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Abstract

Transmittercooperationenabledby dedicatedlinks with finite capacitiesallows for a
partialmessageexchangebetweenencoders.After cooperation,eachencoderwill know
a commonmessagepartially describingthe two original messages,and its own private
messagecontainingthe information that the encoderswere not able to exchange. We
considertheinterferencechannelwith bothprivateandcommonmessagesattheencoders.
A privatemessagesentatanencoderis intendedfor acorrespondingdecoderwhereasthe
commonmessageis to be received at both decoders.We derive conditionsunderwhich
the capacityregion of this channelcoincideswith the capacityregion of the channelin
which both privatemessagesare requiredat both receivers. We show that the obtained
conditionsandthestronginterferenceconditionsdeterminedby CostaandEl Gamalfor
the interferencechannelwith independentmessagesare satisfiedby the sameclassof
interferencechannels.

1 Introduction

A problemin which encoderspartially cooperatein a discretememorylesschannelwaspro-
posedby Willems for amultipleaccesschannel(MAC) [1]. To modelthetransmittercoopera-
tion, two communicationlinks with finite capacitiesareintroducedbetweenthetwo encoders.
Theamountof informationexchangedbetweenthetwo transmittersis boundedby thecapaci-
tiesof thecommunicationlinks. Theproposeddiscretechannelmodelenablesinvestigationof
transmittercooperationgains.For aGaussiannetwork with two transmittersandtwo receivers,
improvementsin the achievable ratesdue to nodecooperationwere demonstratedin [2–6].
In [2], thetransmittersfully cooperateby exchangingtheir intendedmessagesandthenjointly
encodethem using dirty papercoding. More involved cooperationschemeswere analyzed
in [3–5].

In thediscretememorylessMAC with partially cooperatingencoders[1], theoutcomeof
thecooperationis referredto asa conference. Willems determinedthecapacityregion of this
channeland thus specifiedthe optimum conference.His result was recentlyextendedto a
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Figure1: Interferencechannelwith commoninformation.

compoundMAC in which two decoderswish to decodemessagessentfrom theencoders[7].
Thesameform of conferenceasin [1] wasshown to remainoptimal.

Whencooperatingover thelinks with finite capacities,encodersobtainpartial information
abouteachother’s messages.This informationis referredto asthecommonmessageasit is
known to bothencodersaftertheconference.In addition,eachencoderwill still have indepen-
dentinformationreferredto astheprivatemessage,asthis messageremainsunknown to the
otherencoder. Both commonandprivatemessagesaredecodedat a singledecoderin thecase
of theMAC [1], or at bothreceiversin thecaseof acompoundMAC [7].

In this paper, we considerthe communicationsituationin which two encoderseachhave
a privatemessageanda commonmessagethey wish to send.Eachdecoder

�
is interestedin

only oneprivatemessagesentat thecorrespondingencoder
�
. Both decoderswish to decode

thecommonmessage.Wereferto this channelasan interferencechannelwith commoninfor-
mation, denoted���������
	���
�����������	�� ��������	�������� �!�"	�� . Thecommunicationsystemis shown in
Figure1. Without commoninformation,this channelreducesto theinterferencechannel[8,9]
for which thecapacityregion is known in thecaseof stronginterference[10] satisfying# �%$&��'�()�*� $+	�� , # �%$&��'�(�	-� $+	�� (1)# �%$+	�'�(.	�� $&�/� , # �%$+	*'�(���� $&�/� (2)

for all productdistributionsontheinputs $&� and $+	 . Thecapacityregionin thiscasecoincides
with thecapacityregion of the two-sender, two-receiver channelin which both messagesare
decodedat bothreceivers,asdeterminedby Ahlswede[11].

In this paper, we determinethe capacityregion of interferencechannelswith a common
messageif # �%$&��'�(��*� $0	1�324��, # �5$6��'�(.	7� $+	��324� (3)# �%$+	�'�(�	�� $6���324��, # �5$0	*'�()�1� $&���324� (4)

for all joint distributions 
8�%9�����������	����������-	�� that factoras 
8�%9:�5
8�%����� 9;�%
8�5��	�� 9;�5
8���<�����-	�� ��������	�� .
Wefurthershow thatthisclassof interferencechannelsis sameasthosedeterminedby (1) and
(2) with independent$&� and $+	 .
2 Channel Model and Statement of Result

The channelconsistsof finite sets �������
	*���������"	 and a conditionalprobability distribution
8�%�������-	�� ��������	�� . Symbols �%�����/��	��>=?���@�A�
	 are channelinputs and �%�������-	��>=B���@�C�"	



are the correspondingchanneloutputs. Eachencoder
�
,
�ED F ��G , wishesto senda private

messageHJI�=LK F ��M�M�M���NOIQP to decoder
�

in R channeluses.In addition,a commonmessageHJST=LK F �1M�M�M1��NUS1P needsto becommunicatedfrom theencodersto bothdecoders,asshown
in Figure1. Thechannelis memorylessandtime-invariantin thesensethat


8���<�QV W�����	�V W�� X W � ��X W 	 ��Y W7Z[�� ��Y W-Z[�	 � D 
[\�]%\�^�_ `a]5`�^*���<�QV W�����	�V W�� ���QV Wb����	�V Wc� (5)

whereX WI Ded �[IfVg���hM�M1M1�i�[IfV W-j andwhere
k\ ] \ ^ _ ` ] ` ^ �mln� is thechannelprobabilitydistribution.
We areherefollowing theconventionof droppingsubscriptsof probabilitydistributionsif the
argumentsof thedistributionsarelower caseversionsof thecorrespondingrandomvariables.
To simplify notation,wedropthesuperscriptwhen o D R .

Indexes H�S , H>� and HJ	 areindependentlygeneratedat thebeginningof eachblock of R
channeluses.An encoder

� � �pDqF ��G mapsthecommonmessageHJS andtheprivatemessageH!I into acodeword X�I
Xr� Dts �1��H�S1��Hu��� (6)X�	 Dts 	7��HJS���HJ	���M (7)

Eachdecoder
�

estimatesthecommonmessageH�S andtheprivatemessageHJI basedon the
received R -sequence

�wvHJS��xvH>�/� Dzy �1�%{!�/� (8)� vH�S*�xvH�	�� DAy 	|�5{6	���M (9)

An ��NUS*��N}����NU	���R~���a�/� codefor thechannelconsistsof two encodingfunctions
s � , s 	 , two

decodingfunctions
y � , y 	 andamaximumerrorprobability

�a���t�0�7�.K7�a��Vg�����8�mV 	1P (10)

where

�8�mV I D ����b� V � ] V � ^��
F

NUS�N��/NU	 �C� y I/�%{&I%�4�D ����S����
I��|�n����S�����������	�� sent�c� ��D�F ��GbM (11)

A ratetriple ����S*����������	�� is achievableif, for any ����� , thereis an ��NUS���N�����NU	���RE���8��� code
suchthat �8��,z� and NO�8�LG��a�b�   D �¡� F ��GbM
Thecapacityregion of the interferencechannelwith commoninformationis theclosureof the
setof all achievableratetriplets ����S����¢������	�� .

Thenext theoremis themain resultof this paper. It givesconditionsunderwhich theca-
pacityregioncoincideswith thecapacityregionof thechannelin whichbothprivatemessages
arerequiredat bothreceivers.

Theorem 1 For an interferencechannel �����@�A�
	���
8�%�������-	-� ��������	��������£�C�"	�� with common
informationsatisfying # �5$6��'�()��� $+	��324�
, # �%$&��'�(�	-� $+	���2x� (12)# �5$0	1'�(.	-� $&���324�
, # �%$+	*'�(���� $&����2x� (13)

for all joint distributions
8��9�����������	����<������	�� that factoras


8�%9:�5
8�%����� 9;�%
8�5��	�� 9;�5
8���<�����-	�� �����/��	�� (14)



thecapacityregion ¤ is givenby

¤ D¦¥ Kb����S*���¢������	�� §
�+,z���
, # �%$&��'�(���� $+	��324� (15)�+,z��	�, # �%$+	*'�(�	-� $&���324� (16)�¢�)¨©��	p,z�0ª¬«.K # �%$&���/$0	1'�()����24��� # �5$6����$+	�'�(�	���24��P (17)�+,z��S­¨®�¢��¨©��	�,A�0ª¬«;K # �%$&����$+	�'�()����� # �%$&���/$0	1'�(.	���P (18)

where theunionis overall joint distributionsthat factorasin (14).

Whentheconstraints(12)and(13)aresatisfied,wereferto theconsideredchannelasastrong
interferencechannelwith commoninformation.

3 The MAC With Common Information and Achievability

The interferencechannelwith commoninformation is closely relatedto a discretechannel
modelin which privateandcommonmessagesaretransmittedto a singlereceiver, referredto
astheMAC with commoninformation[12]. Thecapacityregion of this channel,¤[¯4°¡± , was
shown in [12] and[13] to be

¤k¯4°k± D ¥ Kb����S����¢������	��
§
�T,z�¢�
, # �5$&��'�(~� $+	��324��T,z��	�, # �5$+	�'�(~� $&���324��¢��¨®��	�, # �%$&���/$0	1'�(~�²2x��T,z��Sr¨©�¢�)¨©��	�, # �%$&����$+	�'�(³��P (19)

wheretheunionis overall 
8�%9�����������	*���¡� thatfactoras
���9;�%
8�5���*� 9;�5
8�%��	�� 9;�%
8�%�8� ��������	�� . (In [13]
theconvex hull operationusedin [12] wasshown to beunnecessary).

In this paperwe analyzea channelmodelwith two receivers. Wheneachreceiver wishes
to decodeboth privatemessagesandthe commonmessage,the consideredchannelbecomes
a compoundMAC with commoninformation. This channeldefinestwo MAC channelswith
commoninformation �����
�J�
	*��
8�%�-I/� ��������	������"I5� , onefor eachreceiver

�
where


8�%���*� ��������	�� D �´ ^�µ1¶�^ 
�����������	-� ��������	�� (20)

and 
8�%��	�� ��������	�� D �´ ]Qµ3¶�] 
8�%��������	�� ��������	���M (21)

As describedin [7, SectionIV], the encodingand decodingstrategy proposedby Willems
in [13] canbe adoptedfor the compoundMAC with commoninformation to guaranteethe
achievability of rates ¤ CMAC

D ¥ K*· MAC1 ¸ · MAC2 P (22)

where · MACt,
��D?F ��G satisfiesthebounds(19) with ( replacedby (�I , andtheunion is over

all 
8�%9:�5
8�%����� 9;�%
8�5��	�� 9;�5
8���<�����-	�� �����/��	�� . We remarkthatundertheconditions(12)and(13), the
regions(18)and(22)arethesame.



Considernext thestronginterferencechannelwith commoninformation. Theachievabil-
ity of theratesof Theorem1 in thecasein which bothmessagesarerequiredat thereceivers
guaranteesthat theseratesarealsoachieved whena weaker constraintof decodingof a sin-
gle messageis imposedat the receivers. Hencethe proof of achievability in Theorem1 is
immediate.We next provetheconverse.

4 Converse

Considera code ��NUS1��N�����NU	1��RE���8��� for the interferencechannelwith commoninformation.
Applying Fano’s inequalityresultsin¹ ��H�S1��Hu�|� {!�m�
,z�a���bº¼»c½���NUS�N��r¾ F �)¨©¿8���a���/���¦RÁÀ|�QV � (23)¹ ��HJS���HJ	�� {6	�� ,L�a��	[º¬»c½���NUS�NU	"¾ F �)¨C¿����a��	��"�¦REÀ3	�V � M (24)

where À�IfV ��Â � as �a��I Â � (or as �8� Â � ). It follows that¹ ��H�S1��Hu��� {!�/� D ¹ ��HJS�� {!�/�)¨ ¹ ��H>�*� {!����HJS��
,zRÁÀ|�QV � (25)¹ ��HJS���HJ	�� {6	�� D ¹ ��H�S�� {6	��)¨ ¹ ��HJ	�� {6	3��H�S�� ,zREÀ3	�V � M (26)

Sinceconditioningcannotincreaseentropy, from (26) it follows that¹ ��HJ	�� {6	���HJS���H>�/�
, ¹ ��HJ	�� {6	1��H�S���,zREÀ3	�V � M (27)

To prove the converse,we will usethe dataprocessinginequality for the following Markov
chains:

Lemma 1 The following form Markov chains for the interferencechannelwith a common
message:

Hu� Â �%ÃÁ����HJS���HJ	�� Â {!� (28)H�	 Â �%Ã&	���HJS���H>�/� Â {6	 (29)��H�S���HJI�� Â ��ÃÄIQ��HJS�� Â {&I (30)

for
��DÅF ��G .

Proof:
Theresultfollowseasilyby theproblemdefinitionandis omitted. Æ
We will needthedataprocessinginequalityin thefollowing form:

Lemma 2 For a Markov chain H Â �Q2w��$O� Â (# ��HÇ'�(&��24�
, # �%$}'�(6��24��M (31)

Proof:
We have ¹ ��(6��2w��$O� D �ÉÈ � ¹ ��(6�ÊHU�32w��$��

, �ÉË � ¹ ��(&�ÊHU��2x� (32)

where ��Ì�� holdsbecauseof the Markov propertyand ��Í3� sinceconditioningcannotincrease
entropy. Subtractingbothsidesfrom

¹ ��(&��24� givesthedesiredresult. Æ



Applying Lemma2 to theMarkov Chains(29)- (30)andusing(30)yields,# ��HJ	*'�{6	��ÊHJS���H>�/�Î, # ��Ã&	�'/{6	��ÊHJS���H>��� (33)# ��H!I�'�{&I��ÊHJS��Î, # ��ÃÄI�'�{&I��ÊHJS�� (34)# ��HJS���H>��'�{!�/�Î, # ��HJS*��ÃÁ��'�{!����M (35)

We first considerthebound(18)at thedecoder
F
. Wehave

Ru����S�¨�����¨®��	��D ¹ ��H�S��)¨ ¹ ��Hu�/�)¨ ¹ ��HJ	��D �ÏÈ � ¹ ��HJS���H>�/�)¨ ¹ ��HJ	��ÊHJS���H>�/�D # ��HJS���H>��'�{!���)¨ # ��HJ	*'�{6	��gH�S���Hu�/�)¨ ¹ ��HJS���H>�*� {!�/�)¨ ¹ ��H�	-� {6	���HJS���H>�/�
, �ÏË � # ��HJS���ÃÁ��'/{!�/�)¨ # ��Ã&	1'�{6	-�gH�S*��H>�/�)¨ ¹ ��HJS���H>�*� {!�m�)¨ ¹ ��H�	�� {6	���HJS���H>�/�
, �ÏÐ � # ��HJS*��ÃÁ��'/{!�/�)¨ # ��Ã&	1'�{6	��ÊHJS���H>�/�)¨®RÁÀ|�QV � ¨®RÁÀ�	�V �D �ÏÑ � # ��HJS*��ÃÁ��'�{!�/�)¨ # �%Ã&	�'�{6	��gH�S���Hu����ÃÁ�3��HJS*��H>�/���)¨®RÁÀ|�QV � ¨®RÁÀ�	�V �D � � � # ��HJS���ÃÁ��'�{!�m�)¨ # ��Ã&	�'/{6	-�ÊHJS*��ÃÁ���)¨©RÁÀ*�QV � ¨©REÀ3	�V �

(36)

where ��Ì�� followsfrom theindependenceof HJS���H>����HJ	 ; ��Í�� from (33)and(35); ��Ò1� from (25)
and(27); ��Ó�� and ��Ô|� from (6). If# �%Ã&	�'�{6	��gH�S���ÃÁ�/� , # ��Ã&	�'�{!���ÊHJS���ÃÁ�/� (37)

thenit follows from (36) that

R>����Sr¨©�¢�)¨©��	�� , # ��H�S���ÃÁ��'�{!�m�)¨ # �%Ã&	1'�{!��� ÃÁ����HJS��)¨®RÁÀ|�QV � ¨®RÁÀ�	�V �D # ��HJS���ÃÁ����Ã&	1'�{!�/�)¨©REÀ|�QV � ¨®RÁÀ3	�V �D # ��ÃÁ����Ã&	1'�{!�m�)¨®RÁÀ|�QV � ¨®RÁÀ�	�V �
, ��
W�Õ;�

# �5$6�%Wb��$+	�Wb'�()�%Wc�)¨©REÀ|�QV � ¨®RÁÀ3	�V � M
(38)

Applying Willems’ notation[13, Section3]

28W D HJS o DÖF �1M�M�M1��R (39)

to condition(37)yields # �%Ã&	�'�{6	�� ÃÁ����×~� , # ��Ã&	�'�{!��� ÃÁ����×~� (40)

Furthermore,thecondition # �5$0	1'�(.	-� $&���324�
, # �%$+	*'�(���� $&����2x� (41)

implies(37)and(40)dueto a following theorem.

Theorem 2 If # �5$6��'�()��� $+	��324�
, # �%$&��'�(�	-� $+	���2x� (42)

for all probabilitydistributionson Øh���������
	 such that 
8��9�����������	�� D 
8�%9;�%
8�5���*� 9;�%
��%��	�� 9:� ,
thenfor thestronginterferencechannelwith a commonmessagewehave# ��ÃÁ��'/{!�*� Ã&	3��×~��, # �%ÃÁ��'�{6	�� Ã&	1��×~��M (43)



Equivalently,
# �5$0	1'�(.	-� $&���324�
, # �%$+	�'�(��*� $&����2x� implies

# �%Ã&	�'�{6	�� ÃÁ����×~� , # ��Ã&	�'/{!�*� ÃÁ����×E� .
The proof of Theorem2 relieson the result in [14, Proposition

F
] andfollows the sameap-

proachasLemmain [10].
To prove thatthebound(17)at thedecoder

F
is valid, weconsider

Ru���¢��¨x��	��D ¹ ��H>�/�)¨ ¹ ��HJ	��D �ÉÈ � ¹ ��Hu���ÊHJS��)¨ ¹ ��H�	-�ÊHJS���H>�/�D # ��Hu��'�{!�*�ÊHJS��)¨ # ��H�	*'/{6	��ÊHJS���H>�/�)¨ ¹ ��H>�*� {!����H�S��)¨ ¹ ��HJ	�� {6	���HJS���H>�/�
, �ÏË � # �%ÃÁ��'�{!�*�gH�S��)¨ # ��Ã&	�'�{6	7�ÊHJS*��H>�/�)¨ ¹ ��Hu��� {!����HJS��)¨ ¹ ��HJ	�� {6	1��H�S1��Hu�m�
, �ÏÐ � # �%ÃÁ��'�{!�*�gH�S��)¨ # ��Ã&	�'�{6	-�ÊHJS���H>�/�)¨©REÀ|�QV � ¨©REÀ3	�V �D �ÉÑ � # �%ÃÁ��'�{!�*�gH�S��)¨ # ��Ã&	�'/{6	��ÊHJS���H>����ÃÁ�3��H�S*��Hu�/�/�)¨©REÀ|�QV � ¨©REÀ3	�V �D � � � # ��ÃÁ��'�{!��� ×E�)¨ # ��Ã&	�'�{6	-� ÃÁ����×~�)¨®RÁÀ|�QV � ¨®RÁÀ�	�V � M

(44)

whereagain ��Ì�� follows from the independenceof H�S*��H>����HJ	 ; ��Í�� from (33) and(34); ��Ò3�
from (25)and(27); ��Ó�� from (6); ��Ô|� from (6) and(39). Again,if (37)holds,then(44)becomes

�¢�)¨©��	�, # ��ÃÁ��'/{!���g×~�)¨ # �%Ã&	�'�{!�*� ÃÁ����×~�)¨©REÀ|�QV � ¨®RÁÀ3	�V �D # �%ÃÁ����Ã&	�'�{!���g×~�)¨©REÀ|�QV � ¨©REÀ3	�V �
, ��
W*Õ;�

# �%$&�%Wb��$+	�W¡'�(��%W.��28WÙ�)¨®RÁÀ*�QV � ¨©RÁÀ�	�V � M
(45)

Thesameapproachcanbeusedto show thatthebounds(17) and(18) aresatisfiedat decoderG undera conditionequivalentto (40)# �%ÃÁ��'�{!�*� Ã&	���×~� , # ��ÃÁ��'�{6	-� Ã&	���×~� (46)

which,dueto Theorem2, reducesto# �%$&��'�(��*� $0	1�324��, # �5$6��'�(.	-� $+	��324��M (47)

Finally, the bounds(15) and(16) arethe singleuserupperboundsandhencehave to be
satisfied.Æ

Next Lemmashows that the obtainedconditions(41) and(47) areidentical to the strong
interferenceconditions(1) and(2).

Corollary 1 Thestronginterferenceconditions(41)and(47)andthestronginterferencecon-
ditions(1) and(2) in the interferencechannelwith independentmessagesare satisfiedby the
sameclassof interferencechannels.

Proof.
We usethe following result from [10, Lemma]: If

# �%$&��'�()�*� $+	��Ä, # �5$6��'�(.	-� $+	�� for all
productprobabilitydistributionson �����O�
	 , then

# �%$&��'�()�*� $+	��324��, # �%$&��'�(�	-� $0	1�324� where2 Â �%$&���/$0	�� Â ��()����(.	�� and $&� Â 2 Â $0	 . Fromthis resultit follows directly that the
stronginterferenceconditions(1) and(2) imply theconditionsin theinterferencechannelwith
commoninformation(41)and(47).

To prove that the other direction is also true, we observe that sincethe conditions(41)
and(47) aresatisfiedfor all input distributionsof the form (14), theconditions(41) and(47)
musthold alsowhen 2 is independentof inputs $6���/$0	 . Therefore,the stronginterference
conditionsmusthold,becausefor suchinputdistribution 
8�%98�/��������	�� , conditions(41)and(47)
reduceto thestronginterferenceconditions(1)-(2). Æ



5 Gaussian Channel

Wenext considertheGaussianinterferencechannelin thestandardform [9,15]

���%� D ���%�¡¨C¿;��	���	��¡¨©Ú-�%� (48)��	�� D ¿k	������%�¡¨���	��¡¨©Ú�	�� (49)

wherethe ÛÜI areindependent,zero-mean,unit-varianceGaussianrandomvariables.Thecode
definitionis thesameasthatgivenin Section2 with theadditionof thepowerconstraints

F
R ��
�ÝÕ;� � 	In� ,L��IQ�

�ÜDÅF ��GbM (50)

From the maximum-entropy theorem[16, Thm. ÞbMÉß¡MÉà ] it follows that Gaussianinputs are
optimal.Wehave thefollowing result.

Corollary 2 Whenthe strong interferenceconditions ¿ 	 ��	 � F
, ¿ 		�� � F

are satisfied,the
capacityregionof theGaussianstronginterferencechannelwith commoninformationis given
by

· D¦¥ Kb���¢������	���§
�á,z�¢� ,zâA�mãÌ<�Ü�/� (51)�á,z��	p,zâiä ãÍ��a	�å (52)����¨®��	�, �0ª¬«æ µ|ç �QV 	mè âiäQ¿ 	æ � ãÌb�Ü�)¨©¿ 	æ 	 ã Í��a	�å (53)

�á,z��Sr¨©�¢��¨®��	�,A�+ª¼«æ âÅé|¿ 	æ � �Ü��¨©¿ 	æ 	 �a	a¨©Gc¿ æ �/¿ æ 	7ê Ì<���/Í��a	�ëaP (54)

where the union is over all Ì[��Í , for ��,ìÌL, F ���A,eÍO, F
, ãÌ D F ¾íÌ , ãÍ DîF ¾íÍ , and¿;�Q� D ¿[	Q	 DÖF

.

6 Discussion

Communicationsystemswith encodersthathaveto sendbothprivateandcommoninformation
naturallyarisein thecasewhenencoderscanpartiallycooperateasin [1,7]. After suchcooper-
ation,thecommoninformationconsistsof two indexeseachpartiallydescribingoneof thetwo
original messages.Theassumptionof our modelthat theentirecommonmessageis decoded
simplifiestheproblem.However, a receiver interestedin a messagefrom only oneencoder, as
is thecasein theinterferencechannel,will beinterestedin only apart of thecommonmessage.
Understandingsuchcommunicationproblemsappearsto bemuchmorechallengingandis the
subjectof our futurework.
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