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I i (V20 € | bve i (V)20 audk (VF) 5 V)
For feV™ veV oume ofku wriks  f) = <{,v> If

(C;).

=1

is  a basis "f Vv, Fhew (ﬁe V')i” is caltd the odmal basis

;]L <F§'@;> = g}i . This a,(wuf; wists  and s uw‘que_

E"E-: @ if Vv - R” st it elmnts we coluwan vechors , Hew V' ocan be
ﬂ.&uro(ul os the space of row veddors  s.i, <{:,V> 3 He Iwmk-ix Fmdw\d‘ll
i.e. He standard  scalar rrodmd- of v with )Cr.

oL

@ If V:={ ve (=2,7) = R I Raeﬁedtl vid = 1 ai"; z

izo
2

{or some oltafld de , thea f(v)-‘-' j vix) dx i< au

-

dLMlv\"’ af fhe odual §()ﬁte V*:) f



@ If (U, x) is a chot oround pell aud x(p)==(<4(r),...,:<h(p)),

We oLtf\'.,\e_ oLx-':T_FH ) R as Fhe o(ﬁﬁU'tqu‘o\L OIL the

Cuor:.:h-.k p«-o&.
coorolynonte mac.  XF w- R x.* Mex af P ww.foxo( with

the  cavouical I.SOMLN‘FLL;SVV; E,lp)ﬂ? = R Thal is,

obs; (v) == vix;)

“

Wit Vve=Tn o (dy)

ez

ore tlem ke of V*=:T,,’I'l (Hz cofamaem{-

CPatC ) . QcCuu, Fhot a%’ Cw(”) BfH ai (Fo’(-()| {:(g(m a LAS.IS o‘f V.
“lo Kp)

“©

"“
Th.: (°L"i € TP‘H);H aund (a%;LGTFr'l) are odual bascs

(roxx) + 8,

‘ < (p) N U

K3

_a_ = S
€00 T2 oLK-I ( Ok ||°) BKS-
rewaasl: dx, s tae Fmob'éw. af a 4-foru4 as  cefived v He

F:)L(nwiua L.



Def.: f-' Vx-..:<V=:Vu = W s caltd wmulbbuwesr oF K- luweos ;f it i
huew v each gf— ite k wauwlmf's. A k- luewr n p is called

a,L{-U-tnnHwé or amk—ﬁywmekic if {-‘ac all ve V" ond all Puw.ud—nkams T

'|o(v1,....Vu) = s:y«('n') ]0( VT-‘(")-"" v.lr“‘)) :
AL+k( V, W) dewoks Vhe space of all such aLkrw\Hué k- Gnear wagps
aud /\k UARS ALfK( V,R) is called Hhe space of - [oruv._g

(_d\arl- for U ~Lin e o«LI-u-unkué fvrws’) ou V (or He U'Hh wiheoior

powi s a]L \/k),

rlies Us AL’cu(V,W) is aao.iv. o rtal vechor space aund /\4\/* : V*,

o

A use{mL Covnl/{(n";au is A V‘.’= R

Cmuﬂz For a U-linewr lM“F .r: Vk—>[/\/ Lo ]Q,(lgw;.,a we CQu;WUM‘f’t
() Fe A“(vw)

(ii) ‘f(V.“._.'V.)’O l'f V.=VS. {;ﬂ‘ Sowme i*_'s_

'

(i) P (v =0 if Ve Ve W U.,.gn-[,/ ollplucawl-.

ﬁﬁ —  ¢xvcCise.

3
Exp.: (@) Tie cross rraoﬂud’ R« R - R . laxb) = ZE;gu Qi
s,k

(r) |, ()= (D), ™), Tl )
w'atrt ei&k - { 303"‘ Tr) " (v ’ ) ;S *L’e Lew*civ:'f'm Hb\sor

o elint of  AlE (R® R?)

@ For  auny (f;evk).= , the  map v (v, - V) B> et (<fiv),

is a k-{‘orm.



—

@ °in : T.N-=R s a 'l‘-farm on ,Pn'

r

recall Haot e Cross Prodmd' awd  the dtborminant  both olu\.aw\l"if-r

"mek:

e volwme/wrea  while Faeir siqur jodicatts an 'oeitmbakon '

Levama: Lt (e,, .,c.,.) be a basig of V  aud far amy we /\u v define its
wacmes w.rt. Fhat basic as o i = W(¢;4.-~-.¢:K) e R

JR—_ e ( u)

is o

Then
vu.‘-ar sPatl fsowar‘a‘n)cwl .
'Eroofz The wap is  lnen L}/ oL!Fuif\‘cm,

) H <
O {oc all < <y

(%) i '137

\ramb‘n SiMCl le'Uq)"",Tl_(.iu) = sa"‘('ﬂ) "J;_‘ [t

[.,.Sccf\'vﬂ'/: i{- W Fhuw  all Cduv\raﬂl/hlu"’s
®

Y

MV\U\'U-’MM”-‘/ of— W tHus minuns  w=0,

gw‘gcd—;u}l—y-' if (w"-n"‘;u);4<...<:q is inun . () enablts us bo olefwe

{a«- all i owd from hie a camsfomobiua k- forwa

Wi
w(V,,..., Vu) is .I— w.S'l-':SK<Bj1lv'1>.-~-‘<bj“'v|(> WI/‘“'C
sl(

(b,,..,b.) is thee oaal basi u.r.h(e.,,...,eu), i.e. <B;,ei>:83&.

‘By ‘o“sh‘m‘“‘em( w( Ciien C;“) iy B

(4] H«-tvu i ( /\MV*) = (?() . lw PN‘HLM(N"

1 oud ksu= A“V'={o} .

i Am V"

w



Daf.: For we /\KV" auol 'rLG /\"V‘r the  exterior rrod.ucv"
wan € A‘“LV* i< all'[(uu( as

1
w A 'rL ( Va, --y Vuu,) = kip! Z‘ an () w(erts)c"'-"rrm) ’ 77_( Vi tar) "'lvrlm)) .
T omeSyy

romarke: o An al,i-U'umchl cqw:\/ultwl' J,Lf\'v\if\‘ov. ;o bf S(k) € Skﬂ, be Fre set O‘f
l(k‘t)- s(awfflts'l i.e. Pow.ml-aHdm_( snksfyime
Tl ¢ Tlk) A (o) ccooc T ket) . Theu

wam (v, Vi) = 2 s (m) w0 (v i) M (g = Veanen)
T e SCuyd)

o P celR : cAwWiz crw |

*

Exp.: If v, w, eV thew A, (v, v, ) = @ w)ul(y) - wlv)w(v)

Pop.:  For U p e AVE L e AVE e ATt

Gy  (wrpdam = (wan) # (pam) distbuRvity
(-'i) waAm = ("l)'“' n 4 w (ans-) cowww{'mi-;v-'l—y
) (w/\fl) AV = wa ('rl'\") associakvipy

(-'v) (c w)/\-rl = wl\(:'q) : c(w/\'rl) for auny CE€ R
The proofs c,f (i) and (i) we o bit lpu\alr (see €. [do Carvno] ) .
(Y + Gid) iw.(;[,l-c_s Firot (w‘-.—l) [ wan is bilwear .
(i) ;MPUCS Hot wanay make seuse withont Lemclute, | f-m.f',

(amav) (o vns)

1

D:. w("wm'--'. wvrm) . "'Z ( Vilua) o --- ) v ( Vr{uuu) - )

k'ttwm!
“'éslu-u-m



Co«‘au,iz: lf Uk is odd ,auo( we Ak\/k ' Fhiu wak = 0

coot: WA W = (-1) WAW = * (AW . n
Howlvu-' wAw Can be wnon-2vo for fm-w.s gf {vViuv oltév{c ("‘> Exun‘se)

PTOE.: l.f f'n"‘lfu it a ba.c'-s Uf vk ' ')LLMM ({;14-../\{“‘ )l'.,<--.<iK =: ¢I
Fofw. a basis mf /\K 7
ﬂﬁ: Let e, - ueV be He omal basis, Then P oy d)z: 2O iwplics
L
O = % ar d)I(eiq,.n, e;u) TR d So He ¢I'_; we b, ianP.

" «
As Hthere e (u): ‘>"3w-{/l V‘) °f Httw., )LL\Q/ form o basis . o

Pop:  For f o eV oand v, ue Vs

('f_‘A.,‘A‘fk)(V_”-__'VK) = oL(,‘l' ((-(;'vs))i‘S

oot : b)' indmchon ou K. ik Uuow it 'Fo" K=2. From Fle Oltf\'w”";am

c,f fre horior Pfoolmc'/' vt 80" welmoled
v

L .

"F,, A ( ‘(.l A A {k )(v,“_..,v,() = Z {‘4)” 'f—n (VS) ({1 A...A -rK)(V—u--v;;l'",vu )
3=t

The glaterment $Hleu ]C:llows Ly {xpowwu% He debrminant

w.r.i. He ﬁrsf' row  ag ][or ouy kel makeix 4:

« . ”
et (A) = T G0 Ay -t (4,,)
S=

[}

where Aﬂ_ is  fthe (k-l)xfk‘-‘) mabric thsl\"l-ac('l’{ chw A b*/ Ow;g'iua

53

Heo Frs{- 0w oadd S'Hv column o



Di{f!rt.n Ral foru«s oL Mau;fou$

De.f.: A K-fcrtm w B o Sweofh Maw(fo(o( f"l O

sttt of o bform wpe AT o eacs peht.

Thet ;5( eacl wo is o anunRv.é - buenr “anp of the forwl
wp Tf,ﬁx-..xTFW > R

wé L(Mauo 'HAA"’ flo o‘.x.lls ][orw.

LJ"'-LG. chort (u,x) dround Pﬂn

o basis ef 7;‘1'7 - So we  can write

o = 2 Lo, . (p) OLX; A-_‘/\olx-,
d faceeyy "y “ K

% ) are tHe

2
w hre ik (f) : wf,( ax;" P

P "«
wwfov\dvﬂ’_( o‘f‘ wP w.e.t. fle C‘AN‘*‘_ Cbm,»ah_,\a Flhe cL\N'f' I'D(V'y)

F

d R)
,,\u' It ~, . = So. .- So !
res s | w',‘(---,'u [F) WP( a}«,q,r [ By;“ P )
= L l;ﬂsql‘r) l‘kiul‘r) wi'\l""su(t’)
S ju
whiee 1:_&[?) = éi (xoy")j is He Tacobiow of‘ Hee  coordiunte CW“"Q‘—-

7

Cince 1 (4 Cw' Fle ]Lsu.aw;g s clnw“*" r'uotlptwoum)(':

'S

Def.: A k'ForM o a swmoofl mau:{-‘uu is  called Jéffvtmkablz

(or of class Ck) if He  wordinaks o, (p)  we as a

fuunc‘\.om of la_



Tl«e SL'E O‘f' m.u. Cw"ol/:f{:{l‘tmkabu [,(- {oﬂuxs ou r/[
will be dewvoted by .j?_kr[ and  we ab.{imﬁ

diwa (M)
N @ AR Wik R°H:= 7Y | 'R ol
k=0
rtimor W The oL(_-f af R wmaltes sewst  smce  each JZKH is &
nofural  vechss space. [ 'F"‘d'. siwce Fluct s o scalar

MmLHr)UCO\I\-Um Cm[”) X J}“(.h) - JZ"(H)
(F, w) i (fu) vt (f-u)‘,==7’1(p) So

R is o wmodule oyir  He F;v% C¥LR) .

u«\MEULs: ° O-forms  ou M e st smaootl fW\cHoms o I

©If e CTIN) | Fhu e differnbal
L Hop b dof a4 oo
deb - T TR = R
Wet, bo a chnt (Mlx) w-ow,\ol.P we  have

ot = IZ dPH:T(JF) d;

- 2 (%)) &

A

dpf (w2 = vif)

9
lo His stuse : clf = I Sfx' dx;

ffl ve diva U"’l) . aMO(. (U.‘x) s a C,ﬂN’f NW\AJ- P,

Hau ot Hoab chot ey werMr'l is of the

-Fanm W, = -f(p) detf . wlirce ]Ce CwCH) aund

ot = dy, a4 .adx, |

-



rivaarl noke Flwt  Hae  notnbRon IoLxI \Co\- Oun éumtm"’ Uf— Tl,‘f"l
owmits the chostn per‘l_ Thtvy ol should be read ac

(OLK)P oc D(PY . IH Ol\[: I' g-fi 0(1(;, Lawlu(rl 'ol.x;' hean a MAF

M= TN that assiges fo each F.e/“I au el et of 7,—0"7.

Dcf.: LL{: w b@ 3 L(‘fofw\ ow M OAADL TZ_ Le ou L’-(:O'CW\ .
The exturior f;roo(mc'l' AT i al,e{:;mtl as tHhe (L(fL)'][oHM

detrmined bf (uA'yz\f,: Wp AT -

This  nhoits e mewH‘Ls "f'  fetor Ffoo(McB, of Fc,:ws ou

veLhe spaces . That isl assof/}a\H\/}*}f‘ E-me{'?/(

AW C-ﬂ)‘LLNA_‘_L aund }]L w and n we  swmooth . Heu
]L' (uo/\"rz_) = ('Fw)/\':z = w/\(f’l) VF& CQU‘I)

[Q” y P A ) is the Grasswmauy alatbca  ou M|
C™ (M) = modmle bilwer A:RR<xRR = RA
(}Lfimeo( Ly Lnew  conbuunkon |

/Uok Het He COMS"MA)L ]C""" ckou L€ C'OCH) L(f:) =

serves  as tenbRty e AW v

Hdtt alhl.raa)/ ( ]Cut a.u\;/ “FE C”(H) = ‘/2°n :

Paws fro



Havh%) i mind sabshfnRous aud oot danale h-m,sfnrmmkov.s’ we o(.lv‘(vt :

DeE.: For o symoothn weap ~F: H— [ we o&ffue. an R-Luenr wat

Flnwenn vie: 50 R a2 e s ()

{N k\'l; (F‘Q)P(V,,-.-,Vu) P= "“’f(‘,)(d'f‘{_ Va v ey DLHLV")

w hue reT’l awll v .. v, 6 11

awd F“. k:O via 'F*W iz wo]c A

f‘w ‘rs CaL(M H»e ".m(,“:mck (a.l/..a, it/no{Mt“L fm'w ) o‘f’ (84 !77 f:

Fevn orlls: o L/ ol_z({mikov.: - id_"(u)'- )
(F:3) 0y = £ (F4 ()
C i)t FUY R

° Coms;dﬂ' '}'L-Q (Pu_glt\{o.rwnroll -lc’( ] d‘Pf : TPH — T NV

_— ' . * - N
Thew e pultback f7e Tep? =N i e

Cv-fre,spdvmln'na gb\,.,,\(, wnf, 1 the Stuse /"L\A‘)‘
(-,L*w)(v)s W(]L&V> ]&N‘ ué.r;lp)/l/(vél_f,f’l

L evaran: For a  swmorth wnep ]C:rl—)/l/:
() flann) s (Fro)a (f7y)
(i\‘) ,f “pé Cw('v) ) #L»lu f‘.(f{,a) = (“Pvfl“c*[w)

pointuise rm.(Md—/mcu prod. in RF1.
(ﬁi) Foc weJZKA/ ;f (Utzj is o chort around 'f(P) w.edt. whaclh



Dy bos  compoutats Wi i ) e

(F*"")F : Z _"°:,,.-;K(I£(f’))°L,,(“:,,°1C)A...AU(P(X:.‘°f)

;-;("<'K

zoof; (.) (.F*( w,\-rz))f’ (V--"'u Vu«-z,) = (wATz)FlP)(d({: Vo0 ees, O(Pf Vm-)_)
= 1 sty v (def v dof e )

ﬂ'ES(“-ll)

R ( Aot ity 1 -0 oo Vi tuny )

= (F1e a £ L)

(i) ]Ck(*f'w)= f*('f’nw> B ',[l.(f)/\][*((__))
s (fef) - fU0)
Giii) 1’)’ Uv.ear;+7, Giy & (i) we arl— .

(][*w),, =2 ""i,..iu(‘ccr)) 'F%"L";,)"-“"lc*(d’(i“)

i€ iy

H—oceovu" ‘F*(DLK;SF(V) - (o‘-xi )F ("(pfv)

(p)

"Lp("‘. *F) )

chain cule
v

(Poln- oo dunkes ) ou @1 \ { (0.0)1 comsidr  tee A- {orhq

&angé :
(w.r.*. tHe cou—‘oW.‘mL/iJ/.m‘s'l-)r chwrt ) :
dx + . dy o [RI\{OE.

w
s<7+77' x1+f"

-f(r(Q) = (rs®, csiwB) ow (0,m)x (0 2r)
ot F=[",®)

Let
waE -l‘-\row 'Fa[ar' Lo WCortes aum ' toordlt neakts ., Then
. csivwb ~ cos O

(o) - 2 Alep - S22l

- w6 (c°>e Ar- rgin O J—e)

‘.1.

‘M( sin O dr + ~cos O OLQ) = ol ©

c




?rof.: Lt)l' {‘ M->A/ bt Simooth btteoten LNO ln-ouum, Imavv: '[OUS

avd  (U,x) aund (V) clwts owound pell and FY | resp

For U-V\y -re C“('U) avd  with f;== r;o-F :

Bt dyon o) = () et (3 ) b a mol,

P«w£= We show Heat  poth sidts  have He same ackon  ov He  basis

(531 P! Tt Sg;.,,)fz) dual to OLK? : Levacaa
. L
('F ({ dy, A ..oady, ))P(Sg:,, If’ [ e Ssx‘”)?) -
{)to (o fenn b ) S| 5,
— \./_\J

AFfUcmkom b ]Czio(. yttus:

CO-coU.orz: ’-f- (ul;()l (.V,y) ot oo chwlse  wround f,e”

o-[ 0w w‘ot-w., W\AW{'ﬂu- H, J’L\lvl
o dy,rmadyn = lode acndby for g e C7N)
p)
i b = a- ot 3¢ 7') )
é ( K‘ 4 *

ob.{-(a)’
(73

Siw\?Lo\r[?r: °"73 A A 0(73. = Z

< <

O
-

i
ox;
t

) olx; A adx;

S,é:q'.k



/LLM i

—

For au\y Sumoo iy Mamifofvt M thee s a uuiﬁue (MaF

d: R > DA o f L(RH) e R sk

(i) }/(,.1‘726-}2’7: o ((wrn ) = oo+ on

(i) VueruH‘nger’l: ol(wmz)= oLuomUbl)kwAJQ
Gi) Ve Cm =R | olf s He diffornbal of F

[i\/) l/weﬁl’l : ot o f= o({o{w)‘-'- 0

This map s called  extecior derivabive aud wed, o chart (U,x)

osound Peh: (oLw)F s Z (o{.P Wi )A&_. A A OLX;K {-‘ar we .RKH )

fa€eea iy wr Kr

Honed, us;.,\e) wmunlbindx notal ow : o{_(z‘_ W;”b‘.t) = ) olwy A oy
I I

IR

roo+: Surrose Lo, v € J2l‘7 Cowmecide ou  oun OJE:-["W')’
OP(V) SV\ES‘C"' u € m . UL F;fs{' SL\BLQ 'H/\A'l lur\lv-

ioo| = o ie. Had ol s '[aco«(,,.
LAV Uy o (
To Hus tud {O‘ PeVsVsu let fe CTlRY be st
1, ¢7e\/
= T 0:v -
{(q) i 0, qdu - bt Plw,0,) e R

aund ‘H/‘U'LILIFC Oc:;) o (0) = o ('r'\(“q""z))
(.‘i) olfA(“q’ul)+ *f/\ci(w,,-w,_>
S::),m 5 . ‘f" duw, - -r,‘ dw,
So (0(.(,3_,,)|v = (’OLN2>|V and  Sinee ‘HA.S afrf,'.es o ou

arbn['mr/ Péu_ it helds 0w all O]L .



Cousido- w € JZ'(N thot withon W is O{' e {stwn w=Z_wIdx,_ .
L

l/\’?_ Can o\Lwn}(s Ud“IAL "JI Swao‘l"/\ty l‘-o uu, O'F H o *Hna*l’ He mu,\LH»a

w tomodle Lt He fwibal owe . Sinee A is local Hag  doww wof

e oo, g AT ko)

(17]
£ Z ol ( WIdXI)
r — o
= wIAaLxL Siuce w,_e C (n)
o D olwpa duy + (/QIAOL(_OLKI_)
I M

=0 5)’ () awol Lii7)
= z p‘,w.l: LY Dl-zr
I

T s provis Hat  dw i af He clawmed -FMM awd  Haug unigue.

b rewmmine fo show Hat His  fullfills G)-Civ).

() omd () we obuious.
Duwe o l/iu\cw-"l—}/ it saffus o prove () {or w = ][oLzIeJZKm

and neé %01543 : cl(.w/\-rl) = oL( -féols(:/\:ixl)

(qetf #foly ) 4 cbigacliy

(olf/\olxr) A (60113) + ("‘)u (f oh(I)A (o(éluixl)
—" S — ~—_—— N~
= dw A + (-“l)K w A o(vz

To show (iv) counsidor cléd.;n W = -Folx_r_ 0 Hhat

p-)
dw = odfadx = Z—S:E °L"3"°L"I
U < KY

a'l.
ik o

1
= 3 ;Taﬂm( (J.MKAOLKL-I- JJ(SAJ-KK)AOLXI =0

T <k N 37_
Schuvora's Ham, i a_ﬁ : i

i.e. aijx,‘- ax‘a"i for 'FEC



| I-F F:M2W is Stmooth aud weJZ“N, theu

F*(ow) = o F'w)

B"’of: Due b [acaLH-/ ol b‘-—.(w-h'y iF safﬁ'a& fo  cowsilu

F* o((f dx; '-"“’L’(f’k) = F*[a({'aalx;_'A-..Ao(v,-“)

AlfeF) A dlxoF) a.a dle, F)

n

a (foFad (P oo n e F))

OL(F*(]LJ.X,'_'A.../\OLKE‘()) . 0

De{.: weRH s called
o closed if dw=0

o exact if H'rle.ﬂ_u-': oiwlsuo i

reemorls: o geia "closed ' ic a local Fropu-‘f}/ . Bciva "exack! aglaba(_ oue .

Since oLI=O, evuy exoct -forw. is closed . Cohtblur fe
onvost  holds  deptuds on Hre I-opolvéy of M auvd will (e

us fo ‘DLQlqu Cobwwalaayl...

° Fo(- n=m3 (,J.{—l,. w":: .F: d( " F: J./'I’ .f; 0(7 € _Q—'n
k3 k3
WER s £ dyade + fy deadis L oxady € 27N

W3:= FB olx A o(yz\ k2

d . d o .
we l/\uVL w W W — w3 TS cqunl ‘o
o 5"4 a rot 2 dav 3
W s .'L' ' f ( see reise )



Vector Lields

Def.: A veddor ]C"d.a(, X ow a Sawohh Maw;FGL'L M s o wmop
X:M— TR , Hepk X, eTN

The sef of swmooth vechs ]Gelols o 1 is  clvoked by (m).

romosks: o I (Ux) i a chort wouad p o Wt can wiike oy

Y
vidor fld X bully o Xp ® L. X (p) ax|  where
i ‘e

P

He X;'s we Fhe wwpamd— \Cumcl\*ws ,,.[l X ot He chart,

Lewanmo:  For o vedos (ulo{ X ouna swootta M e '(-‘Guﬂw'lu\é we equiva lant :
() X is swmooHa,
(i) The componsnt fanchons of X we swroobs (wrh. auy
chart ).
la)  For any fe CTUR) | Hho fumchon Xf:R= R
defined by [T 2p > Kef is swoott,
remorlis : ° By (i) anmy X €2 (M) indumus & [ eov opwl—o—r
X C(m) — C%(M) . ba fodd s a luew dirivabon
Since X (fab : f'Xa Ky Xf . Hoceove, {'or X.ye ¥ (n):
X=y & VfeCT(r): xXf=Yf

° 37 iy XM i a CT(R)- module .



Peop. : For X,y e X (M) thice wists a unigue Z e d(M)

s.,\ksf,;mé 2F = (XY -Yex )F  for ouy fe(T(M).
2 is called the Lie beacleef of X awd ¥, devofed by 2=:[x,y].
proof (shebch) «  2f = (Xor- yox ) alceady defines 2 . I revaaing
o show Hat  2€ X(M). This fliows frowm
obsuving Hat 2o f = RENE) s of He form

2, = X (X% - rx)w §;; |P wok a chat (U x) .

|m}
((set xireice for details )

\-LVV\NLLSI @ l-a- , X"y u.v\b(. y‘x ot l«tU'{' fr DéLM) N
* The Lie beomchet L.-1: 2(m) x Xecn) — X(R)  walbeg

X(M) o Lie a(_ad?“m-

A ol}:ﬁfu-tuk‘uL forw\ w e J?_kf"l o now be reawduk 2s A& waap
o XM = (R x x ¥R — C(M)
w (X, %) ( Mop o wp (Ko, x"-P))

This lLads o a CL\N’l“r‘b\ol(f)ivw‘CMf' ][aﬂMmLo\ fol‘ te ehedos ooivahue:

Prog: I weRM awd X, ., Xip, € ELR) | Fhaw

Wl

olw (X, ..., Xuea) * Z SN K (wix,, ., 2;.....xm3)

ow: fred

. L('ﬂ);'-;W ( [x;lxi]‘xmml )Q.”..., %,...,Xk,,,)

4s:<$~skm

I parkcator, for Gel'M: | dw (X 7) = Xwly)= Ywlx)- w(Lxy2)




Eroof (sketcl) : Fiest oue vecifies Mot He nlos. iy o ked- forw o iF i
utwvmi-'vé ad  CT-linewr  ((He labe requirts Hhe second Su\w\wmwo()_
Thew it seffius Jo show Huat it acks corechy o o foe, e adx,
Oith X, ® 2= =03y, Using [5.310, we ot

WKeq ke 1

PERNE ﬂ);m X, w ( >2.) b ® Z (" o, w(é,ﬁ. e a“: t é*w)'
For o< ... < o Has  vauishes acf‘ﬂ- +¢r (K,,...,uK)= (4, )
and = ke and  Haus o, > ke . So Lt o wrife

Ao = Z ol-w( > P ao\m,‘) o(xu‘ Ao ol.s(,xu

K, Coni® Kpgy g

D-Ssblwpkcv. .
: Z - Sj-f olx.,n...no(x,‘/\d.zj
s>k

_Z g_"s]c olx_-‘/\o(k,a.../\o(xu , whadh iy He eorrech ﬁ’“‘"-
5 a



Or-' ¢vn"ov.Hdvl

Dl{:.: Two ordered bu‘us b_“...‘b,, and Cay--y Cu af o real veckor srace V4

are said to have the sowme prwtabon if e aumtomorplism A: V=V
defined by Ab, ¢ sabsfies ot (R)> 0. Each of He hoo equivaltince
casses undr Fls celalon s called aw  oritutakion ,f V-

The two onutaboue we somthumes  ald F?a(/t"'/h{f“'kamo(!ol. aud

P OF [Eh s vcfm'co( Yo as riab\'l"kmmo(li.

the staundard  basic e,

Coas}skm{’ Oll](;v\:kﬂv- af awv
oremFakon on a wom;fv(a(
s net a(wafs Fasy’&& (e.d.

te Hoebius :!‘fiF N

orituwiable ) .

Defrr A seooth mawifold FUof i, a1 i calted oritnbable if oue
(avd Hw botu) of He -Foﬂow:% equivaltnt  shabemtats  hold(s) :
(Y Thet s an aHag A={(Uk,f,\)})\ whese  charts we oritnbnbon
counpabible in the seuse Fhat det (A,,(fkof’,;')) 20 Vpe fr(Un)afulung) .
() Theee is o novhue veuishion e 27N (ie. wet0 Yper),

w is Fhtn called an  oriteFaloo, Forw .

" ~
rumw st o foo ot {orwns W, v e M must be relakd via w F w

B, o wowhdere vaw“isl/\.\'ng F‘ CT(r) . It f>0 [ we sttt BT w,



The rtsuLR\a ezw’w.bwue class [wl is thu caltd au  oritnfakoy o-ff‘l.

A towneckd | otitntable wionifold Fluw, has fwo  oritutaRous |

o U.s:.,\é L\OW«JLUAY , (-) caun bl (meO(ltl. b o eLl.Fu\.-H\av\ O{' UH!M%;L:LIV

o Vopological manifolds.
polog

Eroof: (of +he eqmwllu-ce)

(i) = () Let e "H be an ocand, \ﬁ!-ﬂm Thew wort. o daort

(Ux) sround P wp T .F(p) olx, A ... adx, {:.,r SOl

o |P) - fip %0

fe C™(W) ot saksfes "-’f’(_aa—x_'f,
W.log. f(p) >0 (ohvuie replae s, by %, ).
 (Viy) s avotler chark wound p bl wp: alp) dpa...ady,
aund atp) SO0, thew | in e idhegeckon UaV o
Fodinadi, = ady,aady. %d&(%) d., 4. ad.
so  thot ot (gf;—) = % >0, ln His ey | bt can
coushenct  an ablas  with privab. caw\PaNLQ charts

() = (3) For each chwt (U, x*) e define iz dxlaiadcd .
Lt {4, ¢ CTCR )] be o parkbon of waily sub-
ordinatt to {Usl and defie wﬂ)} fa wh
Broy pef hos a uualnborkoaoi moowhich  Has suee is feite
awd uﬁué coordaale h‘aus‘cﬁrMD\Hdv\S We can  Lxpress
o T A didaadd s T ot (2L) did ]

A \’\ S

>0 wear p . o




gl s

o

W.et. a g-‘vem oritutabon {:ocm w we call an ordued basic

(b,,, . bn > o-F TPFI 'Pasﬁivc(/ Of:(m'l‘to‘.l ;f w(b_,, R bn) s0 .

A sweoth map betvutt,  grianked mei)[a(-(s e calld

oritntakon frfstrviua it maps ’pusi'\‘vel/ oritubd  bases

Pag;kvet/ ocitnbd  bases .

To wuy pomt of a veso-dimn. wmawifold we also a&‘.au fwo

oritn Falons | dbwobed +1 aund -1,

IRPM s or;fm{'v\b(-t ?'ﬁc' v is ool.ll

An  n-diwn SL,\buquuf-FoU o][ [RMH

is oricm#bﬂc ;f ‘Hr\u‘d is o coubunnous

vechor (—3¢b( of “wnit mocmal vechses'

E-a. s° is ortnteble .

o




Def.: A topological o fold it bowadsry I i o secoud -

coun table  Howsolor fF space oot is locally Irom(awurfév'c o

o Lm.[f Lpace JH" == {(X..,-..,Xu) eR” | ., *0} s 6ouwa(av-/

I is Fhe sef a;[ all Ioafw‘.r o 11 Fhat ae waﬁoeo( outo

QM " e { (xar- k) ER" [ x,20} lt(n) = A\ 3N .

Ch

M is a smeoth w.om{faltz( with bauwolnr)’ if ik is aolobi/s'aunl[/
e?uipfed with a Cmooth shructure . (Iw thig :aml-on‘,

a wap ou o subset UEH" /s called So,ooth /}( Nt has a swmooth

wteusion +o a h&éjhéaréawo[ "f U Fhat s opta i W“)

lxouME(u: . Ev07 (swoo*h) Mau#'fo(o(. s a (SW\ODI'LI) mavu'-,[v[d. witt

60uua(a/7[ olb et 3/7=¢ . A C‘O'MfauL MAD'W")‘;’U( coiHa

ewnpl?« éoyw»abu-/ e called closed mauifﬂ[o{ .

° = { xe R | ﬂx[/ls—r} witlt, M = S

o It FiV>R is swootl wits r:julav- value ye R,

thon { xet/ [fle)sy ) 1T ic o swmoott maifoldl

wikh éaumolnl‘/ /7 = 7[.,{{)’}) .



FLW\DJ]L:

lf H|A/ we two Swmooflh Mam]{:o(ol.( with bawnolo\r/
aud F= RNV s o Jé{ffamorplm“sml Hun -F(BH)= NV

ownd ‘[lan : N — W aésa.im o d)ﬁeoworplm'sm,

Pme.-‘ I£ N s a Swooth manifold with boundary JI1 '-kﬂ, Fhow :

() 9N is a swooth manifold with obiws (3R) = oliwa (17) -1
aund 3 (él’l) = ﬁ -

(i) oM s orientable (f [T is .

Eruof: () (sketetn): If (u,(x.,,...,xh)) is a chart wround Feél”l st U i

Aawrowar—/:k.'c o a. gpee sebset af Hh, HFoty

Uanon - { pet | x,lp-0}

aunel (L(naf"l, (x“...,x,,,_,)) is o chart of ol

(i) Let [M.x) and (Vl)r) be fwo ocitnfabBou camPngQ charts

Of M wround Péan s.+. X o, 30 v W and 7',‘}0 fv V

Sinee Hee  cweclinate cL.avac = 7,,<" has o presvve Fe

édmmolar/v, we  have :
Pl i) { e

>0 if x.30.

=0 orF i< ©n
So 8; 'f’h (%, - Kot o) { F

>0 {or;=h

Hl.utll tvulMa-ko{. a“l’ oL L‘:OV\V\.DLW?' PO:V\+ 1 We 3“" :



0 < ot (a;fj)," ot (@vﬁ);,~,=.§ ¢
t i |

oritv l-ﬂHm,.
Counp, cthorte

= QAufa)- st (,9,)

20

"S”
Cou>eo’uzu4’(-/l e (oordinak cb\auac (f_,,...'f,.,) between tae

5oumobu~/ charts s orizw/-uh‘am'f;reserw],a as will . 0

’2e£-= Let [W) be ou  ortutabon of a Smeoth mani fa(o‘- M owith
bouuotmr)/ A+ 7. lf wet. a chart (U ,x) a][ H oround pe M
we have w= f ook, aady, {or somt £20, fHaew He

imducel oritatbubon Il of M is defined locally via

h-t

7 (-1)" dx, A ... A dx

r(_ww]&g: o TL\'LSL LowlL7 J,(,Bh(ﬂ( 72'5 ctauwn ”L\lvl be a(,uu{ J'DOLI'N/' o oo
(y.-'l)"{orw 11 H,m.{' ;5 own or;l.ud'mj\\dm ‘ﬁkvv\ own a-u- Uf Sl‘l

° A‘ccarob;wa to 1o . Fle basis 59; ..."32._‘ 67;9/'7 is fau‘/fw[/

oritatd . A+ Féen we Cau rzjaw( v:z —(-;—)’?"

as  oufward /Jo,'.,'A‘.a

veckor . Aa ordved  basis ., v,

, 0)[ 7;3/7 s fthea /w.rfﬁ'w[/r

=1
t Tt 1 e

orinfed vt 7 ;)! V, Uy, Y ’s F""/"”’[/ orcee e

st o Since

(1]

d-(‘KMBI\Tl (-1)". d(-x.) nolsey &... #dlx,,

= ox, A .. .adx,

2




IM[’CA('G-HOV\ of h-farus P wam]{af.o(s

Def.: ° The cupport  of weR'M s Supplw) = '5?5” | ""P*ol

(i, s complewent is He Laraed' optv subset of Mo wlaich w=0)

) Let (L{'L,) be o chort af au  nedsur. Stmeoth waw’fv(o(

(pa.u:l,{,/ with $muo(u7-) , avd we ﬁ”f—l .

For peld (N 7£[P):= “(%..L.---.ba_k..

P) é /R a(lfa'w& the co«,-.fau UA?L

/-‘w»c,kom pf W, ie. wp 2 7[ (p) olx, A noxe | Thea

@ 'l-ﬁ)r:«!

'd ° .

[ JEut @S| s
Lebz.gue - 'ul-géraL

I V] hiu)
h

ch(saoe r'ul-tdnt m R"

;]C the chtsgw ;ukgm(. o Het c.ls. exists .

LLw-lMa: Two oricutalNou- Cow/oaﬁ'éfd chark (Q") ounel (6(,;)

lead Fo fle Sam e volu e 07[ ]DJ
78

wofi M op £ donandye Han F i) flo) it | %)
\‘—I‘YP——‘
whure Z‘f is the Tacobiom of the coordanke = I.p

G(N)maz, "f” L\Ou-l af ELF)

f ?° E-lfy) 0‘7 = J {-0 lq_|° *f’ ly) |d.e+(1fl73)| ol)f
Wy f . I N
hiu) 50 dut fo oritmtakon

~a
-P:: hel cow‘:a‘-'l-ail,ﬂ-r

. J ol (o dx

T hiw = febilu)

LL\!MAQL cf voariable \Cm-ww\Lm f.,.r Lelﬁsaw ;'ukaral,



NMow  suppose QU.,\}A is a f;u;l-c opin Cou(rr'lzé of M with
oritwl;h{\Avw Cowfo\/\.éll. chart< auo{ {7’,\ 3 C—w( L(,\IEO,‘I})}’\ I

Cumooth /ow'kﬁ'dw o][ uu;/}v subocolinate fo F. T hew

L = );\.[A‘f/)\w

Lcwuma.: The ;w’-!araljw is }uo(t’nuo(an O]L the chageu cavu-;ua
n
ol Po.r/-;fs'ow af uw’;‘)/.
(05 LOVQ as i+ S a -ﬁu\fk covu-l'v\é with oﬁtu‘)‘. Cowmp. CA&V‘-"S)
voof: Let {&’“}r‘ be auothir such caver/6 auol {7;;»} a

corr-uf)omoU»a }uu-A'}(‘au. af um'/7. Theun

D;j fow = Z,\j%;;r'ﬁ\"”

usiha

{-iuikutss

j Pt - L/Lx

U.AII u’*

=
=

srt\—,
B

r

To sammasre, we have olefrned intecals of - focus 0w w-obian .
mawifolds  undeo He asumphon Huat He wawifold ¢ oritmked
(ie. we chose qn odlas with ocidnt, comp. charts ) omd  Hhe v.-][m-w\
has compact Sme)orl(‘ ((widh s ambormakically sobsfred if M i chwpod')_
The (alir conld be relased o privciplt, bt the cenbhol Hitorew

(S{-nl(es' Him. ) would skl rulv-;l‘C Compact mppoﬂ",



Euwtml—n—/ Fro'?crk‘ts :

L;Mlolf';l')f: j(aw+bq> =ajw +b|m '[oc u,loéﬂ?l
& n " wlfleﬂhn
Of;(ML'\HOM ol.lP‘(lnD‘.lU\Lﬂ? o= - jw "f u_ nu is M W;HA
: H
" oppesite  ordn fFakou

Pwp.: If -(: M>/A is ow orwtakon f)r{s-bl'vfg ob#wwor/)wsm'

Aerl | nisdin (M), and wel ™V Heu:

(W{um?u Fhat oue side Fs
o - 3
w will-oleftod i the ober side is
A P(A) th Whicdh Case \‘-Lu/ we  equal )

The onof Fo[[ows uaau'u\ bf rea[ﬁz—;a Hoot  Hle cL\uu\g of varabls

FO{WV\I_I\ for ) Lebuaw( ;V\Hérul. Larr-tsr)cmol.c to

U drancndy) = o) it (2 o) syl

All Hus wohtwoe o He case of U-f‘wws Ci.e. fuvn("\“u_:) oV adu O guwivd

O- daun. w\aw{{au M . whn  we olLFlAC ]f: B Z vip) f(r)'
n pen

whire  w(p) é{ﬁ’l} it Hhe ocicutnNou of p-

This Suw is ,C'u..'l\'. :'f fis Cow-fuc/'(}/ Squpo“l‘“‘.



Stolees'  Hatorewn

Tha.: [Stoles ] Let N obe on nodinn.  oritwhd swmoofh weani foldl

with bomualnr)w AN awd we X' have cownym"' suﬂao!‘i'. Then
jol,va = J w
n t-14]

e planaKou [pu\CU'V\:\% e rlas. : AN s sufpa.sul o be cplw;p‘)u{. with

He limdmad ' ocitatalon ovd  w ik wadvstoold g Fwo with
L: AN >N the juclwsion wap. If d3N=g te rhs s reo.
rooy : We will  cousdr Hheee iuncrtu'.na Ly %(,n val casts faat we based

on tach plhr:

(Y = IH" . Thire s au >0 cf. -

n-1

suPP(w) € [rrl x[0,r] aud _ |
) A
Wl can write w= 2 -,L(. duy aade; Al adk, .
= —
Ow;e'(L

“ ~
Thin olw = I_ d--f; oty Ao Adw Al du,

T <t

& fi o
. ):[ )" —f o, A - A G,

o=

So jol.w s I (4) jf j P o, - lx,

% ot
For i#u  wt have j ox, = ; = 0 siuce ~Fi vauniches
Xz ¢

'F""‘“ Hawn, colc.

d k=2, Heuee,

odx, - o

a n-

JOLW = (-1)" J_J‘_ £,
J'___Jrﬂ(,‘",._' Ker s 0) iy ol

K,
K=




This has 4o be cowufuued. with Jw -“j Fwo
M on

Sihce (u(rf (h-"l)-fofw Own Bht QIHM |'s o Cw-w\mU{PL{ 0(

d.y_‘/\...AdK“__‘ . we ‘/\UVQ L*(‘Q H Fn (X-. .--~lxv\-|(o) J.K.A... Ad’x\o\-\

so  that JW : j -Fh(z,“...lx.,...,o) dexy AL adi,,
on

on

N dw, Aady, is He iwduced otentakon .

Couse_.lw.vdl.yl j dw = J v ‘F“‘ e M,
n 2N

() SMW)OSC w is s“r‘,orkl i He domain W efd S;mau chort (U‘f)

whare '{} is oritutalown Prc.sv-v«'ua. T hew moce dafouls belowo
j dwo = j ({u)* deo = j el.((‘f")‘w) t;) j (.f-‘)‘w = jo\)
N < - / " 3" 3h

wl. U communks it prllback (f"')"gl..a hos towpack supp-

Giii) .Supfc.sc {LuA|_PA)}A€A is an atlas of ofitutulion cowmpahible clhwts
Haak dtfine He ocitnbnben of M. If {4 eC™(Ugton) Y, 4 is a
corrt.spo.nob'mé smooth parkKoun of unity, Haaw :

()

fw= %f‘l’,\w =zfa(%w)
Elyl on *h

= i:_ fd.‘}’,\/\bci- Yy olwd
A h

Lo
= oL(Z*\P,\)AW 1']2\’/‘\ dw z ]o‘.w
R T o h
N y =1



[ AVV) w-k:

Cofo U,w-t :

Coro l,(.»z H

o0 H

CO&‘O U.MI'Z N

£foof (4

FIN' o woce  olefailed s custion, SMPFaJC ( u, £y wity '{ : ('{.,,-..‘ "{.,.)
s He cousidwtd chart of T | (Wadn ,‘.f\;) wikh ?= (a0 ‘{u--)
He Lﬂmmey cbnrt of IM and L 3N= h' T A" - IHM tHoe

~_

e lmgrom waps. T hae, with -[’"0: = Lef we ae_é:
juf")"w ‘!’jz*(f-')*w K(—“Tw . jw

H" AH™ "

If Mo a closed (: comrnd-& !)ovMolN?r llss)' oritwFable spotln n-diem,

Muv\.;{:ole ondk L€ A1 uac'l" Hhen j w = 0
[u]

qu 'r Jho{m : |m s 0 e -4, -

7
N
(RE °l11 Stolkes

f N s a cow\‘md', ontuninble  cwmooth  w-diva lMo.w:FoLl o
W E J'Lwl‘l is  closed , Hlan f w = 0O

/w;jdw;o. a

N Slcl‘-ls L} deo = O
L Fund. thon. for line ivaérnlsj Let Q,:Eo.,b_] > L) be a scmootln
Cwrve  s.4. n==6—"([°,bz) ic a Tolin. Suéwawi{o[i Of A and

Ve [abl> M is ou oritatnfio. rr‘lSU'V;v(\j o{,;ffeoworflv;:m. T lewn

for oy fe C(w): joif' - f{\,m)- .'C(«r(—))

n

/',,(lc : jf with 3N () ly } n
h on ! ’

ucénkvc /pmkvt orerfakon



Thw.: [ Ao rebeackon ‘“Ilw,]

Lete R bt a cwuw fu\c"’l orituted Swoo""’l mmotal {GL{ with
bcmmo(m?* IN%F. Thiet ic no Swmooth map 'F= M =3 gt ‘f| =id .
N

Eroof : Let w:z odhan [H) a.,\.(. 11 e RWIB” be S.*, j 11 X0 ( t'Q' o
oM
o tutalion .Fonm on b!’l) C Thin  withh He iaclusion : dr =N

cd  au assumed  felcackow -{::n-b ON o+, il :

fous

/n= fﬁ‘f‘m ; ]ot(f*vﬁ =ff*ot 0 4o

en on Stolegs ! h |
dne L3N = {0}

Covoltary: L Brovwir's fieak point Har = surooth vusion ]
Cowsir M= xeR™ | Ikl g1} witn 3= ST 4 o
smooth wop  Fi R =M. £ has o fixed point (e Txe M flasx)
coof:  Suppose Hwe s wo fieel point. Thin otfime g0 N3 st
a(,x) = ox t(x-{.‘tx) .f.,.- o switwble £330 oupw.,u\% PO
& T haw, g would be & Swootts rehrachon. §

o

rtww’u : usim% l,\)q,;u_s}\-m&s afpi‘o:l-;w\a\kdh +L:s (an bt extnslrol ‘“O
v kmuous ]Cu.mc"\‘O\ns .F: H-’n oun uu?/ ‘l"?. Seou H 'H/Wd’ s

LOWCOVWJ&‘P,N}(_ l-o a C(nbli bo\“- .



. 3
Ved‘ur' auaL/va‘.r n k

3 .
To rtecovu  Fhtortws of— vechor analysis R -I:cow, the 8mw|/-uo(

Stoltes' Flaw, Wt Can ux He (olLawivé JL{lmAH‘dus & tovvinRons:

3
Lt UsR be optw owd Voo CTLUR) . 0w W difree e
vtc"of - VM(M'“L {ths J'k" d*IA O(X3
42 | dey DL;: = | dxy adx,
ol*;

dx, adx,
aMoL (\l\/” o(x.,nohl,ao{zs . Tl\ls( Llat( J-a ‘H-? {-}:L&;w.g ;solMO('FLv]s\M_s:

=

A%

> 5o

y — Ru,

Clw— U, ¢ — cdl

Tl\.&u S*l'o[/-lsl . ‘For oLiHuib\H‘n(. fo(w.s

traunglabs to :

ﬁowss' obivuacmce Haw . : For oy Ee\’ aund Oany cow\‘md' -

Sm'owaw’.{cu- H of W w"H" bam.uat.vu-/ AMN:

Jobivlj AV - J b-df
n

3N

Kelvinm- Skoltvg Fawma. : For 4 e e\J aund ow\y cow\foud-l 0 tun beed

2- diwn . Submaans ‘Ful.'(.( Meu with bomua[w-/ dM:

fmi-cu? =j3'°5

n




Moceouu,  the \Cv((nu(% ol/iaamw oM s

o d A
RU—— LU 2 >J7be ‘qu

1 | .

. rﬂd FU+
C(u)%—> Yy —5 ¥V —— 5 ("(w)

R

Ltn Pu'l'\'r,u.[nr ( cL”O J-wm.slahs Lo rof‘ aru.o( f =0 au.ol. ouv ru+ : = 0 .



Ritrmaunian £ Locewtrian mamifalals

Recoll from Liner Mlgtbea: Uf g: Vel R is a spoumekeic, wou-cligencobe *
bilintor focen ou o fuite oivn. rel veche space L/
with basis b .., b eV | Hua (3“""6.1))-'.:‘-4 is
an invuhble mabeix . By Solvester's law of iavKa
He nuwbir sef0..,a} of MJa/fue a:ja«nma«s

*
this meaug :

( y:=0 V s 7 o s /'mo[(/(,woam/' ‘,f the basic. b coll s Hhe
é K‘y = K = H

badex  of gq. Abk Kt q & au e product
it os=0.
Def: Let N be a smooth wanifold aud sefo,..., dinlr)] .
A pseado- Ritraauaion wikic of indec § on I is au US@MM{M/‘
of a S)«w;meln’c, "'”"'“&d""w‘k, bilrn eor 7/,,—.,.,, JP.-7;/7,7;/-7 >R
of iudex s fo evtcy powt pell st i auy chort

2

1 9%

) .&{;wds smaaHAL)f on p-

S
S;gl/’)"z 3/’(;;”
(T’l, 4 ) is Feoe  called Fstudo-Pitw:amm-'am lmuw{fo[i o’c Ja olix <

aul 14'_ o - { 1 < ddw (M) : Loceataiay, Mam,"é[,(
0 : Ritmaunian Waw;@[o(

it o
rtmovls: o Wole  fhat if  Xp Z X; g_x; |f’ auel ) = Z Y 9x /,e , Fen
gf(xr,)/p)‘ Z X, g,-‘i[f))(j = <;<'3<,)7>
i§
) /4 (O Mo, no Fabon s olsz 74’( Hoe bl.lv-ular' ’Q)Pm a TL‘;S,

]

ITn #um,,' leaols fo «fartssr'am_s o][ He /4!/‘0.4 ‘ 0157 = ’ZJ 3;:_ 0(1(‘. a(xs.



Utctw-ga.t: . The [linkowsles space = @q witt, cowsfaut Hinkowsls wmehle
-1
(3') = ( i . w.rnf. Hoe cauvowical basis o][ é"’ s e
! “
S;Mfle Aortm/’?faw maui%‘o[o( )

° RM with He stavdard iano- fmaﬁucl‘ s a Bewmanniau mam}[a[o(_

M Let F:R1>N be swmeoth aud s, ol.’,F is iu&tt’ive for all Pel"[ .
If (A/,g) is  Kitwmawuion |, then so is (,7‘,:8)-

rtwmrt(_c: o Tle Fu[(éack ﬁ,p S/lmww_f‘ric é,’ (i ear f;x‘w_s rs o((ﬁwal . e

o ——

Sawmt wq/ as ﬁc am/s'~s/»mw4~,'c

© /wj(uf-ﬂv//-/ of olFF bholds  re /aw‘/ﬁcm[qr' ’Qr twéda(aér'a:,_c_

EOOE: (-F A'a )F (V'v) = 6Ff-r) [ o(.r'Fv : o’.PFv) E )

8 R.menc dpF iuf.
ond ...= O p—— dP:Fv=0 <> v=0 n
t linenr

[oroaw-g: Tor tvuy cmooth waw{falo(. Houe eweisks a Qiemamuiaw mekeic
roof: By Wity s méza(oéf;g_j Hun.  thee s ag Wéu(aé;a

F: 1~ /‘RZH . /f 3 is He stavdard inntr /7""04"'“‘ O P?"/ Fe

F*A s a Q/'Cqum'am wetheic oa /7. Ja

rM”VLZ au a,[/lfunffwc FND}L wc’m['( t‘dus‘n’-NL a Pfcow, M(ﬁ:’c éta/&v
tbiia oy s/'uale chnmt of aa oaflas aud Fhoa or/oév/i‘ a
Pané’/)"am af uw'/7 laa;/hr wetl, CGMVM/'IL/V‘ o,[ e space a}‘

fantr lyrao&MG)LS .



l—l&viu‘é a Ma.w](oto(. eqm:fpu( with o Riemannion mebeic hae o

imm bt bt {:H-s :

@ We can fall about distauces

(D) We can idihfy TH wibe T5M ond e %(M) with XM

1: Dc{-: Lt (Rig) be o Riemanuninn ma.wi](aM.
* The Luahs a{-a turve e Cq([%b],n) e oeftaed as
b
)_(‘,)uj [g‘,m(é—te),gttﬁ] okt
(o] VV—_J
= ”?“’5" whire {{&)GT\JM“ is of.

§OF= (fog) 18 fur felln)

Thic exeuds fo picuwisé‘cq cwvts b/ so.w.w:‘mé up the Uu\é{-la.s o{' He P-'cus.

o=

° The distaunce bewttn xlyeh is o[l‘fmu( as

(‘la(".Y) :2 ""‘F{ L(f) | \’ is FTUCWTSL C"& Ounecty K puld f}

rtmovlt - LLbr) is Fmalzptwilv& of He P»Awle‘fitmln‘w o]L ¥ aund ggvu,. iw
b

'/7.
local  coordinohe b/ j [Z gasl«’“)) (";°¥)‘li’)(xiny)'(i)] At
* ‘3

T . : I (l’l‘é) is o commeckd iemannian Wl.o\mi)tl’“, Hen

(I’I,d. 3 s o wmelric spoce whose tmthic Lafaloa)/ Oicidts  uith

He wm'fdM i—opo(oév of M.



Avy F.uuala-\za‘:ewo.umiav. b c A induws an LSOINL(N'P[A;ISM
Y:T,n — L0, v o oglv,-)
( wobe Hnt T is @ Lntar map Hoab 1 imjechvt  since Y(v) 20 =5 a,lvx)=0
foo st & = V=0 As diw (1) = dien (7Y | ¢ ig an isommorplisi,)

A‘p‘)Ly‘iv\é s Pa?wl-w}u we aul— an ?somdrfaln:-s\m Lebwottn % (1) and Jf(h)_

E.g, if ]fe C°lR) e can assina  a vichor |C"¢M. o olf eJZ—‘Lr‘l)'

w!/v:c[/\ HH.IA oLc{{.Ms iLlal gmalﬂ'(vl']' Qrad(-(f) P "'-'O(f € EE(H) .

¥ also aqllows vs to defe o (fsw\af.o-) iy pfodMCf' o Tp'MN via
TN K T s (wm) 3,,(+"tw). P
Point wise upf)()ca")‘dn ;m‘clols: <> R'A N B N aad4s))

ez (p g (¥700p), ¥U)) )

This com be hudtd fo k-foﬂmsz
D(:E.: -For oL Pstuo(.o-'l-l;emamuiam W\ﬂlm;{:dlb(- “’ll%) wé D((_J‘fm(

< e R IR o Il ) poivtiise b)r bilintowr w«husion ef

< oh A ARy, KL_'A...A(‘;K > = 0‘4{'( 5,,(‘}'"&-,.4/—'ﬁ3)>

foo % P € T;H.



Flwa ol

Let [H.a) be an omebtd Ricmmauunian w.um.'fa(_ol.. There

is & unique ontuntakon Forw. y st f‘-"‘ any Posifs'wl/ o o fed.

o V_”...|V.,‘ 67;” : \;("7.“-,"-4) =1

[ local coordinafs thig E;Cu-.ounm-'av- vo Lume {a-rlm hae Hee F,rwl

v, - ’l/o(l‘l’((g_.slp));'.‘ ) de, A ... ndxe,

Jo te Llvatwe #Hos is ofhw wri e v dV or o{VaLn . T

Showld not  isfead o o Hhwlt FHonf iF ‘s o exack focvn

PR
ln & /oa:-ﬁ/w(/ oritv leol  chat we can wte v, ® % E,.k Ak, ,

whire or!haaawut.'#)r mlaus gi‘, = é(f[":"’g>’gg:u gm[P) ij

2]

aund  Flhus 1 - .@G—ET with Gi= (lef’)

U= -
2

[0«4&(101(“;[/’ o&ﬁ(@) = .Vm aud /‘Lu's A_o(ols ﬂt‘ au./

Fa:.‘l{wé/v orituted OUR  since  these oace relakd  Lke g = O0-K
via Oe So(n) .
Ev:r/ oritvrtako, )ﬁxw, hos  Fhe ,4-"«- Vf’ = /£ lp) ode, a ... 4 o(k,_,

in local coorobuaks. So VP (l/,, e, Vs ) = ’cl,:) o&?‘((o(x; [VS)))

—_—
L}

st flp) = ]/m is necessoary foc He clain, L3
To showo  Hank  Huis ajts o alobally wtll-dtfimed  orimbation forun
wt have o showo  covsishacy OVL the  defei Kow  ov oliffertnt

daarbs . So comsidv a diforat chat givn by ¥ af p . Thea
o STES whie  Sut o|  aud TAHE) dia..ad,

L dx,
2 Voleh (B werlS) di,a.o adx, * Veleb(g) die,a ... adx., .

P



Thw .: A swmoot Mamifo(.«( M adwits a  Lortwmtzian wmehic ,ﬁ—

Fhuoe ik a  uowhare vam(s[m'mé vechor \ChLA X edX (M),
cool-: - wruse closs ...
Conl,LarZ: For uefN tvtn | Hure 15 wo Locentrian mekic o. S
ﬁafr Acwrnuwé o te lka_‘.r/ ball, +awn . ' S” does not adwmit a

\Ao-/\-\mvds[/du;_s swmooth  vedker F(M f we2av.



Hao{;\z #Lcary

If (MY =n | Haa dim ( A T,,‘h) : (:) (,:iu) = ol (/\"'krf,'n)
so Huat Hee spaces are isowocphie vechorgpacs £ [H,a) is an oreufel
Ritmaumian wanifold, Here is a nabural  tsoworpliswm aiven by Hie
Holye shac opoaboc w0 LT~ 07 H ok is defiutd porinterie
as ,&zzws; Let 8y, 1 B, Bugy () O o posihiely oritated
OB [wrt te fane prosbuct juduced by o) of T, Tha a biwor

k f3 e, 4 .
wap #: A (7} ’7) — A (I'o R) s oQﬁua( é/v sc#.wgl

* [Q-,/\...Agk) = Q“'-,A...A Qp,

So ;f w = Z_ wi_,. ; G, A Q,‘K Fhen

i A i 1
b €<y

* Lo = E Wi i Sau[l_,?) QS-_'A...A 9_‘;“.“
;1‘---<;K

chaece §a € ey is Fhe Co(M’lewwwL of iy << My ten {1,...,».} auwdl sgu.[l‘,z)
Foe siqn of He puumuntabon (Aieia) = (7o i, §q0mmey Sunic ) -

lo,  Flas wa)’/ ] = v ¢ J?.qf7 s He Riemauwian voluwnee ’érlm_

Proe.: For Oy ﬁgecnf"') auol w7 éJZ‘(“ on an ontttd Ricn. H:
Noox(fe *37) = fro)e g7)

Since both sicks e nom -

i) Kk OO = [—1)u[h-k)w degunvate bilinr,
/ oo W"'-‘[“"LY chornckrizes
i) 72,\,‘,_0 = w/\*.-;z: <wl7z) ¥ (or d({\'uLS)H-eHav‘-al"(
(}u o busiyiv\&'w«hm" l,.m,)

;v) x-[w/\hz) = *(?A*w) = <w,72>

v) <Hw end = <7



B‘“Wf: We con  cousidur all b Kee Fa;n"'w;sc [f_(. af a Fe!’l)

i) l,'p,(.u-(l7 Lo Gl é/v o((/fw'ﬁ‘au .
i) g8, .., 8. is a (Js,aritmhv{ OVR  of TR Hhua

w, = Q.., A a6, = * 1, = Buy, 4 waB, and

Ak 0= T O 400, wure Tis He dan of He
K(n-k)

Puwu{'nh‘ov. (kkl‘...,h[4,-—~,k). So w: (-1)

i) Due fo lLueasty i suffius do  cousider vk O 4.4 6;

w

T hin k‘:zr-‘— Sgla(r,'l> 9; A...AQS- so  fHaat

14

(@‘A...AQK)A ®T) o %0 ouly -'f {ﬁ..---.iul’{”- '“,kk Fat wha el

~——
Nf’ A k'lZP = Saln (Ilz) \94 A...Aeu Aeu_.,lh-..l\gv.
e —— I
- SSM(I) =V

7
xz Uk e n) is et puwukd

Mot i) b gy of He g (i)

?

Ou tle oHw l\-ovu‘.l < wrl-iz?) : < e_./l.../\e“, Q;qa.../\ Q;u
) (
et (< e;l 9;3> );.';n . SSA = ’

Sol 'lmoULoL‘ w/\*"l T <WwmMm>Y aul w.;ua <wm 3= <72|,,_)>

Qivts He second l‘dLv\P’l-?/. wvs (1) = 9
L

Gii) (i)
;v) *® (w,\,nz) = k(<u,11> \)) = <w'-rl> * Y = <u'12) CER S KD IR

(iv) Gi) e
v) <4ew,~qz> = k(kw/\uvz):) (-n)u )

*(u-wA'rz)

. 1 (‘rzl\kw)a <‘rl,u'>' h



DCE-: For Ay Xe k(M) on an o tubod Rtvn s ian mmw{fo(i(ﬂla)l e

o!z'lvlratnce is oltfw‘-w‘- as v X = % o « ‘f'()() whire

Y(x) eJ?_1f'l is the 1-focwmr  associbkd o X by g

Flvnovlis: e ohv: X(HM) — Cw('“')
w 2
° (0] 'I'an{.hr w t = Z p) ox.
n g 0{. R e 6(- f‘\’*‘ X ; f"’ ° '|P

‘P(X) = z ]C;(P) D(X', so that

i+l A
ohiv X = = ol 2_— F; (-P) -1 ' OLK_I /\.../\dK-‘A...AdKM

-

#Z%.
I [}
)

DI v
f

. {.-[P) dx, a...aolx,,

i ﬁ as  expected

P

° Ou  standnad m3 we have ﬁ(o{x& A de)= Z él’jk gb(.(

3
H{v\l([ o Z F; o{X' LCG.OLS "O

1=t

3
)
sol wo =*Z dx. 'FK olx_-SAol.s(K
Sk Sp
: P
= %,, EiSk 3_*5 p{:k oalxi
3
= Z (CurLf); o‘)(i

n

Altevuahve nofakows we chf- = raf'f ka,

Note Hont z[ar av n-dbe. /T we have wol : .f?—qﬁ - _fzh-z/'{



Dlr[.: Let v be an  oritakd 7} tonamnan, w.am'ﬁ(o( .

° /74 I s compact auol pe RN olpeots He Pitin. voluime r—'m-h..'

e p((ﬁhe e rae~ /rpMIL (',') s ./?.k/‘?xJZ‘h - R
(u,-,z) ::/ <wn> v =/w.4&-7z =fvzn+ta aud
n

tktood [F fo R by .reff@ (w,'rz_)”o /w fores a/[ ol ot o(tJrec.

° He Aﬁ“e Fhe “djf’"“f' eeterior oemvakve o(f: jzkn - j&k.‘m as

n(Kk+1)+1

c('-:= (-1)K»\-"°(«- = (-1) * ol s

rleanrles : 0 e ek (u,-rz)e/R Lo aL.';#«..J.,.,':L, froun <, 7> € C®(r)

Wote +ot (w,m) requints compoct I or af lLask +hat the
Sufpm-/'s of w aand 7 bhave CO‘MIM'“L avu'/n/,.

° For a Locenty p.,.aw:ﬂ:[o(' (,") wonld wol~ be au sune ,;raoéuzﬁ_

The Haolac'x- s au ;JOM(A‘/ wor b ) gluce (*N, *‘72) = (LJ,7Z)

57 oc(ﬁ'h:Hﬂw e yzy/lo Wi oL;'adraw, commutes :

3

k n-k
Jgn N
<] (R

k-l -kl

n
J -n*e fZ "
o T hicg ,'.MPL,'¢5 x-gLf = (-1 % % . owmodl o(f.ol*-‘o

o The nawme 'adioiut ' is jushfed ohue o :

?roe..- od awd o(f e mutual ap(J'm'«,.r‘; w.r.?. (','). Thar isr V""v"zé AR :

(0('*’,"2_) = (""l "r"Z)




Eraoﬁ: S u”:a.(e we R krl , 12 é ./2_“*,/7 . T heu

o(w/t*72= o((u,\*-;z)- (—1)KNA0(§-1Z B oL(wa--yZ)+u,\ -x-c,(f?-

So j(o‘w,q)= jo((wahz) +ij*o(rvz = (w, o) |
n ﬂ n

=0 by Shlts o5 SN =gf

PCMwL(s: ° (du)f J)_K“rl - szlr,l is a.l(.s°;v\+ ';0 Olufunuh'aﬁm-lh and. Scwmilor o t OL,,,-k.l_

o We con hotv fw-wmln/t He rtwm‘ufud /:'n&oc«og,(uwu;

rlou(wtlL C7ka/‘o’0m[$) ;;Mf[/ eis O(*F =S. ) /h “J‘M”/
V'E= € aud VXE— %

2
=<

co M'octn—tm’l'-( Hw's ‘s

le.: For aonn  oritubkd Ricwraunion lmau:'f;alo( 1 tFhe
k
Laplace = Belfonui opermtor A: JUH = RN is olefrued ag

T
Ace (trar) s oo rdfel | = e s

Fewnor ks ° For k=0 we have A CTUln) — £ (n)

= t + = * = = * N = - 'V qra
Af (o(if-o{o()f—io(f oLy ¥ )= = v qrad (f)

N——’
2°n -0} 'R~ C°(n) div grod f

$o A = - af/;v"al‘ao( ou C_w(l"') .

°  For staudard /E" HFie ﬂl'va:

Af s -div T Rl s - X 2

(mlc thot thtce are abifu-m/— toaven Kous conc < tiing He cigu
in te deftaiRon of A. We chose A ,oor-'A‘ve.)

o Ou compact M (whiee (1) is olefimed ) A i selfadjoint

(4w, 2) = W, 47)) and pochve ((w, &w) 20) .



th.: The space of horwourc k~forl~as ou an pritwled Riewa. waw'fo(,a(.

is DLL'&V!IO( as 'm =='{ weR“h | Aw = 0} ;

T hwm.: Lt{: M Le o C°°“f°°+/ aritm}u( Q,‘ewamw'aw wmun"&v[u( avw{ wéJZkM.

FMew Aw:=0 &> (o‘—kbﬁo ond o(:,w :0)

([\,\ words: a aln'ﬁfwm/':‘»é ﬁrwx ‘s harmonic :'ff i closed and to~clased I.)
preof: 'E' i shvioms from the deflwikou,
'3 A0 0= (w Aw)= (w std"w) + (w o'l w)
: (ol d'w) v (oo, olw)

pos Rv befinte ! o

Ltwwwq: Ax = €A Parkcw[o,r‘ Lae)'(_xrl = K L0€ )‘(Wkr'(.

oot : = Ut . |nd
& dx K+l . u
Wit U H <_f>.D_ M +he adgoifuiss  lads within LR fo :
ol

L

L
L«:(r(o(u> 2 (J.uf) audl Lur(o(-u:) = I‘M(cku-l)

Would .52{(” be Fw7k‘d/fw. Wit could a.réué Hont

R = ar oy @ ha d = bar (d5) @ (aldes)

Q.u\oL Siace IIN‘(O(V.-)) < L(U‘("(u) a[so +L|A+

ker dy = e ) ® 1Mr(o(u) nlear ( du:)J
= )_Lk”
ba F&C{'l He 'F!U_Oud.-ua is J‘fu\{:



T hwa.: [Horlac OLZCD(MFO.C;/-;DMJ For aan oritutel CowFacf'

R} tr avuini otn mamifow- . dam (){kh) < ® aud

TH = (o) @ e (ol ) @ H1T

ie. JlKH dﬁwwrous iuto Subr‘mus o{,ﬂu-ln ® cl"ﬂ,‘”n @Hu”

(

f'h..{- e or'l'laoavv\o»l, w.r.t. (w,'rl)=jw,\*1?_,
(]

yoo+:

l.a- He obove ou-éuwnu\{- osly Shows Huaf
‘J.l[&r_l - J_ﬁ_wll’[ @d"f'Jzkﬂr_’m‘)_Lkn.

S is much hardo fo prove awol  Tequirts  sotme thiscy ou

reu,;f/\'c PDEs ’ .

crod: UH = g0 @ d'RH @ MM Lagans Heaf every
k- focnr hos a unigue oewiposiKon iufo at wact foew

o dmal wact forw and a hwwonic focu,

Foco d-dim. maw ](,,{_J.s Hie becowts He Hilwmbholl cluownpos—lkou

by whicts el veche ROl s e sum of o grdict fil,
o el il ad o hwrwmonte [lA o perkienlm Hase exishg

a dxcoweoY}HOW into « ‘d’."fu'atmt(" Fru_' and o ICWL'{-‘\'{(.I P"r+~



de  Pham colomolony

D(,f.; Let N be an n-dim, smeooth lmawi-fv(»" and pe {0(...,u}, e

J.Lfi.»e Fle F'Hn ole Rhaw cohobua‘.aay ﬁrour o{ M ac  tHhe

el dg)|  detosed p-forms

’M(“Lp-') {umd' P-foﬂm;}

cluokcu{— vichs space

HZ (r) ==

aud HhUN={0} for p e T\ fuim} . For muy clostd forun toe R
we denote  [w] the corrcspawob'ma Lquaialiace elass | called
COLIOWIOG?J/ c[a,s_g af w ., Tl‘a.ﬁ i;' [w]:[ﬁ] <> N‘l:; Is ot'acf N

If R i compact, we ) F'Hn Beti numbic as

f = olw HJ (1)

{ feCTtm | df=0}
jol

So [">° = # counecked coufamv\*s

ExumEUs: ° H;(n) = = { [auu-/ coust, {:w.‘c.s on H}

° For M= R\dol or M: &" the T-form ws —’—L’“’(K,;rf‘” = o8
is  closth but ot wact ([ since w=o(vz would ,‘.MPL/
Juzosar)  So Hytm % fo}

° T;oce quovally, if s cloxd awd ontnhble | Hha floe
ls an oftalon ][nrvv\ Hat 15 closed bt not wack, So
Hy () 5 403 foo e din (M) ket ks coluowmolagy

class Luwl s all ot fs Tsetn! b/ Hae /u!g]ml /w

"~
Qince if w'z oW ol-:z thin /u' = /w ¢ /o(-tz
' ] ] N B

= b/ Skolc ¢s



Def - i F:RN—=A is smooth | then  Hhe peltback Frenw— R

mduces a baap F* Hi(ﬁl) - H:(”) o&ft‘.u( as | FFLwl= [F*0] .

rewmarks: o reeall Haat He pullbok  commnbs with e wthaor dvivmkve oud
Haws  presouts closedness [teackmtss of [ewms. So if ' wedln
Han [F* (wedy)]= [Frw e Fragl s [Ffw e d ¥l [F0]
s vl -defwid bedwottn  cohowdlopy classes .
o The w:ymw (M FY e (ML F') o o conbvavanant
fomehor from Hu cbtnocy ot swootn D R I
bo He cabeposy of real veche cpaus awd  luear waps

* The 'couka' (as opposed b ‘') rc{vs to o rwusal of dinechou

e{ ch-f)as]ké)v\l MAMLL)’-‘ (F"Gr )“ - Cr*° F*

T'A'IS ?5 OI—SO {"'C ot,;bkuchdln b(-l-wum 'COL\O(A,\o[.v(S}/( (_com‘vﬂvo\h‘ap\f)

owd ll«om(o(yl( ( wuarant ) -

The. Letb Hobe smooth | w:FxR->H (pt)mp awd Lt N> HxR
P [r,o) . Thia
(i) Thee we linear maps ¢K:J2«(hxﬂ)—>.})_k.'(l‘lxl?) of.

- et = 0L-4>k+ by, *L  om .D_k(l"lx fi’) )

(i) W*:H:(h) —>H:l(l‘1xﬂl) is au isomerphisua | ith iwvese Y




90 :

(i)

(i)

Toi=id, implies  iTeTT = id  so that it ctwmms to
show Hhat wreit s id on M (MxR) Cinee oo+ dod aps
closed  forms  bo pack ]C,cms it maps H: (M«R) > [v]+> [o]
Due o () Hwis iwplies s = Tt

[Shketen]

We cam weite 106 UL ERY) i lowl toordinaks as

W= o+ ) m . Lp) olbaey a.. adk.
[P VY 1 [

4 P ®-t

g Ce <;K-(

whire € ic He coordnakt (_O\‘NLFG\Ad/:‘% o R l P=(¥.*)

omd 5 oloes vt ob.‘u,m(. ov ot . Then
t
(CP ) . § m, o () ot sk ALl adx.
Kw . . 2 1 k-t
P Pa il 7,

carn bt shown o hoave He  desicul Propu-Hls, o

F¢8 e C(x.¥) betutta lwp. spacts X,y ae  called howolspic

(f:é) if Fhoe s FeC(Xxbo1, y) i, FL.ood:f, FL"")?S'

° Two ‘-op, spacts X‘y we onllecd how-a{-orf eqw}\ruawl— (Xﬁ'\/) ;f flire ot

er\o\rks H

F
coutia uoue \M.afs X (T’ >’ st F» G = ;0('}' anwd GeF = iolx ;

o l{: X,y o LlleO(NI.OFFLM‘C , Flon H»e/ e wa\a"vf/ eqiv.

H S‘l - U { ( . FL )_ x n 1 m'l ‘0} )
owtvy ~ R \ Dl us:u\c.) ®) = el 4 G:S sxmxe \

° B/ [/JL;PM}/IS appro xwmnaRon fhw. . vy cont. map behoeen

Sumoo Hh Vuawi-{-;sU.s s L\Omh\«}c o a swoofh lmqf. nocewu-'

LoMa*ﬂ‘Jic S oot waps e ‘Swoo('hl.)' "wmak’@?(,' (ie. FeC")'



Thew . [Homcl-npr UV oo Ce o{' e Rhaw, calzv.’)wolosr] For any ke X/, :

4) l]l; ]L‘Ia: RHo AU ae L\Q\Mol'ﬂf:c swmooth wap s Huu Hee ivolagced maps

fe 4t HE (M) — Hy (R)| are idaukical

7.) l*F T‘ll/l/ wl L\awel-ap7 colvu'vnuvd' SwgoH,, Maw{ Fousl J'l\l,vn

H; (M= H, () | are isoworplﬂ'le-

groofs 4) 57. IA”AH’M()'(S otl,ffox,‘Havn. Hawve is a swoofh map F:AxR->N

st FLEYf and FUM g Witk b R R ig(pd = Lot)

we I/‘LM-V& -F: FuL°| a: Foi”l aund L°*= ]T* =£1*. So
gro- il Fre ifom™oil o Fre 0SBt e "
. F
7—) Thice we Swooth WLMP_S — =N st Folr= io(,v aud
&
GoF =~ idy, . ACLo\'J/iV\Q o 1) Hat induced waps sotks-F/
Fob s id and GeF"il . So Frr HL(4) — Hy (n)

s au n'.so&MorF’/v'\sm.

Exawefcr . ’37 mdmckon ou w we ad':
p R |, k=0
Hy(R™) = H, (1) {

{o}, koo

Cm-ou,w-z: [Po:v\cw-; Lélmmm] [ N s a swmooth mam -foLo( Hat s

coukcactable (ie. kowol-oﬁy eolw'»\mhmJ' b o rmim-l" e.q.

i 1,k=0
s#mr“SL\nF(L mo R ) f ot /5"= { o, k0
‘

—> |Evuy closed forwa is tack ou auy conkmcfable dowraia




Thw .: T_Hoda( 'H/nlnn.] For a cawfad'( ocienkd  smootl waau.‘fa(,o( M

H.Z(n) z )'Lpn ove isaw.arf),/v;c velo e sFaces, Ja Pw“-\'cul.r.r'

bp <@ ( Fhis holds Foe oy Ritun. mathdc Mwo(tr{,yl'wé HP)

Eroof: Thic ~F0an.s f;awv He Hodae Daww'po-“-k""': Comsios  the Linear

wap MM 3w, = [wgl e HilM | Thic i dnychve  sinee
Logd= [&I © Wyt &y vdy | by uniquues of He Hode

e o tngusi bam ium Lits oy 20 (abowabively = O d*(w-5) « d'dy = lldn I0)
b is obo swicchve since  for any clostd o wp kol + oD we
have Ocolww = dd'® so Hhot (0,dd*@) =[O 20 and Huss o6 -0,
H“"“. [wl: [eoyT . n

The.: [ Poivcare olMotU+7:( Let R be o Cew.fmd" ot ted.

Stmoo th mauif‘a(i of dbvinsion v . Thin f“ auny ue{a',_,‘.,,}
(L'w], Evzz) —> ]w/\vz ole fiuts o kdu-oadu,,wk br L eor o
M

Halr) x Hy () = R aud  Hhus acr iSowmocplasi

H,:-k(n) = H; [/1)* ) lo, Pw-‘»'cmlar' /5»'-14 = /Sk

voot : Fiest note Hant jw/\‘fl 0(0(5 OV\L)’ ol-lftuol o the
]

COLlOIAADLvé)/ classes  L[wl and [71 since
](W*-OLK)A(v-lI-o(/é) = f wAm o+ o(uu\'rl+ wadp + o(uu\a(/b

R n
olw,ol-rL=0—%j"l

WA +Ljnoi(a(n‘rz+ (*1)kuA/>+ &AO‘F)J'

-
=0 by Sloke as JN=g




Mut, we skow that i is mwo&éwumk i-to, fhat for evosy [W140

thece is aclom(vz .t /wnﬂz*o. B)/ He Hoaldl Fhur. e can chosse
"

to %0 hortounic (u.r./. avy Rt wc’*r:t)_ Thee VAN kv is  closed

since An = Avwo: xhw:0 aud /WA‘IZ= Iwi* %0
Co»\seolwnl-l,fl He ol af H:k(l‘l) is at least as lnral as He oue
of He oual sgace (Hitm ). As He same oppmmint alio vaocks
i the ofhu olicecRow | the spaces we isoworphic, ]

d . -
M=S" e obtaiuw {5,,;[3,,_4 ‘1199'1: 1.

Poiwewi du ula'lr conntchd

lxou.«\gll,: Foc

Cocollory: It wmon , thew R™ avdl R” ae wot howmworf:lm'c.

If {’ !R"-> R“ were a l’lawwmarplm';ml Fhen lgm\‘“}z-cm-'dw( Ru\i'{,(").} =<

toot:

would be l«‘,owol-opf aqw'muuf—, Howtvrr, lbm_,(s""); /,n(_q""')=-1 x /;M_'(g“')= 0.
Poivewt dua u}‘)

Caroﬂﬂ)_r: Let T be a closed.  swmooth n-dbm. lMam;-{:oL’(- .

/LK H- &M[Hl(“)} avw(- X(H) = Z. (.1)“ Fk

kzo

its Eulo charadtuishe .
,f nis odd 0 thiw X (RY=0.
M (]fo.- oricutable wanifolde. The wom-ocitntnble case can be reduced o

He ovidutnble 0wt B)/ Cav.s'.ow'wé a dowble over St te. [t‘lor'\l-.].)

“

ximy = = 0 o 3 (0 et (0B ) 0
K=o u — ——
'C"l)k /-h(

n-l

n



Cocollary: It N s an oritatable  coun ecktd closedd smpoth

2-cim . Maw{{v(i' thice is @ 36W° (leud. the Atuvs

of #e sucfact) ot dim HG(M) = 24| aud

xX(hn) = 2-23

proof: Hptm x Hptn) — R ([w1,[3)) = jan s a
mm-ouamwk biliniw foemn  thet i anbic spunebic . et ouny
basis of HL(M) we can regetsent i by o makix A:-pT e IR#""&"
Fhot has o be inwwkble . So O x it (4) = (-4)ﬂ“ou+u;) ,
wlvichh .‘.M[,(/its (6,' €2-/,,

Connechdnss implits oo+ 1 omd  Poinearé dumality [, 1 . o

zln = 4_23+4' o

rta-lis: o Cownul-ci-l oetnfable closed 2-olw, Mau‘.{lalls wre CawPLLRLy

choradvrized (u\f bo howwwor\?(fv"s\MSB \37 Huir QLo



Ltvima:  For auy Swooth mam?{:o(cl M owd wed'N

w ot & f\’k” =0 VYEC-CS‘.”) Piuf_wisc c”
Sﬂ

Hie mauns  that o vechos Fd.o( is a araditub «F«.(»U "H' it g ' omsuunkive '

r'(u..nrk N

proof: (skebds) ‘=" If wedf Fha jx‘4f=f*ar'f : fv*f 0

<! * Stoles S

‘&'; TOT PolPe” | ye Cn(Eo'ljlh) [,Jl‘,'(t\ 6;(0):?0 'x'l’l):F

{fp) "=j V*W . Thic does wot ob‘uuu;{ on
Fo1

Fre S'Hr/'.f\‘c twve befuoctan po awd p Siuce

oLth-e

j w ‘jw = 0 1’)’ MSuwrkﬂw,
g.,EG.'] &f.‘fo,lx

“[ furns ounk o be siwoth omd .. o(f= Lo .

Let S be au  w-oliun. oclewbed clogedd mau—-‘ﬁlo( ondl

Lewimo:

H a swooth mau:‘fa(o(. Then

Yo .t € Cw(f,/‘l) homol‘lf)i;
=> jyfw = /gf'w
£ I3

ond weR'M closed

Eroof: If Fe C‘(Sxf’.'],’"') , Fle)= ¢ i the /tawo/of)«

n
avd  we choos¢ Fhe octeataRen ¢ i 9(.(.:1:0,:}) = Skqo} -S‘d"}"' Foee,

dvzo
Ff ran < Jurny Jue fae

SxCeny SxLony Stoleg S s



Def.: A {-oi)oloah‘.wl. space X is calldd  cimply connectel if it s

FG—{"/I’COVW\-(C"C'L and oy ]Ce c(s”, X)) s ho wmobopic b o
coustant  map S"3x > p€X .

rtmarld : fw o Swmoohn \Mawl{:eb{ LWL cany W,L.u.a. assuw e Fe Cﬂ-

/.4’“
not sim[;Ly coun ec Feol.
5"'”FL)” (ounected

Thea . - H.;;. (n) - {a} ]Col' oy Siwply counecked  suwmooth wawiFoLoL M.

Erao': For any pé r, oy (p?utw»'u) Suwotln LOUP d—"‘-(_"”'l is Mw.a"v"v;c to S13KHP.
5/- the seconmd  Ltvmma, 4 yiw 0 f we'N s clostd . S/y fle

)&r.cl- Lcw-wno-' Hass /'w/:lf!s Foot v ix ekack. I



Sim:\,,\ Lo howo La/o\y
< AW

D(f.: The cowver hall o]L nt | a{flnt{.f ,'u..l.a‘uu.&u" poim'\'.L Vo,V is  calld

wotated as T (v, .cyVa) . The staudedl h=Givn ploe i

" T, k20} wit {61 € R™ e dadard basic

n-simplex

o

A= { th;cieﬂ?

e

A A Al A

* The wl simplx (vo, l’\Z,...,V.,.) obtouned  from au  u-sinplx

(V°n ]

v,) by owi fﬁma the i'th vebex iy called s i'Fh faca )

o We o&fu‘me 5: AT A" g the  Liear wap Hoof maps A" ondo
e,

He i'ta face of A”.
£,
1[0- “wz2: ~ ‘/5.,

€o TE; e,

Dcf._- o Let X be a "vraolad}cut Space. A _(;mgu(,au- m—s:'MFltx IS & cont.

3

map T A“ — X . A suanlor n-chaiv s a ’4«~wab Lfmlw'
combinaho, ¢ = Z Ce T o{: :iuaalar h-.riw/aLiu; with  (oefficitaks ¢,
T

v au abtbau gup G .
° I,C M s tmootls maw"[o[o( , we sk L/ C.lR) Hoe real vedos space
('ﬁ—(e R - woolnt’) of smooth S/'baulw' n-chaias with G =R oud by

J, C.lr) — Ch_,[”) the éauwo(ﬂvy opuvfm— o&{lwol o a

alrye T ) wog]
=0

.fl‘lna ulu- h- tl.wr,:[a al




U(oumELu: “ tvery l-ria%uhl—{ow

corrf.sPomJ.s h a .C;'vgu(u-

v-chouu | whire  each

. N

fr,a,a(.d /Sumflb( Corrzg/oat—-o(,(

/% ove Suwvwmaud ., ZCTV'
-

wifa (‘_T='l .

A;A;o

Lemwma: |3, =3, =0,

E'—Uot: ak_' ako- s a ( ; (-q){ To ET) = Z [_1)5+§ o é"_KO 5—:-!

o

i+ k- H -
= Z (-) 'srﬂ&;‘eﬁ_{' + Z_ (-) sroéfeét‘l
KS

isg

s€i

- « .
u He secomd sum we caw use Hat f;k° 5;'= £, & if g<i

i+ « (725}
cua»(- HAMs “th(ACC o b/ Z (- 1) *g To [;‘S. ° 6;_,
s<i
ST )" weg vl
188
replace iby i awd i by i+ o

Def.: A Sivgale  k-chain  T€ Co (M) s called
e o cycle }f ¢ = 0
({-Livxk of '{,aa()sl {-or k=1 and J—f.forwwl, 5'31.\445 < atu..u-ml,)

° o bcww.a(_ou}/ if 47T e Ckc-,(n) : 3T =T



° For ue.Rk[f'l) and c L'_ Ce T eCK(H) we d‘!f(v‘(_:

[ T [ow

AIL

T hw (Sl-oku' Hhtortm own cb\a,ims) If M s a sweoth w\aw'.(—a\,k‘

ce Ck(.l’ﬂ' omd weﬂu.((r‘) Fluu j w o= jekw

14 c

3. o .
Dt{.: Foc He clinin CwaUX C.(ny — C“_,Ch)i> ) C,U‘l)ib 0

we oLL{-iu\e He Le-tln ;i%u(.vu— (ww«n[oéy 6rouP :

k ak ] )
Hk(nlm) = ;r—a = c,vc(l.s ol bouu d arits
w1 Oy

For « c)rcle ce CK("‘) +he enluivul.tntc closs  [c] € Hu(n.m)

s calll its Lnolmoloéy chss and e~c e =+ JT

reworle l.a. a chan COWFLIX is a sequince Of komow“rl/ésws

Bd—wuu alpcl}-am aroups (oc wao(uLL) C.J', Qk"éu“ =0 .

NMote that for a cycle ce Cu (N aud a closedt ﬁrm wéJZk[/"l)

the inkgral [0 ouly diptade 0w [3€H, (H,R) aul L[u]€ My ()
C

Siuce
j(‘*’ "Ol-"L) = jw + j(uf-o"z) + f“"l
c+3i" ¢ < c
N~— ——



Couseolw.n}-(/, there is a bilivenr ﬁm—. H, (n,R) xH:(n) — R

given by (T ed) = [o Lin gt some effort o
c

can be howe to be uom-ol(&jcuwk , whicli  Fhee proves

Thin.: (ol Rhnws's #m ) The map  HE (M) = H(n,R)" e

b/ [wl (ECJ HJN ) is a vec#ors,oace /sowor,o/m"sw:

HY (R = H (1R

ome o the o(m.al/fl—/' closed ’@rws we also calted

rémwh:

cocycles auwd  txack ,@rw:s are caled cobowudlaries .

Cosellory: 4y | woe R(M) is closed & Ve CUt) : fows

)_) ueJlk(n) iy wack & l/ l(-l:/c(Ls c: f"’ =0
c

rm:.-‘l) If  dw 0 | Huu jw=J4~°=0,

¢ c

If oo =7 %0, Hew Fhere s a pell aud v, iy, eTell ot

) >0 H{uul Fhece js o chart (U,x) ok

-rl_f,( Va, oo Vi
9 .
P in whidha —’lﬁ(g_"—. L1 DR )’0 Vo,eUL. So ?f T:Au l—>{,{
q
ts  chostn S.‘l', X oG wa(ol.s Au“ aFProPr;d'(_/ info H~L
dama (1)

coordanate PLAM( { v € R ’ y; =0 Viskfl} , Hhn

JW:J”L“ et o

2¢c AU



2) l{ (R J*rz then [”L"l = ;}”Z 20 Gimce dc=0 .
c
Cdeuscl)z , if [«»14% 0 , e b/ e Qhawls ;Lw-‘.

bhve waust be a [l e H, (n R) =i /w* 0.
C



