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Abstract

Recent developments in numerical simulations in the aerodynamics field are focused on reducing the computational cost
of the solvers, targeting their use at the initial design steps. Under the right assumptions, potential solvers can be exploited to
accomplish a valid solution of the flow field for streamlined bodies in subsonic and close to transonic flows. A fully embedded
approach to solve the full-potential equation is presented, where both the geometry and the wake are defined implicitly with a
level set function. Embedded methods allow simplifying the mesh generation process, as only a background mesh is required
to perform the analysis. The presented method gives an automatic and fast option to solve subsonic flows, which is especially
desirable in optimization workflows.

(© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Flow simulation is a powerful tool used in the early development of aerodynamic designs, especially if compared
to expensive wind tunnel experiments, where the size of the object of study and the input conditions variability are
limited. Nonetheless, Navier—Stokes solvers, while being highly accurate, require a great amount of computational
power. Moreover, in order to yield meaningful results these methods require input parameters that are generally
not available at early stages [1]. In the initial design phase of any engineering project, several design options
are considered, and the project requirements may vary. For this reason, there is an interest from the industry in
having a fast, yet sufficiently accurate aerodynamic solver. In this regard, full-potential formulations stand often
as the best option in terms of accuracy-to-cost ratio [2], as only one single scalar partial-differential equation is
required. This poses an advantage of more than one order of magnitude in computation time if compared to Euler
solvers, where the momentum and energy equations are also considered. Full-potential formulations are irrotational
and isentropic, and are suitable for subsonic and transonic flows, assuming that no strong shock waves exist in the
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flow [3]. High mach number flows where strong shock waves are present invalidate the isentropic flow hypothesis. If
compared to classic panel-methods, panel-methods are not able to deal with non-linear flows, so full-potential flows
are expected to give better solutions in subsonic cases, since no linearization of the mass equation is performed [4].
As a disadvantage, the non-vorticity of the flow requires the addition of a discontinuity in the domain, which makes
difficult other aspects such as mesh generation. This discontinuity represents an enforced vorticity that allows the
potential flow to generate lift [5,6]. In order to deal with this discontinuity (also known as potential jump or wake),
a physical separation of the domain is performed. Considering high Reynolds numbers, the wake can be assumed
to be straight and to have the same direction as the free-stream velocity. A first approach to model the wake is by
duplicating the surfaces of the wake [4,7]. This approach allows for a fast solution of subsonic flows, but the wake
mesh generation still poses an important challenge, especially if several analyses are to be considered, or when
dealing with moving geometries. A first step to deal with this issue is presented in [8], where the wake is defined
implicitly in a classical body-fitted mesh using a level set function. Thus, no explicit mesh representation is needed
for the wake. The potential jump required to model lift is accomplished by enforcing embedded discontinuities in the
elements that are cut by the wake, by using new local degrees of freedom. In this case, changing the wake direction
does not require to completely remesh the whole domain, allowing for fast analyses on different angle of attack
configurations. Nonetheless, the use of classical body-fitted meshes to represent the geometry can be a limiting factor
when considering the analysis of complex geometries or moving bodies, as it is the case in shape optimization. For
this reason a full embedded approach is desired, where both the geometry of study and the wake are implicitly
defined in a background mesh by signed-functions [9]. This approach would allow solving fast the subsonic and
transonic flow around a complex structure, while also permitting changes or movements of the geometry without
mesh deformation. Proper representation of the embedded geometry by the background mesh can be accomplished
by means of adaptive remeshing [10,11]. Recent work on the usage of the full-potential equation can be highlighted
for multidisciplinary [12] and aeroelastic [13] analyses, where the reduced computational cost of the potential flow
equation is exploited. Regarding embedded formulations, there are already developments in the solution of the
full-potential flow for finite-volume methods using Cartesian meshes [14]. Also, there are immersed methods to
solve Navier—Stokes flows mixing finite-elements and finite-volumes [15]. In this document, a complete embedded
finite-element method for the full-potential flow is presented, where the embedded-wake approach introduced in [8]
is extended to model the aerodynamic shapes using embedded methods. Numerical terms are defined to robustly
model the potential flow around the level set while also respecting the Kutta condition. The presented method has
been implemented in the open source framework KratosMultiphysics [16,17], available under the BSD licence.

2. Embedded potential flow solver

Most aerodynamic applications involve streamlined bodies flying at very large Reynolds numbers, especially on
classical commercial aircraft configurations at cruise speed. Under these conditions, the potential flow hypotheses
can be assumed, where the outer flow is considered isentropic and irrotational. The potential flow assumptions
are however not valid within the boundary layer and the wake, where viscous effects are not negligible. As the
Reynolds number grows, the area enclosed by the boundary layer and the wake is reduced, as the inertial forces
are considerably greater than the viscous forces. This allows performing accurate estimations of the flow over a
streamlined body using potential flow assumptions over the whole domain. Starting from Navier—Stokes equations,
assuming that the flow is irrotational and inviscid, and assuming that the velocity can be written as the gradient of
a potential such that v = V @, the mass conservation equation reduces to:

0
8—/;+V-(,0V§15)=0 1)
where the density, p, can be written in terms of far-field quantities:
1
y — 102 V& -VP\]7 T
P(P) = poc [1+Ta—§° (“T @)
o0 o0

where P, Voo and a., denote the magnitude of the freestream density, velocity and speed of sound respectively.
y is the adiabatic index. This relation comes after applying the potential flow assumption in Euler’s momentum
equation. Pressure can be computed using the isentropic relation:
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Fig. 1. Simplified representation of the domain (2 and its boundary 2. The wake 92y is modelled as a straight line.

where po, is the freestream pressure. The assumption of inviscid and irrotational flow precludes the generation of
lift, as no pressure difference can be created between the upper and lower surfaces of the aerodynamic body. The
lack of viscosity prevents the flow from slowing down in contact with the solid surfaces [18]. It is therefore not
possible to compute the lift force that the air generates on a solid body under potential flow assumptions. In order to
do so, the addition of a discontinuity in the domain is needed, which will produce the vorticity required to generate
lift [6]. This discontinuity models the so-called wake. The lift force per unit span for an airfoil with chord ¢, can
be expressed in terms of the flow circulation I" by the Kutta—Joukowski theorem L = pvy I, which yields the
following expression for the lift coefficient:

=l 2 @)
3PVZHE  FPV3C Vool

C =

It can be shown that the circulation created by the wake is equivalent to the potential jump across the wake
I' = &7 — ¢~ [5] . The + sign refers to the potential values above the wake, and the — sign to the potential
values below the wake.

2.1. Boundary conditions

The boundary conditions defined in the problem are equivalent as those introduced in [8]. A scheme is shown in
Fig. 1, where the far-field boundary is represented by the outer circle. A line denoted by 92y represents the wake
modelled in the problem. Depending on the flux passing through the domain, the imposed conditions are defined
as df2p or 92y, which will be considered the inlet and the outlet of the domain, respectively. If n is defined as the
outer normal on the boundary, then 92y and df2p are defined as follows:

90 — 0f2p if v -m<O
o 02y if Vv -mn>0

®)

At the inlet, a Dirichlet condition is imposed by fixing the potential values. For a given point x in the inlet, its
potential is computed using the free stream velocity v, and a given constant value, as shown in Eq. (6). A Neumann
condition is imposed in Eq. (7) at the outlet by setting a mass flux g. At the walls, a no-penetration condition is
set with g = 0. Also, the wake requires the imposition of two specific boundary conditions. Eq. (8) imposes mass
conservation across the wake. Eq. (9) imposes pressure equality between the upper and lower parts of the wake.

D(X) = Voo - X+ Doy on df2p (6)
n-(pvVod)=g¢g on 082y @)
n-(pTvet —p VeT)=0 on 9w (8)
Vot —|ve | =0 on 30y )
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Fig. 2. Embedded approach. The geometry is represented by the level set function’s zero-level and its intersections with the elemental edges
are used to split the domain.

2.2. Embedded problem formulation and discretization

In order to solve the full-potential equation introduced in the previous sections, a complete embedded approach
with a background mesh with finite elements is presented. The geometry of study is represented by a continuous
level set function, denoted by ¢, which is defined as a signed scalar field [19]. This is illustrated in Fig. 2., where the
level set function’s zero-level value is indicated as an orange line, and its intersections with the elements’ edges are
marked with black crosses. The dashed lines denote that the background mesh does not capture the geometry exactly,
but the intersection points are used to perform a linear split of the elements. This zero-level intersection subdivides
the computational domain into two partitions {2 = (2, U §2,,,, depending on its sign. The positive part is considered
as the region laying inside the fluid domain, and it is marked in white in Fig. 2. The negative part is considered as
the region laying outside the fluid domain. Note that this convention is arbitrary. The elements intersected with ¢
are denoted with {2y = {24 ou U {24 in for which splitting is performed, and only the part (2 i, € (2, is considered.
The part {25 oue € {24 does not contribute to the system and it is marked in light grey in Fig. 2. The elements
outside the fluid domain and not intersected by the level set function are deactivated. These elements are depicted
in dark grey in Fig. 2. The function ¢ is defined as:

o) <0 if x €
PLx) = {qb(x) >0 if xe,

Similarly, a distance function ¢yake(x) is used to model the wake region 92y . This implies that both the airfoil
and the wake cut the mesh elements in an arbitrary manner. The topological discontinuity of the domain at d 2y
implies that the elements of the background mesh cut by 92y (and their degrees of freedom) are duplicated and
assigned to the discretization of the regions above and below 9 {2y respectively. The wake line will cut the elements
in {2 in a region which is denoted as 2y = 2w+ @ 2y-, where the “+” and “—” sign refers to the upper and
lower elements with respect to the wake. This is illustrated in Fig. 3, where a variable to account for the duplicated
degrees of freedom on the wake is introduced, @*', which is represented by blue squares. The original degrees of
freedom @ are marked with red dots. This extra variable enables the definition of a discontinuity in the potential
and the imposition of the boundary conditions of the wake, which are defined on the external side of the wake.
Thus, the degrees of freedom above and below the wake are given by:

(10)

b if pyme > 0
+ wake e
ORNES {¢ex[ i e < 0 V¢ € Oy+ a1
- @ext if (pwake >0 e
3 _{ S i g VOEfw- (12)

The elements in (2, and their degrees of freedom define the finite element space for the problem, V;,, which also
includes the cut volume integration and the duplicated degrees of freedom of the wake. The rest of elements outside
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Fig. 3. Embedded wake visualization, where the wake is represented by a blue line. The elements intersected by the wake have duplicated
degrees of freedom, which creates a discontinuity in the domain, as if the mesh was split in two parts. Note that the separation shown in
the figure is simply a representation, as the mesh is not physically split in this approach. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

the fluid (and inside the volume) are discarded. The finite element space V, is decomposed into thai" ® VX In
this decomposition, V,*' is the finite element space spanned by the functions associated to the nodes of V, which
belong to the external part of the domain in the wake cut elements, while V,"*" is the finite element space spanned
by the functions associated to the nodes of V;, which are part of the rest of the fluid domain (see Fig. 3).
Moreover, two auxiliary terms are added to ensure a robust handling of the cut element integration. On one
hand, a stabilization term is added in the elements {25 C {2, which corresponds to the set of elements intersected
by the geometry. This term is used to improve the instabilities produced by the level set interpolation performed
at the elements. This effect is visible in the pressure distribution plots, which is improved with the addition of
the stabilization term, especially on coarser meshes. On the other hand, the region (X, C {2 is defined, which
corresponds to the set of elements that are intersected by both the geometry and the wake, and its neighbours. In
these elements, a penalty term is added to enforce the Kutta condition for any arbitrary combination of the distance
functions defining the wake and the geometry. Thus, the weak form of the problem can be introduced as:

B(wn, Pn)gy, + Bsav(@n, Pr)o, + Brua(wn, Pn)oy,, = Flon)io Vo € y/main (13)
Bya,. (@n, B, B )an,, =0 Yo, € VX (14)
Bjq,,_(wn, P, ¢2_)Z)QW_ =0 Vo, € VX (15)
where the terms involved are defined next. The derivation of these terms is described in the following sections.
Bn Ba, = [ oVor VHid0 (16)
£2in
Fomnoy = [ om (V@400 (17
3QN
Byay,. (wn, B D, sy, = / Vay[V& — V&, 1dd 0 (18)
32+
Bia, (on, By, B g, = —/ Vay[V& — V&, 1do 2 (19)
32—
Bua@n: P, = s [ Vornl sV 812 0)
Pkutta
Buas(@n. B1)g, = kuap / Von(V &, — BV BN @)
2

The terms in Eqgs. (16) and (17) correspond to the terms from the Laplacian problem with the far-field acting as a
forcing term, and they are presented in Section 2.3. The terms in Eqgs. (18) and (19) correspond to the imposition
of the boundary conditions on the wake, and they are introduced in Section 2.4. Eq. (20) is an auxiliary term used
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to enforce the Kutta condition with the penalty coefficient kyy,. This term forces the velocity direction to locally
match the trailing edge bisector line direction, whose normal is defined as nyyq,, Which is explained in detail in
Section 2.6. Finally, Eq. (21) is a stabilization term used to smooth the gradient of the potential. To accomplish this,
the gradient of the potential differing from the average of the gradients of the potential of the neighbouring elements
is penalized with the factor kg,,. Here, the term &£(V @) refers to the volume-based average of the gradient of the
potential, which is described in depth in Section 2.7. From now on and for the sake of simplicity, the subscript (),
will be omitted to refer to the discretized potential values ¢ = &, and the test functions @ = wy,.

2.3. Full-potential equation

The derivation of the terms introduced in Eq. (13) starts with the general expression of the potential formulation,
as introduced in [4] and [8], extending it for embedded geometries. While a level set function is used in [8] to
define the wake, the airfoil shapes considered are still body-fitted. In this paper, both the geometry of study and the
wake are modelled using embedded methods.

From Eq. (1), the weak form of the system can be derived by applying the Galerkin method and the divergence
theorem, for the test functions w:

/ pVo - Vod2 = wn - (pV&)das? (22)
Q 92y

The left-hand side of the equation corresponds to Eq. (16), and the right-hand side of the equation to Eq. (17). The
dependence of p on the potential makes the problem non-linear, so the system is written in residual form R(®) = 0.
The residual is written in terms of the M nodal shape functions N; and the M corresponding nodal values ®;. Also,
the new domains defined, (2, and (2,,, are considered. Naturally, only the fluid domain is modelled, so only the
elements that belong to 2, are integrated. The elemental contribution to the residual for the elements in (2, is
given by:

M

R{(D) = Z/ pVN; - VN,;d2®; — N;gdd 2 (23)
=17 9%, a0y

For the elements intersected by ¢, only the region inside the fluid (2 ;, is integrated after splitting. This operation

is performed element-wise, when computing the local contribution of each subdivision of the domain. Also, a

no-penetration condition (v-n = 0) is imposed on the geometry by setting to zero the elemental contribution to the

boundary term. The residual for the intersected elements by ¢ is therefore given by:

/ Nigdd2 =0 in 0, (24)
392
M
RE¢(@):Z/E pVN; - VN;dQ®; in £, (25)
j=1 ¢.in

The elemental contributions to the Jacobian are denoted with Jf j(é) which are computed as:
IR/ (P)
ad;

ap
dlv|?

J (@) = / pVN; - VN; + 2= (VN; - V&) (VN; - V) (26)
¢

in

where the derivative of the density with respect to the local velocity is obtained from (2):

2
9 1 2 2 =1
b _ _ P 1+ Y~ 1V 1 — ﬂ 27)
a|v|? 2a2, 2 ak v2

2.4. Wake boundary conditions

As it is well-known, the definition of a wake is required in potential flow methods in order to model lift.
Therefore, a method to account for the discontinuity of the wake and its boundary conditions is required. This
discontinuity is imposed explicitly on a finite-element mesh in [4] by effectively duplicating the nodes on the wake.

6
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(a) Portion of the mesh that lies above the wake. (b) Portion of the mesh that lies below the wake.

Fig. 4. Representation of an embedded wake in a body fitted mesh introduced in [8]. The wake is defined implicitly through a distance
function, and its intersection subdivides the mesh into two, shown in Fig. 4a and 4b. In this case, the trailing edge is clearly defined and
it is used as the wake origin. Note that the duplication is only performed for visualization purposes, as only one mesh is utilized.

This wake would act as a standard solid wall if no additional conditions were imposed. Then, mass conservation and
pressure equality across the wake is enforced with the boundary conditions presented in Egs. (8) and (9) respectively.
It must be noted that this approach requires the a priori definition of the wake in the meshing process. This is not
a major drawback for stand-alone analyses with modern preprocessors, but it can pose a clear disadvantage if the
same mesh is meant to be kept for different geometry configurations.

A viable alternative to model the wake is to implicitly define it with a level set function, as described in [8]. In
order to create a domain discontinuity in this scenario, the elements intersected by the level set function ¢y, have
duplicated degrees of freedom. This is illustrated in Fig. 3, where the discontinuity is accomplished by disconnecting
the degrees of freedom from the upper and lower parts of the wake. The auxiliary degrees of freedom are also
employed to enforce the wake boundary conditions. The wake is shed from the body-fitted airfoil as a straight line
as shown in Fig. 4. In this paper, this approach is adapted to embedded geometries, where also the airfoil is defined
using a level set function. The imposition of the boundary conditions on the wake elements on the auxiliary degrees
of freedom is equivalent to [8], which is described next. Then, the specific required modifications for the current
approach will be presented in Section 2.5, which will focus on the intersection of the geometry and the wake and
the proper definition of the Kutta condition.

The main potential flow terms are evaluated in the wake elements on both the upper and lower side of the domain,
which are included in the evaluation of Egs. (16) and (17) with its corresponding degrees of freedom as depicted in
Fig. 3. The residuals and Jacobians derived from these equations are rewritten for the elements that are intersected
by the wake using its corresponding values of potential according to Egs. (11) and (12). These elemental residuals
and Jacobians are denoted with Rf W Riw, and ij’W% ij,W, respectively. When evaluating the upper terms of
the wake in 2+, Eq. (11) is used, assigning &; and & accordingly. If the lower terms are evaluated in 2y -,
Eq. (12) is used instead:

M
Riw+(¢+) = R{(PT) = Z/ ) ptVN; - VdeQ@;L —/ . N;gddf? (28)
j=1 ;V a'QW
M
Ry (07) = R{(P7) = Z/ p~VN;-VN;dQ®; — |  NigddQ (29)
j=17%% 362y
From these residuals, Jacobians for the wake elements are derived in the same manner as in (26), by computing
ARC(PT) RS (D7) _
Jijw+ = g7 = J¢;(@7) and Tijw-= "5 = Ji;(97)

Boundary conditions for both sides of the wake are imposed by a least-square finite-element approach, combining
Egs. (8) and (9) in a single two-dimensional vector equation, where the velocity on both sides of the wake is enforced
to be equal:

otV =p v™ in 00w (30)
Here, pt = p(®") and p~ = p(P~) are defined using Eq. (2) with the degrees of freedom of the wake. This
equation is added to the system by minimizing the functional /7, where the velocity vectors have been replaced by
the gradients of the potential on each side of the wake, and it is given by:

1
(o, @7)25/0 ||p+V@+—p7VQ57||2d8.Q 3D
82w
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This expression will act as a constraint in the element formulation. The residual terms and its Jacobians are found
by deriving the functional in Eq. (31), where derivatives on the density are neglected due to the assumption of small
velocity perturbations u = v—V,, < V, as only streamlined bodies are considered. Here, u represents the velocity
difference between the free-stream unperturbed flow v, and the actual velocity around the airfoil v. Deriving with
respect to the degrees of freedom &1, ¢~ leads to Egs. (18) and (19):

AII(PT, d7) _

g = Bag, (. 8 P g, (32)
AII(PT, d7) _

g = Bia, (. Pg, (33)

Since the wake is embedded in the elements, the above expression that is evaluated on the wake line is replaced
by a volume integral. This assumes that the gradient of the potential is constant across the elements, which holds
true for linear elements. The elemental contributions of the residual for the constraint are written with the subscript
R; p, to refer to the terms enforcing the boundary conditions of the wake:

(DT, &~
ROF(OT, 07) = (aT) = / VN; (pTV " —p~VI7)don2 (34)
i 2y
(DT, O~
R (97, 07) = % = —/ VN; (p* Vo —p~VP)daf2 (35)
i 2
which can be rewritten in terms of the original problem residual:
R (04, 87) = Rf . (85) = Ry, (97) (36)
Ryp (97, 07)=R{\, ($7) — R}, (97) (37
where Jacobians can also be written in terms of the original problem Jacobians:
e,+ 8Ri’;‘ + — e + e _
‘,B;i,j = 90T (97, @ ):‘,i,j,W‘*'(@ )_Ji.ij—(ds ) (38)
J
_ ARy _ . _ .
J;:i,j = ad;f (¢+9 o ): Jl"j,W—(Q )_ ‘Ii,j,W+(¢+) (39)
J

The terms in the system of equations obtained in Eqgs. (34) to (39) are equivalent to those defined by the full-potential
equation in Eq. (26), only adapting the degrees of freedom according to Eqs. (11) and (12). If this is expressed
in matrix form for a triangular element with the same cutting as the element shown in Fig. 3, the residuals and
Jacobians on the auxiliary degrees of freedom are written as:

+ + + - - -
. Jli,ll Jzin Jli,ls Jen e Jpis
e _I7e e— 71 _ . Z =
Jgij= [JB,i,j JB,i,j] =|Jsn Jp2 Jzi,zs g e Jpoas (40)

+ + = = =
Jesi Jen Jea Jea Jsn I

R+

R [R
Ri g = RO | = Ry p (41)

i,B R~

1B

These terms replace the terms in the auxiliary degrees of freedom of Eqs. (28) and (29) and its Jacobians, acting
as a constraint:
VAR A A% 0 0 0
Jé;u Jé,lz Jé,ls Jen I s
J J J Jy Jy Jy
Iy = |:Jl€ Je. 7] — | ’/B21 B2 B2 Y2 JBm YB3 (42)
W LA J;r,31 ]1;32 1;,33 Jpa1 I I
0 0 0 Jo Jy Jy
000 Uy Ty g
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Rj D,
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RG] | RY, o _ | o
eun[E5] |5 o|n w

W Ry Ry g 2 o
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R; o5

These elemental contributions are used on the elements intersected by the wake, now with the constraint of the
boundary conditions of the wake applied in the auxiliary degrees of freedom. In summary, the above approach
allows to model a discontinuity on the potential field, while respecting the wake boundary conditions, without the
need to explicitly model the wake in the mesh.

2.5. Wake in the embedded approach

Defining the wake and the airfoil as embedded geometries requires dealing with its intersection, as both are
modelled implicitly with a level-set function. On one hand, the geometry is represented as a closed volume for
some scalar field, ¢. On the other hand, the wake is represented as a volume-less geometry expressed as well with
some scalar field, ¢wae. In the body-fitted case, the trailing edge node can be safely used as origin to start the
definition of the wake, as shown in Fig. 4, where the degrees of freedom are duplicated and illustrated with red
dots for the main potential values and with blue squares for the external potential values. In the embedded case,
the origin of the wake is not clearly defined, and a consistent method to model the wake is needed, which works
for any possible combination of elements near the trailing edge. This issue is solved in [14] in a finite-volume
approach by generating first the wake on top of the trailing edge of the initial STL geometry. Then, the volume
cells are generated from this configuration, cutting (physically splitting) the cells that are intersected by the wake
during mesh generation. In this paper, the aim will be to start from an arbitrary finite-element mesh, and do this
operation without explicitly cutting the elements.

As introduced in Eq. (13), the solver equations require to determine which elements belong to the fluid, to
the intersected geometry or to the wake. The geometry elements are found using the level set function ¢. The
wake elements can be equivalently identified with the wake level set function ¢ya.. Fluid elements are regular
Laplacian elements for which the distance to the skin is positive on all their nodes. There are some set of elements,
Okuta = 2, N 2y, that represent the intersection of geometry and the wake in the trailing edge, and for which the
Kutta condition has to be enforced. These elements and their neighbours are illustrated in green in Fig. 5, where
the wake is represented by a blue dotted line. The wake origin is set at the same location as the trailing edge from
the original geometry and prolonged into the airfoil, following the chord. This allows identifying the intersected
elements inside the geometry.

The algorithm to determine the elements in (X, is shown in Algorithm 1. An elemental loop is performed
looking for a sign swap occurring at the nodes of the elements for both ¢ and ¢y.. If the swap is found, elements
are listed and identified, which will belong to the geometry or the wake. Elements intersected by both distance
functions and its nodes are identified. In these elements, the description of the geometry is likely inaccurate, as the
trailing edge is a sharp edge. This is illustrated in Fig. 5, where the actual representation of the continuous level set
function used is shown with a black dotted line. Due to this, the splitting coming from the function ¢ is ignored for
these elements, as the no-penetration condition in Eq. (24) would implicitly enforce an incorrect direction of the
local velocity. Since these elements are intersected by the wake, its degrees of freedom are duplicated, as shown in
Fig. 6. As done previously, the main and external degrees of freedom are represented by red dots and blue squares
respectively. However, as these elements are also part of the geometry, the terms imposing the wake boundary
conditions in Egs. (18) and (19) are omitted and only the main Laplacian terms are integrated, together with the
penalty term used to enforce the Kutta condition introduced in Eq. (20).
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Fig. 5. Elements identified as {2, are illustrated in green, which are defined as the elements intersected by both the geometry and the
wake, and its neighbours. The wake is represented by a dotted blue line and it is prolonged inside the airfoil, following the chord. Note
that the shape of the airfoil, ideally represented by the orange line, is not correctly described in the mesh due to the sharp edge present in
the trailing edge. This is exemplified with a dotted black line which shows the actual representation of the trailing edge performed by the
mesh. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Representation of an embedded wake with an embedded geometry. The wake is defined implicitly through a distance function, and its
intersection subdivides the mesh into two, shown in Fig. 6a and 6b. Note that the duplication is only performed for visualization purposes,
as only one mesh is utilized.

Algorithm 1: Algorithm to identify the Kutta elements (2,

for ¢ € (2 do
for 27 € £2¢ do
nw+ +=1if 2f € Qy+
nw- +=1if 2f € 2y~
ng+ +=11if (2 € (2,
ny- +=1if ¢ € 0,
end
if ny+ -ny- - ngt+ -ng- > 0 then
‘ Set 2¢ € Qkutta = .Q¢ N .QW
end

end

2.6. Penalty term to enforce Kutta condition

The so-called Kutta condition is defined in [6] as the fact that the velocity leaves smoothly the trailing edge.
This condition is needed to find a unique solution in the potential flow equation, which gives the right amount of
circulation in the solution. An infinite number of different values of circulation satisfy the potential flow equations,
but the Kutta condition establishes the value that matches the behaviour that the flow physically follows. In a
modelling sense, this can be defined as the velocity following the bisector line on the trailing edge, defined as ()7 .
In order to do this, the following restriction is enforced in the flow:

Niyita * V7E = Mta - (V)7 =0 (44)
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where Ny, 1S the normal to the bisector line of the trailing edge. In body-fitted meshes, the solid walls and the
wake line near the trailing edge help to enforce this condition. In an embedded setting, one cannot rely on the
no-penetration condition coming from the adjacent elements, as the shape of the trailing edge will not be properly
defined in general. This is due to the fact that the trailing edge forms a sharp edge, which is a geometrical feature
difficult to capture implicitly using a distance function. as illustrated in Fig. 5. For this reason, the equations above
are used in conjunction with a penalty term, which ensures that the Kutta condition is satisfied even if the trailing
edge is not perfectly described by ¢. While local refinement and other techniques could be used to improve the
description of sharp edges as presented in [19], a method that also yields a good enough solution for coarser meshes
is desired.

Let ¥ (®) = ngyy, - (V@)1e = 0 be a functional which represents the constraint in the trailing edge. The penalty
method is written by building the functional A(®, kyyy,) for some penalty kyyya:

1 Kiutta
A(®, ) = 5 IV®|* — kT Iy (@)1 (45)

where A is minimized to find the update on @ that complies with the constraint ¥ (®) and the solution of the
Laplacian problem. Deriving with respect to the potential and testing with the function w, the original problem in
Eq. (22) is recovered, as well as the term introduced in Eq. (20):

IA(D, k)
—e = / pVw -V &d 2 — kiya / Von NV 0d 2 (46)
8 xutta kutta

After discretizing, the following terms represent the elemental contributions to the residual and Jacobians that are
added to the elements on (qa:

M
Ri[{(és kkuna) = _kkuua Z/‘Q VNinEuuankullaVdegéj (47)
j=1 kutta
] IR T
Ji i k(@ kua) = — Y kkutla/ VN Mua VN;d (2 (48)
xutta

Substituting with these terms the elemental contributions in Eqs. (47) and (48) on the elements (X, marked by
Algorithm 1, ensures that the Kutta condition is satisfied and the correct pressure distribution is obtained in the
trailing edge, as shown in Fig. 7. In general terms, the solution pressure distribution is correct without the penalty
terms, but if the trailing edge is closely analysed, it can be seen that without penalty the pressure distribution on the
embedded geometry does not match the body-fitted solution. Applying the penalty on the embedded solver, gives
an improved solution that is clearly visible on the trailing edge, but also on the final value of the lift coefficient,
that is closely dependent on the proper definition of the trailing edge flow.

2.7. Stabilization term for the embedded formulation

For linear elements, the gradient of the potential field shows some instabilities that can be attributed to the
element splitting with the distance function. This is specially important in coarser meshes where the geometry
representation is worse. The effect is appreciable in the pressure distribution plots, as the pressure depends directly
on the potential gradient. In order to improve these instabilities, a stabilization term is added to the formulation to
smooth the gradient of the potential. This term is added on the split elements, using the average of the gradients
of the surrounding elements. This results in a smoothing of the pressure distribution curve. The added term was
presented in Eq. (21) with some factor kg,p. This term corresponds to the difference of the gradient of the potential
and the average of the nodal gradient on the surrounding elements. Thus, local jumps in the gradient of the potential
are penalized. The average of the nodal gradient is expressed as:

1
§VD = > &V, (49)

®i>0
where ng+ is the number of nodes in the elements for which the distance function is positive ¢ > 0. The term
V @ represents the projected elemental gradient of the potential in the nodes. This projection can be estimated

11
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Fig. 7. Pressure distribution of the incompressible potential flow around a NACAO0012 profile at 5° for different values of the penalty
coefficient used to enforce the Kutta condition. Fig. 7a and 7b show a close up to the leading and trailing edge, respectively. Note that for
the pressure distribution for no penalty, kxuia = O, the trailing edge is badly represented.

numerically as follows, where n,,, is the number of neighbouring elements for an element (2¢:
Nelem . vaNd_QQj
£ (Vo) = 2 an, J J
Zlelem er NldQ

After discretization, the elemental contributions to the residual on the potential for the intersected terms Ry is
rewritten with the stabilization term:

(50)

M
R (&) = Z/Q PVN; - VN;dQ2®; + kyap [/Q VN; - VN;d 0, —g(wp)} (51)
j=1"%

Thus, the new term penalizes big differences of the potential gradient of a given element with its neighbours, if
its value is different than the neighbour average. The added term is non-linear on the potential, but this is not a
major drawback since the formulation is already non-linear due to the compressibility hypothesis. The effect of this
term is shown in Fig. 8, for the incompressible flow around a NACAOO12 profile at an angle of attack of o = 5°.
Different pressure distributions are plotted for different values of the stabilization factor. For these plots, a penalty
coefficient of ks = 1000 was used. It can be seen that some pressure values are out of the reference outline for
the embedded formulation with no stabilization term. Adding the stabilization term smooths these pressure jumps,
accomplishing a better distribution in the embedded formulation that matches the body-fitted solution.

3. Adaptive refinement

Metric-based refinement has been employed to automatically adapt the meshes using the Mmg software [20], in
order to solve the embedded potential flow equations. Among other advantages such as mesh quality or speed, a
metric-based approach allows to freely adapt the remeshing operation depending on the user needs. The approach
is based on the workflow presented by [21], which combines the metric definition from a level set function and
Hessian based refinement [10]. This is exploited to use the information of the level set field describing the geometry
¢ and previous potential field solutions, as shown in Fig. 9 .

On one hand, an a priori (before solution) strategy is defined, which depends on the level set field defined by
the geometry of study. For this purpose, the gradient of the level set function is computed, whose components are
denoted by V¢;. Then, the metric tensor computed at every node is defined as:

co(1=V¢) +ciVe:  (c1 —co) ViV, (c1 = co) V$ V.
Mx)=| (c1—c) Vo Vo,  co(1=Ve})+aVe; (1 —co) Vo, Ve, (52)
(c1 — co) Ve, V. (1 —co) Ve, Vo o (1 = V§?) +c1Ve?

12
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Fig. 8. Pressure distribution of the incompressible potential flow around a NACAQ0O012 profile at 5° for different values of the stabilization

factor used to smooth the gradient of the potential. A penalty coefficient of kyya = 1000 was used in these figures for all curves. Fig. 8a
shows the pressure distribution in the upper side of the trailing edge, while Fig. 8b shows a close up at the trailing edge.

where the coefficients ¢y and c¢| are defined for a user defined element size # and an anisotropic ratio r:

1

0= (53)
o

a=2 (54)
r

With this metric definition, the newly generated mesh can be controlled by choosing the size & as a function of ¢.
The size is controlled with:

h(@O)) = hnin + 52 Pmar = hnin) i $(x) < Ly (55)

where a minimal size h,,;, is set for nodes at the zero-isosurface of the level set ¢(x) = 0, and a maximal size
hmax 1S set for nodes at some user-defined isosurface at ¢ = L;. Values larger than this boundary isosurface take
the element size of the initial mesh. On the other hand, a metric is defined using the solution of a previous mesh,
which is written as:

M=RAR

N A _
Ai = min (max <m h;ix> , hm,zn> (57)
e

where A; are the eigenvalues and R the matrix of eigenvectors of the Hessian H, of a given variable u. The
eigenvalues are truncated for some user-defined minimal and maximal sizes, A,,;, and h,,,,. The metric depends on
a constant c¢; and the interpolation error ¢. This error is defined as the error that is committed by discretizing the
domain and representing the variable u as uy:

&= |lu—u"| (58)

The Hessian is estimated numerically by using the shape function gradients of the elements and by performing a
volume-based nodal projection twice, on a similar manner as in Eq. (50). For a given scalar quantity, the gradient
of the shape functions can be used to compute the gradient on the Gauss points of the scalar quantity. This gradient
can be computed at the nodes by performing an area-based average using the gradient of the Gauss points from the
neighbouring elements. Performing the same operation again using each component of the computed nodal gradient
will yield the final estimated Hessian matrix. This can be expressed for some scalar quantity u as:

Vi — Z?elﬂm er N,Vde.Quj
1 Z’llelem er NldQ

where A =diag(};) (56)

(59)
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Table 1
Parameters used and lift coefficient obtained after solving the compressible potential flow around a NACAQ0O012 airfoil at an angle of attack
of 2°. The lift coefficient obtained lies within a 1% error if compared to the reference value from [22].

Mesh Refinement type Nmin Ninax Ly e Nnodes
Initial mesh None 5% 1072 1.0 - - 14042
Intermediate mesh Level set 1x1073 5% 1072 0.1 - 23005
Final mesh Hessian 1x107° 1 x 103 - 5% 1073 81668

yoetem S NiVNdQ2Vui;
']lelem fne N,d.Q

The scalar variable # can be assigned as any quantity coming from the solver. For instance, the values of the

potential @, or each component of the velocity vy = V &,. For the wake elements 2¢ € (2, the values of the

potential used to estimate the nodal gradient in Eq. (59) are replaced by &%. Either side of the wake can be used
to compute the gradient on the wake elements. Here, the upper side, denoted with the + sign, is arbitrarily chosen:

Hu,ij = (60)

Y [ge NiVN;dQ®}
Z'l'elem er N;d Q2
Using this metric allows refining adaptively the mesh while prescribing the interpolation error on the potential field
to a fixed value. In practice, this generates more nodal presence on the leading and trailing edge. If this metric is
combined with the level set metric, it allows to generate a highly accurate mesh with a reduced number of nodes.

Ve = it 00 e Oy (61)

4. Results

In order to validate the method proposed, a test case from [22] is selected for a NACAO0012 airfoil with chord
¢ = 1 m at an angle of attack « = 2° and free stream Mach M., = 0.63. The far-field has been modelled with a
50 x 50 m squared mesh. The compressible potential flow for this case is solved starting from a generic unstructured
mesh which is adaptively refined in two steps. Detailed information of the three meshes used is presented in Table 1.

The initial mesh is shown in Fig. 9a which is uniformly meshed with a classical pre-processor, using a bounding
box at the airfoil location with an element size of A,,;, = 5 x 10~2. The outer domain is meshed with an element
size h,,,c = 1.0. Note that this initial mesh could be reused for any geometry configuration.

Next, the metric in Eq. (52) is used to adaptively refine the mesh using the level set field, and the case is solved.
The settings involved in this refinement are also reported in Table 1, where the refinement is performed prescribing
the element sizes to A, = 1 x 1073 and A, = 5 x 1072, These sizes are imposed at the level set zero-isosurface
and at the isosurface ¢ = L,, respectively. The sizes at the points lying in-between these isosurfaces are linearly
interpolated according to Eq. (55). The mesh obtained in this refinement step is shown in Fig. 9b.

Each component of the velocity field obtained after solving the intermediate mesh is then used with the metric in
Eq. (56) to adapt the mesh according to the solution, while keeping the geometrical information from the previous
step by performing the metric intersection [11]. The metric intersection allows keeping the optimal sizes from both
approaches. The settings used in this step are also reported in Table 1, which take part in Eq. (57) for this approach.
The interpolation error is set to & = 5 x 1073, and the element size truncating values are deactivated so that the
refinement is driven purely by the interpolation error. For that reason, the minimal and maximal sizes are prescribed
to small and large values respectively in Table 1. This results in the computational mesh shown in Fig. 9c, which
has been adaptively refined using both the geometrical information and the flow characteristics. A summary of the
settings and computational information used in the case is presented in Table 1.

Although the final solution for this test case is subcritical, the case is close to transonic in some points of the
domain which makes the Jacobian in Eq. (26) ill-defined. This is pointed out by [4], where a limit in the local
Mach number and the isentropic ratio for the density is proposed to overcome this issue. For local Mach numbers
exceeding Mi,e = 0.99, the Mach number is fixed to 0.99 and the density isentropic ratio is set to p/ps = 1075.
Some of the parameters and computational details used to solve this case are reported in Table 2. The problem is
solved first on the intermediate mesh, whose solution is used to generate the final mesh. A penalty coefficient of
kruta = 10.0 is selected to enforce the Kutta condition. For these meshes, a stabilization factor kg, = 1.0 is used,
for which the instabilities in the pressure distribution are unnoticeable. The number of degrees of freedom 74 is
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according to the distance function defining the geometry of study, resulting in the mesh shown in Fig. 9b. After solving the problem in this
mesh, another iteration is performed by adaptively refining the mesh according to the potential solution, obtaining the mesh in Fig. 9c.

Fig. 9. Snapshot of the adaptively refined mesh in two steps. First, the level set function is used to adaptively refine the mesh in Fig. 9a
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Table 2

Computational details and results for the intermediate and final meshes used in the analysis to solve the compressible potential flow around
a NACAOO012 airfoil at an angle of attack of 2°. The same settings for the far-field are applied on both meshes. The final mesh is generated
from the solution of the intermediate mesh by using a Hessian adaptive refinement. The lift coefficient obtained on the final mesh matches
the reference value from [22].

Mesh Moo a kit Kstab Mo C Crf [22] Riter Ty Ts
Intermediate mesh 0.63 2° 10.0 1.0 18957 0.293 0.335 17 3s 5s
Final mesh 0.63 2° 10.0 1.0 71741 0.335 0.335 13 7s 13 s
T T
1k ® Kratos |
X Ref. [22]
®)
= —05} .
=]
[}
5
5
g 0 :
o
(]
—
]
]
4 05 .
—
[a W)
1} -
| | | | | >\<
0 0.2 0.4 0.6 0.8 1

Fig. 10. Pressure distribution of a NACAOQO12 airfoil at an angle of attack o = 2° at My, = 0.63, solved in an unfitted mesh. The result is
compared to the values reported in [22].

lower than the number of nodes reported in Table | for two reasons. First, the elements intersected by the wake
have duplicated degrees of freedom. Second, the elements completely immersed by the level set are deactivated, and
the degrees of freedom of their nodes do not contribute to the system. For this reason, the total number of degrees
of freedom is lower than the number of nodes. The number of non-linear iterations nj., of the Newton—Raphson
strategy and the time T spent solving the system is also reported in Table 2. Both cases are solved on the four cores
of a 3.6 GHz Intel Core 17-4790 CPU with OpenMP parallelization with an algebraic multigrid linear solver [23].
The modelling time T), is reported separately from the linear solver time, as it is the time that includes both the
remeshing and the level set calculation operations, which are not performed in classical body-fitted analyses. This
can be compared to the time that the user spends creating and generating the body-fitted mesh, which is done
automatically in this approach. Most of the modelling time is spent remeshing, which is a serial operation that does
not benefit from OpenMP parallelization. The final pressure distribution obtained on this mesh is shown in Fig. 10,
matching the reference solution in [22].

5. Conclusions

A method to solve the full potential equation on a fully embedded approach has been presented. The method
allows defining both the geometry and the wake implicitly, reducing considerably the preprocessing effort from
the user. Adaptive mesh refinement can be employed to improve a generic background mesh to the specific case,
allowing for an accurate description of the geometry and the flow. The formulation depends on two hyper-parameters,
but the solver performs well for a wide range of values. The accuracy accomplished depends on the adaptive
refinement settings selected by the user, which allows trading off accuracy for speed. Although simpler methods
exist to compute the potential flow for streamlined bodies, the automatic nature of the immersed approach makes
it a perfect choice for optimization analyses. In this scenario, the number of solver evaluations is generally high,
and the geometry is likely changing at every step. The embedded approach ensures that the solver evaluations
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can be performed on the same mesh without mesh deformation, which can be adapted for every new geometry
configuration.

The method and results presented in this document have been verified for the two-dimensional analysis of airfoil
shapes. The extension of the embedded solver to three-dimensional problems is currently under development. The
methodology described here to embed bodies can be directly extended to three dimensions, but certain care needs
to be taken into account regarding the imposition of the wake boundary conditions. In the two-dimensional case,
Eq. (30) simplifies both Eq. (8) and (9) into a single equation as this is equivalent for vectors in two dimensions.
Instead, in three dimensions Egs. (8) and (9) need to be imposed separately. Here, Eq. (9) can be linearized using
the freestream velocity as presented by [4]. Also, the wake is modelled as a plane instead of a line, which intersects
the trailing edge line of the wing.
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