; Secondly, there is no unified solver available that can be applied to both Eulerian SPH and FVM methods. To address the former constraint, this paper implements a certain form of Eulerian SPH method, where a kernel gradient correction is introduced to release the constraint. To address the latter constraint, the paper realizes the mesh-based FVM within an open-source SPH library using a shared solver, i.e. single algorithm for two methods, through developing a parser that extracts necessary information from the “.msh'' format file exported from a commercial pre-processing tool, ICEM (Integrated Computer Engineering and Manufacturing). Several 2D and 3D numerical simulations using both methods within a unified codebase demonstrate that compared to the mesh-based FVM, the Eulerian SPH achieves smoother results and, when using a high-order kernel, a faster convergence rate, but at the cost of lower computational efficiency.

1. Introduction
With the continuous development of high-performance computer, computational fluid dynamics (CFD) has been recognized as a promising approach to solve a wide range of industrial problems, and also to augment the understanding of many longstanding flow problems, from microfluidics to hydrodynamics and hypersonics [1,2]. While classical mesh-based CFD methods have achieved great success, the generation of high-quality meshes remains a major challenge in particular for complex geometries used in practical applications. As an alternative, the meshless method has attracted considerable attentions owing to its numerical formulation is based on particles and independent of the topology defined by a mesh. As one typical example, smooth particle hydrodynamics (SPH), whose numerical approximations are based on Gaussian-like kernel function [3,4], has been widely applied in CFD [5], structural mechanics [6], and other scientific and engineering applications [7--9], when difficulties present for the classical mesh-base methods.

* Corresponding author.E-mail addresses: zhentong.wang@tum.de (Z. Wang), c.zhang@tum.de (C. Zhang), oskar.haidn@tum.de (O.J. Haidn), nikolaus.adams@tum.de (N.A. Adams), xiangyu.hu@tum.de (X. Hu).

SPH can be formulated both in the Lagrangian and Eulerian frameworks for flow simulations. While the particle position is updated with velocity in Lagrangian SPH, it is fixed in Eulerian SPH. The former shows obvious advantages in simulating the flows associated with topology changes and involving material interfaces, e.g. violent free-surface flow [10], multi-phase flow [11] and fluid-structure interaction (FSI) with rigid or flexible structures [12,13]. While the Lagrangian particle introduces topological flexibility, it can lead to poor distribution, and hence, large numerical errors to be handled by elaborate particle regularization techniques [14--17]. With the compensation of topological flexibility, however, Eulerian SPH alleviates this problem as the particles are fixed and the initial optimal distribution is unchanged during the simulation [18,19]. Therefore, it is easier to obtain more uniform, or overall less numerical errors. For example, Noutcheuwa et al. [20], Lind et al. [21,22] and Wang et al. [23] have recently demonstrated high accuracy of Eulerian SPH for incompressible flows using a high-order smoothing kernel for interpolation. Another advantage of Eulerian SPH is that the com
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putational efficiency can be much higher than that of its Lagrangian counterpart due to the fixed particles [24].On the other hand, it is known in SPH community that the pairwise particle interaction using kernel-based particle formulation in SPH discretization can be considered as an analog of the numerical flux between the surface of two computational cells in the main-stream Eulerian mesh-based method, i.e. the finite volume method (FVM) [25,16,26]. Such analog has been detailed in Neuhauser [27] so that a FVM discretization is able to reuse the Riemann solver developed for the arbitrary-Eulerian-Lagrangian (ALE) SPH method in the same software package. Following this work, Wang et al. [28] proposed a new boundary algorithm that meets FVM’s boundary requirements in the Eulerian SPH method for the improved computational efficiency and potential strong coupling. However, to which level can such analog, especially flux properties, reach between Eulerian SPH and FVM has not been explored yet. Furthermore, baring with the similarities and differences in the level of discretization and topology relations [27], the performance and computational efficiency between Eulerian SPH and mesh-based FVM is still unclear. To quantitatively assess this aspect, it is essential to implement both methods by achieving algorithmic equivalence and using a shared solver, including discretized conservation equations, zero-order consistency, flux properties, Riemann solutions, dissipation limiters and time integration, within the same codebase. Although many techniques have combined mesh-based and meshless methods [29--34] or be achieved in commercial softwares, they rely on their separate algorithms and solvers, with data transferred through a designed coupling method. To the best of our knowledge, no implementations enable the individual realization of both mesh-based and meshless methods using a shared solver within a unified framework.In this paper, to achieve the rigorous comparison between these two methods, the first task is to introduce a form of the Eulerian SPH method where the kernel gradient matrix [35] is introduced to alleviate the constraints associated with the normal direction of interfaces, thus achieving the algorithmic equivalence to the FVM. Besides, the second task is that the traditional FVM formulation can be exactly implemented within an open-source library SPH, SPHinXsys [36], by developing a parser to extract necessary information from the ``.msh'' format mesh file generated from ICEM. By enabling a shared solver for both methods within a unified codebase, i.e. single algorithm for two methods, a rigorous comparison can be effectively performed. Note that the unstructured mesh in FVM is considered as it better accommodates complex geometries compared to the structured mesh [37,38]. In addition, to improve numerical stability and accuracy in both methods, the shared solver incorporates Riemann solutions [39,40], dissipation limiters [26,23], and dual-timestep integration [41].This paper is structured as follows: in Section 2 the Riemann-based Eulerian SPH formulation together with the dissipation limiters is given. Additionally, we elaborate the kernel gradient correction matrix’s role in the Eulerian SPH for achieving algorithmic equivalence with FVM. Besides, the detailed procedure for implementing mesh-based FVM within the framework of Eulerian SPH is presented. Rigorous comparisons on the performance between the Eulerian SPH with kernel gradient correction and FVM methods are given in Section 3 and Section 4 presents brief concluding remarks. All the computational codes employed in this study have been made openly accessible via the SPHinXsys repository [36,42], which can be accessed through the following URLs: https://www.sphinxsys.org and https://github.com/Xiangyu-Hu/SPHinXsys.
2. Methodology

In this section, the governing equations for fluid dynamics are briefly summarized and the corresponding discretizations for Riemann-based Eulerian SPH as well as the dissipation limiters are presented. Then, the FVM implementation within the framework of Eulerian SPH is detailed. Finally, the rigorous comparison between the Eulerian SPH with the kernel gradient correction and FVM is elaborated.

2.1. Governing equations
The Euler equation can be described by the following equation as

𝜕𝐔
𝜕𝑡 

+∇ ⋅ 𝐅(𝐔) = 0, (1)
where 𝐔 and 𝐅(𝐔) are the vector of conserved variables and the corresponding fluxes, respectively. In two dimensional, they are given by
𝐔 =

⎡⎢⎢⎢⎣

𝜌
𝜌𝑢
𝜌𝑣
𝐸

⎤⎥⎥⎥⎦
, 𝐅 =

⎡⎢⎢⎢⎣

𝜌𝑢
𝜌𝑢2 + 𝑝
𝜌𝑢𝑣

𝑢(𝐸 + 𝑝)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

𝜌𝑣
𝜌𝑣𝑢

𝜌𝑣2 + 𝑝
𝑣(𝐸 + 𝑝)

⎤⎥⎥⎥⎦
, (2)

respectively. Here, 𝑢 and 𝑣 are the components of velocity, 𝜌 the density, 
𝑝 the pressure and 𝐸 = 𝜌𝐯2

2 +𝜌𝑒 the total energy with 𝑒 being the internal energy. For compressible flow, we apply the equation of state (EOS)
𝑝 = 𝜌(𝛾 − 1)𝑒, (3)
to close the system of Eq. (1). Here, 𝛾 is the heat capacity ratio and the speed of sound is given by
𝑐2 = 𝛾𝑝

𝜌 
. (4)

For incompressible flow, we follow the weakly compressible assumption by applying the artificial EOS
𝑝 = 𝑐2(𝜌− 𝜌0). (5)
Here, 𝜌0 is the reference density. To limit the density variation within 1%, we set 𝑐 = 10𝑈𝑚𝑎𝑥 with 𝑈𝑚𝑎𝑥 denoting the maximum anticipated velocity of the flow field. Note that the energy conservation equation in Eq. (2) is neglected in the weakly compressible formulation. To simulate the viscous flow, a viscous force given by
𝑓 (𝑣) = 𝜂∇2𝐯 (6)
is added to the momentum equation.
2.2. Riemann-based Eulerian SPH method

In the present Eulerian SPH, the pairwise particle interaction is written in the flux form. Specifically, the mass, momentum and energy flux through the interface between a pair of particles is determined by solving an one-dimensional Riemann problem constructed along the interacting line 𝐞𝑖𝑗 , as shown in Fig. 1 (left panel).The left and right states of the Riemann problem are respectively defined as [26]
{

(𝜌𝑙, 𝑝𝑙, 𝑢𝑙) = (𝜌𝑖, 𝑝𝑖,𝐯𝑖 ⋅ 𝐞𝑖𝑗 )
(𝜌𝑟, 𝑝𝑟, 𝑢𝑟) = (𝜌𝑗 , 𝑝𝑗 ,𝐯𝑗 ⋅ 𝐞𝑖𝑗 )

, (7)
assuming that the discontinuity or interface is located at the middle point 𝐫̄𝑖𝑗 = (𝐫𝑖 + 𝐫𝑗 )∕2. Then, the Euler equation of Eq. (1) can be discretized as [25,26]
⎧⎪⎪⎨⎪⎪⎩

𝜕
𝜕𝑡

(
𝑤𝑖𝜌𝑖

)
+ 2𝑤𝑖

∑
𝑗 𝑤𝑗 (𝜌𝐯)∗𝐸,𝑖𝑗 ⋅∇𝑊𝑖𝑗 = 0

𝜕
𝜕𝑡

(
𝑤𝑖𝜌𝑖𝐯𝑖

)
+ 2𝑤𝑖

∑
𝑗 𝑤𝑗

[
(𝜌𝐯⊗ 𝐯)∗𝐸,𝑖𝑗 + 𝑝

∗
𝐸,𝑖𝑗 𝕀

]
⋅∇𝑊𝑖𝑗 = 0

𝜕
𝜕𝑡

(
𝑤𝑖𝐸𝑖

)
+ 2𝑤𝑖

∑
𝑗 𝑤𝑗

[
(𝐸𝐯)∗𝐸,𝑖𝑗 + (𝑝𝐯)∗𝐸,𝑖𝑗

]
⋅∇𝑊𝑖𝑗 = 0

. (8)

Here, 𝑤 is the volume of particle, 𝐯 the velocity, 𝕀 the identity matrix, ∇𝑊𝑖𝑗 =
𝜕𝑊𝑖𝑗
𝜕𝑟𝑖𝑗

𝐞𝑖𝑗 the gradient of kernel function with the unit 
vector 𝐞𝑖𝑗 = − ∇𝑊𝑖𝑗

|||∇𝑊𝑖𝑗
|||
. The terms (𝜌𝐯)∗𝐸,𝑖𝑗 , [(𝜌𝐯⊗ 𝐯)∗𝐸,𝑖𝑗 + 𝑝

∗
𝐸,𝑖𝑗 𝕀

] and 
[
(𝐸𝐯)∗𝐸,𝑖𝑗 + (𝑝𝐯)∗𝐸,𝑖𝑗

], representing mass, momentum and energy flux, respectively, are determined from the solution of Riemann problem. For 



Computer Physics Communications 314 (2025) 109683

3

Z. Wang, C. Zhang, O.J. Haidn et al. 

Fig. 1. Construction of Riemann problem along the interacting line of particles 𝑖 and 𝑗 where the interface is assumed passing the middlepoint and the normal of that is along the interaction line (left panel); Simplified Riemann fan with two intermediate states (right panel).
the viscous flows, the viscous term in Eq. (6) can be discretized as follows:
𝑓 (𝑣)
𝑖 = 2

∑
𝑗
𝑚𝑗

𝜂
𝜌𝑖𝜌𝑗

𝐯𝑖𝑗
𝑟𝑖𝑗

𝜕𝑊𝑖𝑗

𝜕𝑟𝑖𝑗
, (9)

with 𝐯𝑖𝑗 = 𝐯𝑖 − 𝐯𝑗 and 𝑟𝑖𝑗 denoting the velocity difference and the distance between particles 𝑖 and 𝑗, respectively.The solution of the Riemann problem results in three waves emanating from the discontinuity, denoted by (𝜌∗𝑙 , 𝑢
∗
𝑙 , 𝑝

∗
𝑙 ) and (𝜌∗𝑟 , 𝑢

∗
𝑟 , 𝑝

∗
𝑟 ) as shown in Fig. 1 (right panel). Two waves, which can be shock or rarefaction wave, travel with the smallest wave speed 𝑆𝑙 or largest wave speed 𝑆𝑟. The middle wave 𝑆∗ is always a contact discontinuity and separates two intermediate states. Toro [39,40] has proposed the HLLC solver based on the HLL scheme [43] for more accurate and robust approximation of the Riemann problem for compressible fluid flows. In the HLLC scheme, the wave speeds 𝑆𝑙 and 𝑆𝑟 estimate for the left and right regions respectively, are

𝑆𝑙 = 𝑢̃− 𝑐,𝑆𝑟 = 𝑢̃+ 𝑐, (10)
where 𝑢̃ and 𝑐 denoting the average particle and sound speed detailed in Refs. [39,40]. Then, the intermediate wave speed 𝑆∗ is calculated as
𝑆∗ =

𝜌𝑟𝑢𝑟
(
𝑆𝑟 − 𝑢𝑟

)
+ 𝜌𝑙𝑢𝑙

(
𝑢𝑙 −𝑆𝑙

)
+ 𝑝𝑙 − 𝑝𝑟

𝜌𝑟
(
𝑆𝑟 − 𝑢𝑟

)
+ 𝜌𝑙

(
𝑢𝑙 −𝑆𝑙

) . (11)
Then other states in the star region can be derived as following
𝑝∗ = 𝑝𝑙 + 𝜌𝑙

(
𝑢𝑙 −𝑆𝑙

)(
𝑢𝑙 − 𝑢∗

)
= 𝑝𝑟 + 𝜌𝑟

(
𝑆𝑟 − 𝑢𝑟

)(
𝑢∗ − 𝑢𝑟

)
, (12)

𝐯∗ = 𝑢∗𝐞𝐢𝐣 +
[1
2
(𝐯𝑙 + 𝐯𝑟) −

1
2
(𝑢𝑙 + 𝑢𝑟)𝐞𝐢𝐣

]
, (13)

𝜌∗𝑙∕𝑟 = 𝜌𝑙∕𝑟

(
𝑆𝑙∕𝑟 − 𝑢𝑙∕𝑟

)
(
𝑆𝑙∕𝑟 − 𝑢∗

) , (14)
𝐸∗
𝑙∕𝑟 =

(
𝑆𝑙∕𝑟 − 𝑢𝑙∕𝑟

)
𝐸𝑙∕𝑟 − 𝑝𝑙∕𝑟𝑢𝑙∕𝑟 + 𝑝∗𝑢∗

𝑆𝑙∕𝑟 − 𝑢∗
, (15)

where 𝑢∗ = 𝑆∗.For weakly compressible fluid flows, with the assumption that the intermediate states satisfy 𝑝∗𝑙 = 𝑝
∗
𝑟 = 𝑝

∗ and 𝑢∗𝑙 = 𝑢
∗
𝑟 = 𝑢

∗, a linearized Riemann solver can be derived as [44]
{
𝑢∗ = 𝑢𝑙+𝑢𝑟

2 + 1
2

(
𝑝𝑙−𝑝𝑟

)
𝜌̄𝑐

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2 𝜌̄𝑐
(
𝑢𝑙 − 𝑢𝑟

) , (16)
where 𝜌̄ and 𝑐 represent interface-particle averages. With the HLLC or linearized solution to the Riemann problem, the corresponding interface flux in Eq. (1) can subsequently be written as

𝑭 =

⎧⎪⎪⎨⎪⎪⎩

𝑭 𝑙 if 𝑆𝑙 > 0
𝑭 ∗
𝑙 if 𝑆𝑙 ≤ 0 < 𝑆∗

𝑭 ∗
𝑟 if 𝑆∗ ≤ 0 ≤ 𝑆𝑟

𝑭 𝑟 if 𝑆𝑟 < 0

. (17)

Following Refs. [26,23], dissipation limiters are introduced for the HLLC and linearized Riemann solvers to decrease the numerical dissipation. In particular, we implement a low-dissipation HLLC Riemann solver, where the wave speed and pressure in the star region of Eqs. (11) and (12) are re-evaluated as
{
𝑢∗ = 𝜌𝑙𝑢𝑙𝑐𝑙+𝜌𝑟𝑢𝑟𝑐𝑟

𝜌𝑙𝑐𝑙+𝜌𝑟𝑐𝑟
+ 𝑝𝑙−𝑝𝑟
𝜌𝑙𝑐𝑙+𝜌𝑟𝑐𝑟

𝛽2𝐻𝐿𝐿𝐶
𝑝∗ = 𝑝𝑙+𝑝𝑟

2 + 1
2𝛽𝐻𝐿𝐿𝐶

[
𝜌𝑟𝑐𝑟

(
𝑢∗ − 𝑢𝑟

)
− 𝜌𝑙𝑐𝑙

(
𝑢𝑙 − 𝑢∗

)] , (18)
by introducing a dissipation limiter
𝛽𝐻𝐿𝐿𝐶 =min

(
η𝐻𝐿𝐿𝐶 max(

𝑢𝑙 − 𝑢𝑟
𝑐

,0),1
)
. (19)

Note that we suggest that η𝐻𝐿𝐿𝐶 = 1 in Eulerian SPH framework and 
η𝐻𝐿𝐿𝐶 = 10 in FVM framework according to the numerical cases, and apply its squared value in the signal speed term for intensive dissipation control.For the linearized Riemann solver, we also introduce a dissipation limiter to the both velocity and pressure terms and the linearized Riemann solver with the limiter [26] can then be derived as
{
𝑢∗ = 𝑢𝑙+𝑢𝑟

2 + 1
2

(
𝑝𝐿−𝑝𝑅

)
𝜌̄𝑐 𝛽2𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 𝜌̄𝑐
(
𝑢𝑙 − 𝑢𝑟

) , (20)
where the dissipation limiter 𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 [26] is defined as
𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 =min

(
η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 max(

𝑢𝑙 − 𝑢𝑟
𝑐

,0),1
)
. (21)

Here, we suggest the parameter η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 = 15 in both Eulerian SPH and FVM frameworks. Note that while many state-of-the-art techniques, such as high-order schemes [45--50], can achieve higher numerical accuracy, the differing implementations of these advanced techniques applied to Eulerian SPH and FVM make a rigorous comparison between these two methods challenging. Additionally, achieving higher accuracy using these advanced techniques is not our primary objective.
2.3. Comparison between Eulerian SPH and FVM

To understand the SPH formulation in Eulerian framework and its comparisons with FVM, we present a graphical illustration in twodimensional between them in Fig. 2.For the similarities between the both methods, they update the conserved variables by calculating the pairwise particle or cell interacting 
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Fig. 2. Flux Integration: Over neighboring particles in SPH method (left panel); Over neighboring cells in finite volume method (right panel). 
flux of all the neighbors. In addition, by analogy with the form of the SPH discretization Eq. (8), the both methods can be written uniformly as 
𝜕
𝜕𝑡

(
𝜔𝑖𝐔𝑖

)
+
∑
𝑗
𝐅𝑖𝑗 (𝐔) ⋅𝐀𝑖𝑗 = 0. (22)

Here, 𝐀𝑖𝑗 is a vector representing the interface area along the normal direction to the interface.Also, we can compare the differences between the two methods in terms of the Eq. (22). The expressions of 𝐀𝑖𝑗 are different and denoted, respectively, as

𝐀𝑖𝑗 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐀𝐸𝑆𝑃𝐻𝑖𝑗 = |||𝐴𝑖𝑗
|||𝐧𝑆𝑃𝐻𝑖𝑗 = 2𝜔𝑖𝜔𝑗∇𝑊𝑖𝑗 = 2𝜔𝑖𝜔𝑗

𝜕𝑊𝑖𝑗
𝜕𝑟𝑖𝑗

𝐞𝑆𝑃𝐻𝑖𝑗in Eulerian SPH 

𝐀𝐹𝑉𝑀𝑖𝑗 = |||𝐴𝑖𝑗
|||𝐧𝐹𝑉𝑀𝑖𝑗 = 𝑆𝑖𝑗𝐧𝐹𝑉𝑀𝑖𝑗in FVM 

, (23)

where 𝑆𝑖𝑗 is the interface size between cell 𝑖 and 𝑗, and the interface unit normal vector between particles 𝑖 and 𝑗 is 𝐧𝑆𝑃𝐻𝑖𝑗 in Eulerian SPH or cells 
𝑖 and 𝑗 is 𝐧𝐹𝑉𝑀𝑖𝑗 in FVM. In SPHinXsys library, the gradient of the kernel 
∇𝑊𝑖𝑗 is stored separately as magnitude of gradient 𝜕𝑊𝑖𝑗𝜕𝑟𝑖𝑗

and displace
ment unit vector 𝐞𝑆𝑃𝐻𝑖𝑗 shown in Fig. 2 (left panel) and the displacement 
𝐫𝑆𝑃𝐻𝑖𝑗 = |||𝐫𝑆𝑃𝐻𝑖𝑗

||| 𝐞𝑆𝑃𝐻𝑖𝑗 is stored as the distance |||𝐫𝑆𝑃𝐻𝑖𝑗
||| and displacement unit vector 𝐞𝑆𝑃𝐻𝑖𝑗 . In FVM, we denote the center of the mesh as centroid and the displacement of centroids 𝑖 and 𝑗 𝐫𝐹𝑉𝑀𝑖𝑗 = |||𝐫𝐹𝑉𝑀𝑖𝑗

||| 𝐞𝐹𝑉𝑀𝑖𝑗is along 𝐞𝐹𝑉𝑀𝑖𝑗 , but the fluxes through the interface in Eq. (1) is along 
𝐧𝐹𝑉𝑀𝑖𝑗 shown in Fig. 2 (right panel). Note that interface unit normal vector 𝐧𝐹𝑉𝑀𝑖𝑗 is independent with 𝐞𝐹𝑉𝑀𝑖𝑗 in FVM. Therefore, a clear difference between Eulerian SPH and FVM is that in former the interface normal vector 𝐧𝑆𝑃𝐻𝑖𝑗 must be aligned displacement direction 𝐞𝑆𝑃𝐻𝑖𝑗 [27]. A certain form of Eulerian SPH method is proposed later in section 2.4 to release this constraint between 𝐧𝑆𝑃𝐻𝑖𝑗 and 𝐞𝑆𝑃𝐻𝑖𝑗 and thus achieve the effect rigorously equivalent to FVM. Besides, as is shown in Fig. 2 and the Eq. (23), the interface area |||𝐀𝑖𝑗

||| and the way to determine neighbors between cells in FVM are given from the known grid information (three or four neighboring cells in two or three dimensions, respectively), while those in SPH method is related to the gradient and the smoothing length 
ℎ of the kernel (approximately 20 or 70 neighboring particles in two or three dimensions, respectively, when the kernel’s cutoff radius is typically set as 2ℎwhere ℎ = 1.3𝑑𝑝with 𝑑𝑝 representing the initial spacing). 

Furthermore, each cell as a completely closed control volume naturally obeys ∑𝑗 𝐀𝐹𝑉𝑀𝑖𝑗 = 𝟎 in FVM, while the original Eulerian SPH method with approximation errors leads to 
∑
𝑗 𝐀𝐸𝑆𝑃𝐻𝑖𝑗 ≈ 𝟎, i.e. with consistency error [27], which will be fixed by the particle relaxation and be further analyzed by coupling together with kernel gradient correction in section 2.4. Note that the similarities and differences between these two methods are general, while the specific flux properties depend on the particle distribution in the Eulerian SPH method and the mesh file information in FVM.

2.4. Kernel gradient correction
In the pursuit of a certain of Eulerian SPH method algorithmically equivalent to FVM where the direction 𝐧𝑖𝑗 is independent with 𝐞𝑖𝑗 discussed in Section 2.3, a crucial step is the introduction of the kernel gradient correction expressed as

𝐁𝑖 = −

(∑
𝑗
𝐫𝑖𝑗 ⊗∇𝑊𝑖𝑗𝑤𝑗

)−1

, (24)
which has the properties of enhancing the numerical accuracy and meeting the first-order consistency as previously investigated [35,51]. Then the gradient of kernel can be rewritten as
∇′𝑊𝑖𝑗 =

𝐁𝑖 +𝐁𝑗
2 

∇𝑊𝑖𝑗 (25)
to guarantee the momentum conservation. Note that while Eqs. (24) and (25) have also been implemented in Refs. [51,23,52,28] to decrease integration errors, the correction introduced here is specifically intended to release constraints, which has not been previously discussed [52,28].As is mentioned above, interface unit normal vector 𝐧𝑆𝑃𝐻𝑖𝑗 in Eulerian SPH has to be along the displacement unit direction 𝐞𝑆𝑃𝐻𝑖𝑗 . Based on this, the kernel correction matrix in Eq. (24) is implemented to release the constraint and to adjust the normal direction of interface along 
(𝐞𝑆𝑃𝐻𝑖𝑗 )′ shown in Fig. 2 (left panel) expressed as
(𝐞𝑆𝑃𝐻𝑖𝑗 )′ =

∇′𝑊𝑖𝑗
|||∇′𝑊𝑖𝑗

|||
. (26)

Note that the interface between a pair of particles in Eulerian SPH is analogous to that between cells in FVM, but is virtual. Once the constraint is released, there exists a virtual mesh structure, which can be regarded as being generated by the SPH method and has the property of (𝐞𝑆𝑃𝐻𝑖𝑗 )′ orthogonal to the corresponding virtual interface, analogous to the traditional mesh produced by mesh-generation softwares. Based 
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Table 1Error analysis of SPH approximation for 𝑑𝑓∕𝑑𝑥with a constant function 𝑓 = 1 without and with the kernel gradient correction in the given relaxed particle distribution.

Without-B With-B 
𝐿1(𝑑𝑓∕𝑑𝑥) 2.9693 × 10−4 2.9636 × 10−4

on this, (𝐞𝑆𝑃𝐻𝑖𝑗 )′ is analogous to 𝐧𝐹𝑉𝑀𝑖𝑗 in traditional mesh-based FVM, thus making Eulerian SPH a certain version of FVM. Then the modified unit normal vector of interface (𝐞𝑆𝑃𝐻𝑖𝑗 )′ is used to replace the original vector 𝐞𝑆𝑃𝐻𝑖𝑗 in Eq. (8).It is worth noting that, in practical applications containing complex geometry, the lattice particle distribution is insufficient, so particle relaxation [53] given by
𝐚𝑝,𝑖 = −2 

𝜌 𝑖

∑
𝑗
𝑝0∇𝑊𝑖𝑗𝑤𝑗 (27)

with 𝑝0 denoting the constant pressure is implemented to make the particles fit precisely on the surface of the complex geometry, which also makes the particles satisfy the zero-order consistency [53], i.e. gradient of the constant function equal to zero. However, while the kernel gradient correction plays a pivotal role for Eulerian SPH method in achieving the FVM algorithm, it unavoidably impacts the zero-order consistency. Consequently, the incorporation of the kernel gradient correction becomes imperative for error analysis related to zero-order consistency. For the error analysis, 𝐿1 normalization is given by
𝐿1(𝑑𝑓∕𝑑𝑥) =

1 
𝑁

∑
𝑖 

||||||
∇𝑓𝑖 − 2

∑
𝑗
𝑓𝑖𝑗∇𝑊𝑖𝑗𝑤𝑗

||||||
, (28)

where 𝑓 is a function field and 2
∑
𝑗 𝑓𝑖𝑗∇𝑊𝑖𝑗𝑤𝑗 represents the weak form [7] of SPH approximation with 𝑓𝑖𝑗 =

1
2 (𝑓𝑖 + 𝑓𝑗 ) due to the conservation property in Eq. (8). In this case, we examine a circular geometry with a diameter of 𝐷 = 2 using a resolution of 𝑑𝑝 =𝐷∕20. Employing a relaxed particle distribution based on the Wendland kernel [54], we conduct an error analysis of the SPH approximation for 𝑑𝑓∕𝑑𝑥 concerning a constant function 𝑓 = 1 to assess zero-order consistency. The results in Table 1 present the 𝐿1 error under two scenarios: one without and one with the utilization of kernel gradient correction, validating that employing the gradient kernel correction has a negligible effect on the approximation error compared to not using it. Consequently, Eulerian SPH, combined with kernel gradient correction, achieves algorithmic equivalence to the mesh-based FVM regarding the zero-order consistency, flux direction of the interface as well as flux weight from the neighbors.

2.5. Mesh-based FVM within Eulerian SPH framework
We have previously explored the utilization of a certain form of Eulerian SPH method to attain an algorithm equivalent to FVM and in this section we delve further into implementing the mesh-based FVM within the framework of the original Riemann-based Eulerian SPH method, all within the same SPH codebase. By constructing a parser, we read the external mesh file format generated by the commercial software ICEM to obtain all necessary information to implement mesh-based FVM in SPHinXsys. In the mesh file, the node positions and the topological relations of all meshes can be obtained directly, and then other required information including the size of the interface, its normal unit vector and the distance between centroids can further be calculated. Note that for cells adjoining the boundary surface in the mesh file, while topological relationships still include all neighboring cell indexes, one cell index is labeled as ``0,'' signifying the boundary surface for all boundary conditions. This complicates the implementation of periodic boundary conditions in mesh-based FVM, as periodic information cannot be obtained from the mesh file.

In the original Eulerian SPH, we store the kernel gradient as interface unit normal vector 𝐞𝑆𝑃𝐻𝑖𝑗 and the magnitude of kernel gradient |||∇𝑊𝑖𝑗
|||separately mentioned in Section 2.3. Based on the relation between two methods in Eq. (23), it can be deduced that

𝜕𝑊𝑖𝑗

𝜕𝑟𝑖𝑗
=

𝑆𝑖𝑗
2𝜔𝑖𝜔𝑗

. (29)
To implement the traditional mesh-based FVM in SPH method, following the data structure of SPHinXsys, we analogize the storage form of FVM to SPH method as also two parts including the interface unit normal vector 𝐧𝐹𝑉𝑀𝑖𝑗 and the magnitude of kernel gradient 𝑆𝑖𝑗

2𝜔𝑖𝜔𝑗
where 

𝐧𝐹𝑉𝑀𝑖𝑗 and 𝑆𝑖𝑗 are calculated from the mesh information. Therefore, the flux properties of the both methods are stored in the same data structure. It is important to clarify that 𝑆𝑖𝑗
2𝜔𝑖𝜔𝑗

in FVM, even stored and labeled as magnitude of the kernel gradient, actually is only determined by the interface size and is not related to the kernel, thus ensuring equivalence in the data structure and algorithms of SPHinXsys and facilitating the realization of both mesh-based FVM and SPH methods. Also, we store 
𝑟𝐹𝑉𝑀𝑖𝑗 , the distance of centroids 𝑖 and 𝑗, in SPHinXsys storage space 𝑟𝑖𝑗which is used for solving the viscous force in Eq. (9). Following this procedure, the SPH code is endowed with the capability to simulate traditional mesh-based FVM, and the algorithmic equivalency between a certain form of Eulerian SPH and mesh-based FVM methods enables their seamless integration using the shared solver, including the flux data structure, Riemann solutions and dissipation limiters as well as the time integration, within the same SPH codebase, i.e. single algorithm for two methods. Furthermore, in the Eulerian SPH method, a wall boundary condition using the one-sided Riemann solver [55,26] is applied within the predefined solid particles. In addition, after calculating the distance between the centroid of the cell and the boundary surface from the mesh information, the one-sided Riemann solver is also introduced in the mesh-based FVM within the SPH code.
2.6. Time integration

For the time integration, we apply the Verlet scheme [13] where the total energy and density are first updated to the half time step 𝑛+ 1
2 by

⎧⎪⎨⎪⎩
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𝑖 = 𝜌𝑛𝑖 +

1
2𝛿𝑡

(
𝑑𝜌𝑖
𝑑𝑡 

)𝑛 . (30)
At this point, the internal energy and pressure are evaluated accordingly. Then, the change rate of momentum is calculated and applied to update the momentum to new time-step with
(𝜌𝐯)𝑛+1𝑖 = (𝜌𝐯)𝑛𝑖 + 𝛿𝑡

(
𝑑(𝜌𝐯)𝑖
𝑑𝑡 

)𝑛+ 1
2
. (31)

After that, the change rates of mass and energy are calculated. Finally, the energy and density for the new step are updated by
⎧⎪⎨⎪⎩
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2
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𝑑𝜌𝑖
𝑑𝑡 

)𝑛+1 . (32)
In order to ensure numerical stability, the time step size is determined by
Δ𝑡𝑎𝑐 = 𝐶𝐹𝐿

[
𝐿 

𝑑(𝑐0 +𝑈𝑚𝑎𝑥)

]
, (33)

where 𝐶𝐹𝐿 = 0.6 in Eulerian SPH method and 𝐶𝐹𝐿 = 0.4 in meshbased FVM, 𝑑 and 𝑈𝑚𝑎𝑥 represent the dimension and the maximum particle speed in the fluid field, respectively. Here, 𝐿 denotes the smoothing 
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Fig. 3. Double Mach reflection of a strong shock: Density contour and its zoom-in view ranging from 1.3 to 23.0 obtained by ESPH (top panel) with the resolution 
𝑑𝑝 = 1∕128, i.e. the total particles number approximately 𝑁 = 6.5 × 104, and by FVM (bottom panel) with the total elements number approximately 𝑁 = 6.4 × 104with the dissipation limiter at the finial time 𝑡= 0.2.
length of kernel in Eulerian SPH or the minimum distance between mesh nodes in mesh-based FVM.
3. Numerical results

In this section, a set of numerical examples including both compressible and weakly compressible flows are considered herein to investigate the accuracy and stability of a certain form of Eulerian SPH method and its rigorous comparisons with mesh-based FVM. For all tests, the Laguerre-Gauss kernel [23] with a smoothing length of ℎ = 1.3𝑑𝑝 is employed in the Eulerian SPH method due to its high numerical accuracy without requiring additional implementation and computational cost. For clarity, the Riemann-based Eulerian SPH method with the dissipation limiters and the kernel gradient correction is denoted as ``ESPH''. Also, mesh-based FVM with the same algorithm including Riemann solvers and dissipation limiters is denoted as ``FVM''. Note that we visualize the mesh information by changing the VTK file in SPHinXsys and the numerical results in Post-processing software called Paraview. In all the figures presented in the numerical examples, the zoom-in view figures with ``under surface representation'' indicate that they are displayed in a surface representation mode within Paraview. Here, we define the computational efficiency rate, denoted as 𝛼, which is the ratio of the CPU wall-clock times of ``FVM'' to ``ESPH'', i.e., 𝛼 = (CPU wall-clock time)FVM
(CPU wall-clock time)ESPH . A lower 𝛼 value indicates greater computational efficiency of using “FVM''.

3.1. Double Mach reflection of a strong shock
In this section, we test a two-dimensional problem namely double Mach reflection of a strong shock to rigorously compare ESPH with FVM in the compressible flow. Following Ref. [56], the computational domain is (𝑥, 𝑦) ∈ [0,4] × [0,1] and the initial condition is given by

(𝜌, 𝑢, 𝑣, 𝑝) =

{
(1.4,0,0,1) 𝑦 ≤ 1.732(𝑥− 0.1667)
(8,7.145,−4.125,116.8333) otherwise ,

(34)
the final time is 𝑡 = 0.2. Besides, a right moving Mach 10 shock is initially located at (𝑥, 𝑦) = (0.1667,0) and keeps a 60-degree angle with the 
𝑥-axis. The bottom boundary is the reflective wall boundary beginning 
𝑥 = 1∕6 to 𝑥 = 4, the left-hand boundary is the post-shock boundary condition and zero-gradient condition is applied for the right boundary 
𝑥 = 4. In the case, the spatial resolution is 𝑑𝑝 = 1∕128 with the total particles number approximately 𝑁 = 6.5 × 104 in ESPH and the maximum element seed size is 0.012 with the total elements number approximately 
𝑁 = 6.4 × 104 in FVM to discretize the computational domain.In Fig. 3, top panel is the density contour and its zoom-in view ranging from 1.3 to 23.0 obtained by ESPH with the resolution 𝑑𝑝 = 1∕128at the finial time 𝑡 = 0.2 and bottom panel presents that obtained by FVM with the total elements number approximately 𝑁 = 6.4 × 104 and the mesh visualization and its zoom-in view using FVM are also given. It can be observed that the main flow features including the Mach stem and the near-wall jet can be captured well in both methods. In the meantime, compared to the FVM, where unstructured meshes introduce anisotropic characteristics from three neighboring cells, ESPH exhibits a distinct advantage of producing smooth density contours due to its reliance on isotropic kernels and 20 neighboring particles, which naturally possess isotropic properties. Furthermore, to avoid the effect of the dissipation limiter on smoothness in FVM, we also calculate the density contour without using the limiter, as shown in Fig. 4. This demonstrates that even with excessive numerical dissipation, the density contour obtained by FVM is not as smooth as that obtained by the ESPH method.
3.2. Lid-driven cavity flows with different shapes

In this section, we consider two-dimensional lid-driven cavity flows with different shapes to compare ESPH with FVM further. Firstly, a simple square cavity is applied and the results calculated by both methods are compared with the results from Ghia et al. [57] to verify its correctness. Besides, a semi-circular cavity is tested to validate the capacity 
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Fig. 4. Double Mach reflection of a strong shock: Density contour and its zoom-in view ranging from 1.3 to 23.0 obtained by FVM with the total elements number approximately 𝑁 = 6.4 × 104 without the dissipation limiter at the finial time 𝑡= 0.2.

Fig. 5. Lid-driven cavity flows with different shapes: Geometries and boundary conditions. 
to deal with complex geometry by comparing with the reference result from Glowinski et al. [58]. The geometries and boundary conditions are shown in Fig. 5 where the upper moving wall is set as a given velocity 
𝑈𝑤𝑎𝑙𝑙 = 1.0 and other boundaries are non-slip wall conditions, and the finial time 𝑡 = 30. 
3.2.1. Lid-driven square cavity problemFor the square cavity, the computational domain is a square with a length of 𝐿 = 1 and the Reynolds number 𝑅𝑒 = 400 in the case. In ESPH, the spatial resolutions 𝑑𝑝 = 1∕33, 1∕65 and 1∕129 are applied with total particles numbers 𝑁 = 1089, 4225 and 16641, respectively, to verify the convergence study. Correspondingly, in FVM, the maximum element seed sizes are set as 0.05, 0.024 and 0.012 with the total elements numbers 𝑁 = 1094, 4110 and 16096, respectively.Fig. 6 presents the horizontal velocity component 𝑢 along 𝑥 = 0.5𝐿and the vertical velocity component 𝑣 along 𝑦 = 0.5𝐿, obtained by FVM with total element numbers 𝑁 = 1094, 4110, and 16096, and ESPH with spatial resolutions of 𝑑𝑝 = 1∕33, 1∕65, and 1∕129, corresponding to total particle numbers 𝑁 = 1089, 4225, and 16641, respectively. Comparisons are made with reference results from Ghia et al. [57], indicating that the results are in good agreement with the reference data. Note that the convergence of the ESPH method using the high-order kernel is much faster than FVM, across resolutions ranging from low to high, clearly shown in right panel of Fig. 6. Additionally, Fig. 7 illustrates the horizontal and vertical velocity components obtained using both Eulerian SPH and FVM with and without (labeled as ‘ESPH-NL’ and ‘FVM-NL,’ respectively) limiters. The results indicate that the limiter substantially 

reduces numerical dissipation in both methods, achieving greater reductions in FVM than in SPH. Besides, Fig. 7 also demonstrates the results converge even at higher resolutions.For further quantitative error analysis, Fig. 8 illustrates the convergence rate of the 𝐿1-norm error at the extreme points, indicating that both methods attain approximately second-order convergence rate. As expected, the convergence rate at the extreme point is lower than the fourth order in ESPH [23] at low resolution as its much extra dissipation from the Riemann problem and limiters. Besides, Fig. 9 shows the velocity contour and its zoom-in view ranging from 2.0 × 10−5 to 0.97obtained by ESPH with the total particles number 𝑁 = 16641 and FVM with the total elements number 𝑁 = 16096 under the Reynolds number 𝑅𝑒 = 400 in a square cavity, implying that ESPH enables obtaining smooth velocity contour while results obtained by FVM are not smooth shown in zoom-in figure of visualization without mesh nodes under surface representation. This is due to the same reason explained in the previous example, i.e. FVM with its unstructured mesh has anisotropic properties and Eulerian SPH relying on the isotropic kernel naturally has the isotropic characteristic. In the present study, the computations are all performed on an Intel Core i7-10700 2.90 GHz 8-core desktop computer and the total CPU wall-clock times required by ESPH with the total particles number 𝑁 = 16641 and FVM with total elements number 
𝑁 = 16096 in whole process 𝑡= 30 are listed in Table 2, indicating that FVM is computationally much more efficient than ESPH with 𝛼 = 0.387. Note that the iteration number of FVM is significantly higher than that of Eulerian SPH due to the fact that the acoustic time step depends on the minimum distance between nodes in the mesh. 
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Fig. 6. Lid-driven square cavity flow with 𝑅𝑒 = 400: The horizontal velocity component 𝑢 along 𝑥 = 0.5𝐿 (left panel) and the vertical velocity component 𝑣 along 
𝑦 = 0.5𝐿 (right panel) obtained by ESPH with the spatial resolutions as 𝑑𝑝 = 1∕33, 1∕65 and 1∕129, i.e. the total particles numbers 𝑁 = 1089, 4225 and 16641, and by FVM with the total elements numbers 𝑁 = 1094, 4110 and 16096, as well as the comparisons with the reference obtained by Ghia et al. [57].

Fig. 7. Lid-driven square cavity flow with 𝑅𝑒 = 400: The horizontal velocity component 𝑢 along 𝑥 = 0.5𝐿 (left panel) and the vertical velocity component 𝑣 along 
𝑦 = 0.5𝐿 (right panel) obtained by ESPH with 𝑁 = 16641 and 𝑁 = 66049, and FVM with total elements numbers 𝑁 = 16096 and 𝑁 = 66084 with and without the dissipation limiter, as well as the comparison with the reference obtained by Ghia et al. [57].

Fig. 8. Lid-driven square cavity flow with 𝑅𝑒= 400: Convergence rate of 𝐿1-norm error of vertical velocity at the extreme point. 
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Fig. 9. Lid-driven square cavity flow with 𝑅𝑒 = 400: The velocity contour and its zoom-in view ranging from 2.0 × 10−5 to 0.97 obtained by ESPH with the total particles number 𝑁 = 16641 (left panel) and FVM with the total elements number 𝑁 = 16096 (right panel).

Fig. 10. Lid-driven semi-circular cavity flow with 𝑅𝑒 = 1000: The horizontal velocity component 𝑢 along 𝑥 = 0.5𝐿 (left panel) and the vertical velocity component 
𝑣 along 𝑦 = −0.25𝐿 (right panel) obtained by ESPH with the resolutions as 𝑑𝑝 = 1∕65, 1∕129 and 1∕257, i.e. the total particles number 𝑁 = 1656, 6529 and 25922respectively, and FVM with the total elements number 𝑁 = 1496, 6608 and 25344, and the comparison with the reference obtained by Glowinski et al. [58].
Table 2Lid-driven square cavity flow with 𝑅𝑒= 400: Computational efficiency comparison between FVM and ESPH for the physical time 𝑡= 30.

Element/Particle number CPU wall-clock time Iteration number 𝛼

FVM 16096 190.38 s 229625 0.387ESPH 16641 491.53 s 108924 

3.2.2. Lid-driven semi-circular cavity problemFor semi-circular cavity, the diameter of cycle is 𝐿 = 1 and the Reynolds number is 𝑅𝑒 = 1000 in the case, with the resolutions 𝑑𝑝 =
1∕65, 𝑑𝑝 = 1∕129 and 𝑑𝑝 = 1∕257, i.e. the total particles number 𝑁 =
1656, 𝑁 = 6529 and 𝑁 = 25922 respectively in ESPH or the total elements number 𝑁 = 1496, 𝑁 = 6608 and 𝑁 = 25344 in FVM, respectively. Fig. 10 shows the horizontal velocity component 𝑢 along 𝑥 = 0.5𝐿and the vertical velocity component 𝑣 along 𝑦 = −0.25𝐿 obtained by ESPH and FVM as well as the comparison with the reference [58] in a semi-circular cavity, proving that both methods can obtain the accurate and consistent results which are agreement with the reference. Consistent with the findings from the previous example, the convergence rate of the ESPH method using the high-order kernel demonstrates a faster rate compared to the FVM, as shown in Fig. 10. Besides, Fig. 11 presents the velocity contour and its zoom-in view ranging from 2.0×10−5 to 0.97obtained by ESPH with the spatial resolution 𝑑𝑝 = 1∕129 and FVM with 

Table 3Lid-driven semi-circular cavity flow with 𝑅𝑒 = 1000: Computational efficiency comparison between FVM and ESPH for the physical time 𝑡= 30.
Element/Particle number CPU wall-clock time Iteration number 𝛼

FVM 6608 68.99 s 197677 0.394ESPH 6529 174.78 s 108768 

the total elements number 𝑁 = 6608, showing that, similarly with the square cavity results, the result calculated by ESPH is much smoother that by FVM with its anisotropic characteristics in unstructured meshbased method. Furthermore, for the computational efficiency analysis, the total CPU wall-clock times required by ESPH with the particle number 𝑁 = 6529 and FVM with the total element number 𝑁 = 6608 in whole process 𝑡 = 30 are listed in Table 3, showing that the computational time cost in ESPH method is much longer. 
3.3. Vortex spin-down

In the vortex spin-down simulation, the vortex is confined within a unit square bounded by four solid walls [59--61]. The flow field is initialized with a smooth, clockwise-rotating vortex defined as:
𝑢 =𝑈𝑚𝑎𝑥(𝑦− 0.5), 𝑣 =𝑈𝑚𝑎𝑥(0.5 − 𝑥), (35)
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Fig. 11. Lid-driven semi-circular cavity flow with 𝑅𝑒= 1000: The velocity contour and its zoom-in view ranging from 2.0 × 10−5 to 0.97 obtained by ESPH with the spatial resolution 𝑑𝑝= 1∕129, i.e. the total particles number 𝑁 = 6529 (top panel), and FVM with the total elements number 𝑁 = 6608 (bottom panel).

Fig. 12. Vortex spin-down with 𝑅𝑒 = 100: The velocity contours obtained by ESPH (left panel) and FVM (right panel) with 𝑁 = 4225 and 𝑁 = 4110, respectively, at 
𝑡 = 1.
where 𝑈𝑚𝑎𝑥 = 1 represents the fluid maximum velocity. The Reynolds number for this case is set to 𝑅𝑒 = 100. Fig. 12 displays the velocity contours ranging from 0 to 0.26 using ESPH with 𝑁 = 4225 (left panel) and FVM with 𝑁 = 4110 (right panel). Consistent with prior results, the Eulerian SPH method yields the smoother contour compared to FVM. For the quantitative validation, Fig. 13 (left panel) presents the vertical velocity profiles computed by ESPH and FVM with 𝑁 = 4225 and 𝑁 = 4110, respectively. Both methods achieve accuracy consistent with the benchmark result obtained by Xu et al. [60] for the comparable resolution. To further assess energy conservation and numerical dissipation, Fig. 13 (right panel) shows the kinetic energy decay over time for various resolutions using both methods, alongside a high-resolution solution labeled as ``Reference''. The results confirm that while both methods exhibit convergence with particle/mesh refinement, the Eulerian SPH method demonstrates lower numerical dissipation as the results closer to the reference than FVM at the same resolution.

3.4. Flow around a circular cylinder
Furthermore, to rigorously compare ESPH and FVM in fluid-solid interaction, we investigate a case of flow around a circular cylinder as a benchmark case. For assessing numerical results quantitatively, the drag and lift coefficient are defined as

𝐶𝐷 =
2𝐹𝐷
𝜌∞𝑢2∞𝐴

,𝐶𝐿 =
2𝐹𝐿

𝜌∞𝑢2∞𝐴
, (36)

where 𝐹𝐷 and 𝐹𝐿 are the drag and lift forces on the cylinder respectively. For unsteady cases, the Strouhal number 𝑆𝑡 = 𝑓𝐷∕𝑢∞ with 𝑓and 𝐷 denoting the vortex shedding frequency and the cylinder diameter, respectively. In the case, the computational domain is [40𝐷,40𝐷]where the cylinder center is located at (12.5𝐷,20𝐷) and the Reynolds number 𝑅𝑒 = 𝑢∞𝜌∞𝐷∕𝜇 is 100 with the velocity 𝑢∞ = 1, density 𝜌∞ = 1and the cylinder diameter 𝐷 = 2. Besides, all boundary conditions are the farfield boundaries and the finial time is 300. 
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Fig. 13. Vortex spin-down at 𝑅𝑒 = 100: The vertical velocity component 𝑣 along 𝑦 = 0.5, computed using ESPH and FVM with 𝑁 = 4225 and 𝑁 = 4110, respectively, is compared against the similar solution from Xu et al. [60] at 𝑡= 1 (left panel). The right panel shows the kinetic energy decay over time for both methods at various resolutions, along with the reference.

Fig. 14. Flow around a circular cylinder (𝑅𝑒 = 100): Particle distribution and zoom-in view as well as velocity contour ranging from 0 to 1.32 obtained by ESPH with the spatial resolution 𝑑𝑝= 1∕10 with total particle number 𝑁 = 644492 at the time 𝑡 = 300.

Fig. 15. Flow around a circular cylinder (𝑅𝑒 = 100): Time evolution of the drag coefficient 𝐶𝐷 (left panel) and lift coefficient 𝐶𝐿 (right panel) obtained by ESPH with the spatial resolutions 𝑑𝑝= 1∕10, 1∕20 and 1∕30.
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Fig. 16. Flow around a circular cylinder (𝑅𝑒= 100): Unstructured mesh and corresponding particle distribution as well as velocity contour obtained by FVM ranging from 0 to 1.32 with the total element number 𝑁 = 639543 at the time 𝑡 = 300.
Table 4Flow around a circular cylinder (𝑅𝑒= 100): The converged drag and lift coefficients obtained by ESPH and FVM as well as other experimental and numerical results.

Parameters 𝐶𝐷 𝐶𝐿 𝑆𝑡White [62] 1.46 - -Chiu et al. [63] 1.35 ± 0.012 ±0.303 0.166 Le et al. [64] 1.37 ± 0.009 ±0.323 0.160 Brehm et al. [65] 1.32 ± 0.010 ±0.320 0.165 Russell et al. [66] 1.38 ± 0.007 ±0.300 0.172 Qu et al. [67] 1.32 ±0.225 0.165 ESPH 1.36 ± 0.011 ±0.340 0.167 FVM 1.36 ± 0.006 ±0.270 0.164 
Table 5Flow around a circular cylinder (𝑅𝑒= 100): Computational efficiency comparison between FVM and ESPH for the physical time 𝑡= 300.

Element/Particle number CPU wall-clock time Iteration number 𝛼

FVM 639543 6521.02 s 103267 0.554ESPH 644492 11772.82 s 108768 
In ESPH, the spatial resolutions 𝑑𝑝 = 1∕10, 1∕20 and 1∕30 are applied. Fig. 14 shows the particle distribution and the zoom-in view around the cylinder as well as velocity contour ranging from 0 to 1.32obtained by ESPH with the resolution 𝑑𝑝 = 1∕10 at the final time 𝑡 = 300, indicating that the velocity distribution calculated by ESPH is very smooth because of its isotropic characteristics. Besides, Fig. 15 depicts the drag coefficient 𝐶𝐷 and lift coefficient 𝐶𝐿 obtained by ESPH with the spatial resolutions 𝑑𝑝 = 1∕10, 1∕20 and 1∕30, showing that the drag coefficients reach a stable mean value after a period of fluctuation at the beginning while the lift coefficient oscillates around zero. The deviations of the drag and lift coefficients with the spatial resolutions 𝑑𝑝 = 1∕20and 𝑑𝑝 = 1∕30 are less than 3 percent, and the frequencies and amplitudes of the lift coefficient are roughly consistent, which means that the results are convergent. The convergent results [63--68] are listed in Table 4 which contains other experimental and numerical, including SPH 

and FVM, results under the Reynolds number 𝑅𝑒 = 100, showing that the results of the drag and lift coefficients obtained by ESPH agree well with other references and can be seen as correct.Correspondingly, in FVM, the maximum element sizes are 0.15, 0.076are applied with the total elements numbers are 639543 and 2534663, respectively. Fig. 16 portrays the visualization of unstructured mesh, velocity contour and its zoom-in view around the cylinder ranging from 0to 1.32 obtained by FVM with the total elements number 𝑁 = 639543at the time 𝑡 = 300. The velocity distribution appears generally smooth when observed globally, yet upon closer inspection in the zoomed-in visualization without mesh nodes, it reveals non-smoothness owing to the anisotropic property of the mesh-based FVM. Also, the convergent result obtained by FVM with the total elements number 𝑁 = 2534663 is also listed in Table 4, implying that the drag and lift coefficients obtained by FVM are well agreement with the references. Furthermore, the total CPU wall-clock times required by ESPH with the particle number 644492 and FVM with the total element number 𝑁 = 639543 in whole process are listed in Table 5, indicating the higher computational efficiency of the FVM.
3.5. Flow around the NACA5515 airfoil

In this section, more challenging scenario, flow around the NACA5515 airfoil with a sharp angle, is considered. The computational domain is defined as a square cavity, with the airfoil’s chord length designated as 𝐿 = 1. The left boundary is positioned two chord lengths upstream of the leading edge, while the upper and lower boundaries are three chord lengths from the airfoil surface [69]. The right boundary is located three chord lengths downstream of the trailing edge. The left and right boundaries are defined as inlet and outlet conditions, respectively, while the upper and lower boundaries are treated as farfield conditions. The airfoil surface is subjected to a no-slip boundary condition. The Reynolds number for the case is set as 𝑅𝑒 = 420 and simulation time is 𝑡 = 15. Fig. 17 displays the velocity contours, including zoom-in views with particle or mesh distributions, obtained using ESPH with total particle number 𝑁 = 2618626 (left panel) and FVM with total element number 𝑁 = 2652573 (right panel) at 𝑡 = 15, demonstrating that the former 
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Fig. 17. Flow around the NACA5515 airfoil (𝑅𝑒 = 420): Velocity contours and their zoom-in views ranging from 0 to 1.2 obtained by ESPH (left panel) with the resolution 𝑑𝑝= 1∕250, i.e. total particle number 𝑁 = 2618626, and by FVM (right panel) with total element number 𝑁 = 2652573 at the time 𝑡 = 15.

Fig. 18. Flow around the NACA5515 airfoil (𝑅𝑒= 420): Pressure coefficients on the surface obtained by ESPH with total particle number 𝑁 = 2618626 and FVM with total element number 𝑁 = 2652573 at the time 𝑡 = 15.

Fig. 19. 3𝐷 lid-driven cavity flow: Geometries and boundary conditions. 
yields the smoother flow contour compared to the latter. Furthermore, Fig. 18 presents the pressure coefficients on the surface using ESPH and FVM as well as the numerical result by Huang et al. [69], showing both methods achieve the accurate results even in the challenging scenario.

Table 6
3𝐷 lid-driven cavity flow with 𝑅𝑒 = 100: Computational efficiency comparison between FVM and ESPH for the physical time 𝑡= 10.

Element/Particle number CPU wall-clock time Iteration number 𝛼

FVM 128418 589.60 s 49803 0.19ESPH 132651 3113.95 s 21862 
3.6. 3D lid-driven cavity flow

This section presents a further comparison of the performance of ESPH and FVM in a three-dimensional case, namely 3𝐷 lid-driven square cavity flow, using a cube of unit length. Following Refs. [70,71], similar to the 2D lid-driven cavity flow, the upper surface is designed as a moving boundary with 𝑈 = (1.0,0.0,0.0), while the remaining surfaces are set as stationary non-slip boundaries, as shown in Fig. 19. In this case, the Reynolds number is 𝑅𝑒 = 100 and the final time is 𝑡 = 10, with the total particles 𝑁 = 132651, 1030301 and 2146289 in ESPH or total elements 𝑁 = 128418, 1031317 and 2108628 in FVM to discretize the computational domain.Fig. 20 presents the velocity contour of the block after the middle plane using ESPH and FVM, alongside the reference result from [70]. This validates that the velocity contour obtained by ESPH is smoother than that obtained by FVM. Additionally, Fig. 21 shows the velocity profiles of the horizontal and vertical centerlines of the middle plane using ESPH with the total particle number of 𝑁 = 2146289 and FVM with the total element count of 𝑁 = 2108628, proving the results using both methods are consistent with the reference results and proving that the mesh-based FVM realization in SPH code in three dimensional situation is also convincing and accurate. Besides, consistent with the findings from the two-dimensional cases, the convergence rate of the ESPH method using the high-order kernel is significantly faster compared to that of the FVM, as shown in Fig. 21. Furthermore, we test the computational efficiency of both methods. The total CPU wall-clock time required by ESPH with 𝑁 = 132651 particles and FVM with 𝑁 = 128418elements in whole process is listed in Table 6, demonstrating that the higher computational efficiency of the FVM in 3D even significantly higher 2D. 
4. Summary and conclusion

In this paper, the kernel gradient correction matrix is implemented to release the constraint on the Eulerian SPH method for adjusting flux 
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Fig. 20. 3𝐷 lid-driven cavity flow with 𝑅𝑒= 100: The velocity contour and its zoom-in view of the block after the middle plane ranging from 0.0 to 1.0 obtained by ESPH with the total particles number 𝑁 = 2146289 (left panel) and FVM with the total elements number 𝑁 = 2108628 (right panel).

Fig. 21. 3𝐷 lid-driven cavity flow with 𝑅𝑒 = 100: The horizontal (a) and vertical (b) centerlines of the middle plane. Here, the results are obtained by ESPH with the total particles number 𝑁 = 132651, 1030301 and 2146289, and FVM with the total elements number 𝑁 = 128418, 1031317 and 2108628 and the comparison with the reference obtained by Ku et al. [70].
properties. After comparing Eulerian SPH and FVM, the algorithmic equivalence including the zero-order consistency, flux direction of the interface and flux weight from the neighbors can be achieved. Besides, the mesh-based FVM is realized in the same SPH program SPHinXsys using the shared solver, including the consistent discretized conservation equation, flux data structure, Riemann solutions, dissipation limiters and time integration scheme, and therefore both methods’ computational efficiency and performance can be compared rigorously. Several fully and weakly compressible examples are tested, and the results have validated that while the mesh-based FVM has higher computational efficiency due to significantly fewer neighbors, the Eulerian SPH has a clear advantage in producing smoother outcomes owing to the kernel’s isotropic properties and in achieving a faster convergence rate with the employment of the high-order kernel. It is crucial to acknowledge that the computational time and iteration number using the mesh-based FVM is significantly affected by the mesh property, as the time step is determined by the minimum distance between grid nodes. For future work, the rigorous comparison between these two methods will be extended to high-order schemes such as the implementation of slope limiters [72,73] and periodic boundary by developing efficient identification algorithms in FVM. Additionally, the strong coupling of the Eulerian SPH and FVM methods with a shared solver within a unified framework will be explored, providing enhanced stability and computational efficiency.
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The finite volume method (FVM) is widely recognized as a computationally efficient and accurate mesh-based technique. However, it has notable limitations, particularly in mesh generation and handling complex boundary interfaces or conditions. In contrast, the smoothed particle hydrodynamics (SPH) method, a popular meshless alternative, inherently circumvents the challenges of mesh generation and yields smoother numerical outcomes. Nevertheless, this approach comes at the cost of reduced computational efficiency. Consequently, researchers have strategically combined the strengths of both methods to investigate complex flow phenomena, producing precise and computationally efficient outcomes. However, algorithms involving the weak coupling of these two methods tend to be intricate and face challenges regarding versatility, implementation, and mutual adaptation to hardware and coding structures. Thus, achieving a robust and strong coupling of FVM and SPH within a unified framework is essential. A mesh-based FVM has recently been integrated into the SPH-based library SPHinXsys. However, due to the differing boundary algorithms between these methods, the crucial step for establishing a strong coupling of both methods within a unified SPH framework is to incorporate the FVM boundary algorithm into the Eulerian SPH method. In this paper, we propose a straightforward algorithm within the Eulerian SPH method, which is algorithmically equivalent to that in FVM and based on the principle of zero-order consistency. Moreover, several numerical examples, including compressible and incompressible flows with various boundary conditions in the Eulerian SPH method, demonstrate the stability and accuracy of the proposed algorithm.

1. Introduction
In the context of rapidly advancing high-performance computing, computational fluid dynamics (CFD) has emerged as a highly effective approach in addressing industrial challenges and has proven instrumen-tal in elucidating longstanding flow phenomena across a wide range of scales, ranging from microfluidics to hydrodynamics and hypersonics [1,2]. While traditional mesh-based CFD methods have achieved signif-icant accomplishments, they face limitations when addressing complex practical problems. These challenges pertain to generating high-quality meshes and modeling intricate interfaces, such as solid-fluid moving boundaries [3] and violent deformations (e.g., wave breaking). For-tunately, to address the latter constraint, traditional mesh-based tech-niques, such as the finite volume method (FVM), can be coupled with other numerical techniques, including both mesh-based [4–7] and mesh-less [8–13] methods, to achieve convincing and accurate results. Never-theless, the former challenge is inherent to complex geometric settings 

✩ The review of this paper was arranged by Prof. Andrew Hazel.* Corresponding author.E-mail addresses: zhentong.wang@tum.de (Z. Wang), oskar.haidn@tum.de (O.J. Haidn), xiangyu.hu@tum.de (X. Hu).

in mesh-based methods. By avoiding mesh generation and accommo-dating large deformations during simulations, meshless methods have attracted significant interest since their numerical formulation is based on particles and independent of a mesh-defined topology. Among the typical meshless methods, the smoothed particle hydrodynamics (SPH) method is characterized by numerical approximations using Gaussian-like kernel functions [14,15] and has found widespread application in diverse fields including CFD [16–18], structural mechanics [19], and various scientific and engineering domains [20,21], particularly in sce-narios where traditional mesh-based methods encounter challenges.As previously indicated, numerous researchers have combined FVM with meshless approaches to tackle intricate flows characterized by complex interfaces or boundaries. Similarly, they have also combined SPH with traditional mesh-based methods to improve computational efficiency and address complex boundary conditions [9,10,22]. Conse-quently, the fusion of mesh-based methods such as FVM and meshless methods such as SPH is crucial for solving complex fluid dynamics prob-
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lems. Nevertheless, it is recognized that the weak coupling of these multiple methods introduces inherent limitations. Firstly, there is the potential for reduced numerical stability when combining two distinct methods, compared to using a single method, due to the need for tai-lored algorithms to manage data transfer or exchange within overlap-ping regions or interfaces [8,10,23,24]. Secondly, the implementation and generalization of coupling algorithms present significant challenges [25], primarily due to the inherent divergence in the fundamental char-acteristics of the coupled models. Thirdly, apart from variations in for-mulations, another notable challenge arises when attempting to couple methodologies that are designed or highly optimized for distinct types of hardware acceleration and coding constructs [25]. Hence, introducing a unified framework for computing complicated CFD problems becomes essential to address these limitations. Wang et al. [26] have proposed a certain form of the Eulerian SPH method that is equivalent to FVM and have implemented the mesh-based FVM within the open-source SPHinXsys [27,28], paving the way for the strong coupling of these two methods within a unified SPH framework. While both methods in Wang et al. [26] share the same discretized conservation equations and other techniques for improving stability and accuracy, it is essential to note that the treatment of boundary conditions differs between the particle-based and mesh-based approaches. Based on this, the incorporation of the FVM boundary algorithm into the Eulerian SPH method becomes a critical issue demanding a solution, as it not only enhances the equiva-lence between the Eulerian SPH and FVM but also constitutes a crucial component in establishing a unified SPH framework for achieving the robust and strong coupling of these two methods.In this paper, by analyzing the boundary algorithm in FVM, which ensures that each cell in the boundaries adheres to zero-order consis-tency, we propose a new boundary algorithm adapted to the Eulerian SPH framework. While implementing the boundary algorithm in FVM within SPHinXsys, we allocate additional storage space for particles in the boundaries to ensure that the necessary data is stored to meet the requirements of FVM’s boundary treatment. Additionally, a series of nu-merical examples with various boundary conditions, including reflect-ing, inflow, outflow, moving, non-reflecting, non-slip wall, and far-field boundary conditions, are tested in the Eulerian SPH framework to vali-date the stability and accuracy of the proposed algorithm.The structure of this article is as follows: Section 2 presents the governing equations and their discretization, together with a low-dissipation limiter proposed by Zhang et al. [29] for a Riemann-based SPH scheme [30,31] to reduce numerical dissipation, and a kernel cor-rection method [32,33] for the gradient operator to further enhance numerical accuracy. This section also discusses a particle relaxation method developed by Zhu et al. [34], which uses a background pressure to physically move and generate body-fitted particles while maintaining zero-order consistency. Additionally, Section 3 details the implementa-tion of the new boundary algorithm in the Eulerian SPH method through a comparison with the corresponding approach in FVM. Finally, Sec-tion 4 evaluates the performance of the proposed algorithm through several examples with various boundary conditions. The computational codes used in this study are readily available through the SPHinXsys repository and can be accessed at https://www .sphinxsys .org or https://github .com /Xiangyu -Hu /SPHinXsys.
2. Governing equations and Eulerian SPH method
2.1. Governing equations

The conservation equations within the Eulerian framework can be described as follows:
𝜕𝑼
𝜕𝑡

+∇ ⋅ 𝑭 (𝑼 ) = 0, (1)
where 𝑭 (𝑼 ) represents the fluxes corresponding to 𝑼 , which denotes the vector of conserved variables. In a two-dimensional case, these are expressed as:

𝐔 =
⎡⎢⎢⎢⎣

𝜌
𝜌𝑢
𝜌𝑣
𝐸

⎤⎥⎥⎥⎦
, 𝐅 =

⎡⎢⎢⎢⎣

𝜌𝑢
𝜌𝑢2 + 𝑝
𝜌𝑢𝑣

𝑢(𝐸 + 𝑝)

⎤⎥⎥⎥⎦
+
⎡⎢⎢⎢⎣

𝜌𝑣
𝜌𝑣𝑢

𝜌𝑣2 + 𝑝
𝑣(𝐸 + 𝑝)

⎤⎥⎥⎥⎦
, (2)

where 𝑢 and 𝑣 are the components of velocity, 𝜌 and 𝑝 denote the density and pressure, respectively, and 𝐸 = 𝜌(𝑢2+𝑣2)
2 + 𝜌𝑒 is the total energy, where 𝑒 represents the internal energy. The equation of state (EOS) is introduced to close Eq. (1) and is given by:

𝑝 =

{
𝜌(𝛾 − 1)𝑒 For compressible flows
𝑐2(𝜌− 𝜌0) For incompressible flows . (3)

Here, 𝛾 represents the heat capacity ratio, 𝜌0 and 𝑐 are the reference density and speed of sound, respectively. For compressible flows, the speed of sound is derived from the ideal gas equation as follows:
𝑐2 = 𝛾𝑝

𝜌
. (4)

In the case of incompressible flows, the weakly compressible assumption is adopted by employing an artificial EOS expressed in Eq. (3). To restrict density variations to within 1%, the speed of sound is defined as 𝑐 =
10𝑈𝑚𝑎𝑥, where 𝑈𝑚𝑎𝑥 is the anticipated maximum velocity within the flow field. Notably, in this weakly compressible formulation, the energy conservation equation in Eq. (2) is disabled. To simulate viscous flows, a viscous force is incorporated into the momentum equation and is defined as:
𝑓 (𝑣) = 𝜂∇2𝐯, (5)
where 𝜂 and 𝐯 denote the dynamic viscosity and fluid velocity, respec-tively.
2.2. Low-dissipation Riemann-based Eulerian SPH discretization

Following Vila [30], the discretized form of Eq. (1) can be expressed as follows:
⎧⎪⎪⎨⎪⎪⎩

𝜕
𝜕𝑡

(
𝑤𝑖𝜌𝑖

)
+ 2𝑤𝑖

∑
𝑗 𝑤𝑗 (𝜌𝐯)∗𝐸,𝑖𝑗 ⋅∇𝑊𝑖𝑗 = 0

𝜕
𝜕𝑡

(
𝑤𝑖𝜌𝑖𝐯𝑖

)
+ 2𝑤𝑖

∑
𝑗 𝑤𝑗

[
(𝜌𝐯⊗ 𝐯)∗𝐸,𝑖𝑗 + 𝑝∗𝐸,𝑖𝑗 𝕀

]
⋅∇𝑊𝑖𝑗 = 0

𝜕
𝜕𝑡

(
𝑤𝑖𝐸𝑖

)
+ 2𝑤𝑖

∑
𝑗 𝑤𝑗

[
(𝐸𝐯)∗𝐸,𝑖𝑗 + (𝑝𝐯)∗𝐸,𝑖𝑗

]
⋅∇𝑊𝑖𝑗 = 0

. (6)

In this formulation, 𝑤 and 𝕀 denote the particle volume and the iden-tity matrix, respectively. Here, the gradient of the kernel function, 
∇𝑊𝑖𝑗 =

𝜕𝑊𝑖𝑗
𝜕𝑟𝑖𝑗

𝐞𝑖𝑗 , is represented with the unit vector 𝐞𝑖𝑗 = −𝐫𝑖𝑗∕𝑟𝑖𝑗 , where 
𝐫𝑖𝑗 is the displacement vector from particle 𝑗 to particle 𝑖, and 𝑟𝑖𝑗 de-notes the corresponding distance |||𝐫𝑖𝑗 |||. Note that |||𝐫𝑖𝑗 ||| can also represent the distance between the particles in the boundaries and the physical boundary surface, which will be detailed in Section 3. Moreover, the terms denoted by ()∗𝐸,𝑖𝑗 correspond to the solutions of the Riemann prob-lem [30]. For viscous flows, the viscous term is discretized as follows:
𝑓 (𝑣)
𝑖 = 2

∑
𝑗
𝑤𝑗

𝜂
𝜌𝑖

𝐯𝑖𝑗
𝑟𝑖𝑗

𝜕𝑊𝑖𝑗

𝜕𝑟𝑖𝑗
, (7)

where 𝐯𝑖𝑗 = 𝐯𝑖 − 𝐯𝑗 represents the velocity difference between particles 
𝑖 and 𝑗.To solve the Riemann problem, where the initial left and right states are on particles 𝑖 and 𝑗, respectively, and the 𝑙 and 𝑟 states are given by:
{

(𝜌𝑙, 𝑢𝑙, 𝑝𝑙,𝐸𝑙) = (𝜌𝑖,𝐯𝑖 ⋅ 𝐞𝑖𝑗 , 𝑝𝑖,𝐸𝑖)
(𝜌𝑟, 𝑢𝑟, 𝑝𝑟,𝐸𝑟) = (𝜌𝑗 ,𝐯𝑗 ⋅ 𝐞𝑖𝑗 , 𝑝𝑗 ,𝐸𝑗 )

, (8)
three waves with varying speeds are employed: the smallest denoted as 𝑆𝑙 , the middle as 𝑆∗, and the largest as 𝑆𝑟 . Note that the mid-dle wave distinguishes between the two intermediate states, defined by 
(𝜌∗𝑙 , 𝑢

∗
𝑙 , 𝑝

∗
𝑙 , 𝐸

∗
𝑙 ) and (𝜌∗𝑟 , 𝑢

∗
𝑟 , 𝑝

∗
𝑟 , 𝐸

∗
𝑟 ). For compressible flows, the HLLC Rie-mann solver [35,36] is employed due to its effectiveness in capturing 
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shock discontinuities. The estimation of the smallest and largest wave speeds is given by:
𝑆𝑙 = 𝑢̃− 𝑐,𝑆𝑟 = 𝑢̃+ 𝑐, (9)
where 𝑢̃ and 𝑐 denote the density-average particle and sound speed, respectively, and are calculated by:
⎧⎪⎨⎪⎩

𝐻𝑙 =
𝐸𝑙+𝑝𝑙
𝜌𝑙

,𝐻𝑟 =
𝐸𝑟+𝑝𝑟
𝜌𝑟

, 𝐻̃ = 𝜌𝑙𝐻𝑙+𝜌𝑟𝐻𝑟
𝜌𝑙+𝜌𝑟

𝑢̃ = 𝜌𝑙𝑢𝑙+𝜌𝑟𝑢𝑟
𝜌𝑙+𝜌𝑟

, 𝑐 =
√
(𝛾 − 1)(𝐻̃ − 0.5𝑢̃2)

, (10)
where 𝐻 denotes the enthalpy and 𝐻̃ the density-weighted average enthalpy. The middle wave speed is further obtained using:
𝑆∗ =

𝜌𝑟𝑢𝑟
(
𝑆𝑟 − 𝑢𝑟

)
+ 𝜌𝑙𝑢𝑙

(
𝑢𝑙 − 𝑆𝑙

)
+ 𝑝𝑙 − 𝑝𝑟

𝜌𝑟
(
𝑆𝑟 − 𝑢𝑟

)
+ 𝜌𝑙

(
𝑢𝑙 − 𝑆𝑙

) . (11)
Subsequently, the remaining states within the star region can be de-duced as follows:
𝑝∗ = 𝑝𝑙 + 𝜌𝑙

(
𝑢𝑙 −𝑆𝑙

)(
𝑢𝑙 − 𝑢∗

)
= 𝑝𝑟 + 𝜌𝑟

(
𝑆𝑟 − 𝑢𝑟

)(
𝑢∗ − 𝑢𝑟

)
, (12)

𝐯∗ = 𝑢∗𝐞𝑖𝑗 +
[1
2
(𝐯𝑙 + 𝐯𝑟) −

1
2
(𝑢𝑙 + 𝑢𝑟)𝐞𝑖𝑗

]
, (13)

𝜌∗𝑙∕𝑟 = 𝜌𝑙∕𝑟

(
𝑆𝑙∕𝑟 − 𝑢𝑙∕𝑟

)
(
𝑆𝑙∕𝑟 − 𝑢∗

) , (14)
𝐸∗
𝑙∕𝑟 =

(
𝑆𝑙∕𝑟 − 𝑢𝑙∕𝑟

)
𝐸𝑙∕𝑟 − 𝑝𝑙∕𝑟𝑢𝑙∕𝑟 + 𝑝∗𝑢∗

𝑆𝑙∕𝑟 − 𝑢∗
. (15)

Here, 𝑢∗ = 𝑆∗. For incompressible fluid flows, assuming that the in-termediate states satisfy 𝑝∗𝑙 = 𝑝∗𝑟 = 𝑝∗ and 𝑢∗𝑙 = 𝑢∗𝑟 = 𝑢∗, a linearized Riemann solver [37] can be expressed as
{

𝑢∗ = 𝑢𝑙+𝑢𝑟
2 + 1

2

(
𝑝𝑙−𝑝𝑟

)
𝜌̄𝑐

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2 𝜌̄𝑐
(
𝑢𝑙 − 𝑢𝑟

) , (16)
where 𝜌̄ and 𝑐 represent density-weighted averages.To decrease the numerical dissipation in the Riemann problem, some high-order methods, such as second-order Monotone Upwind-centered Scheme for Conservation Laws (MUSCL) [38]), weighted essen-tially non-oscillatory (WENO) [39] and third-order Piecewise Parabolic Method (PPM) [40], have been developed [20]. However, these meth-ods significantly increase the computational load due to the need for time-consuming data reconstructions. To maintain computational effi-ciency and enhance numerical accuracy, a low-dissipation limiter in the HLLC Riemann solver for compressible flows is introduced [26], and the middle wave speed and pressure in the star region can be given by
⎧
⎪⎨⎪⎩

𝑢∗ = 𝜌𝑙𝑢𝑙𝑐𝑙+𝜌𝑟𝑢𝑟𝑐𝑟
𝜌𝑙𝑐𝑙+𝜌𝑟𝑐𝑟

+ 𝑝𝑙−𝑝𝑟
𝜌𝑙𝑐𝑙+𝜌𝑟𝑐𝑟

𝛽2𝐻𝐿𝐿𝐶

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2𝛽𝐻𝐿𝐿𝐶
[
𝜌𝑟𝑐𝑟

(
𝑢∗ − 𝑢𝑟

)
− 𝜌𝑙𝑐𝑙

(
𝑢𝑙 − 𝑢∗

)] . (17)
Here, the limiter [26] is defined as:
𝛽𝐻𝐿𝐿𝐶 =min

(
η𝐻𝐿𝐿𝐶 max(

𝑢𝑙 − 𝑢𝑟
𝑐

,0),1
)
. (18)

Note that there is no dissipation when the fluid undergoes an expansion wave, i.e., when 𝑢𝑙 < 𝑢𝑟, whereas the parameter η𝐻𝐿𝐿𝐶 modulates dissi-pation during a compression wave, i.e., when 𝑢𝑙 > 𝑢𝑟. Here, η𝐻𝐿𝐿𝐶 = 1is suggested according to the numerical experiment to ensure overall numerical stability and accuracy for compressible flow cases within the Eulerian SPH framework.As for the incompressible flows, the middle wave speed and pressure in the linearised Riemann solver can be calculated as
{

𝑢∗ = 𝑢𝑙+𝑢𝑟
2 + 1

2

(
𝑝𝑙−𝑝𝑟

)
𝜌̄𝑐 𝛽2𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 𝜌̄𝑐
(
𝑢𝑙 − 𝑢𝑟

) , (19)

where the limiter is defined as
𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 =min

(
η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 max(

𝑢𝑙 − 𝑢𝑟
𝑐

,0),1
)
. (20)

Here, η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑒𝑑 = 15 is recommended based on numerical experiments and overall numerical stability and accuracy for incompressible flow cases. Note that, unlike the limiter used in the Lagrangian SPH frame-work [29], the limiter in the velocity term is also introduced within the Eulerian SPH framework. This addition aims to reduce the extra numerical dissipation arising from the convection term in the momen-tum equation. Moreover, the value of η𝐻𝐿𝐿𝐶 = 1 in compressible flows differs from the value of η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑒𝑑 = 15 in incompressible flows, as the compressible framework induces additional numerical dissipation in the energy equation compared to the incompressible framework. To further improve numerical accuracy, a kernel gradient correction [26,32,33] is also introduced:
𝐁𝑖 = −

(∑
𝑗
𝐫𝑖𝑗 ⊗∇𝑊𝑖𝑗𝑤𝑗

)−1

. (21)
To maintain the conservative property, the kernel correction in a con-servative form is defined as:
∇′𝑊𝑖𝑗 =

𝐁𝑖 +𝐁𝑗

2
∇𝑊𝑖𝑗 , (22)

to replace the original kernel gradient ∇𝑊𝑖𝑗 in Eq. (6). Details regarding implementing the kernel correction will be explained in Section 3.
2.3. Particle relaxation technique

It is widely acknowledged that particle distribution significantly in-fluences numerical accuracy [41]. In the SPH method, the initial particle setup is typically a lattice distribution, which in practical applications often fails to accurately fit the surface of complex shapes. One approach to overcome this limitation is to use very fine spatial resolution [42], which results in significant computational demands. Although some methods [43–45] have been developed to achieve optimal particle distri-bution, they still face challenges with highly complex geometries owing to either algorithmic complexity or increased computational burden. This paper adopts a straightforward and effective method proposed by Zhu et al. [34] to generate the body-fitted particle distribution.In this method, the geometry is imported before particle relaxation. The initial particles with lattice distribution are physically moved under a constant background pressure, expressed as
𝐚𝑖 = − 2

𝜌𝑖

∑
𝑗
𝑤𝑗∇𝑊𝑖𝑗 . (23)

When the acceleration 𝐚𝑖 reaches zero, the particles not in the bound-aries attain stable positions and approximately satisfy the condition ∑
𝑗 𝑤𝑗∇𝑊𝑖𝑗 ≈ 𝟎, with errors kept within a small percentage range. Consequently, the relaxed particle distribution is considered to have achieved zero-order consistency of ∑𝑗 𝑤𝑗∇𝑊𝑖𝑗 = 𝟎, i.e., reproducing the constant field. Furthermore, the impact of kernel correction on the zero-order consistency of particles not in the boundaries within the relaxed particle distribution is investigated. A quantitative analysis is conducted on a circular geometry with a diameter of 𝐷 = 2, using a resolution of 𝑑𝑝 =𝐷∕20, to perform the 𝐿1-norm error analysis of the SPH approximation of 𝑑𝑓∕𝑑𝑥 with a constant function 𝑓 = 1, both with and without kernel correction. Here, the 𝐿1-norm error is de-fined by 𝐿1(𝑑𝑓∕𝑑𝑥) =

1
𝑁
∑𝑁

𝑖=1
||(∇𝑓𝑖)𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 − (∇𝑓𝑖)𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙||, where 

(∇𝑓𝑖)𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 and (∇𝑓𝑖)𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 denote the analytical and SPH approx-imated results, respectively. The 𝐿1-norm error is 2.9693 ×10−4 without the kernel correction and 2.9636 × 10−4 with the kernel correction. This indicates that the kernel correction exerts minimal influence on zero-order consistency within the relaxed particle distribution, thereby maintaining the zero-order consistency of particles not in the bound-aries. Note that particles in the boundaries do not meet the zero-order 



Computer Physics Communications 307 (2025) 109429

4

Z. Wang, O.J. Haidn and X. Hu

Fig. 1. Mesh (top panel) and particle (bottom panel) distributions and their zoom-in views in FVM and Eulerian SPH, respectively, for a circular geometry. Note that the red circular line is the surface of the geometry. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
consistency criteria due to the lack of neighboring particles within the compact support. The solution to this issue will be elaborated in the forthcoming Section 3. Besides, following khayyer et al. [46], the error 
𝐿1(𝜌) =

1
𝑁
∑𝑁

𝑖=1
||𝜌̃𝑖 − 𝜌0||, where 𝜌̃𝑖 =∑

𝑗 𝑤𝑗𝑊𝑖𝑗 represents the normal-ized density [46], is further analyzed to assess the normalization con-dition property, i.e., ∑𝑗 𝑤𝑗𝑊𝑖𝑗 = 1. The error is approximately 0.28%, within the allowable range of 1% [46], confirming that the normaliza-tion condition is well-maintained.
3. Boundary algorithm in Eulerian SPH framework

In this section, we elaborate the boundary algorithm in Eulerian SPH framework through a comparison with boundary properties in the mesh-based FVM.The discretized conservation Eq. (6) in both methods [26,47] is ex-pressed as follows:
𝜕
𝜕𝑡

(
𝜔𝑖𝐔𝑖

)
+
∑
𝑗
𝐅𝑖𝑗 (𝐔) ⋅𝐀𝑖𝑗 = 0, (24)

with 𝐀𝑖𝑗 defined as:
𝐀𝑖𝑗 =

{
𝐀𝐸𝑆𝑃𝐻
𝑖𝑗 = |||𝐀𝑖𝑗

|||𝐧𝐸𝑆𝑃𝐻
𝑖𝑗 = 2𝜔𝑖𝜔𝑗∇𝑊𝑖𝑗 In Eulerian SPH

𝐀𝐹𝑉𝑀
𝑖𝑗 = |||𝐀𝑖𝑗

|||𝐧𝐹𝑉𝑀
𝑖𝑗 = 𝑆𝑖𝑗𝐧𝐹𝑉𝑀

𝑖𝑗 In FVM ,

(25)
where |||𝐀𝑖𝑗

||| represents the interface size, with 𝑆𝑖𝑗 specifically denoting the interface size between cell 𝑖 and 𝑗 in FVM. Here, 𝐧𝐸𝑆𝑃𝐻
𝑖𝑗 and 𝐧𝐹𝑉𝑀

𝑖𝑗are the unit normal vectors at the interface in Eulerian SPH and FVM, respectively. For clarity, in the following content, we categorize all cells in FVM and all particles in Eulerian SPH into two groups: those in the 

boundaries and those not in the boundaries. For the former, we further differentiate the flux contributions from two components: neighboringcells or particles (labeled as 𝑗𝑁 ) and the boundary surface (labeled as 
𝑗𝑆 ). For the latter, 𝑗𝑁 represents all neighboring particles within the whole compact support or all neighboring cells.In FVM, cells not in the boundaries form completely closed con-trol volumes [26,47], naturally and strictly adhering to the condition ∑

𝑗 𝐀𝐹𝑉𝑀
𝑖𝑗 = 𝟎, i.e., the zero-order consistency. However, for cells in the boundaries, i.e., connecting the boundary surface, such as cell 𝑖𝐹𝑉 𝑀 in Fig. 1 (top panel), the control volume must be enclosed by the bound-ary surface. Therefore, all cells strictly satisfy the zero-order consistency. To enhance understanding, the zero-order consistency of the cells in the boundaries can be rewritten as

∑
𝑗
𝐀𝐹𝑉𝑀
𝑖𝑗 =

∑
𝑗𝑁

𝐀𝐹𝑉𝑀
𝑖𝑗𝑁

+𝐀𝐹𝑉𝑀
𝑖𝑗𝑆

= 𝟎. (26)
Here, in a two-dimensional unstructured mesh where 𝑁 = 1 or 2, as shown by 𝑗1 and 𝑗2 in Fig. 1 (top panel), ∑𝑗𝑁 𝐀𝐹𝑉𝑀

𝑖𝑗𝑁
=
∑

𝑗𝑁 𝑆𝑖𝑗𝑁 𝐧𝐹𝑉𝑀
𝑖𝑗𝑁determines the flux contribution from all neighboring cells. Similarly, 

𝐀𝐹𝑉𝑀
𝑖𝑗𝑆

= 𝑆𝑖𝑗𝑆𝐧𝐹𝑉𝑀
𝑖𝑗𝑆

determines the flux contribution from the boundary surface. Note that 𝐀𝐹𝑉𝑀
𝑖𝑗𝑆

can be calculated directly within the frame-work of FVM, as the interface size 𝑆𝑖𝑗𝑆 and the unit normal vector 𝐧𝐹𝑉𝑀
𝑖𝑗𝑆can be obtained from the mesh file.In Eulerian SPH, the SPH approximation relies on identifying neigh-boring particles within the compact support [14]. Once the particle re-laxation process in Eq. (23) is completed, particles not in the boundaries can be assumed to satisfy zero-order consistency. However, particles in the boundaries, like particle 𝑖𝐸𝑆𝑃𝐻 as depicted in Fig. 1 (bottom panel), lack neighboring particles and thus fail to meet the zero-order consis-
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Fig. 2. Flowcharts of the configurations in Eulerian SPH method with the original algorithm labeled as “Original” in the top panel and the proposed algorithm labeled as “Present” in the bottom panel are presented in the case of fluid flows with designed boundary conditions. These flowcharts depict the process of computing contributions and updating variables based on the calculated contributions at the new time step.

Fig. 3. Double Mach reflection of a strong shock: The geometry and boundary conditions.
tency criteria. To address this issue, similar to Eq. (26), we introduce the strict zero-order consistency in Eulerian SPH, expressed as
∑
𝑗
𝐀𝐸𝑆𝑃𝐻
𝑖𝑗 =

∑
𝑗𝑁

𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑁

+𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

= 𝟎, (27)
where ∑𝑗𝑁 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑁
= 2𝜔𝑖𝜔𝑗𝑁

∑
𝑗𝑁 ∇𝑊𝑖𝑗𝑁 determines the flux contribu-tion from all neighboring particles. Additionally, 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
determines the flux contribution from the boundary surface. Note that, unlike 𝐀𝐹𝑉𝑀

𝑖𝑗𝑆in FVM, 𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

cannot be calculated directly as the boundary surface 

size cannot be easily obtained in Eulerian SPH. Thus, 𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

can be calculated from Eq. (27) as follows:
𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

= −
∑
𝑗𝑁

𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑁

. (28)
Note that Eq. (28) is applied twice in the present boundary algorithm as follows: Firstly, after completing the particle relaxation process and achieving a relaxed particle distribution, regardless of whether it is a Cartesian or non-Cartesian distribution, particles not in the boundaries approximately satisfy zero-order consistency. However, particles in the boundaries do not satisfy this consistency. At this stage, Eq. (28) is ap-plied for the first time to obtain 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
, ensuring these particles in the boundaries adhere to zero-order consistency. Secondly, to enhance numerical accuracy, the kernel correction is implemented within the relaxed particle distribution, updating the kernel gradient of Eq. (22). Consequently, ∑𝑗𝑁 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑁
is updated, and this update can potentially cause Eq. (28) to deviate from strict satisfaction. To address this, Eq. (28) is applied a second time to recalculate 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
using the updated ∑

𝑗𝑁 𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑁

. Thus, particles not in the boundaries achieve approximate zero-order consistency with minimal error, as discussed in Section 2.3, 
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Fig. 4. Double Mach reflection of a strong shock: 19 equally spaced density (𝜌∕𝜌0) contour obtained by the original (top panel) and present (bottom panel) boundary algorithms ranging from 1.1 to 23 with the spatial resolution 𝑑𝑝∕𝐿0 =
1∕128 in the Eulerian SPH method at the time 𝑡𝑈0∕𝐿0 = 0.2.

Fig. 5. Double Mach reflection of a strong shock: The density (𝜌∕𝜌0) contour, ranging from 1.1 to 23, obtained by FVM with the unstructured mesh consist-ing of a total cell number 𝑁 = 64162, along with a zoom-in view for clearer visualization of the unstructured mesh distribution, at the time 𝑡𝑈0∕𝐿0 = 0.2.

Fig. 6. Double Mach reflection of a strong shock: The density (𝜌∕𝜌0) profiles obtained using the original and present boundary algorithms, and FVM methods along 
𝑦∕𝐿0 = 0, 𝑦∕𝐿0 = 0.35, and 𝑥∕𝐿0 = 1.5.

Fig. 7. A Mach 3 wind tunnel with a step: The geometry and boundary condi-tions.
while particles in the boundaries strictly adhere to zero-order consis-tency. With this consistency satisfied, the flux contribution from the boundary surface is obtained accurately, thus avoiding instabilities like the one-sided flux problem.Having established the algorithm for particles in the boundaries in Eulerian SPH, we now proceed with its implementation. The initial step is to accurately identify and label the particles in the boundaries. To accomplish this, we introduce the divergence of position [48,49], ex-pressed as:

∇ ⋅ 𝐫𝑖 =
∑
𝑗
𝑤𝑗𝐫𝑖𝑗 ⋅∇𝑊𝑖𝑗 , (29)

where 𝑗 represents all neighboring particles, i.e., 𝑗 = 𝑗𝑁 . Fluid particles within the full kernel support size satisfy ∇ ⋅ 𝐫𝑖 ≈ 𝑑, with 𝑑 denoting the dimension, and are classified using Eq. (29) and a threshold value of 
𝛾 = 0.75𝑑 as either forming or not forming the surface. Particles are cat-egorized as forming the surface if their position divergence is below this threshold value and subsequently labeled as “red”. Most “red” particles identified using Eq. (29) and the threshold value are located in the first outer layer along the boundary surface. However, relying exclusively on Eq. (29) is insufficient and leads to the failure to detect certain par-ticles, especially in corner regions and complex geometries. To address this limitation, we implement a search algorithm proposed by Zhang et al. [49]. In this approach, all particles, except those already labeled as “red”, search for their neighboring particles within the cutoff radius of 
𝑘ℎ with 𝑘 = 1, as illustrated by the green circle in Fig. 1 (bottom panel). If any neighboring particles are labeled as “red”, these particles are also labeled as “red”. Based on this criterion, particles in the outer two lay-ers, colored by red particles in Fig. 1 (bottom panel), are identified as particles in the boundaries. It is worth noting that the surface of the physical boundary is represented consistently in both FVM and Eulerian SPH frameworks, as depicted by the red circular line in Fig. 1, where 
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Fig. 8. A Mach 3 wind tunnel with a step: 30 equally spaced density (𝜌∕𝜌0) contour ranging from 0.2 to 6.5 obtained by the original (left panel) and present (right) boundary algorithms with the spatial resolution 𝑑𝑝∕𝐿0 = 1∕200 at the different time instants including 𝑡𝑈0∕𝐿0 = 1, 2, 3 and 4.

Fig. 9. Supersonic flow past a circular cylinder: The geometry and boundary conditions.
𝐫𝐸𝑆𝑃𝐻 and 𝐫𝐹𝑉𝑀 represent the displacement from particles and cells in the boundaries to the boundary surface in the Eulerian SPH and FVM, respectively. One difference is that while, in FVM, the cells having the flux contribution from the boundaries are those that connect directly to the surface of the physical boundary, the particles in Eulerian SPH hav-ing the flux contribution from the boundaries are those labeled as “red”, i.e., two outer layer particles.The second step involves the computation of 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
for the particles in the boundaries. In the original boundary approach [50,26,51] within the SPH framework, boundary conditions, such as the wall boundary condition [50], are typically applied to predefined particles within the contact configurations, in addition to the fluid particles within the in-ner configuration. Then, the total flux is calculated from both inner and contact configurations to update all particle variables at each new time step. In contrast, the present algorithm requires only the inner configu-ration. Fig. 2 provides flowchart diagrams detailing the configurations and the computation of flux contributions for updating particle variables using the original and present algorithms in Eulerian SPH method. In the present algorithm, ∑𝑗𝑁 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑁
can be calculated after the particles in the boundaries are identified in the initial step. Subsequently, 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆

can be obtained from Eq. (28). Finally, after ∑𝑗𝑁 𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑁

is updated with introducing the kernel gradient correction, 𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

is recalculated using Eq. (28), as highlighted in the red dashed square in Fig. 2.The third step involves allocating additional data storage space for the particles in the boundaries. This storage is designed to retain es-sential information, including the magnitude of flux contribution from the boundary surface, |||𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

|||, the normal unit vector of the flux con-
tribution, 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
||||𝐀

𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

||||
, the distance between the particle and the physical 

boundary surface, ||𝐫𝐸𝑆𝑃𝐻 || such as |||𝐫𝐸𝑆𝑃𝐻
1

||| and |||𝐫𝐸𝑆𝑃𝐻
2

||| in Fig. 1 (bot-tom panel), and the specified boundary condition values. This additional storage is employed to calculate the flux from the boundary surface for updating particle variables. In SPHinXsys, between a pairwise particle 
𝑖 and 𝑗, the kernel gradient ∇𝑊𝑖𝑗 multiplying the neighboring particle volume, meaning the flux contribution from the particle 𝑗 to particle 𝑖, is stored separately as the magnitude of 𝜕𝑊𝑖𝑗

𝜕𝑟𝑖𝑗
𝑤𝑗 and the displacement unit vector of 𝐞𝑖𝑗 . Based on this data structure, the flux contribution from the boundary surface, 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
, is separately stored as the magni-

tude |||𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

||| in data storage of 𝜕𝑊𝑖𝑗
𝜕𝑟𝑖𝑗

𝑤𝑗 and normal unit vector 𝐀𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

||||𝐀
𝐸𝑆𝑃𝐻
𝑖𝑗𝑆

||||in data storage of 𝐞𝑖𝑗 . Additionally, the distance between these particles and the boundary surface ||𝐫𝐸𝑆𝑃𝐻 ||, which is utilized to calculate the vis-cous force from the boundary surface in Eq. (7), can be easily obtained in SPHinXsys and is stored in the data storage of |||𝐫𝑖𝑗 |||.The fourth step entails the implementation of boundary conditions. The proposed algorithm is compatible with various boundary condi-tions, such as reflecting, inflow, outflow, moving, non-reflecting, non-slip wall, and far-field boundaries. The designated values are input into the additional storage for each boundary condition. For instance, if a time-independent inflow boundary condition with a given constant den-sity and velocity is applied, these values are retained in the additional storage for density and velocity throughout the simulation. For time-dependent boundary conditions with variable values, such as a rigid wall boundary condition (following the one-sided Riemann problem [50]), the density, pressure, and velocity in the additional storage are adjusted based on updated particle variables at each new time step. Since the ad-
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Fig. 10. Supersonic flow past a circular cylinder (Mach 2): The pressure (𝑝∕𝑝0) contour ranging from 0.0 to 4.2 and density (𝜌∕𝜌0) contour ranging from 0.1 to 3.2 and velocity magnitude (𝑈∕𝑈0) distribution ranging from 0 to 2.5 using the original (left panel) and present (right panel) boundary algorithms at the spatial resolution 
𝑑𝑝∕𝐷 = 1∕40.
ditional storage contains the specific boundary condition and 𝐀𝐸𝑆𝑃𝐻

𝑖𝑗𝑆
, the total flux can therefore be calculated from all neighboring particles and the boundary surface, facilitating the update of particle variables at each new time step. Note again, compared with the original algorithm, the boundary conditions are stored and used in the additional storage within the inner configuration in the present algorithm. This approach reduces the need for neighboring particles in the boundaries, thereby decreasing computational effort. While both the original and present al-gorithms use the Verlet scheme [51,52,26] for time integration, there is a slight difference: for time-dependent boundary conditions, the data in the additional storage, such as velocity in the rigid wall boundary, must be updated at each time step in the present algorithm after all particle variables have been updated.

4. Numerical results
This section examines several numerical examples involving com-pressible and incompressible flows with complex geometries to validate the stability and accuracy of the proposed boundary algorithm under different boundary conditions in the Eulerian SPH method. In all cases, the Wendland kernel [53] with a smoothing length ℎ = 1.3𝑑𝑝 is ap-plied, where 𝑑𝑝 is the initial particle spacing. For clarity, the original and present boundary algorithms, denoted as “Original” and “Present” for curves among the figures, are applied across all numerical results to 

analyze the proposed method straightforwardly and clearly. The refer-ence density 𝜌0, the reference velocity 𝑈0, and the reference length 𝐿0are used in simulations.
4.1. Double Mach reflection of a strong shock

In this section, an inviscid compressible flow, i.e., double Mach re-flection of a strong shock, is tested using both the FVM and Eulerian SPH to assess the performance of the boundary algorithm for handling var-ious boundary conditions. In this case, the traditional FVM is utilized in SPHinXsys [26] with an unstructured mesh. Following Woodward et al. [54], the computational domain is defined as (𝑥∕𝐿0, 𝑦∕𝐿0) ∈
[0, 4] × [0, 1], with boundaries including inflow, outflow, shock wave motion, and reflecting boundary conditions, as shown in Fig. 3. Specif-ically, the bottom boundary is defined as a reflecting wall, initiating at 𝑥∕𝐿0 = 1∕6 where the shock, with a specific heat ratio 𝛾 of 1.4, is inclined at a 60-degree angle with respect to the 𝑥-axis. It extends vertically to the top of the domain at 𝑦∕𝐿0 = 1. The initial post-shock input boundary condition is applied from 𝑥∕𝐿0 = 0 to 𝑥∕𝐿0 = 1∕6. The left-hand boundary is set as the assigned value as the initial post-shock boundary condition, while the right-hand boundary is set as the zero-gradient condition. Specifically, reference parameters are set as follows: 
𝜌0 = 1.165 kg∕m3, 𝑈0 = 294.9 m∕s, 𝐿0 = 1 m, and the corresponding reference pressure 𝑝0 = 101315 Pa for compressible flow cases [55,56].Moreover, a motion boundary condition for the initial Mach 10 shock is 
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Fig. 11. Supersonic flow past a circular cylinder (Mach 3): The pressure (𝑝∕𝑝0) contour ranging from 0.0 to 9.0 and density (𝜌∕𝜌0) contour ranging from 0 to 4.5 and velocity magnitude (𝑈∕𝑈0) distribution ranging from 0 to 3.1 using the original (left panel) and present (right panel) boundary algorithms at the spatial resolution 
𝑑𝑝∕𝐷 = 1∕40.
applied to the top boundary. Besides, the initial condition specified as follows:
(𝜌∕𝜌0, 𝑢∕𝑈0, 𝑣∕𝑈0, 𝑝∕𝑝0)

=

{
(1.4,0,0,1) 𝑦∕𝐿0 ≤ 1.732(𝑥∕𝐿0 − 0.1667)
(8,7.145,−4.125,116.8333) otherwise , (30)

with the time 𝑡𝑈0∕𝐿0 = 0.2. In the Eulerian SPH method, the resolution is 𝑑𝑝∕𝐿0 = 1∕128, corresponding to approximately 6.5 × 104 particles, whereas, in FVM, the computational domain is discretized with 𝑁 =
6.4 × 104 cells.Fig. 4 presents the density contour obtained by the original (also im-plemented in Refs. [51,26]) and present boundary algorithms with the resolution 𝑑𝑝∕𝐿0 = 1∕128, validating that both boundary algorithms’ results are smooth and consistent. Fig. 5 shows the density contour ob-tained by FVM with a total cell number 𝑁 = 64162, and a zoom-in view for clearer visualization of the unstructured mesh distribution, at the computed time 𝑡𝑈0∕𝐿0 = 0.2. By comparing Fig. 5 with Fig. 4, the result can demonstrate that the Eulerian SPH method, coupled with the pro-posed boundary algorithm, effectively reproduces the result obtained by traditional FVM, characterized by the consistent shock fronts and shear layer. Furthermore, Fig. 6 presents a quantitative comparison of density profiles along 𝑦∕𝐿0 = 0, 𝑦∕𝐿0 = 0.35, and 𝑥∕𝐿0 = 1.5, as indicated by the orange dashed lines in Fig. 5. The results demonstrate that the out-comes using the proposed algorithm are consistent with other results, 

validating the accuracy of the proposed boundary algorithm for simu-lating compressible flows. It is worth noting that the slight differences between the Eulerian SPH and FVM methods may be attributed to the anisotropic properties of the mesh-based FVM and the isotropic charac-teristics of the particle-based Eulerian SPH, as discussed by Wang et al. [26].
4.2. A Mach 3 wind tunnel with a step

In this section, we examine a Mach 3 inviscid compressible flow around a forward-facing step to validate the effectiveness of the pro-posed algorithm. As in Refs. [54,57–59], the wind tunnel is one unit in width and three units in length. A step is positioned within this tunnel, located 0.6 units from the tunnel’s left-hand extremity, with a height of 
0.2 units. The left and right boundaries are set as inflow and supersonic outflow conditions, respectively, and the top and bottom boundaries are set as reflecting boundary conditions, as shown in Fig. 7.Fig. 8 illustrates the density contours obtained using the original and present boundary algorithms with a spatial resolution of 𝑑𝑝∕𝐿0 =
1∕200 at various time instants. This figure demonstrates the remarkable smoothness of the results obtained by the proposed boundary algorithm, affirming the robustness of the algorithm. For a quantitative analysis, the Mach stem, located around 𝑥∕𝐿0 = 0.8 displayed with a red dashed line in Fig. 8, is approximately 0.04 units long, and the reflected wave-front strikes the bottom wall, labeled as “s”, at about 𝑥∕𝐿0 = 1.715 at 
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Fig. 12. Supersonic flow past a circular cylinder: The illustration of the shock standoff distance.
Table 1Supersonic flow past a circular cylinder: The non-dimensional shock standoff distance 𝛿∕𝐷 obtained from the original and present bound-ary algorithms, alongside the theoretical solution and other numerical results [62].

𝛿∕𝐷

Theoretical [62] Sinclair et al. [62] Original Present
Mach=2 0.65 0.68 0.66 0.66Mach=3 0.37 0.34 0.35 0.35

𝑡𝑈0∕𝐿0 = 2. These results are in good agreement with those presented by Villodi et al. [60], where the Mach stem is 0.04 units long and the re-flected wavefront is located at 𝑥∕𝐿0 = 1.71, indicating that the proposed boundary algorithm accurately captures the shock waves.
4.3. Supersonic flow past a circular cylinder

In this section, we further explore supersonic compressible flow with complex geometry, namely supersonic flow past a circular cylinder, to evaluate the performance of the proposed algorithm in handling intri-cate geometries with boundary conditions, including non-reflecting and reflecting boundaries. The reflecting boundary condition is imposed on the cylinder surface, while non-reflecting boundary conditions, includ-ing supersonic inflow and outflow, are enforced at the other bound-aries [61,62]. The pressure and density inflows are set to 𝜌∞ = 𝜌0 and 
𝑝∞∕𝑝0 = 1∕𝛾 with 𝛾 = 1.4, respectively. Additionally, the computational domain is defined by a semi-circular geometry with a radius of 5.5𝐷, where 𝐷 = 2𝐿0 represents the cylinder diameter. The center of the in-ner cylinder is located 3.5𝐷 from the inflow boundary, as illustrated in Fig. 9. In this case, the spatial resolution of 𝑑𝑝∕𝐷 = 1∕40 is applied to discretize the computational domain.Figs. 10 and 11 show the pressure, density and velocity contours using the original and present boundary algorithms with Mach = 2and Mach = 3, respectively. These results demonstrate the stability of the proposed boundary algorithm, which effectively produces smooth results and captures shock properties consistent with the original boundary algorithm and reference results [61,62]. For the quantita-tive analysis, the non-dimensional shock standoff distance 𝛿∕𝐷, dis-played in Fig. 12, obtained from the original and present boundary algorithms, as well as the theoretical solution [62] and other numer-ical results [62], are listed in Table 1, demonstrating the proposed boundary algorithm is accurate. Here, the code for this case is avail-able at https://github .com /Xiangyu -Hu /SPHinXsys /tree /master /tests /2d _examples /test _2d _eulerian _supersonic _flow _new _BC.

4.4. Poiseuille flow
In this section, the 2D Poiseuille flow, a fully developed incompress-ible flow in a channel, is used as a benchmark for the quantitative assessment of the accuracy of the proposed boundary algorithm. For the incompressible flow cases, reference parameters are set as follows: 

𝜌0 = 103 kg∕m3, 𝑈0 = 1 m∕s, and 𝐿0 = 1 m. Following Liu et al. [63], the Reynolds number 𝑅𝑒 = 𝑈𝑚𝑎𝑥𝐻∕𝜈, with 𝜈 denoting kinematic viscos-ity, is defined with the channel height 𝐻 = 𝐿0, the maximum velocity 
𝑈𝑚𝑎𝑥 = 𝑈0, and the pressure gradient is set as 𝜕𝑝∕𝜕𝑥 = −8𝜌𝜈𝑈𝑚𝑎𝑥∕𝐻2. Additionally, the analytical solution is defined as
𝑈𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 =𝑈𝑚𝑎𝑥(1 −

𝑦2

𝐻2 ), (31)
where 𝑦 represents the distance from the horizontal centerline at 0.5𝐻 . A periodic boundary is employed along the 𝑥-axis, while a non-slip boundary is applied to the remaining boundaries with the original and present boundary algorithms.Fig. 13 shows the velocity distribution using the original and present boundary algorithms, demonstrating the smoothness of the results. Be-sides, Fig. 14 presents the velocity profile along the 𝑥-axis direction as a function of the 𝑦 position, showing good agreement with the analyt-ical solution for both algorithms. Furthermore, Fig. 15 presents the 𝐿2error [64], defined by
𝐿2 =

(∑
𝑖
|||𝑈𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 −𝑈𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙

|||
2
)1∕2

(∑
𝑖
|||𝑈𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙

|||
2
)1∕2 , (32)

with 𝑈𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 representing the SPH approximated result, and the con-vergence analysis. The theoretical error convergence rate of the SPH approximation with a smooth kernel is second-order. However, in prac-tice, the observed convergence rates often decrease to 1.5 or lower [65]. In Fig. 15, the original boundary algorithm maintains a convergence rate of approximately 1.5. In contrast, the present boundary algorithm achieves a second-order convergence rate at high resolutions, indicat-ing an enhancement in the convergence rate. Furthermore, the present boundary algorithm demonstrates numerical accuracy comparable to or surpassing the original algorithm’s.
4.5. Lid-driven cavity flows with different shapes

In this section, we investigate incompressible lid-driven cavity flows characterized by different shapes to assess the stability and accuracy of the proposed boundary algorithm in complex geometries. We begin by examining a simple square cavity, comparing results obtained using both the original boundary algorithm (as implemented in Refs. [51,26]) and the present approach against the reference results from Ghia et al. [66] to verify numerical accuracy. Additionally, a semi-circular cav-ity is tested to investigate the algorithm’s capability in identifying and implementing boundaries within complex geometries by comparing it with the reference result from Glowinski et al. [67]. For the bound-ary conditions, the upper moving wall is assigned a prescribed velocity of 𝑈𝑤𝑎𝑙𝑙 = 𝑈0, while non-slip conditions are applied to the remaining boundaries.
4.5.1. Lid-driven square cavity flowFor the square cavity, the computational domain is a square of length 𝐿 =𝐿0 with the Reynolds number 𝑅𝑒 = 400. Fig. 16 displays the velocity magnitude distribution obtained by the original and present boundary algorithms at a resolution of 𝑑𝑝∕𝐿 = 1∕129. The results re-veal that the velocity fields obtained with both algorithms exhibit good smoothness. Besides, Fig. 17 presents the horizontal velocity component 
𝑢∕𝑈0 along 𝑥 = 0.5𝐿 and the vertical velocity component 𝑣∕𝑈0 along 
𝑦 = 0.5𝐿, using the original and present boundary algorithms with dif-ferent resolutions, and the comparisons with the reference by Ghia et al. 
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Fig. 13. Poiseuille flow: The velocity magnitude (𝑈∕𝑈0) distribution using the original (left panel) and present (right panel) boundary algorithms ranging from 0 to 
1 with the spatial resolution 𝑑𝑝∕𝐻 = 1∕80.

Fig. 14. Poiseuille flow: The velocity magnitude (𝑈∕𝑈0) profile obtained by the original (left) and present (right) boundary algorithms with the spatial resolutions as 𝑑𝑝∕𝐻 = 1∕10, 1∕20, 1∕40 and 1∕80 as well as the analytical solution.

Fig. 15. Poiseuille flow: 𝐿2 error and convergence analysis using the original and present boundary algorithms.
[66]. The outcomes demonstrate that the present algorithm achieves nu-merical accuracy comparable to the original algorithm and the reference result and that the results converge rapidly with increasing resolutions.
4.5.2. Lid-driven semi-circular cavity flowFollowing Glowinski et al. [67], the circle’s diameter is 𝐿 =𝐿0, and the Reynolds number is set as 𝑅𝑒 = 1000 for the semi-circular cavity flow case. Fig. 18 shows the velocity contours using the original and present boundary algorithms with the spatial resolution 𝑑𝑝∕𝐿 = 1∕129, both demonstrating the velocity fields’ smoothness. Additionally, Fig. 19presents the horizontal dimensionless velocity component 𝑢∕𝑈0 along 
𝑥 = 0.5𝐿 and the vertical dimensionless velocity component 𝑣∕𝑈0 along 
𝑦 = −0.25𝐿 using the original boundary algorithm with the resolution 

of 𝑑𝑝∕𝐿 = 1∕129 and the present boundary algorithm with the resolu-tions of 𝑑𝑝∕𝐿 = 1∕129 and 1∕257, as well as the reference results [67]. This comparison confirms that both boundary algorithms achieve com-parable accuracy. Furthermore, due to the introduction of the Riemann problem, the results using the resolution of 𝑑𝑝∕𝐿 = 1∕257 are consistent with the reference results.
4.6. Flow around a circular cylinder

In this section, we investigate the impact of the proposed bound-ary algorithm in a viscous incompressible flow, i.e., the flow around a circular cylinder. This problem is characterized by complex geometry and incorporates the boundary conditions, including non-slip wall and 
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Fig. 16. Lid-driven cavity flow (𝑅𝑒 = 400): The velocity magnitude (𝑈∕𝑈0) contour using the original (left panel) and present (right panel) boundary algorithms ranging from 0 to 0.96 with the resolution as 𝑑𝑝∕𝐿 = 1∕129.

Fig. 17. Lid-driven cavity flow (𝑅𝑒 = 400): The horizontal velocity component 𝑢∕𝑈0 along 𝑥 = 0.5𝐿 (left panel) and the vertical velocity component 𝑣∕𝑈0 along 
𝑦 = 0.5𝐿 (right panel) using the original boundary algorithm with the resolution of 𝑑𝑝∕𝐿 = 1∕33 and the present boundary algorithm with the resolutions of 
𝑑𝑝∕𝐿 = 1∕33, 1∕65 and 1∕129, and the comparisons with the reference by Ghia et al. [66].

Fig. 18. Lid-driven semi-circular cavity flow (𝑅𝑒 = 1000): The velocity magnitude (𝑈∕𝑈0) contour using the original (left panel) and present (right panel) boundary algorithms ranging from 0 to 0.97 with the spatial resolution 𝑑𝑝∕𝐿 = 1∕129.
far-field boundary conditions. As illustrated in Fig. 20, the circular cylin-der is assigned a no-slip wall boundary condition, while the remaining boundaries are set as far-field boundary conditions. A computational do-main size of [25𝐷, 15𝐷] is employed, where the center of the cylinder is positioned at (7.5𝐷, 7.5𝐷) and a cylinder diameter of 𝐷 = 2𝐿0. To quantitatively analyze the accuracy of the results, we employ the drag and lift coefficients, which are defined as:
𝐶𝐷 =

2𝐹𝐷

𝜌∞𝑢2∞𝐴
,𝐶𝐿 =

2𝐹𝐿

𝜌∞𝑢2∞𝐴
, (33)

where 𝐹𝐷 and 𝐹𝐿 represent the drag and lift forces on the cylinder, respectively, and 𝐴, equal to 𝐷, is a reference area. Besides, a constant far-field velocity is 𝑢∞ =𝑈0 and density 𝜌∞ = 𝜌0, and the Strouhal num-ber 𝑆𝑡 = 𝑓𝐷∕𝑢∞, where 𝑓 is the frequency in the unsteady cases. In the case, the Reynolds numbers 𝑅𝑒 = 𝜌∞𝑢∞𝐷∕𝜇 are set as 20, 100 and 200, and the computational time is set as 𝑡𝑈0∕𝐿0 = 300.Fig. 21 portrays the velocity distributions using the original (also implemented in Wang et al. [51]) and present boundary algorithms for Reynolds numbers of 𝑅𝑒 = 20, 100 and 200 at the final time 𝑡𝑈0∕𝐿0 =
300. The results demonstrate smooth and consistent outcomes for both 
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Fig. 19. Lid-driven semi-circular cavity flow (𝑅𝑒 = 1000): The horizontal velocity component 𝑢∕𝑈0 along 𝑥 = 0.5𝐿 (left panel) and the vertical velocity component 
𝑣∕𝑈0 along 𝑦 = −0.25𝐿 (right panel) using the original with 𝑑𝑝∕𝐿 = 1∕129 and present boundary algorithms with 𝑑𝑝∕𝐿 = 1∕129 and 1∕257, and the comparison with the reference obtained by Glowinski et al. [67].

Fig. 20. Flow around a circular cylinder: The geometry and boundary condi-tions.
Table 2Flow around a cylinder: Drag and lift coefficients from differ-ent experimental and numerical results with 𝑅𝑒 = 20 and the result using the present bound-ary algorithm with the resolution 
𝑑𝑝∕𝐷 = 1∕60.

𝐶𝐷Tritton [68] 2.09Taira and Colonius [69] 2.06Tafuni et al. [70] 2.29Negi et al. [71] 2.32Present 2.32

Table 3Flow around a cylinder: Drag and lift coefficients from different experimental and numerical results with 𝑅𝑒 = 100 and the result using the present bound-ary algorithm with the resolution 𝑑𝑝∕𝐷 = 1∕60.
𝐶𝐷 𝐶𝐿 𝑆𝑡White [72] 1.46 - -Chiu et al. [73] 1.35 ± 0.012 ±0.303 0.166Le et al. [74] 1.37 ± 0.009 ±0.323 0.160Brehm et al. [75] 1.32 ± 0.010 ±0.320 0.165Liu et al. [76] 1.35 ± 0.012 ±0.339 0.165Zhang et al. [49] 1.61 ± 0.005 ±0.448 0.171Present 1.46 ± 0.009 ±0.349 0.176

Table 4Flow around a cylinder: Drag and lift coefficients from different experimental and numerical results with 𝑅𝑒 =
200 and the result using the present boundary algorithm with the resolution 𝑑𝑝∕𝐷 = 1∕60.

𝐶𝐷 𝐶𝐿 𝑆𝑡Taira et al. [69] 1.35 ± 0.048 ±0.68 0.196Tafuni et al. [70] 1.46 ±0.693 0.206Negi et al. [71] 1.524 ± 0.05 ±0.722 0.210Jin and Braza [77] 1.532 ± 0.05 ±0.744 0.210Zhang et al. [49] 1.63 ± 0.05 ±0.84 0.212Present 1.48 ± 0.055 ±0.806 0.208

algorithms. Besides, the converged results are listed in Tables 2, 3and 4, which contains a series of numerical and experimental results for different Reynolds numbers 𝑅𝑒 = 20, 100 and 200, respectively. The observations show that the converged results agree with the ref-erences, validating that the proposed algorithm is reliable and accurate. As GPU acceleration has not been implemented in the present version of SPHinXsys, the comparison of computational efficiency is limited to CPU performance. This study executed the computations on a desk-top computer with an Intel Core i7-10700 processor featuring eight cores and a clock speed of 2.90 GHz. The total CPU wall-clock time for the original boundary algorithm [26], with the spatial resolution of 
𝑑𝑝∕𝐷 = 1∕20 and the Reynolds number of 𝑅𝑒 = 100, amounts to 4141.94seconds. However, the wall-clock time required by the present boundary algorithm is 3600.63 seconds, demonstrating its greater computational efficiency.
5. Summary and conclusion

In this paper, we implement a particle relaxation technique to generate a body-fitted particle distribution in which particles not in the boundaries satisfy zero-order consistency, and also introduce low-dissipation limiters and the kernel correction to enhance numerical ac-curacy. By analyzing the boundary algorithm in FVM, we propose an al-gorithmically equivalent approach within the Eulerian SPH framework, ensuring that particles in the boundaries strictly achieve zero-order con-sistency. Moreover, several numerical cases, including compressible and incompressible flows, have been tested, validating the comparable sta-bility and accuracy as well as an enhanced convergence rate of the present boundary algorithm compared with the original algorithm. An-other supplementary advantage is the improvement in computational efficiency.
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Fig. 21. Flow around a circular cylinder: The velocity magnitude (𝑈∕𝑈0) distribution using the original (left panel) and present (right panel) boundary algorithms ranging from 0 to 1.5 with the different Reynolds numbers at the final time 𝑡𝑈0∕𝐿0 = 300.
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Abstract: While Eulerian smoothed particle hydrodynamics (SPH) method has received increasing attention in scientific and 
industrial communities owing to its high spatial accuracy, it exhibits excessive numerical dissipation due to the fact that the flux is 
derived in particle pair pattern. In this paper, we adopt a one-dimensional weighted essentially non-oscillatory (WENO) 
reconstruction to reduce the numerical dissipation and improve the overall accuracy particularly in capturing the contact discontinuity. 
The underlying principle is to construct a 4-point stencil along the interacting line of each particle pair and then the WENO scheme is 
applied to reconstruct the initial states of the Riemann problem which determines the flow flux. A set of benchmark tests for both 
compressible and incompressible flows are studied to investigate the accuracy, robustness and versatility of the proposed Eulerian 
SPH method with the WENO reconstruction (ESPH-WENO). 
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0. Introduction  

Smooth particle hydrodynamics (SPH) is a pure 
meshless method and was originally proposed by 
Lucy[1], Gingold and Monaghan[2] for astrophysical 
applications. Since its inception, the SPH method has 
also been effectively applied in fluid dynamics[3], 
structural mechanics[4], fluid-structure interaction 
(FSI)[5-7] and more details are referred to recent com- 
prehensive review papers[8-9]. 

Depending on whether the particle position is 
fixed, the SPH method is characterized by Eulerian or 
Lagrangian framework. The Lagrangian framework 
has natural advantages for handling large deforma- 
tions such as violent free-surface evolution, multiphase 
interface and FSI. Although the Lagrangian SPH 
method has the flexibility of topological variation, it 
also leads to the problem of poor quality of particle 
distribution. On the contrary, the Eulerian framework 
can effectively alleviate this issue due to fixed particle 
position and obtain high spatial accuracy[10-12], mean- 
while greatly reduce the computational effort[13] as 
neighboring particle search is avoided. 

For both Eulerian and Lagrangian SPH formula- 
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tion, numerical dissipation is essential for stabilized 
simulation. One common approach is to introduce 
artificial viscosity in the momentum[14-15], while this 
approach leads to excessive dissipation which affects 
the physical flow characteristic and needs tuning para- 
meters. Another common approach is to impose the 
Riemann problem along the particle interacting line 
and the numerical dissipation is intrinsically intro- 
duced. To achieve higher accuracy, a dissipation 
limiter is usually applied to reduce the numerical 
dissipation[16]. Furthermore, numerical schemes to 
achieve first-order consistency are also developed to 
improve the numerical accuracy. A kernel correction 
technique is introduced to ensure the accurate evalua- 
tion of the gradient approximation and achieve first- 
order consistency[17-18]. However, both the low- 
dissipation Riemann solvers and the kernel correction 
technique provide limited improvement in numerical 
accuracy for the simulation of both incompressible 
and compressible flows, and even more limited 
improvement for the contact discontinuity region. This 
issue is a particular bottleneck for the Eulerian SPH as 
it has compromising potential in the precise simula- 
tion of incompressible and compressible flows. 
Therefore, reducing the overall numerical dissipation 
especially for the contact discontinuity is one grand 
challenge to the Eulerian SPH method. For the 
Riemann-based Eulerian SPH method where the 
Riemann problem is solved in each interacting particle 
pair to determine the flux, introducing high-order 
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reconstruction is a natural choice. Second-order linear 
reconstruction such as the monotonic upstream- 
centered scheme for conservation laws[19-22] (MUSCL) 
has been studied, but attempts at higher-order recon- 
structions have increased substantially to achieve 
higher accuracy. A one-dimensional fifth-order 
weighted essentially non-oscillatory (WENO) recon- 
struction is introduced[23] and then promoted to multi- 
dimensional WENO reconstruction at the cost of very 
low computational efficiency[24]. Afterwards, a one- 
dimensional fifth-order WENO reconstruction exten- 
ding to simulate the multi-dimensional problem in the 
weakly-compressible SPH (WCSPH) framework is 
developed with its simple and computational effi- 
ciency[25]. However, this method is only applied to the 
Lagrangian WCSPH, making its study in the Eulerian 
SPH for compressible and incompressible flows 
imperfect and different effects of the WENO recon- 
struction in the smooth region and contact discon- 
tinuity region lacking. 

In this paper, we first exploit low-dissipation 
linearised and Harten-Lax-van Leer contact (HLLC) 
Riemann solvers for incompressible and compressible 
flows, respectively. Then, a kernel gradient correction 
is introduced to achieve first-order consistency and a 
one-dimensional WENO reconstruction is adopted to 
improve the overall numerical accuracy further and 
the shock-capturing performance in the contact discon-  
tinuity. A set of benchmark tests for compressible and 
incompressible flows are studied to investigate the 
importance of the WENO reconstruction for higher 
numerical accuracy through comparisons with the 
theoretical solutions and experimental data. The 
different effects of the WENO reconstruction on 
smooth region and contact discontinuity are also ex- 
plored. 
 
 
1. SPH methodology 

In this section, the governing equations for fluid 
dynamics in the Eulerian framework are first pre- 
sented and then the corresponding discretizations by 
using the Riemann-based Eulerian SPH as well as the 
kernel correction matrix are given. Furthermore, the 
low-dissipation Riemann solvers and the WENO 
reconstruction are presented in detail. Last but not 
least, the time integration scheme is elaborated. 
 
1.1 Governing equations 
    The conservation equations for inviscid flow can 
be written in the Eulerian framework as 
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where U  and ( )F U  are the vector of the con- 

served variables and the corresponding fluxes, respec- 
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in two dimension. Here u , v   are the components 
of velocity,   is the density and p  the pressure. 

Also, 2 / +2=E e v  is the total energy with e  
denoting the internal energy.  For the compressible 
flows, the system of Eq. (1) is closed by the equation 
of state (EOS) of 
 

= ( 1)p e                                                                  (3) 
 
where   is the heat capacity ratio and the speed of 

sound is derived by 
 

2 =
p

c



                                                                       (4) 

 
For the incompressible flows, the EOS is written as 
 

2
0= ( )p c                                                               (5) 

 
where 0  is the reference density. Following the 
weakly-compressible assumption for modeling the 
incompressible flow, we set the sound speed =c

max10U  where maxU  denoting the maximum velocity 
in the flow field to ensure the density variation is less 
than 1%. To simulate the viscous flow, the viscous 
force 
 

( ) 2=vf  v                                                                   (6) 
 
is added to the momentum equation. 
 
1.2 Riemann-based Eulerian SPH method 
    To discretize the system of Eq. (1), we apply the 
Riemann-based Eulerian SPH where the flux is 
determined by solving a one-dimensional Riemann 
problem constructed along the interacting line of each 
particle pair, as shown in Fig. 1. The discontinuity 
locates at the middle point = ( + ) / 2ij i jr r r , and the 

left and right states are initially set at particles i  and 
j , respectively, as: 

 
( , , ) = ( , , )l l l i i i ijp u p  v e , 
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( , , ) = ( , , )r r r j j j ijp u p  v e                                        (7) 

 
 
 
 
 

 
 

 

 

 

 
 
 
 

Fig. 1 (Color online) Construction of Riemann problem along 
the interacting line of particles i  and j  

 
Following Ref. [19], Eq. (1) can then be discre- 

tized in the Riemann-based Eulerian SPH framework 
as 
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where w  is the volume, v  is the velocity and I  is 
the identity matrix. Also, / /= ( )( )i ij ij ij ij ijW W r r   r  

is the gradient of the kernel function with =ij i jr r r  

and the term *
,()E ij  is the solution of the particle pair 

Riemann problem. To achieve first-order consistency, 
we introduce a kernel correction matrix to compensate 
for the error caused by particle irregular distribution 
and kernel truncation. Following Ref. [26], the kernel 
correction matrix iB  reads 
 

1( )= [ ]i j i i ij j
j

W w  B r r                                       (9) 

 
Then, we rewrite the kernel gradient as 
 

1
= ( + )

2i ij i j i ijW W  B B                                           (10) 

 
to ensure the conservation property of the SPH 
discretization 
 

1.3 Riemann solver with dissipation limiter 
For the incompressible flows, we use the 

linearised Riemann solver and assume that the interme- 

diate states satisfy * *= =l rp p p  and * *= =l ru u u , 
as shown in Fig. 2. Following Ref. [27], the low- 
dissipation Riemann solver reads 
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with c  denoting the average sound speed. Note that 
the dissipation limiter linearisd [16] is defined as 
 

linearisd linearisd= min max ,0 ,1l ru u

c
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with the constant parameter linearisd = 15 . 
 
 
 
 
 

 
 

 

 

 
Fig. 2 Simplified Riemann fan with two intermediate states 
 

For the compressible flows, we implement the 
HLLC Riemann solver[28-31] which takes the advan- 
tage of capturing shock waves. In the HLLC Riemann 
solver, the smallest and the largest wave speed lS  

and rS  characterize the expansion and compression 
wave, respectively. The contact discontinuity with 
wave speed *S  separates the middle state into 

* * *( , , )l l lp u  and * * *( , , )r r rp u . Then, the solutions in 
the star region are given by: 
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where /l rq  is the magnitude of the velocity. Note that 
a dissipation limiter is also applied in the HLLC 
Riemann solver. With the star states in hand, the 
corresponding flux of the HLLC solution to the 
Riemann problem can be expressed as: 
 

HLLC =F F , 0 ls                                                   (14a) 
 

HLLC = L
F F , *0ls s                                            (14b) 

 

HLLC = R
F F , * 0 rs s                                            (14c) 

 

HLLC = RF F , 0 rs                                                  (14d) 
 
1.4 WENO reconstruction 
    Following Ref. [25], the 4-point stencil with the 
incremental size is constructed along each interacting 
particle pair as shown in Fig. 3. For each stencil, the 
variable of the mid-point is defined as 
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are the candidate stencils and kw  represent the corres- 
ponding non-linear weights calculated as 
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where 1 = 1 / 3d , 2 = 1 / 6d , 3 = 1 / 2d , 6= 10   

and C  is a physically-motivated scale-separation 
parameter. Besides, a global reference smoothness 
indicator 4  given by 
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is introduced to improve the overall accuracy[32-33]. 
Note that the smoothness indicators in Eq. (18) are 
given as: 
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For each interacting particle pair i  and j , the vari- 

able values at the stencil point are defined as: 
 

1 = i i ijq     r , 0 = iq  , 1 = jq  , 

 

2 = +j j ijq    r
                                                   

   (21) 

 
where 
 

= )(j
i j i i ij

jj

m
W  


  

                                  
   (22) 

 
is the gradient of primitive value j  with a standard 

SPH approximation. Afterwards, the left state of the 
Riemann problem is 1/2=L q  and the corresponding 

right state R  can be calculated from Eq. (15) with 
the mirrored stencil defined as: 
 

1 = +j j ijq     r , 0 = jq  , 1 = iq  , 

 

2 = i i ijq    r
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Fig. 3 (Color online) Four-point stencil and candidate stencils  

for the incremental-stencil WENO reconstruction 
 

1.5 Time integration 
For the time integration, we apply the verlet 

scheme[34] to achieve 2nd-order accuracy. We denote 
the value at the beginning of a time-step by super- 
script n , the mid-point by +1 / 2n  and the end by 

+1n . At first, total energy and density are updated to 
the mid-point by: 
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Accordingly, the pressure and internal energy are also 
calculated. Then, the momentum flux at the new time 
step is updated as 
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Afterwards, mass and energy change rates are calcu- 
lated. Finally, the energy and density at the new step 
are updated as: 
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For numerical stability, the time step size is obtained 
by 
 

0 max

= CFL
+ac

h
t

c U
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with maxU  denoting the maximum flow speed and 

CFL = 0.6 / d , where d  is the dimension. 
 
 
2. Numerical results 

In this part, a set of numerical examples for com-  
 

pressible and incompressible flows are studied to 
investigate the accuracy, robustness and versatility of 
the proposed Riemann-based Eulerian SPH method. It 
is worth noting that the linearised and HLLC Riemann 
solvers are for the incompressible and compressible 
flows, respectively. The Wenland C2[35] kernel func- 
tion with a smoothing length = 1.3 ph d , pd  deno- 

ting the initial particle spacing is applied. In the 
subsequent numerical examples, with the application 
of the correction matrix and the dissipation limiter 
through all the examples, the Eulerian SPH with the 
Riemann solver is denoted as “ESPH” and the 
Eulerian SPH with the Riemann solver and WENO 
reconstruction is denoted by “ESPH-WENO”, for 
clarity. 
 
2.1 Shock-tube problems 
    Following Refs. [36-37], we simulate two 
shock-tube cases including the Sod and Lax problems 
where the heat capacity ratio is = 1.4  and the 

domain size is [0,1]x . For the convergence study, 

three different spatial resolutions of =pd 1/100, 

1/200 and 1/400 are investigated. The initial condition 
of the Sod problem is: 
 
( , , , ) = (1,0,0,1)u v p , 0 < 0.5x                         (28a) 
 
( , , , ) = (0.125,0,0,0.1)u v p , 0.5 <1.0x          (28b) 
 
and the final time is = 0.2t . The initial condition for 
the Lax problem is: 
 
( , , , ) = (0.445,0.698,0,3.582)u v p , 0 < 0.5x  

                                                                                   (29a) 
 
( , , , ) = (0.5,0,0,0.5710)u v p , 0.5 <1.0x        (29b) 
 
and its final time is = 0.14t . 

Figures 4-6 show the present density and velocity 
profiles of the numerical results for both Sod and Lax 
problems and the comparisons against the analytical 
solution. With the spatial resolution of 1/100, the 
ESPH-WENO exhibits improved accuracy by signifi- 
cantly reducing the numerical dissipation. More im- 
portantly, the dissipation in the contact discontinuity 
region is more reduced by the present WENO recon- 
struction than those in the continuous expansion and 
the shock region. This is due to the fact that the 
WENO reconstruction with the 4-point stencil gives a 
more accurate and physically-driven solution in the 
contact discontinuity region. With the increase of the 
spatial resolution, the result is rapidly convergent to 
the theoretical solution. 
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Fig. 4 (Color online) The Sod problem: The present results and their comparisons against the analytical solution 
 

  
 

Fig. 5 (Color online) The Lax problem: The present results and their comparisons against the analytical solution 
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Fig. 6 (Color online) Shock-tube problem 
 

2.2 The Shu-Osher problem 
    In this section, the Shu-Osher problem of a Mach 
3 shock wave interacting with a sine entropy wave is 
studied to validate the accuracy and robustness of the 
proposed ESPH-WENO method. The domain is 

[0,10]x  and the initial condition reads: 
 

3.857,2.629( , , , ) = ( ,0,10. )333u v p , 1x           (30a) 
 
( , , , ) = (0.5,0,0,0.5710)u v p  otherwise             (30b) 

 

and the final time is = 1.8t . 
Figure 7 show the density profile of the present 

results and their comparisons with reference data 
obtained by a high-resolution scheme[38]. The overall 
density distribution is well captured by the ESPH 
method with or without the WENO reconstruction. 
Compared with the result of the original ESPH 
method, the ESPH-WENO exhibits a much sharper 
density profile and less dissipation, implying that the 
WENO reconstruction effectively improve the nume- 
rical accuracy especially at contact region where the 
limiter has little effect. Also, the convergence study 
shows that the result is rapidly convergent with the 
increase of spatial resolution. 
 
2.3 Double Mach reflection of a strong shock 

In this part, we consider a two-dimensional dou-  
ble Mach reflection of a strong shock to demonstrate  

 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 7 (Color online) Shu-Osher problem 
 
the robustness of the proposed ESPH-WENO method. 
Following Woodward[39], the initial condition is: 
 
( , , , ) = (1.4,0,0,1)u v p , 1.732( 0.1667)y x    (31a) 
 
( , , , ) = (8,7.15, 4.13,116.83)u v p   otherwise    (31b) 
 
In this study, the domain size is ( , ) [0,4] [0,1]x y    

and the final time is = 2t . Initially, a right-moving 
Mach 10 shock wave is activated at ( , ) = (0,1)x y  
with a sixty-degree angle along the x-axis. The bottom 
and left-hand boundary are the reflection wall boun- 
dary from = 1 / 6x  to = 4x  and the post-shock 
condition, respectively. The top boundary is under 
exact motion condition and the right boundary at 

= 4x  is zero-gradient condition. 
Figure 8 portrays the shock propagation with the 

density contour obtained by the ESPH and the ESPH- 
WENO methods. It can be observed that the Mach 
stem and the near-wall jet flow features are well cap- 
tured in both methods with a spatial resolution of 
1/240. Without the WENO reconstruction, the curve 
of the near-wall jet is very flat, as shown in Fig. 8(a), 
indicating that there is relatively large numerical 
dissipation. By introducing the WENO reconstruction, 
the curve of the near-wall jet becomes much sharper, 
as shown in Fig. 8(b). These results demonstrate that  
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using only the dissipation limiter to reduce the dissi- 
pation is not enough to capture the strong shock wave 
propagation which is well captured by introducing the 
WENO reconstruction. 
 
2.4 Taylor-Green vortex flow 

In this section, we consider an example of incom- 
pressible flow, viz. Taylor-Green vortex flow, to inves- 
tigate the performance of the proposed ESPH-WENO 
method in the simulation of incompressible flow. 
With the periodic boundary in -x  and -y directions, 

the velocity field reads 
 

( , , ) = exp cos(2 )sin(2 )btu x y t x y   , 
 

( , , ) = exp sin(2 )cos(2 )btv x y t x y                             (32) 
 

where 2= 8 /b Re  is the decay rate with Re  the 
Reynolds number. The initial velocity distribution is 
defined at = 0t . Note that the corresponding total 

kinetic energy decay rate is 216 / Re  . Also, the 
domain size is ( , ) [0,1] [0,1]x y    and three different 

resolutions =pd 1/25, 1/50 and 1/100 are applied for 

the convergence study. 
Figure 9 presents the time decay of the kinetic 

energy obtained by the ESPH and the ESPH-WENO 
methods and their comparisons with the analytical 
solution. With the WENO reconstruction, the ESPH- 
WENO exhibits improved accuracy by decreasing 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
numerical dissipation. While the ESPH shows 1st- 
order convergence, the ESPH-WENO achieves appro- 
ximate 2nd-order convergence. It can be concluded 
that the introduction of the WENO reconstruction is 
not only to greatly reduce the numerical dissipation 
but also to raise the convergence order of the ESPH 
method. 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 

 
Fig. 9 (Color online) Taylor-Green vortex flow ( =100)Re : 

Decay of the kinetic energy obtained by the ESPH and 
the ESPH-WENO methods and the comparisons against 
analytical solution 

 
2.5 Double shear-layer flow 

In this part, we consider an inviscid incom- 

 

 
 
Fig. 8 (Color online) Double Mach reflection of a strong shock
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pressible flow of double shear-layer to demonstrate 
the low-dissipation feature of the proposed ESPH- 
WENO method. For this test, the domain size is a 
square with unit length and all boundaries are set as 
periodic boundary conditions. The initial moment of 
the double shear-layer flow is represented on a shear 
layer of finite thickness giving a perturbation with a 
small vertical velocity, and the velocity field is: 
 

0.25
= tanhx

y
u


 
 
 

 for 0.5y                          (33a) 

 

0.75
= tanhx

y
u


 
 
 

 for > 0.5y                         (33b) 

 

= sin(2 )yu x                                                          (33c) 
 

where = 1/ 30 , = 0.05 . To discretize the system, 

the spatial resolution is set as = 1 / 64pd . 

Figure 10 presents the vortex contours at di- 
fferent time instants obtained by the ESPH and the 
ESPH-WENO methods. As expected, the ESPH me- 
thod exhibits excessive numerical dissipation and fails 
to correctly capture the vortex structure. On the other 
hand, the ESPH-WENO method reasonably captures 
the vortex structure, implying the numerical accuracy is 
significantly improved with the WENO reconstruction. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.6 Lid-driven cavity flow 
    Here, we consider an incompressible flow of a 
square lid-driven cavity with a length of L  where all 
boundaries are wall boundary conditions. The upper 
wall is moving with a given velocity wallU  along the 

-x direction, as shown in Fig. 11, to initialize the 
cavity. Two different Reynolds numbers including 

= 400Re , = 1 000Re  are considered to validate the 
proposed method by comparing with the results of 
Ghia[40]. 

Figure 12 portrays the velocity profile obtained 
by the present methods and their comparisons with the 
reference data reported by Ghia[40]. Compared with 
the results of ESPH, those obtained by the ESPH- 
WENO show improved accuracy and exhibit a low- 
dissipation feature. It is worth noting that the present 
ESPH-WENO achieves approximate 2nd-order accu- 
racy as shown in the convergence study in Fig. 12. 
 
2.7 Flow around a circular cylinder 
    To demonstrate the versatility of the proposed 
ESPH-WENO method, we consider a FSI problem of 
flow around a cylinder. In this case, the drag and lift 
coefficients can be derived by: 
 

2

2
= D

D

F
C

u A 
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2

2
= L

L

F
C

u A 
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Fig. 10 (Color online) Flow of double shear layer: The vorticity contour ranging from 16 to 16 obtained by the ESPH at  
(a), The vorticity contour ranging from 21 to 21 by the ESPH-WENO at  (b), The vorticity contour ranging from 
16 to 16 by the ESPH at  (c) and The vorticity contour ranging from 21 to 21 by the ESPH-WENO at  
(d)
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Fig. 11 Lid-driven cavity flow: Geometry and boundary con- 

ditions 
 

where DF  is the drag force, LF  the lift force and 

A  the contact area. Note that the Reynolds number 
= /Re u D    is set as 100 with velocity = 1u  

and density = 1  as well as the cylinder diameter 

= 2D . Also, the Strouhal number Sr  is defined as 
/fD u  with f  the vortex shedding frequency. We 

consider in this study the domain size as [12.5 ,D  

7.5 ]D  where the centre of a cylinder is located at 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[7.5 ,7.5 ]D D  and the boundary condition is defined 
as the far-field boundary condition. 

Figure 13 shows the flow field with the velocity 
contour at dimensionless time = 300t  obtained by 
the ESPH (a) and the ESPH-WENO (b) methods. It is 
easy to observe that the vortex structure is over- 
dissipated by the ESPH method, while reasonably 
captured by the ESPH-WENO method. For quantita- 
tive validation, Table 1 presents the drag and lift 
coefficients obtained by the present simulation and the 
data in the literature[41-44]. In general, a good agree- 
ment with the reference data is noted. It can be con- 
cluded that the proposed ESPH-WENO paves the way 
for the SPH simulation of complex FSI applications in 
engineering within the Eulerian framework. 
 
 

3. Conclusion 
In this paper, we introduce a WENO reconstruc- 

tion to further improve the accuracy of the ESPH 
method. The underlying principle is to obtain a high- 
accuracy WENO reconstruction of the Riemann states 
which determines the flow flux by introducing a one- 
dimensional 4-point stencil along each interacting 
particle pair. A set of numerical examples for the com- 
pressible and incompressible flows are studied to 
investigate the accuracy, robustness and versatility of 
the proposed method. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
Fig. 12 (Color online) Lid-driven cavity flow: The horizontal velocity component  along  for  (a), The 

vertical velocity component  along  for  (b), The horizontal velocity component u along 

 for  (c) and The vertical velocity component  along  for (d)
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Fig. 13 (Color online) Flow around a cylinder with = 100Re  

at dimensionless time = 300t  
 
Table 1 The drag and lift coefficients in the literature 

Parameters DC  LC  tS  

White[41] 1.46 - - 

Chiu et al.[42] 1.350.012 0.303 0.166 

Le et al.[43] 1.370.009 0.323 0.160 

Liu et al.[44] 1.350.012 0.339 0.165 

ESPH 1.460.010 0.320 0.171 

ESPH-WENO 1.430.011 0.360 0.174 
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The error of smoothed particle hydrodynamics (SPH) using a kernel for particle-based approxima-tion mainly arises from smoothing and integration errors. The choice of the kernel significantly impacts numerical accuracy, stability and computational efficiency. Currently, the most popular kernels, such as B-spline, truncated Gaussian (for compact support), and Wendland kernels, have 2nd-order smoothing errors, and the Wendland kernel has become mainstream in the SPH com-munity due to its stability and accuracy. Since the particle distribution after relaxation can achieve fast convergence of integration error with respect to support radius, it is logical to choose kernels with higher-order smoothing error to improve the numerical accuracy. In this paper, the error of the 4th-order Laguerre-Wendland kernel proposed by Litvinov et al. [1] is revisited, and an-other 4th-order truncated Laguerre-Gauss kernel is further analyzed and considered to replace the widely used Wendland kernel. The proposed kernel has the following three properties: One is that it avoids the pair-instability problem during the relaxation process, unlike the original truncated Gaussian kernel, and achieves much less relaxation residue than the Wendland and Laguerre-Wendland kernels; One is the truncated compact support size is the same as the non-truncated one of the Wendland kernel, which leads to both kernels’ comparably computational efficiency; Another is that the truncation error of this kernel is much less than that of the Wendland kernel. Furthermore, a comprehensive set of 2𝐷 and 3𝐷 benchmark cases on Eulerian SPH for fluid dy-namics and total Lagrangian SPH for solid dynamics validate the considerably improved numerical accuracy of the truncated Laguerre-Gauss kernel without introducing extra computational effort.

1. Introduction
Smoothed particle hydrodynamics (SPH) is a meshless method initially proposed by Lucy [2], Gingold and Monaghan [3] and has been widely used in fluid dynamics [3], solid mechanics [4], and other scientific and industrial applications [5–8]. Since the particle-based approximation in SPH is formulated with a Gaussian-like smoothing kernel function with compact support [9], the proper choice of the latter is crucial, as already found and explored in Refs. [10–12], for the numerical accuracy, stability and computational efficiency. Generally, two factors determine the accuracy of the SPH method, i.e. smoothing and integration errors [13,1]. While the leading vanishing moments of the kernel function define the smoothing error, the particle summation on neighboring particles 
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within the cut-off radius defines the integration error. In order to achieve higher accuracy of SPH approximation, one can resort to the high-order kernel methods [14,15] using kernels characterized with non-monotonic, non-positive regions and high-order vanishing moments for less smoothing error and sufficiently large compact support for less integration error. However, to avoid the excessive computational effort for large compact supports, the current mainstream kernel functions used in SPH, such as B-spline, Wendland, truncated Gaussian (for compact support) and others, are monotonic and give 2nd-order smoothing error as only the first moment vanishes. Although the truncated Gaussian kernel is a natural choice for SPH, it has yet to be widely used compared to other non-truncated, such as B-spline and Wendland, kernels. One reason is that, to achieve a sufficiently small integration error, the truncated compact support is much larger than that of other non-truncated kernels, resulting in lower computational efficiency. The other reason is that, similarly to the B-spline kernel, it causes the pair-instability problem in which particles tend to appear pair clumping [16,11]. In recent years, the Wendland kernel has gained popularity in the SPH community due to its moderate compact support for sufficient accuracy and ability to overcome the pair-instability problem.With a given smoothing kernel, besides increasing the size of the compact support, one way to decrease the integration error is using the kernel-correction methods such as higher-order differential operator [17,18], kernel gradient correction [5,19–22], weighted essentially non-oscillatory (WENO) [23–25], moving least squares (MLS) [26–30] and radial basis function (RBF) [31–33]. It has also been found that the integration error strongly relies on particle distribution [13]. Litvinov et al. [1] found that particles relaxed from the random initial position and constant background pressure can achieve the same accuracy as those on uniform lattice positions. Since relaxed particle distribution can be obtained for complex geometries, it is more applicable than uniform lattice distribution for practical applications. Another finding in Ref. [1] is that, under relaxed particle distribution, the convergence rate of integration error (8th-order respected to support radius) can be much higher than that of smoothing error. Therefore, two non-monotonic, namely truncated Laguerre–Gauss and Laguerre–Wendland, kernels with 4th-order smoothing error, have been considered for improving the overall accuracy of SPH approximations. However, these kernels have not been applied for practical SPH algorithms because, for moderate compact support, the actual integration error of the Laguerre–Wendland kernel is much larger than that obtained by the original 2nd-order Wendland kernel. Note that the truncated Laguerre–Gauss kernel was not tested in Ref. [1], probably due to the pair-instability problem of the original truncated Gaussian kernel as mentioned.In the present work, the large integration error of the Laguerre–Wendland kernel in moderate compact support is revisited, and the source of the error has been analyzed according to the kernel profiles. Based on this, the truncated Laguerre–Gauss kernel is chosen to improve the overall accuracy of SPH approximations. Quite counterintuitively, further numerical tests show that the chosen kernel with moderate compact support avoids the pair-instability problem in the original 2nd-order counterpart and achieves much less relaxation residue than the Wendland kernel. The chosen kernel has been applied to Eulerian and total Lagrangian SPH formulations for fluid and solid dynamics problems. The numerical tests show that considerably higher accuracy has been achieved compared with that of the original Wendland kernel without introducing extra computational effort.The structure of this paper is as follows: Section 2 gives the preparation of error analysis and revisites the Laguerre-Wendland kernel. Also, the errors of the Laguerre-Wendland and truncated Laguerre-Gauss kernels are analyzed, and the formulation and properties of the latter are discussed in detail. Section 3 introduces standard Eulerian formulation with extensions and total Lagrangian SPH formulation. The extensions include the incorporation of dissipation limiters to decrease numerical dissipation, as well as the utilization of particle relaxation and kernel correction matrix to ensure zero-order and first-order consistency, respectively. Moving on to Section 4, a series of numerical examples are employed to demonstrate the performance and computational efficiency of the proposed kernel. All computational codes utilized in this study have been made publicly available through the SPHinXsys repository [34], accessible at both https://www .sphinxsys .org and https://github .com /Xiangyu -Hu /SPHinXsys.
2. Kernel analysis
2.1. Preparation of error analysis

The SPH approximation of gradient of a function field 𝑓 (𝐫) at a particle position 𝐫𝑖 can be derived as following steps
∇𝑓 (𝐫𝑖) ≈ ∫

𝑉

∇𝑓 (𝐫)𝑊 (𝐫𝑖 − 𝐫, ℎ)𝑑𝑉 = −∫
𝑉

𝑓 (𝐫)∇𝑊 (𝐫𝑖 − 𝐫, ℎ)𝑑𝑉 ≈ −
∑
𝑗

𝑓 (𝐫𝑗 )∇𝑊𝑖𝑗𝑉𝑗 , (1)
where 𝑉𝑗 is the volume of the neighboring particle 𝑗 respect to particle 𝑖, 𝑊 (𝐫𝑖− 𝐫, ℎ) is a smooth kernel function with ℎ denoting the smoothing length and the gradient of the kernel function ∇𝑊𝑖𝑗 =∇𝑊 (𝐫𝑖−𝐫𝑗 , ℎ). The first step is the smoothing approximation, where a smooth kernel function replaces the Dirac delta function and introduces the smoothing error 𝐸𝑠 . The second step is integration by parts following the assumption that the kernel function is zero at the domain boundary. The third step is the approximated integration by summation over all neighboring particles, which introduces the integration error 𝐸𝑟 . Afterwards, the truncation error 𝐸𝑡 is given by 𝐸𝑡 = 𝐸𝑠 + 𝐸𝑟. For simplicity of writing, we simplify 𝑓 (𝐫) at position 𝐫𝑖 and 𝐫𝑗 to 𝑓𝑖 and 𝑓𝑗 respectively in the following. As in Ref. [35], Eq. (1) can be modified in a strong form as

∇𝑓𝑖 =∇𝑓𝑖 − 𝑓𝑖∇1 ≈
∑
𝑗

𝑓𝑖𝑗∇𝑊𝑖𝑗𝑉𝑗 , (2)
with 𝑓𝑖𝑗 = 𝑓𝑖 − 𝑓𝑗 . Also, the modification in a weak form as
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Fig. 1. Laguerre-Gauss kernel and the comparison with the Wendland and Laguerre-Wendland kernels with compact support as 2ℎ : kernel functions (left panel) and their derivatives (right panel). Here, 𝐶𝐿𝑊 ≈ 1.898 within 𝑠 ∈ [0, 2] according to the kernel normalization condition. Note that the shallow negative region in the Laguerre-type kernels is for vanishing second-order moment.
∇𝑓𝑖 =∇𝑓𝑖 + 𝑓𝑖∇1 ≈ −2

∑
𝑗

𝑓𝑖𝑗∇𝑊𝑖𝑗𝑉𝑗 , (3)
with 𝑓𝑖𝑗 = (𝑓𝑖 + 𝑓𝑗 )∕2. Since the weak form is applied in the momentum conservation equations, we employ Eq. (3) to investigate the error estimation in the later section. As is mentioned, the particle distribution plays a crucial role in influencing the integration error [1,36]. Therefore, to achieve a high-quality particle distribution in practical applications and ensure zero-order consistency, i.e. ∑

𝑗 𝑉𝑗∇𝑊𝑖𝑗 = 𝟎, we employ particle relaxation [37] before the error analysis and the acceleration in the process is calculated by
𝐚𝑖 = −2

𝜌 𝑖

∑
𝑗

𝑉𝑗∇𝑊𝑖𝑗 , (4)
with 𝜌 denoting the density. Note that the SPH approximation for the derivative of the kernel function directly influences the flux calculation in conservation equations, we further employ the kernel correction matrix [5] given by

𝐁𝑖 = −

(∑
𝑗
𝐫𝑖𝑗 ⊗∇𝑊𝑖𝑗𝑉𝑗

)−1 (5)
to compensate for the error and satisfy the first-order consistency, which achieves second-order convergence of integration error. Note that there are kernel gradient corrections for even higher-order consistency, such as the mentioned Refs. [19,20,22]. However, they are not employed here due to the high computational cost.
2.2. Error analysis using Laguerre-Wendland kernel

As shown in Litvinov et al. [1], the Laguerre-Wendland and Laguerre-Gauss kernels have the second vanishing moment and 4th-order smoothing error. The former, given by
𝑤𝐿𝑊 (𝑠) = 𝐶𝐿𝑊 (1 − 𝜖2𝑠2 + 𝜖4𝑠4∕6)(1 − 𝑠)6+(1 + 6𝑠+ 35∕3𝑠2), (6)

where (⋅)+ =𝑚𝑎𝑥(0, ⋅) and 𝑠 = |𝐫|∕ℎ, a normalization factor 𝐶𝐿𝑊 ≈ 7.591, and a scaling factor 𝜖 ≈ 2.821, within 𝑠 ∈ [0, 1], had been studied in Litvinov et al. [1] but has not been employed in practice due to its much larger integration error than the widely used Wendland kernel. Here, we revisit this kernel to explore the reason for the excessive integration error. By comparing the profiles of the kernels and their derivatives, as shown in Fig. 1, we find that the gradient magnitude of the Laguerre-Wendland kernel is much larger than that of the Wendland kernel. Note that the SPH approximation highly relies on the size of compact support, which is usually adopted as 2ℎ in practice where smoothing length ℎ = 𝜅𝑑𝑝 with 𝑑𝑝 denoting the initial particle spacing and 𝜅 determining the number of neighboring particles. With these observations, it is straightforward to consider that the possible reason for the Laguerre-Wendland kernel introducing a larger integration error is that the number of neighboring particles is insufficient to resolve the large gradient magnitude within moderate compact support. Based on this, we apply different 𝜅 including 𝜅 = 1.3, 2.0 and 2.5, meaning different total number of neighboring particles for analyzing the integration error. Note that the corresponding resolutions are adopted according to the different 𝜅 to keep the smoothing length constant, i.e. the smoothing error is unchanged. For quantitative analysis, following Eq. (3), 𝐿1-norm and 𝐿infinity-norm errors are given by
⎧
⎪⎨⎪⎩

𝐿1(𝑑𝑓∕𝑑𝑥) =
1
𝑁
∑
𝑖

|||∇𝑓𝑖 + 2
∑

𝑗 𝑓𝑖𝑗∇𝑊𝑖𝑗𝑉𝑗
|||

𝐿infinity(𝑑𝑓∕𝑑𝑥) =𝑚𝑎𝑥
𝑖

|||∇𝑓𝑖 + 2
∑

𝑗 𝑓𝑖𝑗∇𝑊𝑖𝑗𝑉𝑗
|||

, (7)
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Fig. 2. Particle relaxation residue ranging from 3.4 × 10−6 to 4.0 × 10−2 using the Wendland (top left panel), Laguerre-Wendland (top right panel) and truncated Laguerre-Gauss (bottom panel) kernels at the final relaxation iteration with the spatial resolution 𝑑𝑝 = 1∕60. In the case, the boundary particles are not considered due to their not relying on kernel approximation. Based on this, the average relaxation residue and the variation between the maximum and minimum relaxation residues using the truncated Laguerre-Gauss kernel are approximately 0.004 and 0.011, respectively, which are approximately one-tenth and one-twentieth of the values using the Wendland kernel. Meanwhile, the average relaxation residue of 0.07 when employing the Laguerre-Wendland kernel is approximately twenty times larger than that of using the truncated Laguerre-Gauss kernel and the maximum relaxation residue of 1.88 appears to be unreasonable. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
Table 1Truncation errors of the SPH approximation for 𝑑𝑓∕𝑑𝑥 with 𝑓 = 1 and 𝑓 = sin (2𝜋𝑥)using the Wendland and Laguerre-Wendland kernels with different 𝜅 without the ker-nel correction matrix.

Truncation errors 𝜅 𝐿1(𝑑𝑓∕𝑑𝑥) 𝐿infinity(𝑑𝑓∕𝑑𝑥)
𝑓 = 1 𝑓 = sin (2𝜋𝑥) 𝑓 = 1 𝑓 = sin (2𝜋𝑥)

Wendland 1.3 0.034 0.123 0.259 0.400Laguerre-Wendland 0.070 0.673 1.880 3.506
Wendland 2.0 0.014 0.073 0.027 0.150Laguerre-Wendland 0.010 0.018 0.028 0.046
Wendland 2.5 0.018 0.078 0.032 0.161Laguerre-Wendland 0.005 0.009 0.017 0.030

with 𝑁 and 𝑑𝑓∕𝑑𝑥 denoting the total number of particles and the derivative of the function field, respectively. Here, the errors obtained in Eq. (7) are the truncation errors.The study applies a circular geometry of a diameter 𝐷 = 2 with the resolution 𝑑𝑝 = 1∕60. We test the SPH approximation for the derivatives of a constant function 𝑓 = 1 and a trigonometric function 𝑓 = sin (2𝜋𝑥) using the Wendland and Laguerre-Wendland kernels without and with the kernel correction matrix in this domain under the respective particle distributions obtained by their respective kernels shown in Fig. 2, and Tables 1 and 2 list the truncation errors with different 𝜅. Note that the boundary particles are not considered in the kernel analysis because these particles are given the assigned values and do not evaluate the kernel gradient. From the results, the truncation errors using the Laguerre-Wendland kernel exhibit similar behavior to those obtained with the 
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Table 2Truncation errors of the SPH approximation for 𝑑𝑓∕𝑑𝑥 with 𝑓 = 1 and 𝑓 = sin (2𝜋𝑥)using the Wendland and Laguerre-Wendland kernels with different 𝜅 with the kernel correction matrix.

Truncation errors 𝜅 𝐿1(𝑑𝑓∕𝑑𝑥) 𝐿infinity(𝑑𝑓∕𝑑𝑥)
𝑓 = 1 𝑓 = sin (2𝜋𝑥) 𝑓 = 1 𝑓 = sin (2𝜋𝑥)

Wendland 1.3 0.039 0.052 0.209 0.187Laguerre-Wendland 0.077 0.067 2.334 2.319
Wendland 2.0 0.014 0.042 0.026 0.067Laguerre-Wendland 0.011 0.007 0.029 0.028
Wendland 2.5 0.018 0.043 0.033 0.068Laguerre-Wendland 0.005 0.003 0.017 0.015

Wendland kernel, declining with 𝜅 ≤ 2 and remaining relatively unchanged at 𝜅 = 2.5. These results suggest that, while the smoothing error dominates at 𝜅 ≥ 2, the integration error takes the lead at 𝜅 = 1.3. For the condition of smoothing error dominant with 𝜅 ≥ 2, it is implied that the truncation error of the Laguerre-Wendland kernel is less than the Wendland kernel, as shown in Table 2, which agrees with the property of kernels’ smoothing order. In addition, given the reasonable truncation errors, while the impact of the kernel correction matrix on reducing the truncation error with the derivative of 𝑓 = 1 is not as apparent, this matrix can further minimize the error with that of 𝑓 = sin (2𝜋𝑥) effectively, suggesting that the kernel correction matrix has distinct effects on higher-order terms.
2.3. Truncated Laguerre-Gauss kernel

Another 4th-order kernel, as shown in Fig. 1, the Laguerre-Gauss kernel, with a smaller gradient magnitude than the Laguerre-Wendland kernel, is considered a potential option for not introducing excessive integration errors.
2.3.1. Kernel profileThe expression of the Laguerre-Gauss kernel [1] is given by

𝑤(𝑠) = 𝜋−1𝐿(1)
1 (𝑠2)𝑒−𝑠2 , (8)

where 𝐿(1)
1 denotes the generalized Laguerre polynomial with a non-negative Fourier transform and vanishing second-order moment. For implementing the kernel in practice, we truncate the compact domain to 2ℎ and give the expression for the truncated Laguerre-Gauss kernel as

𝑤(𝑠) = 𝛼𝑑

{
(1 − 𝑠2

2 + 𝑠4

6 )𝑒
−𝑠2 if 0 ≤ 𝑠 ≤ 2

0 if 𝑠 > 2
, (9)

where 𝛼𝑑 is the normalized coefficient in 𝑑 dimensional space with the value of 𝛼1 = 8∕(5
√

𝜋), 𝛼2 = 3∕𝜋 and 𝛼3 = 8∕𝜋3∕2. Also, the truncated Laguerre-Gauss kernel and its derivative and the comparisons with the Wendland, as well as the Laguerre-Wendland kernels, are presented in Fig. 1, which shows that its gradient magnitude is larger than that of the Wendland kernel but smaller than that of the Laguerre-Wendland kernel and the value of kernel function at 2ℎ is close to 0. In numerical simulations, to avoid adding extra computational effort, we apply the compact support as 2ℎ with smoothing length ℎ = 1.3𝑑𝑝, meaning that the computational efficiency using the truncated Laguerre-Gauss kernel is the same as that using the Wendland kernel.
2.3.2. Performance in stabilityTo exploit the properties of the truncated Laguerre-Gauss kernel, we first investigate and compare the relaxed particle distribution using the Wendland, Laguerre-Wendland and truncated Laguerre-Gauss kernels in the same circular domain mentioned above. Fig. 2shows the relaxation residue ranging from 3.4 × 10−6 to 4.0 × 10−2 using the Wendland, Laguerre-Wendland and truncated Laguerre-Gauss kernels at the final relaxation iteration. Utterly contrary to our intuition that the truncated Laguerre-Gauss kernel is similar to the original truncated Gaussian kernel in that it suffers from the pair-instability problem with 𝜅 = 1.3, it can be observed that the particle relaxation using the truncated Laguerre-Gauss kernel does not exhibit this problem. Similarly with the kernel analysis in section 2.2, the particles in the boundary are also omitted in the following analysis. Based on this, the truncated Laguerre-Gauss kernel yields an average relaxation residue of 0.004, and a variation between the maximum and minimum relaxation residues of 
0.011 and these values represent roughly one-tenth and one-twentieth of those obtained using the Wendland kernel. Besides, the Laguerre-Wendland kernel results in an average relaxation residue of 0.07, approximately twenty times larger than that observed with the truncated Laguerre-Gauss kernel. However, the maximum relaxation residue of 1.880 using the Laguerre-Wendland kernel is unacceptable and unreasonable. Therefore, the truncated Laguerre-Gauss kernel ensures numerical stability and obtains higher-quality particle distribution. As widely acknowledged, utilizing high-order kernels with negative regions can lead to stability issues [1], particularly for updated Lagrangian SPH methods. Nevertheless, employing these kernels in the Eulerian or total Lagrangian SPH methods mitigates this issue, as demonstrated in Fig. 2, owing to the fixed and high-quality particle configuration. Further validation of its stability will be carried out through a series of fluid and solid cases in Section 4.
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Table 3Truncation errors of the SPH approximation for 𝑑𝑓∕𝑑𝑥 with 𝑓 = 1 and 𝑓 = sin (2𝜋𝑥)using the truncated Laguerre-Gauss kernel with different 𝜅 without the kernel cor-rection matrix.

Truncation errors 𝜅 𝐿1(𝑑𝑓∕𝑑𝑥) 𝐿infinity(𝑑𝑓∕𝑑𝑥)
𝑓 = 1 𝑓 = sin (2𝜋𝑥) 𝑓 = 1 𝑓 = sin (2𝜋𝑥)

Laguerre-Gauss 1.1 0.021 0.259 0.614 1.2531.3 0.004 0.123 0.011 0.2041.6 0.007 0.210 0.822 0.817
Table 4Truncation errors of the SPH approximation for 𝑑𝑓∕𝑑𝑥 with 𝑓 = 1 and 𝑓 = sin (2𝜋𝑥)using the truncated Laguerre-Gauss kernel with different 𝜅 with the kernel correction matrix.

Truncation errors 𝜅 𝐿1(𝑑𝑓∕𝑑𝑥) 𝐿infinity(𝑑𝑓∕𝑑𝑥)
𝑓 = 1 𝑓 = sin (2𝜋𝑥) 𝑓 = 1 𝑓 = sin (2𝜋𝑥)

Laguerre-Gauss 1.1 0.021 0.061 0.603 0.4481.3 0.004 0.004 0.011 0.0091.6 0.006 0.024 0.784 0.364
2.3.3. Performance in accuracySimilarly, with the analysis of the Laguerre-Wendland kernel, we test the SPH approximation for the derivatives of the same functions using the truncated Laguerre-Gauss kernel to further verify the approximation accuracy. Specifically, the truncation error using the derivative of function 𝑓 = 1 equals the relaxation residue in Eq. (4).Tables 3 and 4 list the truncation errors using the truncated Laguerre-Gauss kernel. From the results, the truncation error in the case of the insufficient number of neighboring particles with 𝜅 = 1.1 is still relatively large. Besides, the large errors obtained with 𝜅 = 1.6 are due to the pair instability when the number of neighboring particles is too large. Note that 𝜅 = 1.3 is applied in practice to avoid extra computational effort. In the case of 𝜅 = 1.3 with the derivative of the trigonometric function, we observe that the truncation errors using the truncated Laguerre-Gauss kernel in Table 3 and Wendland kernel in Table 1 are comparable without the utilization of the kernel correction matrix. However, the truncation error using the truncated Laguerre-Gauss kernel in Table 4 is significantly smaller than the errors using the Wendland and Laguerre-Wendland kernels in Table 2, demonstrating that the former kernel’s cooperation with the kernel correction matrix offers much higher accuracy. This finding suggests the integration error using the truncated Laguerre-Gauss kernel is smaller than the other two kernels as the integration errors are dominant in using the Wendland and Laguerre-Wendland kernels with 𝜅 = 1.3. Furthermore, the proposed kernel exhibits superior performance with respect to the average relaxation residue and the variation of the maximum and minimum residue. Specifically, in Tables 3, the average relaxation residue and the variation are 0.004 and 0.011, respectively, which are approximately one-tenth and one-twentieth of the values listed in Tables 1 for the Wendland kernel, proving that the truncated Laguerre-Gauss kernel enables obtaining much less average relaxation residue and the variation than those using the other two kernels and these results agree with the particle distribution shown in Fig. 2. Note that we choose the compact support of 2ℎ for the Laguerre-Gauss kernel, on the one hand, to match that of the Wendland kernel for the same computation efficiency. On the other hand, such a choice is nearly optimal because our primitive numerical experiments (not shown here) suggest generally inferior results if larger compact supports are used. This may be because the relaxed particle distribution with large compact supports resembles that obtained by the Wendland kernel, as shown in Fig. 2, other than the lattice-like one.
2.3.4. Convergence analysisIn this section, we employ the same circular geometry mentioned earlier to conduct a convergence study, initializing a scalar field according to the function expressed as

𝑓 (𝑥) = 𝑒−𝑥2∕0.1. (10)
Following Refs. [23,38], the 𝐿2-norm error of the approximated gradient operators can be defined as

𝐿2(𝑑𝑓∕𝑑𝑥) =

√∑
𝑖
||(∇𝑓𝑖)𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙 − (∇𝑓𝑖)𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙||2

√∑
𝑖
||(∇𝑓𝑖)𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙||2

, (11)
where (∇𝑓𝑖)𝑁𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 is the strong form as Eq. (2).Fig. 3 illustrates the convergence study utilizing the Wendland and truncated Laguerre-Gauss kernels across various particle resolutions with 𝜅 = 1.3 unchanged. It is observed that, without the kernel correction matrix, as resolution increases, the convergence rate of the Wendland kernel begins at second-order and gradually degenerates to saturation, where the integration error dominates. 
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Fig. 3. Convergence study using the Wendland and Laguerre-Gauss kernel with different resolutions by comparing the different theoretical order curves.
It is also observed that while the truncated Laguerre-Gauss kernel gives considerably higher accuracy than the Wendland kernel at low resolution, its accuracy degenerates to saturation quickly with increasing resolution. Such behavior indicates that the truncated Laguerre-Gauss kernel obtains higher accuracy at low resolution due to the smaller smoothing error, and its integration error is still larger than that of the Wendland kernel.With the kernel correction matrix, it is observed that while the Wendland kernel sustains second-order convergence, the truncated Laguerre-Gauss kernel exhibits fourth-order convergence at low resolution but degenerates to second-order with increasing resolu-tions. Such behaviors are expected since both the smoothing and integration errors of the Wendland kernel, in this case, convergence at second order, and, for the truncated Laguerre-Gauss kernel, the fourth-order smoothing error dominants at low resolution and the second-order integration error at high-resolution.The significance of the convergence study is that, as shown in Fig. 3, independent of particle resolution, with the kernel correction matrix, the truncated Laguerre-Gauss kernel always gives much smaller errors than the Wendland kernel. Note that such improvement is achieved with the same support and kernel correction matrix as the Wendland kernel. Furthermore, at high resolution, the truncated Laguerre-Gauss kernel requires only a small fraction of particles (about 1/16 in two dimensions, as shown in Fig. 3) to achieve the same accuracy as the Wendland kernel does. Also note that our objective here is to improve numerical accuracy simply by using a different kernel without increasing computational cost, other than the approaches aiming at sustained high-order (higher than second-order) convergence rate, which may achieve even higher accuracy but require much more elaborated efforts and computational cost.
3. Governing equations and SPH methods

Here, we consider an extended Eulerian SPH method for fluid dynamics [3] and the standard total Lagrangian SPH method for solid mechanics [4,39].
3.1. Extended Eulerian SPH
3.1.1. Governing equationsThe conservation equations in the Eulerian framework can be described by

𝜕𝑼
𝜕𝑡

+∇ ⋅ 𝑭 (𝑼 ) = 0, (12)
where 𝑼 is the vector of the conserved variables, 𝑭 (𝑼 ) the corresponding fluxes. Here, they can be expressed specifically as

𝐔 =

⎡⎢⎢⎢⎢⎢⎣

𝜌
𝜌𝑢
𝜌𝑣
𝜌𝑤
𝐸

⎤⎥⎥⎥⎥⎥⎦

, 𝐅 =

⎡⎢⎢⎢⎢⎢⎣

𝜌𝑢
𝜌𝑢2 + 𝑝
𝜌𝑢𝑣
𝜌𝑢𝑤

𝑢(𝐸 + 𝑝)

⎤⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎣

𝜌𝑣
𝜌𝑣𝑢

𝜌𝑣2 + 𝑝
𝜌𝑣𝑤

𝑣(𝐸 + 𝑝)

⎤⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎣

𝜌𝑤
𝜌𝑤𝑢
𝜌𝑤𝑣

𝜌𝑤2 + 𝑝
𝑤(𝐸 + 𝑝)

⎤⎥⎥⎥⎥⎥⎦

, (13)

where 𝑢, 𝑣 and 𝑤 are the components of velocity, 𝜌 and 𝑝 denote the density and pressure, respectively. Here, 𝐸 = 𝜌𝐯2
2 + 𝜌𝑒 is the total energy per volume with 𝑒 the internal energy. The equation of state (EOS) is added to close the Eq. (12) by
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𝑝 =

{
𝜌(𝛾 − 1)𝑒 For compressible flows
𝑐2(𝜌− 𝜌0) For weakly-compressible flows , (14)

where 𝛾 is the heat capacity ratio, 𝜌0 the reference density. Following the ideal gas equation in compressible flows and the weakly-compressible assumption in incompressible flows, the speed of sound is derived by
𝑐 =

{√
𝛾𝑝
𝜌 For compressible flows

10𝑈𝑚𝑎𝑥 For weakly-compressible flows . (15)
Here, 𝑈𝑚𝑎𝑥 the maximum velocity in the flow field to control the density variation less than 1%. Note that the energy equation is turned off in weakly-compressible flows. In the viscous weakly-compressible flows, we add a viscous force given by

( 𝜕𝐯
𝜕𝑡

)(𝜐)
= 𝜂∇2𝐯 (16)

to the momentum equation.
3.1.2. Standard Eulerian SPH discretizationFollowing Ref. [40], the discretization form of the Eq. (12) can be written as

⎧
⎪⎪⎨⎪⎪⎩

𝜕
𝜕𝑡

(
𝑉𝑖𝜌𝑖

)
+ 2𝑉𝑖

∑
𝑗 𝑉𝑗 (𝜌𝐯)∗𝐸,𝑖𝑗 ⋅∇𝑊𝑖𝑗 = 0

𝜕
𝜕𝑡

(
𝑉𝑖𝜌𝑖𝐯𝑖

)
+ 2𝑉𝑖

∑
𝑗 𝑉𝑗

[
(𝜌𝐯⊗ 𝐯)∗𝐸,𝑖𝑗 + 𝑝∗𝐸,𝑖𝑗 𝕀

]
⋅∇𝑊𝑖𝑗 = 0

𝜕
𝜕𝑡

(
𝑉𝑖𝐸𝑖

)
+ 2𝑉𝑖

∑
𝑗 𝑉𝑗

[
(𝐸𝐯)∗𝐸,𝑖𝑗 + (𝑝𝐯)∗𝐸,𝑖𝑗

]
⋅∇𝑊𝑖𝑗 = 0

, (17)

where 𝐯 represents the velocity, 𝕀 the identity matrix and terms ()∗𝐸,𝑖𝑗 are solution of the Riemann problem [40]. Here, ∇𝑊𝑖𝑗 =
𝜕𝑊𝑖𝑗
𝜕𝑟𝑖𝑗

𝐞𝑖𝑗denotes kernel gradient where 𝐞𝑖𝑗 = −𝐫𝑖𝑗∕𝑟𝑖𝑗 with 𝐫𝑖𝑗 the displacement pointing from particle 𝑗 to 𝑖.To obtain the solution to the Riemann problem, three waves with the smallest speed 𝑆𝑙 , middle speed 𝑆∗ and largest speed 𝑆𝑟 are utilized. Note that the middle wave distinguishes the two intermediate states as (𝜌∗𝑙 , 𝑢∗𝑙 , 𝑝∗𝑙 ) and (𝜌∗𝑟 , 𝑢
∗
𝑟 , 𝑝

∗
𝑟 ). For compressible flows, we employ the HLLC Riemann solver [41,42] because of its ability to capture the shock discontinuity, with the three wave speeds estimated as

⎧⎪⎨⎪⎩

𝑆𝑙 = 𝑢𝑙 − 𝑐𝑙
𝑆𝑟 = 𝑢𝑟 + 𝑐𝑟
𝑆∗ =

𝜌𝑟𝑢𝑟
(
𝑆𝑟−𝑢𝑟

)
+𝜌𝑙𝑢𝑙

(
𝑢𝑙−𝑆𝑙

)
+𝑝𝑙−𝑝𝑟

𝜌𝑟
(
𝑆𝑟−𝑢𝑟

)
+𝜌𝑙

(
𝑢𝑙−𝑆𝑙

)
. (18)

Then, the intermediate states can be calculated as
⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑝∗ = 𝑝𝑙 + 𝜌𝑙
(
𝑢𝑙 −𝑆𝑙

)(
𝑢𝑙 − 𝑢∗

)
= 𝑝𝑟 + 𝜌𝑟

(
𝑆𝑟 − 𝑢𝑟

)(
𝑢∗ − 𝑢𝑟

)
𝐯∗ = 𝑢∗𝐞𝑖𝑗 +

[
1
2 (𝐯𝑙 + 𝐯𝑟) −

1
2 (𝑢𝑙 + 𝑢𝑟)𝐞𝑖𝑗

]

𝜌∗𝑙∕𝑟 = 𝜌𝑙∕𝑟

(
𝑆𝑙∕𝑟−𝑞𝑙∕𝑟

)
(
𝑆𝑙∕𝑟−𝑢∗

)

𝐸∗
𝑙∕𝑟 =

(
𝑆𝑙∕𝑟−𝑞𝑙∕𝑟

)
𝐸𝑙∕𝑟−𝑝𝑙∕𝑟𝑞𝑙∕𝑟+𝑝∗𝑢∗

𝑆𝑙∕𝑟−𝑢∗

, (19)

where 𝑞 represents the velocity magnitude and 𝑢∗ = 𝑆∗. In weakly-compressible flows, the intermediate states follow the assumption satisfying 𝑝∗𝑙 = 𝑝∗𝑟 = 𝑝∗ and 𝑢∗𝑙 = 𝑢∗𝑟 = 𝑢∗ and then a linearised Riemann solver can be expressed as [43,25]
{

𝑢∗ = 𝑢𝑙+𝑢𝑟
2 + 1

2

(
𝑝𝐿−𝑝𝑅

)
𝜌̄𝑐

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2 𝜌̄𝑐
(
𝑢𝑙 − 𝑢𝑟

) , (20)
with 𝜌̄ and 𝑐 interface-particle averages.
3.1.3. Eulerian SPH extensionsIn this section, we implement the particle relaxation following Eq. (4) and kernel correction matrix following Eq. (5) and detail the dissipation limiters, which are used to improve the stability and accuracy of the Eulerian SPH method. To maintain the conservation property, the corrected kernel gradient can be re-evaluated as

∇′𝑊𝑖𝑗 =
𝐁𝑖 +𝐁𝑗

2
∇𝑊𝑖𝑗 (21)

to replace the original kernel gradient ∇𝑊𝑖𝑗 in Eq. (17).
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In order to reduce the numerical dissipation introduced by the Riemann problem, dissipation limiters [25,44] are implemented and can significantly improve numerical accuracy. In the HLLC Riemann solver, the middle wave speed and pressure in Eq. (19) with the limiter can be rewritten as

{
𝑢∗ = 𝜌𝑙𝑢𝑙𝑐𝑙+𝜌𝑟𝑢𝑟𝑐𝑟

𝜌𝑙𝑐𝑙+𝜌𝑟𝑐𝑟
+ 𝑝𝑙−𝑝𝑟

𝜌𝑙𝑐𝑙+𝜌𝑟𝑐𝑟
𝛽2𝐻𝐿𝐿𝐶

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2𝛽𝐻𝐿𝐿𝐶
[
𝜌𝑟𝑐𝑟

(
𝑢∗ − 𝑢𝑟

)
− 𝜌𝑙𝑐𝑙

(
𝑢𝑙 − 𝑢∗

)] , (22)
with the limiter as

𝛽𝐻𝐿𝐿𝐶 =min
(
η𝐻𝐿𝐿𝐶 max(

𝑢𝑙 − 𝑢𝑟
𝑐

,0),1
)
, (23)

where η𝐻𝐿𝐿𝐶 = 1.0 according the numerical tests. Also, the linearised Riemann solver in Eq. (20) with the limiter can be rewritten as
{

𝑢∗ = 𝑢𝑙+𝑢𝑟
2 + 1

2𝛽
2
𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑

(
𝑝𝐿−𝑝𝑅

)
𝜌̄𝑐

𝑝∗ = 𝑝𝑙+𝑝𝑟
2 + 1

2𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 𝜌̄𝑐
(
𝑢𝑙 − 𝑢𝑟

) , (24)
with the dissipation limiter 𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 as

𝛽𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 =min
(
η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 max(

𝑢𝑙 − 𝑢𝑟
𝑐

,0),1
)
. (25)

where η𝑙𝑖𝑛𝑒𝑎𝑟𝑖𝑠𝑑 = 15.0.
3.2. Total Lagrangian SPH

In total Lagrangian SPH framework for elastic solid dynamics, the mass and momentum conservation equations can be expressed as
{

𝜌 = 𝐽−1𝜌0

𝜌0 𝑑𝒗𝑖
𝑑𝑡 =∇0 ⋅ℙT , (26)

with 𝜌0 and 𝜌 the initial and current density, respectively. Here, 𝐽 = 𝑑𝑒𝑡(𝔽 ) with 𝔽 denoting the deformation gradient tensor, 𝒗represents the solid velocity, and ℙ as well as 𝑇 are the first Piola-Kirchhoff stress tensor and the matrix transposition operator, respectively. Also, ℙ can be derived as ℙ = 𝔽𝕊 with 𝕊 the second Piola-Kirchhoff stress tensor where the constitutive equation [34]when the material is linearly elastic and isotropic is given by
𝕊 = 𝜆 tr(𝔼)𝕀+ 2𝐺𝔼, (27)

with 𝜆 and 𝐺 denoting the Lame parameter and the shear modulus, respectively.Then, the momentum equation in Eq. (26) with the weak form [34] of the SPH particle approximation can be discretized as
𝜌0𝑖

𝑑𝒗𝑖
𝑑𝑡

=
∑
𝑗

(
ℙ𝑖𝐁0T

𝑖 +ℙ𝑗𝐁0T
𝑗

)
⋅∇0𝑊𝑖𝑗𝑉

0
𝑗 , (28)

where ∇0𝑊𝑖𝑗 =
𝜕𝑊

(
𝒓0𝑖𝑗 ,ℎ

)

𝜕𝑟0𝑖𝑗
𝒆0𝑖𝑗 and 𝐁0 are the kernel gradient and correction matrix in the initial configuration, respectively. In addition, 

the deformation change rate is updated with the strong form of the SPH particle approximation as follows:
𝑑𝔽
𝑑𝑡

=
∑
𝑗

𝑉 0
𝑗
(
𝒗𝑗 − 𝒗𝑖

)
⋅∇0𝑊𝑖𝑗𝐁0

𝑖 . (29)
4. Numerical results

In this section, a set of numerical simulations, including fluid dynamics and elastic solid dynamics, are tested to verify the accuracy and computational efficiency of the truncated Laguerre-Gauss kernel (denoted as Laguerre-Gauss) and comparison with the Wendland kernel [45] (denoted as Wendland). For clarity, the cut-off radius of both kernels is 2.6𝑑𝑝.
4.1. The Shu-Osher problem

In this part, a one-dimensional Shu-Osher problem is studied to investigate the accuracy of the Laguerre-Gauss kernel in the compressible flow. The initial condition is given by
(𝜌, 𝑢, 𝑣, 𝑝) =

{
( 277 , 4

√
35
9 ,0, 313 ) 𝑥 ≤ 1

(1 + 0.2 sin5𝑥,0,0,1) otherwise , (30)
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Fig. 4. The Shu-Osher problem: Density profile (left panel) and zoom-in view (right panel) using the Wendland and Laguerre-Gauss kernels and their comparisons against the reference data [46].
with the domain 𝑥 ∈ [0, 10] and final time 𝑡 = 1.8. Also, to facilitate a convergence analysis, three spatial resolutions 𝑑𝑝 = 1∕200, 
1∕400 and 1∕800 are applied across each segment of the domain length.Fig. 4 shows the density and zoom-in view profiles using the Wendland and Laguerre-Gauss kernels and the comparisons with the reference data [46]. It can be observed that the Laguerre-Gauss kernel can significantly improve the accuracy compared to the Wendland kernel at the resolution 𝑑𝑝 = 1∕200. Also, the results converge rapidly as the resolution increases, and there is roughly first-order convergence at the extremities and second-order convergence in regions other than the extremities. Note that, even though there is a non-positive region in the profile of the Laguerre-Gauss kernel, the solution is quite stable, and no noticeable oscillations or the Runge or Gibbs phenomena [47] observed. This may be due to the numerical dissipation introduced by the Riemann solvers. Such numerical stability is further validated in the next section by the classic double Mach reflection problem.
4.2. Double Mach reflection of a strong shock

In this section, we test a two-dimensional phenomenon, the double Mach reflection of a strong shock. Following Ref. [48], we define the computational domain as (𝑥, 𝑦) ∈ [0, 4] × [0, 1]. The initial condition is specified as follows:
(𝜌, 𝑢, 𝑣, 𝑝) =

{
(1.4,0,0,1) 𝑥 ≥ 1

6 +
𝑦√
3

(8,8.25cos( 𝜋6 ),−8.25 sin(
𝜋
6 ),116.5) otherwise , (31)

and the simulation is executed until the final time 𝑡 = 0.2. A right-moving Mach 10 shock is situated initially at (𝑥, 𝑦) = ( 16 , 0), forming a 60-degree angle with the 𝑥-axis. The bottom boundary is a reflective wall boundary, extending from 𝑥 = 1∕6 to 𝑥 = 4. The left-hand boundary is characterized by the post-shock boundary condition, while a zero-gradient condition is enforced on the right boundary at 𝑥 = 4. For this simulation, the spatial resolution is set to 𝑑𝑝 = 1∕256 to discretize the computational domain.Fig. 5 displays the density contours, ranging from 0.9 to 24.0, utilizing the Wendland (top panel) and Laguerre-Gauss (bottom panel) kernels. It is observed that, again, both kernels yield stable and smooth density profiles, suggesting quite good numerical stability, and the Laguerre-Gauss kernel obtains significantly more accurate results characterized by the sharper shock fronts and shear layer.
4.3. Taylor-Green vortex flow

This section considers the two-dimensional viscous Taylor-Green vortex flow to validate the proposed kernel in the weakly-compressible flow. Following Ref. [49], the initial velocity in a unit domain with the periodic boundary conditions in 𝑥− and 𝑦−directions is given by
{

𝑢(𝑥, 𝑦, 𝑡) = −exp𝑏𝑡 𝑐𝑜𝑠(2𝜋𝑥)𝑠𝑖𝑛(2𝜋𝑦)
𝑣(𝑥, 𝑦, 𝑡) = exp𝑏𝑡 𝑠𝑖𝑛(2𝜋𝑥)𝑐𝑜𝑠(2𝜋𝑦) , (32)

where the decay rate is 𝑏 = −8𝜋2∕𝑅𝑒, the Reynolds number 𝑅𝑒 = 100, the total kinetic energy decay rate −16𝜋2∕𝑅𝑒 and the finial time 𝑡 = 5. Also, we apply three resolutions, including 𝑑𝑝 = 1∕25, 1∕50 and 1∕100, to test the convergence study.Fig. 6 portrays the kinetic energy decay using the Wendland and Laguerre-Gauss kernels and the comparison with the theoretical solution (denoted as “Exact”). From the curves of kinetic energy decay, the method using the Laguerre-Gauss kernel shows improved accuracy by reducing the numerical dissipation more effectively at a resolution of dp=1/25, and the results achieve second-order convergence as the resolution increases.
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Fig. 5. Double Mach reflection of a strong shock: Density contour ranging from 0.9 to 24.0 obtained by the Wendland (top panel) and Laguerre-Gauss (bottom panel) kernels with the resolution 𝑑𝑝 = 1∕256 at the finial time 𝑡 = 0.2.

Fig. 6. Taylor-Green vortex flow (𝑅𝑒 = 100): Decay of the kinetic energy using the Wendland and Laguerre-Gauss kernels and the comparisons with the theoretical solution (denoted as “Exact”).
4.4. Flow around a cylinder

In this section, flow around a cylinder case containing complex geometries is studied to investigate the versatility of the proposed kernel. In order to assess the numerical results quantitatively, the drag and lift coefficients are given as
𝐶𝐷 =

2𝐹𝐷

𝜌∞𝑢2∞𝐴
,𝐶𝐿 =

2𝐹𝐿

𝜌∞𝑢2∞𝐴
, (33)

where 𝐹𝐷 and 𝐹𝐿 denote the drag and lift force on the cylinder, respectively, and velocity 𝑢∞ as well as density 𝜌∞ in the far-field are set as 1. Also, the Strouhal number 𝑆𝑡 = 𝑓𝐷∕𝑢∞ in the unsteady cases and the Reynolds numbers 𝑅𝑒 = 𝜌∞𝑢∞𝐷∕𝜇 is 100 with the cylinder diameter 𝐷 = 2 in the case where the far-field boundary conditions are applied in all boundaries and the computational time is 𝑡 = 300. To alleviate the effects of far-field boundary conditions on the simulations, the large computational domain size is set as [25D, 15D], where the location of the cylinder center is (7.5D, 7.5D). The final time is 𝑡 = 300, and the spatial resolutions are applied as 𝑑𝑝 = 1∕10, 1∕20, and 1∕30 for the convergence study.Fig. 7 shows the velocity contour ranging from 1.8 ×10−3 to 1.5 using the Wendland and Laguerre-Gauss kernels with the Reynolds number 𝑅𝑒 = 100 under the resolution 𝑑𝑝 = 1∕6 at 𝑡 = 300. It can be seen that the method using the Laguerre-Gauss kernel efficiently 
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Fig. 7. Flow around a cylinder: Velocity contour ranging from 1.8 ×10−3 to 1.5 using the Wendland (left panel) and Laguerre-Gauss (right panel) kernels with 𝑅𝑒 = 100under the resolution 𝑑𝑝 = 1∕6 at 𝑡 = 300.

Fig. 8. Flow around a cylinder: Drag (left panel) and lift (right panel) coefficients with the time using the Laguerre-Gauss kernel with 𝑅𝑒 = 100.

Table 5Flow around a cylinder: Drag and lift coefficients from different ex-perimental and simulation results at 𝑅𝑒 = 100 and the result using the Laguerre-Gauss kernel with the resolution 𝑑𝑝 = 1∕30.
Parameters 𝐶𝐷 𝐶𝐿 𝑆𝑡White [50] 1.46 - -Khademinejad et al. [51] 1.30 ± - ±0.292 0.152Chiu et al. [52] 1.35 ± 0.012 ±0.303 0.166Le et al. [53] 1.37 ± 0.009 ±0.323 0.160Brehm et al. [54] 1.32 ± 0.010 ±0.320 0.165Liu et al. [55] 1.35 ± 0.012 ±0.339 0.165Present 1.33 ± 0.009 ±0.340 0.169

captures the vortex street while that using the Wendland kernel fails to present the same physical phenomenon, indicating that the proposed kernel is more effective in reducing numerical errors and thus obtaining more accurate results.We further verify the correctness of the proposed kernel with three resolutions by comparing convergent drag and lift coefficients with other experimental and simulation results listed in Table 5 where the result of using extended Eulerian SPH with the Laguerre-Gauss kernel is denoted as “Present”. Fig. 8 presents the drag and lift coefficients calculated by the Eulerian SPH method using the Laguerre-Gauss kernel under three resolutions from 𝑑𝑝 = 1∕10 to 𝑑𝑝 = 1∕30 until the final time 𝑡 = 300, showing that the drag coefficients reach a stable value after a period of fluctuation at the beginning while the lift coefficient oscillates around zero. From Fig. 8 and Table 5, it can be obtained that the drag and lift coefficients have converged and are in agreement with other references, indicating that the results can be considered correct. In the present study, the computations are all performed on an Intel Core i7-10700 2.90 GHz 8-core desktop computer and the CPU wall-clock times obtained by extended Eulerian SPH method using the Wendland and Laguerre-Gauss kernels with the spatial resolution 𝑑𝑝 = 1∕10 are 4604.81 s and 4818.91 s in the whole process, respectively, indicating that the computational efficiency of using both kernels is comparable.
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Fig. 9. Lid-driven semi-circular cavity flow with Re = 1000: The velocity magnitude contours ranging from 0 to 0.97 obtained with the Wendland (left panel) and Laguerre-Gauss (right panel) kernels with the resolution 𝑑𝑝 = 1∕129.

Fig. 10. Lid-driven semi-circular cavity flow with 𝑅𝑒 = 1000: The horizontal velocity component 𝑢 along 𝑥 = 0.5𝐿 (left panel) and the vertical velocity component 𝑣along 𝑦 = −0.25𝐿 (right panel) using the Wendland and Laguerre-Gauss kernels with different resolutions and the comparison with the reference obtained by Glowinski et al. [56].
4.5. Lid-driven semi-circular cavity problem

In this section, we explore two-dimensional lid-driven cavity flows characterized by a semi-circular shape, aiming to assess the stability, accuracy, and capability to handle irregular geometries of the proposed kernel. For the boundary conditions, a prescribed velocity of 𝑈𝑤𝑎𝑙𝑙 = 1.0 is assigned to the upper moving wall, while non-slip wall conditions are applied to the remaining boundaries. The simulation time is set to 𝑡 = 30 and Reynolds number as 𝑅𝑒 = 1000.Fig. 9 displays the distribution of velocity magnitude obtained with the Wendland (left panel) and Laguerre-Gauss (right panel) kernels at a resolution of 𝑑𝑝 = 1∕129. The results reveal that the velocity fields obtained with both kernels exhibit good smoothness. Additionally, as shown in Fig. 10, the obtained velocity profiles indicate considerably improved accuracy and good convergence with the Laguerre-Gauss kernel.
4.6. 2D oscillating plate

In 2D solid dynamics, following Refs. [39,57,58], the oscillating plate with the length 𝐿 = 0.2 m and the thickness 𝐻 = 0.02 m, where one edge is fixed, and the other edges are free, is studied to verify the accuracy of the Laguerre-Gauss kernel. In this case, the density 𝜌0 = 1000.0 kg/m3, Young’s modulus 𝐸 = 2 MPa, physical time 𝑡 = 2 s and Poisson’s ratio 𝜈 is changeable. Also, the initial velocity is perpendicular to the plate strip given by
𝑣𝑦 = 𝑣𝑓 𝑐

𝑓 (𝑥)
𝑓 (𝐿)

, (34)
with 𝑣𝑓 denoting a constant and 𝑓 (𝑥) written as

𝑓 (𝑥) =(sin (𝑘𝐿) + sinh (𝑘𝐿))(cos (𝑘𝑥) − cosh (𝑘𝑥))−

(cos (𝑘𝐿) + cosh (𝑘𝐿))(sin (𝑘𝑥) − sinh (𝑘𝑥))
. (35)

Here, 𝑘 is derived by
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Fig. 11. 2D oscillating plate: The Mises stress contour ranging from 0.1 MPa to 1.0 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with 𝑣𝑓 = 0.15 and Poisson’s ratio 𝜈 = 0.3975 under the spatial resolution 𝐻∕𝑑𝑝 = 10.

Fig. 12. 2D oscillating plate: The vertical position y located at the midpoint of the plate strip end [39] using the Laguerre-Gauss kernel with the 𝑣𝑓 = 0.05 and Poisson’s ratio 𝜈 = 0.3975 under the spatial resolution as 𝐻∕𝑑𝑝 = 10, 20 and 40, and the comparison with the result using the Wendland kernel at 𝐻∕𝑑𝑝 = 10. In this case, the theoretical oscillation period TTheoretical = 0.254 and the oscillation periods using the truncated Laguerre-Gauss and Wendland kernels are TLG = 0.271 with ErrorLG = 6.7% and TW = 0.282 with ErrorW = 11.0%, respectively.
cos (𝑘𝐿) cosh (𝑘𝐿) = −1, (36)

with 𝑘𝐿 = 1.875. Also, the theoretical frequency 𝜔 is given by
𝜔2 = 𝐸𝐻2𝑘4

12𝜌(1 − 𝜈2)
. (37)

To keep the results reasonable, the largest spatial resolution is set as 𝐻∕𝑑𝑝 = 10 in the case of discretizing the computational domain and the other two spatial resolutions 𝐻∕𝑑𝑝 = 20 and 40 are applied for the convergence study [39,57,58].Fig. 11 presents the Mises stress contour ranging from 0.1 MPa to 1.0 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with 𝑣𝑓 = 0.15 and Poisson’s ratio 𝜈 = 0.3975 as well as the resolution 𝐻∕𝑑𝑝 = 10, indicating that the results obtained by both kernels are smooth. Also, Fig. 12 shows the vertical position 𝑦 at the midpoint of the plate strip end using the Laguerre-Gauss kernel among the three resolutions and the comparison with that using the Wendland kernel with 𝐻∕𝑑𝑝 = 10. As the resolution increases, the gap between the different resolutions decreases, indicating the results are convergent and achieve second-order convergence. Additionally, 
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Table 62D oscillating plate: The oscillation period using the Wendland and Laguerre-Gauss kernels with various 𝑣𝑓 and 𝜈 under the spatial resolution 𝐻∕𝑑𝑝 = 10 and the comparisons with the theoretical results.

𝑣𝑓 𝜈 TTheoretical TW ErrorW TLG ErrorLG0.05 0.22 0.27009 0.29792 10.3% 0.28824 6.7%0.1 0.22 0.27009 0.29721 10.0% 0.29016 7.4%0.05 0.3 0.26412 0.291416 10.3% 0.28184 6.7%0.1 0.3 0.26412 0.29130 10.3% 0.28138 6.5%0.05 0.4 0.25376 0.28012 10.4% 0.27072 6.9%0.1 0.4 0.25376 0.28065 10.6% 0.27134 6.5%
the Laguerre-Gauss kernel demonstrates the ability to attain a more precise oscillation period than the Wendland kernel. However, it is worth noting that the improvement in accuracy achieved is relatively modest compared with previous simulations. This is primarily attributed to the fact that the outcomes obtained by the latter kernel at lower resolutions are already in close proximity to the theoretical oscillation period. For quantitative analysis, two kernels are applied to calculate the oscillation period T separately at low resolution 𝐻∕𝑑𝑝 = 10 to verify the performance. Table 6 lists the oscillation period and errors using the Wendland (denoted as TWand ErrorW, respectively) and Laguerre-Gauss (denoted as TLG and ErrorLG, respectively) kernels with different 𝑣𝑓 and 𝜈 compared with the theoretical oscillation period (denoted as TTheoretical) under the resolution 𝐻∕𝑑𝑝 = 10, clearly showing that the errors of using the Laguerre-Gauss kernel are much smaller than that of using the Wendland kernel. Furthermore, the CPU wall-clock times obtained by total Lagrangian SPH using the Wendland and Laguerre-Gauss kernels at the spatial resolution 𝑑𝑝 = 1∕40 in the whole process are 537.68 s and 530.25 s, implying that the computational efficiency of using both kernels is comparable.
4.7. 2D colliding rubber rings

In order to assess the stability and accuracy in cases with irregular initial particle distributions in more complex geometries, this section simulates the well-known benchmark case of the collision of two rubber rings, which was first simulated by Swegle et al. [11] and also investigated in Refs [57,59–61]. In this case, two rings, each with an inner radius of 0.03 and an outer radius of 0.04, approach one another at an initial velocity magnitude denoted by 𝑣0 , and a preliminary center-to-center gap of 0.09. The rings are characterized by material properties: a density of 𝜌0 = 1200, Young’s modulus 𝐸 = 1 × 107, and Poisson’s ratio 𝜈 = 0.4. The setup employs an initial particle spacing of 0.001 and an initial velocity value of 𝑣0 = 0.06𝑐0 and conducts trials using the Wendland and Laguerre-Gauss kernels, respectively.Fig. 13 depicts the Mises stress contours, generated using the Wendland (a) and Laguerre-Gauss (b) kernels with an initial particle spacing of 0.001 and initial velocity magnitude of 𝑣0 = 0.06𝑐0 at different moments. Although the quantitative comparison is not easy due to the lack of convergent numerical results, one can still observe that the particle distribution, as shown in the inserts of Fig. 13, obtained by the latter kernel is more uniform than that by the former one.
4.8. 3D oscillating plate

In this section, we simulate the oscillation of a 3𝐷 thin plate to validate the robustness and accuracy of the truncated Laguerre-Gauss kernel in 3𝐷 dimensions. Following Refs. [62–64], a square plate is set as the length 𝐿 = 0.4 m, width 𝑊 = 0.4 m and height 
𝐻 = 0.01 m with the density 𝜌0 = 1000.0 kg/m3, Young’s modulus 𝐸 = 100.0 MPa and Poisson’s ratio 𝜈 = 0.3 and the simulation time is 𝑡 = 0.07 s. Under the condition that the support effect is applied on the centerline of lateral faces, i.e. the corresponding particle is fixed in the 𝑧-direction, the initial velocity 𝑣𝑧 along the 𝑧-direction is given as

𝑣𝑧(𝑥, 𝑦) = sin 𝑚𝜋𝑥
𝐿

sin 𝑛𝜋𝑦
𝑊

, (38)
where 𝑚 and 𝑛 control the 𝑥− and 𝑦− directional vibration modes, respectively. Also, the theoretical vibration period of the plate is given by

𝑇 = 2
𝜋

[
(𝑚
𝐿
)2 + 𝑛

𝑊
)2
]−1√𝜌𝐻

𝐷
, (39)

with the flexural rigidity 𝐷 =𝐸𝐻3∕ 
[
12(1 − 𝑣2)

]. Also, we apply three spatial resolutions 𝐻∕𝑑𝑝 = 5, 7 and 9 in the case.Fig. 14 presents the Mises stress contour ranging from 0 MPa to 0.28 MPa with the vibration mode of (𝑚, 𝑛) = (2, 1) at 𝑡 = 0.00279 sand (𝑚, 𝑛) = (2, 2) at 𝑡 = 0.00219 s using the Laguerre-Gauss kernel with the spatial resolution 𝐻∕𝑑𝑝 = 9, showing the proposed kernel enables obtaining smooth results of Mises stress. Also, Fig. 15 illustrates the oscillation period of the kinetic energy for the vibration modes (𝑚, 𝑛) = (2, 1) and (2, 2) using the Laguerre-Gauss kernel at three different resolutions, the comparison to the results obtained using the Wendland kernel and the kinetic theoretical solution with 𝐻∕𝑑𝑝 = 5, shows that the Laguerre-Gauss kernel can obtain higher accuracy. Also, in both vibrational modes, the elastic strain and total energy using the Laguerre-Gauss kernel with 𝐻∕𝑑𝑝 = 9are displayed in Fig. 15, the magnitude and duration of the kinetic energy remain unchanged and the current elastic strain energy, calculated from the deformation gradient, exhibits a slight disparity in amplitude compared to the kinetic energy, as anticipated [39]. 
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Fig. 13. 2D colliding rubber rings: The Mises stress contour ranging from 0 MPa to 2.0 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with the initial particle spacing of 0.001 and initial velocity magnitude 𝑣0 = 0.06𝑐0 at various time instants 𝑡 = 0, 0.002, 0.005, 0.008 and 0.012.

Fig. 14. 3D oscillating plate: The Mises stress contour ranging from 0 MPa to 0.28 MPa with the vibration mode of (𝑚, 𝑛) = (2, 1) at 𝑡 = 0.00279 s (left panel) and 
(𝑚, 𝑛) = (2, 2) at 𝑡 = 0.00219 s (right panel) using the Laguerre-Gauss kernel with the spatial resolution 𝐻∕𝑑𝑝 = 9.
This confirms that quite good energy-conservation property [63,64] is obtained using the proposed kernel. Besides, it is observed that with the increase in spatial resolutions, the results are convergent. The wall-clock time for simulation of the vibration mode of 
(𝑚, 𝑛) = (2, 1) obtained by total Lagrangian SPH using the Wendland and Laguerre-Gauss kernels with spatial resolution 𝐻∕𝑑𝑝 = 9in entire process are approximately 21910.9 s and 21906.0 s, respectively, showing that the computational efficiency of using the Laguerre-Gauss kernel is at the same level as that of using the Wendland kernel.
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Fig. 15. 3D oscillating plate: The oscillation period of the kinetic energy for the vibration mode of (𝑚, 𝑛) = (2, 1) (upper panel) and (2, 2) (bottom panel) using the Laguerre-Gauss kernel with the spatial resolution as 𝐻∕𝑑𝑝 = 5, 7 and 9, and the comparisons with the results using the Wendland kernel and the kinetic theoretical solutions with 𝐻∕𝑑𝑝 = 5. Besides, the elastic strain energy and total energy obtained by the Laguerre-Gauss kernel are also displayed with 𝐻∕𝑑𝑝 = 9.

4.9. 3D bending column
We also consider a bending-dominated problem called bending column to investigate the robustness and accuracy of the Laguerre-Gauss kernel further. Following Refs. [65,39], a rubber-like material with a length of 𝐿 = 6 m, a height of 𝐻 = 1 m and a square cross-sectional area which is fixed at the bottom is applied in the numerical simulations. At the same time, the initial velocity conditions are given as 𝐯0 = 10(

√
3
2 , 12 , 0)

𝑇 , density 𝜌0 = 1100 kg/m3, Young’s modulus 𝐸 = 17 MPa and Poisson’s ratio 𝜈 = 0.45. Also, three spatial resolutions, including 𝑑𝑝 = 1∕6, 𝑑𝑝 = 1∕12 and 𝑑𝑝 = 1∕24, are applied for the convergence study.Fig. 16 displays the Mises stress contour, generated through the Wendland (a) and Laguerre-Gauss (b) kernels with the resolution 
𝐻∕𝑑𝑝 = 12 at different time instants. This illustrates that the stress distribution is smooth when applying the proposed kernels, and the outcomes from both kernels exhibit consistency. Besides, Fig. 17 portrays the vertical position 𝑧 observed at the top of the column [39] using the Laguerre-Gauss kernel at three different resolutions 𝑑𝑝 = 1∕6, 1∕12 and 1∕24, and their comparisons with the Wendland kernel at the resolution 𝑑𝑝 = 1∕6 as well as the result obtained by Aguirre et al. [66], showing that the Laguerre-Gauss kernel can improve accuracy significantly compared to the Wendland kernel as expected and the results converge rapidly with the increase of the spatial resolutions. Also, Fig. 18 illustrates the 𝑧-axis velocity at the top of the column [67], utilizing the Wendland and Laguerre-Gauss kernels across three distinct resolutions. The observation confirms that both kernels yield consistent results at higher resolutions 𝑑𝑝 = 1∕24. Moreover, at lower resolutions 𝑑𝑝 = 1∕6, the velocity profile obtained using the Laguerre-Gauss kernel is significantly more accurate than that using the Wendland kernel.
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Fig. 16. 3D Bending column: The Mises stress contour ranging from 0 MPa to 2.8 MPa using the Wendland (a) and Laguerre-Gauss (b) kernels with the spatial resolution 
𝐻∕𝑑𝑝 = 12 at different time instants.

Fig. 17. 3D Bending column: The vertical position z located at the top of the column [39] using the Wendland and Laguerre-Gauss kernels with three different resolutions and the comparisons with the reference data from Aguirre et al. [66].

5. Summary and conclusion
In this paper, the error of the truncated Laguerre-Gauss kernel is analyzed, and the results show that the proposed kernel intro-duces much less truncation error and relaxation residue after particle relaxation than the Wendland and Laguerre-Wendland kernels, indicating its considerably improved accuracy and stability. Furthermore, a set of 2𝐷 and 3𝐷 numerical examples for fluid dynamics and solid dynamics are tested and have demonstrated that using the proposed kernel enables obtaining considerably higher accuracy than the Wendland kernel with comparable computational efficiency. Note that although we here focus on the 4th-order Laguerre-Wendland and Laguerre-Gauss kernels, it is also interesting to study whether other high-order kernels, such as those proposed in Refs. [20,14,15,22], have similar properties as future work. Also note that the truncated Laguerre-Gauss kernel studied here is limited in the Eulerian SPH method for fluids and total Lagrangian SPH method for solids, as a choice for general numerical discretization, it can be applied for more complex problems, such as multi-phase flows. However, its applicability and numerical stability within the updated Lagrangian framework still necessitates further investigation.
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Fig. 18. 3D Bending column: The velocity along the z-axis at the top of the column [67] using the Wendland and Laguerre-Gauss kernels with three different resolutions.
CRediT authorship contribution statement

Zhentong Wang: Writing – original draft, Visualization, Methodology, Investigation, Conceptualization. Bo Zhang: Writing – review & editing, Investigation. Oskar J. Haidn: Writing – review & editing, Supervision, Investigation. Xiangyu Hu: Writing – review & editing, Supervision, Methodology, Investigation, Conceptualization.
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to influence the work reported in this paper.
Data availability

The code is open source.
References
[1] S. Litvinov, X. Hu, N.A. Adams, Towards consistence and convergence of conservative SPH approximations, J. Comput. Phys. 301 (2015) 394–401.[2] L.B. Lucy, A numerical approach to the testing of the fission hypothesis, Astron. J. 82 (1977) 1013–1024.[3] J.J. Monaghan, Simulating free surface flows with SPH, J. Comput. Phys. 110 (2) (1994) 399–406.[4] L.D. Libersky, A.G. Petschek, T.C. Carney, J.R. Hipp, F.A. Allahdadi, High strain Lagrangian hydrodynamics: a three-dimensional SPH code for dynamic material response, J. Comput. Phys. 109 (1) (1993) 67–75.[5] P. Randles, L.D. Libersky, Smoothed particle hydrodynamics: some recent improvements and applications, Comput. Methods Appl. Mech. Eng. 139 (1–4) (1996) 375–408.[6] S.M. Longshaw, B.D. Rogers, Automotive fuel cell sloshing under temporally and spatially varying high acceleration using GPU-based Smoothed Particle Hydro-dynamics (SPH), Adv. Eng. Softw. 83 (2015) 31–44.[7] H. Gotoh, A. Khayyer, Y. Shimizu, Entirely Lagrangian meshfree computational methods for hydroelastic fluid-structure interactions in ocean engineering—reliability, adaptivity and generality, Appl. Ocean Res. 115 (2021) 102822.[8] Y. Sun, G. Xi, Z. Sun, A generic smoothed wall boundary in multi-resolution particle method for fluid–structure interaction problem, Comput. Methods Appl. Mech. Eng. 378 (2021) 113726.[9] R.A. Gingold, J.J. Monaghan, Smoothed particle hydrodynamics: theory and application to non-spherical stars, Mon. Not. R. Astron. Soc. 181 (3) (1977) 375–389.[10] M. Liu, G. Liu, Smoothed particle hydrodynamics (SPH): an overview and recent developments, Arch. Comput. Methods Eng. 17 (2010) 25–76.[11] J.W. Swegle, D.L. Hicks, S.W. Attaway, Smoothed particle hydrodynamics stability analysis, J. Comput. Phys. 116 (1) (1995) 123–134.[12] J.P. Morris, Analysis of Smoothed Particle Hydrodynamics with Applications, Monash University Australia, 1996.[13] N.J. Quinlan, M. Basa, M. Lastiwka, Truncation error in mesh-free particle methods, Int. J. Numer. Methods Eng. 66 (13) (2006) 2064–2085.[14] S.J. Lind, P. Stansby, High-order Eulerian incompressible smoothed particle hydrodynamics with transition to Lagrangian free-surface motion, J. Comput. Phys. 326 (2016) 290–311.[15] G. Fourtakas, P. Stansby, B.D. Rogers, S. Lind, An Eulerian–Lagrangian incompressible SPH formulation (ELI-SPH) connected with a sharp interface, Comput. Methods Appl. Mech. Eng. 329 (2018) 532–552.[16] H.H. Bui, G.D. Nguyen, Smoothed particle hydrodynamics (SPH) and its applications in geomechanics: from solid fracture to granular behaviour and multiphase flows in porous media, Comput. Geotech. 138 (2021) 104315.[17] A. Khayyer, H. Gotoh, Y. Shimizu, On systematic development of FSI solvers in the context of particle methods, J. Hydrodyn. 34 (3) (2022) 395–407.[18] Y. Shimizu, A. Khayyer, H. Gotoh, An SPH-based fully-Lagrangian meshfree implicit FSI solver with high-order discretization terms, Eng. Anal. Bound. Elem. 137 (2022) 160–181.[19] G.R. Johnson, S.R. Beissel, Normalized smoothing functions for SPH impact computations, Int. J. Numer. Methods Eng. 39 (16) (1996) 2725–2741.[20] S. Sibilla, An algorithm to improve consistency in smoothed particle hydrodynamics, Comput. Fluids 118 (2015) 148–158.



Journal of Computational Physics 519 (2024) 113385

20

Z. Wang, B. Zhang, O.J. Haidn et al.
[21] V. Zago, L.J. Schulze, G. Bilotta, N. Almashan, R. Dalrymple, Overcoming excessive numerical dissipation in SPH modeling of water waves, Coast. Eng. 170 (2021) 104018.[22] A.M. Nasar, G. Fourtakas, S.J. Lind, J. King, B.D. Rogers, P.K. Stansby, High-order consistent SPH with the pressure projection method in 2-D and 3-D, J. Comput. Phys. 444 (2021) 110563.[23] A. Vergnaud, G. Oger, D. Le Touzé, Investigations on a high order SPH scheme using WENO reconstruction, J. Comput. Phys. 477 (2023) 111889.[24] C. Zhang, G. Xiang, B. Wang, X. Hu, N.A. Adams, A weakly compressible SPH method with WENO reconstruction, J. Comput. Phys. 392 (2019) 1–18.[25] Z. Wang, C. Zhang, O.J. Haidn, X. Hu, An Eulerian SPH method with WENO reconstruction for compressible and incompressible flows, J. Hydrodyn. (2023) 1–12.[26] W.-K. Liu, S. Li, T. Belytschko, Moving least-square reproducing kernel methods (I) methodology and convergence, Comput. Methods Appl. Mech. Eng. 143 (1–2) (1997) 113–154.[27] G.A. Dilts, Moving-least-squares-particle hydrodynamics—I. Consistency and stability, Int. J. Numer. Methods Eng. 44 (8) (1999) 1115–1155.[28] G.A. Dilts, Moving least-squares particle hydrodynamics II: conservation and boundaries, Int. J. Numer. Methods Eng. 48 (10) (2000) 1503–1524.[29] G. Bilotta, G. Russo, A. Hérault, C. Del Negro, et al., Moving least-squares corrections for smoothed particle hydrodynamics, Ann. Geophys. (2011).[30] H. Jiang, Y. Chen, X. Zheng, S. Jin, Q. Ma, A study on stable regularized moving least-squares interpolation and coupled with SPH method, Math. Probl. Eng. 2020 (2020).[31] J. Ha, A numerical study of the application of radial basis function and generalised smoothed particle hydrodynamics to CFD, in: 15th Australasian Fluid Mechanics Conference, The University of Sydney, Sydney, Australia, 2004.[32] R. Brownlee, P. Houston, J. Levesley, S. Rosswog, Enhancing SPH using moving least-squares and radial basis functions, in: Algorithms for Approximation: Proceedings of the 5th International Conference, July 2005, Springer, Chester, 2007, pp. 103–112.[33] A.Y. Ghoneim, A smoothed particle hydrodynamics-phase field method with radial basis functions and moving least squares for meshfree simulation of dendritic solidification, Appl. Math. Model. 77 (2020) 1704–1741.[34] C. Zhang, M. Rezavand, Y. Zhu, Y. Yu, D. Wu, W. Zhang, J. Wang, X. Hu, SPHinXsys: an open-source multi-physics and multi-resolution library based on smoothed particle hydrodynamics, Comput. Phys. Commun. 267 (2021) 108066.[35] C. Zhang, Y.-j. Zhu, D. Wu, N.A. Adams, X. Hu, Smoothed particle hydrodynamics: methodology development and recent achievement, J. Hydrodyn. 34 (5) (2022) 767–805.[36] X. Yang, S. Peng, M. Liu, A new kernel function for SPH with applications to free surface flows, Appl. Math. Model. 38 (15–16) (2014) 3822–3833.[37] Y. Zhu, C. Zhang, Y. Yu, X. Hu, A CAD-compatible body-fitted particle generator for arbitrarily complex geometry and its application to wave-structure interaction, J. Hydrodyn. 33 (2) (2021) 195–206.[38] Y. Ren, P. Lin, C. Zhang, X. Hu, An efficient correction method in Riemann SPH for the simulation of general free surface flows, Comput. Methods Appl. Mech. Eng. 417 (2023) 116460.[39] D. Wu, C. Zhang, X. Tang, X. Hu, An essentially non-hourglass formulation for total Lagrangian smoothed particle hydrodynamics, Comput. Methods Appl. Mech. Eng. 407 (2023) 115915.[40] J. Vila, On particle weighted methods and smooth particle hydrodynamics, Math. Models Methods Appl. Sci. 9 (02) (1999) 161–209.[41] E.F. Toro, M. Spruce, W. Speares, Restoration of the contact surface in the HLL-Riemann solver, Shock Waves 4 (1) (1994) 25–34.[42] E.F. Toro, The hllc Riemann solver, Shock Waves 29 (8) (2019) 1065–1082.[43] E.F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics: a Practical Introduction, Springer Science & Business Media, 2013.[44] C. Zhang, X. Hu, N.A. Adams, A weakly compressible SPH method based on a low-dissipation Riemann solver, J. Comput. Phys. 335 (2017) 605–620.[45] H. Wendland, Piecewise polynomial, positive definite and compactly supported radial functions of minimal degree, Adv. Comput. Math. 4 (1995) 389–396.[46] Y. Zhu, X. Hu, An L2-norm regularized incremental-stencil WENO scheme for compressible flows, Comput. Fluids 213 (2020) 104721.[47] V.K. Chakravarthy, D. Chakraborty, Damping numerical oscillations in hybrid solvers through detection of Gibbs phenomenon, Int. J. Numer. Methods Fluids 84 (12) (2017) 699–714.[48] P. Woodward, P. Colella, The numerical simulation of two-dimensional fluid flow with strong shocks, J. Comput. Phys. 54 (1) (1984) 115–173.[49] G.I. Taylor, A.E. Green, Mechanism of the production of small eddies from large ones, Proc. R. Soc. Lond. Ser. A, Math. Phys. Sci. 158 (895) (1937) 499–521.[50] F.M. White, J. Majdalani, Viscous Fluid Flow, vol. 3, McGraw-Hill, New York, 2006.[51] T. Khademinezhad, P. Talebizadeh, H. Rahimzadeh, Numerical study of unsteady flow around a square cylinder in compare with circular cylinder, in: Conference Paper, 2015.[52] P.-H. Chiu, R.-K. Lin, T.W. Sheu, A differentially interpolated direct forcing immersed boundary method for predicting incompressible Navier–Stokes equations in time-varying complex geometries, J. Comput. Phys. 229 (12) (2010) 4476–4500.[53] D.-V. Le, B.C. Khoo, J. Peraire, An immersed interface method for viscous incompressible flows involving rigid and flexible boundaries, J. Comput. Phys. 220 (1) (2006) 109–138.[54] C. Brehm, C. Hader, H.F. Fasel, A locally stabilized immersed boundary method for the compressible Navier–Stokes equations, J. Comput. Phys. 295 (2015) 475–504.[55] C. Liu, X. Zheng, C. Sung, Preconditioned multigrid methods for unsteady incompressible flows, J. Comput. Phys. 139 (1) (1998) 35–57.[56] R. Glowinski, G. Guidoboni, T.-W. Pan, Wall-driven incompressible viscous flow in a two-dimensional semi-circular cavity, J. Comput. Phys. 216 (1) (2006) 76–91.[57] J.P. Gray, J.J. Monaghan, R. Swift, SPH elastic dynamics, Comput. Methods Appl. Mech. Eng. 190 (49–50) (2001) 6641–6662.[58] L.D. Landau, Course of Theoretical Physics, Theory of Elasticity, vol. 10, 1986, pp. 32–35.[59] J.J. Monaghan, SPH without a tensile instability, J. Comput. Phys. 159 (2) (2000) 290–311.[60] C. Zhang, X.Y. Hu, N.A. Adams, A generalized transport-velocity formulation for smoothed particle hydrodynamics, J. Comput. Phys. 337 (2017) 216–232.[61] S. Zhang, S.D. Lourenço, D. Wu, C. Zhang, X. Hu, Essentially non-hourglass and non-tensile-instability SPH elastic dynamics, arXiv preprint, arXiv :2310 .08444, 2023.[62] A.W. Leissa, Vibration of Plates vol. 160, Scientific and Technical Information Division, National Aeronautics and Space Administration, 1969, pp. 1651–1663.[63] A. Khayyer, H. Gotoh, Y. Shimizu, Y. Nishijima, A 3D Lagrangian meshfree projection-based solver for hydroelastic fluid-structure interactions, J. Fluids Struct. 105 (2021) 103342.[64] A. Khayyer, Y. Shimizu, H. Gotoh, S. Hattori, A 3D SPH-based entirely Lagrangian meshfree hydroelastic FSI solver for anisotropic composite structures, Appl. Math. Model. 112 (2022) 560–613.[65] C. Zhang, J. Wang, M. Rezavand, D. Wu, X. Hu, An integrative smoothed particle hydrodynamics method for modeling cardiac function, Comput. Methods Appl. Mech. Eng. 381 (2021) 113847.[66] M. Aguirre, A.J. Gil, J. Bonet, A.A. Carreno, A vertex centred finite volume Jameson–Schmidt–Turkel (JST) algorithm for a mixed conservation formulation in solid dynamics, J. Comput. Phys. 259 (2014) 672–699.[67] C. Zhang, Y. Zhu, Y. Yu, D. Wu, M. Rezavand, S. Shao, X. Hu, An artificial damping method for total Lagrangian SPH method with application in biomechanics, Eng. Anal. Bound. Elem. 143 (2022) 1–13.


	Declaration of Authorship
	Abstract
	Acknowledgements
	Introduction
	Numerical methods for fluid dynamics
	Review on SPH
	Aims and objectives
	Outline

	Governing equations and methods
	Governing Equations
	Theory and fundamentals of the SPH method
	Integral interpolation and particle approximation
	Kernel properties
	Kernel functions

	Compressible and weakly-compressible SPH methods
	Equation of state
	Riemann-based discretization equations
	Time integration

	Eulerian SPH with extensions
	Dissipation limiters
	Kernel correction matrix
	Particle relaxation technique

	Comparison between Eulerian SPH and FVM
	Mesh-based FVM realization in Eulerian SPH
	Boundary treatment
	Wall boundary treatment
	FVM-equivalent boundary treatment

	WENO reconstruction
	A fourth-order Laguerre-Gauss kernel
	Revisit of Laguerre-Wendland kernel
	Kernel profile
	Performance in stability
	Performance in accuracy
	Convergence analysis

	Summary

	Summaries of Publication
	 FVM realization in Eulerian SPH: A comparative study within unified codebase
	Summary of the publication
	Individual novelty of the author

	An algorithm for the incorporation of relevant FVM boundary conditions in the Eulerian SPH framework
	Summary of the publication
	Individual novelty of the author

	An Eulerian SPH method with WENO reconstruction for compressible and incompressible flows
	Summary of the publication
	Individual novelty of the author

	A fourth-order kernel for improving numerical accuracy and stability in Eulerian SPH for fluids and total Lagrangian SPH for solids
	Summary of the publication
	Individual novelty of the author


	Conclusions and outlooks
	Conclusions
	Outlook

	Bibliography
	Original journal papers
	Paper I
	Paper II
	Paper III
	Paper IV


