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The study of confinement in quantum spin chains has seen a large surge of interest in recent years. It
is not only important for understanding a range of effective one-dimensional condensed-matter realiza-
tions but it also shares some of the nonperturbative physics with quantum chromodynamics (QCD), which
makes it a prime target for current quantum simulation efforts. In analogy to QCD, the confinement-
induced two-particle bound states that appear in these models are dubbed mesons. Here, we study
scattering events due to meson collisions in a quantum spin chain with long-range interactions such that
two mesons have an extended interaction. We show how novel hadronic bound states, e.g., with four con-
stituent particles akin to fetraquarks, may form dynamically in fusion events. In a natural collision their
signal is weak, as elastic meson scattering dominates. However, we propose two controllable protocols
that allow for a clear observation of dynamical hadron formation. We discuss how this physics can be

simulated in trapped-ion or Rydberg-atom setups.
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I. INTRODUCTION

The formation of hadrons in nature has its origin in the
peculiar potential energy of the constituent elementary par-
ticles, i.e., the pairwise interaction energy of quarks grows
indefinitely for increasing separation. This phenomenon,
called confinement, is the key feature of quantum chromo-
dynamics (QCD) [1,2] and because of its nonperturbative
nature, the QCD quantum many-body problem is one of
the prime targets of recent quantum simulation efforts [3].
A time-honored way of studying interacting quantum par-
ticles takes the form of controlled scattering experiments
between different types of constituents of matter, most
famously at the large hadron collider [4,5].

Confinement is also important in condensed-matter
physics [6—8] and can be observed, for example, in quan-
tum spin chains [9-14], the elementary excitations of
which are mesonlike bound states of domain walls. Of
course, these one-dimensional (1D) models are much
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simpler than the full SU(3) gauge theory of QCD but
they do share some of the underlying physics. Thus, basic
1D quantum spin chains may be a first step in simulat-
ing a full treatment of the strong force. Furthermore, the
simulation of quantum spin-chain models is within the
capabilities of current quantum simulators, with promising
first results [15-22].

Confinement has been shown to lead to exotic nonequi-
librium dynamics manifest in a suppression of trans-
port [11,23,24] and entanglement spreading [25], a long
lifetime of the metastable false vacuum [26-29], and
exotic prethermal phases [30—32]. Recent efforts have been
made in understanding scattering events among mesons
[33-35] in the short-range Ising model with both trans-
verse and longitudinal fields. Despite the rich scattering
phenomenology, this setup does not host composite excita-
tions beyond the two-quark mesons. Therefore, the obser-
vation of deep inelastic scattering with exotic particle
formation needs a richer microscopic dynamics, as can be
realized, for example, by introducing heavy impurities in
the short-range Ising chain [36].

In this work, we investigate another mechanism that
can lead to dynamical hadron formation by addressing the
transverse Ising chain with long-range interactions which,
in addition to confinement [12], naturally induces interac-
tions among mesons and hosts multimeson bound states,
akin to hadrons.
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FIG. 1. A schematic of a scattering event between two wave

packets of confinement-induced mesonic (two-domain-wall)
states. Apart from the elastic meson reflection, the long-range
interaction between the composite particles may also lead to the
formation of multiparticle bound states, here in the form of a
metastable four-domain-wall state akin to a tetraquark.

We show that the presence of long-range interactions
between mesons can result in the formation of long-lived
hadronic metastable bound states, which can form dynam-
ically in scattering events between fundamental mesons as
depicted in Fig. 1.

The resulting metastable bound states are different in
nature from infinitely long-lived hadronic bound states,
which cannot be excited in real-time scattering processes.
Hence, natural metastable hadron formation is usually
weak and the scattering events are dominated by reflection
processes. To enhance the effect, we propose two different
modifications of the scattering protocol. First, by an abrupt
dynamical change of an external field, one can modify
the kinetic energy of the mesons and induce a nontriv-
ial overlap between the initial asymptotic states and the
hadronic bound states of the postquench Hamiltonian. As a
result, infinitely long-lived bound states are created and are
clearly observable. Second, we consider time-independent
Hamiltonians with a modified long-range spin interaction,
which results in a nonmonotonic meson-meson interaction.
As a result, scattering mesons can tunnel to a local mini-
mum of the relative interaction and dynamically form a
long-lived metastable bound state, which again becomes
clearly observable in the collision.

Our work is structured as follows. In Sec. II, we consider
the low-energy sector of the Hamiltonian by projecting on
the four-domain-wall subspace. The reliability of such an
approximation is related to the extremely long-lifetime of
domain-wall excitations, which scales exponentially in the

weak transverse field akin to the short-range Ising chain
[24]. In Sec. III, we present simulations of the real-time
dynamics of a collision between two large mesons and find
signatures of metastable tetraquark formation. In Sec. IV,
we then show how a simple abrupt change of the kinetic
energy can be utilized to allow tetraquarks to form dynam-
ically in a more controllable setting. In Sec. V, we further
show a second method of inducing fusion by perform-
ing a local alteration of the long-range interactions in the
spin-chain Hamiltonian. We find that tetraquarks with a
long lifetime can form dynamically without the need for
a time-dependent Hamiltonian. In Sec. VI, we discuss the
experimental feasibility of dynamical hadron formation in
current quantum simulator platforms. In particular, we dis-
cuss initial-state preparation as well as how to implement
the modified long-range spin interaction within Rydberg-
atom and trapped-ion systems. Finally, we conclude with a
summary and discussion.

II. HADRONS IN THE LONG-RANGE ISING
MODEL

In this work, we consider the 1D Ising spin chain with
long-range interactions

H= —Zriacrfaﬁrr—hzcrf, (D
i

ir

where i labels lattice sites, J gives the overall energy scale
(we set J = 1 throughout this work without loss of gen-
erality), & is the transverse-field strength, and o; are the
Pauli matrices. The rich dynamics of the long-ranged Ising
model have recently been probed in a trapped-ion quan-
tum simulator [15], showing clear signatures of confined
excitations. We are interested in the regime where the
transverse field is weak: s < J. The nature of the excita-
tion is best understood by starting with the classical model
obtained for # = 0: here, the natural excitations are domain
walls in the z magnetization and the exponent « crucially
determines their interactions. In the limit of large «, the
short-range Ising chain is recovered. Here, the domain
walls are noninteracting objects. As « is reduced, longer-
ranged domain-wall interactions are induced. In particular,
two domain walls # sites apart feel an attractive potential
V(n) of the form [12]

Vin) =4ni(@) —4 Y > ria )

I<i<nl=<r<l

where ¢ («) is the Riemann zeta function. For arbitrary «,
the potential V(n) is a monotonically increasing function
of n with a finite maximum lim,_, o, V(1) = Vipax < +00
for o > 2. In contrast, in the regime 1 <« < 2, V(n) is
unbounded and the energy required to pull domain walls
infinitely far apart is infinite, thus showing confinement.
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Finally, for @ < 1, the potential V'(n) diverges, signaling a
transition to an infinitely long-ranged model without well-
defined local excitations; therefore, we always consider the
regime o > 1. The activation of a small transverse field /4
has two effects: (i) the domain walls become dynamical
objects and can hop along the chain, and (ii) in principle,
the domain walls are no longer conserved. Nonetheless,
resonances between different particle-number states are
greatly suppressed for a small transverse field and can
safely be neglected [24]. Thus, we can project the dynam-
ics in subspaces with a conserved number of domain
walls.

For example, in the two-domain-wall sector one can
consider the basis |j,n) = [ -+ P|; - {4 - 1). In
this notation, j labels the position of the first domain wall
from the left and »n is the relative distance of the sec-
ond domain wall with respect to the first. The projected
Hamiltonian takes the form [12]

H=Y"V)lin§.nl—h[lj +1.n—1)
j.n
+—Ln+)+l,n+1)+j,n—1)]¢,nl
3)

and can be understood as a kinetic term for each domain
wall with hopping strength /4 and a potential V(n). As
mentioned above, confinement in a strict sense requires
1 < a < 2 such that domain walls cannot be separated.
Nonetheless, also for larger «, the two-kink subspace
shows the presence of deep bound states and asymptotic
states of freely propagating domain walls can be very high
in energy and extremely difficult to excite. Therefore, as
long as asymptotically propagating domain-wall states can
be neglected, the dynamics of these deep two-kink bound
states closely resemble those observed in the strictly con-
fined regime and with a slight abuse of jargon, we refer
to both as “mesons.” Due to the fact that larger values of
o mitigate finite-size corrections caused by the long-range
potential, we mainly focus on the regime o ~ 2.5 but stress
that similar physics appears for 1 < o < 2.

As our goal is the observation of hadronlike excita-
tions, we need to consider interactions among mesons. We
focus on the dynamics within the four-kink subspace and
use a straightforward extension of the above two-domain-
wall projection. We consider the basis |ji,ny,/s,n2) =
Pt b D o e d B e D
in which the projected Hamiltonian takes the shorthand
form

H= )" V) lii.n.jan) Gr.n.jo. 2

J1M1J2:12

+ V(n2) i1, n1,j2, m2) {1, 11,52, 2|

+ 1(1,n1,)2,12) 1,115 )2, 2) {1, 1152, 12

— h[hopping terms]. 4)

Here, I can be seen as the meson interaction such that [28]

1
I(jl,l’l],jz,nz)z—4 Z Z m (5)

J1<r<j1+ny ja<s<jr+ny

and “hopping terms” refers to those of the form
/1 £ 1, mF,j2,m2) {j1,n1,j2,n2] or equivalently for the
second meson. Note that the form of the interaction, /,
depends on the choice of boundary conditions. Here, we
consider open boundaries. Given two mesons of fixed
widths, this effective interaction term scales as d~% at
large separation, in which d = (j, —j; — ny). Thus, sim-
ilar to domain walls that are spatially distant from each
other, individual mesons that are far apart from each other
interact only weakly.

In Fig. 2, we show some of the lower energy levels of the
four-domain-wall subspace. We clearly see large energy
gaps in correspondence with internal quantum numbers,
labeling the energy levels of the two-kink mesons. Addi-
tional structure is then provided by bound states of fun-
damental mesons and asymptotic scattering states (see the
inset). In the case of deep bound states where the bind-
ing energy is much larger than the transverse field 4, the
two-kink mesonic wave function is very peaked on inte-
ger values of the relative distance; hence the meson has an
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FIG. 2. The low-energy states of the four-domain-wall sub-
space are shown for L = 20, « = 2.6, and & = 0.1. The energies
strongly depend on the average size of the constituent mesons,
resulting in large gaps between levels of different meson sizes. A
schematic of the local spin configurations within each subspace
is depicted above the corresponding energy level. Importantly,
due to the long-range interaction, the energy within each sub-
space also depends on the distance between the two mesons, i.e.,
the closer the mesons are together, the lower is their energy. The
inset shows the energies of the 1-meson subspace as a function
of the momentum. The lowest energy levels in this subspace are
bound states of multiple-constituent domain walls.
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approximately fixed length, which is in one-to-one corre-
spondence with the internal energy levels. In this regime,
we can pictorially use the size of the meson as a good quan-
tum number. Nonetheless, this correspondence is blurred,
as bound states become shallower and domain walls can
oscillate with the internal dynamics.

Before turning to real-time numerical simulations of
scattering events, it is useful to comment further on the
meson-meson bound-state structure, i.e., our sketch of
hadrons. As shown in Fig. 2, energy levels correspond-
ing to hadrons are clearly visible in the spectrum; their
number and the gap with respect to the asymptotic scat-
tering states depends on the “size” (i.e., the energy) of the
binding mesons. These bound states are clearly orthogo-
nal to asymptotic scattering states; hence scattering events
cannot couple to them. If we wish to observe dynamical
hadron formation, we should aim for metastable states aris-
ing from asymptotic scattering states the wave function of
which is large when mesons are close, which means that
they are qualitatively close to true bound states. Heuristi-
cally, these states are most likely to be present where the
spectrum shows a smooth transition between bound states
and scattering states, i.e., when the energy gap between
the two is small. As it is clear from Fig. 2, this is the
case for large mesons. This picture is also suggested by
semiclassical arguments, since for large mesons the rela-
tive position of the kinks can oscillate. Therefore, part of
the scattering energy of the two incoming mesons can be
converted to internal energy of the mesons upon scatter-
ing and a bound state may form. This is not possible for
tightly bound mesons, where the relative position of the
kinks cannot be changed. These considerations motivate
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FIG. 3.

the use of large mesons in the following natural scattering
protocol.

III. INELASTIC COLLISIONS OF LARGE
MESONS

We now consider the Hamiltonian projected in the four-
kink subspace and numerically explore scattering events
between mesons. As initial states, we choose Gaussian
meson wave packets with a well-defined momentum. Fur-
thermore, we fix the average length of each meson to
cover a few lattice sites, approximately 4—10. Details on
the wave-packet wave function are relegated to the Sup-
plemental Material [37]. Simulations in the four-kink sub-
space are challenging for large system sizes. Therefore,
we take advantage of global momentum conservation and
focus on the sector with zero total momentum. Using trans-
lational invariance, we measure the kink coordinates with
respect to the leftmost domain wall, which can reduce the
Hilbert space dimension by a factor of L, allowing us to
access much larger systems.

In the zero-momentum sector, we can then label the
Hilbert space by only three variables, |ny,j,,n,), as the
first kink can be pinned to j; = 0. As a consequence of
this convention, in our real-time simulation, the leftmost
meson will appear stationary.

In Fig. 3(a), we show a collision event between a left
meson of initial width n; = 10 and a right meson with
initial width n, = 4. We employ the observable Pk (i) =
[ (] (1 —ofof ) I¥) |2, which can be seen as the proba-
bility that a domain wall is located at site i.
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The dynamical formation of a tetraquark through an inelastic collision of large mesons. Here, the Hamiltonian parameters

are L = 150, « = 2.6, and & = 0.1. The full details of the initial wave packet can be found in the Supplemental Material [37]. (a)
The collision between a mobile meson initialized with a width of four sites and a stationary meson with an initial width of ten sites.
Although the vast majority of the incoming wave packet is reflected, there is a subtle excitation of a tetraquark that can be seen as
the faint vertical lines at approximately site 25. Furthermore, an inset plots the cross section of the time dynamics at site 25, showing
the long lifetime of the tetraquark formed. Note that we choose to plot sites up to 100, as this contains the relevant information for
our discussion. (b) The probability distribution of m,; = j, + n, at times tJ = 0, the initial wave packet, and #J = 5000, after the
collision event. After the collision, we clearly see that the majority of the wave packet is reflected; however, there is a subtle peak at
approximately site 25 that corresponds to a bound tetraquark state.
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In Fig. 3, we observe that scattering is dominated by
elastic reflection events. However, by plotting the loga-
rithm of the data, we are able to highlight subtle details,
e.g., a small portion of the wave packet, approximately
1073, remains close to the stationary meson for a long
time after the collision, which can be seen as a vertical
line of intensity at approximately site 25 in Fig. 3(a). Next,
we study a basic measure of the “distance” between the
two mesons, my = j, + ny — ji. In Fig. 3(b), we plot the
probability distribution of m, before (#/ = 0) and after the
collision (#J = 5000). After the collision, the distribution
has two components. First, the overwhelming probabil-
ity accounts for reflection events seen as the large hump
for sites > 40. However, there is a second small peak
around approximately site 25, which is a signature of our
sought-after metastable tetraquark state.

For all parameter and initial-state choices we explored,
the signatures of dynamical tetraquark formation are weak
and elastic scattering dominates. Therefore, in the fol-
lowing, we propose two simple extensions of the natural
meson-scattering protocol that allow for an unambiguous
observation of dynamical tetraquark formation.

IV. ABRUPT CHANGE IN THE TRANSVERSE
FIELD

In the previous section, we only observe weak signals
of a dynamically formed tetraquark state. However, true
bound states are clearly present in the spectrum but, as
we have already mentioned, these are orthogonal to the
scattering states of our wave packet. In the following,
we explore the possibility of artificially inducing nontriv-
ial overlaps between these two classes of states through
dynamical changes in the Hamiltonian. As the most basic
example, we consider abrupt changes in the transverse field
h at the time of collision, *. We note that the very nature
of the hadrons obtained in this way is very different from
the previously considered metastable states, because now
true bound states are excited with an infinitely long life-
time. Another advantage is that within this scenario, we
do not necessarily need to target large mesons, which are
challenging for experiments. Therefore, we focus on small
mesons, the energy levels of which are approximately in
one-to-one correspondence with their length. Hence, we
refer to a meson of length » as a n-meson.

In the following, we focus on the simplest case of 1-
mesons. However, as one could argue that these are just
simple magnons, we confirm similar physics for nontrivial
2-mesons in the Supplemental Material [37].

For a state consisting of two 1-mesons, a single spin
flip naturally leaves the 1-meson subspace. Thus, in order
to get an intuitive feeling about the dynamics within a
restricted 1-meson Hamiltonian, we must consider higher-
order processes. The derivation can be obtained through

perturbation theory, as detailed in the Supplemental Mate-
rial [37]. The 1-meson subspace has the simplified basis

U2y =11 -+ttt --- tpt -+ 1) and the Hamilto-

nian is

H = ZhJZ*/l[Ul’]é + 1) (1, /2]

J1J2
+ U1 = Lj2) .2l + he]
4N\, .,
+ (szjl - n_“> V1,72) .2l - (6)

We obtain two contributions from second-order perturba-
tion theory: an inhomogeneous hopping term, /;,_;,, and
an additional effective interaction, Uj,_;,. We can take
advantage of translational invariance and focus on the
sector with global momentum 4, where we define the rel-
ative distance j = j, —j; and the momentum-dependent
Hamiltonian Hj acting on the states |k, ) is given by

k
H = Zzhj cos§[|k,j + 1) (k,j| + h.c]
kj

4
+ (Uj —j—a> k,j) (k,jl, (7)

which we can use to calculate the energies as a func-
tion of the momentum. We note that the energies of the
low-energy 1-meson sector are in very good quantitative
agreement with those of the full four-domain-wall sub-
space as well as full exact diagnonalization (ED) (see the
Supplemental Material [37]).

In the inset of Fig. 2, we show the spectrum of this
I-meson subspace. One can clearly see that the lowest
energy levels are discrete with large gaps between them,
which correspond to bound states of two mesons that reside
only a few sites away from each other; i.e., they describe
tetraquarks. In addition, there is a continuum of levels
at a higher energy of far-apart mesons that interact only
weakly; i.e., they are free to propagate.

We implement the proposed protocol in Fig. 4. We
initialize the 1-meson Gaussian wave packets with well-
defined momentum and suddenly reduce the transverse
field at a time * when the scattering takes place (dotted
horizontal line in the figure). The main part of the signal
indeed remains trapped in a bound state at the center of the
chain, thus realizing the desired dynamical hadron-forming
event.

In Fig. 5, we show the dispersion relations of the pre-
and postquench Hamiltonians as a function of the total
momentum k. Bound states appear as well-separated bands
below a high-energy continuum of asymptotic states. Note
that the bound states for # = 0.1 have an almost flat dis-
persion and hence very small velocities, which explains
the trapped stationary signal observed in Fig. 4. Albeit
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FIG. 4. The dynamical formation of a tetraquark with an
abrupt change of the transverse field (calculated in the full four-
domain-wall subspace). Here, the Hamiltonian parameters are
L =50 and for o« = 2.6. The full details of the initial wave
packet can be found in the Supplemental Material [37]. In section
A (up to the yellow dashed line), two 1-meson wave packets
move toward each other with a large kinetic energy (transverse
field # = 0.2). Then, at the point of meson collision (£ = 125),
an abrupt change to a smaller transverse field (2 = 0.1) is per-
formed, reducing the kinetic energy in section B. This reduction
of kinetic energy can be seen by comparing the high velocity
of the meson wave packets in section A to the low velocity in
section B. We see that this process induces the formation of a
tetraquark with exotic internal dynamics.

hardly moving, the trapped bound state is oscillating in
time. In Fig. 5(b), we show that the oscillating frequen-
cies are indeed compatible with the energy gaps between
the bound-state energies of the postquench Hamiltonian.

V. MODIFIED LONG-RANGE INTERACTIONS

While the abrupt change of the transverse-field protocol
is very efficient in exciting bound states, it can arguably
be regarded as an artificial shortcut to our goal of observ-
ing multimeson binding in scattering events. Therefore,
we now consider possible modifications of the interactions
that can enhance the phenomenon without time-dependent
changes.

It is again useful to focus on the 1-meson subspace
and consider the relative interaction between two mesons
shown in Fig. 6(a), which is a monotonically decreas-
ing function of the relative distance (dashed line). An
enhancement of bound-state trapping can then be achieved
by modifying the spin interactions to form a potential
well. For example, this can be achieved with the minor
modification of the Hamiltonian,

H=-}" ‘r]—aafa;, —h) o)+ ;—a >0k (8

inducing a potential well in the relative potential at sep-
aration d [see the solid curve in Fig. 6(a)]. Two colliding
mesons will now see a potential barrier of finite width and a
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»n 1072 =
0.0 T T T
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tj
FIG. 5. An analysis of the oscillations in the fusion event

shown in Fig. 4. (a) The energies of the 1-meson subspace before
(left) and after (right) the change in the transverse field at the
time of collision. The larger transverse field broadens the contin-
uum of free-meson states, which corresponds to increasing their
kinetic energy. (b) The time dependence of the central site 25
from Fig. 4, showing the internal dynamics of the dynamically
formed tetraquark. The inset shows the spectrum of the oscil-
lation frequencies observed. Clear agreement is seen between
the dominant frequencies observed and differences in the energy
levels E; of the 1-meson subspace after the change of field to
h = 0.1; these are shown by the vertical red lines.

quantum tunneling event may occur in the collision. In the
following, we again focus on 1-mesons for simplicity but
similar bound-state formation can be observed for scatter-
ing of larger mesons (see the Supplemental Material [37]).
Physically, this can be understood as increasing the energy
of states that have up spins d sites away from each other.
In terms of the 1-meson Hamiltonian, this is equivalent to
removing the interaction between mesons that are d sites
away from each other.

Figure 6(b) shows the effect of the modified interaction
for allowing a long-lived tetraquark to form dynamically.
Here, we initialize two meson wave packets with oppo-
site momentum. We observe, as expected, that in the
presence of the effective potential well, there is a small
probability that the mesons tunnel through the potential
barrier, forming a metastable tetraquark decaying with a
lifetime 7. We also show the results of measuring Prq (i) =
doe |1ﬂ(/’1,n1,j2,n2)|2, where C is the set of basis states
such that there is a domain wall at the ith site and j, —
(j1 + n1) < d. This observable can be seen as the probabil-
ity that a tetraquark is located around site i. From this we
indeed see that, at the point of collision, a tetraquark forms
and has a long lifetime (right panel).

040309-6



DYNAMICAL HADRON FORMATION...

PRX QUANTUM 3, 040309 (2022)

(a) (b)
1500
0.25 == Natural Interaction
= Altered Interaction
0.20 | 1000
‘\ Tetraquark
= well
= 0.154|! o
500
0.10 A
0.05

In Py(i) In Prq()

-2

'

5 10 15 0 10

-6

—
20 30 400 10 20 30 40
site site

FIG. 6. The dynamical formation of a tetraquark from a collision of 1-mesons using a modified long-range interaction with an
additional potential well in the form of Eq. (8), with d = 4. Here, the Hamiltonian parameters are « = 2.6 and 4 = 0.1. The full details
of the initial wave packet can be found in the Supplemental Material [37]. (a) The resulting meson-meson interaction is displayed
as a function of the separation, which shows the formation of a tetraquark well. Note that here, /(j) = U; —4/j¢. (b) In addition to
the main elastic scattering channel, a small portion of the wave packet quantum tunnels into the tetraquark well, forming a long-lived
tetraquark state. In the left-hand plot, we present the real-time results for Px (i) of a meson collision. Here, we see that while the
majority of the incoming meson wave packets are reflected, some tunnel into the tetraquark well and persist for long times. In the
right-hand plot, we explicitly show the probability of a tetraquark forming by presenting Prq (i) for the same collision event.

The decay of a metastable bound state via quantum
tunnelling is reminiscent of one of the first paradigms of
quantum physics—ou-particle decay as observed about a
century ago and explained by Gamow’s famous semiclas-
sical theory [38]. We can go one step further with our

(a) 1.0 7
E/f=10.044
0.8 E/j=10.048
= 06 —— E//=10.052
4 —— E//=10.056
- 0.4 - — E)=10.06
0.2
0.0
0 2000 4000 6000
Y
(b) 85
8.0 \ —— Real-Time Dynamics

1
'

== WKB

In(T)

——

5.5 T T T T T
10.050 10.055 10.060 10.065 10.070
Ejj
FIG. 7. The lifetime of tetraquarks varies as a function of their

energy. (a) The decay of tetraquarks for various initial energies.
Here, the Hamiltonian parameters are L = 40, « = 2.6, and & =
0.1. (b) A comparison of the relationship of the natural logarithm
of the lifetime, In(7), of a tetraquark, calculated from the real-
time simulations as well as the WKB approximation as a function
of the initial energy. The WKB approximation agrees well with
the lifetimes observed in the real-time dynamics.

spin-chain analogy and compare the decay times of bound
tetraquarks for varying energies, which can be achieved
through varying the depth of the potential well, J/d* —
J/d* — €. In Fig. 7(a), we plot ), Prq(i) to observe the
decay of states initialized as a tetraquark wave packet for
varying potential well depths. We observe that tetraquarks
decay exponentially in time. The lifetime is longer for
tetraquarks with lower energy, which is consistent with the
larger potential barrier between the bound tetraquark and
free-meson states.

Similar to Gamow’s theory of a-particle decay, we can
utilize a WKB approximation to calculate the transmission
probability of a tetraquark through the potential barrier. We
note that our lattice calculation with a rapidly changing
potential is beyond the strict range of applicability of any
semiclassical approximation. Nonetheless, we show decent
agreement with our numerical calculations, which corrob-
orates the use of spin-chain simulators of small size for
probing confinement physics.

We only summarize the results of the WKB calculation,
with full details given in the Supplemental Material [37].
The transmission coefficient of a meson wave packet is

T(E) o &0 109 )

where xo and x; are the classical turning points of the
potential well and the momentum is

N e - ).
q(x)_ln|: T

JU =% By —an i,
+ o . (10)
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One can estimate the probability of emission at any given
time by 2x;/vT, in which v is the average velocity of the
bound state. Due to the exponential nature of 7, it gives
the dominating contribution to the lifetime 7, which can be
predicted within the WKB theory as

In(r) ~ C + 2/)(1 q(x)dx, (11)

X0

with a constant C [38]. In Fig. 7(b), we show that, by
fitting the constant C, we see a remarkably good agree-
ment between the WKB-theory calculations of the lifetime
of tetraquarks and those extracted from the numerical
simulations up to the limit of a deep tetraquark well,
E/J < 10.045.

VI. EXPERIMENTAL FEASIBILITY

A physical realization of our meson-scattering proto-
cols requires the implementation of the 1D transverse-field
Ising model with power-law interactions as described by
Eq. (1). Although there are several platforms available for
the experimental realization of long-range Ising models
with hundreds of spins, e.g., with polar molecules [39,40],
trapped ions [41], and Rydberg atoms [42—45], they are
often realized in higher-dimensional lattices. However for
1D systems, the number of spins available for quantum
simulation range from 3 to 53 for ions trapped in a Paul
trap [46—49] or 2051 in the case of trapped array of Ryd-
berg atoms in optical tweezers [50,51], thus reaching the
necessary system sizes for our scattering protocols.

In these setups, the many-body state with all spins down
can be naturally realized. Then, the initial-state preparation
of a pair of mesons (domains) located far apart from each
other can be achieved through local quenches with the help
of lasers by performing flips on one or more spins at appro-
priate sites. The lattice spacing and the width of the laser
beam determines the size of the domains, which has been
demonstrated both for trapped ions [20,52,53] and Ryd-
berg atoms[50,51,54]. For initial states to propagate along
the spin chain with well-defined momentum requires con-
trolled nearest-neighbor spin exchange. For trapped ions,
spin exchange between sites is engineered using Melmer-
Sarenson type protocols [52]. Effective transitions between
|1) and || ) are driven with the help of a bichromatic laser
with frequencies w1 = wy = A that shines upon the ion
array, where A is the detuning of the laser field from the
transition frequency wg of the atomic transition [1) <>
[{), while for Rydberg systems, the spin exchanges are
achieved either by resonant dipole-dipole interaction or by
off-diagonal van der Waals flip-flop interaction between
Rydberg states [55]. In some cases, spin exchange can also
be induced via the standard van der Waals interaction [56].

Apart from the natural scattering dynamics of the
mesons, we propose two other effective routes for the

dynamical formation of tetraquarks: (i) by abruptly chang-
ing the kinetic energy as depicted in Fig. 4 and (ii) by
fusion of mesons induced via a potential well as shown
in Fig. 6(a). Method (i) can be implemented by abruptly
changing the time-dependent transverse field. Quench
dynamics of this type are commonly executed in both
systems, trapped ions [15,57] as well as Rydberg atoms
[58,59]. An advantage of trapped ions is that one can eas-
ily tune the strength of the long-range interactions (1 <
a < 3)in the Ising model with the help of Raman lasers, as
recently demonstrated in the investigation of domain-wall
dynamics [15].

However, approach (ii) requires a nontrivial modifi-
cation of the spin-spin interactions to a nonmonotonic
long-range form. Such exotic potentials may not be obvi-
ous for trapped ions but in the following we sketch how
they can be implemented using the highly tunable effec-
tive interactions of laser-dressed Rydberg atoms [60—63].
A dressed Rydberg atom is primarily a ground-state atom
that is weakly superposed with an excited state correspond-
ing to a large principal quantum number (n ~ 20-100)
[64]. The amount and type of the Rydberg character in
the dressed superposition state is controlled using dress-
ing lasers that eventually determine the strength and shape
of the effective potential [65,66]. Recent experimental
validations of Rydberg-dressed interactions include the
measurement of pairwise interaction between two atoms
[67] and many-body Ising interactions [68,69], as well as
distance-selective interactions [70].

The key idea for our modified long-range interaction is
to construct a spin-1/2 state using two long-lived states
(|g+)) of an atom, which can either be a pair of hyperfine
ground states or a ground state and a metastable state found
in alkaline-earth atoms [66]. A pair of lasers (without loss
of generality, left and right circularly polarized with phases
set to zero) drive the atoms from |gy) states to Rydberg
states |e4) off resonantly with detunings A and Rabi fre-
quencies 4. The full Hamiltonian in the atomic basis
isH=Y ,(H'+H)+Y,_ ; Iﬂ;dw, where the individual
terms are the following:

]—[lA =—A4leq); (ex] — A_e_); (e_], (12)
L Q2 Q_

H" = > lg-); (e+| + > lg+)i {e-1, (13)

HI™Y = V(ry) lea); (€a] ® lewr); (eal (14)

where V(r;) = Cs(0, ¢) /rg is the van der Waals interac-
tion between Rydberg atoms located at sites i and j and
a,a’ € {£}. The effective spin-spin interactions between
two atoms can then be obtained with respect to their ground
states in the weak-coupling limit Q@ <« E, o, where E, 4
are the eigenenergies of the relevant atomic systems, H{‘ +
HjA +HUYdW. Using perturbation theory, one derives the
effective interactions between the ground states, which are
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expressed in the two-atom basis as follows:

Hep =Y Vol (@, As, V(ry)) gagp) ; (argprl. (15)

a,B
!
o B’

The second-order terms in the perturbation theory corre-
spond to light shifts that serve as longitudinal fields for the
spin Hamiltonian, while the fourth-order terms provide the
Ising interaction and transverse-field term. The anisotropy
in the van der Waals interaction depends on the magnetic
quantum numbers and the relative angles (6, ¢) between
the atoms with respect to the laser.

Overall, our main point is that there is sufficient tun-
ability of the spatial interaction profile in order to engineer
a local minimum of the effective interaction similar to
the one of Fig. 6. However, while this effective modi-
fied potential between mesons can be achieved through
the van der Waals interactions, its asymptotic decay 1 /rg
is not enough to ensure the stability of individual meson
states. In order to stabilize them, one can exploit the long-
range dipole-dipole interactions that are also present. For
this purpose, one then needs to consider both levels of
the two-level system as Rydberg states, for which bound
states have indeed been shown to exist [71]. Alterna-
tively, switching on a weak longitudinal field would also
ensure the formation of individual meson states while their
mutual interaction would be governed by the longer-range
potential discussed above.

A detailed quantitative modeling of experimental pro-
tocols is beyond the scope of this work; however, we
provide here some estimate for coherence times. In case
of Rydberg-dressed setups, the typical values of the Rabi
frequencies are in the range of tens of kilohertz to a few
megahertz, while the detunings are an order of magnitude
larger. Rydberg states in the range of n = 50—70 for Rb
atoms will have bare lifetimes around 80-130 us [72].
However, as a result of the weak coupling to Rydberg
states, the lifetime of the effective two-level system is
extended to milliseconds [70]. For such Rydberg states, the
interactions are on the order of gigahertz [72] and thus for
lattice spacings of 0.5-1.5 um, one can simulate effective
spin-spin interactions that are on the order of few kilohertz
[68] to hundreds of kilohertz [67]. AssumingJ = 800 kHz
and that the time of scattering occurs at £/ = 100 (after
optimization of the protocol dynamics), coherence times of
0.125 ms are well within the reach of many-body Rydberg-
dressed state lifetimes [70]. Although the dynamical time
scales shown in this theoretical work are beyond what has
previously been observed in experiments, the use of quan-
tum optimal control theory [73—75] to reduce these time
scales is promising, especially with the access to a variety
of control parameters such as maximizing the transverse
field /& while maintaining the domain-wall approximation,
minimizing the initial meson separation, and tuning the

initial meson size and exponent «. Indeed, achieving the
dynamical time scales and coherence times needed for this
work is a challenge for future experiments.

VII. CONCLUSIONS

We show that confinement-induced bound states of
many elementary domain-wall excitations exist in the
long-range Ising model, akin to composite hadronic parti-
cles in QCD. We study the collision of simple two-particle
mesonic bound states and find signatures of the dynamical
formation of metastable four-domain-wall states in anal-
ogy to tetraquarks. However, natural meson collisions are
mainly elastic and the signal for natural hadron formation
is weak. Therefore, we propose two alternative protocols
to induce dynamical fusion events in the long-range Ising
model that are much more controllable and allow for an
unambiguous detection of dynamical hadron formation.

First, we show that an abrupt change in the transverse
field at the time of collision results in a strong signal of
tetraquark formation with interesting internal dynamics.
Second, we find that a modification of the long-range inter-
action leads to a tetraquark potential well. Again, we obtain
a clear signal of hadron formation and subsequent decay
that can be understood via a semiclassical WKB approx-
imation in analogy to the famous example of «-particle
decay.

Finally, we argue that all three of these methods, while
challenging, are in principle realizable with current quan-
tum simulator setups. In particular, we sketch the experi-
mental requirements for initial-state preparation as well as
the use of laser-dressed Rydberg atoms for engineering the
modified long-range interactions.

Our work motivates a number of future research ques-
tions. For example, we focus on the limit in which the
elementary low-energy excitations are well approximated
by domain walls. However, it is well known that for the
short-range transverse-field Ising part of our Hamiltonion,
domain walls continuously evolve into fermionic excita-
tions beyond the small transverse-field regime. It would
be interesting to gain insights departing from the limit of
extremely weak transverse field where, most likely, sharp
domain walls will be deformed similarly to what hap-
pens in the short-range Ising upon activation of a finite
transverse field.

A next step toward the long-time goal of understanding
fusion events in full QCD would be the quantum simula-
tion of scattering events with dynamical hadron formation
in Hamiltonians that lead to nonmesonic hadrons, such as
the g-state Potts model with ¢ > 2 (¢ = 2 corresponds to
the Ising model) [76—79]. Furthermore, one could also con-
sider simplified lattice-gauge theories (LGTs). For exam-
ple, 1D versions of U(1) LGTs have been studied inten-
sively in recent years, with many connections to quantum
simulation architectures [19,20]. A prime candidate would
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be the 1D Schwinger model, in which the confinement
dynamics can be studied efficiently with time-dependent
density-matrix-renormalization-group (DMRG) methods
[80]. In the longer run, similar albeit richer physics is
expected in higher-dimensional confining LGTs.

We hope that the emulation of particle-physics scatter-
ing experiments in toy models, the realization of which
is feasible for current quantum simulators, can provide a
first step toward a better understanding of the fascinating
physics of large hadron collider. As quantum simula-
tors are slowly but surely increasing in size and quality,
the simulation of dynamical hadron formation in 1D and
beyond would also provide a crucial benchmark toward
achieving a genuine quantum advantage.
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