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 A B S T R A C T

Coronary angioplasty with stent implantation is the most frequently used interventional treatment for coronary 
artery disease. However, reocclusion within the stent, referred to as in-stent restenosis, occurs in up to 
10% of lesions. It is widely accepted that mechanical loads on the vessel wall strongly affect adaptive and 
maladaptive mechanisms. Yet, the role of procedural and lesion-specific influence on restenosis risk remains 
understudied. Computational modeling of the stenting procedure can provide new mechanistic insights, such 
as local stresses, that play a significant role in tissue growth and remodeling. Previous simulation studies 
often featured simplified artery and stent geometries and cannot be applied to real-world examples. Realistic 
simulations were computationally expensive since they featured fully resolved stenting device models. The aim 
of this work is to develop and present a mixed-dimensional formulation to simulate the patient-specific stenting 
procedure with a reduced-dimensional beam model for the stent and 3D models for the artery. In addition to 
presenting the numerical approach, we apply it to realistic cases to study the intervention’s mechanical effect 
on the artery and correlate the findings with potential high-risk locations for in-stent restenosis. We found that 
high artery wall stresses develop during the coronary intervention in severely stenosed areas and at the stent 
boundaries. Herewith, we lay the groundwork for further studies towards preventing in-stent restenosis after 
coronary angioplasty.
1. Introduction

Coronary artery disease (CAD) restricts the supply of oxygenated 
blood through the coronary arteries to the myocardial tissue. It com-
monly stems from atherosclerosis and can lead to ischemia or even my-
ocardial infarction [1]. Worldwide, CAD accounts for over 16% of total 
deaths and is therefore amongst the leading causes of morbidity and 
mortality [2]. If cardiologists diagnose CAD with one or more severe 
obstructions, the affected vessels are usually reopened using percuta-
neous coronary intervention (PCI), also known as coronary angioplasty. 
This procedure often includes coronary stenting in addition to balloon 
angioplasty. The intervention involves introducing a guidewire to the 
stenotic site, guided by coronary angiography imaging. A balloon, 
which is folded on a catheter, is inflated to open the occlusion. A stent 
is implanted to provide radial support, preventing elastic recoil [3]. 

∗ Corresponding author at: Institute for Computational Mechanics, Technical University of Munich, Germany.
E-mail address: janina.datz@tum.de (J.C. Datz).

However, repeated revascularization is necessary for patients present-
ing with symptoms because of in-stent restenosis (ISR), usually 3–12 
months after the PCI [4]. Even though new generations of drug-eluting 
stents are used, ISR occurs in about 10% of stented lesions [5]. Given 
the high global incidence of CAD, this number is still significant. While 
ISR is a multifactorial disease whose causes are not yet fully under-
stood, it is widely accepted that biological factors, such as neointimal 
hyperplasia and neoatherosclerosis formation, but also other factors, 
like stent underexpansion or malapposition play essential roles [5,6]. 
It is also obvious that the continuous exposure to mechanical loads 
after the stent implantation leads to changes in the mechanobiological 
equilibrium, which causes cell-mediated mechanoregulation in soft 
tissue, involving long-term growth and remodeling processes [7,8]. 
Additionally, subintimal collagen damage due to overstretch in the 
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media during the stent implantation promotes inflammatory processes, 
which interact with physiological mechanobiological progressions [9,
10]. Endothelial denudation and disturbances in the blood-flow-related 
wall shear stress can additionally advance inflammation [9,11]. Local 
mechanical factors during and after the stent implantation highly influ-
ence these mechanisms. However, clinicians are restricted to relying on 
statistically determined patient-, stent-type- or procedure-related risk 
factors, such as comorbidities, the affected artery segment, or stent 
type and length [12–15]. Information on the local wall stresses that 
are known to strongly affect growth and remodeling processes, in cor-
relation to the individual lesion could help deepen the understanding 
of personalized risk assessment for ISR.

Physics-based computational modeling and simulation provide in-
sight into these mechanical factors, which cannot be directly measured 
or retrieved from imaging modalities. Recent reviews highlight the role 
of biomechanical factors, such as shear stress and intramural stress, 
in the onset and progression of ISR [16,17]. To gain insight into the 
biomechanical state of an individual artery during PCI, a computational 
model of the respective vessel is necessary, as well as a realistic math-
ematical model of the external loads caused by balloon inflation and 
stent deployment. The simulation of coronary angioplasty and stenting 
procedures has been the subject of various studies. Elaborate reviews of 
the methods and objectives of significant contributions in this field can 
be found e.g. in [18–20]. Computational studies regarding the progres-
sion of ISR can be divided into structural modeling, computational fluid 
dynamics studies, and simulation of drug diffusion into the tissue [21]. 
This work focuses on the structural modeling of PCI.

The challenges in structural PCI modeling can be attributed to the 
three main components, i.e., artery, balloon, and stent. The artery 
model was often represented with simplified generic geometries since 
the specific geometry was not the main subject of coronary angioplasty 
simulation studies [22–25]. Generic artery models were also used to 
study microscopic processes related to ISR [22,26–29]. Using short, 
straight artery sections or circular cross-sections reduces the modeling 
complexity and allows for the inspection of specific objectives. In 
this study, however, we focus on the mechanical effect of PCI on 
realistic individual arteries. Therefore, the developed approach must be 
applicable to patient-specific coronary artery models. The artery geom-
etry significantly influences the stent deployment and the stresses and 
strains in the stented area. In disease, the wall thickness shows large 
variations, leading to locally varying wall properties. Also, typical dis-
eased artery characteristics, such as eccentric plaques [30] and highly 
tortuous arteries [31], are known to influence PCI success. Simulations 
of the fully resolved stent deployment process with patient-specific 
coronary artery models have been demonstrated e.g. in [32–38]. De-
tailed balloon unfolding and stent expansion modeling in these studies 
provided valuable insights into the stenting mechanics. However, these 
approaches are computationally very expensive and hence difficult to 
re-use for larger studies. For example, such a setup requires relatively 
fine 3D stent and balloon discretizations, often exceeding the number 
of elements used for the artery. The modeling of the stent expansion 
through the inflation of a coronary balloon catheter is complex, even 
without considering the interaction with a coronary artery [20]. Bal-
loon catheters used for stent implantation achieve their final, inflated 
size primarily by unfolding from their initial configuration. Therefore, 
the expansion behavior differs from a comparable, tube-like isotropic 
elastic material when inflated [39,40]. Simplified modeling approaches 
for the balloon have been proposed in [40–42]. They investigated 
modeling the balloon geometry as displacement-controlled or homo-
geneous, elastically deformable cylinders. This simplification allowed 
a more efficient simulation without the computationally demanding 
unfolding mechanism. An improved approach to replicate the typical 
balloon inflation behavior using a customized orthotropic material 
formulation for elastically deforming balloon geometries has been pre-
sented by [43,44]. They tested the pressure-based expansion behavior 
on a straight stenting device setup and compared it to experimental 
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balloon inflation data, delivering conforming results. The pressure-
based balloon inflation allows for a more realistic expansion behavior 
than prescribing the displacements. In addition, this approach does 
not require the modeling of the complex balloon unfolding mechanics 
while still showing the radial inflation behavior typical for a folded 
balloon. The material properties and geometrical shape of the stent 
significantly dictate its ultimate form and expansion behavior, thereby 
imposing a substantial demand on the modeling of the stent to achieve 
accurate simulation results. Several computational simulation studies 
focused on the stent’s mechanical properties, such as their elastic 
recoil, radial support, and susceptibility to fracture or fatigue  [45–48]. 
Due to the slenderness of the stent struts, 3D-resolved stents require 
a very fine mesh and, hence, are computationally very expensive. 
Reduced-dimensional (1D) beam finite elements provide an accurate 
and effective way to discretize slender geometries at a fraction of the 
degrees of freedom [49].  Stents were modeled with 1D beam finite 
elements in [50–54], significantly reducing computational effort while 
retaining a realistic stent behavior. However, in these studies, only the 
stent was modeled without interaction with the artery. Stent-artery-
interaction in the context of drug-elution from DES was modeled using 
1D stents in [55–57], neglecting the previous stenting procedure or 
using a fully resolved system for this part. Mixed-dimensional inter-
action during stenting procedures was modeled using rigid endothelial 
surfaces [58,59], or embedding the stent into a graft [60].  In [49], a 
comprehensive review of reduced-dimensional models for drug-eluting 
stents and their accuracy and performance compared to the 3D-resolved 
problem was provided.

In this work, we present a novel approach for the simulation of 
patient-specific coronary angioplasty, including all components de-
scribed above, i.e., artery, balloon, and stent. One of the main novelties 
is the usage of 1D beam finite elements for the stent struts while still 
accurately modeling the interaction between the system components 
of different dimensionality (1D stent struts, 3D artery and balloon), 
requiring a mixed-dimensional coupling approach. This approach not 
only allows for a significant reduction of the degrees of freedom to dis-
cretize the stent, but also offers further advantages and efficiency gains 
and, hence, reduces the computational effort compared to a 3D stent 
discretization. We build our framework upon the methods introduced 
in [61–63]. There, collocation and mortar-type methods are presented 
to consistently model mixed-dimensional interaction problems from 
embedded fibers to beam-solid contact. We use a mortar finite ele-
ment framework for the contact mechanics between the solid parts, as 
introduced in [64,65]. Furthermore, we employ a novel elasto-plastic 
constitutive model crafted for 1D beam finite elements to accurately 
represent the stent behavior in the post-elastic regime. There, the 
elasto-plastic relations are formulated based on the beam cross-section 
stress and strain resultants. This results in a significant reduction in 
the computational and modeling effort for the stent while still accu-
rately capturing local and global effects of the stent on the mechanical 
response of the artery. Moreover, the employment of 1D beam finite 
elements for the stent struts allows for efficient and flexible modeling 
of the stenting device setup, which can be easily adjusted to accom-
modate different geometries. For the balloon modeling, we reduce the 
simulation complexity by using a simplified geometry, which deforms 
elastically upon inflation. For this simplification, our approach is based 
on the methods in [43], namely employing an artificially orthotropic 
balloon material formulation to achieve a realistic expansion behavior. 
For curved initial configurations, as in most patient-specific applica-
tions, the anisotropic material additionally prevents the balloon from 
extensive bending during the inflation. This material formulation al-
lows us to model the realistic balloon inflation behavior while using a 
simplified, easy-to-implement, and computationally efficient cylindrical 
balloon geometry in complex, patient-specific simulations.

In summary, we present a novel approach specifically tailored for 
studying the effect of PCI on individual coronary arteries, but also 
easily adaptable for other biomechanical problems involving stents. We 
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Fig. 1. Artery macro- and microstructure.
believe the results presented in this work show that this can become a 
viable tool for incorporating image-derived, patient-specific geometries 
to facilitate objective comparisons of different lesions or treatment 
procedures. Through the efficient mixed-dimensional approach, this 
work serves as an important step towards the broader applicability of 
computational PCI simulations for larger patient cohorts and clinical 
studies. In addition to the factors considered in the traditional ISR risk 
stratification strategies, insights from such comparisons could inform 
the clinical assessment of lesions considered for stent implantation in 
the future.

2. Computational models and methods

We formulate all components of the stenting device and the coro-
nary artery in a geometrically and constitutively nonlinear frame-
work with contact interface conditions between the bodies. Through-
out this work, the term stenting device describes the coronary bal-
loon and balloon-inflatable stent system. The artery and the balloon 
are 3D Boltzmann continua following a classical continuum solid 
mechanics approach, cf. [66]. We employ a stent model based on 
reduced-dimensional, 1D beam elements following the Simo-Reissner 
theory [67] with an elasto-plastic material model. The interaction 
between the balloon catheter and artery is modeled with computa-
tional contact mechanics using mortar methods; for the stent, we 
utilize a beam-to-solid surface contact approach [62]. Spatial discretiza-
tion of all continua is based on finite elements and all simulations 
are performed with our in-house multiphysics high-performance code 
4C [68].

2.1. Coronary artery model

The artery material is modeled as being nearly incompressible, 
anisotropic, and hyperelastic. We introduce the virtual work 𝛿𝑊  formu-
lated in the reference configuration as the basis for the finite element 
method. Inertial forces are neglected for the mechanical equilibrium as 
we are not interested in any dynamic process. Hence, we will later use a 
quasi-static pseudo-time discretization and apply the loads in small load 
steps. We derive the boundary value problem from the balance equa-
tions and constitutive relations. Together with the boundary conditions 
for the given solid body, it reads 

𝛿𝑊 = ∫𝛺
0

𝑺 ∶ 𝛿𝑬 d𝑉 +∫𝛤 cut
0

𝑐𝑐𝒖⋅𝛿𝒖 d𝐴+∫𝛤 endo
0

𝑝𝑑𝑭 −𝑇𝑵0 ⋅𝛿𝒖 d𝐴 = 0. (1)

Here, 𝒖 is the displacement field, 𝑭  denotes the deformation gradient, 𝑺
the second Piola–Kirchhoff stress tensor, 𝑬 is the Green–Lagrange strain 
and 𝑵0 is the reference surface normal direction (further details can be 
found in Appendix  A) [66]. The integral over the cut-off surfaces 𝛤 cut

0 =
𝛤 cut,1
0 + 𝛤 cut,2

0  describes the boundary condition on the artery end sur-
faces, see Fig.  1. In the literature, these surfaces were often fixed with 
displacement boundary conditions, cf. [69,70]. However, this approach 
introduces strong boundary effects and hence requires an extended 
artery model length. In this work, we use omnidirectional springs as 
a reasonable approximation for realistic boundary conditions while 
reducing boundary effects. Coronary arteries are generally prestressed 
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in their initial configuration, which influences their biomechanical 
response to the stent implantation and the overall stress state [71]. 
Since this work does not focus on the exact initial geometry, we apply 
the blood pressure 𝑝𝑑 = 85mmHg directly to the endothelial surface 
𝛤 endo
0 , which leads to small deformations compared to the deformations 
during the stenting procedure. The blood pressure is averaged over 
time since the time frame of the simulation is small compared to its 
periodic changes. The set of nonlinear partial differential equations of 
the boundary value problem is discretized in space using the finite 
element method with second-order tetrahedral elements.

The artery wall consists of three layers, the intima, media, and 
adventitia, which have different material properties and microstruc-
tures [72], see Fig.  1(a). The media absorbs most of the stress in the 
physiological range, while the adventitia serves as a protective layer 
against overstretch and rupture at high stresses. Each layer’s ground 
material consists of elastin fibers, proteoglycans, and, in the media, 
smooth muscle cells [73]. The layered walls are strongly anisotropic 
because of their collagen component, which is significantly stiffer than 
its surrounding material. The constitutive description of soft biological 
tissues on a macroscopic level must, therefore, include its fibrous 
structure and the resulting preferred directions associated with the 
fibers [73,74]. We use an exponential material for the fiber contri-
butions, which are embedded in a Neo-Hookean base material. We 
add a material dissipation term with a viscoelastic pseudo-potential for 
numerical stability; the term is small compared to the elastic contribu-
tions. Details on the specific strain energies are given in Appendix  B. 
The artery material constants in this work are chosen similarly to [75] 
based on the experimental work in [76]. The Neo-Hookean material 
model for the isotropic part depends on the Poisson’s ratio 𝜈 = 0.45
and the Young’s modulus 𝐸, which is 156.6 kPa and 15.66 kPa for the 
media and the adventitia, respectively. The material model for the 
elastic fiber contribution depends on the exponential constants 𝑘1 and 
𝑘2 [74], which exhibit exponential stiffening at higher deformations. 
The anisotropic material constants 𝑘1 and 𝑘2 are 0.64 kPa and 3.54 
for the media and 5.1 kPa and 15.4 for the adventitia. The collagen 
fiber architecture differs in each layer [76] and is displayed for a 
generic artery extract in Fig.  1(a). Experimental research determined 
the media’s collagen fiber architecture to be almost circumferential, 
i.e., 𝜙𝑀 = 0◦ [76]. The adventitia’s fibers are oriented approximately 
𝜙𝐴 = ±40◦ from the circumferential direction, forming a double helix 
structure with two fiber families in opposite directions.

2.2. Stent model

We model the stent structure using 1D beam elements with an 
elasto-plastic constitutive law. Fig.  2 shows the stent setup and fixation 
points, i.e., the nodes for the application of the Dirichlet boundary 
conditions, only allowing radial displacement. If the stent centerline 
is straight, one additional stent node is fixed against axial movement 
to prevent slippage from the balloon since the contact is frictionless.

The stent geometry follows a ‘‘corrugated rings’’ design with straight 
connectors, comparable to BioMatrix stent designs [77], see Fig.  3. 
The geometry is constructed using the open-source 3D beam generator 
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Fig. 2. Setup of artery, balloon, and stent; the fixation points are only free to move 
in the radial direction.

MeshPy [78]. The stent model consists of rings with eight crowns in 
each ring; the number of rings determines the stent length. The distance 
between the rings is 1.5mm; the crown distance is 0.45mm and the 
crown height is 1.5mm. The stent strut thickness is 0.12mm, and its 
cross-section is rectangular with rounded corners.

Considering the slender shape of the stent struts, a
reduced-dimensional 1D beam theory is a good approximation. Each 
stent strut is discretized with three beam finite elements. The beams are 
modeled as 1D Cosserat continua embedded in 3D space based on the 
geometrically exact Simo-Reissner beam theory [79,80]. We model the 
connection points between the beam elements as rigid joints, assuming 
that the flexibility of the joint itself can be neglected, which is a valid 
assumption for typical joints of 1D beam elements [81]. The beam 
elements are described by the centerline curve 𝒓(𝑠) ∈ R3 connecting the 
cross-section centroids, where 𝑠 ∈ [0, 𝐿] ⊂ R is an arc-length coordinate 
and 𝐿 the length of the beam in the undeformed configuration. The 
orientations of the beam cross-sections are described by the rotation 
tensors 𝜦(𝑠) ∈ 𝑆𝑂(3), where 𝑆𝑂(3) represents the rotation group. The 
corresponding variations of these kinematic quantities, i.e., the virtual 
displacements and rotations, are denoted as 𝛿𝒓 and 𝜽, respectively. 
Eventually, the weak form of the mechanical balance equations is given 
as

𝛿𝑊 = ∫

𝐿

0

(

𝛿𝜴𝑇𝑴 + 𝛿𝜞 𝑇𝑭 − 𝛿𝜽𝑇 𝒎̃ − 𝛿𝒓𝑇 𝒇̃
)

𝑑𝑠

−
[

𝛿𝒓𝑇 𝒇
]

𝛤𝜎
−
[

𝛿𝜽𝑇𝒎
]

𝛤𝜎
= 0. (2)

Here, 𝒇̃ and 𝒎̃ correspond to externally applied distributed forces and 
moments, respectively, and 𝛤𝜎 refers to the (Neumann) boundary of the 
beam with prescribed external forces and moments. In this context, 𝑭

and 𝑴 represent the (convected) force and moment stress resultants 
acting in the beam cross-sections. Note that we use the superscript (.)
for ‘‘beams’’ here to avoid confusion with the deformation gradient of 
the solid parts. Moreover, 𝜞 = 𝜦𝑇 𝒓′ − 𝑬1 with 𝑬1 = [1, 0, 0]𝑇  and 
𝑺(𝜴) = 𝜦𝑇𝜦′ − 𝜦𝑇

0 𝜦
′
0 are (convected) deformation measures that are 

work-conjugated to the stress resultants 𝑭 and 𝑴. Here, the notation 
𝑺(𝜴) refers to the skew-symmetric tensor associated with the axial 
vector 𝜴. The prime (.)′ = 𝜕(.)∕𝜕𝑠 denotes the derivative with respect to 
the arc-length coordinate 𝑠, and the subscript (.)0 refers to the (stress-
free) undeformed configuration of the beam. In particular, the vector 𝜞
represents axial tension and shear (two components), while the vector 
𝜴 represents torsion and bending (two components), leading to a total 
of six pointwise deformation modes of the beam. The implementation of 
the Simo-Reissner beam finite element utilized in this work is detailed 
in [67]. This reference also provides a comprehensive overview of the 
geometrically exact beam theory in general.

The radial support of a stent after the implantation into a diseased 
coronary artery section relies on the plastic deformation of the stent 
structure. The stent material is assumed as Co-20Cr-15W-10Ni, as this 
alloy is often used for coronary stents. To model the elasto-plastic be-
havior of the material, we propose a rate-independent plasticity model 
integrated into the geometrically exact beam theory used to model 
the stents. The constitutive relation between deformation measures 
and stress resultants, accounting for elasto-plastic material behavior, 
is detailed in Appendix  C. In current stent designs, the global radial 
4

extension of the stent is governed by local bending deformation of 
the struts. Therefore, we only model an elasto-plastic behavior of 
the bending moment to bending strain relationship within the beam 
theory following a linear isotropic hardening law. It is important to 
note that even though only the bending deformation is modeled as 
being elasto-plastic, the struts can still exhibit (elastic) torsion, shear, 
and axial extension deformations (see Appendix  C for details). The 
Young’s modulus is 𝐸 = 380GPa, and the elasto-plastic tangent modulus 
𝐸𝑒𝑝 = 64GPa [82]. The initial yield moment 𝑀0

𝑦  was assumed to be 
reached once the normal stress on the outer fibers of the beam equaled 
the initial yield stress 𝜎𝑦, thus 𝑀0

𝑦 = 𝜎𝑦𝜋𝑅3∕4 = 8×10−5 Nm, where 
𝑅 = 0.06mm is the beam cross-section radius. We directly start our 
simulation with the stent in a crimped configuration on the balloon 
catheter, i.e., we assume a stress-free initial configuration. To account 
for the kinematic hardening from the stent crimping, we modified 
the Young’s modulus and the initial yield moment from the material 
parameters in [82] such that the stent expansion and elastic recoil 
match the manufacturer’s data for this stent type [77] and the mean 
elastic recoil based on clinical studies [83].

2.3. Simplified balloon model

In this work, we model the balloon as a simplified, elastically 
deforming thin-walled tube and neglect the folding and pleating typical 
for coronary balloon catheters. To nevertheless achieve a realistic 
inflation behavior, we describe the balloon material as an artificially 
orthotropic material with an exponential material model in the two 
preferred anisotropy directions governing the inflation behavior, as 
proposed in [43]. The balloon is spatially discretized with one layer 
of 3D hexahedral finite elements with linear shape functions. It is well 
known that this element type can be prone to shear locking. However, 
over almost the entire balloon length its overall behavior is primarily 
governed by membrane deformations. Large shear states only occur 
localized at the balloon ends. Since the balloon serves as an idealized 
structure to control the stent expansion, we can accept some artificial 
stiffening at the balloon ends and choose the material parameters 
accordingly. The material is a hyperelastic Neo-Hooke base material 
with exponentially stiffening anisotropic contributions as described 
in Appendix  B. We choose the balloon material parameters to obtain 
a realistic balloon inflation behavior, i.e., the balloon diameter at the 
respective inflation pressure, as we will demonstrate in Section 3. The 
Neo-Hookean base material possesses a Young’s modulus of 17.0MPa
and a Poisson’s ratio of 0. We define the artificial fiber parameters 
𝑘1 = 1000, 𝑘2 = 0.01 for the longitudinal direction and 𝑘1 = 1.5×10−7, 
𝑘2 = 0.35 for the circumferential direction. We add a small material dis-
sipation term to numerically stabilize buckling phenomena as described 
in Section 4.2.3. The mathematical formulation of the boundary value 
problem is similar to Eq.  (1). In this case, the inner pressure on the 
Neumann boundary is the balloon inflation pressure 𝑝𝑖𝑛. The balloon 
ends are fixed using spring boundary conditions. We found that this set 
of boundary conditions is the best approximation for the connection of 
the balloon ends with the coronary catheter. Additionally, it reduces 
strong element deformations at the boundary elements compared to 
fixed Dirichlet boundary conditions.

This simplified balloon model helps to significantly reduce the 
computational cost of the total simulation while maintaining realistic 
results for the stent expansion. It also allows for the replication of 
typical effects seen in the folded balloon expansion. First, with in-
creasing inner pressure, the material unfolds initially at its proximal 
and distal ends before progressing towards the middle section, the 
so-called dogboning effect [24]. A uniform diameter across the full 
balloon length characterizes the resulting configuration at the nominal 
inflation pressure. Additionally, when placing the balloon catheter in 
a curved artery section, the fully inflated balloon shows a reduced 
curvature. This post-stenting straightening effect was also reported in in 
vivo studies [84,85] and simulations with fully resolved, folded balloon 
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Fig. 3. Stent geometry; the stent struts are represented with their true thickness, though modeled as 1D beam elements.
Fig. 4. Patient-specific artery geometry with lumen centerline, initial balloon and stent geometry.
models [32,33,35]. Balloon kinking often happens during inflation in 
very curved sections, as shown for aortic stent grafts in [86] and can 
also be modeled with this approach. The artificially orthotropic balloon 
material formulation used in this study captures these typical effects, 
unlike approaches where displacement is prescribed purely radially.

2.4. Initial configuration of the stenting device

Coronary stenosis often affects long artery sections, requiring stent 
lengths of up to 60mm. Due to their high curvature, especially in the 
right coronary artery, placing the stent into a curved artery section 
is inevitable. The relatively low bending stiffness of the uninflated 
balloon-stent system allows for the bending of the system to place 
the stent in the correct position. We neglect the procedure of the 
stenting device positioning to the target site and directly start the 
simulation from a predefined, bent configuration inside the vessel. For 
the final mechanical load on the artery, the exact initial configuration 
is not critical. Hence, we propose a method to estimate an initial 
configuration for the stenting device that enables the application to 
curved artery sections without the necessity to simulate the catheter 
insertion process.

In the first step, the balloon geometry in the stenosed area before 
the inflation is determined. Fig.  4(a) shows an example of the artery 
geometry with its lumen centerline and the location of the narrowest 
diameter, which are the basis for the balloon geometry and position. 
We assume the stent is placed centrally at the stenosis, i.e., the stent 
midpoint is at the narrowest diameter site. The endpoints are deter-
mined with the targeted balloon length and are assumed to lie on the 
lumen centerline.

We use ScyPy’s univariate spline fit [87,88] to interpolate the lumen 
centerline points between the balloon endpoints to obtain the balloon 
centerline. The number of knots to interpolate the data is increased 
until the smoothing condition 
|

|

|

𝑛
∑

(

(𝑤𝑖 ⋅ (𝑦𝑖 − spl(𝑥𝑖)))2
)

− 𝜁 ||
|

< 𝜖𝜁 ⋅ 𝜁 (3)
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𝑖=0
for a cubic spline 𝑦 = spl(𝑥) with the smoothing factor 𝜁 is satisfied 
under a tolerance of 𝜖𝜁 = 0.001. Here, 𝑛 is the number of center-
line points (𝑥, 𝑦). We use a high smoothing factor of 𝜁 = 4 for the 
interpolation in all three coordinate directions to ensure a relatively 
straight balloon geometry. An array of adapted weights 𝑤 for the spline 
fitting ensures no overlap of the balloon geometry with the endothelial 
surface emerges. We create the balloon geometry as a hollow cylinder 
along this centerline; the outer diameter is set slightly smaller than the 
narrowest artery diameter. Fig.  4(a) shows the final balloon geometry 
for this example.

The creation of the initial stent geometry is done in two steps. First, 
the stent is modeled as a straight device, which in the second step is 
warped onto the balloon geometry, see Fig.  4(a). This is done in such a 
way that the stent centerline is not stretched during this warping proce-
dure. The rotational aspect of the transformation is chosen to minimize 
the twist along the deformed stent centerline. This mapping depicts 
a preparatory step of the simulation; we then use the deformed but 
stress-free configuration as the initial configuration for the simulations.

2.5. Contact mechanics

In the considered simulations, two types of contact interactions oc-
cur: surface-to-surface contact and beam-to-solid contact. The surface-
to-surface interaction appears between the balloon and the inner artery 
wall. For this interaction, we employ a mortar finite element framework 
for contact mechanics, as introduced in [64]. As constraint enforcement 
strategy for the frictionless contact, a Lagrange multiplier approach 
with node-wise penalty regularization is performed. Mortar methods 
for surface-to-surface contact are well established and will not be 
described in more detail here. The interested reader is referred to the 
aforementioned reference and [64,65] for more information.

The beam-to-solid contact occurs between the stent and the balloon, 
as well as between the stent and the artery wall. From a geometri-
cal point of view, this is a line-to-surface (1D-2D) contact problem, 
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Fig. 5. Balloon diameter at different pressures for the generic free stent expansion simulation.
Fig. 6. Free expansion simulation for the straight stenting device.
which requires to formulate a mixed-dimensional contact interaction 
between the beams and the solid. To model this mixed-dimensional 
interaction between 1D Cosserat beams and 2D solid surfaces, we use a 
novel approach introduced by [62,89]. In [62], a coupling formulation, 
i.e., mesh-tying, between 1D beams and 2D surfaces is presented, which 
is then extended to unilateral frictionless contact in [89]. There, the 
contact constraints are formulated via the space-continuous penalty 
potential 

𝛱𝜖 = ∫𝛺

𝜖
2
⟨𝑔(𝑠)⟩2 d𝑠 with ⟨𝑥⟩ =

{

𝑥, 𝑥 ≤ 0
0, 𝑥 > 0

. (4)

Here, 𝛺 is the full beam domain, 𝜖 ∈ R+ is the penalty parameter 
and 𝑔 is the gap function. Contributions to the penalty potential solely 
come from negative values of the gap function, i.e., penetration, while 
positive values, i.e., separation, do not contribute to the penalty poten-
tial. For this work, the contact geometry of the beam finite elements is 
assumed to be a tube along the beam centerline with a constant radius 
𝑅. This allows to define the gap function via a minimization problem 
𝑔(𝑠) = min

𝜉,𝜂
‖𝒓(𝑠) − 𝒙𝑠(𝜉, 𝜂)‖ − 𝑅. (5)

Here, 𝒓 is a point on the beam centerline, 𝒙𝑠 is the corresponding closest 
point on the solid surface obtained with a closest point projection. The 
surface parameter coordinates 𝜉 and 𝜂 describe the position of 𝒙𝑠 on 
the solid surface.

The validity of modeling assumptions of mixed-dimensional in-
teraction problems has been studied in detail for embedded fibers, 
cf. [61,63], with the conclusion that the solid finite elements should not 
be smaller than the beam cross-section dimensions. In the case of beam-
to-solid contact, this restriction is even softer. For all the examples 
presented in this work, the solid element dimensions exceed the beam 
cross-section dimensions, thus justifying the use of a mixed-dimensional 
contact scheme.

3. Free stent expansion simulation

As a first numerical example, we show the free expansion of the 
stenting device as a benchmark for the balloon inflation and stent 
expansion. We present a simplified model consisting of a straight 
stenting device and a more complex example, which will be used for 
the generic and patient-specific angioplasty simulations in Sections 4.1
and 4.2, respectively.

3.1. Straight stenting device

We generate the stent and balloon models as described in Sec-
tions 2.2 and 2.3 and sketched in Fig.  6. For the first example, we 
use a straight stenting device with a stent length of 6mm. The stent 
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geometry comprises four rings. Each stent strut is discretized with three 
Simo-Reissner beam finite elements, totaling 210 elements for the stent 
geometry. The balloon’s geometry is a straight cylinder with a length of 
9.4mm, a wall thickness of 0.04mm, and an outer diameter of 0.98mm. 
It is discretized with 1,276 linear, hexahedral elements. The balloon 
length in relation to the stent length was chosen such the tapers at 
both ends are sufficiently large to form the air pockets that cause the 
dogboning effect. In this configuration, the spring boundary stiffness 
at the balloon end surfaces is set to 0.1GPa. The stent is fixed at four 
nodes as described in Section 2.2 to only allow radial displacement.

The inner pressure 𝑝𝑖𝑛 drives balloon inflation, which in turn ex-
pands the stent. We model the balloon and stent interaction as de-
scribed in Section 2.5 with a penalty parameter of 𝜖 = 10 N∕mm2. 
The pressure is linearly ramped up with a maximum of 13 atm or 
1.01MPa, which represents a typical value for commercially available 
coronary balloon catheters. After reaching the maximum pressure, the 
load linearly decreases such that the end-configuration is unloaded. In 
total, 100 quasi-static load steps are performed.

Fig.  5 illustrates the balloon shape and diameter for different pres-
sures during the free stent expansion simulation. The expansion shows 
the typical pattern for balloon unfolding, i.e., a rapid expansion with 
linear pressure increase, followed by a relatively constant diameter for 
pressures exceeding the balloon’s nominal pressure. At the beginning of 
the inflation phase, the sections towards the balloon margins inflate at 
a higher rate than the middle section, causing a slight dogboning effect, 
which is also the case in the expansion of folded balloons. In this exam-
ple, the dogboning is most prominent during the inflation at 10.4 atm, 
where the ratio between the distal and the central radius is 20.4%. 
This is slightly lower than typical values for e.g. diamond-shaped 
stents [90].

Fig.  6 shows the free expansion simulations. The figure shows the 
balloon and stent initial configurations, the deformation at maximum 
pressure, and the final state of the balloon and stent after removing the 
pressure. Following an expansion from the initial diameter of 1.15mm, 
the configuration at maximum pressure shows a rather uniform stent 
diameter over its length of approximately 2.59mm. These numbers 
comply with typical values for commercially available stenting de-
vices, such as the BioMatrix neoflex stenting system, which reaches 
a diameter of 2.71mm at 13 atm [77]. The expansion behavior is also 
comparable with data obtained through experimental studies, cf. [39].

The elasto-plastic properties of the stent material characterize its 
deformation during and after the balloon inflation. The stent deforms 
elastically up to a certain yield point and plastically beyond this point. 
Once the external force diminishes, i.e., the balloon deflates com-
pletely, the elastic part of the stent deformation is reverted and the 
plastic deformation remains. Hence, an elastic recoil reduces the post-
procedure diameter from its maximum value. In this case, we observe 
a slight elastic recoil; the post-procedure diameter is 2.31mm. We 
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Fig. 7. Free expansion simulation for the stenting device.

computed an absolute stent elastic recoil of 0.28mm, i.e., 10.8%. Clin-
ical studies suggest a mean elastic recoil of 10.02% with a standard 
deviation of 5.87%, depending on the initial configurations and stenting 
devices used [83].

3.2. Curved stenting device

In the next step, the free expansion simulation is applied to a more 
realistic stenting device setup, i.e., the geometry follows a curved cen-
terline adapted to the patient-specific artery geometry, cf. Section 2.4. 
The stent length is 16.5mm. In this example, the stent geometry com-
prises 11 rings and consists of 588 Simo-Reissner beam finite elements. 
The balloon has a similar wall thickness and diameter as in Section 3.1; 
the length is 18mm. The total element number for the full-length 
balloon is 2,765. In this example, we choose a spring stiffness of 1GPa
for the cut-off surfaces.

Fig.  7 shows the free expansion simulation. Since the pressure is 
applied evenly to the inner balloon surface, the resulting stent diam-
eters are similar to the straight setup. In the curved stenting device, 
we furthermore observe the post-stenting straightening effect from the 
balloon inflation. As visible in Fig.  7, the stenting device centerline 
straightens when the balloon inflates and also remains in a straighter 
configuration once the balloon pressure is removed.

4. Coronary angioplasty simulation

In the following, we apply the proposed approach to coronary angio-
plasty simulations. Case 1 shows a simplified example, with a generic 
cylinder geometry representing the artery. In Case 2, we use a patient-
specific setup with a strong curvature to illustrate the applicability to 
complex models.

4.1. Case 1: Generic artery model

In this example, we use a simplified cylindrical artery to show the 
interaction between the balloon, stent, and artery. Although the artery 
is not stenosed, it expands through the stent placement.

4.1.1. Simulation setup
The artery model is a generic hollow cylinder (generated using 

Coreform Cubit, 2018) with a two-layered nonlinear, hyperelastic, 
anisotropic material model as described in Section 2.1. We assume 
the intima is mechanically irrelevant for this preliminary example, and 
hence, we only describe the media and adventitia. The probe length 
in this example is 11mm. The outer diameter of 2.8mm and the total 
wall thickness of 0.6mm are within the range of a normal left coronary 
artery section [76]. We use a structured, hexahedral mesh with linear 
basis functions for the spatial discretization of the simplified artery 
model. The stenting device, including balloon and stent, is modeled 
as described in Section 3.1. The full setup is shown in Fig.  8. It holds 
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Fig. 8. Setup of the generic artery angioplasty simulation.

Fig. 9. Stent diameter over balloon inflation and deflation.

33,960 solid degrees of freedom (DOFs; 6,330 for the balloon and 27,000
for the artery) and 3,150 beam DOFs.

Similarly to Section 3, the balloon inflation governs the stent ex-
pansion. The stent interaction with the balloon catheter and the artery 
is modeled using a mixed-dimensional beam-to-solid contact formu-
lation, cf. Section 2.5 with a penalty of 𝜖 = 10 N∕mm2 [61–63,89]. 
Contact mechanics between the balloon and artery is described using a 
mortar finite element framework for 3D surfaces [64,65]. The penalty 
parameter for the surface-to-surface interaction is set to 𝜖 = 5 N∕mm2, 
allowing for minimal penetration while maintaining computational 
robustness and speed. Since it is not the primary interest of this 
manuscript, we neglect the exact artery prestressing and resort to 
the application of an appropriate typical diastolic pressure of 𝑝𝑑 =
85mmHg. At the cut-off surfaces, we use omnidirectional springs with 
a stiffness of 1GPa as boundary conditions. We found that this value 
represents the tissue of the adjacent tissue well for this example, as the 
cut-off surfaces do not affect the stresses measured in the stented area.

4.1.2. Results
Fig.  9 plots the stent diameter over the balloon inflation and de-

flation. The horizontal axis is the (pseudo-)time of the simulation, 
corresponding to the linearly increased pressure to a maximum of 
13 atm at time 1.0 s, decreasing linearly again to 0 atm at time 2.0 s. 
The diameter is computed from the mean radial displacement of all 
stent nodes. The stent diameter increases rapidly during the early 
inflation phase, followed by a reduced diameter increase towards the 
maximum pressure. At the maximum balloon pressure of 13 atm, the 
stent diameter is 2.12mm. After the elastic recoil of 10.8%, the final 
stent diameter is 1.89mm.

Fig.  10 shows the generic coronary artery setup in its initial con-
figuration, at full expansion with 13 atm balloon pressure, and after 
the pressure withdrawal. The colors indicate the first principal Cauchy 
stresses in the current configuration, a scalar quantity that is, in this 
case, mainly directed circumferentially. In the initial configuration, 
shown in Fig.  10(a), no contact between the stent and the artery 
has been established yet. After the prestressing with an inner artery 
pressure of 85mmHg, the maximum deformation is 0.14mm. The re-
spective first principal stress reaches 2.3 kPa and 0.17 kPa in the media 
and adventitia, respectively. Fig.  10(a) shows the configuration of the 
maximum balloon pressure of 13 atm. The highest principal stress values 
of 7.99MPa are reached at the endothelial surface near the contact 
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Fig. 10. Stent deployment simulation in a generic artery model; for a better overview, 
the balloon is not shown, and the stent is outlined.

points with the stent struts. The first principal stresses in the adventitia 
reach 49.5 kPa. Over the length of the stented site, the sites proximal 
and distal to the stent experience slightly higher stresses than the rest 
of the endothelium. Fig.  10(a) displays the stented generic artery after 
the withdrawal of the balloon pressure. The first principal stress is 
significantly lower and more evenly distributed than during maximum 
inflation. Maximum values for the media and adventitia are 187.5 kPa, 
and 13.7 kPa, respectively.

4.2. Case 2: Patient-specific artery model

In this section, the presented approach is applied to a patient-
specific coronary artery setup to demonstrate the feasibility of working 
with arbitrarily shaped arteries as retrieved from medical imaging data.

4.2.1. Patient-specific artery and simulation setup
We use coronary computed tomography angiography (CCTA) image 

data obtained at the German Heart Center Munich from an exem-
plary patient diagnosed with coronary artery disease as a basis for 
the computational artery model. The diseased area is localized at the 
proximal right coronary artery section. The lesion is identified as a non-
calcified, mixed-tissue coronary plaque with approximately 20% lumi-
nal obstruction. Additionally, some positive remodeling, i.e., thickened 
intimal tissue leading to increased outer diameter, can be observed. 
The respective section, including the stenosis and the surrounding area, 
is segmented using the open-source software SimVascular [91]. The 
length of the segmented artery section is approximately 21mm, and 
the inner diameter is between 1.5 and 2.0mm. The lumen centerline is 
computed and exported using the SimVascular reduced-order modeling 
tool [91]. We assume the outer layers of the artery wall, namely the 
adventitia and media, to have fixed thicknesses, which we calculate 
based on the ratio to the outer vessel diameter as found in litera-
ture [76]. The remaining tissue of the inner layer is defined as intimal 
tissue. The total wall thickness varies from 0.7 to 1.8mm. We model 
the artery material as described in Section 2.1 and apply the patient-
specific diastolic pressure of 𝑝𝑑 = 85mmHg, since the CCTA image 
acquisition is typically gated in this phase. We define the thickened 
intima as homogeneous, neglecting the personalized composition of 
the diseased tissue and we assume its material properties resemble the 
media’s. A harmonic lifting operation, as described by [92], provides 
a smooth fiber distribution throughout the complex domain of the 
patient-specific geometry using the lumen centerline as a construction 
basis for the local coordinate system. For this, we use the specific lumen 
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centerline’s tangent as the orientation of the longitudinal direction. We 
use the software package LNMmeshio [93] for the model preparation 
and Gmsh [94] for the mesh generation. A tetrahedral finite element 
discretization with quadratic basis functions is employed. In total, the 
artery mesh consists of 156,590 elements and 238,123 nodes; the mean 
mesh size is 0.25mm. The artery layers are meshed separately and have 
a conforming mesh at their internal boundary surfaces. Fig.  11 shows 
the patient-specific artery components and discretization.

The stent geometry is generated with a length of 18mm and 11
rings as described in Section 2.2. We determine the initial configuration 
of the balloon and the stent as described in Section 2.4. Similarly to 
the numerical example of the generic artery presented in Section 4.1, 
the stent expansion is governed by the balloon inflation and the cut-
off surfaces are supported by omnidirectional springs. The orthotropic 
material properties of the balloon allow a radial deformation and 
prevent the balloon from excessive bending under the inner pressure, 
cf. Section 3.2. Fig.  12(a) shows the simulation setup.

4.2.2. Linear solver and preconditioning
The balloon, stent, and patient-specific coronary artery section con-

tain 16,800, 8,811, and 714,369 DOFs. The simulation requires small 
load steps to ensure convergence through the highly nonlinear sys-
tem behavior; we use 500 steps in this example. Additionally, the 
material parameters reside in different orders of magnitude, and the 
system involves thin-walled structures and mixed-dimensional model-
ing; therefore, the resulting matrix is ill-conditioned. To accommodate 
the large problem size and high condition number, we employ an 
iterative Krylov-based solver with specialized, problem-oriented pre-
conditioning for a fast and efficient solution. We use the GMRES 
implementation from the Trilinos software package Belos [95]. We 
use an Incomplete LU (ILU(p)) preconditioner with a Krylov subspace 
of size 200 and a fill level 𝑝 = 4 to improve the convergence. The 
implementation in 4C [68] allows for MPI parallelism. The computation 
of the current example is distributed on 20 MPI processes.

4.2.3. Results
Figs.  12(b) and (c) show the setup with the fully inflated balloon and 

the end-state after the pressure withdrawal, respectively. The modeled 
stent implantation successfully reopened the narrowed artery section. 
The colors indicate the first principal Cauchy stress values.

As we have observed in Case 1, the first principal stress in the 
artery wall reaches its highest value at maximum balloon inflation. 
The endothelial tissue in direct contact with the stent experiences 
high principal stresses of up to 757.0 kPa, which is a 15-times increase 
from the initial prestressed value of 48.1 kPa. In comparison, the value 
decreased to 191.4 kPa after PCI. At maximum balloon inflation, we see 
stress values of up to 78.3 kPa and 135.9 kPa in the media and adventitia, 
respectively. Those values reduce to 48.9 kPa and 49.5 kPa after the 
intervention. Hence, the principal stresses after PCI are elevated from 
the initial configuration with a factor of 4.0, 1.4, and 3.9 in the intima, 
media, and adventitia, respectively, potentially leading to long-term 
growth and remodeling effects.

Due to the complex shape of the image-based model, the stress 
distribution is irregular throughout the artery. In severely stenosed 
areas, the intima and media principal stress values during and after PCI 
are higher compared to less stenosed parts. Comparably high media 
stress values are also reached in the proximal and distal sites of the 
stenosis. The first principal stresses are oriented in the circumferential 
direction both during maximum inflation and after the balloon with-
drawal, i.e., circumferential stresses exceed the radial contact forces 
from the stent struts. In Appendix  D, the directions of the principal 
stress vectors are visualized. The locations of high stresses in this 
numerical example might indicate areas of high risk for ISR, and they 
correlate with clinical observations regarding frequent ISR locations. 
Overall, the stresses on and near the endothelial surface in contact 
with the stent exceed those in the remaining tissue. In contrast, the 
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Fig. 11. Patient-specific artery with stenting device.
Fig. 12. Stent deployment simulation in a patient-specific model. For better visibility, the balloon is not shown.
media tissue towards the adventitia experiences lower stresses than 
the adventitia itself. The adventitia serves as a protective layer for the 
artery against overstretch and rupture as it becomes excessively stiff 
when experiencing high loads [76].

The final stent configuration is in place of the stenosed section and 
holds an opened position after plastic deformation. The stent implan-
tation slightly straightens the curved artery section; some curvature is 
retained after the pressure withdrawal. We observe an instability mode 
in the balloon model shortly before the diameter reaches its maximum 
value, which results from compression forces on the inner side of 
strongly curved balloon sections. Load-carrying thin-walled structures 
are especially sensitive to buckling when bending is involved [96]. As 
can also be observed in fully resolved balloon inflation simulations [32,
86], the balloon buckles inwards before it reaches a stable state again 
at higher pressures. In less curved artery sections, we did not observe 
this behavior.
9

4.3. Numerical performance

We performed the simulations of the free expansion for the straight 
and the curved geometry on a Linux workstation using two or four 
parallel processors, respectively. Each processor features 62 GB of 
RAM and 16 11th Gen Intel Cores i9-11900 with 2.50GHz operating 
frequency. We used 100 load steps for the free expansion simulations, 
which took 14.7min, and 31.6min for the straight and the curved 
stenting device, respectively. We used four processors to simulate the 
generic artery angioplasty in Case 1. The simulation took 6.8 h for 500
load steps. For the patient-specific example in Case 2, we used 20 cores 
on an Intel Xeon Gold 6230 ‘‘Cascadelake’’ processor with 96 GB of 
RAM. For 500 load steps, this example took 23.4 h.

5. Discussion

Mechanical factors are often overlooked as risk factors for in-stent 
restenosis after percutaneous coronary interventions. This manuscript 
proposes a novel mixed-dimensional approach for the patient-specific 
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assessment of stenotic lesions during and after PCI. While this work 
focuses on the application for PCI simulations, the methodology is 
versatile and can easily adapted to various problems in biomechanics 
or engineering that involve slender geometries, e.g., endovascular tech-
niques for intracranial aneurysms [59,97], or transcatheter aortic valve 
implantation procedures [98].

5.1. Simulation framework

In this work, we combined methods for mixed-dimensional con-
tact interaction, an elasto-plastic formulation for geometrically exact 
Simo-Reissner beams, and specifically designed materials for simplified 
balloon modeling with real-world patient-specific artery models. The 
proposed stenting device model is simple and easy to adapt for various 
complex geometries, as is the case for real-world applications. It fulfills 
the requirements for a realistic expansion behavior independent from 
its initial configuration. As described in Section 3, it expands evenly 
for realistic pressure values, showing typical effects like dogboning 
and post-stenting straightening. The maximum balloon diameter can be 
easily adapted to the lesion-specific case by altering the balloon mate-
rial parameters or initial configuration. Through automated geometry 
generation, the stent geometry can also be adjusted for different lesions 
or to compare the outcome using different stents.

5.2. Efficiency of the mixed-dimensional approach

The reduced-dimensional 1D stent model requires significantly less 
computational effort than fully resolved 3D structures. Nonetheless, it 
provides exact solutions during the interaction with the artery model 
through sophisticated methods for mixed-dimensional contact mechan-
ics. 

To get an idea of the computational effort saved by the mixed-
dimensional approach, we present some conservative analytical consid-
erations on the computational efficiency compared to a fully resolved 
stent model. First, we consider the number of DOFs required for a 
fully resolved 3D stent model. The stent struts have a diameter of 
0.12mm and a length of 1.52mm. For simplicity, we assume a structured 
rectangular discretization of the strut cross-section with 5 × 5 elements. 
If we allow a maximum solid element length-to-width ratio of 2, a 
fully resolved stent discretization would need 32 element rows per stent 
strut. This discretization aligns with ones reported in the literature, 
e.g. [23,33]. However, we still consider this a conservative estimate, 
as this discretization might not yield a converged solution, especially 
considering the elasto-plastic material behavior of the stent. Neglecting 
that an even finer discretization would be needed for the joints, this 
would yield approximately 155,000 elements and 700,000 DOFs for the 
whole stent.

The presented patient-specific model consists of 731,169 solid DOFs 
(714,369 for the artery and 16,800 for the balloon) and 8,811 beam DOFs. 
Thus, a fully resolved stent would nearly double the total number of 
DOFs for the system. Even assuming perfect scaling behavior of the 
linear solver time with the number of DOFs in the presented numerical 
simulation framework, this would result in an increase in linear solver 
time by 100%.

Another important aspect to consider is the numerical effort asso-
ciated with evaluating the contact terms. We assume that the contact 
evaluation time scales approximately linearly with the number of con-
tact evaluation points, cf. [99]. The numerical effort associated with a 
single contact evaluation point is approximately equal for the beam-to-
solid contact formulation and a surface-to-surface contact formulation, 
as both require a closest point projection and a linearization of the 
gap function. For this comparison, we consider element-based integra-
tion schemes, as they allow for a more general estimate of the con-
tact points, as opposed to segment-based integration schemes, which 
are highly dependent on the current configuration. For the mixed-
dimensional contact formulation, we assume six integration points per 
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beam element. Given that we have contact between the beam and the 
artery, as well as the beam and the balloon, this results in a total 
of 7,000 contact evaluation points for the mixed-dimensional contact 
formulation. For the fully resolved stent discretization, one side of the 
strut cross-section must be checked for contact with the artery and 
one for contact with the balloon. Assuming 2 × 2 contact evaluation 
points per surface element of the fully resolved stent model results 
in 248,000 contact evaluation points. This represents an increase of 
approximately 3,500%, which is expected as the contact changes from 
a line-to-surface to a surface-to-surface formulation. Considering that, 
in our simulations, the mixed-dimensional contact evaluation time was 
roughly 30% of the linear solve time, this increase in contact evaluation 
points would significantly impact overall performance.

Even without regarding nonlinear solver aspects and memory bound 
performance aspects, these considerations show that a fully resolved 
3D model, compared to the proposed mixed-dimensional model, would 
result in substantially higher computational costs (a multiplication of 
compute time or an increase of at least one order of magnitude) that 
are difficult or even impossible to meet.

5.3. Implications for in-stent restenosis

To demonstrate the clinical applicability, we presented the assess-
ment of mechanical properties during and after PCI with stenting for 
an exemplary patient-specific geometry in Section 4.2. We assessed the 
first principal Cauchy stress distribution and peak values during maxi-
mum balloon inflation and after balloon retrieval. We review the first 
principal stresses as the primary relevant mechanical value for vascular 
growth and remodeling [18,100]. We found that principal stresses are 
significantly elevated during the maximum balloon inflation and mildly 
elevated after the balloon retrieval. Long-term growth and remodeling 
are promoted by a persistent interference of the tissue’s mechanobi-
ological equilibrium [8], which could be observed in multiple areas 
after the stent implantation. Acute tissue overstretch might additionally 
cause collagen damage, which can lead to a cascade of inflammatory 
processes promoting maladaptive growth [9]. Hence, these areas could 
be considered at a higher risk of ISR. This finding agrees with recent 
machine learning studies highlighting the balloon-to-vessel ratio as a 
risk factor relevant for ISR [13]. For this exemplary coronary artery 
model, we observed high stresses at the stent margins and very stenosed 
sites. Literature shows these locations to be frequently susceptible to 
ISR in drug-eluting stents [6,101]. We aim to use such insights in 
further studies to determine potential sites at risk of damage and ISR.

5.4. Strengths and limitations

While many computational studies on PCI only include generic 
or simplified geometries, focus on the stent mechanics, or deploy 
computationally expensive stenting device models, we propose an ap-
proach suitable for complex, patient-specific geometries at relatively 
low modeling and computational effort.

However, there are limitations to the current approach. The pre-
sented patient-specific geometry is a preliminary model focusing on 
correctly representing the geometric shape. Empirical literature data 
was used for the layer thicknesses, collagen architecture, material 
parameters, and boundary conditions. We did not categorize the intimal 
layer as healthy intima or plaque but used the same material properties 
as the media. We plan to analyze different plaque compositions and 
morphologies in a follow-up study. Furthermore, employing an appro-
priate prestressing algorithm will make the numerical results for the 
patient-specific cases more accurate.

The stent geometry was simplified by directly connecting the nodes 
within a ring. The local stent indentation into the endothelial surface, as 
is was e.g. shown in [102], was not explicitly modeled in our approach 
since we focused on the global system behavior rather than the fully re-
solved strut-level contact. Additionally, we neglected the stent axial and 
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torsional plasticity since they play minor roles in the expansion. The 
initial configuration of the stenting device was estimated from the lu-
men centerline; to obtain the exact starting configuration, the catheter 
insertion process would have to be simulated separately. Furthermore, 
simplifying the overall stenting process simulation, i.e., adapting the 
models and material parameters of balloon and stent such that their be-
havior is realistic, rather than simulating the balloon folding, pleating, 
and stent crimping, introduces a small error in the expansion behavior 
and final configurations [40].

The current implementation of the presented approach is not op-
timized for efficiency yet and huge gains can still be achieved only 
via optimizing the implementation. In addition, the patient-specific 
simulations required a relatively small load step size to achieve robust 
convergence, leading to long overall simulation times. The simulation 
speed could be further increased by employing an adaptive step size 
control. Additionally, the computation time per load step could be 
decreased by using a specialized block factorization preconditioner, 
which is part of ongoing research [103].

5.5. Clinical relevance and future research

In the future, this approach can serve as a basis for further studies 
to quantify the long-term effects of mechanical changes from PCI. The 
important contribution of this manuscript is an efficient tool that allows 
to include one additional, and in our opinion crucial, aspect, namely 
the local stresses, as those have been ignored in large patient studies so 
far. For instance, identifying high-stress locations during and after PCI 
may provide further insight into the relation between specific lesions 
and their clinical outcomes by adding crucial physics information to the 
limited available data. Specifically, comparing the influence of different 
plaque tissue, such as calcified, fibro-fatty, or mixed plaque, as well 
as different features, such as positive remodeling, eccentricity, or high 
tortuosity can provide new insights for the risk assessment of ISR. 
By including the characteristics of preprocedural coronary atheroscle-
rotic lesions derived from CCTA, we aim to identify groups posing a 
specifically high ISR risk, in addition to the already known risk factors 
for ISR. Through the computational simulation of different stenosed 
arteries, we aim to find connections and explain and extend correlations 
identified by statistical and machine learning studies. In consecutive 
work towards the application to clinical practice, additional pre- and 
post-interventional imaging data, such as angiography data, can serve 
as a basis for further model verification.
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Appendix A. Solid mechanics

We model the artery and the balloon as 3D Boltzmann continua with 
a classical continuum solid mechanics approach, cf. [66]. Mechanical 
quantities of interest are the deformation, strain, and stress within 
the tissue in the current configuration. The right Cauchy–Green tensor 
𝑪 = 𝑭 𝑇𝑭  is computed from the deformation gradient 𝑭 ∈ R3×3, which 
is defined as the partial derivative of the current configuration 𝒙 ∈ R3

with respect to the spatial configuration 𝑿 ∈ R3 of a material part on 
the solid body, i.e., 𝑭 = 𝜕𝒙

𝜕𝑿 . The finite displacement field is further 
defined as 𝒖 = 𝒙−𝑿. Furthermore, the material Green–Lagrange strain 
tensor 𝑬 is obtained with 
𝑬 = 1

2
(𝑪 − 𝑰), (A.1)

where 𝑰 ∈ R3×3 is the 3D second-order identity tensor. The second 
Piola–Kirchhoff stress tensor 𝑺∞ ∈ R3×3 relates to the Green–Lagrange 
strain via the strain energy function 𝛹∞, i.e., 

𝑺∞ =
𝜕𝛹∞(𝑬)

𝜕𝑬
. (A.2)

Appendix B. Artery constitutive equations

For the anisotropic material formulation used in the soft tissue of 
the artery, the collagen contribution to the material behavior resembles 
directional fiber families embedded in a matrix material [74]. The 
isotropic matrix material is decoupled from the embedded collagen 
fiber families using an additive split for the hyperelastic strain–energy 
function 
𝛹∞(𝐼1, 𝐼4, 𝐼6) = 𝛹𝑖𝑠𝑜(𝐼1) + 𝛹𝑎𝑛𝑖𝑠𝑜(𝐼4, 𝐼6). (B.1)

Here, 𝐼1 = tr𝑪 is an isotropic invariant of the right Cauchy–Green 
deformation tensor 𝑪 [73]; 𝐼4 = 𝑴𝑓 ⋅ (𝑪𝑴𝑓 ), and 𝐼6 = 𝑴 ′

𝑓 ⋅ (𝑪𝑴 ′
𝑓 ) are 

invariants additionally depending on the two preferred directions of the 
anisotropy 𝑴𝑓  and 𝑴 ′

𝑓 , i.e., the two fiber families. The neo-Hookean 
isotropic part reads 

𝛹𝑖𝑠𝑜(𝐼1) =
1
2
𝐺(𝐼1 − 3), (B.2)

with 𝐺 as the shear modulus of the matrix material in its reference 
configuration, which can be computed from the Young’s modulus 𝐸
and Poisson’s ratio 𝜈 with 
𝐺 = 𝐸

2(1 + 𝜈)
. (B.3)

The exponential functions for the elastic fibers are 

𝛹𝑎𝑛𝑖𝑠𝑜(𝐼4, 𝐼6) =
𝑘1
2𝑘2

[exp[𝑘2(𝐼4 − 1)2] + exp[𝑘2(𝐼6 − 1)2] − 2], (B.4)

where 𝑘1 and 𝑘2 are material constants [74].
In the media and intima, an additional viscous term accounts for 

material damping. A viscous contribution is added to the hyperelastic 
term based on the generalized Maxwell model, i.e., a dashpot in parallel 
with a spring [104,105] 
𝛹 = 𝛹∞ + 𝛾𝑣𝑖𝑠(𝑪 ,𝜞 𝑣𝑖𝑠). (B.5)

Its dissipative potential 𝛾𝑣𝑖𝑠 depends on the right Cauchy–Green strain 
tensor 𝑪 and the kinematic conjugate 𝜞 𝑣𝑖𝑠 of the fictitious stress tensor 
𝑸, expressed by 

𝑸 = −2
𝜕𝛾𝑣𝑖𝑠

𝜕𝜞 𝑣𝑖𝑠 . (B.6)

The evolution of the stress tensor 𝑸 is governed by 

𝑸̇ + 1
𝜏
𝑸 = 𝛽𝑺̇ (B.7)

with 𝜏 = 0.5 s as the relaxation time and 𝛽 = 0.3 as the ratio between 
the viscoelastic and the hyperelastic branches. The global stress tensor 
𝑺 is then given by 
𝑺 = 𝑺∞ +𝑸. (B.8)
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Fig. D.13. Principal stress directions during the maximum balloon inflation and after the balloon withdrawal.
Appendix C. Elasto-plastic constitutive law for beam theory

For a purely elastic material behavior, the force and moment stress 
resultants of the beam are typically related to the work-conjugated 
deformation measures according to 
𝑭 = 𝑪𝑭 ⋅ 𝜞 , 𝑴 = 𝑪𝑴 ⋅𝜴. (C.1)

Here, the constitutive tensors 𝑪𝑭  and 𝑪𝑴  have the following diagonal 
structure 
𝑪𝑭 = 𝒅𝒊𝒂𝒈[𝐸𝐴,𝐺𝐴̄2, 𝐺𝐴̄3], 𝑪𝑴 = 𝒅𝒊𝒂𝒈[𝐺𝐼𝑇 , 𝐸𝐼2, 𝐸𝐼3]. (C.2)

Here, 𝐸 and 𝐺 are the Young’s modulus and the shear modulus, 𝐴, 
𝐴̄2 and 𝐴̄3 are the cross-section and the two reduced cross-sections, 𝐼2
and 𝐼3 are the two principal moments of inertia, and 𝐼𝑇  is the torsional 
moment of inertia. In our work, this constitutive law has been extended 
to account for elasto-plasticity with isotropic hardening in the bending 
moments. For this purpose, only beams with circular cross-sections are 
considered, thus 𝐺𝐼𝑇 = 𝐸𝐼2 = 𝐸𝐼3 =∶ 𝐸𝐼 . Moreover, both the moment 
stress resultant 𝑴 = 𝑴 𝑡+𝑴𝑏 and the rotational deformation measure 
𝜴 = 𝜴𝑡 +𝜴𝑏 are split into torsion and bending components according 
to 

𝑴 𝑡 = (𝒆𝑇1 𝑴)𝒆1, 𝑴𝑏 = 𝑴 − (𝒆𝑇1 𝑴)𝒆1 𝜴𝑡 = (𝒆𝑇1 𝜴)𝒆1, 𝜴𝑏 = 𝜴 − (𝒆𝑇1 𝜴)𝒆1.

(C.3)

Here, 𝒆1 = [1, 0, 0]𝑇  is the first base vector of the global Cartesian coor-
dinate frame. While a purely elastic behavior is assumed for the torsion 
moment, i.e., 𝑴 𝑡 = 𝐺𝐼𝑇𝜴𝑡, an elasto-plastic behavior is assumed for the 
bending moment as follows
Elasto-plastic split: 𝜴𝑏 = 𝜴𝑒𝑙

𝑏 +𝜴𝑝𝑙
𝑏 , (C.4)

Elastic constitutive law: 𝑴𝑏 = 𝐸𝐼𝜴𝑒𝑙
𝑏 , (C.5)

Yield function: 𝛷 = ‖𝑴 ‖ −𝑀 (𝛺
𝑝𝑙
) ≤ 0 , (C.6)
12

𝑏 𝑦 𝑏
Plastic flow rule: 𝜴̇𝑝𝑙
𝑏 = 𝛾 𝒆 (C.7)

with 𝛾 ≥ 0, 𝒆 =
𝜴𝑒𝑙

𝑏

‖𝜴𝑒𝑙
𝑏 ‖

, (C.8)

Loading/unloading criterion: 𝛾 𝛷 = 0 . (C.9)

Here, the plastic multiplier 𝛾 represents the rate of plastic bending 
deformation and 𝛺𝑝𝑙

𝑏  is the accumulate plastic bending deformation 
according to 

𝛺
𝑝𝑙
𝑏 (𝑡) = ∫

𝑡

0
𝛾(𝑡)𝑑𝑡. (C.10)

In the present work, isotropic hardening according to the following 
linear relationship between yield moment 𝑀𝑦 and accumulated plastic 
bending deformation 𝛺𝑝𝑙

𝑏  is assumed 

𝑀𝑦(𝛺
𝑝𝑙
𝑏 ) = 𝑀0

𝑦 +𝐻𝐼𝛺
𝑝𝑙
𝑏 . (C.11)

Here, 𝑀0
𝑦  denotes the initial yield moment before any plastic flow has 

occurred, and H is the hardening modulus. The latter can be related 
to the elasto-plastic tangent modulus 𝐸𝑒𝑝 and Young’s modulus 𝐸
according to 

𝐻 = 𝐸𝑒𝑝

1 − 𝐸𝑒𝑝∕𝐸
. (C.12)

In the spatially and temporally discretized problem setting, the elasto-
plastic material law is evaluated at every Gauss quadrature point of 
the spatial finite element discretization, and the plastic bending defor-
mation increment per time step is determined using a classical return 
mapping algorithm.

Appendix D. Further visualizations of the simulation results

In the following, we provide additional result visualizations for the 
patient-specific example Case 2, supplementary to the results presented 
in Section 4.2.3.
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Fig. D.14. In-plane bending moment in the stent struts (a) during and (a) after PCI.
Fig. D.15. Contact forces between the stent and the artery (a) during and (a) after PCI.
D.1. Principal stress directions

Fig.  D.13 shows the directions of the principal stresses for an extract 
of the patient-specific numerical exemplary at the time of (a) the 
maximum balloon inflation and (b) after the balloon withdrawal. The 
arrows are scaled and colored based on the magnitude. Note that in 
Fig.  D.13(b), the arrow lengths are scaled with a factor of 2 compared 
to Fig.  D.13(a) to improve their visibility.
13
D.2. Stent bending moments

Fig.  D.14 shows the total bending moment in the stent struts at the 
time of the maximum expansion and after the balloon withdrawal. The 
bending moment reaches 0.62Nmm during the maximum balloon ex-
pansion; the bending moments are highest in the connections between 
the stent struts. After the balloon withdrawal, bending moments do not 
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exceed 0.08Nmm and are more evenly distributed through the stent 
struts.

D.3. Contact forces

Fig.  D.15 shows the contact forces between the stent and the artery, 
i.e., line loads from the mixed-dimensional beam-to-solid interaction. 
Note that the arrow lengths in Fig.  D.15(b) are scaled by a factor of 
5 compared to Fig.  D.15(a) to improve their visibility. The contact 
forces during the balloon expansion reach 0.32N∕mm on the artery. The 
contact forces are slightly higher at the stent ends than in the center; 
within one stent strut, the forces are generally higher in the strut center. 
After the balloon withdrawal, contact forces from the artery to the stent 
reach up to 0.06N∕mm and are present in some nodes, mostly in the 
connections between the stent struts.
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