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Abstract

In this doctoral thesis, we investigate robust transmit strategies for massive multiple-
input-single-output (MISO) systems in frequency-division duplex (FDD) mode, ad-
dressing the challenges of incomplete channel state information (CSI) at the base
station. Massive MISO systems promise enhanced spectral and energy efficiency;
however, these advantages are contingent upon the accurate channel knowledge at
the transmitter. Our research develops various precoding techniques that effectively
manage limited CSI at the base station, offering a balance between computational
complexity and system throughput.
We start by analyzing zero-forcing precoding under conditions of incomplete CSI,
revealing surprising performance characteristics in high signal-to-noise ratio (SNR)
environments, particularly regarding the impact of pilot design on achievable degrees
of freedom, i.e., the number of interference-free served users. In scenarios with
highly limited pilot numbers, we explore statistical precoding approaches that leverage
second-order channel statistics to enhance performance while reducing complexity.
Our work also includes the design of iterative precoding algorithms based on various
optimization frameworks, such as minorization maximization (MM) and augmented
weighted average mean square error (AWAMSE) approaches, which facilitate effective
precoder design for downlink sum rate maximization. We extend these techniques
to rate-splitting multiple access (RSMA) setups, demonstrating improved robustness
against CSI inaccuracies. Furthermore, we address the joint optimization of pilot and
precoder using deep learning techniques based on graph neural networks (GNNs),
illustrating the superiority of the learned pilots over conventional orthogonal ones.
Overall, this study provides valuable insights and practical solutions for advancing
massive MISO systems in FDD mode, emphasizing the critical need for efficient
transmit design methods that can adapt to limited or imperfect CSI conditions while
maintaining high system performance.
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Introduction and Motivation 2
In the rapidly evolving field of wireless communications, massive multiple-input-
multiple-output (MIMO) systems have emerged as a key technology for enhancing
both spectral efficiency and energy efficiency [1], [2], [3] and are expected to play a
crucial role in future 6G networks. This technology, which utilizes a large number
of antenna elements at the base station, enables the simultaneous service of multiple
users within the same time-frequency resource. As a result, it dramatically increases
network capacity [4].

The potential benefits of massive MIMO are evident, but its practical implemen-
tation faces several challenges, particularly in frequency-division duplexing (FDD)
systems [5]. FDD, which utilizes separate frequency bands for uplink and downlink
transmissions, is the preferred duplexing mode in many existing cellular networks due
to its advantages in coverage and compatibility with legacy systems [6]. However,
implementing massive MIMO in FDD systems introduces unique challenges, especially
in acquiring accurate channel state information (CSI) at the base station.

In FDD systems, the channel reciprocity that simplifies CSI acquisition in time-
division-duplex (TDD) systems is not present [7]. This is because the uplink-downlink
frequency gap exceeds the channel coherence bandwidth. Consequently, the base
station must send pilots in the downlink and depend on subsequent CSI feedback from
users [8] to acquire knowledge about the downlink channel. This inevitable feedback
can lead to significant overhead, particularly as the number of antennas increases [9].
Such overhead not only consumes valuable spectral resources but also introduces
latency, which can degrade system performance, especially in fast-fading environments
with short coherence time. Moreover, the limited feedback bandwidth often results in
quantization errors, further compromising the accuracy of the CSI available at the base
station [10]. The challenges of FDD massive MIMO systems underscore the critical
need for efficient precoder design methods that can cope with limited or imperfect CSI.
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CHAPTER 2. INTRODUCTION AND MOTIVATION

2.1 Related Works

While non-linear precoding techniques are generally more effective, they come with
high computational complexity, which makes them challenging to implement in
large-scale systems [11]. On the other hand, linear precoders offer a trade-off between
performance and complexity, and early works demonstrated the potential of zero-
forcing [12] and minimum mean-square-error (MMSE) [13] precoding in handling
interference when perfect CSI is available at the transmitter.

Later works have considered the more practical scenario of partial CSI and investi-
gated effective precoding approaches that can balance complexity and performance in
this setting. [14] and [15] explored robustness in spectral and energy efficiency, mainly
in TDD systems, while [16] focused on improving precoding for FDD systems with
limited feedback. More recently, [17] and [18] proposed to leverage statistical CSI to
boost the performance in imperfect CSI conditions. Exploiting second-order channel
statistics can help with interference mitigation and power control at the transmitter with
reduced CSI requirements. [19] and [20] developed statistical precoding frameworks,
which model the effect of channel covariance matrices on the achievable rates and
interference patterns.

In addition to statistical approaches, iterative algorithms for designing effective
precoding strategies have gained significant attention [21]. Designing the optimal
precoder for downlink sum rate maximization is known to be an NP-hard optimization
problem [22], even in the perfect CSI case. The key idea of the iterative approaches
is to smartly introduce sets of auxiliary variables, i.e., to augment the dimension of
the space of interest. Despite the increased number of variables to be optimized, the
reformulated optimization problem is more tractable, as it can be solved more easily
for each set of variables (including the precoders) once the other sets of variables
are fixed. A widely known method is the iterative weighted MMSE (IWMMSE)
algorithm [23], [24], which leverages the MSE-rate relationship to reformulate the sum
rate maximization problem as a three-block sum weighted MSE minimization problem
that is convex in each of its blocks. Further works proposed accelerated versions of the
IWMMSE algorithm [25], while others used model-based deep unfolding to mimic its
alternating behavior [26].
Another approach based on the so-called Lagrangian dual transform and fractional
programming (FP) was introduced in [27] for the perfect CSI case and operates directly
on the instantaneous sum rate maximization problem. It utilizes the Lagrangian duality
theory and a multi-ratio optimization framework denoted by the quadratic transform to
develop an iterative algorithm where the precoder update is given in quasi-closed form.
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2.1. RELATED WORKS

Moreover, [28] proposed to apply the minorization maximization (MM) method [29]
to solve the weighted sum rate maximization problem for a perfect CSI scenario
featuring a reconfigurable intelligent surface. This method consists of iteratively
solving a sequence of cleverly established surrogate problems. Recently, [21] showed
that a connection between these algorithms can be found despite the difference in the
underlying solution approach.

While all of the above-mentioned precoding methods were designed for spatial
division multiple access (SDMA), rate splitting multiple access (RSMA) has been
proven to enhance the system throughput, as it combines the advantages of SDMA
and multi-casting, [30], [31]. The benefits of RSMA have been observed in scenarios
with perfect CSI, e.g., in [32], [33], and more importantly, when only limited channel
knowledge is available at the base station [34], [35]. Specifically, downlink RS is based
on splitting each user’s message into a private part and a common part that is decoded
by all users, and therefore, it allows the users to partially decode the interference and
partially treat it as noise. The potential of RS to enhance the degrees of freedom can
be exploited by optimizing the resource allocation and transmission strategy [36]. RS
is less sensitive to CSI inaccuracies than traditional precoding methods, as it leverages
the common stream to offset errors in the private streams. By reducing the dependency
on high-accuracy CSI, RS maintains stable performance under limited feedback and
can manage the feedback-related constraints typical in massive MIMO FDD systems.
One-layer RS, where the users are equipped with one successive interference can-
cellation (SIC) unit, offers a trade-off between complexity and notable throughput
improvements [37], [38]. In the RS setup, the power allocation across the common
and private streams can be dynamically adjusted based on users’ channel conditions,
optimizing performance despite limited CSI, especially in high-signal-to-noise-ratio
(SNR) environments when the system is interference-limited.

Designing an efficient and robust precoding technique is essential for enhancing
the system throughput, whereby the quality of the channel knowledge at the base
station plays a central role. Alongside the precoder, the design of the downlink pilots
used for channel sounding can influence the overall system performance. [39], [40]
proposed to exploit channel sparsity and to use compressed sensing techniques to
reduce the pilot overhead. A further study in [41] leveraged deep learning models
to bypass explicit channel estimation and jointly design the pilots and precoder for a
massive multiple-input-single-output (MISO) FDD system.

3



CHAPTER 2. INTRODUCTION AND MOTIVATION

2.2 Key Contributions

This dissertation presents several novel approaches to address the challenges of massive
MISO FDD systems. The key contributions are summarized as follows:

1. A comprehensive analysis of zero-forcing precoding under incomplete CSI,
revealing unexpected performance characteristics in high-power regimes.

2. Development of a statistical precoding method that utilizes channel second-
order statistics, reducing the computational overhead while outperforming the
zero-forcing precoder in scenarios with highly limited pilot resources.

3. Introduction of efficient iterative precoding algorithms, including the aug-
mented weighted average MSE (AWAMSE) and MM methods, which leverage
instantaneous and long-term statistical channel information.

4. Extension of the proposed transmit strategies to the RSMA setup, demonstrating
notable performance gains in high-power regimes with low computational
complexity.

5. An innovative deep-learning framework based on graph neural networks (GNNs)
for joint precoder and pilot design, achieving superior performance compared to
conventional orthogonal pilots.

2.3 Outline

The thesis is organized as follows:

• Chapter 3 lays the background for the considered FDD MISO system, where the
users are equipped with a single antenna. Here, we establish a model for both
the training and data transmission phases of the downlink for the previously
mentioned MA schemes, namely SDMA and RSMA. Moreover, depending
on the assumptions regarding the channel knowledge at the base station, we
derive performance metrics that will serve as utility functions for later system
optimization.

• In Chapter 4, we present optimization frameworks that will be used in sub-
sequent chapters to solve the precoder design problem for downlink sum rate
maximization. These techniques include the Lagrangian dual transform and the

4



2.3. OUTLINE

FP method [42], the IWMMSE approach [23], and the MM framework. Fur-
thermore, we establish the so-called ”rescale and optimize” approach, inspired
by [43], which will become useful in several optimization problems.

• In Chapter 5, we analyze the zero-forcing precoder under incomplete CSI
conditions and show the rather surprising result that combining this precoder with
the Least Squares (LS) channel estimate yields an interference-free transmission
in the asymptotic high-SNR regime under certain conditions on the downlink
training pilots [44]. Although the linear MMSE (LMMSE) channel estimate
exhibits a better estimation quality, applying it for zero-forcing fails to eliminate
the inter-user interference. We additionally show that the number of deployed
pilots in the system presents an upper bound for the achievable degrees of
freedom.

• In Chapter 6, a statistical precoding approach is presented [45]. We show that
leveraging the channel second-order statistics for precoder design can reduce
the related computational complexity and offer performance gains in the highly
limited channel knowledge case where even the zero-forcing precoder based
on LS fails to manage the interference. Furthermore, we discuss our findings
in [46] concerning the extension of the statistical precoder to the RSMA setup.

• Chapter 7 is concerned with different iterative precoding algorithms, namely the
MM approach [47], the AWAMSE approach [48] and its extension to the RSMA
setup [49]. These methods are established based on the so-called training-based
lower bound, which makes use of the instantaneous channel knowledge as well
as the channel second-order statistics. For the optimization procedure, we adopt
several techniques from Chapter 4.

• While the previous chapters assume fixed orthogonal pilots, Chapter 8 addresses
the pilot design problem. Our work [50] delivered a deep-learning framework
for joint pilot and precoder optimization based on GNNs.

5



CHAPTER 2. INTRODUCTION AND MOTIVATION

2.4 Notation

(•)T Transpose of a matrix
(•)H Hermitian of a matrix
(•)−1 Inverse of a matrix
(•)∗ Complex Conjugate
(•)† Pseudo-inverse of a matrix
∥ • ∥F Frobenius-norm of a matrix
tr(•) trace of a matrix
vec(•) Vectorization operator
diag(a1, . . . , aK) Diagonal matrix having a1, . . . , aK as diago-

nal elements
blkdiag(A1, . . . ,AK) Block diagonal matrix having A1, . . . ,AK on

the main diagonal
IK Identity matrix of dimension K

1K All-ones vector of dimension K

ek kth column of the identity matrix
NC(0,C) Complex-valued circularly-symmetric Gaus-

sian distribution with zero-mean and covari-
ance matrix C

E[•] Expectation Operator
E[x|y] Conditional expectation of x given y

ℜ{•} Real part of a complex-valued number
∠(•) Phase of a complex-valued number
| • | Magnitude of a complex-valued number
⊗ Kronecker product
⊙ Hadamard product
a ⊥ b Vector a is orthogonal to vector b
[X]i,j Element of matrixX in ith row and jth column

6



System Model and Setup 3
This work primarily focuses on the downlink in a single-cell setup, operating in FDD
mode, where the base station is equipped with several antennas M ≫ 1 and serves K
single-antenna users.

3.1 Channel Model

The transmission channel between the base station and some generic user k is denoted
by hk ∈ CM , where the mth element corresponds to the channel response between
the mth base station antenna and the kth user. Under the block fading assumption,
the channel response is considered static during the so-called coherence block of
T time-frequency symbols. Furthermore, we assume the following model for the
transmission channel

hk ∼ NC(0,Ck) (3.1)

corresponding to a correlated Rayleigh fading model, where Ck denotes the channel
covariance matrix. On the one hand, the microscopic fading effects are modeled by the
Gaussian distribution, and the channel takes a new realization from this distribution at
each coherence interval. On the other hand, the macroscopic effects are described by
the covariance matrix. Here, large eigenvalues of Ck correspond to channel directions
with strong spatial correlation.
We assume that the second-order statistics are perfectly known to the base station.
The interested reader can refer to [51] and [45] for an insight into covariance matrix
estimation in the FDD setup.

3.2 Downlink Training Phase

The data transmission in the uplink and downlink operations occurs over two different
frequency bands in the FDD setup. The gap between the uplink and downlink carrier
frequencies is usually higher than the channel coherence bandwidth, leading to a
non-reciprocity between the uplink and downlink channels. Thus, channel estimates
acquired in the uplink cannot be directly used for beamforming design, as it is usually

7



CHAPTER 3. SYSTEM MODEL AND SETUP

done in TDD systems. Instead, the base station sends known downlink pilots and
requests the users to feed back their observations/estimates, as depicted in Fig. 3.1.
For the sake of simplicity, we assume that the feedback of the channel measurements
from the users to the base station takes place via an analog feedback link [8].

Tdl pilots

feedback

Fig. 3.1: Illustration of the downlink channel training phase

To train the M antennas at the base station, the number of downlink pilots Tdl
should be at least equal to M . However, due to the large number of base station
antennas and the limited channel coherence interval, dedicating M out of the T

time-frequency symbols for channel probing would leave no room for payload data
transmission. Therefore, we consider the case where Tdl < M , leading to incomplete
channel knowledge at the base station. During the downlink training phase, the base
station sends Tdl orthogonal unit-norm pilots from each antenna, and the M × Tdl
pilot matrix is denoted by Φ. Due to the orthogonality of the pilots, it holds that
ΦHΦ = ITdl but in general ΦΦH ̸= IM , if Tdl < M .

After the downlink training phase, the Tdl channel observations at each user k are
collected in yk as follows

yk = ΦHhk + n1,k (3.2)

where n1,k ∼ NC(0, σ
2
1,kITdl) stands for the downlink training noise with the normal-

ized variance σ2
1,k = 1

Pdl
. Here, Pdl denotes the downlink transmit power.

The covariance matrix of yk denoted by Cyk
is given by

Cyk
= ΦHCkΦ+ σ2

1,kITdl . (3.3)

Throughout this thesis, we will assume an interference-free noiseless feedback
link, and the channel observations in (3.2) are available at the base station after the
feedback phase [51].

8



3.2. DOWNLINK TRAINING PHASE

In the case of a noisy feedback link, an additive white Gaussian noise portion
n2,k can be considered, whose variance depends on the transmit power Pfb the users
employ for the feedback transmission [51]. Thus, the following observation is received
at the base station

ỹk = yk + n2,k = ΦHhk + n1,k + n2,k (3.4)

where n2,k ∼ (0, σ2
2,kITdl) and σ2

2,k = 1
Pfb

.

3.2.1 Channel Estimation

In the following, depending on the precoding approach, the base station uses the channel
observations directly for beamforming or explicitly computes channel estimates based
on the received measurements. In the latter case, we consider two linear estimators:
the LS and the LMMSE estimators.

In the case of explicit channel estimation, the channel of user k can be decomposed
as follows [52]

hk = ĥk + h̃k (3.5)

where ĥk and h̃k denote the channel estimate and the zero-mean estimation error,
respectively.

3.2.1.1 Least Squares Channel Estimator

Based on the channel observation vector yk, the base station can compute the LS
channel estimate [53] ĥLS

k of user k according to

ĥLS
k = argmin

ĥk

∥yk −ΦHĥk∥2 = (ΦΦH)†Φyk. (3.6)

Since ΦΦH defines an orthogonal projection matrix (recall that Φ is an orthogonal
matrix), it holds that (ΦΦH)† = ΦΦH and the LS estimate is given by

ĥLS
k = ΦΦHΦyk = Φyk. (3.7)

The second equality follows from the property ΦHΦ = ITdl .
The LS estimator does not require prior statistical knowledge of the channel but

depends on the used transmit power. We note that due to the suboptimality of the LS
estimator (in the MSE sense), the LS estimate and the corresponding estimation error
are correlated, i.e.,

E[ĥLS
k h̃LS,H

k ] = ΦΦH(CkPΦ − σ2
1,kITdl) (3.8)

9



CHAPTER 3. SYSTEM MODEL AND SETUP

where PΦ = IM −ΦΦH.
The covariance matrix of the LS estimation error can be written as

CLS
err,k = E[h̃LS

k h̃LS,H
k ] = PΦCkPΦ + σ2

1,kΦΦH (3.9)

where we used the fact that the estimation error is zero-mean.

3.2.1.2 Linear Minimum Mean Square Error Estimator

If, in addition to the observations yk, the channel statistics are known to the base
station, the latter can compute a better quality channel estimate than the LS estimate,
namely the LMMSE channel estimate given by [7]

ĥLMMSE
k = G∗

kyk (3.10)

where the matrix G∗
k is the solution of the following optimization problem

G∗
k = argmin

Gk

E[∥hk −Gkyk∥2] = CkΦC−1
yk

.

The LMMSE estimate of the kth user’s channel hence reads as

ĥLMMSE
k = CkΦC−1

yk
yk. (3.11)

Contrary to the LS estimate, the LMMSE estimate is uncorrelated with its corresponding
estimation error [14]. This property will be used later when deriving some utility
functions for precoder design.
The error covariance matrix is computed according to

CLMMSE
err,k = E[h̃LMMSE

k h̃LMMSE,H
k ] = Ck −G∗

kΦ
HCk (3.12)

where we again used the zero-mean property of the estimation error.

3.3 Downlink Data Transmission Phase

In this work, we will consider two different schemes for the downlink data transmission
phase, namely SDMA and RSMA. In Section 3.3.1, we will start by considering the
more commonly used MA scheme, namely SDMA, and derive the related spectral
efficiency expressions. The discussion on RSMA will be provided in Section 3.3.2,
where several derivations from the SDMA scheme can be easily extended.

10



3.3. DOWNLINK DATA TRANSMISSION PHASE

3.3.1 SDMA Scheme

We consider a linearly precoded SDMA scheme, where each user’s message Wk is
encoded into a single stream sk, and the encoded messages are then transmitted to the
users in the downlink using linear precoders. The users are, therefore, separated using
the precoders, also called spatial beamformers, hence the name of this MA scheme.

The transmit vector at the base station antennas is given by the superposition of
the precoded data streams and reads as

x =

K∑
j=1

pjsj (3.13)

where the data streams sj ∼ NC(0, 1), j = 1, . . . ,K are assumed to be mutually
independent. pj stands for the beamforming or precoding vector corresponding to the
jth user.

The transmit vector and, hence, the precoders are subject to the transmit power
constraint, namely

E[∥x∥2] =
K∑
j=1

∥pj∥2 ≤ Pdl (3.14)

where the expectation is w.r.t. the distribution of the data signals and Pdl denotes again
the downlink transmit power.

The precoder maps the data symbol to the transmit antennas and determines its
transmit directivity (see Fig. 3.2).

DL precoding

Fig. 3.2: Illustration of the downlink data transmission phase

11



CHAPTER 3. SYSTEM MODEL AND SETUP

The signal received at the kth user antenna is hence written as

rk = hH
k x+ vk. (3.15)

Here, vk ∼ NC(0, 1) is the additive white Gaussian noise experienced at the kth user’s
antenna, which is independent of the data signals sj .
Using (3.13), the received signal is equivalently given by

rk = hH
k

K∑
j=1

pjsj + vk. (3.16)

In the following chapters, we will study different strategies for designing the
transmit precoding vectors. To this end, our ultimate goal is to maximize the spectral
efficiency, i.e., the average number of bits of information that can be reliably transmitted
over the considered channel.
If we denote the achievable data rate of user k by Rk, our optimization problem reads
as

max
P

K∑
k=1

Rk =
K∑
k=1

log2(1 + SINRk) s.t. ∥P ∥2F ≤ Pdl (3.17)

where SINRk denotes the signal-to-interference-plus-noise ratio (SINR) of user k
and we defined the precoding matrix P = [p1, . . . ,pK ] as the collection of all users’
precoders.

Depending on the assumptions about the channel knowledge at the transmitter,
different expressions for the achievable rate per user can be derived and then employed
as a utility function for precoder design.

3.3.1.1 Spectral Efficiency for Perfect Tx-CSI

If the random channel realization hk is perfectly known at the transmitter, then the
received signal in (3.16) can be decomposed as follows

rk = hH
k pk︸ ︷︷ ︸
hk,eff

sk +
∑
j ̸=k

hH
k pjsj︸ ︷︷ ︸
zk

+vk. (3.18)

Here, rk corresponds to the output of a discrete memoryless interference channel with
input sk, random channel response hk,eff, interference term zk and noise vk.

According to (A.2), the instantaneous achievable rate of a generic user k is given
by

Rinst
k = log2

(
|hk,eff|2

E[|zk|2|u] + σ2
k

)
= log2

(
1 +

|hH
k pk|2∑

j ̸=k |hH
k pj |2 + 1

)
(3.19)

12



3.3. DOWNLINK DATA TRANSMISSION PHASE

and the average achievable rate reads as

RCSI
k = E[Rinst

k ] = E

[
log2

(
1 +

|hH
k pk|2∑

j ̸=k |hH
k pj |2 + 1

)]
(3.20)

where the expectation is w.r.t. the channel realizations.
If perfect CSI is available, the base station can adapt its precoding strategy

depending on the current channel realization such that the instantaneous achievable
rate (3.19) is maximized.

3.3.1.2 Spectral Efficiency for Incomplete Tx-CSI

As previously discussed in Section 3.2.1, we assume in this work that the base station
has only partial knowledge of the channel, which is represented by the estimates {ĥk}.
If these estimates are used naively as if they were the true channel, and (3.19) is relied
upon to design the precoders, this would result in an overestimation of the achievable
rates and, eventually, poor performance.

Therefore, we use the error model introduced in (3.5), which takes into account
the channel estimation errors [52]. This enables us to rewrite the received signal at
user k as follows

rk = ĥH
k pk︸ ︷︷ ︸
hk,eff

sk + h̃H
k pksk +

∑
j ̸=k

hH
k pjsj︸ ︷︷ ︸

zk

+vk. (3.21)

Note that the so-obtained decomposition is similar to (3.18), expect that the desired
signal is now not only received over the known channel response characterized by the
effective channel hk,eff = ĥH

k pk, but also over h̃H
k pk which depends on the unknown

estimation error h̃k. We denote the set of known channel estimates by u = {ĥi}.
In order to provide an expression for the achievable rate based on (A.2), we need

to compute the conditional variance of the interference signal zk

E
[
|zk|2|u

]
= E

[
|vk|2|{ĥi}

]
= E

[
|sk|2

]
E
[
|h̃H

k pk|2|{ĥi}
]
+
∑
j ̸=k

E
[
|sj |2

]
E
[
|hH

k pj |2|{ĥi}
]

= pH
k Cerr,kpk +

∑
j ̸=k

(
pH
j ĥkĥ

H
k pj + pH

j Cerr,kpj

)

=
K∑
j=1

pH
j Cerr,kpj +

∑
j ̸=k

|ĥH
k pj |2

(3.22)

13
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whereCerr,k = E[h̃kh̃
H
k ] denotes the error covariance matrix of user k. We additionally

used the fact that the input symbols are zero-mean, unit-variance, and mutually
independent.
Note that in the third line of (3.22), we assumed that the estimation error is independent
of the channel estimate. This assumption holds true if LMMSE channel estimation is
performed, as discussed earlier in this chapter.

The instantaneous achievable spectral efficiency can now be written as

Rinst
k = log2

(
1 +

|ĥH
k pk|2∑K

j=1 p
H
j Cerr,kpj +

∑
j ̸=k |ĥH

k pj |2 + 1

)
(3.23)

and yet again, the average achievable rate is given by E[Rinst
k ], where the expectation is

taken w.r.t. to the channel realizations.
Next, we will provide an alternative expression for the achievable spectral efficiency

that holds for every channel estimation scheme. The expression is extensively used in
the massive MIMO literature and is mostly referred to as the hardening bound [54].
To this end, it is assumed that only the mean value of the effective channel hH

k pk is
available at the transmitter, i.e., the deterministic average precoded channel E[hH

k pk]

is known to the base station. This assumption is based on the so-called channel
hardening effect, which refers to the phenomenon where the random fluctuations of
the channel gain hH

k pk decrease as the number of base station antennas M increases,
hence resulting in an approximately deterministic effective channel [4].
In this case, we can decompose the received signal rk from (3.16) as follows

rk = E[hH
k pk]︸ ︷︷ ︸

hk,eff

sk +
(
hH
k pk − E[hH

k pk]
)
sk +

∑
j ̸=k

hH
k pjsj︸ ︷︷ ︸

zk

+vk. (3.24)

The model (3.24) matches the output of a discrete memoryless interference channel
presented in Appendix A.1 with the deterministic channel response hk,eff = E[hH

k pk].
Furthermore, the interference zk is zero-mean and independent of the input sk due to

E[zks∗k] = E
[(

(hH
k pk − E[hH

k pk])sk +
∑
j ̸=k

hH
k pjsj

)
s∗k

]
= E

[
hH
k pk − E[hH

k pk]
]
E[|sk|2]

= 0

(3.25)

where we used the mutual independence of the input signals sj , j = 1, . . . ,K.
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The variance of the interference term is given by

E[|zk|2] =
K∑
j=1

E[|hH
k pj |2]− |E[hH

k pk]|2 (3.26)

and according to (A.1), the ”effective” achievable spectral efficiency can be written as

Reff
k = log2

(
1 +

|E[hH
k pk]|2∑K

j=1 E[|hH
k pj |2]− |E[hH

k pk]|2 + 1

)
. (3.27)

The expectations in (3.27) can be computed in closed form for certain precoding
schemes such that the standard matched filter and the statistical precoder that will be
discussed later in Chapter 6.

3.3.2 RSMA Scheme

RSMA consists of splitting each user’s message into common and private parts. For
simplicity’s sake, we here focus on one-layer RS where the user’s message Wk is
divided into one common part Wc,k and a private part Wp,k. The common parts of all
users’ messages are combined to form a super common message Wc. The resulting
K + 1 messages, i.e., the super common message Wc and the K private messages
Wp,1, . . . ,Wp,K , are encoded independently into the streams sc, sp,1, . . . , sp,K (see
Fig. 3.3(a)). The transmission of the private streams takes place via the private
precoders pp,k as is the case of SDMA. The common stream is sent to the users using
the common precoder pc.

Contrary to the SDMA scheme, where each user decodes its own message and
treats the interference from other users as noise, in the RSMA scheme, each user
first decodes the common message and retrieves an estimate thereof, i.e., Ŵc,k (see
Fig. 3.3(b)). This means that a part of the interference is decoded at the receiver.
Subsequently, each user performs SIC in order to subtract the common part from the
received signal and then decodes its own private message Ŵp,k. The combination of
Ŵc,k and Ŵp,k yields than an estimate of the kth user message Ŵk.

Given the common precoder pc and the private precoders pp,i, i = 1 . . .K, the
transmit vector x can now be written as the superposition of the precoded common
and private data streams

x = pcsc +
K∑
i=1

pp,isp,i (3.28)

where sc ∼ NC(0, 1) and sp,i ∼ NC(0, 1), i = 1, . . . ,K.
Due to the limited power budget available at the base station, the transmit vector x
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Split

Combine

Encode Precode
...

W1

WK

...

Wc,1

Wc,K

Wp,1

Wp,K

...

Wc sc

sp,1

sp,K

...

x

(a)

Equalize
+ Decode

SIC

Combine

Equalize
+ Decode

rc,k Ŵc,k Ŵk

rp,k

Ŵp,k

(b)

Fig. 3.3: System model during the data transmission phase for the one-layer RS setup
(a): at the transmitter, (b): at the kth user (©IEEE 2023)

must satisfy the average transmit power constraint

E[∥x∥2] = ∥pc∥2 +
K∑
i=1

∥pp,i∥2 ≤ Pdl. (3.29)

Recall that the signal received at user k is given by (see (3.15))

rk = hH
k x+ vk. (3.30)

Inserting the expression of the transmit vector (3.28), yields an expression for the
received signal for the common message at user k

rc,k = rk = hH
k pcsc +

K∑
i=1

hH
k pp,isp,i + vk. (3.31)

We assume that user k knows perfectly the effective scalar channel hH
k pc, which can

be achieved by sending dedicated beamformed pilot symbols in the downlink. This
means the base station sends precoded pilots to the users, who can then estimate the
combination of the channel with the precoders given by the scalars hH

k pc and hH
k pp,i.

The knowledge of hH
k pc at the user’s side is necessary to be able to perform perfect

SIC, i.e., in order to decode the common message and subtract it entirely from the
received signal.

After performing perfect SIC, we can write the received signal for the private
message rp,k as follows

rp,k = hH
k pp,ksp,k +

∑
i ̸=k

hH
k pp,isp,i + vk. (3.32)
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3.3. DOWNLINK DATA TRANSMISSION PHASE

In such an RS setup, we deal with two kinds of messages: common and private
messages. We, therefore, differentiate between the common rate Rc,k and the private
rate Rp,k for each user k. Since all users have to be able to decode the common stream,
the common rate Rc should not be larger than the minimum common rate of all users,
i.e.,

Rc = min
k

Rc,k. (3.33)

Our goal is to design the precoding vectors pc and pp,k, k = 1, . . . ,K such that
the achievable sum rate is maximized. This can be formulated as the following
optimization problem.

max
Rc,pc,

pp,1,...,pp,K

Rc +
K∑
i=1

Rp,i s.t. Rc ≤ Rc,k, ∀k

∥pc∥2 +
K∑
i=1

∥pp,i∥2 ≤ Pdl.

(3.34)

Now, depending on the assumptions of the channel knowledge and the precoder
design choice at the transmitter, different expressions for the achievable rates will be
used, and the derivations follow the same lines as the SDMA case. The corresponding
discussion will be considered in the following chapters whenever RS is employed.
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Methodology 4
In this chapter, we will explore three powerful optimization techniques that are partic-
ularly effective for addressing precoder design challenges in wireless communications:
the Lagrangian dual transform combined with FP [27], [42], the IWMMSE algo-
rithm [23], and the MM algorithm [21]. These approaches share a common foundation
in the principle of iterative optimization and the introduction of auxiliary variables,
which expands the optimization space in a structured manner. The key idea behind
these techniques is to reformulate complex optimization problems into more tractable
forms by introducing carefully chosen auxiliary variables. The expanded problem can
be decomposed into subproblems, each involving a subset of variables. This structure
enables the use of block coordinate ascent/descent methods [55]. Here, the update of
each variable or block of variables in each iteration can be computed efficiently, often
in closed form. Under mild conditions, these algorithms are guaranteed to converge to
a stationary point of the original problem, typically a local optimum.

The mentioned techniques provide systematic frameworks for developing efficient
algorithms to solve complex precoder design problems. While the introduced auxiliary
variables can be computed in closed form in nearly all cases, the precoder optimiza-
tion step usually consists of a quadratically constrained quadratic program (QCQP)
commonly solved via interior-point methods. To further reduce the computational
complexity, we present by the end of this chapter the so-called ”rescaling” approach,
firstly introduced in [43] and subsequently applied in [25] and [26] to the IWMMSE
approach. The technique enables a relaxation of the underlying optimization problem
to an unconstrained one, yielding a closed-form solution for the precoder, which has
solely to be rescaled after final convergence to meet the underlying constraint.

4.1 Lagrangian Dual Transform and Fractional Programming

The Lagrangian dual transform, when combined with FP techniques such as the
quadratic transform, is particularly effective for problems involving logarithmic and
ratio-based utility functions. This approach transforms the original problem into a
sequence of more manageable subproblems, resulting in convex optimization steps in
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each iteration.
The procedure begins with considering a generic optimization problem involving

maximizing a sum of logarithmic functions. By introducing auxiliary variables and
applying Lagrangian duality, we can reformulate the problem into a more tractable
form. This transformation allows us to separate the logarithmic terms from the original
optimization variables, making the problem easier to solve.
After applying the Lagrangian dual transform, we end up with an objective function
containing a sum of ratios. To address this, we can use FP techniques, specifically via
the quadratic transform that will be reviewed in Section 4.1.2.

4.1.1 Lagrangian Dual Transform

Consider the following generic optimization problem

max
x

K∑
k=1

log

(
1 +

Nk(x)

Dk(x)

)
, s.t. x ∈ X (4.1)

where X denotes an abstract constraint set.
We start by introducing a set of K auxiliary variables

γ = [γ1, . . . , γK ]T (4.2)

and rewrite (4.1) as follows

max
x

max
γ

K∑
k=1

log (1 + γk) s.t. γk ≤
Nk(x)

Dk(x)
, k = 1, . . . ,K

x ∈ X .

(4.3)

Let us introduce a collection of the Lagrangian multipliers associated with the K

inequality constraints in (4.3)

λ = [λ1, . . . , λK ]T. (4.4)

As explained in [42], the inner optimization problem in (4.3) is convex; hence, strong
duality holds. The solution to its dual problem denoted by (λopt,γopt) is a saddle
point that satisfies the first-order optimality condition of the Lagrangian function

L1(γ,λ) =
K∑
k=1

log(1 + γk) +

K∑
k=1

λk

(
Nk(x)

Dk(x)
− γk

)
. (4.5)
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Hence, the optimal λopt
k and γ

opt
k are respectively given by

λ
opt
k =

1

1 + γ
opt
k

, (4.6)

γ
opt
k =

Nk(x)

Dk(x)
. (4.7)

Inserting (4.6) into the Lagrangian function (4.5) and combining it with the
optimization problem w.r.t. x, we can formulate the objective function denoted by
f1(x,γ) as follows

f1(x,γ) =
K∑
k=1

log (1 + γk)−
K∑
k=1

γk +
K∑
k=1

(1 + γk)Nk(x)

Nk(x) +Dk(x)
. (4.8)

Our new optimization problem now reads as

max
x,γ

f1(x,γ), s.t. x ∈ X . (4.9)

Note that for fixed x, the auxiliary variable γk is simply given by (4.7).
The new objective function in (4.8) combines logarithmic terms, linear terms, and

ratios of the original functions. The transformed problem (4.9) is now in a form that’s
more amenable to optimization techniques, particularly FP.
For instance, if we now fix γ, the only term of the objective in (4.8) that depends
on x is the third one. This term consists of a sum-of-ratios to which the quadratic
transform [27] can be applied by introducing a set of auxiliary variables for each of
the K ratios. This transform enables decoupling the numerator and denominator of
each fraction while ensuring that the original and transformed objectives are the same
in the optimum.

4.1.2 Fractional Programming via Quadratic Transform

Let us denote by βk the auxiliary variable associated with the kth fraction in (4.8). We
then formulate the following optimization problem

max
x,γ,β

f2(x,γ,β) s.t. x ∈ X (4.10)

where β = [β1, . . . , βK ]T and the objective function f2(x,γ,β) is given by

f2(x,γ,β) =

K∑
k=1

log (1 + γk)−
K∑
k=1

γk

+
K∑
k=1

(1 + γk)
(
2ℜ{βkSk(x)} − |βk|2

(
Nk(x) +Dk(x)

)) (4.11)

21



CHAPTER 4. METHODOLOGY

where we assumed that the numerator is given by

Nk(x) = |Sk(x)|2. (4.12)

Again, for fixed x and γ, each of the auxiliary variables βk can be computed in
closed form

β
opt
k =

Sk(x)
∗

Nk(x) +Dk(x)
. (4.13)

Finally, it remains to solve the following optimization problem w.r.t. x for fixed γ and
β

max
x

K∑
k=1

(1 + γk)
(
2ℜ{βkSk(x)} − |βk|2

(
Nk(x) +Dk(x)

))
s.t. x ∈ X .

(4.14)

Assuming that Nk(x) and Dk(x) are quadratic functions in x and that the constraint
set X is a convex set, (4.14) can be solved using off-the-shelf convex optimization
approaches.

4.2 Iterative Weighted Minimum Mean Square Error Framework

The IWMMSE algorithm is tailored for precoder optimization, as it transforms the
typically non-convex sum rate maximization (3.17) into an equivalent block-wise
convex weighted sum MSE minimization. The key idea is introducing sets of auxiliary
variables, namely the weighting factors and the receive filters. As their names
already reveal, these variables are interpretable in terms of the communication system
parameters as opposed to the previously discussed Lagrangian dual transform and FP
method, where the auxiliary variables are introduced based on a purely mathematical
consideration of the problem. The IWMMSE method can even be seen as a particular
case of the Lagrangian dual transform and FP approach, as discussed later in this
section.

Consider the multi-user MISO setup discussed in Chapter 3. For the IWMMSE
approach, we introduce the first set of auxiliary variables consisting of the receive
filters gk, k = 1, . . . ,K. At each user k, the filter gk is applied to the received signal
rk (see (3.16)) to obtain an estimate ŝk of the data signal sk

ŝk = gkrk = gkh
H
k

K∑
j=1

pjsj + gkvk. (4.15)
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Hence, we can define the MSE of the data signal for user k as

εk = E[|sk − ŝk|2] (4.16)

= 1− 2ℜ{gkhH
k pk}+ |gk|2(

K∑
j=1

|hH
k pj |2 + 1). (4.17)

The optimal receive filter that minimizes the MSE εk is given by

gMMSE
k =

pH
k hk∑K

j=1 |hH
k pj |2 + 1

. (4.18)

Inserting (4.18) into the MSE expression in (4.16) yields the following MMSE
expression

εMMSE
k = 1−

|hH
k pk|2∑K

j=1 |hH
k pj |2 + 1

=
1

1 +
|hH

k pk|2∑
j ̸=k |hH

k pj |2+1

. (4.19)

Note that in (4.19), a relationship between the MMSE of user k and the corresponding
SINR is established, namely

εMMSE
k =

1

1 + SINRk
(4.20)

and hence, the rate of user k can be expressed as

Rk = − log2(ε
MMSE
k ). (4.21)

The sum rate maximization problem (3.17) can be formulated as a minimization of the
sum MSE as follows

min
P

K∑
k=1

log2(ε
MMSE
k ) s.t. ∥P ∥2F ≤ Pdl. (4.22)

Before we proceed to solve (4.22), we state the following lemma from [56]

Lemma 1. For any E > 0 and u > 0, it holds that

log2E = min
u

uE − log2(u) + δ (4.23)

with some constant δ.
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The idea behind Lemma 1 is to introduce an auxiliary variable u, which allows a
reformulation of the objective function as an optimization problem, where the function
E is externalized from the logarithm. Moreover, u can be found in closed form.

We now apply Lemma 1 to ease the solution of (4.22). To this end, we introduce
the so-called augmented weighted MSE (WMSE) ξk with the corresponding weight
uk defined as

ξk = ukεk − log2(uk). (4.24)

Note that for fixed precoders and using the MMSE filters, the optimal weight uk that
minimizes ξk is obtained as

uMMSE
k =

1

εMMSE
k

. (4.25)

Inserting this result into (4.24) yields the augmented weighted MMSE (WMMSE)
ξMMSE
k which is closely related to the rate of user k according to

ξMMSE
k = 1−Rk. (4.26)

The augmented WMSE minimization problem can be thus formulated as

min
G,U ,P

K∑
k=1

ξk s.t. ∥P ∥2F ≤ Pdl (4.27)

where we defined the diagonal matrices containing the receive filters and the weights
as follows

G = diag(g1, . . . , gK), (4.28)
U = diag(u1, . . . , uK). (4.29)

The variables gk and uk corresponding to user k can be found in closed form
according to (4.18) and (4.25), respectively, and are decoupled from other users’
variables.
By fixing G and U and ignoring all constant terms w.r.t. to the precoders, we obtain
the following optimization problem

min
P

K∑
k=1

uk

(
− 2ℜ{gkhH

k pk}+ |gk|2
( K∑

j=1

|hH
k pj |2 + 1

))
s.t. ∥P ∥2F ≤ Pdl.

(4.30)

(4.30) is a QCQP and can thus be solved using standard convex solvers.
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4.2.1 Relationship between IWMMSE and FP for Precoding

By setting the optimization variable x in (4.1) to be the precoding matrix P =

[p1, . . . ,pK ], and defining

N(P ) = |S(P )|2 = |hH
k pk|2, D(P ) =

∑
j ̸=k

|hH
k pj |2 + 1 (4.31)

we can apply the Lagrangian dual transform and FP to solve the sum rate maximization
problem in (3.17). The auxiliary variable γk is obtained following (4.7)

γ
opt
k =

N(P )

D(P )
= SINRk. (4.32)

We here notice the first similarity to the IWMMSE approach, namely that

uMMSE
k = 1 + γ

opt
k . (4.33)

Second, the optimal auxiliary variable β
opt
k is given based on (4.13) by

β
opt
k =

S(P )∗

N(P ) +D(P )
=

pH
k hk∑K

j=1 |hH
k pj |2 + 1

(4.34)

which coincides with the MMSE receive filter in (4.18).
Finally, based on (4.10), the optimization problem w.r.t. the precoding matrix can

be written as

max
P

K∑
k=1

(1 + γk)

(
2ℜ{βkhH

k pk} − |βk|2
( K∑

j=1

|hH
k pj |2 + 1

))
s.t. ∥P ∥2F ≤ Pdl.

(4.35)

Obviously, (4.35) is equivalent to (4.30); therefore, both approaches boil down to
the same optimization steps. However, we must emphasize that the FP framework is
more versatile, and alternative ways of applying the quadratic transform can lead to
different optimization problems. Therefore, the IWMMSE approach can be viewed
as a particular case of the FP framework with interpretable auxiliary variables. The
interested reader might refer to [21] for a deeper discussion about the connection
between the two frameworks.
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4.3 Minorization Maximization

Contrary to the previously presented frameworks that operate directly on the underlying
sum rate maximization problem or the equivalently transformed one, the MM approach
constructs a sequence of carefully chosen surrogate functions that minorize (lower
bound) the original objective. This surrogate function is maximized in each iteration,
which is typically easier to optimize than the original function. The MM approach
offers flexibility in constructing surrogate functions, allowing tailored algorithms to
exploit problem-specific structures.

Consider, for instance, the following generic maximization problem

max
x

f(x) s.t. x ∈ X . (4.36)

A surrogate function ℓ(x, x̄) for f at iterate x̄ has to satisfy the following two
conditions [21]

ℓ(x, x̄) ≤ f(x), ∀x ∈ X , (4.37)
ℓ(x̄, x̄) = f(x̄), ∀x̄ ∈ X . (4.38)

While the first condition in (4.37) translates to the fact the surrogate function serves as
a lower bound for the underlying objective, the second condition in (4.38) ensures that
each iterate, the surrogate function coincides with the original function.

Since we are mainly considering the sum rate maximization problem, i.e., solving
(3.17), we start by stating the following proposition that will help us provide a surrogate
function for the rate expression

Proposition 1. [28, Section III.B]
For some x ∈ C and z > 0, it holds that

log2(1+
|x|2

z
) ≥ log2(1+

|x̄|2

z̄
)− |x̄|

2

z̄
+2ℜ{ x̄

∗

z̄
x}− |x̄|2

z̄(z̄ + |x̄|2)
(z+ |x|2) (4.39)

with equality for (x, z) = (x̄, z̄).

By substituting x and z byhH
k pk and

∑
j ̸=k |hH

k pj |2+1, respectively, the surrogate
function ℓk(P , P̄ ) for the kth user’s rate at iterate P̄ is given by

ℓk(P , P̄ ) = Rk(P̄ )−SINRk(P̄ )+ 2ℜ{bkhH
k pk}− ak

( K∑
j=1

|hH
k pj |2+1

)
. (4.40)
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We here defined the auxiliary variables ak and bk as follows

ak =
SINRk(P̄ )∑K

j=1 |hH
k p̄j |2 + 1

, (4.41)

bk =
p̄H
k hk∑

j ̸=k |hH
k p̄j |2 + 1

. (4.42)

The sum rate maximization problem (3.17) can now be replaced by the maximization
of the sum of the K surrogate functions corresponding to the users’ rates, i.e.,

max
P

K∑
k=1

ℓk(P , P̄ ) s.t. ∥P ∥2F ≤ Pdl. (4.43)

If we ignore all the terms in (4.40) that are independent of P , we end up with the
following optimization problem

max
P

K∑
k=1

2ℜ{bkhH
k pk} − ak

( K∑
j=1

|hH
k pj |2 + 1

)
s.t. ∥P ∥2F ≤ Pdl

(4.44)

which is again a QCQP w.r.t. the precoders for fixed ak and bk and can be solved using
standard off-the-shelf solvers.

The optimization procedure starts with a feasible initial iterate P̄ , then the
auxiliary variables ak and bk are updated according to (4.41) and (4.42), respectively.
Subsequently, the precoding matrix P is obtained by solving the optimization problem
in (4.44).

4.3.1 Connection of the MM Approach to FP and IWMMSE

Note that the precoder optimization problem (4.44) based on the MM framework
resembles the one given by (4.14), formulated according to the FP approach. One can
show that they are essentially equivalent. For instance, if we use the update rules for
the auxiliary variables γk and βk respectively given by (4.32) and (4.34), we have the
following relationships to the auxiliary variables ak and bk

(1 + γk)βk = (1 +
|hH

k pk|2∑
j ̸=k |hH

k pj |2 + 1
)

pH
k hk∑K

j=1 |hH
k pj |2 + 1

=
pH
k hk∑

j ̸=k |hH
k pj |2 + 1

= bk

(4.45)
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(1 + γk)|βk|2 = (1 +
|hH

k pk|2∑
j ̸=k |hH

k pj |2 + 1
)

|hH
k pk|2

(
∑K

j=1 |hH
k pj |2 + 1)2

= ak.

(4.46)

4.4 Rescaling Approach

We have shown that the presented methods for precoder design are equivalent, and
the most computationally demanding step consists of solving the QCQP to obtain the
precoding matrix.

To this end, recall that we need to solve the following optimization problem for the
precoding matrix P

max
P

K∑
k=1

2ℜ{bktHk pk} − ak

( K∑
j=1

pH
j Tkpj + 1

)
s.t. ∥P ∥2F ≤ Pdl (4.47)

where we introduced the generic vector tk ∈ CM and the non-negative definite matrix
Tk.

One approach to solve (4.47) is the Lagrangian multiplier method [21], where
the solution of the precoder pk is inferred from the first optimality condition of the
Lagrangian function and is given by

pk(λ) =

 K∑
j=1

ajTj + λIM

−1

b∗ktk. (4.48)

Here, λ denotes the Lagrangian multiplier associated with the power constraint in
(4.47) and can be obtained according to

min
{
λ ≥ 0 : ∥P (λ)∥2F ≤ Pdl

}
. (4.49)

Solving (4.49) requires a line search, e.g., via bisection [57], and can be computationally
expensive since matrix inversion has to be performed in every search step.

Inspired by the scaling idea in [43] and its application to the IWMMSE framework
[25], we propose the following general approach to recast (4.47) as an unconstrained
optimization problem, where the solution is given in closed-form.

To this end, we first introduce a common scaling of the auxiliary variables ak and
bk and define the scaled variables a′k and b′k in the following manner

a′k = α−2ak, b′k = α−1bk (4.50)
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with some scaling factor α > 0.
The optimization problem (4.47) can now be rewritten as

max
P

K∑
k=1

2α−1ℜ{bktHk pk}−α−2ak

( K∑
j=1

pH
j Tkpj+1

)
s.t. ∥P ∥2F ≤ Pdl. (4.51)

The solution for the precoder pk can be expressed as a function of the scaling factor α
by considering the stationarity condition

pk(α) =

 K∑
j=1

ajTj + δIM

−1

αb∗ktk (4.52)

with δ = λα2, where λ denotes again the Lagrangian multiplier associated with the
power constraint.

Now, the scaling factor can be inferred from the equality of the power constraint [25]

α(δ) =

√
Pdl∑K

j=1 |bj |2tHj X(δ)−2tj
(4.53)

with X(δ) =
∑K

j=1 ajTj + δIM .
This choice of α ensures that the obtained precoder solution in (4.52) fulfills the power
constraint, and the optimization problem (4.51) can thus be recast as the following
unconstrained optimization problem w.r.t. δ by inserting (4.52) and (4.53) into (4.51)

max
δ

K∑
k=1

2ℜ{|bk|2tHk X(δ)−1tk}

−
K∑
k=1

ak

( K∑
j=1

|bj |2tHj X(δ)−1TkX(δ)−1tj +
1

Pdl

K∑
j=1

|bj |2tHj X(δ)−2tj

)
.

(4.54)
To solve (4.54), we consider the stationarity condition

− 2
K∑
k=1

|bk|2tHk X(δ)−2tk

+ 2

K∑
j=1

|bj |2tHj
(
X(δ)−2 − δX(δ)−3

)
tj + 2

K∑
j=1

|bj |2tHj X(δ)−3tj

(
1

Pdl

K∑
k=1

ak

)
!
= 0

(4.55)
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where we used
∂A(δ)−1

∂δ
= −A(δ)−1∂A(δ)

∂δ
A(δ)−1. (4.56)

This yields the optimal δ

δopt =
1

Pdl

K∑
k=1

ak. (4.57)

The optimal unscaled precoder is, therefore, given by

pk =

 K∑
j=1

ajTj +
( 1

Pdl

K∑
i=1

ai

)
IM

−1

b∗ktk. (4.58)

In a nutshell, once the auxiliary variables ak and bk are computed, these are fixed,
and the precoder is calculated in closed form according to (4.58). After the final
convergence is reached, the precoder solution is scaled with α to satisfy the power
constraint.
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Zero-Forcing Precoding 5
Zero-forcing is a suboptimal yet simple linear precoding approach that was shown to
be asymptotically optimal in the high-SNR regime [58], [59]. However, this behavior
is only guaranteed in case of perfect CSI at the transmitter. In our setup, the base
station has incomplete knowledge about the channel, and therefore, the zero-forcing
asymptotic behavior for imperfect CSI has to be investigated.

In essence, zero-forcing precoding creates orthogonal beams for each user in order
to eliminate inter-user interference. This is achieved by choosing the precoding vector
of each user to be orthogonal to the channel vectors of the remaining users. The goal
here is to maximize the system throughput by serving several users simultaneously in
an interference-free manner. However, an accurate CSI is required at the transmitter in
order to suppress the interference effectively. In this chapter, we show that even with
incomplete CSI, the zero-forcing precoder based on the LS channel estimate achieves
asymptotically full degrees of freedom under certain conditions on the used pilots [44].

5.1 Zero-Forcing for Perfect CSI

By defining the channel matrix as the collection of the users’ channels

H = [h1, . . . ,hK ] (5.1)

the zero-forcing precoding matrix can be expressed as a function of the channel matrix
as follows [12]

P zf(H) = α(HH)† = αH(HHH)−1. (5.2)

In (5.2), we introduced the scaling factor

α2 =
Pdl

tr((HHH)−1)
(5.3)

which normalizes the precoding matrix, such that the power constraint is fulfilled, i.e.,
tr(P zfP zf,H) = Pdl.
Note that the matrix HHH should be full-rank in order for the zero-forcing precoding
matrix in (5.2) to exist. This is, in general, the case for K ≤M .
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If we now collect the received signals of all users (see (3.16)) as follows

r = HHPs+ v (5.4)

with s = [s1, . . . , sK ]T and v = [v1, . . . , vK ]T, and use the zero-forcing precoder, we
obtain an interference-free transmission link, i.e.,

r = αHHH(HHH)−1︸ ︷︷ ︸
IK

s+ v = αs+ v. (5.5)

This is achieved since we constructed the zero-forcing precoder based on the true
channel matrix H .
In the perfect CSI case, the sum rate achieved with zero-forcing precoding asymptoti-
cally approaches the sum rate obtained with the optimal precoding strategy, namely
dirty paper coding for high transmit powers [60].

In the following, we will consider the imperfect CSI case from our setup and
analyze the asymptotic behavior of the zero-forcing precoder computed based on the
channel estimate (see Section 3.2.1) instead of the true channel as in (5.2).

5.2 Zero-Forcing for Imperfect CSI

5.2.1 Two-User Case

To simplify the asymptotic analysis, we first focus on the two-user case, i.e., K = 2.
The results are generalizable for K > 2, and a proof for the case K > 2 with the LS
channel estimate is presented in the next subsection.

We study the asymptotic behavior of the system in the high-power regime, i.e., for
Pdl →∞. To understand the interference behavior, we focus on the combination of
one user’s channel hk with another user’s precoding vector pj , j ̸= k given by hH

k pj .
The received signal at user k for the two-user case reads as (cf. (3.16))

rk = hH
k pksk + hH

k pjsj + vk. (5.6)

We say that the interference is suppressed when hH
k pj = 0 for j ̸= k; otherwise, the

system is interference-limited.
Before we proceed with our analysis, we write the precoding matrix P zf as a
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function of the estimated channel matrix Ĥ = [ĥ1, ĥ2] as follows

P zf(Ĥ) = [p1,p2] = αĤ(ĤHĤ)−1

= β[ĥ1, ĥ2]

[
∥ĥ2∥2 −ĥH

1 ĥ2

−ĥH
2 ĥ1 ∥ĥ1∥2

]
= β

[
ĥ1∥ĥ2∥2 − ĥ2ĥ

H
2 ĥ1 ĥ2∥ĥ1∥2 − ĥ1ĥ

H
1 ĥ2

] (5.7)

where we defined

β = α/det(ĤHĤ) = α/(∥ĥ1∥2∥ĥ2∥2 − |ĥH
1 ĥ2|2) (5.8)

and α2 = Pdl/tr((ĤHĤ)−1) is again a scaling factor used to normalize the precoding
matrix such that the power constraint is satisfied (cf. (5.3)).

5.2.1.1 Asymptotic behavior of zero-forcing based on LS estimate

Recall that the LS channel estimate of the kth user is given by (see (3.7))

hLS
k = Φyk = ΦΦHhk +Φn1,k.

Hence, we can write the LS estimated channel matrix as

ĤLS = ΦY . (5.9)

Here, the matrix Y denotes the collection all users’ channel observations (see (3.2))
and is given by

Y = [y1, . . . ,yK ] = ΦHH +N (5.10)

with N = [n1,1, . . . ,n1,K ].
The zero-forcing precoding matrix based on the LS estimate can be written as

P zf(ĤLS) = αĤLS(ĤLS,HĤLS)−1 = αΦY (Y HY )−1 (5.11)

where we used the orthogonality of the pilot matrix, i.e., ΦHΦ = ITdl .
Note that P zf(ĤLS) exists if Y HY is invertible, which is the case if Tdl ≥ K. Thus,
the following analysis is only valid for the latter case since otherwise, the inverse in
(5.11) is not defined.

First, recall that the downlink training noise is inversely proportional to the
downlink transmit power (see Section 3.2). Hence, the ”asymptotic” LS channel
estimate for user k is given by

ˆ̄hk = ΦΦHhk, for Pdl →∞. (5.12)
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This can be seen by writing the noise vector n1,k in the observation vector yk as

n1,k = σ1,kñk =
1√
Pdl

ñk

with ñk ∼ NC(0, ITdl). For Pdl →∞, the noise term can, therefore, be neglected.
Let us now consider the interference caused by user 1 on user 2 in the asymptotic

limit. To this end, we compute hH
2 p1 for infinite Pdl using the result from (5.7).

As for the channel estimate ĥk, we deploy the asymptotic LS estimate ˆ̄hk in (5.12)
leading to

hH
2 p1 = βhH

2 (
ˆ̄h1∥ ˆ̄h2∥2 − ˆ̄h2

ˆ̄hH
2
ˆ̄h1)

= βhH
2 (ΦΦHh1h

H
2 ΦΦHΦ︸ ︷︷ ︸

ITdl

ΦHh2 −ΦΦHh2h
H
2 ΦΦHΦ︸ ︷︷ ︸

I

ΦHh1)

= β(hH
2 ΦΦHh1h

H
2 ΦΦHh2 − hH

2 ΦΦHh2h
H
2 ΦΦHh1)

= 0.

Similarly, we can prove that hH
1 p2 = 0 for Pdl →∞.

Based on these results, we have shown that zero-forcing precoding based on the LS
estimates leads asymptotically to an interference-free transmission.

5.2.1.2 Asymptotic behavior of zero-forcing based on LMMSE estimate

Now, we study the system’s asymptotic behavior when the LMMSE estimates are
used to compute the zero-forcing precoding matrix. Recall that the LMMSE channel
estimate of user k is given by

ĥLMMSE
k = CkΦ(ΦHCkΦ+ σ2

1,kIM )−1hk.

Note that for Pdl → ∞, σ2
1,k → 0 and thus the LMMSE channel estimate can be

written as

ˆ̄hk = Ck Φ
(
ΦHCkΦ

)−1
ΦH︸ ︷︷ ︸

CΦk

hk = CkCΦkhk. (5.13)
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We again consider the term responsible for the interference gain hH
2 p1 as Pdl →∞

using the channel estimates ˆ̄hk in (5.13) and the precoder expression (5.7)

hH
2 p1 =βhH

2 (
ˆ̄h1∥ ˆ̄h2∥2 − ˆ̄h2

ˆ̄hH
2
ˆ̄h1)

=βhH
2 (C1CΦ1h1h

H
2 CΦ2C2C2CΦ2h2 −C2CΦ2h2h

H
2 CΦ2C2C1CΦ1h1)

=βhH
2 CΦ2C2(C2CΦ2h2h

H
2 − hH

2 C2CΦ2h2IM )C1CΦ1h1

=βhH
2 CΦ2C2

(
C2CΦ2h2h

H
2 − tr(C2CΦ2h2h

H
2 )IM

)
C1CΦ1h1

̸=0.

Obviously, the term hH
2 p1 does not converge to 0 when Pdl →∞. Therefore, there

exists a residual interference when zero-forcing precoding based on LMMSE channel
estimation is used.

5.2.2 Generalization of the Asymptotic Behavior for K > 2

Using the compact formulation of the LS channel estimate in (5.9), we can show for the
general case K > 2, that the zero-forcing precoder based on the LS estimate leads to
an interference-free transmission in the high-power limit. Since the downlink training
noise variance is inversely proportional to the downlink transmit power, the matrix
Y of all channel observations (see (5.10)) converges to ΦHH for Pdl →∞. Thus, it
holds for the zero-forcing precoding matrix when Pdl →∞ that

P zf,asy = αΦΦHH(HHΦΦHH)−1. (5.14)

Now, we consider the effective channel given by the combination of the channel matrix
with the precoding matrix, i.e.,

HHP zf,asy = αHHΦΦHH(HHΦΦHH)−1 = αIK . (5.15)

It is clear from (5.15), that the effective channel asymptotically converges to a scaled
identity, which provides a generalization of the behavior discussed in the previous
subsection for K = 2. For Pdl → ∞, the zero-forcing precoder based on the LS
estimate ensures an interference-free transmission if Tdl ≥ K.

5.3 Numerical Results

In this section, we assess the system performance in terms of the downlink achievable
sum rate when zero-forcing precoding is used. Here, we demonstrate the validity of
the previously derived analytical results. We denote by
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• ZF-genie: the zero-forcing precoder computed based on the true channel. This
serves as a performance benchmark for the other approaches.

• ZF-LS: the zero-forcing precoder computed based on the LS channel estimate.

• ZF-LMMSE: the zero-forcing precoder determined based on LMMSE channel
estimate.

To this end, we evaluate the performance based on channel covariance matrices
obtained by fitting a Gaussian mixture model (GMM) [61] to the downlink observations
of channels generated according to the QUAsi Deterministic RadIo Channel GenerAtor
(QuaDRiGa) [62] of an urban macro-cell non-line of sight scenario. Here, a single
carrier with a carrier frequency of 3.5 GHz is considered. The base station is equipped
with antennas in a uniform linear array (ULA) configuration, is placed at a height of
20m, and covers a 120◦-sector. The distances between the users and the base station
are randomly drawn between 35m and 500m.

For a setup with K users, we select uniformly at random K out of the Nc = 64

GMM components. The channels are then generated based on the K randomly selected
covariance matrices according to (3.1).
For the Monte-Carlo runs, we consider Ncov = 100 users’ constellations (random
covariance matrix selections) with Nch = 100 channel realizations per constellation.
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Fig. 5.1: NMSE of the LS and LMMSE channel estimators (a) and achievable sum rate
of zero-forcing precoder based on true channel, LS and LMMSE channel estimates (b)
for M = 32, K = 5, Tdl = 16 and sub-DFT pilot matrix

We assume a scenario with M = 32 antennas and K = 5 users and a varying
number of pilots. Here, we define the pilot matrix as the first Tdl columns of the
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M ×M discrete Fourier Transform (DFT) matrix, which we refer to as the sub-DFT
matrix.
We first consider the case where Tdl = 16 = M/2. In Fig. 5.1(a), we show the
normalized MSE (NMSE) of the channel given by

NMSE = E

[
∥Ĥ −H∥2F
∥H∥2F

]
(5.16)

where the expectation is evaluated using Monte Carlo runs for the different users’
constellations and their corresponding channel realizations. Clearly, the LMMSE
channel estimate exhibits a better quality in terms of the NMSE over the whole
power range. Interestingly, both estimates have different error floors due to pilot
contamination among the channel coefficients. Furthermore, both estimators show
a saturation of the NMSE in the high-power regime. This is because the systematic
error caused by insufficient pilots does not vanish when the downlink transmit power
is increased.
Although intuitively, one would expect that designing the precoder based on a better
quality channel estimate would lead to a better system throughput, the results in
Fig. 5.1(b) contradict this intuition. Here, we observe that the achievable rate obtained
with zero forcing based on the LMMSE channel estimate saturates due to residual
interference, as shown through our asymptotic analysis. Additionally, the interference-
free behavior of the zero-forcing precoder based on the LS channel estimate is
confirmed, as the rate curve is not saturating and exhibits the same high-SNR slope as
the perfect CSI case.

We now plot the achievable sum rate using different pilot numbers and zero-forcing
precoder based on the LS and LMMSE channel estimates in Fig. 5.2(a) and (b),
respectively. On the one hand, we can observe in Fig. 5.2(a) that the approach based
on LS eliminates the inter-user interference completely in the high-power regime for
Tdl > K. In this case, the rate curves exhibit the same slope as in the full pilot case,
and hence, the full degrees of freedom are achieved, with a degradation in performance
in the form of an offset, as the number of downlink pilots is reduced. Only in the case
Tdl < K, the corresponding rate curve saturates in the high-power region, which is
compliant with our analysis in the previous section.
On the other hand, as soon as the number of downlink pilots falls below the number
of antennas, the rate curves for zero-forcing based on the LMMSE channel estimates
exhibit a saturation at high transmit power values due to the residual interference. It
can be seen in Fig. 5.2(b) that already for Tdl = 31 the high-SNR slope is remarkably
smaller than in the full pilot case (Tdl = 32).
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Fig. 5.2: Achievable sum rate versus Pdl when zero-forcing precoding is applied based
on LS (a) and LMMSE (b) channel estimates for different numbers of pilots (©IEEE
2023)

5.4 Interpretation and Discussion

The asymptotic interference-free behavior of the zero-forcing precoder based on the
LS channel estimate has been shown to hold under the condition Tdl ≥ K. This
implies that the maximal number of users that could be served interference-free in the
high-power regime is upper-bounded by the number of employed pilots.

Having this in mind, we can gain an intuition about the obtained behavior. First,
the LS channel estimate can be seen as a global channel estimator in the sense that for
each user, the corresponding observation is mapped to the channel estimate using the
pilot matrix, which is common for all users.
Recall that in the limit Pdl →∞, the LS channel estimate of user k is given by

ˆ̄hLS
k = ΦΦHhk. (5.17)

This means, the channel estimate ˆ̄hLS is a projection of the true channel hk using the
orthogonal projector ΦΦH, which is common for all users.
Now, the zero-forcing precoder that is based on the LS channel estimate is operating
on the Tdl-dimensional subspace spanned by the columns of the pilot matrix, which
eases the task of interference suppression due to the common subspace in which the
channel estimates of all users reside.

The picture is different when it comes to the LMMSE channel estimate. For
Pdl →∞, recall that the latter converges to

ˆ̄hLMMSE
k = CkΦ(ΦHCkΦ)−1ΦHhk. (5.18)
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The kth user channel is mapped to the channel estimate with a user-specific matrix,
which is beneficial in terms of the estimation quality but impairs the interference
mitigation using zero-forcing precoding due to the different subspaces it has to handle.

Let’s suppose we use a global channel estimator based on the channel covariance
matrices of all users. One possible way is to define the sum covariance matrix

C =
K∑
k=1

Ck (5.19)

and the asymptotic global LMMSE channel estimate for user k is hence given by

ˆ̄h
gl.LMMSE
k = CΦ(ΦHCΦ)−1ΦHhk. (5.20)

As can be seen in Fig. 5.3(a), the considered global channel estimator exhibits a worse
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Fig. 5.3: NMSE of the LS, LMMSE and global LMMSE channel estimators (a) and
average achievable sum rate of zero-forcing precoder based on the different channel
estimates (b) for M = 32, K = 5, Tdl = 16 and sub-DFT pilot matrix

estimation quality compared to the conventional LMMSE estimator, but the error floor
is different from LS as well. Although it shows a remarkable performance gain in
terms of the achievable rate when zero-forcing is applied (see Fig.5.3(b)), saturation is
still present in the high-power regime, and an interference-free behavior is not attained.

One further step is to adapt the pilot matrix to match the structure of the underlying
channels. This could be achieved by defining the columns of Φ as the Tdl eigenvectors
corresponding to the dominant eigenvalues of C (referred to by ”Dom-EVs”).
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Fig. 5.4: NMSE of the LS, LMMSE, and global LMMSE channel estimators (a) and
achievable sum rate of zero-forcing precoder based on the different channel estimates
(b) for M = 32, K = 5, Tdl = 16 and ”Dom-EVs” pilot matrix

One can easily see in Fig. 5.4 that the global LMMSE estimator now converges
to the performance of the LS estimator not only in terms of the NMSE but also
in terms of the achievable rate. Here, the asymptotic interference-free behavior is
achieved by tuning the pilot matrix depending on the channel covariance matrices,
which demonstrates how crucial pilot design can be for the system. The latter will be
further discussed in Chapter 8.

Now, the question that has to be raised is, what if the asymptotic interference-free
condition, i.e., Tdl ≥ K, is not satisfied? We have seen that the zero-forcing precoder
based on LS suffers from residual interference, and alternative precoding strategies
have thus to be investigated.
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Statistical Precoding 6
In the case of highly limited pilot resources, even the zero-forcing precoder based on
LS is unable to handle the inter-user interference (see Chapter 5). In this chapter, we
leverage the channel second-order statistics for transmit strategy design and establish
a statistical precoding approach that can outperform the zero-forcing method. The
proposed precoder exhibits a structure similar to the standard matched filter, allowing
for a closed-form expression of the achievable spectral efficiency. As opposed to the
conventional matched filter, the proposed precoder additionally exploits the channel
structure captured by the covariance matrices. Consequently, the whole precoder
optimization and the related computational complexity are pushed to the less frequent
covariance variation [18], [45].

Despite the performance gains, the statistical precoder still exhibits a saturation
of the achievable rate in the high-SNR region. We, therefore, propose to boost the
performance by implementing one-layer RS in the system. Such an MA scheme
allows for partial decoding of the interference, hence enhancing the system’s degrees
of freedom at high transmit powers [46]. Inspired by the works [63] and [64], we
additionally develop a low-complexity precoding method for the RS setup.

6.1 Statistical Precoding

We propose a statistical precoder having the following form [45]

pk = Akyk (6.1)

where yk is the observation vector received at the base station via feedback in the
uplink (see (3.2)). The Ak ∈ CM×Tdl is a deterministic transformation matrix that
depends on the channel statistics and the pilot matrix.
We also refer to the precoder in (6.1) as the bilinear precoder [18] since the received
signal from (3.16) can be written as follows

rk = hH
k Akyksk +

∑
j ̸=k

hH
k Ajyjsj + vk. (6.2)
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Clearly, rk is not only linear in the data symbol sk (as is commonly the case) but also
in the observation vector yk and hence the bilinear terminology.

We shall note that the statistical precoder can alternatively be computed as

pk = Ãkĥk (6.3)

where ĥk denotes the channel estimate (see Section 3.2.1) and Ãk ∈ CM×M . In this
case, the statistical precoder can be seen as a generalization of the standard matched
filter with a statistical pre-filter Ãk.
Since the deterministic matrices are our design variables, adopting the precoder
structure in (6.3) would lead to M2 optimization variables compared to MTdl if we
use the precoder given by (6.1). Hence, to reduce the computational complexity, we
will use the precoder given by (6.1) due to the assumption Tdl < M . Note that in
this case, the intermediate step of explicitly computing the channel estimate can be
circumvented, and the observation vector is directly mapped into the precoding vector
using the statistical matrix Ak.

6.1.1 Problem Formulation

The transformation matrices Ak have to be optimized so that the spectral efficiency is
maximized. Due to the special structure of the proposed statistical precoder, (3.27)
is well-suited as a figure-of-merit since all the expectation terms can be computed in
closed form.

Using (3.27), the effective achievable rate of user k is evaluated as

Rk = log2

(
1 +

|tr(AkΦ
HCk)|2∑K

j=1 tr(AjCyjA
H
j Ck) + 1

)
(6.4)

where Cyj denotes the covariance matrix of yj (see (3.3)).
With the vectorized transformation ak = vec(Ak), we can rewrite the effective
achievable rate (6.4) as follows

Rk = log2

(
1 +

|qHk ak|2∑K
j=1 a

H
j Qj,ka

H
j + 1

)
(6.5)

where we introduced the following variables

qk = (ΦT ⊗ IM )ck, ck = vec(Ck), (6.6)
Qj,k = CT

yj
⊗Ck. (6.7)
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The detailed derivations of (6.4) and (6.5) are provided in Appendix A.2.
Due to the ergodic nature of transmission (the data symbols transmission spanning

a long sequence of channel instances), we can formulate a long-term power constraint
as follows

E[
K∑
j=1

∥pj∥2] ≤ Pdl. (6.8)

Note that the expectation here is taken w.r.t. the channels.
Given the statistical precoder in (6.1), the expectation in (6.8) can be expressed as a
function of the vectorized transformation matrices as follows (see Appendix A.2 for
the derivation)

E[
K∑
j=1

∥pj∥2] =
K∑
j=1

aH
j Fjaj = aHFa ≤ Pdl (6.9)

where the optimization variable a = [aT
1 , . . . ,a

T
K ]T contains the vectorized transfor-

mation matrices of all users and we additionally defined

Fj = CT
yj
⊗ IM , (6.10)

F = blkdiag(F1, . . . ,FK). (6.11)

Now, the maximization of the effective downlink sum rate under the average power
constraint can be formulated as the following optimization problem

max
a

K∑
k=1

log2

(
1 +

|qHk ak|2∑K
j=1 a

H
j Qj,ka

H
j + 1

)
s.t. aHFa ≤ Pdl. (6.12)

Note that the SINR of user k depends not only on the transformation vector ak but also
on the transformation vectors aj of all other users j ̸= k. This results in a coupling of
the individual users’ rates, which makes the optimization problem (6.12) non-convex
and hence intractable.

6.1.2 Solution Approaches

In the following, we will present two approaches to solve (6.12) for the transformation
vectora. The first method uses the Lagrangian dual transform and FP to reformulate the
underlying optimization problem and solve it in three alternating steps (see Section 4.1).
The second approach is based on the uplink-downlink SINR duality [65]. To this end,
an appropriate dual uplink system is constructed whereby hidden convexity properties
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of (6.12) can be unveiled. The dual transformation vectors can be found in closed
form in the uplink setup, and the optimization problem in the dual uplink boils down
to a power allocation problem. Due to the uplink-downlink duality, the downlink
transformation vectors can be easily inferred from the dual uplink solution via a linear
relationship.

6.1.2.1 Statistical Precoding via Fractional Programming

The Lagrangian dual transform and FP approach reviewed in Section 4.1 will be used
to solve (6.12). Our optimization variable is a, and the numerator and denominator of
the user’s k SINR are respectively given by

Nk(a) = |Sk(a)|2 = |qHk ak|2, (6.13)

Dk(a) =
K∑
j=1

aH
j Qj,kaj + 1. (6.14)

For fixed a, the auxiliary variables γk and βk are respectively updated according to
(cf. (4.7) and (4.13))

γk =
Nk(a)

Dk(a)
, (6.15)

βk =
Sk(a)

∗

Nk(a) +Dk(a)
. (6.16)

We now need to solve the optimization problem w.r.t. a for fixed γ and β (cf. (4.14))

max
a

K∑
k=1

(1 + γk)
(
2ℜ{βkqHk ak} − |βk|2(|zH

k ak|2 +
K∑
j=1

aH
j Qj,kaj + 1)

)
s.t. aHFa ≤ Pdl.

(6.17)

Due to the convexity of (6.17), the Karush-Kuhn-Tucker (KTT) conditions are not
only necessary but also sufficient for optimality.
By introducing the Lagrangian multiplier λ associated with the power constraint in
(6.17), we obtain the following expression for ak from the first optimality condition

ak(λ) = β∗
k(1 + γk)

(
|βk|2qkqHk +

K∑
i=1

|βi|2(1 + γi)Qk,i + λFk

)−1
zk. (6.18)

The solution for ak stated in (6.18) is given in a quasi-closed form since the optimal
Lagrangian multiplier λ still needs to be found via line search such that the power
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constraint is fulfilled, i.e.,

λ⋆ = min{λ ≥ 0 : a(λ)HFa(λ) ≤ Pdl}. (6.19)

The one-dimensional search (e.g., via bisection [57]) requires the computation of the
inverse of an M × Tdl matrix in each iteration. It can thus be costly, especially in a
setup with a massive number of base station antennas, i.e., M ≫ 1.
The line search can be circumvented by applying the rescaling approach discussed in
Section 4.4. The constrained optimization problem in (6.17) is thereby transformed into
an equivalent unconstrained one by including the power constraint into the objective
function itself as follows

max
a

K∑
k=1

(1 + γk)
(
2ℜ{βkqHk ak} − |βk|2(|qHk ak|2

+
K∑
j=1

aH
j Qj,kaj +

1

Pdl

K∑
j=1

aH
j Fjaj)

)
.

(6.20)

Hence, a closed-form expression for the unconstrained transformation vector aunconst
k

can be found by considering the first-order optimality condition of (6.20)

aunconst
k = β∗

k(1+γk)
(
|βk|2qkqHk +

K∑
i=1

|βi|2(1+γi)(Qk,i+
1

Pdl
Fk)
)−1

zk. (6.21)

The solution obtained in (6.21) needs to be rescaled after convergence so that the
power constraint is satisfied with equality, where the scaling factor α is given by

α2 =
Pdl

aunconst,HFaunconst (6.22)

and the final solution for the transformation vector reads as

a⋆
k = αaunconst

k . (6.23)

The alternating steps to solve the optimization problem in (6.12) using fractional
programming are summarized in Algorithm 1.
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Algorithm 1 Statistical Precoding Algorithm via FP

1: Initialize a with a feasible solution, such that aHFa = Pdl
2: while No convergence is reached do
3: Compute γk according to (6.15)
4: Update βk using following (6.16)
5: Compute the transformation vector aunconst

k according to (6.21)
6: end while
7: Scale aunconst

k to obtain the feasible final solution a⋆
k (see (6.23))

6.1.2.2 Statistical Precoding via Uplink-Downlink SINR Duality

An alternative way to solve (6.12) is to leverage the uplink-downlink SINR duality
[65], [66], whereby an appropriate dual uplink system is constructed. To this end, the
channels in the dual uplink are the same as in the downlink. The uplink-downlink
duality is established by assuming that an equalizer gk is applied to the received vector
at the base station to retrieve an estimate of the kth user signal.
Similar to the precoder, the receive filter or equalizer gk has the following form

gk = Tkyk (6.24)

where Tk denotes the dual transformation matrix to be optimized and yk is the channel
observation of user k (see (3.2)).

The received vector at the base station in such an uplink system is given by

rdual =
K∑
j=1

√
µjhjsj + vdual (6.25)

where µj ≥ 0 is the power of the jth user and vdual ∼ NC(0, IM ) denotes the additive
white Gaussian noise at the receive antennas.

The data signal estimate ŝk of user k is obtained by applying the equalizer gk to
the received vector rdual

ŝk = gH
k r

dual =

K∑
j=1

√
µjg

H
k hjsj + gH

k v
dual. (6.26)

Similar to the bound on the downlink effective SINR in (3.27), we can formulate the
effective dual uplink SINR as follows [18]

SINRdual
k =

µk|E[gH
k hk]|2∑K

j=1 µjE[|gH
k hj |2]− µk|E[gH

k hk]|2 + E[∥gk∥2]
. (6.27)
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Due to the structure of the equalizer gk in (6.24), all the expectation terms in (6.27)
can be computed in closed form, and the effective dual uplink SINR thus reads as

SINRdual
k =

µk|qHk tk|2∑K
j=1 µjtHk Qk,jtk + tHk Fktk

(6.28)

where tk = vec(Tk) denotes the vectorized transformation matrix of user k.
We will now show that there exists a one-to-one relationship between the effective

downlink and uplink SINRs. To this end, we state the following theorem

Theorem 1. For the downlink SINR of some generic user k in the form

SINRk =
aH
k qkq

H
k ak∑

j a
H
j Qj,kaj + 1

(6.29)

and the corresponding dual uplink SINR

SINRdual
k =

µkt
H
k qkq

H
k tk∑

j µjtHk Qk,jtk + tHk Fktk
(6.30)

with positive semi-definite matrix Qk,j and positive definite matrix Fk the following
holds

For any uplink transformation vector tk and uplink powers µk such that
∑

k µk =

Pdl, we can find ak such that
∑

k a
H
k Fkak = Pdl and SINRk = SINRdual

k for all k.
Conversely, for any downlink transformation vector ak with

∑
k a

H
k Fkak = Pdl, we

can find tk and µk such that
∑

k µk = Pdl and SINRk = SINRdual
k for all k.

Proof. The proof is analogous to the one presented in [65] and is provided in
Appendix A.4.

Note that the effective dual uplink SINR of user k only depends on that user’s
transformation vector tk and is also independent of a scaling of tk. Hence, a
closed-form solution for tk can be obtained for fixed uplink powers µk

t⋆k =
( K∑

j=1

µjQk,j + Fk

)−1
qk = X−1

k qk (6.31)

where we introduced the matrix

Xk =
K∑
j=1

µjQk,j + Fk. (6.32)
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Inserting the solution stated in (6.31) into the dual uplink SINR expression (6.28)
yields

SINRdual,⋆
k = µkq

H
k X

−1
k qk = µkdk (6.33)

where we defined the coefficient dk = qHk X
−1
k qk.

Now, what remains is to optimize the uplink powers such that the effective dual
sum rate is maximized, i.e.,

max
µ1,...,µK

Rdual,⋆
sum = max

µ1,...,µK

K∑
k=1

log2(1 + µkdk) s.t.
K∑
k=1

µk ≤ Pdl. (6.34)

We have to emphasize that the coefficient dk depends on the uplink powers µk, k =

1, . . . ,K, and therefore, an iterative approach has to be employed to find the optimal
uplink powers.

To this end, we employ an iterative local optimum search inspired by the work [67].
The idea is to quickly converge to a locally optimal power allocation starting from an
initial value of the powers.

First, we consider the first optimality condition of (6.34) by computing the
derivative of Rdual,⋆

sum w.r.t. the power of an individual user k

∂Rdual,⋆
sum

∂µk
=

1

log 2

(
dk

1 + µkdk
−

K∑
i=1

µiei,k
1 + µidi

)
(6.35)

where we introduced the scalar ei,k given by

ei,k = qHi X
−1
i Qi,kX

−1
i qi. (6.36)

Now, we construct an equivalent interference-free channel D̃ ∈ CK×K , whose sum
rate can be written as

Req
sum =

K∑
k=1

log2(1 + µkd̃k) (6.37)

where d̃k denotes the kth diagonal element of D̃. The derivative of Req
sum w.r.t. µk is

given by
∂R

eq
sum

∂µk
=

1

log 2

d̃k

1 + µkd̃k
. (6.38)

The optimum power allocation for the constructed channel is the well-known waterfilling
solution over the channel gains d̃k [68].
By enforcing the derivatives in (6.35) and (6.38) to be the same, we ensure that the
KKT conditions of both problems are fulfilled because the same constraint holds and
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the derivatives are identical. Since equating the derivatives might not always result in
a non-negative value of the d̃k, we set d̃k to 0 whenever this occurs.

The overall approach to finding the downlink transformation vectors ak using
the uplink-downlink SINR duality is summarized in Algorithm 2. Once the power
allocation problem is solved, the dual transformation vectors can be computed according
to (6.31) and finally ak is inferred from tk based on the duality transform as described
in A.4. Here, Niter denotes the maximum number of iterations, and δ ∈ [0, 1] is a

Algorithm 2 Statistical Precoding Algorithm via UL-DL Duality

1: Initialize µ = [µ1, . . . , µK ]T

2: for n = 1 to Niter do
3: for k = 1 to K do
4: Xk ←

∑
j µjQk,j +

1
Pdl

Fk

5: dk ← qHk X
−1
k qk

6: end for
7: for k = 1 to K do
8: ℓk ←

(
dk

1+µkdk
−
∑K

i=1
µiei,k
1+µidi

)−1
− µk

9: if ℓk < 0 then
10: ℓk ←∞
11: end if
12: end for
13: Compute µtmp via waterfilling over the K channels with noise variances

ℓ1, . . . , ℓK
14: µ← δµ+ (1− δ)µtmp

15: end for
16: Determine the transformation vectors tk according to (6.31)
17: Find ak based on tk according to the linear transform in (A.35)

smoothing factor used to eliminate oscillations of the algorithm [67].

6.1.3 Numerical Results

In this section, we evaluate the performance of the statistical precoder obtained using
the solution approaches presented in Section 6.1.2 and compare it to the standard
matched filter (MF) and zero-forcing (ZF) precoder, where the latter two are based
on the LS channel estimate (3.7) and normalized to satisfy the power constraint. We
denote by
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• Stat-FP: the statistical precoder computed according to the FP method from
Section 6.1.2.1.

• Stat-UL-DL: the statistical precoder determined based on the uplink-downlink
SINR duality approach in Section 6.1.2.2.

We assume a setup with M = 32, K = 8, and a varying number of orthogonal
Gaussian pilots, which are generated at random for every covariance constellation. We
additionally focus on the highly limited channel knowledge case with Tdl < K since
this is where the zero-forcing precoder, also based on the LS channel estimate, shows
a poor performance. The results of the average achievable sum rate in bits per channel
use (bpcu) are computed according to the ergodic spectral efficiency expression in
(3.20). The expectation is evaluated using Monte Carlo simulations for Ncov = 100

covariance constellations and Nch = 100 channel realizations per constellation. The
covariance matrices and corresponding channels are generated in the same manner as
discussed in Section 5.3.
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Fig. 6.1: CDF plots of the run time of the two statistical approaches at Pdl = 40 dB
for M = 32, K = 8, and different Tdl values.

In Fig. 6.1, we show the cumulative distribution functions (CDFs) of the run
times (in seconds) of the two statistical approaches evaluated for the Ncov = 100

constellations at a transmit power of Pdl = 40 dB for two different pilot numbers
Tdl = 4 (Fig. 6.1(a)) and Tdl = 2 (Fig. 6.1(b)). It can be easily seen that in
both cases, the Stat-UL-DL approach based on the uplink-downlink SINR duality
shows a much lower run time than the Stat-FP method. This is because the precoder
optimization problem in the former is reduced to a power allocation problem. The more
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Fig. 6.2: Achievable sum rate versus Pdl for M = 32, K = 8 and different Tdl values.

time-consuming approach based on FP exhibits a slight advantage in the achievable
throughput, especially in the high-power region, as seen in Fig. 6.2(b). Furthermore,
the two statistical approaches outperform the conventional zero-forcing and matched
filter precoders, and the gap becomes more significant for Tdl = 2. Despite this
performance gain, the statistical precoders exhibit, however, a saturation of the sum
rate in the high-power region because the system is interference-limited, and no
interference management takes place. Hence, in order to boost performance, especially
in this regime, we make use of RS, which is known to enhance the system’s degrees of
freedom [46].

6.2 Statistical Precoding with Rate Splitting

For the sake of simplicity, we assume that one-layer RS is implemented, i.e., only one
layer of common messages for the K users is used as discussed in Section 3.3.2

Our aim is to design the common precoder pc and the private precoders pp,k, k =

1, . . . ,K following the bilinear structure from Section 6.1, i.e.,

pc = Acy, (6.39)
pp,k = Ap,kyk. (6.40)

In (6.39), we introduced the vector y of all users’ channel observations

y = [yT
1 ,y

T
2 , . . . ,y

T
K ]T (6.41)

where the yk are defined in (3.2).
The Ac and Ap,k in (6.39) and (6.40), respectively, are the deterministic transformation
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matrices which depend solely on the second-order channel statistics and the pilot
matrix Φ. These matrices are, again, our design variables.
The structure of the common precoder in (6.39) implies that the latter has to be
designed as the superposition of ”individual precoders”, i.e.,

pc =
K∑
k=1

Ac,kyk (6.42)

with Ac = [Ac,1,Ac,2, . . . ,Ac,K ]. This choice is motivated by the multicast setup
discussion in [69].

Recall that the transmit vector x must satisfy the average transmit power constraint

E[∥x∥2] = ∥pc∥2 +
K∑
i=1

∥pp,i∥2 ≤ Pdl. (6.43)

As we aim at optimizing the precoders based on the channel second-order statistics,
we again consider the long-term power constraint by taking the expectation w.r.t. the
channels over the expressions in (6.43). Inserting the expressions of the precoders
(6.39) and (6.40) into the relaxed power constraint yields

E[∥pc∥2] +
K∑
i=1

E[∥pp,i∥2] = tr
(
AcCyA

H
c
)
+

K∑
i=1

tr
(
Ap,iCyiA

H
p,i
)
≤ Pdl (6.44)

where we introduced Cy, the covariance matrix of y given by

Cy = blkdiag (Cy1 ,Cy2 , . . . ,CyK ) (6.45)

and Cyk
is defined as the covariance matrix of yk (see (3.3)). The block-diagonal

structure of Cy follows from the independence of the users’ channel observations.
We now introduce the vectorized common and private transformation vectors

ac = vec(Ac), ap,i = vec(Ap,i) (6.46)

and ap = [aT
p,1, . . . ,a

T
p,K ]T containing the vectorized forms of the transformation

matrices Ap,1, . . . ,Ap,K of the private precoders.
The power constraint can be hence formulated as follows

aH
c Fac +

K∑
i=1

aH
p,iFiap,i = aH

c Fac + aH
p Fap ≤ Pdl. (6.47)

where we applied the identities in (A.15) and (A.16) and used the matrices Fi and the
matrix F defined in (6.10) and (6.11), respectively.
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6.2.1 Problem Formulation

To optimize the transformation matrices Ac and Ap,k, we again reside to the spectral
efficiency expression in (3.27), since it yields a closed form expression when using the
statistical precoding approach.

Considering the RS setup, we deal with two kinds of messages: common and
private. We, therefore, differentiate between the common rate Rc,k and the private
rate Rp,k for each user k.

Recall that the received signal for the common message at user k is given by (see
(3.31))

rc,k = hH
k pcsc +

K∑
i=1

hH
k pp,isp,i + vk. (6.48)

We here assume that user k knows the effective channel coefficient hH
k pc perfectly

and is, therefore, able to perform perfect SIC. Hence, after decoding the common
message, the latter can be entirely subtracted from the received signal. We thus obtain
the received signal for the private message at user k as follows (see (3.32))

rp,k = hH
k pp,ksp,k +

∑
i ̸=k

hH
k pp,isp,i + vk. (6.49)

We shall emphasize that the assumptions on the channel knowledge at the transmitter
(the base station) and the users are different. While the effective channel coefficients
hH
k pc and hH

k pp,i are assumed to be perfectly known at the users, the base station
only knows their statistics in the form of their respective means, i.e., E[hH

k pc] and
E[hH

k pp,i].
Under such assumptions, we can employ the spectral efficiency expression given

in (3.27) to write the effective common and private SINRs of user k as follows

SINRc,k =
|E[hH

k pc]|2

E[|hH
k pc|2]− |E[hH

k pc]|2 +
∑K

i=1 E[|hH
k pp,i|2] + 1

,

SINRp,k =
|E[hH

k pp,k]|2∑K
i=1 E[|hH

k pp,i|2]− |E[hH
k pp,k]|2 + 1

.

(6.50)

After inserting the expressions for the statistical precoders (see (6.39) and (6.40)) into
(6.50), we obtain the following common and private SINRs of user k

SINRc,k =
|zH

k ac|2

aH
c Qkac + |qHk ap,k|2 +

∑K
i=1 a

H
p,iQi,kap,i + 1

, (6.51)

SINRp,k =
|qHk ap,k|2∑K

i=1 a
H
p,iQi,kap,i + 1

. (6.52)
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The variables zk, qk, Qk and Qi,k are respectively defined in (A.29), (A.17), (A.33),
and (A.18).
The derivation of the common SINR expression is provided in Appendix A.3, whereas
the private SINR is obtained in the same manner as explained in Appendix A.2 for the
non-RS setup.

Now that we derived the SINR expressions and the power constraint, we can
formulate the downlink sum rate maximization problem as follows

max
Rc,ac,ap

Rc +
K∑
k=1

Rp,k s.t. Rc ≤ Rc,k, ∀k

aH
c Fac + aH

p Fap ≤ Pdl

(6.53)

where the common and private rates are respectively given by

Rc,k = log2(1 + SINRc,k), Rp,k = log2(1 + SINRp,k). (6.54)

The first constraint in (6.53) ensures that the common rate is not larger than the
minimum common rate of all users, which allows the common message to be decoded
by all users.

The optimization problem in (6.53) is non-convex and hence intractable. In the
following, we will present different approaches to tackle this problem.

6.2.2 Statistical Rate Splitting Precoding Approach via Joint Optimization

One possible way to solve (6.53) is to apply the Lagrangian dual transform from
Section 4.1 twice and jointly optimize the common and private transformation vectors.
To this end, we define the following numerators and denominators

Nc,k = |Sc,k|2 = |zH
k ac|2,

Dc,k = aH
c Qkac + |qHk ap,k|2 +

K∑
i=1

aH
p,iQi,kap,i + 1,

Np,k = |Sp,k|2 = |qHk ap,k|2,

Dc,k =
K∑
i=1

aH
p,iQi,kap,i + 1.

As discussed in Section 4.1, we need to introduce the following sets of auxiliary
variables

γc = [γc,1, . . . , γc,K ]T, γp = [γp,1, . . . , γp,K ]T,

βc = [βc,1, . . . , βc,K ]T, βp = [βp,1, . . . , βp,K ]T.
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The first two sets γc and γp are used to externalize the optimization variables from the
logarithm function, whileβc andβp serve to decouple the numerators and denominators
of the multiple ratios.

The transformed optimization problem is hence formulated as follows (cf. (4.10)
and (4.11))

max
ac,ap,
γc,γp,
βc,βp

min
k

log2(1 + γc,k)− γc,k + (1 + γc,k)
(
2ℜ{βc,kSc,k} − |βc,k|2(Nc,k +Dc,k)

)

+

K∑
i=1

log2(1 + γp,i)− γp,i + (1 + γp,i)
(
2ℜ{βp,iSp,i} − |βp,i|2(Np,i +Dp,i)

)
s.t. aH

c Fac + aH
p Fap ≤ Pdl.

(6.55)
For fixed ac and ap, the optimal auxiliary variables are given by

γ
opt
c,k =

Nc,k

Dc,k
, γ

opt
p,k =

Np,k

Dp,k
,

β
opt
c,k =

S∗
c,k

Nc,k +Dc,k
, β

opt
p,k =

S∗
p,k

Np,k +Dp,k
.

Then, once these auxiliary variables are fixed, the optimization problem (6.55) is
convex in the transformation vectors ac and ap and can be thus solved using standard
convex solvers such as CVX [70]. Due to the high number of variables to be jointly
optimized, this solution approach is not computationally efficient, and alternative ways
to tackle (6.53) will be proposed in the sequel.

6.2.3 Statistical Rate Splitting Precoding via Three-Step Optimization

To reduce the computational cost, we propose a solution approach similar to [71],
which mainly consists of decomposing (6.53) into three parts, where each subproblem
can be solved efficiently [46].

To this end, we introduce αc as the power fraction allocated to the common
stream transmission. Hence, the power constraint in (6.47) can be reformulated as the
combination of the following two constraints

aH
c Fac ≤ αcPdl,

aH
p Fap ≤ (1− αc)Pdl.

(6.56)
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(I) First, assuming a fixed power fraction αc, we formulate the private rate opti-
mization problem

max
ap

K∑
k=1

Rp,k s.t. aH
p Fap ≤ (1− αc)Pdl (6.57)

where we implicitly assume that the private precoder optimization does not
affect the common rate. This is, in general, not the case since the common SINR
depends on the private precoders as well. However, this assumption makes the
optimization problem (6.53) more tractable by decoupling the private and the
common rate optimization.

(II) Then, for fixed private precoders and for a given power fraction αc, we recast the
common precoder optimization problem as a max-min beamforming problem

max
ac

min
k

Rc,k s.t. aH
c Fac ≤ αcPdl. (6.58)

Since the rate expression Rc,k is monotonically increasing in SINRc,k, we can
reformulate (6.58) as a max-min problem of the common SINR, that is,

max
ac

min
k

SINRc,k s.t. aH
c Fac ≤ αcPdl. (6.59)

(III) Finally, the optimization over the power fraction αc allocated to the common
stream transmission has to be performed. Finding an optimal power fraction
would require joint optimization over the precoders so that the overall sum rate
is maximized. To circumvent the complexity of such an approach, we opt for a
line search method that returns the scalar αc, which maximizes the overall rate.

6.2.3.1 Private Precoder Optimization

The private precoder optimization boils down to the sum rate maximization problem
considered in Section 6.1.1, and we again make use of the FP framework presented in
Section 4.1 to solve the underlying problem.

Note that (6.57) has exactly the same form as (6.12), where a, SINRk and Pdl
are respectively replaced by ap, SINRp,k and (1 − αc)Pdl. Therefore, the solution
approach to the private precoder optimization problem (6.57) follows the same three
steps described in Section 6.1.2.1 and is summarized in Algorithm 3.
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Algorithm 3 Private Precoder Optimization Algorithm
1: Initialize ap with a feasible solution
2: while No convergence is reached do
3: Compute γk according to (6.15)
4: Find βk based on (6.16)
5: Update the transformation vectors ap,k according to (6.21)
6: end while
7: Scale the transformation vector ap to satisfy the power constraint (see (6.23))

6.2.3.2 Common Precoder Optimization

To solve the common precoder optimization in (6.59), we again exploit the quadratic
transform [27] presented in Section 6.1.2.1 to reformulate the optimization problem
by introducing a set of auxiliary variables.
The transformed optimization problem is then tackled using two approaches: One
is based on an interior-point solver, e.g., CVX [70]. The other approach is an
iterative algorithm inspired by [69]. It consists of iteratively updating the common
transformation vector while ensuring that the minimum common SINR does not
decrease after each update, which gives rise to the name ”Common SINR increasing
algorithm”.

First, we introduce a slack variable t such that the minimization w.r.t. the user index
is recast as a constraint and where the resulting optimization problem is equivalent to
the original max-min problem. We hence obtain the following optimization problem

max
ac,t

t s.t. aH
c Fac ≤ αcPdl

SINRc,k ≥ t,∀k.
(6.60)

To decouple the numerator and the denominator of the common SINR, we apply
the quadratic transform and introduce an auxiliary variable ηk for each of the K

common SINRs. This yields the following optimization problem equivalent to (6.60)

max
ac,t,η

t s.t. aH
c Fac ≤ αcPdl

2ℜ{η∗kzH
k ac} − |ηk|2(aH

c Qkac + σ2
k) ≥ t,∀k

(6.61)

where η = [η1, . . . , ηK ]T denotes the collection of the K auxiliary variables.
We additionally defined σ2

k = |qHk ap,k|2 +
∑K

i=1 a
H
p,iQi,kap,i + 1, which obviously

does not depend on the common transformation vector ac.
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For fixed ac, the optimal auxiliary variables ηopt
k can be determined by setting the

derivative of the left-hand side of the SINR constraint in (6.61) to zero, which yields
the following result

η
opt
k =

zH
k ac

aH
c Qkac + σ2

k

. (6.62)

Plugging this expression into (6.61) leads to the same optimization problem in (6.60).
If we fix the auxiliary variables ηk, we end up with the following optimization

problem

max
ac,t

t s.t. aH
c Fac ≤ αcPdl

2ℜ{η∗kzH
k ac} − |ηk|2(aH

c Qkac + σ2
k) ≥ t,∀k

(6.63)

which is a QCQP and can be solved via CVX [70]. Alternatively, we propose an
iterative approach inspired by [69] that aims to increase the common SINR in each of
its iterations.
Consider again the optimization problem in (6.61) where the auxiliary variables ηk
are kept constant. If we denote by ℓ(n) the user with the least common SINR after
iteration n, the update rule for the common transformation vector ac at iteration n+ 1

is given by
a
(n+1)
c = (1− u)a

(n)
c + vQ

− 1
2

ℓ(n)a
(n),⊥
c (6.64)

where u ∈ [0, 1] denotes the step size and hence controls how much from the previous
update is included in the current update, and Qk is defined in (A.33). The length of
the step size is adapted during the algorithm to speed up the convergence.
The second term in (6.64) involves different variables. v is a complex scalar that we
have to tune together with the vector a(n),⊥

c for the update in (6.64) to ensure that the
minimum common SINR at least does not decrease in step n+ 1 compared to step n

and that the power constraint is satisfied. Applying Q
− 1

2

ℓ(n) (the inverse of the square

root matrix of Qℓ(n) = Q
1
2
,H

ℓ(n)Q
1
2

ℓ(n)) to a
(n),⊥
c simplifies the tuning of the parameters

v and a
(n),⊥
c as it is presented in Appendix A.5.

Together with the conditions implied by the power constraint, the parameters v and
a
(n),⊥
c are given by (see Appendix A.5 for the derivation)

v =
√
αcPdl(2u− u2)e

−j∠
(
t
(n),H
c a

(n),⊥
c

)
, (6.65)

a
(n),⊥,′
c = T (n)t

(n)
c , (6.66)

a
(n),⊥
c =

a
(n),⊥,′
c

∥F
1
2Q

− 1
2

ℓ(n)a
(n),⊥,′
c ∥2

(6.67)
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where t
(n)
c = ηℓ(n)Q

− 1
2
,H

ℓ(n) zℓ(n) − |ηℓ(n)|2(1− u)Q
1
2

ℓ(n)a
(n)
c .

The matrix T (n) in (6.66) is the orthogonal projector onto the nullspace of the vector
t(n) = Q

− 1
2
,H

ℓ(n) FHa
(n)
c and is given by

T (n) = IMTdlK −
t(n)t(n),H

∥t(n)∥22
. (6.68)

Suppose that ℓ(n) is the user with the least common SINR at the beginning of
iteration n. Then, we compute the parameters v and a

(n),⊥
c according to (6.65) and

(6.67), respectively. Using these parameters, we can find the temporary update a
temp
c

with the current step size. This update might lead to an SINR of some other user k
smaller than γmin

c = SINRc,ℓ(n). If this is the case, then the update is not successful,
and the step size is halved. Otherwise, the latter is increased by a factor of 2, and the
update is performed as long as it does not drop the resulting minimum common SINR
below γmin

c .
The common precoder optimization is summarized in Algorithm 4. Note that in

step 4, the common transformation vector ac can be either found via solving (6.63)
using CVX or following the iterative common SINR increasing procedure summarized
in Algorithm 5.

Algorithm 4 Common Precoder Optimization Algorithm

1: Initialize ac =
√
αcPdl

a

∥F
1
2 a∥2

with a = [aT
1 , . . . ,a

T
K ]T and ai = vec(Φ)

2: while no convergence is reached do
3: Compute ηk according to (6.62)
4: Run the iterative common SINR increasing algorithm presented in Algorithm 5
5: end while

6.2.3.3 Power Fraction Optimization

For both the private and the common precoder optimization problems, we assumed
that the power fraction allocated to the common stream is fixed. Now, in order to find
the power fraction that maximizes the overall sum rate, we consider an outer loop for
the power fraction optimization and perform a line search in the interval [0, 1]. The
inner loop consists of the first two optimization problems stated before, namely the
private precoder optimization and the common precoder optimization.

To find αc ∈ [0, 1], the power fraction allocated to the common stream, we perform
a one-dimensional search using the golden section method, a simple approach to find
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Algorithm 5 Common SINR Increasing Algorithm
1: Initialize: umax ← 0.2, u← umax, n← 1, Nmax ← 100

2: while n ≤ Nmax do
3: n← n+ 1

4: ℓ(n)← argmin
k

SINRc,k (see (6.51))

5: γmin
c ← SINRc,ℓ(n)

6: Compute a
(n),⊥
c according to (6.67)

7: Compute v according to (6.65)
8: Find a

temp
c ← (1− u)a

(n)
c + va

(n),⊥
c

9: Calculate the temporary minimum common SINR γ
temp
c

10: if γtemp
c > γmin

c then
11: a

(n+1)
c ← a

temp
c

12: if u ≤ umax/2 then
13: u← 2u

14: end if
15: else
16: a

(n+1)
c ← a

(n)
c

17: u← u/2

18: end if
19: end while
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the maximum/minimum of a certain function over some interval [a, b] by efficiently
shrinking the search interval after each step [72].

For our setup, the function of interest is the sum rate RRS
sum = Rc +

∑K
k=1Rp,k, i.e.,

the objective of (6.53). The search interval is given by [a, b] = [0, 1] and the method
operates as follows. First, two intermediate values αc1 and αc2 are found according to

αc1 = a+ (1− g)(b− a) (6.69)
αc2 = a+ g(b− a) (6.70)

where g is the inverse of the golden ratio
√
5+1
2 which gives rise to the name of this

method.
Now, for the given αc1 and αc2, the two potential values of αc, we run the private

precoder optimization approach described in Sec. 6.2.3.1 for a fixed common precoder.
We then proceed with solving the common precoder optimization problem following
the approach presented in Sec. 6.2.3.2.
We hence obtain two values for the sum rate Rsum,1 = Rsum(αc1) and Rsum,2 =

Rsum(αc2) corresponding to αc1 and αc2.
If Rsum,1 > Rsum,2, then the search interval is reduced and the new boundaries are
given by a and b = αc2, otherwise the new interval boundaries are a = αc1 and b.
Given the new search interval, we can recompute αc1 and αc2 according to (6.69) and
(6.70) and then go through the previously described steps until the size of the interval
given by |b− a| drops below a certain threshold or the maximum number of iterations
is reached.

6.2.4 Low-Complexity Statistical Rate Splitting Precoding Approach via Power Optimization

Inspired by the approach proposed in [64] for a TDD setup and to further reduce the
complexity related to the computation of the transformation matrices, one strategy is
to fix the direction of the precoders and solely optimize the power allocation among
the common and private streams.

To this end, the precoded transmit vector x can be rewritten as

x =
√
µcpcsc +

K∑
i=1

√
µp,ipp,isp,i (6.71)

where µc and µp,i are the powers used for transmitting the common stream and the ith
private stream, respectively, and must satisfy the total transmit power

µc +

K∑
i=1

µp,i ≤ Pdl. (6.72)
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Additionally, it holds for the precoders that

E[∥pc∥2] = 1, E[∥pp,i∥2] = 1, i = 1, . . . ,K. (6.73)

The received signal for the common message at user k is given by

rc,k =
√
µch

H
k pcsc +

K∑
i=1

√
µp,ih

H
k pp,isp,i + vk. (6.74)

Assuming perfect CSI at the receiver, i.e., that √µch
H
k pc is known at the kth user,

perfect SIC can be performed and the received signal for the private message can be
written as

rp,k =

K∑
i=1

√
µp,ih

H
k pp,isp,i + vk. (6.75)

We aim to maximize the system throughput by optimizing the lower bound on
the spectral efficiency (3.27) as it can be expressed in closed form for the considered
statistical precoding approach.
In an analogous manner to the derivations in Appendix A.2, we can write the lower
bounds on the common and private SINRs as a function of the transformation vectors
and the power factors

SINRc,k =
µc|zH

k ac|2

µcaH
c Qkac + µp,k|qHk ap,k|2 +

∑K
i=1 µp,iaH

p,iQi,kap,i + 1
, (6.76)

SINRp,k =
µp,k|qHk ap,k|2∑K

i=1 µp,iaH
p,iQi,kap,i + 1

. (6.77)

To reduce the computational complexity related to the precoder design, we assume
that the vectorized (unnormalized) transformations are given as follows

ac =

K∑
i=1

wizi, (6.78)

ap,k = qk, k = 1, . . . ,K. (6.79)

The choice for the private transformation is motivated by the matched filter precoder
based on instantaneous channel knowledge (the precoder, in the latter case, is simply
the channel estimate). Here, we consider the filter matched to the channel statistical
information. Note that the numerator of the private SINR in (6.77) has a similar form
to the one of the SINR when perfect CSI is available, where qk and ap,k are analogous
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to the channel and the precoding vectors, respectively.
As for the common transformation, we consider in (6.78) a weighted matched-filter-like
approach, where the weights wi, i = 1, . . . ,K, have to be optimized.

In order to fulfill the constraints in (6.73), we additionally must normalize the
transformations ac,ap,i, ∀i. Using the bilinear precoder structure (see (6.39) and
(6.40)), we can rewrite the constraints in (6.73) as a function of the deterministic
transformations as follows

E[∥pc∥2] = aH
c Fac = 1, (6.80)

E[∥pp,i∥2] = aH
p,iFiap,i = 1, i = 1, . . . ,K (6.81)

with Fi and F respectively defined in (6.10) and (6.11).
By imposing the structure of the deterministic transformations in (6.78) and (6.79),

we only need to optimize the power coefficients µc, µp,1, . . . , µp,K and the weighting
factors w1, . . . , wK . To this end, we consider an alternating procedure, where the
weights are optimized in one step, and the powers are updated in the following step.
This approach is motivated by the fact that the private SINRs are independent of the
common precoder pc and thus also ac.

Hence, we can optimize the weights for fixed power allocation such that the
minimum common SINR is maximized (we aim at maximizing the common rate,
i.e., the minimum common rate among all users to ensure the decodability of the
common stream by all users). As for the power allocation, we formulate the sum rate
maximization problem and propose to solve it using the Lagrangian dual transform
and the quadratic transform as described in Section 4.1. In the following, we will
present the solution approach in detail.

6.2.4.1 Optimizing the Weighting Factors

As mentioned earlier, we propose to find the weights w1, . . . , wK such that the
minimum common SINR is maximized. First, by defining the vector of all weights
w = [w1, . . . , wK ]T, we can rewrite the common transformation ac from (6.78) in a
compact form as

ac = Zw, with Z = [z1, z2, . . . ,zK ]. (6.82)

Thus, the optimization problem for finding w can be formulated as

max
w

min
k

SINRc,k s.t. wTZHFZw = 1. (6.83)
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By introducing a slack variable t, writing the common SINR as function of w and
relaxing the constraint in (6.83), we obtain the following optimization problem

max
w,t

t s.t. wTZHFZw ≤ 1

µc|zH
k Zw|2

µcwTZHQkZw + σ2
k

≥ t,∀k
(6.84)

where we defined σ2
k = µp,k|qHk ap,k|2 +

∑K
i=1 µp,ia

H
p,iQi,kap,i + 1, which does not

depend on ac and therefore also not on w.
Due to the structure of the common SINR, (6.84) is not convex. Hence, we again make
use of the quadratic transform by introducing an auxiliary variable for each fraction.
Let ηk be the auxiliary variable for the kth SINR, then (6.84) is reformulated as follows

max
w,t,η

t s.t. wTZHFZw ≤ 1

2
√
µcℜ{η∗kzH

k Zw} − |ηk|2
(
µcw

TZHQkZw + σ2
k

)
≥ t,∀k.

(6.85)
Note that by fixing w, the auxiliary variable ηk can be computed in closed form
according to

η
opt
k =

√
µcz

H
k Zw

µcwTZHQkZw + σ2
k

. (6.86)

For fixed ηk, (6.85) boils down to a convex optimization problem that can be solved
using interior-point methods to obtain the optimalw. We then need to alternate between
updating ηk according to (6.86) and solving (6.85) for fixed ηk until convergence is
reached.

6.2.4.2 Power Allocation

In the second step of our alternating procedure, we optimize the power coefficients
µ = [µc, µp,1, . . . , µp,K ]T. To this end, we first formulate the downlink sum rate
maximization problem based on the SINRs

max
µ,Rc

Rc +
K∑
k=1

log2(1 + SINRp,k) s.t. Rc ≤ log2(1 + SINRc,k), ∀k

1TKµ ≤ Pdl.

(6.87)

To solve the non-convex optimization problem in (6.87), we again use the Lagrangian
dual transform and the FP framework presented in Section 4.1. The introduced
auxiliary variables are again given in closed form, whereas the optimization problem
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w.r.t. µ has to be solved using interior-point methods by leveraging its convexity. Note
that here, the number of variables is drastically reduced compared to (6.55). While the
proposed low-complexity approach tries to optimize 2(K + 1) variables per iteration,
the previously discussed three-step method needs to solve for 2MTdlK + 1 variables.

6.2.5 Numerical Results

To assess the performance of the proposed statistical precoding approaches for the
RS setup, we again consider Ncov = 100 covariance constellations and Nch = 100

channel realization per covariance selection. Here, we focus on the limited channel
knowledge case with Tdl < K and evaluate the achievable sum rate results for the
scenario described in Section 6.1.3, i.e., M = 32, K = 8, and randomly generated
orthogonal Gaussian pilots for the following precoding approaches in the RS setup

• RS-3step method denotes the three-step statistical RS precoding approach
presented in Section 6.2.3.

• RS-LowComp approach refers to the low-complexity statistical RS precoding
strategy from Section 6.2.4.

We additionally compare these RS-based approaches to their non-RS counterparts in
order to quantify the gain of RS. To this end, we consider

• noRS-FP method: this refers to the statistical precoder proposed in Section 6.1.2.1
based on the FP framework.

• noRS-LowComp approach: we here evaluate the low-complexity algorithm
from Section 6.2.4 for the non-RS setup. Since no common stream transmission
takes place here, the optimization of the weighting factors is omitted, and only
the power allocation among the users is performed.

For all iterative methods, we set the maximum number of iterations to Niter = 100.
For the low complexity approaches, we initialize with equal power allocation and
identical weights in the RS case.

In Fig.6.3, we can observe the gain of implementing RS in the system in both cases
Tdl = 4 and Tdl = 2, especially in the high-power regime starting from Pdl = 15 dB.
Unlike the non-RS methods, where the sum rate saturates at high transmit powers
(as previously discussed in this chapter), the RS-enabled approaches maintain linear
growth as transmit power increases.
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Fig. 6.3: Achievable sum rate versus Pdl for M = 32, K = 8 and different Tdl values
in the RS setup.

Moreover, the RS-3step approach demonstrates a steeper slope at high SNR, outper-
forming the RS-LowComp method. This difference is expected due to the reduced
degrees of freedom available in RS-LowComp for precoder design.

Tdl

Pdl 0 dB 20 dB 40 dB

4 pilots 79.5 37.1 18.5
2 pilots 9.8 6.1 3.2

Table 6.1: Ratio of the average run time of the RS-3step approach relative to the
average run time of the RS-LowComp algorithm for M = 32, K = 8, Tdl = 4/2 and
various transmit powers

However, the RS-3step method’s superior performance comes at the cost of
significantly higher computation time, as shown in Table 6.1. The table provides the
ratio of the average run time required for the RS-3step approach to converge relative
to that of the RS-LowComp algorithm, averaged over the Ncov = 100 covariance
constellations (since optimization occurs within the covariance coherence interval
rather than per channel realization). Notably, the low-complexity approach is at least
18 times faster than the RS-3step approach for Tdl = 4 and at least 3 times faster for
Tdl = 2. Hence, while the RS-3step method achieves higher sum rates, especially in
high-SNR regimes, the RS-LowComp approach provides a much more computationally
efficient alternative, making it preferable when lower run times are a priority.
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In Chapter 5, we observed that the zero-forcing precoder based on the LMMSE channel
estimate suffered from residual interference, although the LMMSE estimator exhibits
a better estimation quality than the LS estimator due to exploiting the channel second-
order statistics. This shows that naively applying conventional precoding approaches
and taking the channel estimate as if it were the true channel can be potentially
detrimental to the system performance, irrespective of the channel estimation quality.

In this chapter, we design the precoding vectors such that the training-based lower
bound on the achievable rate is maximized. The derived lower bound takes into
account the incomplete channel knowledge at the transmitter and is hence aware
of channel estimation errors. To this end, we develop two optimization techniques.
The first one relates the rate lower bound to an augmented weighted average MSE
(AWAMSE) and solves the so-obtained optimization problem in an alternating fashion
due to the introduced auxiliary variables. The proposed iterative AWAMSE precoding
approach is highly accelerated due to the closed-form updates in each iteration [48]. Its
computational efficiency is compared to the adapted stochastic IWMMSE (SIWMMSE)
algorithm, where we propose circumventing the solution approach based on interior-
point methods by providing an analytical expression for the precoder. The second
technique is based on the MM technique presented in Section 4.3, which we here apply
to the rate lower bound instead of the instantaneous rate [47]. Again, we provide a
computationally efficient optimization procedure due to the analytical expressions of
the auxiliary variables and, most importantly, the precoder.

Later in this chapter, we further extend the proposed AWAMSE to the RSMA setup
in order to enhance the system performance in the very limited channel knowledge
case and show the potential gains of implementing the RS scheme numerically [49].
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7.1 Training-based Rate Lower Bound

We aim to solve the following throughput maximization problem based on the training-
based lower bound on the SINR derived in Section 3.3.1.2.

max
P

K∑
k=1

R̄k = max
P

K∑
k=1

log2(1 + SINRk) s.t. ∥P ∥2F ≤ Pdl (7.1)

where the SINR of user k is given by (see (3.23))

SINRk =
|ĥH

k pk|2∑K
j=1 p

H
j Cerr,kpj +

∑
j ̸=k |ĥH

k pj |2 + 1
. (7.2)

Recall that we here adopt the error model for the channel hk = ĥk + h̃k, where ĥk

denotes the channel estimate of user k assumed to be known at the transmitter and
Cerr,k stands for the error covariance matrix that can be found based on the channel
statistics.

The SINR lower bound defined in (7.2) is based on the assumption that LMMSE
channel estimation is performed, and thus, the error covariance matrix is computed
according to (3.12).

Due to the dependence of the SINR of user k not only on its own precoding vector
pk but also on all other users’ precoders pj , j ̸= k, finding the optimal precoder in
(7.1) is a non-trivial task. In the following, we present two iterative optimization
techniques to efficiently solve (7.1), namely the AWAMSE and MM.

7.2 Augmented Weighted Average MSE

For the AWAMSE method, we formulate an equivalent optimization problem to (7.1)
that is easier to handle. This equivalence is based on establishing a connection between
the previously stated lower bound on the rate and an AWAMSE, which we will define
in the sequel.

First, we introduce receive filters and weighting factors for each of the users that
will serve as auxiliary variables, which allow us to unveil hidden convexity properties
of the sum rate maximization problem as previously discussed in Section 4.2. The
main difference here is that we introduce an average MSE that can be related to the
considered SINR lower bound.

We first assume that a receive filter gk is applied at each user k, which delivers an
estimate ŝk of the data signal sk

ŝk = gkrk = gkĥ
H
k pksk + gkh̃

H
k pksk + gk

∑
j ̸=k

hH
k pjsj + gknk. (7.3)
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The MSE of the data signal sk is given by εk = E
[
|ŝk − sk|2

]
, where the expectation

is taken w.r.t. the distribution of the data and the noise signals.
Using (7.3), the MSE can be evaluated as follows

εk = E
[
|ŝk − sk|2

]
= |gk|2|ĥH

k pk|2 + |gk|2|h̃H
k pk|2 + |gk|2pH

k h̃kĥ
H
k pk + |gk|2pH

k ĥkh̃
H
k pk

− 2ℜ{gkĥH
k pk} − 2ℜ{gkh̃H

k pk}+ |gk|2
∑
j ̸=k

|hH
k pj |2 + |gk|2 + 1.

To establish a rate-MSE relationship, we define the average MSE (AMSE) as
follows

ε̄k = E[εk] (7.4)

where the expectation is now taken w.r.t. the channel estimates.
By exploiting the independence of the LMMSE channel estimate ĥk and the estimation
error h̃k [7], ε̄k is given by

ε̄k = |gk|2
K∑
j=1

|ĥH
k pj |2 + |gk|2

K∑
j=1

pH
j Cerr,kpj − 2ℜ{gkĥH

k pk}+ |gk|2 + 1 (7.5)

where we used the fact that the estimation error is zero-mean and has the covariance
matrix Cerr,k.
For fixed precoders, the AMSE minimizing receive filter is obtained by considering
the first optimality condition of (7.5), which yields

gMMSE
k = pH

k ĥk(Dk + 1)−1 (7.6)

with

Dk =
K∑
j=1

|ĥH
k pj |2 + pH

j Cerr,kpj . (7.7)

Inserting (7.6) into (7.5) results in

ε̄MMSE
k = 1− |ĥH

k pk|2(Dk + 1)−1. (7.8)

Note that ε̄MMSE
k is related to the rate lower bound R̄k of user k according to

R̄k = log2(1 + SINRk) = − log2(ε̄
MMSE
k ). (7.9)
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If we additionally introduce a weighting factor uk associated with the kth user’s
MSE, we can define the AWAMSE of user k as

ξ̄k = ukε̄k − log2 uk

= uk
(
1− 2ℜ{gkĥH

k pk}+ |gk|2(1 +
K∑
j=1

|ĥH
k pj |2 + pH

j Cerr,kpj)
)
− log2 uk.

(7.10)
Minimizing ξ̄k w.r.t. the receive filter gk and the weight uk for fixed precoders, yields
the following relationship to the rate lower bound

ξ̄MMSE
k = 1− R̄k. (7.11)

Here, the optimal receive filter is the MMSE receive filter given by (7.6) and the
optimal weight reads as

uMMSE
k = 1/ε̄MMSE

k = (1− ĥH
k pkg

MMSE
k )−1. (7.12)

In summary, the throughput maximization problem in (7.1) can be equivalently
reformulated as the minimization of the AWAMSE due to (7.11)

min
G,U ,P

K∑
k=1

ξ̄k s.t. ∥P ∥2F ≤ Pdl (7.13)

where we again collected the weights and the receive filters in the matrices U and G,
respectively

U = diag(u1, . . . , uK), (7.14)
G = diag(g1, . . . , gK). (7.15)

7.2.1 AWAMSE Algorithm

Due to the introduced sets of auxiliary variables, namely the received filters and the
weights, the optimization problem (7.13) consists of three blocks, and therefore, an
iterative solution approach is adopted, where each of the three blocks is updated in
every iteration while the remaining two are fixed until convergence is reached.

For fixed G and U , we obtain the following optimization problem w.r.t. the
precoding matrix P

min
P

K∑
k=1

2ℜ{ukgkĥH
k pk} − uk|gk|2

( K∑
j=1

pH
j (ĥkĥ

H
k +Cerr,k)pj + 1

)
s.t. ∥P ∥2F ≤ Pdl.

(7.16)
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The so-obtained optimization problem exhibits the same form as (4.47), where we
have the following substitutions

bk = ukgk, ak = uk|gk|2,

tk = ĥk, Tk = ĥkĥ
H
k +Cerr,k.

(7.17)

Thus, we can follow the rescaling procedure described in Section 4.4 to infer the
unconstrained solution for the kth user’s precoder (see (4.58))

punconst
k =

 K∑
j=1

uj |gj |2(ĥjĥ
H
j +Cerr,j) +

( 1

Pdl

K∑
i=1

ui|gi|2
)
IM

−1

ukg
∗
kĥk.

(7.18)
Due to the introduction of the scaling factor α (see (4.53)), the computation of the

receive filter gk and the weighting factor uk needs to be adapted as follows

gunconst
k = punconst,H

k ĥk

(
Dk + α−2

)−1 (7.19)

uunconst
k =

(
1− |ĥH

k p
unconst
k |2

(
Dk + α−2

)−1
)−1

(7.20)

with α given by

α =

√
Pdl

∥P unconst∥F
(7.21)

and Dk is similarly defined to (7.7) as a function of P unconst

Dk =

K∑
j=1

punconst,H
j (ĥkĥ

H
k +Cerr,k)p

unconst
j . (7.22)

Algorithm 6 AWAMSE Algorithm
1: Initialize P with a feasible solution
2: while no convergence is reached do
3: Compute the receive filter gk according to (7.19)
4: Compute the weighting factor uk according to (7.20)
5: Calculate the unconstrained precoding matrix P unconst based on (7.18)
6: end while
7: Scale the unconstrained precoding matrix with α to satisfy the power constraint

(see (7.21))

The overall iterative AWAMSE precoding algorithm to solve (7.13) is summarized
in Algorithm 6. Here, the final step ensures that the obtained precoder satisfies the
power constraint by scaling with the factor α (see (7.21)).
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7.3 MM Approach

As discussed in Section 4.3, the MM approach starts by carefully choosing a surrogate
function that defines a lower bound to the underlying objective to be maximized [21].
This surrogate function is easier to handle and is maximized instead of the original
function.

To this end, we exploit Proposition 1 to define a surrogate function to the
objective formulated in (7.1) at iterate P . We here substitute x and z by ĥH

k pk and∑K
j=1 p

H
j Cerr,kpj +

∑
j ̸=k |ĥH

k pk|2 + 1, respectively and obtain

fk(P ,P ) = R̄k(P )−SINRk(P )+2ℜ{bkĥH
k pk}−ak(

K∑
j=1

pH
j (ĥkĥ

H
k +Cerr,k)pj+1)

(7.23)
where the scalars ak and bk are defined as follows

ak =
SINRk(P )∑K

j=1 p̄
H
j (ĥkĥ

H
k +Cerr,k)p̄j + 1

, (7.24)

bk =
SINRk(P )

ĥH
k p̄k

. (7.25)

For a given iterate P and thus fixed ak and bk, we end up with the following
optimization problem w.r.t. P

max
P

K∑
k=1

2ℜ{bkĥH
k pk} − ak(

K∑
j=1

pH
j Tkpj + 1) s.t.∥P ∥2F ≤ Pdl (7.26)

where the matrix Tk is given by

Tk = ĥkĥ
H
k +Cerr,k. (7.27)

(7.26) is a QCQP and can be solved using the Lagrangian multiplier method. Here, a
line search, e.g., bisection, can be performed to find the optimal Lagrangian multiplier
in each iteration [21]. Alternatively, by noticing that the optimization problem (7.26)
exhibits exactly the same form as (4.47), where tk is substituted by ĥk, we can apply
the rescaling approach from Section 4.4 to infer an analytical expression for the
unconstrained precoder pk (see (4.58))

punconst
k =

 K∑
j=1

ajTj +
( 1

Pdl

K∑
i=1

ai

)
IM

−1

b∗ktk. (7.28)
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The overall procedure of the MM approach is summarized in Alg. 7. The last step
consists of rescaling the final solution to meet the power constraint, with the scaling
factor α given by

α =

√
Pdl

∥P unconst∥F
. (7.29)

Algorithm 7 MM Algorithm

1: Initialize P with a feasible solution
2: while no convergence is reached do
3: Compute the scalars ak and bk according to (7.24) and (7.25), respectively
4: Calculate the unconstrained precoding matrix P unconst based on (7.28)
5: end while
6: Scale the unconstrained precoding matrix with α to satisfy the power constraint

(see (7.29))

7.4 Adapted SIWMMSE Approach

Contrary to the proposed AWAMSE and MM methods, which operate on the training-
based rate lower bound, the SIWMMSE approach aims at solving the stochastic average
rate maximization problem given by

max
P

K∑
k=1

R̃k s.t. ∥P ∥2F ≤ Pdl (7.30)

where R̃k = EH|Ĥ [Rk|Ĥ] defines the average rate of user k and is a performance
measure over the error distribution for a given channel estimate [73].

The optimization problem formulated in (7.30) is challenging due to its stochastic
nature. To make it tractable, first, the average rate is approximated using the sample
average approximation (SAA) [74]. Secondly, a connection between the approximated
rates and the weighted MSE is derived, revealing the hidden convexity characteristics
of the original rate maximization problem.

For the SAA approach, Ns channel samples are generated using known channel
statistics. Assuming correlated channels (and not i.i.d. channels as in [73]), we suggest
to draw the nth channel sample of user k according to [49]

h
(n)
k = ĥk +C

1
2
err,kẽ

(n)
k . (7.31)
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Here ĥk is the LMMSE channel estimate known at the base station, ẽ(n)k ∼ NC(0, IM )

is the randomly generated error vector, and C
1
2
err,k denotes the square root matrix of

the error covariance matrix Cerr,k (see (3.12)).
If we denote by R

(n)
k the instantaneous rate evaluated for the nth channel sample,

i.e.,

R
(n)
k = Rinst

k (H(n)) =
|h(n),H

k pk|2∑
j ̸=k |h

(n),H
k pj |2 + 1

(7.32)

then, the approximated average rate is given by

R̃k(N) =
1

Ns

Ns∑
n=1

R
(n)
k . (7.33)

We, hence, can formulate the following SAA rate maximization problem

max
P

K∑
k=1

R̃
(Ns)
k s.t. ∥P ∥2F ≤ Pdl. (7.34)

To solve (7.34), similarly to Section 4.2, two sets of receive filters g(n)k and weights
u
(n)
k are introduced for each channel sample n in order to reformulate the approximated

sum rate maximization problem in (7.34) as the minimization of the approximated
augmented weighted sum MSE.
For user k, the approximated augmented weighted MSE is given by

ξ̃
(Ns)
k =

1

Ns

Ns∑
n=1

ξ
(n)
k (7.35)

where ξ
(n)
k is the augmented weighted MSE (see (4.24)) evaluated for the nth channel

sample h
(n)
k and the nth receive filter and weight, i.e., g(n)k and u

(n)
k , respectively.

The overall optimization problem reads as

min
G,U ,P

K∑
k=1

ξ̃
(Ns)
k s.t. ∥P ∥2F ≤ Pdl. (7.36)

(7.36) is again solved in an alternating fashion, where for fixed precoding matrix P ,
the receive filters G and U are computed for each of the Ns channel samples, unlike
the perfect CSI case. This means g

(n)
k and u

(n)
k are found according to (4.18) and

(4.25), where hk is substituted by the nth channel sample h(n)
k . After the Monte Carlo
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run, the precoding matrix is updated using the averages of the computed variables as
described in the sequel.

In order to simplify the optimization problem w.r.t. the precoding matrix P , we
first introduce the following variables for nth channel sample

t
(n)
k = u

(n)
k |g

(n)
k |

2, v
(n)
k = log2(u

(n)
k ),

f
(n)
k = u

(n)
k g

(n),∗
k h

(n)
k , Ψ

(n)
k = t

(n)
k h

(n)
k h

(n),H
k .

(7.37)

If we now consider the average of all the variables over the Ns channel samples, then
we can formulate the precoder optimization problem as follows

min
P

K∑
k=1

K∑
j=1

pH
j Ψ̃kpj + t̃k − 2ℜ{f̃H

k pk}+ ũk − ṽk

s.t.
K∑
k=1

∥P ∥2F ≤ Pdl

(7.38)

where ã = 1
Ns

∑Ns
n=1 a

(n) denotes the average of some variable a over the Ns channel
samples.

The optimization problem (7.38) is convex in the precoding matrix P and can
be solved using interior-point methods or the Lagrangian multiplier approach. The
latter requires a line search for the optimal Lagrangian multiplier associated with the
power constraint. To circumvent this, we again apply the rescaling idea proposed in
Section 4.4 to recast (7.38) as an unconstrained optimization problem in the following
manner

min
P

K∑
k=1

K∑
j=1

pH
j Ψ̃kpj +

∥P ∥2F
Pdl

t̃k − 2ℜ{f̃H
k pk}. (7.39)

The precoding matrix can thus be updated in closed form as

P unconst =

 K∑
j=1

Ψ̃j +

 1

Pdl

K∑
j=1

t̃j

 IM

−1

F̃k (7.40)

where we introduced the matrix F̃k = [f̃1, . . . , f̃K ].
Upon convergence, the final solution has to be rescaled in order to satisfy the power
constraint.

The overall procedure of the adapted SIWMMSE is summarized in Algorithm 8.
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Algorithm 8 SIWMMSE Algorithm
1: Initialize P with a feasible solution
2: while no convergence is reached do
3: for n = 1 to Ns do
4: Compute g

(n)
k and u

(n)
k according to (4.18) and (4.25), respectively

5: end for
6: Compute the average of the variables in (7.37) over the Ns channel samples
7: Calculate the unconstrained precoding matrix P unconst based on (7.40)
8: end while
9: Scale the unconstrained precoding matrix to satisfy the power constraint

7.5 Numerical Results

To assess the potential of the proposed AWAMSE and MM precoding approaches,
we again consider a scenario with incomplete channel knowledge at the base station
where the LMMSE channel estimate is available. This matches our assumptions
for the lower bound derivation in Section 7.1. We generate the channels according
to hk ∼ NC(0,Ck), whereby the covariance matrix Ck is obtained from a random
selection of a GMM component (see Section 5.3). Here, we average the results over
Ncov = 100 random selections of the covariance matrices (corresponding to different
user constellations) and Nch = 100 channel realizations per setup. The pilot matrix is
given by the sub-DFT matrix, i.e., the first Tdl columns of the M ×M DFT matrix.

We first compare the AWAMSE approach to the following methods

• IWMMSE-inst [23] precoder: this refers to the ”naively” applied standard
IWMMSE algorithm, which operates on the instantaneous sum rate and treats
the channel estimate as if it were the true channel.

• MMSE precoder [15]: here the precoder is given by

PMMSE = α

(
ĤĤH +Cerr +

M

Pdl
IM

)−1

Ĥ (7.41)

where Cerr =
∑K

k=1Cerr,k and the scaling factor α is used for power normaliza-
tion. The MMSE precoder performs a regularization using the error covariance
matrices and thus takes CSI errors into account. We use this precoder as
initialization for all iterative methods in the following.

We first plot the achievable sum rate versus the downlink transmit power Pdl for a
scenario with M = 32, K = 8, and varying numbers of training pilots in Fig.7.1. For
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both cases, i.e., Tdl = 4 and Tdl = 8, the IWMMSE-inst approach shows comparable
performance to AWAMSE at low power values, but the gap starts to increase starting
from 10 dB. The IWMMSE-inst is unable to mitigate the inter-user interference in
the high-power regime since it ignores the CSI errors during the precoder design
and thus overestimates the achievable sum rates. This leads to a degradation of the
actual achievable sum rate at high transmit powers. Our proposed AWAMSE approach
exhibits, on the contrary, a good performance in the medium to high power regime
and shows a high-SNR slope of approximately 1.9 and 1.2 for Tdl = 8 and Tdl = 4,
respectively, compared to 2.45 for the perfect CSI case. The latter curve is obtained by
running the standard IWMMSE using the actual channel and serves here only as a
performance benchmark.
Furthermore, the MMSE precoder achieves a relatively decent performance for
Tdl = 8 = K with a high-SNR slope of approximately 1.34. However, it shows a
saturation of the achievable sum rate in the high-power regime for Tdl = 4 < K and
exhibits a significant gap to the AWAMSE approach. Lastly, the zero-forcing (ZF)
precoder yields the worst performance among all methods, as it fails to manage the
interference, as discussed in Chapter 5.
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Fig. 7.1: Achievable sum rate versus Pdl for M = 32, K = 8 and different Tdl values
using various precoding strategies

We now consider the performance of the proposed MM approach based on the rate
lower bound, which we denote by MM-LB. This precoder is compared to the AWAMSE
approach as well as to its two other counterparts based on the MM procedure, namely

• MM-inst [21] precoder: In this case, the MM approach is applied to the
instantaneous rate, as discussed in Section 4.3, where the channel estimate is
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used instead of the true channel.

• MMbisec-LB precoder: Here, a line search via bisection is performed before
each precoder update in order to infer the optimal Lagrangian multiplier λopt

associated with the power constraint. The precoder is then found according to

pk =

 K∑
j=1

ajTj + λoptIM

−1

b∗kĥk. (7.42)

In Fig. 7.2(a), we plot the average achievable sum rate for M = 32, K = 8 and
Tdl = 4. The MM-LB approach performs almost the same as the AWAMSE precoder.
This is due to the connection between both methods discussed in Section 4.3.1. As
previously observed with the IWMMSE-inst precoder, the MM-inst approach shows
poor performance since it neglects the channel estimation error and overestimates the
achievable rate.
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Fig. 7.2: Performance of the MM approach compared to AWAMSE for M = 32,
K = 8 and Tdl = 4 in terms of (a) achievable sum rate versus Pdl and (b) run time at
Pdl = 30 dB

For the MMbisec-LB approach and specifically the bisection method, we used
the search interval [0, 104] and Niter = 103 as the maximum number of iterations.
One can observe that the MMbisec-LB shows comparable performance to the former
approaches at low to medium power values. However, we notice a slight degradation
in the high-power regime, which can be explained by the limited accuracy of the
bisection method [75], especially when the transmit power increases. Furthermore,
the necessary line search via bisection leads to the highest computational complexity
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compared to the other approaches. This can be observed in Fig. 7.2(b), where we
plot the CDF of the run times (in seconds) of the different precoding methods at a
transmit power of Pdl = 30 dB. While the run times needed for convergence for the
MM-LB and AWAMSE approaches are comparable, they are negligible compared to
the MMbisec-LB approach due to the analytical expressions and the circumvention of
the line search.

Next, we consider the behavior of the proposed AWAMSE approach to the more
computationally demanding SIWMMSE method revised in Section 7.4. For the
latter, we use Ns = 100 Monte Carlo runs inside each iteration and set the maximum
number of iterations to 100. As can be observed in Fig.7.3(a), both algorithms exhibit
approximately the same performance for both cases Tdl = 8 and Tdl = 4, with a slight
advantage of the SIWMMSE. Additionally, the power allocation patterns are very
similar, as depicted in Fig.7.3(b). Here, we plot the ratio of the power assigned to each
user to the total transmit power Pdl of 40 dB. Both algorithms serve the same users,
namely 1, 3, 4 and 8, and the number of active users is equal to Tdl = 4. This again
confirms our conjecture in Chapter 5 that the number of training pilots defines the
limit for the degrees of freedom achieved at high SNR.
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Fig. 7.3: Comparison of the AWAMSE and SIWMMSE algorithms for M = 32 and
K = 8 in terms of (a) achievable sum rate versus Pdl using different pilot numbers
and (b) power allocation at Pdl = 20 dB and Tdl = 4 (©IEEE 2024)

Despite the slight advantage of the SIWMMSE compared to AWAMSE in achiev-
able throughput, our proposed approach is more computationally efficient. This is
demonstrated by Fig. 7.4, where the empirical CDFs of the number of iterations and
run times needed until convergence are plotted. The results are obtained for Tdl = 4
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and at a transmit power of 20 dB. AWAMSE does not only require fewer iterations than
SIWMMSE to reach convergence (see Fig. 7.4(a)), but it also shows a negligibly low
run time, as can be observed in Fig. 7.4(b). This is because the SIWMMSE includes a
Monte Carlo run inside each and every loop in order to average the variables over the
channel samples prior to the precoder update step.
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Fig. 7.4: CDF plots of the number of iterations (a) and the run time (b) for M = 32,
K = 8, Tdl = 4, Pdl = 20 dB and the precoding algorithms AWAMSE and SIWMMSE
(©IEEE 2024)

7.6 AWAMSE Rate Splitting Precoding Approach

We observed in Section 7.5 that the AWAMSE approach was efficient and competitive
with state-of-the-art methods. However, the gap to the perfect CSI case was significant,
especially when the number of users exceeded the number of pilots used for channel
training. Hence, we propose implementing one-layer RS to boost the system perfor-
mance in such a challenging scenario, and we formulate the AWAMSE minimization
problem for the RS-based system [49].

Assuming incomplete channel knowledge at the base station, we again rely on the
training-based SINR lower bound as in Section 7.1. To this end, the received signal at
user k (see (3.31)) is decomposed as follows

rc,k = ĥH
k pcsc︸ ︷︷ ︸

desired part

+ h̃H
k pcsc +

K∑
j=1

(ĥH
k pp,j + h̃H

k pp,j)sp,j + vk︸ ︷︷ ︸
interference+noise

(7.43)
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where ĥk denotes again the LMMSE channel estimate known at the base station and
h̃k ∼ NC(0,Cerr,k) is the channel estimation error.

The common SINR of user k can be lower bounded similarly to Section 3.3.1.2 as
follows

SINRc,k =
|ĥH

k pc|2

pH
c Cerr,kpc +

∑K
j=1 p

H
p,jCerr,kpp,j + |ĥH

k pp,j |2 + 1
. (7.44)

We here again assume that perfect SIC is performed and therefore, the already decoded
common part at the receiver can be entirely subtracted from the received signal, and
the private SINR of user k can be lower bounded as follows [49]

SINRp,k =
|ĥH

k pp,k|2∑K
j=1 p

H
p,jCerr,kpp,j +

∑
j ̸=k |ĥH

k pp,j |2 + 1
. (7.45)

Thus, the common and private lower bounds are respectively given by

Rc,k = log2(1 + SINRc,k), Rp,k = log2(1 + SINRp,k). (7.46)

We aim to maximize the lower bound on the training-based sum rate by designing
the common precoder pc and the private precoding matrix Pp = [pp,1, . . . ,pp,K ], i.e.,

max
pc,Pp

min
k

Rc,k +
K∑
j=1

Rp,j s.t. ∥pc∥2 + ∥Pp∥2F ≤ Pdl. (7.47)

Here, the inner minimization ensures the decodability of the common message for all
receivers, and the resulting common rate is thus given by the minimum common rate
among all users.

The throughput maximization problem in (7.47) is involved, and hence, we will
formulate an AWAMSE minimization problem similar to the non-RS setup, which
helps to reveal hidden convexity properties of (7.47) and is thus easier to tackle. In
a later section, we will present an efficient heuristic solution approach to solve the
underlying AWAMSE minimization problem in the RS setup.

7.6.1 Problem Formulation

Similarly to Section 7.1, we aim to establish a relationship between the common and
private SINR lower bounds in (7.44) and (7.45) to their respective AMSEs, where the
averaging takes place w.r.t. the channel estimates.
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By introducing common and private receive filters gc,k and gp,k, the common and
private AMSEs are respectively given by

ε̄c,k = 1− 2ℜ{gc,kĥ
H
k pc}+ |gc,k|2(Dc,k + 1), (7.48)

ε̄p,k = 1− 2ℜ{gp,kĥ
H
k pp,k}+ |gp,k|2(Dk + 1) (7.49)

where we again used Dk defined in (7.7) and introduced the variable Dc,k given by

Dc,k = |ĥH
k pc|2 + pH

c Cerr,kpc +Dk. (7.50)

Optimizing the AMSEs w.r.t. the receive filters yields

gMMSE
c,k = pH

c hk(Dc,k + 1)−1, (7.51)
gMMSE

p,k = pH
p,khk(Dk + 1)−1. (7.52)

Inserting these solutions into the respective AMSE expressions gives rise to the
following relationships between the common and private AMSEs and the rate lower
bounds

Rc,k = − log2(ε̄
MMSE
c,k ), (7.53)

Rp,k = − log2(ε̄
MMSE
p,k ). (7.54)

At this step, we have already established a connection between the AMSEs and the
rates; directly optimizing the AMSEs is, however, still involved due to the log function.
We, therefore, need to introduce another two sets of auxiliary variables to externalize
the AMSEs from the log function and ease the optimization.
To this end, we consider common and private weights for each user uc,k and up,k
such that a common and a private augmented weighted AMSE can be defined in the
following manner

ξc,k = uc,kε̄c,k − log2(uc,k), (7.55)
ξp,k = up,kε̄p,k − log2(up,k). (7.56)

Using the optimal common and private weights given by

uMMSE
c,k =

1

ε̄MMSE
c,k

, uMMSE
p,k =

1

ε̄MMSE
p,k

(7.57)

we obtain the following AWAMSE-rate relationships

ξ
MMSE
c,k = 1−Rc,k, ξ

MMSE
p,k = 1−Rp,k. (7.58)
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Therefore, the sum rate maximization problem in (7.47) can be recast as an AWAMSE
minimization problem

min
G,U ,P

max
k

ξc,k +
K∑
j=1

ξp,j s.t. ∥pc∥2 + ∥Pp∥2F ≤ Pdl (7.59)

where we defined the overall precoding matrix

P = [pc,Pp] (7.60)

and the collection of the common and private receive filters and weights as follows

G = [[gc,1, . . . , gc,K ]T, [gp,1, . . . , gp,K ]T],

U = [[gc,1, . . . , uc,K ]T, [up,1, . . . , up,K ]T].
(7.61)

Again, (7.59) is a QCQP w.r.t. the precoders when the receive filters and weights
are fixed. Instead of using interior-point solvers to find the optimal precoders, we
propose in the following section a computationally efficient heuristic approach where
the beamformer update is given in an analytical form.

7.6.2 AWAMSE Rate Splitting Precoder Design

In Section 7.2.1, we made use of the rescaling approach in order to infer a closed-form
precoder solution for the non-RS setup. A similar derivation can be conducted to adapt
this approach to the underlying RS case. Here, the scaling factor α is given by

α =

√
Pdl

∥P unconst∥F
(7.62)

where P unconst denotes the final unconstrained solution of the overall precoding matrix.
The optimization problem (7.59) can be reformulated as an unconstrained one

since the choice of α in (7.62) ensures the fulfillment of the power constraint

min
G,U ,P

max
k

uc,k

[
1− 2ℜ{gc,kĥ

H
k pc}+ |gc,k|2(α−2 +Dc,k)

]
− log2(uc,k)

K∑
j=1

up,j

[
1− 2ℜ{gp,jĥ

H
j pp,j}+ |gp,j |2(α−2 +Dj)

]
− log2(up,j).

(7.63)

Even for fixed G and U , (7.63) is still involved due to the inner multicast problem
and can only be solved using interior-point methods, which can be computationally
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inefficient.
Hence, we propose a more efficient heuristic approach. To this end, we focus on the
precoder optimization since this is the most challenging step. The receive filters and
weights can be computed in closed form, as stated later in this section.

For given receive filters G and weights U , let us assume that the user index for the
common AWAMSE is fixed to some kc and thus the inner maximization over the users
can be dropped. The resulting optimization problem reads as

min
P

uc,kc

[
1− 2ℜ{gc,kcĥ

H
kcpc}+ |gc,kc |2(α−2 +Dc,kc)

]
− log2(uc,kc)

K∑
j=1

up,j

[
1− 2ℜ{gp,jĥ

H
j pp,j}+ |gp,j |2(α−2 +Dj)

]
− log2(up,j).

(7.64)

Now, every choice of kc ∈ {1, . . . ,K} yields an analytical expression for the common
and private precoders. The corresponding solutions are computed using the first
optimality condition of (7.64).
For a given user index kc, we obtain

pc(kc) = (A+B)−1uc,kcg
∗
c,kcĥkc , (7.65)

pp,j(kc) = (A+B +C)−1up,jg
∗
p,jĥj (7.66)

where we introduced the following matrices

A = uc,kc |gc,kc |2(ĥkcĥ
H
kc +Cerr,kc +

1

Pdl
IM ), (7.67)

B =

K∑
i=1

up,i|gp,i|2
1

Pdl
IM , (7.68)

C =
K∑
i=1

up,i|gp,i|2(ĥiĥ
H
i +Cerr,i). (7.69)

The overall objective can be evaluated for every possible choice of kc ∈ {1, . . . ,K}
according to

ξ(kc) =

K∑
j=1

ξp,j(P (kc)) + max
k

ξc,k(P (kc)). (7.70)

Suppose that updating the precoding matrix for every possible user index does not
improve the objective compared to the previous iteration; then, our algorithm stops,
and we adopt the precoder from the previous iteration as the final solution. Otherwise,
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we select the user index kmin, which yields the lowest sum AWAMSE among all
possible user indices, i.e.,

kmin = argmin
kc

ξ(kc) (7.71)

and the precoder is updated as P (kmin).

Algorithm 9 AWAMSE-RS Algorithm

1: Initialize P unconst ← P (0), ξmin ←∞ and n← 1

2: while No convergence is reached do
3: Update gc,k and gp,k according to (7.72) and (7.73)
4: Compute uc,k and up,k according to (7.74) and (7.75)
5: for kc = 1 to K do
6: Determine P (kc) using (7.65) and (7.66)
7: Compute ξ(kc)←

∑
j ξp,j +max

k
ξc,k

8: end for
9: if min

kc
ξ(kc) > ξmin then

10: P unconst ← P (n−1)

11: break
12: else
13: kmin ← argmin

kc

ξ(kc)

14: ξmin ← ξ(kmin)

15: P (n) ← P (kmin)

16: P unconst ← P (n)

17: end if
18: n← n+ 1

19: end while
20: Scale P unconst with α to satisfy the power constraint

Now, for fixed unconstrained precoder P unconst, and due to the reformulation in
(7.63), the receive filters and weights are computed according to

gc,k = punconst,H
c ĥk(Dc,k + α−2)−1, (7.72)

gp,k = punconst,H
p,k ĥk(Dk + α−2)−1, (7.73)

uc,k = (1− |ĥH
k p

unconst
c |2(Dc,k + α−2)−1)−1, (7.74)

up,k = (1− |ĥH
k p

unconst
p,k |2(Dk + α−2)−1)−1. (7.75)

85



CHAPTER 7. AWAMSE AND MM PRECODING

Our procedure can be summarized as follows. We start by initializing the precoding
matrix with a feasible solution. Then, the receive filters and weights are updated
according to (7.72)-(7.75). Subsequently, the search for the user index yielding the
smallest sum AWAMSE is performed. These steps are repeated until the absolute
change of the objective attains a certain threshold or the maximum number of iterations
is reached.
We shall emphasize that we here ensure the decodability of the common message in
each update of the precoder by considering the overall objective based on the maximum
common AWAMSE among all users. After convergence, the obtained precoding
matrix must be scaled using α (see (7.62)).

The proposed AWAMSE-RS precoder optimization procedure is presented in
Algorithm 9. Note that our algorithm is versatile and can also be applied to alternative
lower bounds, e.g., in our work [76], we propose to combine the statistical precoder
from Chapter 6 with the presented heuristic approach.

7.6.3 Numerical Results

In this section, we demonstrate the advantage of implementing one-layer RS by
comparing the proposed AWAMSE-RS precoding approach to its counterpart without
RS, as presented in Section 7.2.1 and to the MMSE precoder from [15] (see (7.41)). We
additionally use as performance benchmarks the following two alternating optimization
methods for the RS setup

1. SIWMMSE-RS [73]: as discussed for the non-RS case in Section 7.4, the authors
suggest approximating the ergodic rates using the SAA method. The ergodic
rate maximization problem is then reformulated as an augmented weighted MSE
minimization problem that is solved in an alternating fashion. While the receive
filters and weights are given in closed form, finding an analytical expression for
the precoder in the RS setup is difficult, and interior-point methods are used to
obtain the solution. We here deploy CVX [70] as an optimization toolbox for
the simulations [73].

2. SDR-RS [34]: This approach directly solves the sum rate lower bound maxi-
mization problem formulated in (7.47) via an alternating procedure. To this
end, a set of auxiliary variables is introduced, and then semi-definite relaxation
(SDR) [77] and concave-convex-procedure (CCCP) [29] are applied in order
to obtain a solution for the precoder and the introduced auxiliary variables.
Furthermore, and because of applying SDR, the optimal precoder leading to the
best sum rate is found via random vector search.
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Our AWAMSE-RS approach and the SIWMMSE-RS method are initialized as
follows. We set the initial common precoder to

√
αcPdlu, where u denotes the left

singular vector of Ĥ which corresponds to its largest singular value. The αc ∈ [0, 1]

is the power fraction we allocate for the common stream transmission and is simply
set to 0.5. We initialize the private precoding matrix using the normalized MMSE
precoder, i.e.,

Pp =
√
(1− αc)Pdl

PMMSE

∥PMMSE∥F
. (7.76)

For the SDR-RS method, the auxiliary variables are randomly initialized as suggested
by the authors, and Nrd = 1000 random vectors are used for the randomization step.
For the SIWMMSE-RS method, Ns = 100 samples are used for the Monte Carlo runs
during optimization.

The performance of the different algorithms is evaluated for a system with M = 16

and K = 5. We focus on the more challenging case where the number of users
exceeds the number of training pilots. The results are averaged using 100 random
channel realizations, where we again generate the kth user channel according to
hk ∼ NC(0,Ck). Here, Ck corresponds to a randomly selected GMM component
(see Section 5.3).

We first assess the convergence behavior of the considered approaches. In Table 7.1,
we display the average run times needed until convergence for different transmit power
values. Due to interior-point methods, the SIWMMSE-RS and SDR-RS methods
exhibit remarkably higher run times than the proposed AWAMSE-RS approach by
a factor of at least 100 at all power levels. This is because our algorithm relies
on analytical expressions and is, hence, computationally more efficient despite the
required user search step.

Method
Pdl 0 dB 20 dB 40 dB

SIWMMSE-RS 21.9s 111.6s 96.6s
SDR-RS 62.9s 82.23s 116.1s

AWAMSE-RS 0.033s 0.094s 0.143s

Table 7.1: Average run time in seconds (s) of the RS algorithms for M = 16, K = 5,
Tdl = 3 and different transmit powers (©IEEE 2024)

Additionally, we empirically evaluate the CDFs for the number of iterations and
the run times needed until convergence of the considered iterative approaches at a
transmit power of Pdl = 20 dB. The corresponding results are displayed in Fig. 7.5.
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While the SDR-RS approach needs the least number of iterations to reach convergence,
as can be observed from Fig. 7.5(a), AWAMSE-RS exhibits a negligibly small run
time compared to the other two methods (see Fig. 7.5(b)). This highlights once more
the efficiency of our proposed approach in terms of computational complexity.
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Fig. 7.5: CDF plots of the number of iterations (a) and the run time (b) needed until
convergence at Pdl = 20 dB for the different RS algorithms (©IEEE 2024)

Next, we evaluate the achievable system throughput for the different precoding
approaches. In Fig.7.6(a), we show the results for Tdl = 3 training pilots. All RS-based
approaches exhibit almost the same performance for the entire power range and show
a high-SNR slope of approximately 0.97. The gap to the non-RS methods increases
drastically when the transmit power grows. The MMSE precoder almost saturates in
this regime and is outperformed by the AWAMSE, having a high-SNR slope of about
0.47. These results demonstrate the ability of RS to boost the system performance when
the base station has highly limited channel knowledge, especially in the high-power
regime.

If we now consider a more challenging scenario with only Tdl = 2 pilots, all
methods experience a performance degradation while the RS methods still deliver
approximately the same throughput, as can be seen in Fig.7.6(b). Here, the benefits of
implementing RS become increasingly apparent compared to the previous scenario. At
a transmit power of 20 dB, the RS techniques outperform AWAMSE by 5.8 bpcu. This
performance gap widens significantly as the power increases, reaching a substantial
gap of about 17 bpcu at Pdl = 40 dB.

Finally, the power allocation obtained with the RS approaches at Pdl = 40 dB is
displayed in Fig. 7.7. We here denote by ”Com” and ”UEk” the common stream and
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Fig. 7.7: Power allocation pattern for Pdl = 40 dB using different RS-based precoding
strategies (©IEEE 2024)

the kth user, respectively. All three methods exhibit the same power allocation pattern
for both Tdl = 3 (Fig. 7.7(a)) and Tdl = 2 (Fig. 7.7(b)). This confirms the comparable
behavior in terms of the achievable sum rate discussed earlier. Additionally, apart
from the common stream, we can observe that only Tdl users are active. This result
was observed earlier in this chapter in the non-RS setup. It holds also for the RS case
that the maximum number of active users is upper bounded by Tdl.
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Joint Pilot and Precoder Design 8
So far, we have considered precoder design as a strategy to maximize system throughput,
treating the training pilots as fixed, such as the truncated DFT matrix or orthogonal
Gaussian pilots. However, as demonstrated in Chapter 5, the choice of the pilot
matrix is crucial and can significantly affect the system performance. For instance,
designing the pilots based on channel covariance matrices can enhance achievable
throughput (see Section 5.3). This approach is intuitively appealing since it accounts
for the underlying channel structure, but it does not necessarily yield the best possible
performance.

Joint design of pilots and precoders in a model-based manner is a challenging
task. Hence, we propose adopting a data-driven approach that delivers not only the
sum-rate-maximizing precoder but also the pilot matrix. We will demonstrate that the
resulting pilots are remarkably beneficial for previously presented precoding strategies,
such as the zero-forcing and IWMMSE precoding methods based on the LS channel
estimate [50].

8.1 End-to-End Precoding and Pilot Design

Our goal is to maximize the system throughput subject to the transmit power constraint
by designing not only the precoders but also the pilot matrix. The underlying
optimization problem thus reads as

max
P ,Φ

K∑
k=1

Rk s.t. ∥P ∥2F ≤ Pdl (8.1)

where Rk denotes the instantaneous achievable rate of user k (see (3.19)).
We propose an end-to-end (E2E) learning-based approach using an Edge-Graph-

Attention-Network (Edge-GAT). In Fig. 8.1, we show the block diagram for the
proposed approach. Note that this pipeline corresponds to the offline training phase
of the model. In the inference phase, we assume that the base station has incomplete
channel knowledge, and hence, only the channel observations yk (see (3.2)) are used
as input to the network.
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Fig. 8.1: Block diagram of the E2E Edge-GAT model (©IEEE 2024))

The pilot matrix Φ is modeled as a complex fully connected layer without bias [78],
with a normalization layer to ensure that the columns of Φ are unit-norm. Prior to the
Edge-GAT, we introduce a feature extraction layer fθ, which is the same for all users
to maintain scalability. Here, θ denotes the learnable parameters, and fθ is modeled
as a multi-layer perceptron, which maps the observation vector yk of user k to the
feature vector fk. The latter is the input to the Edge-GAT network, whose output is the
precoding vectors.

As depicted inside the Edge-GAT block in Fig. 8.1, the considered multi-user
MISO system is modeled as a bipartite graph, where the M base station antennas and
the K single-antenna users are each represented by a set of vertices. Furthermore, we
initially associate each edge (m, k) connecting antenna m to user k with the feature
vector f (0)m,k. The Edge-GAT network consists of L layers over which the precoding
matrix elements are learned. We assume that the initial feature vector f (0)m,k corresponds
to the channel coefficient between antenna m and user k.

At layer ℓ of the Edge-GAT network, we define the update equation of the feature
vector for edge (m, k) as follows

f
(ℓ)
m,k = σ

(
S(ℓ)f

(ℓ−1)
m,k + α

M∑
i=1
i ̸=m

T (ℓ)f
(ℓ−1)
i,k + β

K∑
j=1
j ̸=k

a
(ℓ−1)
k,j ⊙ v

(ℓ−1)
m,j

)
. (8.2)

Here, the parameters in v
(ℓ)
m,k depend on the feature vector f (ℓ)m,k according to

v
(ℓ)
m,k = V (ℓ)f

(ℓ)
m,k. (8.3)

The weights a(ℓ)
k,j in (8.2) are found using linear attention [79] (and hence the name of
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the network) as follows

a
(ℓ)
k,j =

M∑
m=1

q
(ℓ)
m,k ⊙ k

(ℓ)
m,j/M (8.4)

where the queries and keys are respectively obtained as a function of the feature vector
f
(ℓ)
m,k as

q
(ℓ)
m,k = Q(ℓ)f

(ℓ)
m,k, k

(ℓ)
m,k = K(ℓ)f

(ℓ)
m,k. (8.5)

The α and β are scalar coefficients, and σ denotes the activation function, e.g.,
rectified linear unit (ReLu) [80]. The matrices S(ℓ), T (ℓ), V (ℓ), Q(ℓ) and K(ℓ) are
the learnable parameters of layer ℓ. Note that these matrices are independent of the
system dimensions, i.e., the number of base station antennas M and the number of
users K, making the proposed precoding approach scalable. This means the network
trained for a specific configuration M and K can be used for a different configuration
with M ′ ̸= M and K ′ ̸= K.
After the final layer L of the Edge-GAT, we introduce a normalization layer in order to
satisfy the power constraint.

We train the model depicted in Fig. 8.1 end-to-end, with the sum rate being the
negative loss. After the training phase, the learned pilot matrix Φ is used for channel
sounding. Note that the pilot matrix is learned jointly with the precoders to maximize
the system throughput, which aligns with the overall goal.
In the online phase, we provide the trained network with the observation vectors yk of
each user k and obtain the precoding vector pk.

8.2 Numerical Results

To assess the performance of the proposed precoding approach and especially of the
learned pilot matrix, we consider an urban micro-cell scenario where the channels are
generated using QuaDRiGa [62]. Here, the base station is equipped with M = 64

antennas and serves K = 20 single-antenna users. Furthermore, we again assume
incomplete channel knowledge, i.e., Tdl < M . All other simulation parameters are
collected in Table 8.1.

We compare the end-to-end Edge-GAT precoding approach denoted by E2E
Edge-GAT to the zero-forcing (ZF) precoder and to the standard IWMMSE precoding
approach presented in Section 4.2. The latter two are fed with the LS channel estimate
as input (see (3.7)). Additionally, we evaluate the performance of these approaches
when the learned pilot matrix is used instead of the sub-DFT matrix.
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Parameter Value
Cell radius 150 m
Base station height 10 m
Number of training samples 48K
Number of validation samples 6K
Number of testing samples 5K-30K
Batch size 100
Learning rate 0.001
Optimizer Adam
Number of hidden layers 10
Number of hidden neurons 64
α 0.1/M
β 0.1

Table 8.1: Simulation parameters for the E2E Edge-GAT model

In Fig. 8.2(a) and (b), we show the achievable sum rate of the different precoding
methods versus the downlink transmit power Pdl for Tdl = 16 and Tdl = 8, respectively.
In Fig. 8.2(a), the IWMMSE and the ZF approach exhibit a performance boost when
the learned pilot matrix is used during channel probing compared to the sub-DFT case.
This is because the learned pilot matrix is obtained by jointly optimizing the precoders
such that the sum rate is maximized. Specifically, IWMMSE with the learned Φ

achieves a gain of almost 8 dB in the high-SNR region while maintaining the same
high-SNR slope as its counterpart with the sub-DFT matrix. Interestingly, the ZF
precoder shows a slight saturation of the sum rate with the learned Φ in the high-SNR
region. This behavior can be explained by the fact that there was no structure imposed
on the pilot matrix during training, and the latter could potentially be non-orthogonal,
leading to this loss in the degrees of freedom. Furthermore, the E2E Edge-GAT
method achieves a performance comparable to the IWMMSE approach, which uses
the learned pilot matrix.

Considering now a more challenging scenario with Tdl = 8 < K as shown in
Fig. 8.2, we observe that all methods experience a performance degradation compared
to the previous case with Tdl = 16. Additionally, the performance gap between the
methods based on the sub-DFT pilot matrix and the learned one diminishes. Lastly,
the E2E Edge-GAT approach still competes with the IWMMSE approach but shows a
slightly larger gap in the high-power regime.
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Fig. 8.2: Achievable sum rate versus Pdl using different precoding strategies (©IEEE
2024)

Finally, we consider the power allocation of the E2E Edge-GAT and the IWMMSE
approach, which uses the learned Φ for the case Tdl = 8 < K and Pdl = 20 dB.

2 4 6 8 10 12 14 16 18 20
0

5

10

15

User’s indexU
se

r’s
po

w
er

/P
dl

[%
]

(a): IWMMSE

2 4 6 8 10 12 14 16 18 20
0

5

10

15

User’s indexU
se

r’s
po

w
er

/P
dl

[%
] (b): E2E Edge-GAT

Fig. 8.3: Power allocation of the IWMMSE and the E2E Edge-GAT for Pdl = 20 dB
and Tdl = 8 (©IEEE 2024)

We have observed in the previous chapters that the degrees of freedom or the number
of active users is upper-bounded by Tdl in the high-power region [44]. This is again
the case for both precoding strategies, as can be observed in Fig. 8.3 where the number
of active users equals Tdl = 8. Furthermore, the power allocation patterns are similar,
i.e., both methods decide to serve the same users with a comparable distribution of
power. This is particularly interesting for the E2E Edge-GAT approach since this pure
learning-based method does not have any related prior knowledge during the training
phase.
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Conclusion 9
In this dissertation, we provided an in-depth examination of different precoding
techniques for multi-user massive MISO systems operating in FDD mode with
incomplete CSI. We tackled significant challenges in modern wireless communication
systems, particularly in the context of 5G and future technologies, where efficient use
of the spectrum and strong performance amid channel uncertainties are crucial.

Key findings include the unexpected result that zero-forcing precoding combined
with LS channel estimation can achieve interference-free transmission in high-SNR
regimes under incomplete CSI. Here, we show that the number of training pilots defines
the achievable degrees of freedom. The interference-free behavior of the zero-forcing
precoder combined with LS holds, therefore, only when the number of pilots exceeds
the number of users. Given highly limited pilot resources, we developed alternative
strategies to outperform the zero-forcing precoder and cope with the incomplete CSI.
For instance, we leveraged long-term channel statistics to design statistical precoders,
reducing computational overhead by requiring optimization only when channel covari-
ance matrices change. Moreover, our proposed AWAMSE and MM precoding methods
have demonstrated superior performance to the zero-forcing and MMSE precoders
and were shown to be competitive with existing, more computationally demanding
state-of-the-art approaches.
One of the major contributions of this work is the integration of RSMA with various
precoding techniques. This approach has demonstrated significant potential in enhanc-
ing spectral efficiency and robustness, showcasing RSMA’s ability to handle inter-user
interference, especially in the high-SNR regime, unlike its non-RS counterparts.
Another key contribution is our innovative deep-learning framework for jointly de-
signing pilots and precoders using GNNs. Optimized pilot signals have outperformed
conventional orthogonal pilots, paving the way for new possibilities in improving
system performance through intelligent pilot design.

Looking ahead, several promising research directions emerge from this work:

• The presented precoding approaches, along with their RS extensions, were
proposed for a single-cell scenario; they can be, however, extended to multi-cell
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scenarios to tackle challenges such as inter-cell interference and coordinated
multi-point transmission.

• As wireless systems evolve to higher frequency bands, the characteristics of the
channels and the challenges associated with CSI acquisition change significantly.
Adapting our precoding techniques for millimeter-wave and future terahertz
communication systems could pave the way for ultra-high-speed, short-range
communications.

• Another exciting direction is to integrate the proposed precoding techniques with
other emerging technologies, such as full-duplex systems and reconfigurable
intelligent surfaces.

In conclusion, the techniques and insights developed in this dissertation advance
theoretical understanding and practical solutions for future wireless communication
networks. These contributions form a solid foundation for further research and
innovation, driving progress towards 6G and beyond and enabling more efficient,
robust, and adaptive wireless systems.
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Appendix A
A.1 Spectral Efficiency in a Discrete Memoryless Interference Channel

s h + +

z v

r

Fig. A.1: Discrete memoryless interference channel

In Fig. A.1, we depict the model for a discrete memoryless interference channel
with input s, output r, channel response h, interference z, and independent Gaussian
noise v. Assuming that the interference has zero mean and is uncorrelated with the
input and the channel, an expression for the achievable spectral efficiency reads as

R = log2

(
|h|2

E[|z|2] + 1

)
(A.1)

where the noise variance is assumed to be 1.
The derivation of (A.1) is based on three eventually suboptimal assumptions. First,

the input distribution is assumed to be Gaussian, which is not necessarily optimal.
Second, we assume that the input s is estimated from r using LMMSE estimation.
Lastly, the estimation error is assumed to be Gaussian distributed, corresponding to
the worst-case noise scenario.

Note that (A.1) holds for a deterministic channel response h [14]. If we now
consider h a random variable, then we need to consider the so-called ergodic rate. To
this end, we assume that the transmission of the input signal spans a long sequence of
channel realizations.
Similar to the previous case with a deterministic channel response, an expression for
the ergodic achievable rate can be written as

R̄ = E[log2
(

|h|2

E[|z|2|h, u] + 1

)
]. (A.2)
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Here, u denotes a random variable that influences the interference term, and the outer
expectation is taken w.r.t. these realizations. The term inside the expectation in (A.2)
corresponds to the instantaneous rate for a given channel instance. The derivation of
(A.2) follows the same lines of the deterministic channel response case, except that the
interference needs to be conditionally independent of the input signal given h and u.

A.2 Derivation of the Rate Expression and Power Constraint for the Statistical
Precoder

A.2.1 Derivation of the Effective SINR Expression

Recall that the effective SINR of user k is given by (cf. (3.27))

SINRk =
|E[hH

k pk]|2∑K
j=1 E[|hH

k pj |2]− |E[hH
k pk]|2 + 1

. (A.3)

Now we compute each term of (A.3) individually for pk = Akyk and yk =

ΦHhk + n1,k, where hk ∼ NC(0,Ck) and n1,k ∼ NC(0,
1
Pdl

ITdl) are assumed
to be independent.

First, the numerator is evaluated according to

|E[hH
k pk]|2 = |E[hH

k Akyk]|2

= |E[hH
k Ak(Φ

Hhk + n1,k)]|2

= |tr(E[hH
k Ak(Φ

Hhk + n1,k)])|2

= |E[tr(hH
k AkΦ

Hhk + hH
k Akn1,k)]|2

= |E[tr(AkΦ
Hhkh

H
k +Akn1,kh

H
k )]|2

= |tr(AkΦ
HE[hkh

H
k ] +Ak E[n1,kh

H
k ]︸ ︷︷ ︸

0

)|2

= |tr(AkΦ
HCk)|2. (A.4)

We now concentrate on computing E[|hH
k pk|2]

E[|hH
k pk|2] = E[|hH

k Akyk|2]
= E[yH

k A
H
k hkh

H
k Akyk]

= E[(ΦHhk + n1,k)
HAH

k hkh
H
k Ak(Φ

Hhk + n1,k)]

= E[hH
k ΦAH

k hkh
H
k AkΦ

Hhk] + E[hH
k ΦAH

k hkh
H
k Akn1,k]

+ E[nH
1,kΦAH

k hkh
H
k Akhk] + E[nH

1,kΦAH
k hkh

H
k Akn1,k] (A.5)

= E[|hH
k AkΦ

Hhk|2] +
1

Pdl
tr(AH

k CkAk). (A.6)
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To compute the first term of (A.6), we use [ [81], Lemma 2] and obtain therefore

E[|hH
k pk|2] = |tr(AkΦ

HCk)|2 + tr(AkΦ
HCkΦAH

k Ck) +
1

Pdl
tr(AH

k CkAk).

(A.7)

Next, we consider the term E[|hH
k pj |2] for j ̸= k. Following the same steps done

in (A.5), we obtain

E[|hH
k pj |2] = E[hH

j ΦAH
j hkh

H
k AjΦ

Hhj ] + E[hH
j ΦAH

j hkh
H
k Ajn1,j ]

+ E[nH
1,jΦAH

j hkh
H
k Ajhj ] + E[nH

1,jΦAH
j hkh

H
k Ajn1,j ]

= tr(E[hjh
H
j ΦAH

j hkh
H
k AjΦ

H]) + tr(E[n1,jn
H
1,jΦAH

j hkh
H
k Aj ])

= tr(CjΦAH
j CkAjΦ

H) +
1

Pdl
tr(AH

j CkAj) (A.8)

where we used the independence of hk and hj for k ̸= j.
The effective SINR can be thus written as

SINRk =
|tr(AkΦ

HCk)|2∑K
j=1 tr(AjCyjA

H
j Ck) + 1

. (A.9)

Now, let ak = vec(Ak) ∈ CMTdl×1 and ck = vec(Ck) ∈ CM2×1. We can
reformulate (A.9) as follows

SINRk =
|tr(AkΦ

HCk)|2∑K
j=1 tr(AjCyjA

H
j Ck) + 1

(A.10)

=
|tr(CH

k AkΦ
H)|2∑K

j=1 tr(AH
j CkAjCyj ) + 1

(A.11)

=
|cHk vec(AkΦ

H)|2∑K
j=1 a

H
j vec(CkAjCyj ) + 1

(A.12)

=
|cHk (Φ⋆ ⊗ IM )ak|2∑K

j=1 a
H
j (C

T
yj
⊗Ck)aj + 1

(A.13)

=
|qHk ak|2∑K

j=1 a
H
j Qj,kaj + 1

(A.14)

where we used in (A.11) the property tr(AB) = tr(BA) and that for a covariance
matrix Ck = CH

k . In (A.11) and (A.12), we applied respectively the identities [82]

tr(AHB) = vec(A)Hvec(B) (A.15)
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and
vec(AXB) = (BT ⊗A)vec(X). (A.16)

Lastly, we introduced in (A.14) the following variables

qk = (ΦT ⊗ IM )ck, (A.17)
Qj,k = CT

yj
⊗Ck. (A.18)

A.2.2 Derivation of the Power Constraint

Recall that the long-term power constraint is formulated as follows

E[∥x∥2] = E[
K∑
j=1

∥pj∥2] ≤ Pdl. (A.19)

Using pk = Akyk, we obtain

E[
K∑
j=1

∥pj∥2] =
K∑
j=1

E[tr(pjp
H
j )] =

K∑
j=1

E[tr(Ajyjy
H
j A

H
j )] (A.20)

=

K∑
j=1

tr(AjE[yjy
H
j ]A

H
j ) =

K∑
j=1

tr(AjCyjA
H
j ). (A.21)

Applying the identities given by (A.15) and (A.16) yields

K∑
j=1

tr(AjCyjA
H
j ) =

K∑
j=1

aH
j vec(AjCyj ) =

K∑
j=1

aH
j (C

T
yj
⊗ IM )aj (A.22)

=
K∑
j=1

aH
j Fjaj ≤ Pdl (A.23)

where we used the vectorized transformation matrix aj = vec(Aj) and introduced the
matrix

Fj = CT
yj
⊗ IM . (A.24)

A.3 Derivation of the Effective Common SINR Expression for the RS Statistical
Precoding Approach

In order to derive a compact closed-form expression for the common SINR of user
k, we first define the vectors h and n, where we stack the channel vectors and noise
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vectors of all users, respectively, such that

h = [hT
1 , . . . ,h

T
K ]T, n = [nT

1 , . . . ,n
T
K ]T,

hk = Ekh, nk = Ekn
(A.25)

where Ek = eTk ⊗ IM is an M ×KM -selection matrix.
The vector y of all users’ channel observations can be therefore written as

y = (IK ⊗ΦH)︸ ︷︷ ︸
D

h+ n (A.26)

whose covariance matrix is given by

Cy = DChD
H +Cn (A.27)

with Ch = E[hhH] and Cn = E[nnH] being the block diagonal covariance matrices
of h and n, respectively.
Following similar steps to Appendix A.2, we can evaluate the expectation inside the
numerator of the common SINR as follows

E[hH
k pc] = tr(ChE

T
k AcD) = cHh(D

T ⊗ET
k )ac = zH

k ac (A.28)

where we used the vectorized forms ch = vec(Ch) and ac = vec(Ac), and defined
the vector zk as follows

zk = (D∗ ⊗Ek)ch. (A.29)

Additionally, we have

E[|hH
k pc|2] = tr(ChE

T
k AcD)

+ tr(EkChE
H
k︸ ︷︷ ︸

Ck

Ac(DChD
H +Cn)A

H
c ) (A.30)

= |zH
k ac|2 + aH

c (C
T
y ⊗Ck)ac (A.31)

= |zH
k ac|2 + aH

c Qkac (A.32)

where we introduced the matrix Qk as

Qk = CT
y ⊗Ck. (A.33)

Using the result for E[|hH
k pp,i|2] given in (A.8) (replacing pi with pp,i) and after

vectorization, the common SINR of user k can finally be written in its compact form as

SINRc,k =
|zH

k ac|2

aH
c Qkac + |qHk ap,k|2 +

∑K
i=1 a

H
p,iQi,kap,i + 1

. (A.34)
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A.4 Proof of the Uplink Downlink SINR Duality

We focus here on the uplink to downlink transform. The interested reader may refer
to [65] for more details and for the converse proof.
Given the dual uplink transformation vector tk and the power µk ≥ 0 such that∑

k µk = Pdl with some dual uplink SINR, then the downlink transformation vector
ak can be found using the following linear relationship

ak =
√
αktk (A.35)

where the coefficients αk are given by solving the system of equations SINRk =

SINRdual
k for all k:

αkt
H
k qkqktk∑

j αjtHj Qj,ktj + 1

!
=

µkt
H
k qkqktk∑

j µjtHk Qk,jtk + tHk Fktk
. (A.36)

After rearranging and simplifying the terms, we obtain

µk = αk(t
H
k Fktk +

∑
j ̸=k

µjt
H
k Qk,jtk)− µk

∑
j ̸=k

αjt
H
j Qj,ktj (A.37)

which can be written in matrix-vector notation as follows

µ = Jα (A.38)

where µ = [µ1, . . . , µK ]T and α = [α1, . . . , αK ]T.
The entry of the matrix J in the kth row and ith column reads as

[J ]k,i =


tHk Fktk +

∑
j ̸=k

µjt
H
k Qk,jtk, for k = i

− µkt
H
j Qj,ktj , otherwise.

(A.39)

Note that the matrix J is column-wise diagonally dominant with positive diagonal
entries and negative off-diagonal entries. Therefore, α = J−1µ is non-negative.
Furthermore, it holds that

Pdl = 1Tµ = 1TJα =
∑
k

αkt
H
k Fktk =

∑
k

aH
k Fkak. (A.40)

Hence, the sum power constraint is preserved.
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A.5 Iterative Common SINR Increasing Method

For fixed step size u, the parameters v and a
(n),⊥
c in (6.64) are chosen such that:

1. The power constraint aH
c Fac ≤ αcPdl is satisfied with equality at iteration

n+ 1 for ac = a
(n+1)
c .

a
(n+1),H
c Fa

(n+1)
c

= (1− u)2αcPdl + |v|2∥F
1
2Q

− 1
2

ℓ(n)a
(n),⊥
c ∥22

+ 2(1− α)ℜ{βa(n),H
c FQ

− 1
2

ℓ(n)a
(n),⊥
c } !

= αcPdl.

If we set ∥F
1
2Q

− 1
2

ℓ(n)a
(n),⊥
c ∥22 to 1, which corresponds to a normalization of

the vector a
(n),⊥
c , and ℜ{βa(n),H

c FQ
− 1

2

ℓ(n)a
(n),⊥
c } to zero, by imposing the

orthogonality constraint

a
(n),⊥
c ⊥ Q

− 1
2
,H

ℓ(n) FHa
(n)
c (A.41)

the magnitude of v is given by

|v| =
√
αcPdl(2u− u2). (A.42)

since a
(n),H
c Fa

(n)
c = αcPdl.

2. The left-hand-side of the SINR constraint in (6.61) is maximized. When
inserting the update in (6.64), the latter is given by

2ℜ{η∗ℓ(n)z
H
ℓ(n)a

(n+1)
c } − |ηℓ(n)|2

(
a
(n+1),H
c Qℓ(n)a

(n+1)
c + σ2

ℓ(n)

)
(A.43)

=2(1− u)ℜ{η∗ℓ(n)z
H
ℓ(n)a

(n)
c } (A.44)

−|ηℓ(n)|2
(
(1− u)2a

(n),H
c Qℓ(n)a

(n)
c + σ2

ℓ(n)

)
(A.45)

−|ηℓ(n)|2|v|2a
(n),⊥,H
c Q

− 1
2
,H

ℓ(n) Qℓ(n)Q
− 1

2

ℓ(n)a
(n),⊥
c (A.46)

+2|v|ℜ
{
ej∠vt

(n),H
c a

(n),⊥
c

}
(A.47)

where we used for the last term (A.47) that v = |v|ej∠v. Furthermore, we
defined the vector t(n)c such that

t
(n)
c = ηℓ(n)Q

− 1
2
,H

ℓ(n) zℓ(n) − |ηℓ(n)|2(1− u)Q
1
2

ℓ(n)a
(n)
c . (A.48)
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The terms in (A.44) and (A.45) depend only ona(n)
c , the common transformation

vector from iterationn, and are therefore not taken into account when maximizing
the whole expression.
Due to the transformation applied to a

(n),⊥
c via the matrix Q

− 1
2

ℓ(n), we can see

that the third term in (A.46) simplifies to |ηℓ(n)|2|v|2∥a
(n),⊥
c ∥2. Since the norm

of a(n),⊥
c is already fixed by the transmit power constraint, the only term we

have to maximize is the one given by (A.47). Here, the maximization is done
w.r.t. a(n),⊥

c and ∠v, the phase of v (the magnitude is already fixed due to the
power constraint, cf. (A.42)).
For fixed a

(n),⊥
c , ∠v is chosen such that the real part in (A.47) is maximized

and thus it is given by
∠v = −∠t(n),Hc a

(n),⊥
c . (A.49)

With this choice for ∠v, the real part in (A.47) can be written as

|t(n),Hc a
(n),⊥
c | (A.50)

which is maximized by choosing a
(n),⊥
c as ”co-linear” as possible to t

(n)
c .
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Acronyms

5G Fifth Generation cellular wireless standard
6G Sixth Generation cellular wireless standard

AMSE Average Mean Square Error
AWAMSE Augmented Weighted Average Mean Square Error

CCCP ConCave Convex Procedure
CDF Cumulative Distribution Function
CSI Channel State Information

DFT Discrete Fourier Transform
DL Downlink

E2E End-to-End

FDD Frequency Division Duplex
FP Fractional Programming

GAT Graph ATtention network
GMM Gaussian Mixture Model
GNN Graph Neural Network

IWMMSE Iterative Weighted Minimum Mean Square Error

KKT Karush-Kuhn-Tucker

LB Lower Bound
LMMSE Linear Minimum Mean Square Error
LS Least Squares
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Acronyms

MA Multiple Access
MF Matched Filter
MIMO Multiple Input Multiple Output
MISO Multiple Input Single Output
MM Minorization Maximization
MMSE Minimum Mean Square Error
MSE Mean Square Error

NMSE Normalized Mean Square Error

QCQP Quadratically Constrained Quadratic Program
QuaDRiGa QUAsi Deterministic RadIo Channel GenerAtor

ReLu Rectified Linear unit
RS Rate Splitting
RSMA Rate Splitting Multiple Access

SAA Sample Average Approximation
SDMA Spatial Division Multiple Access
SDR Semi-Definite Relaxation
SIC Successive Interference Cancellation
SINR Signal-to-Interference-plus-Noise Ratio
SIWMMSE Stochastic Iterative Weighted Minimum Mean

Square Error
SNR Signal-to-Noise-Ratio

TDD Time Division Duplex
Tx Transmitter

UL Uplink
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