Technische Universitat Munchen

TUM School of Computation, Information and Technology

Geometric Machine Learning-

Structure-Preserving Neural Networks for Scientific Computing

Benedikt Brantner

Vollstandiger Abdruck der von der TUM School of Computation, Information and Technology der
Technischen Universitdt Miinchen zur Erlangung des akademischen Grades eines

Doktors der Naturwissenschaften

genehmigten Dissertation.

Vorsitz: Prof. Dr. Oliver Junge

Priifende der Dissertation:
1. Prof. Dr. Eric Sonnendriicker

2. Prof. Dr. Tatjana Stykel

3. Assistant Prof. Dr. Joshua Burby

Die Dissertation wurde am 25.09.2024 bei der Technischen Universitdt Miinchen eingereicht und
durch die TUM School of Computation, Information and Technology am 11.02.2025 angenommen.



MAX-PLANCK-INSTITUT
FUR PLASMAPHYSIK

®
@
(~eometric Machine Learning

Benedikt Brantner

September 24, 2024







Preliminary Remarks and
Acknowledgements

During the time I conducted my PhD the TUM School of Computation, Information, and Technology
(CIT) replaced the former departments of Mathematics, Informatics, and Electrical and Computer
Engineering. Its mission statement reads: “[CIT unites] a wide spectrum of different competencies:

o from theoretical foundations to implementation in different contexts of application,

e from elementary components via hardware and software architectures to holistic technical
systems,

o from mathematical abstraction to technological engineering processes,

e from formal specification to partially automated implementation.”

Although not touching on all these aspects, I tried to make my dissertation fit into this framework:
it is closely linked to the development of a software package that can be used “in different contexts
of application” and contains algorithms that emerged as a result of “mathematical abstraction”. In
the spirit of the CIT this text contains both code snippets demonstrating the software package and
mathematical theorems (including proofs).

At this point I want to acknowledge several people who helped me professionally and personally. My
foremost thanks go to my scientific mentor Michael Kraus who throughout my PhD provided me
with guidance, nudged me in the right direction when I needed it, and was extremely understanding
whenever progress was slow. He almost always gave me the maximum amount of freedom to pursue
things I found interesting. The only instance I can think of, where this freedom was not granted,
was his insistence that all his students use Julia, a demand that sped up getting results immensely.

I am also very grateful to Eric Sonnendriicker, the head of our department, who gave me many
opportunities to present my work at international conferences which in turn enabled me to meet
new people (very often the faces behind the papers I read) and exchange ideas. My thanks also go
to all my colleagues, especially those I regularly had lunch with, for stimulating discussions on work
and everything else in the world.

On a more personal note I want to thank my parents for their patience, understanding and relentless
encouragement; I often think back to them telling me: “Irgendwie geht's immer.”

Lastly I want to thank Lejie for her love and support, remarks that very often helped me organize
thoughts in my head, and her extreme understanding when I opened my laptop for the umpteenth
time for a late-night programming session. F&i& & H &S, AT L FWRER. FKILEER.

iii






Summary

Scientific computing has become an indispensible tool for many disciplines like biology, engineering
and physics. It is, for example, used to (i) establishing connections between theories and experiments,
(ii) making predictions and (iii) aiding in optimizing parameters in the design of large-scale projects
such as fusion reactors.

In practice scientific computing involves solving partial differential equations, usually on supercom-
puters; and this can be very expensive. Scientists have long tried to reduce the cost required to solve
these equations by various methods. In this work we focus on data-driven reduced order modeling
to do so. This approach in practice often means employing machine learning techniques such as
neural networks to process data that come from simulations.

Neural networks have facilitated breakthroughs in various fields, but their application in reduced
order modeling is still in its infancy. A largely neglected aspect is the adherence to properties in
their algorithms that have been observed to be important in traditional scientific computing. These
properties often pertain to the structure of the solution of the differential equations.

From theoretical and empirical results we know such structure is often indispensible when performing
simulations and should be accounted for, and structure preservation serves as the main motivation
of this dissertation. To this end we design new neural network architectures that preserve structure.
Geometric has traditionally been used as a synonym for structure-preserving and we therefore adopt
the name geometric machine learning as an umbrella term for the ideas introduced in this work.

Geometric machine learning and neural networks are not an entirely novel concept and other re-
searches have proposed architectures that preserve structure before. There are however many new
instances of geometric neural networks presented here that are original work. This dissertation is
structured into four main parts.

In Part I we give background information that does not constitute novel work, but lays the foundation
for the coming chapters. This first part includes a basic introduction into the theory of Riemannian
manifolds, a basic discussion of structure preservation and a short explanation of data-driven reduced
order modeling.

Part II discusses a novel optimization framework that generalizes existing neural network optimizers,
such as the Adam optimizer and the BFGS optimizer, to manifolds. These new optimizers were
necessary to enable the training of a new neural network architecture which we call symplectic
autoencoders (SAEs).

Part IIT finally introduces various special neural network layers and architectures. Some of them,
like SympNets and the multihead attention layer, are well-known, but others like SAEs, volume-
preserving attention and the linear symplectic transformer are new.

In Part IV we give some results based on the new architectures and show how they compare to exist-
ing approaches. Most of these applications pertain to applications from physics; but to demonstrate
the efficacy of the new optimizers we resort to a classical problem from image classification to show
that geometric machine learning can also find applications in fields outside of scientific computing.
For all examples that we show, our new architectures exhibit a clear improvement in terms of speed
or accuracy over existing architectures. We show one example where we obtain a speed-up of a
factor of 1000 with SAEs and transformers.






Zusammenfassung

Wissenschaftliches Rechnen ist ein unverzichtbares Werkzeug fiir viele Disziplinen wie Biologie,
Ingenieurwesen und Physik. Es ist wichtig z.B. fiir (i) die Verkniipfung zwischen Theorien und em-
pirischen Beobachtungen, (ii) das Treffen von Vorhersagen ohne physische Experimente und (iii) das
Design von Apparaturen wie Fusionsreaktoren. In der Praxis bedeutet wissenschaftliches Rechnen
fast immer, dass partielle Differentialgleichungen geldst werden miissen, meist auf Supercomputern;
und das ist gewohnlich sehr teuer.

Wissenschaftler versuchen seit langem die Kosten fiir das Losen dieser Gleichungen zu senken, indem
sie z. B. Modelle vereinfachen oder reduzierte Darstellungen konstruieren. Einer dieser Ansétze ist
Data-Driven Reduced Order Modeling (DDROM), das in den letzten Jahren aufgrund seiner Eignung
fiir moderne Hardware und Algorithmen an Bedeutung gewonnen hat. In der Praxis bedeutet das
oft die Anwendung von Techniken des maschinellen Lernens wie neuronale Netze.

Neuronale Netze haben in verschiedenen Anwendungen ein enormes Potenzial gezeigt. Fiir DDROM
sind die entsprechenden Ergebnisse oft allerdings noch nicht sehr zufriedenstellend. Wissenschaftler
haben bei ihrer Anwendung von neuronalen Netzen oft Eigenschaften vernachlédssigt, die sich im
traditionellen wissenschaftlichen Rechnen als sehr wichtig erwiesen haben. In dieser Arbeit beziehen
sich diese Eigenschaften auf die Struktur der Differentialgleichungen; diese ist bei der Durchfithrung
von Simulationen oft unverzichtbar um Stabilitdt zu gewéhrleisten.

In dieser Arbeit bezeichnen wir Methoden des maschinellen Lernens, die auf die spezifische Struktur
einer Differentialgleichung zugeschnitten sind, als geometrisches maschinelles Lernen. Der Begriff
geometrisch wird in diesem Zusammenhang traditionell auch verwendet und ist als Synonym des
Wortes strukturerhaltend zu verstehen. Die Idee neuronale Netze geometrisch zu machen ist nicht
neu; viele der Netzwerke die wir hier présentieren sind es aber und bilden einen wichtigen Teil dieser
Dissertation. Diese Arbeit teilt sich in vier Teile.

In Teil T geben wir Hintergrundinformationen wieder, die keine neue Arbeit darstellen, aber die
Grundlage fiir die folgenden Kapitel bilden. Dieser erste Teil enthélt eine grundlegende Einfiihrung
in die Theorie der Riemannschen Mannigfaltigkeiten, eine Diskussion iiber Strukturerhaltung und
eine kurze Erlduterung von DDROM.

In Teil IT wird ein neues Optimierungsframework eingefiihrt, das bestehende Optimierer fir neu-
ronale Netze auf Mannigfaltigkeiten verallgemeinert. Beispiele hierfiir sind der Adam-Optimierer
und der BFGS-Optimierer. Diese neuen Optimierer waren notwendig, um das Training einer neuen
neuronalen Netzwerkarchitektur zu ermdoglichen, die wir symplektische Autoenkoder (SAE) nennen.

In Teil IIT werden schlielich verschiedene spezielle neuronale Netzwerkarchitekturen vorgestellt.
Einige von ihnen, wie SympNets und Multi-Head Attention, stellen keine Neuheiten dar, aber andere,
wie SAEs, Volume-Preserving Attention und der lineare symplektische Transformer, sind originell.

In Teil IV geben wir einige Ergebnisse an, die auf den neuen Architekturen basieren. Die meisten
dieser Anwendungen beziehen sich auf Anwendungen aus der Physik; um jedoch die neuen Opti-
mierer zu demonstrieren, greifen wir auf ein klassisches Problem aus der Bildklassifikation zurtick.
Wir wollen damit zeigen dass geometrisches maschinelles Lernen auch in Bereichen auflerhalb des
wissenschaftlichen Rechnens Anwendung finden kann. In allen behandelten Problemen ist zu sehen
dass unsere Modelle genauer oder schneller als vergleichbare Architekturen sind. In einem Beispiel
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zeigen wir wie ein SAE-reduziertes Model die Auswertung eines Problems um einen Faktor 1000
beschleunigt.
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Chapter 1

Introduction and Outline

One may argue that structure-preserving machine learning is a contradiction. One of the most
popular books on neural networks [1] introduces the term machine learning the following way: “The
difficulties faced by systems relying on hard-coded knowledge suggest that [artificial intelligence]
systems need the ability to acquire their own knowledge, by extracting patterns from raw data.
This capability is known as machine learning.” The many success stories of deep neural networks
such as ChatGPT [2] have shown that abandoning hard-coded knowledge in favour of extracting
patterns can yield enormous improvement for many applications. In scientific computing the story is
a different one however. Hard coding of certain properties into an algorithm has proved indispensible
for many numerical applications. The introductory chapter to one of the canonical references on
geometric numerical integration [3] contains the sentence: “It turned out that the preservation of
geometric properties of the flow not only produces an improved qualitative behaviour, but also allows
for a more accurate long-time integration than with general-purpose methods.” Here “preservation
of geometric properties” means hard-coding physical information into an algorithm.

Despite the allure of neglecting hard-coded knowledge in an “era of big data” [4] many researchers
have very early realized that systems that work for image recognition, natural language processing
and other purely data-driven tasks may not be suitable to treat problems from physics [5]. Scientific
machine learning [6], which in this work refers to the application of machine learning techniques
for the solution of differential equations from science and engineering, has however much too often
neglected the preservation of geometric properties that has proved to be so important in traditional
numerics. An ostensible solution is offered by so-called physics-informed neural networks (PINNS),
whose eponymous paper [7] is one of the most-cited in scientific machine learning. The authors
write: “Coming to our rescue, for many cases pertaining to the modeling of physical and biological
systems, there exists a vast amount of prior knowledge that is currently not being utilized in modern
machine learning practice.” It is stated that PINNS “[enrich] deep learning with the longstanding
developments in mathematical physics;” one should however add that they also ignore longstanding
developments in numerics, like preserving the geometric properties which are observed to be crucial
in [3].

What this work aims at doing is not “to set the foundations for a new paradigm” [7], but rather
to show that in many cases it is advantageous to imbue neural networks with specific structure and
one should to do this whenever possible. In this regard this work is much more closely related to
traditional numerics than to neural network research as we try to design problem-specific algorithms
rather than “universal approximators” [8]. The structure-preserving neural networks in this work are
never fundamentally new architectures but build on existing neural network designs [9, 10] or more
classical methods [11]. We design neural networks that have a specific structure encoded in them
(modeling part) and then make their behavior reflect information found in data (machine learning
part). We refer to this as geomnetric machine learning.
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Figure 1.1: Geometric machine learning (GML) like traditional geometric numerical integration
(GNI) and other structure-preserving numerical methods aims at building models that share prop-
erties with the analytic solution of a differential equation.

In the picture above we visualize that geometric machine learning aims at constructing so-called
structure-preserving mappings that are ideally close to the analytic solution and perform better
than classical methods (e.g. GNI). Structure-preserving here means that the model shares properties
with the analytic solution of the underlying differential equation. In this work the most important
of these properties are symplecticity and volume preservation, but this may extend to others such as
the null space of certain operators [12] and symmetries encoded into a differential equation [13, 14].

For us the biggest motivation for geometric machine learning comes from data-driven reduced order
modeling. There we want to find reduced representations of so-called full order models of which we
have data available; such reduced representation ideally have much lower computational complexity
then the full order model. Data-driven reduced order modeling is especially useful when solving
parametric partial differential equations (PPDEs). In this case we can solve the full order model
for a few parameter instances and then build a cheaper representation of the full model (a so-called
reduced model) with neural networks. This can bring dramatic speed-ups in performance.

Closely linked to the research presented here is the development of a software package written in
Julia called GeometricMachineLearning [15]. Throughout this work we will demonstrate concepts
such as neural network architecture and (Riemannian) optimization by using GeometricMachineLear-
ning!'. Most sections contain a subsection Library Functions that explains types and functions in
GeometricMachineLearning that pertain to the text in that section (they are generated as so-called
docstrings [16]). We show an example here:

GeometricMachineLearning.GradientCache — Type.

GradientCache(Y)

Do not store anything.
The cache for the GradientOptimizer does not consider past information.

source

So the docstring shows the name of the type or method, in most cases how to call it and then gives
some information explaining what it does and potentially hyperlinks to other similar docstrings

1This document was produced with GeometricMachineLearning v0.3. It may be that the interface will slightly change
in future versions, but efforts will be made to keep these changes as small as possible.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer_caches.jl#LL79-L85
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(GradientOptimizer in this case); all of this information is indented by a tab. Docstrings may
include other information under subheaders Arguments (showing the arguments the method can
be supplied with), Examples (giving more detailed examples (including results) of how to use
the method) and Implementation (giving details on how the method is implemented). When we
reference a docstring it is always printed in blue (e.g. GradientOptimizer), indicating a hyperlink.
In addition there is an index of docstrings showing all docstrings in chronological order with the
associated page number.

Similar to Library Functions, which is included in most sections, almost every chapter concludes
with a section Chapter Summary and an additional section References that shows further re-
lated reading material. The Chapter Summary recaps the important aspects of the corresponding
chapter, states again what is new (this may be mathematical or software aspects) and gives infor-
mation to what other parts of the dissertation the contents of the present chapter are relevant.

All the code necessary to reproduce the results is included in the text and does not have any specific
hardware requirements. Except for training some of the neural networks (which was done on an
NVIDA Geforce RTX 4090 [17]) all the code snippets were run on CPU (via GitHub runners [18]).
All plots have been generated with Makie [19].

This dissertation is structures into four main parts: (i) background information, (ii) an explanation
of the optimizer framework used for training neural networks, (iii) a detailed explanation of the
various neural network layers and architectures that we use and (iv) a number of examples of how
to use GeometricMachinelLearning. We explain the content of these parts in some detail?.

1.1 Background Information

The background material, which does not include any original work, covers all the prerequisites
for introducing our new optimizers in Part II. In addition it introduces some basic functionality of
GeometricMachineLearning. It contains (among others) the following sections:

« Concepts from general topology (see Chapter 2.1): here we introduce topological spaces, closed-
ness, compactness, countability and Hausdorffness amongst others. These concepts are pre-
requisites for defining manifolds.

¢ General theory on manifolds (see Chapter 2.5): we introduce manifolds, the preimage theorem
and submersion theorem. These theorems will be used to construct manifolds; the preimage
theorem is used to give structure to the Stiefel (see Chapter 2.9) and the Grassmann manifold
(see Chapter 2.10), and the immersion theorem gives structure to the solution manifold (see
Chapter 4.1) which is used in reduced order modeling.

o Riemannian manifolds (see Chapter 2.7): for optimizing on manifolds we need to define a
metric on them, which leads to Riemannian manifolds. We introduce geodesics and the Rie-
mannian gradient here.

« Homogeneous spaces (see Chapter 2.8): homogeneous spaces are a special class of manifolds
to which our generalized optimizer framework can be applied. They trivially include all Lie
groups and spaces like the Stiefel manifold (see Chapter 2.9), the Grassmann manifold (see
Chapter 2.10) and the “homogeneous space of positions and orientations” [20)].

o Global tangent spaces (see Chapter 2.11): homogeneous spaces allow for identifying for an
invariant representation of all tangent spaces which we call global tangent spaces®. We explain
this concept in this section.

2In addition there is also an appendix that provides more implementation details.
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o Geometric structure (see Chapter 3.1): structure preservation takes a prominent role in this
dissertation. In general structure refers to some property that the analytic solution of a dif-
ferential equation also has and that we want to preserve when modeling the system. Here
we discuss symplecticity and volume preservation (see Chapter 3.2) in detail. We also intro-
duce neural networks in this chapter and give a definition of geometric neural networks (see
Chapter 3.3).

o Reduced order modeling (see Chapter 4.1): reduced order modeling serves as a motivation for
most of the architectures introduced here. In this section we introduce the basic idea behind
reduced order modeling, show a typical workflow and explain what structure preservation looks
like in this context (see Chapter 4.5).

1.2 The Optimizer Framework

One of the central parts of this dissertation is an optimizer framework that allows the generalization
of existing optimizers such as Adam [23] and BFGS [24, Chapter 6.1] to homogeneous spaces in a
consistent way*. This part contains the following sections:

o Neural Network Optimizers (see Chapter 5.1): here we introduce the concept of a neural
network optimizer and discuss the modifications we have to make in order to generalize them
to homogeneous spaces.

o Retractions (see Chapter 5.2): an important concept in manifold optimization are retractions
[25]. We introduce them in this section, discuss how they can be constructed for homogeneous
spaces and show the two examples of the geodesic retraction and the Cayley retraction.

o Parallel Transport (see Chapter 5.3): whenever we have an optimizer that contains momentum
terms (such as Adam for example) we need to transport these momenta. In this section we
explain how this can be done straightforwardly when dealing with homogeneous spaces.

o Optimizer methods (see Chapter 6.1): in this section we introduce simple optimizers such as
the gradient optimizer, the momentum optimizer and Adam and show how to generalize them
to our setting. Due to its increased complexity the BFGS optimizer gets its own section (see
Chapter 6.2).

T,M

Figure 1.2: Weights can be put on manifolds to achieve structure preservation or improved stability.

3These spaces are also discussed in [21, 22].

4The optimizer framework was introduced in [26].



1.3. SPECIAL NEURAL NETWORK LAYERS AND ARCHITECTURES )

1.3 Special Neural Network Layers and Architectures

In here we first discuss specific neural network layers and then architectures. A neural network
architecture is always a composition of many neural network layers that is designed for a specific
task.

Special neural network layers include:

o SympNet layers (see Chapter 7.1): symplectic neural networks (SympNets) [10] are special
neural networks that are universal approximators in the class of canonical symplectic maps.
SympNet layers comprise three different types: linear layers, activation layers and gradient
layers. All these are introduced here.

e Volume-preserving layers (see Chapter 7.2): the volume-preserving layers presented here are
inspired by linear and activation SympNet layers. They slightly differ from other approaches
with the same aim [27].

o Attention layers (see Chapter 7.3): many fields in neural network research have seen big
improvements due to attention mechanisms [9, 28, 29]. Here we introduce this mechanism
(which is a neural network layer) and also discuss how to make it volume-preserving [30]. It
serves as a basis for multihead attention (see Chapter 7.4) and linear symplectic attention (see
Chapter 7.5).

Special neural network architectures include:

o Symplectic autoencoders (see Chapter 8.2): the symplectic autoencoder constitutes one of the
central elements of this dissertation. It offers a way of flexibly performing nonlinear model
order reduction for Hamiltonian systems. In this section we explain its architecture and how
it is implemented in GeometricMachinelLearning in detail.

o SympNet architectures (see Chapter 8.5): based on SympNet layers (which are simple building
blocks) one can construct two main types of architectures which are called LA-SympNets and
G-SympNets. We explain both here.

o Volume-preserving feedforward neural networks (see Chapter 8.6): based on LA-SympNets
we build volume-preserving feedforward neural metworks that can learn arbitrary volume-
preserving maps.

o Transformers (see Chapter 8.7): transformer neural networks have revolutionized many fields
in machine learning like natural language processing [9] and image recognition [29]. We discuss
them here and further imbue them with structure-preserving properties to arrive at volume-
preserving transformers (see Chapter 8.8) and linear symplectic transformers (see Chapter 8.9).

We note that SympNets, volume-preserving feedforward neural networks and the three transformer
types presented here belong to a category of neural network integrators (see Chapter 8.3), which
are used in the online stage of reduced order modeling. That makes them different from symplectic
autoencoders which are used in the offline stage.

1.4 Examples

In this part we demonstrate the neural network architectures implemented in GeometricMachine-
Learning with a few examples:
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o Symplectic autoencoders (see Chapter 9.1): here we show how to reduce the Toda lattice [31],
which is a 400-dimensional Hamiltonian system in our case, to a two-dimensional Hamiltonian
system with symplectic autoencoders.

e SympNets (see Chapter 10.1): this serves as an introductory example into using GeometricMa-
chineLearning and does not contain any new results. It simply shows how to use SympNets
to learn the flow of a harmonic oscillator.

o Image classification (see Chapter 11.1): Here we perform image classification for the MNIST
dataset [32] with vision transformers and show that manifold optimization can enable conver-
gence that would otherwise not be possible.

o The Grassmann manifold in neural networks (see Chapter 12.1): in this example we model a
surface embedded in R? with the help of the Grassmann manifold.

« Different volume-preserving attention mechanisms (see Chapter 11.3): the volume-preserving
attention mechanism (see Chapter 7.3) in GeometricMachineLearning is based on computing
correlations in the input sequence. These correlations can be constructed in two different ways.
Here we compare these two.

o Linear Symplectic Transformer (see Chapter 10.2): the linear symplectic transformer is used
to integrate the four-dimensional Hamiltonian system of the coupled harmonic oscillator. Here
we compare the linear symplectic transformer to the standard transformer and SympNets.

1.5 Associated Papers and Contributions

The following papers have emerged in connection with the development of GeometricMachinelLearning:

1. In [26] a new class of optimizers for homogeneous spaces, a category that includes the Stiefel
manifold and the Grassmann manifold, is introduced. The results presented in this paper are
reproduced in the examples (see Chapter 11.1).

2. In [33] we introduced a new neural network architectures that we call symplectic autoencoders.
This is capable of performing non-linear Hamiltonian model reduction. During training of
these symplectic autoencoders we use the optimizers introduced in [26]. Similar results to
what is presented in the paper are reproduced as an example (see Chapter 9.1).

3. In [30] we introduce a new neural network architecture that we call volume-preserving trans-
formers. This is a structure-preserving version of the standard transformer [9] for which all
components have been made volume preserving. As application we foresee the online phase in
reduced order modeling.

In addition there are new results presented in this work that have not been written up as a separate
paper:

1. Similar to the volume-preserving transformer [30] we introduce a linear symplectic transformer
(see Chapter 8.9) that preserves a symplectic product structure and is also foreseen to be used
in reduced order modeling.

2. We show how the Grassmann manifold can be included into a neural network (see Chapter 12.1)
and construct a loss based on the Wasserstein distance to approximate a nonlinear space from
which we can then sample.
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Background






Chapter 2

Manifolds

In this chapter we introduce basic concepts necessary to discuss manifolds and manifold optimization.
We begin by discussing topological vector spaces and topological metric spaces, and several theorems
important for developing a theory of manifolds such as the implicit function theorem. We then
define manifolds and discuss the preimage theorem and the immersion theorem as tools to give
general spaces the structure of a manifold. We then proceed with a discussion on geodesics and
Riemannian manifolds. The chapter concludes with a presentation of homogeneous spaces and their
global tangent space representation that will be crucial for generalizing neural network optimizers to
the manifold setting.

2.1 Basic Concepts from General Topology

Here we discuss basic notions of topology that are necessary to define manifolds (see Chapter 2.5)
and work with them. Here we largely omit concrete examples and only define concepts that are
necessary for defining a manifold!, namely the properties of being Hausdorff and second countable.
For a detailed discussion of the theory and for a wide range of examples that illustrate this theory see
e.g. [34]. The here-presented concepts are also (rudimentarily) covered in most differential geometry
textbooks such as [35, 36].

We now start by giving all the definitions, theorem and corresponding proofs that are needed to
define manifolds. Every manifold is a topological space which is why we give this definition first:

Definition 2.1.1. A topological space is a set M for which we are given a collection of subsets
of M, which we denote by 7 and call the open subsets. T further has to satisfy the following three
conditions:

1. The empty set and M belong to 7.

2. Any union of an arbitrary number of elements of 7 again belongs to 7.

3. Any intersection of a finite number of elements of 7 again belongs to 7T .

So an arbitrary union of open sets is again open and a finite intersection of open sets is again open.

Based on this definition of a topological space we can now define what it means to be Hausdorff:

Definition 2.1.2. A topological space M is said to be Hausdorff if for any two points z,y € M
we can find two open sets U, U, € T st. € U,y € Uy and U, NU, = {}.

ISome authors (see e.g. [35]) do not require these properties. But since they constitute very weak restrictions
and are always satisfied by the manifolds relevant for our purposes we require them here.
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We now give the second definition that we need for defining manifolds, that of second countability:

Definition 2.1.3. A topological space M is said to be second-countable if we can find a countable
subcollection of T called U s.t. YU € T and x € U we can find an element V' € U for which
reV CU.

We now give a few definitions and results that are needed for the inverse function theorem (see
Chapter 2.4) which is essential for practical applications of manifold theory. We start with the
definition of continuity:

Definition 2.1.4. A mapping f between topological spaces M and N is called continuous if the
preimage of every open set is again an open set, i.e. if f~1{U} € T for U open in N and T the
topology on M.

Continuity can also be formulated in terms of closed sets instead of doing it with open sets. The
definition of closed sets is given below:

Definition 2.1.5. A closed set of a topological space M is one whose complement is an open set,
i.e. Fisclosed if F¢ € T, where the superscript ¢ indicates the complement: F¢:={x € M : 2 & F}.
For closed sets we thus have the following three properties:

1. The empty set and M are closed sets.
2. Any union of a finite number of closed sets is again closed.

3. Any intersection of an arbitrary number of closed sets is again closed.

So a finite union of closed sets is again closed and an arbitrary intersection of closed sets is again
closed.

We now give the definition of continuity in terms of closed sets:

Theorem 2.1.6. The definition of continuity in terms of open sets is equivalent to the following,
second definition: f : M — N is continuous if f~1{F} C M is a closed set for each closed set
FCN.

Proof. First assume that f is continuous according to the first definition and not to the second.
Then f~'{F} is not closed but f~1{F¢} is open. But f~YF°} = {z € M : f(x) ¢ N} =
(f~Y{F})¢ cannot be open, else f~'{F} would be closed. The implication of the first definition
under assumption of the second can be shown analogously. O

The next theorem makes the rather abstract definition of closed sets more concrete; this definition
is especially important for many practical proofs:

Theorem 2.1.7. The property of a set F being closed is equivalent to the following statement: If
a point y is such that for every open set U containing it we have U N F # {} then this point is
contained in F.

Proof. We first proof that if a set is closed then the statement holds. Consider a closed set F' and a
point y € F s.t. every open set containing y has nonempty intersection with F'. But the complement
F€ also is such a set, which is a clear contradiction. Now assume the above statement for a set F
and further assume F’ is not closed. Its complement F° is thus not open. Now consider the interior
of this set: int(F°¢) := U{U : U C F° and U open}, i.e. the biggest open set contained within F*°.
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Hence there must be a point y which is in F'° but is not in its interior, else F'° would be equal to its
interior, i.e. would be open. We further must be able to find an open set U that contains y but is
also contained in F°, else y would be an element of F. A contradiction. O

Next we define open covers, a concept that is very important in developing a theory of manifolds:

Definition 2.1.8. An open cover of a topological space M is a (not necessarily countable) col-
lection of open sets {U; }iz s.t. their union contains M. A finite open cover is a finite collection
of open sets that cover M. We say that an open cover is reducible to a finite cover if we can find
a finite number of elements in the open cover whose union still contains M.

And connected to this definition we state what it means for a topological space to be compact. This
is a rather strong property that some of the manifolds treated in here have, for example the Stiefel
manifold (see Chapter 2.9).

Definition 2.1.9. A topological space M is called compact if every open cover is reducible to a
finite cover.

A very important result from general topology is that continuous functions preserve compactness?:

Theorem 2.1.10. Consider a continuous function f : M — N and a compact set K € M. Then
f(K) is also compact.

Proof. Consider an open cover of f(K): {U;}icz. Then {f~1{U,;}}icz is an open cover of K and
hence reducible to a finite cover {f‘l{Ui}}ie{il,_”)in}. But then {U;}ie(s,.,....i,, also covers f(K). O

n

Moreover compactness is a property that is inherited by closed subspaces:

Theorem 2.1.11. A closed subset of a compact space is compact.

Proof. Call the closed set F' and consider an open cover of this set: {U};cz. Then this open cover
combined with F'¢ is an open cover for the entire compact space, hence reducible to a finite cover. [

If a set is contained in a Hausdorff space and is also compact we have:

Theorem 2.1.12. A compact subset of a Hausdorff space is closed.

Proof. Consider a compact subset K. If K is not closed, then there has to be a point y ¢ K s.t.
every open set containing y intersects K. Because the surrounding space is Hausdorff we can now
find the following two collections of open sets: {(U,U., : U.NU., = {})}.cx. The open cover
{U.}.cK is then reducible to a finite cover {U.}.c¢z, ... »,}- The intersection N.c., ... ., U.,, is then
an open set that contains y but has no intersection with K. A contraction. O

This last theorem we will use in proofing the inverse function theorem (see Chapter 2.4):

Theorem 2.1.13. If M is compact and N is Hausdorff, then the inverse of a continuous injective
function f: M — N is again continuous, i.e. f(V) is an open set in N for Ve T.

Proof. We can equivalently show that every closed set is mapped to a closed set. First consider the
set K € M. Its image is again compact and hence closed because N is Hausdorff. O

2We also say that compactness is a topological property [34].
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We further define what it means for a set to be dense:

Definition 2.1.14. A set U is called dense in D, where U C D if the closure of U, i.e. the smallest
closed set containing U, also contains D.

We will come back to the notion of denseness when talking about the universal approximation
theorem for SympNets (see Chapter 8.5).
2.2 (Topological) Metric Spaces

A metric space is a certain class of a topological space where the topology is induced through a
metric. We define this notion now:

Definition 2.2.1. A metric on a topological space M is a mapping d : M x M — R such that

the following three conditions hold:

1. d(z,y) =0 < z =y for every z,y € M, i.e. the distance between two points is zero if and
only if they are the same,

2. d(z,y) = d(y, z),

3. d(z,z) < d(z,y) +d(y, 2).
The second condition is referred to as symmetry and the third condition is referred to as the triangle
inequality.
We give some examples of metric spaces that are relevant for us:

Example 2.2.2. The real line R with the metric defined by the absolute distance between two
points: d(z,y) = |y — z|.

Example 2.2.3. The vector space R" with the Fuclidean distance da(x,y) = /Y1y (xi — i)
Example 2.2.4. The space of continuous functions C = {f : (—€,e) — R"} with the metric

doo(flu f?) = Supte(fe,e)‘fl(t) - fQ(t)|

Proof. We have to show the triangle inequality:

doo(d1,d3) = supse(_c ol f1(t) = f3()| < supe(_c.o)([f1(t) = f2(B)] + [ f2(t) — f3(1)])
< SUPye(—e ) [f1(E) = f2(D)] + supre(_e ol f1 (1) — f2(2)].

This shows that d. is indeed a metric. O

Example 2.2.5. Any Riemannian manifold is a metric space.

This last example shows that metric spaces need not be vector spaces, i.e. spaces for which we can
define a metric but not addition of two elements. This will be discussed in more detail in the section
on Riemannian manifolds (see Chapter 2.7).
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Complete Metric Spaces

To define complete metric spaces we first need the definition of a Cauchy sequence.

Definition 2.2.6. A Cauchy sequence is a sequence (a,)nen for which, given any € > 0, we can
find an integer N such that d(a,,, a.,) < € for all n,m > N.

Now we can give the definition of a complete metric space:

Definition 2.2.7. A complete metric space is one for which every Cauchy sequence converges.

Completeness of the real numbers is most often seen as an axiom and therefore stated without proof.
This also implies completeness of R™ [37].
2.3 (Topological) Vector Spaces
Vector Spaces are, like metric spaces, topological spaces which we endow with additional structure.
Definition 2.3.1. A vector space V is a topological space for which we define an operation called
addition and denoted by + and an operation called scalar multiplication (by elements of R) denoted
by  — ax for x € V and = € R for which the following hold for all z,y,z € V and a,b € R:

Loa+(y+2)=(@+y) +z

2. z4+y=y—+=o,

3. 40 € Vsuch that x + 0 =z,

4. 3 —x €V such that x + (—z) =0,

5. alaz) = (ab)z,

6. lx =uxforleR,

7. alx +y) = ax+ ay,

8. (a+b)xr=ax+bx.

The first law is known as associativity, the second one as commutativity and the last two ones are
known as distributivity.

The topological spaces R and R™ are (almost) trivially vector spaces. The same is true for many
function spaces. One of the special aspects of GeometricMachinelLearning is that it can deal with
spaces that are not vector spaces, but manifolds. All vector spaces are however manifolds.

2.4 Foundational Theorems for Differential Manifolds

Here we state and proof all the theorems necessary to define differential manifolds (see Chapter 2.5).
All these theorems (including proofs) can be found in e.g. [35].



14 CHAPTER 2. MANIFOLDS

The Fixed-Point Theorem

The fixed-point theorem will be used in the proof of the inverse function theorem below and the
existence-and-uniqueness theorem (see Chapter 2.6).

Theorem 2.4.1 (Banach Fixed-Point Theorem). A function f: U — U defined on an open subset
U of a complete metric vector space V O U that is contractive, i.e. |f(z) — f(y)| < q|z — y| with
q < 1, has a unique fixed point y* such that f(y*) = y*. Further y* can be found by taking any
y € U through y* = limy, o0 f™(y).

Proof. Fix a point y € U. We proof that the sequence (f"(y))men is Cauchy and because V is a
complete metric space, the limit of this sequence exists. Take m > m and we have

W) — < S 1) - Fi)

m—1
<) dlfy) -yl
Z;Jm q m—1
<> AW —yl = (Fw) —v) (1_q q
i=m i=1

And the sequence is clearly Cauchy. O

Note that we stated the fixed-point theorem for arbitrary complete metric spaces here, not just for
R™. For the section on manifolds (see Chapter 2.5) we only need the theorem for R™, but for the
existence-and-uniqueness theorem (see Chapter 2.6) we need the statement for more general spaces.

The Inverse Function Theorem

The inverse function theorem gives a sufficient condition on a vector-valued function to be invertible
in a neighborhood of a specific point. This theorem serves as a basis for the implicit function
theorem and further for the preimage theorem (see Chapter 2.5) and is critical in developing a
theory of manifolds (see Chapter 2.5). Here we first state the theorem and then give a proof.

Theorem 2.4.2 (Inverse function theorem). Consider a vector-valued differentiable function F :
RN — RN and assume its Jacobian is non-degenerate at a point x € RN. Then there erists a
neighborhood U that contains F(x) and on which F is invertible, i.e. 3H : U — RN s.t. Vy €
U, FoH(y) =y and H is differentiable.

Proof. Consider a mapping F : RV — RY and assume its Jacobian has full rank at point z, i.e.
det F'(z) # 0. We further assume that F(z) =0, F'(x) =1 and 2 = 0. Now consider a ball around
2 whose radius r we do not yet fix and two points y and z in that ball: y,z € B(r). We further
introduce the function G(y) := y — F(y). By the mean value theorem we have

GW)I = 1G(y) =2l =1Gy) - G@) < |y — o] sup, G (2 + t(y — ),
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where || - || is the operator norm. Because t — G’(z + t(y — x)) is continuous and G’(x) = 0 there
must exist an r s.t. V¢ € [0,1], ||G'(z + t(y — z))|| < 1/2. We have for any element y € B(r):
|Gy < |Gl - lyl < lyl/2, so G(B(r)) € B(r/2). We further define G.(y) := z + G(y); this
map is contractive on B(r) (for z € B(r/2)): |G.(y)| < |z| +|G(y) — 2| < ¢ < 1 and therefore
has a fixed point: y* = G,(y*) = z + y* — F(y*) and we obtain z = F(y*). The inverse (which
we call H : F(B(r/2)) — B(r)) is also continuous by the last theorem presented in the section on
basic topological concepts. We now proof that the derivative of H at F(z) = 0 exists and that it
is equal to F'(H(z))~!. For this we let n € F(B(r/2)) go to zero. We further define ¢ = F(z) and
h=H(E+n) —z:

[H(E+m) = H(E) = F'(z)"'n| = |h— F'(2)7'¢| = |h = F'(2) "/ (F(z + h) = €]
<NEG) 7T F'(2)h = Fz+h) + ¢

_ h  F(z+h)—¢

<IF' )7 bl \F(2) o — =7

I |h|

and the rightmost expression is bounded because of the mean value theorem: F(z + h) — F(z) <

supo<e<i|h] - |[F'(z + th)]|. -

The Implicit Function Theorem
This theorem is a direct consequence of the inverse function theorem.

Theorem 2.4.3 (Implicit Function Theorem). Given a function f : R"™ — R™ whose deriva-
tive at x € R™™ has full rank, we can find a map h : U — R"™™ for a neighborhood U >
(f(2), Tns1s- -y Tnem) such that foh is a projection onto the first factor, i.e. f(h(x1,...,Tnim)) =
(z1,...,2Tn).

Proof. Consider the map « = (z1,...,Zntm) = (f(2),Tnt1,- .., Tntm). The derivative of this map
is clearly of full rank if f’(x) is of full rank and therefore invertible in a neighborhood around
(f(x), Znt1y---s Tntm). We call this inverse map h. We then see that f o h is a projection. O

The implicit function will be used to proof the preimage theorem (see Chapter 2.5) which we use as
a basis to construct all the manifolds in GeometricMachineLearning.

2.5 (Matrix) Manifolds

Manifolds are topological spaces that locally look like vector spaces. In the following we restrict
ourselves to finite-dimensional smooth! manifolds. In this section we routinely denote points on a
manifold by lower case letters like z,y and z if we speak about general properties and by upper
case letters like A and B if we talk about specific examples of matrix manifolds. All manifolds that
can be used to build neural networks in GeometricMachineLearning, such as the Stiefel manifold (see
Chapter 2.9) and the Grassmann manifold (see Chapter 2.10) are matrix manifolds.

Definition 2.5.1. A finite-dimensional smooth manifold of dimension n is a second-countable
Hausdorff space M for which Vz € M we can find a neighborhood U, that contains x, and a cor-
responding homeomorphism ¢y : U 2 W C R™ where W is an open subset. The homeomorphisms
pu are referred to as coordinate charts. If two such coordinate charts overlap, i.e. if U3 NUs # {},
then the map ¢y, o cpgll has to be C* on varphiy, (U N Usz). We call the collection of coordinate
charts {¢v }ucam an atlas for M.

1 Smooth here means C°.
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One example of a manifold that is also important for GeometricMachinelLearning is the Lie group?
of orthonormal matrices SO(N). Before we can proof that SO(N) is a manifold we first need the
preimage theorem.

The Preimage Theorem

The preimage theorem is crucial for treating the specific manifolds that are part of GeometricMa-
chinelLearning; the preimage theorem gives spaces like the Stiefel manifold (see Chapter 2.9) the
structure of a manifold. Before we can state the preimage theorem we need another definition:

Definition 2.5.2. Consider a smooth mapping g : M — N from one manifold to another. A point
y € N is called regular point of g if Vo € g~ '{y} the map T,g : T, M — T, N is surjective.

Remark 2.5.3. Here we already used the notation T, to denote the tangent space to N at y. We
will explain what we mean by this precisely below. For now we simply view TyN as something that
is homemorphic to R™ and the tangent map T,g we will simply view as (1 o g o ¢~ 1) (varphi(x)),
where ¢ is a coordinate chart as = and 1 is a coordinate chart at y. In the examples we give below
M and N will simply be vector spaces, and g will be differential map between vector spaces whose
derivative at x € f~1{y} (for a regular point y) is surjective. For a vector space V we furthermore
have T,V = V.

We now state the preimage theorem:

Theorem 2.5.4 (Preimage Theorem). Consider a smooth map g : M — N from one manifold to
another (we assume the dimensions of the two manifolds to be m +n and m respectively). Then the
preimage of a reqular point y of N is a submanifold of M. Furthermore the codimension of g~ '{y}
is equal to the dimension of N and the tangent space T,,(g~{y}) is equal to the kernel of T,g.

Proof. Because N has manifold structure we can find a chart ¢y : U — R™ for some neighborhood U
that contains . We further consider a point x € g~!{y} and a chart around it ¢y : V — R™*". By
the implicit function theorem we can then find a mapping /A that turns ¥y ogo ap(/l into a projection
(15 Tonam) = (Tnt1s- - Tonem). We now consider the neighborhood V3 x {0} = o(V U f~1{y})
for p(V)) = Vi x V5 with the coordinate chart (z1,...,z,) — @(z1,...,2Zn,0,...,0). As this map is
also smooth by the implicit function theorem this proofs our assertion. O

We now give some examples of manifolds that can be constructed this way:

Example 2.5.5. The group SO(N) is a Lie group (i.e. has manifold structure). SO(N) has
dimension N(N — 1)/2.

Proof. The vector space RV *¥ clearly has manifold structure. The group SO(N) is equivalent to one
of the level sets of the mapping: g : RV*Y — S(N), A+ ATA—1, i.e. it is the component of f~1{I}
that contains I; the image of f is contained in S(NN), the symmetric matrices of size N x N. We still
need to proof that I is a regular point of g, i.e. that for A € SO(N) the mapping Tag is surjective.
This means that VB € S(N) 3C € RV*¥N s.t. CTA+ ATC = B. The element C = 1AB € RV*V
satisfies this property. The dimension of SO(N) is N(N —1)/2 as dim(S(N)) = N(N +1)/2. O

Similarly we can also proof:

2Lie groups are manifolds that also have a group structure, i.e. there is an operation M x M — M, (a,b) — ab
s.t. (ab)e = a(bc) and there exists a neutral elemente M s.t. ae = a Va € M as well as an (for every a) inverse element
a" ! s.t. a(a™!) = e. The neutral element e we refer to as T when dealing with matrix manifolds.
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Example 2.5.6. The sphere S™ := {z € R""! : 272 = 1} is a manifold of dimension n.
Proof. Take g(x) = 272 — 1 and proceed as in the case of SO(N). O

Note that both these manifolds, SO(N) and S™ are matrix manifolds, i.e. an element of M can be
written as an element of RN*Y in the first case and R(®TD*1 in the second case. The additional
conditions we impose on these manifolds are AT A = I in the first case and 27z = 1 in the second
case. Both of these manifolds belong to the category of Stiefel manifolds (see Chapter 2.9) and
therefore also to the bigger category of matrix manifolds, i.e. every element of SO(N) and of S™
can be represented as a matrix on which further conditions are imposed (e.g orthogonality).

The Immersion Theorem

The immersion theorem, similarly to the preimage theorem, gives another way of constructing a
manifold based on a non-linear function.

Theorem 2.5.7 (Immersion Theorem). Consider a differentiable function R : N — M with
dim(M) = N > n = dim(N) tangent mapping T, R has full rank at every point x € N'. Then R(N)
is a manifold immersed in M.

The proof is again based on the inverse function theorem (see Chapter 2.4).

Proof. Consider a point x € N, a coordinate chart ¢ around z and a coordinate chart v around
f(z). We now define the function

F:(xy,...,zN) — (wofogpfl(zl,...,xn),xn_i_l,...,:EN).

By the inverse function theorem we can find an inverse of F' for a neighborhood around the point
(21,...,21,0,...,0) € RN, We call this neighborhood V = V; x V4 and the inverse H. We now
constrain V' to the set V1 x 0, which is isomorphic to a neighborhood around x in R™. We then have
in this neighborhood:

H(po fop Hxy,...,2,),0,...,0) = (z1,...,2,,0,...,0),

And we can take

y = moH(Y(y),0...,0)
as our coordinate chart. 7 : RY — R™ is the projection onto the first n coordinates. O

We will use the immersion theorem when discussing the symplectic solution manifold (see Chap-
ter 4.5).
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Tangent Spaces

We already alluded to tangent spaces when talking about the preimage and the immersion theorems.
Here we will give a precise definition. A tangent space can be seen as the collection of all possible
velocities a curve can take at a point on a manifold. For this consider a manifold M and a point x
on it and the collection of C'**° curves through x:

Definition 2.5.8. A mapping 7 : (—¢,€) — M that is C°° and for which we have v(0) = x is called
a C*° curve through =z.

The tangent space of M at x is the collection of the first derivatives of all :

Definition 2.5.9. The tangent space of M at z is the collection of all C*° curves at z modulo
the equivalence class v ~ v2 <= ~1(0) = 74(0). It is denoted by T, M.

As is customary we write [y] for the equivalence class of v and this is by definition equivalent to
7'(0). The tangent space T, M can be shown to be homeomorphic?® to R™ where n is the dimension
of the manifold M. If the homeomorphism is constructed through the coordinate chart (¢, U)
we call it ¢'(z) or simply* ¢’. If we are given a map g : M — N we further define T,g =
(') to(pogorp™t) oy ie. asmooth map between two manifolds M and A induces a smooth
map between the tangent spaces T,,M and Tg(z)/\/' .

We want to demonstrate this principle of constructing the tangent space from curves through the
example of S2. We consider the following curves:

0
1. m(t) = |sin(t) |,
cos(t)

sin(t)
2. n@)={ 0 |,
cos(t)

exp(—t2/2)tsin(t)
3. v3(t) = | exp(—t?/2)tcos(t)
V1 — (2) exp(—t2)

We now plot the manifold S2, the three curves described above and the associated tangent vectors
(visualized as arrows). Note that the tangent vectors induced by 71 and 3 are the same; for these
curves we have y; ~ 3 and the tangent vectors of those two curves coincide:

3Note that we have not formally defined addition for T M. This can be done through the definition [y] + [8] = [¢]
where « is any C'*° curve through z that satisfies a’/(0) = 8(0) + v(0). Note that we can always find such an « by
the existence and uniqueness theorem (see Chapter 2.6).

4We will further discuss this when we introduce the tangent bundle (see Chapter 2.5).
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Figure 2.1: Visualization of how the tangent space is constructed.

The tangent space T, M for

is also shown.

Vector Fields

A time-independent vector field® is an object that specifies a velocity for every point on a domain.
We first give the definition of a vector field on the vector space R™ and limit ourselves here to C*°
vector fields:

Definition 2.5.10. A vector field on R™ is a smooth map X : R® — R™.

The definition of a vector field on a manifold is not much more complicated:

5Also called ordinary differential equation (ODE).
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Definition 2.5.11. A vector field on M is a map X defined on M such that X(z) € T, M and
¢' 0 X o(p)~! is smooth for any coordinate chart (¢, U) that contains .

In the section on the existence-and-uniqueness theorem (see Chapter 2.6) we show that every vector
field has a unique solution given an initial condition; i.e. given a point x € M and a vector field X
we can find a curve 7 such that y(0) = z and +/(t) = X (v(¢)) for all ¢ in some interval (—¢, €).

The Tangent Bundle

To each manifold M we can associate another manifold which we call the tangent bundle and denote
by T M. The points on this manifold are:

TM=A{(z,vy): 2 € M, v, € T, M}.

Coordinate charts on this manifold can be constructed in a straightforward manner; for every coor-
dinate chart ¢y the map ¢ (2) gives a homeomorphism between T, M and R" for any € U. We
can then find a neighborhood of any point (z,v,) by taking 7=1(U) = {(z,v,) : © € U,v, € T, M}
and this neighborhood is isomorphic to R?" via (z,v,) = (¢v(z), ¢'(z)v,). The geodesic spray (see
Chapter 2.7) is an important vector field defined on T M.

Library Functions

GeometricMachinelLearning.Manifold — Type.

Manifold <: AbstractMatrix

A manifold in GeometricMachineLearning is a sutype of AbstractMatrix. All manifolds are matrix
manifolds and therefore stored as matrices. More details can be found in the docstrings for the
StiefelManifold and the GrassmannManifold.

source

Base.rand — Method.

rand(manifold type, N, n)

Draw random elements from the Stiefel and the Grassmann manifold.
Because both of these manifolds are compact spaces we can sample them uniformly [38].
Examples

When we call ...

using GeometricMachinelLearning

using GeometricMachinelLearning: _round # hide
import Random

Random.seed! (123)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/abstract_manifold.jl#LL1-L5
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Y = rand(StiefelManifold{Float32}, N, n)
_round(Y; digits = 5) # hide

# output

5x3 StiefelManifold{Float32, Matrix{Float32}}:
.27575 0.32991 0.77275

.62485 -0.33224 -0.0686

.69333  0.36724 -0.18988

.09295 -0.73145 0.46064

.2102 0.33301 0.38717

oo
[l ol oo o)

... the sampling is done by first allocating a random matrix of size N xn viaY = randn(Float32,
N, n).

We then perform a QR decomposition Q, R = qr(Y) with the qr function from the LinearAlgebra
package (this is using Householder reflections internally).

The final output are then the first n columns of the Q matrix.

source

Base.rand — Method.

rand(backend, manifold type, N, n)

Draw random elements for a specific device.
Examples

Random elements of the manifold can be allocated on GPU. Call ...

rand (CUDABackend(), StiefelManifold{Float32}, N, n)

... for drawing elements on a CUDA device.

source

2.6 The Existence-And-Uniqueness Theorem

The existence-and-uniqueness theorem, also known as the Picard-Lindeldf theorem, Picard's existence
theorem or the Cauchy-Lipschitz theorem gives a proof of the existence of solutions for ODEs. Here
we state the existence-and-uniqueness theorem for manifolds as vector spaces are just a special case
of this. Its proof relies on the Banach fixed-point theorem (see Chapter 2.4)1.

Theorem 2.6.1 (Existence-And-Uniqueness Theorem). Let X a vector field on the manifold M
that is differentiable at x. Then we can find an € > 0 and a unique curve v : (—¢,€) — M such that

V() = X(v(1))-

11t has to be noted that the proof given here is not entirely self-contained. The proof of the fundamental theorem
of calculus, i.e. the proof of the existence of an antiderivative of a continuous function [37], is omitted for example.



https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/abstract_manifold.jl#LL74-L109
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/abstract_manifold.jl#LL55-L69
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Proof. We consider a ball around a point € M with radius r that we pick such that the ball B(z,r)
fits into the U of some coordinate chart ¢; we further use X and ¢’ o X o ¢~ ! interchangeably
in this proof. We then define L := sup, .cp(, X (y) — X(2)|/|y — z|. Note that this L is always
finite because X is bounded and differentiable. We now define the map I'" : C°((—¢,€),R") —
C*((—e¢,€),R™) (for some e that we do not yet fix) as

To(t) = 2 + / X((s))ds,

i.e. I’ maps C* curves through = into C'°>° curves through x. We further have with the norm
[lloo = SUPse(—c,) Y ()]:

/0 (X(1(5)) — X (2(5)))ds

IIT(71 = 72)lloc = SUPse(—c,e)
t
< SUPse(—e g / X (1(5)) — X (va(s))lds
t
< SUDse (o) /0 Liyi(s) = y2(s)|ds
< €L - supye(_e oy|71(t) —12(t)],

and we see that I' is a contractive mapping if we pick € small enough and we can hence apply the
fixed-point theorem. So there has to exist a C'"* curve through = that we call v* such that

V(1) = / X (7" (5))ds,

and this v* is the curve we were looking for. Its uniqueness is guaranteed by the fixed-point
theorem. O

For all the problems we discuss here we can extend the integral curves of X from the finite interval
(—€,€) to all of R. The solution v we call an integral curve or flow of the vector field (ODE).

Time-Dependent Vector Fields

We proved the theorem above for a time-independent vector field X, but it also holds for time-
dependent vector fields, i.e. for mappings of the form:

X :]0,7] x M — TM.

The proof for this case proceeds analogously to the case of the time-independent vector field; to
apply the proof we simply have to extend the vector field to (here written for a specific coordinate
chart oy ):

X:[0,T] xR™ = R"M (t,zy1,...,2,) = (1, X(21,...,2,)).
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More details on this can be found in e.g. [35]. For GeometricMachineLearning time-dependent vector
fields are important because many of the optimizers we are using (such as the Adam optimizer (see
Chapter 6.1)) can be seen as approximating the flow of a time-dependent vector field.

2.7 Riemannian Manifolds

A Riemannian manifold is a manifold M that we endow with a mapping g that smoothly! assigns a
metric (see Chapter 2.2) g, to each tangent space T, M. By a slight abuse of notation we will also
refer to this g as a metric.

After having defined a metric g we can associate a length to each curve v : [0,t] - M through:

L(y) = /Ot \/g'y(s) (v'(s),v'(s))ds.

This L turns M into a metric space:

Definition 2.7.1. The metric on a Riemannian manifold M is

dwy) = inf L)

)=y
where t can be chosen arbitrarily.

If a curve is minimal with respect to the function L we call it the shortest curve or a geodesic. So
we say that a curve 7 : [0,¢] — M is a geodesic if there is no shorter curve that can connect two
points in v([0,¢]), i.e.

4061t = [ o975

for any t;,t; € [0,1].

An important result of Riemannian geometry states that there exists a vector field X on T M, called
the geodesic spray, whose integral curves are derivatives of geodesics. We formalize this statement
as a theorem in the next section.

Geodesic Sprays and the Exponential Map

To every Riemannian manifold we can naturally associate a vector field called the geodesic spray
or geodesic equation. For our purposes it is enough to state that this vector field is unique and
well-defined [39)].

The important property of the geodesic spray is

1Smooth here refers to the fact that g : M — (Space of Metrics) has to be a smooth map. But in order to discuss
this in detail we would have to define a topology on the space of metrics. A more detailed discussion can be found in
[35, 36, 39].
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Theorem 2.7.2. Given an initial point x and an initial velocity v,, an integral curve for the geodesic
spray is of the form t — (v, (t),7,, (t)) where 7., is a geodesic. We further have the property that
the integral curve for the geodesic spray for an initial point x and an initial velocity n - v, (where 7

is a scalar) is of the form t = (Yy.v, (1), Y0, (1) = (o, (- 1), 17y, (- 1))

It is therefore customary to introduce the exponential map exp : T, M — M as

exp(vz) = Y, (1),

and we see that 7, (t) = exp(t - v,). In GeometricMachinelLearning we denote the exponential map
by geodesic to avoid confusion with the matrix exponential map? which is called as exp in Julia.
So we use the definition:

geodesic(z,v;) = exp(vy).

We give an example of using this function here:

Y = rand(StiefelManifold, 3, 1)
v =2 * rand(3, 1)
A=v -Y* (v'*Y)

# plot a sphere with radius one and origin 0
surface! (ax, Main.sphere(1l., [0., 0., 0.])...; alpha = .5, transparency = true)

point vec = ([Y[1]], [Y[211, [Y[3I])
scatter! (ax, point_vec...; color = morange, marker = :star5, markersize = 30)

arrow_vec = ([A[1]], [A[2]]1, [A[311)
arrows! (ax, point_vec..., arrow_ vec...; color = mred, linewidth = .02)

Figure 2.2: A tangent vector on M determines a direction.

2The Riemannian exponential map and the matrix exponential map coincide for many matrix Lie groups.
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We now solve the geodesic spray for n - A for n = 0.1,0.2,...,5.5 with the function geodesic and
plot the corresponding points:

A increments = [A * n for n in 0.1 : 0.1 : 5.5]
Y_increments = [geodesic(Y, A_increment) for A increment in A increments]

for Y_increment in Y_increments
scatter! (ax, [Y increment[1]], [Y increment[2]], [Y increment[3]];
color = mred)
end

10 10

Figure 2.3: Solving the geodesic gives a path along the tangent vector, equivalent to a straight line
in flat space.

A geodesic can be seen as the equivalent of a straight line on a manifold. Also note that we drew
a random element form StiefelManifold here, and not from S2. This is because the category of
Stiefel manifolds (see Chapter 2.9) is more general than the category of spheres S™: St(1,3) ~ S2.

The Riemannian Gradient

The Riemannian gradient is essential when talking about optimization on manifolds.

Definition 2.7.3. The Riemannian gradient of a function L : M — R is a vector field grad?L (or
simply gradL) for which we have

gw(gradgL(x), vw) = (VAPU(E) (L © 90(;1>)TQPIU(UI)7

for all v, € T, M. In the expression above ¢ is some coordinate chart defined in a neighborhood
U around =.

In the definition above V indicates the Fuclidean gradient:
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of
o1
Vof=| -
of
Oxy

We can also describe the Riemannian gradient through differential curves:

Definition 2.7.4. The Riemannian gradient of L is a vector field grad? L for which

9s(grad’L(z),3(0)) = — L(+(?)),

where 7 is a C*° curve through x.

By the non degeneracy of g the Riemannian gradient always exists [36]. In the following we will
also write grad? L(z) = grad? L = grad, L. We will give specific examples of this when discussing the
Stiefel manifold (see Chapter 2.9) and the Grassmann manifold (see Chapter 2.10).

Gradient Flows and Riemannian Optimization

In GeometricMachineLearning we can include weights in neural networks that are part of a manifold.
Training such neural networks amounts to Riemannian optimization and hence solving the gradient
flow equation. The gradient flow equation is given by

X(x) = —grad, L.

Solving this gradient flow equation will then lead us to a local minimum on M. This will be elabo-
rated on when talking about optimizers (see Chapter 5.1). In practice we cannot solve the gradient
flow equation directly and have to rely on approximations. The most straightforward approximation
(and one that serves as a basis for all the optimization algorithms in GeometricMachinelLearning) is
to take the point (z, X (x)) as an initial condition for the geodesic spray and then solve the ODE
for a small time step. Such an update rule, i.e.

a® Yx (zt-1y (At) with At the time step,
we call the gradient optimization scheme.

Library Functions

GeometricMachinelLearning.geodesic — Method.

geodesic(Y::Manifold, A)

Take as input an element of a manifold Y and a tangent vector in A in the corresponding tangent
space and compute the geodesic (exponential map).
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In different notation: take as input an element x of M and an element of T, M and return
geodesic(z,v,) = exp(vy).

Examples
using GeometricMachinelearning

Y = StiefelManifold([1l. 0. 0.;]"' |> Matrix)
A=1[0. .50.;]" [> Matrix
Y2 = geodesic(Y, A)

Y2' * Y2 = [1.;]
# output

true

Implementation
Internally this geodesic method calls geodesic(::StiefellLieAlgHorMatrix).

source

2.8 Homogeneous Spaces

Homogeneous spaces are very important in GeometricMachinelLearning as we can generalize existing
neural network optimizers from vector spaces to such homogenous spaces. They are intricately linked
to the notion of a Lie Group and its Lie Algebra’.

Definition 2.8.1. A homogeneous space is a manifold M on which a Lie group G acts transi-
tively, i.e.

VX, YeM JAeGst. AX=Y.

Now fix a distinct element EE € M; we will refer to this as the canonical element or StiefelPro-
jection. We can also establish an isomorphism between M and the quotient space G/ ~ with the
equivalence relation:

A1 ~ A2 <~ AlE = AQE

Note that this is independent of the chosen E.

The tangent spaces of M are of the form Ty M = g- Y, i.e. can be fully described through its Lie
algebra. Based on this we can perform a splitting of g into two parts:

Definition 2.8.2. A splitting of the Lie algebra g at an element of a homogeneous space Y is
a decomposition into a vertical and a horizontal component, denoted by g = g*°>Y @ gh°"Y such
that

IRecall that a Lie group is a manifold that also has group structure. We say that a Lie group G acts on a manifold
M if there is a map G x M — M such that (ab)z = a(bzx) for a,b € G and z € M. For us the Lie algebra belonging
to a Lie group, denoted by g, is the tangent space to the identity element T1G.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/retractions.jl#LL6-L33
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1. The vertical component g"*"*¥ is the kernel of the map g = Ty M,V — VY ie. g'oY =
{Veg: VY =0}

hor,Y

2. The horizontal component g is the orthogonal complement of g¥*>Y in g. It is isomor-

phic to Ty M.

Orthogonal complement means that VYV € g"**Y and VB € g"°"Y we have (V, B) = 0 for some
metric (-, ) defined on g.

We will refer to the isomorphism from Ty M to g™ by Q. We will give explicit examples of
below. The metric (-, -) on g further induces a Riemannian metric on M:

gy(Al,Ag) = <Q(K A1>7Q(Y7 A2)> for Al,AQ (S TyM

Two examples of homogeneous spaces implemented in GeometricMachineLearning are the Stiefel
manifold (see Chapter 2.9) and the Grassmann manifold (see Chapter 2.10). The Lie group SO(N)
acts transitively on both of these manifolds, i.e. turns them into homogeneous spaces. We give its
Lie algebra as an example here:

Example 2.8.3. The Lie algebra of SO(N) are the skew-symmetric matrices so(N) := {V €
RV*N: VT 4V = 0} and the canonical metric associated with it is simply (V4, V2) — 2 Tr(VV3).

2.9 The Stiefel Manifold

The Stiefel manifold St(n, N) is the space of all orthonormal frames in RV*" i.e. matrices Y €
RN*" st YTY =1,. It can also be seen as SO(N) modulo an equivalence relation: A ~ B <=
AFE = BE for

E = ES] € St(n,N),

which is the canonical element of the Stiefel manifold that we call StiefelProjection. In words: the
first n columns of A and B are the same. We also use this principle to draw random elements from
the Stiefel manifold.

Remark 2.9.1. Drawing random elements from the Stiefel (and the Grassmann) manifold is done
by first calling rand(N, n) (i.e. drawing from a normal distribution) and then performing a QR
decomposition. We then take the first n columns of the () matrix to be an element of the Stiefel
manifold.

The tangent space to the element Y € St(n, N) can be determined by considering C'*° curves on
SO(N) through I. We write those curves as ¢ — A(t). Because SO(N) acts transitively on St(n, N)
each C* curve on St(n, N) through Y can be written as A(t)Y and we get:

TySt(n,N)={BY : Bc g} = {A cRV*": ATY + YTA = O},



2.9. THE STIEFEL MANIFOLD 29

where the last equality? can be established through the isomorphism:

1 1
Q: Ty St(n,N) — g""Y A (I - §YYT)AYT —YAT(1 - §YYT).

That this is an isomorphism can be easily checked:

QA)Y = (T— %YYT)A — %YATY =A.

This isomorphism is implemented in GeometricMachinelLearning:

using GeometricMachinelLearning: Q
Y = rand(StiefelManifold, 5, 3)
A = rgrad(Y, rand(5, 3))

Q(Y, A) * Y. A=A

true

The function rgrad, which maps RV*" to Ty St(n, N) is introduced below. We can now also intro-
duce the Riemannian metric on St(n, N):

1

gy (Ar, Ag) = Tr (

2Q(A1)TQ(A2)> = Tr(AT(I— %YYT)AQ).

We can check that this is true:

using LinearAlgebra: tr
A> = rgrad(Y, rand(5, 3))
5ok tr(Q(y, A)' * Q(Y, Az)) = metric(Y, A, Az2)

true

The Riemannian Gradient for the Stiefel Manifold

We defined the Riemannian gradient (see Chapter 2.7) to be a vector field grad?L such that it is
compatible with the Riemannian metric in some sense; the definition we gave relied on an explicit
coordinate chart. We can also express the Riemannian gradient for matrix manifolds by not relying
on an explicit coordinate representation (which would be computationally expensive) [40].

2Note that we can easily check {BY : B € g} € {A € RVX" : ATY + YTA = 0}. The isomorphism is used to
proof {A € RNX" : ATY + YTA =0} C {BY : B € g} as Q(A) € gh°"Y Cgand A = Q(A)Y.
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Definition 2.9.2. Given a Riemannian matrix manifold M we define the Riemannian gradient
of L: M — R atY, called grady- L € Ty M, as the unique element of Ty M such that for any other
A € Ty M we have

Tr((VL)TA) = gy (grady L, A),

where Tr indicates the usual matrix trace.

For the Stiefel manifold the Riemannian gradient is given by:
grady L = Vy L - Y(VyL)TY =: rgrad(Y, Vy L),
where Vy L refers to the Euclidean gradient, i.e.

_ oL
ayij.

[Vy Ll;;

The Euclidean gradient VL can in practice be obtained with an AD routine (see Chapter B.3).
We then use the function rgrad to map Vy L from RYX" to Ty St(n, N). We can check that this
mapping indeed produces the Riemannian gradient?:

using LinearAlgebra: tr

Y = rand(StiefelManifold, 5, 3)
VL = rand(5, 3)
gradL = rgrad(Y, VL)

A = rgrad(Y, rand(5, 3))

metric(Y, gradL, A) = tr(VL' * A)

true

2.10 The Grassmann Manifold

The Grassmann manifold is closely related to the Stiefel manifold, and an element of the Grassmann
manifold can be represented through an element of the Stiefel manifold (but not vice-versa). An
element of the Grassmann manifold Gr(n, N) is a vector subspace C RY of dimension n. Each
such subspace (i.e. element of the Grassmann manifold) can be represented by a full-rank matrix
A € RVX" and we identify two elements with the following equivalence relation:

A~ Ay <— dC € R™*™ s.t. A1C = A,.

3Here we are testing with a randomly drawn element A € Ty M.
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The resulting manifold is of dimension n(N —n). One can find a parametrization of the manifold
the following way: Because the matrix Y has full rank, there have to be n independent rows in it:
1, -.,%,. For simplicity assume that iy, = 1,49 = 2,...,4, = n and call the matrix made up of these
columns C. Then the mapping to the coordinate chart is: YC~! and the last N — n columns are
the coordinates.

We can also define the Grassmann manifold based on the Stiefel manifold since elements of the Stiefel
manifold are already full-rank matrices. In this case we have the following equivalence relation (for
Y1, Y3 € St(n, N)):

Y1 ~Y; < 3C € 50(n) s.t. Y1C =Ys.

In GeometricMachinelLearning elements of the Grassmann manifold are drawn the same way as ele-
ments of the Stiefel manifold:

rand(GrassmannManifold{Float32}, 5, 3)

5x3 GrassmannManifold{Float32, Matrix{Float32}}:

-0.0461715 0.0483366 -0.564308
.873444 -0.25248 0.244718
.45861 0.549674 -0.274063

.0829837  0.55703 -0.270157
.133247 -0.567005 -0.688167

[clolN oo o)

The Riemannian Gradient of the Grassmann Manifold

Obtaining the Riemannian Gradient for the Grassmann manifold is slightly more difficult than it
is in the case of the Stiefel manifold [40]. Since the Grassmann manifold can be obtained from the
Stiefel manifold through an equivalence relation, we can however use this as a starting point.

Theorem 2.10.1. The Riemannian gradient of a function L defined on the Grassmann manifold
can be written as

grad"L ~ Vy L - YYTVyL,
where Vy L is again the Euclidean gradient.

Proof. In a first step we identify charts on the Grassmann manifold to make dealing with it easier.
For this consider the following open cover of the Grassmann manifold.

{Uw }wesin,ny where Uy = {span(Y) : det(WTY) # 0}.

We can find a canonical bijective mapping from the set Uy to the set Sy := {Y € RV*" . WTY =
I,}:



32 CHAPTER 2. MANIFOLDS

ow Uy — Sw, Y =span(Y) — Y(VVTY)_1 =Y.

That ow is well-defined is easy to see: Consider Y C with C' € R"*" non-singular. Then Y'C WTy )=t =
Y(WTY)~! =Y. With this isomorphism we can also find a representation of elements of the tangent
space:

TyO‘W : TyGT‘(’I’L,N) — T)“/SW

We give an explicit representation of this isomorphism; because the map oy does not care about
the representation of span(Y) we can perform the variations in St(n, N). We write the variations
as Y (t) € St(n,N) for t € (—e,e). We also set Y (0) =Y and hence

%Y(ﬁ)(VVTY(f))‘1 = (Y(0) =Y (W'Y)" WY (0)(WTY)

where Y (0) € Ty St(n, N). Also note note that we have TyUy = TyGr(n, N) because Uy is an
open subset of Gr(n, N). We thus can identify the tangent space TyGr(n, N) with the following
set:

TeSw = {(A = YWTA)YWTY)™' .Y € St(n,N) s.t. span(Y) =Y and A € Ty St(n, N)}.

Further note that we can pick any element W to construct the charts for a neighborhood around
the point Y € Gr(n, N) as long as we have det(WTY) # 0 for span(Y) = . We hence take W =Y
and get the identification:

TyGr(n,N)={A -YYTA:Y € St(n,N) s.t. span(Y) = Y and A € Ty St(n, N)},

which is very easy to handle computationally (we simply store and change the matrix Y that
represents an element of the Grassmann manifold). In this representation the Riemannian gradient
is then

grad§"L = grady’L — YYTgrady'L = Vy L - YY'Vy L,
where gradf/tL is the Riemannian gradient of the Stiefel manifold at Y. We proved our assertion. [

Library Functions

GeometricMachinelLearning.StiefelManifold — Type.
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StiefelManifold <: Manifold

An implementation of the Stiefel manifold [3]. The Stiefel manifold is the collection of all
matrices Y € RV*" whose columns are orthonormal, i.e.

St(n,N)={V : Y'Y =1,}.

The Stiefel manifold can be shown to have manifold structure (as the name suggests) and
this is heavily used in GeometricMachineLearning. It is further a compact space. More infor-
mation can be found in the docstrings for rgrad(::StiefelManifold, ::AbstractMatrix) and
metric(::StiefelManifold, ::AbstractMatrix, ::AbstractMatrix).

source

GeometricMachinelLearning.StiefelProjection — Type.

StiefelProjection(backend, T, N, n)

]T for a specific backend and data type.

Make a matrix of the form [H @)
An array that essentially does vcat(I(n), zeros(N-n, n)) with GPU support.
Extended help

An instance of StiefelProjection should technically also belong to StiefelManifold.

source

GeometricMachinelLearning.GrassmannManifold — Type.

GrassmannManifold <: Manifold

The GrassmannManifold is based on the StiefelManifold.

source

GeometricMachinelLearning.metric — Method.

metric(Y::StiefelManifold, Ai::AbstractMatrix, A:::AbstractMatrix)

Compute the dot product for A: and Az at Y.

This uses the canonical Riemannian metric for the Stiefel manifold:

1
gy : (Ah Ag) — TI‘(A,{(H — §YYT)A2)

source

GeometricMachinelLearning.rgrad — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/stiefel_manifold.jl#LL1-L12
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/stiefel_projection.jl#LL1-L11
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/grassmann_manifold.jl#LL1-L5
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/stiefel_manifold.jl#LL71-L80
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rgrad(Y::StiefelManifold, VL::AbstractMatrix)

Compute the Riemannian gradient for the Stiefel manifold at Y based on VL.
Here Y € St(N,n) and VL € RV*" is the Euclidean gradient.

The function computes the Riemannian gradient with respect to the canonical metric: met-
ric(::StiefelManifold, ::AbstractMatrix, ::AbstractMatrix).

The precise form of the mapping is:

rgrad(Y,VL) — VL - Y(VL)TY
Note the property Y7 rgrad(Y, VL) € Sskew(n).
Examples

using GeometricMachinelLearning

Y = StiefelManifold([1 0 ; 01 ; 0 0; 0 0])
A [12; 34;56; 78]
rgrad(Y, A)

# output

4x2 Matrix{Int64}:

0 -1
1 0
5 6
7 8
source

GeometricMachinelLearning.metric — Method.

metric(Y::GrassmannManifold, Ai::AbstractMatrix, Az::AbstractMatrix)

Compute the metric for vectors A1 and Az at Y.

The representation of the Grassmann manifold is realized as a quotient space of the Stiefel
manifold.

The metric for the Grassmann manifold is:

9y (A1, Ag) = g* (A1, Ag) = Tr(AT (I - YYT)Ay) = Tr(AT Ay),

where we used that YT A, for i =1, 2.

source

GeometricMachinelLearning.rgrad — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/stiefel_manifold.jl#LL32-L66
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/grassmann_manifold.jl#LL50-L63
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rgrad(Y::GrassmannManifold, VL::AbstractMatrix)

Compute the Riemannian gradient for the Grassmann manifold at Y based on VL.
Here Y is a representation of span(Y) € Gr(n, N) and VL € RY*" is the Euclidean gradient.
This gradient has the property that it is orthogonal to the space spanned by Y.

The precise form of the mapping is:

rgrad(Y,VL) — VL - YYTVL.

Note the property Y rgrad(Y, VL) = Q.
Also see rgrad(::StiefelManifold, ::AbstractMatrix).

Examples
using GeometricMachinelearning

Y = GrassmannManifold([1 0 ; 6 1 ; 0 0; 0 0])

A=1[12; 34;56; 78]
rgrad(Y, A)
# output

4x2 Matrix{Int64}:
0

N U o o

0
6
8

source

GeometricMachineLearning.Q — Method.

Q(Y::StiefelManifold{T}, A::AbstractMatrix{T}) where T

Perform canonical horizontal lift for the Stiefel manifold:

1 1
A (I- 5YYT)AYT —YAT(I - 5YYT).
Internally this performs

SkewSymMatrix(2 * (I(n) - .5 * Y *Y') * A *xY'")

It uses SkewSymMatrix to save memory.

Examples


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/grassmann_manifold.jl#LL10-L45
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using GeometricMachinelLearning

E StiefelManifold(StiefelProjection(5, 2))
A=1[0. -1.; 1. 0.; 2. 3.; 4. 5.; 6. 7.1
GeometricMachinelearning.Q(E, A)

# output

5x5 SkewSymMatrix{Float64, Vector{Float64}}:
0.0 -1.0 -2.0 -4.0 -6.0

1.0 0.0 -3.06 -5.0 -7.
2.0 3.0 0.0 -0.0 -0.
4.0 5.0 0.0 0.0 -0.
6.0 7.0 0.0 0.0 0.

o © © o

Note that the output of Q is a skew-symmetric matrix, i.e. an element of g.

source

GeometricMachinelLearning.Q — Method.

Q(Y::GrassmannManifold{T}, A::AbstractMatrix{T}) where T

Perform the canonical horizontal lift for the Grassmann manifold:

A Q%H(A),
where Q5 is the canonical horizontal lift for the Stiefel manifold.

using GeometricMachinelLearning

E = GrassmannManifold(StiefelProjection(5, 2))
A=1[0.0.; 0. 0.; 2. 3.; 4. 5.; 6. 7.]
GeometricMachinelLearning.Q(E, A)

# output

5x5 SkewSymMatrix{Float64, Vector{Float64}}:
0.0 -0.0 -2.0 -4.0 -6.0

0.6 0.0 -3.0 -5.0 -7.
2.6 3.0 0.0 -0.0 -0.
4.6 5.0 0.0 0.0 -0.
6.0 7.0 0.0 0.0 0.

o 0o © o

source

2.11 Global Tangent Spaces

In GeometricMachinelLearning standard neural network optimizers are generalized to homogeneous
spaces (see Chapter 2.8) by leveraging the special structure of the tangent spaces of this class of
manifolds. When we introduced homogeneous spaces we already talked about that every tangent
space to a homogeneous space Ty M is of the form:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/stiefel_manifold.jl#LL139-L175
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/grassmann_manifold.jl#LL86-L112
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TyM=g-Y:={AY : A e g}

We then have a decomposition of g into a vertical part g**"¥ and a horizontal part g"™¥ and the
horizontal part is isomorphic to Ty M via:

ghorY = (Q(A) - A € Ty M.
We now identify a special element E € M and designate the horizontal component g"*# as our global
tangent space. We will refer to this global tangent space by g"°". We can now find a transformation
from any g"°"Y to g"°" and vice-versa (these spaces are isomorphic).

Theorem 2.11.1. Let A € G an element such that AE =Y. Then we have

A71 . ghor,Y A= ghor’
i.e. for every element B € g"°" we can find a BY € gh"Y s.t. B = A"'BY A (and vice-versa).

Proof. We first show that for every BY € gh°"Y the element A~'BY A is in g"°". First note that
A"'BY A € g by a fundamental theorem of Lie group theory (closedness of the Lie algebra under
adjoint action). Now assume that A~'BY A is not fully contained in g"°’, i.e. it also has a vertical
component. So we would lose information when performing A~'BY A — A™'BYAE = A~'BYY,
but this contradicts the fact that BY € gh°"Y. We now have to proof that for every B € gh°" we
can find an element in g"°>Y such that this element is mapped to B. By a argument similar to the
one above we can show that ABA™! € gh°"Y and this element maps to B. Proofing that the map
is injective is now trivial. O

We should note that we have written all Lie group and Lie algebra actions as simple matrix multi-
plications, like AE =Y. For some Lie groups and Lie algebras, as the Lie group of isomorphisms
on some domain D, this notation may not be appropriate [41]. These Lie groups are however not
relevant for what we use in GeometricMachineLearning and we will stick to regular matrix notation.

Global Sections

Note that the theorem above requires us to find an element A € G such that AE =Y. We will call
such a mapping A : M — G a global section'.

Definition 2.11.2. We call a mapping A from a homogeneous space M to its associated Lie group
G a global section if VY € M it satisfies:

where E is the distinct element of the homogeneous space.

LGlobal sections are also crucial for parallel transport (see Chapter 5.3) in GeometricMachineLearning. A global
section is first updated, i.e. A®) update(A(t_l)); and on the basis of this we then update the element of the
manifold Y € M and the tangent vector A € T M.



38 CHAPTER 2. MANIFOLDS

Note that in general global sections are not unique because the rank of G is in general greater than
that of M. We give an example of how to construct such a global section for the Stiefel and the
Grassmann manifolds below.

The Global Tangent Space for the Stiefel Manifold

We now discuss the specific form of the global tangent space for the Stiefel manifold (see Chapter 2.9).
We pick as distinct element £ (which build by calling StiefelProjection):

E = %] € St(n,N).

hor, B _.

Based on this, elements of the vector space g ghor are:

- (A BT
5=(5 %),

where A is a skew-symmetric matrix of size n x n and B is an arbitrary matrix of size (N — n) x
n. Arrays of type g'"F = gh°" are implemented in GeometricMachineLearning under the name
StiefellLieAlgHorMatrix.

We can call this with e.g. a skew-symmetric matrix A and an arbitrary matrix B:
A = rand(SkewSymMatrix, n)

2x2 SkewSymMatrix{Float64, Vector{Float64}}:
0.0 -0.0488926
0.0488926 0.0

B = rand(N - n, n)

3x2 Matrix{Float64}:
0.0454726 0.829864
0.323484 0.0908533
0.979466 0.500674

The constructor is then called as follows:

B = StiefellLieAlgHorMatrix(A, B, N, n)
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5x5 StiefellLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:

0.0 -0.0488926 -0.0454726 -0.323484  -0.979466
0.0488926 0.0 -0.829864  -0.0908533 -0.500674
0.0454726  0.829864 0.0 0.0 0.0
0.323484 0.0908533 0.0 0.0 0.0
0.979466 0.500674 0.0 0.0 0.0

We can also call it with a matrix of shape N x N:
B> = Matrix(B) # note that this does not have any special structure

StiefellLieAlgHorMatrix(Bz, n)

5x5 StiefelLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, SubArray{Float64, 2,
— Matrix{Float64}, Tuple{UnitRange{Int64}, UnitRange{Int64}}, false}}:

0.0 -0.0488926 -0.0454726 -0.323484  -0.979466
0.0488926 0.0 -0.829864  -0.0908533 -0.500674
0.0454726  0.829864 0.0 0.0 0.0
0.323484 0.0908533 0.0 0.0 0.0
0.979466 0.500674 0.0 0.0 0.0

Or we can call it on TgM C RV*" ie. a matrix of shape N x n:

E = StiefelProjection(N, n)

5x2 StiefelProjection{Float64, Matrix{Float64}}:
1. 0.0

1.0

0.0

0.0

0.0

[l o]
o 0O © © o

(<)

StiefellLieAlgHorMatrix(Bs, n)

5x5 StiefelLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, SubArray{Float64, 2,
— Matrix{Float64}, Tuple{UnitRange{Int64}, UnitRange{Int64}}, false}}:

0.0 -0.0488926 -0.0454726 -0.323484  -0.979466
0.0488926 0.0 -0.829864  -0.0908533 -0.500674
0.0454726  0.829864 0.0 0.0 0.0
0.323484 0.0908533 0.0 0.0 0.0

0.979466 0.500674 0.0 0.0 0.0

39
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We now demonstrate how to map from an element of gh*¥ to an element of g

using GeometricMachinelLearning: Q
Y = rand(StiefelManifold, N, n)

A = rgrad(Y, rand(N, n))

0A = Q(Y, A)

AY = GlobalSection(Y)

AY mat = Matrix(AY)

round. (AY_mat' * QA * AY_mat; digits = 3)

5x5 Matrix{Float64}:
-0.0 0.086 0.808 0.459 -0.332

-0.086 -0.0 0.294 0.666 -0.737
-0.808 -0.294 0.0 -0.0 0.0
-0.459 -0.666 0.0 -0.0 -0.0
0.332 0.737 -0.0 0.0 -0.0
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hor.

Performing this computation directly is computationally very inefficient however and the user is
strongly discouraged to call Matrix on an instance of GlobalSection. The better option is calling

global rep:

_round(global_rep(AY, A); digits = 3)

5x5 StiefellLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:

0.0 0.086 0.808 0.459 -0.332
-0.086 0.0 0.294 0.666 -0.737
-0.808 -0.294 0.0 0.0 0.0
-0.459 -0.666 0.0 0.0 0.0
0.332 0.737 0.0 0.0 0.0

Internally GlobalSection calls the function GeometricMachineLearning.global section which does

the following for the Stiefel manifold:

A = randn(N, N - n) # or the gpu equivalent

A=A-Y* (Y *A)
YL = gr(A).Q[1:N, 1:(N - n)]

So we draw (N —n) new columns randomly, subtract the part that is spanned by the columns of Y’
and then perform a QR composition on the resulting matrix. The @ part of the decomposition is a
matrix of (N —n) columns that is orthogonal to Y and is typically referred to as Y, [21, 25, 40].

We can easily check that this Y, is indeed orthogonal to Y.

Theorem 2.11.3. The matriz Y, constructed with the algorithm above satisfies
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YTYJ_ = ©n><na

and

Yy, =1,

i.e. all the columns in the big matriz [Y,Y ] € RY*N are mutually orthonormal and it therefore is
an element of SO(N).

Proof. The second property is trivially satisfied because the Q component of a QR decomposition
is an orthogonal matrix. For the first property note that Y7QR = O is zero because we have
subtracted the Y component from the matrix QR. The matrix R € RVN*WV=") further has the
property [R];; = 0 for i > j and we have that

N—n
YR = [r11(Y"Q)1e,m12(Y Q)10 + r22(Y Q)20+, D Tigv—n) (Y Q)id].

=1

Now all the coefficients 7;; are non-zero because the matrix we performed the QR decomposition on
has full rank and we can see that if (YT Q)R is zero YT Q also has to be zero. O

The function global rep furthermore makes use of the following;:

O

global_rep(Y) = A(Y)TQ(Y, A)A(Y) = EYTAET + [)\T A ET] - [0 EAT)],

where \(Y) = [V, \].

Proof. We derive the expression above:

MY, AAY) = XY T[T~ %YYT)AYT —~YAT(I - %YYT)])\(Y)
—A(Y)T[(1 - %YYT)AET —YAT(AY) - %YET)]

= \Y)TAET - %EYTAET — EATA(Y) + %EATYET

_ [YTAET 1__» - - 1 S
= [AAET } — o EYTAE - [EATY  EA /\]+§EA YE
T T _
_ P; o } + EATYET — [EATY EAT)]
T T T T T T @) 3\
=EYTAE" + EA"YE" - EATYE" + [XAET - [0 EAT)]

= BYTART + || - 0w BATH],

which proofs our assertion. O
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This expression of global rep means we only need YA and AT A and this is what is used internally.

We now discuss the global tangent space for the Grassmann manifold. This is similar to the Stiefel
case.

Global Tangent Space for the Grassmann Manifold

In the case of the Grassmann manifold we construct the global tangent space with respect to the
distinct element € = span(E) € Gr(n, N), where E is again the same matrix.

The tangent tangent space TeGr(n, N) can be represented through matrices:

0 . 0
0 e 0
bll e bln
bn—n)1  bN—n)n

This representation is based on the identification TeGr(n, N) — TpSg that was discussed in the
section on the Grassmann manifold (see Chapter 2.10)2. We use the following notation:

hor hor,& 0 _BT (N—n)xn : .
g =g = B 0 :BeR is arbitrary » .

This is equivalent to the horizontal component of g for the Stiefel manifold for the case when A is
zero. This is a reflection of the rotational invariance of the Grassmann manifold: the skew-symmetric
matrices A are connected to the group of rotations O(n) which is factored out in the Grassmann
manifold Gr(n, N) ~ St(n,N)/O(n). In GeometricMachinelLearning we thus treat the Grassmann
manifold as being embedded in the Stiefel manifold. In [21] viewing the Grassmann manifold as a
quotient space of the Stiefel manifold is important for “feasibility” in “practical computations”.

Library Functions

GeometricMachinelLearning.AbstractLieAlgHorMatrix — Type.

AbstractLieAlgHorMatrix <: AbstractMatrix

AbstractLieAlgHorMatrix is a supertype for various horizontal components of Lie algebras. We
usually call this gh°r.

See StiefellLieAlgHorMatrix and GrassmannLieAlgHorMatrix for concrete examples.

source

GeometricMachinelLearning.StiefellLieAlgHorMatrix — Type.

2We derived the following expression for the Riemannian gradient of the Grassmann manifold: gradgrL =VyL—
YYTVy L. The tangent space to the element £ can thus be written as B— EET B where B € RV X" and the matrices
in this tangent space have the desired form.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/abstract_lie_algebra_horizontal.jl#LL1-L7
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StiefellLieAlgHorMatrix(A::SkewSymMatrix, B::AbstractMatrix, N::Integer, n::Integer)

Build an instance of StiefelLieAlgHorMatrix based on a skew-symmetric matrix A and an arbi-
trary matrix B.

An element of StiefelLieAlgMatrix takes the form:

(5 %)

B 0 )’

where A is skew-symmetric (this is SkewSymMatrix in GeometricMachinelLearning).
Also see GrassmannLieAlgHorMatrix.

Extended help

StiefellLieAlgHorMatrix is the horizontal component of the Lie algebra of skew-symmetric ma-
trices (with respect to the canonical metric).

The projection here is: 7 : S — SE where

E= In .
©(N7n)><n
The matrix F is implemented under StiefelProjection in GeometricMachineLearning.

source

GeometricMachinelLearning.StiefellLieAlgHorMatrix — Method.

StiefellLieAlgHorMatrix(D::AbstractMatrix, n::Integer)

Take a big matrix as input and build an instance of StiefelLieAlgHorMatrix.
The integer N in St(n, N) is the number of rows of D.
Extended help

If the constructor is called with a big N x N matrix, then the projection is performed the
following way:

A B . skew(A) —BT

By, D By o /-
The operation skew : R"*™ — Sgew(n) is the skew-symmetrization operation. This is equivalent
to calling of SkewSymMatrix with an n X n matrix.

This can also be seen as the operation:

D — Q(E,DE) = skew (2 (11 — ;EET> DEET> .

Also see GeometricMachineLearning.Q.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/stiefel_lie_algebra_horizontal.jl#LL1-L25
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/stiefel_lie_algebra_horizontal.jl#LL41-L71
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GeometricMachinelLearning.GrassmannLieAlgHorMatrix — Type.

GrassmannLieAlgHorMatrix(B::AbstractMatrix, N::Integer, n::Integer)

Build an instance of GrassmannLieAlgHorMatrix based on an arbitrary matrix B of size (N —n)xn.

GrassmannLieAlgHorMatrix is the horizontal component of the Lie algebra of skew-symmetric
matrices (with respect to the canonical metric).

Extended help
The projection here is: 7 : .S — SE/ ~ where

i
E= n
[@wn)xJ ’

and the equivalence relation is

Vi ~Vy <= 3JA € Sikew(n) such that Vo =V; + {8}

An element of GrassmannlLieAlgMatrix takes the form:

0 BT
B 0 )’
where O € R™*™ and Q ¢ RIV-m)x(N—n)

source

GeometricMachinelLearning.GrassmannLieAlgHorMatrix — Method.

GrassmannLieAlgHorMatrix(D::AbstractMatrix, n::Integer)

Take a big matrix as input and build an instance of GrassmannLieAlgHorMatrix.
The integer N in Gr(n,N) here is the number of rows of D.
Extended help

If the constructor is called with a big N x N matrix, then the projection is performed the

following way:
A B o -Bf
— .
By D By, 0O

This can also be seen as the operation:

D — Q(E,DE — EETDE),
where € is the horizontal lift GeometricMachinelLearning.Q.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/grassmann_lie_algebra_horizontal.jl#LL1-L28
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/grassmann_lie_algebra_horizontal.jl#LL43-L71
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GeometricMachinelLearning.GlobalSection — Type.

GlobalSection(Y)

Construct a global section for Y.

A global section A is a mapping from a homogeneous space M to the corresponding Lie group
G such that

Also see apply section and global rep.
Implementation

For an implementation of GlobalSection for a custom array (especially manifolds), the function
global section has to be generalized.

source

Base.Matrix — Method.

Matrix(AY::GlobalSection)

Put AY into matrix form.
This is not recommended if speed is important!
Use apply section and global rep instead!

source

GeometricMachinelLearning.apply section — Function.

apply section(AY::GlobalSection{T, AT}, Y2::AT) where {T, AT <: StiefelManifold{T}}

Apply AY to Ya.

Mathematically this is the group action of the element A\Y € G on the element Y of the
homogeneous space M.

Internally it calls apply section!.

source

GeometricMachinelLearning.apply section! — Function.

apply _section!(Y::AT, AY::GlobalSection{T, AT}, Yz::AT) where {T, AT<:StiefelManifold{T}}

Apply AY to Y2 and store the result in Y.
This is the inplace version of apply section.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL1-L17
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL37-L45
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL59-L67
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL75-L81
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Base.:* — Method.

AY * Y

Apply the element AY onto Y.
Here AY is an element of a Lie group and Y is an element of a homogeneous space.

source

GeometricMachinelLearning.global section — Method.

global_section(Y::StiefelManifold)

Compute a matrix of size N x (N —n) whose columns are orthogonal to the columns in Y.
This matrix is also called Y, [21, 25, 40].

Examples

using GeometricMachinelearning

using GeometricMachinelLearning: global section
import Random

Random.seed! (123)

Y = StiefelManifold([1l. 0.; 0. 1.; 0. 0.; 0. 0.])
round. (Matrix(global section(Y)); digits = 3)

# output

4x2 Matrix{Float64}:

0.0 -0.0
0.0 0.0
0.936 -0.353
0.353 0.936

Further note that we convert the QRCompactWYQ object to a Matrix before we display it.
Implementation

The implementation is done with a QR decomposition (LinearAlgebra.qr!). Internally we do:
A = randn(N, N - n) # or the gpu equivalent

A=A -Y.AX*x (Y.A'" *A)
qr!(A).Q

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL50-L56
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/stiefel_manifold.jl#LL89-L129
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global section(Y::GrassmannManifold)

Compute a matrix of size N x (N — n) whose columns are orthogonal to the columns in Y.

The method global section for the Grassmann manifold is equivalent to that for the Stiefel-
Manifold (we represent the Grassmann manifold as an embedding in the Stiefel manifold).

See the documentation for global section(Y::StiefelManifold{T}) where T.

source

GeometricMachinelLearning.global section — Method.

global_section(Y::StiefelManifold)

Compute a matrix of size N x (N — n) whose columns are orthogonal to the columns in Y.
This matrix is also called Y [21, 25, 40].

Examples

using GeometricMachinelearning

using GeometricMachinelLearning: global section

import Random

Random.seed! (123)

Y = StiefelManifold([1l. 0.; 0. 1.; 0. 0.; 0. 0.])

round. (Matrix(global section(Y)); digits = 3)

# output

4x2 Matrix{Float64}:

0.0 -0.0
0.0 0.0
0.936 -0.353
0.353 0.936

Further note that we convert the QRCompactWYQ object to a Matrix before we display it.
Implementation

The implementation is done with a QR decomposition (LinearAlgebra.qr!). Internally we do:
A = randn(N, N - n) # or the gpu equivalent

A=A-Y.A* (Y.A'" *A)
ar!(A).Q

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/grassmann_manifold.jl#LL68-L76
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/stiefel_manifold.jl#LL89-L129
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global section(Y::GrassmannManifold)

Compute a matrix of size N x (N —n) whose columns are orthogonal to the columns in Y.

The method global section for the Grassmann manifold is equivalent to that for the Stiefel-
Manifold (we represent the Grassmann manifold as an embedding in the Stiefel manifold).

See the documentation for global section(Y::StiefelManifold{T}) where T.

source

GeometricMachinelLearning.global rep — Function.

global _rep(AY::GlobalSection{T, AT}, A::AbstractMatrix{T}) where {T, AT<:StiefelManifold{T}}

Express A (an the tangent space of Y) as an instance of StiefellLieAlgHorMatrix.
This maps an element from Ty M to an element of ghor.

These two spaces are isomorphic where the isomorphism where the isomorphism is established
through A(Y) € G via:

Ty M — g™ A = MY) 1Y, A)A(Y).

Also see GeometricMachineLearning.Q.

Examples

using GeometricMachinelearning
using GeometricMachinelLearning: _round
import Random

Random.seed! (123)
Y rand(StiefelManifold, 6, 3)

A rgrad(Y, randn(6, 3))
AY = GlobalSection(Y)

_round(global _rep(AY, A); digits = 3)
# output

6x6 StiefellLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:

0.0 0.679 1.925 0.981 -2.058 0.4
-0.679 0.0 0.298 -0.424 0.733 -0.919
-1.925 -0.298 0.0 -1.815 1.409 1.085

-0.981 0.424 1.815 0.0 0.0 0.0
2.058 -0.733 -1.409 0.0 0.0 0.0
-0.4 0.919 -1.085 0.0 0.0 0.0

Implementation


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/manifolds/grassmann_manifold.jl#LL68-L76
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The function global rep does in fact not perform the entire map A(Y)~1Q(Y, A)A(Y) but only

A skew(YTA),

to get the small skew-symmetric matrix A € Sgkew(n) and

A ()‘(Y)[Y;:N,n:N]A)[l:(an),lzn]7
to get the arbitrary matrix B € RV -m)xn,

source

global _rep(AY::GlobalSection{T, AT}, A::AbstractMatrix{T}) where {T, AT<:GrassmannManifold{T}}

Express A (an element of the tangent space of Y) as an instance of GrassmannLieAlgHorMatrix.
The method global rep for GrassmannManifold is similar to that for StiefelManifold.

Examples

using GeometricMachinelLearning
using GeometricMachinelearning: _round
import Random

Random.seed! (123)
Y rand(GrassmannManifold, 6, 3)

A rgrad(Y, randn(6, 3))
AY = GlobalSection(Y)

~round(global rep(AY, A); digits = 3)
# output

6x6 GrassmannLieAlgHorMatrix{Float64, Matrix{Float64}}:
.0 0.0 0.0 0.981 -2.058 0.4

.0 0.0 0.0 -0.424 0.733 -0.919
.0 0.0 0.0 -1.815 1.409 1.085
.981 0.424 1.815 0.0 0.0 0.0
.058 -0.733 -1.409 0.0 0.0 0.0
.4 0.919 -1.085 0.0 0.0 0.0

' '
O N O O o o

source

Chapter Summary

In this chapter we discussed mathematical core concepts in this dissertation: aspects from general
topology and analysis. We furthermore discussed Riemannian geometry and parallel transport
which are crucial concepts for manifold optimization. Homogeneous spaces were introduced as an
important subcategory of manifolds and we showed how to find a global tangent space representation


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL127-L183
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/global_sections.jl#LL194-L226
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for them. This was done by identifying a distinct element £ € M and then considering the action of
the Lie algebra g on this element. We have presented our basic application user interface (API) for
the Julia package GeometricMachineLearning. This API will be extended in Part IT with a general
optimizer framework.

References

[34] S. Lipschutz. General Topology (McGraw-Hill Book Company, New York City, New York,
1965).

[37] S. Lang. Real and functional analysis. Vol. 142 (Springer Science & Business Media, 2012).

[35] S. Lang. Fundamentals of differential geometry. Vol. 191 (Springer Science & Business
Media, 2012).

[36] S.I. Richard L. Bishop. Tensor Analysis on Manifolds (Dover Publications, Mineola, New
York, 1980).

[39] M. P. Do Carmo and J. Flaherty Francis. Riemannian geometry. Vol. 2 (Springer, 1992).

[40] P.-A. Absil, R. Mahony and R. Sepulchre. Riemannian geometry of Grassmann manifolds
with a view on algorithmic computation. Acta Applicandae Mathematica 80, 199-220 (2004).

[21] T. Bendokat, R. Zimmermann and P.-A. Absil. A Grassmann manifold handbook: Basic
geometry and computational aspects, arXiv preprint arXiv:2011.13699 (2020).

[94] T. Frankel. The geometry of physics: an introduction (Cambridge university press,
Cambridge, UK, 2011).

[65] B. O'neill. Semi-Riemannian geometry with applications to relativity (Academic press, New
York City, New York, 1983).

[22] T. Bendokat and R. Zimmermann. The real symplectic Stiefel and Grassmann manifolds:
metrics, geodesics and applications, arXiv preprint arXiv:2108.12447 (2021).



Chapter 3

Geometric Structure

A central topic of this dissertation is structure preservation. In this chapter we first discuss the
notions of symplecticity and volume preservation. After this we introduce the concept of structure-
preserving neural networks.

3.1 Symplectic Systems

Symplectic systems are ODEs whose vector field has a specific structure that is very restrictive.
Before we introduce symplectic vector fields on manifolds we first have to define what a symplectic
structure is:

Definition 3.1.1. A symplectic structure or symplectic 2-form (Q assigns to each x € M a
mapping

Qp : TyM X T M — R,

such that €, is skew-symmetric and nondegenerate, and € is closed.

We forego the precise definition of closedness because it would require us to introduce differential
forms [36, 42]. This property is also closely related to the Jacobi identity [13, Chapter 4.4]. After
having defined a symplectic structure, we can introduce Hamiltonian vector fields':

Definition 3.1.2. A Hamiltonian vector field at x € M corresponding to the function H :
M — R (called the Hamiltonian) is a vector field that has the following property:

QX 3(0) = | HO0).2Xn50) = 5| HOW),

where 7 is a C°° curve through z.

Of particular importance for us here are canonical Hamiltonian systems:

Example 3.1.3. To obtain a canonical Hamiltonian system we take M = R?¢ and

0O -I
QZ—Jgd—(H @)

LAlso compare this to the definition of the Riemannian gradient (see Chapter 2.7).
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for all z. We call Jo4 the Poisson tensor. In this case the vector field can be written as:

XH(Z) = szVZH,

where VH is the Euclidean gradient.

Typically we further split the z coordinates on R?? into (q,p) coordinates, where ¢ and p are the
first d components of z and the second d components of z respectively, i.e.

=)

We can then reformulate a Hamiltonian vector field as two separate vector fields:

H
q':%—p and
,_ _9H
p= 6(]'

Solution of Symplectic Systems

The flow (see Chapter 2.6) of a Hamiltonian ODE has very restrictive properties, the most important
one of these is called symplecticity [3]. This property dramatically restricts the dynamically accessible
states of the flow map. For a canonical Hamiltonian system symplecticity is defined as follows:

Definition 3.1.4. A map ¢ : R?? — R?? is called symplectic on U C R?? if

(V20) 124V .0 = Jod, (V20) T J24V 2 = Joa,
for all z € U.

A similar definition of symplecticity holds for the general case of symplectic manifolds (M, Q) [42].
The following holds:

Theorem 3.1.5. The flow of a Hamiltonian system is symplectic

Proof. We proof this statement only for canonical Hamiltonian systems here. Consider the flow of
a Hamiltonian ODE ¢! : R — R. For this we have:

d
p (Ve)TIVe') = IVZH) IV + (V') IIVZH

= V2HV! — (Vo)TV?H,

and this expression is zero at t = 0. This computation holds for all points on the domain on which
H is defined and ! is symplectic. O
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The discipline of finding numerical approximations of flows (? such that these numerical approxima-
tions also preserve certain properties of that flow (such as symplecticity) is referred to as structure-
preserving numerical integration or geometric numerical integration [3]. The Julia library Geo-
metricIntegrators [44] offers a wide array of such geometric numerical integrators for a broad class
of systems (not just canonical Hamiltonian systems).

In addition to being symplectic, the flow of a Hamiltonian vector field is also energy-preserving:

Theorem 3.1.6. The flow of a Hamiltonian vector field preserves the Hamiltonian H, i.e.

for all t €10,T).

Proof. We differentiate H(o'(z0)) with respect to t:

d d
%H(got(Zo)) = (vsot(ZO)H)T%@t(ZQ) = (Vipt(zD)H)TJVw(ZO)H = @,
because J is skew-symmetric. O

It is important to note that symplecticity is a very strong property? that may not be achievable in
some practical applications. If preservation of symplecticity is not achievable, it may however still
be advantageous to consider weaker properties such as volume preservation (see Chapter 3.2).

Library Functions

GeometricMachinelLearning.PoissonTensor — Type.

PoissonTensor(n2)

Returns a (canonical) Poisson tensor of size 2n x 2n:

Arguments

It can also be called with a backend and a type:

2Symplecticity imposes in general greater restrictions on the flow map than e.g. conservation of energy. The famous
Ge-Marsden theorem [45] says that one cannot achieve preservation of energy and preservation of symplecticity at the
same time, unless the numerical method is the exact integral of the Hamiltonian ODE. In practice we hence almost
always choose a symplectic over an energy-preserving scheme.
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using GeometricMachinelLearning

backend = CPU()
T = Floatl6

PoissonTensor(backend, 4, T)

# output

4x4 PoissonTensor{Floatl6, Matrix{Floatl16}}:
0.6 0.0 1.0 0.0
0.6 0.0 0.0 1.0

-1.0 0.0 0.0 0.0
0.0 -1.0 0.0 0.0

source

GeometricMachinelLearning.QPT — Type.

QPT

The type for data in (g, p) coordinates. It encompasses various array types.

Examples
using GeometricMachinelLearning: QPT

# allocate two vectors
datal = (q = rand(5), p = rand(5))

# allocate two matrices
data2 = (q = rand(5, 4), p = rand(5, 4))

# allocate two tensors
data3 = (q = rand(5, 4, 2), p = rand(5, 4, 2))

(typeof(datal) <: QPT, typeof(data2) <: QPT, typeof(data3) <: QPT)
# output

(true, true, true)

We can also do:
using GeometricMachinelLearning: QPT, PoissonTensor

J = PoissonTensor(4)
qp = (q = [1, 2], p = [3, 4])

J > ap

# output


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/poisson_tensor.jl#LL2-L33
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(q =13, 4], p=I[-1, -2])

source

GeometricMachineLearning.QPTOAT — Type.

QPTOAT

A union of two types:

const QPTOAT = Union{QPT, AbstractArray}

This could be data in (g,p) € R?*? form or come from an arbitrary vector space.

source

3.2 Divergence-Free Vector Fields

The quality of being divergence-free greatly restricts the number of possible vector fields and also
the dynamically accessible states of the flow map. It is however a weaker property then being
Hamiltonian (see Chapter 3.1). We first define what it means to be divergence-free:

Definition 3.2.1. A vector field X : M — T'M defined on a d-dimensional Riemannian manifold
(M, g) is called divergence-free if Vz € M we have:

div(X ila(g;f) Zma( ;;Z;;g )

for some parametrization of a neighborhood around z.

Remark 3.2.2. If we do not deal with a general Riemannian manifold but simply with a vector
space, the divergence for X : R? — R? is usually written as

d
div(X):v.X:Z%f
=1

where z are global coordinates.

We further define what it means to be volume-preserving;:

Definition 3.2.3. We call a map ¢ : M — M volume-preserving if for all volume elements
V C M we have that vol(V) = vol(¢(V)), where vol is a measure of a volume in a Riemannian
manifold.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/utils.jl#LL112-L153
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/utils.jl#LL156-L165
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Remark 3.2.4. If we deal with vector spaces instead of more general manifolds the property of
being volume-preserving in some domain D C R? can be expressed as

detV,p' =1 VzeD,tel0,T].
So the columns of the Jacobian of (! span a volume element of size 1 for each z and each ¢.

We can proof the theorem:

Theorem 3.2.5. The flow of a divergence-free vector field is volume-preserving.

Here we only proof this statement for the case of a vector space. A proof of the more general
statement can be found in standard textbooks on differential geometry!, e.g. [35, 36].

Proof. We refer to the flow of X by ¢! : R? — R¢ and have the following property:

4

7 V7' (2) = VX (¢ (2)) V' (2).

Note that we used the convention [VX(z)];; = 0/0z;X; here. This expression for d/dtVe'(x)

further implies:

T (V6 () 99 ) = T (V6 () DX )T6(2) = THVX () =0

where we have used Tr(ABC) = Tr(BCA) in the second equality, and Tr(VX) = Zle 0X,/0z =
div(X) and the divergence-freeness of X in the third equality. We further have

4 det(A)

Tr(A_lA) = W,

which can be derived from the classical result det(exp(A)) = exp(Tr(A)). Hence we have

d t —
Zdet(Ve'(2)) =0,

and the result is proved. O

It is a classical result that all Hamiltonian vector fields are divergence-free, so volume-preservation
is weaker than preservation of symplecticity [42].

1Together with a precise definition of Riemannian integration and the volume form introduced above.
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3.3 Structure-Preserving Neural Networks

What we means by a structure-preserving neural network or a geometric neural network is a modi-
fication of a standard neural networks such that it satisfies certain properties like symplecticity (see
Chapter 3.1) or volume preservation (see Chapter 3.2). We first define standard neural networks:

Definition 3.3.1. A neural network architecture is a parameter-dependent realization of a
function:

architecture : P — C(D, M), 0 — NN,

where O are the parameters of the neural network (we call P the parameter space). P, the domain
space D and the target space M of the neural network may be spaces with arbitrary structure in
general (i.e. need not be vector spaces).

In this text the spaces D and M are vector spaces in most cases'. The parameter space P is however
build from manifolds in many cases (see Chapter 5.1). Weights have to be put on manifolds to realize
certain architectures that would otherwise not be possible (see Chapter 8.2) and can make training
more efficient in other cases (see Chapter 11.1).

It is a classical result [8] that one-layer feedforward neural networks? are universal approzimators:

Theorem 3.3.2. Neural networks are dense in the space of continuous functions CU, R™) in the
compact-open topology, i.e. for every compact subset K C U, real number € > 0 and function
f € C(UTR™) we can find an integer N as well as weights

0 = (A,b,0) e RV*" x RN x R™*N = p

such that

sup ||f(z) — Co(Az + b)|| < ¢,
rzeK

i.e. neural networks can approximate f arbitrarily well on any compact set K.

The universal approximation theorem has also been generalized to other neural network architectures
[46-48].

A structure-preserving or geometric neural networks is a neural network that has additional prop-
erties:

Definition 3.3.3. A structure-preserving neural network architecture is a parameter-dependent
realization of a function:

LOne exception is Grassmann learning (see Chapter 12.1) where we learn a vector space.

2We obtain one-layer feedforward neural networks by identifying P = RVX" x RN x R™*N 3 (A4,b,C) =: © and
NNg(z) = Co(Az + b) for some scalar function o : R — R that is non-polynomial.
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sp - architecture : P — C(D, M), 0 — N/Ng,

such that AN g preserves some structure.

Example 3.3.4. We say that a neural network is symplectic if NN g : R* — R™ (with m > n)
preserves J, i.e.

(VZNNG)TJZm(vaN@) = JQna
where z are coordinates on R™.

If we have m = n then we can use SympNets (see Chapter 8.5) to realize such architectures;
SympNets furthermore are universal approximators for the set of canonical symplectic maps® [10].
If m # n we can use symplectic autoencoders (see Chapter 8.2) to realize such an architecture. A
different class of neural networks are volume-preserving neural networks:

Example 3.3.5. We say that a neural network is volume-preserving if NNg : R® — R” is such
that:

det(vaN@) =1,

where z are coordinates on R™.

Note that here we keep the dimension constant. Volume-preserving neural networks can be built on
the basis of feedforward neural networks (see Chapter 8.6) or transformers (see Chapter 8.8).

Chapter Summary

In this chapter we introduced symplecticity and volume presentation (or divergence-freeness for the
corresponding vector field) as examples of geometric structure. Symplecticity is a property of the
flow of Hamiltonian vector fields that dramatically restricts the accessible states of freedom. In many
applications, neural networks, similar to classical numerical methods, aim at modeling the flow of a
differential equation. Because symplecticity is a very restrictive property that we know the flow of
the differential equation has, it is advantageous to also imbue the neural network with this property.
We hence defined structure-preserving neural networks as the ones that preserve symplecticity (or
other structure) in this chapter.
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Chapter 4

Reduced Order Modeling

In this chapter we discuss data-driven reduced order modeling. This serves as a motivation for
designing structure-preserving neural networks. We here first discuss the general workflow of reduced
order modeling and explain the split into an offline phase and an online phase. Next we discuss proper
orthogonal decomposition and autoencoders as examples of machine learning techniques that can be
used for the offline phase of reduced order modeling. The chapter concludes with an explanation
of how to adjust a reduced order model for the Hamiltonian setting in order to make it structure-
preserving.

4.1 Basic Concepts of Reduced Order Modeling

Reduced order modeling is a data-driven technique that exploits the structure of parametric partial
differential equations (PPDEs) to make repeated simulations of this PPDE much cheaper.

For this consider a PPDE written in the form: F(z(u);u) = 0 where z(p) evolves on an infinite-
dimensional Hilbert space V.

In modeling any PDE we have to choose a discretization (particle discretization, finite element
method, ...) of V which will be denoted by V;, ~ RY. The space V}, is not infinite-dimensional
but its dimension N is still very large. Solving a discretized PDE in this space is typically very
expensive. In reduced order modeling we utilize the fact that slightly different choices of parameters
1 will give qualitatively similar solutions. We can therefore perform a few simulations in the full
space V;, and then make successive simulations cheaper by learning from the past simulations:

Build
2 Zpa Zps Zpa Zps reduced Zpe Zur Zps Zpg Zpi10f
model

FOM ROM

Figure 4.1: Schematic representation of a reduced order modeling framework. The width of the
individual blocks represent how long it takes to perform a simulation.

In the figure above we refer to the discretized PDE as the full order model (FOM) and to the cheaper
representation (that we construct in a data-driven manner) as the reduced order model (ROM). We
now introduce the solution manifold, which is a crucial concept in reduced order modeling.

The Solution Manifold

To any PPDE and a certain parameter set P we associate a solution manifold:

61
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M= {z(p) : F(z(p);p) =0, € P}.

A motivation for reduced order modeling is that even though the space V}, is of very high-dimension,
the solution manifold will typically be a very small space. The image here shows a two-dimensional
solution manifold! embedded in V}, = R3.

Figure 4.2: A representation of a two-dimensional solution manifold embedded in three-dimensional
Euclidean space.

As an actual example of a solution manifold consider the one-dimensional wave equation [53]:

Ofa(t,w; p) = p?0%,q(t wi ) on I x €,
where I = (0,1) and Q = (-1/2,1/2). As initial condition for the first derivative we have
0rq(0,w; ) = —pdwqo(§; 1) and furthermore ¢(t, w; ) = 0 on the boundary (i.e. w € {—=1/2,1/2}).
The solution manifold is a two-dimensional submanifold of an infinite-dimensional function space:

M= {(t,w) = q(t,w;p) = qo(w — pt;p) s p € P C R}

We can plot some of the points on M (each curve at a specific time corresponds to one point on the
solution manifold):

1The systems we deal with usually have much greater dimension of course. The dimension of V}, will be in the
thousands and the dimension of the solution manifold will be a few orders of magnitudes smaller. Because this cannot
be easily visualized, we resort to showing a two-dimensional manifold in a three-dimensional space here.
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Figure 4.3: Solution of the one-dimensional wave equation for three different parameters. These
solutions evolve on a two-dimensional solution manifold.

Here we plotted the curves for the time steps (0., 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0) and
the parameter values (0.416, 0.508, 0.6). We see that, depending on the parameter value p, the
wave travels at different speeds. In reduced order modeling we try to find an approximation to the
solution manifolds, i.e. model the evolution of the curve in a cheap way for different parameter
values p. Neural networks offer a way of doing so efficiently!

General Workflow

In reduced order modeling we aim to construct an approximation to the solution manifold and that is
ideally of a dimension not much greater than that of the solution manifold and then (approximately)
solve the so-called reduced equations in the small space. Constructing this approximation to the
solution manifold can be divided into three steps?:

1. Discretize the PDE, i.e. find V — Vj,.
2. Solve the discretized PDE on V}, for a set of parameter instances p € P.

3. Build a reduced basis with the data obtained from having solved the discretized PDE. This
step consists of finding two mappings: the reduction P and the reconstruction R.

2 Approximating the solution manifold is referred to as the offline phase of reduced order modeling.
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The third step can be done with various machine learning (ML) techniques. Traditionally the most
popular of these has been proper orthogonal decomposition (POD), but in recent years autoencoders
have become a widely-used alternative [54, 55].

After having obtained P and R we still need to solve the reduced system. Solving the reduced system
is typically referred to as the online phase in reduced order modeling. This is sketched below:

Figure 4.4: The offline phase in reduced order modeling consists of finding the reduction and the
reconstruction. In the online phase we solve the reduced model.

In this figure the online phase consists of applying the mapping NN in the low-dimensional space
in order to predict the next time step; this can either be done with a standard integrator [44] or,
as is indicated here, with a neural network (see Chapter 8.3). Crucially this step can be made very
cheap when compared to the full-order model®. In the following we discuss how an equation for the
reduced model can be found classically, without relying on a neural network for the online phase.

Obtaining the Reduced System via Galerkin Projection

Galerkin projection [56] offers a way of constructing an ODE on the reduced space once the recon-
struction R has been found.

Definition 4.1.1. Given a full-order model described by a differential equation F(-;,u) V=V,
where V' may be an infinite-dimensional Hilbert space (PDE case) or a finite-dimensional vector
space RY (ODE case), and a reconstruction R : R — V, we can find an equation on the reduced
space R™. For this we first take as possible solutions for the equation

F(a(t); p) — a'(t) =: F(a(t);pn) =0

the ones that are the result of a reconstruction:

F(R(u(t)); p) — dRu/(t) = 0,

where u : [0,7] — R™ is an orbit on the reduced space and dR is the differential of the reconstruction;
this is VR if V' is finite-dimensional. Typically we test this expression with a set of basis functions
or vectors {11, ...,%,} and hence obtain n scalar equations:

(F(R(u(t)); p) — dRu/ (t),1bs)y for 1 <i < n.

3Solving the reduced system is typically faster by a factor of 102 or more (see Chapter 9.1).
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Such a procedure to obtain a reduced equation is known as Galerkin projection.

We give specific examples of reduced systems obtained with a Galerkin projection when introduc-
ing proper orthogonal decomposition (see Chapter 4.2), autoencoders (see Chapter 4.3), proper
symplectic decomposition and symplectic auteoncoders (see Chapter 4.5).

Kolmogorov n-width

The Kolmogorov n-width [57] measures how well some set M (typically the solution manifold) can
be approximated with a linear subspace:

dn(M) = inf\/},,CV;dimV,,,:nsup(u € M)infvnEVn ||u - vnHVv

with M C V and V is a (typically infinite-dimensional) Banach space. For advection-dominated
problems (among others) the decay of the Kolmogorov n-width is very slow, i.e. one has to pick
n very high in order to obtain useful approximations (see [58] and [53]). As proper orthogonal
decomposition (see Chapter 4.2) is a linear approximation to the solution manifold, this does not
work very well if the decay of the Kolmogorov n-width is slow.

In order to overcome this, techniques based on neural networks [55] and optimal transport [53] have
been used.

4.2 Proper Orthogonal Decomposition

Proper orthogonal decomposition (POD, [59]) is perhaps the most widely-used technique for data-
driven reduced order modeling (see Chapter 4.1). POD approximates the reduction and the recon-
struction through linear maps. Assume that the big discretized space has dimension N and we try
to model the solution manifold with an n-dimensional subspace. POD then models the reduction
P : RY — R™ through a matrix € R"*" and the reconstruction R : R” — R through a matrix
€ RN¥*"_If we are given a snapshot matrix (see Chapter A.1) finding P and R amounts to a simple
application of singular value decomposition (SVD).

Theorem 4.2.1. Given a snapshot matriz M = [uy, ..., uns] € RNX"S where nts is the number of
time steps, the ideal linear subspace that can best approximate the data stored in M are the first n
columns of the V. matriz in an SVD: M = VDUT. The problem of finding this subspace can either
be phrased as a mazximization problem:

n nts
mfxeRNZZ| w, Yi)n [ st (i, ) = 63y for 1 <d, j <n,
" =1 j=1

or as a minimization problem:

nts

HEHER Z| u; sz (uj,u)? s.t. (i, ) = 6ij for 1 <, j <n.

In both these cases we have
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[w17w27-"7¢n} = V[l . N,l . n]7
where V' is obtained via an SVD of M.

A proof of the statement above can be found in e.g. [60]. We can obtain the reduced equations via
Galerkin projection (see Chapter 4.1):

Theorem 4.2.2. Consider a full-order model on RY described by the vector field @/ (t) = X (i(t)).
For a POD basis the reduced vector field, obtained via Galerkin projection, is:

u'(t) = VI X (Vu(t)),

where we used {’(ZJZ = Ve;}tiz1,..n as test functions. e; € R™ is the vector that is zero everywhere
except for the i-th entry, where it is one.

Proof. If we take as test function ¢; = Ve;, then we get:

TVTX(Vu(t)) = L VIV (t) = el (1),

and since this must be true for every ¢ = 1,...,n we obtain the desired expression for the reduced
vector field. O

In recent years another approach to model P and R has become popular, namely to use neural
networks to do so.

4.3 Autoencoders

Autoencoders are a popular tool in machine learning to perform data compression [1]. The idea is
always to find a low-dimensional representation of high-dimensional data. This is also referred to as
learning a feature space. This idea straightforwardly lends itself towards an application in reduced
order modeling. In this setting we learn two mappings that are modeled with neural networks:

Definition 4.3.1. An autoencoder is a tuple of two mappings (P, R) called the reduction and
the reconstruction:

1. The reduction P : RV — R" is modeled with a neural network that maps high-dimensional
data to a low-dimensional feature space. This network is also referred to as the encoder and
we routinely denote it by Wgh® to stress the parameter-dependence on 6.

2. The reconstruction R : R* — RY is modeled with a neural network that maps inputs from the
low-dimensional feature space to the high-dimensional space in which the original data were
collected. This network is also referred to as the decoder and we routinely denote it by \I/gjc
to stress the parameter-dependence on 6.

During training we optimize the autoencoder for minimizing the projection error.
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Unlike in the POD case we have to resort to using neural network optimizers (see Chapter 5.1) in
order to adapt the neural network to the data at hand as opposed to simply using SVD. The use
of autoencoders instead of POD is extremely advantageous in the case when we deal with problems
that exhibit a slowly-decaying Kolmogorov n-width. During training we minimize the projection
error (see Chapter 4.4).

Remark 4.3.2. Note that POD can be seen as a special case of an autoencoder where the encoder
and the decoder both consist of only one matrix. If we restrict this matrix to be orthonormal, i.e.
optimize on the Stiefel manifold, then the best solution we can obtain is equivalent to applying SVD
and finding the POD basis.

The Reduced Equations for the Autoencoder

Equivalently to the POD case, we get a reduced vector field when we reduce with the autoencoder:

Theorem 4.3.3. Consider a full-order model on RY described by the vector field @/ (t) = X (a(t)). If
we reduce with an autoencoder (¥°", W) we obtain a reduced vector field via Galerkin projection:
u'(t) = (VO)TX (4 (1)),

where we used {1;1 = \IzdeC(ei)}i:Lwn as test functions. e; € R™ is the vector that is zero everywhere
except for the i-th entry, where it is one.

Proof. If we take as test function v; = (VIdece, we get:

el (WX (W (u() = ef (W) (VUN (1) = ef' (1),

and since this must be true for every ¢ = 1,...,n we obtain the desired expression for the reduced
vector field. O

Both POD and standard autoencoders suffer from the problem that they completely neglect the
structure of the differential equation and the data they are applied to. This can have grave con-
sequences [11, 61, 62]. Hamiltonian model order reduction (see Chapter 4.5) can improve the
approximation significantly in these situations.

Library Functions

GeometricMachinelLearning.AutoEncoder — Type.

AutoEncoder <: Architecture

The abstract AutoEncoder type.

An autoencoder [1] is a neural network consisting of an encoder ¥¢ and a decoder ¥?. In the
simplest case they are trained on some data set D to reduce the following error:

990 wé(D) — DI,
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which we call the reconstruction error, projection error or autoencoder error (see the docs for
AutoEncoderLoss) and || - || is some norm.

Implementation

AutoEncoder is an abstract type. If a custom <:AutoEncoder architecture is implemented it
should have the fields full dim, reduced dim, n_encoder blocks and n_decoder blocks.

n_encoder blocks and n_decoder blocks indicate how often the dimension is changed in the
encoder (respectively the decoder).

Further the routines encoder and decoder should be extended.

source

GeometricMachineLearning.Encoder — Type.

Encoder <: Architecture

This is the abstract Encoder type.
Most often this should not be called directly, but rather through the encoder function.
Implementation

If a custom <:Encoder architecture is implemented it should have the fields full dim, reduced_-
dim and n_encoder blocks.

source

GeometricMachinelLearning.Decoder — Type.

Decoder <: Architecture

This is the abstract Decoder type.
Most often this should not be called directly, but rather through the decoder function.
Implementation

If a custom <:Decoder architecture is implemented it should have the fields full dim, reduced -
dim and n_decoder blocks.

source

GeometricMachinelLearning.UnknownEncoder — Type.

UnknownEncoder(full _dim, reduced dim, n_encoder blocks)

Make an instance of UnknownEncoder.
This should be used if one wants to use an Encoder that does not have any specific structure.
Examples

We show how to make an encoder from a custom architecture:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL1-L21
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL24-L34
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL37-L47
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using GeometricMachinelearning
using GeometricMachineLearning: UnknownEncoder, params

model = Chain(Dense(5, 3, tanh; use bias = false), Dense(3, 2, identity; use bias = false))
nn = NeuralNetwork(UnknownEncoder(5, 2, 2), model, params(NeuralNetwork(model)), CPU())

typeof(nn) <: NeuralNetwork{<:GeometricMachinelLearning.Encoder}
# output

true

source

GeometricMachineLearning.UnknownDecoder — Type.

UnknownDecoder (full dim, reduced dim, n_encoder blocks)

Make an instance of UnknownDecoder.
This should be used if one wants to use an Decoder that does not have any specific structure.
An example of using this can be constructed analogously to UnknownDecoder.

source

GeometricMachinelLearning.encoder — Function.

encoder(nn::NeuralNetwork{<:AutoEncoder})

Obtain the encoder from an AutoEncoder neural network.

source

encoder(nn)

Make a neural network of type Encoder out of an arbitrary neural network.
Implementation

Internally this allocates a new nerual network of type UnknownEncoder and takes the parameters
and the backend from nn.

source

GeometricMachinelLearning.decoder — Function.

decoder(nn::NeuralNetwork{<:AutoEncoder})

Obtain the decoder from an AutoEncoder neural network.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL72-L96
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL103-L111
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL198-L202
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL217-L225
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL230-L234
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decoder(nn)

Make a neural network of type Decoder out of an arbitrary neural network.
Implementation

Internally this allocates a new nerual network of type UnknownDecoder and takes the parameters
and the backend from nn.

source

4.4 Losses and Errors

In general we distinguish between losses that are used during training of a neural network and errors
that arise in the context of reduced order modeling.

Different Neural Network Losses

GeometricMachinelLearning has a number of loss functions implemented that can be called standard
losses. Those are the FeedForwardLoss (defined in AbstractNeuralNetworks), the TransformerLoss,
the AutoEncoderLoss and the ReducedLoss. How to implement custom losses is shown in a tutorial
(see Chapter C.1).

A Note on Physics-Informed Neural Networks

A popular trend in recent years has been considering known physical properties of the differential
equation, or the entire differential equation, through the loss function [7]. This is one way of
considering physical properties, and GeometricMachinelLearning allows for a flexible implementation
of custom losses (see Chapter C.1), but this is nonetheless discouraged. In general a neural networks
consists of three ingredients:

Network architecture: function NN : Rirput—dim _ Routput—dim narametrized by 0§ = (W, b)

_I_

‘ Loss function L(6): is minimized during training. ‘

_|_

Optimization procedure (gradient descent): updates 6 with VL(6); 0 < 0 — nVL(6) ‘

Figure 4.5: The three ingredients that go into neural network-based machine learning.

Instead of considering certain properties through the loss function, we instead do so by enforcing
them strongly through the network architecture and the optimizer; the latter pertains to manifold
optimization (see Chapter 5.1). The advantages of this approach are the strong enforcement of
properties that we know our network should have and much easier training because we do not have
to tune hyperparameters.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL243-L251
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Projection and Reduction Errors of Reduced Models

Two errors that are of very big importance in reduced order modeling are the projection and the
reduction error. During training one typically aims at minimizing the projection error, but for the
actual application of the model the reduction error is often more important.

Projection Error

The projection error computes how well a reduced basis, represented by the reduction P and the
reconstruction R, can represent the data with which it is build. In mathematical terms:

[|[RoP(M)— M|
€ ro'(ﬂ) = )
o [|M]]
where || - || is the Frobenius norm (one could also optimize for different norms). The corresponding

function in GeometricMachineLearning is projection error. The projection error is equivalent to
AutoEncoderLoss and is used for training under that name.

Reduction Error

The reduction error measures how far the reduced system diverges from the full-order system during
integration (online stage). In mathematical terms (and for a single initial condition):

SR X () — R (1)
S0 11X ()2

€red (1) :=

where x) is the solution of the FOM at point ¢ and x\" is the solution of the ROM (in the reduced
basis) at point ¢. The reduction error, as opposed to the projection error, not only measures how
well the solution manifold is represented by the reduced basis, but also measures how well the FOM
dynamics are approximated by the ROM dynamics (via the induced vector field on the reduced
basis). The corresponding function in GeometricMachineLearning is reduction_error. The reduction
error is, in contract to the projection error, typically not used during training (even though some
authors are using a similar error to do so [55]).

Library Functions

GeometricMachinelLearning.TransformerLoss — Type.

TransformerLoss(seq length, prediction window)

Make an instance of the transformer loss.
This should be used together with a neural network of type TransformerIntegrator.
Example

TransformerLoss applies a neural network to an input and compares it to the output via an Lo
norm:
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using GeometricMachinelLearning
using LinearAlgebra: norm
import Random

const d = 2
const seq_length = 3
const prediction window = 2

Random.seed! (123)
arch = StandardTransformerIntegrator(d)
nn = NeuralNetwork(arch)

input mat = [1. 2. 3.; 4. 5. 6.]
output mat = [1. 2.; 3. 4.]
loss = TransformerLoss(seq length, prediction window)

# start of prediction

const sop = seq_length - prediction window + 1

loss(nn, input mat, output mat) = norm(output mat - nn(input mat)[:, sop:end]) /
— norm(output _mat)

# output

true

So TransformerLoss simply does:

loss(NVN, input, output) = [N N (input)[(sl — pw+ 1) : end] — output||/||output]],

where || - || is the Ly norm.
Parameters

The prediction window specifies how many time steps are predicted into the future. It defaults
to the value specified for seq_length.

source

GeometricMachinelLearning.AutoEncoderLoss — Type.

AutoEncoderLoss ()

Make an instance of AutoEncoderLoss.

This loss should always be used together with a neural network of type AutoEncoder (and it is
also the default for training such a network).

Example

AutoEncoderLoss applies a neural network to an input and compares it to the output via an Lo
norm:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/loss/losses.jl#LL1-L49
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using GeometricMachinelearning
using LinearAlgebra: norm
import Random

Random.seed! (123)

const N = 4
const n =1
arch = SymplecticAutoencoder(2*N, 2%*n)

nn = NeuralNetwork(arch)

input_vec = [1., 2., 3., 4., 5., 6., 7., 8.1
loss = AutoEncoderLoss()

loss(nn, input_vec) = norm(input_vec - nn(input_vec)) / norm(input_vec)
# output

true

So AutoEncoderLoss simply does:

loss(N N, input) = ||[N A (input) — input||/||input||,

where || - || is the Lo norm.
Parameters
This loss does not have any parameters.

source

GeometricMachinelLearning.ReducedLoss — Type.

ReducedLoss (encoder, decoder)

Make an instance of ReducedLoss based on an Encoder and a Decoder.

This loss should be used together with a NeuralNetworkIntegrator or TransformerIntegrator.
Example

ReducedLoss applies the encoder, integrator and decoder neural networks in this order to an

input and compares it to the output via an Ly norm:

using GeometricMachinelearning
using LinearAlgebra: norm
import Random

Random.seed! (123)

const N
const n

1
NN

WYe = NeuralNetwork(Chain(Dense(N, n), Dense(n, n))) |> encoder


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/loss/losses.jl#LL108-L150
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Yd = NeuralNetwork(Chain(Dense(n, n), Dense(n, N))) |> decoder
transformer = NeuralNetwork(StandardTransformerIntegrator(n))

input mat = [1. 2.; 3. 4.; 5. 6.; 7. 8.]

output mat = [9. 10.; 11. 12.; 13. 14.; 15. 16.]

loss = ReducedLoss(¥Ye, ¥d)

output prediction = ¥d(transformer(¥e(input mat)))

loss(transformer, input mat, output mat) = norm(output mat - output prediction) /
— norm(output mat)

# output

true

So the loss computes:

losse p (NN, input, output) = || D(NN(E(input))) — output||,

where £ is the Encoder, D is the Decoder. A'A is the neural network we compute the loss of.

source

GeometricMachinelLearning.projection_error — Function.

projection error(rs)

Compute the projection error for a HRedSys.
Arguments

If the full system has already been integrated, then the projection error can be computed
quicker:

projection error(rs, sol full)

This saves the cost of again integrating the systems.

source

GeometricMachinelLearning.reduction error — Function.

reduction error(rs)

Compute the reduction error for a HRedSys.
Arguments

If the full system and the reduced system have already been integrated, then the reduction error
can be computed quicker:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/loss/losses.jl#LL163-L206
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/reduced_system/reduced_system.jl#LL196-L209
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reduction error(rs, sol full, sol reduced)

This saves the cost of again integrating the respective systems.

source

4.5 Hamiltonian Model Order Reduction

Hamiltonian PDEs are partial differential equations that, like its ODE counterpart, have a Hamil-
tonian associated with it. The linear wave equation can be written as such a Hamiltonian PDE
with

H(gq, p; ) = %/QMQ(ng(tf;u)f +p(t, & p)?de.

Note that in contrast to the ODE case where the Hamiltonian is a function H(-;u) : R?? — R,
we now have a functional H(-,+;u) : C>°(D) x C*(D) — R. The PDE for this Hamiltonian can be
obtained similarly as in the ODE case:

oH oH
atq(t7£;/1') = g = p(tag;ﬂ“)? 8tp(t7£a/1‘) = _(57(] = :U’2a§§q(t7£7:u’)

Neglecting the Hamiltonian structure of a system can have grave consequences on the performance
of the reduced order model [11, 61, 62] which is why all algorithms in GeometricMachineLearning
designed for producing reduced order models respect the structure of the system.

The Symplectic Solution Manifold

As with regular parametric PDEs, we also associate a solution manifold with Hamiltonian PDEs.
This is a finite-dimensional manifold, on which the dynamics can be described through a Hamiltonian
ODE. The reduced system, with which we approximate this symplectic solution manifold, is a low
dimensional symplectic vector space R?" together with a reduction P and a reconstruction R. If
we now take an initial condition on the solution manifold 2y € M ~ R(R?") and project it to
the reduced space with P, we get u = P(tg). We can now integrate it on the reduced space via
the induced differential equation, which is of canonical Hamiltonian form, and obtain an orbit w(t)
which can then be mapped back to an orbit on the solution manifold! via R. The resulting orbit
R(u(t)) is ideally the unique orbit on the full order model i(t) € M.

For Hamiltonian model order reduction we additionally require that the reduction P satisfies

V. PIon(V.P)T = Iy, for z € R?N

and the reconstruction R satisfies?

1To be precise, an approzimation of the solution manifold R(RQ"), as we are not able to find the solution manifold
exactly in practice.

2We should note that satisfying this symplecticity condition is much more important for the reconstruction than
for the reduction. There is a lack of research on whether the symplecticity condition for the projection is really needed;
in [62] it is entirely ignored for example.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/reduced_system/reduced_system.jl#LL176-L189
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(V.R)TTon VR = Jop.

With this we have

Theorem 4.5.1. A Hamiltonian system on the reduced space (R®*",J% ) is equivalent to a non-
canonical symplectic system (M, J%\|a) where

M = R(R™)

is an approximation to the solution manifold. We further have

Jan|m(2) = (V2R ) I2n(VR)T,
so the dynamics on M can be described through a Hamiltonian ODE on R?".

For the proof we use the fact that M = R(R?") is a manifold whose coordinate chart is the local
inverse (see Chapter 2.5) of R which we will call ¢, i.e. around a point y € M we have YoR(y) = y.>
We further define the symplectic inverse of a matrix A € R2V*2" ag

AT =J2 AT Ty,

which gives:

ATA=J0 ATJon A = Ty,
iff A is symplectic, i.e. ATJonA = Jop,.

Proof. Note that the tangent space at y = R(z) to M is:

T,M = {(V.R)v:veR"}.

The mapping

M—=TM,y— (V. R)J2, V. H

3A similar proof can be found in [63]. Further note that, if we enforced the condition P o R = id exactly, the
projection P would be equal to the local inverse 1. For the proof here we however only require the existence of v, not
its explicit construction as P.
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is clearly a vector field. We now prove that it is symplectic and equal to Jon'V(H o v). For this
first note that we have I = (V. R)"V.R = (Vg(;)¥)V.R and that the pseudoinverse is unique. We
then have:

T
JonVyH o = Jan (V) 'V H = Jon (Vi) R)T)" Vi) H = (V) R)2a Vi) H,

which proves that every Hamiltonian system on R?” induces a Hamiltonian system on M. Conversely
assume we are given a Hamiltonian vector field whose flow map evolves on M, which we denote by

X(2) =JonV.H = (Vi R)X (¥(2)),

where X is a vector field on the reduced space. In the last equality we used that the flow map
evolves on M, so the corresponding vector field needs to map to T M. We further have:

(Vo R) X (2) = Jon(VyyR)IVH = J0, V) (H 0 R) = X (4(2)),

and we see that the vector field on the reduced space also has to be Hamiltonian. We can thus

express a high-dimensional Hamiltonian system on M with a low-dimensional Hamiltonian system
on R?", O

In the proof we used that the pseudoinverse is unique. This is not true in general [11], but holds for
the architectures discussed here (proper symplectic decomposition and symplectic autoencoders).
We will postpone the proof of this until after we introduced symplectic autoencoders in detail (see
Chapter 8.2).

This theorem serves as the basis for Hamiltonian model order reduction via proper symplectic
decomposition and symplectic autoencoders. We will now briefly introduce these two approaches?.

Proper Symplectic Decomposition

For proper symplectic decomposition (PSD) the reduction P and the reconstruction R are con-
strained to be linear, orthonormal and symplectic. Note that these first two properties are shared
with POD (see Chapter 4.2). The easiest way® to enforce this is through the so-called “cotangent
lift” [11]:

R=Vg, = [ @] where ® € St(n, N) ¢ RV*",

P
o

i.e. both ® and ¢y, are elements of the Stiefel manifold (see Chapter 2.9) and we furthermore have
UL JonTer = Jap, ie. Uep, is symplectic. If the snapshot matrix (see Chapter A.1) is of the form:

4We will discuss symplectic autoencoders later in a dedicated section (see Chapter 8.2).

5The original PSD paper [11] proposes another approach to build linear reductions and reconstructions with the
so-called “complex SVD.” In practice this only brings minor advantages over the cotangent lift however [61].
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qi1(to) 1 @1(t) | S di(ty)
G2(to) | G2(t1) | | Ga(ty)
| antto) Vvt o sty
M=1 5 | mit) | b)) |
pa(to) | pa(ta) | " palty)
i ﬁz\./.(éo) : pN(tl) : : pl\'/df) i

with nts := f— 1 is the number of time steps. Then ®¢r, can be computed in a very straight-forward

manner:

Theorem 4.5.2. The ideal cotangent lift Yy, for the snapshot matriz of form

i.e. the cotangent lift that minimizes the projection error, can be obtained the following way:

1. Rearrange the rows of the matrix M such that we end up with a N X (2nts) matriz: M =
(Mg, Mp).

2. Perform SVD: M =VxUT.

3. Set ® «+ U[;,1:n].

W, is then built based on this ®.

For details on the cotangent lift (and other methods for linear symplectic model reduction) consult
[11]. In GeometricMachinelLearning we use the function solve! for this task.

Symplectic Autoencoders

Symplectic Autoencoders are a type of neural network suitable for treating Hamiltonian parametrized
PDEs with slowly decaying Kolmogorov n-width. It is based on PSD and symplectic neural networks

(see Chapter 8.5)8.

Symplectic autoencoders are motivated similarly to standard autoencoders for model order reduc-
tion: PSD suffers from similar shortcomings as regular POD. PSD is a linear map and the ap-
proximation space M = {W0d(z,.) € R2N : 2z, € R?"} is therefore also linear. For problems with

slowly-decaying Kolmogorov n-width this leads to very poor approximations.
In order to overcome this difficulty we use neural networks, more specifically SympNets (see Chap-

ter 8.5), together with cotangent lift-like matrices. The resulting architecture, symplectic autoen-
coders, are discussed in the dedicated section on neural network architectures (see Chapter 8.2).

6We call these SympNets most of the time. This term was coined in [10].
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Workflow for Symplectic ROM

As with any other data-driven reduced order modeling technique (see Chapter 4.1) we first discretize
the PDE. This should be done with a structure-preserving scheme, thus yielding a (high-dimensional)
Hamiltonian ODE as a result. Going back to the example of the linear wave equation, we can
discretize this equation with finite differences to obtain a Hamiltonian ODE:

1 —p?Dge O
Haer o)) = (0" |77 ] ot

In Hamiltonian reduced order modeling we try to find a symplectic submanifold in the solution
space’ that captures the dynamics of the full system as well as possible.

Similar to the regular PDE case we again build an encoder P = ¥°"¢ and a decoder R = ¥9¢; but
now both these mappings are required to be symplectic.

Concretely this means:
1. The encoder is a mapping from a high-dimensional symplectic space to a low-dimensional
symplectic space, i.e. ¥en¢: R2V — R2" such that VU Jyn (VI = ]y, .
2. The decoder is a mapping from a low-dimensional symplectic space to a high-dimensional

symplectic space, i.e. Wde¢: R?" — R2N such that (V¥4e)T J,ny VWIeC = ]y, .

If these two maps are constrained to linear maps this amounts to PSD.

After we obtained U and ¥9°® we can construct the reduced model. GeometricMachinelLearning
has a symplectic Galerkin projection implemented. This symplectic Galerkin projection does:

vr(g,p)\ _ d (q) 7T (v(R(q,p))>
= — =Jon(V.R)"J )
(rle) = (3) = wmewmrmst (G007
where v are the first n components of the vector field and f are the second n components of the

vector field. The superscript r indicated a reduced vector field. These reduced vector fields are built
with GeometricMachinelLearning.build v reduced and GeometricMachinelearning.build f reduced.

Library Functions

GeometricMachinelLearning.SymplecticEncoder — Type.

SymplecticEncoder <: Encoder

This is the abstract SymplecticEncoder type.
See Encoder for the super type and NonLinearSymplecticEncoder for a derived struct.

source

"The submanifold, that approximates the solution manifold, is M = {‘lldcc(;r) € RN : u, € R2"} where z, is
the reduced state of the system. By a slight abuse of notation we also denote M by M as we have done previously
when showing equivalence between Hamiltonian vector fields on R?™ and M.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL52-L58
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GeometricMachinelLearning.SymplecticDecoder — Type.

SymplecticDecoder <: Decoder

This is the abstract SymplecticDecoder type.
See Decoder for the super type and NonLinearSymplecticDecoder for a derived struct.

source

GeometricMachineLearning.NonLinearSymplecticEncoder — Type.

NonLinearSymplecticEncoder

This should not be called direclty. Instad use SymplecticAutoencoder.

An instance of NonLinearSymplecticEncoder can be generated by calling encoder on an instance
of SymplecticAutoencoder.

source

GeometricMachineLearning.NonLinearSymplecticDecoder — Type.

NonLinearSymplecticDecoder

This should not be called direclty. Instad use SymplecticAutoencoder.

An instance of NonLinearSymplecticDecoder can be generated by calling decoder on an instance
of SymplecticAutoencoder.

source

GeometricMachineLearning.HRedSys — Type.

HRedSys

HRedSys computes the reconstructed dynamics in the full system based on the reduced one.
Optionally it can be compared to the FOM solution.

It can be called using two different constructors.
Constructors

The standard constructor is:

HRedSys (N, n; encoder, decoder, v_full, f full, v_reduced, f reduced, parameters, timespan,
— timestep, ics, projection error)

where

e encoder: a function R2N s R2"


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/autoencoder.jl#LL61-L67
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/symplectic_autoencoder.jl#LL48-L54
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/symplectic_autoencoder.jl#LL64-L70
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o decoder: a (differentiable) function R?" s R?Y

e v_full: a (differentiable) mapping defined the same way as in GeometricIntegrators.

o f_full: a (differentiable) mapping defined the same way as in GeometricIntegrators.

o v_reduced: a (differentiable) mapping defined the same way as in GeometricIntegrators.
o f_reduced: a (differentiable) mapping defined the same way as in GeometricIntegrators.
e integrator: is used for integrating the reduced system.

o parameters: a NamedTuple that parametrizes the vector fields (the same for fullvectorfield
and reducedvectorfield)

e timespan: a tuple (te, ti) that specifies start and end point of the time interval over
which integration is performed.

e timestep: the time step

e ics: the initial condition for the big system.

The other, and more convenient, constructor is:

HRedSys (odeensemble, encoder, decoder)

where odeensemble can be a HODEEnsemble or a HODEProblem. encoder and decoder have to
be neural networks. With this constructor one can also pass an integrator via the keyword
argument integrator. The default is ImplicitMidpoint(). Internally this calls the functions
build v reduced and build f reduced in order to build the reduced vector fields.

source

GeometricMachinelLearning.build v reduced — Function.

build v reduced(v_full, f full, decoder)

Builds the reduced vector field (g part) based on the full vector field for a Hamiltonian system.
We derive the reduced vector field via the reduced Hamiltonian: H := H o ¥dec,

We then get

JonVeH = Jop (VU TIT Ton Vo H = Jop (VEI)TIT (;Ez;
_ (V)" f(2) + (V) 0(2)
T\ (V)T f(2) = (V) (2

build v_reduced outputs the first half of the entries of this vector field.

source

GeometricMachinelLearning.build f reduced — Function.

build f reduced(v_full, f full, decoder)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/reduced_system/reduced_system.jl#LL1-L36
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/reduced_system/reduced_system.jl#LL103-L118
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Builds the reduced vector field (p part) based on the full vector field for a Hamiltonian system.
build f reduced outputs the second half of the entries of this vector field.
See build v reduced for more information.

source

GeometricMachineLearning.PSDLayer — Type.

PSDLayer (input_dim, output dim)

Make an instance of PSDLayer.

This is a PSD-like layer used for symplectic autoencoders. One layer has the following shape:

0O o
where ® is an element of the Stiefel manifold St(n, N).

a-[e g

source

GeometricMachineLearning.PSDArch — Type.

PSDArch <: SymplecticCompression

PSDArch is the architecture that corresponds to PSDLayer.
The architecture

Proper symplectic decomposition (PSD) can be seen as a SymplecticAutoencoder for which the
decoder and the encoder are both PSD-like matrices (see the docs for PSDLayer.

Training

For optimizing the parameters in this architecture no neural network training is necessary (see
the docs for solve!).

The constructor

The constructor only takes two arguments as input:

e full dim::Integer
e reduced dim::Integer

source

GeometricMachinelLearning.solve! — Function.

solve! (nn::NeuralNetwork{<:PSDArch}, input)

Solve the cotangent lift problem for an input.

PSDArch does not require neural network training since it is a strictly linear operation that can
be solved with singular value decomposition (SVD).

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/reduced_system/reduced_system.jl#LL133-L141
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/psd_like_layer.jl#LL1-L13
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/psd.jl#LL1-L19
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/psd.jl#LL49-L55
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Chapter Summary

In this chapter we introduced the concept of data-driven reduced order modeling. It was shown how
data-driven reduced order modeling can be motivated by the solution manifold, the (nonlinear) space
containing all the solutions to the (parameter-dependent) differential equation. Proper orthogonal
decomposition (POD) and autoencoders were discussed as specific examples of performing the offline
phase in reduced order modeling. POD is an application of singular value decomposition and as
such belongs to the realm of linear algebra. Autoencoders are more general approximators that are
build with neural networks and have to be optimized during a training stage. Autoencoders are
especially well-suited for problems with a slowly-decaying Kolmogorov n-width. The Kolmogorov
n-width provides a quantitative measure for how well something can be approximated with a linear
subspace.

We furthermore discussed how a reduced order model can be made structure-preserving and showed
proper symplectic decomposition (PSD) to be the structure-preserving alternative to POD. PSD is a
more restrictive form of POD where additional conditions on the reduction P and the reconstruction
R are imposed. With this construction a Hamiltonian full order model is reduced to a Hamiltonian
reduced order model. At the very end of the chapter we teased symplectic autoencoders which will be
discussed in detail in Part ITI. These offer, similar to standard autoencoders, a way of constructing
more general symplectic reductions and are thus well-suited to problems with a slowly-decaying
Kolmogorov n-width.
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Chapter 5

General Framework for Manifold
Optimization

In this chapter we introduce a general framework for manifold optimization that is needed to effi-
ciently train symplectic autoencoders. We start this chapter by discussing optimization for neural
network in general and explain how we can generalize this to homogeneous spaces. We will see that
an important ingredient for doing so are retractions which we then elaborate on. After discussing
how to make the computation of retractions efficient for homogeneous spaces we conclude the chap-
ter by introducing the notion of parallel transport which we need to extend the notion of momentum
in neural network optimization.

5.1 Neural Network Optimizers

In this section we present the general Optimizer framework used in GeometricMachineLearning. For
more information on the particular steps involved in this consult the documentation on the various
optimizer methods such as the gradient optimizer, the momentum optimizer and the Adam optimizer
(see Chapter 6.1), and the documentation on retractions (see Chapter 5.2).

During optimization we aim at changing the neural network parameters in such a way to minimize
the loss function. A loss function assigns a scalar value to the weights that parametrize the neural
network (see Chapter 3.3):

LZP—)Rzm @HL(@),

where P is the parameter space. We can then phrase the optimization task as:

Definition 5.1.1. Given a neural network NN parametrized by © and a loss function L : P — R
we call an algorithm an iterative optimizer (or simply optimizer) if it performs the following
task:

O < Optimizer(O, past history,t),

with the aim of decreasing the value L(©) in each optimization step.

The past history of the optimization is stored in a cache (AdamCache, MomentumCache, GradientCache,
...) in GeometricMachinelLearning.

Optimization for neural networks is (almost always) some variation on gradient descent. The most
basic form of gradient descent is a discretization of the gradient flow equation:
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0 =-Vel,

by means of an Euler time-stepping scheme:

Ot = 0! — hVer L,

where 1 (the time step of the Euler scheme) is referred to as the learning rate.

This equation can easily be generalized to manifolds (see Chapter 2.5) with the following two steps:
1. modify —Ve:L = — hgradg:L, i.e. replace the Euclidean gradient by a Riemannian
gradient (see Chapter 2.7) and

2. replace addition with the geodesic map (see Chapter 2.7).

To sum up, we then have:

O = geodesic(0', —hgradg: L).

In practice we very often do not use the geodesic map but approximations thereof. These approxi-
mations are called retractions (see Chapter 5.2).

Generalization to Homogeneous Spaces

In order to generalize neural network optimizers to homogeneous spaces (see Chapter 2.8) we utilize
their corresponding global tangent space representation (see Chapter 2.11) ghor.

When introducing the notion of a global tangent space (see Chapter 2.11) we discussed how an
element of the tangent space Ty M can be represented in g"°" by performing two mappings:
1. the first one is the horizontal lift 2 (see the docstring for GeometricMachinelLearning.Q) and

2. the second one is performing the adjoint operation! of A\(Y'), the section of Y, on Q(A).

The two steps together are performed as global rep in GeometricMachineLearning. So we lift to
hor
gron:

global rep: Ty M — ghor,

hor

and then perform all the steps of the optimizer in g"°". We can visualize all the steps required in

the generalization of the optimizers:

1By the adjoint operation ad 4 : g — g for an element A € G we mean B +— A~ 'BA.
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AD

optimization step!(o :: Optimizer,::G, M, :RV*")

Figure 5.1: Schematic visualization of neural network optimizers to homogeneous spaces.

This picture summarizes all steps involved in an optimization step:

1. map the Euclidean gradient VL € RV*" that was obtained via automatic differentiation (see
Chapter B.3) to the Riemannian gradient gradL € Ty M with the function rgrad,

2. obtain the global tangent space representation of gradL in g"°" with the function global rep,

3. perform an update!; this consists of two steps: (i) update the cache and (ii) output a final
velocity,

4. use this final velocity to update the global section (see Chapter 2.11) A € G,

5. use the updated global section to update the neural network weight € M. This is done with
apply section.

The cache stores information about previous optimization steps and is dependent on the optimizer.
Typically the cache is represented as one or more elements in g"*. Based on this the optimizer
method (represented by update! in the figure) computes a final velocity. This final velocity is again
an element of g"°". The particular form of the cache and the updating rule depends on which
optimizer method we use (see Chapter 6.1).

The final velocity is then fed into a retraction (see Chapter 5.2)2. For computational reasons we
split the retraction into two steps, referred to as “Retraction” and apply section above. These two
mappings together are equivalent to:

retraction(A) = retraction(A\(Y) B2 E) = A(Y)Retraction(B%),
where A € T and B? is its representation in g"°" as B® = A(Y)1Q(A)A(Y).

Library Functions

GeometricMachinelLearning.Optimizer — Type.

2A retraction is an approximation of the geodesic map (see Chapter 2.7)
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Optimizer(method, cache, step, retraction)

Store the method (e.g. AdamOptimizer with corresponding hyperparameters), the cache (e.g.
AdamCache), the optimization step and the retraction.

It takes as input an optimization method and the parameters of a network.

Before one can call Optimizer a OptimizerMethod that stores all the hyperparameters of the
optimizer needs to be specified.

Functor

For an instance o of Optimizer, we can call the corresponding functor as:

o(nn, dl, batch, n_epochs, loss)

The arguments are:

nn::NeuralNetwork
dl::Dataloader
batch::Batch

n_epochs::Integer

DAl o N

loss: :NetworkLoss

The last argument is optional for many neural network architectures. We have the following
defaults:

e A TransformerIntegrator uses TransformerLoss.

e A NeuralNetworkIntegrator uses FeedForwardLoss (this loss is defined in AbstractNeural-
Networks).

e An AutoEncoder uses AutoEncoderLoss.
In addition there is an optional keyword argument that can be supplied to the functor:
e show progress=true: This specifies whether a progress bar should be shown during training.

Implementation

Internally the functor for Optimizer calls GlobalSection once at the start and then optimize -
for one epoch! for each epoch.

source

GeometricMachinelLearning.optimize for one epoch! — Function.

optimize for_one epoch!(opt, model, ps, dl, batch, loss, AY)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer.jl#LL1-L36
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Sample the data contained in dl according to batch and optimize for these batches.
This step also performs automatic differentiation on loss.

The output of optimize for one epoch! is the average loss over all batches of the epoch:

1 steps__per__epoch

output = loss(9—1).
p steps_ per__epoch tz:; ( )

This is done because any reverse differentiation routine always has two outputs; for Zygote:

loss_value, pullback = Zygote.pullback(ps -> loss(model, ps, input, output), ps)

So we get the value for the loss for free whenever we compute the pullback with AD.
Arguments

All the arguments are mandatory (there are no defaults):

an instance of Optimizer.
the neural network model.

the neural network parameters ps.

batch::Batch: stores batch_size (and optionally seq_length and prediction_window).

1
2
3
4. the data (i.e. an instance of DataLoader).
5
6. loss::NetworkLoss.

7

the section AY of the parameters ps.

Implementation
Internally this calls optimization step! for each minibatch.

The number of minibatches can be determined with number of batches:

using GeometricMachinelearning
using GeometricMachinelearning: number of batches

data = [1, 2, 3, 4, 5]
batch = Batch(2)
dl = DatalLoader(data; suppress_info = true)

number of batches(dl, batch)

# output

source

GeometricMachinelLearning.optimization step! — Function.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/optimize.jl#LL1-L49
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optimization step!(o, AY, ps, dx)

Update the weights ps based on an Optimizer, a cache and first-order derivatives dx.

optimization step! is calling update! internally. update! has to be implemented for every
OptimizerMethod.

Arguments

All arguments into optimization_step! are mandatory:

1. o::0ptimizer,

2. AY::NamedTuple: this named tuple has the same keys as ps, but contains GlobalSections,
3. ps::NamedTuple: the neural network parameters,

4. dx::Union{NamedTuple, NeuralNetworkParameters}: the gradients stores as a NamedTuple.

All the arguments are given as NamedTuples as the neural network weights are stores in that
format.

using GeometricMachinelLearning
using GeometricMachinelLearning: params

1 = StiefelLayer(3, 5)

ps = params(NeuralNetwork(Chain(l), Float32)).L1

cache = apply toNT(MomentumCache, ps)

o = Optimizer(MomentumOptimizer(), cache, 0, geodesic)
AY = GlobalSection(ps)

dx = (weight = rand(Float32, 5, 3), )

# call the optimizer
optimization step! (o, AY, ps, dx)

_test nt(x) = typeof(x) <: NamedTuple
_test nt(AY) & test nt(ps) & test nt(cache) & test nt(dx)
# output

true

Extended help

The derivatives dx here are usually obtained via an AD routine by differentiating a loss function,
i.e. dx is VL.

source

5.2 Retractions

In practice we usually do not solve the geodesic equation exactly in each optimization step (even
though this is possible and computationally feasible), but prefer approximations that are called
“retractions” [25] for numerical stability. The definition of a retraction in GeometricMachineLearning
is slightly different from how it is usually defined in textbooks [3, 25]. We discuss these differences
here.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer.jl#LL110-L153
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Classical Retractions

By “classical retraction” we here mean the textbook definition.

Definition 5.2.1. A classical retraction is a smooth map

R:TM — M : (z,v) = Ry(v),

such that each curve ¢(t) := R,(tv) is a local approximation of a geodesic, i.e. the following two
conditions hold:

1. ¢(0) =z and

2. (0)=w.

Perhaps the most common example for matrix manifolds is the Cayley retraction. It is a retraction
for many matrix Lie groups [3, 22, 64].

Example 5.2.2. The Cayley retraction for V € TjG = g is defined as

1\ 1
Cayley(V) = (]I — 2V) <H + 2V> .
We show that the Cayley transform is a retraction for G = SO(N) at I € SO(N):

Proof. The Cayley transform trivially satisfies Cayley(Q) = I. So what we have to show is the
second condition for a retraction and that Cayley(V) € SO(N). For this take V' € so(NN). We then
have

Cayley(tV) = %

-1
1 1 1 1
I— =tV I+=tV )=V -=vT =V,
dt t_0< 2 ) (+2 > 2 2 ’

which satisfies the second condition. We further have

t=0

1 1 1 1
— ley(tV)) T Cayley(tV) = (zV — V)T 4+ v — —vT =0.
g t:O(Cay ey(tV))” Cayley(tV) = (5V = 5V7)" + 5V — 5 0
This proofs that the Cayley transform maps to SO(N). O

We should mention that the factor % is sometimes left out in the definition of the Cayley transform

when used in different contexts. But it is necessary for defining a retraction as without it the second
condition is not satisfied.
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Remark 5.2.3. We can also use the Cayley retraction at a different point than the identity I. For
this consider A € SO(N) and B € T;SO(N) = {B € RV*N : ATB 4+ BT A = 0}. We then have
AT B € s0(N) and

Cayley : T4SO(N) — SO(N), B ~— ACayley(A” B),

is a retraction VA € SO(N).

As a retraction is always an approximation of the geodesic map, we now compare the cayley retrac-
tion for the example we introduced along Riemannian manifolds (see Chapter 2.7):

0.2 : 0.2 : 5.4
[A * n for n in n_increments]

n_increments
A increments

Y increments geodesic = [geodesic(Y, A increment) for A increment in A increments]
Y _increments cayley = [cayley(Y, A increment) for A increment in A increments]

jeodesic retraction
| @ Cayley retraction

05

s 00

-05

Figure 5.2: Comparison between the geodesic and the Cayley retraction.

We see that for small A increments the Cayley retraction seems to match the geodesic retraction
very well, but for larger values there is a notable discrepancy. We can plot this discrepancy directly:

zip_ob = zip(Y_increments_geodesic, Y _increments cayley, axes(Y_increments geodesic, 1))
discrepancies = [norm(Y_geo inc - Y cay inc) for (Y _geo inc, Y cay inc, ) in zip ob]
nothing
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— Discrepancies between geodesic and Cayley retraction

0.15 1

discrepancy
o
=

0.05 1

0.00
T

Figure 5.3: Discrepancy between the geodesic and the Cayley retraction.

In GeometricMachinelLearning

The way we use retractions' in GeometricMachineLearning is slightly different from their classical
definition:

Definition 5.2.4. Given a section A : M — G, where M is a homogeneous space, a retraction is
a map Retraction : g"" — G such that

A A(Y)Retraction(A\(Y) " Q(A)N(Y))E,
is a classical retraction.

This map Retraction is also what was visualized in the figure on the general optimization framework
(see Chapter 5.1). We now discuss how the geodesic retraction (exponential map) and the Cayley
retraction are implemented in GeometricMachinelLearning.

Retractions for Homogeneous Spaces

Here we harness special properties of homogeneous spaces to obtain computationally efficient re-
tractions for the Stiefel manifold (see Chapter 2.9) and the Grassmann manifold (see Chapter 2.10).
This is also discussed in e.g. [21, 22].

The geodesic retraction is a retraction whose associated curve is also the unique geodesic. For many
matrix Lie groups (including SO(N)) geodesics are obtained by simply evaluating the exponential
map [25, 65]:

Theorem 5.2.5. The geodesic on a compact matriz Lie group G with bi-invariant metric for
B € TzG is simply

LClassical retractions are also defined in GeometricMachineLearning under the same name, i.e. there is e.g. a method
cayley(::StiefellLieAlgHorMatrix) and a method cayley(::StiefelManifold, ::AbstractMatrix) (the latter being the clas-
sical retraction); but the user is strongly discouraged from using classical retractions as these are computationally
inefficient.
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v(t) = exp(t- BA™')A = Aexp(t- A~'B"),
where exp : g — G is the matrix exponential map.

The last equality in the equation above is a result of:

(A"'BA)--- (A"'BA)

k times

=

AT'BFA = A ' exp(B)A.

Because SO(N) is compact and we furnish it with the canonical metric, i.e.

g:T;G x T;G — R, (By, By) — Tr(BI By) = Tr((B1A™1)T (B, A7),

its geodesics are thus equivalent to the exponential maps. We now use this observation to obtain an
expression for the geodesics on the Stiefel manifold (see Chapter 2.9). We use the following theorem
from [65, Proposition 25.7]:

Theorem 5.2.6. The geodesics for a naturally reductive homogeneous space M starting at 'Y are
given by:

Ya(t) = exp(t - Q(A))Y,
where the exp is the exponential map for the Lie group G corresponding to M.

The theorem requires the homogeneous space to be naturally reductive:
Definition 5.2.7. A homogeneous space is called naturally reductive if the following two condi-
tions hold:

1. A7'BA € ghor for every B € g"°" and A € exp(g"'®),

2. g([X,Y]Por  Z) = g(X,[Y, Z]hor) for all X,Y, Z € ghor,

where [X,Y]h" = Q(XYE — YXE). If only the first condition holds the homogeneous space is
called reductive (but not naturally reductive).

We state here without proof that the Stiefel manifold (see Chapter 2.9) and the Grassmann manifold
(see Chapter 2.10) are naturally reductive. We can however provide empirical evidence here:
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B = rand(SkewSymMatrix, 6) # € g

A = exp(B - StiefellLieAlgHorMatrix(B, 3)) # € exp(gvcr)
X = rand(StiefelLieAlgHorMatrix, 6, 3) # € gher

Y = rand(StiefellLieAlgHorMatrix, 6, 3) # € gheor

Z = rand(StiefelLieAlgHorMatrix, 6, 3) # € gheor

A" * X * A # this has to be in gher for St(3, 6) to be reductive

6x6 Matrix{Float64}:

0.0 -0.914247 -0.387374 -0.650933 -0.741877 -0.7678
0.914247 0.0 -0.771916 -0.454759 -0.869684 -0.80972
0.387374 0.771916 0.0 -0.924238 -0.292897 -0.749455
0.650933  0.454759 0.924238 0.0 0.0 0.0
0.741877 0.869684  0.292897 0.0 0.0 0.0
0.7678 0.80972 0.749455 0.0 0.0 0.0

verifies the first property and
adh°r (X, Y) = StiefellLieAlgHorMatrix(X * Y - Y * X, 3)

tr(adher (X, Y)' * Z) = tr(X'" * adher (Y, Z))

true

verifies the second.

In GeometricMachineLearning we always work with elements in gh°*

SO(N). We hence use:

and the Lie group G is always

7a(t) = expATAY) QAT IAY) Y = AY) exp(A(Y) Q(A)A(Y))E.

Based on this we define the maps:

geodesic : g"" — G, B — exp(B),

and

cayley : g"" — G, B — Cayley(B),

where B = A(Y)7'Q(A)AN(Y). These expressions for geodesic and cayley are the ones that we
typically use in GeometricMachinelLearning for computational reasons. We show how we can utilize
the sparse structure of gh°* for computing the geodesic retraction and the Cayley retraction (i.e. the
expressions exp(B) and Cayley(B) for B € gh°*). Similar derivations can be found in [22, 66, 67].
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Remark 5.2.8. Further note that, even though the global section A : M — G is not unique, the
final geodesic ya (t) = A(Y) exp(A(Y)1Q(A)X(Y))E does not depend on the particular section we
choose.

The Geodesic Retraction

An element B of gh°" can be written as:

-[s 2]- [ L S]-rer

where we exploit the sparse structure of the array, i.e. it is a multiplication of a N x 2n with a
2n x N matrix.

We further use the following;:

exp B// Z - B// =T+ Z B B//)TB )n l(B//)

n=0 nl

8

1
_ ]I-i—BI (Z - B// TB ) B —. ]I—I—BIQl(B/,BH)BH,
n!

where we defined 21(B’, B”) := Y% | L((B”")TB')"~!. Note that evaluating 2 relies on computing

n=1 n!
products of small matrices of size 2n x 2n. We do this by relying on a simple Taylor expansion (see

the docstring for GeometricMachinelLearning.2l).
The final expression we obtain is:

exp(B) =1+ B'A(B', B")(B")"
The Cayley Retraction

For the Cayley retraction we leverage the decomposition of B = B/(B")T € g"°" through the
Sherman-Morrison- Woodbury formula:

(H o %B/(B//)T)fl =1+ %B/(]I o %B/(B//)T)—l(B//)T

So what we have to compute the inverse of:

LT 0034 1 I1- %A —31
2 |24 BT B 0 T |3BTB - 1A% 1-14]"

By leveraging the sparse structure of the matrices in g"°* we arrive at the following expression for
the Cayley retraction (similar to the case of the geodesic retraction):
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_ 1 1 -1 1._
Cayley(B) =T+ §B/ <H2n - 2(Bll)TB/> (B")" <H + 2B> ,
where we have abbreviated I := [. We conclude with a remark:

Remark 5.2.9. As mentioned previously the Lie group SO(N), i.e. the one corresponding to the
Stiefel manifold and the Grassmann manifold, has a bi-invariant Riemannian metric associated with
it: (By, Ba) + Tr(B¥ By). For other Lie groups (e.g. the symplectic group) the situation is slightly
more difficult.

One of such Lie groups is the group of symplectic matrices [22]; for this group the expressions
presented here are more complicated.
Library Functions

GeometricMachinelLearning.geodesic — Method.

geodesic( B::Stiefel LieAlgHorMatrix)

Compute the geodesic of an element in StiefellLieAlgHorMatrix.
Implementation

Internally this is using;:

I+ B'A(B’, B")B",

with

—_A—BT_%A]IH O | o/ pnT
o[ 2] L S]-rer

This is using a computationally efficient version of the matrix exponential 2.
See GeometricMachinelearning.l.

source

GeometricMachinelearning.geodesic — Method.

geodesic(B::GrassmannLieAlgHorMatrix)

Compute the geodesic of an element in GrassmannLieAlgHorMatrix.
This is equivalent to the method of geodesic for StiefelLieAlgHorMatrix (see Chapter 2.11).
See geodesic(::StiefellLieAlgHorMatrix).

source

GeometricMachinelLearning.cayley — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/retractions.jl#LL42-L67
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/retractions.jl#LL78-L86
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cayley(B::StiefellLieAlgHorMatrix)

Compute the Cayley retraction of B.
Implementation

Internally this is using

_ 1 1 1
Cayley(B) = I+ 3B (T — 5(B")TB) " (B") (1+ 3 B),

with

— A —-BT 14 1 I 0)
— _ 12 R 514 IN\T
o5 0 ]-[5 ol m]-ren

i.e. B is expressed as a product of two N X 2n matrices.
source

GeometricMachinelLearning.cayley — Method.

cayley(B::GrassmannLieAlgHorMatrix)

Compute the Cayley retraction of B.
This is equivalent to the method of cayley for StiefelLieAlgHorMatrix (see Chapter 2.11).
See cayley(::StiefellLieAlgHorMatrix).

source

GeometricMachinelLearning.cayley — Method.

cayley(Y::Manifold, A)

Take as input an element of a manifold Y and a tangent vector in A in the corresponding tangent
space and compute the Cayley retraction.

In different notation: take as input an element x of M and an element of T, M and return
Cayley(vy).

Examples

using GeometricMachinelLearning

Y StiefelManifold([1. 0. 0.;]' |> Matrix)

A [6. .5 0.;]" |> Matrix
Y2 = cayley(Y, A)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/retractions.jl#LL132-L152
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/retractions.jl#LL167-L175
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Y2' * Y2 = [1.;]
# output

true

See the example in [geodesic(: :Manifold{T}, ::AbstractMatrix{T}) where T].

source

GeometricMachineLearning.2 — Method.

A(A)

Compute A(A) := S22 L(A)»L.

n=1 n!
Implementation

This uses a Taylor expansion that iteratively adds terms with

while norm(A") > €
mul! (A temp, A", A)
Ar .= A_temp

rmul! (A", T(inv(n)))

AA += A"
n+=1
end

until the norm of A» becomes smaller than machine precision. The counter n in the above
algorithm is initialized as 2 The matrices A" and 2 are initialized as the identity matrix.

source

GeometricMachinelLearning.2 — Method.
2(B, B)

Compute A(B’,B") := > L((B"TB)"1,

n=1 n!

This expression has the property I + B'A(B’, B")(B")T = exp(B'(B")T).

Examples

using GeometricMachinelearning
using GeometricMachineLearning: 2
import Random

Random.seed! (123)

w
]

rand(StiefelLieAlgHorMatrix, 10, 2)
hcat(vcat(.5 * B.A, B.B), vcat(one(B.A), zero(B.B)))

w:
1}


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/retractions.jl#LL99-L123
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/modified_exponential.jl#LL10-L33
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B = hcat(vcat(one(B.A), zero(B.B)), vcat(-.5 * B.A, -B.B))
one(B * B') + B * A(B, B) * B' = exp(Matrix(B))
# output

true

source

5.3 Parallel Transport

The concept of parallel transport along a geodesic 7 : [0,T] — M describes moving a tangent vector
from T, M to T, ;)M such that its orientation with respect to the geodesic is preserved.

A precise definition of parallel transport needs a notion of a connection [21, 35, 36] and we forego it
here. We simply state how to parallel transport vectors on the Lie group SO(N) and the homoge-
neous spaces St(n, N) and Gr(n,N).

Theorem 5.3.1. Given two elements Bi*, By € TaG the parallel transport of B3 along the geodesic
of B is given by

HAeny(t)BéLl = Aexp(t- 14_1B14)141_1B§4 = Aexp(t- By)Bo,

where B; := A~'BA.

For the Stiefel manifold this is not much more complicated:

Theorem 5.3.2. Given two elements Ay, As € Ty M, the parallel transport of As along the geodesic
of Ay is given by

My a2 = exp(t - (Y, A1))Ag = A(Y) exp(B1)A(Y) 1 Ay,

where By = A(Y)71Q(Y, ADA(Y).

We can further modify the expression of parallel transport for the Stiefel manifold:

HY_”YAl (t)AQ = )\(Y) EXp(Bl))\(Y)Q(K AQ)Y = )\(Y) exp(Bl)BgE,

where By = A\(Y)71Q(Y, A2)A(Y). We can now define explicit updating rules for the global section
(see Chapter 2.11) A®), the element of the homogeneous space Y(), the tangent vector A() and
DO = (AYTITQ(AG)AD) | its representation in ghor.

We thus have:

IHere we do not provide a detailed proof that this constitutes a sound expression from the perspective of Rie-
mannian geometry. A proof can be found in [68].


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/manifold_related/modified_exponential.jl#LL47-L72
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1. AW  AC=D exp(BE-1),

2. Y — AOE,

3. A® AU exp(BE-D)(AE-D)=IAC=D) = AO D=1,
4. D® « pit-1),

So we conveniently take parallel transport of vectors into account by representing them in gh°*: D
does not change.

To demonstrate parallel transport we again use the example from when we introduced the concept
of geodesics (see Chapter 2.7). We first set up the problem:

Figure 5.4: The purple vector should be transported along the geodesic of the red one.

Note that we have chosen the arrow here to have the same direction as before but only about half the
magnitude. We further drew another arrow that we want to parallel transport (the purple arrow).

AY = GlobalSection(Y)
B = global rep(AY, A)
B2 = global rep(AY, A2)

E = StiefelProjection(3, 1)
Y _increments = []

A transported = []

A2 _transported = []

const n_steps = 6
const timestep = 2

for _ in 1:n_steps
update section!(AY, timestep * B, geodesic)
push!(Y_increments, copy(AY.Y))
push! (A _transported, Matrix(AY) * B * E)
push! (A2 transported, Matrix(AY) * Bz * E)
end
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10 10

Figure 5.5: Parallel transport of the purple vector along the geodesic of the red one.

Note that the angle between the two vector is preserved as we go along the geodesic.

Chapter Summary

In this chapter we introduced our optimizer framework which will be used to efficiently train symplec-
tic autoencoders and transformers with orthogonality constraints in Part IV. We proposed extend-
ing standard neural network optimizers to homogeneous spaces by introducing the extra operations
rgrad, global rep and “Retraction.” The definition of a retraction we used here was slightly different
from the usual one. We defined retractions as maps from the global tangent space representation
g"°* to the associated Lie group (and in addition satisfy two more conditions), i.e.

Retraction : g"* — G.

We further discussed what the operations rgrad, global rep and “Retraction” look like in practice
and concluded by introducing the concept of parallel transport. The presentation was accompanied
by code snippets that demonstrate the application interface of GeometricMachineLearning throughout
the chapter.
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Chapter 6

Optimizer Methods

In the previous chapter we introduced a general optimizer framework without giving explicit exam-
ples of neural network optimizers; this is done here. This chapter is divided into two sections: we
first discuss standard neural network optimizers (including Adam) and then the more complicated
BFGS optimizer. In the implementation of all these optimizers the optimizer cache will play an
important role.

6.1 Standard Neural Network Optimizers

In this section we discuss optimization methods that are often used in training neural networks.
The BFGS optimizer (see Chapter 6.2) may also be viewed as a standard neural network optimizer
but is treated in a separate section because of its complexity. From a perspective of manifolds the
optimizer methods outlined here operate on g'°* only. Each of them has a cache associated with it!
and this cache is updated with the function update!. The precise role of this function is described
below.

The Gradient Optimizer

The gradient optimizer is the simplest optimization algorithm used to train neural networks. It was
already briefly discussed when we introduced Riemannian manifolds (see Chapter 2.7).

It simply does:

weight < weight 4+ (—n - gradient),

where addition has to be replaced with appropriate operations in the manifold case?.

When calling GradientOptimizer we can specify a learning rate n (or use the default).

const n = 0.01
method = GradientOptimizer(n)

n the case of the gradient optimizer (see Chapter 6.1) this cache is trivial.
2In the manifold case the expression —7-gradient is an element of the global tangent space (see Chapter 2.11) gher

and a retraction maps from gh°*. We then still have to compose it with the updated global section (see Chapter 5.3)

A®),

107
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GradientOptimizer{Float64}(0.01)

In order to use the optimizer we need an instance of Optimizer that is called with the method and
the weights of the neural network:

weight = (A = zeros(4, 4), )
o = Optimizer(method, weight)

Optimizer{GradientOptimizer{Float64}, @NamedTuple{A::GradientCache{Float64}},
— typeof(cayley)}(GradientOptimizer{Float64}(0.01), (A = GradientCache{Float64}(),), 0O,
— GeometricMachinelearning.cayley)

If we operate on a derivative with update! this will compute a final velocity that is then used to
compute a retraction (or simply perform addition if we do not deal with a manifold):

dx = (A = one(weight.A), )
update! (o, o.cache, dx)

dx.A

4x4 Matrix{Float64}:
-0.01 -0.0 -0.0 -0.0
-0.0 -0.01 -0.0 -0.0
-0.0 -0.0 -0.01 -0.0
-0.0 -0.0 -0.0 -0.01

So what has happened here is that the gradient dx was simply multiplied with —n as the cache of
the gradient optimizer is trivial.

The Momentum Optimizer

The momentum optimizer is similar to the gradient optimizer but further stores past information
as first moments. We let these first moments decay with a decay parameter o:

weights < weights + (« - moment — 7 - gradient),
where addition has to be replaced with appropriate operations in the manifold case.
In the case of the momentum optimizer the cache is non-trivial:
const a = 0.5
method = MomentumOptimizer(n, a)

o = Optimizer(method, weight)

o.cache.A # the cache is stored for each array in ‘weight® (which is a “NamedTuple')
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“MomentumCache® that currently stores "B as
4x4 Matrix{Float64}:
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0

But as the cache is initialized with zeros it will lead to the same result as the gradient optimizer in
the first iteration:

dx = (A = one(weight.A), )
update! (o, o.cache, dx)

dx.A

4x4 Matrix{Float64}:
-0.01 -0.0 -0.0 -0.0
-0.0 -0.01 -0.0 -0.0
-0.0 -0.0 -0.01 -0.0
-0.0 -0.0 -0.0 -0.01

The cache has changed however:

o.cache.A

“MomentumCache” that currently stores "B as
4x4 Matrix{Float64}:

1.0 0.0 0.0 0.0

0.0 1.0 0.0 0.0

0.0 0.0 1.0 0.0

0.6 0.0 0.0 1.0

If we have weights on manifolds calling Optimizer will automatically allocate the correct cache on
hor
gron

weight = (Y = rand(StiefelManifold, 5, 3), )

Optimizer(method, weight).cache.Y

“MomentumCache® that currently stores 'B'as

5x5 StiefelLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:
0.0 -0.0 -0.06 -0.0 -0.0

0.0 0.0 -0.0 -0.0 -0.0
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0.0 0.0 0.0 -0.0 -0.0
0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0

So if the weight is Y € St(n,N) the corresponding cache is initialized as the zero element on
ghor € RV*N a5 this is the global tangent space representation corresponding to the StiefelManifold.

The Adam Optimizer

The Adam Optimizer is one of the most widely neural network optimizers. The cache of the Adam
optimizer consists of first and second moments. The first moments By, similar to the momentum
optimizer, store linear information about the current and previous gradients, and the second mo-
ments By store quadratic information about current and previous gradients. These second moments
can be interpreted as approximating the curvature of the optimization landscape.

If all the weights are on a vector space, then we directly compute updates for By and Bs:

L By ((pr—p1)/(A—ph))  Bi+(1—p1)/(1 = p}) VL,

2. By ((p2— p1)/(1 = p)) - B+ (1 — p2)/(1 — pb) - VL O VL,
where ® : R" x R™ — R" is the Hadamard product: [a ® b]; = a;b;. p1 and ps are hyperparameters.
Their defaults, p; = 0.9 and p2 = 0.99, are taken from [I, page 301]. After having updated the

cache (i.e. By and Bs) we compute a velocity with which the parameters of the network are then
updated:

o Wi —nBi/VBs+9,
o YD ( y(® )

where the last addition has to be replaced with appropriate operations when dealing with manifolds.
Further 7 is the learning rate and § is a small constant that is added for stability. The division,
square root and addition in the computation of W; are performed element-wise.

In the following we show a schematic update that Adam performs for the case when no elements are
on manifolds (also compare this figure with the general optimization framework (see Chapter 5.1)):

optimization_step(o,: RN :RY)

Figure 6.1: Schematic representation of the Adam optimizer. The first Adam step updates the first
and second moments, and the second Adam step outputs the final velocity.

We demonstrate the Adam cache on the same example from before:
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const p1 = 0.9
const p2 = 0.99
const & = le-8

method = AdamOptimizer(n, pi, p2, 0)
0 = Optimizer(method, weight)

o.cache.Y

*AdamCache’ that currently stores "Bi’ as ...
5x5 StiefelLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:
0.0 -0.0 -0.06 -0.0 -0.0

0.0 0.0 -0.0 -0.0 -0.0
0.0 0.0 0.0 -0.0 -0.0
0.6 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0

and "B2" as ...

5x5 StiefelLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:
0.0 -0.0 -0.0 -0.0 -0.0

0.6 0.0 -0.0 -0.0 -0.0

0.6 0.0 0.0 -0.0 -0.0

0.6 0.0 0.0 0.0 0.0

0.6 0.0 0.0 0.0 0.0

Weights on Manifolds

The problem with generalizing Adam to manifolds is that the Hadamard product ® as well as the
other element-wise operations (/, / and +) lack a clear geometric interpretation. In Geometric-
MachinelLearning we get around this issue by utilizing the global tangent space representation (see
Chapter 2.11). A similar approach is shown in [69].

The Adam Optimizer with Decay

The Adam optimizer with decay is similar to the standard Adam optimizer with the difference that
the learning rate 7 decays exponentially. We start with a relatively high learning rate n; (e.g. 1072)
and end with a low learning rate 72 (e.g. 107%). If we want to use this optimizer we have to tell it
beforehand how many epochs we train for such that it can adjust the learning rate decay accordingly:

const n1 = le-2
const nz = le-6

const n_epochs = 1000

method = AdamOptimizerWithDecay(n_epochs, ni, nz, pi, pz, 0)
0o = Optimizer(method, weight)

The cache is however exactly the same as for the Adam optimizer:

o.cache.Y



112

CHAPTER 6. OPTIMIZER METHODS

“AdamCache” that currently stores "Bi" as ...
5x5 StiefellLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:

0.0 -0.06 -0.0 -0.0
0.6 0.0 -0.0 -0.0
0.0 0.0 0.0 -0.0
0.0 0.0 0.0 0.0
6.6 0.0 0.0 0.0

and 'B2' as .

-0.
-0.
-0.
0.
0.

0
0
0
0
0

5x5 StiefellLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:
0.0 -0.0 -0.0 -0.0
0.6 0.0 -0.0 -0.0
0.6 0.0 0.0 -0.0
0.6 0.0 0.0 0.0
0.6 0.0 0.0 0.0

Library Functions

-0.
-0.
-0.
0.
0.

GeometricMachinelLearning.

OptimizerMethod

0

o © © 9

OptimizerMethod — Type.

Each Optimizer has to be called with an OptimizerMethod. This specifies how the neural network
weights are updated in each optimization step.

source

GeometricMachinelLearning.GradientOptimizer — Type.

GradientOptimizer(n)

Make an instance of a gradient optimizer.

This is the simplest neural network optimizer. It has no cache and computes the final velocity

as:

Implementation

velocity <= —nNVeight L-

The operations are done as memory efficiently as possible. This means the provided VL is
mutated via:

rmul! (VL,

source

-method.n)

GeometricMachineLearning.MomentumOptimizer — Type.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer_method.jl#LL1-L5
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/gradient_optimizer.jl#LL1-L18

6.1. STANDARD NEURAL NETWORK OPTIMIZERS 113

MomentumOptimizer(n, a)

Make an instance of the momentum optimizer.

The momentum optimizer is similar to the GradientOptimizer. It however has a nontrivial cache
that stores past history (see MomentumCache). The cache is updated via:

h h
pBeache . pgeache + vweightsL

and then the final velocity is computed as

velocity «— —nBcache,

Implementation

To save memory the wvelocity is stored in the input VL. This is similar to the case of the
GradientOptimizer.

source

GeometricMachinelLearning.AdamOptimizer — Type.

AdamOptimizer(n, p1, pz, 6)

Make an instance of the Adam Optimizer.

Here the cache consists of first and second moments that are updated as

By + ((pr = p1)/(1 = p1)) - Bi+ (1 = p1)/(1 = p1) - VL,

and

By ((p2— 1)/ (1= p4) - Ba + (1= p2)/(1 = ) - VL& VL.

The final velocity is computed as:

velocity « —nBy/v/Ba + 9.

Implementation

The velocity is stored in the input to save memory:

mul! (B, -o.method.n, /¢'¢(C.B1, scalar add(race'¢(C.B2), o.method.d)))


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/momentum_optimizer.jl#LL1-L21

114 CHAPTER 6. OPTIMIZER METHODS

where B is the input to the [update!] function.
The algorithm and suggested defaults are taken from [1, page 301].

source

GeometricMachineLearning.AdamOptimizerWithDecay — Type.

AdamOptimizerWithDecay(n_epochs, ni=1f-2, n2=1f-6, p1=9f-1, p2=9.9f-1, 6=1f-8)

Make an instance of the Adam Optimizer with weight decay.
All except the first argument (the number of epochs) have defaults.

The difference to the standard AdamOptimizer is that we change the learning reate n in each
step. Apart from the time dependency of n the two algorithms are however equivalent. 7(0)
starts with a high value n; and then exponentially decrease until it reaches 1y with

n(t) =",
where v = exp(log(n1/n2)/n_epochs).
source

GeometricMachinelLearning.AbstractCache — Type.

AbstractCache

AbstractCache has subtypes: AdamCache, MomentumCache, GradientCache and BFGSCache.
All of them can be initialized with providing an array (also supporting manifold types).

source

GeometricMachinelLearning.GradientCache — Type.

GradientCache(Y)

Do not store anything.
The cache for the GradientOptimizer does not consider past information.

source

GeometricMachinelLearning.MomentumCache — Type.

MomentumCache(Y)

Store the moment for Y (initialized as zeros).

The moment is called B.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/adam_optimizer.jl#LL1-L32
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/adam_optimizer_with_learning_rate_decay.jl#LL1-L16
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer_caches.jl#LL1-L7
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer_caches.jl#LL79-L85
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If the cache is called with an instance of a Manifold it initializes the moments as elements of
g"° (AbstractLieAlgHorMatrix).

See AdamCache.

source

GeometricMachineLearning.AdamCache — Type.

AdamCache(Y)

Store the first and second moment for Y (initialized as zeros).
First and second moments are called B: and B-.

If the cache is called with an instance of a homogeneous space, e.g. the StiefelManifold St(n, N)
it initializes the moments as elements of gh°" (StiefellieAlgHorMatrix).

Examples
using GeometricMachinelearning

Y = rand(StiefelManifold, 5, 3)
AdamCache(Y) .B1

# output

5x5 StiefellLieAlgHorMatrix{Float64, SkewSymMatrix{Float64, Vector{Float64}}, Matrix{Float64}}:
0.0 -0.0 -0.0 -0.0 -0.0
0.6 0.0 -0.0 -0.0 -0.0
0.6 0.0 0.0 -0.0 -0.0
0.6 0.0 0.0 0.0 0.0
0.6 0.0 0.0 0.0 0.0

source

AbstractNeuralNetworks.update! — Method.

update! (o, cache, B)

Update the cache and output a final velocity that is stored in B.
Note that B € g"°" in general.
In the manifold case the final velocity is the input to a retraction.

source

6.2 The BFGS Optimizer

The presentation shown here is largely taken from [24, chapters 3 and 6] with a derivation based
on an online comment [70]. The Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm is a second
order optimizer that can be also be used to train a neural network.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer_caches.jl#LL56-L66
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer_caches.jl#LL13-L39
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/optimizer.jl#LL73-L81
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It is a version of a quasi-Newton method and is therefore especially suited for convex problems. As
is the case with any other (quasi-)Newton method! the BFGS algorithm approximates the objective
with a quadratic function in each optimization step:

1 .
m®(z) = Liz®) + (V0 L) (x — W) + - eNTRM) (3 — (0,

where R*) is referred to as the approzimate Hessian. We further require R*) to be symmetric and
positive definite. Differentiating the above expression and setting the derivative to zero gives us:

Vo™ =V, L+ R® (z — M) =0,

or written differently:

T — m(k) = *(R(k))ilvz(k)L'

This value we will from now on call p*) := ~H®V_ L with H*) := (R*)~! and refer to as the
search direction. The new iterate then is:

20D = o (8) 4 () (),

where 1(%) is the step length. Techniques that describe how to pick an appropriate n*) are called
line-search methods and are discussed below. First we discuss what requirements we impose on R(*).
A first reasonable condition would be to require the gradient of m*) to be equal to that of L at the
points z(*~1D and z*):

Vw(k)m(k) = Vﬂk)L + R(k) (x(k) — l‘(k)) ;V‘T(k)L and
vm(k—l)m(k) = Vm(k)L + R(k) (.%‘(k_l) - SU(k)) ;Vm(;ﬁl)L.

The first one of these conditions is automatically satisfied. The second one can be rewritten as:

x(k) — .’E(k_l) ; H(k)(meL — qucfl)L).

The following notations are often used:

sk = =D pR=1) .= (k) _ g (=) gnd =1 = VgL = V- L.

1Various Newton methods and quasi-Newton methods differ in how they model the approzimate Hessian.
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The condition mentioned above then becomes:

stk=1) L k) (k=1)

and we call it the secant equation.

In order to pick the ideal H*) we solve the following problem:

in ||[H—H*D
min || llw

st. H=HT and
and  s* 7D = Fyk—b)

where the first condition is symmetry and the second one is the secant equation. For the norm || ||w
we pick the weighted Frobenius norm:

|Allw = [[W2AW 2|,

where || - || is the usual Frobenius norm? and the matrix W = R*~1) is the average Hessian:

1
R—1) :/ V2 f(z*=D 4 b= D=1y g
0

We now state the solution to this minimization problem:

Theorem 6.2.1. The solution of the minimization problem is:

1
(s(k=1))Tyy(k=1)

1
(sF=1)Ty(h=1) y
1
(s(=D)T (k1) s

H(k) — (I[ _ S(k—l)(y(k—l))T)H(k—l)(]I _ (k—l)(s(k—l))T)+

(k—1) (S(k—l))T,

with y(kfl) =V,mL -V ,x-nL and sE=1) — 5(B) _ 2 (k=1) 45 gbove.

Proof. In order to find the ideal H*) under the conditions described above, we introduce some
notation:

R H(kfl) = W1/2H(k71)W1/2,

o H:=WYV2HW2,

° g(kil) = W71/2y(k71),

2The Frobenius norm is HAH% =>, j a%j.
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° g(k—l) = W1/2s(k_1)_

With this notation we can rewrite the problem of finding H*) as:

min |[H - HO|[p
H

s.t. H=HT
and  §FD = gg-b,

We further have y*=1 = Ws#~1 and hence §*~1 = 5 =1) by a corollary of the mean value
theorem: fol g (&1 4+ 7(& — &1))dT(&2 — &) = g(&) — g(&1) for a vector-valued function g.

Now we rewrite H and H*~1) in a new basis U = [u|u, ], where u := §*~1 /||§*~V|| and u, is an
orthogonal complement of u (i.e. we have u’u; =0 and ulu; =1):

N . Tl . -
UTH(k—l)U _ UTHU — |:Z£:| (H(k—l) _ H) [u UL] _
[uTﬁI(k_l)u -1 UT.H(k_l)UJ_

ul HEDy T (HED — g0y,

By a property of the Frobenius norm we can consider the blocks independently:

[EY — HIfE = |loT (@Y~ UG
= (" H* V= 1) + [[u” HE D [[f + [Ju T O Dulf + (o (HED — Hu |3

We see that H only appears in the last term, which should therefore be made zero, i.e. the projections

of H,,_1 and H onto the space spanned by u should coincide. With the condition Hu = u we hence
get:

1 0

7 — ~ T: T _ T\ r7(k—1) _ T
= U{o u{Hw—nuJU wut + (= wu” )H (1= uu).

If we now map back to the original coordinate system, the ideal solution for H®*) is:

1 _ _ _ 1 _ _
H® = (1 (=D Ty (k=1) sED (T EED (1 - (sszl)Ty(krfl)y(k D)+
1 k=1)( (k—=1\T
(s(k=1)) Ty (h—1) R
and the assertion is proved. O

The cache and the parameters are updated with:
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1. Compute the gradient V &)L,
obtain a negative search direction p(*) —H(k)unc)L,
Compute s(k) = n(k)p(k)’

compute y(k) — Vw(k)L — Vw(k—l)L,

ol W

wyrgm s ()
6. update z(FT1D) « z(F) 4 (k)
The cache of the BFGS algorithm thus consists of the matrix H() for each weight () in the neural

network and the gradient for the previous time step Vx-1 L. s(¥) here is again the velocity that
we use to update the neural network weights.

The Riemannian Version of the BFGS Algorithm

Generalizing the BFGS algorithm to the setting of a Riemannian manifold is straightforward. All we
have to do is replace Euclidean gradient by Riemannian ones (composed with a lift via global rep):

VoL = (A®)71(Qz®, grad, o L))A® = global _rep(grad, ),

and addition by a retraction:

e g0 B — (1) o Retraction(s®)z(F).

The Hessian for the manifold BFGS algorithm is of size N x N where N = dim(g"°"). For the global
tangent space belonging to the Stiefel manifold (see Chapter 2.11) we have N = (N —n)n+n(n—1)=-2.

In order to multiply the stored weights with the Hessian H we use the vectorization operation vec
for all weights:

A = SkewSymMatrix([1, 2, 3], 3)
B=1[456; ]

B = StiefellLieAlgHorMatrix(A, B, 4, 3)
B |> vec

vcat(3-element Vector{Int64}, 3-element Vector{Int64}):
1

o U A WN

The H matrix in the cache is correspondingly initialized as:
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BFGSCache(B)

"*BFGSCache™ that currently stores "B as ..."4x4 StiefellLieAlgHorMatrix{Int64,
— SkewSymMatrix{Int64, Vector{Int64}}, Matrix{Int64}}:
0 0 0 O

06 06 0 0

0 0 0 O

0 0 0 O

.. and "H® as
6x6 Matrix{Int64}:

1 06 0 06 0 O

6 1 06 06 0 0

0 06 1 06 0 0

0 06 06 1 0 0

6 06 6 06 1 0

0 06 06 06 0 1

We see that B is of dimension N=(N-nn+nn—-1)+2=3+3=6and H is of dimension
N x N =6 x6.
The Curvature Condition and the Wolfe Conditions

In textbooks [24] an application of the BFGS algorithm typically further involves a line search
subject to the Wolfe conditions. If these are satisfied the curvature condition usually also is.

A condition that is similar to the secant condition discussed before is that R*) has to be positive-
definite at point s*—1):

(S(k-—l))Ty(k-—l) < 0.

This is referred to as the standard curvature condition. If we impose the Wolfe conditions, the
standard curvature condition holds automatically. The Wolfe conditions are stated with respect to
the parameter n*).

Definition 6.2.2. The Wolfe conditions are:

L(z® 4+ p®p®y < L™ + 1™ (V00 L)Tp*)  for ¢ € (0,1) and
(V(I(ern(k)p(k))L)Tp(k) > CQ(VI(mL)Tp(k) for ¢y € (Cl, 1).
The two Wolfe conditions above are respectively called the sufficient decrease condition and the
curvature condition.
A possible choice for ¢; and cp are 1074 and 0.9 [24]. We further have:

Theorem 6.2.3. The second Wolfe condition, also called curvature condition, is stronger than

the standard curvature condition under the assumption that the first Wolfe condition is true and
L(z®+D) < L((=),



6.2. THE BFGS OPTIMIZER 121

Proof. We use the second Wolfe condition to write

(Vz(k)L)Tp(k_l) — CQ(vm(k—l)L)Tp(k_l) = (y(k_l))Tp(k_l) + (1 — 02)(V$(k71)L)Tp(k_1) >0,

and we can apply the first Wolfe condition on the second term in this expression:

1—02

(1 — CQ)(VI(k—l)L)Tp(k_l) > C1’I7(

(L(z®) — L*=1)),

which is negative if the value of L is decreasing. O

It is noteworthy that line search has not been used a lot in deep learning in the past. This is
beginning to change however [71, 72]. We also note that the BFGS optimizer combined with the
global tangent space representation (see Chapter 2.11) offers a way of performing second order
optimization on manifolds, this is however not the only way to do so [73, 74].

Stability of the Algorithm

Similar to the Adam optimizer (see Chapter 6.1) we also add a § term for stability to two of the
terms appearing in the update rule of the BFGS algorithm in practice.

Library Functions

GeometricMachinelLearning.BFGSOptimizer — Type.

BFGSOptimizer(n, 6)

Make an instance of the Broyden-Fletcher-Goldfarb-Shanno (BFGS) optimizer.
n is the learning rate. 6 is a stabilization parameter.

source

GeometricMachinelLearning.BFGSCache — Type.

BFGSCache(B)

Make the cache for the BFGS optimizer based on the array B.

It stores an array for the gradient of the previous time step B and the inverse of the Hessian
matrix H.

The cache for the inverse of the Hessian is initialized with the idendity. The cache for the
previous gradient information is initialized with the zero vector.

Note that the cache for H is changed iteratively, whereas the cache for B is newly assigned at
every time step.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/bfgs_optimizer.jl#LL1-L8
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/bfgs_cache.jl#LL1-L12
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AbstractNeuralNetworks.update! — Method.

update! (o::0ptimizer{<:BFGSOptimizer}, C, B)

Peform an update with the BFGS optimizer.
C is the cache, B contains the gradient information (the output of global rep in general).

First we compute the final velocity with

vecS = -o.method.n * C.H * vec(B)

and then we update H

CH.=(I -p*SY)*CH=*(I-p*SY)+p * vecS * vecS'

where SY is vecS * Y' and I is the idendity.
Implementation

For stability we use 6 for computing p:

p=1./ (vecS' * Y + o.method.d)

This is similar to the AdamOptimizer
Extended help

If we have weights on a Manifold than the updates are slightly more difficult. In this case the
vec operation has to be generalized to the corresponding global tangent space.

source

Base.vec — Method.

vec(A::StiefelLieAlgHorMatrix)

Vectorize A.

Examples

using GeometricMachinelLearning

A = SkewSymMatrix([1, 1, 2)
B=1[23;1

B = StiefellLieAlgHorMatrix(A, B, 3, 2)
B |> vec

# output

vcat(l-element Vector{Int64}, 2-element Vector{Int64}):
1

2

3


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/optimizers/bfgs_optimizer.jl#LL18-L48

6.2. THE BFGS OPTIMIZER 123

Implementation
This is using Vcat from the package LazyArrays.

source

Chapter Summary

In this chapter we gave explicit examples of neural network optimizers and demonstrated the cor-
responding application interface; we referred to the related updating rules as optimizer methods.
An important ingredient for all optimizers was the optimizer cache. In the simplest case (for the
gradient optimizer) the cache stores nothing; it however contains first moments for the momentum
optimizer, and first and second moments for the Adam optimizer. When using the more complex
BFGS optimizer the cache is even more complicated (it stores an approximation to the inverse of
the Hessian of the loss). The cache further has to be parallel transported along the optimization
trajectory; for vector spaces this is trivial and for homogeneous spaces this is done by utilizing the
global tangent space representation which was developed in the previous chapter.
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Chapter 7

Layers

In this chapter we introduce various special neural network layers. A neural network layer is a
parametrized function that is relatively simple and serves as a basic building block of a neural
network architecture (neural network architectures will be introduced in the next chapter). Some
of the neural network layers in this chapter (like SympNet layers and multihead attention) are well-
established while others (like volume-preserving attention and linear symplectic attention) constitute
novel work.

7.1 SympNet Layers
The SympNet paper [10] discusses three different kinds of sympnet layers: activation layers, linear
layers and gradient layers. We discuss them below. Because activation layers are just a simplified

form of gradient layers those are introduced together. A neural network that consists of many of
these layers we call a SympNet (see Chapter 8.5).

SympNet Gradient Layer

The Sympnet gradient layer is based on the following theorem:

Theorem 7.1.1. Given a symplectic vector space R2™ with coordinates qi,...,qn,P1;s---,Pn and @
function f: R™ — R that only acts on the g part, the map (¢,p) — (¢, p + Vo f) is symplectic. A
similar statement holds if f only acts on the p part.

Proof. Proofing this is straightforward by looking at the gradient of the mapping:

I O
(s 7)

where Vg f is the Hessian of f. This matrix is symmetric and for any symmetric matrix A we have
that:

GO D-GOE G5 8-

thus showing symplecticity. O

If we deal with GSympNets this function f is

127
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flq) = a"S(Kq+b),

where a,b € R™, K € R™*" and X is the antiderivative of some common activation function o.
We routinely refer to m as the upscaling dimension in GeometricMachineLearning. Computing the
gradient of f gives:

[Vafle =Y aio(D_ kijas +biki = K' (a © 0(Kq+1b)),
i=1 j=1

where © is the element-wise product, i.e. [a ® v]y = arvg. This is the form that gradient layers
take. In addition to gradient layers GeometricMachineLearning also has linear and activation layers
implemented. Activation layers are simplified versions of gradient layers. These are equivalent to
taking m =n and K = 1.

SympNet Linear Layer

Linear layers of type p are of the form:

q I 0)(q
()G9 6)
where A is a symmetric matrix. This is implemented very efficiently in GeometricMachineLearning
with the special matrix SymmetricMatrix.

Library Functions

GeometricMachinelLearning.SympNetLayer — Type.

SympNetLayer <: AbstractExplicitLayer

Implements the various layers from the SympNet paper [10].
This is a super type of GradientlLayer, ActivationLayer and LinearLayer.
See the relevant docstrings of those layers for more information.

source

GeometricMachinelLearning.GradientLayer — Type.

GradientLayer <: SympNetLayer

See the docstrings for the constructors GradientLayerQ and GradientLayerP.

source

GeometricMachinelLearning.GradientLayerQ — Type.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL1-L9
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL12-L16
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GradientLayerQ(n, upscaling dimension, activation)

Make an instance of a gradient-q layer.

The gradient layer that changes the ¢ component. It is of the form:

I vv
(O

with V(p) = Zf\il a;X(_; kijpj + b;), where activation = X is the antiderivative of the acti-
vation function o (one-layer neural network). We refer to M as the upscaling dimension.

Such layers are by construction symplectic.

source

GeometricMachinelLearning.GradientLayerP — Type.

GradientLayerP(n, upscaling dimension, activation)

Make an instance of a gradient-p layer.

The gradient layer that changes the p component. It is of the form:

I O
vv 1|’
with V(p) = vail a;X(>_; kijg; + bi), where activation = ¥ is the antiderivative of the acti-
vation function o (one-layer neural network). We refer to M as the upscaling dimension.

Such layers are by construction symplectic.

source

GeometricMachinelLearning.LinearLayer — Type.

LinearLayer <: SympNetLayer

See the constructors LinearLayerQ and LinearLayerP.
Implementation

LinearLayer uses the custom matrix SymmetricMatrix for its weight.

source

GeometricMachinelLearning.LinearLayerQ — Type.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL22-L38
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL41-L57
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL60-L68
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LinearLayerQ(n)

Make a linear layer of dimension n x n that only changes the ¢ component.

This is equivalent to a left multiplication by the matrix:

(0 1)

where A is a SymmetricMatrix.

source

GeometricMachinelLearning.LinearLayerP — Type.

LinearLayerP(n)

Make a linear layer of dimension n x n that only changes the p component.

This is equivalent to a left multiplication by the matrix:

I O
A 1)
where A is a SymmetricMatrix.

source

GeometricMachinelLearning.ActivationLayer — Type.

ActivationLayer <: SympNetLayer

See the constructors ActivationLayerQ and ActivationLayerP.

source

GeometricMachinelLearning.ActivationLayerQ — Type.

ActivationLayerQ(n, o)

Make an activation layer of size n and with activation o that only changes the ¢ component.

Performs:

(Z) N (q + diai(a)g(p)> '

This can be recovered from GradientLayerQ by setting M equal to n, K equal to I and b equal
to zero.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL72-L85
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL88-L101
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL104-L108
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL113-L130
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GeometricMachinelLearning.ActivationLayerP — Type.

ActivationLayerP(n, o)

Make an activation layer of size n and with activation o that only changes the p component.

(;]7) ~ <p+ diag(a)a(q)> '

This can be recovered from GradientLayerP by setting M equal to n, K equal to I and b equal
to zero.

Performs:

source

7.2 Volume-Preserving Feedforward Layer

The volume-preserving feedforward layers in GeometricMachinelLearning are closely related to Symp-
Net layers (see Chapter 7.1). We note that [27] proposes more complicated volume-preserving
feedforward neural networks than the ones presented here. These are motivated by a classical the-
orem [75]; but for reasons of simplicity and their similarity to SympNet layers we resort to simpler
ones.

Volume-preserving (see Chapter 3.2) feedforward layers in GeometricMachinelLearning are a special
type of ResNet layer for which we restrict the weight matrices to be of a particular form. Each layer
computes:

VPFFAp : @ — x + o(Ax + b),

where o is a nonlinearity, A is the weight and b is the bias. The matrix A is either a LowerTriangular
matrix L or an UpperTriangular matrix U. We demonstrate volume-preservation of these layers by
considering the case A = L. The matrix looks as follows:

0 0 0
L — | %
An1  ° Gp(pn—1) 0
For the jacobian we then have:
1 0 0
o - b21 - .
J = VVPFFLJ] = R

bpr - bn(n—l) 1

and the determinant of J is 1, i.e. the map is volume-preserving. A similar statement holds if the
matrix A is UpperTriangular instead of LowerTriangular.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/sympnets.jl#LL133-L150
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Library Functions

GeometricMachinelLearning.VolumePreservingFeedForwardLayer — Type.

VolumePreservingFeedForwardLayer <: AbstractExplicitlLayer

Super-type of VolumePreservingLowerlLayer and VolumePreservingUpperLayer. The layers do the
following:

o(Lz +b) where L is LowerTriangular,
o(Ux +b) where U is UpperTriangular.

The functor can be applied to a vector, a matrix or a tensor. The special matrices are imple-
mented as LowerTriangular and UpperTriangular.

source

GeometricMachinelLearning.VolumePreservingLowerLayer — Type.

VolumePreservingLowerLayer(dim)

Make an instance of VolumePreservinglLowerLayer for a specific system dimension.
See the documentation for VolumePreservingFeedForwardLayer.
Examples

We apply the VolumePreservingLowerLayer with matrix:

i
()

VolumePreservinglLowerLayer(2, identity; use bias=false)
LowerTriangular([1,]1, 2)

ps = (weight = A, )

X = ones(eltype(A), 2)

to a vector:

using GeometricMachinelLearning

> ~
I

1(x, ps)
# output
2x1 Matrix{Int64}:

1
2


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/volume_preserving_feedforward.jl#LL1-L11
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Arguments

The constructor can be called with the optional arguments:

e activation=tanh: the activation function.

o use_bias::Bool=true (keyword argument): specifies whether a bias should be used.

source

GeometricMachinelLearning.VolumePreservingUpperLayer — Type.

VolumePreservingUpperLayer(dim)

Make an instance of VolumePreservingUpperLayer for a specific system dimension.
See the documentation for VolumePreservingFeedForwardLayer.
Examples

We apply the VolumePreservingUpperLayer with matrix:

0 1
7= (s o)
to a vector:
(1
=\

using GeometricMachinelearning

1

VolumePreservingUpperLayer(2, identity; use bias=false)
UpperTriangular([1,], 2)

ps = (weight = A, )

X = ones(eltype(A), 2)

1(x, ps)
# output
2x1 Matrix{Int64}:

2
1

Arguments

The constructor can be called with the optional arguments:

e activation=tanh: the activation function.

o use_bias::Bool=true (keyword argument): specifies whether a bias should be used.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/volume_preserving_feedforward.jl#LL14-L57
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/volume_preserving_feedforward.jl#LL70-L113
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7.3 The Attention Layer

The attention mechanism was originally developed for image recognition and natural language pro-
cessing (NLP) tasks. It is motivated by the need to handle time series data in an efficient way!. Its
essential idea is to compute correlations between vectors in input sequences. So given two sequences

(zél), z((f), ceey zéT)) and (zlil), z,(f), cees zl(ﬂT))7

an attention mechanism computes pair-wise correlations between all combinations of two input
vectors from these sequences. In [77] “additive” attention is used to compute such correlations:

(2gs 21) > v o (Wzy + Uzy),

where 24, 21, € R? are elements of the input sequences. The learnable parameters are W, U € R™*¢
and v € R™.

However multiplicative attention [9] is more straightforward to interpret and cheaper to handle
computationally:

(24, 21) — quWzk7

where W € R%*? is a learnable weight matrix with respect to which correlations are computed
as scalar products. Regardless of the type of attention used, they all compute correlations among
input sequences on whose basis further computation is performed. Given two input sequences
Z, = (z((zl),...,z((zT)) and Z, = (z,(:), . .,z,gT)), we can arrange the various correlations into a
correlation matriz C € with entries [C];; = attention(z((;), z,gj)), where the attention may be
additive or multiplicative. In the case of multiplicative attention this matrix is just C' = Z:;F W Z.

RTXT

Remark 7.3.1. The notation with designating different vectors with a ¢ and k label comes from
natural language processing. These labels stand for queries and keys.

In the section on multihead attention (see Chapter 7.4) this will be explained further.

Reweighting of the Input Sequence

In GeometricMachineLearning we always compute self-attention, meaning that the two input se-
quences Z, and Z, are the same, i.e. Z = Z, = Z;,.2

These correlations are then used to reweight the columns in the input sequence Z. For this we first
apply a nonlinearity o onto C' and then multiply o(C') onto Z from the right, i.e. the output of the
attention layer is Zo(C). So we perform the following mappings:

! Recurrent neural networks [76] have the same motivation. The have however been replaced by transformers (see
Chapter 8.7), of which attention is the most important component, in many applications.

2Multihead attention (see Chapter 7.4) also falls into this category. Here the input Z is multiplied from the left
with several projection matrices PZ.Q and PZ.K , where 7 indicates the head. For each head we then compute a correlation
matrix (PZ-QZ)T(PKZ).
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7 LM, ((7) =: C % o(C) DELIEEE, 76(C).

After the right multiplication the outputs is of the following form:

T T
[sz('l)z(i)v o sz(‘T)Z(i)]’
=1 =1

for p() = [0(C)]e;. What is learned during training are T different linear combinations of the input

vectors, where the coefficients p( )

ji in these linear combinations depend on the input Z nonlinearly.

Volume-Preserving Attention

The VolumePreservingAttention layer (and the activation function o defined for it) in GeometricMa-
chineLearning was specifically designed to apply it to data coming from physical systems that can
be described through a divergence-free or a symplectic vector field. Traditionally the nonlinearity
in the attention mechanism is a softmax® [9] and the self-attention layer performs the following
mapping:

Z = [zW,..., 2] — Zsoftmax(ZTW Z).

The softmax activation acts vector-wise, i.e. if we supply it with a matrix C as input it returns:

softmax(C) = [softmax(ce1), ..., softmax(cer)].

The output of a softmax is a probability vector (also called stochastic vector) and the matrix Y =
[y(l)7 ey y(T)], where each column is a probability vector, is sometimes referred to as a “stochastic
matrix” [78]. This attention mechanism finds application in transformer neural networks [9]. The
problem with this matrix from a geometric point of view is that all the columns are independent of
each other and the nonlinear transformation could in theory produce a stochastic matrix for which
all columns are identical and thus lead to a loss of information. So the softmax activation function
is inherently non-geometric. We visualize this with the figure below:

3The softmax acts on the matrix C in a vector-wise manner, i.e. it operates on each column of the input matrix C' =
[softmax(ce1), ..., softmax(cer)] = [¢V),...,c(T)]. The result is a sequence of probability vectors [y1),...,y(T)] =

[softmax(y™)), ..., softmax(y(T))] for which ZiT:1 yiﬂ =1 Vje{l,...,T}
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input sequence

——

Sy i1t 2 — > iy tt 20

output sequence

Figure 7.1: Visualization of the reweighting of the input sequence. Here the different coefficients are
mostly independent of each other and could in theory produce the same reweighting for each output
vector.

So the y coefficients responsible for producing the first output vector are independent from those
producing the second output vector etc., they have the condition ZiT:1 yz(j )z,(f) for each column j

imposed on them, but the coefficients for two different columns are independent of each other.

Remark 7.3.2. We said that the coefficients are independent of each other, which means that in
theory, they could be the same or ill-conditioned, i.e. we could have

det(softmax(C)) = 0.

With volume-preserving attention we make the coefficients dependent of each other, such that the
columns of o(C) are independent of each other:

o(C)Y'o(C) =T,
which further implies det(c(C)) = 1.

Besides the traditional attention mechanism GeometricMachinelLearning therefore also has a volume-
preserving transformation that fulfills a similar role, but imposes additional structure on the y
coefficients. There are two approaches implemented to realize this volume-preserving transforma-
tion. Both of them however utilize the Cayley transform to produce orthogonal matrices instead of
stochastic matrices. For an orthogonal matrix ¥ we have X7% = I, so all the columns are linearly
independent, which is not necessarily true for a stochastic matrix P. In the following we explain how
this new activation function is implemented. First we need to briefly discuss the Cayley transform.
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The Cayley Transform

The Cayley transform maps from skew-symmetric matrices to orthonormal matrices. It takes the
form?:

Cayley : A (I— A)(I+ A)~1.

Analogously to when we used the Cayley transform as a retraction (see Chapter 5.2), we can easily
check that Cayley(A) is orthogonal if A is skew-symmetric. For this consider € — A(g) € Sgkew With
A(0) = O and A’(0) = B # 0. Then we have:

§(Cayley(A)T Cayley(A))
JA

= d%|s:OCay1€Y(A(E))TCaery(A(a)) = A(0)T + A(0) = 0,

So Cayley(A)T Cayley(A) remains unchanged among ¢. In order to use the Cayley transform as an
activation function we further need a mapping from the input Z to a skew-symmetric matrix. This
is realized in two ways in GeometricMachineLearning: via a scalar-product with a skew-symmetric
weighting and via a scalar-product with an arbitrary weighting.

First approach: scalar products with a skew-symmetric weighting

For this the attention layer is modified in the following way:

Z =W, 2D Zo(ZTAZ),

where o(C) = Cayley(C) and A is a matrix of type SkewSymMatrix that is learnable, i.e. the
parameters of the attention layer are stored in A.
Second approach: scalar products with an arbitrary weighting

For this approach we compute correlations between the input vectors based on scalar product with
an arbitrary weighting. This arbitrary 7' x T matrix A constitutes the learnable parameters of the
attention layer. The correlations we consider here are based on:

(ENT AV EONT Az ENT A0 ONT AP NT AP ()T 420D,

So we consider correlations (2(V)720) for which i > j. We now arrange these correlations into a
skew-symmetric matrix:

0 —(NTAZD) —ONT AW ()T 4,1
- (2T Az 0 —(zBONTAz2) . ()T A
@A GO A (@O)TAE 0

4The Cayley transform here does not have the factor 1/2 hat we used when talking about the Cayley retraction
(see Chapter 5.2). This is because now we do not need the retraction property d/dtCayley(tV)|t=0 = V/, but only a
map g - G = SO(N).
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This correlation matrix can now again be used as an input for the Cayley transform to produce an
orthogonal matrix. Mathematically this is also equivalent to first computing all correlations Z7 AZ
and then mapping the lower triangular to the upper triangular and negating these elements. This
is visualized below:

Q11 Qi e ain
[@21]
[ EEEEEEE an(n71)| Ann
0. [zaaa]eeeeeee ——
[@21]
Apt - - an(n_1)| 0

Figure 7.2: The lower-triangular part is copied to the upper-triangular part and the respective
entries are negated.

Internally GeometricMachineLearning computes this more efficiently with the function GeometricMa-
chineLearning.tensor mat skew sym assign. We show a comparison of the two approaches in the
examples section (see Chapter 11.3).

How is Structure Preserved?

To discuss structure preservation, we must first define the notion of volume on the space of input
matrices. A mapping f : R>*T — R¥>*T is said to be volume-preserving if the determinant of its
Jacobian operator Df(Z) is £1.

We focus on the first approach, where the map is defined as:

1(2) = 2-0(2" AZ),

with o(C) = (I — C)(I+ C)~!. Here Z is a rectangular matrix of full row rank d (with T > d).

The volume-preserving property is proved by analyzing the geometry of the tangent space Tz R>*T =
R¥>T We decompose any tangent vector into two orthogonal components: a wertical component
and a horizontal component. The vertical component is the kernel of the tangent map of 7 : R¥*T —
s0(T), Z — ZT AZ and the horizontal component is its orthogonal complement (with respect to the
canonical metric).

In this context it is important to mention that the fibers defined by 7, i.e. Fo := 7 1{C}, are
preserved under f, i.e. for Z € Fo we have:

o f(Z2)=0(C)'ZYAZo(C) = a(C)TCa(C) =C
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and hence f(Z) € Fco. Note that o(C) commutes with C' because the former is a rational function
of the latter.

We now split the proof of volume preservation into three parts: one for the fiber directions, one for
the base directions and one that puts everything together. We also note that we follow [79] for this
proof.

1. Vertical Space (Fiber Directions)

The vertical subspace V; consists of directions that do not change the correlation matrix C = Z7T AZ,
i.e. Vz =Tz Fo. A vector v € Vz must satisfy the following:

Vy ={v e R>T: ZT Av +vTAZ = 0}.

We now compute the dimension of V. For this consider the linear map £(v) = Skew(ZT Av). The
vertical space corresponds to the kernel of £. Because the sum of the dimension of the image and
the kernel give the total space, we have: dim(Vyz) = dT — dim(Im(L£)). Assuming that AZ has rank
d we can find a transformation® AZ []I O] and then write the image under L as:

L) = [Zﬂ 1 o] - [(ﬂ (01 vs] = {vlTv;Tm _8’2] ;

where v = [v1, v] with v; € R¥*? and vy € R¥*(T=49) Dimension counting then yields dim(Im(L)) =
d(d —1)/2+ d(T — d) and subsequently:

dim(Vy) = dT — (dT - d(d; 1)> - d(d; b,

Remark 7.3.3. We note the similarity in the argumentation for proving the dimensionality of the
image of £ and that of the Stiefel manifold St(d,T).

We also note that the map f acts on a vertical vector v € Vz simply by rotating it:

Tzf(v) =v-0(C).

Since ¢(C) is an orthogonal matrix, this rotation has a determinant of 1. This is further outlined
below (see Chapter 7.3).

2. Horizontal Space (Base Directions)

The horizontal subspace Hz consists of directions orthogonal to V. These directions are responsible
for changing the correlation matrix C.

H is generated by applying the Lie algebra of skew-symmetric matrices onto AZ from the right:

5This transformation could be absorbed into v.
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Hz ={AZA: A e RTT AT = —A}.

We show that Hz is orthogonal to V. For h € H; we have h = AZA and further

Tr(v'h) = Tr(vT AZA) = Tr(AT (0T AZ)T) = —Tr(A(vT AZ)) = —Tr((vTAZ)A) = 0,

by the properties of the trace and the symmetry of v AZ. In order to prove that we have an
orthogonal decomposition R¥*T =V, @ H, we further have to show that the dimension of Hy is
d(d—1)/24+d(T — d).

Remark 7.3.4. We remark the analogies to the geometry of the Stiefel manifold. The horizontal
component Hy is almost equivalent to the tangent space to the Stiefel manifold Ty St(d,T') (bar a
matrix transpose), where Y € St(d,T) is an orthogonal matrix that spans the same space as Z7T.

We focus on the case T' > d, for which the map Lz : A — AZA is not injective. Its kernel is:

ker(Lz) = {A €s0(T) : ZA = 0}.

In a basis where Z = [Hd 0], the kernel again consists of skew-symmetric matrices supported on
the null space of Z (the bottom-right (T — d) x (T — d) block®). The dimension of the horizontal
space is:

dim(Hyz) = dim(so(T)) — dim(so(T — d)) = T(T; ) (T- d)(z —d—1)

Simplifying yields dim(Hz) = dT — @. Summing dimensions: dim(Vyz) + dim(Hz) = dT'. The
decomposition is valid.

We further decompose the action of f on a horizontal vector h = AZA € Hy into vertical and
horizontal component:

Tyzyn(Tzf(h)) = Tz(m o f)h = Tzm(h).

This implies that the horizontal component of the output is generated by the same effective param-
eter A:

Tzf(AZA) >~ AZ/A + Vver

where Z' = Zo. The term Vye refers to the vertical component of Tz f(h) in V(7 which is not
needed for proving that f is volume-preserving.

6See the application of £ onto Vz outlined above (see Chapter 7.3).
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3. The Jacobian Determinant

When represented in a coordinate system aligned with this Vertical/Horizontal decomposition, the
Jacobian matrix J of f has a block lower-triangular structure:

J— Junu 0
Jvag Jvv)’

o The top-right block is 0 because moving along a vertical direction (fiber) does not change the
horizontal coordinate (base).

e The bottom-right block Jyy represents the rotation v — va. Its determinant is 1.

o The top-left block Jg i represents the identity map on the effective parameters of the horizontal
space. Its determinant is 1.

Consequently, the total determinant is det(Df) = det(Jgg) - det(Jyv) = 1-1 = 1. This rigorous
decomposition confirms that the layer preserves the volume of the input data.

Historical Note

Attention was used before the transformer (see Chapter 8.7) was introduced, but mostly in connec-
tion with recurrent neural networks see [77, 80].

Library Functions

GeometricMachinelLearning.tensor mat skew sym assign — Function.

tensor mat skew sym assign(Z::AbstractArray{<:Number, 3}, A::AbstractMatrix)

Compute scalar products of columns of Z along the second axis.
The scalar products are weighted by A.

Scalar products are computed for any two vectors of the form z[:, i, k] and Z[:, j, k], i.e.

(D, 29)) 5 (zNT A29) for i > 4.

The result of this are n(n — 2) + 2 scalar products for each index k from the third axis.

These scalar products are written into a lower-triangular matrix and the final output of the
function is a tensor of these lower-triangular matrices.

This is used in VolumePreservingAttention when skew sym is set to false.
Examples

Here we consider a weighting

S
I
oo
oo
wo o
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and three sequences:

11 0 1 0 1
Z1=\(0 1|, Zy=1{1 1|, Zsy=1(0 1
0 1 0 1 1 1
The result of applying tensor mat_skew sym assign is a tensor € R2*2x3 .

using GeometricMachinelLearning: tensor mat skew sym assign

A
z

[10060; 620; 00 3]
[ @3 @pp 1 il Ngp5 @ iy Opp N dlg Nzss @3 @ Ap5 Az dg L

tensor_mat_skew sym assign(Z, A)

# output

2x2x3 Array{Int64, 3}:

[:) :, 1] =
0 0
1 0

[:), :, 2] =
0
2 0

[:) ¢, 3] =
0 0
3 0
source

GeometricMachineLearning.VolumePreservingAttention — Type.

VolumePreservingAttention(dim, seq length)

Make an instance of VolumePreservingAttention for a specific dimension and sequence length.
The sequence length is 0 by default.
Setting seq length to 0 for all sequence lengths but does not apply the fast Cayley activation.
Arguments
The constructor can be called with an optional keyword argument:

e skew_sym::Bool = false: specifies if the weight matrix is skew symmetric (true) or arbi-

trary (false).

Functor

Applying a layer of type VolumePreservingAttention does the following:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/inverses/tensor_mat_skew_sym_assign.jl#LL27-L84
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« First we perform the operation Z — ZTAZ =: C, where Z € RN*sea_tendth jg 5 vector
containing time series data and A is the skew symmetric matrix associated with the layer
(if skew_sym = true).

o In a second step we compute the Cayley transform of C'; A = Cayley(C).
e The output of the layer is then ZA.

Implementation

The fast activation is only implemented for sequence lengths of 2, 3, 4 and 5. Other sequence
lengths only work on CPU (for now).

The fast Cayley activation is using inverses that have been computed symbolically.

source

7.4 Multihead Attention

In order to arrive from the attention layer (see Chapter 7.3) at the multihead attention layer we
have to do a few modifications. Here note that these neural networks were originally developed for
natural language processing (NLP) tasks and the terminology used here bears some resemblance to
that field. The input to a multihead attention layer typicaly comprises three components:

1. Values V € RV*T: a matrix whose columns are value vectors,

2. Queries Q € R¥*T: a matrix whose columns are query vectors,

3. Keys K € RV*T: a matrix whose columns are key vectors.

Regular attention performs the following operation®:

T
Attention(Q, K, V) = Vsoftmax (K Q) ,

VN

where N is the dimension of the vectors in V', () and K. The softmax activation function here acts
column-wise:

softmax : RT — RT with [softmax(v)]; = e/ Z evs
j=1

The K7Q term is a similarity matrix between the queries and the vectors.

The transformer contains a self-attention mechanism, i.e. takes an input X and then transforms
it linearly to V, Q and K via V = PVX, Q = P?X and K = PXX. What distinguishes the
multihead attention layer from the singlehead attention layer is that there is not just one PV, P®
and P, but there are several: one for each head of the multihead attention layer. After computing
the individual values, queries and vectors, and after applying the softmax, the outputs are then
concatenated together in order to obtain again an array that is of the same size as the input array:

IThe division by VN is optional here and sometimes left out.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/volume_preserving_attention.jl#LL1-L27
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Figure 7.3: A representation of a multihead attention layer with three heads.

Written as an equation we get:

Attention(P? Z, PE Z, PV 7)

; Q K \%
MultiHead Attention(Z) = Attention(P,* Z, Py* Z, Py Z)

K 14
27 Pn headsZ7 Pniheads

Attention(P%

n__heads Z)
where Pi(') e RIN=n_heads)xN £ 7 ¢ RNXT Note that we implicitly require that N is divisible by
n_heads here.

Here the various P matrices can be interpreted as being projections onto lower-dimensional sub-
spaces, hence the designation by the letter P. The columns of the projection matrices span smaller
spaces that should capture features in the input data. We will show in an example (see Chapter 11.1)
how training of a neural network can benefit from putting the Pi(') matrices on the Stiefel manifold.

Remark 7.4.1. The MultiHeadAttention implemented in GeometricMachinelLearning has an optional
keyword add_connection. If this is set to true then the output of the MultiHeadAttention layer is:

Attention(P2 Z, PE Z, PV 7)

: Qy pKy pv
MultiHeadAttention(Z) = Z + Attention(Py"Z, 3" Z, Py Z)

K \4
Z7 Pn headsZ7 Pnfheads

Attention(P% Z)

n__heads

so we add the input again to the output.

Computing Correlations in the Multihead-Attention Layer

The attention mechanism describes a reweighting of the “values” V; based on correlations between
the “keys” K; and the “queries” Q;. First note the structure of these matrices: they are all a col-
lection of T' (N + n__heads)-dimensional vectors, i.e. V; = [vgl), A vi(T)], K, = []4:1(1), cl kgT)], Qi =
[ql(l), ey qZ(T)] with ¢ = 1,...,n_heads. Those vectors have been obtained by applying the respective
projection matrices onto the original input.
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When performing the reweighting of the columns of V; we first compute the correlations between
the vectors in K; and in @); and store the results in a correlation matriz C;:

(Clwe = (K) 4"

The columns of this correlation matrix are than rescaled with a softmax function, obtaining a matrix
of probability vectors® P;:

[Pilen = softmax <\/]%) .

Finally the matrix P; is multiplied onto V; from the right, resulting in 7' convex combinations of
the T vectors vi(m) withm=1,...,T:

ViP; =

Z[Pl]m 1’U , Z i mTU ] .

m=1 m=1

With this we can now give a better interpretation of what the projection matrices W), WX and
WiQ should do: they map the original data to lower-dimensional subspaces. We then compute
correlations between the representation in the K and in the ) basis and use this correlation to
perform a convex reweighting of the vectors in the V basis. These reweighted values are then fed
into a standard feedforward neural network as is further explained in the section on the standard

transformer (see Chapter 8.7).

Because the main task of the WY, WX and WLQ matrices here is for them to find bases, it makes

sense to constrain them onto the Stiefel manifold; they do not and should not have the maximum
possible generality.
Using a Matrix Softmax

Usually the attention layer is using a VectorSoftmax, i.e. one that produces a series of probabil-
ity vectors. In GeometricMachineLearning we can also use a MatrixSoftmax instead. An example
application of this is shown in the tutorials section (see Chapter 11.3).

Library Functions

GeometricMachineLearning.MultiHeadAttention — Type.

MultiHeadAttention(dim, n_heads)

Make a MultiHeadAttention layer with n_heads for a system of dimension dim.

Note that the dim has to be divisible by n_heads.

2Also called a stochastic matriz.



146 CHAPTER 7. LAYERS

MultiHead Attention (MHA) serves as a preprocessing step in the transformer.
It reweights the input vectors bases on correlations within those data.

This is used for the neural networks StandardTransformerIntegrator and ClassificationTrans-
former.

Arguments

The optional keyword arguments to MultiHeadAttention are:

e Stiefel::Bool=false
e add_connection::Bool=true

e activation::AbstractSoftmax=VectorSoftmax.

Stiefel indicates whether weights are put on the StiefelManifold St(dim, dim + n_ heads).
add_connection indicates whether the input is again added to the output.

source

7.5 Linear Symplectic Attention

The attention layer introduced here can be seen as an extension of the SympNet gradient layer
(see Chapter 7.1) to the setting where we deal with time series data. Before we introduce the
LinearSymplecticAttention layer we first define a notion of symplecticity for multi-step methods
(see Chapter 8.3).

This definition is different from [81, 82], but similar to the definition of volume-preservation for
product spaces (see Chapter 7.3) in [30].

Definition 7.5.1. A multi-step method ¢ x7 R?® — x;R2" is called symplectic if it preserves
the the symplectic product structure, i.e. if ¢ is symplectic.

Remark 7.5.2. The symplectic product structure is the following skew-symmetric non-degenerate
bilinear form:

T
J([2®,. 2D D, ED)) =3 () I, 20,

i=1

J is defined through the isomorphism between the product space and the space of big vectors

HPS (T times)Rd i> RdT:
so we induce the symplectic structure on the product space through the pullback of this isomorphism.

In order to construct a symplectic attention mechanism we extend the principle behind the SympNet
gradient layer (see Chapter 7.1), i.e. we construct scalar functions that only depend on [¢(V), ..., ¢(™)]
or [p(l), . ,p(T)]. The specific choice we make here is the following:

1
F(q(l)a tee aq(T)) = iTr(QAQT)a


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/multi_head_attention.jl#LL1-L24
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where Q := [¢™V),...,¢T)] is the concatenation of the vectors into a matrix. We therefore have for
the gradient:

Vol = 5Q(A+AT) = Q4

where A € Sy (T) is a symmetric matrix. So the map performs:

T T
[q(l), e q(T)] — Z ah-q(i), cel Z aTiq(i) for aj; = [/_1]]-1-.
i=1

=1

Note that there is still a reweighting of the input vectors performed with this linear symplectic atten-
tion, like in standard attention (see Chapter 7.3) and volume-preserving attention (see Chapter 7.3),
but the crucial difference is that the coefficients a;; here are fixed and not computed as the result of
a softmax or a Cayley transform (see Chapter 7.3). We hence call this attention mechanism linear
symplectic attention as it performs a linear reweighting of the input vectors. We distinguish it from
the standard attention mechanism (see Chapter 7.3), which computes coefficients that depend on
the input nonlinearly.

Library Functions

GeometricMachinelLearning.LinearSymplecticAttention — Type.

LinearSymplecticAttention

Implements the linear symplectic attention layers. Analogous to GradientlLayer it performs
mappings that only change the @ or the P part.

This layer preserves symplecticity in the product-space sense.
For more information see LinearSymplecticAttentionQ and LinearSymplecticAttentionP.
Implementation

The coefficients of a LinearSymplecticAttention layer is a SymmetricMatrix:

using GeometricMachinelearning
using GeometricMachinelLearning: params

1 = LinearSymplecticAttentionQ(3, 5)
ps = params(NeuralNetwork(Chain(1l))).L1

typeof(ps.A) <: SymmetricMatrix
# output

true

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/linear_symplectic_attention.jl#LL1-L27
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GeometricMachinelLearning.LinearSymplecticAttentionQ — Type.

LinearSymplecticAttentionQ(sys dim, seq length)

Make an instance of LinearSymplecticAttentionQ for a specific dimension and sequence length.

Performs:

where Q, P € R"*T and F(P) = ;Tr(PAPT).

The parameters of this layer are A = (A4 + AT).

1
2

source

GeometricMachinelLearning.LinearSymplecticAttentionP — Type.

LinearSymplecticAttentionP(sys dim, seq length)

Make an instance of LinearSymplecticAttentionP for a specific dimension and sequence length.

Performs:

(2) = (p%ar):

where @, P € R™*T and F(Q) = %Tr(QAQT).
The parameters of this layer are A = (A4 + AT).

source

Chapter Summary

In this chapter we discussed various neural network layers and the corresponding application interface
in GeometricMachineLearning. Some of these layers constitute novel work (like the volume-preserving
attention layer and the linear symplectic layer) and others were established before (such as SympNet
layers and multihead attention). Volume-preserving attention and linear symplectic attention were
designed as a modification of standard attention in order to imbue the corresponding neural network
with structure (volume preservation and symplecticity respectively). Volume-preserving attention
was achieved by exchanging the softmax activation function with a Cayley activation function, but
otherwise keeping the operations the same, i.e. we still perform multiplicative attention. In order to
make the attention layer symplectic we had to impose more severe restrictions on it: the attention
mechanism does not compute a scalar product in this case. We therefore call it linear.

In the next chapter we use these neural network layers to build neural network architectures.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/linear_symplectic_attention.jl#LL32-L45
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/linear_symplectic_attention.jl#LL48-L61
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7.6 Symplectic Attention
There are two ways of constructing symplectic attention: with a matrix-like softmax and a classical
softmax.

Both of these approaches are however based on taking the derivative of an expression with respect
to its input arguments (similar to gradient layers (see Chapter 7.1)).

We first start with singlehead attention!. We start with the correlation matrix (see Chapter 7.3):

C=72T"AZ = Cpp = Z Zem At Zon -
ke
Its element-wise derivative is:

acmn
8Zij

- Z((SijiEZln + 6jnZ€mA€i)~
4

Matrix Softmax

Here we take as a staring point the expression:

5(Z) =log(1 +exp(d_ Conn)

m,n

Its gradient (with respect to Z) is:

o%(2)
m'n’ 6’m/AiZn’ 6‘n’Z’m’Ai
0Z; 1+Zm nexp(C Z,exp z/:( smé AseZant + Ojre Deme At

1
T TS 5D (Con) {[AZ exp (C)T);; + [AT Z exp .(O)] ;-

IThe multihead attention case is in principle not much more difficult, but care has to be taken with regards to
the projection spaces.
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Note that if A is a SymmetricMatrix the expression than simplifies to:

on(7) 1 -
9z, 1+ > o €50 (Cran) [AZ exp.(C)Jis,

or written in matrix notation:

1
1+ Zm,n exp(Cn)

VzE(Z)=2 AZexp.(C).

Whether we use a SymmetricMatrix for A or not can be set with the keyword symmetric in Symplec-
ticAttention.

Vector Softmax

Here we take as a staring point the expression:

¥(Z) = Zlog(l + exp(z Cin))-

m

We then get:

ox(z) exp(Cjn) 1
2Zij 2 1+32,, exp(Crmn) A2t 13 2 m €xP(Crj) (A Zexp (Ol

n

The second term in this expression is equivalent to a standard attention step:

Termll : AT Zsoftmax, (C).

The first term is equivalent to:
Terml: Y [AZ]in[softmax, (C)7],; = AZ(softmax, (C))”.

If we again assume that the matrix A is a SymmetricMatrix then the expression simplifies to:

V2zX(Z) = AZsoftmax; (C).

Note that we used the “one softmax” here instead of the standard softmax. The one softmax
has been shown to be favorable to the standard softmax in some cases.

A discussion of the one softmax can be found in [83].
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Library Functions

GeometricMachinelLearning.VectorSoftmax — Type.

VectorSoftmax <: AbstractSoftmax

Turn an arbitrary vector into a probability vector with:

e
[softmax(a)]; = —5——
.
Zi/=1 e
This is what is most often understood under the name “softmax”. MatrixSoftmax is the matrix
version.
source
GeometricMachinelLearning.MatrixSoftmax — Type.
MatrixSoftmax
Like VectorSoftmax but for matrices:
eAis

[SOftmaX(A)]ij =

source

GeometricMachinelLearning.SymplecticAttention — Type.

SymplecticAttention

Implements the symplectic attention layers. See LinearSymplecticAttention.
Keys
It stores the following key:

e activation::AbstractSoftmax

Constructors
See SymplecticAttentionQ and SymplecticAttentionP.
Implementation

SymplecticAttention is similar to MultiHeadAttention or VolumePreservingAttention in that it
computes the scalar products of all vectors in a sequence of input vectors:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/activations/softmax.jl#LL3-L13
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/activations/softmax.jl#LL16-L24
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C=Q"AQ,

where @ is the g-part of an input Z (see QPT). The matrix A is a weighting that can either be
symmetric or skew-symmetric (this can be adjusted with the key-word symmetric::Bool).
Extended help

The symplectic attention mechanism is derived via computing the gradient of a separable Hamil-
tonian, as is also done in GSympNets.

source

GeometricMachinelLearning.SymplecticAttentionQ — Type.

SymplecticAttentionQ

A constant that is derived from SymplecticAttention. This only changes the ¢-part of the input.

Constructor

SymplecticAttentionQ(M; symmetric::Bool, activation)

The default for the keywords are true and MatrixSoftmax().

You may want to alter the activation function (either MatrixSoftmax or VectorSoftmax), but its
almost always better to set the keyword symmetric to true.

source

GeometricMachinelLearning.SymplecticAttentionP — Type.

SymplecticAttentionP

A constant that is derived from SymplecticAttention. This only changes the p-part of the input.

Constructor

SymplecticAttentionP(M; symmetric::Bool, activation)

The default for the keywords are true and MatrixSoftmax().

You may want to alter the activation function (either MatrixSoftmax or VectorSoftmax), but its
almost always better to set the keyword symmetric to true.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/symplectic_attention.jl#LL4-L29
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/symplectic_attention.jl#LL34-L48
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/symplectic_attention.jl#LL51-L65

Chapter 8

Architectures

In this chapter we build, starting from the neural network layers introduced in the previous chapter,
neural network architectures. Here these are always understood as a composition of neural network
layers. We start by shortly explaining the application interface for neural networks used in Geo-
metricMachinelLearning and then introduce symplectic autoencoders, SympNets, volume-preserving
feedforward neural networks, standard transformers, volume-preserving transformers and linear sym-
plectic transformers. All of these architectures, except SympNets and standard transformers (and
arguably volume-preserving feedforward neural networks), constitute novel work. As we will see all
of them, except symplectic autoencoders, can be interpreted as neural network-based integrators.

8.1 NeuralNetworks in GeometricMachinelLearning
GeometricMachineLearning inherits some functionality from another Julia package called Abstract-

NeuralNetworks. How these two packages interact is shown in the figure below for the example of
the SympNet (see Chapter 8.5)%:

[AbstractNeuraINetuork] [Architecture]

NeuralNetwork AbstractLayer SympNetLayer

AbstractExplicitLayer GradientLayer ActivationLayer

bstractNeuralNetworks. j1

(GradientLayerQ] [GradientLayerP) [ActivationLayerQ] [ActivationLayerP] [LinearLayerlJ] [LinearLayerP]

'

GeometricMachineLearning. j1

Figure 8.1: Visualization of how the packages interact.

The red color indicates an abstract type, blue indicates a struct and orange indicates a const
(derived from a struct). Solid black arrows indicate direct dependencies, i.e. we have

GradientLayer <: SympNetlLayer <: AbstractExplicitLayer
GSympNet <: SympNet <: Architecture

IThe section on SympNets also contains an explanation of all the structs and types described in this section here.
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https://github.com/JuliaGNI/AbstractNeuralNetworks.jl
https://github.com/JuliaGNI/AbstractNeuralNetworks.jl
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Dashed black arrows indicate a derived neural network architecture. A GSympNet (which is an Archi-
tecture) is derived from GradientLayerQ and GradientLayerP (which are AbstractExplicitLayers) for
example. An Architecture can be turned into a NeuralNetwork by calling the associated constructor

arch = GSympNet(3)
nn = NeuralNetwork(arch, CPU(), Float64)

Such a neural network has four fields:

e architecture: the Architecture we supplied the constructor with,

e model: a translation of the supplied architecture into specific neural network layers,

e params: the neural network parameters,

e backend: this indicates on which device we allocate the neural network parameters. In this

case it is CPU().

We can get the associated model to GSympNet by calling:

nn.model. layers

(GradientLayerQ{3, 3, typeof(tanh)}(6, tanh), GradientLayerP{3, 3, typeof(tanh)}(6, tanh))

and we see that it consists of two layers: a GradientLayerQ and a GradientLayerP.

8.2 The Symplectic Autoencoder

Symplectic autoencoders offer a structure-preserving way of mapping a high-dimensional system to
a low-dimensional system. Concretely this means that if we obtain a reduced system by means of a
symplectic autoencoder, this system will again be symplectic; we can thus model a symplectic FOM
with a symplectic ROM (see Chapter 4.5).

The architecture is represented by the figure below!:

leIATI¢2IA2+IA3I¢3IA4I¢4I
— — — — — — — —

Figure 8.2: A visualization of the symplectic autoencoder architecture. It is a composition of
SympNet layers and PSD-like layers.

IFor the symplectic autoencoder we only use SympNet gradient layers (see Chapter 7.1) because they seem to
outperform LA-SympNets in many cases and are easier to interpret: their nonlinear part is the gradient of a function
that only depends on half the coordinates.
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Tt is a composition of SympNet gradient layers (see Chapter 7.1) and PSD-like matrices (see Chap-
ter 4.5), so a matrix A; (respectively A;) is of the form

A — [®i @} where ®; € St(di, diyr) C RE >4 if d; g > d;
‘ O & P, € St(di+1, dz) C Réixdit1  jf d; > diqq,

where AE+) = A; if di41 > d; and A§+) = A;" if di11 < d;. Also note that for cotangent lift-like
matrices we have

Az—'i_ =.]I2NAiTJI2Tn= [@”X" L ] [ (I)iT (D)an] [(D)NXN —Iyn }

_]In (ann @an (I)ZT ]IN (D)NXN
_[@f Onv] _ AT
(O)an (I);T v

so the symplectic inverse is equivalent to a matrix transpose in this case. In the symplectic autoen-
coder we use SympNets as a form of symplectic preprocessing before the linear symplectic reduction
(i.e. the PSD layer) is employed. The resulting neural network has some of its weights on manifolds,
which is why we cannot use standard neural network optimizers, but have to resort to manifold
optimizers (see Chapter 5.1). Note that manifold optimization is not necessary for the weights cor-
responding to the SympNet layers, these are still updated with standard neural network optimizers
during training. Also note that SympNets are nonlinear and preserve symplecticity, but they can-
not change the dimension of a system while PSD layers can change the dimension of a system and
preserve symplecticity, but are strictly linear. Symplectic autoencoders have all three properties:
they preserve symplecticity, can change dimension and are nonlinear mappings. We can visualize
this in a Venn diagram:

Figure 8.3: Venn diagram visualizing that a symplectic autoencoder (SAE) is symplectic, can change
dimension and is nonlinear.

We now show the proof that shows Vg ;)1 = (V.R)" which was used when showing the equivalence
between Hamiltonian systems on the full and the reduced space (see Chapter 4.5):

Proof. The symplectic autoencoder is a composition of G-SympNet layers and PSD-like matrices:
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\Ifd:AnO'l/JnO-‘-OA10¢1.

It's local inverse is

(YL =yt oA 0. 0, o Al

The jacobian of ¥¢ is:

VZ\I’d = AnVAnfy--AN/)l(z)wn c A1V,

and thus

(Vz\I/d)+ = (Vl/’)JrA;r T (V’(/Jn)-i_A;t,

where we dropped the argument in the derivative of the nonlinear parts. We further have

At = AT

for PSD-like matrices and

o= (% 6) (s V¥ )T(? o)=(6 1)

for the G-SympNet layers, where we assumed that 1 only changes the ¢ component. Because these
matrices are square, the inverse (Vi)* = (V¢)~! is unique. O

The SympNet layers in the symplectic autoencoder operate in intermediate dimensions (as well
as the input and output dimensions). In the following we explain how GeometricMachineLearning
computes those intermediate dimensions.

Intermediate Dimensions

For a high-fidelity system of dimension 2N and a reduced system of dimension 2n, the intermediate
dimensions in the symplectic encoder and the decoder are computed according to:

iterations = Vector{Int}(n : (N - n) + (n_blocks - 1) : N)
iterations[end] = full dim2
iterations * 2
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So for e.g. 2N =100, 2n = 10 and n__blocks = 3 we get

iterations = 5:(45 =+ 2):50 = 5:22:50 = (5, 27,49).
We still have to perform the two other modifications in the algorithm above:

1. iterations[end] = full dim2 ... assign full dim2 to the last entry,

2. iterations * 2 ... multiply all the intermediate dimensions by two.

The resulting dimensions are:

(10,54, 100).

The second step (the multiplication by two) is needed to arrive at intermediate dimensions that are
even. This is necessary to preserve the canonical symplectic structure of the system (see Chapter 3.1).

Example

A visualization of an instance of SymplecticAutoencoder is shown below:

{ [GradientQ(2n, 10n, tanh)]

PSDLayer (2N, 2n)

(GradientP(2N, 10N, tanh))

(GradientP(2n, 10n, tanh)]

PSDLayer (2n, 2M)

(GradientQ(2M, 2M, tanh))

®

U [(GradientQ(2N, 10N, tanh)) vl

(GradientP(2N, 10N, tanh))

(GradientP (24, 2, tanh))

(GradientQ(2N, 10N, tanh))

I PSDLayer (2M, 2N)
v
Input Output

Figure 8.4: Example of a symplectic autoencoder. The SympNet layers are in green, the PSD-like
layers are in blue.

In this figure we have the following configuration: n_encoder blocks is two, n_encoder layers is four,
n decoder blocks is three and n_decoder layers is two. For a full dimension of 100 and a reduced
dimension of ten we can build such an instance of a symplectic autoencoder by calling:

using GeometricMachinelearning

const full _dim = 100
const reduced dim = 10
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model = SymplecticAutoencoder(full dim, reduced dim;
n_encoder blocks = 2,
n_encoder layers = 4,
n_decoder blocks = 3,
n_decoder layers = 2)

for layer in Chain(model)
println(stdout, layer)
end

GradientLayerQ{100, 100, typeof(tanh)} (500, tanh)
GradientLayerP{100, 100, typeof(tanh)} (500, tanh)
GradientLayerQ{100, 100, typeof(tanh)} (500, tanh)
GradientLayerP{100, 100, typeof(tanh)} (500, tanh)
PSDLayer{100, 10}()

GradientLayerQ{10, 10, typeof(tanh)} (50, tanh)
GradientLayerP{10, 10, typeof(tanh)} (50, tanh)
PSDLayer{10, 54}()

GradientLayerQ{54, 54, typeof(tanh)}(270, tanh)
GradientLayerP{54, 54, typeof(tanh)} (270, tanh)
PSDLayer{54, 100}()

We also see that the intermediate dimension in the decoder is 54 for the specified dimensions and
n_decoder blocks = 3 as was outlined before.

Library Functions

GeometricMachinelLearning.SymplecticAutoencoder — Type.

SymplecticAutoencoder(full dim, reduced dim)

Make an instance of SymplecticAutoencoder for dimensions full dim and reduced dim.
The architecture

The symplectic autoencoder architecture was introduced in [33]. Like any other autoencoder it
consists of an encoder ¥¢ : R2Y — R?" and a decoder ¥ : R*® — R2N with n < N. These
satisfy the following properties:

V. UTon (V. UTon)T = Ja, and
(VeUNDTIon Vel = T,

Because the decoder has this particular property, the reduced system can be described by the
Hamiltonian H o U%:

J2nVe(H 0 U%) = Jo0 (Ve U ' Vyaie) H = Jon (Ve U I3 Ton Vg H = (Ve U)X (04(8)),
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where (V09 is the symplectic inverse of V¢W? (for more details see the docs on the AutoEn-
coder type).

Arguments

Besides the required arguments full dimand reduced dim you can provide the following keyword
arguments:

e n_encoder layers::Integer = 4: The number of layers in one encoder block.
e n_encoder blocks::Integer = 2: The number of encoder blocks.
e n_decoder layers::Integer = 1: The number of layers in one decoder block.
e n_decoder blocks::Integer = 3: The number of decoder blocks.

e sympnet upscale::Integer = 5: The upscaling dimension of the GSympNet. See Gradi-
entLayerQ and GradientLayerP.

e activation = tanh: The activation in the gradient layers.

e encoder_init q::Bool = true: Specifies if the first layer in each encoder block should be
of ¢ type.

e decoder init q::Bool = true: Specifies if the first layer in each decoder block should be
of p type.

source

8.3 Neural Network Integrators

In GeometricMachinelLearning we can divide most neural network architectures (that are used for
applications to physical systems) into two categories: autoencoders and integrators. This is also
closely related to the application of reduced order modeling where autoencoders are used in the
offline phase and integrators are used in the online phase.

The term integrator in its most general form refers to an approximation of the flow of an ODE (see
Chapter 2.6) by a numerical scheme. Traditionally, for so called one-step methods, these numerical
schemes are constructed by defining certain relationships between a known time step z® and a
future unknown one z(*+1) [3, 84]:

f(z(t)7z(t+1)) = 0.

One usually refers to such a relationship as an integration scheme. If this relationship can be
reformulated as

2D — (),

then we refer to the scheme as explicit, if it cannot be reformulated in such a way then we refer
to it as implicit. Implicit schemes are typically more expensive to solve than explicit ones. The
Julia library GeometricIntegrators [44] offers a wide variety of integration schemes both implicit
and explicit.

The neural network integrators in GeometricMachineLearning (the corresponding type is NeuralNet-
workIntegrator) are all explicit integration schemes where the function g above is modeled with a
neural network.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/symplectic_autoencoder.jl#LL1-L36
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Neural networks, as an alternative to traditional methods, are employed because of (i) potentially
superior performance and (ii) an ability to learn unknown dynamics from data.

The simplest of such a neural network for modeling an explicit integrator is the ResNet. SympNets
(see Chapter 8.5) can be seen as the symplectic (see Chapter 3.1) version of the ResNet. There is
an example demonstrating the performance of SympNets (see Chapter 10.1). This example demon-
strates the advantages of symplectic neural networks.

Multi-step methods

Multi-step method [81, 82] refers to schemes that are of the form!:

f(z(t—$1+1)’ Z(t_51+2), s Z(t), Z(t+1)7 o ,Z(pw+1)) =0,

where sl is short for sequence length and pw is short for prediction window. Note that we can
recover traditional one-step methods by setting sl and pw equal to 1. We can also formulate explicit
mulit-step methods. They are of the form:

D S e] (t—s1+1) PO

:g(z 7000

In GeometricMachinelLearning all multi-step methods, as is the case with one-step methods, are
explicit. There are essentially two ways to construct multi-step methods with neural networks:
the older one is using recurrent neural networks such as long short-term memory cells (LSTMs)
[85] and the newer one is using transformer neural networks [9]. Both of these approaches have
been successfully employed to learn multi-step methods (see [54, 55] for the former and [30, 86, 87]
for the latter), but because the transformer architecture exhibits superior performance on modern
hardware and can be imbued with geometric properties we almost always use a transformer-derived

architecture when dealing with time series?.

Explicit multi-step methods derived from the transformer are always subtypes of the type Transfor-
merIntegrator in GeometricMachineLearning. In GeometricMachineLearning the standard transformer
(see Chapter 8.7), the volume-preserving transformer (see Chapter 8.8) and the linear symplectic
transformer (see Chapter 8.9) are implemented.

Remark 8.3.1. For standard multi-step methods (that are not neural network-based) sl is gener-
ally a number greater than one whereas pw = 1 in most cases. For the TransformerIntegrators in
GeometricMachinelLearning however we usually have:

pw = sl,

so the number of vectors in the input sequence is equal to the number of vectors in the output
sequence. This makes it easier to define structure-preservation for these architectures and improves
stability.

1We again assume that all the steps up to and including ¢ are known.

2GeometricMachineLearning also has an LSTM implementation, but this may be deprecated in the future.
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Library Functions

GeometricMachineLearning.NeuralNetworkIntegrator — Type.

NeuralNetworkIntegrator is a super type of various neural network architectures such as SympNet
and ResNet.

The purpose of such neural networks is to approximate the flow of an ordinary differential
equation (ODE).

NeuralNetworkIntegrators can be seen as modeling traditional one-step methods with neural
networks, i.e. for a fixed time step they perform:

NeuralNetworkIntegrator : PAJEN Z<t+1),

to try to approximate the flow of some ODE:

Tntegrator(=)) — " (=0)]| ~ O(n),
where " is the flow map of the ODE for a time step h.
source

GeometricMachineLearning.ResNet — Type.

ResNet(dim, n blocks, activation)

Make an instance of a ResNet.

A ResNet is a neural network that realizes a mapping of the form:

z=NN(z)+z,

so the input is again added to the output (a so-called add connection). In GeometricMachine-
Learning the specific ResNet that we use consists of a series of simple ResNetLayers.

Constructor

ResNet can also be called with the constructor:

ResNet(dl, n_blocks)

where dl is an instance of DatalLoader.
See iterate for an example of this.

source

GeometricMachineLearning.ResNetLayer — Type.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/neural_network_integrator.jl#LL1-L19
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/resnet.jl#LL1-L24
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ResNetLayer(dim)

Make an instance of the resnet layer.

The ResNetLayer is a simple feedforward neural network to which we add the input after applying
it, i.e. it realizes © — x + o(Azx + b).

Arguments

The ResNet layer takes the following arguments:

1. dim::Integer: the system dimension.

2. activation = identity: The activation function.
The following is a keyword argument:
e use bias::Bool = true: This determines whether a bias b is used.

source

Base.iterate — Method.

iterate(nn, ics)

This function computes a trajectory for a NeuralNetworkIntegrator that has already been
trained for valuation purposes.

It takes as input:

1. nn: a NeuralNetwork (that has been trained).

2. ics: initial conditions (a NamedTuple of two vectors)

Examples

To demonstrate iterate we use a simple ResNet that does:

1 0 0 0
ResNet:z+— |0 2 O)Jxz+ |0
0 0 1 1
and we iterate three times with
1
ics= (1


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/resnet.jl#LL1-L16
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using GeometricMachinelearning

model = ResNet(3, 0, identity)

weight = [1 0 0; 0 2 0; 0 0 1]

bias = [0, 0, 1]

ps = NeuralNetworkParameters((L1 = (weight = weight, bias = bias), ))
nn NeuralNetwork(model, Chain(model), ps, CPU())

ics = [1, 1, 1]
iterate(nn, ics; n_points = 4)

# output
3x4 Matrix{Int64}:
1 2 4 8

1 3 9 27
1 3 7 15

Arguments

The optional keyword argument is
e n _points = 100

The number of integration steps that should be performed.

source

GeometricMachinelLearning.TransformerIntegrator — Type.

TransformerIntegrator <: Architecture

Encompasses various transformer architectures, such as the VolumePreservingTransformer and
the LinearSymplecticTransformer.

The central idea behind this is to construct an explicit multi-step integrator:

Integrator : [z(t*s”rl), z(t*“”), ce, z(t)] — [z(t+1), z(t+2), e z(t+pw)],

where sl stands for sequence length and pw stands for prediction window, so the numbers of
input and output vectors respectively.

source

Base.iterate — Method.

iterate(nn, ics)

Iterate the neural network of type TransformerIntegrator for initial conditions ics.

The initial condition is a matrix € R"*se3-1en9th or NamedTuple of two matrices).


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/neural_network_integrator.jl#LL47-L96
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/transformer_integrator.jl#LL1-L12

164 CHAPTER 8. ARCHITECTURES

This function computes a trajectory for a Transformer that has already been trained for valu-
ation purposes.

Parameters

The following are optional keyword arguments:

e n_points::Int=100: The number of time steps for which we run the prediction.

e prediction window::Int=size(ics.q, 2): The prediction window (i.e. the number of steps
we predict into the future) is equal to the sequence length (i.e. the number of input time
steps) by default.

source

8.4 Hamiltonian Neural Network

The Hamiltonian Neural Network (HNN) [49] aims at building a Hamiltonian vector field (see
Chapter 3.1) with a neural network. We recall that a canonical Hamiltonian vector field on R?? is
one that can be written as:

XH(Z) = szVZH,

where Jo4 is the PoissonTensor. The idea behind a Hamiltonian neural network is to learn a vector
field of this form, i.e. to learn:

XNN(Z) = Jog VNN,

where NN : R??* — R is a neural network that approximates the Hamiltonian. There are then two
different options to define a HNN loss, depending on the format in which the data are given.

HNN Loss for Vector Field Data
For the first loss, we assume that the given data describe the vector field of the HNN:

)

For the second loss, we assume that the given data describe points in phase space associated to a
Hamiltonian system. For this approach we also need to specify a symplectic integrator [3] in order
to train the neural network. In the following we use SymplecticEulerB to define this loss. This
integrator does the following;:

Lunn = — i

(Hﬁf\//\/

il HM
9

2 Opi

HNN Loss for Phase Space Data

SymplecticEulerB : (q(t),p(t)) — (q(t“),p(t"‘l))


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/transformer_integrator.jl#LL26-L40
https://juliagni.github.io/GeometricIntegrators.jl/latest/modules/integrators/#GeometricIntegrators.Integrators.SymplecticEulerB

8.4. HAMILTONIAN NEURAL NETWORK 165

Note that this integrator is implicit in general.

t+1 (8) 9

Lrnn = ;i“%(q(t),p(tﬁ-l))_’_pi Atpi H

t+1 (1) 9
n HaNN(q(t)’p(t-&-l)) + #H
2

2 8])7; At

)

,  are approximated with finite differences:

Here the derivatives (i.e. vector field data) qf’ and p

Usually we use Zygote for computing derivatives in GeometricMachinelLearning, but as the
Zygote documentation itself points out: “Often using a different AD system over Zygote is
a better solution [for computing second-order derivatives].” For this reason we compute the
loss of the HNN with SymbolicNeuralNetworks and optionally also its gradient.

Library Functions

GeometricMachineLearning.hamiltonian vector field — Method.

hamiltonian vector field(arch::HamiltonianArchitecture)

Compute an executable expression of the Hamiltonian vector field of a HamiltonianArchitecture.
Implementation

This first computes a symbolic expression of the vector field using symbolic hamiltonian -
vector field.

source

GeometricMachinelLearning.HamiltonianArchitecture — Type.

HamiltonianArchitecture <: Architecture

See StandardHamiltonianArchitecture and GeneralizedHamiltonianArchitecture.

source

GeometricMachinelLearning.StandardHamiltonianArchitecture — Type.

StandardHamiltonianArchitecture <: HamiltonianArchitecture

A realization of the standard Hamiltonian neural network (HNN) [49].
Also see GeneralizedHamiltonianArchitecture.
Constructor

The constructor takes the following input arguments:


https://github.com/FluxML/Zygote.jl
https://fluxml.ai/Zygote.jl/dev/limitations/#Second-derivatives-1
https://github.com/JuliaGNI/SymbolicNeuralNetworks.jl
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/hamiltonian_neural_network.jl#LL97-L105
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/hamiltonian_neural_network.jl#LL1-L5

166 CHAPTER 8. ARCHITECTURES

1. dim: system dimension,
2. width = dim: width of the hidden layer. By default this is equal to dim,
3. nhidden = 1: the number of hidden layers,
4. activation = AbstractNeuralNetworks.TanhActivation(): the activation function used in
the HNN.
source

GeometricMachinelLearning.HNNLoss — Type.

HNNLoss <: NetworkLoss

The loss for a Hamiltonian neural network.
Constructor

This can be called with a NeuralNetwork, built with a HamiltonianArchitecture, as the only
input arguemtn, i.e.:

HNNLoss (nn)

where nn is a NeuralNetwork, that is built with a HamiltonianArchitecture, gives the correspond-
ing Hamiltonian loss.

Functor

loss(c, ps, input, output)
loss(ps, input, output) # equivalent to the above

source

GeometricMachinelLearning.symbolic_hamiltonian vector field — Method.

symbolic hamiltonian vector field(nn::SymbolicNeuralNetwork)

Get the symbolic expression for the vector field belonging to the HNN nn.
Implementation

This is calling SymbolicNeuralNetworks.Jacobian and then multiplies the result with a Poisson
tensor.

source

SymbolicNeuralNetworks.SymbolicPullback — Method.

SymbolicPullback(arch::HamiltonianArchitecture)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/hamiltonian_neural_network.jl#LL16-L30
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/loss/hnn_loss.jl#LL1-L20
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/hamiltonian_neural_network.jl#LL75-L83
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Make a SymbolicPullback based on a HamiltonianArchitecture.
Implementation
Internally this is calling SymbolicNeuralNetwork and HNNLoss.

source

GeometricMachinelLearning.GeneralizedHamiltonianArchitecture — Type.

GeneralizedHamiltonianArchitecture <: HamiltonianArchitecture

A realization of generalized Hamiltonian neural networks (GHNNS) as introduced in [51].
Also see StandardHamiltonianArchitecture.
Constructor

The constructor takes the following input arguments:

1. dim: system dimension,

2. width = dim: width of the hidden layer. By default this is equal to dim,
3. nhidden = 1: the number of hidden layers,
4

activation = AbstractNeuralNetworks.TanhActivation(): the activation function used in
the GHNN,

5. integrator

nothing: the integrator that is used to design the GHNN.

source

GeometricMachinelLearning. processing — Function.

_processing(returned pullback)

Strip returned pullback from unnecessary Zygote-induces garbage.
Also see the docs for ZygotePullback.

source

8.5 SympNet Architecture

This section discusses the symplectic neural network (SympNet) architecture and its implementation
in GeometricMachinelLearning.

Principle

SympNets [10] are a type of neural network that can model the trajectory of a canonical Hamiltonian
system (see Chapter 3.1) in phase space. Take (¢7,p")T = (q1,..-,94,P1,---,p4)T € R?? as the
coordinates in phase space, where ¢ = (q1,...,q4)7 € R? is refered to as the position and p =
(p1,...,pa)" € R? the momentum. Given a point


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/pullbacks/symbolic_hnn_pullback.jl#LL1-L9
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/hamiltonian_neural_network.jl#LL44-L59
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/pullbacks/zygote_pullback.jl#LL33-L39
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(m)
q 2d
eR
(p(m))

the SympNet aims to compute the next position

(m) ~(m+1)
q q 2d
SympNet ((p(m)>> = <}3(m+1)> €eR

and thus predicts the trajectory while preserving the symplectic structure of the system. SympNets
are enforcing symplecticity strongly, meaning that this property is hard-coded into the network
architecture. The layers are reminiscent of traditional neural network feedforward layers, but have
a strong restriction imposed on them in order to be symplectic.

SympNets can be viewed as a symplectic integrator or symplectic one-step method! [3, 84]. Their
goal is to predict, based on an initial condition ((¢(®)7, (p©®)T)T', a sequence of points in phase
space that fit the training data as well as possible:

(qw)) (g(l)) m(g(n))
p© )\ ) e

The tilde in the above equation indicates predicted data. With standard SympNets? the time step
between predictions is not a parameter we can choose but is related to the temporal frequency of the
training data. This means that if data is recorded in an interval of e.g. 0.1 seconds, then this will
be the time step of our integrator.

SympNets preserve symplecticity by exploiting the (g, p) structure of the system. This is visualized
below:

0 id id id k+1

q© - gk 1)
To Ty

p(O) id id id p(k+1)
SympNet

Figure 8.5: Visualization of the SympNet architecture.

In the figure above we see that an update for ¢ is based on data coming from p and an update for
p is based on data coming from ¢. T; : R* — R¢ is an operation that changes p when i is even and
changes ¢ when odd. It has the special property that its Jacobian is a symmetric matrix. There are
two types of SympNet architectures: LA-SympNets and G-SympNets.

L Symplectic multi-step methods can be modeled with transformers (see Chapter 8.9).

2Recently an approach [51] has been proposed that makes explicitly specifying the time step possible by viewing
SympNets as a subclass of so-called “Generalized Hamiltonian Neural Networks”.
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LA-SympNet

The first type of SympNets, LA-SympNets, are obtained from composing two types of layers: sym-
plectic linear layers and symplectic activation layers (see Chapter 7.1). For a given integer w, the
linear part of an LA-SympNet is

)= (ohe )3 D6 )

or

() (o )6 ) (i D

The superscripts up and low indicate whether the g or the p part is first changed®. The learnable
parameters are the symmetric matrices A® € Ssym(d) and the bias b € R??. The integer w is the
number of linear layers in one block. It can be shown that five of these layers, i.e. w > 5, can
represent any linear symplectic map [88], so w need not be larger than five. We denote the set of
symplectic linear layers by ML,

The second type of layer needed for LA-SympNets are activation layers (see Chapter 7.1).

An LA-SympNet is a mapping of the form ¥ = Iy o ag oly_1 0---0ay oly where (I;)o<i<r C MF
and (a;)1<i<k C MA. We will refer to k as the number of hidden layers of the SympNet* and the
number w above as the depth of the linear layer.

We give an example of calling LA-SympNet:

using GeometricMachinelearning

k=1

w =2

arch = LASympNet(4;
nhidden = k,
depth = 2,

init upper linear = true,
init_upper_act = true,
activation = tanh)

model = Chain(arch).layers

(LinearLayerQ{4, 4}(), LinearLayerP{4, 4}(), GeometricMachinelLearning.BiasLayer{4, 4}(),
< ActivationLayerQ{4, 4, typeof(tanh)}(tanh), ActivationLayerP{4, 4, typeof(tanh)}(tanh),
— LinearLayerQ{4, 4}(), LinearLayerP{4, 4}(), GeometricMachinelLearning.BiasLayer{4, 4}())

3”up” means we first change the ¢ part and “low” means we first change the p part. This can be set via the
keyword init_upper_linear in LASympNet.

4Note that if k = 0 then the LA-SympNet consists of only one linear layer.
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The keywords init_upper_linear and init_upper_act indicate whether the first linear (respectively
activation) layer is of ¢ type®.

G-SympNets

G-SympNets are an alternative to LA-SympNets. They are built with only one kind of layer, the
gradient layer (see Chapter 7.1). If we denote by M the set of gradient layers, a G-SympNet is a
function of the form ¥ = gy ogx_10---0g1 where (g;)1<i<k C ME. The index k here is the number
of layers in the SympNet.

using GeometricMachinelLearning

k =2
n =10
arch = GSympNet(4; upscaling dimension = n, n_layers = k, init upper = true, activation = tanh)

model = Chain(arch).layers

(GradientLayerQ{4, 4, typeof(tanh)}(10, tanh), GradientLayerP{4, 4, typeof(tanh)}(10, tanh))

The keyword init upper for GSympNet is similar as in the case for LASympNet. The keyword upscal-
ing_dimension is explained in the section on the SympNet gradient layer (see Chapter 7.1).

Universal Approximation Theorems

In order to state the universal approximation theorem for both architectures we first need a few
definitions:

Let U be an open set of R??, and let us denote by SP"(U) the set of C" smooth symplectic maps
on U. We now define a topology on C"(K,R?%), the set of C"-smooth maps from a compact set
K c U to R?*? through the norm

[ fllor (i reay = max  sup |D fi(x)],
jafr =S

where the differential operator D¢ is defined by

olel ¢

= a1 Qn ?
Ox{"..xn"

Do f

with |a] = a1 +...+ agq. We impose the following condition (r finiteness) on the activation function:

Definition 8.5.1. ¢ is r-finite if 0 € C"(R,R) and [ [D"o(z)|dz < .

5Similarly to init upper linear, if init upper act = true then the first activation layer is of ¢ type, i.e. changes
the ¢ component and leaves the p component unchanged.
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We further consider the topology on C"(U,R?) induced by || - ||cr(.,rey and the associated notion of
denseness (see Chapter 2.1):

Definition 8.5.2. Let m,d,r € N with m,d > 0 be given, U an open subset of R™, and I,J C
C"(U,RY). We say J is r-uniformly dense on compacta in [ if J C I and for any f € I, € > 0,
and any compact K C U, there exists g € J such that [|f — g|cr(xre) < €

Remark 8.5.3. The associated topology to this notion of denseness is the compact-open topol-
ogy. It is generated by the following sets:

V(K,U) :={f € C"(R™,R%) : such that f(K) c U},
i.e. the compact-open topology is the smallest topology that contains all sets of the form V (K, U).

We can now state the universal approximation theorems:

Theorem 8.5.4 (Approximation theorem for LA-SympNets). For any positive integer r > 0 and
open set U € R%4 the set of LA-SympNet is r-uniformly dense on compacta in SP"(U) if the
activation function o is r-finite.

and

Theorem 8.5.5 (Approximation theorem for G-SympNets). For any positive integer r > 0 and open
set U € R??, the set of G-SympNet is r-uniformly dense on compacta in SPT(U) if the activation
function o is r-finite.

There are many r-finite activation functions commonly used in neural networks, for example:

e The sigmoid activation function: o(z) =1/(1 + e~ %),

o The hyperbolic tangent function: tanh(z) = (e* —e~*)/(e® + e~ 7).

The universal approximation theorems state that we can, in principle, get arbitrarily close to any
symplectomorphism defined on R2?. But this does not tell us anything about how to optimize the
network. This is can be done with any common neural network optimizer (see Chapter 5.1) and
these neural network optimizers always rely on a corresponding loss function.

Loss function

To train the SympNet, one needs data along a trajectory such that the model is trained to perform
an integration. The loss function is defined as®:

[|z¢ — 2P|
1 ¢ P} —
oss(z¢, 2P) = I

where

6This loss function is implemented as FeedForwardLoss in AbstractNeuralNetworks.
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is the current state and
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is the predicted state. In the example section (see Chapter 10.1) we show how to use SympNets in
GeometricMachineLearning.jl and how to modify the loss function (see Chapter C.1).

Library Functions

GeometricMachineLearning.SympNet — Type.

SympNet <: NeuralNetworkIntegrator

The SympNet type encompasses GSympNets and LASympNets. SympNets [10] are universal approx-
imators of canonical symplectic flows. This means that for every map

¢ : R*™ — R*™ with (Vo) IVe =7,

we can find a SympNet that approximates ¢ arbitrarily well.

source

GeometricMachineLearning.LASympNet — Type.

LASympNet (d)

Make an LA-SympNet with dimension d.

There exists an additional constructor that can be called by supplying an instance of DatalLoader.

Examples

using GeometricMachinelLearning

dl = DatalLoader(rand(2, 20); suppress info = true)

LASympNet (dl)

# output

LASympNet{typeof(tanh), true, true}(2, 5, 1, tanh)

Arguments

Keyword arguments are:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/sympnet.jl#LL1-L11
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e depth::Int = 5: The number of linear layers that are applied.
e nhidden::Int = 1: The number of hidden layers (i.e. layers that are not output layers).
e activation = tanh: The activation function that is applied.

e init upper linear::Bool = true: Initialize the linear layer so that it first modifies the
g-component.

e init upper act::Bool = true: Initialize the activation layer so that it first modifies the
g-component.

source

GeometricMachinelLearning.GSympNet — Type.

GSympNet (d)

Make a G-SympNet with dimension d.

There exists an additional constructor that can be called by supplying an instance of DatalLoader
(see LASympNet for an example of using this constructor).

Arguments

Keyword arguments are:

e upscaling dimension::Int = 2d: The upscaling dimension of the gradient layer. See the
documentation for GradientLayerQ and GradientLayerP for further explanation.

e n_layers::Int2: The number of layers (i.e. the total number of GradientLayerQ and Gra-
dientLayerP).

e activationtanh: The activation function that is applied.

e init upper::Booltrue: Initialize the gradient layer so that it first modifies the g-component.

source

8.6 Volume-Preserving Feedforward Neural Network

The volume-preserving feedforward neural network presented here can be seen as an adaptation of
an LA-SympNet to the setting when we deal with a divergence-free vector field (see Chapter 3.2).
It also serves as the feedforward module in the volume-preserving transformer (see Chapter 8.8).

Neural network architecture

The constructor for VolumePreservingFeedForward produces the following architecture!:

IBased on the input arguments n_linear and n blocks. In this example init upper is set to false, which means
that the first layer is of type lower followed by a layer of type upper.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/sympnet.jl#LL20-L47
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/sympnet.jl#LL77-L91
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Output

(LinearUpperLayer]

(LinearLowerLayer]

(NonLinearUpperLayer)

(NonLinearLowerLayer]

[LinearUplperLayer]

n_ blocksx

[LinearLowerLayer]

n_ linearx

Input

Figure 8.6: Visualization of how the keywords in the constructor are interpreted.

Here “LinearLowerLayer” performs

LinearLowerLayer; : z — x + Lx

and “NonLinearLowerLayer” performs

NonLinearLowerLayer; : © — x + o(Lz + b).

The activation function ¢ is the forth input argument to the constructor and tanh by default. We
can make an instance of a VolumePreservingFeedForward neural network:

using GeometricMachinelLearning

const d = 3

arch = VolumePreservingFeedForward(d)
for layer in Chain(arch)

println(stdout, layer)
end
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VolumePreservinglLowerLayer{3,
VolumePreservingUpperLayer{3,
VolumePreservingLowerLayer{3,
VolumePreservingUpperLayer{3,
VolumePreservingLowerLayer{3,
VolumePreservingUpperLayer{3,

, :no_bias, typeof(identity)}(identity)
, :bias, typeof(identity)}(identity)

, :bias, typeof(tanh)}(tanh)

, :bias, typeof(tanh)}(tanh)

, ‘no_bias, typeof(identity)}(identity)
, :bias, typeof(identity)}(identity)

And we see that we get the same architecture as shown in the figure above, with the difference that
the bias has been subsumed in the previous layers. Note that the nonlinear layers also contain a
bias vector.

Note on Sympnets

In the general framework of feedforward neural networks SympNets (see Chapter 8.5) are more
restrictive than volume-preserving neural networks as symplecticity is a stronger property than
volume-preservation:

Figure 8.7: Symplectic neural networks are a more restrictive class of architectures than volume-
preserving ones. But by construction they only work in even dimensions.

Note however that SympNets rely on data in canonical form, i.e. data that is of (g, p) type (called
GeometricMachinelLearning.QPT in GeometricMachinelLearning), so those data need to come from a
vector space R?" of even dimension. Volume-preserving feedforward neural networks also work for
odd-dimensional spaces. This is also true for transformers: the volume-preserving transformer (see
Chapter 8.8) works in spaces of arbitrary dimension R"*7" whereas the linear symplectic transformer
(see Chapter 8.9) only works in even-dimensional spaces R2"*7.

Library Functions

GeometricMachinelLearning.VolumePreservingFeedForward — Type.

VolumePreservingFeedForward(dim)
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Make an instance of a volume-preserving feedforward neural network for a specific system
dimension.

This architecture is a composition of VolumePreservingLowerLayer and VolumePreservingUpper-
Layer.

Arguments

You can provide the constructor with the following additional arguments:

1. n_blocks::Int = 1: The number of blocks in the neural network (containing linear layers
and nonlinear layers).

2. n_linear::Int = 1: The number of linear VolumePreservingLowerLayers and VolumePre-
servingUpperLayers in one block.

3. activation = tanh: The activation function for the nonlinear layers in a block.

The following is a keyword argument:

e init upper::Bool = false: Specifies if the first layer is lower or upper.

source

8.7 Standard Transformer

The transformer is a relatively modern neural network architecture [9] that has come to dominate
the field of natural language processing (NLP, [28]) and replaced the previously dominant long-short
term memory cells (LSTM, [85]). Its success is due to a variety of factors:

e unlike LSTMs it consists of very simple building blocks and hence is easier to interpret math-
ematically,

e it is very flexible in its application and the data it is fed with do not have to conform to a
rigid pattern,

o transformers utilize modern hardware (especially GPUs) very effectively.

The transformer architecture is sketched below:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/volume_preserving_feedforward.jl#LL6-L22
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Output
1

Feed
Forward

Multihead
Attention

Input

Figure 8.8: Visualization of the standard transformer. It consists of two components: a mulithead
attention layer and a feedforward neural network.

It is nothing more than a combination of a multihead attention layer (see Chapter 7.4) and a residual
neural network! (ResNet).

As was explained when we talked about the attention module (see Chapter 7.3), the attention layer
performs a convex reweighting of the input sequence:

T T
Attention : Z = [z, ... (D] — [Z pgl)z(i), ce sz(-T)z(i)] = Attention(Z),
i=1 i=1

where the coefficients p(*) depend on Z and are learnable. In the case of multihead attention (see
Chapter 7.4) a greater number of these reweighting coefficients are learned, but it is otherwise not
much more complicated than single-head attention.

The green arrow in the figure above indicates that this first add connection can be left out. This
can be specified via the keyword argument add connection in MultiHeadAttention layer and the
StandardTransformerIntegrator.

We should also note that such transformers have been used for the online phase in reduced order
modeling (see Chapter 4.1) before [87].

Classification Transformer

Instead of using the transformer for integration, it can also be used as a image classifier. In this case
it is often referred to as “vision transformer” [29]. In this case we append a ClassificationLayer to
the output of the transformer. This will be used in one of the examples (see Chapter 11.1).

LA layer of type GeometricMachineLearning. ResNetLayer is nothing more than a neural network to whose output
we again add the input, i.e. every ResNet is of the form ResNet(z) =z + NN (z).



178 CHAPTER 8. ARCHITECTURES

The Upscaling

When using the transformer one typically also benefits from defining a transformer dim that is
greater than the system dimension and a corresponding upscaling_activation (see the docstring of
StandardTransformerIntegrator).

Transformer

Figure 8.9: If the transformer dimension is not equal to the system dimension, then we add two
more neural network layers. One that maps up to the space whose dimension is the transformer
dimension and one that maps down again to the space whose dimension is the system dimension.

In the figure above we call

\IluP . Rsysidim — Rtransformerﬁdim

the upscaling layer and

\Ildown . R‘transfcrmerﬁdim N Rsysidim

the downscaling layer. Both of these layers are dense layers with the activation function for the
downscaling layer being the identity (for better expressivity) and the activation function for the
upscaling layer can be specified via the keyword upscaling activation.

GeometricMachineLearning does not have an implementation of such an upscaling for the volume-
preserving transformer (see Chapter 8.8) and the linear symplectic transformer (see Chapter 8.9).
Symplectic liftings have however recently been discussed to learn higher-dimensional Hamiltonian
representations of given data [63].

Library Functions

GeometricMachineLearning.StandardTransformerIntegrator — Type.



8.7. STANDARD TRANSFORMER 179

StandardTransformerIntegrator(sys dim)

Make an instance of StandardTransformerIntegrator for a specific system dimension.
Here the standard transformer used as an integrator (see TransformerIntegrator).

It is a composition of MultiHeadAttention layers and ResNetLayer layers.
Arguments

The following are optional keyword arguments:

e transformer dim::Int = sys dim: this is the dimension after the upscaling.

e n_blocks::Int = 1: the number of ResNetLayer blocks.

e n_heads::Int = sys dim: the number of heads in the multihead attention layer.
e L::Int = 2: the number of transformer blocks.

e upscaling activation = identity: the activation used in the upscaling layer.

e resnet_activation = tanh: the activation used for the ResNetLayer.

e attention activation = GeometricMachinelLearning.VectorSoftmax() : the activation used
for the MultiHeadAttention layer.

e add_connection:Bool = true: specifies if the input should be added to the output.
source

GeometricMachinelLearning.Transformer — Function.

Transformer(dim, n_heads, L)

Make an instance of the Transformer with n_heads for dimension dim and L blocks.
Arguments

Transformer takes the following optional keyword arguments:

e activation = tanh: the activation function used for the ResNetLayer.
o Stiefel::Bool = false: if the matrices PV, P9 and P¥ should live on a manifold.

e add connection::Bool = false: if the input should by added to the ouput after the Mul-
tiHeadAttention layer.

e use bias::Bool = true: Specifies if the ResNetLayer should use a bias.

source

GeometricMachinelLearning.ClassificationTransformer — Type.

ClassificationTransformer(dl)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/standard_transformer_integrator.jl#LL8-L28
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/transformer.jl#LL6-L18
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Make an instance of the ClassificationTransformer based on an instance of Dataloader.

This is a transformer neural network for classification purposes. At the moment this is only
used for training on MNIST, but can in theory be used for any classification problem.

Arguments

The optional keyword arguments are:

e n_heads::Int=7: The number of heads in the MultiHeadAttention (mha) layers.

e L::Int=16: The number of transformer blocks.

e activation=softmax: The activation function.

e Stiefel::Bool=true: Whether the matrices in the mha layers are on the StiefelManifold.

e add connection::Bool=true: Whether the input is appended to the output of the mha
layer. (skip connection)

source

GeometricMachinelLearning.assign output estimate — Function.

assign_output_estimate(full output, prediction_window)

Crop the output to get the correct number of output vectors.

The function assign output estimate is closely related to the Transformer. It takes the last
prediction window columns of the output and uses them for the prediction.

i.e.

NERNC Y LT
RNXT%RNXPW’ — .
A0 2T, AT (T,

If prediction window is equal to sequence length, then this is not needed.

source

8.8 Volume-Preserving Transformer

The volume-preserving transformer [30] is, similar to the standard transformer, a combination of
two different neural networks: a volume-preserving attention layer (see Chapter 7.3) and a volume-
preserving feedforward layer (see Chapter 8.6). It is visualized below:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/transformer_neural_network.jl#LL1-L16
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/tensor_assign.jl#LL35-L58
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Figure 8.10: Visualization of the Volume-Preserving Transformer architecture.

In the figure we indicate that we leave out the add connection. When talking about the standard
transformer (see Chapter 8.7) we said that the add connection is optional and can be included via
the keyword argument add connection. For the volume-preserving transformer this is not true: it is
always excluded.

Note that the volume-preserving transformer preserves the volume in the sense of the product spaces.
That the VolumePreservingAttention layer preserves this structure was discussed when we introduced
it (see Chapter 7.3). That the VolumePreservingFeedForwardLayers preserve this structure on the
product space is also easy to see. We take a VolumePreservingFeedForwardLayer, e.g.

iz o(Lz+D),

and look at its action on the element of the product space [z(l)7 e ,Z(T)] =7 € R¥xT:

v 202D s D),z

The jacobian of ’(/AJT : R — RIT | the representation of 17 in the coordinate system of the big vector
(see Chapter 7.3), is of the form!

O
R . O
Vyp=1. . . .|=Jl
where J is the jacobian of 1. We now see that det(Vep) = 1 and volume in the product space is
preserved.

n order to arrive at this representation we possibly have to exchange the order of the rows in the matrix. This
is however not critical since it may only cause a sign change in the determinant.
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Library Functions

GeometricMachinelLearning.VolumePreservingTransformer — Type.

VolumePreservingTransformer(sys dim, seq_length)

Make an instance of the volume-preserving transformer for a given system dimension and se-
quence length.

Arguments
The following are keyword argumetns:
e n_blocks::Int = 1: The number of blocks in one transformer unit (containing linear layers
and nonlinear layers).

e n_linear::Int = 1: The number of linear VolumePreservinglLowerLayers and VolumePre-
servingUpperlLayers in one block.

e L::Int = 1: The number of transformer units.
e activation = tanh: The activation function.
e init upper::Bool = false: Specifies if the network first acts on the ¢ component.

e skew sym::Bool = false: specifies if we the weight matrix is skew symmetric or arbitrary.

source

8.9 Linear Symplectic Transformer

The linear symplectic transformer consists of a combination of linear symplectic attention (see
Chapter 7.5) and gradient layers (see Chapter 7.1) and is visualized below.

Output

' GradientLayerP l

l GradientLayerQ I

[LinearSymplecticAttentionPJ

n_sympnetXx

Lx

GradientLayerP

GradientLayerQ

n_sympnet X

[LinearSymplecticAttentionQ]

\. J

Input

Figure 8.11: Visualization of the linear symplectic transformer architecutre. In this figure the
number of SympNet layers per transformer block is two.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/volume_preserving_transformer.jl#LL8-L22
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In this picture we also visualize the keywords n_sympnet and L for LinearSymplecticTransformer.

What we discussed for the volume-preserving transformer (see Chapter 8.8) also applies here: the
attention mechanism acts on all the input vectors at once and is designed such that it preserves the
product structure (here this is the symplectic product structure). The attention mechanism serves
as a preprocessing step after which we apply a regular feedforward neural network; here this is a
SympNet (see Chapter 8.5).

Why use Transformers for Model Order Reduction

The standard transformer (see Chapter 8.7), the volume-preserving transformer (see Chapter 8.8)
and the linear symplectic transformer are suitable for model order reduction for a number of reasons.
Besides their improved accuracy [87] their ability to resolve time series data also makes it possible to
deal with data that come from multiple parameters. For this consider the following two trajectories:

C

thl

Figure 8.12: Two trajectories of a parameter-dependent ODE with the same initial condition.

The trajectories come from a parameter-dependent ODE (see Chapter 2.6) in two dimensions. As
initial condition we take A € R? and we look at two different parameter instances: p; and pg. As
we can see the curves Z,, and Z,, both start out at A, then go into different directions but cross
again at D. If we used a standard feedforward neural network to treat this system it would not be
able to resolve those training data as the information would be ambiguous at points A and D, i.e.
the network would not know what it should predict. If we however consider the information coming
from points three points, either (A, B, D) or (A, C, D), then the network can learn to predict the
next time step. We will elaborate more on this in the tutorial section (see Chapter 11.3).

Library Functions

GeometricMachinelLearning.LinearSymplecticTransformer — Type.
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LinearSymplecticTransformer(sys dim, seq length)

Make an instance of LinearSymplecticTransformer for a specific system dimension and sequence
length.

Arguments

You can provide the additional optional keyword arguments:

e n_sympnet::Int = (2): The number of sympnet layers in the transformer.

e upscaling dimension::Int = 2*dim: The upscaling that is done by the gradient layer.
e L::Int = 1: The number of transformer units.

e activation = tanh: The activation function for the SympNet layers.

e init_upper::Bool=true: Specifies if the first layer is a g-type layer (init_upper=true) or if
it is a p-type layer (init_upper=false).

The number of SympNet layers in the network is 2n sympnet, i.e. for n _sympnet = 1 we have
one GradientLayerQ and one GradientLayerP.

source

Chapter Summary

In this chapter we discussed various neural network architectures and presented the corresponding
application interface in GeometricMachineLearning. Of the presented architectures the symplectic au-
toencoder, the volume-preserving transformer and the linear symplectic transformer constitute novel
architectures. We construced the symplectic autoencoder as a composition of PSD-like layers and
SympNet layers. For optimizing this architecture we need to resort to manifold optimization. The
volume-preserving transformer is a composition of volume-preserving attention layers and volume-
preserving feedforward layers; this is similar for the liner symplectic transformer: it is a composition
of linear symplectic attention layers and SympNets.

We discussed how all three transformer neural networks can be seen as multi-step integrators. This
was elaborated on in an extra section on neural network-based integrators.
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8.10 The Symplectic Transformer

The symplectic transformer is, like the standard transformer (see Chapter 8.7), a combination of
attention layers and feedforward layers. The difference is that the attention layers are not multihead
attention layers (see Chapter 7.4) and the feedforward layers are not standard GeometricMachine-
Learning.ResNetLayers, but symplectic attention layers (see Chapter 7.6) and sympnet layers (see
Chapter 7.1).

Library Functions

GeometricMachinelLearning.SymplecticTransformer — Type.

SymplecticTransformer <: TransformerIntegrator

Constructors

SymplecticTransformer(sys dim)

Make an instance of SymplecticTransformer for a specific system dimension and sequence length.
Also see LinearSymplecticTransformer.

Arguments

You can provide the additional optional keyword arguments:

e n_sympnet::Int = (2): The number of sympnet layers in the transformer.

e upscaling dimension::Int = 2*dim: The upscaling that is done by the gradient layer.
e L::Int = 1: The number of transformer units.

e sympnet activation = tanh: The activation function for the SympNet layers.

e attention activation = GeometricMachinelLearning.MatrixSoftmax(): The activation func-
tion for the Attention layers.

e init upper::Bool=true: Specifies if the first layer is a g-type layer (init_upper=true) or if
it is a p-type layer (init_upper=false).

e symmetric::Bool=false:
The number of SympNet layers in the network is 2n_sympnet, i.e. for n_sympnet = 1 we have
one GradientlLayerQ and one GradientLayerP.

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/symplectic_transformer.jl#LL8-L31
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Chapter 9

Learning a Reduced Model with
Symplectic Autoencoders

In this chapter we show how to use symplectic autoencoders for the offline phase of reduced order
modeling. The example we consider here is the Toda lattice. We further discuss the online phase
and compare a standard integrator (implicit midpoint) with a transformer neural network.

9.1 Symplectic Autoencoders and the Toda Lattice

In this tutorial we use a symplectic autoencoder (see Chapter 8.2) to approximate the solution of
the Toda lattice with a lower-dimensional Hamiltonian model and compare it with standard proper
symplectic decomposition (see Chapter 4.5).

Remark 9.1.1. As with any neural network we have to make the following choices:

1. specify the architecture,

2. specify the type and backend,

3. pick an optimizer for training the network,
4. specify how you want to perform batching,

5. choose a number of epochs,

where points 1 and 3 depend on a variable number of hyperparameters.

For the symplectic autoencoder point 1 is done by calling SymplecticAutoencoder, point 2 is done
by calling NeuralNetwork, point 3 is done by calling Optimizer and point 4 is done by calling Batch.

The system
The Toda lattice [31] is a prototypical example of a Hamiltonian PDE. It is described by

2
H(Q,p) = Z (pzn + aeq"q"+1> )

ne”Z

Starting from this equation we further assume a finite number of particles N and impose periodic
boundary conditions:
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gn+N = (n
Pn+N = DPn-
In this tutorial we want to reduce the dimension of the big system by a significant factor with (i)

proper symplectic decomposition (PSD) and (ii) symplectic autoencoders (SAE). The first approach
is strictly linear whereas the second one allows for more general mappings.

Using the Toda lattice in numerical experiments

In order to use the Toda lattice in numerical experiments we have to pick suitable initial conditions.
For this, consider the third-degree spline:

1-3s2+3s% if0<s<1
h(s) =14 $(2—s)3 ifl<s<2
0 else.

Plotted on the relevant domain it looks like this:
1

038
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0.4

0.2

0
0 0.5 1 15 2
s

Figure 9.1: Third degree spline.

We end up with the following choice of parametrized initial conditions:

wo(1)(w) = hs(w. 1), s(w,n) = 20ulw + 1.

where the w is an element of the domain Q = [—0.5,0.5]. For the purposes of this tutorial we will
use the default value for u provided in GeometricProblems:

import GeometricProblems.TodalLattice as tl

tl.p

0.3

We thus look at the displacement of N = 200 particles on the periodic domain 2 = [-0.5,0.5]/ =~ S*
where the equivalence relation indicates that we associate the points —0.5 and 0.5 with each other.


https://github.com/JuliaGNI/GeometricProblems.jl
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Get the data

The training data can very easily be obtained by using the packages GeometricProblems and Geo-
metricIntegrators:

using GeometricIntegrators: integrate, ImplicitMidpoint
using GeometricMachinelLearning

pr = tl.hodeproblem(; timespan = (0.0, 800.))
sol = integrate(pr, ImplicitMidpoint())

We then put the data in the correct format by calling DatalLoader?!:

dl cpu = DatalLoader(sol; autoencoder = true, suppress info = true)

Also note that the keyword autoencoder was set to true when calling DataLoader. The keyword
argument supress info determines whether data loader provides some additional information on
the data it is called on.

Train the network

We now want to compare two different approaches: PSDArch and SymplecticAutoencoder. For this
we first have to set up the networks:

const reduced dim = 2

psd arch = PSDArch(dl cpu.input dim, reduced dim)

sae_arch = SymplecticAutoencoder(dl cpu.input dim, reduced dim; n_encoder blocks = 4,
n_decoder blocks = 4,
n_encoder_layers = 2,
n_decoder layers = 2)

Training a neural network is usually done by calling an instance of Optimizer in GeometricMachine-
Learning. PSDArch however can be solved directly by using singular value decomposition and this is
done by calling solve!:

psd nn_cpu = NeuralNetwork(psd arch, CPU(), eltype(dl cpu))

solve! (psd nn cpu, dl cpu)

0.6946587819588325

The SymplecticAutoencoder we train with the AdamOptimizerWithDecay however?:

IFor more information on Dataloader see the corresponding section (see Chapter A.3).

2Tt is not feasible to perform the training on CPU, which is why we use CUDA [89] here. We further perform the
training in single precision.


https://github.com/JuliaGNI/GeometricProblems.jl
https://github.com/JuliaGNI/GeometricIntegrators.jl
https://github.com/JuliaGNI/GeometricIntegrators.jl
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using CUDA

const n_epochs = 262144
const batch size = 4096

backend = CUDABackend()
dl = DatalLoader(dl cpu, backend, Float32)

sae _nn_gpu = NeuralNetwork(sae arch, CUDADevice(), Float32)
o = Optimizer(sae_nn_gpu, AdamOptimizerWithDecay(integrator_train_epochs))

# train the network
o(sae _nn_gpu, dl, Batch(batch size), n_epochs)

After training we map the network parameters to cpu:

const mtc = GeometricMachinelLearning.map to cpu

sae nn_cpu = mtc(sae nn_gpu)

The online stage with a standard integrator

After having trained our neural network we can now evaluate it in the online stage of reduced
complexity modeling:

HRedSys (pr, encoder(psd nn cpu), decoder(psd nn cpu); integrator = ImplicitMidpoint())
HRedSys (pr, encoder(sae nn cpu), decoder(sae nn cpu); integrator = ImplicitMidpoint())

psd rs
sae rs

We integrate the full system (again) as well as the two reduced systems?:

FOM + Implicit Midpoint: 93.321223 seconds (6.61 M allocations: 535.713 MiB, 0.10% gc time)
PSD + Implicit Midpoint: 5.269227 seconds (20.60 M allocations: 10.385 GiB, 67.62% gc time)
SAE + Implicit Midpoint: 355.384054 seconds (230.79 M allocations: 261.337 GiB, 17.84% gc time)

And plot the solutions for

time_steps = (0, 300, 800)

3All of this is done with ImplicitMidpoint as integrator.
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Figure 9.2: Comparison between FOM (blue), PSD with implicit midpoint (orange) and SAE with

implicit midpoint (green).

We can see that the SAE has much more approximation capabilities than the PSD. But even though
the SAE reasonably reproduces the full-order model (FOM), we see that the online stage of the SAE
takes even longer than evaluating the FOM. In order to solve this problem we have to make the

online stage more efficient.

The online stage with a neural network

Instead of using a standard integrator we can also use a neural network that is trained on the reduced

data. For this:

const integrator train epochs = 65536
const integrator batch size = 4096
const seq_length = 4

integrator architecture = StandardTransformerIntegrator(reduced dim;

integrator_nn = NeuralNetwork(integrator_architecture, backend)

integrator method = AdamOptimizerWithDecay(integrator_ train_epochs)
o _integrator =

Optimizer(integrator method, integrator nn)

# map from autoencoder type to integrator type

dl integration = DatalLoader(dl; autoencoder = false)

transformer dim = 20,
n_blocks = 3,

n_heads = 5,

L =3,

upscaling activation = tanh)
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integrator batch = Batch(integrator batch size, seq length)

loss = GeometricMachinelLearning.ReducedLoss(encoder(sae nn _gpu), decoder(sae nn gpu))

train_integrator loss = o _integrator( integrator_nn,
dl integration,
integrator batch,
integrator_train_epochs,
loss)

We can now evaluate the solution:

@time "time stepping with transformer” time series = iterate(mtc(integrator_nn), ics; n_points =
— length(sol.t), prediction window = seq length)

time stepping with transformer: 0.197708 seconds (1.89 M allocations: 331.746 MiB, 67.05% gc time)

1.0
—— FOM + Impicit Midpaint PSD + Implicit Midpoint
= 0.5+ ——— SAE +Implict Midpaint ~ —— SAE + Transformer
0.0 - : :
-0.3 0.0 0.3
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w
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w

Figure 9.3: Comparison between FOM (blue), PSD with implicit midpoint (orange), SAE with
implicit midpoint (green) and SAE with transformer (purple).

Note that integration of the system with the transformer is orders of magnitudes faster than any
comparable method and also leads to an improvement in accuracy over the case where we build the
reduced space with the symplectic autoencoder and use implicit midpoint in the online phase.
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Remark 9.1.2. While training the symplectic autoencoder we completely ignore the online phase,
but only aim at finding a good low-dimensional approximation to the solution manifold. This is
why we observe that the approximated solution differs somewhat form the actual one when using
implicit midpoint for integrating the low-dimensional system (blue line vs. green line).

Chapter Summary

We showed that for the Toda lattice we can achieve a very good approximation to the full-order
system by using a two-dimensional reduced space; we also showed that for such a small space proper
symplectic decomposition utterly fails.

We however also saw that when we use standard integrators in the online phase, the very low
dimension of the reduced space may not mean fast computation. But by using a transformer as
a neural network-based integrator we could circumvent this problem and achieve a speed-up of a
factor of approximately 1000.
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Chapter 10

Neural Networks as Symplectic
Integrators

In this chapter we use neural networks as symplectic integrators. We first show SympNets as an
example of a neural network-based one-step method and then show linear symplectic transformers
as an example of a symplectic multi-step method.

10.1 SympNets with GeometricMachinelLearning

This section serves as a short introduction into using SympNets (see Chapter 8.5) with Geometric-
MachinelLearning.

Loss function

The FeedForwardLoss is the default choice used in GeometricMachineLearning for training SympNets,
this can however be changed or tweaked (see Chapter C.1).

Training a Harmonic Oscillator

Here we begin with a simple example, the harmonic oscillator, the Hamiltonian of which is

1 1
H:(q,p)€R2b—>§p2+§q2€R.

Here we take the ODE from GeometricProblems and integrate it with GeometricIntegrators [44]:

import GeometricProblems.HarmonicOscillator as ho
using GeometricIntegrators: ImplicitMidpoint, integrate

# the problem is the ODE of the harmonic oscillator
ho problem = ho.hodeproblem(; timespan = 500)

# integrate the system
solution = integrate(ho_problem, ImplicitMidpoint())

We call DataLoader in order to conveniently handle the data:

dl _raw = DatalLoader(solution; suppress info = true)

197
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We have not yet specified the type and backend that we want to use. We do this now:

# specify the data type and the backend
type = Floatl6
backend = CPU()

# we can then make a new instance of “DatalLoader’ with this backend and type.
dl = DatalLoader(dl raw, backend, type)

Next we specify the architectures':

const upscaling dimension = 2

const nhidden = 1

const activation = tanh

const n_layers = 4 # number of layers for the G-SympNet

const depth = 4 # number of layers in each linear block in the LA-SympNet

# calling G-SympNet architecture

gsympnet = GSympNet(dl; upscaling dimension = upscaling dimension,
n_layers = n_layers,
activation = activation)

# calling LA-SympNet architecture

lasympnet = LASympNet(dl; nhidden = nhidden,
activation = activation,
depth = depth)

# initialize the networks

la_nn = NeuralNetwork(lasympnet, backend, type)
g nn = NeuralNetwork(gsympnet, backend, type)

If we want to obtain information on the number of parameters in a neural network, we can do that
with the function parameterlength. For the LASympNet:

parameterlength(la nn.model)

14

And for the GSympNet:

parameterlength(g_nn.model)

1GeometricMachineLearning provides useful defaults for all parameters, but they can still be specified manually;
which is what we are doing here. Details on these parameters can be found in the docstrings for GSympNet and
LASympNet.
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12

Remark 10.1.1. We can also specify whether we would like to start with a layer that changes the
g-component or one that changes the p-component. This can be done via the keywords init _upper
for the GSympNet, and init upper linear and init upper act for the LASympNet.

We have to define an optimizer (see Chapter 6.1) which will be used in training of the SympNet. In
this example we use Adam (see Chapter 6.1):

# set up optimizer; for this we first need to specify the optimization method
opt method = AdamOptimizer(type)

# we then call the optimizer struct which allocates the cache

la_opt = Optimizer(opt_method, la_nn)

g_opt = Optimizer(opt_method, g_nn)

We can now perform the training of the neural networks:

# determine the batch size (the number of samples in one batch)
const batch_size = 16

batch = Batch(batch size)

# number of training epochs
const nepochs = 100

# perform training (returns array that contains the total loss for each training step)

g loss array = g opt(g _nn, dl, batch, nepochs; show progress = false)
la_loss array = la opt(la nn, dl, batch, nepochs; show progress = false)

We plot the training errors against the epoch (here the y-axis is in log-scale):

10" 4

—— G-SympNet
= LA-SympNet

10°

Training loss

T T T
0 50 100
Epoch

Figure 10.1: Training loss for SympNet.

Now we can make a prediction. We compare the initial data with a prediction starting from the
same phase space point using the function GeometricMachinelLearning.iterate:
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ics = (g=dl.input.ql:, 1, 11, p=dl.input.p[:, 1, 11)
steps to plot = 200
#predictions

la trajectory = iterate(la nn, ics; n points = steps to plot)
g trajectory = iterate(g nn, ics; n points = steps to plot)

We now plot the result:

0.25

=, 0.00 I — training data
—— LA-Sympnet

—— G-Sympnet

-0.254

Figure 10.2: Trajectory prediction with the SympNet.

We see that GSympNet outperforms LASympNet on this problem; the blue line (reference) and the
orange line (G-SympNet) are in fact almost indistinguishable.

Remark 10.1.2. We have actually never observed a scenario in which the L A-SympNet can outper-
form the G-SympNet. The G-SympNet seems usually trains faster, is more accurate and less sensitive
to the chosen hyperparameters and initialization of the weights. They are also more straightforward
to interpret. We therefore use the G-SympNet as a basis for the linear symplectic transformer.

Comparison with a ResNet

We want to show the advantages of using a SympNet over a standard ResNet that is not symplectic.
For this we make a ResNet with a similar size of parameters as the two SympNets have:

resnet = ResNet(dl, n_layers + 2; activation = activation)
rn_nn = NeuralNetwork(resnet, backend, type)

parameterlength(rn_nn)

18
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We now train the network ...
rn_opt = Optimizer(opt_method, rn_nn)

rn_loss_array = rn_opt(rn_nn, dl, batch, nepochs; show _progress = false)

and plot the loss:

107

—— G-SympNet

— LA-SympNet
o

10 — ResNet

Training loss

T T T
0 50 100
Epoch

Figure 10.3: Training loss for SympNet and ResNet.

And we see that the loss is significantly lower than for both the LA-SympNet and the G-SympNet.
We can also plot the prediction:

rn_trajectory = iterate(rn_nn, ics; n_points = steps_to plot)

0.25
— training data
= 0.00 4 —— LA-Sympnet
—— G-Sympnet
— ResNet
-0.254
T T
-0.5 0.0 05

Figure 10.4: Trajectory prediction with SympNet and ResNet.

We see that the ResNet is slowly gaining energy which consitutes unphysical behaviour. If we let
this simulation run for even longer, this effect gets more pronounced:
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steps to plot = 400

#predictions

la_trajectory = iterate(la nn, ics; n_points = steps to plot)
g trajectory = iterate(g nn, ics; n_points = steps to plot)

rn_trajectory = iterate(rn nn, ics; n points = steps to plot)

0.4

0.2

2 004

-0.2 4

~0.4

Figure 10.5: Comparison of long-time predictions for SympNet and ResNet.

The behavior the ResNet exhibits is characteristic of integration schemes that do not preserve
structure: the error in a single time step can be made very small, but for long-time simulations one
typically has to consider symplecticity or other properties. Also note that the curves produced by
the LA-SympNet and the G-SympNet are closed (or nearly closed). This is a property of symplectic
maps in two dimensions that is preserved by construction [3].

10.2 Linear Symplectic Transformer

In this section we compare the linear symplectic transformer (see Chapter 8.9) to the standard
transformer (see Chapter 8.7). The example we treat here is the coupled harmonic oscillator:

q1
q2

ma

Figure 10.6: Visualization of the coupled harmonic oscillator.
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It is a Hamiltonian system (see Chapter 3.1) with

2 2 2 2

_ 2
q1 g5 +k1%+k2%+kg(q1)(q2 QI)

H(Q17q2>p17p2):7+ 9 5

2m1 2m2
where o(z) = 1/(1 + e~%) is the sigmoid activation function. The system parameters are:

e kq: spring constant belonging to my,
e ko: spring constant belonging to ma,
e mq: mass 1,
e Mo: Mmass 2,

e k: coupling strength between the two masses.

To demonstrate the efficacy of the linear symplectic transformer here we will leave the parameters
fixed but alter the initial conditions’:

using GeometricProblems.CoupledHarmonicOscillator: hodeensemble, default parameters

const timestep = .3
const n_init con =5

# ensemble problem

ep = hodeensemble([rand(2) for in 1:n init con], [rand(2) for _in 1:n init con]; timestep =
— timestep)

dl = DatalLoader(integrate(ep, ImplicitMidpoint()); suppress_info = true)

We now define the architectures and train them:

const seq_length = 4
const batch size = 1024
const n_epochs = 2000

arch_standard = StandardTransformerIntegrator(dl.input dim; n_heads = 2,
L=1,
n blocks = 2)
arch_symplectic = LinearSymplecticTransformer( dl.input dim,
seq_length; n_sympnet = 2,
L =1,
upscaling dimension = 2 * dl.input_dim)
arch_sympnet = GSympNet(dl.input_dim; n_layers = 4,
upscaling dimension = 2 * dl.input dim)

nn_standard = NeuralNetwork(arch standard)
nn_symplectic = NeuralNetwork(arch symplectic)
nn_sympnet = NeuralNetwork(arch sympnet)

1We here use the implementation of the coupled harmonic oscillator from GeometricProblems.
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o method = AdamOptimizerWithDecay(n epochs, Float64)

o standard = Optimizer(o method, nn_standard)
o _symplectic = Optimizer(o method, nn_symplectic)
o_sympnet = Optimizer(o method, nn_sympnet)

batch = Batch(batch_size, seq_length)
batch2 = Batch(batch size)

loss array standard = o standard(nn_standard, dl, batch, n _epochs; show progress = false)

loss_array symplectic = o symplectic(nn_symplectic, dl, batch, n_epochs; show progress = false)
loss array sympnet = o sympnet(nn sympnet, dl, batch2, n epochs; show progress = false)

And the corresponding training losses look as follows:

10"
— 8T
10°4 — SyT
—— SympNet
2
k<]
@
£
=
K
= 014
10724 fngo, e e
T T T T T
0 500 1000 1500 2000
Epoch

Figure 10.7: Training loss for the different networks.

We further evaluate a trajectory with the trained networks for thirty time steps:

0.5
= Implicit midpaint
0.0
=
-0.5
-1.04
T T T T
0 10 20 30

Figure 10.8: Validation of the different networks.
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We can see that the standard transformer is not able to stay close to the trajectory coming from
implicit midpoint very well. The linear symplectic transformer outperforms the standard transformer
while needing fewer parameters:

parameterlength(nn_standard), parameterlength(nn_symplectic), parameterlength(nn_sympnet)

(108, 84, 64)

We also note that the linear symplectic transformer can be made monlinear by using symplectic
attention (see Chapter 7.6) layers.

Chapter Summary

In this chapter we demonstrated the efficacy of neural network-based symplectic integrators. We
showed two examples: SympNets as an example of a symplectic one-step method and linear symplec-
tic transformers as an example of a symplectic multi-step method. We compared the two different
SympNet architectures (LA-SympNets and G-SympNets) with a standard ResNet and gave an ex-
ample where symplecticity is important to achieve long-term stability: the ResNet was shown to
fail on longer time scales even though it outperforms the LA-SympNet on smaller ones; this is be-
cause the ResNet does not have any structure encoded into it. The linear symplectic transformer
was compared to the standard transformer and a SympNet (on the example of a complex coupled
harmonic oscillator) and shown to outperform these two networks.

Of the two symplectic neural networks shown here the linear symplectic transformer constitutes a
novel neural network architecture which was introduced in this dissertation.






Chapter 11

Transformers with Structure

In this chapter we discuss examples of improving transformers by imbuing them with structure!.
We show two examples: an example of using the vision transformer where we put orthogonality
constraints on some of the weights (which effectively leads to manifold optimization) and using the
volume-preserving transformer to learn the dynamics of a rigid body. At the end we further compare
two different approaches to realizing the volume-preserving transformer.

11.1 MNIST Tutorial

In this tutorial we show how we can use GeometricMachinelLearning to build a vision transformer
and apply it for MNIST [32], while also putting some of the weights on a manifold. This is also the
result presented in [26].

We get the dataset from MLDatasets. Before we use it we allocate it on gpu with cu from CUDA.j1
[89]:

using MLDatasets

using CUDA

train x, train_y = MLDatasets.MNIST(split=:train)[:]
test x, test y = MLDatasets.MNIST(split=:test)[:]

train x = train x |> cu
train y = train y |> cu
test x = test x |> cu
test y = test y |> cu

Next we call DataLoader on these data. For this we first need to specify a patch length'.

Remark 11.1.1. In order to apply the transformer to a data set we should typically cast these
data into a time series format. MNIST images are pictures with 28 x 28 pixels. Here we cast these
images into time series of length 16, so one image is represented by a matrix € R49*16,

const patch_length = 7
dl = DatalLoader(train x, train_ y, patch length = patch length; suppress info = true)

ITechnically the linear symplectic transformer from the previous chapter could also be included here, but because
of the very severe modification/limitation of the attention layer we performed there, we decided against it.
1When Dataloader is called this way it uses split and flatten internally.

207
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Here we called DatalLoader on a tensor and a vector of integers (targets) as input. Dataloader
automatically converts the data to the correct input format for easy handling. This is visualized
below:

Output

1

ot
16 Forward
Multihead

ERE NN NRITES TN N Lo
| | |

. o
I
P I i |
I | | !
[ | [ | I

Figure 11.1: Visualization of how the data are preprocessed. An image is first split and then
flattened.

Internally DatalLoader calls split and flatten which splits each image into a number of patches
according to the keyword arguments patch length and number of patches. We also load the test
data with Dataloader:

dl test = Dataloader(test x, test y, patch length=patch length)

[ Info: You provided a tensor and a vector as input. This will be treated as a classification
< problem (MNIST). Tensor axes: (i) & (ii) image axes and (iii) parameter dimension.

We next define the model with which we want to train:

const n_heads = 7
const L = 16
const add_connection = false
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modell = ClassificationTransformer(dl;
n_heads = n_heads,
L=1L,
add_connection = add connection,
Stiefel = false)
model2 = ClassificationTransformer(dl;
n_heads = n_heads,
L =L,
add_connection = add connection,
Stiefel = true)

Here we have chosen a ClassificationTransformer, i.e. a composition of a specific number of trans-
former layers composed with a classification layer. We also set the Stiefel option to true, i.e. we are
optimizing on the Stiefel manifold.

We now have to initialize the neural network weights. This is done with the constructor for
NeuralNetwork:

backend = GeometricMachinelLearning.networkbackend(dl)
T = eltype(dl)

nnl NeuralNetwork(modell, backend, T)

nn2 = NeuralNetwork(model2, backend, T)

We still have to initialize the optimizers:

const batch size = 2048

const n_epochs = 500

# an instance of batch is needed for the optimizer
batch = Batch(batch size, dl)

optl Optimizer(AdamOptimizer(T), nnl)
opt2 = Optimizer(AdamOptimizer(T), nn2)

And with this we can finally perform the training:

loss_arrayl = optl(nnl, dl, batch, n_epochs, FeedForwardLoss())
loss array2 = opt2(nn2, dl, batch, n epochs, FeedForwardLoss())

We furthermore optimize the second neural network (with weights on the manifold) with the
GradientOptimizer and the MomentumOptimizer:

nn3 NeuralNetwork(model2, backend, T)
nn4 = NeuralNetwork(model2, backend, T)

opt3 = Optimizer(GradientOptimizer(T(0.001)), nn3)
opt4 Optimizer(MomentumOptimizer(T(0.001), T(0.5)), nn4)

For training we use the same data, the same batch and the same number of epochs:
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loss array3 = opt3(nn3, dl, batch, n epochs, FeedForwardLoss())
loss_array4 = opt4(nn4, dl, batch, n_epochs, FeedForwardLoss())

And we get the following result:

/
1.25
— Adam
— Adam + Stiefel
1.00 * *
—— (Gradient + Stiefel
§ —— Momentum + Stiefel
o
=
£ 0.75 4
®
-
0.50 +
0.25 A
0 200 400
Epoch

Figure 11.2: Comparison between the standard Adam optimizer (blue), the Adam optimizer with
weights on the Stiefel manifold (purple), the gradient optimizer with weights on the Stiefel manifold
(purple) and the momentum optimizer with weights on the Stiefel manifold (orange).

Remark 11.1.2. We see that the loss value for the Adam optimizer without parameters on the
Stiefel manifold is stuck at around 1.34 which means that it always predicts the same value. So in
1 out of ten cases we have error 0 and in 9 out of ten cases we have error /2, giving

2= =1.342
10 342,

which is what we see in the error plot.

We can also call GeometricMachinelearning.accuracy to obtain the test accuracy instead of the
training error:
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(accuracy(nnl, dl test), accuracy(nn2, dl test), accuracy(nn3, dl test), accuracy(nn4, dl test))

(0.0974, 0.8613, 0.5518, 0.6351)

Remark 11.1.3. We note here that conventional convolutional neural networks and other vision
transformers achieve much better accuracy on MNIST in a training time that is often shorter than
what we presented here. Our aim here is not to outperform existing neural networks in terms of
accuracy on image classification problems, but to demonstrate two things: (i) in many cases putting
weights on the Stiefel manifold (which is a compact space) can enable training that would otherwise
not be possible and (ii) as is the case with standard Adam, the manifold version also seems to achieve
similar performance gain over the gradient and momentum optimizer. Both of these observations
are demonstrated figure above.

Library Functions

GeometricMachinelLearning.split and flatten — Function.

split_and_flatten(input::AbstractArray)::AbstractArray

Perform a preprocessing of an image into flattened patches.
This rearranges the input data so that it can easily be processed with a transformer.
Examples

Consider a matrix of size 6 x 6 which we want to divide into patches of size 3 x 3.
using GeometricMachinelearning
input = [ 1 2 3 4 5 6;
7 8 910 11 12;
13 14 15 16 17 18;
19 20 21 22 23 24;
25 26 27 28 29 30;
31 32 33 34 35 36]
split and flatten(input; patch length = 3, number of patches = 4)

# output

9x4 Matrix{Int64}:

1 19 4 22
7 25 10 28
13 31 16 34
2 20 5 23
8 26 11 29
14 32 17 35
3 21 6 24
9 27 12 30

15 33 18 36
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Here we see that split_and flatten:

1. splits the original matrix into four 3 x 3 matrices and then

2. flattens each matrix into a column vector of size 9.

After this all the vectors are put together again to yield a 9 x 4 matrix.
Arguments

The optional keyword arguments are:

e patch length: by default this is 7.
e number of patches: by default this is 16.

The sizes of the first and second axis of the output of split and flatten are

1. path_length? and

2. number of patches.

source

GeometricMachinelLearning.accuracy — Function.

accuracy(model, ps, dl)

Compute the accuracy of a neural network classifier.
This needs an instance of DatalLoader that stores the test data.

source

accuracy(nn, dl)

Compute the accuracy of a neural network classifier.
This is like accuracy(::Chain, ::Tuple, ::DatalLoader), but for a NeuralNetwork.

source

GeometricMachinelLearning.onehotbatch — Function.

onehotbatch(target)
Performs a one-hot-batch encoding of a vector of integers: input € {0,1,...,9}%.

The output is a tensor of shape 10 x 1 x /.

If the input is 0, this function produces:

0—[1 0 ... 0


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/mnist_utils.jl#LL80-L131
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/data_loader.jl#LL479-L485
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/data_loader.jl#LL497-L503
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In more abstract terms: 7 — ¢;.

Examples
using GeometricMachinelLearning: onehotbatch

target = [0]
onehotbatch(target)

# output

10x1x1 Array{Int64, 3}:
[:, :, 1] =

[l ool ool oo o RO R

source

GeometricMachinelLearning.ClassificationLayer — Type.

ClassificationLayer(input dim, output dim, activation)

Make an instance of ClassificationLayer.

ClassificationLayer takes a matrix as an input and returns a vector that is used for classifica-
tion.

It does:

X — o(compute_vector(AX)),

where X is a matrix and compute_ vector specifices how this matrix is turned into a vector.
compute_ vector can be specified with the keyword average.
Arguments

ClassificationLayer has the following optional keyword argument:
e average:Bool=false.

If this keyword argument is set to true, then the output is computed as

N
input — % Z[NN(input)].Z-.

=1
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If set to false (the default) it picks the last column of the input.
Examples
using GeometricMachinelLearning

1 = ClassificationLayer(2, 2, identity; average = true)
ps = (weight = [1 0; 0 1], )

input = [123; 11 1]
1(input, ps)

# output

2x1 Matrix{Float64}:

2.0
1.0

using GeometricMachinelLearning

1 = ClassificationLayer(2, 2, identity; average = false)
ps = (weight = [1 0; 0 1], )

input = [123; 11 1]
1(input, ps)

# output

2x1 Matrix{Int64}:

3
1

source

11.2 The Volume-Preserving Transformer for the Rigid Body

Here we train a volume-preserving feedforward neural network (see Chapter 8.6), a standard trans-
former (see Chapter 8.7) and a volume-preserving transformer (see Chapter 8.8) on a rigid body [3,
42]. These are also the results presented in [30]. The ODE that describes the rigid body is:

Z1 142223
d
—_— Z9 = BZl z3
dt

z3 02122

In the following we use A =1, B =1/2 and C = —1/2. For a derivation of this equation see [30].

We first generate the data. The initial conditions that we use are:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/classification.jl#LL1-L64
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sin(a)
ics = 0 , [ sin(e) | : @ =0.1:0.01:27
cos(w) cos(a)

We build these initial conditions by concatenating ics; and icss:
const icsi = [[sin(val), 0., cos(val)] for val in .1:.01:(2*m)]

const ics2 = [[0., sin(val), cos(val)] for val in .1:.01:(2*n)]
const ics = [icSsi..., icSs2...]

We now generate the data by integrating with:

02
(0., 20.)

const timestep
const timespan

The rigid body is implemented in GeometricProblems:

using GeometricIntegrators: integrate, ImplicitMidpoint
using GeometricProblems.RigidBody: odeproblem, odeensemble, default parameters

ensemble problem = odeensemble(ics; timespan = timespan, timestep = timestep, parameters =
— default parameters)

ensemble solution = integrate(ensemble problem, ImplicitMidpoint())

dl_cpu = DatalLoader(ensemble solution; suppress_info = true)
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We plot the trajectories for some of the initial conditions to get and idea of what the data look like:

const n_trajectories _to plot =5
indices = Int.(ceil.(size(dl cpu.input, 3) * rand(n_trajectories to plot)))
trajectories = [dl _cpu.input[:, :, index] for index in indices]

== Trajectory 1
= Trajectory 2
= Trajectory 3
= Trajectory 4
— Trajectory 5

10 10

Figure 11.3: A sample of rigid body trajectories. This system has two conserved quantities.

The rigid body has two conserved quantities:


https://github.com/JuliaGNI/GeometricProblems.jl
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1. one conserved quantity is the Hamiltonian of the system (see Chapter 3.1): H(z1, 29, 23) =
1 22 22 22
F(E+7E+5),

2. the second one is the quadratic invariant: I(z1, 22, 23) = 27 + 23 + 23.

The coeflicients I, I and I3 can be obtained through

A= M7
I

B = ﬂ’
I3
I —Ip

C=———.
115

The second conserved invariant I(-,-,-) is visualized through the sphere in the figure above. The
conserved Hamiltonian is the reason for why the curves are closed.

The rigid body has Poisson structure [3], but does not have canonical Hamiltonian structure. We
can thus not use SympNets (see Chapter 8.5) or symplectic transformers (see Chapter 8.9) here, but
the ODE is clearly divergence-free. We use this to demonstrate the efficacy of the volume-preserving
transformer (see Chapter 8.8). We set up our networks:

# hyperparameters concerning the architectures
const sys dim = size(dl cpu.input, 1)

const n_heads =1

const L = 3 # transformer blocks

const activation = tanh

const resnet activation = tanh

const n_linear = 1

const n_blocks = 2

const skew sym = false

const seq_length = 3

arch vpff = VolumePreservingFeedForward(sys dim, n blocks * L, n linear, resnet activation)
arch vpt = VolumePreservingTransformer(sys dim, seq length;
n_blocks = n_blocks,
n_linear = n_linear,
L=1L,
activation = resnet_activation,
skew_sym = skew_sym)
arch st = StandardTransformerIntegrator(sys dim; n_heads = n_heads,
transformer _dim = sys dim,
n_blocks = n_blocks,
L=1L,
resnet _activation = resnet activation,
add connection = false)

Note that we set the keyword skew_sym to false here. This is different from what we did in [30],
where it was set to true!. We allocate the networks on GPU:

LA detailed discussion of the consequences of setting this keyword is presented as a separate example (see Chap-
ter 11.3).
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using CUDA
backend = CUDABackend()

T = Float32

dl = DatalLoader(dl cpu, backend, T)

nn_vpff = NeuralNetwork(arch vpff, backend, T)
nn_vpt = NeuralNetwork(arch vpt, backend, T)
nn_st = NeuralNetwork(arch st, backend, T)

(parameterlength(nn_vpff), parameterlength(nn vpt), parameterlength(nn st))

(135, 180, 189)

We now train the various networks. For this we use AdamOptimizerWithDecay:

const n_epochs = 500000

const batch size = 16384

const feedforward batch = Batch(batch size)

const transformer_batch = Batch(batch_size, seq_length, seq_length)

const opt _method = AdamOptimizerWithDecay(n epochs, T; ni1 = le-2, nz = le-6)

o vpff = Optimizer(opt method, nn vpff)
o_vpt = Optimizer(opt_method, nn_vpt)
o st = Optimizer(opt method, nn_st)

o vpff(nn vpff, dl, feedforward batch, n_epochs)
o_vpt(nn_vpt, dl, transformer_batch, n_epochs)
o st(nn_st, dl, transformer batch, n epochs)

After the networks have been trained we map the parameters to cpu:

const mtc = GeometricMachinelLearning.map to cpu
nn_vpff = mtc(nn_vpff)

nn_vpt = mtc(nn_vpt)

nn_st = mtc(nn_st)

After this we use iterate to obtain predicted orbits:

ics val: = [0., sin(0.9), cos(0.9 + m)]
ics val: = [0., sin(1.1), cos(1.1)]
const t validation = 120

function produce trajectory(ics _val)
problem = odeproblem(ics val; timespan = (0, t validation),
timestep = timestep,

217
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parameters = default parameters)

solution = integrate(problem, ImplicitMidpoint())
trajectory = Float32. (DatalLoader(solution; suppress info = true).input)
nn_vpff solution = iterate(nn_vpff, trajectory[:, 1];

n_points = Int(floor(t validation / timestep)) + 1)
nn_vpt solution = iterate(nn vpt, trajectory[:, 1l:seq length];

n_points = Int(floor(t validation / timestep)) + 1)
nn_st solution = iterate(nn_st, trajectory[:, 1l:seq length];

n_points = Int(floor(t validation / timestep)) + 1)
trajectory, nn_vpff_solution, nn_vpt solution, nn_st solution

end

trajectory:, nn_vpff solutioni, nn_vpt_solutioni, nn_st solution: = produce trajectory(ics_vali)
trajectoryz, nn_vpff solutionz, nn_vpt solution:, nn_st solution: = produce trajectory(ics val:z)

— Implicit Midpoint — Implicit Midpoint — Implicit Midpoint
— VPFF — VPT — ST

1.0 1.0 1.0
0.5 0.5 0.5
& 0.0 & 0.0 & 0.0
-0.5 -0.5 -0.5
-1.0 -1.0 -1
-1.0 -0.5 -1.0 -0.5 -1.0 -0.5
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Figure 11.4: Evaluation of the three different networks for an interval (0, 120).

We can see that the volume-preserving transformer performs much better than the volume-preserving
feedforward neural network and the standard transformer. It is especially noteworthy that its curves
stick to the sphere at all times, which is not the case for the standard transformer. We also see that
the standard transformer seems to perform better for one of the curves shown, but completely fails
for the other. Why this is should be further investigated.

We also compare the times it takes to integrate the system with (i) implicit midpoint, (ii) the
volume-preserving transformer and (iii) the standard transformer:

@time "Implicit Midpoint” solution = integrate(problem, ImplicitMidpoint())

trajectory = Float32. (DatalLoader(solution; suppress info = true).input)

@time "VPT” iterate(nn_vpt, trajectory[:, l:seq length]; n_points = Int(floor(t validation /
— timestep)) + 1)

@time "ST” iterate(nn_st, trajectory[:, l:seq length]; n points = Int(floor(t validation /
< timestep)) + 1)

Implicit Midpoint: 0.020943 seconds (354.16 k allocations: 16.510 MiB)
VPT: 0.001891 seconds (113.61 k allocations: 4.510 MiB)
ST: 0.000496 seconds (25.41 k allocations: 1.339 MiB)
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Here we see that standard transformer is the fastest, followed by the volume-preserving transformers.
Both neural network integrators are however faster than implicit midpoint (as evaluating them is
completely explicit). The ODE we treated here is a very simple one. For more complicated cases
(see Chapter 9.1) the speed-up we gain by using neural networks can be up to a factor 1000.

11.3 Comparing Different VolumePreservingAttention Mechanisms

In the section on volume-preserving attention (see Chapter 7.3) we mentioned two ways of computing
volume-preserving attention: one where we compute the correlations with a skew-symmetric matrix
and one where we compute the correlations with an arbitrary matrix. Here we compare the two
approaches. When calling the VolumePreservingAttention layer we can specify whether we want
to use the skew-symmetric or the arbitrary weighting by setting the keyword skew sym = true and
skew sym = false respectively.

In here we demonstrate the differences between the two approaches for computing correlations. For
this we first generate a training set consisting of two collections of curves: (i) sine curves and (ii)
cosine curve.

sine cosine = zeros(1l, 1000, 2)
sine cosine[l, :, 1] sin.(0.:.1:99.9)
sine cosine[l, :, 2] c0s.(0.:.1:99.9)

const T = Floatl6
const dl = DatalLoader(T.(sine cosine); suppress_info = true)

The third axis (i.e. the parameter axis) has length two, meaning we have two different kinds of
curves, i.e. the data look like this:

sin(f)

0.5

— cos(t)

“ o 0.04

-0.5 1

-1.0 1

T T T
0 50 100 150 200
t

Figure 11.5: The data we treat here contains two different curves.
We want to train a single neural network on both these curves. We already noted before (see

Chapter 8.9) that a simple feedforward neural network cannot do this. Here we compare three
networks which are of the following form:
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network = NN 0¥ o NN,

where NN, refers to a neural network that scales up (see Chapter 8.7) and NN, refers to a neural
network that scales down. The up and down scaling is done with simple dense layers:

NN (z) = tanh(ayz + b,) and NN g(z) = a2 + by,

where a,, by, aq € R" and by is a scalar. ud refers to upscaling dimension. For U we consider three
different choices:

1. a volume-preserving attention with skew-symmetric weighting,
2. a volume-preserving attention with arbitrary weighting,
3. an identity layer.

We further choose a sequence length 5 (i.e. the network always sees the last 5 time steps) and always
predict one step into the future (i.e. the prediction window is set to 1):

const seq length = 3
const prediction window = 1
const upscale dimension 1 = 2

function set up networks(upscale dimension::Int = upscale dimension 1)
model skew = Chain( Dense(l, upscale dimension, tanh),
VolumePreservingAttention(upscale dimension, seq length; skew sym = true),
Dense(upscale dimension, 1, identity; use bias = true)
)

model_arb

Chain( Dense(1l, upscale dimension, tanh),
VolumePreservingAttention(upscale dimension, seq length; skew sym = false),
Dense(upscale dimension, 1, identity; use bias = true)

)

model comp = Chain( Dense(1l, upscale dimension, tanh),
Dense(upscale dimension, 1, identity; use bias = true)
)

nn_skew = NeuralNetwork(model skew, CPU(), T)
nn_arb = NeuralNetwork(model arb, CPU(), T)
nn_comp NeuralNetwork(model comp, CPU(), T)

nn_skew, nn_arb, nn_comp
end

nn_skew, nn_arb, nn_comp = set up networks()

We expect the third network to not be able to learn anything useful since it cannot resolve time
series data: a regular feedforward network only ever sees one datum at a time.
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Next we train the networks (here we pick a batch size of 30 and train for 1000 epochs):

10° 4

— skew
—arb

— comp

10774

Training loss

102

T T
0 500 1000
Epoch

Figure 11.6: The training losses for the three networks.

Looking at the training errors, we can see that the network with the skew-symmetric weighting is
stuck at a relatively high error rate, whereas the loss for the network with the arbitrary weighting is
decreasing to a significantly lower level. The feedforward network without the attention mechanism
is not able to learn anything useful (as was expected).

Before we can use the trained neural networks for prediction we have to make them TransformerIntegrators
or NeuralNetworkIntegrato rst:

initial condition = dl.input[:, 1l:seq_length, 2]

function make_networks neural _network integrators(nn_skew, nn_arb, nn_comp)
nn_skew = NeuralNetwork(GeometricMachinelLearning.DummyTransformer(seq_length),
nn_skew.model,
params(nn_skew),
CPU())
nn_arb = NeuralNetwork(GeometricMachineLearning.DummyTransformer(seq length),
nn_arb.model,
params(nn_arb),
CPU())
NeuralNetwork(GeometricMachinelLearning.DummyNNIntegrator(),
nn_comp.model,
params(nn_comp),
CPU())

nn_comp

nn_skew, nn_arb, nn_comp
end

nn_skew, nn_arb, nn_comp = make networks neural network integrators(nn_skew, nn arb, nn_comp)

1Here we have to use the architectures GeometricMachinelLearning.DummyTransformer and GeometricMachinelLearning.
DummyNNIntegrator to reformulate the three neural networks defined here as NeuralNetworkIntegrators or
TransformerIntegrators. These dummy architectures can be used if the user wants to specify new neural network
integrators that are not yet defined in GeometricMachineLearning.
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Figure 11.7: Comparing the two volume-preserving attention mechanisms for 40 points.

In the plot above we can see that the network with the arbitrary weighting performs much better;
even though the red line does not fit the purple line perfectly, it manages to least qualitatively reflect
the training data. We can also plot the predictions for longer time intervals:

R
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Figure 11.8: Comparing the two volume-preserving attention mechanisms for 400 points.

This advantage of the volume-preserving attention with arbitrary weighting may however be due to
the fact that the skew-symmetric attention only has 3 learnable parameters, as opposed to 9 for the
arbitrary weighting. We can increase the upscaling dimension and see how it affects the result:
const upscale dimension 2 = 10

nn_skew, nn_arb, nn_comp = set_up_networks(upscale dimension_2)

o skew, o _arb, o comp = set up optimizers(nn_skew, nn_arb, nn_comp)
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Figure 11.9: Training error for 40 points, but with an upscaling of ten.

initial condition = dl.input[:, 1l:seq length, 2]
nn_skew, nn_arb, nn_comp = make_networks neural_network_integrators(nn_skew, nn_arb, nn_comp)

fig dark, fig light, ax dark, ax_light = produce validation plot(40, nn_skew, nn_arb, nn_comp)
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Figure 11.10: Prediction for 40 time steps.

And for a longer time interval:

fig dark, fig light, ax dark, ax light = produce validation plot(200, nn_skew, nn_arb, nn_comp)
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Figure 11.11: Prediction for 200 time steps.

Here we see that the arbitrary weighting quickly fails and the skew-symmetric weighting performs
slightly better on longer time scales.

Library Functions

GeometricMachinelLearning.DummyNNIntegrator — Type.

DummyNNIntegrator()

Make an instance of DummyNNIntegrator.
This dummy architecture can be used if the user wants to define a new NeuralNetworkIntegrator.

source

GeometricMachinelLearning.DummyTransformer — Type.

DummyTransformer(seq length)

Make an instance of DummyTransformer.
This dummy architecture can be used if the user wants to define a new TransformerIntegrator.

source

Chapter Summary

In this chapter we showed concrete examples of how to improve transformer neural networks by
imbuing them with structure. The two examples we gave were (i) enforcing orthogonality constraints
for some of the weights in a vision transformer (i.e. putting some of the weights on the Stiefel
manifold) and (ii) using a volume-preserving transformer to learn the dynamics of a rigid body.
In both cases we observed big improvements over the standard transformer that does not consider
structure. In the first case the network was not able to learn anything if orthogonality constraints
were not imposed and in the second case we obtained greatly improved long-time performance. At


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/neural_network_integrator.jl#LL120-L126
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/architectures/transformer_integrator.jl#LL15-L21
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the end we also compared two different approaches to designing the volume-preserving transformer:
computing correlations based on a skew-symmetric weighting and computing correlations based on
an arbitrary weighting. We saw that often the arbitrary weighting should be preferred over the
skew-symmetric weighting, but the arbitrary weighting may also fail in other cases.
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Chapter 12

Learning Nonlinear Spaces

In this chapter we give another example of using the new neural network optimizer framework for
manifolds, but this time for the Grassmann manifold. Here we suppose we are given data on a
nonlinear subspace of RY and want to sample additional data from this nonlinear subspace. We
also utilize the Wasserstein distance and its gradient in this task.

12.1 Example of a Neural Network with a Grassmann Layer

Here we show how to implement a neural network that contains a layer whose weight is an element
of the Grassmann manifold (see Chapter 2.10) and where this is useful. Recall that the Grassmann
manifold Gr(n, N) is the set of vector spaces of dimension n embedded in RY. So if we optimize on
the Grassmann manifold, we optimize for an ideal n-dimensional vector space in the bigger space
RN,

We visualize this:

sampled points (given)
sample points

REONEZ) s | N
1) 7 y(z) e y(np) ul neural networ N,N,
o] e (@p)

Figure 12.1: We can build a neural network that creates new samples from an unknown distribution.

So assume that we are given data on a nonlinear manifold:
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and dim(M) = n. We want to obtain additional data on this manifold by sampling from an n-
dimensional distribution. Here we do not want to identify an isomorphism R"™ A M (as is the case
with autoencoders (see Chapter 4.1) for example), but find a mapping from a distribution on R™
to a distribution on M. This is where the Grassmann manifold is useful: each element V of the
Grassmann manifold is an n-dimensional subspace of RY from which we can easily sample. We can
then construct a mapping from this space V' onto a space that contains the data points D.

Remark 12.1.1. This example for learning weights on a Grassmann manifold also shows how
GeometricMachineLearning can be used together with other packages. Here we use the Wasserstein
distance from the package BrenierTwoFluid for example.

Graph of Rosenbrock Function as Example

Consider the following toy example: we want to sample from the graph of the (scaled) Rosenbrock
function

fla,y) = (1 = 2)* +100(y — 2*)*)/1000

without using the explicit form of the function during sampling. We show the graph of f for
(x,y) € [~1.5,1.5] in the following picture:

Figure 12.2: Graph of the Rosenbrock function.

We now build a neural network whose task it is to map a product of two Gaussians N (0,1) x N'(0, 1)
onto the graph of the Rosenbrock function:

W N(0,1) x N(0,1) = W({(z,y,2) : (z,y) € [-1.5,1.5] x [-1.5,1.5], z = f(z,y)}) = W,

where W is a distribution on the graph of f. For computing the loss between the two distributions,
ie. U(N(0,1) x N(0,1)) and W(f([-1.5,1.5],[—1.5,1.5])) we use the Wasserstein distance'. The
Wasserstein distance can compute the distance between A(0,1) x N(0,1) and W. For more details
confer [90, 91].

IThe implementation of the Wasserstein distance is taken from [92].
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Before we can use the Wasserstein distance however to train the neural network we need to set it
up. It consists of three layers:

using Zygote, BrenierTwoFluid
model = Chain(GrassmannLayer(2,3), Dense(3, 8, tanh), Dense(8, 3, identity))

nn = NeuralNetwork(model, CPU(), Float64)

We then [lift the neural network parameters via GlobalSection.

AY = GlobalSection(params(nn))

As the cost function ¢ for the Wasserstein loss? we simply use:

# this computes the cost that is associated to the Wasserstein distance
c = (x,y) -> .5 * norm(x - y)"2
Ve = (x,y) -=>x -y

We define a function compute wasserstein gradient; this is the gradient of the Wasserstein distance
with respect to one of the probability distributions it is supplied with (this is further explained
below). The function is defined as:

function compute wasserstein gradient(ensemblel::AT, ensemble2::AT) where AT<:AbstractArray
number of particlesl = size(ensemblel, 2)
number of particles2 = size(ensemble2, 2)
V = SinkhornVariable(copy(ensemblel'), ones(number of particlesl) / number of particlesl)
W SinkhornVariable(copy(ensemble2'), ones(number of particles2) / number of particles2)
S SinkhornDivergence(V, W, c, params; islog = true)
initialize potentials!(S)
compute! (S)
value(S), x_gradient!(S, vc)'

end

This function associates particles in two point clouds with each other. As an illustrative example
we will compare the following two point clouds:

Dy = {(z,y,2): (x,9) € —1.5:0.1: 1.5%, 2 = f(x,y,2)}

and

2
Dy = 2| +xz:x~rand ,,
2

2For each Wasserstein loss we need to define such a cost function. For this particular choice of ¢ the Wasserstein
distance corresponds to a Wa loss.
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where x ~ rand means that we draw x with the function rand. In code the two sets are:

xyz_points = hcat([[x, y, rosenbrock([x,y])] for x in x for y in y]...)

and

point cloud = rand(size(xyz points)...) .+ [2., 2., 2.]

We then compute the Wasserstein gradients and plot 30 of those (picked at random):

Figure 12.3: Gradient of Wasserstein distance for a particle discretization.

We now want to train a neural network based on this Wasserstein loss. The loss function is:

Lyw(0) = Wo (NN (2, 2(™)]), Dy),

where np is the number of points in Dy and Wy is the Wasserstein distance. We then have

VoLyn = (VIW2)VoNN,

where VW, is equivalent to the function compute wasserstein gradient.

function compute gradient(ps::NeuralNetworkParameters)
samples = randn(2, size(xyz_points, 2))
estimate, nn_pullback = Zygote.pullback(ps -> model(samples, ps), ps)

valS, wasserstein gradient = compute wasserstein gradient(estimate, xyz points)
valS, nn_pullback(wasserstein_gradient)[1]
end

# note the very high value for the learning rate
optimizer = Optimizer(nn, AdamOptimizer(le-1))
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So we use Zygote [93] to compute VoA N and we use compute wasserstein_gradient to obtain VIVs.
We can now train our network:

# note the small number of training steps
const training steps = 80
loss array = zeros(training steps)
for 1 in 1l:training steps
val, dp = compute gradient(params(nn))
loss array[i] = val
optimization step! (optimizer, AY, params(nn), dp)
end

and plot the training loss:

1000

Training error
3

1020
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Epoch

Figure 12.4: Training loss for the network with Grassmann layers.

Now we plot a few points to check how well they match the graph:

const number of points = 35
coordinates = nn(randn(2, number of points))

 fmapped poifits

05

0.0 -05

Figure 12.5: The blue points were obtained with the neural network sampler.

If points appear in darker color this means that they lie behind the graph of the Rosenbrock function.
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Library Functions

GeometricMachinelLearning.GrassmannLayer — Type.

GrassmannLayer(n, N)

Make an instance of GrassmannLayer.

This layer performs simple multiplication with an element of the Grassmann manifold, i.e.

GrassmannLayer : x — Ax,

where A is a representation of an element in the Grassmann manifold, i.e. .4 = span(A4).

source

Chapter Summary

In this chapter we used a neural network, which has some of its weights lie on the Grassmann
manifold, to sample from a distribution from which we have some data available. In order to
accomplish this task we combined the gradient of a Wasserstein distance with the pullback of an
automatic differentiation routine. At the end we saw that the we could sample new data which were
close to the original, given ones.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/layers/grassmann_layer.jl#LL1-L12
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Conclusion

In this dissertation it was shown how neural networks can be imbued with structure to improve
their approximation capabilities when applied to physical systems. In the following we summarize
the novelties of this work and give an outlook for how it can be expanded in the future.

Reduced Order Modeling as Motivation

Most of the work presented in this dissertation is motivated by data-driven reduced order modeling
(see Chapter 4.1). This is the discipline of building low-dimensional surrogate models from data
that come from high-dimensional full order models. Both the low-dimensional surrogate model and
the high-dimensional full order model are described by differential equations. When we talk about
structure-preserving reduced order modeling we mean that the equation on the low-dimensional space
shares features with the equation on the high-dimensional space (see Chapter 4.5). In this work
these properties were mainly for the vector field to be symplectic (see Chapter 3.1) or divergence-free
(see Chapter 3.2). A typical reduced order modeling framework is further divided into two phases:

1. in the offline phase we find the low-dimensional surrogate model (reduced representation) and

2. in the online phase we solve the equations in the reduced space.

For the offline phase we proposed symplectic autoencoders (see Chapter 8.2), and for the online phase
we proposed volume-preserving transformers (see Chapter 8.8) and linear symplectic transformers
(see Chapter 8.9). In the following we summarize the three main methods that were developed in
the course of this dissertation and constitute its main results: symplectic autoencoders, structure-
preserving transformers and structure-preserving optimizers.

Structure-Preserving Reduced Order Modeling of Hamiltonian Systems -
The Offline Phase

A central part of this dissertation was the development of symplectic autoencoders (see Chapter 8.2)
[33]. Symplectic autoencoders build on existing approaches of symplectic neural networks (Symp-
Nets) [10] and proper symplectic decomposition (PSD) [11], both of which preserve symplecticity.
SympNets can approximate arbitrary canonical symplectic maps in R2", i.e.

SympNet : R?" — R?",

but the input has necessarily the same dimension as the output. PSD can change dimension, i.e.!

1Here we only show the PSD encoder PSD®"¢. A complete reduced order modeling framework also need a decoder
PSD°¢ in addition to the encoder. When we use PSD both of these maps are linear, i.e. can be represented as
(PSDenC)T PSDdec c R2Nx2n
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PSD®™¢ : R2V — R?",

but is strictly linear. Symplectic autoencoders offer a way of (i) constructing nonlinear symplectic
maps that (ii) can change dimension. We used these to reduce a 400-dimensional Hamiltonian

system to a two-dimensional one?:

SAEenCe
=

(R0 H) (R?, H).

For this case we observed speed-ups of up to a factor 1000 when a symplectic autoencoder was
combined with a transformer in the online phase (see Chapter 9.1). We also compared the symplectic
autoencoder to a PSD, and showed that the PSD was unable to learn a useful two-dimensional
representation.

Like PSD, symplectic autoencoders have the property that they induce a Hamiltonian system on the
reduced space. This distinguishes them from “weakly symplectic autoencoders” [62, 63] that only
approximately obtain a Hamiltonian system on a restricted domain by using a “physics-informed
neural networks” [7] approach.

We also mention that the development of symplectic autoencoders required generalizing existing
neural network optimizers to manifolds®. This is further discussed below.

Structure-Preserving Neural Network-Based Integrators - The Online
Phase

For the online phase of reduced order modeling we developed new neural network architectures based
on the transformer (see Chapter 8.7) [9] which is a neural network architecture that is extensively
used in other fields of neural network research such as natural language processing*. We used
transformers to build an equivalent of structure-preserving multi-step methods [3].

The transformer consists of a composition of standard neural network layers and attention layers:

Transformer(Z) = NN, o AttentionLayer, o --- o NN o AttentionLayer, (Z),

where NN indicates a standard neural network layer (e.g. a multilayer perceptron). The attention
layer makes it possible for a transformer to process time series data by acting on a whole series of
vectors at once:

AttentionLayer(Z) = AttentionLayer(z™V), ..., 2™y = [f1(zM, ... 2T, . /T W, 20

2H=Ho \I!gsc : R2 — R here refers to the induced Hamiltonian on the reduced space. SAE is short for symplectic
autoencoder.

3We also refer to optimizers that preserve manifold structure as structure-preserving optimizers.

4The T in ChatGPT [2] stands for transformer.
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The attention layer thus performs a preprocessing step after which the standard neural network layer
NN is applied.

In this dissertation we presented two modifications of the standard transformer: the volume-
preserving transformer (see Chapter 8.8) [30] and the linear symplectic transformer (see Chapter 8.9).
In both cases we modified the attention mechanism so that it is either volume-preserving (in the first
case) or symplectic (in the second case). The standard neural network layer NA was replaced by
a volume-preserving feedforward neural network (see Chapter 8.6) or a symplectic neural network
(see Chapter 8.5) [10] respectively.

In this dissertation we applied the volume-preserving transformer for learning the trajectory of a
rigid body (see Chapter 11.2) and the linear symplectic transformer for learning the trajectory of
a coupled harmonic oscillator (see Chapter 10.2). In both cases our new transformer architecture
significantly outperformed the standard transformer. The trajectory modeled with the volume-
preserving transformer for instance stays very close to a submanifold which is a level set of the
quadratic invariant I(z1, 22, 23) = 27 + 23 + 23. This is not the case for the standard transformer: it
moves away from this submanifold after a few time steps.

Structure-Preserving Optimizers

Training a symplectic autoencoder requires optimization on manifolds®. The particular manifolds
we need in this case are “homogeneous spaces” [94]. In this dissertation we proposed a new opti-
mizer framework that manages to generalize existing neural network optimizers to manifolds (see
Chapter 5.1). This is done by identifying a global tangent space representation (see Chapter 2.11)
and dispenses with the need for a projection step as is necessary in other approaches [69, 95].

As was already observed by others [69, 96, 97] putting weights on manifolds can improve training
significantly in contexts other than scientific computing. Motivated by this we show an example
of training a vision transformer [29] on the MNIST data set [32] to demonstrate the efficacy of
the new optimizers. Contrary to other applications of the transformer we do not have to rely on
layer normalization [98] or add connections to achieve convergent training for relatively big neural
networks (see Chapter 11.1). We also applied the new optimizers to a neural network that contains
weights on the Grassmann manifold (see Chapter 2.10) to be able to sample from a nonlinear space
(see Chapter 12.1).

Outlook

We believe that the topics structure-preserving autoencoders, structure-preserving transformers,
structure-preserving optimizers and structure-preserving machine learning in general offer great po-
tential for future research.

Symplectic autoencoders could be used for model reduction of higher-dimensional systems [99] as
well as using them for treating systems that are more general than canonical Hamiltonian ones;
these include port-Hamiltonian [100] and metriplectic [101] systems. Structure-preserving model
order reductions for such systems have been proposed [102-105] but without using neural networks.
In the appendix we sketch how symplectic autoencoders could be used for structure-preserving model
reduction of port-Hamiltonian systems (see Chapter D.1).

Structure-preserving transformers have shown great potential for learning dynamical systems, but
their application should not be limited to that area. Structure-preserving machine learning tech-
niques such as Hamilton Monte Carlo [106] has been used in various fields such as image classification

5This is necessary to preserve the symplectic structure of the neural network.
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[107] and inverse problems [108] and we believe that the structure-preserving transformers intro-
duced in this work can also find applications in these fields, by replacing the activation function in
the attention layers of a vision transformer for example.

Lastly structure-preserving optimization is an exciting field, especially with regards to neural net-
works. The manifold optimizers introduced in this work can speed up neural network training
significantly and are suitable for modern hardware (i.e. GPUs). They are however based on existing
neural network optimizers such as Adam [23] and thus still lack a clear geometric interpretation.
By utilizing a more geometric representation, as presented in this work, we hope to be able to find
a differential equation describing Adam and other neural network optimizer, perhaps through a
variational principle [109, 110]. One could also build on the existing optimization framework and
use retractions other than the geodesic retraction and the Cayley retraction presented here (see
Chapter 5.2); an example would be a QR-based retraction [111, 112]. This will be left for future
work.
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Appendix A

Data Loader

Here we discuss the data loader, which forms an important part of GeometricMachinelLearning. It is
used to store data and sample from them.

A.1 Snapshot Matrix

The snapshot matrix stores solutions of the high-dimensional ODE (obtained from discretizing a
PDE). In the offline phase of reduced order modeling (see Chapter 4.1) this is then used to construct
reduced bases in a data-driven way. So (for a single parameter!) the snapshot matrix takes the
following form:

Q1(to) | @u(ty) | ..., du(ty)
a2(t0) I ﬂg(tl) b ﬂg(tf)
M= das(to) | Gs(t1) | ... | ds(ty)
o (to) iy (B) | ... ()

In the example above we store a matrix whose first axis is the system dimension (i.e. a column is
an element of M C R?V) and the second dimension gives the time step.

The starting point for using the snapshot matrix as data for a machine learning model is that all
the columns of M live on a lower-dimensional solution manifold (see Chapter 4.1) M and we can
use techniques such as proper orthogonal decomposition (see Chapter 4.2) and autoencoders (see
Chapter 4.3) to find or approximate this solution manifold. We also note that the second axis of
M does not necessarily indicate time but can also represent various parameters (including initial
conditions).

A.2 Snapshot Tensor

The snapshot tensor fulfills the same role as the snapshot matrix but has a third axis that describes
different initial parameters (such as different initial conditions).

Lf we deal with a parametrized PDE then the data can be interpreted as a snapshot tensor (see Chapter A.2). For
training an autoencoder (see Chapter 4.3) in the offline phase however, we interpret these data as a matrix because
they come from the same solution manifold (see Chapter 4.1); each column of the snapshot matrix M represents a

point on the solution manifold.
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input_dim]

input_time_steps

Figure A.1: The three axes of the snapshot tensor are (i) dimension, (ii) time and (iii) parameters.

When drawing samples from the snapshot tensor to train a neural networks we also need to specify
a sequence length (as an argument to the Batch struct). When sampling a batch from the snapshot
tensor we sample over the second axis (the time dimension) and the third axis of the tensor (the
parameter dimension). The total number of batches? is

[(dl.input_time_steps — batch.seq_length) x dl.n_params/batch.batch_size],

where [-] is the ceiling operation.

A.3 The Data Loader

The DatalLoader in GeometricMachinelLearning is designed to make training convenient.

The data loader can be called with various types of arrays as input, for example a snapshot matrix
(see Chapter A.1):

SnapshotMatrix = [ 1; 2;; 3; 4;; 5; 6;; 7; 8;; 9; 10 ]

dl = DatalLoader(SnapshotMatrix; suppress info = true)

DataLoader{Int64, Array{Int64, 3}, Nothing, :RegularData}([1; 2;;; 3; 4;;; 5; 6;;; 7; 8;;; 9; 10],
— nothing, 2, 1, 5, nothing, nothing)

or a snapshot tensor:
SnapshotTensor = [ 1; 2;; 3; 4;; 5; 6;; 7; 8;; 9; 10 ;;;1

dl = DatalLoader(SnapshotTensor; suppress_info = true)

DataLoader{Int64, Array{Int64, 3}, Nothing, :TimeSeries}([1 3 - 7 9; 2 4 --- 8 10;;;]1, nothing, 2,
— 5, 1, nothing, nothing)

2The number of batches shown here is for the case prediction_window = 0. If prediction_window # 0, this number
may be smaller. The corresponding function is GeometricMachineLearning.number of batches.
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Here the DatalLoader has different properties :RegularData and :TimeSeries. This indicates that
in the first case we treat all columns in the input tensor independently; this is mostly used for
autoencoder problems (see Chapter 4.3). In the second case we have time series-like data, which
are mostly used for integration problems (see Chapter 8.3). As shown above the default when using
a matrix is :RegularData and the default when using a tensor is :TimeSeries.

We can also treat a problem with a matrix as input as a time series-like problem by providing an
additional keyword argument: autoencoder=false:

dl = DatalLoader(SnapshotMatrix; autoencoder=false, suppress_info = true)
dl |> typeof

DataLoader{Int64, Array{Int64, 3}, Nothing, :TimeSeries}

If we deal with hamiltonian systems we typically split the coordinates into a ¢ and a p part. Such
data can also be used as input arguments for DatalLoader:

SymplecticSnapshotTensor = (q = SnapshotTensor, p = SnapshotTensor)
dl = DatalLoader(SymplecticSnapshotTensor)
dl |> typeof

DataLoader{Int64, @NamedTuple{q::Array{Int64, 3}, p::Array{Int64, 3}}, Nothing, :TimeSeries}

The dimension of the system is then the sum of the dimensions of the ¢ and the p component:

dl.input_dim

Drawing Batches with GeometricMachinelLearning

If we want to draw mini batches from a data set, we need to allocate an instance of Batch. If we call
the corresponding functor on an instance of DatalLoader we get the following result!:

matrix data = [ 12 3 4 5;
6 7 8 9 10]
dl = DatalLoader(matrix data; autoencoder = true)

batch = Batch(3)
batches = batch(dl)

IWe first demonstrate how to sample data on the example of a matrix. The case of sampling from a tensor is
slightly more complicated and is explained below.



262 APPENDIX A. DATA LOADER

(f(x, 5), (1, 4), (1, 2)1, [(1, 3), (1, 1)])

The output of applying the batch functor is always of the form:

([(b§,1>b€71)7(b§727b€72)7"‘]ﬂ[(bg,lﬂbg,l)v(b§,27b§,2)7"']7[(b§,17b§,2)="']7"‘)

so it is a tuple of vectors of tuples. One vector represents one batch:

for (minibatch, i) in zip(batches[1], axes(batches[1], 1))
println(stdout, minibatch[1], ” = b*:1” * join('e' + d for d in digits(i)))
println(stdout, minibatch[2], ” = bP1” * join('e' + d for d in digits(i)))
println()

end

The tuples that make up this vector always have two entries: a time index b}, and a parameter index
by, indicated by the superscripts ¢ and p respectively. Because dl in this example is of autoencoder
type, the time index is always one. The parameter index differs. Because the input to DataLoader
was a 2 X 5 matrix and we specified a batch size of three, there are two batches in total. The second
batch is:

for (minibatch, i) in zip(batches[2], axes(batches[2], 1))

println(stdout, minibatch[1], ” = b*:1” * join('e' + d for d in digits(i)))
println(stdout, minibatch[2], ” = bP1” * join('e' + d for d in digits(i)))
println()

end

1 =>Dbt11

3 = bP1a

1 =>Dbti2

1 =Dbr12

Looking at the first and the second batch together, we see that we sample with replacement, i.e. all
indices bY, = 1,2,3,4,5 appear. This also works if the data are in (¢, p) form:
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gp_data = (q = rand(Float32, 2, 5), p = rand(Float32, 2, 5))
dl = DatalLoader(qp _data; autoencoder = true)

batch = Batch(3)
batch(dl)

(r(, 3), (1, 4), (1, DI, [(1, 2), (1, 5)])

In those two examples the autoencoder keyword was set to true (the default). This is why the first
index was always 1. This changes if we set autoencoder = false:

gp_data = (q = rand(Float32, 2, 5), p = rand(Float32, 2, 5))
dl = DatalLoader(qgp data; autoencoder = false) # false is default

batch = Batch(3)
batch(dl)

([(4, 1), (3, 1), (2, 1)1, [(1, ])

Specifically the sampling routines do the following:

1. n_indices <— n_params V input_ time_ steps,

2. indices < shuffle(1:n_indices),

3. I, <+ indices[(i — 1) - batch_size + 1:i - batch_size] for i =1,..., (last — 1),
4. T < indices[(n_batches — 1) - batch_size + 1: end].

Note that the routines are implemented in such a way that no two indices appear double, i.e. we
sample without replacement.

Sampling from a tensor

We can also sample from a tensor:

gp_data = (q = rand(Float32, 2, 5, 3), p = rand(Float32, 2, 5, 3))
dl = DatalLoader(qp _data)

# also specify sequence length and a prediction window here
batch = Batch(4, 2, 0)
batch(dl)

(01, 3), (3, 3), (2, 3), (4, 3)1, [(1, 1), (3, 1), (2, 1), (4, 1), [(1, 2), (3, 2), (2, 2), (4,
— 2)])
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Sampling from a tensor is done the following way (Z; again denotes the batch indices for the i-th
batch):

1. time_indices shuffle(l :(inputitimeisteps — seq__length — predictioniwindow),

2. parameter_indices < shuffle(1l: n_params),

complete indices « produc‘c(‘cimeiindices7 pa rameteriindices),

L

Z; < complete_indices[(¢ — 1) - batch_size + 1:i-batch_size] fori =1,..., (last — 1),

5. Tast < complete_indices[(last — 1) - batch_size + 1: end].

Note that we supplied two additional arguments to the Batch constructor here: seq length and
prediction window. These two arguments specify how many time are considered in one mini batch
and how long the prediction runs into the future respectively. These two numbers are explained
when we talk about structure on product spaces (see Chapter 7.3).

This algorithm can be visualized the following way (here batch_size = 4):

batch_size
sampling and rearranging

>

—
seq_length

—
seq_length

Figure A.2: Visualization of sampling from a tensor. Here the batch size was specified as four, i.e.
we sample four blocks.

Here the sampling is performed over the second axis (the time step dimension) and the third axis
(the parameter dimension). Whereas each block has thickness 1 in the x direction (i.e. pertains
to a single parameter), its length in the y direction is seq_length. In total we sample as many
such blocks as the batch size is big. By construction those blocks are never the same throughout a
training epoch but may intersect each other!

Library Functions

GeometricMachineLearning.DataLoader — Type.

Dataloader(data)

Make an instance based on a data set.

This is designed to make training convenient.
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Fields of Dataloader

The fields of the DatalLoader struct are the following:

o input: The input data with axes (i) system dimension, (ii) number of time steps and (iii)
number of parameters.

o output: The tensor that contains the output (supervised learning) - this may be of type
Nothing if the constructor is only called with one tensor (unsupervised learning).

e input dim: The dimension of the system, i.e. what is taken as input by a regular neural
network.

o input_time_steps: The length of the entire time series (length of the second axis).
e n_params: The number of parameters that are present in the data set (length of third axis)

e output_dim: The dimension of the output tensor (first axis). If output is of type Nothing,
then this is also of type Nothing.

e output_time steps: The size of the second axis of the output tensor. If output is of type
Nothing, then this is also of type Nothing.
Implementation

Even though Dataloader can be called with inputs of various forms, internally it always stores
tensors with three axes.

using GeometricMachinelearning

data = [1 2 3; 45 6]
dl = DatalLoader(data)
dl.input

# output
[ Info: You have provided a matrix as input. The axes will be interpreted as (i) system

< dimension and (ii) number of parameters.
2x1x3 Array{Int64, 3}:

[:, :, 1] =
1

[:) 1, 2] =
2

5

[+ :, 3] =
3

6

source

GeometricMachineLearning.Batch — Type.

Batch


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/data_loader.jl#LL1-L46
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Batch is a struct whose functor acts on an instance of DatalLoader to produce a sequence of
training samples for training for one epoch.

See Batch(::Int) and Batch(::Int, ::Int, ::Int) for the different constructors.
The functor

An instance of Batch can be called on an instance of DataLoader to produce a sequence of samples
that contain all the input data, i.e. for training for one epoch.

The output of applying batch:Batch to dl::Dataloader is a tuple of vectors of integers. Each
of these vectors contains two integers: the first is the time index and the second one is the
parameter index.

Examples

Consider the following example for drawing batches of size 2 for an instance of DatalLoader
constructed with a vector:

using GeometricMachinelLearning
import Random

rng = Random.TaskLocalRNG()
Random.seed! (rng, 123)

dl = DatalLoader(rand(rng, 5))
batch = Batch(2)

batch(dl)
# output

[ Info: You have provided a matrix as input. The axes will be interpreted as (i) system
< dimension and (ii) number of parameters.
(r(y, 5y, (1, 3)1, [(1, 4), (1, 1)1, [(1, 2)])

Here the first index is always 1 (the time dimension). We get a total number of 3 batches. The
last batch is only of size 1 because we sample without replacement. Also see the docstring for
DatalLoader(::AbstractVector).

source

GeometricMachinelLearning.Batch — Method.

Batch(batch size)

Make an instance of Batch for a specific batch size.

This is, among others, used to train neural networks of NeuralNetworkIntegrator type (as op-
posed to TransformerIntegrator).

source

GeometricMachinelLearning.Batch — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/batch.jl#LL1-L39
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/batch.jl#LL51-L57
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Batch(batch size, seq length)

Make an instance of Batch for a specific batch size and a sequence length.
This is used to train neural networks of TransformerIntegrator type.

Optionally the prediction window can also be specified by calling;:

using GeometricMachinelearning

batch size = 2
seq length = 3
prediction window = 2

Batch(batch size, seq length, prediction window)
# output

Batch{:Transformer}(2, 3, 2)

Note that here the batch is of type :Transformer.

source

GeometricMachinelLearning.number of batches — Function.

number of batches(dl, batch)

Compute the number of batches.

Here the distinction is between data that are time-series like and data that are autoencoder
like.

Examples

using GeometricMachinelearning
using GeometricMachinelLearning: number of batches
import Random

Random.seed! (123)

dat [1, 2, 3, 4, 5]

dl: DatalLoader(dat; autoencoder false, suppress_info = true) # time series-like
dl: = DatalLoader(dat; autoencoder = true, suppress info = true) # autoencoder-like
batch = Batch(3)

nob: = number_of batches(dli, batch)

nobz = number of batches(dl:, batch)
println(stdout, "Number of batches of dl.: ”, nobi)
println(stdout, "Number of batches of dl2: ”, nob2)
println(stdout, batch(dli), "\n”, batch(dl:))


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/batch.jl#LL62-L86
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# output
Number of batches of dli: 2
Number of batches of dl:: 2

(r(1, 1, (4, 1), (2, I, [(3, 1))
(r(, 3), (1, 2), (1, 41, [(1, 1), (1, 5)1)

Here we see that in the autoencoder case that last minibatch has an additional element.

source

GeometricMachinelLearning.convert input and batch indices to array — Function.

convert_input_and_batch _indices to_array(dl, batch, batch_indices)

Assign batch data based on (i) input and (ii) batch indices.

Examples

using GeometricMachinelLearning

dl = DatalLoader([0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9]; suppress info = true)

batch = Batch(3)

batch indices = [(1, 1), (1, 3), (1, 5)]
GeometricMachinelLearning.convert input and batch indices to array(dl, batch, batch indices)

# output

1x1x3 Array{Float64, 3}:
[:) :, 1] =

source


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/batch.jl#LL97-L133
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/data_loader/batch.jl#LL204-L232

Appendix B

Special Arrays, Tensors and Pullbacks

GeometricMachineLearning has custom versions of matrices such as the symmetric and the skew-
symmetric matrix implemented. These are important ingredients in e.g. SympNets and volume-
preserving transformers and it is therefore important that those implementations also run efficiently
on GPU. We also show how to build custom pullbacks for specific functions in Julia.

B.1 Symmetric, Skew-Symmetric and Triangular Matrices.

Among the special arrays implemented in GeometricMachinelLearning SymmetricMatrix, SkewSymMatrix,
UpperTriangular and LowerTriangular are the most common ones and similar implementations can
also be found in other libraries; LinearAlgebra.jl has an implementation of a symmetric matrix
called Symmetric for example. The versions of these matrices in GeometricMachinelLearning are how-
ever more memory efficient as they only store as many parameters as are necessary, i.e. n(n+1)/2
for the symmetric matrix and n(n — 1)/2 for the other three. In addition operations such as ma-
trix and tensor multiplication are implemented for these matrices to work in parallel on GPU via
GeometricMachineLearning.tensor mat mul for example. We here give an overview of elementary
custom matrices that are implemented in GeometricMachinelLearning. More involved matrices are
the so-called global tangent spaces (see Chapter 2.11).

Custom Matrices

GeometricMachineLearning has two types of triangular matrices. The first one is UpperTriangular:

0 a2 -+ ap
U= 0 A2n
0 0 0
And the second one is LowerTriangular:
0 0 0
I — az1
An1  *° Gp(p—1) 0

An instance of SkewSymMatrix can be written as A=L — LT or A=U"T - U:
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0 —as1 s —an1
A= a1
An1  Gpgne) 0
And lastly a SymmetricMatrix:
ail a2 Tt anl
B = a21
anl **+ Gp(n—1) Onn

Note that any matrix M € R™*" can be written

1 1
M= (M - M)+ 5(M+MT),

where the first part of this matrix is skew-symmetric and the second part is symmetric. This is also
how the constructors for SkewSymMatrix and SymmetricMatrix are designed. Consider an arbitrary
matrix:

M= 1[1; 2; 3;; 4; 5; 6;; 7; 8; 9]

3x3 Matrix{Int64}:
1 4 7
2 5 8
36 9

Calling SkewSymMatrix on M is equivalent to doing M — %(M - MT):

A = SkewSymMatrix(M)

3x3 SkewSymMatrix{Float64, Vector{Float64}}:
0.0 1.0 2.0
-1.06 0.0 1.0
-2.0 -1.0 0.0

And calling SymmetricMatrix on M is equivalent to doing M — (M + M7T):
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B = SymmetricMatrix(M)

3x3 SymmetricMatrix{Float64, Vector{Float64}}:
1.0 3.0 5.0

3.0 5.0 7.0

5.0 7.0 9.0

We can further confirm the identity above:

M =A<+ B

true

Note that for LowerTriangular and UpperTriangular no projection step is involved, which means
that if we start with a matrix of type AbstractMatrix{Int64} we will end up with a matrix that

is also of type AbstractMatrix{Int64}. The type changes however when we call SkewSymMatrix and
SymmetricMatrix:

(typeof (A) <: AbstractMatrix{Int64}, typeof(B) <: AbstractMatrix{Int64})

(false, false)

For the triangular matrices:

U = UpperTriangular(M)
L LowerTriangular(M)
(typeof(U) <: AbstractMatrix{Int64}, typeof(L) <: AbstractMatrix{Int64})

(true, true)

How are Special Matrices Stored?

The following image demonstrates how a skew-symmetric matrix is stored in GeometricMachineLearning:
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a21

0 Qg e —an1 asi
. : a32
,_ a41
. a42

. tet a
ISR an(n—l)‘ 0 \ 43
as1

G54

Gnl

An(n—1)

Figure B.1: The elements of a skew-symmetric matrix (and other special matrices) are stored as a
vector. The elements of the big vector are the entries on the lower left of the matrix, stored row-wise.

So what is stored internally is a vector of size n(n — 1)/2 for the skew-symmetric matrix and the
triangular matrices, and a vector of size n(n + 1)/2 for the symmetric matrix.

Sample Random Matrices

We can sample a random skew-symmetric matrix:

A = rand(SkewSymMatrix, 3)

3x3 SkewSymMatrix{Float64, Vector{Float64}}:
0.0 -0.521214 -0.586807
0.521214 0.0 -0.890879
0.586807 0.890879 0.0

and then access the vector:

A.S

3-element Vector{Float64}:
0.521213795535383
0.5868067574533484
0.8908786980927811

This is equivalent to sampling a vector and then assigning a matrix':

1We fixed the seed to the same value in both these examples.
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S =rand(3 * (3 - 1) + 2)
SkewSymMatrix(S, 3)

3x3 SkewSymMatrix{Float64, Vector{Float64}}:
0.0 -0.521214 -0.586807

0.521214 0.0 -0.890879

0.586807 0.890879 0.0

These special matrices are important for SympNets (see Chapter 8.5), volume-preserving transform-
ers (see Chapter 8.8) and linear symplectic transformers (see Chapter 8.9).

Parallel Computation

The functions GeometricMachinelLearning.mat tensor mul and GeometricMachinelLearning.tensor -
mat mul are also implemented for these matrices for efficient parallel computations. This is elaborated
on when we take about tensors (see Chapter B.2).

Library Functions

GeometricMachinelLearning.AbstractTriangular — Type.

AbstractTriangular

See UpperTriangular and LowerTriangular.

source

GeometricMachinelLearning.UpperTriangular — Type.

UpperTriangular(S::AbstractVector, n::Int)

Build an upper-triangular matrix from a vector.

An upper-triangular matrix is an n X n matrix that has zeros on the diagonal and on the lower
triangular.

The data are stored in a vector S similarly to other matrices. See LowerTriangular, SkewSymMatrix
and SymmetricMatrix.

The struct two fields: S and n. The first stores all the entries of the matrix in a sparse fashion
(in a vector) and the second is the dimension n for A € R**"™,

Examples

using GeometricMachinelearning
S=11, 2, 3, 4, 5, 6]
UpperTriangular(S, 4)

# output


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/triangular.jl#LL1-L5
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4x4 UpperTriangular{Int64, Vector{Int64}}:
0 1 2

(o) NN, N

0 0 3
0 0 0
06 0 0

(<)

source

GeometricMachinelLearning.UpperTriangular — Method.

UpperTriangular(A::AbstractMatrix)

Build an upper-triangular matrix from a matrix.
This is done by taking the upper right of that matrix.

Examples

using GeometricMachinelLearning
M=1[1234;56738; 910 11 12; 13 14 15 16]
UpperTriangular(M)

# output

4x4 UpperTriangular{Int64, Vector{Int64}}:

06 2 3 4
6 06 7 8
6 6 0 12
6 6 06 0
source

GeometricMachineLearning.LowerTriangular — Type.

LowerTriangular(S::AbstractVector, n::Int)

Build a lower-triangular matrix from a vector.

A lower-triangular matrix is an n X n matrix that has zeros on the diagonal and on the upper
triangular.

The data are stored in a vector .S similarly to other matrices. See UpperTriangular, SkewSymMatrix
and SymmetricMatrix.

The struct two fields: S and n. The first stores all the entries of the matrix in a sparse fashion
(in a vector) and the second is the dimension n for A € R"*™,

Examples


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/upper_triangular.jl#LL1-L26
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/upper_triangular.jl#LL32-L53
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using GeometricMachinelearning
S=1[1, 2, 3, 4, 5, 6]
LowerTriangular(S, 4)

# output

4x4 LowerTriangular{Int64, Vector{Int64}}:
06 0 0 0

1 0
2 0
4 0

U w o
o © ©

source

GeometricMachineLearning.LowerTriangular — Method.

LowerTriangular(A::AbstractMatrix)

Build a lower-triangular matrix from a matrix.
This is done by taking the lower left of that matrix.

Examples

using GeometricMachinelearning
M=1[1234;5678; 910 11 12; 13 14 15 16]
LowerTriangular(M)

# output

4x4 LowerTriangular{Int64, Vector{Int64}}:

0 06 0 0

5 0 0 0

9 16 0 0

13 14 15 0
source

Base.vec — Method.

vec(A::AbstractTriangular)

Return the associated vector to A.

Examples
using GeometricMachinelearning

M=1[1234;56738; 910 11 12; 13 14 15 16]
LowerTriangular(M) |> vec

275


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/lower_triangular.jl#LL1-L26
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/lower_triangular.jl#LL32-L53
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# output

6-element Vector{Int64}:

5

9

10

13

14

15

source

GeometricMachinelLearning.SkewSymMatrix — Type.

SkewSymMatrix(S::AbstractVector, n::Integer)

Instantiate a skew-symmetric matrix with information stored in vector S.
A skew-symmetric matrix A is a matrix A7 = —A.

Internally the struct saves a vector S of size n(n — 1) + 2. The conversion is done the following
way:

0 ifi=3j
[Alij = S(G=2) (i 1)) =2+4] ifi>
S(G=2)(G—-1)+2+1i] else
So S stores a string of vectors taken from A: S = [ay, G, . . ., G, with a; = [[A]i1, [A]i2, . . ., [Alia—1)]-
Also see SymmetricMatrix, LowerTriangular and UpperTriangular.

Examples

using GeometricMachinelLearning
s=11, 2, 3, 4, 5, 6]
SkewSymMatrix(S, 4)

# output

4x4 SkewSymMatrix{Int64, Vector{Int64}}:
0 -1 -2 -4

1 e -3 -5

2 3 0 -6

4 5 6 0
source

GeometricMachineLearning.SkewSymMatrix — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/triangular.jl#LL103-L126
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/skew_symmetric.jl#LL1-L33
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SkewSymMatrix(A::AbstractMatrix)

Perform 0.5 * (A - A') and store the matrix in an efficient way (as a vector with n(n — 1)/2
entries).

If the constructor is called with a matrix as input it returns a skew-symmetric matrix via the
projection:

A %(A — AT,
Examples

using GeometricMachinelearning
M=1[1234;5678; 910 11 12; 13 14 15 16]
SkewSymMatrix (M)

# output

4x4 SkewSymMatrix{Float64, Vector{Float64}}:
0.6 -1.5 -3.0 -4.5

1.5 0.6 -1.5 -3.0

3.0 1.5 0.0 -1.5

4.5 3.0 1.5 0.0

Extended help

Note that the constructor is designed in such a way that it always returns matrices of type
SkewSymMatrix{<:AbstractFloat} when called with a matrix, even if this matrix is of type
AbstractMatrix{<:Integer}.

If the user wishes to allocate a matrix SkewSymMatrix{<:Integer} then call:

SkewSymMatrix(::AbstractVector, n::Integer)

Note that this is different from LowerTriangular and UpperTriangular as no porjection takes
place there.

source

GeometricMachinelLearning.SymmetricMatrix — Type.

SymmetricMatrix(S::AbstractVector, n::Integer)

Instantiate a symmetric matrix with information stored in vector S.
A SymmetricMatrix A is a matrix AT = A.

Internally the struct saves a vector S of size n(n+ 1) + 2. The conversion is done the following
way:


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/skew_symmetric.jl#LL44-L80
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(Al;; = S[((i—1)i) =244 ifi>j
K S[((J—1)j) +2+1i] else.
So S stores a string of vectors taken from A: S = [a1, Gs, . . ., 4y] With a@; = [[Als1, [Ali2, - - -, [A]i]-
Also see SkewSymMatrix, LowerTriangular and UpperTriangular.

Examples

using GeometricMachinelLearning
s=11, 2, 3, 4,5, 6, 7, 8 9, 10]
SymmetricMatrix (S, 4)

# output

4x4 SymmetricMatrix{Int64, Vector{Int64}}:

1 2 4 7
2 3 5 8
4 5 6 9
7 8 9 10
source

GeometricMachinelLearning.SymmetricMatrix — Method.

SymmetricMatrix(A::AbstractMatrix)

Perform a projection and store the matrix in an efficient way (as a vector with n(n + 1)/2
entries).

If the constructor is called with a matrix as input it returns a symmetric matrix via the pro-
jection:

A %(A+AT).

Examples

using GeometricMachinelLearning
M=1[1234;56738; 910 11 12; 13 14 15 16]
SymmetricMatrix(M)

# output

4x4 SymmetricMatrix{Float64, Vector{Float64}}:
1.0 3.5 6.0 8.5

3.5 6.0 8.5 11.0

6.0 8.5 11.0 13.5

8.5 11.0 13.5 16.0


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/symmetric.jl#LL1-L32
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Extended help

Note that the constructor is designed in such a way that it always returns matrices of type
SymmetricMatrix{<:AbstractFloat} when called with a matrix, even if this matrix is of type
AbstractMatrix{<:Integer}.

If the user wishes to allocate a matrix SymmetricMatrix{<:Integer} then call
juliaSymmetricM atriz(:: AbstractVector,n :: Integer)*

Note that this is different from LowerTriangular and UpperTriangular as no porjection takes
place there.

source

Base.vec — Method.

vec(A)

Output the associated vector of A.

Examples

using GeometricMachinelearning

M=1[1234;5678; 910 11 12; 13 14 15 16]
SkewSymMatrix (M) |> vec

# output

6-element Vector{Float64}:
o3

= WA P W
U Ut UL o

source

B.2 Tensors in GeometricMachinelLearning

We typically store training data as tensors with three axes in GeometricMachinelLearning. This allows
for a parallel computation of matrix products, also for the special arrays such as LowerTriangular,
UpperTriangular, SymmetricMatrix and SkewSymMatrix and objects of Manifold type such as the
StiefelManifold.

Library Functions

GeometricMachineLearning.tensor mat mul — Method.

tensor_mat mul(A::AbstractArray{<:Number, 3}, B::AbstractMatrix)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/symmetric.jl#LL43-L79
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/arrays/skew_symmetric.jl#LL261-L284
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Multipliy the matrix B onto the tensor A from the right.
Internally this calls the inplace version tensor mat mul!.

Examples
using GeometricMachinelLearning: tensor_mat_mul

A
B

[111;111;111;;;222;222;222]
[3006; 020; 00 1]

tensor mat mul(A, B)
# output

3x3x2 Array{Int64, 3}:
[:) 1, 1] =

321
321

3 21
[:) ¢, 2] =
6 4 2

6 4 2

6 4 2
source

GeometricMachinelLearning.tensor mat mul! — Method.

tensor mat mul!(C, A, B)

Multiply the matrix B onto the tensor A from the right and store the result in C.
The function tensor mat mul calls tensor mat mul! internally.

source

GeometricMachineLearning.tensor mat mul! — Method.

mat tensor mul!(C::AbstractArray{<:Number, 3}, B::AbstractArray{<:Number, 3},
— A::SymmetricMatrix)

Multiply the symmetric matrix A onto the tensor B from the right and store the result in C.

This performs an efficient multiplication based on the special structure of the symmetric matrix
A.

source

GeometricMachinelLearning.mat tensor mul — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/tensor_mat_mul.jl#LL29-L59
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/tensor_mat_mul.jl#LL14-L20
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/tensor_mat_mul.jl#LL106-L112
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mat _tensor mul(A, B)

Multipliy the matrix A onto the tensor B from the left.
Internally this calls the inplace version mat tensor mul!.

Examples
using GeometricMachinelLearning: mat tensor mul

B=[111; 111; 111;;;222;222; 222]
[300; 020; 00 1]

=
I

mat tensor mul(A, B)

# output

3x3x2 Array{Int64, 3}:
[+, :, 1] =

N
= N W
=N W

,_.
N B O -
N B ON

I

source

GeometricMachineLearning.mat tensor mul! — Method.

mat tensor mul!(C, A, B)

Multiply the matrix A onto the tensor B from the left and store the result in C.
The function mat tensor mul calls mat tensor mul! internally.

source

GeometricMachinelLearning.mat tensor mul! — Method.

mat _tensor mul!(C, A::LowerTriangular, B)

Multiply the lower-triangular matrix A onto the tensor B from the left and store the result in C.

This performs an efficient multiplication based on the special structure of the lower-triangular
matrix A.

source

GeometricMachineLearning.mat _tensor mul! — Method.


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/mat_tensor_mul.jl#LL32-L62
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/mat_tensor_mul.jl#LL16-L22
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/mat_tensor_mul.jl#LL147-L153
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mat tensor mul!(C, A::UpperTriangular, B)

Multiply the upper-triangular matrix A onto the tensor B from the left and store the result in C.

This performs an efficient multiplication based on the special structure of the upper-triangular
matrix A.

source

GeometricMachinelLearning.mat_tensor mul! — Method.

mat tensor mul!(C, A::SkewSymMatrix, B)

Multiply skew-symmetric the matrix A onto the tensor B from the left and store the result in C.

This performs an efficient multiplication based on the special structure of the skew-symmetric
matrix A.

source

GeometricMachinelLearning.mat_tensor mul! — Method.

mat_tensor mul!(C, A::SymmetricMatrix, B)

Multiply the symmetric matrix A onto the tensor B from the left and store the result in C.

This performs an efficient multiplication based on the special structure of the symmetric matrix
A.

source

B.3 Pullbacks and Automatic Differentiation

Automatic Differentiation is an important part of modern machine learning. It is essentially a tool
to compute the gradient of a loss function with respect to its input arguments, i.e. given a function
L :© — R an AD routine computes:

AD: 0~ VL.

When we train a neural network the function L is the composition of a neural network

NNo(z) =15 0 13V ()

and a loss function (see Chapter 4.4), so we have:

L(8) = toss (15" o 13" (), minibatch)


https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/mat_tensor_mul.jl#LL190-L196
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/mat_tensor_mul.jl#LL235-L241
https://github.com/JuliaGNI/GeometricMachineLearning.jl/blob/2a7995f8e262cc4115a98253447ac594102f6aa9/src/kernels/mat_tensor_mul.jl#LL104-L110
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where 0 = (01,...,0,) and L further depends on a specific mini batch here. So what we need to do
is compute the pullback® of every single layer léi). For this consider a function? f : R™ — R” and
x € R™. The pullback of f is a function that, depending on z, provides a recipe to map an element

from R™ to an element of R™:

pullbak(f)[z] : R™ ~ T} )R™ — T/R™ ~ R",
where 17V is the cotangent space of V at x.

How to Compute Pullbacks

GeometricMachineLearning has many pullbacks for custom array types and other operations imple-
mented. The need for this essentially comes from the fact that we cannot trivially differentiate
custom GPU kernels®. Implemented custom pullback comprise parallel multiplications with tensors
(see Chapter B.2).

What is a Pullback?

Here we first explain the principle of a pullback with the example of a vector-valued function. The
generalization to matrices and higher-order tensors is straight-forward.

The pullback of a vector-valued function f : R™ — R™ can be interpreted as the sensitivities in the
input space R™ with respect to variations in the output space R via the function f:

[pullback(f)[a € R™,db € R™]], Z Zz 2 b, .

This principle can easily be generalized to matrices. For this consider the function g :: R™t*"2 —
R x™2  We then have:

[pullback(g)[A € R™ "2 dB € R™*™]] Z Z h’”)db Gr.da)

J1=1j2=1 00 iz)

The generalization to higher-order tensors is again straight-forward.

Illustrative example

Consider the matrix inverse inv : R"*" — R"*™ as an example. This fits into the above framework
where inv is a matrix-valued function from R?*" to R™*", We here write B := A~ = inv(A4). We
thus have to compute:

IThe term pullback originally comes from differential geometry [36]. This motivation is discussed below.
2R™ can be interpreted as the space of the neural network parameters © here.

3This may change in the future if the package Enzyme [113] reaches maturity.
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n n b
[pullback(inv)[A € R™",dB € R™"]] . . =" Skt

k=1 /(=1

dby .
8ai7j k.t

For a matrix A that depends on a parameter € we have:

This can easily be checked:

We can then write:

0 0
7 (f%ijb’d) Bore = [5% B} e

" Lt ke

:_Z [B( g A)B} dbye
it Dayj k£

= — Z bk:7n (?WL> b’nfdbké
k4 mmn dij

= — Z bkméimdjnbnfdbké
k. 4,m,n

== bribjedb
k0

=-B".dB-BT.

We use this expression to differentiate the VolumePreservingAttention layer.

Motivation from a differential-geometric perspective

The notion of a pullback in automatic differentiation is motivated by the concept of pullback in
differential geometry [114, 115]. In both cases we want to compute, based on a mapping

f:V=>W.,ar f(a)=:b,

a map of differentials db — da. In the differential geometry case db and da are part of the associated
cotangent spaces, i.e. db € T;W and da € T}V; in AD we (mostly) deal with spaces of arrays, i.e.
vector spaces, which means that 7,0V ~ W and TV ~ V. If we have neural network weights on
manifolds however, then we have to map weights from 7}V (the result of an AD routine) to 7,V
before we can apply a retraction (see Chapter 5.2). The mapping
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v — T,V
is equivalent to applying the Riemannian gradient (see Chapter 2.7).

Library Functions

GeometricMachinelLearning.ZygotePullback — Type.

ZygotePullback <: AbstractPullback

The pullback based on the Zygote backend.
Examples

For a network that is trained on inputs only:

using GeometricMachinelearning
using GeometricMachinelLearning: processing

loss = AutoEncoderLoss()

_pullback = ZygotePullback(loss)

nn = NeuralNetwork(Chain(Dense(10, 2, tanh), Dense(2, 10, tanh)))
input = rand(10)

_pullback(nn.params, nn.model, input)[2](1) |> processing |> typeof

# output

@NamedTuple{L1l::@NamedTuple{W: :Matrix{Float64}, b::Vector{Float64}},
— L2::@NamedTuple{W: :Matrix{Float64}, b::Vector{Float64}}}

In this example processing is used to get around some Zygote quirks.

source

References

[114] M. Betancourt. A geometric theory of higher-order automatic differentiation,
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[115] J. Bolte and E. Pauwels. A mathematical model for automatic differentiation in machine
learning. Advances in Neural Information Processing Systems 33, 10809-10819 (2020).
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Appendix C

Customizing Training

A neural network framework can be seen as a collection of (i) a neural network architecture, (ii) a
loss function and (iii) an optimization procedure. In this dissertation we focused on points (i) and
(iii) when designing neural networks. GeometricMachineLearning however also offers the possibility
to change the loss function. We show how to do this here.

C.1 Adjusting the Loss Function

GeometricMachineLearning provides a few standard loss functions that are used as defaults for specific
neural networks (see Chapter 4.4).

If these standard losses do not satisfy the user's needs, it is very easy to implement custom loss
functions. Adding terms to the loss function is standard practice in machine learning to either
increase stability [1] or to inform the network about physical properties® [7].

We again consider training a SympNet on the data coming from a harmonic oscillator:
using GeometricProblems.HarmonicOscillator: hodeproblem

sol = integrate(hodeproblem(; timespan = 100), ImplicitMidpoint())
data = DatalLoader(sol; suppress info = true)

nn = NeuralNetwork(GSympNet(2))

# train the network

0o = Optimizer(AdamOptimizer(), nn)

batch = Batch(32)

n_epochs = 30

loss = FeedForwardLoss ()

loss array = o(nn, data, batch, n epochs, loss; show progress = false)
print(loss_array[end])

0.0026214084811743707

And we see that the loss goes down to a very low value. But the user might want to constrain the
norm of the network parameters:

INote however that we discourage using so-called physics-informed neural networks (see Chapter 4.4) as they do
not preserve any physical properties but only give a potential improvement on stability in the region where we have
training data.
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# norm of parameters for single layer

network parameter norm(params::NamedTuple) = sum([norm(params[i]) for i in 1l:length(params)])

# norm of parameters for entire network

function network parameter norm(params::NeuralNetworkParameters)
sum([network parameter norm(params[key]) for key in keys(params)])

end

network parameter norm(params(nn))

4.638560763436521

We now implement a custom loss such that:

custom

loss{Ee™ (input, output) = lossieato™ard L Anorm (N A .parans).

struct CustomLoss <: GeometricMachinelLearning.NetworkLoss end

const A = .1

function (loss::CustomLoss) (model::Union{AbstractExplicitLayer, Chain},

— params::Union{NeuralNetworkParameters, NamedTuple}, input::QPTOAT, output::QPTOAT)

FeedForwardLoss () (model, params, input, output) + A * network parameter norm(params)
end

And we train the same network with this new loss:

loss = CustomLoss()

nn_custom = NeuralNetwork(GSympNet(2))

loss array = o(nn_custom, data, batch, n epochs, loss; show progress = false)
print(loss _array[end])

0.162827448411511

We see that the norm of the parameters is lower:

network parameter norm(params(nn_custom))

2.096776248375609

We can also compare the solutions of the two networks:



C.1. ADJUSTING THE LOSS FUNCTION 289

= Training Data N
FeedForwardLoss

0.2

= CustomLoss

0.0

-0.24

T T T
-0.3 0.0 0.3

Figure C.1: Here we trained the same network with two different losses.

Wit the second loss function, for which the norm of the resulting network parameters has lower

value, the network still performs well, albeit slightly worse than the network trained with the first
loss.

References
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learning framework for solving forward and inverse problems involving nonlinear partial
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Appendix D

Other Structure-Preserving Properties

When talking about structure we largely limited ourselves to symplecticity and volume preservation in
this dissertation'. A more general type of structure is that of a port-Hamiltonian system. In addition
to a conservative Hamiltonian part it also includes external (driving) forces and a dissipative part.

D.1 Using Symplectic Autoencoders for Port-Hamiltonian Systems

Symplectic autoencoders can also be used to reduce port-Hamiltonian systems [100]. Here we focus
on linear port-Hamiltonian systems'. These are of the form:

i(t) = (Jon — R)VH(4(t)) + Bu(t)

Siprt (R*Y) = Sy : {y(t) = BTVH(4(1)),

where Jon is the Poisson tensor (see Chapter 3.1) and R € R2Nx2N g symmetric semi-positive
definite (i.e. all its eigenvalues are non-negative). 2 € R?Y is called the state of the system, u € R™
are the system inputs, y € R™ are the system outputs, and B € RZVX™ connects the inputs to the
state. We also refer to linear port-Hamiltonian systems as I[pH systems.

Similar to energy conservation of standard Hamiltonian systems, IpH systems have an associated
energy balance equation:

Definition D.1.1. The energy balance equation of a IpH system is:

SH(() < y(t) u(t)

If we further have R = 0, then the inequality becomes an equality.

Proof. We evaluate the derivative of H(z(t)) with respect to ¢:

IThe orthogonality constraints imposed on the vision transformer can however also be seen as structure.
IFor a broader class of such systems see [116]. A generalization to manifolds of such systems is also possible [117,
118].
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S H(! (20)) = VH(5! (20)) 6 ()

— VH(2())(J — R)VH(2(1)) + (VH(2(t)))” Bu(?)
= (VH(2(t)))"RVH (2(t)) + (VH(=(t)))" Bu(t)
yOT

T
< y(t)" u(?),
where we used that R is symmetric and positive semi-definite in the last step. O

The analogue to the Poisson tensor (see Chapter 3.1) for IpH systems are so-called Dirac structures:

Definition D.1.2. A Dirac structure for a vector space R” is a subspace D C R x (R")* ~ R?"?
such that

D+ =D,

i.e. the orthogonal complement of D is equal to itself. Here the orthogonal complement is taken
with respect to the pairing:

<<'7'>>:R2n XRQn_)R?(eaf) X (éaf)'_)eTf‘FéTf.

Note that {-,-)) is a symmetric bilinear form.

Example D.1.3. The space:

D={(e,f): e R, f = Jppe} C R4

forms a Dirac structure. Note that we also have:

(V.H,Xy(2))=(V.HIJV.H) e D.

So every Hamiltonian System has an associated Dirac structure.

Example D.1.4. For the IpH shown above we have the relation:

y|l=|B" O 0) u |,
€ ]IQN O 0) e
where we further have the constraints and identifications f = —2, € = V,H and e = —Re to fully

describe the IpH. Note that points (f,y,e, &, u,é) € R¥VT2m that satisfy the relation shown above
form a Dirac structure.
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In numerically solving IpH systems the Dirac structure takes a similar role to the symplectic structure
of canonical Hamiltonian systems [119] and the energy-balance equation takes a similar role to energy
conservation for canonical Hamiltonian systems. Structure-preserving discretization of IpH systems
discretize the Dirac structure with collocation methods [120]. A one-step update can be written as

Zf :ZO+h25ifia

i=1
S
zi=z2+h E @ijf,
=1
e, =€, = VZiH,
€ = —Re;,
T _ =
Ji =Jon€i — Bu; — €,
T~
Yy = B e;.

Model order reduction of port-Hamiltonian systems can be divided into two approaches: projection-
based methods and interpolations of the transfer function [103]. The first approach is equivalent to
Galerkin projection (see Chapter 4.1) and we limit the discussion here to this approach. Similar to
the case of canonical Hamiltonian systems (see Chapter 4.5), we reduce the system with a symplectic
autoencoder (see Chapter 8.2).

When discussing symplectic model order reduciton (see Chapter 4.5) we showed that a Hamiltonian
system on the reduced space R?" is equivalent to a Hamiltonian system on M = R(R?"), where R
is the reconstruction in a reduced order modeling framework. Similar statements are also true for
IpH systems.

We will now demonstrate how to obtain a reduced-order IpH system from a full-order IpH system
and vice-versa:

S (M) || Zpr(M)

7
4
1
1

\
\
\
N

EIIE)EO (RQn) leH (R2n)

Figure D.1: We can derive full IpH systems from reduced lpH systems and vice-versa (in some cases).
The solid arrows indicate that we have an explicit construction available, the dashed arrow indicates
that in this specific case we do not yet know if a structure-preserving reduction is possible.

The figure above indicates that we can derive a full system Yj,5(R?Y) := Bj,5(M) from a reduced
one Y (R*). If we have R = 0, i.e. if the dissipative part of the system is zero, then we can also
derive a reduced system LI50(R?™) from a full one igﬁo(RgN ) = BIF%(M). If and when this is
true for R # 0 is an open question?. We now proceed with showing this equivalence, first for the
special case R = 0.

2We indicate this with a dashed arrow.



294 APPENDIX D. OTHER STRUCTURE-PRESERVING PROPERTIES

The Special Case R =10
We first focus on the case where R = 0. This case was also discussed in [119].

Theorem D.1.5. For R = 0, model reduction of a IpH system with a symplectic autoencoder
(e, W) yields a IpH system in reduced dimension of the form:

where B := (VU TB and H(z(t)) := H(W(2(t))).
(VIH+ = JT (V)T ],y is the symplectic inverse (see Chapter 4.5).

Proof. We have to proof that the dynamics of ¥%(z), that approximate 2, are described by a IpH
system. We first insert z(¢) ~ U¥(2(t)) into the first equation of ¥,

(VU 2(t) = Jon VH (T4 (2(t))) + Bu(t).

We then multiply the equation above with the symplectic inverse (V¥?)*:

2(t) = (VD) Iy VH (U (2(t))) + (VD) T Bu(t)
= Jon(VIUNTVH (W4 (2(1))) + (VI T Bu(t)
= J2nV(H 0 U(2(t))) + Bu(t),

thus proving our assertion. O

From the Reduced Space to the Full Space for R # 0

Here we show that we can construct a IpH system on the full space from a IpH system on the reduced
space; this holds for both R = 0 and R # 0. The corresponding proof was already introduced in
similar form by [121].

Theorem D.1.6. A IpH system on the reduced space induces a lpH system on the full space.
Proof. Consider a reduced IpH system:
5o 2(t) = (J2n — R)VH(2(t)) + Bu(t)
Pty = BTVH((),

where R € R?"%2" and B € R2"*™, After multiplying the first equation with V,R from the left we
get:

TR(:(0) = VR (I, — RV + (V-R)Bu(t)
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From now on we call B := (V,R)B. We then look at the terms (i) (V.R)J2,V.H and (ii)
(V.R)RV .H. The first one (i) becomes:

=Jlon((V.R)N'V.H
= Jan V() (H o)

And the second one (ii) becomes:

(V.R)RV.H = (V.R)RV.(H oo R)
= (V:R)R(V:R) V() (H o))
= RVR(Z)H.

We then have in total:

3 . %R(Z(t)) = («]]2N - B)VR(Z)H+ Bu(t)
. {5@ _ Bruf

where R|r(.) = (V.R)TR(V.R), B := (V.R)B and H = H o . O

As was already discussed in the section on Hamiltonian model order reduction (see Chapter 4.5)
the encoder W¢ can be constructed such that it is exactly the local inverse ¥. This was done in e.g.
[122]. Enforcing this for symplectic autoencoders is also straightforward (see Chapter 8.2).

References

[100] A. Van Der Schaft, D. Jeltsema and others. Port-Hamiltonian systems theory: An
introductory overview. Foundations and Trends in Systems and Control 1, 173-378 (2014).

[119] P. Kotyczka and L. Lefevre. Discrete-time port-Hamiltonian systems: A definition based on
symplectic integration. Systems & Control Letters 133, 104530 (2019).

[120] V. Mehrmann and R. Morandin. Structure-preserving discretization for port-Hamiltonian
descriptor systems. In: 2019 IEEE 58th Conference on Decision and Control (CDC) (IEEE,
2019); pp. 6863—-6368.

[116] R. Morandin. Modeling and numerical treatment of port-Hamiltonian descriptor systems.
Ph.D. Thesis, Technische Universitét Berlin (2023).

[121] J. Rettberg, J. Kneifl, J. Herb, P. Buchfink, J. Fehr and B. Haasdonk. Data-driven
identification of latent port-Hamiltonian systems, arXiv preprint arXiv:2408.08185 (2024).



	Contents
	Introduction and Outline
	Background Information
	The Optimizer Framework
	Special Neural Network Layers and Architectures
	Examples
	Associated Papers and Contributions

	Background
	Manifolds
	Basic Concepts from General Topology
	(Topological) Metric Spaces
	(Topological) Vector Spaces
	Foundational Theorems for Differential Manifolds
	(Matrix) Manifolds
	The Existence-And-Uniqueness Theorem
	Riemannian Manifolds
	Homogeneous Spaces
	The Stiefel Manifold
	The Grassmann Manifold
	Global Tangent Spaces

	Geometric Structure
	Symplectic Systems
	Divergence-Free Vector Fields
	Structure-Preserving Neural Networks

	Reduced Order Modeling
	Basic Concepts of Reduced Order Modeling
	Proper Orthogonal Decomposition
	Autoencoders
	Losses and Errors
	Hamiltonian Model Order Reduction


	Optimizers
	General Framework for Manifold Optimization
	Neural Network Optimizers
	Retractions
	Parallel Transport

	Optimizer Methods
	Standard Neural Network Optimizers
	The BFGS Optimizer


	Special Neural Network Layers and Architectures
	Layers
	SympNet Layers
	Volume-Preserving Feedforward Layer
	The Attention Layer
	Multihead Attention
	Linear Symplectic Attention
	Symplectic Attention

	Architectures
	NeuralNetworks in GeometricMachineLearning
	The Symplectic Autoencoder
	Neural Network Integrators
	Hamiltonian Neural Network
	SympNet Architecture
	Volume-Preserving Feedforward Neural Network
	Standard Transformer
	Volume-Preserving Transformer
	Linear Symplectic Transformer
	The Symplectic Transformer


	Experiments and Applications
	A Reduced Model with Symplectic Autoencoders
	Symplectic Autoencoders and the Toda Lattice

	Neural Networks as Symplectic Integrators
	SympNets with GeometricMachineLearning
	Linear Symplectic Transformer

	Transformers with Structure
	MNIST Tutorial
	The Volume-Preserving Transformer for the Rigid Body
	Comparing Different VolumePreservingAttention Mechanisms

	Learning Nonlinear Spaces
	Example of a Neural Network with a Grassmann Layer


	Summary and Outlook
	References
	Index of Docstrings
	Appendix
	Data Loader
	Snapshot Matrix
	Snapshot Tensor
	The Data Loader

	Special Arrays, Tensors and Pullbacks
	Symmetric, Skew-Symmetric and Triangular Matrices.
	Tensors in GeometricMachineLearning
	Pullbacks and Automatic Differentiation

	Customizing Training
	Adjusting the Loss Function

	Other Structure-Preserving Properties
	Using Symplectic Autoencoders for Port-Hamiltonian Systems



