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Abstract

English We design a framework for fast constrained clustering of big data. Con-
strained clusterings have a strong relationship with diagrams, making them popular for
many applications like consolidating farmland, representing polycrystals, or generating
superpixels. However, for large data sets, the size of the underlying linear program is
beyond what is practically feasible to solve. To address this, we design coresets, small
data sets that allow for a (1 + ϵ) approximation of the clustering problem. We apply
our framework in the context of representing polycrystals, enabling us to compute
accurate representations of three-dimensional materials quickly. With the represen-
tation obtained, we build a new dynamic model, uncovering that the growth process
converges towards simple diagram types. We also design a new superpixel generation
algorithm called Power-SLIC based on constrained clustering outperforming existing
state-of-the-art object-based superpixel algorithms. Combining Power-SLIC with our
coresets, we obtain a significant runtime speed-up for high-resolution images.

German Wir entwickeln ein Framework, um große Datenmengen unter Nebenbe-
dingungen effizient zu clustern. Die resultierenden Clusterings ermöglichen eine gle-
ichzeitige Berechnung von Diagrammen, womit sie für viele Anwendungen wie die
Konsolidierung landwirtschaftlicher Flächen, der Darstellung von Polykristallen oder
der Generierung von Superpixeln relevant sind. Allerdings wächst die Komplexität
des zugrunde liegenden linearen Programms mit der Datenmenge, was das Lösen des
Problems in der Praxis erschwert. Um dieses Problem zu adressieren, entwerfen wir
Coresets, kompakte Datensätze, die eine (1 + ϵ)-Approximation des Clusteringproblems
ermöglichen. Unser Framework erlaubt eine präzise Darstellung von Polykristallen
in dreidimensionalen Materialien. Auf dieser Basis entwickeln wir ein neues dynamis-
ches Modell und zeigen, dass der Wachstumsprozess zu einfachen Diagrammtypen
konvergiert. Zusätzlich stellen wir einen neuen Superpixel-Algorithmus namens Power-
SLIC vor, der unter Nebenbedingungen clustert und damit eine höhere Segmentierungs-
genauigkeit als aktuelle objektbasierte Algorithmen erreicht. Die Kombination von
Power-SLIC mit unseren Coresets reduziert die Laufzeit für hochauflösende Bilder
signifikant.
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Chapter 1

Introduction

1.1 Motivation

Data analysis has become more useful for discovering new insights, revealing hidden
connections, and making informed choices. As a result, data sets of larger size and
quantity have been gathered, pushing conventional methods to their computational
limits. This thesis is motivated by the need to process large data sets efficiently,
which has attracted considerable interest in the community. Surprisingly, we will show
that smaller data sets can achieve almost the same quality of analysis, while greatly
reducing the algorithm time.The analysis we are studying is clustering, often applied
to large data sets to obtain manageable groups. Clustering partitions data points into
clusters based on their similarity, enabling the detection of patterns and structures
in a data set. Clustering is an unsupervised method and does not require labeling
points, depending only on the defined similarity measure. This makes it a common
pre-processing step: Meaningful groups can represent large amounts of unstructured
data, and other methods can examine these groups more closely.

Additionally, clustering is a powerful tool by itself, for example, in partitioning the
underlying space into regions. It can consolidate farmland, create voting districts,
compute a market-clearing price vector, and represent polycrystals and many more
[AR14; Alp+15; BBG14; BGK17; CCD16; EZZ04; GMW07]. Such applications can
involve giant data sets; for instance, scans of polycrystals can easily contain around
half a billion data points.

Whether clustering is the main analysis or a pre-processing step to analyze large
amounts of data, the high complexity of many clustering algorithms hinders their
widespread application to such large data sets. For example, for the popular least-
squares clustering, we are given a k ∈ N and n points in d dimensional space and want
to find k clusters that minimize the sum of the squared Euclidean distances of each
point to its nearest center. It has been shown that this problem is NP-hard, even when
d = 2 and k is part of the input [MNV12] or when d is part of the input and k = 2
[Alo+09; Das07]. It even exists an ϵ > 0 for which it is NP-hard to approximate the
problem up to (1 + ϵ) when both k and d are part of the input [Awa+15].

Therefore, new techniques are required to cluster large data efficiently, as typical
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Chapter 1 Introduction

methods fail. Although research for the classical k-means problem progresses fast,
different clustering techniques, such as clustering with constraints, have yet to be
addressed or pose new challenges to overcome. In the following, we summarize our
approach to tackling these challenges.

1.2 Our approach

We design a new framework for computing diagrams via constrained clustering fast.
We achieve this by reformulating the constrained clustering problem on a much smaller,
computationally manageable instance. We generate such an instance by compressing
the full data set into a smaller one called coreset. Our approach for creating the
coresets provides provable performance guarantees for the clustering problem. Finally,
we evoke an existing relationship between constrained clusterings and diagrams for the
small instance to obtain diagrams. This new framework is depicted in Fig. 1.1.

To validate our framework, we demonstrate our techniques in two applications. First,
we use it to quickly convert three-dimensional grain maps into diagram representations,
and second, we use it to quickly segment high-resolution images into superpixels.

We first explain the link between diagrams and clusterings that this research relies
on, before we describe our compression methods in detail. The core of this elegant
relation is fast to describe: An optimal clustering of a specific type is connected to
a diagram of a particular type. The consequence of this relation is equally simple
and powerful: Given an optimal clustering, we can compute a diagram dissecting the
underlying space, and vice versa, we can compute an optimal clustering for a data set,
given a diagram.

Multiple applications like electoral district design or farmland consolidation have
successfully used this framework. A constrained data set clustering is computed to
obtain a diagram dissecting the underlying space in both applications. While this
approach works great for small data sets, the underlying constrained clustering problem
is notoriously hard. The involved algorithm requires solving a memory-hungry linear
program when the size of the data set grows. As a consequence, current applications
are limited to smaller data sets.

Our approach to tackling this problem is to approximate the underlying optimization
problem of constrained clustering. While there has been some progress in developing
classical approximation algorithms for clustering, a more promising technique is too
first to compress the data set and apply the standard clustering algorithm to the
compressed data set. Although the compression may discard some of the important
information, for clustering, it can be demonstrated that proper compression preserves
most of the information that matters. We design such compressed data sets for the
constrained clustering problem – called coresets – that have performance guarantees
and result in small runtimes. The coresets enable us to use the existing relationship
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1.2 Our approach

Coreset

Diagrams

Data Set

Constrained
Clustering

Approximate
Constrained
Clustering

Compression
into Coresets
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b

c

Figure 1.1: Structure of the work presented in this thesis. The dotted arrow shows existing
work.

between clustering and diagrams to generate diagrams via constrained clustering of
the coreset quickly.

We now introduce our framework’s elements shown in Fig. 1.1 more thoroughly,
list our contributions, and relate them to existing literature. We begin by clarifying
(a) constrained clustering and how it relates to diagrams. Next, we describe (b) our
compression methods. Finally, we assess (c) the approximate constrained clustering
in two different applications. In the first application, we examine how to represent
polycrystalline materials using diagrams, and in the second, we develop a new superpixel
algorithm to segment images based on our framework.
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Chapter 1 Introduction

1.3 Constrained clustering and its connection to diagrams

We start by explaining our main clustering problem and its connection to diagrams.
Clustering is a widespread method of unsupervised learning aiming to classify a data set
into groups such that data points within each group or cluster are similar. In contrast,
data points from two different groups are dissimilar. Despite being unsupervised,
defining similarity is left to the user.

The seemingly most well-known measure of similarity is the sum of least squares
used by the famous k-means algorithm [Jam+13]. The algorithm identifies k different
groups of points such that the sum of the squared Euclidean distance of each point
to its cluster centroid, defined as the weighted sum of cluster points, is minimized.
Therefore, each point is assigned to the closest cluster centroid. Another implication is
that the problem can be reduced to finding k optimal cluster centroids as the resulting
assignment of points to cluster becomes immediate.

A different perspective on this is that an optimal clustering provides a dissection
of the underlying point space that assigns each point to the closest centroid, with
some points lying on the hyperplane that is equidistant from two centroids. Such a
dissection of the space has been well studied and is known, besides many other names,
as the Voronoi diagram in the literature [AKL13]. Voronoi diagrams have been used in
many contexts, particularly in understanding naturally occurring structures in biology,
materials science, geography, and social sciences [Kin84; Now33; NOW76; Oka+00;
Sai82].

In the context of clustering, we also know that an assignment to k points, often
called sites, is least squares minimal if and only if all points assigned to a site also lie
in the cell of the Voronoi diagram for the same k sites. This structural property of the
sum of least squares objective makes it useful in applications where a finite point set is
provided, but a complete dissection of the space is required. For example, a diagram is
a convenient tool to assign future data points to identified groups.

However, the Voronoi diagram structure of k-means clustering can also limit the
flexibility of the clustering types we can find. One element we cannot control with
Voronoi diagrams is the number of points in each cluster, often termed the weight
of each cluster. This is helpful in many situations, such as electoral district design,
where each district must contain a similar number of citizens by law [BGK17]. As this
clustering problem defines lower and upper bounds on the weight – here, the number
of citizens – in each cluster, we also call it weight-constrained clustering.

Another example of constrained clustering is fair clustering, which aims to avoid
under- or over-representing specific characteristics such as ethnicity or educational
background by setting lower and upper quantitative bounds for each item of the named
attributes [Chi+17].

Fortunately, adding weight constraints to least squares clustering still results in
optimal clusterings corresponding to diagrams often called power diagrams [Aur87].
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1.3 Constrained clustering and its connection to diagrams

Power diagrams are an extension of Voronoi diagrams: Each site is equipped with a
size parameter that controls the unit ball size of the Euclidean distance associated with
each site in the diagram. Reducing the size of one unit ball will reduce the volume of
the corresponding diagram cell while increasing the volume of others. Remarkably, we
can always find size parameters such that the weight assigned to each cluster matches
the total point weight in the corresponding diagram cells [BG12].

In fact, given an optimal weight-constrained clustering, we can always compute a
diagram dissecting the underlying space, and vice versa, we can compute an optimal
weight-constrained clustering of a data set, given a diagram. Even more generally, this
relationship is sustained when ellipsoids are used as the unit balls for the diagram
[BGK17]. The least squares objective becomes anisotropic; consequently, the diagrams
are often called anisotropic power diagrams [Alp+15; BWY06; CG11; Kle20; LS03;
Wor08].

One application that successfully uses weight-constrained clustering to obtain
anisotropic power diagrams dissecting the underlying space is electoral district design
[BGK17] as depicted in Fig. 1.2. The challenge in this application is to design elec-
toral districts that contain a similar number of citizens and are relatively compact
to avoid forms of Gerrymandering. The authors of [BGK17] use the centroids of
current electoral districts with their second moments to define a unit ball per district.
Weight-constrained clustering, where each citizen corresponds to a point with weight 1
and each cluster is required to have an identical weight up to some allowed deviation,
ensures regular voting districts with a similar number of citizens per district. At the
same time, the choice of centroids and second moments as shape information ensures
that the new districts are geographically similar to the previous districts. Hence, many
citizens remain in their current district, and existing infrastructure, such as voting
offices, can be reused.

Another application that obtains anisotropic power diagrams via weight-constrained
clustering is representing grain scans via diagrams in materials sciences. The underlying
goal is to understand the structure of polycrystalline materials for which empirical
evidence suggests that such structures, called grains, can be nicely represented by
anisotropic diagrams. The authors of [Alp+15] use weight-constrained clustering to
generate a diagram representation from a two-dimensional finite-resolution scan of
a material. The advantage of representing such a grain scan with a diagram is two-
fold. First, a diagram has only a few parameters per grain compared to hundreds of
pixels, making it much more space-efficient to store. Second, such a low-parameter
representation can be easily used in dynamic models to analyze grain growth, something
we consider in Chapter 5.

We have introduced the notion of weight-constrained clustering and pointed out
multiple applications. For a mathematical introduction to the exact problem, we refer
to Chapter 2. For an in-depth background on the application of representing grain
scans, we refer to Chapter 4.
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Chapter 1 Introduction

(a) German voting districts in 2017. (b) Refined voting districts using
power diagrams computed via
constrained clustering.

(c) Refined voting districts us-
ing anisotropic power diagrams
computed via constrained clus-
tering.

Figure 1.2: Voting districts in 2017 and refined via constrained clustering. The color shows
the deviation from a uniform district size. Dark green: [0%, 5%], Light green:
(5%, 10%], Yellow: (10%, 15%], Orange: (15%, 25%]. The power diagram shows
the least deviation. However, it changes the district the most compared to the
2017 districts. The anisotropic power diagram provides a tradeoff between both.
Pictures are taken from [Kle20].
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1.4 Compression into coresets

1.4 Compression into coresets

We now describe and motivate the second element of our framework, the compression
into coresets. We already mentioned that least-squares clustering is hard. Since the
unconstrained case is a special case of the constrained clustering problem we will
examine, all hardness results also apply to it. Beyond that, solving a single assignment
for given clustering centroids will require solving a linear program with the number of
variables being the product of the number of points in the data set and the number
of clusters. Data sets with more points quickly hit practical limitations such as
memory limits. In such cases, computing diagrams via constrained clustering becomes
challenging.

Thus, we study whether the underlying clustering problem can be approximated.
More specifically, we examine whether one can compress the underlying data set such
that a constrained clustering of the compressed data set is a good approximation for a
constrained clustering of the full data set. Compressed data sets that allow for such
approximation are called coresets in the literature [AHPV05; Phi17]. More precisely,
we speak of an ϵ-coreset if the coreset allows an ϵ approximation.

Coresets first evolved while studying the geometric properties of point sets [AHPV05],
for example, when finding the circumradius of a point set’s convex hull. In this context,
a coreset is described as a small point set with a comparable circumradius, usually a
subset of the original point set. This allowed us to obtain an approximation of the
true circumradius by computing it on the much smaller point set with a much smaller
computational cost.

Suppose we interpret the circumradius not as a property but as an optimization
problem – minimizing the ball’s radius such that it still contains the point set. In
that case, it is natural to introduce the concept of coresets to further optimization
problems on data. Coresets have been studied for problems such as linear regression,
logistic regression, kernel regression [BDMI13; Das+08; Mun+18; ZP17], support
vector machines for two and several classes [AMS07; TKH05; TKZ06], least-squares
clustering [Fel+11; FSS13; Fen+19; FS06; FS05; HPM04; HV20], projective clustering,
Gaussian mixture models, subspace approximation and other geometric problems
[AB09; AHPY08; Ass+19; Bay+18; Bā+02; Cla10; DP21; Des+06; Fel+06; FL11;
Fel+10; FSS13; Hua+18; Mus+22; PT18].

This thesis develops the first coreset for weight-constrained anisotropic least-squares
clustering. We build on results for unconstrained least-squares clustering that we
survey next while pointing out the additional challenges that constraints impose. We
differentiate between geometric and sampling techniques and explain why the latter
cannot be generalized to the constrained case, requiring us to develop new strategies.

7



Chapter 1 Introduction

Geometric techniques for unconstrained clustering

The first ϵ-coreset for least-squares clustering was developed in [HPM04]. The idea
is that the cost of expensive points in a least-squares clustering, i.e., those far from
their nearest cluster centroid, can absolutely deviate more than points close to their
nearest cluster centroid to achieve a relative ϵ-approximation. The authors also use
that considering the cost of points in a constant-factor approximation, for which fast
algorithms are available, is sufficient. For each centroid in such a constant-factor
approximation, they construct an exponential grid depending on the chosen ϵ that is
dense near the clustering centroid of a constant-factor approximation and becomes
looser with distance. The coreset is obtained by replacing all points in a common grid
cell with a single weighted point. This constructed point set has O(log nϵ−d) points,
with n being the number of points in the original data set and d its dimension. In the
following, we also say that a coreset is of size t when the coreset has t points. The
construction is visualized in Fig. 1.3a.

This technique has been improved by replacing the exponential grid with a pencil of
lines that all meet in the cluster centroid [HPK07]. Data points will then be snapped
to their nearest line. Points on each line are grouped and replaced by two points per
group that fulfill specific properties in terms of position and error. The advantage of
this method is that the error in each such group can be relatively large as at most
k − 1 such groups per line will be incorrectly clustered by an optimal clustering on the
coreset. This is a consequence of the relation between least-squares clusterings and
diagrams described in the previous section.

The resulting coreset has O(k3ϵ−(d+1)) points, which was the first coreset for least-
squares clustering with size independent of the number of points in the original data
set. The construction is visualized in Fig. 1.3b

Sampling techniques for unconstrained clustering

While the ray construction removed the dependence on the weight and number of
points in the data set, the exponential dependence on the dimension remained. Chen
first developed a coreset that does not depend exponentially on the dimension but
logarithmically on the number of points in the data set [Che09]. They used an idea
similar to exponential grids but assigned points to spherical zones rather than grids.
Again, these zones become exponentially larger with distance from a centroid of a
constant factor approximation. A constant number of points is independently and
uniformly sampled for each spherical zone with replacement. If a zone contains fewer
points than the number that is supposed to be sampled, all points in the zone are
included instead. After sampling, points are reweighted to represent the original
total point weight. All in all, this results in a coreset of size O(dk2ϵ−2 log n log(k/ϵ)).
Figure 1.3c depicts this construction.

8



1.4 Compression into coresets

(a) An exponential grid is constructed. Re-
placing all points in a grid cell with a
weighted representative leads to a coresets.
The point weight is not being visualized.
The coreset is shown in green.

(b) Rays are constructed. Projecting each
point onto its closest ray leads to several
one-dimensional point groups. A rather
complex grouping process for each line
reduces the number of points on lines,
which is not shown here, results in the
coreset.

(c) For each circle, a constant number of
points is uniformly sampled with replace-
ment or, if the number of points is smaller
than the number of points to be chosen,
all points in the circle are included in the
coreset. Note that the chosen green points
are a subset of the original data set.

(d) The importance is computed based on the
cost in a constant factor approximation,
and points are sampled proportionally to
this importance.

Figure 1.3: Different coreset techniques. Each image shows a point set depicted by black
and grey points. A constant factor approximation is shown with blue centroids.
The black points are assigned to the left cluster for which a coreset technique is
illustrated.
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Chapter 1 Introduction

This construction implicitly captures the notion of sensitivity or importance, which
was developed shortly afterward. The construction in [Che09] essentially works because
points in the same spherical zone have similar sensitivity and can thus be uniformly
sampled. This notion of sensitivity is first introduced in [FL11] and described next.

We can precisely specify the cost of a point in a clustering as the distance toward
its assigned site. The idea is now to measure the cost share of a point of the total
clustering cost, i.e., the distances of all points to their closest sites. This information
is not particularly helpful for a single choice of k sites. However, suppose we know
the supremum of the relative cost contribution of a point to all possible sets of k sites.
In that case, we can judge the importance of a point: If a point contributes a high
relative cost to at least one set of k sites, we consider the point important; if a point
contributes a low relative cost to all possible sets of k sites we consider the point as
less important.

Connecting this to the notion of sensitivity, an unimportant point is considered
insensitive towards the choice of the clustering sites as its relative cost contribution
is always low. For unconstrained clustering, it can now be shown that the sum of
sensitivity of all points in the full data set is bounded by O(k), i.e., the number of
required clusters. Consequently, there are always points insensitive toward the choice
of the sites. Importance or sensitivity sampling samples the points proportionally
to their importance, ensuring to collect important points with high probability and
those insensitive to the choice of sites with low probability. After sampling, points are
reweighted to represent the original total point weight. The resulting data set can be
shown to be a coreset of size O(dϵ−2k log k) [Bra+21] showing an improvement from
quadratic to linear dependence over earlier results [HV20; SW18].

In practice, a coreset can be computed by upper bounding the importance or
sensitivity of the points by considering their costs in a constant factor approximation.
Then, the point set is sampled proportionally to the so-estimated sensitivity, only
leading to an increase in coreset size by a constant depending on the quality of the
bound on the sensitivity.

This fact connects importance sampling to the uniform sampling in the construction
by Chen. As the bound on the importance of each point is derived from a constant
factor approximation, we observe that points with a similar distance from their nearest
center have a similar sensitivity bound. Hence, importance sampling is similar to
uniformly sampling the points in the spherical zones given by Chen. The advantage
of importance sampling is that it removes the need to construct these zones and thus
does not incur a dependence on the number of points.

Coresets for constrained clustering

While a range of coreset results for the unconstrained clustering problem exists, research
for the constrained problem could be more advanced. Schmidt, Schwiegelshohn, and
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1.4 Compression into coresets

Sohler designed a coreset for fair clustering [SSS18]. Fair clustering is a constrained
clustering problem ensuring no cluster over- or underrepresents certain point character-
istics. Such point characteristics are associated with each point in advance and are
categorial in nature, such as age groups or ethnicity when points represent people.
Their coreset is of size O(lkϵd−1 log n), where l is the cardinality of the set characteristic
combinations.

Essentially, their proof reduces fair clustering to constrained clustering with a single
characteristic (a special case of the weight-constrained clustering problem in which each
point has weight 1) by showing that a coreset for each l characteristic combination in
the point set can be constructed separately. Then, they show that coresets constructed
by moving each point only a small amount compared to the optimal clustering cost are
also coresets for the constrained problem. For example, the exponential grid coreset
from [HPM04] fulfills this property which also explains the coreset size in [SSS18] for
fair clustering.

This result has been followed by a result in [HJV19] constructing a coreset of size
O(lk3ϵ−d−1) by extending the pencil techniques in [HPK07] to constrained least-squares
clustering.

We further improve both results in [BFS24; HJV19] by improving the techniques
from [HPK07] using simpler and smaller constructions. This allows us to reduce
the coreset dependence on k from cubic to quadratic. Thus, we obtain a coreset for
weight-constrained clustering of size O(k2ϵ−d−1) and a coreset for fair clustering of size
O(lk2ϵ−d−1). At the same time, our simplified construction is less dependent on the
Euclidean space, which means that our design is the first coreset for the anisotropic
objective function to the weight-constrained least-squares clustering problem. Of
course, our improved geometric coreset technique also applies to unconstrained least-
squares clustering. To our knowledge, our coreset currently is the smallest coreset for
weight-balanced and fair clustering and is the smallest coreset for general least-squares
clustering constructed geometrically without the need for sampling.

Why are geometric techniques still relevant, given that sampling leads to much
smaller coresets for unconstrained techniques? In fact, sensitivity sampling has been
applied very indirectly to a constrained clustering problem in [BFS24] already to obtain
a coreset without the exponential dependence on d. This proof essentially generalizes
that of [Che09] to the constrained case.

Unfortunately, the resulting coreset is of size O(ϵ−5k7(log n)6(log n + d log(ϵ−1))) in
the Euclidean space and hence, while logarithmically, still very dependent on n. For
our application, where both k and n are large, and d is small, this does not result in
an improvement.

Additionally, it remains an open question whether importance sampling can be
directly applied to construct coresets for the constrained case as opposed to going
through the techniques used by [Che09]. We show that this is not the case as in such
a setting, each point in a data set can have a sensitivity arbitrarily close to 1. This
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breaks a crucial prerequisite of importance sampling, requiring the sensitivity to be
bounded. This result emphasizes why geometric techniques, as studied in this thesis,
remain highly relevant.

Beyond these contributions, we also develop coresets that adhere to grid structures.
These are targeted to applications such as representing polycrystals that rely on such
structures. While coresets adhering to them generally result in worse dependence on
the dimension, we show that for the relevant cases, i.e., when the dimension is two or
three, grid coresets can contain fewer points. In the following, we provide a list of our
contributions.

Our contributions to designing coresets

Here, we summarize our contributions towards designing coresets for weight-balanced
anisotropic least-squares clustering that we detail in Chapters 2 and 3.

• We give a new generalized coreset definition that considers non-Euclidean
anisotropic objective functions. Moreover, our definition explicitly requires
mappings between the data set and its coreset. In the constrained case, this is
crucial for quickly mapping solutions between both data sets.

• We give a new simplified one-dimensional coreset construction, which requires
half as many points as the existing construction. This is critical as it significantly
reduces the number of variables in the involved linear program, which decides if
the linear program fits into memory.

• Using this and additional techniques, we present the first coreset construction
for the case of the anisotropic objective function and weight constraints of size
O(k2ϵ−d−1).

• As a corollary, we obtain the first coreset construction for fair clustering of size
O(lk2ϵ−d−1) reducing the dependence on k from cubic to quadratic.

• As a second corollary, we obtain the first coreset construction for unconstrained
least-squares clustering of size O(k2ϵ−d−1) that does not require randomized
sampling reducing the dependence on k from cubic to quadratic.

• For the unbalanced least-squares clustering, many smaller coresets have been
designed by bounding a value called sensitivity. We show that this concept
cannot be applied to constrained clustering by providing an example for which the
sensitivity is arbitrarily large. This negative result highlights a large gap between
constrained and unconstrained clustering and opens new research directions.
Additionally, it focuses our attention on constructing smaller geometric coresets.

12
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• We also show that we can construct coresets for the weight-constrained clustering
with a grid structure. These special structures are advantageous when representing
polycrystals, as the relevant data sets are naturally collected in a pixel or voxel
image/grid structure. Consequently, we can scan materials upfront in a lower
resolution, reducing the data collection effort significantly. Theoretically, these
grid coresets are of size O((kϵ−2/3)d) which in the relevant application parameters,
in particular, d = 2 or d = 3 and ϵ around 0.001 results in even smaller coresets
than our more general coreset we mentioned above of size O(k2ϵ−d−1).

Going beyond what is described in this thesis, our coreset results also imply a
polyhedral approximation for the so-called gravity polytope (see [BG12] for a definition
of this polytope).

1.5 Approximate constrained clustering: Grainscans and
superpixels

Having built the foundation to approximate weight-constrained anisotropic clustering
using coresets, we pivot towards using our techniques in two applications. First, we use
our coresets to facilitate the representation of polycrystalline materials by developing
new algorithms and designing dynamic models. Second, we develop a new algorithm to
generate superpixels via diagrams outperforming the currently best diagram techniques.

1.5.1 Representing grain scans

Materials scientists aim to understand material characteristics and their evolution under
certain influences. They often rely on mathematical models to study the structure
of polycrystals [Ban08; Han+09; Pou04]. Modeling requires a representation of the
material, such as a voxel-based or object-based representation. The latter is usually
preferred, resulting in much more space-efficient representations. At the same time,
objects simplify the task of modeling as they are generally parametrized [BBH16;
Gui+11; MS07; MSF12; TR18; XL09; Zha+18].

In particular, geometric objects such as Voronoi diagrams and their derivations
have been used multiple times to represent grain scans as the polycrystalline materials
seem to naturally adhere to a diagram-like structure [Alp+15; Alt+14; KS08; Lyc+11;
Pet+21; Šed+16; Šed+17; Spe+16; Spe+14; TGB15; TR18; Tel+92]. The authors
of [Alp+15] have achieved state-of-the-art representation accuracy using their GBPD
algorithm, which comes at a high computational cost. Consequently, applications have
been limited to two-dimensional representations of materials.

Essentially, their algorithm uses weight-constrained anisotropic clustering to compute
a dissection of the grain scan into anisotropic power diagrams. Such scans can easily have
millions of voxels and, thus, render the required linear program often untraceable. We
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approach this problem by introducing our coresets techniques to the field. Consequently,
we develop an approximate version of the GBPD algorithm to compute a high-accuracy
diagram representation of a 68,000,000-voxel grain scan in less than 3 minutes.

Besides our general coreset and grid-based coreset techniques, as introduced in the
previous section, we also develop and mathematically justify a technique called interior
removal that exploits information about the optimal sites. A visual comparison of all
our methods is depicted in Fig. 1.4.

Despite the clustering techniques providing excellent accuracy results, they optimize
solely over the size parameters of the diagrams. The sites and ellipsoids, i.e., the location
and shape information, are estimated from the data set in that technique. Benefiting
from our compressed data sets, we develop a new optimization model optimizing all
diagram parameters.

We are verifying and comparing our techniques on a real-world data set. We
address the performance of our algorithms and compare them with the heuristics
established so far in the literature. We also address how far we can compress a
grain map. Our evaluation shows that we can compress a real-world grain map from
68,000,000 parameters to below 100,000 data points. We conclude that in most cases,
the established heuristics work very well, being now able to compare its performance
to multiple optimization techniques.

Our analysis and experiments show that an even simpler heuristic often suffices. We
analyze an existing heuristic by [Lyc+11] by deriving it using discriminant analysis.
Arguing for a different prior, we obtain a new heuristic.

Ultimately, we would like to benefit from these algorithms that accurately and
quickly generate representations of materials. Specifically, modeling the grain growth
is of high interest as this process determines the properties of the material [Pou04;
RRH04]. Initial models have been studied by Smith, von Neumann, and Mullins in
the 1950s [Mul56; Neu52; Smi52]. Despite continuing interest in this topic, a study
in [Zha+18] concludes that classical models by Hillert [Hil65] and the MacPherson-
Srolovitz model [MS07] do not adequately capture anisotropic grain growth. As such,
modeling grain growth remains a vital area [HTS18; Hu+21; RZ18].

We design a continuous grain growth model by interpolating and extrapolating from
discrete time steps obtained from a grain scan. Our inter- and extrapolation is based
on the diagram parameters that we obtain from our algorithms. We compare various
interpolation techniques and generally observe a good fit even for time steps excluded
in the fitting process.

Based on this model, we also show a correlation between the size parameter of the
diagram and grain appearance. This opens the interpretation that grains with small
size parameters in their representation are energetically more favorable and thus remain
in the polycrystalline structure. In contrast, others are more likely to disappear.
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(a) The full grain scan. (b) Our pencil coreset applied
to the grain scan.

(c) Our resolution coreset ap-
plied to the grain scan.

(d) Our interior removal tech-
nique applied to the grain
scan.

(e) Our interior removal tech-
nique combined with our
pencil coreset applied to
the grain scan.

(f) Our interior removal tech-
nique combined with our
resolution coreset applied
to the grain scan.

Figure 1.4: Multiple point reduction techniques applied to a two-dimensional grain scan.
Shown is also the resulting diagram computed using each sparsified point set.
One observes that the resulting diagram is almost identical for all cases, showing
that our point reduction methods effectively compute diagram representation for
grain scans.

Our contribution to representing grain scans

We summarize our contributions in Chapters 4 and 5 towards this field in the following.

• We design a new algorithm converting grain maps into diagrams with significantly
decreased running times. For this, we leverage our developed coreset techniques
to approximate a clustering problem in a method by [Lyc+11] to convert grain
maps into diagrams.

• Additionally, we introduce additional problem-specific techniques sparsifying the
grain map data further using the concept of interior removal.
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• We develop a new optimization model optimizing over a larger parameter space,
i.e., all diagram parameters. Combined with our compression technique, we
achieve good running times.

• We verify and compare our techniques on a real-world data set. Our evaluation
shows that we can compress a real-world grain map from 60,000,000 parameters
to below just 100,000 data points.

• We conclude that in most cases, the established heuristics worked very well, being
now able to compare its performance to multiple optimization techniques.

• We design a new heuristic for generating anisotropic power diagrams by deriving
a heuristic from [Lyc+11] via discriminant analysis and arguing for a different
prior.

• We develop a new dynamic grain diagram-based growth model that inter- and
extrapolates to obtain a continuous model.

• Looking at the change in diagram parameters throughout the model, we state the
hypothesis that the grain growth process converges towards a specific diagram
type. We conclude that diagrams with size parameters close to zero seem
energetically favorable.

1.5.2 Generating superpixels

In our second application, we introduce the concept of constrained clustering and
coresets to the domain of superpixel generation. Superpixel algorithms meaningfully
group image pixels into superpixels, reducing the complexity of up-stream image
analysis tasks such as image segmentation, object detection, image classification, super-
resolution, image compression, and many more [Ach+12; Che+18; CSL20; Don+20;
FVS09; Gou+08; Gou+14; Li+16; MRR21; MG15; Mor05; RM03; SARS20; Shu+11;
SHL18; Yan+15; ZK07]. The concept of superpixels was first introduced by Ren and
Malik in [RM03] and has significantly gained attention until today.

One such recent research direction focuses on developing geometric superpixels as
these are generally more compact and already save additional second-level information
that upstream algorithms can use [AS17; BL18; DL15; KM20; Ma+21]. Due to the
continuous nature of geometric objects, they provide resolution-independent superpixel
representation and, thus, a better alternative for many applications. Examples include
diverse computer vision tasks such as object contouring [BL18; Ma+21], image vector-
ization [CXC14], image compression [FKF16; Ma+21], and scene segmentation [DL15].

We design a new superpixel generation algorithm that creates superpixels defined
by diagram structures called Power-SLIC. For that, we build on a popular superpixel
algorithm called SLIC [Ach+12]. Since its introduction, various adjustments have
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1.5 Approximate constrained clustering: Grainscans and superpixels

Figure 1.5: An example of an image segmentation into superpixel. The segmentation has
been generated using our superpixel algorithm Power-SLIC with 900, 600, and
300 superpixels. The image is taken from the BSDS500 data set [Mar+01].

been introduced [Ach+20; AS17; DZ16; Don+20; HZX21; Liu+16; Liu+18; Mai+18;
Zha+21; ZCL19].

Essentially, SLIC uses least-squares clustering to group image pixels based on the
pixel’s spatial and color information. A heuristic version of Loyd’s algorithm is used
to retrieve the superpixels very quickly. Consequently, SLIC is valued for its speed,
accuracy, and ease of use. Due to SLIC’s approach of assigning pixels in the spatial
and color space to groups and then projecting that assignment back into the spatial
image space to create superpixels, they can be somewhat irregular and non-compact.
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We replace this crucial step by using diagrams. We use the information generated in
the spatial and color space to compute sites, weights, and second-moment information
to define an anisotropic power diagram in the image space. We then use constrained
clustering to obtain an assignment of pixels to superpixels when required.

This approach generates more compact and regular superpixels and provides a
resolution-independent and space-efficient representation of the superpixels by a diagram
structure. We can exploit this to compute superpixel segmentation for high-resolution
images quickly. Instead of extracting the diagram via clustering the entire image, we can
compute it on a much lower-resolution version. Once we collect the diagram parameters,
we can easily scale them to the original resolution image and assign each pixel to its
diagram cell to compute a pixel segmentation into superpixels. This allows us to
compute superpixel segmentations for high-resolution images in milliseconds instead of
seconds. We summarize our empirical evaluation, comparing it to other state-of-the-art
superpixel algorithms and all properties of our algorithm in the following. Superpixels
generated by Power-SLIC are depicted in Fig. 1.5.

Power-SLIC: Evaluation and properties

Superpixel algorithms are typically assessed using three criteria: Boundary adherence,
regularity, and computation speed. Using diagrams in combination with coresets
guarantees some very favorable properties of Power-SLIC. On the BSDS500 data set, a
popular benchmark, our algorithm outperforms multiple state-of-the-art algorithms in
particular:

• Boundary Precision: Power-SLIC outperforms the other evaluated state-of-the-
art algorithms regarding boundary precision. As the diagram structure acts as
regularization for the superpixel boundaries, Power-SLIC requires fewer boundary
pixels in image areas that do not contain image boundaries than other algorithms.

• Boundary Recall: Due to this regularization, Power-SLIC is the most robust
against varying noise levels in terms of boundary recall. While there are algorithms
that outperform Power-SLIC in terms of boundary recall on either clean images
or noise images by algorithms designed for these situations, Power-SLIC is the
best choice for scenarios with varying noise levels. Such scenarios are common,
as any camera operating in varying light conditions usually adjusts the ISO value
in darker environments, which generally adds noise.

• Regularity: As resulting superpixels are diagram cells, the corresponding su-
perpixels are very compact and regular. Moreover, superpixel boundaries are
polynomials of degrees at most two. Overall, Power-SLIC outperforms the other
algorithm in terms of regularity.
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• Speed: Power-SLIC is based on SLIC. While the final steps significantly differ,
the runtime of both algorithms is dominated by the common assignment step.
Since SLIC is well-known for its speed and Power-SLIC’s runtime is essentially
identical, our algorithm is competitive in terms of speed.

• Resolution-Independence: Our diagram representation of superpixels adds multi-
ple advantages. Most importantly, this representation is resolution-independent.
It allows us to compute a superpixel segmentation on a low-resolution image
instead of a high-resolution image. Combining this with our coresets from the
previous section, we get quality guarantees for this approach. Moreover, Power-
SLIC significantly outperforms the other algorithms in our evaluation regarding
speed on high-resolution images.

1.6 Outlook and the structure of this thesis

We introduce a framework for computing constrained clustering and corresponding
diagrams even on massive data sets very quickly. We design a new and currently
smallest coreset for weight-constrained anisotropic least-squares clustering. Beyond
that, we create grid-based coresets that produce provably smaller coresets for the
relevant parameters in our application. We empirically prove our techniques and
develop new algorithms for representing grain scans. Lastly, we design a new superpixel
algorithm based on our framework generating compact and resolution-independent
superpixels resulting in significantly faster running times for high-resolution images.

Of course, further reducing the size of coresets for weight-constrained clustering is
an important open research question. In particular, the large gap of achievable coreset
sizes between the constrained and unconstrained case due to the sensitivity being
bounded for the former and unbounded for the latter piques the interest in new coreset
techniques.

However, the primal problem of approximating the coreset cost is still much better
understood as the dual approximation of finding appropriate diagrams: While our
theory guarantees (1 + ϵ) approximations and our empirical evaluation evidently shows
that the resulting diagrams provide a very good fit, it remains unanswered if the
diagrams generated via approximative constrained clustering of the coreset are close to
those generated vis constrained clustering of the full data set.

Our early follow-up research beyond this thesis shows that an arbitrarily small
perturbation of a single point can result in an arbitrarily large distance between the
same bisector when comparing the diagram generated using the full data set and the
diagram generated using the coreset. When defining the closeness of two diagrams by
comparing the distance of their bisectors, these examples show that an approximation
of diagrams cannot be easily guaranteed.
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Considering our good empirical results, we raise the question of which conditions on
the point set or the coreset also ensure good approximations of the diagrams. In other
words, what conditions avoid the worst case currently constructed in our early examples
based on local point sparsity and limit cases with arbitrarily large distances between
sites or a growing number of clusters? We detail further open research questions at the
end of each chapter. The rest of this thesis is structured as follows.

This chapter continues with a 1-page summary of each following chapter. In Chap-
ters 2 and 3, we prove our coreset results. This builds the foundation for our work on
representing grain maps via diagrams in Chapters 4 and 5. Lastly, we introduce a new
application of our framework: Generating superpixels in Chapter 6.

1.7 List of core publications, one-page summaries, and
approvals

The remainder of this chapters provides one-page summaries of all chapters / (core)
publications to fulfill the formal requirements of a cummulative dissertation. For
the two core publications, it provides usage approvals from the publishers that can
be found right after the respective one-page summaries. The two core publications
“Turning Grain Maps into Diagrams” [Alp+23b] and “Dynamic grain models via fast
heuristics for diagram representations” [Alp+23a] are included in Chapters 4 and 5 as
text, formatted as previous chapters, and in Appendix A as their published journal
versions.
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1.7 List of core publications, one-page summaries, and approvals

Summary of Chapter 2

The text is available here [FG22a] and is currently being prepared for publication. It
results from joint work with Peter Gritzmann. I was significantly contributing to all
parts involved in creating this work.

This chapter lays the foundations for the following sections. We design so-called
coresets, which are small data sets that carry sufficient information to approximate the
optimization problem on the full data set. Our main contributions are:

The first coreset for anisotropic objective function and weight constraints.
We propose a new generalized coreset definition that also works for non-Euclidean
anisotropic objective functions. Our definition enforces a direct mapping between the
data set and its coreset. As even the assignment problem is notoriously difficult in the
constrained case, such a mapping allows quick conversion of solutions between both
data sets.

Based on this definition, we design the first coreset for the least-squares clustering
problem with anisotropic objective function and weight constraints. Its size, i.e., the
number of points in the coreset, is O(k2ϵ−d−1).

While we base our technique on those in [HPK07], we significantly simplify the one-
dimensional coreset construction. As a result, our construction uses half as many points
as the previously existing one. Surely, this is only a constant factor reduction which is,
however, highly relevant in practice as the number of variables in the resulting linear
program depends on the number of points. Additionally, we reduce the dependence on
k from cubic to squared. As a corollary, we also obtain a new coreset for fair clustering.

A counterexample showing that sensitivity sampling cannot be directly applied
to the point set in the constrained case. In the literature, many smaller coresets
have been designed using a technique called sensitivity sampling. Unfortunately, this
concept cannot be directly applied to the constrained case: We show that in the
constrained case the sensitivity can become arbitrarily large in the number of points.
As such, we outline a gap between constrained and unconstrained clustering that
requires further research to close and emphasizes the importance of our coreset result.
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Summary of Chapter 3

The text is available here [FGK22] and is currently being prepared for publication. It
results from joint work with Peter Gritzmann and Fabian Klemm. I was significantly
contributing to all parts involved in creating this work.

This text builds on results from [FG22a] but is motivated more strongly by our
application of grain scan analysis. While the coresets in Chapter 2 are more general,
the underlying topology of the coreset could be considered artificial in the context of
grain scans as rays are not the outcome of scanning grains.

Grain scans are usually scanned as three-dimensional images at a certain resolution
with the effort increasing as the required resolution increases. As representation
quality has become more important, more and more effort has been put into scanning
the material. Here, we prove that even low-resolution scans lead to a high-quality
representation and that increasing the resolution beyond a certain point leads only to
marginally better results when representing them using our clustering approach.

We show that reducing the resolution of a grain scan results in a coreset for the
full resolution image. We apply our 1-dimensional coreset results to the natural lines
we find in grid structures. Iterating this construction in each dimension leads to a
d-dimensional coreset.

Theoretically, these grid coresets are of size O((kϵ−2/3)d), which grows faster in the
dimension d than our general coreset construction of size O(k2ϵ−d−1) in Chapter 2.
However, in the relevant application parameters, for example, d = 2 or d = 3 and ϵ
around 0.001, the coreset size is even smaller than our more general coreset construction.
Consequently, we can scan materials upfront in a lower resolution, reducing the data
collection effort significantly. We also show the effectiveness of this approach in
[Alp+23b]/Chapter 4.
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Summary of Chapter 4: Turning grain maps into diagrams
(core publication)

The summarized publication has been published in [Alp+23b]. It results from joint
work with Peter Gritzmann, Andreas Alpers, and Fabian Klemm. I was significantly
contributing to all parts involved in creating this work.

The publication is motivated by the need to understand materials’ characteristics to
predict their behavior in an application. Specifically, we want to represent polycrys-
talline materials in a low-dimensional representation for improved storing, analysis,
and modeling. We study methods for obtaining such a low-dimensional presentation
using diagrams. The three main results can be summarized as follows.

Designing a new algorithm converting grain maps into diagrams with signifi-
cantly decreased running times. We leverage our developed coreset techniques to
approximate a clustering problem required in a method by [Lyc+11] to convert grain
maps into diagrams. Our coreset procedures approximate the optimization problem
well, as shown in Chapters 2 and 3, and compress the grain map data for signifi-
cantly improved running times. We introduce additional problem-specific techniques
sparsifying the grain map data further.

Developing a new optimization model optimizing all diagram parameters. Our
compressing methods allow the use of more complex models in practice that optimize
all diagram parameters to improve the fit of the diagrams to the grain maps. We
develop and rationalize a model that optimizes all diagram parameters to address the
underlying more directly than in the method used by [Lyc+11]. Combined with our
compression technique, we achieve good running times.

Verifying and comparing our techniques on a real-world data set. We address
the performance of our algorithms and compare them with the heuristics established
so far in the literature. We also address how far we can compress a grain map. Our
evaluation shows that we can compress a real-world grain map from 70 mn parameters
to below just 100k data points. We conclude that in most cases, the established
heuristics worked very well, being now able to compare its performance to multiple
optimization techniques.
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Summary of Chapter 5: Dynamic grain models via fast
heuristics for diagram representations (core publication)

The summarized publication has been published in [Alp+23a]. It results from joint
work with Peter Gritzmann, Andreas Alpers, and Fabian Klemm. I was significantly
contributing to all parts involved in creating this work.

The publication is motivated by understanding grain growth. Using various modeling
techniques, material scientists have studied material growth to identify their character-
istics. We introduce a method that turns measured grain maps at discrete time steps
into a continuous growth model of the grains in a material. We base this technique on
the inter- and extrapolation of anisotropic power diagrams that we compute from the
discrete-time grain maps.

The three main results can be summarized as follows.

Developing a new heuristic for generating anisotropic power diagrams. We
analyze a heuristic in [Lyc+11] by deriving it via discriminant analysis for a certain
prior. This sheds some additional light on which assumptions the heuristic performs
well. At the same time, we propose new and simpler heuristics that perform well with
different assumptions we have experienced in practice. We conclude with a comparison
between both heuristics.

Developing a new dynamic grain growth model. We develop a dynamic growth
model that inter- and extrapolates to obtain a continuous model. Our approach
assumes that grain maps measured at discrete time steps during the growth process
of a material are given. The studied heuristic converts the grain maps at each time
step into an anisotropic power diagram. As the power diagram can be represented
using a low-dimensional parameter space, we can use classical inter- and extrapolation
techniques to extend the discrete diagram representation to a continuous one. We
evaluate multiple such methods with varying degrees of freedom and study the fit of
our approach at time steps that have been excluded in model-fitting.

Concluding that the grain growth process seems to favor a simple type of
diagrams. We state and evaluate the hypothesis that the grain growth process
converges towards a specific diagram type. We build a logistic regression model
showing a relationship between grain disappearance and large-size parameters in the
representation. This suggests that grains requiring a larger size parameter to be
modeled are energetically non-ideal and that the growth converges towards a relatively
simple diagram type.
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Summary of Chapter 6:

The work summarized here is currently available in [FA20]. It results from joint work
with Andreas Alpers. I was significantly contributing to all parts involved in creating
this work.

We exploit the connection between clusterings and diagrams and introduce a new
algorithm for generating superpixels called Power-SLIC. Generally, superpixels group
multiple pixels of similar color so that the resulting superpixel boundaries reflect the
overall image boundaries. This is a common pre-processing step in image analysis. Gen-
erating superpixels significantly reduces the number of objects a subsequent algorithm
needs to process while adding additional contextual information.

Our main contribution is the design of a new superpixel algorithm based on anisotropic
power diagrams that outperform existing diagram techniques in various criteria:

Boundary Precision. Power-SLIC outperforms other evaluated state-off-the-art algo-
rithms in terms of boundary precision. As the diagram structure acts as regularization
for the superpixel boundaries, Power-SLIC requires fewer boundary pixels in image
areas not containing image boundaries.

Boundary Recall. Due to this regularization, Power-SLIC is the most robust against
varying noise levels in terms of boundary recall. Varying noise scenarios are common,
as the amount of noise captured depends on the environment’s brightness.

Regularity. As Power-SLIC’s superpixels are diagram cells, they are very compact
and regular. Moreover, superpixel boundaries are polynomials of degrees at most two.
Overall, Power-SLIC outperforms the other algorithm in terms of regularity.

Speed. Power-SLIC is based on SLIC. While the final steps significantly differ, the
runtime of both algorithms is dominated by the common assignment step. Since
SLIC is well-known for its speed and Power-SLIC’s runtime is essentially identical, our
algorithm is competitive in terms of its speed.

Resolution-Independence. The resolution independence of the diagram representa-
tion allows computing a superpixel segmentation on a low-resolution image instead of
the high-resolution image. This compression enables faster computation, particularly
on high-resolution images. Our coresets explain why this approach works particularly
well with our algorithm.
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Chapter 2

Coresets for Weight-Constrained
Anisotropic Assignment and Clustering

This chapter constructs small coresets for weight-constrained anisotropic assignment
and clustering with a specific view toward applications in materials science. Building
on previous results for unconstrained least-squares clustering of Har-Peled & Kushal,
we obtain coresets even for weight-constrained anisotropic clustering and, particularly,
reduce the dependence of their sizes on the number of clusters from cubic to quadratic,
an improvement which is decisive for applications in small dimensions such as grain
mapping.

2.1 Introduction

This text constructs coresets for weight-constrained anisotropic least-squares assignment
and clustering of n points in Rd into k clusters, for short, WCA Assignment and
WCA Clustering, whose sizes are independent of n.

Focus: While we will derive our results in greater generality, our primary focus lies
on the sizes of coresets for weight-constrained anisotropic least-squares assignment and
clustering in small dimensions. This is motivated by our main application of grain
mapping in materials science (briefly indicated in the next paragraph; see [Alp+15] for
details) which requires the handling of 2D and 3D data sets (typically with k ∼ 500,
and n ∼ 109, [Alp+23b].) Hence, our focus is on the influence of k (rather than d) to
render the problem tractable in practice.

Clustering is a well-established tool for unsupervised learning and has been widely
used for decades. More recent applications require additional conditions on the cluster
sizes; see e.g., [Alp+15; BBG11; BBG14; BG04; BG12; BG20; BG21; BGK17; Chi+17;
HJV19; SSS20], and [BDW09] for a general background on constrained clustering,
and the handbook article [GK17] for a concise overview focusing on concepts and
results of particular relevance in the present context. While computational issues are
highly relevant in all such applications, the representation of grain maps, a problem in
material science, particularly motivates the present chapter.
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Grain mapping concerns structural representations of polycrystalline materials,
which are only accessible through specific measurements. In fact, the available to-
mographic data allows us to determine the number k of grains, approximations of
grain centroids, volumes, and measures of anisotropy. As demonstrated in [Alp+15],
appropriate anisotropic diagrams that correspond to constrained anisotropic clusterings
represent grain maps extremely well. In the introduced model, each of the n voxels
is represented by k “indicator” variables, one for each grain. Hence, a reasonable 3D
resolution generally leads to a prohibitively large optimization problem, particularly if
grain dynamics requiring solutions for many time steps are studied. With this and re-
lated applications in mind, the present text constructs coresets for WCA Assignment
and WCA Clustering, which are the bases of grain mapping for standard real-world
instances in practice; see [Alp+23b].

Coresets can be seen as compressed data on which computations can be based
without loosing too much accuracy. Coresets have been developed for various problems
[BLK17; FSS13; FSS20; Fic+13; HPK07; SW18], most notably for approximate
unconstrained least-squares clustering. Constraints on the cluster sizes, as they appear
naturally in the anisotropic weight-constraint grain mapping problems add, however,
additional difficulties. For instance, if the clustering quality is measured with respect
to k given sites, the unconstrained problem becomes trivial. The points are simply
assigned to a nearest site. In contrast, for WCA Assignment, we need to solve a
linear program in O(nk) variables, which quickly becomes practically intractable for
the large data sets in real-world applications. Hence, one aims at computing (near)
optimal clusterings on small coresets and extending them (quickly) to clusterings on
the full data set in order to render the total computation time practical.

Main contribution: We introduce a general coreset definition which is adequate
for WCA Assignment and WCA Clustering, and construct coresets which depend
only quadratically on the number k of clusters. While we are mainly interested in
applications in dimensions 2 and 3, we prove our results in general dimension and,
in particular, obtain coresets of size O

(
k2/ϵd+1

)
for the weight-constrained anisotropic

least-squares assignment and clustering of n points in Rd into k clusters. Our main
Theorem 2.2, generalizes and improves results of [HPK07]; it is based on a somewhat
sparser construction, an improved analysis and a specific utilization of a certain duality
between weight-constrained anisotropic clustering and anisotropic power diagrams and
hence reduces the dependency on k even in the “classical” unconstrained least-squares
case.

Let us point out that our techniques can, in principle, be combined with the singular
value decomposition from [Coh+15] in order to remove the dependence on d. This
comes, however, at the expense of the largely increased dependence on k, resulting in
coreset sizes in 2D and 3D which are far too large for practical applications in materials
science where k is much larger than d. In view of our main application, we do not
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particularly focus on the dependency on the dimension.
Our coresets have the favorable property that their WCA assignments and clusterings

can be mapped very quickly to competitive WCA assignments and clusterings of the
original data set without having to solve a “remaining” expensive linear program on
the full data set. Thus, our coresets allow us to avoid large-scale computations that
would often be virtually impossible for practical applications in materials science.

Relation to previous Work: Coresets for clustering with constraints have also
been studied in [BFS24; HJV19; SSS20] in the context of fair clustering. As such, they
provide the first extension of coreset constructions under additional constraints. While
[HJV19] also extends [HPK07], we provide a simplified construction that results in the
reduction of the dependence on k from cubic to quadratic. Also, our results are more
general due to the anisotropic objective functions. In fact, the anisotropic distance
measures cause a fundamental change in the geometry of the underlying diagrams that
represent the clusterings. As a consequence, we need to deploy more sophisticated
techniques.

As unconstrained least-squares clustering is a special case of WCA Clustering,
our worst-case results even improve on the previously best-known bounds on coreset
sizes for unconstrained least-squares clustering with respect to k. In a probabilistic
setting, and for unconstrained least-squares clustering, however, smaller coresets can
be obtained with high probability via importance sampling [FL11]. As examples show,
these techniques can, unfortunately, not be directly extended to weight-constrained
clustering as the total sensitivity of a given instance may be as large as the size of the
original data set. While a local indirect application of sensitivity is possible, [BFS24], it
comes at the cost of a large dependence on k providing no advantage in our situation.

Organization: The present text is organized as follows. Section 2.2 introduces
necessary notation, formally specifies our main problems, provides relevant background
information, and states our main results. Section 2.3 proves first results, constructs
coresets via neighborhood mergers, introduces other ingredients for the proof of our
main theorem and explains the relation between WCA Clustering and geometric
diagrams. Section 2.4 provides the proof of Theorem 2.2, and Section 2.5 concludes
with some remarks and open problems.

The proofs of our main results are based on novel ideas, an improved analysis and
the utilization of a strong correspondence between clustering and diagrams. In part,
they also rely on generalizations of certain auxiliary estimates that are mostly technical.
To highlight the conceptual work and new techniques required to extend to anisotropic
diagrams, we moved purely technical improvements to the appendix (but included all
arguments in detail as a service to the reader).
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2.2 Notation, background, and main results

In the following, we formally introduce the basic problems and state our main results.
While we provide the most relevant references, we also refer the reader to [GK17] and
for additional pointers to literature.

Weight-constrained anisotropic assignment and clustering: Let d, n ∈ N
and, for j ∈ [n] = {1, . . . , n}, let xj ∈ Rd and ωj ∈ (0, ∞). In the following, we will
collect the data in two families X = {x1, . . . , xn} and Ω = {ω1, . . . , ωn

}
and refer to ωj

as the weight of the data point xj . We refrain from a formal description of the points
and weights by means of functions on [n] and tacitly assume that the correspondences
are always indicated by the index, i.e. ωj is the weight of xj . With this understanding,
the pair (X, Ω) is called weighted data set, and ω(X) = ∑n

j=1 ωj is its total weight.
Further, k ∈ N always specifies the number of clusters we want to compute. Then, a

k-clustering C of (X, Ω) is a vector

C = (C1, . . . , Ck) = (ξ11, . . . , ξ1n, . . . , ξk1, . . . , ξkn),

where the component ξij specifies the fraction of xj that is assigned to the ith cluster
Ci = (ξi1, . . . , ξin). More formally, the assignment conditions are

ξij ≥ 0 ∀i ∈ [k], j ∈ [n] and
k∑

i=1
ξij = 1 ∀j ∈ [n].

If Ci = 0, the ith cluster is void. The weight ω(Ci) and, if Ci is not void, the centroid
ci of the cluster Ci are given by

ω(Ci) =
n∑

j=1
ξijωj and ci = c(Ci) = 1

ω(Ci)

n∑
j=1

ξijωjxj ,

respectively. If Ci is void, we set ci = 0. Further, we use the abbreviation c(C) =
{c1, . . . , ck} for the family of centroids of the clustering C, and sometimes we write
ci = c(Ci). The set of all k-clusterings of (X, Ω) will be denoted by C(k, X, Ω).
Whenever the ingredients are clear from the context, we will speak of the elements
C ∈ C(k, X, Ω) of a clustering of X or simply of a clustering.

As we are particularly interested in weight-constrained clustering, suppose we are
further given lower and upper bounds κ−

i , κ+
i ∈ R with κ−

i ≤ κ+
i for each cluster, again,

collected in a family
K = {κ−

1 , κ+
1 , . . . , κ−

k , κ+
k }.

Then, we require that the clusters satisfy the weight constraints

κ−
i ≤ w(Ci) =

n∑
j=1

ωjξij ≤ κ+
i ∀i ∈ [k].
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The set of all such weight-constrained clusterings will be denoted by CK(k, X, Ω). Note
that the simple and easy-to-verify condition

k∑
i=1

κ−
i ≤ ω(X) ≤

k∑
i=1

κ+
i

is equivalent to the existence of such clusterings, i.e., to CK(k, X, Ω) ̸= ∅. To avoid
trivialities, we will always assume that this condition holds.

Of course, if κ−
i = 0, and κ+

i ≥ ω(X) for an i ∈ [k] the ith weight constraint is
redundant and can be omitted. We will signify this situation by writing κ+

i = ∞, i.e.,
formally allowing κ+

i ∈ R ∪ {∞}. Hence, the choice of

K∞ = {0, ∞, . . . , 0, ∞}

refers to the unconstrained case.
Next, we introduce measures for the quality of a given clustering. They are based

on distances that may utilize a different norm for each cluster. So, for i ∈ [k], let
Ai ∈ Rd×d be a positive definite symmetric matrix, and let ∥ ∥Ai denote the associated
ellipsoidal norm, i.e. ∥x∥Ai = xT Aix for any x ∈ Rd. Again, we collect all k such
matrices in the family A = {A1, . . . , Ak}. Clearly, if E = Ed denotes the d × d unit
matrix, E = {E, . . . , E} refers to the classic Euclidean least-squares case, in which each
cluster norm is ∥x∥2 = ∥x∥E . Of course, if λ−(Ai) and λ+(Ai) denote the smallest and
largest eigenvalue of Ai, then

λ−(Ai) · ∥x∥2
2 ≤ ∥x∥2

Ai
≤ λ+(Ai) · ∥x∥2

2.

In grain mapping, the different matrices reflect measured knowledge about the moments
of the grains in materials, see [Alp+15], and enable the representation of anisotropic
growth.

We can now measure the quality of a weight-constrained clustering C ∈ CK(k, X, Ω)
with respect to a set of reference points S = {s1, . . . , sk} ⊂ Rd, called sites, in terms of

costA,K(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

.

Note that costA,K(X, Ω, C, S) depends on K only indirectly, as C ∈ CK(k, X, Ω) is given.
We use the subscript K consistently in order to indicate that we are considering the
constrained case.

Then, WCA Assignment is the following problem:

Given k, X, Ω, A, K, S, find C ∈ CK(k, X, Ω) that minimizes costA,K(X, Ω, C, S).
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In this setting, the optimization involves only the nk variables ξij . Hence, in effect,
WCA Assignment is a linear program that can be solved in polynomial time. By
our general assumption, CK(k, X, Ω) ̸= ∅, a finite minimum exists, which we denote by
costA,K(X, Ω, S), i.e.,

costA,K(X, Ω, S) = min
C∈CK(k,X,Ω)

costA,K(X, Ω, C, S).

Instead of fixing the sites and optimizing over the clusterings, we can also fix the
clustering, optimize over the sites, and set

costA,K(X, Ω, C) = min
S

costA,K(X, Ω, C, S).

In Lemma 2.5, we will see that the optimal sites are, indeed, the centroids of the
clusters.

Optimizing the latter term over all clusterings results in an optimal weight-constrained
anisotropic clustering; its objective function value will be denoted by

OPTA,K(X) = min
C∈CK(k,X,Ω)

costA,K(X, Ω, C).

The problem of finding such optimal clustering is called WCA Clustering and is
defined as:

Given k, X, Ω, A, K, find C∗ ∈ CK(k, X, Ω) that minimizes costA,K(X, Ω, C).

As the centroids depend on the clusterings, the WCA Clustering objective function
is highly non-linear in its variables ξij . It is this property that makes the problem
NP-hard and already renders unconstrained least-squares clustering difficult, [Alo+09;
Das07]. The latter is shown to be NP-hard even in dimension d = 2, [MNV12].
Moreover, [Awa+15] shows that no PTAS exists in both, the number of clusters k, and
the dimension of the data d.

These hardness results apply to WCA Clustering, as the unconstrained least-
squares clustering problem is contained as the special case A = E and K = K∞. In
this classic situation, we drop K and A from the above cost terms and simply write
C(k, X, Ω) = CK∞(k, X, Ω) and

cost(X, Ω, C, S) = costE,K∞(X, Ω, C, S), cost(X, Ω, S) = costE,K∞(X, Ω, S),
cost(X, Ω, C) = costE,K∞(X, Ω, C), OPT(X, Ω) = OPTE,K∞(X, Ω).

If we only drop K but keep A, we are in the anisotropic but unconstrained case, and if
we drop A but keep K we are dealing with the constrained Euclidean case and write,
for instance:

costA(X, Ω, C, S) = costA,K∞(X, Ω, C, S), OPTA(X, Ω) = OPTA,K∞(X, Ω)
costK(X, Ω, C, S) = costE,K(X, Ω, C, S), OPTK(X, Ω) = OPTE,K(X, Ω).
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Coresets: A popular method of handling the high computational complexity of
unconstrained least-squares clustering is to approximate the data set by much smaller
sets that still capture the relevant properties of the data, [Bra+16; Che09; Coh+15;
FL11; HPK07; MMR19]. The decisive property of such a coreset is that the cost of a
clustering of its points is comparable to the cost of clusterings of the original data set.
Hence, time-consuming computations can be performed on much smaller data sets and
subsequently extended to good approximations of optimal solutions for the original
massive data.

We will now define coresets more formally, in a manner that is suitable for the
weight-constrained anisotropic case.

Definition 2.1
Let k ∈ N, let (X, Ω) and (X̃, Ω̃) be two weighted data sets, and ϵ ∈ (0, 1/2], δ ∈ [1, ∞).

Then (X̃, Ω̃) is an (ϵ, δ)-coreset for (k, X, Ω, A) if for all K there exists a mapping
f : CK(k, X̃, Ω̃) → CK(k, X, Ω), called an extension, and real constants ∆+, ∆−, referred
to as ∆-terms or offsets, with 0 ≤ ∆+ ≤ δ · ∆−, such that the following two conditions
hold for all sets S of k sites, and clusterings C̃ ∈ CK(k, X̃, Ω̃):

(1 − ϵ) costA,K(X, Ω, f(C̃), S) ≤ costA,K(X̃, Ω̃, C̃, S) + ∆+,(a)
costA,K(X̃, Ω̃, S) + ∆− ≤ (1 + ϵ) costA,K(X, Ω, S).(b)

If the context is clear, we refer to (X̃, Ω̃) as an (ϵ, δ)-coreset. If δ = 1, we speak of an
ϵ-coreset. If ∆+ = ∆− = 0, we set δ = 1 and speak of a 0-offset ϵ-coreset.

Note that the conditions in Definition 2.1 are required for every set S of sites
and each possible K. Hence, (X̃, Ω̃) can also be regarded as a coreset for each
instance (k, X, Ω, A, K) of WCA Clustering and each instance (k, X, Ω, A, K, S) of
WCA Assignment, and we will sometimes refer to it this way. Let us mention in
passing, that hence our coresets are composable, i.e., coresets for subsets of the data
can be combined to result in a single coreset for the full data set.

For easy distinction, we will universally signify coresets by means of a tilde or (if
additionally needed) a bar, as in (X̃, Ω̃) or (X̄, Ω̄). Parameters or objects on the
different sets will also be marked this way. For instances, clusterings on (X, Ω) will
usually be named C and their components ξij , while clusterings and their components
on coresets (X̃, Ω̃) are signified by a tilde, i.e., they are called C̃ and ξ̃ij .

Before we state our main result, let us briefly comment on the rationale behind the
above coreset definition. First, note that costA,K(X, Ω, S) ≤ costA,K(X, Ω, f(C̃), S).
Hence, in the special situation that C̃ attains cost(X̃, Ω̃, S), ∆+ = ∆− = 0, and δ = 1,
the above condition for a 0-offset coreset implies that

(1 − ϵ) costA,K(X, Ω, S) ≤ costA,K(X̃, Ω̃, S) ≤ (1 + ϵ) costA,K(X, Ω, S),
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which coincides with the coreset definition of [HPK07] for standard unconstrained
least-squares clustering, i.e., A = E , K = K∞. Further, note that the two ∆-terms
generalize the one additive offset parameter in [FSS13; FSS20]. They will be used to
show that (ϵ, δ)-coresets preserve δ-approximations up a factor ϵ. Finally, and most
importantly, let us point out that, while rather weak, Definition 2.1 still captures
the main motivation for the concept that an approximate solution of the constrained
clustering problem on a coreset yields an approximate solution on the original data set;
see Theorem 2.7.

As the general goal is to improve the tractability of the underlying optimization
problem we are aiming at coresets (X̃, Ω̃) of weighted sets (X, Ω) that are small enough
to enhance the performance of available algorithms significantly but still preserve enough
of the structure of the original instance to yield solutions which can be extended to
good approximations for the original instance. In the unconstrained least-squares case,
clusterings of the coreset can easily be converted into clusterings of the original data set.
In fact, it suffices to assign the points of X to on of the closest determined sites, and
this is efficiently facilitated by means of Voronoi diagrams. However, such a procedure
does not respect the weight constraints and, hence, does not produce WCA clusterings
of the full data set in general.

In Definition 2.1, this conversion of a coreset clustering C̃ ∈ CK(k, X̃, Ω̃) into a
clustering C ∈ CK(k, X, Ω) of the full data set is facilitated by the explicitly introduced
extension

f : CK(k, X̃, Ω̃) → CK(k, X, Ω).

In fact, f captures any way of “extending” C̃ to a feasible clustering C of the full data
set. Specifically, condition (a) of Definition 2.1 can be interpreted as saying that for
each weight-constrained coreset clustering C̃, we obtain a weight-constrained clustering
f(C̃) on the full data set of cost that is not much worse. Condition (b) expresses the
property that an optimal WCA Assignment for sites S on the full data set is not
much better than one on the coreset. Hence, good approximations of the latter lead to
good approximations of the former.

Main result: Let us now state the main result of the this chapter.

Theorem 2.2
For any instance (k, X, Ω, A, K) of WCA Clustering and for any ϵ ∈ (0, 1/2] and

δ ≥ λ+(A)
λ−(A) ,

there is an (ϵ, δ)-coreset of size ñ with

ñ ∈ O
(

k2

ϵd+1

)
.
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The proof of Theorem 2.2 follows the basic construction of [HPK07] but generalizes it
to weight-constrained anisotropic clustering and, by suitably exploiting the underlying
geometric structure, even reduces the asymptotics by a factor of k. Our improvement
over [HPK07] is a result of two elements. First, we provide a conceptually simpler coreset
construction on the line that only uses half the points by exploiting the properties of the
center of gravity for anisotropic least-squares clustering. Second, our analysis benefits
from bounding the multiple errors of the coreset only once instead of summing-up the
individual errors.

Note that, the uniform “condition number bound” δ ≥ λ+(A)/λ−(A) becomes 1
for A = E . Hence, we obtain the following corollary for unconstrained least-squares
clustering.
Corollary 2.3
There is an ϵ-coreset of size O

(
k2

ϵd+1

)
for least-squares clustering.

2.3 Estimates, approximation, neighborhood mergers, and
other ingredients

Estimates: Let (X0, Ω0) be a weighted data set, let c0 be its centroid, and let A ∈ Rd×d

be a positive definite symmetric matrix. (The index 0 is used to indicate that we are
not necessarily dealing with the full data set but with clusters or batches of points.)
Further, let ωx denote the weight of a point x ∈ X0, and define the cluster variation or
batch error VA(X0) of X0 for A by

VA(X0) =
∑

x∈X0

ωx∥x − c0∥2
A.

Note that VA(X0) is bounded by VE(X0) as follows.
Remark 2.4

λmin(A)VE(X0) ≤ VA(X0) ≤ λmax(A)VE(X0).

In accordance with our previous notation, ω(X0) = ∑
x∈X0 ωx denotes the weight

of X0. The following elementary lemma is a slight generalization of well-known facts.
The proof uses the notion of the support supp(Ci) of the cluster Ci, defined by

supp(Ci) = {xj : j ∈ [n] ∧ ξij > 0}.

Lemma 2.5
(a) Let (X0, Ω0) be a weighted data set, c0 its centroid, A ∈ Rd×d a positive definite

symmetric matrix, and s ∈ Rd. Then,∑
x∈X0

ωx∥x − s∥2
A = ω(X0) · ∥c0 − s∥2

A + VA(X0).
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(b) Let (k, X, Ω, A, K, S) be an instance of WCA Assignment and let
C = (C1, . . . , Ck) be a clustering. Then,

costA,K(X, Ω, C) ≤ costA,K(X, Ω, C, S)

with equality if and only if si = c(Ci) for every non void cluster Ci.

Proof. See Section 2.6.1 2

The next result shows that the conditions of Definition 2.1 imply the corresponding
inequalities involving the centroids.

Lemma 2.6
Let (X̃, Ω̃) be an (ϵ, δ)-coreset for (k, X, Ω, A, K). Then,

(1 − ϵ) costA,K(X, Ω, f(C̃)) ≤ costA,K(X̃, Ω̃, C̃) + ∆+,(a’)
OPTA,K(X̃) + ∆− ≤ (1 + ϵ) OPTA,K(X).(b’)

Proof. See Section 2.6.2. 2

The following result shows that our definition “lives up to its expectation” that good
clusterings on coresets yield good clusterings on the full data set. As usual, the quality
of approximation will be measured in terms of the relative error. Hence, we speak of a
γ-approximation if the objective function value of the produced solution is bounded
from above by γ times its minimum.

Theorem 2.7
Let I = (k, X, Ω, A, K) be an instance of WCA Clustering, ϵ ∈ (0, 1/2], δ ∈ [1, ∞),
let (X̃, Ω̃) be an (ϵ/3, δ)-coreset for I, and let f be its extension.

Further, let C̃ ∈ CK(k, X̃, Ω̃), and γ ∈ R with γ ≥ δ.

(a) If C̃ is a γ-approximation for ĨS, then f(C̃) is a (1 + ϵ)γ-approximation for IS.

(b) If C̃ is a γ-approximation for Ĩ, then f(C̃) is a (1 + ϵ)γ-approximation for I.

Proof. See Section 2.6.3. 2

Approximation for unconstrained least-squares clustering: The following
well-known result is an important ingredient as the initial step for our coreset construc-
tions for WCA Clustering. See [ADK09; Bra+16; FSS13; FSS20; HPK07; Kan+04]
for a non-exhaustive list of corresponding algorithms.
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Proposition 2.8
There exist constants α ≥ 1, β ∈ N and a polynomial-time algorithm with the following
property: Given an instance (k, X, Ω) of unconstrained least-squares clustering, the
algorithm computes a clustering with at most βk clusters with a cost ALG(α,β) satisfying

ALG(α,β) ≤ α OPT(X).

Algorithms according to Proposition 2.8 are usually called (α, β)-approximations, as
they compute an α-approximation but use kβ rather than k clusters. While, in terms of
their approximation properties, smaller constants α and β are preferable, the running
times typically increase significantly with decreasing constants. Hence, in practice,
these effects require some fine-tuning. As pointed out by [ADK09], the parameter
β does not affect the coreset’s ability to approximate unconstrained least-squares
k-clusterings.

Coresets based on local neighborhood mergers: A well-known standard
method for constructing coresets for unconstrained least-squares clustering is to merge
neighboring data points into a single point that carries their total weight. The merging
can be represented by a function that assigns each point of the original data set (X, Ω)
to a point of the new set (X̃, Ω̃). More formally, with n = |X| and ñ = |X̃| as before,
let

p : [n] → [ñ]

be surjective such that
ω̃ȷ̃ =

∑
j∈p−1(ȷ̃)

ωj ∀ȷ̃ ∈ [ñ].

Then, we call p a merging function.
In order to bound the cost of optimal solutions for a given WCA Clustering

instance, recall first that λ+(A) and λ−(A) denote the largest and smallest eigenvalue
of all matrices in A, respectively, and note that the optima in the Euclidean and
anisotropic unconstrained situation are related via

OPT(X) ≤ 1
λ−(A) OPTA(X) ≤ λ+(A)

λ−(A) OPT(X).

This shows, in particular, that, for (α, β)-approximations of least-squares clustering we
have the estimate

ALG(α,β) ≤ α

λ−(A) OPTA(X) ≤ αλ+(A)
λ−(A) OPT(X)

for the corresponding anisotropic problem. Also, the former observation implies the
following useful consequence.
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Lemma 2.9
Let η ∈ (0, ∞), and suppose that

n∑
j=1

ωj∥x̃p(j) − xj∥2
2 ≤ η · λ−(A)

λ+(A) OPT(X).

Then, whenever
∑k

i=1 ξij = 1 for each j ∈ [n],
k∑

i=1

n∑
j=1

ξijωj∥x̃p(j) − xj∥2
Ai

≤ η · OPTA(X).

Proof. See Lemma 2.9 2

The next technical result, which we will also need later, considers the effect of
merging data points on the cost of clustering. So, let p be a merging function for
(X, Ω), let (X̃, Ω̃) be the obtained data set and let C ∈ CK(k, X, Ω). Then, p gives rise
to a clustering C̃ ∈ CK(k, X̃, Ω̃) defined by

ξ̃iȷ̃ = 1
ω̃ȷ̃

∑
j∈p−1(ȷ̃)

ξijωj ∀ ȷ̃ ∈ [ñ], i ∈ [k].

Slightly abusing notation, we will write p(X) = X̃, p(X, Ω) = (X̃, Ω̃) and p(C) = C̃.
Then, we obtain the following inequalities.
Lemma 2.10
Let p be a merging function for (X, Ω), C ∈ CK(k, X, Ω) and set

D =
k∑

i=1

n∑
j=1

ξijωj∥x̃p(j) − xj∥2
Ai

.

Then,

costA,K(X, Ω,C, S) − 2
√

D · costA,K(X, Ω, C, S)

≤ costA,K(p(X, Ω), p(C), S) =
k∑

i=1

n∑
j=1

ξijωj∥x̃p(j) − si∥2
Ai

≤ costA,K(X, Ω, C, S) + 2
√

D · costA,K(X, Ω, C, S) + D.

Proof. See Section 2.6.5. 2

With the aid of these lemmas and some additional arguments it can be shown
that small changes in the position of the data points result in ϵ-coresets. This is a
generalization of a result of [SSS20] to the weighted and anisotropic case. The permitted
deviation is quantified in terms of the cost OPT(X) of an optimal unconstrained least-
squares clustering on the data set (X, Ω).
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2.3 Estimates, approximation, neighborhood mergers, and other ingredients

Theorem 2.11
Let (k, X, Ω, A, K) be an instance of WCA Clustering. Further, let (X̃, Ω̃) be a
weighted data set, ñ = |X̃|, ϵ ∈ (0, 1/2], and let p : [n] → [ñ] be a merging function. If

n∑
j=1

ωj∥xj − x̃p(j)∥2
2 ≤ ϵ2λ−(A)

16λ+(A) OPT(X),

then (X̃, Ω̃) is a 0-offset ϵ-coreset.

Proof. The proof is based on new but rather technical results and on tedious but
straight forward generalizations of results, previously known only for the Euclidean
case; it is given in Section 2.6.6. 2

Diagrams: A major ingredient for obtaining the asserted coreset sizes is the strong
relation between clustering and diagrams. We will describe it now in a concise manner,
which is strongly focused towards its use in Section 2.4. For a detailed general account,
additional pointers to the literature, and further background information, see [BGK17;
GK17].

An anisotropic diagram P = P(T, Σ, A) is specified by a set T = {t1, . . . , tk} ⊂ Rd

of k different sites, corresponding sizes Σ = {σ1, . . . , σk} ∈ Rk, and a set of positive
definite symmetric matrices A = {A1, . . . , Ak}. It is then defined as the collection
P = {P1, . . . , Pk} of subsets Pi of Rn, called cells, given by

Pi =
{
x ∈ Rd : ∀ℓ ∈ [k] : ∥x − ti∥2

Ai
+ σi ≤ ∥x − tℓ∥2

Aℓ
+ σℓ

}
.

Since the ellipsoidal norms ∥ ∥Ai are strictly convex, cells of different sites do not
have any interior points in common; see [BGK17]. Note that, in the special case of
Σ = {0, . . . , 0} and A = E , we obtain the classic Voronoi diagram of the points in T .

Now, let C = (C1, . . . , Ck) ∈ CK(k, X, Ω). Then, we say that P and C are compatible
if supp(Ci) ⊂ Pi ∩X for all i ∈ [k]. More strongly, if supp(Ci) = Pi ∩X, the diagram P
and the clustering C are called strongly compatible. Note that two cells of different sites
can only have boundary points in common anyway. As we will see later, the bound on
the coreset quality relies on the fact that for relevant clusterings, the number of points
that are fractionally assigned to different clusters can be further controlled. More
precisely, C and P are called strictly compatible if P and C are strongly compatible
and, for each i, ℓ ∈ [k] with i ̸= ℓ the intersection (Pi ∩ Pℓ) ∩ X contains at most one
point. Later, we will use the following result, which has been shown for the Euclidean
case in [BG12, Corollary 2.2] and which follows from [BGK17] in the general case:
Proposition 2.12
Given an instance (k, X, Ω, A, K, S) of WCA Assignment, there is a clustering C that
attains costA,K(X, Ω, S) and admits a strictly compatible anisotropic diagram. Further,
such a diagram can be computed in polynomial time.
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Chapter 2 Coresets for Weight-Constrained Anisotropic Assignment and Clustering

2.4 Small coresets

We will now construct small (ϵ, δ)-coresets, analyze their properties and prove Theo-
rem 2.2. In Section 2.4.1, we will first provide the construction and bound the sizes of
the resulting coresets (X̃, Ω̃). In Section 2.4.2, we will derive a structural property for
clusterings on (X̃, Ω̃) that admit a strictly compatible anisotropic diagram. Finally,
the coreset properties according to Definition 2.1 will be verified in Section 2.4.3.

2.4.1 The construction

The construction of (ϵ, δ)-coresets for WCA Clustering follows the basic scheme of
[HPK07] for producing coresets for unconstrained least-squares clustering. It can be
thought of as a two-ingredient recipe. First, points are projected onto a set of lines to
generate a favorable structure. Second, points on each line are grouped into so-called
batches.

The generalization of the first ingredient is technical, and we have moved the proofs
to the appendix. The generalization of the second ingredient, however, requires more
advanced arguments. Hence, we focus on the new construction of batch points as this
allows to reduce the dependence on k from cubic to quadratic. As we will see later
the structural properties of diagrams render it possible to derive the improved bounds
even in the anisotropic case.

First ingredient: The initial step of the first ingredient is to compute an (α, β)-
approximation for least-squares clustering using Proposition 2.8. This approximation
results in an integer assignment of the points of X to k̂ clusters Ĉi with k̂ ≤ β · k of
cost

ALG(α,β)(X) ≤ α · OPT(X).

For i ∈ [k̂], let ĉi denote the centroid of Ĉi. (The following exposition is written with
the general situation in mind that none of the clusters is void. Note, however, that
void clusters do not cause any problems but actually reduce the size of the constructed
coreset.)

Next, the obtained cluster centroids ĉi are used as vertices, from which suitable
pencils of lines issue. In order to construct such pencils, ϵ-nets are employed, i.e., point
sets Q with properties explained in the following lemma.

Proposition 2.13 (see [HPK07; Mat02])
Let, as usual, Sd−1 denote the Euclidean unit sphere of Rd. Given ϵ0 ∈ (0, 1/2), there
exists a point set Q = Q(ϵ0) ⊂ Qd \ {0} with the following properties:

(a) Q contains O(ϵ−(d−1)
0 ) points.

(b) For each p ∈ Sd−1 there exists a point q ∈ Q such that ∥p − q∥2 ≤ ϵ0, and
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2.4 Small coresets

(c) Q can be computed in time O(ϵ−(d−1)
0 ).

Using Proposition 2.13, we compute such a set Q(ϵ0) for

ϵ0 = ϵ

4

√
λ−(A)

α · λ+(A) .

This leads to k̂ pencils ĉi + RQ of the lines

L(ĉi, q) = ĉi + Rq, ∀i ∈ [k̂], q ∈ Q(ϵ0).

Note that, as 0 ̸∈ Q, all sets L(ĉi, q) are indeed lines. Let L denote the set of all such
lines. Then,

|L| = k̂ · |Q| ∈ O
(
kϵ−(d−1)).

Next, for each i ∈ [k̂], we project each point of x ∈ X ∩ Ĉi orthogonally on a closest
ray L(ĉi, q); ties are resolved arbitrarily. The resulting point will be denoted by x̄. Note
that, unless Q is chosen in an appropriately general position, it may happen that two
points of X are projected onto the same point x̄. We do not merge such points, and we
treat them as separate entities in the family X̄. The weights then remain unchanged,
and we obtain the weighted data set (X̄, Ω) of the same cardinality n, i.e., the merging
function is the identity. As the following lemma shows, (X̄, Ω) is a 0-offset ϵ-coreset
for WCA Clustering, with the extension f1 : CK(k, X̄, Ω) → CK(k, X, Ω) defined by

ξij = ξ̄ij ∀ j ∈ [n], i ∈ [k].

Lemma 2.14
(X̄, Ω) is a 0-offset ϵ-coreset for WCA Clustering.

Proof. See Section 2.6.7 2

In conjuction with Lemma 2.14, the next lemma shows that it indeed suffices to
design coresets that live on the union of the constructed pencils, i.e. on L.

Lemma 2.15
Let ϵ1, ϵ2 ∈ (0, 1/2], δ1, δ2 ∈ [1, ∞), and set

ϵ = ϵ1 + ϵ2 + ϵ1ϵ2 and δ = max{δ1, δ2}.

Further, let I = (k, X, Ω, A, K) be an instance of WCA Clustering, let (X̄, Ω̄) be
an (ϵ1, δ1)-coreset for I, and let (X̃, Ω̃) be an (ϵ2, δ2)-coreset for Ī = (k, X̄, Ω̄, A, K).
Then, (X̃, Ω̃) is an (ϵ, δ)-coreset for I.

Proof. See Section 2.6.8 2
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Chapter 2 Coresets for Weight-Constrained Anisotropic Assignment and Clustering

Second ingredient: To obtain the desired data set (X̃, Ω̃) we merge the points
on each line into batches by replacing them with their centroids and adjusting their
weights. More precisely, let L ∈ L. Starting from the leftmost point, we successively
add, from left to right, points of X̄ ∩ L to form the first batch B = B1 until

VE(B) = VE = ϵ2

32αkλ+(A)|L|
ALG(α,β)(X),

and continue with the next batch. The above condition can always be achieved by
assigning, if needed, the last point fractionally to the batch. In such a case, we may
assume that all points are completely assigned to a single batch by splitting this point
into two with the appropriate weights. While this assumption simplifies the exposition,
it does not effect on the results and can be made without loss of generality.

The process is continued until all points are assigned to batches. Note that all
batches have the same error, apart from the last one, whose error may be smaller.
Let B(L) denote the set of batches on the line L, and let B signify the total set of all
batches, i.e., the union of all B(L) with L ∈ L.

Finally, we merge the points of each batch. So, let B ∈ B, and let

ωB =
∑

x̄j∈X̄∩B

ωj , xB = 1
ωB

∑
x̄j∈X̄∩B

ωj x̄j

be the set’s X̄ ∩ B total weight and centroid, respectively. Then we replace the points
of X̄ ∩ B by their centroid xB and assign ωB as its weight.

The data set that results from applying the merger to all lines of the pencils will be
called (XB, ΩB). This is actually the desired set (X̃, Ω̃), and we will use both notations
interchangeably, depending on which one leads to the more intuitive exposition in the
subsequent proofs. In particular, the number of points will still be denoted by ñ. If
we index the batches as Bȷ̃ for ȷ̃ ∈ [ñ] and set xȷ̃ = xBȷ̃ , the corresponding merging
function p : [n] → [ñ] is again specified by

p(j) = ȷ̃ ⇐⇒ x̄j ∈ Bȷ̃,

and the extension f2 : CK(k, X̃, Ω̃) → CK(k, X̄, Ω) is again defined by

ξ̄ij = ξ̃ip(j) ∀ j ∈ [n], i ∈ [k].

Hence, the extension f : CK(k, X̃, Ω̃) → CK(k, X, Ω) is simply given by

f = f1 ◦ f2, i.e., ξij = ξ̃ip(j) ∀ j ∈ [n], i ∈ [k].

This completes the construction.
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2.4 Small coresets

Let us point out that our line construction differs from that of [HPK07]. By using
the center of gravity for each batch together, as we will see, with a new proof which
allows us to bound the errors of all batches at once – instead of summing over the
individual batch errors – we reduce the dependency of the construction on k from cubic
to quadratic. Further, our analysis is more general as it also works for anisotropic
power diagrams. While ellipsoidal norms create additional technicalities our proof
mainly relies on geometrical and structural properties of anisotropic power diagrams.

Before we prove that (XB, ΩB) is an (ϵ, δ)-coreset, we bound its cardinality ñ in this
section. The basic idea for deriving a bound is due to [HPK07]. However, we improve
on their arguments to reduce the dependency of the estimate by a factor of k.

Lemma 2.16

|B| ∈ O
(

k2

ϵd+1

)
,

i.e., the number of points in XB is of the order k2/ϵd+1.

Proof. To establish the asserted bound, let c̄1, . . . , c̄k be the centroids of an optimal
least-squares clustering of (X̄, Ω). In this unconstrained Euclidean case, the clustering
is compatible with a Voronoi diagram. As we need not respect any weight constraints
for the clusters, we may assume that no point of X̄ lies on the boundary of any Voronoi
cell. Since L intersects each Voronoi cell in a (possibly empty or one-element) interval,
all points in the same interval lie in the same cluster. This implies that for at most
k − 1 batches in L, the points are assigned to more than one cluster, i.e., at least
|B(L)| − k + 1 such batches are fully assigned to a single cluster.

Now, let B ∈ B(L) be contained in the ith cluster, but let B not be the last batch
on L. As the error VE(B) is known from the construction, we obtain from Lemma 2.5
(with X0 = B, c0 = cB, ω(X0) = ωB and A = E) that∑

x̄∈B

ωx̄∥x̄ − c̄i∥2
2 = ωB∥cB − c̄i∥2

2 + VE(B) ≥ VE(B) = VE .

As at most (k − 1) + 1 = k of the batches B ∈ B(L) can contribute less than VE to the
cost OPT(X̄) of the clustering, we see that

|XB| ≤ OPT(X̄)
VE

+ k · |L|.

Since (X̄, Ω) is a 0-offset ϵ-coreset for (X, Ω) by Lemma 2.14, we can use Lemma 2.6
(b′) to obtain

OPT(X̄) ≤ (1 + ϵ) · OPT(X) ≤ 2 · ALG(α,β)(X).
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All in all,

|XB| ≤ 2 ·
ALG(α,β)(X)

VE
+ k · |L| =

(
64 · α · λ+(A) · k

ϵ2 + k
)

· |L|.

As the right term is in O
(

k2

ϵd+1

)
, this concludes the proof. 2

2.4.2 Structural properties of clusterings admitting strictly compatible
diagrams

We will now show that each clustering that admits a strictly compatible diagram gives
rise to a partition of each line L into at most 2k − 1 intervals such that no data point
in the relative interior of each interval is fractionally assigned, i.e., belongs to more
than one cluster. Since by Proposition 2.12 it suffices to consider such diagrams on the
coresets, this will allow us to verify coreset condition (b) of Definition 2.1. Condition
(a), on the other hand, does not require additional assumptions on the structure of the
clustering.

Given an instance (k, X̃, Ω̃, A, K, S) of WCA Assignment, suppose that C̃ ∈
CK(k, X̃, Ω̃) attains cost(X̃, Ω̃, S) and admits a strictly compatible diagram P =
P(T, Σ, A) = {P1, . . . , Pk}. Note that C̃ is available by Proposition 2.12.

We use P to bound the “structural complexity” of C̃’s intersections with lines L.
Later we apply the results to those lines that constitute the pencils on which (X̃, Ω̃)
“lives”.

The first lemma considers the “generic situation” and could be stated within the
realm of Davenport-Schinzel Sequences; see, e.g., [Sha+95]. We will, however, give a
direct, self-contained proof of the relevant result.

So, let c ∈ R, q ∈ Rd \ {0}, L = L(c, q), and, for i ∈ [k],

gi : Rd → R, gi(x) = ∥x − si∥2
Ai

+ σ.

Further, let
h : Rd → R, h(x) = min{gi(x) : i ∈ [k]}

be the lower envelope of g1, . . . , gk. Then, of course, the diagram P is induced by
g1, . . . , gk, and

L ∩ Pi = {x ∈ L : gi(x) = h(x)}

consists of finitely many connected components, all closed intervals and proper, i.e.,
1-dimensional or possibly singletons. Let γi denote their number and let

gi|L : L → R, gi|L(x) = gi(x)

be the restriction of gi to the line L. Then, we have the following bound.
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2.4 Small coresets

Lemma 2.17
Suppose that no two of the restrictions gi|L coincide. Then,

k∑
i=1

γi ≤ 2k − 1,

and this bound is the best possible.

Proof. The proof of the inequality is by induction with respect to k. As the assertion is
trivial for k0 = 1, suppose that it has been verified for some k0 ∈ N, and let k = k0 + 1.

Suppose, first, that there exists an index i∗ ∈ [k] such that γi∗ = 1. By the
induction hypothesis, we have ∑i∈[k]\{i∗} γi ≤ 2(k − 1) − 1, and adding gi∗ back in, the
corresponding interval can split at most one other interval by the assumption that no
two of the restrictions gi|L coincide. Hence, the assertion holds.

So, suppose in the following, that γi ≥ 2 for all i ∈ [k]. We will show that this leads
to a contradiction, thereby proving the theorem.

For i ∈ [k], let y
(i)
j be a relative interior point in the jth component of L∩Pi, ordered

such that y
(i)
1 < . . . < y

(i)
γi . Further, let

i0 ∈ M1 = argmax
{
y

(i)
1 : i ∈ [k]

}
.

If the index i0 is unique, set i∗ = i0. Otherwise let i∗ ∈ M2 = argmin
{
y

(i)
2 : i ∈ M1

}
.

Note that M2 still does not need to be a singleton, but the different choices do not
affect the subsequent arguments.

Since γi∗ ≥ 2, there must be i ∈ [k] \ {i∗} and j ∈ [γi] such that

y
(i∗)
1 < y

(i)
j < y

(i∗)
2 .

As i∗ ∈ M1, we know that j ≥ 2 and y
(i)
1 ≤ y

(i∗)
1 . Equality, however, is excluded by the

choice of i∗ ∈ M2. Hence,
y

(i)
1 < y

(i∗)
1 < y

(i)
j < y

(i∗)
2 .

This implies that gi−gi∗ has at least three roots in L, i.e., gi|L = gi∗ |L, which contradicts
our general assumption.

The bound is tight for examples of suitably nested parabolas. 2

As a consequence, we obtain the following result.

Corollary 2.18
Suppose again that no two of the restrictions gi|L coincide. Then, there is a dissection
of L into at most 2k − 1 proper intervals such that the relative interior of each interval
is contained in exactly one of the cells of P.
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Proof. For i ∈ [k], let Ii = I(0)
i denote the set of the relative interiors of all proper

intervals that occur as connected components of L∩Pi, and set I = I(0) = I1 ∪ . . .∪Ik.
Since, by assumption, all univariate polynomials gi|L are different, any two intervals in
I are disjoint.

For i ∈ [k], let γ
(0)
i denote the number of singletons that occur as connected

components of L ∩ Pi, and set γ
(1)
i = |Ii|. Then, of course,

γi = γ
(0)
i + γ

(1)
i ∀i ∈ [k], and |I| =

k∑
i=1

γ
(1)
i .

Starting with I(0), we will now construct refinements I(ℓ) by successively splitting
intervals that violate the assertion as long as such intervals exist.

So, let i0 ∈ [k], let I0 ∈ Ii0 , and suppose that there exists a point y ∈ I0 that also
belongs to some other cell Pi1 . Then, y is the unique point of Pi0 ∩ Pi1 in relint(I0)
since, otherwise, gi0 |L − gi1 |L would have at least three local extrema, contradicting
the assumption that gi0 |L ̸= gi1 |L. For the same reason, no other interval I ∈ Ii0 can
contain a point of Pi1 in its relative interior.

Now, we split I0 at y into two intervals and obtain a new set I(1) by replacing I(0) in
Ii0 by the corresponding two relatively open intervals I

(0)
− and I

(0)
+ . Note that neither

I
(0)
− nor I

(0)
+ contains points of Pi1 anymore, and that {y} is a connected component of

L ∩ Pi1 , which counted towards γ
(0)
i1

.
We continue by successively splitting intervals that violate the assertion and finally

obtain a set I∗ of intervals that have the desired property. The total number of
necessary splits is bounded by ∑i=1 γ

(0)
i . Hence, with the aid of Lemma 2.17,

|I∗| ≤
∑
i=1

γ
(1)
i +

∑
i=1

γ
(0)
i =

∑
i=1

γi ≤ 2k − 1,

which is the asserted bound. 2

As an immediate consequence, the corollary yields a structural result when C̃ and P
are compatible.

Corollary 2.19
Let g1|L, . . . , gk|L be all different, and let C̃ and P be compatible. Then, there exists
a partition of L into at most 2k − 1 proper intervals such that all data points in the
relative interior of each interval are fully assigned to the same cluster.

Note, however, that the “genericity assumption” that the k univariate polynomials
g1|L, . . . , g2|L are all different for each line L can generally not be guaranteed, even if
all multivariate polynomials g1, . . . , gk are different. For instance, when A = E , the
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cells of P are polyhedra that might all have a line (or even some higher-dimensional
affine subspace) in common. In this case, it may happen that all points of X̃ in the
relative interior of a component I of L ∩ Pi are fractionally assigned to Ci the number
of splitting operations will generally not be bounded by a function of k only, and
Corollary 2.19 does not hold anymore; see Figure 2.1 for an illustration.

Figure 2.1: A clustering and diagram that are strongly compatible. Sites are depicted as
squares. The clustering assigns all points on the boundary between the green
and red cluster with a proportion of 1/2 : 1/2 to the two clusters. Consequently, a
dissection of the horizontal line L with the required properties of Corollary 2.19
requires more than 2k − 1 = 2 · 4 − 1 = 7 intervals.

In fact, a clustering that admits a feasible or even strongly compatible diagram does
not suffice to provide the bound required later, and we need the additional properties
of strictly compatible diagrams to prove the following theorem.

Theorem 2.20
Let C̄ ∈ CK(k, X̄, Ω) admit a strictly compatible diagram, and let L be a line in Rd.
Then, there is a partition of L into at most 2k − 1 proper intervals such that all data
points in the relative interior of each interval are fully assigned to the same cluster.

Proof. Let P = P(T, Σ, A) = {P1, . . . , Pk} be a diagram such that C̄ and P are
strictly compatible. Suppose that exactly k′ of the univariate polynomials gi|L are
different, let N+ ⊂ [k] be the set of the corresponding indices, and set N− = [k] \ N+.

If k′ = k, the assertion follows from Corollary 2.19. So, suppose that k′ < k. By
Corollary 2.19, we obtain a partition I of L into at most 2k′ − 1 proper intervals with
the following property: If I ∈ I and x̃ ∈ X̃ ∩ relint(I), then x̃ ̸∈ Pi for any i ∈ N+.

Since C̄ and P are strictly compatible, Pi ∩ Pℓ contains at most one point for i ̸= ℓ.
Since, for each i ∈ N−, each gi|L coincides with one of the gℓ|L with ℓ ∈ N+, splitting
intervals for each such points will result in an additional number of at most |N−|
intervals in order to guarantee the desired property. Hence we obtain a total of at most

2|N+| − 1 + |N−| = 2k′ − 1 + k − k′ = k + k′ − 1 ≤ 2k − 1

intervals that have the required properties. 2
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2.4.3 Proof of the coreset properties

We will now prove various lemmas that will subsequently be used to show that
(X̃, Ω̃) = (XB, ΩB) is a coreset for (k, X, Ω, A, K), thereby proving Theorem 2.2. Note
that, by Lemma 2.14 and Lemma 2.15, it suffices to show that (XB, ΩB) is a coreset
for (k, X̄, Ω, A, K).

We begin with a simple observation that relates the batch errors in the anisotropic
case to those in the Euclidean case.
Lemma 2.21
Let B′ ⊂ B. Then,

λ−(A) ·
∑

B∈B′

VE(B) ≤
k∑

i=1

∑
B∈B′

ξiBVAi(B) ≤ λ+(A) ·
∑

B∈B′

VE(B).

Proof. See Section 2.6.9 2

The following lemma essentially handles condition (a) of Definition 2.1 for each set
S of sites which is the simple part of showing the coreset property.

Lemma 2.22
Let CB ∈ CK(k, XB, ΩB). Then,

costA,K(X̄, Ω, f2(CB), S) ≤ costA,K(XB, ΩB, , CB, S) + λ+(A) ·
∑
B∈B

VE(B).

Proof. See Section 2.6.10. 2

In order to verify that (XB, ΩB) is a coreset for (k, X̄, Ω, A, K), we will address now
condition (b) of Definition 2.1. With the aid of Proposition 2.12, let C̄∗ ∈ CK(k, X̄, Ω)
such that it attains costA,K(X̄, Ω, S) and admits a strictly compatible anisotropic
diagram P = P(T, Σ, A). We will show that, for CB = p(C̄∗),

costA,K(XB, ΩB, , CB, S) + ∆− ≤ (1 + ϵ) costA,K(X̄, Ω, C̄∗, S),

as this yields the inequality

costA,K(XB, ΩB, , S) + ∆− ≤ costA,K(XB, ΩB, , CB, S) + ∆−

≤ (1 + ϵ) costA,K(X̄, Ω, C̄∗, S) = (1 + ϵ) costA,K(X̄, Ω, S),

needed for condition (b). The next two lemmas will prepare the ground to verify the
former inequality.

The clustering C̄∗ partitions B into the set B+ of those batches B whose points are
all assigned to the same cluster, and its complement B− = B \ B+. Similarly, (X̄, Ω)
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and (XB, ΩB) are split into (X̄|±, Ω|±) and (XB|±, ΩB|±), and the clusterings C̄∗ and
CB are split into their restrictions C̄∗|± and CB|± of (X̄|±, Ω|±) and (XB|±, ΩB|±),
respectively. As the clustering cost is additive in the contributions of each point, we
can consider the costs

costA,K(X̄|±, C̄∗|±, S) =
k∑

i=1

∑
B∈B±

∑
x̄j∈B

ξ̄ijωj∥x̄j − si∥2
Ai

,

costA,K(XB|±, ΩB|±, CB|±, S) =
k∑

i=1

∑
B∈B±

ξiBωB∥xB − si∥2
Ai

incurred by points in batches from B+ and B− separately. (Let us point out that the
subscript K is used here to indicate that we are still in the constrained case. The
bounds in K, however, only apply to the clusterings on the unsplit data sets.)

Note that, for each B ∈ B+,

ξiB = ξ̄ij =
{

1 for x̄j ∈ B;
0 for x̄j ̸∈ B.

This property is used in the next lemma to show that batches in B+ behave nicely.
Lemma 2.23

costA,K(XB|+, ΩB|+, X̃|+, CB|+, S)+λ−(A)
∑

B∈B+

VE(B) ≤ costA,K(X̄|+, Ω|+, , C̄∗|+, S).

Proof. Since all points of each batch B ∈ B+ have been assigned to the same cluster,
we see with the aid of Lemma 2.5 (a) (with X0 = B, c0 = xB) that

costA,K(X|+, Ω|+, C̄∗|+, S) =
k∑

i=1

∑
B∈B+

∑
x̄j∈B

ξ̄ijωj∥x̄j − si∥2
Ai

=
k∑

i=1

∑
B∈B+

ξiB

∑
x̄j∈B

ωj∥x̄j − si∥2
Ai

=
k∑

i=1

∑
B∈B+

ξiB

(
ωB∥xB − si∥2

Ai
+ VAi(B)

)

= costA,K(XB|+, ΩB|+, X̃|+, CB|+, S) +
k∑

i=1

∑
B∈B+

ξiBVAi(B).

Now, the asserted inequality follows with the aid of Lemma 2.21. 2

While the proof of Lemma 2.23 did not make any use of the special choice of the
optimal clustering, the next lemma, Lemma 2.24, which deals with B−, relies heavily
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on the property that C̄∗ admits a strictly compatible diagram. (It can also be used to
fix what seems to be a flaw in the proof [HPK07, Theorem 3.7] where an equation is
asserted while only an inequality is clear.)

Lemma 2.24

costA,K(XB|−, ΩB|−,CB|−, S) + λ−(A)
∑

B∈B−

VE(B)

≤ costA,K(X̄|−, Ω|−, C̄∗|−, S) + ϵ costA,K(X̄, Ω, C̄∗, S).

Proof. First, by the definition of the merging function p,

ξiBωB =
∑

x̄j∈B

ξ̄ijωj .

Hence,

costA,K(XB|−, ΩB|−, CB|−, S) =
k∑

i=1

∑
B∈B−

∑
x̄j∈B

ξ̄ijωj∥xB − si∥2
Ai

.

Next, we apply Lemma 2.10 to (X̄|−, Ω|−) and C̄∗|−. In this setting, the number D
becomes

D =
k∑

i=1

∑
B∈B−

∑
x̄j∈B

ξ̄ijωj∥xB − x̄j∥2
Ai

,

and Lemma 2.10 yields

costA,K(XB|−, ΩB|−, CB|−, S)

≤ costA,K(X̄|−, Ω|−, C̄∗|−, S) + 2
√

D · costA,K(X̄|−, Ω|−, C̄∗|−, S) + D.

We will now apply Lemma 2.9 to derive an upper bound for D. In order to do so, let
us first consider the lemma’s assumption. In fact, we have

∑
B∈B−

∑
xj∈B

ωj∥xB − x̄j∥2
2 =

∑
B∈B−

VE(B) ≤ |B−| · VE = |B−| · ϵ2

32αkλ+(A)|L|
ALG(α,β)(X).

Hence we need to bound the number of batches in B−. We consider the different lines
of the pencils separately.

So, let L ∈ L. Since C̄∗ admits a strictly compatible diagram we can apply Theo-
rem 2.20. There is thus a partition of L into at most 2k − 1 proper intervals such that
all data points in the relative interior of each interval are fully assigned to the same
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cluster. Consequently, only batches that contain a boundary point of at least one such
interval can contain points of more than one cluster. Therefore, |B− ∩ B(L)| ≤ 2(k − 1),
and thus

|B−| ≤ 2(k − 1) · |L|.

Since (X̄, Ω) is a 0-offset ϵ-coreset for (X, Ω) and ϵ ∈ (0, 1/2], we obtain
∑

B∈B−

∑
xj∈B

ωj∥xB − x̄j∥2
2 ≤ ϵ2

16λ+(A) OPT(X) ≤ ϵ2

8λ+(A) OPT(X̄).

Lemma 2.9, applied to (X̄, Ω) with η = ϵ2/8 yields

D =
k∑

i=1

∑
B∈B−

∑
x̄j∈B

ξ̄ijωj∥xB − x̄j∥2
Ai

≤ ϵ2

8 OPTA(X̄) ≤ ϵ2

8 costA,K(X̄, Ω, C̄∗, S).

Since
costA,K(X̄|−, Ω|−, C̄∗|−, S) ≤ costA,K(X̄, Ω, C̄∗, S),

we obtain

costA,K(XB|−, ΩB|−, CB|−, S) ≤ costA,K(X̄|−, Ω|−, C̄∗|−, S)

+

2

√
ϵ2

8 + ϵ2

8

 costA,K(X̄, Ω, C̄∗, S).

Finally, with the aid of Lemma 2.21, the previous estimates also imply that
k∑

i=1

∑
B∈B−

ξiBVAi(B) ≤ λ+(A) ·
∑

B∈B−

VE(B) = λ+(A) ·
∑

B∈B−

∑
xj∈B

ωj∥xB − x̄j∥2
2

≤ ϵ2

8 costA,K(X̄, Ω, C̄∗, S).

Therefore, using Lemma 2.21 again,

costA,K(XB|−,ΩB|−, CB|−, S) + λ−(A)
∑

B∈B−

VE(B)

≤ costA,K(XB|−, ΩB|−, CB|−, S) +
k∑

i=1

∑
B∈B−

ξiBVAi(B)

≤ costA,K(X̄|−, Ω|−, C̄∗|−, S) +

2

√
ϵ2

8 + 2 · ϵ2

8

 costA,K(X̄, Ω, C̄∗, S)

≤ costA,K(X̄|−, Ω|−, C̄∗|−, S) + ϵ · costA,K(X̄, Ω, C̄∗, S),

as claimed. 2
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Now, we are ready to verify that (XB, ΩB) is a coreset for (k, X̄, Ω, A, K).
Theorem 2.25
(XB, ΩB) is an

(
ϵ, λ+(A)

λ−(A)

)
-coreset for (k, X̄, Ω, A, K).

Proof. Let

∆+ = λ+(A) ·
∑
B∈B

VE(B), and ∆− = λ−(A) ·
∑
B∈B

VE(B).

Then,

∆+ = λ+(A)
λ−(A) · ∆−.

Further, Lemma 2.22 immediately yields

costA,K(X̄, Ω, f2(CB), S) ≤ costA,K(XB, ΩB, , CB, S) + ∆+,

which shows condition (a) of Definition 2.1.
In order to verify (b), remember that it suffices to show:

costA,K(XB, ΩB, , CB, S) + ∆− ≤ (1 + ϵ) costA,K(X̄, Ω, C̄∗, S).
We combine Lemmata 2.23 and 2.24, using

costA,K(XB, ΩB, , CB, S) + ∆− = costA,K(XB|+, ΩB|+, CB|+, S) + λ−(A)
∑

B∈B+

VE(B)

+ costA,K(XB|−, ΩB|−, CB|−, S) + λ−(A)
∑

B∈B−

VE(B).

This yields

costA,K(XB, ΩB, , CB, S) + ∆−

≤ costA,K(X̄|+, Ω|+, , C̄∗|+, S) + costA,K(X̄|−, Ω|−, C̄∗|−, S) + ϵ costA,K(X̄, Ω, C̄∗, S)
≤ (1 + ϵ) costA,K(X̄, Ω, C̄∗, S),

which implies condition (b) of Definition 2.1. 2

Finally, we have all the ingredients with which to prove our main theorem.
Proof (Proof of Theorem 2.2). The assertion that (X̃, Ω̃) = (XB, ΩB) is a coreset
for the instance (k, X, Ω, A, K) follows immediately from our previous results by means
of Lemma 2.15.

More precisely, we apply Lemma 2.14 for ϵ1 = ϵ/3 to obtain a 0-offset coreset,i.e.,
δ1 = 1, and Theorem 2.25 for ϵ2 = ϵ/3 and δ2 = λ+(A)/λ−(A). Since

ϵ ≥ ϵ1 + ϵ2 + ϵ1ϵ2 and δ = max{δ1, δ2} = λ+(A)
λ−(A) ,

the assertion follows from Lemma 2.15. 2
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2.5 Final remarks

Our results provide small coresets for WCA Clustering, i.e., in the weight-constrained
anisotropic case. This allows to compute good clusterings for the generally much
smaller sets (X̃, Ω̃) and to subsequently convert them to clusterings of the original
data sets (X, Ω). While the corresponding extensions f preserve the cluster weights
and guarantee the feasibility of the obtained clusterings, we might, however, loose the
favorable properties of compatibility with diagrams. Hence, the question arises as to
whether any efficiently computable extensions exist that map clusterings that admit
a (strictly, strongly, or just) compatible diagram on the coresets to clusterings of the
same type on the full data set. Alternatively, we might ask if we can find a diagram
on the coreset such that the induced clustering on the original data set only slightly
violates the cluster size constraints. This leads to a number of relevant stability issues.

One may also wonder whether, in our setting, the dependence on k can be further
reduced.

2.6 Technical results

Here we add all proofs which were omitted in the main part of the chapter.

2.6.1 Proof of Lemma 2.5
(a) Since

∑
x∈X0

ωxx = ω(X0)c0, we have∑
x∈X0

ωx∥x − s∥2
A =

∑
x∈X0

ωx

(
∥x − c0∥2

A + 2(x − c0)⊤A(c0 − s) + ∥c0 − s∥2
A

)
= ω(X0) · ∥c0 − s∥2

A + VA(X0) + 2
(∑

x∈X0

ωxx − ω(X0)c0

)⊤
A(c0 − s).

= ω(X0) · ∥c0 − s∥2
A + VA(X0).

(b) Let, as usual, C = (C1, . . . , Ck) and define the weighted data set (Xi, Ωi) for i ∈ [k], by

Xi = supp(Ci) and Ωi = {ξijωj : xj ∈ Xi}.

Then, by applying (a) to (X0, Ω0) = (Xi, Ωi) and A = Ai, for i ∈ [k], we obtain

costA,K(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

=
k∑

i=1

(
ω(Ci) · ∥c(Ci) − si∥2

Ai
+ VAi(Xi)

)

≥
k∑

i=1
VAi

(Xi) = costA,K(X, Ω, C).

Thus, costA,K(X, Ω, C, S) ≥ costA,K(X, Ω, C) with equality if and only if, for each i ∈ [k],
either ω(Ci) = 0 or si = c(Ci).
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2.6.2 Proof of Lemma 2.6
(a’): Let S = c(C̃). Then, by Lemma 2.5 (b)

costA,K(X, Ω, f(C̃)) = costA,K(X, Ω, f(C̃), c(f(C̃)) ≤ costA,K(X, Ω, f(C̃), S),

and inequality (a) of Definition 2.1 yields

(1 − ϵ) costA,K(X, Ω, f(C̃)) ≤ costA,K(X̃, Ω̃, C̃, S) + ∆+ = costA,K(X̃, Ω̃, C̃) + ∆+.

(b’): Let C∗ be a clustering attaining OPTA,K(X) and set S = c(C∗). Then, by Lemma 2.5 (b)

OPTA,K(X̃) ≤ costA,K(X̃, Ω̃, S),

and, hence, by inequality (b) of Definition 2.1

OPTA,K(X̃) + ∆− ≤ (1 + ϵ) costA,K(X, Ω, S) = (1 + ϵ) OPTA,K(X),

which concludes the proof.

2.6.3 Proof of Theorem 2.7
We need the following additional lemma.

Lemma 2.26
Let I = (k, X, Ω, A, K) be an instance of WCA Clustering, ϵ ∈ (0, 1/2], δ ∈ [1, ∞), let (X̃, Ω̃)
be an (ϵ/3, δ)-coreset for I, and let f denote its extension. Further, let C̃ ∈ CK(k, X̃, Ω̃), let
S1, S2 be two sets of k sites, and γ ∈ R with γ ≥ δ. Further, suppose that

costA,K(X̃, Ω̃, C̃, S1) ≤ γ costA,K(X̃, Ω̃, S2).

Then,
costA,K(X, Ω, f(C̃), S1) ≤ (1 + ϵ)γ costA,K(X, Ω, S2).

Proof. By the coreset properties, Definition 2.1 (a) and (b), we have(
1 − ϵ

3

)
costA,K(X, Ω, f(C̃), S1) − ∆+ ≤ costA,K(X̃, Ω̃, C̃, S1)

and
costA,K(X̃, Ω̃, S2) ≤

(
1 + ϵ

3

)
costA,K(X, Ω, S2) − ∆−.

Hence, it follows from the assumption that the right hand side of the former inequality is
bounded from above by γ times the left hand side of the latter:(

1 − ϵ

3

)
costA,K(X, Ω, f(C̃), S1) − ∆+ ≤

(
1 + ϵ

3

)
γ costA,K(X, Ω, S2) − γ∆−.

Since γ ≥ δ, and ∆+ ≤ δ∆−, we have ∆+ ≤ δ∆− ≤ γ∆−. Hence,(
1 − ϵ

3

)
costA,K(X, Ω, f(C̃), S1) ≤

(
1 + ϵ

3

)
γ costA,K(X, Ω, S2).
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As (
1 + ϵ

3

)
= 1 + 2ϵ

3 − ϵ

3 ≤ 1 + 2ϵ

3 − ϵ2

3 = (1 + ϵ)
(

1 − ϵ

3

)
,

we obtain
costA,K(X, Ω, f(C̃), S1) ≤ (1 + ϵ)γ costA,K(X, Ω, S2),

as asserted. 2

Proof (Proof of Theorem 2.7). (a) Since C̃ is a γ-approximation for ĨS , we have

costA,K(X̃, Ω̃, C̃, S) ≤ γ costA,K(X̃, Ω̃, S).

Thus, Lemma 2.26, applied with S1 = S2 = S, implies that

costA,K(X, Ω, f(C̃), S) ≤ (1 + ϵ)γ costA,K(X, Ω, S).

Hence f(C̃) is a (1 + ϵ)γ-approximation for IS .
(b) Let C∗ ∈ CK(k, X, Ω) be optimal and set S∗ = c(C∗). By Lemma 2.5 (b),

OPTA,K(X̃) ≤ costA,K(X̃, Ω̃, S∗).

Hence, together with the assumption that C̃ is a γ-approximation for Ĩ, this yields

costA,K(X̃, Ω̃, C̃, c(C̃)) = costA,K(X̃, Ω̃, C̃) ≤ γ OPTA,K(X̃) ≤ γ costA,K(X̃, Ω̃, S∗).

Thus, Lemma 2.26, applied with S1 = c(C̃) and S2 = S∗, implies that

costA,K(X, Ω, f(C̃), c(C̃)) ≤ (1 + ϵ)γ costA,K(X, Ω, S∗) = (1 + ϵ)γ OPTA,K(X).

With the aid of Lemma 2.5 (b), we conclude that

costA,K(X, Ω, f(C̃)) ≤ costA,K(X, Ω, f(C̃), c(C̃)) ≤ (1 + ϵ)γ OPTA,K(X),

i.e., f(C̃) is a (1 + ϵ)γ-approximation for I. 2

2.6.4 Proof of Lemma 2.9

Just note that

k∑
i=1

n∑
j=1

ξijωj∥x̃p(j) − xj∥2
Ai

≤ λ+(A)
n∑

j=1

(
ωj∥x̃p(j) − xj∥2

2 ·
k∑

i=1
ξij

)

= λ+(A)
n∑

j=1
ωj∥x̃p(j) − xj∥2

2 ≤ ηλ−(A) OPT(X) ≤ η OPTA(X).
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2.6.5 Proof of Lemma 2.10

First, we explain the equality using the definition of p:

costA,K(p(X, Ω), p(C), S) =
k∑

i=1

ñ∑
ȷ̃=1

ξ̃iȷ̃ω̃ȷ̃∥x̃ȷ̃ − si∥2
Ai

=
k∑

i=1

ñ∑
ȷ̃=1

 1
ω̃ȷ̃

∑
j∈p−1(ȷ̃)

ξijωj

 ω̃ȷ̃∥x̃ȷ̃ − si∥2
Ai

=
k∑

i=1

ñ∑
ȷ̃=1

∑
j∈p−1(ȷ̃)

ξijωj∥x̃ȷ̃ − si∥2
Ai

=
k∑

i=1

n∑
j=1

ξijωj∥x̃p(j) − si∥2
Ai

.

Now, note that the latter norm decomposes as follows:

∥x̃p(j) − si∥2
Ai

= ∥x̃p(j) − xj + xj − si∥2
Ai

= ∥x̃p(j) − xj∥2
Ai

+ 2(x̃p(j) − xj)⊤Ai(xj − si) + ∥xj − si∥2
Ai

.

Hence, it suffices to bound the three terms

D,

k∑
i=1

n∑
j=1

ξijωj(x̃p(j) − xj)⊤Ai(xj − si),
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

separately. The first term appears in the bound from above and, as it is nonnegative, it can
be omitted for the estimate from below. Also, the third sum is exactly costA,K(X, Ω, C, S).
This suffices to suitably bound the absolute value of the second sum. To do so, we evoke the
Cauchy-Schwarz inequality twice and obtain∣∣∣∣∣

k∑
i=1

n∑
j=1

ξijωj(x̃p(j) − xj)⊤Ai(xj − si)
∣∣∣∣∣ ≤

∣∣∣∣∣∣
k∑

i=1

n∑
j=1

ξijωj∥x̃p(j) − xj∥Ai
∥xj − si∥Ai

∣∣∣∣∣∣
=

∣∣∣∣∣∣
k∑

i=1

n∑
j=1

√
ξijωj∥x̃p(j) − xj∥Ai

√
ξijωj∥xj − si∥Ai

∣∣∣∣∣∣ ≤
√

D ·
√

costA,K(X, Ω, C, S).

This concludes the proof.

2.6.6 Proof of Theorem 2.11

We show that, under the assumptions of the theorem, the coreset properties, Definition 2.1 (a),
(b), hold with offset 0, i.e., for ∆+ = ∆− = 0.

Since OPTA(X) ≤ costA,K(X, Ω, C, S) and, by assumption,

n∑
j=1

ωj∥xj − x̃p(j)∥2
2 ≤ ϵ2λ−(A)

16λ+(A) OPT(X),
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Lemma 2.9, applied with η = ϵ2
/16, provides

D =
k∑

i=1

n∑
j=1

ξijωj∥x̃p(j) − xj∥2
Ai

≤ ϵ2

16 OPTA(X) ≤ ϵ2

16 costA,K(X, Ω, C, S).

Thus, Lemma 2.10 yields for C̃ ∈ CK(k, X̃, Ω̃) and C = f(C̃)

(1 − ϵ) costA,K(X, Ω, C, S) ≤ costA,K(X, Ω, C, S) − 2
√

D · costA,K(X, Ω, C, S)

≤ costA,K(X̃, Ω̃, C̃, S),

which shows coreset property (a).
To verify coreset property (b), let C ∈ CK(k, X, Ω) be optimal for the given sites S, and set

C̃ = p(C). Then, by Lemma 2.10

costA,K(X̃, Ω̃, S) ≤ costA,K(X̃, Ω̃, C̃, S)

≤ costA,K(X, Ω, C, S) + 2
√

D · costA,K(X, Ω, C, S) + D

≤
(

1 + ϵ

2 + ϵ2

16

)
costA,K(X, Ω, S) ≤ (1 + ϵ) costA,K(X, Ω, S).

This concludes the proof.

2.6.7 Proof of Lemma 2.14
Let j ∈ [n] and i(j) ∈ [k̂] such that xj ∈ X ∩ Ĉi(j). Further, let q ∈ Q such that x̄j ∈ L(ĉi(j), q).
Using the intercept theorem, we see that with i = i(j),

∥xj − x̄j∥2 ≤
∥∥∥∥(ĉi + xj − ĉi

∥xj − ĉi∥2

)
− (ĉi + q)

∥∥∥∥
2

· ∥xj − ĉi∥2 ≤ ϵ0 · ∥xj − ĉi∥2.

Since the k̂ clusters Ĉi constitute an (α, β)-approximation for least-squares clustering, this
implies

n∑
j=1

ωj∥xj − x̄j∥2
2 ≤ ϵ2

0 ·
n∑

j=1
ωj∥xj − ĉi(j)∥2

2 = ϵ2
0 · ALG(α,β)(X) ≤ ϵ2

0 · α · OPT(X)

= ϵ2λ−(A)
16λ+(A) OPT(X).

Hence, it follows from Theorem 2.11 that (X̄, Ω) is an ϵ-coreset for WCA Clustering.

2.6.8 Proof of Lemma 2.15
Let f1 and f2 denote the extensions for (X̄, Ω̄) and (X̃, Ω̃), and set f = f1 ◦ f2. Further,
for ℓ ∈ [2], let ∆±

ℓ denote the corresponding ∆-terms, and set ∆± = ∆±
1 + ∆±

2 . Since
0 ≤ ∆+

ℓ ≤ δℓ∆−
ℓ for ℓ ∈ [2], we have

0 ≤ ∆+ = ∆+
1 + ∆+

2 ≤ δ1∆−
1 + δ2∆−

2 ≤ δ∆−.
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Also, note that,

1 − ϵ = 1 − (ϵ1 + ϵ2 + ϵ1ϵ2) ≤ 1 − (ϵ1 + ϵ2 − ϵ1ϵ2) = (1 − ϵ1)(1 − ϵ2).

We will now verify the two conditions of Definition 2.1 (a) and (b). So, let S be a set of k sites,
and let C̃ ∈ CK(k, X̃, Ω̃). Then, by the coreset conditions for (X̄, Ω̄) and (X̃, Ω̃), we have

(1 − ϵ) costA,K(X, Ω, f(C̃), S) ≤ (1 − ϵ1)(1 − ϵ2) costA,K(X, Ω, f1(f2(C̃)), S)
≤ (1 − ϵ2)

(
costA,K(X̄, Ω̄, f2(C̃), S) + ∆+

1
)

≤ costA,K(X̃, Ω̃, C̃, S) + ∆+
2 + (1 − ϵ2)∆+

1

≤ costA,K(X̃, Ω̃, C̃, S) + ∆+.

Further,

costA,K(X̃, Ω̃, S) + ∆− ≤ (1 + ϵ2) costA,K(X̄, Ω̄, S) + ∆−
1

≤ (1 + ϵ2)
(
costA,K(X̄, Ω̄, S) + ∆−

1
)

≤ (1 + ϵ2)(1 + ϵ1) costA,K(X, Ω, S) = (1 + ϵ) costA,K(X, Ω, S).

Hence, (X̃, Ω̃) is an (ϵ, δ)-coreset for I.

2.6.9 Proof of Lemma 2.21
By Remark 2.4 and since

∑k
i=1 ξiB = 1 for each B ∈ B′, we obtain

k∑
i=1

∑
B∈B′

ξiBVAi
(B) ≤ λ+(A)

k∑
i=1

∑
B∈B′

ξiBVE(B) = λ+(A)
∑

B∈B′

VE(B)

and
k∑

i=1

∑
B∈B′

ξiBVAi(B) ≥ λ−(A)
k∑

i=1

∑
B∈B′

ξiBVE(B) = λ−(A)
∑

B∈B′

VE(B).

2.6.10 Proof of Lemma 2.22
First note that, for each B ∈ B we have by Lemma 2.5 (a) (with X0 = B, c0 = cB)

ωB∥xB − si∥2
Ai

=
∑

x̄j∈B

ωj∥x̄j − si∥2
Ai

− VAi
(B).

Therefore,

costA,K(XB, ΩB, , CB, S) =
k∑

i=1

∑
B∈B

ξiBωB∥xB − si∥2
Ai

=
k∑

i=1

∑
B∈B

(∑
x̄j∈B

ξiBωj∥x̄j − si∥2
Ai

− ξiBVAi(B)
)

.
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Since ξ̄ij = ξiB for each x̄j ∈ B we have

k∑
i=1

∑
B∈B

∑
x̄j∈B

ξiBωj∥x̄j − si∥2
Ai

=
k∑

i=1

∑
B∈B

∑
x̄j∈B

ξ̄ijωj∥xj − si∥2
Ai

=
k∑

i=1

n∑
j=1

ξ̄ijωj∥x̄j − si∥2
Ai

= costA,K(X, Ω, f2(CB), S).

Hence,

costA,K(XB, ΩB, , CB, S) = costA,K(X, Ω, f2(CB), S) −
k∑

i=1

∑
B∈B

ξiBVAi(B),

and, by Lemma 2.21, this yields

costA,K(X, Ω, f2(CB), S) ≤ costA,K(XB, ΩB, , CB, S) + λ+(A)
∑
B∈B

VE(B),

which is the asserted inequality.
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Chapter 3

Resolution Coresets

Specific data compression techniques, formalized by the concept of coresets, proved to be
powerful for many optimization problems. In fact, while tightly controlling the approximation
error, coresets may lead to significant speed up of the computations and hence allow to extend
algorithms to much larger problem sizes. The chapter deals with a weight-balanced clustering
problem, and is specifically motivated by an application in materials science where a voxel-based
image is to be processed into a diagram representation. Here, the class of desired coresets is
naturally confined to those which can be viewed as lowering the resolution of the input data.
While one might expect that such resolution coresets are inferior to unrestricted coreset we
prove bounds for resolution coresets which improve known bounds in the relevant dimensions
and also lead to significantly faster algorithms in practice.

3.1 Introduction

Many challenging practical problems require the solution of weight-balanced clustering problems
on huge data sets. Fields of applications include agriculture (consolidation of farmland, see
e.g. [BBG14]), transportation (air cargo prediction, [BG20]), political sciences (electoral
districting, [BGK17]) or material sciences [Alp+15]. An imaging problem in the latter domain
motivates this chapter. The goal of solving this problem is to obtain concise representations of
polycrystalline materials in terms of “best-fitting” anisotropic power diagrams. More specifically,
[Alp+15] suggested to compute a best clustering of a set of points which correspond to the
voxels of a sample at a given resolution according to certain constraints and a suitable objective
function and use a structural duality result from [BG12; Kle20] to obtain a desired diagram.
As various independent studies, including [Šed+16; Šed+17; Spe+16], indicate the so called
GBPD-algorithm of [Alp+15] seems to capture the physical principles of forming polycrystals
quite well. It is, however, rather slow, so that dynamic simulations of grain growth at a small
temporal resolution quickly drive the method over the limit.

As experimentally verified in [Alp+23b], significant acceleration can be obtained by heavily
compressing the original data set without loosing too much accuracy. This is made precise by
the notion of coresets which have been developed for various kinds of imaging and clustering
problems; see, in particular, [BLK17; FSS13; Fic+13; FG22a; HPK07; SW18]. Such “general-
purpose coresets” work on arbitrary finite data sets but typically ignore the special voxel-based
Cartesian structure which is present in many image processing applications.

In the imaging problem from materials science such a structure can be viewed as encoding
the given image at a lower resolution. The basic underlying theoretical question is just how
“sparse” such a Cartesian data set can be made without loosing too much accuracy. This is
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Chapter 3 Resolution Coresets

highly relevant in practice since polycrystalline images at lower resolution are much easier
to obtain than those of high resolution. It is, however not clear what to expect from such
resolution coresets. On the one hand, the strong restriction to a Cartesian structure might
render such resolution coresets inferior to unrestricted coresets. On the other hand, the specific
structure of the original data set might allow for stronger bounds.

We prove that resolution coresets are indeed smaller in the relevant dimensions. In particular,
if k denotes the number of grains and ϵ is the allowed error, then an order of

k2

ϵ4/3 , and k3

ϵ2

points suffices to guarantee the desired accuracy in dimensions 2 and 3, respectively. Phrased
differently, this means that even when applied to data whose size is independent of the original
image resolution, the clustering techniques will still produce near-optimal weight-constrained
clusterings. Precise formulations of our main result (for general dimension) and a comparison
to known coreset bounds will be given in Section 3.2. Let us only mention here that our bounds
on the size of resolution coresets prove that the given data can be safely thinned out beyond
what has been known before, and hence, put experimental observations of [Alp+23b] on a firm
theoretical ground.

This text is organized as follows. First, Section 3.2 formally introduces the problems and
states our main results. Section 3.3 describes relevant concepts and provides some required
preliminaries. Sections 3.4, 3.5, and 3.6 then study resolution coresets in detail and prove our
main results. Section 3.7 concludes with some final remarks.

3.2 Motivation, notation, and main results
We will now provide the relevant general notation, introduce the problems and state our main
results. While the developed techniques can be applied to a variety of imaging problems, we
begin with a brief description of our main “motivating application” of grain mapping. Further
details will follow later.

Grain map representation

Polycrystalline materials can be viewed as dissections of the occupied spatial region in R3 into
monocrystalline cells called grains. (For some such applications 2D-imaging is relevant too.)
While such materials can be accessed by grain maps or scans, i.e., voxel-based discrete images
at some resolution, their analysis and processing is much more easily facilitated by diagram
representations which are governed by only a few parameters. In the underlying anisotropic
model these parameters correspond to information about the location, shape and size of each
of the k grains G1, . . . , Gk.

More precisely, for i ∈ [k] = {1, . . . , k}, let si ∈ R3 be a given site, let Ai ∈ R3×3 be a
positive definite symmetric matrix, and let γi ∈ R. The site si can be viewed as the “nuclei”
of the ith grain Gi, whereas γi is a size parameter. The matrix Ai encodes information on
the “growth directions” of Gi in terms of the main axes of the ellipsoid

{
x ∈ R3 : xT Aix ≤ 1

}
.

Then, the ith cell Pi of the diagram is given by

Pi =
{

x ∈ R3 : (x − si)T Ai(x − si) + γi ≤ (x − sℓ)T Aℓ(x − sℓ) + γℓ

}
.
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Naturally, one is interested in diagrams P = (P1, . . . , Pk) whose cells are “close” to the grains
Gi.

Suppose now that a grain scan image is given. If we identify the voxels by their centroids, we
can view it as an assignment of the corresponding grid points to the grains. Appropriate sites
si and matrices Ai can be computed from grain scans, and also the volume of Gi is available in
terms of the number of its grid points. (These “ingredients” are often already directly available
from tomographic measurements; see [Alp+15; Alp+23b].) Hence the task reduces to the
computation of the sizes γ1, . . . , γk. Using linear programming duality, [Alp+15] compute the
sizes by means of a constrained clustering problem on the grid points. A natural question is
how low an initial resolution can be chosen while still keeping a high accuracy of representation.
As the underlying resolution determines the dimension of the clustering problem, this is of
utmost importance for practical computations as it may determine whether desired clusterings
and hence diagram representations can actually be computed in practice.

Weight-constrained clustering

Next, we introduce the constrained clustering problem more formally. While we are specifically
interested in (unweighted) Cartesian point sets, the following description is more general both,
in terms of the ground set, and the associated weights. The reason is that we will later aggregate
batches of points to single points in various ways which carry the number of aggregated points
as their weights.

Given x1, . . . , xn ∈ Rd and associated weights ω1, . . . , ωn ∈ (0, ∞), let (X, Ω) denote the
weighted data set of the tuples (xj , ωj) for j ∈ [n]. Further, let k ∈ N \ {1}.

A k-clustering (or, if k is clear, simply a clustering) C of (X, Ω) is a vector

C = (C1, . . . , Ck) = (ξ11, . . . , ξ1n, . . . , ξk1, . . . , ξkn) ∈ [0, 1]kn

whose components ξij specify the fraction of xj that is assigned to the ith cluster Ci =
(ξi1, . . . , ξin). The set of all such clusterings will be denoted by C(k, X, Ω). If all ξij are integer,
i.e., ξij ∈ {0, 1}, the clustering is called integer.

Suppose that approximations κ1, . . . , κk of the desired volumes of the cells are given; collected
in the family K = {κ1, . . . , κk}. Then, we also demand that the weight

ω(Ci) =
n∑

j=1
ξijωj

of each cluster Ci is close to κi. More precisely, for given ϵi ∈ (0, ∞), we require that the weak
weight-constraints

(1 − ϵi)κi ≤ ω(Ci) ≤ (1 + ϵi)κi (i ∈ [k])
hold. In the specific situation of grain mapping on the original grid all point weights are
identical, and the cluster weights of all integer clusterings and also the target values κi are
integer multiples of that weight ν. Hence with measurement errors ϵi < ν/2κi the weak
weight-constraints are equivalent to the strong weight-constraints

ω(Ci) = κi (i ∈ [k])

As the measurement errors are generally determined by the initial resolution anyway we will
in the following (just for the simplicity of exposition) always require this stronger condition.
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The set of all such weight-constrained clusterings will be denoted by CK(k, X, Ω). Note that,
CK(k, X, Ω) ̸= ∅ if and only if

k∑
i=1

κi =
n∑

j=1
ωj ,

and we will always assume that this is the case. As it is well-known (see e.g. [BG12]),
when all weights are 1 or, equivalently, are identical, there always exist optimal clusterings
C ∈ CK(k, X, Ω) which are integer.

The quality of a clustering will be measured in terms of deviations from k different sites
s1, . . . , sk, with respect to ellipsoidal norms. More precisely, for i ∈ [k], let Ai ∈ Rd×d be a
positive definite symmetric matrix, and let ∥ · ∥Ai

denote the associated norm, i.e. ∥x∥Ai
=√

xT Aix for any x ∈ Rd. Further, we set S = {s1, . . . , sk} and A = {A1, . . . , Ak}. Let us point
out that A is a family, i.e., repetitions are allowed.

The cost of a clustering C with respect to S and A is defined as

costA,K(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

.

A case of special relevance is that with all matrices being the unit matrix Ed. Then
E = {Ed, . . . , Ed} refers to the classic Euclidean least-squares objective, in which each cluster
norm is ∥x∥2 = ∥x∥Ed

. In the realm of grain mapping, this is called the isotropic case while the
general situation models the anisotropic case. In the isotropic situation we drop the subscript
and simply write cost(X, Ω, C, S) rather than costE(X, Ω, C, S).

If no sites S are given, we measure the cost of a clustering C with respect to the “best sites”
(see Remark 3.9), i.e., the cluster centroids

ci = 1
ω(Ci)

n∑
j=1

ξijωjxj ,

and define

costA,K(X, Ω, C) =
k∑

i=1

n∑
j=1

ξijωj∥xj − ci∥2
Ai

.

Grain volumes K, sites S and matrices A can often be measured directly (with sites
approximating the centroids). Different norms then reflect measured knowledge about the
moments of the grains in materials, see [Alp+15]. In the case that grain scans are explicitly
available, the volumes K can be derived directly, sites can be computed as centroids, and the
matrices can be estimated as the inverse of covariance matrices. However, both, S and A may
also be subject to optimization to reduce the classification error; see [Alp+23b]. Here we are
dealing with the most relevant situation, which leads to the mathematical problems of finding
optimal weight-constrained anisotropic assignments or clusterings:

WCA Assignment:
Given k, X, Ω, A, K, S, find C∗ ∈ CK(k, X, Ω) that minimizes costA,K(X, Ω, C, S).
WCA Clustering:
Given k, X, Ω, A, K, find C∗ ∈ CK(k, X, Ω) that minimizes costA,K(X, Ω, C) .
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We say that (k, X, Ω, A, K, S) or (k, X, Ω, A, K) is an instance of WCA Assignment or
WCA Clustering, respectively. If we are in the Euclidean case, i.e., when A = E =
{Ed, . . . , Ed}, we just speak of weight-constrained clustering or assignment and drop A from
the instance.

Coresets

The notion of a coreset is used to classify the effect of data reductions on the quality of solutions
of hard optimization problems. As it is well-known, even unconstrained least-squares clustering
is NP-hard, [Alo+09; Das07], and the NP-hardness persists even if the dimension is fixed to
d = 2, [MNV12]. Also, by [Awa+15], no PTAS in both, d and k, exists. Of course, when S is
fixed, the computation of

costA,K(X, Ω, S) = min
C∈CK(k,X,Ω)

costA,K(X, Ω, C, S)

boils down to a linear program and can hence be carried out in polynomial time. But even
then, typical real-world instances in materials science are so large that they can be solved
only on very sparse grids. Therefore, one is aiming at a significant speed up by resorting to a
“compressed” set (X̃, Ω̃) without sacrificing much of the clustering quality.

For this reason (various) notions of coresets have been introduced, see e.g. [BLK17; FSS13;
FSS20; Fic+13; HPK07; SW18]. In order to be able to state Proposition 3.2 precisely, we
provide a quite weak notion introduced in [FG22a] which is still sufficient for deriving good
weight-constrained anisotropic clusterings on the original data set from those on coresets. We
will, however, also strengthen the definition as our main result will yield coresets according to
the stronger notion.
Definition 3.1
Let ϵ ∈ (0, 1/2] and δ ∈ [1, ∞). Then (X̃, Ω̃) is an (ϵ, δ)-coreset for (k, X, Ω, K) if there exists a
mapping f : CK(k, X̃, Ω̃) → CK(k, X, Ω), called extension, and real constants ∆+, ∆−, referred
to as ∆-terms or offsets, with 0 ≤ ∆+ ≤ δ · ∆− such that the following two conditions hold for
all sets S of k sites and clusterings C̃ ∈ CK(k, X̃, Ω̃):

(1 − ϵ) costA,K(X, Ω, f(C̃), S) ≤ costA,K(X̃, Ω̃, C̃, S) + ∆+,(a)
costA,K(X̃, Ω̃, S) + ∆− ≤ (1 + ϵ) costA,K(X, Ω, S).(b)

If the two ∆-terms coincide, i.e. 0 ≤ ∆+ = ∆−, we can choose δ = 1, and we speak of an
ϵ-coreset then.

Note that, in the latter situation, for C̃∗ ∈ argmin{costA,K(X̃, Ω̃, C̃, S) : C̃ ∈ CK(k, X̃, Ω̃)},

(1 − ϵ) costA,K(X, Ω, S) ≤ (1 − ϵ) costA,K(X, Ω, f(C̃), S) ≤ (1 + ϵ) costA,K(X, Ω, S).

Hence, if the extension g can be computed efficiently, solving the assignment problem on the
coreset (X̃, Ω̃) leads to an approximate solution on the original data set (X, Ω). It is less
obvious but still true that the above general definition of coresets indeed captures the intuition
behind the concept that an approximate solution of the clustering problem on the coresets
leads to an approximate solution on the original data set (X, Ω); see [FG22a, Thm. 3.5] and
Proposition 3.28.
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Coresets for unconstrained least-squares clustering have been studied intensively, see [BLK17;
Bra+16; Coh+15; FSS13; FSS20; Fic+13; HPK07; SW18]. In particular, [HPK07] constructed
coresets of size O

(
k3

ϵd+1

)
for unconstrained least-squares clustering which “live” on O(k) pencils

of lines through well-chosen points. Each pencil has a single point as its vertex and consists
of the union of finitely many lines through this point. The lines are chosen in such a way
that their points of intersection with the unit sphere centered at the vertex are “evenly” and
(depending on the desired error term ϵ) “sufficiently densely distributed”.

Later, [FG22a] improved and generalized [HPK07]’s construction and analysis, leading to
pencil coresets of size only O

(
k2

ϵd+1

)
even for weight-constrained anisotropic clustering. More

precisely, let λ+(A) and λ−(A) denote the largest and smallest eigenvalue of all matrices in A,
respectively. Then the following result holds.

Proposition 3.2 ( [FG22a, Thm. 2.3] )
For any instance (k, X, Ω, K, A) of WCA Clustering, ϵ ∈ (0, 1/2] and

δ ≥ λ+(A)
λ−(A) ,

there is an (ϵ, δ)-coreset (X̃, Ω̃) with

|X̃| ∈ O
(

k2

ϵd+1

)
.

Note that the coresets according to Proposition 3.2 are independent of the number of points
in the original data set but depend on the dimension d. Let us point out, however, that
[FSS13] provides a method which often allows to drop the dependency of coreset sizes from
the dimension of space. Corresponding techniques for clustering, [Bra+16; Coh+15; FSS13;
FSS20; SSS20] yield coresets for unconstrained least-squares clustering which only depend on
k and ϵ. While some of these techniques generalize to the weight-constrained case, it would
be theoretically intriguing to extend such results also to anisotropic clustering. However, this
will be largely irrelevant for the imaging applications we have in mind, particularly when they
come with higher order dependencies on k and ϵ. In fact, our motivating imaging problems
“live” in dimensions 2 and 3, anyway, and our focus is on “absolutely small” coresets rather
than on favorable asymptotic behavior in d.

While Proposition 3.2 gives the currently best bound for (deterministic) coresets for
WCA Clustering, in terms of k and ϵ it has, however, still some severe drawbacks which
limit its use for image segmentation like grain mapping. First, the available coresets may still
be very large. For instance, for k = 100, d = 3, and ϵ = 0.001, we have

k2

ϵd+1 = 104

10−12 = 1016.

Also, note that the asymptotic O-statement for the size of X̃ conceals the constant which is also
relevant. As another crucial downside, the constructed pencil coresets completely ignore the
grid structure that is present in many image segmentation problems including our motivating
application of grain mapping.

66



3.2 Motivation, notation, and main results

Resolution coresets

We will now provide the relevant notions for stating and proving our main result on the existence
of small coresets which carry a grid structure.

While we are mainly interested in pixel- or voxel-based images, i.e., in the dimensions d = 2, 3,
we will formulate our results in arbitrary dimensions. Hence we will use voxel as generic term,
independently of the dimension d ∈ N of space. Typically, we consider an image in [0, 1]d. Each
axis is partitioned into intervals of equal length, and each voxel is the Cartesian product of one
such interval on each axis.

Formally, let ρ = (ρ1, . . . , ρd) ⊂ Nd be a vector. We consider the partitioning of the d-
dimensional cube [0, 1]d into uniform boxes of size 2−ρ1 × . . . × 2−ρd . Then, we obtain a data
set X(ρ) (which will later be clustered into sets which represent the gains) by replacing each
box by its centroid, i.e., X(ρ) consists of all points

x = xj1,...,jd
=


1

2ρ1+1 + j1 − 1
2ρ1

...
1

2ρd+1 + jd − 1
2ρd

 =


−1

2ρ1+1 + j1

2ρ1

...
−1

2ρd+1 + jd

2ρd

 (
j1 ∈ [2ρ1 ], . . . , jd ∈ [2ρd ]

)
.

Note that
|X(ρ)| = 2ρ1 · . . . · 2ρd .

Of course, the voxels of the image are the boxes

xj1,...,jd
+ 1

2ρ1+1 [−1, 1] × . . . × 1
2ρd+1 [−1, 1]

of volume
ν = ν(ρ) = 1

2ρ1
· . . . · 1

2ρd
.

The spatial resolution of such a discretization of [0, 1]d in each coordinate i is 2−ρi . For
simplicity, we speak of the resolution ρ. In the following, we will refer to point sets of the form
X(ρ) as Cartesian point sets. Further, let

ω1 = . . . = ωn = ν(ρ) = ν, Ω(ρ) = {ω1, . . . , ωn}.

Then
(
X(ρ), Ω(ρ)

)
will be called resolution set.

We will now adopt the following convention: ρ is the given fixed benchmark resolution, and

X = X(ρ) = {x1, . . . , xn}, Ω = Ω(ρ), κ1, . . . , κk ∈ νN, nν =
k∑

i=1
κi

is the given resolution setting. We are then interested in coresets (X̃, Ω̃) which carry the same
structure, i.e.,

X̃ = X(τ ) = {x̃1, . . . , x̃ñ}, Ω̃ = Ω̃(τ ) =
{

ω̃1, . . . , ω̃ñ

}
with

ω̃1 = . . . = ω̃ñ = ν(τ ) = 2−τ1 · . . . · 2−τd
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for some coarser resolution τ with τ ≤ ρ (inequalities involving vectors are always meant
componentwise).

Also, due to the underlying Cartesian product structure, we need to restrict our considerations
to the Euclidean case, i.e., A = E . Theorem 3.5 will, however, later show that results for this
isotropic setting also yield approximation results for the anisotropic case.

The question how far we can reduce τ while maintaining the coreset properties leads to the
definition of a resolution coreset.

Definition 3.3
Let ϵ ∈ (0, 1/2] and δ ∈ [1, ∞). Then (X̃, Ω̃) is an (ϵ, δ)-resolution coreset if (X̃, Ω̃) is an
(ϵ, δ)-coreset and a resolution set, i.e., there exists a resolution τ such that X̃ = X̃(τ ) and
Ω̃ = Ω̃(τ ). If the resolution set (X̃, Ω̃) is an ϵ-coreset we speak of an ϵ-resolution coreset.

Main results

We show that the drawbacks of the more general result of Proposition 3.2 can be avoided in
the resolution setting at least in small dimensions (those which are relevant for grain mapping
and other related image segmentation problems).

Theorem 3.4
Let ρ ∈ Nd X = X(ρ), Ω = Ω(ρ), and ϵ ∈ (0, 1/2]. Then there is an ϵ-resolution coreset (X̃, Ω̃)
for (k, X, Ω, K) of size

|X̃| ≤ 28d/3

(
k

ϵ2/3

)d

.

Note that the size of the resolution coreset in Theorem 3.4 is independent of ρ. Thus the
result shows that a higher resolution is often not needed to achieve a good clustering of image
voxels. In fact, using a grid with less than 7k/ϵ

2/3 points on each coordinate axis results in
a clustering whose cost is at most off the optimum by a factor of 1 + ϵ. In the realm of
our motivating application from materials science, Theorem 3.4 allows to scan grains at a
relatively low resolution without sacrificing much of the resulting quality and can hence be
used to speed up scanning based imaging series of grain growth dynamics in practice. Even
more importantly, Theorem 3.4 can also be used for computing grain maps from few of their
characteristic measurements in practise even in large 3D settings which are far beyond the
reach of [Alp+15]’s original GBPD-algorithm.

Let us now compare the size of the resolution coreset to the bound given in Proposition 3.2.
Beginning with the asymptotics (and ignoring multiplicative constants), the bounds read

k2

ϵd+1 (Proposition 3.2), kd

ϵ2d/3
(Theorem 3.4).

Hence, the former is better in k for d ≥ 3 but always worse in ϵ.
In dimension d = 3, the latter is better by a factor of ϵ2k. Specifically, for values k = 100

and ϵ = 0.001, and when compared to the evaluation after Proposition 3.2, we save a factor
of 104. Note that the bound for resolution coresets involves an additional constant of 256,
while the O-notation in Proposition 3.2 hides the constant present in the construction of the
required number of lines; see [HPK07; Mat02] for the relevant notion and result on ϵ-nets. Such
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constructions typically involve large constants (which grow exponential in d); see e.g. [Bri+98,
Lemma 5.3].

Let us point out that, as we will see, the construction of Theorem 3.4 is explicit, including
the extension g. Hence, from a constrained clustering C̃ on the low resolution data set we
obtain quickly a clustering g(C̃) on the original data set. Let us finally point out that this is
not just useful in the isotropic case but also for anisotropic clusterings. The following theorem
uses the standard notion of a γ-approximation for some γ ≥ 1 which means that the cost of
the produced clustering is off by at most a factor of γ from the optimum, i.e., is bounded from
above by γ times the cost of an optimal clustering.

Theorem 3.5
Let I(A) =

(
k, X(ρ), Ω(ρ), A, K, S

)
be an instance of WCA Assignment, ϵ ∈ (0, 1/2], and

I(E) =
(
k, X(ρ), Ω(ρ), E , K, S

)
. Further, let (X̃, Ω̃) be an ϵ/3-resolution coreset for I(E), f its

extension, C̃ ∈ CK(k, X̃, Ω̃), C = g(C̃) and γ ∈ [0, ∞).
If C̃ is a γ-approximation for Ĩ(E) = (k, X̃, Ω̃, E , K, S), then C is a (1 + ϵ)γ λ+(A)

λ−(A) -
approximation for I(A).

3.3 Some basics for the analysis of resolution coresets

In the following we will prepare the proof of our main result. We will outline its structure,
collect some prerequisites, and derive some first basic estimates.

Structure of the proof of Theorem 3.4

The proof of Theorem 3.4 will rely heavily on the specific underlying resolution setting. In
particular, all three main features will be crucial, the Cartesian structure of the point set X,
the uniform weights, and the fact that, in the isotropic case, the objective function is separable
with respect to the coordinates. While the former allow us to use local arguments, the latter
permits, in effect, to reduce the estimates to the 1-dimensional case. In fact, indicating, as
usual, the tth coordinate of a vector y by yt, we have

costA,K(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
2 =

k∑
i=1

n∑
j=1

ξijωj

d∑
t=1

(
(xj)t − (si)t

)2

=
d∑

t=1

 k∑
i=1

n∑
j=1

ξijωj

(
(xj)t − (si)t

)2

 .

Next, we will provide some preparatory results. Then, in Section 3.4, we settle the 1-dimensional
case, and subsequently extend the result to arbitrary dimensions in Section 3.5. Naturally,
certain ingredients of our proof resemble the rationale behind the analysis of general coresets
in [FG22a]. Due to the need to utilize the specifics of the resolution setting to the extreme
most parts of the following proof go, however, substantially beyond general estimates.
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Merging function

Let ρ = (ρ1, . . . , ρd) ∈ Nd, and τ = (τ1, . . . , τd) ∈ Nd with τ ≤ ρ. While ρ is the fixed
benchmark resolution, the parameter vector τ will be adjusted later to specify the resolution
of the desired coreset. As before,

X = X(ρ), n = |X|, Ω = Ω(ρ), X̃ = X(τ ), ñ = |X̃|, Ω̃ = Ω(τ ),

with weights

ωj = ν = 2−ρ1 · . . . · 2−ρd
(
j ∈ [n]

)
, ω̃q = 2−τ1 · . . . · 2−τd

(
q ∈ [ñ]

)
.

We will interpret the coarsening of the resolution from ρ to τ in terms of a uniform neighborhood
merger. It is facilitated by the merging function

p : X → X̃

defined by 
1

2ρ1+1 + j1 − 1
2ρ1

...
1

2ρd+1 + jd − 1
2ρd

 7→


1

2τ1+1 + q1 − 1
2τ1

...
1

2τd+1 + qd − 1
2τd


for

jt = rt + (qt − 1)2ρt−τt , rt ∈ [2ρt−τt ], qt ∈ [2τt ], t ∈ [d].

Whenever this seems more convenient, we will regard p as a function of the index set [n], i.e.,

p : [n] → [ñ].

Note that, indeed,
ω̃q =

∑
j∈p−1(q)

ωj

(
q ∈ [ñ]

)
.

In effect, we replace all points of X in each batch

Bq = {xj : j ∈ p−1(q)}

by x̃q which is carrying the total weight of all corresponding batch points. Observe that

|Bq| = ν(τ )
ν(ρ) = 2ρ1−τ1 · . . . · 2ρd−τd = ω̃q

ωj
.

Given a clustering C ∈ CK(k, X, Ω), the merging function p gives rise to a clustering
C̃ ∈ CK(k, X̃, Ω̃) defined by

ξ̃iq = 1
ω̃q

∑
j∈p−1(q)

ξijωj = ν(ρ)
ν(τ )

∑
j∈Bq

ξij

(
q ∈ [ñ], i ∈ [k]

)
.
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Conversely, given C̃ ∈ CK(k, X̃, Ω̃), we obtain a clustering C ∈ CK(k, X, Ω) by setting

ξij = ξ̃ip(j)
(
j ∈ [n], i ∈ [k]

)
.

This defines an extension
f : CK(k, X̃, Ω̃) → CK(k, X, Ω)

that converts clusterings of (X̃, Ω̃) into clusterings of (X, Ω). Note that the extension f assigns
each point xj of X to clusters in the same way its representative xp(j) in X̃ is assigned to
clusters. As we will prove later, the induced approximation error can be tightly controlled.

Although this is not an issue in our present context, let us point out that coarsening the
resolution generally excludes the integrality of clusterings. Of course, the constraint matrix is
still totally unimodular but, unless the prescribed cluster weights κi are divisible by ν(τ ), the
set CK(k, X̃, Ω̃) will not contain any integer clustering. While, by [BG12, Cor. 2.3], the number
of fractional variables ξ̃i,q that need to be accepted in optimal coreset clusterings is at most
2(k − 1) the extension g “spreads” any such non-integrality to all points in the corresponding
batches Bq.

Power diagrams

As pointed out before, anisotropic power diagrams are desired representations for polycrystals
in our motivating application. Diagrams will, however, also play a crucial role in the proof of
our main theorem. As, in the isotropic setting, A = E the power diagram

P = P(S, Γ) = (P1, . . . , Pk)

is specified only by sites S = {s1, . . . , sk} and sizes Γ = {γ1, . . . , γk}, and provides a dissection
of Rd into polyhedral cells

Pi =
{

x ∈ Rd : ∥x − si∥2
2 + γi ≤ ∥x − sℓ∥2

2 + γℓ ∀ℓ ∈ [k] \ {i}
}

.

We say that a clustering C ∈ CK(k, X, Ω) admits a power diagram if there exists a power
diagram P such that

supp(Ci) = {xj ∈ X : ξij > 0} ⊂ Pi

(
i ∈ [k]

)
.

In this situation P and C are called compatible. If, actually

supp(Ci) = Pi ∩ X
(
i ∈ [k]

)
then P and C are strongly compatible. Note that if, in addition, C is integer then supp(Ci) lies
in the interior of Pi for each i, i.e., none of the point in X lies on the boundary of any of the
cells of P.

The proofs of the subsequent Theorem 3.10 and Remark 3.13 will make use of the following
result.
Proposition 3.6 ( [BG12, Cor. 2.2] )
Any C ∈ CK(k, X, Ω) which attains cost(X, Ω, S) admits a power diagram. Further, there exists
an optimal clustering C∗ ∈ CK(k, X, Ω) and a power diagram P which are strongly compatible.

See [BGK17] and the handbook article [GK17] for generalizations and additional pointers to
the literature.
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Batch error

For a nonempty subset Y of X, let

c(Y ) = 1
|Y |

∑
x∈Y

x

denote its centroid, and set
V(Y ) =

∑
x∈Y

ν(ρ)∥x − c(Y )∥2
2.

We will mostly (but not exclusively) apply this notion to batches Bq with respect to the
resolution τ , then use the notation Vτ (Bq) and speak of the batch error.

Let us point out that the centroid c(Bq) of a batch Bq lies in X̃, and is actually the point
resulting from the merging process.
Remark 3.7
Let q ∈ [ñ], then c(Bq) = x̃q.

Proof. For t ∈ [d], let qt ∈ [2τt ] such that x̃q = x̃q1,...,qd
. Then, using the abbreviation

αt = 2ρt−τt , we have for the tth coordinate c(Bq)t of the centroid c(Bq)

c(Bq)t = 1
|Bq|

∑
x∈Bq

c(Bq)t = ν(ρ)
ν(τ )

∑
x∈Bq

c(Bq)t = 1
αt

αt∑
rt=1

(
−1

2ρt+1 + rt + (qt − 1)αt

2ρt

)

= 1
αt

(
−αt

2ρt+1 + αt(αt + 1)
2ρt+1

)
+ α2

t (qt − 1)
2ρt

= αt(2qt − 1)
2ρt+1 = 2qt − 1

2τt+1 = 1
2τt+1 + qt − 1

2τt
= (x̃q)t. 2

Remark 3.7 shows that the reduction of the resolution from ρ to τ can be viewed as batching.
Accordingly, the batch error Vτ (Bq) quantifies the effect of the merging process. Note that,
due to the uniform batching process, the batch error is independent of q and we will therefore
omit Bq and simply write V(τ ) = Vτ (Bq).
Lemma 3.8
We have

V(τ ) = 1
12

1
2τ1

· . . . · 1
2τd

d∑
t=1

(
1

22τt
− 1

22ρt

)
.

Proof. Let B = B1 denote the batch with centroid
(
2−(τ1+1), . . . , 2−(τd+1)). Then

V(τ ) = V(B) =
∑
x∈B

ν(ρ)∥x − c(B)∥2
2 = ν(ρ)

d∑
t=1

∑
x∈B

(
xt − c(B)t

)2

= ν(ρ)
d∑

t=1

 ∏
ℓ∈[d]\{t}

2ρℓ−τℓ

 2ρt−τt∑
r=1

(
−1

2ρt+1 + r

2ρt
− 1

2τt+1

)2

= ν(τ )
d∑

t=1

1
2ρt−τt

2ρt−τt∑
r=1

(
−1

2ρt+1 + r

2ρt
− 1

2τt+1

)2
.
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Now, for ρ = ρt, τ = τt and with α = 2ρ−τ ,

α∑
r=1

(
−1

2ρ+1 + r

2ρ
− 1

2τ+1

)2
= 1

22ρ+2

α∑
r=1

(
2r − (α + 1)

)2

= 1
22ρ+2

(
4α(α + 1)(2α + 1)

6 − 4(α + 1)α(α + 1)
2 + α(α + 1)2

)2

= 1
3

1
22ρ+2 α(α2 − 1) = 1

3
1

2ρ+τ+2 (22(ρ−τ) − 1).

Hence,

V(τ ) = 1
3ν(τ )

d∑
t=1

1
2ρt−τt

1
2ρt+τt+2 (22(ρt−τt) − 1) = 1

3ν(τ )
d∑

t=1

1
22(ρt+1) (22(ρt−τt) − 1)

= 1
12ν(τ )

d∑
t=1

(
1

22τt
− 1

22ρt

)
,

as claimed. 2

In the next section we will also consider the error with respect to an arbitrary site. This can
be handled with the aid of the following remark (which is folklore, can be found in [BBG17],
and actually holds in greater generality than needed here, see [FG22a, Lemma 3.2 (a)]).

Remark 3.9
Let Y be a nonempty subset of X, s ∈ R. Then,∑

x∈Y

ν(ρ)∥x − s∥2
2 = V(Y ) + ν(ρ) · |Y | ·

∥∥c(Y ) − s
∥∥2

2,

hence, in particular, the error on the left is minimized for s = c(Y ).

Proof. Since ∥x − s∥2
2 = ∥x − c∥2

2 + 2(x − c)T (c − s) + ∥c − s∥2
2 and

∑
x∈Y

(x − c)T (c − s) =
((∑

x∈Y

x
)

− |Y |c

)T

(c − s) = 0,

we have

∑
x∈Y

ν(ρ)∥x − s∥2
2 =

(∑
x∈Y

ν(ρ)∥x − c∥2
2

)
+ ν(ρ) · |Y | · ∥c − s∥2

2

= V(Y ) + ν(ρ) · |Y | · ∥c − s∥2
2,

which also implies the second assertion. 2
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3.4 Proof of Theorem 3.4: The case d = 1
While up to now all computations were exact for an arbitrary dimension d we will next derive
estimates for the costs of clusterings in dimension 1. In Section 3.5 these results will, in effect,
be applied for each line parallel to any coordinate axis through points of X̃. We will formulate
them already with a view towards their later use.

Since, in this section, we are considering exclusively the 1-dimensional situation we will
adopt the simplified notation

d = 1, ρ = ρ, τ = τ ,

and do not distinguish between the 1-dimensional vectors xj , x̃q and their coordinates (xj)1,
(x̃j)1, respectively.

Best unconstrained least squares clustering

We begin by computing the cost OPTk̂(X, Ω) of a best unconstrained least squares clustering
of the 1-dimensional resolution set (X, Ω) into

k̂ = 2⌈log(k)⌉

clusters. The following result will later be used as a lower bound for cost(X, Ω, C, S) for any
choice of C and S.

Theorem 3.10
Let γ = ⌈log(k)⌉, k̂ = 2γ , and let Ĉ = (C1, . . . , Ck̂) be an optimal unconstrained least-squares
clustering of X. Then, each cluster contains the same number 2ρ−γ of points of X, the centroids
ci = c(Ci) of the k̂ clusters are the equidistant points

ci = 1
2k̂

+ i − 1
k̂

= 1
2γ+1 + i − 1

2γ
(i ∈ [k̂]),

and

OPTk̂(X, Ω) = 1
3

1
22(ρ+1)

(
22(ρ−γ) − 1

)
= 1

3
1

22(ρ+1)

(
22ρ

k̂2
− 1
)

.

Proof. Since, by Proposition 3.6, Ĉ admits a power diagram, the points in each cluster are
consecutive. Without loss of generality we may also assume that Ĉ is integer. So, with
βk̂+1 = n,

αi = |Ci|, βi =
i−1∑
ℓ=1

αℓ, Ii = [βi+1] \ [βi]
(
i ∈ [k̂]

)
(and the standard interpretation of empty sums and [0] = ∅) we have for j ∈ Ii

xj = 1
2ρ+1 + j − 1

2ρ
= βi

2ρ
+ 1

2ρ+1 + j − 1 − βi

2ρ
= βi

2ρ
+ xj−βi .
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Hence

ci = 1
αi

∑
j∈Ii

xj = βi

2ρ
+ 1

αi

αi∑
j=1

xj = βi

2ρ
+ 1

αi

αi∑
j=1

(
1

2ρ+1 + j − 1
2ρ

)

= βi

2ρ
+ 1

αi

 αi

2ρ+1 + 1
2ρ

αi∑
j=1

(j − 1)

 = βi

2ρ
+ αi

2ρ+1 .

Therefore we obtain as Ci’s contribution to the cost of the clustering

V(Ci) =
αi∑

j=1
ν(ρ)

(
xj − ci

)2
= ν(ρ)

αi∑
j=1

(
1

2ρ+1 + j − 1
2ρ

− αi

2ρ+1

)2

= 1
23ρ+2

αi∑
j=1

(
(αi + 1) − 2j

)2
= 1

23ρ+2

αi∑
j=1

(
(αi + 1)2 − 4(αi + 1)j + 4j2

)
= 1

23ρ+2

(
−αi(αi + 1)2 + 2

3αi(αi + 1)(2αi + 1)
)

= 1
3

1
23ρ+2 αi(α2

i − 1).

Since Ĉ is optimal the cluster cardinalities minimize
∑k̂

i=1 αi(α2
i − 1) (as a function of the αi)

under the constraints
∑k̂

i=1 αi = n and αi ∈ N ∪ {0}. Now note that the ith summand of the
objective function is strictly increasing in αi. Hence, in the minimum we must have αi ∈ N for
all i ∈ [k̂].

Let us now discard the integrality condition and consider the constrained nonlinear program

min
k̂∑

i=1
αi(α2

i − 1)

k̂∑
i=1

αi = n

αi ≥ 1
(
i ∈ [k̂]

)
in the real variables α1, . . . , αk. As all occurring functions are continuously differentiable and the
objective function is convex in the nonnegative orthant we can apply the Karush-Kuhn-Tucker
Theorem and obtain the conditions

(3α2
1 − 1, . . . , 3α2

k − 1) +
k̂∑

i=1
µi(−1, . . . , −1) + λ(1, . . . , 1) = 0,

k̂∑
i=1

αi = n, α1, . . . , αk̂ ≥ 1, µ1, . . . , µk̂ ≥ 0,

k̂∑
i=1

µiαi = 0

involving the Lagrange parameters µi and λ. Since αi ≥ 1 and µi ≥ 0 for all i ∈ [k̂], the
complementary slackness condition yields µ1 = . . . = µk̂ = 0, and the first condition reads

(3α2
1 − 1 + λ, . . . , 3α2

k̂
− 1 + λ) = 0.
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This implies that all αi coincide. Thus we obtain

α1 = . . . = αk̂ = n/k̂ = 2ρ−γ ∈ N, βi = (i − 1)2ρ−γ
(
i ∈ [k̂]

)
and

ci = βi

2ρ
+ αi

2ρ+1 = 1
2γ+1 + i − 1

2γ

(
i ∈ [k̂]

)
,

as claimed. Also, V(C1) = . . . = V(Ck̂) = V(γ) and hence

OPTk̂(X, Ω) = 2γV(γ) = 2γ · 1
3

1
23ρ+2 2ρ−γ

(
22(ρ−γ) − 1

)
= 1

3
1

22(ρ+1)

(
22(ρ−γ) − 1

)
,

which completes the proof. 2

Note that the centroids (and hence, by Remark 3.9 best choices of sites) are exactly the
points of the data set X(γ) and thus the cluster error is the batch error V(γ). As a corollary
we obtain the desired lower bound.

Corollary 3.11
Let S be a set of k sites and C ∈ CK(k, X, Ω). Then

cost(X, Ω, C, S) ≥ OPTk(X, Ω) ≥ 1
3

1
22(ρ+1)

(
22(ρ−1)

k2 − 1
)

.

Proof. Since
k ≤ k̂ = 2⌈log(k)⌉ < 2log(k)+1 ≤ 2k

and
OPTk̂(X, Ω) ≤ OPTk(X, Ω) ≤ cost(X, Ω, C, S),

Theorem 3.10 implies

1
3

1
22(ρ+1)

(
22(ρ−1)

k2 − 1
)

<
1
3

1
22(ρ+1)

(
22ρ

k̂2
− 1
)

≤ cost(X, Ω, C, S),

as asserted. 2

Coreset property (a)

Next, we prove an even stronger version of coreset property (a).

Lemma 3.12
Let ∆ = 2τ V(τ), S ⊂ R a set of k sites, C̃ ∈ CK(k, X̃, Ω̃), and C = g(C̃), where f :
CK(k, X̃, Ω̃) → CK(k, X, Ω) is the standard extension defined in the previous section. Then

cost(X, Ω, C, S) = cost(X̃, Ω̃, C̃, S) + ∆
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Proof. For i ∈ [k], j ∈ [n] and q ∈ [ñ] let, as before, ξij and ξ̃iq denote the components of C
and C̃, respectively. Further recall, that the merging function maps each point of a batch Bq

to its centroid. Then, using Remark 3.9, we have

cost(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ν(ρ) · ξij · (xj − si)2 =
k∑

i=1

ñ∑
q=1

ξ̃iq

∑
xj∈Bq

ν(ρ) · (xj − si)2

=
k∑

i=1

ñ∑
q=1

ξ̃iq

(
V(τ) + ν(ρ) · |Bq| · (xq − si)2)

= ñV(τ) +
k∑

i=1

ñ∑
q=1

ξ̃iq
2ρ−τ

2ρ
(xq − si)2 = 2τ V(τ) +

k∑
i=1

ñ∑
q=1

ν(τ)ξ̃iq(xq − si)2

= ∆ + cost(X̃, Ω̃, C̃, S),

which proves the assertion. 2

Coreset property (b): Setup and good indices

Not surprisingly, the proof of coreset property (b) is much more involved, and the rest of this
section will be devoted to that. First, we observe, that it follows from a more general inequality.

Remark 3.13
Suppose that there exists a constant ∆ such that the inequality

cost
(
X̃, Ω̃, p(C), S

)
+ ∆ ≤ (1 + ϵ) cost

(
X, Ω, C, S

)
(b′)

holds for every set S of k sites and any integer clustering C ∈ CK(k, X, Ω) which admits a
strongly compatible power diagram. Then, for every such S,

cost
(
X̃, Ω̃, S

)
+ ∆ ≤ (1 + ϵ) cost(X, Ω, S).

Proof. First note that, by Proposition 3.6, there exists an integer clustering C∗ which admits
a strongly compatible power diagram and attains cost(X, Ω, S). Then, of course,

cost(X̃, Ω̃, S) ≤ cost
(
X̃, Ω̃, p(C∗), S

)
and cost

(
X, Ω, C∗, S

)
= cost(X, Ω, S).

Hence, by assumption,

cost
(
X̃, Ω̃, S

)
+ ∆ ≤ cost

(
X̃, Ω̃, p(C∗), S

)
+ ∆ ≤ (1 + ϵ) cost(X, Ω, C∗, S)

= (1 + ϵ) cost(X, Ω, S). 2

According to Remark 3.13, it suffices to prove (b′). So let, in the following, S be a set of k
sites, let C = (C1, . . . , Ck) ∈ CK(k, X, Ω) be an integer clustering which admits the strongly
compatible power diagram P = (P1, . . . , Pk), and set C̃ = p(C).

We split the cost of the clustering C̃ of the resolution coreset into two components which
reflect whether batches are fully contained in one of the cells of P or split by the diagram.
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More precisely, for each q ∈ [ñ], let i(q) denote the unique index i ∈ [k] such that xq ∈ Pi, and
set

Ĩ(+) =
{

q ∈ [ñ] : Bq ⊂ Pi(q)
}

, Ĩ(−) = [ñ] \ Ĩ(+).

The elements of Ĩ(+) and Ĩ(−) will be called good and bad indices, respectively, as the latter
require significantly more care in terms of cost estimations. Note that for good indices q the
clusterings C and C̃ “coincide” in the sense that

ξ̃iq = ξij for all i ∈ [k], j ∈ [n], q ∈ Ĩ(+) with xj ∈ Bq.

Also, as the points of X in, both, the batches Bq and the intervals Pi are consecutive, we
obtain the following bound.
Remark 3.14

|Ĩ(−)| ≤ k − 1.

The cost of C can be expressed in terms of the good and bad indices. In fact,

cost(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ν(ρ) · ξij · (xj − si)2 = γ(Ĩ(+)) + γ(Ĩ(−)),

where

γ(Ĩ(±)) =
k∑

i=1

∑
q∈Ĩ(±)

∑
xj∈Bq

ν(ρ) · ξij · (xj − si)2.

Similarly, we use the abbreviations

γ̃(Ĩ(±)) =
k∑

i=1

∑
q∈Ĩ(±)

ν(τ) · ξ̃iq · (x̃q − si)2

to denote the parts of cost(X̃, Ω̃, C̃, S) associated with Ĩ(±).
The cost for the good indices relates directly to the cost incurred by the corresponding

original data points. In fact, by Remark 3.9 we have

γ(Ĩ(+)) =
k∑

i=1

∑
q∈Ĩ(+)

∑
xj∈Bq∩Ci

ν(ρ) · (xj − si)2

=
k∑

i=1

∑
q∈Ĩ(+)

(
V(Bq ∩ Ci) + ν(ρ) · |Bq ∩ Ci| · (x̃q − si)2)

=
k∑

i=1

∑
q∈Ĩ(+)

ξ̃iq

(
V(τ) + ν(τ) · (x̃q − si)2) .

Hence, we obtain for the good indices,
Remark 3.15

γ(Ĩ(+)) = |Ĩ(+)| · V(τ) + γ̃(Ĩ(+)).
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Bad indices

Now we deal with the indices in Ĩ(−). Naturally, the clustering error for the bad indices
depends more specifically on the batch sizes. In the following, we assume that τ = τ∗ is chosen
appropriately. In view of the extension of our results to the d-dimensional case in Section 3.5
we show slightly more than what would otherwise be needed in this section. So, let k∗ ∈ N
such that k ≤ k∗ and set

τ∗ =
⌈

log
(

25/3k∗

ϵ2/3

)⌉
.

Of course, we also assume that ρ ≥ τ∗ as before.
Next we deal with the total deviation

dev(Ĩ(−)) =
k∑

i=1

∑
q∈Ĩ(−)

∑
xj∈Bq

ξij · ν(ρ) · (x̃q − xj)2

caused by the bad indices. Let us first point out how dev(Ĩ(−)) relates to the batch error.

Remark 3.16

dev(Ĩ(−)) = |Ĩ(−)| · V(τ∗).

Proof. By Remark 3.7 we have

dev(Ĩ(−)) =
∑

q∈Ĩ(−)

∑
xj∈Bq

k∑
i=1

ξij · ν(ρ) · (x̃q − xj)2 =
∑

q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · (x̃q − xj)2

=
∑

q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · (c(Bq) − xj)2 =
∑

q∈Ĩ(−)

V(Bq) = |Ĩ(−)| · V(τ∗). 2

The next lemma provides an upper bound for the total deviation. It will employ Lemma 3.8
in its following 1-dimensional form.

Remark 3.17

V(τ) = 1
12

1
2ρ

(
1

22τ
− 1

22ρ

)
= 1

3
1
2ρ

22(ρ−τ) − 1
2ρ+τ+2 .

Lemma 3.18

dev(Ĩ(−)) ≤ ϵ2

8 OPTk(X, Ω) <
ϵ

6 cost(X, Ω, C, S).

Proof. By Remarks 3.14, 3.16 and 3.17,

dev(Ĩ(−)) = |Ĩ(−)| · V(τ∗) ≤ (k − 1) · 1
3

1
22ρ+τ∗+2

(
22(ρ−τ∗) − 1

)
,
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and, by Corollary 3.11,

OPTk(X, Ω) ≥ 1
3

1
22(ρ+1)

(
22(ρ−1)

k2 − 1
)

.

Thus

dev(Ĩ(−)) − ϵ2

8 OPTk(X, Ω) ≤ 1
3

1
22(ρ+1)

(
k − 1
2τ∗

(
22(ρ−τ∗) − 1

)
− ϵ2

8

(22(ρ−1)

k2 − 1
))

.

Setting

f(k) = k − 1
2τ∗

(
22(ρ−τ∗) − 1

)
− ϵ2

8

(22(ρ−1)

k2 − 1
)

we have for k < k∗

f(k + 1) − f(k) = 1
2τ∗

(
22(ρ−τ∗) − 1

)
+ ϵ2 · 22(ρ−1)

8

(
2k + 1

k2(k + 1)2

)
≥ 0.

Hence f(k) is increasing in k, and we have

dev(Ĩ(−)) − ϵ2

8 OPTk(X, Ω) ≤ 1
3

1
22(ρ+1)

(
k∗ − 1

2τ∗

(
22(ρ−τ∗) − 1

)
− ϵ2

8

(22(ρ−1)

(k∗)2 − 1
))

= 1
3

1
22(ρ+1)

(
22ρ
(k∗ − 1

23τ∗ − ϵ2

32(k∗)2

)
−
(k∗ − 1

2τ∗ − ϵ2

8

))
,

and, to prove the first asserted inequality, it suffices to show that

k∗ − 1
23τ∗ ≤ ϵ2

32(k∗)2 ,
k∗ − 1

2τ∗ ≥ ϵ2

8 .

To verify these inequalities, simply note that,

(k∗ − 1)(k∗)2

23τ∗ ≤ (k∗ − 1)ϵ2

25k∗ ≤ ϵ2

32 ,

and, since k∗ ≥ 2 and ϵ ∈ (0, 1/2],

k∗ − 1
2τ∗ ≥ k∗ − 1

4k∗ · ϵ
2/3 = ϵ2

8

(
k∗ − 1

k∗
2

ϵ4/3

)
≥ ϵ2

8 .

Finally note that ϵ2
/8 ≤ ϵ/16 < ϵ/6. 2

The next lemma gives the desired bound for the bad indices.

Lemma 3.19

γ̃(Ĩ(−)) ≤ γ(Ĩ(−)) + 5ϵ

6 cost(X, Ω, C, S).
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Proof. Let us remark that the assertion can also be inferred from the more general result in
[FG22a, Lemma 4.3]. As a service to the reader we give an explicit direct proof of what we
need here. In fact,

γ̃(Ĩ(−)) =
k∑

i=1

∑
q∈Ĩ(−)

ν(τ) · ξ̃iq · (x̃q − si)2

=
k∑

i=1

∑
q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · ξij ·
(
(x̃q − xj) + (xj − si)

)2

= dev(Ĩ(−)) + γ(Ĩ(−)) + 2
k∑

i=1

∑
q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · ξij · (x̃q − xj)(xj − si).

Further, using the Cauchy-Schwartz inequality,(
k∑

i=1

∑
q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · ξij · (x̃q − xj)(xj − si)
)2

≤

(
k∑

i=1

∑
q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · ξij · (x̃q − xj)2

)
·

(
k∑

i=1

∑
q∈Ĩ(−)

∑
xj∈Bq

ν(ρ) · ξij · (xj − si)2

)
= dev(Ĩ(−)) · γ(Ĩ(−)).

Since ϵ ∈ (0, 1/2] and 1/16 + 1/
√

2 ≤ 5/6, Lemma 3.18 hence yields

γ̃(Ĩ(−)) ≤ dev(Ĩ(−)) + γ(Ĩ(−)) + 2
(

dev(Ĩ(−)) · γ(Ĩ(−))
)1/2

≤ γ(Ĩ(−)) + ϵ2

8 OPTk(X, Ω) + 2
(

ϵ2

8 OPTk(X, Ω) · γ(Ĩ(−))
)1/2

≤ γ(Ĩ(−)) +
(

ϵ2

8 + ϵ√
2

)
cost(X, Ω, C, S) ≤ γ(Ĩ(−)) + 5ϵ

6 cost(X, Ω, C, S),

as claimed. 2

We can now combine the results of this subsection to show property (b′).
Lemma 3.20
Let ∆ = 2τ∗V(τ∗). Then

cost
(
X̃, Ω̃, C̃, S

)
+ ∆ ≤ (1 + ϵ) cost

(
X, Ω, C, S

)
.

Proof. First, note that 2τ∗ = |Ĩ(+)| + |Ĩ(−)|. Using, in this order, Remarks 3.15 and 3.16, and
Lemmata 3.18 and 3.19 we, hence, obtain

cost(X̃, Ω̃, C̃, S) + ∆ = γ̃(Ĩ(+)) + |Ĩ(+)| · V(τ∗) + γ̃(Ĩ(−)) + |Ĩ(−)| · V(τ∗)
= γ(Ĩ(+)) + γ̃(Ĩ(−)) + dev(Ĩ(−))

≤ γ(Ĩ(+)) + γ(Ĩ(−)) + 5ϵ

6 cost(X, Ω, C, S) + ϵ

6 cost(X, Ω, C, S)

= (1 + ϵ) cost(X, Ω, C, S),
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as claimed. 2

Note that ∆ depends only on the resolutions ρ and τ but is independent of k and K.

Resolution coresets in [0, 1]
The main result of this sections follows now easily.
Theorem 3.21(
X(τ∗), Ω(τ∗)

)
is an ϵ-coreset for

(
k, X(ρ), Ω(ρ), K

)
of size

|X(τ∗)| ≤ 28/3 k

ϵ2/3
.

Proof. By Lemmata 3.12 and 3.20,
(
X(τ∗), Ω(τ∗)

)
is, indeed, an ϵ-coreset and, by the choice

of τ∗, we have

|X(τ∗)| = 2τ∗
= 2

⌈
log
(

2k

ϵ
2/3

)⌉
≤ 2 · 25/3k

ϵ2/3
= 28/3k

ϵ2/3
.

This completes the proof of the theorem. 2

3.5 Proof of Theorem 3.4: The general case
We will now prove our main theorem by reducing it to the 1-dimensional case settled already
in Section 3.4. So suppose that d ≥ 2. The key observation is that, in the isotropic case, the
costs of a given clustering C = (ξij)i∈[k],j∈[n] ∈ CK(k, X, Ω) on X = X(ρ) in Rd is a separable
function with respect to the lines parallel to the coordinate axes.

In fact, for t ∈ [d], let ut denote the tth standard unit vector, and set
X(−t)(ρ) = X(ρ1) × · · · × X(ρt−1) × {0} × X(ρt+1) × · · · × X(ρd).

Note that
X(ρ) =

(
−1

2ρt+1 +
[
2ρt
]

· ut

)
+ X(−t)(ρ),

i.e., X(−t)(ρ) is the corresponding (d − 1)-dimensional Cartesian point set located in the
coordinate hyperplane perpendicular to ut. Further,

L(t) = X(−t)(ρ) + R · ut,

denote the set of lines through the Cartesian point set and parallel to the tth coordinate axis,
and set L =

⋃
t∈[d] L(t). Then we have

cost(X, Ω, C, S) =
d∑

t=1

 k∑
i=1

n∑
j=1

ξijωj

(
(xj)t − (si)t

)2


=
d∑

t=1

k∑
i=1

∑
L∈L(t)

∑
xj∈L

ξijωj

(
(xj)t − (si)t

)2

=
d∑

t=1

∑
L∈L(t)

 k∑
i=1

∑
xj∈L

ν(ρ)ξij

(
(xj)t − (si)t

)2
 .
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3.5 Proof of Theorem 3.4: The general case

Clusterings induced on the lines in L
The double sum in parenthesis can be interpreted as the cost of a certain clustering of the points
of X(ρ) ∩ L on the line L. The reduction to the 1-dimensional case is, however, somewhat
technical and requires some additional notation.

Before we introduce the details let us begin with some remarks concerning our notational
conventions. Obviously, we need to distinguish between the 1- and d-dimensional objects and
also bear in mind, that in the 1-dimensional setting points carry different weights than in
the d-dimensional situation. In addition, we need to consider sets in the (d − 1)-dimensional
coordinate hyperplanes. In particular, batches of points in X(−t)(ρ) are relevant. In order
to keep the notation as intelligible as possible, we will use subscripts for components (as in
ρ = (ρ1, . . . , ρd)) but also for “intrinsically 1-dimensional” objects. For instance, we write XL

for the point set X(ρ) ∩ L. Naturally, XL can be identified with the Cartesian point set X(ρt)
in R. This will be signified by ΩL. Note, however, that each point in X(ρt) carries the weight
ν(ρt) (rather than ν(ρ) as it is the case for subsets of X(ρ)). Further, we use superscripts
(in parenthesis) to indicate the dependence of sets in Rd on a parameter, as e.g. in L(t). We
indicate that a single component is missing by means of a minus sign, and write, for instances,
ρ(−t) = (ρ1, . . . , ρt−1, ρt+1 . . . , ρd). The same notation is also used if a component is fixed. In
X(−t)(ρ), for example, the minus sign indicates that the tth coordinate of each point in X(ρ)
is set to 0. In other situations, again indicated by the superscript (−t), the tth coordinate may,
however, be fixed differently. While these conventions are used to facilitate a more intuitive
exposition, all objects will, of course, be defined precisely.

Let us now introduce the needed concepts in detail. We begin with the formal definition of
clusterings on the lines L ∈ L(t) induced by C. Let

NL =
{

j ∈ [n] : xj ∈ L
}

, IC,L =
{

i ∈ [k] : ∃j ∈ NL : ξij ̸= 0
}

, kL =
∣∣IC,L

∣∣,
and set

(κi)L =
∑

j∈NL
ν(ρt)ξij for i ∈ IC,L, KL =

{
(κi)L : i ∈ IC,L

}
,

(ωj)L = ν(ρt) for j ∈ NL, ΩL =
{

(ωj)L : j ∈ NL

}
.

Then, of course,

CL =
(
(Ci)L : i ∈ IC,L

)
=
(
ξij : i ∈ IC,L, j ∈ NL

)
∈ CKL

(kL, XL, ΩL).

Note that ∑
i∈IC,L

(κi)L =
∑

i∈IC,L

∑
j∈NL

ξij(ωj)L =
∑

xj∈XL

ν(ρt) = ν(ρt) · |XL| = 1.

Further, let (si)L denote the orthogonal projection of si on L, and set

SL =
{

(si)L : i ∈ IC,L

}
.

Let us point out that (si)L = (sℓ)L whenever (si)t = (sℓ)t, i.e. SL may, in general, be a
multiset. In such a situation it is straightforward to merge the corresponding cells of CL,
perform subsequent operations in the standard model and, finally, split-up the assignment again.
We prefer, however, not to further complicate the notation and simply apply this additional
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technicality tacitly. Note that, when C is integer and admits a strongly compatible power
diagram, the sites (si)L for i ∈ IC,L are all different anyway.

With the introduced notation we see that
k∑

i=1

∑
xj∈L

ν(ρ)ξij

(
(xj)t − (si)t

)2
=

∑
i∈SC,L

∑
j∈NL

ν(ρ)ξij

∥∥xj − (si)L

∥∥2

= ν(ρ(−t))
∑

i∈SC,L

∑
j∈NL

ν(ρt)ξij

∥∥xj − (si)L

∥∥2 = ν(ρ(−t)) cost(XL, ΩL, CL, SL).

and hence have the following result.

Remark 3.22

cost(X, Ω, C, S) =
d∑

t=1

∑
L∈L(t)

ν(ρ(−t)) cost
(
XL, ΩL, CL, SL

)
.

Remark 3.22 gives the desired split of the costs of C into the costs of the induced clusterings
CL for L ∈ L. This opens up the possibility to apply results from Section 3.4.

Resolution coresets

As before we will use the simplified notation X = X(ρ), X̃ = X(τ ), and generally signify
objects related to X̃ by means of ˜ put on top. In particular, we set

L̃(t) = X̃(−t) + R · ut for t ∈ [d], L̃ =
⋃

t∈[d]

L̃(t),

and let B(−t) denote the set of batches in X(−t) induced by X̃(−t) by. Further, for B ∈ B(−t),
let L(t)(B) = B + R · ut. For future reference, the following remark collects the cardinalities of
the different sets.
Remark 3.23
We have ν

(
τ (−t)) ·

∣∣B(−t)
∣∣ = 1 and, for B ∈ B(−t),

|B| =
ν
(
τ (−t))

ν
(
ρ(−t)

) =
∏

ℓ∈[d]\{t}

2ρℓ−τℓ =
∣∣L(t)(B)

∣∣, ∣∣L(t)∣∣ =
∣∣L(t)(B)

∣∣ ·
∣∣L̃(t)∣∣

In fact, the lines of L̃(t) are in 1-to-1 correspondence with the batches in B(−t) as each line
L̃ ∈ L̃(t) intersects exactly one such batch. In the following, we use the notation L̃ = L̃(B) and
B = B(L̃) to indicate this correspondence. Note that the point L̃ ∩ X(−t) ∈ B is the centroid
of B. Also, recall from Section 3.3 that the merging function p : X → X̃ has a Cartesian
structure, too. More precisely, for x ∈ X, we have

p(x) =
(

p1
(
(x)1

)
, . . . , pd

(
(x)d

))
.

Hence merging takes place in each coordinate independently.
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In the following, we will use the specific values

τ∗
1 = . . . = τ∗

d = τ∗ =
⌈

log
(

25/3k∗

ϵ2/3

)⌉
, τ = τ ∗ = (τ∗

1 , . . . , τ∗
d ), X̃ = X(τ ∗),

and define

∆t = 2τ∗
t V(τ∗

t ) (t ∈ [d]), ∆ =
d∑

t=1

∑
L∈L(t)

ν(ρ(−t))∆t.

Finally we set k∗ = k and note that kL ≤ k∗ for each L ∈ L. Since

|X̃| = |X(τ ∗)|d ≤
(

28/3k∗

ϵ2/3

)d

,

Theorem 3.4 is proved once the two coreset properties are established. This will be done in the
next two subsections, more specifically in Lemmata 3.26 and 3.27. To (slightly) simplify the
notation we will omit the asterisk and simply write τ = (τ1, . . . , τd) for the resolution of X̃.

Coreset property (a)

Let C̃ = (ξ̃iq)i∈[k],q∈[ñ] ∈ CK(k, X̃, Ω̃) be a clustering on X̃. Recall from Section 3.3 that C̃ can
be extended to a clustering C = g(C̃) = (ξij)i∈[k],q∈[n] ∈ CK(k, X, Ω) by means of the extension
f : CK(k, X̃, Ω̃) → CK(k, X, Ω) defined by

ξij = ξ̃iq for j ∈ [n], i ∈ [k], q ∈ [ñ] with p(xj) = x̃q.

In order to apply the established 1-dimensional results we will now take a closer look at
the relation between extensions in Rd and on the lines. Of course, Remark 3.22 can be used
to express cost(X̃, C̃, S) in terms of the costs of the induced clusterings on the lines L̃ ∈ L̃.
Explicitly, it reads as follows.

Remark 3.24

cost(X̃, Ω̃, C̃, S) =
d∑

t=1

∑
L̃∈L̃(t)

ν(τ (−t)) cost
(
X̃L̃, Ω̃L̃, C̃L̃, SL̃

)
.

Hence, using the coreset properties on the involved lines alone we can bound the term
cost

(
XL, ΩLCL, SL

)
only for L ∈ L̃. Indeed, the underlying point set is X∩

⋃
L̃∈L̃ L̃ but does not

contain any point from X\
⋃

L̃∈L̃ L̃. Due to the definition of the extension, cost
(
XL, ΩL, CL, SL

)
can, however, be included for all lines in L \ L̃ as well. In fact, except for a translation of the
point set, the clusterings CL1 and CL2 for lines L1, L2 ∈ L(t) coincide whenever there is a batch
B ∈ B(−t) such that L1, L2 ∈ L(t)(B). Hence, in particular, we have the following remark.

Remark 3.25
Let L̃ ∈ L̃(t), B = B(L̃) ∈ B(t), and L ∈ L(t)(B). Then

cost(XL, ΩL, CL, SL) = cost(XL̃, ΩL̃, CL̃, SL̃).
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The following lemma addresses coreset property (a).
Lemma 3.26
Let C̃ ∈ CK(k, X̃, Ω̃) and C = g(C̃). Then

cost
(
X, Ω, C, S

)
= cost

(
X̃, Ω̃, C̃, S

)
+ ∆.

Proof. By Remark 3.23 we have ν
(
ρ(−t)) · |L(t)| = ν

(
τ (−t)) · |L̃(t)|, for each t ∈ [d]. Hence,

∆ =
d∑

t=1

∑
L∈L(t)

ν(ρ(−t))∆t =
d∑

t=1

∑
L̃∈L̃(t)

ν(τ (−t))∆t.

Thus with Remarks 3.23 and 3.24 we obtain

cost
(
X̃, Ω̃, C̃, S

)
+ ∆ =

d∑
t=1

∑
L̃∈L̃(t)

ν(τ (−t))
(
cost

(
X̃L̃, Ω̃L̃, C̃L̃, SL̃

)
+ ∆t

)
=

d∑
t=1

∑
L̃∈L̃(t)

1
|B(L̃)|

∑
L∈L(t)(B(L̃))

ν(τ −t)
(
cost

(
X̃L̃, Ω̃L̃, C̃L̃, SL̃

)
+ ∆t

)

=
d∑

t=1

∑
L̃∈L̃(t)

∑
L∈L(t)(B(L̃))

ν(ρ−t)
(
cost

(
X̃L̃, Ω̃L̃, C̃L̃, SL̃

)
+ ∆t

)
.

Now, with L̃ ∈ L̃(t), B = B(L̃) ∈ B(t), and L ∈ L(t)(B), we apply Lemma 3.12 to the clustering
C̃L̃ ∈ CKL̃

(kL̃, X̃L̃, Ω̃L̃). With the aid of Remark 3.25, we obtain

cost(XL, ΩL, CL, SL) = cost(XL̃, ΩL̃, CL̃, SL̃) = cost(X̃L̃, Ω̃L̃, C̃L̃, SL̃) + ∆t.

Hence, with Remark 3.22, we can now reverse the previous arguments to see that
d∑

t=1

∑
L̃∈L̃(t)(τ )

∑
L∈L(t)(B(L̃))

ν(ρ−t)
(
cost

(
X̃L̃, Ω̃L̃, C̃L̃, SL̃

)
+ ∆t

)

=
d∑

t=1

∑
L̃∈L̃(t)

∑
L∈L(t)(B(L̃)

ν(ρ−t) cost(XL, ΩL, CL, SL)

=
d∑

t=1

∑
L∈L(t)

cost(XL, ΩL, CL, SL) = cost(X, Ω, C, S).

This completes the proof. 2

Coreset property (b′)

Let us now turn to coreset property (b′). So, suppose that the clustering C ∈ CK(k, X, Ω)
is integer and admits a strongly compatible power diagram. Then, for each line L ∈ L each
clustering

CL =
(
ξij : i ∈ IC,L, j ∈ NL

)
∈ CKL

(kL, XL, ΩL)
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is also integer and admits a strongly compatible power diagram. We can hence apply Lemma 3.20
to relate its cost to that of the corresponding coreset clustering. Note that the latter lives on L
while C̃L̃ is only defined on the lines L̃ ∈ L̃. The following proof of coreset property (b′) will
therefore explicitly address the transition from coresets on each line L ∈ L to C̃.
Lemma 3.27
Let C ∈ CK(k, X, Ω) be integer and admit a strongly compatible power diagram, and set
C̃ = p(C). Then

cost
(
X̃, Ω̃, C̃, S

)
+ ∆ ≤ (1 + ϵ) cost

(
X, Ω, C, S

)
.

Proof. By Remark 3.22, cost(X, Ω, C, S) can be decomposed into the costs on the lines L ∈ L,
i.e., cost

(
XL, ΩL, CL, SL

)
. For each CL ∈ CKL

(kL, XL, ΩL) we derive a coreset clustering with
kl ≤ k∗ according to Lemma 3.20. We refrain from denoting it by C̃L (with a wide tilde) but
use a different notation for better distinction. Let t ∈ [d], L ∈ L(t) and x

(−t)
L ∈ X(−t) such that

L = x
(−t)
L + R · ut. Then we set

YL = x
(−t)
L +

{
xtut : xt ∈ X(τt)

}
, Ω̃L =

(
ν(τt), . . . , ν(τt)

)
ZL = (ζ(L)

ir )i∈IC,L,r∈[2τt ] ∈ CKL
(kL, YL, Ω̃L).

Note that

YL = x
(−t)
L + {y1, . . . , y2τt } · ut with yr = 2−(τt+1) + (r − 1)2−τt (r ∈

[
2τt ]
)
.

By Remark 3.22 and Lemma 3.20 we have

(1 + ϵ) cost(X, Ω, C, S) − ∆ =
d∑

t=1

∑
L∈L(t)

ν(ρ(−t))
(
(1 + ϵ) cost

(
XL, ΩL, CL, SL

)
− ∆t

)
≥

d∑
t=1

∑
L∈L(t)

ν(ρ(−t)) cost
(
YL, Ω̃L, ZL, SL

)
=

d∑
t=1

∑
B∈B(−t)

∑
L∈L(t)(B)

ν(ρ(−t)) cost
(
YL, Ω̃L, ZL, SL

)
.

Now, let q ∈ [ñ], B = (Bq + R · ut) ∩ X(−t) ∈ B(t), L̃ = L̃(B), and r = r(q) ∈ [2τt ] such that
(x̃q)t = (yr)t. Then, as x̃q ∈ L̃, we have

∥yr − (si)L∥2
2 = ∥x̃q − (si)L̃∥2

2 for all L ∈ L(t)(B)

and

ξ̃iq = 1
ν(τ )

∑
xj∈Bq

ξijν(ρ) = ν(ρ)
ν(τ )

∑
L∈L(t)(B)

∑
xj∈L∩Bq

ξij

= ν(ρ)
ν(τ )

∑
L∈L(t)(B)

ν(τt)
ν(ρt)

 1
ν(τt)

∑
xj∈L∩Bq

ξijν(ρt)

 = ν(ρ(−t)
ν(τ (−t))

∑
L∈L(t)(B)

ζir.
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Hence, with the additional setting ζ
(L)
ir = 0 for i ̸∈ IC,L, we obtain∑

L∈L(t)(B)

ν(ρ(−t)) cost
(
YL, Ω̃L, ZL, SL

)
=

∑
L∈L(t)(B)

ν(ρ(−t))
∑

i∈IC,L

2τt∑
r=1

ζ
(L)
ir ν(τt)∥yr − (si)L∥2

2

=
k∑

i=1

∑
x̃q∈X̃L̃

ν(ρ(−t))
∑

L∈L(t)(B)

ζ
(L)
ir(q)

 ν(τt)∥x̃q − (si)L̃∥2
2

= ν(τ (−t))
k∑

i=1

∑
x̃q∈X̃L̃

ξ̃iqν(τt)∥x̃q − (si)L̃∥2
2 = ν(τ −t) cost(X̃L̃, Ω̃L̃, C̃L̃, SL̃).

Thus,

(1 + ϵ) cost(X, Ω, C, S) − ∆ ≥
d∑

t=1

∑
B∈B(−t)

∑
L∈L(B)

ν(ρ(−t)) cost
(
YL, Ω̃L, ZL, SL

)
=

d∑
t=1

∑
L̃∈L(−t)

ν(τ (−t)) cost(X̃L̃, Ω̃L̃, C̃L̃, SL̃) = cost
(
X̃, Ω̃, C̃, S

)
,

which concludes the proof. 2

3.6 Proof of Theorem 3.5
While Theorem 3.4 explicitly exploits the orthogonality of the Euclidean norm and hence
produces resolution coresets only for the Euclidean case we will now show that it can still be
used for general anisotropic objective functions defined by means of families A = {A1, . . . , Ak}
of positive definite symmetry (d × d)-matrices. The next well-known result specifies how good
constrained clusterings on coresets yield good clusterings on the original data sets. In the proof
of Theorem 3.5 we will need it only in the Euclidean case and for δ = 1. We formulate it
here for (ϵ, δ)-coresets in the anisotropic case since it provides the rationale behind the general
coreset definition given in Section 3.2 which involves two ∆-terms.
Proposition 3.28 ( [FG22a, Thm. 3.5 (a)] )
Let I = (k, X, Ω, A, K, S) be an instance of WCA Assignment, ϵ ∈ (0, 1/2], δ ∈ [1, ∞), and
γ ≥ δ. Further, let (X̃, Ω̃) be an (ϵ/3, δ)-coreset for IS, and f its extension.

Now suppose that C̃ ∈ CK(k, X̃, Ω̃) is a γ-approximation for Ĩ = (k, X̃, Ω̃, A, K, S), then
f(C̃) is a (1 + ϵ)γ-approximation for I.

We can now prove Theorem 3.5.
Proof of Theorem 3.5: First note that for a positive definite symmetric (d × d)-matrix

A with smallest and largest eigenvalues λ−(A) and λ+(A), respectively, we have

λ−(A) · ∥x∥2
2 ≤ ∥x∥2

A ≤ λ+(A) · ∥x∥2
2 (x ∈ Rd).
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Recalling that

λ−(A) = min
{

λ−(Ai) : i ∈ [k]
}

, λ+(A) = max
{

λ+(Ai) : i ∈ [k]
}

.

We hence have

costA,K(X, Ω, C, S) =
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

≤
k∑

i=1

n∑
j=1

ξijωjλ+(A)∥xj − si∥2
2

= λ+(A) · cost(X, Ω, C, S),

and, similarly,
λ−(A) · cost(X, Ω, C, S) ≤ costA,K(X, Ω, C, S).

Since C = f(C̃), Proposition 3.28 therefore yields

costA,K(X, Ω, C, S) ≤ λ+(A) · cost(X, Ω, C, S) ≤ λ+(A)(1 + ϵ)γ · cost(X, Ω, S)

≤ (1 + ϵ)γ λ+(A)
λ−(A) · costA,K(X, Ω, S),

which completes the proof.

3.7 Final remarks
As pointed out before, the size bounds for resolution coresets are superior to those for pencil
coresets in small dimensions. Comparing the results of Theorem 3.4 and Proposition 3.2 we
see, however, that the number of clusters enters as kd and k2, respectively. In fact, resolution
coresets utilize the grid structure of X but are themselves restricted to a coarser grid. Pencil
coresets, on the other hand, produce very different point densities depending on the distance
from the chosen vertices of the pencils. Since for resolution coresets we insist on a uniform
resolution on each line, we cannot employ the rationale leading to the reduced dependence on k
in Proposition 3.2. As known dimension-reducing coreset techniques, [Bra+16; Coh+15; FSS13;
SSS20], do generally not preserve the grid structure, it remains an open question whether the
term kd in general and even k3 in 3D in the size bound of resolution coresets can be further
reduced. Also, generalizations to Cartesian point sets with arbitrary positive weights would be
interesting. Further, an analysis of nonuniform tilings of [0, 1]d into axis parallel boxes would
be relevant. This corresponds to adaptive thinning of Cartesian point sets and is interesting
for fast image processing; see e.g. [FA20] and the papers quoted therein.
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Chapter 4

Turning Grain Scans Into Diagrams

This chapter studies mathematical models for representing, imaging, and analyzing polycrys-
talline materials. We introduce various techniques for converting grain maps into diagram or
tessellation representations that rely on constrained clustering. In particular, we show how to
significantly accelerate the computation of generalized balanced power diagrams and how to
extend it to allow for optimization over all relevant parameters. A comparison of the accuracy
of the proposed approaches is given based on a 3D real-world data set of 339 × 339 × 599 voxels.

4.1 Introduction

A challenging problem in materials science is to describe the structure of polycrystalline
materials and understand the processes that govern the evolution of the structure with time,
e.g., the grain growth taking place during heating; see, e.g., [Ban08; Han+09; Pou04]. Naturally,
geometric concepts play an important role, e.g., [MS07], and computations can use voxel-
based images at different levels of resolution, in terms of 2D [MSF12; TR18] or 3D grain
maps [Zha+18]. However, the data acquisition and analysis tend to be slow, prohibiting the
study of real-life dynamics. Moreover, the size of some grains may be comparable to the
spatial resolution of the methods, rendering detailed visualization of shape impossible. For
these reasons, sparse descriptions involving only a few parameters have been introduced. Such
“compressed segmentations” are also relevant for materials modelling, as the reduced complexity
allows for the analysis of much larger (and more representative) samples.

This text is concerned with deterministic mathematical models for converting polycrystalline
images into diagram representations efficiently. We perform a “controlled analysis” based on
different types of image discretization, resolutions, and aspects of data compression. Such
discrete images, formally introduced in Section 4.2, will generically be referred to as “grain
scans”. (This term is more general than the standard term grain map from materials science.)
The main goal of our analysis is to further substantiate the potential of diagram representations
with a special view, however, on later standard applications for solving the inverse problem
of grain mapping when only certain measurements such as centroids, volumes, or centralized
second-order moments of grains are available.

Diagrams have been applied for representations of static polycrystalline materials before.
The known models, such as Voronoi [BBH16; XL09], Voronoi G [Gui+11], Laguerre [Alt+14;
KS08; Lyc+11; Spe+14; Tel+92], ellipsoidal growth [TGB15], and generalized balanced power
diagrams (GBPD) [Alp+15] vary in terms of their accuracy and their complexity. It has been
observed in several studies, including [Pet+21; Šed+16; Šed+17; Spe+16; TR18] that the
anisotropic power diagrams produced by the GBPD-algorithm capture the physical principles
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governing the forming of polycrystals quite well. However, the high accuracy comes at the
price of high computational costs, which limits the practical use of the method. In fact, all
known approaches are either heuristic in nature or require a significant computational effort.
Indeed, there is some need for balancing the computational effort and the desired accuracy for
most applications. This problem is aggravated by a strong increase in the size of grain models
both experimentally and from a material modelling point of view.

This text introduces new and significantly accelerated variants of the GBPD-algorithm
of [Alp+15], which generate anisotropic power diagrams which are governed by parameters
associated with the location, shape characteristics and the size of the grains (see Section 4.2
for a formal definition). Such diagrams constitute a class of large flexibility containing Voronoi
and Laguerre tessellations as special cases. In particular, we use data compression techniques
based on coresets which allow for a substantial “thinning” of the data without loosing too
much accuracy. In fact, we can compute optimal diagrams based on low-resolution ground
set models whose number of points depend only on the number of grains and the desired
accuracy. We will also introduce additional techniques resulting in yet sparser sets, altogether
generating a class of new algorithms for computing diagram representations, which we will
call sparse-GBPD or s-GBPD. As it turns out, suitable parameter settings yield algorithms in
s-GBPD, which are much faster than the GBPD-algorithm at essentially no loss of accuracy,
rendering the new algorithm a viable, practical tool of high accuracy. While s-GBPD is an
“indirect” clustering method based on the knowledge of centroids, volumes, and centralized
second-order moments of grains which are experimentally measurable parameters, we will also
introduce a new technique, addressing the best fit problem directly, which allows us to optimize
over all relevant parameters that govern the weight-balanced anisotropic diagrams.

This text is organized as follows. Section 4.2 formalizes the concept of grain scans, introduces
diagrams, states the main problems and indicates our main contributions. Section 4.3 introduces
the concept of coresets for speeding up exact methods and gives several examples of how such
data compression methods can be realized in our context. In particular, we show how the
original GBPD-algorithm can be turned into a computationally feasible method for practical
3D problem sizes and reasonable resolutions. Section 4.4 introduces a new, direct, and full-
parameter best fit model. The results of our empirical study comparing the different methods
on available practical grain scan data are stated in Section 4.5. Finally, Section 4.6 concludes
with remarks that particularly address the issues of how the coreset methods can be extended
to situations where instead of full grain scans only certain grain measurements are available.

4.2 Turning grain scans into diagrams

Adequate representations of grain scans can be valuable tools for understanding the physical
principles of grain growth and the properties of the resulting material. The diagram represen-
tations studied in this text require only a few parameters per grain and are thus much easier
to process than voxel-represented grain scans. Further, since diagram representations provide a
dissection of the underlying (continuous) space into cells with disjoint interiors they can even
be used to boost the scan resolution. Moreover, they exhibit geometric and combinatorial
features of the grain maps (e.g., its “neighborhood structure”) that are not readily available
otherwise. Hence, diagram representations may contribute to predicting and even controlling
the forming of new materials.

92



4.2 Turning grain scans into diagrams

As previous studies [Alp+15; Pet+21; Šed+16; Šed+17; Spe+16; TR18] show, only a few
characteristic parameters govern decisive properties of grain scans. These parameters may, in
practice, be derived from measurements of existing polycrystals or demanded by new materials.
Here, we take a more fundamental perspective and assume that grain scans are available at
some resolution. A specific focus will lie on the accuracy of fit of the derived diagrams. Also,
computations should be fast but not necessarily real-time as we may want to spend additional
time improving the accuracy of the representation. Accordingly, in Section 4.4 all parameters
that govern the diagrams will be subject to optimization in order to illustrate the general
fitness of diagram representations. Section 4.3, on the other hand, will (in accordance with
available tomographic techniques) assume that certain parameters are directly available through
measurements, and focus on efficient computations of the remaining ones; see Table 4.1 for an
overview.

In this section we will first formalize the concept of a grain scan and introduce the diagrams
used throughout the chapter. Then we put our studies in the subsequent sections into some
broader perspective and state our main contributions.

Grain scans

Let d ∈ N be the dimension we are working in (e.g., d = 2 and d = 3 for the study of planar or
3D samples, respectively), and let k ∈ N denote the number of different grains in the given
polycrystalline sample. Given a set of points X = {x1, . . . , xn} ⊆ Rd in the sample and labels,
i.e., y1, . . . , yn ∈ [k] := {1, . . . , k}, we call the labeled data set

{
(xj , yj) : j ∈ [n]

}
a grain scan

or polycrystal scan. We will refer to it as (X, Y ) with the understanding, that the indices of
the labels in the family Y = {y1, . . . , yn} correspond to the indices of the points in X.

Typically our initial samples arise from digital images, normalized to lie in the range [0, 1]d,
and hence exhibit a grid structure. Such images are commonly referred to as grain maps. In
order to speed up computations, we will, however, compress the data in various ways not all of
which will sustain a grid structure.

In this notation, we set

Gi =
{

xj ∈ X : (xj , i) ∈ (X, Y )
}

, κi = |Gi|,

where |Gi| denotes Gi’s cardinality. Note that Gi can be viewed as a discretization of the ith
grain in the underlying polycrystal, and κi is proportional to its volume.

Diagrams

Given a grain scan (X, Y ) we are interested in a diagram that represents the scan as accurately
as possible. In its general form, diagrams can be defined by functions h1, . . . , hk : Rd → R. For
each i ∈ [k], the corresponding cell Pi of the diagram is given as

Pi =
{

x ∈ Rd : hi(x) ≤ hl(x) ∀l ∈ [k]
}

.

The choice of the functions hi determines the diagram type; see [BGK17] and [GK17] for
examples and properties of different classes of diagrams. The classical Voronoi diagram
of k distinct points s1, . . . , sk in Rd, for instance, is obtained by employing the functions
hi(x) = ∥x − si∥2 where ∥ ∥2 denotes the Euclidean norm. In the following we use three types
of parameters to control the properties of the cells:
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A: k positive definite symmetric matrices A1, . . . , Ak ∈ Rd×d, collected in the family A =
{A1, . . . , Ak}. In the special case that each Ai is the unit matrix Ed of Rd×d the family
A will be denoted by E ;

S: k different sites s1, . . . , sk ∈ Rd, collected in the set S = {s1, . . . , sk};

Γ: k sizes γ1, . . . , γk ∈ R, collected in the family Γ = {γ1, . . . , γk}.

The sites specify the general positions of the grains while the matrices in A describe charac-
teristics of their shapes. In fact, each grain is equipped with its own ellipsoidal norm ∥ ∥Ai

given through Ai by

∥x∥Ai
:=
√

x⊤Aix, (x ∈ Rd).

Finally, the sizes γi can be used to control the grain volume.
The anisotropic power diagram (APD)

P = P(A, S, Γ) = {P1, . . . , Pk}

is then the diagram specified by the functions

hi(x) = ∥x − si∥2
Ai

+ γi (i ∈ [k]).

Let us point out that P constitutes a decomposition of Rd and, in particular, two different cells
do not share interior points, i.e., int(Pi) ∩ int(Pℓ) = ∅ for i ≠ ℓ; see [BGK17] for a proof (even
for more general diagrams).

Clearly, APDs generalize the Voronoi diagrams (where Ai = Ed and γi = 0 for all i ∈ [k]) and
also the power diagrams (PD) (where A = E) whose cells are polyhedra. While the Euclidean
norm ∥ ∥Ed

= ∥ ∥2 corresponds to the isotropic case, the more general ellipsoidal norms
allow us to model also anisotropic growth.

Representation

Given a polycrystalline scan, we are interested in an APD which represents the scan, i.e., ideally
Gi = X ∩ Pi for all i ∈ [k]. Of course, in general, we cannot expect a perfect fit. Hence, we
resort to some notion of best fit. Let us point out that, throughout this text, we only use the
term “represent” in a colloquial sense. Whether even a best fit APD is in practice regarded as
“representing a grain map” can only be assessed with a view towards the context of a specific
application.

In order to define the accuracy of an APD P = {P1, . . . , Pk}, we consider the associated
classification function

fP : Rd → {0, . . . , k}, x 7→

{
i if x ∈ int(Pi);
0 otherwise.

The function fP maps a point x ∈ X either to the index of its unique containing cell or to 0
if x lies on the boundary of more than one cell. Using such functions, we can formulate the
problem of best-representing polycrystal scans as finding a diagram P such that fP minimizes
the number of misclassified data points. More precisely, we want to solve the following problem.
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APD Classification:
Given n ∈ N and an n-element labeled data set (X, Y ), compute, for i ∈ [k], positive
definite symmetric matrices Ai, sites si and sizes γi such that the classification
error ∣∣{j ∈ [n] : fP(xj) ̸= yj

}∣∣
of the corresponding diagram P is minimized over all feasible choices of (A, S, Γ).
Moreover, return this classification error.

Note that points on the boundary of cells are all mapped to 0 and, hence, regarded as
misclassified.

For APD Classification, all three characteristics A, S, and Γ are optimized and constitute
the output of the problem, together with the classification error. As this reduces the computa-
tional effort, it is often useful to specify some of these characteristics beforehand and optimize
the others. Fixing characteristics will be denoted by adding them in brackets. For instance,
APD Classification(A, S) refers to the situation considered in [Alp+15] that both, A and
S, are given and the optimization involves only Γ. In effect, APD Classification(A, S) is
hence the problem to compute Γ∗ for which, among all P = P(A, S, Γ)

min
Γ

∣∣{j ∈ [n] : fP(xj) ̸= yj

}∣∣
is attained. Even more extreme, APD Classification(A, S, Γ) indicates that all characteristics
are given, therefore, the anisotropic power diagram P = P(A, S, Γ) is completely determined,
and only the classification error

∣∣{j ∈ [n] : fP(xj) ̸= yj

}∣∣ evoked by P is to be computed.

Optimization

Since d and k are fixed, it follows from [BBG17] that APD Classification can be solved by
enumerating all relevant APDs in polynomial time. Their number grows, however, exponentially
in k and d. Hence, such an enumerative approach is computationally infeasible for virtually
all practically relevant instances. The known APX-hardness results of [BDEL03] for the case
that k is part of the input indicate that there is not much hope to find much better algorithms
for solving APD Classification exactly. Accordingly, various heuristics suggest to fix all
governing characteristics; see [Alp+23a; Alt+14; BBH16; Gui+11; KS08; Lyc+11; Spe+14;
TGB15; TR18; Tel+92; XL09]. The sites S are generally chosen as the measured centroids

c(Gi) = 1
κi

∑
xj∈Gi

xj

of the grains. To model the shape of the grains, [Lyc+11] used Euclidean norms, i.e., A = E ,
while, following [Alp+15], the heuristics of [TR18] use the inverse of the covariance matrices,
i.e.,

Ai =
(
Σ(Gi)

)−1 =
(

1
κi

(xj − c(Gi) : xj ∈ Gi)(xj − c(Gi) : xj ∈ Gi)T

)−1

for i ∈ [k]. (It can be assumed that the matrices Σ(Gi) have full rank d since grains that are
degenerated to volume 0 do not matter.) Further, the sizes Γ are typically estimated using the
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radius of the (Euclidean or ellipsoidal) ball whose volume coincides with the measured grain
volume; see [Alp+23a] for an analysis in terms of discriminant analysis.

As these heuristics abstain from any optimization whatsoever, they are computationally
fast but generally result in a higher misclassification error. Hence, [Alp+15] suggested a
different method, called GBPD-algorithm, that allows us to optimize over Γ. The diagrams are
specified through the dual variables of a linear program that addresses a constrained clustering
problem; see Section 4.3 for details. As even linear programming is often too time-consuming
for real-world instances of the desired size, we will, in particular, accelerate this method using
data compression without any significant decrease of accuracy by employing coresets, which
will be introduced in Section 4.3.2.

It is particularly important that this method does not require the knowledge of the grain
scan. It suffices to provide estimates for A, S, and the grain volumes, which, in practice, are
often much easier to obtain from measurements. In Section 4.4 we will, nevertheless, also
provide a quite efficient direct model for optimizing over all three types of parameters, A, S
and Γ. This will allow for a better assessment of the quality of the solutions provided by the
faster and practically much easier method based on constrained clustering.

Contributions

In the following three sections, we will

• develop sparse variants of the GBPD-algorithm of [Alp+15], called s-GBPD, which
significantly improve running times,

• introduce a new model for APD Classification, referred to as DiM, which facilitates
the optimization over all characteristic parameters, and

• state the results of a computational study on real-world data to indicate how the different
algorithms perform in terms of computation times and accuracy.

The sparse variants s-GBPD will be based on the notion of “coresets” and other data compression
techniques while DiM uses a lifting method to obtain a “direct linear programming model”
which can be viewed as a support vector machine approach for machine learning classification.
Table 4.1 provides an overview.

Contributions Governing Characteristics SectionA S Γ

s-GBPD covariances centroids optimized 4.3
DiM optimized optimized optimized 4.4

Evaluation 4.5

Table 4.1: Contributions: New algorithms, corresponding choice of characteristics and com-
putational study. The entry “covariances” stands for the choices Ai = (Σ(Gi)−1,
where Σ(Gi) is the covariance matrix of the ith grain.
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4.3 Diagrams on sparse image supports
In this section, we assume that the matrices A and the sites S are given beforehand (e.g., chosen
as inverse covariance matrices and centroids of the grains from the grain scan, respectively), and
only the sizes Γ are subject to optimization. As, however, even APD Classification(A, S)
is computationally difficult, [Alp+15] introduced the linear programming algorithm GBPD.
The computations can be viewed as a dual method that relies on a relation between diagrams
and weight-constrained anisotropic clustering. As shown by experimental computations in
[Alp+15], and later supported independently by [Šed+16; Šed+17; Spe+16], GBPD is highly
accurate and the underlying model seems to capture the structure of polycrystals quite well.
The computational cost, however, severely limits its practical use for 3D data sets of high
resolution. Here we will show how to significantly accelerate the method, leading to a new class
of algorithms, which we call sparse-GBPD or s-GBPD. In particular, we will show that the
clustering can be performed at a rather low resolution, essentially without losing accuracy, and
this will lead to significant speed-ups.

4.3.1 Diagrams from weight-constrained clustering
Let us begin by briefly describing the relation between diagrams and clustering used in [Alp+15]
which, as we will see, is based on linear programming duality. For more details, we refer the
reader to [BGK17], the handbook article [GK17], and the papers quoted therein.

As before, let (X, Y ) be a given grain scan, and let A and S be the given matrices and sites.
Further, we collect the measured cardinalities κ1, . . . , κk, which, together with the resolution,
approximate the grain volumes in the family K = {κ1, . . . , κk}.

While the points of the original grain scan are unweighted, the data compression techniques
of Section 4.3.2 will use point weights, and hence the optimization needs to be performed
on weighted point sets. Therefore, we will assume that each data point xj carries a weight
ωj ∈ (0, ∞). Of course, the original unweighted case is included by simply assigning the weight 1
to each point of the grain scan. Collecting all weights in the family Ω = {ω1, . . . , ωn}, the
weighted data set will then be denoted by (X, Ω). By convention, all parameters corresponding
to the jth point will, again, be indexed by j.

A clustering C of (X, Ω) is a vector

C = (C1, . . . , Ck) = (ξ11, . . . , ξ1n, . . . , ξk1, . . . , ξkn)⊤

whose components ξij specify the fraction of xj that is assigned to the ith cluster Ci =
(ξi1, . . . , ξin)⊤. If all ξij are in {0, 1}, i.e., each points is assigned to precisely one cluster, the
clustering will be called integer.

In terms of formal constraints, any clustering satisfies the assignment conditions

ξij ≥ 0
(
i ∈ [k], j ∈ [n]

)
and

k∑
i=1

ξij = 1
(
j ∈ [n]

)
.

Further, the weight ω(Ci) of the cluster Ci is given by

ω(Ci) =
n∑

j=1
ξijωj .
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Note that the given grain scan (X, Y ) naturally defines the integer clustering G = (G1, . . . , Gk)
of the (discretized) grains. It is formally specified by the components ξG

ij ∈ {0, 1} with ξG
ij = 1

if and only if xj ∈ Gi. As all points carry the weight 1, cluster Gi has weight ω(Gi) = κi,
i ∈ [k]. It is, of course, this grain scan clustering that we want to represent by a suitable
diagram P = P(A, S, Γ). Accordingly, a clustering C and a diagram P = (P1, . . . , Pk) are
called compatible if, for all i ∈ [k],

Pi ⊃ supp(Ci) = {xj ∈ X : ξij > 0}.

In general, we cannot expect the grain scan clustering to be compatible with any APD. Hence,
we resort to the problem of determining a clustering C∗ that is “close” to G and which admits
a compatible diagram.

A natural and simple condition is to require that the clusters of C∗ and G have similar
weight, i.e., for given ϵi ∈ (0, ∞) the weight-constraints

(1 − ϵi)κi ≤ ω(Ci) ≤ (1 + ϵi)κi

(
i ∈ [k]

)
should hold. In practice, the error terms ϵi may reflect the available resolution of the image (or
the known or expected accuracy of the measurements).

Our overall rationale will, however, be as follows. First, we evoke linear programming duality
to relate optimal constrained clusterings to APDs, as already suggested in [Alp+15]. Then,
we apply this model to a rather small weighted point set which is obtained through the data
compression techniques described in Section 4.3.2. Finally, we use the so obtained diagram to
assign the points of the original data set to clusters. This yields an integer clustering, which
we compare with the grain scan clustering to compute its classification error.

In the following, we will actually enforce the strict constraints ω(Ci) = κi on the compressed
data set for all i ∈ [k]. The set of all such weight-constrained clusterings will be denoted by
CK(X, Ω). Further, the given shape parameters A and S are incorporated in the cost function

costA,K(X, Ω, C) =
k∑

i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

,

which is to be minimized. The idea behind this choice of objective function is to enforce some
kind of “minimum energy principle” by rewarding the assignments of points to the closest site
with respect to the ellipsoidal norms.

Altogether, we are considering the problem weight-constrained anisotropic assigment or,
shorter,

WCA Assignment:
Given k, X, Ω, K, S, find C∗ ∈ CK(X, Ω) that minimizes costA,K(X, Ω, C).

Note that the grain scan clustering G is feasible for the original unweighted data set. In general,
the simple condition

k∑
i=1

κi =
n∑

j=1
ωj

guarantees that CK(X, Ω) ̸= ∅, and we will , in the following, assume that this is the case. Hence,
a finite minimum always exists for WCA Assignment; it will be denoted by costA,K(X, Ω),
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4.3 Diagrams on sparse image supports

i.e.,
costA,K(X, Ω) = min

C∈C∈CK(X,Ω)
costA,K(X, Ω, C).

Next, note that WCA Assignment can be formulated as the following linear program in
the variables ξij

(P)

min
(ξij)

k∑
i=1

n∑
j=1

ξijωj∥xj − si∥2
Ai

k∑
i=1

ξij = 1
(
j ∈ [n]

)
,

n∑
j=1

ξijωj = κi

(
i ∈ [k]

)
,

ξij ≥ 0
(
i ∈ [k], j ∈ [n]

)
.

Let us remark that in the case that all weights coincide, and in particular, if all are 1, the
coefficient matrix of (P) is totally unimodular, hence each basic feasible solution is integer; see
e.g. [Sch86] for background information. The dual linear program

(D)
max

(ηj ,γi)

n∑
j=1

ωjηj −
k∑

i=1
κiγi

ηj ≤ ∥xj − si∥2
Ai

+ γi

(
i ∈ [k], j ∈ [n]

)
,

in the variables ηj and γi encodes proximity conditions involving the diagram functions based
on ∥x − si∥2

Ai
. Recall that, due to duality, the optima in (P) and (D) coincide. Further, we

have the following theorem.
Theorem 4.1 (Special case of [BGK17, Thm. 1])
Let (k, X, Ω, K, A, S) be an instance of WCA Assignment, and C ∈ CK(X, Ω). Then C is an
optimizer of the linear program (P) if and only if there exist size parameters Γ such that C and
the diagram P = P(A, S, Γ) are compatible.

According to Theorem 4.1, an optimal clustering C∗ results in an optimal diagram P∗.
Hence, we can apply any standard linear programming algorithms to compute optimal sizes.
In Section 4.5 we actually use the dual simplex algorithm. Note, however, that optimality is
measured here with respect to the objective functions of (P) and (D), and it is not clear in
the first place how the cost of a clustering translates into the classification error which is to
be minimized in APD Classification(A, S). See [FG22b] for related stability and instability
results. Hence, in effect, the clustering-based algorithms address APD Classification(A, S)
only indirectly.

4.3.2 Data compression for accelerating the linear program
If the linear program (P) is based on the original (unweighted) ground set X of the image,
say, on the points of 1/ν · Zd in [0, 1]d for some ν ∈ N, then it involves k · (ν + 1)d variables.
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If, for instance, in 3D, ν = 9999 and k = 50, (P) has already 5 · 1013 variables. Of course,
as one would expect that ξij = 0 whenever si is not among the first few closest sites to xj ,
preprocessing would allow us to reduce the influence of k to a manageable size. It is, however,
|X| which affects the number of variables the most.

Image supports and coresets

In the following, we will reduce the number of variables considerably while retaining almost
the initial accuracy. Our approach is based on the observation that the point set (X, Ω) is only
a means for obtaining the desired diagram but not important in its own right. In fact, once
we obtain the diagram P, we can easily generate an image at any desired resolution from it.
Hence, we can, in principle, use any non-empty finite subset X̀ ⊂ [0, 1]d for computing diagrams
through clustering – as long as we associate suitable weights to the points to accommodate the
weight constraints. We will call such weighted sets (X̀, Ὼ) image supports.

Naturally, some such sets will be better suited than others, and we will speak of coresets
(X̃, Ω̃) if these sets can be derived from (X, Ω) in such a way that the relative deviation between
costA,K(X, Ω) and costA,K(X̃, Ω̃) can always be suitably bounded in terms of a given precision.
Here, we are interested in choosing the image supports (X̀, Ὼ) as part of the “experimental
setup”, i.e., prior to scanning or taking characteristic measurements of the polycrystal. Thus,
this setting requires the condition for all sets of k sites.

More precisely, let (X̃, Ω̃) be a weighted data set, ϵ ∈ (0, 1/2], δ ∈ [1, ∞). Then, following
[FG22a], (X̃, Ω̃) is an (ϵ, δ)-coreset for (k, X, Ω, K) if there exists a mapping f : CK(k, X̃, Ω̃) →
CK(X, Ω), called extension, and real constants ∆+, ∆−, referred to as ∆-terms or offsets, with
0 ≤ ∆+ ≤ δ · ∆− such that the following two conditions hold for all sets of k sites and all
clusterings C̃ ∈ CK(X̃, Ω̃):

(1 − ϵ) costA,K(X, Ω, f(C̃)) ≤ costA,K(X̃, Ω̃, C̃) + ∆+,(a)
costA,K(X̃, Ω̃) + ∆− ≤ (1 + ϵ) costA,K(X, Ω).(b)

If δ = 1 we will simply speak of an ϵ-coreset.
Let us point out that other notions of coresets have been introduced for different problems;

see e.g. [BLK17; FSS13; FSS20; Fic+13; HPK07; SW18]. The definition used here is specifically
customized for WCA clusterings and assignments. It guarantees that approximate solutions of
the constrained clustering problems on coresets can be turned into approximate solutions on
the original data set; see [FG22a, Thm. 3.5].

In order to practically use coresets for constrained clustering, they need to be small and
the extension g must be quickly computable. While, in our context, the coreset constructions
(given below) are important, the extension does not play any role, and the coreset conditions
are relevant for theoretical reasons only, as they guarantee any desired accuracy at least with
respect to the clustering cost. In fact, clustering is not used here in its own right but only
as a method for computing diagrams via linear programming duality. Accordingly, we will
determine the assignment of the original data points directly from the diagram computed on
the coreset data and compare the obtained clustering C with the grain scan clustering G to
quantify the classification error; see Section 4.5. In particular, the weights of the so obtained
clusters will, in general, deviate from the specified target weights κi.

In the following, we will first present two different coreset constructions which rely, in
addition to A and S, only on the measurements κ1, . . . , κk and, hence, can be used in a much
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4.3 Diagrams on sparse image supports

more general practical context. Subsequently, we will then, however, also consider an image
support based on the grain scan clustering G = (G1, . . . , Gk) to show how far the concept can
be pushed in principle.

Pencil coresets

The following result shows that coresets exist and that they can be profitably used to accelerate
GBPD computations. Let λ−(A) and λ+(A) denote the smallest and largest eigenvalue of all
matrices in A, respectively.

Theorem 4.2 (Special case of [FG22a, Thm. 2.3])
For any instance of WCA Assignment and for any ϵ ∈ (0, 1/2] and

δ ≥ λ+(A)
λ−(A) ,

there is an (ϵ, δ)-coreset X̃ of size

|X̃| ∈ O
(

k2

ϵd+1

)
.

The theorem shows that it suffices to use relatively small point sets for clustering whose
“sparseness” is independent of the initial point set X and depends only on k and ϵ. More
importantly, Theorem 4.2 is constructive. As the known constructions “live” on pencils of lines
in Rd issuing from a certain set of points; they are called pencil coresets. We will report on our
implementation of such pencil coresets for different error parameters in Section 4.5. Here we
will briefly indicate their structure, which is based on a design by [HPK07] for unconstrained
clustering. Its generalization to WCA clusterings and the improved bound are due to [FG22a].

For technical simplicity, we will focus on the Euclidean case and, as this is the relevant
situation here, assume that the “source points” coincide with given sites s1, . . . , sk. For a
visualization in 2D see Fig. 4.2. The lines of the ith pencil are chosen in such a way that their
points of intersection with the unit sphere centered at the site si are “evenly distributed”. Note
that this is closely related to coverings of the unit sphere by congruent spherical caps. See, e.g.,
[Mat02] for general results on ϵ-nets and [Fej72] for sparse coverings of the Euclidean 2-sphere
by specific numbers of congruent spherical caps.

Then, we assign each point of the data set to its closest site, breaking ties arbitrarily, and
project it onto a line of the corresponding pencil closest to it, again breaking ties arbitrarily.
After this projection process, all points lie on lines, and in the remaining step, each line is
treated independently. Note that this is possible due to the additivity of the cost function with
respect to the data points.

Each such line is now partitioned into batches. Finally, all points in one batch B are replaced
by the batch’s centroid c(B) and assigned the sum of weights of all batch points as its weight.
Of course, this process evokes a batch error

∑
x∈B∥x − c(B)∥2

A.
If the lengths of the batches are chosen appropriately, this process results in the desired

(ϵ, δ)-coreset. See [FG22a] for the details of the proof.
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Resolution coresets

While the construction in the previous section works for general data sets (X, Ω), the pencils
ignore the grid structure of the given grain scan. In particular, the “density” of the image
support varies with the distance to the sites. For voxel-based images, it seems more natural
and, actually, interesting in its own right, to consider image supports that pertain to a (coarser)
grid structure and which can still be interpreted in terms of the image resolution.

In the following, we will briefly introduce the concept of resolution coresets. For technical
simplicity, we will assume that the voxels are boxes whose edge lengths are powers of 1/2. Our
exposition follows [FGK22].

For i ∈ [d], and ρ = (ρ1, . . . , ρd) ∈ Nd we consider the uniform partitioning of the interval
[0, 1] on the ith coordinate axis into 2ρi intervals of equal length. Then each voxel is the
Cartesian product of one of the intervals on each axis. More formally, with

xρ
j1,...,jd

=


1

2ρ1+1 + j1

2ρ1

...
1

2ρd+1 + jd

2ρd

 ,

the voxels are obtained as

xρ
j1,...,jd

+ 1
2ρ1+1 [−1, 1] × . . . × 1

2ρd+1 [−1, 1]

for all choices of j1, . . . , jd with

j1 ∈ {0, . . . , 2ρ1 − 1}, . . . , jd ∈ {0, . . . , 2ρd − 1}.

We collect the points xρ
j1,...,jd

in the data set Xρ. Note that the points are centroids of the
voxels and constitute the original data set, i.e., Xρ = X. Of course, n = |Xρ| = 2ρ1 · . . . · 2ρd .
We will refer to the vector (ρ1, . . . , ρd) as the resolution of the image. Note that, if all ρi

coincide with some given ρ̄ ∈ N then

Xρ = 1
2ρ̄+11+

((
1
2ρ̄

Zd

)
∩ [0, 1)d

)
,

where 1 is the all-ones vector (1, . . . , 1)⊤, i.e., the point set consists of all points in [0, 1]d of
a translate of the integer lattice of side 1/2ρ̄. Naturally, a lower resolution is obtained by
decreasing some or all ρi, resulting in sparser image supports. The question is how small we
can choose a resolution τ ∈ Nd with τi ≤ ρi such that Xτ , together with appropriate weights,
is a coreset.

As it turns out, it suffices to consider a number of points on each axis which depends only
on k and ϵ.
Theorem 4.3 ( [FGK22, Thm. 1])
Let ρ ∈ Nd, (k, Xρ, Ω, K) be an instance of WCA Clustering and ϵ ∈ (0, 1/2]. Then, there is
a τ̄ ∈ N with

τ̄ ≤ 28/3k

ϵ2/3
,
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such that, for τ = (τ̄ , . . . , τ̄) ∈ Nd, the set Xτ together with appropriate weights is an ϵ-coreset
of size

|Xτ | ≤
(

28/3k

ϵ2/3

)d

.

Such a set Xτ is referred to as a resolution coreset. Theorem 4.3 allows us to reduce the
resolution of the scan to a size that is independent of the original resolution and only depends
on the number of grains and the desired accuracy (measured in terms of the cost of the
produced clustering). Hence, we can use grain scans of relatively low resolution, solve (P) for
the correspondingly small data set, and then obtain a diagram representation via (D). Recall
that we can, ultimately, use the diagram to produce a grain image of any (arbitrarily high)
desired resolution.

Let us briefly address the difference between the bounds in Theorem 4.2 and Theorem 4.3
to place the results into perspective. For example, when k = 50 and ϵ = 0.01, not taking
constants (hidden, in Theorem 4.2, in the Landau notation) into account, the coreset size
guaranteed by Theorems 4.2 and 4.3 in 3D is 2.5 · 1011 and 1.25 · 109, respectively. Note,
however, that Theorems 4.2 and 4.3 give worst-case upper bounds which are not known (and
not even conjectured) to be best possible. As we will see in Section 4.5, the image supports
can indeed be reduced much more radically in our practical computations without sacrificing
much of the accuracy.

Let us repeat that, while the coreset property bounds the error in clustering costs it does not
directly provide a theoretical bound for the classification error of the corresponding diagram for
APD Classification(A, S). The practical results in Section 4.5 indicate, however, that the
“indirect” quality guarantee which comes with the coreset property also leads to a favorable
classification behavior.

Grain scan-based interior removal

The previously constructed pencil and resolution coresets make only use of certain characteristics
of grain maps. They can, of course, be derived from a given grain scan (X, Y ), but, in practice,
they are often much more easily available through direct tomographic measurements. While
this is an important feature for practical applications it is, of course, natural to ask how
much is actually lost by not using the full grain scan information. More precisely, using
G = (G1, . . . , Gk), how much further can the size of image supports be reduced while still
constituting coresets, i.e., while still facilitating quite accurate clusterings in terms of their
costs. Note that this is not just a theoretical issue but also highly relevant whenever given
grain scan representations need to be turned into diagram representations to facilitate image
post-processing and analysis tasks.

Suppose that, under ideal conditions, the grain growth process indeed results in a diagram.
Then we may assume that the given grain scan clustering G is close, up to minor imperfections,
to an optimal clustering C∗.

Before continuing, let us mention that such an assumption is in line with several common
stochastic grain growth models, including Poisson-Voronoi and Laguerre [Chi+13; Oka+00].
These methods assume growth from a set of point germs µ1, . . . , µk with a normal distribution
N (µi, Σi) modelling the probability of points being contained in the ith grain. In these cases,
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the shape parameters are chosen according to maximum likelihood resulting in si = µi and
Ai = Σ−1

i . See, e.g., [Alp+23a; Alt+14] for more information.
Under such a “closeness” assumption it seems reasonable to discard all points that are

sufficiently far away from the “grain boundaries” of G. More formally, we choose a suitable
metric d and parameters δi ∈ (0, ∞), and define the δi-interior of Gi by

Gi(δi) = {x ∈ Gi : d(x, x′) ≥ δi ∀x′ ̸∈ Gi}.

In the grid based situation of the previous paragraph it seems natural to use for d a variant of
the 1-norm normalized by the different resolutions on the axes, i.e., for z = (ζ1, . . . , ζd)⊤

∥z∥1 =
d∑

i=1
2ρiζi.

The corresponding norm-induced metric then counts the “grid distance” which is the length
of a shortest path in the underlying grid graph. In Section 4.5, we will use this metric and
refer to it as grid graph distance. Note, that (for any standard metric) Gi(δi) can be computed
efficiently. See [FG22a] for a more comprehensive account on image supports obtained this way.

The parameters δi control the size of the interior, and a larger δi will result in a smaller
δi-interior and, hence, in a larger image support but potentially also higher accuracy. The
specific choices of the δi reflect the initial confidence that G is already close to an optimal
clustering. The deviation from G of the grain scan induced by the computed diagram P may be
viewed as an indicator of the state of the process, i.e., of how far it is from an energy-minimal
state which is indeed characterized by the underlying model.

For the computations in Section 4.5, we employ image supports obtained by coreset techniques
combined with interior removal. Any specific algorithm of the so obtained class of methods
will be referred to as sparse-GBPD or, short, s-GBPD. As we will show, suitable such choices
lead to substantial accelerations of diagram computations on real-world data.

4.4 A direct model for APD CLASSIFICATION

The algorithms of the previous section are based on estimates for the matrices and sites
and treat APD Classification(A, S) indirectly via clustering. We will now propose an
optimization model which addresses APD Classification directly. As it optimizes over
all three characteristic parameters A, S, and Γ, the larger set of diagrams to choose from
will allow for a better fit of (X, Y ). The higher accuracy comes, however, at the price of
computational costs which are substantially higher than those of the methods described in
Section 4.3. Nonetheless, combining the model with our previous point reduction techniques
enables at least its computation for the real-world data set of Section 4.5.

This section has, indeed, a somewhat different focus: On the one hand, it provides a
“benchmark method” for a better assessment of the quality of fit produced by other methods
for appropriately chosen test cases. On the other hand, it may be helpful for “quantifying the
physical state” of a prematurely terminated growth process in terms of the achieved fit. As
expected and exemplified in Section 4.5, the new algorithm will only be practically useful if
computation time is not the main concern.

104



4.4 A direct model for APD Classification

The technique that we will now introduce is based on the paradigm of support vector machines
from data analysis and requires knowledge of (a relevant part of) the grain scan (X, Y ). See,
e.g., [SS02] for additional background information on machine learning.

Let, again G = (G1, . . . , Gk) be the grain scan clustering. If there exists a diagram P(A, S, Γ),
compatible with G, its defining functions hi(x) = ∥x − si∥2

Ai
+ γi will separate the points of

the clusters, i.e., for j ∈ [n] and i, ℓ ∈ [k] with ℓ ̸= i,

hi(xj) ≤ hℓ(xj) for each xj ∈ Gi.

Since, in general, real-world scans will not admit a perfectly fitting diagram, it is natural to
relax these conditions and resort to the optimization problem

min
(ζj)

n∑
j=1

ζj

hi(xj) ≤ hℓ(xj) + ζj

(
j ∈ [n], i, ℓ ∈ [k], ℓ ̸= i, xj ∈ Gi

)
ζj ≥ 0

(
j ∈ [n]

)
.

Here, the non-negative error terms ζj allow for potential misclassification, and the objective
minimizes the accumulated errors. As, however, we can multiply all matrices Ai and sizes γi by
a common positive factor without changing the diagram, the infimum of the objective function
will always be 0, independently of the fit of the diagram. There are various possibilities to break
this invariance. Our approach, reflects the assumption that points near the grain centroids
are already correctly classified by the grain scans and classification errors occur only near the
boundaries. This will be modeled in terms of the δi-interior for suitably chosen δi ∈ (0, ∞)
introduced in the previous section, resulting in the optimization problem

min
(ζj)

n∑
j=1

ζj

hi(xj) ≤ hℓ(xj) − 1
(
j ∈ [n], i, ℓ ∈ [k], ℓ ̸= i, xj ∈ Gi(δi)

)
hi(xj) ≤ hℓ(xj) + ζj

(
j ∈ [n], i, ℓ ∈ [k], ℓ ̸= i, xj ∈ Gi \ Gi(δi)

)
ζj ≥ 0

(
j ∈ [n], xj ∈ Gi \ Gi(δi)

)
.

In this model, all points in the δi-interior of Gi are separated strictly. Note that the specific
choice of 1 for the “margin” is arbitrary as long as it is positive. Let us point out that, while a
positive value of ζj in the optimum indicates that the point xj is misclassified, the objective
function does not actually count the number of misclassified points. In fact, using indicator
variables to express the classification error would result in an integer program which can no
longer be solved for appropriate sizes of grain maps within acceptable time.

The above optimization problem has nonlinear constraints as the optimization extends over
the entries in Ai, si and γi and

hi(xj) = ∥xj − si∥2
Ai

+ γi = xT
j Aixj − 2sT

i Aixj + sT
i Aisi + γi,
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where only the points xj are given. We will therefore apply a lifting technique to linearize the
problem by introducing new variables for each relevant expression. First, we use the notation

xj =

 (xj)1
...

(xj)d

 , Ai =

 (Ai)1,1 . . . (Ai)1,d

...
...

(Ai)d,1 . . . (Ai)d,d


and set

ai = −2Aisi, αi = s⊤
i Aisi + γi

to encode all parameters in the extended parameter vector

Ai =
(

αi, a⊤
i , (Ai)1,1, 2(Ai)1,2, . . . , 2(Ai)d−1,d, (Ai)d,d

)⊤
∈ R1+d+ 1

2 d(d+1).

Note that (Ai, si, γi) can easily be recovered from Ai. In fact, the entries of Ai can be read
off directly, then si = −1/2A−1

i ai and, finally, γi = αi − s⊤
i Aisi. If we now introduce, for each

point xj , its extended coefficient vector

Xj =
(

1, (xj)1, . . . , (xj)d, (xj)2
1, (xj)1(xj)2, . . . , (xj)1(xj)d, . . . , (xj)d−1(xj)d, (xj)2

d

)⊤
,

we can write the separation conditions in terms of the linear expression

hi(xj) = A⊤
i Xj .

Accordingly, we will address APD Classification via the direct linear programming model

(DiM)

min
(ζj)

n∑
j=1

ζj

A⊤
i Xj − A⊤

ℓ Xj + 1 ≤ 0
(
j ∈ [n], i, ℓ ∈ [k], ℓ ̸= i,
xj ∈ Gi(δi)

)
A⊤

i Xj − A⊤
ℓ Xj − ζj ≤ 0

(
j ∈ [n], i, ℓ ∈ [k], ℓ ̸= i,
xj ∈ Gi \ Gi(δi)

)
ζj ≥ 0

(
j ∈ [n], xj ∈ Gi \ Gi(δi)

)
.

In the following we will also use the acronym DiM for any algorithm that solves (DiM).
There is one additional issue to address. In order to derive diagram parameters from a

solution (A∗
1, . . . ,A∗

k) of (DiM), we need to guarantee that the obtained matrices A∗
1, . . . , A∗

k are
symmetric and positive definite. Otherwise, the computations may not result in an anisotropic
power diagram. While the symmetry of the matrices is built into the model, there is, however,
no precaution taken that the A∗

i produced via DiM are indeed positive definite.
To obtain appropriate matrices, we will use the fact that the constraints in (DiM) are

invariant under the operation which replaces all entries (Ai)ℓ,ℓ in Ai by (Ai)ℓ,ℓ + β for any
arbitrary β ∈ R while keeping all other entries as before. In fact, we simply add and subtract

106



4.5 Computational results

the term βx⊤
j xj in the first two groups of constraints. Hence, neither the constraints nor the

objective function values of (DiM) change. In effect, this operation replaces the last 1
2 d(d + 1)

entries in Ai by Āi = Ai + βEd.
So, suppose that not all of the resulting matrices Ai are already positive definite. Then we

can simply switch over to Āi = Ai + βEd for all i ∈ [k] and some suitable β ∈ (0, ∞) so that
all Āi become positive definite. We use the matrices Āi now for the subsequent computation of
the sites and the sizes and set

s̄i = −1/2Ā−1
i ai, γ̄i = αi − s⊤

i Āis̄i.

Then (Āi, s̄i, γ̄i) (i ∈ [k]) yield, indeed, a desired diagram P(Ā, S̄, Γ̄) with the same objective
function value in (DiM).

Let us close by pointing out that (DiM) can be combined with the image supports described
in Section 4.3.2. Indeed, for practical computations one can largely thin out X first and, in
particular, require strict separation only for data points in certain rings Gi(δ−

i ) \ Gi(δ+
i ) with

δ−
i < δ+

i . In Section 4.5 we will employ such accelerating techniques but yet see that (DiM) is
significantly more time-consuming than (P).

4.5 Computational results
We will now evaluate the introduced techniques with respect to computation time and accuracy
using a 3D real-world grain scan from [LP11]. After briefly describing the computational setup,
we will first assess the achievable degree of sparseness of the image supports for s-GBPD. This
allows us to choose appropriate “sparseness parameters” to compare s-GBPD and DiM for a
range of different quality criteria. This comparison will illustrate the degree of fit produced by
the former at a much lower computational cost than the latter.

4.5.1 Computational setup
Our computational study is based on data provided by [LP11]; see also the description in
[Alp+15]. It was obtained by a synchrotron mico-tomograph experiment conducted on a
metastable beta titanium alloy (Ti β21S). The material was scanned with a volume of 240µm
× 240µm × 420µm at a resolution resulting in a voxel edge length of 0.7 µm. It comprises 591
grains, 211 are interior to the polycrystal, i.e., they are entirely surrounded by other grains.

We hence have a grain scan (X, Y ) with

n = |X| = 339 × 339 × 599 = 68, 837, 679 and k = 591.

In the following we refrain from normalizing X and report all results for the original physical
dimension stated above. All computations are carried out in 3D. The images depict 2D slices
parallel to the plane of the first two coordinates. One such example is shown in Fig. 4.1.

Let us point out that the larger blue patch in the left lower corner and the close-by tiny
blue patch surrounded by the green area actually belong to the same grain. While this can
be seen in the 3D image, its 50th slice depicts two components. So, let us emphasize again
that all subsequent 2D images are for illustration purposes only while all reported results have
been fully computed in 3D. This contrasts most computations in [Alp+15] and, as a matter
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Figure 4.1: Slice no. 50 of the data set. Neighboring grains are colored in different colors.

of fact, 3D problems of the size considered here are far beyond the capability of the original
GBPD-algorithm introduced there.

The reported running times were measured on a virtual machine with ten virtual CPUs
corresponding to five Intel(R) Xeon(R) Gold 6148 CPU @ 2.40GHz CPUs and 45GB of memory
(i.e., one CPU processes two virtual CPUs). For better comparison, we solved all linear programs
using the dual simplex algorithm on only one virtual CPU. Let us point out, however, that the
sparse models, which we show to be sufficient, also run on standard machines with less than
16GB of memory.

4.5.2 s-GBPD: Sparseness vs. fit

The coreset constructions in Theorems 4.2 and 4.3 allow us to work with sample sizes that only
depend on k and ϵ without much affecting the clustering cost. Grain-based interior removal
can further reduce the size of the image support. We will now study experimentally the effect
of sparseness on the quality of the generated diagram.

Relative fit and relative cluster weight error

In the following, we measure the quality of fit. More precisely, let P = (P1, . . . , Pk) be the
diagram obtained by the algorithm and set

Ĉi =
{

xj ∈ X : xj ∈ int(Pi)
} (

i ∈ [k]
)
, Ĉ = (Ĉ1, . . . , Ĉk).

Let us point out that Ĉ is not a clustering of X but only of X ∩
⋃k

i=1 int(Pi) (and this is why
we use the notation Ĉ rather than C). We define the relative fit ΦG of Ĉ as

ΦG(Ĉ) = 1
n

∣∣∣∣∣
k⋃

i=1
Gi ∩ Ĉi

∣∣∣∣∣ .
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Note that the points on the cell boundaries are not assigned to any clustering and, hence, count
as misclassified.

Also, we will compute the relative cluster weight error ΨG defined by

ΨG(Ĉ) = 1
n

k∑
i=1

|κi − ω(Ĉi)|.

Pencil coresets

In this setup, the sites S and the matrices A are given and we consider pencils issuing from the
centroids of the Gi whose lines are distributed with respect to the ellipsoids si +{x : ∥x∥Ai

≤ 1}.
While all computations are fully 3D, but this is hard to visualize, Fig. 4.2 illustrates the

construction in 2D with rays emanating from the centroids of the depicted 2D grains.

Figure 4.2: APDs from pencil coresets. From left to right: Computed diagrams (cell bound-
aries shown in black) based on decreasing image supports (the non-white and
non-black colored pixels in the respective images). The diagram in the left image
uses the full image support (the full available data), while the others use image
supports living on pencils of decreasing density.

For about 100,000 points, we obtain already a relative fit of 0.93. Enlarging the image
support improves ΦG only in the third decimal digit. The relative cluster weight error ΨG

benefits slightly more from increasing the density, from 0.025 for 100,000 to 0.02 for 200,000
points. Fig. 4.3 depicts the dependency of the relative fit and the relative cluster weight error
on the density of the sample support. While in Theorem 4.2, both, the number of rays and the
batch error

∑
x∈B∥x − c(B)∥2

A are functions of k and ϵ, we control these numbers in practice
separately.

More precisely, first the number of rays are selected and each point of X is projected on
the appropriate ray, as described in Section 4.3.2. Then the points of each ray are partitioned
into batches B and replaced by the batches’ centroids c(B). We do this dynamically so as to
control the batch errors. Accordingly, Fig. 4.3 also shows the influence of the batch error and
the number of rays (indicated by the size and color of the points, respectively) on the relative
fit and the relative weight error.

In general, the computational results suggest that, within a reasonable range, the number of
rays may be more important than the batch error. This observation supports the intuition that
the shape information about the grains is better captured by additional rays than by more
points on each ray.
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Figure 4.3: Relative fit (left) and relative cluster weight error (right) for pencil coresets
evaluated for different cardinalities of image supports. The numbers of rays and
the batch errors are signified by color and size. Also, the behavior for a fixed
number of rays is indicated by connecting the corresponding points.

Resolution coresets

The results of a similar evaluation for the resolution coresets are illustrated in Fig. 4.4.
Again, we obtain a relative fit of 0.93 for image supports above 100, 000 points. However,

the resolution coreset seems to cause a relative cluster weight error which is only half of that
for pencil coresets, i.e., 0.01 instead of 0.025 for the latter. With increasing resolution, ΨG

decreases further to 0.0022 for 1 million points. Fig. 4.5 depicts the details.
The experimental results suggest that pertaining the grid structure in the image support

Figure 4.4: APDs from resolution coresets. From left to right: Computed diagrams (cell
boundaries shown in black) based on decreasing image supports (the non-white
and non-black colored pixels in the respective images). The diagram in the left
image uses the full image support (the full available data), while the others use
image supports living on resolution coresets of decreasing density.
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Figure 4.5: Relative fit (left) and relative cluster weight error (right) for resolution coresets
evaluated for different cardinalities of image supports.

yields, at the same level of sparsity, diagrams which are closer to the optimal diagram for the
original instance.

Additional grain scan-based interior removal

In our practical evaluation of grain scan-based interior removal, we used a uniform setting, i.e.,
δi = δ̄ for all i ∈ [k] and employed the grid graph distance. See Fig. 4.6 for a visualization in
2D. (Here, and in Figure 4.7, we used the values δ̄ = 2, 6, 10 to enhance the visual impression;
the computations were done with a variety of different values, and we report the results for
δ̄ = 2, 3, 4 as these are most relevant.)

Figure 4.6: APDs for different degrees of grain scan-based interior removal (from left to right:
none, and δ̄ = 10, 6, 2). Shown are the computed diagrams (cell boundaries in
black) based on the decreasing image supports (the non-white and non-black
colored pixels in the respective images).

In order to be able to preserve the size constraints in (P) for the reduced image support,
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we represent each removed δ̄-interior Gi(δ̄) by a single point at Gi’s centroid, weighted by the
cardinality of the removed interior points. While, particularly for large grains, a considerable
number of points may be omitted, the total length of the unmodified “grain boundaries” is
typically quite large. Hence, as a sole thinning strategy, interior removal is insufficient for
reducing the image support to render the linear program tractable in practice.

When combined with the previous coreset strategies, grain scan-based interior removal can,
however, add a significant additional contribution. Pencil and resolution coresets still yield
many points in each grain’s interior, which can be removed for further speeding up (P).

Figure 4.7 illustrates the combination of the coresets with interior removal in 2D. Again, the
resulting diagrams are, as theory suggests, very similar to the original image.

Figure 4.7: Pencil (top) and resolution coresets (bottom) combined with interior removal
(from left to right: none, and δ̄ = 10, 6, 2). Shown are the computed diagrams
(cell boundaries in black) based on the decreasing image supports (the non-white
and non-black colored pixels in the respective images).

In the experimental study, we investigated the effect of different parameter choices on the
relative fit and the relative cluster weight error. Since we discussed the dependence of ΦG and
ΨG on the coreset parameters already, we focus on the dependence on the parameter δ̄. Recall
that the δ̄-interior Gi(δ̄) decreases with increasing δ̄. Fortunately, already a grid graph distance
of δ̄ = 2 produced excellent fits. Best results were obtained for δ̄ = 4.

Figures 4.8 and 4.9 show the effect of different choices for the parameters on the relative fit
and the relative cluster weight error.

In comparison, the combined thinning process based on resolution coresets outperformed
that of pencil coresets: Its relative fit is higher, and its relative cluster weight error is smaller
for all investigated coreset sizes. The difference is, however, generally only in the second or
third digit.

All in all, using as few as 85, 828 points was sufficient to obtain very high relative fit and
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Figure 4.8: Combination of pencil coresets with interior removal: Dependence of Φ(G) and ΨG

on the size of the resulting image support. Again, the color indicates the number
of rays, the size refers to the batch error while the shape of the symbol signifies
the different values of δ̄.
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Figure 4.9: Combination of resolution coresets with interior removal: Dependence of Φ(G)
and ΨG on the size of the resulting image support.

low relative cluster weight error. Increasing the size of the image support to 1, 000, 000 points
results in only very marginal additional improvements. In our setting, an average of only 145
points per grain sufficed for obtaining nearly the same quality of fit as the 116, 476 points in
the original grain scan.
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4.5.3 s-GBPD vs. DiM

While we showed in the previous paragraph that the indirect clustering-based methods yield
already excellent accuracy for small sample sizes, we will now add a comparison with the direct
benchmark method DiM. Specifically, we computed A, S, Γ via DiM and derived the clustering
Ĉ from the diagram P(A, S, Γ). To decrease the number of constraints we reduced the image
support with the above techniques to 85, 828 points, and used only distance constraints for
neighboring grains in the scan.

In addition to the relative fit and the relative cluster weight error and, of course, the running
time, we investigated various additional parameters. In particular, we computed the relative
deviation of the centroids c(Gi) and c(Ĉi), and also of the covariance matrices Σ(Gi) and Σ(Ĉi).
More precisely, the relative centroid error and the relative covariance error are defined as

1
n

k∑
i=1

κi∥c(Gi) − c(Ĉi)∥2 and 1
n

k∑
i=1

κi∥Σ(Gi) − Σ(Ĉi)∥2.

In the latter case, the spectral norm ∥ ∥2 of a matrix measures the largest singular value of
the covariance differences and, thus, essentially captures the difference in the largest singular
vectors of the covariance matrices.

As characteristics of the grain topology affect the physical properties of polycrystals, we
also address the cell combinatorics. In particular, we computed the percentage of correct
neighborhoods of the grains. More precisely, we count a voxel as adjacent to a given one if it
is contained in what is called the 26-neighborhood in discrete topology, i.e. if its centroid is
among the 27 points which can be reached by at most one move in each coordinate direction of
the grid graph. A grain is a neighbor of another grain if a voxel of the former is adjacent to a
voxel of the latter. The neighborhood is correct if all grain neighbors in the ground truth are
also neighbors in the representation.

We also computed the percentage of grains whose neighborhood has at most 2 errors, where
an error is a missing or additional grain neighbor not present in the ground truth. In view of
the results of the previous section, we focus on the resolution coresets with interior removal as
the specific version of s-GBPD, with image support of 85,828 points. Table 4.2 depicts these
results.

Performance characteristics s-GBPD DiM

Relative fit ΦG 0.9334 0.9559
Relative cluster weight error ΨG 0.01 0.02
Relative centroid error (in µm) 0.62 0.61
Relative covariance error (in µm2) 15,53 8.72
Correct neighborhoods (in %) 35.70 63.45
Correct neighborhoods up to 1 error (in %) 72.08 91.71
Correct neighborhoods up to 2 errors (in %) 92.39 98.14
Computation time (in min) 2.60 627.00

Table 4.2: Comparison of s-GBPD and DiM for polycrystal representation.
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While the Laguerre method from [Lyc+11] achieves a relative fit ΦG of 0.86 on this data set
(see [Lyc+11]), both our methods relying only on parts of the data improve the relative fit to
a value of over 0.93. As expected, the direct model algorithm DiM performs better in most
criteria but requires a significantly higher running time than s-GBPD. Since the differences
are mostly marginal, the experimental findings indicate that we can compute a high precision
3D diagram representation of the grain scan in less than 3 minutes using s-GBPD. We expect
that s-GBPD behaves similarly for other data sets as long as the resolution and the number of
grains are of a similar magnitude.

4.6 Outlook
As we have seen, s-GBPD generates high-quality diagram representations of polycrystalline
scans at speeds acceptable in many applications. If some applications require much faster
algorithms, then – given the current state of the art – one needs to resort to algorithms that
avoid optimization altogether by fixing the parameters to values that were found useful in
empirical studies. Although some of these parameter choices can be interpreted in the context
of Bayes classifiers [Alp+23a], currently none of them comes with approximation guarantees.

Let us close with some remarks on the role the grain scan plays in applying s-GBPD. While
we focussed here on the situation that the whole grain scan (X, Y ) is available, s-GBPD can be
adjusted to require only certain measurements of the polycrystal. Grain volumes, centers, and
second-order moments can, in many cases, be measured directly using tomographic techniques,
and the described clustering approach can be solely based on such measurements. Both, pencil
and resolution coresets, can still be constructed then. Grain scan-based interior removal, on the
other hand, is (as emphasized correctly by its very name) based on the knowledge of (X, Y ).

It is, however, possible to remove the dependency on (X, Y ) by adding an assumption that is
common in stochastic grain growth models; see e.g. [Chi+13; Oka+00]. In fact, in such models,
the underlying grain growth is often viewed as some realization of a stochastic process involving
multivariate normal distributions N (µi, Σi) for each grain. Their 3-dimensional mean vectors
µi and 3 × 3-covariance matrices Σi are determined by the measurements and correspond to
A and S. Under such an assumption, interior points can be removed from the coreset by
removing points with high density measured by the corresponding multivariate density function.
As points close to the centroids have high density, this approach removes the interior points.
Hence, it is possible to obtain additional speed-ups even when only the above measurements
are available.
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Chapter 5

Dynamic Grain Models via Fast Heuristics
for Diagram Representations

This text introduces a mathematical model for studying dynamic grain growth. In particular,
we show how characteristic measurements, grain volumes, centroids, and central second-order
moments at discrete moments in time can be turned quickly into a continuous description of the
grain growth process in terms of geometric diagrams (which largely generalize the well-known
Voronoi and Laguerre tessellations). We evaluate the computational behavior of our algorithm
on real-world data.

5.1 Introduction

Grain growth is an important field of study in materials science as the resulting grain structures
strongly influence the mechanical and physical properties of metals, ceramics, and other
polycrystalline materials [Pou04; RRH04]. Although a number of different models have been
introduced over the years, starting with works of Smith, von Neumann, and Mullins in the
1950s [Mul56; Neu52; Smi52], understanding and controlling grain growth remains challenging,
both in theory and practice. For instance, the recent empirical study [Zha+18] demonstrates
that neither the classical Hillert’s model [Hil65] nor the MacPherson-Srolovitz model [MS07]
capture anisotropic grain growth adequately. Additional challenges are discussed in [HTS18;
Hu+21; RZ18].

This text introduces a mathematical interpolation/extrapolation model for quickly turning
information acquired at discrete moments in time into a continuous description of the grain
growth process. It employs diagram representations of grain maps (which will be formally
introduced in Section 5.2) based on measured estimates of the grain volumes, centroids, and, if
available, central second-order moments. Such characteristics can be obtained, for instance, by
utilizing tomographic techniques; see [Pou04; PV19].

The diagram representations considered in this chapter are generalizations of previously used
(isotropic) Laguerre and Voronoi tessellations [Lyc+11; Tel+92; Tel+96] and allow for curved
boundaries and non-convex grains. While these representations are based on a phenomenological
model whose physical foundation is still not fully understood, they have consistently been
reported to capture the physical principles governing the forming of polycrystals quite well; see
[Alp+15; Alt+14; Pet+21; Šed+16; Šed+17; Spe+16; TGB15; TR18]. Several sophisticated
optimization algorithms are available for computing or approximating such diagrams with
high accuracy, [Alp+15; Pet+21], but they require relatively large computational cost. This
can be a bottleneck, particularly in dynamic 3D studies. We therefore focus in this text on
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extremely fast optimization-free heuristics for fitting diagrams to measured data. Methods for
the related but generally different task of generating synthetic grain structures that follow a
given distribution are discussed in [BBH16; Bou+20; Gui+11; KS08; XL09].

First, we use discriminant analysis to interpret a heuristic, subsequently referred to as
H1, which was introduced in [Lyc+11] for the isotropic case and extended by [TR18] to the
anisotropic case. Our analysis leads naturally to an even simpler and faster heuristic H2,
proposed in [Alt+14], which can now be explained to perform equally well under certain
conditions. Also, the comparison of H1 and H2 suggests that diagram parameters may provide
additional insight into the stage of the growth process. We apply these heuristics to available
grain maps in order to assess their quality. Then we introduce a dynamic grain growth model to
obtain a continuous description of the process based on measurements at only a few moments
in time. Finally, we evaluate the computational behavior of our algorithm on real-world data.
Our study indicates that the growth process converges towards particularly simple diagrams,
which seem to be energetically favorable.

The chapter is organized as follows. Section 5.2 introduces the relevant diagrams and
formalizes the concept of grain scans. Sections 5.3 and 5.4 address optimization-free heuristics,
both, in terms of a theoretical analysis and a practical evaluation on real-world data. Section 5.5
introduces a dynamic model which is capable of extending measurements at a few time steps to
a continuous grain growth model very quickly. The results of our empirical study on practical
grain data are then given in Section 5.5. Section 5.6 concludes with some final remarks.

5.2 Diagrams and grain scans

Adequate representations of grain maps can be valuable tools for understanding the physical
principles of grain growth and the properties of the resulting material. In fact, the diagram
representations studied in this text require only a few parameters per grain and are thus
relatively easy to process. As they exhibit geometric and combinatorial features of grain maps
which are not readily available otherwise, such representations may contribute to predicting
and, potentially, even controlling the forming of new materials.

Some or all parameters which specify a diagram can be estimated from certain tomo-
graphic measurements, and optimizing the remaining ones then constitutes an inverse problem;
see [Alp+23b]. Previous studies [Alp+15; Alt+14; Pet+21; Šed+16; Šed+17; Spe+16; TGB15;
TR18] indicate that, in particular, grain volumes, centroids, and central second-order moments
govern decisive properties of grain maps.

Let us now formally introduce the appropriate class of diagrams. Let d ∈ N denote the
dimension of space. Here, we are mainly interested in the 3 dimensional case. However, our
approach works for general d, and, in fact, planar sections or surfaces of polycrystals are
also relevant in practice. Further, let k ∈ N denote the number of different grains in the
underlying grain map. An anisotropic power diagram is specified by the following data for each
i ∈ [k] := {1, . . . , k}:

• a positive definite symmetric matrix Ai ∈ Rd×d,

• a site si ∈ Rd, and a

• size γi ∈ R.
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For simpler reference, we collect these parameters in the two families A = {A1, . . . , Ak} and
Γ = {γ1, . . . , γk}, where repetitions of elements are permitted, and the set S = {s1, . . . , sk}.
The sites specify the positions of the grains while the matrices in A describe characteristics
of their shapes. In fact, each grain is equipped with its own ellipsoidal norm ∥ ∥Ai given
through Ai by

∥x∥Ai =
√

x⊤Aix, (x ∈ Rd).
The sizes γi are used to control the grain volume.

Given A, S and Γ, the anisotropic power diagram (in the following often simply referred to
as diagram)

P = P(A, S, Γ) = {P1, . . . , Pk},

is a decomposition of Rd into cells Pi defined by
Pi =

{
x ∈ Rd : ∥x − si∥2

Ai
+ γi ≤ ∥x − sℓ∥2

Aℓ
+ γℓ, ∀ℓ ∈ [k] \ {i}

}
.

In particular, two different cells do not share interior points, i.e., int(Pi) ∩ int(Pℓ) = ∅ for i ̸= ℓ.
See [BGK17] and [GK17] for examples and further properties of different classes of diagrams.

Diagrams can be viewed as continuous (or resolution-independent) representations of poly-
crystalline samples. Conventionally, the samples are represented as voxel-based digital images at
some resolution, called grain maps. More generally, given a set of points X = {x1, . . . , xn} ⊆ Rd

in the sample and labels, i.e., y1, . . . , yn ∈ [k], with k ∈ N denoting the number of different
grains in the sample, we will call the labeled data set

{
(xj , yj) : j ∈ [n]

}
a grain scan or

polycrystal scan. In the following, we refer to it as (X, Y ) with the understanding, that the
indices of the labels in the family Y = {y1, . . . , yn} correspond to the indices of the points
in X. A grain scan therefore provides a partitioning of X into (the discretizations of) the
grains Gi =

{
xj : (xj , i) ∈ (X, Y )

}
. We can then measure the fit of the diagram in terms of the

symmetric difference of Gi and X ∩ Pi for all i ∈ [k]. (Points on the boundary of two or more
cells are assigned according to some preference criterion or, conservatively, can be viewed as
classification error, but are essentially irrelevant in our context and hence generally discarded.)

Usual grain maps are special grain scans where the sample is assumed to be in the range
[0, 1]d and points of X are identified with the points of [0, 1]d in the grid ρZd for some resolution
ρ ∈ (0, 1). Note that, with κi = |Gi|, the term ρdκi can be regarded as an approximation of
the volume νi of the ith grain.

If a grain scan is available the computation of a best fitting diagram requires the optimization
of all three characteristics A, S and Γ. While this can indeed be done, see [Alp+23b], it
is, however, too time-consuming, given current optimization technology, for dynamic 3D
applications. Hence, we will in the following assume that A and S are available through
measurements and Γ will be determined by a heuristic which may, additionally, use grain
volume information, i.e., (approximations of) ν1, . . . , νk. As such heuristics abstain from any
optimization, they are computationally fast but potentially result in a higher misclassification
error.

5.3 Optimization-free heuristics
This section considers two heuristics that derive all characteristic parameters A, S, Γ for
an anisotropic power diagram directly from given measurements. These heuristics avoid
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optimization routines altogether, are fast and, as we will see, already provide a reasonable
classification accuracy. More specifically, we provide a new interpretation of the heuristics
introduced in [Lyc+11; TR18] and [Alt+14] within the framework of discriminant analysis.

Choices for A and S

Discriminant analysis is a popular classification technique in statistics and provides a different
perspective on the a priori choices for the characteristic parameters (A, S, Γ); see e.g. [HTF09].
Within its realm, the grain scan is regarded as a sample of the multivariate random variable
(X, Y) where X specifies a point in [0, 1]d and Y gives the index i ∈ [k] of the corresponding
grain. Discriminant analysis estimates the distribution of the multivariate random variable
from samples and assigns a point to the class with the highest probability p. Hence, the decision
boundary between two classes i, i′ consists of those points x that have an equal conditional
probability of lying in either class, i.e.,{

x ∈ Rd : p(Y = i| X = x) = p(Y = i′| X = x)
}

.

For its estimation, discriminant analysis applies the maximum likelihood principle under the
assumption that the members from each class are normally distributed. As each normal
distribution N (µi, Σi) is fully determined by its d-dimensional mean vector µi and its (d × d)-
covariance matrix Σi, it is these characteristics that need to be estimated. It is well known
that the maximum likelihood principle results in the choices of the sites S as the centroids and
the matrices A as the inverse of the covariance matrices of the sample, i.e., more precisely,

µi = ci = 1
|Gi|

∑
xj∈Gi

xj ,

Ai =
(
Σ(Gi)

)−1 =
(

1
|Gi|

(xj − ci : xj ∈ Gi)(xj − ci : xj ∈ Gi)T

)−1

for i ∈ [k]. Note that the latter requires that the matrices Σ(Gi) have full rank d. This can
be assumed here as, in the underlying model, grains that are degenerate to volume 0 do not
matter. The above maximum likelihood setting is precisely the choice for A and S suggested
in [Alp+15], and subsequently also used in [TR18]. Also, estimates for these parameters are
available through tomographic measurement.

Let us point out that, in practice, discriminant analysis is often applied even when the
underlying assumption of a normal distribution is only met approximately (as is the case here).
This is justified as the procedure is generally reported to be quite robust; see, e.g., [LG79].

Choices for Γ
We will now turn to the third set of characteristics, i.e., the sizes Γ. We show first that the
choice of Γ in heuristic H1 can also be interpreted within the paradigm of discriminant analysis
with a specific prior. Building on this interpretation, a different natural choice will lead to H2.

To begin with, let us briefly recall the volume argument of [Lyc+11] and (in its anisotropic
generality) [TR18] that leads to the specific choice for Γ in heuristic H1.

Let A ∈ Rd×d be positive definite and symmetric. As A can be diagonalized there exist
an orthogonal matrix U ∈ Rd×d and a diagonal matrix D = diag(λ1, . . . , λd) ∈ Rd×d with
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λ1, . . . , λd > 0 such that A = UDUT . Then, using the abbreviation D1/2 = diag(
√

λ1, . . . ,
√

λd),
we have for the unit ball Bd

A and ρ ∈ (0, ∞)

ρBd
A =

{
x ∈ Rd : ∥x∥A ≤ ρ

}
=
{

x ∈ Rd : xT Ax ≤ ρ2}
=
{

x ∈ Rd : xT UDUT x ≤ ρ2} = ρUD−1/2Bd
2.

Hence, the volume vol
(
ρBd

A

)
of this ellipsoid is given by

vol
(
ρBd

A

)
= ρd vol

(
UD−1/2Bd

2
)

= ρd det(A)−1/2 vol
(
Bd

2
)
.

Regarding the ellipsoid ci + ρBd
Ai

as an approximation of the ith grain, it is now natural to
choose γi according to the volume condition

vol
({

x ∈ Rd : ∥x∥2
Ai

+ γi ≤ 0
})

= νi

involving the available approximation νi for the volume of the ith grain. A simple computation
yields

γi = −ρ2 = −

(
νi

vol
(
Bd

Ai

))2/d

= −

(
νi

√
det(Ai)

vol
(
Bd

2
) )2/d

For d = 3, and with the specific setting of Ai =
(
Σ(Gi)

)−1, this yields the choice

γi = −

(
3νi

4π
√

det(Σ(Gi))

)2/3

from [Lyc+11; TR18]. In order to interpret this choice via discriminant analysis, we determine
which probability distribution, called prior, will lead to the same decision boundaries between
the classes. So, let

π1, . . . , πk ∈ [0, ∞), N =
k∑

i=1
πi ̸= 0.

Then (π1, . . . , πk) specifies the a priori “belief” about the prior probability πi/N that a point
(regardless of its position) belongs to cluster i, i.e.,

πi

N
= p(Y = i), (i ∈ [k]).

The computation of the decision boundary is then facilitated via Bayes’ Theorem. As each
class is assumed to be normally distributed, Bayes’ Theorem involves the conditional density
functions

fX | Y=i(x) = det(Ai)1/2

(2π)d/2
· exp

(
−1

2(x − ci)⊤Ai(x − ci)
)

of the k estimated normal distributions N (µi, Σi), i.e., with

µi = ci, Σi = Σ(Gi) = A−1
i .
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In this situation, Bayes’ Theorem states that

p(Y = i| X = x) =
fX | Y=i(x)πi∑k

ℓ=1 fX | Y=ℓ(x)πℓ

.

Therefore, the maximum likelihood decision boundaries between two classes i, i′ can be deter-
mined by solving the equation

fX | Y=i(x) · πi = fX | Y=i′(x) · πi′ .

Taking the logarithm, using that (x−ci)⊤Ai(x−ci) = ∥x−ci∥2
Ai

, and simplifying, this condition
turns into the equation

∥x − ci∥2
Ai

− log
(
det(Ai)

)
− 2 log(πi) = ∥x − ci′∥2

Ai′ − log
(
det(Ai′)

)
− 2 log(πi′).

Hence, these decision boundaries coincide with that of the diagram with the parameters (A, S, Γ)
if and only if

γi = γ
(1)
i = − log

(
det(Ai)

)
− 2 log(πi) + γ, (i ∈ [k]),

where γ ∈ R is an arbitrary constant. (Recall that the diagrams are invariant under such
common additions to the sizes.) For the above choice of the sizes in H1, we hence obtain

πi = π
(1)
i = eγ/2√

det(Ai)
· exp

1
2

(
νi

√
det(Ai)

vol(Bd
2)

)2/d
 , (i ∈ [k]).

Since

1√
det(Ai)

=
√

det(Σ(Gi)) = 1
vol(Bd

2)
· vol(Bd

Ai
),

the first factor is proportional to the volume of the ellipsoid Bd
Ai

. The second factor is a
“correction term” which increases exponentially if the measured grain volume ρdκi exceeds
vol(Bd

Ai
). The first term seems natural while the second is quite unusual.

Within the realm of discriminant analysis it appears reasonable to simply set γi = 0 for all
clusters i. Then we obtain the priors

πi = π
(2)
i = eγ/2√

det(Ai)
, (i ∈ [k]),

which are proportional to the volumes of the ellipsoids corresponding to the covariance matrices
of the grains. Thus, this simpler prior distribution encodes the assumption that the ellipsoid
volumes already represent the grain volumes well. This justifies the choice

γ
(2)
1 = . . . = γ

(2)
k = 0,

proposed in [Alt+14]. We will refer to the respective heuristic as H2.
In the next section we compare the behavior of H1 and H2 on available real-world grain

scans.
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5.4 Comparison of H1 and H2
We compare the two heuristics H1 and H2 on a real-world 3D grain scan and indicate how their
difference can be interpreted. This may be of particular interest for understanding the state of
a grain growth process and will be taken up in Section 5.5.

Experimental evaluation
We compare the methods with a data set taken from [Lyc+11] that has been obtained by a
synchrotron micro-tomograph experiment conducted on a metastable beta titanium alloy (Ti
β21S). The material was scanned with the volume of 240µm × 240µm × 420µm at a resolution
corresponding to a voxel size of 0.7 µm. This scan resulted in a 3D voxel image of size 339 ×
339 × 599 composed of a total of 591 grains. All our computations are carried out in 3D, i.e.,
d = 3.

In the following, we assess the quality of fit by means of different measures. Let P =
{P1, . . . , Pk} be a diagram (obtained by H1, H2, or, for that matter, any other algorithm). We
set

Ĉi =
{

xj ∈ X : xj ∈ int(Pi)
} (

i ∈ [k]
)
, Ĉ = (Ĉ1, . . . , Ĉk).

Note that Ĉ is not a clustering of X but only of X ∩
⋃k

i=1 int(Pi); this is indicated by writing
Ĉ rather than C.

A natural measure how well P captures the grain scan G = (G1, . . . , Gk) is the relative fit
or accuracy ΦG of Ĉ defined by

ΦG(Ĉ) = 1
n

∣∣∣∣∣
k⋃

i=1

(
Gi ∩ Ĉi

)∣∣∣∣∣ .
Let us point out that, as they are not assigned within Ĉ, all points on the cell boundaries count
as misclassified.

In Table 5.1 we will also report on the behavior with respect to the relative cluster weight
error

ΨG(Ĉ) = 1
n

k∑
i=1

∣∣κi − |Ĉi)|
∣∣,

and the relative deviation of the centroids c(Gi) and c(Ĉi), and the covariance matrices
A−1

i = Σi = Cov(Gi) and Cov(Ĉi), respectively. Formally, the relative centroid error and the
relative covariance error are defined as

1
n

k∑
i=1

κi∥c(Gi) − c(Ĉi)∥2 and 1
n

k∑
i=1

κi∥Σi − Cov(Ĉi)∥2.

For the latter, we used the spectral norm. This matrix norm measures the largest singular
value of the covariance differences and, thus, intuitively captures the difference in the largest
singular vectors of the covariance matrices. Note that, as defined, the latter two measures
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depend on the original physical dimensions of the sample. We refrain from any additional
normalization as we do not conduct inter-sample studies here.

We will also address combinatorial features. More precisely, we consider the percentage of
grains with a correct neighborhood, i.e., with all grain neighbors in the ground truth being also
neighbors in the representation. Here, a grain is a neighbor of another grain if a voxel of the
former grain is adjacent (face-connected, edge-connected or vertex-connected) to a voxel of
the later grain. We also provide this percentage when one and, respectively, two errors in the
neighborhood are allowed, i.e., when there is either one additional or one missing voxel.

The results of our evaluation are shown in Table 5.1.

Performance Characteristics H1 H2
Accuracy (in %) 92.98652 92.98658
Relative Cluster Weight Error 0.02869 0.02869
Relative Centroid Error (in µm) 0.64346 0.64347
Relative Covariance Error (in µm2) 15.25372 15.25376
Correct Neighborhoods (in %) 42.30118 42.30118
Correct Neighborhoods up to 1 Error (in %) 80.54146 80.54146
Correct Neighborhoods up to 2 Errors (in %) 94.92386 94.92386
Running Time (in s) 1.49641 0.00000

Table 5.1: Comparison of H1 and H2.

Let us point out that the displayed running times involve the heuristics but, for a fairer
comparison, do not include the computation of the performance criteria. Hence, the entry 0
for the running time of H2 refers to the fact that all parameters defining P are given upfront.
Also, while we exercised appropriate care for the implementations, we do not claim that our
code is fully optimized.

In terms of fit, we observe that both heuristics perform extremely well, in fact, almost
identical, on the given real-world data set. We will now offer an explanation for the latter
behavior.

Similarity and difference

While both heuristics, H1 and H2, employ the same matrices A and sites S, they generally
differ in the sizes Γ of the resulting diagrams. Hence, the nearly identical performance depicted
in Table 5.1 for all applied quality criteria may come as a surprise. As observed before, the
priors underlying H1 and H2 denoted π

(1)
i and π

(2)
i , as before, differ by a factor that depends

exponentially on the deviation of vol(Bd
Ai

) from the measured grain volume νi.
Now, let αi be a positive real number such that

νi = αi · vol(Bd
Ai

) = αi · vol(Bd
2)√

det(Ai)
.
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Then, for each i ∈ [k],

π
(1)
i = eγ/2√

det(Ai)
· exp

1
2

(
νi

√
det(Ai)

vol(Bd
2)

)2/d
 = eγ/2√

det(Ai)
· exp

(
1
2α

2/d

i

)

= π
(2)
i · exp

(
1
2α

2/d

i

)
,

and, expressed in terms of the sizes γ
(1)
i used in H1, we obtain

γ
(1)
i = −

(
νi

vol
(
Bd

Ai

))2/d

= −α
2/d

i .

Now, suppose that all factors αi are identical, i.e., νi = α · vol(Bd
Ai

) for some positive real
number α independent of i. Then, of course,

π
(1)
i = π

(2)
i · exp

(
1
2α

2/d

)
, γ

(1)
i = −α

2/d, (i ∈ [k]).

Hence, the (normalized) priors for H1 and H2 coincide, which implies that the maximum
likelihood decision boundaries for the two heuristics are the same. Further, since diagrams are
invariant under the addition of a constant to each size, the diagrams produced by H1 and H2
are identical.

We suspect that grain structures for which the volumes of the unit balls Bd
Ai

with respect
to Ai =

(
Σ(Gi)

)−1 are nearly proportional to the grain volumes νi might turn out to be
energetically favorable. According to the above reasoning, the former may be quantified by the
variance of the powers Γd/2 = (γd/2

1 , . . . , γ
d/2
k ) computed in H1, i.e.,

var(Γd/2) = E
(
Γd/2 − E(Γd/2)

)
= 1

k

k∑
i=1

(
γ

d/2
i − 1

k

k∑
i=1

γ
d/2
i

)2

.

As an example, we will in Section 5.5 compute the evolution of var(Γ3/2) at different moments
in time for a real-world 3D grain growth process. In terms of H1 and H2, we might expect
that if the two heuristics perform differently in practice, the current grain structure will not be
energetically minimal, and further growth will result in an improved structure.

We close this section with a “constructed” theoretical example which sheds some additional
light on the behavior of the two heuristics. Since the general principle of the construction is the
same in higher dimension and can, hence, already be illustrated in 2D we restrict the following
description to the case d = 2.

As depicted in the top row of Fig. 5.1, the image consists of two grains G1 and G2; one
(orange) is the square [0, β] × [0, β] for different values of β ∈ (0, 1), the other (blue) is its
complement in [0, 1] × [0, 1]. Of course, one would not expect such samples to originate from
real-world grain scans. The bottom row of Fig. 5.1 shows the corresponding ellipses ci + B2

Ai

with respect to Ai =
(
Σ(Gi)

)−1.
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Figure 5.1: A family of grain scans involving a parameter β to illustrate differences between
H1 and H2. Top, from left to right: Grain scans for β = 0.1, β = 0.5, and
β = 0.9. Grain G1 (orange) fills the square [0, β] × [0, β], G2 (blue) fills the rest
of the unit square. The bottom row shows the computed ellipses ci + B2

Ai
with

Ai =
(
Σ(Gi)

)−1 for i = 1, 2.

As argued before, the variance of the ratios νi/ vol
(
B2

A1

)
is a relevant parameter. Figure 5.2

therefore provides plots of

β2

vol
(
B2

A1

) and 1 − β2

vol
(
B2

A2

)
as a function of β.

Note that these ratios differ considerably for larger values of β. Hence, we would expect
that the heuristics H1 and H2 behave quite differently in these cases. This is confirmed by the
resulting diagrams depicted in Fig. 5.3.

The behavior for β = 0.9 suggests that H1 tries to preserve the areas of the grains, while H2
seems to favor their shapes. If the relevant volume ratios are close, as is the case for small β,
both heuristics achieve both aims and perform similarly.

Figure 5.4 shows the ratios of the grain volume νi and the areas of the diagram cells under
the two models H1 and H2, respectively.

5.5 Dynamic grain growth

We now describe a simple interpolation/extrapolation model that is capable of quickly turning
information acquired at a few moments in time into a continuous description of the grain
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Figure 5.2: Ratios νi/ vol
(
B2

Ai

)
of the areas of the grain and the corresponding ellipsoid for

i = 1 (orange) and i = 2 (blue) as a function of β.

growth process. Then we report on the results of an empirical evaluation on a real-world grain
scan time series. Finally, we study the correlation between the diagram size parameters Γ and
the disappearance of grains in the process.

The model

Since well-chosen diagrams have been demonstrated to yield high-quality representations of
grain structures of many types of polycrystalline materials, it is natural to exploit their rather
low-dimensional parameter space for deriving continuous models from data measured at discrete
times. Recall that a diagram is fully characterized by the triple (A, S, Γ). In order to simulate
the dynamic evolution of grain structures over time, we can fit a polynomial (or any other desired
type of function) for each diagram parameter extracted from a discrete-time series polycrystal
data set. These functions then represent the continuous change in diagram parameters during
the growth process. Understanding the evolution of the diagram parameters over time may
help predict changes in the material during an annealing process and may provide further
insights into the material characteristics.

Suppose, that 3D-grain scans (or at least appropriate characteristic measurements) are
available at the discrete times t0, t1, . . . , tm. Then we compute, for each t = tℓ, the parameters of
an anisotropic power diagram Pt = P(At, St, Γt) which represent the grain scans. Subsequently,
we select a class F of parameterized functions and determine one that best fits the data
At, St, Γt. In our experimental setting we choose polynomials of a small degree to avoid
overfitting, and we measure the fit in terms of least-squares deviation.

In 3D, the interpolation/extrapolation involves ten functions of F for each grain, three
for the coordinates of the diagram sites, three for the rotation part of the grains’ covariance
matrix, three for the length of the principal axis of the covariance matrix, and one for the size
parameter. Of course, in order to set up the computation of the functions, we need to “track”
each grain, i.e., we need to identify which grain corresponds to which at the different moments
t in time.
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Figure 5.3: Diagrams for the family of grain scans from Fig. 5.1 obtained via H1 (top row)
and H2 (bottom row).

During the grain growth process, grains may disappear. We assume, however, that no new
grains emerge. In the experimental series that will be described in more detail below, about
40% of all initially present grains disappeared throughout the process. Hence we distinguish
between such non persistent grains and persistent grains that exist throughout the observed
time interval. Of, course, for non persistent grains, the functions are fitted only as long as the
grain “definitely exists”. More specifically, if a previously existing grain disappears from the
measurement, we choose as last diagram parameters the covariance matrix from the previous
time step and compute a size parameter such that its grain volume is essentially zero. If, on
the other hand, for some moment in time our prediction generates a covariance matrix and a
size parameter which result in a grain volume close to zero, we exclude the grain from further
consideration.

The diagrams Pt can, in principle, be computed by any suitable method. In addition to
the obvious criteria that any employed algorithm should be computationally fast and produce
diagrams of appropriate accuracy, one has to pay attention to its behavior concerning the
invariances within the parameter space to avoid corruption of the interpolation/extrapolation.
As we are using the heuristic H1 described in Section 5.3, all parameters are, however, uniquely
determined by the measurements, and we can hence, in the following, ignore this issue.

The data

The data used for our experimental study is taken from [Zha+18]. It comprises 15 3D scans of
a 99.9% pure polycrystalline iron sample taken at different moments in time of an annealing
process. More precisely, the material was first cold-rolled and annealed for 30 minutes at
700°C to fully recrystallize before it was first scanned (time t0). Subsequently, the sample
was annealed again at 800°C for 10 minutes to simulate grain growth, cooled to stabilize, and
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Figure 5.4: Ratio of the area νi of the original grain and the area of the corresponding diagram
cell obtained by H1 (left) and H2 (right) for i = 1 (orange) and i = 2 (blue) as a
function of β .

then scanned again (time t1). This was repeated another 13 times with annealing periods of 5
minutes (times t2, . . . , t14). The effect of the process is already visible by the number of grains
in the sample. While the first scan exhibits 1327 grains, the last one contains only 776, and
the number of interior grains strictly decreases from 387 to 189; see [Zha+18, Table 1] for
more details. The identification of grains over the 15 moments in time is already provided by
[Zha+18].

For this data set, we computed 15 anisotropic power diagrams. We used H1 as we were
also interested in featuring the temporal development of the corresponding sizes in view of the
relation of H1 and H2 elaborated in Section 5.3.

Evaluation

We apply a cross-validation to assess the quality of the model. To compute the accuracy at
time tℓ, we exclude the data for tℓ and fit the functions on the data for the remaining times
{t0, . . . , t14} \ {tℓ}. Then we evaluate the obtained interpolation/extrapolation functions at
time tℓ to compute diagram parameters Âℓ, Ŝℓ, Γ̂ℓ. Finally, we determine the accuracy Φ of the
resulting diagram P̂ℓ of representing the grain scan at tℓ.

The results for polynomials of degree 1, 2, and 3 are depicted in Fig. 5.5 in yellow, orange,
and red, respectively. Let us point out that the piecewise linear curves which connect the 15
data points for each color are only drawn for a better perception of the trends over time.

We observe that the degree of the employed polynomials does not seem to have a strong
impact on the fit. It would be interesting to link this observation to the “uniform setup” in
terms of the actions over time of the underlying grain growth process.

As an additional reference the blue markers give an upper “orientation” for the accuracy that
one may expect from the model. In fact, the blue markers depict the accuracy of H1 at each of
the 15 time steps. The curves are dashed at both ends to signify that the model changes from
interpolation to extrapolation at these extremes. Also, note that the earlier annealing times
differ from the latter ones.
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t0 t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12 t13 t14
0.0
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Figure 5.5: Accuracy (within the cross-validation paradigm) of the interpolation/extrapola-
tion model plotted for each time step using polynomials of degree 1, 2, and 3,
respectively for the fit.

Figure 5.5 shows that the accuracy of our models is generally high. With quadratic polyno-
mials, we obtain an initial accuracy of 74%, which increases over time to approximately 86% for
later time steps. Note that this is not much below the accuracy obtained by H1 on the ground
truth. The general trend that accuracy increases with time (and hence prediction becomes
easier) for this data set is in perfect agreement of the findings in [Zha+18; ZGZ20], which
show that over time the system approaches the self-similar regime.

Figure 5.6 show a fixed 2D slice of the 3D polycrystal at various moments in time and the
diagrams resulting from our model (in the cross-validation scheme described above).

Size variation

In the remaining part of this section, we study how the growth process affects the size parameters
Γt. As Fig. 5.5 shows, the accuracy of the model increases with the duration of the process.
This may be seen as an indication that the employed diagram structures are energetically
favorable. Complementing the analysis of Section 5.4, we will now empirically study how the
size parameters Γ of the diagrams change as the grains grow.

Let us begin by recalling the interpretation for the similarities and differences of H1 and
H2. In fact, based on the analysis of Section 5.4 we suspected that for persistent grains the
variances of the powers Γ3/2

t of the sizes chosen by H1 should be significantly smaller than for
non persistent grains. As Tables 5.2 and 5.3 show, these variances are indeed all small but
significantly smaller for the persistent grains. This means, on the one hand, that the sites do
not vary much, and we might as well have employed the simpler heuristic H2. On the other
hand, in terms of the sites, non persistent grains are less “regular” than persistent grains.
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5.5 Dynamic grain growth

Figure 5.6: Visual comparison of diagrams obtained from full data (available for t0, . . . , t14)
and the interpolation/extrapolation model that uses all data except for the
respective moment in time. A fixed 2D slice through the 3D data set at times
t0, t5, t9 and t13 (top row); the corresponding diagram representation obtained
via H1 (2nd row) and, respectively, via the interpolation/extrapolation model
that uses only data from the other moments in time and best-fitting quadratic
polynomials (3rd row); symmetric difference between the images from the 2nd
and 3rd row (bottom row).

tℓ+0 tℓ+1 tℓ+2 tℓ+3 tℓ+4

ℓ = 0 6.409 · 10−8 6.214 · 10−8 5.130 · 10−8 3.016 · 10−6 2.544 · 10−7

ℓ = 5 6.719 · 10−6 5.839 · 10−6 1.057 · 10−5 7.025 · 10−4 9.815 · 10−7

ℓ = 10 2.286 · 10−4 7.425 · 10−5 5.749 · 10−5 1.185 · 10−3 1.823 · 10−5

Table 5.2: Variance of Γ3/2
tℓ

for ℓ ∈ {0, 1, . . . , 14} of persistent grains. 131
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tℓ+0 tℓ+1 tℓ+2 tℓ+3 tℓ+4

ℓ = 0 7.570 · 10−3 1.040 · 10−2 4.915 · 10−3 1.974 · 10−2 2.993 · 10−3

ℓ = 5 1.278 · 10−2 1.834 · 10−2 2.790 · 10−2 4.158 · 10−3 8.959 · 10−3

ℓ = 10 2.608 · 10−2 2.804 · 10−2 2.955 · 10−2 3.541 · 10−3 −

Table 5.3: Variance of Γ3/2
tℓ

for ℓ ∈ {0, 1, . . . , 14} of non persistent grains.

A closer look at Table 5.2 shows that, somewhat unexpectedly, not even for persistent grains
the variance of Γ3/2

t decreases monotonously in time. One may have anticipated that with
decreasing “system energy” the behavior of the volumes of the unit balls B3

Ai
(t) with respect

to Ai(t) =
(
Σ(Gi(t))

)−1 become increasingly similar to that of the grain volumes νi(t). The
results in Table 5.2, however, seem to suggest that, in the presence of grain disappearance, the
neighboring grains fill the newly available space more directly and it requires additional energy
to reach a more regular mass distribution.

Grain disappearance

Next, we use a standard logistic regression model for predicting the probability pi(t) of the
binary response variable which signifies whether grain i vanishes (response value 1) at the next
observed moment t + 1 or not (response value 0). As predictor variables we use the grain’s
volume and its size parameter as computed by H1. Hence, we estimate three parameters,
factors β1 and β2 for each of the two variables and one parameter β0 for the intercept, i.e., we
use the regression model

pi(t) = 1
1 + e−(β0+β1νi(t)+β2γi(t)) .

Note that the parameters β0, β1 and β2 are independent of t. Hence the model is identical for all
time steps in the sense that it depends only on the grain characteristic. Our null hypothesis is
that the size and volume parameter do not correlate with grain disappearance. As a significance
level we choose 0.05.

Table 5.4 depicts the computed coefficients and p-values. Let us, in addition, point out that
the McFadden’s Pseudo R2 value is 0.322, indicating an excellent model fit.

coefficient p-value

β0 (intercept) -4.0537 <0.0001
β1 (volume) -0.0010 <0.0001
β2 (size parameter) -1.0924 <0.0001

Table 5.4: Coefficients estimated by maximum likelihood estimation and their p-values for
the described logistic regression model.
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5.6 Final remarks

As it turns out, we can reject the null hypothesis at a significance level of 0.05. This suggests
that the diagram size parameter Γt is statistically significant in this model for predicting grain
disappearance.

5.6 Final remarks
As we have seen, measurements at discrete times of a grain growth process can be turned into
a continuous description of the process using diagram representations. Our findings about the
increasing fit of anisotropic diagrams, the variance of Γ3/2

t and the relevance of the sizes for
predicting grain disappearance indicate that, in the course of the growth process, the grain
scans tend towards particularly “simple” diagrams with essentially uniform size parameters.

Since all computations are fast, and can, if necessary, generally even be speeded up by
using H2 rather than H1, we believe that the described model has the potential of becoming a
practical tool for simulation and further studies of grain growth in practice. A next step is to
evaluate the model more extensively on various types of grain scan data. It would be desirable
if a consolidating foundation of the model can be achieved based on first principles.

Finally, let us point out that the model allows for some flexibility to incorporate additional
insight. It is possible, for instance, to incorporate available characteristics of grain growth into
the curve fitting process.
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Chapter 6

Power-SLIC: Fast Superpixel
Segmentations by Diagrams

Superpixel algorithms grouping pixels with similar color and other low-level properties are
increasingly used for pre-processing in image segmentation. In recent years, a focus has
been placed on developing geometric superpixel methods that facilitate the extraction and
analysis of geometric image features. Diagram-based superpixel methods are important among
the geometric methods as they generate compact and sparsely representable superpixels.
Introducing generalized balanced power diagrams to the field of superpixels, we propose a
diagram method called Power-SLIC. Power-SLIC is the first geometric superpixel method
to generate piecewise quadratic boundaries. Its speed, competitive with fast state-of-the-art
methods, is unprecedented for diagram approaches. Extensive computational experiments
show that Power-SLIC outperforms existing diagram approaches in boundary recall, under
segmentation error, achievable segmentation accuracy, and compression quality. Moreover,
Power-SLIC is robust to Gaussian noise.

6.1 Introduction
Superpixels are small, non-overlapping groups of connected, perceptually homogeneous pixels.
Since its introduction by Ren and Malik in 2003 [RM03], superpixel generation has become an
important pre-processing step in many imaging applications such as object localization [FVS09;
Yan+15], image segmentation [Gou+08; Gou+14] and classification [Don+20; SARS20], optical
flow [MG15], body model estimation [Mor05], object tracking [Shu+11], depth estimation [ZK07],
image denoising [Li+16; MRR21], and background subtraction [Che+18; CSL20].

Superpixels reduce the number of inputs for subsequent algorithms and provide meaningful
image representations from which application-relevant parameters can be extracted. It is
commonly desirable that superpixels adhere well to object boundaries, are quickly generated,
and compact [Ach+12; BLC18; SHL18].

Traditionally, superpixel algorithms are pixel-based because they operate on the pixel level,
generating regions delimited by sets of pixels. Such pixel-level superpixel representations can
often approximate small details and adhere well to boundaries. However, they are generally
non-compact and free of higher-level geometric information.

Addressing this aspect, recent studies [AS17; BL18; DL15; KM20; Ma+21], have focused
on developing geometric superpixel methods. These methods partition the image into small,
preferably size-controllable, geometric objects, e.g., polygonal cells. As these objects ‘live’
in the continuous world, they provide a resolution-independent superpixel representation
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and facilitate geometric manipulations, feature extractions, and other higher-level geometric
post-processing tasks. The applicative potential of geometric superpixel methods has been
demonstrated for diverse computer vision tasks such as object contouring [BL18; Ma+21],
image vectorization [CXC14], image compression [FKF16; Ma+21], and segmentations of scenes
containing man-made environments or other strong geometric signatures [DL15].

Figure 6.1: Superpixel segmentation using Power-SLIC with 900, 600, and 300 superpixels.

Many pixel methods, e.g., [Ach+12; JX12; Liu+16; Liu+18], employ Voronoi diagrams as
intermediate structure, but they depart from it to better control the sizes and shapes of the
superpixels. In contrast, the geometric methods Varane [DL15; DL] and, most recently, EC-
CPD [Ma+21] return diagram cells as superpixels that are compact and sparsely representable.
However, both of these diagram approaches employ time-consuming post-optimization to control
the superpixel sizes and shapes. Motivated by unifying and extending the diagram approaches,
we propose a novel method, called Power-SLIC, which handles non-linear boundaries and brings
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6.1 Introduction

the speed of state-of-the-art pixel methods to the geometric world.

6.1.1 Technical Contribution

The main technical contribution of our work is that for the first time, we provide a bridge
between pixel and geometric superpixel methods. We achieve this by combining: (i) a linear
programming primal-dual connection, established in [BG10] (see Theorem 6.2), between
constrained clustering and diagrams, (ii) the heuristic [TR18] for approximating generalized
balanced power diagrams, and (iii) SLIC’s initialization & assignment step.

Contribution to the geometric world: A diagram method that, for the first time,
has a speed similar to fast pixel-based methods and that outperforms existing approaches in
boundary recall, under segmentation error, achievable segmentation accuracy, and compression
quality. To our knowledge, this is the first geometric approach capable of generating non-linear
superpixel boundaries.

Contribution to the pixel world: A fast and noise-robust method that clusters pixels
into superpixels but provides the benefits of diagram approaches such as providing sparse
geometric superpixel representations by diagrams, facilitating geometric image operations, and
providing relatively compact and regular superpixels at the same time.

6.1.2 Related Works

Superpixel algorithms are often categorized according to their high-level algorithmic approaches.
One can distinguish, for instance, between graph-based, gradient descent-based, and clustering-
based methods [Ach+12; SHL18; Wan+17]. In our context it is more appropriate to distinguish
between pixel methods and geometric methods (see, e.g. [Ma+21]). The former use pixel
representations in computations and for output, the latter aim at extracting continuous
parameter representations of the superpixel boundaries. In the following we will give a brief
overview. A comprehensive evaluation of many of the below mentioned superpixel algorithms
can be found in [SHL18; Wan+17].

Pixel methods

Many popular state-of-the-art superpixel generation methods are pixel-based. A large num-
ber of pixel methods, such as SLIC [Ach+12], VCells [JX12], TurboPixel [Lev+09], and
SEEDS [Van+15], employ clustering algorithms refining the clusterings until a convergence
criterion is satisfied.

SLIC, a superpixel adaptation of the perhaps most influential and widely-used clustering
method k-means (or Lloyd’s algorithm) [Llo82; Mac67], is particularly popular due to its
simplicity and high performance. Among the recent approaches employing SLIC one can find
applications in areas such as Dong2020 attack design [Don+20], remote sensing [ZCL19], and
corrosion detection [HZX21]. A number of modifications and adaptations of SLIC have been
proposed resulting in algorithms such as SLIC0 [Ach+20], SNIC [AS17], Manifold-SLIC [Liu+16],
Intrinsic Manifold-SLIC [Liu+18], NR-SLIC [DZ16], dSLIC [Mai+18], and Dynamic Spectral
Residual Superpixels [Zha+21].

Another class of pixel methods, like Entropy Rate Superpixel Segmentation (ERS) [Liu+11],
Normalized Cuts [RM03], Linear Spectral Clustering (LSC) [LC15], Lazy Random Walk
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(LRW) [Jia+14], Dynamic Random Walk (DRW) [KZM20] and qd-CSS [Ye+19] formulate the
superpixel generation task as an optimization problem on a graph structure.

The recent success of deep networks in machine learning has inspired the development
of several pixel methods that employ convolutional neural networks (CNNs). Among the
first in this respect is the method Segmentation-Aware Loss (SEAL) [Tu+18]. It aims at
learning pixel affinity from large data using a deep neural network. This is then fed into
the rather time consuming ERS to generate the final superpixels. The Superpixel Sample
Network (SSN) [Jam+18], on the other hand, integrates SLIC and performs faster. The
iterative clustering step of SSN is simplified in the simple fully-connected convolutional network
(SFCN) [Yan+20]. In [Zhu+21] the CNN-based superpixel segmentation is redefined as a lifelong
clustering task and an unsupervised CNN-based method called LNS-Net is proposed. The
method RIM [Suz20] trains a randomly initialized CNN to reconstruct the input image while
minimizing the entropy among each superpixel. Aiming for topological consistency between the
superpixels, [Pan+22] proposes a method that employs SSN for feature learning. While these
methods can outperform conventional methods, it should be noted that they involve training a
large network and generalization abilities of such networks tend to be limited.

It has been noted several times (e.g., in [BMZ17; Roe+16; SHL18]) that the performance of
superpixel algorithms degrades severely as noise levels increase. To address this issue, [DZ16]
proposes a Mahalanobis-based k-means variant (NR-SLIC). The Mahalanobis distance is also
used in [BLC18] and [CG16], which introduce a Gaussian mixture model (GMMSP) and a
unimodular Gaussian generative model (GGM), respectively. Gaussian mixture models based
on Normal-Inverse Wishart priors and Inverse Wishart priors for the covariances are used
in FSCSP [FLF15] and BASS [URF19], respectively. Common to these approaches is that
they consider Mahalanobis distances for both the pixels’ spatial and color components. Their
clusterings in 5D, spatio-color clusterings, can be viewed as resulting from five-dimensional
generalized balanced power diagrams (GBPDs) [Alp+15]. The diagram structure, however,
is lost as the clusters are projected into 2D yielding the superpixels. As projections from 5D
into 2D, their spatial cell boundaries are, however, rather irregular; see GMMSP and NR-SLIC
in Fig. 6.5. A similar effect can be observed for the superpixels from [Don+22], where an
anisotropic metric is used for the spatial components and an Euclidean metric for the color
components. Our approach uses only the color components to determine the Mahalanobis
distance, which, in turn, is only applied to the spatial components of the pixels. As we will
demonstrate this will result in two-dimensional GBPDs with smooth, quadratic cell boundaries.

Geometric methods

Geometric methods (also known as resolution-independent or polygonal decomposition methods)
aim at extracting continuous parameter representations of the superpixel boundaries.

The algorithm from [DL15], referred to as Varane [DL], partitions the image into convex
polygonal superpixels by building Voronoi diagrams that conform to preliminarily detected
line segments. The color values inside these Voronoi cells can be approximated; for example,
[CXC14] proposes an approximation by polynomials. More general than Voronoi diagram cells,
ECCPD from [Ma+21] proposes to segment images into power diagram cells. The algorithm
iterates between updates of sites and weights and applies an edge-alignment optimization step.

Meshes of convex polygonal cells that are guaranteed to have no small angles are generated
in [FKF16]. An improved method is given in [KM20]. The algorithms SNIC and SNICPOLY
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from [AS17] produce superpixels with piecewise linear boundaries. KIPPI from [BL18] uses a
kinetic approach that extends line segments until they meet each other. KIPPI can generate
polygons of different sizes, avoiding over-segmentations of large uniform areas, but it does not
allow explicit control over the number of superpixels. A Delaunay Point Process (DPP), which
segments images into triangular patches, is proposed in [Fav+20].

Noticeably, many algorithms compute an intermediate diagram structure. Diagrams are
returned as final superpixel segmentation only in Varane and ECCPD. Therefore, we refer to
them as diagram approaches. They return Voronoi and power diagrams, respectively, which
have linear boundaries. In contrast, our diagram class of GBPDs contains the latter diagram
classes as subclasses. Boundaries can be quadratic, but the cell convexity may be lost.

6.2 Overview of our Approach

We borrow the initialization & assignment step from SLIC (Simple Linear Iterative Clus-
tering) [Ach+12] to obtain possibly non-connected groups of pixels, which typically have a
high boundary adherence but fuzzy boundaries. In contrast to SLIC’s post-processing, which
guarantees connected superpixels, we compute a generalized balanced power diagram (GBPD)
based on the spatial Mahalanobis distance determined for every previously obtained group of
pixels. The cells of the GBPD will ultimately be the resulting superpixels. As the computation
of GBPDs can be time-consuming, we approximate it to achieve a competitive running time. A
high-level visualization of Power-SLIC is illustrated in Fig. 6.2.

Figure 6.2: Main steps of Power-SLIC: (1) Perform SLIC’s initialization & assignment step.
(2) Extract diagram parameters from the assignment yielding a geometric repre-
sentation of the superpixels. (3) Assign each pixel to its containing diagram cell
(yielding a pixel representation of the superpixels).

SLIC’s assignment phase ideally suits our purposes, as it constructs a five-dimensional
Voronoi diagram, a special case of a GBPD, with linear boundaries. Our approach aims at
approximating and regularizing this 5D structure by a GBPD with quadratic cell boundaries
in the two spatial dimensions.
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6.3 SLIC’s Initialization & Assignment Phase
SLIC [Ach+12] is seen as one of the most popular and widely used methods for superpixel
generation. Given a color image of N pixels, SLIC clusters the pixels within the five-dimensional
space (xp, lp), with xp denoting the spatial position of pixel p (a two-dimensional vector) and
lp its color (a three-dimensional vector) in the CIELAB color space. The algorithm is divided
into an initialization & assignment and a post-processing phase. The latter phase ensures
connectivity by reassigning near-by superpixels. As we do not make use of this phase, we omit
a description.

Initialization & Assignment

SLIC takes as its input two arguments k and m, with k specifying the targeted number of
superpixels and m denoting a compactness parameter. Throughout this text, we use m = 10 as
this is SLIC’s default value (this, and the placement of cluster centers as discussed next, could,
of course, be further optimized and tailored to specific situations if placed into a supervised
learning framework; see, e.g., [Don+20]). Initially, SLIC samples cluster centers with spatial
positions from a square grid spaced h =

√
N/k pixels apart. Subsequently, pixels are assigned

to their closest cluster center. However, only local assignments of pixels lying within a 2h × 2h
spatial window around a cluster center are considered to improve performance. Proximity
is measured by a weighted Euclidean distance. The second parameter, m, determines the
weight of the Euclidean distance in the color space. For a pixel p and a center c, the squared
distance d2 is given by:

d2(p, c) = ∥xp − xc∥2
2 + h2

m2 · ∥lp − lc∥2
2.(6.1)

As in traditional k-means, the centers are updated as the centroids of the updated clusters,
and the process is iterated until some stopping criterion is fulfilled.

6.4 Generalized Balanced Power Diagrams
Generalized balanced power diagrams (GBPDs) [Alp+15] generalize the concept of power
diagrams, which themselves generalize the famous Voronoi diagrams. Here, we are given a
set of k distinct sites S = {s1, . . . , sk} ⊆ Rd. Each site is equipped with a local ellipsoidal
norm defined by a positive definite symmetric matrix Ai ∈ Rd×d. The norm ∥·∥Ai

is defined as
∥x∥Ai

:=
√

x⊤Aix for x ∈ Rd, i ∈ [k]. Moreover, let µ1, . . . µk be scalars serving as additional
balancing parameters.

Definition 6.1
For every i ∈ [k], the generalized balanced power diagram cell is defined as:

Pi := {x ∈ Rd : ∥x − si∥2
Ai

+ µi

≤ ∥x − sl∥2
Al

+ µl, ∀l ∈ [k]}.
(6.2)

We call the k-tuple of cells (P1, . . . , Pk) a generalized balanced power diagram (GBPD).
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Throughout this chapter, we consider only two-dimensional GBPDs, although our approach
canonically extends to images and GBPDs in arbitrary dimensions.

Further, we remark that we obtain power diagrams in the special case in which each A1, ..., Ak

are the identity matrix. If additionally µ1 = · · · = µk, we obtain Voronoi diagrams.

6.5 Optimal Power-SLIC and Power-SLIC
Given the assignment L computed by SLIC’s initialization & assignment phase, we propose
computing the following statistics for each label i in L: the spatial center xci

, the spatial
covariance matrix Σi ∈ R2×2, and the area κi of each possibly non-connected component
Ci = {xp : L(p) = i}. From this we compute a GBPD with sites si = xci

and matrices Ai = Σ−1
i ,

such that the area of its cells Pi equals or approximates κi, i ∈ [k]. The cells P1, . . . , Pk of the
GBPD will be the resulting superpixels.

Optimal Power-SLIC

We first present an algorithm to compute GBPDs as described above. As in [Alp+15], we can
achieve this by exploiting a strong relation between constrained clustering and (anisotropic)
power diagrams shown in [BG10] (see also [BG12]). We consider the following linear program:

(P)

min
k∑

i=1

N∑
j=1

ξij∥xpj − si∥2
Ai

s.t.
k∑

i=1
ξij = 1, j ∈ [N ],

n∑
j=1

ξij = κi, i ∈ [k],

ξij ≥ 0, i ∈ [k], j ∈ [N ].

Its dual is given by:

(D)
max

N∑
j=1

ηj −
k∑

i=1
κiµi

s.t. ηj ≤ ∥xpj − si∥2
Ai

+ µi, i ∈ [k], j ∈ [N ].

The problem modeled by (P) is the balanced least-squares assignment problem. The task
is to assign xpj

to sites in such a way that precisely κi of them are assigned to site si, for
each i ∈ [k], while the sum of squared distances of the assigned xpj

to their assigned sites,
measured via the norm || · ||Ai

, is minimized. As the constraint matrix of the problem is totally
unimodular, there will be a binary optimal solution to (P), i.e., in this solution, ξ∗

ij is either 0
or 1 where ξ∗

ij = 1 if, and only if, xpj is assigned to site si.
Optimal solutions to (P) can be characterized in terms of GBPDs. To state this precisely,

we apply the following notion: a diagram is said to induce a binary assignment if, and only if,
all xpj

assigned to the same cluster lie in the same diagram cell.
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Algorithm 1: Optimal Power-SLIC.
Data: Image, targeted number k of superpixels.
Result: Assignment, GBPD.
Run SLIC’s initialization & assignment phase with parameters k and m = 10 to
obtain assignment L.

for each pixel label i in L do
Compute spatial center xci , covariance matrix Σi, and area κi of Ci.
for each pixel pj inside of Ci’s smallest bounding box do

Generate the variable ξij of (P).
end

end
Solve (P) for si = xci to retrieve both primal ξ∗

ij , and dual solution µ∗
i , η∗

j ,

i ∈ [k], j ∈ [N ].
Set µ = (µ∗

1, . . . , µ∗
k).

return assignment (computed from the ξ∗
ij) and diagram parameters

(Σ−1
i , xci , µi), i ∈ [k].

Theorem 6.2 (Special case of [BGK17])
A balanced assignment is a basic solution of the linear program (P) if and only if there exists a
parameter vector Γ ∈ Rk such that the GBPD with parameters (Ai, si, µi), i ∈ [k], induces this
binary assignment. Moreover, with a solution (µ∗, η∗) of (D) that fulfills strict complementary
slackness, we can choose µ = µ∗.

Hence, when optimally assigning pixels to superpixel centers, i.e., for si = xci
, superpixel

areas prescribed to equal κi, and distance matrices Ai = Σ−1
i , the resulting superpixels

can be characterized by cells of a GBPD. Moreover, the diagram parameters are extracted
from the dual solution and yield a low-dimensional, resolution-independent representation of
the superpixels (an algebraic representation of the boundary between two neighboring cells is
provided by the quadratic equation that results from changing the respective inequality relation
in (6.2) to an equality relation).

In terms of computational complexity, we remark that (P) has Nk variables and 2N + k
constraints. The linear program can, however, be solved in O(N3) using the Hungarian method,
for example. In our evaluation, we use the dual simplex of Gurobi [Gur20]. To improve
performance, we apply a locality assumption similar to SLIC by adding only those variables
ξij for which pj lies within a regional window of the center ci. To ensure that every pixel is
assigned, we choose this window to be the smallest bounding box of Ci. The resulting algorithm,
called Optimal Power-SLIC, is summarized in Algorithm 1.

We found that building the model takes up most of the time, while solving the model usually
requires less than 10 s per image. This suggests that more significant speed-ups can be achieved
by avoiding Gurobi calls, e.g., by using a more specialized and adapted solver, such as min-cost
flow.
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Power-SLIC

To match the SLIC linear running time, we now introduce a heuristic version of Optimal
Power-SLIC, which we call Power-SLIC. The main ideas are rooted in two key observations.

First, we observe that most of the computation time in Optimal Power-SLIC is spent on
computing µ1, . . . , µk while the sites and norm matrices of the diagram are essentially readily
available. To effect a significant speed-up, we replace the computation of the optimal µi with
an estimation. The idea is to think of µi as a scaling factor and estimate it such that the
ellipsoid given by the inverse covariance matrix Ai = Σ−1 has an area equal to κi. Thus, we
want to choose µi such that

Area(∥x∥2
Σ−1

i

+ µi ≤ 0) = κi

which is equivalent to
Area(∥x∥2

Σ−1
i

≤ −µi) = κi.

Since the area of such an ellipsoid is given by π
√

µ2
i det Σi, we solve κi = π

√
µ2

i det Σi for
µi and choose the appropriate solution for which −µi > 0, hence

−µi = κi

π
√

det(Σi)
.

Our evaluation will show that this choice provides a very good compromise between speed
and boundary adherence. While, generally, cell sizes cannot be guaranteed to lie within the
prescribed bounds anymore, we remark that a theoretical foundation of this choice of the µi

can be given within the framework of Bayes classifiers; see [Alp+23a]. (For a use of Section 6.5
in a materials science context, see [TR18].)

The second observation relates to the fact that the superpixel statistics can be extracted
efficiently from the final SLIC assignment iteration without requiring any additional passes
over the image data. While this is also true for Optimal Power-SLIC, it becomes particularly
relevant with fast implementations of Power-SLIC. In fact, the spatial centers xc1 , . . . , xck

can
be obtained after the final SLIC iteration simply by projecting c1, . . . , ck into the spatial image
space by dropping their color components. The spatial covariance matrices Σ1, . . . , Σk, can be
computed together with the centers within the final iteration of the SLIC assignment, using a
single pass algorithm for the variance.

With these parameters, Power-SLIC computes a final assignment that aims at assigning
each pixel pj to its closest spatial center xci , i ∈ [k]. Distances are measured in terms of
||xpj − xci ||2Σ−1

i

+ µi. As in SLIC, we consider only those pixels lying in a 2h × 2h window
around the cluster center for the final assignment. In a cleaning step, the still unassigned pixels
are assigned to its containing diagram cell. In our experiments, this cleaning step was hardly
ever required. Thus, not even a naive implementation would affect the practical running time.
A summary of Power-SLIC is given in Algorithm 2.
Theorem 6.3
Power-SLIC runs in O(N).

Proof. SLIC’s initialization & assignment phase runs in O(N), the computation of the diagram
parameters is on the fly, and the diagram cell computation for obtaining the superpixels is
essentially one additional assignment iteration with a modified distance measure. Thus, we
obtain an overall running time of O(N), which is independent of the number of superpixels k.2
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Algorithm 2: Power-SLIC.
Data: Image, targeted number k of superpixels.
Result: Assignment, GBPD.
Run SLIC’s initialization & assignment phase with parameters k and m = 10 to
obtain spatial centers xci and spatial covariance matrices Σi, i ∈ [k].

Compute µi using Section 6.5.
Set L(pj) = −1 and D(pj) = ∞ for each pixel pj .
for each cluster i ∈ [k] do

for each pixel pj in a spatial 2h × 2h window around xci do
if ∥xpj − xci∥2

Σ−1
i

+ µi < D(pj) then
Set D(pj) = ∥xpj − xci∥2

Σ−1
i

+ µi.
Set L(pj) = i.

end
end

end
for each pixel pj with L(pj) = −1 do

Determine cell Pi of the GBPD containing pj and set L(pj) = i.
end
return L and diagram parameters (Σ−1

i , xci , µi), i ∈ [k].

6.5.1 Resolution-Independent Power-SLIC

This section designs a fast superpixel algorithm for high-resolution images by exploiting the
resolution-independence of Power-SLIC. Traditional superpixel algorithms require significant
time to process high-resolution images. SLIC is 40 times slower for images of size 2048x1536
than for images of size 320x240 [Ach+12]. Due to the linear runtime and the larger image
having 40 times more pixels, this matches expectations. In absolute numbers, SLIC requires
about 5 seconds on images of size 2048x1536 despite being one of the fastest superpixel algorithm.
Hence, we require new methods for fast superpixel generation for high-resolution images.

As Power-SLIC computes an intermediate diagram representation of superpixels, we can
easily scale this representation to different resolutions by scaling the position of the diagram sites
as described in Algorithm 3. Together with the identical diagram parameters computed on the
low-resolution image, we obtain diagrams cells that represent superpixels for the full-resolution
image. This allows us to run the assignment phases with a much smaller image resolution. Since
the assignment phase dominates the runtime, this leads to a significant speedup of the algorithm
including the additional cost for scaling down the image. The process of Resolution-Independent
Power-SLIC is depicted in Fig. 6.3. We provide the formal algorithm in Algorithm 3.

Note that Resolution-Independent Power-SLIC takes an RGB-image as input, reduces its
resolution and then converts the low-resolution image into the CIELAB color space. This order
is much faster than converting the full-resolution image into the CIELAB space.

To reduce the resolution of an image, we resample using pixel area relations. This method
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Figure 6.3: Power-SLIC extracts diagram parameters from a low-resolution image that are
scaled afterward.

can be described as follows. For a scale parameter, the image is divided into windows of size

1
scale

× 1
scale

starting with the first windows in the top left corner of the full resolution image. By choice
of the window size, each window corresponds to a pixel in the scaled image. Each pixel of
the scaled image is computed as an average over all pixels that lie in a window. If a pixel,
considered a 1x1 square, is partially contained in multiple windows, a weighted average is
computed where the weight equals the pixel area in each window. We motivate this method of
reducing the resolution in the following.

Connection to Coresets Reducing an image’s resolution raises the question if the
low-resolution image contains sufficient information to extract good superpixels for the high-
resolution image. Of course, Power-SLIC is a heuristic by nature. Nonetheless, we interpret
the low-resolution image as a coreset. To the best of our knowledge, using coresets for the
computation of superpixels is new to the literature. The authors of [BNS10] compare the idea
of summarizing pixels in a superpixel with summarizing data points in a weighted point, a

Algorithm 3: Resolution-Independent Power-SLIC
Data: RGB-Image with width w and height h, scale in (0, 1], targeted

number k of superpixels.
Result: Assignment, GBPD.
Scale the image to a width of w · scale and a height of h · scale
Run SLIC’s initialization & assignment phase with parameters k and m = 10 to
obtain spatial centers xci and spatial covariance matrices Σi, i ∈ [k].

Compute µi using Section 6.5.
Set yci = xci/scale for each i ∈ [k].
Continue with the assignment of pixel as in Power-SLIC but for the full
resolution image.

return L.
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technique used by many coresets. However, the authors of [BNS10] do not make this connection
formal or use coresets for calculating superpixel.

We recap that the Power-SLIC assignment phase is a heuristic version of least-squares
clustering in 5-dimensional space. In Chapter 3, we showed that reducing the resolution
of points on a grid results in a coreset for least-squares clustering. We can interpret the
5-dimensional image data as points lying on a (sparse) grid of size h × w × [0, 255]3 where the
last three dimensions represent the RGB color value of each pixel. Reducing the resolution can
be interpreted as follows: A window of size

1
scale

× 1
scale

× 255 × 255 × 255

is moved across the 5-dimensional image space. In the first two spatial dimensions the
approximation depends on the selected scale and points in the same window are replaced with
a weighted average. In each color channel the approximation is quite strong and independent of
the scale parameter, as all colors are simple averaged. In particular, if two pixels with strongly
different colors are in the same window, the approximations are worse compared to the case
where all pixels in the same bin are of similar color.

Note that this process is identical to our coreset construction introduced in Chapter 3 with
a good approximation (small ϵ for the coreset construction) in the first two dimensions and a
coarse approximation n the color dimensions (large ϵ for the coreset-construction). This shows
that creating the 5-dimensional point space used by Power-SLIC of the high-resolution image
and applying our coreset construction from Chapter 3 to it (with different epsilons for the first
two dimensions and the last three) is identical to reducing the resolution of the original image
and then creating the 5-dimensional point space. As a result, our coreset result in Chapter 3
give us guarantees on the quality of the solution.

Naturally, this raises the question why we do not apply the same ϵ to all five dimensions in
the point space of the high-resolution image and compute the clustering on the coreset in this
space. Theoretically, this should result in better approximation guarantees for the clustering
phase of Resolution-Independent Power-SLIC, as we create a better approximation for the color
space. However, in the final step of Resolution-Independent Power-SLIC, we still require to
assign each pixel to exactly 1 superpixel, meaning that we would need to create a decision-rule
anyway when projecting multiple points from the 5-dimensional space back to the identical
position in the 2-dimensional spatial image space.

The difference between reducing the resolution and constructing a coreset is depicted in
Fig. 6.4. Figure 6.4b shows a situation in which both constructions coincide, whereas Fig. 6.4a
shows an example where they differ. We will understand in Section 6.6.1 in more detail under
which image conditions this coarse color approximation works well and under which conditions
caution is required.

Independent of creating a coreset with multiple color bins or by reducing the resolution,
we can compute the least-squares clustering in the assignment phase of Power-SLIC using
the coreset. The runtime reduces to O(ñ) with ñ being the number of points in the coreset.
Moreover, as the coreset bins each color channel separately, Resolution-Independent Power-SLIC
works like Power-SLIC on any number of image channels, including greyscale and 3D images
with depth information.
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(a) The greyscale image has strongly varying grey values. As a result, points are spread along the
l-axis. The coreset bins the color channel represented by a greyscale image into multiple points
at the same spatial position. The number of bins is determined by the chosen approximation
guarantee of the coreset. Reducing the resolution simply averages over all color values which
results in a single point.

(b) The greyscale image has very similar grey values. As a result, points are close to each other along
the l-axis. The coreset bins all points in the same color bin as the resolution reduction does. Thus,
the coreset and the resolution reduction are identical.

Figure 6.4: Comparing the coreset and the resolution reduction. From left to right: A
greyscale image, a resulting 3-dimensional point space used by Power-SLIC and its
variants (2 spatial, one color channel), the resulting coreset, the result of reducing
the resolution. (scale = 0.25).

6.6 Evaluation

In this section, we compare Power-SLIC and Optimal Power-SLIC on the Berkeley Segmen-
tation Data Set 500 (BSDS500) [Mar+01] with the state-of-the-art superpixel algorithms
SLIC [Ach+12], SLIC0 [Ach+20], NR-SLIC [DZ16]), GMMSP [BLC18]), Varane [DL15],
ECCPD [Ma+21], KIPPI [BL18], ERS [Liu+11], SNIC [AS17], and SEEDS[Van+15].

Quantitative Evaluation

For our quantitative evaluation, we compute boundary recall, undersegmentation error, achiev-
able segmentation accuracy, and compactness for k number of superpixels between 300 and
2,000. Additionally, we report the running times and peak signal-to-noise ratios for image
compression for various k. Finally, we measure the noise robustness by considering the trade-off
between boundary recall and compactness.

Boundary recall (BR) measures the percentage of detected ground truth boundary pixels.
With Tp and Fp denoting the number of true positives and false negatives, respectively, BR
is defined as BR = Tp/(Tp+Fn). In practice, we follow [Ach+12] and classify a ground truth
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Figure 6.5: Top: Quantitative comparison of multiple superpixel algorithms. Bottom: Noise
robustness of multiple superpixel algorithms and k = 600. Here, no results are
shown for Varane and KIPPI because the superpixels could not be obtained for
noisy images.

boundary pixel as a true positive if its spatial two-neighborhood contains a superpixel boundary
pixel. Accordingly, Fp equals the number of superpixel boundary pixels not in a spatial
two-neighborhood of a ground truth boundary pixel.

We also compute the undersegmentation error (USE), which increases when different ground
truth regions are grouped into the same superpixel. With G denoting the set of segments in
the ground truth and S denoting the set of superpixels, USE can be defined as:

USE = 1∑
G∈G |G|

(∑
S∈S

∑
G∈G

min(|S ∩ G|, |S \ G|)
)

.

The achievable segmentation accuracy (ASA) provides an upper bound on the best obtainable
segmentation accuracy of the image when segmenting on the superpixel level. It is defined as

ASA =
∑

S∈S maxG∈G |S ∩ G|∑
G∈G |G|

.

To evaluate compactness, we compute the compactness of the superpixels as introduced
in [SFS12]. Let bi and κi denote the ith superpixel’s total number of boundary pixels and area.
With Qi the iso-perimetric quotient, compactness (CO) is defined as:

Qi = 4πκi

b2
i

, CO =
k∑

i=1
Qi

κi

N
.

Compactness essentially measures the similarity of the superpixels to a disc.
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Figure 6.5 provides a comparison among the superpixels algorithms. First, note that the
algorithms Varane, ECCPD, and (Optimal) Power-SLIC are the only algorithms that compute
a low-dimensional diagram representation of the superpixels. As these superpixels are diagram
cells, they result in high compactness values.

While Power-SLIC generates slightly less compact superpixels than Varane and ECCPD, it
outperforms the diagram approaches in BR, USE, and ASA for any number k of superpixels.
Remarkably, Power-SLIC’s performance in these categories falls into the range achieved by
pixel methods.

Pixel methods are often highly sensitive to changing image conditions and can fail when
small amounts of noise are present in the image. For example, looking at GMMSP in Fig. 6.6
its superpixel segmentation degenerates quite considerably if noise is added: The algorithm
identifies too many image boundaries, and almost all pixels are identified as boundaries. While
this results in a high boundary recall by definition, the segmentation deteriorates and the
compactness value decreases significantly. It is therefore reasonable to penalize the measures BR,
ASA, USE for a decreasing compactness value; see [Ma+21], which also relates the measures to
the compactness value. Let COσ denote the compactness value for the noise level σ2. Similarly,
we denote by BRσ, ASAσ, USEσ the measures at noise level σ2. We define

BRCO
σ = BRσ · COσ

CO0
, ASACO

σ = ASAσ · COσ

CO0
,

USECO
σ = USEσ · CO0

COσ
.

In other words, we consider the compactness relatively to the compactness for noise-free images
so that the measures do not depend on the compactness of the superpixel segmentation for
noise-free images. For a perfectly noise-robust superpixel algorithm, we expect the measures to
be constant and therefore independent of σ. Figure 6.5 summarizes the results for k = 600
(a similar behavior is observed for other typical values of k). We observe that NR-SLIC, an
algorithm specifically designed for noisy images, performs best overall. On the other hand,
those algorithms with very high boundary recall on clean images tend to deteriorate quickly,
even for small amounts of noise (σ2 < 0.01), mainly because they detect too many “image
boundaries” in the noisy cases (see also Fig. 6.6). Power-SLIC and ECCPD are relatively
robust to noise, and their performance decreases only slightly with increasing noise.

We now focus on two aspects of the diagram approaches. First, we measure computational
speed, a bottleneck of diagram methods so far. Second, we assess the compression quality
achieved by the highly sparsely-encoded superpixel segmentation provided by diagrams.

Timings are shown in Table 6.1. Power-SLIC is several orders of magnitude faster than the
other diagram approaches and its running time increases only slightly with k.

As mentioned above, diagram approaches are particularly suited to provide sparse image
encodings on which one can base subsequent higher-level computer vision tasks or employ them
for image compression [Ma+21]. Using Power-SLIC, for instance, one can represent and store
an image by specifying 9k (floating point) parameters: for each superpixel, two for its cell site,
three for covariance matrix, one for the size parameter, and three for the average color.

Following papers such as [Ma+21], we evaluate the quality of the generated sparse image
representation by reporting the peak signal-to-noise ratio (PSNR) between the original and
compressed image. With xpj

and x̂pj
denoting the color value of the j-th pixel in the original
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k=500 k=1,000 k=1,500 k=2,000

Time
(in s)

Varane 2.549 10.191 18.620 47.022
ECCPD 28.703 96.408 149.929 171.321
Power-SLIC 0.070 0.074 0.078 0.080

PSNR
Varane 29.667 29.998 30.271 30.318
ECCPD 29.716 30.101 30.369 30.259
Power-SLIC 30.201 30.578 30.840 31.027

Table 6.1: Top: Running times on a laptop with an Intel Core i7 5600U processor. Bottom:
Peak signal-to-noise ratios.

and compressed image, respectively. the PSNR is defined as

MSE = 1
3N

N∑
j=1

∥xpj
− x̂pj

∥2
2,

PSNR = 10 · log10

(
2552

MSE

)
.

Larger PSNR values indicate a better quality of the compressed image. The resulting PSNR
values for the BSDS500 dataset are shown in Table 6.1. In all cases, Power-SLIC gives the
highest PSNR values despite having the smallest running times. It seems that the anisotropic
diagram structure, involving quadratic boundaries, allows Power-SLIC to improve on Varane
and ECCPD, both of which use less flexible diagram classes.

Qualitative Evaluation

Table 6.2 provides a qualitative comparison of multiple superpixel algorithms. (Algorithms
are classified as ‘diagram-based,’ ‘fast,’ ‘noise-robust,’ and ‘compact’ if their superpixels are
described by diagram cells, their average running times for k = 500 are below 1 second, all
their plots in Fig. 6.5 are close to horizontal lines, and their plots are in the top of the two
groups for compactness in Fig. 6.5.) Figure 6.6 gives a qualitative comparison of ten superpixel
algorithms for varying levels of noise.

A comparison of the post-processing steps of Power-SLIC and SLIC is given in Fig. 6.7.
Although Power-SLIC uses SLIC’s clustering approach, it is notable that the superpixels
are fundamentally different due to the post-processing step. This difference can be seen by
comparing the results with the second column of Fig. 6.7, which depicts the clustering result of
SLIC without any post-processing. Only the local post-processing by SLIC shown in the third
column creates a reasonable segmentation, which deteriorates for more extensive noise levels.
In contrast, Power-SLIC optimizes more globally and returns a diagram representation. At the
same time, this approach acts as a regularizer for high noise levels.
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Diagram Fast Compact Noise-Robust

Power-SLIC ✓ ✓ ✓ ✓
Varane ✓ - ✓ -
ECCPD ✓ - ✓ ✓
ERS - ✓ - -
SNIC - ✓ ✓ -
GMMSP - ✓ - -
SLIC - ✓ - -
MSLIC - ✓ - -
NR-SLIC - ✓ - ✓
SLIC0 - ✓ ✓ ✓
KIPPI - ✓ - -
SEEDS - ✓ - -

Table 6.2: Qualitative comparison of multiple superpixel algorithms. Power-SLIC is the only
fast diagram-based superpixel algorithm.
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Figure 6.6: Visual comparison of five superpixel algorithms for various levels of noise (k = 700).
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Figure 6.7: Algorithms applied to an image with three levels of noise σ2 ∈ {0, 0.001, 0.1} and
k = 700. Left to right: original image, SLIC before post-processing, SLIC, and
Power-SLIC.

6.6.1 Evaluation: Resolution-Independent Power-SLIC

Here, we empirically evaluate Resolution-Independent Power-SLIC for different scale parameters.
Having measured boundary recall, boundary precision, and compactness of Power-SLIC on
full-resolution images, we can infer the quality of superpixels generated on a low-resolution
image by comparing them with the superpixels generated on the full-resolution image. This is
particularly helpful as there is a lack of high-resolution data sets with a ground truth containing
image boundaries. To test Resolution-Independent Power-SLIC on high-resolution images, we
use the DIV2K data set, which includes diverse color images with 2040px in the longest image
axis [AT17].

The idea of SLIC and Power-SLIC is to group pixels of similar color that are spatially
connected. Therefore, we can represent the i-th superpixel Ci by its average color value. Thus,
we can compare two superpixels Ci and C ′

i by comparing the average deviation in each color
channel. To compare two superpixel segmentations, we need to specify a pairing of superpixels
for comparison. For this, we identify a superpixel by its position in the initial grid of the
algorithm. As this grid is independent of the scale parameter, we can pair the two superpixels
with the same position in the grid. The average color channel deviation is abbreviated by
ACCD and defined as

ACCD = 1
3k

k∑
i=1

∥∥∥∥∥∥ 1
|Ci|

∑
j∈Ci

zj − 1
|C ′

i|
∑
j∈C′

i

zj

∥∥∥∥∥∥
1

∈ [0, 1],

where ∥·∥1 is the 1-norm. The factor 1/3k normalizes the term to be in [0, 1] assuming three
RGB channels, each in [0, 1], and k superpixels. An alternative could be to pair superpixels by
their spatial proximity in the resulting segmentation for example via solving a minimal matching
problem. Such an approach is more general and will consider two superpixel segmentations
closer to each other than our fixed order. However, we do not require the additional complexity,
and ACCD will suffice to show closeness of the resulting segmentations.

Figure 6.8 compares the ACCD and the runtime of Resolution-Independent Power-SLIC
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for various scale parameters computed on the validation data set of the DIV2K data set. We
observe that the superpixel computation for the high-resolution images takes an average of
more than 5s and can be reduced to less than 600ms when reducing the resolution by a scale of
0.3. For an image of size 2040x2040, a scale factor of 0.3 means that the resulting image is
612x612. This is a reduction of 91% in the number of image pixels. The significant reduction
in runtime comes with an ACCD between 0.0175 and 0.021, depending on k.

Generally, the larger k, and therefore k, the higher is the color channel deviation for the
same scale. This matches theoretical expectations as the size of a coreset to obtain a specific
approximation guarantee increases with the number of superpixels k, as shown in Chapter 3.
Consequently, the approximation guarantee of the same coreset increases for decreasing k.

Figures 6.9 and 6.10 give visual comparisons of the superpixel segmentation for various scale
parameters. We observe that the resulting superpixels adhere to important image boundaries
for essentially all the scale parameters. It seems that superpixels deviate most strongly in very
textured areas with no visible image boundary of the images like in the wolf’s fur.

An extreme case is depicted in Fig. 6.11. Highly-textured regions like the tree needles lose
many details when the resolution is reduced, as explained in Fig. 6.4a. In these areas, the
superpixels generated on different resolutions tend to deviate strongly from each other. However,
even for the human eye, identifying the actual boundaries of the tree is difficult. Using coresets
with multiple color bins per channel instead of one bin when reducing the resolution may help
to preserve more information but requires an additional decision rule as mentioned previously.

Figure 6.8: Performance of Resolution-Independent Power-SLIC for different scale and k
parameters.
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6.7 Conclusion
We presented a new superpixel algorithm, called Power-SLIC, whose superpixels are described
by cells of diagrams. Using GBPDs, the quadratic boundaries appear to provide enough
flexibility to capture complex image boundaries, while providing sufficient regularization to
obtain very compact superpixels. This results in a high level of robustness under varying levels
of additive white Gaussian noise. Additionally, Power-SLIC matches the running times of
SLIC in theory and practice. Power-SLIC’s added benefit of being resolution-independent can
be used to speed up superpixel generation for larger images, as a full segmentation can be
computed on a low-resolution version of the image.

Although we proposed to run Power-SLIC with the standard parameters of SLIC in the
general setting, we remark there is potential for further improvement if task-dependent optimal
parameters are learned from training data. Extensions to other color spaces are possible and, in
fact, straightforward in our framework by adapting SLIC’s initialization & assignment phase.
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Figure 6.9: Resolution-Independent Power-SLIC for different scales (1, 0.9, 0.8, 0.7, 0.6, 0.5,
0.4, 0.3) and k = 3000. The top image layers all segmentation results. Not that
many boundaries are identicall for all the scales. The grid below shows from left to
right and top to bottom: Slice of the image, Resolution-Independent Power-SLIC
results with scale in descending order. Boundaries are identified for all the scale
parameters.
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Figure 6.10: Comparing Resolution-Independent Power-SLIC for different scale parameters
(1, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3) and k = 6000 on an extract of the image.
The major image boundaries are identfied at almost all scale parameters and
superpixels deviate mostly in regions with no image boundary to adhere to.
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Figure 6.11: Comparing Resolution-Independent Power-SLIC for different scale parameters
(1, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3) and k = 3000 on an extract of the image.
Highly-textured areas like the tree needles lose many details when the resolution
is reduced. In these areas, the superpixels generated on different resolutions
tend to deviate strongly from each other.
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Appendix A

Inclusion of Published Core Publications

This chapter provides the published journal versions of our core publications (Chapters 4 and 5)
to fulfill the formal requirements of a cummulative dissertation. The journal approval for using
the published journal verions can be found after the one-page summaries in Section 1.7 (not
included in this published version).
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Abstract. The present paper studies mathematical models for representing, imaging, and analyzing poly-
crystalline materials. We introduce various techniques for converting grain maps into diagram or
tessellation representations that rely on constrained clustering. In particular, we show how to signif-
icantly accelerate the computation of generalized balanced power diagrams and how to extend it to
allow for optimization over all relevant parameters. A comparison of the accuracy of the proposed
approaches is given based on a three-dimensional real-world data set of 339\times 339\times 599 voxels.
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1. Introduction. A challenging problem in materials science is to describe the structure
of polycrystalline materials and understand the processes that govern the evolution of the
structure with time, e.g., the grain growth taking place during heating; see, e.g., [21, 30, 5].
Naturally, geometric concepts play an important role, e.g., [25], and computations can use
voxel-based images at different levels of resolution, in terms of two-dimensional (2D) [39, 27]
or 3D grain maps [42]. However, the data acquisition and analysis tend to be slow, prohibiting
the study of real-life dynamics. Moreover, the size of some grains may be comparable to the
spatial resolution of the methods, rendering detailed visualization of shape impossible. For
these reasons, sparse descriptions involving only a few parameters have been introduced.
Such ``compressed segmentations"" are also relevant for materials modeling, as the reduced
complexity allows for the analysis of much larger (and more representative) samples.

The present paper is concerned with deterministic mathematical models for converting
polycrystalline images into diagram representations efficiently. We perform a ``controlled
analysis"" based on different types of image discretization, resolutions, and aspects of data
compression. Such discrete images, formally introduced in section 2, will generically be re-
ferred to as ``grain scans."" (This term is more general than the standard term grain map from
materials science.) The main goal of our analysis is to further substantiate the potential of
diagram representations with a special view, however on later standard applications for solv-
ing the inverse problem of grain mapping when only certain measurements such as centroids,
volumes, or centralized second-order moments of grains are available.
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Diagrams have been applied for representations of static polycrystalline materials before.
The known models, such as Voronoi [41, 6], Voronoi G [20], Laguerre [24, 36, 40, 3, 23],
ellipsoidal growth [38], and generalized balanced power diagrams (GBPD) [1], vary in terms of
their accuracy and their complexity. It has been observed in several studies, including [33, 34,
39, 37, 29], that the anisotropic power diagrams (APDs) produced by the GBPD-algorithm
capture the physical principles governing the forming of polycrystals quite well. However, the
high accuracy comes at the price of high computational costs, which limits the practical use of
the method. In fact, all known approaches either are heuristic in nature or require a significant
computational effort. Indeed, there is some need for balancing the computational effort and
the desired accuracy for most applications. This problem is aggravated by a strong increase
in the size of grain models both experimentally and from a material modeling point of view.

The present paper introduces new and significantly accelerated variants of the GBPD-
algorithm of [1], which generate APDs which are governed by parameters associated with the
location, shape characteristics, and size of the grains (see section 2 for a formal definition).
Such diagrams constitute a class of large flexibility containing Voronoi and Laguerre tessel-
lations as special cases. In particular, we use data compression techniques based on coresets
which allow for a substantial ``thinning"" of the data without losing too much accuracy. In
fact, we can compute optimal diagrams based on low-resolution ground set models whose
number of points depends only on the number of grains and the desired accuracy. We will
also introduce additional techniques resulting in yet sparser sets, altogether generating a class
of new algorithms for computing diagram representations, which we will call sparse-GBPD or
s-GBPD . As it turns out, suitable parameter settings yield algorithms in s-GBPD, which are
much faster than the GBPD-algorithm at essentially no loss of accuracy, rendering the new
algorithm a viable, practical tool of high accuracy. While s-GBPD is an ``indirect"" clustering
method based on the knowledge of centroids, volumes, and centralized second-order moments
of grains which are experimentally measurable parameters, we will also introduce a new tech-
nique, addressing the best fit problem directly, which allows us to optimize over all relevant
parameters that govern the weight-balanced anisotropic diagrams.

The paper is organized as follows. Section 2 formalizes the concept of grain scans, intro-
duces diagrams, states the main problems, and indicates our main contributions. Section 3
introduces the concept of coresets for speeding up exact methods and gives several examples
of how such data compression methods can be realized in our context. In particular, we show
how the original GBPD-algorithm can be turned into a computationally feasible method for
practical 3D problem sizes and reasonable resolutions. Section 4 introduces a new, direct,
and full-parameter best fit model. The results of our empirical study comparing the different
methods on available practical grain scan data are stated in section 5. Finally, section 6 con-
cludes with remarks that particularly address the issues of how the coreset methods can be
extended to situations where instead of full grain scans only certain grain measurements are
available.

2. Turning grain scans into diagrams. Adequate representations of grain scans can be
valuable tools for understanding the physical principles of grain growth and the properties
of the resulting material. The diagram representations studied in this paper require only a
few parameters per grain and are thus much easier to process than voxel-represented grain
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scans. Further, since diagram representations provide a dissection of the underlying (continu-
ous) space into cells with disjoint interiors they can even be used to boost the scan resolution.
Moreover, they exhibit geometric and combinatorial features of the grain maps (e.g., its ``neigh-
borhood structure"") that are not readily available otherwise. Hence, diagram representations
may contribute to predicting and even controlling the forming of new materials.

As previous studies [1, 33, 34, 37, 29, 39] show, only a few characteristic parameters
govern decisive properties of grain scans. These parameters may, in practice, be derived from
measurements of existing polycrystals or demanded by new materials. Here, we take a more
fundamental perspective and assume that grain scans are available at some resolution. A
specific focus will lie in the accuracy of fit of the derived diagrams. Also, computations should
be fast but not necessarily real-time as we may want to spend additional time improving
the accuracy of the representation. Accordingly, in section 4 all parameters that govern the
diagrams will be subject to optimization in order to illustrate the general fitness of diagram
representations. Section 3, on the other hand, will (in accordance with available tomographic
techniques) assume that certain parameters are directly available through measurements, and
will focus on efficient computations of the remaining ones; see Table 1 for an overview.

In this section we will first formalize the concept of a grain scan and introduce the diagrams
used throughout the paper. Then we put our studies in the subsequent sections into some
broader perspective and state our main contributions.

Grain scans. Let d \in \BbbN be the dimension we are working in (e.g., d= 2 and d= 3 for the
study of planar or 3D samples, respectively), and let k \in \BbbN denote the number of different
grains in the given polycrystalline sample. Given a set of points X = \{ x1, . . . , xn\} \subseteq \BbbR d

in the sample and labels, i.e., y1, . . . , yn \in [k] := \{ 1, . . . , k\} , we call the labeled data set
\{ (xj , yj) : j \in [n]\} a grain scan or polycrystal scan. We will refer to it as (X,Y ) with the
understanding that the indices of the labels in the family Y = \{ y1, . . . , yn\} correspond to the
indices of the points in X.

Typically our initial samples arise from digital images, normalized to lie in the range [0,1]d,
and hence exhibit a grid structure. Such images are commonly referred to as grain maps. In
order to speed up computations, we will, however, compress the data in various ways, not all
of which will sustain a grid structure.

In this notation, we set

Gi = \{ xj \in X : (xj , i)\in (X,Y )\} , \kappa i = | Gi| ,

where | Gi| denotes Gi's cardinality . Note that Gi can be viewed as a discretization of the ith
grain in the underlying polycrystal, and \kappa i is proportional to its volume.

Diagrams. Given a grain scan (X,Y ) we are interested in a diagram that represents the
scan as accurately as possible. In its general form, diagrams can be defined by functions
h1, . . . , hk :\BbbR d \rightarrow \BbbR . For each i\in [k], the corresponding cell Pi of the diagram is given as

Pi = \{ x\in \BbbR d : hi(x)\leq hl(x) \forall l \in [k]\} .

The choice of the functions hi determines the diagram type; see [9] and [19] for examples
and properties of different classes of diagrams. The classical Voronoi diagram of k distinct
points s1, . . . , sk in \BbbR d, for instance, is obtained by employing the functions hi(x) = \| x - si\| 2,
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where \| \| 2 denotes the Euclidean norm. In the following we use three types of parameters
to control the properties of the cells:

\scrA : k positive definite symmetric matrices A1, . . . ,Ak \in \BbbR d\times d, collected in the family \scrA =
\{ A1, . . . ,Ak\} . In the special case that each Ai is the unit matrix Ed of \BbbR d\times d the family
\scrA will be denoted by \scrE ;

S: k different sites s1, . . . , sk \in \BbbR d, collected in the set S = \{ s1, . . . , sk\} ;
\Gamma : k sizes \gamma 1, . . . , \gamma k \in \BbbR , collected in the family \Gamma = \{ \gamma 1, . . . , \gamma k\} .

The sites specify the general positions of the grains while the matrices in \scrA describe charac-
teristics of their shapes. In fact, each grain is equipped with its own ellipsoidal norm \| \| Ai

given through Ai by

\| x\| Ai
:=

\sqrt{} 
x\top Aix (x\in \BbbR d).

Finally, the sizes \gamma i can be used to control the grain volume.
The APD

\scrP =\scrP (\scrA , S,\Gamma ) = \{ P1, . . . , Pk\} 
is then the diagram specified by the functions

hi(x) = \| x - si\| 2Ai
+ \gamma i (i\in [k]).

Let us point out that \scrP constitutes a decomposition of \BbbR d and, in particular, two different
cells do not share interior points, i.e., int(Pi) \cap int(P\ell ) = \emptyset for i \not = \ell ; see [9] for a proof (even
for more general diagrams).

Clearly, APDs generalize the Voronoi diagrams (where Ai =Ed and \gamma i = 0 for all i \in [k])
and also the power diagrams (where \scrA = \scrE ) whose cells are polyhedra. While the Euclidean
norm \| \| Ed

= \| \| 2 corresponds to the isotropic case, the more general ellipsoidal norms
allow us to model also anisotropic growth.

Representation. Given a polycrystalline scan, we are interested in an APD which repre-
sents the scan, i.e., ideally Gi =X \cap Pi for all i\in [k]. Of course, in general, we cannot expect
a perfect fit. Hence, we resort to some notion of best fit . Let us point out that, throughout
the paper, we use the term ``represent"" only in a colloquial sense. Whether even a best fit
APD is in practice regarded as ``representing a grain map"" can only be assessed with a view
toward the context of a specific application.

In order to define the accuracy of an APD \scrP = \{ P1, . . . , Pk\} , we consider the associated
classification function

f\scrP :\BbbR d \rightarrow \{ 0, . . . , k\} , x \mapsto \rightarrow 
\Biggl\{ 
i if x\in int(Pi);

0 otherwise.

The function f\scrP maps a point x \in X either to the index of its unique containing cell or to
0 if x lies on the boundary of more than one cell. Using such functions, we can formulate
the problem of best-representing polycrystal scans as finding a diagram \scrP such that f\scrP mini-
mizes the number of misclassified data points. More precisely, we want to solve the following
problem.
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\BbbA \BbbP \BbbD : Given n \in \BbbN and an n-element labeled data set (X,Y ), compute, for i \in [k],
positive definite symmetric matrices Ai, sites si, and sizes \gamma i such that the classification
error

| \{ j \in [n] : f\scrP (xj) \not = yj\} | 

of the corresponding diagram \scrP is minimized over all feasible choices of (\scrA , S,\Gamma ).
Moreover, return this classification error.

Note that points on the boundary of cells are all mapped to 0 and, hence, regarded as
misclassified.

For \BbbA \BbbP \BbbD , all three characteristics \scrA , S, and \Gamma are optimized and constitute the output of
the problem, together with the classification error. As this reduces the computational effort,
it is often useful to specify some of these characteristics beforehand and optimize the others.
Fixing characteristics will be denoted by adding them in brackets. For instance, \BbbA \BbbP \BbbD (\scrA , S)
refers to the situation considered in [1] that both \scrA and S are given and the optimization
involves only \Gamma . In effect, \BbbA \BbbP \BbbD (\scrA , S) is hence the problem to compute \Gamma \ast for which, among
all \scrP =\scrP (\scrA , S,\Gamma ),

min
\Gamma 

| \{ j \in [n] : f\scrP (xj) \not = yj\} | 

is attained. Even more extreme, \BbbA \BbbP \BbbD (\scrA , S,\Gamma ) indicates that all characteristics are given,
therefore the APD \scrP =\scrP (\scrA , S,\Gamma ) is completely determined, and only the classification error
| \{ j \in [n] : f\scrP (xj) \not = yj\} | evoked by \scrP is to be computed.

Optimization. Since both d and k are fixed, it follows from arguments given in [8] (see
also [15]) that \BbbA \BbbP \BbbD can be solved by enumerating all relevant APDs in polynomial time. Their
number grows, however, exponentially in k and d. Hence, such an enumerative approach is
computationally infeasible for virtually all practically relevant instances. The known APX-
hardness results of [7] and [15] for the case that k is part of the input indicate that there is
not much hope to find much better algorithms for solving \BbbA \BbbP \BbbD exactly. Accordingly, various
heuristics suggest to fix all governing characteristics; see [41, 6, 20, 24, 39, 36, 40, 3, 23,
38, 2]. The sites S are generally chosen as the measured centroids

c(Gi) =
1

\kappa i

\sum 

xj\in Gi

xj

of the grains. To model the shape of the grains, [24] uses Euclidean norms, i.e., \scrA = \scrE , while,
following [1], the heuristics of [39] use the inverse of the covariance matrices, i.e.,

Ai = (\Sigma (Gi))
 - 1 =

\biggl( 
1

\kappa i
(xj  - c(Gi) : xj \in Gi)(xj  - c(Gi) : xj \in Gi)

T

\biggr)  - 1

for i \in [k]. (It can be assumed that the matrices \Sigma (Gi) have full rank d since grains that are
degenerated to volume 0 do not matter.) Further, the sizes \Gamma are typically estimated using
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the radius of the (Euclidean or ellipsoidal) ball whose volume coincides with the measured
grain volume; see [2] for an analysis in terms of discriminant analysis.

As these heuristics abstain from any optimization whatsoever, they are computationally
fast but generally result in a higher misclassification error. Hence, [1] suggested a different
method, called the GBPD-algorithm, that allows us to optimize over \Gamma . The diagrams are
specified through the dual variables of a linear program that addresses a constrained clustering
problem; see section 3 for details. As even linear programming is often too time-consuming
for real-world instances of the desired size, we will, in particular, accelerate this method using
data compression without any significant decrease of accuracy by employing coresets, which
will be introduced in subsection 3.2.

It is particularly important that this method does not require the knowledge of the grain
scan. It suffices to provide estimates for \scrA , S and the grain volumes, which, in practice,
are often much easier to obtain from measurements. In section 4 we will, nevertheless, also
provide a quite efficient direct model for optimizing over all three types of parameters, \scrA , S,
and \Gamma . This will allow for a better assessment of the quality of the solutions provided by the
faster and practically much easier method based on constrained clustering.

Contributions. In the following three sections, we will
\bullet develop sparse variants of the GBPD-algorithm of [1], called s-GBPD, which signifi-

cantly improve running times,
\bullet introduce a new model for \BbbA \BbbP \BbbD , referred to as DiLPM, which facilitates the optimiza-

tion over all characteristic parameters, and
\bullet state the results of a computational study on real-world data to indicate how the

different algorithms perform in terms of computation times and accuracy.
The sparse variants s-GBPD will be based on the notion of ``coresets"" and other data compres-
sion techniques while DiLPM uses a lifting method to obtain a ``direct linear programming
model"" which can be viewed as a support vector machine approach for machine learning
classification. Table 1 provides an overview.

Table 1
Contributions: New algorithms, corresponding choice of characteristics, and computational study. The

entry ``covariances"" stands for the choices Ai = (\Sigma (Gi)
 - 1, where \Sigma (Gi) is the covariance matrix of the ith

grain.

Contributions Governing characteristics Section

\scrA S \Gamma 

s-GBPD covariances centroids optimized 3
DiLPM optimized optimized optimized 4

Evaluation 5

3. Diagrams on sparse image supports. In this section, we assume that the matrices
\scrA and the sites S are given beforehand (e.g., chosen as inverse covariance matrices and cen-
troids of the grains from the grain scan, respectively), and only the sizes \Gamma are subject to
optimization. As, however, even \BbbA \BbbP \BbbD (\scrA , S) is computationally difficult, [1] introduced the
linear programming algorithm GBPD. The computations can be viewed as a dual method
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that relies on a relation between diagrams and weight-constrained anisotropic clustering. As
shown by experimental computations in [1], and later supported independently by [33, 34,
37], GBPD is highly accurate and the underlying model seems to capture the structure of
polycrystals quite well. The computational cost, however, severely limits its practical use for
3D data sets of high resolution. Here we will show how to significantly accelerate the method,
leading to a new class of algorithms, which we call sparse-GBPD or s-GBPD. In particular, we
will show that the clustering can be performed at a rather low resolution, essentially without
losing accuracy, and this will lead to significant speed-ups.

3.1. Diagrams from weight-constrained clustering. Let us begin by briefly describing
the relation between diagrams and clustering used in [1] which, as we will see, is based on
linear programming duality. For more details, we refer the reader to [9], the handbook article
[19], and the papers quoted therein.

As before, let (X,Y ) be a given grain scan, and let \scrA and S be the given matrices and sites.
Further, we collect the measured cardinalities \kappa 1, . . . , \kappa k, which, together with the resolution,
approximate the grain volumes in the family K= \{ \kappa 1, . . . , \kappa k\} .

While the points of the original grain scan are unweighted, the data compression techniques
of subsection 3.2 will use point weights, and hence the optimization needs to be performed
on weighted point sets. Therefore, we will assume that each data point xj carries a weight
\omega j \in (0,\infty ). Of course, the original unweighted case is included by simply assigning the weight
1 to each point of the grain scan. Collecting all weights in the family \Omega = \{ \omega 1, . . . , \omega n\} , the
weighted data set will then be denoted by (X,\Omega ). By convention, all parameters corresponding
to the jth point will, again, be indexed by j.

A clustering C of (X,\Omega ) is a vector

C = (C1, . . . ,Ck) = (\xi 11, . . . , \xi 1n, . . . , \xi k1, . . . , \xi kn)
\top 

whose components \xi ij specify the fraction of xj that is assigned to the ith cluster Ci =
(\xi i1, . . . , \xi in)

\top . If all \xi ij are in \{ 0,1\} , i.e., each point is assigned to precisely one cluster, the
clustering will be called integer .

In terms of formal constraints, any clustering satisfies the assignment conditions

\xi ij \geq 0 (i\in [k], j \in [n]) and

k\sum 

i=1

\xi ij = 1 (j \in [n]).

Further, the weight \omega (Ci) of the cluster Ci is given by

\omega (Ci) =

n\sum 

j=1

\xi ij\omega j .

Note that the given grain scan (X,Y ) naturally defines the integer clustering G= (G1, . . . ,Gk)
of the (discretized) grains. It is formally specified by the components \xi Gij \in \{ 0,1\} with \xi Gij = 1
if and only if xj \in Gi. As all points carry the weight 1, cluster Gi has weight \omega (Gi) = \kappa i,
i \in [k]. It is, of course, this grain scan clustering that we want to represent by a suitable
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diagram \scrP = \scrP (\scrA , S,\Gamma ). Accordingly, a clustering C and a diagram \scrP = (P1, . . . , Pk) are
called compatible if, for all i\in [k],

Pi \supset supp(Ci) = \{ xj \in X : \xi ij > 0\} .

In general, we cannot expect the grain scan clustering to be compatible with any APD. Hence,
we resort to the problem of determining a clustering C\ast that is ``close"" to G and which admits
a compatible diagram.

A natural and simple condition is to require that the clusters of C\ast and G have similar
weight, i.e., for given \epsilon i \in (0,\infty ) the weight constraints

(1 - \epsilon i)\kappa i \leq \omega (Ci)\leq (1 + \epsilon i)\kappa i (i\in [k])

should hold. In practice, the error terms \epsilon i may reflect the available resolution of the image
(or the known or expected accuracy of the measurements).

Our overall rationale will, however, be as follows. First, we evoke linear programming
duality to relate optimal constrained clusterings to APDs, as already suggested in [1]. Then,
we apply this model to a rather small weighted point set which is obtained through the data
compression techniques described in subsection 3.2. Finally, we use the so obtained diagram
to assign the points of the original data set to clusters. This yields an integer clustering, which
we compare with the grain scan clustering to compute its classification error.

In the following, we will actually enforce the strict constraints \omega (Ci) = \kappa i on the com-
pressed data set for all i \in [k]. The set of all such weight-constrained clusterings will be
denoted by \scrC \mathrm{K}(X,\Omega ). Further, the given shape parameters \scrA and S are incorporated in the
cost function

cost\scrA ,S(X,\Omega ,C) =

k\sum 

i=1

n\sum 

j=1

\xi ij\omega j\| xj  - si\| 2Ai
,

which is to be minimized. The idea behind this choice of objective function is to enforce some
kind of ``minimum energy principle"" by rewarding the assignments of points to the closest site
with respect to the ellipsoidal norms.

Altogether, we are considering the problem weight-constrained anisotropic assignment :

\BbbW \BbbC \BbbA \BbbA : Given k,X,\Omega ,K, S, find C\ast \in \scrC \mathrm{K}(X,\Omega ) that minimizes cost\scrA ,S(X,\Omega ,C).

Note that the grain scan clustering G is feasible for the original unweighted data set. In
general, the simple condition

k\sum 

i=1

\kappa i =

n\sum 

j=1

\omega j

guarantees that \scrC \mathrm{K}(X,\Omega ) \not = \emptyset , and we will, in the following, assume that this is the case.
Hence, a finite minimum always exists for \BbbW \BbbC \BbbA \BbbA ; it will be denoted by cost\scrA ,S(X,\Omega ), i.e.,

cost\scrA ,S(X,\Omega )= min
C\in C\in \scrC \mathrm{K}(X,\Omega )

cost\scrA ,S(X,\Omega ,C).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



TURNING GRAIN MAPS INTO DIAGRAMS 231

Next, note that \BbbW \BbbC \BbbA \BbbA can be formulated as the following linear program in the variables
\xi ij :

min
(\xi ij)

k\sum 

i=1

n\sum 

j=1

\xi ij\omega j\| xj  - si\| 2Ai
,

k\sum 

i=1

\xi ij = 1 (j \in [n]),(P)

n\sum 

j=1

\xi ij\omega j = \kappa i (i\in [k]),

\xi ij \geq 0 (i\in [k], j \in [n]).

Let us remark that in the case that all weights coincide and, in particular, if all are 1, the
coefficient matrix of (P) is totally unimodular , hence each basic feasible solution is integer;
see, e.g., [32] for background information. The dual linear program

max
(\eta j ,\gamma i)

n\sum 

j=1

\omega j\eta j  - 
k\sum 

i=1

\kappa i\gamma i,

\eta j \leq \| xj  - si\| 2Ai
+ \gamma i (i\in [k], j \in [n]),(D)

in the variables \eta j and \gamma i encodes proximity conditions involving the diagram functions based
on \| x - si\| 2Ai

. Recall that, due to duality, the optima in (P) and (D) coincide. Further, we
have the following theorem.

Theorem 1 (special case of [9, Thm. 1). Let (k,X,\Omega ,K,\scrA , S) be an instance of \BbbW \BbbC \BbbA \BbbA ,
and C \in \scrC \mathrm{K}(X,\Omega ). Then C is an optimizer of the linear program (P) if and only if there exist
size parameters \Gamma such that C and the diagram \scrP =\scrP (\scrA , S,\Gamma ) are compatible.

According to Theorem 1, an optimal clustering C\ast results in an optimal diagram \scrP \ast .
Hence, we can apply any standard linear programming algorithm to compute optimal sizes.
In section 5 we actually use the dual simplex algorithm. Note, however, that optimality is
measured here with respect to the objective functions of (P) and (D), and it is not clear in
the first place how the cost of a clustering translates into the classification error which is to
be minimized in \BbbA \BbbP \BbbD (\scrA , S). See [17] for related stability and instability results. Hence, in
effect, the clustering-based algorithms address \BbbA \BbbP \BbbD (\scrA , S) only indirectly.

3.2. Data compression for accelerating the linear program. If the linear program (P) is
based on the original (unweighted) ground set X of the image, say, on the points of 1/\nu \cdot \BbbZ d in
[0,1]d for some \nu \in \BbbN , then it involves k \cdot (\nu +1)d variables. If, for instance, in three dimensions,
\nu = 9999 and k = 50, (P) has already 5 \cdot 1013 variables. Of course, as one would expect that
\xi ij = 0 whenever si is not among the first few closest sites to xj , preprocessing would allow us
to reduce the influence of k to a manageable size. It is, however, | X| which affects the number
of variables the most.

Image supports and coresets. In the following, we will reduce the number of variables
considerably while retaining almost the initial accuracy. Our approach is based on the obser-
vation that the point set (X,\Omega ) is only a means for obtaining the desired diagram but not
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important in its own right. In fact, once we obtain the diagram \scrP , we can easily generate an
image at any desired resolution from it. Hence, we can, in principle, use any nonempty finite
subset X \prime \subset [0,1]d for computing diagrams through clustering---as long as we associate suit-
able weights to the points to accommodate the weight constraints. We will call such weighted
sets (X \prime ,\Omega \prime ) image supports.

Naturally, some such sets will be better suited than others, and we will speak of coresets
( \~X, \~\Omega ) if these sets can be derived from (X,\Omega ) in such a way that the relative deviation between
cost\scrA ,S(X,\Omega ) and cost\scrA ,S( \~X, \~\Omega ) can always be suitably bounded in terms of a given precision.
Here, we are interested in choosing the image supports (X \prime ,\Omega \prime ) as part of the ``experimental
setup,"" i.e., prior to scanning or taking characteristic measurements of the polycrystal. Thus,
this setting requires the condition for all sets of k sites.

More precisely, let ( \~X, \~\Omega ) be a weighted data set, \epsilon \in (0, 1/2] , \delta \in [1,\infty ). Then, following
[16], ( \~X, \~\Omega ) is an (\epsilon , \delta )-coreset for (k,X,\Omega ,K) if there exists a mapping g : \scrC \mathrm{K}(k, \~X, \~\Omega ) \rightarrow 
\scrC \mathrm{K}(X,\Omega ), called extension, and real constants \Delta +,\Delta  - , referred to as \Delta -terms or offsets, with
0 \leq \Delta + \leq \delta \cdot \Delta  - such that the following two conditions hold for all sets of k sites and all
clusterings \~C \in \scrC \mathrm{K}( \~X, \~\Omega ):

(1 - \epsilon )cost\scrA ,S(X,\Omega , g( \~C))\leq cost\scrA ,S( \~X, \~\Omega , \~C) +\Delta +,(a)

cost\scrA ,S( \~X, \~\Omega ) +\Delta  - \leq (1 + \epsilon )cost\scrA ,S(X,\Omega ).(b)

If \delta = 1 we will simply speak of an \epsilon -coreset .
Let us point out that other notions of coresets have been introduced for different problems;

see, e.g., [22, 13, 12, 14, 35, 4]. The definition used here is specifically customized for weight-
constrained anisotropic clusterings and assignments. It guarantees that approximate solutions
of the constrained clustering problems on coresets can be turned into approximate solutions
on the original data set; see [16, Thm. 3.5].

In order to practically use coresets for constrained clustering, they need to be small and
the extension g must be quickly computable. While, in our context, the coreset constructions
(given below) are important, the extension does not play any role, and the coreset conditions
are relevant for theoretical reasons only, as they guarantee any desired accuracy at least with
respect to the clustering cost. In fact, clustering is not used here in its own right but only
as a method for computing diagrams via linear programming duality. Accordingly, we will
determine the assignment of the original data points directly from the diagram computed on
the coreset data and compare the obtained clustering C with the grain scan clustering G to
quantify the classification error; see section 5. In particular, the weights of the so obtained
clusters will, in general, deviate from the specified target weights \kappa i.

In the following, we will first present two different coreset constructions which rely, in
addition to \scrA and S, only on the measurements \kappa 1, . . . , \kappa k and, hence, can be used in a much
more general practical context. Subsequently, we will then, however, also consider an image
support based on the grain scan clustering G= (G1, . . . ,Gk) to show how far the concept can
be pushed in principle.

Pencil coresets. The following result shows that coresets exist and that they can be
profitably used to accelerate GBPD computations. Let \lambda  - (\scrA ) and \lambda +(\scrA ) denote the smallest
and largest eigenvalues of all matrices in \scrA , respectively.
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Theorem 2 (special case of [16, Thm. 2.3]). For any instance of \BbbW \BbbC \BbbA \BbbA and for any
\epsilon \in (0, 1/2] and

\delta \geq \lambda +(\scrA )

\lambda  - (\scrA )
,

there is an (\epsilon , \delta )-coreset \~X of size

| \~X| \in \scrO 
\biggl( 

k2

\epsilon d+1

\biggr) 
.

The theorem shows that it suffices to use relatively small point sets for clustering whose
``sparseness"" is independent of the initial point set X and depends only on k and \epsilon . More
importantly, Theorem 2 is constructive. As the known constructions ``live"" on pencils of lines
in \BbbR d issuing from a certain set of points, they are called pencil coresets. We will report on
our implementation of such pencil coresets for different error parameters in section 5. Here
we will briefly indicate their structure, which is based on a design by [22] for unconstrained
clustering. Its generalization to weight-constrained anisotropic clusterings and the improved
bound are due to [16].

For technical simplicity, we will focus on the Euclidean case and, as this is the relevant
situation here, assume that the ``source points"" coincide with given sites s1, . . . , sk. For a
visualization in two dimensions, see Figure 2. The lines of the ith pencil are chosen in such a
way that their points of intersection with the unit sphere centered at the site si are ``evenly
distributed."" Note that this is closely related to coverings of the unit sphere by congruent
spherical caps. See, e.g., [26] for general results on \epsilon -nets and [11] for sparse coverings of the
Euclidean 2-sphere by specific numbers of congruent spherical caps.

Then, we assign each point of the data set to its closest site, breaking ties arbitrarily, and
project it onto a line of the corresponding pencil closest to it, again breaking ties arbitrarily.
After this projection process, all points lie on lines, and in the remaining step, each line is
treated independently. Note that this is possible due to the additivity of the cost function
with respect to the data points.

Each such line is now partitioned into batches. Finally, all points in one batch B are
replaced by the batch's centroid c(B) and assigned the sum of weights of all batch points as
its weight. Of course, in our standard setting with unit weights, this process evokes a batch
error

\sum 
x\in B \| x - c(B)\| 2A.

If the lengths of the batches are chosen appropriately, this process results in the desired
(\epsilon , \delta )-coreset. See [16] for the details of the proof.

Resolution coresets. While the construction in the previous section works for general data
sets (X,\Omega ), the pencils ignore the grid structure of the given grain scan. In particular, the
``density"" of the image support varies with the distance to the sites. For voxel-based images,
it seems more natural and, actually, interesting in its own right to consider image supports
that pertain to a (coarser) grid structure and which can still be interpreted in terms of the
image resolution.

In the following, we will briefly introduce the concept of resolution coresets. For technical
simplicity, we will assume that the voxels are boxes whose edge lengths are powers of 1/2. Our
exposition follows [18].
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For i \in [d], and \rho = (\rho 1, . . . , \rho d) \in \BbbN d we consider the uniform partitioning of the interval
[0,1] on the ith coordinate axis into 2\rho i intervals of equal length. Then each voxel is the
Cartesian product of one of the intervals on each axis. More formally, with

x\rho j1,...,jd =

\left( 1
2\rho 1+1 +

j1
2\rho 1

...
1

2\rho d+1 +
jd
2\rho d

\right) 

,

the voxels are obtained as

x\rho j1,...,jd +
1

2\rho 1+1
[ - 1,1]\times \cdot \cdot \cdot \times 1

2\rho d+1
[ - 1,1]

for all choices of j1, . . . , jd with

j1 \in \{ 0, . . . ,2\rho 1  - 1\} , . . . , jd \in \{ 0, . . . ,2\rho d  - 1\} .

We collect the points x\rho j1,...,jd in the data set X\rho . Note that the points are centroids of the
voxels and constitute the original data set, i.e., X\rho =X. Of course, n= | X\rho | = 2\rho 1 \cdot . . .\cdot 2\rho d . We
will refer to the vector (\rho 1, . . . , \rho d) as the resolution of the image. Note that if all \rho i coincide
with some given \=\rho \in \BbbN , then

X\rho =
1

2\=\rho +1
1+

\biggl( \biggl( 
1

2\=\rho 
\BbbZ d

\biggr) 
\cap [0,1)d

\biggr) 
,

where 1 is the all-ones vector (1, . . . ,1)\top , i.e., the point set consists of all points in [0,1]d of
a translate of the integer lattice of side 1/2\=\rho . Naturally, a lower resolution is obtained by
decreasing some or all \rho i, resulting in sparser image supports. The question is how small we
can choose a resolution \tau \in \BbbN d with \tau i \leq \rho i such that X\tau , together with appropriate weights,
is a coreset.

As it turns out, it suffices to consider a number of points on each axis which depends only
on k and \epsilon .

Theorem 3 (see [18, Thm. 1]). Let \rho \in \BbbN d, (k,X\rho ,\Omega ,K) be an instance of weight-
constrained anisotropic clustering, and \epsilon \in (0, 1/2]. Then, there is a \=\tau \in \BbbN with

\=\tau \leq 2
8/3k

\epsilon 2/3

such that, for \tau = (\=\tau , . . . , \=\tau )\in \BbbN d, the set X\tau together with appropriate weights is an \epsilon -coreset
of size

| X\tau | \leq 
\biggl( 
2

8/3k

\epsilon 2/3

\biggr) d

.

Such a set X\tau is referred to as a resolution coreset . Theorem 3 allows us to reduce the
resolution of the scan to a size that is independent of the original resolution and only depends
on the number of grains and the desired accuracy (measured in terms of the cost of the
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produced clustering). Hence, we can use grain scans of relatively low resolution, solve (P) for 
the correspondingly small data set, and then obtain a diagram representation via (D). Recall 
that we can, ultimately, use the diagram to produce a grain image of any (arbitrarily high) 
desired resolution. 

Let us briefly address the difference between the bounds in Theorems 2 and 3 to place 
the results into perspective. For example, when k = 50 and € = 0.01, not taking constants 
(hidden, in Theorem 2, in the Landau notation) into account, the coreset size guaranteed by 
Theorems 2 and 3 in three dimensions is 2.5 - 1011 and 1.25 • 109

, respectively. Note, however, 
that Theorems 2 and 3 give worst-case upper bounds which are not known (and not even 
conjectured) to be best possible. As we will see in section 5, the image supports can indeed 
be reduced much more radically in our practical computations without sacrificing much of the 
accuracy. 

Let us repeat that while the coreset property bounds the error in clustering costs, it does 
not directly provide a theoretical bound for the classification error of the corresponding dia­
gram for AJl»][))(A, S). The practical results in section 5 indicate, however, that the "indirect" 
quality guarantee which comes with the coreset property also leads to a favorable classification 
behavior. 

Grain scan-based interior removal. The previously constructed pencil and resolution 
coresets make use of only certain characteristics of grain maps. They can, of course, be 
derived from a given grain scan (X, Y), but, in practice, they are often much more easily 
available through direct tomographic measurements. While this is an important feature for 
practical applications, it is, of course, natural to ask how much is actually lost by not using 
the full grain scan information. More precisely, using G = ( G 1, ... , G k), how much further 
can the size of image supports be reduced while still constituting coresets, i.e., while still 
facilitating quite accurate clusterings in terms of their costs? Note that this is not just 
a theoretical issue but also highly relevant whenever given grain scan representations need 
to be turned into diagram representations to facilitate image postprocessing and analysis 
tasks. 

Suppose that, under ideal conditions, the grain growth process indeed results in a diagram. 
Then we may assume that the given grain scan clustering Gis close, up to minor imperfections, 
to an optimal clustering C*. 

Before continuing, let us mention that such an assumption is in line with several common 
stochastic grain growth models, including Poisson-Voronoi and Laguerre [28, 10]. These meth­
ods assume growth from a set of point germs µ1, ... , µk with a normal distribution N(/J,i, "2:,i) 
modeling the probability of points being contained in the ith grain. In these cases, the shape 
parameters are chosen according to maximum likelihood resulting in Si = µi and Ai = "2:,;1 . 
See, e.g., [3, 2] for more information. 

Under such a "closeness" assumption it seems reasonable to discard all points that are 
sufficiently far away from the "grain boundaries" of G. More formally, we choose a suitable 
metric d and parameters öi E (0,oo) and define the öi-interior of Gi by 
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In the grid-based situation of the previous paragraph it seems natural to use for a variant
of the 1-norm normalized by the different resolutions on the axes, i.e., for z = (\zeta 1, . . . , \zeta d)

\top 

\| z\| 1 =
d\sum 

i=1

2\rho i\zeta i.

The corresponding norm-induced metric then counts the ``grid distance"" which is the length
of a shortest path in the underlying grid graph. In section 5, we will use this metric and refer
to it as grid graph distance. Note that (for any standard metric) Gi(\delta i) can be computed
efficiently.

The parameters \delta i control the size of the interior, and a larger \delta i will result in a smaller
\delta i-interior and, hence, in a larger image support but potentially also higher accuracy. The
specific choices of the \delta i reflect the initial confidence that G is already close to an optimal
clustering. The deviation fromG of the grain scan induced by the computed diagram \scrP may be
viewed as an indicator of the state of the process, i.e., of how far it is from an energy-minimal
state which is indeed characterized by the underlying model.

For the computations in section 5, we employ image supports obtained by coreset tech-
niques combined with interior removal. Any specific algorithm of the so obtained class of
methods will be referred to as sparse-GBPD or, shorter, s-GBPD . As we will show, suit-
able such choices lead to substantial accelerations of diagram computations on real-world
data.

4. A direct model for \BbbA \BbbP \BbbD . The algorithms of the previous section are based on esti-
mates for the matrices and sites and treat \BbbA \BbbP \BbbD (\scrA , S) indirectly via clustering. We will now
propose an optimization model which addresses \BbbA \BbbP \BbbD directly. As it optimizes over all three
characteristic parameters \scrA , S, and \Gamma , the larger set of diagrams to choose from will allow
for a better fit of (X,Y ). The higher accuracy comes, however, at the price of computational
costs which are substantially higher than those of the methods described in section 3. None-
theless, combining the model with our previous point reduction techniques enables at least its
computation for the real-world data set of section 5.

This section has, indeed, a somewhat different focus: On the one hand, it provides a
``benchmark method"" for a better assessment of the quality of fit produced by other methods
for appropriately chosen test cases. On the other hand, it may be helpful for ``quantifying
the physical state"" of a prematurely terminated growth process in terms of the achieved fit.
As expected and exemplified in section 5, the new algorithm will only be practically useful if
computation time is not the main concern.

The technique that we will now introduce is based on the paradigm of support vector
machines from data analysis and requires knowledge of (a relevant part of) the grain scan
(X,Y ). See, e.g., [31] for additional background information on machine learning.

Let again G = (G1, . . . ,Gk) be the grain scan clustering. If there exists a diagram
\scrP (\scrA , S,\Gamma ), compatible with G, its defining functions hi(x) = \| x - si\| 2Ai

+ \gamma i will separate
the points of the clusters, i.e., for j \in [n] and i, \ell \in [k] with \ell \not = i,

hi(xj)\leq h\ell (xj) for each xj \in Gi.
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Since, in general, real-world scans will not admit a perfectly fitting diagram, it is natural to
relax these conditions and resort to the optimization problem

min
(\zeta j)

n\sum 

j=1

\zeta j ,

hi(xj) \leq h\ell (xj) + \zeta j (j \in [n], i, \ell \in [k], \ell \not = i, xj \in Gi),

\zeta j \geq 0 (j \in [n]).

Here, the nonnegative error terms \zeta j allow for potential misclassification, and the objective
minimizes the accumulated errors. As, however, we can multiply all matrices Ai and sizes \gamma i by
a common positive factor without changing the diagram, the infimum of the objective function
will always be 0, independently of the fit of the diagram. There are various possibilities
to break this invariance. Our approach reflects the assumption that points near the grain
centroids are already correctly classified by the grain scans and classification errors occur
only near the boundaries. This will be modeled in terms of the \delta i-interior for suitably chosen
\delta i \in (0,\infty ) introduced in the previous section, resulting in the optimization problem

min
(\zeta j)

n\sum 

j=1

\zeta j ,

hi(xj) \leq h\ell (xj) - 1 (j \in [n], i, \ell \in [k], \ell \not = i, xj \in Gi(\delta i)),

hi(xj) \leq h\ell (xj) + \zeta j (j \in [n], i, \ell \in [k], \ell \not = i, xj \in Gi \setminus Gi(\delta i)),

\zeta j \geq 0 (j \in [n], xj \in Gi \setminus Gi(\delta i)).

In this model, all points in the \delta i-interior of Gi are separated strictly. Note that the specific
choice of 1 for the ``margin"" is arbitrary as long as it is positive. Let us point out that, while
a positive value of \zeta j in the optimum indicates that the point xj is misclassified, the objective
function does not actually count the number of misclassified points. In fact, using indicator
variables to express the classification error would result in an integer program which can no
longer be solved for appropriate sizes of grain maps within acceptable time.

The above optimization problem has nonlinear constraints as the optimization extends
over the entries in Ai, si, and \gamma i and

hi(xj) = \| xj  - si\| 2Ai
+ \gamma i = xTj Aixj  - 2sTi Aixj + sTi Aisi + \gamma i,

where only the points xj are given. We will therefore apply a lifting technique to linearize the
problem by introducing new variables for each relevant expression. First, we use the notation

xj =

\left( 
(xj)1
...

(xj)d

\right) 

, Ai =

\left( 
(Ai)1,1 . . . (Ai)1,d

...
...

(Ai)d,1 . . . (Ai)d,d

\right) 

and set

ai = - 2Aisi, \alpha i = s\top i Aisi + \gamma i
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to encode all parameters in the extended parameter vector

\frakA i =
\Bigl( 
\alpha i, a

\top 
i , (Ai)1,1,2(Ai)1,2, . . . ,2(Ai)d - 1,d, (Ai)d,d

\Bigr) \top 
\in \BbbR 1+d+ 1

2
d(d+1).

Note that (Ai, si, \gamma i) can easily be recovered from \frakA i. In fact, the entries of Ai can be read
off directly, then si = - 1/2A - 1

i ai and, finally, \gamma i = \alpha i  - s\top i Aisi. If we now introduce, for each
point xj , its extended coefficient vector

Xj =
\Bigl( 
1, (xj)1, . . . , (xj)d, (xj)

2
1, (xj)1(xj)2, . . . , (xj)1(xj)d, . . . , (xj)d - 1(xj)d, (xj)

2
d

\Bigr) \top 
,

we can write the separation conditions in terms of the linear expression

hi(xj) =\frakA \top 
i Xj .

Accordingly, we will address \BbbA \BbbP \BbbD via the direct linear programming model

min
(\zeta j)

n\sum 

j=1

\zeta j ,

\frakA \top 
i Xj  - \frakA \top 

\ell Xj + 1 \leq 0 (j \in [n], i, \ell \in [k], \ell \not = i, xj \in Gi(\delta i)),(DiLPM)

\frakA \top 
i Xj  - \frakA \top 

\ell Xj  - \zeta j \leq 0 (j \in [n], i, \ell \in [k], \ell \not = i, xj \in Gi \setminus Gi(\delta i)),

\zeta j \geq 0 (j \in [n], xj \in Gi \setminus Gi(\delta i)).

In the following we will also use the acronym DiLPM for any algorithm that solves (DiLPM).
There is one additional issue to address. In order to derive diagram parameters from a

solution (\frakA \ast 
1, . . . ,\frakA 

\ast 
k) of (DiLPM), we need to guarantee that the obtained matrices A\ast 

1, . . . ,A
\ast 
k

are symmetric and positive definite. Otherwise, the computations may not result in an APD.
While the symmetry of the matrices is built into the model, there is, however, no precaution
taken that the A\ast 

i produced via DiLPM are indeed positive definite.
To obtain appropriate matrices, we will use the fact that the constraints in (4.1) are

invariant under the operation which replaces all entries (Ai)\ell ,\ell in \frakA i by (Ai)\ell ,\ell + \beta for any
arbitrary \beta \in \BbbR while keeping all other entries as before. In fact, we simply add and subtract
the term \beta x\top j xj in the first two groups of constraints. Hence, neither the constraints nor
the objective function values of (DiLPM) change. In effect, this operation replaces the last
1
2d(d+ 1) entries in \frakA i by \=Ai =Ai + \beta Ed.

So, suppose that not all of the resulting matrices Ai are already positive definite. Then
we can simply switch over to \=Ai =Ai+\beta Ed for all i\in [k] and some suitable \beta \in (0,\infty ) so that
all \=Ai become positive definite. We use the matrices \=Ai now for the subsequent computation
of the sites and the sizes and set

\=si = - 1/2 \=A - 1
i ai, \=\gamma i = \alpha i  - \=s\top i \=Ai\=si.

Then ( \=Ai, \=si, \=\gamma i) (i \in [k]) yield, indeed, a desired diagram \scrP ( \=\scrA , \=S, \=\Gamma ) with the same objective
function value in (DiLPM).

Let us close by pointing out that (DiLPM) can be combined with the image supports
described in subsection 3.2. Indeed, for practical computations one can largely thin out X first
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and, in particular, require strict separation only for data points in certain rings Gi(\delta 
 - 
i )\setminus Gi(\delta 

+
i )

with \delta  - i < \delta +i . In section 5 we will employ such accelerating techniques but see that (DiLPM)
is significantly more time-consuming than (P).

5. Computational results. We will now evaluate the introduced techniques with respect
to computation time and accuracy using a 3D real-world grain scan from [24]. After briefly
describing the computational setup, we will first assess the achievable degree of sparseness of
the image supports for s-GBPD. This allows us to choose appropriate ``sparseness parameters""
to compare s-GBPD and DiLPM for a range of different quality criteria. This comparison will
illustrate the degree of fit produced by the former at a much lower computational cost than
the latter.

5.1. Computational setup. Our computational study is based on data provided by [24];
see also the description in [1]. It was obtained by a synchrotron microtomograph experiment
conducted on a metastable beta titanium alloy (Ti \beta 21S). The material was scanned with a
volume of 240\mu m\times 240\mu m\times 420\mu m at a resolution resulting in a voxel edge length of 0.7\mu m.
It comprises 591 grains, 211 of which are interior to the polycrystal, i.e., they are entirely
surrounded by other grains.

We hence have a grain scan (X,Y ) with

n= | X| = 339\times 339\times 599 = 68,837,679 and k= 591.

In the following we refrain from normalizing X and report all results for the original physical
dimension stated above. All computations are carried out in three dimensions. The images
depict 2D slices parallel to the plane of the first two coordinates. One such example is shown
in Figure 1.

Let us point out that the larger blue patch in the left lower corner and the nearby tiny
blue patch surrounded by the green area actually belong to the same grain. While this can be
seen in the 3D image, its 50th slice depicts two components. So, let us emphasize again that

Figure 1. Slice no. 50 of the data set. Neighboring grains are colored in different colors.
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all subsequent 2D images are for illustration purposes only, while all reported results have
been fully computed in three dimensions. This contrasts with most computations in [1] and,
as a matter of fact, 3D problems of the size considered here are far beyond the capability of
the original GBPD-algorithm introduced there.

The reported running times were measured on a virtual machine with 10 virtual CPUs
corresponding to five Intel Xeon Gold 6148 CPU @ 2.40GHz CPUs and 45GB of memory (i.e.,
one CPU processes two virtual CPUs). For better comparison, we solved all linear programs
using the dual simplex algorithm on only one virtual CPU. Let us point out, however, that
the sparse models, which we show to be sufficient, also run on standard machines with less
than 16GB of memory.

5.2. s-GBPD: Sparseness versus fit. The coreset constructions in Theorems 2 and 3
allow us to work with sample sizes that only depend on k and \epsilon without much affecting the
clustering cost. Grain-based interior removal can further reduce the size of the image support.
We will now study experimentally the effect of sparseness on the quality of the generated
diagram.

Relative fit and relative cluster weight error. In the following, we measure the quality
of fit. More precisely, let \scrP = (P1, . . . , Pk) be the diagram obtained by the algorithm and set

\^Ci = \{ xj \in X : xj \in int(Pi)\} (i\in [k]), \^C = ( \^C1, . . . , \^Ck).

Let us point out that \^C is not a clustering of X but only of X \cap \bigcup k
i=1 int(Pi) (and this is why

we use the notation \^C rather than C). We define the relative fit \Phi G of \^C as

\Phi G( \^C) =
1

n

\bigm| \bigm| \bigm| \bigm| \bigm| 
k\bigcup 

i=1

Gi \cap \^Ci

\bigm| \bigm| \bigm| \bigm| \bigm| .

Note that the points on the cell boundaries are not assigned to any clustering and, hence,
count as misclassified.

Also, we will compute the relative cluster weight error \Psi G defined by

\Psi G( \^C) =
1

n

k\sum 

i=1

| \kappa i  - \omega ( \^Ci)| .

Pencil coresets. In this setup, the sites S and the matrices \scrA are given and we consider
pencils issuing from the centroids of the Gi whose lines are distributed with respect to the
ellipsoids si + \{ x : \| x\| Ai

\leq 1\} .
While all computations are fully 3D, although this is hard to visualize, Figure 2 illustrates

the construction in two dimensions with rays emanating from the centroids of the depicted
2D grains.

For about 100,000 points, we obtain already a relative fit of 0.93. Enlarging the image
support improves \Phi G only in the third decimal digit. The relative cluster weight error \Psi G

benefits slightly more from increasing the density, from 0.025 for 100,000 to 0.02 for 200,000
points. Figure 3 depicts the dependency of the relative fit and the relative cluster weight error
on the density of the sample support. While in Theorem 2, both the number of rays and the
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Figure 2. APDs from pencil coresets. From left to right: Computed diagroms (cell boundaries shown in 
black) based on decreasing image supports {the nonwhite and nonblack colored p-ixels in the respective images). 
The diagram in the left image uses the full image support (the full available data), while the others use image 
supports living on pencils of decreasing density. 
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Figure 3. Relative fit (left) and relative cluster weight error (right) for pencil coresets evaluated for different 
cardinalities of image supports. The numbers of roys and the batch errors are signified by color and size. Also, 
the behavior Jor a fixed number of roys is indicated by connecting the corresponding points. 

batch error ExEB llx - c(B)II! are functions of k and E, we control these numbers in practice 
separately. 

More precisely, first the number of rays is selected and each point of X is projected on the 
appropriate ray, as described in subsection 3.2. Then the points of each ray are partitioned 
into batches B and replaced by the batches' centroids c(B). We do this dynamically so as to 
control the batch errors. Accordingly, Figure 3 also shows the influence of the batch error and 
the number of rays (indicated by the size and color of the points, respectively) on the relative 
fit and the relative weight error. 

In general, the computational results suggest that, within a reasonable range, the number 
of rays may be more important than the batch error. This observation supports the intuition 
that the shape information about the grains is better captured by additional rays than by 
more points on each ray. 
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Resolution coresets. The results of a similar evaluation for the resolution coresets are 
illustrated in Figure 4. 

Again, we obtain a relative fit of 0.93 for image supports above 100,000 points. However, 
the resolution coreset seems to cause a relative duster weight error which is only half of that 
for pencil coresets, i.e., 0.01 instead of 0.025 for the latter. With increasing resolution, w0 

decreases further to 0.0022 for 1 million points. Figure 5 depicts the details. 
The experimental results suggest that maintaining the grid structure in the image support 

yields, at the same level of sparsity, diagrams which are closer to the optimal diagram for the 
original instance. 

Additional grain scan-based interior removal. In our practical evaluation of grain scan­
based interior removal, we used a uniform setting, i.e., Öi = J for all i E [k], and employed 

Figure 4. APDs from resolution coresets. From left to right: Computed diagrams (cell boundaries shown in 
black) based on decreasing image supports {the nonwhite and nonblack colored p-ixels in the respective images). 
The diagram in the left image uses the full image support (the full available data), while the others use image 
supports living on resolution coresets of decreasing density. 
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Figure 5. Relative fit (left) and relative cluster weight error {right) Jor resolution coresets evaluated Jor 
different cardinalities of image supports. 
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Figure 6. APDs for different degrees of grain scan--based interior removal (from left to right: none, and
\=\delta = 10,6,2). Shown are the computed diagrams (cell boundaries in black) based on the decreasing image supports
(the nonwhite and nonblack colored pixels in the respective images).

Figure 7. Pencil (top) and resolution coresets (bottom) combined with interior removal (from left to right:
none, and \=\delta = 10,6,2). Shown are the computed diagrams (cell boundaries in black) based on the decreasing
image supports (the nonwhite and nonblack colored pixels in the respective images).

the grid graph distance. See Figure 6 for a visualization in two dimensions. (Here, and in
Figure 7, we used the values \=\delta = 2,6,10 to enhance the visual impression; the computations
were done with a variety of different values, and we report the results for \=\delta = 2,3,4 as these
are most relevant.)

In order to be able to preserve the size constraints in (P) for the reduced image support,
we represent each removed \=\delta -interior Gi(\=\delta ) by a single point at Gi's centroid, weighted by the
cardinality of the removed interior points. While, particularly for large grains, a considerable
number of points may be omitted, the total length of the unmodified ``grain boundaries"" is
typically quite large. Hence, as a sole thinning strategy, interior removal is insufficient for
reducing the image support to render the linear program tractable in practice.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



244 

0.932 

ü: 0.930 
(1) 

& 0.928 

0.926 

Relative Fit 

• 

•• •

• • 

• 

• 

•• 

•• 

2 3 

# Points 

• 
X 

4 

A. ALPERS, M. FIEDLER. P. GRITZMANN, AND F. KLEMM

■ 0.045

0 0.040
t= 

1: 0.035
0) 

� 0.030 

g! :;:; 0.025 
('0 

0::: 0.020 

0.015 

1e5 

Relative Weight Error 

•• 

• 

... •

)( •
• •

• 
• 

.,. 
,c )C 

•x .•x
,lC ■X

• X � , 
• 

• 

2 3 
# Points 

• 

4 
1e5 

# Rays 

30 

+ 50

+ 70

+ 90

Batch error 

inµm2 

0 2.72 

0 1.00 

0 0.37 

0 0.14 

0 0.05 

Delta 

• 2

• 3

• 4

Figure 8. Combination of pencil coresets with interior removal: Dependence of �(G) and Wa on the size 
of the resulting image support. Again, the color indicates the number of roys, the si.ze refers to the batch error, 
while the shape of the symbol signifies the different values of 8. 

When combined with the previous coreset strategies, grain scan-based interior removal 
can, however, add a significant additional contribution. Pencil and resolution coresets still 
yield many points in each grain's interior, which can be removed for further speeding up (P). 

Figure 7 illustrates the combination of the coresets with interior removal in two dimensions. 
Again, the resulting diagrams are, as theory suggests, very similar to the original image. 

In the experimental study, we investigated the effect of different parameter choices on the 
relative fit and the relative duster weight error. Since we discussed the dependence of 4>a 
and Wa on the coreset parameters already, we focus on the dependence on the parameter J. 
Recall that the J-interior Gi(J) decreases with increasing J. Fortunately, already a grid graph 
distance of J = 2 produced excellent fits. Best results were obtained for J = 4. 

Figures 8 and 9 show the effect of different choices for the parameters on the relative fit 
and the relative duster weight error. 

In comparison, the combined thinning process based on resolution coresets outperformed 
that of pencil coresets: Its relative fit is higher, and its relative duster weight error is smaller 
for all investigated coreset sizes. The difference is, however, generally only in the second or 
third digit. 

All in all, using as few as 85,828 points was sufficient to obtain very high relative fit and 
low relative duster weight error. Increasing the size of the image support to 1,000,000 points 
results in only very marginal additional improvements. In our setting, an average of only 145 
points per grain sufficed for obtaining nearly the same quality of fit as the 116,476 points in 
the original grain scan. 

5.3. s-GBPD versus DiLPM. While we showed in the previous subsection that the indi­
rect dustering-based methods yield excellent accuracy for small sample sizes, we will now add 
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a comparison with the direct benchmark method DiLPM. Specifically, we computed A, S, r

via DiLPM and derived the clustering C from the diagram P(A, S, r). To decrease the number 
of constraints we reduced the image support with the above techniques to 85,828 points and 
used only distance constraints for neighboring grains in the scan. 

In addition to the relative fit and the relative duster weight error and, of course, the 
running time, we investigated various additional parameters. In particular, we computed the 
relative deviation of the centroids c( Gi) and c( Ci) and also of the covariance matrices E( Gi) 
and E(Ci)- More precisely, the relative centroid error and the relative covariance error are 
defined as 

In the latter case, the spectral norm II 112 of a matrix measures the largest singular value of 
the covariance differences and, thus, essentially captures the difference in the largest singular 
vectors of the covariance matrices. 

As characteristics of the grain topology affect the physical properties of poly crystals, we 
also address the cell combinatorics. In particular, we computed the percentage of correct

neighborhoods of the grains. More precisely, we count a voxel as adjacent to a given one if it 
is contained in what is called the 26-neighborhood in discrete topology, i.e., if its centroid is 
among the 27 points which can be reached by at most one move in each coordinate direction 
of the grid graph. A grain is a neighbor of another grain if a voxel of the former is adjacent 
to a voxel of the latter. The neighborhood is correct if all grain neighbors in the ground truth 
are also neighbors in the representation. 

We also computed the percentage of grains whose neighborhood has at most two errors, 
where an error is a missing or additional grain neighbor not present in the ground truth. In 
view of the results of the previous section, we focus on the resolution coresets with interior 
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Table 2
Comparison of s-GBPD and DiLPM for polycrystal representation.

Performance characteristics s-GBPD DiLPM

Relative fit \Phi G 0.9334 0.9559
Relative cluster weight error \Psi G 0.01 0.02
Relative centroid error (in \mu m) 0.62 0.61
Relative covariance error (in \mu m2) 15,53 8.72
Correct neighborhoods (in \%) 35.70 63.45
Correct neighborhoods up to 1 error (in \%) 72.08 91.71
Correct neighborhoods up to 2 errors (in \%) 92.39 98.14
Computation time (in min) 2.60 627.00

removal as the specific version of s-GBPD, with image support of 85,828 points. Table 2
depicts these results.

While the Laguerre method from [24] achieves a relative fit \Phi G of 0.86 on this data set
(see [24]), both our methods relying only on parts of the data improve the relative fit to a
value of over 0.93. As expected, the direct model algorithm DiLPM performs better in most
criteria but requires a significantly higher running time than s-GBPD. Since the differences
are mostly marginal, the experimental findings indicate that we can compute a high precision
3D diagram representation of the grain scan in less than 3 minutes using s-GBPD. We expect
that s-GBPD behaves similarly for other data sets as long as the resolution and the number
of grains are of a similar magnitude.

6. Outlook. As we have seen, s-GBPD generates high-quality diagram representations of
polycrystalline scans at speeds acceptable in many applications. If some applications require
much faster algorithms, then---given the current state of the art---one needs to resort to
methods that avoid optimization altogether by fixing the parameters to values that were found
useful in empirical studies. Although some of these parameter choices can be interpreted in the
context of Bayes classifiers [2], currently none of them comes with approximation guarantees.

Let us close with some remarks on the role the grain scan plays in applying s-GBPD. While
we focused here on the situation that the whole grain scan (X,Y ) is available, s-GBPD can be
adjusted to require only certain measurements of the polycrystal. Grain volumes, centers, and
second-order moments can, in many cases, be measured directly using tomographic techniques,
and the described clustering approach can be solely based on such measurements. Both pencil
and resolution coresets can still be constructed then. Grain scan--based interior removal, on
the other hand, is (as emphasized correctly by its very name) based on the knowledge of
(X,Y ).

It is, however, possible to remove the dependency on (X,Y ) by adding an assumption that
is common in stochastic grain growth models; see, e.g., [28, 10]. In fact, in such models, the
underlying grain growth is often viewed as some realization of a stochastic process involving
multivariate normal distributions \scrN (\mu i,\Sigma i) for each grain. Their 3D mean vectors \mu i and
3\times 3-covariance matrices \Sigma i are determined by the measurements and correspond to \scrA and
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S. Under such an assumption, interior points can be removed from the coreset by removing
points with high density measured by the corresponding multivariate density function. As
points close to the centroids have high density, this approach removes the interior points.
Hence, it is possible to obtain additional speed-ups even when only the above measurements
are available.
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ABSTRACT
The present paper introduces a mathematical model for
analysing dynamic grain growth. In particular, we show
how the characteristic measurements grain volumes,
centroids, and central second-order moments at discrete
moments in time can be quickly turned into a continuous
description of the grain growth process in terms of
geometric diagrams (which largely generalize the well-
known Voronoi and Laguerre tessellations). We give a
theoretical analysis of common optimization-free heuristics
in terms of discriminant analysis and evaluate the
computational behaviour of our algorithm on real-world
data.
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1. Introduction

Grain growth is an important field of study in materials science as the resulting
grain structures strongly influence the mechanical and physical properties of
metals, ceramics, and other polycrystalline materials [1, 2]. Although, starting
with works of Smith, von Neumann, and Mullins in the 1950s [3–5], a
number of different models have been introduced over the years, understanding
and controlling grain growth remains challenging, both in theory and practice.
For instance, the recent empirical study [6] demonstrates that neither the clas-
sical Hillert model [7] nor the MacPherson–Srolovitz model [8] capture aniso-
tropic grain growth adequately. Even more drastically, [9] concludes that ‘a new
model for grain boundary migration is needed to predict microstructure evol-
ution’; see also [10–13].

The present paper introduces and analyses a novel tool which, when applied
to real data, provides an empirical grain growth representation that can be used
to analyse physical models and simulate grain growth. More precisely, we
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develop a mathematical interpolation/extrapolation model for quickly turning
grain information acquired at discrete moments in time into a continuous
description of the grain growth process. It employs diagram representations
of grain maps (which will be formally introduced in Section 2) based on
measured (or simulated) estimates of the grain volumes, centroids, and, if avail-
able, central second-order moments. Such characteristics can be obtained, for
instance, by utilizing tomographic techniques [1, 14] or from otherwise avail-
able grain maps.

The diagram representations considered in this paper are anisotropic gener-
alizations of previously used (isotropic) Laguerre and Voronoi tessellations
[15–17] and allow for curved boundaries and non-convex grains. While these
representations are based on a phenomenological model whose physical foun-
dation is still not fully understood, they have consistently been reported to
capture the grain boundaries in polycrystalline materials quite accurately; see
[18–25].

Several sophisticated optimization algorithms are available for computing or
approximating such diagrams with high accuracy, [18, 20], but they require
relatively large computational cost. This can be a bottleneck, particularly in
dynamic 3D studies. We therefore focus in the present paper on extremely
fast optimization-free heuristics for fitting diagrams to measured data.
Methods for the related but generally different task of generating synthetic
grain structures that follow a given distribution are discussed in [26–30].

First, we use discriminant analysis to interpret, for the first time in literature,
a heuristic (subsequently referred to as H1) which was introduced in [15] for
the isotropic case and extended in [25] to the anisotropic case. Our analysis
leads naturally to an even simpler and faster heuristic H2, proposed in [19],
which, again for the first time, can now be explained to perform equally well
under certain conditions. Also, the comparison of H1 and H2 and, in particular,
our interpretation of the so-called size parameters, suggests that diagram par-
ameters may provide additional insight into the stage of the growth process,
and this will be used later on in the paper. Our theoretical foundation of the
heuristics is then empirically verified. In fact, we apply H1 and H2 to real-
world 3D grain map data in order to compare their quality. Then, we introduce
an interpolation/extrapolation model to obtain a continuous description of the
grain growth process based on measurements at only a few moments in time.
Finally, we evaluate the computational behaviour of our algorithm on a real-
world data set yielding an empirical grain growth model. Our study indicates
that the growth process converges towards particularly simple diagrams,
which seem to be energetically favourable.

The paper is organized as follows. Section 2 introduces the relevant diagrams
and formalizes the concept of grain scans. Sections 3 and 4 address optimiz-
ation-free heuristics, both, in terms of a theoretical analysis and a practical
evaluation on real-world data. Section 5 introduces the interpolation/
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extrapolation model which is capable of extending measurements at a few time
steps to a continuous grain growth model very quickly. Further, the results of
our empirical study on practical grain data are presented. Section 6 concludes
with some final remarks.

2. Diagrams and grain scans

Adequate representations of grain maps can be valuable tools for understanding
the physical principles of grain growth and the properties of the resulting
material. In fact, the diagram representations studied in this paper require
only a few parameters per grain and are thus relatively easy to process. As
they exhibit geometric and combinatorial features of grain maps which are
not readily available otherwise, such representations may contribute to predict-
ing and, potentially, even controlling the forming of new materials.

Some or all parameters which specify a diagram can be estimated from
certain tomographic measurements, and optimizing the remaining ones then
constitutes an inverse problem; see [31]. Previous studies [18–25] indicate
that, in particular, grain volumes, centroids, and central second-order
moments govern decisive properties of grain maps.

Let us now formally introduce the appropriate class of diagrams. Let d [ N

denote the dimension of space. Here, we are mainly interested in the 3 dimen-
sional case. However, our approach works for general d, and, in fact, planar sec-
tions or surfaces of polycrystals are also relevant in practice. Further, let k [ N

denote the number of different grains in the underlying grain map. An aniso-
tropic power diagram is specified by the following data for each
i [ [k] := {1, . . . , k}:

. a positive definite symmetric matrix Ai [ Rd×d,

. a site si [ Rd, and a

. size gi [ R.

For simpler reference, we collect these parameters in the two families
A = {A1, . . . , Ak} and G = {g1, . . . , gk}, where repetitions of elements are per-
mitted, and the set S = {s1, . . . , sk}. The sites specify the positions of the grains
while the matrices in A describe characteristics of their shapes. In fact, each
grain is equipped with its own ellipsoidal norm ‖ ‖Ai

given through Ai by

‖x‖Ai
=

�������
x`Aix

√
, (x [ Rd).

The sizes gi are used to control the grain volume.
Given A, S, and G, the anisotropic power diagram (in the following often

simply referred to as diagram)

P = P(A, S, G) = {P1, . . . , Pk},
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is a decomposition of Rd into cells Pi defined by

Pi = x [ Rd:‖x− si‖2Ai
+ gi ≤ ‖x− sℓ‖2Aℓ

+ gℓ, ∀ ℓ [ [k] \ {i}
{ }

.

In particular, two different cells do not share interior points, i.e.
int(Pi)> int(Pℓ) = ∅ for i = ℓ. See [32, 33] for examples and further properties
of different classes of diagrams.

Diagrams can be viewed as continuous (or resolution-independent) represen-
tations of polycrystalline samples. Conventionally, the samples are represented
as voxel-based digital images at some resolution, called grain maps. More gener-
ally, given a set of points X = {x1, . . . , xn} # Rd in the sample and labels, i.e.
y1, . . . , yn [ [k], with k [ N denoting again the number of different grains in
the sample, we will call the labeled data set {(xj, yj):j [ [n]} a grain scan or poly-
crystal scan. In the following, we refer to it as (X, Y) with the understanding, that
the indices of the labels in the family Y = {y1, . . . , yn} correspond to the indices
of the points in X. A grain scan therefore provides a partitioning of X into
Gi = {xj:(xj, i) [ (X, Y)}, the (discretizations of the) grains.

We can measure the fit of the diagram in terms of the symmetric difference
ofGi and X > Pi for all i [ [k]. (Points on the boundary of two or more cells are
assigned according to some preference criterion or, conservatively, can be
viewed as classification error, but are essentially irrelevant in our context and
hence generally discarded.)

Usual grain maps are special grain scans where the sample is assumed to be
in the range [0, 1]d and points of X are identified with the points of [0, 1]d in the
grid rZd for some resolution r [ (0, 1). Note that, with ki = |Gi|, the term rdki
can be regarded as an approximation of the volume ni of the ith grain.

If a grain scan is available the computation of a bestfitting diagram requires the
optimization of all three characteristics A, S, and G. While this can indeed be
done, see [20, 31], it is, however, too time-consuming, given current optimization
technology, for dynamic 3D applications. Hence, we will in the following assume
thatA and S are available through measurements and G will be determined by a
heuristic which may, additionally, use grain volume information, i.e. (approxi-
mations of) n1, . . . , nk. As such heuristics abstain from any optimization, they
are computationally fast but potentially result in a higher misclassification error.

3. Optimization-free heuristics

This section considers two heuristics that derive all characteristic parameters
A, S, G for an anisotropic power diagram directly from given measurements.
These heuristics, introduced in [15, 19, 25], avoid optimization routines
altogether, are fast and, as we will see, already provide a reasonable classification
accuracy. More specifically, we provide a new interpretation of the heuristics
within the framework of discriminant analysis.
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3.1. Choices for A and S

Discriminant analysis is a popular classification technique in statistics and pro-
vides a different perspective on the a priori choices for the characteristic par-
ameters (A, S, G); see e.g. [34]. Within its realm, the grain scan is regarded
as a sample of the multivariate random variable (X , Y) where X specifies a
point in [0, 1]d and Y gives the index i [ [k] of the corresponding grain. Dis-
criminant analysis estimates the distribution of the multivariate random vari-
able from samples and assigns a point to the class with the highest
probability p. Hence, the decision boundary between two classes i, ℓ consists
of those points x that have an equal conditional probability of lying in either
class, i.e.

x [ Rd:p(Y = i | X = x) = p(Y = ℓ | X = x)
{ }

.

For its estimation, discriminant analysis applies the maximum likelihood prin-
ciple under the assumption that the members from each class are normally dis-
tributed. As each normal distribution N (mi, Si) is fully determined by its d-
dimensional mean vector mi and its (d× d)-covariance matrix Si, it is these
characteristics that need to be estimated. It is well known that the maximum
likelihood principle results in the choices of the sites S as the centroids and
the matrices A as the inverse of the covariance matrices of the sample, i.e.
more precisely,

mi = ci = 1
|Gi|

∑
xj[Gi

xj,

Ai = S(Gi)
( )−1= 1

|Gi| (xj − ci:xj [ Gi)(xj − ci:xj [ Gi)
T

( )−1

for i [ [k]. Note that the latter requires that the matrices S(Gi) have full rank d.
This can be assumed here as, in the underlying model, grains that are degener-
ate to volume 0 do not matter. The above maximum likelihood setting is pre-
cisely the choice for A and S suggested in [18], and subsequently also used in
[25]. Also, estimates for these parameters are available through tomographic
measurement.

Let us point out that, in practice, discriminant analysis is often applied even
when the underlying assumption of a normal distribution is only met approxi-
mately (as is the case here). This is justified as the procedure is generally
reported to be quite robust; see, e.g. [35].

3.2. Choices for Γ

Wewill now turn to the third set of characteristics, i.e. the sizes G. We show first
that the choice of G in heuristic H1 can also be interpreted within the paradigm
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of discriminant analysis with a specific prior. Building on this interpretation, a
different natural choice will lead to H2.

To begin with, let us briefly recall the volume argument of [15] and (in
its anisotropic generality) [25] that leads to the specific choice for G in
heuristic H1.

Let A [ Rd×d be positive definite and symmetric. As A can be diagonalized
there exist an orthogonal matrix U [ Rd×d and a diagonal matrix
D = diag(l1, . . . , ld) [ Rd×d with l1, . . . , ld . 0 such that A = UDUT .
Then, using the abbreviation D1/2 = diag(

���
l1

√
, . . . ,

���
ld

√
), we have for the

unit ball Bd
A and r [ (0, 1)

rBd
A = x [ Rd:‖x‖A ≤ r

{ } = x [ Rd:xTAx ≤ r2
{ }

= x [ Rd:xTUDUTx ≤ r2
{ } = rUD−1/2Bd

2.

Hence, the volume vol(rBd
A) of this ellipsoid is given by

vol rBd
A

( ) = rdvol UD−1/2Bd
2

( )
= rd det (A)−

1/2vol Bd
2

( )
.

Regarding the ellipsoid ci + rBd
Ai
as an approximation of the ith grain, it is now

natural to choose gi according to the volume condition

vol x [ Rd:‖x‖2Ai
+ gi ≤ 0

{ }( )
= ni

involving the available approximation ni for the volume of the ith grain. A
simple computation yields

gi = −r2 = − ni

vol Bd
Ai

( )
⎛
⎝

⎞
⎠

2/d

= − ni
���������
det (Ai)

√

vol Bd
2

( )
( )2/d

For d = 3, and with the specific setting of Ai = (S(Gi))
−1, this yields the choice

gi = − 3ni

4p
������������
det (S(Gi))

√
( )2/3

from [15, 25] (the heuristic H1). In order to interpret this choice via dis-
criminant analysis, we determine which probability distribution, called
prior, will lead to the same decision boundaries between the classes.
So, let

p1, . . . , pk [ [0, 1), N =
∑k
i=1

pi = 0.

PHILOSOPHICAL MAGAZINE 953



Then (p1, . . . , pk) specifies the a priori ‘belief’ about the prior probability
pi/N that a point (regardless of its position) belongs to cluster i, i.e.

pi

N
= p(Y = i), (i [ [k]).

The computation of the decision boundary is then facilitated via Bayes’
Theorem. As each class is assumed to be normally distributed, Bayes’
Theorem involves the conditional density functions

fX |Y=i(x) = det (Ai)
1/2

(2p)
d/2

· exp − 1
2
(x− ci)

`Ai(x− ci)

( )

of the k estimated normal distributions N (mi, Si), i.e. with

mi = ci, Si = S(Gi) = A−1
i .

In this situation, Bayes’ Theorem states that

p(Y = i | X = x) = fX |Y=i(x)pi∑k
ℓ=1 fX |Y=ℓ(x)pℓ

.

Therefore, the maximum likelihood decision boundaries between two
classes i, ℓ can be determined by solving the equation

fX |Y=i(x) · pi = fX |Y=ℓ(x) · pℓ.

Taking the logarithm, using that (x− ci)
`Ai(x− ci) = ‖x− ci‖2Ai

, and sim-
plifying, this condition turns into the equation

‖x− ci‖2Ai
− log det (Ai)( ) − 2 log (pi) = ‖x− cℓ‖2Aℓ

− log det (Aℓ)( )
− 2 log (pℓ).

Hence, these decision boundaries coincide with that of the diagram with
the parameters (A, S, G) if and only if

gi = g(1)i = − log det (Ai)( ) − 2 log (pi)+ g, (i [ [k]),

where g [ R is an arbitrary constant. (Recall that the diagrams are invar-
iant under such common additions to the sizes.) For the above choice of
the sizes in H1, we hence obtain

pi = p(1)
i = eg/2���������

det (Ai)
√ · exp 1

2
ni

���������
det (Ai)

√

vol(Bd
2)

( )2/d
⎛
⎝

⎞
⎠, (i [ [k]).

Since

1���������
det (Ai)

√ =
������������
det (S(Gi))

√
= 1

vol(Bd
2)
· vol(Bd

Ai
),
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the first factor is proportional to the volume of the ellipsoid Bd
Ai
. The

second factor is a ‘correction term’ which increases exponentially if the
measured grain volume rdki exceeds vol(Bd

Ai
). The first term seems

natural while the second is quite unusual.
Within the realm of discriminant analysis it appears reasonable to simply set

gi = 0 for all clusters i. Then we obtain the priors

pi = p(2)
i = eg/2���������

det (Ai)
√ , (i [ [k]),

which are proportional to the volumes of the ellipsoids corresponding to the
covariance matrices of the grains. Thus, this simpler prior distribution
encodes the assumption that the ellipsoid volumes already represent the
grain volumes well. This justifies the choice

g(2)1 = · · · = g(2)k = 0,

proposed in [19]. We will refer to the respective heuristic as H2.
In the next section we compare the behaviour of H1 and H2 on available

real-world grain scans.

4. Comparison of H1 and H2

We compare the two heuristics H1 and H2 on a real-world 3D grain scan and
indicate how their difference can be interpreted. This may be of particular inter-
est for understanding the state of a grain growth process and will be taken up in
Section 5.

4.1. Experimental evaluation

We compare the methods with a data set taken from [15] that has been obtained
by a synchrotron micro-tomograph experiment conducted on a metastable beta
titanium alloy (Ti β21S). The material was scanned with the volume
of 240μm× 240μm× 420μm at a resolution corresponding to a voxel size of
0.7 μm. This scan resulted in a 3D voxel image of size 339× 339× 599 com-
posed of a total of 591 grains. All our computations are carried out in 3D,
i.e. d = 3.

In the following, we assess the quality of fit by means of different measures.
Let P = {P1, . . . , Pk} be a diagram (obtained by H1, H2, or, for that matter, any
other algorithm). We set

Ĉi = xj [ X:xj [ int(Pi)
{ }

i [ [k]( ), Ĉ(P) = Ĉ = (Ĉ1, . . . , Ĉk).

Note that Ĉ is not a clustering of X but only of X>
⋃k

i=1 int(Pi); this is indi-
cated by writing Ĉ rather than C.
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A natural measure how well P captures the grain scan G = (G1, . . . , Gk) is
the relative fit or accuracy FG of Ĉ defined by

FG(Ĉ) = 1
n

⋃k
i=1

Gi > Ĉi
( )∣∣∣∣∣

∣∣∣∣∣.
Let us point out that, as they are not assigned within Ĉ, all points on the cell
boundaries count as misclassified.

In Table 1 we will also report on the behaviour with respect to the relative
cluster weight error

CG(Ĉ) = 1
n

∑k
i=1

ki − |Ĉi|
∣∣ ∣∣,

and the relative deviation of the centroids c(Gi) and c(Ĉi), and the covariance
matrices A−1

i = Si = Cov(Gi) and Cov(Ĉi), respectively. Formally, the relative
centroid error and the relative covariance error are defined as

1
n

∑k
i=1

ki‖c(Gi)− c(Ĉi)‖2 and
1
n

∑k
i=1

ki‖Si − Cov(Ĉi)‖2.

For the latter, we used the spectral norm. This matrix norm measures the
largest singular value of the covariance differences and, thus, intuitively cap-
tures the difference in the largest singular vectors of the covariance matrices.
Note that, as defined, the latter two measures depend on the original physical
dimensions of the sample. We refrain from any additional normalization as
we do not conduct inter-sample studies here.

We will also address combinatorial features. More precisely, we consider the
percentage of grains with a correct neighbourhood, i.e. with all grain neigh-
bours in the ground truth being also neighbours in the representation. Here,
a grain is a neighbour of another grain if a voxel of the former grain is adjacent
(face-connected, edge-connected or vertex-connected) to a voxel of the later
grain. We also provide this percentage when one and, respectively, two
errors in the neighbourhood are allowed, i.e. when there is either one additional
or one missing voxel.

Table 1. Comparison of H1 and H2.
Performance characteristics H1 H2

Accuracy (in %) 92.98652 92.98658
Relative cluster weight error 0.02869 0.02869
Relative centroid error (in μm) 0.64346 0.64347
Relative covariance error (in μm2) 15.25372 15.25376
Correct neighbourhoods (in %) 42.30118 42.30118
Correct neighbourhoods up to 1 Error (in %) 80.54146 80.54146
Correct neighbourhoods up to 2 Errors (in %) 94.92386 94.92386
Running time (in s) 1.49641 0.00000
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The results of our evaluation are shown in Table 1.
Let us point out that the displayed running times involve the heuristics

but, for a fairer comparison, do not include the computation of the perform-
ance criteria. Hence, the entry 0 for the running time of H2 refers to the fact
that all parameters defining P are given upfront. Also, while we exercised
appropriate care for the implementations, we do not claim that our code
is fully optimized.

In terms of fit, we observe that both heuristics perform extremely well, in
fact, almost identical, on the given real-world data set. We will now offer an
explanation for the latter behaviour.

4.2. Similarity and difference

While both heuristics, H1 and H2, employ the same matricesA and sites S, they
generally differ in the sizes G of the resulting diagrams. Hence, the nearly iden-
tical performance depicted in Table 1 for all applied quality criteria may come
as a surprise. As observed before, the priors underlying H1 and H2 denoted p(1)

i

and p(2)
i , as before, differ by a factor that depends exponentially on the devi-

ation of vol(Bd
Ai
) from the measured grain volume ni.

Now, let ai be a positive real number such that

ni = ai · vol(Bd
Ai
) = ai · vol(Bd

2)���������
det (Ai)

√ .

Then, for each i [ [k],

p(1)
i = eg/2���������

det (Ai)
√ · exp 1

2
ni

���������
det (Ai)

√

vol(Bd
2)

( )2/d
⎛
⎝

⎞
⎠ = eg/2���������

det (Ai)
√ · exp 1

2
a

2/d
i

( )

= p(2)
i · exp 1

2
a

2/d
i

( )
,

and, expressed in terms of the sizes g(1)i used in H1, we obtain

g(1)i = − ni

vol Bd
Ai

( )
⎛
⎝

⎞
⎠

2/d

= −a
2/d
i . (1)

Now, suppose that all factors ai are identical, i.e. ni = a · vol(Bd
Ai
) for some

positive real number α independent of i. Then, of course,

p(1)
i = p(2)

i · exp 1
2
a

2/d

( )
, g(1)i = −a

2/d, (i [ [k]).

Hence, the (normalized) priors for H1 and H2 coincide, which implies that the
maximum likelihood decision boundaries for the two heuristics are the same.
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Further, since diagrams are invariant under the addition of a constant to each
size, the diagrams produced by H1 and H2 are identical.

We suspect that grain structures for which the volumes of the unit balls Bd
Ai

with respect to Ai = (S(Gi))
−1 are nearly proportional to the grain volumes ni

might turn out to be energetically favourable. According to the above reason-
ing, the former may be quantified by the variance of the powers
G

d/2 = (g
d/2
1 , . . . , g

d/2
k ) computed in H1, i.e.

var(G
d/2) = E G

d/2 − E(G
d/2)

( )
= 1

k

∑k
i=1

g
d/2
i − 1

k

∑k
i=1

g
d/2
i

( )2

.

As an example, we will in Section 5 compute the evolution of var(G
3/2) at

different moments in time for a real-world 3D grain growth process. In
terms of H1 and H2, we might expect that if the two heuristics perform differ-
ently in practice, the current grain structure will not be energetically minimal,
and further growth will result in an improved structure.

We close this section with a ‘constructed’ theoretical example which sheds
some additional light on the behaviour of the two heuristics. Since the
general principle of the construction is the same in higher dimension and
can, hence, already be illustrated in 2D we restrict the following description
to the case d = 2.

As depicted in the top row of Figure 1, the image consists of two grains G1

and G2; one (orange [light gray]) is the square [0, b]× [0, b] for different
values of b [ (0, 1), the other (blue [gray]) is its complement in
[0, 1]× [0, 1]. Of course, one would not expect such samples to originate

Figure 1. A family of grain scans involving a parameter β to illustrate differences between H1
and H2. Top, from left to right: Grain scans for b = 0.1, b = 0.5, and b = 0.9. Grain G1 (orange
[light gray]) fills the square [0, b]× [0, b], G2 (blue [gray]) fills the rest of the unit square. The
bottom row shows the computed ellipses ci + B2

Ai with Ai = (S(Gi))
−1 for i = 1, 2.
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from real-world grain scans. The bottom row of Figure 1 shows the correspond-
ing ellipses ci + B2

Ai
with respect to Ai = (S(Gi))

−1.
As argued before, the variance of the ratios ni/vol(B

2
A1
) is a relevant par-

ameter. Figure 2 therefore provides plots of

b2

vol B2
A1

( ) and
1− b2

vol B2
A2

( )
as a function of β.

Note that these ratios differ considerably for larger values of β. Hence, we
would expect that the heuristics H1 and H2 behave quite differently in these
cases. This is confirmed by the resulting diagrams depicted in Figure 3.

Figure 2. Ratios ni/vol(B
2
Ai ) of the areas of the grain and the corresponding ellipsoid for i = 1

(orange [light gray]) and i = 2 (blue [gray]) as a function of β.

Figure 3. Diagrams for the family of grain scans from Figure 1 obtained via H1 (top row) and H2
(bottom row).
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The behaviour for b = 0.9 suggests that H1 tries to preserve the areas of the
grains, while H2 seems to favour their shapes. If the relevant volume ratios are
close, as is the case for small β, both heuristics achieve both aims and perform
similarly.

Figure 4 shows the ratios of the grain volume ni and the areas of the diagram
cells under the two models H1 and H2, respectively.

5. Dynamic grain models

We now describe a simple interpolation/extrapolation model that is capable of
quickly turning information acquired at a few moments in time into a continu-
ous description of the grain growth process. To demonstrate the potential of the
model, we then report on the results of an empirical evaluation on a real-world
grain scan time series. Finally, we study for this empirical model the correlation
between the diagram size parameters Γ and the disappearance of grains in the
process.

5.1. The model

Since well-chosen diagrams have been demonstrated to yield high-quality rep-
resentations of grain structures of many types of polycrystalline materials, it is
natural to exploit their rather low-dimensional parameter space for deriving
continuous models from data measured at discrete times. Recall that a
diagram is fully characterized by the triple (A, S, G). In order to simulate the
dynamic evolution of grain structures over time, we can fit a polynomial (or
any other desired type of function) for each diagram parameter extracted
from a discrete-time series polycrystal data set. These functions then represent
the continuous change in diagram parameters during the growth process.
Understanding the evolution of the diagram parameters over time may help
predict changes in the material during an annealing process and may provide
further insights into the material characteristics.

Figure 4. Ratio of the area ni of the original grain and the area of the corresponding diagram
cell obtained by H1 (left) and H2 (right) for i = 1 (orange [light gray]) and i = 2 (blue [gray]) as a
function of β.
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Suppose, that 3D-grain scans (or at least appropriate characteristic measure-
ments) are available at the discrete times t0, t1, . . . , tm. Then we compute, for
each t [ {t0, . . . , tm}, the parameters of an anisotropic power diagram
Pt = P(At, St, Gt) which represent the grain scans. Subsequently, we select a
class F of parameterized functions and determine their parameters that best
fit the data At, St, Gt, t [ {t0, . . . , tm}. In our experimental setting we choose
polynomials of a small degree to avoid overfitting, and we measure the fit in
terms of least-squares deviation.

In 3D, the interpolation/extrapolation involves a class F consisting of 10
functions for each grain, three for the coordinates of the diagram sites, three
for the rotation part of the grain’s covariance matrix, three for the length of
the principal axis of the covariance matrix, and one for the size parameter.
Of course, in order to set up the computation of the functions, we need to
‘track’ each grain, i.e. we need to identify which grain corresponds to which
at the different moments t in time.

During the grain growth process, grains may disappear. We assume, however,
that nonewgrains emerge. In the experimental series thatwill bedescribed inmore
detail below, about 40% of all initially present grains disappeared throughout the
process. Hence we distinguish between such non-persistent grains and persistent
grains that exist throughout the observed time interval.Of, course, for non-persist-
ent grains, the functions are fitted only as long as the grain ‘definitely exists’. More
specifically, if a previously existing grain disappears from the measurement, we
choose as last diagram parameters the covariance matrix from the previous time
step and compute a size parameter such that its grain volume is essentially zero.
If, on the other hand, for somemoment in time our prediction generates a covari-
ance matrix and a size parameter which result in a grain volume close to zero, we
exclude the grain from further consideration.

The diagrams Pt can, in principle, be computed by any suitable method. In
addition to the obvious criteria that any employed algorithm should be compu-
tationally fast and produce diagrams of appropriate accuracy, one has to pay
attention to its behaviour concerning the invariances within the parameter
space to avoid corruption of the interpolation/extrapolation. As we will be
using the heuristic H1 described in Section 3, all parameters are, however,
uniquely determined by the measurements, and we can hence, in the following,
ignore this issue.

5.2. The data

For our experimental study, we use the data set from [6, 36] (details of the data
processing chain, from experiment to grain scan, can be found there and, in
particular, in their supplementary materials sections). The data set, obtained
by a diffraction contrast tomography (DCT) [37, 38] experiment at beamline
ID11 at the European Synchrotron Radiation Facility (ESRF), comprises 15
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3D-grain scans (voxelized grain maps) of a 99.9% pure polycrystalline iron
sample taken at different moments in time of an annealing process. More
precisely, the material was first cold-rolled and annealed for 30 min at 700◦C
to fully recrystallize before it was first scanned (time t0). Subsequently, the
sample was annealed at a constant temperature of 800◦C for 10 min leading
to grain growth, cooled to stabilize, and scanned again (time t1). This was
repeated another 13 times with annealing periods of 5 min (time t2, . . . , t14).
The effect of the growth process is already visible by the number of grains in
the sample. While the first scan exhibits 1327 grains, the last one contains
only 776, and the number of interior grains strictly decreases from 387 to
189; see [6, Table 1] for more details. The identification of grains over the 15
moments in time is already provided by in [6, 36].

For this data set, i.e. for each 3D-grain scan at t [ {t0, t1, . . . , t14}, we com-
puted an anisotropic power diagram Pt = P(At, St, Gt) representing the
respective grain scan. For the computations, we used H1 as we were also inter-
ested in featuring the temporal development of the corresponding size par-
ameters in view of the relation of H1 and H2 elaborated in Section 3.

5.3. Evaluation

We apply a cross-validation to assess the quality of the model. To compute the
accuracy at time tℓ [ {t0, . . . , t14}, we exclude the data for tℓ and fit the func-
tions ofF on the data for the remaining times {t0, . . . , t14} \ {tℓ}. Then, by eval-
uating these functions at time tℓ, we obtain the diagram parametersA′

ℓ, S
′
ℓ, G

′
ℓ,

and hence the diagram P′
ℓ = P(A′

ℓ, S
′
ℓ, G

′
ℓ). Computing FG(Ĉ(P′

ℓ)), the accu-
racy of P′

ℓ representing the 3D-grain scan G at tℓ, gives us finally the accuracy
(of the model) at time tℓ. In other words, we perform a leave-one-out cross vali-
dation using (in all combinations) one observation for validation and 14 obser-
vations for fitting.

The results for polynomials of degree 1, 2, and 3 are depicted in Figure 5 in
yellow [light gray], orange [gray], and red [dark gray], respectively. Let us point
out that the piecewise linear curves which connect the 15 data points for each
colour are only drawn for a better perception of the trends over time.

We observe that the degree of the employed polynomials does not seem to
have a strong impact on the fit. It would be interesting to link this observation
to the ‘uniform setup’ in terms of the actions over time of the underlying grain
growth process.

As an additional reference the blue [black] markers give an upper ‘orien-
tation’ for the accuracy that one may expect from the model. In fact, the blue
[black] markers depict the accuracy of H1 at each of the 15 time steps. The
curves are dashed at both ends to signify that the model changes from interp-
olation to extrapolation at these extremes. Also, note that the earlier annealing
times differ from the latter ones.
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Figure 5 shows that the accuracy of our models is generally high. With quad-
ratic polynomials, we obtain an initial accuracy of 74%, which increases over
time to approximately 86% for later time steps. Note that this is not much
below the accuracy obtained by H1 on the ground truth. The general trend
that accuracy increases with time (and hence prediction becomes easier) for
this data set is in perfect agreement of the findings in [6, 36], which show
that over time the system approaches the self-similar regime.

Figure 6 shows a fixed 2D slice of the 3D polycrystal at various moments in
time and the diagrams resulting from our model (in the cross-validation
scheme described above).

A discussion of the question how much the fit can be further improved by
optimizing over all three sets of parameters that define the anisotropic power
diagrams can be found in [31].

5.4. Size variation

In the remaining part of this section, we study how the growth process affects
the size parameters Gt (recall that they need not correlate with grain sizes and
they should not, at this point, be confused with often similarly denoted inter-
facial energy terms; we have provided an interpretation in terms of scaling
factors in Equation (1)). As Figure 5 shows, the accuracy of the model increases
with the duration of the process. This may be seen as an indication that the
employed diagram structures are energetically favourable. Complementing
the analysis of Section 4, we will now empirically study how the size parameters
G of the diagrams change as the grains grow.

Let us begin by recalling the interpretation for the similarities and differences
of H1 and H2. In fact, based on the analysis of Section 4 we suspected that for

Figure 5. Accuracy (within the cross-validation paradigm) of the interpolation/extrapolation
model plotted for each t0, . . . , t14 using polynomials of degree 1, 2, and 3, respectively for
the fit.
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persistent grains the variances of the powers G
3/2
t of the sizes chosen by H1

should be significantly smaller than for non-persistent grains (as the latter
might not be energetically favourable). As Tables 2 and 3 show, these variances
are indeed all small and significantly smaller for the persistent grains. This
means, on the one hand, that the scaling factors ai from Equation (1) do not
vary much, and we might as well have employed the simpler heuristic H2.

Figure 6. Visual comparison of diagrams obtained from full data (available for t0, . . . , t14) and
the interpolation/extrapolation model that uses all data except for the respective moment in
time. A fixed 2D slice through the 3D data set at times t0, t5, t9 and t13 (top row); the corre-
sponding diagram representation obtained via H1 (2nd row) and, respectively, via the interp-
olation/extrapolation model that uses only data from the other moments in time and best-
fitting quadratic polynomials (3rd row); symmetric difference between the images from the
2nd and 3rd row (bottom row).

Table 2. Variance of G
3/2
tℓ for ℓ [ {0, 1, . . . , 14} of persistent grains.

tℓ+0 tℓ+1 tℓ+2 tℓ+3 tℓ+4

ℓ = 0 6.409 · 10−8 6.214 · 10−8 5.130 · 10−8 3.016 · 10−6 2.544 · 10−7

ℓ = 5 6.719 · 10−6 5.839 · 10−6 1.057 · 10−5 7.025 · 10−4 9.815 · 10−7

ℓ = 10 2.286 · 10−4 7.425 · 10−5 5.749 · 10−5 1.185 · 10−3 1.823 · 10−5
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On the other hand, in terms of the ai, non-persistent grains are less ‘regular’
than persistent grains.

A closer look at Table 2 shows that, perhaps unexpectedly, the variance of
G

3/2
t does not decrease monotonously in time, not even for persistent grains.

One might have anticipated that over time the behaviour of the volumes of
the unit balls B3

Ai(t) with respect to Ai(t) = (S(Gi(t)))
−1 become increasingly

similar to that of the grain volumes ni(t). The actual behaviour might be
explained by grain disappearance with neighbouring grains filling the newly
available space such that it might require additional energy to reach a more
regular mass distribution.

5.5. Grain disappearance

Next, we use a standard logistic regression model for predicting the probability
pi(t) of the binary response variable which signifies whether grain i disappears
(response value 1) at the next observed moment t + 1 or not (response value 0).
As predictor variables we use the grain’s volume and its size parameter as com-
puted by H1. Hence, we estimate three parameters, factors b1 and b2 for each of
the two variables and one parameter b0 for the intercept, i.e. we use the
regression model

pi(t) = 1
1+ e−(b0+b1ni(t)+b2gi(t))

.

Note that the parameters b0, b1, and b2 are independent of t. Hence, the model
is identical for all time steps in the sense that it depends only on the grain
characteristic. Our null hypothesis is that neither the size nor volume parameter
correlate with grain disappearance. As a significance level we choose 0.05.

Table 4 depicts the computed coefficients and p-values. Let us, in addition,
point out that the McFadden’s Pseudo R2 value is 0.322, indicating a good
model fit. As it turns out, we can reject the null hypothesis at a significance

Table 3. Variance of G
3/2
tℓ for ℓ [ {0, 1, . . . , 14} of non-persistent grains.

tℓ+0 tℓ+1 tℓ+2 tℓ+3 tℓ+4

ℓ = 0 7.570 · 10−3 1.040 · 10−2 4.915 · 10−3 1.974 · 10−2 2.993 · 10−3

ℓ = 5 1.278 · 10−2 1.834 · 10−2 2.790 · 10−2 4.158 · 10−3 8.959 · 10−3

ℓ = 10 2.608 · 10−2 2.804 · 10−2 2.955 · 10−2 3.541 · 10−3 −

Table 4. Coefficients estimated by maximum likelihood estimation and their p-values for the
described logistic regression model.

Coefficient p-value

b0 (intercept) −4.0537 <0.0001
b1 (volume) −0.0010 <0.0001
b2 (size parameter) −1.0924 <0.0001
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level of 0.05; the small p-value for b2 suggests that the diagram size parameter
Gt is statistically significant in this model for predicting grain disappearance.

We believe it is promising to investigate this further, not least because it
agrees with recent experimental evidence from [39, 40], which demonstrates
that the volume parameter alone is not a good predictor of grain growth (or
shrinkage).

6. Final remarks

As we have seen, measurements at discrete times of a grain growth process can
be turned into a continuous description of the process using diagram represen-
tations. Our findings about the increasing fit of anisotropic diagrams, the var-
iance of G

3/2
t , and the relevance of the G

3/2
t for predicting grain disappearance

indicate that, in the course of the growth process, the grain scans tend
towards particularly ‘simple’ diagrams with essentially uniform size parameters.

Since all computations are fast, and can, if necessary, generally even be
speeded up by using H2 rather than H1, we believe that the described model
has the potential of becoming a practical tool for simulation and further
studies of grain growth in practice. A next step is to evaluate the model more
extensively on various types of grain scan data. It would be desirable if a con-
solidating foundation of the model can be achieved based on first principles.

Finally, let us point out that the model allows for some flexibility to incorpor-
ate additional insight. It is possible, for instance, to incorporate available
characteristics of grain growth into the curve fitting process.
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