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Abstract

In the quest for efficient and durable data storage solutions, DNA-based data storage (DNA
storage) has emerged as a promising frontier for archival storage. This new storage solu-
tion offers many new research problems for the information and coding theory community.
Especially the inherent nature of the DNA storage process with the unordered storage fash-
ion, the random number of noisy copies for different data parts, and the occurrence of
data-dependent synchronization errors (insertions and deletions) impose challenges and op-
portunities that have yet to be fully understood to enable its commercial application. This
dissertation focuses on taking a step forward in achieving this objective by designing several
novel error-correction schemes for subproblems of the overall DNA storage process.

The first part of this dissertation deals with designing codes for insertion and deletion
errors for adversarial channels. First, we discuss the setting of codes correcting combina-
tions of insertion/deletion errors with classical substitution errors. In contrast to the design
of error-correcting codes for edit errors (insertion, deletion, or substitution error), by fixing
the insertion/deletion and substitution errors to different constants, we can leverage this
prior knowledge in the design process. We present non-asymptotic bounds on the cardi-
nality of generic codes affected by this error type. For the main result, we focus on the
special case of a single insertion/deletion and single substitution error. We discuss proper-
ties of generic number-theoretic codes and propose a code construction of a binary single-
deletion single-substitution correcting code with low redundancy. Second, we generalize the
insertion/deletion correcting problem to two-dimensional arrays, i.e., we study the unique
recovery of arrays after insertions or deletions of rows and columns. We extend the well-
known insertion and deletion equivalence for vectors to arrays. Additionally, we develop
code constructions based on a locate-decode strategy which we can benchmark with our
prior derived bounds. We introduce special structures in the code arrays that assist in locat-
ing the row and column insertions/deletions, consequently transforming the problem into an
erasure-correction problem, which can be solved by classical error-correction mechanisms.

In the second part of the dissertation, we consider coding for the end-to-end DNA storage
process comprising the DNA synthesis, the storage, and the DNA sequencing steps. We
model the DNA storage channel as a stochastic channel where the input and output are
several unordered short DNA strands. In detail, we draw randomly with replacement multiple
copies of the input strands, each copy passing through a strand-dependent noise channel
inflicting synchronization errors. The set of output DNA strands is obtained by randomly
permuting the strands after the noise channel. We propose an index-based concatenated
coding scheme together with a low-complexity decoder. We achieve excellent performance
on experimental data obtained by nanopore sequencing due to clever channel modeling,
tackling negative effects and leveraging inherent opportunities of the DNA storage channel
effectively, and soft information processing in the decoder.
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Chapter 1

Introduction and Overview

The start of the digital age enabled us to communicate and store massive amounts of
data. According to current projections, the demand for digital data storage is exponen-
tially increasing from current amounts in the magnitude of Zettabytes (one trillion Ter-
abyte) to Yottabytes (one quadrillion Terabyte) in the future, requiring innovative storage
ideas [ZZST16]. A storage solution is mainly benchmarked by four key aspects: density (bits
per volume), durability (long retention period), access speed (latency and bandwidth), and
energy-efficiency (while storing and during read/write process) [CNS19]. A vast majority of
the data subject to be stored is aimed for archival storage, i.e., data that is not accessed
for a longer time span; thus, the crucial factors are high density, long durability, and energy
efficiency during the storage process for this application. Under the data growth predictions,
current storage solutions such as magnetic (e.g., hard disk drives and tape), optical (e.g.,
CDs and Blu-ray), and solid-state (e.g., flash) memories are not able to keep up with the
demand for archival storage even when reaching their predicted fundamental storage limits.
In fact, their utilization would lead to immense maintenance costs, mainly produced by the
vast space required due to their limited storage density and the necessity to rewrite due to
their limited life span. Hence, researchers have pinpointed molecular data storage, especially
deoxyribonucleic acid (DNA), as a potential candidate to solve the world’s future storage
problem. According to DNA’s projected theoretical storage density, today’s storage demand
could fit in a 10 cm? box full of DNA, and the world’s projected storage demand in 2040
could be satisfied by simply one kilogram of DNA [ZZS'16]. To turn this dream into reality,
many challenges have to be overcome, and research advances have yet to be made. Espe-
cially due to the success of large-scale proof-of-concepts experiments in the early 2010s, e.g.,
[CGK12; GBC*13], DNA-based data storage (in short DNA storage) has attracted consid-
erable attention not only in the biotechnology field but also in the information and coding
theory community. The unique storage flow and noise sources impose interesting research
problems on a theoretical and practical level. It is evident that error-correction schemes are
necessary to ensure reliable data storage.

In this dissertation, we deal with information- and coding-theoretic problems related to
DNA storage. First, we discuss error-correction schemes for specific adversarial channels
with insertion and deletion errors, which are two prominent error types occurring in the
DNA storage process. Second, we propose a practical and flexible end-to-end coding scheme
for the DNA storage channel, which is a close abstraction of the full storage process.
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1.1 Outline

We briefly discuss the structure of the dissertation and provide a short summary for each
chapter. The dissertation is split into three parts: Preliminaries (Chapter 2), Codes on
Adversarial Insertion/Deletion Channels (Part I, Chapters 3 to 5), and Coding Schemes for
the DNA Storage Channel with a Probabilistic Decoder (Part II, Chapters 6 and 7).

Chapter 2 highlights the principles and challenges of DNA storage. We also provide a
historical review of DNA storage experiments with a coding-theoretic perspective. Further,
we introduce the mathematical notation used throughout the dissertation. Then, we discuss
components and terminology for reliable data storage. We distinguish the two channel model
approaches: adversarial and stochastic model. Finally, we discuss the different error types
treated in this dissertation and introduce their associated distance metrics.

Chapter 3 discusses the principles of error-correction for insertion and deletion errors in
the adversarial setting. First, we provide a historical review of insertion and deletion error
correction. Then, we discuss the properties of codes correcting insertion and deletions, mainly
their error-correction equivalence and bounds on the redundancy of such codes. Finally, we
present code constructions of well-known insertion/deletion error-correcting codes, e.g., the
Varshamov-Tenengolts codes.

Chapter 4 considers the correction of fixed combinations of insertion/deletion and substi-
tution errors. We discuss bounds on the cardinality of error-correcting codes for this type of
error. Then, we analyze the properties of number-theoretic codes when affected by a single
deletion and single substitution error. Building on these results, we construct single-deletion
single-substitution error-correcting codes.

Chapter 5 generalizes the insertion and deletion coding problem to the two-dimensional
space. In particular, we consider the problem of insertion or deletion of rows and columns
in arrays. We extend the insertion/deletion equivalence to arrays and also derive bounds for
codes under this error model. Then, we present two code constructions: One deals with a
simplified channel where the code array is affected by a fixed single-row and single-column
insertion/deletion error. Then, this construction is generalized to tackle combinations of row
and column insertion/deletions.

Chapter 6 introduces channel coding for insertion, deletion, and substitution errors as-
suming a stochastic model for single sequence and multiple sequence transmission. Fur-
ther, we provide a historical review for error-correction on such channels and introduce
information-theoretic tools to analyze the performance of channel codes with decoders un-
aware of the true channel law.

Chapter 7 treats the problem of building a practical end-to-end DNA storage coding
solution. Further, we discuss the DNA storage channel model with its opportunities and
challenges. In particular, we model error events as strand-dependent errors to narrow the
gap of the true underlying error channel explicitly when applying nanopore sequencing.
Additionally, we take into account the unordered storage fashion and the random copy effect
of the DNA storage channel. We propose a practical coding scheme together with the design
of a low-complexity decoder. We evaluate this scheme on experimental data.

Chapter 8 concludes the dissertation.



Chapter 2

Preliminaries

The dissertation treats topics related to error-correction mechanisms in DNA storage. Hence,
we highlight the main principles and challenges in DNA storage in Section 2.1. Subsequently,
we introduce the mathematical notation used throughout the dissertation in Section 2.2. Af-
terwards, we briefly discuss the fundamental principles of error-correction for this dissertation
in Section 2.3.

2.1 DNA-based Data Storage

Natural evolution selected genes as the fundamental elements that carry the biological infor-
mation of living organisms. Genes are structured DNA sequences that are used to store and
communicate over time, e.g., over generations, the information of functional products of the
body, i.e., primarily recipes of proteins, which are an essential fundamental building entity
of living organisms. Inspired by nature, researchers are pushing towards utilizing DNA as a
medium to store artificial data, i.e., translating binary digital data into DNA sequences or
vice versa. DNA is a double-helix formed by two complementary, directional strands twisted
around each other which are composed of the four essential molecules called nucleotides:
Adenine (A), Cytosine (C), Guanine (G), and Thymine (T) [MKO05]. The respective com-
plement relation of the nucleotides is defined by the Watson-Crick pairing A — T and C —
G. Due to this fixed mapping, we describe a DNA strand as a single chain of nucleotides
throughout this dissertation.

DNA storage offers four main advantages [MGK™18; PMB*18] solving the high storage
demand in the future:

1. Energy-efficient long-term storage:
DNA is very stable compared to other storage media. It can be retrieved after thou-
sands of years with minimal maintenance efforts if stored in an appropriate medium.
The work [GHP'15] showed error-free DNA storage over 2000 years at 10°C and
2000000 years at —18°C (simulated via heating process) in Sicilia containers.

2. Ultra-dense storage capacity:
It offers a theoretical storage capacity of 100 trillion (10'2) Gigabyte per gram. The
work in [OCA*20] achieved already a storage density of 17 Exabytes (10° Gigabyte)
per gram.
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3.

Easily replicable DN A strands:
Using polymerase chain reaction (PCR), DNA strands can be easily and rapidly repli-
cated, enabling large-scale data amplification, e.g., for data backups or creating physical
redundancy for better data readout.

Non-obsolete technology:

Due to DNA’s fundamental role in nature and researchers’ curiosity to understand
and learn from nature, technologies involved with DNA will always be accessible and
improved, e.g., for writing and reading purposes.

As these key points seem promising, many challenges must be overcome such that DNA
storage can be practical, i.e., commercially in use [MGK™18; DPG*22]:

1.

Cost-effectiveness:
Using current technology, it is estimated to cost 800 million US dollars per Terabyte;
in contrast, storage using magnetic tape costs around 15 US dollars per Terabyte.

High latency for data writing and retrieval:
The current writing and reading speeds are both in the order of kilobytes per second
(to be competitive, it is expected to be in the order of gigabytes per second) [GMM16].

Large-scale rewritability and random-access:

Due to the expected high storage capacity, it is inherent that rewriting or random-
access data retrieval needs to be scaled up, i.e., made practical, since mainly only a
tiny fraction of the data is desired to be altered or read.

Strand data errors:

Due to natural or technological impairments in writing, storing, and reading processes,
different error types occur, which require the development of new (or more efficient)
error-handling mechanisms [HMG19]. Further, the errors statistically depend on the
DNA strands and the system components used. For example, insertion and deletion
errors appear within a single DNA strand. Moreover, specific DNA structures, e.g.,
multiple consecutive equal nucleotides (homopolymers), cause higher (mostly deletion)

error rates [HMG19]. Strand losses and breaks can also occur within the storage
processes [GHPT15; GSGT24].

Unordered and short sequence storage design:

Due to current synthesis limitations, DNA strands are presently around 100-200 nu-
cleotides long and are stored in an unordered fashion. This requires a practical way of
reordering the strands [GHPT15] and is mainly tackled using addresses in the individ-
ual strands.

Significant efforts and scientific research have recently been made to understand the oppor-
tunities and overcome the challenges. The dissertation focuses on error handling (the last
two challenges), considering easy replicability. Specifically, the design of error-correction
codes and decoding algorithms will be discussed in various scenarios. Note that constrained
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Figure 2.1: Flow together with the components of a generic DNA storage system.

coding, i.e., error avoidance by shaping the stored DNA strands such that error-prone struc-
tures are avoided, may also be an option to handle errors [SKS*24]. We refer to [DPG122]
for a deeper view of other efforts of the challenges. A historical review on DNA storage with
a coding-theoretic view is given in Section 2.1.2.

Upcoming, the basic principles and components of a DNA storage system will be discussed,
providing an overview of the process of the initial data storage until the final act of data
retrieval.

2.1.1 Components of a DNA-Based Data Storage System

The overall task of conventional data storage is retaining information over time. A usual
storage system consists of four essential components: writing, storage, retrieval, and reading.
In the following, a typical DNA storage system flow is described and depicted in Figure 2.1
[CNS19; DPGT22]. The described flow is generic and may be adapted to specific system
targets or technologies. Note that rewriting particular data in an existing storage is not
discussed.

Writing process: A large amount of user data, commonly seen as binary data, is subject
to be stored as DNA. Hence, an algorithm (encoder) maps the binary string into several
short quaternary sequences, comprised by the symbols {A, C, G, T} representing the different
nucleotides, since current synthesis technologies provide only high-accuracy results for short
DNA strands. In most practical systems, the encoder adds index information to each DNA
strand to enable reordering of the data. Most importantly, the encoder strategically inserts
logical redundancy using error-correcting codes to enable recovery even in the presence of er-
rors (strand losses, insertion/deletion/substitution errors, permutation noise, strand breaks).
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primer | address encoded user data (payload) primer

Figure 2.2: Typical structure of a stored DNA strand.

Additional logical redundancy may be used for constrained coding, avoiding certain error-
prone structures. In the next step, primer strands, i.e., biological marker sequences, are
added at the beginning and end of the strands, which are necessary for certain biological
processes, e.g., for PCR and sequencing. We illustrate the typical structure of a DNA strand
in Figure 2.2. The encoded sequences are then physically created by the chemical process
of DNA synthesis. Currently, phosphoramidite-based synthesis is most commonly applied,
which, in short, stitches the DNA strands together nucleotide by nucleotide. Moreover,
array-based systems enable the creation of many physical copies (in the order of thousands
or millions) of each DNA strand in parallel, creating extra physical redundancy. However, the
amount of copies statistically varies and depends on different factors, e.g., strand structure
or position on the array [DPG*22].

Storing process: The DNA strands are stored as a pool in an unordered fashion either
by injecting them into living cells (in vivo storage) or in a physical storage container (in
vitro storage), protecting it against possible external harms and slowing down the decay of
the DNA. When performing in vitro storage, PCR is typically applied to further amplify
the number of DNA strands available in the pool. This can be performed at any time,
e.g., directly after writing, during storage, or simply before reading to facilitate data access.
Due to PCR’s statistical nature, this exhibits different amounts of amplification across the
individual strands, which, in extreme cases, results in the total dilution of a particular DNA
strand (simply by not getting copied enough).

Retrieval process: A likely scenario is that only a tiny fraction of the data needs to be
accessed, e.g., a specific book from an extensive library. Hence, random-access techniques
are required to facilitate the efficient retrieval of arbitrary data parts. The most common
techniques use specifically designed primer sequences to differentiate files but use different
techniques for retrieval. One method uses primer-targeted PCR to amplify the targeted DNA
strands and dilute undesired DNA strands, making it unlikely to read non-file-related DNA
strands. Other methods physically separate the selected DNA strands based on magnetism or
fluorescence-sorting methods to enable correct file retrieval to circumvent the PCR-induced
bias in strand distribution.

Reading process: For data readout, a portion of the DNA strands is given to a DNA
sequencing machine, which translates the available DNA strands to noisy reads, i.e., noisy
quaternary sequences comprised again by symbols of {A,C,G, T}, of the original written
sequences. There are two leading sequencing technologies by Illumina and Oxford Nanopore.
Illumina is a “sequencing by synthesis” method, where the DNA strands get fixed to a
board. Then, fluorescent markers cyclically attach and detach, revealing, subsequently, the
nucleotides of the DNA strands at their respective positions. This process’s main advantage
is its high accuracy and the fact that it can be highly parallelized. The disadvantages are the
cost of the equipment and latency since the reads get assembled in a non-streamline fashion.
Oxford Nanopore is based on nanopore sequencing, where each DNA strand to be translated
is pulled through a tiny pore. At the pore, fluctuations of electronic current are measured,
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noisy reads from DNA sequencing

[AGGTAGGT Ca AGGT] [ITAAAGGAGGCACATd [GOACAGOTTACGCTAAGG)
clustering similar reads
--------------- i
’ ~ , AN
/(eeTeRGeTeSTCGT \
' ' [6CACAGCTTAGGOTAAGG] | ! [FTAATGOAGATCOACATC] |
.Emcercencer [ o 2 ;
--------------- \\_ L’
consenus inference with error-correction
[ACG[TCACGTACGTGGT] [GOAIGAGCTACGAAAGH] ETAIAAGAGCCACATT]
reordering using addresses
[RAGCRGEGAGRTOIGAGCTACGARAGA] [feAcaTAGaTCaT]

error-correction (strand losses)

Figure 2.3: Typical decoder flow.

which depend on the present nucleotide (and unintentionally on the surround nucleotides)
pushing through the pore, indicating the sequence of nucleotides. In contrast to the other
method, this facilitates online reading. Moreover, the equipment is cheap; however, the
technique suffers from lower accurate reads, i.e., higher error rates. Nonetheless, the DNA
reads contain varying numbers of noisy copies of the original stored DNA strands after
DNA sequencing, e.g., a fraction of stored strand is not even within the retrieved portion.
Subsequently, the decoder’s task is using an algorithm with feasible complexity to retrieve
the original data. The decoder leverages the structure introduced by the encoder and the
availability of physical redundancy due to the multiple copies to tackle the negative effects of
the storage channel. A typical decoder flow is illustrated in Figure 2.3. Given multiple noisy
reads affected by insertion and deletion errors, the decoder might first cluster DNA reads
based on their similarity. Then, for each cluster, the original stored DNA strand is inferred
given the (multiple) noisy reads belonging to the cluster. Subsequently, the data region of
the estimated DNA strands are stitched together according to their address information.
Strand losses, meaning the original stored strands which do not appear in the portion of
drawn noisy reads, are handled by leveraging the logical redundancy incorporated in the
data part.
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2.1.2 Review of DNA-Based Data Storage Experiments

This section briefly reviews DNA storage experiments with a coding-theoretic view. A more
comprehensive version is given in [YKGR™15; CNS19; DSP120; HSA23; XLC*23; SKST24].

The discovery of the molecular DNA structure in 1953 [WCH3] initiated the first visions of
using DNA as a storage medium guided by three scientists Feynman, Wiener, and Neiman
[Fey59; Wie64; Nei64] shortly after in 1959 and early 1960s, respectively. Later, [Bau95]
manifests the theory of DNA storage, e.g., by introducing relations between information
bits and DNA nucleotides, and discussing the availability of extra physical redundancy by
having multiple copies of DNA strands to retrieve the stored information. Nonetheless, DNA
storage was first demonstrated experimentally in 1988 in the Microvenus bio-artwork in which
synthetic DNA was implemented in living bacteria [Dav96]. Several other small-scale (storage
amount in the order of bytes) experiments demonstrated in vivo DNA storage, i.e., DNA
storage within living organisms, e.g., [Kac00; WWF03; MKG03; AO04; YSST07; Gus09;
GGL™10]. That being said, in this review, we focus on in vitro DNA storage, i.e., stored
within an appropriate physical medium. Motivated by a cryptographic application, i.e.,
hiding secret messages by making them very small compared to a larger carrier (microdots),
[RB99] conducted 1999 the first proof-of-concept experiment without living cells. A short
secret message was encoded in DNA, camouflaged within the human genome, and then
wrapped in an emulsion and droplet onto paper as a microdot. In 2001, the work in [BBB*01]
addressed the longevity of DNA if stored in an appropriate medium, that research will always
be concerned with DNA since it is the human genetic material (hence DNA technology never
gets redundant), and that reading errors can be mitigated by easy replicability of DNA
nucleotides. They accompanied these claims with a prototype experiment, storing the two
opening lines of the novel A Tale of Two Cities. Moreover, the authors pointed out that DNA
storage’s potential is restricted more by practical challenges than theoretical limits, which
is still valid in the 2020s today, though indeed highly advanced. The first advanced error-
detection (not correction) methods specially designed for DNA storage (without experiment)
were discussed in [SFHT03] introducing a special Huffman source coding tailored to DNA
storage (e.g., avoiding specific nucleotide orders), comma codes which are marker codes (one
nucleotide is reserved for synchronization), and alternating codes to avoid specific error-prone
structures.

In the following decade, the 2010s, large-scale experiments emerged, kick-started by "next-
generation® (at the time) DNA synthesis and sequencing technologies. This is mainly driven
by the two experiments [CGK12] and [GBC™13] showing the pure potentials of DNA storage.
In 2012, [CGK12] stored 0.66 Megabyte (MB) consisting of text, images, and JavaScript
source code and retrieved only with 10 bits of error. The highest amount of data stored
until then has been approximately 1 kilobyte (kB) in [GGLT10] (in vitro). The authors
split the data bitstream into 54 898 chunks. They appended an index represented in bits to
each chunk, allowing the synthesis of short strands yielding high-quality DNA strands while
ensuring reordering when reading. Then, each bit is encoded into a nucleotide, i.e., for a
bit 0 encoding randomly to A or C and bit 1 randomly to G or T. This incurs a significant
redundancy cost; however, it allows for constraining the DNA strands to avoid error-prone
nucleotide sequences. Due to the attachment of primer pairs to the stored strands, the
whole pool of strands could be amplified by PCR, yielding, on average, 3000 copies per
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stored strand. Reading uses only the correct length of DNA reads and generates consensus
estimates of the stored DNA strands with multiple sequence alignment (MSA) tools. Shortly
after, in 2013, [GBC™13] reported the first successful error-free storage of 0.75 MB consisting
of text, PDF documents, audio, and image files, albeit with a significant increase in logical
redundancy due to implemented error-correction mechanism. The authors used a Huffman-
like source coding approach to translate the data into a ternary sequence, which is directly
translated by a fixed look-up table to a nucleotide data sequence, both steps specifically
designed to avoid error-prone DNA sequences. This sequence is split into overlapping DNA
strands so that each data nucleotide will be stored four times, mirroring a repetition code
spread over multiple DNA strands. Moreover, the authors are the first to employ an error-
detection mechanism by adding a parity symbol to each stored DNA strand’s index.

The first sophisticated error correction was employed in [GHP*15] using a concatenated
coding system of Reed-Solomon codes. The inner code was used to correct several local errors
in the individual DNA strands, and the outer code was used to correct residual errors and lost
strands (erasure decoding). The authors proposed silica as a storage medium and simulated
2000 years of storage (aging by heating the DNA), demonstrating error-free storage retrieval
thanks to the error-correction mentioned above. In 2015, [YYM"15] addressed two major
challenges: random-access and rewritability. Both techniques prevent the need to process
all stored DNA strands since random-access enables access to specific data segments, and
rewriting enables directly altering segments. Concurrently, random-access is also discussed in
[BLC'16]. Both works solve the task similarly by flanking DNA strands belonging to individ-
ual data segments, e.g., different files, with specifically tailored primer strands. Recall that by
applying primer-targeted amplification of the selected strands, the non-interested strands get
diluted, being subsequently unlikely to be read. In 2016, [BGH" 16] presented a sophisticated
concatenated coding scheme. The main contribution is to protect the index with a low-rate
code and an error-detection on the DNA strand using a cyclic-redundancy-check (CRC),
emphasizing the reordering of the strands. Additionally, they are the first to deal with inser-
tion/deletion errors employing a modulation code in contrast to simple MSA decoding tools.
Inspired by the usage exclusive-or parity strands as error-correction/detection in [BLCT16],
the work [EZ17] stored 2.14 MB using Fountain codes as outer codes achieving high informa-
tion density. However, this was attainable due to low channel noise in the experiment. Later,
in 2017, [YGM17] presented the first successful experiment using nanopore sequencing. This
technology is prospected to provide lower-cost sequencing, better portability (as the device
technology is smaller), and enables long reads at the expense of 10-20 times higher channel
noise (at the time). A massive increase in storage amount was achieved by [OACT18] in
2018, storing 200.2 MB using around 13 million DNA strands, remaining the largest experi-
ment today. The authors also present a method to construct primer pairs for random-access
using primer-targeted PCR. Moreover, they focus on minimizing the number of DNA reads
to ensure error-free decoding. Expanding on this, [CTL119] connects the cost of writing,
i.e., the additional redundant nucleotides needed (and thus to be synthesized) to encode
ensuring error-detection/-correction/-avoidance, and the cost of reading, i.e., the amount of
DNA reads needed to be read (providing physical redundancy at the cost of sequencing)
to ensure error-free decoding. Further, they use low-density parity-check codes instead of
Reed-Solomon or Fountain codes as outer codes and a simple inner marker code. The work
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of [LCAT19] uses chemical attachment strategies to glue stored DNA strands together be-
fore reading to enhance the efficiency of the nanopore sequencer by using longer reads. The
work of [AVA119] leveraged the array-synthesis methodology, which simultaneously writes
thousands of the same DNA strands. Instead of synthesizing the same nucleotide within an
array cell each time, they allow different nucleotides, albeit in fixed compositions, to attach
in each synthesis cycle. Consequently, they effectively encode into a higher-order alphabet,
increasing the theoretical limit of storage capacity by cleverly leveraging the array-synthesis
procedure. Focused on leveraging the nanopore sequencing output, [CNT+20] presents an
approach to use the soft information on the nucleotides provided by the nanopore basecaller
within a Viterbi decoder of the employed inner convolutional code. A low-cost synthesis
method is investigated in [ALD"20], which comes at the price of high channel noise incurred
at the writing step. Thus, it requires higher error-protection schemes. Random-access based
on primer-targeted PCR requires additional nucleotide sequences to be attached to each DNA
strand. In 2021, [BSB*21] proposes a method that relies on file-specific encapsulation of the
DNA strands, which additionally protects the DNA, together with fluorescence-activated
sorting for file access using boolean-search logic. Due to the highly stochastic nature of the
DNA storing process (writing, PCR, sequencing, ...), the present decoders are limited due to
a model mismatch. More precisely, the decoder assumes an auxiliary channel model instead
of the true unknown underlying model due to impracticability or intractability of channel
parameters, or simply due to high resulting decoding complexity when decoding optimally.
Hence, data-driven machine learning algorithms for decoding have been proposed and ex-
perimentally validated in [BLOS™21] and in [PTY122], the latter purely focused on image
storage. In 2023, [LCR*23] presented a random-access method where DNA strands are sep-
arated using magnetic beads, which can also enable repurification, thus providing repeated
high-quality reads of the original stored DNA.

2.2 Notation

This section formally defines the general notation that is used throughout the dissertation.
Content-specific notations are introduced in the respective chapters.

We denote Z as the infinite set of all integers and N, Nj as the infinite sets of all positive
integers, where the latter one includes zero. We write R for the set of real numbers and
R* for the subset of positive real numbers. For two integers 4,5 € N such that ¢ < j the
set {i,i+1,...,j} is denoted by [i,j] and in short [j] if ¢ = 1. We define an alphabet as
Y, ={0,...,9— 1} C Ny of cardinality |X,| = g, e.g., the binary alphabet ¥ = {0,1}. The
DNA alphabet is denoted as ¥pna = {A, C, G, T}, where a one-to-one mapping to ¥4 can be
assumed. The set of all vectors of length n formed with symbols from X is denoted as 37 and
the set of arrays of dimension m x n over %, as 37", We denote 37 = U231, We denote
generic sets with calligraphic letters A, vectors with bold lower case x = (x1,...,2,) € X0
and arrays with upper case bold letters X € ¥ ". With |A| we refer to the cardinality
of the set A. The transpose of an array X is denoted as X”. We denote a substring of a
vector x € ¥, from index a up to index b as xg. For a bit x we denote its complement as
7. Similarly, for a binary vector x € ¥%, we denote by X the complement of x, i.e., every
bit is flipped. Further, given a vector x € X a run of length r in x is defined as a sequence

10
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of r consecutive equal symbols z; = z;4+1 = ... = z;4,—1. Consequently, r(x) denotes the
number of runs in x € X7. For a prime power ¢, let F; denote the finite field of size ¢, Fy
the vector space of length n over Fy, and the F;"*™ the matrix space over F; of dimension
m X n.

We denote the logarithm of a real number a € R with respect to base b € R as log,(a).
For n,m € N with m < n, we write n! =n-(n—1)-...-1 as the factorial and (}) = (n#'),m,
as the binomial coefficient.

We write random variables (RVs) with sans-serif letters X and random vectors with sans-
serif bold letter X, where their realizations are written as x and x, respectively. We denote
as P (X) the probability mass function of the discrete RV X, and abbreviate the probability
of a particular event P (X = z) simply by P(z). For two RV XY, we denote the joint
distribution as P (X,Y) and the conditional distribution as P (Y|X). We write Ex[f(X)] as
the expectation of a real valued function with respect to the probability distribution of the
RV X. Similarly, we denote Vx[f(X)] as the variance. We denote H (X) as the entropy,
H (X|Y) as the conditional entropy, and I (X;Y) as the mutual information.

Throughout this dissertation, we write f(n) ~ g(n), f(n) < g(n), and f(n) 2 g(n) if the
equality or inequality holds for n — oco. Further, we write f(n) o g(n) if the two functions
are proportional, i.e., if their ratio is constant. Additionally, we use the Bachmann-Landau
notation, i.e., we write f(n) € o(g(n)) if for all ¢ € Rt and given the existence of a value
no > n, it holds that |f(n)| < c¢-|g(n)| for all n > ng, and we write f(n) € O(g(n)) if there
exists a ¢ € RT and a value ng > n such that it holds |f(n)| < ¢- [g(n)| for all n > ng.

2.3 Principles and Challenges of Reliable Data Storage

In communication and storage scenarios, the objective is to transmit information reliably
over space (communication) or over time (storage) despite natural distortion. To ensure
this, it is crucial to mathematically quantify the information to be transmitted and the noise
process responsible for the data changes. Then, the design of algorithms and mathematical
concepts are needed, which alter the data by adding intelligently and efficiently redundancy
to the data that is to be transmitted, enabling the error-free reconstruction of the data after
transmission, even in the presence of errors. The scientific field that addresses this issue,
among others, is called information theory and coding theory. The research was kicked off
by Shannon in 1949 [Sha48] and Hamming [Ham50] in 1950. For a broad overview, we refer
to the books on this topic [CT06; RL09; Rot06]. For DNA storage-oriented introduction on
error-correction, we refer to [SH22; Sim22; Len22; SKS*24].

This section presents the main information- and coding-theoretic concepts needed for this
dissertation. We start by presenting the essential components of a storage/communication
process, as considered in this dissertation. Then, we briefly discuss the two main modeling
approaches and address possible error types.

2.3.1 Transmission Models

The transmitter desires to reliably send the receiver one of K possible messages. We interpret
the message as an information vector u € E’q“ such that k = log, (K).

11
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u € Xy xeCCxy y €3y /e

Figure 2.4: Basic transmission concept.

An encoder assigns according to a bijective mapping ENC : E’q“ — C the vector u to a
vector x € C C X7, where C is called a code (see Definition 2.1). The vector x = ENC(u) is
then transmitted via the noisy channel inflicting transmission errors outputting a received
vector y € Eg,, where n’ is not necessarily equal to the input length n. At the receiver
side, the decoder’s task is, given the channel law, the code C, and the channel output y,
to output an estimate of the information vector i, or an estimate ¢ due to the bijective
mapping of the encoder. Hence, the decoder is a mapping DEC : ZZ/ — C with the objective
of reliably achieving x = X. For the sake of presentation, we fixed the encoder’s, channel’s,
and decoder’s input/output alphabet to be the same which is not necessarily true. We have
depicted the transmission model in Figure 2.4.

The essence of providing reliable communication over the channel lies in the design of the
code C, defined in the following.

Definition 2.1. A code is a non-empty subset C of 37

We call n the length, |C| the cardinality, and k = log, (|C|) the dimension of the code.
Further, we denote as R = % the rate and as r = n — k = n — log, (|C|) the redundancy
of the code. Elements of the code x € C are called codewords. We denote a code C C Eg
as [n, k], when the code parameters are not directly obvious. Concatenated codes consist
of multiple component codes combined to enhance the overall error-correction capability
[For65]. In particular, we consider in this thesis serial concatenated codes, where the input
data is serially encoded with each component code. Further, each code may also be tailored
to tackle different aspects of the noise introduced by the channel.

The dissertation considers two types of noisy channels and decoding scenarios.

1. Adversarial model
The channel inflicts a fixed number of errors in an arbitrary pattern. Our objective
is to minimize the amount of redundancy r such that any pattern is always correctly
decodable, also in the worst-case scenario. (see Part I)

2. Stochastic model
The channel follows a probabilistic channel law given by a conditional probability
distribution P (Y|X). In this scenario, our main objective for a fixed channel law is to
maximize the rate R when achieving vanishing decoding error probability on average.
(see Part IT)

In general, several quantities in both scenarios can be investigated. In this dissertation, we
focus on quantifying theoretical or simulation-based bounds on the abovementioned param-
eters, rate and redundancy, and construct codes C together with decoders attempting to
converge to these bounds for certain types of noisy channels. Before going in-depth about
the two scenarios, we discuss the possible error types treated in the dissertation.

12
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2.3.2 Error Types

We consider four basic error types, which can be divided into two classes: memoryless errors
considering erasures and substitutions, and synchronization errors considering insertions and
deletions. The main difference between the two classes is that memoryless errors induce no
further implication on other symbols, e.g., changing the position information of the trans-
mitted symbols.

Assume the vector x = (x1,...,7,) € ¥ is transmitted and the vector y = (y1,...,yw)
is received. We explain in the following the different error types:

1. Erasure:
The symbol information of z; € ¥, in x € X is lost. That is indicated by substituting
x; with an additional symbol 7, resulting at the receiver in the vector

y = (xl,.. Sy Tie1, L Tia,y - .,xn) S {Eq U {?}}n .

2. Substitution:
The symbol z; is substituted by a € ¥, \ {z;} resulting in the received vector

n
y = (:nl,...,:ci_l,a,xiﬂ,...,xn) € Zq .

3. Deletion:
A deletion of the symbol z; at the i*" position results in the vector

y=1,- - Yn-1) = (T1,.. ., Tiz1,Tit1,...,Tn) € 23_1 .

4. Insertion:
An insertion of a symbol a € ¥, at the ith position in x results in the received vector

v=1,- - Ynt+1) = (®1,...,Ti—1,0,Ti, ..., Ty) € Eg“.

We observe that in case of an erasure simply the value information of the symbol is lost, but
all symbol position information is unaffected. In case of a substitution error, for a decoder,
the error position is not directly apparent, and on top of that, the correct value is to be
found. However, there is no implication for other symbols. A deletion removes the value of
the affected symbol and alters the positional information of any subsequent symbol, i.e., it
shifts all symbols one position towards the start of the vector. An insertion does not alter the
symbol at the affected position, but it shifts all trailing symbols by one position towards the
end of the vector, including the symbol at the respective position. We provide an example
for each error type in Figure 2.5.

In this dissertation, we will consider combinations of the aforementioned error types. In
addition to the term synchronization error which refers to an insertion or deletion, the
literature uses other terminology for a specific combination of error types as follows.

1. Insdel:
An insdel error is defined to be either an insertion or a deletion error.

13
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Error Received Word

Noemor | [T T[T I M)
Erasure 1o | 1t [ 1[1 2] 1]
Substitution 1o | 1|1 [1 1] 1]
Deletion 1 o[ 1 [ 1] 1]1]
nsertion EENEEEEEEN = EEES

Figure 2.5: Given a transmission of the vector (1,0,1,1,1,0,1), the different error types are
illustrated by providing a possible received vector.

2. Edit:
An edit error is defined to be an insertion, a deletion, or a substitution error.

Furthermore, we define three different distance metrics that relate two vectors x,y € 7.

Definition 2.2 (Hamming distance). For two equal length vectors x,y € X, we define the

Hamming distance dy (x,y) as the minimum number of substitutions to transform x into'y.

Definition 2.3 (Levenshtein distance). For two arbitrary length vectors x,y € ¥y, we
define the Levenshtein distance di (x,y) as the minimum number of insertion and deletions
to transform x intoy.

Definition 2.4 (Edit distance). For two arbitrary length vectors x,y € 35, we define the
edit distance dg (x,y) as the minimum number of insertion, deletions, and substitutions to
transform x into y.

We remark that for two vectors x,y € 37, a large Hamming distance does not imply as

well a large Levenshtein (or Edit) distance as the following example shows, or vice versa.

Example 2.1. Let x = (0,1,0,1,...) and y = (1,0,1,0,...), both of length n, we have
dy (x,y) =n and d| (x,y) = 2.

The field of error correction codes for erasure and substitution errors has been extensively
studied. For these types of errors, classes of linear codes are predominantly used due to their
good analytical properties and existing efficient encoding and decoding algorithms.

Definition 2.5 (Linear Code). A linear code is a k-dimensional subspace of a vector space
over F7.
q

14
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Examples for widely used linear codes are the Cyclic-Redundancy-Check Code, Hamming
Code, Reed-Solomon Code, Bose-Ray-Chaudhuri-Hocquenghem Code, Convolutional Codes,
Low-Density-Parity-Check Code, Polar Code, etc. We refer to [Rot06; RL09] for a fundamen-
tal overview. In the chapters of this work, we will introduce the theory of synchronization-
error-correction in both the adversarial and stochastic channel scenarios. We follow the liter-
ature by using the terminology synchronization errors only in the field of stochastic models
and refer to these errors simply as insertion/deletion errors in the adversarial modeling.

15
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Chapter 3

Preliminaries on Insertion/Deletion
Error-Correction for Adversarial Channels

This part of the dissertation discusses novel channel coding techniques, including insertion
and deletion errors on specific adversarial channels, which will be discussed thoroughly in
the respective chapters. Therefore, first, we present basic principles on error-correction for
insertion/deletion errors in an adversarial setting.

In the insertion/deletion adversarial channel, the codeword x, which is an element of a
code C C %y is inflicted with (at most) ¢ insertion/deletion errors by the channel outputting
the noisy version y € EZ;/. In this dissertation, we consider unique decoding under the
nearest-codeword decoding-principle [Rot06], i.e., a decoder decides on the estimate X given
y and C according to the rule

x = argmind (x,y) .
xeC

We denote as Dy(x) € X7 ~* and I;(x) € X7+ the sets of all vectors which can be obtained
from x € Y7 by ¢ deletions or ¢ insertions, respectively. Similarly, we denote D (x) C
Ut tpeNosty =t 2 7™ as the set of all vectors which can be obtained from x € X7 by #;
insertions and tp deletions such that t; + tp = t. We call these sets the deletion, insertion,
or insdel ball, respectively.!

We define a t-deletion correcting code according to the nearest-codeword decoding rule in
the following.

Definition 3.1 ([Lev66b]). A code Cyn C X} is a t-deletion correcting code if for all pairs
X,y € Cynit, X #Y, it holds that

dL (Xa Y) > 2t7
or rephrased

Di(x) N Dy (y) = 0.

!Strictly speaking, the sets D (x), I;(x), and ID,(x) must be called spheres. However, we abuse terminology
and refer to these sets as balls to follow the terminology used by the literature on deletion-correcting
codes.
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3.1 Review on Insertion/Deletion Correcting Codes

The algebraic concepts correcting insertions and deletions date back to the 1960s [Gil60;
Sel62; Lev66b; Ull66; Ull67; CH69]. In his seminal work [Lev66b], Levenshtein first defined
the notion of ¢-insertion/deletion correcting codes. He proved the insertion/deletion correct-
ing code equivalence (see Section 3.2). Moreover, he presented theoretical bounds for the
cardinality of deletion correcting codes, showing the optimal redundancy to correct ¢ deletions
is asymptotically ¢logy(n) (see Section 3.3). Most importantly, he showed that the binary
Varshamov-Tenengolts codes (VT codes) [VT65], which are number-theoretic codes, can cor-
rect a single deletion error with asymptotic optimal redundancy. VT codes were originally
designed to correct asymmetric errors. Levenshtein presented a similar number-theoretic
construction based on encoding runs of bits instead of single bits in [Lev66a]. Tenengolts
presented close to optimal g-ary single-insertion/deletion correcting codes in [Ten84] by ap-
plying the VT code on a binary signature of the g-ary vectors and using an additional parity
constraint. Solving effciently (in terms of redundancy) the multiple insertion/deletion cor-
recting problem remained challenging for a long time. Helberg presented explicit multiple
insertion/deletion correcting codes [HF02; AGPF*11] based on VT-like constraints with
O(n) redundancy.

In [SZ99], a binary concatenated coding scheme constituting of classic outer codes (e.g.,
Reed-Solomon codes) and short inner codes is presented aimed to correct a constant fraction
of worst-case deletions asymptotically well. By inserting known marker sequences, the outer
codeword is separated into small blocks, where each block is protected by a short, greedily
constructed multiple-deletion correcting code. This was later improved by [GW17] using the
same principle idea. This construction could also be adapted to correct a constant number
of t deletions, achieving redundancy O(y/n).

Approaching Levenshtein’s bound was successful in [BGZ17] achieving O(¢? logy(n)) redun-
dancy. The authors build upon the aforementioned concatenated coding scheme; however,
they use patterns within the vectors as markers, ensuring the existence of such patterns
using efficient pattern-enriching methods. For the particular case of ¢ = 2, we have three
important binary constructions achieving redundancy of 8log,(n)[GS18], 7logy(n) [SRB19],
and 4logy(n) [GH21]. The work in [GS18] improved the techniques in [BGZ17]. A number-
theoretic approach based on so-called VT-sketches is used in [SRB19], refined in [GH21] with
additional run encoding similar as in [Lev66a]. For arbitrary ¢, the first order-optimal bi-
nary construction with redundancy O(tlog,(n)) was presented in [CJL 18] in the context of
document exchange protocols. Sima et al. generalized their binary two deletion construction
to arbitrary t in their seminal work in [SB20] achieving 8tlog,(n) redundancy. By using
only a single pattern and applying multiple VT-sketches on a pattern-indicator function,
the authors improved the concatenated construction from [BGZ17]. Using the syndrome
compression technique introduced in [SGB20c], one can construct systematic binary deletion
codes [SGB20b] and non-systematic g-ary deletion codes [SGB20a| (¢ < k, k is the message
length) with 4tlog,(n) redundancy. Using precoding techniques, Song et al. extended the
non-binary construction to arbitrary ¢ [SPC*21] and improved the systematic binary con-
struction in [SPC*22] to (4t — 1)logy(n) bits. The idea of differential VT codes has been
introduced in [NCS24], providing a new way of constructing non-binary single deletion codes
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by encoding the difference of the non-binary symbols.
For a more extensive overview of insertion/deletion correcting codes, we refer to the surveys

[MBT10; HS21].

3.2 Insertion and Deletion Equivalence

In his seminal work, Levenshtein proved the following equivalence of error-correcting codes.

Theorem 3.1 ([Lev66b]). A code Cypny C Xy is t-deletion correcting code if and only if it
s a t-insdel correcting code.

We can reformulate this statement to the following observation using error balls.

Lemma 3.1 ([KK13; CK14]). The following statements are equivalent for any pair X,y €
xn.
q

dL (Xay) <2t
<~ ]D)t(X) N ]D)t(y) ?é 0
<— 1D N (X) N ]I]D)t(y) 7é 0
= Ht(X) N ]It(y) ?é 0.

Hence, in the adversarial channel setting, we can focus on designing deletion-correcting
codes and claim the same code properties for insdel correcting codes (or insertion correcting
codes), and vice versa, simplifying the analysis and construction of codes. Hence, we focus
on t-deletion correcting codes in the following.

3.3 Lower Bound on the Redundancy of Codes

We can quantify the performance of a specific t-error correcting code by deriving upper
bounds on the cardinality of general t-error correcting codes using sphere-packing techniques
with the error balls on the receiving space [Rot06; KK13]. An upper bound on the cardinality
directly implies a lower bound on the redundancy, i.e., the number of symbols we need to
add to ensure the error-correction capability. In short, the methodology counts how many
disjoint error balls can be packed in the space of all possible words in the receiving space.
For t deletion erros the receiving space would be Eg‘_t and for ¢ insertion errors it would be
¥7*". One important observation is that for any x € X} the size of the deletion ball Dy(x)
varies depending on x (thus also the insdel ball). We illustrate this in the following example.

Example 3.1. For x =(0,0,1,1,1,0) and y = (0,0,0,0,0), we have

Dy (x) ={(0,1,1,1,0),(0,0,1,1,0),(0,0,1,1,1)} and
Di(y) = {(0,0,0,0)}.
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For t > 1 practical closed form expressions for |D;(x)| or |ID(x)| are yet unknown
[MKBO0S8]. In the special case of t = 1, we have that |D;(x)| = r(x) [Lev02], where r(x)
denotes the number of runs, i.e., the number of substrings of consecutive identical symbols,
in x. In contrast, the cardinality of the insertion ball is independent of x [KK13]. Specifically,
for any x € ¥ we have |I;(x)| = (") (g — 1)*. Due to the insertion/deletion equivalence
(see Theorem 3.1), one can directly formulate an asymptotic sphere-packing argument using

the insertion ball over the space ZZ“. Given the fact that for n — oo and ¢ constant respect
n+t> o nt

; 47> we can derive

to n we have (

n—+t n+t

q __tlq
"M @-1)t w1

IComt] <

However, this bound is ¢’ times larger asymptotically than using the generalized sphere-
packing bound, i.e., a more sophisticated bounding technique that takes into account the
irregular deletion balls and applying it on the space Zg_t [KK13; CK14; FVY15]. We discuss
and apply the generalized sphere packing bound in Section 4.3; however, in what follows, we
focus on asymptotic statements. We can show using concentration bounds that almost all

t
words have a deletion ball of size at least (q%ql) ’Z—,t for n — oo [Lev66b], hence, concluding
with the following statement.

Theorem 3.2 ([KK13; Lev02]). For any t-deletion correcting code Cq 4 it holds that

tl g™
nt(g— 1)t

Consequently, we have r 2 tlog,(n) + tlog,(q — 1) — log,(t!).

|Cq,n,t 5

We call codes that meet this bound optimal. Thus, the objective is to construct codes that
are close to, approach, or meet this bound. Note that there are also lower bounds on the
cardinality of a ¢-deletion correcting code, so-called Gilbert-Varshamov bounds, we refer to
[Lev66b; Lev02; SGD14].

3.4 Code Constructions

In this section, we present three code constructions that are essential for this work. The
most prominent insertion/deletion correcting codes are the VT codes, which we discuss more
thoroughly. We present the construction, two possible ways for their single insertion/deletion
error-correction capability, and discuss their cardinality. Moreover, we briefly discuss the
non-binary VT codes and Sima et al’s systematic binary ¢-deletion correcting code.

Construction 3.1 ([VT65]). Forn > 1 and a € [0,n], we define the Varshamov-Tenengolts
code (VT codes) as

VTa(n) = {XEES : Zimiza modn—i—l} .

i=1
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We present two different proving techniques, one showing that the codewords have disjoint
error balls, the other by provding a correct decoder, which inspired the proving techniques
in Chapter 4 and Chapter 5, respectively. We will prove the following statement, where the
proofs can be found in [Lev66b; Slo02].

Theorem 3.3. The VT code in Construction 3.1 is a single-deletion correcting code.

Proof of codewords having disjoint deletion balls. We need to show that for any distinct code-
words x,y € VT 4(n) we have D;(x) ND1(y) = 0. The proof proceeds by contraposition, i.e.,
we assume there exists a z € Dy (x) N Dy (y). Assume that z was obtained from x by deleting
the bit x4, at position d; and from y by deleting the bit y4, at position d,, and without loss
of generality d, < d,. Hence, we can deduce the following relations between x and y.

1. Fori € [1,d, — 1] and i € [dy + 1,n], we have z; = y;.
2. For i € [dy +1,dy], we have z; = ;1.
Using these relations and the construction principle of VT codes, we can deduce the following.

n n
szZ—Zzyl =0 modn+1,
i=1 i=1

d,—1 dy n
— Z 1x; + dyxq, + Z 1r; + Z 1T;
i=1 i=dg+1 i=dy+1
dg—1 dy—1 n
- Z 1Y; — Z 1y — dyYa, — Z iyi=0 modmn+1.
i=1 i=dy i=dy+1

Applying the relations above and sum reindexing, we arrive at the following expression.

dy
dpa, + Z ;i — dyyq, =0 modn+1. (3.1)
SN—— i=dy+1 ——
€{0,ds} —_——— €{0,dy}
€[0,dy—dx—1]

Because we consider binary vectors, we obtain the possible values indicated in the brackets
below the equation. We make the following four case distinctions:

1. Case 24, = ya, = 0: The equivalence in Equation (3.1) evaluates to

dl/
Z ;=0 modn+1.
i=dg+1

For the left, it holds that 0 < ... < dy —d; — 1 < n + 1. Moreover, the term only
equals to zero if all 2; = 0 in the interval [d, + 1, d,], which means that both, x and y,
have to be all-zero within the interval [d,,d,], hence x = y. Otherwise, the term does
not equal zero, which contradicts x,y € VT 4(n).
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2. Case xq, =1, yg, = 0: The equivalence in Equation (3.1) evaluates to

d’y
dy + Z ;=0 modn-+1.
i=dy+1

For the left term it holds that 0 < d, < ... <dy —1 < n+ 1 violating the equivalence,
hence, both x and y cannot be distinct codewords.

3. Case rq, =0, yq, = 1: The equivalence in Equation (3.1) evaluates to

d'y
Z Ti—dy=0 modn+1.
i=dg+1

For the left term it holds that —(n 4+ 1) < —dy, < ... < —d; — 1 < 0 violating the
equivalence, hence, both x and y cannot be distinct codewords.

4. Case x4, = yq, = 1: The equivalence in Equation (3.1) evaluates to

dy
ds + Z z;—dy=0 modn+1.
i=dp+1

For the left term it holds that —(n + 1) < —d, +d; < ... < —1 < 0 violating the
equivalence, hence, both x and y cannot be codewords.

Consequently, we have shown that no codewords share an element in their deletion ball. [

Proof using a decoder. We show a decoder that will always correct to the original codeword.
Suppose a z € D;(x) was received from x € VT 4(n) by deleting the bit of value b at position
d. We denote Ly and Ly as the number of 0’s and 1’s to the left of the deleted bit, respectively.
Similarly, we denote Ry and R; as the number of 0’s and 1’s to the right. The decoder works
as follows.

1. Compute the weight (number of ones) w = L; + Ry of z and compute the difference
n—1
d=a— Zizi mod n + 1
i=1
2. If s=0:
d=Ri<w<n+1

Hence, we insert a 0 after Ry ones from the right into z to restore x € VT ,(n).
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3. If s=1:
d=p+Ri=14+Lg+ L1 +Ri=14w+Ly>w<n+1

Hence, we insert a 1 after Ly zeroes from the left into z to restore x € VT ,(n).

The following derivations show the correctness of the decoder. We compute the difference
between the transmitted and received vectors.

n—1 n n—1
d:a—Zizi:Zixi— Zizi
i=1 i=1 i=1

p—1 n n—1
= i(zi—ﬂfi)—l-p'l’i—i- Z ixi—Zizi
i1 o5 i=ptl i=p
——
=0 2 =Ti41
n n n n
=p-s+ Z ix; — Z (i—1)zie1=p-s+ Z ix; — Z (i — 1)z
i=p+1 i=p+1 i=p+1 i=p+1
n
=p-s+ Z ;
i=p+1
=p-s+ Ry

Together with the observation that 0 < d < n+1, this concludes the proof of the decoder. [

Further, we can say the following about the cardinality of the VT code.
Lemma 3.2. There exists an integer a € [0,n] such that VT 4(n) has at least the following
cardinality.

on
n+1

VT a(n)| >

Hence, its redundancy is at most logy(n + 1).

Proof. Observe that all cosets VT ,(n) form a partition of the whole space 3%, i.e.,

U VTa(n) =35

a€l0,n]
Moreover, they are pairwise disjoint; hence, for any a,b € [0,n] and a # b, we have
VT a(n) N VTp(n) =0.

It follows by the pigeon-hole principle that there must exist at least one coset a (of the (n+1)
possible) with cardinality larger than the average. This concludes the statement. O

On a side note, it can be shown [Slo02] that for a € [0,7n] \ {0, 1}, we have

VTo(n)| = VTa(n)| = VT1(n)].
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3 Preliminaries on Insertion/Deletion Error-Correction for Adversarial Channels

The VT code cannot be directly extended to non-binary alphabets. However, Tenengolts
was able to construct non-binary single-deletion codes using a binary signature vector which
is protected by a binary VT code and a parity constraint.

Construction 3.2 ([Ten84]). For a vector x € Xp, we associate the binary signature vector
s(x) € X5, where s(x)1 = 1 and s(x); = 1 if and only if s(x); > s(x)i—1. We define the
non-binary VT-Codes VT 4 p(n,q) C X as

n

VT ap(n,q) = {X €Xy: Z(z —1)-s(x); =a mod n, sz =b mod q} .

i=1 i=1

Theorem 3.4. The non-binary VT code in Construction 3.2 is a single-deletion correcting
code with cardinality at least ZTL'

We provide a sketch of the theorem.

Proof sketch via decoder (Full proof in [Ten84]). Observe that a single deletion in a code-
word results in a single deletion at the same position in its binary signature vector. Since
the binary signature is a binary VT codeword, one can find the position of the deletion
up to a run in the original signature vector. A run in the signature vector corresponds to
consecutive ascending (or descending) symbols in the original non-binary codeword. Due to
the parity fixed by the constraint on the non-binary sequence, one can deduce the value and
the exact position.

The cardinality follows again by the pigeon-hole principle. O

Note that the constructions do not imply an efficient encoder/decoder and are generally
non-systematic, i.e., the information word does not appear in the codeword. Due to Lev-
enshtein’s proof, an efficient decoder for the VT codes was obtained. Linear-time encoders
and systematic constructions for the binary VT codes have been discussed in [AGF98] and
for the non-binary VT code in [Ten84; CKN19; AVF18; NCS23].

For the work in Chapter 5, we use the systematic ¢-deletion correcting code from [SGB20b].
The idea is to use higher order VT-sketches (similar constraints as used in Chapter 4) and
Reed-Solomon codes [RS60] on specific indicator vectors to protect the information vector u.
Together with the syndrome compression technique from [SGB20c]|, a systematic construction
with final redundancy of at most 4¢logs(n) + o(logy n) redundancy is achieved.
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Chapter 4

Combinations of Insertion/Deletion and
Substitution Errors

Abstract

Correcting insertions/deletions as well as substitution errors simultaneously plays an important
role in DNA-based data storage systems as well as in classical communications. This chapter
deals with the fundamental task of constructing codes that can correct a single insertion or dele-
tion along with a single substitution. A non-asymptotic upper bound on the size of non-binary
single-deletion s-substitution correcting codes is derived, showing that the non-asymptotic re-
dundancy of such a code of length n has to be at least (s+1)log, n. An explicit construction of
binary single-deletion single-substitution correcting codes with at most 6 log, n + 8 redundancy
bits is presented.

This chapter is based on the work [SWWZ* 23]. Lorenz Welter contributed to the conception of
the project, the derivation of the results, and the writing of the manuscript.

4.1 Introduction

In DNA storage and file/symbol synchronization, not only do insertions and deletions oc-
cur, but classical substitution errors also occur. Therefore, codes correcting an arbitrary
combination of these types of errors were studied. Recall that an edit error is a deletion,
insertion, or substitution error. With one additional bit of redundancy, the VT codes can
correct one edit error [Lev66b]. A systematic construction for these codes was presented
in [SKF99]. The work of [CKN*21] extended the single edit correcting codes to the DNA
alphabet and [GGR™22] recently generalized it for arbitrary alphabets, both providing order
optimal constructions with redundancy logy(n) + O(log,(logy(n))) and linear-time encoders
as well. Moreover, the work of [SGB20b] presented an order-optimal binary systematic t-edit
error correcting code with redundancy 4tlogy(n) + o(logy(n)) (see also Section 3.4).

Noteworthy are the works of [CJL 18] and [Hael9] in the field of document exchange pro-
tocols, where the results can be directly translated to systematic error-correcting codes. In
[CJL 18], the author suggests a construction to correct ¢ insdel with redundancy O(t logy(n)).
Moreover, the author of [Hael9] presents a systematic construction correcting ¢ edit errors
with O(tlog3(n/t) + t) redundancy.

Our contribution. However, different results can be achieved by fixing the insdels and
substitutions to different constants ¢ and s, respectively. Therefore, one can leverage this
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4 Combinations of Insertion/Deletion and Substitution Errors

prior knowledge when constructing insdel and substitution error-correcting codes. Hence,
this chapter studies codes correcting combinations of insdels and substitutions. Omne of
our main results is an explicit construction of a binary single-deletion single-substitution
correcting code with redundancy at most 6logy(n) + 8 (see Sections 4.4 and 4.5). Moreover,
we also derive a non-asymptotic upper bound on the cardinality of g-ary single-deletion s-
substitution codes, which shows that roughly at least redundancy (s +1) log,(n) is necessary
(see Section 4.3).

4.2 Definitions and Preliminaries

For two positive integers, t <mn and s <n —t, DS; 4(x) is the set of all words received from
x € Xy after exactly ¢ deletions and at most s substitutions. Note that the order in which
the errors occur does not matter, and thus we will mostly assume that first the deletions
occurred. We formally define the code in the following.

Definition 4.1. A code CESS C Xy is called a t-deletion s-substitution correcting code if it

can correct any combination of at most t deletions and at most s substitutions.

Recall that this implies that for all ¢1, ¢y € CESS it holds that DS; s(c1)NDS; s(c2) = 0. Note
that given two codewords ¢1, ¢y € CESS, then there exists no word z € DSy y(c1) NDSy ¢ (c2)
for given 0 <t/ <t,0< s <sandz¢€ Eg_t,. We define similarly a t-insdel s-substitution
correcting code to be a code that corrects any combination of at most t insdels and at most
s substitutions.

The goal is to study codes correcting insdels and substitutions. Similarly to the equivalence
between insdel and deletion correcting codes (see Section 3.2), the following lemma holds.

Lemma 4.1. A code CESS 1s a t-insdel s-substitution correcting code if and only if it is a
t-deletion s-substitution correcting code.

Proof. We only show the “if” direction while the “only if” part follows by the definition
of ¢t insdels. Observe that also in the insdel case it does not differ in which order the
deletions, insertions and substitutions happen. Now assume that for two words x,y € Xy
that there is a z € DS;5(x) N DS, s(y). Moreover, let x' € DSy s(x) and y' € DSy (y)
such that z € DS; o(x") N DS o(y’). Thus, from the well-known insdel equivalence result by
Levenshtein (see Theorem 3.1) there exists a word w which can be reached from x’ and y’
by t insdels other than z. O

Therefore, the main focus of the chapter is on t-deletion s-substitution correcting codes
and specifically for t = 1.

4.3 Bounds on the Size of Codes

The method used to compute a non-asymptotic upper bound for the cardinality of any
single-deletion s-substitution code ]CR§| is similar to the one from [KK13] and [FVY15]. For
clarity of the results, the principal concepts of this method are briefly reviewed. Recall that
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4.3 Bounds on the Size of Codes

a sphere-packing bound can be obtained by counting the maximum number of disjoint error
balls in the receiving space (see Section 3.3). The main idea is to construct a hypergraph
Hs(X, Es) out of the channel graph with vertices X = Eg“l = {x1,...,%Xmn} where m = ¢"~!
and hyperedges & = {E1,..., B} = {DS; 5(x) : x € X} with £ = ¢". We call a matching
M C & of H; a collection of pairwise disjoint hyperedges. Hence, analogously to packing the
maximum number of disjoint balls into the receiving space, we can find the maximum sized
matching 7(9) in $5. Further, we define a transversal as a subset of all vertices 7 C X" of
$s that intersects all hyperedges in $s. We denote the minimum sized transversal as v(9;).
Let I be the m x ¢ incidence matrix of )5 where I(i,j) = 1 if x; € E;. We can represent
a matching as a binary vector z € {0, 1}/, satisfying I, - w < 1 and similarly a transversal
as a binary vector w € {0, 1}, satisfying I:;,F -w > 1. Hence, we can deduce two integer
linear programming problems to find the maximum-sized matching or the smallest-sized
transversal:

l
T(f)s) Zmax{zziiI'Z <1l,ze {Ovl}e} )

v($s) = min{Zwi I w>1,we {O,l}m} .

A key observation is that these two optimization problems satisfy weak duality, hence,
7($s) < v($s). Moreover, we can relax the optimization problems such as z € (R*)? and
w € (RT)™. Hence, the solutions 7*($)5) and v*(£);) of the relaxed matching and transversal
optimization problem are an upper and lower bound on the maximization and minimization
problem, respectively. Further, the relaxed versions of the optimization problems satisfy
strong duality. Hence, we conclude that

’CRE‘ = T(9s) < 7(Hs) = v (Hs) < v(Hs) .

Thus, the objective is to find the elements wy, > 0 of the vector w € (RT)™, called
fractional transversal, which need to fulfill the condition

Y wy>1  VxeXp. (4.1)
yEDS,s(x)

Consequently, the following expression is an upper bound for |CR§ :

CRSI < v (Hs) = > wy, (4.2)

—1
yeXy

for any valid fractional transversals wy, fulfilling Equation (4.1).
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4 Combinations of Insertion/Deletion and Substitution Errors

4.3.1 An Upper Bound on the Cardinality of Single-Deletion
Single-Substitution Correcting Codes

Before determining a valid fractional transversal, an essential property for any y € DS; 4(x)
is studied in the following.

Claim 4.1. For allx € ¥ and'y € DSy 5(x), it holds that
r(y) <r(x)+2s.

Proof. First, observe that for any y’ € DS; o(x), deleting a symbol in x does not add a run
in y’. However, a substitution can increase the number of runs when substituting in y’ a
symbol anywhere in the middle of a run with a length greater than three. Thus, resulting in
the property that r(y) < r(y’) + 2s < r(x) + 2s. O

Thus, the monotonicity argument |DS; 4(y)| < |[DS; s(x)| as in the single deletion case of
[KK13] does not necessarily hold and choosing wy = DSLe )l does not suffice as a feasible
solution.

The following lemma extends the result from [SY19] and provides the size of DS; ;(x) for

the g-ary alphabet.

Lemma 4.2. For any word x € ¥,

(n—1)(¢g—1)+1 r(x)=1,
IDS11(x)[ =4 r(x) [(n = 3)(g— 1) + (¢ — 2)] + (¢ + 2)
r(x) > 2

Proof. Note that this is only an extension from the binary case, which already has been
shown in [SY19, Theorem 2] to be |DS;1(x)| = (n — 3)r(x) + 4 for x € 5. The derived
formula here leads to the same expression for ¢ = 2. Moreover, the same proof strategy
is applied and differs only slightly. Therefore, we will recap the proof and highlight the
differences.

The proof assumes 7(x) > 3, but the theorem can be verified for r(x) = 1,2. Let x(%) ¢
DS 0(x) be such that the deleted symbol was in the i*! run of x. Since DS o(x) = 7(x), it
follows that

DSl’l(X) == U DSOJ(X,) == U ]D)SOJ(X(i)) .

x'€DSy,0(x) 1<i<r(x)

Observe that for all 1 < i; < s < r(x), it holds that dH(x(iZ),x(il)) = iy —i7. We will
derive the ball size via the inclusion-exclusion principle. Hence, we have the following case
distinctions on the intersections of the single-substitution balls.
1. For 1 <i < r(x):
IDSo1(x®)| = (n—1)(g—1)+1  (binary case: n).
2. For 2 < i <r(x):
dp(x0D x@) =1, thus DSe1(x D) NDSe1(xD)| = ¢ (binary case: 2).
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4.3 Bounds on the Size of Codes

3. For 3 <i < r(x):
du(x72), x)) = 2, thus |DSg 1 (x72) NDSp 1 (xD)] = 2.

4. For 3 <i <r(x):
‘DSOJ(X@*Q)) N DSOJ(X@*U) N DSOJ(X(D)‘ =1.

5. For3<jand j+1<i<r(x):
dp(x0=7), x0) > 3 thus DSy 1 (x) NDSp1(xP)| = 0.

As stated in brackets, the expansion to g-ary alphabet changed only the quantity in Term 1
from n, and in Term 2 from 2, in the binary case to the respective numbers. Hence, the ball
size can be concluded as follows.

DS11(0)] = () - [(7— Dlg = 1) + 1] = (1) — 1) g = (r(x) = 2) -2+ (r(x) — 2) - 1
Term 1 Term 2 Term 3 Term 4

r(x)ng — 2qr(x) —r(x)n+r(x) +q+2

r(x)[(n=3)(¢=1)+(¢—2)]+(¢+2).

O

Now, from the results of Lemma 4.2 and Claim 4.1, a valid expression of a fractional
transversal wy can be derived.

Lemma 4.3. The following choice of wy fory € 22_1,71 > 3 is a fractional transversal for

the hypergraph $1:

1
IR ) >3

1
TP Ry owa B ¥ ry) <3,
wy, = {(n—l)(q—1)+1 (¥) <

Proof. For r(y) < 3, it is directly verifiable that the condition in Equation (4.1) holds. In
the other case, we derive the following by inserting wi, in Equation (4.1).

> ow= ¥ :

yeEDS 1(x) y€EDS 1(x) (T(Y) - 2) [(n - 3)(‘] - 1) + (q - 2)] + (q + 2)
(a)
> ) !
y€DS) 1(x) (r(x)+2-2)[(n=3)(¢—1)+(¢—2)]+(¢+2)
1
yEDS1 1 (x) [DS1,1(x)]
where we have inserted the observation from Claim 4.1 in Step (a). O

The following claim will be used to compute the upper bound of the cardinality of the
code. This claim extends similar statements in [GYD15, Lemma 13, 14].
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4 Combinations of Insertion/Deletion and Substitution Errors

Claim 4.2. For g > 2 andn > 5:

P P j=H
= g::l(q - 1)’“]2;(‘;)
Sin)e
_ ]zn:lj (¢ -1),

where we used the hockey-stick identity in Step (b). Hence, we can prove the claim by
showing that the following inequality holds.

qn+1

TEDCEDR (4.3)

(¢ —1) <
The expression will be proven via induction under the conditions stated in the claim.

Base case: For ¢ = 2 and n = 5 the left-hand side of the inequality evaluates to 14.78 and
the right-hand side to 21.3. Now, we fix n = 5 and show that it holds for any other g > 2.
Define the function

5 i 6
¢ -1 q
h(g) = — —
jzl i 3a-1)
1
:60( 6¢° + ¢° + 5g* + 10> + 30¢> —197q+137)

The function h(q) has two roots at approximately —2.196 and 0.835 and its only maximum

at ¢ &~ —1.49. Since (%(;)) 0835 <0, it is verified that h(q) < 0 for values ¢ > 2.
q=V.

Induction hypothesis: The expression in Equation (4.3) holds for n and q.

Induction step: We assume now that the above expression holds for all values n > 5 and
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4.3 Bounds on the Size of Codes

q > 2, and show that the same holds for n + 1.

n+1 1 n—+2

j q
(- —F~—=
2 Ry
LU n+l _ 1 (c) n+2
Z f(qj - ) + 1 S 1 P
2 P R PR [y
qn+1 qn+1 —1 @ qn+2

G—Dm-2 " ntl S G@-Dmn-1

In Step (c), we have split the sum to the terms from j € [n] and j = n + 1. Furthermore, in
Step (d), we inserted the induction assumption. After dividing the expression by ¢"*! it is
enough to show that

1 + 1 < q
(¢—Dn-2) n+17 (¢-1)(n-1)"
m+1n=1)+(@-1)n-2)(n-1)<qn-2)(n+1),
—2ng+3n+4¢—-3<0,

which is always true for n > 5 and ¢ > 2. O

The below upper bound on |CP15| is presented by combining everything.

Theorem 4.1. For ¢ < n,n > 6 the following is an upper bound on |CP,1S|

n—1

3-q
(n—=5)(n—3)(¢g—1)
Proof. The number of words in ¥~ with r runs is given by ¢(¢ —1)" ! (Z:f) [KK13], thus

we have > q(q — 1)’”‘%?:?) = ¢"~!. We compute the sum over all words in 23_1 of the

corresponding elements of the fractional transversal wbl, from Lemma 4.3. For r = 1,2,3
define the function

o 12 1
9(n.q) £ 3 alg =11 ] RS R

r=1
(1+(q—1)+(q—1)2> )

ey < +4qg+2.

q
Sw-D-1)

The rest is given by

s T_1<n—2>‘ 1

D N N e I (= (e EX e IR (TS
s i (n—2) 1

<(n—3)(q 1);((1_1) 1(7“—1)7"—2'
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4 Combinations of Insertion/Deletion and Substitution Errors

For simplicity, we first analyze the summation in the above term without the left multiplica-
tive term:

r—1)r—2
—2\1
_17’+1 n -
(g ) <r+1 r

o =20 /11
@ )

n—1
f(n,q) = (q—l)’"_1<n_2> !

S 3
—_

A
=
< Sﬁ
W[UJ Jow

=> (¢g— 1)’°+1ﬂ1 _ nz_:g)(q _qyr (n - 2)

£ (n—r=3)rlr = r+1

n—3 _ n—2 n —
=<n—2><q—1>z<q—1>r(”r 3)}2@—1)’“( i 2>.

r=2 r=3

3

Il
)

We used in Step (e) the fact that T(Til) = % — ﬁ Subsequently, in the last expression, the

right part of the difference can be calculated as follows

n—2
Z(q_l)r<n;2> — [an_ (q—l)Q(TZZ—Q)(n—?)) _(q_l)(n_2)_1‘| 7

r=3

where we applied the binomial formula 37— (})2" *y* = (z + y)™. For the left part, the
following inequality can be derived by the observation of Claim 4.2.

n—3 _
<n—2)<q—1>Z<q—1>T<” ?’)1

—2 T T
n—2
<(n-2)(¢-1) <(q_(i)(n_5)—(n—3)(q—1)> :

Thus, an upper bound for f(n,q) is computed by
(n—2)
(n—5)

Next, the bounds on the precomputed quantities f(n,q) and g(n,q) are combined in the
following manner

fong) < (=)~ 1) " = 5= 2= g - VP + (g~ Dln-2)+ 1.

Q'f(n7Q)
S G-

For a better understanding, we split the computation of the expression into two parts, where

+9(n,q).
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4.3 Bounds on the Size of Codes

one only includes terms with ¢" terms and the other one the rest. First, we derive

q n—2 \ ., 3-¢q"!
(q—l)(n—3)<n—5 1)q S (n=3)(n-5)(¢—1)"

In a consecutive step, the remaining terms of the expression are computed.

n— n — _1)2
(n—3)q(q—1) <_( N 23)(q D +(Q—1)(n—2)+1>

q

gn—2)(n—-3)(¢—1)> -2  q(g—1)(n—2)

(n—3)(¢g—1)2 (n—3)(g—1)
q qlg—1) qlqg — 1)
T-Da—) T -D4-1 -1
(;)qr(n—QLr q N s

n—3 n-1)(¢-1) n-1

(2)
<2¢q+2+4+2q=4q9+ 2,

where in Step (f) we drop the negative summand, which holds for n > 6 and g > 2. Further,

we use in Step (g) the inequality n > ¢. Finally, the bound in the theorem can be concluded
from the last two results by summation. O

We state in the following corollary a looser but more readable bound of that given in
Theorem 4.1.

Corollary 4.1. Forn > 12 and n > q > 2, it holds that

4.-q"
‘ 1,11 = n2

Consequently, we have that TlDE > 2log,(n) — 2.

Proof. Given the constraint in the corollary, it will be shown that the result of Theorem 4.1
is bounded by the stated expression, i.e.,

3_qn—1 4‘qn
4 2 < .
(n—Bn-3)g-1 4TS

Since n > 12 and ¢ > 2, the following is equivalent to show:

3.q”—1 4qn—1
- m-3a-1 T a1

Since n > 12 and ¢ > 2 multiply by the shared denominator and divide everything by ¢"~!

Y
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4 Combinations of Insertion/Deletion and Substitution Errors

the subsequent inequality is equivalent.

(4g+2)(n =5)(n = 3)(¢ = 1)

e <1.

By bounding 4¢ + 2 < 5¢ and taking the log,(-) on both sides, we reformulate as follows.
—n + 3 +log,(5) + 2log,(n) < 0.

Using the fact that logy(z) > log,(x) for z > 1 and ¢ > 2, the inequality in the corollary
holds for n > 12.
The lower bound on the redundancy follows by

4-q”
5 =N — (2+n— 210gq(n)) = 2log,(n) — 2

7“11 >”*10gq <|C?§’) n

4.3.2 An Upper Bound on the Cardinality of Single-Deletion s-Substitution
Correcting Codes

To state a legitimate fractional transversal for the case of s substitutions, first, a lower bound
on the cardinality of the ball size [DS; 4(x)| is derived.

Claim 4.3. For all x € Xy, it holds that

[DS1s(3)] > r(x) ("F ) (g~ 1)°

Proof. Note that there is an explicit expression for |[DS; 4(x)| in [ASY21, Theorem 6] in the
binary case, derived via the inclusion-exclusion principle similarly as in Lemma 4.2. We
focus only on the lower bound on the ball size stated in the claim in the ¢g-ary case. From
[Rot06], for the substiution ball we have that

|DSOS Z q—l

for any x € ¥7. Additionally, we remember for the single deletion ball it holds that
IDS10(x)| = 7(x). We recall that x() € DS; (x) for x € ¥y denotes the word obtained

by a deletion in the 7*" run with 1 <4 < r(x). A lower bound on |DS; ¢(x)| will be calcu-
lated using the same concept of Lemma 4.2, i.e., we have that

DS1s(x) = |J DSosx?).
1<i<r(x)

We remind that dH(X(“), x(iQ)) = ig—iy, where i1 < ig. Therefore, it follows that DSy ¢(x*)N
DS s(x2) # 0 only if ia — iy < 2s + 1, which directly translates to dH(x(il), x(’é)) > 2s+ 1.
Thus, if we discard 2s positions in x(*) and neglect all sum terms 0 < s’ < s in |DSg (x¥)],
we can derive the lower bound |DS; 4(x)| > r(x) ("_255_1)(q —1)5. O
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4.3 Bounds on the Size of Codes

Consequently, a fractional transversal for the single-deletion s-substitution case of the
hypergraph £ can be formulated.

Lemma 4.4. The following choice of wy with'y € 23*1 andn > 2s+ 1> 3 is a fractional
transversal for the hypergraph $°

) W r(y) <2s+1,
Wy = ) 1

(r(y)—2s) ("2 ") (g-1)*

r(y) >2s+1.

Proof outline. The same proof strategy as in Lemma 4.3 can be applied to prove that Equa-
tion (4.1) for wy is fulfilled. For the proof, it is necessary to recall that we use for the
construction of wy, a lower bound on the ball size stated in Claim 4.3 and the run change

observation of Claim 4.1. O

As a result of Lemma 4.4, an upper bound for the cardinality of a single-deletion s-
substitution correcting code can be stated.

Theorem 4.2. Forn > 4s+ 1, the following is an upper bound on |CR§ .

sl(2s+1)

DS| - :
s S s = = D)

q" +

q25+2 (n o 1)25—1
(29)!

Proof. We calculate the term "=} ¢(g—1)""! (:f:f) wy, for all words y € E’(;*l with wy, stated

as in Lemma 4.4. First, consider only the words with r(y) < 2s + 1.

paany 1 n—2 1 _ q 25 B r(n—Z)
5 w00 () - e 2o (s

r=0

(h) n—
STl " UEE
() s! (n —2)2

< (25 + 1)q$Jrl

(n—3s)s (2s)!

In the computations we used in Step (h) the trivial bound on the sum of the binomial
coefficient 3% (Ma' < (k+1)(})a* for 0 < k < Z. Subsequently, we applied the two

inequalities (}) > (n_,kcifl)k and (}) < OZ—),IC in Step (i).
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4 Combinations of Insertion/Deletion and Substitution Errors

We now derive the sum over all words with r(y) > 2s + 2.

"f q(q—l)T_1<n_2> 1 1 1
r=2s+2 r—1 (n725371) (q B 1)8 r—2s
() 1 n_l —2\2s+1

q 1 (n s+

S n—2s—1 Z (q - 1)T ' (7" —1 r

(q B 1)3 ( s ) r=2s+2
q 2s+1 1 = n—1
< — 5 (¢—1)"
(g —1)st1 " 2: 1) n—1 T:§;+2 r
q 2s+1 1, 4
— (q _ 1)s+1 (n—25—1> n — 1q

S

(? (2s+1)s! q"

T (g— 1) (n—3s)5(n—1)

In Step (j) we applied the inequality T_12 5 < QSj L and in Step (k) we used again the fact
(n—k+1)k

that () >~
We conclude the statement of the theorem by adding the sum of all words with » < 2s+1
O

to the last derived equation.

Corollary 4.2. Forn > 28, 2s + 2 < logy(n) and q > 2, it holds that

2-s!-(2s+1)-¢"
DS <
L S I T

Consequently, we have that 115 > (s 4 1)log,(n) + (s + 1)log,(q — 1) — log,(cs), where c is

a constant only depending on s.

Proof. By comparing the statement and the result of Theorem 4.2, it is enough to show that

n

2542 -1 2s5—1
¢ (n—1) < 2.

¢+ (29)!

Dropping the denominator (2s!), getting the left summand to the right of the inequality, and

taking the log,(-), the following equivalent form is derived.
(25 +2) + (25 — 1) log,(n — 1) < n.
Using the fact that logy(7) > log,(z) for x > 1 and ¢ > 2 and the constraint that (2s +2) <

logy(n), the following is derived.
logy(n) + logd(n) < n,
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4.4 Properties of Number-Theoretic Codes

which holds for n > 28. For the redundancy, we have

T‘IDE =n — log, (]C?E\)
>n— (logq (2s!(2s + 1)) + n — slog,(n — 3s) — (s + 1) log, (¢ — 1) — log,(n — 1))

> slog,(n — 3s) +log,(n — 1) + (s + 1) log,(q — 1) — log, (2s!(2s + 1))
1

> (s+1) logq(%) + (s +1)log,(¢ — 1) — log, (2s!(25 + 1))
)

(s + 1) log,(n) + (s + 1) log, (g — 1) — log, (c.)

—~
=

VE

In Step (1), we used the fact that % < (n — 3s) < (n — 1) for the parameter regime of the
corollary and in Step (m) we simply define cs = s5+12s!(2s + 1). O

Note that unlike in the proof of Theorem 4.1, in the proof of Theorem 4.2, Claim 4.2 is not
applied. Instead, Claim 4.3 and a different upper bound is used. For this reason, the bound
for the value of s =1 in Corollary 4.2 is not the same as the bound stated Corollary 4.1.

4.4 Properties of Number-Theoretic Codes

In this section, we study a family of number-theoretic codes and their properties in the
presence of a single-deletion single-substitution error.

Definition 4.2. For non-negative integers a and N, a binary code C C X4 is called a
(v =(71,-.-,7);a, N)-congruent code if defined as

C(v;a,N) = {CGES | Z%-ciza mod N} .
i=1

We provide lemmas that derive several basic properties in case the intersection of the single-
deletion single-substitution balls of two codewords in C(«; a, N) is not trivial. For the rest of
this section it is assumed that x,y € C(v;a, N), where DS; 1 (x) NDS; 1(y) # 0 so that there
exists z € DS; 1 (x) NDSy 1 (y). For simplicity of notation, the expression x(d, e) is defined as
the error word achieved from x by deleting the bit at index d and substituting the bit at index
e. The variables d, dy, e, e, € [n] are indices such that z = x(d, e;) = y(dy, ey). It can be
assumed without loss of generalization that d, < d,. We define + as the addition, — as the
summation, and - as the multiplication operator over the real number. To shift the values
of the substituted bits from binary to +1, the following notation is used: §; = 2 - z; — 1.
To better understand the error model and the definition of the variables, we provide an
illustration in Figure 4.1.

More precisely, the following lemmas investigate the relations of the codewords x,y €
C(v;a,N) given that z = x(d, e;) = y(dy, e,) and the resulting relations due to the code-
word constraints for different orderings of the variables d,dy, ez, e, € [n]. We need to
distinguish the three cases:

1. e, ey ¢ [dg,d,], such that e, # e, (see Lemma 4.5) .
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4 Combinations of Insertion/Deletion and Substitution Errors

ds: =3 ex =17

-

x(3,7): | 0 1 1 o]l o] o o0 1 1

Figure 4.1: An example of x and the error word x(d;,e;) = x(3,7). Further, we denote
b, =07 =227 —1=1.

2. ey € [dy,dy] and ey ¢ [d;, d,] (see Lemma 4.6) .
3. ey, ey € [dy,dy], such that e, # e, + 1 (see Lemma 4.7) .

Further, we will provide in Remark 4.1 an explanation of why we do not consider the choices
ez = €y in Case 1 and e, = ey + 1 in Case 3. Moreover, we prove in Claim 4.4 that the
case of e, ¢ [dg,d,] and e, € [d;,dy] can be omitted due to symmetry properties of a
(v = (1,---,7);a, N)-congruent code. We start with the analysis of the first case.

Lemma 4.5. For the ordering ey, ey ¢ [dy,dy] with e, # e, the following properties hold:
(Z) Fori € [dcc + 1,dy]7 T = Yi—-1 -
(it) Fori € {es, ey}, o; =T .
(tit) Fori € [n]\ ([dg,dy] U{es, ey}), i =y .
(iv) Z?idz Yi - (Ti — Yi) = Td, " Va, + Zfidzﬂ(% = Yi-1) " Ti — Yd, * Vd, -
(v) e, - Veu + Ocy * Ve, + Tdy -V — Y, - Vd, T Z;’iidz+1 zi- (7 —%-1) =0 mod N .

Proof. We can conclude Properties 4.5-(i) and 4.5-(ii) directly from the definition of z =
x(dy, e;) = y(dy, ey) by distinguishing the following three intervals:

1. For any i € [1,dy — 1]\ {ex, ey}, 2i = 2 = v .

2. For any i € [dy,dy — 1], z; = xi41 = y; and 24, = Tq, 41 -

3. For any i € [dy + 1,n] \ {ex, ey}, 2i = Tix1 = Yit1 -

For the substituted bit at index e;, it holds that either e, < d, or e, > d, due to the
ordering fixed in the statement of the lemma. In the first case, we have that z., = Z¢, and
Ye, = Ze,, While in the latter we have z., = Z.,—1 and y., = 2.,—1. Both cases result to
Te, = Ye,- Lhe case of the substituted bit at index e, can be proved similarly. This concludes
the proof of Property 4.5—(iii). We illustrate in Figure 4.2 the relations of x and y for the
specific ordering in the lemma.

In order to prove Property 4.5—(iv), the following summation is calculated as

dy dy dy—1
Z%“(ﬂfz‘—yi):xdz"de—ydy"Yder Z %'xi—Z’Yi’yi~
i=d, i=dp+1 i=d,
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4.4 Properties of Number-Theoretic Codes

Figure 4.2: Illustration for relations between words x and y, assuming there exists z €
DS1,1(x) NIDS1,1(y) such that ey, e, ¢ [dy, dy| (see Lemma 4.5).

We reformulate the last summation on the right-hand side using Property 4.5—(i) as follows.

dy—1 dy dy
Z Vi Yi = Z Yi—1-Yi-1 = Z Yi—1 - Tj -
i=dy i=dy+1 i=dy+1

Thus, the equality can be rewritten as

dy dy—1 dy
Tdy Vo — Yy Vdy T D Vi Ti— D Vi Yi =Tdy Vay — Ydy "V, + P, (Vi —Vie1) - Ti s
i=d,+1 1=d, i=ds+1

which concludes the proof of Property 4.5—(iv).

Since x,y € C(v;a, N), it holds that

n

n
Z’yia:i = nyiyi =a modN,
i=1 i=1

which can be reformulated to
n n
Z’yixi — Z%yi =0 modN.
i=1 i=1

Furthermore, Property 4.5—(ii) implies that

de—1

n
Z Vi (@i —yi) + Z Vi (Ti = Yi) = Ve, * (Te, — Ve,) + Yey - (mey - yey)'
i=1 i=dy+1

Additionally, Property 4.5-(iii) leads to the fact that for any e € {e;,e,} we have that
Te —Ye = Te —Te = 2+ Te — 1 = 0p,. Combined with Property 4.5—(iv), the following
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4 Combinations of Insertion/Deletion and Substitution Errors

equivalence holds:

dy
Sy * Yo + 0cy Ve, + Tdy Vi, + Y. @i+ (Vi — Yie1) — Y, - Vd,
i=dg+1
dy—1 n dy
= Z ¥i - (i — i) + Z Yi - (@i — yi) + Z%”(ﬂ?z’—yz‘)
i=1 i=dy+1 i=dy
n n
= fyixi—Z%yiEO mod N .
i=1 i=1
This proves Property 4.5—(v). O

The following lemmas extend Lemma 4.5 for the remaining cases between the indices e, e,
and the interval [dy, d,].

Lemma 4.6. For the ordering e, € [dy, dy]| and ey ¢ [dy,dy] the following properties hold:
(i) Fori € [dy+1,dy] \ {es}, it holds x; = y;—1 .
(it) Fori=ey,, v; =7; and fori= ez, x; =TYi—1 .
(tit) Fori € [n]\ ([dg,dy] U{ey}), zi = yi.
(iv) Zfidz Vi (T = Yi) = Tdy  Vdy — Ydy = Vdy + Ve * Veu—1 + Z?idz+1(7i —Yi-1) " Ti -
(V) Ge, * Veu—1 + Oey = Ve, + Tdy  Vdp + Zfidﬁl i (Vi —%i-1) = Yd, - ¥4, =0 mod N .

Proof. Similar to the proof of Lemma 4.5, and by the definition of z, it is possible to conclude
the following three relations between the words x, y, and z on the intervals indicated in the
lemma:

1. For any i € [1,d, — 1]/{ey},zi =z = v; .

2. For any i € [dy,dy, — 1]/{es}, zi = w41 = y; and 24, = Tg,41 -

3. For any ¢ € [dy, + 1,n]/{ey}, zi = zit1 = Yit1 -
According to the definitions of the ordering, we have the following relations at the substituted
bits with indices e; and e,. First, for the substituted bit at index d, < e, < dy, it holds
that z., = Z¢,—1 and yYe,—1 = 2e,—1, Which is equivalent to z., = ¥e,—1. For the other
substituted bit at index e, it holds that either e, < d, or ey > d,. In the first case, we have
Te, = Ze, and Y, = Z¢,, whereas in the second case we have x., = Z¢,~1,Yi = Ze,—1- In
both cases, it is equivalent to write xe, = 7e,. Consequently, we can conclude the proof of
Properties 4.6—(i) to 4.6—(iii). We provide an illustration of the relations between x and y
for the specific ordering in the lemma in Figure 4.3.

Before proving Property 4.6—(iv), we first reformulate the summation Z?i;j Vi * Yi to

dy—1 dy—1
Z Vi Yi = Z Vi Yi T Ver—1 " Yer—1
i=dy i=dy, ites—1
(n) dy—1
= Z Vit Titl t Vep—1 " Tey -
i=dy, ites—1
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4.4 Properties of Number-Theoretic Codes

Figure 4.3: Illustration for relations between words x and y, assuming there exists z €
DS1,1(x) NIDS1,1(y) such that e, € [dy,dy] and ey ¢ [ds, dy] (see Lemma 4.6).

Since we first split the single summation into the two terms which fit the intervals of Proper-
ties 4.6—(i) and 4.6—(ii), we applied in Step (n) their already concluded relations. By simple
addition and subtraction of ve,_1 - ., on the last expression, we can simplify the summation
interval, which results in

dy—1 dy—1
Z Vi Yi = Z Vit Titl — Ver—1 " Tey T Vey—1* Tey
i=d, i=d,
dy—1
= Z Vit Tit1l + Vey—1 - (51763c - xex)
i=dyg
dy—1
=) Vi @it — Oy Veue1

i=dg

where we inserted in the last step the definition of (z, — ) = 22, — 1 = d,,. To prove
Property 4.6—(iv), we first separate the summation on the left-hand side as follows.

dy dy dy—1
Z’Yz"(a?z‘—yz‘)=9Udz'7dz—ydy"7dy+ Z %"xi—Z%'yi-
i=d, i=dy+1 i=dy

The expression is transformed into the following by substituting the last element with the
new form derived above.

dy dy dy—1
Sy (@i — i) =Tdy Vdo — Ydy Vdy T DL Vi @Ti— | D Vi Titl — Oey * Yep—1

dy
=Td, Vdy — Ydy "V, + D (Vi —Vie1) - Ti + Ge,  Vep—1-
i=dpt 1

In the last step, we shifted the indices by one up in the second summation’s elements,
enabling us to rewrite the two summations using a single sum. This concludes the proof of
Property 4.6—(iv).

It remains to show Property 4.6—(v). Analogously to the proof of Property 4.5—(v) in
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4 Combinations of Insertion/Deletion and Substitution Errors

Lemma 4.5, due to the fact that x,y € C(v;a, N) we have

n n
Do = ) Vi = Z% z;—yi) =0 mod N.
=1 i=1

We already analyzed the difference in the interval of summation indices ¢ € [dy, d,] in the
proof of Property 4.6-(iv). Hence, we first focus on the other indices ¢ € [n] \ [ds, dy] to
compute

do=1 @
Z yz + Z Vi = Vey - (xey - yey)
=1

i=dy+1

(p) e
= Yey - (xey - xey)

= 76y : 5:vey .
The equality in Step (o) follows from Property 4.6-(iii) and the one in Step (p) from Prop-
erty 4.6—(ii). Further, the last equality simply follows by definition of &Tey =2 —1=

Te, — Te,-
We conclude the proof of Property 4.6—(v) by combining the above derivations with Prop-
erty 4.6—(iv) which leads to

n n ds—1 n
Z%mi - Z'Viyl = Z Vi * yz + Z yz + Z Vi - yz
i=1 i=1 i=dy+1 i=d,

dy
= 6ey : /-yey + 661; ’ r}/ez + xd(c : Ingg + Z Zg (WZ - 77471) - ydy : ’Ydy
i=dg+1

=0 mod N.

O]

It remains to show the case where both indices of the substituted bits are in the interval
spanned by the deleted bits.

Lemma 4.7. For the ordering e, ey € [dy, dy] with e, # ey+1 the following properties hold:
(i) Ford, <i<dy, ©; =y;—1.
(it) Fori € {ez, ey + 1}, 5 =71 .
(tit) Fori € [n]/[dy,dy], z; = v; .
(iv) ZZ d, Vi (Ti—Yi) = e, Vep—1 +5ey+1 “Yey T Tdy " Vda +Z?idz+1 CCz"(%—’Yz‘—ﬂ—ydy “Yd,, -
(V) Oe, * Veu—1 + Oeyt1 - Ve, + Td, * Vd, + Z?idIJrl zi - (% — Yi-1) — Yd, - Ya, =0 mod N .

Proof. Similar to the previous proofs, via the definition of z = x(d,, e;) = y(dy, e,), we can
conclude the following relations which proves Properties 4.7—(i) and 4.7—(iii):

1. Forany i € [1,dy — 1|/,zi = z; = v; .

2. For any i € [dy,dy — 1]/{es, ey}, 2 = xit1 = y; and zq, = Tq, 41

3. For any i € [dy + 1,n],2; = Tiy1 = Yit1 -
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Figure 4.4: Illustration for relations between words x and y, assuming there exists z €
DS1,1(x) NIDS1,1(y) such that ey, e, € [dy, dy| (see Lemma 4.7).

For the indices of the substituted bits e, and ey, it is given that d, < e;, e, < d,. Hence,
we have at index e; the relations z.,—1 = T, and 2¢,—1 = ¥Ye,—1 which equivalently is
Te, = Ye,—1- The relations at index e, are 2., = ¥, and z, 1 = 2, which is identical to
Te,+1 = Ye,- This concludes Property 4.7-(ii). We illustrate the relations of x and y for the
specific ordering in the lemma in Figure 4.4.

In order to prove Property 4.7—(iv), we start again by splitting Z?i;zl v; - y; into terms

such that we can subsequently apply Properties 4.7—(i) and 4.7—(ii) as follows.

dy—1
Z Vit Yi = Z Vi Yi T Veo—1" Yeu—1 T Vey - Ye,
i=dg 1€[dg,dy—1]/{ex—1,ey}

= Z Vit Titl T Vep—1 " Tey T Ve, * Teg+1
ie[dﬂhdy_l]/{em_lvey}

In the next step, we add and subtract the missing elements for the indices i € {e; — 1,¢e,}
to the equation and afterward shift the summation indices by one up. Thus, we further
compute

dy—1 dy—1
Z Vi Yi = Z Vit Titl = Vea—1 LTegy = Vey " Ley+1 + Yep—1 - Te, T Yey * Tey+1
i=dg i=dg
dy
= Z Yi-1 - Tq + Yez—1* (‘Tez - xez) + ’Yey : (mey'f‘l - xey'f‘l)
i=dy+1

dy
= Z Yie1 ' Ti — ey " Vep—1 — 5ey+1 * ey >
i=dg+1

where in the last step we rewrote §o = (e —Ze) = 2- . — 1 for e € {es, ey + 1}. Since we

reformulated Efi;: v; - y; into terms depending on elements of x we can finalize the proof
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of Property 4.7—(iv) as follows.

dy
Z Yi - (T — yi)

i=dy

(q) dy dy—1

= Td, " Vd, — Ydy * Vd, T Z %"xi—Z%'yi

(r) dy dy

=Td, Yy — Yy Vdy T D, Vi Ti— | D Vel Ti — ey Veuo1 — Geyt1 Ve,
i=dy+1 i=dy+1

) y

= Td, Y, —Ydy Vay + D Tt (Vi —%im1) + 0y Veuo1 F Oeyi1 Ve -
i=dy+1

We first separated the sum terms in Step (q) to fit our needs, then substituted the term
above in Step (r) and combined the sum terms again in Step (s). Hence, we conclude the
proof of Property 4.7—(iv).

In the last step, we prove Property 4.7—(v). First, we observe that Property 4.7—(iii)
implies that

dy—1

> v (i —yi) + zn: v (x; — ;) =0.
=1

i=dy+1

Since x,y € C(7;a, N) we can derive with the help of the above observation that

n n dy
Doviri =Y vy =0+ > v (@i —u)
=1 i=1

i=dy
(t) y

=T, Vdy — Ydy Vdy T D Ti+ (Vi = Vie1) + ey - Veam1 + Geyt1 - Ve,
imdat1

=0 mod N,
where in Step (t) we have inserted Property 4.7—(iv). O

In the next step, we show that the substituted bits cancel each other out in particular
arrangements of the indices e, and e,. In these cases, the analysis of a single-deletion and
single-substitution error will be simplified to the analysis of a single-deletion error.

Remark 4.1. The cases e, = e, for the conditions defined in Lemma 4.5 and the case
ex = ey + 1 for the conditions defined in Lemma 4.7 are left out and will remain left out for
the remainder of this work. This results from the fact that, in these cases, the result of the
substitution is the same. Thus, we can derive the equivalences

1. Tey, = Te, = Te, = Ye, (for the conditions defined in Lemma 4.5).

2. Tep = Yeyt1 < Tep, = Ye,+1 (for the conditions defined in Lemma 4.7).
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In both cases, it follows that
DSLl(X) N D8171(y) #+ ) — ]D)SL[)(X) N DSLO(y) #* 0.

The properties of codewords that share a single-deletion error word are well-researched in the
literature (e.g., see Theorem 3.3).

As mentioned at the beginning of this section, the scenario in which e, € [d,,d,] and
ez ¢ [dy,dy] can be disregarded due to some symmetry properties of the (; a, N)-congruent
codes. This will be shown in detail by the following claims. We denote the variable €, as 1
if e, € [dy,dy] and 0 otherwise. The variable €, is defined similarly.

Claim 4.4. For any x,y € X% and for any dy,dy, ez, e, € [n] the substituted bits in two
single-deletion single-substitution error words are interchangeable, i.e. x(dy,e,) = y(dy, ey)
if and only if x(dy, ey + €y) = y(dy, ez — €2).

Proof. Recall that we have proven Lemmas 4.5 to 4.7 given the assumption that z =
X(dy, e;) = y(dy,ey). First, we analyze the case that

ex,ey ¢ [dy,dy] <= def € =€, =0.
According to Lemma 4.5, the following equalities follow.

Ley :E7$€y :T%7
T = yi—1,Vi € [dy +1,dy],
x; =y;, Vi € [n]/[dy, dy| U {ez, ey} .

These statements are equivalent in the case of the assumption of
X(dg, ey) = Y(dya €z),

which completes the first case.
Next, we consider the case that

er € [dy,dy], ey & [dy,dy] <= qet €2 =0, =1.
From Lemma 4.6, the following equalities hold

Te, = Yeyr—15Te, = Yey
T = Yi—1,Vi € [dx + 17dy]/{61}7
z; = y;, Vi € [n]/[dy, dy] U {ey}.

Notice that by the same lemma, these equalities are equivalent precisely to the fact that
X(dg,ey) = y(dy, ez — 1).

The rest of the cases ¢, = 0,6, = 1 and ¢, = 1,¢, = 1 can be proven similarly using the
properties of Lemmas 4.6 and 4.7, respectively. O
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4 Combinations of Insertion/Deletion and Substitution Errors

At the end of this section, we show some properties of the complement words X and ¥,
which simplify the proof of the presented code construction in Section 4.5.

Claim 4.5. For any x,y € ¥4 having a non-empty intersection between the errors balls is
invariant to the complement operation, or formally:

]D)SLl(X) N ]DDSLl(y) 75 ) = D8171(i) N DSM(?) ?é 0.

Proof. We have that
DSl,l(X) N DSl,l(y) 7& ) — Eld:]ca dya €x,Cy € [’I’L] : X(d;ra em) = Y(dya ey)

For these fixed indices, it directly follows that X(d,e,) = ¥(dy,e,) which in a next step
implies IS 1(X) N DS1,1(¥) # 0. The opposite direction is proved similarly. O

Claim 4.6. For any x,y € X% being in the same (v;a, N)-congruent code is invariant to
the complement operation. Formally, for a weight vector v € Z™ and non-negative integers
a and N, it holds that

x,y € C(v;a,N)=3b:X,y € C(v;b,N).

Proof. The proof for x is identical for y; hence, we focus only on x. From the definition of
a (7;a, N)-congruent code it follows that

n
x €C(v;a,N) <— Z'yi-xiza mod N .
i=1

We denote b’ = Y"1 ;v mod N. Since x € X%, the syndrome of X satisfies

n n n n
Yvim=) vi-(l—w)=Y - (Z%Cm) =0 —a modN,
i=1 i=1 i=1 i=1
which, in turn, is equivalent to the following fact.
x€C(y;b —a,N).

Since no additional assumptions were made about x, the exact same proof with the same
values can be repeated for y. Hence, we can conclude that

i,?GC(’y;b'—a,N)

and so there exists such b =9 — a mod N such that X,y € C(;b, N). O
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4.5 Construction of Binary Single-Deletion Single-Substitution
Correcting Codes

In this section, we present our main result. An explicit construction for a binary single-
deletion single-substitution correcting code with the redundancy of at most 6 - logy(n) + 8
bits and its correctness is presented. It is based on the intersection of multiple (v;a, N)-
congruent codes C(v; a, N) (see Definition 4.2) where each component makes use of different
VT-sketches (higher-order VT-constraints) introduced by [SRB19]. The proof of the con-
struction was inspired by techniques introduced in [SB20].

Construction 4.1. Define four weight vectors o, 8,m,1 € Z" as

= (1a2737 ,TL) )
1 2 3 n
- (zz,zz,zz, ).
=1 =1 =1 =1
1 2 3 n
= (Zl2azz272127 aZZQ>
=1 1 =1 =1

]

=(1,...,1).
For fized integers a € [0,3n],b € [0,3n2],c € [0,3n3%],d € [0,4], the code is defined as
Cabcd Cla;a,3n+1)NC(B;b,3n2 +1)N C(n; ¢, 3n® +1)NC(1;d,5).

Remember that d, and e, denote the deleted and the substituted bit indices in the word
x. Correspondingly, the indices d, and e, are defined for the word y. The definition of €,
is 1 if e, € [dy,dy] and 0 otherwise, and the definition of €, is similar. The following shows
that Construction 4.1 is a single-deletion single-substitution correcting code.

Theorem 4.3. For any indices ey, ey, dy, d, € [n] and for any two codewords x,y € Cc?s’c’d,
it holds that

X(de, €2) # y(dy, €y) -

Proof. We will show the proof by contradiction; hence we assume that x(ds, e;) = y(dy, ey).
Similar as in Lemmas 4.5 to 4.7, we distinguish different cases of orderings of the variables
dy,dy, ez, ey € [n]. However, we start by providing general statements first. For simplicity,
we denote €, = e, — €; and €, = e, + ¢, throughout the proof

From Properties 4.5—(v) to 4.7—(v), and the fact that Ca bed © C(1;d,5) we deduce that

e, +5€y +Zd, —Yq, +0=0 mod 5.
This is equivalent to the following system of equations:

Td, = ydya 5695 == _6/\ .

€y
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4 Combinations of Insertion/Deletion and Substitution Errors

Given the first equation and by Claims 4.5 and 4.6, it is possible to assume that x4, = yq, = 0.
Moreover, we can assume without loss of generalization that e, < e, according to Claim 4.4.
Further, we define the set S as

2 {d, +1<i<dylr; =1} C [dy, dy] .

Moreover, we observe that the elements of the weight vectors a, 8,m at index j can be
written as >°7_; i* for k € {0,1,2}, respectively. We substitute the observations and values
mentioned above into the equivalences derived in Properties 4.5-(v) to 4.7—(v) for the fact
that x,y € Ca beq- Hence, for any k € {0, 1,2}, it holds that

Z] + 0, Z] +> 5%=0 mod 3nft +1.

Jj=1 jeS
We point out that |de, - ZJ 13 < > = 1 5% < nenF = nk+L which is also true for |(5gy'Z§y i
and |3 e J k|. As a result, the left part of the equivalences is at least —3-n**! and at most

3 - 1. Therefore, the congruences are strict equalities. We reformulate the obtained
equalities as

o~

€z €y

Yo=Y M =6 Z]

jes j=1 j=1 ot

Notice that the left-hand side is always non-negative. Hence, the right-hand side’s sign is
non-negative, so we conclude 5gy = —1. Thus, the equation can be transformed into

Zy i =>" " (4.4)

extl JES

As deduced before, we can assume that d, < d, and e, < e,. Hence, there are six possible
orderings of the four indices. We will show a complete proof of the case €., e, < d, and the
case e; < d; < ey < dy. Guidance to prove the rest of the cases can be found afterward.

Case ey, e, < d;: Under this assumption, two sets are defined as

S & +1e] S2£8.
We note that for any two indices ¢ € S; and j € S it holds that
1< 7. (4.5)
Hence, Equation (4.4) can be altered to the following form. For any k € {0, 1,2}, it holds

2 =27

JES JES2

For k = 0, this equality is |Si| = |S2|, which means that the cardinalities of the sets are
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4.5 Construction of Binary Single-Deletion Single-Substitution Correcting Codes

equal. For k = 1, this equality is > ;cs 7 = > jes, J, which in return means that the sum
of elements of S; and Sy are equal as well. However, if the cardinality of the sets is the
same, according to Equation (4.5), the elements sum in Ss should be strictly bigger than the
elements sum in 7. This is a contradiction to the code constraints; hence, we can conclude
this case.

Case e, < d; < ey < d,: Under this assumption, three sets are defined as
S1 &, +1,dy), So 2 dy + 1,6\ S, 832 ey +1,d,]NS.
We point out that any three indices ¢ € S1, j € Sa, and £ € S3 satisfy the relation
<</l (4.6)

In this context, we can rewrite Equation (4.4) as follows. For any k € {0, 1,2}, it holds that

IDEED DD DA

JES1 JES2 JES3

This can be written using the subsequent matrix form. Moreover, there exist integers
v1, U2, v3 such that at least one is non-zero, and the following equality holds.

A Zj631 1 EjESQ 1 Zj633 1 U1 0
A-v=| Yies A 2jess 7 > jess AN 0
Zjesl J ZjeSz J Ej633 J U3 0
In this case, v1 = vo = 1,v3 = —1 is such a solution. The equality means that A has a

non-trivial solution to the homogeneous system of equalities, which also means det(A) = 0.

However, we could also directly calculate det(A). To proceed, we use the multi-linearity
property of a determinant, which states that

r-a1+b ¢ d ap ¢ d by ¢ d
r-az+by e fl=r-lag e fl+1|b2 e f].
r-ag+bs g h as g h bs g h

Thus, the determinant of the matrix A can be computed by

Zj681 1 Zj652 1 21653 1 1
SANTEES I ob o0 ol g
l

2 2 2 '2
Yies I 2jes,d 2]653 J i€81 jES2LES |i? ]

Notice that each element in the sum is a determinant of a Vandermonde matrix. For this
type of matrices, it holds that

1 1 1
ioj L =(G—9)-(L—j) (L—1)
Z2 j2 €2
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4 Combinations of Insertion/Deletion and Substitution Errors

Table 4.1: The definitions for the sets S1, S9, and S3 for all necessary orderings of the indices
€z, €y, dy, dy € [n] to show the contradiction in Equation (4.7). Recall that e, =
ex — € and S £ {d, + 1 <i < dy|z; = 1} C [dy, dy).

Case Ordering S & S, & Sz &

1 er < ey < dg <dy ex+1,ey S 0

2 er < dy < ey <dy €x+1,dy] [de+1,ey]\S [ey+1,dy|NS
3 er < ey < dy <dy ez +1,ey] S 0

4 G<di<ey<dy [t ldg] [det1e]\S [ey+1,d) NS
5 er < dy < dy < ey ez +1,dy] S [dy + 1, ¢y]

6 dy < € < ey <dy SNldy,ex] [ex+1,e)\S [ey+1,dy|NS
7 dy < €y <dy < ey SNldy,ex] [Ex+1,e)\S [dy+1, e

8 dy < dy < e <ey S ez +1,¢e,] 0

Consequently, we obtain the following contradiction due to Equation (4.6):

1

O—ZZZ !

€81 jES2 LESs |72 j2 14

=> > > G-~

1€S1 jJES2 LES3

j)-(£—1i)>0. (4.7)

N

This concludes this case.

The same proof which is used to show the latter case can be concluded for all other
orderings. We provide the required definitions of the three sets S, S, and Ss in Table 4.1.
Note we have shown explicitly Case 1 and 2 of the table and provide the guidance for the
proofs via the definitions of the three sets for the other cases. This concludes the proof. [J

We have shown that CDb ¢4 guarantees to correct single-deletion and single-substitution
errors. Via the pigeonhole prlnmple the following conclusion about the redundancy is ob-
tained.

Corollary 4.3. There exist a € [0,3n],b € [0,3n%),c € [0,3n3],d € [0,4] such that the code
CDb c.d U8 a binary single-deletion single-substitution correcting code with at most 6- -logy(n)+8
redundancy bits.

Proof. The sets C(?,E,c,d form a partition of the whole space X%, where |X%| = 2™. Notice,
there are 3n + 1 options for a, 3n? + 1 options for b, 3n3 + 1 options for ¢, and 5 options for
d. Because of that, there is a total number of (3n + 1) - (3n? +1) - (3n3 + 1) - 5 disjoint sets

Ca bed: By the pigeonhole principle, there exists a choice of a, b, ¢, d such that
2TL
Ctllj,l?,c,d >

Bn+1)-Bn2+1)-(3n>+1)-5"

By the definition of redundancy rPS £ n —log, <|C£1§, c d|) and using logarithm rules, we can
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compute an upper bound on the redundancy as follows.
on
r? < n—logy ((3n+ 1) B2 +1)- 303 +1)- 5)
= logy(3n + 1) 4 log,(3n% + 1) + logy (3n® + 1) + log,(5)
< logy(3.5n) + logy(3.5n%) + logy(3.5n°) + logy(5)
= 1085(3.5) + 10gs(n) + logy(3.5) + logy (n?) + logy(3.5) + logy (n?) + logy(5)
= 3-logy(3.5) +logy(5) + logy(n) + 2 - logy(n) + 3 - logy(n)
< 8+ 6logy(n).

This concludes the proof. ]

In the proof of Theorem 4.3, the 1 = (1,...,1) weight vector is only used for simplicity
purposes, as it directly leads to the fact that the following equalities hold:

xdz = ydy7 569@ - _5/6\@/ .

One might notice that this weight vector is, in fact, redundant for single-deletion single-
substitution error-correcting purposes. This was shown explicitly in [SPC*20], where the
authors presented a slight improvement to Construction 4.1 that can correct a single-deletion
single-substitution error with the redundancy of 6logy n 4 3 bits using only the o, 8, and n
weight vectors.

4.6 Conclusion

In this chapter, we have considered the problem of correcting combinations of deletions and
substitutions. First, we have presented non-asymptotic upper bounds on the cardinality of
a non-binary single-deletion s-substitution correcting code. Subsequently, a non-asymptotic
lower bound on the redundancy of such codes is approximately r > (s + 1) log,(n). Further,
we have shown general properties of number-theoretic codes when codewords are corrupted
by a single-deletion single-substitution error. We have leveraged these properties to con-
struct a binary single-deletion single-substitution correcting code with redundancy at most
61ogs(n) + 8. The construction of the presented code is not explicit in the sense of providing
an encoder and decoder, but only in terms of presenting explicit constraints for a single-
deletion single-substitution correcting code. The problem of finding an encoder and decoder
for this construction is an interesting problem for future work and research.

On a final note, the work in [SW24b] has extended the results of deriving bounds on
the cardinality of g-ary codes correcting t insdels and s substitutions of length n to be
asymptotically at least (t+s)log,(n). Moreover, the work in [SPC™*20] provided a systematic
construction for correcting a single deletion and s substitutions with redundancy (3s +
4)logyn + o(logyn) for s > 1. Recently, the authors generalized their construction to the
case for multiple insdels with redundancy (4t+43s) log, n+o(log, n) [SPC*22] and also provide
a method to construct g-ary codes. In the same line of thought, [GGR"22] has provided
a linear-time encodable and list-decodable binary code with list-size 2 correcting a single-

53



4 Combinations of Insertion/Deletion and Substitution Errors

deletion and single-substitution error with the redundancy of 4logy n + O(log, logy n). This
result has been improved by [SCN22] to 3log, n + 4. However, the problem of constructing
optimal codes remains an open challenge.
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Chapter 5

Criss-Cross Insertion and Deletion Errors

Abstract

We investigate the problem of correcting multiple criss-cross insertions and deletions in arrays.
More precisely, we study the unique recovery of n x n arrays affected by t-criss-cross deletions
defined as any combination of t, row and t. column deletions such that ¢, +¢t. = t for a
given t. We show an equivalence between correcting t-criss-cross deletions and t-criss-cross
insertions and show that a code correcting t-criss-cross insertions/deletions has redundancy
asymptotically at least tn+t¢logn —log(t!). A a code construction with an existential encoding
and an explicit decoding algorithm is presented for a simplified pattern, i.e., a fixed (1, 1)-criss-
cross insertion/deletion error. Then, we present an existential construction of a t-criss-cross
insertion/deletion correcting code with redundancy bounded from above by tn + O(t? log? n).
The main code construction ingredients are systematic binary ¢-deletion correcting codes and
Gabidulin codes. The first ingredient helps to locate the indices of the inserted/deleted rows
and columns, thus transforming the insertion/deletion-correction problem into a row/column
erasure-correction problem, which is then solved using the second ingredient.

This chapter is based on the work [BWS* 21; WBWZ" 22; SWB* 22]. Lorenz Welter contributed
to the conception of the projects, the derivation of the results, and the writing of the manuscripts.

5.1 Introduction

This chapter considers the coding problem for insertion/deletion errors in the two-dimensional
space. The motivation stems from the fact that coding in the two-dimensional space has
proved profitable for data storage and wireless communications [Sid76; Rot91; BB97; Rot97;
LGHO00; GP08; WZ16]. In particular within DNA storage applications, systems using Il-
lumina sequencing could profit due to the array-like reading mechanism. Moreover, two-
dimensional deletion coding has proven beneficial for racetrack memories [CHK21]. There-
fore, it is vital to understand the generalization of the well-studied one-dimensional inser-
tion/deletion correcting codes to the two-dimensional space. The main advantage of coding
in the two-dimensional space is to leverage the structure of the code arrays rather than apply-
ing one-dimensional insertion/deletion correcting codes on each dimension of the array. The
deletion (and clearly also the insdel) correction problem is more involved due to the loss of
synchronization in the locations of the inserted and deleted rows and columns. Along this line
of thought, the trace-reconstruction problem is investigated for the two-dimensional space
in [KMM™21; ZZ24]. Moreover, coding for deletions over the two-dimensional space is also
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5 Criss-Cross Insertion and Deletion Errors

considered in [CSFT14; SWZGT17; SSAGT17; BE24]. In [CSF114; SWZGT17; SSAGT17]
codes that correct bursts of deletions in the one-dimensional space are constructed. The main
idea is to view the codeword as a binary array and use the structure of that array to detect
and correct bursts of deletions that happen in the one-dimensional codeword. In [BE24], the
authors consider the problem of database matching under synchronization errors.

Given a certain number of deletions ¢t and an array X, we assume that the array can
be affected by any combination of ¢, row and t. column deletions such that ¢, + t. = t.
This type of deletions is called t-criss-cross deletions. We define t-criss-cross insertions
similarly. Our goal is to construct codes that can uniquely recover the array X from any
t-criss-cross deletion or any t-criss-cross insertion, and we refer to these codes as t-criss-cross
insertion/deletion correcting codes. We borrow this terminology from previous works that
studied the problem of correcting criss-cross erasures and substitution errors in the two-
dimensional space. In [Hag20], Hagiwara constructed codes correcting criss-cross deletions
with at most ¢, row deletions and at most ¢, column deletions for given values of ¢, and t..
The constructed codes have redundancy in the order of n(t? + t2 + (t, + t.)logyn). The
construction splits the array into locators and information parts. The locators are carefully
structured arrays that can exactly recover the index of any deleted rows and columns in the
array. Then, a tensor-product erasure-correcting code is used to recover the lost symbols in
the information part.

Our contribution. First, we extend the well-known insertion/deletion equivalence from
vectors to arrays (see Section 5.3). Subsequently, we present an asymptotic upper bound (in
the code length) on the cardinality of ¢-criss-cross insertion/deletion correcting codes (see Sec-
tion 5.4). Our bound implies that the redundancy of any ¢-criss-cross insertion/deletion cor-
recting code is bounded from below by approximately ¢tn+tlog, n. For our code construction,
we also follow the strategy of first locating the errors and subsequently correcting them. To
better grasp the code construction concept, we first present a simplified code construction
for the problem of correcting a fixed combination of one row and one column deletion or in-
sertion error (see Section 5.5). Then, we construct existential ¢-criss-cross insertion/deletion
correcting codes based on locator arrays, binary systematic ¢-deletion correcting codes, and
Gabidulin codes (see Section 5.6). We also show that this code can correct t-criss-cross in-
sertions by providing an explicit decoder (see Section 5.7). The main improvements of our
construction over the one in [Hag20] is to use a collection of binary deletion correcting codes
to locate the indices of the deleted columns and a Gabidulin code to correct the erasures.
This significantly reduces the redundancy of the code. However, small locator arrays are still
needed to complement the deletion correcting codes. Then, the deletion-correction problem
is transformed into a row/column erasure-correction problem, which can be solved by using
Gabidulin codes that have optimal redundancy for row/column erasure-correction [GP0S].
The redundancy of the presented construction is tn + O(t?logs n) (see Section 5.8). For the
considered problem setting, we substantially improve upon the construction of [Hag20] that
needs a redundancy of approximately 2n - (t2 4 tlogy n) in this setting.!

1[HagQO]’s construction is applicable for arbitrary n x m arrays, while our work focuses on squared arrays.
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5.2 Definitions and Preliminaries

This section formally defines the codes and notations used throughout this chapter.

Recall that for an array X € 37" and 4, j € [n], we refer to the entry of X positioned at the
i*® row and the j' column by capitalized X; ; to emphasize that it is an element of an array.
We denote the i** row and the j* column of X by X ) and X, j, respectively. Similarly,
we denote by X(;,.i,] [j,:j,] the subarray of X formed by rows 4; to i and their corresponding

entries from columns ji to j2. Moreover, for two arrays X € X" and Y € 372 we
nx(mi+mz)

denote by Z = (X || Y) the concatenation of these two arrays with Z € ¥, . In an
array X € X" a column-run of length r is defined as a sequence of r consecutive equal
columns X, i = X j41 = -+ = X[y j4r—1- Row-runs in an array X are defined similarly.
Recall, given a vector x € ¥ a run of length 7 in x is defined as a sequence of r consecutive
equal bits x; = xj41 = ... = Tjyr_1.

Formally, for positive integers t,,t. < n, we define a (t, t.)-criss-cross deletion in an array
X to be the deletion of any ¢, rows and ¢, columns of X € Xp*". For a positive integer ¢,
we define a t-criss-cross deletion in an array X to be the collection of all (t,, t.)-criss-cross
deletions in X such that ¢, + t. = t. Further, (¢, t.)-criss-cross insertion and a t-criss-cross
insertion are defined similarly. We denote by Dy, ; (X) the set of all arrays that result from
X after a (f,t.)-criss-cross deletion (i.e., the two-dimensional deletion ball). Similarly, we
define the set I;, ; (X) for the insertion case. We refer to X as the array resulting from a
t-criss-cross deletion or insertion in X, where the number and type of errors (deletions or
insertions) that happened in X is evident from the context. To better understand the error
model, we illustrate the possible deletion patterns in a criss-cross deletion error in Figure 5.1.

Definition 5.1 ((t,t.)-criss-cross deletion correcting code). A (ty,t.)-criss-cross deletion
correcting code Cfy , ) is a code that can correct any (ty,te)-criss-cross deletion. A (ty,tc)-
criss-cross insertion correcting code is defined similarly.

Definition 5.2 (t-criss-cross deletion correcting code). A t-criss-cross deletion correcting
code C{¢ is a code that can correct any t-criss-cross deletion. A t-criss-cross insertion cor-
recting code is defined similarly.

Throughout this chapter, we assume that ¢, + t. = ¢ is a constant with respect to n.
Moreover, we emphasize that we do not consider combinations of insertions and deletions.

5.3 Insertion/Deletion Equivalence for Criss-Cross Errors

We study the insertion and deletion equivalence for arrays. This property is well understood
in the vector case as proven already by Levenshtein in 1966 [Lev66b] (see Theorem 3.1). To
show the array equivalence, we first derive a preliminary result for criss-cross insertion and
deletions with equal row and column deletions/insertions (see Section 5.3.1). Then, we will
show that a t-criss-cross deletion code is equivalently also a t-criss-cross insertion correcting
code (see Section 5.3.2).
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1101
Deletion of a row and a column !
(1,1)-criss-cross deletion error
0[0]1
Deletion of two rows olololo
(2,0)-criss-cross deletion error
01
Deletion of two columns 00
(0, 2)-criss-cross deletion error 111
01

Figure 5.1: Illustration of the variations of the 2-criss-cross error.

5.3.1 Equal Row and Column Deletion and Insertion Equivalence

In this subsection, we first show the equivalence between a (1,1)-criss-cross deletion cor-
recting code and a (1, 1)-criss-cross insertion correcting code (Theorem 5.1). Then we use
the result of Theorem 5.1 to prove the more general equivalence between (t,t)-criss-cross
deletion correcting codes and (t,t)-criss-cross insertion correcting codes for all t € [n — 1]
(Corollary 5.1).

Theorem 5.1. A code C(ClC 1y & Y™ ds a (1,1)-criss-cross deletion correcting code if and
only if it is a (1, 1)-criss-cross insertion correcting code.

Corollary 5.1. For any integert € [n—1], a code Ciiy CXg™ " isa (t,t)-criss-cross deletion

correcting code if and only if it is a (t,t)-criss-cross insertion correcting code.

Note that in the one-dimensional case, the equivalent formulation of Theorem 5.1 holds
since the intersection of the deletion balls of two vectors is not trivial if and only if the
intersection of their insertion balls is not trivial [Lev66b]. Since this property holds over any
alphabet, the following lemma can be derived by considering the arrays as one-dimensional
vectors where each element is a row/column.

Lemma 5.1 (see Theorem 3.1 or [Lev66b]). For a positive integer m and two arrays X €
mem Y E Eme
a qa

DI,O(X) N ID)L()(Y) 7& ) <— H170(X) N I[L()(Y)

#0,
Do’l(X) N ]D)O’l(Y) 7& ) <— ]I(]J(X) N H071(Y) ;é 1]
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While the last lemma is derived from properties of vectors, the next one, albeit similar,
requires a complete proof.

Lemma 5.2. For a positive integer m and two arrays X € Egmﬂ)xm,Y € E;nx(erl),

Dl’U(X_) N DO,l(Y) 7é 0 +— Ho@(X) N ]IL(](Y) ?é 0.

Proof. We show the “if' direction while the “only if" part is proved similarly. That is,
we prove that if Dy o(X) N Do 1(Y) # 0 then Ip1(X) NI o(Y) # 0. Assume that there
exists D € X7 such that D € Dq(X) N Dp1(Y) and by contradiction assume that
H()’l(X) N HI,O(Y) = 0.

Let iy, j. be the row and column indices deleted in X and Y, respectively, to obtain D.
Let r denote it" row of X, i.e., X, [m]» after an insertion of 0 in position j.. Similarly, let
¢ be the column Yy, ; after an insertion of 0 in position i,. Notice that it is also possible
to insert any symbol a € Y, in both words, as long as the symbol inserted is the same. The
following relations hold from the definition of D:

Xij =Dy =Y, for 1 <i<ipl<j<jo,
Xit1;=Dij =Y,  for iy <i<m,1 <5 <je, (5.1)
Xij=D;j=Y; 1 for1<i<ipj.<j<m,

Xiy1; =D;;j =Y, 41 for i <i <m,jc. < j <m.

Let IX be the result of inserting column c at index j. into X. The array IY is defined
similarly by inserting row r at index 4, in Y. Notice that I* is a result of inserting a column
to X and thus I* € I 1(X). For the same reasons, it holds that IY € I; o(Y). We conclude
the proof by showing that IX = IY. This will be done by considering the following cases.

1. For i < i, and for j < j:
Both Ii(j, IZY] are unaffected by the insertions or deletions. Hence, it follows that
X Y
Li=Xij=Yi;=1;.
2. For ¢ =i, and for j < j.:
The symbols Iz?fj = rj remain unaffected by the insertion. On the other hand, I?’{j is
exactly an inserted symbol into Y that is defined to be r; which results in

Y _ . _ X
Lj=r=5;.

3. For i < 4 and for j = jc:
The symbols IZYJ = ¢; remain unaffected by the insertion. On the other hand, IZXJ is
exactly an inserted symbol into X that is defined to be ¢; which results in

X _ . _ 1Y
Li=ca=1;.

4. For ¢ =i, and for j = j.:
It holds that If(] = ¢; and Ilyj = rj. By definition, both of these symbols are 0, which
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results in
IX —c =7 = IY
2'7j Cl ‘7 /1’7.7 :

5. For ¢ > i, and for j < j.:
By Equation (5.1) it holds that If(j = X;; = Dj—1,; = Y;—1;. On the other hand,
after a row insertion in index 7., it holds that IZYJ = Y,;_1; which results in

X - YX..—-. «-.—V. ,.—T1Y
Ii,j - Xm - Dl*LJ - Yzfl,J = Iz',j .

6. For ¢ > 4, and for j = j.:
By definition lej = c¢; = Y;_1,. On the other hand, IY had a row insertion in index
iy, which means that IZY] =Y,;_1,; and results in
IZ(] = C; = Yifl,j = IZYJ .
7. For i < i, and for j > j.:
By Equation (5.1) it holds that IZj =Y;; =D;;—1 = X;,;-1. On the other hand,
after a column insertion in index jc, it holds that IZXJ = X, j—1 which results in

X - YX.. 7 —-DD.. —-V.._—T71Y
Iz‘,j - Xm—l = Dw—l - Yz,] - Ii,j .

8. For i =4, and for j > j.:
By definition Iij =r; = X;;—1. On the other hand, IX had a column insertion in
index j., which means that Ifj = X, j—1 and results in

X _wx.. . TY
I7,7]_XZ,]—1_TJ _Ii,j'

9. For i > 4, and for j > j.:
The array IX had a column insertion in index Je, Which means that IZXJ = X;;-1- On
the other hand, IY had a row insertion in index 4., which means that I?,(j =Y, 1.
From Equation (51) it holds that Xi,j—l = Di—l,j—l and Yi—l,j = Di—l,j—l- This
results in

X Y
I =Xij-1=Di1j-1 =Y, =1

This concludes that for all i,j € [m + 1], IE(J = I?,{j’ which assures that IX = IY, and hence
Io,1(X) NI;10(Y) # 0, that contradicts our assumption. O

We now use the results of Lemmas 5.1 and 5.2 to prove Theorem 5.1.

Proof of Theorem 5.1. The proof is shown via contraposition, i.e., showing that for any
X, Y € %77 D1 (X) Ny 1 (Y) # 0 if and only if I; 1(X) N1y 1(Y) # (. For the reader’s
convenience, a flowchart of the proof is presented in Figure 5.2. We only show the “only if"
part as the “if" part follows similarly.
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[I el (X)N Hl,l(Y)]

N

column insertion row insertion

Lemma 5.2

row insertion row insertion column insertion column insertion

Lemma 5.1 Lemma 5.1

row deletion row insertion column insertion  column deletion

Lemma 5.2

column deletion row deletion

~, 7

[D e Dy, 1(X)N Dl,l(Y)]

Figure 5.2: A flowchart of the proof of Theorem 5.1.

We assume that there exists an array D € E,(Jn_l)x(n_l) such that D € Dy 1(X) NDy 1 (Y).

Hence, D can be obtained by deleting a row and then a column from X, and by deleting a
column and then a row from Y.2 We denote the intermediate arrays by X% and Y%~1,
so the following relations hold.

X row deletion X_l’o column deletion D ’

Y column deletion YO’_l row deletion D.

Consequently, it holds that
D €Dy o(Y" ) NDg 1 (X710,
and thus, according to Lemma 5.2 there exists an array Z € 37", such that
Z Ty (YO )N oX—10).

By definition, Z € Tj o(X~1?) is equivalent to X~ 10 € Dy o(Z). But, it is also known that
X109 € Dy (X), which means that

X1 € Dy o(Z) N Dy o(X).

2The order of the row and column deletions can be chosen arbitrarily since a similar proof can be derived
for a different order.
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From Lemma 5.1, it follows that there exists some
X0 e 1 0(Z) NT10(X).

The same chain of arguments can be done for Y; we define its result by Y%!. Due to the
aforementioned derivation of X% and Y%!, we can conclude that

Z € Dy o(X0) Ny 1 (YO
By Lemma 5.2, we deduce that there exists an array
Ielp(XM0) NI (Y.

Observe that I € Iy (X19) and X0 € T o(X), which means I is obtained by inserting a row
and a column in X, ie., I € I;1(X). A symmetrical argument holds for Y, which assures
that I € ]I171(X) N H171(Y). ]

Before we prove Corollary 5.1, we will show two claims which facilitate its proof. The
proofs will use the result given in Theorem 5.1.

Claim 5.1. For any two arrays Xy, X1 € X977, Dy (X1) N Dy (Xyp1) # O if and only if
there exist t — 1 arrays Xa, ..., Xy such that Dy 1(X;) "Dy 1 (Xiy1) # 0 for all 1 <i <t.

Proof. We prove the “if” part by induction. The proof of the “only if” part follows similarly
and is omitted.

Base case: We need to show that if Dy 1(X1)NDy 1(X2) # 0 then Dy 1(X;)NDy 1 (Xiq1) # 0
for all # = 1 which follows from the assumption.

Induction hypothesis: We use the statement of the claim as the induction hypothesis.

Induction step: Assume the property holds for ¢ € [n — 2] and we show that the property
holds for ¢t + 1. Let X;, Xy42 be such that Dyyq41(X1) N Dyt p41(Xig2) # 0. Then, there

(

exists Xll),XSBl resulting from a (1,1)-criss-cross deletion of X; and Xy;2, respectively,

such that ]D)W(Xgl)) N ]D)t,t(Xg)l) # (. Thus, according to the induction hypothesis, there

exist t — 2 arrays Xgl), . ,Xgl) that satisfy ID)M(XZ(I)) N Dl,l(Xgi)l) #(foralll <<t
According to Theorem 5.1, there exist t arrays Xa, ..., X;41 such that forall 2 <i <t+1,

X; € ]I(Xl(i)l) N ]I(Xgl)). Therefore, it holds that for 1 <1 <t 41,
XEI) € Dl,l(Xi) N Dl,l(X_iJ’»l).

This completes the “if” part of the proof. O

Next, we show a similar claim for the insertion case.

Claim 5.2. For any two arrays X1, X1 € X977, I o(X1) N Lt (Xeg1) # 0 if and only if
there exist t — 1 arrays Xa, ..., Xy such that Iy 1(X;) N1 1(Xip1) # 0 for all 1 <i <t.

Proof sketch. The proof follows a similar chain of arguments as in the proof of Claim 5.1
for the deletion case by interchanging arguments for deletions to insertions, and vice versa.
Thus, we omit the proof. ]
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Now we can prove Corollary 5.1 using Claims 5.1 and 5.2.

Proof of Corollary 5.1. The proof follows by showing that for any X1, X1 € X7*", it holds
that

Dy (X1) MDDy (Xig1) # 0 = Ty o(Xq) NIy (Xigr) # 0.

For any Xy, X1 € X577, if Dy +(X1) N Dy (Xiy1) # 0, then from Claim 5.1 we know that
there exist t—1 arrays Xo, ..., Xy such that Dy 1 (X;)NDq 1 (Xi41) # O forall 1 < i <t. Then,

according to Theorem 5.1, there exist ¢ arrays Xgl), ces ,Xgl) such that for all 1 <i <,

Xgl) € I (Xi) NIy 1 (Xig1)-

Finally, we can apply Claim 5.2 to conclude that I, ;(X;) N I (Xy+1) # 0. The “only if”
part follows similarly. O

5.3.2 Any Combinations of Row and Column Deletion and Insertion
Equivalence

We show the central equivalence between t-criss-cross deletion correcting codes and ¢-criss-
cross insertion correcting codes (see Theorem 5.2). The proof of Theorem 5.2 follows by first
showing that the equivalence holds for all (¢, t; + ¢)-criss-cross insertion/deletion correcting
codes, where ¢ is a positive integer. Then, by symmetry, the equivalence holds for (t.+ ¢, t)-
criss-cross insertion/deletion correcting codes, which completes the proof. The proof utilizes
the results of the previous subsection (Corollary 5.1 and Lemmas 5.1 and 5.2).

Theorem 5.2. A code Ci C ¥¢*" is a t-criss-cross deletion correcting code if and only if
Ci¢ is a t-criss-cross insertion correcting code.

Proof. The goal is to show that for any X,Y € ¥7*" and any two non-negative integers ¢,
and t. such that ¢, + t. = ¢, it holds that

Dt 4 (X) N Dyt (Y) =0 = T 1 (X) NIt (Y) = 0.
We only show the equivalence for (¢, t; 4 ¢)-criss-cross insertion/deletion correcting codes,

ie., for any X,Y € X" and any non-negative integers ¢, and c¢ such that 2t, + ¢ =t we
have

D, et e(X) N Dy e 4e(Y) =0 = L to4e(X) N t4e(Y) = 0.
Assuming that the equivalence holds for (¢, t, + ¢)-criss-cross insertion/deletion correcting

codes, then the following statement implies that the equivalence also holds for (¢, + ¢, t;)-
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5 Criss-Cross Insertion and Deletion Errors

criss-cross insertion/deletion correcting codes which completes the proof.

(a)
D,y 4e(X) N Dy 40(Y) =0 = i, (X)) N Dy, (Y =0,

(b) T T
= et (X)) NTger, (Y7) =0,

(c)
— ]Itrytr+c(X) N Htr,tr+C(Y) = @

Steps (a) and (c) follow trivially by examining the transpose of the arrays X and Y. Step (b)
follows from the assumed equivalence.

The proof of equivalence for (¢, ¢, + ¢)-criss-cross insertion/deletion correcting codes pro-
ceeds as well by contraposition, i.e., we show that

D, tr4e(X) MDD, 4e(Y) £ 0 = Tyt 4e(X) N1t 4o (Y) # 0.

In what follows, we only show the “only if" parts since the “if" parts follow similarly. We prove
the equivalence for (¢, t, +c)-criss-cross insertion/deletion correcting codes by induction over
c=t.— t;.

Base case (¢ = 1): For the reader’s convenience, a flowchart of this proof step is presented
in Figure 5.3.

Assume that there exists an array E € E((]"*tr)x(nftrfl) such that E € Dy, 4 +1(X) N
Dy, +,+1(Y). Let £ = 2t,, we define the series of arrays {Cs}ﬁzl to be the intermediate arrays
obtained by deleting a row or a column from Y to reach E. For notational convenience we
let Co £ Y and Cy; = E. Moreover, we follow an alternating order of deletion between

columns and rows,? i.e.,
CS c ID)O,l(Cs,l) if s is Odd,
Dy o(Cs—1) otherwise.
(n—tr)x (n—tr) .
Furthermore, we have Cpy; € Dy 1(Cy). We denote by B, € ¥ the array resulting

from deleting ¢, columns and ¢, rows from X such that E € Dy ;(By).
We now want to show that there exists a series of arrays {B s}f;;(l) such that

B. c Io,1(Bgy1) NIp1(Csy1) if sis odd,
’ I10(Bsy1) NIp1(Csy1) otherwise.

By definition, ¢ is even and Cyyq € Dg1(By) NDp1(Cr). By Lemma 5.1 there exists an
array By_1 € Egnitr)x(nftrﬂ) such that By_1 € Ip1(By) N1p1(Cr). Moreover, we know
that there exists Cy_1 € Z((In_trﬂ)x(n_tr) such that C; € Dy ¢(Cy_1). Consequently, we have
that Cy € D 1(Br—1) ND19(Cy—1). By Lemma 5.2 there exists a By_s € E((Zn_trﬂ)x(n_trﬂ)
such that By_o € I; o(B¢—1) N1p,1(Cr—1). Following the same arguments as above, one can

show that for all even values of s € {1,...,¢}, the arrays Cg, By and C,y; satisfy Csq1 €
Dy1(Cs) NDp,1(Bg). Thus, by Lemma 5.1 there exists an array Bs—1 € Ip1(Cs) NIp1(Bs).

3The proof works for any order of row/column deletions by arranging the chain of arguments in the proof
according to the order.

64



5.3 Insertion/Deletion Equivalence for Criss-Cross Errors

Gy

column column
7o)
column column row
Fo 4 Gy
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t; rows, t; columns
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X ) ﬁ @ i

column column
It ’ column row
ty rows, t; columns By o
row column 7 o
By_1 Ci
column column row
B

column column

Figure 5.3: A flowchart of the proof of Theorem 5.2. Given an array Cyqq € Dy, 4, +1(X) N
Dy, +,+1(Y), we show that there exists an array Goig € I, 4, +1(X) N1, 1, +1(Y).
The series of orange marked arrays are given by the first assumption. We can
prove the existence of the series of green marked arrays by Lemmas 5.1 and 5.2.
The brown marked arrays are then given by applying Corollary 5.1. Lastly, the
existence of the purple arrays can be shown again by Lemmas 5.1 and 5.2.

Similarly, for all odd values of s € {1,...,¢}, the arrays Cg, By and Cg4q satisfy Cyq1 €
D1 o(Cs) NDy1(Bs). Hence, by Lemma 5.2 there exists an array Bs_1 € I; o(Cs) NIy 1 (Bs).
Subsequently, we will end up with an array Bg € X" such that By € Dy, 4, (X) NDy, 1, (Bo).

Therefore, by Corollary 5.1 there exists an array Fy € E(n+tr)x(n+tr) such that Fy € I 4 (X)N
Htrvtr (BO)
Let Fg £ By and F_; £ C;, we denote again the series of arrays {Fs}§:1 that are the
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intermediate arrays obtained by a row or a column insertion starting from Fy until reaching
F,. For convenience, we again consider alternating insertions of rows and columns, i.e.,

I[l,O(stl) if s is Odd,
F, )
Io,1(Fs—1) otherwise.
Define the array Go 2 Y, we will now show the existence of the series of arrays {G}‘I1
such that
G. c HO,I(G5—1> N H071<FS_1> if s is odd,
* Hl’g(Gsfl) N HO,I(stl) otherwise.

Following the same arguments used to construct the series {B S}f;}), one can show that for all
even values of s € {0, ..., ¢}, the arrays Fy, G, and F,_; satisfy Fs_1 € Do 1 (F;) NDp 1 (Gs).
Thus, by Lemma 5.1 there exists an array Ggi1 € Io 1 (Fs) N1o,1(Gs). Similarly, for all odd
values of s € {0,...,¢}, the arrays F,, G, and Fs_; satisfy Fs_1 € D; o(Fs) N Dy 1(Gs).
Hence, by Lemma 5.2 there exists an array G11 € I10(Gs) Nlp1(Fs). As a consequence, we
have shown that if there exists an array Cpy; € Dy, 4, +1(X) N Dy, 4, 4+1(Y), then there exists
an array Gypg € I, 4, +1(X) N1, ¢,4+1(Y). This concludes the base case.

Induction hypothesis: For any integer ¢ > 1 and for any arrays X, Y € X7*", it holds that

Dy, t4e(X) Dy, 1 1e(Y) # 0 <= Ly 1e(X) NI, 4e(Y) # 0.

Induction step: Assume that the induction hypothesis holds for all values 0 < t. —t, < c.
We prove that the hypothesis holds for t. — ¢, = ¢+ 1.

Assume that there exists an array E € Egn_t’)x(n_tr_c_l) such that E € Dy 4 4.41(X) N
D, t,4et1(Y). Let £ = 2t,, define Cy 2 Y and Cyior 2 E. We denote by {C,}'Z5™ the
series of arrays resulting from a deletion of a row or a column starting from Y until obtaining
E as follows

C. c {Do,l(csl) if sis odd or s > /,

1,0(Cs—1) otherwise.

We denote by By, € Zén_tr)x(n_tr_c) the array resulting from deleting ¢, columns and ¢, + ¢
rows from X such that E € Dy (Bry.). We now want to show that there exists a series of
arrays {B,} 167! such that

B. ¢ o1 (Bst1) Nlp1(Csy1) if sis odd or s > £,
’ I1,0(Bst1) N1p1(Csq1) otherwise.

Following the same arguments as in the base case, one can show that for all even values of
s €{0,...,¢} and for all values of ¢ < s < ¢+ ¢, the arrays Cg, B, and C,1 satisfy Cs1q €
Do1(Cs) NDp,1(Bg). Thus, by Lemma 5.1 there exists an array Bs—1 € Ip1(Cs) N 1o 1(Bs).
Similarly, for all odd values of s € {0,...,¢}, the arrays Cg, B, and Cgy satisfy Cspq €
D1 o(Cs) NDp,1(Bg). Thus, by Lemma 5.2 there exists an array Bs_1 € I; o(Cs) N 1o 1(Bs).
Subsequently, we will end up with an array Bg € X" such that Byy. € Dy, 1,4(X) N
Dy, t,+¢(Bo). Therefore, by using the induction hypothesis, we can show the existence of the
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array Fy. € B0 guch that Fype € Iy g, 4¢(X) 01Ty, tyrc(Bo).

Let Fg £ By and F_; £ C4, we denote again the series of arrays {Fs}iii as the interme-
diate arrays obtained by a row or a column insertion starting from Fy until reaching F, as
follows

F. c Ip1(Fs—1) if sisevenors >/,
° I o(Fs—1) otherwise.

Define the array Go £ Y, we will now show the existence of the series of arrays {G}F5™!

such that
{]Io,l(Gsl) NIp1(Fs—1) if sisoddors > ¢,

]1170((;5,1) N ]1071(]:—“5,1) otherwise .

Following the same arguments as in the base case, one can show that for all even values of s €
{0,...,¢} and £ < s < {+c, the arrays F,, G, and Fs_; satisfy F,_; € Do 1(Fs) N Do 1 (Gs).
Thus, by Lemma 5.1 there exists an array Ggi1 € Io1(Fs) N1p1(Gs). Similarly, for all odd
values of s € {0,...,¢}, the arrays F,, G, and Fy_; satisfy Fs_1 € D; o(F5) N Do (Gs).
Thus, by Lemma 5.2 there exists an array Ggy1 € I; 0(Gs) Nlp1(Fs). As a consequence, we
have shown that if there exists an array Cyycr1 € Dy, 4 4e1(X) N Dy, ¢, 4c4+1(Y), then there
exists an array Gyier1 € Ity 4e+1(X) N1, 4 4c41(Y). This concludes the induction. O

On a final note, we want to emphasize that the number of row and column operations
has to stay the same for the equivalences to hold. We illustrate this by giving the following
counterexample.

Counter Example 5.1. The equivalence of a (1,0)-criss-cross deletion correcting code and a
(0, 1)-criss-cross deletion correcting code does not hold. To show this, we consider two arrays
X,Y € X5*3 and assume there exists an array D € X3*3 such that D € D o(X) NDTH(Y)
as follows.

1 11 1 01 11
X=(010|,Y=|010], D=|0 0},
011 0 01 01

where D is obtained by deleting the second column from X and Y. Since more than one row
of X and Y are different, we see that Dy 1(X) N Do 1(Y) = 0 and therefore the equivalence
does not hold.

5.4 Upper Bound on the Cardinality of Codes

This section presents an asymptotic upper bound on the cardinality of any ¢-criss-cross
insertion/deletion correcting code. It implies an asymptotic lower bound on the redundancy
of any binary t-criss-cross insertion/deletion correcting code, denoted by r°(n,t).

Lemma 5.3. Any upper bound on the cardinality of a q-ary t-deletion-correcting code C;5;,

with ¢ = 2™ s also an upper bound on the cardinality of a binary t-criss-cross inser-
tion/deletion correcting code.
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Proof. Note that a 2"-ary t-deletion correcting code C37¢, ; can be seen also as a binary ¢

column deletion correcting code by interpreting the symbols as binary columns. Since a
t-criss-cross insertion/deletion correcting code C§¢ can correct any combination of ¢, row and
t. column deletions such that t, + t. = ¢, in particular it can also correct any ¢ column
deletions. Therefore, any upper bound on the size of C37, ; is also a valid upper bound on
the size of C/°. Ul

Corollary 5.2. For any binary t-criss-cross insertion/deletion correcting code C5¢ it holds
that

2

tlon
27— 1)int

Consequently, we have r°(n,t) 2 tn + tlogy(n) — log,(t!).

Gl S

Proof. From Theorem 3.2 ([KK13]), we have for a g-ary t-deletion correcting code that
oot S % when ¢ is fixed. Following the same arguments as in the proof of [KK13,
Theorem 4.3], we can show that this bound also holds when ¢ = 2". Therefore, for any

binary t-criss-cross insertion/deletion correcting code Ci¢ it holds by Lemma 5.3 that

2

t12n

CCC < CVeC < .
|t|—| |N(2n_1)tnt

2" n,t

Therefore, we have

r“(n,t) = n? — logy(|Ci¢|) = tn + tlogy(n) — logs(t!) .

5.5 Simplified Error Model Construction

Before providing a code construction for the general ¢-criss-cross error model, we present in
this section a code construction for a simplified error model of the 2-criss-cross error. In this
error, we fix the error as a (1, 1)-criss-cross insertion/deletion error, i.e., exactly one row and
one column deletion or insertion. This contrasts the general error model assumed within
this chapter but assists in understanding the techniques. First, we explain our construction
and subsequently prove it by providing an explicit decoder for a (1, 1)-criss-cross deletion or
insertion.

The code C(Cil), which will be formally defined in Construction 5.1, is an existential code
whose codewords are n x n binary arrays structured as shown in Figure 5.4 and as explained
next. The code consists of two main components. The columns and the rows are indexed
using the binary expansion U and V of two n-ary VT coded vectors (see Construction 3.2)
to recover the positions of the inserted/deleted row and column.* The parity bits p. and
p- are used to recover the deleted information in case of a deletion and to help detect the
location of an inserted column or row in case of an insertion.

“We assume that n is a power of 2 so that log,(n) is an integer, while the extension for other values of n
will be apparent from the context.

68



5.5 Simplified Error Model Construction

TN o1

logn U € VT@yb(n n) 8(1)
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1/ //////////////////////////////////////////////////
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Figure 5.4: The structure of the codewords of the (1,1)-criss-cross insertion/deletion-

correcting code C(Cil) presented in Construction 5.1. U is the binary represen-
tation of a g-ary vector u € VT ,;(n,q) with ¢ = n. Each column is viewed
as a symbol of the VT-coded vector u. The last column of U is an alternating
sequence, and the second to last column must start with four consecutive zeros.
V is defined similarly to U where each row is a symbol of a VT coded vector
v € VT ca(n — 1,n). The alternating sequence of U is extended by one bit in
V. For the encoding of V, we replace the alternating sequence with the all-zero
sequence. The column p, is a parity column consisting of the sum of all column
entries in the respective row. The row p, is a parity row defined similarly to
pc. We denote by X € VT ,4(n,q) the binary representation of a g-ary vector
x € ¥, such that x € VT 43(n, q).

Indexing the columns: The first log,(n) rows of a codeword C € C(Cf 1) are the binary

representation of a g-ary vector u encoded using a VT code VT, (n, ) that can correct one
insdel error, where ¢ = n. The logy(n) xn binary array U satisfies the following requirements:

1.

2.
3.
4.

Every column of U is the binary representation of a symbol of the VT coded vector
uc VTa,b(”?”);

Any two consecutive columns are different;

The last column is the alternating sequence that starts with 0;

The first 4 bits of the second to last column are zeros.

As we shall see in the decoding proof, this array serves as an index of the columns. That is,
it allows the decoder to recover the exact position of the inserted/deleted column.

Indezing the rows: The (n— 1) x logy(n) array formed of the last logy(n) bits of rows 1 to
n — 1 (situated at the right of the array C € C&C’l)) is the binary representation of a g-ary

vector v encoded using a VT code VT q4(n — 1,q) that can correct one insdel, with ¢ = n.
The (n — 1) x logy(n) binary array V satisfies the following requirements:
1. Each row of V is the binary representation of a symbol of the VT coded vector v €

VTc,d(n — 1, n),

2. Any two consecutive rows are different;
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3. The first logy(n) rows also satisfy the requirements imposed on U, except for replacing

the alternating sequence by the all-zero sequence;®

4. The first bit below the alternating sequence is the opposite of the last bit of the

alternating sequence. In other words, the alternating sequence is of length logy(n) + 1.
Again, here we assume that the stored bit belongs to the alternating sequence, but for
the encoding of v, we assume that the first logy(n) + 1 bits of the last column are all
ZEros.
This array serves as an index of the rows that allows the decoder to recover the position of
the inserted/deleted row.

Parities: The part of the first column of C € C&C’l) that is not included in U is a parity
of the same part of all corresponding columns, i.e., each entry of that column is the sum of
all bits corresponding to its same row. This column is denoted by p. and is shown on the
left in Figure 5.4. Moreover, the last row of C is a parity of all the rows and is denoted
by pr. In case of deletion, the parities allow the decoder to recover the information in the
deleted column and row. In case of an insertion, the parities help the decoder to exactly
recover the index of the inserted row and column in case the arrays U and V fail to do so, as
explained in more details in the next section. We start with an example to illustrate the idea
before going into the formal definition of the construction. The example also demonstrates
the deletion decoder.

Example 5.1. We construct a 9x9 codeword of our code to illustrate the construction and the
decoding algorithm. Note that we choose n to be 9 (not a multiple of 2) for convenience and
to simplify the example. We explain in detail how the following codeword X is constructed.

0 1 01 01 100
0011007101
000011000
000000T10 1
X=|10000 0 (5.2)
11111
0010 1
11010
1 1101000 0

The columns and the rows are indexed by codewords of g-ary VT codes with q = 2([g2(m1) =
16 witha =2, b =0, c =7 and d = 0. The first 4 rows of the codeword should then be
the binary representation of a q-ary vector u € VT 20(9,16). For clarity of presentation, we
represent a symbol X = (x1, T2, 23,24)" € Yoa as the decimal representation x = Zle x; 201
Our construction requires the last symbol of u to be 10, i.e., its binary representation is the
alternating sequence. In addition, the second to last symbol of u must be 0. Moreover, every
two consecutive symbols of u must be different. An example is u = (0,1,2,3,4,5,11,0,10) €

5The array U can still store the alternating sequence. When checking the constraints on the rows of V, we
assume the last column of U is the all-zero sequence. Similarly, when encoding V, we also assume that
the last column is all-zero. Since the decoder knows this information, the all-zero sequence does not need
to be stored in the array.
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234. The binary representation U of u is the first four rows of X given in Equation (5.2)
(marked in blue). Given u, we index the columns with a vector v € VT7(8,16) such that the
first four symbols of v are predetermined to be 3,10,1 and 10, respectively. Our construction
requires the last bit of the binary representation of the fifth symbol of v to be set to 0 as an
extension of the alternating sequence of the last symbol of u (see Equation (5.2)). Similarly to
u, any two consecutive symbols of v must differ. An example is v = (3,10,1,10,6,8,9,7) €
234. The binary representation V of v is the transpose of the last four columns and first eight
rows of the array X given in Equation (5.2) (marked in ). The remaining entries of
the array X not belonging to the first column nor the last row (marked in black) are arbitrary.
The entries of the last row (marked in red) are the column-wise parity bits. The remaining
entries of the first column (marked in green) are the row-wise parity bits.

To illustrate the decoding strategy, assume that row 2 and column 7 of X are deleted. Thus,
the following array X>7 is obtained.

(0 1.0 1. 01 1 0
000O0OT1T1TO0T0
000O0O0O0T11

0 00O 0

X7 = 111 (5.3)

00 101
1 1010
1 1101000

The decoder looks at the last non-deleted column and knows it should be the alternating
sequence because it is not the all-zero column in the first four rows. From the last column,
the decoder knows that the second row is deleted. Using the row-wise parity bits of the last
row, the decoder can recover the second row. Now, the decoder has all the rows of U with
one deleted column and can thus use the VT decoder to retrieve the value and position of
the lost column. Note that since every two consecutive columns in U are different, the
decoder recovers the exact location of the deleted column. Using the deleted column’s index,
the decoder recovers the values of the bits outside of U (rows 5 to 8) using the column-wise
parity bits. The last bit of the deleted column is the sum of all other bits.

Formally, the presented code C(Cf 1) can be seen as an intersection of four codes over 35*"

that define the constraints imposed on the codewords of C¢,,. Let £ £ logy(n), we define
W to be the all-zero array except for the first ¢ + 1 bits of the last column to be the
alternating sequence, i.e., Wy 1), = (0,1,0,1,...)" and W, ; = 0 otherwise. We denote by
X € VT ap(n, q) the binary representation of a g-ary vector x € 3¢/, such that x € VT, 4(n, q).
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5 Criss-Cross Insertion and Deletion Errors

In detail, we define the following sets:

X0, # Xigj+1, J € [n—1]

Xgn—1 = (0,0,0,0)7,

Xies1m = (0,1,0,1,..)7, ’

Xg,in) € VT ap(n,2°)

Xin—t41,n] F XitLjn—t41,n)s @ € [0 —1]
V(c,d) 2 { X € 557" : Xy, = (0,0,0,..)7, ,
Xty opinpn1 € VTca(n —1,2%)

Y1), = (0,1,0,1,.. .)T,}

Y & W € V(c,d) ’

Ua,b) £ { X € X7

V' (¢, d) {Y S

n
Pcé{XEZSXH2Xi,1:ZXi,ijd27 i=€+1,---,n—1}7
=2

n—1
P, £ {X €Ny X =) Xijmod2, je [n]}-

=1

Construction 5.1. For non-negative integers a,b,c,d such that 0 < a,b,d < n —1 and
0<c<n-—2, the code Cff’1)7n(a, b,c,d) is the set of arrays C € X5*" that belong to
Ci1ynla b, c,d) 2 U(a,b) NV (¢,d) N P.NP,.

The main statement of this subsection is summarized in the following theorem and corol-
lary.

Theorem 5.3. The code C&C 1 o(a,b,c,d) (defined in Construction 5.1) is a (1,1)-criss-cross

deletion and insertion correcting code with an explicit decoder.

Corollary 5.3. There exist non-negative integers a,b,c,d for which the redundancy of the
code Cgil),n(a, b,c,d) (defined in Construction 5.1) is at most
2n + 4logy(n) + 7+ 2logy(e) .

In the following, we show how the code construction leverages the structure of a codeword
Ce Cgil)’n(a, b,c,d) to correct a (1, 1)-criss-cross deletion or insertion. Formally, we prove
Theorem 5.3. We assume that the decoder knows the dimension of the received array. In
other words, the decoder knows whether a (1, 1)-criss-cross deletion or a (1,1)-criss-cross
insertion has happened and only needs to correct it.

Intuition: The goal of the decoder is to use the insertion/deletion correction capability of
VT ap(n,n) and VT q(n — 1,n) to recover the positions of the inserted/deleted column and
row. The decoder first uses the alternating sequence to check if a row of U is inserted/deleted
and, therefore, corrects it before proceeding to the VT code decoder. In case of a deletion,

the second to last column allows the decoder to detect whether the alternating sequence
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Figure 5.5: The distinct (1, 1)-criss-cross deletion patterns for the decoder to distinguish.

was deleted. If the alternating sequence is deleted, the decoder cannot use U and has to
start using V to detect the position of the deleted row, recover it using the parities, and
then obtain the position of the deleted column from U. The parities are used to retrieve the
deleted information once the decoder has the position of the deleted row and/or column. In
case of an insertion, the inserted vector may equal another consecutive vector in either U
or V. In this case, the decoder uses the parity bits over the remaining part of the vector to
exactly recover the position of the inserted row or column. We are now ready to present the
proof of Theorem 5.3.

Proof of Theorem 5.3. We split the proof into two parts according to the two error behaviors:
a) an explicit decoder for a (1,1)-criss-cross deletion; and b) an explicit decoder for an
(1, 1)-criss-cross insertion.

a) Deletion correcting decoder: The decoder for Cgil)’n(a, b, c,d) receives as input a (n —
1)x (n—1) array C resulting from a (1, 1)-criss-cross deletion in an array C of Cii1)nlabc, d)
and works as follows. The decoder looks at the first £ x (n — 1) subarray of C and examines
the last column. For the reader’s convenience, we depict the distinct deletion patterns for
the cases mentioned below in Figure 5.5.

Case 1: Assume the last column of C is not deleted. Using the alternating sequence,
the decoder can detect whether or not there was a row deletion in U and locate its index.
This is done by locating a run of length two in the alternating sequence. The last bit of the
alternating sequence falling in V and not in U ensures that the decoder can detect whether
the last row of U is deleted or not.

Case 1-(i): If there was a row deletion in U, the decoder uses the non-deleted part of p,
to recover the deleted row except for the bit in the deleted column. The decoder can now use
the properties of V7T, (n,n) to decode the column deletion in U. Since any two consecutive
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5 Criss-Cross Insertion and Deletion Errors

columns in U are different, the decoder can locate the exact position of the deleted column
and recover its value. The position of the deleted column in U is the same as the deleted
column in the whole array. Using p., the decoder can recover the remaining part of the
deleted column.

Case 1-(ii): If the deleted row was not in U, the decoder uses VT, (n,n) to recover
the index of the deleted column and its value within U. It uses p. to recover the value of
the deleted column outside of U (except for the bit in the intersection of the deleted row
and column). Then, the decoder uses VT .4(n — 1,n) to recover the index of the deleted
row. Again, since any two consecutive rows in V are different, the decoder can recover the
exact position of the deleted row. Using p,, the decoder recovers the value of the bits of the
deleted row.

Case 2: Now assume that the last column of C is deleted. By looking at the last column
of C, the decoder knows that the alternating sequence is missing thanks to the run of Os
inserted at the beginning of the second to last column of C. Note that irrespective of the
location of the row deletion, the last column will have a run of at least three Os, which cannot
happen in the alternating sequence. Therefore, the decoder knows that the last column is
deleted and starts by looking at V. Using the parity p., the decoder recovers the missing
part of the deleted column that is in V but not in U. By construction, the first ¢ bits of the
last column of V are set to 0 when encoding V using a VT code. Thus, the decoder recovers
the whole missing column. By using the property of VT, 4(n — 1,n), the decoder recovers
the index of the missing row and uses p, to retrieve the value of the bits of this row. After
recovering the deleted row, the decoder adds the alternating sequence to U and recovers the
whole array C.

b) Insertion correcting decoder: The decoder for (Cil)’n(a, b,c,d) receives as input a

(n+1) x (n + 1) array C resulting from an (1,1)-criss-cross insertion of an array C of

Cff’l)’n(a, b, ¢, d) and works as follows. The decoder starts by looking at the first (/41)x (n+1)

subarray of C (recall that £ = logy(n)) and examines the last two columns.

Case 1: Assume the second to last column is not an alternating sequence (special insertions
that we consider in Cases 2 and 3) and the last column is the alternating sequence. Using
the alternating sequence, the decoder can detect whether or not there was a row insertion
in U. This is done by locating a run of length two in the alternating sequence.

Case 1—(i): If there was a row insertion in U, the decoder has two candidates for the
inserted row: the ones that cause the run of length two in the alternating sequence. Recall
that the bit-wise sum of the n rows of C is known to the decoder (parity check constraint).
The decoder verifies which of the two candidate rows does not satisfy the parity constraints,
i.e., the decoder sums the n — 1 remaining rows together with each of the candidate rows and
checks the Hamming weight of the resulting vector. The row that results in a vector with
Hamming weight more than 1 is the inserted row.® If both resulting vectors differ and result
in Hamming weight 1, the decoder is confused between two candidates for the inserted row
and two candidates for the inserted column. In this case, the decoder deletes both candidate
rows and both candidate columns where a “1” appears in the resulting vectors and uses the
deletion correction capability of the code to recover the original message. This works since

5The original row can only result in at most one 1 located in the position of the inserted column.
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the inserted row and column were removed, i.e., the array is now affected by one row deletion
and one column deletion.

Otherwise, the decoder removes the inserted row and uses the properties of VT, (1, n)
to decode the column insertion in U. Since any two consecutive columns in U are different,
the inserted column is either different from both adjacent columns or equal to only one. In
the former case, the decoder recovers the exact position of the inserted column and removes
it. The position of the inserted column in U is the same as the inserted column in the whole
array. In the latter case, the decoder has two candidates of inserted columns. The decoder
uses the column parity check to verify which column is inserted and removes it. Since the
inserted row is removed, the decoder will have at most one column that does not satisfy the
column parity check constraints. If both columns verify the parity constraints, then they are
identical.

Case 1—(ii): If the inserted row was not in U, i.e., the alternating sequence is intact,
the decoder uses VT, 4(n,n) to recover the index and value of the inserted column in U.
If this column in U differs from its adjacent columns in U, the decoder removes the whole
column and corrects the inserted row. However, if the inserted column in U equals one of
its adjacent columns (since any consecutive columns are different), then the decoder has two
candidates of inserted columns. Similarly to Case 1—(i), the decoder uses the column parity
check constraints to verify which column is the inserted one. After removing the inserted
column, the decoder uses VT 4(n—1,n) to recover the index of the inserted row. Again, the
decoder removes the whole row if the inserted row in V differs from both adjacent rows in
V. Otherwise, the decoder has two candidates for the inserted rows; therefore, the decoder
uses the row parity check to recover the exact position of the inserted row.

Case 2: Now assume that the two last columns of U are identical. Due to the four zeros
in the second to last column of C (now the third to last column in (~3)7 the decoder detects
that a column insertion happened in one of the last two columns of U. The decoder uses
the column parity check to verify which column is the inserted one. If both columns satisfy
the parity check constraints, they are identical. If both columns violate the parity check
constraints in one position, similarly to Case 1—(i), the decoder deletes both columns, and
both rows where the columns do not satisfy the parity check constraint and uses the deletion
correction capability of the code. After removing the inserted column, the decoder examines
the alternating sequence to check if the inserted row is in U. If this is the case, the decoder
uses the row parity check to verify which row is inserted and removes it. If the inserted row
is not in U, the decoder uses VT . 4(n — 1,n) and the column parity check to recover the
exact index of the inserted row.

Case 3: Assume that the last column of U is not the alternating sequence. Thus, the last
column is inserted. The decoder removes this column and detects which row is inserted, as
explained in the previous case. O

We successfully showed Theorem 5.3. The redundancy of the construction E’lc 1) n(a,b,c,d)
is

r{11)(n) = 2n + 4logy(n) + 7+ 2logy (e)

as stated in Corollary 5.3. Note that in [BWS*21], a (non-asymptotic) lower bound on the
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redundancy of any (1,1)-criss-cross insertion/deletion-correcting code is derived. In fact,
for the simplified (1, 1)-criss-cross error model, roughly the same minimal redundancy is
needed as for the general 2-criss-cross model (see Section 5.4). Hence, the construction is
approximately 2logy(n) bits away from the lower bound. The proof of Corollary 5.3 will
be given in Section A.1. We provide a short intuition in the following. The two parity
vectors for the rows and columns contribute 2n — logy(n) redundancy bits. Further, we fix
the top right bits of length logy(n) 4+ 1 in the rightmost column of the codeword arrays to
the alternating sequence. For locating the deleted row and column, two binary extensions of
n-ary VT codes are used with the additional constraint that no neighboring symbol is the
same. Each of these subarrays contributes roughly 2log,(n) redundancy.

On an additional node, we remark that a slightly modified construction having an explicit
encoder is given in [BWS'21], which is based on the systematic g-ary VT code construction
from [Ten84].

5.6 Multiple Criss-Cross Construction

In this section, we present an existential construction of ¢-criss-cross insertion/deletion cor-
recting codes. The construction follows a similar strategy as presented for the simplified error
model. We start with an intuitive road map to our code construction and then formally define
each ingredient.

5.6.1 Road Map

Our construction uses structured arrays so that the indices of the inserted/deleted rows and
columns can be exactly recovered. Then, the set of structured arrays is intersected with
arrays of a Gabidulin code (that can correct row/column erasures) to retrieve the arrays of
the code. The structure is depicted in Figure 5.6.

We structure the n x n codewords C as follows. We protect the columns with indices
between tlogy(n) + 1 and n — (¢t + 1)? using tlogy(n) codes where each one is a binary
systematic t-insdel correcting code. These codes are divided into ¢ blocks of size logy(n).
We impose a window constraint on the columns of the systematic part of every block. This
constraint ensures that every ¢ 4+ 1 consecutive columns are different. Therefore, the indices
of the deleted columns within the systematic part can be located using all logy(n) insdel
correcting codes of any block (Claim 5.5). In the case of insertions, the indices of the
inserted columns within the systematic part can be located up to an interval of length at
most 2¢, containing at most ¢ columns of the original array. This ambiguity arises when the
inserted rows/columns are equal to collections of rows/columns of the original array within
an interval. We call this phenomenon block confusions (see Section 5.6.2 and Claim 5.6).

In the redundancy part, runs may exist. Thus, the recovery of the index of the deleted
columns is only guaranteed within the corresponding run. To recover the exact location of
the deleted columns here, we protect the redundancy part of the codes by appending (from
below) what we call a locator array that can detect the exact positions of column deletions
within this part (Claim 5.3). We call this array TW. In case of insertions, the locator array
is used to recover the index of the inserted columns up to block confusions of length at most
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Figure 5.6: Illustration of an array contained in the locator set £(n) for t = 3. In the first
tlogy(n) rows there are ¢t blocks each consisting of a systematic part (cyan) and
a redundancy part (red) with r,, < (4t + 1)logy(n). Each row is encoded using
a systematic ¢t-deletion correcting code (zoomed in part). In addition, a window
constraint is imposed in the systematic part of each block. Those blocks are
used to locate column deletions. This structure is protected with the arrays L)
(blue) against row deletions and T() (brown) against column deletions. Lastly,
to locate the borders of T we use the marker arrays M1 and M2 (pink).
A symmetric structure locates row deletions.

t (Claim 5.4).

Note that for the window constraint to work efficiently, we must have all logy(n) insdel cor-
recting codes of the considered block. Therefore, we use the subarray Ci1.s10g, n,[n—(t+1)2:n]
as a locator array L) that can detect the exact position of a deleted row within the first
tlogy(n) rows (Claim 5.3). As a result, if all ¢ deletions are row deletions within the first
tlog,(n) rows, then the locator array is enough to recover all the indices (Lemma 5.4). Oth-
erwise, we have at least one block of the ¢ blocks unaffected by a row deletion. This block
is used to recover the deleted columns with indices in the range tlogy(n) + 1 to n — (t +1)2
(Lemma 5.5). The same arguments hold for the insertion case (Claim 5.4, Lemma 5.6 and
Lemma 5.7). The only difference is the possibility of the inserted row/column causing am-
biguities for the exact indices of the insertions.

One more step is needed. We must be able to locate the position of the locator arrays
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5 Criss-Cross Insertion and Deletion Errors

within the resulting (n —t;) X (n —t.) array C. Therefore, we put four marker arrays for the
locator arrays that are detectable even after ¢ insertions or deletions. We call those arrays
MY and M2,
The same structure (transposed) is used to index the rows. In addition, the columns
with indices between 1 and tlogy(n) are protected by the locator array for safeguarding the
insdel correcting codes indexing the rows. Note the claims and lemmas mentioned before
also include the statements to recover the row indices.
The whole code is intersected with a linear Gabidulin code [Gab85] that can correct
row/column erasures. Once the positions of the deleted rows and columns are known to
the decoder, those positions are marked as erasures and corrected using the Gabidulin
code. In the case of insertions, all inserted rows and columns with exactly recovered indices
are removed. If inserted rows/columns create block confusions, we can delete all involved
rows/columns and insert erasures. The window constraint guarantees that we do not delete
more than ¢ rows/columns of the original array by this procedure, hence assuring us that we
do not exceed the erasure correction capability of the Gabidulin code.
In the following subsections, we formally define the five main ingredients of our code:
1. The locator arrays (see Section 5.6.2);
2. The binary systematic t-insdel correcting codes with window constraints (see Sec-
tion 5.6.3);

3. The marker arrays (see Section 5.6.4);

4. The locator set which is the combination of all the previously mentioned parts (see Sec-
tion 5.6.5);

5. A Gabidulin code [Gab85] which is used to correct row/column erasures.

Afterward, the formal definition of the code is given in Section 5.6.6. The proof will be
presented by providing an explicit decoder in Section 5.7. Further, the redundancy of the
construction will be analyzed in Section 5.8.

5.6.2 Locator Arrays

For a positive integer a, we denote by I, the identity array of dimension a x a and by 1,
and 0, the all-one row vector and all-zero row vector of length a, respectively. We use ® to
indicate the Kronecker product. We thus have the following definition from [Hag20].

Definition 5.3 (Locator arrays). We set L' € YHDX(+1)? 4o 1 & I y1 ® 1441, More
precisely, L’ has the following structure

Livr 041 ... 0441
, Otr1 Lip1 .. O
Otr1 Opp1 o0 1y

Let s be a multiple of (t + 1) such that s > [L](t +1). We define the locator array L €
E2s><(t—‘,-1)2 as
L, £ 1%

s
t+1

® L.
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(t+1)2

Moreover, we define the locator array Ts € Yo *$ to be the transpose of Ly, i.e.,

T, 2L = 1 oL'T.

Throughout this chapter, we drop s in the notation Ly and T, when the value of s is
evident from the context.

Claim 5.3 (Deletion detection in Lg and Ts). Let Lg be an array affected by t, row and t.
column deletions such that t, + t. = t. Divide Ly into (t + 1) subarrays each consisting of
(t+1) consecutive columns of L. By examining I:s, we can locate the exact positions of the
deleted rows. We can also determine the number of column deletions that happened in each
subarray of L.

Let Ty be an array affected by t. row and t. column deletions such that t, +t. =t. The
same statement above for Lg holds for T by switching rows for columns.

Proof. We prove the first part of the claim, while the second part follows similarly since
T, = LST and row deletions in T can be seen as column deletions in Lg and vice versa.

By construction of Ly, for any i € [s —¢] and j € [t] it holds that L; [411)2) # Lip[(¢+1)2)-
This property holds even in the presence of at most ¢ column deletions in Lg. Thus, due to
the fixed structure of L, one can uniquely determine the exact indices of the deleted rows.

Moreover, we divide Ly into subarrays consisting of (¢ + 1) columns. For any a € [t + 1]
and b € [t + 1], we have Ly (a—1)(t4+1)+1 = Lis],(a=1)(t4+1)+5- [n other words, we have (¢ + 1)
identical columns in a subarray. This property holds even if there were at most ¢ row
deletions in L. Furthermore, for s > [£](¢+1) and a,b,c € [t + 1], it always holds that
Lig,(a-1)@+1)+1 7 Lis],(c—1)(t+1)+b> unless a = c. Therefore, we can determine the deleted
columns within any subarray by counting the missing columns. O

We briefly elaborate on the dimension constraint of L, i.e., s > [%] (t+1). If Ly consists
of less than %] copies of L/, then a deletion of two consecutive rows in each block will lead
to an impossibility in locating a column deletion within two adjacent subarrays. Recall that
1, is the all-one vector of length a and let t = 3 and s = 4, we assume the following deletion
pattern:

1, 04 04 Oy

04, 14, 04 04 1st & 2nd row deletion (07 14 04)
04 04 14 04 2nd column deletion 0; 04 14
04, 04 04 14 N —
i/
L/

Even though we can locate the row deletions, we cannot locate the column deletion within
a subarray of (¢ + 1) columns. Thus, it is necessary to have another copy of L’ within Ly
to guarantee a successful detection of column deletions. In the general case, this extends
to needing at least (%1 copies of L’ in Lg. This example can be directly applied for Ty by
switching in the argument rows and columns.

For the following statements and proofs in case of insertions we have to define the termi-
nology of block confusions.

79



5 Criss-Cross Insertion and Deletion Errors

Block confusions: Consider an array Z € Yo"*™. Let Z be the resulting array after t-criss-
cross insertions in Z. Given a subset B C [n], an integer a € [n], and a non-negative integer
¢ < n, we define a row block confusion in Z if Za+c/7[m] = Za+b+c/7[m] for all b € B and all
non-negative ¢’ such that ¢’ < c. In other words, we declare a block confusion after insertions
when a collection of ¢ consecutive rows in Z are the same as other collections of consecutive
rows within an interval determined by a and B. This leads to the fact that an insertion
locating algorithm cannot determine the exact location (up to the block confusion) of the
inserted rows even when knowing Z. For convenience, we provide the following illustration
of a row block confusion.

1 010
(1 0 1 0) insertion in 01 0 1
01 01 1st & 2nd row 1 010
—_— 0O 1 0 1
Z ~—
Z

Given both Z and Z, an insertion locating algorithm cannot distinguish whether the insertion
happened in the first and second row, the second and third, or the third and fourth row. We
call this a row block confusion with parameters a =1, B = {2}, and ¢ = 1.

If Z satisfies predetermined properties, we can narrow down the parameter range of the
possible block confusions. Let Z € X9™*™ be an array satisfying Z; ) # Zjij ) for all
i € [n—t] and j € [t]. Then, it follows that B C [¢], a € [n], and 0 < ¢ < t. Therefore,
the window of a row block confusion, defined as [a, max(B) + ¢], consists of at most 2¢ rows.
In addition, within this window, there exists at least one and at most ¢ rows of the original
array Z. Moreover, the bounds on the maximum number of original columns in the confusion
and the length of the confusion, defined as the total number of rows in the block confusion,
scale proportionally with the number of insertions responsible for the confusion. Note that
the property mentioned above on the array Z is satisfied by L.

We define a column block confusion similarly. The array T satisfies the desired properties
on the columns to limit the parameter range of column block confusions. In the sequel, we
will drop the row and column term when referring to block confusions when it is clear from
the context.

Claim 5.4 (Insertion detection in Ly and Ty). Let Lg be affected by t, row and t. column
insertions such that t; + t. = t. Divide Lg into (t + 1) subarrays each consisting of (t + 1)
consecutive columns of Ls. By eramining is, we can locate the positions of the inserted
rows up to a row block confusion of length at most 2t containing at most t columns of the
original array Ls. We can also determine the number of column insertions (and possibly
their positions up to a column block confusion within the subarray or within the adjacent
subarray) that happened in each subarray of Ls.

Let Ty be affected by t, row and t. column insertions such that t. +t. = t. The same
statement above for Ls holds for T by switching rows for columns.

Proof. The proof follows the same steps as in Claim 5.3. In terms of row insertions, the
difference is that if the inserted rows in Lg create a block confusion, then we cannot dis-
tinguish between the original rows and the inserted rows in a window of length at most 2¢
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rows. This follows from the construction of Lg. In terms of column insertions, if the inserted
column differs from the column run in which it is inserted and from both adjacent column
runs, it can be precisely located. Otherwise, we can only count the number of insertions in
each block up to a confusion with an adjacent block. This is due to possible column block
confusions at the column runs located in adjacent subarrays. O

5.6.3 Insdel Correcting Codes with Window Constraints

First, we focus on two main components of this ingredient in our construction.

Insdel correcting codes: We use the construction of [SGB20b] for our binary systematic
t-insdel correcting code (already briefly discussed in Section 3.4). We briefly recall the
construction results of [SGB20b]. Given a sequence k € ¥, one can compute a redundancy
vector ri € Yo"t with rp < 4tlogy(k) + o(logy(k)). The resulting sequence (k|ryk) can be
uniquely recovered after ¢ insdel errors. Note that ry is a function of the information k and
ri is a function of the information length £ and the number of insdel errors ¢.

Window constraint: We define the window constraint as the set Wy (£, w) C $5°*™, where
for any W € W;(f,w), i € [w—t] and j € [t], it holds that Wig; # Wig ;45

For an array W € W, (¢, w), let Rw € 32/*™ be the array formed such that for any i € [/]
the i*" row of Rw is the redundancy vector corresponding to the i*® row of W; computed
using the systematic construction in [SGB20b]. We refer to the array Rw € $2/™ as the
redundancy array. Let m £ w + r,, we define Dt(l)(ﬁ,m) as the set of all arrays resulting
from the concatenation of W and Rwy, i.e.,

D (t;m) 2 {D € %% D = (W | Rw) s.t. W e Wi(,w)} .

In other words, Dt(l)(ﬁ, m) is the set of binary systematic t-insdel correcting codes in which
the systematic part satisfies the imposed window constraint. This set will be used to index the
columns of our arrays in the constructed code. We define Dt@) (¢,m) & {DT :D e Dt(l) (¢, m)} .

This set is going to be used to index the rows.

Claim 5.5. Let D = (W || Rw) € D,gl)(ﬁ,m) be an array affected by t column deletions and
no row deletions, we can locate the exact positions of the deleted columns in the subarray W.

The same holds for any array in D§2) (¢,m) by switching in the argument rows and columns.
Proof. Assume D = (W || Rw) is the array obtained after the deletions. For each row in
W, we can use the corresponding redundancy in Rw to correct the deletions that happened
in this row [SGB20b]. We start by looking at the position of the first recovered bit in each
row. In each row, this position may be unique or may be in an interval of possible positions
(run). The exact location of the column is then determined by the unique position in which
all runs (of all rows) intersect. The intersection is guaranteed to be unique by the imposed
window constraint since for any i € [w —t] and j € [t], it holds that Wi, ; # Wig ;1. This
process is repeated for all recovered bits until all ¢ positions are determined.

A similar argument follows for the second statement of the claim. O
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5 Criss-Cross Insertion and Deletion Errors

Claim 5.6. Given an array D = (W || Rw) € DISI) (¢,m) affected by t column insertions
and no row insertions, we can locate the positions of the inserted columns in the subarray
W up to column block confusion of length at most 2t containing at most t columns of the
original array D.

The same holds for any array in DEZ) (£,m) by switching in the argument rows and columns.

Proof. The proof follows the same technique as the proof of Claim 5.5. The only exception
arises if the inserted columns create a column block confusion. However, the window con-
straint guarantees that in the worst case, the block confusion occurs in a window of length
at most 2¢t. Moreover, within this block confusion, there exists at most ¢ columns of the
original array. O

5.6.4 Marker Arrays

We define the following arrays of dimension ( + 1) x (¢ + 1) which will operate as markers to
locate the position of the locator arrays in the resulting C. Recall that we use four locator
arrays in our construction, namely LY, L2, TM and T (see Figure 5.6). We only need

marker arrays for T() and L®). The position of LY and T can be then determined.

The first marker array M3V, put on top of L®, consists of the first ¢ + 1 columns of L.
The second marker array M(2)| put on the right of L(?), consists of the complement of the
last ¢ + 1 columns of L/. The marker arrays M1 and M®2) are the transpose of M%)
and M22) respectively.

5.6.5 Locator Set

We formally define the sets of arrays in 5" that form our code. Let X € 35*" we start
with the set of arrays that are used to index the columns. This set is denoted by H.(¢,n).
The arrays in this set have the first ¢/ columns divided into ¢ blocks. The columns whose
indices are between t/ + 1 and n — (¢ + 1)? of each row consist of a systematic t-deletion
correcting code in which the systematic part satisfies the window constraint. We can write

Hi(l,n) = {X t X{(a—1)041:al),[t41m—(¢41)2] € DS)(&” —tl—(t+1)*)Vae [t]} :

The set of arrays V;(¢,n) that are used to index the rows is defined similarly to H;(¢,n) by
replacing columns with rows

Vi(l,n) = {X X[t i (t41)2],[(b—-1)e+1:b0] € D?) (Ln—tt—(t+1)*)Vbe [t]} .

For a value of r,, that divides” ¢ + 1, the set of arrays &(¢,n) that contain the locator

"If the value of 7, does not divide ¢+ 1, then one can expand the dimension of the locator arrays in & (£,n)
to the next multiple of ¢ + 1 that is greater than 7, + (t + 1)
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arrays in the positions shown in Figure 5.6 is defined as follows.

X(1:0),[n—(t+1)2+41:n) = Lite s

N X[t 1:t04-(t41)2], n—rw—(t+1)2+1:n] = Lrpa(t41)2 5

E(l,n) =X
Xin—(t41)241m],[1:60) = Te s

X[n—rw—(t+1)2+1:n},[t£+1:t£+(t+1)2] - Lrw+(t+1)2 )

The set of arrays that contain the marker arrays in the positions shown in Figure 5.6 is
defined as follows.

X[tf—‘rl:te"'_(t""l)}1[77»_7’w_(t+1)2—(t+1)+1:n—rw—(t+1)2] = M(l’l) s

X 241. 2 _ . = M(l’Q) R
Mi(ln) 2 X - [0+ (t+1)2+1:t0+(t+1)2+(t+1)], [n— (t+1)+1:n] o
X == (t41)2 = (1) Lin—rp— (t41)2] [t Lt (t+1)] = M5
X (4 1)+ Lo [ (1) 2+ 10 (4 1)+ (¢4 1)] = ME2)

We can conclude this subsection by defining the locator set that is the set of all arrays
that have the structure required by our code to recover the indices of the inserted or deleted
columns and rows. The locator set is the intersection of all the previously defined sets.

Definition 5.4 (Locator Set). We define the following set:
Li(n) 2 Hi(l,n) N V(L,n) N E(L,n) N My (L, n).

The defining parameters of £,(n) are only ¢ and n. By fixing those, all other parameters
can be obtained from the imposed constraints. The most noteworthy parameters are w and
rw, which are functions of n and ¢t. Moreover, we point out that a good choice for the
parameter ¢ is logy(n), which is mainly motivated by the redundancy optimization of the
construction, thoroughly discussed in Section 5.8. Additionally, due to the aforementioned
constraints on the locator arrays, t¢ and 7, + (t + 1) need to be multiples of (¢ + 1) and
t0 > [5](t+1). We refer to Figure 5.6 for an illustration of such arrays. Our construction
works only when logy(n) is a multiple of ¢ + 1 since we choose ¢ = logy(n).

5.6.6 Construction

We write Cgap(n,t) C F3*" to refer to a linear® Gabidulin code which is able to correct any
pattern of ¢, row and ¢. column erasures in an n X n array as long as t, + t. = t [GPO08].
This is equivalent to stating that its minimum rank distance® is at least ¢ + 1. Now, we can
present our existential construction.

8Note that such a Gabidulin code can be represented as a set of vectors in Fin as well and is linear in
Fon. For our application, it is sufficient that such a Gabidulin code is also Fa-linear, and we will always
represent the codewords as binary n X n matrices.

For the definition of the rank distance, see [Gab85]
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5 Criss-Cross Insertion and Deletion Errors

Construction 5.2. The code C;, C Y0X" is the set of arrays that belong to
Li(n) N Caqab(n, t) .

Theorem 5.4. The code CfS, described in Construction 5.2 is a t-criss-cross insertion/deletion
correcting code.

A rough concept of our construction is as follows. We assume that the decoder knows
whether a t-criss-cross deletion or insertion happened from the received array’s dimension.
In our codewords, we first introduce the structure £;(n) to locate the indices of the inserted
or deleted columns and rows. With this knowledge, we can introduce erasures into the
missing rows and columns and convert the deletion problem into an erasure problem, which
the Gabidulin code Cgap(n,t) [GPO8] can solve. We call this type of decoding the locate-
decode strategy. The Theorem 5.4 will be proven by providing a generic decoding strategy
in the next section.

5.7 Decoder for Code Construction

Assume a codeword C € Cff, is transmitted and let ¢, and ¢, be such that t. + ¢, = t.

The decoder receives an array C € Eén_tr)x(n_tc)

deletions or an array Ce E§n+tr)x(n+tc) obtained from C by ¢, row and ¢, column insertions.
The dimension of the received array is assumed to be known to the decoder. As mentioned,
we first focus on locating the indices of inserted/deleted rows and columns. Given the
indices, we can transform the problem into an erasure-correcting problem. A decoder flow

for correcting deletions is depicted in Figure 5.7.

obtained from C by ¢, row and t. column

5.7.1 Locating the indices

Let us denote the set of indices of the rows and columns that got inserted or deleted by
Tt C [n4t,] and ) C [n +t ], respectively, with |Z()| 4 |Z(e)| = ¢, +t. = t. For clarity
of presentation, we first present the decoding strategy for locating deletions. Subsequently,
we present the decoding strategy for locating insertions.

Claim 5.7. Given the armyN(NJ affected by t, row and t. column deletions, the marker arrays
MED MG M@ | gnd M322 can be located.

Proof. We will focus on locating the arrays M@ and M®2). A similar proof can be given
to find the arrays M) and M2 by exploiting the symmetric properties of T and L.

Using Claim 5.3 we can locate the leftmost column of L. Moreover, the bottom row of
L® is given directly by the position of L? in the codeword itself.

Note that we only have to detect row or column deletions rather than exactly locating
them. Our goal is to locate the rightmost column of L®. Recall that in the last ¢ + 1 rows
of L® there is for sure an L’ which originates from L’ affected by possible row and column
deletions. By a similar argument as in Claim 5.3, one can detect the number of column
deletions that happened in each subarray of L’ of ¢ + 1 consecutive columns, starting from
the left. This stems from the fact that number of column runs in I/ is ¢+ 1 minus the number
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5.7 Decoder for Code Construction

Receive array C € Eg"—tr)x(n—tc)

|

Locate marker arrays (Claim 5.7)

|

Use arrays L(Y) and T to locate deletions in first - logy n rows/columns
(Lemma 5.4)

|

Use arrays L® and T® to locate deletions in last 7w Tows/columns
(Lemma 5.4)

|

Use deletion code arrays to locate other deletion indices
(Lemma 5.5)

|

Insert erasures and correct it via Gabidulin code

|

Output C = C € £3*"

Figure 5.7: The decoder flow for correcting a t-criss-cross deletion in codewords C € C,.

of row deletions in L/. Recall that from Claim 5.3, we know the number of row deletions in
L’. The remaining ingredient is to know when L’ ends. This is guaranteed since the columns
of the marker M(®2) are the complement of the last ¢ + 1 columns in L’. Therefore, we are
guaranteed to have at least one column of M(2:2) marking the end of L’ even in the presence
of row or column deletions.

Given the rightmost column of L® we focus on locating the marker M@ and therefore
the topmost row of L(®. Recall that L® consists of 747 arrays L’ stacked on top of each
other. Using the same argument as in Claim 5.3, we can locate every row deletion in L(2) until
the topmost subarray L’. This is true even in the presence of column deletions since column
deletions do not change the fact that every t 4+ 1 consecutive rows in L) are different. By
the choice of the marker M(®1) | we ensure that the number of row deletions in the topmost
L’ can be detected. This is true because the marker has the same structure as the first ¢ + 1
columns of L. 0

Lemma 5.4. Given the array C affected by t. row and t. column deletions, any row with
index i € TU) such that 1 <i<tlorn—ry—(t+ 1)2 < 1 < n can be exactly recovered.
Similarly, any column index j € TU) such that 1 < j < tl orn — 1y — (t+1)2<j<n can
be exactly recovered.

Proof. We focus on recovering the indices of the deleted rows such that i € Z(*) and the
indices of the deleted columns such that j € Z(¢) that satisfy 1 <4 < t£ and n—7,—(t+1)? <
j < n. Recovering the remaining indices of the statement follows by the symmetry of the
construction.
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5 Criss-Cross Insertion and Deletion Errors

From Claim 5.7, the location of L® and T® in C can be exactly recovered. Therefore,
by Claim 5.3 we can locate any column deletions with indices n —r, — (t +1)2 < j < n
by decoding T, Consequently, having the location of LM and using Claim 5.3, we can
recover the indices of the deleted rows that satisfy 1 < ¢ < t£. Similarly, we can obtain the
indices with n —r, — (t+1)? <i<nand 1 <j <t/ O

Lemma 5.5. Given the array C affected by t; row and t. column deletions, any row index
i€ ZM) such that t0 < i < mn — 1y — (t+1)2 can be exactly recovered. Similarly, any column
index j € IU) such that t6 < j < n —ry — (t+1)2 can be evactly recovered.

Proof. We start by proving that the column indices can be recovered. We want to leverage
the structure imposed by the set H;(¢,n). For an array C € H.(¢,n), each row of the
subarray Ci1.44) [te+1:n—(1+1)2] 18 encoded using a binary systematic ¢-insdel-correcting code.
In addition, the columns Cjy.); such that t¢ < j <n—ry — (t+ 1)? are the systematic part
of this code. Recall that the rows are divided into t blocks, each of size ¢, where in each
block the columns ¢ < j < n — 1y, — (t + 1)? satisfy the window constraint. We assume that
at least one column in this interval is deleted. Therefore, at most (¢ — 1) rows can be deleted
in C. This means that at least one block of ¢ rows is unaffected by any row deletion. We
can locate this block for the deletion case by Lemma 5.4. By Claim 5.5, we can recover the
indices of the columns deleted within the range t < j < n —r,, — (¢ + 1)2. Similarly, we can
obtain the indices with ¢ < i < n — 7, — (t + 1)? by leveraging the structure imposed by
V¢ (¢,n) using Claim 5.5. O

We now present the equivalent results for the insertion case. In the following statements
we only highlight the differences from the deletion case. The main difference is that we must
tackle possible insertion patterns that can create block confusions in our received array C. In
general, the strategy is as follows. Since all rows and columns of the codeword C satisfy the
window constraint, even after ¢-criss-cross insertions, we can exploit the fact that insertions
can only create a confusion of length at most 2¢ with at most ¢ rows/columns of the original
array. Therefore, we can delete the block confusions and turn the insertion locating problem
into a deletion locating problem, which we have shown earlier how to solve.

Claim 5.8. Given the array C affected by t, row and t. column insertions, the marker array
M®Y can be located up to row and column block confusion of length at most 2t, and M2
can be located up to column block confusion of length at most 2t and row block confusion of
length at most 2t + 1. The marker array MY can be located up to row and column block
confusion of length at most 2t, and M2 can be located up to column block confusion of
length at most 2t and row block confusion of length at most 2t + 1.

Proof. We have the same preliminary information as in Claim 5.4 and 5.7. However, suppose
the inserted rows/columns create block confusions exactly at the border of the arrays LM
and TW, or L@ and T?). In that case, we can locate the desired arrays only up to the length
of the block confusion. By construction, the length of the block confusion is limited to the
parameter range given in the statement of the claim. Moreover, we use the following strategy
for locating the border between LW and TM in the presence of block confusions, where the
same can be applied to the border of L(® and T® by symmetry of the construction. The
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5.7 Decoder for Code Construction

idea is to use a block of insdel codes to resolve the row block confusion. Note that there
must be at least one insdel code block that is not affected by insertions due to the existence
of ¢ insdel code subarrays. Moreover, we can determine the affected arrays by Claim 5.4. We
declare the border of the insdel code to be the first expected row index of T™). Note that by
declaring a wrong border, we add at most t insertions to the insdel code. By Claim 5.6, we
can decode the insdel code. The correct border can then be determined by the first index,
which is not marked as an insertion in the insdel code subarray. If no insertions are declared
at the beginning of the subarray, then the chosen border is correct.

Moreover, in case M2 and M®2 are located up to a column block confusion and a
row block confusion, respectively, one can simply ignore the confusion to locate MY and
M@ gince the inserted columns must follow the structure of T and L to create a
confusion. O

Observe that the marker arrays M@1:2) and M2 can be located up to a row, or respec-
tively a column block confusion of length at most 2¢ + 1. The confusion may contain more
than t original rows/columns of the original array. However, since the indices of the block
confusions are within the index range of the insdel codes, we can use those as stated in
Lemma 5.7 to tackle this problem.

Lemma 5.6. Given the array C affected by t; row and t. column insertions, any row with
index i € TU) such that 1 <i<tlorn—ry—(t+ 1)2 < 1 < n can be recovered up to a
row block confusion of length at most 2t consisting of at most t rows of the original array
C. Similarly, any column index j € TU) such that 1 < j <tl orn—ry, — (t+1)2<j<n
can be recovered up to a colummn block confusion of length at most 2t consisting of at most t
columns of the original array C.

Proof. We focus on recovering the indices of the inserted rows such that i € Z() and the
indices of the inserted columns such that j € Z(*¢) that satisfy 1 < i < t£ and n—r,—(t+1)? <
j < n. Recovering the remaining indices of the statement follows by symmetry of the
construction. In general, we can use the same strategy as presented for the deletion case
using Claims 5.4 and 5.8. In case the marker arrays are located up to a block confusion, one
can ignore the rows/columns that created a confusion, i.e., we only consider one collection
of the rows/columns of the confusion since the inserted rows/columns must satisfy the fixed
structure of the locator arrays T, LM T®) and L), O

Lemma 5.7. Given the array C affected by t, row and t. column insertions, any row index
i€ IU) such that t < i <mn—ry— (t+1)2 can be recovered up to a row block confusion of
length at most 2t consisting of at most t rows of the original array C. Similarly, any column
index j € TUe) such that t6 < j < n — ry — (t + 1)% can be recovered up to a column block
confusion of length at most 2t consisting of at most t columns of the original array C.

Proof. We start by proving that the column indices can be recovered. We want to leverage
the structure imposed by the set H;(¢,n). We assume that at least one column in this interval
is inserted. This means that at least one block of ¢ rows is unaffected by any row insertion.
By Lemma 5.6 we can locate this block by remarking that at least one insertion is needed
to create a block confusion and therefore affect the block. By Claim 5.6, we can recover the
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indices of the columns inserted within the range t < j < n — 7, — (t + 1) up to a block
confusion of length at most 2¢ containing at most ¢ columns of the original array. Similarly,
we can obtain the indices with t¢ < i < n—r, — (t+1)? by leveraging the structure imposed
by Vi(¢,n), see Lemma 5.6 and Claim 5.6. O

5.7.2 Recovering the Transmitted Array

Now, we can present the full proof of our code construction.

Proof of Theorem 5.4. If a t-criss-cross deletion happened, we can apply Lemmas 5.4 and 5.5
to determine the sets of indices Z(*) and Z(*e). Then, for all i € Z(*) and j € Z(te) | the
decoder inserts row or column erasures in C starting from the smallest index. Now, the
decoder applies a Gabidulin criss-cross erasure decoder to determine the values of the erased
symbols [GPO0S].

In case of a t-criss-cross insertion we apply Lemmas 5.6 and 5.7. The decoder deletes
the inserted rows/columns whose positions are exactly recovered. For each block confusion,
the decoder deletes the whole block confusion. This deletion strategy deletes at most ¢
rows/columns of the original array since all rows/columns follow the window constraint.
Thus, the decoder inserts row/column erasures in C starting from the smallest index and
applies a Gabidulin criss-cross erasure decoder to determine the values of the erased symbols

[GP0S). 0

5.8 Redundancy for Code Construction

In this section, we analyze the redundancy of our code presented in Section 5.6 denoted by
r(n,t). We will refer to the redundancy of each individual set Cgap(t,n), Li(n), Hi(€,n),
Vi(l,n), &, n), Wi(l,w) and M(¢,n) by r«(n,t), where * is replaced with the corre-
sponding set letter. In the following, we give an intuition behind the computations of the
redundancy.

Since Cf5, = L¢(n) N Cgan(t,n) and since the Gabidulin code is a linear code, we can
compute the code redundancy as

re(n,t) <re(n,t) +ra(n,t).

Moreover, since the intersected sets in the locator set £;(n) impose constraints on disjoint
positions in the n x n arrays, we can further split the redundancy as follows.

re(n,t) = ry(n,t) + ryp(n,t) + re(n,t) + ra(n,t).

The sets H:(¢,n) and Vi(¢,n) impose similar constraints: ¢ disjoint subarrays constrained
with the window constraint where each row is protected by a systematic ¢-insdel correcting
code from [SGB20b].
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Claim 5.9. The redundancy resulting from the constraints imposed by the two sets Hi({,n)
and Vi(£,n) is bounded as

ru(n,t) +ry(n,t) < 2t(rwl, w) +logy(n) - ry) ,

where w = n — tlogy(n) — ry — (t +1)% and ry, < 4tlogy(n) + o(logy(n)).

Proof. The sets H(¢,n) and V;(¢,n) impose the same constraints, i.e., each array belonging
to any of these sets has ¢ subarrays protected by deletion correcting codes with window
constraints. Therefore, we have

TH(”) t) + TV(”? t) = Qt(rW(& w) + log2(n) : T‘w) )
where 7, is the length of the redundancy vector used to protect a vector of length
w=n —tlogy(n) —ry — (t+ 1)2 (5.4)

against t deletions, and log,(n) is the number of protected vectors in each subarray. Recall
that for any positive integer k, the redundancy for protecting a vector of length k is bounded
by 7 < 4tlogy(k) 4+ o(logy(k)) [SGB20b]. Thus, we bound this value by

rw < (4t + 1) logy(n) . (5.5)

We now focus on computing ryy(¢,w). To compute an upper bound on the redundancy
imposed by the window constraint W, (¢, w), we require a lower bound on w. Note that using
a lower bound on w only increases the redundancy imposed by W;(¢,w). This will be clear
from the following calculations. From Equations (5.4) and (5.5) we obtain

w > n — (5t + 1) logy(n) — (t 4 1)2.

We calculate a lower bound on |[W;(¢,w)|. On a high level, our calculations are interpreted
as going through each column of an array in W,;(¢,w) and counting the number of choices
for this specific column. The first column is arbitrary and thus has 2¢ choices. The second
column is not allowed to be the same as the one before. Thus, it has (2¢ — 1) choices. The
third column has (2¢ — 2) choices since it cannot be the same as the two preceding columns.
This process continues until we reach the (¢ + 2)*® column. The number of choices for this
vector is (2 — (t+1)). Since the restriction is imposed on an interval of (¢ + 1) vectors, each
remaining column has (2¢ — (¢ + 1)) choices. Thus, for the window constraint, the following
holds.

Wi (4, w)| > 2t . (26 —1)-...- (25 —(t+1))- (25 —(t+ 1))“"’5‘2
> (20— (t+1)Y

_ gt (1_ t+1>“’
- - )

We denote the redundancy resulting from the constraints imposed by the window constraint
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as rw(l,n —tl —ry,). We continue the calculations, recalling that ¢ = log,(n).

rw(lyn —tl —1ry) < L(n—tl —ry) —logy (IWe(l,n — tl — 1y)]|)

n—tl—ry
o ((1-15))
n (5t+1) logy (n)
< log, <(1 - t+1> > g, ((1_ t+1) 2 )
n n

< logg(e(t“)) — (5t + 1) logy(n) - log, ((1 - t+n1>)

(t+ 1)logy(e) + (5t + 1) logy(n)

<
< (5t +1)logy(n) +2(t+1).

We used in Step (d) the inequality (1 — %)n < e” and exploited in Step (e) the fact that
% <(1- %) < 1 for our choice of parameters and for sufficiently large n.

Recall that any array in Dt(l)(f,n — tf — (t + 1)?) consists of logy(n) binary ¢-deletion
correcting codes. Therefore, we have

ry(n,t) <t- | (5t +1)logs(n) +2(t + 1) + logy(n) - (4t + 1) logy(n)
window constraint binary deletion correcting codes

= (4t 4+ t) log?(n) + (5% + t) logy(n) + 2t(t + 1)%.

Since the arrays in V;(¢, n) have a similar structure imposed (only transposed) and the regions
of the imposed constraints are disjoint, one can conclude that

ra(n,t) + ry(n,t) < 2(4t% 4 t) log?(n) + 2(5t2 + t) logy(n) + 4t(t 4+ 1)%.

O]

Observe that the constraints for the remaining sets fix values for certain subarray bound-
aries. Therefore, the following can be obtained.

Claim 5.10. The redundancy rz(n,t) resulting from the constraints imposed by the set L,(n)
1s bounded as

re(n,t) < (St2 + 2t) log2(n) + o(logQ(n)) .

Proof. We argued that since the different constraints are imposed on disjoint subarrays in
Li(n), then the redundancy rz(n,t) can be written as

re(n,t) =ry(n,t) + ryp(n,t) + re(n,t) + ra(n, t)

The redundancy imposed by the locator and marker arrays equals the dimension of the
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subarrays with fixed entries. We can then write
re(n,t) < (6t3 + 13t% + 8t + 1) logy(n)
and
ram(n,t) =4t +1)2.
The other terms of the redundancy in r2(n,t) were computed in Claim 5.9. O

We can conclude this section with the statement on the redundancy r°“(n,t) of the code
Ci5, presented in Construction 5.2. Note that the redundancy added by the Gabidulin code
is tn.

Lemma 5.8. The redundancy of the code Ci5, is bounded as
r¢(n,t) < tn + (8t2 + 2t)log?(n) + o(log?(n)) .

Proof. By construction we have that Cf§, = L¢(n) N Cgab(n,t). By Claim 5.10 we have that

2

277,
1£:(n)] = n((8t2+2t)+o(1))logy(n) *

n2
From [GPO08] we have that |Cqan(n, t)| = 2. Further, because Cgap(n, t) is a linear code, a
coset exists such that the following is satisfied by the pigeonhole principle.

ezt L ! .
tnl = otn n((8t2+2t)+0(1)) logy (n)
~
Gabidulin Code Locator Set

Hence, we can conclude that the total redundancy of the Cf¥, satisfies

r(n,t) = n? — logy (|CE5,1) < tn + (8t2 + 2t)log?(n) + o(log?(n)).

5.9 Conclusion

In this chapter, we have considered the t-criss-cross insertion/deletion problem in binary
arrays. First, we have shown that the one-dimensional insertion-deletion equivalence also
holds in the two-dimensional array setting. Moreover, we have shown that the asymptotic
lower bound on the redundancy for any t-criss-cross correcting code is r°“(n,t) > tn +
tlog(n) — O(1). First, we have presented a construction for a simplified channel model of
a fixed (1,1)-criss-cross insertion/deletion error. Subsequently, we have presented our t¢-
criss-cross insertion/deletion correcting code construction, which is based on transforming
the insertion/deletion problem into an erasure problem. The redundancy of the constructed
t-criss-cross insertion/deletion correcting code is O(t?log®(n)) far from the derived lower
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bound. The construction is proven by providing an explicit decoder. We note that given an
order-optimal systematic construction of n-ary t-insdel correcting codes, we could improve
our construction such that the redundancy is only O(t3log(n)) far from the derived lower
bound. This results from replacing the 2¢logn binary ¢-insdel correcting codes indexing the
columns/rows by 2t n-ary t-insdel correcting codes.

On a final note, improvements on the coding problem for insdel errors in arrays remain pos-
sible. We generalized in [SWB™22| the one-dimensional equivalence between deletions and
insdels errors to arrays and even extended the equivalences to hold for any d-dimensional
arrays. Moreover, [CHK21] presents an optimal construction for the simplified model and
provides an alternate construction for the ¢-criss-cross insertion/deletion problem with re-
dundancy tn + o(n). Further, it would be interesting to generalize the problem to study
possible combinations of simultaneous insertions and deletions in arrays. The next step
would be finding a code construction, with redundancy close to the lower bound derived in
this work, that can correct a mixture of row and column insdel errors. One step in this
direction was given in [Hag23|, where a construction correcting combinations of row/column
deletions, substitutions, and erasures in (not necessarily squared) arrays is presented. Fur-
ther research topics in this direction include studying the characteristics of an array’s insdel
spheres.
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Chapter 6

Preliminaries on Insertion/Deletion
Error-Correction for Stochastic Channels

This part of the dissertation covers end-to-end coding solutions for DNA-based data storage
by assuming stochastic transmission channel models and using probabilistic decoding meth-
ods, especially in the presence of insertion, deletion, and substitution errors. Consequently, in
this chapter, we first cover essentials introducing the applied methodologies. First, we briefly
cover the applied probabilistic decoding principles [Mac03; RL09; CT06]. Subsequently, we
focus on two channels: the independently identically distributed (i.i.d.) insertion, deletion,
and substitution (IDS) channel (see Section 6.2.2); and the trace-reconstruction channel with
IDS errors (see Section 6.2.3).

In the probabilistic scenario, we describe the channel procedure as a stochastic process
with probabilistic inference on the receiver’s side. In the following, we let input and output
formally be described by the random vectors X and Y, respectively. Further, the channel
is described by the general channel law P (Y|X). The decoder aims to minimize the failure
probability of deciding on the incorrect codeword. This is equivalent to maximizing the a
posteriori probability (APPs); hence, a maximum a posteriori (MAP) decoder decides as

P
% =argmax P (x | y) = arg max (y, x) x argmax P (y | x) P (x) .
xeC xeC P (y) xeC

For uniform input, this decoding rule is equivalent to the mazimum likelihood (ML) decoding
rule given as

x =argmax P (y | x) .
xeC

Another decoding approach is the symbolwise MAP (s-MAP) decoder which decides symbol
by symbol according to

2 = argmax P (z; | y) .
x¢:x€C

Popular decoders facilitating the s-MAP rule are the sum-product algorithms based on
message-passing on factor graphs [KFLO1] also known as the forward-backward or BCJR
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algorithm [BCJT74; HOPY6|, e.g., for trellis codes, and belief-propagation, e.g., for low-
density-parity-check codes [Gal62].

Given a channel with P (Y|X), we may wonder what is the highest coding rate R at which
one can ensure reliable transmission.

Definition 6.1 ([SH22; CT06]). A rate R is called achievable if there exists a sequence of
codes {Cy,}, each of length n and of rate R, such that the decoding error probability tends to
0 as n — oco. The capacity is the supremum of the achievable rates.

Another important quantity is the mutual information rate (MIR) which is expressed as
1
—I(X;Y) .
L)

For various channels, this quantity is an achievable rate for n — oo, e.g., see Section 6.2.2.
Further, in cases the MIR is infeasible to compute a lower bound may be derived as described
in Section 6.1.

In a finite-length setting, a popular figure of merit for a given coding system is the average
frame-error-rate (FER) pge; which is approximated using Monte-Carlo methods. We sample
a large number of times ® realizations x from the input space and pass it via the channel to
obtain a realization y over the output space, and letting a decoder infer X given y. Thus,
we compute

]
1 .
Prer = 5 D P (R # Xg/%0) -
¢=1

6.1 Mismatched Decoding and the BCJR-once Rate

In various scenarios, it may be that the true channel law P (Y|X) is unknown, the maximizing
input distribution IP (X) is unknown, or simply the optimal MAP /ML /s-MAP decoding rule is
strictly too complex to implement. The concept of mismatched decoding allows us to quantify
achievable rates for decoders which follow an auxiliary channel law Q (Y|X) instead of the
true model P (Y|X) [SFSBT20; KS93; MKL'94]. In the following, we focus on simplified
decoders and present the so-called BCJR-once rate, denoted as RpcyR-once [KMMO03; MGO04;
SPS07] which is defined as the symbolwise mutual information between the input process
with uniform distribution and the output of an s-MAP decoder (e.g, the BCJR algorithm
[BCJ*74], see Section 6.2.2). Note that the BCJR-once rate is closely related to the concept
of Generalized Mutual Information introduced by [KS93; MKLT94].

We assume an s-MAP decoder to output non-negative symbolwise APPs Q (X;]y) such
that 3., Q (z¢|y) = 1 which may not be the true APPs P (X;|y). We may mitigate under- or
overconfidence of the s-MAP output by an order-preserving transformation of the symbolwise
APPs such that Q (X;Jy) = Q (X¢|y)® for s > 0. Further, let Q(X]Y) be an appropriate
decoding metric. More precisely, we consider a memoryless metric given by

n

Q(xly) < [JQaely)”

t=1
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where the proportional constant is chosen such that >°, Q (x]y) = 1 for all y. Consequently,
for the mutual information I(X;Y), it holds that

1(X;Y) = H (X) — H(X]Y)
= Exy) [~ logy P (x) + log, P (x[y)]

> Exy) [~ logy P (x) +log, Q (x]y)] ,

=Ex,y) ;(—bgzp(ﬂ%)+10g2Q(97t\Y)8)] ;

where the expectation is over the true joint distribution P (X,Y) of the RVs. The inequality
holds by identifying that the third summand corresponds to a non-negative Kullback-Leibler
divergence, which can be interpreted as the mismatch. The last equality holds due to the
assumed memoryless metric and identical uniform input distribution. Assuming that the
above expectation obeys ergodicity, we formally define the BCJR-once rate as follows.

Definition 6.2. Given an identical uniformly input distribution and let Q (x¢|y) be the
symbolwise APP output of a s-MAP decoder, the BCJR-once information rate Rpcjr-once
measured in bits per channel use, is defined as

n

1 s
RBCJR-once S I?;ié( nh—>nolo ﬁ Z (_ 10g2 P ($t) + 10g2 Q (xt‘Y) ) .
t=1

An achievability result for Rcyr-once 18 shown for example in [SPS07]. The rate can be
numerically approximated by sampling a long input sequence x and its corresponding output
sequences y due to the Shannon-McMillan—Breiman theorem [CT06].

6.2 Channels with Random Synchronization Errors

In this section, we introduce two stochastic channel models which induce insertion, deletion,
and substitution noise. First, we give a literature review on channels affected by synchroniza-
tion errors for single and multiple sequence transmission (Section 6.2.1). Then, we introduce
the independently identically distributed (i.i.d.) insertion, deletion, and substitution (IDS)
channel, which is a single sequence transmission channel (Section 6.2.2). Subsequently, we
expand this model to multiple sequences, called the trace reconstruction channel with i.i.d.
IDS noise (Section 6.2.3). More precisely, a single input sequence is transmitted over multiple
independent i.i.d. IDS channels, each producing an output sequence, that can be leveraged
jointly by a decoder to infer the transmitted input.
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6.2.1 Review on Coding for Synchronization Errors for Single and Multiple
Traces

The studies of probabilistic channels with synchronization errors date back as early as 1961.
In [Gal61], Gallagher discussed a channel in which each channel input symbol independently
gets deleted, transmitted correctly, or replaced by two random symbols. He proposed to use
convolutional codes, offset by a pseudo-random sequence that is known at the receiver’s side
to enable better synchronization, which is decoded using sequential decoding techniques.
The same has been analyzed in [Zig69] for a similar channel. In 1967, Dobrushin proved
Shannon’s capacity theorem which he showed for memoryless channels for a big variety of
synchronization channels [Dob67], which later has been independently extended by [Koz71;
AWT1]. Bahl and Jelinek modeled the synchronization channel as a finite-state machine and
presented inference mechanisms using stack algorithm in [BJ75]. Building upon Gallagher’s
approach, convolutional coding schemes to tackle synchronization errors have been discussed
in [BFC00; CFS06; MT10; BF15] and extended for turbo codes in [MT12].

A break-through work of Davey and MacKay [DMO01] in 2001 proposed a concatenated
coding scheme based on LDPC codes and so-called watermark codes as inner codes, which are
sparse codebooks that are offset by a pseudo-random sequence. The inner code is responsible
for maintaining synchronization, whereas the outer code corrects residual errors. Moreover,
they modeled the synchronization channel as a hidden Markov model (HMM) and derived
forward-backward recursions to infer symbolwise APPs even in the presence of insertion and
deletion errors. This scheme has been subject of several improvements and optimizations
in the 2010s [BSW10; BB11; JA11l; WFDI11; BBW14; SHY20]. Most-noteworthy is the
symbol-level decoding strategy [BSW10] where trellis sections of the joint code and channel
trellis are combined consisting of multiple consecutive channel symbols (e.g., the length of
an inner codeword) and likelihoods are computed using the metric from [BJ75]. Inspired
by Seller’s marker codes from the 1960s [Sel62], concatenated coding schemes similar to the
Davey-MacKay scheme have been proposed in [CMC*03; Rat05; WFD10], where fixed (or
adaptive [IK12]) markers are inserted after a fixed number of outer code word symbols. In
these schemes, synchronization is also achieved by a forward-backward algorithm with an
HMM. The work [Rat05] was the first to employ turbo iterations between the outer and
inner marker codes to gradually improve synchronization performance with the help of the
outer code. Deep-learning approaches for these types of concatenated schemes have been
studied in [MJM*24]. Standalone codes (i.e., without an inner code) such as LDPC codes
in [GK18; SHY19] and polar codes in [KK20; TFV21; TPF*21; PT21] were studied to
correct synchronization errors. We again refer to [MBT10] for an elaborative survey on
synchronization channels.

The problem of inferring the original sequence given multiple noisy versions arose in the
field of computational biology as the multiple sequence alignment problem [CL88]. It was
first mathematically introduced by [Lev01] in the adversarial setting as the sequence recon-
struction problem and shortly after by [BKK™T04] as the trace reconstruction problem in the
probabilistic setting. These and numerous follow-up works — we focus on the probabilistic
setting — aim to characterize the minimum number of traces needed to recover the original se-
quences in the worst-case, the average-case, and with coded input. We refer to [BPR*20] for
a nice overview. We focus on the scenario for approximate inference with a relatively small
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Insertion
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\s(—s—{—l,t(—t—f—l)
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ks<—s+1,t<—t—|—1)

Figure 6.1: State-based IDS channel model [BJ75].

budget of traces, i.e., roughly only 2—35 traces (surely with a constant number of traces with
respect to the sequence length), using a practical algorithm. In the field of biology, in this use
case, MSA algorithms have been excessively applied [CG17] following a consensus decision by
making a majority decision on the produced alignment. The work of [SYST24] reconstructs
the original by using dynamic programming. In a more information- and coding-theoretic
fashion, approximate ML solutions have been studied in [SYY20; SDD*18]. [SK20] derived
an s-MAP decoder, which is an extension of the HMM approach from the single sequence
case of [DMO1] to a multi-dimensional HMM. However, decoding using this HMM is practi-
cally infeasible due to an exponential growth of the state space according to the number of
traces. Building upon this (and concurrently proposed), coded versions have been studied in
[MLW*22] and [SGP*21], where both works consider a concatenated coding scheme setting,
where the inner code is incorporated in the multi-dimensional HMM. The inner codes were
inspired in the single sequence case by convolutional and time-varying codes from [BF15;
BBW14] and [Rat05], respectively. Both of the works, [MLW*22] and [SGP*21], proposed
similar suboptimal decoders with linear complexity (with respect to the number of traces),
which showed competitive performance with the MSA algorithms and the algorithm from
[SYS™24] in the regime of 2 — 10 traces. In the same line of thought to reduce the decoding
complexity, sequential decoding techniques on the multi-dimensional HMM trellis have been
investigated in [BLWZ24; BWA24].

6.2.2 li.d. Insertion/Deletion/Substitution Channel

We introduce the i.i.d. IDS channel as a finite-state machine model in line with [BJ75]. In
this section, we follow closely the descriptions from [MLW*22; SGP+21].

Let the vector X = (Xq,...,X,) be the input and the vector Y = (Y1,...,Y,s) be the
output of the channel, both with symbols from ¥,. We define four non-negative numbers
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PI, PD, Ps, and pr to be the insertion, deletion, substitution, and (correct) transmission prob-
ability, respectively, such that p; + pp + ps + pr = 1. For an input X, we generate the
output Y symbol by symbol. Let ¢t and s be the integer pointing to the current input and
output symbols, respectively, initialized as t = s = 1. Then, we successively sample from
the following four events:

1. Insertion with probability p;
A random symbol gets inserted. Thus, the symbol Y is chosen uniformly at random
from ¥,. We increase the pointer s <- s + 1, whereas ¢ remains unchanged.

2. Deletion with probability pp
The symbol X; is deleted. Hence, we set the pointers to t < t + 1, and s remains
unchanged.

3. Substitution with probability pg
The current input X; gets substituted. Thus, the symbol Y, is chosen uniformly at
random from ¥, \ {X;}, and we increase both pointers as t <~ ¢t + 1 and s <= s+ 1.

4. (Correct) Transmission with probability pr
The symbol X; gets transmitted and we set X; = Y,. Like in the substitution event,
we increase both pointers as t <~ ¢t + 1 and s + s+ 1.

We stop when ¢ = n+ 1 and s = n’ + 1. Note that n’ is random and depends on the
channel realization.! As can be seen by the different pointers ¢ and s, the symbols in Y
are not synchronized anymore, hence, Y; could be the result of transmitting a symbol Xy
with ¢’ # t. We can interpret the synchronization loss as infinite memory introduced by the
channel. Nonetheless, we can describe the channel as an HMM by introducing the RV drift
D; [DMO1], defined as the number of insertions minus the number of deletions that occurred
at time ¢, as a hidden state variable. Using the input and output pointers, we have that
dy = s —t for a given channel realization. In line with this thought, the output vector Y
requires a different interpretation, i.e., Y is a concatenation of n vectors Y; € {EZ U {}}

such that Y = (Y1 || ... || Yn). For each symbol X;, a string Y; of length Dy — Dy_1 + 1 is
formed according to the channel probabilities and state transitions for the fixed pointer .
The essence of the drift states is that the sequence D = (Do, ...,D,) € Z"*! forms a Markov
chain, and the outputs after time ¢ + 1 are independent of the previous states, enabling the
Markov property:

P(X,Y,D) = B (Do) [[ P (Yo, D: | X, Dy 1) F(X,) (6.1)
t=1

We have that P (Dg = 0) = 1, P (X;) is given by the input distribution, and P (Y¢, Dy | X¢, Dy—1)
is the channel law with the hidden variable. We can describe the HMM by a factor graph as
depicted in Figure 6.2.

This fact enables the formulation of forward-backward recursions for a BCJR decoder
[BCJ*T74; DMO01; BF15]. For a given transmission, a BCJR decoder infers symbolwise APPs

IFor ease of notation, we do not write n’ as an RV.
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X1 Xa X3 Xn

D() D1 DQ D3 Dn—l Dn

Y1 Y Y3 Y,

Figure 6.2: Factor graph of the i.i.d. IDS channel when described as an HMM. The black dots
represent variable nodes, and the squares are the factor nodes, which are defined
by the transition probabilities P (Dy, Y¢|X¢, Di—1). For simplicity, the factors for
the symbol input distribution P (X;) are not illustrated.

as

P
P(xely) = P(a.y) x > Plrny,dic1,di)
P (Y) di—1,de€Znt1

Further, we can split the joint probability due to the Markov property as

Pz, y, dio1di) = P (Y0P ) P (vl e difdi) P (viLg o fdi) -

Lap1(de—1) £ y4(de—1,de,xt) £ Bi(dr)

We define the terms forward metric ay—1(d;—1), backward metric £;(d;), and branch metric
~Y¢(di—1,ds, ;) as above. The forward and backward metric can be calculated recursively:

1 dy=0,
ar(de) =Y Y o a(da)yi(dion, dy, wp) ao(do) = { ’
di—1 Tt 0 ,do 75 0;

_ /
1 ,d,=n"—n,

Bi-1(di-1) = ZZ'Yt(dt—ladtaJUt)ﬁt(dt)y Br(dn) = {0 dy £ n' —n

ds Tt

The branch metric can be decomposed as
d
7t<dt—17 dt; xt) =P (YEZ__{)+dt71+17 dt‘dt—la .’L't) P (xt) P

The first term can be calculated using the channel probabilities. Let Agq £ d; — di_1,

. A t+d
Y =Y 1)t 410 WO have

PD 7Ad =-1 )
Ag _
P(y,di|di—1,7:) = (%) (%IPD +pT> JAg >0, = Ya,41, (6.2)
Ag .
<%) (%PD + qpfsl) s Ag 20,2 # Y41 -
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Fn,n’ =P (y,x)

Figure 6.3: Lattice structure of F to compute P (y|x) for the i.i.d. IDS channel. Assuming we
are at vertex F, ,: The horizontal edge (—) models an insertion with probability
pi/q; The vertical edge (—) models a deletion with probability pp; A diagonal
edge (—) models either a substitution with probability rs/q—1 when &, # 7, or
transmission with probability pr whenever z, = g,,.

Note that this calculation can be extended to compute vector likelihoods P (y, d¢|di—1,x¢)
using the lattice computation from [BJ75|, which is the probabilistic expansion of the dy-
namic programming approach to compute the edit distance between two vectors [Vin68;
WE74; NW70]. Assume a vector x € X is transmitted over the i.i.d. IDS channel with
output y € Egl, we can compute P (y|X) over a two-dimensional lattice F with dimensions
(n+1) x (n' x 1), where we index the lattice points starting from zero. A horizontal transition
in the lattice represents an insertion with probability £ 7 and a vertical transition represents
a deletion with probability pp. A diagonal transition is either represented by a substitution
with probability ps when &, # 7, and by a transmission with probability pt otherwise. We
compute F,, ,» = P (y|%x) by marginalizing over all paths starting from F( . We can compute
this quantity for all 0 < ¢« < n and 0 < pu < n' iteratively by the update rule

. %Fb,u—l +pDFL—1,;4 + %FL—L[A—I 7j3L 7é yua
L = . .
%FL“Mfl +pDFL71,,u +pTFL71,u71 y Lo = Yp s

where we initialize Foo = 1 and all other vertices to zero. Since we model insertions as
self-loops, i.e., before we move according to another event in time, we do not allow insertion
transition in the last row of the lattice. Hence, for the last row, we update by

_ {pDFn—l,u + qp—%Fn—l,u—l s &n 7 Y
n,u — . .
pDanl,,u + pTanl,,ufl yIn = Yu -

We illustrate the lattice in Figure 6.3. In the same line of thought, a BCJR decoder may
also work on coded input by combining the channel code trellis with the HMM trellis and
using the lattice computation to compute the branch metric, e.g., as in [BF15; MLW*22].
In theory, the length n’ is unbounded since we model the insertion length to follow a
geometric distribution. This makes an optimal decoder infeasible [DMO01] and restricts ap-
plying known information-theoretic methodologies (e.g., the extension of Shannon’s capacity
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theorem [Dob67; AWT71; Shad48; CR20]). To make decoding feasible, the decoder works on
an auxiliary channel model, where one limits maximum insertion length per symbol to ™%
and restricting the maximum drift values to an interval such that D; € [—d*, d"**]. To
take this into account, we normalize the transition probabilities given in Equation (6.2) with
a constant H}% and consider a maximum drift transition Ay = ™ + 1 [DMO01]. The

1
maximum drift d;"®* is usually limited to

- 1 —pp)(pp + pr1)
maxé]E D . Dn _ 'pI PD . ( .
d D, [Dt] +5-1/Vp, [Dn] =t s +5-4/n 1) , (6.3)

as proposed in [DMO1]. Consequently, the auxiliary channel can be described as a factor
graph with finite state space, i.e., with input X € ¥, output Y = (Y1 || ... || Y;,), where
Y, € {Z}ﬁfmax N {}}, and state sequence D € [—d™* d™]"*+1 (in contrast to Z"*1), using
the factorization as in Equation (6.1). Moreover, the state process fulfills ergodicity, i.e., we
have that P (D¢|Dg) > 0 for all values Dy, D; for all sufficiently large ¢ [ALVT06].

For such an IDS channel, according to [Dob67; AW71; CR20] the capacity is given by

lim lmaXI(X; Y),

n—oo n, [[D(X)
under the similar assumption that whenever P (Y;|X) > 0 it holds that 0 < |Y;| <T', where
|Y¢| is the length of Y; and I' is a constant. In other words, this means that the expected
length of the output is bounded (which is true for the auxiliary model of the decoder above).
However, there is no closed-form expression for the exact capacity, and the maximizing input
distribution P (X) is unknown [CR20]. Multiple lower and upper bounds on the capacity
exist; for a survey on the capacity of synchronization channels, we refer to [Mit09; CR20].

6.2.3 Trace Reconstruction Channel with i.i.d. Insertion/Deletion/Substitution
Noise

We introduce the trace reconstruction channel with i.i.d. IDS noise. In line with [SK20;
MLW*22; SGP*21], we consider that a sequence is transmitted over a constant (with re-
spect to the sequence length) number 7" independent identical IDS channels presented in Sec-
tion 6.2.2. Formally, let X € X7 be the input, the channel outputs T' sequences Yi,...,Yr,
each independently transmitted through an IDS channel with parameters pr, pp, and pg. We
illustrate the channel model in Figure 6.4.

Similar as in the single sequence transmission described in Section 6.2.2, the channel can be
expressed as a T-state HMM with the hidden drift vectors Dy, Do, ..., Dy for the correspond-
ing output sequences Y1,Ys, ..., Y [SK20; MLW'22; SGP*21]. A straightforward s-MAP
decoding approach is to formulate BCJR recursions on the trellis produced by the T-state
HMM. However, with an increasing number of sequences, this quickly becomes infeasible
since the number of possible states grows exponentially with 7. In [MLW122], we proposed
a low-complexity decoding strategy, the so-called separate decoding strategy, which computes
mismatched APPs by decoding each trace independently and combining the APPs by sim-
ple multiplication. The idea originates from decoding multiple memoryless channels where
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Figure 6.4: Multiple traces i.i.d. IDS channel.

this approximation holds exactly. Concurrently, a similar approach was also developed by
[SGP*21]. In this work, the authors used techniques from extrinsic information-processing
[KFLO1] to share information between the individual trace decoders and to post-process the
combined APPs. We focus on the approach from [MLW™*22| since this approach requires
less hyperparameter tuning. A combined mismatch symbolwise APP can be computed by

1 T

T—1 HP(xtIYi) ) (6'4)

Q(xtbﬁ, e 7YT) = Wﬁ:l

where P (x4|y) is computed by a BCJR decoder presented in Section 6.2.2. Note that in
a subsequent chapter, we may mitigate under-/overconfidence of the computed APPs by
further computing Q (z¢|y1, - - . ,yT)S(T), where s(T') is chosen such that the BCJR~once rate
is maximized. This is inspired by the idea of mismatched decoding (see Section 6.1) and is
also applied in [SGP"21]. Since this is an order-preserving transformation, this approach is
only beneficial for a coding scheme in which a decoder can handle soft input (APPs).
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Chapter 7

An End-to-End Coding Scheme for DNA
Storage With Nanopore-Sequenced Reads

Abstract

We consider error-correcting coding for DNA storage using nanopore sequencing. The DNA
storage channel is modeled as a sampling noise channel where the input data is chunked into M
short DNA strands, which are copied a random number of times, and the channel outputs a ran-
dom selection of N noisy DNA strands. The retrieved DNA reads are prone to strand-dependent
insertion, deletion, and substitution (IDS) errors. We construct an index-based concatenated
coding scheme consisting of the concatenation of an outer code, an index code, and an inner
code. We further propose a low-complexity (linear in N) maximum a posteriori probability
decoder that takes into account the strand-dependent IDS errors and the randomness of the
drawing to infer symbolwise a posteriori probabilities for the outer decoder. The proposed
system is evaluated by Monte-Carlo simulations for information-outage probabilities and frame
error rates for different channel setups on experimental data. We finally evaluate the overall
system performance using the read/write cost trade-off. A powerful combination of tailored
channel modeling and soft information processing allows us to achieve excellent performance
even with error-prone nanopore-sequenced reads outperforming state-of-the-art schemes.

This chapter is based on the work [WML™T28; WSH?*24]. Lorenz Welter contributed to the
conception of the projects, the derivation of the results, the data analysis of the raw experimental
data, and the writing of the manuscripts.

7.1 Introduction

To enable commercial application of DNA storage, it is essential to develop practical end-to-
end coding solutions which ensure reliable but also cost-efficient storage. Initially, research
focused on general proofs-of-concept, whereas nowadays, the focus has shifted to experimen-
tal and theoretical investigation of particular aspects of the storage solution. In Section 2.1,
we have provided an elaborative survey on DNA storage with a focus on the system compo-
nents and provided a state-of-the-art experiment review.
In short, the DNA storage system considered in this chapter consists of three components:
1) Writing and Synthesis: Data is translated to several M short DNA strands of length
L (typically in the range of 100 — 200 nt), each by chaining the four DNA nucleotides
(A,C,G,T).
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2) Storage: The DNA strands are stored spatially unordered within an appropriate envi-
ronment. Multiple copies of each strand are directly stored, and the number of copies
depends on the applied synthesis method.

3) Reading and Sequencing: Before reading, the DNA strands are typically copied by
PCR. Then, a random subset of strands of cardinality IV is drawn from the storage
pool, and a sequencing device retrieves the data of the drawn DNA strands, also called
DNA reads; we focus specifically on Oxford Nanopore sequencing.

For data consisting of multiple files, we adapt the method for random file access from
[OACT18], i.e., we utilize different primer sequences attached to the file-specific DNA strands
and use primer-targeted PCR, amplification for the readout. Further, we recap briefly the
flow of nanopore sequencing. First, the stored double-helix DNA strands are split by an en-
zyme into the two single-stranded DNA strands, the so-called forward and backward strands
due to their complementary characteristic. Then, the single strands are passed in random
order through a pore placed on a membrane across which an electric current is measured.
The change of current indicates the present nucleotide passing through the pore, where the
inference is performed by a machine-learning algorithm called the basecaller. Due to the ge-
ometrical nature of the pore and the variying speed the strand passes through the pore, the
inference of a single nucleotide is not only dependent on its own but also on the surrounding
nucleotides as well. Erroneous inference may lead to insertion, deletion, and substitution
errors.

The DNA storage channel is the fundamental theoretical end-to-end model of storing M
strands of length L and reading randomly selected N noisy copies. This channel offers chal-
lenging impairments like random sampling but also inherent redundancy opportunities due
to the multiple noisy copies of a single strand. Theoretical research on the DNA storage
channel, which influenced our work, started with [HSR*17], where the authors derived the
capacity of the DNA storage channel in the noise-free case. The authors showed that the un-
ordered nature of the storage and the random subset selection induce a nonrecurring capacity
loss even in the absence of errors. Follow-up works included substitution errors during the
storage process [LSWZ"19; LSWZ"20] and various drawing distributions [LSWZ*22] in their
capacity analysis. These capacity results were recently extended to any memoryless error
channel within the DNA storage channel model [WM22] for a uniform drawing distribution.
Interestingly, [WM22] showed that the decrease in theoretical decoding error probability is
dominated by the number of stored DNA strands M, and not by the total number M -L of
stored nucleotides. This implies that at the receiver side, reordering the DNA strands and
recovering the data of erased, i.e., not drawn, strands is a crucial point. This is also un-
derlined by its follow-up work [Wei22|, where the author investigates a concatenated coding
scheme based on random coding arguments with a coded index for strand reordering and
additional low-complexity decoding, such as decoding strands individually before regrouping.
Furthermore, noteworthy from a primarily theoretical perspective are the code constructions
for the DNA storage channel with erasure noise [LHS22] and substitution noise [LWP20;
HD23a]. A profound review of the theoretical aspects of the DNA storage channel is given
in [SH22].

We have discussed error-correction and modeling approaches for the i.i.d. IDS channel
given single or multiple reads in Chapter 6, respectively. Most relevant are the approaches
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from [MLW*22; SGP*21], thoroughly discussed in Sections 6.2.2 and 6.2.3. These works
model the (multiple) IDS channels as a (multi-dimensional) HMM and propose in the multi-
ple sequence case a sub-optimal but low-complexity symbolwise APP estimator by decoding
the traces first individually and combine the information by simple APP multiplication.
However, as already discussed, the errors within a strand occur, in fact, in a non-i.i.d. fash-
ion. In particular, the concatenated coding scheme for multiple reads from [MLW™22] has
been extended to non-i.i.d. errors, explicitly targeting nanopore read channels, by [MRA23;
HD23b]. Other modeling and coding approaches focusing on the single-read nanopore chan-
nel have been investigated in [MDK18; HCW21; MVS24; BYWZ"24]. These works model
nanopore sequencing as three cascaded noise channels: intersymbol interference due to the
presence of multiple nucleotides in the pore, duplication and deletion noise due to the ran-
dom speed, and measurement noise. The work [CNT*20] also focuses on non-i.i.d. errors
as the decoder is based on a deep-learning algorithm together with Viterbi decoding and
evaluated on experimental data, which naturally contains non-i.i.d. errors.

Other related work arises in the field of population recovery, where instead of the trace
reconstruction problem, the objective is to infer a set of input sequences given multiple input
traces produced by a drawing distribution [BCF19; BCS™19], yet more focused on asymp-
totic results. Furthermore, coding for channels that arbitrarily permute input sequences and
then transmit each via a noise channel is discussed in [WG08; HSST12].

Our contribution. With this work, we aim to advance the research on reliable DNA
storage with Ozford Nanopore sequencing by incorporating more realistic modeling based
on experimental data and introducing a flexible end-to-end/decoding solution designed for
efficient error-free data retrieval. We model the DNA storage channel explicitly, including
strand-dependent IDS errors, narrowing the modeling gap to the actual DNA storage channel.
We call this model the sampling KMER channel.

We employ an index-based concatenated coding scheme and provide random access through
primer-targeted PCR. In our proposed coding scheme, the information for one file is encoded
by an outer code to provide overall error protection, mainly tackling unresolved errors and
strand erasures of the data. Subsequently, the resulting codeword is split into M data blocks.
In each data block, its index information is embedded after being encoded by an index code,
whereas the data block itself is encoded by another (inner) code. Both codes are specially
tailored to tackle IDS errors. The collection of M strands is then transmitted via the DNA
storage channel incorporating strand erasures, multiple read copies, and strand-dependent
IDS noise.

At the receiver side, each noisy strand is decoded separately by an s-MAP decoder tai-
lored explicitly to the nanopore channel, outputting symbolwise APPs. This low-complexity
strategy initially ignores the possible multi-copy gain; however, to exploit this gain, we later
combine the APPs according to the subsequent clustering and index decoding steps. We
optionally cluster the received strands based on the obtained APPs. An index decision is
made for each cluster by jointly considering the received strands within a cluster. Accurate
clustering is computationally expensive and scales polynomially in the number of reads N
[RMR™17]. Hence, instead of complete clustering after the individual strand decoding, we
leverage the soft output of our index decisions by grouping only reads with a clear index deci-
sion. Subsequently, we assign the remaining reads by comparing them to a constant number
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of the pre-grouped reads. By that strategy, we keep the decoding complexity to scale linearly
in the number of total reads N but benefit from an additional grouping performance gain.

We analyze our proposed scheme in terms of outage and FERs on experimental data.
Further, we provide comparisons based on the read/write cost trade-off to other experiments
and coding setups in the literature. The created experimental dataset with uniform input
data is available at [SW24a).

To achieve good performance, our scheme relies on channel estimations obtained from a
random dataset. Moreover, given the targeted system parameters, mainly the number of
stored strands M and the targeted coverage c, we can use the random dataset to optimize
the code components and decoding parameters.

We summarize our main contributions as follows:

- Competitive and practical coding scheme for an end-to-end DNA storage system.

- Flexible design of the scheme, which can be optimized to various DNA storage channel
parameters.

- Incorporating strand-dependent IDS noise in the channel model and the decoder.

- Efficient decoding algorithm with complexity scaling only linearly in the number of
total reads NNV.

- Comprehensive analysis of our scheme, providing valuable insights for the DNA storage
channel.

- Verification of the correctness of our scheme on experimental data.

- Experimental random dataset with nanopore-sequenced DNA reads.

We remark that our coding approach is also applicable to storage methods without nanopore
sequencing. For example, strand-dependent errors may happen as well during the synthesis
process. Nonetheless, the channel model is inspired by the physical process of nanopore
sequencing. Further, the optimization of our proposed system, i.e., channel estimation and
decoder optimization, is based specifically on nanopore data.

The remainder of the chapter is organized as follows. In Section 7.2, we introduce the
considered DNA storage channel model. We present our coding scheme in Section 7.3 and
the decoding procedure in Section 7.4. Since we have conducted laboratory experiments with
random data, we describe our experimental setup in Section 7.5. The optimization procedure
is laid out in Section 7.6. Then, we present our results in Section 7.7, including the simulated
end-to-end performance of the optimized scheme for an example target scenario. Finally, we
draw some conclusions in Section 7.8.

We remark that to stay in line with the literature on the DNA storage channel and the
DNA experiments, in this chapter, we use small letters n to denote lengths of data sequences
and codes; we, use capital letters L to describe lengths which are related to a single DNA
strand. Further, the overall coding rate is measured in information bits per nucleotide

(bit/nt).

7.2 DNA Storage Channel Model

For one file, we consider the practical scenario in which a long data sequence is divided
into short DNA strands, which are individually synthesized, and the PCR amplification and
sequencing processes produce a random number of noisy reads for each short DNA strand.
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This channel is called the sampling noisy channel. In the following, we focus first on the
single-strand noise channel by which each DNA strand is impaired during the whole storage
process. After that, we discuss the sampling nature of our channel model in detail.

7.2.1 KMER Channel Model

We consider a variant of the state-based memory-k nanopore channel model introduced in
[HD23b], which we abbreviate simply as the KMER;, channel. (We describe the modifications
we introduced to the model in [HD23b| below.) The essential characteristic of this channel
model is that it incorporates memory effects for errors within DNA strands—i.e., it forgoes
the common assumption that errors are i.i.d. Introducing memory effects in the channel
model allows us to match more closely the empirically observed behavior of nanopore se-
quencing, e.g., a bias toward higher deletion rates in homopolymers [DN21]. In particular,
the occurrence of an error event (insertion, deletion, or substitution)—and hence the error-
free transmission event as well—depends in the model on the surrounding %k input symbols
and on the previous event (insertion Ins, deletion Del, substitution Sub, or transmission
Tra). The KMER, channel we use in this work is depicted schematically in Figure 7.1 and
introduced formally below. The description follows the same principles used to introduce
the i.i.d. IDS channel in Section 6.2.2.

Let X = (X1,...,X5), Xt € X¥pna = {A,C,G, T}, be the DNA strand to be transmitted
and Y = (Yq,...,Y) the output DNA strand, where due to insertions and deletions the
length of the output strand L’ is random and depends on the channel realizations.! We
define the RV

A

k
KE 2 (X5 e Xy X5 )

to be the surrounding kmer at time instance ¢ € {EJ +1,...,L— {%J} and denote as kmery

its realization. For any other possible instance ¢, we define K¥ to be the longest possible but
symmetric substring surrounding X, e.g., for k& > 1, K¥ = (X1), K§ = (X1, X2, X3), etc. Due
to the definition of kmer, we consider only odd values for k. Let E € {Ins,Del, Sub, Tra}
denote the previous channel event. Note that the total number of channel events is at least
L depending on the number of insertions and at least L’ due to the number of deletions.

For an input X, we generate the output Y symbol by symbol. Let ¢ and s be the integer
pointing to the current input and output symbol, respectively, initialized as ¢t = s = 1. Then,
we successively sample from the event distribution:

1. Insertion with probability P (Ins\Kf, E)
A random nucleotide gets inserted. Thus, we choose Yg ~ Unif(Xpna) and set E = Ins.
We increase the pointer s < s + 1, whereas ¢ remains unchanged.

2. Deletion with probability P (DelyK{;, E)
The nucleotide X; is deleted. Hence, we set the pointers to ¢t <— ¢t + 1 and s remains
unchanged.

'Like in the case for the i.i.d. IDS channel (see Section 6.2.2), we do not write the output length L' as a
RV.
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P (Ins]Kf, E)

Insertion

YS ~ Unif(EDNA)
E = Ins

s s+1,t+t

Deletion
E =Del
s+ s,t+t+1

P (De1|K},E)

rSubstitution )

Y ~ Subx, (34 \ X¢)
E = Sub
\s%s—i—l,t(—t—i—l)

P (Sub|K,’f, E)

e . . N
Transmission

Y, =X
E = Tra
ks<—s+1,t<—t+1/

P (Tra|KF, E)

Figure 7.1: Adapted state-based memory-k nanopore (KMERy) channel inspired from [HD23b].

We have Kf = (Xt—ng""’Xt""’xtﬂ%J)'

3. Substitution with probability P (Sub|Kf, E)

The current input X; gets substituted by another nucleotide. We choose the symbol
Y ~ Subx, (Xpna \ X¢), where Suby, (X, \ X¢) is a distribution which is defined by the
probability mass function P (Y|X = 24, E = Sub) where Y € ¥pna \ X;. We increase
both pointers as ¢t < t+ 1 and s < s + 1.

(Correct) Transmission with probability P (Tra|K,’f , E)
The symbol X; gets transmitted without error, thus, we set X; = Y. Like in the
substitution event, we increase both pointers as t < t+ 1 and s + s+ 1.

We stop when t = L + 1 and s = L' + 1. Like in the i.i.d. IDS channel, due to the insertion
and deletion events the input and output strands are not synchronized anymore, hence, Yy
could be the result of transmitting a symbol X with ' # t.

The main differences between the model described above, and the model originally intro-
duced in [HD23b] are:

1. The definition of the window for the kmer dependencies: Instead of conditioning on
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k previously transmitted symbols, we condition on k surrounding symbols, in more
realistic correspondence with the physical nature of the nanopore sequencing process.

Modeling of the insertions: The model in [HD23b| assumes that a deletion must follow
(a burst of) insertions. In contrast, we allow for insertions to be followed by any channel
event, see Figure 7.1.



7.2 DNA Storage Channel Model

7.2.2 Sampling KMER Channel Model

The data sequence is divided into M short DNA strands Xi,...,Xys, each of length L,
which are synthesized and stored multiple times in a pool. We define the input list X £
(X1,...,Xar). We assume that the overall storage process, i.e., synthesis, PCR amplification,
and nanopore sequencing, generates NT forward and NP backward reads from the strands
in the pool, where each read is a noisy (forward) or noisy reverse-complemented (backward)
copy of an input strand X;. A reverse-complement x° € EBN A of a strand x! is defined
as xP = (EfL, . ,@{), where T € Ypna denotes the complement of the symbol x with the
respective complement relation A — T and C — G (Watson-Crick pairing).

Consequently, the number of total strands N is described as
N=N'4 N’ =cM,

for a constant ¢ € RT. In the literature, the factor c is called the coverage depth.

The channel between the input to be synthesized, X, and the output of the sequencing
process, Y, can be split into forward and backward reads as Y = [Xf7xb]. In the following,
we describe the channel model in four phases.

1. Draw:
N draws are performed from the list X at random with replacement according to the
drawing probability P (I; = i), where |; € [M], j € [N], denotes the RV of the index of
the j* drawn input strand. Let D; be the RV corresponding to the number of times
strand X; is drawn and define the D £ (Dy,...,Dyy), with 3, D; = N, and Qg the RV
giving the number of sequences which are drawn d times. Then, D is multinomially
distributed as D ~ Multinom (M, N,P (I =1)).

2. Reverse-complement:
Each drawn strand Xj; is randomly reverse-complemented according to a Bernoulli RV
B ~ Ber(p'), B € {f,b} and labeled accordingly as a forward ”f“ or backward "b“
read.

3. Transmit:
The drawn strands are transmitted through independent channels, where the cor-
responding forward Kl"[ERfC or backward KMERE channel is applied. We denote by

Z'/" the output of the j™ KMER}/KMER} channel, j € {1,...,N}, and define Z 2

(Z8,...,28,:,27,...,Z%,) of total length N.

4. Permute:
To obtain the final output Y = [Xf,xb], the list Z is permuted uniformly at random
and subsequently split into forward reads Y and backward reads YP according to their
respective labels.
We illustrate the channel model in Figure 7.2. We define the channel parameter 5 = %
that relates the total number and the length of the strands and can be interpreted as the
penalty, in bit/nt, that the channel induces by the loss of order during the permute step.
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Draw Reverse-complement Transmit Permute

Figure 7.2: Sampling KMER channel model. First, each input strand gets copied randomly.
Second, the strands get reverse-complemented (RC) according to a Bernoulli
RV and get consequently labeled as forward or backward reads (see (-)f/(-)P).
Third, the resulting strands are passed through independent KMERE / KMERE chan-
nels. Fourth, the strands are randomly permuted.

We remark that in [WM22; LSWZ122; SH22], the draw and permute steps are considered
as a joint process referred to as sampling. We split the step for the sake of presentation similar
as in the capacity proof of [LSWZ122]; our channel model is essentially the same, except
that here we consider the noise channel as a KMER; channel, which induces non-i.i.d. IDS
errors, and an arbitrary drawing distribution (which is however invariant to permuation).

7.2.3 Extended Trace Reconstruction Channel Model

This channel model simplifies the sampling channel model by fixing the drawing step and
removing the permutation step. In particular, let the input be M strands of length L. Each
input strand is drawn exactly T times. The event of reverse-complementing follows the
same Bernoulli RV B ~ Ber(p™). By analyzing this simplified channel, we can gain insights
into the behavior of different codes in the presence of IDS errors and perform optimization
procedures for the sampling channel (see Section 7.6). We use the terminology extended trace
reconstruction channel to highlight the close relationship to the simple trace reconstruction
channel, as introduced in Section 6.2.3.

7.3 Index-Based Coding Scheme

We propose an index-based concatenated coding scheme consisting of three codes: an outer
spatially-coupled low-density parity-check (SC-LDPC) code, providing overall protection to
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the data and against non-drawn strands; an index code, which counteracts the loss of or-
der in the presence of IDS errors; and an inner code whose primary goal is to maintain
synchronization.

The information u € IFI? is encoded by an [ne, ko, 0sc, Msc]a SC-LDPC code of output
length ne, input length ko, coupling length oy, and coupling memory mg. over the finite
field Fy [FZ99; LSCT10]. Note that there is a one-to-one mapping of the field Fy = Fy
to the DNA alphabet ¥pxa = {A,C,G, T}. We interpret the alphabet Ypna as a field Fy
to allow linear operations over vectors in the DNA alphabet. The resulting codeword is
passed through an interleaver which uniformly at random permutes the codeword symbols
forming w = (w1,...,wy,) € Fj°. We split w into M equal-length data blocks as w =
(w, ..., wM) such that w(®) = (wgi), .. .,w(Liz) € Ff% Lo = %¢. Independently, the data
blocks w(?) are encoded by an [n;, ki]4 inner code over Fy of output length n;, input length
ki, and rate R; = %, generating an inner data codeword of length LR, L We consider the
marker-repeat (MR) codes presented in [SGP*21; IK12] for the inner code, where the ki-th
input symbol is repeated once such that nj =k +1 and R; =1 — ni, The MR codes have
shown good performance in high-rate and low-error regimes for i.i.d. trace reconstruction
channels using real DNA strands [SGP*21].2 Further, each index i is encoded by an [nix, kix]4
index code over Fy of even output length nix and even input length kix > log, (M) to an index
codeword. Our decoding technique provides higher error protection at the beginning and at
the end of the DNA strands. Thus, we split the index codeword in half and insert the two
halves at the beginning and the end of the inner codeword of the respective data block w®.
Subsequently, a random offset sequence is added to the generated strand. It supports the
synchronization capability of the index and inner codes and ensures that the nucleotides of
the stored DNA strands are uniformly distributed over YXpya. Finally, the fixed file-specific
front and back primer sequences p1, p2 € E]Lalf\r A are attached, resulting in the final encoded
output strand x;, of length L = LoR; Ly nix + 2L,. Note that the primer sequences and
the random offset are known to the decoder. The final codeword list is then described by
X = (x1,...,X0)-

The overall code rate, or information density (without primers), is

B
Rix

R=R.R; (2 - ) . [bit/nt]

with individual rates R, = 22—2, Ry = 22—‘;, and recall R; = 2%, all normalized to the unit
bit /nt.

For decoding, it is convenient to introduce the following equivalent interpretation of the
primer, index, and inner encoding as a joint process. A final encoded output strand x;
consists of segments encoded with different codes. This allows us to perform decoding on a
single trellis, which we call the joint-code trellis.> We transform the index integer i to an index
vector ind(i) = (ind(i)y, ..., ind(i), ) € F5. This index vector is split in half into ixgi) and

ix

2We consider a slight variant where we place the redundancy symbols evenly spaced within the data regions
of the strand. This is due to the termination effects of our decoder at the beginning and end of the strands;
hence, we obtain equal distributed synchronization capabilities along the strand.

$We emphasize that the joint-code does not include the outer code since we encode/decode the outer code
separately.
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w0 [ L] [

v = py |ix{? T w® x| p,

: [ Joint-Code Encoder J

|

Xi= |py Clx(lxgz)) Ci(w(i)) Clx(lxg)) P2

X1 XM

Samphng KMER Channel

\\K /

UJt|Y

N N (o Joint-Code
a %[Out. Dec. ! Decoder

Figure 7.3: Concatenated coding scheme for communication over the sampling KMER chan-
nel. For each block w(®, the corresponding index vector is split into two parts
and inserted at the beginning and the end of the block together with the primers
p1 and p2. Joint-code refers to the combination of primer, index, and inner code.
We use Cix(+) and Cj(-) as the encoding functions for the index code and inner
code, respectively. This includes also the addition of the random offset symbols.
The reads yi,...,yn are either labeled forward or backward reads. The term
Q (w]Y) denotes the mismatched symbol APPs computed by the joint-code de-
coder. Further, the symbols IT and II™! represent the random interleaving and
its reversal operation, respectively.

(@)

ix5’, and placed together with the corresponding primer sequence pi, p2 at the beginning
and end of the vector w(® resulting in the vector v(? = (U%l), . ,vlgix)JrLﬁup), of length
kix + Lo+ 2Ly,. Moreover, the [nix, kix]4 index code is generated by a serial concatenation of a
equal [%x, k;]4 codes, where a is a multiple of 2 and divides both ki and ni. Subsequently,
the vector v(?) is encoded at the primer positions with a rate-one code, at the index positions
by the [, ’%]4 codes, and symbolwise by the inner MR code at the positions corresponding

to w(?),
To further assist the reader’s understanding, the coding/decoding scheme is depicted

in Figure 7.3. Additionally, we zoom in on a single strand to highlight the encoding pa-
rameters in Figure 7.4.
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R=Ry R (2 - Ri) [bit /nt]

Rix Ro : Ri RiX
X =| Pl |Cu(ix{") Ci(w) Ci(ix’) | P2
Lp ’Ilix/2 LOR;1 nix/2 Lp

L="%RIR " +nix + 2L, = LRy + nix + 2L,

Figure 7.4: The encoding parameters for a single encoded DNA strand x;, i € [M]. We
use Cix(-) and Ci(-) as the encoding functions for the index code and inner code,
respectively. This includes also the addition of the random offset symbols. Note
that C‘(,f,) is already encoded by the outer code, since this is part of the outer
codeword w = (W(l), WM )). We indicate parameters for the length below
the strand and highlight the rates above the strand.

7.4 Reads Decoding

The channel introduces three main challenges (see Figure 7.2):

1. The randomness of the drawing may cause an absence of input strands. However,
it is also an inherent redundancy source since strands may be drawn multiple times.
For unbiased drawing distributions, the coverage effectively controls the interplay of
these two effects. As the coverage depth grows, the amount of provided redundancy
increases; thus, the probability of absent strands decreases.

2. The insertion and deletion events during the single-strand transmission lead to a loss
of synchronization within the respective strand.

3. The random permutation effect leads to a loss of order within the input strands.

Optimal decoding would consider these effects jointly to produce an estimate of the en-
coded information @1 given a list of all received DNA strands Y'; such decoding is infeasible
in practice. Instead, we propose a sub-optimal decoding scheme based on mismatched decod-
ing principles (see Section 6.1). In essence, we first perform inner strand-level decoding for
each read, then group the generated estimations into clusters and reconstruct their ordering,
combine estimations within each cluster, and finally feed these consensus estimations to the
outer decoder to output an estimate 1. We describe our decoding procedure in detail below,
and for a better grasp, a simplified flowchart is depicted in Figure 7.5.

First, we infer APPs using an s-MAP decoder which works on the joint-code (recall com-
bined primer, index, and inner code) and the forward/backward channel trellis by employ-
ing the BCJR algorithm [BCJ*74] for each received strand yi,...,yy independently (Sec-
tion 7.4.1). The channel labels the received strands at no cost as a forward or backward
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DNAreads|--------"-"~"-""-"--“-“-“---- -

[ACGTA(Y1GIACGT)] [TTAATGCAY2TCCACATC| [TTAAAGCY3)CCACATC]

[ACGTGAC(Y4\CGTCCGT] [TTIGCA(Y5TACATC] [GCACAGCTY6CGCTAAGG]

s-MAP decoding (Section 7.4.1) |-=----------mommmmm o

_____________________________________

________________

- ———— === =,

................

Optional clustering (Section 7.4.2)

Index decisions (Section 7.4.3) |-------------F--------o-oooobo -

close
payload
distance

no

+ +
Y2,¥3,Y6 Yi1,Y4 Y5

Figure 7.5: Simplified decoding flow (no outer decoding). For simplicity, we do not differenti-
ate forward or backward reads. The arrows in the last row of the figure indicate
the resulting assignments of the DNA reads yi,...,y¢ to the respective outer
codeword blocks.
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(i.e., reverse-complemented) read/*. Hence, we use separate channel estimations for forward
and backward reads in our decoding. Optionally, clustering of the DNA strands using the
APPs is performed (Section 7.4.2) For combining the APPs within a cluster, the APPs are
symbolwise multiplied, generating the mismatched APPs for one cluster. By making another
mismatched (ignoring APP correlations) ML decision on the index APPs for a given cluster
(Section 7.4.3), we assign the block index 7 within w whenever the decoder-assigned proba-
bility of iis higher than a predefined threshold; otherwise, we keep the reads of the cluster
for post-processing. Therefore, assuming optimal clustering, we can benefit from the multi-
copy gain of the channel for index estimation. We later attempt to assign the reads that
were ruled out based on the index decision threshold by comparing their payload distances,
i.e., aggregated APP distance, to already-assigned reads (Section 7.4.4). The APPs of the
data block belonging to the same index ¢ are multiplied, generating the mismatched APPs
Q (wy)]X). These APPs are further processed to mitigate underconfidence/overconfidence

bias following ideas from the theory of generalized mutual information (for more information,
see Definition 6.2). Finally, the overall ordered APPs Q (w;|Y) are passed to the outer de-
coder, reversing the interleaving operation and neglecting any possible correlations between
the symbolwise APPs. The combination of the outer code and the interleaver is designed to
handle block-fading effects (i.e., the loss of strands), as described in Section 7.6.5.

Combining APPs belonging to different strands by symbolwise multiplication is inspired
by the well-performing separate decoding strategy of [MLW122], already discussed in Sec-
tion 6.2.3.

7.4.1 Symbolwise MAP Decoding of a DNA Read

In this subsection, we consider the case of decoding a single output forward read y € Y of
length L’ given an input v of length kix + Lo + 2L, which includes the information words
of the primer sequences, the index, and the coded data, using the BCJR decoder [BCJ*74]
over the trellis combination of the KMERQ channel with the joint-code trellis. Processing the
backward reads follows similarly by reverse-complementing the chain of codebooks of the
joint-code trellis and combining it afterward with the backward channel trellis. We drop
the superscript of the sequence v, i.e., its index information, due to the permutation effect
of the channel. We follow the basic concept for decoding synchronization errors introduced
in Section 6.2.2 for the i.i.d. IDS channel. Approaches that already adapted this concept for
slightly different KMER;, channels have been independently proposed in [MRA23] and [HD23b].

Due to the synchronization loss, we model the combination of the joint-code and channel
graph as an 3-state HMM with input V and output Y. For each t € [0, kix + Lo + 2L,),
the three states are the current kmer Kf, the channel event E;, and the current drift Dy
(see Section 6.2.2). We introduce the joint state as S; = (KJ,E;, D;). Let I; denote the

number of code symbols at trellis section ¢t and L;_1 = Z'?_} ;. A transition from time ¢t —1

. 1=
to t corresponds to a transmission of code symbols X; £ (Xz, ,+1,...,X") corresponding
to symbol V,; over the KMERfg channel. Hence, at time ¢, the HMM models the emission of

I, + D; — D;_1 symbols, denoted as Y;, depending only on the transition probabilities of

4The decoder relies on its knowledge of the primer sequences p1, p2 (see Figure 7.3) to distinguish between
forward and backward reads.
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Figure 7.6: Factor graph of the combined joint-code and KMERj trellis when described as
an HMM. The black dots represent variable nodes and the squares the factor
nodes. We set Lo = 2, kix/a = 1, nix/a = 3, R; = 3/4, and k = 3. We distinguish
between factor nodes for the codewords for the different codebooks Cp,, Cix, C;
and the channel Ch (KMERy). The output is formed by Y = (Y1 ||...|| Yo ...) =
(Y1 || Y2 ...]| Ys] -..) where the boundaries are unknown.

current state S; and the previous state S;_1. We remark that within this transmission, there
could be intermediate channel states not included in the combined joint-code and channel
trellis since it is possible that I > 1, in contrast to the uncoded i.i.d. IDS HMM presented
in Section 6.2.2. Moreover, due to kmer and event dependency, there is a memory effect of
up to k symbols and of one previous channel event. Thus, we say that the HMM, emitting
the state sequence S = (So, ..., SLytky+2L,), has memory k. We depict a simplified factor
graph of the HMM in Figure 7.6.

Due to modeling as an HMM, we can infer the APP of a symbol v; given a channel
realization y similarly as in the i.i.d. IDS chnannel (Section 6.2.2 by means of a BCJR
decoder [BCJT74]. We recap the steps and introduce the differences throughout the process.

The symbol APP can be obtained by demarginalizing as

P (v,
P (vely) = H(;,(ty?) x > Py, v 81,5 ,
St—1,St

Futher the joint probability P (y, v¢, st—1, s¢) can be split into the three terms forward metric
at—1(s¢—1), the branch metric v¢(s¢—1, s¢, v¢), and the backward metric 5¢(s;) as follows:

. Li_1+di—1 Li+d L
P(y,ve, st-1,8) =P (y1 ,SH) P (yL;lidHH, U, stISH) P (th+dt+1’8t)

= Oét—l(St—l) "Yt(st—h St Ut) '/Bt(St) )
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where d; (similarly d;—;) is a member of the joint state realization s; = (kmery, e, dy). We
can deduce the forward and backward recursions

a(st) = Z Zatfl(stfl)’}/t(stfla st, o), Br-1(st-1) = Z Z%(Stfl, st 2t) Bi(st) ,

St—1 Tt St Tt

with the starting conditions:

1
I , 80 = (z,Beg,0),

otherwise ;
1 /
B i (Spoin ) = 12 » SLotki+2Lp = (z,e,L' = L),
Lo+kix+2Lp \SLo+kix+2Lp) = .
¢ Ph i 0 otherwise ;

for any x € ¥pna and e € {Del, Sub, Tra}, since we cannot have a final state Ins.

The branch metric

Ye(st—1, 8¢, vt) o< P (ve) P (Yﬁfflfrdt_lﬂa stlse—1, Ut)

represents the likelihood of emitting symbols y; = yﬁi:djrdt,1 41 given the codesymbols x;
corresponding to symbol v; and the state transition from s;_1 to s;. This can be computed by
a three-dimensional expansion of the lattice structure introduced discussed in Section 6.2.2
[BJ75]. As discussed before, the decoding trellis of the joint-code and the channel only
considers channel states at time transitions ¢. Hence, the following lattice can be interpreted
as an intermediate forward computation over multiple channel states for the same v;. We
define the lattice F of dimensions (I; + 1) x (I +d¢ — dy—1 + 1) x 5, where the first dimension
corresponds to the length (plus one) of the codeword x = (&1, ..., ) associated with the
symbol v, the second dimension to the given window y = (91,...,9,+d,—d, ,) according
to the considered drift changes (plus one), and the third dimension to the possible channel
event states & = {Beg, Ins,Del, Sub, Tra}.> The lattice F is initialized as F,, . = 0 for all
possible ¢, 11, €, except we set Fg g, , = 1. Note that the lattice computation depends on the
considered incoming state s;_1 and outgoing state s;; thus, the possible choices of current
state kmer;_; and future state kmer; depend partly on the choice of x, or vice versa.

We will compute

Li+dy _
P (th71+dt71+1’ St‘st—la ’Ut) - Flt,lt+dt7dt_1,et ;

where e; is the final event after the transmission of x of the information symbol v;. Note that
e; cannot be the event Ins since we model the insertions always before a time change. The
value Fy, ,+d,—d,_ e, can be computed by marginalizing over all possible paths originating
from Fooe,_, = 1 and ending in ¥y, j,4d,—a, , .- This can be iteratively computed. For

5For the sake of presentation, we omit the time dependency t for %, y, and Fy.
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increasing ¢ and u, we have the following iterative update rules,

1
FL,u,Ins = E 1 P (Ins]kmerb, 6) . Fb,u—l,e
ecf

0<:<hand1<pu<Il+d—di1,

F, pe1 = ZIP’ (Dellkmer,,€) - F,_q
ec&

1<<lhand0< pu<Il+dy —di—1,

FL,u,Sub = Z P (Sub\kmerb, 6) -P (y“_1|9bb_1, Sub) . FL—17M—17€
ee€

1<i<land 1<p<l+dy—diy,

F,,1ra = ZIP’ (Tralkmer,,€) - F,_q1 1.
ec&

1<u<lLand 1 <pu<li+di—di—1.

Observe that we consider a substitution matrix but model the insertions as random symbols.
We illustrate the lattice structure in Figure 7.7.

For complexity reasons, we prune the decoding trellis. In each trellis section ¢, we limit the
maximum and minimum considered drift around its expected value exactly like in the i.i.d.
case by some multiple of its total variance. The limit is computed according to Equation (6.3)
using the overall average insertion and deletion probabilities. Further, the decoder considers
at most [,x consecutive insertions per channel state transition. Moreover, we could have
decided to combine multiple symbols/codebooks to possibly further enhance the decoding
performance [BSW10; BF15], but the decoding complexity is dependent on the cardinality of
the created codebook and additionally grows quadratically in the length of the trellis, which
renders decoding infeasible for larger trellis sections.

During decoding, the primer sequences p; and po are known. We use them to create ‘soft’
boundaries for the strand’s index and payload parts. By incorporating the primers into the
trellis, we avoid the negative effects of making a hard decision on primer boundaries when
extracting DNA strands from the basecaller output.

7.4.2 Reads Clustering

Typical approaches involve clustering the received strands before performing error-correction
decoding. These methods usually use approximation techniques for the edit distance (min-
imum number of IDS operations required to change one sequence into another, see Sec-
tion 2.3), e.g., g-gram distance [ALD%20; RMR'17] to reduce the distance computation
cost. We present a clustering approach with complexity O(N2L), which computes pair-
wise distances in O(L) based on the resynchronized soft information the strand-by-strand
decoding provides, which we call payload distance. We use the aggregated statistical dis-
tance between the two APP outputs as a distance metric between two reads y;, and y;,. In
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FO,O,Tra 1 Y2 Us Y4 Us

T1
T2
£'3
FO’O’Sub yl Z]z 3 y% F375=Tra
T1
T ) ]P (Tra, yr, ‘i‘;{, Del)
P (Sub, ¢1|%1,Beg) %
Fooper g 470 y}/y5 /// F355u
il //
7
PP (Del, 91|41, Beg) .
x3
FO,O,Ins 1 A2 Us zﬁ;% F3,5,Del
[ 2
z ]P’(Ins7y5\:i737Del)
2
T3
FO,O,Beg Y2 Us Ya Us F3,5,Ins
T1
T2
T3
F3,5,Beg

Figure 7.7: Lattice structure of F to compute P (y, s;|%X, s;—1) for £ = 1. Assuming we are at
vertex F, , .: The event Ins connects an edge (—) to vertex F, ;.41 1ns; The event
Del connects an edge (—) to vertex F,11,,pe1; The event Sub connects an edge
(—) to Fii1,u41,5u; The event Tra connects an edge (—) to Fyi1 ;4171ra. Note
that due to the channel model not all vertices can be reached, e.g., F3 ;>0 1ns,
FL>O,u>O,Beg7 FO,,uZO,Del; etc.

particular, we define

kix+Lo+Lp 1
do(yi,yi) &Y 52 P (velyjy) — P (velysn)l
t=Lp+1 V¢

where the second sum is over all possible symbols at time . Two reads are considered to
stem from the same DNA input strand if their pairwise distance is lower than a threshold
d¢. For a given setup, this threshold is optimized such that the probability of clustering two
reads originating from different DNA input strands is at most 1076 based on simulations.
In particular, we follow a hierarchical clustering approach using the single-linkage method.
Hence, we start by computing the pairwise distances of the reads and considering each read
a single cluster. We iteratively merge clusters with the minimum current cluster distance,
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where the cluster distance is defined as the minimum distance of any two reads of the two
clusters. We stop merging whenever no cluster distance is below the threshold d¢.

Let the r*® cluster, 1 <7 < M, be formed as C, £ (y,.1,- - ;¥r|C,|)> Where y;. ; is the gth
strand placed in cluster C, and |C,| # 0. We denote the overall clustering output as the list
C=(Cy,...,Cpp), with 1 < M’ < N and M, |C,| = N.

In general, this or other reads clustering approaches enable the system to take advantage
of the multi-copy gain introduced by the channel to improve the subsequent step of index
recovery of the received strands. The disadvantage of most reads clustering approaches is the
associated computing cost for large M and N. We have also considered trading complexity
against clustering accuracy similar to [RMR117], where one clusters iteratively random small
subsets of reads. Due to either the impracticability for large N or non-significant performance
gains in the latter for a fixed coverage, we emphasize that this clustering step is optional
(there are good performance gains for small N, see [WMLT23]).

7.4.3 Index Decoding

The index code and recovering the index information of each strand/cluster at the receiver
side are the crucial points for tackling the permutation effect and leveraging the multi-copy
gain of the channel.

For all strands y, ; of each cluster C,, we obtain the soft information of the indices by
extracting

p (ind(i)|y,;) = (P (ind(i)1]yr;), - - -, P (ind(), |yrj))
£ (P (vLp41lyrg) - P (ULP+(kiX/2)|yr,j) , P (ULP+LO+(kiX/2)+1’}’r,j) oo, P (LP+Lo+kiX|Yr,j))

from the respective strand APPs P (wly, ;). For a cluster C,, we generate a vector of
symbolwise mismatched index APPs defined as

q (ind(9)|C;) £ (Q (ind(i)1|Cy) , ..., Q (ind(i), |Cy)) -
For any 1 < k < kix, the entries are computed according to

|Cr| s(|Crl)
Q (ind(7)x|C;) x P (ind(i),{yr’j)] ,

J=1

where s(-) > 0 is a scaling parameter inspired by the theory of generalized mutual informa-
tion analysis that allows to mitigate overconfidence/underconfidence bias of the mismatched
rule and is, in our scenario, dependent on the number of combined traces (see Sections 6.1
and 6.2.3).

For all possible strand indices 1 < i < M, we derive a mismatched APP Q (i|C,) given
q (ind(7)|C,) using the memoryless mismatched decoding rule, i.e., assuming independence
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between the above computed index APPs Q (ind(i),|C;). In detail, we compute

Kix

Q(IC,) < J] @ (ind(4)4|Cy)

k=1

inspired by ML decoding for memoryless channels. This method naturally provides confi-
dence levels for each cluster belonging to specific indices (if no clustering is performed for
each read). We assign all reads of a cluster C,. to index 7 only if the maximum confidence is
higher than a threshold dy as

arg max i|C, if max 1|C,) > 61,
i(C,) = iy QUG if max, @UIC,) =
None otherwise.

Introducing the index reliability threshold d; reduces the negative effect of misassigning
reads/clusters to the wrong index. This stems from the idea that read erasures are easier for
the outer decoder to handle than wrongly assigned reads, especially in low-coverage scenarios.
The threshold d; is optimized to yield the highest average MIR (see Section 7.6.3). This strat-
egy can be compared to adding error-detection redundancy like a cyclic-redundancy-check
to the index or the whole DNA strand, as employed, e.g., in [LCR23], but by leveraging
the soft-output decoder instead of additional redundancy.

Rather than discarding the non-assigned reads, we can store them in the set
= : ) < < !
R {yECT 12?](\4@(2|Cr)<51, Vl_r_M}

for post-processing as described in Section 7.4.4.

We remark that computing Q (i|C,) for any ¢ € M is computationally expensive and
only feasible for small enough M (e.g., we consider M = 30589 feasible, see Section 7.7).
Instead one can perform hard decisions on the symbolwise index APPs q(ind(7)|C,), e.g., as
exectuted in [WML™23]. This method is less expensive but less accurate. Moreover, it does
not allow for the use of the confidence threshold 41 and the later presented post-processing.

Let S; be the set of reads assigned to index 1, i.e.,
si:{yecrzi:%(cr), v1gr§M’},

where 0 < |S;| < N and 1 < i < M. For all data positions of the i*h block, i.e., for symbols
of w®, we compute the mismatched APPs according to

s(1Si])
0 (%) o [ I P(wmyj)] ,

Yi€S:

where again s(-) is the scaling parameter for mitigating underconfidence/overconfidence bias
and depends on the number of combined traces. Further, we set Q (w,gz) |X) = i (or equally

5(0) = 0) when S; = 0.
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7.4.4 Post-Assignment of Reads

Assigning the reads according to the maximum soft information of the decoded index is a
practical way of grouping the reads. Further, filtering according to the reliability of the
actual decision using the index threshold d; can be considered a straightforward way of
tackling misassignments. However, this method solely focuses on the index part of the
strand and hence has the drawback of throwing away reads with possible bad index region
quality but good payload quality.

The general idea of the post-assignment step is to assign the so-far-ignored reads in R
using the payload distance to the already-grouped reads. In that way, we can consider the
index decoding step as a sort of pre-grouping and use the computed soft information for each
block w(® as the group representative for additional read assignments. To further reduce
computational complexity, we fix the performed comparison to the top index candidates 7y
according to the already computed probabilities Q (i|y) by the index decoder for each read
y € R, where |Ty| is constant with respect to NN.

In more detail, recall that v(?) is the vector associated with block w(* plus the correspond-
ing index and primer symbols. For y € R, we use the distance measure dp (w(i), y) which is
defined similarly as the clustering distance as

k‘ix+Lo+Lp

dow® )2 S 3|0 (%)~ (uly)

t=Lpt1 7 0

)

where the computed APPs of the pre-grouped reads Y, ie., all reads y ¢ R, are denoted
as Q (vﬁ%i). Further, in the following, we formally define the top candidate list 7 for
any y € R. Denote as Ty = [i1,...,ip] the list of indices sorted according to their soft
information, i.e., for all ¢; < ¢; it holds Q (4;|y) > Q (¢;]y). Then, the top candidate list 7y
is defined as the first |7y| elements of Ty. The final index assignment of the read y € R is
then performed as

i(y) {z if dp(w?,y) < d¢ for any i € Ty and S; # 0,
i(y) =

None otherwise.

If several candidates fulfill the distance requirement, we select E(y) with the highest Q (g\y)

For a specific block index ¢, let W; be the union of the pre-assigned reads S; and the
assigned reads in the post-assignment step. We compute the final mismatched APPs for the
block w(?) as

' ' s(IWil)
o (uf71¥) x [ I P<w§l>|yj)] .
YiEW;

Note that by this method, solely pre-assigned groups get additional reads assigned. Hence,
the primary benefit of this method stems from assigning reads to groups with a small number
of pre-assigned reads. On the other hand, already incorrectly pre-assigned groups will be
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pushed further in the wrong direction. During optimization of the parameter 01 (see Sec-
tion 7.6.3), we have observed that the choice tends to thresholds close to 1. This directly
helps minimize the number of incorrect assignments, hence also attempting to minimize the
aforementioned ‘avalanche’ effect.

Further, the cardinality of the top candidate list 7y is a sensitive design parameter that
not only controls the complexity of the post-processing but also influences the performance
of the method, again in an ambiguous way. Increasing the cardinality does increase the
probability that the correct index candidate is in the list, but it also increases the probability
of misassignments. We also remark that we have attempted to redo the index decision based
on the newly assigned reads, but it does not seem to noticeably affect the system performance.
Ultimately, some reads remain unassigned since no suitable representative might be found,
e.g., due to empty clusters/no pre-assigned reads or structural errors in the index region.
One might try to perform a version of iterative decoding between the outer code and this
post-processing method to create representative APP vectors of otherwise-absent blocks w(®).

7.4.5 Outer Decoding

We consider an outer decoder that ignores possible correlations between the symbolwise
estimates Q (w¢|Y) given by the joint-code MAP decoder. Hence, we apply the mismatched
outer decoding metric

M Lo ,
QwlY) = [T TIQ(w"1Y)

i=1t=1

to finally output an estimate G of our input data. Note that the outer decoder is aware of
the applied random interleaving at the encoder’s stage; hence, the decoder can reverse the
operation.

We have summarized the decoding flow in Algorithm 7.1 for the reader’s convenience.

7.5 Experimental Setup

The stored dataset consists of three files labeled filel, file2, and file3, comprised each
of ~30600 DNA strands. Each strand has a length of 150 nt, of which 110 are dedicated to
carrying data, and 40 are reserved for two file-specific 20 nt primer adapter sequences at both
ends of the strand. The primer sequences were chosen among those designed by Organick et
al. in [OACT18]. The 110nt data sequences were drawn uniformly at random and checked
for collisions with the primers following [OACT18]. The resulting ~92000 strands were
synthesized by GenScript and stored jointly in a DNA pool. The pool was delivered in a
volume of 80 pL at 17.5 ng/pL. (The synthesized pool contains a large number of physical
copies of each strand.)

To retrieve a file, an aliquot of the pool is amplified via primer-targeted PCR, following
the amplification protocol in [OACT18] and sequenced on a MinION Mk1C nanopore se-
quencing device produced by Ozford Nanopore Technologies with Kit 14 chemistry and the
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Algorithm 7.1: Decoding of DNA reads

w N =

ov

=]

®

10

11

12

13
14

15

16

17

18

Input :readsY = [Xf,Xb}
Output: G

/%

for

/* Optional clustering of reads (see Sec. 7.4.2)

Cy,...,Cpp + clusteringAPP(P (v]y1),...,P(vlyn));

/%

for

/*

for

/*

Single strand decoding (see Sec. 7.4.1)
y; € [Y',¥"] do

if forward then

| P(vly;) < BCJR(y; KMER));

else

| P(vly;) < BCJR(y;,KMER});

Index decision (see Sec. 7.4.3)
r <+ 1to M do
i + extractInd(Q (v|C,));
/* Optional index threshold decoding
if max 1|C,) > 61 then
1§i§MQ(| 7“)_ 1

/* Assign data to outer block
Q (W(E)’Y) < multiplyData(Q (v|C,));

else

/* Save for post-assignment
| R+ RU{y:yeC}

Optional post-assignment (see Sec. 7.4.4)
y € R do
for i € 7, do
/* Compare payload dist.
if dp(w(”,y) < dc then
/* Assign data to outer block
L Q (w@Y) < multiplyData(P (v|y));

| break;

Outer decoding (see Sec. 7.4.5)

10l < OuterDecoder (Q (w(l)]Y) ,...,Q (W(M)|Y));

*/

*/

*/

*/

*/
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Table 7.1: Experimental Dataset Specifications®
File MP Accurate basecalling (acc-BC) Fast basecalling (fast-BC)

passed Q-score  failed Q-score  passed Q-score failed Q-score

forw. backw. forw. backw. forw. Dbackw. forw. backw.

filel 30589 244510 193079 44411 32826 166713 96385 63160 39254
file2® 30589 494026 602463 19658 25987 242106 391019 113530 148695
file3® 30588 432501 470052 73106 51346 641832 613096 114602 105714

“Each stored strand consists of a 110 nt random data part and on each side file-specific 20 nt primers.

*We used a smaller and cheaper flongle flow cell for nanopore sequencing; a larger number (24 versus 18) of
PCR cycles was performed.

“We obtained a total 42 million reads for file3 but only clustered a subsample of it.

corresponding standard Ligation Sequencing protocol. The resulting raw current signal read-
outs are basecalled (i.e., converted to sequences of nucleotides with associated quality scores)
with both a fast and a high-accuracy basecaller available on the MinION device based on the
Guppy basecaller. We refer to the two different processes of basecalling as fast basecalling
(fast-BC) and accurate basecalling (acc-BC). The main difference is that fast-BC can be per-
formed online (i.e., concurrently and keeping pace with the sequencing process) at the cost
of higher error rates in the basecalled sequences, whereas acc-BC is only available offline. In
both cases, a quality score threshold parameter of 8 (the default value for fast basecalling) is
specified to split the reads into two groups—those that pass the quality score threshold and
those that do not. To extract strand-specific parts of the basecalled reads, we align the reads
against the six primer sequences used in our dataset (two primer sequences per file) using
BLAST [AGM190] and crop the segments that correspond to adjacent alignments of correct
primer pairs separated by 150 + 15 nt. It is important to note that PCR amplification yields
double-stranded DNA, and subsequent nanopore sequencing produces readouts of a strand
in both its forward and reverse-complemented (or backward) form. We separate the two
during segmentation by keeping track of the orientation of BLAST-generated alignments. In
summary, for each file, we split the reads according to acc-BC versus fast-BC, passed versus
failed quality score, and forward versus backward orientation, resulting in eight groups of
reads per file. The number of segments in each group is shown in Table 7.1.

We remark that merging forward and backward reads by reverse-complementing the back-
ward reads is a mistake if the channel model is not invariant under this operation; in par-
ticular, doing so for the KMER; channel model we describe in Section 7.2.1 would erase the
asymmetries in the substitution matrix and possible directional memory effects, whereas the
i.i.d. IDS channel model is invariant under such transformation.

To estimate the parameters of the channel model, we need a set of input-output pairs,
which in turn means that we need to assign one of the originally stored strands as channel
input to each read. To do so, we calculated the edit distance between each read and each
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stored strand and assigned to each read the input strand that is closest to it.

In particular, a DNA storage dataset D contains MP clusters, where each cluster consists
of an input strand x® of length L and its corresponding, possibly empty, set of output
strands ygl), . ,yg\l/[)z;.

In the following, we show how to use the dataset for the channel estimation on which our
scheme relies (Section 7.5.1). Moreover, we show how we use the dataset to obtain desired
DNA storage channel parameters (Section 7.5.2). In Section 7.5.2, we present a method to
conduct Monte-Carlo simulations on experimental data for coding schemes that use pseudo
randomization of strands, e.g., as [SGPT21].

7.5.1 Channel Estimation

In this subsection, we describe the estimation of the data-dependent parameters for our
approach and analysis.

KMER Channel Transition Probability Estimation

The transition probabilities of the channel model are estimated using a DNA storage dataset
containing labeled input (before synthesis) strands and the corresponding collection of output
(after nanopore sequencing) strands split into forward and backward reads. We estimate a
forward model KMERfk from the set of mapped input and forward read pairs Df and a backward
model KMERE from the set of mapped input and backward read pairs DP. In the following,
we describe the estimation of the forward model since the backward model follows similarly,
taking the reverse-complement effect into account.

For each pair (X(i),ygz)), we compute the edit distance matrix via the Wagner-Fischer
algorithm [WF74]. By backtracking from the end and always choosing the minimum value
(for ties deciding randomly), we can determine a chain of events e(®9) of length L, > L,
el(w) € & = {Ins,Del, Sub, Tra}, that describes a possible outcome of how the strand x() ig
the preceding event e’ € £ to form a chain of 3-tuples with entries

. To each event, we add the information of the corresponding kmer and
(el(i’j) , kmerli’j), el(iji)) and
e((]w ) = Beg. Note that by slight abuse of notation, we call here a kmer also a substring of

x(® shorter than k, since for k > 1, the actual kmers at the beginning and end of x*) are
fitted.

Subsequently, we can estimate the channel transition probabilities P (E’ IKE, E) by a simple

edited to form y

counting argument, were E' € {Ins,Del, Sub, Tra} denotes the RV for the upcoming event,

and recall E as the RV for the previous event and K* to be RV for the current kmer. For a
pair (x(i),ygl)), we define

pD = ‘{l : (¢/, kmer, e) = (el(i’j), kmerl(i’j), el(z_jl))}’ :

e/ ,e,kmer
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Table 7.2: Average Error Rates for File3 (Similar Across All Files)

Q-score acc-BC* fast-BC*
b1 Pp Ps b1 Pp bs

passed  0.009 0.014 0.020 0.014 0.038 0.043
failed  0.037 0.052 0.094 0.023 0.062 0.080

“We denote the average insertion, deletion, and substitution probability as p1, pp, and ps, respectively.

Then, P (E’ = ¢/|KF = kmer, E = e) is estimated by

ot
i (i-5)
Z Z Pe’ ,€, k:mer
i plid)
Zee{lns Del,Sub,Tra} Z Z] 1 e e,kmer

We remark that instead of the counting-based parameter estimation described above we
have also tried using the Baum-Welch algorithm [BPS™*70] for HMMs using our single-strand
BCJR decoder (presented in Section 7.4.1) on a slightly different trellis allowing state tran-
sition at the same time ¢t to model insertions (similar to the expansion of the trellis in
[SGP*21]). However, we have not observed any performance gain compared to the above
counting method. Nonetheless, the Baum-Welch algorithm might become useful if the error
rates are roughly known and the transition probabilities need to be estimated using only a
small dataset (e.g., stored pilot strands). This is an interesting problem that would need
further investigation and falls outside the scope of this work.
We list the average IDS error rates of our dataset in Table 7.2.

Draw Distribution Estimation

For each input strand x(¥), we calculate its drawing probability P (I = i) by simply dividing
the number of corresponding output strands by the total number of strands, i.e.,

D
P(l =)= ]“%

Note that we can generate a drawing distribution for any smaller number of input DNA
strands M < MP by uniformly at random subsampling the clusters from the dataset. The
probability of reverse-complementing, i.e., observing a backward read, is simply

rc — |’Db’ .
D

7.5.2 Using Datasets for Simulation

Since our coding scheme uses a random offset, i.e., a scrambling sequence, we can execute
performance evaluations on real data as described in [SGP*21]. In the following, we revisit
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their method shortly. Let us describe a dataset as pairs of stored uniformly at random strands
and corresponding reads. Let x’ be the vector encoded by the index/inner code, ENC the
encoding function, and z the random offset. Then, a stored sequence x can be described by
x = ENc(x) + z, where the symbols of x are thus uniformly distributed. Hence, we can use
a random dataset for evaluation by fitting a z = x — ENC(x') for every strand of data. Since
we conduct Monte-Carlo analyses, averaging over multiple simulations, we conclude that a
single general fixed z exists that must perform as well or better by the pigeon-hole principle.
Hence, the Monte-Carlo results on a random dataset are ensemble averages of the proposed
system. We remark that the random offset is not applied to the primer region; hence, we
are restricted in the choice of primers by the dataset.

7.6 Optimizing the Component Codes

The design of our coding scheme setup is flexible for any channel parameter (3, i.e., any
M and L, and KMER;, channel noise. Nonetheless, its performance depends on how well the
system parameters are optimized for the specific channel. In Section 7.5.1, we have already
discussed how to infer the KMERy, transition probabilities (we demonstrate in Section 7.7 that
these parameters generalize over multiple experimental runs). This section discusses the
criteria for optimizing the specific codes according to given system parameters and presents
performance metrics for our coding scheme overall as well as for its components.

We give a brief overview of the optimization procedure in the following, where we always
optimize based on experimental data (see Section 7.5). First, we compute AIRs for mul-
tiple inner code rates R; on the extended trace reconstruction channel (see Section 7.2.3)
for different numbers of traces T for each input strand (see Section 7.6.2). Within this
computation, we directly optimize the scaling parameter s(7'), which mitigates the overcon-
fidence/underconfidence bias of the mismatched decoding approach. Given the estimated
drawing distribution and the information rates, we calculate an artificial read/write cost
trade-off for each inner code rate R;, assuming no permutation effect of the channel and
a rate-achieving outer code. We pick the inner code rate R; that shows the best artificial
read /write cost trade-off across multiple coverage levels that we target. Then, we switch to
the sampling channel, focusing on conducting the optimization based on average MIRs for
the outer code, disregarding the finite-length phenomena due to computational complexity
constraints. We choose the index code that maximizes the MIRs for the targeted coverage
levels. Note that we do not consider clustering of reads here due to complexity in the con-
sidered parameter regime (see Section 7.4.2). Subsequently, we directly optimize the index
threshold d0; and the number of top candidates considered in post-processing |7y | using the
same method (see Sections 7.6.3 and 7.6.4). For the best setup, we verify the MIRs with
an outage analysis. The outage probability is a prominent performance metric in similar
communication scenarios, e.g., the block-fading channel, and serves as a lower bound on the
system’s FER. Based on the outage analysis results, we construct an optimized SC-LDPC
code such that its rate R, is close to the outage bound for a targeted FER (see Section 7.6.5).

For the sake of presentation, we do not distinguish between RVs and their realizations in
the following.
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7.6.1 Performance Metrics

This subsection presents the main performance metrics applied in our analysis: the read/write
cost trade-off and outage probability.

Read/Write Cost Trade-Off

For an overall performance measure of a DNA storage coding scheme, one can consider the
read /write cost trade-off introduced in [CTL*19].%

Definition 7.1 (Read/Write Cost Trade-Off). We define the writing cost ¢y as the fraction
of the number of synthesized nucleotides and the number of information bits stored. Simi-
larly, we define the reading cost ¢, as the fraction of the number of sequenced nucleotides by
the number of information bits stored. Assuming a coverage depth ¢ > 1, this implies the
following two formulations given the overall rate R:

e > 0.5 [nt/bif] ,
¢ =cR7! > 0.5 [nt/bit] .

Outage Probability

Due to its drawing effect, the DNA storage channel seen by the outer code resembles a
block-fading channel when considering a finite number of strands M and finite strand length
L [WM22]. Hence, it also shares its afflictions, most notably its non-ergodic property. In
particular, an outage event occurs when an insufficient number of strands are drawn for a
specific outer code block. Formally, an outage event occurs when the instantaneous mutual
information between the input and output of the channel is lower than the transmission
rate R. We consider the BCJR-once (see Section 6.1) version of the information-outage
probability adapted from [BV08], to which we refer as the mismatched information-outage
probability qous. It incorporates our mismatched decoding approach and the dispersion due
to the finite blocklength phenomena.

For that, we first introduce the instantaneous BCJR-once rate rq, which is defined as
the instantaneous symbolwise mutual information between the input and the MAP decoder
output for a fixed drawing realization d and with uniform input distribution. This definition
aligns with our applied outer decoding metric in Section 7.4.5. Fixing the input distri-
bution, multiplying symbolwise posteriors for multiple strands, impairments introduced in
the reordering, and neglecting output correlations of the APPs introduce mismatches that
only decrease the metric Q (w|Y) compared to the true—but infeasible to compute—metric
P(w|Y) (see Section 6.1). In detail, the instantaneous BCJR-once rate rq for the finite-
length regime and fixed drawing realization (D = d) is computed as

M Lo . ;
o= 37 2 3 (o P (1) + g, @ (1))

5This definition is similar (inverse) to the storage-sequencing trade-off definition described in [SH22]. Ad-
ditionally, [SH22] also considers the difference in the synthesis and sequencing cost per base. We choose
[CTL*19] due to its better graphical visualization.
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where P (w§i)) = i is the a priori probability and Q (wgi)|X> is the decoder’s mismatched
metric for the symbols of the corresponding block w(®) as computed in Section 7.4.

Definition 7.2 (Outage Probability). The mismatched information-outage probability qout
is formally defined as

dout =P (ra < R) > pout ,

where R is the overall system rate measured in bit/nt and pou is the true outage probability.

The value gout gives a lower bound on the FER for a given encoder and mismatched
decoder pair for a fixed finite number of strands, fixed finite blocklength, and fixed channel
parameters. We approximate ¢oyt using the Monte-Carlo method by generating drawing
realizations d for a given R.

7.6.2 Inner Code

As mentioned in Section 7.3, we consider MR codes as our inner codes due to their good
performance in the high-rate/low-error probability regime in the case of i.i.d. errors and
mismatched decoding, as shown in [SGP*21]. Nevertheless, the rate R; = %. = ﬁ still
needs to be optimized based on experimental data.

For the extended trace reconstruction channel with a fixed number of draws T' per block
w(? (see Section 7.2.3), we can compute actual AIRs for a fixed joint-code mismatched
MAP decoder on a dataset. This is due to the reintroduced ergodicity by fixing the draw-
ing realization, fixing L, and M — oo. Specifically, we compute BCJR-once rates Rirace
(see Definition 6.2), measured in bit/nt. We also follow a mismatched decoding approach
for the extended trace reconstruction channel due to the separate strand decoding technique
and symbolwise multiplication combining, and neglecting symbolwise APP correlations at
the MAP decoder output. Let the input to the inner encoder be w = (W(l), . ,W(M)) and
the output be defined as Y' = (Y4,...,Y}Y,), where Y! = (yi1,...,yi7). In detail, for a
fixed number of traces 1" and an inner code rate R;, we define the achievable BCJR~once
information rate as

M Lo , s
Rirace(T, R;) = max lim —ZZ( log, P ( )> + log, Q (w§”|¥§) ),

s>0 M—>ooMLZ 1i=1

using for multi-read combining the decoder’s mismatched metric

o T | o(T)
Q (wt(z)flt) = [H P (wt(z)’)’i,j)] :
j=1

We approximate the achievable BCJR-once information rate using experimental data by
averaging over a large number of data blocks (M = 30000) as

M L
° (4) (@) 3t D)
Rirace(T, R;) =~ s?:}z)l;(o m z;tz:l <— log, P ( w; ) +1log, Q (wt |X§) ) )
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Figure 7.8: The fraction of reads 63 .(d) exactly drawn d times for a fixed § = 0.13546 and
various coverages ¢ obtained via subsampling from dataset £ile3 using acc-BC.
The dashed lines show the Poisson distribution for the respective coverage, which
is obtained for uniform drawing distributions IP (i) = 1/m. Noet that the empirical
drawing distributions do not differ for acc-BC and fast-BC.

Note that due to the maximization over s(7T'), we directly obtain the values for the scaling
parameter for the decoding on the sampling channel.

Furthermore, let 63 .(d) denote the fraction of input reads drawn d times, i.e., %, for

a sampling channel with parameter (3, associated drawing distribution P (l), and a certain
coverage depth c. In Figure 7.8, we depict the empirical drawing distribution 63 .(d) of file3
and acc-BC for various coverages ¢ obtained via subsampling in comparison to the value

obtained by uniform drawing distributions P (I = i) = ﬁ Note that for uniform drawing

cd

distributions, 63 .(d) asymptotically tends to a Poission distribution, 0g .(d) = §re™¢ [WM22;
LSWZ122]. The skew in comparison to the Poisson curve indicates a drawing bias due to
synthesis, PCR, or sequencing effects.

For an i.i.d. uniform data input distribution, we can compute the achievable information
rate Ry, in alignment with [SH22; LSWZ122; WM22| as

Ry 2 03.0(d) Rivace(d, R;) — B(1 — 05.(0)) .
d=1

The ergodic rate Ry, represents the theoretical rate for a channel with no errors in indexing
and an optimal rate-achieving outer code and, thus, large enough number of input strands
M. We can draw a connection between R;;, and the instantaneous BCJR-once rate rq. In
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Table 7.3: Exhaustive Search Index Codes
Code Codebook

CodeI (0,0,3,3), (0,1,0,1), (0,2,2,0), (0,3,1,2), (1,1,2,2), (1,2,0,3), (1,3,3,1),
(2,0,0,2), (2,1,3,0), (2,2,1,1), (3,0,2,1), (3,1,1,3), (3,2,3,2), (3,3,0,0)
Code II (07072a0)? (0727372)7 (073> Oa 1)’ (171a3a1)? (172?170)7 (1>3>273)’ (2a0a1’1)7
(2,1,2,2), (2,2,0,3), (2,3,3,0), (3,0,3,3), (3,1,0,0), (3,2,2,1), (3,3,1,2)

the limit ML — oo, we have
Ry > Ep [rq] ,

where the inequality solely comes from the fact that rq incorporates the rate loss of the index
code (still assuming perfect permutation recovery here).

As a final step, we choose the inner code rate R; which minimizes the theoretical read /write
cost trade-off, (cw, ) = (Ry,', cRyl), for the targeted coverage levels.

7.6.3 Index Code

In general, using indices for regrouping reads reduces the overall rate of the system directly
by . Since coding the indices further reduces the overall rate but increases the correct
decoding probability, one must carefully design the index rate Rix and, thus, the index code
itself. We target index codes with a good edit distance spectrum.”

The cardinality of the index code needs to be at least M. Unfortunately, finding good codes
which fit into our coding system becomes more difficult for larger M since the theory of error
correction in the Levenshtein/edit metric is not as advanced as, e.g., in the Hamming metric.
As explained in Section 7.3, to circumvent this challenge, we build the index code by concate-
nating shorter component codes of smaller cardinality. For very small cardinality, we have
obtained codes via an exhaustive graph search algorithm optimizing the code’s edit distance
spectrum [Sew98; MLW*22]. In Table 7.3, we give two codes of length 4, cardinality 14, and
minimum edit distance 3 which we alternate to build an index code. For larger cardinalities,
we investigated the non-binary Varshamov-Tenegolts codes (see Construction 3.2, [Ten84])
and 2-fold repetition codes (every input symbol gets repeated once). While the latter two
codes can correct a deletion or an insertion, they cannot uniquely correct a substitution.

We evaluate the index codes by simple average mismatched MIRs Ry. Formally, for a
fixed coding and decoding scheme, for a feasible number of drawing realizations di, ..., dg,
we compute

_ 12
RMIé@ZT%'
p=1

"Even though the random offset is also applied in the index region, which destroys the designed edit distance
properties, we have observed better performance when using codes optimized for the edit distance instead
of other metrics.
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We emphasize that the computed value Ry does not imply any achievability guarantee
due to the non-ergodic property of the sampling channel for finite M and L (in contrast to
the infinite assumption with Ry,). However, we have observed that Ry correlates well in
our parameter regime with more elaborate performance metrics, such as outage probability
(which also requires more computations for evaluation analysis).

For each index code Cix, we search for the decoding threshold §; by maximizing the average
MIR, i.e., we choose

5?pt = argmax Ry -
0<8<1

We remark that optimizing the index threshold J; does not depend on the coverage when
applying no reads clustering before index decoding. Finally, we choose the index code that
maximizes Ry with the optimized & for the targeted coverage levels.

7.6.4 Post-Assignment Optimization

In the post-assignment, we can control the cardinality of the top candidate list 7,. This
parameter controls the trade-off between complexity and performance, as discussed in Sec-
tion 7.4.4. We limit |7y | such that it is constant with respect to N and choose the cardinality
where the MIR Ry of the scheme empirically saturates for the targeted coverage levels. As
seen in Section 7.7, we choose |Ty| = 5 independently of the scheme. However, we do not
claim that this performance saturation holds in general.

7.6.5 Outer Code

We employ protograph-based non-binary SC-LDPC codes as outer codes in our concatenated
coding scheme due to their excellent performance in standard transmission models under
belief-propagation (BP) window decoding, e.g., over erasure channels [PIST10], block-fading
channels [HLAT14], etc. [FBGT15]. We mitigate the block-fading effects of the channel due
to the drawing effect through the interleaving operation since we scramble possible block
errors and erasures randomly over the entire outer codeword.

Formally, a protograph is a small multi-edge-type Tanner graph with n, variable-node
(VN) types and rp check-node (CN) types. A protograph can be represented by a base
matrix

Bi1 Big ... Big,

B271 B272 . B2,np
B= . . . )

Brp,l Brp,z .. Brmnp

where entry B, ; is an integer representing the number of edge connections from a type-i
CN to a type-j VN. A parity-check matrix H of an LDPC code can then be constructed by
lifting the base matrix B by replacing each non-zero (zero) B;; with a Qp x Qp circulant
(zero) matrix with row and column weight equal to B; ;. The resulting lifted parity-check
matrix, of dimensions Qprp X Qpnp, defines an LDPC code of length ()pnp and dimension
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at least Qp(np — rp). To construct a non-binary code from the lifted matrix, we randomly
assign non-zero entries from Fy to the edges of the corresponding Tanner graph.

An SC-LDPC code is constructed from a series of og. (coupling length) Tanner graphs by
interconnecting the neighboring mg. (coupling memory) graphs according to a predefined
pattern. Constructing an SC-LDPC protograph from a corresponding LDPC protograph B
is done as follows. The protograph B of the LDPC code is copied o0y times. Then, the edges
of each protograph are interconnected to the mg. neighbors. The protograph matrix of an
SC-LDPC code then has the form

B,
B, B
Bs.= BmSC—I—l BmSC B )
Bo.+1 ... B
Bmsc+1

(Osc“l’msc)rp X OscNp

where Z?ﬁf“ B; = B to maintain the same VN and CN degrees of the underlying block
protograph B. The resulting SC-LDPC code is then constructed by lifting and assigning
edge weights in the same manner as mentioned earlier.

In detail, we build our coupled codes from regular LDPC protographs with fixed VN degree
dyn and CN degree den as the underlying base protograph B and fix the coupling memory
mge = dyn — 1 = 2 (i.e., implying dyn = 3) such that each memory block B; is connected
to each of its neighbors exactly once, i.e., B = Z?;”l\‘ (1,...,1), where (1,...,1) is of length

fl%' Moreover, we always choose ), such that one spatial position covers approximately

ngs—g ~ 10000 VN positions and, when needed, shorten positions uniformly at random to
fit the required blocklength n,. We remark that we limit the rate optimization significantly
to the possible coding rates R, ~ %, %, ey g. Higher rates and/or better performance could
possibly be achieved by considering different ways of coupling or using irregular protographs.
We choose to couple regular protographs due to their simple design and promising decoding
performance under BP decoding on classical transmission channels. For decoding, we con-
sider sliding window decoding from the front and back simultaneously. We fix the window
size to nine spatial positions and limit the BP iterations to five per window position, with
ten iterations at the boundaries of the coupled chain when the window is not yet slid fully
into the Tanner graph to kick-off decoding [SAB23].

7.7 Simulation Results

We design our coding scheme to be viable for different modes of operation, with a specific
focus on three primary coverages: ¢ = 5, ¢ = 8, and ¢ = 10 for both acc-BC and fast-BC
(refer to Table 7.2 for IDS error estimates obtained for the two basecalling methods) and
fixed g = 282 — 0,135 (M = 30588, L = 110).

We perform code optimization on filel using MIRs following the steps and criteria dis-
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cussed in Section 7.6. Then, we analyze our proposed coding scheme on the experimental
data for £ile3 by means of the information-outage probability for the outer code and FER
simulations for the above channel setups. Moreover, the channel estimation for KMERy, is per-
formed using filel. Recall that the stored DNA strands in our dataset have a total length
of 110nt plus additionally on each side a 20nt file-specific primer, and we stored 30589
(file3 30588) strands per file (more details in Table 7.1). We subsample reads uniformly at
random when targeting a specific ¢ such that we mimic the underlying sampling distribution
due to possible synthesis, PCR, and/or sequencing bias.

We focus only on using the passed Q-score reads. However, we believe cleverly utilizing
the failed Q-score reads could increase the system’s performance at no additional cost.

7.7.1 Read/Write Cost Trade-Off

In Figure 7.9, we show the read/write cost trade-off of our designed coding systems (opti-
mized for different coverages ¢) and compare them to existing experiments (see Section 2.1.2
for a DNA experiment review). Note that we focus on the detailed construction and per-
formance evaluation in the subsequent sections. With the setup for acc-BC (green squared
markers), we outperform other nanopore-based and even Illumina-based experiments while
ensuring a failure rate of less than one percent (see Figure 7.12). We attribute our gain mostly
to the clever combining/clustering techniques of the strands and the overall soft-decision-
based decoding algorithms since our channel error rates, IDS errors combined roughly at
4%, are similar (or even worse) to some of the other experiments. Since it is expected that
by optimizing the outer code better we could gain in rate, we have included the theoretical
read/write cost trade-off of our inner system with an outage probability gous = 1072 (empty
triangle-shaped markers). We believe one could approach these points closer while ensuring
a FER of approximately 1073, Additionally, we have included the read/write cost trade-off
for our fast-BC setups. Despite significantly higher IDS error rates (of roughly 10%), we
remain competitive—but not better—than most other nanopore experiments.

In our view, the read/write cost trade-off is the best available metric for experimental
comparisons because it naturally incorporates the fundamental tension between synthesis and
sequencing. However, the values reported in Figure 7.9 should be interpreted with caution
for two reasons: First, they do not reflect the differences in FER and the encoding/decoding
complexity. Second, the read and write costs are affected by the details of the channel setup,
which vary significantly between different approaches. For example, the choice of 3, the
IDS error rates, and different drawing distributions all naturally require different amounts of
redundancy and thus massively influence the read-write cost performance of a system. For
example, Lau-2023 [LCR123] evaluates only with low 8 = 0.0088 (M = 792, L = 114) or
Erlich-2017 [EZ17] deals with IDS error rates of less than 1%. Additionally, the same can be
seen by the different read /write cost trade-offs for our proposed system obtained for acc-BC
and fast-BC.

7.7.2 Extended Trace Reconstruction Channel: KMER Decoder

We analyze the proposed KMER; model for different values of k. In Figure 7.10, we illustrate
the achievable rate Ryace for the extended trace reconstruction channel (see Section 7.2.3)
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Figure 7.9: Read/write cost trade-off for our setup and other experiments. Some experiments

conducted storage trials with various parameters. We have selected the one that
appears to be the best based on our knowledge.
Label references: Lau-2025 [LCR'23], Bar-Lev-2021 [BLOS*21], Antkowiak-
2020 [ALD*20], Chandak-2020 [CNT*20], Anavy-2019 [AVAT19], Chandak-
2019 [CTL*19], Lopez-2019 [LCAT19], Organick-2019 [OACT18|, Erlich-2017
[EZ17], Yazdi-2017 [YGM17], and Bornholt-2016 [BLC'16].

as a function of the number of traces T'. We perform our analysis using file3, where in our
computation, we average over all available clusters with at least size T' for acc-BC and fast-
BC separately (for cluster with larger size we pick randomly T reads). A higher Riyace for a
fixed setup corresponds to a reduced mismatch with the data’s true underlying strand error
channel. We observe an increase in Riace once we introduce the KMERy;, model for both setups,
acc-BC and fast-BC. As expected, this gain diminishes slowly when increasing the number
of traces T" since the gain in extra physical redundancy dominates. Further, we observe that
for the fast basecaller, increasing k yields higher rates; however, this gain is marginal and
is associated with a substantial increase in decoding complexity—e.g., changing from k£ = 1
to k = 3 increases decoding complexity 16-fold. For the accurate basecaller, we can see no
proper performance gain when increasing k > 1. In this case, we conjecture that the machine
learning-based basecaller, which converts the electric current at the nanopore to nucleotides,
already reduces the memory between the neighboring nucleotides. For completeness, we
include the curves using the model from [HD23b] to show the performance gain of the slight
adaption of the channel model at no additional cost of decoding complexity. Moreover,
we have included the curves for i.i.d. decoding with fixed scaling parameter s = 1.0 from
[MLW*22]. The obtained scaling parameters of this work can be found in Table B.1 in
Appendix B.1. Furthermore, we present results for the uncoded traces in Appendix B.2
in Figure B.1. Here, the main takeaway is that introducing the scaling parameter s(-)
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Figure 7.10: BCJR-once rates Rirace versus number of traces T for the extended trace recon-
struction channel with coded strands obtained on data of £ile3. We compare
different single-strand decoders, i.e., different memory k in the KMER; model-
ing in the decoder. For acc-BC we use R; = 216/110 and for fast-BC we use
R; = 200/110. Note that no index part is included here. The horizontal dash-
dotted lines represent the rate limit imposed by the inner code rates.

mitigates the APP mismatch significantly for increasing number of traces T'.

In our optimization procedure, we compute Ryyace(7") for various inner rates R; and select
the rate that yields the best theoretical read/write cost trade-off (cy, ¢ )i as discussed in
Section 7.6.2. We have observed the best performance for R; = % for ace-BC and R; = %
for fast-BC. Due to the necessity of the coded address part in the strand of total length 110,
the data part is shorter than 110. Thus, we fix the number of redundancy symbols for data
protection: two symbols for acc-BC and ten symbols for fast-BC. This effectively introduces
a slight discrepancy in the inner code rates for the final setup relative to the values of R;

above.

7.7.3 MIR Results: Optimization of the Joint-Code and Decoding Strategy

For the choice of inner code and decoding optimization, we analyze MIRs Ry versus coverage
c for different setups using filel. As a side-effect, the MIRs highlight the effects of the
sampling channel, which we will include in the discussion. In this section, we focus on the
results for acc-BC depicted in Figure 7.11; nonetheless, we have included the results for
fast-BC in Figure B.2 in Section B.3, where similar conclusions (albeit different outcomes)
can be obtained based on the same logic. Throughout this subsection, we fix k = 1 in the
single-strand joint-code decoder.
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(a) We compare different index codes plus the index thresholding strategy. The horizontal dash-
dotted lines represent the rate limit imposed by the combined respective index code rates and
inner code rates (line colors match the index codes indicated in the legend). We use two redun-
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(b) We compare different decoding strategies and provide genie-based benchmarks for different sce-
narios. For the index reliability threshold, we use d; = 0.995, and for post-assignment, we use
dc = 44.0 and |T| = 5. For clarity, the horizontal black dash-dotted line represents the rate

limit (2 — ) imposed by the index for error-free sampling channel transmission.

Figure 7.11: MIRs Ry versus coverage c¢ for the sampling channel on experimental data
of filel (M = 30589, L = 110) for acc-BC using k = 1 in the single-strand

decoder.
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Table 7.4: List of Compared Index Codes

Name Rix [bit/nt] Component code® a

Uncoded (UC) 2 [4,4]4 2
Repetition (REP) 1 8,4]4 2
Varshamov-Tenengolts (VT) 1.25 [6,log,(178)]4 2
Exhaustive-search (ES)° 0.952 [4,log,(14)]a 4

“For an component code C’, we use the notation [n’, k'],/, where n’ is the length, the dimension k' = log, (|C’|),
and ¢’ the alphabet size.

*For the ES index code, we alternate Code I and Code II from Table 7.3 to increase the inter minimum edit
distance between two neighboring codebooks.

First, we compare the different index codes in Figure 7.11(a). Recall that the overall index
code is formed from concatenating an even number a of component codes. Moreover, we split
the index part equally to be at the strand’s front and back. In detail, we compare four index
coding strategies: uncoded (UC), repetition (REP) coding, Varshamov-Tenengolts (VT)
coded, and exhaustive-search (ES) coded (for the code details see Table 7.4 and Section 7.6.3).
For all setups, we use two redundancy symbols for the inner data part coding; hence, we
briefly discuss the inner code rate implications using the UC index coding strategy as an
example. For UC we need [log,(30589)] = 8nt of the total 110nt for the index. Hence,

we have an inner data rate of R; = %g—g; consequently, imposing a natural limit at 29 (rate
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limits for each setup are indicated by the dash-dotted lines). Similarly, a VT-coded index

needs 12nt of indexing; thus, combined with having two redundancy symbols for the data
192

part, it imposes a natural limit of 35.

We begin by comparing the index codes using the decoding strategy where the decoder
bases its regrouping decisions solely on the soft information of the decoded index (see Sec-
tion 7.4.3), i.e., no clustering or post-assignment is applied (squared markers). In a general
view, we can conclude that although coding induces a rate loss, we obtain higher Ry for
the coded setups REP, ES, and VT than for simply UC. Further, for low coverages ¢ < 5,
we obtain a clear ranking in the performance of the studied index coding approaches. We
conjecture that the respective edit distance spectrums of the index codes directly impact de-
coding performance. Codes with the spectrum shifted toward higher edit distances achieve
higher Ry even with a higher coding rate Ri.. For higher coverages, there is a slight change
in the behavior of the codes, e.g., for ¢ = 10, UC overtakes REP. This can be explained by
the fact that we operate closer to the respective rate limits of each system, e.g., REP’s limit
is 1.68 bit/nt, while UC’s limit is 1.82 bit/nt. Consequently, the choice of the index code
depends on the targeted coverage c.

Additionally, for VT and ES index codes, we included in Figure 7.11(a) the curves for an
alternative decoding strategy where we assign an index to a specific read if the decoded soft
information exceeds a reliability threshold d; (triangle markers). After optimization of i,
which turns out to be a convex optimization problem, we acquired for the ES index code a
reliability threshold of §; = 0.985 and for the VT index code a threshold of d; = 0.995. This
corresponds to discarding 26% of the reads for the ES strategy and 33.5% for the VT strat-
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egy, independent of the coverage ¢. Due to the performance gain compared to the previous
method, we conjecture that, most often, the discarded reads would have been grouped in-
correctly since discarding is less detrimental than incorrect index assignments. Surprisingly,
the benefit of this method, which comes at no additional decoding cost, remains relatively
constant over different coverages (except ¢ = 1). We had anticipated that discarding incor-
rectly assigned reads at low coverage would be significantly more beneficial than at higher
coverage. Moreover, we observe that the index code that performs best in the simple index
grouping strategy is not the best choice when introducing the reliability threshold dy, i.e.,
the VT index code performs better for higher coverages than the ES index code. Be that
as it may, the VT index code has a higher rate limit than the ES index code, which might
be responsible for the performance difference. In a final conclusion, we have picked the VT
index code for the acc-BC setup since it had the best performance for coverages ¢ = 5 until
¢ = 10 using the reliability threshold é; = 0.995.

Next, we compare the decoding strategies by plotting Ry versus coverage c in Fig-
ure 7.11(b) using data simulations on filel. This plot highlights the different effects of
the sampling KMER; channel—i.e., the full DNA storage channel—nicely. The horizontal
dash-dotted line marks the rate limit imposed by indexing and highlights the unavoidable
rate loss due to the permutation effect. The next two curves (highest to lowest) correspond
to the idealized case without strand-level noise (i.e., for which the rate loss is only due to
the permutation and sampling effects). We observe a significant sampling-related rate loss
at low coverage (caused primarily by the non-drawn strands); for increasing coverage ¢, this
loss diminishes thanks to the multi-copy gain introduced by sampling. More specifically,
the two curves show the Ry of an optimal index-based coding scheme over the sampling
channel without strand noise for two drawing distributions: one curve (black, dashed, star
markers) uses the drawing distribution based on our dataset, while the other (black, dotted,
star markers) uses a uniform distribution ﬁ with replacement, highlighting the rate loss due
to the synthesis/PCR/sequencing bias in terms of drawing distribution (see Figure 7.8 for
a drawing distribution comparison). Comparing the two noiseless benchmarks, we conclude
that without knowledge about the strand bias at the transmitter, we suffer a direct rate
loss due to the sampling bias in any setup. With strand-dependent IDS noise, we include
another benchmark for an index-based coding approach given an index genie in the decoding
process, i.e., we artificially exclude the permutation loss of the channel (red, dashed, star
markers). The rate gap to the noiseless scenario can be explained by the IDS noise and is
also due to our chosen sub-optimal coding and mismatched decoding approach, i.e., simply
multiplying the symbol APPs to combine reads in the decoding and memoryless outer de-
coding metric. This curve also functions as a true upper bound for our coding approach.
The last benchmark we present uses the VT-coded index and has a clustering genie in the
decoder, which groups reads that originate from the identical stored strands together before
making index decisions (blue, dashed, star markers). This benchmark provides insight into
the performance of our approach when leveraging the multi-copy gain, i.e., APP combining,
for the index decisions as well. During optimization, we desire to approach this benchmark
as closely as possible. In theory, we could surpass this benchmark, e.g., by trying to discard
clusters that would group to the wrong index, which is the dominant effect responsible for
the rate loss to the benchmark of the genie index decoding curve.
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7.7 Simulation Results

We can now move on to specific decoding approaches for the empirical channel (Fig-
ure 7.11(b), solid curves) instead of the benchmark genie-aided or noise-free setups covered
earlier. As discussed before, protecting the index via error-correction mechanisms produces
a performance gain (VT, blue, solid, square markers versus UC, red, solid, square mark-
ers), whereas disregarding reads with unreliable index information (here, 35% of all reads)
boosts the possible system rate even higher (blue, solid, triangle markers). Using the post-
assignment strategy of the discarded reads, i.e., assigning them to indices by comparing
payload distances (see Section 7.4.4) of discarded reads to the already-grouped clusters
based on index decisions, provides an additional performance gain (blue, solid, diamond
markers). While the fraction of discarded reads for the simple index threshold strategy is
basically constant for all coverages, after the post-assignment step, we discard only 24% of
the reads for ¢ = 1 and even only 16% for ¢ = 10. This could stem from the effect that
there are fewer empty pre-grouped clusters for higher coverages, and empty pre-grouped
clusters cannot benefit from the post-processing strategy. We have not observed valuable
performance gains for top candidate lists of size | 7| > 5 for our parameter regimes. Overall,
we find a coding/decoding system tackling and leveraging the sampling effect of the channel
for the experimental data with acc-BC, which approaches the genie clustering benchmark.
We remark that we have deliberately not discussed any clustering approaches before index
decoding since we could not find a clustering algorithm with a good complexity/performance
trade-off for our number of reads. In particular, we have not found a clustering approach of
DNA reads or APPs that did not dominate the system’s decoding complexity while provid-
ing a performance gain for our coding/decoding setup. One possible approach that could be
investigated is clustering exclusively based on the index APP distances.

For fast-BC, we observe the same effects of the channel for different coding/decoding
strategies (see Figures B.2(a) and B.2(b) in Section B.3). However, there are stronger changes
in performance measured in Ry for different setups. Moreover, there is still a bigger gap
between the benchmark of the clustering genie curve and our best setup. The best setup uses
an ES-coded index, an inner code rate of 1% an index reliability threshold of 6; = 0.975, a

110°
clustering threshold of 0c = 42.5, and |7y| = 5 during post-assignment.

7.7.4 Outage and FER Results

Figure 7.12 shows the information-outage probability ¢out versus the overall system rate
R on our four channel setups using the best respective index/inner coding and decoding
scheme as described in the previous subsections simulated on data of file3 using ~16 000
Monte-Carlo simulations. Recall that the mismatched information-outage probability gout
represents a lower bound on the FER for the whole system at the given overall system rate
R for any outer code using the decoding metric from Section 7.4.5. We included the value
Ry for each channel setup as a vertical line. We can see that for all setups, the waterfall
of the outage is very steep. We attribute this to the long blocklengths of n, = 2569 392 nt
for fast-BC and n, = 2936448 nt for acc-BC, the comparatively large numbers of blocks
M = 30588, and the fact that the sampling drawing distribution mimics very closely the
population of the drawing distribution for our choices of ¢ and fixed 8. Moreover, we infer
that using Ry as the code optimization criterion is reasonable for our parameters. For a
fixed gout, we achieve the highest possible system rate for the setup with ¢ = 8 and acc-BC,

143



7 An End-to-End Coding Scheme for DNA Storage With Nanopore-Sequenced Reads
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Figure 7.12: Information-outage probability gout and FER versus the overall system rate R
for acc-BC and fast-BC and various coverages ¢ on experimental data of file3
(M = 30588, L = 110). We apply the decoding strategy by pre-assigning reads
with the index threshold and applying post-assignment. Parameters for acc-
BC: VT-coded index, an inner code with R; = 192/110, &1 = 0.995, éc = 44,
|7| = 5, and k = 3. Parameters for fast-BC: ES-coded index, an inner code
with Ry = 168/110, 01 = 0.975, dc = 42.5, |T| = 5, and k = 3. The vertical
lines correspond to the respective Ry for the same setup. The stand-alone
markers correspond to the FER performance using an SC-LDPC code ensemble
(see Table 7.5 for parameters).

since the IDS error rates are low and the coverage is relatively high.

For the above channel setups, we also include FER results (solid shaped markers, Fig-
ure 7.12) for the protograph-based SC-LDPC code ensembles with parameters depicted in
Table 7.5. We can ensure a FER around 102 while the constructed outer codes have an
outer code rate R, of 5-10% far from the value given by the outage bound for go. ~ 1073.
(Note that in Figure 7.12, the overall system rate R is used and not the outer code rate
R,.) Formally, the results are ensemble averages of the outer code due to the random lifting
and edge weight assignment, the random interleaver, and the offset of the joint code (see
Section 7.5.2).

Finally, the stored information amount for file3 would evaluate for acc-BC with ¢ = 5 to

549.3 kByte and with ¢ = 8 to 610.5kByte, and for fast-BC with ¢ = 8 to 426.5kByte and
with ¢ = 10 to 480.5 kByte.

144



7.8 Conclusion

Table 7.5: SC-LDPC Code Parameters®

Basecalling ¢ R, [bit/nt] B; Mse  Osc Qp
acc-BC 5 1.497 (1,1,1,1) 2 288 2549
acc-BC 8 1.663 (1,1,1,1,1,1) 2 192 2549
fast-BC 8 1.327 (1,1,1) 2 227 3773
fast-BC 10 1.496 (1,1,1,1) 2 252 2549

“For all setups, sliding window decoding from front and end simultaneously with 5 BP iterations per window
position is performed. Window size is fixed to 9 spatial positions. Double the BP iterations are performed at
the front and back until the window is slid fully into the Tanner graph.

7.8 Conclusion

We proposed a competitive end-to-end coding system that can be optimized given the specific
DNA storage channel requirements. Besides code design, we presented fitting low-complexity
(only linear in the total number of reads N) decoding techniques that push the performance
of the proposed system toward its fundamental limits. Further, we have shown that using
strand-dependent error modeling in the decoder improves the performance of the system.
Finally, we have obtained an explicit construction that outperforms state-of-the-art tech-
niques in terms of read/write cost trade-off with FER of magnitude 1073, where the results
are obtained by simulations on true DNA storage data with a nanopore sequencer.

There are several future interesting research directions. To name a few, we could try to
use neural network decoders (similar as in [LCR 23] directly on the signal) or try to reduce
the model mismatch at the decoder’s side to the true DNA storage error channel by replacing
the BCJR decoder with a clever neural network architecture (similar as in [BLOST21]). A
more comprehensive future step would be to design the system for the idea of composite
DNA [AVA119] since this approach seems promising to reduce the writing cost even further
by a (possibly) slight increase of the reading cost.
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Chapter 8

Concluding Remarks

The scope of the dissertation treats problems related to DNA storage. This molecular stor-
age media promises to solve the world’s growing storage demands due to its theoretical
opportunities with respect to storage density, long-durability, and energy-efficiency during
the storage process.

We began by analyzing DNA storage’s main principles and components, highlighting
the challenges and opportunities, and reviewing the history of DNA storage experiments
with a coding-theoretic focus. After introducing essential coding theory definitions and dis-
cussing error types, the dissertation was split into two parts. In the first part, we treated
(sub)channels related to DNA storage with a special focus on insertion and deletion errors
in the adversarial setting. We analyzed and constructed block codes for the combination of
insertion/deletion and substitution errors. Afterward, we generalized the insertion/deletion
error-correction problem to the two-dimensional space, considering row and column inser-
tions and deletions in arrays. In the second part, our objective was to construct a practical
end-to-end coding system using a probabilistic decoder. We modeled the overall DNA storage
process as a sampling noisy channel, where we explicitly consider stochastic strand-dependent
noise, which is motivated by nanopore sequencing. Then, we analyzed various aspects of the
coding scheme using experimental data to deepen the understanding of the true underlying
DNA storage model and to show its excellent performance in comparison to state-of-the-art
schemes.

We remark that we discussed interesting future research directions at the conclusions of
the respective chapters.
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Appendix

A

Simplified Criss-Cross Model

A.1 Redundancy of the (1, 1)-Criss-Cross Construction

We will prove in the following the redundancy of the (1, 1)-criss-cross code C&C 1) o (a,b,c, d)
construction given in Theorem 5.3 from Section 5.5. Hence, this section will prove Corol-

lary 5.3.

Recall that Cfil) n

U(a,b)

V(c,d)

V' (e, d)
P.
Pr

The redundancy rfil)(n) of C&,l),n

A

(1>

>

(1>

L

{
|
{

X e Xy

X e xpxn

Y € 357"

X e ¥y

X e xpn

C

(a,b,c,d) is given in detail by the intersection of the following sets:

X5 # X1 JE€[M—1]

Xgn-1 = (0,0,0,0)7,

Xies1,0 = (0,1,0,1,..)7, ’

Xig,i] € VT ap(n, 2%)

Xin—t41n] 7 Xig1n—t4+1,0), @ € [n—1]

: Xjp1)0 = (0,0,0,..)7, 7

X[j;l—é—l—l,n],n—l € VTC@(” - 17 26)

Y[€+l],n = <07 17 07 17 B ')T7
Y & W € V(c,d) ’

n
ZXZ'J:ZXL]', i:£+1,...,n1},

i=2

n—1
: ij = Z Xz',ja j e [n]} .
=1

(a,b,c,d) is given by

CcC TL2 CcC
{1 (n) 2 log,(2") — log, ‘0(1,1),71(@, b, ¢, d)’
=n? —log, [U(a,b) NV (c,d) N PN Py .
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A Simplified Criss-Cross Model

Hence, we show that there exist a, b, ¢, d for which

{1 1)(n) < 2n+ 4logy(n) + 7+ 2logy(e).

C(Cf 3 A(a,b,c, d)‘ To that end we count the

number of n X n binary arrays that satisfy all the requirements imposed on the codewords
Ce C(Cf 1 (a,b,c,d).

N

We do so by computing a lower bound on log,

Since the constraints imposed on the codes U(a,b) N V'(¢,d), P., and P, are disjoint, we
have that

{1 (1) = Tu@p)vi(ed) + TP + TP,
= Ty(ab) V' (c,d) T 2n — loga(n) — 1. (A1)
The Equation (A.1) follows from the fact that the n — logy(n) — 1 bits of p. and the n bits
of p, are fixed to predetermined values (parities).

We now compute an upper bound on the redundancy of the set U(a,b) N V'(c,d).

Proposition A.1. There exists four values a*,b*,c* and d* for which the redundancy of
U(a*, b*) NV (c*,d*) is bounded from above by

n
1) + 5logy(n) + 6.

TU(a* b )V (e dx) < (21 — 2logy(n) — 3) log, (n—

Hence, by combining the results from Equation (A.1) and Proposition A.1 we obtain,

n 1) +2n +4logy(n) +5

i1 1)(n) < (2n — 2logy(n) — 3) logy (n—

< 2nlogy <nnl) +2n + 4logy(n) +5

(a)
< 2n +4logy(n) + 5 + 2logy 2e

=2n +4logy(n) + 7+ 2logy e.

In Step (a) we use the inequality 2nlog, (%) < 2logy 2e. This inequality follows from
noting that (1 — %)n is an increasing function of n that converges to % and is always greater
than or equal to 0.25 > % = 0.1852 for n > 2. The proof of Corollary 5.3 is now complete.

We continue by presenting the proof of Proposition A.1.

Proof of Proposition A.1. We start with counting the number of arrays that satisfy all the
imposed constraints except for the VT constraints in the codes U(a*,b*) and V'(c*,d*). To
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A.1 Redundancy of the (1,1)-Criss-Cross Construction

that end, we define the following three sets over X5

U = {X € Xy " Xy # Xy i1, JEM—L— 1]} ,
Xin—tr1,n) 7 Xig1,jn—t41n), (<i<n-— 1}
Xot1n =4 mod 2

X # Xjgje1, n—€<j<n

)

y, & {XGEQX":

Xin—t+1,n] 7 Xit1,jn—e+1,n) % € [€],
X[4]7n_1 = (07 07 03 O)T,
Xign = (0,1,0,1,0,1,...)7

SnE{Xenpr.

U is the set of all n x n arrays in which any two consecutive columns, from column 1 to
n — ¢, are different when restricted to the first £ entries; V| is the the set of all n x n arrays
in which the entry X, 1, is fixed to a predetermined value and any two consecutive rows,
from row £+ 1 to n — 1, are different when restricted to the last ¢ entries; and S is the set of
n X n arrays in which the ¢ x £ subarray ending at the last bit of the first row of the original
array has distinct consecutive columns, distinct consecutive rows, the last row fixed to a
predetermined value and the first 4 bits of the second to last column are also predetermined.
The set Sn is also defined to guarantee that the first column of the £ x ¢ subarray is different
from the ¢ entries of column n — ¢ and similarly to the last row.

Claim A.1. The redundancies of U| and V) are respectively given by

n
ry, = (n —logy(n) —1)log, <n—1) )

n
ry, = (n —logy(n) — 2)log, (n—l) +1.

The intuition behind Claim A.1 is that the first log,(n) bits of any two consecutive columns
of U (last logy(n) bits of any two consecutive rows of V) must be different.

Claim A.2. The redundancy of Sn is upper bounded by
rSA < 10g2 (n) +9.

The intuition behind Claim A.2 is that with at most one bit of redundancy we can guaran-
tee that every two consecutive rows and every to consecutive columns of the logy(n) x logs(n)
square are different. The remaining log,(n) + 4 bits are due to the use of the alternating
sequence and fixing four bits of the second to last column of the square. The proofs of
Claims A.1 and A.2 will be given after the end of this proof.

The remaining part of the proof is to count the number of arrays that satisfy the above
requirements and have U € VT, 3(n,n) and V € VT q(n—1,n). The VT constraints parti-
tion the set U, NV NSH into (n3)(n — 1) disjoint cosets. Therefore, there exist a*, d*, ¢*, d*
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for which

‘Z/IJ_ Ny, ﬂSﬁ‘
1)

In other words, the redundancy ry(q* p+)nv(c*,a+) 18 bounded from above by

[U(a”, b%) V(" d¥)| =

(e by (e ) S Tusavnsy + 1ogs (%) (n = 1)) .

Since all the constraints in U, V|, Sy are disjoint by construction, we can rewrite the
previous equation as

TU(ar b))V (c,d*) < Tuy + Ty, + 75, +1ogy (n3(n — 1))

< 7Ty, +TV¢ +T8m +410g2(n)

(b)
< (2n — 2logy(n) — 3) log,y (nT—L1> + 5logy(n) + 6.

In Step (b) we substituted the results from Claims A.1 and A.2. O

It remains to show the proofs of Claims A.1 and A.2.

Proof of Claim A.1. Remember that we have defined ¢ = logy(n). We first show that the
redundancy of U is given by

ru, = (n—logy(n) — 1)log, <n1j 1) '

Recall that U/, is defined as the set of all n x n arrays in which any two consecutive columns,
from column 1 to n — ¢, are different when restricted to the first £ entries, i.e.,

U 2 {X e ™ : Xy, # Xig e, GE€MR—-C-1]}.

We count the number of arrays that satisfy those constraints. The first £ entries of the first
column can take 2¢ different values. For every other column from 2 to n — ¢, the first ¢
entries can take 2¢ — 1 different values because they have to be different from the entries of
the column before. All other entries have no constraints and can take 27° =49 values. We
can then write,

‘Z/{J_’ — 2[(2@ _ 1)77,7@7127127@(77,7@)
— 2n227(nfﬁfl)€(2€ . 1)n7€71

— 2n2(1 _ 276)117(71 ]
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A.1 Redundancy of the (1,1)-Criss-Cross Construction

Thus, the redundancy can be computed as

Ty, = n?— log, U/ |
1
= —(n — logy(n) — 1) log, (1 - n)
— (n~ logy(m) ~ Dlogs (") .

n—1

To complete the proof we need to show that

n
ry, = (n —logy(n) — 2)log, <n—1) +1.

Recall that V| is defined as the set of all n x n arrays in which the entry X, ,, is fixed to
a predetermined value and any two consecutive rows from row £ + 1 to n — 1 are different
when restricted to the last ¢ entries, i.e.,

v, A {X e spxn Xin—t41,n 7 Xitt,n—t41,n), <i<n-— 1} .

Xit1n =4 mod 2

We count the number of arrays that satisfy those constraints. The last £ entries of row ¢+ 1
can take 2~ different values, because X¢+1,n is predetermined. For every other row from
¢+ 2 to n — 1, the last ¢ entries can take 2¢ — 1 different values because they have to be
different from the entries of the row before. All other bits have no constraints and can take
on*—l(n—t=1) yalues. We can then write,

|VJ_| — 2@—1(2@ _ 1)71—(—22712—6(11—6—1)
— 2n227(n7672)f(2€ _ 1)77,7372271

— 2n2(1 - 272)717272271 .
The redundancy can then be computed as
ry, =n? —logy |V, |

1

= —(n —logy(n) — 2)log,y (1 - ) +1
n

n
=(n-—1 —2)1 — 1.
(n~logs(n) ~ 2)log, (" ) +
O
Next we prove Claim A.2, i.e. we show that the redundancy of Sn is upper bounded by
rs, < logy(n) + 5.

Proof of Claim A.2. Recall that S is defined as the set of n x n arrays in which the £ x /¢
subarray ending at the last bit of the first row of the original array has distinct consecutive
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columns, distinct consecutive rows, the last row fixed to a predetermined value and the first
4 bits of the second to last column are also predetermined. S also guarantees that the first
column of the £ x ¢ subarray is different from the ¢ entries of column n — ¢ and similarly to
the last row., i.e.,

X, 7 X j+1, n—£<j<n,
. X"’["*Hl,n} # Xi+1,[nf€+1,n],i € [,
X1 = (0,0,0,0)7,

X = (0,1,0,1,0,1,...)7

Let S be the set of arrays that have different consecutive columns and different consecutive
rows. Sp is the intersection between S, and the set of all arrays that have the first £ entries
of the last column for an alternating sequence and the first four entries of the second to last
columns fixed to 0. We shall prove in the sequel that |S.,| > 2¢°~1. Once we have this
bound, we can write ,
S 2¢
512 35>
The first inequality follows from the fact that fixing the last column to a predetermined value
reduces the number of arrays in S by at most 2¢ arrays and fixing 4 bits of the second to
last column reduces the number of arrays by at most 2%. Therefore, using Equation (A.2)
we have

(A.2)

rs, =2 —|Sn| < £+ 5 < logy(n) + 5.

The remainder of the proof is to show that |S.,| > 20°~1 We start by showing that the
number of £ x £ arrays is lower bounded by 2°=1 This means that with one bit of redundancy
we can guarantee the constraints on the rows and columns.

To that end, we count the number of arrays that have at least two identical consecutive
columns. Let jand j+ 1,7 =n—4¥,...,n— 1, be the indices of two identical consecutive
columns. Column j can take 2¢ — 1 possible values and column j + 1 can only take one
value. Not imposing any constraints on the other (¢ — 2) columns, each column can have 2
values and we have (¢ — 1) possible values for j. Therefore, the number of arrays having at
least two identical consecutive columns is (£ —1)(2¢ —1)(2¢)¢~2. Following the same counting
argument, the number of £ x ¢ arrays that have at least two identical consecutive rows is
(€ —1)2¢(252.

The number of arrays in S, is lower bounded by the total number of £ x ¢ arrays minus
the number of arrays that have at least two identical consecutive columns and minus the
number of arrays that have at least two identical consecutive rows. Thus, we can write

|Ser| > 20 — 200 — 1)(2¢ — 1)(24)¢2

()
> 20 _2(0 — 1)2¢(20)t2

(i) 9f?-1,
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A.1 Redundancy of the (1,1)-Criss-Cross Construction

The inequality in Step (c) follows from
200 — 1)(2° — 1)(2972 < 2(0 — 1)25(25"2,
which is true because 2¢ — 1 < 2¢. The inequality in Step (d) follows from

200—-1)27 <

N

which is equivalent to 4(¢ — 1) < 2¢ and is true for all £ > 3. ]
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Appendix B

Supplementary Information for the
End-To-End Coding Scheme

In this appendix chapter, we provide supplementary information about optimized hyperpa-
rameters and further numerical results for the end-to-end coding scheme discussed in Chap-
ter 7. First, in Section B.1, we provide the scaling parameters s(T') for the mutli-trace
combining discussed in Section 7.4. Then, we present numerical results for uncoded traces
on the extended trace reconstruction channel evaluated on experimental data in Section B.2.

B.1 Scaling Parameter s(7")

We obtain the hyperparameters s(7') by maximizing the BCJR-once rate on the extended
trace reconstruction channel (see Section 7.2.3) using experimental data as discussed in Sec-
tion 7.6.2. We obtain the values depicted in Table B.1.

Table B.1: Scaling parameter s(7") for acc-BC with R; = 216/110 and fast-BC with R; =
200/110 when combining T traces. Intermediate (non-depicted) values of s(T") are
obtained via interpolation.

T 1 2 4 6 8 10 15 20 30 50

s(T) for acc-BC  1.00 0.90 0.75 0.65 0.57 0.52 0.42 0.35 0.26 0.18
s(T) for fast-BC 1.01 0.88 0.69 0.57 0.49 0.43 0.33 0.27 0.20 0.13

B.2 Numerical Results for Uncoded Traces Given a Non-1.1.D.
Decoder

We analyze our KMER;, decoding model by evaluting it on the extended trace reconstruction

model (see Section 7.2.3) using experimental data. In particular, we conisder uncoded traces

(R; = 1) in Figure B.1 and plot the BCJR-once rates Ry;ace versus number of traces T'. We see
that introducing the scaling parameters s(7") significantly improves the performance, already
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Figure B.1: BCJR-once rates Rirace versus number of traces T° with for the extended trace
reconstruction channel with uncoded strands obtained on data of file3.

in the decoding with the i.i.d. model in the decoder (see Section 6.2.2). However, with the
KMER; model, we are able to improve Ri;ace even further, reducing the model mismatch to
the unknown underlying data model. Note that we provide a detailed discussion about all
effects in Section 7.7.2 with coded input data.

B.3 MIR Results on the Sampling Model on Experimental Data
Obtained by Fast Basecalling

In Figure B.2, we compare different choices of inner code and decoding strategies by analyzing
MIRs Rypp versus coverage ¢ on the sampling channel using experimental data obtained via
fast-BC. We deduce that in presence of higher error rates, the Ry is lower than for acc-
BC for all coverages. It seems crucial to use a coded index as can be seen by the curves
with the uncoded index (UC), especially for low coverages. The best choice of the inner
code is the index code obtained by exhaustive-search (ES) (see Table 7.4). For a detailed
discussion on the effects due to the sampling nature of DNA storage, we refer to the discussion
in Section 7.7.3 for acc-BC.
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(a) We compare different index codes plus the index thresholding strategy. The horizontal dash-
dotted lines represent the rate limit imposed by the combined respective index code rates and
inner code rates (line colors match the index codes indicated in the legend). We use ten redun-
dancy symbols for the data part coding.
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(b) We compare different decoding strategies and provide genie-based benchmarks for different sce-
narios. For the index reliability threshold, we use &1 = 0.975, and for post-assignment, we use

0c = 42.5 and |T| = 5. For clarity, the horizontal black dash-dotted line represents the rate
limit (2 — ) imposed by the index for error-free sampling channel transmission.

Figure B.2: MIRs Ry versus coverage c for the sampling channel on experimental data of
filel (M = 30589, L = 110) for fast-BC using k£ = 1 in the single-strand
decoder.
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Nomenclature and Abbreviations

Basic Sets

Z Set of all integers

N, Ny Set of all positive integers, with Ny including zero

R,R* Set of all real numbers, with RT for positive real numbers
g Alphabet of size ¢ with letters ¥, = {0,1,...,¢ — 1}

A C,GT DNA nucleotides: Adenine (A), Cytosine (C), Guanine (G), Thymine (T)
YDNA DNA alphabet with ¥pxa = {A,C,G, T}

F, Finite field of size ¢

[a, b] Set of integers {i | a <i < b}

6] Set of integers {i | 1 <i < b}

A Generic set

| A Cardinality of a set A

Vectors and Arrays

X Vectors

T; i element of a vector x

(x| y) Concatenation of vector x and y

A Matrix/Array

A, Element in i*" row and j*® column of A

AT Transpose of an array

det(A) Determinant of A

Xy Set of vectors of length n with elements in ¥,
35 Set of vectors of arbitrary length in 3,

Fy Vector space over I, of length n

DM iielh Set of arrays with elements of ¥, with dimension n x n.
g Matrix space over F, of dimension n x n

du (x,y) Hamming distance
dL (x,y) Levenshtein distance
de (x,y) Edit distance
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Nomenclature and Abbreviations

VTa,b(”v Q)

Code over some space

Code of length n and dimension k over the alphabet ¢
redundancy of a code

rate of a code

Non-binary Varshamov-Tenengolts codes (binary: V7T ,(n))

Random processes

Abbreviations

DNA
RV
insdel
edit
VT
APP
ML
MAP
s-MAP
MIR
IDS

nt

iid.
PCR
FER
HMM
AIR
LDPC
SC-LDPC
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Random variable/vector

Probability mass function of discrete random variable X
Probability of the event z, i.e, short for P (X = x)
Expectation of function f(X) with respect to P (X)
Variance of function f(X) with respect to P (X)

Entropy of random variable X

Mutual information of random variables X,Y

Uniform distribution over the set ¥, with probability 1/|s|

deoxyribonucleic acid

random variable/vector

insertion and/or deletion

insertion, deletion, or substitution
Varshamov-Tenengolts

a posteriori probability

maximum likelihood

maximum a posteriori

symbolwise maximum a posteriori
mutual information rate
insertion/deletion/substitution
nucleotide

independent and identically distributed
polymerase chain reaction
frame-error-rate

hidden Markov model

achievable information rate

low-density parity-check code
spatially-coupled low-density parity-check code
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