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Abstract

Transmittercooperatiorenabledby dedicatedinks with finite capacitiesallows for a
partial messagexchangebetweenencoders. After cooperationgachencodewill know
a commonmessageartially describingthe two original messagesandits own private
messagecontainingthe information that the encoderswere not able to exchange. We
considetheinterferencehannelwith bothprivateandcommonmessageattheencoders.
A privatemessagasentatanencodeiis intendedor a correspondinglecodemwhereaghe
commonmessageés to be receved at both decoders.We derive conditionsunderwhich
the capacityregion of this channelcoincideswith the capacityregion of the channelin
which both private messagesre requiredat both recevers. We shav that the obtained
conditionsandthe stronginterferenceconditionsdeterminedoy Costaand EI Gamalfor
the interferencechannelwith independeninessagesre satisfiedby the sameclassof
interferencechannels.

1 Introduction

A problemin which encodergartially cooperatan a discretememorylesshannelwas pro-
posedby Willems for amultiple accesshanne(MAC) [1]. To modelthetransmittercoopera-
tion, two communicatiorinks with finite capacitiesareintroducedbetweerthetwo encoders.
Theamountof informationexchangedetweerthetwo transmitterss boundedoy the capaci-
tiesof thecommunicatiorinks. Theproposedliscretechanneimodelenablesnvestigatiorof
transmittercooperatiorgains.For a Gaussiametwork with two transmittersandtwo recevers,
improvementsin the achievable ratesdue to node cooperatiorwere demonstratedn [2—6].
In [2], thetransmitterdully cooperatdy exchangingtheirintendedmessageandthenjointly
encodethem using dirty papercoding. More involved cooperationschemesvere analyzed
in [3-5].

In the discretememorylessVIAC with partially cooperatingencoderg1], the outcomeof
the cooperatioris referredto asa confeence Willems determinedhe capacityregion of this
channeland thus specifiedthe optimum conference. His resultwas recently extendedto a
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Figurel: Interferencechannelwith commoninformation.

compoundVAC in which two decodersish to decodemessagesentfrom the encoderg7].
The sameform of conferencesin [1] wasshavn to remainoptimal.

Whencooperatingover thelinks with finite capacitiesencoder®btainpartialinformation
abouteachother’s messagesThis informationis referredto asthe commonmessageasit is
known to bothencodersaftertheconferenceln addition,eachencodemill still haveindepen-
dentinformationreferredto asthe private messageasthis messageemainsunknavn to the
otherencoderBoth commonandprivatemessagearedecodedat a singledecodelin the case
of the MAC [1], or atbothreceversin the caseof acompoundvAC [7].

In this paper we considerthe communicatiorsituationin which two encodersachhave
a privatemessage&nda commonmessagéhey wish to send. Eachdecodett is interestedn
only oneprivatemessageaentat the correspondingncodetrt. Both decodersvish to decode
thecommonmessageWe referto this channelasan interferencechannelwith commoninfor-
mation denoted X; x Xa, p(y1, y2|71, 22), V1 X V2). Thecommunicatiorsystemis shavnin
Figurel. Without commoninformation,this channereducego theinterferencechannel8, 9]
for which the capacityregionis known in the caseof stronginterference[10] satisfying

I(X1;Y1|X,) < I(Xq;Y2|Xo) (1)

I(X5; Yo | Xy ) < I(Xy; Y| Xq) (2
for all productdistributionsontheinputs X; andX,. Thecapacityregionin thiscasecoincides
with the capacityregion of the two-sendertwo-recever channelin which both messageare
decodedatbothrecevers,asdeterminedy Ahlswede[11].

In this paper we determinethe capacityregion of interferencechannelswith a common
messagé

I(Xla }/1|X2a U)
I(XQa YvQ‘Xla U)

< I(Xy1; Yol X5, U) 3)
< I(Xy; V1] X4, U) (4)

for all joint distributionsp(u, 1, 22, Y1, y2) thatfactorasp(u)p(z:|u)p(z2|w)p(y1, y2|21, 22).
We furthershaw thatthis classof interferencechannelss sameasthosedeterminedy (1) and
(2) with independenfX; and Xs.

2 Channd Model and Statement of Result

The channelconsistsof finite sets X, X5, V1, ), and a conditional probability distribution
p(y1,y2|21,22). Symbols(zq,22) € Xy x X, arechannelinputsand (y1,y2) € Vi X Vs



are the correspondinghanneloutputs. Eachencodert, ¢ = 1,2, wishesto senda private

messagél; € {1,..., M;} to decodett in N channeluses.In addition,a commonmessage
Wy € {1,..., My} needso be communicatedrom the encodergo both decodersasshavn

in Figurel. Thechanneis memorylesandtime-invariantin the sensehat

ml,na $2,n) (5)

wherex = [zy1, ..., ,] andwherepy,y, x, x,(-) is thechanneprobability distribution.
We areherefollowing the conventionof droppingsubscriptof probability distributionsif the
argumentsof the distributionsarelower caseversionsof the correspondingandomvariables.
To simplify notation,we dropthesuperscriptvhenn = N.

IndexesW,, W1 andW, areindependentlhgeneratedt the beginningof eachblock of N
channeluses.An encodert, t = 1,2 mapsthe commonmessagéV, andthe privatemessage
W, into acodevord x;

n n n—1 n—1\ __
p(yl,na Yonl|X1,X9,¥1 »Y2 ) = PviYs|X1Xo (yl,na Y2,n

X = fl(WO; Wl) (6)
X2 = f2(W0, Wz)- (7)

Eachdecoder estimategshe commonmessagéV, andthe privatemessagéV; basedon the
receved N-sequence

(Woa YVO = g1(Y1) (8)
(W07 WZ) = gz(Yz)- 9)

An (M,, My, M,, N, P,) codefor the channelconsistsof two encodingfunctions fi, fs, two
decodingfunctionsg, g» anda maximumerror probability

Pe £ maX{Pe,lv Pe,Z} (10)

where

1
Pe,t = Z mp [gt(Yt) 7é (w(), wt)|(w0, W, ’11)2) Sent, t= 1, 2. (11)
(wo,w1,w2)
A ratetriple (Ry, Ry, R,) is achievableif, for ary € > 0, thereis an(M,, My, M5, N, P.) code
suchthat
P, <eandM; > 2R =0,1,2.

The capacityregion of theinterferencechannelwith commorinformationis the closureof the
setof all achievableratetriplets (R, R1, Ry).

The next theoremis the mainresultof this paper It givesconditionsunderwhich the ca-
pacityregion coincideswith the capacityregion of thechannein which bothprivatemessages
arerequiredatbothrecevers.

Theorem 1 For an interferencechannel (X; x Xy, p(y1, yo|z1,22), Y1 X Vo) With common
informationsatisfying
I(X1; V1] X5, U) < I(X1;Y5] X, U) (12)

I(Xy; Y| X1, U) < I(Xo; 1| X1, U) (13)
for all joint distributionsp(u, 1, 22, y1, y») thatfactoras

p(u)p(z1|u)p(@2|uw)p(y1, Yo| 71, T2) (14)



the capacityregionC is givenby

C = J{(Ro, By, Ry) :

0 <Ry <I(Xy;Y1|Xo,U) (15)
0 < Ry < I(Xy;Yo|Xy,U) (16)
Ry + Ry < min{I (X1, Xo; Y1|U), 1(X1, Xo; Yo|U)} (17)
0 < Ry + Ri + Ry <min{I(X1, Xo; Y1), (X1, Xp; Y2)} (18)

whetee theunionis overall joint distributionsthat factorasin (14).

Whenthe constraintg12) and(13) aresatisfiedwe referto the considered¢hannelsa strong
interferencechannelwith commorinformation

3 TheMAC With Common Information and Achievability

The interferencechannelwith commoninformationis closely relatedto a discretechannel
modelin which privateandcommonmessagearetransmittedo a singlerecever, referredto
asthe MAC with commoninformation[12]. The capacityregion of this channelCy; 4¢, was
shavnin [12] and[13] to be

Crvac = U{(Ro, Ry, Ry)
0< Ry <I(Xy;Y[X,,U)
0 < Ry < I(Xy;Y[Xy,U)
Ri+ Ry < I(X1, X5, Y|U)
0< Ro+ Ry + Ry < I(X1, X Y)} (19)

wheretheunionis overall p(u, 21, x4, y) thatfactorasp(u)p(x: |u)p(z2|u)p(y|x1, 22). (IN [13]
the cornvex hull operationusedin [12] wasshavn to beunnecessary).

In this paperwe analyzea channelmodelwith two recevers. Wheneachrecever wishes
to decodeboth private messageandthe commonmessagethe considerecchannelbecomes
a compoundVIAC with commoninformation. This channeldefinestwo MAC channelswith
commoninformation(X; x Xa, p(y:|x1,x2), Y:), onefor eachrecevert where

p(yi|z1,22) = Z (Y1, y2|T1, T2) (20)
Y2€Y>
and
p(y2|21,72) = Z p(Y1, Y2|T1, 2). (21)
Yy1€V1

As describedin [7, SectionlV], the encodingand decodingstratey proposedoy Willems
in [13] canbe adoptedfor the compoundMAC with commoninformationto guaranteghe
achievability of rates

Ccemac = U {Rmac1 N Rmacz} (22)
whereRuact, t = 1, 2 satisfiesghe bounds(19) with Y replacedby Y;, andthe unionis over

all p(u)p(z1|uw)p(z2|u)p(y1, y2|z1, z2). We remarkthatunderthe conditions(12) and(13), the
regions(18) and(22) arethesame.



Considemext the stronginterferencechannelwith commoninformation. The achievabil-
ity of theratesof Theoreml in the casein which both messagearerequiredattherecevers
guaranteeshat theseratesare alsoachieved whena wealer constraintof decodingof a sin-
gle messagas imposedat the recevers. Hencethe proof of achievability in Theoreml is
immediate We next prove thecorverse.

4 Converse

Considera code(My, M;, M,, N, P,) for theinterferencechannelwith commoninformation.
Applying Fanosinequalityresultsin

H(Wy, W1|Y1) < Poylog(MoM; — 1) + h(Pa) = Ny n (23)

H(Wo, Wa|Y3) < Polog(MyMy — 1) 4+ h(Pa) & Néoy. (24)
whereé, y — 0 asP,; — 0 (or asP, — 0). It follows that

HWo, Wi|Y1) = HWy|Y1) + HW1|Y 1, Wy) < Néyn (25)

H Wy, Wa|Y2) = HWy|Y2) + H(W3| Yo, Wy) < Nip . (26)

Sinceconditioningcannotincreaseentropy, from (26) it follows that
H(W,| Yo, Wy, W) < H(W,| Yo, Ws) < Négn. (27)

To prove the corverse,we will usethe dataprocessingnequality for the following Markov
chains:

Lemmal The following form Markov chains for the interferencechannelwith a common
messge:

Wi — (X4, Wy, Wa) = Y, (28)
Wy — (X, Wy, W1) — Yy (29)
(Wo, W) — (X4, Wo) = Y, (30)
fort =1,2.
Proof:

Theresultfollows easilyby the problemdefinitionandis omitted.O
We will needthedataprocessingnequalityin thefollowing form:

Lemma2 For aMarkovchainW — (U, X) - Y
IW;Y|U) < I(X;Y|U). (31)

Proof:
We have

H(Y|U,X) =9 HY|W,U,X)

<O B, 0) (32

where(a) holdsbecausef the Markov propertyand (b) sinceconditioningcannotincrease
entrofy. Subtractingoothsidesfrom H (Y'|U) givesthedesiredresult. O



Applying Lemmaz2 to the Markov Chains(29)- (30) andusing(30) yields,

I(Wa; Yo [Wo, Wh) < I(Xo; Yo| Wy, W) (33)
IWs Y ((Wo) < I(Xy; Y (W) (34)
I(Wy, W13 Y,) < I(Wo,Xy;Y,). (35)

We first considerthe bound(18) atthedecoder. We have
N(Ro+R:1 + Ry)
= H(W,) + HW,) + H(W,)
=) H(Wy, Wy) + H(W,|[Wy, W)
= I(Wo, Wi; Y1) 4+ T(Wa; Yo |[Wo, Wy) + H(Wo, W1 | Y1) + H(W, Yo, Wo, Wi)
<O T(Wy, X103 Y1) + I(Xa; Yo |Wo, Wh) + H(Wy, Wi| Y1) + H(Wy|Ya, Wy, Wh)
< I(Wy, X1; Y1) + 1(Xo; Yo|Wo, W1) + N6y x + Nbon
= T(Wy, X1; Y1) + T(Xo; Yo|Wo, Wy, Xy (W, W1)) + N6y + Nby
=) T(Wo, X1; Y1) + I(Xy; Yo |[Wo, Xy) + N6y v + Noy n
(36)

where(a) followsfrom theindependencef Wy, Wy, Ws; (b) from (33) and(35); (¢) from (25)
and(27); (d) and(e) from (6). If
I(Xz;Yz‘Wo,Xl) S I(XQ;Y1|W0,X1) (37)
thenit follows from (36) that
N(Ro+ Ry + Ry) < I(Wy,X1; Y1) + I(Xy; Y| Xy, Wy) + Néyny + Ndon
](W(), Xl, XQ; Yl) + N(SI,N + N(SQ,N
I(

X1,X2; Y1)+ Noyny + Noon (38)
N

IN

ZI(Xln, Xon; Y1n) + Noy,n + Nbg N

1

Applying Willems’ notation[13, Section3]

U, =W, n=1,...,N (39)
to condition(37) yields
I(X2; Y5 |Xy, U) < I(Xy;Y4[X4, U) (40)
Furthermorethecondition
I(X2; Y| X1,U) < I(Xo; V1| X4, U) (41)

implies(37) and(40) dueto afollowing theorem.

Theorem 2 If
I(X;11]X,,U) < I(X1;Y3| X5, U) (42)

for all probability distributionsonf x X; x X, sud thatp(u, x1, x2) = p(u)p(z1|u)p(xe|u),
thenfor the stronginterferencechannelwith a commormessge we have

I(X1;Y1|X,, U) < I(Xy;Y32[X5, U). (43)



EqUI\/alently, I(XQ, YvQ|X1, U) < I(XQ, }/1|X1, U) |mp||eS[(X2, Y2|X1, U) < I(XQ, Y1|X1, U)
The proof of Theorem2 relieson theresultin [14, Propositionl] andfollows the sameap-
proachasLemmain [10].

To prove thatthebound(17) atthedecoden is valid, we consider

N(R:1+Ry)

= H(W,) + H(W,)

=(0) H(W1|[Wy) + H(Wo|Wy, Wh)

= I(W1; Y1 [Wo) + IT(Wa; Yo Wo, W1) + HW1|Y 1, Wo) + H(Ws|Yo, Wy, W)

<O I(X ;Y1 W) + 1(Xag; Yo|Wo, Wh) + H(W1 Y1, Wo) + H(Wa| Yo, Wo, W)

<O I(X ;Y1 W) + I(Xg; Yo Wo, W1) + N6,y + Ny

=@ I(Xl; Y1 [Wo) + I(Xo; Yo Wy, Wy, Xy (W, W1)) 4+ Ny y + Nbo i
) I(Xy; Y1 |U) + I(Xy; Y3 Xy, U) + Noy v + Noo .
(44)
whereagain(a) follows from the independencef Wy, Wy, Wsy; (b) from (33) and (34); (c)
from (25)and(27); (d) from (6); (e) from (6) and(39). Again, if (37) holds,then(44) becomes
Ry + Ry < I(X1;Y1|U) 4+ I(Xy; Y1 |Xy, U) + Ny v + Nooy

=1(X1,X2; Y, |U) + Néy vy + Nog
(45)

N
Z (Xin, Xon; Yin|Up) + Néi v + Nba n.

The sameapproactcan be usedto shaw thatthe bounds(17) and(18) aresatisfiedat decoder
2 undera conditionequialentto (40)

I(X1;Y1]X;, U) < I(X4;Y,[X,, U) (46)
which, dueto Theorem2, reducego
I(X1;Y1|Xo,U) < I(X1;Ys|Xo,U). (47)

Finally, the bounds(15) and (16) arethe single userupperboundsand hencehave to be
satisfied.O

Next Lemmashows thatthe obtainedconditions(41) and(47) areidenticalto the strong
interferenceconditions(1) and(2).

Corollary 1 Thestronginterferenceconditions(41) and(47) andthestronginterferencecon-
ditions (1) and (2) in theinterferencechannelwith independenimessgesare satisfiedby the
sameclassof interferencechannels.

Proof.

We usethe following resultfrom [10, Lemma]: If 1(X3;Y;]Xs) < I(Xy;Ys|X,) for all
productprobability distributionson X; x Xs, thenI(X;;Y1|Xs, U) < I(Xy; Y| Xs, U) where
U— (X1,X5) = (Y1,Y3) andX; — U — X,. Fromthisresultit follows directly thatthe
stronginterferenceconditions(1) and(2) imply the conditionsin theinterferencechannelwith
commoninformation(41) and(47).

To prove that the other directionis alsotrue, we obsenre that sincethe conditions(41)
and(47) aresatisfiedfor all input distributionsof the form (14), the conditions(41) and(47)
musthold alsowhenU is independenof inputs X, X,. Therefore,the stronginterference
conditionsmusthold, becausédor suchinputdistribution p(u, z1, z2), conditions(41) and(47)
reduceto the stronginterferenceconditions(1)-(2). O



5 Gaussian Channel
We next considerthe Gaussiannterferencechannein the standardorm [9, 15]

Y1i = Z1i + hiao; + 21 (48)
Yoi = ho1Z1; + To; + 29 (49)

wherethe Z; areindependentzero-meanynit-varianceGaussiamandomvariables.The code
definitionis the sameasthatgivenin Section2 with the additionof the power constraints

N

1

sz;gpt, t=1,2. (50)
=1

From the maximum-entrop theorem[16, Thm. 9.6.5] it follows that Gaussiannputs are
optimal. We have thefollowing result.

Corollary 2 Whenthe strong interferenceconditionsh?, > 1, h3, > 1 are satisfied,the
capacityregion of the Gaussiarstronginterferencechannelwith commorinformationis given
by

R=|J{(R1,Ry):
0< R, <C(aP) (51)
0< Ry <C (bP) (52)

0 < Ro+ Ry + By <minC (B3P + 5Py + 2hjnhjp JaPOB;)}  (54)
J

whee the unionis overall a,b, for0 < ¢ < 1,0<b< 1,ad=1—-a,b=1-b, and

6 Discussion

Communicatiorsystemswith encodershathave to sendbothprivateandcommoninformation
naturallyarisein thecasewhenencoderganpartially cooperatasin [1,7]. After suchcooper
ation,thecommoninformationconsistf two indexeseachpartially describingoneof thetwo
original messagesThe assumptiorof our modelthatthe entirecommonmessagés decoded
simplifiesthe problem.However, areceverinterestedn a messagéom only oneencoderas
isthecasen theinterferencehannelwill beinterestedn only apart of thecommonmessage.
Understandinguchcommunicatiorproblemsappearso be muchmorechallengingandis the
subjectof our futurework.
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