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Abstract

Teachers’ ability to accurately judge difficulties of mathematical tasks is an essential aspect
of their diagnostic competencies. Although research has suggested that pedagogical con-
tent knowledge (PCK) is positively correlated with the accuracy of diagnostic judgments,
experimental studies have not been conducted to investigate how PCK affects perception
and interpretation of relevant task characteristics. In an intervention study with a con-
trol group, 49 prospective mathematics teachers judged the difficulty of 20 tasks involv-
ing functions and graphs while an eye tracker tracked their eye movements. Some of the
tasks included characteristics well known to be difficult for students. Participants’ domain-
specific PCK of typical student errors was manipulated through a three-hour intervention,
during which they learned about the most common student errors in function and graph
problems. We found that the process of perception (relative fixation duration on the rel-
evant area in the tasks) was related to judgment accuracy. Pre-post comparisons revealed
an effect of the intervention not only on participants’ domain-specific PCK of typical stu-
dent errors but also on their perception and interpretation processes. This result suggests
that domain-specific PCK of typical student errors allowed participants to focus more effi-
ciently on relevant task characteristics when judging mathematical task difficulties. Our
study contributes to our understanding of how professional knowledge makes teachers’
judgment processes of mathematical tasks more efficient.
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1 Introduction

Accurate diagnostic judgments are an essential component of adaptive teaching (Hardy
et al., 2019; Krolak-Schwerdt et al., 2014; Parsons et al., 2018). Diagnostic judgments
include judgments of learner performance, task difficulty, and student solutions (Karst
et al., 2017; Schrader, 1989). Previous studies have primarily focused on the quality of
diagnostic judgments or teachers’ activities associated with judgments (Herppich et al.,
2018; Hoge & Coladarci, 1989; Karst, 2012; Leuders et al., 2022; McElvany et al., 2009;
Stidkamp et al., 2012). However, there is limited knowledge about the cognitive pro-
cesses underlying diagnostic judgments and how pedagogical content knowledge (PCK)
affects these processes (Herppich et al., 2018; Loibl et al., 2020; Schrader, 2009). Spe-
cifically, we lack an understanding of how PCK affects the perception of relevant task
characteristics while judging task difficulty (Herppich et al., 2018; Loibl et al., 2020;
McElvany et al., 2009; Rieu et al., 2022; Schrader, 2009). This knowledge gap is unfor-
tunate because researchers agree that knowledge about the information processing of
diagnosing is necessary to better understand judgments in pedagogical contexts (Herp-
pich et al., 2018; Karst & Bonefeld, 2020; Loibl et al., 2020; Rieu et al., 2022; Schrader
et al., 2018). In particular, knowledge about what information teachers perceive in a
diagnostic situation and how they process this information is crucial for understanding
how teachers come to their judgments (Carrillo-Yaifiez et al., 2018; Loibl et al., 2020).
Understanding teachers’ diagnostic processes is also a basis for providing adequate sup-
port during teacher training. In this study, we investigated prospective teachers’ diag-
nostic processes when judging mathematical task difficulties. We specifically investi-
gated how prospective teachers’ domain-specific PCK of typical student errors affects
their perception and interpretation of relevant task characteristics. We used eye-tracking
methodology to measure visual perception processes.

1.1 Task judgment as a diagnostic process

Tasks are crucial tools for teaching mathematics (Sullivan et al., 2012). Teachers should be
able to judge the overall difficulty of the tasks they select for their students. They should
also be able to interpret how students will solve the tasks and what difficulties they will
encounter while solving them (Chapman, 2014; Hardy et al., 2019; Kron et al., 2021;
McElvany et al., 2009; Mellone et al., 2020; Philipp, 2018). Task judgments are considered
a predictor of student solution processes and results (Leuders & Loibl, 2021).

During task judgment, teachers have to apply their knowledge to the information in
the task (Brunner et al., 2021; Loibl et al., 2020; Rieu et al., 2022). Loibl et al. (2020)
developed a framework describing teachers’ diagnostic judgments by cognitive modeling
(DiaCoM) to interpret the cognitive processes underlying task judgments. The DiaCoM
framework conceptualizes diagnostic judgments in educational contexts as inferences made
by individuals (e.g., teachers) about other individuals (e.g., students) or things (e.g., tasks)
based on the information provided in a diagnostic situation (Loibl et al., 2020).

The framework distinguishes between invisible internal factors and externally observ-
able factors. The internal factors are personal characteristics and diagnostic thinking (DT),
while the external factors are the diagnostic situation (i.e., situation characteristics [SCs])
and diagnostic behavior (DB). We used the DiaCoM framework to describe the invis-
ible internal diagnostic steps and relate them to externally observable indicators. Figure 1
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Fig. 1 DiaCoM framework (Loibl et al., 2020) specified for the situation of judging the difficulty of graphi-
cal tasks

shows the DiaCoM framework specified for the diagnostic situation we investigated in the
present study: judging the difficulty of tasks about functions and graphs.

1.1.1 Situation characteristics and personal characteristics

As the figure shows, the situation characteristics (SCs; top left box in Fig. 1) are externally
observable factors, including the information that initiates the judgment process. In our
case, the situation characteristic was that participants were asked to judge how difficult
specific tasks on functions and graphs were for average 8"-graders. The tasks contained
specific cues, i.e., characteristics that are well known to affect task difficulty.

The personal characteristics (PC; lower left box in Fig. 1) describe the knowledge that
underlies diagnostic thinking. This knowledge (e.g., domain-specific PCK) can be manipu-
lated to experimentally test the influence of knowledge on diagnostic thinking. This experi-
mental manipulation assumes that an intervention leads to higher knowledge. If an inter-
vention group shows a significant improvement in task judgment compared to a control
group, then the assumption that knowledge from the intervention was the reason for the
improvement is validated (Loibl et al., 2020).

1.1.2 Diagnostic thinking and diagnostic behavior

According to the framework, diagnostic thinking (DT; lower right box in Fig. 1) includes
three processes, namely perception, interpretation, and judging (Bromme, 1981; Loibl
et al., 2020). These processes do not necessarily occur in a sequence and may partially
overlap (e.g., interpretation may occur during perception). Perception involves observing
the task at hand and the cues it contains. Regarding diagnostic behavior (DB; top right box
in Fig. 1), perception can be externally observed, for example, by analyzing participants’
eye movements (Brunner et al., 2021). Interpretation involves classifying perceived cues
as relevant or irrelevant to task difficulty (Brunner et al., 2021; Mellone et al., 2020; Rieu
et al., 2022). This is the basis for analyzing the specific difficulties in a task and is reflected
in participants’ interpretation of task difficulty. Judging refers to the final judgment of a
task’s difficulty in relation to another task or a group of students. This step is reflected
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in the overall task judgment, such as whether the task is easy or difficult (Bless & Greif-
eneder, 2017; Stidkamp et al., 2012).

Diagnostic behavior, an externally observable indicator, allows making inferences about
diagnostic thinking (illustrated by the arrow from DT to DB). Note that eye-tracking meth-
odology allows assessing perception processes in real-time, whereas interpretation and
judgment can only be assessed after the processes have finished. In this sense, we consider
participants’ interpretation and overall judgment as products of interpretation and judging
processes, respectively.

Recently, several researchers have used the DiaCoM framework to describe the steps of
diagnostic thinking when judging the difficulty of mathematical tasks. Rieu et al. (2022)
analyzed the influence of PCK on the accuracy of task judgments by asking participants to
decide which of two tasks (word problems containing fractions) was more difficult. They
showed that specific PCK (i.e., knowledge about problems in fractions) is necessary for
making accurate task judgments (Rieu et al., 2022). However, the authors could not distin-
guish between the perception of relevant task characteristics and subsequent judging pro-
cesses. In our previous eye-tracking study, we found that the perception of relevant task
characteristics is related to the accuracy of judgments (Brunner et al., 2021). Participants
who looked longer and more frequently at relevant task characteristics judged the tasks
more accurately. However, it remained unclear whether different perceptions of relevant
task characteristics were due to participants’ eye-gaze patterns or to differences in their
specific PCK.

Studies that have examined teachers’ knowledge of the quality of diagnostic judgments
(Siidkamp et al., 2012) have mainly focused on whether teachers can rank task difficulty
or decide which of two tasks is more difficult (Becker et al., 2020; Ostermann, 2018; Rieu
et al., 2022). These studies assume that teachers reason about how their students solve
tasks. However, they do not specify why teachers reason a task is challenging or what dif-
ficulties students may encounter when solving it. Therefore, a thorough description and
empirical evaluation of these processes is required.

1.2 PCK as a prerequisite for diagnostic judgments

Judging task difficulties requires PCK. Specifically, one needs knowledge about rel-
evant task characteristics and about students’ potential solution processes, that is, about
how students deal with tasks and what difficulties they might have (Brunner et al., 2021;
Morris et al., 2009; Ostermann, 2018; Philipp, 2018). In this study, we examine partici-
pants’ pedagogical content knowledge of typical student errors in tasks about functions
and graphs, hereafter referred to as “domain-specific PCK of typical student errors.” This
type of knowledge falls into the subcategory of knowledge of content and students (KCS)
described by Ball et al. (2008), which is a facet of PCK.

In the example shown in Fig. 2, the required specific knowledge of typical student errors
is knowledge about the so-called “graph-as-picture error.” This error means that students
often interpret such graphs as a picture of the situation without considering the functional
relationships (Brunner et al., 2021; Hattikudur et al., 2012; Nitsch, 2015).

The task shows a graph representing the speed of a roller coaster car during a ride. The
question is, “At what time interval did the car take the steepest descent?” In this case, the
relevant task characteristic is the section from t=8 to t=12, since this is a typical stu-
dent error. Typical student errors are errors that occur frequently in a specific type of task
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Fig.2 An example of a task on The graph represents the speed of a roller coaster car during
functions and graphs the ride.

At what time interval did the car take the steepest descent?
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(Hattikudur et al., 2012; Nitsch, 2015). One needs to perceive and correctly interpret the
relevant task characteristics to identify the possibility of such errors.

Several studies have documented that fostering teachers’ PCK leads to more accurate
judgments of task difficulty (Hammer, 2016; Kron et al., 2021; McElvany et al., 2009;
Morris et al., 2009; Ostermann, 2018; Oudman et al., 2018). However, these studies have
not examined how PCK leads to accurate judgments in detail. For example, although teach-
ers’ perceptions of relevant task characteristics are likely related to their interpretations of
these characteristics, and their PCK likely affects perception and interpretation processes,
empirical evidence is lacking. McElvany et al. (2009) investigated teachers’ domain-spe-
cific PCK to perceive relevant task characteristics for text-picture integration. However,
as they found only low correlations between domain-specific PCK and comparative judg-
ments of task difficulty, it is still unclear to what extent teachers’ perceptions of the char-
acteristics relate to their judgments. Ostermann (2018) used an experimental design and
discovered that a high level of PCK on task characteristics increased the accuracy of judg-
ing the relative difficulty of mathematical tasks. However, the authors could not infer why
this judgment improved, that is, how the processes of perception and interpretation of rel-
evant characteristics influenced the final judging of relative difficulty. Oudman et al. (2018)
demonstrated the influence of knowledge of specific student characteristics (the student’s
name, the student’s solution, or both) on teachers’ judgment accuracy of student perfor-
mance. However, it remained unclear whether and how teachers used their knowledge to
make judgments.

In summary, although previous research has documented correlative and even causal
connections between specific PCK and judgment accuracy, empirical evidence on how
PCK affects the actual diagnostic process is scarce.

1.3 Assessing diagnostic processes with verbal reports and eye tracking

Detecting internal diagnostic processes requires externally measurable indicators that
reflect these processes (Loibl et al., 2020). Verbal reports, such as thinking aloud, are one
method of capturing auditory cognitive processes by reflecting on contexts or explana-
tions (Ericsson & Simon, 1980). Verbalizing thoughts provides insight into participants’
processing or interpretation processes (Dannecker, 2018). This verbalization can occur on
three different occasions: during the situation (introspection), immediately after the situa-
tion (immediate retrospection), or a few days later (delayed retrospection). Although verbal
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reports are an important method of capturing cognitive processes, they have limitations
in that they cannot assess the diagnostic process in real-time, and the delay and verbaliza-
tion may alter the actual processes. Nevertheless, this method, particularly immediate ret-
rospection, is well suited to complement other methods such as eye tracking (Schindler &
Lilienthal, 2019; Strohmaier et al., 2020).

Eye tracking is a more recent method than verbal reports, and it is increasingly being
used in mathematics education research (for a review, see Strohmaier et al., 2020). Just
and Carpenter (1980) made the following assumptions for interpreting eye-tracking data:
visually perceived information is processed without temporal delay, and the eyes fixate on
a specific location while the content of that location is being processed. These assump-
tions are based on reading research and may not apply to every situation. However, they
seem reasonable for visually presented mathematical tasks (Brunner et al., 2021; Klein
et al., 2018; Schindler & Lilienthal, 2019). Several studies have found that eye movements
depend on the visual perceptual characteristics of mathematical tasks (Brunner et al., 2021;
Lee & Wu, 2018; van der Schoot et al., 2009; Verschaffel et al., 1992) and on individual
factors (Inglis & Alcock, 2012).

Fixations and saccades are important eye-tracking parameters. Fixations are periods of
relative eye rest, usually lasting between 80 and 300 ms, during which the brain begins
to process the visual information the eyes receive (Holmqvist et al., 2011). Saccades are
rapid eye movements from one fixation to another. Saccades typically last 20 to 40 ms, and
during this time, vision is extremely limited and detailed perception does not occur (Hol-
mgqyvist et al., 2011; Matin, 1974). Saccades and fixations alternate in a continuous process.
Fixations can be measured as fixation durations or as the number of fixations on both the
entire item and the individual areas of the item, depending on the cognitive process being
measured (Holmgqvist et al., 2011; Strohmaier et al., 2019). To obtain detailed information
about the perceptual processes in each area, a stimulus is divided into so-called areas of
interest (AOIs), and eye-movement parameters are analyzed independently for each AOI
(Holmgpvist et al., 2011). Fixation duration on an AOI is the sum of the duration of all fixa-
tions on that AOI and is used as an indicator of the depth of processing on the AOI, with
long fixation durations typically associated with deep cognitive processing (Brunner et al.,
2021; Holmgvist et al., 2011; Ott et al., 2018).

In summary, eye tracking and verbal reports are suitable methods to assess the cogni-
tive processes of perception and interpretation. In our study, we used these two methods to
investigate whether participants perceive relevant task characteristics (measured with eye
tracking) and interpret them as relevant (measured with verbal reports) when making judg-
ments (again measured with verbal reports) about task difficulties.

1.4 The present study

This study investigates how prospective mathematics teachers process information when
judging mathematical tasks. In particular, this study addresses the correlations between
the three diagnostic processes (i.e., perception, interpretation, and judging), as well as the
causal influence of domain-specific PCK on perception and interpretation. The mathemati-
cal content of the mathematical tasks is functions and graphs. We are interested in the role
of teachers’ domain-specific PCK of typical student errors in these tasks. These typical
student errors are described in more detail below (see 2.3). We assess the process of per-
ception by analyzing eye movements, and the processes of interpretation and judging by
analyzing immediate retrospective protocols of judgments. We define interpretation as the
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analysis of task difficulty (e.g., “Why is a task easy or difficult?”) and judging as the overall
judgment (e.g., “Is the task easy or difficult for a group of students?”).

We hypothesize that high levels of domain-specific PCK of typical student errors pro-
mote effective focus on relevant task characteristics, which in turn promotes accurate inter-
pretations of task difficulty. Specifically, our research questions are as follows:

RQla: Is the perception of relevant task characteristics related to the interpretation of
task difficulty when judging mathematical tasks?
RQI1b: Is the interpretation of task difficulty related to judging?

We expect that participants with a more focused perception (longer fixation durations
and more fixations on areas that provoke typical student errors) will analyze task difficulty
(accurate interpretation corresponding to naming or describing typical student errors) more
accurately than participants with shorter fixation durations and fewer fixations on these
areas. Furthermore, we hypothesize that participants with more accurate interpretations of
task difficulty will provide more accurate overall judgments of task difficulty than partici-
pants with less accurate interpretations.

RQ2: Does a high level of domain-specific PCK of typical student errors lead to a more
focused perception and interpretation of relevant task characteristics and to a more
accurate judgment of task difficulty?

We hypothesize that high levels of domain-specific PCK of typical student errors will
result in more focused eye movements on relevant task characteristics (longer fixations on
the areas that provoke typical student errors) and more accurate interpretation and overall
judgment of task difficulty.

2 Methods

In an experimental design, we manipulated participants’ domain-specific PCK of typical
student errors in functional thinking to determine the effect of personal characteristics on
diagnostic thinking and behavior.

2.1 Sample

The participants in this study were 49 prospective mathematics teachers (28 females and
21 males; age: M =23.43 years; SD=2.07). They were in their fifth or sixth semester of
teacher training at a university in Germany. The study was conducted in a seminar that
was part of the participants’ study program. According to their study program and self-
reports, none of the participants had received instruction of typical student errors in func-
tional thinking prior to this study. We randomly assigned 30 participants to the intervention
group and 19 to the control group (originally n=25). Data from six participants in the con-
trol group had to be removed due to technical problems and data loss during the first eye-
tracking measurement. All participants participated voluntarily and were informed about
the procedure before the study began.
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2.2 Materials

We designed 20 tasks on functions and graphs that varied in complexity according to vis-
ually perceptible characteristics. These tasks were previously utilized in our study about
diagnostic processes (Brunner et al., 2021). We included 16 “error tasks” and four “error-
free tasks.” Each error task addressed one typical student error that is well documented in
the mathematics education literature (Clement, 1989; Hattikudur et al., 2012; Nitsch, 2015;
Russell et al., 2009). The error-free tasks were designed to be completely parallel in con-
tent, but they did not contain the characteristics relevant to a particular student error. Our
focus was on three distinct errors: (1) graph-as-picture error, (2) slope—height confusion,
and (3) confusion between slope parameter and x-axis intersection. We designed the tasks
such that the difficulty of each task could be classified by visual perception and the cor-
rect interpretation of a relevant characteristic. We focused on comprehensibility and simple
task structure to reduce the potential for varied eye movements. Each task comprised a
short introduction to a situation, a question, and a functional graph. Each error task pro-
voked one of the three typical student errors at a specific area of the function graph. This
allowed us to ensure that the characteristics relevant to the task’s difficulty were visually
perceptible and that all other difficulties were kept constant across all tasks.

To illustrate the task characteristics of error tasks, Fig. 3 depicts a task that may provoke
the slope-height confusion error. The graph shows the distance covered by three runners.
The question concerns the graph that depicts the fastest runner at =5 s. Students who
exhibit the slope-height confusion error would interpret the maximum value (the height)
at a specific point on the x-axis (Nitsch, 2015; Russell et al., 2009) with the slope at this
point. They would respond to this task by stating that the top graph represents the fastest
runner. This area is a relevant characteristic because it is where the typical student error is
provoked. The correct answer would be the middle graph because it has the largest slope.

In a pilot study, the tasks were presented to 168 eighth-grade students from German
middle schools to validate theoretical task difficulties. As expected, students were signifi-
cantly less accurate on error tasks (M =0.27, SD=0.13) than on error-free tasks (M =0.94,
SD=0.06), #(18)=10.01, p<0.001, d=5.59). This result corroborates the theoretically

Fig.3 Sample task for slope— The graphs shows the distance covered by
height confusion .
three runners. Which graph represents the
runner who was fastest at timet =5 s?
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derived task difficulty, with error tasks being classified as difficult and error-free tasks
being classified as easy.

2.3 Intervention

Since we were interested in how diagnostic processes are affected by domain-specific PCK
of typical student errors, we manipulated participants’ knowledge through an intervention.
Participants in the intervention group received a domain-specific PCK intervention of typi-
cal student errors. After the posttest, participants in the control group received the same
intervention with a delay. The intervention consisted of two 90-min sessions, during which
participants received information about seven typical student errors in solving function
tasks. The sessions were part of the regular seminar from which participants were recruited
for the study. In the first session, participants received 14 task solutions that contained one
out of seven typical student errors of functional thinking. Figure 4 shows a sample task. In
the task, the student is asked which graph represents a car driving through a left bend at a
constant speed. The bubble represents a student solution that is incorrect.

Participants were asked to identify typical errors in the student solutions. Subsequently,
the instructor introduced seven typical student errors, using technical terms based on the
literature. In addition, the participants received a description of and information about the
possible causes of these seven most common typical student errors, which are well doc-
umented in the mathematics education literature (Hattikudur et al., 2012; Nitsch, 2015).
Participants received a reading assignment (Nitsch, 2014) to deepen their knowledge and
prepare themselves for the second session. They also received an assignment to complete
an online test (http://codi-test.de). This test contained tasks that provoked typical student
errors, and participants were asked to first complete the tasks and then assign the tasks to
the specific student error they provoked. In the second session, the instructor collected the
assignment results and checked for accuracy. Then, the characteristics and causes of the
seven typical student errors were discussed in detail to consolidate participants’ knowl-
edge. The tasks created for the pre- and posttest of the study were not used in the interven-
tion to avoid memory effects.

A car drives through a left bend while keeping a constant speed.

“Ais correct
since it shows
exactly the

curve the car
. . . L is driving
Which of the distance-time graphs represents its journey?
BISR 3 : Y Z through.“
A B C
Distance in m Distance in m Distance in m
Timeins Timeins Timeins

Fig.4 Sample task from the intervention and one students’ incorrect response
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2.4 Equipment

We recorded participants’ eye movements using a remote eye tracker (SMI 250) with a
sampling rate of 250 Hz. Participants sat 65-70 cm away from a 24" screen with a resolu-
tion of 1920 1080 px. We did not use a chin rest or other head fixations because the eye
tracker was sufficiently robust to head movements. Nevertheless, we told the participants
to avoid head movements whenever possible. We used SMI iView X and SMI Experiment
Center software for data collection and stimuli presentation. Data were exported using
the SMI BeGaze software (minimum fixation duration: 80 ms). Verbal responses were
recorded with a digital audio recorder and then transcribed for analysis.

2.5 Procedure

During the pretest, participants completed a questionnaire about demographic data. Sub-
sequently, they were informed about the eye-tracking procedure with a sample task. Dur-
ing the posttest, this sample task was shown again to remind them about the eye-tracking
measurement. Further pretest and posttest procedures were identical. We controlled light-
ing conditions and participants’ sitting positions before recording their eye movements. We
conducted a five-point calibration before data collection. The maximum deviation in meas-
urement accuracy required for precise analyses of fixation duration is 0.50° (Holmqvist
et al., 2011). This was achieved in all calibrations. Thereafter, the participants viewed the
20 tasks (16 error tasks and four error-free tasks) one by one on a computer screen. They
were instructed to verbally judge the difficulty of each task using the following scale: 1
(very easy), 2 (fairly easy), 3 (fairly difficult), and 4 (very difficult). There was no time
pressure. On average, participation took 25 min to complete the eye-tracking experiment.
After the participants finished making their judgment, the experimenter pressed a button
to stop eye tracking. After each judgment, participants were asked to provide a reason for
their judgment as an immediate retrospection (Konrad, 2010), with the task still visible on
the screen. This interpretation was audio-recorded. After the eye-tracking session, the par-
ticipants were asked to solve the 20 tasks themselves in a paper-and-pencil test. Since the
participants solved 90% of the tasks correctly in the paper-and-pencil test, we can assume
that they had sufficient knowledge of functional thinking. This suggests that participants’
eye movements were related to diagnostic processes rather than to difficulty in solving
the tasks. Nevertheless, we excluded eye-movement data from the 10% of tasks that were
solved incorrectly.

2.6 Measures

Individual scales were used for each of the three diagnostic processes: perceiving, inter-
preting, and judging (see Fig. 1 “Diagnostic Thinking”). The operationalizations of the
scales are described below. These refer to the "Diagnostic Behavior" in the DiaCom frame-
work (see Fig. 1).

2.6.1 Perception
To measure the perception process, we analyzed local eye movements in the areas show-

ing typical student errors (AOIs, according to Holmqvist et al., 2011). We used the fixation
duration on the AOIs as an indicator of perceptual processing depth. Since the size of the
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AOIs varied from task to task, and the fixation duration varied from participant to partici-
pant, we calculated the relative values as follows: We divided the size of each AOI by the
total size of the item and divided the fixation duration on the AOI by the total fixation dura-
tion on the item. The relative sizes allowed us to create a scale across all the tasks and par-
ticipants. For readability, we hereafter refer to the relative values as the “fixation duration
on the AOL” The higher the value, the more the gaze is focused on the AOI. The pretest
data showed sufficient internal consistency for fixation duration on the AOI, with a Cron-
bach’s alpha of 0.63 (M =157.68, SD=59.10) (Brunner et al., 2021). The posttest data also
showed sufficient internal consistency for fixation duration on the AOI, with Cronbach’s
alpha=0.63 (M=158.47, SD=60.07).

2.6.2 Interpretation

To address questions about the interrelationships between diagnostic processes, we ana-
lyzed data from the posttest because it had a high variance due to the intervention. We
measured interpretation by how accurately the participants reasoned why a task was easy
or difficult. To operationalize the accuracy of interpretation, a four-level category system
was developed using qualitative content analysis according to Mayring et al. (2008), which
was inductively derived from the data material. Very high interrater reliability of 0.95 was
achieved for two independent raters. Statements that were rated differently were agreed
upon through subsequent discussion. Table 1 lists the categories and provides descriptions
and examples of participants’ statements. Participants received scores ranging from O to 3
for each task depending on how appropriate their interpretation was from a theoretical per-
spective (see Table 1), resulting in a maximum score of 60 across all 20 tasks. The internal
consistency of this scale was acceptable in the pretest (Stadler et al., 2021), with a Cron-
bach’s alpha of 0.59 (M=33.78, SD=5.28), and it was very high in the posttest, with a
Cronbach’s alpha of 0.93 (M =49.18, SD=13.90). This difference is not surprising because
task difficulty is determined by a single characteristic that is hardly identifiable in a reliable
way with little knowledge of typical student errors.

Table 1 Main categories of interpretation accuracy with descriptions and examples

Value Label Description Example
3 Typical error Technical terms mentioned or content- Since the blue graph is above the
mentioned or related descriptions of typical errors;  black graph, but the black graph is
described mathematical and real situations steeper, it could lead to the error
were combined that the blue one is faster
2 Parts of the typical There is a reference to the real situa- ~ The student must be able to read the
error mentioned tion, but the central difficulty in the gradient to discover the speed of the
graph is not mentioned or is only runners
described on a mathematical basis
1 Another difficulty A general statement that the task Since several graphs are shown, they
than the relevant  is difficult without referencing to have to be compared
one mentioned the real situation or mathematical
difficulty
0 No pedagogical No relation to the difficulty of the task One just has to read and understand
reason men-
tioned
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2.6.3 Judgment

We measured judging as the overall judgment accuracy. We asked participants to rate the
difficulty of a task on the following scale: 1 (very easy), 2 (fairly easy), 3 (fairly difficult),
and 4 (very difficult). We classified error-free tasks as very easy or fairly easy, and error
tasks as fairly difficult or very difficult, based on our empirical data from a pilot study
(see 2.2). Participants’ judgments were then dichotomized as 1 (correct judgment) and 0O
(incorrect judgment). Again, and not surprisingly, the internal consistency of this scale was
acceptable in the pretest (Stadler et al., 2021), with a Cronbach’s alpha of 0.60 (M =10.75,
SD=2.91) (Brunner et al., 2021), and sufficiently high in the posttest, with a Cronbach’s
alpha of 0.75 (M=11.88, SD=3.61).

3 Results

As only the error tasks are relevant for answering the research questions, we excluded
error-free tasks from data analysis. We also removed outliers from the eye-tracking data
that deviated from more than 1.5 times the interquartile range of the distribution per task.

In the following, we analyze the data regarding the first research questions about the
correlations between the diagnostic processes (RQ1la and RQ1b). Table 2 presents the
descriptive posttest data, as well as the correlations between interpretation, perception
and judgment.

There were significant correlations between perception (fixation duration on the AOI)
and the accuracy of interpretation (RQ1a). Participants with long fixation durations on
the areas that provoke typical student errors provided more accurate reasons for task dif-
ficulty. According to Cohen (2016), this was a medium effect. We also found significant
and medium correlations between interpretation accuracy and overall judgment accu-
racy (RQI1b). Participants who provided relatively accurate interpretations also made
relatively accurate overall judgments, and vice versa.

To assess the effects of our PCK intervention on typical student errors (RQ2), we
performed a univariate analysis of variance (ANOVA) with repeated measures. The
ANOVA included the factors time (pre-post; repeated) and group (intervention-control).
The dependent measures were perception, interpretation, and judgment, respectively.

Tab.l e.z Descrlptlve' posttest Scales M SD Correlations
statistics for perception,

interpretation, judgment, and
correlations with interpretation

with interpreta-
tion

Perception 16.03 6.07 0.43*
Fixation duration on the AOI

[Higher values correspond to a
more focused gaze on the AOI]

Interpretation 1.78 0.84 -
[value=0-3; see Table 1]
Judgment 0.51 0.23 0.43*

[1=correct; 0O=incorrect]

Note: M =mean; SD =standard deviation; * indicates p <0.05
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Table 3 Descriptive statistics for

L . Intervention group ~ Control group
the perception, interpretation,

and judgment Scales M SD M SD
Perception Pretest 9.22 3.72 9.51 3.42
Posttest 17.23 5.52 14.12 6.55
Interpretation Pretest 0.95 0.28 0.75 0.28
[scale: 03 posttest 232 057 092 034
see Table 1]
Judgment Pretest 0.49 0.19 0.36 0.14
[1=correct;  pogtrest 060 021 037 017

O=incorrect]

Note: M =mean; SD =standard deviation

Table 3 presents the descriptive data. The mean values of the three scales show that
the participants initially had similar values before the intervention and that both groups
showed changes from pretest to posttest.

Regarding perception (fixation duration on the AOI), there was a significant main
effect for time (F(1, 47)=60.72, p<.001, #°=.56), suggesting that participants in
the posttest gazed at the AOI with the typical student error for a significantly more
extended period than in the pretest. The factor group had no significant main effect,
implying that the intervention and control groups did not differ significantly over-
all (F(1, 47)=1.41, p=.241, ;12=.029). However, there was a significant interac-
tion between time and group (F(1, 47)=4.41, p=.041, 5° = .086), suggesting that the
intervention had an effect on participants’ perception. Participants in the intervention
group increased their fixation durations on the relevant task characteristics (i.e., the
areas that provoke the typical student error) significantly more than participants in the
control group.

Regarding interpretation, all participants had similar interpretation accuracy at the
pretest (see Table 3). There were significant effects for time (F(1, 47)=116.60, p <.001,
n?=.71) and group (F(1, 47)=71.87, p<.001, *>=.94), indicating an overall improve-
ment of interpretation from pretest to posttest, and an overall difference between the
intervention and the control group. The significant interaction between time and group
(F(1, 47)=69.01, p<.001, #*=.595) demonstrates that participants in the interven-
tion group improved their interpretation accuracy significantly more strongly than
participants in the control group. Specifically, this means that after the intervention,
participants referred to typical student errors significantly more frequently in their
interpretations.

Regarding participants’ judgments, there was no significant main effect of time
(F(1, 47)=2.69, p=.107, 112=.054). There was a significant effect of group (F(1,
47)=19.88, p <.001, *>=.30), but the interaction effect between fime and group was
also not significant (F(1, 47)=2.13, p=.151, #*>=.043). These results suggest that,
overall, participants in the intervention group offered more accurate judgments than
participants in the control group. However, although the increase from pretest to post-
test was descriptively larger in the intervention group than in the control group (see
Table 3), this difference was not statistically significant.

In sum, the results suggest that the intervention led to more focused perception and
interpretation of relevant task features, although it did not increase participants’ over-
all judgment accuracy. To illustrate the results, Figs. 5 and 6 show two eye-movement
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patterns and verbal responses of one participant in the intervention group for the task
displayed in Fig. 3 (i.e., the example task addressing the slope-height error).

Figure 5 shows the participant’s eye movements during the pretest. Figure 6 shows
the eye movements of the same participant during the posttest after the intervention.
During the pretest, the participant fixated more on less relevant task characteristics
and focused most of their visual perception on the area that provoked the correct
answer. During the posttest, a significant portion of the participant’s visual percep-
tion was focused on the relevant task characteristic, which is the area that provokes
the typical student error. After that, the participant showed more efficient eye move-
ments, indicating that less relevant task characteristics were perceived only briefly.
This difference was also reflected in this participant’s reasoning about task difficulty.
In the pretest, the participant did not provide a good reason for task difficulty. How-
ever, in the posttest, this participant named the typical student error (confusing slope
and height). The participant recognized the relevant task characteristics and inter-
preted them as potentially challenging for students.
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4 Discussion

The purpose of this study was to increase our understanding of information processing in
judging mathematical tasks. In particular, the aim was to explore the relationship between
diagnostic processes and whether this relationship could be influenced by manipulating
domain-specific PCK of typical student errors.

4.1 Theoretical and practical implications

Participants’ eye movements reflected their ability to identify typical student errors in
mathematical tasks. There was a significant correlation between participants’ interpretation
accuracy and their fixation duration on the area that provokes typical student errors. Par-
ticipants who had longer fixation durations on the areas critical for typical student errors
provided more accurate reasons for task difficulty (i.e., they mentioned the typical error
more often in their interpretation) than participants who had shorter fixation durations.
This demonstrates that the identification of characteristics relevant to task difficulty can
be measured through eye movements and that this identification is associated with an in-
depth cognitive process related to the areas that provoke typical student errors. Therefore,
it seems plausible that participants’ eye movements reflect the diagnostic processes of task
judgment, and that eye tracking is suitable for recording diagnostic processes (Schindler &
Lilienthal, 2019; Strohmaier et al., 2020).

There was also a significant correlation between the quality of interpretation of task
difficulty and overall judgment of task difficulty. Participants who provided accurate inter-
pretations also made accurate overall judgments. This finding is in line with recent findings
by Rieu et al. (2022), which revealed that participants who identified and weighted charac-
teristics relevant to task difficulty also made accurate judgments. It suggests that when the
participants identified a typical student error in a task, they also interpreted it as relevant to
task difficulty. We take this finding as support of our assumption that participants who cor-
rectly interpret the relevance of a typical student error will also be able to judge tasks more
accurately and vice versa.

Regarding the causal influence of domain-specific PCK of typical student errors, we
found that manipulating PCK (personal characteristics) influenced the diagnostic process
toward a more accurate diagnosis. Participants who received the domain-specific PCK
intervention perceived the relevant task characteristics for a significantly longer time than
participants who did not receive the intervention. Thus, domain-specific PCK of typical
student errors resulted in a focused perception of relevant task characteristics. It is worth
emphasizing that the experimental design of our study allows us to draw causal conclu-
sions. Specifically, intervention effects cannot be attributed solely to repetition effects or
general experience. However, we can only make statements about fixation duration since
the current tasks did not allow for reliable scales of other eye-tracking parameters that
could potentially be relevant as well (Brunner et al., 2021).

While previous intervention studies (Diinnebier et al., 2009; McElvany et al., 2009;
Ostermann, 2018; Oudman et al., 2018; Rieu et al., 2022) had already shown that task
judgment improves with domain-specific PCK, our study suggests that the reason for
improved task judgment is the application of participants’ acquired domain-specific PCK.
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Furthermore, we showed that manipulating domain-specific PCK of typical student errors
significantly improved the interpretation of task difficulty. Participants in the intervention
group were more able to identify perceived relevant task characteristics as potentially chal-
lenging for students than participants in the control group. This indicates that the interpre-
tation of task difficulty can be positively influenced by modifying personal characteristics,
meaning that participants are better able to correctly interpret perceived relevant task char-
acteristics if they have acquired a sufficiently high level of domain-specific PCK. These
results align with the findings of Mellone et al. (2020), who investigated the mathematical
knowledge activated by interpreting student solutions (interpretive knowledge). Mellone
et al. (2020) showed that interpretive knowledge changed significantly through discussions
of student solutions.

4.2 Limitations

Our results suggest that perception mediated the effect of domain-specific PCK of typical
student errors in analyzing task difficulty. However, the task design of our study made it
impossible to calculate this mediation effect. The reason is that a typical student error can
be found in each item; thus, we cannot exclude the unlikely possibility that participants
mentioned the typical student error in their reasons for task difficulty even though they
did not fixate on the actual relevant characteristic. Such behavior would lead to judgments
that are not mediated by perception. This limitation can be addressed in another study by
including similar tasks without typical student errors in the analyses.

Although we expected the intervention to lead to an improvement in overall judgment
accuracy, we only discovered this improvement on the descriptive level, but it was not
statistically significant. First, the lack of a significant effect could be due to the relatively
small sample size. Another explanation could be that the scale we used to assess judgment
accuracy was not sufficiently fine-grained to detect small effects. It is worth recalling that
the participants had to indicate the problem difficulty on a four-level scale, which we then
dichotomized to assess accuracy (see Sect. 2.6). The main focus of our study was not to
assess judgment accuracy. Instead, we asked the participants for their judgments to initiate
the cognitive processes of perception and interpretation of task difficulty.

4.3 Educational implications and summary

Our study has educational implications. Tasks are a central medium for designing
mathematical instructions (Sullivan et al., 2012), and accurate diagnostic judgments
are considered an essential component of adaptive instruction (Hardy et al., 2019;
Krolak-Schwerdt et al., 2014; Parsons et al., 2018). Thus, the results of this study are
an essential step toward an improved understanding of how prospective teachers use
their domain-specific PCK of typical student errors to accurately judge the difficulty of
mathematical tasks. Domain-specific PCK, in particular, appears to result in accurate
task judgments that may enable prospective teachers to assess potential student errors
in mathematical tasks. Our study provides the first causal evidence for the assumption
that domain-specific PCK sharpens prospective teachers’ focus when judging math-
ematical tasks. Knowledge of this relationship could be useful in designing digital
learning environments for enhancing prospective teachers’ diagnostic skills. Once eye
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tracking can be applied in the ongoing process, such tools could provide adaptive sup-
port based on participants’ eye-movement patterns.

We conclude that identifying relevant task characteristics can be assessed through local
eye movements and that this identification is associated with deeper cognitive processing
of the information provided by the areas that provoke typical student errors. Manipulat-
ing domain-specific PCK can improve both the perception and the interpretation of task
diagnosis.
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